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PREFACE 
 

 

Quantum field theory (QFT) is a theoretical framework that combines 

classical field theory, special relativity and quantum mechanics, and 

represents the forefront of theoretical physics. The four chapters of this book 

include new research on quantum field theory and present different 

perspectives on the subject. Chapter One applies the notion of clothing 

particles in QFT to the theory of nuclear forces and quantum electrodynamics. 

Chapter Two is based on results from black hole thermodynamics at all energy 

scales and demonstrates that there is a natural ultraviolet applicable boundary 

distant from the Planck scales in QFT. Chapter Three presents a version of 

quantum field theory based on discrete energy-momentum and illustrates this 

theory using examples of fermion and boson fields. Lastly, Chapter Four 

discusses in detail whether or not perturbative expansion series in quantum 

electrodynamics are convergent and points out that the disagreement between 

the experimental value of the muon g-2 and the theoretical one predicted in 

the standard model might be due either to the larger hadronic vacuum 

polarization contributions or to an unexpectedly large sum of the perturbative 

expansion series. 

As explained in Chapter 1, notion of clothing particles in quantum field 

theory (QFT), put forward by Greenberg and Schweber and developed by M. 

Shirokov, is applied in the theory of nuclear forces and quantum 

electrodynamics (QED). Along this guideline the authors have built up novel 

families of Hermitian, relativistic energy-independent and nonlocal interactions 

between: 1) the clothed mesons and nucleons (antinucleons) in case of 

mesodynamics (the N-N scattering, the quasipotential for 2N- and 3N- forces 

with relativistic description of the deuteron and triton properties and elastic p-d 

scattering) 2) the clothed electrons (positrons) and photons, responsible for 
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different processes in QED (the electron-electron scattering, the Compton effect, 

the electron-positron annihilation, the description of the para-positronium 

properties). 

Based on the results from black hole thermodynamics at all energy scales, 

Chapter 2 demonstrates that, both for the discrete QFT previously introduced by 

the author and for QFT in continuous space-time, there is a natural ultraviolet 

applicable boundary (cut-off) distant from the Planck scales. It is important that 

this boundary exists irrespective of the fact in which pattern, perturbative or non-

perturbative mode, QFT is studied. Different inferences from the obtained 

results are discussed, some statements are revised. 

Chapter 3 presents a version of quantum field theory based on discrete 

energy-momentum. Beginning with annihilation and creation operators, the 

authors construct interaction quantum number operators. These are employed to 

define discrete quantum fields. The authors then discuss scattering operators and 

their properties. The theory is illustrated using examples of fermion and boson 

fields. 

Whether perturbative expansion series in quantum electrodynamics (QED) 

are convergent or not is discussed in detail, by taking the radiative corrections 

to the magnetic moment of a charged Dirac fermion such as the muon as an 

example. In Chapter 4, it is shown that they are asymptotic expansion, 

convergent, or divergent series, depending on the fine-structure constant and the 

total number and masses of the charged particles. It is remarkable that their 

convergence not only constraints the fine-structure constant and the total 

number and masses of the fermions, but also forbids the existence of the 

magnetic monopole. It is also pointed out that the disagreement between the 

experimental value of the muon g-2 and the theoretical one predicted in the 

standard model, if it stayed, might be due either to the larger hadronic vacuum 

polarization contributions or to an unexpectedly large sum of the perturbative 

expansion series. 
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Chapter 1

THE REPRESENTATION OF CLOTHED

PARTICLES IN QUANTUM FIELD THEORY

A. Arslanaliev1,2, Y. Kostylenko1 and A. Shebeko1,∗

1Institute of Theoretical Physics, NSC “Kharkov Institute of

Physics & Technology”, Kharkiv, Ukraine
2V.N. Karazin Kharkiv National University, Kharkiv, Ukraine

Abstract

Notion of clothing particles in quantum field theory (QFT), put

forward by Greenberg and Schweber and developed by M. Shirokov,

is applied in the theory of nuclear forces and quantum electrody-

namics (QED). Along this guideline we have built up novel families

of Hermitian, relativistic energy-independent and nonlocal interac-

tions between: 1) the clothed mesons and nucleons (antinucleons) in

case of mesodynamics (theN −N scattering, the quasipotential for

2N - and 3N - forces with relativistic description of the deuteron and

triton properties and elastic p-d scattering) 2) the clothed electrons

(positrons) and photons, responsible for different processes in QED

(the electron-electron scattering, the Compton effect, the electron-

positron annihilation, the description of the para-positronium prop-

erties).

PACS: 11.10.-z, 12.20.-m, 12.38.-t, 21.30.-x, 21.45.-v

∗Corresponding Author’s Email: shebeko@kipt.kharkov.ua.
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Keywords: unitary clothing transformations, clothed particles, quantum

electrodynamics, nuclear forces, quantum chromodynamics, off-energy-

shell effects, few-body systems

1. Introduction

During the last twenty years we have seen a number of successful applica-

tions of the so-called method of unitary clothing transformations (hence-

forth, the UCT method) in nuclear physics starting from popular models

for interacting meson and nucleon fields (see survey [32] and refs therein).

Being based upon the notion of clothed particles (with properties of phys-

ical ones) put forward by Greenberg and Schweber (1958) [10, 29], which

survived its second birth in the 70s owing to the research work by Michail

Shirokov [38] and developed then by the collaboration of the Institute for

Theoretical Physics (Kharkov, Ukraine), Laboratory of Theoretical Physics

(Dubna, Russia) and INFN (Univ. Padova, Italy) [36, 37, 17, 16]. For the

past ten years we have extended our research work to quantum electrody-

namics (QED) [4], in particular, when describing the positronium proper-

ties [18].

Recall that the UCT method itself is to express the total field Hamil-

tonian H and other operators of great physical meaning, e.g., the Lorentz

boost generators and current density operators that depend initially on the

creation and destruction operators for the bare particles, through a set of

their clothed counterparts. It is achieved via special unitary clothing trans-

formations that remain the Hamiltonian intact. In the course of the cloth-

ing procedure, a large amount of virtual processes associated in our case

with the meson absorption/emission, the nucleon-antinucleon pair annihi-

lation/production and other cloud effects turns out to be accumulated in the

creation (destruction) operators for the clothed particles. Such a bootstrap

reflects the most significant distinction between the concepts of clothed and

bare particles.

It is proved that the UCT method is sufficiently flexible being applied

not merely to local field models including ones with derivative couplings

and spins j ≥ 1. Within the approach, all interactions constructed are

responsible for physical (not virtual) processes in a given system of inter-

acting fields. Such interactions are Hermitian and energy independent (that

makes them convenient for nuclear calculations) including the off-energy-
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shell and recoil effects (the latter in all orders of the 1/c2- expansion). In

particular, we have managed to build up a new family of such interactions

in the system of bosons (π-, η-, ρ-, ω-, δ- and σ-mesons) and fermions

(nucleons and antinucleons). Besides, the interaction operators for pro-

cesses of the type 2N → 2N , bN → bN , 3N → 3N and NN ↔ bNN
are derived on one and the same physical footing. As a whole, persistent

clouds of virtual particles are no longer explicitly contained in the clothed-

particle representation, and their influence is included in the properties of

clothed particles (these quasiparticles of the UCT method). In addition, we

would like to stress that the problem of mass and vertex renormalization is

intimately interwoven with constructing interactions between clothed par-

ticles. Renormalized quantities are calculated step by step in the course

of clothing procedure unlike some approaches where they are introduced

inconsistently.

These common features are suggested to be employed not only in

mesodynamics but in other field models, e.g., quantum electrodynamics

(QED) and quantum chromodynamics (QCD). Therefore, not occasionally

that the UCT method has been turned out to be useful when describing

properties of the positronium, the simplest bound state in QED.

2. Some Recollections

The clothing procedure itself is realized along the chain of transformations:

bare particles with bare masses→ bare particles with physical masses→
physical (observable) particles [16, 8]. Such approach is useful for draw-

ing some parallels between the UCT method and the method of canonical

transformations (in particular, the Bogoliubov-type ones) in the theory of

superfluidity and superconductivity [24]. In this context, we start with the

Lagrangians and Hamiltonians for interacting boson (scalar, pseudoscalar,

vector) and fermion (electron, nucleon) fields by using the well-known

Yukawa-type couplings, viz.,

Ls = −g0
s Ψ̄ΨΦs, (1)

Lps = −ig0
psΨ̄γ5ΨΦps, (2)

Lv = −g0
vΨ̄γµΨΦµ

v −
f0
v

4m0
Ψ̄σµνΨΦµν

v , (3)
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where σµν = i
2(γµγν − γνγµ) and Φµν

v = ∂µΦν
v − ∂νΦµ

v , for π-, η-, ρ-,

ω-, δ- and σ-mesons. As in Refs. ([37], [16]), throughout this paper we

use the definitions and notations of [6], so, e.g., γµγν + γνγµ = 2gµν

(g00 = 1, g11 = g22 = g33 = −1), γ†µ = γ0γµγ0, γ5 = iγ0γ1γ2γ3. In

addition, following Ref. [41] we shall distinguish via upper (lower) case

letters between the Heisenberg and Dirac picture field operators (Ψ and Φ

vs ψ and ϕ, respectively, for fermions and bosons). Here ”bare” constants

g0
ps, g0

s , g0
v and f0

v will be renormalized in the clothing procedure.

In constructing the Hamiltonians with Lagrangian densities (1)-(3) as

a departure point, we have first used the equations of motion for the H

fields and the Legendre transformation to express the total Hamiltonian

H in terms of the independent canonical variables and their conjugates.

Then, passing to the D picture (interaction representation) the Hamiltonian

has been split into a physically satisfactory free-field part H0 and an in-

teraction V . Since the component Φ0
v has no canonical conjugate, we have

resorted to a trick prompted by Eq. (7.5.22) from [41] to introduce a proper

component ϕ0
v in the Dirac picture. As a result, we arrive to the interaction

Hamiltonian densities

Hs(x) = g0
s ψ̄(x)ψ(x)ϕs(x), (4)

Hps(x) = ig0
psψ̄(x)γ5ψ(x)ϕps(x), (5)

Hv(x) = Hsc(x) + Hnsc(x), (6)

where

Hsc(x) = g0
vψ̄(x)γµψ(x)ϕµ

v(x) +
f0
v

4m0
ψ̄(x)σµνψ(x)ϕµν

v (x) (7)

and

Hnsc(x) =
g0 2
v

2m0 2
v

ψ̄(x)γ0ψ(x)ψ̄(x)γ0ψ(x) +
f0 2
v

8m0 2
ψ̄(x)σ0iψ(x)ψ̄(x)σ0iψ(x).

(8)

It is implied that the total Hamiltonian H = H0 + V consists of the sum

H0 = H0,f +
∑

b

H0,b, where H0,f (H0,b) is the free-fermion (free-boson)

contribution, and the space integral

V =

∫

dxH(x) (9)
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of the interaction density H(x) in the D picture

H(x) = Hs(x) + Hps(x) + Hv(x), (10)

taken at t = 0, i.e., in the Schrödinger (S) picture. In other words,

H(x) = H(0,x). Expressions (4)-(9) exemplify that for a Lorentz-

invariant Lagrangian it is not necessarily to have ”... the interaction Hamil-

tonian as the integral over space of a scalar interaction density; we also

need to add nonscalar terms to the interaction density ...” (quoted from

p.292 of Ref. [41]). It is the case with derivative couplings and/or spin

≥ 1.

In its turn, the operator

H = HF (α) +HI(α) ≡ H(α) (11)

can be divided into the no-interaction part HF and the interaction

HI(α) = V (α) +Mren(α) + Vren(α), (12)

where free partHF (α) ∼ α†α belongs to the class [1.1], if one uses the ter-

minology adopted in [37], is a function of creation (destruction) operators

α†(α) in the bare particle representation, i.e., referred to bare particles with

physical masses [16]. Here we have introduced notations for the operators

Mren(α) ∼ O(g2) (Vren(α) ∼ O(g3)) of mass (vertex) counterterms.

To be more definite, let us consider interacting fermion and boson fields

V (α) = Vs + Vps + Vv with

Vs = gs

∫

dx ψ̄(x)ψ(x)ϕs(x) (13)

Vps = igps

∫

dx ψ̄(x)γ5ψ(x)ϕps(x) (14)

Vv = V (1)
v + V (2)

v (15)

V (1)
v =

∫

dx

{

gvψ̄(x)γµψ(x)ϕµ
v(x) +

fv
4m

ψ̄(x)σµνψ(x)ϕµν
v (x)

}

(16)

V (2)
v =

Z

dx



g2v
2m2

v

ψ̄(x)γ0ψ(x)ψ̄(x)γ0ψ(x) +
f2
v

8m2
ψ̄(x)σ0iψ(x)ψ̄(x)σ0iψ(x)

ff

,

(17)



6 A. Arslanaliev, Y. Kostylenko and A. Shebeko

where ϕµν
v (x) = ∂µϕν

v(x) − ∂νϕµ
v(x) the tensor of the vector field in-

cluded. The mass (vertex) counterterms are given by Eqs. (32)–(33) of

Ref. [16] (the difference V0(α) - V (α) where a primary interaction V0(α)

is derived from V (α) replacing the ”physical” coupling constants by the

”bare” counterparts).

Moreover, the operator HI owing to its translation invariance can be

written as

HI =

∫

HI(x)dx, (18)

where the interaction density has the property

exp(iPa)HI(x) exp(−iPa) = HI(x + a) (19)

for arbitrary displacement a. Our consideration is focused upon various

field models (local and nonlocal) in which the interaction density HI(x)
consists of scalar Hsc(x) and nonscalar Hnsc(x) contributions,

HI(x) = Hsc(x) +Hnsc(x), (20)

where the property to be a scalar means

UF (Λ)Hsc(x)U
−1
F (Λ) = Hsc(Λx), ∀x = (t,x) (21)

for all Lorentz transformations Λ. Henceforth, for any operator O(x)
in the Schrödinger (S) picture it is introduced its counterpart O(x) =

exp(iHF t)O(x) exp(−iHF t) in the Dirac (D) picture.

2.1. Relativistic Field Theory with Particle Creation

and Annihilation

In particular, the corresponding set α involves operators a†(a) for the vec-

tor bosons, b†(b) for the fermions and d†(d) for the antifermions. Follow-
ing a common practice, they appear in the standard Fourier expansions

ψ(x) = (2π)−
3
2

∫

dp

√

m

Ep

∑

µ

[

ū(pµ)b(pµ) + v(−pµ)d†(−pµ)
]

eipx, (22)

ϕµ
v(x) = (2π)−

3
2

∫

dk√
2ωk

∑

s

[

eµ(ks)a + eµ(−ks)a†(−ks)
]

eikx, (23)
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where the eµ(ks) for s = +1, 0,−1 are three independent vectors, being

transverse kµe
µ(ks) = 0, and normalized so that

∑

s

eµ(k, s)eν ∗(k, s) = −gµν + kµkν/m2 ≡ Pµν
v (k). (24)

We will employ the transformation properties of the creation and an-

nihilation operators with respect to Π. For example, in case of a massive

particle with the mass m and spin j one considers that

UF (Λ, b)a†(p, µ)U−1
F (Λ, b) = eiΛpbD

(j)
µ′µ(W (Λ, p))a†(Λp, µ′), (25)

∀Λ ∈ L+ and arbitrary spacetime shifts b = (b0, b)

with D-function whose argument is the Wigner rotation W (Λ, p), L+ the

homogeneous (proper) orthochronous Lorentz group. The correspondence

(Λ, b) → UF (Λ, b) between elements (Λ, b) ∈ Π and unitary transfor-

mations UF (Λ, b) realizes an irreducible representation of Π on the Fock

space (to be definite) of boson-fermion states. In this context, it is conve-

nient to employ the operators a(p, µ) = a(p, µ)
√

Ep that meet the covari-

ant commutation relations

[a(p′µ′), a†(pµ)]± = Epδ(p − p′)δµ′µ,

[a(p′µ′), a(pµ)]± = [a†(p′µ′), a†(pµ)]± = 0. (26)

Here Ep =
√

p2 +m2 is the fourth component of the 4-momentum p =
(Ep, p).

Of course, in the particle number representation not only the Hamilto-

nian H =
∫

H(x)dx is a function of the operators α. Other generators of

the Poincaré group Π can be expressed through them, e.g., by means of the

so-called Belinfante ansatz [5]

N = −
∫

xH(x)dx (27)

for the generator N of the Lorentz boosts, that holds for any local field

model with the symmetrized energy-momentum tensor density T µν(x).

Original approach for constructing the generators of Poincaré group has

been exposed in [35, 9, 32].



8 A. Arslanaliev, Y. Kostylenko and A. Shebeko

2.2. The Unitary Clothing Transformation Method in Action

As shown in [37], the Belinfante ansatz turns out to be useful when con-

structing the Lorentz boosts in the clothed particle representation (CPR).

Where generator N ≡N (α), being determined in the bare particle repre-

sentation (BPR), is expressed through the new operators {αc} for particle

creation and annihilation.

The transition {α} =⇒ {αc} is realized via special unitary transfor-

mations W (α) = W (αc), viz.,

α = W (αc)αcW
†(αc). (28)

These transformations satisfy certain physical requirements:

i) The physical vacuum (theH lowest eigenstate) must coincide with a

new no-particle state Ω, i.e., the state that obeys the equations

ac(k) |Ω〉 = bc(p, µ) |Ω〉 = dc(p, µ) |Ω〉 = 0, ∀ k, p, µ (29)

〈Ω|Ω〉 = 1.

ii) New one-particle states |k〉c ≡ a†c(k)Ω etc. are the H eigenvectors

as well.

K(αc)|k〉c = KF (αc)|k〉c = ωk|k〉c (30)

KI(αc)|k〉c = 0 (31)

iii) The spectrum of indices that enumerate the new operators must be

the same as that for the bare ones .

iv) The new operators αc satisfy the same commutation rules as do

their bare counterparts α that is provided via the link (28) with a unitary

operator W to be obtained as in [37].

A key point of the clothing procedure exposed in [37] is to remove the

so-called bad terms from the Hamiltonian

H ≡ H(α) = HF (α)+HI(α) = W (αc)H(αc)W
†(αc) ≡ K(αc), (32)

viz., from a primary interaction V (α) in (12). By definition, such terms

prevent the bare vacuum Ω0 (a|Ω0〉 = b|Ω0〉 = . . . = 0) and the bare

one-particle states |1bare〉 ≡ a†|Ω0〉 (b†|Ω0〉, . . .) to be the H eigenstates.
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For example, such terms b†cbca
†
c, b†cd

†
cac, b†cd

†
ca

†
c, dcd

†
ca

†
c enter the operator

V (αc) determined by Eqs. (13)–(15) after the replacement of the bare

operators in it by the clothed ones. These terms should be removed together

with their Hermitian conjugate counterterms to retain the Hermiticity of

the similarity transformation (32). In general, the bad terms prevent the

physical vacuum |Ω〉 (theH lowest eigenstate) and the one-clothed-particle

states |n〉c = a†c(n)|Ω〉, where n the set of quantum numbers necessary for

their determination, to be the H eigenvectors for all n included. Here the

operators ac(n) are clothed counterparts of the operators a(n). The bad

terms occur every time when any normally ordered product

a†(1′)a†(2′)...a†(n′C)a(nA)...a(2)a(1)

of the class [C.A] embodies, at least, one substructure which belongs to

one of the classes [k.0] (k = 1, 2, ...) and [k.1] (k = 0, 1, ...).
Keeping in mind the feather CPR application it is convenient to write

V (α) = Vbad(α) + Vgood(α), where the term ”good”, as an antithesis of
”bad”, is applied here to those operators (e.g., of the class [k.2] with k ≥ 2)
which destroy both the no-clothed-particle state Ω and the one-clothed-
particle states. In this respect, all the Yukawa-type couplings in Eqs. (13),
(14) and (16) are ”bad”. Along with the good a†a-, b†b-, d†d-terms in the
kinetic energy KF we meet the terms of such kind in the mass renormal-
ization operators Mren. After this we can rewrite Eq. (32) as

K(αc) = W (αc)[HF (αc) +HI(αc)]W
†(αc)

= W (αc)[HF (αc)+Vbad(αc)+Vgood(αc)+Mren(αc)+Vren(αc)]W
†(αc).

(33)

or in other form

K(αc) = HF (αc) + Vbad(αc) + [R,HF ] + [R, Vbad] +
1

2
[R, [R,HF ]]

+
1

2
[R, [R, Vbad]] + ...+ eR(Vgood +Mren + Vren)e−R (34)

(cf. Eq. (2.19) in [37]) by requiring

[HF , R] = Vbad (35)

for the operator R of interest.
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One should note that unlike the original clothing procedure exposed

in [37], [16] we eliminate here the bad terms only from Hsc interaction

in spite of such terms can appear in the nonscalar interaction too. This

preference is relied upon the previous experience [8] when applying the

UCT method in the theory of nucleon-nucleon scattering. Now we get the

division

H = K(αc) = KF +KI (36)

with a new free part KF = HF (αc) ∼ a†cac and interaction

KI = Vgood(αc) +Mren(αc) + Vren(αc) + [R, Vgood]

+
1

2
[R, Vbad] + [R,Mren + Vren]

+
1

3
[R, [R, Vbad]] + ..., (37)

where the r.h.s. involves along with good terms other bad terms to be

removed via subsequent UCTs described in Sec. 2.4 of [37] and Sec. 3 of

[16].

In parallel, we have

N ≡N(α) = NF (α) + N I(α) = W (αc)N(αc)W
†(αc) ≡ B(αc)

(38)

or

B(αc) = NF (αc) + N I(αc) + [R,NF ] + [R,NI ] + ..., (39)

where accordingly the division

N I = NB + D, (40)

NB = −
∫

xHsc(x)dx = N bad + N good,

Eq. (39) can be rewritten as

B(αc) = NF (αc) + N bad(αc) + [R,NF ] + [R,Nbad] +
1

2
[R, [R,NF ]]

+
1

2
[R, [R,Nbad]] + ...+ eRNgoode

−R + eRDe−R. (41)
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But it turns out (see the proof of Eq. (3.26) in [37]) that if R meets the

condition (35), then

[NF , R] = N bad = −
∫

xVbad(x)dx (42)

so the boost generators in the CPR can be written likely Eq. (36),

N = B(αc) = BF + BI , (43)

where BF = NF (αc) is the boost operator for noninteracting clothed par-

ticles while BI includes the contributions induced by interactions between

them

BI = Ngood(αc) + D(αc) + [R,Ngood] +
1

2
[R,N bad] + [R,D]

+
1

3
[R, [R,Nbad]] + ... (44)

One should note that in formulae (37) and (44) we are focused upon the

R-commutations with the first-eliminated interaction Vbad. As shown in

[37], the brackets, on the one hand, yield new interactions responsible for

different physical processes and, on the other hand, cancel (as a recipe!)

the mass and other counterterms that stem from Hnsc(αc) and D(αc).

3. Relativistic Interactions between Clothed

Particles in Meson-Nucleon Systems

Let us consider the vector bosons (ρ, ω-mesons) interacting with nucleons

via the Yukawa-type couplings (15). For brevity, contributions from other

mesons are omitted. Then following the scenario, described above, we

introduce the first clothing transformation W (1) = exp(R
(1)
v ) (R

(1)
v

†
=

−R(1)
v ) that eliminates all interactions linear in the coupling constants. Its

generator R
(1)
v obeys the equation

[

R
(1)
v , HF

]

+ V
(1)

v = 0 (45)

Following [37] Eq. (45) is satisfied with

R
(1)
v = −i lim

ε→0+

∞
∫

0

V
(1)
D (t)e−εtdt (46)
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if mb < 2m. The corresponding interaction operator in the CPR can be

written as

K
(2)
I =

1

2

[

R
(1)
v , V

(1)
v

]

+ V
(2)

v +M (2)
ren, (47)

where we have kept only the contributions of the second order in coupling

constants.

Here we do not intend to derive all interactions between the clothed

mesons and nucleons that enter the decomposition

K
(2)
I = K(NN → NN ) +K(N̄N̄ → N̄N̄ )

+K(NN̄ → NN̄) +K(bN → bN )

+K(bN̄ → bN̄) +K(bb′→ NN̄) +K(NN̄ → bb′). (48)

Explicit analytical expressions for theN -N interaction operator in the CPR

K(NN → NN ) =
∑

b

Kb(NN → NN ), (49)

Kb(NN → NN )

=

∫

∑

µ

dp′
1 dp

′
2 dp1 dp2Vb(1

′, 2′; 1, 2)b†c(1
′)b†c(2

′)bc(1)bc(2), (50)

where the symbol
∑

µ
denotes the summation over the nucleon spin projec-

tions, 1 = {p1, µ1}, etc., have been obtained in [8] (see formulae (19)-(22)

therein). In this connection, one should emphasize that while the commu-

tators 1
2 [R

(1)
s , Vs] and 1

2 [R
(1)
ps , Vps] generate the scalar- and pseudoscalar-

meson contributions Kb(NN → NN ), respectively, in case of the vec-

tor mesons we encounter a destructive interplay between the commutator
1
2 [R

(1)
v , V

(1)
v ] and the integral (17).

To show it explicitly, let us write

V (1)
v = − 1

(2π)3/2

∑

µs

∫

dkdp′dp
m

√

2ωkEp′Ep

eρ(k, s)δ (p ′ − p− k)

× ū(p ′µ′)

{

gvγρ −
fv
2m

iσνρk
ν

}

u(pµ)b†c(p
′µ′)bc(pµ)ac(k, s) + H.c., (51)
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R(1)
v = − 1

(2π)3/2

∑

µs

∫

dkdp′dp
m

√

2ωkEp′Ep

eρ(k, s)
δ (p ′ − p− k)

Ep′ −Ep − ωk

× ū(p′µ′)

{

gvγρ −
fv
2m

iσνρk
ν

}

u(pµ)b†c(p
′µ′)bc(pµ)ac(k, s) −H.c., (52)

retaining only those parts of V (1) and R(1), which are necessary for deriv-
ing Kv(NN → NN ). After the normal ordering of the creation (destruc-
tion) operators we find

1

2

[

R(1), V (1)
]

v
(NN → NN) = Kv(NN → NN) +Kcont(NN → NN)

(53)

with

Kv(NN → NN )

=

∫

∑

µ

dp′
1 dp

′
2 dp1 dp2Vv(1

′, 2′; 1, 2)b†c(1
′)b†c(2

′)bc(1)bc(2), (54)

Vv(1
′, 2′; 1, 2)

=
1

(2π)3
m2

√

Ep′
1
Ep′

2
Ep1

Ep2

δ
(

p′
1 + p′

2 − p1 − p2

)

vv(1
′, 2′; 1, 2), (55)

vv(1
′, 2′; 1, 2)

=
1

2

1

(p′1 − p1)2 −m2
v

[

ū(p′
1)

{

(gv + fv)γν −
fv
2m

(p′1 + p1)ν

}

u(p1)

× ū(p′
2)

{

(gv + fv)γ
ν − fv

2m
(p′2 + p2)

ν

}

u(p2)

− ū(p′
1)

{

(gv + fv)γν −
fv
2m

(p′1 + p1)ν

}

u(p1)

× ū(p′
2)
fv
2m

{

(p̂′1 + p̂′2 − p̂1 − p̂2)γ
ν − (p′1 + p′2 − p1 − p2)

ν

}

u(p2)

]

,

(56)
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Figure 1. The Feynman-like diagrams for the direct and exchange contri-

butions in the r.h.s. of Eq. (58).

and

Kcont(NN → NN) =
1

2(2π)3

X

µ

Z

dp′
1dp

′
2dp1dp2

m2

q

Ep′
1
Ep′

2
Ep1

Ep2

× δ
`

p
′
1 + p

′
2 − p1 − p2

´

»

g2v
m2

v

ū(p ′
1µ

′
1)γ0u(p1µ1)ū(p

′
2µ

′
2)γ0u(p2µ2)

−
f2
v

4m2
ū(p ′

1µ
′
1)γ0γu(p1µ1)ū(p

′
2µ

′
2)γ0γu(p2µ2)

–

× b†c(p
′
1µ

′
1)b

†
c(p

′
2µ

′
2)bc(p1µ1)bc(p2µ2) (57)

The latter may be associated with a contact interaction since it does not

contain any propagators (cf. the approach by the Osaka group [40]). It

is easily seen that this operator cancels completely the nonscalar operator

V (2). In other words, the first UCT enables us to remove the non-invariant

terms directly in the Hamiltonian. It gives an opportunity to work with the

Lorentz scalar interaction only (at least, in the second order in the coupling

constants). In our opinion, such a cancellation is a pleasant feature of the

CPR.

Further, for each boson included the corresponding relativistic and

properly symmetrized N − N interaction (see below), the kernel of in-

tegral equations for the N −N bound and scattering states, is determined

by

〈

b†c(p
′
1)b

†
c(p

′
2)Ω

∣

∣

∣
Kb(NN → NN )

∣

∣

∣
b†c(p1)b

†
c(p2)Ω

〉

= V dir
b (1′, 2′; 1, 2)− V exc

b (1′, 2′; 1, 2), (58)
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where we have separated the so-called direct

V dir
b (1′, 2′; 1, 2) = −Vb(1

′, 2′; 1, 2)− Vb(2
′, 1′; 2, 1) (59)

and exchange

V exc
b (1′, 2′; 1, 2) = V dir

b (2′, 1′; 1, 2) (60)

terms. For example, the one-pion-exchange contribution can be divided
into the two parts:

V dir
π (1′, 2′; 1, 2) = − g2

π

(2π)3
m2

√

Ep′
1
Ep′

2
Ep1

Ep2

δ (p′
1 + p′

2 − p1 − p2)

× ū(p′
1)γ5u(p1)ū(p

′
2)γ5u(p2)

1

2

{

1

(p1 − p′1)2 −m2
π

+
1

(p2 − p′2)2 −m2
π

}

(61)

and

V exc
π (1′, 2′; 1, 2) = − g2

π

(2π)3
m2

√

Ep′
1
Ep′

2
Ep1

Ep2

δ (p′
1 + p′

2 − p1 − p2)

× ū(p′
1)γ5u(p2)ū(p

′
2)γ5u(p1)

1

2

{

1

(p2 − p′1)2 −m2
π

+
1

(p1 − p′2)2 −m2
π

}

(62)

to be depicted in Fig.1, where the dashed lines correspond to the following

Feynman-like ”propagators”:

1

2

{

1

(p1 − p′1)2 −m2
π

+
1

(p2 − p′2)2 −m2
π

}

on the left panel and

1

2

{

1

(p2 − p′1)2 −m2
π

+
1

(p1 − p′2)2 −m2
π

}

on the right panel. Note also that expressions (61)-(62) determine the one-

pion-exchange part of one-boson-exchange (OBE) interaction derived via

the Okubo transformation method in [15] (cf. [19, 16]) taking into account

the pion and heavier-meson exchanges.

A distinctive feature of the matrix elements (61)-(62) is presence of

covariant Feynman-like ”propagators” that are converted into the genuine

Feynman propagators on the energy-shell for the N -N scattering, i.e.,

Ei ≡ Ep1
+ Ep2

= Ep ′
1
+ Ep ′

2
≡ Ef . (63)
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Figure 2. The typical OFPT diagrams with the intermediate boson (dashed

lines) on its mass shell.

It is typical of other meson-exchange interactions.

Besides, one should stress that in the course of our derivations the

Feynman propagator
[

(p1 − p′1)2 −m2
b

]−1
(64)

arises from adding the non-covariant propagators

[

2ωk

(

Ep1
− Ep′

1
− ωk

)]−1
(65)

and
[

2ωk

(

Ep′
1
−Ep1

− ωk

)]−1
. (66)

Such a feature of the UCTs method allows us to use the graphic language

of the old-fashioned perturbation theory (OFPT) (see, e.g., Chapter 13 in

Schweber’s book [29]) when addressing the graphs in Fig.2.

As noted in [16] the graphs within our approach should not be inter-

preted as the two time-ordered Feynman diagrams. Indeed, all events in the

S picture used here are related to the same instant t = 0. Being aware of

it, the line directions in Fig.2 are given with the sole scope to discriminate

between nucleons and antinucleons. The latter will inevitably appear in

higher orders in coupling constants and for other physical processes (e.g.,

the πN scattering) as it has been demonstrated in Ref. [16].
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3.1. The Equivalence Theorem: Application to the Neutron-

Proton Scattering bellow the Pion Threshold Production

Usually in non-relativistic quantum mechanics (NQM) the LS equation for

the T operator

T (E + i0) = VNN + VNN(E + i0− h0)
−1T (E + i0) (67)

with a given kernel VNN is a starting point in evaluating the N -N phase

shifts. All operators in Eq. (67) (including the sum h0 of the nucleon ki-

netic energies) act onto the subspace of two-nucleon states, remaining it in-

variant (the particle number is conserved within non-relativistic approach).

The matrix elements

〈N ′N ′|T (E + i0)|NN 〉,

make up the corresponding T matrix, the on-energy-shell elements of

which at the collision energy

E = E1 + E2 = E
′

1 +E
′

2,

can be expressed through the phase shifts and mixing parameters (see be-

low).

In relativistic QFT the situation is completely different. Though one

can formally introduce a field operator T that meets the equation

T (E + i0) = HI +HI(E + i0−HF )−1T (E + i0) (68)

the field interaction HI , as a rule, does not conserve the particle number,

being the spring of particle creation and destruction. The feature makes

the problem of finding the N -N scattering matrix much more complicated

than in the framework of the non-relativistic approach since now the T
matrix enters an infinite set of coupled integral equations.

Such a general field-theoretic consideration can be simplified with the

help of an equivalence theorem [31, 30] according to which the S matrix

elements in the Dirac (D) picture, viz.,

Sfi ≡ 〈α†...Ω0|S(α)|α†...Ω0〉 (69)

are equal to the corresponding elements

Sc
fi ≡ 〈α†

c...Ω|S(αc)|α†
c...Ω〉 (70)
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of the S matrix in the CPR. We say ”corresponding” keeping in mind the

requirement iii). The S operators in Eqs. (69)–(70) are determined by the

time evolution from the distant past to the distant future, respectively, for

the two decompositions

H = H(α) = HF +HI

and

H = K(αc) = KF +KI

Note that the equality Sfi = Sc
fi in question becomes possible owing to

certain isomorphism between the αc algebra and the α algebra once the

UCTs WD(t) = exp(iKF t)W exp(−iKF t) obey the condition

WD(±∞) = 1 (71)

The T operator in the CPR satisfies the equation

Tcloth(E + i0) = KI +KI(E + i0−KF )−1Tcloth(E + i0) (72)

and the matrix

Tfi ≡ 〈f ; b|T (E+ i0)|i; b〉= 〈f ; c|Tcloth(E + i0)|i; c〉 ≡ T c
fi, (73)

where |; b〉 ( |; c〉 ) are theHF (KF ) eigenvectors, may be evaluated relying

upon properties of the new interaction KI(αc).

If in Eq. (72) we approximate KI by K
(2)
I (see Eq. (48)), then initial

task of evaluating the BPR matrix elements 〈N ′N ′|T (E + i0)|NN 〉 can

be reduced to solving the equation

〈1′, 2′|TNN(E)|1, 2〉= 〈1′, 2′|KNN |1, 2〉
+ 〈1′, 2′|KNN(E + i0−KF )−1TNN(E)|1, 2〉 (74)

with KNN = K(NN → NN ).

