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Preface

The modern world has witnessed remarkable applications in the dynamic field of image processing, where opera-
tions transform an image to enhance it or extract vital information. It is a vibrant and diverse field encompassing
various applications, such as facial recognition, image segmentation and compression, noise reduction, and more.
These applications require sophisticated techniques to transform, enhance, and extract image information. How-
ever, these techniques also demand substantial computational resources for image storage and processing, which
pose significant challenges for scalability and efficiency. Therefore, there is a critical need for more advanced and
innovative methods to handle visual information. On the other hand, quantum computing defines a probabilistic
approach to represent classical information using methods from quantum theory. Quantum computing offers a
probabilistic and parallel approach to computation, which differs fundamentally from the deterministic and
sequential approach of classical computing. The basic unit of quantum information, the qubit, can exist in a super-
position of two states until measured, which enables quantum parallelism and entanglement. These quantum phe-
nomena can provide exponential speedups and enhanced security for specific computational tasks, such as
factoring large numbers, searching unsorted databases, simulating quantum systems, and solving linear systems
of equations.

Quantum image processing (QIP) is a research branch of quantum information and computing that aims to
exploit the advantages of quantum computing for image processing. QIP studies how to encode and process images
using various quantum image representations and operations in a quantum computer. QIP has the potential to
outperform classical image processing in terms of computing speed, security, and minimum storage requirements.
However, QIP also faces many challenges and open questions, such as quantum superiority, reading the classical
data, measurement, noise and error correction, scalability and compatibility, and the practical implementation of
QIP algorithms and circuits.

In this book, we provide a comprehensive introduction to QIP, covering the theoretical foundations, meth-
odological developments, quaternion color imaging, and practical QIP applications. We describe the existing
quantum image representations and their operations, such as geometric transformations, color transforma-
tions, filtering, and enhancement. We also explore the emerging topics and applications of QIP, such as quan-
tum image filtration in the frequency domain, convolution, and fast unitary transforms. We discuss the current
state of QIP research, addressing the controversies and opportunities, as well as the challenges and future
directions of QIP. We illustrate the QIP algorithms and circuits with detailed examples, diagrams, and code
snippets using the Qiskit framework. We also provide exercises and references for further learning and
research.

xiii
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Preface
Organization of the Book

This book is organized into 14 chapters, as follows:

Chapter 1: Introduction
This chapter provides an overview of the main concepts and motivations of quantum computing and image pro-
cessing. It outlines the structure and objectives of the book.

Chapter 2: Basic Concepts of Qubits

This chapter delves into the core concepts and principles, such as computational qubit states, superposition, opera-
tions on qubits, permutations, elementary gates, and qubit measurement. It presents the operations and gates in
matrix and graphical notations and illustrates them with examples; 3-D model of qubits is presented together with
the known Bloch sphere.

Chapter 3: Understanding 2-Qubit Systems

This chapter focuses on 2-qubit systems, which are the building blocks of multi-qubit systems. It discusses the
mathematical tools and techniques for manipulating 2-qubit systems, such as projection operators, Kronecker
product and sum, qubit entanglement, orthogonality, and unitary transformations. It also describes the elementary
operations and main gates for 2-qubit systems, such as CNOT, SWAP, local and controlled gates, and explores their
properties and applications with practical examples.

Chapter 4: Multi-Qubit Superpositions and Operations

This chapter extends the concepts and methods of 2-qubit systems to multi-qubit systems, which are essential for
quantum image processing. It examines multi-qubit superpositions of different types. Many 3-qubit gates with 1
and 2 control bits are described with matrices and circuit elements. It also highlights the key 3-qubit gates, such as
Toffoli and Fredkin, bit SWAP, and Hadamard gates, and shows how they can be used to implement classical logic
functions and reversible circuits.

Chapter 5: Fast Transforms in Quantum Computation

This chapter introduces the quantum analogs of the classical fast transforms, such as the discrete paired, Fourier,
and Hadamard transforms which are widely used in image processing. It provides detailed descriptions of the algo-
rithms and implementations of these quantum-fast transforms, supported by examples and circuit designs. It also
compares the advantages and disadvantages of these quantum fast transforms concerning their classical counter-
parts. Examples and circuits of these transforms and their inverses on 2-, 3-, and 4-qubits are presented. The paired
transform is the core of the Fourier and Hadamard transforms. Therefore, the quantum paired transform is
described in detail. The 1-D quantum circular convolution for phase filters with circuits is also presented with
examples.

Chapter 6: Quantum Signal-Induced Heap Transform

This chapter presents a novel concept of quantum fast transform, which refers to the so-called discrete signal-
induced heap transform (DsiHT), which can generate a unique unitary and fast transform for any given signal.
It explains the theory and algorithm of quantum signal-induced heap transform (QsiHT) and demonstrates its
applications in quantum cosine and Hartley transforms with quantum circuits. It also shows how DsiHT can
be used to factorize and decompose any transform in a set of rotated gates and permutation, as well to initiate
any quantum superposition from the basis state 0.

Chapter 7: Quantum Image Representation with Examples

This chapter describes the various quantum image representations proposed in the literature and compares their
features and limitations. It covers the models for both grayscale and color images, such as QLM, NEQR, FRQI,
RKL, GQIP, QIRHSI, and MQFTR. It also presents the 2 x 2 model of color image respresentation as a single
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grayscale image in quantum computation. It explores the quantum representation of different color models, such
as RGB, CMY, XYZ, HSV, and HSI, and discusses the challenges and opportunities of quantum color image
processing.

Chapter 8: Image Representation on the Unit Circle and MQFTR

This chapter focuses on a specific type of quantum image representation, called the multi-qubit Fourier transform
representation (MQFTR), which encodes the image information on the unit circle using the Kronecker product of
qubits. It explains the advantages and disadvantages of MQFTR. It presents some extensions and variations of
MQFTR, such as MQFTR with phase shift and MQFTR with amplitude modulation. It also describes the quantum
schemes for 2-D quantum Fourier transform with examples for 4 X 4 and 8 X 8 images.

Chapter 9: New Arithmetic on Qubits

This chapter introduces some novel concepts and methods of arithmetic operations on qubits, such as multipli-
cation, division, conjugate, and inverse. It extends these operations to multi-qubit superpositions and discusses
their properties and applications. It also shows how these operations can be implemented using quantum circuits
and algorithms in image summation, linear convolution and filtration with examples.

Chapter 10: Quaternion-Based Arithmetic in Quantum Image Processing

This chapter explores the non-commutative quaternion arithmetic in quantum color image processing, which can
offer some advantages over conventional complex arithmetic. It differentiates between the traditional and com-
mutative quaternion algebras and discusses their properties and applications. It presents a new concept of the mul-
tiplicative group of 2-qubits and describes the main properties of the multiplication of 2-qubits and 2-qubit-based
superpositions. It also describes the graphical representation of 2-qubits.

Chapter 11: Quantum Schemes for Multiplication of 2-Qubits

This chapter presents detailed quantum 2-qubit multiplication circuits that underlie many quantum arithmetic
operations. It showcases a few circuits composed using the QsiHT concept and compares their performance
and complexity. It shows how to design the quantum 4 X 4-gates of multiplication with 4, 5, and 6 rotations. It
also describes 12 Hadamard matrices as multiplication gates.

Chapter 12: Quaternion Qubit Image Representation (QQIR)

This chapter introduces a new quantum image representation, called the quaternion qubit image representation
(QQIR), which combines the features of 4-D quaternion arithmetic and MQFTR. It covers some basic operations in
QQIR, such as square root, power, and exponentiation, and shows how they can be used for image processing. It
explores some advanced operations in QQIR, such as the convolution and gradient calculation, and demonstrates
their applications in image filtering, edge detection, and feature extraction. It also describes the concept of the
quantum quaternion Fourier transform (QQFT) and ideal filtration by this transform.

Chapter 13: Quantum Neural Networks (QNN)

This chapter bridges quantum computing and machine learning and discusses the development and applications of
quantum neural networks inspired by classical neural networks. It highlights the differences, synergies, and chal-
lenges of quantum and classical neural networks and reviews some existing models and architectures of quantum
neural networks. It also explores some potential applications of quantum neural networks in image processing,
such as image classification, recognition, segmentation, restoration, and reconstruction.

Chapter 14: Conclusion and Opportunities and Challenges of Quantum Image Processing

This chapter summarizes the main contributions and findings of the book and reflects on the current state and
future directions of quantum image processing. It discusses the opportunities and challenges of quantum image
processing, such as quantum superiority, noise, and error correction, scalability and compatibility, and practical
implementation. It also provides some suggestions and recommendations for further research and development in
quantum image processing.

XV
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Designed for a diverse audience, from students to professionals, this book is accessible to those with some back-
ground in linear algebra, quantum mechanics, and image processing. Many examples and references throughout
the text encourage further exploration and deeper understanding. We are grateful to everyone who read this book.
We hope the reader will enjoy learning about quantum imaging and its applications and gain some ideas and
inspiration from the methodologies and concepts discussed in this book. This book explores the emerging inter-
disciplinary field of quantum imaging, introducing fundamental concepts, state-of-the-art techniques, and
applications.

An Invitation to Innovation: We also hope that this book will arouse readers’ interest in QIP and inspire them to
contribute to its development. Join us on a journey where the classical and quantum worlds intertwine, unlocking
a future brimming with unprecedented potential for image processing innovation.

We appreciate all who assisted in the preparation of this book. We are grateful to Meruzhan Grigoryan, Alexis
Gomez, and the reviewers for many suggestions and recommendations.

May 2024 Artyom Grigoryan and Sos S. Agaian
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1

Introduction

Image processing represents a critical use of artificial intelligence in various applications, including biomedicine,
entertainment, economics, and industry. For example, image processing is extensively used in fast-growing mar-
kets like facial recognition and autonomous vehicles. Recently, the rapidly increased volume of image data has
become the critical driving force for further improving image processing and analysis efficiency. Quantum com-
puting offers great promise for speedy computation of problems in digital image processing (DIP), namely, in pro-
cessing grayscale and color images. Quantum image processing (QIP) is a research branch of quantum information
and quantum computing. It studies how to use quantum mechanics’ properties to represent images in a quantum
computer and then implement various image operations based on that image format. The parallel execution of
multiple computations is a quantum computer’s main advantage [1, 2], which can be used for many image proces-
sing applications. Therefore, developing new tools for calculating not only known procedures in DIP but also new
ones is essential, using special rules for calculating qubits. The basic unit in quantum computation is a single qubit
with only two states. The mathematical description of a qubit is probabilistic. The qubit can be measured only once,
and at any moment of its measurement, it will be in only one of its states 0 or 1. If we consider qubits as spins, then
these two states are “spin up” and “spin down.” Before the measurement, the state of the qubit is described as a
linear combination of the basis states 0 and 1. The amplitudes of such a combination are defined by probabilities of
the qubit being in these states. Namely, these amplitudes are square roots of the corresponding probabilities. Thus,
in quantum computation, there are no numbers greater than 1, such as 2, 3, 5, and 12. Such numbers can only be
written in basis states of multi-qubit superpositions. It is possible only to work and get such state numbers through
their amplitudes. In other words, through the probabilities of qubits to be in these states. This is the main difference
between the existing classical and future quantum computers. For example, to add two 3-bit numbers 3 and 4 and
get 7 is a trivial operation for the classical computer. Solving this equation 3 + 4 = 7 in a quantum computer with
simple 3-bit operations @ is impossible. All existent algorithms for the addition of numbers use more bits, or qubits,
and other operations. In general, the composition of algorithms for processing images is a complex task. Storage
and processing of information about 2" states in one superposition of r-qubits is the main factor and a big advantage
in quantum computation (QC). Therefore, there is an opinion that a quantum computer may surpass the much real
possibilities of existing computers in the near future. All this impeded the development of image representation,
storage, and processing methods in QC. In quantum imaging, several methods are currently available, such as
interference, correlation, and entanglement-based quantum mapping [3-5]. These are the known methods in
use with applications in quantum computation. Unlike the classical computer, images in QC can be represented
by different quantum superpositions of states. These models include the qubit lattice model (QLM) [6], flexible
representation for quantum images (FRQI) [7], the novel enhanced quantum representation (NEQR) [8-10], novel
representations of color images [11, 12], new models of the Fourier transform quantum representation (FTQR)
[12, 13], and quaternion qubit image representation (QQIR) [14, 15].

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Introduction

This book aims to introduce the reader to the necessary part of QIP that plays an essential role in quantum infor-
ation processing. It includes

A review of some needed mathematical concepts of qubits and their operations, such as multiplication, division,
inverse qubits, and their quantum circuits description.

the quantum Fourier and Hadamard transform with their quantum circuits description.

the processing images in the frequency domain, namely, applying quantum ideal low-pass and high-pass filters.
the quantum grayscale and color image quaternion-based representations that allow efficient encoding of the
classical data into a quantum state and future use in QIP applications.

the basics of quantum neural networks.

The study shows that the number of researchers working in the QIP field is increasing, and some significant

problems remain unsolved. We hope this book will accelerate the efforts to create more practical QIP-based
technologies.
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Basic Concepts of Qubits

In this section, the basic concept and operations, called gates, on qubits are described. We are interested in the
mathematical side of this concept, namely the mathematical model of the qubit. The main gates are considered
and then, in Section 9.1, we present our vision of a multiplicative qubit group using qubit multiplication and divi-
sion operations. One can even solve quadratic equations with qubits.

In the theory of quantum computation, a quantum bit, which is called a qubit, may be in two states, |0) and |1).
We can think of a qubit as a magical, fast-spinning 2D coin with two numbers 0 and 1 written on its sides. When we
stop the rotation with our hand, we will see only one side of the coin in the palm of our hand, that is, only the
number 0 or 1 (see Fig. 2.1). The events that the coin will show 0 or 1 may occur with different probabilities
p1 and p,. The square roots of these probabilities, ag = /p, and a; = /p,, are called the amplitudes of the qubit.
These two events are called the basis states of the qubit. The state 0 is usually written with 2 bits as 10, and the state
1 as 01. Mathematically, a single qubit is defined as a linear combination of these basis states with given amplitudes
ap and a,. Any quantum system with only two states can be considered as a qubit. For example, (i) a nuclear spin
with two energy levels and (ii) a photon with vertical and horizontal polarization.

For column and row vectors, Dirac’s ket-bra notation is used. Ket-notation |x) is the column vector for x, and
bra-notation (y| is the row vector for y. The state 0 as the unit vector [1, 0]’ is the ket-0|0), and the basis state 1 as the
vector [0, 1]’ is the ket-1 |1). Here, the symbol’ is used for the transpose vector. The operation (y|x) is the
inner product, that is, (y||x). For examples, if x = [1, 2] and y = [3, — 1], then

(o) = (yllx) =px' =1-3+2-(-1)=1.
If the vectors are complex, the inner product is defined as (y[x) = (y||x). The bra vector (x| is complex conjugate
of |x).
In a real Euclidean space, the inner product is defined as a rule by means of which for each of the two elements x
and y of the space a real number is associated (inner product), that is denoted as (x, y) and that satisfies the following
four Axioms:

1) (x 3 =0 x);

2) x+2,3) =)+ y);

3) (kx,y) = k(x, ), k€ R;

4) (x, x) = [x]*>0, and (x, x) = 0 if only x = 0.

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Abstract qubit |@): spinning coin (C)

(Potpr1=1)
G

17 _ 0
o] =10 =l
S t.a .te < Observation @ Observation > State
probability probability
Po P1

l) = \/pol0) + /p:11)

Fig. 2.1 Abstract model: 2D spinning coin with two numbers 0 and 1 written on the sides of the 2D coin.

Example 2.1 Vector Space of Dimension n
In the linear space of sets of n real numbers (or n-dimensional vectors) X = (Xp, X1, «o» X — 1), Y = (V0s V15 o0 Vi — 1) vovs
the inner product is defined as

(%,¥) = XYy + X1Y; + oo + Xp—1Vp_1-

It is equal to the multiplication of vectors, (x, y) = xy’. In the ket-bra notation (x, y) = (x[y).
If the space of elements is complex, the inner product is the complex function. Therefore, the complex conjugate

operation is considered in the first Axiom, (x,y) = (3, x). Also, the constants k in the third Axiom is taken from the

complex plane, that is, k € C. It will be written as, (kx,y) = k(x,y). For the above example, the inner product in the
complex vector space of vectors x and y is defined as

(x%,y) = XYy + X1y1 + oo + Xn—1Vn_1 = X||y) = (x]y).

Other brackets can be used instead of parentheses, such as (x, y) and we can just write it like (xy). The inner
product is linear in the second argument, (x, ky) = k(x, y), and antilinear in the first argument, (kx,y) = k(x,y).
Note that mathematicians usually define the inner product as (x|y) = (x,y) = xo¥, + X1J7 + ... + Xn—1Y,_1, Which
is linear in the first argument.

If A is a linear operator on vectors, the notation (x |A]y) denotes the inner product (x, Ay), or (x| and |Ay). It is
also the inner product of the vectors (x|A and |y). Therefore, the conjugate operator A" is defined by (A*x| = (x|A.

Then, (x, Ay) = (A"x,y), or (x| Aly) = (A"X]y).

A single qubit is a superposition of two standard (computational) basis states with amplitudes a, and a;,

) = a0|0) + ay[1) =ao{(1)} +a1[0} = [ao}. (2.1)

1 a;

Figure 2.2 illustrates such a qubit for the above example with a spinning-coin. Equation 2.1 is the mathematical
model of the single qubit. This model is probabilistic, because the amplitudes of the basis states define the prob-
abilities of the qubit to be in state |0) and |1), after measuring the qubit.

In the general case, the coefficients, or amplitudes a, and a; may be complex numbers, such that |ao|* + |a;|* = 1.
The case of complex amplitudes in the superposition |¢) is difficult to imagine and understand since the complex
numbers are points in the plane or pairs of real numbers.



2.1 Measurement of the Qubit

Abstract qubit |¢): spinning coin

<> CE JD -
O -

9y = a0+ @) = ao[]+a 0] = o]

Fig. 2.2 The coin-qubit as a linear superposition of the states 0 and 1.

2.1 Measurement of the Qubit

A qubit |¢) = ao|0) + a4]|1) can only be measured once, and only one of its states will be the result of the meas-
urement. It is the state |0) or |1) with probability |a,|* or |a;|? respectively. The values of these two numbers are
calculated after repeatedly measuring the qubit in its states state |0) and |1). When a qubit is measured, it enters the
measurement state. Its original superposition cannot be restored. Since (0|0) = 1 and (0|1) = (1]|0) = 0, the basis
states |0) and |1) are orthogonal. Therefore, the amplitudes can be calculated as the projections of |¢) on these
states; (0|¢) = ao and (1]p) = a;. The probability of the qubit |¢) to be in state |0) after measurement (M) can
be calculated by the inner product as

Pr(Mlp) = 10)) = |{0l@)|* = |{0](a0|0) + a[1)))[* = lao(0/0) + a1 (0]1)[* = |ao|*.
Similarly, the probability of the qubit |¢) to be in state |1) after measurement can be calculated as follows:
Pr(Mlp) = 1)) = [(1g)[* = [(1|(ao|0) + ar]1)))[* = lag(1/0) + a1 (1[1)[* = Jar |*.

Note that (0|@)|0) = ao|0) and (1|¢)|1) = a;|1).
Let us consider the superposition |¢@) with real amplitudes. Measurement of the qubit in states |0) and |1) can be
described by orthogonal projections P, and P; which are described by the matrices

Po= |y o| =001 ana pi= [0 V=
Indeed,

Ml =10) = =T = VR~ VTl o o) o]~ TaeT o] =
where

@|Poly) = @ a—d[(l) g”gjz[a—o a—l]ﬁ‘)]:moﬁ
Similarly,

o) =@ @l ||| =@ @) | =

7
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and

Ml = W)= =y = Vietem = et lo L) = Tatla) 7 4

If the amplitudes are real numbers, then the qubit can be described by the 2D vector with length 1. Thus, each 2D
vector after normalization can be considered as a qubit. For example, for the vector x = [3, 4] with norm
V3% + 42 = 5, the corresponding qubit |x) is defined as

xz[i}:sﬁ]+4ﬁ}—am+4uya|> 39%;92_5m>+§uy

Examples of well-known qubits are the Hadamard superpositions

O gy - O 02

These two qubits are orthogonal, that is, the inner product of qubits is equal to zero. Indeed, we have the
following:

lp1) =

;uu[_i}:a

Therefore, a single qubit |p) can also be written in the basis states {|¢;), |¢,)}, that is,

(@1lo2) = (@1 ll2) =

0) + |1>) (\0> - \1>)
=aol0) + a1|]1) = bg| ——=—| + b =b +b , 2.3
b =al0) + @it = (2 4 (22 — ) + bl 23)
where the amplitudes by = (ag + a;)/v/2 and b; = (ag—a;)/V/2.

If the amplitudes of the qubit superposition are not real numbers, the qubit without global phase can be
described as [1]

9 . 9
lp) = ao|0) + a;[1) = cos 5|0> + ¢ sin §|1>’ ¢ € 10,27],9 € [0,x]. (2.4)

This is the case when the amplitude a, is real, and the amplitude a; = a; , + ia; ; is a complex number. Therefore,
the single qubit can be presented by the 3D point q = q(9/2, ¢) = (x, y, z) on the unit sphere, where

9 .9 U
z:alzcosz, X=ay, = smzcosqﬁ, y:al,i:lsmzsm(,b. (2.5)

Figure 2.3 shows the geometry of this point together with points that present the basis states |0) and |1) in part
(a). Here, X-Y presents the complex plane. The state |0) corresponds to the points g(0, 0) = (0, 0, 1) and the state |1)
to the point g(z, 0) = (1, 0, 0).

The qubits in states |O ‘1 )//2 correspond to the points q(z/4, 0) and q = q(—x/4, z), which are shown in
part (b). Indeed, when the angles are /2 = + /4 and ¢ = 0, the corresponding points q; » = q(+/4, 0) have the
coordinates

z—cosg—i x—cosqﬁsin§—+i —sin¢sin§—0
S22 B 2 T2 y= 2
The corresponding qubits are
1) = 7—(\0> +(1) and |g,) = \7(|0> 1)



2.1 Measurement of the Qubit

7 The unit spheres

10) q=q0/2,¢)

q(45°! 0>

<

(@) (b)

Fig. 2.3 (a) The 3D model of the qubit with (b) the points of the Hadamard states.
In the general ¢ = 0 case, the qubit
3 .9
|@) = aol0) + a1|1) = cos 5|0) + sin 5|1>, 9 € [0, 7],
and it is represented by a point lying on the unit circle in X-Z plane.

Here, we mention the well-known Bloch unit sphere, where the 3D points b = b(9, ¢) = (x, y, z) for the same qubit
|p) are calculated as follows:

z=cosd, x=cos¢singd, y=singsingd, Ie][0,x], ¢€[0,2x]. (2.6)

The traditional spherical coordinates are used and the sphere is shown in Fig. 2.4.
Thus, the coordinates of the amplitudes of the qubit |¢) in Eq. 2.5 are changed as

9 9 9
q= (cos¢sin > sin ¢ sin E,icos 5) — b = (cos¢sind, sin¢gsind, cos ).

In this sphere, the points (0, 0, 1) and (0, 0, — 1) correspond to the angles (9, ¢) = (0, ¢) and (=, ¢), respectively.
Considering ¢ = 0, we obtain two basis states

[9002) = cos(0)[0) + € sin(0)]1) = [0) and |go_1) = cos(5)[0) + e sin(3)[1) = 1.

Unit sphere

10} + il1)
/ "
10) + 1) ‘ >y
7z

11)

Fig. 2.4 The Bloch sphere with points presenting the qubits and basis states.

9
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These points are shown in Fig. 2.4 together with other two points (1, 0, 0) and (0, 1, 0) corresponds to the angles
@, ¢) = (=/2, 0) and (n/2, x/2), respectively. The corresponding qubits are

o) = eos(5)10 + #sin (i = 2 1,
|Po10) = COS(%)|0) +es sin(g)m — %

In the Bloch sphere, the main mathematical description of the basis states is violated. The basis states |0) and |1)
are on the same vertical and opposite in sign. Any vectors on one straight line are commensurable, or let us say
linearly dependent. It is not possible to measure them at the same time in a qubit. The basis states |0) and |1) are
opposite to each other, more precisely orthogonal if we use the concept of inner product, (0|]1) = (1|0) = 0. There-
fore, the model of a single qubit, represented in the sphere shown in Fig. 2.3 is considered more accurate.

2.1.1 Operations on Qubits
Superpositions can be added and subtracted with subsequent normalization. For instance, if we have two different

qubits |@) = ao|0) + a;|1) and |y) = by|0) + by|1), then the qubit of the sum is defined as the superposition

lp +w) = —[(ao + bo)[0) + (a1 + b1)[1)]. (2.7)

Sl

The normalization coefficient K = \/ (ap + bo)® + (a; + by)*. If the qubits are equal, this operation does not

change the qubit, that is, |p + ¢) = |¢). In other words, the superpositions a|0) + a,|1), 2a,|0) + 2a,|1), 3a,|0) +
3a,|1),... correspond to the same qubit.

2.1.2 Elementary Gates

Operators on qubits present themselves 2 X 2 unitary matrices U. The inverse U ' of a unitary matrix is its con-

jugate transpose, U* = U’.In quantum mechanics, this matrix is referred to as Hermitian adjoint of U and denoted
by U'. Note that any matrix (gate) can be written as product of vectors in ket-bra notations. Indeed, a matrix A with
only one nonzero element at position (n, m) can be written as |n)(m|. For example,

A= [g H = m[o 1]= [0)(1.

The list of known unitary matrices, or gates, on qubits includes the following gates.
1) Elementary rotation, or Givens rotation

W= w(9) = [cos& - sin&].

sin 9 cosd

2) Y-rotation by angle 9, R(9) = W(9/2).
3) X-rotation by angle 9,

R(S) = {0058/2 —isiné)/z]
7 lising/2 cosd/2



4) Z-rotation by angle 9,

R(9) = [e—”/z 0 }:e_w/z{l 0}

0 ei&/Z 0 eilg

5) Pauli NOT gate X and Pauli Z and Y-gates,

x=pa+ol= |7 | z=ool-pa=], 7],
Y = —i|0)(1] + i|1)(0] :i[(l) _(ﬂ = [? _01}

The results of these gates on a single qubit |@) = ac|0) + by|1) are
X: a0|0> + b0|1> — b0|0> + a0|1>, A Cl()‘0> + bo‘l) — a0|0> —b0|1>,
Y: Clo|0> + b0|1> — —lb0|0> + ia()|1>.

6) V-gate, or vVNOT gate

1[14+i 1-i

1—i 1+

The determinant of this matrix is i, and the Hermitian adjoint of matrix V is

L 1[1—=0 1+
Vi=— . BE
2|114+i 1-i

7) Hadamard gate

H:HZ:\%(X+Z):\%E _H

2.1 Measurement of the Qubit

(2.9)

(2.10)

(2.11)

(2.12)

The Hadamard transform of the qubit |¢) = ao|0) + bo|1) is the qubit in the superposition

ag + by ap— by

i 0t

Hlgp) =

).

(2.13)

Note, that the determinant of this matrix is equal to —1, but H? = HH is the identity 2 X 2 matrix

H2_1_10
T o 1)

8) Parameterized phase P-gate and its particular cases, the T- and S-gates

1 O
0 €

1 0

}, T:P(ﬂ/4):[0 em/d, S:P(ﬂ/Z)Z[(l) 0}

po) = | l

The results of these gates on a single qubit |@) = a,|0) + by|1) are

P(¢)lg) = aol0) + €?bo[1),  Tlp) = aol0) + €/ *bol1),
Slg) = ao0) + ibo|1).

Note that S = v/Z and T = V/S.

(2.14)

11
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9) Paired transform gate with the matrix

1 [1 -1
A2=W(n/4)=7§{1 J. (2.15)

The determinant of this matrix is 1,

m=xm= |0 x 2P H or 1= xa)
= = — or = s
> 71 o] T V2l -1 g ?

and

, [0 -1 0 17[1 o0
A= =XZ = .
1 0 1 0][0 -1
The paired transform of the qubit |¢) = a,|0) + bo|1) is the qubit

Clo—bo ap + bO

i Ot

This gate is also known as the inverse pseudo-Hadamard gate (H').
10) For basis states |0) and |1), the modulo 2 addition operation @ is used. |0)®[|1) = |[1)®|0) = 1)
and [0)®|0) = [1)@[1) = |0).

Azlp) =

). (2.16)

Table 2.1 shows the above gates and circuit symbols. The horizontal lines are used for the input and output qubits.

These gates can be combined into different networks [1-3]. For instance, with two Hadamard gates and phase
shift gates, we can construct the circuit shown in Fig. 2.5 in part (a). The result of this circuit on the input basis state
|0) is the general state of qubit, which is written in Eq. 2.4, with the global phase 8/2. Therefore, the qubit can be
written as

0) = P(h + x/2)HP(9)H0) = & (cos §|0) + ésin §|1>). (2.17)

Indeed,

SPAREY B RN f R e

Without the global phase, the qubit can be presented as follows:

1 0 ] [cos(é)/z) — sin(&/z)} {1} _ { cos(89/2) }

9 A 9\
"/’>:COSE|O>”¢S“1§|1>‘P(¢)W(§>|0>‘{o ¢ || sin(9/2) cos(9/2) |lo] ~ le?sin(9/2) ]

Note that global phase can be added using the G(9/2) gate if necessary, as shown in Fig. 2.5 in part (b). Here and
further, we draw abstract horizontal lines in the circuit. Imagine the line in the circuit which represents a physical
particle, for instance, a photon flowing in the space, from left to right through the gates that change the state of the
particle.

It also known [4, p. 8] that every 2 X 2 matrix U can be expressed by the global phase matrix and 3 rotations,

U = G(¢O)RZ(_ 191)Ry(— 192)RZ(_ 193), where ¢0,191,192,193 c [0, 277,']



Table 2.1 The list of single qubit gates and their description.

2.1 Measurement of the Qubit

Gate name Matrix of the gate Symbol in circuits Brief description and properties
Givens cosd —sind Rotates the vector of amplitudes by angle 9.
. w(9) = . — W — . .
rotation sin®  cosd It is also called the elementary rotation.
Y-rotation R(8) = W(9/2) Rotation by angle 9/2 around y-axis
- Ry [~ R{(9) = exp(—id/2Y).
X-rotation RA(8) = cosd/2 —isind/2 1 r L Rotation by angle /2 around x-axis
)= ising,2 x RU(9) = exp(—id/2X).
Z-rotation o192 0 | Adds a relative shift of 9. Rotates vector of
R:(9) = 0 e+in 1 R amplitudes about z-axis.
Pauli NOT, X X [0 1 I x L Switches the amplitudes of the states |0) and |1).
110
4@7
Pauli Z 1 0 17 L Changes the sign of the amplitude of |1). Adds a
“lo -1 relative phase shift of z between states |0) and
Z=2]0)(0| -1 [1); Z = P(n).
Pauli Y o —i Y=iXZ, Y’ =1
Y = — v
i o0
V, vVNOT V_1 1+i 1-—i v L V=X, detV=i
T2(1-i 1+ V=(Q1+0)I-iX)2
Walsh- 11 1 H? = I, presents the operation of butterfly in fast
— — H | . -
Hadamard V21 -1 radix-2 Fourier transform.
Paired (H) 1 J1 -1 a4 A, = XH. The main 2 X 2 butterfly of the paired
Ay = V21 1 2 transform (PT). It is also called the inverse
pseudo-Hadamard gate.
Phase shift, P 1 0 ¢ Adds a relative phase shift of ¢ between states |0)
and Phase P(g) = 0 e P and |1).
shift, P_ 7 —o0— P_(¢) = XP(p)X
P_ =
0s]? ]
T, /8 1 0 /4 sle 0 0
T = 0 e/t o T = ei#/8 o S8 = esR,(¢/4)
S = 1 0 ()2 /2 Adds a relative phase shift of z/2 between states
“lo |~ (#/2) |0) and |1). S = P(z/2) = T? = VZ.
Measurement, - Measurement (M) of the single qubit, 2 lines
Observation, denote a wire for the classical bit; one line
M M - (input) denote a single qubit wire.
—-:M
Global Gly) = e 10 eito Add the global phase to the qubit, e%o|¢p);
phase, G o) = 0 1 — G = P(2¢p0)R{—2¢h0)

13
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) 2
0 — & s H P )
@ ==
eid/2
) 10) — w@/2) P(p) —>—— o)

Fig. 2.5 Two circuits for preparation of the single qubit (a) without and (b) with a global phase.
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3

Understanding of Two Qubit Systems

In this section, we work with 2-qubit superposition with can be observed, or measured, in four different basis states.
Many such superpositions can be obtained by combining two qubits, since each of them is in two states. In general,
a 2-qubit superposition can be obtained without working with individual qubits. Here, we will look at the basic
operations on them, and then in another section, we will describe the rich multiplicative structure of 2-cubes,
which allows us to introduce analogs of the arithmetic operations on 2-cubes known to us. They include multi-
plication, division, inverse, square root, and power operations.

The importance of 2 qubits in color images relates to their ability to represent and manipulate the quantum states
associated with the color channels in an image. The following must be considered:

e 2 qubits can be entangled, meaning their quantum states become correlated. In the context of color images,
entangled qubits can represent complex relationships between the color channels. For instance, if two qubits
are entangled, changes in one qubit’s state may affect the color combination represented by the other qubit. This
entanglement can enable more sophisticated image-processing operations involving color channel correlations.

« Using 2 qubits, it is possible to represent a subset of color information from an image. Selecting specific combi-
nations of color channels through manipulating qubit states makes it possible to compress or represent images in
a more compact form. This capability can benefit tasks like image storage, transmission, and analysis, where
efficient representation and compression are desired.

¢ Quantum algorithms can be designed to process color images using 2 qubits. These algorithms can leverage the
principles of quantum mechanics to perform operations such as image enhancement, noise reduction, edge detec-
tion, and feature extraction. By harnessing the power of quantum parallelism and entanglement, 2-qubit systems
can enable the development of novel and potentially more efficient algorithms for image-processing tasks.

¢ Asquantum computing advances, exploring color images using 2 qubits opens up possibilities for new image tech-
nologies. Quantum-inspired image processing algorithms, which may exploit certain quantum concepts even on
classical hardware, could benefit from the insights gained by working with 2-qubit systems. Additionally, as quan-
tum computers scale up and become more powerful, higher-dimensional quantum states can represent more com-
plex color information, enabling the development of advanced quantum image processing techniques.

In summary, 2-qubits are critical for color imaging as they allow the representation, manipulation, and proces-
sing of quantum states associated with color channels. Their ability to leverage quantum superposition, entangle-
ment, and advanced algorithms offers more efficient image representation, compression, and processing
opportunities. Exploring the application of 2-qubit systems in color image tasks can contribute to the development
of future quantum imaging technologies and algorithms.

2-qubit is defined as a quantum superposition with four basis states. If we could, we would imagine a magical, fast-
spinning 4D coin with numbers 0, 1, 2, and 3 written on its four sides. As in the above case with a magic 2D coin, if we

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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3 Understanding of Two Qubit Systems

2-Qubit |¢) as one 4D spinning coin (C)

1
~ |11) =
0 |
100) = H ~ VM\@g M7 e
0 State
Po b3 (M-measurement)

M_—Dp;
Probabilities

0
0 ~101) = 1
0 0
|10> = =~
1 Pot+p1+ptps=1 State 0
0 State

Fig. 3.1 Abstract model of 2-qubit: A 4-D spinning coin with numbers 0, 1, 2, and 3 written on four sides of the coin.

stop the spinning coin, we would see only one side of the coin in the palm of our hand, that is, only the number 0, 1, 2,
or 3 (see Fig. 3.1). The event that the coin will show number k, where k € {0, 1, 2, 3} may occur with probability py.
These four events are called the computational or standard basis states of the 2-qubit. To write each of these states, 2
bits are used in ket-bra notations.

In the computational basis states, a two-qubit quantum superposition (linear combination) is written as

‘§0> = a0|0> + (11|1> + 02‘2> + a3|3>.

The amplitudes ay, k = 0: 3, define the probabilities |a;|* of the 2-qubit to stay in the states |k). The basis states
can be presented by the 4D unit vectors |0) = [1, 0, 0, 0], [1) = [0, 1, 0, 0]', |2) = [0, 0, 1, 0], and |3) = [0, 0, 0, 1]".
These four vectors in binary representation can be written as |00), |01), |10), and |11), respectively. Therefore, we
can write

l@) = ap|00) + a;1]|01) + a,|10) + a3|11), (3.1)
or ‘qﬂ) = a00|00> + (101‘01> + (110|10> + (111|11>.

Many 2-qubit superpositions can also be prepared by two single qubits. Figure 3.2 illustrates such an abstract

example with two 2D spinning-coins. The coins can spin independently, and it is also possible to imagine that
there is some kind of interaction between the two coins when rotating.

3.1 Measurement of 2-Qubits

2-qubit can only be in one state |00), |01), |10), or |[11) when measured or observed [1]. As for the single-qubit, the
probability of the qubit |@) to be in its single state |k) after measurement (M) can be described by the inner product.
For instance, for the state |1) = |01),

Pr(Mlg) = [01) ) = |(01 |)* = |(01 |(@0/00) + a1|OL) + a2]10) + as11)))> = | ay(01 [OL) = |a %

Here, (01/01) = 1 and (01]00) = (01]10) = (01|11) = 0.
If only one qubit is measured in |@), for instance, the second qubit, and it will be in state |1), then the measured
2-qubit will be in superposition with the basis states |01) and |11). The probability of measured 2-qubit equals

Pr = |(01]g)]* + (11 )" = |a|* + | as].



3.1 Measurement of 2-Qubits

2-Qubit |¢) as two 2D spinning coins

<:ZZ::: q ______________ lo)
[Cy) |C2
/O\ - /O\
o] =10 )=1[9] o] =10
_________________ ('°>V'1>)('°>V'1>)
\ [00) VvV [01) vV [10) VvV [11) |
Y
&2 [

a
lo) =q,| =

+ a + a,

Q
w =
Q
(=]
[N
S O RO
[l e )
+
Q
w
:|—|
m O oo

l@) = aol0) + a;]1) + a,|2) + as|4)

(|ao|2 + |a1|2 + |az|2 + |a3|2 =1)

Fig. 3.2 Abstract model: 2-qubit as a linear superposition of four computational basis states 0, 1, 2, and 3.

Then, the measured 2-qubit will be in the superposition calculated as
_ (01 |(p>‘01> + <11 |(p>|11> _ a1|01) + a3|11) _ a1|0) + a3‘1>

1) = Mlg) = e sl - AR ES)
Vial + lal VialP+ laP  lalP + | al

Similarly, we can consider the subspace of superpositions with basis states |00) and |10). The probability that the
first qubit of M|g) is in |0) equals to |ao|* + | a,|* and the measured 2-qubit will be in the superposition

I1). (3.2)

o) = Mig) = 90 10100) + (10)110) _ a0l00) +asf10) _ _aofo) + aslt)
Vial + [aP sl + el el + af

Note that the above measurement could be better defined as an observation. This does not apply to a register in a
classical computer, where one can simply take and change any bit in a memory register at any time. In a quantum
system, the measurement or observation results in a change in the true superposition; it will be lost. The quantum
system is closed, it does not allow itself to be seen completely when observed or interfered with from the outside.
With any interference in its world, the invisible state immediately passes into one of its substates. This is the so-
called phenomenon of destruction, collapse.

10). (3.3)

3.1.1 Projection Operators

The above measurements in Eq. 3.2 can be simplified to better understand what we can observe in a 2-qubit. Let us
assume that a 2-qubit |¢) represents a pair of qubits ) = ao|0) + bo|1) and |w1) = a,|0) + by|1), that is,

lo) = lyo) ® |wy) = apai1]00) + agb1|01) + boa;[10) + boby[11).

17



18 | 3 Understanding of Two Qubit Systems
Then, the observation of the first qubit in k, where k = 0 or 1, will show the new superposition
M|p) = a1k0) + by |k1) = |k)(a1[0) + bi[1)) = [K)|yy).

Here, one sees the second qubit |y ). Measuring the first qubit, the second qubit is observed. Similarly, measur-
ing the second qubit, the first qubit is observed in the post-measurement state |yo)|k).

The measurement of 2-qubit can be described by the projection operator [2]. Measurement of the first qubit in
the 2-qubit in the computational basis can be described by the following orthogonal projections with the matrices:

1 0 0O 0 0 0 O
T T 01 0O d T T 0 0 0O (3.4)
0 00,01 00 0 0 1 10,11 00 1 0
0 0 0 O 0 0 01
Indeed,
1 0 0 O apaq aopar
Tolo) Tolop) 1 0 1 0 0]]aoh 1 | abh
M“/’)\oo,m = = \/<¢| Tolo) - 210 0 0 o | boa - | ao | 0
\/Pr<M‘€0>\oo,01> 0 \/|a0| o
00 0O boby 0
= £(a1/00) + b;[01)) = £[0)[w1), (3.5)
where
1 0 0O apay apaq
- - 01 0 0 Cl()bl - a()bl
(@ | Tolp) = [aoa1 aoby boas bobﬂ = [00(11 aogbh1  boay bobl}
0 0 O b0(11
0 0 0O bob, 0

= |aoar|* + |aohy|* = |ao|*(Jas|* + [b1]*) = |aol*.

Similarly, (@ | T1|g) = |bo|* and

0 0 0 O apay 0
Mg}, = Thlo) Ty 1 |00 0 0ffab| 1 |0
1011 — = — = —
| \/Pr<M\¢)‘ ) V@ Tilo) o |0 0 1 0 | boas | bo | | boay
10,11
0 0 0 1]|bob bob,

= £(@|10) + by[11)) = £ [1)[y,).

After measuring the first qubit, the state will be in the second qubit |y, ). Everything is logical here. The meas-
urement of the first qubit will leave the 2-qubit in the second qubit.
Measurement of the second qubit in the 2-qubit can be described, for instance, by the orthogonal projection

T = Too0 = [1 0 0 0]+ [0 0 1 0]=]00)(00]+ [10)(10].

S O © ©
o = O O
S O O O
S = O O

1
0
0
0

S O O =



3.1 Measurement of 2-Qubits

Indeed,
1 0 0 0] |aom aoa1
M|(ﬂ>\00,1o= Tle) = f|(p> = ! 0000 doby :L 0
Pr(M\ga)mom) V@[ Tly) \/|a1|2 001 0||boa| lail|boa
0 0 0 0] |bob 0
= %(a0l00) + bo[10)) = |y)[0),
where
1 0 0 0] [aa dods
- {00 0 0|]ah o
<(P|T|¢>=[aoa1 aob: by bobl} 00 1 0|]bya :[0001 apby  boay bobl] -
0 0 0 0f]bob 0

= |(10611|2 + |boal\2 = (|a0\2 + |bO|2)|‘11|2 = |a1|2.

After measuring the second qubit, the state will be in the first qubit |y,).

In general, there are four basis states, and a 2-qubit superposition |@) = a,|00) + a;|01) + a,|10) + a;|11) is repre-
sented by a liner combination of these states. This superposition may not be the Kronecker product of two qubits,
that is, it is entangled. We denote this space by V and let V' be a subspace of V, which is defined by one or few of
these states. A projection operator T can then be defined that maps V onto V' in a manner similar to the projections
described above. The operator T is called the orthogonal projection because the basis states of the space V' (as well as
the subspace ') are orthogonal. The construction of such projections is described below in the examples.

Example 3.1 Projection on {|01), | 11)}-Subspace
Let V' is the subspace with basis states [01) and |11). We denote this subspace V' by V; + V. The projection operator
T is described by the matrix which is the sum of ket-bra operations of basis states |01) and |11). In other words,

000 0 0 0

T=Tyn = Loor 1 [0 1 0 0]+ [0 0 0 1]=[01)(01|+ [11)(11].  (3.6)
’ 0000 0 0
000 1 0 1

Indeed, T|p) = Tlao, a1, as, as]’ = [0, a1, 0, as]’ = a,|01) + a;|11). We can also write that
Tlgp) = [01)(01]|¢) + [11)(11||g), or Tlg) = (01])|01) + (11|g)|11) = a;|01) + a5[11).
After normalization, the measured 2-qubit superposition is
Mgy = 19 _ LU + ()11 _ a0y +asf11)
Tl ol + 101 P + JasP

Example 3.2 Projection on {|01), | 10)}-Subspace
Consider the subspace V' = V; + V, with basis states |01), and |10). The projection operator T is described by the
matrix which is the sum of ket-bra operations of these basis states, In other words,

0 0 O

T =101)(01] + |10)(10| =

o O © ©

1 0 0
01 0
0 0 O

19



20| 3 Understanding of Two Qubit Systems

In this case, the projector operator on the 2-qubit superposition |¢) results in the following superposition:
Tlg) = (01]p)|01) + (10]¢)[10) = a1|01) + a2[10).

The measured superposition will be in the state

Mgy = TI0) _ ©OUp)OL + (10)10) _ o) + asf10)
Tl Jioto) + 1000)P il + faal?

Example 3.3 Projection on {|00), | 01), | 10)}-Subspace
Consider the subspace V' =V, + V; + V, with basis states |00), |01), and |10). The projection operator T is described
by the matrix which is the sum of ket-bra operations of these three basis states, In other words,

0 0 O
1 0 0
01 0
0 0 O

T = [00)(00] + [01)(01] + [10)(10] =

S © o =

In this case, the projector operator on |@) results in the following superposition:
T|p) = (00[)|00) + (01|¢)|01) + (10]9)[10) = @0|00) + a1(01) + a,|10).

After normalization, the superposition of measured 2-qubit is

_ Tlp) _ (00]¢)|00) + (01]9)[01) + (10|¢)|10)

T 00 [0) + (010} + (10 lo)P

M|p) : (3.9)

In other words, M|p) = (a0|00) + a;|01) + a2\10>)/\/|a0\2 + o + |az]’.

3.2 Operation of Kronecker Product

The operation @ of the Kronecker product, or the tensor product, from the right, on matrices and vectors, is used
widely in quantum calculations [3]. To illustrate this operation, we consider a 2 X 2 matrix A. The tensor product of
this matrix with another matrix B is defined as the block matrix of twice size,

(3.10)

a a apoB ap1B
A®B:[ 0,0 OJ}@B:{ 0,0 0,1 }

Ao a1 a1 0B a.B

Consider the following example:

1 1 0 0

1 0 1 1 1 -1 0 0
® =

0 -1 1 -1 0 0o -1 -1

0 0 -1 1

In the general case, the Kronecker product of two matrices A = [a; ;] and B of sizes N x M and p X g, respectively,
is defined as the following Np X Mq matrix:

AQ®B = [ai’jB]i:O:N—l,j:0:(M—1)'



3.2 Operation of Kronecker Product

3.2.1 Tensor Product of Single Qubits

The tensor product, or Kronecker product, of two single qubits is a 2-qubit superposition. For qubits |¢;) = a,|0) +
a1|1) and |@,) = by|0) + by|1), the tensor product is defined as

aobo
a b b
o) 2o @lon = | 2] 0] 2] = | 0 . (311)
31 bl a1b0
a1b1

or |(p1,§02> = a0b0\00> + a0b1|01> + a1b0|10> + a1b1|11>.

Consider the following examples:

0 0
1 0 1 0 1 0
01) = 0)®|1) = ® = , [10) =]1) ®|0) = ® =
on=l0em=|;lel’|=|1| w=men=|]|e| |-
0 0
In the computational basis states {|00), [01), [10), |11)} = {|0), |1), |2), |3)}, the above two ket-vectors can be writ-

ten as |1) and |2), respectively.

Consider the following examples of tensor product:

If |n) is the computational basis state in the space of 7 qubits, where N = 2', then |1) ® |n) = |n + N) in the space
of (r+ 1) qubits.

1) The tensor products of the basis state |n) with states of 2-qubits are
|n,00) = |4n), |n,01) = |[4n + 1), |n,10) = |4n + 2),and |n, 11) = |4n + 3).

2) In the general case, when |n) is the basis state in the space of r qubits and |m) is the basis state in the space of s
qubits, then

n)®m) =12°n+m), m=0,1,..,2°—1. (3.12)
Note that

1) |0) ®|1) #|1) ® |0), that is, the operation of the tensor product is not commutative.

2) There are many 2-qubits that cannot be written as a tensor product of single qubits. Such quantum superposi-
tions are called entangled. This is a phenomenon of interdependence that is observed in quantum systems. For
example, in a pair of photons, the helicity of one photon will be the opposite of the helicity of the other photon
when measured.

For instance, the following four superpositions (known as Bell states) are entangled

rmﬁ%mmm»mwwﬁ%Mﬂm. (3.13)

In general, let us assume that a 2-qubit |¢) = a|0) + b|1) + c|0) + d|1) is the tensor product of qubits |¢;) =
a0|0) + a;|1) and |@,) = by|0) + by|1). Thus, in the matrix form, we have

a aobo
_|b| _ _ | ] [bo } _ | aohy

= = p.0,) = ® =
o= |8 =l = |2 o] 2] = [ “b
d albl
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Then, a = apby, b = agh;, ¢ =a;by, and d = a;,b;. The following ratios are correct: ¢c/a = d/b, or bc = ad. For
instance, for the 2-qubit with amplitudes [1,2, 3, 6]/ /50, this condition holds, 2 x 3 = 1 x 6 and therefore
) = [0) +2]1) + 3]2) + 6[3) _ |0) + 3]1) _ |0) +2|1)
¢ /30 V10 N

In vector form, this operation can be written as

(el

For the 2-qubit with amplitudes [1, 2, 3,4]/ /30, the required condition does not hold, 2 X 3 # 1 x 4. There-
fore, the 2-qubit |p) = (|0) + 2|1) + 3|2) + 4/1))/1/30 is entangled. The same is for the above Bell states. For
instance, for the superposition |;) = (|0) + 0|1) + 0[2) + |3))/+/2, we have 0 X 0 # 1 x 1. For the Hadamard
state of 2-qubit |gg) = (|0) + |1) + |2) + |1))/2, the required condition holds, 1 X 1 =1 x 1 and this 2-qubit is not
entangled,

A W N

o) = 0+ 1) +12)+3) _ 100+ 1) o10) +[1)

2 V2 V2
The 2-qubits (|0) + |1) — |2) + |1))/2 and (|0) — |1) + |2) + |1))/2 are entangled.
If the condition bc = ad holds for the 2-qubit with positive amplitudes, then the single qubits |¢,) and |¢,) can
be found as follows:

|p1) = cosd|0) + sind;|1) and |p,) = cosI;|0) + sin,|1)

where 9, = atan c/a and 8, = atan b/a, if a # 0. If a = 0, then b or c equals zero and this case should be con-
sidered separately. In the case with negative amplitudes in 2-qubit |@), for instance, a < 0, the angle of the first
qubit is considered as 9; + z. For example, the 2-qubit

) = —10)=3[1) +2[2) +6[3) _ [0)=2[1) o, —0)=3[1) _ —10) +2[1) ., [0) +3[1)
V50 V5 V10 V5 vio

The tensor product is not a multiplication of qubits, or 2-qubits, or quantum superpositions. It extends the
dimension of superpositions. For instance, as follows from Eq. 3.11, the tensor product of two single qubits
is a 2-qubit. The tensor product is not a quantum gate on qubits. In other words, this operation cannot be
described by a matrix, not to mention the unitary matrix.

3.3 Operation of Kronecker Sum

Kronecker sum (or direct sum) of matrices A and B is defined as the block diagonal matrix

A®B= A0 (3.14)
“lo BJ '
For example, we consider the controlled-phase gate with matrix representation
1 0 0 O
I 0 01 00 1 0
C=I®S= = , S= | (3.15)
0 S 0 0 1 0 0 i
0 0 0 i

The symbol € will also be used as XOR for addition modulo 2 of numbers, x @ y, when x, y = 0, or 1.



3.3.1 Properties on Matrices

1) (ABY = B'A’, where X', or X7, denotes the transpose of a matrix X.
2) ABB#B®A,ifA+#B.
3) ARB£B®A, ifA+£B,

(A+C)®B=A®B+ C®B,

k(A2 B) = kA®B=A®kB, kisaconstrant # 0,
AR (BaC)=(A®B) @ (ARC),
(A®B)®C=A®(B®C)
(BOC)®A=(BRA)® (CRA),

(A©B)(CoD) = (AC) @ (BD) = [AOC Bu,

(A®B)(C®D) = (AC) ® (BD).

4) (A®B '=A"'®B 'and A®BY =A'®B,
(AeB) '=A"'@B7,
(AB)"'=B7lA" L.

5) For vectorsv,,n =0:N—1,and w,,, m = 0:N—1,

N-1M-1

2 D dum(vn @) = Ye Zaanm
n=0m= n=0
and
N-1 M-1 N-1M-1
(z) . (z ) =33 abanown)
n=20 m=0 n=0m=0
For tensor product of two superpositions
N-1 M-1 —1M-—
lp), ® o), = Zan|n>® Z bnm) = Z Z nbm|n)[m),
n=0 m=0 = =
and for two operations with N X N and M X M matrices U; and U,, respectively,
N-1M-1
(V1@ U2)(l0), @ |0),) = (Urlo)y) @ (Ualg),) = Y > anbm(Usr|n))(Uz|m)).

n=0m=0

3.3.2 Orthogonality of Matrices

Let A be the N X N matrix, A = [@pmlnm = 0:N—1-

1) The conjugate matrix A* = [@yn],, = oy IS @ complex conjugate transpose matrix
called the Hermitian adjoint of A. If the A matrix is real, then A™ is transpose matrix, A*

3.3 Operation of Kronecker Sum

(3.16)

(3.17)

of A. The matrix A is also

T __
=A [amn]nm 0:N—1-
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24| 3 Understanding of Two Qubit Systems

2) The matrix is unitary, if AA* = Iy, where I is the identity N X N matrix.
The inverse matrix A~" coincides with the conjugate A*.
Orthogonality of rows and columns takes place [3]:

= Nl 1, if n=m,
g QA lmi = g Akmbiem = Snm = nm=0:(N-1).
k=0 k=0

0, otherwise,

Example 3.4 4 X4 Matrix
The unitary matrix of the 4-point discrete Fourier transform is

1 1 1 1

1(1 —-i -1 i
A= - , det(4) = —i.

211 -1 1 -1

1 i -1 =i

If we consider the second and fourth rows, then

S sty = 11 —il=1) = 1(=1) + i(i] =0.
k=0

3) The real unitary matrix A is called orthogonal. The inverse A" coincides with the transpose matrix A”.

3.4 Permutations

Permutations are important elements (gates) in quantum computation. A permutation (P) of a set of elements is a
rearrangement of elements. For example, the order of six elements can be changed as P: (0,1, 2, 3,4, 5) — (2,4, 3,0,
1, 5). We will use Cauchy’s 2-line notations and cycle notations. For the permutation in this example, we can write

(012345
“\ 243015

> or P=1(0,23)(1,4).

Each permutation is described by an orthogonal matrix with only one coefficient of 1 on each column and row.

For the above permutation, this matrix is

P = P(023,14) = P(ozs) P(14) =

SO O = O O O
SO =B O O O O
= O O O O O
S =B O O O O
S O B O O O

S © ©O © O©
o O O = O O
S © ©O © +~ O

S O O = O O
SO O O O += O
S O O O O

= O O O O

and detP = — 1. The permutation is orthogonal, PP’ = I,.

Many quantum circuits involve permutations. Permutations are usually accompanied by many +90° degree

rotations along with CNOT operations.

S O O = O

SO =B O O O O

S O B O O O

S © O O O =

S © ©O ©O ~= O

= O O O O O




3.4 Permutations

3.4.1 Elementary Operations on 2-Qubits

With each additional qubit, the number of operations and gates on the quantum superposition increases, as well as
their complexity [2]. In this section, we will try to describe elementary operations of 2-quit superpositions with
examples. We need to understand them well, since it is difficult to imagine a quantum circuit in signal and image
processing without such similar operations.

Operators on a 2-qubit superposition |¢) present themselves 4 X 4 unitary matrices U applied to column vector
q = (ao, a1, a,, az) composed by the amplitudes of this superposition. The list of known unitary matrices on 2-
qubits includes the following:

1) Permutation of the last two amplitudes a, and as, which is called Controlled-NOT, or CNOT,

1 000
01 00 e
CNOTZI@X: . (318)
00 0 1
0010 g 11X

The first qubit (on the line with ullet) is called the control qubit and the second qubit (lower) is the target
qubit. This gate changes 2-qubit states as (00, 01, 10, 11) — (00, 01, 11, 10), that is, it flips the target qubit. On
basis states |@,) and |@,) € {0, 1}, the mapping of this gate can be written as |@1, @2) — |@1, @1 D @2).

Comments on Line Drawing in Quantum Circuits: Consider the example with two lines and 4 x 4 gate U,
which is shown in Fig. 3.3 in part (a). The input to this gate is the 2-qubit superposition equal to the tensor product
@) = | 1) ® | @2) of qubits 1) = a; |0) + by |1) and |@,) = a,|1) + b, | 1). The general case of the input being
2-qubit superposition |@) is shown in part (b). In this case, |¢) need not be the tensor product of two qubits.
The same is for the output |¢). When qubits |¢,) and |¢,) are not specified in the first diagram, we consider these
two drawings to be equal.

As an example, we consider the C-NOT gate as U, on the tensor product of two qubits. The input is

l@) = [@1) ® [@;) = (a1]0) + b1[1)) ® (a2|0) + b2[1)) = a1a,|00) + a1b,[01) + b1az|10) + by1by[11).

The output of the gate can be written in the matrix form as

1 0 0 O a1a; aa;
01 0 Of|ab, ab,
= = = a,a,|00) + a;1b,|01) + b1b,|10) + bya,|11
| &) 00 0 1|]|ba bb, 1a2|00) + a1b2|01) + b1b2[10) + bya,[11)
0 0 1 0] [bib, bia,
= (11| O>(a2‘0> + b2|1>) + b1| 1>(b2|0> + (12|1>).
———— ————
2) lpy) or#|p,)
lo1) 2 2
! U4 U4-
l@2)
l¢) [) o) [)
(@) (®)

Fig. 3.3 The circuit (a) with two qubits and (b) with a 2-qubit superposition.
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26 | 3 Understanding of Two Qubit Systems

[0) [0) |1) [1) |0) |0) |1) |1)

¢ — — —

D G G I D G

|0) |0) |0) [1) |1) |1) 1) [0)
(a) (b) (c) (d)

Fig. 3.4 The CNOT gate with basis state inputs.

In the case, when b, = +a,, that is, when the second qubit is in one of the Hadamard states, then the output
is the tensor product of two qubits,

9 =@l + by (D) = 1aye 10 (b =a,

and

9= @lo-eie (Z) <zl pile [ 6= -a

Note that for the second qubit being the basis states, |@,) = | 0) and |1), we obtain two entangled superpositions
Cnor([91)[0)) = a1]00) + by[11), Cnor(l1)[1)) = a1[01) + by[10).

When |p;) = | 0) and 1), the outputs are shown in Fig. 3.4. Parts (a) and (b) illustrate the copying of both basis
states |0) and |1), when the second input is |0).

2) SWAP, or the permutation of amplitudes a, and a, in the vector (ao, a;, a,, as),

1 0 0 O
po_p. |00 10 —— (3.19)
Y= =00 1 0 of ‘
0 0 01 T
3) The controlled-phase gate
1 0 0O
I 0 01 00
cS=1®S= = (3.20)
0 S 0 010 S
0 0 0 i

4) The controlled-phase shift gate

CP=1®P(¢) = [f) P(Oqﬁ)} )

1 (3.21)

S O O =
S O = O
S = O O



3.4 Permutations

Also, CP|11) = ¢'?|11). For other three states |0), |1), and |2), the phase shift gates on the basis states |n) — ¢'/|n)
can be described as follows:

é? 0 0 071 1 0 0 070
A 0 1 0 0[]0 . 0 ¢ 0 0|1
€10y = (P, ©I)|0) = ,eld’l:P DI)1) = s
0) = (P ©1)0) o o0 1 ollo 1) = (P(¢) ©1)|1) 0 1 ollo
Lo 0 0 1]1L0] 0 o 1/1lo
10 07707
. 01 o|]o
é’2) = (IaP,)|2) = . ,
2)={TePy)2 = o o ol ¢
0 o 0 1]]|0]
5) The controlled-Z gate (CSIGN)
100 O
I 0 010 0 —T— ——
CZ=I18Z= [ ] = - (3.22)
0 Z 0 0 1 7
000 -1

This gate can be used to obtain a CNOT gate. Indeed, considering that

=[S 2 2= [0=x

we obtain

——

1]
—®

I 0 [1 o
[0 ZRy(—ﬂ)}_{O X]' o — Ry(-m HH z —

6) The general controlled-U gate for a given 2 X 2 unitary matrix U

1
I 0
CU=I®U-= = 1 .
@ [0 U} .

This gate applies the unitary transform U on the second (target) qubit if only the first (control) qubit is |1). There-
fore, the gate can be called the 1-controlled-U gate and denoted as C;U. Considering the transform matrix

Uoo U
U=U,= [ 00 0,1}

Uio U1

the controlled gate C;U can be described as shown in Table 3.1. The numbering of qubits, or bit planes, from the
left. The first qubit is the control qubit and the second one is the target qubit.
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28| 3 Understanding of Two Qubit Systems

Table 3.1 Controlled gate, or 1-controlled gate, with 2 x 2 transform U,.

k low) 1% bit 2" pit CU, | @) Gate

0 |0, 0) 0 0 0, 0) 10

1 0, 1) 0 1 0, 1) 01

2 |1, 0) 1 0 1, Ux(0)) = tig0/10) + 1y 0| 11) 0 0 ugy Upy

3 1, 1) 1 1 11, U(1)) = up4|10) +uy | 11) 0 0 uyp U,
Basis state Control Target Result 4 X 4 matrix

Table 3.2 The O-Controlled gate with the 2 x 2 transform U,.

k @) 1% bit 2" pit Cols | @) Gate

0 |0, 0) 0 0 |0, U(0)) = t,0|00) + uy 0 | O1) Uoo Uy O O

1 |0, 1) 0 1 |0, Ux(1)) = up,1]00) + uy ; | 01) Ug Uy 0 O

2 1, 0) 1 0 1, 0) 0 0 10

3 1, 1) 1 1 1, 1) 0 0 01
Basis state Control Target Result 4 X 4 matrix

Usually the controlled gates are drawn in small circles on the diagrams. Gates with 1-control bits are indicated by
one or more filled circles. For 0-controlled gates, unfilled circles are used.

7) The general 0-controlled-U gate for a given 2 X 2 unitary matrix U

o 1)

U
CoU=U®I= = 1 .
wever=[y g=

Table 3.2 illustrates the calculation of this gate.
The gate applies the unitary transform U on the first qubit if only the first qubit is |0). For example,

o The 0-controlled-Z gate

1 0 0 O
Z 0 0 -1 0 O -
C()Z =Z D 1= =
0 I 0 010 -
Z
0 0 01
e The O-controlled-X gate
01 0O
X 0 1 0 0O -
CoX =Xl = = )
0 I 0 010 -
X
0 0 01
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o The 0-controlled-W gate, or 0-controlled Givens rotation gate,

cosd —sind 0 O
W 0 sin 9 cosd 0 O o
CoW=We&lI= = .
0 I 0 0 1 0 -
w
0 0 0 1

It is clear that the 1-controlled-U gate can be obtained from the 0-controlled-U, and vice versa. Indeed, let us
consider the permutation (02)(13) with the following symmetric matrix and symbol (of sort):

0 010

0 0 O

1 0 0 O p ~
1

01 0 O

Then, for a 2 X 2 unitary matrix U = [a, b; ¢, d], we obtain the following:

0 01 O 1 0 0 O 0 01 O a b 0 0
0 0 0 1 01 0 O OOOl_CdOO
1 0 0 O 0 0 a b 100 0| |00 10
01 0 O 0 0 ¢ d 01 0 O 0 0 0 1
and since P*> = I,
0010laboofl0010 1000
0 0 0 1le d 0 0/0 0 O 1 01 0 O
1 000[{0010[1 000 |00 ahb
010000010100 00 ¢ d
Thus,

CU=1aU=P(U&I)P=P(CoU)P and CoU = P(C,U)P.

The circuit elements of these controlled gates are shown in Fig. 3.5.
For instance, for the rotation gates of W(9),

cosd —sind 0 O 0 01 071 O 0 0 0 010
sin 9 cosd 0 O 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 0 - 1 0 0 O 0 0 cosd —sind 1 0 0 O
0 0 01 01 0 O 0 0 sind cosd 01 0 O

—o— b b
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—T—~—X—T—X— —T_N_XTX_

— U — U Uu — U

Fig. 3.5 Circuits for the controlled gates.

Example 3.5 Gate with Two Rotations
Consider the following 2-qubit gate with two rotations by angle -8 and 9, when 9 € (0, ):

cosd sin 9 0 0
—sind cosd 0 0
B=W(-9)ow)= 0 0 cosd —sind
0 0 sin & cos &

The matrix W(—9) can be calculated by W(9) as

We0=|_mo emsl Lo 1llsms emsllo 1] =2 o)
Therefore, we can write
N W | B

The corresponding circuit for the gate B is shown in Fig. 3.6. It includes one local gate of rotation and two 0-
controlled Pauli Z gates. This gate can also be written as B = Co(W(—98))C(W(9)).

8) The permutation of two qubits {|¢;),|@2)} — {|@2),|@1)} is described by the above permutation P = (0, 2)(1, 3):
{0123} — {2301}. The following composition holds for the permutation matrix:

00 1 0 1 0 0 O 0 010
01 0O 0 0 01 0 0 01
Py ,=P= = , detP;_,, =1. (3‘25)
1 0 0 O 0 01 O 1 0 0 O
0 0 01 01 0O 01 0O
9) The 4-point Walsh-Hadamard transform
1 1 1 1
H H 111 -1 1 -1
T T H4=H®2:H®H=[H H}ZE A, , detH, = 1.
—zHwolHz - .

Fig. 3.6 The circuit of the B gate. (3.26)
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Example 3.6 2-Qubit State Preparation
Consider the transform of the state |00),

1 1 1 1 1 1
1|1 -1 1 -1 0 1(1 00) + |01) + |10) + |11
1 _1 _ 00) +01) + J10) + [11) (3.27)
211 1 -1 -1 0 1 2
1 -1 -1 1 0 1
1
Thus, H4|00) = 5(|0> + (1) + [2) + [3)).
10) The 4-point A,-based Hadamard gate
1 -1 -1 -1
A, —-A 1|1 1 -1
A4=A§‘2:A2®A2=[ 2 2}:— , detA, =1.
A, A, 1 -1 1 -1
1 1 1 1
11) The 4-point paired transform [4] with the unitary matrix
V2. 0 -2 0
1/ 0 V2 0 —V2
/ /
Yo = = R det =1. 3.28
T2 1 - 1 -1 A4 (3.28)
1 1 1 1

One can note that

(1 0 o ]
01 0 0 10 -1
—lo o 1 1 « 1 ]0 1 0 -
4= V2 V2|0 V2|1 oo 0
1 1
0 1 0
0 0 — S ——
L V2 V2]
and
1 0 -—
1 0 1 0o -1 1 [1 —1}@{1 0}—A®I
V29It 0o 1 o Vv2l1 1 o 1] T
0 1 0 )
Qbitl —— 4, 4T7
Therefore, we can write the 4-point paired transform as Qbit 2 2
2
K= (LOA) (A1) (3.29)

Fig. 3.7 The 4-point paired transform
and consider the quantum circuit shown in Fig. 3.7. gate circuit.

31



32| 3 Understanding of Two Qubit Systems

Example 3.7 Transformation of Two Basis States
The paired transforms of the states |00) and |01) are calculated as follows:

V2 0 —v2 0 ][17 V2
e I | W R I
211 -1 1 -1 /10 2|1 V2
L1 1 1 1 Lol L1
V2 0 —=v2 0 707 T 0
/ 110 \/E 0 —\/E 1 1 \/Z 1
14101) = 5 T 1 1 1 llol T2l 21 :7§|01>
L1 1 1 1 Jlo] 1

[10) + |11)
2

|10) —|11)
-2

: (3.30)

(3.31)

In Fig. 3.7, an example of a local unitary operation on the first qubit is shown. Let us consider three such local

gates with 2-point unitary transforms U, and V,, which are shown in Fig. 3.8.

1) The 2-qubit operation shown in part (a) of Fig. 3.8 describes the unitary operation with the matrix

a b a b
A:U2®12: , U2: c d

(3.32)

2) The 2-qubit operation shown in part (b) describes the unitary operation with the matrix

v vy

vV V. v v
A=L®Vy,=| > =V, aV,, sz{l 2}

V1 VvV, V3 Vg

V3 V4

(3.33)

3) The 2-qubit operation shown in part (c) describes the sequential execution of U, and V, operations. As a result,

we obtain the unitary operation with the matrix

a b R av;  av,
a b|l|vs vy avs  avy
A= (U L)(I,®V;,) = =
c d R v Cyy
c d V3 Wy V3 Cly

bv,
by,
dv,
dv,

(3.34)

Due to the property of the Kronecker product, this matrix is equal to A = (U, @ L,V,) = U, ® V.

Qbit 1 Qbit I —

Qbit 1 U,

U,

Qbit 2 Qbit 2

Qbit 2 v,

@U,;®I, b LYV,

©U,QV,

Fig. 3.8 Local gates that operates on (a) the first qubit, (b) the second qubit, and (c) on two qubits.
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However, the Kronecker product is not commutative operation, the order of U, and V, operations is important,
when V, # U,. In the figure, the gate U, is shown to the left of gate V>, as if it were the first to be executed. There-
fore, we assume that the gate on the first qubit is executed first, and then the gate on the second qubit is executed.

Example 3.8 Hadamard Transform Local Gates
Consider three circuits shown in Fig. 3.9 with local gates H, and A,.

1) The parallel operation of the Hadamard gates H, has the matrix of the 4-point discrete Walsh-Hadamard trans-
form H,. Indeed, this matrix is calculated by

1 1 1 1
H®H_1[1 1}@1{1 1]_11—1 1 -1
ERT AL -1 Vel -1 2t 1 -1 -1
1 -1 -1 1

When the input is |01), that is, two qubits in circuit in part (a) are |0) and |1), the output of the gate H, equals to
3

Z (3.35)

2) The parallel operation of the gates A, and H, h he Hadamard matrix calculated by

Ha(Jo1)) = %(|00> —J01) + [10) — [11))

N\P—‘

1 1 -1 -1
A®H_1{1 —1}@1[1 1]_11—1 -1 1
ET Al 1T vl -1 T2 1 11
1 -1 1 -1

When the input is |00), the output of this gate equals to

(A2 @ H,)(|00)) = %(l00> +(01) - [10) —[11)).

3) The parallel operation of the gates A, has another Hadamard matrix calculated by

1 -1 -1 1
moa o L[L S LU S 1 1 -1 -
ERT AL 1 TVl 1) 21t -1 1 -1
1 1 1 1

Here, the inputs |00) and |11) result in the following superpositions:

(A2 ©A45)(]00)) = - (]00) —[01) —[10) + [11)),

N =

Qbitl — H, Qbitl — A, —— Qbit1 —| A4,

Qbit2 — | H, — Qbit2 — | H, Qbit2 — | A, —

(a) (b) (©

Fig. 3.9 Three local gates on the second qubit.
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R

A Qbit 1

Qbit 1

B CE

Qbit 2 v, Qbit 2

(@ (b)
Fig. 3.10 Two circuits with one local gate and one controlled gate.

Zlk

(A2 ®A5)(|]11)) = =(]00) + |01) + |10) + |11))

N =

It can be seen that these three Hadamard matrices are equivalent up to row permutations.

