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Introduction

Last century, the development of semiconductor microelectronic
technology changed the whole world. The world entered the
information society from the industrial society. The productive
forces rose greatly, which promoted the development of human
material and the spirit of civilization. Just because of the importance
of semiconductor microelectronic technology, many governments
and international companies invested heavily in developing the
technology, hoping to make a break through and occupy an advanced
position in the development of the whole information technology.

Integrated circuits were invented in 1958, and in subsequent
years, development and progress in the degree of integration
have largely followed Moore’s law. Moore’s law is a rule that
combines technology development and economics to predict the
degree of advancement in microelectronic circuit integration within
a specified period. It predicts that the degree of microprocessor
integration would double every 18 months in DRAM. Moore’s law
is still proving accurate today. However, as the sizes of circuit
elements approach their physical limits, the optical method used
in manufacturing 16-nm-node chips is also approaching a limit.
Although the scaling of microelectronic circuit elements still follows
Moore’s law, the unit density of power consumption will become
unacceptable. Therefore, on the one hand, people continuously
develop microelectronic technology, while on the other hand, they
consider the developing road after Moore’s law is broken, that is,
more Moore’s law or more than Moore’s law.

Physically, when the scale of the circuit element decreases to
10 nm or even less, the quantum effect will appear and play
an increasingly important role. The electron transport becomes
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non-classical and non-linear, and even the electron motion likes the
waveguide motion. This book consists of two parts: (i) non-classical,
non-linear transport, and (ii) quantum waveguide theory.

The first part discusses the quantum correction effect in
ultrasmall devices, including strong field transport and transport
related to space (Chapter 2). The quantum mechanics effect is most
obvious in the longitudinal transport of superlattices because the
longitudinal length of the superlattice is about 10 nm, smaller than
the electron mean free path. Quantum transport includes resonant
tunneling (Chapter 3) and longitudinal transport of a superlattice
(Chapter 4), which were observed early in the last century eighties.
Due to the development of electron beam lithography in the last
century nineties, people can fabricate an ultrathin metallic wire
on a two-dimensional electron gas (2DEG). Applying a bias voltage
on a metallic contact can form a small quantum dot in the 2DEG
underneath the contact. In studying the transport of quantum dots
and thin circuits, Landauer and Biittiker proposed their famous
formulas named after them. This kind of transport is named
mesoscopic transport (Chapter 5). People fabricated 3D quantum
dots in the longitudinal direction of a quantum well by using
lithography. The quantum dot is confined in the upper and lower
directions by the barriers in the original quantum well, and its
lateral direction is confined by vacuum due to the lithography. These
kinds of quantum dots are similar to an artificial atom, in which
the electrons are filled according to the shell. This characteristic
is reflected in the quantum transport, for example, the Coulomb
blockade (Chapter 6). Last, we introduce the applications of single-
electron transport: single-electron transistor (Chapter 7) and single-
electron memory (Chapter 8).

The second part studies quantum waveguide theory, mainly
our own works. Since the Aharonov-Bohm effect (AB effect) was
experimentally discovered by Webb et al., there have been many ad-
vances in the transport of mesoscopic systems. Electron transport in
mesoscopic systems is not of the diffusing type but of the waveguide
type because there are no electron collisions in such small systems.
Transport of the waveguide type has many characteristics different
from those of the diffusing type, and the theoretical research
methods of these two types are also different. The former is based
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on quantum mechanics, while the latter is based on the classical
statistical physics: Boltzmann equation. In application, mesoscopic
systems, especially semiconductor mesoscopic systems, will be the
basis of next-generation microelectronics.

This part summarizes the research results of our group in this
field in the past 20 years. Chapter 9 covers the general concept of
quantum transport. Chapter 10 discusses 1D quantum waveguide
theory, which proposes two basic equations similar to Kirchhoff
equations in electric circuits. Then the two basic equations are
applied to many cases: AB rings, quantum interference devices, etc.
Last, the theory is extended to the hole case, whose wave function
has two components. Chapter 11 describes 2D quantum waveguide
theory. When the width of the circuit is so large that the energy level
spacing between the transverse modes in the circuit is comparable
to the electron kinetic energy, we should consider the transport
of multiple transverse modes, that is, 2D waveguide theory. In
this chapter, the transfer matrix method, the scattering matrix
method, and the theory of a waveguide with multiple terminals
are developed. Chapter 12 discusses the 1D quantum waveguide
theory of Rashba electrons. In recent years, much attention has
been paid to the field of Rashba spin-orbit interaction (RSOI) in
low-dimensional semiconductor structures because of its potential
application in spintronic devices, which is based on the idea of the
possible manipulation of electron spin by a magnetic or an electric
field. Chapter 12 extends the 1D quantum waveguide theory of
electrons without considering spin to the case of electrons with spin
and RSO], deriving the boundary conditions of the Rashba current.
The theory is applied to study the transport of Rashba electrons in
turning structures, spin-polarized devices, etc. Chapters 13 and 14
extend the 1D quantum waveguide theory of a Rashba electron in
straight-line structures to curved-line structures. For this objective,
the transfer matrix method is developed. With this method, the
Rashba electron transport in the AB circular ring and square ring
and related spin polarization modulation are studied. In Chapter 15,
the 1D quantum waveguide theory of a Rashba electron is extended
to the 2D case and some basic results are obtained.

The second edition contains two new chapters as follows.
Chapter 16 theoretically investigates, by using the transfer matrix

xiii
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Introduction

method, Rashba electron’s spin transport in a straight waveguide
with a stub which has a smooth boundary. Chapter 17 studies the
spin transport of electrons in an elliptical ring with the Rashba spin-
orbit interaction. It focuses on the spin flip in two kinds of rings and
expects to find a suitable structure and conditions for a spin inverter.

In summary, the transport theories and experiments beyond
classical transport quantum waveguide are introduced, which are
prepared for future semiconductor micro- and nanoelectronics.
They will be the basis of next-generation semiconductor electronics
and industry. We believe that these theories will have more and more
applications, popularization, and developments.

Jian-Bai Xia
Duan-Yang Liu
Wei-Dong Sheng
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Chapter 1

Properties of Quantum Transport

1.1 Characteristic Length [1]

In traditional transistors, whose length is larger than the average
free path of electrons, the electron’s movement is classical, which
can be described by the Boltzmann equation. But when the scale
of a device is so small that its scale is about or smaller than some
characteristic lengths, there will be distinct quantum effects of
current.

Electrons in two-dimensional electron gas (2DEG) are degene-
rate at low temperature, so their Fermi wave vector can be written
as

ke = \/27ns, (1.1)

where ng is the area density of 2DEG. The electrons’ Fermi

wavelength is
2 2
=" = |22 (1.2)
kF Ng

For electrons with area density ng = 5 x 10! cm™2, the Fermi
wavelength is about 35 nm, so it is obviously comparable to the
scale of mesoscopic devices. At low temperature, electric current
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Properties of Quantum Transport

is contributed mostly by electrons near the Fermi energy, and
other electrons with energy less than the Fermi energy have no
contribution to the conductance. Therefore, the Fermi wavelength
is associated with the quantum effect of current.

Electrons which move in a semiconductor are scattered by
impurities, defects, or phonons, and their momentum relaxation
time t,, and scattering time 75 have the following relationship:

1 1
— = —ap, (1.3)

Tm Ts
where «, is a constant between 0 and 1, and it denotes the
effectiveness of different scatterings for the momentum relaxation.
The mean free path L, is defined as the average distance
travelled by an electron before it loses its momentum, so it can be
written as

Ly = VpTm, (1.4)

where vg is the Fermi velocity, and for electrons with area density
ns=>5 x 10! cm~2. On the basis of Eq. 1.1, we obtain

Vg = Z(F - mi 27ng = 3 x 107 cm/s, (1.5)
where m* is the electron’s effective mass, my is the static mass of an
electron. If m* = 0.067my, 7, = 100 ps, then it can be obtained from
Eq. 1.4 that L, = 30 pm.

The phase relaxation length is defined as the average distance
travelled by an electron before the electron wave loses its phase.
Similar to the momentum relaxation time 7y, the phase relaxation

time 7,, has the following relationship with the scattering time t;:

1 1
— = —ay, (1.6)

T, T

where «, is a constant between 0 and 1, and it denotes the
effectiveness of different scatterings for the phase destruction.

To understand the concept of phase destruction, we imagine an
experiment of AB ring. The incident electron beam splits in two
at one end of the ring, then moves along up and down the two
arms, then meets at the other end of the ring. If the lengths of
each arm are the same, the phases of two waves at the meeting
point are equal, and the amplitude increases. Assume that there is
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an impurity or defect (named scatterer) in one arm. Then it will
scatter the electron wave passed. Because the scattering is elastic,
it does not change the electron’s energy, just its phase. When the
two electron waves meet, their phases are unequal, so interference
makes the amplitude reduced. Because the scatterer is fixed, the
phase relationship between the two paths is definite.

If we apply a magnetic field perpendicular to the ring, the
electron wave moving up or down the arm is added or reduced a
phase factor, which is in proportion to the magnetic flux ® through
the ring (magnetic field strength multiplied by the area of the ring).
Therefore the amplitude of the output electron wave oscillates with
®, and it is the AB effect. In case there are scatterings in the arms,
although the amplitude reduces when ® = 0 (the magnetic field
is zero), when the strength of the field increases, the amplitude’s
oscillation with ® doesn’t change. When @ reaches a certain value,
the amplitude reaches its maximum. We can say that the loss of the
phase at the scatterings has been compensated by the magnetic field.
In this condition, we can consider

a, =0, T, — oo. (1.7)

That is, the elastic scattering of static scatterers does not affect the
phase relaxation time. This fact has been proved by the experiment.
Experiments found that the length of the two arms of the AB ring is
much larger than the mean free path L, in general—i.e., an electron
has experienced repeatedly the momentum elastic scattering, but
experiments still observe the AB oscillation.

A major factor which affects the phase relaxation is the inelastic
scattering of the electron-phonon. A phonon is a quantum mode
of lattice vibrations, and it is not a fixed point as an impurity or
a defect, so its scattering on electrons is random. As it is inelastic
scattering, in every scattering the electron’s energy will increase
or decrease the energy of a phonon. When two electron waves
scattered by phonons meet, the relationship of their phases is
irregular, so the average amplitude of the electron wave reduces. In
other words, fixed scatterers do not contribute to phase relaxation;
only fluctuating scatterers do.

Assume that after time 7, the mean square energy that the
electron gains during phonon scattering is equal to the square of

5
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energy that the electron gains each time multiplied by the number
of scatterings:

(Ae)* = (hw)* (1p/7s), (1.8)

where hw is the energy of a phonon. The phase relaxation time is
defined as that after time 7, when the mean square value of an
electron’s phase change is of orders one:

Ap =~ (Ag)t,/h~ 1. (1.9)
From Egs. 1.8 and 1.9 we have
7o\ 1/3
T, = (E> . (1.10)

Therefore the influence of a low-frequency phonon (acoustic
phonon) on the phase relaxation is small. A major factor of phase
relaxation is the optical phonon.

At low temperature, a major factor of the phase relaxation is
electron-electron scattering. The frequency of electron-electron
scattering is determined by the difference in electron energy E
and Fermi energy Ep: A = E - Ep. Because A is small, the states
which can be scattered are very few according to the Pauli exclusion
principle. So the probability of scattering goes to zero. In 2DEG, it
has been proved that

E ~ A—z [ln <EF> + const] . (1.11)
Ty EF A
Because the hot electron’s average energy A ~ kg T, the relationship
between 7, and T is the formula that A is replaced by kgT in
Eq. 1.11.
In high-mobility semiconductors, 7, < 75 in general. In low-
mobility semiconductors, 7, changes less while 75 decreases greatly,

SO Ty >> T

1.2 Non-equilibrium Transport

When the scale of a device is smaller than 100 nm, a few volts in
the applied voltage can lead to very high electric fields of the order
of 10,000 V/cm. These high fields lead to values of the carrier drift
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velocity of the order of 10”7 cm/s. Because there is not enough time
for these electrons to exchange energy with the surroundings, their
average energy is higher than the thermal average value kg T, so that
they are called “hot electrons.”

When the electric field strength is small, the drift velocity of
electrons is proportional to the electron field strength,

va = uE, (1.12)

where the proportional coefficient u is called mobility. The regime
where Eq. 1.12 is valid is called the linear-response regime. In this
regime, the Einstein relation expresses the diffusion in terms of the
mobility and thermal equilibrium temperature as

kT
Dz“: , (1.13)

where e is the electron charge taken with its sign. The Nyquist
relation expresses the available noise power P,, of a two-terminal
network for unit bandwidth of frequency A f in terms of the thermal
equilibrium temperature as

Pay
= kgT. 1.14
A=l (114)
Therefore, under the thermal equilibrium we have
P D
N _ T = 2 (1.15)
Af I

Equation 1.15 is just a macroscopic expression of the fluctuation-
dissipation theorem.

Under hot-electron conditions, the Einstein and Nyquist relations
no longer hold in general. Figure 1.1 schematically shows the drift
velocity, diffuse coefficient, and white noise as functions of the
electric field in the linear-response and hot-electron regimes [2].

The experimental evidences of the main effects related to the hot-
electron conditions are as follows [2], as shown in Fig. 1.1:

(1) Deviation from Ohm’s law through a nonlinear dependence of
the drift velocity upon electric field strength

(2) Deviation from the Einstein relation of the diffusion coefficient
through a diffusivity which depends on the electric field
strength

7
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DRIFT VELOCITY ,vq

DIFFUSION,.D

e

WHITE NOISE.T,

|

|

|

OHMIC 'I

TRANSPORT | HOT ELECTRONS
|

ELECTRIC FIELD.E ~——>

Figure 1.1 Schematic illustration of the drift velocity, diffusion coefficient,
and white noise as functions of electric field strength.

(3) Deviation from the Nyquist relation of the noise power per unit
bandwidth through an increase of the white-noise temperature
Ty

(4) Anisotropy with respect to the direction of the applied electric
field of the kinetic coefficients: differential mobility u’, diffusion
coefficient D, white-noise temperature T,

(5) Negative differential mobility for electric field strengths above a
threshold value

In the linear-response regime, the transport behavior can be
described by the Boltzmann equation, and it can be solved by the
perturbation method. In the hot-electron regime, the transport is
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nonstatic, the distribution function deviates far from the balance
distribution function, and its variation with the time is large. It is
believed that if the concepts of the Boltzmann equation and the
distribution function are still valid, three main assumptions will
justify such an approach: (i) Carrier density should be sufficiently
low so that only binary collisions occur. (ii) The time between
successive collisions, 7, should be long enough when compared
with the duration of a collision, t.o—i.e., Teon/7 < 1. (iii) Density
gradients should be small over the range of the interparticle
potential. In this case the perturbation method cannot be used to
solve the Boltzmann equation, but the Monte Carlo method can be.

1.3 Quantum Effect

The hot-electron effect is a nonlinear transport behavior in
ultrasmall devices, but the electron movement is still classical. If
the scale of the devices becomes smaller and smaller, a series of
quantum effects will appears [3].

1.3.1 Statistical Thermodynamics

Generally, modeling of quantum phenomena is more complicated
than modeling of classical and/or semiclassical phenomena. For
instance, one should consider the full nonlocal nature of the
potential interactions in the dynamical variables. Consider a simple
potential barrier system, where the potential distribution is

V (x) = Vou (—x),

1, x>0 116
Mﬂ={0x<0 (10

where u(x) is the Heavyside step function. For the case Vy — oo,
the Wigner distribution as a function of space coordinate x and
momentum k obtained quantum mechanically is shown in Fig. 1.2
[4]- It may be seen that far from the barrier, the distribution
approaches the classical Maxwellian form, but near the barrier it
differs greatly. The repulsion from the barrier is required by the
vanishing of the wave function at the barrier, but the first peak of
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Figure 1.2 The Wigner distribution function as a function of space
coordinate x and momentum k for a half infinite barrier.

the wave function, as one moves away from the barrier, occurs closer
to the barrier for higher-momentum states. This variation exists for
distances of the order of several thermal de Broglie wavelengths,

K2 1/2
p=(—) . 1.17
P <2m*kBT) (1.17)

Thus, nonlocal variation can be expected over the range of 20-40 nm
even at room temperature.

It is clear that the electron density no longer varies simply
according to the Boltzmann distribution. The statistical mechanics
should be modified with quantum mechanics, which is related to the
electron momentum. One form introduces a quantum pressure term
as a modification of the electron temperature,

2

B =ksTe — —V*In(n). (1.18)

8m*
Although the results obtained using this model are in agreement
with the intuitive expectations, the correction term does not have
the momentum dependence expected from Fig. 1.2.

People attempt to more properly treat quantum effects without
such hydrodynamic approximations. A problem with the use of
quantum approaches to device modeling is that most quantum
discussions, especially those of quantum transport, tend to revolve
around closed systems, whereas most devices are open systems.
In treating such open systems quantum mechanically, it is quite
difficult to properly define the reservoir (thermal equilibrium
contact) regions, as well as the interface regions between the
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reservoirs and the active device region. Because of the nonlocal
nature of the quantum system, errors in defining the contact region
will propagate throughout the device, often leading to spurious
results.

The double-barrier resonant tunneling diode (DBRTD) is a typi-
cal device of quantum mechanical effect. The Wigner distribution
function is calculated from the density matrix through the Fourier
transform, often called a Weyl transform. The Wigner distribution
has been used to model the DBRTD. It is found that the Wigner
function shows a depletion region in the cathode area, which arises
from a contact potential drop and the tendency to form a bound
state in this area. Such contact potential drops are typical of most
open systems, whether classical or quantum. Generally, the cathode
“barrier” will develop when there is a mismatch between the
injection characteristics of the cathode reservoir and the dissipative
nature of the active device region. It is largely eliminated if a lightly
doped region is introduced adjacent to the barrier layers.

1.3.2 Phase-Coherent Effect

When electrons pass through a device, if the size of the device
is smaller than electrons’ coherent length (inelastic mean free
path), different waves will interfere. The coherent effect will
result in additional scattering, then reduce the conductivity. In
addition, the coherent effect also will result in the Aharonov-Bohm
effect, universal conductance fluctuation, etc. All these are named
mesoscopic effects.

One of important problems is the conductance fluctuation caused
by quantum effects. Assume that the action area of the gate is
0.1 x 0.05 umz, and carrier concentration in the inversion layer is
2 x 10'? cm~2, then there are only 100 electrons under the gate. The
conductance change caused by the phase coherence is on the order
of e?/h, about 40 uS. If the normal conductivity is 1000 mS/mm,
then for a device with a gate width of 0.1 pum, the total conductance
is 100 uS. Therefore, the conductance fluctuation caused by the
phase coherence is 40% of total conductance, so it will limit the
performance of the device greatly.
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Ip(nA)
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Figure 1.3 Current-voltage curves for a MESFET of 45 nm gate length and
20 pm gate width.

Figure 1.3 shows the current-voltage curves for a MESFET of
45 nm gate length and 20 um gate width. Fluctuations, which are
not time varying but d.c. fluctuations, are clearly evident in this
figure, and these are estimated to have a rms (root-mean-square)
amplitude of about 10 uS. In spite of the large gate width, it
appears that the quantum fluctuations are clearly evident even at
300 K. Although the amplitudes of the conductance differ greatly,
the fluctuations are of comparable rms amplitude. This strongly
suggests a fundamental origin such as quantum interference.

A 0.1 um gate width device is quite nearly a device formed on
a quantum wire, which can be looked upon as a quantum wire
device. The quantum wire has a series of the transverse bound
states. When the gate potential increases, the number of the electron
channels increases, resulting in a step-type jump in the conductance.
The height of the step is 2e?/h. Figure 1.4 is the variation of the
conductance of a wire with a rough boundary as the Fermi energy
(gate potential) is varied. The upper curve is for A/Ag = 0.1, and
the lower curve is for A/W = 0.1, where A is the variation of the
gate width, A is the Fermi wavelength, W is the gate width, and L
is the gate length. From Fig. 1.4 we see that the conductance curves
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Figure 1.4 Variation of the conductance of a wire with the Fermi energy.

are basically of step form, and derivate from the step form due to
the fluctuation of the gate width. Thus, the fluctuation of the gate
width is also a reason behind the conductance fluctuation for narrow
devices.

In addition, if the orbit of a ballistic electron surrounds an
obstacle, such as an impurity atom, then interference between two
orbits also will result in the phase-coherent effect. Especially when
there is a perpendicular magnetic field in the area surrounded by
two orbits, the Ahanorov-Bohm effect (AB effect) will occur. Here,
the wave function in the closed loop can be expressed by the integral
along the loop:

\P%exp{; (/1A-dl—/2A~dl>} =exp[27{B~dS]

= exp (;) , (1.19)

where ®; = h/e is the magnetic flux quantum. The electric current
passing through the closed loop will oscillate periodically with the
magnetic flux. When a current of 10 mA passes through the loop, if
there is a magnetic field of 0.02 T, then the AB effect can result in
distinct fluctuation.
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1.3.3 Coulomb Blockade Effect

Experiments found that for a small quantum dot, only when the
electric voltage is larger than a certain value, the electron can pass
through the dot. The reason is that the Coulomb interaction between
the electron in the quantum dot and electron in the circuit will reject
the entry of the second electron to the quantum dot. Only when
the energy of the electron exceeds the Coulomb interaction energy,
the second electron can enter the quantum dot and the current can
occur. This appearance is called Coulomb blockade effect, and the
relationship curve between voltage and current has the shape of
a step, which is called Coulomb staircase. The Coulomb blockade
effects have been observed in 2DEG systems in Si-MOSFET and GaAs
heterojunction.

From the point of view of large-scale integrated circuits, all the
above effects are unfavorable, and we should avoid these in design.
On the other hand, these mesoscopic effects may be utilized in
the new generation of electronic devices. For example, in a device
which has a size smaller than the inelastic scattering mean free path,
electrons follow the motion law of quantum mechanics, so we can
utilize properties of quantum interference and quantum waveguide
to design a device and to control the movement of electrons. And we
can design a single-electron transistor by using Coulomb blockade
effects, which can greatly reduce the number of electrons stored
in one bit, and can reduce power dissipation of memory devices.
Because the spin of electron has a much longer scattering time and
distance than that of the electric charge, we can utilize spin as the
information carrier to design spintronics devices and so on.

1.4 Landauer-Bittiker Formula

Datta first proposed the concept of quantum device in 1989 [5],
which can be understood only by considering the electron’s wave
property. Concepts which can describe the electron’s movement are
no longer the scattering probability, relaxation time, mobility, and
so on. For a two-terminal device, assume that at, a~ and b*, b~
are amplitudes of the electron wave in the input circuit and output
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Figure 1.5 Two-terminal device, where a*,a™ and b*, b~ are amplitudes of
the electron wave in the input circuit and output circuit, respectively.

circuit, respectively. Then, for a definite energy E, they can be related
by a scattering matrix,

(0)-(GELE) ) v
b t(E) r' (E) bt

where r(E), r’(E) and t(E), t'(E) denote reflection and transmission
coefficients, respectively, which are determined by the internal
potential and structure.

The circuit has a certain width, and there are transverse modes
with different energy. In general, the transport in the longitudinal
direction is of multimode, so the amplitudes a*, a~ are column
matrices with size (M, x 1), b™, b~ are column matrices with size
(Mp x 1). Similarly, r is a matrix with size (M, x M), t is a matrix
with size (M, x M,;), and so on. M, and M, are the number of
transverse modes in the input circuit and output circuit, respectively.

In the Landauer-Biittiker formula, the conductance is expressed
by the scattering matrix, so this theory is suitable for solving the
conductance of a system which is made of different materials or
conductors of different shapes that are put in contact with each
other. This theory is the basic theory in the research on mescoscopic
transport.

Suppose that an electron moves in an ideal conductor along the z
axis, and neglect the positive ions in lattice points and scattering of
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positive electric charge on the electron. In the absence of a magnetic
field (so take no account of spin), the Hamiltonian of the electron is
p>
2m
where V(x) is the lateral confinement potential in the wire. On
the basis of the Hamiltonian (1.21), we can obtain the system'’s
eigenstate:

H = +V(x ), (1.21)

1 .
Yok (X' Y, Z) = Eelkz(ﬁa (Xr .Y) ’ (122)

where k is the wave vector along the z direction of the wire,
a denotes the a-th transverse eigenstate, and the eigenenergy
corresponding to the a-th eigenstate is E,; = E, + h?k?/2m. The
first term and the second term are lateral and longitudinal energy,
respectively, and the lateral energy E,, is determined by the lateral
confinement potential V (x). We can use a square potential well to
express the lateral confinement potential of an ideal wire. Suppose
that the well in one direction is very narrow, and the width in
another direction is W, then the lateral energy E, = (nhm)?/2mW?
has discrete energy levels. Therefore, the energy spectrum of the
system is made up of a series of parabolic and discrete energy
subbands, and the minimum value of the corresponding curve is E,.

When T = 0 K, the current in the «-th channel of the wire can be
expressed as

2 Kimax 2 Kimax dk
Ia = — evakdk = 7/ evak—dEak
27T 0 21 0 dEak

=2 k), (1.23)

where vy, = 1/h x dEy/dk is the electron’s group velocity, and u is
the chemical potential (Fermi energy level).

If the width of the ideal conductor is small enough, then the
energy gap between two energy subbands will be large enough so
that the electron can just occupy the lowest energy band, and then
this energy band will become the one and only allowed channel.
At present we can calculate the net current in the wires with the
chemical potentials w1 and 3, respectively, connected to each other:

2
I=hL—-1= (Zhe) 1 — <2he> M2 = (2:> (Vi —=V2). (1.24)
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Therefore, the conductance of the two-terminal and single-channel
device is
I 2e?
G= = —.
Vi—V; h
This is the Landauer formula of the two-terminal and single-channel
system; 2e%/h is called the quantum conductance.

If the wire has finite width, the electron may occupy several
subbands. Assume that N subbands have been filled in, and f(E)
denotes the probability that the subbands have been occupied by
the electron. At present the current can be written as

(1.25)

=2 B A TE) - L)Y T(E), (126)
i j

where T} = Zj T = Zj |tij|2 denotes the total transmission
probability that an electron transport from all channels of wire
1 to the i-th channel of wire 2. fi(E) and f;(E) are the Fermi-
Dirac distribution function in the wire 1 and wire 2, respectively.
Therefore the current of the system is

=% /dE LF(E)— f(E+ VT (E),  (127)

where f(E) is the Fermi-Dirac distribution function, Vp = V; — V;
is the bias voltage on the system, T(E) = X;Ti(E) is the total
transmission probability. For a small bias, Eq. 1.27 can be simplified
as

I 2e? of
G=—=— | dE|—— )T (E). 1.28
= [ar ()@ (1.28)
Atlow temperature, —9f/9dE = §(E — E§), then in the end we obtain
2e? 262 Mo Mo 2
G:TT(EF)zT;;\tU (Er)|". (1.29)

where t;(Ef) is the transmission coefficient shown in Eq. 1.20, and
Eq. 1.29 is the Landauer-Biittiker formula for the two-terminal and
multichannel device. It follows that the key point of utilizing the
Landauer-Biittiker formula is solving the transmission coefficient
matrix t. Most research studies on mesoscopic transport focus on
this problem.
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The two-terminal Landaure formula can be extended to the
multi-terminal device. Considering a three-terminal device, we can
write its scattering matrix functions similar to Eq. 1.20:

a Taa tab tac at
b= | = | ta vy toe bt |. (1.30)
c tea teb Tec ct

Biittiker has proved that current I; (i = a, b, c) has the following
relationship with the chemical potential of every circuit u;:

2 2
I,‘ = Te (T,j[,LJ — ji/l«i)v (131)
j=a,b,c
where
u 2
Tip= D ()l (1.32)
m,n=1

When there is no external magnetic field, T;; = T};, Eq. 1.31 can be
written as

2¢?
== Tij (wj — i), (1.33)
j=a,b,c
where 1; — u; corresponds to the bias voltage between two circuits.

The conductance between each pair of circuits can be defined as
Gij=2Ty, i, j=ab,c(i #j). (1.34)
Equations 1.29 and 1.31 are the fundamental formulas of quantum
conductance. They form the theoretical basis of future quantum
devices. For a certain device, we should obtain scattering matrices
raa(E), tap(E), . ... It is shown in Eq. 1.31 that the quantum device

is nonlocal, and change of any terminal’s chemical potential will
influence currents in all circuits.

1.5 Quantum Interference Transistor

By using the interference effect of the electron wave, Datta [5]
proposed the concept of “quantum interference transistor;,” as shown
in Fig. 1.6a. The structure consists of a conducting channel with a
barrier in the middle. The length L is small enough so that electrons
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Figure 1.6 (a) A proposed quantum interference transistor, which consists
of a conducting channel with a barrier in the middle. (b) Calculated
conductance versus potential difference between the channels.

travel ballistically across it. The channels are narrow enough to
be single-mode in the z direction. Without a gate voltage, the two
channels have been assumed to be perfectly symmetric, so that the
electrons passing channels 1 and 2 have the same phases when
they meet at the drain of the device, the amplitude of the electron
wave—i.e., the conductance will be maximum. But an applied gate
voltage changes the average potential in channel 1 with respect
to that in channel 2, resulting in the phase difference of electron
waves traveling in channel 1 and channel 2, and the decrease in the
conductance. Figure 1.6b shows the calculated conductance versus
bias gate voltage, i.e., potential difference between the channels.
Figure 1.7ais another quantum interference transistor proposed
by Datta [5]. It differs from the ordinary transistor in that the gate
is not at the position between the source and the drain, but at
the position beside the source and the drain. Thus it provides two
primary paths from the source to the drain, with the gate controlling
their interference, much like the Ahanonov-Bohm device. The length
L can be controlled by the gate voltage, as shown in Fig. 1.7a.
Figure 1.7b is the calculated conductance as a function of the
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Figure 1.7 (a) Another proposed quantum interference transistor, which
has the gate beside the source and the drain. (b) Calculated conductance
versus the length L.

effective length L. From the figure we see that the conductance
is modulated by 100% as the length L is changed. Therefore, the
quantum interference transistor controls current not by changing
the number of electrons, but by changing the phase.

In order to calculate the scattering matrix the authors proposed
a one-dimensional quantum waveguide theory [6], which can be
used to explain intuitively the above A-B devices and the quantum
interference transistors, and which is also suitable for any shape and
structure of one-dimensional quantum waveguide circuits. We also
consider the quantum waveguide circuits with definite width. For
details, see Chapter 9 and hereafter.
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1.6 Spintronics Devices

Electron spin, or intrinsic electronic angular momentum, is another
intrinsic property of electron besides electric charge. The electron
spin has two discrete values £4/2, which are generally named spin-
up and spin-down states respectively. This is very similar to the
high and low levels or switch off and switch on, which are used to
realize logic 1 and 0 states. Thus, the 1/2 spin system is an ideal
two-level system, and spin-up and spin-down states are an ideal
choice to realize the quantum bit in quantum calculation. Recently, in
traditional electronic industry, device integration has become higher
and higher, and the size of devices smaller and smaller, which results
in distinct quantum effects and too much energy consumption.
Therefore, naturally, people think of utilizing spin-free degree, which
was formerly always neglected, to replace or to combine the charge-
free degree. The research on how to control spin-free degree
effectively has attracted wide attention from scientists, and was
named spintronics by S. A. Wolf et al. formally in 2001 [7]. Spintronics
researches a particle’s spin in a solid and applies it in devices,
and it contains spin polarization’s produce, control, transport, and
exploitation. It is an interdiscipline field which involves electronics,
magnetism, optics, and micro- and nanoprocessing technology.
According to the materials researched, it can be grouped into two
areas: metal spintronics and semiconductor spintronics.

Ideal spintronics devices realize functions by controlling spin
orientation and spin, so they may not be restricted by the number
of electric charges and energy dissipation. They have lower power
dissipation and faster running speed. Moreover, electronic storage
devices based on spin have the advantage of nonvolatility. These
devices clearly show that spintronics will have wide prospects
of development and application in areas of quantum calculation,
communication, molecules, chemistry, and so on. Therefore, people
expect spintronics to construct the physical foundation of a new
generation of nanoelectronics, and spintronic devices to replace the
current microelectronic devices.

The symbol of spintronics’ birth is the discovery of the giant
magnetoresistance (GMR) of the metallic multilayer structure in
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1988 [8, 9]. The proposal of spin valves and room temperature
magnetic sensor utilizing anisotropic magnetoresistance make
GMRs a great success in commerce. Nowadays a new generation of
the magnetic head of high-density disk is using the GMR principle.
Thanks to the high sensitivity to the magnetic field of GMR, each
GMR magnetic head has be reduced to 30-50 nm, and more than
4 T volume in desktops and more than 1 T volume in laptops have
been realized.

Now spintronics devices that are practical are mostly made of
metal magnetic materials, which belong to the first category of
spintronics, i.e., magnetoelectronics. In 1995 scientists found a new
phenomenon, tunneling magnetoresistance (TMR) [10]. When the
moments of the above and underneath ferromagnetic layers change
from parallel to antiparallel, the tunneling resistance changes
20-30%. The magnetic tunnel junction (MT]) utilizing the TMR
technology has been created, and new magnetoresistive random
access memory (MRAM) is expected to replace nonvolatile memory
based on CMOS. This new generation of memory has advantages
such as no loss on data when power fails, rapid reading speed
comparable to static random access memory (SRAM), and large
memory space comparable to dynamic random access memory
(DRAM), so it has wide application prospects.

The second category of spintronics mainly studies semiconduc-
tors, and it hopes to create an imbalance of spin number to realize
spin transistor and spin valve, and then replace traditional electronic
devices. These new spintronic devices have characteristics such
as low energy consumption and rapid switching speed. Because
ready-made mature semiconductor technology and equipment can
be used to reduce developing cost, these devices have attracted wide
attention. To utilize spin-free degree in semiconductors, we must
produce, keep, control, and detect the spin polarization of carriers.

There are several methods which can produce spin current:
ohmic injection, tunnel injection, ballistic electron injection, utilizing
the giant Zeeman splitting of a dilute magnetic semiconductor (DMS)
in a magnetic field, utilizing a ferromagnetic semicondutor (FMS)
as spin calibrator, the optical method, and so on. Ohmic injection
uses a ferromagnetic metal (FM) as electrode to inject spin-polarized
electrons. If the ohmic contact is created in the junction between FM
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and semiconductor, then it can be expected that the spin-polarized
current in the FM can be injected into the semiconductor. However,
the ohmic contact by heavy doping produces scattering of spin
flip, which reduces spin polarization. At T < 10 K, from FM-InAs
ohmic contact, spin-polarized electrons of 4.5% have been obtained
[11]. Atroom temperature, from the Fe-GaAs contact, spin-polarized
electrons of 2% have been obtained [12].

As for how to control the spin polarization of carriers in a
semiconductor, various semiconductor spintronic devices have been
proposed. The spin field-effect transistor (SFET) proposed by Datta
and Das in 1989 [13] is one such original device, and also the
most famous one. Other important ones include the graphene spin
field-effect transistor, metal-oxide-silicon spin field-effect transistor,
Johnson spin switch, unipolar spin transistor, and so on. Despite
making great efforts, people have not succeeded even with the
original Datta-Das transistor yet, which shows that we have a long
way to go, and there is much work to do.

The spin transistor first proposed by Datta and Das [13] is based
on controlling the spin of an electron. The principle it works on is
shown in Fig. 1.8a.

The principle of the electro-optic modulator shown in Fig. 1.8a
should be introduced first. A polarizer at the input polarizes the light
at 45° to the y axis (in the y — z plane), which can be represented as
combination of the z- and y-polarized light:

(1) =<(1)> +((1’) . (1.35)
(45¢ pol) (zpol) (v pol)

Because of the electro-optic material the dielectric constant ¢,, is
slightly different from ¢,,. As this light passes through the electro-
optic material, the two polarizations suffer different phase shifts k; L
and kL, where L is the length of the crystal. The light emerging
from the electro-optic material is represented as ((e/*1)/(e’2)). The
analyzer at the output lets the light with polarization (1/1) to pass
through, so the output power Py is given by
ik L |2 ki — k) L
Py ‘(1 1) (zikzL) = 4 cos? %
The light output is modulated by a gate voltage that controls the
difference between the phase shifts A8 = (k; — kz) L.

(1.36)
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Figure 1.8 (a) Electro-optic modulator. (b) Spin transistor similar to
electro-optic modulator.

The theorem of the spin transistor is based on the interaction of
the electron orbit and spin, i.e., the Rashba interaction [14],

o . d 0
HR:E(G X p)y=10l (O-XE)Z_O-ZB)('), (137)

where « is named the Rashba coefficient, generally being 1 —
10 x 10710 eV . cm, and o, and o, are the Pauli matrices. In
the case of Fig. 1.8b the gate voltage produces a perpendicular
electric field to the two-dimensional electron gas (2DES); i.e, it
produces a nonsymmetric potential with respect to the x — z plane,
which produces a Rashba interaction between the orbit and spin
of electrons, as shown in Eq. 1.37. The Rashba coefficient « is
proportional to the electric field.

In the spin transistor shown in Fig. 1.8b, both ends are FM iron
contacts, which are magnetized in the x direction and correspond
to the polarizer and the analyzer in the electro-optic modulator
of Fig. 1.8a. Electrons injected through the source electrode are
spin-polarized along the x direction, which can be represented as a
linear combination of positive z-polarized and negative z-polarized
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electrons:

o)) o
(+x pol) (+2z pol) (—z pol)

Due to the Rashba term (1.30), in the absence of a magnetic field,
the Rashba term causes the spin-up and spin-down states to split.
If an electron is traveling in the x direction with k, # 0 and k, = 0,
then considering the Rashba term, the energies of the electron can

be written as
h2k?
E (+z pol) = Zmi‘l + aky,
h2k?
E (—zpol) = > X2 _ kg (1.39)

m*

Electrons with two kinds of spin polarization have the same energy,
and it can be proved that they have different wave vectors. Their
difference is

2Zm*a

B2

Therefore there is a differential phase shift for spin-up and spin-
down electrons after they pass through the junction area, and this
shift is shown as

ky2 — k1 = (140)

2m*al

h2
For InGaAs/InAlAs heterostructures, from the experimentally ob-
served zero-field spin splitting, & was estimated to be ~3.9710
eV-cm. To make a phase difference of n, L is about 0.67 um,
which is less than the mean free path (>1 um) in high-mobility
semiconductors at low temperatures. Therefore we can change the
gate voltage, and then change the Rashba coefficient o to modulate
the spin current just as the electric-optic modulator.

A0 = (ke — ky1) L= . (1.41)

1.7 Carbon-Based Electronics [14]

In the last few decades, microelectronics has made dramatic
advances, including the continuous miniaturization or “scaling” of
electronic devices, particularly of the silicon-based large-scale inte-
grated circuit (LSIC). However, this device scaling and performance
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enhancement cannot continue forever. A number of limitations in
the fundamental scientific as well as technological nature of silicon
devices place limits on their ultimate size and performance.

The approaches towards making a breakthrough in the limits are
divided into two types. One is moving away from the traditional
electron transport-based electronics: e.g, the development of
spin-based devices. The other approach maintains the operating
principles of the currently used devices, primarily those of the
field-effect transistor, but replaces a key component of the device,
the conducting channel, with carbon nanomaterials such as one-
dimensional (1D) carbon nanotubes (CNTs) or two-dimensional
(2D) graphene layers, which have superior electric properties. This
book focuses mainly on the first kind of research and introduces
only carbon-based devices in this section. The main problem with
carbon-based devices is that it is difficult to integrate them into
one large-scale circuit as silicon-based devices. Now the single
carbon nanotube field-effect transistor (CNTFET) and graphene
nano-ribbon field-effect transistor (GNRFET) have emerged.

Recently, graphene became the object of intense experimental
study when it was realized that single layers, or a few layers, could be
produced relatively easily by mechanical exfoliation of graphite [15],
or by heating SiC [16]. Figure 1.9a shows the carbon atom structure
in a honeycomb arrangement, and Fig. 1.9b shows the electronic
band structure of this 2D material [14]. From Fig. 1.9b we see that
the linear dispersion atlow energies near the I" point in the Brillouin

Figure 1.9 (a) Atomic structures of graphene and carbon nanotube. (b)
Electronic structure of graphene.
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zone makes the electrons and holes in graphene mimic relativistic
particles that are described by the Dirac relativistic equation for
particles with spin 1/2. Their dispersion,

E = hvpy /K2 + K2, (1.42)

where vp &~ 10° m/s is the Fermi velocity. The linear dispersion
means that quasi-particles in graphene display properties quite
different from those of conventional semiconductor materials—e.g.,
the anomalous quantum Hall effect and half-integer quantization of
the Hall conductivity. The quantum Hall effect in graphene can be
observed even at room temperature.

1.7.1 Electronic Structure

As in Fig. 1.9a, the CNT is thought of as being formed by the rolling
of a piece of a ribbon of graphene to form a seamless cylinder. The
rolling process forming the nanotube and the resulting nanotube
structure are specified by a pair of integers (n, m) defining the chiral
vector,

Cy, = na; + may, (1.43)

where a; and a, are the unit vectors of the graphene honeycomb
lattice. The length of C; describes the circumference of the
nanotube C, = mdcnr. The periodic boundary conditions around
the circumference of a nanotube require that the component of
the momentum along the circumference, k,, be quantized: Cyk; =
2mv, where v is a non-zero integer. This quantization leads to the
formation of metallic and semiconducting nanotubes.

Whereas the infinite 2D graphene is a semi-metal, if the graphene
is a narrow ribbon, there will be a gap in the energy band due to the
quantization of k, or k,. The bandgap is inversely proportional to
the width W of the GNR, and is approximately given by

Eg ~ 27 hve/(3W). (1.44)

The electronic states in GNRs are not degenerate, whereas those
of CNTs are doubly degenerate. This is due to the difference in the
boundary conditions: in a GNR the wavefunction has to vanish at the
edges, whereas in a CNT the wavefunction is periodic in the direction
of the circumference.
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1.7.2 Electric Properties

The 1D nature of the electronic states of CNTs leads to a new type of
quantized resistance related to its contacts with three-dimensional
(3D) macroscopic objects such as metal electrodes. The confinement
of the electrons in the CNT around its circumference produces a
small number of discrete states (modes) that overlap the continuous
states of the metal electrodes. This mismatch of the number of states
that can transport the current in the CNTs and the electrodes leads
to a quantized contact resistance, Rq. The resistance is determined
by the number of modes, M, in the CNT that have energies lying
between the Fermi levels of the electrodes:

h
Ry = 2 M (1.45)
For a metal CNT, M = 2, so that Rq = h/4e* = 6.45 k.

Excluding this quantized contact resistance and other contact
resistances such as those caused by the Schottky barriers, the
transport in the CNT is ballistic; i.e., no carrier scattering or energy
dissipation takes place in the body of the CNT. The length over which
a CNT behaves as a ballistic conductor depends on its structure
perfection, temperature, and the size of the driving electric field. In
general, ballistic transport can be achieved over lengths <100 nm.
Even in long CNTs, or at high bias, many scattering collisions can
take place. The mobility in CNTs can still be very high, as much as
1000 times higher than in bulk silicon.

Due to the 1D nature of the CNT, small-angle scattering is
forbidden. There will only be backscattering, so that the elastic
scattering in CNTs is weak, and the inelastic scattering determines
their transport properties. At low temperature and low bias, only
low-energy acoustic phonons can scatter the electrons, which
results in an inverse temperature dependence of the carrier mobility
in semiconducting CNTs, while in bulk materials the acoustic phonon
scattering leads typically to a ~1/T° temperature dependence of
mobility due to the small-angle scattering. Thus the CNT has very
high mobility even at room temperature.

In addition to the low-energy acoustic phonons, electron
scattering by the optical phonon of the radial breathing mode
(RBM) is important in the low-bias regime. The RBM phonon energy
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is inversely proportional to the tube diameter, and its energy is
comparable to the thermal energy at room temperature for tubes
in the diameter range of 1.5-2.0 nm. For electrons to emit an optical
phonon, their energy must be larger than the optical phonon energy.
This can be achieved only under a very high bias of a few V cm™1.
Such scattering processes were first observed in metallic tubes, in
which the current was found to saturate at about 25 pA.

As the carrier energy increases further, other inelastic process
can take place, in particular impact excitation. The high-energy
electron can excite an electron-hole pair and lose its energy. The
electron-hole interaction is very strong in CNTs, which leads to the
formation of excitons with large binding energy of a few tenths of
an electronvolt. The calculations suggest that the impact excitation
processes in CNTs are much more efficient than in conventional bulk
semiconductors—about four orders of magnitudes higher.

Figure 1.10 shows the calculated scattering probabilities, 1/, for
a (19,0) nanotube as a function of the energy higher than that of the
first subband [14], where A1, A;, A3z, and A4 denote the energies
of subsequent subbands, respectively. The peaks labeled by A-Ph
are the longitudinal acoustic ones; RBM, the radial breathing mode;
0-Ph, the optical phonon; and I-Exc, the impact excitation exciton
scatterings. The various curves represent angular momentum bands
with different circumferences.
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Figure 1.10 Calculated scattering probabilities, 1/7, for a (19,0) nanotube
as a function of the energy higher than that of the first subband.
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1.7.3 Carbon Nanotube Field-Effect Transistor

The first carbon nanotube field-effect transistors (CNTFETs) were
reported in 1998 [17, 18]. In a CNTFET one (or more) CNT plays
the role of the channel. Figure 1.11 shows two different CNTFET
structures: a top-gate CNTFET and an array of CNTFETs with
wrap-around gates. The CNT as an FET channel has a number of
advantages. Its small diameter allows optimum coupling between
the gate and the channel. This strong coupling makes the CNT the
ultimate thin-body semiconductor system and allows the device to
be made shorter while avoiding the dreaded “short-channel effects.”
All bonds in the CNT are satisfied and the surface is smooth, so that
the scattering by surface and roughness is absent. The key advantage
is the low scattering in the CNT and the high mobility of the FET
channel.

In MOSFETs, in addition to the channel, the source, drain, and
gate are all made of heavily doped Si and the contacts are ohmic.
This is not generally true for the CNT-metal contacts used in CNT

Source/drain
contacts

Figure 1.11 Schematic of two different CNTFET structures.
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electronics. Metals like Au, Ti, Pd, and Al are used for the source
and drain electrodes. The different work functions of the metal and
the CNT lead to transfer of charge at their interface. The resulting
interface dipole produces an energy barrier, the so-called Schottky
barrier. The Schottky barrier height depends on their respective
work function (@), the CNT bandgap, and the details of chemical
bonding at the interface.

There are two Schottky barriers in an FET, one at the source
and the other at the drain, as schematically shown in the insets of
Fig. 1.12. Generally, it transports only one type of carrier: electrons
or holes. From the left inset of Fig. 1.12 we see that if the electrode
is a metal with high work function, such as Pd, and the valence band
of the CNT is close to the metal Fermi level Ef, a nearly barrierless
contact for holes will be formed. But electron injection at the other
end would experience the maximum barrier of Eg, so that it is a
unipolar device, a p-type CNTFET operation. If the electrode is a
low work function metal such as Al, then it allows the electron
transport and forbids the hole transport, as shown in the right inset
of Fig. 1.12. Figure 1.12 shows the source-drain current as a function

108
107
10-F
From bottom to top
= 107 F 7=0.1to-1.1V E »
S g | Step=—02V t ' 2
¢ ° o
. -
101 | u % . Ty E
10 | = -
V<OV Va<OV
]0—13|r|i1||||||||||1|||||||[||||
-1.0 0.5 -0.0 0.5 1.0 1.5 2.0
Ve(V)

Figure 1.12 The source-drain current as a function of the gate voltage for
different drain biases, increasing from 0.1 to —1.1 V in —0.2 V steps. The
insets are the contact potential between the electrodes and the CNT.
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of the gate voltage for different drain biases, increasing from 0.1
to 1.1 Vin —0.2 V steps. From the figure we see that in the gate
voltage variation range of 1 eV, the current can vary 5 ~ 6 orders
of magnitudes.

In general, the key advantage of CNTFETs over Si MOSFETs in
logic applications is their much low capacitance of ~10 aF (for a
deyt = 1 nm, L= 10 nm, t,x = 5 nm device) and their somewhat
lower operating voltage. Thus, the CNTFETs have lower switching
energy per logic transition. The dynamic switching energy of a
device is given by 0.5(Cgev + Cwire) V2, where Cgey and Cyire are the
device and wire capacitance contributions, respectively. To minimize
the switching energy, minimum-sized devices and interconnects
should be used, as well as minimum supply voltage. The CNTFETs
have the I,,/Io ratios in the range of 10> ~ 107. Then the CNT
can have a considerable advantage, of up to a factor of 6 over the
convenient MOSFET.

More complex structures such as ring oscillators have been
fabricated [19]. To build these circuits the complementary MOS
architecture is preferred, which involves pairs of n- and p-type
transistors. CNTs, in which the valence and conduction bands are
mirror images of each other (equal effective masses for electrons
and holes), are ideally suited for such application. The two types
(p- and n-) of FETs can be made by doping the CNTs, but it is difficult
to control doping in nanoscale devices. The ambipolar behavior of an
undoped CNT can be successfully utilized to implement the CMOS
architecture. For a given undoped CNTFET with a fixed energy gap
and oxide thickness, tuning the work function of the gate metal is
the only way. When the work functions are properly selected, the
two characteristics can be relatively shifted toward each other, and
this leads to a distinguishable on-state in one and an off-state in the
other.

Figure 1.13 shows the scanning electron microscope image of a
CNT ring oscillator circuit, and the frequency response in different
supply voltages [14]. It is a ring oscillator using Pd gates for p-FETs
and Al gates for n-FETs. The frequency response shows a strong
dependence on the supply voltage. A 72 MHz frequency is measured
for a supply voltage of about 1 V.
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Figure 1.13 Scanning electron microscope image of a CNT ring oscillator
circuit and the frequency response in different supply voltages.

1.7.4 Graphene Ribbon Transistor

The sub-10 nm width graphene ribbon field-effect transistor
(GNRFET) has been fabricated [20]. The schematic structure of the
GNRFET is shown in Fig. 1.14a, and the AFM images of two GNRs
are shown in Fig. 1.14b,c. The height of the GNR is 1.5 nm, which is
assigned as two-layer GNRs. The Ti-As is used as contact electrodes
(source and drain) to minimize the Schottky barrier for holes in a
p-type transistor. The GNRFET is placed on a 10 nm thick SiO, layer,
and p* Siis used as backgate. The widths of the GNRs in Figs. 1.13b
and 1.14c are 5 and 60 nm, respectively.

Figure 1.15 shows the current-voltage characteristics for the
w = 2 nm, L = 236 nm GNR device shown in Fig. 1.14b [20].
Figure 1.15ais current vs. gate voltage (Igs ~ Vgs) under various Vgs,
and the dashed lines are the turn-on and cut-off states of the current
I = 3.2 yAand 10712 A, respectively. Thus, at room temperature,
when V4 = 0.5 V, the ratio of the turn-on and cut-off currents
Ion/Iog > 10°. Figure 1.15b is (Igs ~ Vgs) under various Ves.
From the figure, the subthreshold slope, ~210 mV/decade, and
transconductance, ~1.8 uS, are obtained.
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Figure 1.14 (a) Schematic structure of the GNRFET. (b, c) The AFM images
of two GNRs.

Comparing experiments with theoretical modeling, it was found
that the narrow device (Fig. 1.15) delivered about 21% of the
ballistic current at Vg = 1 V. The highest proportion that can be
reached is 38%. The reason is that the optical phonon (OP) or zone

w=2+0.5nm

s5:_|2V 1 | |
-1.0 -0.8 -0.6 <04 -0.2 0.0
Vi(V) Val(V)

Figure 1.15 Transistor performance of the GNRFET shown in Fig. 1.14b.
(@) (Igs~ Vgs) under various Vgs. (b) (lgs~ Vas) under various V.
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boundary phonon (ZBP) emission needs higher energy (~0.2 eV). A
carrier backscattered by emitting an OP/ZBP does not have enough
energy to overcome the barrier near the source end of the channel,
so that the OP/ZBP has a small effect on the current in GNRFETSs. The
wide GNRFETs (Fig. 1.14c) deliver higher current density of ~2000-
3000 pA/pm.

1.7.5 Future of Carbon-Based Devices

Carbon nanotubes are ideal 1D model systems to study electrical
and optical phenomena on the nanometre scale. Some new states
of condensed matter such as the Luttinger-Tomonaga liquid can be
studied. Graphene has exhibited a number of unique phenomena
such as anomalous quantum Hall effect, Klein paradox, and so forth.
New information on the physics of the nanoscale is expected to be
found through the study of nanotubes and graphene. At the same
time, the nanotechnology to handle and process nanomaterials has
been developed. Besides electronic switching, emission/detection,
and sensitive devices, nanotubes offer the potential of very fast
(THz) transistors, ultimately scaled logic devices, and simpler and
cheaper self-assembly-based fabrication. The excellent electrical
conduction of metallic CNTs may eventually allow the develop-
ment of electronic systems, where both active and interconnects
are based on the same material: CNTs. Further integration to
include optics could lead to a unified electronic-optoelectronic
technology.

The large electronic and spin coherence lengths of both materials
could lead to quantum interference and spintronic devices. Spin-
polarized injection can be achieved using manganite electrodes.
The weak spin-orbit coupling and short transit times of carriers in
nanotubes tend to preserve the spin polarization. Spin transport
and spin precession over micrometer-scale distances have been
demonstrated in single graphene sheets at room temperature.

Single-wall carbon nanotubes (SWNTs) are potential candidates
for application in electronic devices. The most severe bottleneck
is to grow uniform, single type and scale of SWNTs, because the
as-synthesized SWNTs are a mixture of semiconducting (SC) and
metallic (M) tubes. Recently, the separation of SC and M tubes
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Figure 1.16 Source-drain current versus gate voltage for two functional-
ized SWNT FETs at Vs = —0.1 Vand —0.01 V, respectively.

has achieved some advances. The metallic M-SWNT cab be etched
from the mixture through a controlled cycloaddition reaction with
fluorinated polyolefins. The as-grown commercial nanotube mats
are functionalized into a network of tubes that can then be dispersed
in an organic solvent [21]. The resulting “denser” semiconducting
inks, when coated as a percolating array, lead to high-mobility
devices without requiring further nanotube separation.

Figure 1.16 shows the source-drain current versus gate voltage
for two functionalized SWNT FETs [21]. The field-effect mobilities
deduced from the linear regime are 10 cm?/V-s and 104 cm?/V-s
with on/off ratio in excess of 10°.

Along with the progressive improvement in the rapidly evolving
technology of CNTs and graphene, the prospects of carbon-based
devices are very bright.
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Chapter 2

Non-equilibrium Transport

In devices scaling larger than 100 nm the transport is described by

the classical Boltzmann equation,

of df eE of / / / /

E“LV'%J”EQTk = [dK [f(K)W (K, k) - f(K)W (k K)],
(2.1)

where f(K, r, t) is the single-particle distribution function at time ¢,

momentum space Kk, and real space r. For semiconductors, the group

velocity of the carrier is given by
1 9¢ (K)
VE R ok
When the scale of the devices becomes smaller, the electron
transport will be nonlinear and nonstatic, as shown in Fig. 1.1. The
distribution function is a derivate of the equilibrium distribution
farther and largely varies with space and time. In some cases,
it is recognized that the concepts of the Boltzmann equation
and the distribution function are still effective, whose three main
assumptions, that is, effective mass, energy band model, and
electron collisions at space and time are instantaneous, are all
tenable. But the Boltzmann equation cannot be solved by the
ordinary perturbation method, while it can be by other methods, for
example, the Monte Carlo method.

(2.2)
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2.1 Monte Carlo Method

The Monte Carlo method utilizes the numerical method to simulate
the movement of one or many electrons in the applied fields and
scattering processes [1]. The macrophysical quantities, for instance,
drift velocity, diffusion coefficient, and energy, are the assemble
averages of corresponding physical quantities. If the system is a
steady, space homogeneous distributed system, it is enough to
simulate the movement of an electron. The statistical distribution of
a given subsystem does not depend on the initial state of any other
small part of the same system, since over a sufficiently long time the
effect of this initial state will be entirely outweighed by the effect of
the much larger remaining parts of the system. It is also independent
of the initial state of the particular small part considered, since in
time this part passes through all possible states, any of which can
be taken as the initial state. It means that the average of a variable
¢ over the assemble equals the average of that variable over a
sufficiently long time,

Jo®) fOdk _ [y ok(ade (1)

Jfgde  ~— T ’
where O(T ~'/?) represents the fluctuation proportional to T ~1/2,
When T is long enough, the statistical error can be neglected and
the simulation reaches convergence.

If the system is not steady, or inhomogeneous, then the
movement of many particles (assemble) should be studied. At any
time the transport properties of the assemble can be obtained
by the average of the simulation of these particles. This Monte
Carlo simulation of many particles is generally used to simulate the
various instantaneous properties of a homogeneous system in the
varied electric field. In the simulation of many particles the initial
distribution of particles should be given and the instantaneous
characteristics of the transport property actually depend on the
initial distribution. This method is called a many-particle Monte
Carlo simulation.

The free flight of electrons at intervals of two collisions satisfies
Eq. 2.2 and

é:

(2.3)

dk
fL —

— = —¢E. 2.4
P (24)
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Assume that the scattering probability of electrons is A(t), there are
Ny particles have the same initial state and the number of particles
that have not collided at time ¢ is denoted by N(t). Then the number
of first collisions between the time t and t+ dt is —dN(t), and

—dN (t) = N (t) A(t) dt. (2.5)
Solving Eq. 2.5 we obtain
N() ‘ /
N = oXP {—/0 A(t) dt} . (2.6)

Equation 2.6 is the probability of particles that have not collided at
time t. Hence the probability of particles that have collided at time ¢
is

P(t)=1-exp {— /t/l (¢) dt/]
0

_ /0 A(¢) exp l— /0 A dﬂ’} dt

-/ f () e, (27)

where
f(t)=A(t)exp {— /t/l (t) dt’} , (2.8)
0

representing the collision distribution function at time t.

The Monte Carlo method is semi-classical, which simulates the
random movement of a single or many particles. On this basis,
the needed properties are obtained through a proper statistical
average. In the semi-classical picture, the microscopic movement
of charged particles can be looked as a series of free flight and
stochastic scatterings. The Monte Carlo method deals with the
stochastic events related to scattering by a series of stochastic
numbers between 0 and 1. On the other hand, for a given electric
field, initial state, and free flight time, the whole flight process is
completely determined.

From Eq. 2.7 the free flight time & can be obtained with the
stochastic number r; through the integration equation

re=1-—exp [—/tf/l(t’)dt’]. (2.9)
0
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From Eq. 2.9 we obtain

/tfa (Odt=—In(l—r). (2.10)
0

Actually the solution of the integration equation (Eq. 2.10) for such
a scattering event is difficult. Rees [2] introduced the concept of
self-scattering, making the problem simpler. Assume that the total
scattering probability I, including the self-scattering, is a constant,
independent of energy,

T =A(E)+ A (E), (2.11)

where A;(E) is the self-scattering probability. Inserting I' into
Eq. 2.10 instead of A(t), we obtain

1
tf - —F ln (1 - rt) . (212)

The flight time & can be easily calculated from the stochastic
number rx.

Suppose that the initial state of each free flight is k,. Then from
the movement Egs. 2.2 and 2.4 we can determine the momentum
k, and energy of the final state. With this method the scattering
probability of the final state by various scattering mechanisms
Ai(Kp) can be calculated. Given a stochastic number r, if

j j+1
D> Ailks) <rT <> Ai(ky), (2.13)
i=1 i=1
then we think that the collision of electrons is caused by the j-th
scattering mechanism, whose scattering probability is 4;(Ky). From
the momentum Ky, and energy of the final state and 2;(ky), we can
determine the electron energy and momentum of the initial state of
the next free flight.
If the Eq. 2.13 is not satisfied and

N
> (k) <rT <T, (2.14)
i=1

then we think that the electron undergoes a self-scattering and the
electron energy and momentum of the next flight’s initial state is
the same as those of the above flight’s final state. Repeating the
above described process, we can obtain the movement course of a
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single electron in the long period of time or the situations at various
times and positions of assemble electrons.

The physical quantity in the static state is given by Eq. 2.3, in the
Monte Carlo simulation,

-1 f
¢ = TZ/O ¢ [k(¢)]dt, (2.15)

where ¢ is the flight time of each flight.

The distribution function can be calculated by a similar method.
At the beginning of the calculation, we prepare a k-space mesh and
in the process of simulation record the duration of the electron in
each mesh lattice. If the time is long enough, the normalized duration
time represents the distribution function of electrons.

2.2 Time-Related Transport Behaviors in
Homogeneous Semiconductors

2.2.1 Drift Diffusion Model

The Monte Carlo simulation needs the knowledge of the relaxation
mechanisms, of energy band shapes, and of the coupling constants
and requires rather long computation times. Moreover, the transient
response is scarcely given. Nougier et al. [3] developed a simple
model based on the relaxation time approximation to study the
transient response in semiconductors and compared the results
with the numerically computed curves.