Here we used the notation |1, 2〉 = b†cb
†
c|Ω〉 for any two nucleon state

and the completeness condition

∫

NN

∑

|NN 〉〈NN |= 2, (75)
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where the symbol
∫

NN

∑

means the summation over nucleon polarizations and

the integration over nucleon momenta.

For practical applications we prefer to work with the corresponding

R-matrix,

〈

1′2′
∣

∣R(E) |12〉 =
〈

1′2′
∣

∣ K̄NN |12〉

+
∑

∫

34

〈

1′2′
∣

∣ K̄NN |34〉 〈34|R(E) |12〉
E −E3 − E4

(76)

with K̄NN = KNN/2, where the operation
∑

∫

34

involves the p.v. integra-

tion.

As shown in [8], the partial wave expansion of the clothed two-nucleon

states, built up in Appendix B of [8], allows us to split Eq. (76) into the set

of integral equations

RJST
l′ l (p′, p) = V JST

l′ l (p′, p)

+
∑

l′′

p.v.

∞
∫

0

q2 dq

2(Ep −Eq)
V JST

l′ l′′ (p′, q)RJST
l′′l (q, p) (77)

or in other form

RJST
l′l (p′, p) = V JST

l′l (p′, p)

+
1

2

∑

l′′

∞
∫

0

dq

p2 − q2
{

q2(Ep +Eq)V
JST
l′l′′ (p′, q)RJST

l′′l (q, p)

− 2p2EpV
JST
l′l′′ (p′, p)RJST

l′′l (p, p)
}

(78)

to be solved for each submatrix RJST
l′ l composed of half-off-energy shell

elements RJST
l′ l (p′, p) ≡ RJST

l′ l (p′, p; 2Ep), where Ep =
√

p2 +m2 the

collision energy in the center-of-mass system (c.m.s.), m the nucleon mass.
It has to be stressed that unlike the usual NR JST representation the

quantum numbers J , S and T in the formula (77) are eigenvalues of the
field angular momentum, spin-momentum and isospin operator. Accord-
ingly to Eq. (106) from [8] the common eigenvectors of these operators are
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determined by1

|p(lS)JMJ 〉

=

∫

dp̂Ylml
(p̂) (lmlSMS |JMJ)

(

1

2
µ1

1

2
µ2|SMS

)

b†c(pµ1)b
†
c(−pµ2) |Ω〉 ,

(79)

where the b
†
c(pµ) is the creation operator for the clothed nucleon with

momentum p and its polarization µ, p̂ = p/p the unit vector.

Being aimed at calculations of the low-energy scattering parameters we

will recall only the following relations for the on-energy-shellR-matrix el-

ements to the phase shifts and mixing parameters for the uncoupled waves

with

tan δS
J = −πρ(p)RJS

JJ(p) (80)

and for the coupled waves with

tan δJ
± = −1

2
πρ(p)

[

RJ1
J+1 J+1 + RJ1

J−1 J−1 ∓
RJ1

J−1 J−1 −RJ1
J+1 J+1

cos 2εJ

]

(81)

and

tan 2εJ =
RJ1

J+1J−1 + RJ1
J−1J+1

RJ1
J−1J−1 − RJ1

J+1J+1

, (82)

where ρ(p) = pEp/2.

The low-energy scattering parameters are related to the S-wave phase

shifts by the following equation

p cot δ = −1

a
+

1

2
rp2, (83)

where a is the scattering length and r is the effective range.

3.2. Regularized Nucleon-Nucleon Interaction. Description of

the Nucleon-Proton Phase-Shifts and Deuteron Properties

Trying to overcome ultraviolet divergences inherent in solving equation

(78), we will regularize their driving terms by introducing some cutoff fac-

1For brevity, as in [8], we omit isospin indices.
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tors. It can be achieved if instead of Eq. (55) one assumes

V reg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2)

=
δ (p ′

1 + p ′
2 − p1 − p2)

√

Ep′
1
Ep′

2
Ep1

Ep2

v
reg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2) (84)

omitting for the moment isospin indices, so

Kb(NN → NN )→ Kreg
b (NN → NN )

=

∫

δ
(

p ′
1 + p ′

2 − p1 − p2

) dp ′
1

Ep′
1

dp ′
2

Ep′
2

dp1

Ep1

dp2

Ep2

×
∑

µ

vreg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2)b

†
c(p

′
1µ

′
1)b

†
c(p

′
2µ

′
2)bc(p1µ1)bc(p2µ2)

(85)

Here the new (regularized) coefficients vreg
b are given by

v
reg
b = Fb(p

′
1, p

′
2; p1, p2)vb, (86)

where the old ones vb are determined by Eqs. (20)–(22) in [8] and em-

pirical cutoff functions Fb
2 should not violate the known symmetries of

interactions. In particular, if one writes

Kreg
b (NN → NN ) =

∫

Kreg
b (x)dx (87)

with

Kreg
b (x) =

1

(2π)3

∫

dp ′
1

Ep′
1

dp ′
2

Ep′
2

dp1

Ep1

dp2

Ep2

dxei(p ′
1+p ′

2−p1−p2)x

×
∑

µ

vreg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2)bc(p

′
1µ

′
1)bc(p

′
2µ

′
2)b

†
c(p1µ1)b

†
c(p2µ2)

(88)

then the RI implies the property of the operator

Kreg
b (x) ≡ exp (iKF t)K

reg
b (x) exp (−iKF t) (89)

2We do not consider the functions depending on nucleon polarizations
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to be a scalar, viz.,

UF (Λ, λ)Kreg
b (x)U−1

F (Λ, λ) = Kreg
b (Λx+ λ) (90)

But accordingly (25) it imposes the following restrictions

D
( 1

2 )
η′
1
µ′

1

(W (Λ, p′1))D
( 1

2 )
η′
2
µ′

2

(W (Λ, p′2))D
( 1

2 )∗
η1µ1

(W (Λ, p1))D
( 1

2 )∗
η2µ2

(W (Λ, p2))

× vreg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2) = vreg

b (Λp′1η
′
1,Λp

′
2η

′
2; Λp1η1,Λp2η2) (91)

to the coefficients v
reg
b . In this connection, before going on, one needs to

verify that the old (non-regularized) ones satisfy relation (91) themselves.

It can be done with the help of the property

S(Λ)u(pµ) = D
(1/2)
µ′µ (W (Λ, p))u(Λpµ′),

where S(Λ) = exp
[

−1
2ωµνσ

µν
]

the matrix of the non-unitary representa-

tion Λ → S(Λ) in the space of spinor indices. Indeed, recalling more the

relations

S(Λ)−1γρS(Λ) = γµΛρ
µ,

one can easily seen that the quantities vb(p
′
1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2) =

vb(1
′, 2′; 1, 2), e.g., vv(1

′, 2′; 1, 2) defined in Eq. (56), obey Eq. (91). Also,

let us remind (see, e.g., [22]) that for a Lorentz boost Λ = L(v) with the

velocity v, the Wigner transformation W (Λ, p) is the rotation about the

v × p -direction by an angle ψ, which can be represented as

m

(

1 + γ +
p?
0

m
+
p0

m

)

tan
ψ

2
= γ |v × p| ,

where p?
0 the zeroth component of the nucleon momentum p? = (p?

0, p
?) =

L(v)p in the moving frame and γ the corresponding Lorentz factor. As

noted, W (R, p) = R for a pure rotation R.

Now, keeping in mind the relation (86) we need to deal with a Lorentz-

invariant cutoff,

Fb(p
′
1, p

′
2; p1, p2) = Fb(Λp

′
1,Λp

′
2; Λp1,Λp2) (92)

in our model regularization,

V reg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2) =

δ (p ′
1 + p ′

2 − p1 − p2)
√

Ep′
1
Ep′

2
Ep1

Ep2

Fb(p
′
1, p

′
2; p1, p2)v

reg
b (p′1µ

′
1, p

′
2µ

′
2; p1µ1, p2µ2) (93)
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In order to facilitate comparison with some derivations and calculations

from Refs. [21], [20], we employ the notation

〈

p′ µ′1µ
′
2

∣

∣ vUCT
b |pµ1µ2〉 ≡ −F 2

b (p′, p)b
[

vb(1
′, 2′; 1, 2) + vb(2

′, 1′; 2, 1)
]

for the regularized UCT quasipotentials in the c.m.s. (see Appendix C in

[8]). As in Ref.[21], we put

Fb(p
′, p) =

[

Λ2
b −m2

b

Λ2
b − (p′ − p)2

]nb

≡ Fb[(p
′− p)2].

Doing so, we have

〈

p ′ µ′1µ
′
2

∣

∣ vUCT
s |pµ1µ2〉

= g2
s ū(p

′)u(p)
F 2

s [(p′ − p)2]
(p′ − p)2 −m2

s

ū(−p ′)u(−p), (94)

〈

p ′ µ′1µ
′
2

∣

∣ vUCT
ps |pµ1µ2〉

= −g2
psū(p

′)γ5u(p)
F 2

ps[(p
′ − p)2]

(p′ − p)2 −m2
ps

ū(−p ′)γ5u(−p) (95)

and

˙

p ′ µ′
1µ

′
2

˛

˛ vUCT
v |pµ1µ2〉 = −

F 2
v [(p′ − p)2]

(p′ − p)2 −m2
v

×



ū(p ′)

»

(gv + fv) γν −
fv
2m

`

p′ + p
´

ν
−

fv
2m

(Ep′ −Ep)[γ0γν − g0ν ]

–

u (p)

× ū
`

−p
′
´

»

(gv + fv) γ
ν −

fv
2m

(p′ + p)
ν
−

fv
2m

(Ep′ − Ep)[γ0γν − g0ν ]

–

u(−p)

−
fv

2

4m2
(Ep′ − Ep)

2ū(p ′)[γ0γν − g0ν ]u(p)ū(−p
′)[γ0γν − g0ν ]u(−p)

ff

, (96)

where (p′ + p)
ν

= (Ep′ + Ep,−(p′ + p)). At the first sight, such a

regularization can be achieved via a simple substitution gb → gbFb(p
′, p)

with some cutoff functionsFb(p
′, p) depending on the 4-momenta p′ and p.

However, a principal moment is to satisfy the requirement (90) for the

Hamiltonian invariant under space inversion, time reversal and charge con-

jugation. A constructive consideration of the issue is given in Appendix C

of Ref. [8].
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Replacing in equations (94)–(96)

F 2
b [(p′ − p)2]{(p′− p)2 −m2

b}−1

by

−F 2
b [−(p′ − p)2]{(p′ − p)2 +m2

b}−1

and neglecting the tensor-tensor term

fv
2

4m2
(Ep′−Ep)

2ū(p ′)[γ0γν − g0ν]u(p)ū(−p ′)[γ0γν− g0ν]u(−p) (97)

in (96), we obtain approximate expressions that with the common factor

(2π)−3m2/Ep′Ep

instead of

(2π)−3m/
√

Ep′Ep

are equivalent to Eqs. (E.21)–(E.23) from [21]. Such an equivalence be-

comes coincidence if in our formulae instead of the canonical two-nucleon

basis |pµ1µ2〉 one uses the helicity basis as in [21].

In parallel, we have considered the set of equations

BRJST
l′l (p′, p) = BV JST

l′l (p′, p)

+m
∑

l′′

∞
∫

0

dq

p2 − q2
{

q2 BV JST
l′l′′ (p′, q)BRJST

l′′l (q, p)

−p2 BV JST
l′l′′ (p′, p)BRJST

l′′l (p, p)
}

, (98)

where the superscriptB refers to the partial matrix elements of the potential

B determined in [20] with the just mentioned interchange of the bases. It

is important to note that Eqs. (98) can be obtained from Eqs. (78) ignoring

some relativistic effects. In particular, it means that the covariant OBE

propagators

1

(p′ − p)2 −m2
b

=
1

(Ep′ − Ep)2 − (p′ − p)2 −m2
b

(99)

are replaced by their non-relativistic counterparts

− 1

(p′ − p)2 +m2
b

. (100)
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Such an approximation 3 is a key point that gives rise to the potential B
from [20].

After these preliminaries, we will present several results obtained

within this approach.

Table 1. The best-fit parameters for the Bonn and Kharkov potentials

Meson Bonn B UCT Bonn UCT GS

π g2
π/4π 14.4 14.633 14.3868

Λπ 1700 2330.4317 2316.5957

mπ 138.03 138.03 138.03

η g2
η/4π 3 3.8712 4.7436

Λη 1500 1148.3563 1186.3328

mη 548.8 548.8 548.8

ρ g2
ρ/4π 0.9 1.5239 1.4905

Λρ 1850 1470.0933 1482.9515

fρ/gρ 6.1 5.4099 5.63504

mρ 769 769 769

ω g2
ω/4π 24.5 27.0059 27.0010

Λω 1850 2067.1625 2048.4847

mω 782.6 782.6 782.6

δ g2
δ/4π 2.488 1.8362 1.9911

Λδ 2000 2283.0762 2117.1415

mδ 983 983 983

σ, T = 0 (T = 1) g2
σ/4π 18.3773 (8.9437) 18.8026 (10.7836) 18.9937 (10.8998)

Λσ 2000 (1900) 1629.1474 (2123.1678) 1738.8244 (2145.0415)

mσ 720 (550) 722.22 (565.79) 723.64 (571.74)

First of all, we show (Table 1) the optimum values of the adjustable

parameters extracted from the phase-shift analyses of the neutron-proton

elastic scattering at the collision energies up to the pion production thresh-

old. The third column taken from table A.1. in [20], the forth (fifth) col-

umn has been obtained via fitting the solutions of the integral equations

for the R-matrix elements from [8] to the Bonn phase-shifts [20] (WCJ1

ones [11]). All masses are in MeV. One should stress that correspond-

ing time-consuming fit procedure has been essentially reduced by using a

special code elaborated in the Computing Center of Saint-Petersburg Uni-

3Sometimes associated with ignoring the so-called meson retardation (see, e.g., Ap-

pendix E from [21] and a discussion therein)
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Figure 3. Neutron-proton phase-shifts for the uncoupled partial waves ver-

sus the nucleon kinetic energy in the lab. frame. Black (red) curves for the

Kharkov potential with the UCT Bonn (UCT GS) parameters from Table

1. Black (green) points for the Bonn B (WCJ1) potential.

Figure 4. The same as in Figure 3 but for the first coupled waves.
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Table 2. Low-energy parameters and deuteron binding energy. The

experimental values are from Table 4.2 of Ref. [21]

Parameter Bonn B WCJ1 UCT Bonn UCT GS Experiment

as (fm) -23.685 -23.749 -23.695 -23.728 -23.748±0.010

rs (fm) 2.71 2.67 2.71 2.69 2.68±0.05

at (fm) 5.426 5.429 5.431 5.421 5.419±0.007

rt (fm) 1.761 1.766 1.769 1.755 1.754±0.008

εd (MeV) 2.222 2.222 2.223 2.222 2.224575

Figure 5. Half-off-shell R-matrices for uncoupled waves at lab. energy equal to

150 MeV (p0 = 265MeV). The difference between the curves are the same as in

Fig.3.

versity, Russia. Just such best-fit values determine the two versions of the

so-called Kharkov potential [12, 2].
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On-shell calculations below the pion production threshold are shown

in Figs.3-4. As seen in Fig.3 the UCT GS fit ensures a slightly better

treatment of the phase-shifts in 1P1 and 3P0 states. The same refers to the

agreement between our predictions of the energy dependence of the 3D1

phase-shift in Fig.4. Some off-shell effects are demonstrated in Fig.5 with

the off-energy-shell R-matrices R(p′, p0) for first partial waves. Recall

that on-shellR-matrix elements R(p0, p0) are proportional to tanδ(p0).

As the by-products of our calculations the corresponding values of the

low-energy parameters for the elastic neutron-proton scattering are col-

lected in Table 2 together with the deuteron binding energies for the two

model potentials. We see that the UCT GS values are closer to the data

than the UCT Bonn ones.

At this point we allow ourselves recall a possible way [8] when finding

the deuteron state |Ψd(P )〉 ∈ H2N that meets the eigenvalue equation

[HF (α) +HI(α)]|Ψd(P )〉 = Ed|Ψd(P )〉 (101)

or in the CPR

[KF (α) +KI(αc)]|Ψd(P )〉 = Ed|Ψd(P )〉, (102)

with Ed =
√

m2
d + P 2, where P is the total deuteron momentum, md =

mp +mn − εd is the deuteron mass and εd represents the binding energy

of the deuteron.

Using the approximation with KI(αc) = KNN we arrive to a simpler

eigenvalue problem
[

KN
2 +KNN

]

|P ;M〉 = Ed|P ;M〉 (103)

in the subspaceH2N spanned onto the basis b†cb
†
c|Ω〉withKNN ∼ b†cb†cbcbc.

Here M denotes the deuteron spin projection on quantization axis. The

solution of this equation can be represented as4

|P ;M〉 =
∫

dp1dp2DM(P ; p1µ1, p2µ2)b
†
c(p1µ1)b

†
c(p2µ2)|Ω〉, (104)

with the c-number coefficients DM(P ; p1µ1, p2µ2) = δ(P − p1 −
p2)ψM(p1µ1, p2µ2) that have the property

ψM(1, 2) = −ψM (2, 1). (105)

4For a moment, the isospin quantum numbers are suppressed.
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Sometimes it is convenient to write {p1, µ1} = 1, etc.

In the deuteron rest frame the equation (103) takes the form

[

KN
2 +KNN

]

|ψM〉 = md|ψM〉 (106)

or

|ψM〉 =
[

md −KN
2

]−1
KNN |ψM〉, (107)

where

|ψM〉 ≡ |P = 0;M〉 =
∫

dpψM(pµ1,−pµ2)b
†
c(pµ1)b

†
c(−pµ2)|Ω〉.

(108)

Using the basis vectors |p(lS)JMJ, TMT 〉 introduced in our previous pa-

per [34] (see Appendix B) the vector |ψM〉 can be written as

|ψM,TMT
〉 = 1√

2

∑

∞
∫

0

p2dp |p(lS)1M, TMT〉ψlST (p), (109)

since the deuteron has the invariant spin equal to J = 1. In Eq. (109) the

permissible values of the quantum numbers l, S and T are restricted to the

property

Pferm|ψM,TMT
〉 = |ψM,TMT

〉, (110)

with respect to the space inversion (see Appendix B in [8], where one can

find formula (114) for the parity operator Pferm of the nucleon field in the

CPR). In fact, there are only the two combinations of T , S and l, namely,

T = 0, S = 1 and l = 0, 2. Respectively,

|ψM,00〉 ≡ |ψM〉 =
1√
2

∑

l=0,2

∞
∫

0

p2dp |p(l1)1M〉ψl(p). (111)

Combining Eqs. (108) and (111), we obtain

ψM(pµ1τ1,−pµ2τ2)

=
1√
2

∑

ψl(p)Ylml
(p̂)(lml1MS|1M)

(

1
2µ1

1
2µ2|SMS

) (

1
2τ1

1
2τ2|00

)

(112)
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with the property

ψM(pµ1τ1,−pµ2τ2) = −ψM(−pµ2τ2, pµ1τ1) (113)

which will be used later. Here τi(i = 1, 2) are nucleon isospin projections.

At this point, we accept the normalization condition 5

〈ψM ′|ψM〉 = δM ′M (114)

which is equivalent to

2
∑

∫

dpψ∗
M ′(pµ1,−pµ2)ψM(pµ1,−pµ2) = δM ′M , (115)

that implies
∞
∫

0

p2dp
[

ψ2
0(p) + ψ2

2(p)
]

= 1. (116)

Substituting the decomposition (111) into the equation (107) we get the

set of homogeneous integral equations for ”radial” components ψl(p)(l =

0, 2)

ψl(p) =
1

md − 2Ep

∑

l′

∞
∫

0

k2dkV J=S=1,T=0
l l′ (p, k)ψl′(k). (117)

In a moving frame the corresponding eigenvector that belongs to the

value Ed =
√

P 2 +m2
d can be determined either by solving directly the

equation (103) or using the relation

|P ;M〉 = exp[−iβB(αc)]|ψM〉 (118)

The boost operator B(αc) = BF (αc) + BI(αc) determined in the CPR

by

B(αc) = W (αc)N(αc)W
†(αc), (119)

5More precisely, relation (103) should be formulated for the wave packets
R

dP a(P )|P ;M〉. Each of them is a superposition of eigenvectors of the total momentum

operator with eigenvalues P close to P = 0 by letting the packet width goes to zero at the

end of calculations.
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consists of the free BF and interaction BI parts. Here N is the total boost

operator for interacting fields.

Perhaps, one should note that the required

P̂µ|P ;M〉 = Pµ|P ;M〉 (120)

follows from the property of the energy-momentum operator P̂µ =
(H, P̂ 1, P̂ 2, P̂ 3) to be the four-vector, viz.,

e−iβBP̂µeiβB = P̂ νL µ
ν (β) (121)

with the matrix

L(β) =











L 0
0 = P 0/md

... L j
0 = P j/md

· · · · · · · · ·

L 0
i = Pi/md

... L j
i = δj

i −
PiP

j

md(P 0 +md)











(122)

of the Lorentz transformation md(1, 0, 0, 0)⇒ (P 0, P 1, P 2, P 3) = P . In

these formulae the parameters (β1, β2, β3) = β are related to the velocity

v = P /md of the moving frame

β = βn, n = v/v, tanhβ = v. (123)

In order to meet Eq. (121) it is sufficient to have the two Lie-Poincaré

commutations

[K,B] = iP , [Pi, Bj] = iδijK. (124)

To the approximation that leads toKI = K(NN → NN ) the operator

BI ∼ b†cb
†
cbcbc, i.e., it repeats the operator structure of KI [35]. Then it is

readily seen (cf., derivations below Eq. (38) in [8]) that the vector (118)

with P 6= 0 belongs to the sectorH2N , i.e., it has the structure (104).

In addition, we have obtained the following values for low-energy pa-

rameters and deuteron binding energy in Table 2. We see that the UCT GS

values are closer to the experimental points than the UCT Bonn ones.

At last, we have calculated in Fig.6 the p-dependencies of the deuteron

wave function components to distinguish between not only the Bonn and

Kharkov potential predictions but also between the UCT Bonn and UCT

GS versions of the latter. The preceding experience prompts us that such
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Figure 6. Deuteron wave functions for ψd
0(p) = u(p) and ψd

2(p) = w(p).

Black (red) curves for Kharkov potential with the parameters of UCT Bonn

(UCT GS) fit. Points for Bonn B potential.

distinctions can be revealed when studying the proton polarization in the

deuteron breakup d(e, e′p)n [22] and the target asymmetry and azimuthal

asymmetries in the electrodisintegration of polarized deuterons d(e, e′p)n
[23]. Again, we note a better treatment of the experimental data via the

UCT GS version.

3.3. The Clothed Particle Representation in the Theory

of 3N-Systems

Like the 2-body case [37, 34] the 3N eigenvalue problem in the CPR can

be formulated in the following way (cf. Eq. (102))

[

KN
2 +KI

]

|Ψ〉 = E|Ψ〉, (125)

where the state |Ψ〉 belongs to the 3N sector of the FockH3N that spanned

onto the basis b†cb
†
cb

†
c|Ω〉. Here interaction operator consists of two terms

KI = KNN + KNNN , where besides the nucleon-nucleon interaction

KNN ∼ b†cb
†
cbcbc one has to deal with the 3N -force interaction operator

KNNN ∼ b†cb†cb†cbcbcbc.
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Similarly to the deuteron, the 3N bound state (triton) is written as a

superposition of the basis states inH3N

|Ψ(P )〉 =
∫

dp1dp2dp3ΨP (p1, p2, p3)b
†
c(p1)b

†
c(p2)b

†
c(p3) (126)

with the c-number function ΨP (p1, p2, p3) = δ(P − p1 −
p2 − p3)ψT (p1, p2, p3). To obtain equation for this function one

needs to project the equation (125) onto basis states |123〉 =

b
†
c(p1)b

†
c(p2)b

†
c(p3)|Ω〉 as

〈123|[KN
2 +KI]|Ψ(P )〉 = EΨP (p1, p2, p3), (127)

and taking into account that the operators bc destroy the physical vacuum
|Ω〉, i.e., bc|Ω〉 = 0. Omitting the 3N -forces in KI , we obtain

(E1+E2 +E3)ΨP (1, 2, 3)+〈123|V1+V2 +V3|Ψ(P )〉 = EΨP (1, 2, 3), (128)

with Ei =
√

p2
i +m2, V1 = ṼNN(2, 3), V2 = ṼNN(1, 3), V3 =

ṼNN(1, 2) and

ṼNN(i, j)

= −VNN(i′ j ′; i j)+VNN(i′ j ′; j i)−VNN(j ′ i′; j i)+VNN(j ′ i′; i j) .
(129)

where nucleon-nucleon quasipotentials VNN is given by

VNN(i′, j ′, i, j) =
∑

b

V
reg
b (i′, j ′; i, j), (130)

with V
reg
b from Eq. (84).

Equation (128) can be viewed as a relativistic version of the Faddeev

equation in the CPR with account of pair interactions. Of course, the

3N -forces should be included for a more complete description. To derive

the corresponding interaction operator KNNN one needs to evaluate more

complicated R-commutators, e.g., in case of the pion exchange, where the

commutator [R[R[R, Vps]]] is a departure point in constructing the 3N -

force of interest. Therefore, in the CPR one can obtain the interaction op-

erators for the 2N -forces and 3N -forces in a consistent way. As an exam-

ple, we will confine ourselves to the forces generated by the pion exchange

merely.
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3.4. The 2N-, 3N- and More Complicated Interaction

Operators between Clothed Nucleons

In this context, following [16] we consider the multiple commutators

[V ]n = [R, [R, ...[R, V ]...]], (131)

with n-brackets (n = 1, 2, ...). In the framework of the Yukawa model or

any other field model with a polynomial interaction the operator V can be

represented in the following symbolic form

V ≡ f ∗m+H.c., (132)

where f ∗ m is a polynomial composed of products of fermionic and

mesonic operators.

In general, to obtain recursive relations for the commutators of increas-

ing complexity, it is convenient to write down

[V ]n = lim
λ→0

dn

dλn

(

eλRf ∗me−λR
)

+H.c. . (133)

or

[V ]n = lim
λ→0

dn

dλn
(f(λ) ∗m(λ)) +H.c.. (134)

By definition, f(λ) ≡ eλRfe−λR and m(λ) ≡ eλRme−λR.

Then, using the Leibnitz formula

dn

dλn
(f(λ) ∗m(λ)) =

n
∑

s=0

Cs
n[f(λ)]n−s ∗ [m(λ)]s,

we find

lim
λ→0

dn

dλn
(f(λ) ∗m(λ)) =

n
∑

s=0

Cs
n[f(0)]n−s ∗ [m(0)]s,

whence

[Vbad]
n =

n
∑

s=0

Cs
n[f ]n−s ∗ [m]s +H.c.. (135)
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At the first stage of our procedure for the Yukawa model

Vbad = V (αc) =

∫

dkf(k)m(k) +H.c.,

R = R1 (αc) =

∫

dkR̂k
c m(k)−H.c., (136)

with f(k) = V̂ k
c and m(k) = ac(k). For such Vbad formula (135), where

[f ]n−s ∗ [m]s ≡
∫

dk[f(k)]n−s[m(k)]s, yields

[Vbad]
1 =

∫

dk
[

[f(k)]1m(k) + f(k)[m(k)]1
]

+H.c., (137)

[Vbad]
2

=

∫

dk
[

[f(k)]2m(k) + 2[f(k)]1[m(k)]1 + f(k)[m(k)]2
]

+H.c.,

(138)

From these equations it follows that

[R, V ] = [V ]1 =

∫

dk1dk2

{[

R̂k2, V̂ k1

]

a(k2)a(k1)

−
[

R̂k2†, V̂ k1

]

a†(k2)a(k1) + V̂ k1R̂k2†δ(k1 − k2)
}

+H.c. (139)

and

[R, [R, V ]] = [V ]
2

=

∫

dk1dk2dk3

{

A1(k1,k2,k3)a
†(k2)a

†(k1)a(k3)

+A2(k1,k2,k3)a
†(k2)a(k1)a(k3) +A3(k1,k2,k3)a(k2)a(k1)a(k3)

+A4(k1,k2)a
†(k2)δ(k1 − k3) + A5(k1,k2)a(k2)δ(k1 − k3)

}

+H.c., (140)

where Ai are the following fermionic operators

A1(k1, k2, k3) =

[

R̂k3,
[

R̂k1 , V̂ k2

]†
]

,

A2(k1, k2, k3) =

[

R̂k3,
[

R̂k1, V̂ k2†
]

+
[

R̂k2, V̂ k1†
]†

]

,

A3(k1, k2, k3) =
[

R̂k3,
[

R̂k1, V̂ k2

]]

,

A4(k1, k2) = R̂k1

{

[

R̂k1, V̂ k2

]†
+

[

R̂k2, V̂ k1

]†
}

,
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A5(k1, k2) = R̂k1

[

R̂k1, V̂ k2†
]†

+
[

R̂k2 , R̂k1

]

V̂ k1†

+2R̂k1

[

R̂k2, V̂ k1†
]

+
[

R̂k2, V̂ k1

]

R̂k1†

+V̂ k1

[

R̂k2, R̂k1†
]

. (141)

For brevity, the subscript c has been omitted in the r.h.s. of Eqs. (139) and

(140). In formula (141) we encounter ones and the same basic elements

V̂ k =

∫

dpdp′
∑

µ,µ′,i,j

F †
i (p′, µ′)V k

ij (p
′, µ′; p, µ)Fj(p, µ),

R̂k =

∫

dpdp′
∑

µ,µ′,i,j

F †
i (p′, µ′)Rk

ij(p
′, µ′; p, µ)Fj(p, µ),

(142)

where V k
ij and Rk

ij are a 2× 2 c-number matrices

V k
i,j

(

p′, r′; p, r
)

=
ig

(2π)3/2

m
√

2ωkEp′Ep

δ
(

p + k− p′
)

×
[

ū(p′, r′)γ5u(p, r) ū(p′, r′)γ5v(p, r)

v̄(p′, r′)γ5u(p, r) v̄(p′, r′)γ5v(p, r)

]

,

Rk
i,j

(

p′, r′; p, r
)

=
V k

i,j (p′, r′; p, r)

(−1)i−1E ′
p− (−1)j−1Ep− ωk

,

(143)

and the fermion column and row operators

F (p, µ) =

(

b(p, µ)

d†(−p, µ)

)

, F †(p, µ) =
(

b†(p, µ) d(−p, µ)
)

. (144)

Performing the normal ordering of the fermion operators in Eqs. (139)

and (140), we get a simple recipe to select the 2 ←→ 2 and 2 ←→ 3
interaction operators of the g2- and g3-orders between the partially clothed

pions, nucleon and antinucleons (in particular, πN → πN , NN → NN
and NN ↔ πNN ). At the same time this algebraic technique enables to

select the two-operator (one-body) contributions, which cancel the meson

and fermion mass counterterms Mren(mes) and Mren(ferm) in the g2-

order (details are in [37] and [17]. In addition, there are three-operator
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(vertex-like) ”radiative” corrections which together with the similar terms

from the commutators [R,Mren(mes)] and [R,Mren(ferm)] cancel the

”charge” counterterm Vren in the g3-order. The remaining bad terms must

be removed via successive clothing UT’s.

In its turn, the commutator [V ]3 = [R, [R, [R,V ]]] = [R, [V ]2],
contains the g4-order contribution to the 3N -force operator KNNN ∼
b†b†b†bbb. The commutator [V ]3 being sandwiched 〈1′2′3′|[V ]3|123〉 be-

tween the 3N-states is equivalent to 〈1′2′3′|[V ]3
b†b†b†bbb

|123〉 with

[V ]3b†b†b†bbb =

∫

dk1dk2{A4(k1, k2)R̂
k2 + A5(k1, k2)R̂

k2†}+H.c. .

(145)

Just such matrix elements should be associated with the 3N-forces that

enter the eigenvalue equation (127). Their non-relativistic reduction and

application within the Faddeev formalism are under way. To conclude we

would like to stress that this 3N -quasipotential vanishes in the static limit

so it has a relativistic origin.

3.5. Kharkov Potential in the Triton Binding Energy

and p-d Scattering Observables Calculations

Recently, the Kharkov potential has been used for three-nucleon Faddeev

calculations [12, 2] of the triton binding energy, momentum distributionsof

nucleons in the triton [3] and the elastic Nd scattering polarization observ-

ables at medium energies [13]. There 3N forces have been introduced via

the Tucson-Melbourne model [7]. In this section we would like to show

some of these results. These calculations gave the triton binding energy

ET = −7.799 MeV vs the value ET = −8.14 (−8.150) MeV for Bonn

(CD Bonn) potential compared to the experimental value−8.48 MeV. Per-

haps, this discrepancy between the theory and experiment can be reduced

after accounting for the 3N -forces built up in the previous section. As seen

in Fig. 7, the momentum distribution calculated with the UCT GS model

has higher-momenta components compared to the rest ones.

The deuteron polarization observables (vector analyzing power iT11,

tensor analyzing power T20, T21, T22) are shown in Fig. 8. As we can see,

the three calculations for different nucleon-nucleon potentials reproduce

fairly the measured asymmetries under consideration so it is difficult to



38 A. Arslanaliev, Y. Kostylenko and A. Shebeko

Figure 7. The momentum distribution of nucleons in the triton calculated

with different NN potentials.

give preference to some of these models. At the same time Fig.9 demon-

strates that the UCT GS + 3NF calculation gives the best description of this

angular dependence removing to great extent the so-called Sagara-type dis-

crepancy [26] in the vicinity of the cross section minimum. Of course, this

result should not be overestimated because of an evident inconsistency be-

tween the 2N -force and 3N -force in question. In order to remove such an

inconsistency we will extend our calculations with the 3N -force interac-

tion operator that has been discussed in the previous section.

4. QED in the Clothed-Particle Representation

Another field of our applications of the UCT method is QED. In the

Coulomb gauge (used here) the interaction Hamiltonian of the spinor QED

is given by (cf., for example, Eqs. (8.4.3) and (8.4.23) in [41])

Vqed =

∫

dxVqed(x) = V
(1)
qed + VCoul, (146)

V
(1)
qed =

∫

dxJk(x)Ak(x),

with the electron-positron current density Jµ(x) = e : ψ̄(x)γµψ(x) :,
where the colon symbol denotes the normal ordering of the creation and
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Figure 8. Polarization observables in the elastic Nd scattering:

iT11, T20, T21 and T22 at E = 135 MeV/nucleon for different potentials.

The experimental data are from [27, 28].

annihilation operators included. Its Coulomb part looks as

VCoul =
1

2

∫

dx

∫

dy
J0(x)J0(y)

4π|x− y| e
−λ|x−y|. (147)

Admittedly, the exponential factor with the parameter λ > 0 set to zero at

the end of all calculations is introduced to deal with infrared divergences.

Evidently, the interaction density Vqed(x) = eiHF tVqed(x)e−iHF t cannot

be scalar, i.e., does not possesses the property (21). In this respect, for the

Coulomb gauge (CG), where the photon field Aµ(x) is introduced in such

a way to have A0(x) ≡ 0, we cannot use the so-called Belinfante ansatz to

construct the boost generator N , e.g., like in Eq. (27), therefore one has

to seek other ways to provide the relativistic invariance (RI) in the Dirac

sense (see, e.g., [35]).