Now we consider two quantum circuits shown in Fig. 3.10.
The 2 X 2 unitary matrices in the circuit in part (a) are

0
u
! (3.36)
ViUs3
V3U3
(3.37)

Ug Uu Vo V
U2 = l: 0 1:| and Vz = [ 0 ! :| .
U Uus V2 V3
The 4 X 4 unitary matrix with local gate U, and controlled gate V; is calculated by
1 Up 0 u; 0 Up 0 u;
A= 1 0 Up 0 u; _ 0 Up 0
- Vo V1 Uy 0 us 0 B VoUy VilUp VolUsz
Vy V3 0 Uy 0 Us VU ViU VU3
In the case, when V, = X, we obtain
1 Up 0 u; Ug 0 u; 0]
A= 1 0 Up 0 u; _ 0 U 0 u,
Bl 0 1||uy, 0 us 0| |0 u, 0 us
1 0 0 U 0 Us U 0 Us 0 B

The application of this matrix on 4 basis states |00), | 01), | 10), and |11) result in the following 2-qubits:

1 Ug 0 0 07
0 0 1 Uo
:A = . :A = ) :A
|@00) 0 0 |@o1) 0 Uy |@10) 1
0 U, 0 0 0]

which are four untangled 2-qubits
|@o1) = Uo|01) + u>|10),
|@11) = u1|01) + u3|10).

|@o0) = Uo|00) + u,[11),
|p10) = u1|00) + us|11),

u; 0 0
0 u;
= R =A = s
0 lo11) 0 s
Us 1 0

(3.38)
(3.39)

The circuit in part (b) in Fig. 3.10 is a particular case of the first circuit, when U, is the Hadamard matrix H, and

V, is the Pauli NOT matrix X. The corresponding matrix A equals to

1 10 1 0 10
1 /01 o0 1 1]0 1

A= X — = —
01 V211 0 -1 of 2|0 1
1 0 1 0 -1 10
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The corresponding four untangled 2-qubits are the following:

Qbit 1 H,
1 1 cX
| P00) = ﬁ(\00> +11), o) = 7§(|01> + [10)), Qbit 2
1 1 Fig. 3.11 The circuit reversed to the
l¢10) = E(‘Om —|11)), | p11) = 75(‘0” —[10)). circuit in Fig. 3.10b.

These are the known Bell states.
Note that the transpose matrix is calculated by

10 1 071 10 0 1
A’:i0101 1 _1401 1 0
211 0 -1 o0 0 1 V2|1 0 0 —-11°
01 0 -1 10 01 - 0

or A’ = (H, ® I,)(CX). This matrix describes the circuit shown in Fig. 3.11.
We also consider two quantum circuits shown in Fig. 3.12. The 2-qubit operation shown in part (a) of this figure
describes the unitary operation with the matrix

A(U) = : Uzzr b]. (3.40)

c d

S O O

x| (3.41)

.

The 2-qubit operation shown in part (b) describes the product of the matrices of permutations (2, 3) and (1, 3),

o = O O
o O = O

100 07[1 00 0][1 00 0 1000
lo10o0||looo1|lo1 0ol |oo1o0
EnvorPasCror =106 6 1110 0 1 oflo 0 0 1| |o 1 0 of
001 0]/lo10o0floo1o0 000 1

Qbitl  — Uy |— Qbit 1 f X T
Qbit 2 A; Qbit2 —| X

(a) (b)

*—|
S
|

Fig. 3.12 Two circuits.
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that is, it is the matrix of the SWAP gate, or the permutation (1, 2). If a 2-qubit superposition |¢) is not entangled,
this operation swaps two qubits. Indeed, for qubits |@po) = ao|0) + by | 1) and |@1) = a;1]0) + by | 1), the tensor prod-
uct [¢) = | @o, ¢1) is mapping to |go, ¢1),

aoay 1 0 0O aoay Aoy
Cl()bl 00 10 Cl()bl b0a1
@)= |@0)®@ | 91) = 1010 0 = = o) ® [ @)
boa; boa, agby
bob; 0 0 0 11 boby bob;
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4

Multi-qubit Superpositions and Operations

This section describes the general case of working with qubits, the number of which can exceed two. Namely, we
consider the multi-qubit superpositions. Each such superposition possibly describes some physical system of par-
ticles that can only be observed in a fixed number of states [1, 2]. Similar to 2-qubit superpositions, when the num-
ber of such independent states is 4. The theory and application of multi-qubit superpositions are key to the
development of quantum computing and image processing. This section also introduces important qubit gates
such as Toffoli and Fredkin, demonstrating how classical logic functions can be implemented in quantum circuits.
The section details elementary operations in multi-qubit systems, starting with three-qubit operations using local
gates and control bits.

Consider integer N = 2', r > 2, and the computational basis states {|0), [1), |2), ..., [N — 1)}. The numbers in states
are considered in binary representation. For example, if N = 16, the basis state |7) is written as |0111). The multiple
or r-qubit quantum superposition is written as

lp) = aol0) + a1]|1) + az|2) + as|3) + - + ay—1|N —1). (4.1)

Each amplitude ay, k € [0, N — 1], defines the probability p; = |a,|> of measurement (or observing) the r-qubit to
be in the state |k). Therefore, |ao|* + |ay|* + ... + |ax—1)* = 1. The superposition with additional global phase ¢|¢),
where 6 is an angle, is considered physically indistinguishable.

Several qubits make up a quantum system register, just like in a classical computer [3]. The information is stored
in binary form. In such a register, each qubit is in a superposition of |0) and |1). The quantum registers for r-qubits
contain all possible combinations of states of qubits, or bits 0 and 1. The state |¢) of the register is the vector pre-
senting the tensor product of its constituent qubits. For instance, the above basis state |7), or |0111), will be written
in the quantum register as the following string of quantum bits:

0111) = [0)]1)[1)[1) = [(1)] ® [(1)] ® [ﬂ ® {H = [0000 0001 0000 0000]".
The example of the quantum register for 4 qubits is shown in Table 4.1. This is the logical array of 4 qubits with all
possible 16 states |@;) written in the natural order, as |@,) = | k). Each state |¢y) is a bit-string state, which is called
the conventional state. All 16 states compose the basis B, = {|k), k = 0 : 15} for 4 qubits to be in the superposition in
Eq. 4.1 (for N = 2* = 16).
When reading the register, its state |¢) is considered to be the tensor product of 4 qubits, that is,

lp) = aol0) + a1]1) + az|2) + as[3) + - + a15/15) = |qy) @ |q;) ®1q,4) @ [q3)-

Here, the amplitudes a, k = 0 : 15, are defined by the amplitudes of the 4 qubits. Thus, the readouts of the register
are only in entangled superpositions. A quantum operation is performed on all 16 basis states simultaneously,
unlike in a classical computer where only one state or bit-string, for instance (0010), is read from its register.

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Table 4.1 Model of the 4-qubit quantum register.

Qubits States |@y), k = 0:15, in the register

oy 1 2 B 4 5 (6 7 8B 9 [0 [1)  [2)  [13)  [14) [15)

|q0) 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1
|q1) 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
|q2) 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
|q3) 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
Amplitudes ay, k = 0:15, of the states
4 ap laz as Qs as Qe as as Qg Ao an aiz a3 A4 ais

It should be also noted that a common initial register state for many circuits is the zero state |0)*", or the state
|0)** = | 0000) for this register. It will be shown in Section 6.1.2 that any r-qubit superposition can be prepared
from this zero state.

4.1 Elementary Operations on Multi-qubits

Let us describe the main operations on multi-qubit superpositions. The operations of the sum and tensor product of
r-qubits are similar to the operations for 2-qubits. Many other operators are described by N X N unitary matrices
U on amplitudes of the r-qubit superpositions. These amplitudes together are considered as a unit norm vector
(ag, ay, ..., ay_ 1) in the real or complex space, which is called a Hilbert space. The Hilbert space is liner, as
the Euclidean vector space. In such a space, the sum of any two elements is also an element of the space. Since
we work only with unit vectors, the set of such vectors does not describe a linear space. Therefore, in our work, we
will not use the term and concept of Hilbert space. In this section, we describe several local and control gates on 3-
qubits and then we consider the known permutations, Toffoli and Fredkin gates, which are universal logic gates for
classical computation.

4.2 3-Qubit Operations with Local Gates

First, we consider a few local gates on 3-qubits, which are shown in Fig. 4.1.
The gates in this figure are described as follows.

Qbitl — y, |—
Q2 — y, u, v,
Qbit 3 — v,

@ Uy @1y O LU, I © L, ®U, @ L& WU2) ® 1L

Fig. 4.1 3-Qubit local gates of operations applied (a) on the first qubit, (b) on the second qubit, (c) on the third qubit, and (d) the
gate of two operations applied on the second qubit.
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a) The 3-qubit operation in part (a) has the unitary matrix

- b -
a b
a b
A=U,®l = {al“ bl“} = ¢ “lu, = [a b}. (4.2)
cy dl, c d c d
c d
c d
L c dl
b) The 3-qubit operation in part (b) has the unitary matrix
" b -
a b
c d
c d
A=6LU,L =(U,0U,)1, = a b . (4.3)
a b
c d
L c dl
¢) The 3-qubit operation in part (c) has the unitary matrix
‘a b -
c d
a b
c d
A=LeU,=U,8U, 06U, ® U, = . . (4.4)
c d
a b
L d]
d) The 3-qubit operation in part (d) has the unitary matrix
st 5 _
1 Sy
53 S4
A=La(UV)eL = (UV,eUVo)eL=| UV, = [S1 Sﬂ.
51 Sy S3 S4
51 S
S3 S4
L $3 Sa |
(4.5)

Figures 4.2 and 4.3 show a few gates that are composed of two and three local gates on different qubits.
As examples, we consider two operations shown in Fig. 4.4.
The gates in this figure are described as follows.
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Qbit1 — g, — U, — — v, —
S — S — U, — v, —
Qbit 3 v, — v, —r,

@ U, 0V, Q1> G U,RQLQV, ©LOU, QN D UQV,QT

Fig. 4.2 Qubit local gates of two operations applied (a) on the first and second qubits, (b) on the second and third qubits,
(c) on the second and third qubits, and (d) 3-qubit gates of three operations applied to different qubits.

Qbit1 —] — — — — —V,
Uy U,
Qbit2 — - — — — - —] —
U, U,
Qbit 3 — — V, — -
@U, @I b LU, U, QV, @V, ® U,
Fig. 4.3 (a) 3-Qubit operations with local 2-qubit and 1-qubit gates, U, and V,, when (a) U4 applied to the first and

second qubits, (b) U4 applied to the second and third qubits, and U, and V; applied respectively (c) to the first two qubits

and last qubit and (d) to the last two qubits and first qubit.

Qbit 1 — W) [—

Qbit2  — H, S —
H4

Qbit3 — W(p) — —

(@, ® H, @ W(p) (b) W(p) ® Hy

Fig. 4.4 3-Qubit operations with (a) Hadamard gate H, applied to the second qubit and rotation gate W(¢) applied to the
third qubit and (b) rotation gate W(¢) applied to the first qubit and Hadamard gate H, applied to the last two qubits.

a) Denote ¢ = cos(¢p) and s = sin(g). Then, the 3-qubit operation in part (a) has the unitary matrix

A=(LRH;)®@W(p) = (Hy®Hy)® K

f[c —s c -
s c N c
c —s —c¢ s
-5 N c —-s -—c

C c - c -5
S C S C
c - —=cC S
S c -8 c
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b) The 3-qubit operation in part (b) has the unitary matrix

[c c c c —s =8 —s =5
c —-c c —c¢c -5S s —s s
c c —¢c —c¢c —S§S -—S N S
c —c¢c -—-c¢ c -5 s s —s
A=W(¢)®H4=[ }®H4—*
N s N s c c c c
s —s s —s c —-c c —c
N s —s -5 c c —c¢ -—-c¢
LS —s —s§ N c —c -—c¢ c

4.3 3-Qubit Operations with Control Bits

A few 3-qubit gates with one control bits are shown in Fig. 4.5 and also given the symbolic designation of the gates.
We will consider all these operations.
To describe the gates in this figure, we consider the unitary matrix

U = [a b]
T le d
and all 8-bit planes (BP), which will be shown with control bits.
In part (a), we have the gate with the following 8 X 8 matrix:

! T [0 0 07
1 0 0 1
1 010
B B B 1 01 1
(1, =,U) =L1oU,d U, =1d(LoU,) = 4 b ,BP = Lo o
d 1 01
a b 1 1 0
L d | 1 1 1]
Qbit] ———— —T— U, U, [

Qbit 2 Ung;Uzgli
Qbit3 — U b — | U, — l Y S

(@) (1,—-,Uz) ®) (L,Uz,-)  (© (=2,Up) (d) (= Uz,3) () (Uz,2,—) (D (U2,-.3)

Fig. 4.5 Six 3-qubit operations with control qubits. The operations U, with the first control qubit is applied to (a) the third qubit
and (b) the second qubit. U, with the second control qubit is applied to (c) the third qubit and (e) the first qubit. U, with the last
control qubit is applied to (d) the second qubit and (f) the first qubit.
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In part (b), we have the gate with the following 8 X 8 matrix:
1 -

(17U27_):I4@(U2®12): ’BP

In part (c), we have the gate with the following 8 X 8 matrix:

!

=.2U0)=LeLeU,)=LeU,sLaU,=

In part (d), we have the gate with the following 8 X 8 matrix:

(=,U23)=Up13®Uz13 =L@ Uz13 =

In part (e), we have the gate with the following 8 x 8 matrix:

-1 - -

(Up,2, —) ,BP

Q

S
= = = = O O O O
= = O O = = O O
_ O B O +H O = O

L i == -]

-0 O = = O O
- O = O = O = O

,BP

o= == O O O O

= = O O FH = O O

= o= == O O O O

_ O B O B O = O

= = O O = = O O

= O = O = O = O




Qbit 1 X

Qbit 2

Qbit3 | y

X

Fig. 4.6 The circuit of the 3-qubit SWAP of bits.

In part (f ), we have the gate with the following 8 X 8 matrix:

!

(Uz, —,3) =

Example 4.1 Bit SWAP Operation on 3 Qubits

Consider the circuit shown in Fig. 4.6 in different forms. The unitary matrix of this circuit is calculated by

A= LoXdX)

It is the matrix of the permutation P = (1, 4)(3, 6).

S O ©O O O © O

S O B O O O O O

S O O ©o O~ O O

_ O O O O ©O © ©

SO O O B O O © O

S O ©O ©O ©O © ~ O

SO B O O O O © O

S O O O = O O O

0 0 07
0 0 1
01 0
01 1
100
1 01
110
1 1 1]

(LtoXaX)=

4.4 3-Qubit Operations with 2 Control Bits

The 3-qubit gates with 2 control bits are shown in Fig. 4.7. The gates are numbered by two digits and the symbol of

the transform U,. The numbers show the control qubits.

O O O O O O O

O O O B O O O O

4.4 3-Qubit Operations with 2 Control Bits

O O O O O+ O O

o B O O O O O O

SO O O O O O +~ O

SO O B O O O O O

o O O ©O = O O O

_ O O O O © © ©
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Qbitl ——o—— — 4T7 — v, U,
bit2 — ¢ ] — U, — — 17
Qbi or 2 or
Qbit3 — UZ UZ — 41; I S— [ N
@ (12,U,) ® (1,U2,3) © (U2,23)

Fig.4.7 Three 3-qubit gates with two 1-control qubit, when operation U, is applied to (a) the third qubit, (b) to the second qubit,
and (c) to the first qubit.

In part (a), the 8 X 8 matrix of the gate can be written as

1 1 [0 0 0]
1 001

1 010

(L2U;) =L (Lal,) = ' 1 BP = (1) (1) (1)
1 1 01

a b 110

I d] (1 1 1]

In part (b), the 8 X 8 matrix of the gate can be written as

! ) [0 0 07

1 0 01

1 010

_ 1 1011
(1,U,,3) = 1 ,BP = 10 0
a b 1 01

1 1 1 0
L c d ] L1 1 1]

In part (c), the 8 X 8 matrix of the gate can be written as

M1 T [0 0 07

1 0 0 1

1 010

(U22,3) = ¢ “lep=|® P!
1 1 0 O

1 1 01

1 1 1 0
L c d| 1 1 1]

We use the notation U,;;; for the transform U, applied on i and j planes, where i, j € {1, 2, ..., 7}. The above trans-
forms are Us.g 7, Uy:s7, and Uy.z7.
In a similar way, we can describe 3-qubit gates with 0-control bits. Figure 4.8 illustrates three such gates.
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Qbit 1 ﬂ— — U, —
Qbit 2 — oy, —
Qbit3 — Uy |— 4l7

@ (1,2,Uy) (b) (1',U5,3" (©) (Uy,2,3"

Fig. 4.8 Three O-controlled 3-qubit gates, when operation U, is applied to (a) the third qubit, (b) to the second qubit, and
(c) to the first qubit.

In part (a), the gate is denoted as (1', 2’, U,), where the numbers show the control qubits. Prime symbol “’ ” is

used only for 0-control qubits. The 8 X 8 matrix of this gate can be written as

Co(C()Uz) = (C()Uz) @14 = U2 @16 =

The 8 X 8 matrix of the gate in part (b) can be written as

Ujo2 =

The 8 X 8 matrix of the gate with two 0-control bits in part (c) can be written as

a

Us4 =

b

1

1

,BP

,BP

= o= == O O O O

= o= == O O O O

= = O O = = O O

= o= O O = = O O

_ O = O = O = O

= O = O = O = O

Also, we consider a few 0-controlled gates shown in Fig. 4.9.

= = == O O O O

i e B e R e i )

_ O = O = O = O
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Qbit 1 — U, [— T
Qbit2 — ? U, [ U,
Qbit3 & U, — U, — &

@ WUz-3)  ® @,=U)  © (=2,U) @ (1) © (= U23)

Fig. 4.9 Five O-controlled 3-qubit gates, when operation U, is applied (a) to the first qubit with the third control qubit,
to the third qubit with (b) the first and (c) second control qubits, and to the second qubit with (d) the first and (e) the third
control qubit.

The 8 X 8 matrix of the gate with two 0-control bits in part (a) can be written as

[a b ) 0 0 07

1 0 0 1

a b 010

_ 1 _ 01 1
U2i0426 = c d ,BP = 10 o
1 1 0 1

c d 1 1 0

L 1] 11 1 1]

The 8 X 8 matrix of the gate with two 0-control bits in part (b) can be written as

fa b ] [0 0 07
c d 0 0 1
b 01 0
_ _ d 0 1 1
U= (LRU,) @14 = 1 ,BP = 1 0 o
1 1 0 1
1 1 1 0
L 1] L1 1 1]

In part (c), the corresponding 8 X 8 matrix of the gate with two 0-control bits can be written as

fa b T [0 0 07

d 0 0 1

1 01 0

1 01 1

Usoras =L@ (U@ 1L) = ¢ b ,BP = 1L o0 o
d 1 0 1

1 1 1 0

L 1] L1 1 1]




4.4 3-Qubit Operations with 2 Control Bits

In part (d), the corresponding 8 x 8 matrix of the gate with 0-control bit can be written as

[a b T [0 0 07

a b 0 0 1

[4 d 01 0

Uzoz13 = (U2 ®DL) @14 = ¢ d ,BP = 0 11
o 1 1 0 O

1 1 01

1 1 1 0

L 1] L1 1 1]

In part (e), the corresponding 8 x 8 matrix of the gate with 0-control bit can be written as

[a b T 0 0 07
1 0 0 1
c d 01 0
_ 1 _ 01 1
U2:0246 = a b ,BP = 10 o
1 1 0 1
c d 1 1 0

I 1 1 1 1]

Figure 4.10 shows several mixed-type control gates, namely, 1- and 0-controled gates.
The 8 X 8 matrix of the gate with 1- and 0-control bits in parts (a) to (f) can be written as follows:

1 1 [0 0 07

1 0 0 1

a b 01 0

Uzyos = (Lo U) D14 = ¢ d ,BP = o 11 ,

’ 1 1 0 O

1 1 0 1

1 1 1 0

L 1] 11 1 1]

Qbitl;ﬁ;;ﬁgﬁﬂiuzuz

Qbit 2 T — U, — — U, —
Qbit3  — Uy b gy, | — D U

@ 1,2,U0;) () (12°U)  (¢) (1,Uz,3) @ (1,U3,3) (@ (U2,2,3) (O (Uz23)

Fig. 4.10 Six 3-qubit gates with 2 different type control bits, when operation U_2 is applied to (a) the first 0 and second
1-control bits, (b) the first 1 and second 0-control bits, (c) first O and third 1-control bits, (d) first 1 and third 0-control bits,
(e) second 0 and third 1-control bits, and (f) second 1 and third 0-control bits.
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T
S = O = O
S O ~H +H O

S O O O

0

1

,BP =

Upas =L@ (U ®15)

I
S - O = O

T T
SO - O A O = O -~ O o S —~H O — S —~H O [
O O -H -~ O O = O O —=H =~ O O - (e} — - O — oS O o~ o O
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4.5 Known 3-Qubit Gates

Now, we mention the following three operations on qubits. The first two correspond to permutations and the last
one to the 8-point discrete Hadamard transform (DHAT). Usually, among permutations on N inputs, one selects
those that are symmetrical. That is, such permutations that coincide with their inverses.

1) The controlled-controlled-NOT gate, or Toffoli gate, with matrix representation

100000 0 07

01000000

00100000

~ looo0o10000
CCnvor =L&Cror =15 6 5 6 1 0 0 o0 (4.6)

00000100

00000001

0 000 O0O0T1 0]

This is the Pauli NOT gate on planes 6 and 7, which we denote as P ;) gate, or (1, 2, X)-gate as shown in
Fig. 4.7(a), for the U, = X case. The determinant of this matrix equals to —1. This operator, or the permutation
(6, 7), swaps the last two amplitudes of a 3-qubit superposition. On basis states |¢1), |@,), and |@3) € {0, 1}, the
mapping of the Toffoli gate can be written as |@y, @2, @3) — @1, @2, @3 © (@1 )\ @2)), where A denotes the logical
AND operation. As any other permutation, the Toffoli operator is reversible; note that (Cyor)* = I. Toffoli gate is
a universal logic gate for classical computation. For quantum computation, it can be used with other single
qubit gates, to construct any reversible circuit [2].

The quantum circuit for the realization of the Toffoli gate is given in Fig. 4.11 [4]. The complex gate V is
v/NOT which is given in Table 1, V> = X. The operator V' is the Hermitian adjoint of V, which is the conjugate

transpose (or Hermitian transpose V).

In general, such a representation holds for any matrix (I, & U,), where U, is a unitary 2 X 2 matrix [2, Lemma
6.1, p. 3461].

It is not difficult to see that the gate CNOT requires one rotation by —90° degree,

Cnor =

= (Rew(-3)) x e (-2).

S O O =
S O = O
= o O O
S = O O
S O O =
S O = O
S = O O
S O O =
S O = O
|
= o O O

Therefore, CCnor = Iu & (12 @ W(— g)) x I & (I, & (-2)).

Fig. 4.11 The Toffoli gate circuit.

V=_>1+0(U-iX)/2
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2) The controlled-SWAP, or Fredkin gate, is the Kronecker sum of the identical matrix and the SWAP gate matrix,

100000 0 0]
01000000
00100000 .
00010000

FEl&Pa=ly 000100 0 | Pan| T T 4.7
00000010 —*—
00000100
lo 00000 0 1]

Here, P, , is the permutation (1,2) of 4 numbers with the matrix

0 0 O

O 1 0 Get(py) = —1
,de = —1.
100 L2

00 01

S O

P =

Fredkin gate is the X ¢ gate, or Pauli NOT gate X on planes 5 and 6. The determinant of the matrix F equals to —1.
This operator, or the permutation (5,6), swaps the last 2-qubits if the first qubitisin state |1). Fredkin gate is another
reversible universal logic gate for classical computation. The known circuit for the realization of the Fredkin gate is
given in Fig. 4.12.
3) The 8-point Hadamard transform matrix

1 1 1 17
-1 1 -1 1 -1 1 -1
1

-1 -1 1 1 -1 -1 1

H82H®3:H®H4: |:H4 H4] 1

H, —-H,
-1 1 -1 -1 1 -1 1

-1 -1 1 -1 1 1 -1

Example 4.2 Preparing Two 3-Qubit Superpositions
Consider the transforms of the states |000) and |001),

> =1)"n). (4.9)

n=0

H;|000) = Z|n and Hg|001) =

\/_n—O

Gates can be used in series and parallel.

§|H

Fig. 4.12 The Fredkin gate circuit.
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00— peor, = _ 0 —| T

|(p2) |(p2)7

T,
|1 ®p;) (TN (T2102))

Fig. 4.13 Two equal circuits for two gates in parallel.

1) Two gates T, and T} in series are defined as T,[T,|@)] and it is equal to the gate [T} - T>]|¢). The matrix of this
gate is the multiplication of matrices of these two gates.
2) Two gates T, and T, in parallel (see Fig. 4.13) is defined by the tensor product of their matrices (gates),

(T1 ®T)|¢ @) 2 (T1l@1) @ (T2|@,))- (4.10)

For example, if

B B e R R A
= an = ,
T V2l 1 T Val-1 1

then
1 1 -1 -1
R R IR N
T2 0101 11
-1 1 -1 1

and it is easy to check that the property of Eq. 4.10 holds for any two qubits |¢,) and |@,), that is,

1 1 -1 -1
1]-1 1 1 -1 1 (1 -1 1 11
T 0 amew=(5] Tye)e(s] oy e)
-1 1 -1 1

4.6 Projection Operators

The measurement of r-qubits can be described by the projection operator, as for 2-qubits. Consider the space V of
all superpositions in the basis states {|0), |1}, |2), ..., [N—1)},

V=Ve+Vi+Vy+-+V§N_1. (4.11)

Here, N = 2", V, is the set of all states proportional to |k), that is, V; = {a|k); a € R or C}. R and C denote the sets of
real and complex numbers, respectively. Let V' be the subset V! = V; + V,, + - + V,; ,where iy # i, # ... # i, € [0,
N—1], and n < (N — 1). The projector operator of the space V onto the subset V' is defined by the N x N matrix

T = i) (i |+ [i2)(i2 | + = + i) (in |-
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This is the diagonal matrix with coefficients of 1 only in rows numbered iy, i, ..., i,, and 0 in all other rows. For
example, we consider the N = 4 case and the subset V' = V; + V. Then, the corresponding projector operators are
defined by

0 0 0
T=1|+3)3]|= + =
0 1 1

and the projection on |@) = ao|0) + a1|1) + a,|2) + a;|3) is calculated by

0 Ao 0
1 a; a;

Tlp) = (Lg)1) + (3 )}3) = o |l =15 ] = e +al.
1 as as

In the general case of the superposition |¢) = ao|0) + a;|1) + ... + ay—1|N — 1), the projection operator T on the
r-qubit quantum superposition |¢) can be written as

Tlp) = (i1 lo)|ir) + (i2 @)]ia) + - + (in [@)]in) = @i, [01) + @i, |i2) + - + @, [in). (4.12)

The superposition of measurement equals

Mrlgp) = Tlp) _ (o)) + (B2 |@)]i2) + - + {in |@)]in) wry
[T i o)+ 1 o)+ -+ | i 1)
Thus,
MT‘(ﬂ> _ a;, |ll> + aiz|i2> + -+ ain|in>

VIal + [anf + -+ |

For the above example, Mr|p) = (a1]1) + a33))/1/| a1|* + | as|*.
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5

Fast Transforms in Quantum Computation

This section discusses quantum fast transforms that play a key role in the development of image processing
techniques. Traditional methods such as the discrete Fourier transform, Haar transform, discrete cosine transform,
Hadamard transform, and Hartley transform have been effective since the 1970s for image compression, restora-
tion, filtration, and geometric transformations. These methods transform images from the spatial domain to the
frequency domain for easier analysis and processing. Fast transforms are needed to efficiently switch between
these domains, offering energy compaction and fast computation, making them indispensable for a variety of
image processing tasks.

We describe concepts of the discrete paired, Hadamard, and Fourier transforms and their circuits in quantum
computation. Fast discrete Fourier transform algorithms are well developed based on the first Cooley and Tukey
algorithm [1-3]. Here, we focus on the discrete paired transform, which is a core of the N-point discrete Hadamard
and Fourier transforms. For the most interesting case when N is a power of 2, the Hadamard and Fourier transform
can be calculated by one fast paired transform-based algorithm [4-6].

5.1 Fast Discrete Paired Transform

The discrete paired transform (DPT) is the frequency-time representation of the signal that corresponds to a
special splitting of both discrete Fourier and Hadamard transforms [7, 8]. In the case when N = 2", r>1,
the N-point DPT requires only 2(N — 1) operations of addition and subtraction.

The transform has a matrix with only coefficients equal to 0 and +1. For the N = 2, 4, and 8, the transform
has the following matrix representations:

T 0 0 0 -1 0 0 0]

0o 1 0 0 0 -1 0 0

1 0 -1 0 0o 0 1 0 0 0 -1 0

1 -1 0 1 o0 -1 0 0 o0 1 0 0 -1
%]:L 1}’ ] = 1 -1 1 -1 bes] = 1 0 -1 0 1 -1 0
1 1 1 1 0 1 0 -1 0 1 0 -1

1 -1 1 -1 1 -1 1 -1

! 1 1 1 1 1 1 1]

(5.1)

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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5 Fast Transforms in Quantum Computation
The rows of these matrices are the non-normalized basis functions of the 2, 4, and 8-point DPTs. The paired
transform is the frequency-time representation of the signal. The basis paired functions are defined as [9]
1, if np=tmodN,
;(;,’t(n) =< -1, if np= (t + g) mod N, n=0:(N-1). (5.2)
0, otherwise,

These periodic functions are numbered by the frequency points p = 1, 2, 4, 8, ..., N/2,0 and the time-points
t=0,1,2, .., N/(2p) — 1, repectively. The first subset of functions ;(’1’0,;(’1,1,)(’1’2, ""?(ll,N/z—l is generated by the
frequency-point 1. The second subset of functions y’ o, x5 55 15 4> -+ Xy /4 is generated by the frequency-point 2,
and so on. The last basis function is y{, , = 1.In the matrix of the 8-point DPT in Eq. 5.1, the first four rows present
the basis functions generated by the frequency-point p = 1, the next two rows are basis functions generated by
p = 2, and the last two rows are the functions generated by the frequency-points 4 and 0, respectively.

For N = 2", r> 1, the complete set of N pared functions is [8, 9]

¥ = {{x;k,zkt(n);k =0: (r—1),t=0: (277 F 1= 1},1}. (5.3)

It is important to note that the basis paired functions can also be written as the following binarization of the
cosine waves with frequencies wy = 27/(2"~5):

Kok g (X) = M(cos %) xe[0: N-1], (5.4)

and y;,(x) = 1. Here, M(x) is the function on the interval [—-1,1] with values M(+1) = +1 and M(x) = 0, otherwise.

Example 5.1 8-Point DPT
Consider the N = 8 case. Figure 5.1 shows eight cosine waves with frequencies z/4, /2, and = in part (a) and the
corresponding basis paired functions in part (b).

The N-point discrete DPT of the signal f,,, n = 0: (N — 1) is calculated by

N-1
flz",zkt = Z )(/zk,zkz(n)fn- (5.5)
n=0
This transform is the set of (v + 1) short signals, which are called the splitting-signals,
N
fi= (fll,O’fll,l’fll,Z’ ""fll,N/Z—l) <0f length E) ) (5.6)

1o = (Frofoosfas wofonjas) OF1ength N4y = (FoofhasSoss s Fanjaa ) (OF length N/B), .., and the last two

scalar signals are f;v/z :f;v/z,o =fo—fi+fa—fs+-—fy_, and f; =f£),0 =fotfi+fo++fy_1. The
8-point DPT of the signal in matrix form is calculated by

(fie] 1 0 0 0 -1 0 0 0][f]
fia 0 1 0 0 0 -1 0 O0f|f;
fliz 0o 0o 1 0 o0 -1 0l|f,

, fis 0 0 0 1 o0 0 —1||f,

[)(S}f = f/270 = 1 0 —1 0 1 -1 0 f4 (5'7)

fhz 0 1 0 -1 0 0 —1]||fs
Fio 1 -1 1 -1 1 -1 1 =1||fs
foo] L1 1 1 1 1 1 1]L[f]

Figure 5.2 shows the signal of length 512 in part (a) and all splitting-signals together in part (b).
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1 1 -
B ONH_AH = ()T—l—c—n—l—n—c—{ Xi,o(n)
-1 / -1

Xi,l (m)

w=2r/8 —

){i,z (@)

Xi,3 )

X é,o n) ]

w=2m/4 7

Xé,z n)

Y

Xoo() |

X(;,O ()

n

(@) (b)

Fig. 5.1 (a) The cosine waves in the interval [0,7] and (b) the corresponding basis paired functions.

For N = 2, 4 and 8, the signal-flow graphs of the fast DPT are shown in Fig. 5.3 [10].
One can see that the 4- and 8-point DPTs can be calculated by 3 and 7 butterflies y}. The normalized basis func-
tions of the paired transform are calculated as

1

)(lzkyzkt(n) — Wﬂ/z",zkt(")’ k=0,1,..., (r— 1), (5.8)
40 T T T T T T T T T T
20 b
0 A
! 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
(@)
200
100
0
-100 |
0 50 100 150 200 250 300 350 400

(b)
Fig. 5.2 (a) The signal of length 512 and (b) its paired transform (10 splitting-signals).
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fo
fi X8

A, = H _ﬂ ’ f2
f3

fo
1 f };
5

= N

Fig. 5.3 Signal-flow graphs of the 2-, 4-, and 8-point DPTs.

and y;,(n) = 1/V/N. For instance, when N = 8, the normalization of the matrix is performed by multiplication
of the matrix [¢;] in Eq. 5.1 by the diagonal matrix D = diag(1/v/2,1/v/2,1/v/2,1/v/2,1/2,1/2,1/v/8,1/V8).

——— N N~
The matrix of the 8-point DPT is

1 1
—— 0 0 0 ———= 0 0 0
V2 V2
0 1 0 0 0 1 0 0
V2 V2
0 0 L 0 0 0 ! 0
V2 V2
0 0 0 ! 0 0 0 1
1 =Dl = V2 V2 5.9
] 3] 1 1 1 1 (5.9)
- 0 -= 0 - R 0
2 2 2 2
1 1 1 1
0 S0 — 0 - R
2 2 2 2
1 1 1 1 1 1 1 1
VB VB VB VB VB VB VB VB
1 1 1 1 1 1 1 1
Lv8 V8 VB V8 V8 VB VB VB

This matrix has determinant 1 and is unitary, that is, its inverse matrix equals the transpose matrix. In Eq. 5.7,
this matrix is given in integer form, that is, without normalization. Therefore, it is orthogonal only by rows.

In the general case, the DPT can be calculated by (N — 1) butterflies, or the matrices A, = [;(’2] The matrices of
the high-order DPTs can be defined in recursive form as [9]

= )

%) ]

il = | 0 ]

)(,16] [)(lm] (5:10)

where I, denotes the identity matrix M X M. The above matrices are considered without the normalized coeffi-
cients. The normalized matrix 1/1/2A4, is unitary, which is important to mention since in quantum computing, the
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operations on one qubit are described by only unitary transforms. The matrix A, can be described by the NOT gate
and gate H,

Ap=xm=| LY LIb =M Geta, =1 (5.11)
= = ] = — , ($] = 1. .
2 1 0lv2l1 —-1] v2|1 1 2

The matrix A, is the same Hadamard gate, but with a different order of output. Note that A% # 1,
, [0 -1 0 17[1 0
A2 = = =XZ,
1 0 1 0][0 -1

but H is the square root of L, that is, H* = I, and det H= —1.

5.2 The Quantum Circuits for the Paired Transform

In this section, we describe the simple quantum schemes for calculation of the paired transform. The quantum
paired transform (QPT) is defined as the following transform of states: ¢(f)) — |x/(f)). The input is the r-qubit
superposition of the signal {f,; n = 0: (N — 1)},

lp(f)) =£ol0) + f1]1) + - + fy_1IN—1). (5.12)

It is considered that |fy|* + |fi|> + ... + [fy— 1> = 1. The r-qubit superposition of the QPT is

N/2-1 N/4—1 N/s—1
! ! / / ! !
X' (f)) = Z fude) + Z FoulN/2+ 1) + Z Faa3N/2 4 8) + 4 [y p0lN =2) + fo o[ N—1).
t=0 t=0 t=0

(5.13)

Example 5.2 3-Qubit QPT
Consider the 3-qubit state of the signal |p(f)) = fo|0) + f1|]1) + ... + f7|7) and the state of the 3-qubit QPT

|)(,(f)> = [f/1,0|0> +f,1,1|1> +f,1,2‘2> +f/1,3|3>] + [f/z,o|4> +f,2,2|5>} +f£t,0|6> +f6,0|7>‘

The quantum circuit of the 3-qubit quantum paired transform (QPT) is shown in Fig. 5.4 [10].

The general case when N=2', r>2:

The quantum circuit for calculating the r-qubit QPT is shown in Fig. 5.5 [9]. One gate A, and (r — 1) controlled
gates A, are used. The input in this circuit is the r-qubit state |p(f)).

IQBit — | 4

2M OBt A,

31 QBit A,
a= 51 7l

Fig. 5.4 The quantum circuit for the 3-qubit QPT.
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13 QBit A, T

2" QBit A, T

3" QBit A, T

(r — D™ QBit A, T

" QBit Ay, |
111 -1

A2=5l1 1
Fig. 5.5 The quantum circuit for the r-qubit QPT.

5.3 The Inverse DPT

The inverse N-point DPT can be written as the sum of all paired signals calculated by [9, 11]

1 1 1 1 1 1
fn= Ef,l,n + Zf/2,2n + gf:lAn + 1—6f§,8n + o+ yf/zrfl,o + gﬂ),w n=0:(N-1). (5.14)
Here, the second indices are taken modulo N. The inverse paired transform can be presented in matrix form.

Example 5.3 8-Point Inverse DPT
The matrix of the 8-point inverse DPT can be written as

= 5[ e S0 e 5L 1)

or, [xs] ' = (B, ®14)(I4® (B, ®13))(14 ® CBy). The signal-flow graph for the 8-point inverse DPT is given in
Fig. 5.6.

flo
fia
fi2
fis

fo
h
fa
f

()"

fa 2 x 2 butterfly

f: 1
, R
f4—,0 f6 \/5—1 1
foo f7

Fig. 5.6 The signal-flow graphs of the 8-point inverse DPT.
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1" QBit B,
2 QBit B,
3" QBit B,
B :i[ 11
T2l 1

Fig. 5.7 The quantum circuit for the 3-qubit inverse QPT.

The inverse QPT is defined as the following transform of states: |y'(f)) — ¢(f)). The quantum circuit for the 3-
qubit inverse QPT is given in Fig. 5.7 [9]. Here, the main operation, or the butterfly, is described by the inverse
matrix

-1 r_ 1 11
B,=A;, =A, = — =ZH,.

V21-1 1

The first gate B, is used with two control qubits, namely, the first two qubits, when both are in the state [1). The
second gate B, works when the first qubit is in the state |1).

5.3.1 The First Circuit for the Inverse QPT

In the general case N =2, r > 2, the quantum circuit for computing the r-qubit inverse DPT |/(f)) — ¢(f)) is shown
in Fig. 5.8. Each gate B, (except the last one) is controlled by a few qubits. Namely, gate B, which is applied to the
kth qubit, where k € {r, r — 1, ..., 2}, is controlled by (k — 1) first qubits when they all are in the state |1).

st s
1 QBit T B2 .

20 OBit T B,

34 QBit ® B,

(r — 1" QBit T— B,

rhoBie —1 B

1r1 1
Bz‘ﬁ[—l 1

Fig. 5.8 The quantum circuit for the r-qubit inverse QPT.
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5.4 Fast Discrete Hadamard Transform

In this section, we describe the analytical and matrix representations of the discrete Hadamard transform (DHAT)
[2,12]. Note that the Walsh-Hadamard transform is considered. As is customary, all matrices are considered equiv-
alent up to permutation of their rows or columns. The core 2 X 2 matrix is A, not H,. Let N=2",r>1, and let Ay
be the N-point DHAT whose image over a signal f,, of length N is written as [9, 13]

N-1
Hy= > fuap(n), p=0:(N-1). (5.16)

n=20

The basis functions of the transform are a,(n) = (— 1)™P™™Pr* " #=1Pr-1 where and ny and py are coefficients of
binary representation of numbers expansions of integer numbers n and p.

Example 54 Hadamard Matrix 8 X 8
Let Ag be the 8-point DHAT which is constructed as shown in Table 5.1.

The left least significant bit numbering is used in the table. This Hadamard matrix is different from the Walsh—
Hadamard matrix (in Eq. 4.7). The recursive form of Sylvester’s construction is used

1 -1 -1 1
1 /1 -1 11 1 -1 -1 A, —-A A —A
Az_—[ } A=t :{ 2 2}, Ay = N/2 N/2 |
211 1 211 -1 1 -1 A, A, Avp  Anp
1 1 1 1
Example 5.5 Decomposition of the Hadamard Matrix 4 X 4
The 4-point DHAT can be decomposed by the 4-point paired transforms as [8]
1 -1 0 O 1 0 -1 0 1 -1 -1 1
A= (1,0 1) = 1 0o of{o 1 o0 -1 |1 1 -1 -1
EWEURT 1 01 0] -1 1 -1 T |1 -1 1 -1
0 01 1 1 1 1 1 1 1 1
Table 5.1 The 8-point Hadamard transform calculation.
pn po p1 P2 Mo N1 Ny NgPo+Nnipy+nyp; [Asg] = [|(-1)"Po "M T P2
7 1 1 1 1 1 1 o 1 1 2 1 2 2 3 1 -1 -1 1 -1 1 1 -1
6 0 1 1 0 1 1 o o 1 1 1 1 2 2 1 1 -1 -1 -1 -1 1 1
5 1 0 1 1 0 1 o 1 o 1 1 2 1 2 1 -1 1 -1 -1 1 -1 1
4 0 0 1 0 0 1 o o o o 1 1 1 1 1 1 1 1 -1 -1 -1 -1
3 1 1 0 1 1 0 o 1 1 2 o0 1 1 2 1 -1 -1 1 1 -1 -1 1
2 o 1 0 o0 1 o 0 0 1 1 0 0 1 1 1 1 -1 -1 1 1 -1 -1
1 1 0 0 1 0 0 o 1 o 1 o 1 O 1 1 -1 1 -1 1 -1 1 -1
0 0 0 0 0 0 0 o 0 o0 o o o o0 o0 1 1 1 1 1 1 1 1
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Example 5.6 Decomposition of the Hadamard matrix 8 X 8
The matrix of the 8-point DHAT is

1 -1 -1 1 -1 1 1 —17
1 1 -1 -1 -1 -1 1 1
1 -1 1 -1 -1 1 -1 1

A —A 1 1 1 1 -1 -1 -1 -1
Ag = |: 4 4:| = (5.17)
Ay Ay 1 -1 -1 1 1 -1 -1 1
1 1 -1 -1 1 1 -1 -1
1 -1 1 -1 1 -1 1 -1
1 1 1 1 1 1 1 1]
When splitting by the paired transform, this matrix is represented as [8]
[ [ 2] ]
1| ]
Ag = Pg 1 , Kl (4] =4). (5.18)
2]
1
L 1]
. . . 01234567 .
Here, Pg is the matrix of the permutation 13516240 ) (07)(13)(25)(46). The 3-qubit quantum Hadamard

transform is defined as the transform of states |p(f)) — |As(f)) = Ho|0) + H:1[0) + ... + Hp|7).

Figure 5.9 shows the circuit for calculating the 8-point DHAT [10].

The equivalent circuit in quantum computation is given in Fig. 5.10.

It will be shown below that the permutation Py in this circuit can be accomplished with 3 gates X and the per-
mutation Py = P3yu46), as shown in the circuit in Fig. 5.11.

Note that the permutation Py is the 3-bit SWAP operation (x, y, 7) — (z, ), x), when x, y, z € {0, 1}. It is not the 3-
qubit SWAP, [x) ® |y) ® [z) — |2) @ |[y) ® |x), that is, the permutation (142)(356) that can be implemented by 6 and
7 CNOT gates [14]. The same circuit but with Walsh-Hadamard gates H, instead of A, is shown in Fig. 5.12. Thus,
we have two circuits for the same DHAT , one is written for the calculation in the classical computer and another
for the calculation in the quantum computer.

Example 5.7 4-Qubit QHdT
For the N = 8 case, Figure 5.13-1 shows this circuit for calculating the 4-qubit QHdT. The quantum transformation
is defined as

@(f)) =£5l0) + f110) + - + f515) — [ As(f)) = Ho|0) + H1[0) + - + H[15).

The coefficients of the 16-point DHAT are calculated in order 15, 7, 11, 3, 13, 5,9, 1 and 14, 6, 10, 2, 12, 4, 8, 0.
Therefore, the following permutation can be used to get the natural order of the coefficients:

P16 = (0,15)(1,7)(2,11)(4,13)(6,9)(8, 14).
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A, A, LA,
L@ | — I © H;
A, i Ay |
fZ ° | i é T L] H5
A, L] A
: L]
[ : o H
Input f3 [ Output
8-point A, | 8-point
signal DHAT
fa @ ] — ® Hy
oA, : Ay
fs @ ; — ° H,
i Ay |
fe @ i i T 0 H,
! LA,
i | I
f7 ° ' i g Ho
Fig. 5.9 The circuit for calculating the 8-point DHAT with three stages.
! ' Permutation
1% QBit 4, /A 19 QBit
21 QBit i Az ; 21 QBit
I I Py
34 QBit ! A, V 3 QBit

. ‘
A2=51 }] X=[(1) %)] Py = (07)(13)(25)(46)

Fig. 5.10 The circuit for the 3-qubit direct Hadamard transform by the paired splitting.

13 QBit A, ; : : 1 QBit
2" QBit i 4, ; : 2 QBit
314 QBit : ; A, ; 31 QBit

_ 1 1.—1 [0 1 _ Permutation
Az—ﬁ[1 1 x=[} ¢ Pe=asce

Fig. 5.11 The circuit for the 3-qubit direct Hadamard transform by the paired splitting.
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1 QBit

2m QBit

H,

1 QBit

2md QBit

3" QBit

3" QBit

1r1 -1
HZ_\/_7[1 1]'

Fig.5.12 The circuit for the 3-qubit quantum Hadamard transform (QHdT) by the paired splitting with Walsh—Hadamard gates.

X

[

01
1 0

], P, = (14)(36).

Permutation

MBI — Ay i 5 i E /‘\
2"dQBit f A2 :‘ f i H E
3" QBit A, ' :
1 s 1 | \/ P |
4% QBit s ' ' A y :
A _ip -t Py, = (0,15)(1,7)(2 11)(413)(6-9-)-(-5;-1-4:)- ---------------

2 \/f 1 1 ’ X ) ) y ) ) 1 .

Fig. 5.13-1 The circuit for the 4-qubit direct QHdT by the paired splitting.

QB — A, i 5 i X i
20 OBit : A, : : E X & E
31 QBit : : A, : — X

1 | 1 ; \/px |
4thBit ; H " Az i X v E

Fig. 5.13-2 The circuit for the 4-qubit direct QHdT by the paired splitting.

As shown in Fig. 5.13-2, this permutation can be accomplished with 4-bit SWAP operation following X** gate:
Px = (1,8)(2,4)(3,12)(5,10)(7,14)(11,13),

or
(1,8): 0001 — 1000,
(5,10): 0101 — 1010,

The equivalent circuit in the classical computer for calculating the 16-point fast Hadamard transform (FHAT) is
as shown in Fig. 5.14. For high length N = 2', r > 4, the circuit for computing the N-point Hadamard transform is

described in a similar way.

(2,4): 0010 — 0100,
(7,14): 0111 — 1110,

(3,12): 0011 — 11 00,

(11,13): 1011 — 11 01.

1 QBit

20 OBit

3" QBit

4h QBit

1 QBit

20 QBit

3" QBit

4™ QBit
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o sl o o
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Fig. 5.14 Circuit for computing the quantum 16-point Hadamard transform.
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It should be noted that the permutation is not necessary operation in this circuits, as well as in the circuits above
for the 8-point DHAT. The inverse Hadamard transform with data given in order 15,7,11,3,13,5,9,1 and
14,6,10,2,12,4,8,0 will result in the natural order of the signal.

5.5 Quantum Fourier Transform

In this section, we describe the circuits for calculating quantum Fourier transform (QFT), which are based on the
paired transform-based splitting. In many works in quantum computation [15-18], the N-point discrete Fourier
transform (DFT) of the signal f; is defined as

1 N=1
Fp=—9Y fe2/N  p=01,2.,(N-1). (5.19)
T UN ZO
The case iswhen N = 2, r > 1. The quantum analog of this concept is defined as follows. Consider in the standard
basis state the r-qubit superposition
l9(F)) =fol0) + f1[1) +£212) + f313) + = + fy_1IN=1), (5.20)

with condition that [fy|* + [fi|> + |f2)* + - + [fy_1|> = 1. Thus, the signal is represented as the quantum ket-vector
with amplitudes f,,,

£y 1 0 0 0
1 0 1 0 0

o)) = | fo | =fo|0 | +f1| 0| +fa| 1| +~+fy_1|O0]. (5.21)
Fryos 0 0 0 1

The r-qubit QFT is defined as the N-point DFT of the signal in the same computation basis state, that is, it is the
r-qubit state, or the quantum state vector

Fy 1 0 0 0
F; 0 1 0 0

|§0(F)>: F2 :Fo 0 +F1 0 +F2 1 +"'+FN_1 0 ) (522)
Fy_1 0 0 0 1

that is,
lp(F)) = Fol0) + F1[1) + F[2) + F3[3) + = + Fn_1[N —1).

The QFT changes the state of the r-qubit; it is the transformation |¢p(f)) — |@(F)). If the result of measurement
|p(f)) is the state |n) with probability |f,|%, the QFT may occur or be measured in the same state with probability
|F,,|>. The normalized coefficient 1/v/N is used in Eq. 5.19, in order to have the same condition |Fy|> + |Fy|* + ... +
|[Fy_1|* = 1 for the new state |p(F)).

5.5.1 The Paired DFT

The N-point DFT can be split by the paired transform similar to the Hadamard transform. We consider the paired
fast Fourier transform (FFT) and the corresponding quantum circuits. The N-point DFT is considered in the tra-
ditional form which is used in signal and image processing,
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2 x 2 butterfly

=

111 —
=%h i

A,

Fig. 5.15 Signal-flow graph of the paired 4-point FFT with (a) two paired transforms and (b) four butterflies A,.

1 N-1 1 N-1 )
Fp= —= WY = —— e 2PN h=0,1,..,(N=1). 5.23
p \/ﬁ y;)fn N \/ﬁ Y;fn p ( ) ( )
Here, Wy = exp(—i2z/N). The r-qubit DFT is defined as in Eq. 5.22, as the transform of the states |p(f)) — |@(F)).

Example 5.8 4-Point DFT
Consider the N = 4 case. The 4-point DFT is calculated by

1 1 ,
FP:EE anZP:EE fLe” A p=0,1,2,3, Wi= —i.
n=0 n=0

The signal-flow graphs of the 4-point DFT with the operations of 2 X 2 butterfly are shown in Fig. 5.15.
The output of the paired DFT is written with the permuted components. Therefore, one can consider the
permutation (0,3) of outputs, which is described by the matrix

0 0

P=Pqz =

— o O O
S O O

1 0
01
0 0

Figure 5.16 shows the circuit of the 4-point DFT with four gates A, and one trivial rotation matrix [10].
In the matrix form, the above circuit (with the permutation P = (0, 3)) is described as

Fo 0 001 1 -1 0 O0][1 0 0 O 10 -1 o7[/fo
F, 0100 1|1 0 0||0 —i 0 0 1]0 1 0 - fi
= X — X —
F, 0010 V2|0 1 —-1]]o0 10 V2|1 0 017,
Fs 1000 0 1 1]lo 0 1 01 o 1][f,
The matrix of the transform is equal to
1 1 1 1 00 01 1 =10 071 000 10 - 0
1|1 —-i -1 i 0100|1]|1 0 o0||0 —-i 00[1]01 o0 -1
F=— = i _
201 -1 1 -1 0 01 0[/v2|(0 01 - 0 01 0|v2(1 0
1 i -1 —i 1000 o0 01 1]J[0 o001 01 o0

=P (L®A)(S®L) (A D).
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A, A,
fO,l [ T W2 I o F()l
A,
fio © I o Iy
A,
fii @ L —o Foo
Fig. 5.16 Circuit for the 2-point DFT with three stages.
Stage 1 Stage 2 Permutation
Qbit 1 : Ay ? ﬂ —H X
Q2 ——. s a4« e
.‘ .‘ oo Py
! ! i Lecmmmmmmccccceeeas
| 1 -1y 1 0 1 -1 -
a=[p Ths=[ L x=[ T} Pe=a2,

Fig. 5.17 The circuit of the 2-qubit QFT with two butterflies A,.
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Qbit 1

Qbit 2

The determinant of this unitary matrix equals det F = i. The permutation P can be presented as the following

product:

P =

= O O O

o O = O
o = O O

S O O

= o O O

0
0
1

0

S O = O
S O =

0

S o o

S = O O
S O = O
= o O O

= (X®X)P(1’2>

(5.24)

where P ) is the 2-qubit SWAP operation. The quantum circuit of the transform is shown in Fig. 5.17.

The same quantum circuit with the Hadamard matrix H, instead of the butterfly A, is shown in Fig. 5.18.
Note that A, = H,X and XX = I,. Also, det A, = 1 and det H, = — 1. A, is the matrix of rotation by 45°, and
the Hadamard matrix H, = A,X is the rotation after the CNOT gate.

Stage 1 Stage 2 Permutation
Qbit 1 * Hy H X 7 X
Qbit 2 S H, P,
! ; P bl

O I N IR o s

Fig. 5.18

The circuit of the 2-qubit QFT with two Hadamard gates.

Qbit 1

Qbit 2
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Stage 1 Stage 2 Permutation
Qbit 1 A, T ‘ —H X = Quitl
Qbit 2 S 4, ——-H x L Qbit2
5 ; b P
1l n 0 1 -1 _
Az—ﬁ[l 1], s_[O i], x_[l 1], P, =(1,2).

Fig. 5.19 The circuit of the 2-qubit inverse QFT with two butterflies A,.

For the inverse 4-point DFT, the same circuit can be used, only the complex conjugate gate S must be changed

by S gate, as shown in Fig. 5.19.

Example 5.9 Paired 8-Point FFT

We consider the N = 8 case. The signal-flow graph of the 8-point DFT by the paired transforms is shown

in Fig. 5.20 [8, 9].

Here, the twiddle factors are W' = W} =e~27/% = 0.7071(1 —i) and W?* = W3 = e~ 27/8 = 0.7071(— 1 —i).

The matrix of the 8-point DFT can be written as [9]
i 1

1 diag ¥
1

diag Xe» (5.25)

where the matrix Ps: (7, 3, 5,1, 6, 2,4, 0) — (0, 1, 2, 3, 4, 5, 6, 7) corresponds to the permutation of outputs.
Using the full graphs of the 8- and 4-point DPTs, we can draw the signal-flow graph of the Fourier transform in
Fig. 5.20, as shown in Fig. 5.21 (for more detail see [10]).

Input signal

Fig. 5.20 The signal-flow graph of the paired 8-point FFT.

Fourier
transform

Wg =0.7071(1 — i)
14
Wg =-0.7071(1 + i)

=—i
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Input signal DFT

Stage 1 Stage Il Stage 111

Fig. 5.21 Signal-flow graph of the 8-point DFT with three groups of butterflies.

In the matrix form, this signal-flow graph is described as follows:

1 -1 1 1 -1
1 1 —1i 1 -1
1 -1 1 1 1
(Ds: 1 1 1 1 1
1 -1 1 1 -1
1 1 —1i 1 -1
1 -1 1 1 1
L 1 1 ] L 1] [ 1 1]
Stage 3 Stage 2
[1 1T -1 i
wt 1 -1
—1i 1 -1
% w3 1 -1
1 1 1
1 1 1
1 1 1
L 1_ L 1 1 1
Stage 1

Figure 5.22 shows the block scheme of the paired 8-point DFT with 12 butterflies A, and 5 twiddle coefficients
(3 of them are trivial, W* = — i). The circuit is given in the traditional form with the input and output components,
fn and F, respectively.

This circuit makes it easy to draw the quantum circuit for the 3-qubit Fourier transform, which we describe in
detail here. In the first two stages, a few butterflies A, are performed following the multiplication by twiddle coef-
ficients. In the last stage, only four butterflies A, work.

1) The matrix of the calculation in the first stage is described as

1 0 0 0
o w o0 o
0 0 W? o
o o o w?

WIAI = WI(A2 ®I4) = @14 (Az ®I4). (526)
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Stage 1 Stage 2 Stage 3
1 1
fo® [ E | E [ ° 5
A, | A, | A,
1 1
1 ! 2 ! l
fl_. I w : I w : L] F3
1
A, ! A, i
1 1
f. @ I | W : I ® Fs
1 1
A, | . Az
1 1
f; @ W2 — : | o F
Input | | ! Output
8-point A, ! ! 8-point
signal ! I DFT
1
fa - % F
e [
1 1
fs @ . | w? ' ° F,
1 1
| 4z |
1 1
fo © : ; , °F,
1 1
| L] A
1 1
fr® . X : ° Fy

Fig. 5.22 The block diagram for the 8-point complex FFT.

The gate A, ® I, represents 4 butterflies A, on the bit planes 0 and 4,1 and 5, 2 and 6, and 3 and 7. The diagonal
matrix with the twiddle coefficients can be presented as W? = —i)

1 0 0 0 0 0 0

1
o wt 0 o o w! o 0 _{1 0}@{1 0}_:9@?
o o w?> o| o o —-i o | |o —i] o w' "7
0

o o o w 0 0 —iw!t

Here, the gate T= T(z/4) and T = T(— z/4). We denote by S the gate that adds a relative shift of —z/4, that is,

oy Jefi 2 e

Thus, the matrix in Eq. 5.26 can be written as
W[A[ = (E@T] EBI4)(A2 ®I4)

with the circuit shown in two forms in Fig. 5.23-1 in part (a). These two forms of the circuit are considered
equivalent. The gate W; is the 0-controlled gate Co(S® T).
Note that the above matrix with the exponential coefficients can also be written as

1 0 0 0 1 0 0 O 10 0 O
o w! o0 o 0o W' 0o o 01 0 0
0 0 W? o 0 1 0 00 —i 0
o 0o o w? 0 o wllo o o —i
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Qbitl —| A, r|~ e T s G — A, o o

Qbit2 —— - ~ S ~ S

%1}
®
~3

Qbit 3

~
~3
|

(a) (b)

Fig.5.23-1 The equivalent drawing of the circuit in the first stage of calculations: (a) with 0-controlled gate S ® T and (b) with
two O-controlled gates S and T.

and
1 0 0 O 10 0 0
o w! o o 01 0 0
Wi = Gy b1y
0 0 1 0 00 —i 0
0o 0 o wWt 00 0 —i
1 0 1 0
= 12® 1 @14 ®12 @14 .
w 0 —i

Thus, the matrix W; = ((I,® T) ®14) ((S®I,) @ 1,). The circuits for the gate W;A; with this decomposition
of W; are shown in Fig. 5.23-1 in part (b). The matrices T and S are complex conjugate to the matrices T and S,
respectively.

Note that the order of the 0-contrlolled gates T and Sin the circuit in part (b) is not important. These two gates
are described by the diagonal matrices. If we change the order of these two gates, we get the same circuit, as
shown in Fig. 5.23-2.

2) In the second stage, the calculations are described by the following matrix:

WHAH = WH(IZ ®A2 ®I2) = Iz® (Iz ®A2 ®12)

S O O
o |

o = o ©

- o O O

= (12® <[; i)i] @Iz))([z ®A,00L)= (Lo (Seh))(l.®A;®1) (5.27)

The corresponding circuit is shown in Fig. 5.24.

Qbitl  —1 A,

Qbit 2 S ~ S —

Qbit 3 T - T

Fig. 5.23-2 The circuit with two 0-controlled gates on 3 qubits.
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Qbit 1

Qbit 2 A, ? or Az I

Qbit 3 S °
—n/4

Fig. 5.24 The circuit of the second stage of calculations.

3) In the last stage, the matrix with 4 butterflies is

Ay
Ay

Anr=14,0A; = .
Ay

In the 8-point paired DFT, the coefficients of the transform are obtained in the order 7, 3, 5, 1, 6, 2, 4, and 0.
Therefore, if necessary, we can perform the following permutation:

(01234567
8~ \ 73516240

) = (07)(13)(25)(46).

This permutation can be accomplished by using two permutations, X ® X® X and the 3-bit reversal

(shuffling),
01234567 01234567
XXX = = =(1,4)(3,6).
76543210 04261537
Indeed,
07 [0 0 07 M 1 17 M 1 17 77
1 0 0 1 1 1 0 01 1 3
2 01 0 1 0 1 1 0 1 5
3 01 1 ‘ 1 0 O 0 0 1 1
Py: — X®£®X z = (5.28)
4 1 0 O 01 1 1 1 0 6
5 1 0 1 010 010 2
6 1 1 0 0 0 1 1 0 0 4
L7 ] L1 1 1] L0 0 0] L0 0 0] L0 ]
Thus, the matrix of the 8-point DFT can be written as
D= PxX“® - A - WyAp - WAL (5.29)
S—— N N>

permutation stage 3  stage 2 stage 1

The corresponding quantum circuit for this transform is shown in Fig. 5.25.

If the use the Hadamard gates H,, the circuit above must be changed as shown in Fig. 5.26. The A, gate is
the composition of two gates, A, = XH,. Also, one Pauli NOT was removed in the permutation, because
XA, = XXH, = H,.

The circuit for the inverse 8-point, or 3-qubit, QFT is described similarly. The twiddle coefficients only must be
changed by their complex conjugates. It means that in the above circuits, we need only change the gates Sand T by
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Stage 1 Stage 2 Stage 3 Permutation
Qvitl  — A, P j Qbit 1
Qbit 2 S A, T Qbit 2
Qbit 3 7 ! B 4, Qbit 3

1 -1 2.1 0] ~_1q1 0 0 1 _
t=zl T s=lo Sl Tely sl X[ ol B=amee
Fig. 5.25 The circuit with two 0-controlled gates for the 3-qubit QFT by the paired splitting.
Stage 1 Stage 2 Stage 3 Permutation
Qbitl  — H, [ X j: ; j Qbit 1
Qbit 2 _ ; H, L X : Qbit 2
S | f |

Qbit 3 7 : s H, Qbit 3

1l o1y s.1 0] =_ 1 0 0 1 _

= 5[1 —1]' §= [0 —i]’ r= [0 e-i"/4] x= [1 0]' Px=(1HEE)
Fig. 5.26 The circuit for the direct 3-qubit QFT by the paired splitting.
Stage 1 Stage 2 Stage 3 Permutation

Qbitl —1 A, T : — : Qbit 1
Qbit 2 s [ A T i - ’ Qbit 2
Qbit 3 T l < 4, - 5 Qbit 3

R O E | 1o ! 0 0 1 _

Az—ﬁ[l dos=0 0 m=ly wmel X=[f o) P=anEe

Fig. 5.27 The circuit for the inverse 3-qubit QFT by the paired splitting.

the gates S and T, respectively. The corresponding quantum circuit for this transform with butterfly A, is shown
in Fig. 5.27.

Figure 5.28 shows the traditional block diagram of 16-point DFT, which is prepared for building the quantum
circuit for calculating the 4-qubit QFT [10]. It will be shown that the performance of 32 butterflies A, is equivalent
to 4 gates A, in the quantum circuit. As in the case of 3-qubit QFT, the permutation of outputs is possible, if nec-
essary, work with outputs in a natural order. If we keep the order as it is and perform the inverse Fourier transform
by using a similar circuit, then the signal will be received in a natural order. Now, we build the quantum for this
transform on 4-qubit input.
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Fig. 5.28 The block scheme of the circuit for computing the 16-point DFT or 4-qubit QFT.
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5.5.2  Algorithm of the 4-Qubit QFT

Stage 1: The first 8-butterfly operation is described by the matrix A; = (A, ® [, ® I, ® I,). The next diagonal matrix
of twiddle coefficients equals to

W—00W200@1—10®10®10€BI (5.30)
= 17 \Uo w*| " lo w2| " lo w! s '

Here, W' = exp(—i27/16) = exp(—in/8). Therefore, using the phase shift gates, we can write

SR _ 1 0
Wr=Wsals = (P4®P2®P) @Iy, P=P(-n/8) = [0 Wl]

In this stage, the operation WA can be described by the circuit shown in Fig. 5.29-1. This circuit is drawn in
three equivalent forms; we will use the second one. Note that in the example for the 3-qubit QFT described above,
the gates P? and P* are the gates T and S, respectively.

Stage 2: The 8-butterfly operation is described by the matrix A;; = I, ® (A, ® L, ® I). Then, the multiplication by
six twiddle coefficients is used, which is described by the diagonal matrix

1 0 0 0
WH:Iz®(WH4@I4):Iz® O W2 04 0 @14 :Iz@(([l 04:|®|:1 02:|>@I4>
' o o0 W 0 0w 0o w
o o o w

Thus, the first two stages of calculation are described by the matrix
WnAn = {12 ® ((ﬁ4 ®P2) @14)} LeA0Le5L)).
The corresponding circuit is given in Fig. 5.29-2.

Stage 3: The 8-butterfly operation is described by the following matrix of another local gate: Ay = I, ® (A, ® L).
Then, 4 multiplications by the coefficient W* = — i are needed. This operation is defined by the diagonal matrix

Qbitl  —| A, 4T7 e s — 4, o > o
Qbit2 —— A pt P* -
Qbit 3 W ~ p2 p2

Qvitd | I E 5

Fig. 5.29-1 The circuit of the first stage of calculations.
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Qbit 1

Qbit2 — A4, 41)7 —1 4, 4?7 — 4 > N
Qbit 3 . | P* — Pt
Qbit 4 Wira Pz | p2

Fig. 5.29-2 The circuit element of the second stage of calculations.

Qbit 1

Qbit 2

Qbit 3 Ay ?

Qbit 4 pt 4,
(a) (b)

Fig. 5.29-3 The circuit element of (a) the third and (b) fourth stages of calculations.

1 0 00
0 —i 0 0 1 0 .,
Wim=L& 1, o 1 o :I“®([o —i]@lz)zl“@(l) @Iz)'
0 0 0 1

Thus, this stage of calculations is described by the matrix
—4
WnAnr = [Iz ® (P @Iz)} L ® (A @ 1L)].
Figure 5.29-3 shows the corresponding circuit element in part (a).

Stage 4: The 8-butterfly operation is only used and described by the local gate: A, = Iy ® A,. The gate is shown in
Fig. 5.29-3 in part (b).

The coefficients of the 16-point DFT, as the 16-point DHAT, are calculated in order 15, 7, 11, 3, 13, 5,9, 1 and
14, 6,10, 2,12, 4, 8, 0. Therefore, the same P, permutation can be used to get the natural order of the coefficients, if
necessary. With the X gates, this permutation will be accomplished by the 4-bit reversal operation. Thus, the
4-qubit QFT is calculated by

@15 = (PxX“*) Ay (WimAm) (WiAn)(WiA)). (5.31)

The final quantum circuit for the 4-qubit QFT is given in Fig. 5.30. For the inverse 4-qubit QFT, the similar
quantum circuit can be used, only the phase gate must be changed by their conjugate. This circuit is shown in

3
Fig. 5.31. Four A, gates, 4 - 3= 6 phase shift gates, plus 4 NOT gates, and permutation Px with 6 exchanges

are used.

The circuit in Fig. 5.30 is exactly the quantum analog of the fast 16-point FFT circuit as shown in Fig. 5.28. In
other words, we have redrawn the classic paired FFT algorithm for the future quantum computer. On each stage,
the gate A, describes the work of 8 butterflies A,, and the set of phase shift gates describes the multiplication by
twiddle factors. Thus, the number of operations is exactly the same. We can call this circuit the quantum
circuit of the fast Fourier transform. The above circuits for the 2- and 3-qubits also were built as quantum analogs
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Stage 1 Stage 2 Stage 3 Stage 4 Permutation Pyis
! i L ,
Qbit 1 Az | | X :
Qbit 2 Pt [ 4 j : : X :
Qbit 3 pz — pe [ 4 9 —H x :
Qbit 4 P . p2 Pt A2 1 X :
1l -1 - n 0 0 1 _
Az_ﬁ[1 1], P_[O i) X=[] 0], Py = (1,8)(2,4)(3,12)(5,10)(7,14)(11,13)
Fig. 5.30 The circuit for the 4-qubit QFT by the paired splitting.
Stage 1 Stage 2 Stage 3 Stage 4 Permutation P,
! o L ,
Qbit 1 Ao T | | X :
Qbit 2 p* — A j: 5 ! —1 X
Qbit 3 P2 f— pt [ 4 T H X :
P Py
Qbit 4 P . p2 | pt — A 4 X :

0

11 -1 1 0 1
A2=ﬁ[1 1], P=[0 pin/e X=[1 | A= 1BEHEIDG10)(714)(11,13)

0

Fig. 5.31 The circuit for the inverse 4-qubit QFT by the paired splitting.

of the 4- and 8-point DFT, respectively. In the general case when integer r > 1, the quantum circuits for the r-qubit
direct and inverse Fourier transforms are described similarly. Will it run faster on a quantum computer than on a
classical computer? This is to be expected because we are told that quantum computers are faster. It must be said
here that we cannot obtain all coefficients of the Fourier transform, even exactly one of them, in one run of the
circuit on a quantum computer. Only one state of the FT quantum superposition can be measured.

As known in the paired algorithm of calculation, the 2"-point DFT can be used for the 2"-point DHAT A defined
by Eq. 5.16 (not the Walsh-Hadamard transform Hy). Only all rotation factors should be removed or considered
equal to 1. The above examples of the r-qubit QFT demonstrate the same property. For example, if we remove all
phase shift from the circuit in Fig. 5.30, we get the same circuit as in Fig. 5.13-2, for the 4-qubit DHAT.

5.5.3 The Known Algorithm of the QFT

Now, we describe the known algorithm for QFT with another approach, which is based on binary presentation of
time and frequency-points. Let us consider the N-point DFT of the signal f, of length = 2", r> 1,

1 N-1 .
Fp=—7=) f,e %%  p=012.,(N-1). (5.32)
vpNE

In the same standard computation basis, we define the r-qubit superpositions of the signal and its DFT,
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lp(f)) = fol0) + f1|1) + £2[2) + f5]3) + = + fy_1IN=1),
lp(F)) = Fol0) + F1|1) + F2[2) + F3|3) + =+ + Fx_1|[N —1).

under condition that [fy|* + |f,|*> + [f,]* + ~ + |f»-1|° = 1. The r-qubit superposition of the Fourier transform can
be written as

N-1 N-1 1 N-1 5 N-1 1 N-1 ,
lp(F)) = > _Fplp) = <— fne_’””"p)| )= fn(_ e N >>, (5.33)
¢ p;) »lp p;) \/NZ p ; \/JV,,Z:O p

n=0
or
N-1
lp(F)) = r;)fnlfpn)- (5.34)
Here, {|¢,); n = 0: (N — 1)} is the set of r-qubit superpositions
1 N=1
o) = Tﬁ; e”W®|p), n=0:(N-1). (5.35)

The QFT is defined as the transform on computation basis |n) — |@,), n = 0: (N — 1). The calculation of this
transform is accomplished by using the binary representation of numbers n and p in Eq. 5.33. We do not describe
here detailed calculations for this algorithm of the QFT, since they are very cumbersome (for detail see [15]). We
give the quantum scheme for the 4-qubit QFT in Fig. 5.32, wherein the phase shift gates P* are used instead of their
complex conjugates. It is done because the DFT was defined with positive powers of exponential basis functions,

2
that is, with exp (i%np) in Eq. 5.35.

