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Aim and Scope

This book offers a rigorous and systematic examination of complex engineering sys-

tems (CES), integrating foundational theories, advanced modeling techniques, and cut-

ting-edge optimization strategies to bridge the gap between theoretical concepts and 

practical applications. Designed as a comprehensive reference, it caters to research-

ers, engineers, and graduate students seeking to analyze, model, and optimize CES 

across diverse domains, from fluid dynamics and heat transfer to multi-physics inter-

actions and computational intelligence.

The book begins by establishing the fundamentals of CES in Chapter 1, introduc-

ing their multidisciplinary nature, emergent behaviors, and key principles such as 

scalability, resilience, and system integration. It underscores the importance of 

model-based approaches and systems thinking in addressing CES challenges. Chapter 

2 lays the mathematical groundwork, covering differential equations, stochastic mod-

els, and computational tools for dynamic system analysis, while Chapter 3 transitions 

to optimization techniques, including genetic algorithms, dynamic programming, and 

AI-driven strategies for performance enhancement and cost reduction.

Subsequent chapters delve into specialized methodologies and applications. Chap-

ter 4 explores multi-physics modeling, emphasizing coupled analyses across structural, 

thermal, and electromagnetic domains. Chapter 5 advances numerical methods for 

fluid dynamics, employing Crank-Nicolson schemes and Shishkin meshes to tackle sin-

gular perturbations. Chapter 6 evaluates weighted residual methods for boundary 

value problems, comparing techniques like Galerkin and least squares, while Chapter 7

investigates MHD Stokes flow in microchannels using the boundary element method, 

with applications in microfluidics.

System optimization and applied engineering solutions take center stage in later 

chapters. Chapter 8 analyzes queueing models for resource efficiency, and Chapter 9

reviews MEMS-based microfluidic pressure sensing for lab-on-a-chip devices. Chapters 

10 and 11 examine nanofluid dynamics, leveraging models like Xue and Cattaneo-Chris-

tov to study thermal radiation, MHD effects, and porous media flows. Chapter 12

presents multiphase flow analysis in cryogenic systems using volume of fluid models, 

and Chapter 13 introduces fractional calculus for memory-dependent heat transfer.

The concluding chapters highlight emerging computational and data-driven ap-

proaches. Chapter 14 applies bifurcation theory to manage chaotic dynamics in dis-

cretized systems, while Chapter 15 combines machine learning (artificial neural net-

work) with numerical methods to predict thermodiffusion effects. Finally, Chapter 16

reviews computational fluid dynamics as a versatile tool for optimizing designs across 

engineering, biomedical, and environmental systems.
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By unifying multidisciplinary perspectives – from mathematical modeling and 

computational simulations to AI-augmented optimization – this book equips readers 

with the tools and insights needed to solve real-world CES challenges. Featuring case 

studies, comparative analyses, and hybrid methodologies, it serves as both a reference 

and an inspiration for advancing research and innovation in complex systems engi-

neering.
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Preface

The complexity and interdisciplinary nature of modern engineering systems have ne-

cessitated the development of robust models, advanced simulation techniques, and 

optimized decision-making frameworks. This book brings together a compendium of 

contemporary research that addresses these challenges through mathematical, 

computational, and technological advancements. This volume is a collaborative en-

deavor by researchers across domains, and it aims to serve as a foundational and ref-

erence text for academicians, industry professionals, and students involved in com-

plex system modeling and optimization.

Chapter 1 provides a comprehensive introduction to complex engineering sys-

tems (CES), highlighting their systemic behavior, emergent properties, interdependen-

cies, and the need for interdisciplinary approaches to design, integrate, and manage 

them effectively. It sets the philosophical and practical tone for the rest of the book. 

Chapter 2 builds on this foundation by offering a rigorous mathematical framework, 

covering differential equations, stochastic modeling, and computational tools essen-

tial for analyzing dynamic systems under uncertainty.

Optimization remains central to CES, and Chapter 3 explores a range of classical 

and modern optimization techniques, including genetic algorithms, dynamic program-

ming, and machine learning methods. These tools are critical in enhancing perfor-

mance and cost-efficiency in real-world systems. Chapter 4 introduces multiphysics 

modeling – a key enabler in capturing interrelated physical phenomena – providing a 

detailed guide to simulation procedures and coupling strategies for complex domains, 

such as structural mechanics and fluid dynamics.

Advanced numerical strategies are addressed in Chapters 5 and 6. Chapter 5

presents robust schemes for time-delayed semilinear parabolic problems, often aris-

ing in fluid dynamics, whereas Chapter 6 compares weighted residual methods for 

boundary value problems, offering both theoretical insight and practical benchmarks. 

Chapter 7 introduces a boundary element analysis for magnetohydrodynamic (MHD) 

Stokes flow in microchannels with surface roughness – crucial for optimizing heat 

and fluid transport in microscale systems.

The modeling of queuing systems in complex environments is treated in Chap-

ter 8, which emphasizes approximation techniques for efficient system performance 

and cost reduction. Chapter 9 presents a critical review of pressure sensing mecha-

nisms in microelectromechanical systems-based microfluidic devices, bridging elec-

tronics, and biomedical engineering. These insights are particularly valuable in 

healthcare and lab-on-a-chip applications.

Thermal and fluid transport in advanced materials is explored in Chapters 10–

13. Chapter 10 uses the Xue model and the Cattaneo-Christov framework to study tri-

hybrid nanofluids over porous plates, while Chapter 11 extends the investigation to 

non-Darcy MHD nanofluid flow with detailed numerical simulations. Chapter 12

shifts the focus to cryogenic multiphase flow in methane pipelines – crucial for aero-
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space propulsion systems – employing volume of fluid methods. Chapter 13 presents 

fractional calculus and advanced numerical techniques to model anomalous heat 

transfer, paving the way for more accurate simulations of nonclassical diffusion pro-

cesses.

Chapter 14 explores chaos control in discrete systems using the Allee effect, bi-

furcation analysis, and hybrid control methods, demonstrating how ecological model-

ing concepts can be applied to engineered systems. Chapter 15 uses machine learning 

and neural networks to analyze thermodiffusion effects in the Jeffery-Hamel flow, 

highlighting the power of artificial intelligence in modeling and predictive analytics. 

The final Chapter 16 rounds off the book with a broad study of computational fluid 

dynamics, showcasing its diverse applications in biomedical sciences, astrophysics, 

and environmental modeling.

Together, the chapters in this book present a multidimensional perspective on the 

modeling, simulation, and optimization of complex systems. By bringing together 

mathematical rigor, computational power, and engineering application, this volume 

seeks to inform, inspire, and enable innovative solutions to modern engineering chal-

lenges. We hope this work will contribute meaningfully to ongoing discourse and re-

search in the ever-evolving field of complex systems.

Editors

Satyvir Singh

Mukesh Kumar Awasthi

VIII Preface



Acknowledgments

The completion of this book has been made possible through the collective effort and 

dedication of numerous individuals and institutions. We extend our heartfelt appreci-

ation to all the contributing authors for their scholarly input, rigorous research, and 

unwavering commitment. Their diverse expertise and deep understanding of complex 

engineering phenomena have significantly enriched the content of this volume, offer-

ing multidisciplinary insights into modeling, simulation, optimization, and computa-

tional analysis of engineering systems.

We are profoundly grateful to De Gruyter, Germany, for the opportunity to pub-

lish this work. The editorial and production teams have provided outstanding support 

throughout the publication process. Their professionalism, constructive feedback, and 

meticulous attention to detail have helped ensure the quality, clarity, and coherence 

of this book. Their guidance has been instrumental in transforming a diverse collec-

tion of ideas into a cohesive and impactful scholarly volume.

Our sincere thanks also go to our families and friends, whose encouragement, pa-

tience, and understanding have been a source of constant motivation. Their support 

during countless hours of coordination, research, editing, and revisions has made this 

endeavor achievable.

We also acknowledge the broader scientific and engineering communities whose 

innovations, foundational theories, and ongoing contributions have shaped the evolu-

tion of complex systems modeling and optimization. The literature, experimental 

studies, and computational advances provided by these communities form the back-

bone of this work.

It is our hope that this book will serve as a valuable reference for students, re-

searchers, and professionals engaged in the study and application of complex engi-

neering systems. We envision it inspiring future research, fostering interdisciplinary 

collaboration, and contributing meaningfully to the development of intelligent, resil-

ient, and sustainable technological solutions.

Editors

Satyvir Singh

Mukesh Kumar Awasthi

https://doi.org/10.1515/9783111723464-204





Contents

Aim and Scope V

Preface VII

Acknowledgments IX

Editors’ Biography XV

List of Contributors XVII

Atul Kumar Shukla, Mukesh Kumar Awasthi, Satyvir Singh, and Dhananjay Yadav 

Chapter 1 

Introduction to Complex Engineering Systems 1

Atul Kumar Shukla and Mukesh Kumar Awasthi 

Chapter 2 

Mathematical Foundations for Modeling Complex Systems 17

Shikhar Prateek Pandey and Arpit Bhardwaj 

Chapter 3 

Optimization Techniques for Engineering Systems 37

A. J. D. Nanthakumar 

Chapter 4 

Multiphysics Modeling in Engineering 57

S. Priyadarshana and J. Mohapatra 

Chapter 5 

Robust Numerical Methods for Time-Delayed Semilinear Parabolic Problems 

with a Small Parameter Arising in Fluid Dynamics 75

Anurag Srivastava 

Chapter 6 

Comparison of Various Weighted Residual Methods up to Three-Step 

Solution 105



Vishal Chhabra, Chandra Shekhar Nishad, and Manoj Sahni 

Chapter 7 

Boundary Element Analysis for MHD Stokes Flow Through a Microchannel 

Exhibiting Surface Roughness 119

Rachna Khurana, Sangeeta Gupta, Sweta Srivastava, and Vinay Kumar Jadon 

Chapter 8 

A Study of Approximation Techniques Used to Solve Queueing Models Arise 

in Optimizing Complex Engineering Systems 145

Ankur Saxena, Mahesh Kumar, Kulwant Singh, and Dhaneshwar Mishra 

Chapter 9 

Influence of Fluid Pressure in MEMS-Based Microfluidic Device Application: 

A Review 161

Tanya Gupta, Shiv Pratap, Padam Singh, and Manoj Kumar 

Chapter 10 

The Xue Model-Based Quadratic Convective Flow Analysis of Radiative 

Trihybrid Nanofluid over Porous Plate Using Cattaneo-Christov Model 215

Sham Bansal 

Chapter 11 

Numerical Investigation of Non-Darcy MHD Boundary Layer Nanofluids Flow 

over a Nonlinear Stretching Surface 239

Kanak Raj and Prince Raj Lawrence Raj 

Chapter 12 

Multiphase Flow and Heat Transfer Analysis of Liquid Methane in Cryogenic 

Engine Feed Pipes 259

A. M. Khan 

Chapter 13 

Advanced Heat Transfer Analysis: Numerical Methods and Fractional Calculus 

Approaches 285

Manisha Yadav and Pradeep Malik 

Chapter 14 

Controlling the Discretized Complex System’s Dynamics with the Allee 

Effect 301

XII Contents



Ram Prakash Sharma and V. Vinay Kumar 

Chapter 15 

Machine Learning-Assisted Prediction of Thermo-diffusion and Diffusion- 

Thermo effects in a Jeffery-Hamel Flow 321

Jaya Gupta, Geeta Arora, and Shubham Mishra 

Chapter 16 

A Comprehensive Study of the Diverse Applicability of Computational Fluid 

Dynamics to Complex Systems 335

Index 351

Contents XIII





Editors’ Biography

Dr Satyvir Singh is currently working as a research associate fellow in the Institute of Applied and 

Computational Mathematics (ACoM) at RWTH Aachen University, Germany (QS ranking no. 147). He 

earned his Ph.D. in computational fluid mechanics with thesis entitled “Development of 3D 

DiscontinuousGalerkin Method for Solving Boltzmann-Type Gas Kinetic Equations for Diatomic and 

Polyatomic Gases” in the School of Mechanical and Aerospace Engineering at Gyeongsang National 

University, South Korea (QS ranking nos. 301–350). Subsequently, he worked as a senior research fellow at 

Research Center for Aircraft Parts Technology, Gyeongsang National University, South Korea, in 2018. 

After then, he worked as a research fellow in the School of Physical and Mathematical Sciences at the 

Nanyang Technological University Singapore (QS ranking no. 19) during 2018–2022. He completed his M. 

Tech. in industrial mathematics and scientific computing at the Indian Institute of Technology, Chennai, 

India (QS ranking no. 250), as well as M.Sc. in mathematics at CCS University Meerut, India. He has been 

qualified in two highly competitive Indian examinations – Junior Research Fellowship and National 

Eligibility Test in Mathematical Sciences (2011) with all India rank no. 38, and Graduate Aptitude Test for 

Engineering in Mathematics (2012) with all India rank no. 244. For his teaching background, he worked in 

India as an assistant professor in Galgotias College of Engineering and Technology, Greater Noida, and 

IMS Engineering College, Ghaziabad, where he taught various mathematics courses (engineering 

mathematics, calculus, differential equations, linear algebra, discrete mathematics, and numerical 

analysis) to undergraduate and postgraduate students. He has a vast research area, including 

computational fluid dynamics, high-order numerical methods, hydrodynamic instability, gas kinetic 

theory, heat and mass transfer, and computational biology. His commitment to research is reflected in his 

more than 50 research articles (600+ citations) in reputable journals, including Physics of Fluids, Journal of 

Computational Physics, Computers & Fluids, International Journal of Heat and Mass Transfer, Physical Review 

Fluids, and Applied Mathematics Computations. Also, he has published one book. Besides it, he has attended 

many international conferences and presented his research work in the USA, the UK, Italy, South Korea, 

Singapore, Germany, Greece, China, Japan, and India. As a Co-PI, he has received the research fund for 

the project “Mathematical Modelling and High-fidelity Simulations for Brain Tumor Dynamics” by the 

Deanship of Graduate Studies and Scientific Research Scheme, Jazan University, Saudi Arabia (2024). His 

ORCID is https://orcid.org/my-orcid?orcid=0000-0001-6669-5296, the Google Scholar web link is 

https://scholar.google.com/citations?user=sQT89LYAAAAJ&hl=en, and the ResearchGate web page is 

https://www.researchgate.net/profile/Satyvir-Singh.

Dr Mukesh Kumar Awasthi has done his Ph.D. on the topic “Viscous Correction for the Potential Flow 

Analysis of Capillary and Kelvin-Helmholtz Instability.” He is working as an assistant professor in the 

Department of Mathematics at Babasaheb Bhimrao Ambedkar University, Lucknow. He is specialized in 

the mathematical modeling of flow problems. He has taught courses of fluid mechanics, discrete 

mathematics, partial differential equations, abstract algebra, mathematical methods, and measure theory 

to postgraduate students. He has acquired excellent knowledge in the mathematical modeling of flow 

problems, and he can solve these problems analytically as well as numerically. He has a good grasp of the 

subjects like viscous potential flow, electrohydrodynamics, magnetohydrodynamics, heat, and mass 

transfer. He has excellent communication skills and leadership qualities. He is self-motivated and 

responds to suggestions in a more convincing manner. He has qualified National Eligibility Test (NET) 

conducted on all India level in the year 2008 by the Council of Scientific and Industrial Research (CSIR), 

and got Junior Research Fellowship (JRF) and Senior Research Fellowship (SRF) for doing research. He has 

published 135 plus research publications (journal articles/books/book chapters/conference articles) in 

Elsevier, Taylor & Francis, Springer, Emerald, World Scientific, and in many other national and 

international journals and conferences. Also, he has published 18 books. He is also a series editor of 

Artificial Intelligence and Machine Learning for Intelligent Engineering Systems published by the CRC Press 

https://doi.org/10.1515/9783111723464-206

https://orcid.org/my-orcid?orcid=0000-0001-6669-5296
https://scholar.google.com/citations?user=sQT89LYAAAAJ&hl=en
https://scholar.google.com/citations?user=sQT89LYAAAAJ&hl=en
https://www.researchgate.net/profile/Satyvir-Singh
https://www.researchgate.net/profile/Satyvir-Singh


(Taylor & Francis, USA). He has attended many symposia, workshops, and conferences in mathematics as 

well as fluid mechanics. He has got the “Research Awards” consecutively four times from 2013 to 2016 by 

the University of Petroleum and Energy Studies, Dehradun, India. He has also received the start-up 

research fund for his project “Nonlinear Study of the Interface in Multilayer Fluid System” from UGC, New 

Delhi. He is also listed among the top 2% of influential researchers in the world, as prepared by the 

Stanford University based on Scopus data for the years 2022 and 2023. His ORCID is 0000-0002-6706-5226, 

Google Scholar web link is https://scholar.google.co.in/citations?user=Dj3ktGAAAAAJ and research gate 

web link is https://www.researchgate.net/profile/Mukesh-Awasthi-2.

XVI Editors’ Biography

https://scholar.google.co.in/citations?user=Dj3ktGAAAAAJ
http://%20https://www.researchgate.net/profile/Mukesh-Awasthi-2


List of Contributors

Atul Kumar Shukla

Department of Mathematics 

Ganga Singh College 

Chapra 841301, Bihar 

India

Mukesh Kumar Awasthi

Department of Mathematics 

Babasaheb Bhimrao Ambedkar University 

Lucknow, Uttar Pradesh 

India

Satyvir Singh

Applied and Computational Mathematics 

RWTH Aachen University 

Aachen, Germany

Dhananjay Yadav

Department of Mathematical and Physical 

Sciences 

University of Nizwa 

Nizwa, Oman

Shikhar Prateek Pandey

USICT, Gautam Buddha University 

Greater Noida, Uttar Pradesh 

India

Arpit Bhardwaj

USICT, Gautam Buddha University 

Greater Noida, Uttar Pradesh 

India

A. J. D. Nanthakumar

Department of Automobile Engineering 

SRM Institute of Science and Technology 

Chennai, Tamil Nadu 

India

S. Priyadarshana

Centre for Data Science 

ITER, SOA University 

Bhubaneswar, Odisha 

India

J. Mohapatra

Department of Mathematics 

NIT Rourkela 

Rourkela, Odisha 

India

Anurag Srivastav

Department of Mathematics 

Chandigarh University 

Chandigarh, Punjab 

India

Vishal Chhabra

Pandit Deendayal Energy University 

Gandhinagar, Gujarat 

India

Chandra Shekhar Nishad

International Institute of Information 

Technology 

Naya Raipur, Chhattisgarh 

India

Manoj Sahni

Pandit Deendayal Energy University 

Gandhinagar, Gujarat 

India

Rachna Khurana

Sharda School of Basic Sciences and Research 

Sharda University 

Agra, Uttar Pradesh 

India

Sangeeta Gupta

A.H. Siddiqi Centre, Sharda University 

Greater Noida, Uttar Pradesh 

India

Sweta Srivastava

A.H. Siddiqi Centre, Sharda University 

Greater Noida, Uttar Pradesh 

India

https://doi.org/10.1515/9783111723464-207



Vinay Kumar Jadon

Sharda School of Basic Sciences and Research 

Sharda University 

Agra, Uttar Pradesh 

India

Ankur Saxena

Bharat Institute of Engineering and Technology 

Hyderabad, Telangana 

India

Mahesh Kumar

Pandit Deendayal Energy University 

Gandhinagar, Gujarat 

India

Kulwant Singh

Shri Vishwakarma Skill University 

Haryana, Punjab 

India

Dhaneshwar Mishra

Manipal University Jaipur 

Jaipur, Rajasthan 

India

Tanya Gupta

Department of Mathematics 

IAH, GLA University 

Mathura, Uttar Pradesh 

India

Shiv Pratap

Division of Mathematics 

SBS, Galgotias University 

Greater Noida, Uttar Pradesh 

India

Padam Singh

Department of Applied Sciences 

Galgotias College of Engineering and 

Technology 

Greater Noida, Uttar Pradesh 

India   

Manoj Kumar

G.B. Pant University of Agriculture and 

Technology 

Pantnagar, Uttarakhand 

India

Sham Bansal

Department of Mathematics 

Mata Gujri College 

Fatehgarh Sahib, Punjab 

India

Kanak Raj

Department of Aerospace Engineering 

IIEST Shibpur, West Bengal 

India

Prince Raj Lawrence Raj

Department of Aerospace Engineering 

IIEST Shibpur, West Bengal 

India

Dr A. M. Khan

Department of Mathematics 

Jodhpur Institute of Engineering and Technology 

Jodhpur, Rajasthan 

India

Manisha Yadav

Department of Mathematics 

Faculty of Applied and Basic Sciences 

SGT University 

Haryana, Punjab 

India

Pradeep Malik

Department of Mathematics 

Faculty of Applied and Basic Sciences 

SGT University, Haryana 

Punjab, India

Ram Prakash Sharma

Department of Mechanical Engineering 

NIT Arunachal Pradesh 

Jote, Arunachal Pradesh 

India

XVIII List of Contributors



V. Vinay Kumar

Department of Basic and Applied Science 

NIT Arunachal Pradesh 

Jote, Arunachal Pradesh 

India

Jaya Gupta

Department of Mathematics 

GNA University 

Phagwara, Punjab 

India

Geeta Arora

Department of Mathematics 

Lovely Professional University 

Phagwara, Punjab 

India

Shubham Mishra

Department of Mathematics 

Lovely Professional University 

Phagwara, Punjab 

India

List of Contributors XIX





Atul Kumar Shukla✶, Mukesh Kumar Awasthi, Satyvir Singh,  

and Dhananjay Yadav 

Chapter 1 
Introduction to Complex Engineering 
Systems

Abstract: The design, integration, and management of large-scale, multifaceted systems 

made up of interdependent components from various disciplines are the focus of the 

study of complex engineering systems (CESs). These systems, which include autono-

mous cars, smart grids, advanced manufacturing platforms, and defense and aerospace 

infrastructures, display emergent behavior, nonlinear interactions, and dynamic evolu-

tion over time. The fundamental ideas of CES, such as system architecture, interopera-

bility, feedback control, and life cycle considerations, are examined in this introductory 

chapter. The importance of uncertainty in decision-making, model-based design, and 

systems thinking is emphasized. The difficulties of scalability, resilience, and adaptabil-

ity are also covered in the chapter, especially in light of organizational, environmental, 

and technological complexity. The goal of CES research is to create resilient, intelligent, 

and sustainable systems that can function efficiently by combining interdisciplinary 

knowledge with cutting-edge computational tools. 

Keywords: system of systems (SoS), nonlinearity, emergent behavior, interdepen-

dence, modeling and simulation

1.1 Introduction

Systems engineering (SE) has progressed largely in the absence of a codified theoreti-

cal foundation, instead of advancing through the accretion of practice-based insights, 

experiential learning, and heuristic constructs [1, 2]. It emerged as a discipline dedi-

cated to orchestrating equilibrium across heterogeneous subsystems and interdisci-

plinary domains. In alignment with this foundational objective, a salient trajectory 

for contemporary SE research is the exploration of systemic holism – interrogating 

✶Corresponding author: Atul Kumar Shukla, Department of Mathematics, Ganga Singh College, 

Chapra 841301, Bihar, India, e-mail: atulkushukla1993@gmail.com

Mukesh Kumar Awasthi, Department of Mathematics, Babasaheb Bhimrao Ambedkar University, 

Lucknow, India 

Satyvir Singh, Applied and Computational Mathematics, RWTH Aachen University, Schinkelstr. 2, 

Aachen 52062, Germany 

Dhananjay Yadav, Department of Mathematical and Physical Sciences, University of Nizwa, Oman

https://doi.org/10.1515/9783111723464-001

mailto:atulkushukla1993@gmail.com


the intrinsic characteristics of a system that are not reducible to its individual constit-

uents, and identifying the mechanisms by which a system manifests capabilities or 

value exceeding the arithmetic sum of its parts [3]. It is conceivable to envision a 

foundational science of interrelationships that underlies the principles of SE. Encour-

agingly, the evolving field of complex systems – often denoted as complexity theory – 

is beginning to furnish a rigorous theoretical substrate for SE. This nascent frame-

work holds promise not only for elucidating prevailing engineering practices but also 

for enabling the formal modeling of extant systems, thereby permitting predictive anal-

yses. If mathematical abstractions can reliably anticipate emergent, holistic system be-

haviors, then system parameters may be methodically adjusted to enhance specific per-

formance attributes – circumventing the inefficiencies and uncertainties associated 

with empirical, trial-and-error modifications in physical hardware and software imple-

mentations. Early identification of critical parameters is essential to prevent costly re-

work and disruptions in SE projects. As complex systems science rapidly evolves, its 

shifting insights challenge the notion of fixed “best practices” [4]. Still, staying current 

with the literature remains vital. This chapter distills key principles from complexity 

science relevant to engineered systems. While complex engineered system (CES) [5] of-

fers a rich theoretical foundation, its abstract nature limits practical application, requir-

ing interpretation beyond the reach of many practitioners.

1.2 Complex Systems’ Definition

A complex system is often described as a system composed of many parts that are 

linked together and have a set number of relationships which are interdependent and 

dynamic, often not in a straight line. Such interactions result in global patterns, 

frameworks, and behavior that evolve over time and cannot be easily deduced from 

individual components; this is called emergence.

Complex systems are often formally defined in system theories and computa-

tional modeling as follows:

A collection of agents or elements not only interact in nontrivial ways, most of 

the time giving rise to some emergent substructure, but whose collective actions do 

not result to a simple linear sum of the actions of its constituent elements. This defini-

tion illustrates the following key features that are important: multiplicity of agents, 

dependence, nonlinear interactivity, and emergence. These qualities set complex sys-

tems apart from merely complicated systems, which are intricate but fundamentally 

predictable and reducible.
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1.3 Key Characteristics of Complex Systems

To make sense of the layers in a complex system (Figure 1.1), one must define and 

study the parameters that define them. Some of the most salient features of complex 

systems, as defined by extensive research, are explained further.

1.3.1 Emergence

Emergence is defined as the spontaneous generation of patterns, structures, or behav-

iors at a macrolevel from the interaction of smaller components at a microlevel. This 

kind of phenomenon also suggests that the system possesses characteristics and com-

ponents which are not apparent when examining the parts individually. Such cases 

are the flocking behavior of birds, the self-organization of cellular structures, or 

trends in markets in economics. Emergent phenomena often arise without a central 

control and may result in a stable or metastable configuration that displays a kind of 

collective intelligence or coordination.

1.3.2 Nonlinearity

Although nonlinearity and a state far from equilibrium are necessary prerequisites for 

the emergence of complex behavior, they are not sufficient on their own. Complex sys-

tems also exhibit other defining characteristics, most notably the presence of numerous 

interacting components. These components – often simple in nature – interact in non-

linear ways, either locally or globally. Crucially, the architecture of these interactions, 

including the system’s geometry and the topology of its interaction network, signifi-

cantly influences its behavior. What makes these systems truly complex is their ability 

to exhibit emergent properties – features that arise not from individual components 

but from their interactions. This raises a fundamental question: Can the emergence of 

such properties be understood purely from the coupling of the system’s elements? To 

answer this, we must delve into the dynamics of nonlinear systems with many degrees 

of freedom. Evidence thus far indicates that global emergent phenomena can indeed 

arise from local nonlinear interactions

1.3.3 Adaptation and Learning

Many complex systems are adaptive, meaning they have the capacity to learn from 

their environment and modify their behavior accordingly. This is especially true in 

biological, social, and artificial systems. Adaptive behavior often emerges from pro-

cesses such as evolution, learning algorithms, or decision-making protocols.

Chapter 1 Introduction to Complex Engineering Systems 3



For example, neural networks in the brain rewire themselves in response to stim-

uli, and organisms evolve traits that enhance survival under changing environmental 

conditions.

1.3.4 Decentralized Control

Complex systems require swift control actions in response to localized inputs and dis-

turbances, which naturally leads to the adoption of decentralized information and 

control architectures. This well-regarded reference work explores systematic ap-

proaches for developing control laws under such decentralized constraints. The text 

opens with a graph-theoretic framework for modeling the structural properties of 

complex systems and proceeds to examine robust stabilization through decentralized 

state feedback. Further chapters address key topics such as optimization techniques, 

output feedback mechanisms, the influence of graph structures on control strategies, 

overlapping decompositions grounded in the inclusion principle, and methods for en-

hancing system reliability. Each chapter is supported by detailed notes and referen-

ces, and the appendix includes a practical collection of efficient graph algorithms.

1.3.5 Hierarchical Organization

This chapter investigates the hierarchical structure of complex networks, which often 

exhibit weighted, attributed, directed, and dynamic properties. Key contributions in-

clude novel algorithms for learning low-dimensional, non-Euclidean representations of 

nodes in weighted and directed networks, and a framework for analyzing mesoscopic 

structures in signaling networks to identify potential drug targets. These advancements 

enhance our understanding of information flow and organization in real-world com-

plex systems.

1.3.6 Sensitivity to Initial Conditions

The notion of sensitive dependence on initial conditions has been famously encapsu-

lated in the metaphor of the “butterfly effect” – the proposition that the infinitesimal 

disturbance caused by a butterfly’s wingbeat in Brazil could precipitate significant 

meteorological shifts in Texas. Such systems exhibit extreme sensitivity wherein negligi-

ble perturbations in initial parameters can engender vastly divergent trajectories. This 

phenomenon was first identified by Edward Lorenz in his seminal work on thermal 

convection [6], from which he astutely deduced the inherent limitations of long-term 

atmospheric forecasting. The butterfly effect underscores the premise that minuscule 

alterations in the atmospheric state can cascade through nonlinear interactions and 
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feedback mechanisms, ultimately manifesting as large-scale climatic variations. Though 

seemingly implausible, this concept gains credence when considering the intrinsic 

interconnectivity, nonlinearity, and potential for dynamic signal amplification within 

complex systems.

1.4 Examples of Complex Systems

Biological Systems:

– Ecosystems respond nonlinearly to small changes.

– Disease spread depends on network dynamics and feedback.

– Cellular processes involve complex signaling and adaptation.

Social Sciences:

– Social networks influence rapid information diffusion.

– Economic systems show emergent patterns like booms and crashes.

– Cultural evolution arises from small, cumulative interactions.

Engineering and Technology:

– Traffic systems exhibit large effects from minor disruptions.

– Swarm robotics use simple rules for complex coordination.

– Computer networks rely on robust internode interactions to avoid cascading failures.

Autonomy

Simplicity

Stability

Isolation

Holism

Reductionism

Systems

Thinking

Profile
Interconnectivity

Flexibility

Integration

Complexity

Resistance

Requirements
Embracement

over Requirements

Figure 1.1: Illustration of the hierarchical levels at which systems thinking is applied from micro-level 

components to macro-level interactions.
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1.5 Importance of Modeling and Simulation

Modeling refers to the abstract formulation and conceptual construction of a represen-

tative framework that emulates the structural and functional attributes of a real-world 

system. This surrogate model encapsulates essential system characteristics, enabling an-

alysts to forecast the implications of potential modifications. In essence, modeling con-

stitutes the disciplined endeavor of generating an analog – mathematical, logical, or 

computational – that mirrors the dynamics and properties of an actual system.

Simulation, on the other hand, entails the dynamic execution of the model across 

temporal or spatial dimensions to evaluate and interpret system behavior. It serves as 

an investigative mechanism through which both existing and hypothetical systems 

can be assessed under varying operational scenarios. In other words, simulation is 

the methodological deployment of a model to systematically explore, quantify, and 

predict system performance and response patterns over time.

1.5.1 Safe and Cost-Effective Experimentation

One of the most significant advantages of simulation is the ability to test scenarios in 

a controlled, risk-free environment. In engineering, simulations allow prototypes to 

be evaluated under various conditions without the cost and danger of physical testing. 

For instance, in aerospace engineering, flight simulations help in designing aircraft by 

assessing aerodynamic performance, control systems, and structural integrity under 

various stressors.

Similarly, in nuclear power, chemical processing, and transportation, simulations 

are used to model system behavior under abnormal or emergency conditions, where 

real-world testing would be dangerous or unethical. This capability is critical for 

safety analysis and decision support in high-risk industries.

1.5.2 Enhancing Decision-Making and Optimization

System-level trade-off analysis is super important for strategic decision-making, and 

Modeling and Simulation (M&S) makes this process a lot easier! By using simulations, 

we can model and analyze optimization issues like scheduling, logistics, and resource 

allocation to find the best possible solutions. Decision-makers get to evaluate different 

scenarios, assess risks, and choose the best way to move forward based on what the 

simulations show.

In supply chain management, simulation models are quite helpful for understanding 

how delays, inventory policies, or changes in demand can affect overall system perfor-

mance. This enables companies to proactively adjust their operations instead of just react-
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ing to issues. Likewise, in urban planning, traffic flow simulations aid in designing road 

networks that reduce congestion and enhance the efficiency of public transportation.

1.5.3 Accelerating Innovation and Technological Development

Modeling and simulation play a huge role in speeding up the launch of new technolo-

gies by allowing virtual testing and improvements. In product design, computer-aided 

engineering tools help simulate the mechanics, heat, and fluid dynamics of designs 

well before any physical prototypes are created. This iterative method boosts innova-

tion and helps cut down development costs.

In the fields of robotics and artificial intelligence (AI), simulation environments 

provide the opportunity to train and test algorithms across various virtual scenarios. 

This process leads to the creation of robust systems that can function effectively in 

real-world situations. Moreover, digital twins – virtual replicas of physical systems – 

are increasingly utilized in manufacturing and smart infrastructure to continuously 

monitor and optimize performance in real time.

1.5.4 Educational and Training Value

A pivotal determinant of a nation’s prosperous advancement lies in the cultivation of 

a dynamic and purpose-driven youth. The efficacy of the higher education apparatus 

manifests conspicuously in the imminent trajectory of national progress. Both the 

economy and the civil society perpetually demand adept engineers and innovative re-

searchers. Consequently, the evolution of advanced technical education emerges as a 

critical imperative amid the relentless transformations of the contemporary global 

landscape. The principal vectors guiding the modernization of higher education en-

compass the following:

1. Advancement of organizational pedagogical frameworks

2. Formulation and implementation of avant-garde educational technologies and 

paradigms

3. Systematic monitoring and rigorous evaluation of academic proficiency levels

4. Enhancement of interuniversity collaboration and strategic alliances

5. Promotion of academic mobility for both faculty and students

6. Endorsement of an innovation-centric institutional ethos

7. Expansion of research-intensive and practice-oriented university ecosystems

A further cornerstone in the advancement of higher technical education is the cultiva-

tion of engineers adept at navigating intricate and cutting-edge engineering challenges 

within the dynamic continuum of technological evolution, economic restructuring, and 
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societal transformation. The nation’s trajectory toward innovation-driven growth must 

be underpinned by the comprehensive preparation of not only engineers grounded in 

core scientific principles, but also a new cadre of interdisciplinary researchers and ver-

satile professionals attuned to global paradigms and emergent demands.

1.6 The Role of Optimization in Engineering Systems

Escalating market demands compel engineers to conceptualize and engineer products 

of heightened performance and escalating structural and functional complexity. This 

intensification necessitates the deployment of intricate simulation frameworks capa-

ble of capturing nonlinear dynamical behavior and multifaceted physical interactions. 

Within such high-fidelity models, analytical expressions for gradients are frequently 

unattainable or intractable. Consequently, the optimization process must rely on de-

rivative-free methodologies – robust algorithms that circumvent the need for explicit 

gradient information while navigating complex, multidimensional solution spaces [7].

1.6.1 Concept and Importance

Optimization constitutes a foundational paradigm that underpins analytical reasoning, 

strategic formulation, and system design across a multitude of disciplines. Whether em-

ployed by a data scientist calibrating a machine learning algorithm, an engineer architect-

ing a high-efficiency system, or a business analyst endeavoring to minimize expenditures 

while maximizing profitability, optimization serves as the quintessential mechanism for 

deriving the most advantageous outcome within predefined constraints and parameters.

1.6.2 Mathematical and Algorithmic Foundations

Optimization relies on calculus, linear algebra, and numerical analysis. Traditional 

methods include the following:

– Linear programming

– Nonlinear programming

– Dynamic programming

Advanced metaheuristic algorithms including genetic algorithms, particle swarm opti-

mization, and ant colony optimization are now viable for tackling complex, nonlinear, 

and large-scale problems, thanks to the power of high-performance computing.
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1.6.3 Optimization in Engineering Design

The nation’s ability to engineer and deploy complex systems – such as aircraft, automo-

biles, and space platforms – is nearing a critical threshold. Numerous large-scale pro-

grams are afflicted by severe cost overruns and protracted delays due to technical, mana-

gerial, and political complications. Boeing’s 787 aircraft, for example, was delayed by two 

years and exceeded its budget by nearly $10 billion. General Motors, after bankruptcy, 

still reported a $4.3 billion loss in Q4 of 2009, while production costs for the Chevy Volt 

soared to $40,000 per vehicle – almost double the initial estimate. NASA faces analogous 

setbacks, with persistent cost inflation and delays in both the International Space Station 

and Constellation programs, driven as much by political dynamics as technical con-

straints. These cases exemplify how engineered systems have grown in complexity, exhib-

iting emergent behaviors that elude existing modeling and optimization tools. Such sys-

tems frequently involve poorly quantifiable disciplines – like human behavior – posing a 

major obstacle to integrative, predictive engineering. In response, National Science Foun-

dation and Defense Advanced Research Projects Agency are launching research initiatives 

in complex systems design to confront these multidimensional challenges [8–10].

1.6.4 Intelligent and Real-Time Optimization

AI is increasingly recognized for its transformative capacity across sectors such as 

healthcare, aviation, energy, and transportation. While its applications remain emer-

gent, AI introduces disruptive dynamics into existing innovation and management 

frameworks, warranting deeper academic investigation. Most current studies treat AI 

as isolated applications, often neglecting the dynamic, context-dependent nature of its 

implementation and impact. Complex Products and Systems (CoPS) are evolving into 

complex intelligent systems as AI becomes embedded, bringing together properties of 

generativity (adaptive, emergent growth, and scalability) and criticality (safety, security, 

and regulatory compliance). These characteristics, while seemingly contradictory, are 

becoming increasingly interdependent. The central focus is on how AI affects engineer-

ing management when systems must be both generative and critically robust. Through 

five managerial dimensions – design goals, system boundaries, system modeling, 

predictability/emergence, and learning/adaptation – the study analyzes how AI shapes 

CoPS governance. A case study from the public safety domain illustrates the practical 

implications of AI adoption in real-world complex system contexts, offering insights 

into managing trust, safety, and innovation simultaneously [11, 12].
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1.6.5 Systems Engineering and Integration

Systems integration challenges persist as a major impediment in the development of 

CESs. Notably, in 2018, the U.S. Government Accountability Office attributed both cost 

overruns and schedule delays in NASA’s James Webb Space Telescope project to unre-

solved systems integration complexities. In his seminal work “General Systems The-

ory”, Ludwig von Bertalanffy [13] posits that all systems are governed not only by 

structural or physical hierarchies but also by functional hierarchies, which represent 

the sequential flow and organization of system-level processes. In certain configura-

tions, these hierarchies may align – where the physical arrangement of components 

mirrors the logical sequence of operations.

A compelling example of this dual-hierarchy structure is found in the Patriot Ad-

vanced Capability-3 missile system. This CES comprises three core subsystems: the 

Fire Solution Computer, the Missile Launcher, and the Interceptor Missile. Each sub-

system performs a distinct function – computational trajectory analysis and targeting, 

launch command execution, and threat neutralization. Together, they exemplify both 

a physical hierarchy of components and a functional hierarchy of operations, illus-

trating the interdependence and layered complexity inherent in modern engineered 

defense systems.

1.6.6 Sustainability and Environmental Optimization

Optimization stands as a pivotal instrument in advancing sustainability, functioning as a 

strategic search paradigm tailored to the specific characteristics and constraints of a 

given problem. Fundamentally, it entails the determination of optimal parameter values 

within a feasible solution space, aimed at either minimizing or maximizing the output 

of a defined system or network. The overarching objective is to identify the most advan-

tageous and feasible outcome while rigorously adhering to problem-specific constraints. 

Given the escalating intricacy of contemporary scientific and engineering challenges, the 

application of optimization methodologies has become indispensable. However, the 

computational intensity and temporal demands of traditional, exact optimization techni-

ques often render them impractical for large-scale, nonlinear, or dynamic problems. 

Consequently, intelligent optimization algorithms such as those inspired by evolutionary 

processes, swarm intelligence, and other bioinspired heuristics have emerged as vital 

alternatives. Nature itself offers a profound reservoir of inspiration, serving as a concep-

tual framework for the development of artificial metaheuristic strategies capable of re-

solving complex optimization problems with both computational efficiency and solution 

accuracy. These biologically inspired algorithms mimic adaptive, self-organizing phe-

nomena, enabling effective navigation through vast and multidimensional search spaces 

where classical methods fall short.
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1.7 Applications in Real-World Scenarios of Complex 

Engineering Systems

SE is an interdisciplinary paradigm dedicated to the design, synthesis, and coordina-

tion of multifaceted components within an unified system architecture. It emphasizes 

a macroscopic perspective, ensuring that all subsystems function synergistically to ful-

fill overarching objectives. This field is instrumental in enabling technological innova-

tion and optimizing legacy systems across sectors such as aerospace, information, and 

communication technologies, infrastructure development, and defense. While indus-

trial engineering similarly seeks to enhance efficiency and productivity, particularly 

within manufacturing and operational contexts, SE extends its purview further. It ad-

dresses the integration of diverse technical domains, ensuring interoperability and co-

herence across organizational, mechanical, computational, and human subsystems. A 

fundamental aspect of SE lies in the evaluation and resolution of competing con-

straints through deliberate trade-offs. It leverages cross-domain expertise to formu-

late inventive, robust, and purpose-driven solutions – balancing technical feasibility, 

economic viability, and functional performance to meet complex system require-

ments.

1.8 Aerospace and Space Systems

1.8.1 Space Telescopes and Satellite Systems

Conventional metrics used to estimate the cost and structural complexity of space 

telescope systems warrant critical reassessment in light of the volumetric and payload 

capabilities enabled by the ARES V launch vehicle. The expanded payload capacity sig-

nificantly alleviates stringent spatial constraints, thereby obviating the need for intri-

cate, deployable configurations previously necessitated by limited launch shroud di-

mensions. As a result, system architects are no longer compelled to employ complex 

foldable designs akin to “engineering origami” to accommodate telescopic assemblies 

within constrained envelopes. This paradigm shift allows for the reallocation of de-

sign emphasis – from minimizing mass and volume toward enhancing optical perfor-

mance, structural robustness, and overall system reliability. The reduced necessity for 

ultra-lightweight, segmented mirrors and their intricate support mechanisms offers 

new opportunities for improving mission resilience and scientific return [14].

The nascent era of satellite technology was marked by systems that were markedly 

rudimentary when juxtaposed with the complex, multifunctional architectures of con-

temporary orbital platforms. Early satellites, constrained by technological limitations and 

modest launch capacities, were diminutive in scale and functionally austere – primarily 

confined to elementary scientific experimentation and rudimentary communication 
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roles, largely dictated by their operation within low earth orbital regimes. Notably, sev-

eral pioneering efforts explored the feasibility of passive satellite systems – spaceborne 

objects devoid of active onboard electronics or propulsion mechanisms. Among the 

most consequential of these preliminary ventures were Project Diana, which achieved 

the first successful reflection of radio waves off the lunar surface; Project Echo, a 

groundbreaking initiative that employed large metallized balloon satellites to facilitate 

passive signal relay; and Project West Ford, which involved the dispersion of copper 

dipole needles into orbit to investigate ionospheric-independent radio communication 

via artificial reflection mediums [15].

1.8.2 Aircraft Systems

This study evaluated the implications of utilizing fuels with relaxed property specifi-

cations – specifically in freezing point and thermal stability – in commercial transport 

aircraft. The analysis explored the effects on system performance, cost, weight, safety, 

and maintainability. Among three advanced fuel system concepts examined, the most 

cost-effective, long-term solution involved incorporating insulation and electrically 

heated elements on the lower surfaces of fuel tanks to accommodate the altered fuel 

characteristics.

1.9 Defense and Autonomous Weapon Systems

1.9.1 Missile Defense Systems

Recent engineering insights derived from the Missile Defense Agency’s ballistic missile 

defense system (BMDS) underscore the imperative of conducting comprehensive analy-

ses at the system of systems (SoS) level. This includes examining the complex web of 

interactions among independently developed constituent systems. Within this context, 

the term “interstitials” refers to the critical domains of interfaces, interoperability, and 

integration that bind the individual components within the SoS architecture.

BMDS serves as a particularly intricate case study, as many of its foundational 

elements were retrofitted from legacy programs of record, not originally conceived 

for holistic integration. While these subsystems generally perform according to their 

isolated design specifications, their operational metrics often fall short of aligning 

with overarching SoS-level performance requirements. A central challenge for BMDS 

lies in achieving interoperability ensuring that discrete components interact cohe-

sively, whether through overt command coordination or subtle data fusion, to realize 

a consistent, scalable, and resilient national defense capability [16].
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1.9.2 Unmanned Aerial Vehicles (UAVs)

In recent years, advancements in miniaturization and weight reduction – combined 

with enhanced sensor functionalities – have significantly contributed to the growing 

utility of UAVs. These systems are increasingly employed across a broad spectrum of 

civil and industrial applications, including atmospheric monitoring, surveillance, aerial 

photography, and search-and-rescue operations [17]. As the UAV market expands and 

the diversity of operational scenarios intensifies, there is a corresponding escalation in 

performance requirements. These include extended flight endurance, improved maneu-

verability, and greater adaptability to complex and dynamic mission profiles [18].

1.10 Transportation and Smart Mobility

1.10.1 Rail Networks and High-Speed Trains

In recent years, railway networks have garnered increasing attention as a dominant 

mode for passenger and freight transportation. Notably, high-speed railway networks 

(HSRNs) have undergone rapid expansion globally, gaining strategic and military impor-

tance. Researchers have contributed valuable insights into HSRN planning, operation, 

and safety. Studies have addressed network design for freight logistics, organizational 

practices in Japan, fatigue tolerance in railway axles, and high-speed rail development 

across Japan, South Korea, and Chinese Taiwan.

1.10.2 Autonomous Vehicles and Urban Traffic Systems

Traffic congestion has become an inescapable aspect of urban life, particularly in met-

ropolitan regions, leading to substantial economic losses, travel delays, reduced ser-

vice quality, and commuter discomfort. Congestion typically arises when transporta-

tion demand surpasses system capacity. A sustainable solution lies in equilibrating 

demand and supply; however, as noted by Morris [20], aligning increased demand 

with expanded capacity presents significant challenges. Expanding infrastructure 

through road construction is not only prohibitively expensive but also poses consider-

able environmental repercussions [19].
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1.11 Power and Energy Systems

1.11.1 Smart Grids

This section centers on power electronics, smart grid technologies, and renewable en-

ergy systems, which are pivotal in addressing today’s pressing energy and environmen-

tal concerns. The first electronic revolution began with the invention of the transistor 

in 1948 by Shockley, Bardeen, and Brattain at Bell Labs. This was followed by the devel-

opment of the thyristor in 1956, later commercialized by GE in 1958, marking the onset 

of the modern power electronics era, often termed the second electronic revolution. 

Subsequent technological progress including integrated circuits, microcomputers, digi-

tal signal processors, and field-programmable gate arrays has further revolutionized 

the field, enabling sophisticated and efficient energy systems.

1.11.2 Nuclear Power Plants

In 2009, global electricity generation reached 20,093.6 TWh, with approximately 14% 

produced by 438 nuclear power plants (Figure 1.2) and 68% from fossil fuels, jointly 

accounting for 82% of total output. Both sources face sustainability criticisms of coal 

for its substantial greenhouse gas emissions and low efficiency, and nuclear for safety 

risks and waste management challenges. While coal is clearly unsustainable, nuclear 

energy’s sustainability depends on plant design and fuel cycle strategies. This chapter 
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Figure 1.2: Nuclear power plants.
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introduces nuclear power principles, explores fuel cycle processes, reviews current 

and emerging technologies, addresses nuclear waste management, evaluates eco-

nomic viability, and concludes with a comprehensive sustainability assessment.

1.12 Healthcare and Biomedical Engineering

1.12.1 Robotic Surgery Systems

Robot-assisted surgery is a sophisticated minimally invasive technique wherein surgeons 

utilize robotic systems to perform complex procedures with heightened precision and 

control. These systems integrate robotic arms bearing surgical tools, a surgeon-operated 

console, and a high-definition 3D imaging interface. Unlike conventional open or laparo-

scopic surgery, robotic surgery fuses human skill with technological augmentation, sig-

nificantly improving surgical accuracy, visualization, and patient outcomes [20].

1.13 Conclusion

In summary, the study of CESs offers critical insights into the behavior and design of 

multifaceted systems characterized by nonlinearity, interdependence, and emergent 

phenomena. Understanding the definition and inherent characteristics of such sys-

tems is essential for managing uncertainty, dynamic behavior, and cross-domain in-

teractions. The importance of modeling and simulation cannot be overstated, as these 

tools provide a virtual environment to analyze, predict, and refine system behavior 

under diverse operational scenarios – thereby reducing risk and improving design re-

liability. Additionally, the role of optimization is pivotal in identifying the most effi-

cient and feasible solutions within constrained, multidimensional problem spaces. In-

telligent optimization algorithms further enhance the capacity to handle complex, 

large-scale challenges with computational efficiency. Through a wide array of real- 

world applications – including smart grids, autonomous systems, transportation net-

works, and space technologies – the principles and methodologies of complex systems 

engineering are transforming modern industries. Embracing this interdisciplinary ap-

proach equips engineers and researchers to design more robust, adaptive, and sus-

tainable solutions for the increasingly interconnected world.
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Atul Kumar Shukla✶ and Mukesh Kumar Awasthi 

Chapter 2 
Mathematical Foundations for Modeling 
Complex Systems

Abstract: Mathematical modeling serves as a vital framework for understanding com-

plex real-world phenomena across engineering, physics, and the life sciences. This 

study employs a comprehensive toolkit – including differential equations, linear and 

nonlinear system dynamics, probability and statistics, and computational tools – to 

develop and analyze dynamic system models. Differential equations form the founda-

tion for representing continuous-time processes, while both linear and nonlinear sys-

tem dynamics are utilized to capture varying levels of system complexity. Stochastic 

elements are integrated through probabilistic modeling, enabling the analysis of sys-

tems influenced by uncertainty and random behavior. Additionally, computational 

tools facilitate numerical simulation and visualization, allowing for the validation and 

refinement of theoretical models. The integration of these methodologies provides a 

robust platform for interpreting system behavior, predicting future states, and in-

forming practical decision-making in complex environments. 

Keywords: modeling, complex systems, differential equations, applications

2.1 Differential Equations and Their Applications

Differential equations are classified as ordinary differential equations (ODEs) or par-

tial differential equations (PDEs) depending on the type of derivatives they contain. If 

the equation involves only ordinary derivatives with respect to a single independent 

variable, it is an ODE. If it includes partial derivatives with respect to multiple inde-

pendent variables, it is a PDE. The order of a differential equation is determined by 

the highest derivative present in the equation. A solution (or particular solution) to a 

differential equation of order n is a function that is defined and differentiable up to n

times on a domain D. When this function and its derivatives are substituted into the 

original differential equation, the resulting expression must hold true for every point 

within the domain D [1].
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2.1.1 General Form of an ODE

Fðx, y, y′, . . ., ynÞ= 0 (2:1) 

2.1.2 Order and Degree

– The order of a differential equation is the order of the highest derivative.

– The degree is the power of the highest-order derivative, assuming the equation is 

polynomial in derivatives.

2.1.3 First-Order Differential Equations

These are equations involving the first derivative of the unknown function.

2.1.3.1 Separable Equations

A first-order ODE can generally be written in the form Fðx, y, y′Þ= 0. In principle, algebraic 

methods can often be used to solve for y′ rewriting the equation in the form y′=Gðx, yÞ.
If the function Gðx, yÞ can be expressed as the product of a function of x and a func-

tion of y, that is, Gðx, yÞ=MðxÞNðyÞ, then the differential equation is called separable.

2.1.3.2 Linear Equations

A first-order linear differential equation is an equation that can be written in the fol-

lowing standard form [2, 5]:

dy

dx
+ yPðxÞ=QðyÞ (2:2) 

Here, PðxÞ and QðyÞ are known functions of x.

2.1.3.3 Exact Equations

An exact differential equation is a first-order differential equation that can be written 

in the following form:

Mðx, yÞdx +Nðx, yÞdy= 0 (2:3) 

It is called exact if there exists a function Fðx, yÞ such that:
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∂F

∂x
=Mðx, yÞ, ∂F

∂y
=Nðx, yÞ (2:4) 

In other words, the left-hand side of the differential equation is the total differential 

of some function Fðx, yÞ, i.e.,

dF =Mðx, yÞdx +Nðx, yÞdy (2:5) 

2.1.4 Second- and Higher-Order Differential Equations

Typically appear in physical systems involving acceleration or curvature.

2.1.4.1 Second-Order Linear ODE

A second-order linear ordinary differential equation is represented as follows:

aoðxÞy′′+ a1ðxÞy′+ a2ðxÞy= f ðxÞ (2:6) 

Equation (2.6) is homogeneous if f ðxÞ= 0 and called nonhomogeneous if f ðxÞ≠0.

2.2 Methods of Solution

There are several methods to solve differential equations:

i. Separation of variables

ii. Integrating factors

iii. Method of undetermined coefficients

iv. Variation of parameters

v. Laplace transforms

2.3 Applications of Differential Equations

2.3.1 Physics and Engineering

Newton’s Laws of Motion: Second-order ODEs describe the motion of objects.

F =ma ) FðxÞ=m
d2x

dt2
(2:7) 

Electrical Circuits: The behavior of RLC circuits is modeled by second-order linear 

differential equations.
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L
d2q

dt2
+R

dq

dt
+ 1

Cq
=EðtÞ (2:8) 

2.3.1.1 Heat Equation (PDE)

The heat equation is a fundamental PDE that describes the distribution of heat (or 

variation in temperature) in a given region over time. Mathematically, it models how 

thermal energy diffuses through a medium and is typically written as follows:

∂u

∂t
= α∇2u (2:9) 

where uðx, tÞ represents the temperature at position x and time t, and α is the thermal 

diffusivity constant. The heat equation is widely used in physics, engineering, and ma-

terials science for analyzing heat conduction in solids and plays a key role in under-

standing diffusion processes more broadly [3, 4].

2.3.2 Population Dynamics

The logistic equation models population growth with carrying capacity:

dP

dt
= rP 1− P

K

� �
(2:10) 

where P is population, r is the growth rate, and K is the carrying capacity [6].

2.3.3 Economics

Differential equations are used in modeling:

Growth of investments:
dA

dt
= rA 

AðtÞ is the value of investment at time t and r is the continuous growth rate.

2.3.3.1 Consumer Behavior

A basic model can describe how consumption CðtÞ changes over time in response to 

income YðtÞ or price PðtÞ:
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PðtÞ dC

dt
= αðYðtÞ −CðtÞÞ (2:11) 

Furthermore, differential equations are employed to model the dynamic relationship 

between supply and demand over time.

2.4 Partial Differential Equations (PDEs)

PDEs are mathematical equations that involve multiple independent variables and 

partial derivatives of an unknown function. Unlike ODEs, which contain derivatives 

with respect to a single variable, PDEs are used to describe phenomena that vary with 

respect to space and time simultaneously. They are fundamental in modeling a wide 

range of physical and engineering systems, including heat conduction, wave propaga-

tion, fluid flow, and electrostatics [7, 8].

The general form of a second-order PDE in two variables x and t is as follows:

aðx, tÞ ∂2u

∂x2
+ bðx, tÞ ∂2u

∂x∂t
+ cðx, tÞ ∂2u

∂t2
+ dðx, tÞ ∂u

∂x
+ eðx, tÞ ∂u

∂t
+ f ðx, tÞu = gðx, tÞ (2:12) 

Three classical types of PDEs that frequently arise in applications are as follows:

Heat Equation: Models the distribution of heat over time (Figure 2.1):

∂q

∂t
= κ

∂2q

∂x2
(2:13) 

Wave Equation: It describes the propagation of waves such as sound or vibrations:

∂2q

∂t2
= C2 ∂2q

∂x2
(2:14) 

Laplace Equation: It represents steady-state solutions in fields such as electrostatics or 

fluid flow:

Heat Equation

ut   =  kuxx

Figure 2.1: Graphical representation of heat 

equation.
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∇2q= 0 (2:15) 

Solving PDEs often requires both analytical techniques (e.g., separation of variables 

and Fourier transforms) and numerical methods (e.g., finite difference and finite ele-

ment methods), especially for complex boundary and initial conditions. PDEs form a 

crucial part of mathematical modeling in science and engineering, enabling precise 

analysis of dynamic systems in multiple dimensions.

2.5 Applications

Differential equations play a fundamental role in modeling various physical phenom-

ena across scientific and engineering disciplines. In thermal conduction, they are 

used to describe the distribution of temperature in a given region over time, typically 

through the heat equation, which is a PDE. In wave propagation, such as sound or 

light waves, the wave equation models how waves move through different media. In 

fluid dynamics, differential equations govern the behavior of fluid flow, with the Nav-

ier-Stokes equations serving as a cornerstone for understanding velocity, pressure, 

and turbulence in fluids. Additionally, in the study of electromagnetic fields, Max-

well’s equations, a set of coupled PDEs, describe how electric and magnetic fields 

evolve and interact. These mathematical models are essential for designing and ana-

lyzing systems in physics, engineering, and applied mathematics.

2.6 Numerical Methods for Differential Equations

In many cases, exact solutions of differential equations are not possible. Numerical 

methods provide approximate solutions.

2.6.1 Euler’s Method in Differential Equations

Euler’s method is a simple and widely used numerical technique for approximating 

solutions to ODEs when an exact analytical solution is difficult or impossible to obtain. 

It is particularly useful for first-order initial value problems of the form:

dy

dx
= f ðx, yÞ, yðxoÞ = yo (2:16) 

Euler’s method estimates the value of the solution at discrete points by using the tan-

gent (slope) at known points to project the next value. The formula for the method is 

as follows:
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yn+1 = yn + h.f ðxn, ynÞ (2:17) 

where h is the step size (interval between points), ðxn, ynÞ is the current point, and 

yn+ 1 is the approximated next value f ðxn, ynÞ derivative (slope) at the current point.

2.6.2 Runge-Kutta Methods

Runge-Kutta methods (Figure 2.2) are a family of iterative techniques used to solve 

ODEs numerically. These methods provide a powerful alternative to simpler ap-

proaches such as Euler’s method by offering greater accuracy without requiring 

higher-order derivatives. Named after Carl Runge and Wilhelm Kutta, these techni-

ques are widely used in science and engineering for solving initial value problems. 

The general idea behind Runge-Kutta methods is to estimate the solution at the next 

time step by taking a weighted average of several slopes (derivative evaluations) cal-

culated at different points within the current interval. This leads to better stability 

and accuracy, even with relatively large step sizes [9–13].

The most commonly used version is the fourth-order Runge-Kutta method (RK4), 

which strikes a balance between computational effort and accuracy. For a first-order 

ODE dy
dt
= f ðt, yÞ with initial condition yðtoÞ= yo, the RK4 method computes the next 

value yn+ 1 as follows:

y1 = f ðtn, ynÞ

y2 = f tn +
h

2
, yn +

h

2
k1

� �

y3 = f tn +
h

2
, yn +

h

2
k2

� �

y4 = f tn + h, yn + hk3ð Þ

yn+1 = yn +
1

6
ðk1 + 2k2 + 2k3 + k4Þ

(2:18) 

where h is the step size, and k1, k2, k3, and k4 are intermediate slope estimates.

Runge-Kutta methods can be extended to higher-order or adaptive forms, such as 

the Runge-Kutta-Fehlberg or Dormand-Prince methods, which automatically adjust 

the step size to balance accuracy and computational efficiency. These methods are es-

sential tools in numerical analysis, forming the backbone of many simulation and 

modeling applications where analytical solutions are not feasible.
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2.6.3 Finite Difference Method (FDM)

The FDM is a numerical technique used to approximate solutions to differential equa-

tions, particularly PDEs and ODEs. It works by replacing derivatives with finite differ-

ence approximations, allowing the problem to be solved using algebraic equations on 

a discrete grid of points.

For example, the first derivative of a function uðxÞ at a point xi can be approxi-

mated by the following equation:

du

dx
≈ uðxi + 1Þ− uðxiÞ

h
(2:19) 

where h is the spacing between grid points. Similarly, second derivatives and higher- 

order terms can be approximated using central, forward, or backward difference 

schemes.

FDM is widely applied in engineering and science for solving problems involving 

heat conduction, fluid flow, structural mechanics, and electromagnetic fields. Its sim-

plicity and ease of implementation make it a popular choice, although it may require 

fine grid resolution and stability analysis for accurate results [14, 15].
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Figure 2.2: Geometrical representation of Runge-Kutta method.
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2.7 Modern Applications and Interdisciplinary Use

Differential equations have wide-ranging applications across various scientific and engi-

neering fields. In biology, they are essential for modeling phenomena such as the spread 

of infectious diseases using SIR models, as well as tracking drug concentration in the 

body over time. In machine learning, differential calculus underpins gradient-based opti-

mization methods, which are fundamental to training algorithms, particularly in deep 

learning. Climate science relies heavily on complex PDEs to simulate atmospheric dy-

namics, ocean currents, and long-term climate patterns. Similarly, in control systems, 

differential equations are central to describing system dynamics and designing feedback 

mechanisms that ensure stability and performance in engineering applications.

2.8 Linear and Nonlinear System Dynamics

System dynamics is a mathematical modeling approach used to describe the behavior 

of complex systems over time. It is employed extensively across engineering, physics, 

economics, biology, and other fields. The classification of systems into linear and non-

linear plays a crucial role in determining the tools and techniques used for analysis, 

simulation, and control.

2.8.1 Linear System Dynamics

Linear systems are those in which the principle of superposition applies. This means 

that the output of the system is directly proportional to its input, and the response to a 

sum of inputs is the sum of the responses to each input individually. Linear system dy-

namics are governed by linear differential equations, typically of the following form:

dxðtÞ
dt
=AxðtÞ +BuðtÞ

dyðtÞ
dt
=CxðtÞ+DuðtÞ

(2:20) 

where xðtÞ represents the state vector, uðtÞ the input vector, yðtÞ the output vector, 

and A,B, C,D are constant matrices that define the system behavior.

The analysis of linear systems is relatively straightforward due to the availability 

of powerful mathematical tools such as Laplace transforms, Fourier analysis, and ma-

trix algebra. Solutions to linear systems can be explicitly derived, and the stability, 

controllability, and observability can be systematically assessed using established cri-

teria. Linear models are commonly used in control theory, signal processing, and elec-

trical circuit analysis [17].
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2.8.2 Nonlinear System Dynamics

Nonlinear systems, in contrast, do not obey the principle of superposition. Their be-

havior is governed by nonlinear differential equations, which often take the following 

general form:

dxðtÞ
dt
= f xðtÞ+ uðtÞð Þ (2:21) 

Here, the function f represents a nonlinear mapping of the state and input variables. 

Nonlinear systems can exhibit a wide range of complex behaviors, including bifurca-

tions, chaos, limit cycles, and multiple equilibrium points. These features make their 

analysis significantly more challenging compared to linear systems. Due to their com-

plexity, nonlinear systems are typically analyzed using numerical methods and simu-

lations. Common tools include phase plane analysis, Lyapunov stability theory, per-

turbation methods, and bifurcation diagrams. Nonlinear models are essential in 

accurately describing real-world systems such as fluid dynamics, biological processes, 

climate models, and economic systems [16].

2.8.3 Comparison and Applications

The choice between linear and nonlinear modeling depends on the system’s character-

istics and the desired accuracy. Linear models are often used for small-signal analysis, 

where system behavior near an equilibrium point is of interest. They are also preferred 

in control design due to their mathematical tractability and well-established methods. 

However, many real-world systems inherently exhibit nonlinear behavior. In such 

cases, linear approximations may lead to significant errors or fail to capture critical dy-

namics. Nonlinear modeling becomes indispensable when dealing with large perturba-

tions, time-varying parameters, or systems with inherent nonlinearity. For example, in 

mechanical systems, small vibrations around equilibrium can be modeled linearly, but 

large deformations require nonlinear analysis. In electrical engineering, circuits with 

diodes and transistors are fundamentally nonlinear. In biological systems, feedback 

mechanisms and enzyme kinetics often result in nonlinear dynamic behavior.

2.8.4 Probability and Statistics in System Modeling

System modeling is a fundamental approach in engineering, science, economics, and 

many interdisciplinary domains to understand, analyze, and predict the behavior of 

complex systems. A model can be physical, mathematical, or computational, and aims 

to replicate the real-world characteristics of a system to forecast its responses under 

different conditions. Probability and statistics play a crucial role in system modeling 
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by providing the tools to handle uncertainty, analyze variability, and make informed 

decisions based on incomplete or noisy data. This essay explores the significance of 

probability and statistics in the modeling process, highlighting theoretical founda-

tions, applications, and methodologies for integrating probabilistic and statistical 

techniques into modeling workflows [18].

2.9 Role of Probability in System Modeling

2.9.1 Uncertainty Quantification

Real-world systems are inherently uncertain due to factors such as random disturban-

ces, imperfect knowledge, and incomplete information. Probability theory provides 

the tools necessary to quantify this uncertainty by defining random variables, proba-

bility distributions, and stochastic processes. In the context of system modeling, these 

probabilistic concepts are essential for representing inputs that are not deterministic, 

such as fluctuating weather conditions or varying demand. They also play a crucial 

role in capturing system noise and measurement errors, as well as in characterizing 

the variability observed in simulation outputs.

2.9.2 Random Variables and Distributions

Random variables are fundamental in probabilistic modeling. Continuous and dis-

crete random variables (e.g., normal, exponential, binomial, and Poisson distribu-

tions) are used to describe phenomena such as time between system failures, arrival 

times in queuing models, and sensor measurement errors. For example, in reliability 

engineering, the exponential distribution often models the time between failures of 

electronic components due to its memoryless property. Similarly, in queuing theory, 

Poisson processes and exponential interarrival times are standard tools [19].

2.9.3 Stochastic Processes

Many dynamic systems evolve randomly over time. Stochastic processes such as Mar-

kov chains, Brownian motion, and Poisson processes model temporal randomness. 

For instance:

– Markov models are used in communication systems to represent channel states.

– Queue models in service systems rely on birth-death processes.

– Stock prices in financial modeling are often modeled using geometric Brownian 

motion.
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2.10 Role of Statistics in System Modeling

2.10.1 Data Collection and Analysis

Statistical methods are vital for collecting, analyzing, and interpreting data. In system 

modeling, data-driven insights guide model structure, parameter estimation, and vali-

dation. Common statistical tools include the following:

– Descriptive statistics (mean, variance, and skewness)

– Inferential statistics (confidence intervals and hypothesis testing)

– Regression analysis and correlation

Through these tools, one can determine whether system behavior has changed over 

time or whether certain factors significantly affect output variability.

2.10.2 Parameter Estimation

Model parameters often cannot be known a priori and must be estimated from ob-

served data. Statistical estimation techniques such as maximum likelihood estimation 

and Bayesian inference are used to derive the most probable values for model param-

eters. For example, in epidemiological modeling, parameters such as transmission 

rates or recovery rates in SIR models are estimated from infection data using regres-

sion or likelihood-based techniques.

2.10.3 Model Validation and Hypothesis Testing

Once a model is built, it must be validated to ensure it accurately represents the sys-

tem. Statistical tests help assess the goodness-of-fit, compare models, and test assump-

tions. Techniques such as the chi-squared test, Kolmogorov-Smirnov test, and analysis 

of variance are commonly employed. Model validation also involves residual analysis, 

which checks whether the residuals (differences between observed and predicted val-

ues) behave randomly and follow expected statistical properties.

2.11 Integrated Approaches: Probabilistic 

and Statistical Modeling

Modern system modeling increasingly relies on the integration of probability and statis-

tics, especially in fields such as machine learning, control systems, and risk analysis.
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2.11.1 Monte Carlo Simulation

Monte Carlo methods use repeated random sampling to approximate complex system 

behavior. These simulations rely on probabilistic models to estimate system perfor-

mance, reliability, or uncertainty. Examples include the following:

– Estimating the probability of failure in structural engineering

– Pricing complex financial derivatives in computational finance

– Predicting traffic flow patterns under varying conditions

Monte Carlo simulation is particularly valuable when analytical solutions are intrac-

table or unavailable.

2.11.2 Bayesian Modeling

Bayesian statistics incorporate prior knowledge and observed data to update beliefs 

about system parameters. Bayesian networks are graphical models representing prob-

abilistic dependencies among variables. They are widely used in the following:

– Fault diagnosis in engineering systems

– Decision support systems in healthcare

– Machine learning for pattern recognition and prediction

Bayesian approaches are advantageous in dynamic systems where data accumulate 

over time, allowing continuous model refinement.

2.11.3 Statistical Learning and System Identification

In system identification, models are constructed based on input-output data. Techniques 

such as linear regression, neural networks, support vector machines, and Gaussian 

processes are employed to learn system behavior statistically. For instance, in robot-

ics, system identification helps determine the dynamics of manipulators. In environ-

mental science, statistical models predict air quality based on meteorological data and 

pollutant sources.
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2.12 Applications Across Domains

2.12.1 Engineering Systems

Probability and statistics are foundational in control systems, signal processing, and 

telecommunications. Models incorporate noise, uncertainty, and real-time data up-

dates. Techniques such as Kalman filtering and stochastic control optimize perfor-

mance under uncertainty.

2.12.2 Healthcare and Epidemiology

Statistical models simulate disease spread, evaluate treatment effectiveness, and opti-

mize resource allocation. Probabilistic compartment models (e.g., SEIR) help guide 

public health policies.

2.12.3 Economics and Finance

Stochastic differential equations and time series models analyze market trends, fore-

cast inflation, and assess investment risks. Probabilistic models underpin modern 

portfolio theory and derivative pricing.