The dynamical equations, in the relaxation approximation, are
balanced equations related to the drift velocity v(t) and to the
average energy &(t) of the carriers. One then defines the momentum
and energy relaxation time t, and 7, which are the functions of
energy. The balanced equations are

mav (t) —qF - mv [_t)
ot 7, (8)

and
9z (t) _ g(t) —eo
—= =qEv () - ————,
e VO - =
where E is the electric field, q is the electron charge, and ¢ is the

average energy in thermal equilibrium.

(2.16)
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In the steady-state condition, equating d (mv)/dt and d&/dt to
zero in Eq. 2.16 gives

Vs £s — €0

qE qEvs
where vg and g5 are the drift velocity and energy in the steady-state
condition, which are all functions of the electric field or the energy
&.Inserting Eq. 2.17 into Eq. 2.16 gives

d(mv) 2R B B
a9 [E_ @ (8)] =1 [E s (é)}

Tp (&) = , Te(es) = (2.17)

and

dé _ _ _ _ N2 e

g = IEV—Es(@)vs(B)] =q [EV —us (B) ES (8)], (2.18)
where us () = vs (€)/Es (8) is the steady-state mobility.

Figure 2.1 shows a comparison between the transient energy

& (t) in p-Ge deduced from the solution of the Boltzmann equation
by an iterative method and from the relaxation time approximation.
From the figure we see that the electron energies increase with
time and the electric field, and approach saturation, but have no
overshoot. The discrepancy between the results of the two methods
is less than 10% until at least 20 kV/cm.

2.2.2 Transport in a Strong Electric Field

The calculated 7, and 7, as functions of the difference between the
average and thermal energies for the case of electrons in Si and GaAs
at 293 K are shown in Figs. 2.2 and 2.3, respectively [4]. From the
figure we see that in the hot-electron regime the relaxation times
are not constants, which depend on the electron energy. For GaAs,
7, and 1, increase first, then decrease with ¢ — ¢¢ increasing, and
for Si, 7, decreases and 7, increases with ¢ — g;. The momentum
relaxation times are larger than the energy relaxation times by 1
order of magnitude.

The balanced equations Eq. 2.18 have already been used
successfully to determine the dependence on time of the drift
velocity and the average energy; when a given time configuration of
the electric field is applied to the semiconductor, a good agreement
with more exact calculations has been observed. Figure 2.4 shows
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Figure 2.1 Comparison between the transient energy & (t) in p-Ge deduced
from the solution of the Boltzmann equation by an iterative method and
from the relaxation time approximation: (a) at 300 K and (b) at 77 K.

a comparison of the draft velocities as functions of time when a
step of the electric field is applied between the results obtained
with the relaxation time description (dots) and Monte Carlo or
the iterative method (curves) [4]. It can be seen that for the five
semiconductors studied, the results obtained by both methods are
in good agreement. Consequently, owing to its simplicity, the balance
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Figure 2.2 The momentum relaxation time as a function of the difference
between the average and thermal energies for the case of electrons in Si and
GaAs at 293 K.
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Figure 2.3 The energy relaxation time as a function of the difference
between the average and thermal energies for the case of electrons in Si and
GaAs at 293 K.
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Figure 2.4 Comparison of the draft velocities as functions of time when
a step of the electric field is applied between the results obtained with
the relaxation time description (dots) and the Monte Carlo or the iterative
method (curves).

equation method with the relaxation time approximation is very
useful for the study of time-dependent phenomena.

From Fig. 2.4 we see that in a time of less than 1 ps the draft
velocities rise rapidly, reaching 107 ~ 10® cm/s. Then due to the
momentum and energy relaxations, whose relaxation times are
0.1 ~ 1 ps, the draft velocities decrease gradually and approach
the steady-state values. The rapid increase of the draft velocity in a
strong electric field is called a velocity overshoot. It is because at the
initial stage of applying an electric field the electrons are accelerated
suddenly by the strong electric field and do not have enough time to
be scattered, so they can reach a very high draft velocity. Transport at
this stage is called ballistic transport. The scattering plays a role with
passage of time, which compensates the accelerating action of the
electric field and makes the draft velocity approach a steady-state
value.

In a transistor the size of the base region can be reduced to
100 nm or less without allowing the increase of the base resistance.
In such a thin-base-region transistor the length of the electron-
traveling region is very short, the transport of electrons could be
near ballistic by a hot-electron injection structure, and then the
working frequency will be very high. Hence such a transistor can
be used to design a high-frequency transistor. Figure 2.5 shows a
model of n-p-n heterojunction bipolar transistors of types (A), (B),
and (C) [5]. The material in the n*-emitter and p™-base regions is
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Figure 2.5 Model of n-p-n heterojunction bipolar transistors of types (A),
(B), and (C).

Al,Ga;_yAs. The compositional grading x is linear and starts with
x = 0.3 at 500 A inside the emitter from the emitter-base junction
and ends with x = 0 at the base-collector junction (types (A) and (C))
or at the emitter-base junction (type (B)). The grading for transistors
of types (A) and (C) produces a quasi-electric field of about 20
kV/cm in the base region.

Figure 2.6 shows the profile of the mean electron velocity in a
type (A) transistor (solid curve) and a type (B) transistor (dashed
curve). The mean electron velocity in (A) reaches as high as 4.5 x
107 cm/s at base-collector junction. This is because electrons in the
graded base region travel more or less ballistically as a result of
the accelerating force of the quasi-electric field. The mean electron
velocity in (B) is as low as 5 x 10° cm/s (notice that the ordinates
in Fig. 2.6 are different for (A) and (B)) in the substantial part of the
base region, suggesting that the electron motion in the nongraded
base region is diffusion dominated.

x107 —>| 1000A ‘4—

—
o

Ln
I

Mean electron
velocity (cm/sec)

o

Emitter Base Collector

Figure 2.6 Profile of the mean electron velocity in a type (A) transistor
(solid curve) and a type (B) transistor (dashed curve).
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Figure 2.7 Current-gain cutoff frequencies fr of transistors of types (A),
(B), and (C).

Figure 2.7 shows the current-gain cutoff frequencies fr of
transistors of types (A), (B), and (C). It is seen in Fig. 2.7 that the
fr of a type (A) transistor shows an extremely high maximum value
of about 150 GHz at I, = 1.4 mA/um?. The maximum f of a type
(B) transistor reaches only 58 GHz at I. = 0.6 mA/um?. This is
due to a large base capacitance caused by the diffusion-dominated
electron transport in the base region. The maximum f7 of a type (C)
transistor reaches only 80 GHz at I, = 0.5 mA/um?, smaller than
that of type (A). The decrease of fr is due to the appearance of the
base-push-out effect.

2.2.3 Application of a Balance Equation

From the above discussion we see that the results obtained by
the relaxation time description (the balance equation) and the
Monte Carlo or the iterative method are in good agreement. Due
to its simplicity, the balance equation method with the relaxation
time approximation is very useful for the study of time-dependent
phenomena. The balance equation can be used to study the
transport properties not only in the strong electric field case but also
in the weak electric field case. In the weak electric field case, the
momentum and energy relaxation times can be taken as constants;
the calculation will be very simple. In the following we give an
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example: the terahertz (THz)-photocurrent resonances in miniband
superlattices.

When a laser beam from the free electron laser (FEL) irradiates
the GaAs/Aly3Gag 7As superlattice in the differential conductance
(DC) bias, giving pulses of intense THz radiation with a pulse
length of several microseconds. The GaAs/Alj 3Gag 7As superlattice
consists of 40 periods of an 8 nm wide GaAs well and 2 nm thick
AlGaAs barrier. The width of the miniband is A = 22 meV, and the
electron density is 3 x 10'> cm™3. The measured DC currents as
functions of the DC bias for different laser powers are shown in
Fig. 2.8 [6]. The FEL frequency was fixed to 0.6 THz (Fig. 2.8a) and
1.5 THz (Fig. 2.8b). The curves in the figure are shown for increasing
FEL intensity from up to down. From Fig. 2.8 we see that at low
intensities an additional peak emerges in the negative differential
conductance (NDC) region. When the intensity is increased further,
the first peak starts to decrease and a second peak at about twice the
voltage of the first peak is observed due to a two-photon resonance.

O =g R i, (0 = wj.-|._-__l b)
a) f

L i' 0p =205

1

O=3 0k,

DC current (pA)

! T

wp =Hopg r 0p =205
v=0.6THz v=1.5 THz

0 005 010 0.15 0200 0.05 0.10  0.15 0.20
DC Bias (V) DC Bias (V)

Figure 2.8 DC current-voltage for increasing the FEL intensity (the curves
are shifted downward for an increasing laser intensity). The FEL frequency
was fixed to 0.6 THz (a) and 1.5 THz (b).
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The position of the peaks does not change with the intensity of the
FEL. The authors attribute the first additional peak to a resonance
of the external laser field where the Bloch frequency wg = w. In
Fig. 2.8b the laser frequency is 1.5 THz and the peaks are shifted to
higher voltages and are much more pronounced. However, only the
fundamental and the second harmonics are observed.

The Bloch oscillation is a special phenomenon in the longitudinal
transport of the superlattice. In the intense electric field F the
electron moves periodically in the one-dimensional (1D) Brillouin
zone (BZ) of k space, —n /L < k < n /L, where L is the period of
the superlattice. The oscillation is called the Bloch oscillation, whose
oscillation frequency is wg = eFL/h, proportional to the DC voltage
and the superlattice period.

We use the balanced equations (Eq. 2.16) to study the miniband
transport of superlattices under a direct bias and an alternating elec-
tric field and compare the theoretical results with the experimental
results [7]. We take the relaxation time 7, and 7, as constant, and the
balanced equations are rewritten as

dv._eF(t) v

dt -~ mr 7,

and
e _ oF (v — £ (2.19)
— = v — , .
dt T,

where m* is the effective mass along the electron draft direction
(longitudinal direction), which depends on the energy ¢, and

m* = m and my = AdZ (2.20)
where the origin of energy is at the conduction band bottom, A is
the width of the miniband, and d is the period of the superlattice.
In calculation we take the experimental parameters A = 23 meV,
d=10nm, gg = 0.05 A, ty = 1.3 ps, 7, = 6.5 ps, and the frequency of
the alternating field v = 0.6 THz. The electric field is applied to the
superlattice from t = 0,

F () = Fo + Fy cos ot. (2.21)

The balanced equations (2.19) are solved by a numerical method,
and the velocity v(t) and energy ¢(t) are obtained as functions of ¢.
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v(t)e(t)
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Figure 2.9 The v(t) and ¢(t) for Fy = 0.5 and F; = 1 (solid curve) and
Fo = 0.5 and F; = —1 (dashed curve).

Figure 2.9 shows the v(t) and ¢(¢t) for Fy = 0.5 and F; = 1 (solid
curve) and Fy = 0.5 and F; = —1 (dashed curve). The unit of
the electric field is 1000 V/cm in the following. From Fig. 2.9 we
see that after 10 periods of the external alternating field the v(t)
and ¢(t) reach steady states. At the initial stage the velocity and
energy of electrons all reach very large values, which means there
are “overshoot” and “overhot” behaviors, and the electrons do not
have enough time to collide. The v(t) and ¢(t) for Fy = 0.5 and
F1 = —1 are similar to those for Fy = 0.5 and F; = 1, only different
from a phase 7.

In the steady state the v(t) is a periodic function with a period
T = 27 /w, which consists of DC term and harmonic terms of w,

v(t)=vo+ Z vy, cos (nwt + ¢y). (2.22)
n=1
Here for definition we assume that all v,, (except vy) are positive. By
Fourier transform, we obtained all v, and cos ¢,. If cos ¢; <0, that
means that the first harmonic current is in the opposite phase with
the driven alternating field and the energy will be transferred to the
alternating field, that is, the alternating field will be amplified.

The DC current is given by jo = evon, where n is the electron
concentration, which is taken as 10%® cm™3 in the following. The DC
currents as functions of Fy for different F; are shown in Fig. 2.10
[7]. From Fig. 2.10 we see that the global characteristic is in
good agreement with the experimental results [7]: Fig. 2.8. The
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Figure 2.10 DC currents as functions of F, for different F;.

DC currents show resonance peaks in the fields F corresponding
to the Bloch frequency wg = w, 2w, 3w, .... The resonance peaks
in the DC current grow with increasing laser intensity (F;), and
simultaneously the current at the low bias side decreases.

The harmonic components of current jy, ji, j2, and j3 as
functions of Fy for F; = 2 are shown in Fig. 2.11 [7]. From Fig. 2.11
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-==-n=l

-

)
2

Current Density j,(1000A/cm

0 2 4 6 8 10
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Figure 2.11 Harmonic components of current j, ji, j2, and j3 as functions
of Fy for F1 = 2.
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Fo(1000V/cm)

Figure 2.12 Cosines of the phase angle for each component cos¢, as
functions of F for F; = 2.

we see that they also have resonance peaks at the resonance
frequencies wg = w, 2w, and 3w. At wg = w, the values of j; and j,
exceed that of jj. The cosines of the phase angle for each component
cos ¢, as functions of Fy for F; = 2 are shown in Fig. 2.12. From
Fig. 2.12 we see that cos ¢, oscillates with the DC field Fy and
becomes negative at the field range corresponding to the Bloch
frequency wg between w and 2w. Cos ¢ is negative for wp > w, and
with resonance peaks at wg = 2w, 3o, . . ..

2.2.4 Device Design Considering a Strong Field Transport

When we want to design high-speed devices, the main goal is to
find the best way of making the electron go as fast as possible along
the active region of submicron devices. Generally for a given active
region of width d, the problem is to find the optimum electric field
configuration and the doping concentration that should characterize
the component.

The simplest way to solve this problem is to study the motion of
an ensemble of electrons in a uniform bulk semiconductor to a time
configuration of the electric field. From the variation of the average
drift velocity v(t), the average distance d traveled by the carrier over
a time tand, consequently, the average velocity over a distance d can
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Figure 2.13 Average velocity and average energy of electron in GaAs. The
impurity concentration N, = 0 and T = 77 K subjected to a time-electric-
field step as functions of time. (a) At t = 0 an electric-field step AE =
7 kV/cm is applied; (b) an electric field pulse AE = 70 kV/cm with the
duration At = 0.06 ps is applied.

be obtained from the following equations:

T

d= / v(t)dt, v(d) = i (2.23)
0 T

Figure 2.13 shows the average velocity and average energy of

electrons in GaAs. The impurity concentration Ny =0and T =77 K

are subjected to a time-electric-field step as functions of time [8].

The results are obtained by the Monte Carlo simulation. (a) Att =0
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Figure 2.14 Electron average velocities v as functions of traveling distance
d: (a) overshoot case and (b) ballistic case.

an electric-field step AE = 7 kV/cm is applied; (b) an electric field
pulse AE = 70 kV/cm with the duration At = 0.06 ps is applied,
shown by dashed curves in figures. The former case is called an
overshoot, and the latter case is called ballistic by the authors.

When the electron energy is smaller than the polar optical
phonon energy (case 1) or smaller than the intervalley energy of
I' and L valleys Aer, (case 2), the scattering probability is small.
Thus, it is possible to obtain very high instantaneous drift velocities
3.5 x 107 and 108 cm/s, respectively, in the two cases.

The distance and average velocity of electrons in the time period
T can be calculated by Eq. 2.23. For the two cases the calculated v(d)
curves are shown in Fig. 2.14. From the figure we see that in the case
of an overshoot the maximum average velocity is only half of that
in the ballistic case, which occurs at d = 375 nm. At this distance
the average energy reaches the polar optical phonon energy. In the
ballistic case, the average velocity decreases monotonously with the
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distance, and at d = 0 it has the maximum value 7.3 x 107 cm/s.
This is because after the electric field pulse the electron does not
have energy supplement and the farthest distance is about 200 nm.

2.3 Transport Related to Space

Because the scale of the device becomes smaller and smaller, the
role of the velocity overshoot in FET operation is still not entirely
clear. The reason is multifold. For one, the overshoot, which may
be important in FETs, arises not from the time dependence directly
but from the fact that electrons travel across the device in small
amounts of time. Transport at each point may, therefore, be time
independent. It is the rapid variation (the gradients) of the electric
field that results in a velocity overshoot and therefore in increased
velocities in FETSs even if the transistor is continuously on. Since the
spatial gradients of the field are so important, the devices must be
very short to exhibit such high gradients.

A high-electron-mobility transistor (HEMT) is shown in Fig. 2.15
[9]. The wider-gap AlGaAs is grown on top of GaAs and is highly
doped. The electrons, however, leave their donors and transfer to the
lower-gap GaAs, leaving the AlGaAs virtually depleted and creating a
high-mobility channel in the GaAs, which is almost free of impurities
(modulation doping effect). Electrons move in the high-mobility
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Figure 2.15 Schematic representation of the AlGaAs/GaAs HEMT.
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channel, whose length is smaller than 1 pum; hence the electron
transport is related to the space.

Here the Monte Carlo simulation needs simultaneously to study
the electron motion orbits in the real and momentum spaces. And
because the electric field at each point of space is not only decided
by the applied electric field but also related to the charge density
at that point, the complete self-consistent Monte Carlo simulation
should include the solutions of Poisson’s equation.

The average velocities of electrons in GaAs after injection in the
(100) direction at k values are shown in Fig. 2.16 [9]. Figure 2.16a is
for a given electric field in the base (10 kV/cm), and in Fig. 2.16b
the electric field is varied and the injection energy (k value) is
fixed. The injected electron is accelerated by a constant electric field
and then decelerated due to scattering. Curves a-g in Fig. 2.16a
are for injection energies below AEy, and only curve h is for an
energy slightly above AET. One can see that within the I" valley
average near-ballistic velocities of up to 8 x 107 cm/s are possible
over distances close to 1000 A. But if the electrons transfer to
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kY |
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Figure 2.16 Average velocities of electrons in GaAs after injection in the
(100) direction at k values. (a) Various injection energies for a given electric
field in the base (10 kV/cm); (b) the electric field is varied and the injection
energy (k value) is fixed.
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the L valley, the velocity decreases quickly due to the intervalley
scattering, as shown by curve h; the ballistic distance decreases to
a few hundred angstroms. Figure 2.16b shows the field dependence
of the velocity. The higher fields accelerate the electrons above AET,
and electron transfer, thus decreasing the velocity. When the electric
field is 10 kV/cm, the scattering is compensated by the acceleration
of the electric field. The ballistic velocity can be kept to a longer
distance. Therefore, the near-ballistic range should extend from a
few hundred to thousand angstrom distances depending on the
injection energy and the electric field.

Generally, the range in which the electron velocity increases from
0 to the maximum in Fig. 2.16 is called the ballistic range and the
range after the maximum to the point of reaching the steady-state
velocity is called the overshoot range. In a moderate electric field
the steady-state velocity is smaller than 107 cm/s. The separation of
the ballistic range and the overshoot range is not always as clear as
indicated above, and the ballistic range does not always extend to the
point of velocity maximum. Especially when the electron injection
energy is small (or zero) the velocity maximum is reached only after
4000 A for an electric field of 10 kV/cm, while the ballistic range
is much shorter (~1000 A). The velocities as functions of distance
for two different injection energies and electric fields are shown in
Fig. 2.17 [9].

Figure 2.18 shows the velocity as a function of distance in the
channel for a gate voltage of 0.4 eV and various drain voltages of
the HEMT device shown in Fig. 2.15 [9], where the heavy horizontal
bar marks source, gate, and drain regions. An overshoot is clearly
present, particularly at the right side of the gate. There is, however,
also a significant portion (close to the source) of the device in
which the velocity is below the maximum steady-state value. In this
region, the mobility is degraded by hot-electron effects and the field
gradients are too small to produce an overshoot. As a consequence,
figures of merit such as current switching time, cutoff frequency,
and the average draft velocity in the channel, etc., are complicated
averages over overshoot regions and regions of mobility degradation
and may show no direct trace of overshoot effects.

An alternative method for studying space-dependent phenomena
makes use of the balance equation as obtained by the integration
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Figure 2.17 Velocities as functions of distance for two different injection
energies and electric fields.

of the Boltzmann equation over k space [4]. In the single-valley
case, by using a 1D treatment this integration leads to the
three fundamental macroscopic equations similar to the balanced
equations Eqgs. 2.16, which express, respectively, the conversation of
the number, momentum, and energy of the particle ensemble,

n__a@mw) _
at ax
a a a nm*v
= (nm*?) = enE —— (nkgT) — — (nm*9?) — ——,
P (nm*v) = en o (nksgT) o (nm*v?) ~5
and
ad a g —
&(né) =enEv — Ix [nV (¢ + ks T)] —nig (;0. (2.24)

Solving Eq. 2.24 and Poisson’s equation, the spatial dependence of
the drift velocity is obtained for a GaAs n*-n-n" structure under
static conditions at 77 K and compared with that obtained with the
Monte Carlo method. The results are shown in Fig. 2.19 [4]. It is seen
that the agreement is good. The non-uniform velocity distribution in
space is similar to that in Fig. 2.18.
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Figure 2.18 Velocity as a function of distance in the channel for a gate
voltage of 0.4 eV and various drain voltages of the HEMT device shown in

Fig. 2.15.
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Figure 2.19 Spatial dependence of the drift velocity for a GaAs n*-n-n*
structure under static conditions at 77 K obtained from a Monte Carlo
simulation (+ + +), and an analytical solution of Eq. 2.24 under static
conditions (—_).
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2.4 Transport in a Si-MOSFET

Silicon metal-oxide semiconductor field-effect transistors (Si-
MOSFETs) have been investigated using a large variety of physical
models, from full-band Monte Carlo simulations to parabolic-band
approximations coupled to Monte Carlo or simplified solutions to
the transport equation, but relatively consistent results cannot be
obtained. The reason is that the energy band structure of Si is
more complicated. It is an indirect bandgap semiconductor, the
conduction band bottom is not at I" point but at X point in the BZ.
Thus the various scattering and impact ionization mechanisms are
highly anisotropic. Besides, the basic knowledge of transport of the
high-energy (>1 eV) electrons in Si is still missed.

For example, due to the anisotropic band structure of Si and
the anisotropic intrinsic in ionization processes the spread in the
ionization rate is extended over about 1 order of magnitude. Taking
into account the realistic joint density of states in Si, and the
anisotropic ionization processes, Sano et al. [10] calculated the
ionization rate at every point in the first BZ, as shown in Fig. 2.20
by points, with the electron energy measured from the conduction
band edge. From the figure we see a large spread in the ionization

Ionization rate (s™')
=

10 _'_.-"‘ u.r,.' Logarithmic
.l‘\, ---- Linear
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10° LI | |
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Energy (eV)

Figure 2.20 Calculated ionization rate as a function of electron energy
marked by points, each point for a k point in the first Brillouin zone.
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rates at low electron energies (<3 eV), which extends over 2
orders of magnitude. The anisotropy is greatly diminished above
3 eV, where the direct transition across the gap becomes possible.
Therefore, a realistic model of the ionization process has to reflect
this complexity at low electron energies associated with the realistic
joint density of states.

The present anisotropic ionization rate w;;(K) can be trans-
formed into the isotropic energy-dependent ionization rate w;;(e)
by integrating it over all directions,

f dké (e — ex) wii (K)
[ dKs (¢ — ex)
Here the wave-vector-dependent ionization rate w;;(K) is logarith-
mically interpolated with the eight nearest corners (k™) (n=1,...,

8) of each cubic mesh in the BZ,

In [w;; (k)] = i [ H (1 - w>] « In [W” (k(n))] ]

n=1 Lm=x,y,z

wii (€) = (2.25)

(2.26)

The ionization rates interpolated logarithmically and linearly are
shown in Fig. 2. 20 [10] by solid and dotted lines, respectively. From
the figure we see that the linear interpolation yields a value larger
than all values for the different ks, with a given energy near the
threshold. This is because when the interpolation is done with a
large mesh spacing, the energies at the eight corners in a cubic mesh
could vary greatly so that some rates in a cubic mesh could be quite
large. As a result, the ionization rate linearly interpolated from those
values could be larger than the values for the different ks with a
given energy.

The present energy-dependent ionization rate averaged over all
directions (solid line) is compared in Fig. 2.21 [10] with Kane’s
ab initio theoretical result (dotted line), the rates extracted from
recent experiments of the IBM group (dashed line), and the ab initio
calculation result of the Osaka group (black points). The present
results closely agree with those of both the IBM group and the Osaka
group.

On the basis of the relative consistence of the ionization rates
and electron-phonon scattering rates Sano et al. applied the full-
band Monte Carlo method to simulate a typical MOSFET structure
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Figure 2.21 Present energy-dependent ionization rate averaged over all
directions (solid line) is compared with Kane’s ab initio theoretical result
(dotted line), the rates extracted from recent experiments of the IBM group
(dashed line), and the ab initio calculation result of the Osaka group (black
points).

with two different gate lengths L, = 250 nm and 40 nm to present,
respectively, submicron and sub-0.1-micron devices. Figure 2.22
shows the electric field profiles as a function of distance along the
channel under various applied source-drain voltages V4 [11]. From

2000 — 1 800
§ g
> 1500 - 600
= =
(]
= 1000 400 2
= =
[
S 500 200 ©
: =
S 3)
R0 0 &
. 3

-500 : ' ' 0

. 1 : 1 1 1 —20
0 100 200 300 400 500

DISTANCE ALONG CHANNEL (nm)
Figure 2.22 Electric field profiles as a function of distance along the

channel under various applied source-drain voltages V4. Notice that the
scales of the electric fields of the two MOSFETs are different.
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Figure 2.23 Electron energy distributions integrated over the drain regions
at 300 K (solid lines) and 77 K (dotted lines) for (a) L, = 250 nm and
(b) 40 nm.

the figure we see that there is a very large electric field in the channel
of the gate region. Especially in the small-scale device (Lg = 40 nm),
the electric field can reach 1000 kV/cm.

Figure 2.23 shows the electron energy distributions integrated
over the drain regions at 300 K and 77 K [11]. The shapes of the
energy distribution are very different for the two devices: in the
250-nm-gate MOSFET, electrons suffer several energy-dissipating
scatterings before they reach the drain and, thus, the energy
distribution in the regions between several hundred millielectron
volts and qV4 smoothly decreases. The number of electrons at
77 K in these energy regions is much larger because of the
reduced phonon scattering. This fact demonstrates the diffusive
transport property. On the other hand, in a 40-nm-gate MOSFET,
the energy distribution does not show significant energy dissipation
and the contribution of ballistic electrons is much more pronounced.
The electron energy distribution shows a clear transition from
a diffusion-energy-dissipating transport regime in a 250-nm-gate
MOSFET to a quasi-ballistic transport regime in a 40-nm-gate
MOSFET.
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Figure 2.24 (a) Fractions of electrons with energy above the cutoff energy
E. (normalized by the total number of electrons) as a function of (E — E)
for Ly = 250 nm MOSFET (solid lines) and 40 nm MOSFET (dotted lines).
(b) Normalized ionization rate for two MOSFETs at 300 K as a function of
drain voltage.

Such transition of transport characteristics implies that the
fraction of overshoot electrons with respect to the whole electrons in
the drain becomes larger as the device size decreases. Figure 2.24a
shows the number of electrons with energy above the cutoff energy
E. (normalized by the total number of electrons) as a function
of (E — E.) [11]. The number of electrons with energy above E
decreases rapidly in the 250-nm-gate MOSFET, whereas it occupies
quite a large portion in the 40-nm-gate MOSFET. Therefore, as the
device size shrinks, impact ionization tends to be more significant,
as shown in Fig. 2.24b. In other words, even if the supply drain
voltage is reduced, hot carrier effects could still exist in sub-0.1-
micron devices and even more violent than in submicron devices.

2.5 Quantum Simulation Method: Quantum
Moment Equations

The classical semiconductor transport theory is based on the
Boltzmann transport equation (BTE). The Monte Carlo method
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provides the most accurate and detailed solution but is limited in
practical engineering applications for its computational expenses.
One improvement uses a set of quantum moment equations
developed from a Wigner function prototype, which preserves
explicit quantum corrections as well as the classical hydrodynamic
model features [12]. Explicit quantum corrections are built into
these equations by using the quantum-mechanical expression of
the second moments of the Wigner function, which results in an
average electron energy that consists of drift kinetic, thermal, and
quantum-potential terms. These equations are then applied to the
numerical simulation of ultra-submicron GaAs metal-semiconductor
field-effect transistors (MESFETs), which demonstrates expected
quantum effects in the devices.

To get explicit quantum corrections into the moment equations,
several methods have been proposed. On the basis of the quantum
representation of the second moments (p?), the quantum correc-
tions through the energy representation are explicitly incorporated,

1 3
w= Em*v2 + EkBT +Uq, (2.27)

where T is the average electron effective temperature; U is the

quantum correction,
2

h
Ua=  8m*

and n is the electron density. The quantum correction involves the
second-order space derivative of the log density. Thus the correction
tends to smooth the electron distribution, especially where the
electron density has a sharp change, for example, when approaching
a large potential barrier.

A set of quantum moment equations with temperature represen-
tation is then written as

VZIn (n); (2.28)

on
— +V-(nv) =0,
o T (nv)
av qE 1 \'
— Vv = —— — —— kgTy) — —,
8t+v v m*  nm* (nB q) Tm
and
8T+1v v (T,) = ZV (VT)—i—m*VZ 2 1 T —To
at 3 v 3 d 3kg \Tm Tw Tw

(2.29)
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Figure 2.25 MESFET structure for simulation.

where E is the electric field, 7, is the momentum relaxation time, 7,
is the energy relaxation time, Ty is the lattice temperature, and

Tq=T + 3%(3%' (2.30)
This set of equations preserves all classical features and gives
explicit quantum corrections. As i goes to zero, the equations
return to full classical hydrodynamics equations. From Eq. 2.30
one observes that if the thermal energy of the electron is large,
the quantum correction has less effect. But as the temperature is
lowered, the quantum correction will become dominant. Allying
with the Poison equation, Eq. 2.29 forms the basic equations for
numerical simulation of ultra-small devices.

The MESFET for simulation is shown in Fig. 2.25 [12], which
consists of semi-insulating substrate; an active layer; and three
electrodes, source, gate, and drain. The source and drain electrodes
are ohmic contact, and the gate electrode is a Schottky contact. The
gate voltage V; produces a depletion region in the channel, whose
thickness depends on Vg, then decides the conduction channel
between the source and drain.

The parameters of the simulated MESFET device are gate
length 24 nm, doping in the channel 1.5 x 10'® cm~3, and
lattice temperature 300 K. Assume that the electron property is
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Figure 2.26 [-V characteristics of the 24-nm-gate device.

independent along the transverse coordinate z, the current is along
the x direction, and the perpendicular direction is y direction. The
finite-difference method is used to discretize Eq. 2.29 and the Poison
equation in the x — y two-dimensional (2D) MESFET structure
(Fig. 2.25).

The I-V characteristics of the device are shown in Fig. 2.26 [12].
The gate voltage runs from 0 to —2.5 V. The characteristics suggest
that the device has a normal working performance. Saturation of
the current is observed. When V, = —2.5 V, the electrons are
completely depleted in the channel. The remaining current is due to
the substrate current as the electrons are pushed into the substrate.
Within the saturation region, the maximum transconductance
occurs near Vg = —0.5V.

The effect of the gate length on the transconductance is
investigated at a drain voltage of 2.0 V, for a fixed active layer depth
and doping concentration. Figure 2.27 shows the transconductance
characteristics in the range of gate lengths from 24 to 96 nm,
for two active layer depths (¢ = 30 nm and 39 nm) [12]. The
transconductance for a = 30 nm has a maximum value of about 800
mS/mm at a gate length of 60 nm. The transconductance for a =
39 nm decreases monotonically for the entire range as gate length
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Figure 2.27 Transconductance versus gate length for two active layer
depths (@ = 30 nm and 39 nm).

decreases. The small aspect ratio effect begins at a larger gate length
for thicker active devices.

2.6 Simulation of Ultra-Small HEMT Devices

The schematic structure of a HEMT is shown in Fig. 2.15. In a
GaAs MESFET the impurity doping in the channel is high and
ionized impurity scattering decreases the electron mobility at room
temperature from the best value of ~9000 cm?/(V-s) to 2000 ~
3000 cm?/(V-s). In the 1970s the modulation doping heterojunction
was proposed. In a wide-gap semiconductor, for example AlGaAs,
there is a § doping layer. At room temperature the impurities are
ionized and the electrons from the ionized impurities move into the
neighboring GaAs layer. Due to the space charge effect of the ionized
impurities a potential well of triangular shape is formed at the
interface of AlGaAs and GaAs. The electrons gather in this quantum
well and form a two-dimensional electron gas (2DEG) layer. Because
the doping layer leaves from the interface a distance, the ionized
impurities provide electrons and at the same time do not scatter
the electrons in the 2DEG, thus greatly increasing electron mobility,
which may even exceed the best value in bulk GaAs.
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Zhou et al. [13] used the quantum moment equations (Eq. 2.29)
to simulate the HEMT devices, including the carrier degeneracy
effects. As the electron density increases to a high concentration
level, the Pauli principle ensures that not all electrons can return
to the lowest energy level, even at equilibrium. The effect leads
to a higher value of the total average energy of the electrons. A
direct effect of the degeneracy is on the electron mobility, which is
determined by the scattering processes at a given energy level. The
momentum and energy relaxation times are computed from Monte
Carlo results. If one assumes that the increase of energy due to
degeneracy is essentially the thermal energy 3/2 ykg T, then the use
of scattering rates from the Monte Carlo results without degeneracy
calculated at T instead of y T remains good approximation.

Modulation of the momentum equations (Eq. 2.29) can be
made by assuming a drift Fermi-Dirac distribution function, which
results in a degeneracy correction factor to the effective electron
temperature. The total electron energy can be written as

1 3
w= Em*v2 + EkaT +Uq, (2.31)
where y is the degeneracy factor,

F3,2 (u/ksT)
Fij2 (u/keT)’
F; is the Fermi-Dirac integral, and p is the Fermi energy measured
from the conduction band bottom. After modification of the
equations, the T in Eq. 2.29 is changed to

y =v u/ksT) = (2.32)

2
To=yT + —U,. 2.33
q=y1I + 3k O (2.33)

The degeneracy factor y as a function of the factor n/(kgT)%/? is
shown in Fig. 2.28 for GaAs and AlGaAs [13]. The degeneracy factor
y rises significantly only after the ratio of density to thermal energy
exceeds 1020 cm~3.eV~3/2, that is, the degeneracy effect occurs at a
high density and low temperature.

The electron density profile of a 24-nm-gate-length device at the
center of the gate as a function of the distance from the surface (see
Fig. 2.25) into the bulk at a bias condition of V, = —1.5 Vand V4 =
1.0 V is shown in Fig. 2.29 [13], where the interface between GaAs
and AlGaAs is at 40 nm. The solid line is the result including the
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Figure 2.29 Electron density profile of a 24-nm-gate-length device at the
center of the gate as a function of the distance from the surface (see
Fig. 2.25) into the bulk.

quantum pressure effect, and the dashed line is that neglecting the
quantum pressure effect. From the figure one sees that a parallel
conduction channel in the AlGaAs is present but is reduced by
the quantum effect. The conduction electrons are mostly confined
within 10 nm of the interface in the GaAs. The tail of the density
distribution in the GaAs (toward the bulk) shows evidence that more
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electrons are pushed into the substrate when the quantum pressure
is included.

The computed [-V characteristics for a 24-nm-gate-length
device are shown in Fig. 2.30 [13], where the gate bias runs from
0 to —2.5V, in steps of —0.5 V. The transconductance decreases
linearly from about 500 mS/mm to some 250 mS/mm as the gate
bias becomes more negative.
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Chapter 3

Resonant Tunneling

In 1970 Tsu and Esaki [1] proposed a one-dimensional superlattice.
At the same time they proposed the concept of resonant tunneling.
They indicated that in such a structure the period is smaller than
the electron mean free path and intriguing transport properties such
as negative differential conductivity and Bloch oscillation can be
realized. Soon afterward Chang et al. [2] observed experimentally
the resonant tunneling of electrons in double-barrier structures
having a thin GaAs potential well sandwiched between two GaAlAs
barriers. The current and conductance characteristics of this struc-
ture show the resonant singularities corresponding to the resonant
states in the GaAs quantum well. The singularities actually exhibit a
decrease in current, giving rise to a negative differential resistance
(NDR). Due to the development of the molecular beam epitaxy
technology, and the improving of the quality of the sample, the
negative resistance can be observed not only at a low temperature
but also at room temperature clearly [3-5]. The peak-to-valley ratio
(PVR) representing the level of the resonant tunneling structure of
30 and 63 at 300 K and 77 K, respectively, has been reached for an
AlAs/InAs/AlAs double potential barrier structure [5].

As for application, the advantage of the resonant tunneling diode
(RTD) is that the basic time related to the tunneling process is very
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short, generally taken as the reciprocal of the quasi-confined state
in the quantum well (i.e.,, the reciprocal of the resonant width).
For the high-frequency response of a RTD, it is decided by two
time constants: one is the tunneling time through the barrier and
the other is the RC time constant associated with the structure
capacitance. Optimizing the device structure, these time constants
can be minimized. The frequency of the mixed frequency device
using the NDR effect has reached 1.8 THz (1.8 x 10'? Hz). When the
NDR effect is used as an oscillator, the frequency reached is 0.42 THz
[6]. When the NDR effect is used for a high-speed switch, the raising
time is shorter than 2 ps [7].

3.1 Single-Barrier Structure

To explain some basic concepts of resonant tunneling (RT), we
consider a single potential barrier as shown in Fig. 3.1. Assume that
both sides are GaAs material and the middle potential barrier is
Al,Ga;_xAs material, whose width is w = 2q, and the barrier height
is Vo depending on x. The Schrdodinger equation of electron motion
is

(-5 gt Va@) 0 = Bota). )
where m*(z) is the effective mass, which is generally different for
GaAs and Al,Ga;_xAs, and thus is a function of z.

An electron with energy E enters into the structure from the
left 1 region and leaves from the right 3 region. The electron wave

W(z)

1 region 2 region| Vj 3 region

—-a’2 a’2 7z —

Figure 3.1 Energy band diagram of the single potential barrier.
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function in the three regions in Fig. 3.1 are, respectively,

¢1(2) = a1 + bie™ ™, z< —q;

©2(2) = a,e"% 4 bye K%, —a<z<a
and

03(2) = aze'™ + bze™*?, z>aq, (3.2)
where

2mi*E 2my*(Vy — E)
k=T k=T (3.3)

where my* and my* are the electron effective masses in the 1,3 and
2 regions, respectively. In the 1 and 3 regions, the electron energy
E > 0. Hence the electron waves are plane waves. In the 2 region,
E < Vy, and the electron wave is an evanescent wave.

By use of the boundary conditions at the interface of the 1 and 2
regions (z = —a),

p1(—a) = g2(—a),

and
1 0 1 0
dor| 1 0 (3.4)
mq* 0z —a my* 0z —a,
We obtain
ai+bi =az + by,
and
ik K
— (a1 —b1) = —(az — b2). (3.5)
mq my

In calculating Eq. 3.5 we assumed that the coordinate origin is taken
at z = —a. The choice of the coordinate origin can be as one pleases;
the results are only different from a phase factor.

Introduce the concept of the transfer matrix, which connects
the coefficients of the wave function at point A to those at point
B. For example, the coefficients of the wave function at the 1

region z = —a_ are a; and b; and those at the 2 region at
z = —a, are az and b,. They are connected by the transfer matrix
M,

aq ay
(5= (%), »
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The M; can be calculated directly from Eq. 3.5,

1A —-ir)(@+ir)

M=o la+ina—-in

, (3.7)

where r = m*K/my*k.
In the 2 region, define the transfer matrix,

as a,
@)-n() e

where a;’ and b, are the coefficients of ¢;(z) with the coordinate
origin at z = a. Thus

o o2kal (3.9)

Using the boundary conditions at the interface of the 2 and 3 regions
(z = a), we obtain

a, + b, = az + bz,

and

K ik
(ay — b3) = — (a3 — b3). (3.10)
m

2*
Define the transfer matrix,
a as
=M . 3.11
()= (5) @i
The transfer matrix M3 can be calculated from Eq. 3.10,
i i
J(5) (-3)
Ms == " " (3.12)
2 I i
(1-5) (+3)
r r

The total transfer matrix M connects the wave function at the input
end and that at the output end. Hence

<Zi> =M<Zz>, (3.13)

where
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Suppose the coefficient of the injected wave function e’** at the input

end a; = 1; then b; represents the amplitude of the reflective wave
e~ %, At the output end the coefficient of the transmitted wave e'** is
as and the coefficient of the returning wave e~'** b; = 0. Thus from

Eq.3.13,
1 My MIZ) (03>
= . 3.14
(bl ) ( My My, 0 (3.14)
We obtain

az = 1/M11 and b1 = M21(13 = M21/M11. (315)

The transmission probability and the reflection probability are,
respectively,

T =las/* and R = |by|% (3.16)

The transfer matrix elements M;; and M,; in Eq. 3.15 can be
calculated from Eq. 3.13 and Eqgs. 3.7, 3.9, and 3.12,

1 i i
My = — {(2 —ir+ 1) e 2Ka 4 (2 +ir— 1) eZK“}
4 r r

i 1
= cosh(2Ka) — IE <r — r) sinh(2Ka),

and

1 . )

My = = [(ir + l) e 2Ka 4 (—ir - 1) eZK“}
4 r r
i 1\ .
=-3 <r + > sinh(2Ka). (3.17)
r
Then from Egs. 3.15 and 3.16 we obtain
1
T = 5 ,
1+ (r+1)"sinh*(2Ka)

and

(r+ %)2 sinh?(2Ka)
1+ (r+1)®sinh?(2Ka)
It is deduced from Eq. 3.18 that T + R = 1, which means the
conservation of particle number.

The problem of the barrier tunneling is a nonstatic problem.
We only know the amplitude of the injected wave and need to

(3.18)
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calculate simultaneously the amplitudes of the reflective wave and
transmitted wave. The transfer matrix method is suitable for the
two-terminal device with a complicated structure in the middle. For
the multiple terminal devices, the scattering matrix method is useful.

Suppose there is an M terminal device, there are injected wave
and transmitted wave at each terminal, and their coefficients are
b and a; (i = 1, 2, ..., M), respectively. The scattering matrix S
connects the two sets of coefficients,

aq b1
b,

=SEN| . |- (3.19)
ay bM

If the coefficient of the injected wave at the j-th terminal b; = 1,
those at other terminals all equal zero. Then the coefficients of the
transmitted waves at all other terminals and that of the reflective
wave at the j-th terminal can be calculated from Eq. 3.19,

(1,‘=S,‘j (i:l,-nM,#j)
and

We take the single-barrier tunneling as an example to calculate the
scattering matrix. Define b,e~ X as the wave that travels toward right
and a,eX? as the wave that travels toward left. Then the scattering
matrix at the boundary z = —a is written as

b1 aq
(2) =6 (™). a2

The scattering matrix S; can be calculated from Eq. 3.5,

1 1—ir 2ir
S = : 3.22
! 1—|—ir( 2 —1+ir> (3.22)

In the barrier 2 region the scattering matrix is
az b,
= 2
() - () (3:23)

0 6721((1
52_(62Ka 0 ) (3.24)

and
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The scattering matrix at the boundary z =a is

<Z§> = (S3) <Z§> (3.25)

S3 can be calculated from Eq. 3.10,

1 —1+4+ir 2
- : 2
5= 1hr ( 2ir 1- ir) (3.26)

The total scattering matrix in the single-barrier tunneling case is

bl aq
()= (). a2

But the total scattering matrix is not the multiplication of three
matrices Si, S;, and S3 but equals a special multiplication of three
matrices introduced by Ando et al. [7],

S=5®S5Q®Ss. (3.28)

Suppose that there are two scattering matrices,

S = <r1 tl,) and S, — (rz fz) (3.29)
Hhr b ry

The matrix elements of the multiplication of S; and S$;S51, =51 ® S
are

ty = (1 —rir2) 't
ty, = (1 —rar)) 7',
riz =ri+4r(1—rir) g,
and
ria =1+ tri(l —rr) ', (3.30)

The results obtained from the transfer matrix method and the
scattering matrix methods are the same. The transfer matrix method
is convenient for the two-terminal devices, but for the multi-
terminal devices we can only use the scattering matrix method.
Besides, if the length of the barrier region a is too large the
transfer matrix element (Eq. 3.9) ¢*X? from the evanescent wave
will approach infinite, resulting in calculation divergence difficulty.
While in the scattering matrix (Eq. 3.24) where the two matrix
elements are e~2X, the divergence difficulty does not appear.
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In Eq. 3.16 the transmission probability T and reflection
probability R equal the square of the coefficients of the transmitted
wave a3 and the reflective wave by, respectively. In the general cases,
they should equal

T =lasz|?v, and R = |b1|?vy. (3.31)
The injected electron current,
I = |ay|vy, (3.32)

where v; and v, are the velocities of the electron waves at the input
end and output end, respectively. For the conduction band electron
the velocity is proportional to the wave vector, v = hk/m*. In the
case of a single barrier (Fig. 3.1) k; = ky, then Eq. 3.16 is valid, but is
a special case.

To illustrate the meaning of Eq. 3.31 we consider a non-
symmetric single potential barrier as shown in Fig. 3.2, where the
energy bottom of the output region is lower than those of the input
and barrier regions — V. In this case, the transfer matrices M; and
M, are the same as Eqgs. 3.7 and 3.9, while

([ (5) (-5)

My ==

2 i i ’
r/ r/
*K 2m*(E + V
pr= and K = \/M. (3.34)
mz*k/ h

Suppose the injected electron current is 1. From Egs. 3.31 and
3.32 we define

(3.33)

where

1 t
e and by~ ﬁ (3.35)
3 region
]
a2 z —>

Figure 3.2 Non-symmetric single potential barrier schematic diagram.



Single-Barrier Structure

The transmission probability and reflection probability are, respec-
tively,

T =t} and R=|r|% (3.36)
Equation 3.14 is changed to
1/vk\ _ [ M1 My, t/NK
= ) (3.37)
r/vVk Mz My, 0
1 _ Mat \/? 1
Mt My
Vk VK My
Meanwhile, Egs. 3.17 and 3.18 are changed as
1 r i 1 .
My = 3 ( + ;) cosh2Ka — 3 (r — r’> sinh 2Ka,
and
1 ] 1
My = = (1 - 5) cosh2Ka — ~ (r+ = ) sinh2Ka. (3.39)
2 r 2 r

Similarly, the scattering matrix should be correspondingly changed
[8]- The wave function in the /-th channel is written as

1 . .
o(z) = Tr (me™? + ek . (3.40)
The scattering matrix is defined as
aq b1
b
=(SEN| .|, (3.41)
ay bM

where a;/+/k and b;/+/k are the coefficients of the transmitted and
injected waves at the [-th channel, respectively.

For the non-symmetric single barrier (Fig. 3.2), the coefficient
of the injected wave is by /+/ki = 1/+/k1 and the amplitudes of the
reflective and transmitted waves are, respectively,

Vo az
' ' (Jk?) e
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and
t=/k (a2>—a _s (3.42)
= 2| —= ] = a2 = 521. .
Vka
Therefore, the scattering matrix defined in Eq. 3.41 satisfies the
unitarity, that is,
§TSs=1. (3.43)
In the two-terminal case, we have
1S111% + 1821 1? = [t + [r* = 1. (3.44)

In the n-terminal case,

> SuSpy = Sum. (3.45)
1

The transmission and reflection probabilities are, respectively,
Tom = |Suml®,  m#n,
and
Ry = |Sanl*. (3.46)

If there are no applied magnetic field and spin-orbital coupling, for
the real energy E the wave functions ¥ and * are all the solutions
of Schrédinger equation and hence the S matrix is symmetric, that
is,

Smn = Snm- (3.47)

Equation 3.47 represents an important result: detailed balance
principle Tp,, = Tpm, that is, for any structure the transmission
probability of the positive injection path equals that of the anti-
injection path. It is also indicated from Eq. 3.47 that not only the
amplitudes but also the phases are all equal.

In the actual case the chances of using the transfer matrix or
scattering matrix to solve analytically the transport problem are less.
Even in the single-barrier problem as shown in Fig. 3.1, the tunneling
current is measured in the electric voltage bias V, that is, the barrier
is under an applied electric field F. The electron motion equation
includes a potential energy term,

V(z) = Vy(z) — eFz (3.48)
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where Vy(z) is the potential without the electric field, as shown in
Fig. 3.1, the second term is the additional electric field potential
term, which makes the potential energy inclining downward. This
time the electron wave function is not a plane wave but a special
function A;(z) and it is nearly impossible to use this function to
calculate the transfer or scattering matrix.

Generally one uses the numerical method to solve the electron
wave propagation problem in a structure with an arbitrary form of
potential [9]. The electron motion Schrédinger equation (in atomic
units, length = Born radius ag and energy = Rydberg R) is written
as

2
—%;?(p(z) + V(2)¢(2) = E¢(2) (349)
or
82
8‘02(22) = —2m*[E - V(D)]e(2). (3.50)

Suppose that the wave function at the output end is e’*?. Then the
boundary conditions at the interface between the barrier (2 region)
and the output end (3 region) are

plz=a)=1
and
d—(p(z:a):ik’. (3.51)
dz

Starting from the initial condition (Eq. 3.51), integrating Eq. 3.50
from right to left, we obtain the values of the wave function and its
differential U and U’ at z = —a. The wave function at the input end
is

¢(2) = a1e’™ + bie 2, (3.52)
The values of the wave function and its differential at z= —a are
p(z=-a)=a1 + by =Uy
and

Z—‘p(z = —a) = ik(ay — by) = U, (3.53)
Z
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The coefficients a; and by can be calculated from Eq. 3.53. According
to the definition of the transfer matrix (Eq. 3.13),

ai 1
<b1> = (M) (0) . (3.54)

a = M11 and b1 = M21. (355)

Hence,

This numerical method is suitable for arbitrary potential barrier
form or hole tunneling (heavy hole and light hole, and there is
coupling between them) case [9].

3.2 Resonant Tunneling of Double Potential
Barriers

Similar to the symmetry of the scattering matrix S (Eq. 3.47), we give
the symmetry of the transfer matrix. In the case of no magnetic field
and spin-orbital coupling the wave functions ¢(z) and ¢*(z) are all
the solutions of the Schrodinger equation. Thus

(01*(2) — al*efikz + bl*eikz
and
¢3*(2) = az*e ¥ 4 by*el*, (3.56)
From the definition of the transfer matrix Eq. 3.13,
b* Miq MIZ) (b3*>
= . 3.57
(611*) <M21 My, az* (3:57)
Take the complex number of Eq. 3.57
by Miq* M12*) <b3)
= = 3.58
<a1> <M21* My az (3-58)
and rearrange the order,
ap Myy* M21*> (ﬂ3>
= = . 3.59
<b1> <M12* My* b3 (3:59)
Then we obtain the symmetry relation,

Mll* = Mzz and Mlz* = le. (360)
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For single potential barrier structure we obtained the transfer
matrix from Eq. 3.15,

1/t ri/tf
ri/tt 1/

where r; and t; are amplitudes of the reflective and transmitted
waves, respectively. For the double-barrier structure, suppose the
width of the middle potential well is w. Then the total transfer matrix
is

, (3.61)

1t ri/g| le™ o] |1/t ri/t
= . E (3.62)
ri/tn gl |0 e |/ 1/8
The matrix element
My = e ™ /t2 4 Ry /Ty, (3.63)

where Ry = |r1|* and T; = |t;|? are the reflection and transmission
probabilities, respectively, for the single-barrier structure. The total
transmission probability can be calculated from Eq. 3.63,
-1
T =1/|My|*> = |1+ %cosz(kw+9) , (3.64)
1
where 6 is the phase angle of t; and t; = |t |e?.

From Eq. 3.64 we see that though the transmission probability
T of the single barrier is small, when kw + 6 = (n + 1/2)7 the
transmission probability T of the double barrier equals 1. Physically,
because the electron energy equals the energy of the confined
state in the quantum well there occurs RT and the transmission
probability can reach 1. If the electron energy deviates the resonant
energy, the transmission probability descends rapidly, even several
orders of magnitude.

Figure 3.3 shows the calculated transmission probabilities of an
AlAs/GaAs/AlAs double potential barrier structure as functions of
electron energy [10]. The barrier height V) = 1.355 eV, barrier width
Lg = 2.3 nm, and the three curves correspond to GaAs potential well
widths Ly = 5 nm, 7 nm, and 9 nm, respectively. When the electron
energy equals the energy of a quasi-confined state there is a RT peak
and the transmission probability reach 1. For a narrow quantum
well Ly = 5 nm the confined states are less and their energies are
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Figure 3.3 Calculated transmission probabilities of an AlAs/GaAs/AlAs
double potential barrier structure as functions of electron energy.

higher. There are only two resonant peaks in the energy range of
E =0~ 0.6 eV. For a wide quantum well Ly = 9 nm there are three

resonant peaks at lower energies.
Expanding the formula of the RT probability Eq. 3.64 near the
resonant energy E,, we obtain the Lorentz line-shape,

rZ/4

T(E)= , 3.65
(E) 2/4+ (E — Ep)? ( )
where T'y, is the half-height width of the resonant peak,
hZ En T12 1/2
Mh=(-——— . 3.66
! <2m*w2 Ry ) (3.66)

The confined state in the quantum well of a double-barrier structure
is a quasi-confined state. If an electron stays at the state, it will
escape from the well and thus the energy of the quasi-confined state
is a complex number,

E =Ey—ily/2. (3.67)

The wave function of electron state,

o(t) = e—i%t _ e—i%(EU—iFn/Z)

— e iR, (3.68)
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From Eq. 3.68 the electron density obtained is
p(6)? = e 7. (3.69)

It means that in the well the electron density decays with time. Then
we define the electron lifetime

T = T (3.70)
The above calculation results are obtained by assuming that the
single electron has only momentum k in the z direction. Actually
the electrons at the input end have momentum k in the three-
dimensional (3D) space and obey the Fermi distribution,

1

S = T (3.71)

The tunneling current equals the integration of all electron states,

2
] =+e—— / T (E) f(K)v.(k)dK, (3.72)
(2m)?
where v,(K) is the velocity in the z direction,
19E(k) hk,
== = . 3.73
T h ok, m (373)
The total electron energy,
h*k:  h2k?
E=E,+E =—=2 £ (3.74)

2m* - 2m*’
where

K =k + k.
The integration of Eq. 3.72 can be divided into integration over k,
and ki,
em*

/= 2m2h2

/ " 4E,T(E) / " AE LA, E) — fi(Es B,
0 0
(3.75)

where fj and f; are the Fermi distribution function (Eq. 3.71) of
electrons at the left side and the right side of the barrier, respectively.
If there is no bias voltage on the structure, fi = f; and J = 0, there
is no tunneling current. If a bias voltage is applied to the structure,
the potential energy curve inclines toward right (reverse voltage), so
fi > f; and tunneling current is produced.
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Integrating Eq. 3.75 for E,

A dEt[ﬁ(Ez, Et)_fl“(EZ) Et)]

I JE 1 1
) “11 4 e(B.+E—ER)/kT ~ 1 4 o(E.+E—Ep+eV)/kT

1 —+ e(EF_Ez)/kT
— kT In (1 BT BT ) (3.76)

where EF is the Fermi energy of the left side and that of the right side
is Er —eV due to the bias voltage. Inserting Eq. 3.76 into Eq. 3.75 we
obtain

em*kT © 1 + e(EF_Ez)/kT
] = W/o dE,T(E,)In (1 +e(EF_eV_EZ)/kT). (3.77)

Equation 3.77 was derived first by Tsu et al. [1].
When T = 0, the electron energy distribution is step-like,

Er—E, E E
I Z <
ln [1 + e(EF—Ez)/kT} — kT F (378)

0. E, > Eg

Thus Eq. 3.77 is written as

em*

Ef
= — dE,T(E,)(Er — E,
o | aBT e - B

J

EF—EV
—/ dE,T (E,)(Er —eV — E;)| . (3.79)
0

If Er — eV < 0, the Fermi energy level descends to the bottom of
the energy band at the left side (E = 0). The right side is completely
empty for the tunneling electron from the left side, so the second
term in Eq. 3.79 equals zero.

At the neighbor of the resonant energy E, the tunneling
probability can be expanded as in Eq. 3.65. In the limit that T,
approaches zero, it changes to be a § function,

1 /2
8(E, — Ey) = — lim n/ .
m Tw—0 (T2/4) 4 (E, — Ey)?

(3.80)

Thus

T(E,)~ - %5(52 — Ep). (3.81)
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Figure 3.4 Calculated current density at 0 K for the double- and triple-
barrier cases as a function of applied voltage.

Inserting Eq. 3.81 into Eq. 3.79, and assuming that Er — eV < 0, we
obtain

em* Tres'y

47 h?

where T is a constant. From Eq. 3.82 we see that the tunneling
current is proportional to Er — E,. When the E,, is far away from
Eg, the tunneling current is larger, and when E,, approaches EF, the
tunneling current approaches zero.

Figure 3.4 shows the calculated current density at 0 K for
the double- and triple-barrier cases, without the constant factor
em*/2m?h? as a function of applied voltage [1]. Note that the I-V
characteristics indicate a fine structure having differential negative
conductivities. The first peak for the double-barrier case is located
approximately at 0.16 eV, which is about twice the transmission
peak of 0.082 eV. This is because the bottom of the well shifts

] = (Er — En), (3.82)
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Figure 3.5 Schematic energy band of the finite superlattice: the upper part
is without bias and the lower part is with bias.

only half the amount of the applied voltage for this case. When
the voltage increases continuously, Er approaches the energy of
the second confined state of the well and there appears the second
resonant current peak. For the triple-barrier case, the situation
is more complicated, Er can be resonant with the energy of the
confined state in the first well or in the second well, and thus
multiple resonant peaks appear.

Tsu et al. [1] calculated the tunneling probabilities of the
superlattices composed of multi-barriers with the transfer matrix
method. The schematic energy band of the finite superlattice is
shown in Fig. 3.5: the upper part is without bias, and the lower part
is with bias. Figure 3.6 shows in the case of no bias the transmission
probabilities as functions of electron energy for the double, triple,
and quintuple barriers. The barrier and well widths are 2 nm
and 5 nm, respectively. The barrier height is 0.5 eV. Note that the
resonant energies for the triple barrier case is split into doublets and
those for the quintuple barrier case are split into quadruplets. The
line widths are roughly determined by the tunneling probability of
the barrier width. Generally, for n barriers, there will be an (n — 1)-
fold splitting. This splitting is caused by the coupling of the energy
levels of the neighboring wells.

Using the negative resistance property produced by the RT
effect one can design and fabricate the two-terminal RT oscillator.
Figure 3.7 shows the simplest equivalent circuit of a two-terminal
RT oscillator [11], where —Rp and Cp represent the resistance
and capacitance of the device, respectively. Ry and Ls are parasitic
resistance and inductance of the lead, respectively. This equivalent
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circuit has been successfully applied to analyze the tunneling
diodes, and the calculated I-V characteristics are in agreement
with experimental results. The real part of the impedance in the
equivalent circuit Reg is

—Rp
Ree=Rs+ ———. 3.83
ee = Nt (wRpCp)? (3.83)
For steady oscillation Reg; should be negative; then the cutoff
frequency can be calculated from Eq. 3.83,

1 Rp

— 1. (3.84)
2 RDCD RS

fmax =
For raising the f.x the parasitic resistance R; and the diode
capacitance Cp should be minimum. Differentiating Eq. 3.84 to Rp,
we obtain the condition that fi,.x is maximum and

Rp = 2R, (3.85)

That means that the absolute value of the negative resistance Ry, is
also very small. Therefore, a steep drop of the current and high peak-
valley ratio in the -V characteristic curve will be helpful to raise the
fmax- Another demand for the RT oscillator is large power output,
generally,

Pmax ~ (Vp - Vv)(lp - Iv)v (386)

where V,, I, Vy, and I, are the voltage and current of the current
peak and valley, respectively. Thus large peak-valley ratio and high
current density are necessary for a high performance oscillator.
Brown et al. obtained oscillations at frequency 712 GHz in
InAs/AlSb double-barrier resonant tunneling diodes (RTDs) at room
temperature [12]. The InAs/AlSb materials system has several
advantages over GaAs/AlAs for making high-speed RTDs. First, the
InAs/AlSb band offset (staggered type Il at the I' pint) allows an
electron to tunnel more easily through the AlSb barrier than the
AlAs barrier (type I band offset). This leads to a larger difference
of the peak and valley currents Al = I, — I, and a smaller Rp. A
second advantage is that the electron effective mass in InAs (0.023
myp) is smaller than that in GaAs (0.067 my), so the electrons will
drift across a given depletion layer much more rapidly in InAs than
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Figure 3.8 DC I — V characteristic (solid line) and differential conductance
(dotted line) of a 1.8 um diameter diode.

in GaAs. A third advantage is that InAs RTDs have a lower total series
resistance Rs.