Here, the notations of matrices were changed, while the matrices of phase shift were originally named as Ry.
Namely, in the currently accepted notation

(1 0 2
Ry = :Pz—k, k=1,2,3,

0 eiZﬂ/Z"
or
(1 0 T 1 0 g1 5 1 0 A (T
Ry = K ei”/z] _P(E) =P Ry = [0 e"’“] _P(Z) =P Re= [0 ei”/s} _P=P(§)'
Permutation
Qbit 1 — H,HpP*H PEHP /A\
Qbit 2 L H,H p*H p2 H
Qbit 3 l Hy H{ p*
L |/
Qbit 4 ® H, |
1 -1 o 0 _
A, _ﬁ[l 1], = [0 eiﬂ/g], Py = (1,8)(2,4)(3,12)(5,10)(7,14)(11,13)

Fig. 5.32 The scheme for the 4-qubit quantum Fourier transform (in definition of Eq. 5.38).
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The scheme in Fig. 5.32 is similar to the scheme in Fig. 5.31 (or Fig. 5.30). The same set of phase shift gates is used,
only with different control bits. In the schemes with the paired algorithm, the operation of butterfly A, and the 0-
controlled phase shift gates is used. In the scheme in Fig. 5.32, these butterfly gets are the Hadamard gates H,, and
the 1-controlled gates are used. Now let us take a closer look at a similar scheme for the 3-qubit QFT.

Example 5.10 3-Qubit QFT Circuit
The quantum scheme for 3-qubit QFT is shown in Fig. 5.33.

Here, the coefficients of the transform are calculated in the order {F,, F,4, Fs, F>, F;, F5, Fs, F,}. Therefore, the
following permutation is required: P = (1, 4, 7)(2, 6, 5, 3). The first stage of calculation can be written as

The second stage is described by the matrix

X =(LoL®S])(,H,®IL,). (5.37)

The last stage with only one locale gate is described by the matrix Xp; = (I ® H,). Also, the permutation is
required with the following matrix representation:

1 0 0 0 0 0 0 07

00 00 0 001

00 01 0O0O0O

_ _ |00 000100
P=Px=(1,4,7)(2,6,53) = 01000000
0 0 00 0 O0T1TFO0

001 0 O0O0O0TO

LO OO O1T 0 0 0]

Note that this is not the 3-qubit SWAP operation, or permutation (1, 4, 2)(3, 5, 6). Thus, the scheme above is
described as F = Px X;Xi2X;. In fact, it is the scheme to calculate the inverse 3-qubit QFT, since as mentioned
above, the exponential basis functions are used in Eq. 5.32 not as e~ %", but e3?. In other words, the QFT for
the scheme in Fig. 5.33 is considered as

1 N1
on) = > lp), n=0: (V- 1) (5.38)
p=0
Stage 1 Stage 2 Stage 3
1MQBit — Hj S +— T
2" QBit i H,
P
34 QBit L H,

1 5
0 el HZ:EH A=l 4

Fig. 5.33 The known circuit for the 3-qubit QFT (in the definition of Eq. 5.38).

79



80

5 Fast Transforms in Quantum Computation

Stage 1 : Stage 2 ; Stage 3
“QBit — Hy — § — T |
2 QBit l Hy, M S
3" QBit J-‘

E T=[é e_?”/4]' H2=%[} _ﬂ’ §=[(1) —Oi]'

Fig. 5.34 The second circuit for the 3-qubit QFT.

For the direct 3-qubit QFT defined by Eq. 5.35, the gate T and S must be considered as T and S, respectively. As a
result, we obtain the quantum scheme for 3-qubit QFT, which is given in Fig. 5.34.

For the permutation Py, the following sets of rotations (SR) are used in QD-decomposition by the heap
transforms:

SRy = {R_o9¢>;56, R—90°;4,5, R_ 0034}

SRy = {R_g¢°;4,5, R—00°;3.4, R_90°,2,3, R—90°;12}

SRs = {Rop;23} (5.39)
SRy = {R_90°;2.3, R—90°;12, R—90°;0.1 }

SRs = {Rop>;01, Rooe;1.2}

with the diagonal matrix B=diag{1,—1,1,1,—1,1, 1, — 1}, which can be writtenas B=Z ¢ I,  [-Z] © Z, where
the gate —Z = R_4(-X. The block scheme of the permutation Py is given in Fig. 5.35. Here, two gates of rotation by
+90° are

0 -1

Rooe = [1 0

01
and R_90° = ~1 0 = —Rgoo.

s 4 Co3 2 : 1 :
z E E ! i i
R : : 5 5 : s
—o0° | : ; : : P03
s _ | * : [y | P : L2
S X : : ! x ' : -,
=] : : i ; : : =]
2 : ! e ’ T ©
= | : | : : :
i - i ! U i
Z | : ! ! : :
—U : I i : :
Multiplicationby B | Rege | R_oge | Roge | R_gge i Rogpe

Fig. 5.35 The traditional block scheme of the permutation Py.
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Thus,

Px = B- (Roo>;01R00°;1,2) - (R—900°;23R —00°;12R—90°:0.1) - Roo;2,3
“(R-90°;45R —00°;34R —00°; 23R —90°;1,2) - (R—00°;5,6R - 00°;4,5R —00°;3.4)-
B = Z@Iz @ (R_QQOX) @Z

This example illustrates well how complex the scheme for implementing permutation in quantum circuits is.

5.6 Method of 1D Quantum Convolution for Phase Filters

In this section, the method of implementation of the classical diagram {f,} — {F,} — {Y, = HpF,} — {y,,} for the
circular convolution in the frequency domain is presented [19]. The general case is considered; the signal f, is
complex or real. Here, F,, and H), are the DFTs of the input signal f, and the impulse characteristic h,, of a linear
time-invariant system or filter, respectively. The length N = 2, r> 1. The convolution (circular)

N-1
Yo =Fa®@ha=(fOR), = > filc-mmoan, 1 =0: (N=1). (5.40)
k=0

The indices are considered by modulo N.
First, we assume that both signal f,, and the characteristic H, have unit energy, that is,

Z[fn = Z H,|” = 1.

n=0 p=0

The pair of direct and inverse N-point DFTs, Fn and Fp 1 are considered in a traditional in the DSP form

1 N-1 1 N-1
Fp=—7=) fW" fo=—7=) FpW™™, np=0:(N-1), (5.41)
W = R

where W = exp(—i2z/N). We also assume that the characteristic of the filter H, # 0, for all frequency-points p = 0:
(N —1). Otherwise, if this frequency characteristic has zeros, for instance, at frequency-points 1 and 2, then one

additional qubit can be used to compose the superposition with vector {Fo,Fl,Fz,F3, ..FN_1,0,0,0,0, ..., 0}.

Then, the permutation can be wused to move these components to the second part as

{Fo, 0,0,Fs,....,Fx_1,0,F,F>,0,..., O}. Subsequent processing will only be on the first part of this vector.

The calculation of the circular convolution y, = f, ® h,, can be described by the following steps.
Step 1: Consider the following ( + 1) quantum mixed-type superposition of states:
-1
an\n ZHpIN+P anlo n) + Zlel Ip)- (5.42)
=6 V2 V2g

In the second part of this equation, the basis states |n) and |p) are from the basis B, = {|0), [1), ..., [N — 1}}. Thus,
lp) = 1/v/2[|0)|p(f)) + |1)|®(H))], where the r-qubit superpositions

W) = S foln) and O(H) = 3 Hyp). (5.43)
n=20 p=0
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For ease of calculation, we will omit the normalization coefficient 1/ /2 from the superposition |¢), as well as
such coefficients from the following superpositions. Only at the last stage of calculations, when observing/measur-
ing the final result, will the corresponding normalizing coefficient be used.

Step 2: Perform the r-qubit QFT of only the superposition of the signal |¢(f)). For that, we can use the first qubit asa
0-control qubit. The result is the (r + 1)-qubit superposition |¥) = (Fny ©In)|p), or

|¥) = [0)|®(F)) + [1)|®(H)) = ZFp\P +11) ZHp|P ZFp|P ZHp|N+p>
(5.44)

Here, F stands for the matrix of the N-point DFT. The realization of the r-qubit QFT can be accomplished by
one of the quantum circuits described in Section 5, for instance, the paired transform-based algorithm.

On this stage, we obtain the state of the 2N-D vector (the unit vector if considering the coefficient 1/ V2)

A = (Fo,F1,F3,...., Fy_2,Fy_1,Ho,H1,Ha, ... Hy 2, Hy 1) . (5.45)

Step 3: Process each state |¢,) = |0)F, + |1)H, by the corresponding diagonal matrix

v,= | 0 det(Vp) = 1. (5.46)
P7lo H'|)

Applying this matrix on |¢,), we obtain the superposition

R e | R A e e

H, 1 0
Note that in order to use V}, matrices in quantum computation, they should be unitary. Therefore, it is considered
that the frequency characteristic of the filter has values only on the unit circle. In other words, H, = "%, where
angles 0, € [0, 27). For instance, we can consider the linear phase filters with unit amplitude multiplier, H, = P2,
where 7 is an integer number and /2 is the group delay [20].
Since, the components F, and H, are located far from each other at “a distance” of N in A, we will consider the
permutation

!
B=PA = (Fo,Ho,FhHl,Fz,Hz, ---sFN—ZHN—ZsFN—l,HN—l) (5.47)
S~ N~ Y

instead of this vector A. The new superposition is |¥g) = P|¥),

Wg) = Z (Fp|2p) + Hp|2p + 1)). (5.48)

For the N = 8 case, this permutation is the following:

(01 23 4 5 6 7 8 9 10 11 12 13 14 15
“\0 2 468 10 12 14 1 3 5 7 9 11 13 15

or P =(1, 2, 4, 8)(3, 6, 12, 9)(5, 10)(7, 14, 13, 11). In the general case, the permutation can be described as
P:x — 2xmod(2N —1), forx=0:(2N—-2), and P2N—-1)=2N-1. (5.49)
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Then, the following Kronecker sum of the diagonal matrices is considered:

V=V Vi®Vi+ -+ OVN_,DVN_1. (5.50)
It is the (2N) X (2N) diagonal matrix
FH, _
Hy!
H;
H{!
VvV = , det(V):l.
Hy_»
Hyl,
Hy_1
I Hyly |

The result of multiplication of this matrix on the vector of |¥g) defines the following (r + 1)-qubit superposition:
‘\P> VW) = Z (FpHp|2p) + [2p + 1)). (5.51)

For the r = 6 case, the 7-qubit quantum circuit with 1 and 0-control bits for the operation V'is shown in Fig. 5.36.
After applying the inverse permutation P~", we obtain the superposition

[ #) = 10) Y- HyFplp) + 1) Y Ip)- (552
p=0 p=0

For the above N = 8 case, this permutation is P~ = (1, 8, 4, 2)(3, 6, 9, 12)(5, 10)(7, 11, 13, 14).
We need to carry out all necessary calculations at the first control qubit in state of |0). Therefore, all we have to do
is to calculate the r-qubit inverse QFT (IQFT) and then make a measurement, as shown in Fig. 5.37.

Step 4: When the first qubit is in the state of |0), apply the r-qubit inverse QFT of the obtained quantum super-
position P~!| ¥). This operation can be written as

N-1 N-1
W)= (73t e ) (P %) = (Fit e Ix) (|O>ZHpr|p>+|1>Z|p>) 0> vl + 1) Z|p
p=0 p=0

n=20

7
¢ 7
P _ D i -
oy ) j:i:i:% !
Vo H V3 Vo H Vs - — Ve | Ve |—

Fig. 5.36 The circuit element for the operator V with the equivalent circuit when N = 64 = 2°.
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10}
r N-1 N-1 |
() ———— Dy | QFT |= ) Bl <V = Y HEip) orr [ 100D
p=0
o) ——— F —— = ®h,

Fig. 5.37 The simplified quantum circuit with (r+ 1) qubits for the circular convolution y,, when the first qubit of |¢) is |0).

Note that on this stage, it is also possible to apply the r-qubit inverse QFT to both parts of the superposition
‘1)‘?>, to obtain the following:

\y>) = (FyloFyY) <|o ZHpr|P + 1) Z )=|0>2ynln>+|1>\/ﬁ|0>@'

n=20

i) = (Fzt e Fgh) (P

Indeed, the superposition (|0) + [1) + |2) + -+ [N—1))/v/N corresponds to the vector (1, 1, 1, ..., 1)
which is the DFT (or Hadamard transform) of the unit impulse 6, = (1, 0, 0, 0, ..., 0), or the Kronecker
product |0)®" = [000...0).

Step 5: Measure (M) the first qubit of the superposition |y ). It will be M, = |0) or M; = |1). If it is in the state |0},
then the superposition of the circular convolution is observed. Thus, we can write

Miy) = (1~ Mo)lp(y)) + Mo (jﬁ 3 |p>), (5.53)
p=0

where the superposition of the convolution (with the normalization factor K) is

lN—l
:Ezyn|n>’ K=
n=0

Figure 5.38 shows the quantum scheme of the circular convolution by the above algorithm.

(5.54)

Step 1 Step 2 Step 3 Step 4 Step 5
o A \ o
1 QBit ’( T ’(
|4
’ QFT \/ \/ IQFT ol =———'A
P p-1
) lw)  Pl¥) 7)  p1|P) I¥) M)

Fig. 5.38 The quantum circuit for the circular convolution y, of the signal.
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6

Quantum Signal-Induced Heap Transform

In this section, we briefly describe the quantum signal-induced heap transform (QsiHT) related to the so-called
discrete signal-induced heap transform (DsiHT), which was successfully used for image enhancement, classifica-
tion, compression, and filtration [1-4]. This transform is generated by any signal of arbitrary length. This transform
is also used for different QR-decompositions of square matrices, real and complex [5-7]. In the case when the
matrix is unitary, such decompositions are considered as matrix factorization. The DsiHT has simple algorithms,
it is fast and allows for building different quantum circuits for 2-qubit multiplication with 4, 5, and 6 gates of rota-
tion. In the following equations, letter H will be used for the DsiHT. For instance, Hy is used for the 8-point DsiHT,
not for the 8-point discrete Hadamard transforms.

The section is structured to provide a comprehensive understanding of the DsiHT and its applications. It begins
with a formal definition and description of the DsiHT, followed by algorithms for initializing quantum states using
this transform. Section 6.2 discusses applying DsiHT-based factorization techniques for real matrices, detailing
how these methods can be implemented within quantum circuits to perform essential computations efficiently.
This includes the construction of quantum circuits for discrete cosine transforms of types Il and IV, and the discrete
Hartley transform, showcasing the broad applicability of DsiHT in quantum signal processing. Finally, Section 6.3
explores the extension of DsiHT to complex matrices, expanding its utility and effectiveness in handling a more
comprehensive range of quantum computing tasks. This chapter provides a foundation for understanding how
DsiHT and QR-decompositions can be leveraged to improve quantum algorithms’ performance and accuracy, pav-
ing the way for more sophisticated applications in quantum image processing and other computational domains.

6.1 Definition

The concept of the discrete heap transformation, or discrete signal-induced transform, was developed by Grigoryan in
2006 to process signals and images by transformations that are generated by one or more pre-selected signals, which
are called the generators [8-10]. Here, we consider the case with one generator-signal x = (xg, X1, X5, ..., Xy — 1), N> 1.
The choice of generator depends on the task. The DsiHT is a two-level transform. At each stage of calculation, a basic
unitary transformation, T}, is generated and then applied to the input signal z = (2o, 21, Z2, ---» Zv — 1)- For example, the
transformation T} can be applied to only two components of the processed signal, and one of them will be updated in
the next calculation step. The DsiHT uses a path or order in which signal-generator and input signal components are
processed. These paths can be different and therefore the DsiHT depends on the path (for detail, see [5]).

As example, Fig. 6.1 shows three different signal processing paths. In part (a), starting from the last components
of the 8-point input (generator), two components are processed and the first output will be used as one of the inputs
for the next transformation. The DsiHT with this path is called the strong DsiHT, or, the DsiHT with strong 2-wheel

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Fig. 6.1 Three different paths of the N-point DsiHT, when (a) N= 8, (b) N=5, and (c) N= 8.

carriage (for more detail, see [1, 7]). In part (b), the path of the weak DsiHT, or the DsiHT with weak 2-wheel
carriage, is illustrated for a 5-point signal. The first output of the transform is renewed at each stage of calculation.
In part (c), the path is illustrated as it is used for the discrete 8-point Haar transform. The path is an important
characteristic of the DsiHT.

First, we start with the real signals. The case is considered, when the whole energy of the signal generator is
transferred to the first component of the transform. So, we collect in one heap the whole energy of the signal.
The simple form of the basic transformation can be used, for example, the Givens rotation. Let (xo, ;) be the given
vector and T the transformation defined by the following conditions:

X X
T[ 0] - [ O}and|xg|2:x§+xi (6.1)
X1 0

With the Givens rotation, the matrix of this transform is calculated by

T=T,=W(p) = { C(_)S(p - Sln(p:|,(p = - arctan(ﬁ). (6.2)
sin ¢ CoS @ Xo
If xy = 0, the angle of rotation is considered ¢ = — 7/2, or z/2. Thus, the angle of rotation is defined from the
condition X, sin ¢ + x; cos ¢ = 0 and then applied to calculate the first output x;,.
The N-point DsiHT uses (N — 1) basic transformations T, , k = 1: N — 1, regardless of the path of the transform.
The transform of the signal-generator equals

H: x = (X0,X1,%X2, -0y Xn—1) — (V,0,0, ..., 0), (6.3)

where y, is equal to plus/minus energy E[x] = ||x|| of the signal. Since y, = ++/x2 + x? + ... + x%_;, we always can
consider the sign plus for y,. Indeed, the DsiHT is composed by basis transforms of type T given in Eq. 6.1. We may
consider that |x)| = +/X3 + X3, since x{, = X, cos ¢ — x; sin ¢ and if x), < 0, then the angle of rotation ¢ can be
changed by (¢ + 7). Therefore, on each stage of DsiHT calculation, the angle ¢, can be changed by (¢ + 7), if
necessary.

Thus, the transformation as well as the signal-generator are uniquely determined by the data of E[x] and
angles of rotation. In other words, the transformation is decoded into the vector (||x||, @1, @2, ..., ¥n—1). For
the signal-generator with norm 1, the angular representation holds, x — A, = {¢1, @2, ..., PN _1}.
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Fig. 6.2 The two-wheel carriage of the 8-point strong DsiHT.

We now describe the DsiHT with a strong two-wheel carriage, which we consider the simplest in constructing a
quantum circuit for this transformation. Such a carriage is illustrated in Fig. 6.2, for the N = 8 case. The first wheel
rotates the signal generator data, and the input signal data rotates synchronously on the second wheel. In the
beginning, in the center of each wheel, the last components of the signals are placed. Then, while the wheel
makes one revolution, the components of the signal-generator are processed sequentially in order xy_; with
Xn_ 2, then xn_ 3, ..., X1, Xo. The components of the input signal z are processed in the same way.

6.1.1 The Algorithm of the Strong DsiHT

Step k = 1: (x(()o) =XN-1, Z(()()) =2N-1)-

o The pair of components of the signal-generator isxy _ , and xy _ ;. Calculate the first angle ¢, = — arctan(y _ 1/Xn _ 2)-
Calculate the first output of the transform

Ty (XN-2,XN-1) — (xél),o).

o Process the components of the input signal,
Ty: (IN-2,2N-1) — <ZE)1),Z}\,_1).

Step k= 2:

o The pair of components is xy_ 3 and xf)l). Calculate the angle ¢, = — arctan (xél) /xN_3). Calculate the first
output of the transform

T,,: (xN_3,xél)) — (xéz) 0).

o Process the components of the input signal by the transform
T,,: (ZN—s,zél)) - (Z(()z),Z}\]—Z)‘

Steps k= 3,4, .., N—1):

o The pair of components is xy_ (1) and x(()k_l). Calculate the angle ¢, = — arctan(xék_l) /xN—(k+1))-

Calculate the first output of the transform

k- k
Ty, (xN—(k+1)’x(<) U) - (xE)),O).
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Fig. 6.3 The 8-point strong DsiHT generated and then applied to the signal z,, n=0:7.

o Process the components of the input signal,

Ty,: (ZN—(k+l)’Z(()k_1)) - (Zék)’zfv—k)

The output is the transform

T(2) = (% 24> 2hs o —2oBh—1):%0 =25 - (6.4)
This algorithm is illustrated in Fig. 6.3, for the N = 8 case.

Note that the above algorithm can be split by two parts. In the first part, all angles of rotation can be calculated
from the signal generator. This is about the angular representation of the generator, A(x) = {@1, @2, ..., oy _1}. In the
second part, the DsiHT of the input signal is calculated, T(z).

The DsiHT is a composite transform, Hy. It can be written in the matrix form as

Hy =R R R R (6.5)

ON_1;00) N ON-2012) P2 (N-3N-2)" P (N-2N-1)"

Here, Ry, . ;> when j =i+ 1, denotes the unit diagonal matrix with the matrix of rotation R, in the cell (i, j) X (i, ),
that is,

R¢k;(i,j) =I;®R, ®Iy_i_2and R(”k;(u,l) =R, ®In_2. (6.6)

We can say R, . represents the rotation on planes i and j. For instance, in the N= 4 case,

1 0 0 0
0 cosp; —sing; O
Ry s = : ' ' =1®R, &1L
T 0 sing, cosp, O
0 0 0 1

The 4-point strong DsiHT can be written in the matrix form as
H4 = Rfﬂz;(m)Rl/’z;u,z)Rf/Jl;(z,z) = (R‘ﬂs @12) (1 © R#’z & 1) (12 @ Rlﬂl)' (6'7)

It should be noted that, as shown in the example above, when calculating the strong DsiHT, only matrices of the
type Ry, .., are used, thatis, when j =i + 1. This is about rotations on adjacent planes. If we use other paths in the
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DsiHT, the coefficients of the rotation matrices R, in R,, =~ will be separated by (j —i— 1) columns and rows,
when j > i+ 1. Itis rotation on planes i and j, which are separated from each other. Such matrices cannot be written
by the Kronecker sum of matrices, as in Eq. 6.6. For instance, when using the 4-point DsiHT with the weak
carriage, on the second and third computation steps, the following matrices of rotation are used:

cosp, 0 —sing, O cosp; 0 0 —sing,
R 0 1 0 0 dR 0 1 0 0
= an =
72027 1 sing, 0 cosp, O 09 0 01 0
0 0 0 1 sing; 0 0 cosg;

Example 6.1 Vector-generator (1,—1,1, 1)
Consider the vector ¢ = (1, — 1, 1, 1). The DsiHT with this vector-generator has the matrix

1 -1 1 1 1 -1 1 1
11]1.7321 0.5774 —-0.5774 —0.5774 1 3 1 -1 -1
Hy=Hgs= =-D R (6.8)
210 1.6330 0.8165 0.8165 2 0 2 1 1
0 0 —1.4142 1.4142 0 0 -1 1

if we use the strong wheel-carriage. Here, the diagonal matrix D = {1, 0.5774,0.8165, 1.4142}. The angles for this
transform are {g;; k= 1:3} = {—45°, 54.7356°, 60°}. As follows from Eq. 6.7, the transform is described by the
following composition of three rotations:

cosep; —sing; 0 O 1 0 0 0 1 0 0 0
sin ¢, cosp; 0 O 0 cosgp, -—sing, O 0 1 0 0
. 0 0 1 0 0 sing, cosgp, O 0 0 cose, —sing;
0 0 0 1 0 0 0 1 0 0 sing, COS ¢,

~
@, = —45°, 0, =54.74°, 5 = 60°

With the permutations P, = (0,3,2,1) and P, = (0,1,2,3), the second matrix can be written as R,, i = p,
(I, ®R,,)P,, that is,

1 0 0 0 01 0O 1 0 0 0 0 0 01
R _ |0 cosg, - sing, O (0010 01 0 0 1 0 0 O
7202710 sing, cosp, O| |0 0 O 1||0 O cosp, —sing,||[0 1 0 0
0 0 0 1 1 0 0 O 0 0 sing, COS @, 0 01 O
Therefore, the matrix of the 4-point DsiHT can be described by controlled gates as
H4 = (R% @IZ)PZ (12 & RQUZ)P,Z (12 EBR(IH)' (69)
—_——

The quantum scheme of the 4-point DsiHT, or the 2-qubit quantum signal-induced heap transform, is given
in Fig. 6.4.

Thus, we have the quantum scheme for the 2-qubit gate Hy, and Hyq' = H,(1,—1,1,1)Y =(2,0,0,0) =2(1,0,0,0)'.
If we normalize the generator, g = q/2, then H,q' = (1, 0, 0, 0). For the inverse transform, H)(1,0,0, 0)’ =q.
The inverse matrix H;' is the transpose to H,, that is, H;'=H). Consider the 2-qubit superposition
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Hs = (Rp, ® I,) P;(I ® Ry, )P; (I, ® Ry,)

S| D S
— Ry, @ Ry, @ Ry, ——
P, P,

Fig. 6.4 The quantum scheme of the strong wheel-carriage 2-qubit QsiHT.
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=
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Fig. 6.5 The quantum scheme for preparation the superposition |@(g)) by the 2-qubit inverse QsiHT.

lp(q)) =(]00) — |01) + |10) + |11))/2. Then, to prepare this superposition from the first basis state as
H}|00) = | ¢(q)), the quantum circuit in Fig. 6.5 can be used. The transpose matrix is calculated by rotations
as follows:

!

!
H,= (R, SL)RLERP, (bR, | = (5R,) (PRBERP) (R, o5
— —
= (b0R-y) (PR OR_)P) (R, 012).
—_—

When using the weak wheel-carriage DsiHT by the same generator, the transform matrix equals to

1 -1 1 1 1 -1 11
1| 1.4142 1.4142 0 0 1 1 1 00

H4;W = = = *Dl ) (610)
2| —0.8165 0.8165 1.6330 0 2 -1 1 2 0
—0.5774 0.5774 —0.5774 1.7321 1 -1 1 3

Here, the diagonal matrix D, = {1, 1.4142, 0.8165, — 0.5774} and the angles of rotations are {¢;; k= 1:3} = {45°,
—35.2644°, — 30°}. Note that the angles change as ¢; — ¢; + 90° and ¢ — @y — 90°, k = 2, 3 The matrix D, is the
permutation P(; 3y of the matrix D of the DsiHT with the strong wheel-carriage in Eq. 6.8. The composition of the
weak wheel-carriage DsiHT is described by the following three matrices of rotations:

Haw =Ry, 05 Ry 00 Ro 0
cosp; 0 0 —sing, cosgp, 0 —sing, O] | cosgp;, —sing; 0 O
0 1 0 0 0 1 0 0 singp; cosgp; 0O O
- 0 0 1 0 sing, 0 cosgp, O 0 0 10
sing; 0 0 cosgs 0 0 0 1 0 0 01

@, =45°, ¢, = —35.26°, 5 = —30°



6.1 Definition

The first two matrices of rotations can be presented by the 0-controlled gates as

[1 0 0 O] [cosgp, —sing, 0O O0][1 O O O]
R_OOlO sing, cosp, O O|[O0 O 1 O
202710 1 0 0 0 0 1 0{lo 1 0 of

0 o0 1]l o 0 o0 1][o0 0o 0 1]

[1 0 0 O] [cosps —sing; O O0][1 O O O]
R |0 0 1 0f|sing; cosps; O 0|0 0 O 1
P09 710 0 0 1 0 0 1 0[|0o 01 0

01 0 0]l o0 0 0 1][0 1 0 0

Here, the matrices of permutations P )= (1, 2), Pa 32 = (1, 3, 2), and P 3= (1, 3) are used. Thus,

R P(l,Z)R P(LZ) and R¢3;(O.3) = P(1)3’2>R¢3;(011)P(173>.

$2;(0,2) = P2;(0,1)
The matrix of the 4-point DsiHT can be written as

Haw = PRy, 1 P13) P2)Rps 00 P1.2) Ry o) - (6.11)
——"

The product of permutations

P(1,3)P(1,2) = = P(1,2,3)-

= O O O
oS = O O
S O o =
S = O O
S O = O
= o O O
S O o
S = O O
= O O O
S O = O

0
1
0
0

S o o

Therefore, we can write the matrix of the DsiHT by three rotations and three permutations,
H4;W = P(1’3a2)R¢3;(0,1)P(1,2s3>R¢’2; (o,l)P(1s2> Rf/’l; (0,1) = P(1a3’2) (R% ®I2)P(1’2’3) (Rq’z & IZ)P(LZ) (R‘ﬂl @Iz) .

The quantum scheme of the 2-qubit QsiHT with the weak wheel-carriage is given in Fig. 6.6 in part (b). The block
scheme of this transform with three 0-controlled gates is shown in part (a).

For both transforms, Hy. ' = Hs, wq' = (2, 0, 0, 0)' and ||q|| = 2. One can note that the vector-generator
q= (1, —1,1,1) lies in the first row of these matrices H, ; and H,,,, as the first basis function. This is also true
in the general case of the N-point DsiHT. If normalize the vector, g = q/||q||, then H,q' = (1, 0, 0, 0)'. The matrix

Hs = P132)Re, 00 P1,23)Res00P1,2) Roro

o | ]
e ln] T S Sy
o o
° o — Ry, y Ry, | Ry,
P(1,2) P(1.2,3) P(1,3,2)
(a) (b)

Fig. 6.6 (a) The block-scheme of the 4-point weak DsiHT and (b) the quantum scheme of the 2-qubit weak QsiHT.
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of the DsiHT is unitary, H, l=H Q, and therefore, ¢’ = Hg(l, 0,0, O)/. Considering that the unit vector q represents
the 2-qubit superposition |¢) = a |0) + b |1) +c|2) +d | 3), the DsiHT maps this superposition to the first com-
putational basis state,

Hy| @) =]|0),0rH, (6.12)

Q o o Q
Q o o Q

For the week DsiHT, the matrix of the inverse transform can be written as

li
; _ pl / / _
H4; w (R‘/’z; (o,l)R(/’z; (1,2)R(/’1; (2,3) ) - R(ﬂl: (23) R(/)z; (12) R(/73; (0.1) =R_ ’/71;(2,3)R —¥201,2) R_ P3;(0,1)

(Iz EBR—(M) (1 EBR—%”Z @ 1) (R_% @Iz),

or it is
10 0 0 1 0 0 0 COS @3 sing; 0 O
o= 01 0 0 0 cosg, sing, 0 —sing; cosgp; O O
Hw 0 0 «cosp, sing; ||0 —sing, cosp, O 0 0 10
0 0 —sing; cosg;| L0 0 0 1 0 0 01

Thus, | ¢) = H}, | 0), which means that any 2-qubit superposition can be obtained from the zero state |00) by the
unitary heap transforms. This is true also for any r-qubit superposition |¢), where r> 1.

6.1.2 Initialization of the Quantum State by the DsiHT

Many quantum circuits start to work with the input superposition being the zero state, [000...0) = |0)®", when r > 1.
Consider a quantum superposition

2"-1

(@)= Y Fal ol + 11 + ot P = 1,
n=0

with real or complex amplitudes f,,. For example, let the amplitudes be real and fbe the 2"-D vector (fy,f1, o for — 1)

If H is the strong DsiHT generated by this vector, then

Hf = H(fo,f1s 0 f2_1) = (1,0,..,0) = | 0)®". (6.13)

The DsiHT is the unitary transform. In the considered case, it is the real transform. Therefore, the inverse DsiHT
is described by the matrix transpose to the matrix of the DsiHT. For the inverse DsiHT,

H™'(0)?") = H'(1,0,...,0) = (fo, 1 for_1) =

Example 6.2 Vector-generator (1,—1,1,1,—1,1,1,1)
Consider the 8D unit vector q = (1, —1,1,1,—1,1,1,1)'/v/8.

A) For the weak DsiHT with this generator, Eq. 6.13 is written as

qu = (RU’7; 0,7) RWé; (0,6) Rll’s;(o,s) RW4; (0,4)Rll/3; (0,3)RV/2; (O,Z)RVII;(O,I)) q
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which is equal to

1 -1 1 1 -1 1 1 1]
C 1 e
1 1 0 0 0 0 0 0
-1 0
1 -1 =2 0 0 0 0 0 1 0
1 -1 1 -3 0 0 0 0 1 1 0 ( |
Hyq=D X — = 6.14
1 -1 1 1 4 0 0 0 V8| -1 0
1 -1 1 1 -1 =5 0 0 1 0
1 0
1 -1 1 1 -1 1 -6 0
L 1] Lol
1 -1 1 1 -1 1 1 -7

8 X 8 matrix Hg
Here, the diagonal matrix
D = diag{0.3536,0.7071, — 0.4082, — 0.2887,0.2236, —0.1826, — 0.1543, — 0.1336}.

All numbers in this and other examples in the book are printed with precision of four digits after decimal point.
With this diagonal matrix, the DsiHT matrix is written in the integer form. The first row of this matrix is the non-
normalized generator g = (1,—1, 1, 1, — 1, 1, 1, 1)’ with energy E[q] = 8, and the last row differs only in the last
component, —7, where there a splash of energy occurs (—7 = 1 — E[g]). This DsiHT is performed by seven rotations
by the following angles (in degrees):

{yk = 1: 7} = {45°, —35.2644°, —30°,26.5651°, — 24.0948°, — 22.2077°, —20.7048°}

For the inverse transform

@3\ — ®3
HIS (| 0> )O - (R—Vfl;(m)R—'I/z;(n,z)R—ll’z;(uz)R—ll/4;(o,4)R—V/s;<o,s)R—V/s;(n,mR—%; (0,7)) (| O> )’

we have
[ 1 1 1 1 1 1 1 1]
17 17 ro17
-1 1 -1 -1 -1 -1 -1 -1
0 0 -1
0 1 0 =2 1 1 1 1 1 0 )
0 1 0 0 -3 1 1 1 1 0 1 1
Hy = D x =— (6.15)
0 -1 0 0 0 4 -1 -1 -1 0 V8| -1
0 1 0 0 0 0 -5 1 1 0 1
0 0 1
1 0 0 0 0 0 -6 1
L0 L0 ] L 1]
| 1 0 0 0 0 0 -

8 x 8 matrix of the inverse Hy

Thus, to prepare the 3-qubit superposition
)=
"R

the unitary transform with Hj matrix can be used with seven rotations, Hj (| 0)“*) =| ¢).

(1) =D+ 22+ [3)=[4+ [5+[6)+[7),

95



96 | 6 Quantum Signal-Induced Heap Transform

B) For the strong DsiHT with the same generator, the transform

qu = (R‘I/7; (o,l)RWG;(l,Z)RWS;(z.s) RW4;(3.4)RW3;(4,5) RWz;(s,e)RW1;(6,7)) q
can be written as

1 -1 1 1 -1 1 1 1
-1 1
-7 -1 1 1 -1 1 1 1
-1 0
0 6 1 1 -1 1 1 1 1 0
0 0 -5 1 -1 1 1 1 1 1 0 616
Hgqg=D X — = 6.16
+ 0 0 0 -4 -1 1 11 V8| -1 0
o o o o0 3 1 1 1 1 0
1 0
0 0 0 0 0o =2 1 1
L 1] L0
0 0 0 0 0 o -1 1
A\ -~ 7
8 X 8 matrix Hg
The diagonal matrix
D = diag{0.3536, — 0.1336, 0.1543,0.1826, — 0.2236, 0.2887,0.4082,0.7071}.
Seven rotations by the following angles (in degrees) are used for this DsiHT:
{wik=1:7} = {69.2952°,67.7923°, — 65.9052°, 63.4349°, 60°, — 54.7356°, —45°}.
The inverse matrix is Hg = (R—l//l;(eJ)R—V’z; (M)R_,,,}: (4‘5>R—w4; MR_%; (M)R_,,,&; (mR_%: M) and we obtain
1 -7 0 0 0 O 0 0
17 17 M 17
-1 -1 6 0 0o O 0 0
0 0 -1
0 1 1 1 -5 0o O 0 0 0 1
o 1 1 1 1 -4 0 0 0 0 1 1 o)
H = D Xx = — = |
*lo -1 -1 -1 -1 -1 3 0 0 0|  Vv8|-1
0 1 1 1 1 1 1 =2 0 0 1
0 0 1
1 1 1 1 1 1 1 -1
L0 L0 L 1]
1 1 1 1 1 1 1 1
8 X 8 matrix of the inverse Hy
(6.17)

Any r-qubit superposition can be obtained from the zero state [0)*” by the unitary heap transform, as shown in
Fig. 6.7. The DsiHT requires only (2" — 1) rotations and it is generated (induced) by the vector of amplitudes of the
superposition. For superpositions with complex amplitudes, the complex DsiHT can be used in a similar way.
These transforms are described in Section 6.3.

r H r Fig. 6.7 The use of inverse DsiHT to initiate the n-qubit superposition.
— S e —

|0)®T lo)




6.2 DsiHT-Based Factorization of Real Matrices

Comments

It should be noted that any basis state can be used to initiate the required superposition. The DsiHT can be defined
with a heap in any position or a simple rearrangement of its two rows. For instance, in the example above with N
= 4, the 2-qubit superposition can be obtained from the computational state |1), as

1.7321 0.5774 —-0.5774 —0.5774 1.7321 1 0 0
, 111 -1 1 1 1 0.5774 -1 1.6330 0
|¢>=A|1>=§ |1>=§ | 1).
0 1.6330 0.8165 0.8165 —0.5774 1 0.8165 —1.4142
0 0 —1.4142 1.4142 —0.5774 1 0.8165 1.4142

Here, matrix A is composed of matrix Hy.; by permuting the first and second rows; the determinant of this matrix
is —1. The amplitudes of the 2-qubit superposition |@) are on the second column of the matrix A’.

6.2 DsiHT-Based Factorization of Real Matrices

In this section, we describe QR-decomposition of a square matrix, which is based on the DsiHTs. Different methods
of QR decompositions exist [11-13], and the DsiHT-based QR decomposition was shown is the one of the most
effective methods in matrix factorization [5-7]. This method can be used for the DsiHT with any path in
calculation. The basis 2-point transforms are Givens rotations R,. As an example, we consider 4 X 4 matrix
QR-decomposition. Let A be the 4 X 4 square real matrix

ag by co dy

d
A= and det(A) # 0.
a bz C d2

a; by c3 dj

In QR decomposition, the matrix is represented as A = QR, where Q is a unitary matrix and R is a triangular
matrix. If the matrix A is unitary, the matrix R is diagonal (D), with coefficients +1 of the diagonal, with det
D = £1. This is why, we can call such QR-decomposition the QD-decomposition. The case with complex matrices
is similar to this case, only the basis transform R, must be changed by complex unitary transforms, which will be
described in the next section.

The QD-decomposition of the 4 X 4 unitary matrix A is implemented in the following three stages.

Stage 1. The vector-generator is the first column of the matrix, x; = (ay, a1, @, as). The 4-point DsiHT, H,, applying
on this vector results in the vector Hyx; = (||x]|, 0, 0, 0). The matrix A is unitary, therefore, ||x;|| = 1. The
multiplication of the matrix of the transform H, on the matrix A is the matrix with the first column Hzx;, other
three columns will be changed. We denote the obtained new matrix as

1 0 0 O
T, = HA= 0 l}l & ciil
0 by, ¢ d,
0 B3 &3 33

~ ~ ~ !
Stage 2. The 3 x 3 submatrix of T, is renewed. The vector-generator is x, = (bl, b,, b3) with norm ||x,|| = 1. The

corresponding 3-point DsiHT, Hs, applying on this vector results in the vector Hsx, = (+1, 0, 0)'. Calculate the
matrix multiplication
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98| 6 Quantum Signal-Induced Heap Transform

1 0 0 O

T2={1 0]T1=(1®H3)T1= 0 +1 0 0
0 H; 0 0 & dy

0 0 & d;

Stage 3. The 2 x 2 submatrix of T, is renewed. The vector-generator is x3 = (¢,,¢3) with norm ||x;| = 1. The cor-
responding 2-point DsiHT, H,, applying on this vector results in the vector Hx; = (+1, 0). Calculate the matrix
multiplication, to obtain the diagonal matrix D,

1 0 0 0
=2 ° Ty =(L@&H,)T,=D= 0 =1 0 0 (6.18)
Tlo Hy/PTTUTYET T T 00 0 1 0 '
0 0 0 +1
The QD-decomposition, or diagonalization T5: A — D, can be written as
T3 = (Iz @Hz)(l @H3)H4 (619)
Thus, we obtain the following decomposition of the matrix:
A=TiD=H,(16Hj)(I,&H,)D. (6.20)

We mention that the DsiHT can be used for factorization of any unitary matrix. The following assertion is true
and is written here for matrix factorization by the strong DsiHTs.

Assertion 6.1
For a real unitary N X N matrix A, the following diagonalization holds:

D= (IN—Z @Hz)(IN_3 EBHg,)' . -(Iz @HN_z)(l @HN_l)HNA, (6.21)
and the matrix A can be represented by (N — 1) matrices of the strong DsiHTs, namely
A=Hy(1oHy_|)(L®Hy_,) - (In-3®H}) (Iy—2 & Hj)D. (6.22)

Here, each DsiHT, Hy, k= 1:(N — 1), is induced by the k-point signal-generator determined during factorization.
D is the diagonal matrix with coefficients +1 and det D = +1.

6.2.1 Quantum Circuits for DCT-II

The N x N matrix of the N-point DCT of type II can be written as [14]

2 . 1 V4
Cy = \/%dlag{ﬁ, 1,1,.., 1} [cos (N (n+ O.S)kﬂ k0N 1) (6.23)

This matrix is unitary. The order of the transform is considered N = 2', r > 1.Next, we consider the examples of
the 2"-point DCT and its analogs, the r-qubit quantum cosine transform (QCT).

Example 6.3 4-Point DCT, or 2-Qubit QCT, of Type II
The matrix of the 4-point inverse DCT is (all numbers are rounded to four decimal places)

0.5 0.5 0.5 0.5
0.6533 0.2706 —0.2706 —0.6533 ;

C4 = ,detC4 =1, C4C4 = 14. (624)
0.5 —0.5 —-0.5 0.5

0.2706 —0.6533 0.6533 —0.2706



6.2 DsiHT-Based Factorization of Real Matrices

Stage 1: Angles of rotations at this stage: ¢; = — 0.4961, ¢, = — 0.7161, and @3 = — 1.0472. The 4-point strong DsiHT
has the matrix

0.5 0.6533 0.5 0.2706
Hi=R. R, R, = —0.8660  0.3772  0.2887 0.1562
a0 TR0 7463 0 —0.6565  0.6634 0.3590

0 0 —0.4760 0.8795

Stage 2: Angles of rotations at this stage: ¢, = — 0.4249 and ¢, = — 0.9553. The 3-point DsiHT has the matrix which
is shown below in the 4 X 4 matrix

0 0 0

0.5774 0.7439 0.3366
—0.8165 0.5260 0.2380
0 —0.4122 0.9111

1 D H3 = R¢2;(1.2)R¢1;(2,3) =

S O O

Stage 3: Angles of rotations at this stage: ¢ = — 0.7854 and the 2-point DsiHT has the matrix shown below in the
block 2 X 2,

10 0 0
LOH =R, .. = 01 0 0
597 10 0 0.7071 0.7071
00

—0.7071 0.7071

The 4-point DCT matrix QD-decomposition is written as (I, ¢ H,)(1 & H3)H,C4 = D, where the diagonal matrix
D=diag{l,—1,1,—1}= ,® Z and D* = I,. Therefore, the matrix of the 4-point DCT can be factorized by

Ci=H,(1eH,)(LeH,)(L®Z). (6.25)

The set of six angles used in this decomposition in radians and degrees is shown in Table 6.1. Note that the angles
are shown for the inverse transforms H),k = 2, 3,4, not for Hy, that is, the angles are —¢y.
Thus, the following matrix QD-decomposition by six rotations holds:

1 0 0 0 1 0 0 0 cosp; —sSing; 0 O
0 1 0 0 0 cosp, —sing, O sin @5 cosp; 0 O
Co= 0 0 cosep, —sing, 0 sing, cosgp, O 0 0 1 0
0 0 sing; COS ¢, 0 0 0 1 0 0 0 1

-~
@, =28.42°, ¢, = 41.03°, 5 = 60°

Table 6.1 Table of angles in QD-decomposition of the 4-point DCT of type Il

H), 0.4961, 0.7161, 1.0472 28.4221°, 41.0319°, 60°
H, 0.4249, 0.9553 24.3429°, 54.7356°
H), 0.7854 45°
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100 | 6 Quantum Signal-Induced Heap Transform

1 0 0 0 1 0 0 0
0 1 0 0 0 cosp, —sing, O
0 0 cosp, —sing 0 sing, COS @, 0
0 0 sing COS ¢, 0 0 0 1
\ . g
Vo
@ = 24.34°, ¢, = 54.74°
1 0 0 0 1 0 0 0
0 1 0 0 0 -1.0 0
0 0 cosg, —sing 0 1 0
0 0 sing COS @, 0 0 -
A\ e
Vo
¢ = 45°
As we know,
1 0 0 0 01 0 071 O 0 0 0 0 0 1
R |0 cosgp, —sing, 0| (0 O 1 Of|0 1 0 0 1 0 0O
?202 710 sing, cosp, O] |0 0 O 1||0 O cosp, —sing,||[0 1 0 O}
0 0 0 1 1 0 0 0J][0 O sing, COS @, 0 01 0
orR,, ., =P (I, ®R,,)P,. Therefore, the matrix of the 4-point DCT can be factorized by controlled gates as

C4 = (I8 Rag 42 )P2(In ® Raz 03¢ ) P5(Reos ©12) - (12 D Roa 340 ) Pa(I2 B Rsg 74 )Py - [ B Ruse (12 ® Z).
~——

The permutations above have the matrices

and P, =

= o o O
oS = O O
oS = O O
= o o O

1
0
0
0

S © O
o O = O
o O = O

On bit planes {00,01,10,11}, these permutations can be written as P,(x, y)= (xdy® 1, y® 1) mod 2 and
P,(x,y) = (x®y,y®1)mod 2, where x, y € {0, 1}.

The quantum scheme of the 2-qubit QCT is given in Fig. 6.8. Six controlled gates of rotations, Z gate, and four
permutations are used.

C4 = (12 @ R28.42°) PZ(IZ @ R4—1.03°)P2’ (R6OU EB 12) (12 @ R24.34°) PZ(IZ @ R54.74°)P2’ 12 @ R45° (12 ® Z)

) S R AN AN N SO R
— Z [~ Ryse Rs4.740 Rys34e — Reoe R41.03° Rogaze ——

P, P, P; P,

Fig. 6.8 The quantum scheme of the 2-qubit QCT of type II.



Example 6.4 8-Point DCT or 3-Qubit QCT of Type II
In the N = 8 case, the QD-decomposition of the 8 X 8 matrix Cg by the strong DsiHTSs can be written as

(Ié @HZ)(IS @Hg,) . (Iz @H6)(1 @H7)H8C3 =D.

6.2 DsiHT-Based Factorization of Real Matrices | 101

(6.26)

Here, the diagonal matrix is D = (I, ® Z). The set of 28 angles that are used in this decomposition is shown in

Table 6.2. The matrix of the 8-point DCT can be factorized by 28 rotations,

Cs = Hy (16 H) (L ® Hy)- - (Is & Hy) (Is © H} ) (1, @ Z).

(6.27)

Note that any other real unitary transformation differs from the 8-point DCT only by such table of angles. Each

k X k matrix of the DsiHT in Eq. 6.26 can be written as

Hy =R

Pr-1;01) .R(/’3;(k—4,k—3)R‘/’2;(k—3,k—2)R’/’];(k—z,k—l)’

k=38,7,..2.

The following sets of rotations (SRs) are used in the DsiHTs:

(6.28)

(6.29)

Here, the angles ¢y in each row are taken from Table 6.2. Sixteen rotations are underlined and 12 not. First, we
consider four types of rotation matrices among the first 16. Considering the basis matrix of Givens rotation

Ry, =

k

¢k —Sk]| 5 [cosg, —sing,
Sk Ck N COS @

k=1,2,..

575

Table 6.2 Table of 28 angles in QR decomposition of the 8-point DCT.

H,
H,
H,
H,
H,
H,
H,

27.0123°, 37.7096°, 44.8028°, 50.1609°, 54.5554°, 58.3821°, 69.2952°
16.7179°, 26.7817°, 35.3736°, 43.5195°, 51.9625°, 67.7923°

13.5916°, 23.6909°, 33.9119°, 45.5436°, 65.9052°
13.0841°, 24.6490°, 38.6671°, 63.4349°
14.7121°, 30.6626°, 60°

20.2477°, 54.7356°

45°
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we have the following matrices (the bit planes are also shown):

1 ] 0 0 07
1 0 0 1
1 010
1 01 1
Ry67 = . =I,®CR,, = C(CR,,),BP = Lo ol
1 101
a -5 110
L s o (1 1 1]
[1 ] 0 0 07
1 0 0 1
1 010
Rya5 = ! =1,® CoR,, = C(CoR,,),BP = oL
@345 — ¢ — 53 — 14 0Rgy, — 0Rg; ) - 1.0 0 s
S35 ¢ 101
1 110
L 1] 11 1 1.
[1 ] 0 0 07
1 00 1
Cs  —Ss 01 0
S c 01 1
Rpy2 = > = CR,, ®Is = Co(CR,,),BP = ,
o 1 " ” 100
1 101
1 110
L 1] 11 1 1]
ez —87 7] 0 0 07
S7. G 0 0 1
1 010
1 01 1
Rq)7;0,1 = 1 = C0R¢7 @14 = C() (C()R(h),BP = 1 0 0
1 10 1
1 110
L 1] 1 1 1]

These matrices are 3-qubit gate matrices with two control bits, as shown in Fig. 6.9.
The other three types of rotation R,,;s¢,R,,;34, and R, .1, require additional permutations to be described by
3-qubit gates with two control bits. For instance, the matrix of rotation R,,.s¢ can be decomposed as follows:



6.2 DsiHT-Based Factorization of Real Matrices

QbitlT ————— —o

Qbit2 & — e

Qbit3 —| Ry, |— | Ry, | | Ry | _| Re, |
@ Ry, (b) Ry, © Ry, @ Ry,,,

Fig. 6.9 Four 3-qubit gates of rotation with 2 control qubits. The rotation gates applied to the third qubit with the first two
qubits in (a) 1 and 1 states, (b) 1 and 0 states, (c) in 0 and 1 states, and (d) in 0 and O states.

(1

Ry,:56 = =0L®

C -8 1

$2 C2

1

With permutations P, and P, we can move the rotation from the second and third planes to the third and fourth
planes. Indeed, the following matrix decomposition holds:

1 01 0 011 0 0 0 1
G —5 I I 1 1 0 0 0
S5 & “lo o 0 1 e —s |01 00
1 1 0 0 0 S5 C 0010
Therefore, the above matrix R,,.s6 can be written as
Ry,;s56 =14® (P2(CoR,, )P, = (Is ® P,) (Is ® CoR,, ) (Is © Py) = C(P,) - C(CoR,,) - C(PS). (6.30)

With two permutations, the rotation gate R,,.5¢ can be described by the circuit which is shown in Fig. 6.10.
On the bit planes, the permutations C(P,) and C(P}) can be written as

C(Py): (x,3,2) = (x,y®z®1,2®1),C(P)): (x,y,2) — (X, y®z,2®1),x,y,z € {0,1}.

Qbit 1

o [N T LN
Qbit 3 \P 2'/ Ry, \P 2/

\Y% \Y%
Fig. 6.10 Circuit for the 3-qubit gate R,;56.
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Now, we consider the matrix of rotation R,,;34 and its decomposition as shown

!
1
1 1
Cyq — 84 Cyq — 84
Rpi34 = =L® &I, =L & (P,(CR,,)P,) @ L.
S4 Cyq S4 Cy ———
1 1
1
L 1]
Therefore,
Ryi34 = (L@P,0 L) (I, ®CR,, & L) (L&P,® L) (6.31)

where the matrix in the middle is

M1

(I ®CR,, ®1,) = o st =1, CoR,, = C(CoR,,).

Sa Cq

1

The matrices of permutations (2543, 2345) are used in Eq. 6.31,

M1
1
010 0
3 3 0010 B
Pysuz = (LOP, D) = 00 0 1 = (2543)
1 000
1
L 1]
- -
1
0001
(LeP,ol) = Lo0o = (2345)
010 0
0010
1
L 1]

With these two permutations, the rotation gate R,,;3 4 can be described by the circuit which is shown in Fig. 6.11.

5
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A

Qbit 1 /"\
Qbit 2

/A

—o——e

Qbit 3 \ / Ry,

\/

Vv

(2345)

Vv
(2543)

Fig. 6.11 Circuit for the 3-qubit gate R,,;34.

Qbit 1 o
Qbit 2
Qbit 3 \f;/ Ry, \f;/

Fig. 6.12 Circuit for the 3-qubit gate R,,;12.

Now, we consider the matrix of rotation R, ;1> and its decomposition as shown

M1
C6 —Se

S6 Ce

R(/)ﬁ; 12 =

The matrix can be written as

C6 —Se

S6 Ce

Ryg1z = (P2 ©1)(CRy, L) (P, 014) = ColPa) - Co(CRy,) - Co ()

The circuit for this rotation R,,;1 is shown in Fig. 6.12.

All described above 8 x 8 matrices and their circuits can be used to build the quantum circuit for the 8-point DCT
of type II. As follows from the set of rotations in Eq. 6.24, this circuit will include 16 rotation gates with two control
bits (shown in Fig. 6.9) and 12 gates of rotations, each of which is calculated by 2 permutations and 1 gate of rota-
tion with 2 control bits (shown in Figs. 6.10-6.12). Thus, a total of 28 rotations with 2 control bits plus 2(12) = 24
gates of permutation are required for the 8-point DCT. As mentioned above, any 8-point unitary transform can be
described by the same circuit; only 28 angles will be changed. Note also that one can find more complicated paths
for DsiHTs that reduce the number of such permutations in the QR factorization to zero.

6.2.2 Quantum Circuits for the DCT-IV
The N x N matrix of the N-point DCT of type IV is calculated by [1]

Cy = \/]%[cos(% (n+0.5)(k + 0.5))] ke 1)’

= 6914 = (Pz(CR,pé)P/2>@I4
~————

(6.32)

(6.33)
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This matrix is orthogonal with determinant 1, thus Cx(Cy)' = Iy. The DCT-IV of the signal {f,; n=0: N — 1} is
calculated by

o= \/%Nng Cos(ﬂ(n + 1/3\)}(1( + 1/2)>,k —o(N-1).

Example 6.5 The 4-Point DCT and 2-Qubit QCT of Type IV
The matrix of the 4-point DCT-IV is equal to (all numbers are rounded to four decimal places)

0.9808 0.8315 0.5556 0.1951

1 |08315 —0.1951 -—0.9808 —0.5556
75 0.5556 —0.9808 0.1951 0.8315
0.1951 —0.5556 0.8315 —0.9808

C4 = , det C4 =1, C4C:‘ = 14. (634)
Similar to the 4-point DCT-II, the above matrix can be factorized as

Ci=H,(1aH})(LeH))(L®Z). (6.35)
The only difference in the set of angles of rotations in the matrices H),, H, and H). The set of six angles used in

this decomposition is given in Table 6.3.
The matrix of the 4-point DCT-1V is factorized by controlled gates as

Cy = (I ® Ryg 35 )P2(I2 ® R3s 310 ) Py (Rago° D I2) - (Iz @ Ria11°)P2 (I B Ras 310 )Py - I B Rig 350 (I, @ Z).
~—

The quantum scheme of the 2-qubit QCT is given in Fig. 6.13. Six controlled gates of rotations, Z gate, and four
permutations are used.

Table 6.3 Table of angles in QD-decomposition of the 4-point DCT of type IV.

H), 0.3377, 0.6162, 0.8044 19.3489°, 35.3053°, 46.0906°
H), 0.2463, 0.6162 14.1091°, 35.3053°
H), 0.3377 19.3489°

C4 = (12 @ R19.35°) PZ(IZ @ R35.31°)P2, (R46.09° @ 12) (12 @ R14.11°) PZ (12 @ R35.31°)P2, 12 @ R19.35° (12 ® Z)

S P S D D Y N AN [
— Z | Riozse R3531° Ris11e — Rucooe R3s5310 Rigzse |—

P; P, P, P,

Fig. 6.13 The quantum scheme of the 2-qubit QCT of type IV.
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Example 6.6 The 8-Point DCT and 3-Qubit QCT of Type IV
The 8 x 8 matrix of the N-point DCT of type IV is calculated by

Cg = % :cos (1% <n + %) (k + ;))LJ{:M, (6.36)

[0.9952 0.9569 0.8819 0.7730 0.6344 0.4714 0.2903 0.09807
0.9569 0.6344 0.0980 —0.4714 —0.8819 —0.9952 —0.7730 —0.2903
0.8819 0.0980 —0.7730 —0.9569 —0.2903 0.6344 0.9952 0.4714
0.7730 —0.4714 —0.9569 0.0980 0.9952 0.2903 —0.8819 —0.6344
0.6344 —0.8819 —0.2903 0.9952 —0.0980 —0.9569 0.4714 0.7730
0.4714 —0.9952 0.6344 0.2903 —0.9569 0.7730 0.0980 —0.8819
0.2903 —0.7730 0.9952 —0.8819 0.4714 0.0980 —0.6344 0.9569
10.0980 —0.2903 0.4714 —0.6344 0.7730 —0.8819 0.9569 —0.9952 |

N =

The QD-decomposition by the strong DsiHTs results in the following calculation of the matrix by 28 rotations:
Cs=Hy(1eH,)(LeHy) - (IseH,) (Is®Hb) (4 ® Z). (6.37)

This decomposition is similar to the case of 8-point DCT-II described above, but with different angles. Each k X k
matrix of the DsiHT in this equation is calculated by (k — 1) rotations as shown in Eq. 6.5,

Hi=R,, ., R R R k=8,7,..2. (6.38)

(0,1) D3 (k—4k=3)" P2 (k-3k-2)" P1;(k—2k-1)°

The set of 28 angles that are used in this decomposition for the DCT-IV is shown in Table 6.4.

6.2.3 Quantum Circuits for the Discrete Hartley Transform

Consider the N X N matrix of the N-point discrete Hartley transform (DHrT) with the matrix [15]

Ty = ! cos 2znk + sin 2mnk (6.39)
N=—F7—= —_— . .
\/N N N nk = 0:(N-1)

N=2", r>1. The transform of the signal {f,; n = 0: N — 1} is calculated by

F = %:]Z—:fn {cos(zzrv—nk> + sin(zi;\r]lk)],k =0:(N-1).

Table 6.4 28 angles in the QD-decomposition of the 8-point DCT-IV.

Hy 18.6577°, 33.0220°, 41.5482°, 47.6375°, 52.4486°, 56.5227°, 60.1592°
H, 10.5019°, 22.0248°, 31.1855°, 39.4537°, 47.6594°, 56.5227°

H 8.1388°, 18.7011°, 28.7126°, 39.4537°, 52.4486°

HY 7.5436°, 18.7011°, 31.1855°, 47.6375°

H, 8.1388°, 22.0248°, 41.5482°

H, 10.5019°, 33.0220°

H), 18.6577°
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Next, we describe in examples the calculation of the N-point DHrT and its analog r-qubit quantum Hartley
transform (QHrT).

Example 6.7 The 8-Point DHrT or 3-Qubit QHrT
‘We consider the N = 8 case,

M1 11 1 1 1 1 17
1 V2 1 0 -1 —v2 -1 0

1 1 -1 -1 1 1 -1 -1

o= L 1 0 -1 V2 -1 0 1 —v2
V8|1 -1 1 -1 1 -1 1 -1

1 —-v2 1 0 -1 V2 -1 0

1 -1 -1 1 1 -1 -1 1

1 0 -1 —v2 -1 0 1 V2l

This matrix Ty is unitary, det Tyy=—1, and TIZV = Iy, thatis, Ty = TjV. QD-decomposition of this matrix by
the strong DsiHTs can be written as in Eq. 6.26,

(Is & H,)(Is ® Hs)- - (I, & He) (1 Hy)Hs T = D. (6.40)

Here, the diagonal matrix is D = diag{l,—1, 1,—1, 1,—1, 1, 1} and it can be written with the phase shift gate
P(n) as

D=(L4RZ) 141, ®P(x)) = (I4®Z) - C(CP(n)).
The matrix of the 8-point DHrT can be factorized by 28 rotations,
Ts = Hy(1@ H}) (I, ® Hy) (I ® H) (I & HY ) (Is © Hy ) (I & Hy ) D. (6.41)

The set of 28 angles (in degrees) that are used in this diagonalization is shown in Table 6.5. One angle is 0,
that is, 27 rotations are made during diagonalization. Note that the last angle in each row is the same as for the
8-point DCT-II.

Note the 4-point discrete Hartley transform has the Hadamard-type matrix

1 1 1 1
11 1 -1 -1 )
T4: z 1 -1 1 -1 ,detT4: —1,T4T4:I4. (642)
1 -1 -1 1

Table 6.5 Table of 28 angles in QD decomposition of the 8-point DHrT.

Hj 45°, 54.7356°, 60°, 63.4349°, 65.9052°, 67.7923°, 69.2952°
H/ 43.4495°, 80.6605°, — 53.7712°, 40.0594°, 50.0395°, 67.7923°
Hj, 49.8606°, — 86.8589°, — 62.2966°, 40.0594°, 65.9052°

H, 0°, — 86.8589°, — 53.7712°, 63.4349°

H) —49.8606°, 80.6605°, 60°

H, —43.4495°, 54.7356°

H, —45°




6.2 DsiHT-Based Factorization of Real Matrices

Table 6.6 The set of angles in QD-decomposition of the 4-point DHrT.

H) 0.7854, 0.9553, 1.0472 45°, 54.7356°, 60°
H. 0, 0.9553 0°, 54.7356°
H), —0.7854 —45°

H4 = (IZ @ R45°) P2 (12 @ R54.74—°)P2, (RG[)“ @ 12) PZ (12 @ R54.74°)P2, 12 69 R—4—5° (12 ® Z)

T T | T | T | T | T

—1 Z [ R_ys Rsy740 Reoe Rsy740 Ryse —

P, P, P, P,

Fig. 6.14 The quantum scheme of the 2-qubit QHrT.

The QD-decomposition can be described similarly to the 4-point DCT of type II above. The difference is the set of
rotation angles, which is shown in Table 6.6 (one angle is zero).

The resultant diagonal matrix is B=diag{l, —1, 1, 1}=Z® L. Therefore, the following matrix QD-
decomposition by five rotations holds:

1 0 0 0 1 0 0 0 cosp; —sing; 0 O
0 1 0 0 0 cosgp, —sing, O sin g5 cosp; 0 O
H4 =
0 0 cosp, —sing; 0 sing, cosgp, O 0 0 1 0
0 0 sing; coS ¢, 0 0 0 1 0 0 0 1
N ~~ g
@, =45°, ¢, = 54.74°, p; = 60°
1 0 0 0 1 0 0 0 1 00 0
0 cosg, —sing, O 0 1 0 0 0 —1 0 0
0 sing, cosp, O 0 0 cosg, —sing 0 010
0 0 0 1|0 o sing,  cose 0 001
A ~~ 7\ -~ 7
@, = 54.74° @, = —45°

The matrix of the 4-point DHrT can be factorized by controlled gates as

Hy = (I, ® Rys )Py (I ® Rsg.740 ) Py (Reo» © 1) - (Pa(Iy ® Rsa7ae )Py - I, ® R _4s52(Z B I).
~———

The quantum scheme of the 2-qubit QHIT is given in Fig. 6.14. Five controlled gates of rotations, the controlled
Z gate, and four permutations are used.

109



110 | 6 Quantum Signal-Induced Heap Transform
6.3 Complex DsiHT

In this section, briefly the concept of the complex DsiHT which is used in analyzing complex matrices and complex
transform. In the QR decomposition of a complex matrix by the DsiHT, the basic 2D transformations 7T are defined
in the following way. Consider a complex vector x = (x,, x;) as the generator of the transformation T. The trans-
form of a complex input (z, z;) is calculated in the matrix form as follows [7]:

T [zl} . sign(Real(x) { Xo x1:| [21} (6.43)
20 |)C0‘2+|X1|2 —-X1 Xo 20

In the case of generator, that is, when (2o, 21)' = (X0, X;), the transform is

T - (x0,x1) = (sign(Real(xo)) \/ xXol® + x1|2,0>,. (6.44)

The energy of the vector-generator is collected in the first output of the transform.

We consider that the complex vector x represents a unit quaternion q = (ay, by, ¢1, dy), i.e., xo = (a;, + ib;) and x;
= (c; + idy). In the polar form, these two complex numbers are xo = | X, | e® andx; = | x; | ¢/®, where the angles
90, 91 € [0, 27]. Then, |xo|* + |x1|*= 1 and the matrix of the transformation above can be written as

. |x0 | e—i&g |x1 | e—i191:|
T = sign(a . ) 6.45
enta)| 91 (6.45)
With three rotations, we obtain the following representation of this matrix:
e 0 Ixo| |x1 q {e‘i‘/ﬁ 0 }
T = sgn(a ) o, 6.46
0] RN | B e | M (6.46)

where the angles ¢, = (9 + 91)/2 and ¢, = (9 — 9,)/2. The number sign(a;) can be written as e/%. This global
phase ¢o = 0, if 9 € [—7/2, /2] and ¢, = =, otherwise. Calculating the new angle 9 by

| xo| = cos(9), | x1| = sin(9), 9 € [0,7/2], (6.47)

the above matrix can be written as

N N (I [raai

Here, the Givens rotation by angle —9 and two matrices of Z-rotation are used, that is,
T = PR, (2¢p,)W (= 9)R;(2¢,). (6.49)

The global phase as the operator can be written with the Pauli shift and Z-rotation gates as follows:

o T1 0 1 0 et 0
iy — — —
¢ {0 1} - [0 e"2<”“] [0 e‘i‘f’“] = P20k~ 240), (650
et 2%0 for which we will use the followi bol i
—>——— = | R(-24,) e 2 forwhichwe will use the following symbol in

circuits (see Table 2.1):
Therefore, the gate T can be calculated by five gates as

T = P(2¢hg)Re(— 2000 )Ry (201 ) W (= 9)R:(260;) = P(20h)Re(26h1 — 20ho) W (— 9)R: (24h,), (6.51)



References

20
—{ R,(2¢) | W(=0) — R,(2, —26) —&——

Fig. 6.15 The circuit for the gate T.

or

T:[l 0 He—i«m—am 0 H cos (9) sin(g)He—wz 0 }

0 2|0 eiltr=a0) | | —sin(8) cos(9)] |0 elt>

The quantum circuit for this gate is shown in Fig. 6.15.
The number of such gates T in QD-decomposition of the N X N complex matrix is estimated as N(N — 1)/2. For
the case when N = 2', r> 1, the number of basic gates in QD-decomposition can be calculated as follows:

1 (Givens rotation)
u(N) <2"71(2"=1) x ¢ 2 (Zrotation) (6.52)
1 (Pauli shift).

For instance, the number rotation for a 4 X 4 unitary matrix is no greater than u(4) = 6, and for 8 x 8 and 16 x 16
unitary matrices, these numbers are u(8) < 28 and x(16) < 120. In addition, we may count 2"~ (2"~ — 1) permu-
tations, to move some Givens rotations to the next planes, as illustrated for the 8-point DCT of type II described
above. Note also that in the QR decomposition of complex matrices the basis matrices T in Eq. 6.48 can be
considered without global phases.
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7

Quantum Image Representation with Examples

Efficient quantum image processing requires representing images on a quantum computer, processing them with
quantum algorithms, and converting the processed images back into classical form. This process involves storing
and manipulating images within a quantum system, a challenge that has led to various quantum image represen-
tation methods. While quantum computers offer unprecedented capabilities for complex problems, they are not
intended to replace classical computers, which are incredibly portable devices. Instead, in the future, they will
likely operate in specialized centers, solving complex 2D and 3D image processing problems that are beyond
the capabilities of today’s technology. The future of quantum computing in image processing holds great promise
for revolutionizing the field. Development will focus on understanding and unifying existing techniques while
exploring new possibilities enabled by quantum mechanics. Representing images through quantum superpositions
is a key area, with several proposed approaches, each with strengths and weaknesses. The choice of quantum
image representation directly impacts the algorithms, efficiency, and design of quantum circuits used in proces-
sing. As research progresses, selecting the appropriate representation will be crucial for optimizing quantum image
processing tasks and harnessing the full potential of quantum computing.

An abstract diagram of quantum computing under the control of a classical computer is shown in Fig. 7.1. Prep-
aration of the image, its multiple copies, calculation of angles of rotations for many gates, image reconstruction
after multiple measurements, and many other operations during the work of a quantum computer will be done, as
we understand, by the classical computer. In each task of image processing, the place of the quantum computation
should be defined. Of course, future quantum computers will never be able to replace classical computers, espe-
cially portable computers that we use in the workplace and in everyday life. Such quantum computers will work in
special centers and perform tasks of a future unknown to us now. Undoubtedly, many of the tasks of such com-
puters will be in the field of 2D and 3D image processing. We think about very complex and time-consuming tasks
for the classical computer. To date, we are not aware of such examples in image processing; we are waiting for
them. The prospects for developing new methods using future quantum computers are great; the main thing here
is to thoroughly study the methods developed to date and present a unified theory of image processing. A special
place here is occupied by the representation of images through quantum superpositions. Quite a few of them have
already been developed. Each of them has its own disadvantages and advantages and examples of successful appli-
cation. The choice of such a representation will depend on the task and is very important, since the form of rep-
resentation of a quantum image changes the algorithms, efficiency, and circuits of quantum computing.

In this chapter, we describe the basics of quantum computing in grayscale and color imaging. In classical com-
puters, they are processed in discrete form as matrices. For instance, the grayscale 2" x 2°-pixel image is the 2" x 2°
matrix with 2"** coefficients. The representation of this image is unique. In quantum computation, the same
image can be presented in many different ways, which are called quantum image representations. They may be
composed of (r+ s), (r + s + 1), (r + s + 2), or even more qubits. The preparation of such representations and pro-
cessing requires good understanding of elementary operations on qubits and multi-qubits. The many examples

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Classical computer (qubit management)

|
Input image

Image
Bl - preparation
2] I
B YVYyY Image Multiple
g Image. — processing — measurements
E representation
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Quantum computation

Image reconstruction

v

Output image

Fig. 7.1 The abstract scheme of the quantum-in-classical computer.

with illustrations and visual mathematics presented in this book will allow readers, we believe, to master the
technique of constructing several quantum image processing circuits.

We describe briefly a few models of discrete image representation in the form of multi-qubit superpositions. The
image will be considered as a 2D matrix, as well as 1D vector composed by rows or columns of the image. A long list
of different approaches exists for quantum signal and image representation [1-4]. Let us immediately note that
there is no best quantum image representation that would work most efficiently for all or many complex problems.
They all have positive and negative sides. There are many of them, and this is the difference between quantum
computing and classical computing in image processing.

7.1 Models of Representation of Grayscale Images

7.1.1 Quantum Pixel Model (QPM)

Consider a discrete grayscale image f = {f, ,,} with intensities in the interval of integers [0, L]. We consider that the
range L + 1 is a power of 2. For instance, L = 255. The image is of size N X M pixels, where N=2", M = 2% r,s > 1.
The quantum pixel (n, m) is described by a single qubit with superposition defined as [5]

fn,m~|fn,m>=[ 1 Tum ) f’;’"|1>]:i[ L=Frinl 0+ \Fn| 1)]. (71)

VL



7.1 Models of Representation of Grayscale Images

The amplitudes of this qubit are defined by the gray intensity of the image at this pixel. We may assume that the
basis state |0) represents the black color and the state |1) the white color, or vice versa. The color black, 0, will be
observed with the probability (1 — f, /L) and the white color, L, with the probability f, ,,/L, when measuring
this qubit.