2.12.4 Environmental Modeling

Climate models, water resource systems, and pollution dispersion are modeled using 

probabilistic techniques to account for natural variability and long-term uncertainty.

2.13 Challenges and Future Directions

Despite significant advancements, integrating probability and statistics with system 

modeling continues to face several challenges. One major issue is data quality and avail-

ability; inadequate or noisy data can significantly hinder the accuracy of statistical mod-

els. Additionally, the computational complexity of probabilistic methods – particularly 

Bayesian inference and stochastic simulations – can limit their practical application, es-

pecially in large-scale systems. Model uncertainty also remains a critical concern, as se-

lecting an appropriate model structure and accounting for potential errors is a complex 

and ongoing area of research. Moreover, effective system modeling demands interdisci-

plinary expertise that spans mathematics, statistics, domain-specific knowledge, and 
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computational proficiency. Looking ahead, emerging trends suggest a growing reliance 

on probabilistic machine learning, hybrid modeling approaches, and uncertainty-aware 

artificial intelligence to create more robust, interpretable, and adaptive models capable 

of handling real-world complexity.

2.14 Computational Tools for Mathematical 

Modeling

Mathematical modeling is a cornerstone of scientific inquiry and technological innova-

tion, offering a structured framework to understand, predict, and optimize real-world 

phenomena. From physics and biology to economics and engineering, mathematical 

models translate complex systems into abstract representations using mathematical lan-

guage. However, the increasing complexity of modern systems often makes analytical 

solutions impractical or impossible. This is where computational tools become essential, 

enabling researchers and practitioners to simulate, analyze, and visualize models effi-

ciently.

Computational tools for mathematical modeling consist of software, program-

ming languages, numerical methods, and simulation environments that facilitate the 

implementation and exploration of mathematical models. These tools bridge the gap 

between theoretical formulations and real-world applications by offering powerful 

platforms for computation, data handling, and visualization. This essay explores the 

various categories of computational tools, their applications, and their role in advanc-

ing modern mathematical modeling [20].

2.15 Categories of Computational Tools

2.15.1 Symbolic Computation Tools

Symbolic computation refers to the processing of mathematical expressions in their 

symbolic form rather than as numerical values. This approach allows for the exact 

manipulation of equations, making it particularly valuable for tasks such as solving 

algebraic equations, performing calculus operations, simplifying complex expres-

sions, and deriving analytical solutions. Several tools are widely used in this domain. 

Mathematica is a powerful platform that supports both symbolic and numerical 

computations, excelling in algebraic manipulation, solving differential equations, 

and visualizing results. Maple is another robust tool, renowned for its strong sym-

bolic engine and its applications in mathematical analysis, code generation, and aca-

demic instruction. For those seeking a free, open-source solution, Maxima provides 

Chapter 2 Mathematical Foundations for Modeling Complex Systems 31



a comprehensive suite of tools for symbolic computation, including capabilities in 

calculus, linear algebra, and equation solving.

2.15.2 Numerical Computing Environments

Many mathematical models involve equations that are too complex to be solved analyt-

ically, necessitating the use of numerical methods for approximate solutions. Numeri-

cal computing environments provide a wide range of libraries and built-in functions to 

address these challenges, enabling users to perform computations efficiently. MATLAB 

is one of the most popular tools in this category, extensively used in engineering and 

applied mathematics for tasks such as matrix operations, numerical integration, opti-

mization, and simulation. GNU Octave serves as a free alternative to MATLAB, offering 

compatibility with most of its syntax and functions, making it accessible to a broader 

audience. Scilab is another open-source software designed for numerical computation, 

particularly useful in areas such as control systems, signal processing, and numerical 

analysis. These platforms support the creation of custom algorithms and encourage ex-

perimentation with various numerical techniques, making them indispensable for 

both academic research and industrial problem-solving.

2.15.3 Programming Languages for Modeling

General-purpose programming languages with strong mathematical libraries are in-

creasingly used in mathematical modeling, offering flexibility and control over com-

putations.

Examples:

– Python: With libraries such as NumPy, SciPy, SymPy, Matplotlib, and pandas, Py-

thon has become a dominant language in scientific computing and modeling.

– R: Primarily used in statistics, R is excellent for data analysis, regression model-

ing, and graphical representation.

– Julia: Designed for high-performance numerical and scientific computing, Julia is 

gaining popularity due to its speed and ease of use in mathematical modeling.

2.15.4 Simulation Software

Simulation tools are specialized environments designed to model the behavior of dy-

namic systems over time. These tools often come with graphical interfaces and prede-

fined modules for specific applications.
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Examples:

– Simulink (with MATLAB): A block diagram-based tool for simulating and model-

ing control systems, mechanical systems, and signal processing.

– COMSOL Multiphysics: Used for simulating physical processes such as heat 

transfer, fluid flow, and electromagnetism using PDEs.

– AnyLogic: A platform for agent-based, discrete-event, and system dynamics simu-

lation, particularly useful in logistics and operations research.

2.16 Applications in Various Fields

2.16.1 Engineering

In engineering disciplines, computational modeling is essential for design optimization, 

structural analysis, and systems control. Tools such as MATLAB/Simulink, ANSYS, and 

COMSOL allow engineers to build and simulate models for stress analysis, fluid me-

chanics, thermodynamics, and electrical circuits. For instance, in mechanical engineer-

ing, finite element analysis tools are used to predict stress and strain in structures 

under various loads. In electrical engineering, control systems are modeled using trans-

fer functions and simulated for stability and performance using tools such as Simulink.

2.16.2 Biology and Medicine

Mathematical models in biology are used to understand complex biological systems 

such as population dynamics, neural activity, and disease spread. Computational tools 

such as Python (with BioPython), MATLAB, and CellML facilitate the modeling of bio-

chemical pathways, gene regulation networks, and epidemiological models. For exam-

ple, compartmental models of infectious diseases Susceptible–Infectious–Recovered 

and Susceptible–Exposed–Infectious–Recovered (SIR and SEIR) are implemented 

using differential equations and simulated to predict outbreak dynamics, guide public 

health policies, and assess intervention strategies.

2.16.3 Environmental Science

Environmental modeling involves simulating atmospheric processes, hydrological sys-

tems, and climate change effects. Tools such as MATLAB, Python, and specialized soft-

ware like Soil and Water Assessment Tool and Weather Research and Forecasting 

Model are commonly used. These models help in evaluating pollutant dispersion, water 
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resource management, and ecological sustainability. The integration of remote sensing 

data with computational models enhances prediction accuracy and decision-making.

2.16.4 Economics and Finance

Computational tools are used in economics to model consumer behavior, market dy-

namics, and financial risks. MATLAB, R, and Python (with libraries such as statsmo-

dels and PyMC) enable econometric modeling, time series forecasting, and Monte 

Carlo simulations. For example, stochastic differential equations are used to model 

stock price movements, while agent-based models simulate economic systems involv-

ing multiple interacting agents. Optimization algorithms support decision-making in 

portfolio management and resource allocation.

2.17 Advantages of Computational Tools

Computational tools offer several advantages that enhance the scope and depth of 

mathematical modeling:

i. Efficiency: They drastically reduce the time required to perform complex calcu-

lations and simulations.

ii. Scalability: Large datasets and high-dimensional models can be handled with ease.

iii. Visualization: Graphical outputs and animations aid in interpreting model be-

havior and communicating results.

iv. Interactivity: Many tools support interactive modeling environments, allowing 

users to modify parameters and observe changes in real time.

v. Integration: Tools can often be integrated with databases, web applications, and 

hardware systems for seamless data flow and control.

2.18 Challenges and Limitations

Despite their powerful capabilities, computational tools also present several chal-

lenges. Learning to use advanced platforms such as MATLAB and COMSOL effectively 

requires a significant investment of time and effort, often involving a steep learning 

curve. High-fidelity simulations can demand considerable computational resources, 

including memory and processing power, which may not always be readily available. 

Additionally, numerical methods used in these tools are inherently approximate, mak-

ing them prone to rounding errors, discretization issues, and algorithmic instability. 

Even with precise implementation, models can yield misleading results if they are 

based on incorrect or oversimplified assumptions. Furthermore, the cost of proprie-
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tary software can be prohibitive, with high licensing fees limiting accessibility for stu-

dents, educators, and smaller institutions.

2.19 Future Directions

With the continuous advancement of computational power and the increasing emphasis 

on interdisciplinary collaboration, computational tools for mathematical modeling are 

undergoing rapid evolution. Several emerging trends are shaping the future of this field. 

Cloud-based modeling is becoming more prominent, with platforms such as Google 

Colab and MATLAB Online offering remote computing capabilities that enhance collabo-

ration and accessibility. Integration with artificial intelligence and machine learning is 

also transforming modeling practices, enabling the development of hybrid models that 

combine physical laws with data-driven insights – particularly impactful in areas such 

as materials science and bioinformatics. Additionally, open-source ecosystems built 

around tools such as Python, R, and Julia are flourishing, supported by active communi-

ties that contribute extensive libraries and frameworks to diverse modeling needs. The 

growth of high-performance computing is another significant trend, allowing for the 

simulation of extraordinarily complex systems, including global climate models and pro-

tein folding processes. Finally, interactive and visual modeling tools are becoming in-

creasingly user-friendly, featuring enhanced interactivity and visualization capabilities 

that make modeling more accessible for teaching, effective communication, and engage-

ment with nonexpert audiences.

2.20 Conclusion

Differential equations, probability and statistics, system dynamics, and computational 

tools together form the backbone of modern mathematical modeling. Differential equa-

tions offer profound insights into dynamic systems and are applied across nearly every 

scientific field, from physics and biology to economics and artificial intelligence. Proba-

bility and statistics complement this by enabling the modeling of uncertainty, random-

ness, and variability, which are inherent in real-world systems, thereby supporting pre-

dictive analytics and adaptive decision-making. Understanding the distinction between 

linear and nonlinear system dynamics is also essential, as it guides the choice of appro-

priate modeling strategies – balancing simplicity with the need for realistic representa-

tion. At the heart of all these methodologies lie powerful computational tools that allow 

for the implementation, simulation, and visualization of complex models. These tools, 

ranging from symbolic solvers to high-performance simulation platforms, have trans-

formed how mathematical modeling is conducted, enabling more accurate insights and 

faster solutions. As challenges become more intricate and data-rich, the integration of 
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these mathematical foundations with advanced computational technologies will be in-

dispensable for developing robust, intelligent, and effective models across disciplines.
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Chapter 3 
Optimization Techniques for Engineering 
Systems

Abstract: The concepts of optimization techniques in engineering systems are examined 

in this chapter, with a focus on how they can improve system performance, lower costs, 

and increase efficiency in a variety of fields, including computer science, mechanical, 

civil, electrical, and medical engineering. At its core, optimization is about getting the 

best result possible given the constraints, which frequently entails minimizing effort or 

maximizing benefits. The efficiency of several methods, such as gradient-based ap-

proaches, genetic algorithms, dynamic programming, linear and nonlinear program-

ming, and others, in resolving engineering problems is investigated. It is widely used in 

resource allocation, physical design, machine learning, and control systems, which is es-

sential to decision-making. Despite difficulties with non-convexity and high dimensional-

ity, optimization is still evolving with the help of advancements in artificial intelligence, 

big data analytics, and real-time decision-making. The historical development of optimi-

zation techniques is also covered in this chapter, with a focus on how they first emerged 

as resource allocation operations research methods during World War II. Optimization 

strategies are propelling the development of autonomous systems and sustainable solu-

tions through the integration of contemporary smart technology. In order to enable the 

research community to investigate innovative applications and approaches in engineer-

ing optimization, this chapter attempts to offer insights into current trends and future 

directions. 

Keywords: optimization techniques, engineering systems, mathematical program-

ming, decision-making, linear and nonlinear programming, genetic algorithms, ma-

chine learning, control systems, AI in optimization

3.1 What Is Optimization in Engineering Systems?

Let’s consider yourself in the task of creating an electric car, ensuring passenger 

safety, minimizing production costs, maximizing battery life, and minimizing impact 

on the environment. How would you create a balance between these conflicting 

goals? Which resources and strategies would you employ? This is where optimization 

helps in the engineering system, which turns difficult problems into achievable 
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answers by determining the best feasible results under certain conditions [1]. The 

foundation of contemporary engineering is optimization [2]. Whether improving ro-

botic control systems, optimizing energy distribution, or expediting a manufacturing 

process. We can also say the process of determining the optimal solution to a problem 

within predetermined parameters is known as optimization [3]. In engineering, it is 

systematically modifying variables to give the best results.

Now, take an example of a delivery route optimization. Consider a logistics com-

pany, FedEx, that delivers thousands of packages per day. To find the most effective 

routes, optimization algorithms examine factors including delivery windows, traffic 

patterns, vehicle capacity, and road constraints. By doing this, FedEx ensures to de-

liver packages on time and also saves the annual cost (Figure 3.1):

– Delivery locations are indicated with blue dots.

– The best route between sites is shown by dashed red lines.

– The delivery begins with the green dot.

– The final delivery destination is shown by the red dot.
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Figure 3.1: Optimized delivery route.
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3.1.1 Historical Development of Optimization

The origins of optimization can be traced back to the early work of mathematicians 

like Newton, Leibniz, and Lagrange. The development of numerical techniques, con-

strained optimization methods, and calculus all contributed to the field’s evolution.

The below-mentioned table lists the important turning points in the evolution of 

optimization over time (Table 3.1).

Table 3.1: Historical development and significance.

Time period Key developments Contributors Significance

Seventeenth–eighteenth 

centuries

Development of 

differential calculus

Newton and 

Leibniz

Laid foundation for optimization 

in minimization and maximization 

problems

Eighteenth century Calculus of variations Bernoulli, Euler, 

Lagrange, and 

Weierstrass

Addressed functional 

minimization problems

Nineteenth century Method of Lagrange 

multipliers

Lagrange Introduced constrained 

optimization

����s Steepest descent 

method

Cauchy First numerical optimization 

technique for unconstrained 

problems

���� Simplex method for 

linear programming

George Dantzig Revolutionized large-scale 

problem solving

���� Kuhn-Tucker 

conditions for 

nonlinear 

optimization

Kuhn and Tucker Established necessary and 

sufficient optimality conditions

���� Dynamic 

programming

Richard Bellman Solved multistage decision 

problem

���� Nonlinear 

programming 

advancements

Zoutendijk and 

Rosen

Improved nonlinear optimization 

techniques

���� Geometric 

programming

Duffin, Zener, and 

Peterson

Expanded applications in 

engineering optimization

���� Integer programming Gomory Introduced methods for discrete 

optimization

���� Goal programming 

for multi-objective 

optimization

Charnes and 

Cooper

Addressed multiple conflicting 

objectives
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3.2 Statement of an Optimization Problem

An optimization problem is a mathematical formulation where the objective is to find 

the best possible solution from a set of feasible alternatives under given constraints. 

The goal is to maximize or minimize an objective function while satisfying certain 

conditions [4]. The general form of an optimization problem can be expressed as [5]:

min/max f (x)

subject to

gi(x) ≤ 0, i = 1,2, . . .,m

hj(x) = 0, j = 1,2, . . .,p

where f (x) is the objective function to be optimized; x represents the design vector (de-

cision variables); and gi(x) and hj(x) are design constraints, defining feasible solutions.

Here, the statement of an optimization problem describes a constrained opti-

mization problem because it includes constraints:

– gi(x) ≤ 0 (inequality constraints)

– hj(x) = 0 (equality constraints)

This matches the definition of a constrained optimization problem. If the constraints 

were absent, it would be classified as an unconstrained optimization problem.

3.3 Key Components of an Optimization Problem

The key components of an optimization problem are shown in Figure 3.2. These com-

ponents can be defined as follows:

Table 3.1 (continued)

Time period Key developments Contributors Significance

���� Ellipsoid method for 

linear programming

Khachian Demonstrated polynomial-time 

complexity (limited practical use)

���� Projective scaling 

algorithm

Narendra 

Karmarkar

Improved efficiency of linear 

programming over simplex 

method

Twentieth century Growth of operations 

research

Various 

contributors

Advanced mathematical 

programming and decision- 

making methodologies
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3.3.1 Design Vector

The design vector, x = (x1, x2, . . ., xn) consists of decision variables that define the 

system. These variables are chosen to achieve optimal performance. The dimensional-

ity of the vector depends on the problem’s complexity [6].

3.3.2 Design Constraints

Constraints limit the range of possible solutions. They are classified as:

– Equality Constraints (hj(x) = 0): These impose strict conditions on the design var-

iables.

– Inequality Constraints (gi(x) ≤ 0): These define permissible boundaries within 

which solutions must lie.

3.3.3 Constraint Surface

The constraint surface represents the feasible region where all constraints hold. Any 

point outside this region is infeasible [7], and optimization algorithms must search 

within or along its boundary.

3.3.4 Objective Function

The objective function, f (x), quantifies system performance. It can be minimized (e.g., 

cost and energy consumption) or maximized (e.g., profit and efficiency) [8]. The 

choice of function depends on the problem’s requirements.

3.3.5 Objective Function Surfaces

The objective function defines a surface in the design space. The shape of this surface 

influences the complexity of the optimization problem. Convex surfaces are easier to 

solve, whereas non-convex, multi-modal surfaces may require advanced optimization 

techniques [9].
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3.4 Classification of Optimization problems

Optimization problems are categorized based on various aspects, including con-

straints, variable types, problem structure, equation characteristics, permissible val-

ues, deterministic nature, separability, and the number of objective functions. These 

classifications help determine the appropriate optimization technique for solving spe-

cific problems:

I. Classification based on the existence of constraints

II. Classification based on the nature of the design variables

III. Classification based on the physical structure of the problem

IV. Classification based on the nature of the equations involved

V. Classification based on the permissible values of the design variables

VI. Classification based on the deterministic nature of the variables

VII. Classification based on the separability of the functions

VIII. Classification based on the number of objective functions

3.4.1 Classification Based on the Existence of Constraints

Optimization problems can be divided into constrained and unconstrained problems:

– Constrained Optimization Problems (Figure 3.3): These problems involve limi-

tations or restrictions on the values of design variables, expressed as equality or 

inequality constraints. Constraints define feasible regions within which the opti-

mization algorithm must find the optimal solution [10]. 

– Example: In civil engineering, optimizing the design of a bridge involves con-

straints on material strength, weight limits, and environmental regulations.

Design Vector

x = (x1,
...,...,xn) f (x)

Objective Function

Inequality Constraint

Equality Constraint

Objective 

Function Surfaces

Design

Constrains

Constraint Surface

Constraint 

Surface

0
x1

x2

gi x’x) < 0

gi (x) < 0

hj (x) = 0

Figure 3.2: Key components of an optimization problem.
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– Mathematical Formulation: Minimize f(X) subject to gj(X) ≤ 0, lj(X) = 0

– Unconstrained Optimization Problems: These problems do not impose any re-

strictions on the design variables, allowing them to take any value within their 

defined domain [11]. 

– Example: Finding the minimum of a quadratic function f (x) = x2 + 3x + 5 with-

out constraints.

– Mathematical Formulation: Minimize f (X).

Here is a 2D graph illustrating feasible and infeasible regions for a constrained opti-

mization problem. The green shaded area represents the feasible region where all 

constraints hold, while the red shaded area represents the infeasible region. The blue 

line represents the constraint boundary x1 + x2 ≤ 6.

3.4.2 Classification Based on the Nature of the Design Variables

Optimization problems are classified based on whether the design variables are con-

tinuous or discrete (Figure 3.4):

– Continuous Optimization Problems: The decision variables can take any value 

within a given range [12]. These problems typically arise in engineering and phys-

ics, where real-valued parameters need optimization: 
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Chapter 3 Optimization Techniques for Engineering Systems 43



– Example: Optimizing the temperature settings for an industrial furnace to 

achieve maximum efficiency.

– Mathematical Example: x1,x2∈R.

– Discrete Optimization Problems: The decision variables take only discrete val-

ues, such as integers or binary values [13]. These problems are common in sched-

uling, logistics, and combinatorial optimization: 

– Example: Assigning workers to shifts, where each worker is either assigned 

(1) or not assigned (0).

– Mathematical Example: x1,x2∈{0,1,2,3, . . .}.

3.4.3 Classification Based on the Physical Structure  

of the Problem

Optimization problems are often categorized based on the specific domain in which 

they are applied:

– Structural Optimization: Focuses on optimizing the material layout and geomet-

ric configuration of structures to maximize strength while minimizing weight or 

cost [14]: 

– Example: Optimizing the shape of a truss bridge to minimize material usage 

while ensuring durability.

– Mechanical Optimization: Deals with optimizing mechanical systems, such as 

gears, engines, or turbines, for performance and efficiency [15]: 

– Example: Reducing the weight of an automobile component while maintain-

ing its structural integrity.
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– Electrical Optimization: Involves the optimization of electrical circuits, net-

works, or power systems for efficiency and cost-effectiveness [16]: 

– Example: Minimizing power loss in an electrical grid.

3.4.4 Classification Based on the Nature of the Equations 

Involved (Figure 3.5) 

Linear Optimization Problems: The objective function and constraints are linear, 

meaning that they can be represented as straight lines or planes in a multi-dimensional 

space. These problems are easier to solve using linear programming (LP) techniques [17]:

– Example: Allocating resources in a factory where constraints include available 

manpower and budget.

– Mathematical Formulation: Minimize f(X) = c1x1 + c2x2 subject to Ax ≤ b.

Nonlinear Optimization Problems: At least one function in the problem is nonlinear, 

making the solution more complex and requiring iterative numerical methods [18]:

– Example: Maximizing profit where the cost varies nonlinearly with production 

volume.

– Mathematical Formulation: Minimize f (X) = x1
2 + sin(x2) subject to g(x) ≤ 0.

3.4.5 Classification Based on the Permissible Values of the Design 

Variables

Optimization problems can be categorized based on the allowable values for the de-

sign variables (Figure 3.6). These categories include integer programming (IP) and 

real-valued programming:
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– IP Problem: If some or all of the design variables (x1, x2, . . ., xn) are restricted to 

take only integer (discrete) values [19], the problem is classified as an IP problem.

– Real-Valued Programming Problem: If all design variables are allowed to take 

any continuous real value [6], the optimization problem falls under real-valued 

programming.

Here, this visualization helps in understanding how IP restricts the solution space 

compared to real-valued programming. The left plot shows real-valued program-

ming, where solutions form a continuous space. And the right plot shows IP, where 

only discrete integer values are considered.

3.4.6 Classification Based on the Deterministic Nature  

of the Variables

– Deterministic Optimization Problems: All parameters, constraints, and func-

tions are known with certainty [20]: 

– Example: Finding the shortest path in a well-defined road network.

– Stochastic Optimization Problems: Some elements, such as variables or con-

straints, involve randomness or probability distributions [21]: 

– Example: Portfolio optimization where stock prices are uncertain.

Here, the decision tree (Figure 3.7) starts with the optimization problem, branching 

into deterministic and stochastic categories. Deterministic problems (e.g., linear 

and nonlinear programming (NLP)) have fixed, predictable outcomes. Stochastic 

problems (e.g., Monte Carlo and probabilistic models) involve randomness and 
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uncertainty. This classification helps in choosing the right optimization approach 

based on the problem’s nature.

3.4.7 Classification Based on the Separability of the Functions

– Separable Optimization Problems: The objective function can be divided into 

independent subproblems that can be optimized separately [22]: 

– Example: A logistics company optimizing delivery routes for different cities 

separately.

– Non-separable Optimization Problems: The variables are interdependent, mak-

ing the problem more complex [23]: 

– Example: Network flow optimization in telecommunications, where all varia-

bles interact.

Here in the separable problem (Figure 3.8), the surface appears as distinct, smooth 

sections, showing independent behavior of variables like logistics optimization, 

where delivery routes for different cities are optimized separately. In the non- 

separable optimization problem, the surface is interconnected, meaning variables 

cannot be optimized separately, as seen in network flow optimization, where all 

nodes in a telecommunications network interact dynamically.

Deterministic

Optimization Problem

Decision Tree for Deterministic vs. Stochastic Problems

Stochastic

Probabilistic ModelMonte Carlo MethodsNonlinear ProgrammingLinear Programming

Figure 3.7: Decision tree starts with an optimization problem.
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3.4.8 Classification Based on the Number of Objective Functions 

Figure 3.9

– Single-Objective Optimization Problems: Focus on optimizing a single criterion 

while adhering to one or more constraints [24]: 

– Example: Minimizing fuel consumption in an aircraft.

– Multi-objective Optimization Problems: Aim to optimize multiple conflicting 

objectives simultaneously, requiring trade-offs [25]: 

– Example: Optimizing both cost and environmental impact in a manufacturing 

process.

Here, the graph plots a single-objective optimization problem, showing a function 

with a clear minimum (optimal point), which represents the best solution for the 

given criterion (e.g., minimizing fuel consumption).

3.5 Classical Optimization Techniques

Optimization is a fundamental mathematical process used to find the best possible 

solution under given conditions. Classical optimization techniques can be broadly 

classified into two categories [26]:

Based on mathematical approach, these techniques focus on the methods used 

to optimize a function, depending on the number of variables and constraints in-

volved.
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Based on problem structure, these techniques classify optimization problems based 

on the nature of the equations, constraints, and variables, determining how the 

problem is formulated.

Each category plays a crucial role in solving real-world optimization problems, 

ranging from simple single-variable functions to complex, multi-objective, and con-

strained systems. The choice of technique depends on the nature of the problem, 

whether it involves linear versus nonlinear equations, continuous versus discrete

variables, or deterministic versus stochastic models.

Classical optimization techniques based on the mathematical approach (Table 3.2) 

primarily rely on calculus-based and algebraic techniques to find optimal solutions 

under given constraints. The key categories include analytical methods, such as differ-

ential calculus-based optimization, where derivatives help identify local minima and 

maxima, and Lagrange multipliers, which handle constrained problems by introduc-

ing auxiliary variables. For more complex cases, Kuhn-Tucker conditions are used to 

solve inequality-constrained problems, particularly in NLP. Additionally, convex opti-

mization ensures global optimality when dealing with convex functions. These techni-

ques are commonly used in engineering design, economic modeling, supply chain 

management, and machine learning, where precise mathematical formulations are 

available. They are particularly effective when the problem is well-defined, differentiable, 
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and follows smooth constraints, making them suitable for scenarios requiring highly ac-

curate solutions with deterministic conditions.

Classical optimization techniques based on the structure of the problem (Table 3.3) 

determine the nature of decision variables, constraints, and objective functions. The 

key types include LP for problems with linear relationships, NLP when the objective 

function or constraints are nonlinear, and IP where some or all variables must be in-

tegers. Other specialized forms include quadratic programming (QP) for quadratic 

objective functions, dynamic programming (DP) for multi-stage decision problems, 

and geometric programming (GP) for problems with specific functional relation-

ships. These techniques are widely used in logistics, manufacturing, finance, energy 

management, and robotics, where the problem’s structural properties dictate the 

best optimization method. They are particularly useful when dealing with real-world 

constraints, such as discrete decision-making, dynamic changes, and interdepen-

dent variables, making them essential for practical applications requiring computa-

tional efficiency and adaptability.

Table 3.2: Overview of common optimization techniques (mathematical approach).

Category Description Example applications

Single-variable optimization Optimizing a function with only one 

decision variable

Maximizing revenue based on a 

single factor

Multivariable optimization 

(no constraints)

Optimizing a function with multiple 

variables but no constraints

Finding the best mix of materials 

in production

Multivariable optimization 

(equality constraints)

Optimization involving multiple 

variables with equality constraints

Designing an aircraft wing shape 

with a fixed surface area

Solution by direct 

substitution

Replacing one variable with another to 

simplify the equation

Budget allocation in a project with 

a fixed total cost

Solution by constrained 

variation

Optimization by small changes in 

variables under constraints

Chemical process optimization

Method of Lagrange 

multipliers

A mathematical approach for 

constrained optimization

Economics (utility maximization)

Multivariable optimization 

(inequality constraints)

Optimization with constraints that 

limit variable ranges

Portfolio optimization with risk 

constraints

Kuhn-Tucker conditions Generalized conditions for solving 

constrained problems

Machine learning (support vector 

machines)

Convex programming Optimization of convex functions 

where local minima are global

Traffic flow optimization in cities
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3.6 Engineering Applications of Optimization

Optimization is a powerful tool in engineering, enabling the development of efficient, 

cost-effective, and high-performance systems. It plays a crucial role in various engineer-

ing disciplines by enhancing designs, improving processes, and ensuring optimal resource 

utilization. Below are key applications of optimization in different engineering fields:

Structural and Civil Engineering

1. Design of aerospace structures: Optimization helps achieve minimum weight 

while maintaining structural integrity.

2. Structural design: Bridges, dams, towers, and chimneys are optimized for mini-

mal material usage and cost while ensuring safety.

Table 3.3: Overview of common optimization techniques (structure of the problem).

Category Description Example applications

Linear 

programming (LP)

Optimization where both objective function and 

constraints are linear.

Supply chain optimization, 

resource allocation.

Nonlinear 

programming 

(NLP)

Deals with optimization problems where the 

objective function and/or constraints are nonlinear.

Engineering design, 

economic modeling.

Integer 

programming (IP)

Optimization where some or all variables must be 

integers.

Scheduling, facility location 

problems.

Mixed-integer 

programming 

(MIP)

A combination of integer and continuous variables in 

the optimization model.

Production planning, 

robotics path planning.

Quadratic 

programming (QP)

A special case of NLP where the objective function is 

quadratic and constraints are linear.

Portfolio optimization in 

finance.

Convex 

programming

Optimization of convex functions ensures global 

optimality.

Image reconstruction, traffic 

network design.

Geometric 

programming (GP)

A method dealing with problems having posynomial 

functions.

Circuit design, mechanical 

engineering.

Dynamic 

programming (DP)

Optimization of multi-stage decision problems. Route planning, inventory 

control.

Stochastic 

programming

Optimization under uncertainty where some 

parameters are probabilistic.

Financial risk management, 

power grid optimization.

Multi-objective 

optimization 

(MOO)

Optimization involving multiple conflicting objectives. Environmental impact vs. 

cost in manufacturing.
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3. Seismic and wind-resistant structures: Optimization ensures minimal weight 

and high resilience to natural forces.

4. Water resource systems: Optimization maximizes benefits in reservoir manage-

ment and irrigation planning.

Mechanical and Industrial Engineering

5. Mechanical component design: Optimization improves the efficiency of gears, 

cams, linkages, and machine tools.

6. Machining processes: Optimal selection of cutting parameters reduces produc-

tion costs and increases tool life.

7. Material handling systems: Conveyor belts, cranes, and trucks are optimized for 

minimal cost and high efficiency.

8. Heat transfer and fluid machinery: Pumps, turbines, and heat exchangers are 

optimized for maximum efficiency.

9. Manufacturing scheduling: Optimization enhances production planning, con-

trol, and inventory management.

10. Queueing and idle time control: Reducing wait times in production lines enhan-

ces overall efficiency.

Electrical and Electronics Engineering

11. Electrical machinery design: Optimization enhances the efficiency of motors, 

generators, and transformers.

12. Electrical network optimization: Ensures optimal power distribution with mini-

mal losses.

13. Control system design: Optimal tuning of controllers ensures stability and per-

formance.

14. Circuit design: Component selection and layout are optimized for performance 

and power efficiency.

Chemical and Process Engineering

15. Chemical plant optimization: Process parameters are optimized for maximum 

yield and efficiency.

16. Pipeline network design: Optimized layouts reduce costs and improve flow effi-

ciency.

17. Site selection for industries: Optimization considers cost, logistics, and environ-

mental factors.

Operations Research and Management

18. Route optimization: Used in logistics and transportation for minimal cost and 

maximum efficiency.

19. Resource allocation: Ensures maximum benefit across multiple competing activ-

ities.
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20. Maintenance and replacement scheduling: Optimizes maintenance strategies 

to reduce downtime and costs.

3.7 Challenges in Optimization

Although optimization is a strong tool that is applied in many different domains, but 

still there are a number of issues that can affect its accuracy and efficiency. Issues 

like the curse of dimensionality, non-convexity, computing expense, and constraint 

handling surface as problems become more complicated (Table 3.4). The procedure is 

made more difficult by scalability, data unpredictability, and multi-objective choices. 

Furthermore, some issues cannot be solved analytically and call for iterative or heu-

ristic approaches. Developing effective and useful optimization strategies requires ad-

dressing these issues.

Table 3.4: Challenges in optimization.

Challenge Description Example

Curse of 

dimensionality

As the number of variables increases, computational 

complexity grows exponentially.

High-dimensional machine 

learning models

Non-convexity Presence of multiple local optima makes finding the 

global optimum difficult.

Neural network training and 

structural optimization

Computational 

cost

Some optimization algorithms require extensive 

computational power and time.

Large-scale industrial 

simulations

Constraint 

handling

Hard and soft constraints can make optimization 

complex and infeasible.

Aircraft design with safety and 

weight constraints

Multi-objective 

trade-offs

Optimizing multiple conflicting objectives requires 

careful balancing.

Cost versus efficiency in 

manufacturing

Uncertainty and 

stochasticity

Input parameters may have randomness, making 

deterministic optimization difficult.

Stock market prediction and 

weather modeling

Convergence 

issues

Algorithms may get stuck in local optima or take too 

long to converge.

Gradient-based methods in 

deep learning

Lack of analytical 

solutions

Some problems lack closed-form solutions, requiring 

iterative or heuristic methods.

Complex fluid dynamics 

models

Data quality and 

availability

Optimization requires accurate data; noisy or missing 

data affects results.

Medical diagnosis using AI

Scalability Algorithms that work well on small problems may not 

scale efficiently.

Optimization in cloud 

computing resource allocation
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3.8 Conclusion

In engineering, research, economics, and management, optimization is essential be-

cause it facilitates effective resource allocation and decision-making. This chapter ex-

amined the classification, historical evolution, and range of optimization techniques 

as well as the technical applications of optimization. Even if traditional optimization 

methods offer a solid foundation, there are still many obstacles to overcome, includ-

ing computing complexity, multi-objective trade-offs, and uncertainty in practical is-

sues. Optimization techniques continue to be improved by developments in artificial 

intelligence, heuristics, and mathematical modelling, which makes them more reliable 

and suitable for complicated systems. Optimization will continue to be a vital tool for 

creativity and problem-solving in a variety of industries as technology develops. 
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Chapter 4 
Multiphysics Modeling in Engineering

Abstract: Multiphysics modeling and simulation has become a quintessential tool in the 

present-day science and engineering activities. The multiphysics approach enables the 

product development engineers in understanding the behavior of complex systems that 

involve interactions between multiple physical phenomenona. Conventional approaches 

employing single physics approach are not capable of capturing the interactions that re-

sult in inaccurate system behavior prediction. This chapter explores the necessity and 

significance of multiphysics approach mentioning its capability for deployment in vari-

ous domains. The study reviewed the procedural steps for modeling and simulation, in-

cluding mathematical modeling, derivation of the governing equation, arrival of numer-

ical solutions for the governing equation, and the computational implementation of the 

solution procedure. This chapter reviewed the relevant literature in the domains of mul-

tiphysics modeling and simulation. The coupling approaches to be followed for a multi-

physics problem is discussed that include direct and sequential coupling approaches. 

The governing equations in the domains of structural mechanics, fluid dynamics, and 

electromagnetics are presented. The procedure for multiphysics modeling and simula-

tion is explained that include problem definition, geometry creation and meshing, selec-

tion and setting up of appropriate physics, selection of suitable solver, and the execution 

of simulation. The discussions highlighted the benefits of incorporating multiphysics 

simulation approach into the engineering design and optimization phase of product de-

velopment. 

Keywords: multiphysics modeling, multiphysics simulation, engineering simulation, 

physics coupling

4.1 Introduction

The conventional product development process starts from the idea generation stage 

wherein innovative and cost-effective concepts are being analyzed. The conceived idea 

is then developed into a concept suitable for practical implementation. A feasibility 

study is conducted thereon that assesses the technical feasibility, financial requirements, 

and the market viability. The engineering design process is then carried out over those 
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results in the prototyping of the product. The prototype is then subjected to testing and 

validation procedure that ensures the satisfaction of performance requirements and en-

suring of safety and regulatory norms. The production process of the product is then 

carried over with necessary quality requirements. The product is then released into the 

market and successive monitoring and feedback mechanism is implemented for continu-

ous improvement. Such a procedure typically involves a time frame of 3–5 years.

Virtual modeling and simulation techniques accelerate the product development 

process and reduce costs [6]. Apart from cost measures and time-saving benefits, such 

modeling and simulation tools transform problem-solving and organizational dynam-

ics, enhancing development performance and fostering innovation. Finite element 

analysis is essential for shortening product development cycles, lowering costs, and 

improving quality [40]. As the technology is getting matured, a growing push is being 

carried over to streamline the process by integrating various simulation techniques. 

The product development process is in practice an iterative process [17], since the re-

quirements arising from the feedback necessitate revisiting design rationale, and re-

peating assessments and syntheses.

A model for a system acts as a tool for answering questions related to the system 

and help in solving problems arising from similar systems [41]. A good model accu-

rately replicates the required aspects of the system it represents. A system can have a 

number of models but a best model is the simplest of all the perceived models yet 

complex enough to understand the system and solve problems. Modeling should be 

undertaken as a goal achievement technique for which the purpose of a model should 

be known first before creating the model itself. The simulation procedure utilizes a 

model for analyzing a system, so that, strategies can be derived to solve a synonymous 

problem and aid in decision-making. The fundamental steps in modeling and simula-

tion procedure can be enumerated as follows:

1. Problem identification: Identify the real-world problem to be solved and under-

stand the parameters involved

2. Mathematical modeling: Representation of a real-world system or process using 

mathematical expressions, equations, and variables to describe its behavior

3. Derivation of governing equations: Fundamental equations derived from physi-

cal laws

4. Solution of governing equations: Solving the governing equations by analytical or 

numerical procedure

5. Computer modeling: The equations (mathematical models) are translated into a 

computational framework using tools like programming languages or software to 

handle complex calculations

6. Simulation: It involves running these computer models to predict the system’s re-

sponse to various scenarios, enabling analysis, optimization, and decision-making 

without physical experimentation

7. Verification and validation: Verify the model output with reference data and vali-

date the developed model
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Figure 4.1 represents the flowchart for modeling and simulation procedure. The math-

ematical modeling and derivation of governing equation and its solution are com-

bined in one step in the flowchart.

The process of modeling and simulation explained thereof has been carried over for 

the physical analysis of engineering systems. Most of the analysis had been in the sin-

gle physics domain such as fluid flow, heat transfer, structural mechanics or electro-

magnetics. In such single physics analysis, the physical interactions of the system with 

other domains are assumed to be negligible and if needed treated as a separate study. 

This makes the single physics approach relatively simpler and computationally inex-

pensive. But every system happening in nature or engineered systems are practically 

multiphysics. In such systems, multiple physical phenomena are interacting and there 

exist a coupling characteristic among them. Multiphysics analysis has become the 

order of the day since the interactions between different domains significantly influ-

ence behavior, such as in combustion engines (fluid-thermal-chemical interactions) or 

piezoelectric devices (electro-mechanical interactions). While more computationally 

demanding, multiphysics analysis provides a comprehensive and realistic under-

standing of complex systems.

The primary advantages as well as challenges associated with multiphysics simu-

lation arise from the coupling between the different physics fields. Prior to the advent 

of multiphysics software, the coupling was complex as well as complicated wherein 

the solution obtained from one physics solution software was passed into another for 

subsequent simulations. While transferring the file data from one software to the 

other inadvertent errors propagate during the data exchange with extraordinarily 

long time requirements. Such disadvantages have been reduced to a considerable ex-

tent through the deployment of multiphysics simulation software. The coupling be-

tween the multiphysics problems may happen in one of the two following ways:

1. Direct coupling in which a single matrix system of equations based on all of the 

relevant physics is assembled and then solved. Such a methodology may require 

high computational power and memory requirements.

Problem identification

Mathematical modelling

Computer modelling

Simulation

Verification and Validation
Figure 4.1: Modeling and simulation flowchart.
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2. Sequential coupling in which the solution from the first set of field equations is 

passed on to the next set of field equations which after being solved is passed on 

to the next set of field equations and thereon. Such an iterative procedure is re-

peated till the final solution is obtained.

4.2 Literature Review

4.2.1 Modeling and Simulation

Sinha et al. [39] reviewed state-of-the-art modeling and simulation technologies, eval-

uating their effectiveness in supporting the design process. It highlighted the need for 

adaptable modeling languages and seamless tool integration, focusing on multidisci-

plinary systems combining continuous- and discrete-time phenomena. Magana [28] 

used the Delphi technique with 37 experts from academia and industry to identify es-

sential modeling and simulation practices for workplace engineering. It explored 

their relevance and integration into engineering curricula, informing a preliminary 

learning progression and future research on instructional pathways for modeling pro-

ficiency. Carson [10] informed about the discrete event simulation, explaining key 

concepts like system state, events, and processes, along with major simulation soft-

ware worldviews. It reviewed the benefits, challenges, and skills required, as well as 

key steps and project management considerations for conducting valid simulation 

studies. Bossel [8] presented computer-based models as extensions of traditional men-

tal models, enabling simulations to explore complex scenarios more reliably and effi-

ciently. It provided a comprehensive guide to modeling methods, SIMPAS software, 

and 50 system models, supporting diverse fields, such as ecology and economics. 

Modeling and simulation fundamentals provided a comprehensive guide, covering 

definitions, paradigms, and applications to equip readers as effective developers and 

users. Computer simulations have traditionally been viewed as extensions of formal 

mathematical models or as specific cases of empirical experiments. Alvarado [4] ar-

gued that simulations are best understood as instruments, offering clearer insights 

into their role and epistemic value in science and their relationship to other scientific 

methods and practices. Modeling played a critical role for national governments and 

the WHO in strategizing COVID-19 mitigation, focusing primarily on epidemiological 

models to understand disease spread and intervention impacts. However, the pan-

demic presented diverse challenges requiring tailored models for optimal solutions. 

Currie [11] identified these challenges and highlighted how simulation modeling could 

support informed decision-making, serving as a call to action for modelers and a 

guide for decision-makers.
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4.2.2 Single Physics Modeling and Simulation

Rivera [33] summarized the significance of mathematical modeling and computational 

fluid dynamics (CFD) simulation in optimizing electrochemical reactors for specialized 

processing, energy conversion, storage, and environmental applications. It highlighted 

improvements to existing reactors and advanced cell designs, drawing examples from 

literature and the authors’ experience to showcase CFD’s role in design, characteriza-

tion, and scale-up. Ajorloo et al. [2] reviewed thermodynamic modeling in biomass gasi-

fication, emphasizing its role in optimizing complex interdependent parameters. It 

highlighted modeling approaches, such as stoichiometric, nonstoichiometric, and Aspen 

Plus, alongside modification methods to enhance accuracy, based on a decade of re-

search findings. Conventional Darcy-based models fail to capture shale gas flow due to 

nanopores (a few to hundreds of nanometers) and non-Darcy processes, such as gas 

slippage and Knudsen diffusion. Javadpour et al. [23] reviewed these phenomena 

through theoretical models, molecular simulations, and pore network modeling, ad-

dressing the complex gas dynamics in shale reservoirs. The study conducted by Mayur 

et al. [29] developed a thermodynamic and kinetic modeling framework for lithium-ion 

batteries within Cantera, introducing a new class for intercalation materials. It demon-

strated the framework using a single-particle model in MATLAB, providing supplemen-

tary code and parameters to support the modeling community. The Newtonian fluid 

model has been widely used for simulating cerebral blood flow in intracranial athero-

sclerotic stenosis using CFD, despite blood being a shear-thinning non-Newtonian fluid. 

This study conducted by Liu et al. [27] investigated differences in cerebral hemody-

namic metrics between CFD models based on Newtonian and non-Newtonian fluid as-

sumptions in patients.

The review conducted by Guo et al. [16] highlighted electrospinning as a versatile 

nanomaterial preparation method, summarizing its parameters, models, and simulations. 

Applications in biomedicine, energy, and catalysis were discussed alongside recent ad-

vancements, challenges, and future development trends. Al-Obaidi [3] investigated axial 

pumps, widely used for their high flow and low head, focusing on hydraulic-induced vi-

brations stemming from pressure pulsations at the impeller inlet. Numerical simulations 

using the Shear Stress Transport (SST) turbulence model and sliding mesh technique ana-

lyzed the impact of blade configurations on flow behaviors. Results, validated against ex-

perimental data, revealed the influence of impeller blades on pressure, velocity compo-

nents, and shear stress across operating conditions, highlighting their critical role in 

pump performance and vibration characteristics. Aftabi [1] examined the biomechanics 

of unpowered exoskeleton augmentation for human running gait, focusing on the assis-

tive torque profile of I-RUN. Using OpenSim simulations with a 92-muscle, 29-degrees of 

freedom lower limb model, optimal stiffness coefficients were identified to reduce meta-

bolic rate, biological hip moments, and major hip muscle forces. The findings also re-

vealed reduced fatigue in 92 muscles and key monoarticular hip muscles at optimal 

stiffness.
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Jaśkiewicz [22] presented a simulation model of an anthropometric dummy in 

ADAMS for low-velocity crash tests, representing a 50th-percentile male with optimized 

joint stiffness and damping. It addressed gaps in low-speed crash testing, particularly 

between 16 and 25 km/h. Simulation results at 20 km/h were validated against experi-

mental data, forming the foundation for a physical dummy model. Jami [21] presented 

a simulation framework for hybrid transportation systems, integrating human-driven 

and automated vehicles. A modular approach decomposed human driving tasks, en-

abling customizable driver behavior representation using expressive parameters from 

a large dataset. Dense traffic scenarios were simulated to analyze human- and system- 

specific factors on traffic safety and performance. The study conducted by Prabhaharan 

et al. [35] focused on improving the crashworthiness of a lightweight passenger car’s 

crash box for better energy absorption (EA) in frontal impacts. Using analytical and fi-

nite element methods with Pam-Crash simulations, the study achieved a 97% accuracy 

and improved EA by 30% and crush force efficiency by 8.8% through design of experi-

ments-based response surface methodology. Hockney [18] explored about particle- 

based simulation techniques, including Nearest Grid Point (NGP), Cloud-In-Cell (CIC) 

and Particle-Particle-Particle-Mesh (P3M) algorithms, with applications in astrophysics, 

semiconductors, and plasma physics, and highlighted predictive modeling as a cost- 

effective tool for optimizing engineering designs prior to manufacturing. Zhou [45] in-

troduced the particle flow map (PFM) method for efficient incompressible fluid simula-

tion, combining Lagrangian particles and a hybrid solver to enhance accuracy and vor-

ticity preservation. PFM achieved up to 49× faster computation and 41% lower memory 

usage compared to Neural Flow Maps (NFM).

4.2.3 Multiphysics Modeling and Simulation

Hu et al. [19] conducted a study that utilized a multiphysics coupling simulation model 

to analyze the performance of the hybrid fluid flow magnetorheological (MR) damper. 

This approach integrated the interactions between electromagnetic, fluid flow, and me-

chanical dynamics to accurately predict the damper’s behavior. The model helped to as-

sess critical parameters, such as the output damping force and the dynamic adjustable 

range, providing insights into the damper’s response for a given current input and aid-

ing in its optimization for constrained volume applications. Shi et al. [36] used a multi-

physics model to analyze fluid flow, heat transfer, and reactions in thermochemical heat 

storage, identifying low thermal conductivity as a limiting factor. Fin designs (axial, ra-

dial, and spiral) improved heat transfer, reducing exothermic times by up to 89.97%, pro-

viding insights for reactor optimization. Lanetc et al. [26] developed a hybrid numerical 

model combining the Hagen-Poiseuille solution and volume of fluid advection for frac-

tures with Darcy multiphysics flow for the coal matrix, incorporating sorption and 

swelling effects. Validated against analytical solutions, the model was computationally 

efficient, outperforming parallelized direct numerical simulations, and is applicable to 
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natural gas production, hydrogen storage, and CO2 geosequestration. Bera et al. [7] ana-

lyzed the multiphysics flow dynamics in nanoporous unconventional gas reservoirs, 

addressing mechanisms, such as viscous flow, diffusion, adsorption-desorption, stress 

effects, and capillary forces. It emphasized the need for a combined approach to tackle 

the complexity of fluid transport and highlighted the significance of each mechanism 

in accurate modeling. Challenges and prospects in unconventional reservoir modeling 

were discussed, offering insights and suggestions to advance research in this field.

Gao and Elsworth [14] developed a coupled hydrological-mechanical-chemical- 

biological [14] developed . . .” multiphysics model to simulate microbial processes in un-

derground hydrogen storage within porous aquifers. It showed microbial clogging and 

hydrogen consumption significantly impact initial injection/withdrawal cycles and re-

covery efficiency. Effective stress influenced aquifer permeability throughout, while 

mineral dissolution/precipitation had negligible effects. Cai et al. [9] reviewed multiscale 

and multiphysics influences on fluid behavior, modeling efforts for fluid transport, and 

their implications for enhanced recovery. It also highlighted potential environmentally 

driven applications, such as greenhouse gas storage and underground energy storage. 

Plait et al. [31] validated a multiphysics model for a magnetocaloric regenerator operat-

ing under active magnetic regeneration cycles. The model, combining a semi-analytical 

magnetostatic model with magnetocaloric and thermofluidic models, was experimen-

tally compared with a gadolinium-based regenerator. The work analyzed the thermal 

behavior and inertia during cycles, proposing a time constant for active magnetic refrig-

eration that aligned with both numerical and experimental results. Wilkins et al. [42] 

developed a multiphysics module for nonisothermal, multicomponent, multiphase flow 

in porous media within the open-source MOOSE framework. By coupling it with solid 

mechanics and geochemistry modules, fully implicit thermo-hydro-mechanical-chemical 

simulations are achieved. The open-source nature of MOOSE promotes collaborative ad-

vancements in porous media research. Mianroodi et al. [30] reviewed advancements in 

computational modeling of the interplay between chemistry, microstructure, and mate-

rial behavior, highlighting continuum thermodynamics, phase-field methods, and crystal 

plasticity for multiphysics microstructure evolution. It discussed the current status of 

simulation approaches and software tools while providing insights into future research 

directions. Yan et al. [43] introduced a three-dimensional (3D) thermal-hydro-mechanical 

(THM) coupling model incorporating rock fracturing, utilizing the combined finite dis-

crete element method (FDEM) for fracture and fragmentation simulation. The model in-

tegrated a fracture-pore mixed seepage model, heat transfer mechanisms, and FDEM- 

based fracture mechanics. Validation examples confirmed its accuracy for THM coupling 

problems, and simulations demonstrate its ability to capture complex fracture initiation, 

propagation, and extension under multiphysics effects.

Siddiqui et al. [37] reviewed mathematical models for predicting the performance of 

photovoltaic systems, including optical, thermal, electrical, structural, and exergo- 

economic aspects. It highlighted the significance of multiphysics models and discussed 

the future directions for improving their reliability and practical applications in system 
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design, evaluation, and optimization. Huang et al. [20] developed a 3D multiphysics 

model to analyze the electrochemical and fluidic processes in industrial alkaline water 

electrolysis. The model accounted for structural design effects, including the shunting 

current effect, and accurately estimated the current–voltage curve with less than 5% 

error, particularly at high current densities. The study aimed to advance water electrol-

ysis modeling and guide industrial Alkaline Water Electrolysis (AWE) cell design. Dual-

SPHysics [12] is a meshless SPH Navier-Stokes solver initially designed for coastal engi-

neering problems, particularly wave impacts on structures. Since its 2011 release, it has 

evolved to handle extreme wave events, fluid-driven objects, debris flows, and offshore 

energy devices, with enhancements, such as Graphical Processing Unit (GPU) comput-

ing, coupling with wave models, and integration with Project Chrono and MoorDyn. Re-

cent advancements include multiphase simulations and Newtonian/non-Newtonian 

modeling, making it a robust tool for free-surface flow and complex engineering appli-

cations. Singh et al., [38] highlighted the growing significance of additive manufacturing 

(AM) due to its ability to produce multiscale features using stock feed materials, which 

was previously unattainable. It also addressed challenges like undesirable microstruc-

tures, dimensional instability, and property control. The review discussed advance-

ments in modeling and simulation for addressing these challenges, particularly in the 

AM of metals and polymeric nanocomposites.

Donnarumma et al. [13] introduced a multiphysics modeling approach to design an 

integrated electric propulsion system for ship dynamic positioning. The platform com-

bined models of the shipboard power plant, hydrodynamic forces, and dynamic position-

ing controller, enabling real-time simulations and control hardware integration. A hard-

ware-in-the-loop configuration was implemented to test controller logic on a physical 

Programmable Logic Controller (PLC), with results compared and discussed. Kumar et al. 

[25] modeled and simulated the electrochemical machining process using COMSOL multi-

physics to predict material removal and workpiece geometry. It analyzed interactions 

based on electrochemistry, fluid dynamics, and solid mechanics for various materials, in-

cluding aluminium and tungsten. The results provided insights into physics and improved 

process accuracy and optimization. Garcia-Michelena et al. [15] developed a multiphysics 

numerical model to simulate vacuum induction melting of Inconel 718, integrating mag-

netic fields, heat transfer, and fluid dynamics. A moving mesh approach captured melt 

surface oscillations with less than 5% error in temperature predictions. Insights into melt 

homogenization and crucible insulation effects enhance the process for Ni-based super-

alloys. Ragusa [32] examined the multiphysics modeling and simulation of nuclear reac-

tors, integrating disciplines, such as neutronics, thermal fluid dynamics, fuel perfor-

mance, structural mechanics, and chemistry. A pedagogical example introduced the 

coupled approach, followed by a case study on a core-cavity draining transient in a mol-

ten salt reactor, emphasizing its role in safety evaluations.

Kemppainen et al. [24] conducted a study that dealt with the development and 

operation of direct ammonia fuel cells (DAFCs), highlighting the challenges of slow 

ammonia oxidation reaction kinetics and the need for advanced anode catalysts. A 
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one-dimensional model was developed to analyze the interactions between reaction 

kinetics and transport phenomena, with sensitivity analysis revealing the importance 

of temperature and humidity for cell performance. Observations, such as the limited 

effect of increasing catalyst loading, provide insights to guide future research and op-

timization of DAFCs. Yildirim et al. [44] introduced MPhys, a modular multiphysics 

simulation library built on the OpenMDAO framework to address challenges in multi-

disciplinary design optimization (MDO). MPhys enables efficient coupling of models 

and computation of analytic derivatives for large-scale simulations, supporting rapid 

development of coupled models for gradient-based MDO. Demonstrated through aero-

structural and aeropropulsive design optimization, MPhys has shown versatility in 

various applications and is expected to accelerate the adoption of MDO in engineering 

design. Rui et al. [34] developed a multiscale, multiphysics numerical model to quan-

tify rock thermal damage under microwave and laser irradiation, integrating grain- 

based modeling, COMSOL solutions, and 4D-Lattice Spring Model (LSM) fracture simu-

lation. Results showed that mesostructure and mineral composition dominate rock 

damage rather than temperature gradients. A calibration method was proposed to 

reuse muffle furnace data for predicting microwave- and laser-induced rock damages 

at larger scales. Angelidakis et al. [5] reviewed YADE, an open-source framework for 

dynamic simulations, which has evolved over 19 years into a versatile multiscale and 

multiphysics solver. Written in C++ with a Python interface, YADE allows easy imple-

mentation of new features, interactive simulation control, and postprocessing. Its 

growth is driven by a robust core design, rigorous testing, and contributions from di-

verse fields, such as soil mechanics, physics, and material handling, offering versatil-

ity, user-friendliness, and computational efficiency.

A distribution of multiphysics analysis for various applications discussed in the 

literature review is shown in Figure 4.2.

Advanced Tools and Frameworks Environmental and Industrial Use Cases 

Natural and Engineered Application

Coupled Systems

Industrial Applications

Biomechanics and Crash Testing

Fluid DynamicsElectrochemical Systems

Applications in Problem-Solving

Educational Perspective

Technological Evolution
13.6% 13.6%

9.1%

9.1%

9.1%

9.1%

9.1%

4.5%

4.5%

4.5%13.6%

Figure 4.2: Distribution of applications discussed in the literature review.
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Multiphysics approach is preferred, due to its ability to consider the interactions 

among the physical domains where single-physics models often fail to capture these 

interactions. Ignoring the couplings between the physical domains can lead to devia-

tions in the predicted behavior of the engineering systems. Moreover, multiphysics 

tools enable the design and optimization of innovative technologies allowing for accu-

rate understanding of performance parameters and enable the development of opti-

mized solutions.

4.3 Physics Modeling and Simulation

4.3.1 Single Physics Modeling and Simulation

Single physics modeling and simulation involves analysis and simulation of engineer-

ing systems governed by one primary physical discipline. The governing equations 

for the related physical discipline is formulated and solved for the computational do-

main. The most widely concerned domains include structural mechanics, fluid dy-

namics, thermal analysis, and electromagnetic analyses.

4.3.1.1 Structural Mechanics

The procedure involves defining the structural problem, including the geometry 

(e.g., beam and plate), load type and application (e.g., point or distributed load), and 

constraints or supports (e.g., fixed, pinned). For instance, analyzing a beam under a 

uniform load involves studying bending and stress distribution along its length. The 

governing equations for structural deformation problems include the equilibrium 

equation given by:

∇ · σ + f = 0 (4:1) 

where σ is the stress tensor and f is the body force. The constitutive equation is 

given by

σ =C : ε (4:2) 

where C is the elasticity tensor and ε is the strain tensor. The kinematic equation is 

given by:

ε= 1

2
∇u+ ∇uð ÞT
� �

(4:3) 

where u is the displacement vector. In case of bending problems, the bending equa-

tion for a slender beam is given by:
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EI
d4w

dx4
= qðxÞ (4:4) 

where E is Young’s modulus, I is the area moment of inertia, w is the deflection, and 

qðxÞ is the distributed load per unit length. The materials mechanical properties are 

given by Young’s modulus (E), Poisson’s ratio (ν), and density of the material (ρ). The 

computational domain is then discretized by one of the numerical methods that shall 

be described later. For most of the numerical methods, the overall equation is the as-

semblage of the global stiffness matrix and the load vector is given by

Ku= F (4:5) 

The solution of equation (4.5) is then postprocessed for visualizing the required results 

that include stress distribution contours, deformation values for the structure, etc.

4.3.1.2 Fluid Dynamics

Fluid dynamics focuses on the motion of fluids (liquids and gases) under the influence 

of forces such as pressure gradients, gravity, and viscous effects. Solving fluid dynam-

ics problems involves applying the principles of conservation of mass, momentum, 

and energy to predict flow behavior.

In a similar approach, the governing equation that includes the continuity equa-

tion is given by

∂ρ

∂t
+∇ · ρuð Þ= 0 (4:6) 

where u is the velocity vector, ρ is the fluid density, and for incompressible flows, ρ is 

the constant. The momentum equation derived from the Navier-Stokes equation is 

given by

ρ
∂u

∂t
+ u∇ · u

� �
=−∇p+ μ∇2u+ ρg (4:7) 

where p is the pressure, μ is the dynamic viscosity, and g is the gravitational accelera-

tion. The material properties include the density (ρ) and the viscosity coefficient (μ). 

The computational domain is discretized by one of the numerical methods and apply-

ing the solution techniques. After solving the governing equations in the computa-

tional domain, the post processing is carried over for plotting the stream lines and 

contours for representing the velocity field, plotting the pressure gradients, and fur-

ther derived quantities, such as the aerodynamic drag, heat transfer rates.
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4.3.1.3 Electromagnetic Analysis

Electromagnetics focuses on the behavior of electric and magnetic fields, and primary 

objective is to solve the fields, potentials, currents under various configurations, and 

boundary conditions. The governing equations include Maxwell’s equations. The 

Gauss law for electric fields is given by

∇ ·E = ρ

ε0
(4:8) 

where is E is the electric field, ρ is the charge density, and ε0 is the permittivity of 

free space. The Gauss law for magnetism is given by

∇ ·B= 0 (4:9) 

where B is the magnetic flux density. Faraday’s law of induction is given by

∇× E =−∂B
∂t

(4:10) 

The material properties in electromagnetic analysis include material permittivity (ε), 

material permeability (μ), and conductivity (σ). The computational domain is discre-

tized by one of the numerical methods and solved for plots of electric or magnetic 

field distribution, contours of potential V and other derived quantities, including ca-

pacitance, inductance, etc.

4.3.2 Multiphysics Modeling and Simulation

The systems found in nature as well as systems engineered by man involve multitude 

of physical phenomenon for achieving an objective. Understanding such systems 

through a single physical domain analysis is insufficient to predict its behavior. 

Hence, a multiphysics analysis is quintessential. Multiphysics analysis involves study-

ing the interaction among multiple physical phenomena. The very natural human 

body study to understand cells, tissues, and organs require a fundamental knowledge 

of the biological characteristics and chemical behavior of the human body. In engi-

neered systems, for solving complex engineering problems, it is necessary to analyze 

the interactions between different physical domains, such as fluid flow, heat transfer, 

structural mechanics, electromagnetism, chemical reactions, etc.

4.3.2.1 Coupling in Multiphysics Simulation

The coupling procedure in multiphysics simulations refers to the interaction and depen-

dence of one physical phenomenon on the other within the proposed computational 
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framework. The efficiency and accuracy of multiphysics simulations depend upon the 

implementation of the coupling between the physical phenomena. The coupling can 

be carried over as weak or strong coupling. In weak coupling, the interaction among 

the physical domains happens in a sequential manner. The solution obtained from 

one domain influences the analysis in the other domain. A typical example is the ther-

mal expansion problem, wherein temperature fields calculated in the heat transfer anal-

ysis are applied as inputs to a structural analysis. The computational cost is relatively 

low. In a strong coupling, interactions among various physical domains occur in an iter-

ative manner wherein the data exchange among the domains happen continuously till a 

converged solution is achieved. For instance, in fluid–structure interaction problems, 

fluid forces a structure to deform and the deformed structure alters the fluid flow. For 

such strong couplings, accurate and efficient data exchange between domains with dif-

ferent discretizations, such as meshes, is crucial. Strongly coupled simulations require 

considerable memory and processing power requiring high-performance computing re-

sources.

4.3.2.2 Procedure for Multiphysics Modeling and Simulation

A) Defining the Problem

The objective for the study is to be defined in the initial stage. A multiphysics model-

ing and simulation task can be carried out for designing a system, optimizing a sys-

tem, understanding the physical behavior of a system, predicting the performance of 

a system for a given set of conditions, improving the efficiency of an existing system, 

etc. The physical phenomenon involved with the problem under study should be iden-

tified. Most of the common multiphysics problems include the physical domain analy-

sis of fluid flow, heat transfer, structural analysis, electromagnetics, chemical reaction 

engineering, etc. The spatial and the temporal scales for which the multiphysics anal-

ysis is to be carried over are fixed based on the objectives. The interactions (coupling) 

among the domains need to be identified. The governing equations for the corre-

sponding domain need to be identified and utilized for solving. The boundary and ini-

tial conditions of the problem under study are then specified. Thus, the problem defi-

nition phase ensures that the objectives of the study are fixed; physical processes and 

their governing equations are formulated.

B) Geometry and Meshing

The geometrical representation of the physical system represents the spatial dimen-

sions of the system and all the spatial features of interest. Such a geometry creation is 

implemented through computer-aided design of the system. The geometrical represen-

tation can be in file formats, such as STEP, IGES, STL, etc. Domain decomposition is the 

next step in which the geometry is divided into subdomains pertaining to different 
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physical phenomena. The process of meshing divides the geometry into discrete ele-

ments or cells setting the background for numerical solution of the governing equations 

for the entire domain. Meshes can be structured wherein regular, grid patterned ar-

rangement of elements are present enabling efficient and accurate computation. The 

main limitation is the generation of meshes for complex geometries. Unstructured 

meshes consist of irregular arrangement of meshes with tetrahedron like mesh ele-

ments. Complex geometries can be meshed using unstructured meshes at the cost of 

higher computing power requirements. Nowadays, software that are capable of hybrid 

meshes are available, wherein both structured and unstructured meshes are present in 

the same domain to balance accuracy and efficiency.

C) Setting Up the Physics for Simulations

In the physics setup step, the material properties are assigned to the system. The mate-

rial properties are assigned in the corresponding terms in the governing equations for 

further solving. The most commonly used material properties include the density, 

Young’s modulus, Poisson’s ratio, yield strength for the structural analysis, viscosity, 

compressibility, thermal diffusivity for the fluid domain, thermal conductivity, specific 

heat, thermal expansion coefficient for the thermal analysis domains, electrical conduc-

tivity, permittivity, and permeability for the electromagnetic domain. The boundary 

and initial conditions for the corresponding physical domain are applied. Most of the 

widely deployed boundary conditions include inlet velocity, no-slip condition, outlet 

pressure, ambient pressure, symmetry and periodicity for the fluid dynamics domain, 

fixed support, displacement, traction load for the structural mechanics domain, temper-

ature constraint, convective heat flux, radiation limits, thermal insulation for the heat 

transfer domain, electric potential, magnetic flux, and conductivity for the electromag-

netic domain.

D) Solver Selection

Solver selection step involves the choosing of specific solvers for each domain. Usu-

ally, a control volume-based CFD solver is chosen for fluid flow applications, finite 

element method-based solvers for structural analysis, and electromagnetic solvers for 

filed interactions. The solver selection is carried over in tandem with the coupling ap-

proach wherein a monolithic approach solves all governing equations simultaneously 

in a unified system, offering high accuracy and numerical stability but requiring sig-

nificant computational resources and less flexibility. The partitioned approach solves 

equations separately for each domain, exchanging data iteratively between solvers. 

Such an approach is more flexible and scalable, suitable for leveraging domain- 

specific solvers, but may face numerical instabilities and higher coupling costs. The 

choice between these approaches depends on the nature of the problem, complexity, 

computational resources, and software compatibility.
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E) Simulation Execution

In simulation execution step, the selected solvers are configured for the required ac-

curacy and stability. The simulation run is then carried over and the interactions be-

tween the domains are managed subsequently. A proper simulation setup ensures 

that simulation is carried over without any errors as well as the simulation output is 

meaningful and reliable. For steady-state simulations, the time step size is not consid-

ered as the solving procedure aims to achieve a steady-state solution rather than a 

time track solution. For transient simulation problems, a suitable time step size is se-

lected, so that, the dynamics of the system is captured without numerical instabilities. 

Usually, smaller time steps result in improved accuracy especially for highly dynamic 

cases, such as shocks in fluid flow, high-frequency vibrations, etc. Larger time steps 

reduce computational cost but are not suitable for dynamic cases.

4.4 Conclusion

This chapter emphasizes the role of multiphysics modeling and simulation in the pres-

ent-day engineering problems, as the contextual problems require complex interactions 

between various physical domains. Such interactions are found to influence the perfor-

mance characteristics of the system under study. Various single physics approach has 

been reviewed and when compared with multiphysics approach, the later one is capable 

of providing an accurate representation of real world problems. Using such an approach 

aids in improving predictive capabilities of the simulation studies. The work highlighted 

the two important coupling methodologies associated with multiphysics problem, direct 

coupling and sequential coupling. The implications of both coupling approaches have 

been informed. The present-day availability of computational power combined with soft-

ware capability improvements have rendered multiphysics simulation more accessible 

wording to effective design, analysis, and optimization of engineered systems. The pres-

ent-day industrial requirements are varied. The multiphysics approach can be deployed 

for domains from energy storage to biomedical applications. High-performance comput-

ing taking the center stage can be utilized to enhance the curability as well as the scal-

ability of multiphysics approach.
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S. Priyadarshana and J. Mohapatra 

Chapter 5 
Robust Numerical Methods for Time-Delayed 
Semilinear Parabolic Problems with a Small 
Parameter Arising in Fluid Dynamics

Abstract: The work enunciates two robust numerical techniques to solve singularly 

perturbed semilinear parabolic problems with a large time lag. At first, the semili-

nearity is treated with the help of Newton’s linearization technique. The temporal de-

rivative is handled using the second-order accurate Crank-Nicolson scheme on a uni-

form mesh. Further, in order to tackle the layer behavior of the solution due to the 

presence of the perturbation parameter, two-layer rectifying Shishkin-type meshes 

are used. In combination with the Crank-Nicolson scheme in time, Scheme-I discusses 

the widely used upwind scheme in the spatial direction, providing a first-order global 

accuracy. Furthermore, in order to complement the second-order temporal accuracy, 

a comparatively new difference scheme, namely the monotone hybrid scheme, is dis-

cussed in Scheme-II, which is beneficial over many existing schemes in the literature 

by being a priori and second-order accurate. A comparative study of both schemes is 

presented with all the necessary existence, uniqueness, and convergence results. Fur-

ther, the use of the Thomas algorithm makes the proposed schemes computationally 

more desirable than some existing schemes in the literature. 

Keywords: singular perturbation problem, semilinear problem, time delay, Crank- 

Nicholson scheme, upwind scheme, monotone hybrid scheme

5.1 Introduction

The concept of time-lag is moderately a classical matter of experimentation, tracking 

back to the contribution of Euler-Bernoulli in the eighteenth century. Other than 

being a simple mathematical practice, it is persistent in various man-made and natu-

ral phenomenon, such as mechatronic motions, process industries, and biology. These 

lags can capture or predict all the possible after-effects of any elementary system. In 

biology, it can depict abundant biological events, accounting only for the completion 
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time. It sometimes can represent the time gap amidst the infection of any cell and the 

formation of new viruses. It can further represent the time span of any biological pro-

cedure, like various stages of the life cycle, the life span of the infection period, the 

gestation and incubation period, the time needed by the body to react toward any 

medication, or in easier words, it can be the obstructions that happen due to the 

transport delays [1]. In engineering, time lag usually describes data transmission in 

communication systems, conduction of energy or material in inter-command systems, 

and propagation phenomenon [2]. A time lag can happen if any system certainly has a 

feedback control or, in simpler words, if the system’s evolution at a definite time is 

dependent upon the past history/memory. Typically, these lags are the key reasons to 

instigate low control performance, oscillations, and instability.