In addition, we have the Fourier expansions for the photon field

Aµ(x) =
1

√

2(2π)3

∫

dk

ωk

∑

σ

(

eµ(kσ)c(kσ)+ eµ(k−σ)c†(k−σ)
)

eik·x ,

(148)
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Figure 9. Differential cross section of pd elastic scattering as a function of

the angle in c.m.s. for the proton incident energy 135 MeV calculated for

different potentials with and without inclusion of the 3NF. The experimen-

tal data are from [27, 28].

where p− = (Ep,−p), k− = (ωk,−k), ωk =
√

k2 + λ2 the photon
energy. The two independent ’polarization’ vectors in Eq. (148) with the
helicities σ = ±1, such that k ·e(kσ) = 0 and e0(kσ) = 0, are normalized
(see [41], Sect. 8.5), in terms of the timelike vector n = (1, 0, 0, 0) so

∑

σ

eµ(kσ)e∗ν(kσ) = −gµν + ωk

kµnν + kνnµ

k2
− kµkν

k2
− k2

k2
nµnν ≡ Pµν(k) .

(149)

In the CPR the QED Hamiltonian can be written as

Hqed = KF (αc) +KI(αc), (150)

where

KF =

∫

dk

ωk

ωkc
†
c(k)cc(k)+

∫

dp

Ep

Ep

[

b†c(p)bc(p)+d
†
c(p)dc(p)

]

, (151)
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while KI contains of series of commutators responsible of all physical

processes between clothed photons, electrons and positrons (cf. Eqs. (36)–

(37)).

Following the clothing procedure exposed in Sec. 2.2 with the first

clothing transformationW (1) = exp(R(1)) we eliminate the primary inter-

action V
(1)
qed since it consists of bad terms only. Retaining only the contri-

butions in the e2 order, the interaction operator can be written as (cf. Eq.

(48))

K
(2)
I (αc) =

1

2

[

R
(1)
qed, V

(1)
qed

]

+ VCoul

= K(e−e− → e−e−) +K(e+e+ → e+e+)

+K(e−e+ → e−e+) +K(e−e+ → γγ) +K(γγ → e−e+)

+K(γe−→ γe−) +K(γe+→ γe+) .

(152)

Similarly the interacting vector mesons and nucleons primary non-

scalar Coulomb interaction VCoul cancels completely with contact terms

that stem from the commutator 1
2

[

R
(1)
qed, V

(1)
qed

]

. It is time to quote from [41]

on p. 355, viz., ” ... the apparent violation of Lorentz invariance in the

instantaneous Coulomb interaction is cancelled by another apparent viola-

tion of Lorentz invariance, ... ” that arises since photon fields Aµ
D(x) do

not transform as four-vectors, ”and therefore have a non-covariant propaga-

tor.” An important point is that in the CPR, unlike [41], such a cancellation

takes place directly in the Hamiltonian. Such a distinct feature of the UCT

method makes it useful in covariant calculations of the S-matrix either

by solving the two-particle Lippmann-Schwinger equation (LSE) for the

corresponding T -matrix or using the perturbation theory (not obligatorily

addressing the Dyson-Feynman expansion). Of course, doing so one can

find not only the S-matrix but the eigenstates of operatorK = KF +KI in

the Fock subspace R
[2]
F spanned onto the clothed-two-particle KF eigen-

vectors.

4.1. Explicit Expressions for the Interaction Operators

In our previous works [4, 18] we have already presented the expressions for

K(e−e+ → e−e+) and K(e−e+ → γγ) when deriving the first correction

to the positronium ground state energy and its decay to two photons. Now
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we will show the new e2-order interactions between the clothed electrons,

positrons and photons.

4.1.1. The Interaction Operator for Clothed Electrons

To get the operator K(e−e− → e−e−) one needs to separate out the

b
†
cb

†
cbcbc-type terms from the Hamiltonian K(αc)

K(e−e− → e−e−)

=

∫

dp′
1

Ep′
1

dp′
2

Ep′
2

dp1

Ep1

dp2

Ep2

Ve−e−(p′1, p
′
2; p1, p2)b

†
c(p

′
1)b

†
c(p

′
2)bc(p1)bc(p2),

(153)

Ve−e−(p′1, p
′
2; p1, p2)

=
e2m2

(2π)3
δ(p′

2 + p′
1 − p2 − p1)[υ

Feynman-like

e−e−
+ υ

off-energy-shell

e−e−
], (154)

υ
Feynman-like

e−e−
=

1

2

ū(p′1)γ
µu(p1)ū(p

′
2)γµu(p2)

(p′1 − p1)2 − λ2
, (155)

υ
off-energy-shell

e−e−

= −1

2

(p′1 + p′2 − p1 − p2)(p
′
1 − p1)

(p′
1 − p1)

2 + λ2

ū(p′1)γ
0u(p1)ū(p

′
2)γ

0u(p2)

(p′1 − p1)2 − λ2
.

(156)

Here all momenta are defined on the mass-shell p2 = E2
p − p2 = m2 (of

course now with electron mass m).

The properly symmetrized interaction is given by the matrix element

(quasipotential)

V̄e−e−(1′, 2′; 1, 2) = 〈b†c(1′)b†c(2′)Ω|Ke−e−→e−e− |b†c(1)b†c(2)Ω〉
= −Ve−e−(1′, 2′; 1, 2)− Ve−e−(2′, 1′; 2, 1)

+ Ve−e−(2′, 1′; 1, 2) + Ve−e−(1′, 2′; 2, 1)

=
e2m2

(2π)3
δ(p′

2 + p′
1 − p2 − p1)

[

ῡ
Feynman-like

e−e−
+ ῡ

off-energy-shell

e−e−

]

,

(157)
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with

ῡFeynman-like

e−e−
= −ū(1′)γµu(1)

1

2

{

1

(p′1 − p1)2 − λ2

+
1

(p′2 − p2)2 − λ2

}

ū(2′)γµu(2)− (1↔ 2), (158)

and

ῡoff-energy-shell

e−e− =
(p′1 + p′2 − p1 − p2)

µ

(p′
1 − p1)

2 + λ2
ū(1′)γ0u(1)

1

2

{

(p′1 − p1)µ

(p′1 − p1)2 − λ2

+
(p′2 − p2)µ

(p′2 − p2)2 − λ2

}

ū(2′)γ0u(2)− (1↔ 2). (159)

The non-covariant contribution (159) appears due to the interplay be-

tween the Coulomb interaction (147) and the non-covariant term from
1
2 [R, V (1)]

b†cb†cbcbc
. One should note, that on the energy shell for the

electron-electron scattering, that is on the condition

Ep′
1
+Ep′

2
= Ep1

+Ep2
(160)

this contribution vanishes. In this context, one should stress that on the

energy shell only the Feynman-like contribution (158) remains and the ex-

pression in the curl brackets

1

2

{

1

(p′1 − p1)2 − λ2
+

1

(p′2 − p2)2 − λ2

}

(161)

is converted into the genuine Feynman propagator which occurs when the

S-operator in the e2-order

S
(2)

e−e−→e−e−
=

Z

dp′
1

Ep′
1

dp′
2

Ep′
2

dp1

Ep1

dp2

Ep2

V
Feynman

e−e−
(p′1, p′2; p1, p2)b

†(p′1)b
†(p′2)b(p1)b(p2),

(162)

V
Feynman

e−e−
(p′1, p

′
2; p1, p2) = −i

e2
0m2

0

(2π)2
δ(p′2 + p′1 − p2 − p1)υ

Feynman-like

e−e−
(m → m0) (163)

is sandwiched between the bare states

〈b†(p′1)b†(p′2)Ω0|S(2)|b†(p1)b
†(p2)Ω0〉. The corresponding Feynman

diagrams are displayed in Fig.10.
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p 1

p 2 p
′

2

p
′

1 p 1

p 2 p
′

1

p
′

2

Figure 10. On-energy-shell contributions to the electron-electron interac-

tion (the e2 - order Feynman diagrams for the electron-electron scattering).
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Figure 11. OFPT graphs for the scattering contribution (υS ) to the electron-

positron scattering process.

It is important to emphasize that the interaction (157) is determined not

only on the energy shell, but also beyond it, because it does not contain the

factor δ(Ep1
+Ep2

−Ep′
1
−Ep′

2
), that is a feature of the UCT method. The

interaction obtained is nonlocal since the vertex factors and propagators in

Eqs. (158) and (159) are dependent not only on the relative three-momenta

involved but also on their total three-momentum. The interactions in [16]

have the same property.

4.1.2. The Interaction Operator for Clothed Electron and Positron

Now we are interested in the b†cd
†
cbcdc-type terms

K(e−e+ → e−e+)

=

∫

dp′
1

Ep′
1

dp′
2

Ep′
2

dp1

Ep1

dp2

Ep2

Ve−e+(p′1, p
′
2; p1, p2)b

†
c(p

′
1)d

†
c(p

′
2)bc(p1)dc(p2), (164)
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Ve−e+(p′1, p
′
2; p1, p2)

=
e2m2

(2π)3
δ(p′

2+p′
1−p2−p1)

{

υS(p′1, p
′
2; p1, p2) + υA(p′1, p

′
2; p1, p2)

}

,

(165)

υS/A = υ
Feynman-like

S/A
+ υ

off-energy-shell

S/A
, (166)

with

υ
Feynman-like
S = −ū(1′)γµu(1)

1

2



1

(p′1 − p1)2 − λ2
+

1

(p′2 − p2)2 − λ2

ff

ῡ(2)γµυ(2′),

υ
off-energy-shell

S
=

(p′1 + p′2 − p1 − p2)µ

(p′
1 − p1)

2 + λ2
ū(1′)γ0u(1)

1

2



(p′1 − p1)µ

(p′1 − p1)2 − λ2

+
(p′2 − p2)µ

(p′2 − p2)2 − λ2

ff

ῡ(2)γ0υ(2′),

υ
Feynman-like

A
= ū(1′)γµυ(2′)

1

2



1

(p1 + p2)2 − λ2
+

1

(p′1 + p′2)
2 − λ2

ff

ῡ(2)γµu(1),

υoff-energy-shell
A

= −
(p′1 + p′2 − p1 − p2)

µ

(p′
1 + p′

2)2 + λ2
ū(1′)γ0υ(2′)

1

2



(p′1 + p′2)µ

(p′1 + p′2)
2 − λ2

−

(p1 + p2)µ

(p1 + p2)2 − λ2

ff

ῡ(2)γ0u(1) .

(167)

Here in Eq. (165) we have introduced the decomposition into the so-

called scattering and annihilation contributions υS and υA. Each of them

has the structure (166) with Feynman-like and off-energy-shell terms. And,

again, only the Feynman-like part survives on the energy-shell, i.e., on the

conditionEp′
1
+ Ep′

2
= Ep1

+ Ep2
.

The scattering term υS can be obtained from the direct parts of Eqs.

(158)–(159) via substitution

ū(p′2)→ ῡ(p2), u(p2)→ υ(p′2) (168)
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Figure 12. OFPT graphs for the annihilation contribution (υA) to the

electron-positron scattering process.

and the corresponding OFPT graphs are obtained from the is illustrated in

Fig.11. Henceforth, the line directions in graphs are given with the sole

scope to discriminate between the electron and positron states.

In the annihilation term the Feynman-like propagators arise from the

non-covariant propagators in the following way

1

ωp′
1+p′

2
−Ep′

1
−Ep′

2

+
1

ωp′
1+p′

2
+Ep′

1
+Ep′

2

→ − 1

(p′1 + p′2)
2 − λ2

,

1

ωp1+p2
−Ep1

−Ep2

+
1

ωp1+p2
+Ep1

+Ep2

→ − 1

(p1 + p2)2 − λ2
.

(169)

The two non-covariant denominators

D−1
1 (E)E=Ep1

+Ep2
≡ (E − ωp1+p2

)|E=Ep1
+Ep2

= −(ωp1+p2
− Ep1

− Ep2
),

D−1
1 (E)E=E

p′
1
+E

p′
2

≡ (E − ωp′
1
+p′

2
)|E=E

p′
1
+E

p′
2

= −(ωp′
1
+p′

2
−Ep′

1
−Ep′

2
)

can be associated with the left graph in Fig.12 In its turn, the right graph
with five internal lines relates to the denominators

D−1
2 (E)E=Ep1

+Ep2
≡ (E − Ep′

1
−Ep′

2
−Ep1

−Ep2
− ωp′

1
+p′

2
)|E=Ep1

+Ep2

= −(ωp′
1
+p′

2
− Ep′

1
− Ep′

2
),

D−1
2 (E)E=E

p′
1
+E

p′
2

≡ (E − Ep′
1
−Ep′

2
−Ep1

−Ep2
− ωp1+p2

)|E=E
p′
1
+E

p′
2

= −(ωp1+p2
− Ep1

− Ep2
).

The symmetrized interaction is

V̄e−e+(1′, 2′; 1, 2) = 〈b†c(p′1)d†c(p′2)Ω|Ke−e+→e−e+ |b†c(p1)d
†
c(p2)Ω〉

= −Ve−e+(p′1, p
′
2; p1, p2). (170)
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Figure 13. Feynman diagrams for the on-shell contribution to the electron-

positron interaction.

As in case of the electron-electron interaction, the denominators in the curl
brackets in the Feynman-like contributions are converted into the genuine
Feynman propagators

1

2



1

(p′1 − p1)2 − λ2
+

1

(p′2 − p2)2 − λ2

ff

→
1

(p′1 − p1)2 − λ2
=

1

(p′2 − p2)2 − λ2
,

1

2



1

(p1 + p2)2 − λ2
+

1

(p′1 + p′2)
2 − λ2

ff

→
1

(p′1 + p′2)
2 − λ2

=
1

(p1 + p2)2 − λ2
,

(171)

displayed in Fig.13.

4.1.3. The Interaction Operator for e−e+-Pair Annihilation

The interaction operator corresponding to the annihilation of the clothed
electron and positron in two photons is

K(e−e+ → γγ)

=

∫

dk1

ωk1

dk2

ωk2

dp1

Ep1

dp2

Ep2

Ve−e+→γγ(k2, k1; p2, p1)c
†
c(k2)c

†
c(k1)bc(p2)dc(p1),

(172)

Ve−e+→γγ(k2, k1; p2, p1)

=
e2m

2(2π)3
δ(p1 + p2 − k1 − k2)[υ

Feynman-like

e−e+→γγ
+ υ

off-energy-shell

e−e+→γγ
], (173)
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υ
Feynman-like

e−e+→γγ
=
ῡ(p1)e/(k1)e/(k2)u(p2)

p/1 − k/1 +m
, (174)

υ
off-energy-shell

e−e+→γγ
= −1

2

[

ῡ(p1)e/(k1)e/(k2)u(p2)

p/1 − k/1 +m
+
ῡ(p1)e/(k2)e/(k1)u(p2)

p/2 − k/1 −m

]

,

(175)

The corresponding matrix element (quasipotential) is determined as

V̄e−e+→γγ(k2, k1; p2, p1) =

= 〈c†c(k2)c
†
c(k1)Ω|Ke−e+→γγ |b†c(p2)d

†
c(p1)Ω〉 =

= −Ve−e+→γγ(k2, k1; p2, p1)− Ve−e+→γγ(k1, k2; p2, p1) =

=
e2m

2(2π)3
δ(p1 + p2 − k1 − k2)ῡe−e+→γγ(k2, k1; p2, p1),

(176)

ῡe−e+→γγ(k2, k1; p2, p1) =

= ῡ(p1)e/(k1)
1

2

{

1

p/2 − k/2 −m
− 1

p/1 − k/1 +m

}

e/(k2)u(p2)

+ ῡ(p1)e/(k2)
1

2

{

1

p/2 − k/1 −m
− 1

p/1 − k/2 +m

}

e/(k1)u(p2) .

(177)

The Feynman-like propagators in the curl brackets of this expression
appear after summation of the corresponding non-covariant propagators
which are illustrated with OFPT graphs in Fig.14. For example, by adding
the contributions a) and b) in Fig.14 we get

m

Ek1−p1

»

P+(q)

Ep1
− ωk1

+Ek1−p1

+
P−(q−)

Ep1
− ωk1

−Ek1−p1

–

=
1

p/1 − k/1 +m
,

(178)

with the four vector q = (Ek1−p1
, k1 − p1) and the projection operators

on the fermion positive (negative)-energy states P±(q) = (q/ ± m)/2m.

According to [16], we introduce ”left” (s1, u1 and t1) and ”right” (s2, u2

and t2) Mandelstam vectors

s1 = p1 + k1, s2 = p2 + k2, u1 = p1 − k2,

u2 = p2 − k1, t1 = p1 − k1, t2 = p2 − k2. (179)
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Figure 14. The direct (a,b) and exchange (c,d) OFPT diagrams for the

interaction (176)

In these notations the expression (177) looks as

ῡe−e+γγ(k2, k1; p2, p1) = ῡ(p1)e/(k1)
1

2

{

1

t/2 −m
− 1

t/1 +m

}

e/(k2)u(p2)

+ ῡ(p1)e/(k2)
1

2

{

1

u/2 −m
− 1

u/1 +m

}

e/(k1)u(p2) . (180)

Again on the energy shell Ep1
+ Ep2

= ωk1 + ωk2 the expressions in

the curl brackets are transformed into the Feynman propagators

1

2

{

1

p/2 − k/2 −m
− 1

p/1 − k/1 +m

}

→ 1

p/2 − k/2 −m
,

1

2

{

1

p/2 − k/1 −m
− 1

p/1 − k/2 +m

}

→ 1

p/2 − k/1 −m
,

(181)

that occur when evaluates the S-matrix for the e+e−-pair annihilation. The
corresponding Feynman diagrams are displayed in Fig.15. The operator
(172) is not Hermitian and its Hermitian conjugate describe the e+e−-pair
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p 2

p 1 k 1

k 2 p 2

p 1 k 2

k 1

Figure 15. The Feynman diagrams of the e2-order for the annihilation

process.

production

K(γγ → e−e+) =
ˆ

K(e−e+ → γγ)
˜†

=

Z

dk1

ωk1

dk2

ωk2

dp1

Ep1

dp2

Ep2

Vγγ→e−e+(p2, p1;k2, k1)b
†
c(p2)d

†
c(p1)cc(k2)cc(k1),

(182)

Vγγ→e−e+(p2, p1; k2, k1) =
e2m

2(2π)3
δ(p1 + p2 − k1 − k2)[υ

Feynman-like

γγ→e−e+ + υ
off-energy-shell

γγ→e−e+ ],

(183)

υ
Feynman-like

γγ→e−e+
= −

ū(p2)e/(k1)e/(k2)υ(p1)

p/1 − k/1 + m
,

υ
off-energy-shell

γγ→e−e+
=

1

2

»

ū(p2)e/(k1)e/(k2)υ(p1)

p/1 − k/1 + m
+

ū(p2)e/(k2)e/(k1)υ(p1)

p/2 − k/1 − m

–

.

(184)

To retain the Hermiticity of the total Hamiltonian the operators (172) and

(182) should be considered jointly.

4.1.4. The Compton Effect in the Clothed Particle Representation

The Compton scattering is described by the operator with a structure

b†cc
†
cbccc

K(γe−→ γe−) =

=

∫

dk2

ωk2

dp2

Ep2

dk1

ωk1

dp1

Ep1

Vγe−(p2, k2; p1, k1)b
†
c(p2)c

†
c(k2)bc(p1)cc(k1),

(185)
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Figure 16. OFPT diagrams for different contributions to the interaction

(188).

Vγe−(p2, k2; p1, k1) =

=
e2m

2(2π)3
δ(p1 + k1 − p2 − k2)[υ

Feynman-like

γe−
+ υ

off-energy-shell

γe−
], (186)

υ
Feynman-like

γe−
=

= ū(p2)

{

e/(k2)
1

p/1 + k/1 −m
e/(k1) + e/(k1)

1

p/1− k/2 −m
e/(k2)

}

u(p1),

υ
off-energy-shell

γe−
=

= ū(p2)e/(k2)
1

2

{

1

k/2 + p/2 −m
− 1

p/1 + k/1 −m

}

e/(k1)u(p1)

+ ū(p2)e/(k1)
1

2

{

1

p/2 − k/1 −m
− 1

p/1 − k/2 −m

}

e/(k2)u(p1).

(187)

The corresponding quasipotential is
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k 2 k 2

p 1 p 2

k 1

Figure 17. Feynman diagrams for the Compton effect in the second order.

V̄γe−(p2, k2; p1, k1) =

= 〈c†c(k2)b
†
c(p2)|Kγe−→γe− |c†c(k1)b

†
c(p1)〉 = Vγe−(p2, k2; p1, k1).

(188)

To interpret the expression (188) we write an intermediate analytical

result that leads to it

υγe−(p2, k2; p1, k1) =

=
1

2
ū(p2)

{

e/(k2)P (p2, k2; p1, k1)e/(k1) + (k2, p2 ↔ k1, p1)

}

u(p1),

(189)

where

P (p2, k2; p1, k1) =

=
m

Ep1+k1

{

P+(Ep1+k1 , p1 + k1)

Ep1
+ ωk1 −Ep1+k1

+
P−(Ep1+k1 ,−p1 − k1)

Ep1
+ ωk1 +Ep1+k1

}

+
m

Ep2−k1

{

P+(Ep2−k1 , p2 − k1)

Ep2
− ωk1 −Ep2−k1

+
P−(Ep2−k1 ,−p2 + k1)

Ep2
− ωk1 +Ep2−k1

}

.

(190)

Each contribution to the r.h.s. of Eq. (190) can be represented by the
graphs in Fig.16. The graphs a) and c) corresponds to the two terms in the
first figure brackets:

Da(E)|E=Ep1
+ωk1

≡ (E −Ep1+k1
)−1
E=Ep1

+ωk1

= (Ep1
+ ωk1

− Ep1+k1
)−1,

Dc(E)|E=Ep2
+ωk2

≡ (E −Ep1
− Ep2

− ωk1
− ωk2

−Ep1+k1
)−1
E=Ep2

+ωk2

= −(Ep1
+ ωk1

+Ep1+k1
)−1,

(191)
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while graphs b) and d) are associated with the two ones in the second

figure brackets.
In terms of Mandelstam variables (179) the expression (189) is given

by

υγe−(p2, k2; p1, k1) = ū(p2)e/(k2)

{

1

2

1

s/1 −m
+

1

2

1

s/2 −m

}

e/(k1)u(p1)

+ ū(p2)e/(k1)

{

1

2

1

u/1 −m
+

1

2

1

u/2 −m

}

e/(k2)u(p1). (192)

On the energy shell Ep1
+ωk1 = Ep2

+ωk2 , where there is no difference

between left and right Mandelstam vectors, this equation reduces to

υe−γ(p2, k2; p1, k1)|Ep1+ωk1
=Ep2+ωk2

=

=
ū(p2)e/(k2)e/(k1)u(p1)

s/−m +
ū(p2)e/(k1)e/(k2)u(p1)

u/−m , (193)

which coincides up to numerical factor with the expressions, obtained with

help of Feynman rules from the diagrams in Fig.17. One can replace Dirac

spinors (u → υ) in the interactions (185) and (153) to obtain expressions

for the corresponding processes with positrons.

Of course, all the results obtained here being taken on the energy-

shell reproduce the well-known formulas for cross sections by Mller (the

electron-electron scattering), KleinNishina (the Compton scattering) and

Bhabha (the electron-positron scattering) (see, e.g., in [14]).

4.2. Positronium Properties in the Clothed Particle Represen-

tation

The interaction operator K(e−e+ → e−e+) from Sec. 4.1.2 between the

clothed electron and positron has been used by us when solving the eigen-

value equation

[

K
(2)
F +K(e−e+ → e−e+)

]

|Ψ(P )〉 = E|Ψ(P )〉, (194)

for the vector |Ψ〉 from the electron-positron sector of the Fock space,

spanned onto the two-clothed particle states b†c(p1)d
†
c(p2)|Ω〉. Our purpose

is to compare its solutions with the positronium spectrum found earlier (see

[39] and refs. therein). Recall that the positronium ground state (g.s.) has
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two possible configurations with the total spin values S = 0, 1. The singlet

(triplet) lowest-energy state with S = 0 (S = 1) is known as the para-

positronium (ortho-positronium). For this exposition, we will restrict our

consideration of the para-positronium (p-Ps) configuration.

In the p-Ps rest system with the total momentum P = 0 the eigenvalue

equation for the wave function ψ00(p) of the para-positronium is reduced

[18] to

2Epψ00(p) +

∫

dp′

Ep′Ep

V̄ (p′, p)ψ00(p
′) = mp-Psψ00(p), (195)

where mp-Ps = me− +me+ + εp-Ps the para-positronium mass and εp-Ps its

binding energy and V̄ (p′, p) = −Ve−e+(p′, p′−; p, p−) with p′ = (Ep′ , p′),

p = (Ep, p) and p′− = (Ep′ ,−p′), p− = (Ep,−p). In the non-relativistic

limit (Ep = Ep′ = m) the eigenvalue equation is converted to the ordi-

nary Schrödinger equation for the Coulomb potential in momentum space.

Therefore we come to the well-known Coulomb problem with the g.s. en-

ergy εg.s. ≈ −6.8eV . By considering the difference between V̄ (p′, p) and

the Coulomb potential as a perturbation (it is not evident) and using the

non-perturbative wave function of the ground state

Ψ00(p) =
2

π

√
2a3

(1 + a2p2)2
, (196)

from Appendix C in [39] we have obtained the energy shift

∆ε = −4.7325 · 10−4 eV.

This value surprisingly coincides with those estimations given in [39] (see

formula (1.1) therein). In order to verify such a coincidence beyond the

perturbation theory, one needs to solve Eq. (195) numerically. In this

context, similarly the deuteron in Sec. 3.2, the partial eigenvalue equation

for the para-positronium WFs that belong to the total angular momentum J

takes the form

2EpΨJ (p) +

∫ ∞

0

p′2dp′

Ep′Ep

ΨJ (p′)V̄ J(p, p′) = mp-PsΨJ (p). (197)

Here V̄ J(p, p′) is the partial electron-positron quasipotential derived in

the momentum representation from the new e−e+-interaction operator. In
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turn, we have

V̄ J(p, p′) =
e2

4π2

[

ῡJ
Feynman-like + ῡJ

off-shell

]

, (198)

with

ῡJ
Feynman-like = −2Ep′Ep−m2

pp′
QJ (z2),

ῡJ
off-shell = −(Ep′ + Ep)2

2pp′
QJ (z1) +

2Ep′Ep

pp′
QJ (z2),

(199)

where QJ (z) the Legendre function of the second kind and

z1 =
p′2 + p2 + λ2

2pp′
, z2 =

Ep′Ep−m2 + 1
2λ

2

pp′
.

Such a separation implies that only the Feynman-like part survives on the

energy shell, where Ep′ =
√

p′2 +m2 = Ep =
√

p2 +m2. The task of

solving the eigenvalue equation and obtaining the corresponding positron-

ium states in the CPR is underway.

4.2.1. Positronium Decay Rates

We have started with Eq. (9.337) in [14] that determines the decay rates of

interest

Γ =
∑

σ1 σ2

∫

dk1

k0
1

∫

dk2

k0
2

πδ(k0
1 +k0

2−EPs)δ(k1 +k2−P )|Tfi|2 , (200)

where the quantity Tfi = 〈Ω|cc(k1σ1)cc(k2σ2)T |p-Ps〉 denotes the T -

matrix element for transition from the initial p-Ps ground state to the

final state of the two photons with the momenta k1 = (k0
1, k1) and

k2 = (k0
2, k2) and their polarizations σ1, σ2. In this connection, we note

an equivalence theorem proved in [31], that allows us to use a recipe for

calculating the S-matrix (T-matrix) in the CPR.

In the rest frame of positronium (P = 0) one can do integration with

both δ-functions

Γ =
π

2

∑

σ1 σ2

∫

dk̂1|Tfi|2 , (201)



56 A. Arslanaliev, Y. Kostylenko and A. Shebeko

where k̂1 is the unit vector along vector k1.

The positronium state-vector with spin S can be represented as

|Ps(S)〉 =
∑

MS

∫

dp

p0
ΨSMS

(p)|p SMS〉 , (202)

where |p SMS〉 =
∑

µ1µ2

( 1
2µ1

1
2µ2|SMS)b

†
c(p−µ2)d

†
c(pµ1)|Ω〉 the electron-

positron state-vector in the total spin representation and p− = (Ep,−p).

In the Born approximation where T ≈ Ke−e+→γγ one has

Γ =
π

2

∑

σ1 σ2

∫

dk̂|〈kσ1σ2|Ke−e+→γγ |p-Ps〉|2 ,

〈kσ1σ2|Ke−e+→γγ |p-Ps〉 =
∫

dp

Ep

Ψ00(p)〈kσ1σ2|Ke−e+→γγ |p 0 0〉 ,

(203)

where 〈kσ1σ2| ≡ 〈Ω|cc(kσ1)cc(k−σ2). Here the p-Ps g.s. is approximated

with the function (196).
The interaction (172) in an arbitrary frame has the form

〈Ω|cc(k1σ1)cc(k2σ2)Ke−e+→γγb
†
c(p2µ2)d

†
c(p1µ1)|Ω〉 =

αm

4π2
ῡe−e+γγ , (204)

ῡe−e+γγ = ῡ(p1µ1)e/(k1σ1)
1

2



1

p/2 − k/2 −m
−

1

p/1 − k/1 +m

ff

e/(k2σ2)u(p2µ2)+

+(k1, σ1 ↔ k2, σ2) ,

(205)

whence in the static limit (p1,2 = 0) we arrive to the well-known Pirenne-

Wheeler result with Γ = 1
2α

5m ≈ 8.0325 · 109 sec−1 [42, 25]. After this

by using the CG we get

Γ =
128

π2
mα7I(α)2 (206)

with the integral

I(α) =
1

8

∞
∫

0

du
u sinhu

(α2/4 + sinh2 u)2
= 26.7535 . (207)
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Now we get the decay rate of para-positronium into two photons Γ =
7.9411 · 109 sec−1 . The experimental result [1] for this value 7.9909 ±
0.0017 · 109 sec−1.

In our report [33] we have discussed a possible application of the UCT

method in the quantum chromodynamics (QCD) by drawing some paral-

lels between the total QCD Hamiltonian and the QED Hamiltonian in the

Coulomb gauge. In this respect, we foresee a new research work with good

prospects.

4.3. Mass Renormalization in Mesodynamics and Quantum

Electrodynamics

In the field models under the consideration the operator Mren =
Mren, mes +Mren, ferm consists of the meson counterterms

Mren, mes =
µ2

0 − µ2

4

∫

dk

ωk

[

a† (k) a (k) + a (k) a (−k) +H.c.
]

(208)
and the fermion ones

Mren, ferm = m(m0 −m)

∫

dp

Ep

∑

µµ′,ij

F †
i (pµ′) Mij (pµ′; pµ)Fj (pµ) ,

(209)

with Mij (pµ′; pµ) = Ūi (pµ′)Uj (pµ), where Ūi (pµ′) (i = 1, 2) is the

element of the row [ū (pµ) , v̄ (−pµ)]. Here and henceforth in this Sec. we

omit the subscript c for the clothed operators.

In both cases of couplings (13)-(15) in mesodynamics and couplings

(146) in QED we consider only terms of the second order in coupling con-

stants. Doing so we get from Eq. (37)

K
(2)
I (αc) = M

(2)
ren + V (2) +

1

2

[

R(1), V (1)
]

. (210)

Moreover, the commutator
[

R(1), V (1)
]

also contains the meson and

fermion two-operator terms a†a, aa, b†b, b†d† and so on, whose struc-

ture repeats the structure of the Eqs. (208) and (209). Not all of them

are bad (for instance, a†a). It is required that the “diagonal” (particle-

conserving number) species of the a†a-, b†b-, and d†d- types cancel the

corresponding contributions to the mass counterterms Mren, mes (αc) and
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Mren, ferm (αc). Note that it is sufficient to evaluate the mass shiftsm−m0

and µ2 − µ2
0 in the g2-order; since the same operator structure will appear

in higher orders in coupling constants we can extend this requirement to

determine these mass shifts order by order.

The first results in this direction have been obtained in [37], [17] for

interacting pions and nucleons with the PS coupling (13). For example,

according to [37], the PS meson mass shift in the g2 -order is equal to

δµ2 ≡ µ2
0 − µ2 =

2g2
ps

(2π)3

∫

dp

Ep

{

1 +
µ4

4 (pk)2 − µ4

}

. (211)

The nucleon mass shift due to PS meson exchange evaluated in [17] in the
same order can be written as

δmN ≡ m0 −m =
g2

ps

4m(2π)3
[I1(p) + I2(p)] ,

I1(p) =

∫

dk

ωk

pk

{

1

µ2 − 2pk
− 1

µ2 + 2pk

}

,

I2(p) =

∫

dq

Eq

{

m2 − pq
2 [m2 − pq]− µ2

+
m2 + pq

2 [m2 + pq]− µ2

}

. (212)

We observe that, being expressed through the explicitly covariant inte-

grals in the r.h.s of Eqs. (211) and (212), these quantities do not depend

on the particle momenta. It turns out [17] that these integrals coincide with

the corresponding one-loop Feynman integrals.

Further, we would like to show the way to calculate the

fermion mass shifts due to vector boson exchange. As mentioned

above, all particle-conserving mass renormalization counterterms in

M
(2)
ren = M

(2)
boson +M

(2)
fermion are cancelled by the corresponding components

of the commutator 1
2

[

R
(1)
v , V

(1)
v

]

and the operator V
(2)

v . For fermions, it

gives us the equation

M
(2)
ren b†b + V

(2)
v b†b +

1

2

[

R
(1)
v , V

(1)
v

]

b†b
= 0 . (213)

Subscript b†bmeans that after normal ordering, we retain only one-fermion

terms. Note that the equation is the same for one-antifermion terms (d†d),

which means the same results for antifermion mass shifts. In this context,
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let us write down all the one-fermion terms included in the equation (213)

M
(2)
ren b†b = mδm

∫

dp

E2
p

∑

ρ

b†(pρ)b(pρ) , (214)

1

2

ˆ

R
(1)
v , V

(1)
v

˜

b†b
=

m

8(2π)3

Z

dp

E2
p

dq

Eqωp−q

X

µ ρ

b†(pρ)b(pρ)

× ū(pµ)

(

Pαβ
v (k)

Ep − ωp−q − Eq

»

gv γα −
fv

2m
ikξσξα

–

(q/ + m)

»

gv γβ −
fv

2m
ikησβη

–

+
Pαβ

v (k−)

Ep + ωp−q + Eq

»

gv γα −
fv

2m
ik

ξ
−σαξ

–

(q/− − m)

»

gv γβ −
fv

2m
ik

η
−σηβ

–

)

u(pµ),

(215)

V
(2)

v b†b =
m

8(2π)3

∫

dp

E2
p

dq

Eqωp−q

∑

µ ρ

b†(pρ)b(pρ)

× ū(pµ)

{

g2
v

ωp−q

m2
b

[

γ0(q/+m)γ0 − γ0(q/− −m)γ0

]

− f2
v

ωp−q

4m2

[

γ0γ(q/+m)γ0γ − γ0γ(q/− −m)γ0γ

]

}

u(pµ) . (216)

The r.h.s of Eq. (216) embodies only the so-called contact terms in which

the propagators of intermediate particles are replaced by squares of their

masses. Keeping in mind the definition (24) of the projection operator

Pαβ
v (k)

1

2

[

R
(1)
v , V

(1)
v

]

b†b
= − m

8(2π)3

∫

dp

E2
p

dq

Eqωp−q

∑

µ ρ

b†(pρ)b(pρ)

× ū(pµ)

{

1

Ep − ωp−q − Eq

[

γα(gv + fv)−
fv

2m
(p+ q)α

]

(q/+m)

×
[

γα(gv + fv)−
fv

2m
(p+ q)α

]

+
1

Ep + ωp−q +Eq

[

γα(gv + fv)−
fv

2m
(p− q−)α

]

(q/− −m)
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×
[

γα(gv + fv)−
fv

2m
(p− q−)α

]

+ fv

Eq

m2
[6m(gv + fv) + fv(p + q)γ]

+ g2
v

ωp−q

m2
b

[

γ0(q/+m)γ0 − γ0(q/− −m)γ0

]

− f2
v

ωp−q

4m2

[

γ0γ(q/+m)γ0γ − γ0γ(q/− −m)γ0γ

]

}

u(pµ) , (217)

we can see that the expression (216) cancels completely the last two con-

tact terms in Eq. (217).