We can define the following angle in the interval [0, 7/2]:

Sum = cos‘1<\/1—f"]j”>. (7.2)

The quantum pixel is a single qubit with the superposition |@(f,,.,)) = oS 9,,,|0) + sin 9, ,,|1). The image inten-
sities are mapped, or encoded (f,, ,, — 9,.), into the interval of angles [0, z/2]. For the L = 255 case, this mapping is
illustrated in Fig. 7.2 together with the linear transform

ﬂ'fn,m

fn,m - ¢n,m = 5 Z—SS’fn,m € {09192! ""255}'

This transform is considered in many models of quantum image representation. In this case, the calculation of
the cosine function at new angles ¢,, ,,, is required.
If the interval of the image intensity is [0,1], that is, L = 1, the quantum pixel is the qubit

| @(Frm)) = A/1=Fpml O) + \/Frml 1) = €08 0| O) + Sin | 1). (7.3)

If f.., = 0, then the qubit pixel is |p(f,....)) = |0}, and when f, ,, = 1, the qubit pixel is |1).

In general, it is possible to change the range of the image to the interval [0,1], by using the transform f,, ,,, = f,, /L.
This is a probabilistic representation of the pixel. The intensity is encoded into the angle 9, ,, in the interval
[0, =/2].

As an example, Fig. 7.3 shows the grayscale image f,, ,,, of size 240 x 320 pixels and the range L = 256 in part (a)
and its angular representation 9, ,,, in part (b). The amplitudes of the basis states |0) and |1) at all pixels are shown
in parts (c) and (d), respectively. In part (c), the image composed by the cosine coefficients, or /1 —f, /L, for all

pixels is shown, and the image with all sine coefficients, or \/f, ,,/L, is shown in part (d).

0 100 200 0 100 200
(a) (b)

Fig. 7.2 The graphs of (a) two mappings of image intensities into the angles in the interval [0, z/2] and (b) their cosine
functions.
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(b) Dy X 170.7
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(c) cos ¥y X 255

150 200 250
(d) sin®d, ,, X 255

300

300 50

Fig. 7.3 (a) The original image, (b) the image of angles (after multiplying by factor of 170.7), and the image amplitudes at
(c) the states |0) and (d) states |1) (after multiplying by factor of 255). Source: NASA / Public domain / https://spaceflightnow.
com/news/n1007/30spirit/.

The whole image can be represented by the following (¥ + s + 1)-qubit superposition:

1] N=lm-1 1 No1M-1
lo(f)) = — | @ (frm))| M) = — (cos Q| 0) + sindy, | 1))| n, m). (7.4)
i, 2 P = g 2 2
The states |n) and |m) are the computational basis states and
[n,m)y=|n)|m)=|nQ® |m)=|n_10_3 .. 01N) ® | Ms_1M5_3 ... M1Mg). (7.5)

Here, the binary representations {n, _ 11, _ ... nyno} and {m; _ 1mg_, ... myme} of the numbers n and m are used.

It directly follows from the definition in Eq. 7.3 of the quantum pixel that the same information about the angle
9,.m 1s stored in amplitudes of the basis states |0) and |1). The probability of a qubit to be in one of the states is
defined by the same angle. The probability of measuring the quantum qubit in the state |0) or |1) defines the value
of the image.

Note that the order of pixels |n, m) in the sum of Eq. 7.4 corresponds to writing the image line by line, when the
pixel (n, m) is numbered as k = nM + m, as shown below for the image of 4 X 4 pixels,

1 53 2
4 6

— 1

, .5, 3, 2, 4 , 6 .., 5 , 7 , 2
~— '~~~

1
N~~~ ’
0000 =0 0001 =1 0010 =2 0011 =3 0100 =4 0101 =5

1100 =12 1101 =13 1110 =14 1111 =15
57 21


https://spaceflightnow.com/news/n1007/30spirit/
https://spaceflightnow.com/news/n1007/30spirit/

7.1 Models of Representation of Grayscale Images

2191( 7'[/2 _19k _l9k
° - & —e—o0—— :
[0) H, H, (cos Yy |0) + sindy, |1))

Fig. 7.4 The circuit for preparation of the single qubit.

This is why we can consider the image f,, ,,, as the NM-dimensional vector, or signal, fi, k =0 : (NM — 1), and write
the superposition in Eq. 7.4 as

K-1

| o(f)) = \/“ Z cos x| 0) + sind| 1))| k), K = NM. (7.6)

Each qubit |@y) = cos 95|0) + sin 9,|1) in this sum can be prepared by the circuit similar to the one given in
Fig. 2.5, when ¢ = 0. Eq. 2.17 can be used for the angles 9 = 9, as (see Fig. 7.4)

| ¢x) = e~ [SH,P(29)H| 0)] = cos(8)| 0) + sin(8)] 1). (7.7)
Indeed,

(o el alxl a s Al =Teo]

The result of this circuit on the input state |0) is the qubit |¢,) without the global phase —8, since two phase shift
gates P and P_ are used (see Table 2.1). These two phase gates can be substituted by the global phase gate G(—3y).

As an example, we consider this representation for the N = M = 4, or K = 16 case. The image 4 X 4 is written first
into the 16D vector. Considering that |0) ® |k) = |k) and |1) ® |k) = |16 + k), when k=0, 1, 2, ..., 15, the quantum
representation of this vector can be written in the 32D row-vector form as

(p(f) | = (cos 89, cos Iy, oSy, ..., cOS s, sindy, sin Iy, sin Iy, ..., sin&ls) /4, (7.8)

or
| o(f)) = [cosSo| 0) + cos9; | 1) + ... + cosIys| 15) + sindy | 16) + sindq| 17) + ... + sin ;5] 31)].

If we denote by C and S two K X K diagonal matrices with cosine and sine coefficients, and by C and S two col-
umn vectors composing these coefficients, respectively, then the above superposition can be prepared as follows:

R e N e M ﬂ( Z|k>—|¢(f> 79

Here, 1 and 0 denote the K-dimension vectors composed by only 1 and 0, respectively. These two vectors together
represent the state |0) ® (|0) + |1) + |2) + ... +|K—1)). The matrix Q=[ C, — S; S, C] is unitary, has a determinant
equal 1, and is composed of K rotations. The (r + s)-qubit superposition

|P), = H (1 0) ’+S>)=%Ei|k> (7.10)
k=0

describes all pixel positions stored in the register for the 2" x 2°-pixel image f,, ..
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Comments 1
In the above model, as well as in a few other models discussed below, the superposition |¢(f)) in Eq. 7.6 is defined
as the sum of qubits |qy) = cos 9;|0) + sin 9,|1) in tensor product with the basis states |k). The tensor multiplication
occurs on the right. We will call such superpositions right-sided. Together with the superposition |@(f)), we con-
sider the left-sided superposition defined as

K-1

1 .
[ w(f)) Z\ M ) Z| k)(cos 9| 0) + sin 9| 1)),K = NM. (7.11)
\/I? k=0
In the general case, it will be good to understand the difference between the right- and left-sided superpositions

| o(f)) Zlqk\k and | (f)) Z\quk (7.12)

for a given set of qubits |qx) = a|0) + bi|1), k = 0: (K — 1). The tensor product |g,)|k) results in the state which can
be written as the bra-vector

(o | = (o,o, ...,o,ak,o,...,o,o,o,...,o,bk,o,...,o). (7.13)

The vector components are spaced at a distance of K from each other. This was also shown in the above example
for the case of K = 16 in Eq. 7.8. Now we consider the tensor product |k)|qx); the result is the bra-vector

(el =10,0,00,00,..0,0,a,b, 0,0,..., 0,0 |, (7.14)
~ = ~—
0 1 2 k-1 k k+1 K—-1

The vector components of qubits |g;) are placed together. This is why, the superposition |y(f)) can be described
by the bra-vector

1
W) | = VR o, by, a1, b1, 02, b3, .0k — 1, b — 1, Qic, b, Qe 4+ 1, bic 41, -, Ak -1, br -1 | - (7.15)
k-1 k k+1 k-1

The superposition |@(f)) is described by the bra-vector

1
()| = Wi (ao,al,---, QU — 1, Qs Ak + 15 -+ Ak — 1, Do, b1, o0, D1, i,y bk+1,...,bK_1). (7.16)

In the above case with angular representation of qubits, |qx) = cos 9x|0) + sin 94|1), k = 0: 15, the preparation of
the superposition in Eq. 7.15 (for K = 16)

1 . . . .
()| = ﬁ cos 9, sin 9, cos I;, sin Iy, cos I, sindy, ..., cOSIx _1, Sin g _1
1 2 K-1

can be performed by the block-diagonal matrix
R= R'90 65Rl‘)l @Rl% D @ngK—Z @R&K—l’
where Ry, are the matrices of rotation by the angles 9, k = 0: (K — 1). Thus, we can obtain the superposition as

follows:

1 1
=R|A),where(A| = —=11,0,1,0,..,1,0,1,0 | = — [ 1,1,..,1,1 | ®(0 |,
[w(7)) = R| A) where (4| = — N ol

2K times K times




7.1 Models of Representation of Grayscale Images

or

lw(f)) < Zlk

Here, the number A of the state |A) is equal to (4*" —1)/3, n = log,K. This preparation is much simpler than
preparing the superposition |¢(f)) in Eq. 7.9.

®|0) ) (7.17)

Example 7.1 3-Qubit Superposition
Consider the case when K = 4, or n = 2. The number A = 85, the superposition is

1 . . . .
()| = 3 cos 9y, sin 9y, cosI;, sin 9y, cos 95, sinI,, cos I3, sinds |,

0 1 2 3

and the block-diagonal matrix is R = Ry, ® Ry, ® Ry, ® Ry,

The circuit for superposition |w(f)) preparation is given in Fig. 7.5. The 4 x 4 Hadamard matrix is used, to
calculate the superposition 1/2(|0) + |1) + |2) + |3)).

The qubit-wise operation on the superposition |y(f)) is performed by the block-diagonal matrix U = U, ® U, ®
U, @ - @ Ug_1, where Uy, k=0:(K— 1), are 2 X 2 unitary matrices, or gates. Note that these two superpositions
can be obtained from each other by the permutation P. As an example, the circuit for the superposition |¢p(f))
preparation is given in Fig. 7.6.

For the K = 4 case, this permutation is P = (124)(365), and for the K = 8 case, this permutation equals to P = (1, 2,
4, 8)(3, 6, 12, 9)(5, 10)(7, 14, 13, 11).

In the general case, the circuit for the |y(f)) calculation is given in Fig. 7.7.

As directly follows from Eq. 7.1 (or Eq. 7.3), the simple operation of the negative image, f,, ,, — L — f,,..», can be
performing by the NOT gate as

|fn’m>_ fnm|0> fnm|1> X|: fVLWl|O> fnm| 1>:| anL|0> fnm| 1>
[0) H, T I ‘
|0) L 2
H, T T T
|0) R193 Rf)z R191 Rﬁo -
()

Fig. 7.5 The circuit for calculating the left-sided 3-qubit superposition |y (f)).

P =(124)(365)

X A
[0} — H, \l, @
|0) Ry, Ry, Ry, Ry,

Fig. 7.6 The circuit for calculating the right-sided 3-qubit superposition |¢(f)).

[0) — Ha

—o0——9
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(r+s)

YB+9) ——p——— H2®(T+S)

|0)

()

Fig. 7.7 The circuit for calculating the (r+s + 1)-qubit left-sided superposition |y (f)).

Thus, the operation of the superposition is described as

() = (I @ X) Lw(f) =X+ w(f) (7.18)
and, when using the right-sided superposition, as follows:
[o() = (X)) p(f)). (7.19)

The circuits for this operation, when using the left- and right-sided superpositions for image representation in
the pixel model are given in Fig. 7.8 in parts (a) and (b) respectively, with the example of the “cameraman” image of
a size of 256 X 256 pixels (the case when r = s = 8).

7.1.2  Qubit Lattice Model (QLM)

In the QLM, the discrete images are represented similarly to the model with quantum pixels. The grayscale or color
image f = f,,.m of size Nx M pixels, as the N X M matrix, is presented by the N x M quantum matrix Q = {|q) s
n=0:(N—1), m = 0:(M — 1)} with qubits [6]

9 ; 9
| q)pm = cos %| 0) + €7 sin %| 1).

Here, the values of grays or colors are encoded in angles 9,, ,, € [0, z], and y is a constant in the relative phase e".

&’gm with two degrees of

The qubit |q),, represents the gray f,,, in Hopf coordinates cos 8’5“ and e” sin
freedom (no global phase). The angles 9, ,, are estimated by using a large number of measurements. Each
qubit |g),. in the matrix Q can be prepared by the circuit similar to the one given in Fig. 7.4, when y = 0. In
the y # 0 case, Eq. 2.17 can be used for the angles 9, = 9,,,, as (see Fig. 7.9)

| @) = e”[P(n/2 + y)H:P(8¢)H2| 0)], (7.20)

7 X
lo(f))
o(f) I

(r+s)
(a) (b)

Fig. 7.8 The circuits for calculating the negative image by (a) the left-sided and (b) right-sided superpositions of the image.

Uy (m/2+7v) e~ 10k/2
0y —1 H, ° H, ° B>

|

Uy i Uy
L3 Y qin —~
(cos > |0) + e sin > |1))

Fig. 7.9 The circuit for preparation of the single qubit with the relative phase.
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or,

9%
e—i'gk/z(|:; i;y}x\%ﬁ _HX[; egk]x%ﬁ —1H(1)D: elrsin(é?)
2

The number of single qubits stored in Q is NM, which is a very large number even for images of small size
256 % 256. The following (r + s + 1)-qubit superposition |p(f)) corresponds to the QLM lattice qubit model:

N-1M-1 9
| o(f)) Z Z(cos "’”\0 + € sin ';m\1>)|n m). (7.21)

n—Om

Note that in the model with quantum pixel in Eq. 7.6, the angles are calculated in advance from the values of the
image, not estimated by measurements. Here, the angles 8,, ,,,/2 have the same range as angles 9, ,, in Eq. 7.4. The
phase factor e is the new parameter in the QLM.

7.1.3 Flexible Representation for Quantum Images

In the flexible representation for quantum images (FRQI) model [7], the discrete integer image of size 2" x 2" pixels
andrange L = 2! 1> 1, is written (fn.m — fio) into a 4'-dimensional (4"-D) vector and then presented as the following
(2r + 1)-qubit superposition:

4 -1

1 1«
| o(f)) = ZO| q;) ®| k) = Z—Z (cos 9| 0) + sin | 1)) ®| k). (7.22)

The information of image colors is written (or encoded) into angles 9, € [0, z/2] and the state |k) is the corre-
sponding pixel state |n, m). The interval angle [0, z/2] is chosen according to the transform

fk4»8k: g( f

L—l)fke{ou LL—1}.

All amplitudes in the image superposition |¢(f)) are real and non-negative numbers. This (2r + 1)-qubit repre-
sentation is the particular case of the representation in Eq. 7.6 for the case M = N = 2'. It is assumed here that
the image can be written to the 4™-D vector not only line by line, f, ., — fi, Kk = nM + m. This can also be done
in 2 X 2 blocks, for example, or column by column.

The left-sided superposition of the image fin this model will be written as

14=1

= > Z| k) @ (cos 9| 0) + sin | 1)). (7.23)

It should be noted that the reconstruction of the image values f, ,, from amplitudes of the qubits in Eq. 7.1
or Eq. 7.3 is the square operation, /1 —f, — (1—f,) and +/f; — fi. In the FRQI model, such reconstruction
required the calculation of the arccosine and arcsine functions,

2(L-1
cos Iy, sin — I — f = O X g
N—— T

In the FRQI model, different geometric transformations can be performed [3]. Such transforms are described as

4 -1

() = U] o(f)) = IZ(COS&IOHSIHI%I 1)) ®U(| k))), (7.24)

k=0
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where U is a unitary transform on the pixel-states; U(|k)) = U(|n, m)). As an example, we consider the rotations of
the image by 90 and 180 degrees.
The rotation by 90 degree

[ o) = T2XT @I7)| ¢(f)) = I Px)I X I ¢(f)). (7.25)

Here, Py is the coordinate-swapping operation Px(|n, m)) = |m, n). Figure 7.10 shows the circuit for this operation
with an illustration of the 512 x 512-pixel “lake” image.
The rotation by 180 degree can be described as

[ o(f) = TRXT X)) ¢(f)). (7.26)

Figure 7.11 shows the circuit for this operation of rotation with an example on the 512X 512-pixel ‘jet-
plane’ image.

The operation of thresholding has very simple implementation in the FRQI model, as well. As an example,
Figure 7.12 shows the circuit of calculating the binary image after thresholding the image

1,iff,,, >T;
fn,m - gn,m = " .
0, otherwise.
lq.)
M
—> o) L x 4 —>
T T

Fig. 7.10 The circuit for rotating the grayscale “lake” image by 90 degree.

> 7“"
lg.)
‘ M
: —> o) ~P: T
: - r X T
— 2
Fig. 7.11 The circuit for rotating the grayscale “jetplane” image by 180 degree.
|qnm) Inm = M1 M,
e L B
: M, MM, -
8§ —/—————
lp(F) , .
n
m Ly .

Fig. 7.12 The circuit for thresholding f,» — g»» the grayscale “jetplane” image by the threshold T =128 + 64.
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by the threshold T'= 192 with an example of the 512 x 512-pixel ‘jetplane’ image. Note that T = 128 + 64. Therefore,
this operation is described by measuring the first and second qubits in the intensity-state |qx) = |q,.») at each pixel,
as follows:

1’if qn,m,ﬁ = Qn,m,7 = 1’

m | qn,M> = ‘ Qnm,0> Dnm,1> Dnym,2s -+ qn,m,S’qn,m,ﬁ’qn,m,7> — 8um = 0.if " -0
) qn,m,60 qn,m,7 - Y

The image has the range L = 2° and its intensity is the 8-qubit state.

The model is designed for images of equal size 2" x 2", not for the size N x M = 2" x 2°, when s # r, what are the
dimensions of most images. It should be noted that the output images in the above circuits, as well as in other
examples with the FRQI model, can be measured only approximately. The image retrieval is probabilistic; the
image cannot be accurately obtained, by using only a small number of measurements. The circuits must be
run many times (and this number exceeds hundreds of thousands), and this requires many copies of the input
image. This model proposes many processing algorithms, which include changes in both image intensity and
coordinates, line detection, histogram equalization, multilevel segmentation, image compression, and image
encryption [2-4].

7.1.4 Representation of Amplitudes

Consider a discrete image f;, ,,, of size 2" x 2° pixels and the range L = 2!, I> 1. The state of pixel (n, m) can be
defined as

Qo = 2 ) E=E() = 3 f2 (7.27)

E n=0m=0

Therefore, the image can be presented by the (r + s)-qubit superposition

-1M-1 N-1M-1
o) Z Y Gm= 7= Z anml n.m). (7.28)
n=0m=0 n—Om

This is the simplest image representation model of all known models. It requires (r + s) qubits. Note that in the
L = 8 case, the discrete image with eight intensity values uses 8NM = 25+ bits,

If we write the image f,, ,,, into the 1D signal fi line by line, as shown above in the pixel model, then the presented
image representation can be written as

NM -1

|9 (f) Z fill k). (7.29)

This is the image probabilistic quantum representation, wherein the pixel states |k) have different weights, or
probabilities of measurement. The above representation corresponds to our usual representation of a signal
(image) as an NM-dimension vector. Indeed, consider the NM = 8 case. The superposition can be written as

(17 (07 (07 (07 (07 [fo]
0 1 0 0 0 fi
1 0 0 1 0 0 1 |2 1
|§0(f)>:\/—E fo : +f1 : + 1> + ..+ fs +f; :ﬁ :ﬁf
0 fs
LO] LO] LO] LO] L1] Lf7 ]
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E,s Fps
12 S ——— ﬁg; XQIns
— lo(F)) T oor
—@—
Is) o 2] X®Iyp

Fig. 7.13 The schemes of cyclic shifting of four parts of the 2-D QFT.

This model with amplitudes requires a minimum number of qubits and is very useful, when using such complex
transforms as the quantum Fourier, Hadamard, Hartley, paired transform, cosine, and wavelet transforms. For
transforms like the Fourier and Hartley transforms, the operation of cyclic shift in the center is used. For instance,
for the 2D N x N-point DFT, this transformation is described as

Fps = F(p_%)moa N, (s— )moa o P> 8 = 0: (N = 1)

In the quantum superposition, this operation is described as

| p(F)) = %E:Z Z Fpul P.5) Z_ 3 Fpl ( )modN (s_%’)modN>.

p=0s=0

Figure 7.13 shows the circuit of this operation on the 2D QFT of the ‘jetplane’ image of size N x N = 2° x 2°.
Let us analyze the amplitude representation in the example with an integer signal of length N = 8.

Example 7.2 Superposition Without State |1)
We consider the real signal or vector f = (fo, f1, 2 -, f7)=(1,0,1, 1,2, 4, 3, 2). The energy of the signal E(f) =
1+40+4+1+1+4+16+9+4 =36, and /E(f) = 6. Therefore,

1 1 1 2 1 1
=2 S fin=tloelmeln e b s gl

6, 0, k1

The state |k) can be observed (measured) in this superposition with probability p, = f;/E, k€10, 2, 3, ..., 7}.
There is no state |1) in this representation. The highest value of the image, 4 at the state |5), has the highest prob-
ability of 4/9. Is this superposition represent the signal well? As mentioned in [8], this is a misrepresentation of the
real signal. All values of the signal are important and must be treated in the same way. In general, the signal may
have many zeros.

Now, let us consider the new signalg=f—1=(0,—1,0,0, 1, 3, 2, 1), the energy equals E(g) = 16. Therefore, the
representation of the new signal in quantum state space is

o(@) = = 10+ 514+ 3150+ 316 + 517,

The highest probability of 9/16 is at the basis state |5). This simple operation significantly changes the super-
position amplitudes, that is, the probabilities of observing them. Three states, |0), |2), and |3), are missing and
the new state appears, |1), in the signal g. That is, in such an image model, the state can disappear and then appear
from nowhere.

Note that for real images, many of the basis states will be missing from this superposition, namely those pixels
where the image is zero, f; = 0. In other words, in this superposition such states do not exist, it is incomplete. And
there can be many such points in the image, especially for the binary images or images after thresholding. If some
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states are missing in the quantum superposition, this means, oddly enough, that there are no several pixels in the
image. In other words, the quantum superposition cannot be measured at many states.

When comparing with the pixel model described by Eq. 7.6, we note that each zero value (f; = 0) of the image is
written in the one-state-qubit cosd,|0) + sin 9¢|1) = 1]0) + 0|1) = |0), and in the superposition |@(f)), it will be
written in the state |k), where k€ {1, 2, ..., K}, of the 2"*** Lp computational basis B, . s, 1. The highest values
of the image (fy = L — 1) are encoded in the angle 9 = z/2 with qubit cos 9;|0) + sin 9,|1) = 0|0) + 1|1) =|1). In the
superposition |¢(f)), it will be written in the state |k + K) of the basis B, , 54 1, where k € {1, 2, ..., K}. Therefore,
Eq. 7.6 for the pixel model can be written as

o) = = (cosd 0) + sind D)k + 3 [+ S [k+K). (7.30)
{k; fi#0,L—1} {k:f = 0} {kfi =L-1}

These states with f = 0 (darkest pixels) and f; = 0 (brightest pixels), if such pixels exist, will have the same highest

amplitude 1/+/K, or the highest probability of 1/K, when observed (measured). This may be contrary to our expec-
tations when we are working with grayscale images. For instance, when the image has a large number of zero
pixels and only several brightest pixels. Note that with such division of pixels, the model in Eq. 7.29, for the same
image, can be written in the following form:

A k k), 7.31
| a(f)) = \/_{ksz fil k) + \/_{kfz | k) (7.31)

#0,L—1} =L—1}

or, for the integer image,

| @a(f)) fZJ SRR

0 [{kf=j}

Example 7.3 FRQI of a Binary Image
Consider a binary image f;, that is, when L = 2. Then, in the FRQI model, the image superposition is

1 1 K=
o) = = Solk+ > |k+K) =ﬁkzzo|k+fk1<>‘

{k:fi =0} {kfi =1}

The quantum image representation by amplitudes equals to

== 3 | \}Esz K).

{kf =1}

In both models, the information of the binary image is written into the computational basis states, but FRQI
superposition is in the basis twice larger. Moreover, the normalized coefficient \/E corresponds to the energy
of the image, whereas the coefficient /K > /E is defined by the size of the image. In the model with amplitudes,
the basis states will be observed only at pixels with value 1, with the high probability 1/E. In the FRQI model, the
basis states at pixels with 0 and 1 values will be observed with the smaller probability 1/K < 1/E.

In Section 5, the quantum representation by amplitudes was used to calculate the quantum Fourier, Hartley,
paired, and cosine transforms. Many other operations can also be considered in this model, including the gradient
operators are calculated as the 2D liner windowed convolution of the image with a given mask.
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7.1.5 Gradient and Sum Operators

The simple gradient operations in the horizontal and vertical directions are the following differencing operators,
respectively: Gy : fm — x(f)n,m =fu+1, m—fam and Gy fam — y(f)n,m = fum+1— fam- The images GJ(f) and
G,(f) are called the horizontal (or row) gradient and the vertical (or column) gradient of the image, respectively.
It is common to represent the gradient operators by matrices (or masks). Let us consider the following four points
on the image that are the neighbors to (n, m):

fﬂ fn,m+1 :|

Wix2=Wix2(n,m) = [
fn+1,m fn+l,m+1

The center of this window is at the point (n, m); therefore, the element f,, ,,, is underlined. Now, we consider two
matrices that represent the above gradient operators

0

0

Gy = {_i }and 6] =[G = H _(1)] (7.32)

Here, we also mention the following 2 X 2 and 3 X 3 masks, which usually written in the form of matrices:

1 0 -1 1 0 -1 1 1 -1

R . 0 R -2 10 1(,S -1 2 0 21,P -1 1 2 1
25510 ™73 033 = 4 33 = 5

1 0 -1 1 0 -1 1 1 -1

These are the masks of the Robert, Robinson, Sobel, and Prewitt operators for edge extraction along the hori-
zontal direction [9]. The corresponding gradient operators along the vertical directions are described by the trans-
pose masks. The coefficients at matrices are defined to preserve the range of the image in the absolute scale. Many
other gradient operators are also used in image processing for edge extraction in different directions [10]. In the
Robert operators, the differences in the image are calculated along the diagonals. The main operation in other
gradients is described as fy — fi +1 Or fx — fi + 2, if using the 1D row-wise (or column-wise) representation of the
image, f,.m — fi- In the Robinson gradient, such operations are repeated along three rows and columns, and in
the Sobel gradient, along two rows and columns. Therefore, a few copies of the input image are required to perform
these operations at each pixel, if we want to make a quantum circuit, to calculate such gradient images.

The above masks, as matrices, are not orthogonal and have determinant 0. Probably, for quantum edge detec-
tion, it would be good to define masks, or matrices of order 2 X 2 and 4 X 4, not and 3 X 3. There are real unitary
matrices that involve calculating such data differences, as well as performing other operations such as sums. Such
examples are described in Section 12, when unitary transforms perform both gradient and average operations.
Here, we stand on the gradients in Eq. 7.32 and consider the following 2 X 2 masks:

11 -1 , 1] 11 ;111
M, = and M; = ~ ,orM, = ~ .
201 1 21 -1 1 211 -1

The result of applying the first mask on the 1D data f; is described as

1{1 —1H fi :|:1|:fk_fk+1}
21 1 e s 2 fie+feer I
and, on the image pixel, it is

1|:1 —1:|)‘< fn_,m fn,m+1 _1 fn,m_fn,m+1
2|1 1 fn+1,m fn+1,m+1 2 fn+1,m+fn+1,m+l
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The mask M, is the orthogonal matrix A,, and the second matrix M} is the Hadamard matrix H,. Here the equal-

ity is accurate up to a normalized coefficient (1/2 instead of 1/+/2). Therefore, on the image in quantum represen-
tation |@A(f)) and its cyclic shifting |p4(fx)) along the horizontal direction, the following operator can be applied:

1 -1 0 0 0 0 0]
1 1.0 0 00 0
0 01 -1 00

V:IK/2®AZ:\/iz 6 01 1 00 (7.33)
0 00 0 0 0
0 00 0 01 —
lo 00 o0 0 1 1]

This operation on the original superposition will result in the following superposition:

1
%4 =|G), +|S), = — —fres )l k) + + ) k+1
(@a(£))) =1G)y + ]S, V2E k:(;(—z(fk frs1)l k) k=;<_2(fk fr+1)l >]
and on the second copy of the image, we obtain (fx = f)
1
= = — — k k .
G(@alf))x) =1G)y +15), \/ﬁkz(%;_z(fk+l frs2)l >+k=0:2:K_2(fk+1+fk+2)‘ +1>]

If we measure the first qubits in both superpositions in state 0, we get the amplitude of all differences (fi, — fi + 1),
k = 0:(K—1). The measurement of the first qubits at state 1 results in the sums (fy + fi + 1), k = 0: (K —1). The
abstract circuit for calculating the superpositions |G); and |S), from the original image and the similar pair |G), and
|S), from the shifted image fy is given in Fig. 7.14. The superpositions |G), and |G), together define a gradient
image, and |S); and |S), define a smooth image. These two images are the 2D linear windowed convolutions
of the image. The circuit is illustrated with the example for the 512 X 512-pixel “pepper” image, assuming the ideal
case of measuring each part of the circuit. The circuit for cyclic shifting is described in the next section and not
shown in Fig. 7.14. Sections 12.6 and 12.7 describe gradient operations in more detail with many examples.

16y, M)

A=
2
% IN/Z ® AZ AN ﬂ»
l9a ) -
Lt
2
*/; Injz ® Az il M >
loa(fx) 2 —1
16);""215);"

Fig. 7.14 The circuit for calculating two parts of the gradient and smooth images, when applying the Kronecker sum of A,
matrices.
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7.1.6 Real Ket Model

In the real ket model (RKM), the discrete image of square size N x N = 2" x 2" is divided consequently down into
four equal parts and the image is presented as the quantum superposition [11]

1
| o(f)) = Z Cny s, | (112 oo 11y)). (7.34)
E(f) ni, N2y .oy =0,1,2,3

The coefficients cy, ,,..n, are values of the image f,, ,,, in different numbering. The numbering of pixels (n, m) —
(ny, ny, ..., 1) requires only r numbers from 0, 1, 2, and 3. The notation |(n1h, ... n,)) is used for the basis
state which is defined by the 2-bit binary representation of numbers n,, n,, ..., n,. This is an important fact;
|(nyn, ... n,)) is not the tensor product |n;) ® |n,) ® ... @ |n,). The quantum representation |@(f)) of the image
requires 2r qubits.

Example 7.4 Model of 8 X 8 Pixel Image

The numbering of the coefficients for the 8 x 8 image is illustrated in Fig. 7.15. For example, the coefficient in the
pixel (2, 1) is numbered as (0, 2, 1), and the coefficient in the pixel (5, 4) is numbered as (3, 0, 2). Therefore, the
values ¢p,1 = fo.1 and c3 0, = f5,4 are amplitudes at the computational basis states [(021)) and |302), respectively.
The image is represented by the superposition

. fool (000)) + fou] (001)) + foo] (010)) + ... + f76] (332)) + f75] (333))]. (7.35)

lo(f) = —==1
VE()

The energy of this image is E(f) = 224. Let us consider the state at pixel (2,1), that is, [(021)). With two bits, we

have 0 — |00), 2 — |10), and 1 — |01). Therefore, (021) is the string of bits 001001 which is number 9 and

[(021)) = |9). For the last pixel state number (333), it will be the string 111111, or the number 63. So, the state

|(333)) is |63). Six qubits are required for presentation of this image in Eq. 7.35. Consider that [021) = |1000) ®

|0010) ® |0100) is the state with 4> = 2° bits, or the 6-qubit basis state.
Note that the above numbering relates to the well-known quaternary numeral system. The superposition in

Eq. 7.35 is in fact a superposition written in a different way with the basis states Bg, = {|0), |1), ..., |63)},
1
| o(f)) = T(f) Fool O) + foil 1) + fo,] 2) + .. + f74] 62) + f75] 63)]. (7.36)
It is the image representation by amplitude in Eq. 7.29.
4 parts of the image 16 parts of the image 64 parts of the image
e
" 0 1 0 1 ol1]oJ1]of1]o0]1
21312132323
0 1 2 3 2 3 o[1[of[1]o[1]O]]1
21312132323
0 1 0 1 O(1[O0O]1]O|T1|O]1
2 (312132323
2 3 2 3 D) 3 O[1]0]1]0]|1]0]|1
m 213121312323
v

Fig. 7.15 Scheme of splitting an image into blocks and numbering for an 8 x 8 image.
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7.1.7 General and Novel Enhanced Quantum Representations (GOIR and NEQR)

In the novel enhanced quantum representation model (NEQR) [12], a discrete integer-valued image f,, ,, of size
NxM = 2"x 2" pixels is considered with the range, or the number of grays, L = 2', where [ > 1. This method
was extended for other size NxM = 2"x2° of images by the generalized quantum image representation
model (GQIR) [13, 14]. The qubit states of pixels |n, m) are nested into the basis states |f,,,). For instance,
the value f;3 = 37 of the 4x4 image in the range of 256 can be written as the basis state
If1.3)11)[3) = [37)|1)|3) = |0010 0101)|01)|11) = |0010 0101)|0111). Here, |37) is the state in the computational
basis B = {|0), |1), |2), ..., |255)}.
The quantum superposition of the image is defined as

—1M-1

o) ¢Tﬁ§j§jum n,m) (7.37)

n=0m

Here, (r + s) qubits are used for pixel location |n, m). This quantum superposition requires (r + s + 8) qubits for
integer-valued images in the range of 256. When the range of the image is 2/, [ > 1, then the quantum represen-
tation requires (r + s + [) qubits. The r = s case corresponds to NEQR, and the general case of r and s, to the GQIR.
More models of quantum image representation can be found in surveys [2, 3].

Example 7.5 Model of 2 X 2 Pixel Image)
2 4
Let us consider the small image of 2 X 2 pixels, f = {6 3 } The range of the image is 2°. Thus, r=s=1and [ = 3.

This image is represented as the following quantum 5-qubit superposition:

()

%(I 2)[0,0) +4)[0,1) +[6)| 1,0) +[3)| 1,1)) = %(I 010)] 0,0) + [ 100)| 0, 1)

+ [ 110)] 1,0) + | 011)] 1,1))

1 1
5 (101000) + | 10001) + | 11010) + | 01111)) = (| 8) + [ 17) + 26) + | 15)).

It should be noted that the last two bits in each basis state show the position of the pixel. Therefore, when pro-
cessing the colors of the image in this superposition, these two bits must be preserved for all four states of |p(g)) of a
new image g. The first three bits can be only changed. In other words, the superposition of the new image should be
in the same form,

[ 0(@) = 511 -+-00) + ] 01 + | ---10) + | ---11)].

The operations on the two last bit planes represent different types of permutations of pixels.
The left-sided representation of the image in this model is defined as

-1M-1 N-1
|WU)> )¢51725%22%|n’n|fnm v§7:§§:|n §:|n1‘fnm

For the above example, we obtain

lw(f) =

(10,0)] 010) + | 0,1)| 100) + | 1,0)| 110) + | 1,1)| 011)) =

N = N =

(] 00010) + | 01100) + | 10110) + | 11011)) = %(| 2) +[12) + | 22) + ] 27)).
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If we consider the left-and right-sided superposition of the same image, which is defined as

190 = e 10 1]

then we obtain the superposition

| ¢(f)) = 5 (10)[ 010)] 0) + | 0)[ 100)[ 1) + [ 1)| 110)| 0) + [ 1) 011)[ 1)) =

|p—l N =

- (100100) + [ 01001) + | 11100) + | 10111)) = (| 4) +19) +]28) + | 23)).
These are three representations of the same image with different basis states.

It should be noted that the right- and left-sided representations will not be changed, when the 2D image is
considered as a 1D signal f = [2, 4, 6, 3]. In other words,

lo(f)) = Z\fk|k 5(1010)] 00) + \100)\01)+|110)\10)+\011>|11)):%(\8>+|17)+|26>+|15)).

(12) +]12) + | 22) + | 27)).

NI»—A

lw(f)) Z|k|fk

Let us see how these two superpositions change when 1 is added to the image. The new image isf+ 1 =13, 5, 7, 4]
and the right-sided superposition equals to

[9(f +1)) = 3( 011)] 00) + | 101)] 01) + | 111)| 10) + | 100)] 11)) = 3 (| 12) + | 21) + 30) + | 19))

Here, the basis states changed by four positions (and 4 is the size of the image). For the left-sided superposition, the
change is

|o(f +1)) = %(\ 00)| 011) + | 01)| 101) + | 10)| 111) + | 11)| 100) = %(| 3) +]13) + | 23) + | 28)).

For the left-sided superposition, one bit is added to the basis states, as expected. The change occurred smoothly,
and not with a significant jump as in the case of the right-sided superposition (see Table 7.1). We believe that left-
sided superpositions can be used more easily when using other operations as well.

Compared to other known models, the NEQR model probably requires the highest number of qubits to represent
an image. The integer-valued image of range 2/, 1 > 1, at each pixel-state ), is represented by the state of |f, )
in the basis states of B={|0), |1), ..., |2’ — 1)}. This basis is with [ qubits, or / bit-planes. For instance, for the integer
images with the range of 256, it uses 8 bit-planes. Note that in the FRQI, the image format is real and only one qubit
is defined at each pixel, and the NEQI uses [ qubits, which increases the storage space for the representation. Thus,

Table 7.1 The signals and superpositions (without the normalized coefficient V5).

Image Right-sided superposition Left-sided superposition

f—-1=[1,3,5,2] |4) + [13) + |22) + [11) [1) + [11) + |21) + |26)
f=12,4,6,3] 18) +[17) + [26) + [15) 12) +112) +[22) + [27)
f+1=][3,5,7,4] [12) +]21) + |30) + |19) [3) + [13) + [23) + |28)




7.1 Models of Representation of Grayscale Images

there are many possibilities to obtain different operations on the image f,, ,,, by operating on these I bit-planes. As an
example, the quantum circuit of calculating a negative image, using the example of the “jetplane” image, is shown
in Fig. 7.16. The range of this 512 x 512-pixel image is 255, that is, [ = 8. The quantum image representation uses
(9 + 9 + 8) = 26 qubits. Here, the matrix X*' is the antidiagonal unit matrix of size 2'® x 2'%.

The processing of the image f,, ,,, — g, results in only integer-valued image. In other words, only non-negative
integer-to-integer conversion operations can be considered in this model. Complex arithmetic on images is difficult
to imagine in the model. When measuring, or observing, the image superposition, the state of the image at any
n, m) has the same probability equal to p,,, = 1/(2"**). The expansion of the intensity range 2! —

pixel-state
2t+b Iy > 1, requires additional I, qubits; the number p,, ,, stays the same. The images with high resolutions
require many qubits.

The example of the presentation of the 2 X 4-pixel image {f,, ,; n =0,1,m =0:3}={2, 5,4, 1; 3,4, 7, 3}is shown in
Fig. 7.17. This circuit resembles a counting ruler with a binary number system. The black-and-gray-filled circles
(buttons) on the top of the scheme show the empty and active operations, respectively. The number |f,, , ) of the
basis state is dialed by changing the colors of circles (for C-NOT gates) on the control line. Changing (replacing) the
colors of these buttons will allow us to get any 2 X 4-pixel image with the range of 8. Changing the color means
removing or adding a CNOT gate on the corresponding bit-plane.

The NEQI model is rich in terms of processing techniques. The ability to operate separately or in parallel across
different bit planes of intensity and pixel coordinates makes this model very effective in many applications such as

P |(fn,m)0> -
i
*%’&«-&fnm |Gam),) ——
1 2"-125-1 ' o Tttt L 27—125-1 o Tttt
=53 o 2 5F Lo
{ N o W T
n,m S n,m
|m) _— { [m) -

lp(f) = lo(@) = (X2 @ 1%" @ 1%°) |9 (f))

Fig. 7.16 NEQI model: transformation of the image f, ,, to its negative image g,, = 255 - f,

Control line for C-NOT operations m
Q0@ 000 000 000 000 000 000 O0O0OO 2541
1 2 4 12 4 12 4 12 4 1 2 4 1 2 4 1 2 4 1 2 4 3473

" |fn,m)

)

- Im)

[2)10)100) [5)|0){01) [4)[0)[10) [1]0)[11) [3)[1)|00) |4)[1)|01) |7)|1)[10) |3)1)[11)

Fig. 7.17 The circuit to preparation of the 2 x 4-pixel image in the NEQI model.
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|b1bz){ 0)—e———[0) |0)—e—— [0) |)—e— 1) [D—e—[1)
' |0) 10) 1) 1) |0) 0y I 1)
10) 10) 10) 0)  10) 11y 10) 1)
'°>®2{ 10) 0) 10) I 10) 0 10 ——— [1)
by, by = 0,1 (@) (b) © (d)
.
|by, bz) :Zi_‘ :Z; }|b1,b2>
by, by = 0,1 |0) |b1)
|0) ——&— |by) }”’1"’2>
(e

Fig. 7.18 The schemes of copying the 2-qubit sequence with two C-NOT gates. Copying the basis states (a) |00), (b) [01),
(c) |10}, and (a) |11), and (e) the general basis |b1b;).

quantum search algorithm, edge extraction by using the Laplacian, Prewitt, and Sobel operators, image segmen-
tation, watermarking, scrambling, and steganography [4, 15, 16].

The quantum circuit of copying basis states is shown in Fig. 7.18, on the example with 2-qubit states. Here, two
additional (or so-called ancillary) qubits |00) are used, to get the copy of the input |c) = |b;b,),

Us:|)@]00) = |c)@]c),|c) € By ={]0),|1),]2),]3)}.

The similar circuit with control I-qubit CNOT gates can be used to copy the information of the image |f;) in the
image representation |@(f)).

The cyclic shift operators along the coordinates (Y-direction) and ordinates (X-direction) by one position to the
right (or left) are described as

N-1N-1

[0} = 5 3 O )l (1 1) mod N)| ) (7.39
n=0m=0
and
[0 s = 5 3 O )| )] (1) mod ). (7.39

The circuit for such operations along the n-coordinates is shown in Fig. 7.19 in part (a), for the N=8 = 23 case,
when the state |n) = |nyn,h) maps to the state |nyngh,). This operation is performed by the permutations (3, 7),

Py =(3,7),P, = (1,3)(5,7),P3 = (0,1)(2,3)(4.5)(6,7)

Py P, P P P, P
o) [n2) [no) [ny)
[nyg) [ng) [nq) [ny)
[n2) S—  |ny) [n2) & [no)
(@) (b)

Fig. 7.19 The schemes of cyclic shifting the coordinates to the (a) right and (b) to the left (for N = 8).
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P, = (7,15), P, = (3,7)(11,15), Py = (1,3)(5,7)(9,11)(13,15), P, = (0,1)(2,3)(4,5) ... (14,15)

ST R < W 1 P, P3 P, P
[no) [n3) [ng) [nq)
[nq) —4 Y, [ny) ——9—0— |n,)
[nz) e [ny) [ny) T Ins)
[n3) ® &— |ny) [n3) —o—e [n0)
(@) ()

Fig. 7.20 The schemes of cyclic shifting the coordinates to the right (a) and (b) to the left (for N = 16).

(1, 3)(5, 7), and (0, 1)(2, 3)(4, 5)(6, 7). The circuit for the inverse operation (1 — 1) mod 4, when the state |n,n,n,)
maps to the state |ngn,n,), is shown in part (b).

Figure 7.20 shows the similar shifting operations for the N = 16 case, when the 4-qubit state |n) = |nsn,n,ng)
maps to the states |ngnsn,n;) and |nnngns) in parts (a) and (b), respectively.

7.2 Color Image Quantum Representations

Different models are used for color images [9] and in this section, we briefly describe a few such models. Each color
model is defined by its primary colors. All other image colors are determined by the amount of primaries in the
color. The color image for instance with three primary colors presents itself three grayscale images, or three color
channels. Thus, the quantum representations of grayscale images described above can be applied to each color
channel separately, or all three color channels can be combined (united) into one large-sized grayscale image.

7.2.1 Quantum Color Pixel in the RGB Model

We consider color images in the RGB color space with the primary colors red (R), green (G), and blue (B) at each
pixel. The illustration of the RGB cube with primary colors is given in Fig. 7.21.
The discrete color image f;, ,, of size N X M pixels is considered as a 3D data and defined as

Fam = {Eeums F)nms Fenm }- (7.40)

Consider N = 2" and M = 2°, r, s > 1. The color image f = f,, ,, is the triplet of red, green, and blue color compo-
nents. As an example, Fig. 7.22 shows the color image and the reg, green, and blue color components.

(b)
Fig. 7.21 (a) Color cube with primary colors in the RGB model. (b) Angle calculation in Eq. 7.41.
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3 - =i :
(a) (b) Red (c) Green (d) Blue

Fig.7.22 (a) The original color image ‘house” and its color channels; (b) red, (c) green, and (d) blue (refer colour representation
in online version).

Let f;,.,, be written into a 2" **-dimensional “color” vector f = {(fu)e» (fo)e (fe)i); k = 0: 2" ° —1}. Also, assume
that at each pixel number k, the red, green, and blue components have been normalized and are in the interval
[0, 1]. For the image with the range of 256, the normalization coefficient is 255,

G o, Us)

G = L2, — Uk, — Uk

255 °

7.2.1.1 3-Color Quantum Qubit Model
We can select two components, for instance, the red and green components, and move them into the interval
[-1, 1], as R—2R—1 and G— 2G — 1. To encode these two colors, the corresponding angles in the interval
[—=/2, z/2] are calculated at each pixel
@g = sin"!'(2R—1) and ¢ = sin~'(2G—1). (7.41)
The geometry of these angles is illustrated in Fig. 7.21 in part (b). The qubit color pixel is defined as [8, 17]
| Qi) = 2kol O) +zia| 1), n=10: (277" —1). (7.42)

where the amplitudes of this qubit are zx o = V1 — B%¢#r and z;; = Be#c. The probability of measuring the basis
states |0) or |1) in this qubit is defined by the blue color; |z, /> = 1 — B? or |z,1|* = B, respectively. The image-
vector f can be represented by the following (r + s + 1)-qubit quantum state:

r+s_1

00) = 555 > (@l 0+ 2l 1)1 ) (7.43)

The amplitudes z ; and z; , are complex numbers. It is important to note that the transformation of each color
into the vector of amplitudes of the single qubit (r, g, b) — (2o, z1) is invertible. Indeed, the colors can be calculated
as follows:

b = |Zk,1 |7é 0515

1, . _ Zk,1
g=5 (singg + 1), where singg = Imag?, (7.44)

1, . )
r= E(Sln Qg + 1),Where Sin gp = Ima_g

Zk,0
V1-B?

The cases when B = 0 and 1 are considered separately. Thus, the RGB color image can be represented by (r + s +
1) qubits. At each pixel, the triplet {(fp), (fo)r, (fs)i} of primary colors is encoded into a single qubit |g,,).
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7.2.2 NASS Representation

In the normal arbitrary superposition state (NASS), a color image f,, ., = (Fn.m» 8n.m» bn.m) Of size 2" X 2" pixels in the
RGB model is considered as the number in the 256th representation [18],

c(n,m) = 256°rym + 2568, , + bum. (7.45)

The base of this presentation is 256 for images in the standard range of 256 of grays. This representation corre-
sponds to the system with a 24-bit, or 3-byte memory word. The image is presented as the grayscale image with the
large range of intensity L = 256°. The coefficients c(n, m) can be large. Therefore, they can be scaled.

The grayscale image c(n, m) of size 2" x 2" pixels, as the 4"-D vector with components c(k) = c(n, m), where
k = n2"+ m, is represented by the following 2r-qubit superposition:

4 -1

| o(f)) = %Zc(k} | Khe(k) € {0,1,2,..,2% ~1). (7.46)

k=0

The normalization coefficient isA = /c2(0) + ¢2(1) + ... + ¢(4” — 1). The amplitudes of states determine a prob-
abilistic representation of the quantum image. It is not difficult to see from the 256th representation of colors
(which is given in Eq. 7.45) that the colors with red components, even of low intensity, have a very high probability
of measurement compared to green and blue components of the image (see more in [8]).

7.2.3 NASSTC Model

In the NASS model with three components (NASSTC) [18, 19], the standard basis states of pixels |i) are united with
an incomplete 4-state-based superpositions

4 —1
1

Ifc> =7 > (r(k)] 10) + g(k)| 01) + b(k)| 11))| k). (7.47)

k=0

It is considered that the coefficients of the red, green, and blue components, r, ,,;, 8,.,, and b,, ,,, are written into
the 4"-D vectors with components k), g(k), and b(k), respectively. The normalized coefficient equals to

4r—1

A= | > [rP(k) + g(k) + b*(k)]. (7.48)

k=0

This representation of the RGB color image requires (2r + 2) qubits. The primary colors are presented by 2-qubit
superposition at each pixel. In the next sections, we discuss in detail more general models based on 2-qubit repre-
sentations in the quaternion algebra.

7.2.4 Novel Quantum Representation of Color Images (NCOI)

RCQI model is a generalization of the NEQR model applied for color images in the RGB color model [20]. The color
image with the primary red, green, and blue colors f = (, g, b) is represented by the quantum superposition

-1
1

L o) = o > 1 (k)| g(k))| b(k))| k). (7.49)
k=0

The image is integer. The number of qubits in this model increases with the range of the image. If the range
of color components is 256 = 28, then at pixel number k, the primary colors are presented by 8-qubit state
each. For instance, the red color r = 108 is represented by the 8-bit state |r) = |108) = |0110 1100). The state
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[n(k))|g(k)) |b(k)) = |r(k)) ® |g(k)) ® |b(k)) is the 3 X 8 = 24-qubit state in the above superposition. This quantum
(2r + 24)-qubit superposition is composed of 4" states of 4" x 2*" basis states.

In the general case, for images of higher range L = 2/, > 8,the image is presented by a (2r + 31)-qubit superpo-
sition with only 2*" basis states. Compared to other known models, this model probably requires the highest num-
ber of qubits to represent an RGB color image.

This model was modified by the quantum representation of color images (QRCI) which uses bit-plane information
of colors [21]. For the image of range 2!, [ > 1,the binary representation of each color is considered,

r(k) = (rk,l—17rk,l—2""’rk,2’ rk,l’rk,0)7g(k) = (gl_lagl_27"'7g27g1,g0)7b(k) = (bl—l’bl—27"'7 b27b1’b0)~

Then, the bit-wise color information is encoded into the sequence of I states, each from the eight basis states of
the basis B; = {|000), |001), |010), ..., |111)}. Namely, the following states are calculated:

Ci(k) = | rk,igk‘ibk,i> = | rk,i> ® | gk,i> & | bk,i> €Bs3,i=0,1,..,1-1. (7.50)

The color image is represented by the (3 + [ + 2r)-qubit superposition with only 4’1 basis states,

—14" -1

90 = fz Sl (7.51)

i=0k=0

In the case when the image range varies in the interval [0,255], that is, [ = 3, |¢(f)) is the (2r + 6)-qubit super-
position. This superposition is illustrated in Fig. 7.23 in part (a) with two examples of color processing on bit-
planes. In part (b), the circuit for the color complement of each primary color is shown, and the 3-gate swap oper-
ation is shown in part (c). The color complement operation on the above superposition is accomplished by the
transform

Uaes: | #(1) — (X' 2 1@ D) | g(£). (7.52)
The red and blue color swapping operation is performed by the transform
Unit | () — (AT +) | 4(p)), (7.53)

A

Colors in bits ' Colors in bits
Colors in bits l o |rk_i) ' |rk.i>
. Gie.r bre.) = D 5 N
l = o) | S lowa)
Bit-planes —_—F n |bk'i) : - |bk.i>
r peben
m - : :
M
r . 2r+l - ' i
n _— k) — =~ |D)1k)
(a) (b) (©)1=3)

Fig. 7.23 The circuit element for (a) the image superposition RCQI model, (b) complement of colors, and (c) swap of colors
(red and blue) (refer colour representation in online version).
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where A is the matrix of the 3-qubit swap operation, or permutation P = (1, 4)(3, 6), described in Example 4.1. The
ideal results of these two operations are shown in the example with the color “mandrill’ image. The results are
theoretical, since to achieve such images by these quantum circuits, it is required to run and the measurements
(M) performed multiple times.

7.2.5 Multi-channel Representation of Images (MCRI)

The color image can be represented by using the concept of the quantum pixel described in Eq. 7.3, but for the color
pixel. This color pixel in the RGB model can be written as the tensor product of “color” qubits represented by angles
from the interval [0, z/2], as

| c(n,m)) = cos¢nm| 0) + sin e pm| 1),

for primary colors ¢ = r, g, and b. Therefore, the color is represented by the following (r + s + 8)-qubit superposi-
tion [22, 23]:

1

1 N-1mM- . .
lo(f) = WZ Z‘ €08 Iy pym| 0) + SINGrpym| 1)) @ | COSIginm| 0) + Sin Ig; pm| 1>>
0m=0

n=
® | cosIp:nm| 0) + SINp: | 1))| 1, m). (7.54)

Other color models can also be used with similar representation. We consider several such models.

1) XYZ color model. In this model, the tristimulus values X, Y, and Z are calculated by the linear combinations
of the primary colors of the RGB color model as [24]

X R 0.49 0.31 0.2 R
Y| =A|[G| =[0.17697 0.8124 0.01063 G |, detA = 0.340085.
Z B 0 0.01 0.99 B

The sum of the coefficients of matrix A in each row is 1. Z value is very close to blue, B. Figure 7.24 illustrates
the transformation of primary colors from RGB color model into XYZ model in parts (a) and (b).
As an example, Fig. 7.25 shows the original RGB color image in part (a) and the images of the X, Y, and
Z components in parts (b), (c), and (d), respectively. The color image in the XYZ format is shown in part (e).
2) CMY color model. The primary colors in the CMY model are cyan (C), magenta (M), and yellow (Y) [9]. This
model is subtractive, meaning that the primary colors are calculated by C=1—-R,M =1—-G,Y=1-B. The
image with triangles of primary colors in this model is illustrated in Fig. 7.24 in part (c).

. ) . )
(a) (b) (©)

Fig. 7.24 The image of colors in (a) RGB, (b) XYZ, and (c) CMY color models.
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(a) RGB ©Y @z () XYZ

Fig. 7.25 (a) The original color image and its color components (b) X, (c) Y, and (d) Z. (e) The color image in the XYZ model.
Source: National Museum / Wikimedia Commons / Public domain.

(a) RGB (b)C (©OM @Y (e) CMY

Fig. 7.26 (a) The original RGB color image, and component (b) C, (c) M, and (d) Y. (e) The color image in the CMY model.

As an example, Figure 7.26 shows the RGB color image in part (a) and images of the cyan, magenta, and
yellow components in parts (b), (c), and (d), respectively. The color image in the CMY format is shown
in part (e).

For these models, in Egs. 7.40-7.54 for quantum color image representation, we need to change the primary
colors (R, G, B) at each pixel by (X, Y, Z) and (C, M, Y) colors, respectively.

3) HSI color model. This 3-component model, or the Hue-Saturation-Intensity (HSI) color model is calculated
from the RGB model by the following nonlinear transformation at each pixel [9]:

3, if b < —g—
H= 1 g,&:cos_lé 2r-g-b ,
I:r+g+b,

3
S=1—w,(iﬂzo,s:1).

The hue is the angle in the interval [0,360°] and defines the pure color, the saturation determines the amount
of white in the color, and the intensity of the color is the gray value of the primary colors. The values of
saturation are in the interval [0, 1] and the intensity in the interval [0, 255]. As an example, Fig. 7.27 shows
the color “flower” image and its components in the HSI model.
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(a) RGB ©S

Fig. 7.27 (a) The original RGB color image and (b)-(d) its components in the HSI model.

4) HSV color model. This is a 3-component model, or the Hue-Saturation-Value (HSV) color model. The com-
ponents of the color image in this model are calculated as follows [24]:
The value component is V = V,, ,,, = max(¥y,m, &n.m> bnm)-
The saturation determines the amount of white in the color,

s=§5 =1 min(rn,magn,m’bn,m) -1 My m
— Oonm — L+ -+
max (rn,m, gn,ma bn,m) Vn,m

i Vi # 0. (7.55)

Here, m,, ,,, = min(vy, ,n, 8n.m> bnm) and if V,, ,, =0, S = 0.
The hue component defines the pure color and is calculated in angles in the circle of 360°,

-b
60M mod 360, if 7, = Vi,

An,m
— — bn,m - rn,m . _
H= Hn,m = 60 + 120, if 8um = anm,
An,m ’
r —_
60"”27&’"" + 240,if by = Vo,
n,m

where A, ,;, = Vi — My e
As an example, Fig. 7.28 shows the color image in part (a) and its components in the HSV model in
parts (b)-(d). The image in the HSV color map is shown in part (e).

7.2.6 Quantum Image Representation in HSI Model (QIRHSI)

The NCQIs described above are used for the RGB images. A similar representation was presented for color images
in the HSI model [25]. Consider the color image f,, ,, of size 2" x 2"-pixels, r > 1, which is written line by line into the

? % 2. : , _
(a) RGB (b H ©S @V (e) HSV

Fig. 7.28 (a) The original RGB color image, (b-(d) its components in the HSV model, and (e) HSV image. Source: National
Institutes of Health / Public doamin / https;//medialibrary.nei.nih.gov/media/3511 / last accessed on August 08, 2024.
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signal fi, k = 0:(4"—1). With the range of the image 2', [ > 1, the image is presented as the (2r + 2 + [)-qubit
superposition

4 —1

60 = 5 > [H)| S| 1) ). (7.56)
k=0

Here, at each pixel state |k), the hue (H) and saturation (S) components are encoded in 2 angles, 95, and 9s,,,, and
one qubit is used for each,

| Hi) = cos(9m k)| 0) + sin(dmk)| 1), | Sk) = cos(dsk)| 0) + sin(Isi)| 1).

The intensity (I) is written in the binary form as I-qubit state number I, thatis, | Ix) = | I} I} I I, ). For
instance, if I, = 108, then in the range of 256, this number has a binary representation is {00110110}. Thus,
L) = |108) = |00110110).

In this model, only the intensity component is processing, I, — I),. It should be noted that all three primary
components in the HSI model are dependent. The hue H,, and saturation are the functions of the red, green,
and blue colors, that is, H,, = H,(R,, G,, B,) and I,, = I(R,, G,, B,).The same for the saturation is S,, = 1 — min
{R,, G, B,}/I,,. Many methods in color image processing (including Retinex-based image enhancement methods)
use the HSI or HSV color models and are based on processing only the intensity or value components. This destroys
the color model of color images, and the processed images have various artifacts. For the above case, it means that
the processed data {H PR ;1} do not correspond to a color image in the HSI model.

Also, if only the intensity component is processing, the representation of only the grayscale image can be used

4 -1

[hD) =5 3 1) 0,
k=0

and then, the state components |Hy)|Sy) can be added, to receive the superposition |¢(f)).

7.2.7 Transformation 2 x 2 Model for Color Images

In this section, we consider the simple model of processing color images. It should be noted that a color image can
be processed as a single grayscale image, by using one of the color-to-gray models proposed by Grigoryan [24].
Here, we discuss only one of such models, namely the 2 X 2 and 1 X 4 models. In this model, color images are
transformed into grayscale images. Then, the enhancement algorithms, which work well for grayscale images,
can be used for the newly transformed color-to-gray image. Thus, the color image enhancement mainly consists
of the transformation of the color image into the corresponding grayscale image.

A color RGB image of size N x M pixels with the red (R), green (G), blue (B), plus gray (I) components is pre-
sented by a grayscale image of twice size, as shown in Table 7.2. Also, we can consider the mapping shown in
Table 7.3.

Here, the gray component is considered to be the average of three primary colors, i.e., I = (R + G + B)/3. The
luminous of the RGB image, which is calculated by I = 0.3R + 0.59G + 0.11B, can also be considered. Thus, the
new transformed grayscale image is obtained by arranging side by side 4 values of I, R, G, and B of each pixel.
This color-to-gray image transformation (C-2-G IT) is reversible. After processing the color-gray image, a new color
image is obtained, by using the inverse gray-to-color image transform (G-2-C IT). As an example, Figure 7.29 shows
the original 584 x 565-pixel image in part (a) and the image of the color-to-gray transform in part (b). This grayscale
image was enhanced by the Fourier transform-based 0.84-rooting method. This enhancement is described as the
alpha-rooting, which is very effective method in gray and color image enhancement [26, 27],

Fps — Gps = Fps| Fps |'™%,a=084,p,s=0: N-1,(M-1), (7.57)



7.2 Color Image Quantum Representations

Table 7.2 The 2 x 2-model of color-gray transform image.

1(0,0) R(0,0) 1(0,1) R(0,1) 1(0,2) R(0,2)
G(0,0) B(0,0) G(0,1) B(0,1) G(0,2) B(0,2)
1(1,0) R(1,0) 1(1,1) R(1,1) 1(1,2) R(1,2)
G(1,0) B(1,0) G(1,1) B(1,1) G(1,2) B(1,2)
1(2,0) R(2,0) 12,1) R(2,1) 1(2,2) R(2,2)
G(2,0) B(2,0) G(2,1) B(2,1) G(2,2) B(2,2)

Table 7.3 The 1x4-model of color-gray transform image.

1(0,0) R(0,0) G(0,0) B(0,0) 1(0,1) R(0,1) G(0,1) B(0,1)
1(1,0) R(1,0) G(1,0) B(1,0) 1(1,1) R(1,1) G(,1) B(1,1)
1(2,0) R(2,0) G(2,0) B(2,0) 12,1) R(2,1) G(2,1) B(2,1)

(a) (b) (©)

Fig. 7.29 (a) Original RGB color image “eye.tif,” (b) the color-to-grayscale image in the 2 x 2 model, and (c) the enhanced
image after performing 0.84-rooting on the grayscale image.

followed by the inverse 2D discrete Fourier transform, {G, s} — {gnm; 1, m = 0: N—1, (M — 1)}. Then, the new
image g, ,, was transformed back to the color image which is shown in part (c). One can notice that the image
was well enhanced. In this model, the color image at pixel |n) is presented by the 2-qubit superposition

1) = 7 (i 00) + 2] O1) +.8,110) + by 1)

Here, E(f,) is the energy of the color at the pixel, E(f}) = i + r? + g2 + b;. The image by the following (r + s + 2)-
qubit superposition:
2r +s _ 1

| o(f)) WZ

n=20

l,,| 00) + r,| 01) + g,| 10) + b,| 11)) ®| n). (7.58)
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a-rooting
={RGB,I} ——» = > L > =
r=t J C-2-GIT 9= gnm Hlstqgram quallzatlon G-2-C IT Joew = {RGB, I}
A Multiscale retinex,
Gray-scale transforms
RGBY | > {RGB}

Color image enhancement

Original image New color image

Fig. 7.30 The block-diagram of color image enhancement by enhancing the color-to-gray transformed image in the
2 x 2 model.

The general block-diagram of processing the color image in this model is shown in Fig. 7.30. The enhancement of
the color image is reduced to enhancement of the corresponding grayscale image in the 2 X 2 model. This model is
simple and effective in color image enhancement.

In this model, the left-sided (r + s + 2)-qubit superposition of the image is defined by

2Y+S_l
Z | ) ® (in] 00) + r,| 01) + g,| 10) + by| 11))

1
n=0 \/E(fn).

We consider the tensor product of the point and color, |w,) = |n)|f,), where |f,) = (i, 00) + r,| 01) +
8,1 10) + by| 11)) . This product is the bra-vector

Ly (f)) (7.59)

2r+S

vV (fn)
1
=10,0,0,0,0,0,0,0,..,0,0,0,0,i,, 7y, g,, b, 0,0,0,0,...,0,0,0,0 . 7.60
<l//n‘ ns Fns 8ns On \/m ( )
0 1 n—1 n n+1 NM -1

The color components at pixel n are placed together. The left-sided superposition |y(f)) of the image can be
described by the bra-vector

. : : ; 1
<l//(f) | = lOar()’g()vbo’llarlaglabl’""ln’rnagnabnv"'7lNM—17rN]W—17gNM_1’bNM—1 e (761)
——— —— —

E(f)

n NM -1

In comparison, the tensor product |¢,) = |f,.)|n) can be written as the following bra-vector:
1

VE(F.)

In this vector, the components of the color are located in series at a distance of NM from each other. The right-
sided superposition |¢(f)) is described by the bra-vector

(pn | = (0,...,0,1'",0,...,0,0,...,o, 7,0, ...,0,0,...,0,8,,0, ..., 0,0, ..., 0, b, 0, ...,0) (7.62)

.. . 1
()| = (lo,ll,---, lNM—l,VoJ’l,---,"NM—l,go,gl,---,gNM_l,bo,bl,---,bNM—1> —\/E—(f) (7.63)

The preparation of the superposition |w(f)) in Eq. 7.61 can be performed by the block-diagonal matrix

U=UdU,oU®---DUnM-1, (7.64)
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[ ()

Fig. 7.31 The circuit for calculating the (r + s + 2)-qubit left-sided superposition |y(f)).

where Uy, are unitary 4 X 4 matrices with the first columns equal to (i, 7, gn, b,.)'. Such matrices are easy to
construct and will be presented in the next section. Thus, we can obtain the superposition as follows:

1 1
=U|A),where (A| = ——11,0,0,0,1,0,0,0,...,1,0,0,0,1,0,0,0 | = —1{1,1,...1,1 | ® (00|,
lw(f)) =U|A) Al =—— : T Gt (
NM times NM times

or

1 NM -1
lw(f)) = U([\/ﬁ kz::o|k>

3| 00>> . (7.65)

The corresponding circuit for the |y(f)) calculation is given in Fig. 7.31.

For the right-sided superposition |¢p(f)) of this color image, this circuit can be used with the additional permu-
tation, P: [y(f)) — ().

There are many image representations in quantum computation, and we have described only a few of them. In
conclusion, we also note that the most effective image enhancement methods are in quaternion algebras, since
quaternion images contain color information as a whole and are processed as a whole [24, 28]. Corresponding
quaternion quantum models for image representation exist and are discussed in Chapters 11 and 12.
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8

Image Representation on the Unit Circle and MQFTR

In this model of quantum image representation, the concept of the Fourier transform qubit representation (FTQR)
is used [1, 2]. Information of an image in each pixel is written in the phase of the basis state in the quantum super-
position. There is no constraint on the size and range of the signal and image when using the FTQR. It possesses
properties, such as the sum, amplification, shifting, that are not available for the known methods of quantum sig-
nal and image representation. The calculation of phase-type amplitudes in signal and image representation is sim-
ple. These amplitudes can be calculated in advance and used by the lookup table method. In the FTQR, all states in
the superposition have an equal probability. FTQR requires (r + s) qubits for images of size 2" x 2° pixels.

First, we consider the 1D case. Let f,, be an integer-valued signal of length N=2", > 1, and the range L, where L > 1
is an integer. Values of the signal f,, can be mapped into the quarter unit circle by the transformation

A f, = Alfy] =€, n=0(N=-1). (8.1)
The coefficient a = 2z/(4L) is used for this transformation (see Fig. 8.1).

The r-qubit state of the signal is defined as
r-1
laf |l’l
n =0 V2
This representation |w(f)) requires r qubits. All values of the signal, including the zeros, are counted. The signal
reconstruction from this representation relates to the measurement of the superposition state. When measuring

wif) = (€00j0) + ) o 4 2 1)), (52)

ly(f)) and getting the state |n), its amplitude e*»/\/2" allows for calculating the value f, of the signal. The prob-
ability of observing the state |n) is the same, 1/2" for all basis states.

8.1.1 Preparation for FTOR

The algorithm of the FTQR of the signal f,, can be described as follows.
Apply the Hadamard transform H5" on r qubits all initialized to |0), to obtain the equal superposition of N basis
states,

2'-1

lw(0)) = Hy"[0)"" Z n) (8.3)
n =0
Apply the phase shift gates (¢ = af,,) to the basis states |n), n = 0: (2" — 1),
afa afa ‘
|n) o o el@fn|n) (8.4)

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing

147


https://www.wiley.com/go/grigoryan/quantumimageprocessing

The global phase gate can also be used, e¥»| n) =
Table 2.1).
Compose the superposition

Glaf,)[n) (see

2r—1
iafu |y

lw(0)) — w(f))

where a = z/(2L).
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L i
L—-1
A eiafn
. fn —>
2
1
0 0 1

Fig. 8.1 Mapping of the integer interval [0,
L] into the L points on the quarter circle.

n—O

The phase gates can be described by the following diagonal N X N
matrices:

. 1, if i#n
Sp = diag{sii}; = g.r—1)»  Sii = {ei"fw, fizn (8.5)
Therefore, we obtain the required superposition,
-1
(H Sn> w) = w(f))- (8.6)
n=0
Figure 8.2 shows the quantum circuit for preparation of the FTQR [1].
As shown in Section 6.1, any superposition can be obtained by the quantum DsiHT on the input (1, 0, 0, ..., 0).

The QsiHT generated by the phase coefficients can be used to prepare the superposition |y (f)). The inverse quan-
tum DsiHT results in the input |y(f)). The corresponding quantum scheme for preparing this superposition is
shown in Fig. 8.3.

8.1.2 Constant Signal and Global Phase

The unit signal f,, =1, n = 0: (2" — 1), is represented by the following r-qubit superposition:
2" -1

w( 2e“1|n y=e ( Zm)—emw 0).

n =0
Similarly, for any constant signal f, = C, its superposition |[y(C)) = e"““|y/(0)).

. 2"-1 .
. [ [Ts
n=0
{3
Fig. 8.2 The circuit for the FTOR of the signal.
(r+5s) (r+s)
Inverse QDsiHT
VS 1260)

i

{e'¥n}

Fig. 8.3 The circuit for the FTQR of the grayscale image by the QsiHT.
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8.1.3 Inverse Transform

The value f; of the signal can be reconstructed from the amplitude of the state of measurement |n) as follows:
Denote by X the amplitude ¢+ //2" and calculate C,, = cos(af,,) = Real (Xv/2").

1
Calculatef, = — cos™*(Cp).
(04

In the general case of N = 2', values other than a = 27/(4L) can also be used. For long signals, when 2" >> 4L, we
can consider @ = wy = 27/2', as the smallest frequency in the 2"-point DFT. Then, the signal representation in
Eq. 8.2 is

1

2 -1 N-1
== o> dim= oy .

n=20

Note that this representation differs much from the quantum representation with amplitudes

00)) = 5 (ol0) + 1) +F312) + . fry[2 = 1)), (87)

where the normalized coefficient E is the energy of the signal E = \/ fol? + If 1 + oo + If 1%

Example 8.1 Unit Impluse Superposition
For the unit impulse signal uy, = {1, 0, 0, 0}, L = 2, and a = =/4, we obtain the 2-qubit representation

o 1r
7o) = 5 [¢4100) + [01) + 10) + J11)].

For the unit impulse signal at point 1, u; = {0, 1, 0, 0}, the superposition is [iio) = [|00) + €7/4|01) + |10) + [11)] /2.
In the representation by amplitudes in Eq. 8.7, for these two unit signals, we have the following basis states:
| (1)) = 100) and |g(uy)) = [01).

In the space of 2"-point integer-valued signals with the range L = 2/, 1> 1, the unit impulse u; = {0, 0, ..., 0, 1, 0...,
0}, k € {0, 2" — 1}, has the representation

B0) = = [10) + [1) + [2) + o €K) + o+ [ = D)],  (a=x/(2L)).