It is evident that the involvement of a time-lag can significantly increase the com-

plexity of any differential equation. An important subclass of the time-delayed differ-

ential equations (DDEs) is the time-delayed singularly perturbed parabolic differential 

equations (SPPDEs) [3, 4], which is the major focus of this work. Along with the time 

delay, the involvement of a perturbation parameter 0 < ε � 1 affects the solution to 

these kinds of problems in larger extent. As the conventional numerical techniques 

fail to capture this irregular behavior on a uniform mesh, it has gone through gener-

ations of experimentation and generalization to formulate some robust fitted mesh 

methods (FMMs) for the solution of these time-delayed SPPDEs [5, 6]. The numerical 

solution to a semilinear time delayed SPPDE is discussed in this chapter. Before dis-

cussing the problem, some basic notations are put forward as:

Define G = G∪∂G, where G = 0, 1ð Þ× 0, Tð � and ∂G = Bd ∪Bl ∪Br, with Bd = 0, 1½ �×
−τ, 0½ �, Bl = 0 × 0, T½ �, and Br = 1 × 0, T½ �. Gz and Gζ are the corresponding spatial and 

temporal domains. SPPDDE of the following form is considered:

Lω ≡ ωζ + Lεω
 �

x, ζð Þ

= ωζ − εωzz − aðzÞωz + bðzÞω
 �

x, ζð Þ= ω z, ζ − τð Þ+ f z, ζ , ω z, ζð Þð Þ in G

ωjBd
= ϕd x, ζð Þ, ωjBl

= ϕl ζð Þ, ωjBr
= ϕr ζð Þ,

8
>><
>>:

(5:1) 

where 0 < ε � 1 and τ > 0 are the notions used to denote the perturbation parameter 

and temporal lag. T = iτ for i 2 M is the terminal time. The used coefficients satisfy 

0 < α ≤ aðzÞ≤ α✶, 0 < β ≤ bðzÞ≤ β✶ and considered to be sufficiently smooth. As ε ! 0, 

the solution undergoes a rapid change near z = 0 creating a layer of OðεÞ.
It has gone through numerous experimentations, generalizations, and extensions 

over the past few decades to formulate some efficient parameter-uniform numerical 

schemes based on some locally refined meshes for the afore-mentioned problems. No-

tably, Kaushik and Sharma in [7] used an upwind-based scheme and later investigated 

the use of discrete invariant imbedding algorithm. Das and Natesan in [8] used a hy-

brid scheme (HYB scheme) on the piecewise-uniform Shishkin-mesh (S-mesh) in space 

and the implicit Euler scheme (IE scheme) on a uniform mesh in time. A first-order 
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globally accurate scheme over the S-mesh in the spatial direction is discussed by Gowri-

sankar and Natesan [9]. Govindrao et al. [10], developed a global second-order conver-

gent scheme by using the Crank-Nicolson scheme (C-N scheme) in the time direction 

along with the HYB scheme discussed in [8]. In [11], a collocation method consisting of 

cubic B-spline basis functions on an appropriate piecewise-uniform mesh is used to dis-

cretize the system of ordinary differential equations obtained by using Rothe’s method 

on an equidistant mesh in the temporal direction. One can also go through [12, 13], 

where Priyadarshana et al. have solved several time-delayed 1D SPPDEs using some 

efficient numerical techniques on various S-type meshes. One can go through the 

references therein for more such works on time-delayed SPPDEs. A thorough survey 

of the literature proves the infant stage of the numerical experimentation upon semi-

linear form of the afore mentioned problems.

Our work functions as a bridge to fill this gap in the literature. Two efficient nu-

merical approximations are discussed in this chapter to solve (5.1). The temporal de-

rivative for both schemes is approximated with the second-order accurate C-N 

scheme. As the formation of layers is independent of the temporal variable, the dis-

cretization is done over a uniform mesh in time. Further, two-layer rectifying meshes 

are used in the spatial domain, in order to capture the layer behavior of the solution 

that happens because of the perturbation parameter being multiplied with the height 

order spatial derivative term. The renowned S-mesh and a modified version of Shish-

kin-type mesh, namely the Bakhvalov–Shishkin mesh (B-S-mesh), are used for spatial 

discretization. In Scheme-I, the upwind scheme (UP scheme) and in Scheme-II, a 

monotone hybrid scheme (M.HYB scheme) are used to approximate the spatial deriva-

tive terms. The UP scheme is quite established in the literature, providing an almost 

first-order accuracy when applied over S-mesh. Further, the M.HYB scheme is depen-

dent upon a weighted variable which changes a prescribed monotone scheme from 

the central difference scheme (CEN scheme) to the mid-point upwind scheme (M.UP 

scheme) by judging the mesh-widths, which is the intuitive expectation from a hybrid 

scheme (HYB scheme). The chapter consists of six different sections. In Section 5.2, a 

detailed discussion on the asymptotic nature of the proposed problem is given, along 

with some quintessential bounds that are needed for the convergence analysis later. 

Along with the construction of the layer-resolving meshes, Section 5.4 discusses the 

details of both the proposed schemes, followed by their respective stability analysis. 

The detailed convergence analyses of both the proposed schemes are given in Sec-

tion 5.4. The theoretical outcomes are corroborated in practice with valid numerical 

tests in Section 5.5, followed by a brief conclusion in Section 5.6.
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5.2 Asymptotic Nature of the Analytic Solution

Some necessary estimates and bounds on the solution of (5.1) and its components are 

discussed in this section, which are quintessential for convergence and stability analy-

ses later. The idea of lower and upper solutions mentioned in [14] can be followed to 

derive the below-mentioned results:

ω
^

ζ − εω
^

zzðz, ζÞ− aðzÞω^zðz, ζÞ+ bðzÞω^zðz, ζÞ≥ ω̂ζ − εω̂zzðz, ζÞ− aðzÞω̂zðz, ζÞ+ bðzÞω̂zðz, ζÞ, 

ω
^

and ω̂ signify the lower and upper solutions of (5.1), respectively. Further, for ω 2 ω
^, ω̂h i

the weaker assumption fωðz, ζ , ωÞ≥ 0 in G, problem (5.1) has a unique solution.

Lemma 5.2.1: Let Θ z, ζð Þ, Ψ z, ζð Þ are two times differentiable in x, once in t, and satisfy 

LΘ ≤ LΨ in G, Θ ≤ Ψ on ∂G, where L is the operator defined in (5.1). Then, Θ ≤ Ψ in �G.

Proof: The lemma will be proved by the method of contradiction. Let, z✶, ζ ✶ �
be a point 

in G such that Θ − Ψð Þ z✶, ζ ✶ �
= max

z, ζð Þ2G
Θ − Ψð Þ z, ζð Þ. In 0, τ½ � clearly, Θ − Ψð Þ′′

���
z✶ , ζ✶ð Þ

≤ 0,

Θ − Ψð Þ′
���

z✶ , ζ✶ð Þ
= 0, and Θ − Ψð Þ′′

���
z✶ , ζ✶ð Þ

> 0. In the right-hand side, as Θ ≤ Ψ on ∂G is 

given, so we have Θ − Ψð Þ z✶, ζ ✶ − τ
 �

≥ 0 for ω z✶, ζ ✶ − τ
 �

2 ∂G. Again, f z✶, ζ ✶, Θ
 �

− f z✶, ζ ✶, Ψ
 �

= fω z✶, ζ ✶, ξ
 �

Θ − Ψð Þ z✶, ζ ✶ �
> 0 as fω > 0, taking ξ as an intermediate 

value between Θ and Ψ. Hence, we get L Θ − Ψð Þ> 0, which is a contradiction to our given 

statement. Hence, Θ ≤ Ψ in �G. A similar proof is given in [15].

5.2.1 The Reduced Problem After Quasilinearization

With an initial approximation, i.e., ωð0Þðz, ζÞ in f z, ζ , ωð Þ, the Newton’s linearization 

algorithm is used to treat the semilinearity (5.1). On further rearrangement, we have

Lω ≡ ωζ + Lεω
 �

x, ζð Þ

ffi ω
ðn+1Þ
ζ x, ζð Þ− εω

ðn+1Þ
zz x, ζð Þ− aðzÞωðn+1Þ

z x, ζð Þ+ B z, ζð Þωðn+1Þ x, ζð Þ

= ωðn + 1Þ x, ζ − τð Þ+ Fðz, ζÞ ·

8
>>><
>>>:

(5:2) 

B z, ζð Þ= bðzÞ+ ∂f

∂ω

����ðz, t, ωðnÞÞ and F z, ζð Þ= f z✶, ζ ✶, ωðnÞ
� �

− ωðnÞ ∂f

∂ω

����ðz✶ , ζ✶ , ωðnÞÞ. The initial 

and boundary conditions are identical as in (5.1). The stopping criterion is as follows:

max
zm , ζkð Þ2G

����W
ðn+1Þ zm, ζ kð Þ− WðnÞ zm, ζ kð Þ

����≤ TOL · 
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Sufficient smoothness of ϕdðz, ζÞ, ϕlðζÞ, and ϕrðζÞ are considered along with the com-

patibility conditions at the corners and delayed region as

dϕlð0Þ
dζ

− ε
∂ϕdð0, 0Þ

∂z2
− að0Þ dϕdð0, 0Þ

dζ
+ Bð0, 0Þϕdð0, 0Þ= ϕdð0, − τÞ+ Fð0, 0Þ

dϕrð0Þ
dζ

− ε
∂ϕdð1, 0Þ

∂z2
− að1Þ dϕdð1, 0Þ

dζ
+ Bð1, 0Þϕdð1, 0Þ= ϕdð1, − τÞ+ Fð1, 0Þ ·

8
>>><
>>>:

Lemma 5.2.2: The following estimates are valid for the solution to (5.2):

ωðz, ζÞ− ϕdðz, 0Þj j≤ ρζ and ωðz, ζÞj j≤ ρ.

Proof: Assume

uðz, ζÞ=
ωðz, ζÞ− ϕdðz, 0Þj j, 0 ≤ ζ ≤ T

ωðz, ζÞ− ϕdðz, 0Þj j, −τ ≤ ζ ≤ 0 ·

(

Such that uðz, ζÞ satisfies

∂

∂ζ
+ Lε

� �
uðz, ζÞ= vðz, ζÞ

vðz, ζÞ= ϕdðz, − τÞ+ Fðz, ζÞ− ∂

∂ζ
+ Lε

� �
ϕdðz, 0Þ ·

8
>>><
>>>:

and

ujBd
= 0

ujBl
= ϕlðζÞ− ϕdð0, 0Þ

ujBr
= ϕrðζÞ− ϕdð1, 0Þ ·

8
>>><
>>>:

With arbitrary constants ρ1 and ρ2, one can obtain uð0, ζÞj j≤ ρ1ζ and uð1, ζÞj j≤ ρ2ζ ,
ζ 2 0, T½ � with the help of compatibility conditions. Furthermore, setting

yðz, ζÞ=
ρζ , 0 ≤ ζ ≤ T

0, − τ ≤ ζ ≤ 0 ·

(

And for any ε-independent ρ, we get

∂

∂ζ
+ Lε

� �
yðz, ζÞ= 1 + ρBðz, ζÞð Þζ

yðz, ζÞ= 0 on Bd

yð0, ζÞ= yð1, ζÞ= ρζ for 0 ≤ ζ ≤ T ·

8
>>>><
>>>>:
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Now, ∂
∂ζ

+ Lε

� �
uðz, ζÞ

���
���≤ ∂

∂ζ
+ Lε

� �
yðz, ζÞ and uðz, ζÞj j≤ yðz, ζÞ on Bd. As uðz, ζÞj j≤

yðz, ζÞ on �G, one can show uðz, ζÞj j≤ ρζ on �G, using Lemma 5.2.1. The second inequality 

follows immediately as ζ 2 0, T½ �.

Theorem 5.2.3: For i, j ≥ 0 and 0 ≤ i + j ≤ 5, the solution to (5.2) satisfies

∂i + jω

∂zi∂ζ j

����
����≤ 1 + ε−i exp − βz=εð Þ
� �

· 

Proof: The proof can be done in an analogous approach as mentioned in [8].

5.2.2 Properties of the Solution to the Reduced Problem

As the conventional process fails to conclude the parameter-uniform error estimates, 

the solution to equation (2.1) is split into its outer and boundary layer components as 

ωðz, ζÞ= rðz, ζÞ+ sðz, ζÞ, so that the error estimates can be calculated component-wise 

using the truncation error and barrier function approach.The smooth component sat-

isfies:

rðz, ζÞ=
X4

p=0

εprpðz, ζÞ;

where rpðz, ζÞ, p = 0, 1, 2, . . ., 4, satisfy the following time-delayed IBVPs:

−aðzÞ r0ð Þz z, ζð Þ+ B z, ζð Þr0 z, ζð Þ+ r0ð Þζ z, ζð Þ= r0 z, ζ − τð Þ+ F z, ζð Þ in G

r0jBd
= ϕd z, ζð Þ

r0jBr
= ϕr ζð Þ for 0 ≤ ζ ≤ T,

8
>>><
>>>:

(5:3) 

−aðzÞ rp

 �
z

z, ζð Þ+ B z, ζð Þrp z, ζð Þ+ rp

 �
ζ

z, ζð Þ= rp z, ζ − τð Þ+ rp−1

 �
zz

in G

rpjBd
= 0

rpjBr
= 0, for 0 ≤ ζ ≤ T, for p = 1, 2, 3,

8
>>><
>>>:

(5:4) 

r4ð Þζ z, ζð Þ+ Lε z, ζð Þr4 z, ζð Þ= r4 z, ζ − τð Þ+ r3ð Þzz in G

r4jBd
= 0

r4jBr
= r4jBl = 0, for 0 ≤ ζ ≤ T ·

8
>>><
>>>:

(5:5) 

So the outer component satisfies
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rζ + Lεr
 �

z, ζð Þ= r z, ζ − τð Þ+ F z, ζð Þ in G

rjBd
= ϕd z, ζð Þ

rjBl
=
X4

p=0

εp rð Þp 0, ζð Þ

rjBr
= ϕr 1, ζð Þ for 0 ≤ ζ ≤ T ·

8
>>>>>>>>><
>>>>>>>>>:

(5:6) 

Now, the layer component satisfies

sζ + Lεs
 �

z, ζð Þ= s z, ζ − τð Þ in G

sjBd
= 0

sjBl
= ω 0, ζð Þ− r 0, ζð Þ for 0 ≤ ζ ≤ T

sjBr
= 0 for 0 ≤ ζ ≤ T ·

8
>>>>>><
>>>>>>:

(5:7) 

Theorem 5.2.4: With enough compatibility at the corners of G, consider i, j ≥ 0 satisfy-

ing 0 ≤ i + j ≤ 5. Then, r and s satisfy

∂i+jrðz, ζÞ
∂zi∂ζ j

����
����

∞

≤ ρ 1 + ε4−i
 �

, ∂i+jsðz, ζÞ
∂zi∂ζ j

����
����

∞

≤ ρε−i exp −αz ε= Þ ·ð
�����

Proof: The statement is straightforward for the outer region components with 

p = 0, 1, 2, 3, as (5.3) and (5.4) are ε−independent. Hence, the below-mentioned bounds 

can be obtained for rp, p = 0, 1, 2, 3:

∂i+jrðz, ζÞ
∂zi∂ζ j

����
����

∞

≤ ρ · 

Here, (5.5) is in similar form as (5.2). Hence, r4 satisfies the bounds discussed in Theo-

rem 5.2.3. Further, by accumulating the bounds for the derivatives of rp, p = 0, 1, . . ., 4, 

one can get

∂i+jrðz, ζÞ
∂zi∂ζ j

����
����

∞

≤ ρ 1 + ε4−i
 �

· 

Now, sðz, ζÞ in (5.7) satisfies the bounds of ωðz, ζÞ in Gz × 0, τ½ �. So, following [16] for 

Gz × 0, τ½ �, the bounds for sðz, ζÞ can be obtained as

∂i+jsðz, ζÞ
∂zi∂ζ j

����
����

∞

≤ ρε−i exp − αz ε= Þ for ðz, ζÞ 2 Gz × 0, τ½ � ·ð
����� (5:8) 

Extending the ideas to Gz × 0, 2τ½ � and taking i = j = 0, consider a barrier function 

Ψ ± ðz, ζÞ= ρ exp − αz ε= Þ± sðz, ζÞð . For sufficiently large ρ, we have Ψ ± ≥ 0 on ∂�G. Hence,
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L Ψ±ð Þðz, ζÞ= ∂

∂ζ
− ε

∂2

∂z2
− aðzÞ ∂

∂z
+ Bðz, ζÞ

� �
Ψ ± ðz, ζÞ

= ρ expð−αz ε= Þ α2

ε
+ aðzÞα

ε
+ Bðz, ζÞ

� �
± L sðz, ζÞð Þ

= ρ expð−αz ε= Þ α2

ε
+ aðzÞα

ε
+ Bðz, ζÞ

� �
± sðz, ζ − τÞ · 

Using (5.8), aðzÞ≥ α ≥ 0 and enough large ρ, we have

L Ψ ±ð Þðz, ζÞ on Gz × 0, 2τ½ �.

Now, using Lemma 5.2.1, we have Ψ ± ðz, ζÞ≥ 0 and consequently sðz, ζÞj j≤ ρ exp −αz ε= Þð . 

All other bounds can be obtained by following an identical procedure and the argument 

in [16].

5.3 Numerical Estimations

A detailed discussion on the approximation of (5.2) through two different numerical 

schemes is given in this section. Along with the difference schemes, their respective 

stability analysis is discussed thoroughly.

The entire rectangular domain �G is decomposed into two sub-domains namely, 

G1 = 0, 1ð Þ× 0, τ½ � and G2 = 0, 1ð Þ× τ, 2τ½ �. This decomposition makes the numerical esti-

mation and convergence analysis quite easy and distinguishable. It is noteworthy to 

mention that the nature of w z, ζð Þ in G1 depends upon the known conditions in ∂GK.M

and therefore can be treated as any SPP without time-lag. The solution and conver-

gence in G2 is analyzed thoroughly as for any domain i − 1ð Þτ, iτ½ � with i > 2, the discus-

sions will be analogous to G2.

5.3.1 Temporal Semidiscretization

The temporal variable is approximated through a uniform mesh with step length Δζ . 

The discretized temporal domain is �GK
ζ = − τ, 2τ = T½ � such that

G
K1
ζ = ζ K−K1

= −τ + kΔζ , k = 0, 1. . . K1, ζ −K1
= −τ, Δζ = τ=K1

n o

G
K2
ζ = ζ K = kΔζ , k = 0, 1 . . . K2, ζ K2

= T, Δζ = T=K2

n o
· 

The total count of mesh points in �GK
ζ is K = K1 + K2ð Þ, where K1 and K2 are the count of 

mesh intervals in −τ, 0½ �= �G
K1
ζ and 0, T½ �= �G

K2
ζ , respectively. The application of the C-N 

scheme on (5.2) at k + 1ð Þth is
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LKω̂ ffi I + Δζ

2
Lε

K

� �
ŵ

k+1
zð Þ

= Δζ

2
ŵ

k+1−K1 zð Þ+ ŵ
k−K1 zð Þ+ Fk+1 zð Þ+ Fk zð Þ

� �
+ I + Δζ

2
Lε

K

� �
ŵ

k
zð Þ,

ω̂jBd
= ϕd z, ζ k+1−K1

� �
, k = K1, K1 + 1, . . ., K

ω̂jB1
= ϕ1 ζ k+1

 �
ω̂jBr

, k = K1, K1 + 1, . . ., K ·

8
>>>>>>>>>>><
>>>>>>>>>>>:

(5:9) 

5.3.2 Spatial Discretization

μ ≥ 0 is considered to be the transition parameter and M is the total count of spatial 

mesh intervals. With μ0 ≥ 2=α, the transition parameter is:

μ = min
1

2
, μ0ε ln M

� �
· 

Due to singularity in the solution of (5.1), a layer with width O(ε) O εð Þ is formed near 

the narrow region of z = 0. �GM
z is henceforth split into two identical subdomains, 

namely, [0, µ] ½0, μ� and μ, 1½ � [17, 18]. With z0 = 0, zM=2 = μ and zm = 1. �GM
z is

�GM
z = z0 = 0, z1, z2, . . ., zM=2 = μ, . . ., zm = 1
� �

· 

Let zm = mhm with hm = zm − zm−1. S-mesh [19] is

zm =
m 2μ

M
for m = 1, 2, . . ., M

2

μ + 2 1 − μð Þ
M

m − M=2ð Þ for m = M
2

+ 1, . . ., M − 1ð Þ

(

and B-S-mesh [20] is

zm =
−μ0ε ln 1 − 2 1 − 1=Mð Þ m=Mð Þð Þ½ � for m = 1, 2, . . ., M

2

μ + 2 1 − μð Þ
M

m − M=2ð Þ for m = M
2

+ 1, . . ., M − 1ð Þ

(

5.3.2.1 Scheme-I

GK, M is the discretized rectangular domain of discussion with K and M number of 

mesh intervals in time and space direction, respectively. The fully-discrete form of 

(5.2) in GK, M , using the C-N UP scheme is
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LK, M
up Wk+1

m = 2D −
ζ Wk+1

m + LM
upWk+1

m =

W
k+1 − K1
m + W

k−K1
m + Fk+1

m + Fk
m − LK, M

up Wk
m, m = 1, 2, . . ., M − 1ð Þ

W−k
m = ϕd zm, − ζ kð Þ, k = 0, 1, . . ., K1 and m = 1, 2, . . ., M

Wk+1
0 = ϕI ζ k+1ð Þ, Wk+1

m = ϕr ζ k+1ð Þ, k = K1, K1 + 1, . . ., K,

8
>>>>>>><
>>>>>>>:

(5:10) 

where

LK, M
up Wk+1

m = − εD +
z D −

z − amD +
z + Bk+1

m

 �
Wk+1

m · 

The used operators are quite standard in the literature; one can follow [5,13] and the 

references therein for the details. Now, rearranging the terms, we have:

A −
up, mWk+1

m−1 + Ac
up, mWk+1

m + A +
up, mWk+1

m+1

= 1

2
W

k+1 − K1
m + W

k−K1
m + Fk+1

m + Fk
m − LK, M

up Wk
m

h i
+ Wk

m

Δζ
, m = 1, 2, . . ., M − 1ð Þ

W −k
m = ϕd zm − ζ kð Þ, k = 0, 1, . . ., K1 and m = 0, 1, . . ., M

Wk+1
0 = ϕI ζ k+1ð Þ, Wk+1

m = ϕr ζ k+1ð Þ, k = K1, K1 + 1, . . ., K ·

8
>>>>>>>>><
>>>>>>>>>:

(5:11) 

The coefficients are given by

A +
up, m = 2ε

hmhm+1

+ ak+1
m

hm+1

� �

Ac
up, m = 2ε

hmhm+1
+ ak+1

m

hm+1
+ Bk+1

m

� �
+ 1

Δζ

A −
up, m = − ε

hmhm
·

8
>>>>>>>>><
>>>>>>>>>:

5.3.3 Stability Result for Scheme-I

Lemma 5.3.1: The coefficient matrix Aup associated with (5.11) is an M-matrix.

Proof: The matrix formed in (5.11) is tridiagonal with A +
up, m < 0, Ac

up, m > 0, A −
up, m < 0,

and jAc
up, mj ≥ jA +

up, mj+ jA −
up, mj, m = 1, 2, . . ., M − 1ð Þ. Hence, proves the claim.

Lemma 5.3.2: The discrete function Θ zm, ζ kð Þ satisfying Θ zm, ζ kð Þ≥ 0 on ∂�GK, M and 

LK, M
up Θ zm, ζ kð Þ≤ 0 on zm, ζ kð Þ 2 Gk, M implies Θ zm, ζ kð Þ≥ 0 at each point zm, ζ kð Þ 2 �Gk, M .

Proof: Let z✶
m, ζ ✶

k

 �
be the index, such that
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Θ z✶m, ζ ✶
k

 �
= min

zm , ζkð Þ2GK, M
Θ zm, ζ kð Þ< 0 

Clearly, z✶
m, ζ ✶

k

 �
∉∂GK, M . Again, Θ z✶

m, ζ ✶
k

 �
− Θ z✶

m, ζ ✶
k−1

 �
< 0 and Θ z✶

m, ζ ✶
k

 �
− Θ z✶

m−1,
 

ζ ✶
k−1Þ< 0. Henceforth, a contradiction arises as I + Δζ

2
LK, M

up

� �
Θ zm, ζ kð Þ≥ 0 on Gk, M . 

Hence, the proof is complete.

Lemma 5.3.3: For m = 0, 1, . . ., M and for fixed time at ðk + 1Þth level, define a mesh 

function as ψ zm, ζ k+1ð Þ= ψk+1
m

Qm

k=1

1 + αhk
ε

h i−1

with ψk+1
0 = 1. Then, for m = 1, 2, . . ., M, we 

have LK, M
up ψk+1

m ≥ C

max ε, hm+1ð Þψk+1
m .

Lemma 5.3.4: For m = 1, 2, . . ., ðM − 1Þ ,we have exp −αzm=εð Þ≤
Qn

k=1

1 + αhk
ε

h i−1

.

Proof: For any m, 1 + αhk
ε

h i−1

≥ exp − αzm=εð Þ. So, 
Qn

k=1

1 + αhk
ε

h i−1

≥
Qm

k=1

exp −αhk=εð Þ=

exp −αzm=εð Þ. 

5.3.3.1 Scheme-II

The complete-discrete form of (5.2) after using the C-N-M.HYB scheme on (5.9) is

LK, M
up Wk+1

m = 2D −
ζ Wk+1

m + LM
upWk+1

m =

W
k+1 − K1
v, m−1=2

+ W
k − K1
v, m−1=2

+ Fk+1
v, m−1=2 + Fk

v, m−1=2 − LM
mhWk

m, m = 1, 2, . . ., M − 1ð Þ

W −k
m = ϕd zm, − ζ kð Þ, k = 0, 1, . . ., K1 and m = 1, 2, . . ., M

Wk+1
0 = ϕI ζ k+1ð Þ, Wk+1

m = ϕr ζ k+1ð Þ, k = K1, K1 + 1, . . ., K,

8
>>>>>>><
>>>>>>>:

(5:12) 

where

LM
mhWk+1

m = QW½ �k+1
m+1 − QW½ �k+1

m

hv, n
+ BWð Þk+1

v, m−1=2

Fk+1
v, m−1=2 = Fk+1

m−1 1 − vmð Þ− Fk+1
m 1 + vm − vm+1ð Þ+ Fk+1

m+1 vm+1ð Þ
2

,

QW½ �k+1
m = εD −

z Wk+1
m + vmamWk+1

m + 1 − vmð ÞamWk+1
m−1

hv, m = 1 − vmð Þhmvm+1hm+1.

8
>>>>>>>>>>>><
>>>>>>>>>>>>:

Wk+1
v, m−1=2 is derived in a similar way as Fk+1

v, m−1=2. The variable weight vm, m =
1, 2, . . ., M − 1ð Þ, is chosen as mentioned in [16], i.e.,
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vm =
1=2, if 1=2 ≥ 1 − ε=hmam−1ð Þ

1, if 1=2 < 1 − ε=hmam−1ð Þ ,

(

where by fixing v = 1=2 and v = 1, the scheme reacts as the CEN scheme and the M. UP 

scheme, respectively. After suitable rearrangement, the below-mentioned form can be 

obtained:

A −
mh, mWk+1

m−1 + Ac
mh, mWk+1

m + A +
mh, mWk+1

m+1 =

W
k+1 − K1
v, m−1=2

+ W
k − K1
v, m−1=2

+ Fk+1
v, m−1=2 + Fk

v, m−1=2 − LM
mhWk

m, m = 1, 2, ..., ðM − 1Þ

W −k
m = ϕd zm − ζ kð Þ, k = 0, 1, . . ., K1 and m = 0, 1, . . ., M

Wk+1
0 = ϕI ζ k+1ð Þ, Wk+1

m = ϕr ζ k+1ð Þ, k = K1, K1 + 1, . . ., K ·

8
>>>>>>><
>>>>>>>:

(5:13) 

The corresponding coefficient matrix is:

A+
mh,m = 1

2

−1

hv,n

ε

hm+1
+vm+1am+1

� �
+ Bk+1

m+1

2
vm+1

� �
+ 1

Δζ
vm+1

Ac
mh,m = 1

2

1

hv,n

ε

hm
+ ε

hm+1
− 1−vm −vm+1ð Þam

� �
+ Bk+1

m

2
1+vm −vm+1ð Þ

� �
+ 1

Δζ
1+vm −vm+1ð Þ

A−
mh,m = 1

2

−1

hv,n

ε

hm
− 1−vmð Þam−1

� �
+ Bk+1

m−1

2
1−vmð Þ

� �
+ 1

Δζ
1−vmð Þ ·

8
>>>>>>>>>><
>>>>>>>>>>:

5.3.4 Stability Result for Scheme-II

Lemma 5.3.5: Assume that there exists M0 > 0 such that for M > M0

M0

ln M0
≥ μ0 ak k∞

Bk k∞ + 2Δζ −1
� �

≤ αM

8
>><
>>:

then, we have

A −
mh, m < 0, A +

mh, m < 0 for 1 ≤ m ≤ M − 1ð Þ

Ac
mh, 1

�� ��− A +
mh, 1

�� ��≥ 0, Ac
mh, m

�� ��− A −
mh, m

�� ��− A +
mh, m

�� ��≥ 0, 1 < m < M=2

Ac
mh, M − 1

�� ��− A −
mh, M − 1

�� ��> 0, Ac
mh, m

�� ��− A −
mh, m

�� ��− A +
mh, m

�� ��> 0, M=2 < m < M − 1ð Þ ·

8
>>><
>>>:

Proof: The proof is similar to the proof given in [8].
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Lemma 5.3.6: With Θ zm, ζ kð Þ≥ 0 an zm, ζ kð Þ 2 ∂GK, M , I + Δζ

2
LK, M

mh

� �
Θ zm, ζ kð Þ≥ 0 on 

GK, M implies Θ zm, ζ kð Þ≥ 0 on GK, M .

Proof: The argument mentioned in Lemma 5.3.2 can be followed to proof the statement.

5.4 Error Estimates

5.4.1 Temporal Error Estimate

Lemma 5.4.1: Let ∂jw

∂ζ j

���
���≤ ρ, ðz, ζÞ 2 g, 0 ≤ j ≤ 3. The local truncation error at ζ k+1 with 

respect to (5.9) is ek+1k k∞ ≤ ρðΔζÞ3.

Proof: The semidiscrete equation in (5.9) on �Gζ
k

at ðz, ζ k+0.5Þ is

LKω̂ðz, ζ k+0.5Þ ffi ðω̂ζ − εω̂zz − aðzÞω̂z + Bðz, ζ k+0.5Þω̂Þðz, ζ k+0.5Þ

= ω̂ðz, ζ k+0.5 − K1
ÞFðz, ζ k+0.5Þ

ω̂ βd
= ϕdðz, ζ k+0.5Þ, ω̂ βl

= ϕlðζk+0.5Þ, ω̂ βr
= ϕrðζ k+0.5Þ ·

��
���

���

8
>>>><
>>>>:

(5:14) 

Taylor series expansion around z, ζ k+0.5ð Þ gives

ω̂ðz, ζ k+1Þ= ðω̂ + Δζ

2
ωζ + 1

2!

Δζ

2

� �2

ω̂tt + 1

3!

Δζ

2

� �3

ω̂tttÞðz, ζ k+0.5Þ+ � � � (5:15) 

ω̂ðz, ζ kÞ= ðω̂ − Δζ

2
ω̂ζ + 1

2!

Δζ

2

� �2

ω̂tt − 1

3!

Δζ

2

� �3

ωtttÞðz, ζ k+0.5Þ+ � � � (5:16) 

Subtracting (5.16) from (5.15), we have

ω̂ζ ðz, ζ k+0.5Þ= ω̂ðz, ζ k+1Þ− ω̂ðz, ζ kÞ
Δζ

+ OðΔζÞ2 · (5:17) 

Hence,

Lω̂ðz, ζ k+0.5Þ= L
ω̂ðz, ζ k+1Þ− ω̂ðz, ζ kÞ

2
+ OðΔζÞ2 · (5:18) 

Clearly, em is the solution of

ðI + Δζ
2

LK
ε Þek = OðΔζÞ3

ek βd
= ek βl

= ek βr
= 0 ·

��
���

���

8
<
:
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The consistency arguments of the C-N scheme is concluded with the maximum princi-

ple applied to ðI + Δζ 2= ÞLK
ε Þ.

 

εk = ωðz, ζ kÞ− ω̂
kðzÞ

���
��� is considered as the global error corresponding to the semi-

discrete scheme (5.9). Clearly, Ek = ek +<Ek−1, where

<≡ I + Δζ

2
LK

ε

� �−1

I − Δζ

2
LK

ε

� �

is a transition operator. The afore-mentioned condition is derived such that <Ek−1 is 

the solution acquired after a single step of the scheme (5.9) with zero values of 

Fðz, ζÞ and considering ω̂k = Ek−1 as the initial data. The resultant recurrence relation 

is Ek =
Xk

n=1
<k−nen.

Theorem 5.4.2: Under the hypothesis given in Lemma 5.3.6, the following bound for 

Ek associated with (5.9) at ζ k is 

sup
k ≤ T=Δζ

Ekk k∞ ≤ ρðΔζÞ2 · 

Proof: Using the recurrence,

sup
k ≤ T=Δζ

Ekk k∞ =
Xk

n=1

<k−nen

����
����

∞

≤ ρkðΔζÞ3 = ρðζ Δζ= ÞðΔζÞ3 = ρðΔζÞ2 · 

If the following condition holds:

<nk k∞ ≤ ρ, n = 1, 2, . . ., k · (5:19) 

The stability condition mentioned in (5.19) can be proved following [13].

5.4.2 Error Estimate for Scheme-I

Theorem 5.4.3: The error bound for the UP scheme on GM
1 with the S-mesh is

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−1ðlnMÞ2 

and for the B-S-mesh:

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−1 · 

Proof: For the temporal domain 0, τ½ �, the right-hand side of (5.11) is ε-independent; as 

the initial conditions in ∂G are known. Hence, following classical approach of [21], the 

error bounds can be easily obtained.
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Theorem 5.4.4: With LM
UP, the error bound on GM

2 with the S-mesh is

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−1ðlnMÞ2 

and for the B-S-mesh:

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−1 · 

Proof: While calculating the error estimate in τ, 2τ½ �, one can observe that the right 

side is ε-dependent. The regular and boundary layer components of the semidiscrete 

solution on GK, M
2 satisfy

Lεr̂ðz; ζÞ+ r̂ζ ðz; ζÞ= r̂ðz; ζ − τÞ+ Fðz; ζÞ in G1

r̂ βd

��� = ωςðz; ζÞ; ðz; ζÞ 2 G1

r̂ βl
=
X4

p=0

εpr̂pð0; ζÞ;
�����

r̂ βr
= ϕrð1; ζÞ

�� for τ ≤ ζ ≤ T

8
>>>>>>>>>><
>>>>>>>>>>:

(5:20) 

and

Lεŝðz, ζÞ+ ŝζ ðz, ζÞ= ŝðz, ζ − τÞ in G1

ŝ βd
= 0,

��� , ðz, ζÞ 2 G1,

ŝ βl
= ωð0, ζÞ− <̂ð0, ζÞ, τ ≤ ζ ≤ T

���

ŝ βr
= 0

�� , for τ ≤ ζ ≤ T ·

8
>>>>>>>><
>>>>>>>>:

(5:21) 

The solution in (5.11) is also decomposed into its smooth and boundary layer compo-

nents, as

Ŵðzm, ζ k+1Þ= <̂ðzm, ζ k+1Þ+ δ̂ðzm, ζ k+1Þ · 

Satisfying the below-mentioned expressions

LK, M
up <̂ðzm, ζ k+1Þ= <̂ðzm, ζ k+1−K1

Þ+ Fðzm, ζ k+1Þ in GK, M
2

<̂ βd
= Ŵτðzm, ζ k+1Þ, ðzm, ζ k+1Þ 2 KK, M

1

���

<̂ βl
=
X4

p=0

εp<pðzm, ζ k+1Þ
�����

<̂ βr
= ϕrðzm, ζ k+1Þ, k = ðK1 + ðK2=2Þ+ 1Þ, . . . , K

�� ·

8
>>>>>>>>>>><
>>>>>>>>>>>:

(5:22) 
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and

LK, M
up δ̂ðzm, ζ k+1Þ= Ŝðzm, ζ k+1 − K1

Þ

Ŝ βd
= 0

���

Ŝ βl
= Ŵð0, ζ k+1Þ− <̂ð0, ζ k+1Þ

���

Ŝ βr
= 0, k = ðK1 + ðK2=2Þ+ 1Þ, . . . , K;

��

8
>>>>>>>>><
>>>>>>>>>:

(5:23) 

respectively. The error in �GM
2 is

ðω̂ − ŴÞðzm, ζ k+1Þ
�� ��≤ ðr̂ − <̂Þðzm, ζk+1Þ

���
���+ ðŝ − ŜÞðzm, ζ k+1Þ
�� ��.

Error in the smooth component:

For the smooth part of the solution, using (5.20) and (5.22), we have

LM
upðr̂ − <̂Þðzm − ζ k+1Þ
���

���= ðr̂ − <̂Þðzm, ζ k+1−K1
Þ+ Lεr̂ − LM

up<̂
���

���

≤ ðŴτ − ω̂Þðzm, ζ k+1−K1
Þ

+ ε
∂2

∂z2
− D +

z D −
z

� �
r̂

����
����+ aððzm − ζ k+1Þ

∂

∂z
− D +

z

� �
r̂

����
���� · 

From Taylor’s series expansion and Theorem 5.4.3 on the S-mesh, we get

LM
upðr̂ − <̂Þðzm, ζ k+1Þ
���

���≤ ρM−1ðln MÞ2

+ ρ εðzm+1 − zm−1Þ
∂3r̂

∂z3

����
����

∞

+ ðzm+1 − zmÞaðzm, ζ k+1Þ
∂2r̂

∂z2

����
����

∞

� �
.

(5:24) 

Using Theorem 5.2.4 and Lemma 5.3.1, we get our required bounds for the S-mesh as

ðr̂ðzm, ζ k+1Þ− <̂ðzm, ζ k+1ÞÞ
���

���≤ ρM−1ðln MÞ2 · (5:25) 

As ηm = 2ð1 − μ0ε ln MÞ
N

≤ ρM−1, for the B-S-mesh, one can get

r̂ðzm, ζ k+1Þ− <̂ðzm, ζ k+1Þ
���

���≤ ρM−1 · (5:26) 

Error in the layer component:

The bounds for boundary layer component depend upon μ.

LM
upðδ̂ðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
���

���≤ ρεðzm+1 − zm−1Þ
∂3ŝ

∂z3

����
����

∞

+ ρðzm+1 − zmÞaðzm, ζ k+1Þ
∂2ŝ

∂z2

����
����

∞

·

(5:27) 
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Case 1: For μ= μ0ε ln M and μ0ε ln M < 1 2= , the error outside the layer region i.e., ðμ, 1�
will be discussed, first. Using the bounds mentioned in Lemma 5.3.1 for the continuous 

and Lemma 3.4 for the discrete solution, we have

Ŝðzm, ζ kÞ− ŝðzm, ζ k+1Þ
�� ��≤ ρM−1 for m = ðM 2 + 1Þ, . . ., M − 1 ·= (5:28) 

In ½0, μ�, the Taylor’s series expansion and Theorem 5.2.4 are used to get the following 

inequalities for S-mesh:

LM
upðδ̂ðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
���

���≤ ρε − 2ðzm+1 − zm−1Þ for m = 0, 1, . . ., M 2.=

Further, as ηm − ηm−1 = 4μ N= in ½0, μ�, one can get

LM
upðŜðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
���

���≤ ρε−2μM−1. 

Again, ðŜðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
�� ��≤ ρM−1. Further, the barrier function, ϕm = ρ1M−1 +

ðμ − zmÞρ2ε−2μM−2 is used on 1 ≤ m ≤ M 2= , where ρ1 and ρ2 are some user chosen con-

stants. ψ ±
m =¡m ± ðŜ − ŝÞ I is the considered mess function for S-mesh. Clearly, ψ ±

m ≥ 0 at 

z0 and zM 2= . For preferred ρ, we can also get Lεψ ±
m ≥ 0 for m = 2, . . ., ðM 2 − 1Þ= . Hence,

ðŜðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
�� ��≤ ρ1M−1 + ρ2ε−2μM−1 ≤ ρM−1ðln MÞ2 · (5:29) 

In ½0, μ�, the construction of B-S-mesh gives zm = − μ0ε ln½1 − 2ð1 − M−1ÞmM−1�. Clearly

ηm = μ0ε − lnð1 − 2ð1 − M−1ÞmM−1Þ+ lnð1 − 2ð1 − M−1Þðm − 1ÞM−1Þ
� �

· 

Using the above mean value theorem, we get

ηm = μ0ε½ 2ð1 − M−1ÞM−1

1 − 2ð1 − M−1Þðm − 1ÞM−1
�≤ ,M−1 · 

and

expð− βzm+1 εÞ+ expð− βzm−1 εÞ≤ expð− βzm+1 εÞð1 − expð− βðzm+1 − zm−1Þ εÞÞ≤ ρM−1 ·
����

Using the above inequalities in (5.27) for ½0, μ�, one can get

ðŜðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
�� ��≤ ρM−1 · (5:30) 

Case 2: if μ = 1 2= , i.e., μ0ε ln M ≥ 1 2.= , with the S-mesh ðzm+1 − zm−1Þ≤ 2M − 1, so we have

LM
upðδ̂ðzm, ζ k+1Þ− ŝðzm, ζ k+1 ÞÞ
���

���≤ ρM−1 ε
∂3δ̂

∂z3

�����

�����
∞

+ ∂2δ̂

∂z2

�����

�����
∞

 !
· 

Using Theorem 5.2.4 and the fact 2ε ln M ≥ 1 2= , we reach at

Chapter 5 Robust Numerical Methods for Time-Delayed Semilinear Parabolic Problems 91



LM
upðŜðzm, ζ kÞ− ŝðzm, ζ k ÞÞ
���

���≤ ρM−1ðln MÞ2 · 

Now, use of Lemma 5.3.2 gives

ðŜðzm, ζ kÞ− ŝðzm, ζ k ÞÞ
�� ��≤ ρM−1ðln MÞ2 · (5:31) 

Further using (5.25), (5.28), (5.29), and (5.31), we get

ðω̂ðzm, ζ kÞ− Ŵðzm, ζ k ÞÞ
�� ��≤ ρM−1ðln MÞ2 · 

Similarly for the B-S-mesh, a similar approach is followed as mentioned above for 

mesh region. As,

μ0ε ln M ≥ 1 2= , we have expð− βzm+1 εÞ+ expð− βzm−1 εÞ≤ ,M−1
��

and ηm = 2

ð1 − μÞM−1 ≤ ,M − 1. Application of this condition along with Lemma 5.3.2 in (5.27), one 

can get

ðŜðzm, ζ kÞ− ŝðzm, ζ k ÞÞ
�� ��≤ ρM−1 · (5:32) 

Now, using (5.26), (5.28), (5.30), and (5.32), the desired bounds for the B-S-mesh is:

ðω̂ðzm, ζ kÞ− Ŵðzm, ζ k ÞÞ
�� ��≤ ρM−1 ·

Hence, the proof is complete.

The fully discrete scheme on GK, M = GK
ζ × GM

z becomes

LK, M
up Wk+1

m = 2D −
ζ Wk+1

m + LM
upWk+1

m =

W
k+1−K1
m + W

k − K1
m + Fk+1

m + Fk
m − LK, M

up Wk
m, m = 1, 2, . . ., ðM − 1Þ

W −k
m = ϕdðzm, − ζ kÞ, k = 0, 1, . . ., K1 and m = 0, 1, . . ., M

Wk+1
0 = ϕlðζk+1Þ, Wk+1

m = ϕrðζk+1Þ, k = K1, K1 + 1, . . ., K ·

8
>>>>>>><
>>>>>>>:

(5:33) 

The below-mentioned theorem proves uniform convergence of the fully discrete 

scheme.

Theorem 5.4.5: The maximum absolute error using LK, M
up on the S-mesh is given by

max
ðzm , ζk+1Þ2GK, M

ωðzm, ζ kÞ− Wðzm, ζ kÞj j≤ ρðM−1ðln MÞ2 + Δζ 2Þ · 

and on the B-S-mesh is

max
ðzm , ζk+1Þ2GK, M

ωðzm, ζ kÞ− Wðzm, ζ kÞj j≤ ρðM−1 + Δζ 2Þ · 
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Proof: By the use of Theorems 5.4.2, 5.4.3, and 5.4.4, the required error bounds are 

obtained.

5.4.3 Error Estimate for Scheme-II

Theorem 5.4.6: The error bound in the spatial direction on using the M.HYB scheme G1

with the S-mesh is

Ŵk+1
m − ω̂ðzm − ζ k+1Þ

�� ��≤
ρðM−2 + M−1εÞ for ε

hmam−1
< 1

2

ρM−2ðln MÞ2
for ε

hmam−1
≥ 1

2

8
<
:

and with the B-S-mesh is

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−2 · 

Proof: A similar argument given in Scheme-I can be followed using the idea men-

tioned in [16] to prove the statement.

Theorem 5.4.7: Error bound for M.HYB-algorithm on G2 with the S-mesh is

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤
ρðM−2 + M−1εÞ for ε

hmam−1
< 1

2

ρM−2ðln MÞ2
for ε

hmam−1
≥ 1

2

8
<
:

and with the B-S-mesh is

Ŵk+1
m − ω̂ðzm, ζ k+1Þ

�� ��≤ ρM−2 · 

Proof. The complete-discrete scheme on gK, M
2 is

LK, M
mh Wk+1

m =

W
k+1−K1
ϑ,m−1=2

+ W
k−K1
ϑ,m−1=2

+ Fk+1
ϑ,m−1=2 + Fk

ϑ,m−1=2 − LM
mhWk

m, m = 1, 2, . . ., ðM − 1Þ

Wjβd = Wτðzm, ζ kÞ, ðzm, ζ k+1Þ 2 GK, M
1

Wk+1
0 = ϕlðζ k+1Þ, Wk+1

m = ϕrðζ k+1Þ, k = K1, ðK2=2Þ, . . ., K ·

8
>>>>>>><
>>>>>>>:

(5:34) 
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where

LK,M
mh Wk+1

m = − QW½ �k+1
m+1 − QW½ �k+1

m

�hϑ,m
+ BWð Þk+1

v,m−1=2

Fk+1
ϑ,m−1=2 = Fk+1

m−1 1 − ϑmð Þ− Fk+1
m 1 + ϑm − ϑm+1ð Þ+ Fk+1

m+1 ϑm+1ð Þ
2

QW½ �k+1
m = εD−1

z Wk+1
m + ϑmamWk+1

m + 1 − ϑmð Þam−1Wk+1
m−1

�hϑ,m = 1 − ϑmð Þhm + ϑm+1hm+1 ·

8
>>>>>>>>>>>><
>>>>>>>>>>>>:

The decomposition of the approximated solution of (5.9) is analogous to the process 

maintained in the Theorem 5.4.4, where the components satisfy the following IBVPs:

Lεr̂ðz, ζÞ+ r̂ζ ðz, ζÞ= r̂ðz, ζ − τÞ+ Fðz, ζÞ in G2

r̂jβd
= ωτðz, ζÞ, ðz, ζÞ 2 G1

r̂
��

βl
=
X4

p=0

εpr̂pð0, ζÞ

r̂jβr
= ϕrð1, ζÞ for τ ≤ ζ ≤ T

8
>>>>>>>><
>>>>>>>>:

(5:35) 

and

Lεŝ z, ζð Þ+ ŝζ z, ζð Þ= ŝ z, ζ − τð Þ in G2

ŝjBd
= 0, z, ζð Þ 2 G1

ŝjBl
= ω 0, ζð Þ− <̂ 0, ζð Þ, τ ≤ ζ ≤ T

ŝjBr
= 0 for τ ≤ ζ ≤ T ·

8
>>>>>>><
>>>>>>>:

(5:36) 

The corresponding fully discrete forms of (5.35) and (5.36) are

LK, M
mh <̂ zm, ζ k+1ð Þ= <̂ zm, ζ k+1 − K1

� �
+ F zm, ζ k+1ð Þ in GK, M

2

<̂jBd
= Wτ zm, ζ k+1ð Þ, zm, ζ k+1ð Þ 2 GK, M

1

<̂jBl
=
X4

p=0

εp<p zm, ζ k+1ð Þ

<̂jBr
= ϕr zm, ζ k+1ð Þ, k = K1 + K2 2= Þ+ 1Þ, . . ., K ·ðð

8
>>>>>>>>>><
>>>>>>>>>>:

(5:37) 
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and

LK, M
mh Ŝ zm, ζ k+1ð Þ= Ŝ zm, ζ k+1 − K1

� �
in GK, M

2

ŜjBd
= 0

ŜjBl
= W 0, ζ k+1ð Þ−< 0, ζ k+1ð Þ

ŜjBr
= 0, k = K1 + K2 2= Þ+ 1Þ, . . ., K ·ðð

8
>>>>>>>><
>>>>>>>>:

(5:38) 

Wτ and ωτ are the solutions obtained in GK, M
1 and G1, respectively.

5.4.3.1 Error in the Smooth Component

LM
mh r̂ − <̂
� �

zm, ζ k+1ð Þ
���

���=
r̂

k+1−K1
m−1=2

− <̂k+1−K1
m−1=2

� �
+ Lεr̂

k+1−K1
m−1=2

− LM
mh<̂

k+1−K1
m−1=2

���
��� for ε

hmam−1
< 1

2

r̂
k+1−K1
m − <̂k+1−K1

m

� �
+ Lεr̂

k+1−K1
m − LM

mh<̂
k+1−K1
m

���
��� for ε

hmam−1
≥ 1

2
·

8
><
>:

Following the approach of [16], using (5.35) and (5.37), the error for ε
hmam−1

< 1
2

can be 

followed as

LM
mh r̂ − <̂
� �

zm, ζ k+1ð Þ
���

���= ω
k+1 − K1
τ − W

k+1−K1
τ

� �
+ Lεr̂

k+1 − K1
m−1=2

− LM
mh<̂

k+1−K1
m−1=2

���
���

The bounds in Theorem 5.4.6 with the Taylor series approximation give:

LM
mh r̂ − <̂
� �

zm, ζ k+1ð Þ
���

���≤ ρ M−1 ε + M−1
 �

+ ε + hm+1ð Þ hm + hm+1ð Þ ∂3r̂

∂z3

����
����

∞

�

+ h2
m

∂2r̂

∂z2

����
����

∞

+ ∂r̂

∂z

����
����

∞

� ��
· 

Choosing hm ≤ 2M−1, hm + hm+1 ≤ 4M−1, we have

LM
mh r̂ − <̂
� �

zm, ζ k+1ð Þ
���

���≤ ρM−1 ε + M−1
 �

· 

After the application of Lemma 5.3.6, we have

r̂ zm, ζ k+1ð Þ− <̂k+1

m

���
���≤ ρM−1 ε + M−1

 �
· (5:39) 
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In an analogous approach to ε
hmam−1

≥ 1
2
, we have

LM
mh r̂ − <̂
� �

zm, ζ k+1ð Þ
���

���≤ ρ M−2 ln Mð Þ2 + εh2
m

∂4r̂

∂z4

����
����

∞

+ h2
m

∂3r̂

∂z3

����
����

∞

� �
· 

The bounds derived in Theorem 5.4.6 gives

r̂ zm, ζ k+1ð Þ− <̂k+1

m

���
���≤ ρM−2 ln Mð Þ2 · (5:40) 

5.4.3.2 Error in the Layer Component

LM
mh ŝ − Ŝ
� �

zm, ζ k+1ð Þ
���

���=
ŝ

k+1 − K1
m−1=2

− Ŝ
k+1 − K1
m−1=2

� �
+ Lεŝ

k+1 − K1
m−1=2

− LK, M
mh Ŝ

k+1 − K1
m−1=2

���
��� for ε

hmam−1
< 1

2

ŝ
k+1 − K1
m − Ŝ

k+1 − K1
m

� �
+ Lεŝ

k+1 − K1
m − LK, M

mh Ŝ
k+1 − K1
m

���
��� for ε

hmam−1
≥ 1

2
·

8
><
>:

Using (4.23) and (4.25), the error can be written as

LM
mh ŝ − Ŝ
� �

zm, ζ k+1ð Þ
���

���=
Lεŝ

k+1 − K1
m−1=2

− LM
mhŜ

k+1 − K1
m−1=2

���
��� for ε

hmam−1
< 1

2

Lεŝ
k+1 − K1
m − LM

mhŜ
k+1 − K1
m

���
��� for ε

hmam−1
≥ 1

2
·

8
><
>:

At a particular ζ k+1, the above expression represents the truncation error of any two- 

point BVPs. Further, the approach mentioned in [22] gives

LM
mh ŝ − Ŝ
� �

zm, ζ k+1ð Þ
���

���=
ρ M−1 ε + M−1

 � �
for ε

hmam−1
< 1

2

ρM−2 ln Mð Þ2 for ε
hmam−1

≥ 1
2

·

8
<
:

As the operator satisfies the discrete maximum principle, hence, we have

ŝ − Ŝ
� �

zm, ζ k+1ð Þ
���

���=
ρ M−1 ε + M−1

 � �
for ε

hmam−1
< 1

2

ρM−2 ln Mð Þ2
for ε

hmam−1
≥ 1

2
·

8
<
: (5:41) 

The error bounds for the S-mesh can be concluded from eqs. (5.39), (5.40), and (5.41). 

Furthermore, an analogous approach as mentioned for Scheme-I, along with the fact 

that hm ≤ ρM−1, allows the bounds for the B-S mesh to be proved.
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Theorem 5.4.8: Error using (3.4) for (1.1) on GK, M with S-mesh is

max
zm , ζk+1ð Þ2GK, M

Wk+1
m − ω zm, ζ k+1ð Þ

�� ��≤
ρ M−2 + M−1ε
 �

+ Δζð Þ2
� �

for ε
hmam−1

< 1
2

ρ M−2 ln Mð Þ2 + Δζð Þ2
� �

for ε
hmam−1

≥ 1
2

8
><
>:

and with B-S mesh is

max
zm , ζk+1ð Þ2GK, M

Wk+1
m − ω zm, ζ k+1ð Þ

�� ��≤ ρ M−2 + Δζð Þ2
� �

· 

Proof: The conclusion can be drawn from Theorems 5.4.2, 5.4.6, and 5.4.7.

5.5 Numerical Investigation and Discussion

An exemplifying problem is solved to validate the theoretical findings of this chapter. 

The errors ρM, Δζ
 �

and rates of convergence <M, Δt are computed using the double- 

mesh principle [5, 12] as

ρM, Δζ = max
zm , ζkð Þ2G

ω zm, ζkð Þ− W zm, ζ kð Þj j, <M, Δt = log2

ρM, Δζ

ρ2M, Δζ=2

� �
· 

Example 5.1 Consider the following time-delayed semilinear SPPDE:

ωζ − εωzz − ð4 − zÞωz + ðz + cosðπzÞ+ 8Þω
 �

x, ζð Þ

= ω z, ζ − 1ð Þ+ 16z2ð1 − zÞ2
exp ω z, ζð Þð Þ, z, ζð Þ 2 0, 1ð Þ× 0, 2ð �

ω z, ζð Þ= 0, ζ 2 − τ, 0½ �

ω 0, ζð Þ= 0, ω 1, ζð Þ= 0, ζ 2 1, 2½ � ·

8
>>>>>><
>>>>>>:

The time-delay parameter and the TOL are chosen to be 1 and 10−5, respectively, 

while solving Example 5.1. The solution profiles can be observed through the surface 

plots given in Figure 5.1. A clearly observable layer can be visualized near z = 0 when 

ε is comparatively small. A similar nature can be concluded from Figure 5.2a, where 

the line plots are given for different values of ε at ζ = 1. From Figure 5.2b, one can 

observe that the severity of the layers remains identical in the solution plots at differ-

ent time levels, claiming that the formation of layers is independent of time. The er-

rors and corresponding order of accuracy for Scheme-I are tabulated in Table 5.1. 

Despite using a second-order accurate Crank-Nicolson (C-N) scheme in the temporal 

direction, one can observe a global first-order accuracy in Scheme-I because of the 

upwind (UP) scheme applied in space, indicating that the problem is dominated by 

spatial derivative terms. An analogous result can be concluded from Table 5.2, which 

tabulates the numerical outcomes through Scheme-II. Further, comparing both the 
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Table 5.2: Numerical results with Scheme-II for Example 5.1.

ε Mesh �� �� �� ��� ��� ���

��⁻� S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

B-S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

��⁻⁵ S-mesh �.����e-� �.����e-� �.����e-�� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

B-S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

��⁻⁷ S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

B-S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

Table 5.1: Numerical results with Scheme-I for Example 5.1.

ε Mesh �� �� �� ��� ��� ���

10−3 S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

B-S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

10−5 S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

B-S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

10−7 S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

B-S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

10−9to 10−12 S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

B-S-mesh �.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�

�.����

�.����e-�
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tabular data, one can claim that Scheme-II is more accurate than Scheme-I, as also 

supported by the theoretical analysis. All the tabular data validates the efficacy of 

the B-S mesh over the S-mesh, even for smaller values of ε. The described advantages 

of the B-S mesh and Scheme-II can also be validated through the error plots provided 

in Figure 5.3. Furthermore, the decreasing error with respect to increasing mesh 

points validates the schemes to be convergent with respect to both space and time. 

The preferred schemes can be concluded to be parameter-uniform, as after certain 

values of ε, both the error and accuracy can be seen to become stagnant.

5.6 Conclusion

This chapter highlights two robust numerical techniques to solve singularly perturbed 

semilinear parabolic problems with a large time lag. The semilinearity is handled 

using Newton’s linearization technique. The temporal derivative is approximated 

with a second-order accurate Crank-Nicolson scheme on a uniform mesh. Further, 

two layer-rectifying Shishkin-type meshes are constructed to handle the layer behav-

ior of the solution. In combination with the Crank-Nicolson scheme in time, Scheme-I 

discusses a first-order globally accurate scheme using the upwind scheme in the spa-

tial direction. Furthermore, a comparatively new difference scheme, namely the 

monotone hybrid scheme, is discussed in Scheme-II, which is beneficial over many ex-

isting schemes, providing second-order accuracy and by being a priori in nature. A 

comparative study of both schemes is presented with all the necessary existence, 

uniqueness, and convergence results.

Table 5.2 (continued)

ε Mesh �� �� �� ��� ��� ���

��⁻⁹ to ��⁻�� S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����

B-S-mesh �.����e-� �.����e-� �.����e-� �.����e-� �.����e-� �.����e-�

�.���� �.���� �.���� �.���� �.����
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Anurag Srivastava 

Chapter 6 
Comparison of Various Weighted Residual 
Methods up to Three-Step Solution

Abstract: In this chapter, a class of various numerical methods known as weighted 

residual methods (WRMs) has been discussed which is very useful in solving differen-

tial equations arising in physical sciences and engineering. A boundary value problem 

(BVP) is solved using five WRMs, namely, Galerkin’s method, least squares (LS) 

method, collocation method, subdomain (SD) method, and moment method. Two- and 

three-step approximate solutions are evaluated and compared with the exact solution 

of the BVP. Comparison of different WRMs is presented graphically and in the tabular 

form also. Maximum (L∞) error and root mean square (RMS) error for each method is 

also evaluated. It is found that three-step Galerkin’s solution is in the good agreement 

with the exact solution in comparison to other WRMs. 

Keywords: Galerkin’s method, least squares (LS) method, collocation method, subdo-

main (SD) method, moment method

6.1 Introduction

Weighted residual methods (WRMs) are a class of techniques used to approximate the 

solution of differential equations, particularly in engineering and applied mathemat-

ics. These methods are widely used in finite element analysis (FEA), computational 

fluid dynamics (CFD), and numerical solutions of partial differential equations (PDEs). 

In these methods, the solution is globally approximated as a weighted summation of 

various linearly independent functions. Differential equations are not directly solved 

instead an approximate solution satisfying the boundary conditions is assumed, 

which provides the residual [1]. Galerkin [2] introduced the concept of weighted resid-

uals as a fundamental approach to approximate solutions of differential equations. 

Galerkin’s method is used by several researchers in their work. Bhadauria and Srivas-

tava [3] used Galerkin’s method to perform convective stability analysis. Srivastava 

and Bhadauria [4] developed a five-dimensional Lorenz like nonlinear model using 

Galerkin’s technique. Singh and Gupta [5] developed a numerical simulation of frac-

tional nonlinear Burgers’ equation using collocation approach. Singh and Gupta [6] 

used fourth-order collocation scheme to find the numerical solution of Fisher’s equation. 
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Choi [7] used least squares (LS)-weighted residual method for level-set formulation. 

Lindvall and Scheffel [8] analyzed a novel subdomain (SD) scheme for time-spectral so-

lution of an initial value PDE. Now-a-days, researchers are very much interested to inte-

grate these classical techniques with advanced machine learning algorithms to solve 

various differential equations arising in engineering, physics, biomedicals, finance, etc. 

The aim of this chapter is to present a comparison among these WRMs. A detailed math-

ematical introduction is provided as follows:

Consider a differential equation:

u′′ + P xð Þu′ + Q xð Þu = 0 (6:1) 

with boundary conditions u að Þ= u bð Þ= 0, a ≤ x ≤ b.
(Primes denote the derivative with respect to x)

The approximate solutions are obtained in the following manner:

u1 xð Þ= c1ϕ1 xð Þ #one-step solution 

u2 xð Þ= c1ϕ1 xð Þ+ c2ϕ2 xð Þ #two-step solution 

un xð Þ= c1ϕ1 xð Þ+ c2ϕ2 xð Þ+ � � � + cnϕn xð Þ #n-step solution 

ϕ1, ϕ2, . . ., ϕn are called base functions. These base functions are selected in such a 

way that they satisfy the given boundary conditions and they must be linearly inde-

pendent.

Some examples of the base functions for the above boundary conditions are:

Note that the selection of base function is not unique.

WRMs are actually a class of different numerical methods developed to obtain an 

approximate solution of a differential equation, in a domain D, of the form:

O u xð Þð Þ+ X xð Þ= 0 (6:2) 

where u(x) is the unknown dependent variable, O is the differential operator, X xð Þ is 

the known function.

ϕ1 xð Þ= x − að Þ x − bð Þ

ϕ2 xð Þ= x − að Þ2 x − bð Þ

ϕ3 xð Þ= x − að Þ3 x − bð Þ

· 
· 
· 

ϕn xð Þ= x − að Þn
x − bð Þ

ϕ1 xð Þ= sin π
x − a

b − a

� �n o

ϕ2 xð Þ= sin 2π
x − a

b − a

� �n o

· 
· 

ϕn xð Þ= sin nπ
x − a

b − a

� �n o
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Steps:

– Select suitable base functions ϕi xð Þ, satisfying the boundary conditions.

– Construct an approximate solution (�u xð Þ= ciϕi xð Þ), which is a linear combination of 

the selected base functions, where cis are unknown parameters and i = 1, 2, . . ., n.

– Substitute �u xð Þ into eq. (6.2).

– Get residual R xð Þ.
– Force the residual to vanish in some average sense to get an algebraic system in 

terms of unknown parameters ci’s.

– Solve the algebraic system to get the unknown parameters ci’s.

Note: Since �u xð Þ is the approximate solution, it cannot satisfy eq. (6.2) completely and 

therefore an error (residual R xð Þ) is created. Mathematically:

O �u xð Þð Þ+ X xð Þ= R xð Þ≠ 0 (6:3) 

Multiply R xð Þ by an arbitrary function known as weight function W xð Þ and force the 

weighted average of the residual to vanish over the domain D:

ðb

a

R xð Þ · W xð Þdx = 0 (6:4) 

The technique of picking different weight functions gives rise to the different WRMs.

6.2 Types of WRM

On the basis of selecting different weight functions, given in Table 6.1, WRMs are gen-

erally classified in the following five types:

1. Galerkin’s method

2. LS method

3. Collocation method

4. SD method

5. Moment method

Table 6.1: Weight functions of different WRMs.

S. no. Method Weight function

� Galerkin’s 

method

Base functions are the weight functions Wi xð Þ= ϕi xð Þ

� Least squares 

method
Wi xð Þ= ∂R xð Þ

∂ci

Chapter 6 Comparison of Various Weighted Residual Methods up to Three-Step Solution 107



6.3 Mathematical Analysis

The following example is taken for the mathematical analysis:

d2u

dx2
− 4

du

dx
+ 4u + x2 = 0 (6:5) 

Boundary conditions:

u 0ð Þ= 0, u 2ð Þ= 0 (6:6) 

6.3.1 Exact Solution

Complimentary function = A + Bxð Þe2x (A and B are arbitrary constants).

Particular integral = 1

D2 − 4D + 4ð Þ −x2
 �

= − 1
4

x2 + 2x + 3
2

 �
. (using binomial theorem).

The complete solution after using the boundary conditions:

u xð Þ= 3

8
+ 1

16
19e − 4 − 3
 �

x

� �
e2x − 1

4
x2 + 2x + 3

2

� �
(6:7) 

Table 6.1 (continued)

S. no. Method Weight function

� Collocation 

method

The residual is made zero at as many points of the domain as there are 

unknown parameters. These points of the domain are called collocation points

R xið Þ= 0, where xi 2 D

a bCollacation points

� Subdomain 

method

The domain D is divided into as many subdomains as there are unknown 

parameters. The integral of the residual in each domain is then put to be zero: Ð
di

R xð Þdx = 0

a b

Sub-domains

d1 d2 d3 d4

� Moment method Wi xð Þ= xi , i 2 N
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6.3.2 Galerkin’s Method (Two-Step Solution)

Let the base functions are: ϕ1 xð Þ= x x − 2ð Þ, ϕ2 xð Þ= x2 x − 2ð Þ
Approximate solution:

�u xð Þ= c1x x − 2ð Þ+ c2x2 x − 2ð Þ (6:8) 

Putting the approximate solution into eq. (6.5) to get the residue as follows:

R1 xð Þ= 2c1 2x2 − 8x + 5
 �

+ c2 4x3 − 20x2 + 22x − 4
 �

+ x2 (6:9) 

Now making use of eq. (6.4) with both weight functions:

ð2

0

R1 xð Þ · x x − 2ð Þdx = 0,
ð2

0

R1 xð Þ · x2 x − 2ð Þdx = 0 

On simplification we get: 3c1 − c2 = 3, 49c1 + 8c2 = 28

On solving the system, we have c1 = 52
73

, c2 = − 63
73

Therefore, from eq. (6.8), the approximate solution is as follows:

�u xð Þ= 52

73
x x − 2ð Þ− 63

73
x2 x − 2ð Þ (6:10) 

6.3.3 Galerkin’s Method (Three-Step Solution)

Approximate solution:

�u xð Þ= c1x x − 2ð Þ+ c2x2 x − 2ð Þ+ c3x3 x − 2ð Þ (6:11) 

Using the similar procedure as used in the two-step solution, we get the following resi-

due and approximate solution:

R2 xð Þ= 2c1 2x2 − 8x + 5
 �

+ c2 4x3 − 20x2 + 22x − 4
 �

+ 4c3 x x3 − 6x2 + 9x − 3
 �

+ x2 (6:12) 

�u xð Þ= − 353

691
x x − 2ð Þ+ 1,743

1,382
x2 x − 2ð Þ− 3,297

2,764
x3 x − 2ð Þ (6:13) 
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6.3.4 Least Squares Method (Two-Step Solution)

W1 xð Þ= ∂R1 xð Þ
∂c1

= 2 2x2 − 8x + 5
 �

, W2 xð Þ= ∂R1 xð Þ
∂c2

= 4x3 − 20x2 + 22x − 4
 �

where R1 xð Þ is defined in eq. (6.9).

Now making use of eq. (6.4) with both of these weight functions:

ð2

0

R1 xð Þ · 2 2x2 − 8x + 5
 �

dx = 0,
ð2

0

R1 xð Þ · 4x3 − 20x2 + 22x − 4
 �

dx = 0 

On simplification, we get:

87c1 + 27c2 = 22, 72

5
c1 + 2,272

105
c2 = 8

On solving the system, we have c1 = 3,413
19,605

, c2 = 1,659
6,535

Therefore, from eq. (6.8), the approximate solution is:

�u xð Þ= 3,413

19,605
x x − 2ð Þ+ 1,659

6,535
x2 x − 2ð Þ (6:14) 

0.50.0

–0.2

0.0

0.2

0.4

u
(x

)

0.6

0.8

1.0 Exact Solution

Two-Step Galerkin’s Solution

Three-Step Galerkin’s Solution

1.0

X

1.5 2.0

Figure 6.1: Comparison among the two-step Galerkin’s solution, three-step Galerkin’s solution, and the 

exact solution.
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6.3.5 Least Squares Method (Three-Step Solution)

W1 xð Þ= ∂R2 xð Þ
∂c1

= 2 2x2 − 8x + 5
 �

, W2 xð Þ= ∂R2 xð Þ
∂c2

= 4x3 − 20x2 + 22x − 4
 �

, 

W3 xð Þ= ∂R2 xð Þ
∂c3

= 4x x3 − 6x2 + 9x − 3
 �

where R2 xð Þ is defined in eq. (6.12).

Now using the similar procedure as used in the two-step LS solution, we get the 

following approximate solution:

�u xð Þ= − 178,213 x − 2ð Þx3

777,036
+ 816,991 x − 2ð Þx2

1,942,590
+ 24,217 x − 2ð Þx

224,145
(6:15) 

6.3.6 Collocation Method (Two-Point)

Consider x = 2
3

and x = 4
3

as two collocation points.