Figure 3.8 shows the direct current (DC) -V characteristic and
differential conductance of a 1.8 um diameter diode with a negative
voltage applied to the top contact [12]. The [-V curve shows a
peak-to-valley current ratio of about 3.4 at room temperature and a
peak current density of 2.8 x 10° A cm™2, corresponding to Al =
2.0 x 10°> A cm™2. The discontinuous nature of the experimental
[-V curve in the NDC region is caused by self-rectification of the
oscillations.

Figure 3.9 shows the highest power density as a function of
the frequency obtained in the InAs/AISb RTDs (dotted line) and
GaAs/AlAs RTDs (solid line) [12]. At 360 GHz an absolute power of
3 uW was obtained, corresponding to a power density of 90 Wem 2.
This is 50 times the power density obtained previously from
GaAs/AlAs RTDs at 370 GHz. At 712 GHz a power of 0.3 uW was
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Figure 3.9 Highest power density as a function of the frequency obtained
in the InAs/AISb RTDs (dotted line) and GaAs/AlAs RTDs (solid line).

obtained, corresponding to a power density of 15 Wem?. The power
density decreases with the oscillation frequency increasing.

The RTD oscillators have not applied on a large scale; the
difficulties are operation at room temperature and large-scale
integration.

3.3 Hole Resonant Tunneling

Mendez et al. first observed the hole RT in the GaAs/AlAs double-
barrier structure [13]. The conductance (dI/dV) versus voltage
bias of an undoped AlAs/GaAs/AlAs double-barrier structure for
four temperatures is shown in Fig. 3.10 [13]. There are many
conductance minima representing the positions of resonant peaks.
On the basis of the temperature dependence behavior and the
relative strength of the resonances, the authors assigned the high
T set of structures to RT of light holes and the low T set to heavy
hole tunneling. To compare with experiments they assumed that
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Figure 3.10 Conductance (dI/dV) versus voltage bias of an undoped
AlAs/GaAs/AlAs double-barrier structure for four temperatures.

the effective masses of the light and heavy holes in GaAs are 0.1
my and 0.6 my, respectively. The width of the GaAs and AlAs layers
are 5 nm and the barrier height is 550 meV. Assuming that there is
no coupling between the light hole and heavy hole, they calculated
the tunneling probabilities as functions of energy separately for two
kinds of holes; the results are shown in Fig. 3.11 [13]. It is considered
approximately that the bias voltages to which the tunneling peaks
correspond multiplied by the electron charge e are twice the energy
to which the tunneling probability peaks correspond. From Fig. 3.11
the light hole resonant peaks should be at 0.168 and 0.634 V, which
contrasts with the experimental values of 0.43, 0.67, and 1.45 V. The
heavy hole resonant peaks should be at 0.038, 0.154, 0.344, 0.604,
and 0.915 V, while experimentally only four peaks, at 0.20, 1.15,
1.81, and 2.33 V, were observed. The authors believed that non-
parabolicity effects and band mixing (coupling between light hole
and heavy hole) are probably the main reasons for the discrepancies
found.
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Figure 3.11 Calculated tunneling probabilities as functions of energy
separately for two kinds of holes.

The authors also studied the effect of a strong magnetic field
on the positions of resonant current peaks. The magnetic field is
applied along the current direction. If the hole energy band is a
simple parabolic band, the problem is simpler. The hole energy band
in the plane perpendicular to the magnetic field direction is split
into a series of Landau energy levels. The basis state energy equals
hw:/2 ~ B.In the strong magnetic field the RT energy will increase
linearly with the magnetic field. The surprising results are that with
the magnetic field increasing some peak energy increases, but some
peak energy decreases, which proves the complexity of the valence
bands. We should consider the coupling between light and heavy
holes and the non-parabolicity.

To solve the above problem, Xia proposed the hole RT theory [9].
In the double-barrier structure, the effective mass Hamiltonian is
written as

H = H.+V(2), (3.87)
where V (2) is the effective potential of the structure,

PL R QO

_1|R* P, 0 —Q

“ 2|0 0 P, R
0 —Q*R* P,

H, (3.88)
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Py = (r1 +y2) P} + (n — 212) P},
P, = (1 — v2) P} + (r1 + 272) P},

Q = —i2v/3y3P,(P, — i P)),

R =3 [y(P} — P})—i2y3P Py,

(3.89)

where P, and P, are the momentum operators perpendicular and
parallel to the z direction, respectively. y1, 2, and y3 are the
Luttinger parameters.

For the superlattice or double-barrier structures only P, is the
operator; P, and P, can be replaced by their eigen-values k, and k,.
To simplify the calculation of the transfer matrix, we transform the
Hamiltonian (3.88) by a unitary transform proposed by Briodo et al.
[14],

1 ,-i¢ I )
73 0 0 7€
0 Lem—Len 0
v=| . vz . fm . | (3.90)
e e
%e‘w 0 0 %e"‘?’

where ¢ and 5 are determined by k, and k,. The transformed
Hamiltonian becomes two independent 2 x 2 matrices,

P, i|Q|P;, + |R| 0 0
1| —i|Q|P, + |R| P 0 0
+ _ 2 2
UMU™ =3 0 0 P, —ilQIP+IRI|’
0 0 i|Q|P; + |R| P,
(3.91)
where
1/2
|R| = V3 [y} (K — k&) + 4yiK2K?]
and
101 = 2v/3 [K2 + k]2 (3.92)

Even with the 2 x 2 matrix the tunneling problem still cannot be
solved analytically. We will use the numerical integration method
[9]. We first consider the upper-left 2 x 2 matrix of Eq. 3.91; the
result of the lower right 2 x 2 matrix is the same.

1 Py 11Ql pz — IR|

Hi=-| .
YT 2[—i1Qp,— IR P,

(3.93)
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Figure 3.12 Potential barrier region for hole tunneling.

The potential barrier region is illustrated in Fig. 3.12. On the left side
of the potential barrier region V(z) is assumed to be zero. The hole
wave function is of the form

v=5) e (3.94)

As the holes enter into the potential barrier region, where V (2) is
not a constant (see Fig. 3.12), the hole wave function becomes
Ui(2) \ ikr
Y= (Uz(z)> et (3.95)
where K| is still a good quantum number.
From the effective mass equation with the Hamiltonian (3.93) we
obtain the differential equations satisfied by U; and U5,

, 1
Uf = ———{(n + v2)k{U1 — |RIU2 + |QIU; — 2[E — V(2)]U1},
Y1— 272
and
U, = ” +2 ——— {1 — v2)kiUz — |R|U1—|QIU; —2[E — V (2)]U2}.
(3.96)

From Eq. 3.96 we see that there is coupling between the heavy and
light holes, so we cannot deal with the heavy hole and light hole
independently.

First we calculate the hole wave function on the left side and right
side of the barrier region. Because V (z) = V) is a constant on the left
and right sides, inserting the hole wave function (Eq. 3.94) into the
effective mass equation with the Hamiltonian (Eq. 3.93) we obtain
the eigen-energy

1
E — Vo = Sl = [r3k* + 3072 — yD (S + K2IZ + 12kD)] *,
(3.97)
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where the sign + corresponds to the light and heavy holes,
respectively. For given k, and ky, the k, can be calculated from
Eq. 3.97. The coefficients a and b of the hole wave function (3.94)
can be equally calculated.

When the energy and the parallel wave vectors k, and k, are
given, there are generally four independent hole states on the left-
hand side of the potential barrier region: the heavy hole states ¥, x,
and ¥, _k, with perpendicular wave vectors k; and —kj, and the light
hole states y; , and ¥, _x, with perpendiculars k and —k;. The k, and
ki are calculated from Eq. 3.97 for given E, Vy, ks, and k,. At the left
side and right side, the wave functions are, respectively,

Y1 = ok, + BYn—k, + Y ¥iK + V1
and
Ve =Y + B'Yn -k, + v Vi + 8V, k. (3.98)

The coefficients («, 8, v, §) and (¢, B, ', §') are connected by a
transfer matrix,

=on | 7| (3.99)
8/

SR ™R

Suppose at the right side a heavy hole state goes out; then the
boundary conditions at the right barrier of the barrier Uy, Uj and Uy,
U; can be determined. Numerically integrating Eq. 3.96 from right
to left (e.g., by the Adams method), we obtain the values of wave
functions and their derivatives U, U; and U, U} at the left boundary
of the barrier region.

The hole wave functions are given by Egs. 3.98 and 3.94; thus
their coefficients «, 8, y, and § are determined by the following set
of equations:

an, k@ + an, -, B + ALy + a6 = Uy,

bp, k& + bp, g, B + by + by, xS = U,

iknap g, — iknap —, B + ikiay iy —ikiap 8 = Uy,
and

iknbp g, — ikpbp, i, B+ ikibyxy — ikiby 6 = UZ/' (3.100)
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where (apk,, bnk,) and (a, bir,) are the coefficients of the wave
function (Eq. 3.94) for the heavy hole and light hole, respectively.

If there is a heavy hole at the right side (k, > 0), the transfer
matrix equation (Eq. 3.99) will be

= (M) (3.101)

S R ™ R
S O O -

From Eq. 3.101 we obtain
M=o Myu=8 My=y, and My =3. (3.102)
Similarly if there is a light hole at the right side (k, > 0), we obtain
Miz=«a M= Mz=y, and My =3. (3.103)

Knowing the transfer matrix (doesn’t need all matrix elements), the
transmission amplitudes T and the reflection amplitudes R can be
calculated from Eq. 3.99,

M3z —Mz,
Toh = 2, Ty = ,
hh D hl D
Mo1 M33 — Moz M- My1 M33 — M3 M-
Ry = M21Mss 2sMs - p MM 13Ms1 (3.104)
D D
M3 My
Th = ——2, Ty=—2,
In D I D
—Mp1 My3 + Mp3 Myq — My My3 4 Maz My4
Rn = , Rn= )
D D
and
D = My1 M3z — M3 M3y, (3.105)

where Ty, represents the transmission amplitude from heavy hole
state to heavy hole state, T} that from heavy hole state to light hole
state, etc.

Figure 3.13 shows the transmission probabilities of the heavy
and light hole log,o(T*T) as functions of energy E at F = 0 and
k; = 0 [9]. Since for k; = 0 there is no coupling between heavy and
light holes and the resonant peaks correspond to the independent
heavy and light hole states in the quantum well, similar to Fig. 3.11.

Figures 3.14 and 3.15 show the transmission probabilities
(T*T)pn and (T*T )y as well as (T*T )y and (T *T )y, as functions of
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Figure 3.13 Transmission probabilities of the heavy and light hole
log1o(T*T) as functions of energy E at F =0 and k; = 0.
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Figure 3.14 Transmission probabilities (T*T )y, and (T *T )y as functions
of energy E at F = 0 and k; = 0.3 (27 /7 nm).

energy E at F = 0 and kj = 0.3 (27 /7 nm), respectively [9]. From
Fig. 3.14 we see that (T*T )y, and (T*T)y contain almost all the
resonant peaks of the heavy and light holes, which means that there
is strong mixing between them. One peak is an exception: the fourth
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Figure 3.15 Transmission probabilities (T*T); and (T *T )i, as functions of
energy E at F =0and k; = 0.3 (27 /7 nm).

peak appears in the hh curve but not in the hl curve. Similarly, in
Fig. 3.15 the fourth peak appears only in the lh curve. It indicates
that this peak is derived from a heavy hole resonance.

3.4 Resonant Tunneling in Dilute Magnetic
Semiconductors

When magnetic ions, for example, Mn?", are doped in the semi-
conductor, then in the magnetic field the electronic energy levels
with different spin orientations will split and the splitting energy is
large, which is called giant Zeeman splitting energy. These kinds of
semiconductors are called dilute magnetic semiconductors (DMSs).
The giant Zeeman splitting energy

AE = NooXes (S,) 04, (3.106)

where Ny« is the s-d exchange interaction energy. For Zn;_,Mn,Se
DMS, Noax = 0.27 eV. x.f is the effective concentration of magnetic
ions, (S,) is the thermal average magnetic moment of magnetic ions:

SgugB >

7](3(7' o) (3.107)

(52) =SBy (
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where B; is the Brillouin function and J is the angular momentum
quantum number of magnetic ion basis state. For Mn?* ion, S = |
= 5/2. g, is the spin of conduction electrons. For holes in valence
band, Eqgs. 3.106 and 3.107 are still valid, except the parameters are
changed to those of the valence band.

If the magnetic ion concentration x is several percents, in the
moderate magnetic field the giant Zeeman splitting energy can reach
several even several tens of millielectron volt orders of magnitudes.
This energy level splitting will have different effects on the electrons
with positive and negative spin orientations. Chang et al. studied the
RT of electrons through a DMS potential barrier structure [15].

When a small bias is applied across the structure, a non-
equilibrium electron population will be generated. The current
density | = X, ] ? can be calculated,

(T kF Bf() o U
2n2122<2n)/ kz( o )T (3.108)

where T7(n,E¥) is the transmission probability at the Fermi energy
for different spin orientations, v{ = hkJ/m is the group velocity,
(1/2) 12 is the density of state of each Landau level, Iy = /i/eB is
the magnetic length, and fj is the equilibrium distribution function.
We use the approximation —dfy/0E ~ §(E — Ef) when kgT < EF.
The low-temperature conductance is given by

0% =00 T (K, (3.109)

Ky, = ﬁ;” [EF <E + ?)} (3.110)

oo = €2/2ml3h, A = Js_4(S,) is the giant Zeeman splitting, and
n = (n+ 1/2)hw. is the energy of the Landau level. The total
conductivity is the sum of the conductivity of each Landau level at
the Fermi energy and for each spin state.
The degree of spin polarization (SP) of the current density is
defined by

where

Jt =71

P=]¢+]T’

(3.111)
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Figure 3.16 Electron tunneling through a single ZnSe/Zn;_,Mngo;Se
(x = 0.07) barrier, TMR AR/R, and spin polarization as functions of
magnetic field for different DMS barrier thicknesses.

where JT (JV) is the spin-up (spin-down) current density of the
spin-polarized current. The tunneling magnetoresistance (TMR) as
a result of tunneling through the NMR/DMS structures is defined by

AR _ R(B)—R(0)  R(B) _1_@_1

R R(0) R(0) o(B)

Figure 3.16 shows the TMR AR /R as a function of the magnetic field
for different single DMS barrier thicknesses [15]. The inset gives the
SP versus the magnetic field. The potential profiles for B = 0 and
B # 0 are also plotted. The solid, dashed, dotted, and dash-dotted
curves correspond to different thicknesses of the DMS layer: 5, 10,
15, 20 nm, respectively. The other parameters for ZnSe/Zn;_,Mn, Se
are m* = 0.16 my, Top = 1.4 K, Noo = 0.17 eV, and potential barrier
height 1, = 10 meV (x = 0.07). From Fig. 3.16 we see that the
TMR decreases and oscillates with an increasing magnetic field.
The oscillations of the TMR and the SP are weakened by increasing
the DMS barrier thickness. These oscillations are mainly attributed
to the oscillation of the spin-down conductivity component o /oy,

(3.112)
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Figure 3.17 (a) Tunneling magnetoresistance (TMR) AR/R of a NMS
double-barrier structure with DMS contacts as a function of magnetic
field. The inset shows the spin polarization as a function of magnetic
field. (b) Total conductivity (thick curve), spin-up (dotted), and spin-down
(dashed) components as functions of magnetic field.

which is enhanced by an increasing magnetic field and weakened
by the thickness of the DMS layer. The oV /0oy is larger than that of
spin-up component o' /oy, since the barrier height seen by the spin-
up electron is higher than that seen by the spin-down electron due
to the magnetic field-induced s-p exchange interaction. Therefore
the SP increases and saturates with an increasing magnetic field and
barrier thickness.

Figure 3.17 shows the TMR AR/R of a non-magnetic semi-
conductor (NMS) double-barrier structure with a DMS well and
contacts as a function of magnetic field [15]. The inset in Fig. 3.17a
shows the SP as a function of magnetic field. The parameters are Ef
=60 meV and V},, = 75 meV for Cd;_,Mg, Te/Cd;_xMn,Te (x = 0.04,
y = 0.08). From Fig. 3.17a we observe a peculiar beat pattern in the
TMR and SP curves, which is directly related to the superposition
of the s-p spin-split transmission channels. When the magnetic
field increases, the landau levels are swept across the Fermi surface
one by one, resulting in oscillations in the magnetoresistance,
similar to those of Shubnikov de Haas (SdH) oscillations. And the
s-d exchange interaction leads to a giant Zeeman splitting. The
beating is a result of the fact that the total current is composed
of spin-up and spin-down components. The interplay between the
spin-up and spin-down channels results in the beat pattern in
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Figure 3.18 (a) Tunneling magnetoresistance (TMR) AR/R of a DMS
double-barrier structure with NMS contacts as a function of magnetic field.
The inset shows the spin polarization as a function of magnetic field. (b)
Total conductivity (thick curve), spin-up (dotted), and spin-down (dashed)
components as functions of magnetic field.

the magnetoresistance. This is clearly demonstrated in Fig. 3.17b,
which shows the total conductivity (thick curve), spin-up (dotted),
and spin-down (dashed) components. The phase difference of both
currents results in the beat pattern of the total TMR and SP.

Figure 3.18a shows the TMR AR/R of a DMS double-barrier
structure with a NMS well and contacts as a function of magnetic
field [15]. The inset shows the SP as a function of magnetic field. The
parameters are Er = 60 meV and , = 75 meV for ZnSe/Zn; _,Mn, Se
(x = 0.2). Similar oscillating and beat behaviors as in Fig. 3.17a
are found. Figure 3.18b shows the total conductivity and two
components as functions of magnetic field. The left-down inset is
the schematic diagram of the potential energy; in the magnetic field
the potential heights for the spin-up and spin-down electrons are
different, resulting in different tunneling probabilities T'}. From
Fig. 3.18a we see that the beat of the magnetoresistance is obvious.
The SP oscillates with the magnetic field and is obviously larger than
1, that is, the spin-down current is dominant.

Grube et al. fabricated a BeTe/Zn;_yMn,Se/BeTe double-barrier
RTD and observed a SP of up to 80% in the tunneling current with a
semimagnetic layer of only 3.5 nm thickness [16]. Figure 3.19 shows
the schematic diagram of the potential energy of this device; the
middle potential well is DMS Zn;_,Mn,Se, and the magnetic field
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Figure 3.19 Schematic diagram of the potential energy of BeTe/
Zn;_,Mn, Se/BeTe double-barrier resonant tunneling diode (RTD).

is applied in the z direction (perpendicular to the junction). Due
to the giant Zeeman splitting effect the energy levels of the spin-
up and spin-down electrons split. In the magnetic field B = 2.5 T
the splitting energy is about 20 meV. When the bias is applied to
the diode, if the Fermi energy level of the electron in the injecting
region and the spin-down energy level in the well region coincide,
there will be a tunneling current with spin-down polarization. At the
same time the spin-up electron cannot tunnel through the device.
Therefore in the collecting region we obtain electrons with only one
spin orientation; the SP degree approaches 1 or —1.

To measure the SP degree a IlI-V Alj ¢7Gag.93As/GaAs LED is
grown directly on the bottom of the RTD. The tunneling current from
the RTD is directly injected into the LED, and the spin-polarized
electrons combine with holes in the quantum well. Measuring
the circular polarization degree of the luminescent light, one can
determine the SP degree according to the selected rule of the
electron-hole transition [17].

The SP degree of injected current can be derived from the circular
polarization degree of the LED luminescence [17],

_(Bn"+n")—(Bn* +n")  2n"—2n" 1
 @Bnt4+n)+@Bnt+nt)  4nt +4nt 2

P, (3.113)

opt

where n' and n' are the occupied number of spin-up and spin-down
electrons, respectively. P is the SP degree of the current; thus the SP
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Figure 3.20 Magnetic dependence of the spin polarization degree (e) at
a constant voltage of 1.9 V at the beginning of the first resonance in the
AlGaAs/GaAs LED. For comparison the results for the nonmagnetic RTD are
also shown (+, x).

degree of the current is double of the circular polarization degree of
luminescence.

Figure 3.20 shows the magnetic dependence of the SP degree (o)
at a constant voltage of 1.9 V at the beginning of the first resonance
in the AlGaAs/GaAs LED [16]. For comparison the results for the
nonmagnetic RTD are also shown (4, x). The results prove that
the magnetic RT structure is the origin of the spin injection. From
Fig. 3.20 we see that the SP degree increases with the magnetic
field until it saturates at 80% for fields above 2-3 T, coinciding very
well with the saturation of the giant Zeeman splitting in DMSs. Test
measurements with optical excitation of nonpolarized carriers in the
same structure with nonmagnetic BeTe-ZnSe tunneling structures
reveal only a small polarization degree below 15%.

Figure 3.21 shows the voltage dependence of the SP degree and
[-V curve at a constant magnetic field of 2.5 T around the first
resonance of the 3.5 nm/3.0 nm BeTe/Zng 94MngosSe RTD [16].
From Fig. 3.21 we see a clear reduction of the polarization degree
over the resonance, which can be explained by the offset of the
resonant spin-down level in the well (see Fig. 3.19). Although a
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Figure 3.21 Voltage dependence of the spin polarization degree and -V
curve at a constant magnetic field of 2.5 T around the first resonance of the
3.5nm/3.0 nm BeTe/Znj 94Mng gsSe RTD.

reversal of the spin orientation has not been observed, the SP at a
constant drive current of 50 pA can be from 80% down to 38% by
merely changing the external voltage from 1.8 to 2.3 V. The reason
that the spin-up polarization has not been observed is because the
transit time is well above 10~7 s in the present RTD, whereas
the spin-relaxation times in diluted magnetic semiconductors are
in the range of 10~12 5. Thus, electrons that enter the ZnMnSe
quantum well in resonance with the higher energy spin-split
subband level will very likely relax into the lower energy spin-split
level before they are injected into the II1I-V material.

Xia et al. studied theoretically the spin-polarized current through
a RTD made of a semimagnetic semiconductor [18]. The structure
is shown in Fig. 3.19; the parameters are the same as in Ref. [16]:
B=25T T =16K, Ty = 1.4 K, and concentration of Mn?* ions
x = 0.06. Because the temperature is very low, we take T = 0 K
in the calculation. Thus the tunneling current is given by Eq. 3.79.
Because the RTD is in the magnetic field along the z direction
(current direction), one should use the density of states of Landau
energy levels instead of the two-dimensional density of states in
Eq. 3.79,

e eB Er
/=20 (m) /0 dE,N(Er — E)T (E2), (3.114)
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where eB/(r hic) is the density of states of each Landau energy level,

. Er—E, 1
N(EF—E;))=int| —— — = ].
(Er 2) =1in ( Fioe 2)

The transmission probability T (E,) is calculated by the numerical
method.

The parameters of the RTD are well width 3.5 nm, barrier width
3 nm, and potential barrier height 1890 meV. The electron effective
masses are assumed to be equal for the well and barrier, m* = 0.16
my. For the BeTe/ZnTe quantum well there are three confined states
in the well, whose energies are 132,521, and 1135 meV, respectively.
The electron density n in the injection region is 10° cm~3. Using
the relation Er = h?(37%n)%/3/(2m*), we obtain the Fermi energy
Er = 105.8 meV. In the calculation we take Er = 100 meV.

Figure 3.22 shows the spin-polarized tunneling current (down
V, up A), total current (), and SP degree (o) as functions of
bias voltage at B = 2.5 T when the Fermi level crosses over the
first quasi-confined state [18]. From Fig. 3.22 we see that when
the electric field is such that the Fermi level is near the first
confined state there is only one kind of spin orientation, that is,
spin-down, and the polarization degree reaches 1. As the electric
field (voltage) increases, the current of the other kind of spin
orientation, that is, spin-up, increases and the polarization degree
decreases gradually. These results are basically consistent with

(3.115)
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Figure 3.22 Spin-polarized tunneling current (down V, up A), total current
(), and spin polarization degree (e) as functions of bias voltageat B=2.5T
when the Fermi level crosses over the first quasi-confined state.
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the experimental results [16]. When the electric field increases
continuously the opposite process occurs. The current of the spin-
up becomes larger than that of the spin-down, and consequently,
the polarization degree becomes negative. But this behavior has
not been observed experimentally; the reason has been indicated
above.
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Chapter 4

Longitudinal Transport of Superlattices

Longitudinal transport in a superlattice is transport along the
growth direction of the superlattice; the resonant tunneling dis-
cussed in the preceding chapter is one of the forms of longitudinal
transports. The path of the longitudinal transport is very short, only
several or several tenths of nanometers. The effect of scattering on
electron motion is not obvious. Electron motion is mainly controlled
by the quantum effect. At the same time, electron motion velocity is
generally very higher than the thermal balance velocity of carriers;
therefore these kinds of devices are called quantum effect devices
or hot-electron devices [1]. The advantage of such a device is high
velocity, and it can be used to fabricate high-frequency devices. But
due to the delay of the circuit, for example, the RC time delay, the
extremely high velocity in the active region cannot be represented
in the whole device performance. Now people use the strong
or modulated nonlinear current-voltage characteristics or special
electrode symmetry to realize a more complex circuit performance
and to replace the circuit unit constructed by a large number of
transistors or passive circuits; for example, they use a few tunneling
devices to realize a multiple value memory and logic circuit.

The largest obstacles of the practical application of quantum
effect devices and hot-electron devices are the difficulties of room

Quantum Waveguide in Microcircuits (Second Edition)

Jian-Bai Xia, Duan-Yang Liu, and Wei-Dong Sheng

Copyright (© 2025 Jenny Stanford Publishing Pte. Ltd.

ISBN 978-981-4968-30-0 (Hardcover), 978-1-003-65146-8 (eBook)
www.jennystanford.com


http://www.jennystanford.com

116

Longitudinal Transport of Superlattices

temperature operation and large-scale integration, resulting in that
they are now only used in some special cases.

4.1 Miniband Transport of a Superlattice

When the potential barrier width of a superlattice becomes
gradually smaller, the confined states of neighboring wells will
interact and the energy of a single confined state becomes a
broad band, called a miniband. These neighboring confined states
in quantum wells are similar to the atoms of a one-dimensional
(1D) atomic chain. Assume that the energy of each atomic state
is Ep, the interaction energy of neighboring atoms is V, and the
distance between neighboring atoms is d; then the tight binding
wave function of the atomic chain is

Y = jﬁ Z g (1), 4.1)

where k is the wave vector, R; is the coordinate of the i-th atom, ¢; (1)
is the wave function of the i-th atom, and N is the total number of
atoms. The energy of the atomic chain,

=ty = o3 e M) HE g (r)
ij

= Eo + Voe'™ + Vye 'k

= Eo+ 2V, coskd. (4.2)
Equation 4.2 can be also written as
A
E,(k)=Ey— 0 coskd, (4.3)

where A = 4|Vjy| is the miniband width, which is proportional to the
interaction energy V) of confined states in neighboring wells, that is,
proportional inversely to the width of the barrier. Figure 4.1 shows
A as functions of the barrier width for a fixed well width w = 3.5 nm
in a GaAs/AlAs superlattice.

The miniband given by Eq. 4.3 is different from the ordinary
energy band of the semiconductor in the following points: (i) The
semiconductor energy band is three-dimensional isotropic, while
the superlattice miniband is highly anisotropic; in the x and y
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Figure 4.1 A as functions of the barrier width for a fixed well width
w = 3.5 nm in a GaAs/AlAs superlattice.

directions it is same as the bulk energy band, but in the z direction
it is a band with a small width A (generally several tenths of
millielectron volts). (ii) A semiconductor energy band is defined
in the Brillouin zone —w/a < k < m/a for each direction, where
a is the lattice constant. The miniband is defined in the Brillouin
zone of z direction —7 /d < k < w/d, where d is the period of the
superlattice in the z direction. d >> a, so the Brillouin zone of the
miniband is very smaller than that of the bulk energy band. (iii)
In the applied electric field the electrons in the bulk material move
near the center of the Brillouin zone and are scattered by impurities
or other scattering centers. The derivation of distribution function
from the balance state is very small, so the transport can be treated
by the perturbation method, for example, solving the Boltzmann
equation. In the superlattice due to the small Brillouin zone in the
z direction, in the electric field the electron can reach the edge of
the Brillouin zone (k = £ 7 /d) before it is scattered. At the edge
of Brillouin zone the electron effective mass is negative, so negative
conductance is possible.
The electron motion equation in a semiconductor is
dk

h— = ¢F, 4.4
ik (44)
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where Kk is the wave vector and F is the applied electric field. In
the electric field along the z direction the electron moves from the
center of the Brillouin zone and after time 7 reaches the edge of the
Brillouin zone 7 /d. Then

hk=h (%) — eFr. (4.5)

If the scattering relaxation time is longer than t, then the electrons

can reach the edge of the Brillouin zone and produce negative

conductance. Esaki et al. predicted the Bloch oscillation is probably

observed in superlattices on the basis of this idea [2]. Equation 4.5

becomes a necessary condition of occurrence of negative differential

conductance (NDC). In the following we accept the relaxation
approximation proposed by Huang et al. [3].

From Eq. 4.3 the electron velocity in the z direction

10E,(k) Ad |,

"Th ek T 2n

From Eq. 4.4 the variation of the electron wave vector with time is

eF
where kj is the initial wave vector. Suppose the electron scattering

time is 7; then the average drift velocity,

1 o0
va(ko) = 7/ v(ko, t)e~ 7 dt
0

n kd. (4.6)

T
2 [
_ Ae;; T cos kod + f;f; s;n kod. (4.8)
1+ (57)
The electron total energy
h2k?
E = E,(k) + —L. (4.9)
2m*

Assuming that the electrons satisfy the Boltzmann distribution, the
electron density

C w/d Ez(k) 00 h2k?
= dk - dk? ——
" /ﬂ/d eXp( ks T )/0 1P\ 2 T

_¢. Mk (A (4.10)
T anrdd °\2ksT )’ '

where I is the zero-order Bessel function of an imaginary argument.
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The calculation of the current density is similar to Eq. 4.10.
Calculate the statistical average of the drift velocity v4(k),

2mkgT (™4 E,(k
j:Cede~m7B/ dk cos kd exp (— al )>

472 h2 —r/d kBT
_ Cevdom*kBT I A
mh2d 2kg T
Ii(A/2kgT
Io(A/2ksT)
where
AeFd?*t 1
Vgo = (4.12)

WL ()

In calculating Eq. 4.11 the term sin kd in v4(k) (Eq. 4.8) is odd
symmetric to k. Hence its contribution to the integration for k equals
Zero.

Therefore the current composes two parts: one is related to
electric field strength F, which is included in v4¢ (Eq. 4.12); the
other is related to temperature, which is included in 1; /I;. When the
electric field is very small, eFdr /h < 1, then

AeFd*t  eFt

Vdo = 2 T e (4.13)

where m,* is the effective mass in the z direction,

1 1 9%E,(k) 1 Ad?

ms R 9k |, K 2

(4.14)

Equation 4.13 is the result of the linear transport theory. If the
electric field F and the relaxation time t are large enough so
eFdt /h ~ 1, then nonlinear conductance will appear and the current
will not be proportional to the electric field.

Sibille et al. observed first the nonlinear conductance caused by
the miniband transport [4]. They grew some GaAs/AlAs superlattice
samples: the width of the GaAs layer is 10~20 monolayers (2.83 A)
and that of the AlAs layer is 3~7 monolayers. The -V curves of
three samples at 300 K are shown in Fig. 4.2 [4], where (12/4)
represents that the monolayer number of GaAs and AlAs, 12 and 4,
respectively. From Fig. 4.2 we see that when the bias voltage is very
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Figure 4.2 [-V curves of three samples at 300 K.

small (3 V) there appears nonlinear conductance. From Eq. 4.12 the
drift velocity can be phenomenally written as
nF
1+ (F/Fo)?’
where 8 is a parameter. When 8 = 2, Eq. 4.15 is just Eq. 4.12. When
B > 1, vq(F) reaches maximum if F equals a critical field F.. When
F > F.,vq(F) decreases and exhibits a negative differential velocity
(NDV). When 8 = 1, vq(F) approaches a saturated value; there is
no maximum, as shown in Fig. 4.2. When g = 2, v4(F) reaches the
maximum v, = uFo/2 at F = Fj.

Sibille et al. measured the I-V curves for another set of samples
that have larger miniband widths A. The -V curves for samples
with A = 133, 81, and 52 meV are shown in Fig. 4.3 [5]. Different
from Fig. 4.2 the -V curves in Fig. 4.3 show obvious NDC behavior.

A shown in Fig. 4.3 the samples are ohmic at a low bias and
exhibit NDC beyond a critical voltage. The peak electron velocity v,
can be estimated from the peak current density J, by applying /, =
env,, where n =6 x 10'® cm~3 is the electron density. For the (17/4)
sample, J, = 40 kA/cm? and v, = 4 x 10° cm/s; for the (13/3)
sample, J, = 140 kA/cm? and v, = 107 cm/s. Because the electron
velocity is very high, these samples can be used to fabricate high-
frequency devices. For the highest value, a simple calculation leads

va(F) = (4.15)
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Figure 4.3 [-V curves for samples with A = 133 (i), 81 (ii), and 52
(iii) meV.

to an expected maximum fundamental frequency fmax = Vp/L of
200 GHz, where Lis the device thickness L= 0.5 pm.

Another NDC mechanism was proposed, relying on a transition
between Bloch miniband transport and hopping transport between
Wannier-Stark quantized levels (WSL). To differentiate between the
negative effective mass (NEM) and WSL mechanisms, the edF. and
vp/d as a function of A for a series of samples are shown in Fig. 4.4
[4]. According to the NEM mechanism, Egs. 4.12 and 4.15, (8 = 2),

h
=—, edF.=—, (4.16)
edt T

and
uFe  Ad vp A

vp = =—, —=—.

2 4h d 4h
On the other hand, the WSL theory predicts edF, =~ A and a
superlinear dependence of v,/d on A. From Fig. 4.4 we see that the

experimental values of edF. rapidly and strongly deviate from the

(4.17)
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Figure 4.4 edF. and v,/d as a function of A for a series of samples. Inset:
Conduction band diagram of the relevant levels.

line predicted by the WSL mechanism. Furthermore, v,,/d appears
to vary linearly with A atleast to A = 100 meV. These two features
strongly argue against the WSL mechanism and in favor of the NEM
one.

Figure 4.5 shows the frequency dependence of the device
conductance for several applied biases [6]. Both curves (two
samples) exhibit sharp resonances, resulting in a large negative
conductance at peak frequency fn. The resonance frequencies are
2.7 GHz and 4.9 GHz for the samples of total thickness L = 1.2 um
and 0.6 um, respectively. The f, indeed scales almost linearly with
the inverse of the square loop (SL) thickness, a logical consequence
of a transit time effect.
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Figure 4.5 Microwave conductance as a function of frequency for several
applied biases.

4.2 Bloch Oscillation in Superlattices

When Esaki et al. proposed the miniband transport of a superlattice,
they predicted that it is possible to observe the Bloch oscillation in
the superlattice [2]. If the collision relaxation time in the superlattice
t satisfies Eq. 3.5, then the Bloch oscillation can occur, whose period
equals the time that the electron travels one circle along the Brillouin
zone.
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_h (2=n _2m eFd (4.18)
- ) a)B—T— h’ .

where wg is called Bloch oscillation frequency. To observe Bloch
oscillation experimentally, people have made many years efforts,
until 1996, when the strong terahertz photoelectric resonance at
Bloch oscillation frequency was observed [7].

The experimental sample in the superlattice structure consists
of 40 periods of 8 nm wide GaAs wells and 2 nm AlGaAs barriers
(miniband width A = 22 meV). The superlattice is homogeneously
Si doped with a concentration of n = 3 x 10'® cm™3. In the
University of California, Santa Barbara (UCSB), free electron laser
(FEL) were used as a terahertz radiation source, giving pulses of
intense terahertz radiation with a pulse of several microseconds.
Therefore the electric fields, including direct and alternating, are
applied to the superlattice sample longitudinally.

F = Fy + Fy coswt. (4.19)

Figure 4.6 shows the DC current-voltage curve for increasing FEL
intensity. The FEL frequency was fixed to be 0.6 THz (Fig. 4.6a)
and 1.5 THz (Fig. 4.6b) [7]. The curves are shifted downward for
increasing laser intensity (F1). From the figures we see that besides
the NDC, there are a series of resonance peaks at the Bloch frequency
and their harmonics. When the laser intensity is increased further
the first peak starts to decrease and a second peak at about twice
the voltage of the first peak is observed due to a two-photon
resonance. At the highest intensities up to a four-photon resonance
was observed. The authors attributed the first additional peak to
a resonance of the external laser field where the Bloch frequency
wp = w. The other peaks are higher resonances, where wg = nw.

To explain this behavior we still use the relaxation time
approximation [3] used in the last section to calculate the current
density in the presence of an alternating field. Similar to Egs. 3.6 and
3.7, in the electric field (Eq. 4.19) we have

F F
k=ko+ 2+ S sinot. (4.20)
h hw
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Figure 4.6 DC current-voltage curve for increasing FEL intensity. The FEL
frequency was fixed to 0.6 THz (a) and 1.5 THz (b).

Ad
v(t) = 5 sin kd

Ad . eFot eFl .
= —sin|ky+ ——+ —sinwt | d
2h < ot Ty e )
E [ei(a+ﬂsinwt) _ e—i(oH—ﬁ sinwt]] ) (421)
2i
Expanding Eq. 4.21 to t, we obtain

v(ty) = vo {sina l]o(ﬂ) +2 ZJZk(/S) cos kat]

k=1
+ cosa lz > Jax1(B) sin(2k + Dot } (4.22)

k=0
where
Ad eFod eFld
=, = t+ kod, d = . 4.23
Vo o o N + ko and g o ( )

When the collision relaxation is taken into account, the electron drift
velocity equals

1 o0
va(ke) = = / v(ko, e /" dt. (4.24)
0
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Inserting Eq. 4.23 into Eq. 4.24, at last we obtain

AeFd?*t = eFid
Vdo = 27712;::0]” () Qn,

hw
eFl()dT[ 2 n=0
Qn = . nwh B nwh
eFod + eFyd . n =2k
1+<eF0d+nw>zrz - <eFod B nw>2 o = 2k+1
h hi
(4.25)
Phenomenally we can write Eq. 4.25 as follows:
o0
vao = Y _ van(Fo),
n=0
van(Fo) = — LT (4:26)

2
1+ (% ina)r)

Equation 4.26 can be used to explain the peak positions in Fig. 4.6.
Differentiating vq4,(Fo) in Eq. 4.26 to Fy, we obtain

h F()ed
Fo =nwtF, = nwt - ——, where nw= =
edt h

Van (Fo) have maximum values. This explains the peaks correspond-
ing to nwpg, in the I-V curve of Fig. 4.6, that is, the terahertz
laser excites the Bloch oscillation in the superlattice. When the laser
intensity F; increases, the amplitudes of peaks change according to
the expanding coefficients in Eq. 4.25 J,(eF1d/hw), which oscillates
as F; increases.

We calculated the direct current (DC)’s conductance with the
above relaxation time approximation theory. In the following we will
use the simplified balance equation theory [8] to study the dynamic
behavior of the superlattice in the DC and alternating current (AC)
electric fields,

ws.  (4.27)

dva _ eF(®) _va
dt  my(e) 1’
(e —e1)

de
— =eF(t)vg — , 4.28
G = eF v (4:28)
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where vy is the drift velocity; ¢ is the electron energy; m,* (¢) is the
electron effective mass,

1 1 9%E,(k Ad? 1 2
_ LB Ad a = 28, 429
m,*(e) h® 0Ok? 2h? m,*(0) A
et is the electron average thermal energy,
A 11(A/2kT)
er=—|1— ————-
lo(A/2kT)

5 ; (4.30)
and 7, and 7, are the electron momentum and energy scattering
relaxation times, respectively.

To check the simplified balance equation (Eq. 4.28), we calculate
the steady solution of Eq. 4.28 in the DC bias voltage. Let eF(t) = eF
and dvy/dt = de/dt = 0. We obtain

C F)*t,t,
g Cter o _(eF)nm (4.31)
1+2C/A m:(0)
1 Ii/1 I
Vg = [e — er] = C. LZ" =V - =, (4.32)
eFr, eFt, 1+ ZC Iy

AeFd?t, 1
2 ’ Fdr\2’
201 (o5

Vdo = T = \/ﬁ (433)
Equation 4.32 is just Eq. 4.11 and Eq. 4.12; only the relaxation time
T is replaced by t, and 7.

If the peak value of the drift velocity v, and the critical electric
field E. are known from the experiment, then the t, and <t
can be calculated from Eq. 4.32. For example, for the GaAs/AlAs
superlattice, T = 300 K, A = 110 meV, v, /d = 1.4 x 102 s71, and
eE.d = 3.1 meV and we obtain 7, = 2.2 x 102 s71, and 7, = 1.1 x
1013 s71 [8].

Introduce the efficiency of oscillator 7,

Pac [ Vv(t)F1coswtdt
Pbias - fV(t)Fodt '
where Ppis and P, are the powers absorbed from the bias source
and the alternating field, respectively. The integration is taken
over an oscillation period, and f = w/2n is the frequency of the

alternating field. If v(t) and alternating field F;coswt have the
same phases, then Py > 0 (n > 0) energy of the alternative field

n(f) = (4-34)
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Figure 4.7 Calculated efficiencies as a function of frequency for the
mentioned superlattice parameters [8]; (a), (b), and (c) correspond to
different DC biases Fy/F. = 2, 4, and 8.

is absorbed by the superlattice. If v(t) and F;coswt have opposite
phases P, < 0 (n < 0) energy is transferred to the alternating field,
that is, the alternating field is amplified and, in principle, oscillation
of the system is possible.

Figure 4.7 shows the calculated efficiencies as a function of
frequency for the mentioned superlattice parameters [8]; (a), (b),
and (c) correspond to different DC biases Fy/F. = 2, 4, and 8. The
number marked at each curve is the strength of the alternating
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field Fy1/F.. From the figure we see that the frequency range of
amplification (n < 0) extends from almost DC to about the Bloch
frequency fo = eFyd/h that lies in the terahertz frequency range.
With an increasing bias field the n( f) curves show a fine structure
near the subharmonics f;, = fo/n, wheren=2,3, ...

Experimentally Wankle et al. have observed that when a micro-
wave of 600 GHz irradiates on the GaAs/Alj 3Gag 7As superlattice, a
strong third-order harmonic wave related to the injection power can
be excited [9]. The transfer efficiency can reach 0.1%.

4.3 Hopping Conduction between Wannier-Stark
States

Wannier [11] predicted early that when a quasi-continuous band is
under an applied electric field, it can split into a serious of discrete
energy states and the wave function changes from the expanded
state to the local state. Later these states are called Wannier-
Stark states. In the preceding section we discussed the longitudinal
miniband transport in a superlattice. When the applied electric field
along the z direction F is large enough, so that eFd > A (miniband
width), that is, the potential difference between neighboring wells
is larger than A, then the miniband doesn’t exist, which splits into
a series of discrete energy levels. The electron state is localized in
a quantum well, and becomes the Wannier-Stark state. In this case
the conduction is determined by the hopping conduction of electron
states of neighboring quantum wells, as shown in Fig. 4.8 [12].
Figure 4.8 shows the energy bands of neighboring two quantum
wells with s distance d in the applied electric field F. The potential
difference is eFd. If eFd is such that level 1 coincides with level
2/, electrons may tunnel resonantly from 1 to 2/, marked by (a),
followed by an inelastic scattering process marked by (b) to level
1, in order to repeat the process onto the next cell. Another process
is the direct inelastic scattering process from 1 to 1/, marked by (c).
These two processes all need the participation of phonons; thus the
hopping conductance is obviously lower than that within one band,
resulting in NDC.
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Figure 4.8 Energy bands of two neighboring quantum wells with a distance
d in the applied electric field F.

To study the hopping conductance of Wannier-Stark states, we
used the one-band model to calculate the Wannier-Stark state [13].
The effective mass Hamiltonian of electron in the electric field along
the z direction is

H = E(k)+eFz (4.35)

where E (k) is the 1D energy band dispersion relation as shown
in Eq. 4.3. We write the Schrodinger equation in the momentum k

space,
d

[E(k) + eFidk] v (k) = Ey(k), (4.36)

where the coordinate z becomes an operator in the momentum
space:

d
=i—. 4.37
z ldk ( )

The solution of Eq. 4.36 is easily obtained,

i k
¥ (k) = Cexp {_eF/O [E — E(k/)]dk/}, (4.38)
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where C is a normalization constant. Because E (k) is a periodic
function of k, ¥ (k) must be a periodic function in momentum space
with period 27 /d, which demands that

w/d
— [E — E(K)]dk = 2nn. (4.39)
eF —m/d
The eigenenergy is obtained from Eq. 4.39,
d w/d
E=eFnd + — / E (k)dk. (4.40)
27 —m/d

Equation 4.40 is just the Wannier-Stark ladder formula first derived
by Wannier [12]. The second term in Eq. 4.40 is the average energy
of the energy band.

The energy band E (k) can be expanded by a series of cosine
functions,

N
E(k) = Ay cos(nkd). (4.41)
n=0
Then the eigenenergy in Eq. 4.40 is
E = eFnd + 2. (4.42)

Equation 4.42 represents the energy of the electron state in each
quantum well, called the Wannier-Stark ladder.
The normalization constant C = +/d in a wave function (Eq. 4.38)

is obtained from the normalization condition,
1 /d
— [y (K)|2dk = 1. (4.43)
21 - /d

With the eigenenergy (Eq. 4.42) we transform the wave function
¥ (k) (Eq. 4.38) into the coordinate representation,

d k
v(D) = % / dkpy(2) exp { e /0 £ — E(k’)]dk’}

eF
Jd [ 1 s Ay
= — dkUy(Z 7 k+—— — sin(ndk) ¢,
27 ) k(Z)expqi +eFd ; . sin(ndk)
(4.44)
where 7z’ = z-nd and ¢i(z) is the Bloch function with wave vector k in
the single band,

or(2) = €“Uk(2). (4.45)
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Equation 4.44 gives a general formula of the wave function for any
form of band energy E (k). If we take only two terms in the band
energy expansion (Eq. 4.41),

E(k) = A9 + A1 coskd, (4.46)

and letz /d = v —n (i.e., the coordinate at the center of the well) and
let Uk(z) = Uy be a constant, from Eq. 4.44 we obtain

eFd

Equation 4.47 is just the result obtained by Bastard et al. [14] with
the one-band tight-binding model.

At the same time Xia et al. used a finite Kronig-Penny model
and series expansion method to calculate the eigenenergies and
eigenstates of the Wannier-Stark state. Because the Wannier-Stark
state is a local state, we take a large potential well with a finite
number of quantum wells and an infinite high barrier at the two
edges. We expand the wave function in a series of sine functions,

V(2 = \/f Y Cysin ("lLZ) (4.48)

where L is the width of the large well, the sine function guarantees
that the wave function equals zero at the edges, and the origin of
the z coordinate is taken at the left edge. Inserting the wave function
(Eq. 4.48) into the equation,
d*y
S 2m* dz?
where m* is the effective mass and V(z) is the Kronig-Penny
potential (finite superlattice potential), we obtain the secular
equation for the expansion coefficients C, in an expanded form
(Eq. 4.48).

In calculation we take the parameters for the GaAs/Alg 35Gag.¢5AS
superlattice: m* = 0.085 my, potential barrier height 0.26 eV, and
widths of the well and the barrier 3 nm and 3.5 nm, respectively.
Figure 4.9 shows the distribution of the wave functions along the z
direction for the electric field 2 x 10* Vem™! (curve 1) and 5 x 10*
Vem™! (curve 2) [13]. The unit of the abscissa is the superlattice d.
From Fig. 4.9 we see that when the electric field is small (curve 1) the

I/I(Z) = «/13]"_‘/ </ll> Uo. (447)

+[V(2) +eFzly = Ev, (4.49)
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Figure 4.9 Distribution of the wave functions along the z direction for the
electric field 2 x 10* Vem™! (curve 1) and 5 x 10* Vem™ (curve 2).

wave function extends over 10 periods and when the electric field
is large (curve 2) the wave function extends over 7 periods, more
local than the former. It is also to be noted that the wave function
is not symmetrical with respect to the origin: on the left-hand side
(lower potential) the wave function is oscillatory, taking positive
and negative values at successive wells, while on the right-hand
well (higher potential) the wave function is always positive, with
the maxima at the successive wells. It is also found that the wave
function values calculated from the numerical method and Eq. 3.47
are in good agreement.

Tsu et al. calculated inelastic scattering probabilities of process
(c) in Fig. 4.8 for phonon emission at 300 K as a function of F, at
fixed transverse energies ¢ | = h?k? /2m* = 0.1 eV [12]. Three curves
in Fig. 4.10 correspond to the total energy of the first well ¢; = 0.01,
0.02, and 0.1 eV (in the figure &y = 0.2 eV is wrong; it should be
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Figure 4.10 Transition probabilities of process (c) in Fig. 4.8 for phonon
emission at 300 K as a function of F, at fixed transverse energies ¢, =
h?k% /2m* = 0.1 eV. Three curves correspond to the total energy of the first
well ¢, =0.01, 0.02, and 0.1 eV.

0.02 eV).

H2K2
2m*

e1=Eo+ [V2+a?] 4

, (4.50)

where Ej is the energy of the confined state in the quantum well,
V is the interaction energy of neighboring wells, and 2« is the
energy-level difference of the two wells. From Fig. 4.10 we see that
the transition probability increases with increasing electric field F,
reaches a maximum, and decreases as F increases continuously.
The larger is the ¢, the larger is the critical field F,, at which the
transition probability reaches the maximum. Thus F_ is proportional
approximately to A, which corresponds to the formation of the
Wannier-Stark state, F. ~ A/ed. When the electric field F is small,
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the transition probability oscillates with F. It is caused by the Bessel
function factor in the Wannier-Stark wave function (4.47).
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Chapter 5

Mesoscopic Transport

5.1 Contact Resistance

It is found experimentally that when we measure a sample of
high mobility and small size, the current is always finite, though
the transport is ballistic. There occurs a problem: where does the
resistance come from?

Consider an experimental installation as shown in Fig. 5.1a [1]. A
conductor of length Land width W is placed between contacts 1 and
2. According to the classical theory, the conductance of this conduc-
tor will equal G = o0 W/L, where o is the conductivity, independent of
the sample dimensions. When the length L decreases, then we would
expect the conductance to grow infinitely. Experimentally, however,
it is found that the measured conductance approaches a limiting
value G, when the length of the conductor becomes much shorter
than the mean free path (L <« L,).

Theory analysis indicates that the resistance arises from the
interface between the conductor and the contact; hence the
resistance G ! is called contact resistance. This contact resistance is
not due to the difference of two materials. The current is carried in
the contacts by infinitely transverse modes, but inside the conductor
only a few modes. This requires a redistribution of the current

Quantum Waveguide in Microcircuits (Second Edition)

Jian-Bai Xia, Duan-Yang Liu, and Wei-Dong Sheng

Copyright (© 2025 Jenny Stanford Publishing Pte. Ltd.

ISBN 978-981-4968-30-0 (Hardcover), 978-1-003-65146-8 (eBook)
www.jennystanford.com


http://www.jennystanford.com

138

Mesoscopic Transport

(a) contact 1 contact 2
. Ballsitic conductor .
(b) E
A N=4321
Hi

Ha \

Electrons that carry

a net current

\J

Figure 5.1 (a) A conductor connected with two contacts. (b) Conductor
energy band and electron filling state.

among the current-carrying modes at the interface, leading to
interface resistance.

To calculate the contact resistance G.! we consider a ballistic
conductor and calculate the current through it for a given applied
bias @1 — m2. Numerical calculations indicate that an electron can
exit from a narrow conductor into a wide contact with negligible
probability of reflection [2]. Therefore, the reflection is negligible
only when being transmitted from the narrow conductor to the wide
contact. Going the other way, from the contact to the conductor,
the reflections can be quite large.



Contact Resistance

The +k state in the conductor is occupied by electrons coming
from the left contact until @1, while the —k state is empty because
electrons are reflectionless through the right contact. The —k state
is occupied only by electrons coming from the right contact until
W2, and the +k state is empty because electrons are reflectionless
through the left contact. The quasi-Fermi energy levels of +k and
—k states are u1 and u;, respectively, when a bias V = u; — uy is
applied (see Fig. 5.1b). At a low temperature the current equals that
carried by the electrons in the states between w; and u; (shaded
part of Fig. 5.1b).

The states in the narrow conductor belong to different transverse
modes or subbands, as shown in Fig. 5.1b. Each mode has a
dispersion relation E (N, k) with a cut-off energy

en = E(N, k = 0), (5.1)

below which the current cannot propagate. The number of trans-
verse modes at an energy E is obtained by counting the number of
modes having cut-off energies smaller than E:

M(E) = 0(E — ew). (5.2)
N

Consider a single transverse mode whose +k state is occupied
according to some distribution function f*(E). A uniform electron
gas with n electrons per unit length moving with a velocity v carries
a current equal to env. Since the electron density associated with a
single k state in a conductor of length L is (1/L) we can write the
current It carried by the +k states as

e e
It = sz:vﬁ(E) =12

S rm 63

Changing the summation over k to the integration, we obtain

e L dk-lﬁﬁ(m:%/wﬁ(mda (5.4)

[T==.2
L = h ok

where ¢ is the cut-off energy of the transverse mode. If there are
multi-modes then Eq. 5.4 can be written as

It = % [ h FHEYM(E)E, (5.5)
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where M(E) is given by Eq. 5.2. The general result given by Eq. 5.4
is that the current carried per mode per unit energy by an occupied
state equals 2|e|/h (which is about 80 nA/meV).

At a low temperature the total current

[=1T—1 = % U_m fT(EYM(E)dE — /_M f‘(E)M(E)dE} .
(5.6)

The number of modes M is constant over the energy range 1 < E
< W2, We can write

I= %M Uoo fFH(E)E — /W f*(E)dE]

2¢? -
_ 2y Mz),

: _ (5.7)
2e?
G=""m (5.8)

Equation 5.8 is a universal result, independent of the length and
width of the conductor, the energy band dispersion, etc. The
conductance is quantized, which is integral times of 2e?/h. The
contact resistance is given by
o1 h _ 12.9 kQ2
¢ 2e2M M
The contact resistance goes down inversely with the number
of modes. The contact resistance of a single-mode conductor is
~12.9 kQ, which is certainly not negligible. Only if the size of
the sample reaches macro-size, the M approaches infinite, and the
contact resistance can be neglected. Assuming that the width of
the sample is W and the electron energy is E, we can estimate the

number of modes M,
h2  /nmN\2
£ =0 (W)
2m* \ W

W [2m*E w
M=Int|—/"——| =Int|—|, (5.10)
b/ h? /1f/2

where At is the Fermi wavelength and Int(x) represents the integer
that is just smaller than x. If the typical electron density ng = 3.6 x
10" cm=2,then M =1for W =22nmand M =47 for W =1 pm.

(5.9)

and
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Figure 5.2 Point-contact resistance as a function of gate voltage at 0.6 K.
Inset: Point-contact layout.

Wees et al. reported the first measurements of the conductance
of single ballistic contacts in a two-dimensional electron gas (2DEG)
[3]- A novel quantum effect is found: the conductance is quantized
in units of 2e%/h, as shown in Eq. 5.8. A high-mobility 2DEG is
formed on the interface of GaAs/AlGaAs heterostructure grown by
molecular beam epitaxy. The electron density is 3.56 x 10! cm~2,
and the mobility 85,000 cm?/Vs (at 0.6 K). Using electron beam
lithography, a metal gate is made on top of the heterostructure,
with an opening 250 nm wide (inset in Fig. 5.2). The point contacts
are defined by the application of a negative voltage to the gate. At
Vs = —0.6 eV the electron gas underneath the gate is depleted,
the conduction taking place through the point contact only. At this
voltage the point contacts have their maximum width, about equal
to the opening between the gates. By a further decrease of the gate
voltage, the width of the point contacts can gradually be reduced,
until they are fully pinched off at V; = —2.2 eV.
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Figure 5.3 Point-contact conductance as a function of gate voltage,
obtained from the data of Fig. 5.2 after subtraction of the lead resistance.

Figure 5.2 shows the measured resistance of a point contact as
a function of gate voltage [3]. In total, 16 plateaus are observed
when the gate voltage is varied from —0.6 to —2.2 V. The measured
resistance consists of the resistance of the point contact, and a
constant series resistance from the 2DEG leads to the point contact.
The conductance calculated from the measured resistance after
subtraction of a lead resistance of 400 2 as a function of gate
voltage is shown in Fig. 5.3 [3], which shows clear plateaus at integer
multiples of 2e?/h, verifying the theoretical result of Eq. 5.8.

Equations 5.8 and 5.9 are general theoretical results. It is still
not clear how is contact resistance is formed. Kirczenov calculated
the conductance of a short, narrow ballistic channel in a 2DEG [4].
The model is of a heterostructure in the x — y plane with a 2DEG
occupying the left (L) and right (R) half-spaces, x < —d and x > d,
respectively, and a narrow channel (C) of length 2d centered on the x
axis connecting the 2D regions; see Fig. 5.4 lower-right inset [4]. The
shaded part is the infinite high potential barrier region produced by
the metallic gate.
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Figure 5.4 Conductance G as a function of the electron Fermi level & at
T=0KU=0,d=20,1,5, and 10 for curves a, b, ¢, and d. Curve
e:U =25andd = 10.

Suppose that an electron moves from the left region into the
channel region. Its energy is ¢, wave vector is k = (k, K), and k and
K are the components along the x and y directions, respectively. The
wave function in the left region can be written as

Y = o) + Y ape (), (5.11)
k!

where ¢x(y) = e® and k' = (2m*e;/h? — K'?)1/2. The second term
in Eq. 5.11 represents the reflection wave. The sum is over all
transverse momentum K’ so that imaginary values of k¥’ (evanescent
partial waves) are included. In the channel the wave function is
Vi) =) (a7 e +a e ) gu(y), (5.12)
n
where ¢, (y) is the eigenfunction of the n-th transverse eigenstate
of the confining potential U (y), ¢, = /2/wsin(nzy/w), and q, =
[2m*e,/h? — (n7 /w)? "2 n the right-hand region the transmitting
wave (not including the reflection wave) is

Y =Y afe g (). (5.13)
-

Using the boundary conditions at x = —d and x = d, the continuities
of the wave function and its differential, we obtain four sets of
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equations of the coefficients af, a,, a,, and af. Eliminating a} and
af from the sets of equations yields the equations of a; and a; [4],

> " [(Town + @nmn)e a4+ (Ton — qnmn)e%ay | = 2ke™* My,

n

and
Z [(Tmn - qnfsmn)eiq"da;r + (Tin + qn‘smn)eiig"dani] =0
n
where
mn = Z k,Mk’mek’n

k/

and
w/2

My = & ()pn(y)dy. (5.15)

—w/2

In terms of a; and a,, the electric current carried through the
channel by v is

L L O TS
< Yljx v >= 5 — /W/Z (wk )

fe
- lReZ qn(la, |* — |a,f|2)+lmz gn(a*a, —ata,* ]
n n

(5.16)

ix(k)

Under the electric potential V, the electron Fermi circle shifts dk
along the x direction. The total current / through the channel at
T = 0 is given by the sum of the contributions of all states v, in
the k space, which is the difference of the Fermi circles before and
after shift, and in the energy interval eV near the Fermi energy EF,
where V is the potential difference between the two 2DEG regions.
The conductance is then

J

|4

a *

G=|L|=-2 % (k) dK, (5.17)

o 2K

where a = (Zm"‘EF/i‘LZ)l/2 and k = (2m*Egp/h* — Kz)l/z.
Figure 5.4 shows the calculated conductance as a function of
electron Fermi energy [4], where the energy unit A = h?/8m*W?,
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EF = Eg/A, U = Uo/A, Uy is the potential inside the channel, the
aspect ratio d = 2d/W, and the abscissa § = (Er — 0)1/2. U=0
andd = 0,1, 5,and 10 for curves a, b, c,and d. Curve e: U = 2.5 and
d = 10.

The horizontal scale is for curve d; the other curves are offset
to the right by multiples of 1.1. Curve a is the limiting case of
zero aspect ratio, d — 0. For this “ideal” point contact there is
no quantization of conductance; a channel of nonzero length is
necessary for quantization. In the cases of curves b, ¢, and d the
conductance is close to G = v2e?/h near the right-hand side of each
plateau. But the rise to each plateau is oscillatory, the strength of
the oscillations increasing with d and with v. The v = 1 step of
curve d is shown enlarged in the upper left. The resonance peaks
correspond to the condition nA¢/2 = 2d, where At is the electron
Fermi wavelength. This indicates that the open-ended channel
supports longitudinal resonant states, i.e. the quasi-standing wave
in the channel and at this time the conductance decreases. The curve
e is for U = 2.5 and d = 10. The main effect is to increase the
amplitude of the oscillations.