V2"

Example 8.2 Bell States with Phase Shift
For the signal f = {0, 1, 1, 0}, we obtain L = 2, a = n/4. Therefore, the 2-qubit representation

v 1 ; ; 00 11 ; 01 10
’f> — 5 {|00> + em/4|01> + em/4‘10> + |11> — | > '; ‘ > + em/4| > '; ‘ >

This 2-qubit contains the Bell states with phase shift z/4 between them. For comparison, in the representation by
amplitudes in Eq. 8.7, we obtain the Bell state |p(f)) = (|01) + |10))/v/2.
For the 4-point signal g = {1, 2, 2, 1}, L = 4, and a = /8. The 2-qubit representation of the signal is

. 17 s in/4 in/4 in/8 } iz/s [00) + [11) izja |01) + [10)
= —€"/°|00 71101 74110 7e111) | = e & .
1) 2[e |00) + €"/*|01) + e”™/*|10) + €”/°|11)| =€ 5 + ¢ 5
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8.1.4 Property of Phase

Consider adding the constants +1 to the signal, y,, = f,, = 1. The FTQR of the new signal is equal to the original
superposition with the global phase,

2 —1 1 1
w>_ E:ddﬂimm +mlﬁqn —etia__ E:eWHn _eimv>
Vr_n—O n—O n—O

Similarly,

<f\i/k) > = e*iak V> for an integer k. Note that the above operations do not require subsequent

normalization. For comparison, with representation in Eq. 8.7, the signal y,, = f,, + 1 will be in the superposition

2" -1

lp(f + 1)) Z(fn +1)|0), (8.8)

lpn=o0

with the new normalized coefficient calculated by E2 = [fy + 1)* + |f; + 1|> + ... + [f5r_, + 1]~

8.2 Operations with Kronecker Product

The following properties hold for the tensor product with the FTQR (for more detail see [1]):
(The time-scaling by a factor of 1/2) The product

V>®\o ( Ze”f"”>®|0 —ZeNf"|2”

n—O

is the (r + 1)-qubit representation of the discrete-time signal y(n) = f(n/2), n =0, 2, 4, ..., 2N — 2). Here, we use the
fact that |n) ® |0) = |2n). For instance, |3) ® |0) = [0001]' @ [10]" = [00000010]’ |6>
(The time-shift and scaling by a factor of 1/2) The product

‘f>®\1 ( ZeNf"n>®|1 —ZeNf"|2n+1
n—O

is the (r + 1)-qubit representation of the discrete-time signal y(n) = f ("T‘l) ,n=1,3,5, .., (2N —1). Here, we use
the fact that |n) ® [1) = [2n + 1).
(The product of two representations) The Kronecker product

1 1 — i N = ia +
V>®\g (\/_Ze fun >® (\/—ﬁmz;oe gm|m)> Z Z e Unten)|n) @|m)

n—Om
N 1 1 U )
il ja(f, + &) ia(fy, + &m
Z e n(N +1)) + Yoo INn + m)
n 0 n,m=0N-1
n#m

describes the 2r-qubit quantum superposition. Here, |n) @ |m) = |[Nn+ m), m = 0: (N — 1). Therefore, the sum of
two signals can be measured in the basis states [n(N + 1)), where n = 0: (N — 1).
The Fourier transform quantum superposition can be modified (by a permutation) into the r-qubit superposition

N/2-1

37 [€]0) + e [1)] ). (8.9)

n=0

ly1 () =

-
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Here, each pair of values f,,, and f5,, ;. ; is packed into a single qubit. 255

If the signal has equal values in neighbor points, let us say, in 2n, 254 ei®fum
and (2n, + 1), then at the basis state |n,) in the above superposition, A
the Hadamard state presents with a phase factor, 2 Juim ’
1
1 ; 0)+ |1 0 0 1
i (f)) = 75 + ..V2 [0 (%) Ing) + ... | .
—— Fig. 8.4 Transforming the integer interval

[0,255] into the 256 points on the quarter circle.

8.3 FTOR Model for Grayscale Image

The grayscale integer image f = f,,, of size N X M = 2" x 2° pixels of the range L = 256 is represented by the
exponential coefficients in a way that is similar to the 1D case. The image is transforming into a quarter of the
unite circle as (see Fig. 8.4)

Fum = Alfpm] = €9, a=n/512. (8.10)
The (r + 5)-qubit Fourier transform quantum representation is defined by the following superposition [19]:

W) = e > 3 Alfun] ). (5.11)

m=0n=0

The image f,, ,, can be written into the 1D vector fi, k = nM + m, where n = 0: (N — 1) and m = 0: (M — 1). Then,
the circuit for implementation of the FTQR will be similar to the one shown in Fig. 8.2.

8.4 Color Image FTQR Models

1) Many methods process the color components separately. The above-proposed model MQFTR can be applied for
each color [2]. For simplicity of calculations, we consider an RGB color image f,, ., = {F1n.;m> n.m> bn.m} @s the 1D
vector fi, k = 0: K— 1, where K = 2"**. The red (¥), green (g), and blue (b) components, each in the range L, can
be represented by the (r + s)-qubit FTQRs as

1 k=1 1 k=1
w(e) = —= > Aledlk) = ==Y é“lk), e=r,gb. (8.12)
\/I?k =0 \/I_<k =
Here, the mapping on the unit circle A[x] = €™, when x = 0:255. The constant « = 27/1024, considering
that L = 256.

2) It is possible to unite the color components without additional qubits and develop new models of quantum
representation [2]. We describe such a model and introduce the concept of the 4-point discrete Fourier
transform of qubits. Consider an RGB color image together with its grayscale component, that is, the image
fa.m = Cums 8nm> bums inm)- This image is represented as a multi-qubit state in the following way. Because
of four components, the unit circle is divided by 4 arcs, each of 90°, and each color is mapped to one of these
arcs, as shown in Fig. 8.5. The values of each color component are considered to be in the integer interval
[0,255]. Each pixel is defined with four points on the unit circle, and each point is in its color circular arc. These
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255

254 a=2m/4/256
A

) @0 00

1

0

(rn,m' Inm bn,mr in,m) eiain,m X (_i)

Fig. 8.5 Transformation of colors (for the RGB plus gray colors) (Refer Online version for colour representation).

four points compose a quadrilateral of the RGB plus color. For the grayscale components of the image, these
quadrilaterals are squares. This model is convenient for the case with quaternion images, which is described in
Section 12.

The case with only 3 RGB colors, when the unit circle is divided by 3 arcs each of 120° is described in detail in [1].
The transformation of colors is shown in Fig. 8.6.
These states can be united into the following (r + s)-qubit superposition of states of colors:

W) = 3 D (Alrd + iAlg] ~ Albe] — Alid) k). (813)

k=0

The normalization coefficient is calculated by

K-1

B= |3 Aln] + iAlg] - Albi] — iAli) -
k=0

eiarn,m
255 :
254 « = 21/3/256
A
. _—>
5 e o o0 -1 .
1
0

e—i4rr/3 X eiagn,m

T b
(Tm» Gnms bum) ei@bnm x p—i2m/3

Fig. 8.6 Transformation of colors (for the RGB model) (Refer Online version for colour representation).
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It is possible to consider the 2-qubit quantum Fourier transform, or 4-point DFT of the vector-signal {A[r,], A[gx],
Albl, Alixl},
Fpx = Aln] + AlgJW? + Albl]W? + Al ]W™,p =0,1,2,3.

Here, W = exp(—2ri/4). Then, the state A[ry] + iA[gx] — A[bx] — iA[ix] = Fy.

8.5 The 2D Quantum Fourier Transform

The 2D discrete Fourier transform is used for processing images in the frequency domain in many tasks, such as
linear filtration, image enhancement, and denoising. Many effective algorithms of the 2D DFT exist [3], but we
consider the simple column-row method of calculation for images of size with powers of 2.

Consider the 2D DFT of the image

M—-1N-1
Fps = (Fnuf)ps ZanmW}f,pW;’}f, p,s=0: (N-1),(M—1). (8.14)
m=0n=0

Here, Wy = exp(—i2z/N) and W), = exp(—i2z/M). This transform is separable; it can be calculated by the 1D DFTs
by rows and then by columns, and vice versa. We consider N = M = 2", r> 1,and

1 N-1[ 1 N-1 .
Fpo= — — W | wms, ,s=0: (N=1). 8.15
pss \/N‘mzz:o -\/N*nzzzofn,m N N p ( ) ( )

The inverse N X M-point DFT is calculated by

1 N-1 1 N=I B ~
fom = —mz —WZFP,SWN"P Wy™,  nm=0: (N-1).
s=0 L p=0

To perform this transform in quantum computation, the image is written into the 1D signal by columns, f; =
fivnems k = 0: (N* — 1). The image-signal is considered to be normalized. The algorithm below first calculates the
1D quantum Fourier transforms of N parts of the signal, followed by permutation. The implementation of 1D QFT
is done using the circuits described in Section 5, which are the paired transform-based FFT [4].

8.5.1 Algorithm of the 2D QFT

Prepare sub-superpositions of the signal, each with N amplitudes,

() = \/iﬁwm F 10y + e+ o)y 1)- (8.16)

Namely, the superpositions

o= - ({610 + A1 + 4 Fy L IN=1)),

)= g ({10 + L s1) + o oy AN=1))

0 Der = g (Do nl®) +he 1)+ e NP21)).

Here, E,,n = 0: (N — 1), are energies of columns of the image.
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Compute the r-qubit QFT on each sub-superposition lp(f)),, n = 0: (N — 1),
lp(F)), = Fr;00) + Fu1|1) + Fri2[2) + oo + Fun-1|N = 1), (8.17)
where (Wy = exp(—i2z/N)),
. 3 1 N-1 mp N
mp = TNW,Z:oanerW » p=0:(N-1). (8.18)

Compose the N*-dimension vector V from the calculated r-qubit QFT data Fups

!
V= (Fo;o,Fo;l, woFon-1,F1,0,F;15 s Fin— 1, e FN— 10, FN 115 ---,FN—1;N—1> . (8.19)

Calculate the permutation P of the vector V as

P:V —>Vy=|Foo0Fn-1,0F2N-1,05 s FN2 _1:05 s Foyns FN = 1305 FaN — 1305 s Fn2 _ 1.5 -

n=0 n=1(N-1)
(8.20)

1) Perform steps 2 and 3 for the new superposition |p(V7)).
2) Compute the inverse permutation P~ on the obtained quantum superposition |p(V)).

The general block-diagram of the 2D quantum Fourier transform (QFT) of an image of N X N pixels is shown in
Fig. 8.7. We call this quantum transform the 2D quantum r X r-qubit QFT.

() = fol0) + fil1) + -+ + fy2_1IN? = 1)

v v v

r-qubit QFT r-qubit QFT | --coeeeeee r-qubit QFT

v v v

v v v

r-qubit QFT r-qubit QFT |  —-coeeeeeo. r-qubit QFT

v v v

l Inverse permutation (P _1)

Measuring

lp(F)) = Fyl0) + Fi|1) + -+ Fy2_4[N? = 1) =———= {Fp,s}

Fig. 8.7 The diagram of calculation of the r x r-qubit QFT of the image superposition.
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Example 8.3 2D 1 x 1-Qubit QFT
Consider a 2 X 2 image and the quantum circuit with two qubits, which is given in Fig. 8.8. The 2-point Fourier and
Hadamard transforms use the same gate. The 2-D QFT is implemented by two controlled Hadamard gates.
State preparation is done through the use of the quantum 2-qubit signal-induced Heap transform (QsiHT), Ha,
using the strong wheel-carriage [6, 7]. Here, the normalized signal x = (xXo,X1,%X2,X3) = (fo,f1.f2.f3)/VE(f) is
used as the generator for the DsiHT,
(22,%3) il (yff), 0), (yf)l),xl) il (yff),o), (yéz),xo) i (yff),O), yff) =1. (8.21)

Thus,x = H, 1 (1,0,0, O)'. The DsiHT uses three rotations Ry,, Ry,, and Ry, with angles {J,, 91, 9,} of the angular
representation of the generator x. After state preparation, the local gate of the 1-qubit QFT is applied to perform the
2-point DFT over two columns of the image. Then, the permutation is applied to the next stage of operations. This
permutation P is defined by

P: Fo|00) + F1]01) + F3|10) + F3|11) — Fo|00) + F5|01) + F1|10) + F3|11). (8.22)
— —
The permutation is P = (1, 2), or SWAP gate,
00

P=Py, = , P=pP7 L

S O o
oS = O O

1 0
0 0
0 1
All calculations for the 2D 1 x 1-qubit QDFT can be written as

|p(F)) = P(12)(1.@F2) P ) (L&F>) Hy ' | 00). (8.23)

Here, H,; ' |00) = |¢(f)). In the matrix form, these calculations can be written as follows:

1000 1 10 0 100 0 1 10 1
0010[1f1 —=10 o0 00 10[1]|1 =10 1o
lp(F)) = —= X —= (Hi']
01 0 0[+v2]0 1 1 01 0 0[+v2]0 1 0
00 01 0 1 -1 0001 0 1 -1 0

1 2
Let the 2 X 2 image be f,, , = {3 4} and {fi; k = 0:3} = {1, 3, 2, 4}. The DsiHT is calculated by rotations

cosd, — sind
R19k = . ’ k = 15 25 35
sin 9y cos I
State preparation Stage 1 Stage 2
[0) —— Inverse
QsiHT
0 — g F2 F,
lp(£)) lp(F))

Fig. 8.8 The circuit of the 2D 1 x 1-qubit QFT.
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with the angles {90, 91, 9.} = {—53.1301°, — 68.1986°, — 79.4803°}. The unitary matrix of the heap transform H, is
calculated as follows:

[Ha] = (Ro,®1,)(1&Ry, D1)(I2ERy, ),

cosd, —sin9, 0 O 1 0 0 0 1 0 0 0
4= sin 9, cosd, O O| |0 cosd; —sind; 0|0 1 0 0
B 0 0 1 0 0 sind cosd, O 0 0 cos8 —sindy
0 0 01 0 0 0 1 0 0 sindg cos Jy
Thus,
0.1826 0.3651 0.5477 0.7303
M) = —0.9832 0.0678 0.1017 0.1356
S ) —0.9285 02228 0.2971
0 0 —0.8000 0.6000
The inverse matrix is its transpose matrix equal to
0.1826 —0.9832 0 0

0.3651 0.0678 —0.9285 0
0.5477 0.1017 0.2228 —0.8000
0.7303 0.1356 0.2971 0.6000

[Hzt_l] = (IL®R_y,)(1BR_y, ®1)(R_y,@®I,) =

Example 8.4 2D QFT on 4 X 4 Image
The scheme of calculation of the 2D 2 X 2-qubit QDFT is given in Fig. 8.9. The state preparation is accomplished by
the unitary 1-point DsiHT, or 4-qubit QsiHT.

The permutation is P, = (1, 12, 3, 4)(2, 8)(5, 13, 15, 7)(6, 9, 14, 11). In the matrix form, the quantum scheme for the
2D 2 x 2 qubit QFT can be represented as,

|p(F)) = Py (Iu@F 4) Pe(Is@F4) Hy ' | 0%%).

Here, the inverse permutation Px_1 =(1, 4, 3, 12)(2, 8)(5, 7, 15, 13)(6, 11, 14, 9).

State preparation Stage 1 Stage 2
Inverse / \ / \
— | 4-qubit
DsiHT .
— Hl_l 2-qubit QFT —W——— 2-qubit QFT
16 7, 7,

|0)®* lo(f)) lp(F))

Fig. 8.9 The block-diagram of the 2D 2 x 2-qubit QFT.
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8.5.2 Examples in Qiskit

Let the 4 X 4 image be the following:

3
4
faxa= 3 , E=E(f)=

3 3
SN fr=111803.
n=0m=0

W = N =

2
3
5
1

N AW

2

This image, f; x 4, is then converted to a 16D vector f, column by column, {f;; k=0:15}={1,2,1,3,2,3,5,1, 3,4,
3,2, 2, 3, 4, 2}. The image superposition is

1 15
o)) = \/—Ek;fklﬂ

To prepare qubits for this superposition, the signal is normalized, f = f/vE = f/+/11.1803. Then, it is used as
the generator for the DsiHT with the strong wheel-carriage. The angles of rotations are

{8,;n =0: 14} = {—53.1301°, — 68.1986°, — 79.4803°, ..., — 79.6532°, — 84.8685°}.
The inverse [H; 1] heap transform with 15 rotations is used for state preparation
lp(f)) = [Hy1]10)** = 0.0894/0000) + 0.1789|0001) + 0.2682|0010) + ... + 0.1789|1111).
Performing the quantum scheme yields the following theoretical state vector:
|p(F)) = 0.9168|0000) + (—0.1118 —0.0894i)|0001) + ... + (—0.0224 —0.0894i)|1111).
The probabilities for various simulations, or shots, for this scheme are demonstrated in Table 8.1, where the ideal

number of samples would be around 100,000.

Example 8.5 2D QFT on 3 X 3 Qubit Image

The block-diagram for computing the 2D 3 X 3-qubit QDFT is shown in Fig. 8.10. The permutation P, in the set of
64 elements and it inverse can be calculated by Python (for more detail, see [8]). The simulation of this quantum
diagram was performed by simulator Qiskit. The Python-based codes written by our undergraduate student Alexis
Gomez can be found by the address: https://ceid.utsa.edu/agrigoryan/. Both direct and reversible 3 X 3-qubit
QDFTs are computed in the codes.

Table 8.1 Qiskit measured amplitudes for the 4 x 4 image

Probabilities

Basis states Theoretical 10,000 shots 20,000 shots 50,000 shots 100,000 shots
0000 0.8410 0.8421 0.8361 0.8400 0.8410
0001 0.0205 0.0193 0.0213 0.0204 0.0205
0011 0.0205 0.0194 0.0207 0.0200 0.0205
1110 0.0065 0.0069 0.0077 0.0064 0.0065

1111 0.0085 0.0077 0.0091 0.0091 0.0085
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State preparation Stage 1 Stage 2
] \
— 1 Inverse I\
— | 6-qubit [\
——— DsiHT . —

i 3-qubit QFT | 3-qubit QFT
—— o Fg Fg
P
®6
[0) lo(F) lo(F))

Fig. 8.10 The block-diagram of the 3 x 3-qubit QFT.

(8 7 6 4 6 7 87
59 5 5 4 9 5
94 6 9 10 6 4 3
1 7 5 10 16 14 8 5 6
r= 3443 (6 5 9 13 12 9 5 7
8 4 6 8 11 6 4 8
59 4 5 7 495
L8 7 6 5 6 7 8]

As in the above example with the 2 X 2-qubit image, the 64-point DsiHT (or 6-qubit QsiHT, H) can be used to
initiate the 6-qubit vector representing the image 8 x 8. The orthogonal heap transform is generated by this image.
Thus, Hf = |0)*°, or f = H”|0)“°. The amplitude representation of the image is considered to be

() = k;fk|k> = \/%(&0) +51) +9]2) + 7/3) + ...7|60) + 8]61) + 5[62) + 8/63)).

The 3D mesh of the 2D DFT of the image in the absolute scale and cyclically shifted to the center is shown in
Fig. 8.11 in part (a). The results |p(F)) of performing the quantum scheme by using Python (for permutations) and
Qiskit yields the meshes shown in parts (b) and (c) for 1,000 and 100,000 shots, respectively.

Original 2-D DFT 2-D DFT (1k) 2-D DFT (100 k)
8 8 8
6 6 6
4 4 4
2 2 2

00 09

() (d) (©

Fig. 8.11 The 2D DFT in the absolute scale for (a) the original image, and after simulation for (b) 1,000 shots and
(c) 100,000 shots.



References

Original 1,000 shots 100,000 shots
2 2
4 4
6 6
8 8
2 4 6 8 2 4 6 8

(b) (©)
Fig. 8.12 (a) The original grayscale image, and after simulation for (b) 1,000 shots and (c) 100,000 shots.

Stage 1 Stage 2
\ \
I\ I\
[ [
L . L , R
\ [ 3-qubit IQFT \ | 3-qubit IQFT |
\[ 74 \| 7, —
2 | b
lp(F)) lp())

Fig. 8.13 The block-diagram of the 3 x 3-qubit inverse QFT (IQFT).

The mean square errors are equal to 0.1447 and 0,0407 for 1,000 and 100,000 shots, respectively. All circuit ele-
ments in the scheme of Fig. 8.10 are gates that are reversible. The results of using the direct 3 x 3-qubit QFTs fol-
lowed by performing inverse 3 X 3-qubit QFT after 1,000 and 100,0000 shots are shown in Fig. 8.12. The image in
part (c) after rounding matches the original image exactly.

The scheme of the 3 X 3-qubit inverse QFT is given in Fig. 8.13.
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9

New Operations of Qubits

In a quantum computer, mathematicians do not have much freedom in their work. Therefore, working here is
much more interesting, a lot needs to be done within a very narrow framework and you need to think differently
here. Many tasks seem impossible. There is no rich arithmetic in quantum computers. All operations are described
by permutations and reversible (unitary) transformations. Therefore, all output and input states have the same
dimension. Another feature of the qubit is that it is impossible to determine the state of qubits in a computational
problem from a single observation. Copying states is not possible, and observing/measuring any calculation state
requires a large number of calculation iterations. There is a need to find new efficient operations on qubits, two-
qubits, multi-qubits, and quantum superpositions to expand our capabilities in processing signals and images. This
is especially true for image processing in the frequency domain, where the main transformation is the quantum
Fourier transform (QFT).

In this section, we show that single qubits with real amplitudes can be multiplied and divided similarly
to complex numbers [1, 2]. In other words, we describe new operations of qubits and quantum representa-
tions, which include (i) multiplication of single qubits and properties; (ii) multiplication, division, and
inverse between quantum superpositions; (iii) new representation of the QFT; (iv) ideal low- and high-pass
filtration; and (v) qubit quadratic equations. These operations can be used to process quantum computation
images and signals.

9.1 Multiplication

For two qubits |¢;) = a,|0) + by|1) and |@2) = a,|0) + b,|1) with real amplitudes, the product of these qubits is
defined as

) £ |@1) - |@2) = al0) + b|1), (9.1)

where the amplitudes a = a,a, — b;b, and b = a,b, + a,b;. This multiplication is written in the matrix form as
a a; - b1 a 1 0

= = (a1a, — b1b + (byaz + a1b . 9.2

= Tallh] - @eneg]+ o san ] 0

Here, the 2 X 2 matrix has determinant equal a% + bf = 1 and it is the matrix of rotation,

[al —bl} [cos& —sind
= =Ry =

], 9 = atan(by /ay).
bl a,

sin 9 cosd

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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For the basis states |¢;) = |0) and |1), the corresponding matrices of rotation are

1 0 0 -1 0 171 0
Rjpy = Rg = 0 1 and Ry =R:= = =XZ.

2 1 0 1 0][0 -1
Therefore, [1)> = [1) - [1) = — |0). In the general case, the square of the single qubit is calculated by
|01)* 2 lo1) - lo1) = (a7 = b})10) + 2a1b1]1). (9:3)

Note that the matrices X and Z are not matrices of multiplication in Eq. 9.2.
The multiplication of qubits is

1) commutative, [¢1) - [¢2) = [92) - [¢1);
2) associative, (|¢1) - [@2)) - [@3) = |@1) - (l92) - |@3));
3) the state |0) is the unit of this multiplication operation,

4) 1) - |p1) = Rapalpr) = — bq|0) + aq|1).

0) - [¢1) = |);

Example 9.1 Multiplication of Hadamard States
We consider the Hadamard states |p;) = (|0) + |1))/v/2 and |p,) = (|0) —|1))/+/2. The multiplication |¢p;) -
lp2) = |0). For the qubit |¢;), we obtain the following square qubit: |¢;) = |@;) - |@1) = |1). Also, the square is

|92)? = |@2) - |@2) = —|1). The multiplication by the qubit |¢;) is described by the matrix
Ay=R,y =R= 2| 7!
2 = Blgy) =/ — \/i 1 1 ’

and the multiplication by qubit |¢,) is described by the matrix

R gL L[ UAI_[ro0] At 1]_,,
) =BT A -1 1) o -1 7 V2l -1 T T

9.1.1 Conjugate Qubit
The qubit conjugate to [p) = a|0) + b|1) is defined as [p) = |p) £ a|0) — b|1). Itis clear that [) = |¢).The conjugate
of basis states |0) = |0) and |I) = —|[1). Also, we obtain

@) - [@) = (a® +b%)0) = |0). (9.4)

The conjugate qubit is obtained from the qubit by using the Pauli-Z gate, that is,

e T R

The following property is valid |¢;)-|@,) = |@1) - |@,), for any two qubit superpositions |¢;) and |@,).

9.1.2 Inverse Qubit

The qubit which is inverse to |¢,) is defined from the equation |¢;) - |p) = |0) as follows:

9) =l = 12 210)13) = ). 9.5)

p1)



9.1 Multiplication

The inverse qubit is the complex conjugate qubit. For example, two qubits in the Hadamard superpositions
(o) +{1))/v/2 and (|0) — [1))/V/2 are the conjugate qubits.

9.1.3 Division of Qubits

The qubits can be divided, by using the operation of multiplication as

@ - _
0= 20 & 10 o)™ = o) - i) 0.6
|92)

Note that [1)/|0) = |1) and |0)/|1) = — |1). In the matrix form, the operation of division of qubits can be written as

a -b a a, -b 1 01[a a byl [a
1 1 2 — 1 1 2 — 1 1 2 ) (97)

bl a; - b2 b1 a; 0 -1 b2 bl —a; b2

The division of qubits has matrix representation RyZ with the determinant det RyZ = — 1.

Example 9.2 Division of Hadamard States
We consider the Hadamard states |g,)=(|0)+|1))/v2 and |g,)=(|0)—|1))/v2. Then,
1) = (|0) + |1))/v2 and |¢1>/I¢z>—ltp1>~|¢z> Ifm) 1).

For another pair of qubits |¢;) = (|0) + 2[1))/v/5 and |g,) = (3/0) + |1))/Vv/10, we obtain the following,
according to Eq. 9.7:

) =g =

Al sl al=sald =5l
Therefore, |p;)/|p,) = (|0) + [1))/+/2. Similarly, we obtain

N i I A B RS

Thus, we obtain the Hadamard qubit superpositions by dividing two qubits.

9.1.4 Operations on Qubits with Relative Phases

We consider a way to extend the multiplication, inversion, and division operations to the general case of qubits.
The arithmetic of single qubits was considered above in the real space, that is, for qubits |¢p) = a,|0) + b;|1) with
real amplitudes. Such qubits are used in many models in signal and image processing. In the general case, we can
consider qubits with the relative phase, |») = a1|0) + ei‘/’b1|1>. Here, a, and b, are real numbers, af + bf =1, and
¢ €10, 2z]. These qubits can be presented with phase shift gate as

w=rwln =y wlw=|y wllo|

The qubit without phase can be calculated from |®) by the phase shift gate as |¢) = P(— ¢)|@) The multiplication
of two qubits |@,) = a1]0) + €1b;|1) and |p,) = a,|0) + €'?2b,|1) is defined as [1]

|@1) - [@2) = [P(¢1)le1)] - [P(2)]02)] = P(¢y + ¢3)[lo1) - |o2)]- (9.8)
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This operation is

1) Commutative and associative.
2) Inverse qubit is defined as |¢) ~' £ P(— ¢)[@) = a1]0) — e~ b, |1).
3) The division of two qubits is defined as

~

<

1

2100) @) = [P(d)01)] - [P(= ) [@2)] = Py — )| 01) - [@2)).

-

<

2

A detailed discussion of this general case is beyond the scope of this chapter, but this is how we currently con-
sider a way to extend the multiplication, inversion, and division operations to the general case of qubits.

9.1.5 Quadratic Qubit Equations

In this section, we consider a quadratic qubit equation and its solution with an example. By using the above opera-
tions of multiplication and division of qubits, we can work with different types of equations with qubits. For
instance, it is not difficult to verify the following equation for qubit superposition:

(lp1) + [92))* = lo1)* + 2|01} |w2) + o2)”. (9.9)

This equation involves the sum and multiplication of qubits. Similarly, (J¢1) + [92))* = |@1)> + 3|1)?|@2) +
3|¢1)|@2)” + |@2)°, and so on.

Now, we consider an example of the solution of the quadratic qubit equation with the constant coefficients a and
b and a given qubit |@,) = a;|0) + b;[1):

|)* + alg) + b|0) = |g,). (9.10)

To find the solution |¢) = a,|0) + bo|1), we have to solve the following system of equations:

2a§+aa0+b—1—a1:0} (9.11)

(2(10 + a)b() =b;.

Therefore, the solutions of Eq. 9.10 are

—a+ \/a2—8(b—1—a1) bo b1 (912)

ag = ) = )
4 2a0 + a

if Only |a0|2+ | bo‘z =1.

Example 9.3 Solutions of Qubit Equation
We consider the case with the qubit in the superposition |p;) = a,]0) + by|1), where a; = 1/1/3 = 0.5774 and

by = —/1—1/3 = —0.8165. The equation we want to solve is
|9)” + alg) + b|0) = a10) + by|1). (9.13)

Such equation can be solved not for all coefficients a and b. Solutions of this equation are qubits |@) = ao|0) +
bo|1), that is, the condition |ao|*+ | bo|* = 1 should be considered. As an example, we consider the case when
a = 0.2 and b € [-0.5,1.6].The solutions (ag 1, b1) and (ao, by ) of Eq. 9.12 are calculated by

—1/5+ +/1/25—8(b—1.5774) —0.8165
Ap1 = 5 b()l = 5
’ 4 T 2a01 +1/5

(9.14)
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Fig. 9.1 (a) The graphs of functions Ny(b) and N;(b), for the a = 1/5 case and (b) the geometry of the qubit-solutions.
(c) The geometry of such qubits for the Hadamard state.

_ —1/5-/1/25—-8(b—1.5774)
= Z ,

_ —08165
N 2(1(),2 + 1/5 '

Qo2 0,2 (9.15)

These coefficients are functions of b. We define the functions N;(b) = y/|ao1|* + |bo1|* and N(b) =

\/ |ao,2|2 + |bo,2\2. The graphs of these two functions are shown in Fig. 9.1 in part (a). Each graph has two points
lying on horizontal 1. Thus, the equation

0 + o)+ 50 = 0=

can be solved for coefficients b = — 0.2826 and 1.2891 wherein N;(b) = 1, and b = 0.3720 and 0.9310, wherein
N,(b) = 1. These points for Ny(b) and N,(b) are different; if N;(b) = 1 then N,(b) # 1. Thus, for given a = 0.2
and the above qubit |¢,), only four quadratic qubit equations |@)* + a|@) + b|0) = |p;) can be solved and each
of these equations has only one solution |¢) = |@,). These solutions are

(9.16)

Q1 = |9 _0.2826) = 0.9157|0) —0.40201),
Q3 = |@o.3720) = —0.8279|0) —0.5608|1),

Q, = |q01.2891) = 0.3329|0> —0.9429|1>,
Qs = [Poos10) = —0.6207]0) —0.7841]1).

Here, the amplitudes of the qubits are calculated by Egs. 9.14 and 9.15. These qubits can be represented by the
amplitudes as the points on the unique circle, as shown in Fig. 9.1 in part (b). The qubit |p;) = 1/4/3]0) — \/2/3|1)
is also shown in this circle. We can say that qubit |, ) is a state in which four other qubits will enter into the quad-
ratic equation. The quadratic equations with a = 0.25 and the Hadamard state |@;) = (|0) + |1))/+/2are described
in detail in [1]. In this case, also only four different equations can be solved. For comparison with the above exam-
ple, the corresponding four qubits of these solutions are shown together with the Hadamard state in part (c).

9.1.6 Multiplication of n-Qubit Superpositions

Consider a right-sided (r + 1)-qubit superposition

|(Z>n = ay|0) + by|1). (9.17)

1 N=1
1) = \/—NZ MIDE

n=20
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Here, N=2',r> 1, and |a),, are single qubits, and |a),|n) is the tensor product |a), ® |n). Such superpositions are
considered for instance in such models, as the quantum pixel, flexible representation for quantum image (FRQI),
and qubit lattice model described in Section 7.1.3. All qubits |a),, are considered without relative phases.

The above superposition can also be written as

1) = {IO Zanln +1) Zb n)

or as the following superposition in the computational basis B, , ; = {|0), |1), ..., |2N = 1)}
-1
1) = \/—r;)(an|"> + bn|N + n)).

For instance, when N = 4, we have the following 3-qibit superposition:

1
1) = 7§([ao|0> +bol4)] + [a1[1) + b [5)] + [a2]2) + b2[6)] + [a3]3) + bs]|7)]).

After performing the permutation

01234567)

Py =(1,2,4)(3,6,5) =
1=(1,2,4)(3,6,5) (02461357

this 3-qubit superposition is written as

i([‘10|0> + bo[1)] + [a1]2) + b1[3)] + [a2]4) + b2|5)] + [as]6) + bs|7)]).

V8

This quantum superposition represents the 8D vector (ao, bo, a1, by, ay, ba, as, b3, a4, b4)/. In fact, it is the left-sided
superposition,

Ploy) = Zln |a),-

n—O

Plg,) =

In the computational basis B, , ;, we consider two (r + 1)-qubit superpositions

1) = Zla n) and |p,) = Zlﬂ n). (9.18)

n—O n_O

Here, |a), and |f),, are single qubits for n = 0 : (N — 1), and |a),|n) is the tensor product |a),, @ |n). The operation of
multiplication of these (r + 1)-qubit superpositions is defined as

1) - @2) é\/—z @), (9.19)

This operation of multiplication of superpositions is commutative and associative. In the case when |@,) = |¢1),
the square of the quantum superposition is

1) = lg1) - ) = \F Z ) nln).

Here, the square of the single qubit at basis state |n) is calculated by |a)2 = (a2 —b2)|0) + 2anb,|1), when
|@), = a,|0) + by|1).
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9.1.7 Conjugate Superposition

For |¢,) superposition, the conjugate superposition is defined as
1) = Z @), |1).- (9-20)
n =0
Note that the product of the conjugate superpositions is calculated as follows:
1) - 1) & —= \/— Z ), | Z |0)[n Z‘ (9.21)
n =0 n =0

In the last sum, |n) are the basis states in the space of (r + 1)-qubit superpositions. Thus, this product is the same
for all superpositions |¢;). One can note that the product contains the Hadamard transform on r qubits initially all

instate |0). In other words, |@;) - [@;) = |0) [H@’|O> @r].

9.1.8 Division of Multi-qubit Superpositions
The operation of division of (r + 1)-qubit superpositions
1) = Z |la),|n) and |p,) = Z 1B)ln),
n =0 n =0
is defined as follows [1]:

20 210 ) = 3 (1), [B), ). 022)

|(»02> n=20

9.1.9 Operations on Left-Sided Superpositions

The above operations were described for the right-sided superposition. The multiplication and division can be also
defined for the left-sided superpositions

1) = Z In)la), and |p,) = Z [n)1B) s

n—O n_O

as follows:

A

02) - lo) & me @, 18)) and 2 21 7, = Zm (lah,- 13),)- 923)

lp2)

This multiplicative arithmetic on superpositions is different from the arithmetic on the right-sided superposi-
tions. The conjugate operation is defined as

71) = Z n)[@), (9-24)
n =0
results in the following product of the conjugate superpositions:
1) - @) & —= Z n)(la), - [@),) = Z\ Z 2n). (9.25)
\/_ n =0 n =0

This product is the same for all superpositions but differs from the product in Eq. 9.21.
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9.1.10 Quantum Sum of Signals

Consider the FTQR model for grayscale image {f, ,,,} of size N; X N, pixels and in the range L. This image, written
as the 1D signal f = {f,,} of length N = N;N, = 2"**, is described by the right-sided (r + s)-qubit superposition

lo(f)) Z ¢ n), a=x/(2L). (9.26)

n =0

In this equation, the complex exponential coefficients as 2D vectors present single qubits in the representation
gt — cos(af,)
sin(af,)

Therefore, the superposition in Eq. 9.26 can be considered as the (r + s + 1)-qubit state

| = costaf,)io) + s, ).

lo(f)) Z (@n|0) + ba[1))[n),

n_O

where a,, = cos(af,) and b,, = sin(af,).

Let us consider another signal g = {g,,} with the same range L and the rotations of single qubits in the superpo-
sition |¢(f)) by the matrix M = @yco,1,. n-1}Rg,, Where the 2 X 2 rotation matrices are Ry, = R,g,. These rotations
are described by the product of |¢(f)) and the superposition

Z cos(9,)|0) + sin(9,)(1)]|n).

The result of this multiplication is the (¥ + 1)-qubit superposition

() - Z 8 n) = | (f +g)). (9:27)

n—O

It is the quantum superposition of the sum of signals, f+ g. As an example, when g = f, we obtain |@(2f)) = |(f))
“lo() = o) and |pBN) = [0 (2h) - le() = lo()*.

Similarly, the superposition of the difference of signals, f— g, is the multiplication of |¢(f)) by the superposition
which is conjugate to |p(g)),

() - lp(@) = lo(f —g)) Ze’“(f“‘g" n). (9.28)

n_O

Thus, in the FTQR model, the addition and subtraction of images can be described by the operation of multi-
plication of quantum superpositions. For comparison, we consider the FRQI model of quantum representation for
the signal f,

) 1 N=1
7) = 0 2 (a0l0) + 1B}, 1))
n=0
In this model, it is not possible to express the quantum representation (f \-I-/g> > of the sum of images (f + g) by
representations v> and [g).

Example 9.4 Image Processing

There are models of signal and image quantum representation, which use single qubits containing information of
the signal or intensities or colors of the image at each point. As an example, we consider the quantum pixel model.
Let f={f,...} be the image of N X M pixels, where N = 2", M = 2°, r, s > 1, with the range of intensities in the interval
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of integers [0,255]. We assume that the basis states |0) and |1) correspond to the black and white colors, respec-
tively. Then, the quantum pixel (n, m) is defined as the single qubit

fnm fnm
Fom = Vo) = 2 10) 4 1 =Ty (9.9

The square roots in this equation can be written as cosine and sine, that is, |f,,) = c0S 9,,,|0) + sin I,,,,|1).
Then, the image can be presented by the following (¥ + s + 1)-qubit superposition:

)= ¢%—M NZ: > | fum)lnsm). (9.30)

A similar model is used in the flexible representation for quantum images, wherein the information of image
colors is written into angles 9, (see Section 7.1.3). The discrete image of size 2" x 2" pixel is written into a 4'-
dimensional vector and then presented as the following (2r + 1)-qubit superposition:

4 —1

) = %Z(cos&n\o) + sin9,[1))|n). (9.31)

n=0

In these two models, we can define the multiplication and division of quantum image superpositions. A lot of
interesting work can be expected here on the application of such operations in signal and image processing. As an
example, Section 12 describes such an application in frequency domain image filtering.

9.2 Quantum Fourier Transform Representation

Consider the traditional concept of the QFT in the form of r-qubit superposition

#(F)) = Eiwiw.
p=0

The normalized coefficient is defined by Parseval’s theorem

N-1 ) N-1
SR =B = > IfL
p=0 n=0

where E[f] denotes the energy of the signal.
Let R, and I, be the real and imaginary parts of the DFT, F,, = R, + iI,,. Each coefficient F), is considered as the 2D
vector (R,, Ip)/, which then, after normalization, is presented as a single qubit |y (F),)),

1

A (Rp[0) + Ip[1)).

F,= [fﬂ :RP[H +1p{ﬂ = Ry[0) + Iy|1) |y (Fp)) =

Therefore, we can consider the following (r + 1)-qubit right-sided superposition for the QFT:

1 N-1 N-1 1
= TNZ()|W(FP>>| Z |F | (Rp0) + I,[1)) |p) = TZF— Rplp) + I|p + N)).
p= -

(9.32)
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Another (r + 1)-qubit superposition for the QFT can be written as

N-1

Z v (Fp))lp) = E[ﬂ Z (Rp|0) + Ip|1)) Ip)- (9.33)
For example, when f,, =1, then F, = \/ﬁép, E[f] = VN, and
1 N-1
W(F)) = TN; VN6, |p) = [0).

Here, the delta Kronecker symbol 6, = 1, if p = 0, and 6, = 0, otherwise.

9.3 Linear Filter (Low-Pass Filtration)

Given frequency characteristic of a linear filter, Y,, p =0, 1, ..., N — 1, the filtration is the operation of multiplication
G, =Y, F, ateach frequency-point p. This is the case of the traditional Fourier transform. In quantum computation,
such operation can be described in the following way [1]. The (r + 1)-qubit right-sided superposition of the N-point
DFT of the filtered signal g, is defined as

1 N-1
_ WI;\W(GP)N Z ‘G  (Re[G]I0) + Im[Gy] 1)) p). (9.34)

We can obtain this superposition from the superposition |¥(F)) in Eq. 9.32, by using the operation of multipli-
cation of single qubits at basis states |p). Indeed, at the frequency-point p, the filter component Y}, # 0 can be writ-
ten in the polar form as Y, = A, +jB, = |Y,|[cosd(p) + j sin 8(p)], where the angle (p) = atan(B,/A,). For the
complex number Y,, we can define a single qubit of the filter

¥,) = ﬁ(@m +Byl1)) = cosI(p)|0) + sin9(p)[1). (9.35)

Then, we need to multiply the qubits |Y},) and |y(F},)). Such a state-wise multiplication of qubits allows for cal-
culating the states of the filtered signal Y,F, in the frequency domain. In other words, we can obtain the qubits
|Yp) - |w(Fp)) with the amplitudes calculated by the 2 X 2 matrix of rotation

1[4, —BP} [cos Ip) - sin&(p)}
R = — = . .

3e) |Y,| {Bp Ap sin d(p) cos9(p) (9:36)

Indeed,

1 1 1 [A —B 1 [R 1 [ApR,— By,
(4,00 + ByJ1)) - (Ry[0) + L, [1) :—{ x—[ }: [ }
] 0+ B T B =, | Xl Ly | = e e, +

Thus, at the basis state |p),we obtain the qubit in the superposition
1 [Ry 1
Ry(p) X Al = .5 [Re(Y,Fp)|0) + Im(Y,F,)[1)]. (9.37)
p pfp

This single qubit corresponds to the normalized filtered component G, = Y,,F,, in the superposition of Eg. 9.34.
Normalization of the superposition amplitudes is necessary in quantum computing, and this is the biggest dif-
ference from the traditional computing. The normalization of the filter characteristic in Eq. 9.35 shows that we can
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consider examples with the ideal low-pass, high-pass, and band-pass filters Y, with phase 9(p) or without it at the
frequency-point where Y, # 0. In such basis states |p), |Y,| = 1. At frequency-points where d(p)=0, the above
matrix of rotation Ry, is the identity matrix.

Example 9.5 4-Point Low-Pass Filter
Let us consider an ideal filter with a phase, which is defined as

{Yp;p = 05 ]-3 25 3} = {eil%)ewlao: ei&}}’ 190’ '91’193 7é 0.

This example is for N = 4 and a signal with the energy E[f] = 2.If this filter has a real impulse response, then we
assume 93 = — J;. The N = 4 case is considered only to shorten the formulas here. The 4-point DFT represented by
the 3-qubit superposition is

¥(F)) = Ei[f]([RdO) + Io|4)] + [Ri[1) + L[5)] + [R2[2) + 12|6)] + [Rs|3) + I5]7)]).

This superposition represents the 8D vector l?‘(F) = (Ro,R1, Rz, R3, Iy, I3, 15,1 3)' /2. After permutation P, = (1,2,4)

(3,6,5), we obtain the vector P, [‘Y—‘(F)} = (Ro,Io, R1,11, Ry, I, R, I3)'/Z In the matrix form, the linear filtration can

be written as follows. First, the Kronecker sum of four matrices is applied

el = ([ Taleln Talele kel al)nte) 639

Four matrices of rotation Ry,, Ry,, Ry,, and Ry, are used,

Ag —Bkj| _ |:C0819k — sin&k

, k=0,1,2,3.
By Ax

Ry, = .
sin 9y cos I

Here, 9, = 0 and therefore Ay = 1, B, = 0, and Ry, = I is the identity 2 X 2 matrix. Eq. 9.38 can be written as

" Re(Go) T "Ro
Im(Gy) Iy
Re(Gy) Ry, R;
K[\YJ(G)} _ | m@) )1 Ko, h (9.39)
R, 2 1 R,
I Ry, | | I
Re(G;) R;
L Im(G3) | | Iz |

On the next step, a zero qubit |0) is added, so that the composed 4-qubit will be in superposition that corresponds
to the 16D vector

(1,0)’®K[¥'(F)} = (K [@(F)}’,o, 0,0,0,0,0, 0,0)/.

Then, for example, the following permutation can be used:

0123456789101112131415)

P, =(4,8)(5,9) =
2= (4.8)(5.9) <0123896745101112131415
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o XLy W@ ° \ G
SN | D GRS G S A
% VPl Ry, Ry, Ry, [— / vp
1
10) V- ¥
Py =(124)(36,5), P,=(48)(59) 2 M

Fig. 9.2 The logic scheme for processing the low-pass filter in Example 9.5.

This permutation moves the component R, and I, into the second part of the vector. The result is the vector

!

_ / / e JO—
@:P2<K|:T(F)i| 505050505030y0’0> = <R09IO’R15IIy0709R35I35R2’12’050505050,0> .
— N o’

Here, we use the notations R, = Re(G,) and I, = Im(G,), for p = 0,1,3.
In the computational basis B, = {|0), |1), ...,|15)}, this vector describes the 4-qubit superposition

If we separate (measure) this superposition with the last qubit in 0, we obtain the following 3-qubit superposition
in the computational basis B; = {|0), |1), ...,|7)}:

|®1) = [Ro[0) + Io|1)] + [Ri[2) + L1[3)] + [Rs]6) + I3|7)].

Thus, | @) = |0)|®;) + |1)(R2|0) + I,|1)). After permutation P;, the 3-qubit superposition |®,) as the 8D vector @,
will be the vector with quantum representation |¥(G)), that is,

[Ro ] Re(GQ)
INQI Re(Gl)
0 0
- _ _[=1_1|Rs| 1| Re(Gs)
[¥©)| =Pi[®] =3 703 =3 | 1m(cy (9.40)
I Im(G;)
0
L 15 | L Im(G3) |

The corresponding logic scheme for filtering the 4-point signal by the 3-qubit superposition of the Fourier trans-
form is given in Fig. 9.2. The measurement operation M is placed after the permutation P,.

Example 9.6 4-Point Ideal Filters

For the general case, the scheme for filtering the 4-point signal by the 3-qubit superposition is shown in Fig. 9.3. For
the above example, the third rotation is the identity operation and can be removed from this general circuit
together with its logical element. That will result in the scheme in Fig. 9.2. This circuit can be used for other ideal
filters, for instance, when {Y;p = 0,1,2,3} = {€,0,0,¢"2} or {0, €1, ¢/®2,0}. In these cases, the permutation P,
in the scheme should be changed correspondently. For instance, for the first case, this permutation is P, = (2, 10)
(3,11)(4, 8)(5,9). The quantum circuits for the QFT are not included in these two schemes. A similar circuit can be
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QT |9(F)) LIG)

Q
A - A
. \/
Qs 4% Ry, 1 Ro, [ Re, [ R, ‘v V
P1 P1
10) P, = (1,2,4)(3,6,5) P, = M

Fig. 9.3 The general logic scheme for processing the 3-qubit superposition of the Fourier transform, |¥(F))—|¥(G)).

—O0—O0
——O0
r—

used for filtering 2"-point signals by other ideal filters with amplitudes equal 1, such as low-pass and high-pass
filters. For this, the (r + 1)-qubit superposition of the 2"* '-point DFT, r> 2, is used.

9.3.1 General Method of Filtration by Ideal Filters

We call a filter ideal if its spectral characteristic Y, has only magnitudes equal to 1 and 0, when p = 0: (N —1),
where N = 2", r> 1. Namely, there exists such a subset A of the integer interval Xy = {0, 1, 2, ..., N — 1}, that

1, if peA;
| Yp | ={ P (9.41)
0, if pecXnA.

Here, X,y A denotes the set complement of A. In Example 9.5, the case was described when N =4, X, ={0, 1, 2, 3},
and A = {0, 1, 3}. Note that for a real filter, to preserve the property Yy_, = Y_p, we consider that if p € A, then
N-pecA.

Algorithm to calculate the superposition of the DFT of the filtered signal G, = Y,F,.

1) Perform the permutation P; of the (r + 1)-qubit right-sided superposition |¥(F)), or the vector
¥(F) = (Ro, R, Ry, o, Ry 1,10, I, Iy ooy In— 1)

to the vector P, [‘Y’(F)} = (Ro, o, Ry, I3, Ro, I, s Ry— 1, In 1)

2) Compose the unitary matrix from the 2 X 2 matrices of Givens rotations M = ©pcyo,1,..N—1}Rs,, Where Y, = el
and 9, = 0,if p¢ A.

3) Apply this matrix to the new permuted superposition P,|¥(F)).

4) Add a zero qubit.

5) Use the permutation P, of the amplitudes of the (r + 2)-qubit superposition, which is defined as p <> p + 2N, for
all pe Xy A.

6) Measure the resulting superposition in a state where the last added qubit is |0).

7) Apply the permutation P;.The result is the (r + 1)-qubit superposition |¥(G)).

As an example, Fig. 9.4 illustrates the low-pass filtration of 1D speech signal of length 854128 < 2°° on the clas-
sical computer. On a quantum computer, the above algorithm will require (v + 2) = 22 qubits.
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x(t): speech-signal (38.74 seconds)
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Fig. 9.4 1D speech signal (a) before and (c) after processing by (b) the ideal low-pass filter in the frequency domain.

9.3.2 Application: Linear Convolution of Signals

Let us consider the Fourier transform qubit representation (FTQR) of the image or signal, which is described in
Section 8. A signal of length N = 2', r> 1, is presented by the r-qubit equal probability superposition (see Eq. 8.2)

W) Z el | n). (9.42)
\/_
At the state |n), the complex amplitude ¢« is the 2D vector (cosaf;, sin afn)/ which in quantum computation

represents the qubit |g,) = cos af,|0) + sin af,|1). It means that this model already includes the model FRQI,
wherein the signal f,, is the image written into the 1D signal,

iof u a a .
W) fze ) = IZ cosaf 0} + sinaf, 1)) | n). (9.43)

The operation of multiplication of superpositions in the FTQR model has the following properties:

1) Let f,, and g, be two signals of length N each. Them the multiplication of superpositions equals to

2" =1

v (F)) - I ( \/— Z n 8 |). (9:44)
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Indeed,

[w(f)) - Jw( \/_Z cosaf,|0) + sinaf,|1))] 2 (cosag,|0) + sinag,|1))|n)
= WZ[(Cosafnm) + sinaf,[1)) - (cosag,|0) + sinag,[1))][n)

N-1
- %Z(Cosa(fn +8,)[0) + sina(f, + g,)[1))In).

Thus, the sum of signals is described by the multiplication of the superpositions.

2) Consider the linear (aperiodic) convolution of the signal f = {f,,} by the filter h = {h_,, ho, h1},

n+1
=(fxh)y= Y fibak =Ffa_ihi+foho +fry il n=0: (N-1). (9.45)
k=n-1
For example, we can consider the mean filter, h = {1, 1, 1}/3. The signal is assumed to have been padded with
zeros, f— (0, f, 0). The FTQR of the convolution can be calculated (defined) as follows:

() = %Eel’ayn |n) = 2( n+11 elalfihn k>

n—O k=n-—

Z H (cosa(fihn-k)|0) + sina(fih,—k)[1))

Z IT (cosalfy h-0)10) + sinalr, , sh)11) | )

n—Ok——

The large operation, [], of the product in the last two lines in this equation is the product of qubits. Thus, the
above quantum representation of the convolution is calculated by

W+ ) Z H (cosalf, , gh-i)[0) + sina(f,,, ¢h-i)|1) | n). (9.46)

In the case when h = {1, 1, 1}, this superposition equals to

N-1

-

(cosalfy 4 )|0) + sinal(f, . )|1) | n)

w(f*h)) =

g~

n=0k=-1

This definition of convolution can be also used in the general case. For example, we take a filter of length 5,
h ={h_,, h_y, hg, hy, hy}. It can be considered normalized, h = h/||h||. Then, the quantum convolution is defined

as the superposition calculated by

o,

Cosa(fn+kh—k)|0> + sina(f,  h-0)[1)) [ 1), (9.46')

:N

ly (f + h))

ﬂ\
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or in the above case

N-1

W *h) = %Z _f[2<cosa1<fn+k>o>+ sina (f, 4 )1) | n). @ = af3.

—0k= —
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Quaternion-Based Arithmetic in Quantum Image Processing

Classical color image processing, image recognition, and machine learning introduce nonlinearity, causing the
collapse of the quantum state into classical probability perceptrons after measurements due to the inherent lin-
earity of quantum computing. To address this challenge, quaternion-based arithmetic offers a promising approach
[1, 2]. By treating the primary color components (red, green, blue, and gray) as a single unit using quaternion alge-
bra, nonlinear relationships can be implemented, effectively manipulating higher-dimensional color data. This
section aims to achieve efficient and accurate color quantum image processing (QIP) by introducing new quater-
nion-quantum-based color imaging tools based on multiplicative arithmetic on 2-qubits and quantum superposi-
tions [3, 4]. The approach includes the concept of quaternion Fourier transforms in 2-qubit-based color image
representation. To end, we discuss possible applications of the proposed methods in color quantum imaging.

QIP is a research branch of quantum information and quantum computing. QIP presents novel perspectives and
approaches to tasks such as image compression, denoising, feature extraction, and optimal filtration [5-10].
Although the field is still in its early stages and faces challenges, researchers are actively working to overcome
these obstacles and fully unleash the potential of QIP. Several methods have been developed to represent quantum
images in recent years, offering the advantage of simultaneously encoding positions and colors in a normalized
quantum state. A few such methods are described in Section 7.2. These methods allow for performing image opera-
tions on all pixels to leverage the superposition phenomenon of quantum mechanics.

Hypercomplex algebra, specifically quaternion algebra, has emerged as a powerful tool in color image proces-
sing. Quaternions are hypercomplex numbers that extend the concept of complex numbers in four dimensions
[11-14]. Quaternion arithmetic allows for processing primary color components as a single unit, enabling the
implementation of nonlinear relationships and facilitating more efficient color image operations. Quaternion-
based arithmetic’s in the (1, 3)- and (2, 2)-models [1, 2, 15] are powerful tools that unlock new possibilities for
manipulating and analyzing color or quaternion data, paving the way for advancements in quantum signal
and image processing. Manipulating images directly on a quantum computer presents challenges, such as the
requirement for reversible operations, the normalization of quantum qubit superpositions after each operation,
and the proper representation and definition of classic operations like convolution operators. By incorporating
quaternion arithmetic into quantum computing, new operations can be developed for 2-qubits and superpositions
and new quantum circuits with applications in color image processing.

This section aims to introduce a multiplicative group of 2-qubits-based model inspired by the widely used (1, 3)-
model of quaternion algebra and demonstrate its potential in quantum signal/image processing applications. The
proposed arithmetic offers novel capabilities and advantages for manipulating quantum signals and images.
Through a series of applications and experimental results, this paper showcases the effectiveness of the new arith-
metic model, showcasing its ability to enhance signal processing tasks and improve image analysis, including

o New operations include the polar representation of 2-qubits, quaternion exponentiation, and the computation of
powers for 2-qubits and 2-qubit-based superpositions.

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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o New models for 2-qubit image representation based on quaternions and quantum quaternion Fourier trans-
forms (QQFT).

o Comprehensive arithmetic on qubits as a specific case, encompassing multiplication, inverse operations, power-
ing, exponentiation, and division of qubits and quantum qubit superpositions [16]. Additionally, the extension of
low-pass and high-pass filtering methods for quantum signals and images in the frequency domain through
the QQFT.

In this section, two arithmetic of quaternions are described, namely the (1, 3)- and (2, 2)-models. The multipli-
cative group of 2-qubits-based model with new concepts is introduced. The quaternion qubit image representation
with examples is given and the concept of the quantum quaternion Fourier transform is presented.

10.1 Noncommutative Quaternion Arithmetic

This section presents a quaternion arithmetic mathematical framework that extends the concept of complex num-
bers to four dimensions. The need for quaternion arithmetic arises from the limitations of traditional complex
numbers when dealing with three-dimensional data, such as color.

A quaternion is a two-component number q representing a vector q = (a, b, ¢, d) in the 4D space. The first com-
ponent is a real number a and is called the real part of gq. The second component, or the imaginary part, of the
quaternion is the 3-component number q’ = bi + ¢j + dk.This number represents a 3D vector ¢’ = (b, ¢, d). In this
(1,3)-model, the quaternion is the number g = a + ¢'. All coefficients ¢, b, and d are real. The numbers i, j, and k are

three different imaginary units, such that i* = j> = k* = — 1. For these units, the following multiplication laws
hold [12]:
ij=—ji=k, jk=—-ki=1i, ki= —ik=j. (10.1)

Table 10.1 shows the multiplications of these imaginary units and real number 1 in part (a).
Because of these laws, the multiplication g = q:q, of quaternions q, = a, + q}, = an + (bui + ¢4j + dnk), n =1,
2, is calculated as follows:

i j  k
q=aq1a; — [blbz + ci1c + dldz] + [alqlz + Clqul] + b1 C1 d1 . (102)
real part b, C2 d,

imaginary part

Here, the formal determinant is used for the cross product g X ¢} of two vectors g}, = (by, ¢y, dn)', n=1, 2. The
quaternion g = a — (bi + ¢j + dk)is called the conjugate of q. As a point in the 4D space, the quaternion lies on the
sphere with radius R = |q| = Via? + b* + ¢ + d*which is called the modulus of q. It directly follows from Eq. 10.1
that the operation of multiplication is not commutative. In the matrix form, the product g = q,q, is the 4D vector
calculated by

a a; a, — bl —C - dl a;
b b b a —d c b
q= =A, | =" 0T T (10.3)
c ! C C1 d1 a, — bl C
d dz d1 —C1 bl a; d2



Table 10.1

(a) Table T(1, i, j, k) of multiplications of the four quaternion unit

numbers. (b) Table T(E, /, J, K) of multiplications of the four 4 x 4 basis matrices.

1 i j k
1 1 i j k
i i -1 k —j
j j —k -1 i
k k J —i -1

E ) J

E E I J K
I I —E K =J
J J -K —-E I

K K J -1 —E

10.1 Noncommutative Quaternion Arithmetic

The determinant of this matrix detd, = |q, |*, the matrix is orthogonal, and its inverse is defined by the transpose

matrix as A, ' = A / |q,|* [1]. The matrix has a block structure

a
A :{Az —Bz}: b
"B, A a
d

- bl —C1 - d1
a —d c a
1 1 1 i A2 — |: 1
d1 a; - b1 b1
—C1 b1 a;

—b,

a

(G]

N (10.4)

|

dl}
_cl ’

The 4 X 4 matrix above is generated by the first quaternion, the operation is performed on the second quaternion.
The same product g = g,q, can be calculated by the following operation on the first quaternion:

a a az
b b, b,
q= = qu =
C1 Cy
d d dy

- b2 —C - dz
az d -
- d2 ay b2
e —b a

Here, the 4 X 4 matrix is generated by the second quaternion and this matrix does not have simple block structure
as the matrix Ay, . Therefore, we will stand on the case with the matrix A, .

The arithmetic operations of inverse and division can also be described in the matrix form. The division of

quaternions

q
9=q/5%=0—3

|9, |
is the quaternion calculated by
a a; - b1 —C1 - d1 a
b b] a; - d1 C1 1 - b2
q = = X — 0
c €1 d; a —b |9, -G
d d1 —C b1 a, - d2

|qz|2

a;
b,
&1

dy

b, (4] d az
—a; d —al|b
—-d; —a b; c

a6 —b —u d,
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In the case with the unit quaternions g; and g,, the matrix of division is equal to

a, bl C dl
by —a d -c
By, = ! ! ! ! , detBy, = —1.
C1 - dl —a; bl
d1 1 - b1 —a;

Therefore, in the (1,3)-model, we can work with quaternions like 4D vectors, without calling the units i, j,
and k imaginary. They are real vectors, not imaginary ones; the unit vectors i = (0, 1, 0, 0)', j = (0, 0, 1, 0),
and k = (0, 0, 0, 1). For instance, the multiplication ij = k is described as

0 0o - 0 0 0 0
ij=A 0 ! 0 o110 0 k, (detA;=1) (10.5)
1= . = = =K, e s = y .
=4 0 0 —1||1 0 '
0 0 1 0 0 1
and the product ji = —k as
0 0 0 -1 0 0 0 0
Mk R 0 0 k, (detdj=1) (10.6)
i=A; = = = - = —K, el = 1). :
F=410 1 0 0 0ffo0 0 0 J
0 0 -1 0 0 0 -1 1
: s i .. k_ - ..
We can also write the divisions of these vectors. For example, j =ij= —ij= —k, and j =kj=—-kj=i.

10.2 Commutative Quaternion Arithmetic

In this section, we consider another, namely the (2, 2)-model of representation of quaternions [2, 17]. In this model,
the quaternion is a pair of two complex numbers a; and a,,

q=[a,a]) =a1 +jay = (a+ib) + j(c+id) = a + (bi + ¢j + dk), (10.7)

where a; = a +ib and a, = c + id. Here, we add only one imaginary unit j # i, and new unit k is the product of the
primary units, that is, k = ji. The conjugate operation over the quaternion is defined by complex conjugates as
g = [a1,a,] = [(a, = b), (¢, —d)]. The sum of quaternions is accomplished component wise, as in the (1,3)-model.
However, the multiplication of quaternions q; = [a;, a,] and g, = [b;, b,] is defined as

q = q,9; = [a1, az][bs, by 2 [a1by —azbs,a1b; + azby]. (10.8)

The operations in square brackets are calculated by the traditional multiplication of the complex numbers a4, a,,
by, and b,. This model uses four basic unit vectors,

1) The real quaternion e, = [(1, 0), (0, 0)], or shortly e, = (1, 0) = 1.
2) Three imaginary units, e; = [(0, 1), (0, 0)], e; = [(0, 0), (1, 0)], and e; = [(0, 0), (0, 1)].



10.2 Commutative Quaternion Arithmetic

Table 10.2 Table T(1, ey, e,, e3) of multiplications of the four basic unit numbers.

€o €1 (] ez
e, 1 e; e, es
e, e; -1 es —e,
e [ e; -1 e,
es e; —e, —e; 1

The multiplication laws of these units are given in Table 10.2. There is one imaginary unit g such that ¢° = 1,
namely, e3 = 1.
The multiplication g = ¢,q, of two quaternions in Eq. 10.8 can be written in the matrix form as

a a; a; - b1 —C dl a;
b bz b1 a; — dl —C b2
q= - M, - (10.9)
c c g —-d; a —b||c
d d2 dl C1 bl a; d2
This matrix has a block structure, as the matrix A, in Eq. 10.4,
a; - b1 —C d1
A, —-C b a —d —c aa —b aq —d
Mq1=|: 2 2}= 1 1 1 1 , 2=|: 1 1}’02={ 1 1]. (10.10)
Cz A2 C1 - dl a; - bl b1 a; d1 1
d1 C1 b1 a;

The difference only is the submatrix C, # B,, wherein

¢ —d c d 1 0
C, = 1 1l _|@a 1 _B,Z
d1 C1 dl —C 0 -1
Example 10.1 Multiplication in Two Models
Consider two unit 4D vectors q, = (1, —2,1, —1)//7 and q, = (1, —1,3,2)/4/15. In the (1, 3)-model, these

vectors describe the quaternions q, = (1 + (=i +j—k))/v/7 and q, = (1 + (=i + 3j + 2k))/+/15, respectively.
The product of these quaternions is calculated by

1 1 2 -1 1 1 -2
1| -1 1 (-2 1 11 1| -1 1 2
g=4, = X —— = , (10.11)
V5| 5 V|1 -1 1 2|7 V15| , VIVIS | g
2 -1 -1 -2 1 2 —4

and detA, = 1; therefore,

ql =1
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In the (2, 2)-model, the vectors g; and g, correspond to the quaternions q, = [a;,a,] = [(1, —2), (1, —=1)]/V/7
and q, = [b1,by] = [(1, — 1), (3,2)]/v/15, respectively. The product q,g, is calculated by

1 1 2 -1 -1 1 -6
1 | -1 1| -2 1 1 -1 1 | =1 1 _2
-M - N = ) 10.12
i=%als| STVl 1o 2| T V15| 5| VIVIS| 4 (1012)
2 -1 1 -2 1 2 -6

For the matrix M, , the determinant detM, = 0.9184 and |g| = 1,0911. The inverse matrix is

3 -4 1 -3
M=k 30 k = 1.0435.
@ V35| -1 3 3 —4|
-3 -1 4 3

The main difference between the (1, 3)- and (2, 2)-models is that the multiplication in the (2, 2)-model is com-

mutative. However, in the general case, the matrix M, is not orthogonal, while the matrix of multiplication A, is
orthogonal. For a unit quaternion g;, detd, = lg,|* = 1, the matrix is unitary and its inverse is the transpose
matrix, A, = A;. This is the main argument why we prefer to use the noncommutative quaternion (1, 3) model

in quantum computation, rather than the (2,2)-model.

10.3 Geometry of the Quaternions

Since we cannot plot 4D vectors, a unit quaternion q = (a, q’) can be illustrated in the following way. Imagine the

real line R with the point a on it and the sphere S, of radius r = v/1 — a? with the center at point a, as shown in
Fig. 10.1. The 3D point ¢' = (b, ¢, d) is a point on this sphere. All unit quaternions with real part equals a are
represented by points on this sphere

5 =10 = (bod) < B [qP =B+ @ 4 P =1},

All numbers a, b, ¢, and d are real, the point ¢’ on the sphere is defined by the position vector ¢’ from the original
point a.

Fig. 10.1 The sphere with a point presents a quaternion g = (g, q').



10.3 Geometry of the Quaternions

Fig. 10.2 The sphere with the points presenting the Bell states |f;) A
and |,). |

v

1
Such spheres can be considered as locus for 2-qubits. For instance, the Bell states |f,; ,) = 7 (|00) + |11)) are
1
presented by two points — (0, 0, +-1) on the same sphere S; /3 With the center at point 1 /\/2, as shown in Fig. 10.2.

V2

Example 10.2 A Point on the Sphere
Consider the quaternion

_ 44 (5i+2j + 6k) _4+ (5i + 2j + 6k)

9 9 9
As illustrated in Fig. 10.3, this quaternion is represented by the point ¢'=(5/9,2/9,6/9)~/(0.55,0.22,0.66) on the

sphere S,/o with radius r = y/1— (4/9)2 ~0.8958.

Figure 10.4 shows the sphere S ; in part (a) and two spheres Sy and S_g, in part (b).

The spheres S_g 95, So.65, and Sy are shown together in Fig. 10.5 in part (a). The sphere S, has the largest radius
r = 1. There is no intersection of these spheres here, as it seems, since the spheres are given in different coordinate
systems. This is the moving coordinate system; the motion parameter is a, the real part of the quaternions. If all
spheres are drawn side by side, we see an ellipsoidal body. The plane sections of 21 such spheres S, are shown in
part (b). Here, the numbers a are taken from the interval [—1, 1] with the step 0.1.

1.5

0s q'=(0.55,0.22.0.66)

k-axis

0

i-axis

15 -1 0.5

Fig. 10.3 The sphere 54/ with the point (5/9,2/9,6/9).
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2 2
1 1 S0.9
g 0 % 0 './
| =1
-2 2] S 0.9
2 2
0 2 0 2
.. 0 . 0
-axis i
/ -2 2 i-axis J-axis -2 2 i-axis
(a) (b)

k-axis

(@) (b)
Fig. 10.5 (a) Three spheres S_g9s5, So, and Sg 65 and (b) the plane sections of 21 spheres.

10.4 Multiplicative Group on 2-Qubits

In this section, we describe how the concept of quaternion multiplication in the (1,3)-model can be used on 2-
qubits [3]. The main properties of the multiplication are presented. Consider two 2-qubits |¢;) = a,|0) + by|1)
+ C1|2> + d1|3> and |§02> = a2|0) + b2|1> + C2|2> + d2|3>

Definition 10.1
The multiplication of 2-qubits |¢;) and |¢,) is calculated by
[#) £ lg1) - lo2) = al0) + b[1) + c[2) + d|3) (10.13)

which is the 2-qubit in the superposition
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Table 10.3 Rules for multiplying the four basis states.

0) 1) 2) 3)
10) 10) ) 2) 3)
) ) —[0) 13) —2)
12) 2) -[3) —[0) 1)
13) 3) 2) -1 —[0)

|00) |01) |10) [11)
|00) |00) |01) |10) [11)
|01) |01) —|00) [11) —|10)
[10) |10) —|11) —|00) |01)
[11) [11) [10) —|o1) —|00)

|(p> = (alaz - blbz —C1C —dldz)‘0> + (b1a2 + a1b2 —d1C2 + Cldz)|1> + (Claz + d1b2 + a;c; — b1d2)|2>
+ (d1a2 —Clbz + b102 + aldz)B).

Thus, the amplitudes of the states in the 2-qubit |¢) are calculated by Eq. 10.13,

a=a1a,—bib,—cic; —didy, b=bia, + aib,—dic; + c1ds, (10.14)
c=Ca; + dlbz + a;c; — bldz, d= dlaz —C1b2 + b1C2 + aldz. (1015)

The multiplication rules of basis states are given in the Table 10.3.

Example 10.3 Product of 2-Qubit Superpositions
Consider the following two 2-qubits:

1

|(ﬂ1> - \/1—5

Then, the products of these 2-qubits are

(3[0) + 2[1) + |2) = [3)) and |g,) = %(2\0> —4[1) +2[2) + [3)).

1
1) - lo2) = VE(B\@ —5[1) +10[2) +9[3)),

1

lp2) - 1) = ﬁ

Indeed, the non-normalized amplitudes of these 2-qubits can be calculated in the matrix form as

(13]0) — 11]1) + 6[2) — 7[3)).

3 -2 -1 1 2 13 2 4 -2 -1 3 13

2 3 1 1|]| -4 -5 -4 2 -1 2 2 -11
= and =

1 -1 3 =2 5 10 2 1 2 4 1 6

-1 -1 2 3 1 9 1 -2 -4 2 -1 -7

Also, we can calculate the squares of these qubits,

0 = 1 (310) + 1201) + 62) = 6]3)), lg)* = 52 (~1710) = 16]1) + 8[2) + 4[3))
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Multiplication Properties:

1) |0) is a unit, that is, |0)-|p) = |@).
2) (Noncommutativity) |p1) - [@2) # |@2) - [@1), if [@2) # |¢p1)-
3) (Distributivity) (|g1) - |@2)) - |@3) = |@1) - (@2) - |@3)).
4) (Associativity)
a) (lp1) +1@2)) - [@3) = |@1) - |@3) + |@2) - l@3),
b) |@3) - (l@1) + |92)) = |@3) - [91) + |@3) - |p2)-

5) [0)-|g) = |p) - [0) = |g).

6) |1):|p) = —bl0) +al1) —d|2) +c[3); |p)-[1) = —b|0) +al1) +d|2) —¢[3).
7) 12)-lp) = —c|0) +d|1) + a|2) — b[3); |)-|2) = —c|0) —d|1) +a|2) + b|3).
8) 13)l¢) = —d|0) —c[1) +b|2) +a[3); |)-|3) = —d|0) +¢|1) — b|2) +a]3).

The properties in (6)-(8) describe the permutation of the amplitudes of the 2-qubit with the sign change of two of
them. (For more properties, see [3])
A few operations on the 2-qubit |¢) = a|0) + b|1) + c|2) + d|3):

1) The quaternion square is calculated by
¢ = (a2 — | q’\2,2aq’) = (2a® —1) + 2a(ib + jc + kd).

The square of the 2-qubit is defined as

0)? = |@) - @) = (2a> —1)|0) + 2a(b|1) + c[2) + d|3)). (10.16)
In particular, if a = 0, then |¢)> = —|0).
2) Using the square of the quaternion g7 = ) + 2a;(iby + je1 + kd,), one can obtain the square root of the

quaternion g, by solving the equation q1 q a + (ib + jc + dk). The solution is described by the system

2a;—1=a, 2a:by =b, 2a;c;1=c¢, 2a1d; =d.