Now, using eq. (6.9), R1
2
3

 �
= 0 and R1

4
3

 �
= 0 gives:

15c1 + 40c2 = −6,57c1 + 10c2 = 24

On solving the system, we have c1 = 34
71

, c2 = − 117
355

Therefore, from eq. (6.8), the approximate solution is:

�u xð Þ= 34

71
x x − 2ð Þ− 117

355
x2 x − 2ð Þ (6:16) 

0.50.0

–0.4

–0.2

0.0

0.2

u
(x

)

0.4

0.6

0.8
Exact Solution

Two–Step LS Solution

Three–Step LS Solution

1.0

x

1.5 2.0

Figure 6.2: Comparison among the two-step LS solution, three-step LS solution, and the exact solution.
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6.3.7 Collocation Method (Three-Point)

Consider x = 1
2

, x = 1, and x = 3
2

as two collocation points.

Now, using eq. (6.12), R2
1
2

 �
= 0, R2 1ð Þ= 0, and R2

3
2

 �
= 0 gives:

12c1 + 10c2 + c3 = −1, −2c1 + 2c2 + 4c3 = −1, 20c1 + 10c2 − 9c3 = 9

On solving the system, we have c1 = − 75
34

, c2 = 48
17

, c3 = − 47
17

Therefore, from eq. (6.11), the approximate solution is:

�u xð Þ= − 75

34
x x − 2ð Þ+ 48

17
x2 x − 2ð Þ− 47

17
x3 x − 2ð Þ (6:17) 

6.3.8 SD Method (Two-Step Solution)

Dividing the entire domain into two SDs, 0 ≤ x ≤ 1 and 1 ≤ x ≤ 2.

ð1

0

R1 xð Þdx = 0 and 

ð2

1

R1 xð Þdx = 0

Simplifying, we have 10c1 + 4c2 = −1, 14c1 + 8c2 = 7

On solving the system, we have c1 = − 3
2

, c2 = 7
2

0.50.0

0.0

0.5

1.0

1.5

u
(x

)

2.0

2.5

3.0
Exact Solution

Two–point Collocation

Three–point Collocation

1.0

x

1.5 2.0

Figure 6.3: Comparison among the two-point collocation solution, three-point collocation solution, and 

the exact solution.
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Therefore, from eq. (6.8), the approximate solution is:

�u xð Þ= − 3

2
x x − 2ð Þ+ 7

2
x2 x − 2ð Þ (6:18) 

6.3.9 SD Method (Three-Step Solution)

Dividing the entire domain into two SDs, 0 ≤ x ≤ 2
3

, 2
3

≤ x ≤ 4
3
, and 4

3
≤ x ≤ 2.

ð2=3

0

R2 xð Þdx = 0,
ð4=3

2=3

R2 xð Þdx = 0, and

ð2

4=3

R2 xð Þdx = 0

8

81
+ 284

81
c1 + 4

9
c2 − 232

1215
c3 = 0,

56

81
− 100

81
c1 + 92

81
c2 + 2888

1215
c3 = 0,

152

81
− 292

81
c1 − 236

81
c2 − 712

1215
c3 = 0

On solving the system, we have c1 = − 515
2,357

, c2 = 5,193
4,714

, c3 = − 8,775
9,428

Therefore, from eq. (6.11), the approximate solution is:

�u xð Þ= − 515

2,357
x x − 2ð Þ+ 5,193

4,714
x2 x − 2ð Þ− 8,775

9,428
x3 x − 2ð Þ (6:19) 

0.0
–3

–2

–1

0

1

0.5 1.0 1.5 2.0

Exact Solution

Two–Step SD Solution

Three–Step SD Solution

u
(x

)

x

Figure 6.4: Comparison among the two-step subdomain solution, three-step subdomain solution, and the 

exact solution.
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6.3.10 Moment Method (Two-Step Solution)

W1 xð Þ= x, W2 xð Þ= x2 

Now making use of eq. (6.4) with both the weight functions:

ð2

0

R1 xð Þ · x dx = 0,
ð2

0

R1 xð Þ · x2 dx = 0

On simplification, 20
3

c1 + 56
15

c2 = 4, 176
15

c1 + 8c2 = 32
5

On solving the system, we have c1 = 57
67

, c2 = − 30
67

Therefore, from eq. (6.8), the approximate solution is:

�u xð Þ= 57

67
x x − 2ð Þ− 30

67
x2 x − 2ð Þ (6:20) 

6.3.11 Moment Method (Three-Step Solution)

W1 xð Þ= x, W2 xð Þ= x2, W3 xð Þ= x3 

ð2

0

R2 xð Þ · x dx = 0,
ð2

0

R2 xð Þ · x2 dx = 0,
ð2

0

R2 xð Þ · x3 dx = 0

On simplification and solving the obtained system we get the following approximate 

solution:

�u xð Þ= − 915

421
x x − 2ð Þ+ 3,493

842
x2 x − 2ð Þ− 4,739

1,684
x3 x − 2ð Þ (6:21) 

6.4 Discussion of the Results

Five different WRMs are used to solve a BVP defined in eqs. (6.5) and (6.6). Both two- 

and three-step solutions are evaluated. The comparison of results is presented graphi-

cally. Entire process of each method is given step-by-step.

Figure 6.1 represents the comparison among the two-step Galerkin’s solution, three- 

step Galerkin’s solution with the exact solution. It is observed that the three-step Galer-

kin’s solution is in good agreement with the exact solution. Figure 6.2 represents the 

comparison among the two-step LS solution, three-step LS solution, and the exact solu-

tion. Similarly, in Figures 6.3–6.5, the solutions of collocation method, SD method, and 

moment method are compared with the exact solution, respectively. Two-step solutions 
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Figure 6.5: Comparison among the two-step moment method solution, three-step moment method 

solution, and the exact solution.
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Figure 6.6: Comparison among the solutions of different methods with the exact solution.

Table 6.2: L∞ error and root mean squared error comparison for three-step solutions of WRM with the 

exact solution.

Method x = �.� �.� �.� �.� �.� �.� �.� L∞ error RMS error

Exact solution � �.����� �.����� �.����� �.����� �.����� �

Galerkin � �.����� �.����� �.����� �.����� �.���� �

Absolute error � �.���� �.����� �.����� �.����� �.����� � �.����� �.�����
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are very much less accurate than the three-step solutions. In Figure 6.6, the exact solution 

of the BVP is compared with the solutions of all the five WRMs. It is observed that, al-

though all the solutions converge at the end points, i.e., x = 0 and x = 2, yet the Galerkin 

method provides the best approximate solution in comparison to the other WRMs as far 

as three-step solution is concerned. The error analysis presented in Table 6.2 shows the 

L∞ error and the RMS error for the five WRMs under three-step solution.

6.5 Conclusions

The following major conclusions can be drawn:

1. Galerkin’s method provides the best approximate solution in comparison to the 

other WRMs.

2. The increasing order of the RMS error of these methods for three-step solution is 

as follows: 

Galerkin’s method < SD method < moment method < LS method < collocation method

3. The approximate solutions can be made more accurate by increasing the number 

of steps involved.

4. L∞ error is always proportional to RMS error.
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Chapter 7 
Boundary Element Analysis for MHD Stokes 
Flow Through a Microchannel Exhibiting 
Surface Roughness

Abstract: This study investigates the two-dimensional, pressure-driven magnetohy-

drodynamics (MHD) Stokes flow within a rectangular microchannel with surface 

roughness that is modeled using alternate Navier’s slip boundary conditions, main-

taining the same phase. The Stokes equations, augmented with the Lorentz force 

term, are numerically solved using the boundary element method (BEM) based on the 

stream function and vorticity variables’ approach. A very small magnetic Reynolds 

number is considered to neglect the induced magnetic field equation. We explore the 

hydrodynamics of the present model by varying assumed dimensionless variables to 

better understand the dynamics of the Stokes problem. The findings of this study 

have practical applications in optimizing mixing and heat transfer in microfluidic sys-

tems. 

Keywords: boundary element method, Hartmann number, surface roughness, slip 

length, Stokes equations

Nomenclature

L Characteristic length
U0 Characteristic velocity
μ Dynamic viscosity of the fluid
eJ Electric current density

eB Magnetic induction vector of the applied uniform magnetic field

eF Lorentz force
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7.1 Introduction

Creeping flow, also known as Stokes flow, occurs when fluid motion is primarily influ-

enced by viscous and pressure forces, with negligible inertial force. This low Reynolds 

limit flow is mathematically modeled using the Stokes equations and it plays a key 

role in understanding natural phenomena like microorganism swimming [1] along 

with engineering uses in Micro-Electro-Mechanical Systems (MEMS) [2], paint technol-

ogies, flexible fiber dynamics [3], and fluid mixing [4]. Furthermore, Stokes flow ap-

pears within microchannels, such as capillaries [5]. In addition to the aforementioned 

Stokes flow problems, there are multiple problems within the discipline of medical 

applications [6, 7]. In this way, Stokes flow past a red blood cell was solved by Hadjini-

colaou et al. [8] using a combination of the Kelvin inversion method and the idea of 

semi-separation of the variables of the Stokes operator. Their research significantly 

contributes to medical testing, such as the erythrocyte sedimentation rate (ESR). Luca 

and Smith [9] employed the unified transform method, a generalized variant of the 

conventional Fourier transform, to address the problem of solving the Stokes flow 

within a convex polygonal domain.

Understanding Stokes flows in confined geometries with Navier’s slip and no- 

penetration boundary conditions is crucial for advancing fluid dynamics research. 

The concept of the slip boundary condition on an impermeable wall was originally 

introduced by Navier [10], explaining the relationship between shear stress and the 

relative movement of fluid layers close to the surface. Later, Helmholtz and Pitrowski 

[11] expanded on this idea by introducing the concept of slip length to describe the 

slip behavior occurring near solid surfaces. Furthermore, the inverse proportional re-

lationship between the coefficient of slip and the pressure was studied by Kundt and 

Warburg [12]. Numerous experiments have been conducted to get insights into the un-

derlying characteristics of slip phenomena occurring over solid surfaces. Following 

this, it is revealed by Vinogradovand Ivanova [13] that slip velocity might also depend on 

the normal stress. The concept of slip length involves the introduction of an apparent 

σ Electrical conductivity of the fluid
eV Velocity vector of the fluid

ψ Stream function
~P Hydrodynamic pressure

GL Free space Green’s function for Laplace operator

GMH Free space Green’s function for modified Helmholtz operator

GC Free space Green’s function for mixed Laplace and modified Helmholtz operators

ω Vorticity variable
K0 Modified Bessel function

d~P=d~X Pressure gradient

Ha Hartmann number
Rm Magnetic Reynolds number
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surface, referred to as a virtual surface, where the velocity of a fluid may be zero below 

the actual physical surface. The presence of a substantial slip length is evident in the 

observed scenario, wherein bubbles become entrapped on a surface exhibiting hydro-

phobic properties [13–15]. The justification addressed by the investigations [16–19] con-

cerns the implementation of the no-penetration boundary condition at a surface-fluid 

interface. The theory of such flows has experienced a resurgence in attention due to the 

emergence of new challenges in microfluidics applications [20].

When slip occurs, the trouble appears in determining its fundamental form. The 

occurrence of slip is observed by Brenner [21] as a result of variations in the mass 

density of the fluid adjacent to the wall. Luchini [22] discussed the case of fluid flow 

near a solid wall exhibiting small-scale roughness or waviness. Additionally, Mele and 

Tognaccini [23] have developed an appropriate wall boundary condition based on the 

slip length concept to describe riblets, which are characterized by rough surfaces. 

However, it is necessary to consider a macroscopic boundary condition that accounts 

for the slip velocity on a smooth surface, as examined by Zampogna et al. [24]. The 

determination of whether a slip or a no-slip condition occurs at the interface between 

an impermeable surface and a fluid is significantly dependent upon the specific char-

acteristics of their interaction. Hydrophobic surfaces exhibit a Navier’s slip boundary 

condition, while hydrophilic surfaces often result in a no-slip condition. In the litera-

ture, several investigations have been conducted on the chemical alteration of surfa-

ces to render them either hydrophobic or hydrophilic [25, 26]. Consequently, Kamrin 

et al. [27] derived the general formula for the effective slip. The slip boundary condi-

tion presented by Hendy et al. [28] involves the manipulation of slip length along the 

primary direction of fluid flow.

The concept of patterned slip was explored by Zhao and Yang [29] in their investi-

gation of electroosmotic flows through microchannels. Afterward, the impact of hy-

drodynamic slippage on electroosmotic flow through nanochannels was studied by 

Datta and Choudhary [30]. Following this, Nishad et al. [31] analyzed the steady Stokes 

flow inside a microchannel, where both walls obeyed the in-phase patterned slip. 

Their work gives insight into the design principles of microfluidic mixers. The unique 

characteristics shown by textured superhydrophobic surfaces have drawn significant 

attention in the field of multidisciplinary study. In light of this, Ageev and Osiptsov 

[32] applied the boundary integral equation method (BIEM) to demonstrate the de-

crease in friction within a microchannel including a single superhydrophobic surface. 

This study gives rise to an insight into understanding the phenomena of some of the 

realistic biomechanical and medical applications. A numerical solution was obtained 

by Aissa et al. [33] for the isothermal flow in a microchannel, with a particular focus 

on the slip regime. The COSMOL algorithm was utilized for this purpose.

The investigation of Stokes flow within a magnetic field across various channel 

designs is vital, as it relates to a range of practical uses, such as oil filtration and the 

development of cooling systems [34]. In this regard, the mathematical modeling of 

magnetohydrodynamics (MHD) Stokes flow was first modified by Chester [35]. Gotoh 
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[36] studied the behavior of a conducting MHD fluid as it flows past an obstruction. 

The analysis was performed using the Stokes approximation. Extensive research has 

been conducted on the phenomenon of unsteady MHD Stokes flow. For instance, Sasi-

kala et al. [37] investigated the characteristics of time-dependent creeping dusty flow 

within a rectangular porous channel, employing the similarity transformation ap-

proach. Celik [38] examined the MHD Stokes flow in a lid-driven cavity, building upon 

the prior work conducted by Sasikala et al. [37]. However, the author specifically fo-

cused on investigating the related Couette flow using the finite difference method 

(FDM). The work of Çelik [38] was extended by Gurbuz-Caldag and Celik [39] using the 

same method, with the addition of variation in the inclination of magnetic field.

This study aims to analyze how an inclined magnetic field affects the Stokes flow 

within a microchannel featuring in-phase slip patterning. The use of patterned slip in 

the presence of an inclined magnetic field has the potential to promote mixing in mi-

crofluidic devices in a manner analogous to patterned topography. The Navier slip 

boundary condition is used to assess the influence of the slip condition at the micro-

channel boundary. The analytical solution for this fluid flow problem is not achiev-

able due to the presence of applied slip patterning on the microchannel. Therefore, it 

is imperative to employ reliable and efficient numerical methodologies to address the 

above-described fluid flow problem. A variety of numerical approaches may be ob-

served in the existing literature, such as the finite element method (FEM) [40, 41], 

boundary element method (BEM) [31, 42–44, 45], and FDM [46], among others. Com-

pared to the earlier-discussed numerical methods, the BEM proves to be substantially 

more advantageous when addressing linear operators [47]. This chapter is structured 

as follows: Section 7.2 illustrates the mathematical framework for the flow problem. 

Section 7.3 examines the influence of dimensionless parameters using graphical rep-

resentations. Section 7.4 provides a short summary of the study.

a a
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Ỹ

Ỹ
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=  L

=  0

L

Figure 7.1: Schematic of MHD Stokes flow inside a microchannel exhibiting periodic surface roughness.
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7.2 Mathematical Formulation

7.2.1 Dimensional Governing Equations and Assumptions

Assumptions for proposed hydrodynamic model are as follows:

– Two-dimensional 2Dð Þ, pressure-driven Stokes flow through a horizontal rectan-

gular microchannel is considered.

– The mean width of the channel is L units and mean length of the channel M units.

– The black and golden line segments on the walls of the channel as depicted in 

Figure 7.1 show the regions that exhibit no-penetration and Navier’s slip bound-

ary conditions, respectively.

– The dimensionless periodicity of alternate applied boundary conditions is de-

noted by a.

– Let eJ = σðeV × eBÞ [48] denote the electric current density, where σ, eV , and eB denote the 

electrical conductivity of the field, the velocity vector, and the magnetic field of uni-

form strength, respectively. In our study, we assumed that the magnetic field makes 

an angle θð Þ with the vertical axis. The Lorentz force eF =eJ × eB= −σB2
0cos2 θð ÞeV and 

eV = ð~U, ~VÞ are collinear and opposite in the directions, where B0 cos θð Þ is the magni-

tude of the magnetic field in the orthogonal direction of the flow.

– To neglect the effect of the induced magnetic field from the current study, 

Rm � 1 is considered.

The steady MHD Stokes flow is mathematically modeled using Stokes equations [49], 

given by

μ~∇2eV − σB2
0cos2 θð ÞeV = ~∇~P (7:1) 

~∇.eU = 0 (7:2) 

7.2.2 Dimensionless Variables

The dimensionless variables are as follows:

V =
eV
U0

,X =
~X

L
, Y =

~Y

L
, P=

~P

~P0

, ~P0 =
μU0

L
, ~∇= ∇

L
, ~∇2 = ∇

2

L
, ls =

b

L
(7:3) 

7.2.3 Dimensionless Governing Equations

On utilizing the dimensionless variables stated by eq. (7.3), the X- and Y -components 

of dimensional governing eqs. (7.1) and (7.2) reduce to:
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∇2U − κ2U = ∂P
∂X

(7:4) 

∇2V − κ2V = ∂P
∂Y

(7:5) 

∇.V = 0 (7:6) 

Where V = U,Vð Þ, κ2 =Ha2cos2 θð Þ, and Ha=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σB2

0L
2=μ

q
[48].

7.2.4 Stream Function ψð Þ and Vorticity Variable ωð Þ Formulation

The stream function ψð Þ [50] can be determined with the help of continuity equation:

U = ∂ψ
∂Y
, V =− ∂ψ

∂X
(7:7) 

For further solving the dimensionless governing equations (7.4) and ( 7.5) using 

stream function expressed by eq. (7.7), the steps are as follows:

) ∂

∂Y
∇2U − κ2U = ∂P

∂X

� �
− ∂

∂X
∇2V − κ2V = ∂P

∂Y

� �

) ∇2 ∂U

∂X
− ∂V
∂Y

� �
− κ2 ∂U

∂X
− ∂V
∂Y

� �
= ∂

∂Y

∂P

∂X

� �
− ∂

∂X

∂P

∂Y

� �

) ∇2 ∂

∂X

∂ψ

∂Y

� �
− ∂

∂Y
− ∂ψ
∂X

� �� �
− κ2 ∂

∂X

∂ψ

∂Y

� �
− ∂

∂Y
− ∂ψ
∂X

� �� �
= 0

) ∇2 ∇2 − κ2
 �

ψ= 0

(7:8) 

where ∇2 = ∂2

∂X2 + ∂2

∂Y2 is a harmonic differential operator. The governing equations re-

duces to:

∇2 ∇2 − κ2
 �

ψ= 0 (7:9) 

∇.V = 0 (7:10) 

Introducing vorticity variable ωð Þ, i.e., ω=∇×V , using eq. (7.7), is given by:

ω=∇×V =∇× U,Vð Þ= ∂V
∂X
− ∂U

∂Y
= ∂

∂X
− ∂ψ
∂X

� �
− ∂

∂Y

∂ψ

∂Y

� �
=− ∂2ψ

∂X2
+ ∂

2ψ

∂Y2

� �
=−∇2ψ

(7:11) 

To solve further the boundary value problem stated by eqs. (7.9) and (7.10), we substi-

tute eq. (7.11) into eq. (7.9) to generate a coupled system of Poisson equation (7.12) and 

modified Helmholtz Eq. (7.13), which are as follows:
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∇2ψ=−ω (7:12) 

∇2 − κ2
 �

ω= 0 (7:13) 

7.2.5 Boundary Conditions 

– The no-penetration boundary condition on the top boundary [51] is as follows:

U = 0, V = 0 : ψ= 1, ∂ψ
∂Y
= 0 · (7:14) 

– Navier’s slip boundary condition on the upper horizontal surface [52] is as 

follows:

U −B ∂U

∂Y

� �����
Y=1
= 0, V = 0 : ψ= 1, ∂ψ

∂Y
+ lsω= 0 · (7:15) 

– The no-penetration boundary condition on the bottom boundary is as follows:

U = 0, V = 0 : ψ= 0, ∂ψ
∂Y
= 0 · (7:16) 

– Navier’s slip boundary condition on the lower horizontal surface [52] is as 

follows:

U +B ∂U

∂Y

� �����
Y=0
= 0, V = 0 : ψ= 0, ∂ψ

∂Y
− lsω= 0 · (7:17) 

– At the inlet:

U = 6 Y −Y2
 �

, V = 0 : ψ= 3Y2 − 2Y3, ω= 12Y − 6 · (7:18) 

– At the outlet:

∂U

∂X
= 0, ∂V

∂X
= 0 : ∂ψ

∂X
= 0 , ∂ω

∂X
= 0 · (7:19) 

7.2.6 Stream Function and Vorticity Variable-Based Boundary 

Element Method 

Let χ τ✶0 , η✶0
 �

2 Λ✶ ∪ ∂Λ✶ and φ τ✶1 , η✶1
 �

2 ∂Λ✶ are the integration and field points, re-

spectively. The fundamental solutions of Laplacian operator GL = ln λ✶
 �

=2π, modified 

Helmholtz operator GMH = −K0 λ✶η
 �

=2π, and composite operator GC = GMH −GL
 �

=κ2, 

where K0 represents the modified Bessel function of second kind of zeroth order and 
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λ✶ = χ −φj j. Implementing Green’s second identity to eqs. (7.12) and (7.13) in combination 

with the fundamental solution leads to boundary integrals at any given field point χ:

Γ χð Þψ χð Þ=
ð

∂Λ✶

ψ φð Þ ∂G
L χ,φð Þ
∂nφ
−GL χ,φð Þ ∂ψ φð Þ

∂nφ

� �
ds φð Þ

−
ð

∂Λ✶

ω φð Þ∂G
C χ,φð Þ
∂nφ
−GC χ,φð Þ ∂ω φð Þ

∂nφ

� �
ds φð Þ,

(7:20) 

Γ χð Þω χð Þ=
ð

∂Λ✶

ω φð Þ ∂G
MH χ,φð Þ
∂nφ

−GMH χ,φð Þ∂ω φð Þ
∂nφ

� �
ds φð Þ · (7:21) 

In eqs. (7.20) and (7.21), Γ χð Þ is the free-term coefficient and it is defined as follows:

Γ χð Þ=

1, if χ 2 Λ✶

1

2
, if χ 2 ∂Λ✶

0, if χ ∉Λ✶ ∪ ∂Λ✶ ·

8
>>>><
>>>>:

(7:22) 

It is noteworthy to observe that eqs. (7.20) and (7.21) contain integrals with singular 

kernels, making numerical methods essential for their evaluation, particularly in the 

context of irregular geometrical configurations. Analytical methods prove inadequate 

in such cases, as they fail to produce a solution. For numerical computation, the 

boundary is discretized using straight-line segments, with the assumption that bound-

ary quantities are constant along each line segment. In this light, the computational 

boundary ∂Λ✶ is discretized into N✶ steady elements (Figure 7.2). The boundary quan-

tities ψ, ∂ψ=∂n, ω, and ∂ω=∂n are approximated by piece-wise uniform func-

tions, ψj, ∂ψj=∂n, ωj, and ∂ωj=∂n,j= 1, 2, . . ., N✶.

Using the collocation approach, the discretized forms of eqs. (7.20) and (7.21) are im-

plemented at the midpoints χ ≡φi, i= 1, 2, . . ., N✶ for each element, yielding:

S

V

NS

1  2  3 . . . . . . . . . 

. . . 

✶

V9 ✶

Figure 7.2: Discretization of the computational domain with in-phase fine patterned slip using constant 
boundary elements.
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Γiψi =
XN✶

j=1
ψj

ð

φ2∂Λ✶
j

∂GL φi,φð Þ
∂nφ

ds φð Þ−
∂ψj

∂nφ

ð

φ2∂Λ✶
j

GL φi,φð Þds φð Þ

2
664

−ωj

ð

φ2∂Λ✶
j

∂GC φi,φð Þ
∂nφ

ds φð Þ+ ∂ωj

∂nφ

ð

φ2∂Λ✶
j

GC φi,φð Þds φð Þ
#
;

(7:23) 

Γiωi =
XN✶

j=1
ωj

ð

φ2∂Λ✶
j

∂GMH φi,φð Þ
∂nφ

ds φð Þ− ∂ωj

∂nφ

ð

φ2∂Λ✶
j

GMH φi,φð Þds φð Þ

2
664

3
775 · (7:24) 

Equations (7.23) and (7.24) can be rewritten as follows:

Aψ+B∂ψ

∂n
+Cω+D ∂ω

∂n
= 0, (7:25) 

Eω + F ∂ω

∂n
= 0 · (7:26) 

where the influence coefficients are given by

Aij =
ð

φ2∂Λ✶
j

∂GL φi,φð Þ
∂nτ

ds τð Þ− Γjδij, Bij =−
ð

φ2∂Λ✶
j

GL φi,φð Þds φð Þ, (7:27) 

Cij =−
ð

φ2∂Λ✶
j

∂GC φi,φð Þ
∂nτ

ds φð Þ, Dij =
ð

φ2∂Λ✶
j

GC φi,φð Þds φð Þ, (7:28) 

Eij =
ð

φ2∂Λ✶
j

∂GMH φi,φð Þ
∂nφ

ds φð Þ− Γjδij, Fij =−
ð

φ2∂Λ✶
j

GMH φi,φð Þds φð Þ · (7:29) 

In eqs. (7.27)–(7.29), Að Þij =Aij, ψ= ðψ1,ψ2, . . ., ψN✶Þ
T

and the term δij refers to the 

Kronecker delta function. To identify the unknown boundary data, eqs. (25) and (26) 

are resolved with the aid of eqs. (7.14)–(7.19).The present BEM modeling involves dis-

cretizing the domain boundary into 220 straight-line elements, with nodes positioned 

at the midpoints of these elements. It was verified that increasing the number of bound-

ary elements does not produce noticeable changes in the results. A grid of 197 × 197 

solution points Nsð Þ is used for internal domain calculations. The BEM code is imple-

mented using MATLAB®(R2014b) on a computer featuring an Intel®Core™ i5-2400 

CPU @ 3.10 GHz processor. The computational time for running the BEM code in MAT-

LAB is 124.8 s for each scenario.
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7.2.7 Analysis of Singular Boundary Integrals

When i≠ j, the kernels within the integrals lack singularity, making them suitable for 

evaluation via the numerical Gauss quadrature method. Conversely, when i= j, the 

vector λ is associated with the jth element, where λ✶ = λj j remains tangential to the 

normal vector n. This tangency introduces singularity in the integrals represented by 

eqs. (7.27)–(7.29). Analytical computation of these integrals is achievable when 

straight-line elements are employed. The derived influence coefficients Ajj and Bjj are 

formulated as follows:

Ajj = − Γj,Bjj = −
l✶j
2π

ln
l✶j
2

 !
− 1

 !
(7:30) 

where l✶j denotes the length of the jth element. The remaining influence coefficients 

are obtained using the method proposed by Nishad et al. [44] and determined the in-

tegrals that appeared in eqs. (7.27)–(7.29), analytically for the case i= j. The fundamen-

tal solutions, namely, GL, GMH , and GC are given by:

GL = 1

2π
ln λ✶, ∂G

L

∂n
= 1

2π

∂λ✶

∂n
= λ.n

2πλ✶
2

(7:31) 

GMH =− 1

2π
K0ðλ✶κÞ,

∂GMH

∂n
= η

2π
K1ðλ✶κÞ

∂λ✶

∂n
= κ

2π
K1ðλ✶κÞ

λ.n
λ✶

(7:32) 

GC =− 1

κ2
GMH −GL
 �

, ∂G
C

∂n
= 1

κ2

∂GMH

∂n
− ∂G

L

∂n

� �
(7:33) 

when λ ✶ ! 0, i.e., the asymptotic behavior of K0 λ ✶κ
 �

is given by K0ðλ✶κÞ≈ − γ
− ln λ✶κ
 �
+ ln 2ð Þ, where γ= 0.5772 is known as Euler’s constant. Furthermore, Ejj is 

given by:

Ejj = −
ð

φ2∂Λ✶
j

∂GMH φi,φð Þ
∂nφ

ds− Γj =
κ

2π

ð

φ2∂Λ✶
j

K1ðλ✶κÞ
λ.n
λ✶

ds− Γj = − Γj (7:34) 

Aforementioned vectors λ and n are oriented in a vertical manner relative to each 

other, resulting in the integral above reducing to zero. Similarly,

Fjj = −
ð

φ2∂Λ✶
j

GMH φj,φ
� �

ds= 1

2π

ð
l✶
j
2

−
l✶
j
2

γ+ ln
λ✶κ

2

� �� �
dλ✶ =

l✶j
2π

γ+ ln
l✶j κ

4

 !
− 2

κ

 !

(7:35) 
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Cjj = −
ð

φ2∂Λ✶
j

∂GC φj,φ
� �

∂nφ
ds= − 1

κ2

ð

φ2∂Λ✶
j

∂GMH φj,φ
� �

∂nφ
−
∂GL φj,φ
� �

∂nφ

0
@

1
Ads= 0 (7:36) 

Djj =
ð

φ2∂Λ✶
j

GC φj,φ
� �

ds=
ð
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� �
−GL φj,φ
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ds= − 1

κ2
Fjj −Bjj

 �
(7:37) 

7.3 Results and Discussion

7.3.1 Validation of Present Boundary Element Code

7.3.1.1 Lid-Driven Cavity Flow Problem

We consider pressure-driven Stokes flow passing through within a 2D unit square cav-

ity. The lid of the cavity is assumed to move steadily in the negative X-direction 

(Figure 7.3). The flow velocity on the boundaries is assumed to be zero.

We have presented a comparative analysis of our results in relation to previous 

investigations. In this light, we have presented the stream function ψð Þ plot against 

vertical axis (Y) at X = 0.5 to compare the present results with existing results [53–55] 

in Figure 7.4. Furthermore, the comparison of the U versus Y at X = 0.5 with existing 

studies [53, 54, 56], is shown in Figure 7.5. It is apparent from Figures 7.4 and 7.5 that 

our results are in very good agreement with the existing investigation. This validation 

indicates that the present BEM code is precise as well as reliable.
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Figure 7.3: Schematic of lid-driven cavity.
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7.3.1.2 Comparison of BEM Solution with Exact Solution of Stokes Flow Through 

Rectangular Channel

We assume a steady viscous incompressible Stokes flow passing through a horizontal 

parallel walled channel bounded by the walls Y = 0 and Y = 1. The no-penetration 

boundary conditions U 0ð Þ= 0, U 1ð Þ= 0 are applied on top and bottom horizontal 

boundaries, respectively. The assumed flow through rectangular channel is called 

plane-Poiseuille flow, whose analytic solution is given by:

U Yð Þ= 6 Y −Y2
 �

(7:38) 
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Figure 7.4: Comparison of ψ versus Y at X = 0.5 with existing literature [53–55].
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The comparison of computed BEM solution of the above-described Stokes flow with 

the exact solution is shown in Figure 7.6. We observe that computed BEM solution in 

a good agreement with compared analytic solution is given by eq. (7.38).This compari-

son gives the assurance about the precision of the BEM code. This section validates 

our BEM code, and we continue by analyzing the MHD Stokes flow inside a micro-

channel exhibiting surface roughness.

7.3.2 Hydrodynamic Model of MHD Stokes Flow Inside 

a Microchannel Featuring Wall Roughness

This study focuses on examining the hydrodynamic behavior of the proposed model 

by exploring factors, such as horizontal velocity Uð Þ, pressure gradients, and shear 

stresses. We assess the effects of varying dimensionless parameters, including the 

Hartmann number Hað Þ, the magnetic field inclination angle θð Þ, and slip length lsð Þ, 
while fixing the characteristic length of slip periodicity a= 0.5. For the computational 

purposes, the considered dimension of microchannel is−5≤X ≤ 5, 0≤Y ≤ 1. The verti-

cal cross-section X = −1.75 is selected to observe the dynamics of Stokes flow velocity 

Uð Þ in terms of vertical axis Yð Þ, as this cross-section possesses slip regions on both 

channel walls. For analyzing the variation of Stokes flow velocity Uð Þ and pressure 

gradient along horizontal axis, the cross-section Y = 0.5 is selected. Additionally, the 

shear stress distribution along the horizontal axis at the upper surface Y = 1ð Þ is stud-

ied comprehensively. Each scenario is evaluated for ls = 0.1 and 1.

0 0.2 0.4 0.6
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Analytic solution

BEM solution

0.8 1
0

0.5

1

U

1.5

Figure 7.6: Comparison of U versus Y at X = 0 determined using boundary  
element method with the exact solution.
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7.3.2.1 Effect of Hartmann Number Hað Þ

Here, we have discussed the impact of Ha on Stokes flow inside a microchannel with 

a= 0.5. To analyze the hydrodynamics of Stokes flow for varying Ha, we initially pres-

ent the streamline patterns corresponding to two distinct ls values at a fixed inclina-

tion angle θ= 0. From Figure 7.7, we observed that the contour plots of the streamline 

show qualitative identical nature for varying Ha with ls = 0.1 and 1, respectively. It is 

found that for fixed Hartmann number (Ha), The streamlines in the slip regimes are 

more closer for ls = 1 in comparison to the case when ls = 0.1. During an increase in 

slip length, the velocity gradient near the wall reduces, resulting in a more equally 

distributed velocity over the width of the channel. As a result, the flow lines next to 

the wall are pushed toward the wall due to the higher velocity of the fluid in close 

contact to the wall.

For knowing more in detail about the hydrodynamics, the U versus Y at X = −1:7
(slip regime) with θ= 0 and a= 0.5 is presented in Figure 7.8. As the Ha increases, a 

reduction in U velocity at the center and an increase near the boundaries can be ob-

served in Figure 8.8. The reduction in velocity at the center can be explained by the 

increase in the Ha parameter, which corresponds to a stronger magnetic field. This 

decrease in U velocity is caused by the Lorentz force, which induces drag in the 

Stokes flow. Consequently, the increase in fluid velocity near the walls is due to the 

constant volumetric flow rate across the channel. Furthermore, for fixed Ha value, 

the U velocity shows less value at the center and significant values near the bound-

aries when ls = 1 instead of ls = 0.1 (Figure 7.8). Increasing the slip length lsð Þ dimin-

ishes the impact of the no-slip boundary effect on the walls, enabling more substantial 

velocities closer to the walls and due to the constant volumetric flow rate, the velocity 

at the center decreases. One interesting noteworthy observation from Figure 7.8(a)

and (b) is that for Y = 0.25 and Y = 0.75, the U velocity remains same for varying Ha

values corresponding to considered ls values. This happens due to the existence of the 

boundary layer formation near the walls of the channel.

Subsequently, for the constant parameters θ= 0, a= 0.5, Figure 7.9(a) and (b)

shows the U velocity against X-axis at Y = 0.5 for varying Ha values with ls = 0.1 and 1, 

respectively. Here, a= 0.5 lead to behave the U velocity like a wave type profile. The U

velocity reduces with enhancing Ha values. This behavior again is the consequence 

of Lorentz force. Furthermore, it is noticed that U velocity shows high values at the 

regimes that are occupied with no-penetration boundary condition in comparison to 

the Navier’s slip boundary condition. This is due to the principle of mass conserva-

tion. Applying the no-penetration boundary condition results in zero velocity at the 

walls, unlike the slip condition. Due to the fluid’s incompressibility, the velocity fur-

ther from the wall is higher in the no-slip case to maintain a constant mass flow rate. 

Moreover, corresponding to fixed Hartmann number Hað Þ, the U velocity decreases 

at the cross-section that is occupied with slip boundary condition when ls enhanced 

from 0.1 to 1 (Figure 7.9). As ls = 1 results in a high boundary velocity, the velocity at 
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the centerline must be lower to satisfy the principle of mass conservation. Whereas, 

there is no variability in flow velocity Uð Þ at no-slip regimes corresponding to the 

change in Hartmann number Hað Þ when ls vary from 0.1 to 1 because the no- 

penetration regimes remain unaffected by the changes in ls.

Next, the pressure gradient along the X-direction at Y = 0.5 for varying Ha values 

with distinct slip lengths lsð Þ and θ= 0, a= 0.5 is illustrated in Figure 7.10. The pressure 

gradient increases through the entire cross-section with decreasing Hartmann num-

ber Hað Þ at both the specified regimes, i.e., Navier’s slip and no-penetration regimes, 

respectively. Decreasing the Hartmann number Hað Þ results in reducing the strength 

of the magnetic field, allowing the viscous fluid to flow without resistance, and conse-

quently increasing the pressure gradient. Additionally, it is found that pressure gradi-

ent shows the high values at the cross-sections that are occupied with no-penetration 

boundary condition in comparison with that of Navier’s slip boundary condition. 
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Figure 7.8: U versus Y at X = 1.7 (slip regime) for different Ha values with að Þls = 0.1, bð Þls = 1, and θ= 0, 
a= 0.5.
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Moreover, it can be noticed from Figure 7.10(a) and (b) that pressure gradient gets 

reduced with enhanced ls values from 0.1 to 1 corresponding to the fixed Hartmann 

number Hað Þ. However, for a fixed Ha, the pressure gradient remains unchanged in 

the no-penetration regime despite variations in ls values, as this regime is not influ-

enced by changes in ls.

We now analyze the behavior of the shear stress distribution of MHD Stokes flow 

along top boundary Y = 1 of the microchannel in terms of X for distinct Ha values with 

two distinct slip lengths ðlsÞ with a= 0.5 and θ= 0, as shown in Figure 7.11. The shear 

stress increasing with Ha through the entire cross-section in both the described cases for 

small and large ls values, respectively. As the Hartmann number ðHaÞ increases, the mag-

netic damping effect strengthens, resulting in higher shear stress. In the slip regimes, the 

shear stress depends on the Hartmann number when ls = 0.1, but for larger slip lengths 

ðls = 1Þ, it becomes independent and approaches zero due to decreased friction at the 

wall. Furthermore, at the transition points, where the slip regime changes to the no-slip 

regime and vice versa, the shear stress is higher when ls = 1 compared to ls = 0.1.

7.3.2.2 Influence of Inclination Angle (θ) of Magnetic Field

This section examines how the inclination angle ðθÞ influences Stokes flow in a micro-

channel with wall roughness periodicity set to a= 0.5. The inclination angle ranges 

from 0 to π=3, while the magnetic field strength is fixed at Ha= 4. Figure 7.12(a) and (b)

presents streamline contour plots for different angles ðθÞ corresponding to ls = 0.1 and 

ls = 1, respectively. The streamline patterns exhibit a qualitatively similar trend across 

the range of inclination angles for each slip length lsð Þ. Notably, when the slip length is 

higher ls = 1ð Þ, the streamlines are positioned closer to the microchannel walls com-

pared to the case of lower slip length ls = 0.1ð Þ.
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To understand the hydrodynamics of the considered viscous flow, Figures 7.13 and 7.14

display flow velocity ðUÞ against Y and X at X = − 1:7 and Y = 0.5 for varying θ under 

different ls values while keeping Ha= 4, and a= 0.5 constant. The figures demonstrate 

that the fluid velocity ðUÞ rises with rising angle ðθÞ. This is because, at θ= 0, the mag-

netic field acts transversely to the flow direction, causing maximum drag created due 

to Lorentz force. Additionally, as the inclination angle ðθÞ increases, the magnetic resis-

tance decreases, allowing the flow velocity to rise. Furthermore, Figure 7.13(a) and (b)

indicates drop in U velocity decreases close to walls as angle ðθÞ increases, which is a 

consequence of maintaining a constant volumetric flux throughout the microchannel. 

Furthermore, the fluid velocity ðUÞ reduces with rising slip length ðlsÞ within the slip 

regimes at a fixed inclination angle ðθÞ. Larger slip lengths reduce boundary friction, 

allowing greater slip at the surface and resulting in a lower velocity gradient near the 

walls and a decreased overall velocity profile. In the no-slip regions, however, the U

velocity remains constant regardless of variations in slip length for a fixed magnetic 

field inclination angle.
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Figure 7.15 displays the pressure gradient along the X-axis at Y = 0.5 for different inclina-

tion angles ðθÞ of magnetic field, ranging from 0 to π=3, with ls = 0.1 and 1, and a constant 

Hartmann number Ha= 4. From this figure, it is evident that an increased inclination 

angle enhances the pressure gradient due to the reduced influence of the Lorentz force at 

higher angles, which decreases the fluid’s resistance to motion and, consequently, in-

creases the pressure gradient. Furthermore, the pressure gradient is more pronounced in 

the no-slip regions than in the slip regions for any given inclination angle. Within the slip 

regimes, it is also observed that as ls increases, the pressure gradient approaches zero. 

This behavior occurs because ls = 1 minimizes the frictional resistance at the boundary, 

allowing the pressure gradient to decrease significantly.

Figure 7.16 depicts the shear stress against X-axis along Y = 1 for varying the angle 

ðθÞ with two distinct ls values and Ha= 4. The results indicate that the shear stress 

decreases as the inclination angle increases due to reduced velocity gradients near 

the walls. Moreover, the shear stress reaches its peak at the transition points, where 
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Navier’s slip and no-penetration conditions overlap, with higher values for a larger 

slip length ðls = 0.1Þ compared to a smaller one ðls = 0.1Þ. From Figure 7.16(a) and (b), it 

is also observed that in the slip regions, the shear stress varies with the inclination 

angle for ls = 0.1, while it remains constant for ls = 0.1. This occurs because smaller slip 

lengths intensify the boundary effects on the flow, while larger slip lengths reduce 

these effects, rendering the shear stress invariant to changes in the magnetic field’s 

inclination angle.

7.4 Conclusion

To advance the design of microfluidic and lab-on-a-chip devices, the current hydrody-

namic model examines 2D Stokes flow at a low Reynolds number within a microchan-

nel. The channel features periodic surface roughness on its horizontal walls and is 

influenced by an externally applied inclined magnetic field. The surface roughness is 

modeled using Navier’s slip boundary condition in an alternating manner. Numerical 

results obtained using the BEM, as discussed in the previous section, reveal that the 

dimensionless flow parameters significantly affect the flow dynamics. The key find-

ings of the present investigation are as follows:

– Increasing Hartmann number led to reduce the flow velocity due to the conse-

quence of more counteract force called Lorentz force that opposes the flow.

– Increasing inclination angle of magnetic field gives rise to flow velocity ðUÞ be-

cause when angle of magnetic field is non-zero, the flow velocity experiences less 

drag in contrast to the case when inclination angle of magnetic field is zero.

– Increasing slip length led to reduce the flow velocity ðUÞ at the slip regimes. 

Using slip conditions and magnetic fields to manipulate Stokes flow in microchan-

nels may be crucial for designing lab-on-a-chip devices for cellular analysis or 

blood sorting, where precise control over flow is required.

– There exist distinct Y-values for which the flow velocity ðUÞ becomes independent 

for varying the considered dimensionless flow parameters. The boundary layers’ for-

mation in the viscous flow near the boundaries explains this phenomenon.

– Increasing slip length and Hartmann number led to decrease the pressure gradi-

ent, while increasing inclination angle of magnetic field increases the pressure 

gradient.

– Increasing Hartmann number gives rise to shear stress, whereas increasing incli-

nation angle of magnetic field decreases the shear stress. Furthermore, the shear 

stress becomes independent for increasing the slip lengths at the slip regime and 

approaches to zero, because at the large slip length, there is no practical resis-

tance to the flow, so that, the shear stress near the walls tends to zero. Apart from 

this, it is noticed that the shear stress shows significant values at the points 

where the Navier’s slip and no-penetration boundary conditions overlap.
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Chapter 8 
A Study of Approximation Techniques Used 
to Solve Queueing Models Arise in Optimizing 
Complex Engineering Systems

Abstract: Queueing theory provides efficient tools for modeling and analyzing the com-

plicated structures for optimum utilization of resources. The mathematical models we 

develop to describe real-world situations are essentially idealized constructs and it is 

important not to become overly attached to them if we are truly seeking practical solu-

tions. In recent years, methods for determining approximate or bounding behavior for 

queues have quickly emerged to address real-world scenarios. As approximation meth-

ods are computationally efficient, they provide computational convenience for practi-

tioner. Moreover, simple expressions derived using approximation methods provide 

insight to practitioner in evaluating alternative operating design, in resource allocation, 

or in optimization, and are acceptable over crude exact mathematical models. This 

chapter reviews several widely used approximation techniques, including transform 

approximation, discrete approximation, fluid approximation, diffusion process approxi-

mation, heavy traffic approximation, as well as the application of numerical and simu-

lation-based approaches. Case studies from various engineering domains illustrate how 

these approximation techniques can be effectively applied to improve system perfor-

mance, minimize delays, and reduce costs. 
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8.1 Introduction

Congestion situations arising out in the networks of telecommunications, computer, 

transportation, and production, not only affect the quality of the service, but also 

wastes a lot of precious resources. Therefore, it is essential to study queues and find 

optimum solutions. Fortunately, queues are not problems without solutions and queue-

ing theory provides efficient tools for modeling and analyzing queueing problems.

The importance of queueing theory lies not only in its applicability to real-life 

problems with its computationally tractable procedures but also in elegance and com-

pleteness of the underlying stochastic models and mathematics. But we encounter the 

fact that the real-life queueing problems rarely follow the assumptions of mathemati-

cal construction. On the contrary, queueing theory is rather complicated and exact 

findings are difficult to obtain. Furthermore, sometimes in the simpler systems where 

exact results can be found, their form is sometimes so complex, that it renders them 

ineffectual for practical applications. In such situations, applying approximation 

method, we can have alternative solutions. A variety of approximation approaches 

have been developed over time to solve queueing model difficulties.

Kobayashi [18] simplified queueing models by introducing vector-valued Wiener 

process under some suitable boundary conditions. He found approximate answer to 

the joint distribution of length of general network queues. Bhat and Shalaby [1] sug-

gested that approximation methods are more suitable in some of the complex queue-

ing model cases. He also notified that more than one approximation technique can be 

used to obtain the complete solution. His paper was characterized with emphasize on 

validation of the approximate results. Protopapas [2] analyzed computer systems 

using finite queueing approximation techniques. He proposed approximate results of 

response time of M/G/1/N and GI/G/1/N queues for their application in realistic models. 

Kaufman [3] pointed the reduced approximation technique for priority queues. He fo-

cused upon the condition of this technique and figure out its accuracy and applicabil-

ity. Ibe et al. [19] developed the approximation method for evaluating parameters for 

a class of queueing system that does not need enumeration of state space and linear 

equations. He also presented validation of the results by approximation methods over 

exact solution. Ackroyd [4] developed approximate recursion formula for the proba-

bility of delays and the mean delays of nth arrival of G/G/1 queues. Yang and Lipsky 

[5] discovered that the approximations of queueing models can be done with the dif-

ferential coefficients and probability density function. He also verified the accuracy 

of approximations by detailed example. Dallery [6] analyzed approximately open 

queueing network with general time distribution. He derived performance parame-

ters of an open queue model through its equivalent closed queueing network and 

compared the results with the classical aggregation technique. Whitt [17] found con-

gestion measures of queueing models approximately based on first two moments. He 

provided the solution for complicated irregular flow systems for which analytic solu-

tion is not available. To find the approximation of delay probability of M/G/s queue 
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model where “s” is very small, Kimura [7] mentioned asymptotic properties of delay 

probabilities with mean waiting time. Glynn [8] highlighted positive features of using 

diffusion approximations for queueing models. Harris and Marchal [9] estimated 

probability distribution using Laplace transform approximation. He involved phase- 

type Coxian distribution or hyperexponential distribution for the situations where 

exact solution is inadequate to apply. Kurasugia and Kino [10] obtained performance 

measures by applying extended flow equivalent method in two-layered queueing 

model with limited capacity. Shortle et al. [11] suggested algorithm for steady-state prob-

abilities for M/G/1 queues by approximating Laplace transform. MoghimiHadji and 

Aydin [12] analyzed performance measures of GI/M/1 queueing system utilizing first 

three moments of arrival distributions. Sani and Daman [13] studied the queueing sys-

tems with heavy traffic of customers and suggested the favorable conditions of diffu-

sion approximations. Deepak [14] tried to cover up gap between theoretical queueing 

models and realistic situations by simulation. Dai and Yanhua [15] examined a queueing 

network characterizes with ON/OFF sourced and suggested explicit solution for heavy 

traffic situation using fractional Brownian motion. Here, we aim to give a summary of 

various methods and talk about their relative advantages and limitations.

8.2 Approximation Techniques for Queueing Models

8.2.1 Transform Approximation

In engineering systems, particularly when optimizing complex systems, such as commu-

nication networks, manufacturing lines, data centers, and cloud computing, queueing 

models are critical in understanding and improving performance, such as throughput, 

waiting times, and resource utilization. However, when these systems become highly 

complex or involve heavy-tailed distributions, exact solutions for queueing models are 

often difficult to obtain. This is where transform approximation techniques are used to 

simplify and solve queueing models efficiently.

This technique transforms difficult-to-analyze models into forms that are more 

manageable or approximate solutions. Here, we shall discuss some common trans-

form approximation techniques that can be applied to solve queueing models to opti-

mize complex engineering systems.

8.2.1.1 Laplace Transform Approximation

The Laplace transform is commonly used to convert time-domain functions (e.g., waiting 

times, service times, or arrival rates) into the complex frequency domain. This transform 

helps to simplify the differential equations or probability distribution functions associated 
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with queueing systems. A difficulty with analyzing queues with this distribution is 

that arrival and service distributions are heavy tailed (e.g., internet-type queues) 

and in general does not have closed form Laplace transform. The proposed trans-

form by Harris and Marchal [9] overcomes this by numerically approximating the 

transform. The basic idea is to approximate the Laplace transform of the service 

time B✶ Sð Þ=
ð∞

0

e−sxdF xð Þ with a finite sum:

B✶ Sð Þ≈ B̂✶ Sð Þ≡ 1

N

XN

i=1
e−sxi 

where the points xi are evenly spaced quantities of cumulative distribution function 

F. In particular, instead of choosing evenly spaced quantities, arbitrary selection of 

quantities can be allowed, i.e.,

1. Choose a set of N quantities ti, where all ti lies between 0 and 1

2. Find xi such that FðxiÞ= ti

3. For each point xi, assigning the probability Pi = ti+1 − ti−1
2
, i= 2, 3, . . ., N − 1

P1 =
t1 + t2

2
, PN = 1− tN−1 − tN

2 

The idea is to assign xi, half of the probability between the points to the left and 

right of xi. The second equation gives a slight expectation at the boundaries 

where the leftover probability near 0 and infinity must be counted.

4. Then, approximate Laplace transform of the service time with B̂✶ Sð Þ≡
PN

i=1 pie
−sxi

The advantage of the general method is that xi points can be picked (or equidis-

tance quintile’s yi), which are further out in the tail of the distribution.

8.2.1.1.1 Application

– Well-known formula for analyzing the waiting time of an M/G/I queue

Wq
✶ Sð Þ=

ð∞

0

e−stP Wq ≤ t
 �

dt= 1− ρð Þs
s− λ 1−B✶ Sð Þð Þ

where B✶ Sð Þ is the Laplace transform of the service time, ρ is the offered load, and λ

is the arrival rate. Generally, one plugs in the Laplace transform of the service times, 

then inverts Wq
✶ Sð Þ to get the waiting time distribution. When the service time distri-

bution of Pareto or Weibull or lognormal, B✶ Sð Þ does not exist in the closed form, 

then this approximation for B✶ Sð Þ can be used. Then, Wq
✶ Sð Þ must be inverted nu-

merically, which accomplished using Fourier method.

Hence, transform approximation method has significant potential in analyzing 

complicated queueing system involving heavy-tailed distribution.
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8.2.1.2 Fourier Transform and Frequency-Domain Approximations

The Fourier transform is another powerful tool used to analyze systems in the fre-

quency domain particularly in signal processing and network traffic analysis. It al-

lows engineers to assess the frequency components of queueing behavior, such as 

cyclic variations in traffic patterns. Optimization can be achieved by adjusting net-

work protocols, buffer sizes, or scheduling algorithms based on these frequency- 

domain characteristics. In queueing theory, the Fourier transform helps to approxi-

mate the spectral properties of traffic flows (such as burstiness) and their impact on 

system performance.

8.2.1.2.1 Application

– Traffic Modeling: In communication networks (such as packet-switching systems), 

queueing models often involve analyzing bursty traffic that exhibits long-range 

dependence or self-similarity. The Fourier transform is applied to study the 

power spectral density of traffic. The approximation of the traffic spectrum helps 

in understanding how bursty or irregular traffic patterns impact network conges-

tion and delays.

– Approximation of System Performance: The Fourier series expansion or Four-

ier transform can approximate complex signals or arrival processes, especially in 

non-Markovian queueing models where the arrivals might follow heavy-tailed 

distributions.

8.2.1.3 Z-Transform in Discrete-Time Queueing Models

The Z-transform is used for modeling and analyzing discrete-time queueing systems, 

which are commonly found in digital systems, telecommunications, and data process-

ing systems. It is especially useful when analyzing systems where the events occur in 

discrete time intervals, such as packet arrivals in a network or task execution in com-

puter systems. Performance metrics, such as queue lengths and waiting times, can be 

approximated and optimized using the Z-transform to model systems under high traf-

fic or bursty arrival processes. By adjusting buffer sizes and service rates based on 

the Z-domain approximation, system performance can be improved, minimizing de-

lays, and packet losses.

8.2.1.3.1 Application

– M/G/1 Queueing Systems in Discrete Time: In cases where the system operates 

in discrete time (e.g., batch arrivals in data systems), the Z-transform is applied to 

transform the time-domain difference equations into the Z-domain for easier 
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analysis. This approach allows engineers to study system stability, utilization, and 

throughput in systems with heavy traffic.

– Finite-Buffer Systems: In systems with finite buffers like those found in telecom-

munications or data centers, Z-transform is used to approximate the probability 

of overflow or queue length when the system is under heavy load.

8.2.2 Discrete Approximation

Discrete approximation is an effort for establishing exact results of the approximation 

of original models in place of finding approximate answers original models. For estab-

lishing discrete approximation results in G/G/1 queue purposefully first equation of 

motion are distorted and then reformulated in a way that allows the equations of the 

system to get solve. The key approach is to change the distribution of input [A(t) and 

B(x)], so that, the elementary recurrence relation allows for a direct analytic solution 

of the distribution of waiting time:

wn+1 = max O,wn + un½ �

un = xn − tn+1 

where Xn is the amount of service that nth customer demands, tn +1 is the time interval 

between the arrival of nth demand and (n+1)th demand.

The equation can be applied iteratively when the interarrival and services time are 

both discrete random variables and occurs at instant kτ (k = 0, 1, 2, . . .). Here, τ repre-

sents basic time unit. To solve this kind of linear difference equations, Z-transform ap-

proach can be used.

But when random variables are continuous, then for the discrete approximation, 

it is desired to consider continuous distribution as a finite number of discontinuities, 

then discrete approximation is applied to equate original distribution’s moments as 

possible, starting with the first moment and going upward.

8.2.2.1 Application

– Discrete approximations of queueing models are crucial for analyzing and optimiz-

ing systems in discrete time intervals. Using tools like Markov chains, discrete 

event simulation, and performance analysis, engineers can model and predict the 

behavior of queues in real-world systems, such as computer networks, manufactur-

ing lines, and service systems. These models help optimize resource allocation, min-

imize delays, and improve system efficiency.
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8.2.3 The Fluid Approximation

The fluid approximation of a queueing model is an analytical technique that simpli-

fies the analysis of complex discrete-event queueing systems by approximating them 

with continuous systems. This method is especially useful in systems with a large 

number of customers or entities, where exact solutions for discrete models may be 

too complex or computationally expensive to obtain. Queueing theory is primarily fix-

ated on pleasant outcome, even in the initial bounds and inequalities only equilib-

rium conditions have to be applied. In fluid approximation, queueing models are con-

sidered as continuous flow of arrivals instead of discrete customer flow.

For every queueing model, the size of customers and the unfinished services both 

as the time function are stochastic processes with discontinuities. If the system is in 

heavy traffic state, then it is justifiable to substitute these discontinuities by regular 

continuous time functions. In fluid approximation, the discontinuities magnitude 

must be small compared to average value of these functions and this approximation 

deals with a case of small relative increments.

In the basic stochastic processes, the arrival and departure processes of queues 

are defined as follows:

α tð Þ represents the number of arrival in (o, t)

δ tð Þ represents the number of departure in (o, t)

A step-wise increasing process in fluid approximation is depicted in Figure 8.1.

At any instant of time, the number of customers present in the system is N tð Þ= α tð Þ
− δ tð Þ, N 0ð Þ= 0½ �. When α tð Þ gets large compared to 1, then its expected only small 

percentage deviations from its average value E α tð Þ½ � is approximately equivalent to 

�α tð Þ. Applying law of large numbers, we have limn!∞
α tð Þ− α− tð Þ

�α tð Þ = 0 with probability 1. 

Time
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Figure 8.1: Stochastic process in fluid approximation.
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This indicates that approximation of the first order to the stochastic process is to replace 

it with its mean value as a function of time. Therefore, if one assumes that N 0ð Þ= 0, the 

fluid approximation proposes that at time t, the number of customers in the system 

should be given by

N tð Þ= �α tð Þ− �δ tð Þ

8.2.3.1 Application

The fluid approximation is a powerful tool for simplifying the analysis of complex 

queueing systems, particularly in large-scale or continuous systems. By approximating 

discrete processes as continuous flows, it allows for the use of differential equations to 

model system dynamics, making the analysis more tractable and providing valuable in-

sights into system performance. However, the method may not be suitable for small or 

highly variable systems where discrete-event models are more appropriate

8.2.4 Diffusion Process Approximation

A diffusion process is a type of continuous stochastic process that describes how the 

system evolves over time. The most common diffusion process used in queueing the-

ory is the Brownian motion or Wiener process, which is characterized by continuous 

paths and has increments that are normally distributed.

The idea is that to scale the parameters of a queueing system (like the arrival rate 

and service rate), the system can be approximated as a continuous process that is eas-

ier to analyze than discrete models.

In the diffusion process, approximation is improved by permitting arrival process 

α tð Þ and departure process δ tð Þ to have deviations about mean, by allowing the var-

iances σ2
α tð Þ and σ2

δ tð Þ for the arrival and departure processes, respectively. The fluctu-

ations about the mean of process are represented by normal (Gaussian) distribution, 

because probability that α tð Þ≥ n is similar to the customer Cn reach at time τn that is 

at or prior to t, i.e.,

P α tð Þ≥ n½ �= P τn ≤ t½ �

The time of arrival Cn is just the summation of n interarrival times, i.e., τn = t1 +
t2 + � � � + tn, where τ0 is assumed to be zero for G/G/1, the set {ti} is assumed as an 

independent identically distributed (IID) set of random variables. As the time t and 

the number n increase, τn becomes the summation of a large number of random vari-

ables that are independent and identically distributed. So, central limit theorem can 

be applied to model the random variable τn and random process α tð Þ as Gaussian 
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functions. This normality assumption of α tð Þ{and of δ tð Þ} is the foundation of diffu-

sion approximation.

Diffusion approximation conceals the discreteness of the arrival and departure 

processes like a normal random process. However, when N(t) is significantly greater 

than 1, this approximation is useful.

The diffusion equation (partial differential equations) for probability distribution 

function of N(t) is referred as follows:

− ∂f

∂t
=m x, tð Þ ∂F

∂x
+ 1

2
σ2 x, tð Þ ∂2F

∂x2 

and

∂f

∂t
=− ∂

∂w
m w, tð Þf½ �+ ∂2

∂w2
σ2 w, tð Þf
� �

where

1. F = F x, t;y, τð Þ =Δ P x τð Þ≤ yjx tð Þ= x½ � f or t< τ

That is, the probability that the diffusion process has a value less than or equal to ≤ y

at τ, when at time t, it had the value x. This (time-dependent) transition probability 

follows Chapman-Kolmogorov equation: F x, t;y, τð Þ=
Ð∞

−∞
F w, u;y, τð ÞdwF x, t;w, uð Þ

where t< u< τ.
2. f is defined as f x, t;y, τð Þ =Δ ∂F x, t;y, τð Þ

∂y
.

This density f also satisfies the Chapman-Kolmogorov equations: 

i.e., f x, t;y, τð Þ
Ð∞

−∞
f w, u; y, τð Þf x, t;w, uð Þdw, where t< u< τ. 

3. m x, tð Þ =Δ ∂M x, t;τð Þ
∂τ

j
τ=t′ σ2 x, tð Þ =Δ ∂V x, t;τð Þ

∂τ
jτ=t

M x, t; τð Þ (conditional mean) =Δ E x τð ÞjX tð Þ= x½ �
σ2 x, t;τð Þ (conditional variance) =Δ E x τð Þ−M x, t; τð Þf g2jX tð Þ= x

h i

8.2.4.1 Application

In queueing theory, the diffusion process serves as a powerful approximation tool, 

particularly in large or heavy traffic systems. By treating the system’s behavior as a 

continuous process, we can leverage powerful mathematical tools to analyze and un-

derstand the system’s performance more efficiently.

8.2.5 The Rush-Hour Approximation

The rush-hour approximation is a concept used in queueing theory to describe the 

behavior of queueing systems during periods of high traffic, such as rush hours. This 

approximation is often applied to model systems under heavy load where the arrival 

rates are high and the system is under stress, leading to long waiting times, queue 
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buildup, and high utilization. It is a simplification that helps to analyze systems dur-

ing peak demand times.

When ρ < 1, an equilibrium distribution exists but most interesting queueing sys-

tems are not stationary. Rush-hour approximation is the study of quasi-stationary sit-

uation where queueing behavior lies in the categories of extreme cases. It is assumed 

particularly that infinitely small mean and variance are function of only t, but not of 

w, then Fokker-Planck equation is given as follows:

∂f

∂t
=−m tð Þ ∂f

∂w
+ σ2 tð Þ

2

∂2f

∂w2
where m w, tð Þ=m tð Þ

and σ2 w, tð Þ= σ2 tð Þ has been taken. If suppose m tð Þ< 0 (i.e., departure rate can sus-

tain arrival rate) and let deviations in this very small mean is slow in comparison to 

σ tð Þ=m tð Þ½ �2 the relaxation time of system, then waiting times and queues are likely to 

have this slow variance, so that, for a small number of relaxation times, the system 

will look stationary, such situation is referred as quasi-stationary. For the unfinished 

work, quasi-stationary distribution is given as follows:

F w, tð Þ= 1− e2m tð Þw=σ2 tð Þ; w≥ 0 (8:1) 

This is the previous equilibrium solution’s natural extension.

m tð Þ λ tð Þ
μ tð Þ

� �
− 1, σ2 tð Þ= λ tð Þ�x2 tð Þ

The second moment of the service time distribution at any time t is shown by �x2 tð Þ. If 
no notable changes in the waiting time occur, quasi-stationary result will hold. Hence, 

quasi-stationary becomes:

d�U tð Þ
dt

���
��� relaxation timeð Þ

�U tð Þ � 1 (8:2) 

where �U tð Þ is the average work not finished at time t. From eq. (8.1):

U tð Þ= − σ2 tð Þ
2m tð Þ

Hence, condition becomes 2σðtÞ dσðtÞ
dt
− σ2ðtÞ

mðtÞ
dmðtÞ

dt

���
���½m2ðtÞ�−1 � 1

The most interesting observation is when ρ tð Þ is near to 1 i.e., m tð Þnear to zero½ �, 
then first term is generally insignificant in comparison to other, the condition thus 

becomes 
σ2 tð Þ

1− ρ tð Þ½ �3
dρ tð Þ

dt

���
���≤ 1.

Hence, if the time variations are small and slow, quasi-stationary solution will 

closely approximate the waiting time distribution in the situation ρ tð Þ< 1, but as ρ ap-

proaches and subsequently may exceed 1, real waiting time cannot increase as quickly 
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as quasi-stationary solution would indicate and for stable queueing models, mostly 

the delays arise because of the stochastic effects of fluctuations in the arrival and ser-

vice patterns. In this case, fluid approximation plays an important role.

This gives good understanding of behavior of the waiting time at extremes of ρ tð Þ.

8.2.4.1 Application

The rush-hour approximation provides a practical framework for analyzing queueing 

systems under high demand or peak conditions. It focuses on simplifying the analysis 

by assuming the system is heavily loaded, allowing for approximations of key metrics 

like queue length, waiting time, and system utilization. These approximations help 

system designers and operators optimize performance during critical periods of de-

mand, ensuring efficient resource allocation and minimizing delays during peak 

times.

8.2.6 Heavy Traffic Approximation

This approximation simplifies the mathematical treatment of complex queueing mod-

els by focusing on the behavior of the system when it is under stress, i.e., when the 

system is almost at capacity. It indicates some interesting limit results and inequalities 

for G/G/I model in which traffic intensity is just barely less than 1 (1− 2 < ρ< 1).

For establishing limit results v tð Þ and W nð Þ, which are, respectively, virtual wait 

a customer would undergo if customer arrives at time t and actual waiting time of the 

nth customer are used to construct random sequences, which are then shown to sto-

chastically converge. Convergence theorems are then applied to obtain approximate 

distribution of the actual and virtual waits in queue of a customer and their averages.

For the G=G=1 model, the difference of the nth service and interarrival times is 

U nð Þ = S nð Þ − T nð Þ. The nth partial sum of U nð Þ� �
in Pn = Pn−1

i=0 U nð Þ.

Let the mean and variance of the IID U nð Þ� �
be − α and β2

, respectively. Then the 

expectation of P nð Þ is −nα and variance nβ2. In heavy traffic case, α should be small. 

Using central limit theorem for IID random variables, to sequence P nð Þ� �

Yn ≡
P nð Þ + nαffiffiffiffiffiffi

nβ
p ! N 0, 1ð Þ

Using asymptotic normality of Y
n′ Laplace transform of W

nð Þ
q for large n, it is given 

approximately by W✶q Sð Þ= 1+ β2S=2α
 �−1

when α=β is small.

Therefore, it can be deduced that line decay is negative exponential with mean.
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β2S

2α
= − 1

2

Var U

E Uð Þ =
1

2

Var service times½ � + Var interarrival times½ �
1
μ
− 1

λ 

This provides an approximation for the waiting time distribution around large wait-

ing periods for ρ ffi 1:

WH
q =−

1

2

Var Uð Þ
E Uð Þ

) WH
q =

1

2

Var service times½ � + Var interarrival times½ �
1
μ
− 1

λ 

8.2.6.1 Application

The heavy traffic approximation is a powerful tool in queueing theory that simplifies 

the analysis of systems under peak load conditions. By approximating the system’s 

behavior using diffusion processes, heavy traffic approximations help estimate key 

performance metrics like waiting time, queue length, and system utilization when the 

system is operating near its capacity. This method is widely used in practical applica-

tions, such as telecommunications, transportation, call centers, and manufacturing, 

where understanding system behavior during high-demand periods is critical for opti-

mization and resource allocation.

8.2.7 Simulation Techniques

Simulation plays a crucial role in approximating queueing theory models, particularly 

when analytical solutions are impractical (Figure 8.2). It provides a powerful ap-

proach to study complex queueing systems where real-world constraints, such as var-

iable arrival patterns, multiple service stages, and priority-based scheduling make 

mathematical modeling difficult. By simulating queueing systems, it becomes possible 

to estimate key performance metrics, such as average waiting time, queue length, sys-

tem utilization, and customer loss probability.

One of the primary advantages of simulation is its ability to handle complexity. 

Unlike analytical methods that require simplifying assumptions, simulation can incor-

porate realistic elements, such as time-dependent arrivals, nonexponential service 

distributions, and customer behaviors like balking and reneging. This flexibility al-

lows for a more accurate representation of actual systems. Another key benefit is that 

simulation does not require closed-form solutions. Many queueing problems, espe-

cially those involving networks of queues or varying service disciplines, have no ex-

plicit mathematical solution. Simulation provides a viable alternative by generating 

approximate results through computational techniques. It also enables sensitivity 

156 Rachna Khurana et al.



analysis, where parameters such as arrival rates, service times, or the number of serv-

ers can be adjusted to observe their impact on system performance.

Visualization and experimentation are additional strengths of simulation. Modern 

simulation tools offer graphical representations of queueing systems, making it easier 

to identify bottlenecks, inefficiencies and potential improvements. Businesses and or-

ganizations can use simulation to test different operational strategies – such as adding 

more service stations or changing queue management policies – before implementing 

costly changes in real-world settings. Furthermore, simulation is a cost-effective deci-

sion-making tool. Instead of conducting expensive real-world experiments, businesses 

can use simulation to predict system behavior under various conditions. This helps in 

optimizing resource allocation, reducing waiting times, and improving overall service 

efficiency.

Finally, simulation can integrate real-world data to enhance accuracy. By incorporat-

ing empirical data, it ensures that the model reflects actual system dynamics rather 

than relying solely on theoretical assumptions. This makes it a valuable tool for vali-

dating queueing models and making informed operational decision.

Model should imitate the real system in as much detail as

possible or in as much detail as needed

System State may be Continuous or Discrete

Runs in real time, discrete or
continuous

Runs in simulated time
inside the simulator

Results from the Model

(Idealized, approximate)Level of Detail

Model Parameters

Real
System

Model

Figure 8.2: Simulation model of real system. 

(Copyright2002 [16]) 
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8.3 Conclusion

In this chapter, we explored various approximation techniques used to analyze and 

solve queueing models that arise in optimizing complex engineering systems. The 

study highlights the importance of selecting the right approximation method based on 

the system characteristics and performance metrics of interest. While approximations 

introduced some level of error are invaluable in decision-making, optimization, and 

real-time system analysis, particularly in telecommunications, manufacturing, health-

care, and computing networks.