5.2 Landauer Formula

The last section discussed the case of an ideal conductor. Now if
there is a scatterer in the conductor, as shown in Fig. 5.5, the carriers
have a probability T for traveling of the scatterer and a probability
R of being reflected. The left reservoir injects carriers into the
perfect wire up to a quasi-Fermi energy w1, and the right reservoir
emits carriers up to a quasi-Fermi energy p, (see Fig. 5.4b). The
net current, for two injection directions, is given by the sum of the
contributions of all states in the energy range between u, and 4,

on

I'=ev <8E> (n1 — p2), (5.18)

where v is the Fermi velocity and dn/9E is the density of states
for two spin directions and for carriers with a positive velocity. In
one dimension dn/d0E = 1/x and dn/dE = 1/mhv. Thus, the total
current emitted by the left reservoir due to the difference in the
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Figure 5.5 The scatterer is connected to two incoherent reservoirs by ideal
1D conductors.

quasi-Fermi levels is

1= (=) (1 — w2) (519)

wh
When T #1,

1= (=) Tu — wa). (5.20)
Next, we have to determine the voltage across the scatterer. The
carrier densities can be characterized by the chemical potentials
ua and pp (see Fig. 5.5b). The respective levels up, between g
and u;, are determined such that the number of occupied states
(electrons) above ug is equal to the number of empty states (holes)
below up. Since carriers have a transmission probability T, the
number of occupied states is T (dn/d E)(u1 — ug), and the number of
unoccupied states is (2 — T)(0n/dE)(upg — w2). Thus, the chemical
potential up is determined by

T(aaE)(m jg) = (Z—T)( >(MB—M2) (5.21)

To the left of the barrier we have both incident carriers and
reflected carriers. The number of occupied states is (1 + R)(dn/9E)
(w1 — ma), and the number of unoccupied states is [2 — (1 +R)]
(0n/9E)(ua — wm2)- Thus, the chemical potential up is determined

by
(1+R) ( ) (w1 —pa) =[2 - (1+ R)] ( ) (a—pz2). (5.22)
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From Egs. 5.21 and 5.22 we obtain

pa — B = R(n1 — p2). (5.23)

The charge neutrality requires that the separation between the
chemical potential ua or ug, respectively, and the band bottom
be the same as in equilibrium. The conduction-band bottoms are
displaced against each other by a potential difference,

eV = pua — pup = R(u1 — u2). (5.24)
From Egs. 5.20 and 5.24 we obtain the conductance,
I 2¢> T
=—=—"—. 5.25
%4 h R ( )

Equation 5.25 is called the Landauer formula.

In the case of measurement of mesoscopic systems we run into
three separate problems [1]. Firstly, mesoscopic probes are often
invasive, that is, they change what we are trying to measure. With
macroscopic conductors, the probes represent a minor perturbation.
But for a small conductor, the probe can very well be the
dominant source of scattering (and hence resistance). But this is
not the main problem. It is likely that there will be more of less-
invasive microscopic measurements as nanotechnology progresses,
for example, using weakly coupled scanning tunneling probes.

Secondly, mesoscopic probes are seldom identical so the two
voltage probes could very well couple differently to the +k and —k
states. Only if the two-voltage probes couple identically to the +k
and —k states, the measurement result of resistance will be given
by Eq. 5.25. Otherwise the measured resistance will lie somewhere
between the extremes

h 1 h 1-2T
——— and _

2e2M T 2e2M T
Finally, mesoscopic measurements are strongly affected by quantum
interference effects unless the distance of the probes from the
scatterer is much greater than the phase-relaxation length. We
would expect that a probe to the left of the scatterer to measure
a potential of approximately 1 (equal to that of the left reservoir).
However, due to quantum interference it could measure any
potential between 0 and 1 depending on its distance from the
scatterer. The reason is that the probe may not “see” the electrons

(5.26)
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from the left reservoir due to destructive interference between the
incident wave and the reflected wave. Therefore, in phase-coherent
conductors the +k and —k states can be strongly correlated so
distribution functions only tell part of the story.

The above discussion of Eq. 5.25 is under the assumption that
T = 0. When T # 0 we should consider the electron Fermi
distribution f(E). The net current flowing from the left reservoir
to the right reservoir is now given by

=% { [az (—;’f;) T(E)} (i—ma),  (5:27)

where

_% = [f(E — 1) = f(E — p2)l/ (11 — pa). (5.28)

Similarly, to determine the chemical potential we have to multiply
Egs. 5.21 and 5.22 by —df/dF and integrate over the energy. This
yields a voltage

y _ JAE(=0f /OE)R(E)(9n/9E)
¢ = T dE(=af/9E)(9n/dE)
With Egs. 5.27 and 5.29 we obtain the conductance
JdE (—3f/3E) v~ '(E)
JdE (—3f/dE) R(E)v~1(E)’
(5.30)

(11 — p2). (5.29)

262
6= UdE (—af/9E) T (E)| x

where we have used dn/0E = 1/mhv(E). At zero temperature we
have —9f/dE = §(E — E¥) and Eq. 5.30 reduces to Eq. 5.25.

5.3 Many-Channel Case

If the ideal conductors include N independent conducting channels,
at zero temperature all the channels have the same energy. The
electrons in these channels can be transmitted or reflected each
other, having the probabilities T}; and R;, respectively, as shown in
Fig. 5.6 [5]. T}; represents the transmission probability of electrons
from the left i-th channel to right j-th channel, and Rj; represents
the reflection probability of electrons from the left i-th channel to
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Figure 5.6 A multichannel system S. Indices i and j run from 1 to N.

left j-th channel. The scattering property can be described by a
2N x 2N matrix S,

r t
t r

, (5.31)

where r and t are the reflection and transmission coefficients of
electrons from the left-hand side to right-hand side, respectively. The
transmission probability T;; = |t;;|?, and reflection probability R;; =
Irji|%.r" and ¢’ are those from the right-hand side to left-hand side.
The matrix S (Eq. 5.31) is unitary due to current conservation
because T;; and R;; transform the lead currents. Furthermore, when
time-reversal symmetry holds in the absence of a magnetic field,

§§*=1 and S=3, (5.32)
where the asterisk denotes complex conjugation, the tilde denotes
the matrix transpose, and I is the unit matrix.

Assume that the interference effects between different input
channels are neglected. The energy range is between ., and 4, and
carriers are injected into the perfect conductor only from the left-
hand side reservoir. The current injected into the left channel j by
the reservoir is ev;(dn;/dE)(u1 — p2). The density of states (with
a positive velocity) is given by dn;/0E =1/mhv;. Therefore, the
current fed into the j-th channel is (e/7h)(11 — 12), independent
of the channel velocity. The current from the left j-th channel
transmitted into the right i-th channel is (e/7 /) T;;j (1 — p2). The
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total current in the right i-th channel becomes

N

Ze
I = - ; Tij | (11 — p2). (5.33)

It is convenient to introduce a total transmission probability and
reflection probability into the i-th channel,

T =Y Ty, R =) Ry (5.34)
j j

Thus the current in the right i-th channel is

_ 2(p1 — m)e

Ii = Ti, 5.35
- (5:35)

and the total current is given by

2 — 2 _
Lot = Z I = M Z T, = MTF(“T)_ (5.36)
i i

On the other hand, the current in the left i-th channel is

2(p1 — p2)e 2(p1 — p2)e
= Sk 1_;&, = =S (1R, (537)

and the total current is

e =Y I = M S @-R). (5.38)

1

Comparing Egs. 5.36 and 5.38, we find that current conservation

implies
YoTi=Y (1-R). (5.39)

Similar to the single-channel case (Egs. 5.21 and 5.22), we determine
the chemical potential 11 and ;. On the right side of the barrier the
number of occupied states with energy higher than pup is

> Ti(@ni/0E) (11 — ). (5.40)

The number of unoccupied states with energy smaller than up is

> (2 = T)(Oni/dE) (s — p2). (5:41)
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Again up is determined such that the number of occupied states is
equal to the number of unoccupied states,

Z T; <E;r;,) (n1 — up) = Z (2-T) (22) (up — p2). (5.42)

Similarly, the chemical potential to the left is determined by

SR (57 G- ) =X 0= R (G ) Gna - o)

(5.43)
Therefore, the voltage across the scatterer is given by

S (L +Ri+ v
23y

where we have used dn; /0E = 1/mhv;. With the help of Egs. 5.36
and 5.44 we obtain the conductance

eV =us— up = (11 — p2), (5.44)

2¢? 22 v

G T; - :
h Z SS(1+ R — THv !
i

(5.45)

1

5.4 Multi-Terminal Devices

Since 1985 many mesoscopic experiments have been conducted
using miniature Hall bridges fabricated on both metallic and semi-
conducting samples. However, because of the reasons mentioned
above (see Section 5.2), for a while there was serious confusion
about how such four-terminal measurements should be interpreted.
Biittiker [6, 7] found a simple and elegant solution to this problem.
He noted that since there is really no quantitative difference between
the current and the voltage probes, one could treat all the probes on
an equal footing and simply extend the two-terminal linear response
formula to a multi-terminal response formula.

Consider the conductor shown in Fig. 5.7 [6]. The leads in Fig. 5.7
are connected to reservoirs that are at chemicals (1, (2, i3, and (g,
and the center conductor is an Aharonov-Bohm ring with a uniform
magnetic flux through the hole. Assume that these perfect leads are
strictly one-dimensional (1D) quantum channels, that is, there are
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Figure 5.7 Conductor with four terminals connected via perfect leads to
four reservoirs at chemical potentials @1, p2, w3, and ps. An Aharonov-
Bohm flux @ is applied through the hole of the sample.

only two states at the Fermi energy, one with positive velocity (taken
to be the direction away from the reservoir) and one with negative
velocity. Scattering in the sample is elastic. The elastic scattering
properties of the sample are described by the probabilities T;;(®)
for carries incident in lead j to be transmitted into lead i and
probabilities R;;(®) for carriers to be reflected into lead i. Current
conservation and time-reversal invariance in the presence of a flux

imply
Rii(®) = R;i(—®), Tij(®) =T;i(—9). (5.46)

The potential y; are distributed in the range around the Fermi
energy, which is so narrow that the energy dependence of the
transmission and reflection probabilities in this range can be
neglected. It is convenient to introduce a fifth chemical potential ¢,
which is smaller than the lowest of the four potentials u;. Below
1o the states with negative and positive velocities are filled and
zero net current flows in each of the leads. The reservoir injects a
current ev;(dn; /dE)Ap; into lead i, Ap; = p; — wo. Here v; is the
velocity at the Fermi energy in lead i and dn; /dE = 1/2mhv; is the
density of states for carriers with a negative or a positive velocity
at the Fermi energy. Thus the current injected by the reservoir i
is (e/h)Au;. Consider the current in lead i. A current (e/h)R;; Au;
is reflected back to the reservoir i. Carriers that are injected by
the other reservoir j into lead i reduce the current in lead i by
—(e/h)TijAp;. Collecting all results from lead j (j # i) we obtain
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the current in lead i,

l; = % (1 — Rii)ui — Z Tijuj| - (5.47)
j#i
Note that these currents are independent of the reference potential
wo since the coefficients multiplying the potentials add to zero.
Equation 5.47 is called the Biittiker formula [6].

Consider a four-probe configuration as shown in Fig. 5.7 where a
current I; is led into lead 1 and leaves through lead 3, and a current
I; is fed into lead 2 and leaves the sample through lead 4. Thus
we have to solve Eq. 5.47 under the condition that I; = —I3 and
I, = —14. We obtain the currents /; and I, as a function of differences
of voltages, V; = u;/e,

I1 = a11(Vi — V3) —a12(V2 — Va),
and
I; = —a1 (Vi — V3) + ap2(V2 — Va), (5.48)

where the conductance

o2
o1 = <h) [(—R11)S — (T14 + T12)(T41 + T21)1/S,
o2
Qi = (h) (T12T34 — T14T32)/S,
o2
a1 = (h) (T21T43 — T23T41)/S, (5.49)
e
h

gy = ( [(1 = R22)S — (T21 + T23)(T32 + T12)1/S,
and

S =Tz + Tia + T3p + T34 = To1 + Taq + T3 + Ty3. (5.50)

Taking into account Eq. 5.46, we see that the diagonal elements are
symmetric in the flux o711 (®) = o171 (—P) and a2 (P) = a22(—P) and
that the off-diagonal elements satisfy a1, (®) = a21(—P). Therefore,
for the four-probe conductor the Onsager relations hold [6].
Suppose the current flows from lead 1 to lead 3. The potentials
measured are u; = eV, and w4 = eV, under the condition that
the current in leads 2 and 4 is zero. Using Eq. 5.48 and taking
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I, = 0, we obtain the current I; as a function of V, — V4. Thus in
this configuration the measured resistance is

V, =V, o
Riz24 = CRERL 2 (5.51)

Iy Q11022 — (120021

Since «y; is not symmetric the resistance Ri3 24 is also not
symmetric. Now we switch the current and the voltage leads but
keep the flux fixed. This means that I; in Eq. 5.46 is zero. This yields
aresistance

12

Ryg13 = ——m——. (5.52)

0110022 — 0012021

The sum of these two resistances is symmetric.

For a given flux there are generally six resistances,
o2

an,kl = < h > (Tkaln - TknTlm)/D' (5-53)
where D = (a11022 — @12021)S. The resistances given by Eq. 5.53
obey Runki = —Rmnik = —Rumi and the reciprocity relation

Ryn ki (®) = Ri,mn(®P). The reciprocity relation states that the
resistance measured in the presence of a flux @ is equal to the
resistance measured in the presence of a flux —® if the reversal of
the flux is accompanied by an exchange in the role of the current and
voltage leads.

If the lead has a definite width, there are many states at the
Fermi energy. Motion in the transverse direction is quantized and
characterized by a set of discrete energies, E,. To this energy we
have to add the kinetic energy for motion along the direction of the
lead, 72k?/2m, such that Ex = h?k? /2m + E . Each transverse state
provides a channel. Suppose all the leads are identical and support N
quantum channels. The probability of a carrier incident in channel n
inlead i to be reflected into the same lead into channel m is denoted
by Rj; mn, and the probability of a carrier incident in lead j in channel
n to be transmitted into lead i into channel m is Tjj my. Then the
scattering matrix (Eq. 5.31) becomes a 4N x 4N matrix.

Now we apply the Biittiker formula (Eq. 5.47) to the multichannel
case. Assume that the reservoir feeds all channels equally up to the
chemical potential i ;. The current injected into each channel of lead
j is (e/h)Ap; independent of the velocity and the density of states
of this channel. The current in lead i due to the carriers injected
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in lead j is I;; = —(e/h)ZmnTijnmA ;. Therefore, if we introduce
the trace R;; = X Rii,mn, we can get T;; = Xy, Tjj,mn, which has
the symmetry properties given in Eq. 5.46. The conductance in the
multichannel case is given by Eq. 5.47, except that 1 — R;; in the
single-channel case is replaced by N — R;; in the multichannel case.
Thus the symmetry properties of the multichannel case are the same
as those for the single-channel case.

5.5 Some Applications of the Biittiker Formula

5.5.1 Three-Probe Conductor

The three-probe conductor is shown in Fig. 5.8 [7], where probe 3 is
used to measure the chemical potential x3. In general, the Biittiker
formula can be written as a matrix form, in the case of a three-probe
conductor,

Iy o2 T+ Tz —Ti2 —Ti3 4}
L | = (h) —Ty1 T+ Tz —To3 V2
I3 —T31 —T3z; T31+ T3 V3
(5.54)

Suppose the current always leaves the conductor through lead
2.V, is the lowest, and thus V, can be taken to be zero. Because of

§ | ) ’1 a d d {
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! T !
i— s
i

M3
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Figure 5.8 Three-probe conductor.
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the current conservation, I1 + I, + I3 = 0, so the three equations in
Eq. 5.54 are not independent. Equation 5.54 can be simplified to be
2 x 2 dimensional,

Iy ez) <T12+T13 —Ti3 > <V1>
= — . 5.55
<I3> ( h —T31 T31+ T3 V3 ( )

The inverse equation of Eq. 5.55 is
Vi R1q R1z> (11>
= , 5.56
< V3 ) ( R21 R2 I3 ( )

-1
h Ti;+Tiz —Ti3
RM=|— . 5.57
(R) <€2) ( —T31 T31+ T3 ( )

Suppose that the currents from lead 1 to lead 2, the voltage is ;-
V3, thus I, = —1I;, Is = 0, and From Eq. (5.56) can calculate the
resistance,

where

Vi=Rul, V3=Rpl,
and
Riz13 = (Vi — V3)/I1 = R11 — Ra1. (5.58)
Using Eq. 5.57 yields

Ry = (2 1(T+T) Ry = (1) Lot
u={z)pis 32), Il

D = T12T31 + T12T32 4 T13T32. (5.59)

and

where D is the determinant of the matrix in Eq. 5.57. Inserting
Eq. 5.59 into Eq. 5.58 yields

h\ T
Riz13 = (ez) %. (5.60)
Similarly,
V3 h T31
R =—=Rpy=|(—=| —. 5.61
1232 =7 21 <ez> D (5.61)

The determinant D is invariant under flux reversal, D(®) = D(—®).
The diagonal elements in the matrix of Eq. 5.57 are, respectively,

1-Riu=Ti2+T13=Ton+ Ts1
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and
1— R3z = T31+ T3z = T13 + Tas. (5.62)
Thus
D(—®) = T21T13 + T21T23 + T31T23(P). (5.63)
The resistances Riz13 and Rjz 32 in Egs. 5.60 and 5.61 are neither
symmetric nor asymmetric under flux reversal due to T3, and T3;.

However the combined resistance (the two-terminal resistance)
Vi -V, (h>T31+T32

== 5.64
I e? D ( )

Riz12 = =
is symmetric. Thus, with regard to the two-terminal conductance,
the fact that we have an additional lead does not change the
symmetry.

Two-terminal conductance in the presence of an additional lead
G = (R12,12) " differs now from Eq. 5.25. It is given by

2

G= (eh) (Ta + Tin), (5.65)
where the elastic transmission probability describing the transmis-
sion of carriers that emanate from lead 1 and end up in lead 2
without entering reservoir 3 is given by

Tel = To1. (5.66)
The inelastic transmission probability Ti, describes carriers that
emanate from lead 1 and reach reservoir 3 and from reservoir 3
reach reservoir 2. Comparing Eq. 5.65 with Eq. 5.64 yields
T31T23

T31 + T3z
Thus, the additional lead connected to an electron reservoir acts like
an inelastic scatterer.

Equation 5.65 allows us to describe the continuous transition
from completely coherent transmission through the conductor to
completely incoherent or sequential transmission. In the coherent
transmission case, carriers are not allowed to enter reservoir 3,
Consequently, T13 = T3, = 0, and two-terminal conductance is given
by Eq. 5.25, thatis, Te; = T and Tj, = 0. In the completely incoherent
case, T2; = T = 0. In this case Eq. 5.64 yields

h 1 1
R = (= —+ — . 5.68
12,12 (ez) (T31 + ng) ( )

Equation 5.68 is just the classical addition of series resistors.

Ty = (5.67)
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Figure 5.9 Four-probe conductor with tunneling barrier junctions (dark
areas) for two of the probes.

5.5.2 Four-Probe Conductor

The four-probe conductor is shown in Fig. 5.9 [7].

Currentis fed in at probe 1 and taken out at probe 2. Probes 3 and
4 serve to measure the voltage and are weakly coupled via tunneling
barriers to the conductor, as shown in the dark parts in Fig. 5.9. The
probabilities for transmission from probe 3 or 4 into the conductor
and into reservoir 1 or 2 are small, denoted by ¢. If the transmission
probability Ty, is zero order of ¢; then Ti3, T14, T23, and T4 are
first order; and T34 is second order. Evaluation of Eq. 5.53 yields a
resistance that reserves the lowest order of ¢,
h 1 T51Tyy — T3Tay
€% Ty (T31 + T32)(Ta1 + Taz)’
T = Ty; = T12 has the symmetry of the transmission probability, and
the sums T3y + T3 and T4q + T4, are also symmetric with regard to
flux reversal. Because 1 — R33 = T31 + T3z + T34, since T34 is zero to
order g, so T31 + T3, is symmetric. Therefore, Eq. 5.69 has precisely
the symmetry required by the reciprocity theorem,

R12,34(®) = R34,12(—P). (5.70)

Ri234 = (5.69)

5.6 Experimental Results

5.6.1 Two-Terminal Conductor

Using molecular beam epitaxy, it is possible to grow AlGaAs-
GaAs heterojunctions routinely with two-dimensional (2D) electron
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Figure 5.10 AlGaAs/GaAs-modulated doped heterojunctions with the
electrodes over the 2DEG; (a) V;,=0Vand (b) Vo =—1V.

mobility x4 > 10° cm?/Vs for a carrier density of n ~ 3 x 10!
cm~2. The metallic electrodes are made over the 2DEG by using the
electron beam lithography as shown in Fig. 5.10a. Timp [8] used the
electrostatic potential provided by a split gate geometry to constrain
laterally electron gas to the region within the gap between the
gates to make a 1D constriction. Figures 5.10a and b schematically
represent a typical device in which both gate electrodes are biased at
Vs = 0Vand —1V, respectively. In the case of a negative bias voltage
the 2DEG at the AlGaAs/GaAs interface immediately beneath the
gate electrodes is depleted and so the 2DEG is laterally constrained
along the y axis and the electron gas becomes 1D.

Figure 5.11 shows the two-terminal resistance (conductance),
R12,12 (G12,12), as a function of the applied gate voltage [8]; (a) and
(b) correspond to the gate widths 200 nm and 600 nm. The series
resistance, found at V; = 0 V, was subtracted from the measured
resistances. From Fig. 5.11 we see that the average conductance
is approximately 2e?N/h, with N an integer ranging from 1 to
about 10, and evidently is quantized in steps of 2e%/h with about
1 — 5% accuracy as an increasing negative gate voltage makes the
constriction narrower. These results verify the theoretical results
of Figs. 5.2 and 5.3. When the gate width increases from 200 nm
to 600 nm (Fig. 5.11b) the quantized degree of the conductance
becomes worse.
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Figure 5.11 Two-terminal resistances (conductance), Rz 12 (G12,12), as a
function of the applied gate voltage; (a) and (b) correspond to the gate
widths 200 nm and 600 nm.

5.6.2 Two-Terminal Device in the Magnetic Field

Consider an ideal 2D conductor without impurities or inhomogene-
ity of width w connecting two electron reservoirs as shown in
Fig. 5.12 [9]. The chemical potentials of reservoirs are p; and uo,
respectively, the conductor is along the x direction, the transverse
direction is the y direction, and the magnetic field is in the z
direction. The electron Hamiltonian is

1 eA\?
H = - — V(). 5.71
- (p : ) +V0) (5.71)
Take the vector potential
A= (-By 0,0), (5.72)
and let the electron wave function
Yk = e firy). (5.73)

|

Figure 5.12 Perfect two-dimensional conductor connected to reservoirs.
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We obtain the equation of the transverse wave function f,

hZ 32 1 * 2 2
_Zm*ﬁ-’_ﬁm oy =y) + V)| f=Ef (5.74)

where w. = eB/m*c, yo = kI3, and Iz = (hc/eB)'/? is the magnetic
length. Therefore, the effect of the magnetic field is to add a parabolic
potential to the original transverse potential; the origin of the
parabolic potential is at y;.

Suppose the transverse potential is a square wall with infinite
barriers at the edges y; and y, of the conductor. Solving Eq. 5.74
yields the electron energy levels as a function of y; as shown in
Fig. 5.13 [9]. When y, is near the center of the well, far from y;
and y,, the electron is less effected by the V (y), and thus the energy
levels are Landau levels,

1
E i = fiwg (j+2> . (5.75)

When yj is near the edges, the energy of a state depends on the y,
through the distance y; — yy to the lower edge and y, — y, to the
upper edge, as shown in Fig. 5.13. In general, the energy of a state is
determined by
Ejk = E (J, @c, yo(K)). (5.76)

The carriers in an edge state acquire a longitudinal velocity,
_ 1dEjk _ 1dEjk d_y()
T h ook hody dk’
which is proportional to the slope of the Landau level. dE/dy, is
positive at the upper edge y, and negative at the lower edge (see
Fig. 5.13). While dy,/dk = I3 is positive, therefore, the velocity is
positive along the upper edge and negative along the lower edge.
Note that it is only the edge states that contribute to carrier flow
because the bulk Landau states have no velocity, as the region in Fig.
5.13, where E is independent of yy.

Figure 5.14 depicts a single impurity near the edge of a sample.
The quasi-classical skipping orbits are scattered by this impurity [9],
but due to the magnetic field the scattered orbits are never further

then a cyclotron radius away from the edge. After scattering by the
impurity, the orbits return to the edge and continue to follow the

Vi (5.77)

161



162 | Mesoscopic Transport

Ei(yo) (ho,)

b W B
|

|
T o
I
=

] e —
‘:S-——

Yo

Figure5.13 Energy spectrum of a perfect conductor in a high magnetic field
for a rectangular confining potential (walls at y; and y,).
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Figure 5.14 Quasi-classical skipping orbits along the upper edge of the
sample in the presence of a localized impurity.

edge, and the velocity is positive. The key point is that an impurity
cannot effectively reverse the direction of motion of a carrier. There
is no scattering backward against the flow of carriers if the average
distance between impurities is larger than the cyclotron radius.
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To obtain the criterion for the strength of the field we can make
use of the fact that the Landau states are a harmonic-oscillator wave
function. The cyclotron radius of a state in the j-th Landau level is

12 1\ /2

(AyHY ' =1y <j + 2> : (5.78)
From Eq. 5.78 we obtain the critical magnetic field B for the onset
of backscattering,

1
2712 Byie > @ (N + 2) ) (5.79)

where ®; = hc/e is magnetic flux quanta and N is the largest
index of Landau state. [, is the average distance between impurities.
Therefore, Eq. (5.79) can be looked as the condition that the
backscattering cannot be occurred.

In a strong magnetic field B > B the current fed into an edge
state by a reservoir is the same as the current fed into a quantum
channel in a zero-field perfect conductor. The resulting two-terminal

resistance for a perfect conductor in a high magnetic field is thus
h 1
R = 2 N (5.80)
where N is the number of edge states (with a positive velocity).

If the conductor has a disordered section connected at its left
and right ends to ideal perfect conductors, the disordered part of
the conductor mixes the channels of the perfect conductors. Carriers
incident in channel j (edge state j) from the left have a probability
amplitude ¢; for transmission into channel i and a probability
amplitude r;; for reflection into channel i. Therefore, the transmitted

current is
N
e

where Tj; = |t;|?. Summing over all incident channels gives a total
transmitted current,

N,N
e
I = E,-jz:; Tij Au. (5.82)
The voltage drop is eV = Apu, and the Landauer resistance in this
case is

1
Z T= > Ty (5.83)
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5.6.3 Quantum Hall Effect

We discuss how the quantum Hall effect is established in an open
conductor with current probes and Hall bars. Figure 5.15 shows a
conductor where the Hall bars are of the same width as the probes
connected to the current source and sink [9]. In the conductor
of Fig. 5.15, N edge states connect the four contacts in a cyclical
fashion. Assume that all the contacts are ideal and same and
there is no scattering from one edge to the other edge. Under
these circumstances, the edge states provide perfect transmission
channels for carriers and lead to transmission probabilities, T4, =
T34 = Ty3 = T12 = N. All the other transmission probabilities
are zero. The Hall resistance Rjs 4, is determined by T41T23 —
T43T21, which is equal to NZ2. Evaluation of the subdeterminant
D in Eq. 5.53 yields D = N3. All Hall resistance values of the
conductor of Fig. 5.15 are quantized and given by +(h/e?)(1/N).

4

()

Figure 5.15 Ideal Hall conductor.
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Figure 5.16 (a) A schematic view of the four-probe GaAs-Al,Ga;_,As wire
with a narrow cross gate. (b) R1243 and Rq3 4, — R12,43 at V, as functions of
magnetic field.

The longitudinal resistance, for example, Ri 43 are zero, since in
the products forming the expression, T4 T3, — T2 T31, at least one
transmission probability always is zero.

The above conductor is an ideal conductor. Washburn et al. [10]
added a potential barrier in this conductor, as shown in Fig. 5.16.
They manufactured a narrow gate on the circuit center. Applying
a negative bias voltage on the gate is equal to adding a potential
barrier in the circuit; the barrier height is controlled by the bias
voltage. Because the barrier is higher in the center region and lower
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in the edge region, the edge states near the edge (solid lines) can
tunnel through the barrier. Those near the center region (dashed
lines) are reflected into the opposite edge and move in the opposite
direction, as shown in Fig. 5.16.

Assuming that there are K edge states that are reflected, we have
T41=N, T34=N—k,T14=K,T23=N, T12=N—k,and T32=
K and all other T;; equal zero. It can be proved from Eq. 5.53 that
D= N?(N — k),

h
Ri3,42 = (ez> (T41T23 — TazT21)/D
NIANE!
~\e2) N-K’
h
Ryz13 = 2 (T14T32 — T12T34)/D

_ (h\ N-2K
‘_<e2> N(N — K)’

h
Ri243 = (ez> (T41T32 — Ta2T31)/D

h K
- <62> K (5.84)

Figure 5.16b shows Ri343 and Ri342 — Ri243 as functions of
magnetic field H at V; = 0 [10]. These combinations are the nearest
correspondence to the classical resistance pxx and py,, which are the
parameters usually studied in large samples. From the figure we see
that R12 43 approaches zero over wide regions of field (4.9 < H <
5.5Tand 8.5 < H <10T), and in the same ranges R13, 42 is quantized
to h/4e? and h/2e?, respectively.

Figure 5.17 shows R13,42 as a function of gate voltage for several
values of the magnetic field [10]. From the figure we see that when
Vg = 0, Ri3,42 changes from h/(5e%) and h/(4€?) to h/(2€?) with
magnetic field increasing, indicating that the number of occupied
Landau levels decreases. When V, decreases, K changes from 0
to 1 or 2, and from Eq. 5.84 Ri34; increases and raises to the
next plateau, for example, from h/(4e?) to h/(2€?). From the above
discussion we conclude that backscattering by the gate potential

and
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Figure 5.17 Rj34; as a function of gate voltage for several values of the
magnetic field.

does not destroy the quantized Hall effect. Instead, there is always
a region in which the various four-probe resistances are quantized
to h/e%i.
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Chapter 6

Transport in Quantum Dots

Since the single-electron effect in quantum dots and single-electron
transistor were discovered, many new physical behaviors have
been discovered, for example, core shell-like filling of electrons in
quantum dots of regular shapes, electron levels of quantum dots in a
perpendicular magnetic field, form of molecular state in two or three
coupling quantum dots, coherent molecular states, covalent states,
and ionic states. The high-order effects include resonant tunneling,
Kondo effect caused by a strong coupling, mixed valence physics
connected with the Anderson model, Fano resonance produced
by the existence of resonance or non-resonance channels, etc. In
the application aspects, many interesting proposals are suggested,
for example, single-electron transistors (SETs) and quantum bite
based on the electron spin used for quantum calculation. Some
noticeable and useful devices have been invented, for example,
scanning SET used to detect the local electric field and radio
frequency (RF) SET used to detect electric charge at the level of

10-%e/vHz.
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6.1 Single-Electron Effect and Single-Electron
Transistor

In the beginning of the twentieth century, physicist Millikan made
the famous oil-drop experiment. He found that the electric charges
brought by the tiny broken oil drops are always integral times
of a basic electric quantity; then he deduced that the particle
bringing the basic electric quantity is an electron and the basic
electric quantity e = 1.602 x 10~'° C. But at that time Millikan
could not obtain a single electron. Today the development of
micro-lithography technology has made it possible to fabricate
semiconductor micro-structures with a scale smaller than 100 nm.
In this kind of structure one can operate electron motion one by one
through a changing voltage. This is the single-electron effect.

In 1989 Scott-Thomas et al. created a dual-gate device with a
70 nm gap in the lower gate on narrow Si inversion layers. Figure 6.1
shows the schematic cross section (a) and the top view (b) of the
slotted-gate device [1]. The inversion layer, formed by the positively
biased upper gate, is confined by the lower gate. The width of the
channel is controlled by the lower gate, and the electron density in

/ ez
CVD oxide

cr gate
< Th rmal oxide

[ =

(a)

Inversion region
& . .

Figure 6.1 Schematic cross section (a) and top view (b) of the slotted-gate
device.
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the inversion layer is controlled by the upper gate voltage (positive).
The width of the narrow channel is 20 nm.

Earlier, people also experimented with electrons through a
narrow channel but did not obtained any regular results. Due to the
limitation of the lithography technology the width of the channel is
3 &~ 5 times of the present channel. Besides the electron mobility is
lower. The experimental results of conductance from the device of
Fig. 6.1 are shown in Fig. 6.2 [1]. The top panel shows G for a 10 um
long metal-oxide semiconductor field-effect transistor (MOSFET) as
a function of the voltage on the upper gate V;, which is proportional
to the number of electrons per unit length. The periodic oscillations
can be clearly identified, although they are accompanied by random,
see [1]. That the oscillations are truly periodic is determined in the
next three panels, which show the power spectral density, that is,
the square of the modulus of the Fourier transform, for devices of
10, 2, and 1 um lengths. Each device has a peak in its spectrum at
a nonzero frequency. For a L = 10 um device (second panel), the
peakis at 1/AV; =43 V1, that is, the oscillation period of the V; is
AV =0.023 V.

The electron charges in the channel equal the channel capaci-
tance multiplied by Vi, C/L is the capacitance of unit length, and
e(N/L) = (C/L)V;. Therefore, in Fig. 6.2 G can be looked at as a
function of number of electrons N. The oscillation of G with Vg is
equivalent to that with N. The voltage difference AV for one period
of oscillation is necessary for adding an electron. The experiments
found that there is no correlation between AV; and the channel
length L, as shown in the next three panels of Fig. 6.2. The authors
thought that the actual length of a channel is determined by the
distance between two impurities in the channel, not the apparent
length L as shown in Fig. 6.1b. The electrostatic potential produced
by the impurities forms a barrier for electrons, forming a quantum
dot. Thus, the period AV of G oscillation is decided by the distance
between two impurities, not L The bottom panel of Fig. 6.2 is
the Fourier spectra for the 1 um long channel in a magnetic field.
Comparing the two lowest panels we found that the oscillation
period of G is independent of the magnetic field.

The above impurity barrier model is only a surmise and has
not been verified experimentally. To study the relation between
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Figure 6.2 Top panel: G versus Vg for a 10 pm long inversion layer. Next
three panels: Fourier power spectra of the data of the top panel and for 2
and 1 pm long channels. Bottom panel: Fourier spectra for the 1 um long
channel in a magnetic field.

the oscillation period of G, AV;, and channel length Meirav et al.
used a GaAs/AlGaAs-modulated doping heterojunction instead of a
Si inversion layer and made the metal gate with two constrictions
as shown in Fig. 6.3 [2]. Each constriction is about 100 nm long,
defining a segment of length Ly between them. When a negative V}, is
applied, these constrictions induce saddle-shaped potential barriers
for electrons moving along the channel.
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AlGaAs

N'GaAs
Substrate

Figure 6.3 Schematic drawing of a device structure along with a scanning
electron micrograph of one sample.

The measured G as a function of V; — V; are shown in Fig. 6.4 [2],
where V; is a sample-dependent threshold and V}, was held fixed,
typically at about —0.5 V. Figures 6.4a and 6.4b show data for two
samples, which had the same geometry Ly = 1 um. The periodic
oscillations are clearly seen, with the same period in both samples.
The channels without constrictions had monotonic dependence or,
occasionally, random fluctuation patterns, but no similar periodic
behavior. Figures 6.4c and 6.4d show results for samples with
progressively shorter lengths and correspondingly longer periods,
consistent with the geometry.

The oscillations in Fig. 6.4 recurred with the exact same period
even after samples were warmed to room temperature and cooled
again, as shown in Fig. 6.5 [2]. In previous experiments, such thermal
cycling invariably led to random changes or total disappearance of
the periodicity, understood as the result of the redistribution of
interface charges (impurities). Here no such randomness is seen.
Thus, for the first time, we can control the period of the oscillation
by the geometry of the devices. This is because the GaAs/AlGaAs
heterostructure material is rather clean, making the incidence of
charged impurities in the channel less common than in Si inversion
layers.

There is still one problem: whether each oscillation corresponds
to precisely one electron added to the system. We should estimate
the increment in V; required to add one electron to the segment
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Figure 6.4 G as a function of V; — V; for four samples of different Ly:
(@) 1 pm, (b) 1 um, (c) 0.8 um, and (d) 0.6 pm.

of the channel between the two constrictions. Three-dimensional
computer simulations of these structures gave estimates of the
relation between V; and the total charge in the channel. For all
samples shown the estimated charge increase per AV, is remarkably
close to one electron, within 10% for most samples. The possibility
of more than one electron per AV, is outside the error margin.
Kouwenhoven et al. studied similar single charging effects in a
lateral split-gate quantum dot defined by metal gates in the two-
dimensional electron gas (2DEG) of a GaAs/AlGaAs heterostructure
[3]. Figure 6.6 shows a scanning electron microscope (SEM)
photograph of the gate geometry, which is fabricated on top of a
GaAs/AlGaAs heterostructure containing 2DEG [3]. The gate F is
denoted as the finger gate, gates 1 to 4 as quantum point contact
(QPC) gates, and gate C as the center gate. A negative voltage —0.4 V
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Figure 6.5 Conductance versus gate voltage for one sample taken in
different runs, between which the sample was warmed to 300 K.

Figure 6.6 SEM photograph of the gate geometry, which is fabricated on top
of a GaAs/AlGaAs heterostructure containing 2DEG.
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depletes the 2DEG underneath the gates. The narrow channels
between gates 3-1, 1-C, C-2, and 2-4 are completely pinched off
at this gate voltage. Applying a negative voltage to the gates F, 1, 2,
and C forms a dot in the 2DEG. The radius of the dot is estimated as
300 nm. QPC gates 1 and 2 are used to control the conductance of
the tunneling barrier between the dot and the wide 2DEG regions,
and the center gate is used to vary the number of electrons in
the dot. This gate structure allows an independent control of the
conductance of the two 2DEG leads and enables you to vary the
number of electrons that are localized in the dot.

The gate voltages V3 and V, are taken to be zero, so there is no
quantum dot formed between gates 3, 4, and F. The gate voltages V;
and V, are taken to be smaller than —1.4 V, so G; and G, < 2e%/h.
The measured conductance of the dot versus center gate voltage
V¢ is shown in Fig. 6.7 [3]. The oscillations appear as sharp peaks
with an amplitude up to e?/h. Experiments found that only when
both QPC conductance values are below the quantized plateau value
2e?/h does the amplitude of the Coulomb oscillations increase as
the QPC conductance values decrease. From Fig. 6.7 the oscillation
period AV = 8.3 mV, a capacitance between the dot and the center

1 T T T

Ln
T

CONDUCTANCE (e*/h)

0 L
0.6 —0.55 0.5

GATE VOLTAGE V(V)

Figure 6.7 Conductance of the dot versus center gate voltage V for G; and
G, < 2€?/h.
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gate is derived Cc = e/AV: = 0.19 x 1076 F. To determine the
total capacitance between the dot and the six gates of the sample,
the authors measured the oscillations by varying the voltage on the
different gates, while keeping the voltage on the remaining gates
fixed. Then they obtained the capacitances between the dot and each
gate, added these capacitances, and obtained the total capacitance
£Cg=171x 1071°F.

Using QPC gates 3 and 4, one can increase the dot size to two
strongly coupled dots (i.e., one dot with a double size) and one dot
with three times the size. Figure 6.8 shows the Coulomb oscillations
versus the center gate voltage. The periods in the gate voltage are
AVigot = 9.0 mV, AVy40t = 5.3 mV, and AV34o¢ = 3.6 mV, yielding
capacitances between the center gate and the dot C¢igot = 1.8 X
107 F, Ccador = 3.0 x 1077 F, and Cc3qor = 4.4 x 1017 F, which
have the ratios 1.2:2:3. This result shows that the gate capacitance
scales with the size of the dot.

The charging effect can be described in terms of the capacitance
C between the dot and its environment. An estimate of C is obtained
from the self-capacitance Cy = 8¢,69 R between a 2D dot with a disc
shape and infinity, where R is the radius of the disc, ¢ is the vacuum
dielectric constant, and gy = 8.854 x 107'2 F/m. A dot with R =
300 nm and &, = 13 in GaAs gives Cy = 2.8 x 107!® F and a charging
energy e?/Co = 0.6 meV, which exceeds the thermal energy kg T for
temperatures below 4 K. From the electron density of the ungated
2DEG and the dot area, the number N of electrons in the dot is
estimated to be about 500. The average energy separation between
the discrete states 2Eg/ N is therefore ~0.03 meV, where Er = 7 meV
is the 2DEG Fermi energy. This is less than one-tenth of the charging
energy, so the charging effect is dominant in the electron transport
process.

The transport of a quantum dot can be described schematically
by Fig. 6.9 [3], where u; and u, denote the chemical potentials of left
and right electron reservoirs, respectively, and u; > .. The center
part is the dot, separated from the reservoirs by the barriers, eg,
is the electrostatic energy of N electrons. At temperature T = 0 K,
the ground state energy of N electrons is the sum of single electron
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Figure 6.8 Conductance of the dot versus the center gate voltage V. for
different sizes of the dot.

energy E, plus the electrostatic energy,

(—eN + CgV,)?

o (6.1)

N
UN)=> Ep+
P=1



Single-Electron Effect and Single-Electron Transistor
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Figure 6.9 Two situations for different gate voltages. (a) Coulomb blockade
of electron tunneling. (b) One-by-one electron tunneling at the N — N+ 1
transition.

where C; is the capacitance between the dot and one gate (e.g, the
center gate) and C is the total capacitance between the dot and all
gates.

The minimum energy necessary to add the N-th electron to the

dotis
wa(N) = U(N) — U (N — 1)
(N —1/2)é? C
=Eyn+ — - e?g Ve. (6.2)
Thus, the difference of the chemical potentials of the (N+ 1) and N

electrons,

ta(N +1) — pa(N) = En1 — Ex +€°/C. (6.3)
This energy gap leads to blockade for tunneling of an electron into
and out of the dot, as shown schematically in Fig. 6.9a, where N
electrons are localized in the dot. The (N + 1)th electron cannot
tunnel into the dot because the resulting electrochemical potential
#d(N + 1) is higher than the electrochemical potentials of the
reservoirs. So for pg(N) < w and p; < pg(N + 1) the electron
transport is blocked, which is known as the Coulomb blockade (CB).
The CB can be eliminated by increasing the center gate voltage, so
wd(N + 1) is lined up between p; and pur [ < pwa(N + 1) < puy],
as illustrated in Fig. 6.9b. In this case, the (N 4 1)th electron can
tunnel into the dot and then tunnel out of the dot to the right 2DEG
reservoir, causing the electrochemical potential to drop to pq(N).
Now a new electron can tunnel into the dot and repeat the cycle. This
process, where current is carried by successive discrete charging
and discharging of the dot, is known as single-charge tunneling.
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Figure 6.10 -V characteristics for different center gate voltages, demon-
strating the Coulomb staircase. The curves correspond to different values of
Vc (in steps of 1 mV) and are offset for clarity (I = 0 occurs at V = 0).

In the case of Fig. 6.9b the potential difference of left and
right reservoirs eV = w; — wu, is small, so only one electron is
allowed to move through the dot, that is, the dot only opens a one-
electron channel. If the bias voltage eV increases continuously, so the
chemical potential difference w; — ; can include two electron states,
then the dot opens a second electron channel. Therefore, in the -V
characteristic curve, when V increases, the current will step-likely
increase, as shown in Fig. 6.10 [3], where each step corresponds to
one electron transport. This I-V curve is called the Coulomb stair-
case. The current steps Al =~ 0.2 nA occur at voltage intervals AV ~
0.67 mV. This voltage difference is a direct measure of the charging
energy in the sample AV = e/C, which yields a total capacitance
C = 2.4 x 10716 F. Suppose that the total tunnel conductance is G.
One extra elementary charge e is transported through the dot in a
typical time C /G, yielding Al ~ eG/C. This gives G ~ (4 MQ)~! and
the tunnel time C/G ~ 107 s.
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Figure 6.11 Schematic potential landscape through the quantum dot. (a) to
(d) represent 4 stages of potential barrier height variation in a RF cycle.

When the two gates (gates 1 and 2 in Fig. 6.6) are applied
alternating voltages with phase difference = (frequency f = 10
MHz), in one period the heights of two barriers beside the dot vary
such as shown in Fig. 6.11a-d. The solid arrow denotes allowed
electron motion, and the dashed arrow denotes forbidden electron
motion. Thus, in one period of voltage variation just one electron
tunnels through the dot. The AC frequency is f, and the current
I = ef. If the bias voltage V is increased, so that the number of
charge states in the interval between u; and p, increases to n, then n
electrons can tunnel through the dot per radio-frequency (RF) cycle,
yielding a quantized current I = nef.

The measured -V curves for RF signals with a phase difference
of 7 applied to gates 1 and 2 are shown in Fig. 6.12 [4]. The -V
curves have current plateaus at multiple values of ef, demonstrating
that a discrete number of electrons are transferred through the
quantum dot for each RF cycle. The curves correspond to different
center gate voltages V¢ (in steps of 1 mV) and are offset for clarity
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Figure 6.12 [-V characteristics when two phase shifted RF signals are
applied with a frequency f = 10 MHz. The curves correspond to different
center gate voltages V¢ (in steps of 1 mV) and are offset for clarity by an
integer times ef. Dotted lines show the current plateaus at integer values
of ef.

by an integer times ef (I = 0 occurs at V = 0). The height of each
plateauis e x 10 MHz = 1.6 pA.

Figure 6.13 shows -V characteristics for different frequencies
f =5, 10, and 20 MHz. The different curves in each group
correspond to different V¢ [4]. The current is proportional to f,
varying in the interval between nef and (n + 1)ef. This behavior
of transport in the RF field is called a turnstile effect, which is like
the turnstile in the hotel allowing one or several people through
it in each cycle. Comparing Figs. 6.12 and 6.10, we found that the
current scales are pA and nA for the turnstile effect and the Coulomb
staircase, respectively.

The most hopeful application of the single-electron effect is the
single-electron transistor (SET), which can be used to fabricate
memory of a large capacity. Now in the 4G DRAM, each bite
accumulates about 500,000 electrons, dissipating a lot of energy.
If we would fabricate 16 T memory, we should reduce largely
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Figure 6.13 [-V characteristics for different frequencies f = 5, 10, and
20 MHz.

the number of electrons in each bite, for example, to less than
100. Therefore, the SET is the best choice of future large-capacity
memory. But now it is far from the actual application of the SET, its
volume is not small enough, the capacitance is too large and so the
charging energy e?/C is too small, and the device should operate at
an ultra-low temperature so kg7 < e?/C. The goal is to reduce the
size of the quantum dot, reduce the capacitance and the number of
electrons in the dot, and raise the operating temperature.

6.2 Transport of a Quantum Dot in a Magnetic
Field

Experiments found that the conductance oscillation with the gate
voltage exists for a quantum dot even in the perpendicular magnetic
field. The geometry of the device is shown schematically in Fig. 6.14a
[5]- Itis amodulation doping GaAs/AlGaAs heterostructure, in which

183



184

Transport in Quantum Dots
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Figure 6.14 Schematic top view of the device, showing the path of the
edge states associated with the lowest two Landau levels. The lithographic
dimension is 500 nm by 700 nm. (b) Energy levels of a dot with a parabolic
confining potential as a function of w. = eB/m*.

the upper gate (a negative bias) is used to define the dot and the
lower gate (a positive bias) is to adjust the electron density. The
magnetic field is perpendicular to the 2DEG, which forms the edge
states in the dot. Figure 6.14b shows the calculated magnetic energy
levels as functions of magnetic field w./wy in the parabolic confining
potential (1/2)m*w3r?. The heavy line represents the energy of the
single-particle state that is 78th lowest in energy.

The conductance G versus the gate voltage V; applied to the
lower gate is shown in the inset of Fig. 6.15 [5]. The conductance
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Figure 6.15 Amplitude and position of a conductance peak as a function of
magnetic field at T = 0.1 K. Inset: Conductance versus V; for the device at
B=3T

consists of a periodic series of sharp peaks, but the amplitudes
are much smaller than those in the absence of a magnetic field.
The full scale of the ordinate is 0.03 e?/h. The amplitude and
position of a particular conductance peak as a function of magnetic
field for B = 1.5 — 4.5 T is shown in Fig. 6.15. The amplitude
oscillates periodically with the magnetic field and drops by as much
as orders of magnitude. Commensurate with these dips, oscillations
are observed in the position of the peak. This structure washes
out rapidly with an increasing temperature and is almost entirely
destroyed by T ~ 0.3 K.

The conductance oscillation in the inset of Fig. 6.15 can be
explained by the standard CB model (see Fig. 6.9). The gate voltage
corresponding to a conductance peak is given from Eq. 6.2,

vy = P m e <1> KN - ;) U+ (Ey— M)} +const,

ae ae
(6.4)

where U = e?/C is the electron Coulomb energy, 1 is the chemical
potential in the leads, and a is a dimensionless constant, which can
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be determined from the temperature dependence of the width of a
conductance peak and is found to be 0.4 for this device. Therefore,
the position of a conductance peak is determined mainly by the
Coulomb term (N — 1/2)U and the single-particle term Epy-pu.
The Coulomb energy does not vary with the magnetic field, so the
variation of the position of the peak shown in Fig. 6.15 results from
variation in E y.

The single-particle energy levels as a function of magnetic field
is shown in Fig. 6.14b, which consists of two Landau levels (LLs).
Due to the confinement potential of the dot the LLs are composed
of discrete nondegenerate states. States in the first LL fall in energy
with increasing B, while those in the second LL rise. The electron
alternately occupies a state in the first LL and a state in the second
LL as the magnetic field is increased, as shown by the dark line in
Fig. 6.14b. Consequently, the position of the N-th peak oscillates.

At a particular B, if the N-th single-particle state is in the first
LL (the outer-edge state shown in Fig. 6.14a), it couples well to the
leads and transport can occur by resonant tunneling through this
state. If the N-th state is in the second LL (the inner-edge state), the
coupling to the lead is weak and the peak amplitude is suppressed.
A dip in amplitude is thus expected whenever the N-th state is in
the second LL, that is, when the position of the peak is moving up
in energy. The dip in conductance disappears when kgT becomes
comparable to the single-particle level spacing in the first LL, since
transport can then occur by thermal activation to the nearest energy
state in the first LL.

The above discussion has not taken into account electron spin.
Experiments found that the difference between an even- and odd-
numbered finite fermion system, known as the even-odd parity
effect, is a distinct feature reflecting the unique behavior of fermions
in the presence of both orbital and spin degrees of freedom. The
peak spacing fluctuation in CB peaks provides unique information
about single-particle energy level, many-body interaction effect, and
the parity of electron numbers. To study the parity effect of the CB
peaks, Chang et al. fabricated a quantum dot of a small diameter
(lithographic diameter 160 nm), as shown in Fig. 6.16a [6], which
contains the number of electrons N ~ 10, made from a crystal of
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Figure 6.16 Scanning electron micrograph of a small-scale device (top).
Schematic diagram of the peak positions as a function of gate voltage
(bottom).

density n = 3.5 x 10! cm~2. According to the interaction model, the
spacing between conductance peaks should be
c e?

AVy = eng (AE + C) ) (6.5)
where AE is the interaction energy of an even number of particles.
The theoretical conductance versus the V, curve will be shown as
Fig. 6.16 (bottom).

Figure 6.17 shows the fluctuation of peak spacing in device 2
for a strong coupling case (a) and a weak coupling case (b) at
T = 75 mK [6]. The lithographic diameter of device 2 is 230 nm,
which contains about 50 electrons, with the electron density 3.5
x 10 cm™~2 (rs = 0.93). For the strong coupling case (Fig. 6.17a)
the peak pairing is observable obviously. The spacing of 2, 4, 6,
8, ... is larger than that of 1, 3, 5, 7, ... Moreover, peak height
pairing is also visible over several peaks. On the other hand, for
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Figure 6.17 Fluctuation of peak spacing in device 2 in the case of strong
coupling to the leads (a) and in the case of weak coupling (b) at T = 75 mK.
Inset in (b): Spacing of conductance peaks as a function of order number of
valleys; solid circles for the case of strong coupling and empty squares for
weak coupling.

the weak case (Fig. 6.17b) the peak pairing behavior is not as
obvious as that for device 2. The difference in behavior is believed
to be a consequence of the modulation in the electron-electron
interaction due to the difference of coupling strengths in two cases
and suggests that strong Coulomb interaction plays an important
role in deciding the peak spacing fluctuation. The inset in Fig. 6.17a
shows several features of the Kondo effect. The Kondo valley shows
the characteristic of unpaired electrons.
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6.3 Kondo Effect in Quantum Dot Transport

In the preceding section it was found that the spacing of conductance
peaks for even and odd numbers of electrons is non-equal (see
Fig. 6.17). This behavior can be explained by Eq. 6.5. Experiments
found further that when the temperature descends to very low the
conductance valley of the odd number of electrons rises with a
decreasing temperature, approaching the limiting value 2e?/h. This
behavior cannot be explained by the single-electron energy and the
Coulomb energy (Eq. 6.5).

In 1964 Kondo explained the anomalous temperature de-
pendence of the resistance of metal. When the temperature is
decreased, the resistance of a pure metal decreases, and at a certain
temperature it is saturated. The temperature dependence changes
considerably when a small concentration of magnetic atoms, such
as cobalt, is added to the metal. Rather than getting saturated at
a low temperature, the resistance increases as the temperature
is lowered further, as shown in Fig. 6.18, where the solid line is
for the pure metal and the dotted line is for the doped metal.
Because in 1964 Kondo provided a theoretical explanation, since

Resistance

Temperature

Figure 6.18 Schematic temperature dependence of the resistance of a pure
metal (solid line) and metal with a small concentration of magnetic impurity
atoms (dashed line). The latter curve shows a minimum around the Kondo
temperature.
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then the phenomenon has been referred to as the Kondo effect, and
the turning temperature (~10 K) in Fig. 6.18 is called the Kondo
temperature.

When the temperature is lower than Tk, the mobile electrons
in the host metal tend to screen the non-zero total spin of the
electrons in the magnetic impurity atom. In the simplest Anderson
model of a magnetic impurity, there is only one electron level with
energy &o and the impurity spin is 1/2. The exchange processes
can effectively flip the impurity spin while simultaneously creating
a spin excitation in the Fermi sea. When many such processes are
added coherently, a new state—the Kondo resonance—is generated
with the same energy as the Fermi level. Such resonance is very
effective at scattering electrons with energies close to the Fermi
level. The strong scattering contributes greatly to the resistance.
The whole system, that is, the magnetic impurity atom plus its
surrounding electrons, forms a spin singlet. The energy scale for this
singlet state is the Kondo temperature.

A quantum dot connected to source and drain leads can nicely
mimic the above situation of a localized spin impurity in a Fermi
sea. Therefore, the Kondo effect was expected to occur in quantum
dot systems as well. However, there is an important difference
between metal and quantum dot systems. In a metal, electrons
are described by plane wave functions. Scattering from impurities
mixed electron waves with different momentums. The momentum
transfer increases the resistance. In a quantum dot, on the contrary,
all the electrons have to travel through the device as there is no
electrical path around it. In this case, the Kondo resonance makes
it easier for states belonging to a bulk metal. Figure 6.19 shows
the Anderson model of a magnetic impurity, applied to a single-
level quantum dot connected to source and drain leads [7]. The
level has an energy ¢y below the Fermi energy of the leads and
is initially occupied by one spin-up electron (leftmost diagram of
Fig. 6.19). Adding another electron is prohibited by the charging
energy Ec. By virtue of quantum uncertainty, the spin-up electron
can momentarily tunnel out of the dot, leaving the dot-lead system
in a classically forbidden virtual state (middle diagram of Fig. 6.19).
If the spin-up electron is replaced by a spin-down electron from the
leads (rightmost diagram of Fig. 6.19), the dot spin has effectively
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Figure 6.19 The Anderson model of a magnetic impurity, applied to a
single-level quantum dot connected to source and drain leads.

been flipped. Many such events combine to produce the Kondo effect
in quantum dots, which leads to the formation of an extra resonance
at the Fermi level of the leads.

When the energy level ¢ is occupied by two electrons, the total
spin is zero, the virtual state does not exist, and thus there is no
spin exchange interaction, that is, no resonant tunneling caused
by the Kondo state. Only when the E is lowered to the Fermi
level of the lead can conductance occur. The conductance as a
function of the gate voltage V, is shown in Fig. 6.20 [7], where
the solid curve is for T « Tk, the dotted curve for T ~ Ty, and
the dashed curve for T < Tg. Although the dot has two tunnel
barriers and the charging energy tends to block electrons from
tunneling into or out of it, the Kondo effect ensures that electrons are
transmitted perfectly through the dot. The Kondo effect only occurs
for odd electron numbers, resulting in the odd-even asymmetry
between the different Coulomb valleys. Figure 6.20b shows that
in the Kondo valleys conductance increases logarithmically with
a lowering temperature, getting saturated at 2e?/h. Figure 6.20c
shows that the Kondo resonance leads to a zero-bias resonance in
the differential conductance, dI/dV, versus the bias voltage V.

Haldane [8] derived the Kondo temperature using the parame-
ters of the Anderson model,

JTE
Tk = Tceﬂ5°(5°+EC)/FEC, (6.6)

where T" is the width of the dot level, which is broadened
by electrons tunneling to and from it. So the parameters that
characterize the single-level dot system—E¢, &;, and I'—can be
replaced by a single energy scale, Tx. The advantage of quantum dots
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Figure 6.20 (a) Conductance as a function of the gate voltage V,, where the
solid curve is for T « T, the dotted curve for T ~ Tk, and the dashed curve
for T < Tk. (b) In the Kondo valley G as a function of log(T). (c) Differential
conductance dI/dV versus bias voltage V.

in studying the Kondo effect is that the parameters that determine
the Kondo temperature can be easily changed by adjusting the
voltages on the gates.

As shown in Fig. 6.20b in the Kondo valleys conductance
increases logarithmically with a lowering temperature, getting
saturated at 2e2/h, which is called “unitary limit” of conductance.
Van der Wiel et al. [9] first observed experimentally the Kondo effect
of the quantum dot in the unitary limit, that is, the CB for electron
tunneling is overcome completely by the Kondo effect.

In Fig. 6.21a [9] an AB ring is defined in a 2DEG; in both arms of
the ring a quantum dot can be defined by applying negative voltages
to the gate electrodes. A quantum dot of size ~200 x 200 nm,
containing ~100 electrons, is formed in the lower arm using gate
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Figure 6.21 (a) Device structure diagram. (b) G as a function of Vy for
B=0Tand 04 TatT =15mK

voltages Vg and V. The gate voltage of the upper arm Vg, is kept
at zero. The energy-level spacing of a single electron in the dot
is about 100 peV. Figure 6.21b shows G as a function of the left
gate voltage. The right gate voltage is fixed at Vg = —488 meV. At
B = 0 regular Coulomb oscillations are observed with low valley
conductance, while in the magnetic field the valley conductance
increases considerably and can even reach 2e?/h. The pronounced
peak reflects the Kondo resonance at the Fermi energy at the unitary
limit.

More detailed results are shown in Fig. 6.22 [9]. Figure 6.22a
shows Coulomb oscillations for different temperatures. At the
base temperature, the valley Vg = —413 and —372 mV reach
the maximum possible conductance value of 2e?/h. When the
temperature is increased, two separate Coulomb peaks develop with
growing peak spacing. The conductance in the center of the valley
has a logarithmic T dependence with a saturation at 2e%/h for a low
T. Figure 6.22b shows the differential conductance for different T
values in the middle of the Kondo plateau at 2e?/h. The pronounced
peak around Vsp = O reflects the Kondo resonance at the Fermi
energy. The peak height has the same T dependence as shown in
Fig. 6.22a, right inset. The width of the peak increases linearly with
temperature (Fig. 6.22b, inset).

Last we return to the effect of a magnetic field. Experiments
found near B = 0, regular Coulomb oscillations are observed, but
the Kondo effect typically changes the valley conductance by only

193



194

Transport in Quantum Dots

&

2.0

FWHM(V)
L

L

dl/dVgp(e®/h)

=

—500 —250 0 250 500
Vap(uV)

Figure 6.22 (a) Coulomb oscillations in G versus Vg at B = 0.4 T for
different temperatures. T ranges from 15 mK (thick black trace) to 800 mK
(thick red trace). Vg is fixed at —448 mV. The right inset shows the
logarithmic T dependence between ~90 and ~500 mK for Vi = —413 mV.
(b) Differential conductance dI/dVsp versus dc bias voltage between source
and drain contacts Vsp for T ranging from 15 mK up to 900 mK. The inset
shows that the width of the zero-bias peak measured from the FWHM
increases linearly with T'.