Thus,

1+a b c d
T YL L
2 2(11 2(11 2(11

The square root of the 2-qubit |¢) is defined as

1+ a 1
b|1) + c|2) + d|3)), a —1. 10.17
Ve 2(1+a)(|> 12) +d[3)), a# ( )
In the a = —1 case, that is, when |p) = — |0), this state is equivalent to |0) with the square root |0).

Example 10.4 Powers of Several 2-Qubits
The following multiplications of 2-qubits hold when n = 1, 2, and 3:

(I0>+n>>2:0>+n>+ln>+ln>2:|0>+|n>+|n>—l0>:|n>
V2 2 2 ’
0) =[m)\* _ [0)=[n) = |n) + [n)* _ |0) = |n)—|n)—|0) _

i I S



10.4 Multiplicative Group on 2-Qubits | 187

(|o>;§\n>) , (|o> 2>) _ |o>—2 ) _ 10) : 9 _ joy.

The Hadamard states are the square roots of +|1),

Gou = () =i, (o= (22 = -

The Bell states are roots of +|3),

(s = (P25 <, (opa))? = (P2 = oo,

The multiplication of two Bell states

’§0B,1> : ’§0B,3> = (‘00>\-/|-§|11>> : (|01>\;§|1O>) =[10) and |¢B,3> : ’¢3,1> = [01).

The Hadamard states and Bell states are the divisors of the zero state, that is,

|¢H,1> ) |(PH,2> =0), |¢B,1> ) |¢B,2> =0). (10.18)
The multiplication of the Hadamard and Bell states is calculated by

0) + 1) —=1[2) +[3) 0) + 1) +12) = [3)

|0m1) - |9s1) = 5 ) - oga) = ! ’
lo12) - og) = =10 ; 2413 1) ) = \0>—\1>;|2>—|3>.

The square roots of the Hadamard states are equal to

Vo) = %\/ﬁ(\/i+ 1)|00)+ \/ﬁmn
N =%,/ﬁ(ﬁ+1)|oo)—\/#m|01>.

The square roots of the Bell states are equal to

1 1 1 1
Y o) = 5\ \/5(\/5"' 1)|00> + mul)’ V0os2) = 5\ \/2(\/5 + 1)|00> - \/TTUIU-

3) The conjugate of the 2-qubit is defined as

@) = al0) — b|1) —c|2) — d3). (10.19)

Therefore, ‘(¢)> = |p).
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Example 10.5 Bell State Conjugate
The first two Bell superpositions are conjugate to each other,

’¢Bl> (Joo) + |11>)/f and |¢B,1> = |‘/’B,2> = (|00) - |11>)/\/i

For the superpositions |gg3) = (|01) + [10))/v/2 and |gg,) = (|01)—[10))/v/2, the conjugates |pp3) = — |@53)
and |¢B,4> == |¢B,4>-
4) Polar form of the 2-qubit:
|@) = cos9|0) + sinI|¢p), (10.20)
where 9 = arccos a and |¢) is the quantum superposition

bI1) + cf2) + d|3)

¢) = 10.21
N S (10:21
For the quaternion, this polar form is defined as follows [1]:
/!
g=a+q =a+ |Z,||q’|:e"‘95cos8+ysm8 (10.22)
Here, u = q'/ | ¢'| is a pure unit quaternion, u> = — 1. The superposition |¢) plays the role of y.

Example 10.6 Bell State in Polar Form
Consider the following 2-qubit: |@) = (|0) — |1) + |2) + |3))/2 that corresponds to the 4D vector [1, -1, 1, 1]/2, or
the quaternion

:M_ (—i+j+k) V3 (—i+j+k)

1 o o
=—-4+ ———=.— = cos(60 ) + sin (60 ).
2 2 V3 2 (60) V3 (60)
Here, 8 = 60, or z/3, and u=(—i+j+k)/ /3. The above 2-qubit can be written as

o o —11)+(2)+ |3

lp) = cos(60)[0) + sin(60 )|¢), |¢) = M. (10.23)
V3
For the Bell state |(pB,1>, the polar form is
|11> . . .

lps1) = % = cos(457)[00) + sin(45)|p),  |¢) = [11).

10.4.1 2-Qubit to the Power

By using the polar form of the 2-qubits, we can define different powers and roots of 2-qubits. For that, we consider
the polar form of the 2-qubit in Eq. 10.20, |¢) = cos 9|0) + sin 9|¢). By using the polar form of the quaternion, the
quaternion in power x is defined as [1]

g = ()" = "™ = cos(x9) + psin(x9). (10.24)
Therefore, it is possible to calculate powers of the 2-qubits.
Definition 10.2
The power of x of the 2-qubit |¢) is defined as
lp)* = cos(x8)|0) + sin(x9)|p). (10.25)

Since |$)* = — |0), then |@)* - |p)* = |@)**?, for real any numbers x and y.
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It is not difficult to verify that this equation for x = 2 and 0.5 results in Egs. 10.16 and 10.17, for the square and
square root of the 2-qubit |¢p), respectively.

Example 10.7 Five Powers of 2-Qubit
Consider the 2-qubit in Eq. 10.23, |¢) = cos(60 )|0) + sin(60 )|¢), where |$) = (— [1) + [2) + |3))/+/3. The follow-
ing powers of this 2-qubit are held below:

? = c0s(120)0) + sin(120')|¢) = —0.5|0) + 0.0866|¢) = — [@),

s
w

s

)
= cos(180°)|0) + sin(180")|¢) = —0),
)

s

|9)!/* = cos(30°)|0) + sin(30")|¢p) = 0.0866/0) + 0.5|¢),

)

)

)* = cos(2407)(0) + sin(240")|$) = 0.5/0) — 0.0866¢) = [),
)

)" = cos(20')[0

)
) + sin(20')|¢) = 0.9397|0) + 0.3420|¢).

The 2-qubit |¢;) inverse to |¢) is defined from the equation |¢;) - |¢) = |0). For instance, if |p) = (|0) + |1) + |2)
+|3))/2, then from the equation

1 -1 -1 —-17| @ 1 1 1 1 1 1 I

101 1 1 —-1||h 0 1| -1 1 -1 1o by
A|¢)|¢1>:* = , or — = ,

201 =1 1 1 o 0 2| -1 1 1 =1/, o

1 1 -1 1] 4 0 -1 -1 1 110 d;

we obtain |¢;) = (|0) —|1) —|2) — |3))/2 = |@). Thus, the inverse is the 2-qubit conjugate |p). The same is true in
the general case. Indeed,

1) o) - 1) =10) - [@) — lo1)-10) = [@) — lon) = |0) ™" = @)

The inverse from the right, that is, 2-qubit |¢,) defined from the equation |¢) - |p,) = |0) is also equal to |¢;).
Indeed, from |¢@) - |@,) = |0), it follows that |p) = [@,), or |p,) = |@).
Using the multiplication operation, we can define the division operation of 2-qubits.

Definition 10.3 The division of 2-qubits |@;) and |¢,) is defined as

)
= 1o

>

L) - lo2) " = o) - [o2). (10.26)

The division of 2-qubits is the multiplication of the first 2-qubit by the conjugate of the second 2-qubit. It follows
from the definition that |¢,)/|@;) = [@1) - |@;) = |00), for any 2-qubit |¢p;).

Example 10.8 Bell State as the Division of 2-Qubits
Consider two quantum superpositions in the basis B, = {|0), |1}, |2),]3)},

0)=11) =12) +[3) 0)— 1)
= and = = . 10.27
lp1) 2 729 ’¢H,2> /2 ( )
Dividing these two superpositions, we obtain the Bell superposition |@gz ),
o) _ 10)=[1)=[2) +13) 10} +[1) _ [0)+[3) _ [00) + J11) 1028)

V2 V2 V2o

|(/’2> 2
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In the matrix form, the calculation of this superposition is described as

1 1 1 -1 1 2 1
1l-11 -1 -1 1|1 1 1 0)+ 3
1 w Lo Lo _ 1o [0+ (10.29)
21 -1 1 1 1 V21 2v2 | V2o V2

1 1 -1 1 0 2 1

Thus, we have operations of multiplication, inverse, and division on 2-qubits and with these operations, the set of
2-qubits is described as a multiplicative group. These operations can also be extended to 2-qubit superpositions,
which we will cover in the next section.

Comments: Note that the operation of multiplication by 2-qubits described above can be considered as an exten-
sion of the operation of multiplication by single qubits [16], by analogy, as the multiplication of quaternions, the
concept of complex multiplication was extended. In the basis B; = {|0), |1)}, the multiplication of two single qubits
|£1) = a;1]0) + by|1) and |{,) = a,|0) + b,|1) is defined as the single qubit in the superposition

£) = 1¢1)-1¢2) = al0) + b[1), (10.30)

where the amplitudes of the qubit are calculated in the matrix form as

b= alle)
bl b1 allb]

This is operation of complex multiplication of numbers a,; + ib; and a, + ib,. In other words, the amplitudes of
the qubit |{) are a = a;a, — byb, and b = bya, + a;b,.

If directly follows from Eq. 10.13 that in the ¢; = ¢, = d; = d, = 0 case, that is, when multiplying two super-
positions |¢;) = a1]/00) + b;|01) and |@,) = (a,|00) + b,|01)), we obtain

@) = 1) - [@2) = |0)[(a1a2 — b1b2)[0) + (braz + a1by)[1)] = [0)[C). (10.31)

Square brackets are the multiplication of the single qubits |{;) and |{,). This is the case, when |¢,) = |0) | {;) and
|@2) = |0) | {5), the multiplication is defined by the matrix

a; —bl 0 0
A = b1 a O 0 _|:1 0:|®|:Cll —b1:|
0= 0 0 a; —bl B 0 1 b1 a; '

0 0 bl a;

(10.32)

In this particular case, the multiplication of 2-qubits is the tensor product of the basis state |0) with the product of
single qubits.

10.4.2 Second Model of Quaternion and 2-Qubits

The 2-qubit superposition |¢) = a|00) + b|01) + c|10) + d|11) with the quaternion q = a + (bi + ¢j + dk) is referred
to as the vector g = (a, b, ¢, d) in the 4D real space R*with the basic vectors e = (1, 0, 0, 0), i = (0, 1, 0, 0), j=1(0,0,1,
0), and k= (0, 0, 0, 1). We cannot plot vectors in the 4D space. This space does not appear to us in reality. Therefore,
we consider the geometry of quaternions, which is different from the geometry given in Section 10.3. The quater-
nion g can be represented as a 3D ball at center (b, ¢, d) and radius defined as r = | a|. Thus, in 3D space, we can
represent a quaternion as a ball with a position vector at its center. Such representation is not unique, since the
same ball will represent two quaternions with +a. Therefore, we consider drawing balls with an arrow, as shown in
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a>0 a<0 a=0

Fig. 10.6 The graphical symbol of the quaternion in the 3D space.

Fig. 10.6. Positive direction (arrow vertically up) is considered if a > 0, and negative direction (arrow horizontally
down) if a < 0. If a = 0, then the pure quaternion q is a point in the 3D space with coordinates (b, ¢, d) without
arrow in it.

Thus, the notation is used g = (q,, q’), for the quaternion q = (a, b, ¢, d). Here, q, is the radius and ¢’ is the 3D
vector. The component q' of the quaternion refers to the space. The first component g, has some kind of special
meaning. This is not a time or a coordinate; in real models, it describes some kind of vital substance, which we

represent as a ball. The length of the vector ¢’ equals to Vb*> + ¢ + d> = /1 — a2. If we consider the radius of this
ball be

r=1-|¢|=1-vV1-a2=1-Vb* + 2 + &, (10.33)

then, not only the center but entire ball will be inside the unit sphere (see Fig. 10.7). The length |g| = 1 is the
energy of the quaternion. The number ris the remainder of the energy of the imaginary part. The closer the number
aisto 1, the larger the radius of the ball, and vice versa. The notation B(q) will be used for such a ball. If a = 0, then
the pure quaternion q = (0, b, ¢, d) is the point in the 3D unit sphere with coordinates (b, c, d) and without arrow in
it. In this case, r =1 —v1—a? = 0.

As an example, Fig. 10.8 in part (a) illustrates the geometry of the quaternion q = (1, 1, 1, 1) for the 2-qubit
lp1) = (|00) + |01) + |10) + |11))/2. All amplitudes of the 2-qubit are equal to 0.5. The center of the ball is in the point
(0.5,0.5,0.5) and the radiusis ¥ = 1 — /1 —1/4= 0.1340. Other three 2-qubits are also shown. The balls B(1, 1, 0, 0)
and B(1,—1, 0, 0) represent two quaternions ¢ = (1,+1, 0, 0), or two Hadamard states (|00) + |01))/ V2,
respectively. The Bell state (|10) —|01))/+/2 that corresponds to the quaternion g = (1, 0, 0, — 1) is shown as
the ball B(1, 0, 0, — 1). The same four balls inside the unit sphere are shown in part (b). All 2-qubits, or quaternions
with length 1, can be viewed as balls inside the unit sphere, as shown in part (b). This sphere corresponds to the
basis state |00), or the quaternion 1; it is the ball B(1, 0, 0, 0).

B(@) ‘

y

lal <1 x x ]

Fig. 10.7 The graphical symbol of a quaternion in 3D space.
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B(1.1,1,1)

(a) (b)

Fig. 10.8 The graphical representation of four different 2-qubits in 3-D space (a) without the unit sphere and (b) with the unit
sphere (all balls are positive).

Figure 10.9 shows the ball B(1, 1, 0.2, 0.8) that represents the normalized quaternion g, = (1, 1, 0.2, 0.8), or the
2-qubit in the superposition |g;) = (|00) + |01) + 0.2|10) + 0.8/11))/1.6371. Also, the ball is shown for the quater-
nion ¢, = (1, — 1, —1, 0.4) representing the following 2-qubit: |g,) = (J00) — |01) —|10) + 0.4]11))/1.7776. The
superpositions of the quaternion multiplications q,q, and g,q; (which are different numbers since the quaternion
multiplication is not commutative) are also illustrated in this figure. In addition, we added the quaternion ball for
the superposition |q; + g,), which is described by the normalized sum of quaternions g; + g.

B(qqu) B(ql)
05 T _ RS
0 Z N i
S i B(q192)
-0.5 == =
-1
1> B(g,) \

B(q1+42)

Fig. 10.9 The graphical representation of two 2-qubits, their multiplications, and sum (all balls are positive).
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11

Quantum Schemes for Multiplication of 2-Qubits

In this section, we describe a few quantum schemes for the multiplication matrix of 2-qubits. The matrix will be
diagonalized by using the DsiHT with Givens rotations [1, 2]. The method of QD-decomposition is described in
Section 6.2 in detail and will be used here. Some of the rotation matrices in these two sections are denoted
differently. These sections were written independently and we decided to keep the original texts. Thus, this
section can be read without referring to Sections 6.2 and 6.3. The matrix of multiplication will be written, by using
different systems of coordinates. Namely, we consider three such systems and for each of them the corresponding
quantum scheme(s) for multiplication of 2-qubits will be described.
The 2-qubit is the quantum superposition

l@) = ap|00) + a1|01) + a,|10) + as|11), (11.1)

(|ao|® + |a1|? + |az|* + |as|® = 1). The basis states can be presented by the 4D unit vectors |0) = [1,0, 0,0],|1) = [0, 1,
0,0],|2) =[0,0,1,0]’,and |3) =[0, 0, 0, 1]. We need quantum schemes on 2-qubits, to calculate the multiplication
of two qubits. Consider two 2-qubits |@1) = a1]0) + by|1) + ¢1]2) + d4|3) and |@.) = a5]0) + by|1) + 2|2) + da|3).
The multiplication of 2-qubits |¢,) and |¢,) is calculated by

@) 2 lo1) - l@2) = al0) + b[1) + c[2) + d|3), (11.2)

where the amplitudes are calculated by

a a a; - b1 —C - d1 a
b b b a -—-d c b
=, | =] ' ' it (11.3)
c Y e, a d a —b ||
d d2 d1 —-C bl a d2

The 4 x 4 matrix is defined by the first 2-qubit and it is unitary [3]. Thus, we can consider the multiplication
operation as a unitary transform. Note that the result of this multiplication can also be obtained by using another
matrix,

a a ay - b2 —C - dz a;
b b1 b2 ay d2 —C bl
_a,, | Y| - | (11.4)
C C1 C - d2 [0%) bz C1
d d1 d2 C - b2 a; dl

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Stage 3 . Stage 2 : Stage 1
az ; R a
: : 0
b, , p— b
E R_g, : R,
c; — - — T — c
dy — Foos L o, R | g
cosV, —sindy _
42 Ro, (sin 9 cosy ) k=123 1192

Fig. 11.1 The traditional block diagram of multiplication of quaternions.

Here, the unitary 4 X 4 matrix is defined by the second 2-qubit. This matrix is not composed by two 2 X 2 subma-
trices, as for the A, \. Thus, the multiplication of 2-qubits associates with two different unitary transforms. We will
use both transforms and describe in detail the corresponding quantum circuits. First, we will consider methods for
constructing a quantum circuit for the transform with the matrix A, .

With 2-qubits |@;) and |@,), the corresponding amplitude vectors are treated as the unit quaternions q; = (a,, by,
c1, dp) and q; = (az, b,, ¢, dy). Therefore, we denote the above multiplication matrix by A, and also by A, .
The amplitudes of the 2-qubit |¢,) can be written in spherical system of coordinates:

a; = cos(d1), by = sin(9;)cos(d2), ¢ = sin(9;)sin(9,)cos(d3), di = sin(9;)sin(9,) sin(s).

The angles are calculated by

C1
2
\/1—a3—b;

First, we will describe the block diagram shown in Fig. 11.1. It is the main block diagram of multiplication
q = q19, of the quaternion q, = (a,, b,, ¢, d,) by the quaternion g, = (a,, by, ¢, d;). Here, the input is the quaternion
q», or the 2-qubit |¢,), and the product is the quaternion g, or |¢;)-|@,).

9, = acos(ay), 9, = acos( by (11.5)

V1-a?

> , 93 =sign(d;)acos

11.1 Schemes for the 4 x 4 Gate A;,

The factorization of the 4 X 4 matrix of quaternion multiplication A4, can be done by the heap transforms with the
weak and strong carriages on each stage of the QD-factorization [2]. We stand on the path with the strong carriage.
The matrix diagonalization completed by three stages and with six matrices of rotation is described as follows:

Z] . (Y]Yz) . (X]Xng,)Aql = I4. (116)
~ e ——

Here, I, is the 4 X 4 identity matrix and other six unitary matrices are

1 0 0 0 1 0 0 0 cos 9 sind; 0 O

0 1 0 0 0 cosd, sin®, 0 —sind; cosd; 0 O
X3 = . , Xo= . , X1 =

00 cos 3 sin 93 0 —sind, cosd O 0 0 1 0

0 0 —sind; cosds 0 0 0 1 0 0 0 1
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Stage 1 , Stage 2 ' Stage 3
; | : g
E || R | 5 S
i Ry ! a
e}_ L L R—192 E | 2 E . &
E R i R—191 E R,9 é
g — ; ; P 3
X3 XZ X1 YZ yl Zl
Fig. 11.2 The diagram of application of three strong DsiHTs for A;, matrix factorization.
1 0 0 0 1 0 0 0 1 0
01 0 0 0 cosd® —sind, O 01
Y, = . , Y1 = . , Z1=
0 0 cos9 sin 9, 0 sind, cosd, O 00
0 0 —sind; cosH 0 0 0 1 00

The corresponding diagram of application of DsiHTs in the above matrix factorization is shown in Fig. 11.2. Note
that this diagonalization has an interesting property. The same three angles 9,, 9,, and d; are used in the matrix

factorization; each angle in two rotations.
After transposing all six rotation matrices in the Eq. 11.6, we obtain the following matrix A, representation:

Here, the notation X’ means the transpoe of the matrix X. The block diagram given in Fig. 11.1 corresponds to
this representation. Considering that the matrix Y} = X, and the matrix Z] = X3, the complete factorization

a;
by
5]
d

—b

a;
d;

-

—c
—d;
a
by

of the A;, matrix can be written as

Aﬁh = XgXIZXll
——

d
4]

1
a;

= XXX, Y, Y- 7.
—— Y~ N~

0

0
cos 93
sin 93

1 0 0 0 1 0 0 0 cosd; —sind; 0 O
01 0 0 0 cosd®, —sind, O sin 9; cosd; 0 O
0 0 cosd; —sind; 0 sind, cosd, O 0 0 1 0
0 0 sind cos 93 0 0 0 1 0 0 01
1 0 0 0 1 0 0 0 1 0 0 0
y 01 0 0 0 cosd, sind, 0| [0 1 0 0
0 0 cosd; —sind 0 —sind, cosd O 0 0 cos 93 sin 93
0 0 sind cos I 0 0 0 1 0 0 —sind; cosds

0
0
— sind;
cos9;

(11.7)

(11.8)
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The matrices X3, X3, and Y/, are the controlled gates (or 1-controlled gates)
X3 =12®R_,93, Xé =12®R193, Y/2=12®R,91. (119)

Here, the Givens rotations, or gates, are

cosdx — sinIy

ngk:W(&k):( ) k=1,2,3.

sin 9 cos I
Also, the product of two matrices XY’ can be written as

0 0
0 0

cosd; —sind 0
1
0 cosd®; —sind
0

X/IY/Z = :I2®R81-

0 0

0
sin & cos®; O
1

0 0 0

= o O© O
S O O

sin 9, cos 9

A) Note that the matrix X is the 0-controlled gate R_g, @I, and can be calculated by the 1-controlled gate as
follows:

cos 9 sind; 0 O 0 01 0 1 0 0 0 0 01 O
—sind; cosd; 0 O _ 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 0| |1 00 0[|0 O «cos9 sind||1 0 0 0
0 0 01 01 0 O 0 0 —sind; cosd; 01 0 O
Thus,
Xl = R_,gl @12 = Pl(Iz @R_gl)Pl and Xll = Rgl 6912 = Pl(Iz EBRSI)PL (1110)
The permutation P; = (0, 2)(1, 3) is used. Its matrix equals to
0 01 0
0 0 0 1 0 1 1 0
P, = = ® =X®I. (11.11)
1 0 0 O 1 0 0 1
01 0 O

One can see that P, is the operation (x, y) — (x @ 1, y) on two-bit plane, x, y € {0, 1}. The quantum circuit element
for the 4 x 4 gate X is shown in Fig. 11.3. The flowchart “sort” is used for permutations in quantum schemes. The
permutation P, is also shown as the local Pauli NOT gate.

A J— I

7 ! @ B (R
Ry Ry, |—
Py : V Py

1

Fig. 11.3 The O-controlled rotation gate X; and its equivalent circuits with 1-controlled gate.



11.1 Schemes for the 4x 4 Gate Ag,

Note that the matrix X, can be described by the controlled gate as follows:

1 0 0 0 010 01 0 0 0 000 1
X—O cos 9, sin1920_0010 0 1 0 0 1 0 0 O
7 1o —sind, cosd 0| |0 0 0 1||0 0 cosd sind||0 1 0 of
0 0 0 1 100 0/lo 0 —sing cosd ]| 0 0 1 0
or
X2 = Pz(Iz @R_,QZ)P/Z and X/Z = Pz(Iz @R,&)Z)Plz. (1112)

The permutation P, = (0, 3, 2, 1) and its inverse are used. Their matrices are

P, and P, =

Il
- o o ©
© © o =
©c o r ©
© = o o
© o r o
o = o ©
- o o ©
© o o =

The circuit elements for the gates X, and X/, are shown in Fig. 11.4 in parts (a) and (b) respectively.
Thus, the matrix of multiplication can be written as

A,y = (I DRy, )P2(I2 ®Ry,)P, (I ® Ry, )P (I ® R_y,) P, (I DR_y,), (11.13)
—_— e ————— —

X, X XY}, X X3

or with only 1-controlled gates as

Ay = (I ® Ry,)P2(I ® Ry, )PAP1(I2 D Ry, )P1 (I ® Ry, )P2(Is DR _9,) Py (I B R _y,). (11.14)

X X3

X, X, X, Y,

Here, the multiplication P,P; of two permutations can be reduced to one, considering that P; = P% or P,P; = P,.

Indeed, the following matrix multiplication holds:

P,P, = =P,. (11.15)

oS O = O
oS = O O
= o O O
S O O
S = O O
= o O O
S © o
S O = O
= o O O
S O o
S O = O
S = O O

A T A | T )\

el

P} P, Py ’ Vp
(@) (b)

Fig. 11.4 The circuits for the gates (a) X, and (b) X’ with 1-controlled gate and two permutations for each.
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Therefore, the matrix of multiplication can be written as

Ay = (I2@ Ry, )Py (I, ® Ry, )P (I ® Ry, )Py - (I © Ry, )P2(Ib @Ry, )P, - [, BR_y, =
——_——

1 0 0 0 01 00 1 0 0 0
0 1 0 0 0 0 1 O0ff0 1 0 0
0 0 cosd; —sind; | [0 O O 1[0 O cosd, —sind,
0 0 sind; cos 93 1 0 0 0/]|]0 O sind, cosd,
01 0O 1 0 0 0 0 0 1 0
0 01 Ooff0 1 0 0 00 01
0 0 01 0 0 cosd; —sind 1 0 0 O
1 0 0 0|/]|0 O sind; cos 9 01 00
1 0 0 0 1770 1 0 O 1 0 0 0 0 0 01
01 0 0 0 01 0 01 0 0 1 0 0 O
0 0 cosd; —sind 0 0 0 1 00 cos 9, sin 9, 01 0 O
0 0 sind cosd; /L1 0 O 0]J]|0 O —sind, cosd, 0 01 0

0 0 0
1 0 0
0 cosds sin 93
0

S O o =

—sind; cosds |

The quantum scheme of the gate A, y for multiplication of the 2-qubit |¢,) by |¢;) is given in Fig. 11.5. Six con-
trolled gates of rotations and five permutations are used.

As follows from Eq. 11.13, one local gate of rotation can be used with four controlled gates and the above scheme
can be drawn, as shown in Fig. 11.6. Four permutations are used.

—1 R_y, R_g, Ry, i Ry, Ry, Ry, —
l2) P, P, P, P, P, lo)
\ Y )\ Y ) L Y J\ Y J\ )
X3 X, Y, X1X; X3

Fig. 11.5 The quantum scheme of multiplication of the 2-qubits |¢,) and |@1), by using six controlled rotations.

ng R19

1 2

— | R-s R-s,

IR S R o S

|p2) P P} P, lp)

Fig. 11.6 The quantum scheme of multiplication of the 2-qubits |@,) and |@1).



11.1 Schemes for the 4x 4 Gate Ag,

2

P, P 2 : '
(@) (b)

1 e

Fig. 11.7 The circuit for the gates (a) X3 and (b) X}, with 0-controlled gate and two permutations for each.

B) The above diagram can also be written with three 0-contolled gates. Indeed, the following representation of the
matrix X, holds:

1 0 0 0 0 0 0 1 cos 9, sind, 0 O 01 0 O
X, = 0 cosd, sind, O |1 0 0 0 —sind, cosd, O O||O0 O 1 O
>“lo —sind cosd 0| |0 1 0 0 0 o 1 0|loo o 1|
0 0 0 1 0 0 1 O 0 0 0 1 1 0 0 O
or
X2:P/2(R_32@12)P2 and X’ZZPIZ(RI%@IQ)PZ
The circuit elements for these two inverse gates are shown in Fig. 11.7.
Thus,
Ay, =XX0X - VoXo - X5 =
——— N~ =~
1 0 0 0 770 0 O 17[cosd, —sind, 0 070 1 O O] [cosd; —sind; O O]
01 0 0 1 0 0O sin 9, cosd, 0 O 0 01 O sin &, cosd; 0 O
0 0 cosd; —sinds 0100 0 0 1 0 0 0 01 0 0 1 0
L0 0 sinds cosd; | O O 1 OJL O 0 0 1J[1 0 0 OJL O 0 0 1]
1 0 0 0 T70 0 O 17[ cosd, sind, 0 070 1 O 071 O 0 0
0 1 0 0 1 0 0 O —sind, cosd, 0 O 0 01 O0 01 0 0
0 0 cosd; —sind 01 00 0 0 1 0[[0 O O 1[0 O cosds sin 93
L0 0 sin® cosd; /][O O 1 O] O 0 0 1]J]L1 0 0 0]]0 O -—sinds cosdYs |

The corresponding quantum circuit for the 4 X 4 gate A,
Fig. 11.8. Note that sequential execution of the 1- and 0-controlled Ry, gates is equal to two parallel local Ry, gates,
X/IY/Z = Rgl EBR,()] =1, ®R,g] .

Figure 11.9 shows the simple symbol that can be used for the 4 x 4 gate A,y of multiplication of two 2-qubits in

quantum circuits.
¥ Ry y Ry
P, P,

T3 Q
¥
P;
Fig. 11.8 The quantum scheme of calculation of 4 x 4 matrix by six rotations and four permutations.

y with six rotations and four permutations is shown in

—0

R_y, R_g
P,

Ry

1 2 3
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o) 1 Ay [ lor=len - low | Al [

Fig. 11.9 The 2-qubit gate of multiplication of the 2-qubit |@;) by |@1).

11.2 The 4 x 4 Gate with 4 Rotations

In this section, we present a system of coordinates in the 4-D space, which allows for factorization of the matrix
A,y with only four gates of rotations. Examples of such matrices which relate to different 4-point Hadamard trans-

forms are also described.

In the subspace of unentangled 2-qubits, which can be presented as the tensor product of single qubits, we con-
sider the following system of coordinates. Let |¢1) = a1,[0) + a11|1) and |¢,) = a»|0) + a1|1) be single qubits
with real amplitudes and let |@,) be the 2-qubit |p) = a1]00) + b;|01) + ¢;|10) + d;|11) calculated as the tensor
product

‘¢1> = |¢71> ® |¢2> = a1,0a2,0|00> + a1,0a2,1|01> + (1171(12,0‘10> + a1,1a271|11>. (1116)

We consider the polar representation of single qubits |¢;) = cos 9;|0) + sin 8;|1) and |¢,) = cos 9,|0) + sin 9,|1).
The angles in this representation are calculated by

9, = sign(b;)acos(a;), 9, = sign(d;)acos(cy). (11.17)
Thus,

|p1) = cos(91) cos(92)|00) + cos(9y) sin(92)|01) + sin(9;) cos(9,)[10) + sin(9;) sin(9,)|11).
Now, we introduce the following “Kronecker system of coordinates” in the subspace of the 4-D space:

a; = cos(d1) cos(d2), by = cos(91)sin(dy), ¢ = sin(91)cos(d2), di = sin(9)sin(z).

It is not difficult to show that for A, , matrix factorization, we can use the DsiHT with the path shown in

Fig. 11.10.
According to this block diagram, the matrix factorization is completed by four matrices of rotation as follows:

X1X2X3X4A‘(/,l> :I4. (1118)

Here, four unitary matrices are

1 0 0 0 cos 9, sind, 0 O
Xs= C(R_y,) = 01 0 0 X3 = Co(R_3,) = —sind, cosd, O O
FTEEERIT0 00 cosd,  sind, | 3T 0 o 1 0/
0 0 —sind, cosd, 0 0 01
Ny o e 5
g R_y, R-s, 3
(5] >
> o —e
2 :
T X -
= =
2 R_, Ry, g
= *—| e ©)

Fig. 11.10 The Transform for factorization of the matrix of multiplication of quaternions.



0

X

1 0
0 cos® O
0 0 1
0 0

sin 9;

0 cos®; 0 sind;
— sind; 0 1 0
) Xl = .
0 —sind; 0 cosd
cos 9 0 0 0

Therefore, the 4 X 4 matrix A, , can be written as the following:

a; - b1

bl a;

Ao = | .
1 1

dl —C

0 0 0
1 0 0
0 cosd® —sind,
0

S © o

sin 9, cosd,

—C —dl

—d c

! ' =X XXX =

a; —b1

b, ay

cosd, —sind, 0 O 1 0
sin 9, cosd, 0 O 0 cos 9
0 0 1 0|10 0
0 0 01 0 —sin®

0
0
1
0

0
sin 9;
0
cos 9,

11.2 The 4 x 4 Gate with 4 Rotations

cos 9
0
sin &
0

0
1
0

0

(11.19)
—sind; O
0 0
cosd; O
0 1

Thus, for the case when the 2-qubit is the tensor product of single qubits, the above decomposition requires only
four rotations. The corresponding scheme for multiplying the quaternion q, = (a,, b,, ¢,, d,) by this matrix is given

in Fig. 11.11.

The traditional symbol of a small block with an entry inside is not very convenient to use for non-adjacent inputs.
Therefore, in this diagram and henceforth, the following new graphic symbol is used for the rotation gate Ry,

Ry,

e

With these symbols, the diagram in Fig. 11.1 can be drawn as shown in Fig. 11.12.

Ry, Ry,
a, ) mn
R_y I’

b, T’ n__

b I ; N

9,

C2 W ‘L i
dZ w W
Fig. 11.11 The traditional diagram of multiplication of quaternion g, by g;.

Ry,
a, I
R_y I: R
bz m 2 )] M %
r'nR_193 I.’ rfﬁl 1 m Rﬂ3
dZ W W w
Fig. 11.12 The traditional diagram of multiplication of quaternions by six rotations.
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In Eq. 11.19, the matrices X}, and X can be calculated by 1-controlled gates as follows:

1 0
0 cos9
X’2 =
0 0
L0 —sind
[cosd; O
) 0o 1
X = .
sind; O
L O 0
Thus,

0
0
1
0

—sind;

cos 9

0

0

sin 1.91

cos 9 |

0 1

0

0

= O O

= O O O O O O +

SO O =B O © = O

0 07

O O O = O O M=

X,Z :P3(12 @R_,gl)P:; and Xll :P4(12 EBRL()I)P:‘

Here, the following permutations are used: P, = (0, 3, 2) and P; = (1, 2), or in the matrix form

P,

= o O O

Summarized the above matrix presentations, we can write the 4 X 4 matrix of multiplication with four controlled
gates as follows:

Ajyy = (I ®Ry,)(Ry, ®I2) Ps(I; R _y,)P3 P4(I; ® Ry, )P,
———

or

0

1
0
0

S O O

S = O O

and P3;=

o O

1 0

0
1
0

0 0

1
0
0

_ o O

S O O = O O O +

A|‘/’1) = (Rl9z EBR&Z)P.”(IZ EBR—&)PS(IZ EBR&)P/a

0
1
0
0
0
1
0
0

cos 9

— sin 191

0
0

cos 9
sin &

0
0

0
0
sin &
cos%
0
0

— sin 191

cosdy |

where Ry, ® Ry, = I, ® Ry, and the permutation Ps = (0, 3, 1, 2) is calculated as

P5 = P3P4 =

The corresponding quantum scheme of multiplication of 2-qubits is given in Fig. 11.13. Four controlled gates of
rotations and three permutations are used.

S O O

0

0
1
0

0

1
0
0

0

= O O

0

= o O

0

1
0
0

1
0
0

0

= o O

(=]

(=]

= o O

0

0
1
0

oS O = O

A, = (I, ®Ry,) Ps(I, ®R_y,) Ps (I, D Ry, )P,

Input 2-qubit

lg2)

Fig. 11.13 The quantum scheme of multiplication of the 2-qubit |@;) by |@1), by using four rotations.

Py

!

Rﬂl

!

|
I
Py

R_y

1

|
V
Py

Ry

2

lp)

S B O O O O O +

Output 2-qubit

SO O B O O~ O O

_ O O O O © = O

SO O O = B O O O




11.3 Examples of 12 Hadamard Matrices
The 4 X 4 unitary matrix A, y can be written in terms of angles as
cos(d) cos(9,

) (82) (82) (91) sin(92)
B | cos(8y)sin(8,) (82) (82) ) cos(82)
App) = A, 92) = sin(9;) cos(92) sin(9y) sin(92) cos(d1)cos(dp) — cos(9)sin(9z)
sin(8;) sin(9,) i (%2) in(8) ) cos(82)

(11.22)

11.3 Examples of 12 Hadamard Matrices

In this section, a few examples of the parameterized matrix of multiplication A, , are considered.

Example 11.1 Four Hadamard Matrices 4 X 4
We consider four different unitary matrices with coefficients +1, that is Hadamard matrices.

1) Consider the case when the angles 9; = 9, = #/4. Then, the 4 X 4 matrix A, can be written with four rotations
by the angle of z/4 each as follows:

1 -1 -1 -1
1{1 1 -1 1
A(rn/4,n/4) = = =
ar®=310 1 1 o
1 -1 1 1
(L _ 1 5 o]t 0 o olrt o o o[l , _1
V2 V2 01 0 o fl, L 5 1flVv2 V2
L 5 0lle o A L V2 V2o 1 0 o
V2 V2 V2 owv2|jo o 1 0|1 1
— 0 — 0
0 0 0 11 1oy L]]v2 V2
00 — —|]|0 - 0
L0 0 o0 1][ V2 V2 ] V2 v2lLo o o 1
This matrix as a 4 X 4 gate can be described by 4 controlled gates as follows:
A(n/4,7/4) = (I ®Ry/a)P3 (12 ® R_/4) Ps(I; ®Ryy4) P (11.23)

This matrix as the gate on 2-qubits is presented by the circuit shown in Fig. 11.14.

A(n/4,m/4) = (I, ® Ruya) Ps(lo ® R_yrjs) Ps (I, ® Ryys)Py

T W

Rr/a R_z/4 Ryyq

Input 2-qubit
Output 2-qubit

Py

Fig. 11.14 The quantum scheme of the gate A(z/4, z/4 ) with four rotations.
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2) For another matrix with angles 9; = — 39, = n/4,
1 1 -1 1
1| -1 1 1 1
Ar/4, —n/4) = = =
(/ /) 2 1 -1 1 1
-1 -1 -1 1
(1L g G]fro o o]fn o
V2 V2 01 0 0]y L
1 1
-—— — 0 0 00 i i \/z
V2 V2 V2 V2|0 0O
0 0 voff 1 1, 1
| 0 o o0 1]| V2 V2] V2

With four controlled gates of rotation, it can be written as

A(n/4, —n/4) = (I @R_/4)P3(Ia ®R_/4) Ps(I> B Ry/a) Pl

and its quantum circuit is given in Fig. 11.15.

3) The Hadamard matrix with the angles 9, = — 9, =

1 -1 1 1
1/ 1 11 -1
A(—n/4,n/4) = = =
(//)2—1—11—1
-1 11 1
L1y o]t o o0 0]rt o o
V2 V2 0 0 0 [lg L,
1 1
L 5 0llo 0 L L V2
V2 V2 V2 V2|0 0 1
0 0 10 1 1 1
00 — —|[|0 —& 0
Lo o o 1]]| V2 V2 | V2

Using four controlled gates, this matrix can be written as

A(—r/4,7/4) = (I, ® Ryya)P3(I; ® Ryya) Ps (I B R_/4) Py
N

The quantum circuit for this Hadamard gate is given in Fig. 11.16.

= (=N -]
Sl=eSl-o
oSl

— /4 is described as

(=]
—
S

Sl=e

A(m/4,-m/4) = (I, ® R_y/s) P3(I, ® R_y/4) Ps (I, ® Ry/a)Py

Input 2-qubit

R4 R_z/4 R_n/4

Py

o NN

Fig. 11.15 The quantum scheme of the gate A(z/4, - z/4 ) with four rotations.

Output 2-qubit

Sl

s5l-e

S o o

o o ©

(11.24)

(11.25)



Input 2-qubit

11.3 Examples of 12 Hadamard Matrices

A(-n/4,m/4) = (I; ® Rusa) Ps(I, ® Ryys) Ps (I, ® R_y)a)Ps

1

!

an/4

Py

|
y
Ps

Rn/4

A
!
Ps

Rn/4

Fig. 11.16 The quantum scheme of the gate A(-z/4, z/4 ) with four rotations.

4) The Hadamard matrix with the angles §; = 9, = — /4 is

A= n/a, ~x/4) =
r1 1

— = 0
V2 V2

I R T
T v2 V2
0 0

0 0 o0

0
1

—

-1

-1

-1
-1

_o O = =
S|,_.§‘
)

I§|’—‘§‘Ho

(=] [
—
—
c5l-o

V2

E
=
o
(\I]
S
o
=
&
0 0 1 1
— 0 — 0
0o - LIl V2 V2
V2 0 1 0 0
1 0 1 1 0
1 vz V2
V2 0 0 0 1

Figure 11.17 shows the quantum circuit for the Hadamard gate with this matrix factorization

A(—n/4, —n/4) = (ILOR_;/4)P3(I2 & Ry4) Ps(IL®R_;4) P

(11.26)

Here also, two controlled gates and one local rotation gate are used and the same permutations P}, Ps, and Ps.
Thus, we obtain four examples of 4 X 4 Hadamard matrices A

Input 2-qubit

—_ e

-1 -1 -1
1 -1 1 1
1 1 -1 2
-1 1 1

1
-1
1
-1

1
1
-1
-1

-1
1
1
-1

1
1
ak
1

[\S R

1 -1
1 1
-1 -1
-1 1

A(-m/4,-m/4) = (12 ® R—n’/4) P3(12 ) Rn:/4) Ps (12 ® R—T[/4)Pz£

1

!

an/4

A
V
Ps

Py

R4

A
!
P3

R—n/4

Fig. 11.17 The quantum scheme of the gate A(z/4, z/4 ) with four rotations.

1 1 1 1 1 -1
1 -1 1/]-1 1 -1 -1
1 -1 2| -1 1 1 1
1 1 11 -1 1

E

=

o

&

5

o

5

S
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These matrices are matrices of multiplications of 2-qubits by the following unentangled 2-qubits |¢;):

0144 ) = 7(|0> +1))® 7(\0> +1) = %(\00} +01) + [10) + [11)),
014, ) = 7(\0> +1))® \7(\0> ) = %(\00>—|01> + [10) - [11)),
014 ) = f(|0> )@ 7(I0>+|l)) %(|00>+|01>—\10>—|11>),
o1, ) = ﬁ(|0>—\1>)® %(\0%\1)) = %(\00>—|01>—|10> + [11)).

The composition of all these unitary Hadamard matrices A = A, differs from the well-known Sylvester con-
struction using the Kronecker product, or tensor product,

1 1 1 1
I'I4:I‘12®H2:1 root to-l , detH,;=1, Hi:[4.

211 1 -1 -1

1 -1 -1 1

This Hadamard matrix H, is also called the matrix of the 4-point discrete Walsh-Hadamard transform. For all
above 4 X 4 matrices A, we have AA’ = I,, but A> #14

The Walsh-Hadamard matrix can be seen in the amplitudes of the four 2-qubits |¢; . ) above. In other words,
this matrix is composed by the first columns of four Hadamard matrices above. We write it as H, = H,,. In addition,
if we compose 4 X 4 matrices by using only columns number 2, 3, and 4, we obtain the following three new

matrices:
-1 1 -1 1 -1 -1 1 1 -1 1 1 -1
chzl 1 1 1 1 , ch_l -1 1 1 -1 9Hc4:1 1 1 -1 -1
2 1 -1 -1 1 2 1 1 1 1 21 -1 1 -1 1
-1 -1 1 1 1 -1 1 -1 1 1 1 1

All these matrices are unitary with determinant 1. Thus, we obtain four Hadamard matrices that present the
gates of multiplication of 2-qubits. Other four Hadamard matrices, including the matrix of the Walsh-Hadamard
transform, are constructed from the columns of the first 4 multiplication matrices.

Comment 1
If transform the matrix A4, in Eq. 11.3 to the matrix of type A4, in Eq. 11.4,

a; - bl —C - dl a; - b1 —C - dl
b a; —d c b a d -c
T- 1 1 1 L 1 1 1 1 , (11.27)
1 d a —b e —d az b
d -q b a; d; g —b a

then from four 4 X 4 Hadamard matrices A(+7, +7) we obtain the following matrices TA(+x, +x):

1 -1 -1 -1 11 -1 1 1 -1 11 1 11 -1
11 1 1 -1 1|-11 -1 -1} 1| 1 1 -1 1| 1|-1 11 1
201 -1 1 1|72 11 1 -1 2|-1 1 11| 2|-1 -11 -1

1 1 -1 1 -1 1 1 1 -1 -1 -1 1 1 -1 1 1



11.3 Examples of 12 Hadamard Matrices

All these matrices have determinant equal 1 and they are unitary. The quantum circuits for these matrices will be
described in the next section. Thus, we obtain 12 matrices of the 4-point DHAT. Eight matrices are matrices of
multiplication of 2-qubits.

Comment 2
The QD-decomposition of the Walsh-Hadamard matrix by the strong DsiHTs results in the following factorization:

Zl . (Y1Y2) . (X1X2X3)H4 =R. (1128)
~ —— ———

Here, R is the 4 X 4 diagonal matrix diag{l, — 1, — 1, 1} and other six unitary matrices are

1 0 0 0 M1 0 0 07 cos 91 sin®; 0 07
0 1 0 0 0 cos 9, sind, O —sind; cosd; 0 O
X3 = . ) X2 = . N Xl = y
0 0 cos 93 sin d; 0 —sind, cosd O 0 0 1 0
10 0 —sind; cosds | L0 0 0 1] L O 0 0 1]
1 0 0 0 ! 0 0 07 1 0 0 0
01 0 0 0 cosd —sind, O 0 1 0 0
Y2 = . ’ Yl = . N Zl = .
0 0 cosd® —sind 0 sind, cosd9, O 00 cos d; sin 93
L0 0 sind; cos®y | LO 0 0 1] L0 0 —sind; cosds |

The angles are 95 = —45°, 9, = —54.7356°, and 9; = — 60°. The matrix R is similar to X, and Y7, but for the
angle 180°. The corresponding diagram of QD-decomposition by three DsiHTs is shown in Fig. 11.18.
Therefore, the following matrix representation with seven rotation gates holds:

1 1 1 1
11 -1 1 -1
H, == =X\ X\X\ - Y,Y,- Z, -R (11.29)
211 1 -1 -1 —_ = =~
1 -1 -1 1

The corresponding diagram of calculation by DsiHTs in the above matrix factorization is shown in Fig. 11.19.

It is important to note that Here, Y,X; # I, ® Ry, but can be written as Y,X; = Co(Z)(Io ® Ry,)Co(Z) (see
Eq. 3.24). Thus, it turned out a very complicated scheme with seven angles for H,. The corresponding quantum
scheme of the Walsh-Hadamard gate is similar to the scheme given in Fig. 11.13. Only one additional gate for the
diagonal matrix R should be added.

Stage 1 R : Stage 2 . Stage3

a —-60° | 1 1
. : : ; o
S T ; 1 2
3 R_s4.740 1 ' Rs47a0 i Rigoe 3]
> i) & - : >
| R_ss: | | | o
< : : : <
5] 1 i i =]
2. ' ' ' a
= : ]
| | | S

X3 X, X1 Y, Yi Zy R

Fig. 11.18 The traditional diagram of QD-decomposition of the Walsh—Hadamard matrix.
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Reoe
a, ! a
Rygoe R_ 5474 I R o
b, 180 P 3 o 5474 b
R45° I R_60° r R450
Cy ) f ) f c
d, W W v d
R Z { Yl' Yz' X { X é X é

Fig. 11.19 The diagram of the Walsh-Hadamard gate H4 by seven rotations.

11.4 The General Case: 4 x 4 Gate with 5 Rotations

In this section, we describe the circuit of the 4 X 4 gate of multiplication of 2-qubits in the general case, when the 2-
qubit |¢,) is not necessary be unentangled. It is shown that this gate can be calculated by maximum five gates of
rotations. For that, we describe a new system of spherical coordinates in the 4-D space.

Consider the 4 x 4 matrix of multiplication A = A, y, or Ay, . It has the following block structure:

a —-b -a -—-d

A= {Az —Bz} b o —d 1l
B, A a & a —b|

d -a b 451

where the matrices A, and B, are similar to the 2 X 2 matrices of rotation,

A _|:a1 —b1:| B _[Cl d1:|_|:C1 —d1:||:1 0:| (1130)
T bl a, ’ :T dl —C1 B dl C1 0 -1 ' '

The following properties hold for these matrices:

1) AA, + BB, = (al + b} + & + d})[, = I,
2) A;B, —ByA, = 0 — A;B), = ByA, = (A;B,),

3) AA' = A, —Bz)( A B’2> _ (AZA’Z + B,B, AZB’Z—BZA’2> 1
B, A, —B, A, BA, —AxB, AA, + BB,
These two 2 X 2 matrices can be written as follows:

i a; bl

A _\/m \/a%+b% \/a§+bf i cos & —sin&l}

Tva TR by a TV T 6ing,  cosd |
_\/a%+bf \/a%+bf
i C1 dl
2 2 2 2 .
BZ _ Cz N d2 \/Cl + dl \/Cl + dl _ C2 + dz Cos 192 s 192 .
1 1 d1 _ C1 ! 1 sin 192 — COS 192
\/ 3+ d /3 +d




11.4 The General Case: 4 x 4 Gate with 5 Rotations

The angles 9; and 9, are calculated from equations

a b
cos9 = —————, sind; = ——, 9, € ]0,27),
\/ @&+ b2 \/ @+ bt
c d
cos9 = —L — sindy= —, ¢ [0, 27).
/3 +di \/d+d;

Because of condition a? + b? + ¢ + d® = 1, we can introduce the new angle 95,

cosd; = y/a} + b2 >0, sind; =4/c3 +d> >0, 9 < (0,7/2).
Then, the above two matrices can be written as

cosd; —sind cos 9, sin 9,

A, = 005193[ ] and B, = sin&[

sin & cos & sin9, —cosd, |

The matrix A, is described by three angles §,, 85, and 85 and can be written as

cosdz;cosd; —cosIdzsind; —sindzcosd, —sindzsind,

A A cos d3 sin 9; cosdzcosd; — sindssind, sin 953 cos 9,
= Qay,0;,0 = . . . .

o) R sin 95 cos 9, sin 95 sin 9, cos9;cosd; — cosIssin 9y

sind;sind, — sind;cosI, cos 93 sin 9 cos 93 cos 9;

Therefore, we can use the following coordinate representation of amplitudes of the 2-qubit:

a; = cosd;cosdy, by = cosIzsindy, c1 = sind;cosd,, di = sind;sindy,.

The following factorization holds for this matrix:
ZY-XAal,az,og =1y,

where the matrices

cos sind; 0 O 1 0 0 0
—sind; cosd; 0 O 01 0 0
X =Xy, = .
0 0 1 0 0 0 cosd, sin &,
0 0 0 1 0 0 —sind, cosd,
1 0 0 0 cos®; 0 sind; O
0 cos9 0 —sinds 0 1 0 0
Y=Y = , ,
0 0 1 0 —sind; 0 cosdz O
0 sind; O cos 93 0 0 0 1
1 0 0 0
7=7 _ 0 1 0 0
TR T 0 cos(9,—91)  — sin(9,—91)
0 0 sin(9—9) cos(92 — )

(11.31)

(11.32)

(11.33)

(11.34)

(11.35)

(11.36)

The block-diagram of the matrix factorization in Eq. 11.33 is shown in Fig. 11.20. Five rotations are used in this

factorization. The angles of rotations are 9,, 9,, and (9, — 9;).
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R—191 R_ﬁB [
5 0 M 8
: —tF 8
(9] : >
> ) I = A
E'r r-nR_ﬁZ é‘n’ T’ n e f‘:la
- =
=
2 ! I ; ]
= W W W o

\ ] \ J
Y Y
X Y A
Fig. 11.20 Block diagram of factorization of the 4 x 4-multiplication matrix A.
For the matrix A, we obtain the following representation by five rotations:
A=A, 00 =XYZ = (11.37)
[cos®; —sin® 0 0 [ cosd; 0 —sinds 0
sin &4 cos 0 0 0 cos 93 0 sin 93
0 0 cosd, —sind, sin 93 0 cos 93 0
0 0 sin 9, cosd, | 0 — sind; 0 cos 93

[1 0 0 0

01 0 0

0 0 cos(d—9) —sin(9;—49,)
|0 0 sin($—9&) cos($—9&) |

The block-diagram for multiplying the quaternion g, = (a, by, 5, d,) by the matrix A is given in Fig. 11.21.

Note that the diagram in Fig. 11.11 is the particular case of the diagram above when the angles 9, = 9. In this
case, the matrix Z' = I, ® Ry,—y, = I, &1, = I4. Only we need to write 95 as 9;.

The matrix Y’ = XX}, where X/, and X are matrices similar to ones defined in Eq. 11.20 for the angle 8,. With
controlled gates, these matrices

1 0 0 0
X' — 0 cosd; O sinds = Py, &Ry )P
2= o 0 1 0 = P32 9; )3,
0 —sind; 0 cosds
R193 Rﬁl =]
g a, m M a =]
R ! g
g b 0 0 b 2
E Ry, v, ‘Jn T’ Ry, £l
A ) U 0 ¢ s
2 5 I X g
E‘ dZ v w v d 8
\ J
\ ' J Y
7' Y’ X'

I

ig. 11.21 The traditional diagram of multiplication of quaternion g, by g;.
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A|(ﬂ1> = (Rﬂl D Rﬁz) P3(12 D R*193) Ps (12 @D Rﬁz)P‘i (12 ® R02*191)

\ \ ) o
T @ RI @ RT_,g3 @ RTa RTa

Input 2-qubit
Output 2-qubit

Ry, -0, . 2 X

02 10) = l01) - [92)

Fig. 11.22 The quantum scheme of multiplication of the 2-qubit |@,) by |@1), by using five rotations.

AI‘Pl) = (Rﬂ1 @ Rl‘)z) (R_ﬁs’zr) (Rﬁz’Z) (12 @ Rﬁzfﬁl)

65 2

v ° R R_s o o &

N U3 —U3 T N

= =

e I i Gl :

= — Ro,-u * O Ry, Ry, — &
l92) 10) = l91)-102)

Fig. 11.23 The simplified quantum scheme of multiplication of the 2-qubit |¢,) by |@1), by using five rotations.

cosd; 0 —sind; O
/1 = 0 1 0 0 :P4(12@R8 )P,
sinds 0 cosd; O 34

0 0 0 1

Therefore, the 4 X 4 matrix A, , of multiplication can be calculated as follows (considering that P;P, = Ps):

A|lﬂ1> = (Rt91 @Rsz)P3(IZ @R—83)P5(12 @R,%)PQ(IZ @R@Z_gl).

The corresponding quantum scheme of multiplication |@) = |¢;)|¢.) is given in Fig. 11.22. Five controlled gates
of rotations and three permutations are used in calculation of this gate.

Comment 3
If we also use the second qubit as a control qubit for gates X and Y’, then this scheme can be simplified as shown in
Fig. 11.23 (see Eq. 3.40). This scheme is without the permutations P, Ps, and P;.

11.5 Division of 2-Qubits

In this section, we describe quantum scheme for the 4 X 4 gate of division of 2-qubits. The division of one 2-qubit
|p1) by another 2-qubit |g,) is calculated by

) = lo1)/|p2) = o) - [@2), (11.38)

where |@,) is the conjugate 2-qubit a,|00) — (b,|01) + c,|10) + d,|11)). The complex conjugate operation can be
presented in matrix form as

1 1 1
T = = =(12®Z)(12@Z)’

-1 -1 1
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* * |, )
L Ajp,) ~ I Ajp,) lo)

|¢2)7Z~Z— . I R | o)

Fig. 11.24 The 2-qubit gate of multiplication of the 2-qubit |¢;) by |@1).

(Ro, ® Ry,) Ps(I: ® Ry,) Ps (12 @ Ry, )P4 (I ® Ro,-0,) 1. ® 2)(I; ® 2) 5
= =
= ) \ | T
5 ? <
s ! ! T 9 ! | :
2 — Z H Z [ Ry, Rs, R_g, / Ry, — Re, — &
— P’ P P

lp2) * 5 3 lp) = 191)/192)

Fig. 11.25 The quantum scheme of division of the 2-qubit |@;) by |¢2), by using five rotations.

or (I, ® Z)(Z ® L,). Therefore, one local and one controlled gates Z should be added in the beginning of each of the
circuits described above, as shown in Fig. 11.24.

For example, when using the circuit with 5 rotations, which is given in Fig. 11.22, the division scheme of 2-qubits
will look like that shown in Fig. 11.25. Two Z gates have been added at the beginning of the scheme.

11.6 Multiplication Circuit by 2" 2-Qubit (Ag,)

In this section, new circuits are described for multiplication of 2-qubits, |¢) = |@1) - |@2). These two 2-qubits are
represented by two quaternions q, = (ay, by, ¢1, d;) and g, = (a,, b,, ¢5, d,). In Section 11.1, factorization of the 4 X 4
multiplication matrix was accomplished by the matrix A, generated by the first 2-qubit. Now we consider the
same multiplication by the matrix A, generated by the 2" 2-qubit.

a ! a —by - —d a1 a2
b a d, -c
b2 A, buj _ | b g : 2| b2 A, b2 (11.39)
c c c —d a b, c1 cy
d d; d, 2 —b a d; d,

A) Multiplication with 6 rotations

First, we consider the QD-decomposition of this matrix by 6 rotations. We will use results of the
QD-decomposition of the matrix A4 . The amplitudes of the 2-qubit |p,) can be written, as was done for the 2-qubit
|@1), when factorizing the matrix in Eq. 11.6, in spherical system of coordinates:

a; = cos(d1), by = sin(9;) cos(9z),c; = sin(9) sin(9,) cos(93), dp = sin(Y) sin(9y) sin(93). (11.40)

The angles are calculated by

95 = sign(d,)acos e (11.41)

b, )
Vi-a 1—-a3-b;

9, = acos(ay), & = acos<
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The factorization of the 4 X 4 matrix of quaternion multiplication A,, by the heap transforms with the strong
carriage

Zl . (Y1Y2) . (X1X2X3)qu = 14. (1142)
~ Y ——

results in the following six matrices (see Test for matrix4x4g2.m):

1 0 0 0 M1 0 0 07 cos 9 sind; 0 07
0 1 0 0 0 cosd, sind, 0 —sind; cosd; 0 O
X3 = . ) XZ = . ) Xl = )
00 cos 93 sin 93 0 —sind, cosd O 0 0 1 0
L0 0 —sind; cosds | LO 0 0 1] L O 0 0 1]
1 0 0 0 T M 0 0 07 1 0 0 0 T
01 0 0 0 cosd® —sind, O 01 0 0
Yz = . ) Yl - . ) Zl = .
0 0 cos® —sind 0 sind, cosd, O 0 0 cosd; —sinds
10 0 sin® cosd; L0 0 0 1] L0 0 sinds cos 9z |

Here, Z; = X’3 and Y; = X’2. The matrices in this QD-decomposition are the same as in QD-decomposition of
the matrix A, , only with one difference. The rotations in the matrices Y, are accomplished in opposite directions,
i.e., the angle 9, changes as —98;. Therefore, the diagram in Fig. 11.2 must be changed, as shown in Fig. 11.26.
The matrix factorization is Ag, = (X3X5X7) (Y,Y1)Z]) = (X5X5X}) (Y5X2)X;5. Therefore, the multiplication of
——A— — ——— N —

quaternions can be described by the block-diagram shown Fig. 11.27. The input is the quaternion q;.

Stage 1 | Stage 2 : Stage 3
» ! | g
i) R_y, : ' 5
3 - i R H >
> R—19 E Y, 1 o
a — B : - : 3
T | R, 5 Ro, : Ry, 2
£ : i 3
X X, X oo Z
Y
Fig. 11.26 The block diagram of A;, matrix factorization by 3 strong DsiHTs.
Stage 3 . Stage 2 : Stage 1

4 ; R a

i 1 9
by , i — b

L | R-s, i Ro,
C1 — L — T 7 c

: R_ : R
d1 ] R_193 E Yy : Y3 d
¢ X, X, Y; X; X} X} 0192

Fig. 11.27 The block diagram of multiplication of quaternions.
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I Sy S R S

— R_g, R_g, R_y, Ry, Ry, Ry,
lo1) j24 P, P, P, P, lo)
| Y )\ Y J \ Y J\ Y J\ )

X3 X, Y; XiX; X3

Fig. 11.28 The quantum scheme of multiplication of 2-qubits |¢,) and |@1), by using 6 controlled rotations.

I A AN S D S

J— R_,9 R.g

2

l1)

X3 X Y; X1 X5 X3

Fig. 11.29 The simplified quantum scheme of multiplication of the 2-qubits |¢;) and |¢4), by using 6 gates of rotation.

Considering only one change in the sign of the angle d; (in the matrix Y,), we can use the circuits
described in Section 11.1 for the matrix Ay . As an example, we use the circuit with six controlled rotations
given in Fig. 11.5 and obtain the circuit for matrix A,,, which is shown in Fig. 11.28. Input for this circuit is
the 2-qubit |¢;).

The scheme with six controlled gates of rotation also can be simplified, as shown in Fig. 11.29. Here, the gate X}
is presented by the gate Ry, with the 0-control qubit. These two quantum schemes are considered equivalent.

B) Multiplication with 5 rotations (for Ag, )
The QD-decomposition of the matrix A4, can also be accomplished with only five rotations, as for the matrix A,
considered in Section 11.4. For that, we consider the 3-angle representation of the second 2-qubit
a, = cosd9zcosdy, by, = cosIzsindy, ¢, = sind;cosd,, d, = sindzsind,. (11.43)

Here, the angles are calculated by

. a . c
9, = sign(b,) arccos 2z , 9, = sign(d,) arccos -2 , 93 = arccosy/a3 + bﬁ.

\/a3 + b3 \/ G+ d

In this system, the matrix A, is parameterized by 3 angles. The QD-diagonalization ZYXA,, = I,of the matrix is
described by the block-diagram in Fig. 11.30. This block-diagram is similar to one used for the matrix A, given in
Fig. 11.20. Five rotations are used in this factorization. The angles of rotations are 9;, 9,, and (—9, — 8,), for the last
rotation. For the matrix A, , the last rotation is performing by the angle (8, — 8;). The difference only in the last
rotation.



Input 4-D vector

Fig. 11.30 Block diagram of factorization of the 4 x 4-multiplication matrix Ag, .

11.6 Multiplication Circuit by 2™ 2-Qubit (Ag,)

R-9,-9,

;

Zy

Therefore, we obtain the following representation by five rotations:

The block-diagram for multiplying the quaternion q; = (a4, bs, ¢, dy) by the matrix A,, is given in Fig. 11.31.

qu = X’Y/Z/1 =
cos 93 0
0 cos 93
sin 93 0
0 — sind;

cos 9
sin &
0
0

— sind;
0
cos 93
0

— sind; 0
cos 9 0
0 cosd,
0 sin 9,
0 1 0
sin 93 0 1
0 00
cos 93 00

0
0
— sind,
cos 9,

0
0

cos(91 + 92)
— Sin(191 + 192)

sin(191 + 192)
cos(d1 + 92)

Output 4-D vector

0
0

Therefore, the 4 X 4 matrix Ay of multiplication can be calculated as follows:

A|¢z) = (R191 @Rtgz)P.”(IZ @R—Sg)PS(IZ @Rﬂg)Pit(IZ @R—sz_l\)l).

The corresponding quantum scheme of multiplication |p) = |@,) - |@,) is given in Fig. 11.32.

Input quaternion

az

C2

dz

Ry

1

;

Xl

Fig. 11.31 The traditional diagram of multiplication of quaternion g, by g;.

Input 2-qubit

Ajp,y = (Ro, ® Ry,) Ps(I, ® R_y,) Ps (I, ® Ry,)P; (I, ® R_g,,)

Output quaternion

l1)

!

R_9,-9,

!

!

Ry

3

é
V
Py

é
Y
Ps

R_g,

T

0

\
!
Py

Ry

2

Ry, |—

1

Output 2-qubit

lo) = l1) - |¢2)

. 11.32 The quantum scheme of multiplication of the 2-qubit |@,) by |¢1), by using five rotations.

(11.44)
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Input 2-qubit
e
=
()
=
&
—o
—
Output 2-qubit

R*ﬁz -9, ll l Rﬁz ] R19

lo1)

| . ) | . J | J lo) = 1@1) - lo2)
Zi Y’ X'v

Fig. 11.33 The quantum scheme of multiplication of the 2-qubit |@,) by |¢1), by using five controlled rotations.

It should be noted that for all quantum circuits in this chapter the first qubit is considered only as the control
qubit. If we consider the second qubit also as a control one, or both as control ones, then the circuits can be sim-
plified. For example, the circuit in Fig. 11.32 can be written without permutations, as shown in Fig. 11.33.
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12

Quaternion Qubit Image Representation (QQOIR)

Quaternion qubit image representation (QQIR) aims to provide an efficient approach for representing and manip-
ulating color images using quaternion algebra and 2-qubits in the quantum computing paradigm. The aim is to
overcome the limitations of traditional image representations by leveraging the unique properties of quaternions
and quantum computing. In this section, we consider the RGB color model and let f = {f - } be the discrete color
image of N X M pixels. Primary color components are ry, n,, 8y, »,» and by, n, for the red, green, and blue colors,
respectively. It is assumed that the dimensions of the image are powers of 2, that is, N = 2", r>1, and M = 2°,
s> 1. The color image together or without the grayscale component or intensity in the quaternion space is
presented as the image g = {q,, ,, } defined as

in,nz = anl,nz + (irnlvnz +jgn1,n2 + kbm,nz)' (12'1)

The real part of this quaternion image is the grayscale image, and color image is its imaginary part. The grayscale
image is calculated as an, n, = (Fu,.n, + &n ., + bniny) /3. The brightness of the image, (0.30r,, n, + 0.59g,, ,, +
0.11by, n,), can also be used for a,, »,,. Such images are widely used in quaternion arithmetic and are called
quaternion images [1, 2].

To simplify our next calculations, we consider the image as the 1D quaternion signal of length L = NM =
by using the mapping q,, ,, — g, = an + iry + jg, + kby, n = n,N + ny, where n, = 0: (M — 1) and n, = 0: (N - 1).
At each point n, this image-signal is described by the 4D vector (a,, ¥y, g, b,). With normalization, this vector
represents a 2-qubit in superposition

r+s
2 s

9(g,)) = ‘q—1|<an\oo> T 1a[O1) + ,[10) + by[11)). (12.2)

Here, |q,| = /a2 + 12 + g2 + bfl, n = 0:(L —1). In Section 7.2.7, the transformation 2 X 2 model is described,
when the quaternion image is presented by the right-sided (r + s + 2)-qubit superposition

In). (12.3)

1 Li @n|00) + 7,|01) + g,|10) + by |11)

lp(a)) = —=
VL= Va2 + 12+ g2+ B

The left-sided superposition can also be used

(@) = =3y | 22100+ 7alOL) + 8,110) + ba11)

VL= \J@2+ 72+ g+ bl

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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(@ (b)

Fig. 12.1 (a) Color image “mandrill.tiff” and (b) its quaternion-in-grayscale image.

The superposition |p(q)) is by 2-qubits and differs from the (r + s + 2)-qubit superposition

W(@) = 5 D (@]00) +1f01) +8,110) + by 11) ), (124)

n=20
where A® = E(f) is the energy of the quaternion image. We can use the above representations in two ways.

1) The first is the 2 X 2 model with grayscale image (2 X 2 MGI). The quaternion image of N X M pixels can be
mapped into the grayscale image of 2N X 2M pixels [3, 4]. For instance, the following 2 X 2 model can be used:

N [ ] _ an,m rn,m
qn,m q nm — gn,m bn,m
As an example, Fig. 12.1 shows the color image in part (a) and its quaternion-in-grayscale image in part (b).
In this model, many well-known methods of grayscale image processing can be used to obtain the analogous
methods on color and quaternion images.
2) The second way is in developing new methods of quantum computation in the quaternion space. For instance,
the operations of multiplication and division of 2-qubits can be used [5]. Examples of processing quaternion
images are given in Section 12.2.

12.1 Model 2 for Quaternion Images

We describe a simple model for quaternion images, wherein the four colors of the quaternion image are coded in
one qubit at each pixel. It should be noted that the quaternion numbers can be written as a coupled complex
number

g=a+ib+jc+kd=(a+jc)+ib+jd).

Each of these complex numbers can be written in the polar form, (a + jc) = zoe#, (b + jd) = 7,1, where
z; and g, are positive real numbers. Therefore, the value q = g, ,, of the image at pixel (n, m) can be written in
the form of single qubit as

_ 20e”|0) + z;62]1)
B lq|

| q)



12.1 Model 2 for Quaternion Images

Here, |70|* + |z1|* = |g|*. Thus, the quaternion image f,, ,, can be presented by the following (r + s + 1)-qubit state:

. 1 N=1M=] (Zn m'Oej(pl(n’m>|O> + Zn m'lej¢2(n’m)|1>>
_ m; M ® |n, m). 12.5
V> VNM ;W;o | Gm | ) e

The angles ¢(n, m) and ¢@,(n, m) are calculated from the components of the images as
(@nm + jram) = Zn,m;Oei(pl(n’m)’ (gn,m +jbn,m) = Zn,m;lej(/)l(n’m)’

The quaternion image requires (r + s+ 1) qubits. The above models for representing quaternion images in
quantum computing can also be used for color images in other than RGB color models, such as the CMYK
and XYZ models.

12.1.1 Comments: Abstract Models with Quaternion Exponential Function

A quaternion is a number g = a + ¢’ = a + (bi + ¢j + dk), where a is the real part and q' = (bi + ¢j + dk) is the three-
component imaginary part. The coefficients a, b, ¢, and d are real. The numbers i, j, and k are imaginary units with
the following multiplication laws:

jj=—ji=k, ki= —ik=j, jk=—-ki=i, *=7=k*=ik=—1. (12.6)
A quaternion number can be written as

/

q
| q |

q=a+q=a+ —~lgd|=a+ud,

where the pure unit quaternion u = ¢'/|¢|, 4> = — 1, and the real number 9=|q'| = V'b* + ¢? + d”is considered as
an angle. The quaternion exponent is defined as e? = e“(cosd + p sin 9).

We consider the discrete RGB color image f = {f}, ,} of size N x N, where N = 2", r> 1, as the quaternion image

q ={qx = ax + irg + jgi + kby; k= 0: (N* — 1)}. Note that for only primary colors, whenay = 0, ¢, = g}, and u = qi/

| qi|, the exponent is eIt = e#® = cos 9y + p, sin Ix. At each pixel k, the image is represented by the single qubit

|Gi) = € (cos 9x|0) + py sin 9¢|1)). (12.7)

The quantum representation of the quaternion image is defined by the (2r + 1)-qubit superposition

2 _
1Nt

9 =« D €% (cos 9|0) + py sin 9 1)) k). (12.8)

n=0
A quaternion g = a + ¢’ in the polar form g = | q | ¢*’, where the angle 9 € [0, z]. Here,u =q'/ | ¢’ | ,u*= —1,and

cosd = a/ | g|. The module of the quaternion is |q| = 1/a? + (¢')* = Va2 + b? + ¢ + d?. Therefore, any pixel value

gy of the image can be written as
Qi = |qi|(cos Ik + py - sindx), K € [0, 7],

or as the single qubit

lo(qy)) = |qi|(cos 9k|0) + py - SinIx|1)) = cosIk|0) + gy - sin Ik|1). (12.9)

221



222

12 Quaternion Qubit Image Representation (QQIR)

The quantum representation of the image is defined by
1 N?—1
lv(a) = & > lail(cos 9[0) + py - sin 9[1)) k) (12.10)
n=20
with (2r + 1) qubits. The normalized coefficient is calculated as in Eq. 12.4.
Thus, two concepts of the quaternion and quantum representations of color images can be united to obtain the
so-called quaternion-in-quantum representation of color images. The images are considered in the RGB color mod-
els, but other color models, such as the CMY(K) and XYZ, can also be used with similar quantum representations.