Future research should focus on improving the accuracy and efficiency of ap-

proximation techniques, incorporating machine learning and hybrid modeling ap-

proaches for better adaptability in dynamic environments. Overall, approximation 

methods remain a cornerstone in queueing theory, enabling engineers to design and 

optimize complex systems effectively.
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Chapter 9 
Influence of Fluid Pressure in MEMS-Based 
Microfluidic Device Application: A Review

Abstract: Efficient pressure-sensing mechanism in microfluidic devices has great im-

portance for fluidic analysis in the microchannel. Precise fluid pressure analysis in a 

microfluidic channel can also give information about forces in a microchannel, which 

could be further used to indirectly examine particle expected trajectories in various 

phenomena, such as acoustophoresis, dielectrophoresis, microstructure filtration, and 

other healthcare application. Currently, pressure-sensing and fluidic velocity inputs 

in the microchannel are accomplished using a syringe pump, which adds an extra 

cost and increases the size of the setup. Integrating pressure-sensing mechanisms in 

microfluidic devices is very much appreciable to overcome this problem and adds an 

extra feature for superior analysis. This review focused on various strategies and pos-

sible solutions for effective pressure-sensing methodology for appropriate application 

of microfluidic devices. The comparative study was carried out based on parameters, 

such as fluid pressure, aspect ratio (AR) of microchannel, flow rate, and material of 

the microfluidic channel. This chapter focused on possible fluid pressure-sensing 

mechanisms that could be employed along with microfluidic devices for further anal-

ysis of microentities for fluidic application. 

Keywords: microfluidic, pressure sensor, microchannel, laminar flow, flow rate

9.1 Introduction

Microfluidics has been heavily researched in the healthcare industry in the last few 

years. Microfluidics in the last decade has been highly involved in various applica-

tions, such as biomedical, optical sensors, thermal sensors, flexible sensors, touch 
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screens, and medical devices. The designed microfluidic systems consist of the width 

and height of the device between 100 nm and 100 µm [1]. Microfluidic applications are 

extensively handled in the territory of bio-MEMS (microelectromechanical system) 

[2], microreactors [3], pressure sensors [4], and microfuel cells [5]. Microchannel and 

sensors are essential components of the microfluidics system to evaluate fluid me-

chanical characteristics [6]. The parameter of microfluidic varies with surface rough-

ness of the channel, which can be expressed as a friction factor or friction coefficient. 

The size, shape, and material of the microchannel affect the characteristics of micro-

fluidic flow. Researchers analyzed microchannel designs and examined the character-

istics of channels for Newtonian and non-Newtonian fluid flow with a high surface 

area to volume ratio [7]. The researcher performed experiments to observe microflui-

dic characteristics, including viscosity, pressure at the inlet of a microchannel, fluid 

pressure, flow rate, and force. The Navier-Stokes equation is used to investigate the 

characteristics of laminar fluid flow in a microchannel. Mechanical properties of flu-

ids, such as fluid velocity and pressure in a microchannel, fluctuate throughout its 

length. Fluid flow in the microchannel exerts some pressure through the wall of the 

microchannel. The wall pressure amount depends on the fluidic nature, such as lami-

nar fluid flow, creeping flow, or turbulent fluid flow in the channel. The laminar fluid 

pressure value becomes more stable due to no more extended travel in layers and no 

mixing across the microchannel. At the same time, the creeping and turbulent flow 

speed is very high, and multilayer mixing with unstable speed or velocity. To under-

stand the properties of laminar microfluidic pressure in a microchannel, the designed 

process requires implementing an innovation or precise methodology to monitor 

fluid pressure inside the microchannel and control the fluid velocity.

The literature includes the methodology of laminar microfluidic pressure-sensing 

mechanisms for the development of microfluidic device applications to control fluid 

pressure by controlling other parameters of the fluid. The size of the microchannel is 

in micrometers and laminar fluid flows in a microchannel at a low fluid rate [7, 8]. 

The fluid pressure control in the microchannel is a crucial component for the detec-

tion of fluid velocity and other relevant parameters of fluid in a channel [9]. The liter-

ature study shows numerous mechanisms have been developed for the measurement 

of the pressure inside or across a microfluidic channel, such as piezoelectric[10], pie-

zoresistive[11], capacitive[12], and optical pressure sensors. The advancement of mi-

crofluidics research is extensively increasing; researchers try to integrate a microflui-

dic chip or lab-on-a-chip in a microchannel but problems detect integration in the 

microfluidic chip. The problem was the size of the MEMS pressure sensor in millime-

ter while the microchannel size was in micrometer, so that, it was challenging for re-

searchers to integrate a pressure sensor within a microchannel. The researcher gives 

several techniques to overcome such a type of problem and measure microfluidic 

pressure. The researcher investigated and designed an integrated gas pressure sensor 
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or a layer of pressure-sensitive paint () in a microchannel. In this research, monitor-

ing gaseous-liquid molecules with PSP is fascinating and provides an excellent overall 

pressure profile [13]. The chip-level market is experiencing significant growth in tech-

nology, and the demand for flexible and advanced devices in the biomedical industry 

is rising quickly. The market for microfluidic pressure sensors has grown as a result 

of its involvement in flexible and wearable applications [14]. The flexible pressure 

sensor utilized flexible material or conductive material, carbon nanotubes (CNTs), sili-

con nanowires, and certain liquids as well as nonviscous Galinstan indium material 

to measure the pressure of the fluid. The polydimethylsiloxane (PDMS)-based flexible 

microchannel was implanted in a vein to prevent tissue injury and was created for 

pacemaker heartbeat control devices [15].

Considering the above facts, this chapter aims to project an exhaustive review of 

the recent developments in microfluidic pressure-sensing mechanisms with the sup-

port of the literature focusing on geometrical parameters of device and sensing phys-

ics. This chapter is categorized into two broad pressure-sensing mechanisms: an ana-

lytical technique for pressure measurement and physics applied for fluid pressure 

sensing. This chapter discussed geometrical parameters of microchannel with its me-

chanical properties and analyzed the involved in detection of fluid properties. This 

chapter compared the experimental and simulation results from various research ar-

ticles to understand the microfluidic pressure-sensing process and also figured out 

the deviation in amount of measure parameters. Figure 9.1 shows the classification of 

the microfluidic pressure-sensing mechanism with its applications.

Figure 9.1: Classification of microfluidic pressure-sensing mechanism.
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9.2 Pressure-Sensing Role in Microfluidic Device

The fluid pressure sensing and controlling in the microchannel are main features for 

microfluidic device. The sensing of microfluidic pressure drops in a microchannel is 

quite different from a macroscale theory. It is difficult to measure microfluidic pres-

sure directly through any instrument. The microfluidic device has a component, i.e., 

microchannel where the fluid (laminar or creeping) is flowing. The microchannel is a 

component of a microfluidic device that is utilized in the application of biological sen-

sors, microreactors, chemical sensors, or any microfluidic sensor. The microchannel 

has various shapes for different types of application and the size of microchannel is 

in micrometer to millimeter. The measurement of fluid pressure in a microchannel 

has some steps that first determine the fluid flow pattern inside a microchannel. Gen-

erally, fluidic pressure with large amounts can be measured with gauges because it 

was the simplest approach, but it was incompatible with measuring microfluidic pres-

sure due to the small size of the channel. The researcher has challenge of designing a 

microfluidic pressure sensor to measure a sensible amount of fluid pressure variation 

in a microchannel. The technology by growing with years and researcher developed 

microfluidic sensor that converts physical energy or quantity energy into required en-

ergy or signal with the help of a microfluidic system [16] that measures the microfluid 

pressure. The researchers discovered different types of morphology to measure mi-

crofluidic pressure in microchannel, such as the capacitive method [17], piezoresis-

tive method [18], optical-sensing layer [19], deformation layer [20], and electrical re-

sistivity method [21]. These techniques are widely used to monitor microfluidic 

pressure value and other relevant parameters of fluid that can impact fluid flow in a 

microchannel. Transformation of technology gives a new direction of methodology 

and implements the deformation material-sensing process. MEMS and NEMS (nano-

electromechanical system) technology-based microfluidic devices come into focus 

with large-area applications in biomedical devices. MEMS-based microfluidic pres-

sure sensors have several advantages, such as low cost, lightweight, low power con-

sumption, and high accuracy through the MEMS device becomes easier and smaller 

in size. Integrated MEMS microfluidic pressure sensors also optimized properties of 

fluid-like sensitivity, temperature-dependent, linearity, and accuracy for the micro-

fluidic device. The above study shows the importance of the fluidic pressure profile 

in the main microchannel and branch microchannel. Controlling the fluid pressure 

in the microchannel is challenging for researchers and they try to control the fluid 

pressure, then such types of techniques are implemented in a wide range of health-

care applications. This chapter has discussed an analysis of microfluidic flow affected 

by the structural elements of the microchannel that includes the pressure-sensing 

mechanism review along with methods to regulate fluid pressure in the microchan-

nel. Additionally, a brief introduction of several microfluidic pressure-sensing techni-

ques with both simulation and experimentation results was utilized for fluidic pres-

sure measurement [22].
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9.3 Operating and Design Parameters for Pressure 

Sensing in Microfluidic Device

9.3.1 Aspect Ratio of Microchannel

An aspect ratio (AR) is a property of a microchannel that affects microfluidic pressure 

in the channel. AR value depends on the dimension or size and shape of any object, 

here the author discussed the importance of AR for various structures of microchan-

nel geometry and the effect of AR on pressure in microchannel. Mostly, microchannel 

design structures are rectangular, so that, the AR is defined in terms of height-to- 

width ratio. It becomes more challenging for a design engineer to design a stable 

structure with a stable AR. Microfluidic application requires an AR to be minimum, 

and to establish minimum requirements of AR for microchannel, the author suggests 

that the width and height range between approximately 30–100 and 0.1–0.5 µm, re-

spectively [23]. The researcher investigated the relationship between microchannel 

length and AR and it was found that the amount of AR increased with the reduction 

in the length of the microchannel. Similar to this, a correlation was established be-

tween AR and pressure drop. It was concluded that for a high value of the AR, the 

pressure value becomes low, and for a low value of the AR, the pressure value be-

comes high. It was found that in microfluidics application, AR value is required to be 

low, so that the fluid flows smoothly in the microchannel without any restriction [24].

9.3.2 Friction Coefficient of Microchannel Surface 

The friction coefficient in microfluidics is quite different from the macroscale the-

ory of fluid dynamics, as friction coefficients define the fluid flow resistance. Peng 

et al. give a theory for microfluidics friction coefficient in microchannel by compar-

ing macroscale theory. The author numerically investigates pressure driven in mi-

crochannel where electrical double layer (EDL) affects or influences the friction co-

efficient. Fluidic pressure was investigated in rectangular microchannel using the 

Poisson-Boltzmann and modified Navier-Stokes equations. The friction coefficient 

was calculated by electrokinetic theory and compared with EDL macroscale theory. 

Friction coefficients significantly change for the low electrolyte concentration at 

high electric potential. The friction coefficient is related to hydraulic diameter and 

found in the microchannel friction coefficient of liquid higher for low value of hy-

draulic diameter [25]. The friction factor is also calculated by roughness of micro-

channel or grooves available in microchannel that generate resistance for smooth 

fluid flow. Rawool et al. designed and examined numerical simulations of a 3D- 

serpentine microchannel for the effect of roughness with obstacles present in a mi-

crochannel. The study investigated fluid flow friction property where research 
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explained value of friction factor is increased in a nonlinear fashion with increment 

in the height of obstruction. An author also observed various shapes of obstruction 

and found that trapezoidal geometry gives minimum friction factor in comparison 

to rectangular and triangular obstructions. The research focused on the roughness 

pitch of the microchannel that affects fluid pressure, if the obstruction roughness 

pitch is increased, then the pressure drop value becomes decreased. The fluid prop-

erties vary with surface roughness and obstacles present in the microchannel at any 

position [26]. When fluid flows in the microchannel, the fluid flow resistance (in-

creased friction factor) increases, whereas the fluid flow rate decreases. Surface 

roughness is directly related to friction factor, and fluid friction factor is analyzed 

using Reynolds number. The obstacles in microchannel are defined in terms of 

grooves, which can be of any shape, such as regular or irregular. The fluid charac-

teristics for regular-shaped grooves, such as triangular, rectangle, or circular, pres-

ent in microchannel and simulated at fluid flow rate are shown in Figure 9.2. The 

blue zone shows the minimum fluid velocity rate, whereas the red zone shows the 

maximum fluid velocity rate. It concluded that the friction coefficient is an important 

operating design factor for the fluid flow in the microchannel at various aspects. In the 

research that includes microfluidics and microchannels, there is friction factor is physi-

cal parameters determination plays an important role.

9.3.3 Reynolds Number of Microchannels

Reynolds number is dimensionless; it is used to predict fluid flow patterns in various 

conditions. According to Reynolds number, fluid flow is divided into two categories. If 

Reynolds number is low, then the fluid flow type is laminar, while for high Reynolds 
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Figure 9.2: COMSOL-simulated schematic representation of microchannel with square grooves, 
rectangular grooves or obstacles, and circular grooves. The inlet pressure level is shown by the bar 
spectrum.
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number, it is creeping flow or turbulent flow. Reynolds number is a ratio of inertia to 

viscous force concerning the velocity of fluid. The low value of Reynolds number sig-

nifies viscous force that is dominant due to this fluid motion being precise, smooth, 

and constant, whereas the high value of Reynolds number signifies the inertial force 

that is dominant due to these producing eddies, vortices, and instability of fluid. Rey-

nolds number is defined as follows:

Re = ρUD
μ

(9:1) 

Reynolds number describes the characteristics of fluid density, velocity, and viscosity 

concerning the length of the microchannel. Newtonian fluid is viscous stress that 

shows linear behavior concerning fluid velocity. The Newtonian fluid flows and non- 

Newtonian fluid flows do not obey Newton’s law. The microfluidic flow in the micro-

channel is divided into two categories – laminar flow and creeping flow.

9.3.3.1 Laminar Flow

An identical orderly flow representing fluid flow is laminar or when fluid particles 

move in smooth layers, sliding over particles in adjacent laminar without mixing with 

them, as shown in Figure 9.3(a). The steady laminar fluid flow in the microchannel 

required static pressure, strictly axial, low Knudsen number, no slip at the wall, in-

compressible Newtonian fluid, constant viscosity, and negligible energy dissipation. 

Bahrami et al. designed a microchannel for measuring a pressure fully developed of 

incompressible laminar fluid flow. The study focused on geometrical parameters of 

cross-section and compared models with the experimental data of various research-

ers. The investigation of pressure drops in the microchannel is done for various 

shapes of the channel. The research found that all microchannels give maximum devi-

ation in pressure except the equilateral triangular microchannel [27]. Another study 

investigates the laminar behavior for viscosity or viscous flow in microchannel. The 

rate of laminar fluid flow is very low and the fluid pattern is straight in parallel 

stream with no mixing or overturning of motion layers. Between infinite parallel 

plates, the laminar flow offers an accurate solution for an incompressible constant 

viscous fluid. Gamrat et al. [28] examined the three different approaches for the influ-

ence of laminar due to the roughness in a microchannel. This chapter compared the 

investigated results experimentally and numerically for various types of roughness in 

microchannels. The three- (3D) and one-dimensional structures developed a variety of 

roughness in the microchannel that was investigated numerically and experimentally. 

The result found that the laminar flow in the microchannel is independent of the height 

of roughness in the microchannel [28]. In another experiment, Jiang et al. explored mi-

croscale cooling techniques for more efficient heat dissipation in microchannels. Jiang 
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calculated a value that affects the laminar fluid flow in the microchannel. The steady 

laminar flow in duct friction pressure loss is given by:

ΔP = FLρv
2

d2
(9:2) 

where F is the Darcy friction factor, L and d are the length and hydraulic diameter of 

duct, respectively, Ρ is the fluid density, and v is the mean velocity of ducts. The Darcy 

function of Reynolds number of the flow at relative surface roughness of the duct is 

defined as follows:

F = 8 τw

ρv2
= F Re, ε

d

� �
(9:3) 

where τw is the shear stress along the wall and ε is the wall roughness height.

This chapter investigated friction factor value in circular and noncircular micro-

channels and found that reducing the surface roughness cooled down the heat charac-

teristics. Reynolds number is the main component influencing laminar flow, however, 

several experiments also investigated the surface roughness and duct friction factors 

that affected the fluid flow [29]. Hrnjak and Tu [30] studied fully developed liquid and 

vapor flow through a rectangular microchannel with a hydraulic diameter that 

ranges from 69.5 to 304.7 µm and they reported their findings. Water flow via several 

geometries of microchannel cross-sections, including triangular, trapezoidal, and rect-

angular, has been widely studied and used in numerous applications. The researchers 

selected microchannel diameters ranging from 8 to 42 µm [31]. A study was conducted 

using five microchannels with an AR of 0.13–0.76. The author presumes a cross- 

section channel because the channel is planned with a fully developed flow. The lami-

nar fluid flow in the microchannel is affected by various factors of microchannel ge-

ometry and fluidic properties, so that, it is important to control the laminar fluid flow 

in the microchannel for significant result.

9.3.3.2 Creeping Flow

Stokes flow is also known as creeping flow, a fluid motion in which advection inertial 

force is small compared to viscous force. Creeping flow may occur in any fluid that 

has Reynolds number Re≪1 [32]. The creeping flow around moving bodies creating 

fluid resistance against a motion is known as drag. The steady incompressible creep-

ing flow is given by the following Navier-Stokes equation:

Hδ2v= Δ p✶ (9:4) 

Δ.V = 0 (9:5) 
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P✶ = p + ρ0Φ− effective pressure (9:6) 

Researchers design and investigate a microchannel with integrating micropillars, 

which compares mass transfer coefficient, thermal conductance, and surface area to 

volume ratio with micropillar microchannel. Such types of device applications are 

used in microheater, microreactor, micropumping, and microfilter.

Stagger micropillars are provided the same porosity as a square micropillar at a 

lower pressure drop in a creeping flow study using a designed array of micropillar 

cylinders integrated on a rectangular microchannel [33]. The Navier-Stokes equation 

is transformed into the Stokes equation for creeping flow due to the tiny channel 

size’s reduction in Reynolds number flow in a system. Through various experiments 

across a microchannel, the author determined the velocities of fluid and pressure 

drop in a microchannel. The Navier-Stokes equation, which computed velocity and 

pressure for several channels, was used to build the 3D orthogonal curvilinear model. 

The pressure exponential depends on the contraction parameter k, as the expansion- 

contraction parameter grew, the pressure drops increased [34]. The investigation of 

creeping flow in a microchannel with a micropost in an aligned and staggered ar-

rangement was explored and simulated. As illustrated in Figure 9.3(b), an investiga-

tion discovered slip velocity as Reynolds number or cavity fraction increased. You 

may compute flow means velocity, slip means velocity, and friction means velocity 

using Reynolds’ number [35].

9.3.4 Fluid Viscosity 

The viscosity represents the internal resistance of molecules in fluid flow. An internal 

resistance increases as the viscosity of fluid increases and the rate of fluid becomes 

slow, fluid that has no internal resistance is known as inviscid fluid. The viscosity of the 

fluid influences the fluid’s velocity profile, and the behavior of the viscosity can be ob-

served in a variety of fluidic applications, including biological [36], optical [37], flexible 

wearable sensors [38], and paper-based microfluidics [39]. Figure 9.4(a) shows the mi-

crofluidic flow in a microchannel with a low- to high-viscosity pattern. Figure 9.4(b)

shows the pressure of fluid increases with increasing in the amount of viscosity. The 

biological application examined the study of viscous blood to evaluate the fluid’s viscos-

ity, which is often measured using a capillary viscometer to calculate the flow rate [40].
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9.4 Pressure-Sensing Mechanism for Microfluidic 

Application

The microfluidic pressure-sensing mechanism in a microchannel is broadly classified 

into two parts based on fluidic parameters, structural parameters variation, and phys-

ics applied for pressure sensing:

I. Analytical method of microfluidic pressure-sensing mechanism

II. Physics applied for pressure-sensing mechanism

9.4.1 Analytical Method of Microfluidic Pressure-Sensing 

Mechanism

Pressure-sensing methods in microfluidics are extensively implemented in biomedi-

cal, drug delivery, and chemical testing applications. Laminar fluid has steady flow in 

a microchannel and the characteristics of laminar flow depend on the structural char-

acteristics of the microchannel, such as AR, Reynolds number, fluid viscosity, and fric-

tion factor of a surface that has changed with the flow of fluid. Batchelor investigated 

liquid’s characteristics in a microchannel and discovered that fluid flow is directly 

correlated with Reynolds number that is used to forecast fluid flow patterns. Using 

Reynolds number of fluid flow, it is given as follows:

Re = Lvρ=μ (9:7) 

where L is the length of connected boundaries, ρ is the density of fluid, v is the micro-

fluidic velocity, and µ is the viscosity of fluid.
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Reynolds number defines inertia and viscosity of fluid motion. Low Reynolds 

number states that if the laminar flow is highly resisted in motion, it shows that high 

viscosity and low inertia exist. Laminar fluid flow in microchannel built a relation-

ship between Reynolds number with inertia force, surface pressure, mass, force, and 

viscous force using the Navier-Stokes equation:

dv

dt
= J − 1

ρ

∂p

∂j
+ μ∇2v (9:8) 

Jiang et al. [42] developed the circular and noncircular microchannels, and expressed 

equations for steady laminar fluid flow. The Navier-Stokes equation developed for 

fluid through such types of microchannel is given as follows:

ΔP= λ
l

d

ρv2

2
(9:9) 

f = 64

Re
(9:10) 

where Re is Reynolds number, v is the flow velocity, d is the diameter of the channel, l

is the length of the channel, ΔP is the pressure difference, and P is the fluid density.

Laminar fluid flow in a microchannel requires a low Reynolds number, but the 

range or the value of Reynolds number has not been given. It calculated the change in 

pressure based on the diameter and the length of the channel. The researcher ana-

lyzed the laminar friction constant in a rectangular microchannel for a low Reynolds 

number (Re < 100). Papautsky et al. [43] studied fluid flow at microchannel dimension 

range with the width of 150–600 µm and the height of 22.71–26.35 μm, the friction con-

stant increased with 20% approximate from the theoretical prediction of the Navier- 

Stokes equation. Wilding et al. researched on fluid dynamics of biological fluid and 

cell suspension in a straight glass microchannel. The researcher analyzed at least 1 ml 

of fluid flow through the channel to analyze the fluid characteristics. The author de-

signed a straight microchannel with the size of 20–40 μm using photolithographic fab-

rication, which shows the characteristics of biological fluid flow. Wilding et al. [44] 

studied various aspects of fluid, such as distilled water, serum, RBC in saline, plasma, 

and WBC in saline. Wilding et al. [44] also discussed fluid characteristics for biological 

or healthcare application. Zhang et al. designed a stainless steel microchannel for ex-

ploring the law of heat and mass transfer and also discussed about reducing the size 

of the microchannel and increasing the surface roughness. Poiseuille’s number and 

Nusselt’s number of the fluid are used to investigate the surface roughness. Both num-

bers have a significant relation to Reynolds number [45]:

Po = fre (9:11) 

where fre is the frictional coefficient resistance.
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The pressure drops of fluid in the microchannel sense through differential pressure, 

which ranges from 0 to 500 kPa. The research observed that a rough surface in 3D mor-

phology by Scanning Electron Microscope (SEM) and an array of micropost-filled reac-

tors produces high resistance to inflow of fluid. Pressure is dependent on the N number 

of microposts and the ratio of each post to the half-space between two neighboring 

posts. The comparison of various research studies on microchannel dimension, struc-

ture, and material used for microchannel formation is shown in Table 9.1.

9.4.1.1 Effect of Friction Coefficient in Fluid Flow and Pressure Measurement

The fundamental concept of friction factor in microchannel has been conducted by 

several researchers during the analysis of fluid pressure in microchannel. The devia-

tion in fluid pressure is mainly due to the conjunction of inlet and outlet fluid pres-

sure. To understand such types of problem at inlet and outlet, Sung et al. designed a 

microchannel with a manifold geometry structure for the uniform fluid distribution 

and it also determined accurate friction factor value theoretically and experimentally. 

Park and Punch [46] in their experimental research work determined the heat trans-

fer coefficient and friction factor. The pressure drops in a microchannel caused by 

the friction are as follows:

C =
ΔP
L

 �
Dh

2ρV2
(9:12) 

In the experimental study, Reynolds number decreased from 800 to 200 and the fric-

tion factor increased from 0.05 to 0.3. When Reynolds number is 200, the maximum 

fluidic pressure drops in a microchannel is 45.8 kPa. Several studies in various experi-

mental and theoretical segments have been conducted to determine the validity of the 

friction factor, which is based entirely on drop fluid movement in a microchannel. 

Steinke et al. gave a concept for the conventional flow of single-phase liquid in a mi-

crochannel using Stoke’s theorem and Poiseuille’s flow. They introduced two catego-

ries of friction factor, namely, Darcy and Fanning factors. Both the friction factors de-

termined experimentally and theoretically and the fanning friction factor defines the 

ratio of shear stress to flow energy per unit volume [47].The shape of the microchan-

nel affects friction factor and pressure drop. Gunnasegaran et al. analyzed different 

shapes of microchannels, such as triangular, trapezoidal, and rectangular. The friction 

factor is directly related to the geometric ratio of the microchannel, as the geometric 

ratio of the microchannel increased, the friction factor also increased. The author ana-

lyzed fluid flow resistance in a microchannel and found that the friction factor continu-

ously increased with increment of Poiseuille’s number; the effect of this flow resistance 

is also increased. The fluid flow resistance develops heat in the microchannel, so that, it 

needs a coolant material or a change in geometry of the microchannel to reduce the 
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heating effect of the fluid [48]. Another experiment by Wang et al. showed the heat 

transfer rate in the rough surface of the microchannel and found that the heat rate is 

very high. To control the heat sink, cooling structure microfluidic technology has been 

widely used for enhancing thermal conductivity of the fluid. Researchers examined the 

ribbed microchannel and found that the presence of ribs increased the surface friction, 

in which the consequences increased the pressure loss. The ribbed microchannel repre-

sents various types of characteristics of fluid versus heat transfer rate. Wang et al. [49] 

compared the experimental data of a smooth channel friction factor that is 0.63– 6.67 

times higher than a triangular ribbed microchannel.

The friction factor value increases as Reynolds number decreases due to the 

low fluid rate and compact geometry of microchannel.

Friction factor value is very low due to the low hydraulic diameter of the mi-

crochannel.

Friction factor values become low due to the length-to-width ratio of the mi-

crochannel.

Friction factor values get decreased due to the rough surface of the micro-

channel and pressure loss across the channel.

The ribbed microchannel was suitable for below 600 Reynolds number and Figure 9.5

shows the comparison of friction factor variation concerning Reynolds number in the 

microchannel. The friction factor value is very high with decreasing Reynolds number. 

0 100 200 300 400

0

0.2

0.4

0.6

0.8

1

F
r
ic

t
io

n
 F

a
c

t
o

r

Re

[46]

[15]

[61]

[69]

Figure 9.5: Relationship between friction factor and Reynolds number in microchannel.
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The friction factor high value represents low viscous fluid across the microchannel and 

the effect of fluid inside a microchannel. The relationship of pressure with Reynolds 

number was found, i.e., at a low Reynolds number, friction factor value was very high, 

and at a high Reynolds number, friction factor became low, so that, it was concluded 

that at a low friction factor, the amount of fluid pressure was decreased.

The researcher analyzed the effect of friction in microfluidic channel in the form 

of friction factor. This chapter reviews the pressure drop in microchannel with vari-

ous amounts of friction factor. The pressure drop can be calculated using the Darcy- 

Weisbach equation, and this approach is directly dependent on flow in microchannel, 

shapes, and size of the channel. The Darcy-Weisbach equation for calculating the pres-

sure drop ΔP in a microchannel is given by:

ΔP= f . L
Dh

ρv2

2
(9:13) 

where ΔP is the pressure drop, f is the friction factor, L is the length of the microchan-

nel, Dh is the hydraulic diameter of the microchannel, ρ is density of the fluid, and v

is the average velocity of the fluid.

The hydraulic diameter is defined as follows:

Dh =
4A

P
(9:14) 

where A is the cross-section area of the channel and P is the wetted perimeter of 

channel.

The microfluidic application involved often rectangular microchannel, so 

that, eq. (9.14) becomes:

Dh =
4 WHð Þ
W +H

(9:15) 

The friction factor is related to Reynolds number, as in the microchannel laminar 

fluid flow where required Re <  2,300. The researcher calculated the friction factor 

using Poiseuille’s law for low Reynolds number as given by the following empirical 

formula:

f = 24

Re
1− 1.3553

H

W
+ 1.9467

H

W

� �2

− 1.7012
H

W

� �3

+ 0.9564
H

W

� �4

− 02537
H

W

� �5
 !

(9:16) 

While for the high AR (W≫H), eq. (9.16) is represented by:

f = 24

Re
(9:17) 
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Friction factor is directly related to Reynolds number value, if the minimum value of 

Reynolds number “1” is selected, then the friction factor value will be “24,” whereas if 

the maximum value of Reynolds number “2,300” is selected, then the friction factor 

value will be “0.0104.” The friction value provides the accurate measurement of mi-

crofluidic pressure inside the channel.

9.4.1.2 Pressure Measurement Variation in an Aspect Ratio of Microchannel

The AR is a height-to-width ratio for a rectangular microchannel. The AR is directly 

influenced by different types of shapes of a geometric ratio for the measurement of 

fluidic pressure. The numerical investigation was done for fluid water flow in various 

shapes of microchannel and analysis of pressure drop in microchannel with friction 

factor at different ranges of Reynolds number. Gunnasegaran et al. studied three 

types of microchannel shapes: rectangular, triangular, and trapezoidal. The AR effect 

in Poiseuille’s number and friction factor for various shapes of microchannel. The re-

searcher investigated the AR of the rectangular and triangular channels, and found 

that for rectangular microchannel, AR decreased with the increased fluid flow resis-

tance continuously, while for trapezoidal microchannel, AR increased with the in-

creased fluid flow resistance. The heat transfer characteristics or heat sinks of micro-

channel depend on the AR. Raghuraman et al.’s study investigates the thermal 

performance of the fluid in the microchannel at different values of AR. The study in-

volves the pressure of the fluid, Poiseuille’s number, friction factor, thermal resis-

tance, and temperature at the outlet for various Reynolds numbers. Pressure drops in 

microchannel analysis at three ARs (i.e., 20, 30, and 46.66) and finds pressure drops, 

various characteristics with increasing mass flow rate, maximum pressure drop 9 kPa 

achieved at 819 mg/s for AR = 46.66 [50]. Duryodhan et al. provided a new approach 

for fluidic pressure drop measurement concerning AR. The researcher discussed the 

importance of diverging converging microchannels in microfluidic applications. In 

the experimental method, researchers determined the AR effect on a diverging and 

converging angle in a 3D-simulated microchannel and also analyzed the fluid charac-

teristics of the diverging-converging angle. They found that pressure drop is indepen-

dent of the variation of divergence angle at different ARs, but when the AR is larger 

and the angle is more than 10°, pressure drops deviate from its constant value. Simi-

larly, the converging angle also did not affect the pressure of the fluid till the AR is 

less than 0.45 [51].

This chapter also included mathematical analysis of fluid pressure in microchan-

nel and the calculation of pressure amount with relation between ARs. The microflui-

dic channel often involves the Hagen-Poiseuille equation for laminar flow in micro-

channels. For rectangular microchannels, the pressure drop ΔP can be expressed as a 

function of the AR, channel dimensions, and fluid properties. The AR is defined as the 

ratio of channel’s width W to its height H (AR = W/H). The Hagen-Poiseuille equation 
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for laminar flow in microchannels, where pressure drop ΔP along the length of the 

microchannel L can be used the following equation:

ΔP= 12μQL

WH3ð1− 192H
Hπ3W

tanh πW
2H

 � (9:18) 

where ΔP is the pressure drop, μ is the dynamic viscosity of the fluid, Q is the volumet-

ric flow rate, L is the length of the microchannel, W is the width of the microchannel, 

and H is the height of the microchannel.

The AR values of the effect on fluid pressure inside the microchannel, i.e., AR ≫1, 

it refers to the height H of the microchannel that is less significant compared to the 

width W of the microchannel. The microfluidic pressure drop can be calculated by:

ΔP= 12μQL

WH3
(9:19) 

The AR is given as follows:

AR= W

H
(9:20) 

Then, width of the microchannel can be expressed as follows:

W =AR.H (9:21) 

Then, pressure drop can be expressed from eqs. (9.20) and (9.21), the simplified form 

of eq. (19) is given as follows:

ΔP= 12μQL

ARH4
(9:22) 

The pressure drop for the high AR can be calculated when AR ≫1, while for the low 

AR ratio, the original HagenPoiseuille equation should be used. For the low AR, the 

height of the microchannel is greater than its width. The low AR is suitable for high 

hydraulic resistance and low flow rates in microfluidic applications. The low AR 

range, i.e., 0.1 < AR < 1, is suitable for chemical sensing or mixing application, and 

other healthcare applications. The moderate AR range, i.e., 1 < AR < 5, is suitable for 

microfluidic application, such as bioanalytical assays and cell culture. In the high AR, 

the height of the microchannel is lower than its width. The high AR is suitable for low 

hydraulic resistance and high flow rates in microfluidic network. The AR range, i.e., 5  

< AR < 20, is suitable for lab-on-a-chip application and microfluidic cooling system.
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9.4.1.3 Impact Analysis of Low Reynolds Number and Viscosity on Pressure of Fluid

The above-mentioned analysis is based on AR, friction factor, and Poiseuille’s number 

to the measurement of pressure drop or change in pressure. As discussed earlier, Rey-

nolds number is categorized into two parts: low Reynolds number and high Reynolds 

number. The microchannel size varies from micrometer to millimeter, and Reynolds 

number is used to identify the fluid flow pattern inside the microchannel, which has 

great importance for researchers. Zhang et al. designed a rectangular microchannel 

where Deionized Water (DI) and kerosene fluid flow inside the microchannel and 

measured the velocity or the distributed velocity inside the microchannel. The aver-

age velocity of fluid flow in a microchannel is 1 µm/s. The researchers developed a 

linear relationship between average velocity and pressure drop at low Reynolds num-

bers, which range from 10.5 to 10.2. The researcher also investigated the flow resis-

tance values for the fluids, such as DI water and kerosene under Reynolds number, 

i.e., (10 to 5) < R < (10 to 2) [52]. Another method or experimental result obtained by 

Salah et al. helps to understand Reynolds number impact on fluid pressure in a micro-

channel. The author simulated the fluid dynamics properties of the microchannel 

while keeping the height constant. Salah et al.’s numerical investigation applies to the 

two-dimensional microchannel structure and the effect on fluid when channel height 
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Figure 9.6: Graphical representation of microfluidic pressure at different low Reynolds numbers across 
microchannel.
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varies from 50 to 4.58 µm and Reynolds number varies from 0.4 to 1,600, but found 

that there is no scaling effect for small height variation:

Reynolds number value increases as the pressure value also increases due to 

high fluid rate.

Pressure value increases due to the high fluid rate and low AR.

Pressure drops increase due to the increase in mass flow rate of hot fluid.

Pressure values decrease due to the length of the microchannel is very high.

The numerical investigation determined a pressure of 0.25–8 MPa with no effect on 

the viscosity of water. The hydraulic diameter decreases the effect on increasing fluid 

viscosity, but the shear stress-induced heating increases the temperature of fluid that 

reduces the liquid viscosity. Fluid mechanics was sufficient to explain the theory of 

liquid flow in microchannel and flow resistance. There is a very high significant effect 

seen through electrokinetic phenomena at the microscale. There is a new terminology 

for microfluids, i.e., electroviscous phenomena, electroviscous effect depending on 

electric streaming current and electric streaming potential. The direction of the pres-

sure driven was the opposite of electric streaming potential. The streamlined current 

reduced the pressure inflow and produced high flow resistance. The fluid mechanics 

theory explains if the inflow of fluid is with high resistance, then the viscosity of fluid 

is also high [53]. Fluid mechanics theory by Ren et al. with its experimental explana-

tion found that laminar flow for the same Reynolds number, high flow resistance, and 

high viscosity depend on the ion’s concentration and height of the channel. Figure 9.6

shows the behavior of fluid pressure concerning Reynolds number, and found that as 

Reynolds number increases, the fluidic pressure value also increases. The experimen-

tally determined dp = dx, ‘‘Re” relationships were compared with the predictions of a 

theoretical electroviscous flow model, and a good agreement was found for pure 

water, 10-4 M KCL & 10-4 M AlCl3 (M is represent in molarity) [54].

9.4.1.4 Effect of Poiseuille’s Number on Pressure Measurement in a Microchannel

Poiseuille’s number is determined by the researcher with several experiments and 

gives various classical theories for square and rectangular microchannels. The main 

focus of stability is the Poiseuille number because inside the microchannel, friction 

factor is high due to this effect and the Poiseuille number became unstable. John et al. 

researched on stability of Poiseuille’s number in microchannels. For this purpose, 

they designed microchannels using silicon, polymethylmethacrylate (PMMA), stainless 

steel, and copper, where laminar fluid flows across four square microchannels.

Each channel had a different length and the pressure drop across each channel 

was different. Reynolds number was kept fixed for fluid flow; the author found that 

Poiseuille’s number has a maximum deviation of 9.46 from its actual value calculated 

for the largest channel. Figure 9.7 shows that the Poiseuille number with lower value 
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observed the result analysis with lower pressure drop, as Reynolds number with 

lower value attained high temperature with lower viscosity of the fluid [55].

In microfluidics, the Poiseuille number (Po) is a dimensionless number used to 

describe the pressure drop in a channel due to viscous forces. It is particularly useful 

when dealing with pressure-driven flow in microchannels. The Poiseuille number is 

related to the friction factor and Reynold’s number. The Poiseuille number (Po) is de-

fined for different channel geometries. For a rectangular channel, it is given by:

Po= f Re

2
(9:23) 

The HagenPoiseuille equation describes the pressure drop (ΔP) in a microchannel for 

the laminar flow:

ΔP= PoμQL

D2
h

(9:24) 

The microfluidic pressure amount for high ARs (i.e., AR≫1) and wide channel, the 

Poiseuille number approaches a minimum value. If AR ≈ 10, Po is approximately 56.91. 

For low ARs (i.e., AR ≈ 0.1) and narrow channel, the Poiseuille number can be as high 

as approximately 96.
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Figure 9.7: Graphical representation of the Poiseuille number variation with Reynold’s numberacross 
microchannels.
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9.4.2 Physics Applied for Pressure-Sensing Mechanism

9.4.2.1 Pressure-Sensing Deformation of PDMS

Measurement of fluidic pressure in a microchannel through PDMS deformation 

method is applied. PDMS structure is highly flexible and yields fluid flow in a micro-

channel with a flow rate of 15–1,550 µl/min in the laminar region. A microchannel 

shape becomes shallow at high pressure and it is challenged by researchers that re-

duce large deformation at high pressure with high stiffness of PDMS[58]. Soft lithogra-

phy microfabrication made of PDMS is used to design lab-on-a-chip devices, which is 

the most demanding and flexible material, and also it is low cost, easily available, bio-

compatible, and has transparent features. Kim et al. give experimental results on the 

PDMS fabrication method that improved the PDMS material properties without in-

cluding a foreign material. To enhance the PDMS properties, the mixer ratio (5:1) of 

the PDMS curing agent has been increased. The deformation of PDMS resistance in-

creased by 860%, this mixer ratio provides good hindrance properties compared to 

the 10:1 mixer ratio of PDMS. The research study gives a method to increase the stiff-

ness of PDMS material and modifies the ratio of mixing with thermal treatment of 

PDMS. The curing agent could improve the stiffness by up to 50%, it provides better 

channel deformation under fluidic pressure [59]. Another method to detect cell defor-

mation measures the pressure inside a microchannel, but if the result is contami-

nated, then a syringe pump of fixed flow rate is used that controls the fluid flow on 

volume per unit of time. However, the pump is also not able to control the accurate 

flow of fluid inside the microchannel. Thus, microfluidic device application is re-

quired to control the fluid pressure inside the microchannel or to improve the sensing 

mechanism more accurately [60]. Such types of problems are removed by designing 

on-chip pressure sensors to measure the direct pressure inside a microchannel. The 

author designed a sensing chamber that is connected to a microchannel and PDMS 

material is used for sensing the pressure of fluid inside a microchannel. The deforma-

tion of PDMS compares the result of pressure with its experimental and theoretical 

studies. Positive pressure or negative pressure is applied on the microchannel, PDMS 

chamber is deformed into a convex shape or deforms back into a concave shape. A 

sensing layer senses the pressure of the fluid through various colors and fluid inten-

sity. PDMS microchannel included a sensing chamber which is filled with colored 

fluid. The colored fluid flows inside and outside of the sensing chamber, which helps 

to analyze the chamber pressure of the fluid at different intensities. The colored fluid 

shows various pressure levels of the deformed sensing chamber and the pressure ap-

plied between 50 and 100 kPa in sensing chambers, which shows 0.024 and 0.048 dis-

placements, respectively. Figure 9.8 shows the PDMS microfluidic pressure-sensing 

mechanism, which is an integrated-on chip of microchannel, which specifies the 

mechanism of fluid from inlet to outlet. Another method targeted the fluid flow prop-

erty in a microchannel, researchers focused on low fluid flow rate and compared the 
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steady-state flow rate to quasi-stable flow rate. The PDMS microchannel swelling is 

detected when fluid is in contact with obstacles. The author studies quasi-steady flow 

and steady-state flow under low flow rates. The fluid flow at different microfluidic 

channels, i.e., 15 and 100 µm, compares its theoretical study model. The researcher ana-

lyzed the different obstacles placed in microchannels and found the relation between 

fluid flows with pressure for different microchannels [61]. The rectangular channel re-

quired a low AR that produced bulging in the channel under pressure. Figure 9.8 shows 

the schematic structure of the fluid pressure-sensing mechanism for the integrated 

PDMS microcantilever. Figure 9.9 shows a fabricated microchannel of the fluid particle 

flow in the images and the deformation of the PDMS microchannel. Figure 9.9(a) shows 

the particle imaging velocimetry (PIV) image of particle flow in the microchannel [62]. 

Figure 9.10 shows the graph between fluid pressure and flow rate in the channel. The 

graphs also represent the pressure level at different conditions and amount, but clearly 

define the pressure amount increases as the flow rate amount increases. Table 9.1

shows the comparative study of various researcher-designed PDMS-based microfluidic 

pressure sensors. Table 9.2 shows the comparison of the observer effect and dimension 

utilized for design microfluidic pressure sensor.

The above review of the research paper on the PDMS microfluidic pressure-sensing 

mechanism has found some challenges in design and fabrication. The review also 

found the gap and future work required in PDMS-based microfluidic pressure-sensing 

mechanisms. The challenges in the PDMS pressure-sensing mechanism are shown 

Pressure

Measurement Pressure

sensor

Inlet
Outlet

Microfluidic
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Flow rate
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Glass

PDMS

Microchannel
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Figure 9.8: Microfluidic pressure-sensing mechanism process with PDMS cantilever deformation with 
microfluidic chip to monitor the fluid pressure inside the microchannel.
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in Table 9.2, and advancement or future work for better device-making is shown 

in Table 9.3.

Table 9.2: Comparison of PDMS pressure-sensing mechanisms and its parameters.

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

PDMS- 
based 
pressure 
sensing

Deformation of 
channel and sense 
the pressure through 
the bright of color 
fluid

Deformation 
chamber (W
− ��� µm; H
− �.� µm; 
L − ��� µm)

PDMS 
DI water 
Red-colored 
fluid

Pressure design 
electrical free 
Phase contrast used to 
see deformation of 
PDMS channel 
Pressure increases 
brightness of color 
fluid decreases 
Measure pressure at 
�.�� kPa

[60]

Deformation of 
channel analysis and 
the pressure on 
thermally aged at 
��� C for some days

W − ��� µm, 
H − �� µm, L
− �� µm

Su-� negative 
photoresist 
acetone and 
propanol for 
cleaning Si 
wafer 
PDMS channel 
(��:� or �:�)

Channel deformation is 
very small, changes at 
lowest flow rate when 
compared to highest 
flow rate, ��� µL/min 
and achieved ��� kPa 
at the highest flow rate

[59]
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Figure 9.10: Graphical presentation of the performance of fluidic pressure  
effect with flow rate of fluid in microchannel.
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Pressure sensing using the deformation of PDMS in microfluidics relies on material’s 

mechanical properties. When pressure is applied to a PDMS structure, it deforms, and 

this deformation can be measured and related back to the applied pressure. When a 

pressure P is applied to a PDMS membrane or microchannel, the resulting deforma-

tion (strain) can be measured. The relationship between the applied pressure and the 

deformation can be derived using the material properties of PDMS, such as its Young’s 

modulus E. For a thin PDMS membrane under uniform pressure, the deformation can 

be approximated using linear elasticity theory. The equation that relates the applied 

pressure P to the deflection δ at the center of a circular membrane of radius a and 

thickness h is given by:

Table 9.2 (continued)

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Channel deformation 
identified through 
fluorescence 
intensity variation

W – ��� µm, 
H – 
�.�–��� µm, 
L – �.��–��. 
� µm

Water-based 
food dye, 
liquid solution 
is used 
PDMS for 
microchannel

Analysis of friction 
factor and Reynolds 
number effect on 
microchannel height 
Analysis of PDMS 
bulging 
High height is achieved 
by lower bulging effect

[61]

PDMS bulging 
compared 
numerically 
predicated values 
with the 
experimentally 
predicated value

Microchannel 
(H – �� and 
��� µm, W – 
��� µm)

PDMS 
Liquid food 
dye

PDMS bulging 
measured at various 
fluid velocities 
PDMS bulging 
observed at different 
fluid pressures 
PDMS bulging 
observed at different 
heights of 
microchannel

[63]

Fabricated PDMS 
microfluidic 
phantoms for 
Newtonian fluid

Microchannel 
(L – �� mm, 
W – �� mm, 
H – � mm) 
Diameter – 
��� µm

Blood 
PDMS

Observed the 
deformation of 
microchannel for non- 
Newtonian fluid 
Effect of fluid flow rate 
on fluid pressure in 
microchannel 
Pressure measured up 
to ��� Pa

[64]
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P= 3Eδh3

4a4
(9:25) 

For a rectangular PDMS microchannel with length L, width W, and thickness h, the 

relationship can be more complex and may require numerical methods or empirical 

correlations. However, for small deflections, the pressure-deflection relationship can 

be approximated by:

P= Eδh3

∝L4
(9:26) 

9.4.2.2 Optical Pressure-Sensing Method

Surface pressure measurement is an important method in microfluidics; traditional 

surface pressure measurement requires an instrument with several taps of pressure 

drilled into the model, as the model is a high time-consuming process. It was very dif-

ficult to drill at thin edges and sharp corners where the pressure is calculated, so to 

reduce the bulkiness and cost of the model. PSP coating is used in the model; PSP is an 

optical method to measure the surface pressure without including any instrument. 

Now surface is coated with paint fluorescent or luminophores molecules that emit a 

light of longer wavelength than excitation wavelength due to the internal transition 

before excitation. Some luminophores were in addition to normal deactivation 

through thermal collision also deactivated through collision with oxygen molecules. 

As relative contents of oxygen are constant in the air, the oxygen-quenching effect in-

dicates the air pressure above the surface. Hence, the lower the pressure, the less 

emitted light, and the researcher found that the pressure is proportional to the in-

verse of emitted light intensity. The first experimental method was developed as a 

pressure sensor with PSP coating in 1980 [65]. PSP technique measures continuous 

pressure measurement on the global surface and this method is nonintrusiveness, 

which means that there are no probes required, and provides qualitative and quanti-

tative pressure profiles [66]. Since luminance decreased continuously by increasing 

pressure or increased by decreasing pressure. The intensity of light depends on the 

pressure profile [67]. Thus, the PSP method measures the pressure of fluid interaction 

of molecules or atoms inside a microchannel. The molecules emit light, and the photo-

detector collects light and transfers it to image-processing equipment. A PSP is also 

known as a molecular sensor or temperature-sensitive paint. It can be used to mea-

sure temperature or pressure inside the microchannel. A researcher measures fluidic 

pressure inside a microchannel and found a relationship between molecule behavior 

and Knudsen number with an explanatory Monte-Carlo simulation method. They found 

that the pressure on the curvature surface of the microchannel and entrance of the mi-

crochannel is a very impactful study for healthcare devices. The result found that the 

Knudsen number value increases, the pressure drop at curvature of microchannel 
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decreases due to the rarefaction effect. They also found that the entrance length of the 

microchannel should be 60% of the hydraulic diameter of the microchannel and Rey-

nolds number is 0.007. Figure 9.12(a) shows two types of microchannel fabricated coat-

ing. Channel “A” of PSP layer is coated with PdTFPP while channel “B” is coated with 

PtTFPP. The two different types of coating distribute the pressure in the microchannel 

differently along the length of the channel [68].Another method to measure local pres-

sure in microchannel is the deformable diffraction grating. In this experiment, the pres-

sure measurement is done by the change of optical behavior of grating. For the analysis 

of the optical behavior of grating, PDMS material is used, which is a transparent elasto-

mer, to measure the pressure of fluid change in the intensity of diffracted beams. The 

local pressure is measured in two methods: the first method observed chromatic varia-

tion of the grating using white light for illumination and another method measured the 

intensity of the diffracted beam using monochromatic light. In both the experiments, 

pressure range examined 0–80 kPa at a flow rate of air with a range of 0–0.3 cc/min 

(Hosokawa & Maeda, n.d.) [69]. Matsuda et al. came up with an experiment to analyze 

the thermos fluid phenomena for microfluidic devices by design and fabrication of 

pressure-sensitive molecule film (PSMF). Figure 9.11 shows the experimental setup for 

the optical microfluidic pressure-sensing microchannel and sensor. The optical micro-

fluidic pressure-sensing mechanism process is used by various researchers and they 

analyze the fluid pressure experimentally through simulation. Figure 9.10 shows the op-

tical fluidic process where the pressure of the fluid is analyzed through the intensity of 

luminous particles and a relation between intensity and fluidic pressure. The result 

found that as the intensity of particles increases, the pressure value also increases. The 

working of PSMF and PSP is almost similar, but PSP is too thick for microfluidic devices 

and does not have sufficient spatial resolution for the measurement of pressure. In this 

Glass Slide

Luminous molecules

PSP Layer C
oatin
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Outlet
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Figure 9.11: Optical microfluidic pressure-sensing mechanism across microchannels with light source 
targets a microchannel, excitation particle collision with surface particles.
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study, an author designed a molecular thin film sensor (PSMF), which is composed of 

Pd (II) octaethylporphyrin (PdOEP) and Pd (II) mesoporphyrin IX (PdMP).

To fabricate this, composition adopted the LangmuirBlodgett (LB) method for the de-

velopment of highly sensitive PSMF. In the experiment, the pressure sensitivity of two 

layers is higher than six and 20 layers PSMF, due to oxygen molecules quenching at the 

outermost layer only. They also introduced arachidic acid (AA) , which is an organic sol-

vent that controls the intermolecular spacing of luminescent molecule. Figure 9.12(a) fab-

ricates optical pressures sensing microfluidic device for two microchannels, A and 

B. Microchannels A and B with PSP sensors are coated with PdTFPP and PtTFPP materials, 

respectively [68]. Figure 9.12(b) shows the graph of pressure along the length of micro-

channel for PdTFPP and PtTFPP coating. Figure 9.12(c) shows the on-chip integration sen-

sor design where pressure sensing is achieved by a luminescent sensor layer inside of an 

air-filled cavity. Figure 9.12(d) shows the effect of luminous intensity concerning pressure 

analysis. The pressure measurement ranges from millibar to several bars, and also 

trapped the temperature of liquid and oxygen molecule contents of the fluid. Figure 9.12 

(e) shows an AFM image of PSMF and PDMS to optimize the roughness of the surface [71]. 

The range of pressure measurement in Pascal, if measuring the pressure of pores in a 

microchannel, then PSP is not able to detect pressure because the pores exist in kPa–MPa 

[72]. The fluid pressure behavior in a microchannel with flow rate is represented by a 

graph in Figure 9.13. Table 9.3 shows the comparative analysis of various researches in 

optical microfluidic pressure-sensing mechanisms.

The above review of a research paper on the optical microfluidic pressure- 

sensing mechanism has found some challenges for design and fabrication. The review 

also found the gap and future work required in optical-based microfluidic pressure- 

sensing mechanisms. Optical-based microfluidic pressure sensing typically involves 

measuring the deflection or deformation of a microfluidic structure, such as a PDMS 

membrane, when subjected to pressure. The deflection can be monitored using various 

optical methods, such as interferometry, optical microscopy, or laser displacement sen-

sors. Here is a general approach using an optical measurement of the deflection to cal-

culate the pressure. For a circular membrane under uniform pressure, the relationship 

between the applied pressure P and the central deflection δ is given by:

P= 3Eδh3

4a4
(9:27) 

For a rectangular membrane, the relationship can be more complex and often re-

quires numerical solutions or empirical formulas. For small deflections, an approxi-

mation can be:

P= Eδh3

∝L4
(9:28) 
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Table 9.3: Comparison of optical pressure-sensing mechanisms and its parameters.

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Optical- 
based 
pressure 
sensing

Fluidic pressure 
sense inside the 
microfluidic channel 
through oxygen- 
sensitive luminescent 
sensor layer

W – ��� µm 
H – �� µm

Polystyrene, HF, 
NAOH, toluene-�, 
sodium silicate, 
PDMS

Optical on-chip 
pressure sensor 
Calculate flow rate 
at �−� µl/min and 
pressure at � mbar

[70]

Pressure identifies 
through 
deformation 
diffraction grating

W – ��� µm 
and D –�� µm 
Rectangular 
grooves 
� µm wide 
and � µm 
deep

PDMS chip and 
glass plate used for 
microfluidic channel 
Su-� negative 
photoresist 
fluorocarbon layer 
polymerized

Pressure, �–�� kPa 
Flow rate, �–�.� cc/ 
min 
Deformation 
behavior of PDMS 
diffraction grating 
analysis

[69]

Pressure 
measurement 
through the PSP 
method inside the 
microchannel

Microchannel 
(L – �� mm, 
W – ��� µm)

PSP 
PtTFPP/�- 
trimethysilypropyne 
(TMSP) 
Pt(II)meso-tetra 
(pentafluorophenyl) 
porphine (PtTFPP)

Pressure measure 
inside of 
microchannel and 
outside of 
microchannel. 
Relation between 
pressure and 
Knudsen number 
Pressure measured 
maximum �� psi

[63]
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Figure 9.13: Graph between fluid pressure and particle intensity in channel.

192 Ankur Saxena et al.



9.4.2.3 Resistance-Based Pressure Sensing

The researcher examined several types of simulation and experiments for the mea-

surement of microfluidic pressure, sometimes a sensor was integrated into the micro-

fluidic system but the problem is found during the fabrication of unreliable interfac-

ing; assembly of components is difficult and complex. The author found a new way or 

approach, i.e., piezoresistive sensor designed to monitor microlevel strain, which is 

integrated into a microfluidic system using a soft lithography process. Figure 9.14

shows the schematic structure of resistance-based fluid pressure-sensing mechanism 

for the detection of fluid pressure and its properties. Zhou et al designed a piezoresis-

tive pressure sensor that is flexible and stretchable, which converts mechanical dis-

placement into electrical displacement or signal, and such type of pressure sensor is 

known as a liquid-based metal pressure sensor.

This thin film-based flexible piezoresistive pressure sensor detects displacement 

due to high strain and stretching of the film. The author has found that wrinkles on a 

thin metal film show a minimum change in resistance or as strain increases continu-

ously, resistance also increases in nonlinear trends. Pressure increased the deformed 

membrane of the piezoresistive sensor due to the change in the resistance. They con-

cluded the linear relationship of the sensor and pressure at the flow rate of fluid at 

6–200 μl/min [11]. Another method is designed for a highly stable metal liquid with 

piezoresistive pressure sensor for the measurement of microfluidic pressure. A liquid 

thin film sensor is designed using Galinstan material for the detection of DI water 

fluid pressure. Thin film sensor also measures the viscosity for Newtonian and non- 

Newtonian fluids, Galinstan material sensitivity was higher than other piezoresistive 

materials [73].The principle of this experiment is the Wheatstone bridge, where an 

unknown resistance value of Galinstan material is calculated in terms of voltage 

when fluid pressure is applied on the Galinstan element. Pressure in a microchannel 

was sensed by Galinstan liquid metal film up to 12 kPa. The linearity of pressure de-

creased with the increase in fluidic pressure.

The researchers investigated metal thin film resistors used in the form of Wheatstone 

bridge with one-resistance Galinstan material. This unknown resistance value was deter-

mined and pressure showed a relation with it. Another experimental investigation was 

done by Inoue et al. for the measurement of microfluidic pressure inside the channel. 

They designed an inline micropressure sensor that measures the inside pressure in a mi-

crofluidic tube. The surface of the microfluidic tube is integrated with the graphene sheet 

and pressure inside the microfluidic tube expands it, which affects deformed graphene.

The deformation was measured in terms of the electrical resistance of graphene, 

resistance is directly proportional to strain; graphene strain measures the pressure 

inside a microchannel, and 85 kPa pressure is measured with a change in resistance 

of 3.8 Ohms. The electrical resistance behavior on the cross-section area of the mem-

brane shows that as the pressure increased in microchannel, the Wheatstone bridge 

becomes unbalanced and the unbalanced behavior measured through an electric 
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Figure 9.14: Microfluidic pressure sensor with bridge structure for the analysis of pressure through 
Wheatstone bridge method.
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Table 9.4: Comparison of resistance-based pressure-sensing mechanisms and its parameters.

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Resistance- 
based 
pressure 
sensing

Thin film paper-based 
pressure sensor design 
liquid metal-based 
sensor form Wheatstone 
bridge

Channel width 
− �� µm and 
height − 
��� µm 
PDMS 
membrane, 
�� µm 
thickness

Su-� – 
negative 
photoresist 
PDMS ��:�
Galinstan 
liquid metal- 
based resistor

Calibration of 
pressure ranges 
from � to ��� kPa. 
Calculation of 
shear rate for fluid 
samples 
Viscosity for 
Newtonian and 
non-Newtonian 
fluids

[73]

Piezoresistive sensor 
integrate to measure 
pressure, sensitivity by 
soft lithography

W − �� µm 
H – ��� µm 
L – ���.� mm

PDMS 
substrate 
Polystyrene 
sheet 
Polymer layer 
Metal layer

Reynolds number  
< ��, electrical 
resistance 
increases due to 
deformation. 
Fluid flow rate,  
�–��� µl/min

[74]
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Figure 9.16: Relationship between fluidic pressure in microchannel analysis through the resistance and 
developed a relationship between resistance and pressure.
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meter or voltmeter [77]. Figure 9.14 shows the fabricated resistance-based sensor with 

electrical characteristics and measures pressure concerning the resistance. Figure 9.15(a)

shows a different application of resistance-based mechanism, such as an integrated 

piezoresistive sensor to measure fluid flow pressure through a valve switch with on 

and off options. Figure 9.15(b) shows whether the valve opens or closes at increased 

baseline resistance. Figure 9.15(c) shows the Wheatstone bridge structure and the 

pressure filled with blue inks. The fluid pressure concerning the terminal voltage of 

the Wheatstone bridge is shown in Figure 9.15(d). Figure 9.16 shows the fluid behavior 

analysis studied by various researchers and developed a relationship between resis-

tance and pressure. The graphs show as the amount of resistance increases, pressure 

value also increases. Table 9.4 shows the comparative analysis of various researches 

Table 9.4 (continued)

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Diaphragm cavity used 
as pressure sensor 
through lithography 
process

Pressure- 
sensing 
diaphragm 
layer �– �� µm 
thick active 
cavity

SU-� PMMA 
Pyrex glass

Linear variation 
pressure vs. 
resistance 
Reynolds number 
becomes high 
inside the channel, 
which gives high 
pressure

[75]

Pressure sensor design 
with electrofluidic circuit 
filled with ionic liquid in 
microchannel. 
Wheatstone-based 
mechanism used to 
measure pressure for 
nitrogen gas and 
various filled Gases

Dimensions 
are not 
specified

PDMS 
Ionic liquid 
Nitrogen gas

Thermal stability 
Linear 
characteristic of 
pressure in 
microchannel. 
Pressure measure, 
�.�–� psi at �–���
µl/min

[76]

Inline pressure sensor 
designed with 
integrated microfluidic 
tube and graphene 
sheet. 
Pressure of fluid is 
monitored in channel 
with change in 
graphene sheet 
resistance

PDMS tube 
diameter 
(inner − � mm, 
outer − � mm)

PDMS 
Graphene 
Polypropylene 
tube 
Parylene C 
film 
Copper foil

Pressure measure,  
�–�� kPa with 
change in 
resistance

[77]
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in resistance microfluidic pressure-sensing mechanisms. In the above review of the 

research paper, the resistance-based microfluidic pressure-sensing mechanism has 

found some challenges for design and fabrication. The review also found the gap and 

future work required in resistance-based microfluidic pressure-sensing mechanisms.

Resistance-based microfluidic pressure sensing often involves using the fluidic re-

sistance of the microchannel to determine the pressure drop. The relationship between 

pressure drops, flow rate, and fluidic resistance is given by Ohm’s law for fluid flow, 

which is similar to electrical circuits. For the laminar flow in a microchannel, the pres-

sure drop (ΔP) can be related to the flow rate (Q) and the fluidic resistance (R):

Δ P = Q.R (9:28) 

The fluidic resistance depends on the geometry of the microchannel and the viscosity 

of the fluid. For different channel geometries, the resistance can be calculated, such 

as for a circular microchannel with radius r and length L:

R = 8μL

πr4
(9:29) 

Similarly for a rectangular microchannel with width W, height H, and length L:

R = 12μL

WH3ð1− 192H
Hπ3W

tanh πW
2H

 � (9:30) 

For high AR, the resistance is given by:

R ≈ 12μL

WH3
(9:31) 

The pressure drop in microchannel in resistance-based method can be calculated in 

this way.

9.4.2.4 Capacitive Pressure Sensing

A capacitive pressure sensor is an approach that follows the principle of an electric 

sensor. The capacitive pressure sensor extensively demands in application of biologi-

cal sensors, microfluidic sensors, flexible sensors, and chemical sensing. Yoon et al. 

designed a microfluidic capacitive sensor with liquid metal electrodes and CNT/PDMS 

to sense the pressure and temperature. The study aims to detect human motion and 

such types of sensors implemented on wearable electronics, artificial skins, and soft 

electronics. In this study, the author detects changes in pressure, temperature varia-

tion, and lateral movement. The CNT/PDMS composite serves as a dielectric layer, 

while the ionic liquid is used for pressure sensing. The CPC layer lies between two 
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ionic liquid layers when ionic liquid is injected into the microchannel ionic layer con-

tact with the CPC layer and forms an EDL structure at an interfacial layer with electric 

potential. An AC voltage was applied at 1 V with the frequency of 1 kHz and its large 

capacitance value variation was achieved. The variation in capacitance value depends 

on the concentration of CNT, which directly affects variation in the measurement of 

pressure. Yoon et al. designed a capacitive sensor for human biomedical applications, 

so that, it is necessary to measure the temperature and sensitivity of the device. They 

found that temperature sensitivity is 3.46% C-1 at 6% wt. The concentration of CNT is 

applicable for wearable applications, flexible robotics, and electronics skin [78]. Fur-

ther experiments in advancement were done by Zhou et al. to design a liquid metal- 

based capacitive pressure design to measure the pressure inside the microchannel. In 

this experiment, pressure of the fluid is detected by the sensor when the value of ca-

pacitance changes with the movement of immiscible liquids in the microchannel. The 

variation in capacitance is monitored by an L-Inductance, C-Capacitance, R-Resistance 

(LCR) meter and device fabricated for testing or monitoring blood pressure.

The design consists of two channels for the measurement of fluidic profile, i.e., 

short detection channel and target channel. The pair of liquid metal electrodes is 

fixed at both sides of the detection channel. The two types of layers are functional 

and shield layers. The electrodes are designed in U shape to make inlet and outlet. 

They found a relationship between capacitance and dielectric; the reference fluid 

used is oil and the experimental fluid used is DI water. As a dielectric constant, the 

value is high in comparison to oil, and then capacitance values of DI are high with the 

corresponding length. The capacitance range is very high and has fast response time 

when using a liquid metal-based capacitive sensor [81]. Figure 9.17 shows the sensing 

mechanism process of capacitive microchannel in liquid metal electrodes placed with 

fluids. The process utilizes blood pressure measurements for animals or humans. The 

process of capacitive electrodes used electrical signals to determine the fluidic pressure 

Fluid particles Dielectric layer

LCR Meter

Microchannel

Outlet

Inlet

Ionic Liquid

Capacitive Pressure Sensing Mechanism

R1 R2 R1

CEDL1CEDL1 CEDL2CEDL2

V

Figure 9.17: Schematic diagram of a capacitive microfluidic pressure-sensing mechanism.
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that is referred by various researchers. Figure 9.18 shows a graph that helps to under-

stand the capacitance and pressure in microchannel. The graphs also shows that if the 

capacitance amount increases, the pressure amount also increases, so that, it is con-

cluded that the capacitive microfluidic pressure sensor capacitance value is high for a 

fluidic pressure profile. Table 9.5 shows a capacitive comparison study of microfluidic 

pressure-sensing methods in microchannel and its parameters.

Table 9.5: Comparative analysis of capacitive microfluidic pressure-sensing mechanism.

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Capacitive- 
based 
pressure 
sensing

Pressure measurement 
through capacitive 
electrode integrated in 
microchannel

W – ��� µm 
H – µm 
L − � mm

Polymer parylene 
acetone

Capacitive 
electrode 
distance 
variation 
changes in 
pressure value

[79]

Soft microsensor formed 
using two channels, short 
detection and target 
channel 
Deformation of target 
channel detected

W – ��� µm PDMS substrate 
Silicon wafer 
Liquid metal 
electrode – 
gain��.�Sn��.�

Pulse pressure 
testing with 
respect to 
capacitance 
Temperature 
effect test at  
��–�� °C 
Capacitance 
ratio change 
with change in 
width of channel

[80]

Developing liquid metal- 
based pressure sensor. 
The measuring of the 
capacitance between 
these two liquid metal 
electrodes. 
The movement of the 
interface can be detected 
Pressure change can be 
detected as well

NA PDMS 
Silicon wafer 
Gain��.�Sn��.�

The researcher 
measures 
pressure of 
��−��� mmHg 
Developed a 
relation between 
capacitance and 
pressure 
Capacitance 
measured at 
different 
temperatures

[81]
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The above review of the research paper on the capacitance-based microfluidic pres-

sure-sensing mechanism has found some challenges for design and fabrication. The re-

view also found the gap and future work required in capacitance-based microfluidic 

pressure-sensing mechanisms. Tables 9.7 and 9.8 help to understand the challenges in 

the capacitance microfluidic pressure-sensing mechanism and the advancement or fu-

ture work for better microfluidic device designing, respectively.

Table 9.5 (continued)

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Optimized 

parameters

References

Developing flexible 
microfluidic capacitive 
pressure sensor

NA Polyurethane 
sponge 
Ionic liquid �-butyl 
-�- 
methylimidazolium 
Polyethylene 
terephthalate 
indium tin 
oxide

Observed the 
sensitive 
microfluidic 
capacitive 
pressure sensor 
Compared 
sensitivity with 
the other 
capacitive 
pressure 
sensors

[82]
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Figure 9.18: The relationship between fluidic pressure in microchannel analysis through the capacitance 
and developed a relation between capacitance and pressure.
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Capacitive-based microfluidic pressure sensing relies on measuring the change in ca-

pacitance due to the deformation of a flexible membrane under pressure. This deforma-

tion changes the distance between the electrodes in the capacitor, which in turn changes 

the capacitance. The change in capacitance can be related back to the applied pressure.

For a circular membrane under uniform pressure P, the central deflection δ can 

be approximated by:

P = 3Eδh3

4a4
(9:32) 

Deflection (δ) in terms of capacitance;

δ = d0 −
2 A

C
(9:33) 

Substitute δ into the pressure, eq. (9.32) becomes:

P= = 3E d0 − 2A
C

 �
h3

4a4
(9:34) 

Equation (9.34) can be used to calculate the applied pressure P with the measured ca-

pacitance C, initial distance d0, membrane properties E and h, and membrane ra-

dius a.

9.4.2.5 Cantilever-Based Pressure-Sensing Mechanism

A cantilever is a structure in which one end is fixed and another end is free for move-

ment as the top of the microcantilever is free to move [83, 84]. Microcantilever struc-

tures are using a wide range of applications in microfluidics. The cantilever’s free-end 

movement shows the displacement characteristics concerning force, which is applied 

by any fluid, electrostatic, magnetostatic, or mechanical [85, 86]. Figure 9.18 shows the 

process of measurement of fluid pressure inside the microchannel while integrating a 

microcantilever.

The review paper discusses cantilever deflection in the microscale that replaces 

optical fluorescence detection and eliminates complex chemicals with a chip-based 

structure. The material serves in a microfluidic channel, Sounart et al. from Sandia 

National Laboratories designed an in situ cantilever for a microfluidic channel and 

the measured fluid flow rate in Figure 9.19 shows the electrostatic actuation process 

applied on cantilever for the measurement of viscosity and flow rate of fluid. The Si 

wafer worked as a cantilever membrane and microfluidic channel glass material. The 

size of the cantilever was 1 mm long and 500 µm wide. DI water fluid flowed across 

the channel and cantilever [87]. Another experiment by Noeth et al. fabricated a canti-

lever in SU-8 with integrated holes. The 3.7 μm thick cantilever with holes inserted 

into a microfluidic channel with the dimensions of the width of 300 μm and a length 
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of 400 μm. The perforation in the microcantilever increases the stiffness of the mate-

rial and deflection of the microcantilever. The observation of microcantilever deflec-

tion at the fluid flow rate is 1–5 Nl/min [88]. Nezhad et al. in their experiment design 

shows the fabricated and simulated microcantilever in a microchannel to control the 

fluid flow rate. PDMS microcantilever integrated across a SU-8 microchannel without 

adding any electric field, which detects the fluid pressure through the microcantile-

ver. Such a device is applicable for the biomedical application in cell sorting/separa-

tion, drug detection, and diagnosis of disease. The future of integrated microcantile-

vers across microchannels is extensively used in the field of healthcare applications 

due to their low cost and the living cells are less sensitive [89]. Figure 9.20 shows a 

microscopic image of a fabricated and integrated microcantilever in microchannel, 

the various types of microcantilever are fabricated as shown in Figure 9.20.