~20%. A big change occurs at B =~ 0.1 T, reflecting the onset of a
different transport regime, an observation that seems common for
half-open quantum dots. The magnetic scale corresponds to adding
a flux quantum to the area of the dot, implying that time-reversal
symmetry is broken.
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6.4 Single-Electron Transport in Vertical
Quantum Dots

Apart from the quantum dot defined on the 2DEG by the gate voltage,
there is another kind of quantum dot—the three-dimensional (3D)
quantum dot fabricated by the lithography technology, which has
a well-defined confinement potential. Such a quantum dot can
be regarded as an artificial atom. Associated with the rotational
symmetry, as well as the parabolicity in the in-plane 2D harmonic
confinement potential, atom-like properties such as shell-filling and
abidance of Hund’s first rule are all observed. Furthermore, this
allows us to discuss the way of spin-filling for a given characteristic
of the quantum state. When the single-particle states in the dot are
separated by a large energy AE, an antiparallel spin-filling, forming
a singlet state, is favored. For a small AE, parallel filling, forming a
triplet state, is observed, which is in line with Hund’s first rule. The
magnetic field B can be used to tune AE(B); this allow us to alter
the way of spin-filling.

6.4.1 Quantum Dot and Single-Electron Energy Levels

The schematic diagram of the device is shown in Fig. 6.23 [10].
The vertical quantum dot is fabricated by a double-barrier structure
(DBS), which consists of an undoped 12 nm Ing o5Gag9sAs well
and two undoped Alj,,Gag 7gAs barriers of thicknesses 9.0 and
7.5 nm, respectively. This is processed to form a circular mesa
with a nominal top-contact diameter D of 0.54 um. Figure 6.23b
shows typical scanning electron micrographs of a circular mesa and
a rectangular mesa. The dot is strongly confined in the vertical
direction by the heterostructures, whereas it is softly confined in
the lateral direction by the Schottky-gate-induced depletion region.
This depletion region is well approximately by a harmonic potential,
and the characteristic energy hw, is evaluated from measurements
of the magnetic field dependence of the Coulomb oscillations. The
values of Aiwy obtained for various numbers of electrons in the dot
are shown in Fig. 6.23c. The effective lateral confinement becomes
weak as the number of electrons in the dot increases, due to the
effect of Coulomb screening.
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Figure 6.23 (a) Schematic diagram of the device. (b) Scanning electron

micrographs of a circular mesa and a rectangular mesa. (c) Values of hw,
as a function of number of electrons in the dot.

The eigenstates for a 2D harmonic quantum dot in the perpen-
dicular magnetic field are the Fock-Darwin states, and their energies
are expressed by

l 1 1
Eni = —Eﬁwo-f- <n+2+2|l|> hy/ 4wk + o, (6.7)

where n and | are the radial quantum number and angular
momentum quantum number, respectively, and hw, = eB/m* is the
cyclotron energy.
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6.4.2 Shell Filling and Hund’s First Rule

The Coulomb oscillations in the current versus gate voltage at B =0
T for a D = 0.5 um dot is shown in Fig. 6.24a, and Fig. 6.24b shows
the addition energy versus electron number for two different dots
with D = 0.5 and 0.44 um [11]. This series of current peaks is caused
by electrons filling in the dot from N = 1, but the spacing between
peaks is not equal, differing from that on the 2DEG.

From Eq. 6.7, when o, = 0,

Enp = (2n+1+|l) hoo. (6.8)
Thus, according to the energy the electron energy level forms
various shells: (n, I) = (0, 0), fiwp; (0, = 1), 2hwy; (1, 0), (0, & 2),
3hwo.... Each orbital state fills two electrons, then the first three
shells fill 2, 4, and 6 electrons. The current peak spacing in Fig. 6.24a
is caused by Coulomb energy and also by the energy-level spacing
hwg. Thus the spacing of current peaks after 2, 6, and 12 electrons is
larger than others. This is also reflected in Fig. 6.24b, which shows
the addition energy as a function of electron number for two dots.

The electronic states are expected to be significantly modified
by a magnetic field B perpendicular to the dot. The B dependence
on the position of the current oscillations is shown in Fig. 6.25 for
B increasing from 0 to 3.5 T in steps of 0.05 T [11]. The positions
of first three peaks depend monotonously on B, whereas the other
peaks oscillate back and forth a number of times. The number of
wiggles increases with N. A close inspection of the figure reveals
that the current peaks generally shift in pairs with B. This even-odd
effect persists up to N = 40.

For the simplest explanation of the magic number and the B
dependence we ignore, for the moment, the Coulomb interaction.
The magnetic energy spectrum is given in Eq. 6.7. At B = 0, Ey
has degenerate sets of states, which are separated by Aw, from each
other and are completely filled by N = 2, 6, 12, 20, etc.,, as shown
in Fig. 6.24. When B increases the original degenerate states split
into a series of singlet states. The rearrangement of the pairing
can be understood in terms of Hund'’s rule. Hund'’s rule favors the
filling of electrons with spin-up and spin-down in a singlet state,
decreasing the interaction energy. The detailed discussion can be
seen in Refs. [10] and [11].
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Figure 6.24 (a) Coulomb oscillations in the current versus gate voltage at
B=0TforaD=0.5um dot. (b) Addition energy versus electron number
for two different dots with D = 0.5 and 0.44 pum.

6.4.3 Single-Electron Tunneling Spectrum in the
Magnetic Field

Below we introduce the elastic tunneling between two vertical
coupled quantum dots [12]. The vertical double quantum dot device
is like that shown in Fig. 6.23, but is made from a triple barrier
heterostructure (TBS) and is located in a cylinder mesa whose
diameter is 0.6 pm.

By appropriately tuning both V; and the source-drain voltage Vs
one can obtain configurations as shown in Fig. 6.26 [12]. The lowest
(n,l) = (0,0) orbital state of the left dot is aligned with the Fermi
level of the left reservoir (source), and the lowest orbital state of
the right dot is always located below the lowest orbital state of the
left dot, and above the Fermi level of the right reservoir (drain). In
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Figure 6.25 Gate voltage positions of the current oscillations versus
magnetic field for a dot with D = 0.5 pm.

such a configuration, due to the CB in each dot, as well as inter-dot
electrostatic interactions, the left dot acts as a “turnstile” so that the
electron number in the right dot is always zero or one, no matter
how large the source-drain voltages are. When the source-drain
voltage is turned in such a way that a higher orbital (n,l) state in
the right dot is aligned with the left (0,0) state in the left dot, elastic
tunneling gives rise to a peak of current. This “inter-dot tunneling
spectroscopy” enables us to demonstrate the single-particle nature
of electronic states in the right dot.

The positions of the current peaks changing with magnetic field
B are plotted in Fig. 6.27a [12]. The positions agree well with
the dependence of the calculated Fock-Darwin states E,; after
subtracting Egp, that is, the B dependence of the orbital states
of the right dot. Thus we can label (n,l) for each current peak
by comparison with the Fock-Darwin diagram. The peak heights
measured 30 mV above in V; from the threshold line are plotted in
Fig. 6.27c. It is clear that the current peak is significantly smaller
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Figure 6.26 Potential landscape for the double quantum dot structure at
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when the peak is associated with a higher angular momentum state.
This demonstrates the existence of angular momentum selectivity
for the electron inter-dot tunneling between the (0,0) state of the
left dot and the higher orbital state of the right dot. The tunneling
probability between the (0,0) state and the higher orbital states is
small but not zero. For explanation of this, the authors proposed an
incoherent sequential tunneling model; the tunneling probability is
proportional to the product of the “local density of state,”

T o / dxdy [ Wo,0(x, Y12 [¥mi(x, )12 69)

The transmission becomes small (but are non-zero) when the
angular momentum of v, is large.

6.4.4 Spin Blockade Effect

Except the CB effect, one also observed the spin blockade effect
caused by the Pauli exclusion principle, which prevents two
electrons of parallel spin from occupying a single spatial orbital.
Ono et al. [13] found that the Pauli effect, in combination with the
CB, can be used to block current altogether in one direction while
permitting it to flow in the opposite direction, thereby realizing a
fully controllable spin-Coulomb rectifier.

The schematic of the double-dot device is shown in Fig. 6.28b,
and the electron transport in the forward bias (upper) and backward
bias (down) is shown in Fig. 6.28a [13]. Suppose there are two
sites, site 1 and site 2, weakly coupled together and one electron
is permanently localized on site 2. Now consider the transport of a
second electron through the system between two contact leads. The
number of electrons on site 1 (or site 2), N1 (N2), varies between 0
and 1 (1 and 2). Crucially, the spin effect also markedly influences
electron transport. Because the tunnel coupling between the two
sites is sufficiently weak, the (N1,N2) = (1,1) spin singlet and spin
triplet are practically degenerate. For (N1,N2) = (0,2), only a spin
singlet is permitted because of Pauli exclusion. Therefore, electron
transport is only allowed for a channel made from the (1,1) and
(0,2) singlet states. For a forward bias, either the (1,1) singlet or
triplet can be populated with the same probability by injection of an
electron onto site 1 from the leftlead. If the (1,1) singlet is populated,
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Figure 6.28 (b) Schematic of the double-dot device. (a) Electron transport
in the forward bias (upper) and backward bias (down).

a single-electron tunneling current can flow through the singlet
state. Once the triplet is populated, however, subsequent electron
transfer from site 1 to 2 is blockaded by Pauli exclusion. Note that
an electron arriving on site 1 usually cannot go back to the left lead
because of the fast relaxation of the hole state left behind the lead.
Thus the (1,1) triplet will sooner or later be occupied on a time
scale sufficiently longer than the electron tunneling time between
the leads and this should lead to clear current suppression. Because
this blockade is due to spin and not charge, we hereafter refer to this
process as a “spin blockade.” On the other hand, for a reverse bias an
antiparallel spin electron can always be injected onto site 2 from the
right lead.

The differential conductance dI/dV and current I, flowing
vertically through the two dots as a function of V; and V, is shown in
Fig. 6.29 [13]. V; and V are used to change the electrostatic potential
of the two dots together (number of electrons) and the potential
offset between the two dots, respectively. In the lower-right inset
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Figure 6.29 The differential conductance dI/dV and current I flowing
vertically through the two dots as a function of V; and V. Lower-right inset:
dl/dV =~ V; measured for a small V (~0 V). Upper-left inset: magnified plots
of I versus V for V; fixed at peak P (black curve) and in the middle between
the peaks P and Q (red curve) on a logarithmic scale.

dl/dV =~ Vi measured for a small V (~0 V) shows clear Coulomb
oscillation peaks. The second peak (P) and the third peak (Q) are
much large. This implies that tunneling is elastic between the source
and drainleads for N=1— 2 and 2 — 3.For |V | > 1 mV, transport is
nonlinear (see potential diagrams in the main diagram). The current
is clearly suppressed in the forward bias because of a spin blockade,
whereas a large current still flows in the reverse bias because of
inelastic tunneling via the singlet states. The upper-left inset shows
magnified plots of I versus V for V; fixed at peak P (black curve) and
in the middle between the peaks P and Q (red curve) on alogarithmic
scale. Both curves show strong current suppression (I ~ 2 pA) due
to the spin blockade. In the vicinity of V = 0V, the red curve shows
strong current suppression due to a CB.
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6.4.5 Single-Electron Tunneling in Coupled Quantum
Dots

Using the coupled quantum dots structure (e.g., Fig. 6.28b) the
electron filling and the CB effects can also be studied by changing
the gate voltage V. Figure 6.30a shows calculated addition energy
spectra, Ay(N) = U(N + 1)-2U(N) + U(N — 1) for different
spacings between two dots b [14]. U (N) is the total energy of the
N-electron system, and A;(N) can reveal a wealth of information
about the energy required to place an extra electron into a quantum
dot system. When b is small the coupled quantum dot is rather
similar to a single quantum dot. At intermediate dot separation, the
spectra pattern becomes more complex. However, at a larger inter-
dot distance, a simple picture emerges that the coupled quantum dot
is about to dissociate. For example, at b = 7.2 nm a strong peak at
N = 2, 4, and 12 and a weaker peak at N = 8 appear that can be
easily interpreted from the peaks appearing in the single quantum
dot spectrum. The peaks at N = 4 and 12 are a consequence
of symmetric dissociation into two closed shells N = 2 and 6 of
quantum dots, respectively, whereas the peak at N = 8 corresponds
to the dissociation into two identical stable quantum dots holding
four electrons each, filled according to Hund’s rule to give maximal
spin. The peak at N = 2 is related to the localization of one electron
on each constituent dot, the two-electron state being a spin-singlet
configuration.

Due to the difficulty in fabricating two perfectly identical con-
stituent quantum dots in the coupled quantum dot, the experimental
spectra (Fig. 6.30b) are different from those of theoretical spectra.
(i) The spectrum for the most strongly coupled quantum dot (b =
2.5 nm) resembles that of the quantum dot up to the third shell
(N = 12). (ii) For intermediate coupling (b = 3.2 to 4.7 nm), the
spectra are quite different from the quantum dot spectrum, and a
fairly noticeable peak appears at N = 8. (iii) For weaker coupling
(b = 6.0 and 7.5 nm) the spectra are different again, with prominent
peaks at N =1 and 3.

In calculation the authors took the well width w = 12 nm,
the well depths Vo £+ d, Vy = 225 meV, d = 0 or a realistic
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Figure 6.30 (a) Calculated A,(N)/A;(2) for coupled QDs with different
inter-dot distances b. Also shown is the calculated reference spectrum for
a single QD. (b) Experimental A,(N)/A,(2) for several inter-dot distances
between 2.5 and 7.5 nm. (c) Same as panel (a), but for coupled QDs obtained
using § =1 or 0.5 meV.

value 0.5 or 1 meV. Taking into account this mismatch of well
depth the authors confirmed the spectra character of the coupled
quantum dot by performing the theoretical calculations with § =
1 or 0.5 meV. The results are shown in Fig. 6.30c. The overall
agreement between theory and experiment of the general spectral
shape is quite good, indicating the crucial role played by a
mismatch. In particular, the appearance of the spectra in the weak
coupling limit for small N values is now correctly given, as well
as the evolution with b of the peak appearing at N = 8 for
intermediate coupling. A comparison between Figs. 6.30b and 6.30c
reveals that for small values of b (<4.8 nm), for a reasonable
choice of parameters (w, §), a mismatch does not produce sizable
effects.
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Chapter 7

Silicon Single-Electron Transistor

The operation principle of the single-electron transistor (SET) is
to control one electron through a very small quantum dot. The
performance of the SET is enhanced with the decreasing scale of
the quantum dot. Therefore, the quantum dot is generally smaller
than 10 nm, very suitable to be high-density integrated. Meanwhile,
the property of a single electron permits it to operate at ultra-low
power because the power dissipated in the circuit is proportional
to the number of participating electrons. SETs have a peculiar
I-V characteristic, which is absent for a general MOSFET. All these
properties make it possible for SETs to become high-performance
circuits in a very small area.

At the early stage of single-electron transistor research the used
materials are metals or compound semiconductors, mainly studying
quantum dot physics. But considering the application of the SET, the
most suitable material is silicon. Because Si SETs are compatible
with general MOSFETS, it is easier to integrate a Si SET into the
present very large scale integration (VLSI). Another convenience is
that one can use the present mature microprocessing technology
to fabricate a SET. Now the Si SET has been considered as one of
the most suitable candidates of the unit device in future ultra-high
density and ultra-low power VLSIL.
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7.1 Principle of a Single-Electron Transistor

Figure 7.1a is a schematic diagram of the equivalent circuit of
a single-electron quantum dot [1]. The two leads of the dot are
connected with the source and gate, and C; and C; are the tunneling
capacitance and gate capacitance, respectively.

When an electron tunnels into the dot, the electrostatic energy
(Coulomb energy) changes,

e2

2Cdot '
where Cqo is the total capacity of the dot. If the dot is small enough,
AU can be comparable with the thermal energy, even larger than it,
thus only when the gate provides the extra energy can the electron
tunnel into the dot. This is the Coulomb blockade (CB) effect, which
is the foundation of the single-electron transistor (SET). A more
detailed description of a SET is that the electrostatic energy of the
system

AU

(7.1)

U—Qﬁm—f-(cg)thVchonst (7.2)
- 0 ) .
2Caot - \ Caor s

where Qqor = — Nyote is the charge in the dot and Cj is the gate-dot

capacitance. U can be rewritten as

(Ndote - Cng)2

U = (7.3)
2Cdot
(a) vi(gate)  (b), Nua
3_ —
—
Dot ¢ 2
=T
77 (I S N B | >
. 7 ) 172 1 32 2 512
GND (source) Q/e=C,V /e

Figure 7.1 (a) Schematic diagram of the equivalent circuit of a single-
electron quantum dot. (b) Ny as a function of Qs =CgVyat T =0K.
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Figure 7.2 Equivalent circuit of the SET.

At T = 0 K, taking U as the minimum, one obtains Ny, as a
function of Vg, as shown in Fig. 7.1b. When V; increases by each e/Cy,
Ngot increases one step. At a finite temperature, this step character
becomes indistinct due to thermal fluctuation.

Figure 7.2 is the equivalent circuit diagram of a SET [1], where the
dot is connected with the source and drain by the tunneling barriers
Cs and Cg, respectively. Meantime, it is connected with the gate by the
capacitively coupling, so it becomes a three-terminal device similar
to the metal-oxide semiconductor field-effect transistor (MOSFET).
Different from the single-electron quantum dot shown in Fig. 7.1a,
in a SET there is current flowing from the source to the drain under
the control of the gate.

The total energy of the N electrons in the dot is

N 2 N
Ne — C,V, — CqV,
E(N):U(N)+§:sk=( gzcgd aVas) +§ e (7.4)
k=1 ot k=1

where C4 is the source-dot capacitance, Vys is the source-drain
voltage, and ¢ is the k-th quantum level of the quantum dot. The
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Figure 7.3 Conduction band potential energy diagram of the SET. (a)
Condition for single-electron tunneling. (b) Condition for a Coulomb
blockade.

chemical potential of the N-th electron in the quantum dot is
uy=E(N)—E(N-1)

_ (2N —1)e? — 2eCyVy — 2eCyqVys
2Cdot

Figure 7.3 is the conduction band potential energy diagram of the

SET [1]. When the chemical potential of the electron in the quantum
dot satisfies

+en. (7.5)

UN+1 > s = AN = [Ad > UN-1, (7.6)

the electron can enter the quantum dot from the source and then
move out to the drain, as shown in Fig. 7.3a, where us and pq are
the chemical potential of the source and drain, respectively. Because
only one electron can enter into and move out of the quantum dot,
the transport is called single-electron tunneling. When V, increases,
so uy is lower than ug,

MN+1 > Ms > [bd > N, (7.7)

the electron cannot tunnel into the dot and this case is called a CB.
Thus the drain current oscillates with the gate voltage, as shown in
Fig. 7.4 [4], where each peak represents the flowing of one electron.
Define the energy needed to increase an electron in the quantum
dot as the single electron additional energy E,,
2

Cdot
where E¢ is the Coulomb charge energy of a single electron and
AE is the spacing of the quantum levels. When the potential energy

Ei=uy—pun_1 = +(ev —en-1) = Ec + AE, (7.8)
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Vi=1.0mV
Vo =0mV

300 K

Figure 7.4 [q — V; curves for Vg = 1.0 mV; the temperature decreases from
room temperature to 15 K.

of the quantum dot increases to E,, it satisfies the single-electron-
tunneling condition in Eq. (7.6). In the I-V curve (Fig. 7.4) the
oscillation period is

Ea Cdot e Cdot

AVy= — = E,=— AE, 7.9
87 en eCg @ Cg+ng (7:9)

where a = Cg/Cqo is a gain modulation factor, which changes the
dot potential into V,. When the dot is large enough, AE can be
neglected compared with E¢ and AV, is approximately a constant;
this case is called the Coulomb oscillation.

Figure 7.4 shows the Iq — Vg curves for Vg = 1.0 mV [4]. When
V, is fixed at the peak value of the Coulomb oscillation, I increases
monotonously with an increasing Vgys, as shown in Fig. 7.5. When V,
is fixed at the CB regime, I keeps a low value as Vys increases until
Vgs is larger than a definite value so that p4 is lower than py; then
I4 increases continuously with Vg, as shown in Fig. 7.5.

Figure 7.6 shows the contour plot of /4 in a SET as a function of
Vg and Vg [1], which gives the whole picture of the CB characteristic.
At alow Vg along the V; axis, there are a series of rhombus current
blockade regimes (deep gray), called the CB regime or the Coulomb
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I4 Single-electron tunneling

\
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Vb Vds

Figure 7.5 [y — Vys characteristic curve of a SET under the single-electron-
tunneling condition and the Coulomb blockade condition.

diamond. In each CB regime the number of electrons keeps an
integer number. Between two neighboring CB regimes there exist
light-gray regimes called single-electron-tunneling regimes. In each
single-electron-tunneling regime the number of electrons jumps
between N — 1 and N and the electron flows from the source to the
drain, producing a tunneling current.

The slope of the boundary between the CB regime and the single-
electron-tunneling regime reflects the difference of the influence of
Vg and Vg, to the quantum dot potential; thus they are determined
by the ratio of capacitances of the SET. The slope of the descending
boundary of the diamond is C¢/Cq4, and the slope of the raising
boundary is Cy/(Cs + Cs). The slope of the descending boundary
corresponds to the voltage gain of the SET, which has an important
influence on the performance of the SET circuit.

The operation of the SET has to meet two conditions; the first is
that the Coulomb charging energy is much larger than the thermal
energy,

E,> 20 — 100k T. (7.10)
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Electron number

Figure 7.6  Contour plot of I in a SET as a function of V; and Vy;.

If the temperature is not low enough, even in the case that the
condition (7.6) does not satisfy, the thermally exited electron
will tunnel through the quantum dot, resulting in closing of the
neighboring CB peaks and increase of the valley current of the CB
oscillation. Theoretically, the full width at half maximum (FWHM) of
the CB peak is proportional to kg T /(«e). While the spacing between
gate voltages of peaks AV, = E,/(«e), the ratio of AV; and FWHM
demonstrates the ratio of peak to valley of a CB oscillation E,/kgT.
To increase the ratio of peak to valley the condition (Eq. 7.10) should
be satisfied.

Figure 7.7 shows calculated E,, E¢, and AE of a Si SET as a
function of quantum dot size. The Si SET is a spherical Si quantum
dot buried in the SiO? base [1]. From the figure we see that the room
operation of the SET demands that the size of the SET be smaller
than 2 or 3 nm. The capacitance of this ultra-small quantum dot is
smaller than 1 aF. In this condition the proportion of the AE in the
total energy will increase rapidly and there will appear the quantum
effect in the SET characteristics.
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Figure 7.7 Calculated E,, E¢, and AE of a Si SET as a function of QD scale.

The second condition comes from the uncertainty relation. To
avoid the fluctuation or uncertainty of the number of electrons in
a quantum dot, the electron should be localized well in the quantum
dot, separated from the source and drain, which gives the condition

R.> h/e* = 25.8 kQ, (7.11)

where R; is the resistance of the tunneling barrier. Ry = h/e?* is
called the quantum resistance. A too-high tunneling resistance will
resultin very low drain current and low drivability, which is the main
shortcoming of the SET.

7.2 Early Works of Set Operating at Room
Temperature

Takahashi et al. [2] fabricated a Si SET by converting a one-
dimensional (1D) Si wire substrate into a small Si island with
a tunneling barrier at each end by means of pattern-dependent
oxidation of a very thin Si layer on SiO,. With this structure, the
total capacitance was reduced to ~2 aF, which enabled conductance
oscillation of the SET at room temperature.
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Figure 7.9 Cross-sectional view of a SET (a) and an equivalent circuit (b).

Figure 7.8 shows the schematic diagram of the Si SET [2].
Figure 7.9 shows the cross-sectional view of a SET (a) and an
equivalent circuit (b) [2].

The conductance as a function of gate voltage in different
temperatures is shown in Fig. 7.10 [2]. Here, the drain voltage was
1 mV and the source and back-gate voltages were fixed at 0 V.
Conductance oscillations are observed even at room temperature.
These oscillations are due to the CB by tunneling barriers with a
very small capacitance. The capacitance can be estimated from the
conductance characteristics. From the oscillation period AVy in the
gate voltage, ~500 mV, the gate capacitance C; is calculated to be
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Figure 7.10 Conductance as a function of gate voltage in different
temperatures.

~0.3 aF according to C; = e/AV,. This value is consistent with the
capacitance estimated from the dimensions of the structure. Hence,
the back-gate capacitance Cy is determined to be ~0.01 aF because
the cycle of the conductance oscillation as a function of the back-gate
voltage is 30 times that for the front-gate voltage.

In Fig. 7.11 the source-drain current as a function of drain voltage
V4 at the gate voltage corresponding to the conductance valley is
shown [2]. The figure is similar to Fig. 7.5 in the CB condition.
The gate voltage V; and back-gate voltage are fixed at 0.7 and 0 V,
respectively. The drain current is blocked over a V, range of 160 mV.
The drain capacitance Cq is found to be ~1 aF on the basis of the
offset in the drain voltage of 160 mV. Taking into account that the
source capacitance Cs does not exceed C, in the present structure,
one obtains the total capacitance C; = Cs + Cq + Cz + Cp < 2.3 aF.
This small value corresponds to a very large charging energy (e?/C)
of 70 meV, ensuring conductance oscillation at room temperature.

Ono et al. [3] developed a new oxidation method related
to the original pattern-dependent oxidation (PADOX) method,
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Figure 7.11 Source-drain current as a function of drain voltage V4 at the
gate voltage corresponding to the conductance valley.

the vertical pattern-dependent oxidation (V-PADOX). The method
applies thermal oxidation to a Si wire with a fine trench across it
on a silicon-on-insulator substrate. During the oxidation, the Si wire
with the fine trench is converted, in a self-organized manner,; into
a twin SET structure with two single-electron islands, one along
each edge of the trench, due to position-dependent oxidation rate
modulation caused by stress accumulation. Figure 7.12 shows the Si
wire with a fine trench across it [3]. The key aspect of the method,
thermal oxidation, is carried out just after the wire with a fine

Fine trench

Buried oxid i i
uried oxide Thick region

S1 substrate of the Si wire

Figure 7.12 Si wire with a fine trench across it.
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Figure 7.13 Resulting SET structure and the corresponding equivalent
circuit. Those for the original PADOX are also shown for comparison.

trench is defined. During the oxidation the region below the trench
is turned into twin Si islands, one along each edge of the trench. The
resulting SET structure and the corresponding equivalent circuit
are schematically shown in Fig. 7.13 [3]. Those for the original
PADOX are also shown for comparison. In this figure, the broken
lines represent preoxidation Si patterns and the hatched regions
represent islands and leads after oxidation. The width of the island
is 60 nm, and the length is 30 nm.

Figure 7.14 shows the conductance G, measured at 40 K with a
drain voltage of 10 mV, as a function of the top-gate voltage V;, the
side-gate voltage Vy = — 4V, and Vg = 0 V [3]. Three peaks are
observed, peaks Al, B1, and B2. Changing the side-gate voltages Vy
and Vg, one can demonstrate that peak Al originates from island
A, which is closer to side gate A than island B is, and peaks B1
and B2 originate from island B. This confirms that a SET is formed
along each edge of the fine trench and both SETs can be individually
controlled. But in the present device the independent control effect
of the side gate is not obvious.
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Figure7.14 Conductance G, measured at 40 K with a drain voltage of 10 mV,
as a function of the top-gate voltage V.

7.3 Si Set Operating at Room Temperature

In Section 7.1 we discussed the condition of operation of a SET
at room temperature. As in Eq. 7.10 and Fig. 7.7, the size of
the quantum dot should be smaller than 2 or 3 nm. In this
case the spacing between single-electron energy levels AE will
be much larger than the thermal energy and there will appear
new quantum effects. Ishikuro et al. [4] fabricated the SET in the
form of point-contact MOSFETs with various channel widths using
electron beam lithography and the anisotropic etching technique
on a silicon-on-insulator substrate. The device with an extremely
narrow channel shows CB oscillations at room temperature. At a low
temperature, negative differential conductance and fine structures
are superposed on the device characteristics, which are attributed
to the quantum mechanical effects in the quantum dot.

The schematic view of the point-contact MOSFET is shown in
Fig. 7.15 [4]. It is found that the device with a 30 nm width shows
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Figure 7.15 Schematic view of the point-contact MOSFET.

normal MOSFET operation even at 4.2 K. As the width decreases,
the drain current decreases and, when the channel is extremely
narrow, the device shows clear CB oscillations, which indicates that
the channel is separated by tunnel barriers.

Figure 7.4 shows the drain current as a function of V. The
temperature is changed from room temperature down to 21 K.
The CB oscillation can be observed even at room temperature.
Different from the CB characteristics of the semi-classical model,
(i) the intervals between the peaks are not constant and (ii)
negative differential conductance (NDC) and the fine structures are
superposed on the I4s — Vys characteristics. From the experimental
results one can estimate that the single-electron charging energy
Ec = 58 meV and the spacing between quantum levels AE =
30 meV, which are all much larger than the thermal energy at room
temperature. Knowing E¢, one obtains C; = 0.085, Cq = 0.50, (s =
0.80, and Csyp = 0.009 aF. Suppose the quantum dot is spherical and
its diameter is estimated to be 6 nm.

Figure 7.16 shows the three-dimensional (3D) plot of the I4s as a
function of the V; and Vs at 4.2 K [4]. Clear rhombus shapes caused
by CB oscillations are observed. NDCs and fine structures appear in
parallel with the sides of the rhombus shapes.
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Saitoh et al. [5] reported room temperature (RT) observation
of NDC in a silicon single-dot single-hole transistor (SHT). They
reduced the dot size to as small as 2 nm by improving the fabrication
technique. In the single-dot SHT, both large CB oscillation and clear
NDC due to large quantum-level spacing AE are observed at RT. The
NDC appears as clearly as CB oscillations in the present SHT so the
merged current blockade region (extended CB region) is observed.

The schematic of the point-contact MOSFET SHT is shown in
Fig. 7.17a [5]. Two rectangles A and A" form the source and drain,
and at the opposite angles a SHT (a single dot sandwiched by
two tunneling barriers) is self-formed in the point-contact channel.
To reduce the channel thickness as well as the channel width,
they removed the buried oxide (BOX) just under the point-contact
channel by hydrogen fluoride (HF). As a result, the etching of
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Figure 7.17 (a) Schematic of the point-contact MOSFET SHT. (b) The point-
contact channel before and after SCI (NH,OH/H,0,/H,0) etching.

the channel proceeds from both the top and the bottom and the
channel thickness is effectively reduced while the source/drain
silicon on insulator (SOI) regions are kept relatively thick, as shown
in Figs. 7.17b and 7.17c. The height and the width of the final channel
are estimated to be less than 5 nm.

The drain current /4 as a function of the gate voltage V; at RT is
shown in Fig. 7.18a [5]. A large CB oscillation with one current peak
is observed. The peak-valley current ratio (PVCR) is as high as 40.4.
An enormously high PVCR of the observed CB oscillation indicates an
ultra-small dot is successfully formed in the extremely constricted
channel. Figure 7.18b shows /4 as a function of the drain voltage Vys
at RT. In the negative Vg region, clear NDC with the PVCR of 11.8 is
observed.

The most probable origin of clear NDC in the single-dot
SETs/SHTs is the resonant tunneling at the source-side barrier due
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Figure 7.18 (a) Drain current I4 as a function of the gate voltage V; at RT.
(b) I4 as a function of the drain voltage Vg, at RT.

to large AE in the ultra-small dot. The schematics of the conduction
band profile in a SET with an ultra-small dot are shown in Fig. 7.19a
[5]. For simplicity, electron transport in SETs is considered instead
of hole transport in SHTs. Since AE is much larger than the
thermal energy at RT in the present device, electrons in the source
cannot tunnel to the excited states in the dot and only ground
state is accessible. At low Vg, the tunneling rate of electrons from
the source to the dot is relatively high because electrons tunnel
through the thin tunneling barrier close to the Fermi level in the
source. As Vys increases, the energy levels in the dot fall down
and electrons must tunnel through the thicker barrier close to the
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Figure 7.19 (a) Schematics of the conduction band profile in a SET with an
ultra-small dot. (b) Comparison of the calculated I4 — Vys characteristics of
the SHT with a 2 nm spherical silicon dot and the experimental data.

band edge in the source. Consequently, the tunneling rate decreases
and NDC appears. Figure 7.18b compares the calculated Iy — Vg
characteristics of the SHT with a 2 nm spherical silicon dot and the
experimental data; the agreement is good.

The contour plots of the differential conductance d14/9Vys and
I4 as a function of V; and Vys are shown in Figs. 7.20a and 7.20b,
respectively [5]. In Fig. 7.20a two rhombus-shaped CB regions and
a large NDC region are observed. In Fig. 7.20b the CB region is
extended from low Vys to negative and high V45 as a result of the
existence of the large NDC region. Such extended CB region and
the NDC region have so far been observed only at a much low
temperature. The NDC in a single-dot SHT is very simple and more
suitable for circuit application.
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Figure 7.20 Contour plot of the differential conductance d14/9Vys (a) and
I4 (b) as a function of V, and Vg, respectively.

7.4 Si Set Used as a Logic Circuit

The ultimate aim of the Si SET is to fabricate VLSI with ultra-high
device density and ultra-low power loss. The single-electron logic
circuit can be divided into two kinds: one is the CMOS-like SET logic
circuit, in which the SET is used as an on/off switch device, similar
to the general MOSFET in a CMOS logic circuit; and the other is the
charging state logic circuit, where one bite is represented by one
electron.

Ono et al. [6] fabricated a complementary single-electron
inverter in which two identical SETs are packed on a silicon-on-
insulator substrate (see Fig. 7.12). The resulting circuit occupies a
very small area: 100 x 100 nm for each SET. For complementary
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operation, the electric characteristics of one of the SETs are shifted
using a side gate situated near the SET. The structure of the
complementary single-electron inverter is shown in Fig. 7.21a [6],
the equivalent circuit is shown in Fig. 7.21c, and the scanning
electron microscope (SEM) image of the inverter is shown in
Fig. 7.21b. The flow of electrons is indicated by the arrows. In the
equivalent circuit, Viy and Voyr represent the input and output
voltages. Vpp, Va, and Vg are the voltages applied to the power-
supply terminal and the two side gates, A and B, respectively.

Figure 7.22a shows input-output transfer characteristics of the
inverter for a power-supply voltage Vpp of 20 mV [6]. For this
measurement, a negative constant voltage (Vg = — 7 V) was applied
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Figure 7.22 (a) Input-output transfer characteristics of the inverter for a
power-supply voltage Vpp of 20 mV. (b) Drain-current characteristics of the
two SETs for the drain voltage of 20 mV with the same side-gate voltage
Va =0Vand Vg = — 7 V. (c) Output voltage for a square-wave input with an
amplitude of 20 mV.

to the side gate B to shift the current curve of SET B in the positive
Vin direction while gate A was grounded. Thus SET A and SET
B operated as p- and n-type transistors, respectively. The drain-
current characteristics of the two SETs for the drain voltage of 20 mV
with the same side-gate voltage V4 = 0 Vand Vg = — 7 V are shown
in Fig. 7.22b. The output voltage for a square-wave input with an
amplitude of 20 mV is shown in Fig. 7.22c. The amplitude of the
output is nearly the same as that of the input and the power supply
voltage. But the switching speed is low, and it is caused by the slow
response of the external circuit due to a large capacitance in the
measurement system.
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Figure 7.23 (a) Switching operation for a square-wave input with an
amplitude of 50 mV. (b) Corresponding conductance characteristics of SET
1 (solid curve) and SET 2 (dotted curve).

Ono et al. [7] fabricated a Si SET current switching device on the
basis of the Si SET inverter. The structure of the switching device is
similar to that of the inverter. The switching operation for a square-
wave input with an amplitude of 50 mV is shown in Fig. 7.23a
[7], and the corresponding conductance characteristics of SET 1
(solid curve) and SET 2 (dotted curve) are shown in Fig. 7.23b. §V,
represents the amplitude of the square-wave input. Similarly, the
switching speed is low.

The main shortcoming of the Si SET used as a device is that
the speed is too slow. Apart from the tunneling resistance R,
there is also the parasitic resistance of the external circuit. Due
to the uncertainty relation R; should be larger than the quantum
resistance h/e? ~ 25.8 kQ (see Eq. 7.11). The parasitic resistance
comes from the undoped ultra-thin SOI region between the channel
and the gate, which is serially connected with the intrinsic SET,
resulting in large parasitic resistance. Although the upper limit
of the peak conductance of SETs is determined by the quantum
conductance (= e?/h ~ 38.8 uS), further degradation of the peak
conductance due to parasitic series resistance is a crucial issue.

Saitoh et al. [8] improved the silicon point-contact SET (see
Fig. 7.17). By narrowing only the point-contact region and sup-
pressing the parasitic series resistance, a peak conductance as
large as 8.8 uS and single-electron addition energy as large as
128 meV are simultaneously obtained. Figure 7.24 shows the
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Figure 7.24 4 — V, characteristics of the fabricated SET at a fixed Vg5 =
10 mV at several temperatures.

Iq — Vg characteristics of the fabricated SET at a fixed Vg5 =
10 mV at several temperatures [8]. In Fig. 7.24 the conductance
of the second peak at 8 K is 8.8 uS, which is much larger than
the reported values (usually about 0.1 uS). This indicates that the
relatively thick SOI layer successfully suppresses the parasitic series
resistance. In the meantime, the height of the second peak decreases
with an increasing temperature from 8 to 77 K. This temperature
dependence is quite different from previously reported Si SETSs,
where the peak current increases with an increasing temperature.
Since in this SET the quantum-level spacing AE is sufficiently large,
only one quantum level, closest to the Fermi level, contributes
significantly to one current peak when kg7 < AE; the integrated
area of one peak is independent of temperature. Therefore, the
peak conductance decreases as the temperature increases and
the peak width broadens. However, the first current peak keeps
almost constant with an increasing temperature. This is because
the conductance of the first peak is easily affected by the tunneling
through the next level with higher coupling to reservoirs at a
relatively high temperature.
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Iq — Vg curve has its peak, at several temperatures.

Figure 7.25 shows the Iq — Vs characteristics at a fixed Vg =
4.55 V, where the Ig — V; curve has its peak, at several temperatures
[8]- A current staircase is observed at 8 K, and the fine structure
(nonlinear behavior) persists up to 77 K. In this case, the staircase
feature arises from the discreteness of quantum levels. When kgT
« AE, only the ground state is accessible for an electron for a low
drain voltage and the current is kept constant until a drain voltage
at which the first excited state becomes aligned with the Fermi level
in the reservoirs and begins to contribute to conduction. Thus, each
plateau of the staircase corresponds to a different quantum state in
the dot.

The energy spacing between the ground state and the first
excited state AE can be derived from the drain voltage at which the
drain current starts to increase from the first plateau, because the
first excited state starts to contribute to electron transport at this
drain voltage. Because the onset drain voltage is about 0.05 V in Fig.
7.25, the quantum-level spacing is estimated to be about 19 meV.
The coulomb charging energy is roughly estimated to be 109 meV as
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the difference between the single-electron addition energy and the
quantum-level spacing.
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Chapter 8

Silicon Single-Electron Memory

Memory is the first and foremost application of silicon single-
electron devices (SEDs) and has been extensively researched. One
reason is that the SEDs can operate in smaller dimensions and
this directly leads to the increased memory density. Another is
that memory usually has a periodic and simple structure and this
is expected to make the implementation of the emerging devices
straightforward. The scaling limit in the current silicon memories,
both flash memory and dynamic random access memory (DRAM),
also adds to the demand for single-electron memories.

The memory unit with a discrete trap-like memory node has
attracted much attention because it operates using fewer electrons
and can possibly operate at a high density, a high speed, and low
power dissipation. In these memories, the memory node includes
floating-node type or natural nitride trap and semiconductor
nanocrystals. The electrons are injected into the memory node,
causing the shift of the critical voltage, whose principle is the
same as that of general erasable programmable read-only memories
(EPROMSs) or electrically erasable and programmable read-only
memories (FEPROMs), but the total number of electrons involved in
the memory node is far less than the latter. This kind of memory is
called a few-carriers memory.
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8.1 Memory of Floating-Gate-Node Type

Most of the proposed single-electron memories are floating-node
types, in which a limited number of electrons are stored in the
floating memory node and the presence of the charge is detected
by a charge-sensing device. SEDs can be used in either electron
storage or charge sensing schemes. Both schemes are shown in
Figs. 8.1 and 8.2 [1], respectively. Possible combinations of them are
numerous.

A distinctive device in electron storage schemes is the electron
trap, which consists of one, two, or more serial tunnel junctions and
a capacitor (Fig. 8.1a-c). Another electron storage scheme is based
on a serially connected transistor and a storage capacitor (Figs. 8.1d
and 8.1e). Since transistors are three-terminal devices, this scheme
provides flexibility in memory operations. Figure 8.2 shows various
kinds of charge-sensing devices used in single-electron memories.
Their drain current is modulated by the charge in the memory
node. Thus the memory charge can be detected by the current of
the sensing line. Apart from the single-electron transistor (SET)
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Figure 8.1 Various electron storage schemes used in single-electron
memories.
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Figure 8.2 Various kinds of charge-sensing devices used in single-electron
memories.

and multiple-tunnel-junction (MT]) SET, the minimum metal-oxide
semiconductor field-effect transistor (MOSFET) is also sensitive
enough to detect a single electron.

In the relationship between the potential of the memory node V
and the gate voltage Vg, Fig. 8.3 [1], tunneling of the electron into and
out of the memory node is prohibited by the Coulomb blockade (CB)
in the region —Q./C < V < Q./C. The critical charge Q. is given by

eC [1+A
o= <2> , 81)

where Cy is the total capacitance C + Cg, C is the capacitance of the
MT]J, and Cg is the gate capacitance. A determines a multiple value
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Figure 8.3 Potential of the memory node V as a function of gate voltage V,
for double- and multiple-tunnel-junction traps.
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Figure 8.4 Electrostatic energy of the MT] trap system with an extra
electron as a function of its position when V; = 0 and C,/C =3 [1].

condition, given by

B 1\ C,
A_G—N>C, (8.2)

where N is the number of serially connected tunnel junctions.

The operation principle of the memory is shown in Fig. 8.3 [1].
V increases with a slope of C;/Cs until the boundary of the CB
regime (V = Q./C) is reached, where an electron tunnels into the
memory node and the V drops abruptly by e/Cs. Even if the V,
sweep is reversed, the electron is trapped until the sweep reaches
the other boundary (V = —Q./C), where the electron tunnels out of
the memory node. Thus a hysteresis loop appears, and bistability is
attainedat V; =0for1 < A < 3.

The stability of a trapped electron can be assessed by calculating
the electrostatic energy of the system as a function of the position of
an extra electron, see Fig. 8.4 [1]. For the number of tunnel junctions
more than one (N > 1), the curves become convex and an energy
barrier appears between states with and without an extra electron in
the memory node. This results in the stable storage of an electron in
the node. If there is only one tunnel node (N = 1) the stable storage
is impossible, only if the tunnel resistance is nonlinear, as shown in
Fig. 8.1a.
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Figure 8.5 (a) Scanning electron micrograph of the compact silicon single-
electron memory cell. (b) Equivalent circuit of the memory cell.

8.2 Si Set Used as Memory

Stone et al. [2] fabricated a compact single-electron memory in
silicon, which is based on the CB effect observed in highly doped
silicon nanowires. The circuit shows clear memory operation with
a > 100 mV gap between “0” and “1” levels when tested at a
temperature of 4.2 K. The response of the circuit to write and erase
pulse sequences is also presented. The silicon nanowires used as
MTJs are 500 nm in length and have a width of 50 nm. The devices
were fabricated in a silicon-on-insulator (SOI) material. Figure 8.5
shows a scanning electron micrograph of the compact cell after
oxidation, and the equivalent circuit diagram is shown in Fig. 8.5b
[2]. The memory cell consists of MT]1 and a memory node that
occupies an area of only 0.5 pmz. The second device, MT]2, forms
an electrometer that has the function of detecting the state of the
memory node. Each MT] has a side gate to trim its operating point.
The voltage Vjc controls the amount of charge on the memory node
via capacitor Cy.

Memory operation is demonstrated by the two distinct levels
in the memory node voltage as the voltage Vyc is scanned over a
range as shown in Fig. 8.6a [2]. If V¢ is increased positively from
zero the voltage on the memory node Vy increases until it reaches
+V¢, the CB voltage. Further increase of Vy¢ results in a single
electron flowing through MT]1 onto the memory node, and the node
voltage V) then falls back below the Coulomb gap voltage + V¢ by
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Figure 8.6 (a) Schematic representation of the hysteresis loop in a memory
node voltage Vy as capacitor voltage Vyc is swept. (b) Hysteresis loop at
4.2 K. V¢ is swept in the range of £1.3 V.

an amount e/C (where C is the self-capacitance of the memory
node). A subsequent increase of V¢ adds electrons to the memory
node one by one. If V¢ is reduced toward zero the memory node
voltage will fall finally to —V.. The excess electrons at A in Fig.
8.6a leave the memory node via MT], and Vy is held at —V¢. The
remaining electrons are trapped on the node. If a negative voltage
Vmc is applied to the capacitor electrons are removed one by one
from the node, which remains clamped at — V. The cyclic operation
of Vyc results in the two levels as shown in Fig. 8.6a as parts of a
hysteresis loop—the basis of memory operation. Figure 8.6b shows
the measured current of the MT]2 [g as a function of Vy at 4.2 K,
showing the hysteresis loop.

The response of the memory to “write” and “erase” pulses is
shown in Fig. 8.7 [2]. Positive and negative voltages were applied
alternatively by Vyc separated by read periods of 0 V, while the
memory current was monitored. During the read periods two
distinct levels can be seen at B and D, signifying the “0” and “1”
states. The change in current between B and D is determined by
the CB gap, which is set by the trimming gate V1 of MT]1. The self-
capacitance of the island was estimated to be 100 aF. For a Coulomb
gap of 0.05 V this would give an excess or shortfall of 30 electrons at
two levels of Vy in Fig. 8.7b.

Takahashi et al. [3] fabricated a Si memory device composed of
a small one-dimensional (1D) Si-wire MOSFET and a SET. The 1D
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Figure 8.7 Memory read-write characteristics of single-electron memory.
(a) Drive pulse wave form. (b) Electrometer output pulses monitoring the
memory node.

MOSFET provides a very steep subthreshold slope that is very close
to the physical limit at room temperature. This guarantees a low-
voltage operation as well as a small size. The very small number of
stored electrons is detected by a highly sensitive SET electrometer.
The device can operate with an extremely small number of electrons,
which ensures ultra-low-power and high-speed operation.

The SEM image of the Si memory device is shown in Fig. 8.83,
and its equivalent circuit is shown in Fig. 8.8b [3]. The memory
node is connected via the 1D MOSFET to an electron reservoir
(side electrode). By using the MOSFET to control electron transport
between the memory node and the side electrode, high write/erase
speed can be achieved without sacrificing retention time. This is
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Figure 8.8 (a) SEM image of the Si memory device. (b) Its equivalent circuit.

in contrast to flash-memory-type single-electron memories, whose
operating speed is limited by the low tunneling rate between the
memory island and the channel to ensure sufficient storage time.
The SET is used to sense a small number of electrons stored in the
memory node. The Iq4 — Vy characteristic of the device with the
initially 30 nm wide 1D MOSFET with the 80 nm long gate shows
that the conductance is remarkably high in spite of a channel width
of only 20 nm. This guarantees a high driving capacity of the 1D
MOSFET connected to the small memory node.

Figure 8.9 shows how the device state evolves as the lower-gate
voltage (Vi) is scanned in the positive direction and then in the
reverse direction [3]. Initially, V}; was set at a low voltage of —2.7 V,
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Figure 8.9 Hysteresis characteristics of the SET current representing the
“write” and “erase” actions of the Si memory device.

at which the channel of the 1D MOSFET was closed. Then the side-
electrode voltage V. was changed from 0 V to —1 V before the start
of the Vi scan at various scan speeds. The rapid fall of the SET
current at Vg of about —2.3 V, where the 1D MOSFET is turned on,
corresponds to the “write” action. The written information is held
while Vjg is scanned back because the 1D MOSFET is turned off.
The number of electrons in the memory node for a “write” voltage
is estimated to be about 100. In Fig. 8.9 the threshold gate voltage
at which the write operation occurs becomes lower as the scanning
speed of Vjg decreases. This indicates that electron writing proceeds
very slowly through the 1D MOSFET at gate voltages slightly lower
than the threshold.

8.3 Floating Gate Memory Operating at Room
Temperature

Guo et al. [4] fabricated a room-temperature silicon SET memory
that consists of (i) a narrow channel MOSFET with a width (~10 nm)
smaller than the Debye screening length of single electron and (ii)
a nanoscale polysilicon dot (7 nm x 7 nm) as the floating gate
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Figure 8.10 Schematic of a single-electron MOS memory that has a narrow
silicon channel and a nanoscale polysilicon dot as the floating gate. The
cross-section view illustrates the floating gate and the channel region.

embedded between the channel and the control gate. They observed
that storing one electron on the floating gate can significantly
screen the channel from the potential on the control gate, leading
to a discrete shift in the threshold voltage, a staircase relationship
between the charging voltage and the threshold shift.

Figure 8.10 shows the schematic of the single-electron MOS
memory [4]. The polysilicon dot and the Si channel is formed
by thermal oxidation, which would consume silicon, reducing the
thickness of the polysilicon dot by about 9 nm and the lateral
size of the dot and the silicon channel width by about 18 nm.
It is noted that no tunnel oxide is intentionally added between
the channel and the polysilicon floating gate. This will allow fast
charging and minimize the potential difference between the channel
and the floating dot during the charging process, so the CB effect can
regulate the number of electrons stored on the floating dot gate for a
given charging voltage. The potential barrier still exists between the
channel and the floating gate because of the grain boundary and a
thin native oxide.

First, a voltage pulse positive relative to the ground source was
applied to the control gate and the drain voltage was maintained
at 50 mV. This caused the electrons to tunnel from the channel to
the floating dot. At various gate pulse voltages from 2 to 14 V the
measured [-V characteristics are shown in Fig. 8.11 [4]. Despite
a continuous charge voltage, the threshold voltage (defined as the
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Figure 8.11 Room temperature [-V characteristics of the device before
and after the charges are stored onto the floating dot.

gate voltage at which the drain current reaches 100 pA) always
shifts a discrete increment of about 55 mV and each threshold shift
corresponds to a charging voltage interval of ~4 V.

Therefore, there is a staircase relation between the threshold
voltage shift and the charging voltage, as shown in Fig. 8.12a [4].
Moreover, for a given charging voltage, the threshold shift is self-
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Figure 8.12 (a) Threshold voltage as a function of the charging voltage on
the control gate, showing a staircase relation with ~4 V for each stair. (b)
Threshold voltage as a function of the charging time, while the charging
voltage is fixed at 10 V.
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limited, the threshold voltage shift is independent of the charging
time, as shown in Fig. 8.12b. Since there is no intentional tunnel
oxide, the charge stored at the floating gate can be held for an
average of 5 s after the control-gate potential is set back to the
ground, and after 5 s the threshold voltage of the device returns to
its origin value (the first /-V on the left in Fig. 8.11).

Nakajima et al. [5] fabricated seemingly at the same time a Si
single-electron field-effect transistor (FET) memory device having
a self-aligned floating dot gate. This device demonstrates single-
electron memory operation at room temperature. Figure 8.13a
shows the structure of this FET memory and 8.13b the cross-section
view of the structure along the a — a’ line in Fig. 8.13a [5]. By use
of the self-aligned manufacture a floating dot having a side length of
about 30 nm is located on a narrow channel wire. The channel width
is equal to or slightly larger than the floating dot. Finally, a second
gate oxide 200 nm thick and a poly-Si control gate were deposited
by low-pressure chemical vapor deposition (LPCVD).

Figure 8.14 shows the typical drain current /4 versus gate voltage
V; characteristics of the device [5]. For the device having a floating
dot (Fig. 8.14a), an increasing V; produced an Iy shift at a V; of
3.9 V. However, with a decrease of Vg, the Iy shift did not occur,
indicating a hysteresis of the Iy — V; curve. It means that the V,
reaches the CB boundary and an electron enters into the floating
gate dot, resulting in the I4 shift. With a subsequent V; increase
(Fig. 8.14b), an additional I4 shift occurred at 5.1V, the Vj, at which
the I, shift occurred, is called threshold voltage Vi, (3.9, 5.1 V). For
the device without a floating dot (Fig. 8.14c) such a quantized Vy,
shift and the Iq — Vj curve hysteresis could not be observed.

From Figs. 8.14b and 8.14a the neighboring threshold voltages
Vi separation AV, is 1.2 V and the quantized threshold voltage
AV, is 0.1 V, which are related to the capacitances,

A‘/ -
v Cgt'
and
th C c C . ( )

where Cg is the capacitance between the control gate and the
floating dot gate, which is estimated to be 0.16 aF from the
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Figure 8.13 (a) Schematic diagram of Si single-electron FET memory with
a self-aligned floating gate. (b) Cross-section view along the a — a’ line.

geometrical factors of the device. The AV, is calculated to be 1.0 V,
which is close to that obtained from measurement 1.2 V. Cy is the
capacitance between the control gate and the narrow channel wire,
which is estimated to be 1.4 aF, giving AVy, a value of 0.1 V, in
agreement with the measurement result.

8.4 Silicon Nanocrystal-Based Memory

The floating gates introduced in above sections are fabricated
by lithography technology. The size of dots is limited by the
manufacture condition. This section introduces a new kind of
quantum dot (nanocrystals) formed by the chemical method. Tiwan
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etal. [6] fabricated a new memory structure using threshold shifting
from charge stored in nanocrystals of silicon (~5 nm in size). A
threshold voltage shift of 0.2-0.4 V with read and write times less
than hundreds of a nanosecond at an operating voltage below 2.5 V
has been obtained experimentally. The retention times are measured
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Figure 8.15 (a) Schematic cross section of the device. (b-d) Band diagram
for (b) injection, (c) storage, and (d) removal of an electron from a
nanocrystal.

in days and weeks, and the structure has been operated in excess of
10° cycles without degradation in performance.

Figure 8.15 shows a schematic cross section and band diagram
during injection (write cycle), storage (store), and removal (erasure)
of an electron in the device [6]. A thin tunneling oxide (1.1-1.8 nm
thick) separates the inversion surface of an n-channel silicon FET
from a distributed film of nanocrystals of silicon that covers the
entire surface channel region. A thicker tunneling oxide (4.5 nm or
thicker) separates the nanocrystals from the control gate of the FET.
An injection of an electron occurs from the inversion layer via direct
tunneling when the control gate is forward biased with respect to
the source and drain. The resulting stored charge screens the gate
charge and reduces the conduction in the inversion layer, that is,
it effectively shifts the threshold voltage of the device to be more
positive, whose magnitude for a single electron per nanocrystal is
approximately given by

en le
AVip = — (tc + tw> , (8.4)
ox 2 &g
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Figure 8.16 A demonstration of the bistability as a result of injection of
electrons into nanocrystals. The characteristics are measured with a 20 ns
gate voltage pulse.

where AVy, is the threshold voltage shift, ¢, is the thickness of
the control oxide under the gate, t, is the linear dimension of the
nanocrystal well, the ¢’s are the permittivities, g is the magnitude of
the electronic charge, and n,, is the density of nanocrystals. For ¢, =
5nm, 5 nm apart, n, = 1 x 10?2 cm~?, t. = 7 nm, and the threshold
shift is nearly 0.36 V for one electron per nanocrystal. This is easily
current-sensed.

Figure 8.16 shows the drain current-gate voltage characteristics
in the presence and absence of electrons in nanocrystals [6]. The
characteristics are obtained using 20 ns pulses, applied between
gate and grounded source, with the drain maintained at 100 mV.
The threshold shift of ~0.25 V under a 1.25 V static gate bias
shows the effect of the storage of electrons, estimated to be one
electron per nanocrystal. At a 3 V static gate bias the threshold shift
is nearly 1.2 V, corresponding to a larger number of electrons per
nanocrystal.
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The refresh times for the structures are very large, that is, the
stored charge does not leak out in accurately measurable times at
room temperature. Leakage of the charge occurs either laterally by
conduction between the nanocrystals or from the silicon surface
with an eventual path to the n*-doped source and drain regions.
The band alignment is unfavorable for tunneling, and the charge
movement within the bulk silicon requires diffusion of carriers.
Thus, the nanomemory has a long retention time. The write time
constants are about 100 ns, which are in the range of theoretical
expectations, and should scale exponentially with a reduction in the
tunneling oxide thickness. The corollary to the long refresh time is
an increase in erase times for the charge. Complete removal of the
charge requires milliseconds at voltages of 3 V and above.

Applying a pulse voltage of £2.5 V can complete a circle of
writing (1 ps) and erasing (1 ms). The test shows that after 10°
circles the threshold voltages persist basically unchanged. It is due
to direct tunneling in the charging and discharging of the structure
to prevent hot-carrier degradation. Besides, the test used a smaller
nanocrystal density to limit power dissipation.

8.5 Retention Property of Nanocrystal Floating
Memory

The key of the non-volatility memory of the nanocrystal floating
memory is the long period retention property of the electrons in
the memory. When some electrons are stored in the nanocrystals,
under a selected voltage the stored electrons have a probability
to tunnel out of the nanocrystal, leading to a gradual change
of the channel current. This gradual change reflects directly the
information of the potential height/width, internal electric field,
defects, interface states, etc. Thus, research of the time variation of
the memory window and the charging and discharging behavior of
the Si nanocrystal will clearly explain the retention property of the
Si nanocrystal memory devices.

Hinds et al. [7] studied the lifetime of the emission of a single
electron stored in a nanocrystalline Si (nc-Si) dot in order to
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Figure 8.17 (a) Schematic of a single-electron memory device isolating a
single nc-Si and a floating gate memory node. (b) Planar scanning electron
microscopy view of a representative memory device showing a single nc-Si
dot near the center of the narrow channel active region.

understand the physical processes for memory application. The
schematic of the FET with nc-Si floating gate nodes is shown in
Fig. 8.17a [7]. A small active area FET channel (50 x 25 nm) is
defined by electron beam lithography on a thin (20 nm) SOI channel
and allows for the electric isolation of a single nc-Si dot. Remote
plasma-enhanced chemical vapor deposition is used to form 8 +
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Figure 8.18 Time dependence of the channel current after the writing
process.

1 nm diameter nc-Si dots. Electrons stored in a dot result in an
observed discrete threshold shift of 90 mV.

For a 25 nm wide channel and a gate oxide thickness of 50 nm
the observed shift in Vy, is 90 mV. Notable is the discrete step in
drain current at a constant gate bias after a writing pulse as shown in
Fig. 8.18 [7]. A stepwise increase in drain current clearly shows the
discrete emission of an electron from the nc-Si dot. The data shown
in Fig. 8.18 is arepresentative example of memory lifetime, and there
was a significant distribution of lifetimes for other pulses under the
same conditions. For the erase voltage V. = —2.25 to —0.25 V and
T = 295 K the distribution of the measured memory lifetime is
quite broad, with the mean value being nearly equal to the standard
deviation. The median lifetime as a function of gate bias is shown
in Fig. 8.19 [7]. The shown curves are calculated from a polarizable
Schrodinger equation for a 1D confined potential well at the given
nc-Si dot diameter. Most notable is the rather small dependence
of lifetime on bias over a large voltage range and different slopes
for positive and negative biases. The temperature dependence of
lifetime is seen to be proportional to 1/T 2, which is consistent with
a direct tunneling process.
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Figure 8.19 Observed median lifetime (solid points) of a nc-Si memory
device as a function of applied gate bias.

Because the lifetime has a weak dependence on the gate bias,
it is able to infer that the observed electron emission in the nc-Si
memory is not from a defect site on the SOI channel/SiO, interface
or from the nc-Si/Si0; interface. Thus, the stored electron behaves
as if it were delocalized over the whole dot. To explain the lifetime
as a function of applied gate bias, an important concept is that the
electron will be attracted to the top of the dot with a positive bias,
thus reducing the tunnel current from the bottom of the dot into the
channel. And in the negative bias the electron will be attracted to the
bottom of the dot, increasing the tunnel current. Figure 8.19 shows
the calculated lifetimes as a function of gate bias for three different
nc-Si dot diameters. The lifetime can be improved by increasing the
tunnel oxide thickness, but this would also increase the write and
erase times in a similar fashion. To improve the retention time while
not increasing write and erase times it is possible to take advantage
of the shallow interfacial traps on the nc-Si interface, for example,
the SizNy trap.