12.1.2 Multiplication of Colors

At each time-point n, the quaternion signal q,, = (ay, ., s, b,) of the RGB image can be considered as the 4 x 4
matrix of colors. This matrix is also the 4 X 4 matrix of multiplication A, described in Section 10.1. Indeed, we
consider the following four matrices:

1 0 0O 0 -1 0 0 0 -1 0 0 0 0 -1

01 0 O 1 0 0 0 0 01 0 0 -1 0
E = I = J= K=

0 010 0 00 -1 1 0 0 01 0 0

00 01 0 01 0 0 -1 0 0 1 0 0 0

In other words, E = A., I = A;, J = A;, and K = Ay (see Eq. 10.4). All these matrices have determinant 1 and the
multiplication laws of them are given in Table 10.1 in part (b). Then, the quaternion signal at the point n can be
written as a matrix

an —In -8 — b,
r a b, -
g, =a,E+rJd+gJ+bK=|" " n & =A,.
& — b, an I'n
b, 8 ~ T an

In 2-qubit representation |¢p(q,)), the values of colors are normalized and we consider therefore that |g,,| = 1. In
this case, the determinant of this matrix equals to 1 and the matrix is unitary. Thus, the 2-qubit |¢(g,)) is repre-
sented by this color matrix at each pixel, which we call Argp(g,). It means that in quaternion arithmetic and in the
space of 2-qubits representing quaternions, the multiplication of colors is possible.

12.1.3 2-Qubit Superposition of Quaternion Images

The following (r + s + 2)-qubit representation of the quaternion image is considered:

1 L-1
lo(q)) = i3 nzzolfﬂ(qn»ln% (12.11)

Here, |n) is the basis state in the space of (r + s5)-qubit superpositions. We call this representation the quantum
quaternion image representation (QQIR). The quaternion algebra allows for processing all colors at each pixel as
one unit. The traditional methods process each color separately, which leads to unwanted effects in the colors, after
uniting all components into a new color image. Therefore, we consider the above quantum representation of the
quaternion image.

The operations of multiplication and division on quantum superpositions composed by 2-qubits are described in
the following way [5]. Let |¢(q,)) and |p(g,)) be two 2-qubit-based superpositions representing the quaternion
image-signals q; and g of length L = 20+ each,
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I ql \/—Z|qln ‘I’l and q2 \/—Z’q2n>‘n (12'12)

Definition 12.1
The product of the superpositions |¢p(g;)) and |¢(g,)) is the following (r + s)-2-qubit superposition:

0(q)) = lo(aq,)) - lo(g,) é\/—z |910) ] 22.0)) 1) (12.13)

We can define, for example the square of the quantum image as

and similarly define different powers and roots of this image.

) In) (12.14)

n—O

Definition 12.2
The division of the superpositions |¢(q,)) by |¢(gz)) is the following (r + s)-2-qubit superposition:

_lofe) o 1 K )
@) = 1y ﬁ;(!qz,n>/\q1,n>)l ). (12.15)

Note that if g, = g, this deﬁnition results in the QQIR in the form

1 1L—l
)= o) = 2l = 77 S o0l = 75

lp(q1)) n—o

In the last sum, |n) is the state in the computation basis By.is+2 = {|0),|1), |2),..., | 4L—1)} in the space of
(r+ s + 2)-qubit superpositions. This superposition is the unit with respect to the above multiplication. This means
that [p(q) - [E) = |E) - |¢(q)) = |#(q)), for any QQIR |¢(q)).

Note that for the 2-qubits, the equality |@)/|@) = |00) is valid. However, for superpositions with more than one
2-qubit, the equation

lp(f1))/lo(f2)) = 10) = w>

r+2
does not make sense because it is unsolvable. The role of the unit here is played by the superposition |E),
not the basis state |0). Indeed, the above equation leads to the system of equations {q1,0>|qz,0> =
| 00), )=10),
2-qubits.
Although we describe below examples with the above operations on right-sided superpositions of quaternion
images, left-sided superpositions of images can also be considered. This will change the multiplicative arithmetic

. Except the first equality, we obtain states of impossibility for

on images.

Definition 12.3
The product of the left-sided superpositions |p(q;)) and |¢(q,)) is the following (r + s)-2-qubit superposition:

0(@) = 0(a0)) - lo(g2)) & %;mxmﬂqm». (12.16)

The square of the quantum image as

o Z| gy’ (12.17)

n—O

223



224

12 Quaternion Qubit Image Representation (QQIR)

Definition 12.4
The division of the left-sided superpositions |¢(q,)) by |p(gz)) is the following (r + s)-2-qubit superposition:

_|(P(Q2 a
@) = 1) Z| (Ig2n)/|a10))- (12.18)

Note that if g, = g, this definition results in the QQIR in the form

) = z\ (190) - [a10)) = = z )i00) = - Z an).

|(,0(Q1 n—O

This superposition is the unit with respect to the above multiplication.

12.2 Examples in Color Image Processing

In this section, we present a few examples of processing quaternion and color images with the above operation of
multiplication of 2-qubits. First, we illustrate the concept of the square root of the image in quantum quaternion
image representation.

Example 12.1 Square Root of Quantum Superposition of Color Image

Consider the quaternion image g, = q,,, ,, composed by the RGB color image f,, ,, of size 763 X 524 pixels together
with its grayscale image a,, »,. The color image is “picasso252.jpg” and its grayscale component as one quaternion
image is shown in part (a) in Fig. 12.2. The dimensions of the image are not the powers of 2. Therefore, we consider
the space of 1024 x 1024-pixel images and the 22-qubit quantum representation for this image,

20 -1
lo(q) 210 > le(g,)n). (12.19)
n=20
The square root superposition is calculated by

20

() 2 Vi@ = 50 >

The quaternion image g, 5 with its gray and color components, that should correspond to this 22-qubit repre-

q,)"?n (12.20)

sentation, is shown in part (b). For comparison, the quaternion image composed by the square root transform of
each color component with its gray color is shown in part (c).

Figure 12.3 illustrates another example. The quaternion image of the 512 x 512-pixel “pepper” is shown in part
(a). On this image with 20-qubit superposition |¢(q)), we applied the square operation |¢(g))>. The quaternion
image that corresponds to this square superposition is shown in part (b).

12.2.1 Grayscale-2-Quaternion Image Model

The quaternion arithmetic is also used for processing grayscale images [1]. For example, we can consider the model
when grayscale images are mapped into quaternion images and then use the quantum representation of such
images by 2-qubits as described above. Indeed, let us consider, for example, N X M-pixel grayscale image presented
as N/2 x M/2-pixel quaternion image by following 2 X 2 model:
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(b)

Fig. 12.2 The real and color components of (a) the original quaternion image, (b) the quaternion square root image, and (c) the
traditional square root transform on each color component (after scaling to the same range of 256). Source: Grigoryan & Agaian,
2020 / IEEE.

Fig. 12.3 (a) The real and color components of the quaternion image “pepper” and (b) the quaternion image of the quantum
square superposition.
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|: f2n,2m f2n,2m+1

—q; = qu/2+m :fzn,zm + (if2n,2m+1 +]f2n+1,2m+kf2n+1,2m+l)’ (12'21)
f2n+1,2m f2n+1,2m+1

N M . .
where n = 0: 3~ 1|,m=0: 5 = 1 |. Here, we assume that N and M are even numbers. The 2-qubit at point

t, or state |t), is |q) = (fan2m|0) + fonzm+1]1) + fons1, 2m|2) + fons1, 2m+1|3))/A(Y). Here, A(f) is the normalized coef-
ficient. Therefore, the above quantum representation of this new quaternion image can be written as

4 MN/4—1 1
lp(q)) = NM ;) m|%>|t>~ (12.22)

This quantum representation requires ((r — 1) + (s — 1) + 2) = (r + s) qubits. For comparison, the flexible repre-
sentation of quantum images (FRQI) uses 2r + 1 qubits, when s = r.

To illustrate the effectiveness of the 2 X 2 model, we consider the 440 x 750-pixel grayscale image shown in
Fig. 12.4 in part (a). In the 2 X 2 model, this image is presented as the 220 X 375-pixel quaternion image; its imag-
inary part is shown in part (b). With powers of 2, this image can be placed in the 256 X 512-pixel image, which will
require (9 + 10) = 19 qubits in the superposition |¢(q)). If at each pixel ¢, perform the square root of the 2-qubit |g,),
we obtain the superposition of the image whose imaginary part is in part (c). When back-mapping a new quater-
nion image from a 2 X 2 model, the enhanced grayscale image will be as shown in part (d).

50
100 §
150
e 200
200 400 600 100 200 300
() (b)

100 200 300 200 400 600
() (d)

Fig. 12.4 (a) “The original Titanic_paperboy.jpg’ grayscale image (https://en.wikipedia.org/wiki/File:Titanic_paperboy.jpg),
the imaginary, or color” part of the quaternion image of half the size (b) before and (c) after processing by the quantum square
root operation in the 2 x 2 model, and (d) new gray image in its original size (after multiplying intensity by 12). Source: Fine Art
America / Wikimedia Commons / Public domain.
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12.3 Quantum Quaternion Fourier Transform

12.3 Quantum Quaternion Fourier Transform

In this section, we consider the concept of the 1D quantum quaternion Fourier transform (QQFT). Let q,, = (a,,, 7,
gx b,) be a quaternion image-signal of length N = 2"*°, The N-point right-sided discrete quaternion Fourier trans-
form (DQFT) of a quaternion signal g, is calculated by [6-8]

Q= (Q), + [(Ql) i+ (Q), + (Qup } = Z W, p=0:(N-1). (12.23)

The exponential kernel of the quaternion transform is
2 2 2
Wt = (WR)™ = exp <— U ﬁﬂ np> = cos <Nﬂ np) — usin (ﬁﬂ np) : (12.24)

All coefficients (Q.)p, (Q:)p, (Q))p, and (Qy)p are real and y is a pure unit quaternion y = myi + myj + msk, | u | =1.
For instance, we can consider u = (i +j + k)/+/3 or 4 = j. The DQFT is parameterized by the pure unit . The
N-point DQFT is calculated by the corresponding 1D DFTs A,, R, G, and B, of the components a,, r,, g,, and
b,, as follows [1]:

(Qe)p Ap 0o - my —m; —ms Ap
(Qi) R m 0 m -m R
Pl =Re| P |- ™ ’ > xm| ? (12.25)
(QJ)p Gp my —ms 0 my Gp
(Qk)p By ms m; —m 0 B,

Here, the 4 X 4-matrix M, in the above equation is skew-symmetric and unitary. Re(z) and Im(z) denote the real
and imaginary parts of the complex numbers z, respectively.

It is considered that signal g,, has been normalized at each point, that is, |g,, | = 1. The energy of the quaternion
signal is preserved after transforming to the frequency domain, that is,

n_O

The quantum signal that corresponds to g, is the (v + s + 2)-qubit superposition

Zlfp q,))[n).

n—O

Definition 12.5 The QQFT is defined as the (r + s + 2)-qubit quantum superposition with amplitudes which are
values Q, of the quaternion Fourier transform (QFT),

(Qol0) + Q1]1) + Q]2) + Q3]3) + ... + Qn_1IN —1)). (12.26)

1
|®(Q)) = N

Unlike the traditional N-point QFT, the components of Q, are not complex, but quaternion numbers. We call
them amplitudes but mean the following 4D vector (or 2-qubit):

(Qe),
(Q)
%=1 (), =[0(Qy)) = g7 [(@)y10) + @)1 + (@), + (@0),3)] (1227)

(Qx)p
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12.4 Ideal Filters on QQIR

In this section, we analyze examples of quaternion image processing by ideal filters, such as low-pass, band-pass,
and high-pass filters [5]. The processing is reduced to multiplication of the QQFT of the signal/image by the qua-
ternion exponents at a given subset of frequency-points, and zeroing components of the transforms in the remain-
ing frequency-points.

Unlike complex arithmetic, in the non-commutative quaternion arithmetic, linear filters as convolutions cannot
be reduced to the multiplication of the QDFT of the signal Q, and the frequency characteristic Y}, of the filter. Thus,
Y, Q,-type filtration does not correspond to the convolution, but to another operation (see also [24]). This is why we
call this operation frequency domain filtration. In quantum computation, to perform this operation on a 2-qubit
superposition of |¢(Q)), normalization is required at each stage of computation. Therefore, we consider the case of
ideal filters, when at each frequency-point p, the magnitude |Y,,| = 1 or 0. Non-zero values of the filter can be
written as e’ where y is a pure unit quaternion, and 6 = 6(p) is the angle, or the phase, of the filter.

Definition 12.6 The filtered value of the QFT at frequency-point p is calculated by

0(p) : — -
G, = e’PQ, %f Ypl =1 (12.28)
0, if |Y,| =0,
and, in the quantum superposition, it is the 2-qubit
d(p)|o in@ - |D , if |Y,| =1;
0(6y)) = { CosOw0) + sindpILe) - [0(Qy)). i 17| 1229)
0>, if |Y,| =0,
where |u) = my|1) + m,|2) + m;|3).
At a frequency point p at which Y, # 0, new amplitudes of the filtered 2-qubits
©(Gp)) = (Qo)))|0) + (Qo))[1) + (Qo))[2) + (Qu)p13) = [e7) - [@(Qp))
are calculated in the matrix form as (see Eq. 12.27)
(Q)jp cosd(p) —mysinf(p) —mysinf(p) —mssind(p) (Qe),
(Q)y m; sin 6(p) cosO(p) —mssind(p)  mysind(p) | 1 | (Q)p (12.30)
(Qj);, m; sin 6(p) ms sin 8(p) cos O(p) my sind(p) | | Qp | (Q ’ ' '
(Qk); mssin@(p) —mysind(p) my sin 6(p) cosf(p) (Qk)p

This 4 x 4 matrix My, is unitary and a quantum scheme for this 2-qubit operation can be developed. The QQFT
of the processed quantum signal can be written as

\q>(c;)>=\/i§ S |0(G,))Ip)- (12.31)
{r

;Y 70}

The summation in this equation is only for frequency-points wherein the filter is not zero (K is the number of
these points). To zero all other 2-qubits in the superposition with states |p), one additional qubit can be added to the
superposition |®(F)). Then, a permutation can be used to move these states |p) to the second part of the new super-
position and then to measure the last qubit (for more detail, see the ideal filters described of single qubit-based
superpositions in [9]).



12.4 Ideal Filters on QQIR
12.4.1 Algorithm of Filtration G, = Y,F, by Ideal Filters

The characteristic of the quaternion filter Y, has magnitudes 1 or 0. Let A be a subset of the integer interval X = {0,
1,2,.,N—1}and|Y,| =1,ifp€ A, and |Y, | =0, if p € X5\ A. Consider for simplicity of calculation that E[q] = 1.
The N-point QFT, or the (r + s + 2)-qubit superposition |®(Q)) is presented by the 4N-D vector

®(Q) = ( (Qe)o> (Qe)1> (Qe)ss s (Qe)y — 15 (Qi)gs Q)15 (Qi)ss s (Qi)y -1

(Qj)(y (Qf)l’ (QJ)Z’ ceey (Qj)N—l’ (Qk)O’ (Qk)l’ (Qk)Z’ (] (Qk)N—l )l’

1) Perform the permutation P; of the (r + s + 2)-qubit superposition |¥(Q)), or the vector 5(Q) to the vector

—

P, [‘I’(Q)} = ((QE)O’ (Q1)or (Q) g (Qi)or (Qe)y» Q)15 (Q)) 5 (Qi)ys

(Qe)2 (Qi)ss (Qj)z, (Qi)gs -+ (Qe)n—1> (Qi)n 15 (Qj)N_l’ (Qu)n_1)"

In fact, this vector presents the left-sided superposition of the N-point QFT.
2) Compose the 4N X 4N matrix as the Kronecker sum of the 4 X 4 matrices My, of multiplications

My = Dpefon,.Nn-13My(p)-

Here, Y, = ¢*®, if pc A, and 9, = 0, if p¢ A.
3) Apply this matrix on the new permuted superposition P;[|®(Q))].

4) Add one zero qubit and apply the permutation P, of the amplitudes of the new (r + s + 3)-qubit superposition
|0} ® P[|®(Q))], which is defined as p < p + 4N, for all p ¢ A.

5) Measure (M) the obtained superposition at the state when the last qubit is |0) and apply the inverse
permutation P; !

The result is the qubit superposition |®(G)). The scheme for filtering the (r + s + 2)-qubit superposition |®(Q)) is
shown in Fig. 12.5. As follows from Eq. 12.25, the quaternion QFT can be computed from the QFT, for which the

quantum circuits are described in Section 9 (see also known [10-12]). This transform and its inverse are included in
this scheme.

\ I P;=(P)7!

/\ I \

U M I\ / \ 1-M
P}

\/e. \

| |’ |
Q) (@) Pi[|®(Q))] 2 |2(6)) 1G)
10) I = ='m

Fig. 12.5 The abstract logic scheme for filtering the quantum quaternion Fourier transform, |®(Q))—|®(G)).

QQFT

Inverse QQFT
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12.5 Cyclic Convolution of 2-Qubit Superpositions

Now we consider the realization of the aperiodic convolution of the quaternion image signal, by using the tradi-
tional Fourier transforms. Together with a quaternion signal q,, = (a,, 7., g, b,) of the color image, we consider a
quaternion sequence h,, which is the impulse response characteristic of a linear system. This sequence is denoted
by h,, = ((he)n, (h)n, (M), (i)n)- The concept of the circular linear convolution is defined as

q q*h an m m_ an mmoth (12'32)

The arithmetic of the numbers of quaternions is not commutative in the (1,3)-model, (g * h),, # (h * q),,.. Note
that the quaternion convolution (g * h), is not reduced to multiplication of QDFT, that is, (q * h), » Q,H,,. It
was shown in [13] that the components of the convolution g,, can be calculated at each point n by 16 traditional
aperiodic convolutions (the subscript n is omitted from the equations)

a=axh,—r+h;—gxhj—bxh,

:a*hi+r*he—g*hk+b*hj} (12.33)

;
g=axhj+rxh+gsxhe—bxh, b=axhi—rxh+gsh +bxh,

Using the capital letter F for the 1D discrete Fourier transformation, the above system of equations in the fre-
quency domain can be written in the matrix form as follows:

Ap F(he) () —F(h) —F(h)] [4

Ry| | Flh)  Flh) —Fu)  F(hy)||Rp (12.34)
Gy F(y)  Fw)  Fh) —F)||Gp ‘
B, Flh) —F(hy)  Fu)  F(he)l LB

The frequency-point p € {0, 1, 2, ..., N — 1} was omitted from the notations. For instance, Ap = F(a) »Ap = F(a) o

F(r)=F(r),, and F (b)) = F (hj)p at the frequency-point p. It is important to note that all numbers in this matrix
equation are traditional 1D DFTs and not the components of the 1D discrete quaternion FT. In this equation, the
4 % 4 matrix H is orthogonal. This matrix is similar to the matrix of multiplication of quaternions, only coefficients
of the matrix are complex. This matrix is not unitary, but the matrix HH " = ¢, where c is the complex number
Fhe)? + F(h)* + F(by)* + F(h)*.

We have a fundamental formula for the cyclic convolution in quaternion algebra. If we assumed that the fre-
quency characteristic of the 4-component filter H, are known or given, then only computation of four traditional 1-
D DFTs Ap, R, Gp,, and B, is required. It is assumed that the realization of multiplication in Eq. 12.34 in quantum
computation is possible. The matrix in this equation is similar to the matrix of 2-qubit multiplication given in
Eq. 10.3, for which the quantum circuits have been described in Section 11. Then, the convoluted quaternion signal
@y = Gn + Fui + ,j + buk can be calculated as @, = F ~Y(A,), 7'x = F " L(Ry), &, = F “X(G,), and b, = F~(B,).
Here, F ! stands for the inverse N-point DFT.

12.6 Windowed Convolution

In this section, the concept of linear convolution (LC) is described in more detail. Examples of these operations are
image and signal smoothing and gradient operations. An implementation of 1D linear convolution in a quantum
computer is presented on several examples. For that, a new paired transform-based quantum representation and
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Image . Image
fom ol

K Inm
Matrix

Fig. 12.6 The image convoluted with the matrix.

computation of 1D and 2D convolutions and gradients are described. The 1D convolutions and gradient operators
with short-length masks such as[1-21],[1221],[120—-2—-1],[12—-621],and [11 —41 1] are considered. These
operators are widely used in image processing, such as edge detection by different gradient operators [14-16]. In
these examples, we show how to choose the quantum representation of the signal for computing the convolution;
each case is unique and considered separately.

Many methods in image processing systems {f,, ,,} — [Image Processing System] — {g,,..,} can be described by the
linear operation which is called the 2D linear convolution. This is an operation of the image with the characteristic
of the system that completely describes the system. This characteristic can be represented as a matrix h. The con-
volution operation is denoted by “«” and g, ,, = (f* h),,,,. We also say that the image g is the image f convoluted
with h, as shown in Fig. 12.6. The knowledge of the matrix h allows for calculating responses of the system.

In general, the convoluted image g is of a size larger than f, but in many applications, this operation is calculated
only for the pixels of the original image f.

The windowed convolution is the basic operation in imaging, including image enhancement, filtration, edge
detection, and face recognition. The convolution is defined by a given matrix h of coefficients h;; with a specified
location of nonzero coefficients, which represents a window W. The window W may be of the form of a cross,
square, rectangle, and circle of small and large sizes. If this window has the form of the cross, then nonzero coeffi-
cients are only in the middle column and row. When convoluting the image, this window is translated across the
image pixel by pixel. One of the elements of the window is considered to be the center and the corresponding coef-
ficient is denoted by hy, o; usually it is the central coefficient in the matrix. In the convolution, this matrix first is

rotated (by 180°), as hy; — l:lk,l = h_i, —;. Then, the matrix is put on the image or we can say translated at the pixel
(n, m), and the sum of products of the matrix coefficients h; and the corresponding values of the image f,, _ ¢,
in the translated window is calculated. This sum is the value of the convolution at the pixel (n, m). Now, we con-
sider a simple example of the convolution.

Example 12.2 Convolution by Window 2 X 3
Let us consider the following image as the 3 X 5 matrix:

Joo for for fos foa 212 3 4
f= fl,O f1,1 f1,2 f1,3 f1,4 149 55
foo fax fap faz faa 2.6 7 8 4

and

h_

1|:h—1,0 h_1. h—1,2:| _ 1[2 1 2]
=3 .

hoo  hog  hop T 9 1 21

Here, the underline coefficient shows the position of the original (0,0).
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First, the 2 X 3 matrix h is rotated (by 180°), as
1(2 1 2 A 1[1 2 1
hzg{ }_ng{ —]. (12.35)

To calculate the convolution at pixel (1, 2), the calculation is performed as

(1+8+9+4+6+14)=47=g,.

O | =

4.2
6-1

o w1 W
~ B
1

1-1 9-1
2:-2 7-2

Here, the matrix his translated at pixel (1, 2) at which the image intensity is 9. In this translation, the center of
the matrix is moved to the pixel (1, 2) in the image. Then, the six products are added and divided by 9; the result
4.7 is the value of the convolution at pixel (1, 2). At the last pixel (2, 4), the translated matrix covers only three pixels
of the image and the calculation of the convolution is performed as

3 4

—

(7+16+4)=3=g,,.

N =N
N~
(=
[\
S oo
.. !
— N
S &
.. w
NS
O |

Continuing the calculation at other pixels of the image, we obtain the convoluted image,

1 2 3 4 4 14 30 35 45
1/2 1 2 1

4 9 5 5| *— =—[5 20 42 62 54
911 2 1 9

6 7 8 4 2 10 21 28 27

The windowing near the frame boundary of the image requires extending the image to the large image, by adding
the required number of pixels with zero intensity, as shown below

00212 3 4
. 0014955
f_>f_0026784 (1236)
00000O0O0O O

This operation is called the zero padding. Two zero columns and one zero row were added to the image, and the

new image is processed only at pixels of the original image. The zero-padded image f is of size 4 X 7, the original
image fis of size 3 X 5, and the matrix h has the size 2 X 3. One can note that along the first dimension, 4 = (3 + 2) —
1, and along the second dimension, 7 = (5+ 3) — 1.

As we can see, in general, the convolution is a rather complex operation, and it will be much more difficult to
perform it on a quantum computer. Therefore, we will use simple symmetrical masks, or windows W, of size 3 X 3,
5x%5, .... This will facilitate the task of constructing algorithms for calculating the convolution on a quantum
computer.



12.6 Windowed Convolution

Example 12.3 Convolution by the Cross Window
Let us consider the 3 x 5 image

Jﬁ fox for Jfoz foa 2 2
f= f1,o f1,1 fl,z f1,3 f1,4 =11 10 1
f20 f2,1 f2,2 f2,3 f2,4 2 2 1
and the 3 X 3 matrix with the cross-window W,
h—l,—l h—l,O hf—l,l 1
1| ho— h h 1
el 0,-1 Moo or | _ L 11
S hl,—l hfl,O hl,l 5 1

It can be assumed that the noisy pixel with intensity 10 occurs in the pixel (1, 2) in the image f, and our goal is to
suppress this noise from the image. First, we perform the zero padding of the image

00 0 O OO0 O

021 2 320
f—f=1012 101 20
023 2 210
000 0 0O O

The indexes in the matrix 4 run in both directions from —1 to 1, therefore, one row will be added on the top and
one on the bottom, and one column from the right and one column from the left for the zero-padded image f .

The matrix h is symmetric and does not require the rotation by 180°, that is, the rotated matrix h = h.The value
of the convolution at the first pixel (0, 0) is calculated as shown below,

00 0 000
021 2 320
01210120—>%(2+1+1)=0.8=go,0.
023 2 210
000 0 0O O

The calculation of convolution results in the following image:

';12321 1 147168
121012*51;1:571717186
2 3 2 21 1 6 9 17 6

and if we round this convoluted image, we obtain the image

lg] =

S [
N W =
w W W
— AN
-

Comparing this convoluted image with the image f, one can note that the noise at pixel (1, 2) has been
suppressed.
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(a) image (b) convoluted image

Fig. 12.7 (a) The image and (b) the convolution by the 3 x 3 matrix.

Figure 12.7 shows the “clock” image of size 256 X 256 in part (a) and the convoluted image by the 3 X 3 cross-
window in part (b). The result of the windowed convolution is a smooth or a blur image; at each pixel, the average
of the image together with four neighbors was calculated.

Such convolutions smooth the edges of the image and to see better this effect of blurring, we consider the binary
image of size 512 x 512 that is shown in Fig. 12.8(a). The image convoluted with the 5 X 5 matrix

0 01 0O

1 01110

h=—1]1 1111
13

01110

0 01 0O

is shown in part (b).

24

5 & D)

(a) image (b) convoluted image

i 31 IR 333 -
8

Fig. 12.8 (a) The binary image and (b) the convolution by the 5 x 5 matrix.
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12.6.1 Edges and Contours of Images

The human visual system is very sensitive to gradients. An image gradient is a directional change in the intensity of
the image. Image gradients have been used to create new images with “visualized edges.” Moreover, image gra-
dients are very important (or they are central building blocks) in many graphics, computer vision, robotics, ima-
ging systems, and visual surveillance applications. For instance, gradients can be used for extracting useful
information (structure, feature, and properties of objects) from images [13, 17, 18].

12.6.2 Gradients and Thresholding

The image is considered as a function f, ,,, of the intensity in points (n, m) that are on the Cartesian lattice. The
difference of the image in the horizontal direction can be considered as f,,.1,,» — fun.m and in the vertical direction as
Jnm+1 — fa.m- They are very simple examples of the operations which are called the gradients of the image. Other
operations can also be considered, as well as different directions along which these operations will be performed
[14, 19]. The gradient operations result in differences in the intensity, which may be positive, zero, or negative.
Therefore, when displaying the gradients, these gradients are calculated in the absolute mode. The simple gradient
operations in the horizontal and vertical directions are the following differencing operators, respectively:

Gx:fn,m - Gx(f)n,m :fn +1,m _fn,m’ Gy:fn,m - Gy(f)n,m :fn,m +1 _fn,m (12'37)

The images G(f) and G,( f) are called the horizontal (or row) gradient and the vertical (or column) gradient of the
image, respectively. As an example, Fig. 12.9(a) shows the grayscale image that shows the line at the angle 7/6 to
the vertical that separates two regions with the intensities 200 and 10. The intensity of the line is 50. This image also
has a small rectangle of size 80 X 60 with an intensity of 100 in the middle.

The magnitude of the horizontal gradient, |G,(f)|, is shown in Fig. 12.9(b), and the magnitude of the vertical
gradient, |Gy(f)|, is shown in part (c). One can notice that both gradients extract the points of the line. Two vertical
sides of the rectangle are extracted by the gradient operator G, and the horizontal sides by the gradient operator G,

The sum of the magnitudes of the gradients G,(f) and G,(f) is called the magnitude gradient of the image,
G.(f) = | G )|+ | Gy [f)|- The diagram of the calculation of the magnitude gradient image is given in Fig. 12:16.

Figure 12.11 shows the magnitude gradient of the image in Fig. 12.9(a). This gradient image shows the line and
rectangle in the image. The points of the line look brighter, because of the larger intensity increase which is equal to
200 — 50 =150. The points on the rectangle have a smaller change of intensity. The difference of the intensity in the

50 50 50
100 100 100
150 150 150
200 200 200
250 250 250
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
@ f (b) Gx(f) (©) Gy(f)

Fig. 12.9 (a) The modeled image and (b) the horizontal and (c) the vertical gradients of the image (in absolute scale).

235



236

12 Quaternion Qubit Image Representation (QQIR)

Gradient G, (f) ]
|G ()] + 16y (H]

Gradient G, (f) 4|

Fig. 12.10 The diagram of the calculation of the magnitude gradient image.

\ 4

Gradient G(f)

\ 4

Image

50 50

100 100
150 150

200 200

250 )
50 100 150 200 250 50 100 150 200 250
(a) (b)

Fig. 12.11 (a) The gradient image G(f) and (b) the threshold image.

250

points of the rectangle, that are in the bright area, equals 200 — 100 = 100, and for the points in the dark area, it is
equal to 100 — 10 = 90.

After calculating the gradient image, a threshold T is selected and thresholding of the image is accomplished to
calculate the counterimage, which is the binary image,

L if |G(f)ym| 2T;

) (12.38)
0 otherwise.

fam = (G 1)y = {

Figure 12.12 shows the diagram of the calculation of the counter image. The binary image G(f), after thresh-
olding by T = 1 is shown in Fig. 12.11(b).

Many gradient operators were developed and used in DIP [14]. For example, we consider the following second-
order gradient operators in the horizontal and vertical directions:

Gyzc:fn,m - Gyzc(f)n,m :fn,m—l _an,m +fn,m+1’
G;:fn,m - G;(f)n,m :fn—l,m_zfn,m +fn+1,m'

In the 3 X 3 window, these gradient operators are described by the 3 x 3 matrices (with the scale factors ¥2)

Gradient G (f) > Thresholding |G (f)pm| =T Binary image G(f)r

A\ 4

Fig. 12.12 The thresholding of the gradient image.
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@ f () GZ(f) © G () @ G*(f) (e) G (f)

Fig. 12.13 (a) The “jetplane” image and the second gradient images in (b) the horizontal and (c) the vertical directions. (d) The
magnitude gradient image and (e) the magnitude cross-gradient image.

1 0 0 O 1 0 1 0
=31 =2 1| and [G}]=5]0 =2 o] (12.39)

0 0 O 0 0
It is common to consider the second gradient as the transpose first matrix, [Gﬂ = [ch]/, or [Gﬁ] = — [Gﬁ]/.

The magnitude gradient of the image is the sum of the magnitudes of the gradients, that is, G*(f) = |GZ(f)
+ |G}2, (f)|. As an example, Fig 12.13 shows the “jetplane” image in part (a), the horizontal and vertical second-

order gradients in parts (b) and (c), and the magnitude second gradient in part (d). Adding two matrices in
Eq. 12.39, we obtain the following matrix of the second gradient, which we call the 4-neighbor gradient or the
cross-gradient:

0 1 0
(%] = %([G)ﬂ +[e]) = % 1 -4 1] (12.40)
0 1 0

The corresponding image | G (f) |is called the magnitude cross-gradient image. For the “jetplane” image, such
a gradient image is shown in Fig. 12.13(e).
We also consider the Prewitt 3-level gradient operators which are defined by the matrices

NESCEES [ o-r -
[P=3[1 0 -1 and [Pj]:g o o ol (12.41)
10 -1 1 1 1

Given image f, the gradient images in x- and y-directions are calculated by P2(f) and P; (f), respectively.
As an example, Fig. 12.14 shows the binary image in part (a), and the gradient images P2(f) and Pﬁ (f)in parts (b)
and (c), respectively. One can notice that the gradient in the x-direction removes all horizontal lines from the

image, and the gradient in the y-direction removes all vertical lines from the image.
The magnitude Prewitt gradient of the image is the sum of the magnitudes of the gradients, that is,

P = (1P | + 1B 1)/2

2
The square-root Prewitt gradient image is calculated by P(f) = \/ ( [P2(f)] 24 [Pﬁ f )} ) /2.

237



238

12 Quaternion Qubit Image Representation (QQIR)

A
‘| ] \‘
I

00
Al

(a) image (b) x gradient (c) y gradient

Fig. 12.14 (a) The binary image and (b) the horizontal and (c) the vertical differencing gradient images.

(a) maximum (b) sum (¢) square-root

Fig. 12.15 The Prewitt gradient images: (a) maximum, (b) magnitude, and (c) square root.

Figure 12.15 shows the maximum gradient image P,(f) = rnax{| PXf) |, 1 P3(f) |} in part (a) and gradient

images P?(f) and P(f) in parts (b) and (c), respectively. These gradient operators work well on the above image.

12.7 Convolution Quantum Representation

Let us consider a signal {f,; n = 0: (N— 1)} of length =2', r> 2, and the following mask for the convolution:
M= [1 22 1}. The underlined number shows the position of the center of the mask. The signal can be represented

by r qubits. We may also consider that the signal is periodic, to simplify the calculation of normalizing coefficients
in the quantum representation of signals. The convolution of the signal with this mask is calculated by

yn:(f*M)n :fn—2+2fn—1+2fn +fn+l' (1242)

These components of the convolution at point n can be written into the vector v, = (f,, _ 2, 2fy, _ 1, 2fn, fus1)- We
assume that, for this vector, it is possible with the help of a classical computer to initiate the following superpo-
sition of 2-qubit states:

Vn) = 5 (Fa2100) + 2, ,[01) + 27, [10) + £, 1 [11) (1243)

where the normalized coefficient A, = \/ fa_, +A4fo_, +4f> +f2 . Indeed, we do not need to come up with

complex algorithms and schemes on shifted rows for a quantum computer. A classical computer will always be
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Quantum Computer

n m n
Preparation Processing m
lo(f)) lo(9)) % ()
A P
(rin=1,..} Ho@si=1.)
i w
/ Classical Computer \

Tf =i}

Fig. 12.16 The abstract interaction scheme of the quantum and classical computers.

connected to a quantum computer (see Fig. 12.16), and the task of preparing such data for the classical computer is
not difficult.
For instance, in the N = 8 case, the preparation is described by the sequence v = {vy, V| v, V3 V4, Vs Vg, V), OF

0,0,2f0, /150,20, 2f 1S 2, 0, 2 15 2 2:f 3,015 2 25 2 35f 5[ 25 2 35 2 45 f 5[ 30 2 45 2f 55.f 6 40 2 55 2f 65 75 5, 2 65 2f 7, 0
—_——

n=20 n=1 n=2 n=3 n=4 n=>5 n==6 n=17

(12.44)

If the signal is periodic, then this sequence is composed as

fe6:2f7:2f 0 f 1, [7: 2 0. 21 F 2[00 210 2 2 F 3 [0 22 2 5 Fa Foo 2 50 2 as f o f 50 2 0o 2f 5o S 60 f a0 2f 55 2 60 75 55 2 65 2 20 o,

n=20 n=1 n=2 n=3 n=4 n=>5 n==6 n=7

The data register has increased four times, that is, only two more qubits are required for these data. It is also
possible to prepare the input data in the classical computer as

O 0 fO’fl’ 0 fO’fl’fZ’fO’fl’fZ’fS’fl’f2’f3’f4’f2’f3’f4’f5’f3’f4’f5’f6’f4’f5’f6’f7’f5’f6’f7’
N e ﬁ_/ Ny et Nty et et et st e’ eummemtem e’ ﬁ—/

n=0 n=1 n=2 n=3 n=4 n=>5 n==6 n=17

These two data require different unitary matrices or gates, for subsequent processing.
The (r + 2)-qubit state superposition of all convolution vectors y,, that is, v, is defined as

) = lo(v) Zln [Vn).- (12.45)

This is the right-sided superposition; the left-sided superposition can also be considered. We call this form of
superposition with states of 2-qubits standard. This superposition requires two additional qubits. Now, we process
[v,,) in Eq. 12.43 by the 2-qubit paired transform. The quantum circuit for the 2-qubit DPT is shown in Fig. 12.17.
The bullet on the line denotes the control qubit.

The paired transform of the vector v, at the point n is calculated by [20]

1 0 -1 017 fa-z Jno2—2fy

D 0 1 0 —1||2f,_4 D, P PR P
1 -1 1 -1 2f Jna= 2w+ 20 —Fnia
1 1 1 L frsn foa ¥ 2y +2fn +fnin
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1 QBit A T

Fig. 12.17 The quantum circuit for the 2-qubit QPT.

- Ay
2" QBit A = i[l _1]
2ozl
. . 1 1 11 . . .
The diagonal matrix D, = {—, R } The result of the transform is the 2-qubit superposition
V2 V27272

an)) = €o|00) + ¢1]01) + ¢3[10) + ¢3 | 11)

with the amplitudes: ¢co = (f,_, —2f,)/V2, &1 = (2fn_1—fn+1)/V2, and
G = (fn—z_zfn—l + zfn_fn+1)/2’ €3 = (fn—Z + 2fn—1 + an +fn+l)/2'

The paired transform is unitary. The amplitudes of this superposition are normalized by the coefficient
VET TG =\, 4 AR
Up to the constant 3, the amplitude c; is the value of the convolution, y,, with the mask [1 2 2 1]/6,

fn—Z
fn—l

fn+1

Up to a constant 3/2, the amplitude c; is the value of the convolution which is described by the mask [-12 —21]/
3 and represents the 4-level gradient operator,

1
¢ =3y, o= [1221] (12.46)

1 -2 2 -1] . (12.47)

fn+1

Figure 12.18 shows the circuit element for processing 2-qubit |y,,), by the 2-qubit paired transform. Thus, the
paired transform allows for parallel computing two different convolutions, one of which is the gradient operation.
It should be noted that the above reasoning is applicable to a superposition written in a nonstandard form

&= 3Galf). Gulf) =

W=
=
S

N-1
W)= 5 D 03[ (Fa=al00) + 26, 4[01) + 2£,110) + f, 4 |11),
n=0

where the coefficient C = \/6(]% +f1+ .. +f12\,_1).

2
— | 2qQPT

[vn) lcol00) + ¢;]01) + G, (f)[10) + y,]11)

Fig. 12.18 The circuit element for processing the 2-qubit |v,).
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12.7.1 Gradient Operators and Numerical Simulations

In this section, we describe a few examples with images, to show that the presented above method works well.

Example 12.4 Gradient by Mask 1Xx 3
We consider the quantum representation for the gradient with the mask M = [1 -2 1} /2. The gradient of the

signal, or the convolution of the signal with this mask, is calculated at each point n by
Gu(f) = (f*M), = [fu1 =20 + frs1l/2: (12.48)
This operation can be written as G,,(f) = [(f, — 1 — ) + (fur1 — f)]/2. We define the following 2-qubit state super-

position at the point-state |n):

) = 5 (Fa=a100) =£,01) + 4 1110) =, 111)) (12.49)

and the vector v, = (f, — 2, — fu. fus1, f) - Here, the coefficient A = A(n) = \/ffl_l + 2f2 + %, |. The (r + 2)-qubit

state superposition for the gradient of the signal is considered in standard form, as in Eq. 12.45.
Note that the following superposition also can be used:

W) = W) = & I = & 3 )[(f, 4100) =£,[00) + £y 10) =, 1)

The coefficient C = 2\/(["(2) +f1+ o)

The 4-point discrete paired transform of the amplitudes of [y,) is

1 0 -1 0 fn—l fn—l_fn+1

L I L] 0 . (12.50)
1 -1 1 -1 fn+1 fn—1+2fn+fn+l

1 1 1 1 _fn fn—l_zfn+fn+l

For simplicity of calculations, we omitted the diagonal matrix D, from the matrix of the paired transform. Thus,
the 2-qubit paired transform on the input |v,) is the 2-qubit state superposition

[74(va)) = €o|00) + ¢1]01) + ¢3|10) + 5 | 11) (12.51)

with the following amplitudes of the states: co = f,, -1 —fu+1, 1 =0, =f,—1+ 2f, + fur1,and cs=f,_1—2f, +
fus1- These amplitudes of states should be normalized by the coefficient A = /c3 + ¢3 + c%. The amplitude c; is
the value of the gradient G,(f) at point n,

1 fn—l
ez =c3(n) = Gyu(f) = 5[1 -2 11| f. |- (12.52)
fn +1
Up to factor 4, the amplitude c, equals the convolution of the signal at point n, when the mask is [1 2 1]/4,
1 fn—l
c=c(n) = Z[l 2 1] fa. |- (12.53)
fn +1

As an example, we consider the above operations over each row of the image “jetplane.jpg” of size 512 X 512
pixels in Fig. 12.19(a). The images composed by co(n), cx(n), and c3(n) coefficients are shown in parts (b), (c),
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(d)

Fig. 12.19 (a) The original grayscale image, (b) the co-gradient image, (c) c,-smooth image, and (d) cs-gradient image.

(b)

Fig. 12.20 (a) The “jetplane” image and (b) the simulated measured image with co, ¢2, and cz-images.

and (d), respectively. The images in parts (b) and (d) are gradient images, and, in part (c), the image is smoothed
along the rows.

Next, we can model the process of measurements of all (v + 2) qubits |y) for this image. The probability of meas-
urement of the 2-qubit |y,) in the basis states |00), |10), and |11) are considered according to the coefficients |co|?,
|c|%, and |cs|*. The result of such a simulation on the classical computer is shown in Fig. 12.20 in part (b). The image
was processed by a row of 512 points each. For each row of the image, at each point n € {0, 1, 2, ..., 511}, the value of
the row-signal was taken randomly from the corresponding set of amplitudes {cy(n), c,(n), cs(n)}. The edge points
can be extracted by the threshold operation of the quantum bit sequence.

Example 12.5 Sobel Gradient Operators
We consider the quantum representation of the 5-level Sobel gradient operator with the mask M=[-1-2 02 1]/3.
The gradient of the signal, or the convolution of the signal with this mask, is calculated at each point n by

— [fn—Z +2fn—1_2fn+1_fn+2}
3 .

Gs(n) = (f * M), (12.54)

This operation can be written as the sum of eight terms
Gs(n) = 5z =F) + 2y =) + 26 =Fss) + (Fa=Fos )]
= a2 =F) + 2 =F) =2 =) = G2 =Fo)



12.7 Convolution Quantum Representation

A. We consider the following quantum representation of the 3-qubit for the convolution at point n:

|Vn> = %(fn—2|0> _fn|1> + 2fn—1‘2> _zfn|3> + zfn{4> _an+1|5> +fn|6> _fn+2|7>)'

Here, the coefficient A = \/ffl_z +4f%_ + 10f2 + 4f% . | + [, ,. The corresponding 8D vector is

Vp = (fn—Z’ _fn’zfn—l’ _an’zfn’ _an+l’fn’ _fn+2)/‘

The (r + 3)-qubit state superposition for the gradient of the signal is considered in the standard form.
We can also use the following superposition:

N-1

lw) = é2|n>‘<fn—2|0> —fall) + 2 1[2) = 2ful3) + + 2f,|4) = 2f, 1 1]5) + £4l6) = fu42]7))
n=0

with the coefficient C = \/Zo(fg +fi+ .. +f12\,_1).

The 8-point discrete paired transform, y;, over amplitudes of the 3-qubit |v,) equals

[ fao2 ] [ =2f +fu_ T
_fn _fn+2fn+1
2fna —fut2fns
Zgvn] = 24 2;{" = fn_zzfzﬁfffn : (12.55)
_zfn+1 fn_zfn+1+fn+2
fn Jno ¥ 2+ 6/ +2f i1+ fusn
L —fns2 L faat 2= 21— s

The last four components of the paired transform are the convolutions of the signal with the masks [1 —2 1],
[1-21],[12621],and [-1 —2 0 2 1]. The first four outputs describe the signal plus gradients. Indeed,

Co = _zfn +fn—2= _[fn+(fn_fn—2)]7 a = _fn+2fn+1:fn+1 + (fn+1_fn)’
= _fn+2fn—1:fn—l +(fn—1_fn)! C3 = _zfn+fn+2: _[fn+(fn_fn+2)}'

When the first qubit is in state |1}, the transform coefficients cy, cs, ¢, and c;, or the amplitudes of the new super-
position of states

1
s (vn)), = C—(c4\00> + ¢5|01) + ¢5/10) + c7|11))
1

describe the different convolutions and gradients. Here, the normalizing coefficient C; = /¢ + ¢2 + ¢ + ¢2.
The amplitudes ¢, and cs are the values of the 2-level Sobel gradient

fn—l
(1 =2 1]} fu |,
fn+l

N | =

Gz(n) =
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——=— 3-qQPT

3 QBits |v,) et G,(n—1)]|4) + G,(n + 1)]5)
+C(n)|6) + Gs(n)|7)

Fig. 12.21 The circuit element for processing the superposition |y,,).

which are calculated at two points, (n — 1) and (n + 1), that is,

1 Fnz 1 In
a=-[1 =2 1]|fy| =Gn=1),es=[1 =2 1]|fur | =Ga(n+1). (12.56)
fn Fnia
The amplitude ¢4 describes the convolution of the signal at point n, when the mask is [1 2 6 2 1]/12,
fnz
1 Fna
=Cm=1[1 26 2 1] f, |. (12.57)
fuin
fn +2
The last amplitude c; corresponds to the 5-level Sobel gradient of the signal at point n,
fn-2
1 fna
c7:G5(n):§[1 2 0 =2 =1]| f. |- (12.58)
fnia
fn +2

Figure 12.21 shows the circuit element for processing the 2-qubit |y,,), by the 3-qubit paired transform over the
input 3-qubit |y,). This transform allows for parallel computing three different convolutions, one of which is the 5-
level Sobel gradient transform. The 2-level gradient G, is calculated in two points, (n — 1) and (n + 1).

12.8 Other Gradient Operators

Consider the gradient operator with the mask M = {1 1-41 1} /4. The gradient of the signal f,, at each point n is
calculated by

GS("’) = (f*M)n = [fn—z +fn—1 _4fn +fn+1 +fn+2]/4'
We consider the following quantum representation of the 3-qubit for the convolution at point n:

[vn) = %(fn—2|0> —fall) + fuo1|2) =Fal3) + fr s [4) =FulS) + £ s 216) =£4l7)- (12.59)

Here, the coefficient A = A(n) = \/ [+ i+ 4+ f:, + %, , Therefore, the corresponding 8D vector
at pOiIlt n is defined as Yy = (fn—25 _fm fn— 1 _fn’ fn+1’ _fm fn+25 _fn)l~



12.8 Other Gradient Operators

The 8-point discrete paired transform of the convolution vector v, equals

-fn—2_ i fn—z_fn+l T
_fn 0
fn—l fn—l_fn+2

’ ’ _fn 0

Zs[vn]:)(g f 1 - f —2_f -1 +f 1_f +2
_fn 0
fn+2 fn—2+fn—l+4fn+fn+1+fn+2
-_fn— -fn—2+fn—1_4fn+fn+l+fn+2-

Therefore, the 3-qubit paired transform on the input |v,) is the 3-qubit state superposition

) = 5D el
k=0

with the amplitudes ¢; = ¢; = ¢5 = 0. Other five amplitudes represent a convolution and three gradient operations at
point n,

Sz fno2
1 fn—l 1 fn—l
c4:c4(n):5[1 -1 0 1 =-1]| f, |, c6=c6(n):§[1 1 4 1 1] f. |,
fn+1 fn+l
fn+2 fn+2
fnoz
1 fnoa
c7—c7(n):z[1 1 -4 1 11| f,
fnr
fnia

Thus, the 3-qubit paired transform allows for calculating three gradients and one convolution of the signal,

s(vn)) = l[Co(n)|0> +2(n)[2) + ca(n)|4) + ¢5(n)[6) + c7(n)[7) ]

c

where C = /3 + &+ + 2 + 2.
For the above “jetplane” image processed by rows, Figure 12.22 shows the images composed by co(n), c4(n), cs(n),
and c,(n) coefficients in parts (a), (b), (c), and (d), respectively.

(b) (d)

Fig. 12.22 (a) The co-gradient image, (b) the c4-gradient image, (c) cs-smooth image, and (d) ¢c;-gradient image.
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In this example, we also can model the process of measurements of all (r + 2)
qubits |w) for the “jetplane” image, and consider the probability of measurement
of the 2-qubit |y,) in five basis states |000), |010), |100), |110), and |111) accord-
ing to the coefficients |co|?, |ca|%, |cal? |cs) and |c,|*

The result of such a simulation on the classical computer is shown in
Fig. 12.23. For each row of the image, the values of the row-signal were taken
randomly from the corresponding set of amplitudes {co(n), c,(n), cs(n),
cs(n), c(n)}

Figure 12.24 shows the grayscale image of Leonardo Da Vinci painting “Lady
with Ermine” in part (a) and the result of computer simulation of measurements
Fig. 12.23 The simulated of ql:lbitS |y) along each row of this image i.n part (b). The simil.ar computer sir.n-
measurement of the ulation of measurements for the grayscale image “pepper” of size 512 X 512 pix-
“jetplane” image. els is shown in parts (c) and (d).

It should be noted that in comparison with the method of the convolution by

the fast Fourier transform, which is used in traditional computations, the paired

transform is much faster. It is the core of the DFT [21, 22]. The processing signals and images do not require the
inverse transforms, as in the method of DFT. All images in Figs.12.22-12.24 are results of the direct paired trans-
forms calculated along the rows of these 2D signals. If we imagine that such a realization of the proposed convo-
lution representation would be possible in a quantum computer, then (i) the computation of convolution with
gradients would be very efficient, (ii) quantum computers have the potential to resolve other challenges of com-
puter vision and image processing applications, including multiscale analysis, machine learning, segmentation,
pattern recognition, and coding. The proposed method of representation and computation can be generalized
and used for other unitary transforms used in image and signal processing, including the Hadamard transforms.

12,9 Gradient and Smooth Operators by Multiplication

The operation of multiplication of 2-qubits allows for simple implementation of gradient and convolution opera-
tions with small masks [5]. We consider a few of examples which are based on the following observation. The
multiplication of two quaternions q = q;q, in matrix form is written as (see Eq. 10.3)

Fig. 12.24 (a) The grayscale of [leonardo9.jpg] image of size 744 x 526 pixels (from http://www.abcgallery.com) and (b) the
computer-simulated measured image with co, ¢, C4, Cs, and ¢;-amplitudes. (c) The “pepper” image and (d) the simulated random
image. Source: National Museum / Wikimedia Commons / Public domain.
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12.9 Gradient and Smooth Operators by Multiplication

a ar a — bl —-C - d1 a
b bz b1 a — dl C1 b2
q= — A, _ (12.60)
C) C1 d; a —b C
d d2 d1 —C1 bl a d2

Consider matrices A, that will allow us to calculate the gradients and other convolutions. For example, the

matrix of the quaternion q, = (1, 1,1, — 1) /2 can be considered,

1 -1 -1 1
1 1 1
A, == R det(A, ) = 1.
9, 2 1 -1 1 -1 (Ch)
-1 -1 1 1

The image is considered as a 1D signal composed by rows. As mentioned above, we consider that it is possible to
prepare the input data of the image {f,} as

0, O!fO’fl’ 07f0!f1’f2! fO!fl’f25f3’ fl’f2’f3’f4’ f2’f3’f4’f5’ g f4’f5’f6’f7’ it fN—3’fN—2’fN—1’O'
——— — e N

n=N-1

n=0 n=1 n=2 n=3 n=4 n==6

The following left-sided superposition of the image is considered:

N-1 N-1
WU = & DMl = & DM 1100) + £,101) +,010) + £, 4, ]11)).

n=20

The coefficient C = 2\/(f§ +f1+ i)
The 4-point discrete paired transform at the state |n) is the 2-qubit with the amplitudes calculated by

1 -1 -1 1 fn_z fn—z_fn—l_fn+fn+1
1 1 1 1 fn—l - 1 fn—2 +fn—l +fn+fn+l ) (1261)
2 1 -1 1 -1 fn 2| foca—Tfuoitfu—fusn
-1 -1 1 1 fn+l _fn—Z_fn—1+fn+fn+l
Thus, the 2-qubit paired transform on the input |v,) is the 2-qubit state superposition
lr4(va)) = €o|00) + ¢1]01) + ¢5|10) + ¢ | 11) (12.62)

with the following amplitudes of the states:
1 1
Co = E(fn—Z_fn—l_fn +fn+1)’ G = i(fn—z +fn—1 +fn +fn+1)’

C = %(fn—z_fn—l +fn_fn+1)’ €3 = %(_fn—z_fn—l +fn +fn+1)'

The amplitudes ¢, ¢,, and c; are the values of the gradients at point n, which are defined by masks

1 1 1
Go=5[A-1-11], G=_[1-1+1 ~1], and Gi= [-1-1+1 1.

1
The amplitude c; at point n is twice the mean value, that is, is defined by the mean operator M; = i {1 11 1}.
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Fig. 12.25 The images of the amplitudes (a) ¢o, (b) c1, (€) ¢3, and (d) ¢z for the “jetplane” image.

As an example, Figure 12.25 shows the images of these four coefficients for the “jetplane.tif” image. To display
the gradient images of coefficients ¢, ¢, and c; together with the average image in part (b), the gradient images
were amplified by the coefficient 8.

12.9.1 Challenges

The utilization of quaternion algebra in quantum computing enables the development of operations on 2-qubits
and superpositions, facilitating signal and image processing tasks, including color images. The introduction of qua-
ternion-quantum-based color imaging tools, such as the quaternion Fourier transforms in 2-qubit-based represen-
tations, further enhances the capabilities of color quantum image processing. By combining quaternion technology
with quantum computing, new algorithms can be developed that simultaneously process different image formats
and yield practical color image processing outcomes. Future advancements in this area are promising for revolu-
tionizing color image processing, contributing to advancements in various domains such as visual communica-
tions, multimedia systems, computer vision, and biomedical applications.

While quaternion-based arithmetic in quantum image processing holds great potential, several challenges need
to be addressed for its effective implementation. First, one of the challenges is the development of efficient and
optimized algorithms that can handle the complex computations involved in quaternion-based color image pro-
cessing. As the size and complexity of image data increase, it is crucial to ensure scalability and computational
efficiency to meet real-world applications’ demands. Another challenge lies in integrating quaternion-based arith-
metic with existing image processing frameworks and standards. Achieving interoperability with existing image
processing techniques and tools is essential for the practical adoption and widespread use of quaternion-based
approaches.

Finally, understanding and effectively leveraging the unique properties of quaternion-based arithmetic in quan-
tum image processing requires further research and exploration. Investigating the theoretical foundations, devel-
oping new quaternion-based operations, and studying the performance characteristics and limitations of these
approaches will contribute to optimizing their use in practical applications.
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13

Quantum Neural Networks: Harnessing Quantum Mechanics for
Machine Learning

Quantum neural networks (QNNs) are a burgeoning field that merges the principles of quantum mechanics with
machine learning [1-7]. These models aim to leverage the unique capabilities of quantum computers, such as
superposition, entanglement, and interference, to overcome limitations faced by classical neural networks
(NNs). Developed in the 1950s, NNs are inspired by the human brain’s information processing and problem-
solving abilities. Classical NNs often struggle with limitations

1) Extensive training requirements: Training NNs can be time consuming and data hungry.

2) Noisy or incomplete data: Handling noisy or incomplete datasets can be challenging for classical NNs.

3) Scalability and generalization: Scaling classical NNs to handle high-dimensional data and achieving good
generalization can be difficult.

Quantum machine learning (QML), a promising intersection, has seen significant growth in recent years, fueled
by a rise in impactful research papers. Both QML algorithms and quantum computers share characteristics that
make them a promising match. QML algorithms often produce probabilistic results and contain correlated com-
ponents. Quantum computers inherently provide probabilistic results upon measurement.

Classical machine learning algorithms struggle with the “curse of dimensionality,” where computational com-
plexity grows exponentially with data dimensions. Quantum computers, on the other hand, can perform parallel
computations on superpositions of quantum states, potentially offering exponential speedups for specific tasks.
While not a complete replacement for classical computing, quantum computers have the potential to be powerful
tools within machine learning pipelines [8, 9]. Additionally, quantum computing offers significant speedups for
tasks like factorization, search, and optimization compared to classical computers.

This chapter explores a general method for building NNs inspired by classical architectures on quantum com-
puters. We will delve into the key differences and similarities between quantum and classical NNs and explore the
potential of quantum-classical hybrid approaches. We will also discuss some potential applications and future
trends in the exciting field of QNNs.

13.1 Introduction to Quantum Neural Networks: A New Frontier
in Machine Learning

QNNg, also known as quantum ANNs or quantum circuit learning, represent a burgeoning field at the intersection
of quantum mechanics and machine learning. These models aim to harness the unique power of quantum com-
puting - quantum parallelism, interference, and entanglement - to surpass the capabilities of traditional NNs.

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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Artificial neural network (ANN), also known as NNs or neural nets, is a branch of machine learning and artificial
intelligence (AI) inspired by the human brain’s structure and function. ANNs are composed of interconnected
processing units called artificial neurons, which can perform various operations on the input data and pass the
output to the next layer of neurons. Arranged in layers, these networks leverage machine learning or deep learning
techniques to adjust internal parameters and extract meaningful patterns from data. Quantum computing offers a
compelling alternative. It boasts significant speedups for tasks like factorization, search, and optimization com-
pared to classical computers. Additionally, quantum computing allows for the representation and manipulation
of complex, high-dimensional data like quantum states and operators. ANNs can learn from data and adapt to new
situations, making them powerful tools for solving complex problems in various domains, such as computer vision,
natural language processing (NLP), speech recognition, and robotics. The biological NNs consist of billions of neu-
rons, specialized cells that can receive, process, and transmit signals to other neurons through synapses. The neu-
rons and synapses form a complex network that can store and process information parallel and distribute. The
biological NNs can learn from experience and adapt to changing environments, enabling animals to perform var-
ious cognitive and behavioral tasks. ANNs try to mimic biological NNs by using mathematical models and com-
putational algorithms.

Despite these advantages, directly applying classical NN architectures to quantum problems presents several
challenges. Simulating complex, many-body quantum interactions on classical computers can be computationally
expensive. Furthermore, quantum mechanics relies on linear operations for evolution, leading to probabilistic
observations. This contrasts with the nonlinear activation functions (AFs) used in classical NNs. Consequently,
adapting classical NN architectures to effectively handle quantum data requires innovative approaches that bridge
these fundamental differences. Here, we mention the following.

1) Classical ANNs: mimicking the brain for machine learning: ANNs are a powerful tool in machine learn-
ing, inspired by the structure and function of the human brain. These networks consist of interconnected pro-
cessing units, called artificial neurons, that work together to solve complex problems.

2) Building blocks of ANNSs: artificial neurons: First proposed in the 1950s, ANNs are built upon fundamental
units called artificial neurons. Each neuron performs a simple mathematical operation involving three main
steps: multiplication, summation, and activation.

3) Weighted inputs: Each input to a neuron is multiplied by a corresponding weight (see Fig. 13.1). These
weights represent the strength of the connection between neurons and influence the overall output.

4) Summation: All weighted inputs are often summed together with a bias term. This bias term acts like a con-
stant offset, allowing the neuron to shift its activation range.

5) Activation: The summed value is then passed through an AF, which introduces nonlinearity into the network.
This nonlinearity allows ANNSs to learn complex patterns in data that would not be possible with linear models.

Dendrite Fig. 13.1 Biologic neuron (Dhp1080 / Wikimedia /
Axon terminal  https://en.wikipedia.org/wiki/File:Neuron.svg,
last accessed 17 July 20204 / CC BY 3.0.).
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6) Network structure and learning: ANNs are parallel distributed information processors, meaning informa-
tion is processed simultaneously across many interconnected neurons. These networks learn by adjusting the
weights between neurons based on training data. The goal is to minimize the difference between the network’s
predicted output and the actual desired output. This process of weight adjustment is called learning, and various
algorithms exist to optimize this process.

Applications of ANNs: ANNs are a versatile tool used in a wide range of applications, including:

ANNSs are powerful and versatile computational tools widely applied across numerous domains due to their abil-
ity to learn complex patterns and relationships in data. Below, we will explore some of their key applications,
showcasing their adaptability and impact.

One of the most prominent uses of ANNSs is in image classification and segmentation, where they excel at
identifying objects or regions of interest within images. This capability has revolutionized fields like medical ima-
ging, enabling the detection of tumors, lesions, and other anomalies in radiographs, MRIs, and CT scans. Similarly,
ANNs power advanced vision systems in autonomous driving that recognize pedestrians, traffic signs, road lanes,
and other vehicles, ensuring safe and efficient navigation in dynamic environments.

In speech processing, ANNs have become integral to the functionality of virtual assistants such as Siri, Alexa,
and Google Assistant. They enable these systems to understand spoken commands and respond intelligently. Addi-
tionally, ANNs drive automated transcription services, converting spoken language into written text, which finds
applications in customer service, legal documentation, and accessibility tools for deaf people.

ANNSs are also invaluable in function approximation and regression analysis, where they learn relation-
ships between input and output data to make accurate predictions. In the financial sector, ANNs forecast stock
prices, analyze market trends, and manage risks. In scientific research, they model complex phenomena like cli-
mate change, chemical reactions, or astrophysical events, providing researchers with predictive insights and aiding
decision-making.

Another critical application lies in pattern and sequence recognition. ANNs can identify recurring patterns
in data, such as financial market trends, consumer purchasing behavior, or DNA sequences. In bioinformatics, this
ability aids in decoding genetic information, facilitating advancements in personalized medicine and genetic
research. ANNs analyze market trends and consumer preferences in economics, enabling businesses to make
data-driven strategic decisions.

ANN s are highly effective at filtering and reducing noise, improving the quality of audio recordings, images,
and other data types. In telecommunications, they enhance signal clarity for better communication. In multimedia
applications like photography and video production, ANNs reduce noise and artifacts, producing sharper images
and higher-quality videos.

ANNS’ clustering capability is particularly valuable in customer segmentation, market research, and data
compression. By grouping similar data points, ANNs help businesses develop targeted marketing strategies and
personalize customer experiences. In image compression, they optimize file sizes while preserving visual quality,
making them indispensable in storage and transmission applications.

ANNS play a pivotal role in robotics by enabling robots to learn from their environment and adapt to new tasks.
In manufacturing, ANNs improve robotic efficiency, ensuring precise and reliable operations. Beyond industrial
applications, ANNs empower robots used in exploration — whether on space missions or deep-sea research - help-
ing them navigate uncharted territories and perform complex tasks autonomously. This contributes to expanding
human knowledge and capability in challenging environments.

ANNSs transform healthcare through early disease detection, diagnosis, and treatment planning. For example,
ANNE assist in identifying diseases like cancer, diabetes, and cardiovascular conditions by analyzing medical ima-
ging, patient data, and genomic information. Additionally, they power personalized treatment recommendations
and drug discovery by analyzing large datasets of patient responses and molecular structures.
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In NLP, ANNs drive cutting-edge applications like ChatGPT, an advanced conversational AI model. ChatGPT
is based on transformer architectures and leverages NNs to generate human-like text, making it highly effective for:

o Customer support: Automating responses, reducing wait times, and improving user experience.

o Content creation: Assisting in writing, editing, brainstorming ideas, and generating summaries.

o Education: Answering questions, explaining concepts, and providing tutoring assistance.

o Programming: Debugging code, providing examples, and explaining programming concepts.

o Healthcare: Offering preliminary guidance, scheduling appointments, and assisting with symptom analysis.

Other NLP applications powered by ANNs include machine translation, sentiment analysis, text summa-
rization, and speech-to-text systems. ChatGPT and similar models have transformed how businesses interact
with customers and how individuals engage with technology, enhancing productivity and accessibility.

In cybersecurity, ANNs are applied for anomaly detection, malware identification, and intrusion detection sys-
tems. They help identify suspicious activity, predict security threats, and enhance data protection. ANNs also improve
fraud detection in banking and e-commerce by analyzing transaction patterns and identifying irregularities.

Gaming and entertainment have also benefited from ANNs, which create realistic characters, simulate phys-
ics-based interactions, and improve graphics rendering. ANNs enhance player experiences by powering adaptive
game mechanics and personalized difficulty adjustments based on player behavior.

ANNSs contribute significantly to energy management by optimizing power grids, predicting energy consump-
tion patterns, and improving the efficiency of renewable energy systems. In solar and wind energy, ANNs help
forecast energy generation based on weather conditions, ensuring better grid stability and resource management.

ANNSs optimize route planning, traffic flow analysis, and supply chain management in transportation and logis-
tics. Predicting traffic congestion and dynamically adjusting routes help reduce delivery times and fuel consump-
tion. Additionally, ANNs are instrumental in fleet management and warehouse optimization, enhancing overall
efficiency in logistics operations.

In education, ANNs support personalized learning platforms that adapt to individual student needs. They ana-
lyze student performance data to tailor learning materials, recommend resources, and identify improvement areas,
making education more accessible and effective.

13.2 McCulloch-Pitts Processing Element

The artificial neurons are the key element or processing units (PN) of NNs that compute a weighted sum of their
inputs and send the result through a nonlinear AF. The diagram of a biological neuron is shown in Fig. 13.1. The
neuron contains a cell body that processes a signal receiving through the dendrite (a branch of a tree) connected to
other neurons or from the environment. The neuron has also a single axon, from where the processed signal is
transmitted to other neurons.

Figure 13.2 shows the model of an artificial neuron. A neuron receives the input x = (xy, x,, X3, ..., X,), 1> 2,each
input component x; with its weight w;, j = 0: n. The vector parameter of the neuron w = (wy, w5, ..., w,,). The neuron
sums them up

s=wx"—b= > wpx;—b (13.1)
ji=1

and adds a bias b which makes the neuron more effective. This shift of the weighted sum can be included in the
sum, by adding the input x, = — 1 with weight w, = b. The AF F(s) processing the neuron’s output using the
weighted, that is, the output y of the neuron, is

y=F(s) = F(i wix;j — b) = F(i wjx]) . (13.2)
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Fig. 13.2 Deterministic model of the artificial neuron (a) with n inputs and (b) with n+1 inputs.

The AF can be a step function, linear function, logistic sigmoid, or tanh function, which introduces nonlinearity
into a neuron’s behavior and maps the resulting output values into either the interval [—1, 1] or [0, 1]. The AFs
commonly used in many ANNSs are the following:

1) Threshold function: Binary step function is a threshold-based AF that occurs after a specific threshold neuron
is activated and below the threshold neuron is deactivated. The function is defined by

1, s> 0; { 1, s>0

F(s):sign(s):{O s<o F(s) = 1 s<o0

These two functions are shown in Fig. 13.3 in part (a). The binary step function is a binary classifier, where
the decision function is the AF.

2) Linear function defined as (see Fig. 13.3 in part (b)),

1, s> 0.5;
F(s)=<¢ s+0.5 se€[—-0.50.5]; (13.3)

0, s< —0.5.

1 1 1 1 1
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Fig. 13.3 Activation functions: (a) the threshold functions, (b) the linear, (c) logistic, and (d) rectified liner unit functions.
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3) Logistic (sigmoid) function serves to transform an input into an output confined within the range of 0 to 1,

_ 1
T l4es’

F(s) (13.4)

where the coefficient c > 0 defines the width of the function along the s-axis. In Fig. 13.3, this function is shown
for coefficients ¢ = 2 and 4 in part (c). The sigmoid AF is particularly useful in classification tasks, as its output
can be interpreted as a probability. Smooth and monotonic activation curves of the sigmoid function in com-
bination with its everywhere differentiability facilitate the application of optimization techniques. Often
employed in single-layer perceptron, the sigmoid AF models the activation of logistic units in NNs, particularly
those with only one layer.

4) Rectified linear unit function (ReLU) is the most widely used AF in contemporary NNs. Defined as F(s) =
max (0, s), ReLU is a piecewise linear function that efficiently thresholds real-valued numbers at
zero (see Fig. 13.3 part [d]). Its advantages include less computationally expensive operations and fast
computation of both activation and derivatives. However, noting a discontinuity in the derivative at x = 0
is essential.

5) Softmax function emerges as the preferred choice for multiclass classification tasks, where probabilities for each
class are computed, and the class with the highest probability is designated as the prediction. Mathematically
expressed as

en exx
ZIIC(:IeXk o ZIIC{: leXk

g(x) = softmax(x) = (13.5)

Here, x; are the real values of the input vector x = (x;, X, ..., Xg) on the last layer of the network. K is the
number of classes in the multiclass classifier e;.

The softmax function applies the standard exponential function to each element of the input vector. The denom-
inator ensures normalization, guaranteeing that the output values form a valid probability distribution by sum-
ming to 1. Typically added as the last layer in NNs, the softmax AF aids in determining the most probable
output among multiple classes. Its application is instrumental in converting network outputs into interpretable
probability distributions, crucial for decision-making in multiclass scenarios.

Figure 13.4 shows the scheme of choosing the AF for the output layer of an ANN for different applications.

Application type

Classification Prediction

e N T

Binary Multilabel Multiclass
classification classification classification

v . v A"

Sigmoid and step activation Softmax activation Linear activation
functions function function

Fig. 13.4 AF suggestion for the ANN layers, depending on the application.
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The main task when working with a NN is the selection of weights wj, j = 0, 1, ..., n. There are different rules for
training a NN. For example, we consider the simplest model of the network with one layer with one output layer
and linear AF. It is so-called adaptive liner element (ADALINE). We consider the well-known delta rule which is a
gradient descent learning rule for updating the weights. The training starts by initializing the weights randomly.
Then, on each step ¢ of training, the weight will be renewed, w; ; — w1 ;. Depending on the task, a training
sample with a set of input and output data is selected, X = {x;; t = 1: L}and D = {d; t = 1: L}, respectively. The inputs
x; are the n-D vectors (x;q, X1, ..., X;,). For each pair (x;, d;) from the training sample, the mean-square error
function (the loss function) is calculated

E(t) = %(yt_dt)z = % (F (im,m,;) —dt> : (13.6)

The training is based on the gradient descent method in the space of weights, and its training scheme is shown
in Fig. 13.5. The process continues L; < L times until the error E(t) decreases to the desired minimum error value
€ > 0.If the condition E(f) < e is met, this network is considered trained and the weights w; = wy, jwill be saved and
used for this NN. It is clear that it is desirable to have a large training sample when working with such application,
as image recognition.

The artificial neurons (perceptron) learning algorithm with a given learning rate, a € (0, 1), work as follows [10]:

Step-1: The weights w; = wy(0), j = 0: n, are initialized to small random numbers.
Step-2: The pattern vectors x, = (X, X1, --., X ) are alternately fed to the perceptron, and the rule in Eq. 13.2
produces the output y,. The weights are updated according to the rule

wi(t + 1) = wj(t) + ax,;(y; —d;), b(t+1)=b(t)—a(y,—d), (13.7)

where t is the discrete time, and d, is the desired output for training.
Step-3: The mean-square error function E(f) is calculated. If E(t) > &, go to Step 2, otherwise training stops and
weighted coefficients are saved as w; = wi(t+1),j = 1: n.
The learning rate can be calculated by a = a(t) = 1/(1 + ||x||). In some work, it is considered a = 0.0005 [11].