In the case of QED: g = e, f = 0, mb = λ and

V
(2)

v b†b =
e2m

8(2π)3

∫

dp

E2
p

dq

Eqωp−q

∑

µ ρ

b†(pρ)b(pρ)
ωp−q

(p− q)2 + λ2

× ū(pµ)

[

γ0(q/+m)γ0− γ0(q/− −m)γ0

]

u(pµ) ≡ VCoul b†b . (218)

By introducing the photon polarization tensor Pαβ(k) (149) we arrive to

1

2

[

R
(1)
qed, V

(1)
qed

]

b†b
= − e2m

8(2π)3

∫

dp

E2
p

dq

Eqωp−q

∑

µ ρ

b†(pρ)b(pρ)

× ū(pµ)

{

1

Ep − ωp−q − Eq

γα(q/+m)γα +
1

Ep + ωp−q +Eq

γα(q/− −m)γα

+
ωp−q

(p− q)2

[

γ0(q/+m)γ0 − γ0(q/− −m)γ0

]

}

u(pµ) . (219)

The contact terms are cancelled again. In these formulas qα
− = (Eq,−q)α

and kα = (ωp−q, p− q)α.

The nucleon mass shift due to the ρ-meson exchange can be found by

substituting Eqs. (214), (216) and (217) to (213)

δmN = I ′1 + I ′2 , (220)

where

I ′1 =
1

m(2π)3

∫

dq

Eq

1

(p− q)2 −m2
b

{

g2(2m2 − pq)

+ 3gf(m2 − pq) +
f2

4m2
(m2 − pq)(5m2 − pq)

}

, (221)
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I ′2 =
1

2m(2π)3

∫

dk

ωk

1

(p+ k)2 −m2

{

2g2(m2 − pk)

+ 3gfm2
b + f2(m2

b +
(pk)2

2m2
)

}

. (222)

And the electron mass shift due to the photon exchange

δme− =
e2

8(2π)3

∫

dq

Eqωp−q

∑

µ

ū(pµ)γα

×
{

q/+m

Ep− ωp−q − Eq

+
q/− −m

Ep + ωp−q + Eq

}

γαu(pµ) (223)

is reduced to

δme− = I ′′1 + I ′′2 , (224)

where

I ′′1 =
e2

m(2π)3

∫

dq

Eq

2m2 − pq
(p− q)2 − λ2

, (225)

I ′′2 =
e2

m(2π)3

∫

dk

ωk

m2 − pk
(p+ k)2 −m2

. (226)

It is easy to see that the integrals (221) and (222) become equal, respec-

tively, to (225) and (226) if we put g = e, f = 0 and mb = λ.

Separate contributions in the curly brackets of (223) can be represented

via the graphs (a) and (b) in Fig.18. The Fig.18 exemplifies a typical con-

version of the non-relativistic propagators into Feynman-type ones. One

can show that Eqs. (224)–(226) reproduce the one-loop integral for the

corresponding self-energy contribution within the Dyson-Feynman formal-

ism. More exactly, they coincide if one replace in the 4-dimensional inte-

gral the bare fermion mass and charge by their physical counterparts.

Conclusion

In many textbooks on nuclear physics we often encounter the Hamiltonian

H = K + V, (227)
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p pq

(a)

p

p

q

p

p(b)

Figure 18. Two contributions to the mass shift within the Old-Fashioned

Perturbation Theory.

where K the one-body operator of kinetic energy while the interactions

between nucleons are written as

V =

N
∑

i<j

V (i, j) +

N
∑

i<j<k

V (i, j, k)+ · · · , (228)

with two-body V (i, j), three-body V (i, j, k) forces, etc. (i, j, k =
1, 2, · · · , N ).

We have shown that the UCT method has allowed us to construct such

forces on one and the same physical footing. And we have seen how along

this guideline one can avoid some inconsistencies between the derivations

of the expressions for 2N - and 3N - forces in available approaches to this

problem.

Starting from the total Hamiltonian for interacting meson and nucleon

fields, we come to the Hamiltonian and boost generator in the CPR, whose

interaction parts consist of new relativistic interactions responsible for

physical (not virtual) processes, particularly, in the system of bosons (π−,

η−, ρ−, ω−, δ− and σ−mesons) and fermions (nucleons and antinucle-

ons).The corresponding quasipotentials (these essentially nonlocal objects)
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for the binary processes NN → NN , N̄N → N̄N , etc. are Hermitian

and energy independent. It makes them attractive for various applications

in nuclear physics. They embody the off-shell and recoil effects (the lat-

ter in all orders of the 1/c2 - expansion) without addressing any off-shell

extrapolations of the S−matrix for the NN scattering.

In this work, we have shown a number of successful applications of

the Kharkov potential built up in the second order in the coupling con-

stants within the field theoretic approach. From the theoretical point of

view, its further prospects are connected with constructing a new family

of interactions between clothed particles (mesons and nucleons) in higher

orders in the coupling constants (including three-body forces).

The triton binding energy has been calculated by solving the Faddeev

3N equations with the Kharkov potential. It results in the binding energy

−7.799 MeV that is smaller than the experimental value (−8.48 MeV).

Apparently, such a difference can be reduced after including 3N -forces

(perhaps, those derived here).

We have constructed a new family of relativistic energy independent in-

teractions between the clothed electrons, positrons and photons. We have

shown that the UCT method can be successfully applied to treatment of

the bound states in QED. We have calculated the energy shift for the para-

positronium ground state, which is surprisingly well coincides with those

obtained earlier. Also, we have estimated the para-positronium decay rate

into two photons. The obtained result is in a fair agreement with the exper-

imental data.

By using a comparatively simple analytical means, we could show that

the three-dimensional integrals, which determine the fermion mass renor-

malizations in the second order in the coupling constants, can be written in

terms of the Lorentz invariants composed of the particle three-momenta. In

other words, the corresponding renormalization integrals are independent

of the particle momentum. The experience acquired has allowed us, on the

one hand, to reproduce the manifestly covariant result obtained by Feyn-

man techniques and, on the other hand, to derive a new representation for

the Feynman integral that corresponds to the fermion self-energy diagram.

As a whole, persistent clouds of virtual particles are no longer ex-

plicitly contained in CPR, and their influence is included in properties of

clothed particles (these quasiparticles of the UCT method). In addition,

we would like to stress that problem of the mass and vertex renormaliza-
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tions is intimately interwoven with constructing the interactions between

the clothed particles. Renormalized quantities are calculated step by step

in the course of the clothing procedure.
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Based on the results from black hole thermodynamics at all energy scales,

this work demonstrates that, both for the discrete QFT previously intro-

duced by the author and for QFT in continuous space-time, there is a

natural ultraviolet applicable boundary (cut-off) distant from the Planck

scales. It is important that this boundary exists irrespective of the fact
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1. Introduction

This paper redefines and supplements the results obtained by the author in [1]–

[10].

Section 2 of the paper presents a brief review of the previously obtained re-

sults from the works [1]–[9] which contain detail studies of a discrete QFT at

low energies based on the existence of the maximal momentum E � Ep at the

Planck’s level pmax ≈ Ppl and of the corresponding length `
.
= ~/pmax that is

named primary length. In [1]–[9] the discrete theories based on the existence

of pmax and `
.
= ~/pmax are referred to as measurable theories, the mathe-

matical apparatus is formed, their common properties are found. Besides, it is

shown that at low energies E � Ep they are very close to the initial theories in

continuous space-time.

Section 3 the correlation between the measurability and the lattice approach

in QFT is revealed. In fact, it is shown that measurable theories can be regarded

as lattice theories. It is shown that measurable theories can be viewed as lattice

theories with very small lattice spacing.

Section 4 is central in this presentation. In its first part of Section 4 the prin-

cipal result associated with the scalar model ϕ4 from [8] is elucidated. In the

second part of this section it is shown that the methods and results presented in

the first part may be generalized to the quantum theory of gauge fields interact-

ing with fermion fields of the matter.

Section 5 presents the formulation of the hypothesis (Main Hypothesis) con-

cerning the applicability boundary of QFT both in continuous space-time and in

the case of discrete consideration. It is noted that, provided the Main Hypoth-

esis is true, it should be valid without regard to perturbative or nonperturbative

mode of QFT studies.

In Section 6 on the basis of the results obtained in [10], the above-mentioned

hypothesis is proved within a natural assumption that at Planck’s scales the ap-

proach l ≈ lp quantum foam introduced in the mid-fifties of the past century

by J.A.Wheeler involves the Schwarzschild micro-black holes mbh with the ra-

dius r = rmbh on the order of the Planck length rmbh ∝ lp and with the mass

m = mmbh on the order of the Planck mass mmbh ∝ mp ≈ 10−5g. As com-

pared to [10], Section 6 presents important revisions and supplements. Finally,

Section 7 is devoted to the inferences from the obtained results and to refinement

of some statements.
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2. Measurability Concept in Quantum Theory

and Gravity

In this Section we briefly consider some of the results from [1]–[7] which are

essential for subsequent studies. Without detriment to further consideration, in

the initial definitions we lift some unnecessary restrictions and make important

specifications.

Presently, many researchers are of the opinion that at very high energies

(Plank’s or trans-Planck’s) the ultraviolet cutoff exists that is determined by

some maximal momentum.

Therefore, it is further assumed that there is a maximal bound for the mea-

surement momenta p = pmax represented as follows:

pmax
.
= p` = ~/`, (1)

where ` is some small length and τ = `/c is the corresponding time. Let us call

` the primary length and τ the primary time.

Without loss of generality, we can consider ` and τ at Plank’s level,

i.e., ` ∝ lp, τ = κtp, where the numerical constant κ is on the order of 1.

Consequently, we have E` ∝ Ep with the corresponding proportionality factor,

where E`
.
= p`c.

Explanation. In the theory under study it is not assumed from the start

that there exists some minimal length lmin and that ` is such. In fact, the

minimal length is defined with the use of Heisenberg’s Uncertainty Principle

(HUP) ∆x · ∆p ≥ 1
2~ or of its generalization to high (Planck) energies –

Generalized Uncertainty Principle (GUP) [11]–[14], for example, of the form

[11]

∆x ≥ ~

∆p
+ α′l2p

∆p

~
, (2)

where α′ is a constant on the order of 1. Evidently this formula (2) initially

leads to the minimal length ˜̀ on the order of the Planck length ˜̀ .
= 2

√
α′lp.

Besides, other forms of GUP [14] also lead to the minimal length.

Thus, we should note that in all the works lmin is actually (but not explic-

itly) introduced on the basis of some measuring procedure (different forms of

the Generalized Uncertainty Principle (GUP)). In any form GUP in turn is a

high-energy generalization of HUP. But in the original proof of HUP a pla-

nar geometry of the initial space-time was actively used [15]. Extension of this
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principle to other pairs of conjugate variables is also valid only for quantum me-

chanics in the planar geometry space [16]. As HUP is a local principle, at low

energies in the curved space-time, by virtue of Einstein’s Equivalence Principle,

we can consider that in a fairly small neighborhood of any point the geometry

is planar an hence HUP is valid too. But all the results obtained point to the fact

that lmin should be at a level of lp,i.e., lmin ∝ lp, or even should be smaller.

As noted in the Section 2 of [7], at the Planck scales Einstein’s Equivalence

Principle is obviously inapplicable, and there is no way to use the measuring

procedure ignoring the space geometry at these scales. Meantime, none of the

GUP forms [14] makes an effort to include it and is hardly completely correct.

Moreover, there are some serious arguments against GUP as demonstrated in

Section IX of the review paper [14]. The foregoing considerations support ar-

gumentation against the introduction of lmin from the start.

Because of this, in the present work the validity of this principle is not im-

plied from the start too. GUP is given merely as an example. As pmax (1) is

taken at Planck’s level, it is clear that HUP is inapplicable. Taking this into con-

sideration, the existence of a certain minimal length ˜̀is not mandatory. So, we

start from the primary length ` and the primary time τ . The whole formalism,

developed in [1]–[6] on condition that ` is the minimal length, is valid for the

case when ` is the primary length but now we can lift the formal requirement

for involvement of lmin in the theory from the start.

There is one more barrier for the use of lmin in the theory as indicated

in [12] and other works (for example, [14]). In the above-mentioned papers,

it has been noted that there is a nonzero minimal uncertainty in position, i.e.,

lmin implies that there is no physical state which is a position eigenstate since

an eigenstate would, of course, have zero uncertainty in position. So, in this

case in a quantum theory we have the momentum representation rather than the

position representation, and the quantum theory becomes very depleted.

The question arises whether the introduction of pmax is naturally associated

with the involvement of a minimal length. But this is the case only when at

the energies Emax corresponding to pmax we have the substantiated measuring

procedure. Unfortunately, this is not the case.

Note that in the canonical QFT in continuous space-time (i.e., without

lmin)[17]–[20] measurements of the contributions in the loop amplitudes in-

volve the standard cut-off procedure for some large (maximal) momentum

pcut
.
= pmax. Then it is demonstrated that the theory at low energies p � pcut

is in fact independent of the selection of pcut
.
= pmax. Of course, the theory
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still remains to be continuous [17]–[20]. In this case we make another step for-

ward, relating the corresponding length ` = ~/pmax to pmax and constructing

on its basis a low-energy theory very close to the initial continuous theory. Now

we have the naturally derived parameter ` for the construction of a high-energy

deformation of this theory at the energies E ≈ Emax within the scope of de-

termining the physical theory deformation [21]. So, we start from the primary

length ` and the primary time τ . The whole formalism, developed in [1]–[6] on

condition that ` is the minimal length, is valid for the case when ` is the primary

length but now we can lift the formal requirement for involvement of lmin in the

theory from the start.

In what follows we mainly make references to [6] and [7]. In particular,

the basic definitions rimary Measurability, Generalized Measurability, Primarily

Measurable Quantities (PMQ), Primarily Measurable Momenta (PMM), Gener-

alized Measurable Quantities (GMQ) and the like are given in Section II of [6].

Besides, in Section III from [6] it has been demonstrated how, at low ener-

gies E � Ep, the arbitrary metric gµν(x) may be derived in terms of measur-

able quantities.

It should be noted that in virtue of assumption in [7] observables in measur-

able theory are Primarily Measurable Quantities.

3. QFT in Measurable Form as Lattice Field Theory

From Section 4 in [7] it follows directly that the measurable approach gener-

ates a Lattice Quantum Field Theory (LQFT). Hereinafter we use the symbols,

terms, and results from the (LQFT) [22],[23].

Then it is assumed that the theory under study is considered in a sufficiently

large hypercubic box with the edge length L and space-time size L4, where

L = NL`, NL � 1. In general, not necessarily NL is an integer number.

For convenience, let us introduce the following:

Ω
.
= L4. (3)

Assuming that t varies over the interval 0 ≤ t ≤ T, T 6= L, (3) will take the

form (formula (2.3) in [23])

Ω
.
= V T = L3T. (4)

In what follows, when not stated otherwise, we assume T = L and hence for-

mula (4) takes the form (3).
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Without loss of generality, we can assume that all integer Nxµ are equal to

each other and are equal to some integerN � 1 maximally high in the absolute

value. Then, according to the present consideration, in the measurable form

there arises a lattice model of the position representation with a = `/N , where

a is the lattice distance or same lattice spacing (section 2.5 from [22]).

In line with the general approach, in LQFT we have [22]

L = aM =
`

N
M, i.e.,

L

M
=

`

N
, (5)

where M � 1 is an integer number. It is obvious that M/N = NL, i.e.,

M � NL.

As L is great, also without loss of generality, it is assumed that the periodic

boundary conditions (formula (2.58) in [22])) are valid

φ(x+ L) = φ(x). (6)

Then all formulae of LQFT in the position representation (Sections 2.5,2.6 in

[22]) are valid for the measurable form of a continuous theory. And formula

(2.54) from [22]

∑

x

f(x) →
L∫

0

d4xf(x),M → ∞, a =
L

M
,L fixed (7)

may be rewritten for such consideration with substitution of f(x) → L under

the integration sign for f(x) → Lmeas,{N} within the summation, and a →
`/N , where L and Lmeas,{N} are correspondent formulae in continuous and

measurable cases.

Since ` is also a fixed quantity, it is clear that the conditions M → ∞ and

N → ∞ in the case under study are equivalent, representing the thermodynamic

limit that gives a continuous pattern. Note that in this case we can use the results

from Sections 2.5 and 2.6 of [22],assigning at as the temporal lattice distance

at
.
= τ/Nt, where τ/Nt is taken from formula (4) in [6].

Thus, in the coordinate representation the studied lattice of measurable

quantities may be regarded as a canonical space-time lattice of LQFT, with the

spacing a = `/N and temporal distance at = τ/Nt.

In this case all the basic operators in Sections 2.5 and 2.6 of [22] have

their analogs in the present work. Specifically, finite-differences operators
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∂µϕx, ∂
′
µϕx from formulae (2.55),(2.56) in [22] and formulae of Section 2.3

in [24] in the present paper correspond to the operators ∆
∆N

from formula (9)

in [6] for positive and negative values of N. The transfer-operator T̂ may be

constructed for the lattice of interest, with the spacing a = `/N and temporal

distance at = τ/Nt, in accordance with formulae (2.71),(2.74) of [22], so all

the formulae from Section 2.6 in [22] are valid for this case. We assume that

at = a.

For the lattice values of momenta, in the momentum representation, accord-

ing to formula (2.81) in [22], we have

pµ(latt) = nµ
2π

L
, (8)

where nµ are integers.

Consequently, the lattice edge in the momentum representation ∆pµ(latt)
adopts the value

∆pµ(latt) =
2π

L
∝ 1

NL
, (9)

where it is assumed that ~ = 1.

At the same time, the integer numbers nµ are varying in magnitude over the

interval [0, NLN ],, where NLN = L/a (formula (2.82) in [22]). As a result, in

the case of interest a maximum value of the momentum along any axis will be

given by

platt,max =
π

a
=

π

`/N
=
πN

`

.
= Λ. (10)

Formula (10) gives an explicit expression for a maximal lattice momentum

platt,max = Λ. To be more exact, the momenta are restricted to the so-called

first Brillouin zone (BZ) B (formula (1.218) from [23])

B .
= {p|−π

a
< pµ ≤ π

a
}. (11)

It is clear that platt,max = Λ � p`. As follows from formula (10), Λ ∝
Np`, N � 1,i.e., the boundary of BZ Λ passes far beyond the region of the

physical energy values.

But due to the conditionE � Ep, we consider only a low-energy part of the

lattice, the momenta of which are given as p ≈ ~

N∗` with |N ∗| � 1. Because of
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this, in the case under study only particular momenta may be maximal (so-called

”maximally reachable” momentum) pmax,reach and pmax,reach � platt,max.

In this way BZ in formula (11) is narrowed significantly

−pmax,reach ≤ pµ ≤ pmax,reach, (12)

where pmax,reach � p`.
As a = `/N ,where N � 1, when the mass m is fixed, am is close to zero

and hence the correlation length ξ (formula (1.224) in [23])

ξ ≡ 1

am
=

N

`m
(13)

is finite but very great. Passage to a continuum limit ξ → ∞ means going to

N → ∞. In this case, within the constant factor m−1, we have

ξ =
N

`
∝ Np` ≈ Nppl ∝ platt,max = Λ. (14)

From formulae (10),(12) it follows directly that

pmax,reach =
pl

Ñ
=

Λ

NÑ
,N � 1, Ñ � 1. (15)

Then, proceeding from the formulae above, in the case of interest (BZ) B (11)

is narrowed to BN

BN
.
= {p| −π

NÑa
< pµ ≤ π

NÑa
}, N � 1, Ñ � 1. (16)

Lattice summation in the general case is given by formula (2.7) from [23]

∫

p∈B

.
=

∫

B

≡ 1

a4Ω

∑

p∈B

. (17)

In the case under study the lattice summation takes the form

∫

p∈BN

.
=

∫

BN

≡ 1

a4Ω

∑

p∈BN

. (18)
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Respectively, on passage to the thermodynamic limit L → ∞, T → ∞, in the

general case we arrive at formula (2.8) in [24]

∫

p∈B

=
1

(2π)4

∫ π
a

−π
a

d4p. (19)

In the case of interest (19) is transformed to

∫

p∈BN

=
1

(2π)4

∫ π
NÑa

−π
NÑa

d4p. (20)

Remark 3.1. As a rule, in the literature devoted to LQFT it is assumed that the

lattice edge a is equal to 1. Then the formula for the first Brillouin zone B (11)

is of the form

B .
= {p| − π < pµ ≤ π}. (21)

Whereas for the ”short-cut” Brillouin zone BN (16) we have

BN
.
= {p| −π

NÑ
< pµ ≤ π

NÑ
}, N � 1, Ñ � 1, (22)

with the corresponding changes in all other formulae.

4. Perturbation Theory in Continuous and Measurable

Cases

4.1. Simple Scalar Model ϕ
4

The canonical Lagrangian for model ϕ4 in continuous space-time has the form

[17]

L =
1

2
(∂µϕ)2 − m2

0

2
ϕ2 − g0

4!
ϕ4 (23)

where L0
.
= 1

2 ((∂µϕ)2 −m2
0ϕ

2) is free fields Lagrangian and LI .
= − g

4!ϕ
4 is

interaction Lagrangian and g is a dimensionless constant (in four dimensions).
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Using in measurable form operator ∆
∆Nxµ

from formula (9) in [6], we can

easily obtain, instead of L its measurable form

Lmeas,{N} =
1

2
(

∆

∆Nxµ

ϕmeas)
2 − 1

2
m2

0ϕ
2
meas −

g0

4!
ϕ4
meas (24)

and instead L0 with the corresponding Klein–Gordon equation or KGE

(� +m2
0) φ = 0 (25)

their measurable forms

Lmeas,{N},0 =
1

2
(

∆

∆Nxµ

φmeas)
2 − m2

0

2
φ2
meas (26)

and

(�Nxµ
+m2

0) φmeas = 0 . (27)

Within the scope of a perturbation theory, let us consider examples of Feynman

diagrams, which give UVD for the ϕ4-model in canonical QFT in continuous

space-time [17] – [20], to find what are the correspondences with a measurable

picture.

Now we consider one-loop corrections for the two- and four-vertex func-

tions:

(a) (b)

Figure 1. Diagrams (a) and (b).

.

Then the quantity G(0), quadratically divergent over the momentum k (associ-

ated with the diagram (a) in Fig.1, formula (9.1) in [17])

G(0) = g0

∫
d4k

(2π)4
G̃(k) = g0

∫
d4k

(2π)4
1

k2 −m2
0

(28)
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corresponds in a measurable picture to the integral, finite over k with |N ∗| = ∞

G(0, N∗)
.
= g0

pN∗∫

−pN∗

d4k

(2π)4
1

k2 −m2
0

. (29)

Similarly, another divergent diagram–graph of the order O(g2), whose contri-

bution is represented by the logarithmically divergent integral (formula (9.2) in

[17])

g2
0

∫
d4k

(2π)8
1

(k2 −m2
0)((p1 + p2 − k)2 −m2

0)
(30)

in a measurable consideration will be associated with the finite quantity

g2
0

pN ′
∗∫

−pN ′
∗

d4k

(2π)8
1

(k2 −m2
0)((p1 + p2 − k)2 −m2

0)
. (31)

(Here in the measurable case the right-hand sides of formulae (29),(31) should

have the corresponding sums instead of the integrals but,in virtue the final part

of Section 3 the sums may be replaced by the corresponding integrals).

It should be noted that we can pass to Euclidean space-time by means of

Wick rotation (Remark 2.4) for better convergence of the integrals. Then, with

the help of an analytical extension, we can return to Minkowskian space-time.

This is a standard method both for QFT and LQFT [22], [23]. The continuum

action of the theory (23) in Euclidean space-time is of the form (formula (2.17)

from [24])

S =

∫
d4x(

1

2
(∂µϕ)2 +

m2
0

2
ϕ2 +

g0

4!
ϕ4), (32)

and the corresponding lattice action has the following form:

Smeas,{N} = a4
∑

x

(
1

2
(

∆

∆N
ϕmeas)

2 +
1

2
m2

0ϕ
2
meas +

g0

4!
ϕ4
meas). (33)

For the lattice values of momenta, in the momentum representation take place

the formulae (8),(9). However, here the difficulty arises – the corresponding
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lattice in the momentum representation onL4 is uniform with the lattice spacing

in formula (9).

In the considered case the lattice of measurable momenta is nonuniform

with the lattice spacing

4pµ(meas) =
1

(N ∗ − κ)(N ∗ − κ∓ 1)`
, (34)

where κ is an integer number, |κ| � |N ∗| � 1.

As shown in [7], in order to use the results from [22], it is required that the

condition

4pµ(latt) ≈ 4pµ(meas) (35)

be fulfilled.

As follows from formula (34) and [7] this is the case when

NL ≈ (N ∗)2. (36)

This condition is quite natural considering that L may be chosen no matter how

large but finite.

Now in the same way we consider the momentum representation and Fourier

transformation of the above mentioned lattice (formula (1.171) in [23])

G(x− y; a) =

π/a∫

−π/a

d4p

(2π)4
eip(x−y)G̃(p; a) =

∫

p∈B

d4p

(2π)4
eip(x−y)G̃(p; a).

(37)

Then we can use the results of [23] to find, how well a continuous propagator

of the momentum representation is approximated by the ”lattice” propagator

in this representation. As it has been noted, all calculations in [23] are first

performed in Euclidean space-time and followed by the analytical extension to

Minkowskian space.

In virtue, using formula (1.173) from [23], we have

G̃(p; a) = {
4∑

µ=1

a−24 sin2 apµ
2

+m2}−1. (38)



The Quantum Field Theory in Discrete and Continuous Picture ... 81

But it has been shown that in the case under study the momenta p are taken only

from the subset BN . Consequently, pµ ∝ 1/Nµ, |Nµ| � 1. As a = `/N,N �
1, the argument of the function sin2 is ∝ 1/(NNµ), i.e., it is very close to zero.

Further we use a simple property – sinx ≈ x for x close to 0. Immediately,

within a high accuracy, by formula (38) we can obtain

G̃(p; a) = {
4∑

µ=1

a−24
a2p2

µ

4
+m2}−1 = {

4∑

µ=1

p2
µ +m2}−1 = (p2 +m2)−1

(39)

in a good agreement with the corresponding formula in a continuous picture,

i.e., for a→ 0 ([23], formula (1.178)).

Thus, these computations once again demonstrate that in a measurable form

at low energiesE � Ep the theory studied is to a high accuracy coincident with

the corresponding theory in the continuous case.

Perturbation theory and Feynman rules for present lattice are analogous to a

continuous theory but they have the interaction term

S(1) = a4
∑

x

g0

4!
ϕ4
meas. (40)

As distinct from a continuous consideration, by the lattice approach all Feyn-

man graphs satisfy the following properties in momentum space ([23],p.64) in

the general case:

each line is associated with the propagator ∆̃(q) ≡ (m2
0 + q̂2)−1;

each vertex is an end point of four lines and is associated with the factor −g0;

at in inner vertices momentum conservation holds modulo 2π;

loop momenta should to be integrated over the first Brillouin zone B with the

integration measure
∫
p∈B

;

there is in overall factor (2κ)−n/2 resulting from our normalization of the

lattice scalar fields

formally UVD appear only in the continuum limit, i.e., when a→ 0.
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Note that in the second point −g0 should be replaced by −g0,BN
, and it

seems that the fourth item should be replaced by

loop momenta should be integrated over the short-cut Brillouin zone,BN with

the integration measure
∫

p∈BN

.

As, for N � 1, the lattice edge a = `/N is very small and hence the

correlation length ξ (formula (13)) is very great but not infinite, the indicated

lattice in the space-time and momentum representation is actually not distinct

from a continuous consideration for the momenta satisfying BZ B (11).

Thus, as directly follows from formula (16), we should include the contri-

butions made only by very small momenta p in B,i.e., for p ∈ BN . Taking this

into account, further we use the known formulae of LQFT for small momenta

(Section 2 in [23])).

We assume that the field ϕ(x) in a symmetric phase

〈ϕ(x)〉 = 0, (41)

i.e., Z2-symmetry of ϕ(x) 7→ −ϕ(x) is the case, whereas Green’s functions

with an odd number of arguments vanish.

As it has been correctly noted in Section 2 of [18]:

”...Renormalization has its own intrinsic physical basis and is not

brought about solely by the necessity to expurgate infinities. Even

in a totally finite theory we would still have to renormalize physical

quantities”.

This is associated with the fact that the theoretical initial (bare) quantities

(mass m0,charge q0 and so on) can differ drastically from the real (physical)

quantities (mR,qR and so on).But because in this case in the measurable picture

at energies E � Ep a low-energy part of the lattice is involved, very close to

continuous space-time, there is a possibility to derive QFT without infinities,

when renormalization of the theory is understood as a passage from some finite

quantities to the other.

Next, we present briefly the results from [8].

In the general case a one-loop correction to the two-vertex function (diagram
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(a)) takes the form ([24],p.53):

Γ(2)(p,−p) = −(p̂2 +m2
0) −

g0

2
J1(m0) ≡

≡ −(p̂2 +m2
R), (42)

where, as a rule, the term O(g2
0) in the right-hand side is omitted and the des-

ignations from Section 2 in [23] are used: ∆̃(q) ≡ (m2
0 + q̂2)−1, Jn(m0) ≡∫

B(q)

∆̃(q)n. Here where mR is the renormalized mass in the general case and

B(q̃) is (BZ) for the variable q̃.
But, proceeding from the earlier results, in considered case it follows that

Γ(2)(p,−p) should be replaced by

Γ(2)(p,−p,BN ) = −(p̂2 + m
2
0,BN

) −
g0,BN

2
J1(m0,BN ) ≡ −(p̂2 + m

2
R,BN

), (43)

where p ∈ BN ,

Jn(m0,BN ) ≡
∫

BN (q)

∆̃(q)n, (44)

and m0,BN
, g0,BN

– corresponding bare mass and coupling constant withinBN .

Here, BN (q̃) is the narrowed (BZ) BN for the variable q̃, and in the right side

(43) there is no term O(g2
0,BN

) and mR,BN
are the experimental values of mass

obtained for the energies on the order of BN . Naturally, we can suppose that the

renormalized (i.e., experimental) values of mass mR and coupling constant gR
at energies E � Ep should not depend on the whole domain of B, the limiting

values of which are much greater than Ep. Besides, in any region satisfying

the condition E � Ep they are independent of this domain and hence we have

mR,BN
= mR, gR,BN

= gR.

In virtue of the condition mR,BN
= mR and considering the terms

O(g2
0),O(g2

0,BN
), we can rewrite formula (42) as (formula (2.93) in [23])

m2
R = m2

0 +
g0

2
J1(m0) + O(g2

0), (45)

and formula (43) as

m2
R,BN

= m2
R = m2

0,BN
+

g0,BN

2
J1(m0,BN

,BN ) +

+O(g2
0,BN

). (46)
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Similar calculations may be performed for the coupling constant too. Specifi-

cally, let Γ
(4)
R (p1, p2, p3, p4) be the renormalized four-point function. Then, for

the renormalized coupling constant gR, we have ([23],formula (2.96))

gR = −Γ
(4)
R (0, 0, 0, 0) = g0 −

3

2
g2
0J2(m0) + O(g3

0), (47)

And, since gR,BN
= gR, we have

gR,BN
= gR = −Γ

(4)
R,BN

(0, 0, 0, 0) =

= g0,BN
− 3

2
g2
0,BN

J2(m0,BN
,BN ) + O(g3

0,BN
). (48)

As follows from the four last equations, since left sides of each pair of these

equations are equal, whereas the integrals J1(m0) and J1(m0,BN ) and hence

J2(m0) and J2(m0,BN ) are greatly differing (because in the second case

the integration domain is drastically narrowed), the quantities m0, m0,BN
and

g0, g0,BN
should also differ from each other. And this really is the case.

According to formulae (2.110),(2.111) from [23] in the general case, for

bare quantities in the one-loop order we have

m2
0 = m2

R +
gR
2
J1(mR) + O(g2

R)

g0 = gR +
3

2
g2
RJ2(mR) + O(g3

R). (49)

Then, considering the equalities, we can rewrite mR,BN
= mR, gR,BN

= gR
(49) in the one-loop order in the measurable picture under study as follows:

m2
0,BN

= m2
R +

gR
2
J1(mR,BN ) + O(g2

R)

g0,BN
= gR +

3

2
g2
RJ2(mR,BN ) + O(g3

R). (50)

BZ BN is a narrow low-energy (in fact central) part of the total BZ B. From this

it follows that the integrals J1(mR,BN ), J2(mR,BN ) are low-energy compo-

nents of the integrals J1(mR), J2(mR), respectively,and hence they are small.

As it has been noted in [24], by the lattice approach ultra-violet divergence

(UVD) in QFT appear on passage to a theory in continuous space-time, i.e., for

a → 0. However, in this measurable picture we study the lattice per se rather

than the continuum limit. As this takes place, UVD of a continuous theory in
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this case are associated with the quantities lying beyond the boundary of Ep
and, in particular, beyond that of the narrowed BZ, i.e., BN .

Because we are most interested in the experimental (renormalized) quanti-

ties of mR, gR which are coincident in the cases BN and B and defined within

the energy range E � Ep, formula (50) demonstrates that bare quantities can

be also defined at low energies E � Ep and in terms of ”narrow” BZ BN .

For the two-loop order the foregoing algorithm remains valid, excepting greater

complexity of the formulae (for example formula (2.85) in [23]).

It is important that all formulae of a perturbation theory in the two-loop

order in a measurable consideration can be derived in the same way as in the

one-loop order by substitution of the short-cut Brillouin zone BN for the corre-

sponding integrals around loop momenta over the first Brillouin zone B.

It should be noted that the case of symmetry violation (41), i.e., 〈ϕ(x)〉 6= 0

(Section 2.2.3 in [23]) has no principal differences from our consideration. We

can derive all the basic formulae in the measurable picture at low energies E �
Ep replacing the Brillouin zone B by the short-cut Brillouin zone BN in all the

relevant formulae in Section 2.2.3 from [23].