Saitoh et al. [8] proposed an ultra-narrow silicon floating gate
memory, in which the channel width is scaled to sub-10 nm. In
this ultra-narrow-channel memory a larger threshold voltage shift
has been observed than in the wide-channel memory. From the
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Figure 8.20 (a) Room-temperature hysteresis characteristics of the devices
with various channel widths. (b) Measured and calculated results of the
channel width dependence of A Vy,.

numerical calculation, it turns out that this is caused by bottleneck
regions that dominate the conductance of the whole channel in the
ultra-narrow channel. Moreover, a longer charge-retention time has
been also obtained in this device.

Figure 8.20a shows the drain current I4 as a function of the gate
voltage V; with a drain voltage Vys = 100 mV for different channel
widths at room temperature [8]. V, scan proceeds from —1 to 10 V
and back to —1 V. Hysteresis loops are observed in all the devices,
and AVy, increases as the channel width decreases. Figure 8.20b
shows measured AVy, as a function of estimated channel width.
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Figure 8.21 Calculated results of the potential distribution in a 75 nm wide
channel and a 10 nm wide channel.

When the channel is narrower than 25 nm, AV}, rapidly increases.
The characteristics of 5 um wide devices (also shown in Fig. 8.20b)
are almost the same as 75 nm wide channel devices. From AVy, in
the wide-channel devices, the average number of electrons per dot
is estimated to be approximately 0.25.

To understand the mechanism of the large AVy, in the ultra-
narrow channel, the potential distributions are calculated ina 75 nm
wide channel and a 10 nm wide channel when one-fourth of the dots
are occupied by one electron, and the results are shown in Fig. 8.21
[8]. In the wide channel, the current can flow through the wide and
low-potential region. In the ultra-narrow channel, the current path
is completely blocked at the bottleneck region where one dot covers
almost the entire channel (bottleneck effect). Moreover, the average
potential in the ultra-narrow channel is higher than in the wide
channel because of the effects of dots on the side surfaces. These
effects are the origins of large AVy, in the ultra-narrow devices.

Figure 8.22a shows the measured retention characteristics [8].
First change the gate voltage from 0 to 10 V (write) or —10 V (erase),
and then suddenly change the gate voltage to 0 at a time ¢t = 0. V},
was measured several times afterward. It is apparent that the ultra-
narrow channel (5 nm) device has a wider memory window than
the wide channel (5 um) device at 10* s after programming. Even
in comparison to normalized A Vy,, the ultra-narrow channel device
has longer retention time, as shown in Fig. 8.22b. In the time scale,
the retention time in the 5 nm wide channel device is five times
longer.
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Figure 8.22 (a) Measured retention characteristics in a 5 nm wide device
and a 5 um wide device. (b) Retention characteristics when AVy, is
normalized to the value at 1 s.

Longer retention time in the ultra-narrow-channel devices can
be explained by the following two mechanisms. One is a classical
bottleneck effect. The linear relationship between AV, and the total
number of electrons in dots is valid for the wide channel device,
while a strong nonlinear relationship exists for the ultra-narrow-
channel device. This is because a small number of electrons in
several bottleneck regions dominate the conductance of the whole
channel and the influence of one electron is much larger in the ultra-
narrow-channel devices. It is found that when electrons are emitted
from dots and the total number of electrons is decreased by 90%,
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Figure 8.23 Schematic diagram of Si self-aligned doubly stacked dot
memory.

AVy, decreases by 90% in the 75 nm wide channel device and by
61% in the 5 nm wide channel device. The other mechanism is the
quantum confinement effect. The tunneling rate from a dot to the
ultra-narrow channel is lower than that to the wide channel because
the ground energy level in the ultra-narrow channel is lifted up
due to the increased quantum confinement.

The manufacture of an ultra-narrow channel is difficult. Ohba
et al. [9] proposed a Si dot memory whose floating gate consists of
self-aligned doubly stacked Si dots, as shown in Fig. 8.23. A smaller
Si dot exists immediately below an upper dot and lies over the thin
tunnel oxide. It is experimentally shown that charge retention is
improved compared to the usual single layer Si dot memory. Due to
the quantum confinement effect and the CB effect of the lower layer
dots, the energy of electronic states increases and the tunneling rate
of electrons in the upper layer dots through the lower layer dots
decreases, leading to increase of the retention time.

The upper diagram in Fig. 8.24 shows the energy band diagrams
in a low-gate-voltage (V) region [9], and V. represents the voltage
difference between the channel and the charged Si dot. In the
usual single-dot memory the electrons only pass through a thin
tunnel oxide. However, in the doubly stacked dot memory, the tunnel
probability P will decrease by the energy barrier height AE, which
is due to CB and quantum confinement in the lower Si dot. Since
the lower dot is smaller than the upper dot, AE will be determined
by the lower dot size effects. The ratio of tunnel probability
Qret = Pisingle/ Pidouble i @ low-voltage region is a measure of
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Figure 8.24 Upper diagram: In a low V; region. Lower diagram: In write
operation the energy band diagrams for single and double-dot memory.

retention improvement of the double-dot memory compared to the
single-dot one. The retention improvement factor is obtained as

2kgT AE
Aret = & (Vegg = 0) = ( > sinh <) . 8.5
ret eff AE kBT ( )

The exponential dependence on AE is very important.

Figure 8.25 shows the retention factor o as a function of AE at
300 K. With a decrease of the lower dot diameter the o, increases
in orders of magnitude. Though the w/e speed reduction factor /e
is small and less than 10, the retention is improved exponentially.

The lower diagram of Fig. 8.24 shows the band diagram in write
operations. When the write/erase process is in the |Veg|> 2AE, a
high speed will be possible in the double-dot memory because there
is no energy barrier in the tunneling process. As in the retention

follows:
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Figure 8.25 Retention improvement factor o, as a function of AE. The
corresponding lower Si dot diameter D is plotted in the upper abscissa. o,
is the velocity reduction factor.

case, the current ratio oy /e is a measure of the speed reduction. The
speed reduction factor is approximately expressed as

Qwje =0 (Veff > (8.6)

eff

)

It is important that a,,/. have no exponential dependence on AE.
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Figure 8.26 Time dependence of the memory window at the same bias
condition for the double-dot memory, the double-dot memory with larger
dots, and the single-dot memory:.
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Figure 8.26 shows the time dependence of the memory window
at the same bias condition for the double-dot memory, the double-
dot memory with larger dots, and the single-dot memory [9]. The
value for a 5 nm lower dot memory (solid dots) is larger than that
for the single-dot memory (empty circle) by more than 10? times,
consistent with the retention factor a et & 300 in Fig. 8.25. For the
larger double-dot memory (dashed line) AVy, disappears at 10* s,
corresponding to oy & 30 in Fig. 8.25.
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Chapter 9

Properties of Quantum Transport

9.1 Characteristic Length [1]

In traditional transistors, the electron’s movement is classical. But
when the scale of the device is so small that its scale is about equal
to or smaller than some characteristic lengths, there will be distinct
quantum effects of current.

Electrons in two-dimensional electron gas (2DEG) degenerate at
a low temperature, so their Fermi wave vector can be written as

ke = \/27ns, (9.1)

where ng is the area density of 2DEG. The electrons’ Fermi

wavelength is
2 2
== (9.2)
kF n

For electrons with an area density ng = 5 x 10! cm~2, the Fermi
wavelength is about 35 nm, so it is obviously comparable to the scale
of mesoscopic devices. At a low temperature, the electric current
is contributed mostly by electrons near the Fermi energy; other
electrons with energy less than the Fermi energy do not contribute
to the conductance. Therefore the Fermi wavelength is associated
with the quantum effect of current.
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Electrons that move in a semiconductor will be scattered by
impurities, defects, or phonons. Their momentum relaxation time t,,
and scattering time 75 have the relationship

1 1
— = —0p, (9.3)

Tm Ts
where oy, is a constant between 0 and 1, and it denotes effectiveness
for momentum relaxation of different scatterings.
The mean free path Ly, is defined as the average distance traveled
by an electron before it loses its momentum. So it can be written as

Ly = kpTm, (9.4)
where kg is the Fermi velocity, and for electrons with an area density
ns=>5 x 10! cm~?, on the basis of Eq. 9.1, we obtain:

_ ks h

ki = — = —+/2wng =3 x 10 cm/s, (9.5)
m m

where m* is the electron’s effective mass and my is the rest mass of
an electron. If m* = 0.067 my and 7, = 100 ps, then from Eq. 9.4
Ly, = 30 um can be obtained.

The phase relaxation length is defined as the average distance
traveled by an electron before the electron wave loses its phase.
Similar to the momentum relaxation time t,,,, the phase relaxation
time 7, has the following relationship with the scattering time 7:

1 1

a = T—Caw, (9.6)
where «, is a constant between 0 and 1, and it denotes the
effectiveness for phase destruction of different scattering.

To understand the concept of phase destruction, we imagine an
experiment of an Aharonov-Bohm (AB) ring. The incident electron
beam splits into two at one end of the ring, moves up and down the
two arms, then meets at the other end of the ring. If the lengths
of both arms are the same and the phases of the two waves at the
meeting point are equal, then the amplitude rises. Assume that there
are impurities or defects (named scatterers) randomly distributed in
each arm. They will scatter the passing electron wave. Because these
scatterers are static and elastic, they do not change the electron’s
energy, just change its phase. When the two electron waves meet,
their phases are unequal and so interference reduces the amplitude.



Characteristic Length

Because the scatterers are static, the phase relationship between the
two paths is definite.

If we add a magnetic field perpendicular to the ring, the electron
wave moving up or down an arm get a extra positive or negative
phase shift, which is in proportion to the magnetic flux ® through
the ring. Therefore the amplitude of the output electron wave
oscillates with @, and it is the AB effect. In the case that there are
scatterings in the arms, although the amplitude reduces when ® =0
(the magnetic field is zero), when the strength of the field increases,
the amplitude’s oscillation with ® doesn’t change. When ® reaches
a certain value, the amplitude reaches its maximum. We can say that
the loss of the phase at the scatterings was compensated by the
magnetic field. In this condition, we can consider

a, =0, T, = oo, 9.7)
that is, the elastic scattering of static scatterings doesn’t affect the
phase relaxation time. This fact has been proved by the experiment.
Experiments found that the length of two arms of an AB ring is much
larger than the mean free path L, in general, that is, an electron
has experienced repeatedly the momentum elastic scattering but
experiments still observe the AB oscillation.

A major factor that affects phase relaxation is the inelastic
scattering of electron-phonon. A phonon is one quantum mode of
the lattice vibrations, which is not a static point as an impurity or
a defect, so its scattering on electrons has the property of being
random. As it is inelastic scattering, in every scattering the electron’s
energy will increase or decrease the energy of a phonon. When two
electron waves scattered by phonons meet, the relationship of their
phases is irregular, so the average amplitude of the electron wave
reduces. In summary, rigid scatterers do not contribute to phase
relaxation, only fluctuating scatterers do.

Assume that after time 7, the mean square energy that the
electron gains in phonon scattering is equal to the square of energy
that the electron gains each time multiplied by the number of
scattering:

(Ae)? = (hw)* (7, /1s) (9.8)
where fiw is the energy of a phonon. The phase relaxation time is
defined as that after time 7, the mean square value of an electron’s
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phase change is roughly equal to 1:
Ap ~ (Ae) T, /R~ 1. (9.9)
It can be obtained from Eq. 9.8 and Eq. 9.9:

T\ 1/3
T, = (E) . (9.10)
Therefore for the low-frequency phonon (acoustic phonon), its
influence on the phase relaxation is small. A major factor of phase
relaxation is the optical phonon.

At a low temperature, a major factor of the phase relaxation
is electron-electron scattering. The frequency of electron-electron
scattering is determined by the difference of electron energy E and
Fermi energy Er: A = E — Ef. Because A is smaller, the states
that can be scattered are very few because of the Pauli exclusion
principle. So the probability of scattering goes to zero. In 2DEG, it
has been proved that

hoo A? E

—_~ {ln <F) + const.} . (9.11)
Ty EF A

Because the hot electron’s average energy A =~ kg T, the relationship

between 7, and T is the formula when A is replaced by kgT in
Eq.9.11.

9.2 Phase-Coherent Effect [2]

When electrons pass through a device, if the size of the device is
smaller than electrons’ coherent length (inelastic mean free path),
different waves will interfere. The coherent effect will result in
additional scattering, then reduce the conductivity. In addition, the
coherent effect will result in the AB effect, universal conductance
fluctuation, etc.; all these are named mesoscopic effects.

One of important problems is the conductance fluctuation caused
by the quantum effects. Assume the action area of the gate is 0.1
x 0.05 um? and the carrier concentration in the inversion layer is
2 x 10'2 cm~2. Then there are only 100 electrons under the gate. The
conductance’s change caused by the phase coherence is on the order
of €2/h, about 40 uS. If the normal conductivity is 1000 mS/mm,
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then for a device with a gate width 0.1 pum, the total conductance
is 100 uS. Therefore the conductance fluctuation caused by the
phase coherence is 40% of total conductance, so it will limit the
performance of the device greatly.

In addition, if the orbit of a ballistic electron surrounds an
obstacle, such as an impurity atom, then interference between two
orbits will also result in the phase coherent effect. Especially when
there is a perpendicular magnetic field in the area surrounded by
two orbits, the AB effect will occur. Here the wave function in the
closed loop can be expressed by the integral along the loop:

W ~ exp [; (/IA.dl—/ZA.dlﬂ — exp [2%3«15}

= exp (;DO) , (9.12)

where @, = h/e is the magnetic flux quantum. The electric current
passing through the closed loop will oscillate periodically with the
magnetic flux. When a current of 10 mA pass through the loop, if
there is a magnetic field of 0.02 T, then the AB effect can result in
distinct fluctuation.

9.3 Coulomb Blockade Effects

Experiments found that for a small quantum dot, only when the
electric voltage is larger than a certain value, the electron can pass
through the dot. The reason is that the Coulomb interaction between
the electron in a quantum dot and the electron in a circuit will reject
the entry of the second electron to the quantum dot. Only when
the energy of the electron exceeds the Coulomb interaction energy,
the second electron can enter the quantum dot and the current can
occur. This appearance is named Coulomb blockade (CB) effects, and
the relationship curve between voltage and current has the shape of
a step, which is named the Coulomb staircase. The CB effects have
been observed in 2DEG systems in Si metal-oxide semiconductor
field-effect transistor (Si-MOSFET) and GaAs heterojunction.

From the point of view of a large-scale integrated circuit, all
effects above are unfavorable, and we should avoid these in design.
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On the other hand, these mesoscopic effects may be utilized in
the new generation of electronic devices. For example, in a device
that has a size smaller than the inelastic scattering mean free path,
electrons follow the motion law of quantum mechanics, so we can
utilize properties of quantum interference and quantum waveguide
to design the device and to control the movement of electrons. And
we can design a single-electron transistor by using CB effects, which
can greatly reduce the number of electrons stored in one bit and can
reduce power dissipation of memory devices. Because spin of an
electron has a much longer scattering time and distance than that
of electric charge, we can utilize spin as the information carrier to
design spintronics devices and so on.

9.4 Landauer-Biittiker Formula

Datta first proposed the concept of a quantum device in 1989 [3],
which can only be understood by considering an electron’s wave
property in simple terms. Concepts that can describe an electron’s
movement are no longer scattering probability, relaxation time,
mobility. and so on. For a two-terminal device, assume that a* and
a~ are amplitudes of the electron wave in the income circuit and b
and b~ are amplitudes of the electron wave in the outcome circuit.
Then for a definite energy E, they can be related by a scattering

matrix
_ /
(5)-G& @) oo
b t(E) r'(E) b*
where r(E) and r’(E) denote reflection coefficients and ¢(E) and
t'(E) denote transmission coefficients, which are determined by the
internal potential and structure.

The circuit has a certain width. Then there are transverse modes
with different energies. In common, the transport in the longitudinal
direction is multimode, so the amplitudes a®™ and a~ are column
matrices of size (M; x 1) and b™ and b~ are column matrices of
size (Mp x 1). Similarly, r is a matrix with size (M, x M), t is a
matrix with size (M, x M,), and so on. M, and M, are the number
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of transverse modes in the income circuit and outcome circuit,
respectively.

In Landauer-Bittiker formula, conductance is expressed by
the scattering performance, so this theory is suitable for solving
conductance of a system that is made of different materials or
conductors of different shapes in contact with each other. This
theory is the basic theory in the research on mesoscopic transport.

Suppose an electron moves in an infinite ideal conductor along
the z axis and ignore the positive ions in lattice points and the
scattering of positive electric charge on the electron. In the absence
of a magnetic field (so take no account of the spin), the Hamiltonian

of the electron is
2

p
H=—+4+V(xy), 9.14
C V(%) (9.14)

where V (x, y) is the lateral confinement potential in the wire. On
the basis of the Hamiltonian (Eq. 9.14), we can obtain the system'’s
eigenstate
Vi3, 2) = =0, (0,3), (9.15)
where k is the wave vector along the z direction of the wire,
a denotes the «-th transverse eigenstate, and the eigenenergy
corresponding to the a-th eigenstate is Ex = E, + h? k?/2 m. The
first term and the second term are lateral and longitudinal energy,
respectively, and the lateral energy E, is determined by the lateral
confinement potential V(x, y). We can use the square potential
well to express the lateral confinement potential of an ideal wire.
Suppose the well in one direction is very narrow and the width in
another direction is W. Then the lateral energy E,, = (nfir)?/2 mW?
has discrete energy levels. According to this, the energy spectrum of
the system is made up of a series of parabolic and discrete energy
bands and the minimum value of the corresponding curve is E,.
As shown in Fig. 9.1, every parabola denotes a lateral energy band,
which is named the allow mode.
When T = 0 K, the current in the «-th channel of the wire can be
expressed as
km

o

a 2 [l dk 2e
everdk = —/ eVak o dEgk = — (1 — Eq),
21 0 h

B E 0 dEak
(9.16)
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Figure 9.1 Dispersion relation E (k) as the function of k.

where v, = 1/ x dE,/dk is electron’s group velocity and p is the
chemical potential (Fermi energy level).

If the width of the ideal conductor is small enough, then the
energy gap between two energy bands will be large enough for the
electron to just occupy the lowest energy band, and then this energy
band will become the one and only allow channel. At present we can
calculate the net current in the wires with the chemical potentials
1 and p, connected to each other:

2
I=5L—1= (Zhe) a — (if) po = (i‘j) (Vi — V2). (9.17)

Therefore the conductance of a two-terminal, single-channel device
is

I 2¢?
Vi—V, h°
This is the Landauer formula of a two-terminal, single-channel
system; 2e2/h is called the quantum conductance.

If the wire has a finite width, the electron may occupy several
energy bands. Assume that N channels have been filled in and f(E)
denotes the probability that the channel has been occupied by the
electron. At present the current can be written as

2e [*™

AL lﬁ(E)ZTi(E)—fz(E)ZTi(E). (9.19)

G= (9.18)

h
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where T; = Zj Ti = Zj |L“,»j|2 denotes the total transmission
probability of an electron transport from all channels of wire 1 to
the i-th channel of wire 2. fi(E) and f;(E) are the Fermi-Dirac
distribution function in wire 1 and wire 2, respectively. Therefore
the current of the system is

=z /dE [F(E)— f(E+V)IT (E),  (9:20)

where f(E) is the Fermi-Dirac distribution function, Vp = V; -V,
is the bias voltage of the system, and T (E) = X; T;(E) is the total
transmission probability. For a small bias, Eq. 9.20 can be simplified
as

I 2 af
G=—=— [dE|(——=|T(E). 9.21
= [ (<) T (9:21)
Atalow temperature, —df/0E = §(E — E§). So in the end, we obtain
262 262 Mo M 2
G = TT (Ep) = = ;; |t (ER)|, (9.22)

where t;(Er) is the transmission coefficient shown in Eq. 9.13, and
Eq. 9.22 is the Landauer-Biittiker formula for the two-terminal,
multichannel device. It follows that the key point of utilizing the
Landauer-Biittiker formula is solving the transmission coefficient
matrix t. Most research on mesoscopic transport focuses on this
problem, so next we will introduce three methods that are widely
used to calculate the transmission coefficient matrix.

The two-terminal Landauer formula can be extended to the
multi-terminal device. Considering a three-terminal device, we can
write its scattering matrix functions similar to Eq. 9.13:

a Taa tap  tac at
b= | = tha Fpp tpe bt |. (9.23)
c tea b Tec ct

Biittiker has proved that the current [; (i = a, b, c) has the following
relationship with the chemical potential of every circuit w;:

2e2
I = W (Tymj — Tjimi), (9.24)

j=a,b,c
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where
M

2
Ty= 3 1(6) " ©o:25)
m,n=1
When there is no external field, T = T;; and Eq. 9.24 can be written
as

Ii = — Z Ti' (,LL] - ,bLi>, (926)
j=a,b,c
where 11; — u; corresponds to the bias voltage between two circuits.
The conductance between each pair of circuits can be defined as

2¢* - o,
GijoT,-j i,j=a,b,c(i+#]). (9.27)
Equations 9.22 and 9.27 are the fundamental formulas of quantum
conductance. They form the theoretical basis of future quantum
devices. For a certain device, we should obtain scattering matrices
raa(E), tap(E), ... It is shown in Eq. 9.24 that the quantum device
is non-local, and change of any terminal’s chemical potential will

influence currents in all circuits.

9.5 Spintronics

Electron spin, or intrinsic electronic angular momentum, is another
intrinsic property of an electron besides electric charge. The
electron spin has two discrete values +#/2, which are commonly
named the spin-up state and the spin-down state. This is very
similar to the high and low levels or switch off and switch on
used to realize logic ‘1’ and ‘0’ states. Moreover, a 1/2-spin system
is an ideal two-level system, and spin-up and spin-down states
are an ideal choice to realize the quantum bit (qubit) in quantum
calculation. Recently in the traditional electronic industry, devices
are getting more and more integrated and the size of devices is
getting smaller and smaller, which results in distinct quantum effects
and too much energy consumption. Therefore, naturally, people
think of utilizing spin-free degree, which always was neglected
formerly, to replace or to combine the charge-free degree. Therefore,
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the research on how to control spin-free degree effectively has
attracted wide attention of scientists and was named “spintronics”
by Wolf et al. formally in 2001 [4]. Spintronics researches a particle’s
spin in a solid and applies it in devices, and it contains spin
polarization’s production, control, transport, and exploration. Itis an
interdiscipline field that involves electronics, magnetism, optics, and
micro- and nanoprocessing technology. According to the materials
researched, it can be grouped into two areas: metal spintronics and
semiconductor spintronics.

Ideal spintronics devices realize functions by coupling of spin
orientation and spin, so they may not be restricted by the number
of electric charges and energy dissipation, and they have a lower
power dissipation and a faster running speed. Moreover, electronic
storage devices based on spin have the advantage of nonvolatility.
This shows clearly that spintronics will have wide prospects of
development and application in areas of quantum calculation,
communication, molecules, chemistry, and so on. Therefore people
expect that spintronics can construct the physical foundation of a
new generation of nanoelectronics and the spintronics device will
replace the current microelectronics devices.

The symbol of spintronics’ birth is the discovery of the giant
magnetoresistance (GMR) of the metallic multilayer structure in
1988 [5, 6]. The proposition of spin-vales and room-temperature
magnetic sensor utilizing anisotropic magnetoresistance makes for
great success of GMR in commerce. Nowadays a new generation of
the magnetic heads of high-density disks is using the GMR principle.
Now thanks to the high sensitivity to the magnetic field of GMR, each
GMR magnetic head has to be reduced to 30-50 nm and more than
4 T volume in desktops and more than 1 T volume in laptops have
been realized.

Now spintronics devices are mostly made of metal magnetic
materials, which belong to the first category of spintronics, that is,
magnetoelectronics. In 1995 scientists found a new phenomenon,
tunneling magnetoresistance (TMR) [7], which has larger mag-
netoresistance and smaller coercive force. The magnetic tunnel
junction (MT]) utilizing the TMR technology has been created, and
new magnetoresistive random access memory (MRAM) is expected
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to replace nonvolatile memory based on the complementary metal-
oxide semiconductor (CMOS). This new generation of memory has
advantages such as no data loss on power failure, a rapid reading
speed comparable to static random access memory (SRAM), and
large memory space comparable to dynamic random access memory
(DRAM), so it has wide application prospects.

The second category of spintronics mainly studies semicon-
ductors, and it hopes to create an imbalance of the spin number
to realize spin transistors and spin valves and then replace
traditional electronic devices. These new spintronics devices have
characteristics such as low energy consumption and rapid switching
speed. Because ready-made mature semiconductor technology and
equipment can be used to reduce the developing cost, these
devices have attracted wide attention. To utilize spin-free degree in
semiconductors, we must produce, keep, control, and detect the spin
polarization of carriers.

There are several methods that can produce spin current: ohmic
injection, tunnel injection, ballistic electron injection, utilizing the
giant Zeeman splitting of a dilute magnetic semiconductor (DMS)
in a magnetic field, utilizing a ferromagnetic semiconductor (FMS)
as a spin calibrator, the optical method, and so on. Ohmic injection
means using a ferromagnetic metal (FM) as an electrode to inject
spin-polarized electrons. If the ohmic contact is created in the
junction between the FM and the semiconductor, then it can be
expected that the spin-polarized current in the FM can be injected
into the semiconductor. However, the ohmic contact by heavy doping
produces scattering of the spin flip, which reduces spin polarization.
At T <10 K, from FM-InAs ohmic contact, spin-polarized electrons
of 4.5% have been obtained [8]. At room temperature, from the Fe-
GaAs contact, spin-polarized electrons of 2% have been obtained [9].

The scanning tunneling microscopy (STM) experiment has
proved that a process of vacuum tunnel can inject spin-polarized
electrons into a semiconductor effectively [10]. The FM-insulator-
FM tunnel junction with a high magnetoresistance experiment has
determined that the tunneling barrier can remain spin polarization
of electrons in the tunneling process. This means tunneling is a
more effective method of spin injection than diffusive transport. The
two methods above both rely on the ferromagnetic film’s epitaxial
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growth on a semiconductor and demand a sharp interface and a
high-quality Schottky potential barrier between the metal and the
semiconductor.

The third method is using ballistic transport. From the energy
difference of the conduction bands of two Kinds of spin in a
ferromagnetic material and the conduction band of a semiconductor,
we can determine the ballistic electron’s spin transmissivity and
reflectivity at the junction. If we create a point contact between
a FM and a nonferromagnetic metal, experiments have proved
that current with spin polarization up to 40% is realized in a
nonferromagnetic metal by using a ballistic injection [11]. Using the
DMS Beg.g7Mng.03Zng9Se as the spin aligner, at a low temperature
(~10 K) and an external magnetic field (>1 T), spin polarization
injection efficiency up to 90% is realized when electrons pass
through the Beg g7 Mng g3Zng.9Se with a width of 300 nm [12]. This is
because in a magnetic field, a low concentration of Mn ions creates
giant Zeeman splitting in the conduction and valence bands by the
sp-d interaction and the electron’s effective Lande g-factor may be
up to 100. At a low temperature, electrons only occupy the lowest S
= —1/2 band, so a spin polarization current is produced. Similarly, a
FMS can be used as a spin aligner.

The optical method is an important method to produce a
spin current, and it is also an important method to detect spin
polarization of carriers. Assume that there is a sample of a GaAs
quantum well, and its direction of growth is along the z axis. In the
GaAs quantum well, the energies of the heavy hole and the light
hole are split and the heavy hole state is the ground state, while
the light hole state is the excited state. Using a beam of circularly
polarized light (o) with energy equal to a light exciton to radiate
on the quantum well sample along its growth direction, due to the
transition selection rule of heavy holes, light holes, and electrons,
this beam of light can just excite electrons in light hole states of
L, = —1/2 to electron states of S, = 1/2 (AL, = +1), so in the
conduction band electrons with S, = 1/2 are much more than
electrons with S, = —1/2. After the laser stops, electrons in the
conduction band will recombine with the heavy hole and produce
light with o polarization and o~ polarization, which correspond to
electron-heavy hole transition (S, = —1/2 — L, =—3/2)and (S, =
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+1/2 — L, = 3/2), respectively. Therefore the intensity of light with
o~ polarization I_ is much larger than that of light with o™
polarization I, and I./I_ is equal to the ratio of numbers of
electrons with S, = 1/2 and electrons with S, = —1/2.

About how to control spin polarization of carriers in a semi-
conductor, various semiconductor spintronics devices have been
proposed. The original one is a spin field-effect transistor (SFET)
proposed by Datta and Das in 1989 [13], which is also the most
famous one. We will introduce it in detail in the next part. Other
important ones are the graphene spin field-effect transistor, the
metal-oxide-silicon spin field-effect transistor, the Johnson spin
switch, the unipolar spin transistor, and so on. Although making
great efforts, people have not succeeded even in the original Datta-
Das transistor yet, which shows that we have a long way to go and
there is much work to do.

The third category of spintronics is very different from the first
two. It attempts to control spin the quantum state of a single
electron or several electrons and then realize quantum calculation
and quantum communication. In other words, it attempts to produce
a qubit by using the two-quantum-state system of spin. The study of
this kind of spintronics devices is in the very early stages. Due to the
advantage that a qubit can be laid in solid materials, it has a better
prospect than some other schemes of quantum calculation, such as
iron trap and cavity quantum electrodynamics.

9.6 Rashba Spin-Orbit Interaction

Datta and Das first proposed the concept of the spin transistor, which
is based on controlling the spin of an electron [13]. The paper’s
title is “Electronic Analog of the Electro-optic Modulator,” and its
principle is as shown in Fig. 9.2. Figure 9.2a is an electro-optic
modulator, and Fig. 9.2b is a spin transistor similar to an electro-
optic modulator.

The principle of the electro-optic modulator should be intro-
duced first. A linearly polarized light at 45° to the y axis is radiated
from the left of the electro-optic modulator along the x direction,
and it can be represented as a combination of the z- and y-polarized
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Figure 9.2 (a) Electro-optic modulator; (b) a spin transistor similar to an
electro-optic modulator.
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Because the electro-optic effect makes the dielectric constant ¢,,
slightly different from ¢,,, as this light passes through the electro-
optic material, the two polarizations suffer different phase shifts k; L
and k; L, where L denotes the length of the crystal. The light emerging
from the electro-optic material is represented as ([e”‘lL )/ (e”‘zL ))- The
analyzer at the output lets the light with polarization (1/1) pass
through, so the output power P, is given by
ekl |2 ki — k) L
POO(‘(l 1)<eszL> 2%,
The light output is modulated by a gate voltage that controls the
difference of the phase shifts A6 = (k; — k2) L.

light

= 4 cos (9.29)

279



280

Properties of Quantum Transport

The theorem of the spin transistor is based on the interaction of
the electron orbit and spin, that is, the Rashba interaction [14],

o . d 0
HR = E (U X p)y =l (UXBZ - O'Zax> ) (930)

where « is named as the Rashba coefficient and generally is
(1 —10) x 1071° eVcm and o, and o, are the Pauli matrices.

In the spin transistor as shown in Fig. 9.2b, both ends are FM iron
contacts, which are magnetized in the x direction and correspond
to the polarizer and analyzer in the electro-optic modulator of
Fig. 9.2a. Electrons injected through the source electrode are spin-
polarized along the x direction, which can be represented as a
linear combination of positive z-polarized and negative z-polarized

electrons
(1) ((1)) <(1)> ' (9:31)
(+2z pol) (+2z pol) (—z pol)

Due to the Rashba term in the effective mass Hamiltonian (Eq. 9.30)
Hg = a(o,ky — oyk;), in the absence of a magnetic field, the Rashba
term causes the spin-up and spin-down states to split. If an electron
is traveling in the x direction with k, # 0 and k, = 0, then considering
the Rashba term, the energies of the electron can be written as

h2k?
E (+z pol) = zm);l + aky,
and
h2 k2
E (—z pol) = mef — akys. (9.32)

Electrons with two kinds of spin polarizations have the same energy,
o)
2m*a
kXZ - kxl - 7 (933)
Therefore there is a differential phase shift for spin-up and spin-
down electrons after they pass through the junction area, which is
shown as
2m*alL
n o
For InGaAs/InAlAs heterostructures, from the experimentally ob-
served zero-field spin splitting, & was estimated to be ~3.9%0 eV.cm.

AO = (k2 — k1) L= (9.34)
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To make a phase difference of =, L is about 0.67 um, which is less
than the mean free path (>1 um) in high-mobility semiconductors
at low temperatures.

All the above discussion is in the condition k, # 0 and k, = 0.
For a general case, both k, and k, should be taken into account, so
the Hamiltonian is more complex. And If k, # 0 and k, = 0, the
eigenstates are (1/1) and (1/(—1)) so the incoming beam is not split
at all. It goes entirely into one of the eigenstates, and consequently
no current modulation is expected. As the angle 6 of propagation of
the electrons with the x axis is increased, it can be shown that the
effect is reduced gradually to zero at & = 90°. To prevent this effect,
Datta and Das suggested a confining potential V (z), which makes
electrons form a series of discrete subbands in the z direction. If the
confining potential is narrow enough so the different subbands are
sufficiently far apart in energy, then subband mixing can be neglect.
Then we return to the case k, = 0, when the current modulation is
the strongest.

Since Datta’s paper was reported, many kinds of semiconductor
spintronics devices have been proposed, almost all of which are
based on the spin-orbit interaction (SOI), especially the Rashba spin-
orbit interaction (RSOI) [14]. The SOI researched by spintronics can
be classified into two classes: the RSOI and the Dresselhaus spin-
orbit interaction (DSOI) [15]. The RSOI causes a spin split of electron
states in the absence of an external field, that is, 1 order term of
momentum arises in the Hamiltonian of the system, which makes
the dispersion relation of the electron energy split from the single
parabolic curve to two ones.

Both SOIs can be obtained from the Dirac relativistic wave
equation and are related to the spin-orbit coupling term in the
nonrelativistic limit, that is, the Thomas term. For a semiconductor
heterojunction, if V (z) is not inversion symmetric at the junction of
2DEGs, the Thomas term can be written as

H . 0 0

=ia|loy— —ox— |,

R Y ox oy

which is just Eq. 9.30, and the Rashba coefficient « is related to

the symmetry breaking of V (z). On the other hand, if the system
studied has the bulk crystal inversion asymmetry, such as diamond
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or zincblende semiconductor structures, the spin-orbit coupling
term can be written as

HD = ,3 [O'ka (kﬁ - kg) +0yky (kf - kf) +‘7sz (k)% - k;)] ’
(9.35)

where g is the strength coefficient of spin-orbit coupling, which is
related to a specific material. This expression of spin-orbit coupling
was first proposed by Dresselhaus in 1955 [15], so it is known as
Dresselhaus spin-orbit interaction.

9.7 Quantum Waveguide Theory

It follows that the key point of utilizing the Landauer-Biittiker
formula is solving the transmission coefficient matrix t. Actually
most research on mesoscopic transport focuses on this problem.
To calculate the scattering matrix, authors proposed and developed
quantum waveguide theory, including one-dimensional quantum
waveguide theory [16], two-dimensional quantum waveguide
theory [17], and theory of one-dimensional quantum waveguide
taking account of the Rashba interaction [18, 19]. In other chapters
we will introduce these theories, related calculation methods, and
some results.
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Chapter 10

One-Dimensional Quantum Waveguide
Theory

In the 1980s, most of the initial work on electron transport in a
small system dealt with metal samples, in which many transverse
subbands were involved and the transport was diffusive. At the same
time, advances in semiconductor microtechnology made it possible
to fabricate extremely high mobility quantum wires with narrow
widths, in which only a few of the lowest subbands are occupied and
the transport is ballistic. The allowed modes in the channel are then
the “waveguide” modes.

It follows from Chapter 9 that the key point of utilizing the
Landauer-Biittiker formula is solving the transmission coefficient
matrix t. Here we introduce the one-dimensional quantum wave-
guide theory [1, 2], which can be applied to one-dimensional
quantum waveguide circuits of any shape and any structure. The so-
called one-dimensional circuit means that the width of the circuit is
narrow enough for the energy spacing between subbands produced
by the transverse confinement to be much larger than the electron’s
longitudinal kinetic energy and there is only one mode of electron
moving in the circuit. The single-mode movement of an electron is
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described by the plane wave function with the wave vector k along
the circuit’s direction, which follows the quantum mechanics law.

10.1 Two Basic Equations

Let ¥; be the wave function in the i-th circuit,

v = C1,‘€ikx + cz,-e_”“‘, (10.1)
where the coordinate x axis is along the longitudinal direction of the
circuit.

The core of this theory is giving boundary conditions at each
intersection crossed by more than two circuits, which is described
by two basic equations. The first one is the continuity of the wave
functions at the intersection, which can be written as

Vi=vYo=Y3="-=1Yn (10.2)
where ¥; denotes the value of wave function in the i-th circuit at the
intersection. The second equation is the conservation of the current
density,

> Wi _y, (10.3)
; BX,'
where all the coordinates x point to or back to the intersection.

In the general case, especially when there is spin-orbit interac-
tion, we introduce a current density operator L;, which has a more
complex form than d/0x;, as in Eq. 10.3. Generally we can obtain it

from the Hamiltonian

L = —'% I, H]. (10.4)
The second equation can be written as
> Ly =0. (10.5)

1

The completeness of Egs. 10.2 and 10.3: From Eq. 10.1 there are
2n unknown coefficients for the n circuits crossing the intersection,
among which the n coefficients can be determined by the n
equations Egs. 10.2 and 10.3. The other half of the coefficients will
be determined by the boundary conditions at the other intersections
or the conditions at the input or output terminals. Hence the set
of equations Egs. 10.2 and 10.3 at all intersections is complete for
determining the wave function of the whole system.
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10.2 Ring with Two Arms

To illustrate the application of the above theory, we consider the
structure of a ring with two arms as shown in Fig. 10.1a in the
absence of a magnetic field. The two arms of the ring have different
lengths L; and L. We introduce the local coordinate system for
each circuit such that the direction is along the electron-current
direction and the origin is taken at the intersection. The choice of
the coordinate origin is noncritical; it only affects a phase factor on
the wave function.

We assume that an electron with a wave vector k enters through
circuit 1 and departs from circuit 4. In the local coordinate system,
the wave functions in circuits 1-4 shown in Fig. 10.1a can be written
as

ikx —ikx
Y1 =¢e" +ae ,

Yy = c1e™ + cpe7M,
V3 = die'™ + dye kX, (10.6)
and
Yy = ge',
(H} ((-) d_) d]

2 L,

—1L—

Figure 10.1 Various configurations of mesoscopic structures: (a) a ring
with two arms, (b) a quantum interference transistor, (c) a quantum
interference device with two drains, and (d) a quantum interference device
with two gates. s, g, and d represent the source, gate, and drain, respectively.
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where in ¥; the coefficient of the injected wave is 1, denoting that
one electron enters, and in circuit 4, ¥4 has only one term, denoting
the output wave without the input wave. Thus the coefficients a and
g are the reflection and transmission amplitudes, respectively.
The boundary condition equations Eq. 10.2 and Eq. 10.3 for the
wave function (Eq. 10.6) can be written at the A and B points,
14+a=c+cy,
l1+a=d +dy
l—a=c—c+dy —dy,
crelh 4 cpeikl — g
die*l 4+ dye ke = g, (10.7)
and
L L e L L

Solving the set of linear algebraic equations (10.7), we obtain the
transmission function [1]
64
T =lg/*=

= [1 — cos (kL)] [1 + cos (kAL)],
L

A} = 4 {[4 — 5cos (kL) + cos (kAL)]* + [4sin (kL)]*}, (10.8)
and
L=L1+ Ly, AL= L, — L.

From Eq. 10.8 we see that the amplitude of the output wave changes
periodically not only with L but also with AL It is caused by the
phase-coherent effect. The T as a function of kL for different kAL
and T as a function of kAL for different kL are shown in Figs. 10.2a
and 10.2b, respectively.

10.3 Aharonov-Bohm Ring

The structure of the Aharonov-Bohm (AB) ring is the same as that
in Fig. 10.1a. When a magnetic field is applied perpendicularly to the
ring, in the magnetic field the Schrodinger equation is

{ ! <p n EA)Z v (r)} v () = Evy (1), (10.9)

2m*




Aharonov-Bohm Ring

(b)
1.0

R

kAL/m

Figure 10.2 (a) T as a function of kL for different kAL; (b) T as a function
of kA L for different kL.

where A is the vector potential of the magnetic field B,

A=V xB. (10.10)
As the magnetic field B is perpendicular to the ring plane, according
to the Gauss theorem the vector potential A is along the ring
direction and its magnitude

A= (10.11)

where ® = B - S is the magnetic flux through the ring section area S
and L is the ring round length.

Inserting Eq. 10.11 into Eq. (10.9), we obtain the one-
dimensional (1D) Schrddinger equation,

2
[1 (“_eq’) +V(X)]W(X)=EIII(X)- (10.12)

O
LF

2m* \idx «cL

The wave function v (x) is still a plane wave with wave vector ky, its

eigenenergy
h? ed \?
E = kh——1| , 10.13

2m* ( ! ﬁcL) ( )
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which should be equal to the energy of the injected electron,
h2k?/2m*. Thus we have

ed
ki=k+ —. 10.14
! + hcL ( )

For the electron moving in the opposite direction in the ring, we
obtain the wave vector of the electron,
ed
ky=k— —. 10.15
2 oL ( )
The wave functions in circuits 1-4 shown in Fig. 10.1a are written as

i k. —ik
1//1=e’x+ae 1x’

_lpz — Cleiklx + Cze—ikzx’

Y3 = die’’ + dye Y, (10.16)
and

w4 — geikx’

where k; and k; are given in Eqgs. 10.14 and 10.15, respectively.
Similarly, we can write down the boundary condition equations at
the A and B points and obtain a set of linear algebraic equations for
the coefficients q, ¢, ¢3, di, dz, and g. For the case L1 = L, = Ly, we
obtain [1]

8i
g= 2t (sinkqy Ly + sin ky Ly)
Ay

and
A =2 +8cos¢ + 9e kL _ ok (10.17)
where
¢ = (k2 — k1) % = %. (10.18)

From Eq. 10.17 we obtain the transmission function
64
T =|gl*= A—IZ( (1 —coskL) (1 + cos¢),

where

Af=4[(1+44cos¢ — 5coskL)® + (4sinkL)?]. (10.19)
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Figure 10.3 T as a function of ¢/ for different kL values in the AB ring.

From Eq. 10.19 we see that the T varies periodically as the magnetic
flux ® changes with the period

h
® = ?C (10.20)

This is the basic result of the AB effect, which is in agreement with
the results of Datta and Bandyopadhyay [3]. The T as a function of
¢/ for several kL values is shown in Fig. 10.3. From the figure we
see that when kL is close to 0 (or integer times of 27) the wave’s
shape is close to the harmonic wave and when KL is close to 7 the
wave’s shape deviates from the harmonic wave, indicating there are
components of higher harmonics.

10.4 Quantum Interference Devices

The quantum interference transistor [4, 5] as shown in Fig. 10.1b
differs from the ordinary field-effect transistor (FET) in that the gate
lies outside the classical path of electrons. Conductance oscillations
as a function of the gate potential have been observed in such a
structure. The wave functions in circuits 1-3 (Fig. 10.1b) can be
written as

1#1 — eikx _}_aefikx’
Y, = csin[k(x — L)], (10.21)
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and

1//3 — geikx‘
where it is assumed that the wave function at the gate is zero, that
is, it is a standing wave in circuit 2, and L is the distance between the

intersection and the gate.
Applying the boundary conditions (Egs. 10.2 and 10.3), we obtain

1+a= —csinklL,
1+a=g,
and
1—a+iccoskL=g. (10.22)
From Eq. 10.22 it is easy to obtain

_ i coskL
" 2sinkL+ i coskL

and
2sinkL

2sinkL+icoskL’

The T = |g|* as a function of kL is shown in Fig. 10.4 (dashed line).
It can be seen that the conductance curve is in good agreement
with the experimental single-mode results [4]. This conductance
oscillation is also caused by the phase-coherent effect. When the
injected electron wave arrives at the intersection, one part goes to
the gate and is reflected from the gate. On this path the phase change
is 2kL. This part of the wave meets the wave at the intersection,
and there is an interference effect. Consequently, the amplitude of
the output wave varies periodically with 2kL, as shown in Fig. 10.4
(dashed line).

As a development of the interference device, we consider the
structure with two drains controlled by one gate as shown in
Fig. 10.1c, and the two drains are separated by a distance D. The
wave functions in circuits 1-5 can be written as

wl — el'kx _'_ae—ikx’

Yo = c1e™ + ek,

Vs = dsin[k(x — D],

Yy = g1, (10.24)

(10.23)

g:
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Figure 10.4 T as function of kL; dashed line for the single-drain structure
in Fig. 10.1b; solid lines for different kD in the first drain of the structure in
Fig. 10.1c.

and
ws =g, eikx.

Similarly applying the boundary conditions Eq. 10.2 and Eq. 10.3 we
obtain the T; and T, as functions of kL for three kD values shown
in Figs. 10.4 and 10.5, respectively. From Fig. 10.4 we see that in the
drain near the gate, the conductance oscillations are nearly the same,
independent of kD, and their magnitudes are about half of that in the
single-drain structure (dashed line). In the drain far away from the
gate, the conductance oscillations critically depend on the kD. When
kD = 0.5 7, the T, = 1 at kL = r. The results of the two-gate structure
Fig. 10.1d are not given here; the reader can consult Ref. [1].

1.0 0.5m

kL/m

Figure 10.5 T, as a function of kL for different kD values in the second drain
of the structure in Fig. 10.1c.
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10.5 Stub Model

For comparison with the theoretical results of the ideal two-
dimensional (2D) electron waveguide model [6], we calculate the
transmission function T for the single- and double-gate (stub)
structures (as shown in Fig. 10.1d) with the same parameters as in
Ref. [6]. Of course, the width effect is neglected in our model. We
take the electron effective mass m* = 0.05 my, the electron energy
E = 0.08 eV, and the separation between two stubs D = 95 A. In
Fig. 10.6 the T for the structures of a single stub, two identical stubs,
and two stubs with length difference are given, respectively. From
the figure we see that there is qualitative agreement with the 2D
theoretical results for the structure with equal length [6]. In the case
of a single stub, the transmission valley is narrow, while in the case
of two identical stubs the valley becomes broader. In the case of two
stubs of different lengths, there appears an additional peak at the
transmission valley. It is found that the height of the additional peak
is sensitive to the kD, and the T as a function of kL* (length of the
shorter one of the two stubs) is shown in Fig. 10.6d. From the figure
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Figure 10.6 T as a function of L for (a) a single stub, (b) two identical
stubs, and (c) two stubs with a length difference AL=10A. (d) T as a
function of kL* for kD = 3.0, =, and 3.3.
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we see that if kD = 7z, there is a strong peak at the transmission
valley; if kD deviates from r, the resonant peak decreases greatly.

10.6 One-Dimensional Waveguide Theory of
Holes

On the basis of the 1D waveguide theory of electrons we developed
the 1D waveguide theory of holes [2]. The hole has an orbital angle
momentum [ = 1 (p state), which is coupled with spin s = 1/2
to get the total angle momentum / = 3/2 and 1/2. Generally, the
J = 3/2 state is the basic state, that is, at the top of the valence band.
Thus the hole wave function has four components, corresponding to
J =3/2,1/2,—1/2,and —3/2 states. The motion of the hole can be
described by the following 4 x 4 Luttinger Hamiltonian [7]

PLQ R 0
1 [oP, 0 R
H=— , 10.25
2mg | R* 0 P, —Q ( )
0 R* —Q* P,
where
Pr=(n+v2) (pi+p))=01—v) 0l
Py = (1 —y2) (P} + Pf) = (y1 + 272) P2,
Q = —i2v/3y3 (p« —ipy) P2 (10.26)
and

R =3y, (p} — p}) — 2iv3p«py,

where y1, y2, and y3 are Luttinger effective mass parameters.

We assume that the hole is confined in the x-y plane; then the
momentum p, can be set to 0. Therefore, the Q term in Eq. 10.26
vanishes, and the Hamiltonian (Eq. 10.24) splits into two 2 x 2

equivalent blocks,
1 Pi1 R
H=_"_ . 10.27

2m0 < R* Pz ) ( ]

In the axial approximation y, = y3 and R = /3y, (p, — ipy)z.
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Figure 10.7 (a) Circuit 1 with a polar angle 6; (b) branch structure;
(c) quantum-interference device with one gate; (d) quantum interference
device with two gates.

The wave function of a hole in the 1D circuit is different from
that of the electron. The electron wave function is a plane wave
independent of the direction of the circuit, while the hole wave
function is two components and dependent on the direction of the
circuit. We study the hole wave function in the circuit shown in
Fig. 10.7a with a polar angle of 6. The Hamiltonian can be written
as

(10.28)

2my V312650 (1 —12) dr’

where [l is the coordinate along the circuit. We take the wave function
as a plane wave form,

% ((V1+V2) \/§VZ€_Zi9> d?

¢ = (Cl> e, (10.29)

C2

where k is the wave vector and ¢; and c;, are the coefficients to be
determined. Substituting Eq. 10.29 into the effective mass equation
H¢ = E ¢ will give rise to the following secular equation:

(1 +12)—e 3yl

. == 0’
V3y2eH (y1 =) —e

(10.30)
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From Eq. 10.30 we obtain
&=y £ 2y. (10.31)

From the definition of ¢ in Eq. 10.30, my/e corresponds to the
effective mass of a hole. Then the values of ¢ in Eq. 10.31 correspond
to the light hole state and the heavy hole state, respectively. The wave
functions of the heavy hole state and light hole state are

. 1/2 .
¢ (6, k) = ¢ (6) €™ = (_ ﬁ/em /2) et
and

12 (10.32)

For the hole state with a given energy E, the general wave function
in the circuit Fig. 10.7a can be written as

® = c1¢n (0) €' + ¢ (0) €M + c30 (0) e ™! + cugpy (0) &M,

(0, k) = ¢ (0) e = (ﬁe_2i0/2> oikl

(10.33)
where
kh = thE, k] =/ 2m1E
my = A, and m = M (10.34)
1 —2y2 i+ 2y

are the wave vectors of the heavy hole and light hole, respectively;
and ¢y, ¢3, ¢3, and ¢4 are the coefficients to be determined by the
boundary conditions.

The first boundary condition for the hole wave functions are
the same as that for the electron wave function (Eq. 10.2). The
second boundary condition is given by Egs. 10.4 and 10.5, namely
the current density operator

1 + 3yze 20
L=— <(”1 Vg)e 2 . (10.35)
mo 3y2”"  (y1—v2)
The corresponding boundary conditions at the intersection are
Q1 =0y =--- =Py

and

> Lid; =0. (10.36)
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10.7 Quantum Interference Device of a Hole

Obviously, the hole case is more complicated than the electron case,
there are four unknown coefficients in each circuit, and generally we
cannot obtain the analytical results from the set of linear equations
of coefficients. In the following we consider the hole transport in
the quantum interference transistors [4, 5] with one gate, as shown
in Fig. 10.7c. We assume that an incident heavy hole wave with a
wave vector k enters into source circuit 1 and departs from the drain
circuits 3. Stub 2 is the gate, whose length L is controlled by the gate
voltage. The wave function in stub 2 is a standing wave with its zero
pint at the gate. If we choose the node O as the origin of all three
circuits, then the wave functions can be written as

D = ¢y, (0) ekl 4 a1 (0) ekl + az¢y (0) e—ik’ll'
@y = c1pn (m/2) sin [k (I — L)] + c2¢1 (7r/2) sin [K (I — L)],

and
@3 = din (0) € + dypy (0) X3, (10.37)

where k and k' are the wave vectors of a heavy hole and a light hole,
respectively (see Eq. 10.34).

Applying the boundary conditions (Eq. 10.36) we obtain a set of
linear algebraic equations of six coefficients in Eq. 10.37. The final
results are given in Ref. [2]. It is noticed that the current densities of
the heavy hole and light hole equal hk/my, and hk’/m; multiplied by
their corresponding coefficients, respectively. The transmission and
reflection functions can be written as

k
Ton = |d1|*, Tw = |d2|zp.

k
Ruh = la1|*,  and Ry = |02|2?, (10.38)

where Ty, represents the transmission probability of one heavy hole
to one heavy hole, T} the transmission probability of one heavy hole
to one light hole, Ry, the reflection probability of one heavy hole to
one heavy hole, and Ry the reflection probability of one heavy hole
to one light hole.
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Figure 10.8 Transmission and reflection functions as functions of kL for the
one gate structure shown in Fig. 10.7c. (a) k'/ k = 0.395; (b) k'/ k= 0.4.

The numerical calculation results for Ty, Tn, and Ry, as
functions of kL are shown in Fig. 10.8a. In calculation we take
the GaAs effective mass parameters y; = 6.85 and ), = 10.5.
From the figure we see that the Ty, Tn, and Ry, all oscillate
with kL in a period of about 5 m. With these parameters the
ratio between the light hole and heavy hole wave vector k'/k is
approximately 0.395. If we substitute it with a close value 0.4, then
all the trigonometric functions in the results have a common period
5 7w and we obtain a more regular oscillation shape, as shown in
Fig. 10.8b.

The oscillation period for the electrons is 7 in the same single-
stub structure [1]. The Tyy curve in Fig. 10.8b shows two main peaks
and two main valleys in each period. Besides, at the positions of Ty,
peaks, the Ty, curve shows a sharp dip around 7 and 3x. It means
that one part of the heavy hole is converted to a light hole. This arises
from the interference between the heavy hole and light hole waves.
We also find that the peak value of Ty, is about 0.2, which means a
relatively small fraction of the heavy hole wave can be converted into
a light hole wave.

If an incident light hole wave with wave vector k' enters into
source 1, the transmission and reflection functions can be calculated
in a similar way and its numerical results are shown in Fig. 10.9. The
ratio k'/ k is chosen as 0.4 so that these functions have a period of
27 with respect to k'L. The peaks of R} are much sharper than that
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Figure 10.9 Transmission and reflection functions as functions of k'L for
the one-gate structure shown in Fig. 10.7c. k'/ k is set to be 0.4.

of Rpn shown in Fig. 10.8b, and T} shows resonant plateaus rather
than peaks.
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Chapter 11

Two-Dimensional Quantum Waveguide
Theory

Though many fundamental transport properties of quantum wave-
guides have been found in the study of idealized structures, in
real waveguides the boundaries are usually defined via electrostatic
confinement from metal gates and thus the geometries can be
complicated. In this case, realistic lateral guiding potentials shall
be taken into account, especially when the electrons are of high
energies and would transport beyond the single-mode regime [1, 2].
When the width of the circuit is so large that the energy-level spacing
between the transverse modes in the circuit is comparable to the
electron kinetic energy, we should consider the transport of multiple
transverse modes, that is, the two-dimensional waveguide theory. In
this chapter, we will describe various theoretical approaches, such
as the basic mode-matching technique, the transfer matrix, and the
scattering matrix methods, to study electron transport through two-
dimensional quantum waveguides. In the end, we will apply the
theory to two-electron waveguide devices.

Figure 11.1 illustrates a typical two-dimensional quantum
waveguide. The device can have several terminals, some of which
may be used for input and the others for output. In general, one
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Figure 11.1 Schematic view of a two-dimensional multi-terminal quantum
waveguide.

would like to know the output of the waveguide device if all the
input information is given. Let A" and A?"* denote the incoming and
outgoing electron waves to and from terminal I, respectively. All the
outgoing waves can be related to the incoming waves by a matrix S
in the linear response regime as follows:

APt S11 S12 S13 Al
ARt = | So1 S22 Sz | | AR | - (11.1)
AR S31 S32 S33 | | Al

Here S is called the scattering matrix. For a scatterer, all the
transport properties, including the transmission matrix, can be
readily determined if the scattering matrix is obtained. In some
simple cases, like for a two-terminal waveguide, it is common to
use a transfer matrix method to obtain the transmission coefficient.

11.1 Transfer Matrix Method [3]

Let us start with a simple case, a two-terminal waveguide as
illustrated in Fig. 11.2, as an example. The structure has two
terminals L and R and a step-like interface between them. In
terminals L and R, the electron wave functions can be written as

N,
L oL 2 nw
L ik x L _—ik:x :
, V) = a e + bre ") —sin| —vy |,
oL (x, y) E(n n “WL (WL)’>

n=1
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Figure 11.2 Schematic view of a two-terminal quantum waveguide.

and
N |2 nmw
R _ikRx R —ikRx :
, V) = ae'™* 4+ pbe "> —sin| —vy |, 11.2
¢r (%, y) n§_1( n n We (WR)’) ( )

where the longitudinal wave numbers k- and kR satisfy

(hk-)? B2 nm\? (i) K2 w2
_— = E d n e - E .
o | ome <WL> Fand s e o (WR> F

(11.3)

Here E¥ is the electron Fermi energy and Ni, (Ng) is the number of
transverse modes in terminal L(R). If one sets x = 0 at the interface,
the continuity of the wave function requires

a 2 nm e 2 nm
L ply, | - _ R pRY, | - .
; (ay + by) W, Sin <WLy> ; (ay + by) W sm<WRy>
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Similarly, matching the first derivatives of the wave functions at the
interface gives

Supposing W, < Wi. We multiply both sides of Eqs. 11.4 and 11.5
by «/2/Wgsin (mmy/Wr) and /2/W sin (mmy/W.), respectively,
integrate from 0 to W, and obtain
No
> Com (ay + by) = afy + by, (11.6)
n=1
and

K (ak, — bh) ZcmnkR bRy, (11.7)

where

. (mx
Com = \/_/sm ( ) sin (WRy> dy. (11.8)

If the widths of the two terminals are not much different, that is,
W, =~ Wk, one may set N, = Ng and the above equations can be
rewritten as

e

Here LR), = [a}®, ;¥ .. a,Lv(Lm and L(R), = [0, 55®, ...,

b%v(]?))} are the vectors for terminal L and R, respectively; My =

(c™)” Land M, = (KL)71 CKR. C is the matrix with elements C,,
as defined in Eq. 11.8, while K" and KRare diagonal matrices with
elements (K%),, = k. and (K®),, = k.

T is commonly known as the transfer matrix that relates all
the wave components in the output port to those in the input
terminal. Once it is obtained, the transmission and reflection
amplitudes can be calculated in a straightforward manner. For an

|:Ra:| 1 {M1+M2 M; —Mz] |:Ra:| (11.9)

R,|] 2|M;—M, M;+M,| R,
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example, supposing electrons propagate in the ground transverse
mode from the left terminal, we have the incident wave L, =

[1/K}, 0, ..., 0] " and R, = 0. The transmitting wave can then be
obtained by Ry = [t11/KR, t1/KS, ..., tsa/KR]" =2 (My + M) 'L,
followed by the reflecting wave L, = [r11/Kk}, r21/Ks, ..., rn1/kE] T

=7 (M; — M2)R,.
Beyond the single-mode regime, the total transmission and
reflection amplitudes T and R are given by

T = t:|> and R= riil?. 11.10
Z |t j ( )

real k&, k]P real k-, k]P

It is noted that one needs to include only the propagating modes
with real wave numbers as all the evanescent states would
eventually decay in the terminals [4]. The unitary condition is now
given by T + R = Nj, where N; is the number of propagating modes
in the incident port.

For a general waveguide with two aligning terminals, it is
possible to divide the structure into a number of uniform sections
(see Fig. 11.3). In this way, the total transfer matrix can be
constructed as a product of T,,, which describes the scattering by
the interface between the (m — 1)-th and m-th section and Tf , which

™~

k| k+1

Y i

Figure 11.3 Schematic view of a two-terminal quantum waveguide that is
divided into a number of transverse slices along its longitudinal direction.
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Figure 11.4 The conductance G in units of 2e?/h versus kW/m for a
triangular cavity structure as shown in the inset, where the solid line was
calculated by the transfer method and the dotted line wa obtained by the
recursive Green’s function method.

describes free propagation from across the m-th section, that is,

£ P, 0
Tzl;[Tmezl;[Tm {0 Pﬂ, (11.11)
where P are diagonal matrices with elements (P3;) = ek, [,
is the dimension of the m-th section along the propagating direction.
Figure 11.4 is the conductance G in units of 2e%/h versus kW /m
for a triangular cavity structure as shown in the inset, where the
solid line was calculated by the above transfer matrix method and
the dotted line was obtained by the recursive Green’s function
method [3]. From the figure we see that the agreement between
the two results is good. In the numerical calculation of the transfer
method, we divide the cavity into 20 segments along the longitudinal
direction, and the transverse modes N is chosen to be 5. From
Fig. 11.3 we see that when kW /7 = 1.3 or 1.73, the conductance
G ~ 0, that is, the two-dimensional (2D) circuit is blocked for
electrons.
Figures 11.5a and 11.5b are the three-dimensional (3D) plots
of the electron probability density (|¥|?) in the triangular cavity
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Figure 11.5 A three-dimensional plots of the electron probability density
(|¥|?) in the triangular cavity structure (a) for kW /7 = 1.73 and G = 0.04
and (b) for kW /m = 1.57 and G = 0.972.

structure for which the transmission profile has been shown in
Fig. 11.4 [3]. In the two figures, the electron is incident from the
upper left. Figure 11.5a is for kW /7 = 1.73 and G = 0.04, that is,
the blocked case, and the electron density is concentrated mainly
in the cavity, forming the standing wave (confined state), while on
the right side of the cavity, there is nearly zero electron density.
Figure 11.5b is for kW /m = 1.57 and G = 0.972, that is, the
transmitted case, and the electron density at the input end (left)
and the output end (right) are nearly same; the electron does not
form the confined state in the cavity. This gives a physical picture of
conductance in the 2D waveguide: if the electron forms a confined
state in the cavity, the circuit is blocked and vice versa.