Figure 9.20(a) shows the fabricated PDMS microcantilever and Figure 9.20(b)

shows the deflection of the microcantilever when force is applied on the top sur-

face. Figure 9.20(c) shows the microfluidic channel and Figure 9.20(d) shows the angular 

deflection concerning flow rate. The various types of structures of the cantilever can be 

designed for providing better displacement, and also add holes on the cantilever to pro-

vide better flexibility when fluid flows across the channel. The whole dimension takes 

different types and found cantilever characteristics concerning the fluid. The deflection 

of the cantilever was directly proportional to microfluidic pressure. The sensitivity of the 

workstation

CCD camera

Deflection Observation

Tube for Fluid
Transport

Container

Fluid Flow

Microscope

Syringe Pump Microfluidic Device

Cantilever Based Pressure Sensing Microfluidic Device
(Top View)

Outlet

Fluid Flow

Cantilever

Inlet

Figure 9.19: Schematic representation of a process of cantilever microfluidic pressure sensing to measure 
the fluid pressure.
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Figure 9.20: Microscope image of integrated microfluidic microcantilever across fluidic microchannel. 
(a) PDMS microcantilever. (b) Graph between force applied on microcantilever and deflection of cantilever. 
(c) Fluidic microchannel. (d) Angular deflection of cantilever with respect to the flow rate of fluid.
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cantilever varied with changes in hole size, the distance between holes, and the shape of 

the holes [90, 91]. Figure 9.21 shows the behavior of the fluid in the channel and fluid 

characteristics are defined by developing a relation between microcantilever deflection 

and flow rate. Table 9.6 shows a cantilever comparison study of pressure-sensing meth-

ods in microchannel and its parameters.

Table 9.6: Comparison of cantilever pressure-sensing mechanisms and its parameters.

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Observer effect References

Cantilever- 
based 
pressure 
sensing

Cantilever 
sensor design 
with integrated 
microchannel

Cantilever 
(W – ��� µm 
L – ��� µm) 
Microchannel 
(W – ��� µm 
L – � mm) 
Quadratic 
holes 
integration 
(�–�� µm)

SU-� cantilever 
Sin-cantilever 
PDMS channel

SU-� sensor Five 
type UV lithographic 
process serve 
Sin three 
lithographic process 
serve 
Sin gives more 
deflection than SU-�
Perforation reduces 
the resistance fluid 
flow result gives 
lower bending for 
higher porosity 
Sensitivity 
decreases with 
increasing porosity

[91]
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Figure 9.21: The relationship between microcantilever deflection and flow rate of the fluid in the channel.
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Table 9.6 (continued)

Pressure- 

sensing 

technique

Mechanism Dimensions Materials Observer effect References

Piezoresistive 
cantilever 
design at 
bottom wall of 
microchannel 
for 
measurement 
of cellular 
characteristics

Cantilever 
(W – �� µm 
L – �� µm 
H – �.� µm) 
Microchannel 
height, �� µm

Microchannel – PDMS 
Cantilever-Si

Microchannel and 
cantilever aligned 
using microscopy 
Photolithography’s 
process of 
fabrication of 
microchannel 
Photolithography 
mask cantilever

[74]

HAR 
piezoresistive 
cantilever flow 
sensor

Cantilever 
(W – � mm 
width 
thickness, 
�.� – � mm 
AR ��) 
Microfluidic 
channel 
(��� µm 
width and 
�� µm depth)

Graphene ink 
Cantilever of PDMS 
Silver nanoparticle ink

Airflow testing 
Waterflow testing 
Sensitivity of 
sensor �.�k ώm/s

[89]

Experimental 
and numerical 
investigation of 
a cantilever- 
based 
optofluidic flow 
sensor 
The principle of 
the sensor is 
the fringe shift 
of the Fabry-- 
Pérot (FP) 
spectrum due 
to a changing 
flow rate

Microchannel 
(H – � mm, 
W – �.� mm, 
L – � cm)

Polymethylmethacrylate 
(PMMA) 
CO�

Polydimethylsiloxane 
(PDMS)

Developing the 
relation between 
flow rate and 
deflection of 
cantilever 
Observed the 
intensity of fluid 
and developed 
relation between 
wavelength and 
intensity

[90]

Chapter 9 Influence of Fluid Pressure 205



The above review of the research paper on the cantilever-based microfluidic pres-

sure-sensing mechanism has found some challenges for design and fabrication. The 

review also found the gap and future work required in cantilever-based microfluidic 

pressure-sensing mechanisms. Tables 9.7 and 9.8 show the challenges in the cantilever 

microfluidic pressure-sensing mechanism and advancement or future work for better 

microfluidic device design, respectively. Cantilever-based microfluidic pressure sens-

ing involves in measuring the deflection of a cantilever due to the applied pressure in 

a microfluidic channel. The deflection of the cantilever can be related to the applied 

pressure through principles of beam theory and mechanics. The deflection δ of a can-

tilever beam subjected to a uniform pressure P can be described using beam theory. 

For a rectangular cantilever beam, the maximum deflection at the free end is 

given by:

δ = PL4

8EI
(9:35) 

The moment of inertia for a rectangular cross-section is given by:

I = bh3

12
(9:36) 

To relate the deflection δ to the applied pressure P, combining the equation:

P= 2Ebδ h3

3L4
(9:37) 

P= 2Ebδ h3

3L4 

Equation (9.37) represents to determine the applied microfluidic pressure from the 

measured deflection of the cantilever.

9.5 Conclusion

They summarize the pressure-sensing mechanism with various technical approaches 

and the review paper discussed the importance of microfluidics pressure-sensing 

mechanisms in various applications in industries. The chapter discussed various ana-

lytical methods for the control of fluid, monitoring devices, understanding the charac-

teristics of fluids, detection and analysis capabilities, as well as safety for microfluidic 

devices. These microfluidic pressure-sensing mechanisms enable researchers to ex-

plore a wide range of applications and enhance the performance of microfluidics de-

vices in various areas, including healthcare, chemical, biotechnology, and the environ-

ment. The chapter discussed a critical aspect of the microfluidic device and the ability 

to control the pressure, and sensed it accurately within the microfluidic channel. The 

206 Ankur Saxena et al.



first phase of the chapter discussed the impact of the general parameters of micro-

channel in microfluidics pressure sensing and detection. The AR of the channel refers 

to the width ratio of the microchannel. The AR amount affects the fluid flow resistance, 

velocity profile, and pressure drop. As the AR amount increases, the flow resistance 

also increases due to the increase in the height of the channel. The effect of this 

higher-pressure drop achieved along the microchannel to maintain higher pressure 

drop that required high velocity at the inlet. Another parameter is the friction of the 

microchannel; the friction coefficient of a microchannel in microfluidics refers to the 

measure of the resistance of fluid flow produced by the interaction between the fluid 

and microchannel walls. The friction coefficient along the channel shows different be-

havior, as higher friction coefficients correspond to an increase in the amount of resis-

tance to flow, resulting achieved higher pressure drops. Similarly, lower friction coeffi-

cients lead to lower pressure drops. The friction coefficient affects the pressure 

distribution within the microchannel. In microchannels with higher friction coeffi-

cients, the pressure tends to decrease along the channel length due to energy losses 

caused by wall-fluid interactions. This pressure drop can be nonuniform, with greater 

pressure losses occurring near the channel entrance or areas of higher friction.

Understanding the pressure distribution is crucial for designing microfluidic sys-

tems that require specific pressure profiles for optimal performance. The friction co-

efficient is related to Reynolds number that defines the flow type in microchannel. 

Reynolds number influences the pressure drop along the microchannel. In laminar 

flow, the pressure drop is directly proportional to the flow rate and viscosity of the 

fluid, according to the HagenPoiseuille equation. Reynolds number influences the ve-

locity profile of the fluid within the microchannel. In laminar flow, the velocity profile 

is typically parabolic, with the maximum velocity occurring at the channel center and 

gradually decreasing toward the channel walls. Thus, the first phase reviews micro-

channel and fluid parameters’ effect on microfluidics, and the second phase reviews 

about different pressure-sensing physics applied in microchannel. The second phase 

discusses about five types of microfluidic pressure-sensing mechanisms with their 

challenges and future advancement required. The review paper discusses various 

techniques for pressure-sensing mechanisms and analysis of microfluidic channels 

with their parameters. The chapter discussed low Reynolds number laminar flow in 

microchannel impact on pressure. As the low Reynolds value increases, the pressure 

in the channel is also increased. AR in microchannel defines the width-to-height ratio 

and found that most of the channel serves as rectangular but cross-section area can 

be different due to this fluid sense of high or low pressure. If the cross-section is trian-

gular, then the pressure measurement achieved is high, the height of the grooves pro-

vides more friction inflow of the fluid, so that, it is necessary for smooth flow of the 

fluid and its required groove height should be small. Now, interacting microchannel 

with pressure-sensing techniques for microfluidics application, various researchers 

investigate and design such type of a sensor that is in micro size and material prop-

erty to serve to sense the pressure of fluid flow. Five types of sensing mechanisms are 
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discussed in this chapter and found that the most demanding approaches are cantile-

ver sensing and optical-based sensing mechanisms. The authors design a sensing 

layer in a microfluidic chip for the measurement of pressure or sense of pressure, 

and an optical approach is used to determine the pressure. The integrated microcanti-

lever with microchannel senses pressure without adding or inserting a piezoresistive 

sensor or piezoelectric sensor. The syringe pump and optical device are used to mea-

sure the reading with online monitoring. The integration of a microcantilever in a mi-

crochannel and measurement of fluid properties with cantilever deflection without 

adding any type of piezoresistive sensor, using an optical device to measure displace-

ment in microcantilever tip is highly demanding for living cell detection in biological 

application. Microfluidic device has a lot of scope for disease diagnosis; most of the 

technologies come with an individual device for the diagnosis of any disease and the 

integration of multiple devices with virtuous approach helps to design a microfluidic 

device for healthcare application.
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Tanya Gupta, Shiv Pratap, Padam Singh✶, and Manoj Kumar 

Chapter 10 
The Xue Model-Based Quadratic Convective 
Flow Analysis of Radiative Trihybrid 
Nanofluid over Porous Plate Using Cattaneo- 
Christov Model

Abstract: This chapter discusses the flow of trihybrid nanofluid (THNF) across a per-

meable plate, considering nonlinear thermal radiation and nonlinear convection. The 

Cattaneo-Christov heat flux model is utilized for heat transfer (HT) phenomena. The 

Xue model is used to find the thermal conductivity of TNHF. The set of partial differ-

ential equations is transmuted into ordinary differential equations (ODEs) using the 

similarity constraints. The ODEs are solved numerically by the BVP4C solver. The 

analysis of flow parameters on dimensionless velocity and thermal profiles is 

sketched. The variation in HT and drag coefficient for different parameters is tabu-

lated. The suction parameter and radiation parameter increase the fluid velocity, and 

the convection parameter, along with the thermal leg factor decrease the energy pro-

file of THNF. The magnetic field and porosity are responsible for an increment in HT 

and convection, while the slip parameter is responsible for a decrement. The bar 

graph is also plotted for HT enchantment. 

Keywords: trihybrid nanofluid, Xue model, quadratic convection, nonlinear radiation, 

nonlinear heat source/sink, slip condition

10.1 Introduction

While studying the fluid flow behavior, it is necessary to study the radiation effect 

due to its applications in different sectors, such as aerospace, combustion systems, at-

mospheric science, cooling of nuclear reactors, and space fluid dynamics. Josef Stefan 
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and Ludwig Boltzmann gave the foundation for radiation heat transfer (HT) analysis. 

They introduced the Stefan-Boltzmann law to describe the relation between thermal 

radiation and absolute temperature. Later, many researchers conducted their studies 

on thermal radiation, such as Siddheshwar and Mahabaleshwar [1], who analyzed the 

radiation effect on the viscoelastic liquid flow along a stretching sheet. Mukhopad-

hyay and Layek [2] conducted a study on the HT of fluid across a porous stretching 

sheet in the presence of thermal radiation. Kumar et al. [3] applied the finite element 

method to analyze the HT of nanofluid flow over an infinite vertical plate in the pres-

ence of radiation. They concluded an enhancement in velocity and temperature pro-

file by the radiation parameter. Recently, a study was done by Bejawada and Nandep-

panavar [4], in which they analyzed the flow of micropolar fluid in the presence of 

radiation over a moving plate. They observed a rise in skin friction with the radiation 

parameter. Sreedevi et al. [5] analyzed the effect of radiation on nanofluid flow with 

the aid of natural convection inside a differentially heated square chamber. They re-

vealed a rise in the convection HT due to radiation from the hot to the cold wall. Al-

louche et al. [6] studied the HT attributes of an HNF inside an eccentric annular space 

under the effect of thermal radiation. They disclosed the influence of radiation on 

convective HT for low and high Rayleigh numbers. More literature on the effect of 

radiation can be seen in the works of Mahabaleshwar et al. [7], Alzahrani et al. [8], 

Saad et al. [9], Karthik et al. [10].

An understanding of magnetohydrodynamics (MHD) is crucial when examining 

the influence of electrically conductive fluids in the presence of a magnetic field. It 

has applications in various domains, such as nuclear reactors, power generation, 

plasma propulsion systems, and many other engineering systems. MHD has the ability 

to control and manipulate conducting fluid in the presence of magnetic field. Due to 

this property, it has applications in power generation, metal processing, hypersonic 

aircraft, biomedical and many more. A lot of work has been done in the vicinity of 

MHD. In the first light, Alfven [11] introduced the concept of MHD waves and dis-

cussed the development of combined electromagnetic-hydrodynamic waves. Ishak 

et al. [12] presented the solution to the MHD flow problem over a stretching cylinder 

and described the effect of the magnetic parameter. They disclosed the suppression in 

velocity and the increment in the temperature field due to the magnetic field. They 

also disclosed that the drag is increased due to the magnetic field. Das et al. [13] ex-

plained the mass transmission effect on convective MHD flow over a vertical plate 

that is embedded in porous media. They also concluded that there is a decrease in the 

velocity profile under the influence of the magnetic field. Gul et al. [14] analyzed the 

HT in a vertical channel. They assumed the MHD flow with the aid of mixed convec-

tion and made a comparison between magnetic and nonmagnetic nanoparticles. El-

lahi et al. [15] considered the MHD and slip effect on the boundary layer flow over a 

moving plate. They concluded that the MHD factor results in a rise in temperature. In 

their study, they also analyzed entropy generation and discussed the Bejan number. 

Reddy et al. [16] studied the heat generation/absorption effect on the MHD flow over a 
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stretching cylinder. They concluded that the magnetic parameter resulted in an in-

crease in thermal gradient and a decrease in the velocity profile. Some recent litera-

ture on the MHD can be seen in the works of Akbar et al. [17], Mirzaei et al. [18], Li 

et al. [19], Reddy et al. [20], Adel et al. [21], Reddy and Mangamma [22].

The porous stretching sheet has gained a lot of interest from researchers due to 

its vast domain of applications. It includes polymer extrusion in which flow can be 

controlled through pores present on the sheet. The HT study of porous sheets can help 

in understanding the speed optimization process, cooling rates and much more. In the 

biomedical field, the porous stretching sheet plays a crucial role in improving the effi-

ciency of drug delivery systems by controlling the release of medicine in the blood or 

designing artificial organs. Many researchers have analyzed porous stretching sheets 

and discussed it for different scenarios. Hayat et al. [23] analyzed the HT of MHD flow 

over a porous stretching sheet. This study was conducted with the aid of slip condi-

tions. Swain et al. [24] visualized the Joule heating effect on the MHD flow over a po-

rous stretching sheet. They discussed the effect of the porous parameter under the 

Joule heating effect and concluded that a rise in porosity results in an elevated veloc-

ity. A study of thermo-diffusion and HT flow over a porous sheet was conducted by 

Khan et al. [25]. They analyzed the boundary layer flow of nanofluid with the aid of a 

convective boundary. Khan et al. [26] explored the dual solution of the stagnation 

point unsteady flow of Casson fluid over a porous sheet. They imposed slip mecha-

nisms and mixed convection on their model. The examination of micropolar fluid 

flow across a sheet in the presence of viscous dissipation and thermal radiation was 

done by Kausar et al. [27]. They concluded a rise in the boundary layer along with an 

increase in porosity. Recently, Akbar et al. [28] simulated the hybrid nanofluid (HNF) 

flow over a porous sheet with an artificial neural network approach. Their findings 

include the rise in temperature with an increase in porosity. More work related to 

porous stretching sheets can be seen in the literature works of Warke et al. [29], Babu 

et al. [30], Dharmaiah et al. [31], Nabwey and Mahdy [32], Khattak et al. [33].

In the present scenario, the nanoparticles play a crucial role in optimizing the HT 

properties of the fluid. They have a vast area of applications depending on the nano-

particles chosen. For instance, TiO2 is used as a nanoparticle in various domains, such 

as biomedical, water purification, antimicrobial coatings, energy systems, and aero-

space. In biomedical, it is used as a carrier of therapeutic agents that respond to mag-

netic fields for accurate targeting. In water purification, it behaves as a photocatalyst, 

helping in wastewater treatment. These particles are used in antiviral sprays and air 

purification systems. These particles can be used as boosters for thermal systems to 

enhance heat retention and many more. Similarly, Al2O3 and single-wall carbon nano-

tubes (SWCNT) have a wide range of applications. Al2O3 is used in heat exchangers to 

increase thermal conductivity, in biomedical imaging as a contrast agent for accurate 

diagnostics, in the lubrication process to decrease friction, in the purification process 

to remove contaminants or organic pollutants, and in storage systems to make them 

more reliable. SWCNTs are significantly effective nanoparticles. It enhances the thermal 
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performance of cooling systems and heat exchangers due to its high thermal conductiv-

ity. These particles are used for photothermal therapy and bioimaging. Under a mag-

netic field, these particles are capable of enhancing the fluid control in MHD systems. 

Overall, these nanoparticles are very useful across a wide range of applications. Some 

work related to these nanoparticles can be seen in the literature works of Kim et al. 

[34], Chun Chen et al. [35], Soni and Thomas [36], Manigandan et al. [37], Javadipour 

et al. [38], Trandabat et al. [39], Khashan et al. [40].

After carefully reviewing the recently published study on trihybrid nanofluid 

(TNHF) flow over a plate, the authors identified the following gap to fill in the study. 

The chapter describes the flow of tetrahydrofuran (THF) over a plate of porous me-

dium. The study outcome is the following:

– How is the thermal conductivity of fluid affected by different shapes of nanopar-

ticles?

– What is the importance of C-C HT instead of HT of using classical Fourier’s law?

– In many physical phenomena, nonlinearity appears. How does the nonlinear con-

vection affect the fluid velocity and temperature?

– What is the impact of nonlinear radiation on the attendance of irregular heat 

sources?

10.2 Assumptions and Model Descriptions

The flow description is shown in Figure 10.1, where we consider the 2D laminar, in-

compressible, and viscous trihybrid nanofluid flow over a permeable plate. The mag-

netic field of strength B0 is applied to the plate in the normal direction of flow. The 

flow is designed in the x-direction. Tw is the temperature at the wall and Uw is the 

free stream velocity of the fluid. The heat induced by the friction of the adjacent layer 

and due to the magnetic field is considered. Furthermore, the consequences of irregu-

lar heat source/sink, nonlinear radiation, and convection are considered. For the HT 

analysis, the Cattaneo-Christov model is employed.

10.2.1 Model Equations

Equation of Continuity

ux + vy = 0 (10:1) 
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Momentum Equation

ρtf ð~u~ux + ~v~uyÞ= μtf ~uyy − σtfB
2
0
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kp
+ g cos β ðρβ0Þtf ~T − ~T∞

 �
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 �2h i

(10:2) 

Energy Equation

ðρCpÞtf ~u~Tx +~v~Ty

� �
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Figure 10.1: Visualization of flow geometry.
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Boundary Conditions

~uðxÞ= ~Uw +L✶~uy, ~vðxÞ= ~v0, ktf ~TyðxÞ= hf ~Tw − ~T
 �

y= 0

~uðxÞ !0, ~TðxÞ !~T∞ y !∞

2
4

3
5 (10:4) 

where μtf , ρtf , σtf , β0, β1, and k show the dynamic viscosity, density, electrical conduc-

tivity, thermal expansion coefficient, and thermal conductivity of trihybrid nanofluid, 

respectively. Kp
✶ is the strength of porous media, A✶,B✶ is the irregular source/sink 

coefficient, L✶ is the slip length, τ0 is the thermal lag time factor, and the subscript tf

stands for THNF.

The Rosseland equation is employed to evaluate the heat flow of radiation, which 

is given as follows:

qr = − 4σ✶

3k✶
∂~T

4

∂y
(10:5) 

10.2.2 Similarity Constraints

The appropriate constraints that convert the coupled PDEs into nonlinear ordinary 

differential equations (ODEs) are described by the following equation:

ξ = y

ffiffiffiffiffi
a

υf

 
, ~u= axf ′ ξð Þ, ~v= − ffiffiffiffiffiffiffi

aυf
p

f ξð Þ, θ ξð Þ=
~T − ~T∞

~Tw − ~T∞

, (10:6) 

10.3 Converted Equations

Equation (10.1) is identically satisfied by using the similarity variable defined in 

eq. (10.6), and eqs. (10.2) and (10.3) along with the boundary assumption (10.4) are 

transformed as follows:

f ′ ′ ′ = ε2

ε1

f ′2 − ff ′ ′ + ε3

ε2

Mf ′ + ε1

ε2

λf ′ − ε4

ε2

Cosβ Gr θ

Re2
x

1 + ε4ωθð Þ
 #

(10:7) 
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ε1
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ε1 =
μtf
μf

, ε2 =
ρtf
ρf

, ε3 =
σtf
σf

, ε4 =
ðρβÞtf
ðρβÞf

, ε5 =
ðρCpÞtf
ðρCpÞf

, ε6 =
κtf
κf

, are the thermophysical parame-

ters, χ = Gr

Re2
x

mixed convection parameter, M = σf B
2
0

ρf a
magnetic parameter, Ec= ðUwÞ2

Tw − T∞ð ÞCp

dissipation parameter, Rd= 16σ✶T3
∞

3k✶κf
radiation parameter, porosity factor is described as 

λ= νf
akp

, ω= βf
~Tw − ~T∞

 �
nonlinear convection factor, Pr =

νf ρCpð Þf
κf

Prandtl number, 

L= L✶
ffiffiffiffi
a
vf

q
defines the jump factor, Re= Uwx

νf
is local Reynold’s number, and Bi= hf

af

ffiffiffiffi
vf
a

q

describes the Biot number.

10.4 Numerical Technique

Using the numerical solver known as the BVP4C solver, the changed ODEs (10.7) and 

(10.8), subject to boundary conditions (10.9), are solved. In this approach, firstly, the 

set of ODEs is transformed to a set of first-order equations, and this is done by using 

these variables:

f = t1
✶, f ′ = t2

✶, f ′ ′ = t3
✶, θ= t4

✶, θ ′ = t5
✶ (10:9) 

Using eq. (10.9), eqs. (10.7) and (10.8) are rewritten in the following form:

tt= ε2

ε1
t✶2 − tt + ε3

ε2
Mf ′ + ε1

ε2
αf ′ − ε4

ε2

cos βGr

Re2
x

1 + ε4Ωð Þ
 #

(10:10) 

tt2 = ðPrε5t1
✶t5

✶Þ−ððPrτε5t1
✶t2

✶t4
✶Þ−M✶Ec✶Pr✶t2

✶2 − 

Rd 3 1+ t4
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✶2

� �
− 

ε1✶Ec✶Pr✶t4
✶3 − ε2ε6
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� �
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✶ð Þ
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 �
+ε6 +Rd 1+ t4

✶ +ð1+ t4
✶✶ θw −1ð Þ3

� � (10:11) 

The graphical code validation is done by a previously published study. The study 

shows good agreement (see Table 10.1). The three nanoparticles are taken from 10% of 

the volume fraction, and the base fluid is kerosene oil. Table 10.2 shows the thermo-

physical attributes for finding the value.
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Table 10.1: Comparison of the values of Nusselt’s 

number for the various values of magnetic field (M) 

and the remaining parameters are 

Pr = 21, λ=ω= Rd = τ = S = Bi = L= χ = 0.

M Shaiq et al. [41] Present result

0.5 1.2247 1.22479

1 1.4142 1.41423

1.5 1.5811 1.58115

2 1.7321 1.73206

Table 10.2: Thermophysical correlation of properties of ternary hybrid nanofluid [19, 39].
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10.5 Results and Discussion

This section demonstrates the physical interference of outcomes following the suc-

cessful computation of this problem using numerical methods. Table 10.2 contains the 

physical characteristics of THF. Table 10.3 presents the numerical analysis of lagged 

neural network (LNN) and local sensitivity function (LSF) for certain approximations.

The consequence of the magnetic parameter Mð Þ on the temperature and velocity 

fields is shown in Figures 10.2 and 10.3. The velocity boundary layer thickness de-

creases as the M increases because the stream velocity component f ′ ηð Þ decreases. 

The externally applied magnetic field greatly impacts the electrically conducting flu-

id’s velocity profile, which slows the fluid flow by applying a strong Lorentz force re-

sistance to its motion. The fluid temperature profile θ ηð Þ rises as the M and fluid resis-

tance do, which causes the thermal boundary layer thickness to grow. By increasing 

the particle motion and raising the fluid’s temperature, the magnetic field increases 

thermal energy and the thickness of the thermal boundary layer, which reduces heat 

transmission from the sheet.

Figures 10.4 and 10.5 exemplify the consequences of altering the porosity parameter 

λð Þ on the thermal and velocity profiles of the nanofluid. A thin boundary layer was 

observed when the viscosity was increased. Also, it demonstrates that when porosity 

varies, it results in the growth of the energy profile. Physically, a high-value porosity 

parameter value enhances the friction force between the liquid layer, thereby reduc-

ing flow velocity and enhancing temperature distribution.
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Figure 10.2: The effect of M on velocity profile.
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Figures 10.6 and 10.7 address the influence of the quadratic convection parameter ωð Þ
on dimensionless velocity and thermal profile. The curve of velocity and thermal pro-

files declines as ω increases. At an elevated value of the quadratic convection parame-

ter, resistance from increased viscosity may oppose the buoyancy force and diminish 
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Figure 10.5: The effect of λ on thermal profile.
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velocity. An elevated value of the quadratic convection parameter amplifies convection 

intensity, improving HT, and resulting in a reduced thermal boundary layer.

Figures 10.8 and 10.9 illustrate the impact of modifying the mixed convection pa-

rameter χð Þ on temperature. In forced convection-dominated flow, the velocity is 
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Figure 10.7: The effect of ω on thermal profile.
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mostly governed by external flow (Reynold’s number). As a rise in χð Þ from 0.25 to 

0.55, natural convection starts to oppose the external flow, potentially introducing 

flow resistance. This resistance diminishes the velocity of the fluid. Moreover, the re-

duced thickness of the thermal boundary layer results in an intensified viscosity effect 

adjacent to the surface, hence lowering the velocity profile. As forced convection pre-

dominantly improves momentum transfer rather than thermal diffusion, heat dissipa-

tion becomes more effective, hence lowering the thermal profiles.

Figures 10.10 and 10.11 illustrate how the radiation factor Rdð Þ affects the temper-

ature and velocity profiles. It demonstrates that a higher magnitude of Rd parameter 

promotes HT inside the fluid. The positive effect of the nonlinear thermal radiation 

parameter on the temperature curve of the nanofluid leads to effects. Firstly, it facili-

tates HT over the boundary layer at all distances, or, in other words, it continuously 

raises the temperature of the boundary layer. It generates thermal energy in fluid 

nanoparticles, due to their thermal conductivity, and improves thermal diffusion and 

transmission throughout the fluid.

The trends of the suction parameter Sð Þ on dimensionless velocity and thermal pro-

files observed in Figures 10.12 and 10.13. On amplifying the value of S from 0.95 to 1.75, 

both the velocity and temperature diminish. The momentum transfer toward the sur-

face boosts as suction rises, which reduces velocity by means of more resistance against 

fluid extraction close to the heated surface and reduces heat retention, therefore affect-

ing the dispersion of temperature. This effect is especially important in trihybrid nano-

fluids, in which the increased convective cooling caused by suction balances the im-

proved thermal conductivity of nanoparticles. As a result, thermal boundary layer 
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contraction and momentum suppression taken together produce an overall decrease in 

both velocity and temperature profiles.

Figures 10.14 and 10.15 illustrate the relationship between the Biot number Bið Þ, 
the velocity, and the temperature profile. The Biot number positively correlates with 

both velocity and temperature. Because of increased convection, heat transmission 

from the wall to the nanofluid improves as Bi boost. This elevates the temperature 

gradients close to the wall, raising the fluid temperature. The temperature depen-

dency of viscosity in a fluid causes the fluid viscosity to drop as temperature rises. 

The fluid viscosity decreases, and its thermal expansion increases as the momentum 

boundary layer becomes more active and the velocity profile increases.

Figures 10.16 and 10.17 illustrate the trends of the thermal relaxation parameter on 

the dimensionless profile. Increasing the value of τ from 0.05 to 0.35 results in a de-

crease in the heat conduction rate due to the lag in the heat flux reaction. As a result, 

the temperature distribution in the HNF decreases. In thermal boundary layers, di-

minished HT decreases thermal diffusion, leading to a smaller boundary layer and 

reduced fluid velocity adjacent to the surface.

Figures 10.18 and 10.19 exemplify the influence of altering the slip parameter Lð Þ
on the thermal and velocity profiles of the nanofluid. The slip provides less resistance 

to flow, resulting in a velocity increase. Moreover, diminished friction between par-

ticles results in a reduced conversion of mechanical energy into heat near the wall, 

hence altering the temperature gradient.
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The numerical values of LSF and LNN are tabulated (Table 10.3) for different factors. 

The HT coefficient is higher for a large magnitude of M. The reduction of LNN is 

found by the convection parameter. The LSF is positively correlated with M, and neg-

atively correlated with λ. Radiation parameter is positively correlated with the drag 

and HT coefficient.
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Figure 10.19: The trend of L on thermal profile.

Table 10.3: Numerical values of LSF and LNN for trihybrid nanofluid.

M λ ω χ Rd S Bi LSF LNN

0.25 0.05 0.5 0.25 2 0.95 1.15 −0.6925 1.7764

0.45 −0.7004 2.4166

0.65 −0.7054 3.0181

0.85 −0.7082 3.5865

0.25 −0.7163 1.9980

0.45 −0.7393 2.1834

0.65 −0.7621 2.3310

1 −0.6646 1.4805

1.5 −0.6429 1.2734

2 −0.6251 1.1169

0.35 −0.6653 2.0056

0.45 −0.6428 1.7873

0.55 −0.6234 1.5944

4 −0.7085 3.5708

6 −0.7173 3.8493
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10.6 Conclusion

This chapter addresses the numerical simulation to study the impression of nonlinear 

convection, nonthermal radiation, Joule heating, and magnetic field for THNF over 

the plate. To analyze the nonlinear phenomena of HT, the Cattaneo-Christov model is 

used. The coupled equations are converted into nondimensional equations using the 

similarity variable. The nonlinear ODEs are solved by the BVP4C solver. The Xue 

model is used for finding the thermophysical properties of THF. The chapter con-

cludes the following points:

1. The trihybrid is formulated using three different shapes of nanoparticles. The 

Xue model is responsible for a better thermal conductivity value.

2. The increment in M from 0.25 to 0.85, resulting in a HT rate of 25% and reducing 

the drag force by 10%.

3. The velocity trace shows a decrement in boosting the values of the quadratic con-

vection parameter, porosity parameter, and thermal relaxation parameter.

4. This comprehensive study was conducted in situations with heat sources and 

suction.
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Sham Bansal 

Chapter 11 
Numerical Investigation of Non-Darcy MHD 
Boundary Layer Nanofluids Flow Over 
a Nonlinear Stretching Surface

Abstract: This study investigates the influence of ferrous ferric oxide, copper, and sil-

ver nanoparticles on a water-based nanofluid’s magnetohydrodynamics boundary 

layer flow via a nonlinear stretched surface contained in a porous media. Employing 

an appropriate similarity transformation technique, the complex equations governing 

the flow are transformed into simpler ones, which are then numerically simplified 

using a finite difference implicit Keller box approach. The investigation considers var-

ious factors such as the stretching parameter, magnetic parameter, Eckert number, 

Soret number, and the volume fraction of nanoparticles, analysing their effects on 

temperature, velocity, and nanoparticle concentration. The finding shows that a 

higher nonlinear stretching parameter thins all three boundary layers and strength-

ens both the heat transfer rate and skin friction coefficient. Conversely, a stronger 

magnetic field led to thicker temperature and concentration boundary layers due to 

heat generation by the Lorentz force, and leads to a reduction in the heat transfer 

rate, while concurrently increasing the coefficient of skin friction. A higher Soret pa-

rameter leads to an enhancement in both the fluid’s concentration and velocity, but 

its temperature falls. The fluid’s thermal conductivity rises with an increase in the 

volume fraction. In contrast, the nanofluid’s velocity profiles indicate the reverse be-

havior. The concentration and temperature rise with increasing Eckert number, caus-

ing the nanoparticles to disperse away from the wall more quickly, but the nano-

fluid’s velocity reduces. Furthermore, a higher value of the permeability parameter 

accelerates heat transfer but reduces the skin friction coefficient. 

Keywords: nanofluids, magnetohydrodynamics, porous media, Keller-box method

11.1 Introduction

The analysis of nanofluids in the context of magnetohydrodynamics (MHD) boundary 

layer flow via nonlinear stretched sheet within porous media has garnered significant 

focus in the past decade due to its crucial role in various engineering applications, 
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including heat exchangers, coatings, and the cooling of electronic devices. This section 

summarizes key studies and advancements in this multidisciplinary field. Utilizing a 

comprehensive mathematical model and numerical methods, our research delves 

into the complex physics governing multifaceted systems. The use of these dynamic 

models in mathematics is becoming more sophisticated. Scientists in the fields of 

mathematics, numerical computation, and modeling face exciting challenges in devel-

oping numerical or analytical solutions. Numerous scholars have expressed keen inter-

est in modelling nonlinear magnetohydrodynamic fluids in porous media. The Keller 

box finite difference technique has been utilized in current research.

The intricate interplay between nanofluids, MHD, porous media, and nanoparti-

cle additives has gained significant focus due to their synergistic effect in improving 

heat transmission and fluid flow across various engineering applications. Nanofluids 

exhibit enhanced thermal and flow properties in comparison to their base fluids. This 

enhancement corresponds to the strong thermal conductivity and heating capabilities 

of nanoparticles, making nanofluids suitable for heat transport applications. Hayat 

et al. [1] researched the potential effects of a nanofluid on a stretched sheet in a first- 

order chemical process. Bhargava et al. [2] analyzed the nanofluid’s boundary layer 

flow using an angled stretching sheet and showed that an increase in convection pa-

rameter decreases nanoparticle volume fraction. Ferdows et al. [3] researched the 

flow of a stretched sheet through a viscous nanofluid in the vertical direction through 

porous media. Chamkha et al. [4] provided valuable insights into optimizing heat trans-

fer processes, contributing significantly to the understanding of nanofluid dynamics. 

Anusha et al. [5] studied that there was an enhancement in thermal properties with the 

appearance of various nanoparticles. Hamad [6] studied an exact solution of MHD con-

vection via a stretched sheet using nanofluid flow.

MHD is the area of CFD that explores the behavior of fluids with electrical con-

ductivity. Magnetohydrodynamic fluid analysis has grown into the center of extensive 

research in recent years for its vast spectrum of technological and commercial appli-

cations. The combination of MHD with nanofluids has opened up intriguing possibili-

ties for controlling fluid flow and heat transfer. Sawaya et al. [7] conducted an experi-

mental computation of Hall parameters for electric solutions in a closed loop. The 

Hall parameter was calculated by means of a theoretical single-dimensional model, 

and the open-circuit voltage was measured to compute the value. However, it was not 

considered in these experiments that ion-slip currents were present. Ion rutting ef-

fects are typically ignored; thus, ion rutting is often overlooked. Bhatti et al. [8] have 

given a detailed explanation of the ion slip phenomena. Cai et al. [9] analyzed MHD 

convection heat transfer via a permeable stretched wedge. Bansal [10] analyzed time- 

varying MHD blood flow in an inclined, porous, stretching vessel, under slip condi-

tions at the wall. Uddin et al. [11] have discovered that the joint effects of joule heating 

and axial conduction had a significant impact on Hartmann’s thermal input in paral-

lel platforms with diverse wall temperatures. In the case of a breakdown, Hartmann 

numbers up to 10 were examined by the researchers. The impacts of double diffusion 

240 Sham Bansal



on MHD fluid flow via a vertical surface are researched by Iranian et al. [12]. Cham-

kha et al. [13] evaluated the existing models for the physical attributes of nanofluids 

and specifically highlight studies conducted on MHD convection. By utilizing a Navier- 

Stokes computer solver, Beg [14] investigated the impact of a Joule heater in MHD 

channel flow to simulate flow.

Porous media are prevalent in various natural and industrial systems, such as un-

derground aquifers, oil reservoirs, and geothermal systems. It has been extensively 

studied due to their relevance in practical applications. The Darcian model is the 

most used model, and it is valid for viscous-dominated flows and utilized in the over-

whelming majority of simulations. Bansal [15] explored the stunning nano-fluid 

boundary layer on a permanently stretched sheet, utilizing the Keller-box technique. 

Beg et al. [16] explored the impact of Soret and Dufour on the stretched surface in 

porous medium. Ionized hydromagnetic rotating heat transfer currents utilizing ion-

ized hydromagnetic rotational heat transfer experiments in the effects of conducting 

and nonconducting walls in a parallel platform channel are examined by Raza et al. 

[17]. They demonstrated the case of nonconductive walls. If a fixed number and Hall 

current parameter are assumed, the increase in rotational parameters will decrease 

the temperature of the channels. They discovered unrelated solutions for hydromag-

netic transport in newly identified porous media by expanding the board and includ-

ing cross-diffusion effects. Kausar et al. [18] discovered the impact on boundary layers 

with a rise in porosity and volume fraction. The periodic behavior of mixed convec-

tion heat transmission surrounding a vertical wedge submerged through a porous 

media is explored by Chamkha et al. [19]. Their research deepened the understanding 

of temporal fluctuations in heat transmission characteristics. Bansal et al. [20] utilized 

the non-Darcy model to illustrate the transportation of nanofluid. By enhancing ther-

mal radiation and conductivity, Vanitha [21] observed a significant boost in heat 

transfer rate.

The nonlinear stretching sheet, a fundamental concept in fluid dynamics, contin-

ues to be a subject of profound scientific interest and practical relevance. This re-

search article embarks on a comprehensive exploration of the intricate phenomena 

associated with fluid flow via a nonlinear stretched sheet. The nonlinearities intro-

duced by the stretching sheet present unique challenges that demand sophisticated 

analytical and numerical approaches. Studies establish the profound impact of the 

nonlinear stretched sheet phenomenon in the applications of the production of poly-

mer sheets, metallurgical processes, and the design of aeronautical surfaces, enhanc-

ing our understanding of their efficiency and performance. Hamad and Ferdows [22] 

investigated the similarity solutions of nanofluid via a nonlinearly stretched sheet. 

Jakeer et al. [23] studied the influence of hybrid nanoparticles passing through a non-

linear stretched sheet. Bansal et al. [24] explored how boundary layer flow and heat 

transmission via a nonlinear stretched sheet are affected by thermal wall slip. Alai-

drous et al. [25] found that the impact of viscous dissociation on mixed transmission 

of heat from a surface that increases exponentially may be assessed. Negi et al. [26] 
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examined how a heat source affected a nanofluid’s stagnation point flow through a 

stretched sheet. Elbashbeshy [27] examined the effects of wall transpiration (suction), 

with an exponentially continuous extended surface in boundary layer flow. He utilized 

analysis techniques for exponential sheet models. Because of the physiologically realis-

tic exponential stretch rates and the mathematical examination of similarities, they are 

often utilized in engineering. Beg et al. [28] carried out an exponentially increasing 

sheet of heat radiation numerical simulation of boundary layer flow, to better under-

stand the phenomena. The exponential stretching issue is important when it comes to 

both practical and mathematical considerations. Baron et al. [29] demonstrated that re-

laxation processes in polymer systems may be described by relaxation functions with 

extended exponential behavior when applied to actual polymer stretching systems. 

With the exponential stretching of polymer sheets, it is feasible to overcome the relaxa-

tion of elastic strains and create a homogeneous distribution of materials. Uddin et al. 

[30] suggested using a generalized stretching model for continuous surfaces with a 

range of arbitrary polynomial speeds, which they termed “super-stretching” and were 

the most efficient in the context of material processing activities.

A finite difference technique was employed to address non-dimensionalized con-

servation equations. This approach allowed for a detailed investigation of various 

thermophysical factors that have a substantial impact on the characteristics of the 

flux. Abbasbandy et al. [31] researched the flow, heat, and mass transfer features of 

natural convection. They concluded that boosting the number of couplings reduces 

the speed. In the realm of mathematical modelling and solving complex physical prob-

lems, of partial differential equations (PDEs) into nondimensional, nonlinear ordinary 

differential equations (ODEs) is a pivotal technique. In this research, we employ a sim-

ilarity transformation approach to achieve the governing equations, with the result-

ing system solved by employing the renowned Keller box technique introduced by 

Keller and Cebeci [32]. This research not only delivers a systematic methodological 

framework, but also provides valuable perspectives into the applications of the Keller 

box method, shedding light on its practicality in handling an extensive range of physi-

cal problems.

In accordance with a review of existing literature, several studies have detailed 

the characteristics of a boundary layer formed around a stretching sheet. Despite 

these individual advancements in nanofluids, MHD, porous media, and nanoparticles, 

there is a notable research gap in the literature concerning the collective influence of 

silver Agð Þ, ferrous ferric oxide Fe3O4ð Þ, and copper Cuð Þ nanofluids in the boundary 

layer regime via a nonlinear stretched sheet embedded in a porous material. This 

work intends to impart a crucial understanding of the behavior of such nanofluids in 

practical engineering applications. The existing body of research has laid the founda-

tion for our investigation, but it is evident that a comprehensive study integrating 

these aspects is necessary to gain a stronger understanding of the intricate interac-

tions amongst nanofluids, MHD, porous media, and nanoparticles in boundary layer 

flow scenarios. This study not only bridges an existing research gap but also imparts 
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instructive insights for engineers and researchers working in the fields of heat ex-

changers, materials science, and porous media applications. The impacts of various 

parameters on fluid flow via a nonlinear stretched surface are visually depicted. The 

current study considers both the physical and engineering implications of porous 

media.

11.2 Mathematical Formulation

In the ever-evolving landscape of numerical methods for solving the Keller box, the 

finite difference implicit method stands as a venerable and powerful approach. Its en-

during significance lies in its ability to provide accurate solutions to a wide array of 

differential equations encountered in various scientific and engineering disciplines. 

Its implicit nature confers numerical stability, making it a robust tool for simulating 

complex physical processes. It has been applied to problems in heat transfer, fluid 

flow, chemical engineering, and electromagnetic wave propagation, among others. 

Ishak et al. [33] implemented Keller’s box technique for numerical simulation. Fur-

thermore, focusing on the point-wise numerical algorithm, we unravel the inner 

workings of this method, offering a deep understanding of its principles and a novel 

perspective on its applications. The method is equipped with the capability to convert 

nth-order nonlinear PDEs into a system of n ODEs of first order, simplifying the nu-

merical solution process. These first-order nonlinear ODEs are then discretized in fi-

nite differences and turned into linear algebraic constraints, which are subsequently 

solved via the block-tridiagonal eliminating approach: Figure 11.1 represents the phys-

ical modal of the present research.

∂u

∂x
+ ∂v

∂y
= 0 (11:1) 
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Figure 11.1: Physical model of present research.
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The kinematic viscosity vf , effective thermal diffusivity αnf , and effective viscosity μnf

for nano‐fluids are obtained from [34–36] and are classified as:
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Presenting the stream function ψ x, yð Þ fulfills the continuity equation (11.1) stated as:
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Similarly, eqs. (11.3) and (11.4) using eqs. (11.6)–(11.9) can be written as:

θ′′ ηð Þ− Prλ − 1
n ϕ3

4n

n + 1
f ′ ηð Þθ ηð Þ− f ηð Þθ′ ηð Þ− ECϕ − 1

1 ϕ − 1
3 f ′′ ηð Þ
 �2

� �
= 0 (11:11) 

ξ′′ ηð Þ− Sc
4n

n + 1
ξ ηð Þf ′ ηð Þ− f ηð Þξ′ ηð Þ

� �
+ Sr θ′′ ηð Þ= 0 (11:12) 

where the parameters are

Sr = T − T∞ð ÞDl

ðC − C∞ÞDm
, Pr = vf

αf

, λ − 1
n = κf

κnf

, ρCp

 �
f

= κf

αf

, Sc = vf

Dm
,

K = vf

b Kd

, M = σB2
0

bρf

, EC = x2b2

T − T∞ð Þ Cp

 �
f

, ϕ1 = 1

1 − ϕð Þ2.5 ,

ϕ2 = 1 − ϕð Þ+ ϕ
ρs

ρf

and ϕ3 = 1 − ϕð Þ+ ϕ
ρCp

 �
s

ρCp

 �
f

g (11:13) 

Leveraging eq. (11.8), we can derive the boundary constraints displayed in eq. (11.5)
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Therefore, the transformed boundary constraints are

f ηð Þ= S, f ′ ηð Þ= θ ηð Þ= ξ ηð Þ= 1 at η = 0,

and f ′ ηð Þ, θ ηð Þ and ξ ηð Þ ! 0 as η ! ∞

 
(11:14) 

11.2.1 Skin Friction Coefficient and Rate of Heat Transfer

The physical parameters for Nu and Cf are expressed as:
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κf Tw − T∞ð Þ and Cf = τw

ρf u2
w 

where qw = −κnf
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and τw = μnf
∂u
∂y

at y = 0 represent the rates of energy and shear 

stress, respectively.

Eventually, the local Nusselt number and the skin friction coefficient are stated as:
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11.2.2 Unique Characteristics of Nanoparticles

For nanoparticles, Table 11.1 offers a brief listing of their thermophysical abilities.

11.3 Results and Discussion

The impact of the nonlinearly stretched sheet on boundary layer flow via porous media 

under the influence of MHD has been examined in this work. Numerical calculations of 

nonlinear ODEs (11.10), (11.11), and (11.12) are discretized using the Keller‐box finite dif-

ference implicit technique, incorporating the boundary conditions (11.14). By making 

use of graphs and tables combination, a comprehensive analysis of nanoparticles 

Fe3O4, Cu, and Ag in water‐based nanofluid have been presented including parameters, 

such as, suction parameter S, nanoparticles volume fraction ψ, stretching parameter n, 

Table 11.1: Unique characteristics of nanoparticles.

Physical characteristics Cp J=kg Kð Þ ρ kg=m3
 �

κ W=m Kð Þ

Fe3O4 670 5,180 9.7
Cu 385 8,933 401

Ag 235 10,500 429

Water H2Oð Þ 4,179 997.1 0.613
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Eckert number Ec, Prandtl factor Pr, Soret factor Sr, and magnetic parameter M. The 

outcomes of the numerical computations are graphically displayed and analyzed in re-

lation to the governing parameter’s significance.

11.3.1 Present Research Validation

The validity of research work is the degree for assuring the accuracy and reliability of 

research findings. Valid research outcomes can be leveraged to provide guidance for 

practice, contribute meaningfully to knowledge, and provide results that can be ex-

trapolated to other researchers. Validity reduces errors and boosts transparency.

Previous studies can be utilized to validate the accuracy of the current study. The cur-

rent study is reduced to Hamad’s model [22], when M = S=K = 0, which validates the 

use of the numerical approach. Comparing −θ′ 0ð Þ and −f ′ (0) for numerous values of ϕ

and Ec in Tables 11.2 and 11.3 indicates the preciseness of the current research findings.

11.3.2 Present Research

Figures 11.2–11.4 show that the stretching parameter affects temperature θ ηð Þ, velocity 

f ′ ηð Þ, and nanoparticle concentration ξ ηð Þ significantly. An increase in nonlinear 

Table 11.2: Results comparison of −θ′ 0ð Þ for distinct values of volume fraction 

ϕ and Ec when M = S = K = 0, Pr = 10, and n = 10.

Ec ϕ Ag Cu

Hamad [��] Present Hamad [��] Present

� �.� �.����� �.������ �.����� �.������

� �.� �.����� �.������ �.����� �.������

�.� �.�� �.����� �.������ �.����� �.������

Table 11.3: Comparison of −f ′′ 0ð Þ for distinct values of volume fraction ϕ and 

Ec when M = S = K = 0, Pr = 10, and n = 10.

ϕ Ag Cu

Hamad [��] Present Hamad [��] Present

�.�� �.����� �.������ �.����� �.������

�.� �.����� �.������ �.����� �.������

�.�� �.����� �.������ �.����� �.������

�.� �.����� �.������ �.����� �.������
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stretching parameter decreases all three boundary layers. The nanoparticle Ag has the 

highest concentration and temperature of the nanofluid, though the maximum velocity 

is recorded for nanoparticle Fe3O4.
Figures 11.5 and 11.6, respectively, illustrate how the magnetic factor M affects the 

temperature θ ηð Þ and concentration ξ ηð Þ of nanoparticles Fe3O4, Cu , and Ag in 

water-based nanofluid. These aforementioned figures demonstrate that rise in the 

magnetic parameter M causes rise in both concentration and temperature, as heat is 

developed due to the Lorentz force. The nanoparticles Ag exhibit the maximum con-

centration and temperature of nanofluid, followed by Cu and Fe3O4. On the other 

side, Figures 11.7 illustrates the reverse impact for velocity f ′ ηð Þ, velocity falls as a re-

sult of a hike in the retarding body force produced by boosting the magnetic parame-

ter M. In addition, as M rises, the boundary layer’s thickness falls. The nanoparticle 

Fe3O4 exhibits the maximum velocity of nanofluid, followed by Cu and Ag.
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The significant influence of the Soret parameter Sr on ξ ηð Þ, θ ηð Þ, and f ′ ηð Þ is depicted 

through Figures 11.8–11.10. The dimensionless Soret factor quantifies the influence of 

temperature variations on a mixture’s concentration gradients. The fluid’s particles 

disperse from hot to cold temperature zones due to the Soret effect. Therefore, a rise 

in the Soret factor causes the fluid’s concentration to rise, but its temperature falls. 

Consequently, as the Soret number goes up, the thermal boundary layer gets thinner. 

The particles are also carried by the diffusion process, enhancing the fluid’s velocity. 

Additionally, the Soret factor influences the concentration of different types of nano-

particles in a fluid in varying ways. The Soret coefficient of Ag nanoparticles, for in-

stance, is larger than that of Cu and Fe3O4 nanoparticles. The maximum velocity is 

recorded for nanoparticles Fe3O4, followed by Cu and Ag.

The relationship between volume fraction ϕ and concentration ξ ηð Þ is depicted 

in Figure 11.11. The proportion of the fluid’s volume that the nanoparticles occupy 
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is known as the nanoparticles volume fraction ϕ in a given nanofluid. A clear 

trend emerges from Figure 11.12, boosting the volume percentage of nanoparticles 

to improves the fluid’s thermal conductivity. In contrast, the nanofluid’s velocity 

profiles indicate the reverse behavior, depicted in Figure 11.13. As ϕ rises, the ve-

locity profile diminishes due to the raised viscosity of the nanofluid. However, for 

concentration ξ ηð Þ revealing the nanofluid’s dual behavior, for all three nanopar-

ticles, Fe3O4, Cu, and Ag, ξðηÞ falls near η= 0 and rises at η > 1.
The impact of Ec on ξðηÞ, θ ηð Þ, and f ′ ηð Þ distributions for nanofluids containing 

Fe3O4, Cu, and Ag nanoparticles is depicted in Figures 11.14–11.16. The concentration 

rises with increasing Ec. The temperature rises with increasing Ec values, causing the 

nanoparticles to disperse away from the wall more quickly. This occurs because heat 

is generated through viscous dissipation as it converts motion into thermal energy. 

Therefore, the Ec enhances the level of heat generated in the fluid. Eckert number’s 
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impact on velocity is dependent upon various parameters, such as flow geometry, fluid 

characteristics, and boundary conditions. As Ec rises, the nanofluid’s velocity reduces 

and velocity of the Ag water falls considerably faster than Fe3O4‐water nanofluid.

Table 11.4 indicates the Computations of −θ′ 0ð Þ and −f ′′ 0ð Þ for a Cu-water base fluid 

across various ranges of, K, n, and M, when Sr = 1, Ec = 0.03, S = 2, and Pr = 0.7. The 

data reveal that increasing the volume percentage of nanoparticles causes a simulta-

neous rise in both −θ′ 0ð Þ and −f ′′ 0ð Þ. Also, raising the magnetic field Mð Þ leads to a 

lessens the heat transport rate, while concurrently increasing the skin friction. This 

observation underscores the ability of magnetic factor to impede nanofluid flow and 

consequently, influence heat transfer processes. Conversely, a higher permeability pa-

rameter Kð Þ exhibits an opposing effect, where a higher value accelerates heat trans-

fer but reduces the skin friction coefficient. Furthermore, a higher nonlinear stretch-

ing factor strengthens both −θ′ 0ð Þ and −f ′′ 0ð Þ.
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11.4 Conclusion

Present research investigates the impact of Cu, Ag, and Fe3O4 nanoparticles on a water‐ 

based nanofluid’s magnetohydrodynamics boundary layer flow via a nonlinear stretched 

surface in a porous media. The findings demonstrate that the selection of nanoparticles 

profoundly influences fluid flow, heat transfer characteristics, and concentration. The re-

search offers significant perspectives on the possible uses of nanofluids across multiple 

domains. Because nanofluids are substantially more thermally and transport‐efficient 

than base fluids, they are a promising choice for cooling and heat transfer applications. 

A similarity transformation is utilized to transform PDEs into nondimensional and non-

linear ODEs. These ODEs are subsequently numerically simplified via making use of the 

finite difference implicit Keller box approach. Multiple factors, such as Soret number Sr, 

Table 11.4: Computations of –θ′(0) and –f″(0) for a Cu‐water base fluid across various ranges of ϕ, K , n, 

and M, when Sr = 1, Ec = 0.03, S = 2, and Pr = 0.7.

ϕ n K −θ′ 0ð Þ −f ′′ 0ð Þ

M = 0.1 M = 0.3 M = 0.5 M = 0.1 M = 0.3 M = 0.5

0.01 2 �.� 1.363048 1.316432 1.271410 1.012684 1.124351 1.226786

0.01 2 0.2 1.386901 1.339470 1.293659 0.961212 1.067203 1.164432

0.01 2 0.3 1.411616 1.363339 1.316712 0.936542 1.039813 1.134547

0.01 4 0.1 1.490738 1.439755 1.390516 1.154980 1.282338 1.399167

0.01 6 0.1 1.651064 1.594598 1.540063 1.263173 1.402462 1.529235

0.01 8 0.1 1.805729 �.������ 1.684330 1.345279 1.486609 1.613396

0.02 2 0.1 1.402958 1.354977 1.308637 1.048024 1.165878 1.269598

0.03 � 0.1 1.444037 1.394651 1.346954 1.084495 1.206450 1.312764

0.04 2 0.1 1.486318 1.435486 1.386393 1.117029 1.240231 1.346896
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Eckert number Ec, magnetic factor M, stretching parameter n, and nanoparticles volume 

fraction ϕ, have been examined in relation to temperature θ ηð Þ, velocity f ′ ηð Þ, and nano-

particles concentration ξ ηð Þ. A few of the worthy outcomes are:

1. Nonlinear stretching factor significantly alters the concentration, temperature, 

and velocity profiles of a nanofluid. An increase in the nonlinear stretching pa-

rameter, decreases all three boundary layers. The nanoparticles Ag has the high-

est concentration and temperature of the nanofluid, whereas the maximum ve-

locity is recorded for nanoparticles Fe3O4. A higher nonlinear stretching factor 

strengthens both −θ′ 0ð Þ and −f ′′ 0ð Þ.
2. An enhancement in the magnetic factor M, causes a simultaneous rise in both 

concentration and temperature, as heat is developed due to the Lorentz force. 

The nanoparticles Ag exhibits the maximum concentration and temperature of 

nanofluid, but the velocity indicates the reverse behavior of nanofluid. Also, 

strengthening the magnetic field causes a decline in the heat transmission rate, 

while concurrently increasing the skin friction.

3. An increase in the Sr causes the fluid’s concentration and velocity to rise, but its 

temperature falls. Consequently, as the Soret number goes up, the thermal bound-

ary layer gets thinner. The Soret coefficient of Ag nanoparticles, for instance, is 

larger than that of Cu and Fe3O4 nanoparticles. the maximum velocity is recorded 

for nanoparticles Fe3O4, followed by Cu and Ag.

4. The significant effect of the volume fraction component ϕ on temperature ηð Þ, ve-

locity f ′ ηð Þ, and nanoparticles concentration ξ ηð Þ varies according to the kind of 

nanofluid. The fluid’s temperature rises with a hike in the volume fraction. In con-

trast, the nanofluid’s velocity profiles indicate the reverse behavior. But dual be-

havior is observed in the concentration, it falls with increasing ϕ near the surface 

η = 0, but exhibits reverse behavior for η > 1. Furthermore, increasing the nanopar-

ticles volume fraction leads to a simultaneous rise in both −θ′ 0ð Þ and −f ′′ 0ð Þ.
5. The concentration and temperature rise with increasing Ec values, causing the 

nanoparticles to disperse away from the wall more quickly. As Ec rises, the nano-

fluid’s velocity reduces and compared to the Fe3O4‐water nanofluid, the velocity 

of the Ag − water nanofluid falls considerably faster.

Nomenclature

B0 The uniform magnetic field strength Greek Letters

b Stretching rate κf Base fluid thermal conductivity

C Nanofluid concentration κnf Nanofluid thermal conductivity

Cf Skin-friction θ(η) Nondimensional temperature

Cp Nanoparticle specific heat βT Thermal expansion coefficient
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Sc Schmidt number σ Electric conductivity

g Acceleration due to gravity η Nondimensional similarity variable

Dm Mass diffusivity κs Nanoparticles thermal conductivity

T Nanofluid temperature ρf Base fluid density

Ec Eckert number μf Base fluid viscosity

f(η) Dimensionless stream function μnf Nanofluid viscosity

f′(η) Nondimensional velocity τw Wall shear stress

−f ′′ð0Þ Skin friction coefficient ρCp

 �
nf

Nanofluid heat capacitance

C∞ Concentration of the free stream αnf Nanofluid thermal diffusivity

K Non-dimensional permeability 

parameter

ϕ Nanoparticles solid volume fraction

Kd Dimensional permeability parameter βC Concentration expansion coefficient

v Velocity component parallel to the y

direction

ξ(η) Nondimensional concentration

M Magnetic parameter ρnf Nano fluid density

N Nonlinearly stretching parameter λn Ratio of nanofluid’s thermal conductivity to 

base fluid

x,y Cartesian coordinate axis ðρCpÞf Base fluid heat capacitance

Pr Prandtl number vf Base fluid kinematic viscosity

uw Stretching sheet velocity ðρCpÞs Nanoparticles heat capacitance

qw Wall heat flux −ξ′ð0Þ Local Sherwood number

Re Reynolds number −θ′ð0Þ Local Nusselt number

Rex Local Reynolds number ψ Stream function

Sr Soret number ρs Nanoparticle density

Cw Concentration of the stretching sheet Subscripts

u Velocity component parallel to the x

direction

nf Nanofluid

Dl Mass flux co-efficient w Boundary conditions at surface

Tw Surface temperature s Nanoparticles

T∞ Free stream temperature f Base fluid

S Suction/injection factor ∞ Boundary conditions at free stream

L Characteristic length Superscripts

Nu Nusselt number ′ Differentiation with respect to η
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Chapter 12 
Multiphase Flow and Heat Transfer Analysis 
of Liquid Methane in Cryogenic Engine Feed 
Pipes

Abstract: This study analyzes a comprehensive numerical analysis of the hydrody-

namic and thermodynamic characteristics of liquid methane in a vertically positioned 

cryogenic feed pipe subjected to different inlet velocities and temperatures. A three- 

dimensional transient volume of fluid (VOF) model integrated with an energy equa-

tion is utilized to simulate multiphase flow in the feed pipe system. The calculations 

account for a constant wall temperature of 500 K, an inlet pressure of 1.5 bar, inlet 

velocities of 0.5 m/s and 1.0 m/s, and temperatures varying from 95 K to 105 K. The 

contours of vapor volume fraction indicate transitions in flow regimes from bub-

ble, slug, annular, and dispersed annular flow regimes, which are significantly influ-

enced by thermal and velocity parameters. At lower inlet velocity, increased inlet tem-

perature results in early vaporization and the formation of a high vapor core, 

promoting a dispersed annular regime near the outlet. At higher inlet velocity, the 

vaporization is delayed due to reduced residence time, resulting in transitional flow 

structures. Temperature distributions and bulk mean temperature profiles confirm 

that higher inlet temperatures enhance thermal penetration, whereas higher veloci-

ties suppress wall heat transfer and phase transition. Velocity field analysis shows the 

development of core-accelerated vapor flow at low velocities and high temperatures, 

while more symmetric, lower-intensity velocity profiles persist at higher velocities. 

Probability density functions of vapor fraction validate the corresponding flow re-

gimes at the outlet. The results demonstrate the coupled influence of thermal input 

and flow residence time on two-phase flow development in cryogenic methane pipe-

lines and offer detailed insight into the underlying physics. 
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12.1 Introduction

The space industry has witnessed a significant shift toward cost-effective and com-

mercially driven access to space, largely achieved through reduced launch complexity 

and advancements in the reusability of launch vehicles [1, 2]. Liquid rocket engines, 

known for their high specific impulse, have become integral to reusable systems [3, 4]. 

Various organizations are currently evaluating liquid propellants for use in future deep 

space missions, including for reusable launch platforms [5–7]. Among these, missions to 

Mars pose the greatest challenge due to the vast distance from Earth, necessitating high 

specific impulse propulsion systems. Utilizing propellants derived from Martian atmo-

spheric resources could also benefit return missions, enhancing sustainability and au-

tonomy [8, 9]. Liquid methane has emerged as a promising cryogenic propellant for 

rocket propulsion, mainly due to its favorable characteristics over conventional fuels. It 

offers advantages over liquid hydrogen, such as reduced storage complexity, higher 

density, and a higher boiling point. Compared to kerosene, methane provides a higher 

specific impulse, lower coking tendency, and superior cooling performance [10]. Fur-

thermore, methane can potentially be extracted from planetary surfaces like Mars 

through in-situ resource utilization (ISRU), reinforcing its role in long-duration mis-

sions [11].

Multiphase flow phenomena are commonly observed in cryogenic systems wher-

ever low-temperature fluids are handled. In cryogenic storage tanks, liquid cryogens 

are stored below their boiling point, resulting in phase change due to boil-off gas 

(BOG) formation [12–15]. During propellant transfer to engines via feed pipes, chill- 

down procedures are critical to establishing stable single-phase flow, preventing com-

bustion instabilities during restart operations [16–18]. Similar multiphase behaviors 

are also observed in other thermohydraulic systems such as evaporators, nuclear re-

actors, and chemical process equipment [19–21]. Experimental studies on multiphase 

flow have progressed significantly with the advent of advanced diagnostics, sensors, 

and image processing technologies [22–27]. Fang et al. [28] investigated nitrogen boil-

ing in a vertically oriented channel under varying pressure, heat flux, and mass flow 

conditions, identifying four distinct regimes: bubbly, annular, scattered, and mist. The 

transition between these regimes directly influenced the heat transfer coefficient and 

convective heat flux behavior.

Fu et al. [29], using high-speed imaging, visualized nitrogen flow patterns in a ver-

tical mini-tube, reporting flow regimes such as bubbly, slug, churn, and circular flow, 

and noted that annular flow dominates when vapor quality exceeds 0.15. They also 

observed that gas velocity significantly affects transition boundaries between regimes. 

Chill-down performance of cryogenic fluids has been explored by Hartwig et al. [16], 

who compared LH₂ and LN₂ in terms of temperature evolution and critical heat flux. 

LH₂ demonstrated faster chill-down due to its lower density and surface tension. Hu 

et al. [24] studied chill-down in a Pyrex tube using LN₂ and found that increasing 

mass flow rate reduces critical heat flux while increasing rewetting temperature and 
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quench front velocity. Additionally, uphill flows prolong the chill-down process, 

whereas downhill flows exhibit greater heat transfer coefficients and slower front 

propagation.

Computational studies on cryogenic multiphase flow have also gained attention 

from researchers due to their cost-efficiency, ability to capture detailed flow physics, 

and flexibility in analysing a wide range of operating conditions that are often chal-

lenging to replicate experimentally [30–37]. Chen et al. [38] formulated a computa-

tional model to investigate flow film boiling during chill-down, assessing the effects of 

wall superheat and mass flux on heat transfer and pressure dynamics. Their findings 

indicated that the vapor film and liquid layer mostly govern heat transfer at low flow 

rates, whereas axial convection becomes significant at elevated speeds. Pressure fluc-

tuations were determined to be influenced by wall superheat and flow rate. Agarwal 

et al. [39] numerically assessed liquid hydrogen flow under both terrestrial and micro-

gravity conditions, noting that annular dominant slug flow regimes are more common 

in microgravity environments. Jeon et al. [12] utilized the VOF model to simulate heat 

transfer and phase change in cryogenic cargo systems, observing a sharp increase in 

cooling rate during the secondary phase of chill-down and accelerated pressure drop 

in the compression space. Ahammad et al. [40] numerically investigated film boiling 

of LN₂ and LNG, reporting distinct trends in bubble formation, wall heat flux, and 

bubble frequency depending on fluid type and temperature.

Despite growing research interest, there remains a lack of comprehensive hy-

drodynamic and thermodynamic studies of cryogenic propellants above the Leiden-

frost temperature. Experimental challenges include difficulty in handling extremely 

low-temperature fluids, potential measurement errors due to sensor calibration, and 

heat leakage through feed lines that compromise the accuracy of the results. The 

present work addresses these gaps by developing a three-dimensional computational 

model to investigate the two-phase flow behavior of liquid methane in a cryogenic 

vertical feed line. A conjugate heat transfer model based on the VOF approach, using 

a simplified Eulerian formulation coupled with the energy equation, is employed. 

After validation, the model is used to analyze various flow regimes, interfacial struc-

tures, probability density function (PDF), velocity profiles, and temperature distribu-

tions, providing a deeper understanding of cryogenic methane dynamics essential 

for thermal regulation and propulsion design in space applications.

12.2 Computational Modeling

This study used a three-dimensional vertical feed pipe model to investigate the multi-

phase flow and heat transfer properties of liquid methane (LCH4). The pipe possesses a 

diameter of 50 mm and a length of 1 m, featuring adiabatic insulation along the 

wall. Liquid methane enters vertically through the inlet, with the pipe wall maintained 
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at a constant temperature of 500 K and the inlet pressure sustained at 1.5 bar, as illus-

trated in Figure 12.1. The thermophysical parameters of liquid and vapor methane are 

sourced from the NIST database [41] and expressed as piecewise polynomial functions 

of temperature, detailed in Table 12.1.

To accurately resolve multiphase flow behavior, the volume fraction of each 

phase must be tracked across the entire domain, necessitating the solution of conser-

vation equations for mass, momentum, and phase volume fraction. This increases the 

number of unknowns in the system. To address this, the study adopts a transient VOF 

approach, a simplified Eulerian framework [42, 43]. This method solves a single set of 

governing equations to describe multiple immiscible fluid interfaces and ensures that 

the sum of phase fractions within a control volume equals one. Known for its inter-

face-capturing capability, the VOF model effectively represents phase interaction phe-

nomena with reliable mass conservation.

The density (ρ) and dynamic viscosity (µ) of the mixture are calculated based on 

the local phase volume fractions using eqs. (12.1) and (12.2) [39, 44]. Depending on the 

volume fraction, computational cells are categorized as liquid, vapor, or a mixture 

of both:
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Figure 12.1: Schematic of the methane feed pipe used to investigate the hydrodynamic and 

thermodynamic characteristics of LCH₄–VCH₄ multiphase flow, along with an enlarged view of the pipe 

section showing the boundary conditions applied in the present analysis.
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ρ= αlρl + 1− αlð Þρv (12:1) 

μ= αLμL + 1− αLð ÞμV (12:2) 

If the cell comprises the liquid phase: αl = 1.

If the cell comprises the vapor phase: αv = 1.

If a cell comprises both the two-phase liquid and vapor, then 0< αl < 1.

12.1.1 Continuity Equation

The evaporation-condensation process is governed by the Lee model [45], which de-

scribes mass transfer between phases using the vapor transport equation:

∂αv

∂t
+∇ · ðαv~vÞ= _mlv (12:3) 

where αv is the vapor phase volume fraction and _mlv is the mass transfer rate due to 

evaporation or condensation. This model classifies mass transfer direction based on 

local temperature:

If T > Tsat + ΔT (superheating), evaporation occurs:

_mlv = rvðT − TsatÞ (12:4) 

Table 12.1: Properties of methane in both liquid and vapor phases are utilized in the current simulations.