Next we consider the limiting transition of this LQFT in the general case to

a theory in continuous space-time, i.e., when a → 0. As a = `/N,N � 1, we

get N → ∞, and from formula (11)it is inferred that full (BZ) B → ∞. It is

obvious that the right and left sides of formulae (42),(49),..., where we have full

(BZ) B, tend to infinity. Precisely this is demonstration of UVD in canonical

QFT in continuous space-time.

Since we are interested particularly in the short-cut Brillouin zone BN that

is invariable, due to formulae (16) (or same (22)), the left and right sides of

the corresponding formulae (43),((50)),... for N → ∞ always are finite limited

quantities and hence we have no UVD on passage to the continuum limit in the

present consideration.

The principal distinction of the earlier results, e.g. [23],[24], from

those obtained in this paper is the fact that in the previous works

bare quantities m0 and g0 take infinite values on passage to the

continuum limit, as is accepted by canonical QFT in continuous

space-time (for example, Section 10.2 in [19]), whereas in this

paper they are finite quantities obtained within the energy range

E � Ep.
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4.2. Gauge-Invariante Lagrangians with the Fermions Fields

The above-mentioned results for the scalar model ϕ4 are also valid for the the-

ory of a more general type, in particular, for the Yang-Mills fields. In the lat-

tice form, for scalar fields we can use the well-known and evaluated methods

[25],for example, the Wick rotation from Minkowski space to imaginary times

((4.1) as in [25]):

xE0 = ixM0 ,

kE0 = −ikM0 , (51)

where the second line of this formula presents the Wick rotation in momentum

space.

Then, for the statistical sum, the Wick rotation gives the Euclidean func-

tional integral e−SE ((4.2) in [25])

eiSM −→ e−SE (52)

the convergence of which is much better than the initial functional integral eiSM .

Besides, in this case the corresponding Feynman integral of QFT, in fact, be-

comes the partition function of the corresponding statistical system.

In the case under study, the lattice gauge theories are most conveniently

considered with the use of the approach proposed by K.Wilson [26], because

it retains the gage invariance. And this is very important as, in the measurable

form, the gauge invariance may be retained too, see Section 4.4 of [7].

Thus in the measurable picture we can use all the formula associated with

the lattice gauge theory, specifically, the Wilson formalism [25].

We start with Euclidean action of Yang-Mills fields interaction with fermions in

continuous space-time ((5.1) in [25])

S =

∫
d4x

[
ψ(x)

(
6D +mf

)
ψ(x) +

1

2
Tr
[
Fµν(x)Fµν(x)

]]
(53)



The Quantum Field Theory in Discrete and Continuous Picture ... 87

ψ(x) Uµ(x) ψ(x+ µ̂)

Uν(x+ µ̂)

ψ(x+ µ̂+ ν̂)U †
µ(x+ ν̂)ψ(x+ ν̂)

U †
ν (x)

Figure 2. The plaquette.

Then its discretization according to Wilson takes the form ((5.2) given in [25])

SW = a4
∑

x

[
− 1

2a

∑

µ

[
ψ(x)(r− γµ)Uµ(x)ψ(x+ aµ̂)

+ψ(x+ aµ̂)(r+ γµ)U
†
µ(x)ψ(x)

]
+ ψ(x)

(
m0 +

4r

a

)
ψ(x)

]

+
1

g2
0

a4
∑

x,µν

[
Nc − ReTr[Uµ(x)Uν(x+ aµ̂)U †

µ(x+ aν̂)U †
ν(x)]

]
(54)

where x = an, 0 < r ≤ 1 and, as usual, 6D .
= γµDµ.

In what follows the notation is similar to that from Section 5 in [25] for the

lattice spacing a = `/N, |N | � 1.

Then, according to (5.12) in [25] and by virtue of formulae (11)–(18) of this
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paper, in the general case for the Fourier transforms of the lattice we have

ψ(x) =

∫ π
a

−π
a

d4p

(2π)4
eixp ψ(p) =

∫

B

d4p

(2π)4
eixp ψ(p),

ψ(x) =

∫ π
a

−π
a

d4p

(2π)4
e−ixp ψ(p) =

∫

B

d4p

(2π)4
e−ixp ψ,

Aµ(x) =

∫ π
a

−π
a

d4k

(2π)4
ei(x+aµ̂/2)kAµ(k) =

∫

B

d4k

(2π)4
ei(x+aµ̂/2)kAµ. (55)

But, considering the results of Section 4 and, particularly, formulae

(16),(20),(22), the formula (55) may be rewritten as

ψ(x) =

∫

BN

d4p

(2π)4
eixp ψ(p),

ψ(x) =

∫

BN

d4p

(2π)4
e−ixp ψ,

Aµ(x) =

∫

BN

d4k

(2π)4
ei(x+aµ̂/2)kAµ. (56)

Consequently, the Kronecker delta in position space in the general case is as

follows:

δxy = a4

∫ π
a

−π
a

d4p

(2π)4
ei(x−y)p = a4

∫

B

d4p

(2π)4
ei(x−y)p. (57)

and in considered case

δxy = a4

∫

BN

d4p

(2π)4
ei(x−y)p. (58)

Here, the lattice spacing a is not normalized to 1 purposely, i.e., BN is given by

(16).

Note that the inverse Fourier transforms in the considered measurable case

are of the same form as in the general case and are given by formula (5.13) in



The Quantum Field Theory in Discrete and Continuous Picture ... 89

[25]

ψ(p) = a4
∑

x

e−ixpψ(x)

ψ(p) = a4
∑

x

eixpψ(x)

Aµ(k) = a4
∑

x

e−i(x+aµ̂/2)kAµ(x) (59)

and correspondingly

δ(4)(p) =
a4

(2π)4

∑

x

e−ixp. (60)

However, in the general case p ∈ B, k ∈ B and in the measurable consideration

p ∈ BN , k ∈ BN .

Remark 4.1. It is convenient to use formula (22) for BN when the value

of a is fixed. Since ±π
NÑa

= ±π
NÑ`/N

= ±π
Ñ`

, BN may be represented as a domain

with the boundaries which are evidently independent of a

BN
.
= {p|−π

Ñ`
< pµ ≤ π

Ñ`
, Ñ � 1} .

= BÑ . (61)

In this way formula (61) indicates that a ”width” (or same size) of BÑ depends

only on the number Ñ , i.e., on EPAB. For gauge theories, in the general case
we can use the same methods as in Section 4.1 with due regard for the results of
Sections 2,3. Specifically, for the first-order Wilson action at gauge coupling in
the general case of the quark-quark-gluon vertex in momentum space we have
(formula (5.16) in [25]):

Sqqg = −
ig0

2
a4
X

x,µ

“
ψ(x)(r− γµ)Aµ(x)ψ(x+ aµ̂) − ψ(x+ aµ̂)(r+ γµ)Aµ(x)ψ(x)

”

= −
ig0

2
a4
X

x,µ

Z

B

d4p

(2π)4

Z

B

d4k

(2π)4

Z

B

d4p′

(2π)4
eix(p+k−p′)eiakµ/2 × (62)

×
“
ψ(p′)(r− γµ)Aµ(k)ψ(p)eiapµ − ψ(p′)e−iap′

µ (r + γµ)Aµ(k)ψ(p)
”

=

=
ig0

2

X

µ

Z

B

d4p

(2π)4

Z

B

d4k

(2π)4

Z

B

d4p′

(2π)4
(2π)4δ(4)(p+ k − p′)eiakµ/2

×
“
ψ(p′)γµAµ(k)ψ(p)(eiapµ + e−iap′

µ ) + rψ(p′)Aµ(k)ψ(p)(−eiapµ + e−iap′
µ )
”
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=
ig0

2

X

µ

Z

B

d4p

(2π)4

Z

B

d4k

(2π)4

Z

B

d4p′

(2π)4
(2π)4δ(4)(p+ k − p′)eiakµ/2

×

 
ψ(p′)γµAµ(k)ψ(p)eiapµ/2e−iap′

µ/2 · 2 cos
a(p+ p′)µ

2

+rψ(p′)Aµ(k)ψp)eiapµ/2e−iap′
µ/2 · (−2i) sin

a(p+ p′)µ

2

!
.

Consequently, in the considered pattern, taking into account Remark 4.1, we
have

Sqqg,N =
ig0
2

∑

µ

∫

BÑ

d4p

(2π)4

∫

BÑ

d4k

(2π)4

∫

BÑ

d4p′

(2π)4
(2π)4δ(4)(p + k − p′)eiakµ/2

×
(
ψ(p′)γµAµ(k)ψ(p)eiapµ/2e−iap′

µ/2 · 2 cos
a(p+ p′)µ

2

+rψ(p′)Aµ(k)ψp)eiapµ/2e−iap′
µ/2 · (−2i) sin

a(p+ p′)µ

2

)
. (63)

On going to the continuous limit, in the general case, i.e., for formula (62), we

have

lim
a→0

Sqqg =

∫ ∞

−∞

d4p

(2π)4

∫ ∞

−∞

d4k

(2π)4

∫ ∞

−∞

d4p′

(2π)4
(2π)4δ(4)(p+ k − p′) ·

·ig0
∑

µ

ψ(p′)γµAµ(k)ψ(p). (64)

In this case we get

lim
a→0

Sqqg.N =

∫

BÑ

d4p

(2π)4

∫

BÑ

d4k

(2π)4

∫

BÑ

d4p′

(2π)4
(2π)4δ(4)(p+ k − p′) ·

·ig0
∑

µ

ψ(p′)γµAµ(k)ψ(p). (65)

The quantities in formulae (63) and (65) are finite as summation in the corre-

sponding formulae is performed for the same finite domain of momenta BÑ .

The difference is in the fact that the first is dependent on the lattice spacing a,

whereas the second is not. But, as a = `/N,N � 1 is very small, the value

of Sqqg,N is close to lima→0 Sqqg.N . From point 2.2.2 of Section 2 it follows
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Figure 3. Loop diagrams for the self-energy of the gluon on the lattice,which

have a continuum analog.

that the number Ñ � 1 determines the applicability boundaries of EPAB and

we always have Ñ ≥ 102. In the general case Ñ is a variable and it should be

dependent on the processes under study.

All the methods considered in Sections 3,4.1 and 4.2 are also good for loop

Feynman diagrams, for example, for simple loop diagrams in Figure 3. In this

case, similar to formulae of Sections 4.1,4.2, the Brillouin zone B is contracted

to BÑ ,and the renormalized (experimental) quantities mf,R and gR (coupling

constant g0) are coincident with mf,R,BN
and with gR,BN

. In line with Section

4.1, at a → 0, the initial Brillouin zone B → ∞. However, BÑ remains invari-

ant, as follows form formula (61) indicating that BÑ is independent of a.

Then, similar to formulae (49),(50), bare the quantities m0 and g0 may be ex-

pressed in terms of the finite quantities mf,R,BN
and gR,BN

, and the integrals

over the finite domain BÑ . This means that they remain finite on passage to the

continuous limit a→ 0.

From this it follows directly that in this case, similar to the scalar model ϕ4, all

the loop contributions in a perturbation theory may be expressed in terms of the

finite quantities and integrals from the bounded (narrow,central) Brillouin zone

mf,R,BN
that remains invariant for a → 0 and leads to the finite perturbation

theory both in the lattice variant and on passage to the continuous limit.

It should be noted that in the lattice consideration the number of loop Feynman

diagrams may be greater. Specifically, apart from the diagrams shown in Figure

3 which have their analog in the continuous case, we can have pure lattice dia-

grams, in particular, to ensure the theory gauge invariance (for example, lower

row in Figure 6 in [25]). Of course, all the above calculations are valid for these

diagrams too.
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5. Limit Transition to Continuous Theory,

Equivalence Principle Applicability

Boundary and Main Hypothesis

Passage from the measurable variant of QFT at low energies E � Ep to the

continuum limit, i.e., to the canonical quantum field theory, is possible in two

ways: a) ` → 0, τ → 0 or b)Ni → ∞, Nt → ∞ in [6] (formula (6)). Note

that, due to ` ≈ lp, τ ≈ tp and at low energies E � Ep, |Ni| � 1, |Nt| � 1,

the measurable variant of QFT is from the start close to its limit in continuous

space-time.

The canonical quantum field theory in continuous space-time (QFT) [17]–

[20] is a local relativistically-invariant theory considered in continuous space-

time with a plane geometry, i.e with the local Minkowskian metric ηµν(x). And

this assumption is valid for all the energy range. Still, it is quite clear that

the quantum processes associated with QFT (particle collisions, decay,...) can

introduce perturbations into the space-time geometry, varying its curvature. But

as QFT is a local theory, a strong Equivalence Principle (EP) [27] enables one, in

a sufficiently small region Vr of the fixed point, to consider space-time as a flat

space in this case too. Consequently, we naturally think about the applicability

boundary of this principle.

As noted in [8],[9], the natural applicability boundary of EP is associated

with the Planck energies E ≈ Ep or same Planck scales l ≈ lp. Currently, there

is no doubt that at very high energies (on the order of Planck energies E ≈
Ep), i.e., on Planck scales, l ≈ lp quantum fluctuations of any metric gµν(x)
are so high that in this case the geometry determined by gµν(x) is replaced by

the ”geometry” following from quantum foam that is defined by great quantum

fluctuations of gµν(x), i.e., by the characteristic spatial sizes of the quantum-

gravitational region (for example, [28]–[33]). The above-mentioned geometry

is drastically differing from the locally smooth geometry of continuous space-

time and EP in it is no longer valid [34]–[41]. Actually, the quantum foam is

not geometry in a common sense as locally it is determined by a set of different

metrics, each of which is taken into consideration with its statistical weight [31].

From this it follows that the region Vr,t with the characteristic spatial size r ≈ lp
(and hence with the temporal size t ≈ tp) EP is no longer valid. According to

the present-day knowledge, quantum foam is an aggregation of bubbles (cells)

of Planck’s size, each of which has some micro(tiny)-manifold with a given
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geometry (for example, micro black hole (mbh), micro wormhole, etc.)

Main Hypothesis. [9],[10].

It is assumed that in the general case EP, and consequently, QFT is valid for the

locally smooth space-time only if all the energies E of the particles are satisfied

the necessary condition

E � Ep, (66)

It should be noted that, provided the hypothesis is true, it should be true no

matter whether QFT is studied in the perturbative or non-perturbative mode,

because the local geometry of space-time is not dependent on this fact.

In [10] Main Hypothesis has been proven in the assumption that space-time

foam consists of micro black holes (mbh), with the event horizon radius r ≈ lp
and mass m ≈ mp. Note that a model for the quantum foam comprising micro

black holes (mbh) is most probable from the viewpoint of a correct passage to

low energies [33],[38],[39].

Remark 5.1. Why in canonical QFT it is so important never forget about the

fact that space-time has a flat geometry, or the same possesses the Minkowskian

metric ηµν(x)? Simply, in the contrary case we should refuse from some

fruitful methods and from the results obtained by these methods in canonical

QFT, in particular from Wick rotation [20]. In fact, in this case the time variable

is replaced by t 7→ it
.
= tE , and the Minkowskian metric ηµν(x) is replaced by

the four-dimensional Euclidean metric

ds2 = dt2E + dx2 + dy2 + dz2. (67)

Clearly, such replacement is possible only in the case when from the start space-

time (locally) has a flat geometry, i. e. possesses the Minkowskian metric

ηµν(x). This is another argument supporting the key role of the EP applica-

bility boundary. Otherwise, when we go beyond this boundary, Wick rotation

becomes invalid. Naturally, some other methods of canonical QFT will lose

their force too.
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6. The Strong Equivalence Principle, Black Holes

Thermodynamics and QFT

It is supposed that a large (i. e, classical) four-dimensional Schwarzschild black

hole is existent with the metric

ds2 =

(
1 − 2MG

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2dΩ2, (68)

where M is the mass of this black hole, and the Schwarzschild horizon radius

rBH is defined by

rBH = 2MG. (69)

As shown in [42],[43], EP is violated for an observer distant from the black hole

event horizon. Considering our objective, it seems expedient to give in brief the

main results from [42],[43].

In view of the Unruh effect, an accelerating observer does detect thermal

radiation (so-called Unruh radiation) with the Unruh temperature given by [44]

TUnruh =
~a

2π
, (70)

where a = |a| is a corresponding acceleration.

When an observer is at the fixed distance, r > rBH, from a Schwarzschild

black hole of mass M and event horizon radius rBH = 2GM , then, due to the

existence of Hawking radiation [45], the observer will measure radiation with

thermal spectrum and a temperature given by formula [42]

TH,r =
~

8πGM
√

1 − rBH
r

, (71)

where r > rBH . In the foregoing formulae and in what follows, we use the

normalization c = kB = 1.

To detect Unruh radiation, one can use an Unruh-Dewitt detector [46]–[48].

This detector is an idealized point particle with the internal energy levels labeled

by the energy E , coupled via the monopole interaction with a scalar field φ. The

detector moves along the world line described by the functions xµ(τ), where τ
is the detector’s proper time. The detector-field interaction is described by the

interaction Lagrangian cm(τ)φ[x(τ)], where c is a small coupling constant and
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m is the detector’s monopole moment operator. Suppose the field φ is in the

vacuum state |0M >, where |0M > is the ”Minkowski vacuum” [46].

For a general trajectory, the detector will not remain in its ground state E0,

but will undergo a transition to an excited state E > E0, while the field will

make a transition to an excited state |ψ >. For sufficiently small c the amplitude

for this transition may be given by first order perturbation theory as [46]

ic〈E, ψ|
∞∫

−∞

m(τ)φ[x(τ)]dτ |0M, E0〉 (72)

The transition amplitude (72), in virtue of the time evolution of m(τ)

m(τ) = eH0τm(0)e−H0τ ,

may be transformed (factorized) as

ic〈E|m(0)|E0〉ψ|
∞∫

−∞

e(E−E0)τ 〈ψ|φ(x)|0M〉dτ. (73)

Here H0|E〉 = E|E〉 [46].

Then, squaring the modulus (73) and summing over E and the complete set

ψ, one can calculate the transition probability for all possibleE and ψ:

c2
∑

E

|〈E|m(0)|E0〉|2F (E − E0), (74)

where F (E) is the detector response function

F (E) =

∞∫

−∞

dτ

∞∫

−∞

dτ ′e−E(τ−τ ′)G+(x(τ), x(τ ′)). (75)

The detector response function F (E) is independent of the its details, is deter-

mined by the positive frequency Wightman Green function G+ and represents

the bath of ”particles” effectively experienced by the detector as a result of its

motion [46].

Within the scope of the Unruh effect, a number of the above-mentioned

particles (Rindler particles) in the Minkowski vacuum comes to |0M > –this
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is a thermal Planck spectrum of Rindler particles with temperature given by

formula (70).

In [42] it is shown that an observer, positioned at the fixed distance r > rBH
from the above-mentioned black holes and measuring Hawking temperature

with the value TH,r, experiences the local acceleration

aBH,r =
1√

1 − rBH
r

(rBH
2r2

)
. (76)

Another observer in the Einstein elevator, moving with acceleration through

Minkowskian space-time, will measure the same acceleration toward the floor

of the elevator, thermal radiation with the Unruh temperature given by formula

(70). As shown in [42], aBH is coincident with the quantity a from the formula

in (70). Then substituting the acceleration a = aBH from formula (76) into

formula (70), we can obtain a formula for TUnruh,r in this case [43]:

TUnruh,r =
~

2π
√

1 − rBH
r

(rBH
2r2

)
. (77)

If EP is valid, the quantitiesTUnruh,r from formula (77) and TH,r in (71) should

be coincident for r > rBH to a high degree of accuracy. However, we see that

this is not true. In [43], e.g. for r = 4GM = 2rBH, we have TH,r = 4TUnruh,r.
So, far from the event horizon, EP is not the case. Moreover, violation

of EP is the greater the farther it is from the black hole event horizon. In-

deed, for an observer at the distance r > rBH we can write r = α(r)GM =
1
2α(r)rBH, α(r) > 2. Then

TUnruh,r =
~

2πα2(r)GM
√

1 − 2
α(r)

. (78)

In this way TH/TUnruh,r = α2(r)/4. And the ratio is the greater, the higher

α(r), i.e., the farther from horizon the observer is. Next, for compactness, we

denote TUnruh,r in terms of TU,r. Of course, in this case we bear in mind only

an observer at a sufficiently great but finite distance from a black hole, i.e.,

only when a gravitational field is thought significant and must be taken into

consideration. So, in the general case rBH < r � ∞, whereas in the case of a

distant observer we have

rBH � r � ∞. (79)
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Obviously, this case of violated EP is not directly associated with the Main

Hypothesis concerning the boundaries of EP validity (formula (66)) from the

previous section, because in [42],[43] consideration is given to a large black hole

with the event horizon radius rBH much greater than Planck length rBH � lp
at sufficiently low energies.

Really, the resulting distribution of the particles emitted by a black hole has

the form (last formula on p.122 in [49])

nE = Γgb[exp(
E

TH
) − 1]−1, (80)

where nE is the number of particles with the energy E and Γgb < 1 is the so-

called greybody factor. As the black hole mass M is large, the temperature TH
is low, and then from the last formula it follows that arbitrary large values of nE
will be given only by particles with the energies E close to a small value of TH .

The principal result from the remarkable papers [42],[43] may be summa-

rized as follows:

Comment 6.1. In any point of space-time that is in a field of a large

classical Schwarzschild black hole, and in the cases when this field must be

taken into consideration, it is impossible to remove this field in the vicinity of

the point even locally, i.e., to consider space-time as flat.

Comment 6.2. It is important to refine some formulations from [42],[43].

Specifically, if r → rBH, then TH,r → ∞, TUnruh,r → ∞ in formulae (71)

and (77), respectively. Note that for r → rBH these temperatures become

infinite TH,r = ∞, TUnruh,r = ∞. Based on this fact, in [42],[43] it is inferred

”that the equivalence principle is restored on the horizon”. But this statement

is not correct. Restoration of EP is not following from the fact that the above

temperatures take infinite values. We can only state that temperature on the BH

horizon and in its vicinity cannot be the parameter detecting a deviation from

EP. In the opposite case one can arrive at violation: on the black hole event

horizon, where a gravitational field is very large in value, EP holds, whereas

far from the event horizon, where a gravitational field is much weaker, this

principle is violated.

The question arises: what changes in the foregoing pattern are associated

with the substitution of mbh for a large four-dimensional Schwarzschild black
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hole? Note that mbh has Planck’s parameters, i.e., we have

rmbh ∝ lp, mmbh ∝ mp. (81)

However,it is supposed that mbh is not an extremal black hole, i.e., mbh with

minimal values of rmbh = rmin, mmbh = rmin, as the latter have no Hawk-

ing radiation [50]. Without loss of generality, it is assumed that the above-

mentioned mbh is sufficiently close to extremal black hole:

rmbh ≈ rmin, mmbh ≈ mmin, (82)

but is not coincident with it rmbh 6= rmin, mmbh 6= mmin.

According to the present-day knowledge, a semi-classical region starts be-

tween 5 and 20 times the Planck scale [51]. Then, despite the fact that this mbh

is itself in the quantum gravity region, the scales of r � rmbh determine the

region, where a semi-classical approximation is valid.

Let us return to high energy physics and to the subject of the previous sec-

tion. One of the preferable models for space-time foam is the model based on

the assumption that its unit cells are mbh, with radius and mass on the order

of the Planck (for example, [33],[38], [39]. Of great importance for mbh are

the quantum-gravitational effects and the corresponding quantum corrections of

black hole thermodynamics at Planck scale (for example, [52]).

Then, in line with formula (20) in [52], we have minimal values for radius

and mass of a black hole

rmin =

√
e

2
α

′

lp, mmin
.
= m0 =

α
′√
e

2
√

2
mp, (83)

where the number α
′

is on the order of 1, and in [52] we take the normalization

~ = c = kB = 1 in which lp = m−1
p = T−1

p =
√
G.

From (83) it directly follows that the formula for the event horizon radius

r = 2MG, valid for large classical black holes, will be valid in the case when

we include the quantum-gravitational effects for mbh because rmin = 2m0G.

Such a black hole of a minimal size is associated with a maximal temperature

(formula (24) in [52]):

TmaxH =
Tp

2π
√

2α
′
. (84)

A black hole satisfying the formulae (83),(84) is termed as minimal (or Planck).
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For the energies E somewhat lower than the Planck energies (i.e., E � Ep)

involved in the condition (66), a semiclassical approximation is valid. This

means that, on substitution of mbh with the mass mmbh for a large (classical)

black hole with the mass M , in the case under study the results, substantiated

when an observer uses the standard Unruh-Dewitt detector in radiation mea-

surement for coupled to a massless scalar field [46],[48], are valid with the

corresponding quantum corrections [53].

Let us revert to the formulae from [42],[43]. In particular, to formula (76)

for the real acceleration measured by an observer who is positioned at the fixed

distance r � rBH in the Schwarzschild space-time, given by (formula (14) in

[42], formula (9.170) in [54])

aBH,r = aS =

√
∇µV∇µV

V
=

MG

r2
√

1 − 2MG/r
=
MG

r2V
, (85)

where it is supposed that a static observer at the radius r moves along orbits of

the time-like Killing vector K = ∂t and V =
√

−KµKµ =
√

1 − 2MG/r is

the red-shift factor for the Schwarzschild space-time (p.413 in [54]).

How changes formula (85) on going to mbh? It is clear that the condition

r � rBH is replaced by the condition r � rmbh (corresponding to the condition

E � Ep and semiclassical approximation),M is replaced bymmbh,the red-shift

factor V should be replaced by Vq, where Vq is the quantum deformation of V
with regard to quantum corrections in the field mbh. Then, for mbh, formula

(85) is of the form

aS,q =
mmbhG

r2Vq
, (86)

where aS,q is the real acceleration with regard to the quantum corrections mea-

sured by a distant observer in the field mbh.

Clearly, formula (71) for TH,r, due to formulae for the red-shift factor V , in

the general case may be given as

TH,r =
~

8πGMV
. (87)

Then its quantum analog, i.e., the corresponding formula for temperature in the

field mbh, for r � rmbh is as follows:

TH,r,q =
~

8πGmmbhVq
. (88)
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In virtue of formula (85), formula (77) takes the form

TU,r =
~

2π
√

1 − rBH
r

(rBH
2r2

)
=

~

2πV

(rBH
2r2

)
. (89)

For r > rBH and due to formula (78), we have

TU,r =
~

2πα2(r)GM
√

1 − 2
α(r)

=
~

2πα2(r)GMV
. (90)

As indicated above, for r � rBH we have α(r) � 1.

What are the changes on going to mbh?

Considering the case r � rmbh and semiclassical picture, we again come to

α(r) � 1, whereas formula (90) is replaced by formula

TU,r,q =
~

2πα2(r)GmmbhVq
. (91)

Proceeding from the above, we have

TH,r,q
TU,r,q

=
TH,r
TU,r

=
α2(r)

4
(92)

Formula (92) points to the fact that, within the scope of a semiclassical approx-

imation, relations of a black hole temperature to the Unruh temperature for a

distant observer in the case of a large (classical) black hole and mbh are coin-

cident because these quantities are dependent on the same factors:

first, on 1/MV and, second, on 1/mmbhVq.
Note that in this consideration there s no need to have an explicit formula

for Vq as this quantity is not involved in the key expression (92). Specif-

ically, to derive an explicit expression for Vq, we can use the results from

[55] on quantum deformation of the Schwarzschild solution due to spheri-

cally symmetric quantum fluctuations of the metric and the matter fields. In

this case the Schwarzschild singularity at r = 0 is shifted to the finite radius

rmin ≈ rmbh ∝ lp, where the scalar curvature is finite. In this way the results

from [55] correlate well with the results from [52].

Quantum corrections at Planck scales were obtained in [52] proceed-

ing from validity of the Generalized Uncertainty Principle (GUP)[11]–[14].

But the results presented in this work are independent of this aspect. Ac-

tually, during studies of black hole thermodynamics at Planck scales with
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the use of other methods [56],[57] (differing from those in [52]),in particu-

lar, Loop Quantum Gravity (LQG)[57], the obtained results were similar to

[52]. Because of this, for mbh with all the thermodynamic characteristics

(mass,radius,temperature,...) on the order of the corresponding Planck quan-

tities, all the calculations in this section are valid. As noted above, far from

horizon of mbh, i.e., at the energies E � Ep (66), the results from [42],[43]

remain valid in this case as well.

Next, similar to [33], we assume that in every cell of space-time foam a

micro black hole (mbh) with a typical gravitational radius of rmin ∝ lp may

be present. Then, in according with the results in [42],[43] and in virtue of the

formula (92) we come to violation of the strong EP for distance r, satisfying the

condition

lp � r � ∞, (93)

that is equivalent to Ẽr � Ep for the energies Ẽr associated with the scale of r.

In the last formula it is implicitly (and purely conditionally) assumed that a

minimum length is equal to lp and to rmin. But, as noted above, in the general

case we have rmin ∝ lp, i.e., the order is similar to that of lp. Specifically, in

[59] by natural assumptions it has been demonstrated that the minimum length

may be twice and more as great as the Planck length. It is obvious that all the

above calculations and derivations of the present work are independent of the

specific value of rmin.

In this way, if the quantum foam structure is determined by mbh, the

applicability of QFT is limited to the energies E < Ẽr � Ep and the formula

(66) is the case. This supports the it Main Hypothesis from Section 2 within the

assumption concerning the quantum foam structure made in this section.

Comment 6.3. In the case of mbh Comment 6.2 is absolutely clear. In

fact, at a horizon of mbh, i.e., for TH,r,q = TUnruh,r,q = ∞ similar to

large black holes but , naturally, without any restoration of EP as the domain

r = rmbh ≈ rmin ∝ lp is the region of Planck energies or of quantum foam,

where EP in its canonical formulation becomes invalid. It is obvious that at the

event horizon r = rmbh of mbh and in its vicinity a gravitational field becomes

very strong due to quantum effects and nothing could destroy it.
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7. Final Comments and Conclusion

7.1. Based on the above results, all the energies E we can classify into 3 groups

[10]:

a) low energies 0 < E ≤ Ẽ � Ep – energies, for which the Strong

Equivalence Principle is valid in virtue of formula (66), and hence this energy

interval sets the QFT applicability boundaries.

a1) Since Ẽ � Ep, it is natural to assume that Ẽ ≈ 10−NEp, where N ≥ 2.

Obtaining of more accurate estimates for N is a separate problem;

b) intermediate energies Ẽ < E < Ep – energies, for which the Strong

Equivalence Principle and, consequently QFT, becomes invalid but the corre-

sponding scales are greater than the Planck. It can be assumed that QFT in this

energy range will be a theory in a gravitational field that could not be destroyed

even locally. In the case under study it is assumed that this field is created by

mbh. Impossibility of destroying this field even locally is associated with large

quantum corrections for the corresponding quantities which should be taken

into consideration at these energies [52], [56], [57].

Let us call the energy scale Ẽ < E < Ep as prequantum gravity phase;

c) high (essentially maximal) energies E ≈ Ep or E > Ep. This inter-

val is the region of quantum gravity energies.

Next note that, as all the experimentally involved energies E are low,

they satisfy condition a) or b). Specifically, for LHC, maximal energies are

≈ 10TeV = 104GeV , that is by 15 orders of magnitude lower than the

Planck energy ≈ 1019GeV . Moreover, the characteristic energy scales of all

fundamental interactions also satisfy condition a). Indeed, in the case of strong

interactions this scale is ΛQCD ∼ 200MeV ; for electroweak interactions

this scale is determined by the vacuum average of a Higgs boson and equals

υ ≈ 246GeV ; finally, the scale of the (Grand Unification Theory (GUT))

MGUT lies in the range of ∼ 1014GeV −−1016GeV .

It should be noted, however, that on validity of assumption a1) the energy scale

MGUT lies within the applicability region of the energy group a) and hence of

QFT. Provided the EP applicability boundaries are lying at considerably lower

energies, a study of GUT necessitates a theory with (even locally) unremovable
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curvature.

At the same time, it is clear that the requirement of the Lorentz-invariant

QFT, due to the action of Lorentz boost (or same hyperbolic rotations), results

in however high momenta and energies. But it has been demonstrated that

unlimited growth of the momenta and energies is impossible because in this

case we fall within the energy region, where the conventional quantum field

theory [17]–[20] is invalid.

Note that at the present time there are experimental indications that Lorentz-

invariance is violated in QFT on passage to higher energies (for example, [58]).

Besides, one should note important recent works associated with EP applicabil-

ity boundaries and violation in nuclei and atoms at low energies (for example

[60]). Proceeding from the above, the requirement for Lorentz-invariance and

EP is possible only within the scope of the condition (66).

7.2. Proceeding from the above results, it is inferred that the well-known

QFT [17]–[20], from the start, is a ultraviolet-finite theory with the natural

cutoff parameter l eE ∝ ~/Ẽ. Note that the quantum-gravitational parameter

rmbh ∝ lp is beyond the applicability limits of QFT [10].

7.3. In the present approach it is of interest to study the problem of asymptotic

safety introduced by Steven Weinberg in [61]. This problem was addressed in

[10] as suggested by the Reviewers. We use the definition of this notion given in

([62],p.67): ”A theory is said to be asymptotically safe if all essential coupling

parameters gj (these are the ones that are invariant under field redefinitions)

approach, for energies k → ∞, a fixed point where at least one of them does

not vanish.” If initially it has been assumed that rmin is considered within the

scope of (GUP) [11]–[14], this definition necessitates certain refinements. In

particular, if (GUP) supposes the existence of a maximum momentum pmax,

as in [13] or (Section V in [14]), it is clear that the condition k → ∞ can not

be fulfilled. So, the condition k → ∞ should be replaced by the condition

k → pmax. Most often, it is assumed that the momentum pmax is on the order

of the Planck momentum, i.e., we have pmax ∝ ppl. However, in the most

general case the quantity pmax may be even trans-Planck.

When pmax is inexistent (i.e., pmax = ∞), still by this approach of asymptotic

safety the problem should be reformulated in accordance with the fact (shown

above) that, beginning with the energiesE,E > Ẽ, a theory must be considered

as QFT in curved space-time in a field created by mbh. In his further works the
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author is planning to study this problem within the scope of this approach in

greater detail.

7.4. It is absolutely clear that, though the material in Section 4 and the

results in it are associated with the canonical QFT in continuous space-time,

they are still valid for the discrete variant of a theory given in Section 2. In

[8], [9] a quantum theory is considered only for the energies satisfying the

conditions E � Ep and E ≈ Ep rather than for a complete scale of energies.

In [10] and in the present paper this gap is eliminated.

7.5. Returning to Section 4, we should note an important difference be-

tween a semiclassical consideration in [42], [43] and results in [10] or in this

paper. In the first case a UDW detector may be without limit close to the

classical BH event horizon, because in this case the semiclassical approxi-

mation is still valid. But in the case under study a UDW detector should be

sufficiently distant from the mbh event horizon, otherwise it can fall into the

quantum-gravity region and become meaningless.

7.6. The subject-matter of this work is associated with such a problem

as experimental detection of a quantum foam. At the present time, the relevant

results are still inconsistent [63] due to inadequate capacity of the data available

and insufficient precision of the experiments. (The situation resembles that in

chronology of the detection of gravitational waves relict including.) Neverthe-

less, an active search in this direction is in progress [64], [65].