The transfer matrix method can be applied to many waveguides
with different geometries, which most of the time gives reasonable
results. However, the free propagation part Tfn contains both wave
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components ekl and e~'%'lm, For evanescent mode m, the wave
number k™ becomes imaginary and thus e/*'n = ¢~ |k'|in can be
very small while e~"%'ln = elk|lm can be very big. Numerical errors
would therefore inevitably accumulate during the calculation, which
eventually destroys the unitary condition and renders the result
useless [4]. In the next section, we will introduce a more stable
method to calculate the scattering matrix directly.

11.2 Scattering Matrix Method [5]

For general waveguide devices, especially those with multiple
terminals, each and every port can be used for input or output
purpose. In this sense, it is the scattering matrix instead of the
transfer matrix that represents its most fundamental property. Let
us take an example of the two-terminal device as illustrated in
Fig. 11.2. L,(Lp) and R,(R,) denote the incoming (outgoing) wave
components to ports L and R, respectively. Hence we may define
Lin = L4, Lout = Ly, Rin = Ry, and Ry = R, and look for the scattering
matrix to relate every outgoing wave to all the incoming waves, that

is,
Lout:| |:Lin:| {511 S12] [Lin]
=S = . 11.12
[Rout Rin S21 S22 | [Rin ( )

For the interface between the two channels as illustrated in Fig. 11.2,
the scattering matrices be derived from Eq. 11.9 in a straightforward
manner as follows:

_ T Ry — - -1y~1

Si1=- (M11+M21) (Mll _le)' S12 = 2<M11+M21) ’

S2i=2(M; +M;)™', and Sy =—(M;+M;)"t (M) — My).
(11.13)

Free propagation across a uniform channel of length L is described
by the scattering matrix
0 P
St = , 11.14
f {P 0} ( )

where P is a diagonal matrix with elements P,, = etknl,

The total scattering matrix for a general waveguide structure can
be calculated in a way similar to what is depicted in Fig. 11.3. When
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combining two consecutive sections A and B into a single section
A+B, the overall transfer matrix is just a simple matrix product of
the two individual matrices, that is, To.g = TaTg. However, the
overall scattering matrix S, ,p can’t be written as a simple function
of S, and Sg. Let us start with the definition of S, and Sg,

LO Li Sll 512 Li
Rﬂ =S lRZ - lsgl 522 RZ (11.15)
and
lL%]=SB Lj =[Sél si2] [ L
R} R, szt s22| R

and remind that the right port of section A aligns with the left port
of section B, that is, R = L% and R} = L. We may eliminate
the connecting port and obtain the overall scattering matrix as
follows:

s b [S}J*B Shis | [La] (11.16)
R; Ry st sl (R
where
SiLp = Si!+SPPsa! (1 —s2?sit) 7' sz,
Skes = SK (1 - S3'SY) ' sy,
S3l, = 831 (1 - sE2sih) 7 83, (11.17)
and

S5y = S + SIS (1 - siisy?) " si.

By defining a composition operator Sx1g = Sy ® S, we can express
the overall scattering matrix for a waveguide as depicted in Fig. 11.3
as [5, 6]

S=S ®5:,08..8Syn1 S ®...08", (11.18)

where S, 1 describes the scattering across the interface between
the m-th and (m+1)-th sections, S{" is for free propagation across
section m, and N is the total number of sections. It is noted that
the composition operator, like the matrix multiplication, satisfies the
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associative law but not the commutative law, that is,
(Sa®Sp)®Sc=SA® (Sp®Sc), Sa ® Sg # Sp @ Sa.

The overall scattering matrix for a two-terminal waveguide device is
/

. . . - r
commonly written in an intuitive way as S = { }, where tand r

tr
are the transmission and reflection matrices, respectively.

Although the transfer matrix method is very efficient for
structures whose dimensions are not very large, it is numerically
singular for structures with dimensions much larger than the
electron de Broglie wavelength, while the same problem does not
exist in the scattering matrix method, and we found that numerical
errors would not accumulated in the composition of scattering
matrices. Figure 11.6 shows the conductance G versus kW /z for
a multiple-stub structure shown in the inset [5]. The length of the
channel linking the two adjacent stubs on one side of the main wire
is set to be 2W, where W is the width of the terminal as well as the
width and height of the stub. Similar structures are found to exhibit
perfect quantum-modulated transistor action.

Transmission

o

2
1 g 2

Figure 11.6 Conductance G versus kW /zx for a multiple-stub structure
shown in the inset.
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11.3 Waveguide with Multiple Terminals

In many applications, such as quantum directional coupler [7], the
waveguide device comes with multiple terminals. In this section, we
will illustrate how to construct scattering matrices for two typical
four-terminal structures.

The first device is depicted in Fig. 11.7, which can be regarded as
two coupled parallel waveguides. The structure as shown is divided
into three sections, the left two terminals L; and L;, the connecting
section W, and the right two terminals R; and R;. Correspondingly,
the overall scattering matrix can be expressed as

S=S. 1w ® Sk ®Sw.r.r,- (11.19)

The scattering by the interface between L;, L, and W is de-
scribed by Si, 1w, which is defined by [A{ ;A} ;Ay] = Si,L.w
[A] ;AL ;Al;]. By using the mode-matching technique, we have
My [A] ;A? AL AY | = My [Aly; A3 ], where

cr ¢ ¢l cl 11
M= |K K, 0 0 |, M= |CKw —CiKw |. (11.20)
0 0 K.-K, C:Kyw —C2Kwy
m
L, 1 I R,

Figure 11.7 Schematic view of a four-terminal quantum waveguide.
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Figure 11.8 The inverse resistance R1’21,12 versus kW /m for the four-
terminal structure shown in the inset.

Rearranging the above matrix equation, we can obtain Sy, 1,;w as

follows:
1

cf ¢ -1 | |-cfT-c] 1
St lw = | —K. 0 —CiKw ~K, 0 —CiKw|. (11.21)
0 —K. —C2Kw 0 K. —C2Kw

Sw:r,,r, can be obtained in a similar way.

Figure 11.8 shows the calculated Biittiker resistance Rij 12
for the four-terminal structure as shown in the inset [5]. The
parameters are taken to be the same as those adopted in Fig. 11.8
of Ref. [6]. A comparison of our results with those in Ref. [6] shows
that the two results are consistent each other as kW /7 <7. When
kW /7 >7,the profile of our results becomes more complicated while
that in Ref. [6] becomes simpler. This is because when kW /7 >7,
the mode-mixing effect is enhanced and the interference between
various modes becomes more complicated for higher electron
energies, which have not been considered in Ref. [6].

The second device, as illustrated in Fig. 11.9, is a cross structure
with four ports. As the terminals don’t align with each other like
that shown in Fig. 11.7, it is not possible to construct the overall
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Figure 11.9 Schematic view of a quantum waveguide with a cross junction.

scattering matrix from those for the individual sections. Let us
first expand the wave functions in I and III as well as II and IV

onto the transverse modes ¢, (y) = ﬁ sin (22y) and ¢, (x) =

\/%sin (%% x), respectively, as in Eq. 11.2. Here W is the width
of each of the four terminals. Next we introduce four auxiliary
functions ¢ (xy) (@ =1, 11, Ill and IV) in the internal cross junction so
that each of them matches the transverse mode in the corresponding
terminal, that is, |, = ¢y. Thanks to the simple device geometry,
¢¥’s are found to be [8]

g“,,l x,y) = (cos knx — salrr:&) (),

tan k, W
2 _ sinkyy
& (x ) = Snkwqbn()
3(x )= Sinfax sin k,x 40 (), and
Xy snkW

sink,y

4': (x,y) = (cos kyy — > on (x). (11.22)

tan k, W
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Hence the wave function in the cross junction is given by
v p) = (ay +b5) & (%, 9) (11.23)
and continuity of the first-order derivatives gives

S ik (a8 = bY) Ve o, = (a;;’ + bg’) Ve o, o (11.24)

n o',n

By proper integration of the above equations, we may eliminate
¢¥ and ¢, and obtain the overall scattering matrix for the cross
junction, S, = (iK4 + D)~! (iK4 — D) where

K 00O -C, FA C, A
0K 0 0 AF —C, FAF G,
K, — D= . (11.25
+ 00K 0 C, FAF —C, AF ( )
000K A C FA —(

with the matrix elements givenby K, = k,8un (k, = knW/7), Frpp =
(=1 8, An = 2mn/ [z = 7 (k;)?], (€0 = KitgK 76,

and (C3),,, = %8"1". Similarly, we may obtain the scattering
matrix for the L-shaped junction, which consists of ports I and II,

as follows:

iK-c, FA |
AF iK' —-(C

Further, the scattering matrix for the T-shaped junction, which

consists of ports [, 11, and Il], can be given by

iK+C, —FA

S, =
—AF K +C;

(11.26)

iK' —C, FA ¢ |1'[iK+¢ -FA -G,
S;r=| AF iK —C, FAF —AF iK +C, —FAF
C, FAF iK —C —C, —FAF iK +C
(11.27)

Figure 11.10 shows the transmission coefficients versus kW /m for
the structure with rounded corners shown in the inset [8]. The
solid line is for forward transmission, and the dotted line is for side
transmission. From the figure we see that the forward transmission
profile has a sharp dip (anti-resonance). It is attributed to the
quantum bound state. The bound energy of the quantum bound
state becomes larger with enlargement of the internal junction area.
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Figure 11.10 Transmission coefficients versus kW /m for the structure
with rounded corners shown in the inset. The solid line is for forward
transmission, and dotted line for side transmission.

Therefore the scattering of the propagating states with the bound
state is enhanced. We also find the side transmission is much smaller
due to the enhanced reflection.
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Chapter 12

One-Dimensional Quantum Waveguide
Theory of a Rashba Electron [1]

Some of the first observations of quantum interference were made
using thin metal films and silicon inversion layers [2, 3]. Since then
most of the quantum interferences and ballistic transports are ob-
served in two-dimensional systems. The physics of quantum inter-
ference includes the Aharonov-Bohm effect, quantum interference
transistors, universal conductance fluctuations, ballistic electron
transport and Landauer-Biittiker formula, quantized conductance
in point contacts, multi-terminal devices, quantum dot resonant
tunneling devices, etc. In these structures the electron movement is
dominated by quantum mechanics, not classical mechanics. In the
past 20 years, mesoscopic physics and spintronics have become two
most active areas in condensed matter physics.

The nature of the spin of carriers in semiconductors has received
considerable attention. With the rapid progress in semiconductor
fabrication techniques, it is now possible to dope magnetic
impurities inside semiconductors to produce diluted magnetic
semiconductors (DMSs). The doped Mn ions interact with the
carriers through sp-d exchange interaction, which results in a giant
Zeeman splitting of the spin sublevels of the electron and hole.
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A spin-polarized current can be produced by DMS-semiconductor
heterostructures [4] or resonant tunneling with a DMS as a
potential well [5] due to the giant Zeeman splitting. Now the spin
coherence relaxation time has reached the nanosecond level at room
temperature and the coherence distance exceeds 100 um. The ability
to preserve coherence spin states in semiconductors may enable
quantum computing in the solid state. On the other hand, it was
found that the Curie temperature T¢ in a DMS in excess of 100 K
has been realized in (GaMn)As systems [6]. The high T¢ DMSs can
be used as an efficient spin injector from a ferromagnetic DMS into
a semiconductor without applying a magnetic field. Datta [7] has
proposed a spin transistor device.

For a conduction-band electron in zinc-blende semiconductors
the dominant spin-orbit interaction (SOI) in low-dimensional
semiconductor structures comes from two physical factors: one
is the Rashba SOI [8], which arises from the structure inversion
asymmetry of the confined potential, for example, in a triangle well
formed in modulated-doped heterojunctions or the external electric
field. The other is the Dresselhaus SOI [9] induced by the lack of bulk
inversion symmetry, for example, in III-V compounds. Sheng et al.
[10] studied theoretically electron spin states in one-dimensional
ring in the presence of both the Rashba SOI and the Dresselhaus
SOI in a perpendicular magnetic field. They found that persistent
charge current, persistent spin current, etc., are very sensitive to the
strength of the Rashba and Dresselhaus SOL.

In this chapter, we apply the one-dimensional quantum theory
[11] to the case of an electron with a spin in the presence of a Rashba
SOI [8].

12.1 Rashba State Wave Function

In 1960 Rashba proposed Hamiltonian about an electron’s spin in a
semiconductor [8]

Hrp = oo xK]-n, (12.1)

where o is the Pauli matrix of an electron’s spin, k is the wave vector
of the electron, n is the unit vector perpendicular to the interface,
and « is the Rashba coefficient. Andrada et al. [12] proved that



Rashba State Wave Function

when the potential V (z) is asymmetric along the n direction, that
is, dV(z)/dz # 0, « is not equal to zero, that is, there is a Rashba
effect. In most two-dimensional electron gases (2DEGs) formed in
the modulation doping heterojunction structure V (z) is asymmetric,
so in many modulation doping field-effect transistors (MODFET)
there is a Rashba effect. Moreover, in the ordinary quantum well,
if there is a, external electric field perpendicular to the interface,
the Rashba effect will arise and the strength of the Rashba effect
is proportional to dV(z)/dz. To fabricate spin-controllable devices
by utilizing the Rashba effect, we have studied quantum waveguide
theory of Rashba electrons [1].

According to Eq. 12.1, the Hamiltonian of an electron in the two-
dimensional (2D) system with the Rashba spin-orbit interaction
(RSOI) is

h? o

V24V (x,)) (ipx + py)
H=| 2m h . (12.2)
o (—ipe+p,) — I V24V ()
Rt Ey) ViV y

where m* is the electron effective mass and « is the Rashba
coefficient. If the electron moves in a one-dimensional (1D) straight
circuit with a polar angle 6(see Fig. 12.1a) and the potential is zero
in the circuit, then the Hamiltonian can be written as

Gy
L. 9

H=| 2m 831 2 8312 : (12.3)
—ael? — — —
ol 2m* 9l

where [ is the coordinate along the circuit. The electron wave
function has the plane wave form,

@ = (Cl) ek, (12.4)
C2
Then the eigenenergies are determined as
ﬁZ
E=—Kk +ak (12.5)
2m*

and the wave functions are calculated to be

1 1 1 1
¢1(0) = ﬁ (ieie) and ¢, (0) = ﬁ (_I-em) ) (12.6)

corresponding to the —ak and +ak terms in Eq. 12.5, respectively.
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The spin orientations of the states ¢; and ¢, can be determined
by ¢ sy¢i and ¢; sy¢;, respectively, where s, and s, are the spin
component operators along the x and y directions, respectively.

S = —sinf, S,; =sinb,

Sy1 = cosh, Sy, =—cosb, (12.7)
Szl =0 and 522 =0.

From Eq. 12.7 we found that the spin orientation of the ¢; and ¢;
states are perpendicular to the circuit and the angles between the
spin and the circuit are +7/2 and —m /2, respectively. Afterward, we
call the spin with the angle +/2 to the circuit as spin-up and that
with the angle —7 /2 as spin-down.

If the electron states ¢; and ¢, have the same energy E, from
Eq. 12.5 we obtain their wave vectors,

ki =ko+ks, ko=ko—ks

m* 2h? m*
ko= —\/a?+—E, and k5=
m*

=5 T (12.8)

Therefore, due to the RSOI the electrons with the same energy will
have different wave vectors and spin orientations. Note that there is
another pair of solutions associated with —ky.

Up to now, we have only considered that the electron can
pass through the circuit freely. Now we consider the case with
a ferromagnetic contact [7] (see Fig. 12.1b) or a gate [11] (see
Fig. 12.1c) at the end of the circuit, and either the spin-up (or spin-
down) electrons or all electrons cannot pass through the circuit. If
the spin-up electrons are reflected, then the wave function in the
circuit will not have the plane wave form as in Eq. 12.4. It has the
form of a standing wave, as

o = ¢1 (9) eik11 _ ¢2 (9 + 77.') e*ikzl
= ¢1 (0) €™ sin (kol), (12.9)

where the origin of the coordinate I is at the contact or gate and we
have used the relation ¢, (0 + 7) = ¢1(0) and Eq. 12.8. If the spin-
down electrons are reflected, the wave function will have the form

® = ¢, (0) e ! sin (kol) . (12.10)
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Figure 12.1 Several structures: (a) a turning structure, (b) a spin-polarized
device, (c) a spin-polarized interference device, and (d) another spin-
polarized interference device.

The main result of this section is that the phase of the Rashba
wave function depends on the direction of the circuit 6, as shown
in Eq. 12.6. The electron without considering the spin does not
have this property [11], while the hole has a similar property, see
Section 10.6.

12.2 Boundary Conditions of the Rashba Current

Now we know all wave functions in every circuits. Another main
problem is the boundary conditions at the intersection. If the
intersection is crossed by n circuits, let ®; be the wave function
of the i-th circuit. At the intersection there are two boundary
conditions: one is the continuity of the wave functions, and the other
is the conservation of the current density. The first one is simple; it
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demands that

D=0, ==, (12.11)
The second one can be determined by the current density operator
L;, which is the operator of the derivative of the coordinate along the
i-th circuit for the case of a simple electron. Now we calculate the
form of the operator L; from Eq. 12.3. Because the RSOl is related to
the momentum, L; is determined by the commutation relation as

ﬁZ 9 —if
L = iIH—i ~mral e 12.12
1—_%[; ]— % 0 hZ P . ( . )
—ae -

m* ol
If we assign all positive directions of /; to be pointing to the
intersection, the second boundary condition has the form

n
> Lo =0. (12.13)
i=1

For the plane wave in Eq. 12.6, in spite of the spin-up or spin-down
state, we get

hk
b= 2o, (12.14)
m*

For the standing waves in Egs. 12.9 and 12.10, with the coordinate
origin at the intersection and L as the distance from the gate to the
intersection, we get

ik
Ld = —m—fi cot[ko (I — L)] ®. (12.15)

It can be expected that all 2ky/m* terms in the equations of the
second boundary condition (Eq. 12.13) can be counteracted. From
Eq. 12.14 we see that though the Rashba states have different wave
vectors of k; and ks, their travel velocities are the same Ak, /m*. This
will make the calculation more convenient.

12.3 Kinetic Property of a Rashba Wave in
Branch Circuits

12.3.1 Turning Structure

First we consider the turning structure, the simplest situation in
Fig. 12.1a. Suppose an incident electron with energy E enters
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circuit 1 (Fig. 12.1a). Then there will be transmitted waves in circuit
2 and reflected waves in circuit 1. The wave functions in circuits 1
and 2 can be written as

®1 = ajopr (0) €M + azopy (0) €™M + ary () el
+ary () ereh,
and
D2 = c1¢1 (1/2) €% + 29, (m/2) €', (12.16)

where aqy and ayq are the coefficients of the known incident wave
functions, a; and a; are the coefficients of reflected wave functions,
and c¢; and c; are the coefficients of transmitted wave functions.
From the boundary condition Eq. 12.11, we obtain

1 1 1 1 1 1
Ao | . |+Az2 | . |+A1| )+ . ) =a +c2 .
i —I —I i -1 1
(12.17)
From the boundary condition Eqgs. 12.13 and 12.14, we obtain

Ao (1)-{-1‘120 ( 1.>—A1 ( 1.>—A2 <1> =c1 ( ! >+Cz <1),
i —I —I i -1 1
(12.18)
where

ikiLy iks Ly
) )

Azo = age
and A; = aye kel (12.19)

Aqp = ayee

—iki L
A1 = ae 1 1,

We assumed that the coordinate origin of circuit 1 is at the magnetic
contact, which is at a distance L; from the intersection point O, and
the coordinate origin of circuit 2 is at the intersection point O.

The solutions of Egs. 12.17 and 12.18 are

AL =A4A; =0,
1—1i 1+i
= A Az,
1 > 10 + > 20
and
141 1-—1i
Cp = 5 Ao + 3 Azp. (12.20)

From Eq. 12.20, we see that in this structure there is no reflected
wave. We can prove that for any simple turning structure, the
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reflected waves are zero, no matter what the turning angle is. If the
incident wave has only one spin orientation, for example, spin-up,
with the wave vector ki, that is, a;g = 0 and a;o = 1, then from
Eqgs. 12.20 and 12.16 we see that it divides into two waves with the
wave vectors k; and k; and the same probability 1/2. If the incident
wave has the spin orientation in the positive x direction, then a;y =
1/+/2 and ay0 = i /+/2. From Eq. 12.20 we obtain ¢; = e sin (ksL;)
and c; = e'*ol cos (ks L), that is, two incident waves with the wave
vectors k; and k; have an interference effect as they arrive at point
0. We find that the spin of the electron moving from circuit 1 to
circuit 2 through the intersection has not changed. Generally, this
conclusion is not related to the direction of circuit 2. So if there is no
branch at the intersection like this one, the electron passes through
the intersection just like in one circuit. The only difference is that the
spin-up and spin-down components will be redistributed depending
on the direction of circuit 2 and ks L;.

Figure 12.2 shows the transmission probabilities Ty, = lc1]?
and Ty, = |cz|? as functions of «, when the incident electron has
a spin in the positive x direction and m* = 0.1 my, E = 10 meV, and

Turning structrue, L1=100 nm
1.0 4
! Ty} \Ty

0.8

o 0.64
0.44
0.24
0=

0 20 40 60 80 100

o (meV nm)

Figure 12.2 T,; and Ty, of the turning structure in Fig. 12.1a as functions
of the Rashba coefficient « for m* = 0.1 my, E = 10 meV, and L; = 100 nm.
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L; =100 nm. The parameters m*, E, and L; are fixed in the following
figures. We see that T,; and T3, change periodically with «. Due to
the interference effect, when the spin at the intersection is polarized
along the spin-up direction in circuit 2, T,; = 1 and T,; = 0. In the
opposite case, T;; = 0, Ty, = 1. It is noticed that the interference
effect is only related to the phase ksL; ~ «aL;, independent of the
electron energy E.

12.3.2 Spin-Polarized Device

Now we add a ferromagnetic contact that is magnetized in the spin-
up direction in circuit 2 at the distance L, from the intersection O, as
shown in Fig. 12.1b. According to the property of the ferromagnetic
material, we expect to get a spin-polarized device. It will allow the
spin-up electron to pass through completely in circuit 2 and forbid
the spin-down electron from going through.

Again we assume that an incident electron with energy E and
along the positive x direction enters circuit 1. The wave functions
can be written as

@1 = ajogr (0) €M + azoppy (0) €™M + ary () el
+axgy () ekeh,
and
Oy = c1¢1 (m/2) el 4 o0, (m/2) el sin [ko (I, — L2)]. (12.21)

Using the boundary conditions Egs. 12.11 and 12.13 at the
intersection O, the calculated results are
Ay = —iA) = —Mez”‘m
2
and
S Sl S S L (12.22)
2 2
From Eq. 12.22 we see that the absolute values of c¢;, A;, and
A, are not related to L;, so we will neglect L, in the following
discussion. The transmission probability Tz; = |c1]? = sin? (ksL1)
equals that in the above case, and there is no spin-down electron
passing through the end of circuit 2. The reflection probability R11 =

R1, = cos?(ksL1)/2, depending on the Rashba coefficient . When
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ksly = m*ali/h? = nm, T,1 = 0, and all electrons are reflected.
When ks L, = m*«al,/h? = nn /2, T21 = 1, and all electrons leave with
spin up from circuit 2. So this structure is a polarization-modulation
spin diode. If the ferromagnetic contact is magnetized in the spin-
down direction in circuit 2, the reflection and transmission will be
reversed.

12.3.3 Spin-Polarized Interference Device

Here we investigate the structure with a gate as shown in Fig. 12.1c.
In this case, circuit 1 acts as the source, circuit 3 acts as the drain,
and stub 2 acts as the gate, whose length L, can be controlled by a
gate voltage. Again we assume that an incident electron with energy
E and spin-polarized along the positive x direction enters circuit 1.
The wave functions can be written as
@1 = a1 (0) € + azogpy (0) €™ + aygpy () e MM
+ a2¢2 (77:) eiikﬂl'
®; = bighy (0) ™" sin [ky (I — Lo)]
+bagsa (0) " sin [ko (I2 — L2)],
and

O3 = c1¢1 (1/2) "2 4 cy¢p; (1 /2) €22 (12.23)

Using the boundary conditions Eqgs. 12.11 and 12.13 at intersection
0, we obtain

A2 = —IB Cos (koLz) Al(),

A1 = —IB COS (koLz) Az(),

i . 1—1i 1+i
¢1 = 4 sin (koL2) [ > Ao + 3 Azo} )
and
i . 1+1i 1—1i
Cy = BSII’I (ko L) |: > Ao + 5 A20:| , (12.24)
where

D = 2sin (koLz) + i cos (ko L) . (12.25)
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Gate stucture
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Figure 12.3 T34, T3;, Ry, and R, of the spin-polarized interference device in
Fig. 12.1c as functions of « for L, = 50 nm and other parameters the same
as Fig. 12.2.

Comparing Eq. 12.24 to Eq. 12.20, we find that they are similar,
c; and c; are multiplied by a coefficient that is only related to
| sin(koL;)/D|?, and the reflection is not zero now. These two effects
are caused obviously by the gate. If there is no gate, the structure
is the turning structure, as shown in Fig. 12.1a. The transmission
probabilities T,; and T, oscillate periodically with the Rashba
coefficient «, as shown in Fig. 12.2. Now we can expect that they can
be further controlled by the gate voltage.

Figure 12.3 shows the transmission and reflection probabilities
as functions of « for L, = 50 nm. From Fig. 12.3 we see that T3; and
T3, oscillate periodically with «, as in Fig. 12.2, but their amplitudes
decrease with «, reach a minimum at « = 73 meV nm, and then
increase afterward. This modulation is caused by the interference
effect related to cot(kyL;). Figure 12.4 shows the transmission and
reflection probabilities as functions of « for L, = 80 nm. From
Fig. 12.4 we see that when L, is changed by the gate voltage, the
amplitudes of T3; and T3; increase with «, reach a maximum at
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Lk
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Figure 12.4 The same as Fig. 12.3 but for L, = 80 nm.

o = 50 and 60 meV nm, then decrease to zero at « = 85 meV nm.
The interference effect of the gate is obvious, but it only changes
the magnitude of T3; and T3, simultaneously, while the interference
effect between electrons with spin-up and spin-down changes Ts3;
and Tj3; alternatively, as shown in Fig. 12.2,

For showing the prominence of the gate, we keep the RSOI
coefficient « as a constant and show the transmission probabilities
T31, T3z, R1, and R, as functions of L, for « = 50 meV nm in
Fig. 12.5. From Fig. 12.5 we see that the amplitudes of T3; and T3,
oscillate simultaneously with L, and their relative magnitudes are
determined by the «. So making use of controlling the gate voltage,
this structure is a spin-polarized interference device.

12.4 General Theory for a Structure with
Multiple Branches

We assume that except the input circuit there are n; free output
circuits (j = 1, 2,..., n1), nz circuits with gates (k=n; + 1, ...,
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Gate stucture a=50 meV nm,L1=100 nm
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Lh
1
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Figure 12.5 T34, T3;, Ry, and R, of the spin-polarized interference device in
Fig. 12.1c as functions of L, for « = 50 meV nm and other parameters the
same as Fig. 12.2.

ny + ny), and nj3 circuits with ferromagnetic contacts, which allow
spin-up or spin-down electrons to pass through (m = n; + n; +
1, ..., n; +n3+n3). The orientation angle 6 and the phase functions
¢1 and ¢, (Eq. 12.6) of each circuit are denoted by the subscripts j,
k, and m.

The wave functions in the input circuit are incident wave ®; and
reflection wave ®,,

®; = aroe™ pi1 + azoe™ iz,
and

@ = are Mgy + aze gy (12.26)
The output waves in the j-th circuit,

®; =aje™Vgi +ae™ip),. (12.27)
In the k-th circuit,

&y = are’™ sin [k (Ix — Li)] dr1 + axze ™' sin [ko (Ix — Li)] Pra-
(12.28)
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In the m-th circuit,

@ = i g + ampe ™ sin [ko (In — L) dmz ~ (12.29)
or

Dy = ame™ sin [ko (In — Lm)] ¢t + amo€™" ¢z~ (12.30)

for spin-up and spin-down allowing circuits, respectively. The L; and
Ly, are the distances from intersection O to the gate or contact.

The boundary conditions of the wave functions at intersection O
are

O +P, =, t=1,2,...n1+ny+ns (12.31)
and
ny ni+n; ni+nz+ns
Q=0 =) &;+i » cot(kol) Put > Jm®m (1232)
j=1 k=n{+1 m=ni+ny+1
where
Im®Pm = dm1@dm1 + ame [_i cos (kOLm)] Om2
and

]mq:)m = dm1 [_i Cos (kOLm)] ¢m1 + am2¢m2 (1233)

for the wave functions (Eq. 12.29 or Eq. 12.30), respectively.

Solving Egs. 12.31 and 12.32 we can obtain the reflection
coefficients a; and a; and the transmission coefficients of every
circuitsay andap, fort=1,2,...,n,ni+ny+1,...,n1+ny+ns.
For the circuits with gates j = ny + 1,..., n; + ny, there is no
transmission wave in them, so we do not need to calculate the
coefficients aj; and aj. For the circuits with a ferromagnetic contact
m=n;+n;+1,...,n;+ny+ ns3, one spin wave is allowed to pass,
another is forbidden, so we only need to calculate the coefficient of
plane wave.

In terms of the transmission probability, in the circuits 1 < j <
ny, Tj = laj1|* + |ajz|?, in the circuits n; + 1 < k < ny + ny, Ty = 0,
and in the circuits ny + n; +1 < m < ny + ny + n3, Ty = |am|* or
|amz|?. The reflection probability R = |a1]? + |az|?. Because the travel
velocities of the electrons with spin-up and spin-down are the same
hko/m*, T and R are proportional to the square of the coefficients of
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the wave functions. For all the above cases we proved that > T; + R
= 1, that is, the conversation of the particle current.

For simplicity we first consider the case of n3 = 0, that is,
there is no circuit with a ferromagnetic contact. From the boundary
condition Egs. 12.31 and 12.32 we obtain

ni+n;
O — P =(n+iD)d;, D= >  cot(koL). (12.34)
k=n1+1
From Eqgs. 12.31 and 12.32 we obtain

1
©i=5(1+n1+iD)<I>j.

1
7(1—n1—iD]<I>j,

b, =
2
By = 2 (Asodus + Azoti)
]_1+n1+1’D 10¥i1 209¢i2)»
and
1—n1—iD
= (A100 Ar00i2) . 12.35
r 1+n1+1’D( 10¢i1 + A200i2) ( )
From Eq. 12.35 we obtain
ap = 2z (A10¢>-+¢11 + A20¢'+¢12);
" 14+ni+iD i i
ap = _ (A10¢-J§¢11 + A20¢-§¢12) ,
1+ny+1iD ) ]
1—1’11—iD
Ay = ———— Ay,
1+ny+1iD
and
1—n1—iD
Ay = ——— Aqp. 12.36
2T 14+n+iD" " ( )

The wave function in a circuit with a gate is similarly given by
Eq. 12.35. Their coefficients can also be calculated. But the current
in these circuits equals zero, so the calculated coefficients are
meaningless.

We apply the above result to a few special examples:

e Consider a turning structure as in Fig. 12.1a, where n; = 1,
ny =0,6;=0,and 6; = 7/2. From Eq. 12.36 we obtain

1-—1i 1+1i
ap = Ao +

141 1—1i
ajz = > Ao + TAZ(), (12.37)
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and
A1 =4,=0.
justas Eq. 12.20.

e Consider a spin-polarized interference device as in Fig.
12.1c, whereny =1,n; = 1,6, =0, 6, = 7/2, and 6, = 0.
From Eq. 12.36 we obtain

=i, 1vi

a1 = ———— —_— ,

N7 2 4icot(kol) T 2+icot(koLy) X

141 N i

ai)y = —mmm _— ,

72T 2 ficot(kol) T 2+icot(koLe)
—i cot (koL

4, = i cot(kol)

T 2+icot(koLy) "
and
—i cot (ko Ly)
Ay = ————— A1,
2 +1i cot (koLy)
justas Eqs. 12.24 and 12.25.

(12.38)

e Another spin-polarized interference device with the free
circuit and the circuit with gate exchanged, where n; = 1,
n;=1,6,=0,0,=0,and 6, =m/2. From Eq. 12.36 we obtain

2

a1 = A )

TN 2 ficot(koL)

2 A

A= — ,

727 2 ¥ icot(koLy) *°
—i cot (koL

A, = i cotlhol)

2+icot(koly) *”

—i cot (ko Ly)
Ay = 2 icot (oL (kng)AIO' (12.39)
It means that there is no interference effect between the
electrons with spin-up and spin-down and the two kinds of
electrons move independently. The device behaves like an
ordinary quantum interference device.
For the case that there is one circuit with a ferromagnetic
contact, n3 = 1, the boundary conditions Egs. 12.31 and
12.32 become

D + O = Py, = a1 [_ sin (kOLm)] Om2 (1240)
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and

O — &, = (1 4+ n1+iD) amdm + {(n1+ 1 D) [— sin (ko Ln)]
+ [—i cot (ko L)1} amz®mz- (12.41)

From Eqgs. 12.40 and 12.41 we can calculate analytically the

coefficients a,,1 and an and other coefficients a;q, aj2, dp,
and ay;.

adm = ————————— A + i A + i /]
1 2+n1+iD( 100510i1 + Az0P1 Piz)

_ =2 (A10p/ydi1 + Az diz)
"~ (1 + ny)sin (koLn) + i [D sin (ko Ly) + cos (koLm)]’
aj1 = am1¢;16m + amz [— sin (ko Lm)] ¢}1Pmz,

j2 = Am1¢,m + amz [— sin (ko Lm)] ¢20m2,

am2

1 .

g1 = —m {am1¢]zL1¢ml + amz [— sin (ko Lm)] ¢lir1¢m2}.
1 .

apz = —m {am1¢1(+z¢m1 + a2 [— sin (Ko Ln)] ¢ Pm2 };

Ay = am1diPm1 + amz [— sin (ko Ln)] &7 Pmz — Ao,

A1 = am s dm + amz [— sin (KoLm)] ¢hPmz — Azo-
(12.42)

We apply this to some special examples.

Consider a turning structure with an output circuit with a
ferromagnetic contact, as shown in Fig. 12.1b, where n; =
n =0,n3=1,6, =0, and 6,, = 7/2. From Eq. 12.42 we
obtain

1—1i 1+1i
A = 5 Ao + > Ajo,
. 1+1i 1—1i
Ay = 2ieFolm A Ay |,
2 1 ( 2 10 + 5 20)
o2iko L
Ay =— 2 (A0 —1Az0),
and
o2ikoLm
A =— (iAo + Az0), (12.43)

2
justas Eq. 12.22.
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e Consider a branch structure with two output circuits, one
with a ferromagnetic contact and one free, where n; =1,
n,=0,n3=1,6,=0,6,=—n/2,and 6,, = /2, as shown in
Fig. 12.1d. From Eq. 12.42 we obtain

a _1—iA +1+iA
m = —3— A1 3 420
2 1+i 1—1i
amZZ_ZSinkng+icosk0Lm< 2 Ao+ 2 AZO)'
2 141 1—1i
a”:2+icotk0Lm< 7 At AZO)’
aj2 = am1,
Ay = ! (—2A10 +1Az) + _ (Ao —1A20),
3 2 +1icotkyLy
and
1
A = —3 (iA10 + 2A2)

+m ({A10 + Az0). (12.44)
Figure 12.6 shows the transmission probabilities T,1, T31, T32, R1,
and R; as functions of « for L, = 50 nm. From Fig. 12.6 we see that
T21 = T3, and both are not influenced by the contact in circuit 2. Ts;
oscillates with « due to the inference effect related to cos? (ksLi),
is modulated simultaneously by the interference effect related to
1/(4 + cot? kyL,), and reaches a minimum at « = 73 meV nm. So
we can modulate the electron current of one kind of spin by using a
ferromagnetic contact.

12.5 Summary

We have discussed the properties of the Rashba wave function in
the planar 1D waveguide and obtain the following results. Due to
the Rashba effect, the plane waves of an electron with energy E
divide into two kinds of waves with the wave vectors k; = ko+ ks
and k; = kg — ks, where k; is proportional to the Rashba coefficient,
and their spin orientations are +x /2 (spin-up) and —x/2 (spin-
down) with respect to the circuit, respectively. Unlike the electron
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Figure 12.6 T,;, T31, T3z, Ry, and R, of the spin-polarized interference
device in Fig. 12.1d as functions of @ for L, = 50 nm and other parameters
the same as Fig. 12.2.

without considering the spin, the phase of the Rashba wave function
depends on the direction angle 6 of the circuit. The travel velocity
of the Rashba waves with the wave vector k; or k; is the same,
hko/m*. The boundary conditions of the Rashba wave functions at
the intersection of circuits are given from the continuity of wave
functions and the conservation of current density. We considered
three cases: a free circuit, a circuit with a gate, and a circuit with a
ferromagnetic contact. In the case of gate or ferromagnetic contact in
the circuit, the Rashba wave function becomes a standing wave form
el sin [ko (I — L)] , where L is the position coordinate of the gate
or contact. Using the boundary conditions of Rashba wave functions
we studied the transmission and reflection probabilities of a Rashba
electron moving in several structures and found the interference
effects of the two Rashba waves with different wave vectors and the
Rashba waves with the gate and the ferromagnetic contact. Finally,
we derived a general theory for a structure with multiple branches.
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The theory of Rashba 1D waveguide, including the wave functions
and the boundary conditions at the intersection, can be used to
design various spin-polarized devices.
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Chapter 13

1D Quantum Waveguide Theory of
Rashba Electrons in Curved Circuits

Since the Datta-Das spin field-effect transistor [1] was proposed, the
Rashba spin-orbit interaction (RSOI) [2] has attracted considerable
attention on account of its conceivable applications in spintronics. A
great deal of spintronic devices based on RSOI have been proposed
[3-6], most of which focus on ballistic straight waveguides [7-9] and
rings or analogous structures [10-12]. They are expected to control
spin-polarized transport on the basis of the interferences of different
paths [13]. Conductance properties of rings or analogous structures
with several diametrically connected leads have been discussed [5,
14]; some researchers consider similar structures as a spin filter
[6, 12]. Foldi et al. [10] accounted for the spin transformation
properties of a quantum ring with RSOI and indicated that it can
serve as a one-qubit quantum gate for electron spin, and Shelykh
et al. [6] invested a gated ballistic AB ring with three asymmetrically
situated electrodes and showed that it was able to demonstrate the
properties of both the quantum splitter and spin filter. In recent
years, there have also been experiments about the spin transport
in these structures [15-17], where the AB effect plays an important
role.
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But the AB rings are not made of straight circuits such as
structures discussed in Chapter 12, so transports in these rings
cannot be studied using the theory in the previous chapter.
Therefore we divide the curved part into N segments, where N is a
big number so that every segment can be regarded as a small straight
line. Then we investigate the electron’s movement in every straight
segment and every vertex. When every straight segment tends to be
infinitely small, the wave function of the Rashba electron passing
through a curve can be obtained.

13.1 Transfer Matrix of a Rashba Electron in a 1D
Two-Terminal Structure [18]

Firstly, we apply boundary conditions in Chapter 12 to a turning
structure. An incident electron with energy E enters circuit 1 at
angle 0, passes through a corner, and then enters circuit 2 at angle
¢. The wave functions in the circuits can be written as

@1 = ayop1 (0) € + azogz (0) €™ + a1py (6 + ) e
+azy (0 + m) e keh

and

@, = c1¢1 (¢) €512 + c2¢2 () €2, (13.1)

where aj9 and ayy are amplitudes of the inject waves, a; and a; are
those of the reflecting waves, and c; and c;, are those of the output
waves. [; and [, are the coordinates of circuits 1 and 2, respectively.
¢1 and ¢, are the phase factors of spin-up and spin-down electrons,
given in Eq. 12.6, k; and k, are the wave vectors, given in Eq. 12.8,
respectively. Applying Eq. 13.11 and Eq. 13.13, we can find that there
is no reflected wave function in circuit 1, at the intersection a; = 0,
ap; = 0.
In a circuit with angle 6, we can write the wave function as

® = 11610), 02O ¥ = (02, 0201 (2 ). (132

In the following part of the chapter, we will adopt ¥ to describe the
wave function in most time. If we take the origins of the coordinates
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I; and [ all at the intersection, then Eq. 13.1 can be written as

[#1(¢) 92 ()] (2) = 61 (0) ¢2 0)] (““’) . (133)

azo

We can use a simple transfer matrix

o1 (¢) 1/1+eil0-0 1 _ g-ilv=0)
Moo = (4’} (fﬂ)> [#1(6) ¢ (6)] = 2 (1 —eilv—0) 1 4 e—i(w—e))
(13.4)

to describe the transform of the wave function ¥ at the intersection
of the turning structure. Accordingly the transfer matrix of one
circuit with length L can be written as

eik1L 0
M, = < 0 eikzL>' (13.5)

In the following, we will calculate the spin transport on the basis of
Eq. 13.4 and Eq. 13.5 when there is no branch. If at the intersection
there are branches, we can calculate that by utilizing the boundary
conditions Eq. 12.11 and Eq. 12.13.

All the results above are in the condition of no magnetic field.
Now we consider the two-dimensional (2D) system in the external
magnetic field perpendicular to the circuit plane. In this case, for a
close ring the wave vector k in Hamiltonian will be replaced by

ket = k + eA /R, (13.6)

where the + sign depends on the relative orientations of the
magnetic field and the k, |[A] = &,,/L is the vector potential, and
@, and L are the magnetic flux through the closed loop and its
perimeter, respectively. So if we substitute kg for k, the k; and k;
in Eq. 13.1 and Eq. 13.5 will be changed to

ki =ko+ks —ka, ki=ko—ks—ka,

m* 2h? m* eA
= ﬁ Otz + m E, kg = ﬁa, and kA = Zl:? (137)

ko
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Figure 13.1 Several structures: (a) an AB ring, (b) an AB SL, and (c) a AB
double SL.

13.2 Electron Structure of a Closed Circle [1]

The structures studied in this section are shown in Fig. 13.1.
Figure 13.1ais an Aharonov-Bohm (AB) ring, and the angle between
the inject circuit i and the output circuit e is 6. Figure 13.1b is an AB
square loop structure, and Fig. 13.1c is an AB double square loop.
First we calculate the electron structure of a closed circular ring (as
Fig. 13.1a without inject and output circuits) by the transfer matrix
method. According to Eq. 13.4 and Eq. 13.5, we can get the transfer
matrix of arbitrary structure with no branches. For a closed circle,
we divide the circle into N segments, each segment can be seen as a
straight line segment, and we calculate the transfer matrices in every
segments and every intersections. When the N is large enough, the
product of all matrices according to the order of transport is the total
transfer matrix M.

It can be inferred from Eq. 13.4 and Eq. 13.5 that the total transfer
matrix M is just concerned with the electron energy E, the Rashba
coefficient «, the external magnetic B, and the radius of the circle R.
Now we fix up the last three coefficients, so the M can be written as
M(E). It is noticed that the eigenstates of the circle exist just when
M(E) has an eigen value of 1, that is, when

det[M(E)—I1]1=0 (13.8)

and the corresponding eigen vector describes the eigenstate in the
form of W.

Next we will give the analytical solution of this problem. We
consider one segment and the intersection at its heel. If the N is
large enough, the length of the segment can be written as R§6, and
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86 = (¢ —0) is the turning angle at the intersection in Eq. 13.4. If the
wave vector is in the counter-clockwise (CCW) direction, §6 >0, and
for the wave vector in the clockwise (CW) direction, §6 <0. §6 is an
infinitesimal quantity, and N30 = 2. For one segment, the transfer
matrix is
1/ 14e 01— gid eikiRSO
My = 2 (1 — i 1 4 mid0 0 eikiRso |- (13.9)
Because Mgy is very close to I, so we assume that its eigen value is
e™? where m is an integral. Ignoring twice and more power terms
of 86 and solving the secular equation
det (Mg — ™) =0, (13.10)
we obtain the eigenenergy for B =0,
1\* 1 1\ ——
where m is the quantum number of the quantum energy level. In this
paper, we use the dimensionless physical quantities. If the energy
unit Eg = /%/(2m*R?), then the energy ¢ = E/E,, the magnetic
field b = (heB/m*c)/E, and the Rashba coefficient& = («/R)/Eo =
a(2m*R/h?).
We can also get the eigen vectors of the transfer matrix Mg,

/ /
M, <C‘_’S ‘p,) — im0 (C‘_)S ‘”,) , (13.12)
sin ¢ sin ¢

tang’ =a £ 1+ @2,

Because the total transfer matrix M = (Mj)", these vectors are
also the eigen vectors of M, and the eigen value becomes e/™". It
is obvious that when m is an integer, these states describe eigen
Rashba states of the circle. In the presence of a magnetic field, the
corresponding eigenenergy is
2
8=<m+b+1) +1j:<m+b+1>\/1~|—072. (13.13)
4 2 4 4 2
According to Eq. 13.2 and Eq. 13.12, the eigen Rashba states in the
circle with a suffix m are
/
U (0) = [01©) 02 @) (Gt ) = o™ (225, ),

sin ¢’ V27 sin pe'?
(13.14)

where
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where tang = (1 + /1 + @?)/a is for the + sign in Eq. 13.13 and
tang = (1 — +/1 + @?)/a is for the - sign, which are defined as spin-
up and spin-down states, respectively. The spin orientation of each
state can be described as a function of 6,
S (0) = sin (2¢) cos 6é, + sin (2¢) sinfe, + cos (2¢) &,. (13.15)
We find that the spin-up and spin-down states have the opposite
local spin orientation, and everywhere their components in the
x-y plane point to the center along the radius, or in the opposite
direction, respectively. These results are identical to those obtained
from solving the Schrédinger equation with the Hamiltonian in the
polar coordinates [19, 20]
(~igs+4)° ylae (migs +3) +a(—ig +3)e™]
Hpo= 2
7o (—igs +3) +o (i +3)e’] (ig5 +1%)
(13.16)
Notice that the nondiagonal elements are written to ensure the

Hermitian of the Hamiltonian. On the basis of Eq. 13.16, we can also
obtain Eq. 13.13 to Eq. 13.15.

det|M—|

Figure 13.2 | det[M(E) — ]| of the closed circular ring as functions of the
electron energy ¢ fora =1and b =0, 1,and —1.
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We calculate the eigenenergies numerically. Figure 13.2 shows
the numerical results of the transfer matrix method, the
| det(M(E)—1)| as functions of ¢ fora =1 and b=0, 1, and —1. From
the figure we see that the zero points correspond to the energies of
eigenstates, for example, in the case of b = 0, ¢ = 0.38, 1.2, 3.0, 4.6,
7.6,10.0, 14.1, 17.4, etc., which are in agreement with the results of
Eq. 13.13. In the calculation, we take N = 1000.

13.3 Electron Structure of a Closed Square Loop
[18]

Although the spin states and electron structure in a close circle have
been investigated in some literature [19, 20] by other methods, our
method can be utilized to calculate more anomalistic geometry, such
as a closed square loop (as in Fig. 13.1b without inject and output
circuits). Assume that the side length of the square loop is L. We can
get the transfer matrix for a CCW circuit as
Mg, =
1 A* —3A3B — A*B? — AB® i (B* — B3A — B?A* + BA?)
4\ i(4*—34%B — A%B? + AB®) B* — B3A — B2A? — BA®
(13.17)

where 4 = M, B = ekl k;, and k, are defined in Eq. 13.8.
The matrix in CW is also easy to obtain. Similarly, we use the
dimensionless physical quantities, taking the energy unit E, =
h?(2m*L?). Then the energy ¢ = E/E,, the magnetic field b
= (heB/m*c)/Ey = 2eBL?/hc, and the Rashba coefficient a =
(a/L)/Ey = a(2m*L/h?). We can also get the eigenenergies and
vectors on the basis of Eq. 13.8. From Eq. 13.8 and Eq. 13.17 we
obtain the secular equation,

C—y iD
=0, 13.18

C = _621'5( + Seio_t + 1 + e—id}
D = _eio_l + 1 + e*ic»( _ e—Zi&’

where

y — 4e—4fX’
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and

-\ 2
b
X = koL — kyL = (Z) to—z. (13.19)

From Eq. 13.18 we obtain the eigenenergies of a closed square loop,
¢ b\?2 a\?
=(+2 4+ = 2y (=
o= (£2+2mrg) - (5)

1+4cosa —cosZ&)
4 )

where m is an integer and +(¢/4) + (7/2)m + (b/8) > 0. As we
know, this is the first result of eigenenergies of Rashba states in a
square loop obtained by the transfer matrix method, which cannot
be obtained by solving the Schrédinger equation. With the transfer
matrix method we can calculate the eigenstates of a closed loop of
any shape, for example, triangle, pentagon, hexagon, rectangle, and
ellipse.

About the eigenstates, in the straight-line section, the states are
just denoted by Eq. 13.4 and Eq. 13.6; the spin orientation of the
Rashba states with the wave vectors k; and k; are all perpendicular
to the circuit; the angles between the spin and the circuit are +7/2
and —r/2; respectively; and the coefficients of the spin-up and spin-
down states, which describe eigenstates in the form of ¥ in Eq. 13.2,
can be determined by Mg, W = W.

and

¢ = arccos < (13.20)

13.4 Spin Interference in an AB Ring [18]

Now we consider an interference structure, the AB ring as in
Fig. 13.1a. We use the transfer matrices Eq. 13.4 and Eq. 13.5 to
describe the spin transport in a circular circuit, and the boundary
conditions Eq. 13.11 and Eq. 13.13 to describe the transport through
the intersection. We obtained the reflection and transmission
coefficients in AB rings as functions of the electron energy ¢, the
Rashba coefficient «, and the external magnetic field B.

We assume that an electron with energy ¢ enters circuit i of
the AB ring from left to intersection A, then two transmitted waves
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depart from intersection A, meet at intersection B, and depart from
circuit e. At the same time, two reflected waves depart from circuit i.
Write the wave functions in the four circuits of the AB ring and the
boundary conditions at the intersections A and B. In the two arms
of the AB ring, the wave functions at point B are related with those
at point A by the transfer matrices. There will be 20 coefficients
for all wave functions in all circuits. We have 12 equations from the
boundary conditions at two intersections and 8 equations from the
transfer matrices in two arms of the geometries. So we can solve this
problem and get coefficients of reflection and transmission waves
uniquely.

The transmission and reflection coefficients are T; = |tup|2, T,
= |taown|% and Ry = |rypl?, Rz = |Faownl|®. Figure 13.3 shows Ty, Ty,
Ry, and R, as functions of the electron energy ¢ for the magnetic
field b= 0,60 = 0, @ = 1, and coefficients of injected waves are aj
= 1 and ayy = 0. In this case, R; = 0 and T, = 0. From Fig. 13.3
we see that the zero points of the R, curve are ¢ = 0.3, 1.3, 2.8, 4.8,
7.3,10.3,13.8, 17.8, etc., which just correspond to the eigenenergies
of eigenstates in the closed AB ring, calculated from Eq. 13.13. It

l,{'l—;l

e
a510.5

20

Figure 13.3 T, and R; of the AB ring in Fig. 13.1a as functions of ¢ for
6=0,a=1,b=0,a;0=1,and ayy =0.
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o=

L6

=03 4

Figure 13.4 T; and T, of the AB ring in Fig. 13.1a as functions of b for
0 =0,a=1,6=0.5,and a;p =1, azo = 0 (T1,T2) and azy = 0.707, azg =
0.707i(T1,T2").

means that when the energy of the injected electron equals the
energy of the eigenstate in the closed ring, there will be no reflection
completely and there will be resonance.

Figure 13.4 shows the T; and T, as functions of the magnetic
field b for the fixed electron energy ¢ = 0.5, 6 = 0, ® = 1, and the
coefficients of injected waves ajp = 1, ag = 0, and a;p = 0.7071,
azo = 0.7071i. From Fig. 13.4 we see that for both cases, T; and
T, curves all oscillate with the magnetic field b and the oscillating
period is b = 4, though their zero points are different. From the
definition of b = 2eB R?/ch, we obtain the period of the magnetic
flux is @, = hc/e, independent of the magnitude of the ring. This is
the first proof of the AB effect of the Rashba spin current.

13.5 Spin Interference in an AB Square Loop [18]

For comparing our results with the experiment in Ref. [15] and
analytical account in Ref. [21] of Koga, we consider the spin
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interference in a square loop as shown in Fig. 13.1b, similar to the
geometry of sample 2 in Koga's paper. We illustrate our method in
detail. Using Eqgs. 13.4 and 13.6, the wave functions in the input
circuit i and the output circuit e can be written as

1 : 1 : 1 .
U, = ayg (_1> el + a5 <1> elfeh + a; <1> el
+a; (_11> e~ ikely

U, =d; (_11) elkilz 4 d, (11) elfelz, (13.21)

The wave functions in the closed square loop at points A and B can
be written as

s () on () on 1) o

+bs <1) e~ el
i
and

Y. (B)=1c1 <1> effaly 4 Cy (_11> effely 4 c3 (_11) ekl
(13.22)

1Y\ i
+Ca (1) e 2,

where the origins of the coordinates I; and [ are at points A and B,
respectively.

Using the boundary conditions Egs. 13.11 and 13.13 we obtain
the following group of equations:

and

aio + azo +ai +az = by + by + b3 + by,

—a10 +azo + a1 —az =i (by — bz — b3 + b4),

b1+ by + b3+ by =di + do,

b1 — by — b3 + by = —d; + da,

c1tctcestcea=d+dy,

c1—C—c+c=Ii(—d +d),

Ao+ azo— a1— az+ 1+ 2 — €3— €4 = b1+ by — b3 — by + d1+ dy,
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and

—a0+ap—a+ay+c1—cz+c3—c4a=1i(by —by+ b3 — by
—di+dy).  (13.23)

The coefficients c1, ¢z, c3, and c4 are related to the coefficients by, by,
b3, and by by the transfer matrices,

1 by c3 b3
<C2>=M1<b2>' (04)=M2(b4>' (13.24)

The transfer matrices M; and M; are calculated in a way similar to
Eq. 13.17.
" 1 ((1+i) (—A*+24%B + A*B?) (1-1)(A*B+ AB3) )

L=-

(1-1)(A*B+ AB3) (1+1) (A*B* +24B% — B*)
and
", = 1 ((1 +1) (—A™ 4+ 24 B* + A*2B*%) (1—1) (A®B* + A*B*) ) |

4 a-i (A*3B*+A*B*3) (1+1) (A*ZB*2+2A*B*3 _3*4)
(13.25)
where 4 = e'* and B = ekl

Equations 13.23 to 13.25 are for the case of no magnetic field. In
the case of a magnetic field perpendicular to the loop plane, the k;
and k; in ¥; and W, in Eq. 13.21 are ko *+ ks, while those in W, in
Eq.13.22 are kg & ks + k4 and ky = + eA/h = £+ ed,,,/hL, where the
= sign of k4, depends on the direction of the wave, CW or CCW (see
Eg. 13.6).

Solving Eqgs. 13.23 and 13.24 we obtain the Ty, T;, R, and R; of
the square loop as functions of electron energy ¢ forb=0,a = 1, ay
=1, and az9 = 0, as shown in Fig. 13.5. From Fig. 13.5 we see that
Ry =0, T; = T3, and the zero points of R, are ¢ = 1.9, 2.6, 8.9, and
10.4, which are just the energies of eigenstates in the closed square
loop given by Eq. 13.20. Figure 13.6 shows the T3, T, Ry, and R;, of
the square loop as functions of the magnetic field b for e = 0.5, @ =
1, a;0 = 1, and ayp = 0. From Fig. 13.6 we see that the Ty, T2, and
R, all oscillate with the magnetic field and the oscillating period is
b = 12.5. According to the definition of the b in the square loop b
= 2eBI?/hc, the oscillating period corresponds to ®,, = hc/e, the
same as the AB ring.
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Figure13.6 Ty, T, Ry, and R, of the AB SL in Fig. 13.1b as functions of b for
&= 05,(5[ =1, aip = 1, and dzo = 0.
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13.6 Spin Interference in an AB Double Square
Loop [18]

In the experiment in Ref. [15] Koga et al. found that the period of
the AB oscillation is ®,, = hc/2e, half of the theoretical prediction.
We think that their circuit is actually an AB double square loop, as
shown in Fig. 13.1c, and the Rashba electron travels twice in the
loop. Similarly we write the wave functions in each circuit, and use
the boundary conditions and the transfer matrices, and obtain the
set of equations of wave function coefficients.

Solving the set of equations we obtain the Ty, T, R1, and R, of
the double square loop as functions of the electron energy ¢ for b =
0,@ =1, a0 =1, and a9 = 0, as shown in Fig. 13.7. From Fig. 13.7
we see that R; = 0, T; = T, and the zero points of R, are ¢ = 0.6,
1.9, 2.6, 4.7, 6.0, 8.9, 10.4, 14.1, and 16.3, which are the energies
of eigenstates in the closed double square loop. In there ¢ = 1.9,
2.6, 8.9, and 10.4 are the energies of eigenstates in the closed single
square loop. So if the closed loop has n circles, there are n times of

1.0 i
|

| |

< |

~ ! |
SN AR AN AN \
iV (4 l LA }' g N

IV TAY WAWI

\Ji.:' f =.jm i

'[t’ HIMRYE AT VA

0 10 20
e

Figure 13.7 T;, T,, and R; of the AB double SL in Fig. 13.1c as functions of
eforb=0,a=1,a,0=1,and ayyp =0.
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T, T..R,R,

Figure 13.8 Ty, T2, Ry, and R; of the AB double SL in Fig. 13.1c as functions
of bfore =0.5,a =1,a;p =1, and azy = 0.

eigenstates in the loop. Figure 13.8 shows the Ty, T;, Ry, and R; of
the double square loop as functions of the magnetic field b for ¢ =
0.5,& =1, a0 =1, and ayy = 0. From Fig. 13.8 we see that the Ty, T5,
and R all oscillate with the magnetic field and the oscillating period
is b = 6.28. According to the definition of the b in the square loop, the
oscillating period corresponds to ®,, = 3.14hc/e = hc/2e. It is half
of that of the single square loop, in agreement with the experimental
results [15].

Finally, we consider that electrons in Koga's experiment [15] are
not spin-polarized, so we average our results for all spin orientation
and get the total transmission coefficient T. Figure 13.9 shows T as
a function of o (6 in Koga’s papers) for b = 0 and ¢ = 0.5 and 50,
corresponding to £ = 0.01 meV and 1.0 meV for L = 1200 nm and
m* = 0.047 m,, as in Ref. 15. We note that the period is small, just
about 1/4 of that in Koga’s papers, and the curve is not very regular.
So we consider that though Koga et al. got the biggest change of o,
they didn’t control A6 from 0 to 0.75 x. Maybe the variety range of
«a is just about 1/4 of what they expected.
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Figure 13.9 T as functions of « (6 in Koga’s papers) for b= 0and ¢ = 0.5
and 50.