@ Random initialization of weights
wi(t)

w; = w;(0),j = 0:n.

@ wa(t) Axon @
0<ax<l1
n
: F Z wi(®)xe | —» Yt ini iohts
: W ( j=0 5 () t,1> Training of weights
T wi(t +1) = w;(t) — ax, j(ye — de)
Neuron body
wy, (t) dy b(t+1) =b®) —aly: dy)
b(t) t=012,..,L—1.
Weights
clents Training set of inputs X = {x;;t = 1,2,..., L}
The k-thinput x; = (—1, X1, X¢ 2, o » Xt,1) and outputs D = {d;; t = 1,2, ..., L}.

Fig. 13.5 The scheme of training the ADALINE.
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13.3 Building Blocks: Layers and Architectures

Artificial neurons are the building blocks of ANNs. Let us explore how these neurons are organized to create func-
tional networks. ANNs are structured into layers, where each layer contains groups of interconnected neurons
performing similar operations. The simplest type of ANN is a single-layer network. It consists of just one layer
of neurons directly receiving input data and producing an output. While these networks can handle basic tasks
like linear regression or binary classification (predicting yes or no outcomes), they struggle with more complex
problems that involve nonlinear relationships or require identifying multiple categories (multiclass classification).

To overcome this limitation, multilayer networks were introduced. These networks contain two or more layers of
neurons, with the hidden layers being the key to unlocking greater capabilities. Hidden layers sit between the input
and output layers, allowing the network to learn complex, nonlinear patterns in the data. Information flows from
the input layer through the hidden layers, where it is progressively transformed and combined. Each hidden layer
can have a different number of neurons, and stacking multiple hidden layers allows the network to extract increas-
ingly intricate features from the data. This is what empowers multilayer networks to tackle complex tasks like
image recognition or natural language processing. Networks with more than three hidden layers are often referred
to as deep NNs. Deep learning architectures leverage the power of these hidden layers to achieve remarkable
results in various fields. A multilayer network can perform more complex tasks, such as image recognition or nat-
ural language understanding, by extracting and combining features from the input data.

Example 13.1 Visualizing a Multi-layer Network
Let us take a closer look at a specific network architecture to understand how layers work together. Figure 13.6
depicts a 2-layer network with two outputs. This network has:

1) Input layer: Receives source data into the network. The number of neurons in this layer depends on the data
format (for example, the number of pixels in an image).

2) Hidden layers (2 in this example): These layers are where the real “magic” happens. Each neuron in a hid-
den layer receives weighted inputs from the previous layer (either the input layer or another hidden layer).
These weighted inputs are then processed by an AF, introducing nonlinearity, and allowing the network to
learn complex relationships in the data. The number of neurons in hidden layers can significantly impact

I

ki

[

s
Vap®

Input layer Hidden layers ' Output layer

Fig. 13.6 Example of a three-layer network structure with two outputs of a feedforward ANN.
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the network’s capabilities. Too few neurons may limit its ability to learn complex patterns, while too many can
lead to overfitting (poor performance on unseen data).

3) Output layer: Contains neurons that produce the results of the network. The number of neurons here depends
on the task. For example, a network performing image classification might have one neuron per class it can
identify.

As mentioned above, hidden layers are crucial for tackling complex tasks. Here is why:

a) Modeling nonlinear relationships: Real-world data often exhibits nonlinear relationships. Hidden layers,
with their AFs, allow the network to model these nonlinearities, enabling it to learn intricate patterns that
would not be possible with simpler linear models.

b) Feature extraction: Hidden layers can progressively extract and combine features from the data as it flows
through the network. Imagine hidden layers acting like filters gradually refines the information to uncover
the underlying patterns relevant to the task at hand. This feature of extraction capability is what empowers
networks to excel in tasks like image recognition or natural language processing.

¢) Choosing network architecture: The number of neurons in the input and output layers is determined by the
specific problem to be solved. The input layer needs enough neurons to represent the data, while the output
layer needs enough neurons to represent the possible outputs.

Let the input x be N-dimensional, y be the L-dimensional output (we can assume L = N), and M be the number
of hidden layers. Assume that the single hidden layer number m in the network has K neurons. Each neuron in
this layer is with N; inputs, that is, the input vector is x = (x1,X2,...,Xn,), and N; outputs, or the vector
y= (yl, Y25 VN, ) This processed unit can be described as FwxT — by), k = 1: K. Here, wy is the vector of weights
and by is the corresponding bias. Then, calculations in the hidden layer can be described as input for the next
hidden layer,

Xnew = (F(wix" —by), F(wyx" —b,), ..., F(wgx" — by)). (13.8)

This operation in the matrix form can be written as X, = F(W,x" —b,,), where W,, is the matrix Kx N;
composed by rows wy, k = 1: K, and b, is a bias vector (b;, by, ..., bx). Considering elementwise operation of
the nonlinear function F to the vector input, the above equation can be written as

Xnew = F((wix" = by), (wox" = by), ..., (wgx" —bg)) = F(Wyx" —by,).
This can be generalized to a NN with M hidden layers as:

y=N(x) =Wy ~F<WM_1 : F(WM_2 o F(Wy - xT - bl)T)T...)T — by (13.9)

13.4 Artificial Neural Network Architectures: From Simple to Complex

ANNs come in various architectures, each tailored for specific tasks. Here is a breakdown of some key types:

1) Fully connected layers (FCLs): In an FCL, every neuron in one layer connects to every neuron in the sub-
sequent layer. This creates a dense network of connections for information exchange. FCLs are commonly used
as building blocks in various ANN architectures. As an example. Figure 13.7 shows a four-layer fully connected

network structure with a set of weights W, = {wjl.’k;j, k=1n}1=1,2,3.
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Fig. 13.7 The structure of a four-layer fully connected network.

2)

3)

4)

5)

Deep learning (a multilayered approach): Deep learning refers to ANNs with more than three layers [2].

These deeper architectures allow for more complex feature extraction and learning, particularly beneficial for

tackling intricate problems.

Multilayer perceptrons (MLPs): Stacking layers for learning. MLPs are feedforward networks with multiple

hidden layers stacked between the input and output layers. Each layer in an MLP uses AFs like ReLU to

introduce nonlinearity, enabling the network to learn complex patterns. MLPs excel at building mapping

models, f:x—y and learning relationships between inputs and desired outputs. However, training them

can be slow, and they may require substantial data.

Feedforward networks, the workhorses of ANNs: Feedforward networks represent the most common

ANN architecture. Information flows unidirectionally, from the input layer through hidden layers (if present)

to the output layer. These networks are well suited for supervised learning tasks like classification or regression.

Feedforward networks encompass various sub-architectures, including:

a) Fully connected networks (discussed earlier);

b) CNNs: Specialized for image and video recognition tasks, leveraging filters to extract features;

c) Radial basis function networks (RBFNSs): Often used for function approximation or regression
problems.

Recurrent networks: remembering the past for sequential data: Unlike feedforward networks, recurrent

networks have feedback loops. Information can flow not just forward but also backward, allowing the network

to consider past inputs when processing new information. This makes them ideal for sequential data like time

series or natural language, where understanding the context of previous elements is crucial. Recurrent net-

works are used in tasks like:

a) Unsupervised learning (e.g., clustering and anomaly detection)

b) Supervised learning (e.g., sequence prediction)

Common recurrent network architectures include:

a) Simple recurrent networks (SRNs)

b) Long short-term memory (LSTM) networks: Particularly adept at handling long-term dependencies
in data.

c) Gated recurrent unit (GRU) networks: Another variant for processing sequential data.

d) Graph recurrent neural networks (GNNs): Designed for data structured as graphs, where nodes represent
entities and edges represent relationships between them.
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6) Self-organizing networks (learning without a teacher): Self-organizing networks (SONs) exhibit unsuper-
vised learning behavior. They can learn from unlabeled or unstructured data without explicit guidance. This
makes them suitable for tasks like:

o Dimensionality reduction: Compressing high-dimensional data into a lower-dimensional space while pre-
serving essential information.

o Feature extraction: Identifying key characteristics within the data.

o Data visualization: Creating visual representations of complex data for easier interpretation.

Examples of SON architectures include: (i) Kohonen networks, (ii) Hopfield networks, and (iii) Boltzmann
machines.

By understanding these different architectures, we can gain a deeper appreciation for the versatility and power
of ANNS.

13.5 Key Properties and Operations of Artificial Neural Networks

1) Learning from examples: ANNs can learn from both labeled (with known outputs) and unlabeled data by
adjusting connection weights through learning algorithms. These algorithms can be supervised (guided by a
desired output) or unsupervised (learning from data patterns). They can also update weights after each example
(online learning) or after processing batches of data (batch learning).

2) Adaptability: ANNs can adapt to new situations by modifying weights based on feedback (external or internal
error signals). This adaptability improves their ability to generalize to unseen data, handle noise, and perform
well in dynamic environments.

3) Nonlinearity: ANNs introduce nonlinearity using AFs. This complexity allows them to model intricate rela-
tionships and capture higher-order features within the data, leading to a more expressive and flexible network.

4) Fault tolerance: Parallel and distributed processing, along with redundancy, contribute to fault tolerance in
ANNS. This parallelism improves efficiency and allows for handling large datasets. Redundancy enhances reli-
ability by enabling the network to recover from failures or errors.

The main challenges and limitations of ANNs are:

a) ANNSs can be difficult to interpret or explain, due to their black-box or opaque nature. ANNs are often criticized

for being opaque or “black boxes.” It can be difficult to understand how they arrive at their decisions, what

features they learn from the data, or how they internally process information. This lack of interpretability

can be problematic in sensitive applications like healthcare or finance, where understanding the reasoning

behind decisions is crucial for trust and accountability.

Training large and complex ANNs often requires significant computational resources and memory. This can

hinder their application on large datasets or in real-time scenarios with limited resources, such as on mobile

devices, edge computing, or Internet of Things (IoT) applications.

¢) The high flexibility of ANNs can lead to two pitfalls: overfitting and underfitting. Overfitting occurs when
the network memorizes the training data too well, losing its ability to generalize to unseen data. Conversely,
underfitting happens when the network fails to capture essential patterns from the data, resulting in poor
performance. Both scenarios can significantly impact the validity and reliability of the model, especially when
dealing with noisy or incomplete data.

b

—
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Researchers are actively addressing these limitations, paving the way for a more robust and interpretable future.

The current and future trends and developments in ANNs are:

a)

b)

c)

to

Explainable neural networks: This area focuses on developing networks that can provide explanations for
their outputs. Techniques like visualization, attribution methods, and model decomposition are being explored
to bring transparency and interpretability to the decision-making process of these complex models. Explainable
models can foster trust in ANNS, aid in debugging and improvement, and even lead to discoveries from the data.
Federated learning: privacy-preserving collaboration: Federated learning offers a groundbreaking
approach to machine learning. It allows multiple devices to collaboratively train a shared model, all while keep-
ing the data private on each device. This method is particularly valuable in scenarios where data privacy is
critical. Traditional machine learning often aggregates data from various sources into a central location for
training. This approach raises privacy concerns, as it involves collecting and storing sensitive user information
on a central server. Federated learning tackles this issue by enabling model training directly on user devices.
The key benefit is that sensitive data never leaves the devices. This significantly reduces privacy risks associated
with centralized data storage. Additionally, federated learning circumvents the need to transfer large datasets,
reducing network strain and computational demands. By leveraging the distributed processing power of parti-
cipating devices, this approach not only safeguards user privacy but also fosters a more efficient learning
process.

Generative adversarial networks (GANs): Creating new from existing: GANs are fascinating ANNs capable
of generating entirely new and realistic data based on existing datasets. Imagine creating photorealistic images
of people who do not exist or landscapes from entirely new worlds - that is the power of GANSs.

GANs work as follows. Two NNs in a duel: GANs consist of two NNs locked in an adversarial competition.

Generator: This network acts like a creative artist, continuously striving to produce novel, realistic data that
resembles the training data.

Discriminator: This network plays the role of a critical art expert, meticulously examining the generated data
and attempting to distinguish it from real data.

A continuous learning process: Through this ongoing competition, both networks progressively improve. The
generator gets better at crafting realistic forgeries, while the discriminator hones its ability to detect them. Over
time, this adversarial training allows the generator to produce increasingly convincing and high-quality data.

Applications of GANs:

Creating realistic images: From generating new artistic styles to editing existing photos, GANs are pushing the
boundaries of image creation.

Augmenting datasets: In situations where real-world data is scarce, GANs can be used to generate synthetic
data to supplement training datasets.

Developing new materials: Researchers are exploring GANs to design and discover new materials with
desired properties.

GANs are a rapidly evolving field with immense potential. As these networks continue to develop, they promise
revolutionize various creative and scientific domains.

13.5.1 Reinforcement Learning: Learning Through Trial and Reward

Reinforcement learning is a powerful branch of machine learning where agents learn to make optimal decisions
through a feedback mechanism of rewards and penalties. Imagine an agent interacting with an environment, act-
ing, and receiving feedback in the form of rewards for good choices and penalties for bad ones. This iterative
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process allows the agent to learn what actions lead to the most rewards over time, enabling it to adapt and perform
well within a specific context.
Reinforcement learning has demonstrably versatile applications across various fields, including:

1) Robotics: Robots can leverage reinforcement learning to navigate complex environments, perform intricate
tasks, and optimize their movements for efficiency.

2) Video games: Al game characters can be trained using reinforcement learning to exhibit strategic decision-
making and human-like playing styles.

3) Finance: Reinforcement learning algorithms can be used to develop trading strategies that adapt to market
fluctuations and aim to maximize returns.

4) Healthcare: Researchers are exploring reinforcement learning for drug discovery and optimizing treatment
protocols based on patient responses.

Example 13.2 A Case Study: DeepMind’s AlphaGo

A remarkable example of reinforcement learning’s capabilities is DeepMind’s AlphaGo program. By playing count-
less games against itself, AlphaGo learned from its experiences, refining its strategies and decision-making through
trial and error. This ability to learn autonomously, guided by the principles of reinforcement learning, allowed
AlphaGo to achieve superhuman performance in the complex game of Go, defeating some of the world’s best
human players.

The Power of Learning Through Interaction: A key strength of reinforcement learning lies in its ability for agents
to learn from interacting with an environment. This makes it particularly valuable in situations where explicitly
programming every possible scenario is impractical or infeasible. As a result, reinforcement learning remains a
vibrant area of research and development, pushing the boundaries of AI by enabling machines to acquire complex
behaviors through self-exploration and experience.

13.6 Quantum Neural Networks: A Computational Model Inspired
by Quantum Mechanics

QNNs, also known as quantum nets, are a branch of machine learning and AI that are inspired by the principles of
quantum mechanics. QNNs are composed of interconnected processing units called quantum neurons, which can
perform various operations on the input data and pass the output to the next layer of quantum neurons (see
Fig. 13.8 in part (b)). QNNs can learn from data and adapt to new situations, making them powerful tools for sol-
ving complex problems in various domains, such as computer vision, natural language processing, speech recog-
nition, and robotics. The QNN combines the neuron structure with a quantum circuit.

Typically, the input vector data x is encoded component-wise into angles. For example, we consider the encoding

Xj— mkin {xx}

Xj—>9j:2 j:O:(I’l—l). (13.10)

g max {xi}— mkin {xk}’

Therefore, the qubits can be composed by |x;) = cos(6;) | 0) + sin(6;) | 1). Then, the following (n 4 1)-qubit input
superposition is considered:

| p(x)) = ni | x;) | j) = cos(6;)]0) + sin(6;)|1)
j=0
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Input and weights Activation function Input states and rotation gates (x; — 6;)
Xg —» Wi |xo) —» R(8y) —
X, —» W1 - [x1) —» R(6) —
: F Z wix;—b | |—» :
Xp_g — P Wn- 1/ J=0 [%n—2) —» R(6n—2)
Xp—1— P Wn [Xn-1) —» R(6n_1) >y
(a) Rosenblatt perceptron ®»

Fig. 13.8 (a) Conventionnel artificial neuron structure and (b) the quantum neuron structure [12].

or n-qubit superposition

n—1

| o1 (x ij 1)

In Fig. 13.8 in part (b), R(¢;), j = 0: (n — 1) are rotation gates with encoded angles and all n qubits are rotated
separately. A multi-qubit CNOT gate is used to read the output of the last qubit. What we can notice from this
model of the quantum neuron is the absence of the weights in which the classical neuron uses in its body. Another
structure of processing the input qubits is given in Fig. 13.9, for the 4-qubits. Here, too, at first all the qubits rotate
separately. There is no quantum superposition here as such. At this stage, there is no connection between the
qubits; they need to be entangled. The controlled parameterized rotation gates R(¢;), j = 0: 3, are added (instead
of the controlled NOT gates) for the entanglement. The degree of entanglement is controlled by the parameters
¢ = {¢;; j = 0:3}. Thus, instead of the summation s = xgwg + ... + x3w; in the neuron, the entanglement is used.
This quantum circuit is shown to provide higher accuracy of image classification and is considered as an example
of a perceptron with nonlinearity [11].

In general, the quantum perceptron model is shown in Fig. 13.10. Processing of the input superposition is carried
out by a selected and pre-prepared parameterized or random quantum circuit (or a template), which is also called
Ansatz. The parameters of this circuit are optimized using classical or quantum techniques. Such a circuit may
contain multiple cores (or filters), and they may be so complex that the calculations may not be reproducible

Qbit 1 E Ry(6)) i E T Ry (o) f
N Y % Ry($1) ?
Qbit 3 % Ry (6,) ; i Ry(¢2) ? ;
Qbit4 — Ry(83) : Ry(¢3) H—?

Rotation of single qubits Entanglement

Fig. 13.9 The quantum circuit for 4-qubit filter in a quantum perceptron.
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Fig. 13.10 Quantum-classical model of the perceptron with multi-CNOT gate on the ancilla qubit.

by classical computers. The required input superposition can be accomplished by the unitary DsiHT [13], as dis-
cussed in Section 6.1.2. The result, the quantum superposition |p(y)) = U, ¢) | ¢(x)), written in an additional zero
qubit (ancilla), will be measured and evaluated by a classical computer to further optimize the model parameters,
¢. Other gates than CNOT can also be used on the ancilla qubit.

Let us assume the number of inputs equals n = 2", r > 1. The sum s = xowg + ... + X,, _ ;W,, _ in the neuron can be
presented by the quantum superposition

| o)) = (Xowo + X1W1 + oo + Xp_1Wy—1) | 0) + -+ + - | ). (13.11)

Indeed, let us consider the DsiHT generated by the vector w' = (wo, Wy, ... w,, _1)'. The (1 X n) matrix H,, of this
transform is unitary with the first row composed by the weighting coefficients wy. Then the multiplication

Wo wp -+ Wp Xo Xowp + X1Wy + ... + X 1Wy

X1

Xn-1
= (XoWo + X3W1 + ce. + X Wy—1) | O) + - [ 1) + -+ - | n=1).

It is assumed that both vectors of inputs and weights are normalized. Figure 13.11 illustrates the model of the
perceptron, by using the DsiHT with an activation operator. The addition qubit (ancilla qubit) is added to measure
the weighted sum s.

In general, the quantum perceptron model is shown in Fig. 13.12.

Unitary matrices other than DsiHT can also be considered (see, e.g., [14]) in the above model.

Example 13.3 Artificial Neuron with Two 2-Qubit QsiHTs
Consider the n = 4 case with the vector of weights w = (wg, wy, w,, w3) = (0.2, 0.3, 0.1, 0.4). Let the input vector be
x = (xp,Xx1,%2,%3) = (1,2,4,5)/1/46 with the 2-qubit superposition

1

| o(x)) = —3(|0> +2[1) +4[2) +5[3)).

o

The normalized vector of weights w = (0.3651, 0.5477, 0.1826, 0.7303). The sum s = (x, w) = (xoWq + X;W; + X,W,
+X3W3) = 0.8614.
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Fig. 13.11 (a) Conventionnel artificial neuron structure and (b) the quantum neurone structure.
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Fig. 13.12 Quantum-classical model of the perceptron with multi-CNOT gate on the ancilla qubit.
The generated by the vector w DsiHT with the strong wheel carriage [15] is
0.3651 0.5477 0.1826 0.7303 2 3 1 4
—0.9309 0.2148 0.0716 0.2864 —13 3 1 4
Hy = =DH,,;=D
0 —0.8086 0.1427 0.5708 0 —5.6667 1 4
0 0 —0.9701 0.2425 0 0 —-16 4

where the diagonal matrix D = diag {0.1826, 0.0716, 0.1427, 0.0606}. Then,

1 0.8614
1 |2 0.1795
Hy| ¢(x)) = Hy——= = =5/ 0) + 0.1795|1) + 0.2665|2) —0.39343).
V46 | 4 0.2665
5 —0.3934

Pk
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This matrix is composed of three rotations by angles { —1.1970, — 0.9418, — 1.3258}, or in degrees {J;, 9,
93} = {—68.5833°, — 53.9601°, — 75.9638°},

cosd; —sind; 0 O 1 0 0 0 1 0 0 0
sin 93 cosd; 0 0|0 cosd —sind Of|0 1 0 0
w= . . (13.12)
0 0 1 0 0 sind, cosd, O 0 0 cosd; —sind
0 0 0 1 0 0 0 1 0 0 sin% cos 9
93 = —68.5833° 8, = —53.9601° 91 = —75.9638°

The quantum circuit for this DsiHT with three rotation gates is given in Fig. 13.13. Two permutations P, =
(0, 3,2,1)and P, = (0,1,2,3) are used and the transform is described by

Hw = (R,93@Iz)Pz(Iz@R&z)Pg(Iz@Rsl). (1313)
—_—

The initialization of the input vector x can be accomplished by the inverse DsiHT generated by this vector with
the matrix

0.1474 0.2949 0.5898 0.7372 1 2 4 5
—0.9891 0.0440 0.0879 0.1099 —45 2 4 5
H, = =DHy.;=D
0 —0.9545 0.1862 0.2328 ’ 0 —20.5 4 5
0 0 —0.7809 0.6247 0 0 —-6.25 5

where the diagonal matrix D = diag{0.1474, 0.0220, 0.0466, 0.1249}. One can notice that as for the matrix H,.;,
the first row and the main diagonal of the above matrix H,.; are the not normalized vector x = (X, X1, X2, X3) =
(1, 2, 4, 5). The graphs of the functions vi(n) which are the rows of this matrix are shown in Fig. 13.14. One

T@TQT

1 V 2 | 3

. 1 _‘_\__.\_

4 3 2 1 0 4 3 2 1 0 4 3 2 1 0 4 3 2 1 0
(a) (5,-6.25,0,0) (b) (5,4,-20.5,0) (c) (5,4,2,-45) (d) (5.4,2,1)

Fig. 13.14 Four row-waves of the matrix Hy.;: (a) v4(n), (b) vs(n), (c) v2(n), and (d) v4(n). ALl waves are drawn in reverse
time order.
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can notice the wave motion, when the two piece-wise function the wave becomes 3, and 4 piece-wise waves, and
finally the wave x. The motion of waves can be described by this diagram:

n 3 2 1 0
V3 5 —6.25 0 0
vy Ap: 0 10.25 -—20.5 0
v Ay 0 + 225 —45
Vo Az 0 0 + 46

This diagram shows, for instance, that the wave v, =v; + A, =[5, — 6.5,0,0] + [0, 10.25, — 20.5, 0] =[5, 4, — 20.5, 0]
(written from the right to left). At the end of the movement, there is a strong splash in the wave v;(n), which is equal
to the signal energy A; = 46 = ||x||>. The wave became the generatrix of the transform; v, = v; + A; = x. A detailed
description of the motion of the DsiHT transform basis functions can be found in [16].

The input signal is calculated as H. ,f (1,0,0, O)’ = x, or in terms of superpositions as
: 2
[29)
| o) = > xil k) = Hy (] 0)*?). (13.14)
k=0

Three angles of rotations in the DsiHT, H,, are
{h1,h, 3} = { —81.5213°, —72.6539°, — 51.3402°}.
The transpose matrix H. = H; ' can be described by the rotations as follows:

H. = (R_y,8L)Py(1®R_y,)Py(LLER_,,). (13.15)
N e’

Thus, with two DsiHTs, the input superposition |¢(x)) is initiated by the transform H] and then a new 2-qubit
superposition |p(y)) is calculated and measured. The probability of this superposition to be at state |00) equals to

Pr(M|p(y)) = [00) ) = (00 |p(¥))|*> = | Xowo + X1w1 + X;w, + xsws|* = |s|* = 0.8614%.

The quantum model of calculation of the weighted sum by two DsiHTs is shown in Fig. 13.15. The zero state
ancilla qubit is added to write on it and measure the outcome (the weighted sum s = 0.8614) as the probability s* of
2-qubit superposition at state |0).

The block scheme of the transform H,x with the following execution of the AF F(s;) is given in Fig. 13.16. All
four outputs of the DsiHT are shown. These outputs like the first output, s = s,, are different weighted sum of
inputs. The second output is the weighted sum of four inputs, the third output is the weighted sum of three outputs,
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Fig. 13.15 The model of the quantum scheme of artificial neuron with two 2-qubit QsiHTs.
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Fig. 13.16 The structure of four neurons, when using the 4-point DsiHT.

and the last output of the transform weights only two last outputs. This is the structure of the 4-point DsiHT with
the strong carriage-wheel in general case. The classical model of the perceptron is described by only the first output
of the DsiHT, that is, s,. In this figure, we have a big picture of weighted sums of the inputs. The matrix H,,, is the
matrix of weights. Each column (row) in this matrix is the basis function of the DsiHT (inverse DsiHT). All four
compose the basis in the space of 4-point discrete signals. The strong connection of these outputs is the H,, trans-
formation itself. Therefore, we assume that these three outputs can also be used in CNN together with the classical
perceptron.

This picture can be viewed as a network of four neurons with identical inputs x. All weights for these four neu-
rons are defined by the input weight vector w.

Figure 13.17 shows the structure of these four neutrons in a more visual form. On the left part, the classical
Rosenblatt perceptron is shown, which we call the main pyramid in this network. The three other perceptrons,
or the chain of three other pyramids, are shown on the right side in this figure. It is considered that the same
AF is used in all these pyramids.

Input data x = {xy xq, x5, X3}
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| N .\,
The main Weights {wy;;} A ° The chain of
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Fig. 13.17 The quantum 4-neuron structure of the 4-point discrete Heap transform.
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In the general case with n inputs, x = {xy, Xy, ..., X, _1}, n > 4, such a pyramidal structure of the DsiHT network
describes, together with first main perceptron, a chain of (n — 1) perceptrons with a decreasing number of input
data. This chain together with the first perceptron may give the additional feature maps that can be useful in prac-
tical application, such as future extraction and classification. Whether this chain of perceptrons should be thrown
out of the network is a question that remains to be analyzed and resolved.

The main concept of QNN is to emulate the information processing mechanisms of the classical NNs that are
widely used in machine learning for the important task of pattern recognition. Classical NNs consist of artificial
neurons, which are simple units that can receive one or more inputs, apply a function to them, and produce an
output. The artificial neurons are connected by weighted links, which can modulate the signals passing through
them. The weights of the links can be adjusted by a learning algorithm, which can optimize the performance of the
network based on a given objective or criterion.

QNNs try to mimic classical NNs by using quantum computing principles and technologies, such as qubits,
quantum gates, or quantum circuits. All gates correspond to unitary transforms with the same number of inputs
and outputs. Figure 13.18 shows the generic QNN structure. QNNs use quantum neurons, which are quantum
circuits that can receive one or more inputs, apply a quantum function to them, and produce an output. The quan-
tum neurons are connected by quantum links, which can transfer quantum states or information between them.
The quantum links can be adjusted by a quantum learning algorithm, which can optimize the performance of the
network based on a quantum objective or criterion.

As one can see, these two perspectives are complementary and do not necessarily rely on strict definitions of
concepts such as “quantum neuron” or what constitutes a QNN’s “layer.” Here are some key aspects of QNNs.
The main components and operations of QNN are:

A) Input layer: This is the layer that receives the input data and encodes it into quantum states using a quantum
circuit or a classical pre-processing technique. The input data can be classical or quantum, depending on the
type and application of the quantum network. For example, the input layer can receive a 4x1 classical data
vector and encode it into quantum states using angle encoding. For example, if the data vector is [0.1, 0.2,
0.3, 0.4], then the corresponding angles of rotation are [0.1z, 0.2z, 0.37, 0.4x] in the range of [0, z]. Then,
the angles can be used for rotation gates, such as a Pauli X, Y, or Z (see Table 1 in Section 2). Applying these
quantum gates to four qubits, each initialized in the |0) state creates a quantum superposition of states repre-
senting the data vector.

B) Hidden layer(s): This is the layer that performs the main computation of the quantum network using a var-
iational quantum circuit, which is a quantum circuit with trainable parameters. The variational circuit can
implement various functions, such as convolution, pooling, activation, or output, depending on the type
and structure of the quantum network. The hidden layer(s) can also include classical components, such as clas-
sical NNs or classical optimizers, to form a hybrid quantum-classical NN.

Input Input preparation Quantum circuits Observation Analysis
Classical —> Data Da‘t:a. X Classical
data = encoding processing | computer
» ansatz Measurement

Evaluating and updating weights

Fig. 13.18 Generic quantum neural network (QNN) structure with a classical computer.
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C) Output layer: This is the layer that produces the output of the quantum network and sends it to the next layer
or the destination. The output layer can involve quantum measurements, which are operations that extract
classical data from quantum states, such as probabilities, expectations, or samples. The output layer can also
involve classical post-processing, such as decoding, classification, or regression, to obtain the desired output
format.

QNN s are anticipated to offer several advantages compared to classical NNs. These networks hold immense
promise for surpassing classical NNs in various ways. Here are some key potential advantages:

a) Efficiency with fewer neurons: QNN may achieve superior performance with fewer hidden neurons than
CNN. This stems from the ability of quantum gates to perform complex transformations using fewer para-
meters. In simpler terms, QNNs can learn intricate patterns with a more compact architecture.

b) Exponential memory potential: Unlike classical bits that are either 0 or 1, a single qubit in a QNN can simul-
taneously exist in a superposition of both states. This allows for exponential growth in memory capacity as the
number of qubits increases (n qubits can store 2" states) [12]. This vast memory potential could unlock entirely
new applications for NNs.

c) Faster learning through quantum parallelism [17]: QNNs leverage the power of quantum parallelism,
where computations can be performed simultaneously on multiple qubits. This has the potential to significantly
accelerate the process of calculating gradients and cost functions, leading to faster learning compared to clas-
sical networks.

d) Mitigating catastrophic forgetting: Classical networks often suffer from “catastrophic forgetting,” where
learning new information erases previously learned knowledge. QNNs, due to the phenomenon of quantum
interference, may be less susceptible to this problem, potentially retaining valuable past knowledge while
acquiring new information.

e) Tackling nonlinear problems with single layers: Quantum entanglement, a unique property of quantum
mechanics, allows qubits to be linked so that their fates are intertwined. This enables QNN to solve problems
that are linearly inseparable (not solvable by straight lines) using just a single layer of quantum neurons, unlike
classical networks that typically require multiple layers for such tasks.

Additional Considerations:

a) Noise and error sensitivity: While generally more robust than classical networks, QNNs are still susceptible
to noise and errors in the quantum hardware. Mitigating these errors remains an ongoing challenge.

b) Scalability and practical applications: Building and maintaining large-scale QNNs with many qubits is a
significant technical hurdle. QNNs can operate efficiently at a small scale, with a density of 10'" neurons
per cubic millimeter, as quantum devices can be miniaturized using nanotechnology [9].

Real-world applications of QNNs will likely emerge as hardware advancements overcome these scalability chal-
lenges. Overall, QNNs represent a fascinating frontier in Al Their potential for superior performance, efficiency,
and the ability to tackle complex problems make them a compelling area of research with the potential to revo-
lutionize various fields.

13.7 The Main Difference Between QNNs and CNNs

The main difference between QNNs and CNNss is that QNNs use quantum computing principles and technologies,
while CNNs use classical computing principles and technologies. Quantum computing is a potential solution to
address the limitations of classical computing, such as the need for substantial time and data for training, the dif-
ficulty of dealing with noisy or incomplete datasets, and the lack of scalability and generalization. Quantum com-
puting offers significant speedup over classical computers in various computational tasks, such as factorization,
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search, and optimization. Quantum computing also enables the representation and manipulation of high-
dimensional and complex data, such as quantum states and operators.

QNN use qubits, the fundamental units of quantum information, instead of bits, to represent and process data in
a quantum superposition of states. QNNs use quantum circuits, composed of quantum gates and measurements, to
implement the functions of NN layers and units. QNNs can leverage the advantages of quantum computing, such
as quantum parallelism, interference, and entanglement, to enhance the performance and capabilities of machine
learning algorithms. CNNs, on the other hand, use bits, the fundamental units of classical information, to represent
and process data in a binary form. CNNs use matrices, composed of weights and biases, to implement the functions
of NN layers and units. CNNs are specially designed for computer vision tasks, such as image classification, object
detection, and face recognition. CNNs use convolutional filters, which are small matrices that slide over the input
image and perform element-wise multiplication and summation to extract local features from the image. CNNs
also use pooling layers, which are operations that reduce the size of the feature maps by applying a function, such
as max or average, to a small region of the map to reduce the complexity and dimensionality of the model.

Some of the advantages of QNNs over CNNs are:

1) QNN s can exhibit exponential memory capacity, as a single qubit can store two states, and n qubits can store 2"
states, while a single bit can store only one state, and #n bits can store only n states.

2) QNNs can achieve higher performance with fewer hidden neurons, as quantum gates can implement complex
transformations with fewer parameters, while classical matrices require more parameters to implement the
same transformations.

3) QNNs can facilitate faster learning processes, as quantum parallelism can speed up the computation of gradi-
ents and cost functions. At the same time, classical computers have to perform these computations sequentially
or in parallel with limited resources. Quantum parallelism can enhance the performance and capabilities of
machine learning algorithms, such as NNs, by speeding up the computation of gradients, cost functions,
and feature extraction.

4) QNNs can eliminate catastrophic forgetting, as quantum interference can prevent the loss of previously learned
information, while classical NNs tend to overwrite or forget the old information when learning new
information.

5) QNNs can solve linearly inseparable problems with a single-layer network, as quantum entanglement can cre-
ate nonlinear correlations between qubits, while classical NNs require multiple layers or nonlinear AFs to solve
such problems.

6) QNNs can have different types and architectures depending on the structure and function of the quantum neu-
rons and the quantum links.

Some of the common types and architectures of QNNs are the following:

¢ Feedforward quantum networks: These networks have a unidirectional flow of information from the input
layer to the output layer without any feedback loops or cycles. Feedforward quantum networks are the most
common and basic type of QNNSs, and they can be used for supervised learning tasks, such as regression or clas-
sification. Feedforward quantum networks can have different architectures, such as fully connected quantum
networks, quantum convolutional networks, or quantum radial basis function networks [18].

¢ Recurrent quantum networks: These have a bidirectional flow of information, with feedback loops or cycles
that allow the network to have a memory of previous inputs or outputs. Recurrent quantum networks are more
suitable for sequential or temporal data, such as time series or natural language. Recurrent quantum networks
can be used for unsupervised or supervised learning tasks, such as clustering, anomaly detection, or sequence
prediction. Recurrent quantum networks can have different architectures, such as simple recurrent quantum
networks, quantum long short-term memory networks, or quantum-gated recurrent unit networks [19].

¢ Self-organizing quantum networks: These have a self-organizing or adaptive behavior, allowing the network
to learn from unlabeled or unstructured data without external supervision or guidance. Self-organizing quantum
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networks can be used for unsupervised learning tasks, such as dimensionality reduction, feature extraction, or
data visualization. Self-organizing quantum networks can have different architectures, such as quantum Koho-
nen networks, quantum Hopfield networks, or quantum Boltzmann machines [20].

Quantum convolutional neural networks (QCNNSs), also known as quantum convolutional networks or
quantum convnets, are a branch of QML that are inspired by the principles of quantum mechanics and the struc-
ture of classical CNNs. The QCNN proposed by Henderson et al. [4] uses quantum circuits to perform local trans-
formations on the input data, like the convolutional filters used in classical CNNs. QCNNs are composed of
quantum circuits that implement a CNN’s convolution, pooling, and output layers, using quantum gates and
measurements to perform various operations on the input data and produce the output data. QCNNs can learn
from data and adapt to new situations, making them powerful tools for solving complex problems in various
domains, such as computer vision, natural language processing, speech recognition, and robotics [3].

The main concept of QCNNSs is to emulate the information processing mechanisms of the classical CNN,
widely used in machine learning for feature extraction. Classical CNNs consist of multiple layers of artificial
neurons, which can perform various operations on the input data, such as convolution, pooling, activation,
or output. The convolution operation applies a set of filters (also called kernels) to the input data, producing
a set of feature maps that capture the local patterns or features of the data. These feature maps are also known
as convolution feature maps or activations maps. The pooling operation reduces the size or dimensionality of the
feature maps, preserving the most important or relevant features. The activation operation introduces nonlin-
earity and complexity to the network, enhancing its expressive power and flexibility. The output operation pro-
duces the network’s final output, such as a class label or score.

However, classical CNNs face many limitations, such as the need for substantial time and data for training, the
difficulty of dealing with noisy or incomplete datasets, and more scalability and generalization. Quantum com-
puting, on the other hand, offers significant speedup over classical computers in various computational tasks,
such as factorization, search, and optimization. Quantum computing also enables the representation and manip-
ulation of high-dimensional and complex data, such as quantum states and operators. It should be noted that an
open challenge for quantum computers is to efficiently access and read classical data.

QCNNs try to mimic classical CNNs by using quantum computing principles and technologies, such as qubits,
quantum gates, or quantum circuits. QCNNSs use quantum circuits that can receive one or more inputs, apply a
quantum function to them, and produce an output. A quantum circuit is a sequence of quantum gates that can
implement a quantum algorithm or function. The quantum circuits can implement various functions, such as
convolution, pooling, activation, or output, depending on the type and structure of the quantum network.

One example of a quantum circuit-based algorithm for CNNs is the quanvolutional neural network, proposed
by Henderson et al. [4]. QNNs use quantum circuits to perform local transformations on the input data, similar
to the convolutional filters used in classical CNNs. QNNs can be trained in a variational manner using classical
optimizers, or in a hybrid manner using both quantum and classical resources. QNNs have shown higher test set
accuracy and faster training compared to classical CNNs on the MNIST dataset.

Another example of a quantum circuit-based algorithm for CNNs is the quantum dilated convolutional neural
network (QDCNN) proposed by Chen et al. [22]. QDCNNSs extend the concept of dilated convolution, which has
been widely applied in modern deep learning algorithms, to the context of hybrid NNs. Dilated convolution can
increase the receptive field of the network without increasing the number of parameters or reducing the reso-
lution. QDCNN s use quantum circuits to implement the dilated convolution operation, and they can be trained
using backpropagation and gradient descent.

Hybrid quantum-classical networks: The motivation behind QML is to integrate notions from quantum
computing and classical machine learning to open the way for new and improved learning schemes. QNNs apply
this generic principle by combining classical NNs and parametrized quantum circuits. Because they lie at an
intersection between two fields, QNNs can be viewed from two perspectives: From a machine learning perspec-
tive, QNN are, once again, algorithmic models that can be trained to find hidden patterns in data similar to their
classical counterparts. These models can load classical data (inputs) into a quantum state and later process it
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with quantum gates parametrized by trainable weights. These are networks that combine quantum and classical
computation to solve a problem [23, 24].

Typically, a hybrid network consists of the following steps: prepare the input data and encode it into quantum
states using a quantum circuit or a classical pre-processing technique; apply a variational quantum circuit, which is
a quantum circuit with trainable parameters, to the encoded quantum states; measure the output of the variational
circuit and obtain classical data, such as probabilities, expectations, or samples; evaluate the performance of the
variational circuit using a classical cost function, such as cross-entropy, mean squared error, or fidelity; update the
parameters of the variational circuit using a classical optimizer; repeat the steps until the cost function reaches a
minimum or a desired accuracy is achieved. Hybrid quantum-classical networks can leverage the advantages of
both quantum and classical computation, such as quantum parallelism, interference, and entanglement, as well as
classical data processing, optimization, and visualization.

An interesting hybrid quantum-classical convolutional and residual NNs based on classical architectures for
phytoplankton classification is described in [25]. Phytoplankton are microscopic organisms that live in aquatic
ecosystems and produce oxygen through photosynthesis. The taxonomic composition and abundance of phyto-
plankton directly impact marine ecosystem dynamics and global environment change and are listed as essential
ocean variables. Phytoplankton classification is crucial for phytoplankton analysis, but it is very challenging due to
its huge amount and tiny volume. Machine learning is the principal way of performing phytoplankton image clas-
sification automatically. However, it requires substantial training time and data and needs help dealing with noisy
or incomplete datasets. Hybrid quantum-classical convolutional neural networks (HQCNNSs) and residual NNs
were developed. That combines quantum and classical computation to solve the problem of phytoplankton clas-
sification. Comparing the performance of our quantum models with their classical counterparts on a phytoplank-
ton image dataset, it was shown that the proposed quantum models achieve faster convergence, higher
classification accuracy, and lower accuracy fluctuation. The authors also analyze the effects of different quantum
parameters, such as the number of qubits, the depth of the quantum circuit, and the type of the quantum gate, on
the performance of our quantum models. HQCNNSs are based on the classical architectures of CNNs, widely used
in machine learning for feature extraction and pattern recognition. HQCNNS use quantum circuits to implement a
CNN’s convolution, pooling, and output layers and use classical computers to perform the data encoding, meas-
urement, and optimization steps. HQCNN s balance the limited function of current quantum devices and the large
size of phytoplankton images, making it possible to classify phytoplankton on near-term quantum computers.

Figure 13.19 shows an example of a quantum circuit-based algorithm for CNNs [25]. The first three parts are
implemented on the quantum device, while the optimization routine is executed on the classical computer, which
then feeds the updated parameters back into the quantum device. The quantum circuit consists of four parts: data
encoding, forward transformation performed by the ansatz, quantum measurement, and parameter optimization
routine. The data encoding part encodes the input data into quantum states using a quantum circuit or a classical
pre-processing technique. The forward transformation part applies a variational quantum circuit, which is a
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Fig. 13.19 Architecture of ONN model. QNN is a hybrid quantum-classical algorithm. The forward transformation is
implemented by the quantum computer, while the optimization of parameters is done by the classical computer.
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quantum circuit with trainable parameters, to the encoded quantum states. The quantum measurement part mea-
sures the output of the variational circuit and obtains classical data, such as probabilities, expectations, or samples.
The parameter optimization part updates the parameters of the variational circuit using a classical optimizer, such
as gradient descent, stochastic gradient descent, or its extension, Adam optimizer.

Figure 13.20 shows the QCCNN (QCCNN-1) that has a quantum convolutional layer and a classical convolu-
tional layer, while in Fig. 13.21, the classical convolution layer is presented by two quantum convolutional layers
(QCCNN-2) [25]. Note that to take full advantage of quantum feature map to process the raw data, QCCNN always
takes the first convolutional layer as quantum one.
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Fig. 13.20 An architecture of the QCCNN (Alfred-Wegener-Institut / Wikimedia Commons / CC BY 2.5).
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Fig. 13.21 A classical convolutional layer (named QCCNN-1) and two quantum convolutional layers (named QCCNN-2).
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13.8 Applications of QNN in Image Processing

The potential applications of QNNs in image processing are vast and promising, mainly due to quantum comput-
ing’s advantages in processing speed and complexity management. Below are some elaborated examples of how
QNNs could revolutionize image processing:

1) Image classification: QNNs could outperform classical NNs in classifying images by leveraging quantum
states to handle high-dimensional data. For example, a QNN might classify medical images, such as MRI scans
or X-rays, more effectively, potentially detecting diseases like cancer at earlier stages by rapidly analyzing exten-
sive datasets.

2) Feature extraction: Quantum circuits could expedite feature extraction by processing complex attributes of an
image simultaneously through quantum superposition and entanglement. This advancement could signifi-
cantly improve facial recognition systems and object detection in autonomous vehicles, enabling quicker
and more accurate responses to visual stimuli.

3) Pattern recognition: The parallelism and high-dimensional vector spaces inherent in quantum computing
could enhance QNNSs’ ability to recognize image patterns. This improvement is crucial for security systems that
rely on pattern recognition to detect anomalies or suspicious activities within visual data. For instance,
researchers from IBM used QNN to classify handwritten digits with an accuracy of 95% [26, 27]. In the numer-
ical experiment conducted on the IBM Quantum simulator, they initially utilized the MNIST dataset [28] and a
CNN with 6690 parameters with 13 qubits. The training and testing datasets comprise 60,000 and 10,000 sam-
ples, respectively. The test accuracy throughout the training process was depicted for 26 QNN layers.

4) Image enhancement and restoration: Quantum algorithms might be applied more efficiently to image
enhancement tasks — like noise reduction, resolution enhancement, and color correction. Such capabilities
would be invaluable in forensic science and astronomy, where clear images are essential for accurate data
analysis.

5) QCNNs: QCNNS, akin to classical CNNs, could process visual data through quantum-based convolutions and
pooling operations. This method could introduce novel image processing techniques, especially for noisy or
complex environments like remote sensing or underwater imaging [29].

While the applications mentioned are based on current research, the field is rapidly evolving, and new devel-
opments may further expand the potential of QNNs in image processing [30].

Example 13.4 Image 2 X 4 Classifier

This example by Alexis Gomez explores the potential of QCNNs in processing pixelated images of size 2 X 4 for
classifying whether a horizontal or vertical line is present in the image through the use of quantum circuits, fea-
turing quantum convolutional and pooling layers. We dive into the use of parametrized quantum circuits for fea-
ture detection, dimensionality reduction, and efficient computation. We also detail the application of QCNNs in
image classification tasks, particularly for identifying orientations such as horizontal and vertical lines in images.

QCNN s adapt the architecture of classical CNNs to leverage the unique properties of quantum mechanics. By
encoding image data into quantum states and utilizing quantum operations, QCNNs aim to achieve high efficiency
and performance in tasks like feature detection and image classification. In Fig. 13.22, the QCNN architecture for
containing eight qubits for classifying horizontal and vertical lines in images is shown.

In QCNNS, encoding pixelated images into quantum circuits is a crucial step that bridges classical image data
with quantum information processing. This process is facilitated by feature maps, which are specific functions or
sets of operations designed to convert image pixels into quantum states. These maps apply a series of quantum
gates to the initial state of qubits, resulting in a quantum state that encodes the information from the classical
input. The “ZFeatureMap,” provided by Qiskit’s circuit library, is one of the most commonly used quantum feature
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Fig. 13.22 8-qubit input QCNN for classifying whether a horizontal or vertical line is present in a 2 x 4 image.

maps. This feature map involves applying a Hadamard gate and single-qubit Z rotations to each qubit. This has the

effect of not just rotating the phase of the state but also influencing how amplitudes interfere. The rotations are

parameterized by the values of the image pixels, which provides a direct correlation between pixel values and rota-

tion angles. This allows this map to encode the intensity or value of each pixel directly into the quantum state.
The “ZFeatureMap” employs single-qubit Z rotations, represented by the Pauli-Z gate matrix:

1 0
Z =
0 -1
In “ZFeatureMap,” these rotations are parameterized by the input features, applying a unitary operator U, (6)
defined as:

U,(6) = e~ %/2 = [e_w/z 0 }
z - - .

0 o9/

In Qiskit, this unitary operator, U,®), is defined as the “RZGate” and is referenced as R,(0).

Encoding classical data: The feature vector x = (xy, Xy, ..., X;,) is considered, which represents classical data such as
normalized image pixels. The feature map applies a rotation U,(0,) to each qubit corresponding to each feature x,,
r = 1: 8. The rotation angle 8, for each qubit is a simple linear function of the corresponding feature such function
could be 6, = zx, or a more complex function designed to represent more intricate relationships.

Applying the ZFeatureMap multiple times can effectively deepen the encoding process, creating a more complex
quantum state that could capture higher-order correlations within the data. This can be particularly useful when
the data has complex patterns that a single layer of the feature map might not sufficiently encode.

Linear encoding: For a normalized image with pixel intensity values in the range [0, 1], the image can be encoded
onto a quantum state using a ZFeatureMap with the following approach:

1) Initialization: Start with all qubits in the state |0).
2) For each qubit, apply a Hadamard gate.
3) For each pixel x,, apply U,(nx,) to the corresponding qubit r, where

e—inx,/Z 0
RZ(S,. = Tr.x,) = Uz(ﬂ'xr) = 0 einx,/z :

4) Repeat Steps 2 and 3 (optionally): Apply the superposition and ZFeatureMap again.
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|0) _{ H H Rz(ﬁr)H H H Rz(ﬁr)’_ Fig. 13.23 Qiskit circuit for the feature map.
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Fig. 13.24 The parameterized 2-qubit unitary circuit where 8, ¢, and 1 are the adjustable training parameters.

The resulting quantum state represents the encoded image, with each qubit state reflecting the intensity of the
corresponding pixel through the phase factor introduced by the Z rotation, as shown in Fig. 13.23.

Parametrized unitary gate: At the core of a quantum convolutional layer is the parametrized unitary gate, a quan-
tum circuit designed to act on pairs of qubits. This gate is akin to the kernel in classical convolutional networks,
manipulating data through a series of quantum operations that depend on adjustable parameters. These para-
meters are optimized during the training process to minimize the loss function, much like the weights in a classical
network are adjusted through backpropagation. The parametrized circuit used is based on the two-qubit unitary as
proposed by Vatan and Williams [31] and is shown in Fig. 13.24.

This parameterized circuit is structured as follows:

1) Initial phase setting: A R,(—n/2) gate is applied to the second qubit. This gate adjusts the phase of the qubit,
setting the stage for subsequent operations.

2) Entanglement creation: A controlled-NOT (CNOT) gate is used to entangle the second qubit (control) with
the first qubit (target).

3) Parameterized rotations: The qubits undergo rotations through the R/(9), R)(¢$), and R(}) gates. These rota-
tions are controlled by parameters 9, ¢, and A, which are analogous to the trainable weights in a kernel.

4) Further processing and final adjustment: A second CNOT and a final R (r/2) on the first qubit are applied
to complete the quantum state transformation as defined by Vatan and Williams.

Convolutional layer: This sequence of quantum operations forms a flexible and dynamic convolutional gate,
capable of complex data transformations necessary for feature detection and extraction in quantum data. The con-
volutional layer in a QCNN is constructed by applying the two-qubit unitary gate across pairs of qubits within the
quantum circuit in the following process [32]:

1) Sequential application: The convolutional unitary is first applied to all odd-indexed pairs of qubits, followed
by its application to even-indexed pairs. This staggered approach ensures comprehensive coverage and inter-
action across all qubits, mimicking the sliding window operation of classical convolutional filters.

2) Circular coupling: To ensure that edge qubits also participate equivalently in the convolution process, the last
qubit is paired with the first qubit, forming a circular topology (Fig. 13.25).

Pooling layer: Pooling layers play a critical role in CNNs by reducing the spatial dimensions of the feature maps.
This helps to prevent overfitting and enhances the model’s ability to capture essential features at a higher level of
abstraction. In QCNNSs, however, the concept of pooling takes on a different aspect due to the fundamental differ-
ences in quantum information processing. The primary goal of a pooling layer in a QCNN is to reduce the number
of qubits in the circuit. Reducing the number of qubits directly decreases the computational cost and the complex-
ity of the quantum state space that the network needs to manage. However, in quantum circuits, one cannot
directly remove qubits to reduce dimensionality as is done in classical pooling.
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Fig. 13.25 Example of a convolutional layer for 4 qubits with sequential application and circular coupling where qo, 41, G2, and
gs are the output of the ZFeatureMap layer previously mentioned.

Fig. 13.26 Modified parameterized two-qubit unitary circuit
for pooling, where gg and gy are the output of the feature map 90
previously mentioned.
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Instead, quantum pooling must be approached differently to ensure that the essential quantum information is
not lost. To reduce the number of qubits in the circuit, pairs of the r qubits in the circuit are created. After pairing all
the qubits, the generalized 2-qubit unitary circuit, demonstrated in Fig. 13.26, is applied to each pair. When this
two-qubit unitary is applied, one qubit from each pair of qubits is ignored for the remainder of the circuit. This layer
mimics the effect of combining the information of the 2 qubits into 1 qubit by applying the unitary circuit to encode
the information from one qubit onto another qubit before ignoring one of the qubits for the remainder of the circuit
and not performing any operations or measurements on it. For this QCNN, the first qubit is neglected in future
layers where only the second qubit is used in the QCNN. This allows for the QCNN pooling layer to transform the
quantum circuit from r qubits to r/2 qubits [32].

To implement this quantum pooling, the following steps are done:

1) Qubit pairing: Initially, the qubits are paired systematically within the circuit. This pairing is strategic, ensur-
ing that each qubit is coupled with a neighbor to facilitate effective information compression.

2) Two-qubit unitary application: A generalized two-qubit unitary transformation, similar to those used in the
convolutional layers, is applied to each pair of qubits. This transformation is crucial as it mixes the quantum
states of the paired qubits, allowing for the entanglement and transfer of information between them.

3) Selective qubit disregard: After the application of the two-qubit unitary, one qubit (in this case, the first
qubit) from each pair is selectively ignored or disregarded for the remainder of the processing within the net-
work. This effectively reduces the number of active qubits in the circuit, achieving the pooling effect.

In the example in Fig. 13.27, the dimensionality of the four-qubit circuit is reduced to the last two qubits. These
qubits would then be used in the next layer, while the first two are neglected for the remainder of the QCNN.
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Fig. 13.27 Example of a pooling layer for four qubits where qo, g1, g2, and gz are the output of the convolutional layer
previously mentioned.

Now, we consider the process of initializing, training, and evaluating a QNN classifier using the COBYLA opti-
mization algorithm.

Classifier initialization: Utilizing the Neural Network Classifier from Qiskit’s machine learning library, the clas-
sifier used is the Constrained Optimization by Linear Approximations (COBYLA) optimizer, a robust method
suited for handling nonlinear constraints without requiring derivatives of the objective function. This optimizer
is favored for its proficiency in managing complex optimization landscapes that are typical in quantum computing
scenarios. The initialization of the classifier with the COBYLA optimizer is important due to its parameter specify-
ing the maximum number of iterations. This parameter balances the computational resource expenditure against
the potential gains in model accuracy.

Training process: During the training phase, the classifier utilizes a callback function that acts as a monitoring
tool. This function is invoked at each iteration of the optimization process, providing real-time updates on the
progress of the model training. It typically captures metrics such as the value of the objective function at each step,
facilitating an immediate visual assessment of the model’s convergence behavior through plotted outputs. This
continuous feedback allows for adjustments to be made promptly if the training does not progress as expected,
enhancing the overall efficiency of the model development process. During this phase, the model learns to classify
images by adjusting the parameters of the QNN based on the feedback received from the optimizer regarding the
performance of the model, as measured by the callback function, where the expectation value of the Pauli Z oper-
ator of the final qubit is measured and based on the obtained value being +1 or —1, the input image can be classified
as containing either a horizontal or a vertical line.

The classifier’s training is executed by fitting it to labeled training data. This process adjusts the internal para-
meters of the QNN to minimize discrepancies between predicted and actual labels, measured by the objective func-
tion. The efficiency of this training is quantitatively evaluated by computing the accuracy of the classifier on the
training data, providing a direct indicator of how well the classifier has learned to predict the correct labels based
on the input features.

Model evaluation: After training, the model’s performance is evaluated in two stages:

1) Training set evaluation: The classifier’s accuracy on the training data is computed to gauge how well the
model has learned to classify the data it was trained on. This is done using the “score” method, which returns
the accuracy, the proportion of correctly classified instances in the training set.

2) Testing set evaluation: Similarly, the classifier’s accuracy is also measured on a separate test dataset, which
was not used during the training phase. This step is critical for assessing the model’s generalization ability, that
is, how well it performs on new, unseen data.

Both accuracy metrics are computed by comparing the predicted labels against the true labels of the respective
datasets, and the results are expressed as percentages as shown in the code in Figure 13.28.
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1.# TrainClassifier.py by Alexis Gomez

2.# Initializing the classifier with the QNN and the COBYLA optimizer

3. classifier = NeuralNetworkClassifier(

4. qnn,

5. optimizer = COBYLA (maxiter=1200), # Sets maximum iterations for the optimizer
6. callback=callback_function) # Callback function to for the training

7. # Convert training data to NumPy arrays for processing

8. train_images = np.asarray(train_images)

9. train_labels = np.asarray(train_labels)

10. # List to store values of the objective function after each iteration

11. objective_function_vals = []

12. # Train the quantum neural network classifier

13. classifier fit(train_images, train_labels)

14. # Evaluate the classifier on the training data

15. train_accuracy = np.round(100 * classifier.score(train_images, train_labels), 2)
16. print(f"Accuracy from the train data: {train_accuracy}%")

17. # Evaluate the classifier on the test data

18. test_images = np.asarray(test_images)

19. test_labels = np.asarray(test_labels)

20. test_accuracy = np.round(100 * classifier.score(test_images, test_labels), 2)
21. print(f" Accuracy from the test data: {test_accuracy}%")

Fig. 13.28 Python code using Qiskit for training the classifier based the circuit in Fig. 13.22 and the subsequent circuits (feature
map, convolutional, and pooling circuits) previously described.

The QCNN predicts this is a Vertical Line The QCNN predicts this is a Vertical Line  The QCNN predicts this is a Horizontal Line The QCNN predicts this is a Horizontal Line

i MR ™M

Fig. 13.29 QCNN visualization of some results with a train accuracy of 97.3% and a test accuracy of 96.0%.

A dataset with specified patterns of horizontal and vertical lines is generated where each image in the dataset is
either a representation of a horizontal or a vertical line (see Fig. 13.29). These patterns are filled with a value of z/2
where random noise is added to blank spaces. This dataset is labelled and then fed to the classifier in the code given
in Fig. 13.28 to yield the results as in Fig. 13.29.

13.9 The Current and Future Trends and Developments in Quantum
Neural Networks

QNN s require quantum hardware and software, which are still in the early stages of development and not widely
available or accessible. At the same time, CNNs can run on classical hardware and software, which are more
mature and ubiquitous.

a) QNN s are subject to noise and decoherence, which degrades the quality and coherence of quantum states and
operations, while CNNs are more robust and stable against noise and errors.
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b)

)

d)

e)
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QNN are challenging to interpret and explain, as quantum mechanics is based on probabilistic and counter-
intuitive principles. At the same time, CNNs are more intuitive and understandable, as classical mechanics is
based on deterministic and familiar principles.

QNN can be difficult to interpret or explain, due to their black-box or opaque nature. The black-box or opaque
nature of QNNs can make it hard to understand how the network works, how the network makes decisions, or
what the network learns from the data. Note explainable QNN can (i) increase the transparency and interpret-
ability of the network, as well as the trust and confidence of the users or the stakeholders; (ii) facilitate the
debugging and the improvement of the network, as well as the discovery of new insights or knowledge from
the data; and (iii) pose problems for trust, accountability, or ethics, especially in sensitive or critical domains,
such as health care, finance, or security.

QNN s can be difficult to scale up or down, due to their high computational or memory requirements. The high
computational or memory requirements of QNNs can make it hard to train or test the network, especially on
large-scale or high-dimensional data. This can pose problems for efficiency, performance, or accuracy, espe-
cially in resource-constrained or real-time scenarios, such as mobile devices, edge computing, or the IoT.
QNN s can be prone to overfitting or underfitting, due to their high flexibility or complexity. Overfitting occurs
when the network learns too much from the training data and fails to generalize to new or unseen data. Under-
fitting occurs when the network learns too little from the training data and fails to capture the essential features
or patterns of the data. This can pose problems for validity, reliability, or robustness, especially in noisy or
incomplete data, such as missing values, outliers, or anomalies.
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Conclusion and Opportunities and Challenges of Quantum Image Processing

We introduced essential quantum information concepts like qubits, superposition, entanglement, gates, and cir-
cuits, setting the stage for their creative usage in image analysis tasks. Core topics included various quantum image
representations and associated operations, fast transforms, quaternion arithmetic, quantum neural networks,
and more.

Several chapters presented original methods developed by the authors, such as novel quantum multiplication
schemes, discrete signal-induced heap transforms, and color image and quaternion qubit image representation.
These contributions address the limitations of existing techniques and expand the methodological toolkit available
to quantum image processing researchers.

While still largely theoretical today, the field displays immense promise to exploit quantum advantages in areas
like image compression, filtering, segmentation, and reconstruction. However, many open challenges remain,
including demonstrating definitive quantum speedups, ensuring fault-tolerances and computational stability,
addressing quantum measurement constraints, and ultimately realizing practical systems.

Combining quantum information science with image processing is a fascinating and rapidly evolving research
frontier. The techniques covered in this book highlight the transformative potential of applying quantum princi-
ples to visualize, store, manipulate, and analyze high-dimensional visual data. Nonetheless, the fusion of quantum
information science with image processing forms a fascinating and rapidly evolving frontier for both research and
practical use. These preliminary concepts will seed further interdisciplinary innovations at the nexus of quantum
computing and computer vision.

There remain abundant open problems to motivate future work [1-17], including the following:

1) Benchmarking quantum image processing methods: Creating meaningful benchmarks for quantum
image processing is difficult because we still do not know exactly when quantum methods outperform classical
ones. Simply running quantum algorithms on standard datasets is not enough. Instead, we must think carefully
about what makes real-world imaging problems challenging and how to recreate these challenges in smaller,
manageable test cases. Such carefully chosen data will ensure that benchmarks measure true quantum advan-
tages, not just trivial gains. This search for the right data becomes a “chicken-and-egg” problem. We do not
know which kinds of data highlight quantum advantages, so it is hard to pick suitable datasets. At the same
time, without the right data, it is tough to prove that quantum methods can offer real benefits. Solving this issue
will require experts in both classical machine learning and quantum computing to work together. By designing
datasets that capture the unique strengths of quantum systems, we can create solid benchmarks that guide
researchers toward developing genuinely superior quantum image processing solutions.

2) Error-correction and robust quantum image representations: Representing images as quantum
states opens new ways to encode and process visual data, but these states are very delicate. Errors can arise
from imperfect quantum gates, environmental interference, and the methods used to prepare the states.

Quantum Image Processing in Practice: A Mathematical Toolbox, First Edition. Artyom M. Grigoryan and Sos S. Agaian.
© 2025 John Wiley & Sons, Inc. Published 2025 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/grigoryan/quantumimageprocessing
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3)

4)

5)

6)

7)

8)

Researchers are exploring specialized error-correcting codes, fault-tolerant qubits, and flexible encoding meth-
ods designed for image tasks to address this. By protecting quantum states from noise and building circuits that
limit how errors spread, we can hope to process quantum images on a larger-scale reliably. A strong approach
will likely blend ideas from quantum information science with classical image processing techniques. Some
image features or transformations may handle errors better than others, allowing us to use quantum operations
only where they provide the greatest benefit. In the end, the success of quantum image representations depends
on controlling errors so that the advantages of quantum speedups and improved quality are not lost. As error-
mitigation strategies improve, quantum image processing will become more practical and effective.
Quantum image encoding, storage, and compression: Quantum encoding and compression use superpo-
sition and entanglement to simultaneously represent and process many image states. Theoretically, this can
greatly reduce storage and bandwidth compared to classical methods, making it attractive for medical imaging
or satellite data analysis fields. However, current quantum hardware is too limited to realize these benefits.
Decoherence, too few qubits, and high error rates make it hard to encode and compress images effectively.
Achieving real improvements will require better quantum memory, fewer errors, and smarter compression
strategies. Researchers must also compare quantum gains against classical methods to show that quantum
compression is worthwhile.

Quantum-assisted image encryption and geometric transformations: As we rely more on digital images
for communication and security, quantum computing brings both risks and opportunities. On the one hand,
quantum algorithms might break current encryption, exposing private image data. On the other hand, new
quantum-safe encryption methods and entanglement-based key sharing could offer stronger protection. Quan-
tum algorithms may also perform geometric and color changes (like rotation or scaling) more efficiently than
classical methods. However, current hardware limits still prevent practical demonstrations. Making quantum-
based transformations useful will require careful algorithm design, reliable circuits, and easy ways to add them
to existing image-processing tools.

Quantum image retrieval: Image retrieval finds the right images in a large dataset based on similarity, fea-
tures, or content. Quantum approaches could speed this up using quantum parallelism and special similarity
measures. Quantum search algorithms like Grover’s might help find relevant images faster than classical meth-
ods. However, storing, preparing, and handling images in a quantum format without errors are tricky. Convert-
ing classical image features into quantum states and getting classical results back is also challenging.
Researchers must solve these issues and create fair tests to prove that quantum retrieval can work well in
real-world settings.

Quantum pattern recognition and feature extraction: Pattern recognition is central to many image tasks,
like detecting objects or faces. Quantum algorithms might find features and patterns faster by handling image
data in superposition. Entanglement could help detect geometric shapes under different sizes and angles more
efficiently than classical approaches. Still, turning theory into practice is hard. You cannot clone quantum
states, preparing them from classical images is costly. Also, most existing feature extraction methods were
designed for classical images and need to be adapted to quantum formats. Only by solving these problems
can quantum pattern recognition reach its full potential.

Algorithmic design and implementation of quantum image circuits: Building efficient quantum circuits
for classification, denoising, or segmentation is challenging. While some early tests show that quantum meth-
ods can classify images, it is unclear whether they can beat classical techniques. Researchers must simplify cir-
cuits, use fewer gates, and design structures that fully leverage quantum properties. Combining knowledge
from computer vision, quantum algorithms, and hardware engineering is key. Hybrid workflows, where some
parts run on classical computers before passing the data to a quantum device, may help. By comparing quantum
and classical results, we can learn which tasks benefit most from quantum computing.

Security and robustness against attacks: Quantum image processing introduces new security concerns.
Attackers might try to read or change quantum states or poison the training data. They could insert hidden
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backdoors into quantum circuits. Defending against these threats requires quantum-safe protocols, secure
key distribution, and strong protective measures. Another challenge is scaling up to large, complex images
without losing stability. Bigger images need more qubits and deeper circuits, which increases the chance
of errors. Finding ways to handle noise, reduce errors, and make algorithms more stable will be critical for
using quantum image processing in sensitive applications.

Identifying quantum advantages and hybrid approaches: A major question is when quantum methods
actually outperform classical ones. Quantum learning theory tries to find problems that quantum computers
can solve more efficiently. Can quantum methods do feature extraction or compression better for image pro-
cessing than classical techniques? Hybrid models, where some steps happen on a quantum device and others
on a classical computer, might help us get benefits sooner. Showing clear gains is crucial. If we can prove that
certain image tasks are faster or more accurate with quantum help, it will guide the future of quantum com-
puting in imaging.

Fault-tolerance and quantum error correction strategies: Fault-tolerant quantum computing aims to
operate reliably even if individual qubits fail or encounter errors. Image data, which is inherently noisy, poses
additional challenges, as quantum states are susceptible to errors from imperfect gates and environmental
interference. This makes robust error correction methods and stable state preparation techniques essential
for accurate, real-world quantum image processing. These strategies pave the way for practical quantum image
representations by ensuring that error-corrected qubits outperform their noisy counterparts. Advances in top-
ological quantum computing and other resilient architectures may significantly reduce or even eliminate
quantum noise. Interestingly, some noisy quantum systems can tackle problems that remain too difficult
for equally noisy classical systems. Whether these theoretical advantages translate into real imaging benefits
depends on balancing the cost of error correction with the speedups promised by quantum computing. As
error correction techniques improve, quantum image processing will become more stable, scalable, and ready
for practical use.

Linear quantum mechanics vs. nonlinear classical techniques: Quantum mechanics is linear, but many
successful image processing methods rely on nonlinear operations like the sigmoid function in deep learning.
Introducing nonlinearity into quantum algorithms is tricky. One option is to use measurements or classical
post-processing, but this might lose some quantum advantages. Another idea is to design special quantum
kernels or hybrid algorithms where classical parts handle nonlinear steps. The goal is to find the right mix
so that quantum image processing can offer at least the same flexibility and power as classical techniques,
if not more.

Quantum image quality assessment: Current image quality measures, such as Peak signal-to-noise ratio
(PSNR), were made for classical images and may not work well for quantum images. We need new metrics that
consider quantum features like entanglement and how we measure quantum states. These new metrics will
help us check if quantum methods improve image clarity, keep essential details, or create hard-to-spot arti-
facts. It can help benchmark and optimize algorithm parameters. By defining clear standards, researchers can
tune their algorithms, improve hardware, and fairly compare quantum and classical approaches. As the field
matures, these metrics will be key tools for ensuring that quantum processing helps with image analysis.
Quantum data hiding and steganography: Quantum data hiding uses quantum states to embed informa-
tion invisibly, supporting both copyright protection and covert communication. Quantum watermarking adds
ownership marks to quantum multimedia, while quantum steganography conceals secret messages. Scaling
these techniques to large images is challenging since more qubits and operations are needed. Researchers must
develop more qubit-efficient encodings, better compression, and simpler circuits. Although some progress has
been made, quantum data hiding is still in its early stages. Reliable data extraction, defense against quantum-
based attacks, and integration with quantum communication networks remain open problems. Stronger error
correction, well-defined evaluation metrics, and clear demonstrations of quantum advantage will be crucial to
proving that quantum data hiding can securely protect multimedia in the future.
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14 Conclusion and Opportunities and Challenges of Quantum Image Processing

14) Incorporating color into quantum image processing: Color contains richer information than grayscale,
aiding object identification, segmentation, and interpretation. However, treating each color channel sepa-
rately can break essential relationships between them, complicating analysis. Additionally, classical nonlinear
operations can collapse quantum states, erasing potential quantum benefits. Using quaternion-based math to
treat all primary color components as a single unit may preserve these relationships and enable nonlinear
transformations without losing quantum properties. This strategy, possibly enhanced by quaternion Fourier
transforms on multi-qubit states, could lead to more efficient and accurate quantum-based color image
processing.

15) The intersection of machine learning and quantum computing: Combining machine learning with
quantum computing promises faster learning and the ability to handle complex data structures that challenge
classical methods. Quantum neural networks (QNNSs), which apply neural network principles to quantum
states, could potentially outperform classical deep learning. However, these systems face significant chal-
lenges: current quantum hardware and Noisy Intermediate-Scale Quantum (NISQ) devices offer limited
qubits and are prone to errors from noise and decoherence. Scaling QNNs to handle large datasets is difficult
since the required number of qubits grows quickly with problem size. Moreover, QNNs suffer from the van-
ishing gradient problem, a known issue in classical deep learning. Classical solutions rely on nonlinear acti-
vation functions, which do not translate directly to QNNs, necessitating new training strategies. Designing
QNN algorithms that benefit from quantum speedups while tolerating noise and errors is challenging. Clas-
sical neural network techniques often cannot be applied as-is to the quantum domain, requiring innovative
approaches. Training QNNs involves high-dimensional optimizations and balancing both quantum and clas-
sical computational resources, a task made even more complex by the lack of mature quantum optimization
algorithms. Finally, developing QNNs demands expertise in both quantum mechanics and machine learning,
a combination not yet widespread. Despite these challenges, the potential for QNNs to surpass classical net-
works in speed, capacity, and problem complexity makes this a promising, if still nascent, field of research.

To gain an in-depth understanding of some current research frontiers and limitations in quantum image proces-
sing, we refer the reader to the following papers [1, 2, 4, 6], which provide comprehensive reviews, surveys, and
analyses of the state-of-the-art methods and challenges in this field.

Quantum image processing is a fascinating and promising field that offers many opportunities and challenges for
innovation and discovery. We invite you to join us in exploring the potential and limitations of quantum technol-
ogies for visual data processing.

Contact us if you have any questions, comments, or feedback. We would love to hear from you and learn from
your perspectives.
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