7.7. Finally, it is important to note that Albert Einstein formulated his

strong Equivalence Principle only for classical objects against a classical

space-time background. This is explained by the fact that in the period, when

General Relativity was created (1915,1916) and this principle was formulated,

a quantum theory was at the stage of conception and its main postulates were

unknown. Because of this, formulation of the principal result from [42], [43]

is not quite exact. Strong EP, in its initial formulation, is still valid and the

principal result from [42], [43] should be as follows:

generalization of the strong Equivalence Principle for the case of a semiclassi-

cal approximation in a black hole gravitational field becomes invalid.
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Thus, the main problem of QFT applicability for discrete and continuous

consideration in perturbative or nonperturbative mode is associated with

definition of the scale Ẽ in point 7.1.
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Chapter 3

AN ALTERNATIVE DISCRETE QUANTUM

FIELD THEORY

Stan Gudder∗

Department of Mathematics

University of Denver, Denver, Colorado, USA

Abstract

We present a version of quantum field theory based on discrete energy-

momentum. Beginning with annihilation and creation operators, we con-

struct interaction quantum number operators. These are employed to de-

fine discrete quantum fields. We then discuss scattering operators and

their properties. The theory is illustrated using examples of fermion and

boson fields.

Keywords: quantum field theory, discrete energy-momentum

1. Introduction

It is well known that traditional quantum field theory is not mathematically pre-

cise. The main reason for this is that some of its concepts are not rigorously de-

fined and this results in a multitude of singularities and divergences [5, 6]. One

way of overcoming these problems is to assume that space-time and energy-

momentum are discrete [1, 2]. In this way, space-time and energy-momentum

∗Corresponding Author’s Email: sgudder@du.edu.
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differences are not allowed to approach zero so singularities do not occur [3, 4].

This idea has been resisted because space-time discreteness has not been ob-

served and it violates Lorentz invariance [5, 6]. In this work we present an

alternative proposal in which only energy-momentum are assumed to be dis-

crete. We then define energy-momentum instead of space-time quantum fields.

We can trace this back to the origins of quantum mechanics when Max Planck

postulated the existence of discrete energy packets. Of course, we go further

than this by also assuming discrete momenta components.

In this work we only present the beginning outlines of a theory. If it shows

promise, then more details can be pursued later. Our main purpose is to define

the scattering operator and discuss some of its properties. Section 2 presents

the basic definitions and Sections 3 and 4 illustrate the theory using examples

of fermion and boson fields.

2. Basic Definitions

Let Z = {0,±1,±2, . . .} be the set of integers and Z+ = {0, 1, 2, . . .} be

the set of nonnegative integers. We call S = Z+ × Z3 the discrete energy-

momentum space. If p = (p0, p1, p2, p3) ∈ S we write p = (p0, p ) where

p0 ∈ Z+ represents the total energy and p ∈ Z3 the momentum of a particle

or anti-particle. Ordinarily, we would write p = (ω0p0, ω1p ) where ω0, ω1 are

small elementary units of energy and momentum, but for simplicity we set ω0 =
ω1 = 1 by assuming these scales are unity. We equip S with the Minkowski

distance

‖p‖2
4 = p2

0 −
∥

∥p
∥

∥

2

3
= p2

0 − p2
1 − p2

2 − p2
3

We assume that ‖p‖2
4 ≥ 0 and call m = ±‖p‖4 the mass of the particle (an-

tiparticle) when m ≥ 0(m < 0). We conclude that Einstein’s energy formula

p0 =
√

m2 +
∥

∥p
∥

∥

2

3
holds. This theory predicts that there are a countable num-

ber of admissible particle (antiparticle) masses. If m is a particle (antiparticle)

mass, we call

Γm = {p ∈ S : ‖p4‖ = m}
the mass hyperboloid. We define the geometric speed of p ∈ S by

v =

∥

∥p
∥

∥

3

p0
=

√

p2
0 −m2

p0
=

√

1 − m2

p2
0



An Alternative Discrete Quantum Field Theory 113

when p0 6= 0. Of course, 0 ≤ v ≤ 1 and v = 1 if and only if m = 0. Moreover,

v = 0 if and only if
∥

∥p
∥

∥ = 0.

Particle-antiparticles are distinguished according to their mass and spin.

If p has integer spin, then p is a boson and if p has half-integer spin, then

p is a fermion. We only consider theories in which there are a finite num-

ber of particle types. For example, suppose we have two types of fermions

p1, p2, . . . , q1, q2, . . ., and two types of bosons r1, r2, . . . , s1, s2, . . .. Then we

have masses mi, i = 1, 2, 3, 4 and pk ∈ Γm1 , qk ∈ Γm2 , rk ∈ Γm3 , sk ∈ Γm4 ,

k = 1, 2, . . .. The theory is described by a Hilbert space H with orthonormal

basis |0〉, ψnmuv where

ψnmuv = |p1 · · ·pnq1 · · · qnr1 · · · rus1 · · ·sv〉 (1)

The vector |0〉 is the vacuum state which represents the condition in which no

particles are present. The vectorψnmuv is the state in which there are n fermions

of type p, m fermions of type q, u bosons of type r and v bosons of type s. It is

assumed that ψnmuv is symmetric under the interchange of bosons and particles

of different types, while it is antisymmetric under the interchange of fermions

of the same type [5, 6]. For example,

|p1p2q1q2r1r2〉 = |p1q1p2q2r2r1〉

while

|p1p2q1q2r1r2〉 = −|p2p1q1q2r1r2〉 = −|p1p2q2q1r1r2〉

It follows that any basis vector has at most one fermion with a particular mass,

spin and energy-momentum p. Thus, for ψnmuv we have pi 6= pj and qi 6= qj
for i 6= j.

The fundamental operators of the theory are the annihilation and creation

operators ap, a
∗
p on H, p ∈ Γm where ap|0〉 = 0, 0 ∈ H is the zero vector and

a∗p|0〉 = |p〉. If pj is a fermion and ψ has the form (1), then

apj
ψnmuv = ±|p1 · · ·pj−1pj+1 · · ·pnq1 · · · 〉

where the− sign applies if j is even and the + sign applies if j is odd. Moreover,

if p ∈ Γm1 and p 6= pj for any j, then

a∗pψnmuv = |pp1 · · ·pnq1 · · · 〉



114 Stan Gudder

If r is a boson and r appears n times we use the notation

|p1 · · ·pnr
nr1 · · · ru · · · 〉 = |p1 · · ·pnrr · · · r1 · · · ru · · · 〉

where there are n r’s on the right-hand side. In this case, we know that

ar|p1 · · ·pnr
nr1 · · · ru · · · 〉 =

√
n

∣

∣p1 · · ·pnr
n−1r1 · · · ru · · ·

〉

and

a∗r|p1 · · ·pnr
nr1 · · · ru · · · 〉 =

√
n+ 1

∣

∣p1 · · ·pnr
n+1r1 · · · ru · · ·

〉

In general, if p does not appear in ψ, then apψ = 0. We define the particle

number operator Ap, p ∈ Γm by Ap = a∗pap. Then Ap is a self-adjoint operator

on H and for a state ψ ∈ H , Apψ = nψ where n is the number of times that p
appears in ψ. Of course, if p is a fermion, then n is 0 or 1. We call the operator

G on H given by

G =
∑

p∈Γm

1

p0
Ap

a free quantum field. The terms 1/p0 ensure that the sum converges to a self-

adjoint operator on H . If p and q are particle types, we define the interaction

number operator Apq, p ∈ Γm1 , q ∈ Γm2 by

Apq = 1
2

[

a∗paq + a∗qap

]

Then Apq is a self-adjoint operator on H that we shall study in the next two

sections. Notice that if we have p = q, then App = Ap.

We now define energy-momentum quantum fields and scattering operators.

In order to avoid complicated indices, we shall consider a theory in which there

are four particle types with states of form (1). The reader can then easily visu-

alize how the general situation develops. For particles p, q, r, s of the four types

we define the energy-momentum field F on H by

F =
1

6

[

∑

p,q

1

p0 + q0
Apq +

∑

p,r

1

p0 + r0
Apr +

∑

p,s

1

p0 + s0
Aps

+
∑

q,r

1

q0 + r0
Aqr +

∑

q,s

1

q0 + s0
Aqs +

∑

r,s

1

r0 + s0
Ars

]

(2)
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where p ∈ Γm1 , q ∈ Γm2 , r ∈ Γm3 , s ∈ Γm4 . As with G, it is not hard to show

that (2) defines F as a self-adjoint operator on H . In particular, if there are two

types p, q of particles, then

F =
∑

{

1

p0 + q0
Apq : p ∈ Γm1 , q ∈ Fm2

}

and if p = q, then F = G the free quantum field. We define the scattering

operator to be the unitary operator on H given by S = eiωF where ω ≥ 0 is

a constant called the relaxation time. We consider ω to be a constant of nature

depending on the particle types. If ψ ∈ H is an initial state for the system,

then we interpret Sψ to be the final scattered state. We define the transition

probability |〈φ, Sψ〉|2 to be the probability that the final state is φ. Computing

Sψ exactly is usually quite difficult and approximations of the form

S = eiωF =
∞

∑

n=0

1

n!
(iωF )n ≈ I + iωF − ω2

2
F 2 − iω3

3!
F 3 +

ω4

4!
F 4 (3)

are made. We call (3) the fifth approximation and higher order approximations

give more exact values.

In the case of a free field G, there is no scattering. The reason for this is that

every basis vector is an eigenvector for G. For example if p1 6= p2 then

G|p1p2〉 =
∑

p

1
p0
Ap|p1p2〉 =

(

1
p1,0

+ 1
p2,0

)

|p1p2〉

Hence, if ψ ∈ H is a basis vector, there exists λ ∈ R such that Gψ = λψ. It

follows that

Sψ = eiωGψ = eiωλψ

Hence, the transition probability |〈ψ, Sψ〉|2 = 1 so there is no scattering.

We define the energy-momentum operatorsEi, i = 0, 1, 2, 3 by

Ei =
∑

p∈Γm

piAp =
∑

p∈Γm

pia
∗
pap

It is clear that Ap, p ∈ Γm and the free quantum field G=
∑

p∈Γm

1
p0
Ap commute

with Ei, i = 0, 1, 2, 3 and this illustrates conservation of energy-momentum.
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We define the interaction energy-momentum operators in the natural way by

addition. For example, if there are two particle types, say p and q-types, then

Ei =
∑

p,q

(pia
∗
pap + qia

∗
qaq), i = 0, 1, 2, 3

Now Ei do not commute with the interaction operators Apg and

F =
∑

p,q

1

p0 + q0
Apq

Indeed,

E0Ap1q1 |p1〉 = 1
2 E0|q1〉 = 1

2 q1,0|q1〉

and

Ap1q1E0|p1〉 = p1,0Ap1q1|p1〉 = 1
2p1,0|q1〉

These do not agree if q1,0 6= p1,0. Moreover,

E0F |p1〉 = 1
2

∑

q

1

p1,0 + q0
E0|q〉 = 1

2

∑

q

q0
p1,0 + q0

|q〉

and

FE0|p1〉 = p1,0F |p1〉 = 1
2p1,0

∑

q

1

p1,0 + q0
|q〉

Again, these do not agree, in general. We conclude that energy-momentum

need not be conserved when there is an interaction. This says that particles can

absorb or lose energy-momentum to the interaction field.

Also, observe that although the particle number operators commute, the in-

teraction number operators do not, in general. Indeed, if p1, q1, q2 are fermions

we have that

Ap1q2Ap1q1|p1q1〉 = 0

but on the other hand

Ap1q1Ap1q2|p1q1〉 = 1
2Ap1q1 |q2q1〉 = −1

4 |p1q2〉
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If these particles are bosons we conclude that

Ap1q2Ap1q1

∣

∣p1q
2
1

〉

= 1
2Ap1q2

(√
3
∣

∣q31
〉

+ 2
∣

∣p2
1q1

〉

)

= Ap1q2

∣

∣p2
1q1

〉

=

√
2

2
|p1q1q2〉

but on the other hand

Ap1q1Ap1q2

∣

∣p1q
2
1

〉

= 1
2Ap1q1

∣

∣q21q2
〉

=

√
2

4
|p1q1q2〉

However, we have the following result which is useful for later computations.

Lemma 1. If p 6= p1 and q 6= q1, then

ApqAp1q1 = Ap1q1Apq (4)

Proof. We first assume that the four particles are bosons. It is easy to see that

(4) holds if and only if it holds on states of the form
∣

∣prps
1q

tqu
1

〉

. We then have

ApqAp1q1

∣

∣prps
1q

tqu
1

〉

=
1

2
Apq

[

√

u(s+ 1)
∣

∣prps+1
1 qtqu−1

1

〉

+
√

s(u+ 1)
∣

∣prps−1
1 qtqu+1

1

〉

]

= 1
4

[

√

u(s+ 1)t(r+ 1)
∣

∣pr+1ps+1
1 qt−1qu−1

1

〉

+
√

u(s+ 1)r(t+ 1)
∣

∣pr−1ps+1
1 qt+1qu−1

1

〉

+
√

s(u+ 1)t(r + 1)
∣

∣pr+1ps−1
1 qt−1qu+1

1

〉

+
√

s(u− 1)r(t+ 1)
∣

∣pr−1ps−1
1 qt+1qu+1

1

〉

]

Moreover, we have that

Ap1q1Apq

∣

∣prps
1q

tqu
1

〉

= 1
2Ap1q1

[

√

t(r + 1)
∣

∣pr+1ps
1q

t−1qu
1

〉

+
√

r(t+ 1)
∣

∣pr−1ps
1q

t+1qu
1

〉

]

= 1
4

[

√

t(r + 1)u(s+ 1)
∣

∣pr+1ps+1
1 qt−1qu−1

1

〉

+
√

t(r + 1)s(u+ 1)
∣

∣pr+1ps−1
1 qt−1qu+1

1

〉

+
√

r(t+ 1)u(s+ 1)
∣

∣pr−1ps+1
1 qt+1qu−1

1

〉

+
√

r(t+ 1)s(u+ 1)
∣

∣pr−1ps−1
1 qt+1qu+1

1

〉

]

The cases in which some of the particles are fermions follow by replacing the

corresponding superscripts with ones.
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3. Fermions

This section illustrates the theory outlined in the previous section with an ex-

ample involving two fermion types that we call type-pwith mass m1 and type-q

with mass m2, where m1 6= m2. The Hilbert space H has orthonormal basis

|0〉, |p1 · · ·pnq1 · · ·qm〉 where pi 6= pj , qi 6= qj , i 6= j. We have the conditions

|piqj〉 = |qjpi〉, |pipj〉 = −|pjpi〉, |qiqj〉 = −|qjqi〉 as well as their higher or-

der generalizations. Notice that all annihilation and creation operators commute

except

apa
∗
p + a∗pap = aqa

∗
q + a∗qaq = I

It is easy to check that Apq has only three eigenvalues 0,±1/2, each having

infinite-dimensional eigenspaces. For example, if p 6= pi, i = 1, . . . , n, q 6= qj ,

j = 1, . . .m, then Apq|p1 · · ·pnq1 · · ·qm〉 = 0. Moreover, it follows from

Apq|p〉 = 1
2 |q〉 and Apq|q〉 = 1

2 |p〉 that if

ψ± = |pp1 · · ·pnq1 · · ·qm〉 ± |qp1 · · ·pnq1 · · · qm〉

then

Apq(ψ+ + ψ−) = 1
2 (ψ+ + ψ−)

Apq(ψ+ − ψ−) = −1
2 (ψ+ − ψ−)

The energy-momentum field is given by

F =
∑

{

1
p0+q0

Apq : p ∈ Γm1 , q ∈ Γm2

}

=
∑

p,q

1

p0 + q0
Apq

In particular, F |0〉 = 0,

F |p1〉 =
∑

p,q

1

p0 + q0
Apq|p1〉 =

∑

q

1

p1,0 + q0
Ap1q|p1〉 =

∑

q

1

2(p1,0 + q0)
|q〉 (5)

and similarly F |q1〉 =
∑

p

1
2(p0+q1,0) |p〉. In general, we have that

F |p1 · · ·pnq1 · · ·qm〉 =
∑

p,q

1

p0 + q0
Apq|p1 · · ·pnq1 · · · qm〉

=
∑

q 6=q1,...,qm

1

2(p1,0 + q0)
|p2 · · ·pnqq1 · · ·qm〉
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−
∑

q 6=q1,...,qm

1

2(p2,0 + q0)
|p1p3 · · ·pnqq1 · · ·qm〉

+ · · ·+ (−1)n+1
∑

q 6=q1,...,qm

1

2(pn,0 + q0)
|p1 · · ·pn−1qq1 · · · qm〉

+
∑

p 6=p1,...,pn

1

2(p0 + q1,0)
|pp1 · · ·pnq2 · · ·qm〉

−
∑

p 6=p1,...,pn

1

2(p0 + q2,0)
|pp1 . . . pnq1q3 . . . qm〉

+ · · ·+ (−1)m+1
∑

p 6=p1,...,pn

1

2(p0 + qm,0)
|pp1 · · ·pnq1 · · · qm−1〉

Suppose we are interested in the decay of a particle p1. We would then want

the scattered state S|p1〉 = eiωF |p1〉. From (3), to a fifth order of approximation

we have that

S|p1〉 ≈ |p1〉 + iωF |p1〉 −
ω2

2
F 2|p1〉 − i

ω3

3!
F3|p1〉 +

ω4

4!
F 4|p1〉

We have computed F |p1〉 in (5). For F 2|p1〉 we obtain

F 2|p1〉 =
1

2

∑

1

1

p1,0 + q0
F (q) =

1

4

∑

q

1

p1,0 + q0

∑

p′

1

p′0 + q0

∣

∣p′
〉

=
1

4

∑

q,p′

1

(p1,0 + q0)(p
′
0 + q0)

∣

∣p′
〉

Continuing we obtain

F 3|p1〉 =
1

4

∑

q1p′

1

(p1,0 + q0)(p′0 + q0)
F

∣

∣p′
〉

=
1

8

∑

q,p′q′

[

(p1,0 + q0)(p
′
0 + q0)(p

′
0 + q′0)

]−1 ∣

∣q′
〉

F 4|p1〉 =
1

16

∑

q,p′,q′,p′′

[

(p1.0 + q0)(p
′
0 + q0)(p

′
0 + q′0)(p

′′
0 + q′0)

]−1 ∣

∣p′′
〉
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For a state |p2〉 we have that

〈p2|S|p1〉 ≈ 〈p2 | p1〉 −
ω2

2
〈p1|F 2|p1〉 +

ω2

4!
〈p2|F 4|p1〉

= 〈p2 | p1〉 −
ω2

4 • 2

∑

q

[(p1,0 + q0)(p2,0 + q0)]
−1

+
ω4

16 • 4!

∑

q,p′,q′

[

(p1,0 + q0)(p
′
0 + q0)(p

′
0 + q′0)(p2,0 + q′0)

]−1

Of course, if p2 6= p1 then 〈p2 | p1〉 = 0 and if p2 = p1 then 〈p2 | p1〉 = 1. The

transition probability can be computed from |〈p2|S|p1〉|2.

As another example, suppose we want the scattering probabilities for an

initial state |p1p2〉. To the third order of approximation we have that

S ≈ I + iωF − 1

2
ω2F 2

We then compute

F |p1p2〉
∑

p,q

1

p0 + q0
Apq|p1p2〉 =

1

2

∑

q

1

p1,0 + q0
|qp2〉 −

1

2

∑

q

1

p2,0 + p0

|qp1〉

and

F 2|p1p2〉 =
1

2

∑

q

1

p1,0 + q0
F |qp2〉 −

1

2

∑

q

1

p2,0 + q0
F |qp1〉

=
1

2

∑

q

1

p1,0 + q0

∑

p′,q′

1

p′
0
+ q′

0

Ap′q′ |qp2〉

− 1

2

∑

q

1

p2,0 + q0

∑

p′,q′

1

p′
0
+ q′

0

Ap′q′ |qp1〉

=
1

4

∑

q

1

p1,0 + q0

∑

q′ 6=q

1

p2,0 + q′
0

|qq′〉

+
1

4

∑

q

1

p1,0 + q0

∑

p′ 6=p2

1

p′
0

+ q0
|p′p2〉

− 1

4

∑

q

1

p2,0 + q0

∑

q′ 6=q

1

p1,0 + q′
0

|q′q〉

− 1

4

∑

q

1

p2,0 + q0

∑

p′ 6=p1

1

p′
0

+ q0
|p′p1〉
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We then obtain

〈p1p2|S|p1p2〉 ≈ 1 − ω2

2
〈p1p2|F 2|p1p2〉 = 1− ω2

8

X

q

»

(p1,0 + q0)2
+

1

(p2,0 + q0

–

Moreover,

〈p3p2|S|p1p2〉 ≈ 1 − ω2

8

∑

q

1

(p1,0 + q0)(p3,0 + q0)

From these we compute the transition probabilities.

4. Bosons

The situation for bosons is more complicated than for fermions because more

than one identical particles can appear. We saw for fermions that the operators

Apq had only the eigenvalues 0,±1/2 with corresponding infinite-dimensional

eigenspaces. We now conjecture that for bosons, the operators Apq have

the eigenvalues 0,±1/2,±1,±3/2,±2, . . . again, with infinite-dimensional

eigenspaces. Suppose our system contains two bosons p and q of different

types (and other particles that we are not concerned about). We call the sub-

space S
pq
n generated by

{
∣

∣piqj
〉

: i+ j = n
}

the n-subspace of H for Apq. If

an eigenvalue λ of Apq has a corresponding eigenvector in Spq
n , we call λ an

n-eigenvalue of Apq. Of course, Apq has eigenvalue 0 because Apq|0〉 = 0.

Moreover, we can append different particles, p1, q1, . . . to get infinitely many

other eigenvectors |p1q1 . . .〉 of Apq corresponding to the eigenvalue 0. We now

present a sequence of examples that make our conjecture very plausible.

Example 1. Let Spq
1 be the 1-subspace for Apq generated by {|p〉, |q〉}. Since

Apq (|p〉 + |q〉) = 1
2 (|p〉 + |q〉)

and

Apq (|p〉 − |q〉) = 1
2 (|p〉 − |q〉)

We conclude that ±1/2 are 1-eigenvalues of Apq. As before, we can append

different particles to obtain infinitely many eigenvectors of Apq corresponding

to eigenvalues ±1/2. This comment also applies to our later example.
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Example 2. Let Spq
2 be the 2-subspace for Apq generated by

{
∣

∣p2
〉

,
∣

∣q2
〉

, |pq〉
}

.

Since Apq

(∣

∣p2
〉

−
∣

∣q2
〉)

= 0 and

Apq

(

∣

∣p2
〉

+
∣

∣q2
〉

+
√

2 |pq〉
)

= 1
2

(

2
√

2 |pq〉+ 2
∣

∣q2
〉

+ 2
∣

∣p2
〉

)

=
∣

∣p2
〉

+
∣

∣q2
〉

+
√

2 |pq〉

Apq

(

∣

∣p2
〉

+
∣

∣q2
〉

−
√

2 |pq〉
)

= 1
2

(

2
√

2 |pq〉 − 2
∣

∣q2
〉

− 2
∣

∣p2
〉

)

= −
(

∣

∣p2
〉

+
∣

∣q2
〉

−
√

2 |pq〉
)

we conclude that 0,±1 are 2-eigenvalues of Apq.

Example 3. Let Spq
3 be the 3-subspace for Apq generated by

{
∣

∣p3
〉

,
∣

∣q3
〉

,
∣

∣p2q
〉

,
∣

∣pq2
〉}

. Since

Apq

“

˛

˛p
3¸

+
˛

˛q
3¸

+
√

3
˛

˛p
2
q
¸

+
√

3
˛

˛pq
2¸

”

=

√
3

2

`
˛

˛p
2
q
¸

+
˛

˛pq
2¸´

+

√
3

2

“

2
˛

˛pq
2¸

+
√

3
˛

˛p
3¸

”

+

√
3

2

“√
3

˛

˛q
3¸

+ 2
˛

˛p
2
q
¸

”

=
3

2

“

˛

˛p
3¸

+
˛

˛q
3¸

+
√

3
˛

˛p
2
q
¸

+
√

3
˛

˛pq
2¸

”

Apq

“

˛

˛p
3¸

−
˛

˛q
3¸

−
√

3
˛

˛p
2
q
¸

+
√

3
˛

˛pq
2¸

”

=

√
3

2

`˛

˛p
2
q
¸

−
˛

˛pq
2¸´

−
√

3

2

“

2
˛

˛pq
2¸

+
√

3
˛

˛p
3¸

”

+

√
3

2

“√
3

˛

˛q
3¸

+ 2
˛

˛p
2
q
¸

”

= −3

2

“

˛

˛p
3
¸

−
˛

˛q
3
¸

−
√

3
˛

˛p
2
q
¸

+
√

3
˛

˛pq
2
¸

”

Apq

„

˛

˛p
3¸

−
˛

˛q
3¸

+

√
3

3

˛

˛p
2
q
¸

−
√

3

3

˛

˛pq
2¸

«

=

√
3

2

`
˛

˛p
2
q
¸

−
˛

˛pq
2¸´

+

√
3

6

“

2
˛

˛pq
2¸

+
√

3
˛

˛p
3¸

”

−
√

3

6

“√
3

˛

˛q
3¸

+ 2
˛

˛p
2
q
¸

”

=
1

2

„

˛

˛p
3¸

−
˛

˛q
3¸

+

√
3

3

˛

˛p
2
q
¸

−
√

3

3

˛

˛pq
2¸

«

Apq

„

˛

˛p
3
¸

+
˛

˛q
3
¸

−
√

3

3

˛

˛p
2
q
¸

−
√

3

3

˛

˛pq
2
¸

«

=

√
3

2

`
˛

˛p
2
q
¸

+
˛

˛pq
2¸´

−
√

3

6

“

2
˛

˛pq
2¸

+
√

3
˛

˛p
3¸

”

−
√

3

6

“√
3

˛

˛q
3¸

+ 2
˛

˛p
2
q
¸

”

= −1

2

„

˛

˛p
3¸

+
˛

˛q
3¸

−
√

3

3

˛

˛p
2
q
¸

−
√

3

3

˛

˛pq
2¸

«

we conclude that ±3
2 ,±1

2 are 3-eigenvalues of Apq.
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Example 4. Let Spq
4 be the 4-subspace for Apq generated by

{
∣

∣p4
〉

,
∣

∣q4
〉

,
∣

∣p3q
〉

,
∣

∣pq3
〉

,
∣

∣p2q4
〉}

Instead of proceeding as we did in the previous examples, we display the matrix

representing Apq in the above basis and the eigenpairs for this matrix. We then

have that

Apq =















0 0 2 0 0
0 0 0 2 0

2 0 0 0
√

6

0 2 0 0
√

6

0 0
√

6
√

6 0















Also, ±2,±1, 0 are 4-eigenvalues of Apq with the corresponding (unnormal-

ized) eigenvectors given by:













1
1

2
2√
6













,













1
1

−2
−2√

6













,













1
−1
1

−1
0













,













1
−1
−1

1
0













,













1
1

0
0

−
√

6/3













Example 5. Let Spq
5 be the 5-subspace for Apq generated by

{
∣

∣p5
〉

,
∣

∣q5
〉

,
∣

∣p4q
〉

,
∣

∣pq4
〉

,
∣

∣p3q2
〉

,
∣

∣p2q3
〉}

We then obtain

Apq =



















0 0
√

5 0 0 0

0 0 0
√

5 0 0√
5 0 0 0 2

√
2 0

0
√

5 0 0 0 2
√

2

0 0 2
√

2 0 0 3

0 0 0 2
√

2 3 0



















Also, ±5/2,±3/2,±1/2 are 5-eigenvalues of Apq with corresponding (unnor-
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malized) eigenvectors given by:

















1
1√
5√
5√
10√
10

















,

















1
−1

−
√

5

−
√

5√
10

−
√

10

















,

















1
1

3
√

5

−3
√

5
√

10//5

−
√

10/5

















,

















1
1

−3
√

5

−3
√

5√
10/5√
10/5

















,

















1
1√
5/5√
5/5

−
√

10/5

−
√

10/5

















,

















1
−1

−
√

5/5√
5/5

−
√

10/5√
10/5

















Continuing the pattern of these examples we have the following:

Conjecture. Let Spq
n be the n-subspace for Apq generated by

{∣

∣piqj
〉

: i+ j = n
}

Then ±n/2,±(n− 2)/2,±(n− 4)/2 . . . are n-eigenvalues of Apq with corre-

sponding eigenvectors in Spq
n .

The proof of this conjecture could be quite complicated. As a first step, we
consider the case when n is even and the odd case is similar. In the given basis,
Apq is represented by the following self-adjoint matrix

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 0
√

n 0 0 0 0 . . . 0 0 0

0 0 0
√

n 0 0 0 . . . 0 0 0
√

n 0 0 0
p

2(n − 1) 0 0 . . . 0 0 0

0
√

n 0 0 0
p

2(n − 1) 0 . . . · · ·

0 0
p

2(n − 1) 0 0 0
p

3(n − 2) . . . · · ·

0 0 0
p

2(n − 1) 0 0 0 . . . · · ·

0 0 0 0
p

3(n − 2) 0 0

0 0 0 0 0
p

3(n − 2) 0

0 0 0 0 0 0
p

4(n − 3)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 0 0 0 . . . 0 1

2

p

(n − 2)(n + 4) 0

0 0 0 0 0 0 0 . . . 0 0 1

2

p

n(n + 2)

0 0 0 0 0 0 0 . . . 0 0 1

2

p

n(n + 2)

0 0 0 0 0 0 0 . . . 1

2

p

n(n + 2) 1

2

p

n(n + 2) 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

We conjecture that the eigenvalues of this matrix are ±n/2,±(n −
2)/2, . . . ,±1, 0. The corresponding eigenvectors become quite involved and
we only display one of them. The reader can check that the (unnormalized)
eigenvector corresponding to eigenvalue n/2 is

"

r

“n

0

”

r

“n

0

”

r

“n

1

”

r

“n

1

”

r

“n

2

”

· · ·
s

“ n
n
2
− 1

”

s

“ n
n
2
− 1

”

s

“n
n
2

”

#T
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where
(

n
j

)

= n!
(n−j)!j!

.

Example 6. We illustrate our conjecture for the case n = 12. The matrix for
Apq becomes:

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 0
√

12 0 0 0 0 0 0 0 0 0 0

0 0 0
√

12 0 0 0 0 0 0 0 0 0
√

12 0 0 0
√

22 0 0 0 0 0 0 0 0

0
√

12 0 0 0
√

22 0 0 0 0 0 0 0

0 0
√

22 0 0 0
√

30 0 0 0 0 0 0

0 0 0
√

22 0 0 0
√

30 0 0 0 0 0

0 0 0 0
√

30 0 0 0 6 0 0 0 0

0 0 0 0 0
√

30 0 0 0 6 0 0 0

0 0 0 0 0 0 6 0 0 0
√

40 0 0

0 0 0 0 0 0 0 6 0 0 0
√

40 0

0 0 0 0 0 0 0 0
√

40 0 0 0
√

42

0 0 0 0 0 0 0 0 0
√

40 0 0
√

42

0 0 0 0 0 0 0 0 0 0
√

42
√

42 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

The 12-eigenvalue 6 has corresponding (unnormalized) eigenvector:

h

1 1 2
√

3 2
√

3
√

66
√

66 2
√

55 2
√

55 3
√

55 3
√

55 6
√

22 6
√

22 2
√
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Whether perturbative expansion series in quantum electrodynamics

(QED) are convergent or not is discussed in detail, by taking the

radiative corrections to the magnetic moment of a charged Dirac
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asymptotic expansion, convergent, or divergent series, depending

on the fine-structure constant and the total number and masses of

the charged particles. It is remarkable that their convergence not

only constraints the fine-structure constant and the total number and

masses of the fermions, but also forbids the existence of the mag-

netic monopole. It is also pointed out that the disagreement between

the experimental value of the muon g-2 and the theoretical one pre-

dicted in the standard model, if it stayed, might be due either to the

larger hadronic vacuum polarization contributions or to an unexpect-

edly large sum of the perturbative expansion series.

1. Introduction

In 1927, Dirac[1] invented quantum electrodynamics(QED), the relativis-

tic quantum field theory describing electromagnetic interactions of elec-

trons and photons. Then, it took almost two decades until Tomonaga[2]

introduced “renormalization”, the practical method to calculate physical

quantities including radiative corrections (such as the anomalous magnetic

moment of the electron[3]) by avoiding unphysical divergences. which of-

ten appear in higher-order terms in perturbative expansion series. However,

although over seven decades have passed since then, we still do not know

whether a sum of infinite series of perturbation expansions in QED is con-

vergent or not, which seems to be one of the oldest problems in quantum

field theory.

In 1951, Dyson[4] seemed to conjecture that perturbative expansion series

in QED may be taken as asymptotic expansion series in general. We, how-

ever, strongly disagree with him as we can imagine that perturbative ex-

pansion series may be convergent or divergent, depending on the physical

quantities and the values of expansion parameters such as the fine-structure

constant and the ratios of the masses of charged particles. In this paper, we

are going to discuss whether a sum of perturbative expansion series is con-

vergent or not by taking the radiative corrections to the magnetic moment

of a charged Dirac fermion such as the muon as an example.

Recently, one of the most intriguing problems in the standard model is

that the theoretical value of the muon g-2 predicted in the standard model,

(g − 2)SM
µ = (1165918.10± 0.43) × 10−9 (including the pure QED ra-

diative corrections up to five-loops[5], the electroweak contributions up to

two-loops[6], the hadronic vacuum polarization contributions[7], and the
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hadronic light-by-light scattering contributions[8]), disagrees with the ex-

perimental one[9], (g−2)exp
µ = (1165920.61±0.41)×10−9, by over four

σ′s :

(g − 2)exp
µ /2− (g − 2)SM

µ /2 = (2.51± 0.59)× 10−9

. Although this discrepancy, if it stayed [7], might indicate a valuable

sign for new physics beyond the standard model, it might also pinpoint a

possibility that a sum of the perturbative expansion series of higher orders

would be unexpectedly large. This conjecture will be made at the end of

this paper.

2. Expansion Parameters

The QED Lagrangian for N charged Dirac fermions with the charges and

masses, ei and mi for i = 1, 2, 3, ..., N , is given by

LQED =
∑

i

ψi[iγ
µ(∂µ − ieiAµ) −mi]ψi

−
1

4
(∂µAν − ∂νAµ)2,

where ψi and Aµ are the charged fermion and photon fields.

It seems useful in QED to expand any S-matrix amplitudes into infinite

series in terms of the fine-structure constant,

α = e2/4π,

where e is the electron charge magnitude, by assuming that the perturba-

tion expansion series may converge. The smallness of the fine-structure

constant, α = 1/137.035999139(31) � 1[10], seems to justify the as-

sumption. However, it is perfectly possible that the sum of the expansion

series may diverge, depending on the physical quantities, the value of the

fine-structure constant, and the total number and masses of the charged

particles, which we will demonstrate in the next Section.