13.7 Summary

We studied the spin waveguide transport of electrons with Rashba
spin-orbit interaction (RSOI) in the curved circuits. The eigenstates
of the circular and square loops were studied by using the transfer
matrix method. the transfer matrix M(E) of a circular arc is obtained
by dividing the circular arc into N segments and multiplying the
transfer matrix of each straight segment. The energies of eigenstates
in a closed loop are obtained by solving the equation det[M(E) —
Il = 0. For the circular ring, the eigenenergies obtained with
this method are in agreement with those obtained by solving
the Schrodinger equation. For the SL, the analytic formula of the
eigenenergies is obtained first. The transport properties of the AB
ring, AB SL, and double SL are studied using the boundary conditions
and the transfer matrix method. In the case of no magnetic field,
the zero points of the reflection coefficients are just the energies
of eigenstates in closed loops. In the case of a magnetic field,
the transmission and reflection coefficients all oscillate with the
magnetic field. The oscillating period is ®,,, = hc/e, independent of
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the shape of the loop, where ®,, is the magnetic flux through the
loop. Finally, we compared our results with Koga's experiment.
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Chapter 14

Spin Polarization of a Rashba Electron
with a Mixed State

In recent years, much attention has been paid to the field of RSOI
[1] in low-dimensional semiconductor structures due to its potential
applications in spintronic devices [2-4], which is based on the idea
of the possible manipulation of the electron spin by an electric
field [5]. Although spin transistors have yet to be achieved, the
fundamental interest in understanding the effect and application
of RSOI on macroscopic low-dimensional semiconductor structures
continues [6, 7]. Many investigations focus on ballistic macroscopic
rings [8-11] because a quantum ring exhibits an intriguing spin
interference phenomenon [12, 13]. For instance, Chang et al. have
studied persistent current in a quantum ring with two kinds of SOIs
[9] and have shown that effective periodic potential caused by SOIs
results in the weakening of the spin current and the localization of
electrons. Ballistic electron transport of a Rashba electron through
a chain of quantum circular rings has been investigated by Molnar
et al. [10]. They have shown a periodic dependence on the incident
electron’s energy, through the parameter ka, the magnetic field
B, and the strength of the RSOI «. Recently Naeimi et al. have
shown that a double quantum ring in the presence of RSOI and a
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magnetic flux can work as a spin-inverter [11]. Most investigations
on quantum rings with RSOI focus on the circular ring because
its Hamiltonian can be written as a one-dimensional model [14].
Without this advantage, spin transport in other shapes of rings is
not convenient to calculate.

In previous work the injected electron is in the pure state, but
for many cases, we expect a spin polarizer to get a spin polarization
current from a nonpolarized state. To achieve this objective, in
addition to an electric field, a magnetic field is also required. In this
chapter, we study in detail the spin transport of Rashba electrons in
an AB square ring with a magnetic flux. In addition, we study the
spin polarization and its manipulation by « or B.

14.1 Transfer Matrix of a Rashba Electron in an
AB Ring with a Magnetic Flux

In the presence of Rashba spin-orbital interaction (RSOI) and of a
magnetic field B perpendicular to the x — y plane, the appropriate
Hamiltonian of an electron in the two-dimensional (2D) system in
the x — y plane is

2

o
u_ | 2 (p+eA)? +V (x,y) 7 (ipx + py)
pm— 2 )
o .
7 (=ipc+ py) = (P +eAY +V (x,)

(14.1)

where m* is the electron effective mass, « is the Rashba coefficient,
and the Zeeman energy has been neglected [13]. For a one-
dimensional (1D) circular ring structure this Hamiltonian can be
rewritten as

72 0 @ &\ a?

H=-— (=il 4%, -2) ¢, (14.2)
2m*R? 30 27 4 4

where ¢ is the azimuthal angle, R is the radius, @ = « (Z’QZR) is

the normalized Rashba constant, o, = cos oy + singo,, ¢ is the
magnetic flux through the ring, and ¢y = h/e. We can introduce the
dimensionless Hamiltonian. Then the eigenenergy and eigenstates
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in this system can be given as

b 1 (-1~ Sz
Er=(me 2y 2 W iee) 8 (14.3)
4727 2 4
and
) (14.4)

where 1 = 1 and 2, which refer to the up- and down-spin states,
respectively, b = 2eBR? /A, and the orthogonal spinors x*(¢) can be
expressed in the terms of the eigenvectors (1,0)T and (0,1)" of the
Pauli matrix o, as

B

1 COoS —
= % (14.5)
e'? sin 3

and

B

5 sin 5
x“(¢) = , ) (14.6)
—e'? cos 5

where 8 = arctan(—&). These results are obtained from the 1D
Hamiltonian Eq. 14.2, but for a variety of 1D ring, such as a square
ring or an elliptical ring, we can’t find the 1D Hamiltonian. To study
a Rashba electron’s transport in these structures, we divide a curved
line into N segments [15]. For a curved line, such as an elliptical ring
or a circular ring, N is large enough and every segment is very small,
and then every segment can be approximated to be a line segment
along the tangential direction. For every segment we can obtain the
eigenstates and we can write the wavefunction in the curve as

® = (0, 120DW = () @) () ) (14)

where

1 1 1 1
Y1(0) = 7 <ie,-g) , Y2(0) = 72 <_I-ei<9)’

| denotes the coordinates on the curve line, and 0 is the azimuthal
angle of the tangent line of the curve. Adopt ¥ to describe the wave
function and by using Griffith’s boundary conditions [16-18] in each
vertex, we can relate the wave function at the two endpoints by
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(b)

(a)

Figure 14.1 Two structures: (a) an AB square ring and (b) an AB circular
ring.

a transfer matrix. For a polyline structure, such as a square ring,
every lead is a natural line segment, so N is the number of leads.
All analyses on the curved line remain correct, and actually a curved
line is approximated to be a multistage polyline in our method. In
a circular ring this method gave results that are identical to those
obtained from 1D Hamiltonian [15], so this method is reasonable.

Consider a 1D square ring as shown in Fig. 14.1a. Here the
electron current is injected from circuit i and the output circuit e
is on the right side. We assume that at point A the down arm is
with the polar angle 6; and the up arm is with the polar angle 6.
Therefore in Eq. 14.7 6; and 6, correspond to the corresponding
side of the square ring. The side length of the square is denoted
by L, and the strength of RSOI in the square is denoted by «;. In
this chapter, we use the dimensionless physical quantities. Similar
to R in the circular ring, L can be treated as the size of the square
ring. If the energy unit E¢ = 72 /(2m*L?), then the energy ¢ = E /E,
the magnetic field b = (heB/m*)/Ey, and the Rashba coefficient
as = (as/L)/Eo = as(2m*L/h?). Similar to Ref. [15], we can write
the state of the electron in every part of the structure. We adopt ¥
to describe the wave function in the two arms of the square ring:

, al, (I
T e ) (148)
by (1)

) j Ij
wlo= down ( d."W“) ) (14.9)
b’ ()

down down
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a; . a .
b= ekl 4| 7] ekl (14.10)
bi b,

Dy = (Zt) eikolo, (14.11)

t

and

where up and down denote the upper and lower arms of the
square ring and j = 1 or 2, which correspond to the clockwise
and counterclockwise motions of electron through the square ring,
respectively. In particular, I}, and I, or Ij,,,, and I3, have opposite
directions. According to the transfer matrix method, we can obtain
the W of each arm if we know its value at any one point, so
there are 12 unknown coefficients in \Pl{p, lI/c{OWH, ®;, and Py.
Using Griffith’s boundary conditions [16-18], we can determine all
unknown coefficients. We assume that the original points of /; and [,
are point A and point B, respectively, then when a¢; = 1 and b; = 0,
we have a; = rq1, by = ri2, ax = t11, and by = t;2; similarly, when
a; =0 and b; = 1, we have a, =ry1, by = Iy, a; = t1, and by = tp,
where o = 1 or 2, which denote the spin-up and spin-down states
in the z direction. The spin-dependent transmission coefficient of an
electron with incoming spin o and outgoing spin ¢’ can be written
as Tyor = |tye |2. For comparison the spin transport in an AB circular

ring as shown in Fig. 14.1b is also calculated.

14.2 Description of Spin Polarization of a Rashba
Electron

In the above discussion, the injected electron is in the pure state,
but for many cases, this condition can’t be satisfied. We assume
that the rate for spin-up is P; and the rate for spin-down is
P,. Then it is convenient to introduce a spin polarization P to
describe the difference between the spin-up and spin-down electron
transmissions:

P —P,

= —=. 14.12
Pi+ P, ( )
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Obviously, —1 < P <1, P = —1,and P = +1 represent complete
spin polarization in the z direction. Now we define

Q= Py/P,. (14.13)

Then P = (Q — 1)/(Q + 1). There is a one-to-one correspondence
between Q and P, and Q and P have the same changing trend, so
we can study the variation of Q instead of the variation of P. We can
obtain the relationship of Q of the injected electron Q' and outgoing
electron Q°:

0 = T11Q' + Ta

C TnQ 4T
First we consider the change of Q though a structure AQ. In the
condition Q' < Q, we have AQ < 0; in the condition Q' > Q'
AQ > 0,and in the condition Q' = Qf*, AQ = 0, where

0 = —(T11 — T22) + \/(Tn — T2)? +4T12 T21.
2T1

We can determine that the spin polarization can be changed though
a structure, and Q™(PfX) is the sign value of Q(P) of the outgoing
electron. Because T, = T»1, Q1% is determined by (T11 — T22)/ T12.
Another condition we are interested in is the injected electron is
totally nonpolarized. In this case Q' = 1,50 Q° = (T11 + T21)/(T12 +
T22) = Q. In this condition, PP = (Q°P — 1)/(@*P + 1) can describe
the polarization of the spin of the outgoing electron when the
injected electron is nonpolarized.

(14.14)

(14.15)

14.3 Spin Transport in a Square Ring and a
Circular Ring with a Magnetic Flux

In this section we present the numerical result for the spin-
dependent electron transport in a square ring and a circular ring.
The effect of the RSOI strength «, the magnetic field B, and the
incident electron energy E are investigated for different conditions,
and two structures are compared with each other. Further, we use
the dimensionless physical quantities as in section 14.2, but for B,
we measure the magnetic flux ¢ in units of ¢g = h/e.

In Fig. 14.2 we show the spin-dependent electron transmission
coefficients Ty, T12(T21), and T, and the electron spin polarizations
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Figure 14.2 (3, ¢) The spin-dependent electron transmission coefficients
T11, T12(T21), and T, and (b, d) the electron spin polarizations P and P
of the emergent electron as a function of the magnetic flux ¢. (a, ) for the
AB square ring, and (b, d) for the circular ring.

P and P of the emergent electron as a function of the
magnetic flux ¢. The relevant parameters in our calculation are that
E =10 and @ = 1.0. Figure 14.2a shows the electron transmission
coefficients for the square ring in Fig. 14.1a, and Fig. 14.2b shows the
electron transmission coefficients for the circular ring in Fig. 14.1b.
We can see that for both cases, the electron transmission coefficient
curves all oscillate with the magnetic flux ¢ and the oscillating
period is ¢ /¢y = 1. It proves that the AB effect exists in two kinds of
AB rings. In these figures, T11 # T»; for any regions in which ¢ /¢ is
not an integer number. According to our theory in Section 14.2, this
means that the AB rings can act as spin polarizers in the presence
of both the RSOI and the perpendicular magnetic field. In Fig. 14.2c
and Fig. 14.2d we show the P and P*P as a function of the magnetic
flux ¢ for the square ring and the circular ring, respectively. High
polarization of spin can be reached in two structures, but there are
some differences. In our calculation, in the circular ring, the peak
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Figure 14.3 Ty, T12(T>1), and T, as a function of the injected electron’s
energy (a) for the AB square ring and (b) for the AB circular ring.

of PiX or PSP is sharp, while in the square ring, the peak area and
the valley area of P is wide. This means that the square ring has a
higher stability as a spin polarizer. This fact shows that the geometry
of the structure is an important parameter for modulation of the spin
transport if other parameters are fixed.

Now we investigate the effects of the energy of the injected
electron on the spin transport. Figures 14.3a and 14.3b show Ty,
T12(T21), and T, as a function of the injected electron’s energy
E for &« = 1.0 and ¢/¢p = 0.4 in the square and circular rings,
respectively. From Fig. 14.3 we see that the electron transmission
coefficients oscillate with the energy, but “the period” increases with
increasing E. This result is due to the expression of the eigenenergy
of corresponding close rings in Ref. [15]. Comparing the electron
transmission coefficients in the two rings, we find that the electron
transmission coefficients in the circular ring oscillate more rapidly
because the energy-level spacing is smaller in the circular ring. This
result shows again that the square ring has a higher stability as a
spin device.

Figure 14.4a and Fig. 14.4b show Tii1, T12(T21), and Ty, as a
function of the Rashba strength & in the square ring and in the
circular ring, respectively. The relevant parameters are E = 10 and
¢/¢po = 0.4. Again we see that the electron transmission coefficients
in the circular ring oscillate much more rapidly, so it means that the
stability of the circular ring is worse than the square ring as a spin

device.
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Figure 14.4 Ty, T12(T>1), and Ty, as a function of the Rashba strength &
(a) for the AB square ring and (b) for the AB circular ring.

14.4 Spin Polarization of a Rashba Electron in a
Quantum Ring

To obtain a higher spin polarization and more effective modulation,
we should take account of the effect of more parameters together. In
Fig. 14.5 we show the effect of the Rashba strength and the magnetic
flux on the spin polarization transport. We focus on the realization
of spin polarizer, so the spin current density is as important as the
spin polarization. We define the effective P

1
pef = Z psp Z Tyo. (14.16)

Figure 14.5 Contour map of effective spin polarization P* as a function of
the Rashba strength & and the magnetic flux ¢ (a) for the AB square ring and
(b) for the AB circular ring.
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If the injected electron is nonpolarized, the sign of P¢ denotes
the spin-polarization direction on the z axis and its absolute value
contains information of both electron current density and spin
polarization of the outgoing electron. Only when both of them reach
a higher value, P¢f have a considerable value. The contour maps of
P¢fas a function of @ and ¢ in the square ring and in the circular ring
are shown in Fig 14.5a and Fig. 14.5b, respectively. In our calculation
the incident electron energy E = 10. As shown in Fig. 14.5, |P¢f| is
very small for most of the region of (@, ¢/¢g), so we must choose
suitable parameters for a spin polarizer. For instance, we can set @ =
1.0 and modulate ¢ in both structures. This condition is discussed in
Fig. 14.2. Another result is that we don’t need large Rashba strength
and magnetic field. If the scale of the structure is about 100 nm
and m*/m, ~ 0.1, then we get « = ah?/(2m*L) ~ 4.0 meV nm
and B >~ 0.1T. Comparing Fig. 14.5a with Fig. 14.5b, we can clearly
find that P¢ changes more rapidly in the circular ring and there
is a wider region of (&, ¢/¢g) in the square ring, which is useful
for modulating the spin polarization. These results are reasonable.
Many research studies have indicated that the transport in an AB
ring is related to the energy band structures of a corresponding
closed ring. Eigenenergies of Rashba states in a square loop are given
in Ref. [15], and we can find the energy-level spacing is much larger
than that in Eq. 14.3. As a result the spin transport of a Rashba
electron in the square ring is not so sensitive to relevant parameters
as that in the circular ring. In addition, when the & and ¢ /¢, are the
same in two kinds of rings, the arms of the square ring are longer
and a spin-dependent quantum interference phenomenon is more
likely to occur. This fact may be another reason why the geometry is
important.

14.5 Summary

In this chapter, we studied the spin polarization in a square ring
and in a circular ring with the RSOI and the magnetic flux. We
developed the 1D quantum waveguide theory in straight waveguide
systems and applied it in the 1D curve systems. The effects of Rashba
strength, magnetic field, and incident electron energy were taken
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into account. We found that for appropriate values of parameters,
both kinds of AB rings can work as spin polarizers and modulation
by some parameters is realizable. Comparing the results in two
structures, it was found that the spin polarization in the square ring
has a wider peak (valley) area and it means that the square ring has
higher stability as a spin polarizer.
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Chapter 15

Two-Dimensional Quantum Waveguide
Theory of Rashba Electrons

The first model of spin transistor proposed by Datta [1] working
by controlling the strength of Rashba spin-orbit interaction (RSOI)
[2] was demonstrated to be feasible in narrow-gap semiconductors
[3]- Then many device ideas were brought forward [4-10]. Recently,
Koo et al. [11] reported the demonstration of the spin-injected field-
effect transistor in a high-mobility InAs heterostructure. They con-
firmed the Datta’s theory [1]—an oscillatory channel conductance
as a function of monotonically increasing gate voltage. Besides, a
great deal of one-dimensional (1D) devices were proposed [12, 13].
The 1D quantum waveguide theory have been introduced in the
previous three chapters. When the width of the waveguide is not
narrow enough, the 1D approach cannot work; the transport of the
electrons will be in some transverse excited states synchronously,
not only the ground state; and the transmission will be concerned
with the structure shape.

The two-dimensional (2D) quantum waveguide transport for
a spinless electron has been introduced in Chapter 11, but that
for a Rashba electron has rarely been studied [5]. In our work
for this chapter we applied the 1D quantum waveguide theory of
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a Rashba electron to the 2D cases, which can operate the spin
flip and the electron block more effectively. We used the transfer
matrix method [16, 17] with the boundary conditions derived in
Refs. [14] and [15] to study the 2D ballistic transport of Rashba
electrons in straight structures of various shapes, including square
stub, triangular stub, and periodic structures [19]. We found that the
boundary condition for the derivative of the wave functions at the
discontinuous interface used by Wang et al. [5] is not reasonable,
so it is necessary to formulate the theory and calculate the results
correctly. And the 2D quantum waveguide theory for a Rashba
electron may be useful for designing the spin-injected field-effect
transistor.

15.1 Transfer Matrix Method Considering
Spin [19]

The transfer matrix method’s general formalism of a spinless
situation has been described in Chapter 11 and many papers [16-
18]. Now we apply it to Rasbha electrons. If ballistic electrons
move along a straight channel in two-dimensional electron gasses
(2DEGs) that work in the presence of the Rasbha spin-orbit
interaction (RSOI), we can divide the channel into some segments
(see Chapter 11) and in each segment the width is constant. If we
assume that 2DEGs are in the x — y plane and the channel is in the x
direction, in each segment the wave function can be written as

N
U (x,y) = [ahé1 (0) €M + afi ¢, (0) e
n=1

+bT, 1 (0) e X + B by (0) e~ *n¥] o (y),  (15.1)

where m denotes the m-th segment and ¢; and ¢, are the phases of
the Rashba wave functions in Eq. 12.6 [14]. The argument 6 in ¢; and
¢2 is the azimuth angle of the circuit; in our case § = 0 or 7. k), and
k7 are the wave vectors [14] depending on the transverse energy of
the electron in the m-th segment,

R
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and

m* 2h? m*
kg, = ﬁ\/az + e EM, k= T (15.2)

where « is the Rashba coefficient, E| is the longitudinal kinetic
energy

2 2

EM=E - Zﬁ— ("”) , (15.3)
m W

W,, denotes the width of the m-th segment, and n denotes the n-th

transverse sublevel. The sum over n includes evanescent modes, that

is, kg, is imaginary.

In this chapter we use dimensionless units of physical quantities.
The length of the unit is the width of the input channel W, the wave
vector unit is 7/ W, and the units of the energy and the Rashba
coefficient are

h? 2 12
g0 = ) and o= ), (15.4)
2m* \ Wy 2m* \ Wy
respectively. With the dimensionless units, kg, and ks in Eq. 15.2 can
be written as

2 nWwo 2
K = \/@) +E- ( W°> and k= % (15.5)
n

Then we match the wave function and the current density, J, left-
multiplying the wave function, at each interface of segments, with
different widths. J, is the current density operator (4.12) [14]

3 —io
o= | Tl ¢ 15.6
]X__ﬁ[l ]_ﬁ _aem 123 . ( )
m* 0l

It is noticed that the result of the operator J, left-multiplying the
wave function is rather simple [14].

ﬁkOn
m*

]xlljan = ]X¢a (9) eik,,,,x =

W, (15.7)

This means that the current density is independent of spin o, which
is in contrast to the result of Ref. [5], where the authors used the
derivative operator instead of the current density operator J.
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Considering the orthogonality of ¢; and ¢,, we divide the Rashba
electron wave functions into two parts, spin-up and spin-down. We
write the expression of W™ in Eq. 15.1 in the matrix form and adopt
a 4N dimensional column vector to describe the wave function in the
m-th segment as the following form:

W= 1 (0) @ W' + ¢ (0) ® W' (15.8)
and
bype KoaX ... boNe_”"B"—oNX) T
= (am BM", (15.9)

where 0 = 1 or 2. We assume the hard wall approximation at the
edge of channel, hence the transverse wave functions

on V) = \/WTmsin m; (y—y(’)”)}, (15.10)

where y{' is the coordinate of the down edge of the m-th segment.
This assumption is adopted in the whole chapter. The boundary
conditions of the wave function and the current density at the
interface of the m-th and the (m + 1)th segment are

P = pmil
and
JoU™ = Jopmt (15.11)
Then left-multiplying Eq. 15.11 by ¢4(0) and ¢,(0), respectively, we
get
pn = gmtl (15.12)
and
JxW) = Jwrt, (15.13)

where o = 1 or 2. So it is derived from Egs. 15.12 and 15.13 that
for movement in the straight channel, there is no mixing between
the wave functions of spin-up (¢ = 1) and spin-down (¢ = 2) and
the transfer matrix, which relates W, on two sides of the interface,
is independent of o. In the following we will omit the index o.
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There are two cases: the transverse width of the m-th segment W,
is smaller than Wj,;1 of the (m + 1)th segment, or vice versa. For
the former, we multiply both sides of Eq. 15.12 by ¢! (y) and
both sides of Eq. 15.13 by ¢" (v) and integrate over the transverse
coordinate range of the (m + 1)th and m-th segments, respectively.
We get

N
> (@ +b") Sip = aytt + byt (15.14)
=1
and
K (ap ka“ mHL_ pmtl) S, (15.15)

where S; , is defined as

Sin = /W o () ¢ (v) dy. (15.16)

Now if we adopt the expression of ¥, in Eq. 15.8 and Eq. 15.9, we
can obtain the transfer matrix connecting the W, on the left side of
the interface and the W, on the right side [16]

1
v = Mm,m+1q]m+ ’

1/ M*+ M M*— M-
My, mi1 = ( ) (15.17)

2\ Mt — M~ M*+ M-
M* = (ST)"',and M~ = (K™ 'SK™'. (15.18)

K™ is the diagonal matrix with elements kf,. For the case of
W,, > W11, we can similarly obtain the transfer matrix.

In the straight m-th segment, the transfer matrix connecting the
W, on the left end and the right end of the segment is the diagonal
matrix, dependent on o.

P~ 0
My, = ( 0 Pj) (15.19)
and

(Pi)nl = eiik{Tananl’ (Pt;L)nI eIkB - m(S nl

[

where Ly, is the length of the m-th segment.
In this chapter, we assume that an incident electron with energy
E enters the channel and the state of the incident electron is known.
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So the coefficients of the wave functions at the input end and the
output end A™ are certain and B°'* = 0. The total transfer matrix
M, is the multiplication of all partial transfer matrices in due order,
which is just related with E, o, and the channel’s structure.

M; 1 M,z
M(I = HMmyaMm’m_)'_l = < i ! .
m Mo,3 Ma,4—

From the transfer matrix Eq. 15.20 we can obtain A%"* and BI".

A%t = (M,1)"' A™ and B = M, 3 (M,,1)" " A", (15.21)
The transmission and reflection coefficients t; and r; are related
to the wave function coefficients. Supposing that the incident

electron propagates in the ground transverse mode of the input
channel [16]

(15.20)

— —-1/2 —-1/2
kor rllk(nljz t11k011;2
Ain — 0 Bin — r21k02 and Aout — t21k02
—-1/2 —-1/2
0 erkON/ tleON/
(15.22)

The total transmission and reflection probabilities T and R equal

N N
T,‘:Z|tji|2 and R,-=Z|rj,-
j=1 j=1

for one electron incident in the i-th transverse mode. The summa-
tion is over all the traveling waves in the longitudinal direction. It
can be proved that the current density is conserved.

T, + R = 1. (15.24)

2

, (15.23)

15.2 Spin Interference in Two Kinds of 2D
Waveguides [19]

First we studied the transmission probabilities in the stub structure
as shown in Figs. 15.1a and 15.1b. We take the dimensionless
parametersas Ly =L, =L3 =1, W, =W3=1, W, =1.8,anda = 0.5,
and define the effective wave vector of the incident electron,

Kot = (%)2 + Eo, (15.25)
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Figure15.1 Two kinds of waveguides with different stubs: (a) a square stub
and (b) a triangle stub.

where E is the energy of the incident electron. For 1 < ket < 2,
the transmission probabilities as functions of k. for two structures
are shown in Fig. 15.2. From Fig. 15.2 we see that the T versus
ke relation is independent of o (=1 or 2, corresponding to +«).
Furthermore, it is also independent of the magnitude of « if we take
kess as the variable. That means the calculated results of the two-
dimensional (2D) quantum waveguide transport for the spinless
electron published in pervious papers [16-18] are also valid for
the Rashba electrons; only the variable kg is changed from +/E, to
Eq. 15.25. In Fig. 15.2 the T curve has a sharp dip at k. = 1.85 and
the position of the dip depends on the length of the stub W;; here
we take W, = 1.8. If we look at the stub as a gate, over which we
make a metal electrode, then the gate length W, can be controlled
by the gate voltage. So the transmission probability of the electron
with a fixed energy E, can be controlled by the gate voltage. For
square stubs (solid line), all vales have those energies where kg, in
Eq.15.2 equals 1. If we assumed stubs are totally closed, these points
correspond with eigenenergies. We can infer that this rule holds true
for triangular stubs.

For 2 < kegs < 3, the transmission probabilities as functions of ke
are shown in Fig. 15.3. There are two modes of incident electrons:
one is at the first sub-band and the other is at the second sub-
band. Similarly, there are two modes of outgoing electrons, so the
transmission probabilities have four qualities, T; (i, j = 1 or 2),
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= 0.54

Figure 15.2 T as a function of E in the structure in Figs. 15.1a and 15.1b,
when 1 < kg < 2and N = 5.

0 SN A=

2.0 2.5 3.0

Figure 15.3 Ty (i, j = 1 or 2) as a function of E in the structure in Fig. 15.1a
when 2 < ke < 3and N = 5.
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which denotes the transmission probability from the j-th mode to
the i-th mode. From Fig. 15.3 we see that the T;; and T»; are larger
and the Ty, and T,; are smaller, but not zero. This means that in
the transport process there is coupling between different modes. We
also found that T1; = To;.

Though the transmission probabilities are independent of the
spin orientation (o), if we put a ferromagnetic contact oriented
in the x direction at the output end, which permits only electrons
with spin oy to pass through, then the spin polarization along the x
direction will depend on the Rashba coefficient « and the total length
of the structure

P= i, (15.26)
J++]-

where J, and J_ are current densities of spin along the +x and
—x directions, respectively. Figure 15.4 shows the spin polarizations
as functions of « for k. = 1.7. The coefficients of incident wave
function are A" = 1/4/2(1,0,0...)" and A = 1/+/2(i,0,0...)".
From Fig. 15.4 we see that the spin polarization of the outgoing
Rashba electron can be modulated by the Rashba coefficient and the
relation of P and « is immovable even when E or the structure of
the waveguide changes.

Figure 15.5 shows the transmission probabilities as functions of
the width of the stubs for the structure of Fig. 15.1a with parameters
Li=I13=11L,=05 Wy =W; =1, N =3, = 0.889, and incident
electron energies Ey, = 3.4, 3.5, and 3.6. We choose this value of
a for comparing with results of Fig 15.7. From Fig. 15.5 we see
that the transmission probability equals zero at a definite width of
stub Wy, which is different for different incident electron energies.
Figure 15.6 shows the transmission probabilities as functions of the
width of the stubs for the same parameters as Fig. 15.5, but « = 0.5.
Comparing Figs. 15.5 and 15.6, we found that the positions of the
transmission probability valleys change with the Rashba coefficient
a; when o increases, the Wy, of the transmission probability
valley decreases. This means that we can control the transmission
probability by changing the Wy, that is, changing the gate voltage
over the stub, or changing the Rashba coefficient ¢, that is, changing
the perpendicular electric field to the 2DEG.
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Figure 15.4 P as a function of «; this function is the same as the 1D case
and is not related with the structure.
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Figure 15.5 T as a function of Wy, in the waveguide with a single square

stub; the length of the stub is 0.5, « = 0.889, and N = 3 for E, = 3.4, 3.5,
and 3.6.
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0

1

1.0 1.5 2.0

Figure 15.6 T as a function of Wy, in the waveguide with a single square
stub; the length of the stub is 0.5, « = 0.5, and N = 3 for E, = 3.4, 3.5,
and 3.6.

Then we investigate the influence of the number of stubs. We
investigate the structure where there are three configurations that
are the same as the structure of Fig. 15.5, with the parameters N = 3
and o = 0.889. We select this « value so that P = 1. Figure 15.7
shows T as a function of Wy, when Eg = 3.4 and 3.8. From Fig. 15.7
we see that the transmission probabilities equal zero at the same
Wi as the single stub structure but the half-widths of the valleys
decrease greatly. Trends in two curves are similar: T &~ 1 in most
range of Wsyp, and T decreases to zero in a very small range. In
these regions in which T & 0, we can completely block the electron.
Figure 15.8 shows T as a function of Wy, when square stubs are
replaced by triangular ones, and E = 3.4 and 3.8. From Figs. 15.7 and
15.8 we see that these regions in which T & 0 depend on the shape
of the structure. With the multistub structure we can control the T
more effectively. In Fig. 15.8 the dip in the solid line looks strange
because it is too sharp to be expressed. And there are some very
sharp dips, which can be explained by the (nW,/W,) in Eq. 15.5. It
make the condition of resonance become unsatisfied rapidly.
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Figure 15.7 T as a function of Wy, in waveguides with three square stubs
that are the same as Fig. 15.5, for Eq = 3.4 and 3.8.
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Figure 15.8 T as a function of Wy, in waveguides with three triangular
stubs that are the same, other parameters are the same as



The Unitary Condition

Physically, in the case of T = 0 there is an eigen standing wave
state in the stub region between the input and output waveguides
for each structure. Figure 15.2 shows that when E is in a small region
T decreases rapidly. It is because for these E values there is almost
a complete standing wave in the mid-region, so at the interfaces of
input and output waveguides between the mid-region, ¥ & 0, so
R =1and T = 0. And the eigenenergy E of these standing waves
depends on the E, W, and the shape of the structure. So we can
select a structure of a suitable shape and parameter and apply gate
voltage and perpendicular electric field to block the electron.

15.3 The Unitary Condition [19]

Now we prove that the unitary condition Eq. 15.24 is always tenable.
Considering that M,,,, are unitary matrices, we just need to prove
that currents on the two sides of the interface of the m-th and the
(m 4 1)th segment are equal. For every wave function W in the
waveguide, the current in the x direction is Re(¥ ™/, W). Considering
the orthogonality of ¢ (y) and the express of W™ in Eq. 15.1,
J™=]{"+];" and

N
m m ik™ x m —ik? _ x\*
JI" =Re E kon (all} "o + b e™"'5-on¥)
n=1

(am e — b em o) | (15.27)

So if we define a new W™ and J, W™ as Eq. 15.8 and
wm = (aaleikg’lx F by X g L@ X 4 b e MY,
- g€V 4 by e o)
and
Jowm = K™ (A" - B")". (15.28)

Then formula ™ = Re[(V¥M)" J,¥"] remains effective and
Eg. 15.14 and Eq. 15.15 can be written as

wm = (7Y gmi (15.29)
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and
T =S (J,wrt). (15.30)

Left-multiplying Eq. 15.30 by Hermitian conjugation of Eq. 15.29 and
taking the real component

Jm=Re [ (W) Jwr| =Re | (wrt) " poumit] = g,
(15.31)
So the unitary condition is satisfied in our method.

15.4 Summary

We studied the 2D ballistic transport of Rashba electrons in a
straight structure in 2DEGs. We derived the transfer matrix relating
the wave functions at the input end and at the output end of the
structure and found that for movement in a straight structure, there
is no mixing between the wave functions of spin-up (¢ = 1) and spin-
down (o = 2) and the transfer matrix is independent of ¢ in the
interface. We investigated the influence of the structure on electron
transport. It is found that the transmission probabilities as functions
of the effective wave vector ks are independent of the sign and
magnitude of the Rashba coefficient «. The transmission probability
depends on the shape of the structure, especially the stub width. If
we change the stub width by the gate voltage, we can control the
transmission probability of the electron with a fixed energy. The
transmission probabilities of the electron with an energy higher
than the second transverse sub-band include contributions from
different sub-bands, which means in the transport process there
is coupling between different sub-bands. The spin polarization
along the x direction depends on the Rashba coefficient, so we can
control the spin polarization of the outgoing Rashba electron by
changing the Rashba coefficient, for example, changing the applied
perpendicular electric field. For the multistub structure, T decreases
rapidly in a certain small region of Wy, and T keeps high at
the other Wy, for a certain Rashba coefficient «. And the anti-
resonance is found, where the quasi-confined state is formed in the
center part of the structure. So, we can modulate a spin-polarized
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current by controlling the incident electron energy E, and by
changing the shape, parameters of the stub, the applied gate voltage,
and the perpendicular electric field. With the 2D stub-like structures
we can design the spin-injected field-effect transistor. We proved the
unitary condition of the transfer matrix, that is, the conservation
condition of the current density.
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Chapter 16

Conductance of Rashba Electronin a
Quantum Waveguide with Smooth
Boundary
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By using the transfer matrix method, we theoretically investigated
Rashba electron’s spin transport in a straight waveguide with a
stub which has a smooth boundary. It is proved that the two spin
states propagate independently. The conductance of the waveguide
has been calculated. Conductance quantization is common in this
structure when we change the Fermi energy and the width of the
stub. If the shape of the stub converges toward the limit-a quadrate
stub, the conductance will reduce distinctly due to reflection.

In 1990, Datta [1] proposed an innovative device in which
spin current can be modulated by changing Rashba spin-orbit
interaction (RSOI) [2] strength via gate voltage. This proposal which
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was called spin field effect transistor (SFET) has been expected
to work in quantum computer based on spintronics. Since then
researchers have been trying to experimentally demonstrate it in
laboratory, for example, Koo et al. reported that in a high-mobility
InAs hetrostructure they observed oscillatory channel conductance
which was modulated by gate voltage and exactly fit to Datta’s
theory. On the other hand, a series of similar devices in theory
have been proposed [4-10], most of which are one dimensional
(1D) devices [11, 12], i.e. the lateral width is so narrow that
there is only one lateral model occupied by electrons. 1D devices
feature manifold advantages, like simple and easy to calculate, yet
it is extremely demanding with regard to fabrication. However, if
multiple lateral models in waveguides were involved, shape factor of
the device would have been used to control the spin current [13, 14].
Therefore, in recent studies, two-dimensional (2D) waveguides with
straight [15], nonuniform [16], and random configurations [17] in
presence of RSOI have been investigated by using scattering matrix
method.

In previous work, we had developed 1D quantum waveguide
theory of Rashba electron [18, 19], which in our opinion is
reasonable to be applied to 2D cases. In this work, we applied this
theory to a 2D waveguide with smoothly fluctuant boundaries. In
contrast to other published results, we used the transfer matrix
method [20, 21] with the boundary condition derived in Ref.18 to
study the 2D ballistic transport Rashba electrons in this structure.
We expected to investigate the influence of the shape of stub and
Fermi energy on the conductance.

16.1 How to Calculate Conductance of Rashba
Electron

We consider a waveguide in two-dimensional electron gas (2DEG)
with a RSOI strength « in x-y plane, the spin-dependent Hamilto-
nian of a charged particle of effective mass m thus is [23]

(P2/2m* +V(x,y) a/hips+ py) ) (16.1)
a/h(—ipxc + py) P22m* +V(x,y) )’ |
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Figure 16.1 Schematics of the waveguides with a stub which has smooth
boundaries: (a) the stub is wider than tunnel, (b) the stub is narrower than
the tunnel.

where V(x,y) is assumed to be a hard wall approximation at
the boundaries of the waveguide in this work. Waveguides under
investigation have transverse symmetric and smooth boundaries as
shown in Fig. 16.1. The x—axis along the waveguide is the axis of
symmetry. The width of the waveguide is described by the function
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w(x) = w0 + dw(x). We assume that 6w(x) # 0 in a limited area
—b/2 < x < b/2, where a stub can be created. To get a smooth stub,
we take

b2
sw(x) = {(h—WO)eXp ('B (4-(X+b/2)(x—b/2) +1)). —-b/2 <x < b/Z.
0, x| > b/2

(16.2)

In this equation, h is the width of the stub, and g is a parameter
which indicates the rate of change of the waveguide’s width near
x = 0.If h > w, the width of the stub is greater than that of the
incident waveguide as shown in Fig. 16.1a; and if h < w, there is a
narrow stub which is shown in Fig. 16.1b. If 8 increases, sw(x) will
decrease faster near x = 0. If 8 — 400, dw(x) — §— function. If
B8 — 0, 8w(x) will approach a rectangular function, i.e. the stub will
become a quadrate stub in the area |x| < b/2. On the other hand, we
can say when g8 is small enough, the width will change mainly and
rapidly near |x| = b/2, and the limit is a rectangular stub.

In this work, we calculate the conductance by using transfer
matrix method which has been proved to be an effective method for
electron transport in 2DEG [20-22] in presence of RSOI [5, 19, 23].
If ballistic electrons with energy E move along the waveguide in Fig.
16.1, we can divide the waveguide into several segments, and in each
segment the width is constant. In each segment the wave function
can be written as

N |af, (1) ekt 4 a (1 ) elkenx
m 1 SN AN m
U )= 2 on ),

VI o () et (L ) e

(16.3)
where N is the number of transverse modes occupied in the incident
circuit or in the stub, 0 = 1, 2 denotes the two spin states, and m

denotes the m -th segment. ¢ (v) = /2/ Wy, sin[(nz/ W) (v — yg)],
and klm_n, kgfn are the wave vectors [19],

Kl = Ko + ks, Ko =Koy — ks, (16.4)

m* 2h? m*
kg,ln = ﬁ 0[2 + m EH, k5 = ﬁa, (165)
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where E|| is the longitudinal kinetic energy, E, = E — (h?/2m*)
(n/Wy)?, W, denotes the width of the m -th segment. The sum
over n may include evanescent modes, i.e. ky', is imaginary.

By considering the form of "™ (x, y), it can be represented by

v = (agyle’kﬂllx, agyze’kmzx e aU_Ne’k“r"X,
_ilm _ilm _ilm
ba,1€ 1k3fa'1x’ ba,Ze ik3' , oX L ba,Ne IkSﬂVHX)T
m m\T
= (A", B™MT, (16.6)

Then we can match the wavefunction in the incident point ¥" and
the wavefunction in the outside segment W°“ by adopting boundary
conditions on every dividing line between two segments[18, 23].
With the transfer matrix method, we obtain [24]

win = M, o, (16.7)
Based on this equation, we can calculate all spin current in each
transverse mode in incident wavefunction and output wavefunction
according to current operator in Ref. 23, then all transmission and
reflection coefficients ¢;;; and r,,;; can be extracted [24]. The total
transmission and reflection probabilities of certain spin T, and R,

equal
N

N
Toi = Z |t i * Roi = Z ‘rc,ji|2- (16.8)
j=1 j=1

It is worth noting that two parts of the wave, spin up and spin down,
propagate independently. Actually it can be proved that
2 2
Ty = |tuif|” = |t2ij|” = Taij = Ty, (16.9)
and the current density is conserved [23].

T, + Rsi = 1. (16.10)
so the transmission probabilities are independent of the spin
orientation o.

As all transmission and reflection probabilities can be obtained, if
the temperature is low enough, we can obtain the total conductance
of the quantum waveguide from the Landauer-Biittiker formula,

N
G(EF)=Go Y Ty, (16.11)
ij=1
where Ep is the Fermi energy of the 2DEG, and Gy = e?/mh.
Considering the form of Eq. (16.11), we evaluate conductance G in
units of Go in this work.
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16.2 Conductance and Boundary Shape

In this section, we present the numerical results for conductances
of structures in Fig. 16.1 and discussions. Hereafter, unless explicitly
specified, m* = 0.07m,, « = 10 meV.nm, wy = 40 nm, b = 40 nm.
Mainly we focus on the influence of the Fermi energy Er ofthe 2DEG
and the shape of the stub.

Fig. 16.2 presents the conductance as a function of the Fermi
energy of waveguide in Fig. 16.1(a) with h = 80 nm. We choose two
values of B for comparison, i.e. (1) 8 = 1, (2) 8 = 0.01. For the
case 8 = 1, the boundary of the stub has more gentle gradient. As
shown in the figure, in the area Er < 40 meV, the conductances in
two cases are nearly same and increase in a step-like manner. In the
area Er > 40 meV, this characteristic remains in the waveguide with
B = 1; for the waveguide with 8 = 0.01, the conductance oscillates
when Ef rises. The phenomenon that the conductance increases by
the same amount step by step is so called ’conductance quantization’.

GIG,

0 20 40 60 80 100

Figure16.2 Conductance G of waveguide in Fig. 16.1(a) vs the Fermi energy
E r with different stub’s shape parameter 8: (1) 8 = 1, (2) 8 = 0.01.



Conductance and Boundary Shape

2
(DO
5 1F
0 " 1 " 1 I
0 60 80 100

Figure 16.3 Conductance G of waveguide in Fig. 1(b) vs the Fermi energy
E r with different stub’s shape parameter 8: (1) 8 = 1, (2) 8 = 0.01.

The reason is that when a new transverse mode in the waveguide has
been occupied by electrons, according to Eq. (16.11), the new mode
will contribute to the conductance with a unit Gy . However, Tj; is not
always equal to or approximately equal to 1; when there are several
occupied transverse modes and the width of the waveguide declines
rapidly, T;; would be far from 1 due to the significant reflection.
In Fig. 16.2 it is the exactly the same for when Er > 40 meV and
B = 0.01, so the conductance is much smaller than that in the case
B=1

Fig. 16.3 also shows G as a function of E, but for the case h =
20 nm, i.e. the stub is narrower than the waveguide. We choose two
values of g8 for comparison, i.e. (1) 8 = 1, (2) 8 = 0.01. again. Unlike
Fig. 16.2, the curve of G looks like two stairs for both two cases. This
means the shape of the stub has little influence on the conductance.
This is because there are only two transverse modes in the stub, so
it is close to the case of one-dimensional approach, the shape of the
waveguide can be ignored. Or we can say, the significant reflection
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Figure 16.4 Conductance G vs the stub’s width h with different stub’s shape
parameter 8: (1) 8 =1, (2) 8 = 0.01.

is more likely to occur when there are more occupied transverse
modes.

To further investigate the influence of the width of the stub, we
study the relationship between the conductance and the width of the
stub directly. In Fig. 16.4, G as a function of h has been shown. Two
values of g8 are chosen for comparison: (1) 8 = 1, (2) 8 = 0.01.
To observe the tendency of the conductance when more transverse
modes are occupied, we choose a relatively large Fermi energy Er =
80 meV. Similar to Fig. 16.3, when h < 40 nm, the curve of G looks
like stairs for both two cases. Conductance quantization appears
when h increases and a higher transverse mode becomes occupied.
For waveguide with § = 1 this phenomenon remains the same for
all regions of h. However, for the waveguide with 8 = 0.01 the
conductance G reduces significantly when h > 50 nm. Because in
this case the boundary is much sharper, the reflection is much more
remarkable.
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Figure 16.5 Conductance G vs stub’s shape parameter 8 with different
Fermi energy: (1) Er = 30 meV, (2) Er = 50 meV, (3) Er = 80 meV.

Finally we discuss the influence of 8 directly. Fig. 16.5 shows G
as a function of 8 in the waveguide with h = 80 nm, we choose
this value of h because there are relatively more transverse modes
occupied by electrons. And there are three values of Er that have
been involved: (1) Er = 30 meV, (2) Er = 50 meV, (3) Er = 80
meV. As shown in Fig. 16.5, It is worth noting that G is almost
independent of g if B exceeds a certain value for all cases; and this
time the value of G in unit of Gy is close to the number of the
transverse modes occupied by electrons in the incident waveguide.
It means that once B exceeds a certain small value (= 0.1), the
electron can freely penetrate the waveguide in every transverse
mode occupied. On the other hand, if 8 is very small, such as 8 <
0.05, the conductance increases rapidly when 8 increases. Because
when g is small enough, the width of the waveguide drops abruptly
near |x| = b/2, and the steep decline of the width of the waveguide
along the propagate direction results in significant reflection of
electrons.
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16.3 Summary

We studied the two-dimensional ballistic transport of Rashba
electrons in a straight structure with a stub which has a smooth
boundary in 2DEG by using transfer matrix method, and the
conductance of the waveguide has been calculated. We found that
for the movement in a straight structure, there is no mixing between
the wave functions of spin up (¢ = 1) and spin down (¢ = 2).
We investigated the influence of the shape of the structure and
Fermi energy on the conductance. Because the number of transverse
modes occupied is determined by Fermi energy E g, the width of the
stub h and another shape parameter 8 which indicates the rate of
change of the waveguide’s width in the stub, the phenomenon called
‘conductance quantization’ is common for many cases. For the case
B is not very small, the waveguide has gentle boundary and G in
unit of Gy is nearly equal to the transverse modes occupied in the
waveguide. If 8 is small enough, the stub is close to a rectangular
stub; and then the conductance will reduce significantly. This is
because there is a significant reflection on the right boundary of the
stub.

Acknowledgments

This work was supported by The National Natural Science
Foundation of China No. 11504016, the Fundamental Research
Funds of China West Normal University under Grand 15E001, the
Meritocracy Research Funds of China West Normal University under
Grand 17YC048, and Scientific Research Fund of Sichuan Provincial
Education Department under Grand 17ZB0424.

References

1. S. Datta and B. Das. Appl. Phys. Lett. 58, 665 (1990).
2. E. 1. Rashba. Sov. Phys. Solid. State, 2, 1109 (1960).

3. H. C. Koo, J. H. Kwon, ]. Epm, J. Chang, S. H. Han, and M. Johnson, Science,
325,1515 (2009).



[S2 B

O 00 N O

10.
11.
12.
13.
14.
15.
16.
17.
18.

19.
20.
21.

22.
23.
24.

References

. A. A Kiselev and K. W. Kim, Appl. Phys. Lett. 78,775 (2001).

. X. E. Wang, P. Vasilopoulos, and F. M. Peeters, Appl. Phys. Lett. 80, 1400
(2002).

. E. N. Bulgakov and A. F. Sadreev, Phys. Rev. B 66,075331 (2002).

. J. S. Sheng and K. Chang, Phys. Rev. B 74, 235315 (2006).

. S. Bellucci, F. Carillo, and P. Onorato, Eur. Phys. J. B 66, 509 (2008).

. R. L. Zhang, Z. ]. Zhang, R. W. Peng, X. Wu, De Lj, Jia. Li, and L. S. Cao, J.
Appl Phys. 103,07B727 (2008).

S. Souma and B. K. Nikoli¢, Phys. Rev. Lett. 94, 106602 (2005).

S. Bellucci and P. Onorato, Phys. Rev. B77,075303 (2008).

L. G. Wang, K. Chang and K. S. Chan, J. Appl. Phys. 99, 043701 (2006).

L. He, G. Bester, and A. Zunger, Phys. Rev. Lett. 94, 016801 (2005).

Y. Ban and E. Ya. Sherman, Appl. Phys. Lett. 99,112101 (2011).

L. Zhang, P. Brusheim, and H. Q. Xu, Phys. Rev. B 72, 045347 (2005).

G. B. Akguc and ]. Gong, Phys. Rev. B77,205302 (2008).

X. B.Xiao, H. L. Li, G. H. Zhou, and N. H. Liu, Eur. Phys. J. B85, 305 (2012).
D. Y. Liu Duan Yang, ].-B. Xia and Y. C. Chang, Sci. China. Ser G 53, 16
(2010).

D.-Y. Liu, J.-B. Xia and Y.-C. Chang, J. Appl. Phys. 106, 093705 (2009).
W.-D. Sheng and J.-B. Xia, J. Phys. C 8, 3635 (1996).

A. Weisshaar, |. Lary, S. M. Goodnick, and V. K. Tripathi, J. Appl. Phys. 70,
355 (1991).

R. Akis, P. Vasilopoulos, and P. Debray, Phys. Rev. B 52, 2805(1995).
D.-Y. Liu, J.-B. Xia, J. Appl. Phys. 108, 053717 (2010).
D.-Y. Liu, ].-B. Xia, Physica E 98, 4 (2018).

393



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


https://taylorandfrancis.com

Chapter 17

Spin Flip in a Quantum Ring

Nowadays much of research in semiconductor spintronics has
been shifting toward the field of the Rashba spin-orbit interaction
(RSOI) [1] inlow dimensional semiconductor structures [2-7]. Many
low dimensional semiconductor structures with RSOl have been
intensively studied [8-11], and these structures are expected to
be potential spin devices, such as spin-inverter or spin-polarizer.
In these quantum structures, spin transport is a basic problem, so
many investigations focus on ballistic macroscopic circular rings
[12-18] as its one dimensional Hamiltonian [19]. In macroscopic
circular rings, Many intriguing spin interference phenomena [20,
21] have been found. For instance, Ballistic electron transport of
Rashba electron through a chain of quantum circular rings has been
investigated by Molnar et al [14]. They have shown that a periodic of
spin transport is determined by the incident electron’s energy E, the
magnetic field B, and the strength of the RSOI «. Recently Naeimi et
al. have shown that a double quantum rings in the presence of RSOI
and a magnetic flux can work as a spin-inverter [18].

In this paper, we study the spin transport of electrons in an
elliptical ring with the RSOI, the same case in an circular ring is
studied for comparison. We focus on the spin flip in two kinds of
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rings, and expect to find a suitable structure and conditions for a
spin inverter.

17.1 Spin Transport in Two Kinds of Quantum
Ring

For a ring in x — y plane, in the presence of Rashba spin-orbital
interaction, the effective Hamiltonian of an electron in this two
dimensional system could be written as:

H = <pz/2m* TV w/hlipy ) > (17.1)

a/h(—ipx + py) P?/2m* +V(x,y)
where m* is the electron effective mass, « is the Rashba coefficient.
For a one-dimensional (1D) circular ring, Eq. (17.1) can be rewritten
into a 1D form [19]. With this 1D Hamiltonian, the eigenvalues,
eigenstates and spin transport problems could be easily solved.
However, for other 1D rings, such as hexagonal or elliptical rings,
we cannot find 1D Hamiltonian. To solve problems of spin transport
in these structures, we adopted the method of dividing a curved line
into N segments [22]. For a curved line, such as an elliptical ring or
a circular ring, N is large enough and every segment is very small,
so each segment can be approximated to be a line segment along
the tangential direction. For every linear segment, we could easily
obtain its eigenstates [23]:

1 /1 1 1
$1(0) = 7 (iei9>’ $2(0) = 7 (-ief9)' (17.2)

where 6 is the azimuthal angle of the segment. Based on Eq. (17.2),
we can write the wavefunction in the curve as

1
® = (1® 6:) ¥ = (1 02) (). (173

where [ denotes the coordinates on the curved line, 6 is the
azimuthal angle of the tangent line of the curve. By Adopting W
to describe the wave function and by using the Griffith’s boundary
conditions [22-25] in each vertex, we can relate the wave function
at the two endpoints by a transfer matrix. For a polyline structure,
such as a hexagonal ring, every lead is a natural line segment, so N is
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the number of the leads. In circular ring this method gave results
which are identical with those obtained from one-dimensional
Hamiltonian [22], so this method is reasonable.

In each arm of an Aharonov-Bohm (AB) ring, the transfer matrix
connect the wave functions at a junction with the wave function
at the other junction. According to the wave function must be
continuous and the spin current must be conserved at the junctions,
so we can just determine all unknown coefficients when an electron
beam is injected into the AB ring. In our method, rings with any
shape could be easily dealt with. For instance, spin transport in a
polyline structure is more convenient to be calculated in our method.

Consider an one dimensional AB ring, for example, an elliptical
ring as show in Fig. 17.1a, the electron current is injected from
circuit i at point A, and output circuit e is at the right side
with intersection point B. We assume the semimajor axis and the
semiminor axis of the ellipse is denoted by a. and b,, respectively,
and the strength of RSOI in the ring is denoted by «. The size of the
AB ring can be denoted by the distance between point A and point
B, so the characteristic length of the elliptical ring can be denoted
by a.. In this paper, we adopt the dimensionless physical quantities.
Taking the energy unit Eg = h?/(2m*a?), then the energy ¢ = E/E,,
and the Rashba coefficient @ = («/a.) /Eq = o (2m*a./h?). For a
circular ring as shown in Fig. 17.1b, their dimensionless physical
quantities are similar, just the a, is replaced by the radius of the
circle R. For any one dimensional AB ring, the wave function in the
upper and lower arms can be divided into two components: one in
clockwise direction and another in counterclockwise direction, so
they can be written as:

. al (1

W, = ( ’;P(j.ﬁ)), (17.4)

bup (lap)

; a (1l
"Iléown — ( t]i.own( 7own))’ (175)

bdown (Idown)

where up and down denote the upper and lower arms of the square
ring, j = 1, 2 correspond to the clockwise and counterclockwise
directions, respectively. In particular, I}, and I3, or I,,, and [3,,,

have opposite positive direction. The wavefunction of the electron in
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(b)

Figure 17.1 Two structures: (a) AB elliptical ring, (b) AB circular ring.

the input and output lead can be written as:

®; = (Z’) ekl 4 (Z’) el (17.6)
i r

O, = (Zt> ellolo, (17.7)

t
According to the transfer matrix method, we can obtain ¥ of
each arm if we know its value at any one point, so there are 12
unknown coefficients in \Ifl{p, \Iléawn, d;, ®,. Using Griffith’s boundary
conditions [23-25], we can determine all unknown coefficients. We
assume the original point of I; and I, are point A and point B,
respectively, then when a; = 1, b; = 0, we have a, = ry1, by = ry3,



Spin Flip in Quantum Rings

ar = t11, by = t12. And similarly, for a; = 0, b; = 1, we have a, = ry1,
b, = ry, a; = t1, by = ty2, where 0 = 1, 2 denote spin up and
down states that are quantized in z direction. The spin dependent
transmission coefficient of an electron with incoming spin ¢ and
outgoing spin ¢’ can be written as Ty = |ty4/ |2 .

For a spin-inverter, we expect that Ty, and T, are as large as
possible, and for Ty;, T, to be the opposite, therefore the spin flip
degree could be given as Ref [18]:

P = (Tos — Too)/(Too + Toor), (17.8)

where 0 # o’. For P = 1, it means that the conservation of the
spin degree of freedom during the transition of the spin current.
And P = —1 means the spin flip during the spin injection and
transmission. Now there is a problem that for ¢ = 1, 2, P not always
has same value, and for a spin-inverter, T,, and T,, should be
identical for spin up or spin down injection. We have calculated the
spin transport in many configurations, and find out that Ty, = Ty, is
satisfied in any case, and Ty; = T is satisfied in the absence of the
perpendicular magnetic field. Considering this fact, we can expect an
AB ring as a spin-inverter just in the presence of RSOI.

17.2 Spin Flip in Quantum Rings

In previous work, we found that P is associated with @ only in a
certain AB ring, which possesses the same behavior as the Datta spin
filed effect transistor [26]. In this paper, we intent to compare spin
flip in different AB rings, especially in the elliptical ring and in the
circular ring.

In Fig. 17.2 we show the P as a function of the RSOI strength & in
the elliptical ring, and in the circular ring. The relevant parameters
in our calculation are as follows: ¢ = 5, and b./a, = 0.6 for
the elliptical ring. We can see that the P in the elliptical ring
oscillates between —1 and 1 when the & changes. This means that
as a spin-inverter, the elliptical ring is sensitive and can work in a
reasonable range of @, i.e. @ < 2. The P in the circular ring has a
different expression because it decreases monotonously when the
@ increases, and it has asymptotic value —1. Therefore, in a single
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Figure 17.2 P as a function of the RSOI strength @: (1) in the elliptical ring,
and (2) in the circular ring.

circular ring it is unrealistic to modulate the spin of the emergent
electron completely. And only when @ is very large (> 5), the P can
reach a value less than —0.9. For an AB ring with a.(/R)= 50 nm,
m*/me = 0.1, « >~ @ % 7.62 meV.nm, so to make the AB ring work
as a spin-inverter well, we need a RSOI strength « > 40 meV.nm in a
circular ring, but in a elliptical ring we just need « >~ 12 meV.nm. On
the other hand, if a large « can be reached, a spin-inverter based on
a circular ring can work in a vast range of «, so it has a high stability.

To study the influence of the geometry on the spin transport ulte-
riorly, we compare P in elliptical rings with different eccentricities.
The contour maps of P as a function of the RSOI strength @ and
the semiminor axis b, in a elliptical ring is shown in Fig. 17.3. Here
the energy of the electron ¢ = 5. We find that if b./a, is small (as
be/a. < 30), spin inversion can occur for some regions of @, and
these regions are nearly same for all b,, such as @ ~ 1.62. For
these cases, P oscillates between 1 and —1 when the @ increases,
but if b./a, is close to 1, i.e. the elliptical ring is close to a circular
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Figure 17.3 Contour map of P as a function of the Rashba strength & and
the ratio of the semiminor axis b, and the semimajor axis a. in the elliptical
ring.

one, P decreases monotonically and have a asymptotic value —1
when the @ increases. As b, /a, increases, P as a function of the RSOI
strength @ changes more and more gently. We infer that the increase
of the transverse size of the ring weakens the quantum confinement
effect, and then undermines the interference of two spin states in the
longitudinal dimension.

To produce ideal ellipses is virtually impossible, and to produce
an inscribed polygon of the ellipse is a concise and effective method.
To consider this possible geometry, we calculated P in the inscribed
polygon of the elliptical ring and the circular ring. We assume one
focus of the elliptical ring and the the centre of the circular ring are
poles of polar coordinates in each system, respectively. And every
edge of the inscribed polygon have same polar angle. Because two
arms of AB rings in this paper are symmetrical, so we can assume
each arm of the ring is replaced by a M section polyline. Obviously
the inscribed polygon of the circular ring will be a regular polygon of
2M sides.
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The contour maps of P as a function of the RSOI strength o
and half of the edges’ number of the inscribed polygon M in the
elliptical ring and the circular ring is shown in Fig. 17.4a and Fig.
17.4b, respectively. Here the energy of the electron ¢ = 5, and
be/a., = 0.2 in the elliptical ring. In Fig. 17.4a, we find that the
influence of the edges’ number on P is very small in the inscribed
polygon of the elliptical ring, and for every inscribed polygon, P
has nearly same curve followed the RSOI strength @. This result
shows that an AB ring similar to a elliptical ring in shape can replace
the elliptical ring, and work as a spin-inverter with a small «. The
result is different in the circular ring. Fig. 17.4b shows that the
curve of P as @ changes has changed greatly when M increases.
If M is small, such as the inscribed polygon is square, hexagon, or
octagon, P oscillates between 1 and —1. When the @ increases, P
can reach —1 at a low value of @ (about 2~3). If M is relatively large,
such as M > 8, P decreases monotonically and have a asymptotic
value —1 when the @ increases, and to reduce P to the same value,
the required value of & increases when M increases. This result is
similar to the result in Fig. 17.3, and shows that as the limit case of
elliptical rings and of inscribed polygons, the circular ring has much
different spin transport character from elliptical rings and inscribed
polygons. In addition, Fig. 17.4 shows that there is a limit result of
spin transport in the inscribed polygon of the elliptical ring and the
circular ring when M becomes very large, so our method in which a
curve is divided into many segments is self-consistent.

The elliptical ring or the regular polygon with a small number
of edges( such as a regular hexagon) can work as a spin-inverter
with the normalized Rashba constant about 2 which corresponds
to RSOI strength o ~ 16 meV.nm. This value is in the range of
that obtained experimentally in InGaAs [27, 28], so these spin-
inverters are realizable. A spin-inverter of the circular ring requires
o > 40meV.nm, which is hard to achieve in traditional III-V
semiconductor. However, recently giant RSOl with « > 400meV.nm
has been obtained in the bulk Rashba semiconductor BiTel [29].
Although the requirement is harsh, the value of RSOI strength
required in the circular ring will be possible to reach in more
common situation in the near future.
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Figure 17.4 Contour map of P as a function of the Rashba strength & and
half of the edges’ number of the inscribed polygon M: (a) in the AB elliptical

ring, (b) in the circular ring.
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17.3 Summary

We have studied spin transport, especially spin flip in single
quantum ring with RSOI to find suitable geometry and other
conditions for spin-inverter. The elliptical ring and the circular ring
are studied as typical AB rings. We found that if these two kinds
of ring work as spin-inverters, they have much different character.
The elliptical ring can realize spin flip with a relatively small RSOI
strength «, but the spin flip degree P will oscillate quickly and
the spin-inverter can only work in a small range of «. The circular
ring can not realize spin flip perfectly, but P in circular ring can
be very close to —1 with a relatively large «, and it is insensitive
to « at this time. In addition, we have investigated the influence of
the defect of the AB ring’s geometry on the spin transport. Results
shows that in an elliptical ring spin transport is insensitive to the
defect of the ring, but in a circular ring, the defect should be small
to give P closed to that of the ideal circular ring. These results show
that if RSOI strength is relatively small and can be controlled well,
the elliptical ring is a good choice for a spin-inverter, and we just
need a approximate ellipse. Another conclusion is that if large RSOI
strength is realized, a circular ring can work as a spin-inverter with
a high stability.
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