Liquid methane Vapor methane

Density (kg/m�) −���.����� + ��.����� T − �.����� T
� + �.���� T

�

− �.��� × ��−�
T

�

�.����

Kinematic viscosity  

(Pa-s)

�.����� – �.����� T + �.��� × ��−�
T

� – �.��� ✶ ��−�
T

�

+ �.��� ��−� ��−��
T

�

�.���� × ��−�

Specific heat capacity  

(J/kg K)

��,���.���� − ���.���� T + �.��������� T
�

– �.��������� T
� + �.���� ��−�

T
�

�,���

Thermal conductivity  

(W/m K)

−�.����� + �.����� T – �.����� T
� + �.��� ✶ ��−�

T
�

– �.��� ✶ ��−�
T

�

�.������

Surface tension (N/m) �.������

Specific latent heat  

(J/kg)

���,���

Contact angle (degree) ��

Boiling temperature (K) ���.��
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If T < Tsat − ΔT (subcooling), condensation occurs:

_mlv = rlðT − TsatÞ (12:5) 

Here, rv and rl are empirical coefficients defining the relaxation time for phase 

change and must be properly calibrated [46]. The resulting source term from phase 

change is multiplied by the latent heat to calculate the heat transfer effect.

The evolution of the secondary phase (vapor) is determined by a transport equa-

tion that maintains the volume fraction:

∂αv

∂t
+∇ · ðαv~vÞ= _mlv=ρv (12:6) 

This equation ensures volume conservation of the secondary phase while accounting 

for the interfacial mass transfer and density of the vapor.

12.1.2 Momentum Equation

The momentum equation, as given in eq. (12.7), incorporates forces due to gravity, 

pressure gradients, viscous stresses, and surface tension. Surface tension is modeled 

using the continuous surface force (CSF) model by Brackbill et al. [47]:

∂ðρ~vÞ
∂t
+∇ · ðρ~v~vÞ= −∇p+∇ · τ + ρ~g +~Fσ (12:7) 

The surface tension force ~Fσ is represented by

~Fσ = σk∇α (12:8) 

where σ is surface tension, k is the curvature, and α is the phase volume fraction. Sur-

face tension and curvature are temperature-dependent and defined via:

σ = f ðTÞ (12:9) 

ρ= αlρl + αvρv (12:10) 

12.1.3 Energy Equation

The energy equation incorporates the mass-averaged internal energy and tempera-

ture fields:

E = αlρlhl + αvρvhv (12:11) 
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T = αlρlTl + αvρvTv
αlρl + αvρv

(12:12) 

Mixture-specific heat and thermal conductivity are computed as:

Cp = αlCp,l + αvCp,v (12:13) 

k = αlkl + αvkv (12:14) 

Heat transfer due to phase change is modeled using a source term:

Q= _mlv · hfg (12:15) 

The governing equations are discretized using the control volume method. Pressure- 

velocity coupling is handled via the semi-implicit method for pressure-linked equations 

(SIMPLE). A second-order upwind scheme is used for spatial discretization. Turbulence 

is modeled using the k-ω SST approach for improved accuracy and computational effi-

ciency. A time step of 10−6 s is employed to maintain a Courant number below one. Con-

vergence is guaranteed with a residual threshold of 1e-6 for all variables.

12.3 Mesh Independence Study and Validation

A mesh independence analysis was conducted to determine the best mesh size that 

achieves a balance between computational accuracy and efficiency. Due to the scarcity 

of experimental data on methane two-phase boiling phenomena, an air–silicone oil mix-

ture at ambient settings was utilized to validate the flow regime through volume fraction 

plots. Additionally, heat transfer validation was carried out based on the liquid nitrogen 

cool-down process in a vertical pipe, where wall temperature predictions were com-

pared against experimental results to assess the accuracy of the thermal model.

12.3.1 Mesh Independence Study

An O-grid meshing strategy was applied along the pipe’s radial direction to effectively 

capture the complex interfacial dynamics in multiphase flow, as suggested in previous 

studies [32, 39, 44, 48]. Figure 12.2(a) illustrates the structured mesh generated along 

the radial direction, with finer clustering near the wall region to resolve expected 

steep velocity gradients due to the no-slip boundary condition. Four different mesh 

densities were evaluated: 40,000, 80,000, 160,000, and 320,000 elements. The test geom-

etry consists of a vertical pipe with a diameter of 50 mm and a length of 1 m. A moni-

toring plane was positioned at the pipe outlet to track volume fraction over a simula-

tion time of 0 to 3 s for each mesh size. As shown in Figure 12.2(b), the volume fraction 

profiles for 160,000 and 320,000 element meshes converge after approximately 1 s, 
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indicating negligible improvement with further refinement. Therefore, the mesh with 

160,000 elements was selected for further simulations due to its balance between accu-

racy and computational cost.

12.3.2 Model Validation

The computational model was validated by comparing simulation results with established 

experimental data. Since studies involving liquid methane are scarce, the model was first 

validated using data from an air-silicone oil flow system reported by Abdulkadir et al. 

[48]. The setup and conditions are summarized in Table 12.2, while the thermophysical 

properties used are provided in Table 12.3. A comparison of vapor volume fraction was 

made at a plane located 1 m downstream from the inlet. Figure 12.3 demonstrates strong 

agreement between the numerical and experimental results, confirming the model’s ca-

pability to accurately predict vapor distribution.

To further validate the model in cryogenic conditions, a second benchmark 

was conducted using data from Hedayatpour et al. [49] on liquid nitrogen cool- 

down in a vertical pipe. The experimental configuration and parameters are listed 

in Table 12.4, and the thermophysical properties of liquid and vapor nitrogen are 

detailed in Table 12.5. A comparison was made at 90 cm from the inlet, where the 

wall temperature predictions were matched against the experimental results. As shown 

in Figure 12.4, the computational model captures the wall temperature distribution 

qualitatively. The observed underprediction may be attributed to the limitations of the 
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Figure 12.2: (a) Radial mesh distribution for all four mesh configurations; (b) Comparison of volume 

fraction at the feed pipe output with an inlet velocity of 0.5 m/s and a temperature of 95 K, utilizing four 

distinct mesh sizes.
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Table 12.3: Physical properties of the reference liquid-gas system.

Fluid Density (kg/m�) Viscosity (Pa-s) Surface tension (N/m)

Air �.�� �.������ –
Silicone oil ��� �.���� �.��

1.8

0.0
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Time (s)

0.2

0.3

0.4

0.5

0.6
Experimental

Numerical

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6

Figure 12.3: Comparison between the computed and experimental volume fraction at 1 m downstream 

from the inlet for an air-silicone oil mixture, based on the boundary conditions provided in Table 12.2.

Table 12.2: Specifications and operating conditions of the 

reference case used for model validation.

Parameter Abdulkadir et al. [48]

Working fluid (–) Air-silicon mixture
Pipe diameter (mm) ��
Length (m) �
Operating pressure (bar) �
Ambient temperature (K) ���
Inlet liquid velocity (m) �.��
Inlet vapor velocity (m) �.���
Inlet volume fraction of vapor (–) �.���
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RANS turbulence model, which, due to its time-averaged nature, may not fully resolve 

all turbulent structures or boundary layer phenomena.

Table 12.4: Specifications and operating conditions of the 

cryogenic fluid used for validation.

Parameter Hedayatpour et al. [49]

Fluid (–) Liquid nitrogen (LN�)
Outer diameter (mm) ��.�
Inner diameter (mm) �.�
Pipe length (m) �.��
Wall temperature (K) ���
Inlet liquid velocity (m) �.���
Inlet pressure (kN/m�) ��.�

Table 12.5: Thermophysical properties of the reference liquid–gas system used in the 

validation study.

Fluid Density 

(kg/m�)

Viscosity 

(Pa-s)

Thermal conductivity 

(W/m-K)

Surface tension 

(N/m)

Liquid nitrogen ���.�� �.�������� �.����� �.�������
Vapor nitrogen �.��� �.�������� �.���� –
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Figure 12.4: Comparison of computed and experimental wall temperatures at 90 cm downstream from 

the entry for a liquid nitrogen–vapor nitrogen (LN₂–VN₂), utilizing the boundary conditions outlined in 

Table 12.4.
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12.4 Results and Discussion

The multiphase flow characteristics in methane feed pipes are examined utilizing the 

VOF method under the operational parameters specified in Table 12.6. To comprehend 

the thermal properties and flow dynamics of liquid methane, the velocity profile as 

well as velocity magnitude along the pipe radius, bulk mean temperature (Tb), Volume 

fraction, and probability density function (PDF) are evaluated.

The hydrodynamic characterization process involves identifying the flow regimes in 

which two-phase flow phenomena occur within the feed pipe. As the flow enters 

through the inlet, liquid methane is gradually heated by the pipe wall, leading to an 

increase in its temperature. Once the temperature reaches the saturation point (Tsat =  

116.66 K), phase transition from liquid to vapor begins. Figure 12.5 depicts the vapor 

volume fraction contours of methane at 3 s of flow time for different input velocities 

and temperatures outlined in Table 12.6. The outlines distinctly illustrate the evolution 

of flow regimes, first with bubble flow, progressing to annular flow, and ultimately 

culminating in slug flow. The observed multiphase flow patterns may display anoma-

lies due to the gravitational influence integrated into the numerical solver [50].

Figure 12.5(i)–(iii) depicts the vapor volume fraction contours of methane at an 

inlet velocity of 0.5 m/s at three inlet temperatures: 95 K, 100 K, and 105 K, respec-

tively. In Figure 12.5(i), at an inlet temperature of 95 K, vaporization commences near 

the wall prior to 0.33 m from the inlet owing to the elevated wall temperature. The 

radial cross section (a) indicates the initiation of slug flow, characterized by merged 

vapor structures with a modest vapor volume fraction. Cross section (b), located at 

0.66 m, shows the evolution into a fully developed annular flow regime, where the 

vapor core becomes dominant with a likely liquid film along the wall. At cross section 

(c), near the pipe outlet (1 m), the vapor occupies nearly the entire cross section, indi-

cating a transition into a dispersed annular flow regime, where entrained liquid drop-

lets may be suspended in the vapor phase.

In Figure 12.5(ii), corresponding to an inlet temperature of 100 K, vaporization be-

gins earlier and becomes more intense due to the reduced superheat requirement. Cross 

section (a) shows stronger slug flow behavior closer to the inlet than in Figure 12.5(i), 

while cross sections (b) and (c) demonstrate a quicker transition to annular and dis-

persed annular flow regimes. The earlier onset and sharper gradients in vapor volume 

fraction reflect the enhanced phase change at higher initial liquid temperatures. Fur-

ther, Figure 12.5(iii), at an inlet temperature of 105 K, exhibits the most aggressive phase 

Table 12.6: Flow conditions considered in the present study.

Inlet temperature (K) Inlet velocity (m/s) Inlet pressure (Pa) Wall temperature (K)

��, ���, ��� �.�, � �.� × ��� ���
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transition among the three cases. Cross section (a) shows a well-developed slug flow al-

most immediately after the inlet, with cross section (b) confirming early annular flow 

characteristics. Cross section (c) reveals a high vapor volume fraction with minimal visi-

ble liquid phase, reinforcing the establishment of a dispersed annular regime. The trend 

highlights the influence of inlet temperature on accelerating vapor production and shift-

ing flow regime transitions closer to the inlet.

Figure 12.5(iv)–(vi) illustrates the vapor volume fraction contours for the identical 

inlet temperatures (95 K, 100 K, and 105 K) with an increased inlet velocity of 1.0 m/s. 

In Figure 12.5(iv), the initiation of vaporization is postponed compared to the 0.5 m/s 

scenario, owing to the diminished residence time of liquid methane within the pipe. 

Cross section (a) illustrates minimal vapor adjacent to the wall, indicating bubble 

movement, whereas cross section (b) depicts the initial phase of slug flow. At cross 

section (c), the vapor layer becomes more continuous, indicating a transition toward 

annular flow. However, Figure 12.5(v), at an inlet temperature of 100 K, shows a 

clear upstream shift in flow regimes. Cross section (a) captures bubble formation 

earlier than in Figure 12.5(iv), while sections (b) and (c) exhibit stronger slug and 

annular flow characteristics. The elevated inlet temperature promotes more rapid 

phase change despite the higher velocity. In Figure 12.5(vi), with an inlet tempera-

ture of 105 K, vapor formation begins very close to the inlet. Cross section (a) shows 

a dense vapor region, while cross section (b) confirms a well-developed slug flow. 

By cross section (c), the flow is dominated by vapor, marking a fully developed an-

nular regime. The increased inlet temperature compensates for the shorter resi-

dence time at 1.0 m/s, resulting in intensified and earlier vapor production.

Figure 12.6 presents the time-dependent variation of the average methane vapor 

volume fraction at three axial locations: 0.33 m away from the inlet, 0.66 m away 

from the inlet, and at the outlet (1.0 m) under varying inlet temperatures and a con-

stant inlet velocity of 0.5 m/s. In Figure 12.6(a), for an inlet temperature of 95 K, vapor 

generation begins gradually due to the higher degree of subcooling. The vapor volume 

fraction rises steadily and stabilizes near 0.92 at the outlet, indicating that most of the 

phase transition occurs in the downstream region. At 0.66 m, the vapor content peaks 

around 0.88, while at 0.33 m, it remains relatively low (~0.60), reflecting limited phase 

change in the early part of the pipe due to insufficient thermal energy. In Figure 12.6(b), 

increasing the inlet temperature to 100 K reduces the subcooling, thereby enhancing 

the rate of phase change. The vapor volume fraction rises more rapidly across all sec-

tions. At 0.66 m and 1.0 m, the values exceed 0.85, while at 0.33 m, the vapor content 

increases to approximately 0.70, indicating that vapor formation begins earlier and 

progresses more uniformly along the pipe length. In Figure 12.6(c), for an inlet temper-

ature of 105 K, the effect of thermal input is even more prominent. Due to the minimal 

subcooling, vaporization initiates almost immediately, and the vapor volume fraction 

exceeds 0.96 at the outlet within the first second. At 0.66 m and 0.33 m, the vapor con-

tent also increases significantly, reaching approximately 0.85 and 0.76, respectively. 

This demonstrates that higher inlet temperatures accelerate the onset and extent of 
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Figure 12.5: Vapor volume fraction contours along the axial midsection and radial direction of the feed 

pipe at 3 s of flow time for the inlet conditions detailed in Table 12.6.
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phase transition, resulting in faster and more homogeneous vapor generation along 

the entire flow path.

Further, in Figure 12.6(d), with the inlet velocity raised to 1.0 m/s and temperature 

kept at 95 K, vaporization is delayed, especially near the inlet. The vapor volume frac-

tion at 0.33 m remains low (~0.3), while at 0.66 m and 1.0 m, it stabilizes at ~ 0.7 and ~  

0.81, respectively. This behavior reflects the impact of reduced residence time, which 

limits early-stage heat absorption and vapor formation. In Figure 12.6(e), correspond-

ing to 100 K and 1.0 m/s, vapor generation improves at the downstream locations. The 

outlet reaches above 0.85, and 0.66 m increases to 0.77, while at 0.33 m, the increase in 

vapor volume fraction is only marginal (0.32), indicating that phase change is still de-

layed in the upstream section despite the higher inlet temperature. In Figure 12.6(f), 

for an inlet temperature of 105 K and a velocity of 1.0 m/s, vapor formation becomes 

more effective across all sections. While the vapor fraction at 1.0 m and 0.66 m 

reaches 0.88 and 0.73, respectively, the increase at 0.33 m remains moderate (0.35). 

This trend confirms that at higher inlet velocities, the increase in vapor volume frac-

tion near the inlet (0.33 m) is minimal, but noticeable gains are seen at 0.66 m and the 

outlet with rising temperature, demonstrating that thermal energy input can partially 

offset the effect of reduced residence time.

Figure 12.7 shows the probability density functions (PDFs) of vapor volume frac-

tion at the outlet of the cryogenic feed pipe for different inlet temperatures (95 K, 

100 K, and 105 K) and inlet velocities (0.5 m/s and 1.0 m/s), under heated wall tempera-

ture. At the lower inlet velocity of 0.5 m/s, the vapor distribution progressively shifts 

toward higher volume fractions with increasing inlet temperature. In Figure 12.7(i)

(95 K), the PDF is relatively broad, indicating a wider range of vapor content across 

the outlet cross section, consistent with a developing annular flow regime where 

vapor is dominant but residual liquid is still present. As the inlet temperature in-

creases to 100 K in Figure 12.7(ii), the distribution becomes more concentrated 

around the peak, suggesting a stable annular flow with reduced fluctuations in 

vapor content. In Figure 12.7(iii) (105 K), the PDF becomes sharply skewed and nar-

rowly focused near the upper vapor fraction limit, reflecting a dispersed annular 

flow in which vapor thoroughly dominates the flow field and liquid exists primarily 

as entrained droplets.

At the higher inlet velocity of 1.0 m/s, vaporization near the inlet is limited due to 

reduced residence time, but the outlet still shows a progressive increase in vapor volume 

fraction with rising inlet temperature. In Figure 12.7(iv) (95 K), the PDF is broad and 

peaks around 0.85, indicating an incomplete phase transition and the presence of slug or 

intermittent flow. As the inlet temperature increases to 100 K and 105 K in Figure 12.7(v)

and (vi), the peaks shift upward toward 0.90–0.95, while the distributions become slightly 

narrower. This reflects more consistent vapor formation and the development of a stable 

annular flow regime. However, the lack of a sharp and narrow peak near unity confirms 

that the flow does not fully transition into a dispersed annular state. These observations 

highlight that, while higher temperature enhances vaporization, the elevated velocity 
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constrains complete phase transition by limiting heat transfer time. Overall, the PDF 

analysis reveals that inlet temperature is the primary driver of enhanced vaporization, 

promoting the transition from slug to annular and eventually to dispersed annular flow 

at lower velocities. In contrast, higher inlet velocities limit phase change near the inlet, 
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Figure 12.6: Temporal variation of average vapor volume fraction measured at three axial locations: 

0.33 m, 0.66 m, and 1.0 m from the inlet for the inlet conditions specified in Table 12.6.
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resulting in broader vapor distribution and delayed flow regime transitions, even 

under elevated thermal conditions.

Figure 12.8 presents the temperature contours along the axial midsection of the 

cryogenic feed pipe for various inlet temperatures (95 K, 100 K, 105 K) and velocities 
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Figure 12.7: Probability density function (PDF) of vapor volume fraction at the outlet monitoring plane for 

the inlet conditions specified in Table 12.6.
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(0.5 m/s and 1.0 m/s). These contours provide insight into the heat transfer dynamics 

and thermal development of the two-phase flow along the pipe length. At the lower 

inlet velocity of 0.5 m/s, shown in Figure 12.8(i)–(iii), the fluid exhibits higher overall 

temperature magnitudes along the pipe. In Figure 12.8(i) (95 K), a steep temperature 

gradient appears near the inlet, indicating strong wall-to-fluid heat transfer and de-

layed vaporization in the upstream region. As the flow progresses, localized hot zones 

form due to phase change and latent heat absorption. In Figure 12.8(ii) (100 K), in-

creased thermal penetration leads to elevated temperatures deeper into the pipe, 

while in Figure 12.8(iii) (105 K), high-temperature regions extend close to the inlet, 

consistent with accelerated vaporization and the development of annular or dis-

persed annular flow regimes.

In contrast, at the higher inlet velocity of 1.0 m/s (Figure 12.8(iv)–(vi)), the temperature 

contours show significantly lower magnitudes throughout the domain. This occurs be-

cause the increased flow velocity reduces the residence time, limiting the duration 
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Figure 12.8: Temperature contours along the axial midsection of the feed pipe for the inlet conditions 

specified in Table 12.6.
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available for heat transfer from the wall to the fluid. In Figure 12.8(iv) (95 K), large 

portions of the flow remain at low temperature, indicating a delayed and incomplete 

phase transition. Even at higher inlet temperatures (Figure 12.8(v) and (vi)), while up-

stream penetration of heat improves slightly, the thermal profile remains less devel-

oped than in the 0.5 m/s case. This reflects the inability of the flow to fully utilize the 

available thermal energy due to its rapid passage through the heated domain. These 

trends directly correlate with the vapor volume fraction and PDF results. The more 

intense and widespread heating observed in the 0.5 m/s cases supports the formation 

of annular and dispersed annular flow regimes, while the limited temperature rise in 

the 1.0 m/s cases reinforces the presence of transitional or early annular flow at the 

outlet. The results highlight that flow velocity significantly influences heat transfer 

efficiency, with lower velocities promoting greater thermal development and more 

complete phase change in cryogenic two-phase systems.

Figure 12.9 illustrates the bulk mean temperature distribution along the nondimen-

sional length (x/D) of the cryogenic feed pipe at 3 s for various inlet temperatures and 

velocities. In Figure 12.9(a), with an inlet velocity of 0.5 m/s, the bulk mean tempera-

ture escalates more rapidly and attains greater values along the pipe length in com-

parison to Figure 12.9(b). Among the three inlet temperature cases, 105 K consistently 

exhibits the highest bulk temperatures, followed by 100 K and 95 K, which is attrib-

uted to reduced subcooling and an earlier onset of phase transition. The steeper gradi-

ent observed toward the outlet indicates intensified vaporization, especially for 

higher inlet temperatures, where latent heat absorption enhances thermal develop-

ment. This behavior aligns with the formation of annular and dispersed annular flow 

regimes as previously identified in the volume fraction and PDF analyzes.
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Figure 12.9: Bulk mean temperature distribution along the non-dimensional length of the feed pipe at 3 s 

for the inlet conditions specified in Table 12.6.
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However, in Figure 12.9(b), for the higher inlet velocity of 1.0 m/s, the rise in bulk 

mean temperature along the pipe is more gradual. The shorter residence time limits 

the heat transfer from the wall, resulting in lower bulk temperatures throughout the 

domain. Nevertheless, an increasing trend is still observed with rising inlet tempera-

ture, although the spacing between the curves is narrower than in Figure 12.9(a). This 

reduced thermal separation suggests that the faster-moving fluid has less opportunity 

to absorb heat, thereby delaying phase transition and limiting the flow’s progression 

into fully developed vapor-dominated regimes. Overall, the results demonstrate that 

higher inlet temperatures accelerate thermal development and phase transition, 

while increased inlet velocity diminishes heat transfer efficiency by reducing wall- 

fluid interaction time.

Figure 12.10 depicts the velocity contours along the axial midsection of the cryo-

genic feed pipe at 3 s of flow time for two inlet velocities (0.5 m/s and 1.0 m/s) and 

three inlet temperatures (95 K, 100 K, and 105 K). In the 0.5 m/s cases (Figure 12.10(i)– 

(iii)), the velocity distribution is more irregular and exhibits greater spatial variation 

along the pipe length. In Figure 12.10(i) (95 K), localized high-velocity regions appear 

intermittently along the flow direction, consistent with the formation of slug flow, 

where alternating vapor slugs and liquid slugs produce velocity fluctuations. As the 

inlet temperature increases in Figure 12.10(ii) and (iii) (100 K and 105 K), the high- 

velocity regions become more continuous and elongated, particularly near the centre 

of the pipe. This shift suggests the development of annular flow, where vapor acceler-

ates through the core and liquid remains confined to a thin wall film. The increasing 

dominance of the vapor phase at higher temperatures contributes to these higher 

axial velocities due to its lower density and enhanced expansion.

In the 1.0 m/s cases (Figure 12.10(iv)–(vi)), the velocity contours appear smoother 

and more aligned along the axial direction, reflecting a more streamlined flow struc-

ture. In Figure 12.10(iv) (95 K), velocity magnitudes are generally lower throughout 

the pipe, with fewer signs of vapor acceleration, consistent with incomplete phase 

transition. As the inlet temperature increases in Figure 12.10(v) and (vi), axial veloci-

ties increase gradually, particularly in the downstream region, indicating enhanced 

vapor generation. However, the higher inlet velocity results in shorter residence time, 

which limits heat transfer and delays the onset of fully developed vapor-dominated 

regimes. Consequently, the high-velocity core observed in the 0.5 m/s cases is less pro-

nounced here, despite higher inlet temperatures. The enhanced core velocity at lower 

inlet velocity and higher temperature confirms the development of annular and dis-

persed annular flows, whereas higher velocities suppress this behavior, resulting in 

transitional or early-stage annular flow structures with lower overall vapor content.

Figure 12.11 shows the radial distribution of velocity magnitude at both the mid- 

plane and outlet of the cryogenic feed pipe at 3 s, for various inlet velocities and tem-

peratures. Figure 12.11(a) shows a schematic of the cryogenic feed pipe, highlighting 

the axial locations where the velocity profiles were evaluated: the mid-plane (located 

at half the pipe length) and the outlet (pipe exit). These two planes were selected to 
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capture the velocity development across the flow length, with the mid-plane repre-

senting the evolving flow structure during heat transfer and phase change, while the 

outlet provides insight into the fully developed flow regime. In Figure 12.11(b) (0.5 m/s), 

the velocity profiles exhibit a marked increase in core velocity with rising inlet tem-

perature. At 95 K, the profiles remain flatter and less symmetric, indicating limited 

phase transition and potential presence of slug flow with uneven vapor-liquid interfa-

ces. As the inlet temperature increases to 100 K and 105 K, a pronounced velocity 

peak forms near the centre of the pipe, particularly at the outlet. This central acceler-

ation reflects the formation of a vapor core surrounded by a liquid film, a characteris-

tic of annular flow. The high vapor velocity is driven by the lower density and higher 

mobility of the vapor phase, which expands as phase change progresses. At 105 K, this 

effect is most prominent, supporting the onset of a dispersed annular regime at the 

outlet.

However, in Figure 12.11(c) (1.0 m/s), velocity magnitudes are higher overall due 

to the increased inlet momentum. However, the velocity profiles are more symmetric 

and flatter compared to the 0.5 m/s case, especially at 95 K and 100 K. This suggests 
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Figure 12.10: Velocity contours along the axial midsection of the feed pipe at 3 s of flow time, for the 

initial conditions as specified in Table 12.6.
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that while the bulk velocity is high, the phase change is less advanced due to reduced 

residence time, resulting in less vapor core formation and more uniform velocity dis-

tributions across the radius. At 105 K, the velocity peak begins to form at the outlet, 

indicating partial vapor core development, but it is less intense than the 0.5 m/s case. 

This aligns with the understanding that higher inlet velocity suppresses full develop-

ment of annular or dispersed annular flow due to insufficient thermal exchange time. 

Overall, the velocity profiles confirm that higher inlet temperatures promote vapor 

core acceleration, especially at lower velocities where residence time allows effective 

phase transition. Conversely, higher velocities limit thermal interaction, leading to 

more uniform and less structured velocity distributions even at elevated temperatures.

12.5 Conclusion

The present study numerically investigated the multiphase hydrodynamic and ther-

modynamic behavior of liquid methane in a vertically oriented cryogenic feed pipe 

using a validated volume of fluid (VOF) model coupled with the energy equation. The 

analysis focused on the impact of varying inlet velocities and temperatures on phase 

change characteristics, heat transfer dynamics, and flow regime development. Results 

indicated that increasing the inlet temperature enhances vapor generation, shifts the 

onset of vaporization closer to the inlet, and promotes the transition from slug to an-

nular and dispersed annular flow regimes. Conversely, higher inlet velocities reduce 

the residence time available for wall-fluid heat exchange, delaying phase change and 

resulting in transitional or early annular flow patterns near the outlet.

Thermal analysis revealed that lower inlet velocities enabled more effective heat 

transfer, reflected by higher bulk mean temperatures and more developed near-wall 

temperature gradients. The temperature fields and average vapor volume fraction 

trends both confirmed that increasing the inlet temperature at a fixed velocity leads 

to a more uniform and rapid phase transition. At higher velocities, thermal develop-

ment was suppressed, causing a reduction in vapor generation along the pipe. This 

was evident from flatter temperature profiles, lower outlet vapor fractions, and re-

duced near-wall heating. The results emphasize the critical role of flow velocity in 

controlling the degree of thermal penetration and the location of regime transitions 

in cryogenic two-phase flows.

Additionally, velocity distribution analysis revealed that annular flow is charac-

terized by a high-velocity vapor core surrounded by a slower-moving liquid film, 

whereas slug and transitional flows exhibited fluctuating and less organized velocity 

patterns. At low velocities and high inlet temperatures, a distinct vapor core was ob-

served, accompanied by enhanced axial velocity due to reduced density from thermal 

expansion. At high velocities, the velocity field remained more symmetric and less de-

veloped due to incomplete phase change. These findings provide valuable insights for 
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the design and optimization of cryogenic feed systems used in space propulsion, 

rocket engine cooling circuits, and cryogenic fuel storage technologies. Future work 

may include investigating the effects of pipe inclination, gravitational variation (mi-

crogravity conditions), and transient chill-down operations, as well as extending the 

current model to include real-gas properties and turbulent interface dynamics for im-

proved prediction of unsteady multiphase behavior in advanced cryogenic systems.
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A. M. Khan✶ 

Chapter 13 
Advanced Heat Transfer Analysis: Numerical 
Methods and Fractional Calculus Approaches

Abstract: In many engineering and scientific applications, the study of heat transfer 

is vital from energy conversion to thermal management systems. The conventional 

differential equations are usually employed in traditional heat transfer models. In a 

bid to tackle complicated thermal phenomena, viz., memory effect and dynamic diffu-

sion, a more advanced mathematical framework is needed. The aim of the proposed 

chapter is to investigate the incorporation of fractional calculus and numerical techni-

ques in heat transfer analysis to provide a more accurate and robust depiction of heat 

flow in conduction and convection processes. Fractional calculus is an important tool 

to simulate the history-dependent behavior of systems. The main highlights of the 

chapter are to investigate the fractional order heat transfer problems using numerous 

numerical methods, viz., spectral approaches, finite difference methods, finite ele-

ment methods, and fractional reduced differential transform method. The real-world 

case studies and benchmarks are used to evaluate proposed methods’ accuracy, stabil-

ity, and computational effectiveness. By employing the theory of fractional calculus 

and numerical modeling, this chapter gives a strong foundation for dealing with heat 

transfer cases that supersedes the traditional approaches. These findings are crucial 

to improve prediction capacities and create novel thermal management techniques. 

Keywords: heat transfer analysis, numerical methods, fractional calculus, finite ele-

ment method (FEM), anomalous diffusion, non-Fourier heat conduction

13.1 Introduction

Since the topic of heat transfer plays a fundamental role in the physical process that 

governs the transfer of thermal energy between systems. It has numerous applications, 

including aerospace, energy systems, material processes, and biological systems.

Classical heat transfer models such as Fourier’s law of conduction, Stephen- 

Boltzmann’s law of radiation, and Newton’s law of cooling provide a theoretical foun-

dation for understanding heat transfer mechanisms. However, these classical models 

have limitations when applied to complex real-world scenarios, viz. heterogeneous 
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materials, micro- and nanoscale systems, and biological tissues. In recent years, ad-

vancements in numerical methods and fractional calculus approaches have signifi-

cantly improved the ability to model heat transfer phenomena more accurately. Nu-

merical techniques with finite difference method (FDM), boundary element method 

(BEM), finite element method (FEM), and spectral methods enable the solution of com-

plex heat conduction problems that lack analytical solutions. Fractional calculus that 

extends classical differentiation and integration to non-integer orders provides accu-

rate real-world simulations, equipped with memory effects and nonlocal interactions 

of heat transfer processes. This chapter provides a robust mathematical framework to 

overview advanced heat transfer analysis, focusing on numerical methods and frac-

tional calculus techniques.

The chapter includes classical heat transfer models and their limitations, ad-

vanced numerical methods, including finite difference, finite element, finite volume, 

and spectral techniques.

The chapter emphasizes on the fractional calculus approaches, which address 

memory effects and nonlocality effects in the heat transfer process. The applications 

of these advanced methods, ranging from energy systems to biomedical engineering, 

are also covered by incorporating numerical computation with the fractional differen-

tial models. By employing fractional theory, scientists and researchers can develop 

more accurate simulations of real-world thermal behavior in complex materials, bio-

logical tissues, and microstate devices.

This chapter aims to provide a deep understanding of these techniques, offering 

insights into their applications, advantages, and challenges.

13.1.1 Importance of Heat Transfer Analysis

Since heat transfer analysis is significant in numerous disciplines, influencing the effi-

ciency, safety, and performance of many technologies and natural systems. The key 

areas include the advanced heat transfer modeling that is important to explore the 

energy and power generation, thermal power plants, and optimization of heat ex-

changes, boiler, and cooling systems [1–3].

The chapter also emphasizes on solar energy systems to improve modeling of 

heat absorption, storage, and dissipation in nuclear reactors. Some important exam-

ples are also covered to control advanced thermal management for fuel roads and 

cool and system spacecraft thermal protections to ensure proper heat dissemination 

during re-entry. Automatic engines include heat transfer modeling for cooling and 

combustion systems. An electronics and semiconductor device also incorporates a mi-

croprocessor and chips to model heat dissipation to prevent overheating.

MEMS is a microelectromechanical system for accurate thermal behavior predic-

tion at the microscale. Biomedical engineering includes hyperthermia treatment in 

the form of thermal modeling for cancer therapy. Another application of heat transfer 
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is found in cryopreservation to optimize heat transfer during freezing of biological 

tissues. In addition, the advanced material and nanotechnology field includes phase 

change materials to enhance heat for storage efficiency. The nano-scale heat conduc-

tion to understanding ballistic and diffusive thermal transport in nano-materials, 

given these diverse applications, an advanced heat transfer model incorporating nu-

merical simulations and fractional calculus is significant for accurate and predictive 

modeling.

13.1.2 Limitation of the Classical Heat Transfer Models

The following are limitations of classical model heat transfer models-

i. Instantaneous heat propagation assumption: The classical model of heat transfer, 

including numerous examples, viz. Fourier’s law of conduction, Newton’s law of 

convection, and Stephen bolts law of radiation are widely used. But having nota-

ble limitations, which include the instantaneous heat propagation assumption, 

that suggest Fourier’s law assumes that heat propagates instantaneously, leading 

to an infinite propagation speed, which contradicts physical reality.

ii. Locally assumptions: Classical model assumes that heat transfer is a purely local 

process, ignoring long-range interactions observed in heterogeneous and porous 

materials.

iii. Lack of memory effects: Many real-world material exhibits thermal memories 

where past temperature states influence present behavior, which classical models 

cannot capture.

iv. Micro- and nanoskill limitations: It includes that a small scale, heat carriers ex-

hibit, ballistic transport, deviating from diffusion assumptions of Fourier’s law.

These limitations have led to the development of numerical techniques and fractional 

order models that give a more generalized and accurate description of heat transfer 

modeling.

13.1.3 The Role of Numerical Methods in Heat Transfer Analysis

Due to the complexity of the real-world heat transfer problem, investigations of suit-

able numerical methods have become essential for solving the governing differential 

equations. These methods include FDM that approximate derivatives using discrete 

grade points commonly used for a structure domain. Another important numerical 

technique is the FEM that uses basis functions and weak formulations to solve partial 

differential equations suitable for complex geometries, further BEM that reduce the 

problem dimension for solving boundary integral equations, ideal for semi-infinite 
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domains. Spectral methods are also effective techniques that expand the solution in 

terms of orthogonal basis functions, providing high accuracy for smooth problems.

13.1.4 Fractional Calculus: A New Perspective in Heat Transfer

Fractional calculus extends classical differentiation and integration to non-integer or-

ders that facilitate a more generalized and accurate representation of the heat trans-

fer process. The fractional derivative introduces memory effects, unlike classical 

model fractional order derivatives that capture the influence of past state on present 

heat conduction behavior. Fractional calculus theory also includes nonlocality in heat 

transfer that allows modeling of long-range interactions, crucial for heterogeneous 

and fractal materials. The fractional calculus also improved accuracy in anomalous 

diffusion, as many physical systems exhibit subdiffusion or superdiffusion, which can 

be accurately modeled using fractional heat conduction equations. Mathematically, 

the fractional order heat conduction equation is given as:

Dα
t T = α −Δð ÞβT (13:1) 

where Dαt denotes a fractional time derivative and −Δð Þβ is a fractional Laplacian, 

which allows greater flexibility in modeling memory and nonlocal heat effects.

This chapter is structured as follows: Section 13.2 includes classical heat transfer mod-

els and their limitations, Section 13.3 gives numerical methods for heat transfer analysis, 

Section 13.4 explores fractional calculus approaches in heat transfer, Section 13.5 gives ap-

plications and case studies, and finally, Section 13.6 gives a conclusion and future direc-

tion. This chapter explores a comprehensive and in-depth analysis of advanced numerical 

and fractional calculus methods for heat transfer analysis, equipping scientists and re-

searchers with the necessary tools to address complex heat conduction problems.

13.2 Classical Heat Transfer Models and Their 

Limitations

Heat transfer modeling is an essential process in many engineering and scientific ap-

plications, from biological tissues to various energy systems. Fourier’s law is a funda-

mental principle in the classical heat conduction models that have been widely used 

to depict the heat transfer in solids. Though these models lack in dealing with non- 

homogeneous materials, anomalous diffusion, and micro-scale heat transfer process. 

This section explores the traditional model of heat transfer, its governing equations 

and deficiencies, leading to the need for advanced numerical methods with fractional 

calculus approaches.
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13.2.1 Fourier’s Law and the Classical Heat Conduction Equation

The foundation of the heat transfer process is Fourier’s law, which states that heat 

flux q is directly proportional to the negative temperature gradient ∇T, as given 

follows:

q=−k∇T (13:2) 

Since this law shows the instantaneous heat propagation, means the temperature 

change at a point is suddenly reflected throughout the material, which seems unreal-

istic for real-world situations. Here q denotes the heat flux vector (W/m2) and k is the 

thermal conductivity (W/mK).

13.2.2 Heat Diffusion Equation (Classical Heat Equation)

The classical heat diffusion equation is given as:

∂T

∂t
= β ∇2 T (13:3) 

where β is thermal diffusivity (m2/s).

Equation (13.3) describes the change of temperature and its evolving in the mate-

rial with respect to time due to heat flow.

13.2.3 Assumptions in the Classical Heat Equation

A Fourier law and heat equation make many assumptions as mentioned below:

i. Continuum hypothesis: The material is considered as a consistent medium, ne-

glecting atomic-scale effects.

ii. Local equilibrium: Heat flow is treated as a local process without any history- 

dependent nature.

iii. Constant material properties: Thermal conductivity, density, and heat capacity 

are assumed constant over time.

iv. Infinite propagation: Speed-contradicting physical reality, it assumes the para-

bolic nature of equations.

However, the classical heat equation works well in many engineering applications, 

yet it fails in simulating microscale transfer, heterogeneous materials, and nonlocal 

effects.
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13.2.4 Limitations of the Classical Heat Conduction Model

Despite the successful applications of Fourier’s law in heat conduction modeling, it 

has significant limitations when applied to complex and heat phenomena.

13.2.4.1 Infinite Speed of Heat Propagation (Parabolic Nature)

Predicting an infinite speed of heat flow is a major flaw of Fourier’s law. Since the 

nature of the heat equation is a parabolic PDE, any thermal change at a point instan-

taneously affects the entire domain. In fact, heat flows at a finite speed, especially in 

materials like:

i. Low temperature solids: Where quantum effects slow down thermal transport.

ii. Nanoscale systems: Where ballistic heat conduction dominates over diffusive 

transport.

iii. Biological tissues: Where heat transfer occurs through complex metabolic and 

transport processes.

13.2.4.2 Nonlocal Heat Transfer Effects

Fourier’s law assumes that the heat flux at a point depends only on the local tempera-

ture gradient. It is not true in all material cases; in some material, heat flow is affected 

by the thermal state of distant regions.

This occurs in:

i. Porous and composite materials: Where heat flows through multiple phases, lead-

ing to non-uniform conduct pathways.

ii. Fractal and heterogeneous material: Where irregular structure leads to heat 

transfer patterns that classical models fail to capture.

13.2.4.3 Memory Effects and Non-Fourier Heat Conduction

Many materials exhibit memory effects, meaning that past thermal states influence 

current heat transfer behavior. For example, in:

i. Polymer and biological tissues: Where heat retention occurs over time.

ii. Super-cooled material and phase change systems: Where latent heat effects dom-

inate.
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13.2.5 Alternative Models to Fourier’s Law

13.2.5.1 Hyperbolic Heat Conduction Model (Cattaneo-Vernotte Equation)

In order to introduce the component of time delay in heat flux, the Cattaneo-Vernotte 

equation modifies the Fourier law as given below:

τq
∂q

∂t
+ q=−k∇T (13:4) 

where τq is the relaxation time, representing the time delay in the heat flux response.

This leads to the telegraph mathematical equation given as follows:

∂2T

∂t2
+ 1

τq

∂T

∂t
− β∇2T = 0 (13:5) 

13.2.5.2 Ballistic-Diffusive Heat Transfer Models

The ballistic diffusive equation is used for nanoscale heat conduction as follows:

∂T

∂t
+ vg .∇T = β ∇2T (13:6) 

where vg is the group velocity of phonons. This model gives a relationship between 

wave-like ballistic transport and diffusion-dominated conduction.

13.3 Numerical Methods for Heat Transfer Analysis

Numerical methods are unavoidable for the solution of heat transfer problems due to 

their non-solvability through analytical solutions. The computational methods are es-

sential to obtain approximate solutions when dealing with complex geometries, non- 

homogeneous materials, and nonlinear boundary conditions [4, 5].

In this section, we explore the numerical techniques used for heat transfer analy-

sis, including the following:

i. Finite difference method (FDM)

ii. Finite element method (FEM)

iii. Boundary element method (BEM)

iv. Finite volume method

v. Spectral methods
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13.3.1 Finite Difference Method (FDM)

The FDM is a commonly used numerical approach for solving partial differential 

equations, viz., the heat equation. The method used a discrete approximation in place 

of continuous derivatives via a grid-based representation of the solution region.

13.3.1.1 Discretization of the Heat Equation

Following is one-dimensional heat transient equation:

∂T

∂t
= β∂

2T

∂x2
(13:7) 

Using finite difference approximation, the derivatives are replaced as follows:

∂T

∂t
≈ T

n+1
i − Tni

Δt
(13:8) 

Further second-order central difference approximation is given as follows:

∂2T

∂x2
≈ T

n
i+1 − 2Tni + Tni−1

Δx2
(13:9) 

On using equations (13.13) and (13.14) in equation (13.12) yields

Tn+1i − Tni
Δt
= β T

n
i+1 − 2Tni + Tni−1

Δx2
(13:10) 

On rearranging the term, we get an explicit update formula as follows:

Tn+1i = Tni + β
ΔT

Δx2
Tni+1 − 2Tni + Tni−1
 �

(13:11) 

13.3.1.2 Explicit Versus Implicit Schemes

The FDM can be categorized into two parts: explicit or implicit, as given below:

The explicit finite difference scheme calculates the temperature at the next time 

step using known values from the previous step:

Tn+1i = Tni + r Tni+1 − 2Tni + Tni−1
 �

(13:12) 

where r = β ΔT
Δx2 is the coefficient of stability.
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This scheme has major disadvantages as mentioned below:

i. Stability requires r≤ 1
2

(CLF condition).

ii. Require small time steps for accurate solutions.

The implicit scheme modifies stability by solving a system of equations at each time 

steps:

Tn+ 1
i − r Tni+1 − 2Tni + Tni−1

 �
= Tni (13:13) 

Easy implementation and computational efficiency are the major advantages of this 

scheme.

13.3.1.3 Crank-Nicolson Scheme (Semi-implicit Method)

This scheme is a combination of explicit and implicit methods:

Tn+1i −
r

2
Tn+ 1
i+1 − 2Tn+ 1

i + Tn+ 1
i−1

 �
= Tni +

r

2
Tni+1 − 2Tni + Tni−1
 �

(13:14) 

This method achieves second-order accuracy in both time and space.

14.3.2 Finite Element Method (FEM)

The FEM is a numerical method that approximates the solution of partial differential 

equations using a weak formulation and basis functions over finite elements. The 

method is highly recommended for problems with complex geometries with varying 

material properties and an anisotropic situation.

14.3.2.1 Weak Formulation

The heat flow equation is given as

∂T

∂t
= β ∇2T (13:15) 

Equation (13.15) can be written in its weak form by multiplying with a test function v

and integrating over the domain C:

ð

C

v
∂T

∂t
dC + β

ð

C

∇v.ΔTdC = 0 (13:16) 
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The above integral allows the equation to be solved numerically by discretizing T(x, t) 

into basis.

13.3.3 Boundary Element Method (BEM)

The BEM techniques leverage the heat flow problem to reformulate it into a boundary 

problem integral equation, reducing it to the domain’s boundary. It reduces problem 

dimensionality, efficiently for unbounded domains:

cT Pð Þ+
ð

φ

kT
∂G

∂n
dφ =

ð

φ

Gqdφ (13:17) 

where G denotes the fundamental solution of the heat equation.

13.3.4 Finite Volume Method (FVM)

The finite volume method is widely used in computational fluid dynamics for heat 

transfer problems. It conserves energy across volumes by integrating the heat equa-

tion over discrete cells:

ð

φ

∂T

∂t
dφ=

ð

φ

− k∇T.dφ (13:18) 

The method conserves energy exactly at the discrete level, in addition, it is compatible 

with fluid thermal coupling.

13.3.5 Spectral Methods

Spectral methods approximate the heat equation using global basis functions such as 

Fourier series or special function polynomials:

T x, tð Þ=
X∞

n=0
bn tð Þ∅n xð Þ (13:19) 

13.3.6 Comparison of Numerical Methods

Table 13.1 gives a comparison of different numerical methods based on different pa-

rameters, viz. accuracy, computational cost, geometric flexibility, and stability.
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The accuracy is very high for spectral method, but gives poor geometric flexibility, 

whereas the FEM is stable and gives high accuracy and excellent geometric flexibility.

13.4 Fractional Calculus Approaches in Heat 

Transfer

Fractional calculus is a modified version of a mathematical framework that general-

izes differential and integration to non-integer orders. Fractional derivatives and inte-

gration describe local and instantaneous changes, and capture history-dependent and 

nonlocal effects, making them useful for modeling anomalous diffusion and memory 

effects in heat transfer.

Fractional model extends the heat equation by incorporating nonlocal and mem-

ory-based effects.

A fractional integral of order α (where 0 < α ≤ 1) is mathematically expressed as:

Iαfð Þ tð Þ= 1

Γ αð Þ

ðt

0

t− sð Þα−1f sð Þds (13:20) 

A Riemann-Liouville fractional derivative of order α (where 0 < α ≤ 1) is mathemati-

cally expressed as:

Dαfð Þ tð Þ= 1

Γ n− αð Þ
dn

dtn

ðt

0

t− sð Þn−α−1f sð Þds (13:21) 

Table 13.1: Comparison of numerical methods.

Method Accuracy Computational cost Geometric flexibility Stability

FDM Medium Low Poor Explicit unstable and 

implicit stable

FEM High Medium-high Excellent Stable

BEM High Medium Good for unbounded problems Stable

FVM Medium Medium Good Stable

Spectral Very high High Poor Stable
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A Caputo fractional derivative is defined as

Dαfð Þ tð Þ= 1

Γ n− αð Þ

ðt

0

t− sð Þn−α−1f n sð Þds (13:22) 

where n− 1< α< n, Γ (⋅) is the Gamma function, α is the fractional order of differentia-

tion, and T represents temperature as a function of time t.

The Caputo order fractional derivative is preferable in the simulation of real- 

world modeling as it allows intuitive initial conditions.

The Grunwald-Letnikov fractional derivative is a discrete approach that is widely 

used in numerical simulations and is given as

Dαfð Þ xð Þ= lim
h!0

1

hα

X∞

k = 0

−1ð Þk
α

k

 !
f x − khð Þ (13:23) 

where h is a small step size.

These models better describe the anomalous diffusion in porous and fractal 

media, memory-dependent heat conduction in biological tissues, and polymers.

13.4.1 Fractional Heat Conduction Models

Fractional-order models generalize the heat equation by incorporating nonlocal and 

memory effects:

Dα
t T = β ∇2 T (13:24) 

where Dα
t denotes fractional order time derivatives, 0< α≤ 1. Fractional differential 

generalizes the order of derivatives to an arbitrary order.

13.4.2 Space Fractional Heat Conduction Equation

In heterogeneous or fractal-like media, the Laplace operator ∇2 is replaced with frac-

tional Laplacian Δ α, where 1 < α ≤ 2:

∂T

∂t
= β −Δð ÞαT (13:25) 

Equation (13.25) is capable of capturing nonlocal spatial interactions common in po-

rous and fractal media. For α= 2, it reduces to the classical heat equation, if α< 2, it 

models super diffusive behavior where heat spreads faster due to long-range depen-

dencies.
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13.5 Applications of Fractional Heat Transfer Models

This section explores the important applications of the fractional heat transfer model 

as given below

a) Micro- and Nanoscale Heat Transfer

Fractional models could capture non-Fourier effects in nanomaterials and semi-

conductor devices where ballistic transport dominates.

b) Thermal Analysis of Biological Tissues

In bio-heat transfer, the fractional model better describes heat flow in tiny tissues 

with memory effects, relevant to thermal therapies and hyperthermia treatments.

c) Heat Transfer in Porous and Fractal Media

Material like foams, rocks, and composites exhibits nonlocal thermal interactions, 

which fractional models accurately capture. It is clear that fractional calculus pro-

vides a powerful tool for modeling complex heat transfer phenomena, capturing 

memory effects and long-range interactions [6–8].

13.6 Applications of Advanced Heat Transfer 

Analysis

Incorporating numerical methods and fractional calculus has become essential to deal 

with advanced heat transfer approaches for solving complex thermal problems in vari-

ous fields, viz, energy systems, biomedical engineering, and advanced materials.

This section deals with key real-world applications where numerical and frac-

tional order models enhance heat transfer analysis and enable innovative solutions.

13.6.1 Micro- and Nanoscale Heat Transfer

The traditional heat transfer models assume that diffusive heat transport does not 

hold in micro- and nanodevices. At micro- and nanoscales, heat conduction deviates 

significantly from classical diffusion models due to size effects, ballistic transport, and 

quantum interaction [9–11].

a) Ballistic Versus Diffusive Heat Transfer in Nanomaterials

In bulk material, heat is conducted via the diffusion of phonons. Ballistic trans-

port means heat carriers travel long paths before scattered, as happens in thin 

films, nanowires, and quantum dots.

Chapter 13 Advanced Heat Transfer Analysis 297



13.6.1.1 Key Numerical Approaches

i. Boltzmann transport equation (BTE): Governs heat conduction at the nanoscale 

by tracking individual phonon populations.

ii. Monte Carlo methods: Predict the solution of phonon transport via stochastic 

methods.

iii. Fractional heat conduction models: Incorporate nonlocality and memory effects 

to simulate complex heat flow.

13.6.1.2 Applications

i. Microprocessor and semiconductor chips: Improved heat dissipation for next- 

generation processors.

ii. Heat transfer in NEMS/MEMS: Understanding thermal behavior in micro/nanoe-

lectromechanical systems

iii. Thermal management of nanoelectronics: Optimizing cooling solution for gra-

phene and 2D materials.

iv. Thermal management of nanoelectronics: Optimizing cooling solutions for gra-

phene and 2D materials.

13.6.2 Energy and Power Systems

The solar energy, nuclear reactors, and thermal power plants are examples of energy 

systems that require precise heat analysis for efficiency and safety. Fractional calcu-

lus and numerical methods enhance the modeling of thermal energy storage, heat ex-

changers, and combustion processes.

a) Heat Transfer in Renewable Energy Systems

i. Solar thermal collectors: Modeling radiative and conductive heat transfer 

in parabolic path and concentrated solar power systems.

ii. Geothermal energy systems: Predicting underground conductive heat trans-

fer in heterogeneous rock formation.

iii. Phase change material: Fractional models equipped to predict the melting 

and solidification for thermal storage.

b) Advanced Heat Exchangers

Heat exchangers are significant components in power plants, refrigerator sys-

tems, and chemical processes. Computational methods, viz. FEM and CFD opti-

mize their thermal performance.
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13.6.3 Biomedical Heat Transfer

Thermal modeling is essential in the field of biomedical engineering, particularly for 

hyperthermia treatment, crypto therapy, and tissue engineering. Due to the complex 

vascular network and metabolic heat generation, the biological tissues describe non- 

Fourier heat conduction.

a) Hyperthermia and Cancer Treatment

Hyperthermia therapy uses localized heating to destroy cancer-based cells. The 

fractional models can best simulate thermal diffusion and blood perfusion effects, 

leading to better treatment planning. 

Key Numerical Models: 

Pennes’s Bio-heat Equation: Describes heat transfer in tissues, including blood 

perfusion effects. 

Fractional Bio-heat Model: Improve accuracy in predicting heat distribution in 

heterogeneous tissues

b) Crypto Preservation of Biological Tissues

Crypto preservation includes freezing cells and organs for long-term storage. Ac-

curate modeling of thermal gradient and ice formation is crucial for preventing 

tissue damage:

i. Finite element simulation predicts ice numeric nucleation dynamics

ii. Fractional order equation describes non-Fourier cooling effects

13.6.4 Advanced Material and Smart Structures

The development of materials, smart coating, and composite structures needs precise 

heat transfer modeling in complex materials. Thermal barrier coatings in aerospace 

is one of the suitable examples that uses following techniques:

i. Finite difference models simulate heat conduction in ceramic coating.

ii. Fractional model predicts long-term thermal fatigue behavior

13.7 Conclusion

This chapter presented an in-depth analysis of advanced heat transfer modeling, fo-

cusing on numerical methods and fractional calculus approaches. Classical heat con-

duction models, particularly the Fourier law, were discussed alongside their limita-

tions in capturing finite thermal propagation speeds, nonlocal interactions, and 

memory effects. The necessity of advanced numerical methods was established, lead-

ing to discussion on finite difference, boundary element, and spectral methods, each 

tailored for different heat transfer applications. A significant contribution of this 
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work lies in its integration of fractional calculus in heat transfer analysis. Fractional 

order models extend classical heat conduction equations by introducing memory and 

nonlocal effects, making them highly relevant for heterogeneous materials, biological 

tissues, and micro- and nanoscale thermal systems. The key novel contribution of the 

work can be seen as bridging classical and fractional heat transfer models, compre-

hending a numerical solution framework, extension of non-Fourier heat transfer, and 

an application-oriented approach. By leveraging numerical innovation and fractional 

calculus, this work paves the way for next-generation heat transfer analysis, ensuring 

improved efficiency and predictive accuracy in emerging thermal applications
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Manisha Yadav and Pradeep Malik✶ 

Chapter 14 
Controlling the Discretized Complex System’s 
Dynamics with the Allee Effect

Abstract: This chapter examines the stability and dynamical behavior of a modified 

discrete-time complex system after incorporating the Allee effect. It identifies key bi-

furcations, namely, Neimark-Sacker and flip, through the application of the center 

manifold theorem. To control chaotic dynamics, a hybrid control strategy is imple-

mented. Analytical results are validated through numerical simulations. 

Keywords: discretized complex system, Allee effect, flip bifurcation, Neimark-Sacker 

bifurcation, hybrid control technique

14.1 Introduction

Population dynamics plays a key role in biomathematics, focusing on the interactions 

within ecosystems, such as predation, competition, mutualism, and symbiosis [1]. The 

foundation of predator-prey theory, established by Volterra [23] [2], has led to the de-

velopment of various mathematical models to describe how species interact and how 

populations grow, often based on experimental data. Predator-prey models remain 

fundamental in both ecology and mathematical biology due to their relevance and 

complexity [3]. Although the equations may seem simple, they often exhibit highly 

nonlinear dynamics that are sensitive to initial conditions. These models help explain 

how ecosystems generate and sustain biomass through competition for resources, ad-

aptation, and survival [12]. Population dynamics models are classified into continuous 

models, typically used for species with overlapping generations, and discrete mod-

els, which are suited for species with distinct breeding seasons or non-overlapping 

generations. Discrete models, in particular, are valuable in capturing complex be-

haviors, such as bifurcations and chaos [4–8, 14]. This study investigates a discrete- 

time predator-prey model using the forward Euler method for discretization [18, 21]. 

The Allee effect, which describes reduced fitness at low population densities, is inte-

grated into the model to study its impact on population dynamics, including its po-
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tential to stabilize or destabilize the system [15]. Additionally, control strategies, 

such as pole-placement and hybrid techniques, are explored to manage chaotic be-

haviors and ensure ecological stability in systems prone to complex fluctuations [9–

11, 13, 16, 17, 20].

14.2 Mathematical Model

Arancibia and Flores [22] studied a modified Leslie-Gower predator-prey model, incor-

porating the Allee effect on the prey population and alternative food sources for the 

predator. The model is as follows:

dx

dt
= rx 1− x

K

� �
x − nð Þ− βxy

x + p

dy

dt
= αy 1− y

mx + q

� � (14:1) 

Here, every parameter is viewed as positive, i.e., r, K, β, p, α, m, n, qð Þ 2 R8
+ , p < K. 

Here, n is the strong Allee effect, β is the maximum predation rate per capita, βx
x + p

is 

the functional response, p is the population value at which the predation function is 

half saturation constant, x represents the prey population, and y is the size of popula-

tion of predator. The parameters r and α represent the intrinsic growth rates for the 

prey and predator, respectively. m signifies the quality of the prey as a food source 

for the predator, while K stands for the prey’s environmental carrying capacity. By 

employing the forward Euler scheme with a step size of ϵ, a discrete-time model is 

derived from system (14.1). As ϵ approaches 1, the dynamics of the i + 1ð Þth generation 

of the prey-predator population must be governed by the following set of equations:

xi + 1 = xi + rxi 1 − xi

K

� �
xi − nð Þ− βxiyi

xi + p

yi + 1 = yi + αyi 1 − yi

mxi + q

� � (14:2) 

with the given initial conditions x 0ð Þ= x0 and y 0ð Þ= y0. The mapping that can be used 

to define the discrete time prey-predator model is as follows:

F:
x

y

 !
!

x + rx 1 − x

K

� �
x − nð Þ− βxy

x + p

y + αy 1 − y

mx + q

� �

0
BBB@

1
CCCA (14:3) 

This chapter focused on analyzing the fixed points of map (14.3) and Section 14.3 stud-

ies their existence and dynamical behaviors in the region:
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Ω =R2
+ = X, Yð Þ: X ≥ 0, Y ≥ 0 

Then, various bifurcations must be of flip bifurcations and Niemark-Sacker bifurca-

tions, which are discussed in Section 14.4. Chaos control technique is discussed in Sec-

tion 14.5. Illustrated extensive numerical simulations are carried out for the theoreti-

cal results in Section 14.6, and in Section 14.7, concluding remarks are discussed.

14.3 Existence and Stability of Fixed Points

Within this section, an exploration is conducted to ascertain the presence and stability 

of fixed points within map (14.3):

1. The trivial fixed point is E0 0, 0ð Þ.
2. The semitrivial points are Ex1

K, 0ð Þ and Ex2
n, 0ð Þ, where x1 = K and x2 = n.

3. Another semitrivial point is Ey 0, qð Þ.
4. The positive fixed points is E x✶, y✶ð Þ, which is the intersection of the nullclines:

y✶
1 = mx✶ + q and

y✶
2 = r

β
1 − x✶

K

� �
x✶ + pð Þ x✶ − nð Þ

(14:4) 

The Jacobian matrix of discrete map (14.3) evaluated at an arbitrary fixed point 

x✶, y✶ð Þ is given by:

J Eð Þ=

r

K
2rx✶K − rnK − 3x✶2 + 2nx✶2
� �

− pβy✶

ðx✶ + pÞ2
− βx✶

x✶ + pð Þ

− αy✶2
m

ðmx✶ + qÞ2
α − 2αy✶

mx✶ + q

0
BBBB@

1
CCCCA

The corresponding characteristic equation is:

λ2 − Trλ + Det = 0 (14:5) 

where,

Tr = r

k
2rx✶K − rnK − 3x✶2 + 2nx✶2
� �

− pβy✶

ðx✶ + pÞ2
− 2αy✶

mx✶ + q
+ α 

and Det = r

k
2rx✶K − rnK − 3x✶2 + 2nx✶2
� �

− pβy✶

ðx✶ + pÞ2

 !
α − 2αy✶

mx✶ + q

� �
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− βx✶

x✶ + pð Þ

� �
αy✶2

m

ðmx✶ + qÞ2

 !

The behavior of the fixed points can be characterized by considering the following 

lemma [19]:

Consider a polynomial τ λð Þ= λ2 − Trλ + Det, λ1 and λ2 are the eigenvalues. Suppose 

τ 1ð Þ> 0, then

1. λ1j j< 1 and λ2j j< 1 if and only if τ −1ð Þ> 0 and τ 0ð Þ< 1;

2. λ1j j< 1 and λ2j j> 1 (or λ1j j> 1 and λ2j j< 1) if and only if τ −1ð Þ< 0;

3. λ1j j> 1 and λ2j j> 1 if and only if τ −1ð Þ> 0 and τ 0ð Þ> 1;

4. λ1 = −1 and λ2 ≠ 1 if and only if τ −1ð Þ= 0 and Tr ≠ 0, 2; and

5. λ1 and λ2 are complex conjugate and λ1 =j jλ2j j if and only if ðTrÞ2 − 4Det < 0

and τ 0ð Þ= 1.

14.3.1 Dynamical Behavior Around the Trivial Fixed Points

The trivial fixed point E0 of system (14.3) is characterized by the eigenvalues of its 

Jacobian matrix: λ1 = −nr2 and λ2 = α.The fixed point E0 is sink if rj j< 1ffiffi
n

p and αj j< 1, a 

source when rj j> 1ffiffi
n

p and αj j> 1, a saddle if rj j< 1ffiffi
n

p and αj j> 1 or rj j> 1ffiffi
n

p and αj j< 1

and nonhyperbolic when r = 1ffiffi
n

p and αj j= 1.

14.3.2 Dynamical Behavior Around the Semitrivial Fixed Points

1. The eigenvalues of the Jacobian of map (14.3) are λ1 = r 2rK − n − 3K + 2nð Þ and 

λ2 = α at semitrivial fixed point E x1ð Þ x1, 0ð Þ. Eðx1Þ is:

1.1 source if 2rK + 2m > 1
r + n + 3K

and αj j> 1;

1.2 sink when 2rK + 2m < 1
r + n + 3K

and αj j< 1;

1.3 saddle when 2rK + 2m < 1
r + n + 3K

and λj j> 1 or 2rK + 2m > 1
r + n + 3K

and αj j< 1; 

and

1.4 non-hyperbolic if either 2rK + 2m = 1
r + n + 3K

or αj j= 1.

2. The eigenvalues are λ1 = r
K

2rnK − rnK − n2
 �

and λ2 = α for the semitrivial fixed 

point E x2ð Þ x2, 0ð Þ. E x2ð Þis:

2.1 source when n rK − nð Þ> K
r

and αj j> 1;

2.2 sink when n rK − nð Þ< K
r

and αj j< 1;

2.3 saddle when n rK − nð Þ> K
r

and αj j< 1 or n rK − nð Þ< K
r

and αj j> 1; and

2.4 nonhyperbolic if either n rK − nð Þ= K
r

or αj j= 1.

3. The eigenvalues of the Jacobian of map (14.3) at semi trivial fixed point Ey 0, qð Þ
are λ1 = − r2n and λ2 = 0. Ey 0, qð Þ cannot be a source because λ2 can never be 

greater than 1. Ey 0, qð Þ is:
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3.1 sink if n < 1
r2;

3.2 saddle if n > 1
r2; and

3.3 non-hyperbolic if n = 1

r2
.

14.3.3 Dynamical Behavior at Positive Fixed Point E x✶, y✶ð Þ

The characteristic polynomial obtained at the fixed point E x✶, y✶ð Þ is given by

τ λð Þ= λ2 − r

K
A − pβB − α

� �
λ + − r

K
A + pβB − βaC

� �

where A = 2rx✶K − rnK − 3x✶2 + 2nx✶2
; B = mx✶ + q

x✶ + p2 ; C = x✶m
x✶ + p

. The dynamical behavior 

at positive E x✶, y✶ð Þ of map (14.3) is as follows:

Case 1: When y✶
1 = mx✶ + q

1. sink when pβB − 1
pβB − qβ

< α < 1
β pB − qð Þ;

2. source when α > max pβB − 1
pβB − qβ

, 1
β pB − qð Þ

n o
;

3. saddle when α < pβB − 1
pβB − qβ

; and

4. nonhyperbolicity arises in the system when any of the following conditions are met:

(a) α = pβB − 1
pβB − qβ

, α≠ r
K

A − pβB and α≠ r
K

A − pβB − 2

(b) r
K

A − pβB − α
 �

− 4 pβBα − r
K

A − Cβα
 �

< 0 and α = 1 + r
K

A

pβB − βq

Case 2: When y✶
2 = r

β
1 − x✶

K

� �
x✶ − nð Þ x✶ + pð Þ

1. sink when α2 >
M + 1 − 1 −

2y✶
2

mx✶

� �
α

2My✶
2

and 

2α2My✶
2 − α M + βx✶y2✶2

x✶ + pð Þðmx✶ + qÞ2

 !
< 1; 

2. source when α2 =
M + 1 − 1 −

2y✶
2

mx✶

� �
α

2My✶
2

;

3. saddle when α2 >
M + 1 − 1 −

2y✶
2

mx✶

� �
α

2My✶
2

;

2α2My✶
2 − α M + βx✶y2✶2

x✶ + pð Þðmx✶ + qÞ2

� �
> 1; and
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4. the system is considered nonhyperbolic if any of the following conditions hold:

(a) α2 =
M + 1 − 1 −

2y✶
2

mx✶

� �
α

2My✶
2

, α ≠ M
mx✶ + q − 2αy✶

2
mx✶ + q

� �
and α ≠ 2 + M

mx✶ + q − 2αy✶
2

mx✶ + q

� �

(b) − M + α − 2αy✶
2

mx✶ + q

� �2

− 4 2α2My✶
2 − α M + βx✶2

y2
2✶

x✶ + pð Þðmx✶ + qÞ2

� �� �
< 0 and   

2α2My✶
2 − α M + βx✶y2✶2

x✶ + pð Þðmx✶ + qÞ2

� �
= 1, 

where M = −2α2x✶ + r2n + 3rx✶
K

− 2nrx✶
K

+ pβy✶
2

ðx✶ + pÞ2 .

14.4 Bifurcation Analysis

In this part, we analyze the way in which map (14.3) behaves when it reaches its equi-

librium points, exploring its bifurcation characteristics.

14.4.1 Exploring Bifurcation Around Trivial Point E0 0, 0ð Þ

Flip bifurcation is observed in map (14.3) when the trivial equilibrium point E0 0, 0ð Þ is 

nonhyperbolic for r = 1ffiffi
n

p .

14.4.2 Bifurcation Around Equilibrium Point E1 K , 0ð Þ

Map (14.3) exhibits flip bifurcation when the semitrivial equilibrium point E1 K, 0ð Þ is 

nonhyperbolic for r = 1
n − K

.

At the equilibrium point E2 Xn, 0ð Þ, map (14.3) exhibits a flip bifurcation when the 

bifurcation parameter is r = 1

n 1 − 1
Kð Þ.

Proof. In similar manner, the equilibrium point E2 occurs flip bifurcation for the 

bifurcation parameter r = 1

n 1 − 1
Kð Þ. Therefore, we can drop out the process.

The equilibrium point E3 0, qð Þ of map (14.3) experiences a flip bifurcation as the 

bifurcation parameter takes the value n = 1
r2.

14.4.3 Exploring Bifurcation Around First Positive Fixed Point

In this subsection, the conditions for the emergence of flip bifurcation and Neimark- 

Sacker bifurcation at the positive fixed point E4 x✶, y✶
1

 �
when y✶

1 = mx✶ + q are deter-

mined. (i) Flip bifurcation is observed to occur at α = pβB
pβB − qβ

and (ii) Neimark-Sacker 
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bifurcation takes place at α= 1 + r
Kð ÞA

pβB − βq
around the positive fixed point E4 x✶, y✶

1

 �
in 

map (14.3).

Proof. (i) By introducing the variables u = x − x✶, v = y − y✶
1 and μ = α − α1, the fixed 

points E4 x✶, y✶
1

 �
are shifted to the origin. Expanding the right-hand side of map 

(14.3), we obtain the following expression:

u

v

 !
!

a11u + a12v + a13uv + a14u2 + a15u2v + Oðju, vj4Þ

b11u + b12v + b13μ + b14v2 + b15μv + b16u2 + b17μu

+ b18uv + b19uv2 + Oðju, vj4Þ

8
>>><
>>>:

(14:6) 

where a11 = 1 − x✶r + nr − y✶
1

pβ

ðx✶ + pÞ2
, a12 = − x✶β

x✶ + p
, a13= − pβð Þ

ðx✶ + pÞ2
, a14 = −2 + n

x✶
 �

r + y✶
1

pβ

ðx✶ + pÞ3
, 

a15 = pβ

ðx✶ + pÞ3, b11 = α1y✶2

1
m

ðx✶m + qÞ2, b12 = 1 + α1 − 2ay✶
1

x✶m + q
, b13 = y✶

1 − y✶
1

x✶m + q
, b14 = − α1

x✶m + q
, 

b15 = 1 − 2
x✶m + q

, b16 = − α1y✶2

1
m2

ðx✶m + qÞ3
, b17 = y✶2

1
m

ðx✶m + qÞ2

Next, we linearize map (14.6) at the point 0, 0ð Þ and constructed a matrix that is in-

vertible:

T =

λ1 − a11 − a11 − 1 0

a12 a12 0

0 0 1

0
BBBB@

1
CCCCA

. 