Also, we will introduce another expansion parameter which is very

useful in discussing whether the perturative epansion series converge or

not.
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3. Muon Magnetic Moment

In 1962, Kinoshita[11] proved the theorem in QED that an unrenomlized

amplitude does not diverge in the massless limit of a charged fermion in

the loop. In 1968, I[12] introduced another expansion parameter in QED,

β = (2α/3π)ln(mµ/me),

which is about 0.00825 experimentally[10], and calculated the anomalous

magnetic moment of the muon of an arbitrary αn+1 order for n = 1, 2, 3, ...
as

(g − 2)(n+1)
µ /2 = (α/2π)βn[1 + O(α/π)],

in the leading order of β, by making use of the Kinoshita theorem.

Under the extreme condition of 1 � ln(mµ/me) � 3π/2α or α/π �

β � 1, the leading series of radiative corrections to the muon g-2 can be

summed up into the following form:

(g − 2)µ/2 = (α/2π)[1 +O(α/π)]/(1− β).

Therefore, it seems tempting to expect that the pure QED radiative correc-

tions up to arbitrary-number-loops can be summed up into a finite number.

Also, in 1968, I[13] discussed all the hadronic vacuum polarization contri-

butions to the anomalous magnetic moment of the muon and tried to obtain

an upper bound on it. Furthermore, by assuming the finiteness of all the

hadronic contributions, I even obtained constraints on the mass spectrum

of hadrons.

Now we come to the main point in this Section:

1) Suppose the fine-structure constant should be so large as the β parame-

ter might not be smaller than unity, the infinite sum of
∑

n(g − 2)
(n+1)
µ /2

for n = 1, 2, 3, ... would diverge. In other words, the finiteness of the

anomalous magnetic moment of the muon requires that the fine-structure

constant, α, must be smaller than 3π/2ln(mµ/me), which is about 0.89

experimentally[10].

2) Suppose there should exist N charged Dirac fermions with the masses

much smaller than the muon mass, the anomalous magnetic moment of

the muon of αn+1 order would become approximately by Nn times larger

than that of the same order but for N = 1. Therefore, the finiteness of

the anomalous magnetic moment of the muon requires that the number of
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charged Dirac fermions with the masses much smaller then the muon mass

must be smaller than 1/β, which is about 121.2 experimentally[10].

3) Suppose the electron mass should be much too much smaller or the

muon mass should be much too much larger so that the ratio of mµ/me

should be astronomically large so that the β parameter might not be smaller

than unity, the infinite sum of
∑

n(g − 2)
(n+1)
µ /2 for n = 1, 2, 3, ...would

diverge. In other words, the finiteness of the anomalous magnetic mo-

ment of the muon requires that the ratio of mµ/me must be smaller than

exp(3π/2α), which is about 10280 experimentally[10].

In concluding this Section, I would like to add that it may be worth

trying to reform the perturbation expansion method from the beginning in

QED or in quantum field theory in general as proposed by Shirkov[14] and

by ’t Hooft[15] over four decades ago.

4. Magnetic Monopole

In 1931, Dirac[16] introduced a quantum theory of the magnetic monopole

and showed that the magnetic charge g must be quantized as

eg/4π = ±n/2(n = 1, 2, 3, ...).

In 1966, Schwinger[17] proposed a quantum theory of the dyon having

both the electric and magnetic charges in which the quantization relation is

different as

eg/4π = ±n(n = 1, 2, 3, ...).

Later, Wu and Yang[18] introduced the magnetic monopole into the non-

Abelian SU(2) gauge theory. Furthermore, in 1974, ’t Hooft and Polyakov

[19] independently showed that a non-singular monopole configuration can

be constructed in the non-Abelian SU(2) gauge theory with adjoint scalar

fields.

In either cases, the quantization condition indicates that the electro-

magnetic coupling constant of the monopole, if any, must be very large

as g2/4π = 1/4α, which is about 34.3 experimentally[10]. Therefore,

already in 1962, Cabibbo and Ferrari[20] pointed out that the magnetic

monopole can be produced efficiently by photon-photon scatterings. How-

ever, it is not until 2006 or even more recently when Kurochkin et al. and
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others[21] proposed the production of magnetic monopoles by the two-

photon process[22] at high energy pp collisions.

Now we come to the main point in this Section:

1) The cross section for the production of monopole-anti-monopole pairs

by two photons to the lowest order of the monopole coupling constant is

proportional to the (g2/4π)2, which is of the order of 103, while a radia-

tive correction to the cross section of the first order is proportional to the

(g2/4π)4, which is of the order of 106. It seems hard to imagine that the

pertubation expansion series of radiative corrections to the cross section

would converge. The convergence of the radiative corrections seems to

forbid the existence of the magnetic monopole!

2) The cross section for the production of monopole-anti-monopole pairs

with n soft-photons(n = 1, 2, 3, ...) is proportional to (g2/4π)n+2, which

is of the order of 103(1+n/2). It seems incredible to have an explosive emis-

sion of photons in the production of monopole-anti-monopole pairs by two

photons once incident colliding photons reach the energy threshold for the

pair-production of monopoles. This also seems to forbid the existence of

the magnetic monopole

3) One way out of the above problems on the existence of the magnetic

monopole is to make a hypothesis that the monopoles may exist but only

in the form of “monopolium”, which is a composite state of monopole-

anti-monopole pairs tightly bounded by the strong Coulomb force between

them. If this is the case, the monopolium would be produced by the two

photon process as a resonance of two photons which decays instantly into

thousands of photons. It may be called “photon-ball”.

Conclusion

In the previous Sections, it has been argued that perturvative expansion

series in QED is asymmptotic expansion, convergent, or divergent series,

depending on the values of the fine-structure constant and the number and

masses of charged particles. In other words, the convergence of the series

gives some constrains on the values of the fine-structure constant and the

total number and mass-ratios of charged particles.

In conclusion, it shoud be emphasized that the discrepancy between

the present experimental and theoretical values of the muon anomalous

magnetic moment[5-9], if it stayed[7], might be due either to the larger
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hadronic hadronic vacuum polarizaion contrbutions (as emphasized over

a half century ago[7]) or to the unexpectedly large infinite sum of higher-

order radiative corrections. In either case, the one of the latest problems in

the standard model might be solved by the one of the oldest problems in

quantum field theory, without leading to new physics beyond the standard

model!
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through their arrival to the US. His education at 
public institutions including Brooklyn College 
nurtured his love of physics from an early age. 
He earned his PhD at Harvard and spent fruitful 
postdoc years at the Institute for Advanced Study 
and the Niels Bohr Institute, where he met many 
of the luminaries of the field. Then followed a 
long career at Brandeis University and many 
visits to foreign institutions. His work earned 
him many awards and led to exotic experiences 
detailed in the later chapters. The appendices 
contain semi-technical descriptions of some 
essential physics, as well as a more general 
commentary about the role of physics and 



Bibliography 161 

physicists in understanding the universe"-- 
Provided by publisher.  

Contents Early days: rootless cosmopolitan -- America -- 
College days -- Graduate school -- The institute 
for advanced study -- The Bohr Institute -- 
America again -- Boston - adulthood -- 
Academia: (UN)steady state -- Innocents abroad 
-- A big year -- Oxford et al. -- The eighties -- 
The iron curtain I -- The iron curtain II -- 
Tiananmen -- A last sabbatical -- Meetings and 
memorials -- Distinctions -- Festspiel.  

Subjects Deser, S. (Stanley)  

 Physicists--United States--Biography.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Deser, S. (Stanley) Forks in the 
road New Jersey: World Scientific, [2021] 
9789811234194 (DLC) 2021028053  

 

Forks in the road: a life in physics 

LCCN 2021028053  

Type of material Book  

Personal name Deser, S. (Stanley), author.  

Main title Forks in the road: a life in physics / Stanley 
Deser.  

Published/Produced New Jersey: World Scientific, [2021]  

Description 1 online resource  

ISBN 9789811234200 (ebook for individuals)  

 (hardcover)  

 9789811234194 (ebook for institutions)  

 (paperback)  

LC classification QC16.D48  

Summary "A scientific autobiography by Stanley Deser. 
Stanley Deser is a preeminent theoretical 



Bibliography 162 

physicist who made monumental contributions 
to general relativity, quantum field theory and 
high energy physics; he is a co-creator of 
supergravity. This is his personal story, intended 
for a broad, scientifically curious audience, with 
emphasis on the historic figures that defined the 
modern aspects of the field. Beginning with an 
account of his early life in Europe during the 
fateful period leading up to WW2, it continues 
with his family's dramatic escape from the Nazis 
through their arrival to the US. His education at 
public institutions including Brooklyn College 
nurtured his love of physics from an early age. 
He earned his PhD at Harvard and spent fruitful 
postdoc years at the Institute for Advanced Study 
and the Niels Bohr Institute, where he met many 
of the luminaries of the field. Then followed a 
long career at Brandeis University and many 
visits to foreign institutions. His work earned 
him many awards and led to exotic experiences 
detailed in the later chapters. The appendices 
contain semi-technical descriptions of some 
essential physics, as well as a more general 
commentary about the role of physics and 
physicists in understanding the universe"-- 
Provided by publisher.  

Contents Early days: rootless cosmopolitan -- America -- 
College days -- Graduate school -- The institute 
for advanced study -- The Bohr Institute -- 
America again -- Boston - adulthood -- 
Academia: (UN)steady state -- Innocents abroad 
-- A big year -- Oxford et al. -- The eighties -- 
The iron curtain I -- The iron curtain II -- 



Bibliography 163 

Tiananmen -- A last sabbatical -- Meetings and 
memorials -- Distinctions -- Festspiel.  

Subjects Deser, S. (Stanley)  

 Physicists--United States--Biography.  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Deser, S. Forks in the road New 
Jersey: World Scientific, [2021] 9789811234187 
(DLC) 2021028052  

 

Foundations of modern physics 

LCCN 2020055431  

Type of material Book  

Personal name Weinberg, Steven, 1933- author.  

Main title Foundations of modern physics / Steven 
Weinberg, The University of Texas at Austin.  

Published/Produced New York: Cambridge University Press, 2021.  

ISBN 9781108841764 (hardback)  

 (epub)  

LC classification QC21.3 .W345 2021  

Summary "In addition to his ground-breaking research, 
Nobel Laureate Steven Weinberg is known for a 
series of highly praised texts on various aspects 
of physics, combining exceptional physical 
insight with a gift for clear exposition. 
Describing the foundations of modern physics in 
their historical context and with some new 
derivations, Weinberg introduces topics ranging 
from early applications of atomic theory through 
thermodynamics, statistical mechanics, transport 
theory, special relativity, quantum mechanics, 



Bibliography 164 

nuclear physics, and quantum field theory. This 
volume provides the basis for advanced 
undergraduate and graduate physics courses as 
well as being a handy introduction to aspects of 
modern physics for working scientists"-- 
Provided by publisher.  

Subjects Physics.  

Notes Includes bibliographical references and indexes.  

Additional formats Online version: Weinberg, Steven, Foundations 
of modern physics 1. New York: Cambridge 
University Press, 2021. 9781108894845 (DLC) 
2020055432  

 

Foundations of modern physics 

LCCN 2020055432  

Type of material Book  

Personal name Weinberg, Steven, 1933- author.  

Main title Foundations of modern physics / Steven 
Weinberg, The University of Texas at Austin.  

Published/Produced New York: Cambridge University Press, 2021.  

Description 1 online resource  

ISBN 9781108894845 (epub)  

 (hardback)  

LC classification QC21.3  

Summary "In addition to his ground-breaking research, 
Nobel Laureate Steven Weinberg is known for a 
series of highly praised texts on various aspects 
of physics, combining exceptional physical 
insight with a a gift for clear exposition. 
Describing the foundations of modern physics in 
their historical context and with some new 
derivations, Weinberg introduces topics ranging 
from early applications of atomic theory through 



Bibliography 165 

thermodynamics, statistical mechanics, transport 
theory, special relativity, quantum mechanics, 
nuclear physics, and quantum field theory. This 
volume provides the basis for advanced 
undergraduate and graduate physics courses as 
well as being a handy introduction to aspects of 
modern physics for working scientists"-- 
Provided by publisher.  

Subjects Physics.  

Notes Includes bibliographical references and indexes.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Weinberg, Steven, 1933- 
Foundations of modern physics New York: 
Cambridge University Press, 2021. 
9781108841764 (DLC) 2020055431  

 

Foundations of quantum field theory 

LCCN 2020037035  

Type of material Book  

Personal name Rothe, Klaus D. (Klaus Dieter) author.  

Main title Foundations of quantum field theory / Klaus D. 
Rothem, University of Heidelberg, Germany.  

Published/Produced Hackensack: World Scientific, [2021]  

ISBN 9789811221927 (hardcover)  

 9789811223006 (paperback)  

 (ebook)  

LC classification QC174.24.R4 R68 2020  

Summary "Based on a two-semester course held at the 
University of Heidelberg, Germany, this book 
provides an adequate resource for the lecturer and 
the student. The contents are primarily aimed at 



Bibliography 166 

graduate students who wish to learn about the 
fundamental concepts behind constructing a 
Relativistic Quantum Theory of particles and 
fields. So it provides a comprehensive foundation 
for the extension to Quantum Chromodynamics 
and Weak Interactions, that are not included in 
this book"-- Provided by publisher.  

Subjects Relativistic quantum theory.  

Notes Includes bibliographical references and index.  

Series World scientific lecture notes in physics, 1793-
1436; vol. 84  

 

From the past to the future: the legacy of Lev Lipatov 

LCCN 2021049422  

Type of material Book  

Main title From the past to the future: the legacy of Lev 
Lipatov / editors, Joachim Bartels, Victor Fadin, 
Eugene Levin, Aharon Levy, Victor Kim, 
Agustín Sabio-Vera.  

Published/Produced New Jersey: World Scientific, [2022]  

Description xii, 501 pages: color illustrations; 25 cm  

ISBN 9789811231117 (hardcover)  

 (ebook for institutions)  

 (ebook for individuals)  

LC classification QC16.L56 A6 2022  

Related names Bartels, J. (Jochen), editor.  

 Fadin, V. S. (Viktor Sergeevich), editor.  

 Levin, Eugene (Eugene M.), editor.  

 Levy, Aharon, 1940- editor.  

 Kim, Victor T., editor.  

 Sabio-Vera, Agustín, editor.  

Summary "This book has been designed to honor Lev 
Nikolaevich Lipatov, as a person and as one of 



Bibliography 167 

the leading scientists in theoretical high energy 
physics. The book begins with three articles on 
Lev as a person, written endearingly by family 
members, a very close friend and Physics 
professor, Eugene Levin, and another 
outstanding scientist, Alfred Mueller. The book 
further collects 18 articles by several scientists 
who closely knew and/or collaborated with Lev. 
With an overarching range over various 
subfields, the book summarizes parts of Lev's 
achievements, presents new results which are 
based upon Lev's work, and paints an outlook on 
possible future developments. Lev's theoretical 
work has had an influential impact on 
phenomenology and experimental high energy 
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W polynomials / Steven Noble -- Topological 
extensions of the Tutte polynomial / Sergei 
Chmutov -- The Tutte polynomial of matroid 
perspectives / Emeric Gioan -- Hyperplane 
arrangements and the finite field method / 
Federico Ardila -- Some algebraic structures 
related to the Tutte polynomial / Michael J. Falk, 
Joseph P.S. Kung -- The Tutte polynomial of 
oriented matroids / Emeric Gioan -- Valuative 
invariants on matroid basis polytopes / Michael 
J. Falk, Joseph P.S. Kung -- Non-matroidal 
generalizations / Gary Gordon, Elizabeth 
McMahon -- The history of Tutte-Whitney 
polynomials / Graham Farr.  

Subjects Tutte polynomial.  

 Graph theory.  
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 Polynomials.  

 Invariants.  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Handbook of the Tutte polynomial 
and related topics First edition. Boca Raton: 
C&H/CRC Press, 2022 9781482240627 (DLC) 
2021048725  

 

Handbook of the Tutte polynomial and related topics 

LCCN 2021048725  

Type of material Book  

Main title Handbook of the Tutte polynomial and related 
topics / edited by Joanna A. Ellis-Monaghan, 
Iain Moffatt.  

Edition First edition.  

Published/Produced Boca Raton: C&H/CRC Press, 2022.  

ISBN 9781482240627 (hardback)  

 9781032228945 (paperback)  

 (ebook)  

LC classification QA166.249 .H36 2022  

Related names Ellis-Monaghan, Joanna Anthony, editor.  

 Moffatt, Iain, editor.  

Summary "The Tutte Polynomial touches on nearly every 
area of combinatorics as well as many other 
fields, including statistical mechanics, coding 
theory, and DNA sequencing. It is one of the 
most studied graph polynomials. Handbook of 
the Tutte Polynomial and Related Topics is the 
first handbook published on the Tutte 
Polynomial. It consists of thirty-four chapters, 
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written by experts in the field, that collectively 
offer a concise overview of the polynomial's 
many properties and applications. Features: 
Written in an accessible style for non-experts yet 
extensive enough for experts; Serves as a 
comprehensive and accessible introduction to the 
theory of graph polynomials for researchers in 
mathematics, physics, and computer science; 
Provides an extensive reference volume for the 
evaluations, theorems, and properties of the 
Tutte polynomial and related graph, matroid, and 
knot invariants; Offers broad coverage, touching 
on the wide range of applications of the Tutte 
polynomial and its various specializations"-- 
Provided by publisher.  

Contents Graph theory / Joanna A. Ellis-Monaghan, Iain 
Moffatt -- The Tutte polynomial for graphs / 
Joanna A. Ellis-Monaghan, Iain Moffatt -- 
Essential properties of the Tutte polynomial / 
Béla Bollobás, Oliver Riordan -- Matroid theory 
/ James Oxley -- Tutte polynomial activities / 
Spencer Backman -- Tutte uniqueness and Tutte 
equivalence / Joseph E. Bonin, Anna de Mier -- 
Computational techniques / Criel Merino -- 
Computational resources / David Pearce, Gordon 
F. Royle -- The exact complexity of the Tutte 
polynomial / Tomer Kotek, Johann A. 
Makowsky -- Approximating the Tutte 
polynomial / Magnus Bordewich -- Foundations 
of the chromatic polynomial / Fengming Dong, 
Khee Meng Koh -- Flows and colorings / Delia 
Garijo, Andrew Goodall, Jaroslav Nešetřil -- 
Skein polynomials and the Tutte polynomial 
when x = y / Joanna A. Ellis-Monaghan, Iain 
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Moffatt -- The interlace polynomial and the 
Tutte-Martin polynomial / Robert Brijder, 
Hendrik Jan Hoogeboom -- Network reliability / 
Jason I. Brown, Charles J. Colbourn -- Codes / 
Thomas Britz, Peter J. Cameron -- The chip-
firing game and the sandpile model / Criel 
Merino -- The Tutte polynomial and knot theory 
/ Stephen Huggett -- Quantum field theory 
connections / Adrian Tanasa -- The Potts and 
random-cluster models / Geoffrey Grimmett -- 
Where Tutte and Holant meet: a view from 
counting complexity / Jin-Yi Cai, Tyson 
Williams -- Polynomials and graph 
homomorphisms / Delia Garijo, Andrew 
Goodall, Jaroslav Nešetřil, Guus Regts -- 
Digraph analogues of the Tutte polynomial / 
Timothy Y. Chow -- Multivariable, 
parameterized, and colored extensions of the 
Tutte polynomial / Lorenzo Traldi -- Zeros of the 
Tutte polynomial / Bill Jackson -- The U, V and 
W polynomials / Steven Noble -- Topological 
extensions of the Tutte polynomial / Sergei 
Chmutov -- The Tutte polynomial of matroid 
perspectives / Emeric Gioan -- Hyperplane 
arrangements and the finite field method / 
Federico Ardila -- Some algebraic structures 
related to the Tutte polynomial / Michael J. Falk, 
Joseph P.S. Kung -- The Tutte polynomial of 
oriented matroids / Emeric Gioan -- Valuative 
invariants on matroid basis polytopes / Michael 
J. Falk, Joseph P.S. Kung -- Non-matroidal 
generalizations / Gary Gordon, Elizabeth 
McMahon -- The history of Tutte-Whitney 
polynomials / Graham Farr.  
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Subjects Tutte polynomial.  

 Graph theory.  

 Polynomials.  

 Invariants.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Handbook of the Tutte 
polynomial and related topics. First edition Boca 
Raton: C&H/CRC Press, 2022 9780429161612 
(DLC) 2021048726  

 

Higher spin field theory. Volume 1, Free theory 

LCCN 2020934839  

Type of material Book  

Personal name Bengtsson, Anders, author.  

Main title Higher spin field theory. Volume 1, Free theory 
/ Anders Bengtsson.  

Published/Produced Berlin; Boston: De Gruyter, [2020]  

Description xviii, 354 pages: illustrations (black and white); 
25 cm  

ISBN 9783110450538 (hardcover)  

 3110450534 (hardcover)  

LC classification QC793.3.G38 B46 2020  

Summary This monograph takes stock of the situation in 
higher spin gauge theories for the first time. 
Besides a thorough recapitulation of the field's 
history, it reviews the progress that has been 
made and offers a pedagogical introduction to 
the subject. Abstract approaches to the theory are 
offered to facilitate a conceptual rethinking of 
the main problems and to help see patterns 
hidden by heavy.-- Source other than the Library 
of Congress.  
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Contents Frontmatter -- Preface -- Contents -- 1. 
Introduction and motivation -- 2. Notes on the 
history of the subject -- 3. Concepts, 
mathematical structures and notation -- 4. Lower 
spin theory -- 5. Exploring the free field theory -
- 6. The light-front approach -- A. Epilogue -- 
Bibliography -- Index  

Subjects Gauge fields (Physics)  

 Quantum field theory.  

 Particles (Nuclear physics)  

 Gauge fields (Physics)  

 Particles (Nuclear physics)  

 Quantum field theory.  

Notes Includes bibliographical references and index.  

Additional formats Electronic version: Bengtsson, Anders. Higher 
spin field theory. Volume 1, Free theory. Berlin; 
Boston: De Gruyter, [2020] 9783110451771 
(DLC) 2020934839 (OCoLC)1163877965  

Series Texts and Monographs in Theoretical Physics, 
2627-3934  

 Texts and monographs in theoretical physics. 
2627-3934  

 

Homotopical quantum field theory 

LCCN 2019049784  

Type of material Book  

Personal name Yau, Donald Y. (Donald Ying), 1977- author.  

Main title Homotopical quantum field theory / Donald Yau.  

Published/Produced Hackensack, New Jersey: World Scientific, 
[2020]  

ISBN 9789811212857 (hardcover)  

 (ebook)  

LC classification QA612.7 .Y38 2020  
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Summary "This book provides a general and powerful 
definition of homotopy algebraic quantum field 
theory and homotopy prefactorization algebra 
using a new coend definition of the Boardman-
Vogt construction for a colored operad. All of 
their homotopy coherent structures are explained 
in details, along with a comparison between the 
two approaches at the operad level. With 
chapters on basic category theory, trees, and 
operads, this book is self-contained and is 
accessible to graduate students"-- Provided by 
publisher.  

Contents Category theory -- Trees -- Colored operads -- 
Constructions on operads -- Boardman-Vogt 
construction of operads -- Algebras over the 
Boardman-Vogt construction -- Algebraic 
quantum field theories -- Homotopy algebraic 
quantum field theories -- Prefactorization 
algebras -- Homotopy prefactorization algebras -
- Comparing prefactorization algebras and 
AQFT.  

Subjects Homotopy theory.  

 Quantum field theory--Mathematics.  

Notes Includes bibliographical references and index.  

 

Homotopical quantum field theory 

LCCN 2019723536  

Type of material Book  

Personal name Yau, Donald Y. (Donald Ying), 1977- author.  

Main title Homotopical quantum field theory / Donald Yau.  

Published/Produced Hackensack, New Jersey: World Scientific, 
[2020]  

Description 1 online resource  
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ISBN 9789811212864 (ebook)  

 (hardcover)  

LC classification QA612.7  

Summary "This book provides a general and powerful 
definition of homotopy algebraic quantum field 
theory and homotopy prefactorization algebra 
using a new coend definition of the Boardman-
Vogt construction for a colored operad. All of 
their homotopy coherent structures are explained 
in details, along with a comparison between the 
two approaches at the operad level. With 
chapters on basic category theory, trees, and 
operads, this book is self-contained and is 
accessible to graduate students"-- Provided by 
publisher.  

Contents Category theory -- Trees -- Colored operads -- 
Constructions on operads -- Boardman-Vogt 
construction of operads -- Algebras over the 
Boardman-Vogt construction -- Algebraic 
quantum field theories -- Homotopy algebraic 
quantum field theories -- Prefactorization 
algebras -- Homotopy prefactorization algebras -
- Comparing prefactorization algebras and 
AQFT.  

Subjects Homotopy theory.  

 Quantum field theory--Mathematics.  

Notes Includes bibliographical references and index.  

 Description based on print version record.  

Additional formats Print version: Homotopical quantum field theory 
Hackensack, New Jersey: World Scientific, 
[2020] 9789811212857 (DLC) 2019049784  
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Integrability, quantization, and geometry 

LCCN 2020043148  

Type of material Book  

Main title Integrability, quantization, and geometry / Igor 
Krichever, Sergey Novikov, Oleg Ogievetsky, 
Senya Shlosman, editors.  

Published/Produced Providence, Rhode Island: American 
Mathematical Society, [2021]  

Description 2 volumes (xxi, 516; xxi, 480 pages): 
illustrations, portraits; 26 cm  

ISBN 9781470455910 (volume 1; paperback)  

 9781470455927 (volume 2; paperback)  

 (volume 1; ebook)  

 (volume 2; ebook)  

LC classification QA564 .I54 2021  

Related names Krichever, I. M., editor.  

Contents Volume 1. Integrable systems -- Volume 2. 
Quantum theories and algebraic geometry.  

Subjects Dubrovin, B. A. (Boris Anatolʹevich)--Influence.  

 Geometry, Algebraic.  

 Topology.  

 Homology theory.  

 Quantum theory.  

 Algebraic geometry -- (Co)homology theory 
[See also 13Dxx] -- Sheaves, derived categories 
of sheaves and related constructions [See also 
14H60, 14J60, 18F20, 32Lxx, 46M20].  

 Algebraic geometry -- (Co)homology theory 
[See also 13Dxx] -- Differentials and other 
special sheaves; D-modules; Bernstein-Sato 
ideals and polynomials [See also 13Nxx, 
32C38].  
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 Algebraic geometry -- Arithmetic problems. 
Diophantine geometry [See also 11Dxx, 11Gxx] 
-- Zeta-functions and related questions [See also 
11G40] (Birch-Swinnerton-Dyer conjecture).  

 Algebraic geometry -- Surfaces and higher-
dimensional varieties {For analytic theory, see 
32Jxx} -- Families, moduli, classification: 
algebraic theory.  

 Algebraic geometry -- Surfaces and higher-
dimensional varieties {For analytic theory, see 
32Jxx} -- Mirror symmetry [See also 11G42, 
53D37].  

 Algebraic geometry -- Surfaces and higher-
dimensional varieties {For analytic theory, see 
32Jxx} -- Vector bundles on surfaces and higher-
dimensional varieties, and their moduli [See also 
14D20, 14F05  

 Special functions (33-XX deals with the 
properties of functions as functions) {For 
orthogonal functions, see 42Cxx; for aspects of 
combinatorics see 05Axx; for number-theoretic 
aspects see 11-XX; for  

 Differential geometry {For differential topology, 
see 57Rxx. For foundational questions of 
differentiable manifolds, see 58Axx} -- Classical 
differential geometry -- Higher-dimensional and 
-codimensional  

 Differential geometry {For differential topology, 
see 57Rxx. For foundational questions of 
differentiable manifolds, see 58Axx} -- 
Symplectic geometry, contact geometry [See 
also 37Jxx, 70Gxx, 70Hxx]  

 Differential geometry {For differential topology, 
see 57Rxx. For foundational questions of 
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differentiable manifolds, see 58Axx} -- 
Symplectic geometry, contact geometry [See 
also 37Jxx, 70Gxx, 70Hxx]  

 Algebraic geometry -- Surfaces and higher-
dimensional varieties {For analytic theory, see 
32Jxx} -- Relationships with physics.  

 Associative rings and algebras {For the 
commutative case, see 13-XX} -- Hopf algebras, 
quantum groups and related topics -- Ring-
theoretic aspects of quantum groups [See also 
17B37, 20G42, 81R50].  

 Group theory and generalizations -- 
Representation theory of groups [See also 19A22 
(for representation rings and Burnside rings)] -- 
Ordinary representations and characters.  

 Group theory and generalizations -- 
Representation theory of groups [See also 19A22 
(for representation rings and Burnside rings)] -- 
Applications of group representations to physics.  

 Convex and discrete geometry -- Discrete 
geometry -- Lattices and convex bodies in $n$ 
dimensions [See also 11H06, 11H31, 11P21].  

 Differential geometry {For differential topology, 
see 57Rxx. For foundational questions of 
differentiable manifolds, see 58Axx} -- 
Symplectic geometry, contact geometry [See 
also 37Jxx, 70Gxx, 70Hxx]  

 Differential geometry {For differential topology, 
see 57Rxx. For foundational questions of 
differentiable manifolds, see 58Axx} -- 
Symplectic geometry, contact geometry [See 
also 37Jxx, 70Gxx, 70Hxx]  

 Quantum theory -- Quantum field theory; related 
classical field theories [See also 70Sxx] -- Yang-
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Mills and other gauge theories [See also 53C07, 
58E15].  

 Quantum theory -- Quantum field theory; related 
classical field theories [See also 70Sxx] -- String 
and superstring theories; other extended objects 
(e.g., branes) [See also 83E30].  

 Quantum theory -- Quantum field theory; related 
classical field theories [See also 70Sxx] -- Two-
dimensional field theories, conformal field 
theories, etc..  

Notes Includes bibliographical references.  

Series Proceedings of symposia in pure mathematics, 
0082-0717; 103.1, 103.2  

 

Introduction to quantum field theory and the standard model 

LCCN 2021050560  

Type of material Book  

Personal name Hollik, W. (Wolfgang), 1951- author.  

Main title Introduction to quantum field theory and the 
standard model / Wolfgang Hollik, Max Planck 
Institute for Physics, Germany.  

Published/Produced New Jersey: World Scientific, [2022]  

Description 1 online resource  

ISBN 9789811242199 (ebook other)  

 9789811242182 (ebook)  

 (hardcover)  

LC classification QC174.45  

Summary "Based on the lectures given at TU Munich for 
third-year physics students, this book provides 
the basic concepts of relativistic quantum field 
theory, perturbation theory, Feynman graphs, 
Abelian and non-Abelian gauge theories, with 
application to QED, QCD, and the electroweak 
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Standard Model. It also introduces quantum field 
theory and particle physics for beginning 
graduate students with an orientation towards 
particle physics and its theoretical foundations. 
Phenomenology of W and Z bosons, as well as 
Higgs bosons, is part of the electroweak chapter 
in addition to recent experimental results, 
precision tests and current status of the Standard 
Model"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Hollik, W. 1951- Introduction to 
quantum field theory and the standard model 
New Jersey: World Scientific, [2022] 
9789811242175 (DLC) 2021050559  

 

Introduction to quantum field theory and the standard model 

LCCN 2021050559  

Type of material Book  

Personal name Hollik, W. (Wolfgang), 1951- author.  

Main title Introduction to quantum field theory and the 
standard model / Wolfgang Hollik, Max Planck 
Institute for Physics, Germany.  

Published/Produced New Jersey: World Scientific, [2022]  

ISBN 9789811242175 (hardcover)  

 (ebook)  

 (ebook other)  

LC classification QC174.45 .H647 2022  

Summary "Based on the lectures given at TU Munich for 
third-year physics students, this book provides 
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the basic concepts of relativistic quantum field 
theory, perturbation theory, Feynman graphs, 
Abelian and non-Abelian gauge theories, with 
application to QED, QCD, and the electroweak 
Standard Model. It also introduces quantum field 
theory and particle physics for beginning 
graduate students with an orientation towards 
particle physics and its theoretical foundations. 
Phenomenology of W and Z bosons, as well as 
Higgs bosons, is part of the electroweak chapter 
in addition to recent experimental results, 
precision tests and current status of the Standard 
Model"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Hollik, Wolfgang. Introduction 
to quantum field theory and the standard model 
Hackensack: World Scientific, 2022 
9789811242182 (DLC) 2021050560  

 

Introduction to quantum field theory with applications to quantum 
gravity 

LCCN 2020945719  

Type of material Book  

Personal name Buchbinder, Joseph, author.  

Main title Introduction to quantum field theory with 
applications to quantum gravity / Iosif L. 
Buchbinder, Ilya L. Shapiro.  

Edition First edition.  

Published/Produced Oxford: Oxford University Press, 2021.  

Description x, 525 pages: illustrations (black and white); 26 
cm.  

ISBN 9780198838319 hardback  
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 019883831X hardback  

LC classification QC174.45 .B83 2021  

Related names Shapiro, Ilya., author.  

Subjects Quantum field theory.  

 Quantum gravity.  

 Quantum field theory.  

 Quantum gravity.  

Notes Includes bibliographical references and index.  

Series Oxford graduate texts  

 Oxford graduate texts.  

 

Introduction to quantum field theory 

LCCN 2019006491  

Type of material Book  

Personal name Năstase, Horațiu, 1972- author.  

Main title Introduction to quantum field theory / Horațiu 
Năstase (Universidade Estadual Paulista, São 
Paulo).  

Published/Produced Cambridge, United Kingdom; New York, NY: 
Cambridge University Press, 2020.  

 ©2020  

ISBN 9781108493994 (alk. paper)  

 1108493998 (alk. paper)  

LC classification QC174.45 .N353 2020  

Summary "This book is meant as a two-semester course in 
quantum field theory, skipping some material 
that can be studied independently. The chapters 
with asterisk I have not taught in my class, and 
can be skipped in a first reading, or when 
teaching the material. The book and the 
corresponding course is supposed to follow a 
course in classical field theory, however, I have 
tried to make the book self-contained. That 
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means that only a thorough knowledge of 
classical mechanics, quantum mechanics, and 
electromagnetism is really needed, though it is 
preferrable to have firrst classical field theory. I 
will only review classical field theory, without 
going in great detail"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

 

Introduction to the standard model and beyond: quantum field 
theory, symmetries and phenomenology 

LCCN 2021024621  

Type of material Book  

Personal name Raby, Stuart, author.  

Main title Introduction to the standard model and beyond: 
quantum field theory, symmetries and 
phenomenology / Stuart Raby.  

Published/Produced Cambridge: Cambridge University Press, 2021.  

Description 1 online resource  

ISBN 9781108644129 (ebook)  

 (hardback)  

LC classification QC794.6.S75  

Summary "The Standard Model of particle physics is an 
amazingly successful theory describing the 
fundamental particles and forces of nature. This 
text, written for a two-semester graduate course 
on the Standard Model, develops a practical 
understanding of the theoretical concepts it's built 
upon, to prepare students to enter research. The 
author takes a historical approach to demonstrate 
to students the process of discovery which is often 
overlooked in other textbooks, presenting 
quantum field theory and symmetries as the 
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necessary tools for describing and understanding 
the Standard Model. He develops these tools 
using a basic understanding of quantum 
mechanics and classical field theory, such as 
Maxwell's electrodynamics, before discussing the 
important role that Noether's theorem and 
conserved charges play in the theory. Worked 
examples feature throughout the text, while 
homework exercises are included for the first five 
parts, with solutions available online for 
instructors. Inspired by the author's own teaching 
experience, suggestions for independent research 
topics have been provided for the second-half of 
the course, which students can then present to the 
rest of the class"-- Provided by publisher.  

Subjects Standard model (Nuclear physics)  

 Quantum theory.  

 Science / Physics / Nuclear  

 Science / Physics / Nuclear  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Raby, Stuart. Introduction to the 
standard model and beyond Cambridge: 
Cambridge University Press, 2021 
9781108494199 (DLC) 2021024620  

 

Introduction to the standard model and beyond: quantum field 
theory, symmetries and phenomenology 

LCCN 2021024620  

Type of material Book  

Personal name Raby, Stuart, author.  
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Main title Introduction to the standard model and beyond: 
quantum field theory, symmetries and 
phenomenology / Stuart Raby.  

Published/Produced Cambridge: Cambridge University Press, 2021.  

ISBN 9781108494199 (hardback)  

 (ebook)  

LC classification QC794.6.S75 R33 2021  

Summary "The Standard Model of particle physics is an 
amazingly successful theory describing the 
fundamental particles and forces of nature. This 
text, written for a two-semester graduate course 
on the Standard Model, develops a practical 
understanding of the theoretical concepts it's 
built upon, to prepare students to enter research. 
The author takes a historical approach to 
demonstrate to students the process of discovery 
which is often overlooked in other textbooks, 
presenting quantum field theory and symmetries 
as the necessary tools for describing and 
understanding the Standard Model. He develops 
these tools using a basic understanding of 
quantum mechanics and classical field theory, 
such as Maxwell's electrodynamics, before 
discussing the important role that Noether's 
theorem and conserved charges play in the 
theory. Worked examples feature throughout the 
text, while homework exercises are included for 
the first five parts, with solutions available online 
for instructors. Inspired by the author's own 
teaching experience, suggestions for 
independent research topics have been provided 
for the second-half of the course, which students 
can then present to the rest of the class"-- 
Provided by publisher.  
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Subjects Standard model (Nuclear physics)  

 Quantum theory.  

 Science / Physics / Nuclear  

 Science / Physics / Nuclear  

Notes Includes bibliographical references and index.  

Additional formats Online version: Raby, Stuart Introduction to the 
standard model and beyond Cambridge: 
Cambridge University Press, 2021 
9781108644129 (DLC) 2021024621  

 

Lattice quantum field theory of the Dirac and gauge fields: selected 
topics 

LCCN 2019047773  

Type of material Book  

Personal name Baaquie, B. E., author.  

Main title Lattice quantum field theory of the Dirac and 
gauge fields: selected topics / Belal Ehsan 
Baaquie.  

Published/Produced New Jersey: World Scientific Publishing, [2020]  

ISBN 9789811209697 (hardcover)  

 (ebook for institutions)  

 (ebook for individuals)  

LC classification QC793.3.G38 B33 2020  

Summary "Quantum Chromodynamics is the theory of 
strong interactions: a quantum field theory of 
colored gluons (Yang-Mills gauge fields) 
coupled to quarks (Dirac fermion fields). Lattice 
gauge theory is defined by discretizing spacetime 
into a four-dimensional lattice --- and entails 
defining gauge fields and Dirac fermions on a 
lattice. The applications of lattice gauge theory 
are vast, from the study of high-energy theory 
and phenomenology to the numerical studies of 
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quantum fields. "Lattice Quantum Field Theory 
of the Dirac and Gauge Fields: Selected Topics" 
examines the mathematical foundations of lattice 
gauge theory from first principles. It is 
indispensable for the study of Dirac and lattice 
gauge fields and lays the foundation for more 
advanced and specialized studies"-- Provided by 
publisher.  

Contents SU(N) compact lie groups -- SU(N) Kac-Moody 
algebra -- SU(N) path integrals -- SU(3) 
character functions -- Fermion calculus -- Non-
Abelian lattice gauge field -- Abelian lattice 
gauge field in d=3 -- Lattice gauge field mass 
renormalization -- Gauge field block-spin 
renormalization -- Lattice gauge field 
Hamiltonian -- Dirac lattice path integral -- Dirac 
Hamiltonian -- Lattice gauge theory 
Hamiltonian.  

Subjects Lattice gauge theories.  

 Quantum field theory.  

 Lattice field theory.  

 Dirac equation.  

 Quantum chromodynamics.  

Notes Includes bibliographical references and index.  

 

Lattice quantum field theory of the Dirac and gauge fields: selected 
topics 

LCCN 2019723406  

Type of material Book  

Personal name Baaquie, B. E., author.  

Main title Lattice quantum field theory of the Dirac and 
gauge fields: selected topics / Belal Ehsan 
Baaquie.  
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Published/Produced New Jersey: World Scientific Publishing, [2020]  

Description 1 online resource  

ISBN 9789811209703 (ebook for institutions)  

 9789811209710 (ebook for individuals)  

 (hardcover)  

LC classification QC793.3.G38  

Summary "Quantum Chromodynamics is the theory of 
strong interactions: a quantum field theory of 
colored gluons (Yang-Mills gauge fields) 
coupled to quarks (Dirac fermion fields). Lattice 
gauge theory is defined by discretizing spacetime 
into a four-dimensional lattice --- and entails 
defining gauge fields and Dirac fermions on a 
lattice. The applications of lattice gauge theory 
are vast, from the study of high-energy theory 
and phenomenology to the numerical studies of 
quantum fields. "Lattice Quantum Field Theory 
of the Dirac and Gauge Fields: Selected Topics" 
examines the mathematical foundations of lattice 
gauge theory from first principles. It is 
indispensable for the study of Dirac and lattice 
gauge fields and lays the foundation for more 
advanced and specialized studies"-- Provided by 
publisher.  

Contents SU(N) compact lie groups -- SU(N) Kac-Moody 
algebra -- SU(N) path integrals -- SU(3) character 
functions -- Fermion calculus -- Non-Abelian 
lattice gauge field -- Abelian lattice gauge field in 
d=3 -- Lattice gauge field mass renormalization -
- Gauge field block-spin renormalization -- 
Lattice gauge field Hamiltonian -- Dirac lattice 
path integral -- Dirac Hamiltonian -- Lattice gauge 
theory Hamiltonian.  

Subjects Lattice gauge theories.  
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 Quantum field theory.  

 Lattice field theory.  

 Dirac equation.  

 Quantum chromodynamics.  

Notes Includes bibliographical references and index.  

 Description based on print version record.  

Additional formats Print version: Lattice quantum field theory of the 
Dirac and gauge fields New Jersey: World 
Scientific Publishing, [2020] 9789811209697 
(DLC) 2019047773  

 

Lectures on quantum field theory 

LCCN 2020030278  

Type of material Book  

Personal name Das, Ashok, 1953- author.  

Main title Lectures on quantum field theory / Ashok Das, 
University of Rochester, USA.  

Edition Second edition.  

Published/Produced New Jersey: World Scientific, [2021]  

ISBN 9789811220869 (hardcover)  

 9789811222160 (paperback)  

 (ebook for institutions)  

 (ebook for individuals)  

LC classification QC174.45 .D369 2021  

Portion of title Quantum field theory  

Summary "This book comprises the lectures of a two-
semester course on quantum field theory, 
presented in a quite informal and personal 
manner. The course starts with relativistic one-
particle systems, and develops the basics of 
quantum field theory with an analysis on the 
representations of the Poincaré group. Canonical 
quantization is carried out for scalar, fermion, 
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Abelian and non-Abelian gauge theories. 
Covariant quantization of gauge theories is also 
carried out with a detailed description of the 
BRST symmetry. The Higgs phenomenon and the 
standard model of electroweak interactions are 
also developed systematically. Regularization and 
(BPHZ) renormalization of field theories as well 
as gauge theories are discussed in detail, leading 
to a derivation of the renormalization group 
equation. In addition, two chapters - one on the 
Dirac quantization of constrained systems and 
another on discrete symmetries - are included for 
completeness, although these are not covered in 
the two-semester course. This second edition 
includes two new chapters, one on Nielsen 
identities and the other on basics of global 
supersymmetry. It also includes two appendices, 
one on fermions in arbitrary dimensions and the 
other on gauge invariant potentials and the Fock-
Schwinger gauge"-- Provided by publisher.  

Subjects Quantum field theory--Textbooks.  

Notes Includes bibliographical references and index.  

 

Local operators in integrable models I 

LCCN 2021006693  

Type of material Book  

Personal name Jimbo, M. (Michio), author.  

Main title Local operators in integrable models I / Michio 
Jimbo, Tetsuji Miwa, Fedor Smirnov.  

Published/Produced Providence, Rhode Island: American 
Mathematical Society, [2021]-  

Description xii, 192 pages: illustrations; 26 cm.  

ISBN 9781470465520 (paperback; acid-free paper)  
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 (ebook)  

LC classification QC20.7.I58 J56 2021  

Related names Miwa, T. (Tetsuji), author.  

 Smirnov, F. A., author.  

Subjects Integral equations.  

 Operator theory.  

 Quantum field theory.  

 Statistical mechanics.  

 Statistical mechanics, structure of matter -- 
Equilibrium statistical mechanics -- Lattice 
systems (Ising, dimer, Potts, etc.) and systems on 
graphs arising in equilibrium statistical 
mechanics.  

 Statistical mechanics, structure of matter -- 
Equilibrium statistical mechanics -- Exactly 
solvable models; Bethe ansatz.  

 Associative rings and algebras -- Hopf algebras, 
quantum groups and related topics -- Yang-
Baxter equations.  

 Nonassociative rings and algebras -- Lie algebras 
and Lie superalgebras -- Quantum groups 
(quantized enveloping algebras) and related 
deformations.  

 Quantum theory -- Quantum field theory; related 
classical field theories -- Two-dimensional field 
theories, conformal field theories, etc. in 
quantum mechanics.  

 Quantum theory -- Groups and algebras in 
quantum theory -- Quantum groups and related 
algebraic methods applied to problems in 
quantum theory.  

Notes Includes bibliographical references (pages 187-
190) and index.  
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Series Mathematical surveys and monographs; volume 
256  

 

Łojasiewicz-Simon gradient inequalities for coupled Yang-Mills 
energy functionals 

LCCN 2021016998  

Type of material Book  

Personal name Feehan, Paul M. N., 1961- author.  

Main title Łojasiewicz-Simon gradient inequalities for 
coupled Yang-Mills energy functionals / Paul 
M.N. Feehan, Manousos Maridakis.  

Published/Produced Providence: American Mathematical Society, 
[2020]  

Description xiii, 138 pages; 26 cm  

ISBN 9781470443023 (paperback)  

 (pdf)  

LC classification QC174.52.Y37 F44 2020  

Related names Maridakis, Manousos, 1982- author.  

Summary "We prove Lojasiewicz-Simon gradient 
inequalities for coupled Yang-Mills energy 
functions using Sobolev spaces which impose 
minimal regularity requirements on pairs of 
connections and sections. The Lojasiewicz-
Simon gradient inequalities for coupled Yang-
Mills energy functions generalize that of the pure 
Yang-Mills energy function due to the first 
author (Feehan, 2014) for base manifolds of 
arbitrary dimension and due to Räde (1992, 
Proposition 7.2) for dimensions two and three"-- 
Provided by publisher.  

Subjects Yang-Mills theory.  

 Global analysis, analysis on manifolds [See also 
32Cxx, 32Fxx, 32Wxx, 46-XX, 47Hxx, 53Cxx] 
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{For geometric integration theory, see 49Q15} -
- Variational problems in infinite-dimensional 
spaces -- Applications  

 Manifolds and cell complexes {For complex 
manifolds, see 32Qxx} -- Differential topology 
{For foundational questions of differentiable 
manifolds, see 58Axx; for infinite-dimensional 
manifolds, see 58B  

 Dynamical systems and ergodic theory [See also 
26A18, 28Dxx, 34Cxx, 34Dxx, 35Bxx, 46Lxx, 
58Jxx, 70-XX] -- Dynamical systems with 
hyperbolic behavior -- Morse-Smale systems.  

 Global analysis, analysis on manifolds [See also 
32Cxx, 32Fxx, 32Wxx, 46-XX, 47Hxx, 53Cxx] 
{For geometric integration theory, see 49Q15} -
- Spaces and manifolds of mappings (including 
nonlinear version  

 Mechanics of particles and systems {For 
relativistic mechanics, see 83A05 and 83C10; for 
statistical mechanics, see 82-XX} -- Classical 
field theories [See also 37Kxx, 37Lxx, 78-XX, 
81Txx, 83-XX] -- Y  

 Quantum theory -- Quantum field theory; related 
classical field theories [See also 70Sxx] -- Yang-
Mills and other gauge theories [See also 53C07, 
58E15].  

Notes Includes bibliographical references.  

Series Memoirs of the American Mathematical Society, 
0065-9266; Number 1302  

 

Mathematical foundations of quantum field theory 

LCCN 2019034999  

Type of material Book  
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Personal name Shvart︠ s︡, A. S. (Alʹbert Solomonovich), author.  

Main title Mathematical foundations of quantum field 
theory / Albert Schwarz, University of California 
at Davis.  

Published/Produced New Jersey: World Scientific, [2020]  

ISBN 9789813278639 (hardcover)  

LC classification QC174.45 .S3295 2020  

Summary "The book is very different from other books 
devoted to quantum field theory, both in the style 
of exposition and in the choice of topics. Written 
for both mathematicians and physicists, the 
author explains the theoretical formulation with 
a mixture of rigorous proofs and heuristic 
arguments; references are given for those who 
are looking for more details. The author is also 
careful to avoid ambiguous definitions and 
statements that can be found in some physics 
textbooks. In terms of topics, almost all other 
books are devoted to relativistic quantum field 
theory, conversely this book is concentrated on 
the material that does not depend on the 
assumptions of Lorentz-invariance and/or 
locality. It contains also a chapter discussing 
application of methods of quantum field theory 
to statistical physics, in particular to the 
derivation of the diagram techniques that appear 
in thermo-field dynamics and Keldysh 
formalism. It is not assumed that the reader is 
familiar with quantum mechanics; the book 
contains a short introduction to quantum 
mechanics for mathematicians and an appendix 
devoted to some mathematical facts used in the 
book"-- Provided by publisher.  

Subjects Quantum field theory.  
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Notes Includes bibliographical references.  

 

Phenomenology of particle physics 

LCCN 2021044753  

Type of material Book  

Personal name Rubbia, André, 1966- author.  

Main title Phenomenology of particle physics / André 
Rubbia.  

Published/Produced Cambridge; New York, NY: Cambridge 
University Press, 2022.  

ISBN 9781316519349 (hardback)  

LC classification QC793.29 .R83 2022  

Summary "Particle physics intertwines theory and 
experiments, and this text demonstrates and 
develops the interplay between the two, 
following the author's detailed and original 
approach. This complete and comprehensive 
treatise, written for a two-semester Master's or 
graduate course, covers all aspects of modern 
particle physics. Richly illustrated with more 
than 450 figures, this text guides students 
through all the intricacies of quantum mechanics 
and quantum field theory in an intuitive manner 
that few books achieve. Featuring rigorous step-
by-step derivations and more than 100 end-of-
chapter problems for additional practice, it 
ensures that students will not only understand the 
material but also be able to apply their 
knowledge. Containing up-to-date experimental 
material, including the discovery of the Higgs 
boson at CERN and of neutrino oscillations, this 
monumental volume also serves as a one-stop 
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reference for particle physics researchers of all 
levels and specialties"-- Provided by publisher.  

Subjects Particles (Nuclear physics)  

 Phenomenological theory (Physics)  

 Quantum theory.  

 Quantum field theory.  

 Science / Physics / Nuclear  

Notes Includes bibliographical references and index.  

 

Problems in quantum field theory 

LCCN 2021038669  

Type of material Book  

Personal name Gelis, François, 1972- author.  

Main title Problems in quantum field theory / François 
Gelis.  

Published/Produced Cambridge, United Kingdom; New York, NY: 
Cambridge University Press, 2021.  

ISBN 9781108838801 (hardback)  

 9781108972352 (paperback)  

LC classification QC174.45 .G452 2021  

Summary "This chapter is devoted to basic aspects of 
quantum field theory, ranging from the foundations 
to perturbation theory and renormalization, and is 
limited to the canonical formalism (functional 
methods are treated in Chapter 2) and to the 
traditional workflow (Lagrangian-Feynman rules-
time-ordered products of fields-scattering 
amplitudes) for the calculation of scattering 
amplitudes (the spinor-helicity formalism and on-
shell recursion are considered in Chapter 4). The 
problems of this chapter deal with questions in 
scalar field theory and"-- Provided by publisher.  

Subjects Quantum field theory.  
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 Science / Physics / Mathematical & 
Computational  

Notes Includes bibliographical references and index.  

 

Proceedings of the Eighth Meeting on CPT and Lorentz Symmetry, 
Indiana University, Bloomington, USA, 12-16 May 2019 

LCCN 2020008815  

Type of material Book  

Meeting name Meeting on CPT and Lorentz Symmetry (8th: 
2019: Indiana University, Bloomington), author.  

Main title Proceedings of the Eighth Meeting on CPT and 
Lorentz Symmetry, Indiana University, 
Bloomington, USA, 12-16 May 2019 / editor, 
Ralf Lehnert.  

Published/Produced Hackensack, New Jersey: World Scientific, 
[2020]  

ISBN 9789811213977 (hardcover)  

 (ebook for institutions)  

 (ebook for individuals)  

LC classification QC793.3.V5 M44 2020  

Related names Lehnert, R. (Ralf), editor.  

Summary "This book contains the Proceedings of the 
Eighth Meeting on CPT and Lorentz Symmetry, 
held at Indiana University in Bloomington on 
May 12-16, 2019. The Meeting focused on tests 
of these fundamental symmetries and on related 
theoretical issues, including scenarios for 
possible violations. Topics covered at the 
meeting include experimental and observational 
searches for CPT and Lorentz violation 
involving: accelerators and colliders; 
astrophysical birefringence, dispersion, and 
anisotropy; atomic and molecular spectroscopy; 
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cavities, oscillators, resonators; Cherenkov 
radiation; clock-comparison measurements; 
CMB polarimetry; cosmic rays; decays of atoms, 
nuclei, and particles; equivalence-principle tests 
with matter and antimatter; exotic atoms, 
muonium, positronium; gauge bosons, the Higgs 
boson; gravimetry; gravitational waves; high-
energy astrophysical observations; hydrogen and 
antihydrogen spectroscopy; lasers, masers; 
matter-wave interferometry; meson and baryon 
properties; neutral-meson interferometry; 
neutrino mixing and propagation, neutrino-
antineutrino oscillations; particle-antiparticle 
comparisons; photon and particle scattering; 
post-Newton gravity in the solar system and 
beyond; second- and third-generation particles; 
short-range gravity; sidereal and annual time 
variations, compass asymmetries; single-top and 
top pair production; space-based missions; spin-
gravity couplings; spin precession; time-of-flight 
measurements; torsion and nonmetricity; trapped 
particles, ions, and atoms. The meeting also 
covered theoretical and phenomenological 
studies of CPT and Lorentz violation including: 
physical effects at the level of the Standard 
Model, General Relativity, and beyond; origins 
and mechanisms for violations; classical and 
quantum field theory, gravitation, particle 
physics, and strings; mathematical foundations, 
Finsler geometry"-- Provided by publisher.  

Subjects CP violation (Nuclear physics)--Congresses.  

 Lorentz groups--Congresses.  

Notes Includes bibliographical references and index.  
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Quantum computing: physics, blockchains, and deep learning 
smart networks 

LCCN 2019053514  

Type of material Book  

Personal name Swan, Melanie, author.  

Main title Quantum computing: physics, blockchains, and 
deep learning smart networks / Melanie Swan, 
Purdue University, USA, Renato P. dos Santos, 
Lutheran University of Brazil, Brazil, Frank 
Witte, University College London, UK.  

Published/Produced New Jersey: World scientific, [2020]  

ISBN 9781786348203 (hardcover)  

 (ebook)  

 (ebook)  

LC classification QA76.889 .S93 2020  

Summary "Quantum information and contemporary smart 
network domains are so large and complex as to 
be beyond the reach of current research 
approaches. Hence, new theories are needed for 
their understanding and control. Physics is 
implicated as smart networks are physical 
systems comprised of particle-many items 
interacting and reaching criticality and 
emergence across volumes of macroscopic and 
microscopic states. Methods are integrated from 
statistical physics, information theory, and 
computer science. Statistical neural field theory 
and the AdS/CFT correspondence are employed 
to derive a smart network field theory (SNFT) 
and a smart network quantum field theory 
(SNQFT) for the orchestration of smart network 
systems. Specifically, a smart network field 
theory (conventional or quantum) is a field 
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theory for the organization of particle-many 
systems from a characterization, control, 
criticality, and novelty emergence perspective"-- 
Provided by publisher.  

Subjects Quantum computing.  

 Blockchains (Databases)  

 Finance--Technological innovations.  

 Quantum field theory.  

Notes Includes bibliographical references and index.  

Series Between science and economics, 2051-6304; 
vol 2  

 

Quantum field theory: a diagrammatic approach 

LCCN 2020056957  

Type of material Book  

Personal name Kleiss, Ronald, author.  

Main title Quantum field theory: a diagrammatic approach 
/ Ronald Kleiss.  

Published/Produced New York: Cambridge University Press, 2021.  

Description 1 online resource  

ISBN 9781108665209 (ebook)  

 (hardback)  

LC classification QC174.45  

Summary "Let us first consider a general Hamiltonian of Z 
electrons moving around a nucleus that contains 
the Coulomb interaction, the spin-orbit coupling, 
and the hyperfine coupling. These are the three 
effects that determine the electronic structure of 
an atom. Here we should emphasize the important 
role of the separation of energy scales; that is to 
say, the typical energy scales of these three terms 
are quite different. Thanks to the separation of 
energy scales, we can analyze them one by one, 
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which enables us to obtain a clear picture of the 
electron structure"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Kleiss, Ronald. Quantum field 
theory New York: Cambridge University Press, 
2021. 9781108486217 (DLC) 2020056956  

 

Quantum field theory: a diagrammatic approach 

LCCN 2020056956  

Type of material Book  

Personal name Kleiss, Ronald, author.  

Main title Quantum field theory: a diagrammatic approach 
/ Ronald Kleiss.  

Published/Produced New York: Cambridge University Press, 2021.  

ISBN 9781108486217 (hardback)  

 (ebook)  

LC classification QC174.45 .K58 2021  

Summary "Let us first consider a general Hamiltonian of Z 
electrons moving around a nucleus that contains 
the Coulomb interaction, the spin-orbit coupling, 
and the hyperfine coupling. These are the three 
effects that determine the electronic structure of 
an atom. Here we should emphasize the 
important role of the separation of energy scales; 
that is to say, the typical energy scales of these 
three terms are quite different. Thanks to the 
separation of energy scales, we can analyze them 
one by one, which enables us to obtain a clear 
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picture of the electron structure"-- Provided by 
publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Kleiss, Ronald, Quantum field 
theory New York: Cambridge University Press, 
2021. 9781108665209 (DLC) 2020056957  

 

Quantum field theory: an integrated approach 

LCCN 2020044827  

Type of material Book  

Personal name Fradkin, Eduardo, author.  

Main title Quantum field theory: an integrated approach / 
Eduardo Fradkin.  

Published/Produced Princeton: Princeton University Press, [2021]  

Description 1 online resource  

ISBN 9780691189550 (pdf)  

 (hardback)  

LC classification QC174.45  

Summary "Quantum field theory is the mathematical and 
conceptual framework that describes the physics of 
the very small, including subatomic particles and 
quasiparticles. It is used to address a range of 
problems across subfields, from high-energy 
physics and gravitation to statistical physics and 
condensed matter physics. Despite the breadth of 
its applications, however, the teaching of quantum 
field theory has historically been strongly oriented 
toward high-energy physics students, while others-
particularly in condensed matter and statistical 
physics-are typically taught in a separate course, or 
take an alternate sequence in many-body and 
statistical physics. Author Eduardo Fradkin 
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strongly believes that this separation is both 
artificial and detrimental to all groups' 
understanding of quantum field theory. This 
textbook, developed from a graduate course 
Fradkin has taught for decades at the University of 
Illinois, offers a new, "multicultural" approach to 
the subject that seeks to remedy this fragmentation. 
It covers both basic techniques and topics at the 
frontiers of current research, and integrates modern 
concepts and examples from high-energy, 
statistical, and condensed-matter physics alike. 
Extensive problem sets further illustrate 
applications across a range of subfields. The book 
will be suitable for students across physical 
subdisciplines who have mastered graduate-level 
quantum mechanics, and will be a useful reference 
for researchers"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

 Description based on print version record and 
CIP data provided by publisher.  

Additional formats Print version: Fradkin, Eduardo. Quantum field 
theory Princeton: Princeton University Press, 
[2021] 9780691149080 (DLC) 2020044826  

 

Quantum field theory: an integrated approach 

LCCN 2020044826  

Type of material Book  

Personal name Fradkin, Eduardo, author.  

Main title Quantum field theory: an integrated approach / 
Eduardo Fradkin.  

Published/Produced Princeton: Princeton University Press, [2021]  

ISBN 9780691149080 (hardback)  
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 (ebook)  

LC classification QC174.45 .F695 2021  

Summary "Quantum field theory is the mathematical and 
conceptual framework that describes the physics 
of the very small, including subatomic particles 
and quasiparticles. It is used to address a range of 
problems across subfields, from high-energy 
physics and gravitation to statistical physics and 
condensed matter physics. Despite the breadth of 
its applications, however, the teaching of quantum 
field theory has historically been strongly oriented 
toward high-energy physics students, while 
others-particularly in condensed matter and 
statistical physics-are typically taught in a 
separate course, or take an alternate sequence in 
many-body and statistical physics. Author 
Eduardo Fradkin strongly believes that this 
separation is both artificial and detrimental to all 
groups' understanding of quantum field theory. 
This textbook, developed from a graduate course 
Fradkin has taught for decades at the University 
of Illinois, offers a new, "multicultural" approach 
to the subject that seeks to remedy this 
fragmentation. It covers both basic techniques and 
topics at the frontiers of current research, and 
integrates modern concepts and examples from 
high-energy, statistical, and condensed-matter 
physics alike. Extensive problem sets further 
illustrate applications across a range of subfields. 
The book will be suitable for students across 
physical subdisciplines who have mastered 
graduate-level quantum mechanics, and will be a 
useful reference for researchers"-- Provided by 
publisher.  
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Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Fradkin, Eduardo Hector, 1950- 
Quantum field theory Princeton: Princeton 
University Press, 2021. 9780691189550 (DLC) 
2020044827  

 

Quantum field theory: an introduction for chemical physicists 

LCCN 2021017845  

Type of material Book  

Personal name Porter, Richard N. (Richard Needham), 1932- 
author.  

Main title Quantum field theory: an introduction for 
chemical physicists / Richard N. Porter, Stony 
Brook University, USA.  

Published/Produced New Jersey: World Scientific, [2021]  

ISBN 9789811239885 (hardcover)  

 (ebook)  

 (ebook other)  

LC classification QC174.45 .P68 2021  

Summary "This book sets itself apart from existing texts on 
Quantum Field Theory (QFT) by focusing on 
chemical applications of QFT such as the 
modeling of gases and phase transitions, thus 
catering to an untapped pool of potential users, 
namely, graduate/upper undergraduate students 
in chemical physics, as well as chemists and 
spectroscopists who want an introduction to 
QFT"-- Provided by publisher.  

Subjects Quantum field theory.  

Notes Includes bibliographical references and index.  
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Quantum field theory and critical phenomena 5e 

LCCN 2021931817  

Type of material Book  

Personal name Zinn-Justin, Jean, author.  

Main title Quantum field theory and critical phenomena 5e 
/ Jean Zinn-Justin.  

Edition 5.  

Published/Produced New York: Oxford University Press, 2021.  

ISBN 9780198834625 (hardback)  

Summary "Introduced as a quantum extension of 
Maxwell's classical theory, quantum 
electrodynamics has been the first example of a 
quantum field theory (QFT). Eventually, QFT 
has become the framework for the discussion of 
all fundamental interactions at the microscopic 
scale except, possibly, gravity. More 
surprisingly, it has also provided a framework for 
the understanding of second order phase 
transitions in statistical mechanics. In fact, as 
hopefully this work illustrates, QFT is the natural 
framework for the discussion of most systems 
involving an infinite number of degrees of 
freedom with local couplings. These systems 
range from cold Bose gases at the condensation 
temperature (about ten nanokelvin) to 
conventional phase transitions (from a few 
degrees to several hundred) and high energy 
particle physics up to a TeV, altogether more 
than twenty orders of magnitude in the energy 
scale. Therefore, although excellent textbooks 
about QFT had already been published, I 
thought, many years ago, that it might not be 
completely worthless to present a work in which 
the strong formal relations between particle 
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physics and the theory of critical phenomena are 
systematically emphasized. This option explains 
some of the choices made in the presentation. A 
formulation in terms of field integrals has been 
adopted to study the properties of QFT. The 
language of partition and correlation functions 
has been used throughout, even in applications of 
QFT to particle physics. Renormalization and 
renormalization group properties are 
systematically discussed. The notion of effective 
field theory and the emergence of renormalisable 
theories are described. The consequences for fine 
tuning and triviality issue are emphasized. This 
fifth edition has been updated and fully revised"-
- Provided by publisher.  

Series International monographs on physics  

 

Quantum field theory and manifold invariants 

LCCN 2021021514  

Type of material Book  

Main title Quantum field theory and manifold invariants / 
Daniel S. Freed, Sergei Gukov, Ciprian 
Manolescu, Constantin Teleman, Ulrike 
Tillmann, editors.  

Published/Produced Providence: American Mathematical Society, 
2021.  

ISBN 9781470461232 (hardcover)  

 (ebook)  

LC classification QC174.45 .Q3725 2021  

Related names Freed, Daniel S., editor.  

 Gukov, Sergei, 1977- editor.  

 Manolescu, Ciprian, 1978- editor.  

 Teleman, Constantin, 1968- editor.  
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 Tillmann, Ulrike, 1962- editor.  

Subjects Quantum field theory--Mathematics.  

 Invariant manifolds.  

 Manifolds and cell complexes -- Differential 
topology -- Topological quantum field theories 
(aspects of differential topology).  

 Quantum theory -- Quantum field theory; related 
classical field theories.  

Notes Includes bibliographical references.  

Series IAS/Park City mathematics series, 1079-5634; 
Volume 28  

 

Restricted congruences in computing 

LCCN 2020019044  

Type of material Book  

Personal name Bibak, Khodakhast, author.  

Main title Restricted congruences in computing / 
Khodakhast Bibak.  

Edition First edition.  

Published/Produced Boca Raton: CRC Press, 2021.  

ISBN 9780367496036 (hardback)  

 (ebook)  

LC classification QA608 .B48 2021  

Summary "Congruences are ubiquitous in computer 
science and related areas. They have interesting 
applications in signal processing, data structures 
and algorithms, DNA-based data storage, 
universal hashing, computational complexity, 
information theory, coding theory, quantum 
computing, game theory, discrete mathematics, 
number theory, cryptography, and more. 
Therefore, developing techniques for finding 
(the number of) solutions of congruences is an 
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important problem. As the first book of its kind, 
this book is devoted to studying such problems 
and their applications. It will be of interest to 
graduate students and researchers across 
computer science, electrical engineering, and 
mathematics"-- Provided by publisher.  

Contents The restricted congruences toolbox -- The GCD-
restricted linear congruences -- Applications in 
universal hashing and authentication with 
secrecy -- Applications in string theory and 
quantum field theory -- Alldiff congruences, 
graph theoretic method, and beyond -- Alldiff 
congruences meet VT codes -- Binary linear 
congruence code -- Applications in parallel 
computing, AI, etc -- Quadratic congruences, 
Ramanujan graphs, and the Golomb-Welch 
conjecture.  

Subjects Congruences (Geometry)  

 Computer science--Mathematics.  

Notes Includes bibliographical references and index.  

Additional formats Online version: Bibak, Khodakhast. Restricted 
congruences in computing. First edition Boca 
Raton: CRC Press, 2021 9781003047179 (DLC) 
2020019045  

 

Restricted congruences in computing 

LCCN 2020019045  

Type of material Book  

Personal name Bibak, Khodakhast, author.  

Main title Restricted congruences in computing / 
Khodakhast Bibak.  

Edition First edition.  

Published/Produced Boca Raton: CRC Press, 2021.  
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Description 1 online resource  

ISBN 9781003047179 (ebook)  

 (hardback)  

LC classification QA608  

Summary "Congruences are ubiquitous in computer 
science and related areas. They have interesting 
applications in signal processing, data structures 
and algorithms, DNA-based data storage, 
universal hashing, computational complexity, 
information theory, coding theory, quantum 
computing, game theory, discrete mathematics, 
number theory, cryptography, and more. 
Therefore, developing techniques for finding 
(the number of) solutions of congruences is an 
important problem. As the first book of its kind, 
this book is devoted to studying such problems 
and their applications. It will be of interest to 
graduate students and researchers across 
computer science, electrical engineering, and 
mathematics"-- Provided by publisher.  

Contents The restricted congruences toolbox -- The GCD-
restricted linear congruences -- Applications in 
universal hashing and authentication with 
secrecy -- Applications in string theory and 
quantum field theory -- Alldiff congruences, 
graph theoretic method, and beyond -- Alldiff 
congruences meet VT codes -- Binary linear 
congruence code -- Applications in parallel 
computing, AI, etc -- Quadratic congruences, 
Ramanujan graphs, and the Golomb-Welch 
conjecture.  

Subjects Congruences (Geometry)  

 Computer science--Mathematics.  

Notes Includes bibliographical references and index.  
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 Description based on print version record and 
CIP data provided by publisher; resource not 
viewed.  

Additional formats Print version: Bibak, Khodakhast. Restricted 
congruences in computing First edition. Boca 
Raton: CRC Press, 2021. 9780367496036 (DLC) 
2020019044  

  

Roman jackiw: 80th birthday festschrift 

LCCN 2020937448  

Type of material Book  

Main title Roman jackiw: 80th birthday festschrift / Antti 
Niemi, Terry Tomboulis, Kok Khoo Phua.  

Published/Produced Hackensack: World Scientific Publishing Co. 
Pte. Ltd., 2020.  

ISBN 9789811210662 (hardcover)  

Related names Niemi, Antti, editor.  

 Tomboulis, Terry, editor.  

 Phua, Kok Khoo, editor.  

Summary "Professor Roman Jackiw is a theoretical 
physicist renowned for his many fundamental 
contributions and discoveries in quantum and 
classical field theories, ranging from high energy 
physics and gravitation to condensed matter and 
the physics of fluids. Among his major 
achievements is the establishment of the 
presence of the famous Adler-Bell-Jackiw 
anomalies in quantum field theory, a discovery 
with far-reaching implications for the structure 
of the Standard Model of particle physics and all 
attempts to go beyond it. Other important 
contributions, among many, that one may 
mention here are the topological mass term in 
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gravity and gauge theories, and the 
fractionalization of fermion number and charge 
in the presence of topological objects. Roman 
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