By employing the given transformation, we can rewrite the expression 

u

v

μ

0
@
1
A=

T

X

Y

w

0
@
1
A, map (14.6) turns into:

X

Y

w

0
B@

1
CA!

λ1 − a11 −a11 − 1 0

a12 a12 0

0 0 1

0
BBBB@

1
CCCCA

X

Y

w

0
B@

1
CA+

F1 X, Y , wð Þ
G1 X, Y , wð Þ

 !

where

F1 X, Y , wð Þ= k1X2 + k2XY + k3
2 + k4X2Y + k5XY2 + OðjX, Y j4Þ

G1 X, Y , wð Þ= e1Y2 + e2wY + e3wX + e4XY + e5X2 + e6X3 + e7Y3 + OðjX, Yj4Þ. 
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Here, k1=a13a12 λ1 − a11ð Þ+ a14ðλ1 − a11Þ2 +a15a12, k2 = −a12a13 1 + a11ð Þ+ a14ð1 + a11Þ2 + a15a12, 

k3 =−a12a13 1+a11ð Þ−2λ1 −a11 1+a11ð Þ+2a15a12, k4 =4a13a12 λ1 −a11ð Þ, e1 =b14a12 +b16 1+a11ð Þ2 − 
1+a11ð Þa12, e2 =− b17 1+a11ð Þ−b15a12ð Þ, e3 = b17 λ1 −a11ð Þ+b15a12ð Þ, e4 = 2b14a12 − 2b16 λ1 − a11ð Þ
1 + a11ð Þ− b18 1 + a11ð Þa12 + b18 λ1 − a11ð Þa12, e5 = b14a12 + b16ðλ1 − a11Þ2 + b18 λ1 − a11ð Þa12, e6 =

b19 λ1 − a11ð Þa2
12.

To investigate the stability of the point X, Yð Þ= 0, 0ð Þ near w = 0, we examined the cen-

ter manifold, which can be described by the following expression:

Zc 0ð Þ= f X, Y , wð Þ 2 R3jX = P Y , wð Þ, P 0, 0ð Þ= 0, DP 0, 0ð Þ= 0g, 

where X and w are sufficiently small. Let

P Y , wð Þ= P1w2 + P2wY + P3Y2 + OðjY , wj3Þ. (14:7) 

Then,

κ P Y , wð Þ, wð Þ= P − Y + F2 P Y , wð Þ, Y , wð Þð Þ− λ1P Y , wð Þ

− F1 P Y , wð Þ, Y , wð Þ= 0.
(14:8) 

Upon substituting the eq. (14.7) into eq. (14.8) and comparing the coefficients, we can 

deduce the following outcomes, P1 = P2 = 0 and P3 = k2
1 − λ1

.

The restricted form of map (14.6), when considering the center manifold, is given 

by the following expression:

Y ∼ eG1 Y , wð Þ= −Y + e1P2
3Y4 + e2P3Y3 + e3Y2

+ e5P3Y4 + e6P3wY2 + e7wY + OjY , wj4 

It is evident that eG1 0,0ð Þ= 0, 
∂eG1
∂Y

0, 0ð Þ= − 1, 
∂eG1
∂w

0,0ð Þ=0, 
∂2eG1
∂Y2 0,0ð Þ=2e3 ≠ 0, ∂2eG1

∂Yw
0,0ð Þ= , 

e7 ≠ 0 and 
∂3eG1
∂Y3 0, 0ð Þ= 62P3 ≠ 0.

Consequently, map (14.3) exhibited flip bifurcation at the fixed point E x✶, y✶
1

 �

when the bifurcation parameter satisfied the condition α = pβB
pβB − qβ

.

Proof. (ii) Now, we will examine the occurrence of the Neimark-Sacker bifurcation at 

the fixed point E x✶, y✶
1

 �
is nonhyperbolic at α = 1 + r

K
A

pβB − βq
.

To analyze the Neimark-Sacker bifurcation at the fixed point, we perform a trans-

formation that shifts the coordinates of the fixed point to the origin. This allows to 

expand the right-hand side of map (14.3) around the origin using a suitable translation 

u = x − x✶
1 , v = y − y✶

1 , and α = α1 = 1 + r
K

A

pβB − βq
. Map (14.3) yields:

u

v

 !
!

a11u + a12v + a13uv + a14u2 + a15u2v + Oðju; vj4Þ
b11u + b12v + b13uv + b14u2 + b15v2 + b16u2v

+ b17uv2 + Oðju; vj4Þ

8
><
>:

(14:9) 
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Replacing α by α1 and μ= 0, then a1i and b1i are: a11 = r − 2x✶
1

r

K
− y✶

1
pβ

ðx✶
1

+ pÞ2, a12 = − x✶
1

β

x✶
1

+ p
, 

a13 = − pβð Þ
ðx✶

1
+ pÞ2

, a14 = − r
K

+ y✶
1

pβ

ðx✶
1

+ pÞ3, b15 = pβð Þ
ðx✶

1
+ pÞ3, b11 = αy✶2

1

x✶2

1
m

, b12 = 1 + α − 2αy✶
1

x✶
1

m
, b13 = 2y✶

1 α

x✶2

1 m
, 

b14 = − αy✶2

1

x✶3

1
m

, b15 = − 2y✶
1

α

x✶3

1
m

, b16 = − α

x✶2

1
m

.

Consider the following set of complex eigenvalues derived from the linearization 

of map (14.9) at 0, 0ð Þ:

λ1, 2 =
mα ± ι

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n αð Þ− ðmðαÞÞ2

q

2 

with λ1, 2j j=
ffiffiffiffiffiffiffiffiffi
n αð Þ

p
. In addition, the condition of transversality is considered as 

follows:

d λ1, 2j j
dα

� �

α = α1

= −1

2
ffiffiffiffiffiffiffiffiffi
n αð Þ
p ≠ 0 

Now, it is necessary to validate the nondegeneracy condition λj
1, 2≠1, j = 1, 2, 3, 4. This 

condition can also be stated in an equivalent form n αð Þ≠ 0, −1. Now, assume an invert-

ible matrix:

T =
a12 0

M − a11 −N

 #

M = m αð Þ
2

, N =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n αð Þ− ðm αð ÞÞ2

q

2
.

Map (14.9) becomes:

X

Y

 !
!

M − N

N M

 !
X

Y

 !
+

F1 X, Yð Þ
G1 X, Yð Þ

 !
(14:10) 

F1 X, Yð Þ= K11X2 + K12XY + K13Y2 + K14X2Y + K15XY2 + OðjX, Y j4Þ (14:11) 

G1 X, Yð Þ= e11X2 + e12XY + e13Y2 + e14X2Y + e15XY2 + e16X3 + e17Y3

+ OðjX, Y j4Þ
(14:12) 

K11 = a12a13 M − a11ð Þ+ a2
12a14 + a15ðM − a11Þ2, K12 = −Na12a13 − 2a15N M − a11ð Þ, K13 = a15N2, 

K14 = −2a12a16N M − a11ð Þ− a2
12a17N, K15 = a16a12N2, K16 = a12a16ðM − a11Þ2 + a2

12a17 M − a11ð Þ
e11 = a12b13 M − a11ð Þ+ a2

12b14 + b15ðM − a11Þ2
, e12 = −Na12b13 − 2b15NðM − a11Þ, e13 = b15N2, 

e14 = −2a12b16N M − a11ð Þ− a2
12b17N ,e15 = b16a12N2, e16 = a12b16ðM − a11Þ2 + a2

12b17 M − a11ð Þ,
and e17 = 0.
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The fact that eq. (14.11) and eq. (14.12) precisely matches the center manifold form is 

easily recognized, and the nondegeneracy condition for the Neimark-Sacker bifurca-

tion can be expressed by the following equation:

α̂= − Re
1 − 2λð Þ�λ2

1 − λ
Ψ 11Ψ 20

 !
− 1

2

���Ψ 11

���
2

−
���Ψ 02

���
2

+ Re �λΨ 21

 �
(14:13) 

where

Ψ 20 = 1

4
K11 − K13 + e12ð Þ+ i e11 − e13 − K12ð Þ½ � 0, 0ð Þ

Ψ 11 = 1

2
K11 + K13ð Þ+ i e11 + e13ð Þ½ � 0, 0ð Þ

Ψ 02 = 1

4
K11 − K13 − e12ð Þ+ i e11 − e13 + K12ð Þ½ � 0, 0ð Þ

Ψ 21 = 1

8
K15 + e14 + 3e17 + i 3e16 + e15 − K4ð Þ½ � 0, 0ð Þ

14.4.4 Bifurcation Investigation Around Another Positive Fixed 

Point

In this section, the conditions for the emergence of the flip bifurcation and the Nei-

mark-Sacker bifurcation at the positive fixed point E4 x✶, y✶
2

 �
when y✶

2 = r
β

1 − x✶
K

� �

x✶ + pð Þ x✶ − nð Þ:
(i) Flip bifurcation occurs at E4 x✶, y✶

2

 �
when y✶

2 = r
β

1 − x✶
K

� �
x✶ − nð Þ x✶ + pð Þ with 

the bifurcation parameter α and α2 =
M + 1 − 1 −

2y✶
2

mx✶

� �
α

2My✶
2

, α ≠ M
mx✶ + q − 2αy✶

2
mx✶ + q

� �
and α ≠ 2

+ M
mx✶ + q − 2αy✶

2
mx✶ + q

� �
and (ii) the Neimark-Sackaer bifurcation at 2α2My✶

2 − α

 
M +

βx✶y✶2

2

x✶ + pð Þðmx✶ + qÞ2

!
= 1 are determined.

Proof. (i) Let u = x − x✶, v = y − y✶
2 and μ = α − α1. By relocating the fixed point 

E4 x✶, y✶
2

 �
to the origin and expansion of the right-hand side of map (14.3), gives:

u

v

 !
!

a11u + a12v + a13uv + a14u2 + a15u2v + Oðju, vj4Þ

b11u + b12v + b13μ + b14v2 + b15μv + b16u2 + b17μu

+ b18uv + b19uv2 + Oðju, vj4Þ

8
>>><
>>>:

(14:14) 
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where, a11 ¼ 1 þ
2Kx�  3x�2  Ky�2 þ 2x�y�2

� �
r

K
 y�2 pβ

ðx� þ pÞ2
, a12 = − x✶β

x✶ + p
, 

a13 = − pβð Þ
ðx✶ + pÞ2

, a14 = K − 3x✶ + y✶
2

 �
r

K
+ y✶

2
pβ

ðx✶ + pÞ3
, a15 ¼

pβð Þ
ðx� þ pÞ3

, b11 = α1y✶2

2
x✶

ðx✶m + qÞ2
, 

b12 = 1 + α1 − 2α1y✶
2

x✶ + q
, b13 = y✶

2 − y✶
2

x✶m + q
, b14 = − α1

x✶m + q
, b15 = 1 − 2y✶

2
x✶m + q

, b16 = − α1y✶2

2
m2

ðx✶m + qÞ3
, 

b17 = y✶2

2
m

ðx✶m + qÞ2.

Next, the linearization of map (14.14) is performed at the point 0, 0ð Þ, and an invertible 

matrix is constructed:

T =

λ1 − a11 − a11 − 1 0

a12 a12 0

0 0 1

0
BBBB@

1
CCCCA

With the use of the following transformation approach 

u

v

μ

0
@
1
A= T

X

Y

w

0
@
1
A, map (14.6) 

transformed into:

X

Y

w

0
B@

1
CA!

λ1 − a11 − a11 − 1 0

a12 a12 0

0 0 1

0
BBBB@

1
CCCCA

X

Y

w

0
B@

1
CA+

F1 X, Y , wð Þ
G1 X, Y , wð Þ

 !

where

F1 X, Y , wð Þ= k1X2 + k2XY + k3Y2 + k4X2Y + k5XY2 + OðjX, Y j4Þ

G1 X, Y , wð Þ= e1Y2 + e2wY + e3wX + e4XY + e5X2 + e6X3

+ e7Y3 + OðjX, Y j4Þ

Here, k1 = a13a12 λ1 − a11ð Þ+ a14ðλ1 − a11Þ2 + a15a12, k2 = −a12a13 1 + a11ð Þ+ a14ð1 + a11Þ2 + a15

a12, k3 = −a12a13 1 + a11ð Þ− 2λ1 − a11 1 + a11ð Þ+ 2a15a12, k4 = 4a13a12 λ1 − a11ð Þ, e1 = b14a12 + b16

ð1 + a11Þ2 − 1 + a11ð Þa12, e2 = − b17 1 + a11ð Þ− b15a12ð Þ, e3 ¼ b17 λ1  a11ð Þ þ b15a12ð Þ, 
e4 = 2b14a12 − 2b16 λ1 − a11ð Þ 1 + a11ð Þ − b18 1 + a11ð Þa12 + b18 λ1 − a11ð Þa12, e5 = b14a12 + b16ðλ1 − 
a11Þ2 + b18 λ1 − a11ð Þa12, e6 = b19 λ1 − a11ð Þa2

12 

In order to analyze the stability of X, Yð Þ= 0, 0ð Þ in the vicinity of w = 0, the center 

manifold is taken into consideration as follows:
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Zc 0ð Þ= f X, Y , wð Þ 2 R3jX = P Y , wð Þ, P 0, 0ð Þ= 0, DP 0, 0ð Þ= 0g

where X and w are sufficiently small. Let:

P Y , wð Þ= P1w2 + P2wY + P3Y2 + OðjY , wj3Þ (14:15) 

Then:

κ P Y ;wð Þ;wð Þ= P − Y + F2 P Y;wð Þ; Y ;wð Þð Þ− λ1P Y;wð Þ

− F1 P Y ;wð Þ; Y ;wð Þ= 0:
(14:16) 

By substituting eq. (14.15) into eq. (14.16) and equating the coefficients, we derive the 

following: P1 = P2 = 0 and P3 = k2
1 − λ1

.

Map (14.6) when limited to the center manifold can be expressed as follows:

Y∼ eG1 Y , wð Þ= −Y + e1P2
3Y4 + e2P3Y3 + e3Y2 + e5P3Y4 + e6P3wY2 + e7wY + OjY , wj4 

It is evident that eG1 0, 0ð Þ= 0, 
∂eG1
∂Y

0, 0ð Þ= −1, 
∂eG1
∂w

0, 0ð Þ= 0, 
∂2eG1
∂Y2 0, 0ð Þ= 2e3 ≠ 0, 

∂2eG1
∂Yw

0, 0ð Þ=
e7 ≠ 0 and 

∂3eG1
∂Y3 0, 0ð Þ= 6e2P3 ≠ 0.

Therefore, map (14.3) occurs flip bifurcation at fixed point E x✶, y✶
2

 �
for bifurca-

tion parameter α.

Proof. (ii) Next, we analyze the occurrence of the Neimark-Sacker bifurcation at the 

fixed point E x✶, y✶
2

 �
is non-hyperbolic at:

2α2My✶
2 − α M + βx✶y✶2

2

x✶ + pð Þðmx✶ + qÞ2

 !
= 1 

To simplify the analysis, we shift the fixed point E x✶, y✶
2

 �
to the origin and expand 

the right-hand side of map (14.3) around the origin using the following translation. 

u = x − x✶, v = y − y✶
2 and α = α1 yields:

u

v

 !
!

a11u + a12v + a13uv + a14u2 + a15u2v + Oðju, vj4Þ

b11u + b12v + b13uv + b14u2 + b15v2 + b16u2v

+ b17uv2 + Oðju, vj4Þ

8
>>><
>>>:

(14:17) 

Replacing α by α1 and μ = 0, then a1i and b1i are: a11 = r − 2x✶
2

r

K
− y✶

2
pβ

ðx✶
2

+ pÞ2
, a12 = − x✶

2 β

x✶
2 + p

, 

a13 = − pβð Þ
ðx✶

2
+ pÞ2

, a14 = − r
K

+ y✶
2

pβ

ðx✶
2

+ pÞ3, a15− pβð Þ
ðx✶

1
+ pÞ3

, b11 = αy✶2

2

x✶2

2
m

, b12 = 1 + α − 2αy✶
2

x✶
2

m
, b13 = 2y✶

2
α

x✶2

2
m

, 

b14 = − αy✶2

2

x✶3

2
m

, b15 = − 2y✶
2

α

x✶3

2
m

, b16 = − α

x✶3

1
+ m

,
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A set of complex eigenvalues are examined that are acquired through the lineariza-

tion of map (14.17) at 0, 0ð Þ:

λ1, 2 =
m αð Þ± ι

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n αð Þ− ðm αð ÞÞ2

q

2 

with λ1, 2j j=
ffiffiffiffiffiffiffi
αð Þ

p
, followed by the transversality condition:

d λ1, 2j j
dα

� �

α = α1

= −1

2
ffiffiffiffiffiffiffiffiffi
n αð Þ
p ≠ 0 

It is required to verify nondegeneracy condition λj
1, 2 ≠ 1, j = 1, 2, 3, 4, which is equiva-

lent to n αð Þ≠ 0, −1. Now, assume an invertible matrix:

T =
a12 0

M − a11 −N

 #

M = m αð Þ
2

, M =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4nðαÞ− ðmðαÞÞ2

q

2 

So, map (14.17) becomes

X

Y

 !
!

M − N

N M

 !
X

Y

 !
+

F1 X, Yð Þ
G1 X, Yð Þ

 !
(14:18) 

F1ðX, YÞ= K11X2 + K12XY + K13Y2 + K14X2Y + K15XY2 + OjX, Y j4Þ (14:19) 

G1 X, Yð Þ= e11X2 + e12XY + e13Y2 + e14X2Y + e15XY2 + e16X3 + e17Y3

+ OðjX, Y j4Þ
(14:20) 

K11 = a12a13 M − a11ð Þ+ a2
12a14 + a15ðM − a11Þ2, K12 = −Na12a13 − 2a15NðM − a11, K13 = a15N2, 

K14 = − 2a12a16N M − a11ð Þ− a2
12a17N, K15 = a16a12N2, K16 = a12a16ðM − a11Þ2 + a2

12a17 M − a11ð Þ
e11 = a12b13 M − a11ð Þ+ a2

12b14 + b15ðM − a11Þ2
, e12 = − Na12b13 − 2b15 NðM − a11Þ, e13 = b15N2, 

e15 = b16a12N2, e14 ¼  2a12b16N M  a11ð Þ  a2
12b17, e16 = a12b16ðM − a11Þ2 + a2

12b17 M − a11ð Þ
and e17 = 0.

It is evident that eq. (14.19) and eq. (14.20) takes the exact form of a center manifold. 

The condition for the Neimark-Sacker bifurcation’s nondegeneracy is provided by

α̂ = −Re
1 − 2λð Þ�λ2

1 − λ
Ψ 11Ψ 20

 !
− 1

2

���Ψ 11

���
2

−
���Ψ 02

���
2

+ Re �λΨ 21

 �
(14:21) 
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where

Ψ 20 =
1

4
K11 − K13 + e12ð Þ+ i e11 − e13 − K12ð Þ½ � 0, 0ð Þ

Ψ 11 = 1

2
K11 + K13ð Þ+ i e11 + e13ð Þ½ � 0, 0ð Þ

Ψ 02 = 1

4
K11 − K13 − e12ð Þ+ i e11 − e13 + K12ð Þ½ � 0, 0ð Þ

Ψ 21 = 1

8
K15 + e14 + 3e17 + i 3e16 + e15 − K4ð Þ½ � 0, 0ð Þ

14.5 Chaos Control

In certain cases, inducing or amplifying chaos in a dynamical system may be purpose-

ful, while in others, suppressing it becomes essential due to its disruptive nature. Hy-

brid control effectively manages chaotic behavior, particularly by stabilizing unstable 

periodic orbits embedded within a chaotic attractor. This approach integrates state 

feedback and parameter perturbation techniques [11]. In the present study, hybrid 

control is applied to the system described by eq. (14.2) to regulate chaos by addressing 

the influence of both types of bifurcations. The controlled system, which corresponds 

to eq. (14.2), is given as follows:

xi + 1 = s xi + rxi 1 − xi

K

� �
xi − nð Þ− βxiyi

xi + p

� �
+ 1 − sð Þxi

yi + 1 = s yi + αyi 1 − yi

mxi + q

� �� �
+ 1 − sð Þyi

(14:22) 

where 0 < s < 1. The fixed points of the controlled systems (14.22) and (14.3) are identi-

cal. The Jacobian matrix of this controlled system (14.22) is given as follows:

J E✶ð Þ=
sr − 2rsx

K
− βys

2x + p

ðx + pÞ2
− βxs

x + pð Þ

αy2

mx2ð Þ 1 + α − 2y

mx

0
BBBB@

1
CCCCA

(14:23) 
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The trace and determinant of (14.23) are as follows:

τ = − 2rs

K
− βys

ðx + pÞ2

 !
x − βs

x + p
+ 2

mx

� �
y + α + 1 + sr

Δ = srKðx + pÞ2 − 2rsKðx + pÞ2 − βys x + pð Þ− xβysK

Kðx + pÞ2

 !

mxα − 2y + mx

mx

� �
+ βxs

x + p

� �
αy2

mx2

� �

Now, system (14.22) is stable if and only if the following condition is satisfied:

− 2rs

K
− βys

ðx + pÞ2

 !
x − βs

x + p
+ 2

mx

� �
y + α + 1 + sr < 1 + βxs

x + p

� �

αy2

mx2

� �
srKðx + pÞ2 − 2rsKðx + pÞ2 − βys x + pð Þ− xβysK

Kðx + pÞ2

 !
mxα − 2y + mx

mx

� �
< 2 

14.6 Numerical Simulation

This section validates the theoretical analysis and provides examples to support it 

through specific cases of system (14.3). For the first simulation, the initial conditions 

Figure 14.1: Maximum Lyapunov exponent.
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x0 = 3.1 and y0 = 4.1 are used, along with the parameters α 2 2, 2.8½ �, K = 4, n = 0.5, 

β = 0.12, P = 3, m = 1, q = 0.5, and r = 0.2 Figure 14.1 depicts the maximum Lyapunov ex-

ponent for system (14.3). The exponent shows a sign change, indicating the transition 

from periodic to chaotic behavior. This transition occurs as the value of α crosses crit-

ical points, which further highlights the system’s sensitivity to initial conditions and 

parameter changes. Figure 14.2 shows the flip bifurcation diagrams of system (14.3) in 

the x, αð Þ and y, αð Þ planes. The unique positive endemic equilibrium point, calculated 

as x = 3.50871 and y = 4.00871, loses stability at α = 2.06123, marking the transition from 

a stable state to chaotic behavior as α increases. For Figure 14.3, the initial state 

x0 = 1.8735 and y0 = 2.7444, with parameters α 2 1.6, 2.2½ �, K = 3, n = 0.5, β = 0.12, p = 1.5, 

m = 1.2, q = 0.5, and r = 1.1. This scenario examines the Neimark-Sacker bifurcation 

with a strong Allee effect. As α varies within the range 1.6, 2.2½ �, closed invariant 

curves appear, indicating the emergence of quasiperiodic behavior. Figure 14.4 shows 

the phase portraits of system (14.3) for varying values of α. As α increases, the system 

transitions from stability to oscillatory dynamics, changing the state accordingly.

Figure 14.2: Flip bifurcation according to the change of the intrinsic growth rates.

Figure 14.3: N-S bifurcation according to the change of the intrinsic growth rates.
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Also, the numerical calculations were performed to stabilize the chaotic behavior 

within system (14.3). The initial conditions are x0 = 3.1 and y0 = 4.1 for the following set 

of parameters: α= 2.7, 0 < s < 0.999, r = 0.2, K = 4, n = 0.5, β = 0.12, p = 3, m = 1, q = 0.5
with equilibrium points x = 3.50871 and y = 4.00871. In addition, the plots for x tð Þ and 

y tð Þ of controlled model (14.22) are shown in Figure 14.5 with s = 0.6. The stability of 

the endemic equilibrium point is evident (Figure 14.5).

Figure 14.4: Phase portrait for different values of α s.

Figure 14.5: Time series of chaos control system.
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14.7 Conclusion

This study investigates a modified discrete Leslie-Gower model incorporating the 

Allee effect on prey. It focuses on equilibrium analysis and stability, exploring the flip 

and the Neimark-Sacker bifurcations using the center manifold theorem. A hybrid 

control method is applied to manage chaos, with numerical simulations supporting 

the theoretical results. The work improves our understanding of predator-prey dy-

namics and species interactions.
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Chapter 15 
Machine Learning-Assisted Prediction 
of Thermo-diffusion and Diffusion- 
Thermo effects in a Jeffery-Hamel Flow

Abstract: This investigation delves into the core mechanisms governing heat and 

mass transfer in rotating convergent/divergent channels, with particular emphasis on 

the influence of Soret and Dufour effects. The results are particularly relevant to 

fields such as chemical engineering and geoscience, where thermal diffusion plays a 

crucial role in isotope separation processes – for instance, in differentiating between 

gas species such as air-N₂ and H₂-He. To tackle the complex nonlinear equations gov-

erning the system, the study employs the Runge-Kutta-Fehlberg 45 method, comple-

mented by artificial neural network-based heat transfer analysis. Results show that 

the classical flow and heat features are considerably altered by the application of suf-

ficient convergent/divergent walls. Moreover increasing Soret numbers enhances the 

thermal profile whereas, concentration profile retards. The influence of the Dufour 

effect is evident in its ability to modify heat transfer patterns and concentration dis-

tributions across the domain. Nu model achieves its most efficient thermal transfer 

rate at epoch 123, the gradient of 1.648× 10−4 and Mu value of 1× 10−6. The model 

yields its peak Nu, indicating efficient heat transfer, at epoch 123 when the gradient is 

1.648× 10−4 and the Mu parameter equals 1× 10−6.

Keywords: converging/diverging channel, Soret and Dufour effects, heat source/sink, 

artificial neural network

15.1 Introduction

In various mechanical and industrial applications, fluid flow confined converging/di-

verging channel plays a crucial role in processes such as polymer molding, forced con-

vection, and cold rolling. The study by Jeffery and Hamel demonstrated that fluid ve-

locity rises in tapered channels, whereas pressure increases in expanding channels. 
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The principles of fluid dynamics play a pivotal role in aerospace engineering, automo-

tive technology, medical applications, and energy production. Bhaskar et al. [1] focused 

on evaluating the effects of magnetic fields on liquid stream within a Jeffery-Hamel 

flow. Shilpa et al. [2] discussed the importance of nanolubricant flow in the context of 

the Jeffery-Hamel problem, in the presence of a magnetic field. Dinarvand et al. [3] elu-

cidated the role of slip conditions in governing the flow dynamics of nanofluids with 

biological applications in a Jeffery-Hamel setup. The thermal and mass diffusion mecha-

nisms in hybrid nanofluid flow through converging/diverging channels were explored 

in the study by Baithalu et al. [4]. Shilpa et al. [5] probed the consequences of heat and 

mass transfer on a nanolubricant stream via convergent/divergent channels.

Fluid motion involves intricate thermal and mass transfer mechanisms, which are 

effectively characterized by the Soret and Dufour effects. The Soret effect governs mass 

migration influenced by thermal variations, while the Dufour effect regulates heat 

movement due to concentration shifts. These effects are more significant in flows 

where density differences arise, such as around foreign substances introduced into the 

fluid. The importance of the Soret and Dufour effect on the Casson liquid stream via a 

stretchy surface was debriefed by Ramudu et al. [6]. The influence of Soret and Dufour 

effects on blood flow in a stenosed artery was analyzed by Mishra et al. [7]. The signifi-

cance of magnetohydrodynamic nanoliquid stream past a wedge was scrutinized by Vi-

nutha et al. [8] with the Soret and Dufour effects. Sharma et al. [9] considered the 

thermo-diffusion and diffusion-thermoeffect to analyze the thermal and mass transfer 

phenomena via porous surface. Krishnamoorthy and Prasad [10] discussed the impor-

tance of Soret Dufour’s effect on thermal transfer phenomena in square cavities.

The role of heat source and sink (N-HSS) is fundamental in practical applications 

such as semiconductor manufacturing and nuclear power systems. The impact of 

both spatially dependent and temperature dependent heat sources on thermal behav-

ior has been a key focus in scientific investigations. The study of N-HSS is pivotal for 

refining heat transfer predictions in complex geometrical frameworks. Shaw et al. [11] 

deliberated the consequences of non-Newtonian nanoliquid flow via a needle with N- 

HSS. Sultana et al. [12] deliberated the influence of N-HSS on Maxwell fluid flow via a 

complex structure with the impact of N-HSS. Gireesha and Anitha [13] analyzed trihy-

brid nanoliquid flow in a microchannel, considering shape dependency and quadratic 

thermal radiation effects. The convective behavior of couple stress ternary nanoliquid 

flow was studied by Gireesha and Anitha [14], highlighting heat transfer, permeabil-

ity, and N-HSS. Kumar et al. [15] analyzed nanofluid flow in a magneto-radiative slider 

system with N-HSS, employing RKF-45 and Levenberg-Marquardt algorithm to en-

hance heat transfer and levitation control performance.

Artificial neural networks (ANNs) represent a major breakthrough in artificial in-

telligence (AI), adjusting dynamically as they process data. Multilayer perceptron 

(MLP) networks employ backpropagation, a supervised method leveraging gradient 

descent, to optimize training accuracy. Backpropagation, initially developed by Paul 

Werbos and later improved by Rumelhart and Parker, is essential for feedforward 
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neural networks. The application of ANNs in Newtonian and non-Newtonian fluid dy-

namics benefits greatly from the stable Levenberg-Marquardt algorithm. Raza et al. 

[16] used neural networks to study Darcy-Forchheimer flow, revealing parameter im-

pacts on profiles and validating results through error analysis. Panda et al. [17] ex-

plored ANN-response surface methodology hybridization to optimize 3D micropolar 

nanofluid heat transfer. Sharma et al. [18] investigated a ternary nanoliquid stream 

between parallel plates employing numerical approaches and neural networks. 

Panda et al. [19] employed a neural network algorithm and regression analysis to en-

hance heat transfer under slip conditions. Sharma et al. [20] investigated a hybrid 

nanoliquid stream with a N-HSS to enhance thermal prediction under magnetic and 

radiative effects using a neural network algorithm.

The surveyed literature indicates that the optimization of heat transfer in viscous 

flows within rotating convergent/divergent channel remains an underexplored area. 

To bridge this research gap, this study investigates the impact of Soret and Dufour 

effects on thermal and mass transfer in convergent/divergent channels through the 

application of an ANN framework. The key objectives of this research are outlined as 

follows:

– To analyze the influence of key parameters on the velocity, temperature, and con-

centration distributions.

– A unique application of an AI-driven deep neural network method is presented 

for computing solutions to enhance heat transfer rates through regression 

analysis.

15.2 Mathematical Formulation

The classical Jeffery-Hamel flow problem provides a distinct set of exact solutions to 

the Navier-Stokes equations. The flow pattern is characterized by streamlines that ap-

pear as straight lines radiating from a central point in a two-dimensional space. The 

problem considers a steady, two-dimensional incompressible viscous flow through a ro-

tating convergent/divergent channel, where the rotational axis is perpendicular to the 

flow and meets the z-axis, formulated in cylindrical polar coordinates r, θ, zð Þ. The N- 

HSS is situated at the intake where two plates converge. It is considered that there is 2α

angle between the walls. The impact of Soret and Dufour effects is also considered. The 

velocity uθ = 0 in z direction, the flow remains unaltered vertically and mainly driven 

by radial components, solely depending on r and θ. The governing equations are as fol-

lows (see [4]):

1

r

∂ðruÞ
∂r
= 0 (15:1) 
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∂u

∂r
= υ 1
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+ ∂
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+ 1
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r2

� �
− 1

ρ
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1

ρ
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(15:5) 

Here, ρ is the density, υ signifies the kinematic viscosity, Cp symbolizes specific heat, 

DB depicts mass diffusion coefficient, kT implies thermal diffusion ratio, Tm denotes 

mean fluid temperature, and Cs defines concentration susceptibility.

The assumption of symmetry at the midline θ= 0ð Þ of the channel leads to the fol-

lowing boundary conditions:

u= uc,
∂u

∂θ
= 0, ∂T

∂θ
= 0, ∂C

∂θ
= 0 (15:6) 

The boundary conditions imposed at the channel walls are as follows θ= βð Þ

u= 0, T = Tw,C = Cw (15:7) 

Similarity variables are defined as

u r, θð Þ= f θð Þ
r
, f ηð Þ= f θð Þ

uc
, η= θ

α

β ηð Þ= T

Tw
r2, ϕ ηð Þ= C

Cw
r2

(15:8) 

Upon substituting eq. (15.8) into eqs. (15.1)–(15.5), the continuity eq. (15.1) holds, leading 

to the following transformed versions of eqs (15.2)–(15.5):

f ′′′+ 4α2Ref ′+ 2αRe ff ′− 4R0α
3 f = 0 (15:9) 

1

Pr
β′′+ 4α2β
� �

+ 2αRe f β+Du ϕ′′+ 4α2ϕ
� �

= 0 (15:10) 

1

Sc
ϕ′′+ 4α2ϕ
� �

+ 2αRe f ϕ+ Sr β′′+ 4α2β
� �

= 0 (15:11) 

Transformed boundary conditions are

f ′ 0ð Þ= 0, β′ 0ð Þ= 0, β′ xð Þ f 0ð Þ= 1, ϕ 0ð Þ= 0

β 1ð Þ= 1, f 1ð Þ= 0, ϕ 1ð Þ= 1
(15:12) 
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The following are the nondimensional variables:

R0 = ωr2

υ
designates rotational parameter, Re= αuc

υ
represent the Reynolds number,

Q= Q0r
2

k
depicts HSS parameter, Sc= υ

DB
represents the Schmidt number, and

Sr= DKTTw
TmCmυ

signifies the Soret number, Du= DKTCw
CpCsυTw

is the Dufour number.

15.3 Numerical Procedure

By applying a relevant similarity transformation (15.8) and considering the boundary 

conditions in eqs. (15.6)–(15.7), the coupled nonlinear PDEs (15.2)–(15.5) are converted 

into their equivalent coupled nonlinear ODEs (15.9)–(15.11), and boundary conditions 

are transformed into (15.12). The solution approach involves utilizing the RKF-45 

method alongside the shooting technique after transforming the equations and 

boundary conditions into a first-order initial-value problem:

f =¡1, f ′=¡2, f ′′=¡3, β=¡4, β′=¡5, ϕ=¡6, ϕ′=¡7 (15:13) 

Eqs. (15.9)–(15.12) are converted as follows:

f ′′′= −4α2
¡2 − 2αRe¡1¡2 − 4R0α

3
¡1 (15:14) 

β′′= −4α
2
¡4 − 2α Pr Re¡1¡4 −Du Pr −2αSrRe¡1¡6 − 4Srα2

¡4

� �

1− Pr Sr Du Scð Þ (15:15) 

ϕ′′= −4α
2
¡6 − 2α Pr Re¡1¡6 − Sr Sc −2αScRe¡1¡4 − 4 Pr Duα2

¡6

� �

1− Pr Sr Du Scð Þ (15:16) 

The boundary constraints are modified accordingly:

¡1 0ð Þ= 1,¡2 0ð Þ= 0,¡4 0ð Þ= 0,¡6 0ð Þ= 0

¡1 1ð Þ= 0,¡5 1ð Þ= 1,¡7 1ð Þ= 1
(15:17) 

15.4 Parametric Analysis with Validation

The current section analyzes the heat transport features for a rotating convergent/di-

vergent model. The impact of diverse parameters, including the Reynolds number, ro-

tational parameter, Schmidt number, bioconvection Lewis number, Soret number, 

and Dufour number, has been recognized in the current analysis. The numerical re-

sults are presented and examined numerically and graphically with tables and 

figures.

The variations of angle between channels αð Þ on the f ηð Þ are depicted in 

Figure 15.1(a). The portion of the graph from η= 0 to η= 1 represents the superior 
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part of the channel and η= 0 to η= − 1 inferior part of the channel. The velocity near 

the channel’s center region is predominant. As we move near the walls of either 

upper or lower walls, the velocity starts to deteriorate and becomes minimal near the 

walls; hence, the angle of inclination of the wall becomes far, and their distance in-

creases and leads to the decrease in velocity profile for the divergent channel, but in 

case of the convergent channel, the angle of inclination decreases.

Figure 15.1(b) demonstrates the contribution of the rotational parameter R0ð Þ on 

the f ηð Þ. The velocity profile of converging channels decreases for increasing values 

of R0 while the opposite behavior for diverging channels. Figure 15.1(c) demonstrates 

the influence of the Reynolds number Reð Þ on the f ηð Þ of converging and diverging 

channels. A higher Re accelerates fluid velocity increase within a convergent channel 

while leading to a notable reduction in f ηð Þ across a divergent channel. The amplifica-

tion of Re results in stronger inertial forces, which enhance flow resistance and im-

pede fluid movement along the walls.

Figure 15.2(a) displays the role of the Soret number Srð Þ on the θ ηð Þ. With the in-

creasing values of Sr, thermal profiles increase for both convergent and divergent 

profiles. The Sr characterizes thermal diffusion in fluid mixtures, playing a crucial 

role in mass and heat transfer processes. Increasing Sr results in an upsurge in ther-

mal distribution, demonstrating the heightened influence of thermal diffusion for 

both converging and diverging channels. Figure 15.2(b) shows the influence of the Du-

four number Duð Þ on the θ ηð Þ. The thermal profile strengthens in both converging 

and diverging channels as the Du increases, particularly elevating temperatures in 

the divergent channel. By defining diffusion-thermoeffects, the Dufour coefficient pro-

vides insight into the interdependent relationship between thermal and mass trans-

port processes.

The influence of the Soret number Srð Þ for the solutal profile is demonstrated in 

Figure 15.3(a). Increasing Sr enhances species mobility, causing a reduction in concen-

tration levels by preventing localized accumulation. The redistribution of species driven 

by Sr demonstrates its significance in mass transport mechanisms under varying tem-

perature conditions. The variation of Dufour number Duð Þ for the solutal profile is dem-

onstrated in Figure 15.3(b). A rise in the Du results in a decline in the solutal profile, as 

heat diffusion dominates over mass diffusion. Smaller Du results in stronger species ac-

cumulation, emphasizing Du significance in mass transport regulation. Figure 15.3(c) re-

ports an increase in the Schmidt number Scð Þ, the solutal profile intensifies in divergent 

channels but diminishes in convergent channels due to the shifting balance between 

mass and thermal diffusivity. The present model is validated against the earlier studies 

of Baithalu et al. [4] for the specific case of ω= 0, Re= 100, α= 10, Sr= 0, Du= 0, which 

is detailed in Table 15.1.
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Table 15.1: Validation of the present problem with 

previously published data.

x Previous findings [5] Present findings
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Figure 15.1: Impact of α, R0, Re on f ðηÞ.
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15.5 Artificial Neural Network

This section primarily concentrates on the examination of viscous fluid behavior 

within a converging-diverging channel system. To facilitate accurate heat transfer 

prediction, the study implements an ANN system targeting the Nusselt number as the 

output metric. To train the ANN, a dataset of 900 Nusselt number values is employed, 

systematically split into training, testing, and validation subsets [21–26]. Detailed met-

rics reflecting the training and validation performance of the ANN model are outlined 

in Table 15.2. Table 15.3 demonstrates the training progress of the present model.

Pr

Du
Nu

Re

Figure 15.4: Schematic diagram of ANN.

Table 15.2: Analysis of ANN.

Observation MSE R

Training ��� �.����E-�� �.����

Validation ��� �.����E-�� �.����

Test ��� �.����E-�� �.����

Table 15.3: Network training progress.

Unit Initial value Stopped value Target value

Epoch � ��� �,���

Elapsed time – ��:��:�� –

Performance �.��� �.��E–�� �

Gradient �.��� �.������ �E–��

Mu �.��� �E–�� �E+��

Validation checks � � �
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To further improve the model’s performance, different neuron configurations within 

the hidden layer were tested, ultimately establishing a network structure that links 

three input features to a single output through ten hidden neurons, as illustrated in 

Figure 15.4.

In ANN design, the MLP stands out for its layered structure, integrating inputs, 

hidden units, and outputs in a sequential flow. To determine predictive robustness, 

the MLP architecture is assessed via mean squared error (MSE) and the R-value, rep-

resenting statistical reliability. The regression plot in Figure 15.5(a) highlights near- 

perfect convergence of the correlation coefficient R, affirming high model precision.

The gradient descent behavior and mu parameter trajectory of the Nu model are 

effectively illustrated in Figure 15.5(b), reflecting training dynamics. At epoch 123, 

training stabilizes as the Nu prediction model achieves a gradient level of 1.648× 10−4

with a mu coefficient set at 1× 10−6. Through the integration of diverse training pa-

rameters, the model consistently achieves a coefficient of determination of 0.9995 

across all phases, signifying exceptional Nu prediction precision.

Figure 15.5(c) illustrates the error distribution from ANN simulations for Nu with 

precision, reflecting variations under multiple influencing parameters. With 20-bin 

categorization, the ANN error distribution is compared to a zero-error benchmark 

line, where closeness reflects model precision. A total of 6.1× 10−4 zero-error points 

are distinctly marked, while the histogram layout provides a granular view of error 

trends across conditions.

A clear pattern emerges in Figure 15.5(d), where MSE values for the ANN model 

begin at higher levels and gradually decline as training progresses. The model’s opti-

mal performance is marked by strong alignment with training data and significantly 

reduced error values. At epoch 117, the Nu model reaches its optimal validation state, 

delivering a remarkably low MSE of 1.8826× 10−5, indicative of its robust network con-

figuration.

15.6 Conclusion

The steady, two-dimensional incompressible viscous flow through rotating converg-

ing/diverging channels has been studied. The impact of Soret and Dufour effects is 

also considered. A numerical method RKF-45 is applied to the transformed governing 

system with the inclusion of various characterizing parameters. Furthermore, the ef-

fects have been studied and analyzed by using a deep neural network to optimize the 

effects of different physical parameters on significant physical quantities.
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The following conclusions can be addressed:

– The comparative analysis demonstrates a strong accord with the previous investi-

gation, thereby validating the methodology’s conformity and convergence.

– The rising values of the Soret number raise the thermal profile whereas the oppo-

site for the solutal profile. A rise in the Dufour number enhances the thermal dis-

tribution, whereas it leads to a reduction in the solutal concentration profile.

– Nu model achieves its most efficient thermal transfer rate at epoch 123, the gradi-

ent of 1.648× 10−4 and Mu value of 1× 10−6.
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Jaya Gupta, Geeta Arora, and Shubham Mishra 

Chapter 16 
A Comprehensive Study of the Diverse 
Applicability of Computational Fluid 
Dynamics to Complex Systems

Abstract: In mechanical engineering, computational fluid dynamics (CFD) employs 

computer simulation to analyze heat transfer, flow in fluids, and associated phenom-

ena. The widespread adoption of CFD underscores its importance in solving complex 

problems within modern engineering. CFD excels in both the creation of advanced 

devices and systems, and the optimization of current equipment via simulation, re-

sulting in enhanced efficiency and reduced operational expenses. By enabling the cre-

ation of new and better device and system designs, and allowing for the optimization 

of current equipment via computational simulations, leads to improved efficiency 

and lower operating costs. Due to this recent progress in computer science has made 

high-performance hardware and software readily accessible, consequently increasing 

the feasibility of research utilizing CFD techniques have become a common tool across 

a diverse range of disciplines. Beyond these traditional areas, CFD also offers valuable 

insights in fields like astrophysics, biology, oceanography, oil recovery, architecture, 

and meteorology. The chapter discloses about the facts and applications of the phe-

nomena in the domain of biomedical field. 

Keywords: computational fluid dynamics (CFD), applications, partial differential 

equations (PDEs), diseases

16.1 Introduction

Computational fluid dynamics (CFD refers to the methodologies that empower com-

puters to perform numerical simulations of how fluids move. The fundamental physi-

cal behavior of any fluid is governed by three core principles: (i) conservation of en-

ergy, (ii) Newton’s second law of motion, and (iii) conservation of mass. The physical 

aspects of fluid-flow problems, governed by these basic laws, are represented mathe-
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matically through partial differential equations (PDEs) that depict the fluid’s behavior 

throughout the flow domain. Through the application of specific CFD techniques, we 

can visualize the solutions to fluid-flow problems, the dynamic interaction between 

solid boundaries and the fluid, and the behavior between adjacent fluid layers. In-

stead of dealing directly with the differential equations of fluid flow, CFD provides a 

numerical approach by generating values that are dependent on time and/or spatial 

location, ultimately yielding a numerical visualization of the entire fluid flow. The 

strength of CFD lies in its ability to analyze system behavior and facilitate innovative 

design. Additionally, it efficiently allows for the investigation of performance metrics, 

leading to benefits like increased profit margins, enhance safety protocols, and other 

advantageous system features [1–3]. CFD techniques are now commonly employed 

across a wide spectrum of fields [4–8]. These include engineering applications, such 

as car design, turbomachinery, ship design, and aircraft manufacturing. Moreover, 

CFD proves valuable in diverse scientific disciplines like astrophysics, biology, ocean-

ography, oil recovery, architecture, and meteorology. To perform CFD analysis, a mul-

titude of numerical algorithms and software have been developed. Notably, the latest 

improvements in computer technology allow for the evaluation of numerical simula-

tions for systems exhibiting significant physical and geometric complexities, often uti-

lizing Performance Computing (PC) clusters. While supercomputing power allows for 

the rapid execution of massive fluid-flow simulations on extremely fine grids, it is in-

accurate to view CFD as a completely developed field. Significant open questions re-

main, particularly concerning heat transfer, combustion modeling, turbulence, and 

the optimization of solution and discretization techniques. The insufficient research 

on the interrelation between CFD and other disciplines has created a notable gap, in 

which this issue intends to fill. The integration of CFD is becoming a standard in the 

design process for industrial products and systems. CFD finds application in diverse 

fields, such as electronic and chemical engineering, marine and environmental engi-

neering, vehicle aerodynamics and hydrodynamics, architectural environmental de-

sign (both external and internal), power plant design (including turbines), hydrology, 

meteorology, and biomedical engineering.

By enabling the creation of new and better device and system designs and allow-

ing for the optimization of current equipment via computational simulations, CFD 

leads to improved efficiency and lower operating costs. While CFD has become well- 

established in various engineering disciplines, its application in the biomedical do-

main is still relatively nascent. This lag is largely attributed to the intricate nature of 

human anatomy and the highly complex behavior of physiological fluids. Recent prog-

ress in computer science has made high-performance hardware and software readily 

accessible, consequently increasing the feasibility of biomedical research utilizing 

CFD. Medical researchers utilize CFD to gain enhanced insights into the performance 

of body fluids and physiological systems, thereby informing improvements in biofluid 

physiology research and the creation of new medical devices. By enabling simulation 

prior to real-world commitment, CFD allows for informed decision-making in medical 
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design alterations and can provide valuable direction for developing medical inter-

ventions. By analyzing the behavior of moving fluids, CFD helps us understand their 

influence on diverse processes. In addition, the physical attributes governing fluid 

motion are typically formulated as fundamental mathematical equations, frequently 

PDEs referred to as governing equations, which describe the process under consider-

ation. Computer scientists solve these mathematical equations by converting them 

into code using high-level programming languages. Numerical simulations on high- 

speed computers are used to study fluid flow through computational programs. The 

goal of using high-level programming languages is to enable computer scientists to 

convert these mathematical equations for numerical simulation. The result of this 

process is numerical solutions, obtained by running programs on high-speed digital 

computers, which represent the fluid flow.

16.2 Background of CFD

Integrated within the discipline of fluid mechanics, this methodology employs mathe-

matical evaluation and data structure techniques for the analysis and resolution of 

challenges pertaining to fluid-flow phenomena. The realization of the immense 

computational power of modern computers has led to a drastic increase in interest in 

quantified numerical techniques. Within this context, numerical analysis explores the 

foundational aspects of CFD technology, its operational processes, the importance of 

boundary conditions, and a review of various software and solvers utilized in the pre- 

and postprocessing phases of CFD simulations and analysis.

16.2.1 Navier-Stokes equation

Fluid mechanics encompasses the study of all aspects of fluid behavior, from station-

ary states to dynamic motion. Computer solutions to the equations governing fluid 

mechanics have significantly attracted the interest of one-third of researchers, with 

this number continuing to grow [9]. By solving the complete Navier-Stokes equations 

with finite element or finite volume methods, CFD numerically simulates flow fields 

by approximating hydrodynamic variables like pressure and velocity. To understand 

the fluid flow under investigation, the continuity equation (governing mass transport) 

and the momentum equation (describing the flow’s momentum field) must be applied 

simultaneously. The equation involved fluid density, fluid velocity vector, body force 

and pressure.
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16.2.2 Laminar-Turbulent

The nature of flow in a pipe, whether laminar or turbulent, is determined by Reynold’s 

number. Specifically, flow is laminar if this number (based on the pipe’s diameter) is 

less than 2,300 and it is turbulent if it exceeds this value. To model the effects of turbu-

lence within the governing equations, the velocity component u is replaced by its time 

average, and a corresponding adjustment is made to the kinematic viscosity term. To 

model turbulence, an effective viscosity is employed, with its formulation derived from 

various mathematical models, such as the one-equation model, Prandtl mixing length 

model, k-epsilon, k-omega, RNG k-epsilon, and realizable k-epsilon. Even though blood 

flow is not perfectly smooth, in most of these models. So, for big blood vessels, it is okay 

to pretend the flow is completely smooth to get a good enough idea of what is happen-

ing, the microvasculature, characterized by the small diameter of capillaries, typically 

exhibits laminar flow regimes. However, the rheological behavior of blood in capillaries 

often demonstrates deviations from Newtonian constitutive relations.

16.2.3 Newtonian and Non-Newtonian

Newtonian fluids are characterized by a direct proportionality between viscous 

stress and local strain rate. For instance, when a fluid moves through a circular 

tube, stresses are generated due to the interaction of adjacent fluid layers. The non- 

Newtonian behavior arises from the fact that the fluid velocity is neither consistent 

across the flow nor exhibits a strictly parabolic distribution. However, within micro-

vessels, the viscosity is not constant but varies as a function of both hematocrit and 

shear rate, as described by the Quemada rheological relation. Non-Newtonian mod-

els offer a more accurate prediction of wall shear stress (WSS) compared to the New-

tonian model [10, 11].

16.3 Computational Fluid Dynamic Components

The application of commercial CFD codes is standard practice in CFD. CFD codes are 

architected using numerical algorithms that take into account the complexities of fluid- 

flow problems. The design of all CFD codes necessitates the inclusion of three main 

components to ensure the output is useful: preprocessor, solver, and postprocessor.

In fig 16.1, process of computational fluid dynamics is represented by using a flow 

diagram.
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16.3.1 Preprocessor

The act of preprocessing in CFD involves entering the details of a fluid-flow problem 

into the software. The process includes the crucial steps of specifying the geometry of 

the region of interest and then generating the computational grid or mesh. This stage 

further requires the selection of physical and chemical phenomena for modeling, the 

definition of fluid properties, and the specification of appropriate boundary condi-

tions at the inlet and outlet of the domain. Solution accuracy in numerical simulations 

is generally positively correlated with the spatial resolution afforded by a larger num-

ber of grid cells. Grid fineness plays a crucial role, impacting both the precision of the 

solution and the duration of the computational process. A significant amount of time 

is generally dedicated to this process for example in cardiovascular systems, grid gen-

eration information might be obtained from computational imaging tools; however, 

the limited resolution of these tools and the geometric variations due to the cardiac 

cycle are significant limitations. The varying viscosity of blood in response to changes 

in shear rate defines its non-Newtonian nature, illustrating the relationship between 

these two properties. Thus, the accurate representation of fluid viscosity necessitates 

the selection of a mathematical model that is appropriate for the specific range of 

shear rates present in the flow field. The energy conservation law plays a significant 

role in the foundational understanding of fluid motion. Depending on the specific re-

gion being studied, boundary conditions such as blood pressure, blood flow velocity, 

and temperature are easily accessible through both invasive and noninvasive mea-

surement techniques. A further essential consideration pertains to the temporal vari-

ability of these boundary conditions in response to the cardiac cycle, as well as their 

modulation by the unique hemodynamic environment of the coronary circulation.

16.3.2 Solver

Several numerical solution techniques are available, including finite difference, finite 

element, finite volume, and spectral methods, among others. While each numerical 

method possesses a unique algorithmic implementation, the core of the solver’s func-

tionality is predicated on the approximation of unknown flow variables by means of 

elementary functional representations. Discretization is performed by substituting 

the approximate flow variable representations into the governing PDEs, yielding a 

system of algebraic equations that is subsequently solved. The computational cost as-

sociated with a given numerical solution technique is a function of the available proc-

essing capacity of the computing hardware. In the specific domain of cardiovascular 

system modeling, the finite volume method is a frequently adopted discretization ap-

proach.
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16.3.3 Postprocessor

The objective of this phase is the graphical representation of the computational out-

put. The field has seen the development of many visualization tools, including fea-

tures for displaying domain geometry and grids, contour plots, surface plots, vector 

plots in 2D and 3D, particle tracking, and color postscript outputs. Once this process is 

complete, the simulation results become readily understandable to the researcher. 

Color-rendering techniques enable the visualization of changes in key hemodynamic 

parameters like blood flow profiles, oscillating shear index (OSI), WSS, pressure distri-

bution, and shear rate. Furthermore, a temporal visualization of the cyclic motion can 

be derived in correlation with the progression of the cardiac cycle [12, 13].

16.4 Applications in the Biomedical System

Using simulation tools, medical researchers have recently been able to better predict 

the behavior of blood flow in the human circulatory system. The information derived 

from computational simulations is invaluable and often impossible to obtain experi-

mentally, making it a significant application of CFD in the biomedical field, where it 

can predict blood flow in abnormal arteries. The application of CFD analysis for the 

investigation of fluid phenomena within the human vascular system is demonstrating 

a growing prevalence. The application of computational simulations to model circula-

tory function offers numerous benefits, notably a reduction in the probability of ad-

verse postoperative events. Additionally, these simulations facilitate the development 

of enhanced surgical protocols, contribute to a more comprehensive understanding of 

Problem based on Fluids 

Frame an Equation 

Numerical methods applied on the given 

problem 

Formation of Grids  

Frame a Computer Program by using programming 

language.  

Simulation Results and then comparison and analysis with 

the existing results. 

Figure 16.1: A flow diagram to represent the process of computational fluid dynamics.
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underlying biological mechanisms, and enable the design of more efficient and less 

iatrogenic medical devices, such as ventricular assist devices (VADs). The utility of 

CFD in medical contexts has expanded beyond the analysis of diseased states to in-

clude applications in health maintenance and supportive therapies, such as those em-

ployed in sports medicine and rehabilitation programs. By using pictorial representa-

tion application of CFD is explained in figure 16.2.

16.4.1 Atherosclerosis: Coronary Artery Disease

Although the development of atherosclerosis is influenced by various body-wide risk fac-

tors, its localized occurrence in certain circulatory regions implies that biomechanical fac-

tors likely play a role in making those areas prone to lesions. Beyond other established 

risks, luminal hemodynamic – including flow velocity, pressure changes, and impor-

tantly, WSS – have been implicated as potential contributors to coronary atherosclerosis.

Information concerning the spatial arrangement of intraluminal hemodynamic fac-

tors within the coronary vascular tree can be obtained through CFD analysis. The initial 

phase involves the generation of a computational mesh or grid representing the region 

of interest, derived from extracted coronary angiographic data obtained via computer-

ized tomography (CT). The researchers may employ any three-dimensional volumetric 

medical imaging datasets. A prerequisite for utilizing digital imaging and communica-

tions in medicine (DICOM) files within software designed for the analysis of three- 

dimensional vector information is their conversion to a compatible file format. All the 

digitized data, including velocity and pressure information that changed throughout 

the cardiac cycle (and served as boundary conditions), were selected to be used in the 

appropriate algebraic solution. And then, the computer proceeds with the mathematical 

solution process. In order to select suitable viscosity models and governing equations 

for the non-Newtonian fluid analysis, a crucial discussion involving mechanical engi-

neers and medical scientists about relevant clinical situations must occur at this point. 

The last stage involves the visualization of results for the user. The processing generates 

a multitude of representative results, such as visualization of particle paths, pressure 

and time-averaged WSS, velocity profiles, and the OSI, among others.

The bifurcation of a curved artery, where the outer wall meets the inner wall, is 

characterized by the formation of low flow velocity regions. The curved outer wall of 

the left anterior descending coronary artery experiences spatial fluctuations in flow 

velocity and recirculation, which are caused by variations in flow velocity and shear 

stress, especially during the deceleration phase of the pulsatile blood flow. The ob-

served hemodynamic patterns imply that the rheological properties of blood may con-

tribute to the atherogenic mechanisms specifically localized at arterial bifurcations 

and regions of curvature.

Researchers might apply this type of study to models featuring modified coronary 

artery geometry or to investigate the effects of varying viscosity models. Additionally, 
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computational models can simulate the outcomes of percutaneous coronary interven-

tion and coronary bypass grafts, aiding in the selection of the best treatment ap-

proach. CFD has the potential to provide insights into the biomechanical aspects of 

how atherosclerosis develops and the problems it can cause [14–16].

16.4.2 Ophthalmology

Ophthalmological research has seen a growing trend in the use of CFD, driven by re-

searchers’ commitment to developing retinal mathematical models that closely resem-

ble the actual system to minimize potential inaccuracies. The official website of the 

American Academy of Ophthalmology presents an article that provides a concise 

overview of the applications of CFD in the investigation of ophthalmological patholo-

gies. In glaucoma, the optic nerve is damaged because increased pressure within the 

eye prevents fluid from draining properly. The homeostatic regulation of aqueous 

humor dynamics, specifically the delicate equilibrium between inflow and outflow in 

the normotensive human eye, remains a subject of considerable complexity and in-

complete understanding, posing numerous unresolved questions [17–19].

16.4.3 Fluid and Air Flow in Lungs

Despite the applicability of the incompressible Navier-Stokes equations for the simula-

tion of low Reynold’s number pulmonary airflow, CFD provides a more comprehensive 

and powerful methodology for predicting the convective and diffusive transport, as 

well as the depositional patterns, of both gaseous and particulate species throughout 

the entire respiratory tract. The inherent geometric complexity of the respiratory tract 

often restricts the applicability of this methodology to relatively localized domains. De-

spite this limitation, a significant body of research has employed Computational CFD 

methodologies for the simulation of pulmonary mechanics. This simulation process is 

contingent upon the generation of a discrete computational mesh from an accurate 

computer-aided design (CAD) model, derived from magnetic resonance imaging (MRI) 

and CT datasets. This ultimately enhances the capacity of physicians to develop innova-

tive medical devices and formulate requisite therapeutic interventions [20, 21].

16.4.4 Fontan Circulation

The Fontan circulation, a specific circulatory configuration first documented by Fon-

tan and Baudet, is physiologically defined by the morphological absence of a func-

tional right ventricle, necessitating a distinct hemodynamic profile for systemic blood 

flow. In the surgical management of single ventricle physiology, a congenital cardiac 
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anomaly, the geometric correction inherent to the Fontan procedure is primarily di-

rected towards achieving anatomical separation of systemic and pulmonary venous 

return and the creation of a passive, direct, and unobstructed pathway facilitating sys-

temic venous return to the pulmonary arterial circulation.

Despite its established role as a standard therapeutic approach for functional sin-

gle ventricle physiology in congenital heart disease, the Fontan procedure is associ-

ated with the potential for unfavorable alterations in systemic circulatory hemody-

namic. The morphological absence of a right ventricle induces systemic venous 

hypertension. The fundamental pathophysiological mechanism underlying this is the 

elevation of central venous pressure, coupled with increased hydrostatic pressure 

within the superior vena cava (SVC) and inferior vena cava (IVC).

Chronic central venous hypertension, particularly affecting the IVC, results in ad-

verse physiological consequences, including potential hepatic dysfunction and im-

paired splanchnic microcirculation. The most severe sequelae include protein-losing 

enteropathy, a syndrome of excessive protein loss via the gastrointestinal tract, and 

plastic bronchitis, a disorder characterized by the formation of casts in the airways. 

When the pressure in the big veins near the heart is high, it can mess up the liver in 

complicated ways. It can also make the body grow new blood vessels in the liver, 

which can lead to abnormal connections between veins, between lung veins and 

other vessels, and maybe even between the main artery and the lung artery. Hemody-

namically, the superior aspects of the pulmonary arterial vasculature are character-

ized by hypoperfusion or avascularity, coupled with a systemic compromise of the 

pulmonary lymphatic drainage pathways. When the heart only has one working 

pumping chamber, it has to work much harder to push blood through the whole body 

and the lungs, so the total resistance the heart feels is much higher. The altered hemo-

dynamic state induces compensatory left ventricular hypertrophy, characterized by 

elevated left ventricular end-diastolic pressure, culminating in a reduction of diastolic 

compliance. Numerous research initiatives have been launched to attenuate these 

pathophysiological sequelae [22–25].

CFD simulations, conducted on a physiologically relevant model of Fontan circula-

tion reconstructed from medical imaging modalities, demonstrated a marked increase 

in volumetric flow rate from the SVC specifically during the inspiratory phase. The 

augmented SVC flow during inspiration suggests a potential exacerbation of flow im-

pedance in the delivery pathway of deoxygenated systemic venous blood to the pul-

monary artery (PA) and the manifestation of increased venous congestion within the 

IVC during the inspiratory phase of the respiratory cycle relative to expiration. The 

physiological stressors of orthostasis and inspiration compound the existing chal-

lenges of systemic venous return stagnation and impaired physiologic blood-mixing 

characteristic of Fontan circulation. These observations underscore the potential ther-

apeutic imperative for the implementation of an artificial mechanical circulatory sup-

port system in the context of Fontan circulatory decompensation.
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16.4.5 Work of the Heart

This serves as an additional demonstration of the diagnostic application of CFD for 

evaluating myocardial performance. Conventionally, the assessment of cardiac work 

relies on pressure-volume loop analysis; however, novel indirect diagnostic modalities 

are emerging for the evaluation of the work of the heart (WOH). A mathematical 

model for the estimation of cardiac work (WOH) was formulated by employing the 

modified Windkessel lumped-parameter model in conjunction with constitutive blood 

viscosity models, utilizing the information encoded within pulse wave propagation be-

tween two discrete vascular locations. The human arterial vasculature, an intricate 

network of conduits, serves to transform the pulsatile ejection of blood from the heart 

into a continuous flow regime within the capillary beds and the venous return system. 

The modified Windkessel model, a canonical lumped parameter representation, ena-

bles the computational simulation of hemodynamic flow dynamics across the entire 

circulatory system through its analogy to an electrical circuit.

Within this schematic representation, Qin is defined as the volumetric flow rate 

ejected from the left ventricle during the systolic phase of the cardiac cycle, while Q1 

and Q2 denote the volumetric flow rates perfusing the peripheral and distal vascular 

beds, respectively. Similarly defined, p1 and p2 denote the hemodynamic pressures 

recorded at the proximal and distal measurement sites, representing central and pe-

ripheral arterial blood pressure values, respectively. Expanding on this, C1 and C2 rep-

resent the elasticity or compliance of the vessels at the proximal and distal points, 

while L signifies the inertia, or resistance to changes in motion, of the blood. (L =  

0.017 mmHg s2/mL). Measuring blood pressure curves at two points in the peripheral 

arteries allows for the calculation of left ventricular flow rate using mathematical 

fluid analysis, offering a potential diagnostic tool (brachial and radial arteries). Given 

the essential role of the blood viscosity model in addressing the increased hemody-

namic burden on the heart, subsequent research must prioritize the comparative 

analysis of different viscosity models against in vivo physiological measurements to 

ascertain their validity. Nevertheless, this category of investigation may suggest the 

potential for the development of noninvasive instrumentation for the quantification 

of cardiac work (WOH) [26–28].

16.4.6 Other Cardiovascular Systems

CFD methodologies are also applied to the study of the physiology and pathologies of 

the aorta, carotid, and cerebral arteries. There is an increasing trend in the utilization 

of CFD to elucidate the biomechanical factors associated with carotid stenosis and its 

biological implications based on geometric risk assessment., or via virtual prototyping 

methodologies to optimize surgical reconstruction strategies during carotid endarter-

ectomy, frequently in conjunction with MRI data obtained for research purposes. Fur-
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thermore, CFD is being implemented to enhance the understanding of hemodynamic 

flow patterns within abdominal aortic aneurysms and to elucidate the pathogenetic 

mechanisms underlying the development and progression of aortic dissection. In the 

context of intracranial cerebrovascular disease, CFD is also applied to the identifica-

tion of geometric and hemodynamic risk factors associated with cerebral aneurysm 

rupture and to the optimization of stent design for the endovascular treatment of 

these aneurysms [29–31].

16.4.7 Thoracic Aorta

The thoracic aorta (TA), defined as the segment encompassing the ascending aorta, 

the aortic arch, and the descending aorta, gives rise to three major arterial branches 

from the aortic arch: the brachiocephalic artery (BA), the left common carotid artery 

(LCA), and the left subclavian artery (LSA), which collectively provide arterial perfu-

sion to the superior aspects of the body. The TA exhibits a highly complex anatomical 

configuration characterized by significant curvature and a nonplanar helical trajec-

tory of its central lumen. This structural complexity is further compounded by the 

presence of major arterial branches, a distally tapering luminal diameter, and visco-

elastic, distensible arterial walls.

16.4.8 Artificial Organ Design

Artificial organs are bioengineered devices intended for implantation or integration 

within the human body to functionally replace a nonviable natural organ, thereby facili-

tating the patient’s rehabilitation and return to a normal physiological state and lifestyle 

The prototype development phase of artificial organs necessitates extensive numerical 

simulations of hemodynamic performance with optimized geometric parameters to en-

sure clinical translatability. Computational flow modeling allows for the identification of 

the size and spatial coordinates of stagnation zones, consequently permitting the quanti-

fication of local shear rate magnitudes. Correlation of these parameters with the degree 

of thrombus formation and hemolysis is essential for establishing the biocompatibility 

and efficacy of a blood pump. VADs are mechanical circulatory support systems engi-

neered to augment or supplant the function of compromised ventricular chambers. De-

spite considerable research investment, the numerical analysis of VADs remains limited 

by the absence of comprehensive computational models, thereby constraining the full 

exploitation of CFD methodologies in this domain. Implantable VADs are recognized as a 

promising therapeutic modality in the clinical management of patients with severe 

heart failure. Chua et al. [35] presented a three-dimensional computational model of the 

Kyoto-NTN magnetically suspended centrifugal blood pump and provided a comprehen-

sive CFD solution of the internal hemodynamic flow field, encompassing velocity pro-
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files, static pressure distributions, and shear stress distributions experienced by the 

blood. The utility of CFD extends to the performance evaluation of various artificial or-

gans, including the prediction of the in vivo physiological behavior of prosthetic heart 

valves. As an illustrative example, Claudio Capelli et al. (2017) conducted a comparative 

analysis of the hemodynamic performance of prosthetic heart valves incorporating dif-

ferent anchoring mechanisms, employing CFD methodologies. Their methodology for the 

investigation of bioprosthetic aortic valves incorporated a synergistic combination of 

commercially available experimental and computational modalities. The localization of 

high shear rate zones, critical for assessing potential blood cell trauma, is enabled by 

numerical computations, which consequently demand the specification of accurate 

boundary conditions to ensure the fidelity of the simulation. The application domain of 

CFD techniques is undergoing consistent expansion to encompass a multitude of addi-

tional biomedical applications, including the analysis of vocal tract aerodynamics, the 

simulation of nasal and paranasal sinus airflow, the investigation of synovial joint lubri-

cation, and the modeling of cerebrospinal fluid dynamics [32–36].

16.5 Advantages and Limitations of Computational 

Fluid Dynamics 

The consideration of CFD presents numerous advantages. Theoretical advancements 

in computational sciences are primarily directed towards the construction and nu-

merical solution of governing PDEs and the investigation of various approximation 

methodologies applicable to these equations. CFD serves as a valuable adjunct to ex-

perimental and analytical investigations by offering an economically viable means of 

simulating complex fluid dynamics, with particular applicability to human bodily flu-

ids. CFD offers a distinct advantage over experimental methodologies in geophysical 

and biological fluid dynamics by enabling the simulation of flow conditions that are 

not experimentally reproducible, particularly those characterized by extreme spatial 

dimensions (macro- or microscale), remote spatial domains, or inherent limitations in 

physical modeling. Moreover, the application of CFD yields a more detailed visual re-

presentation and a more comprehensive understanding of fluid dynamic phenomena 

than is typically obtainable through purely analytical or experimental methodologies.

Notwithstanding its numerous advantages, CFD cannot readily supersede experi-

mental testing as a primary methodology for acquiring design-relevant data. Even 

though CFD has a lot of good points, scientists have to remember that it has built-in 

limits. Because the computer makes small mistakes when it is doing the calculations, 

the answers it gives would not be exactly the same as what really happens. The inter-

pretation of the substantial datasets generated from numerical simulations of un-

steady flow is most effectively achieved through the visualization of numerical solu-

tions using vector fields, contour plots, or animated sequences. While aesthetically 
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appealing, wonderfully bright color visualizations of fluid mechanics within a flow 

system lack scientific merit if they do not accurately represent quantitative data. Con-

sequently, a rigorous examination of numerical results is a prerequisite to their ac-

ceptance. Therefore, it is imperative for CFD practitioners to acquire the skills neces-

sary for the proper analysis and critical evaluation of computed outcomes.

Furthermore, effective outcomes necessitate a collaborative paradigm involving 

mechanical engineers and medical scientists. Isolated departmental efforts are insuffi-

cient; iterative feedback from each discipline at every stage of the research and devel-

opment process is paramount.

16.6 Conclusion

The inherent flexibility of CFD in adjusting model parameters, such as boundary con-

ditions, is a notable advantage. Given the intricate nature of hemodynamic flow 

within complex arterial geometries, the synergistic integration of high-resolution sim-

ulation techniques with image-based measurement data has demonstrated efficacy as 

a reliable methodology for realistic arterial blood flow modeling. The inherent limita-

tions associated with the application of CFD simulations are predominantly attribut-

able to the constitutive model assumptions employed during their execution, encom-

passing parameters, such as geometric representation, fluid viscosity, material 

distensibility, and imposed flow conditions.
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