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Isometry is not only widely used to describe the motion of rigid bodies that is a mixture
of rotational and translational motions of solids, but is also an important tool in theoretical
physics and geometry. The properties of isometry have been actively researched for a long
time, and this theory is widely used in fields such as natural science, computer engineering,
radiology, imaging science, and design.

It is generally recognized that the theory of isometries in Banach spaces originated from
the paper [50] by S. Mazur and S. M. Ulam. Indeed, they proved the following theorem:

Every isometry from one real normed space onto another real normed space is affine.

This is the famous Mazur-Ulam theorem.

It is natural to ask whether the Mazur-Ulam theorem is true even without the “onto”
assumption. In connection with this question, J. A. Baker [2] proved that the Mazur-
Ulam theorem still holds if the “onto” condition of relevant isometry is removed and the
condition on the range space is further strengthened:

If X is a real normed space and Y is a strictly convex real normed space, then every isometry
f X — Y is affine.

Many mathematicians have long been engaged in research to specify the conditions that
determine isometry. The Aleksandrov problem falls within the scope of this research topic.
In a paper [1], A. D. Aleksandrov posed the following problem:

Is any mapping that preserves a distance necessarily an isometry?

One of the goals in writing this book is to provide readers with a friendly explanation that
draws their attention to the Aleksandrov problem.

It is quite interesting, however, that F. S. Beckman and D. A. Quarles [3] provided a
partial solution to the Aleksandrov problem in 1953, when the Aleksandrov problem had
not yet been raised. In fact, they proved the following theorem:

vii



viii Preface

Let E" denote the n-dimensional Euclidean space, where n is a fixed integer greater than 1.
If a mapping f : E" — E" preserves a distance p > 0, then f is an affine isometry.

Some mathematicians have constructed several examples showing that there are
mappings that preserve certain distances but are not isometries. These examples show
that the Aleksandrov problem is not trivial, and we will present these examples in detail in
this book.

If the range of the relevant mapping is a strictly convex real normed space, W. Benz
and H. Berens [7] were able to generalize the Beckman-Quarles theorem as follows:

Let X be a real normed space with dim X > 1 and let Y be a real normed space which
is strictly convex. Assume that N is a fixed integer greater than 1. If a distance p > 0 is
contractive and Np is extensive by a mapping f : X — Y, then fis an affine isometry.

In 1990, Th. M. Rassias [57] further generalized the idea of Benz and Berens by posing
the following problem, which can certainly be considered an extension of the Aleksandrov
problem:

Is a mapping that preserves two or more distances with non-integer ratios necessarily an
isometry?

Such a problem is called the Aleksandrov-Rassias problem. A number of examples and
counterexamples of the Aleksandrov-Rassias problem can be found in Sects. 4.2 and 4.3.
This shows that the Aleksandrov-Rassias problem is not trivial. The most important
purpose of this book is to increase readers’ understanding by introducing the Aleksandrov-
Rassias problem in detail.

This book is intended to give readers an overview of the process of solving the
Aleksandrov-Rassias problem, which is still actively studied by many mathematicians,
and to familiarize them with the details of the proof process. In addition, a lot of effort has
been put into writing this book so that readers can easily understand the contents of the
book and save readers the trouble of having to search the literature on their own.

This book consists of eight chapters, and we will now briefly describe the content of
each chapter.

* Chapter 1 provides a brief introduction to the basic concepts and theorems of metric
spaces, vector spaces, normed spaces, Banach spaces, inner product spaces, and Hilbert
spaces, which are necessary to explain the subject of this book, the Aleksandrov-
Rassias problems. In Sect. 1.6, we will systematically prove, from the point of view
of a basic knowledge level, that £2 is a real Hilbert space. Readers who are familiar
with the mathematical objects mentioned above can skip this chapter.
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* In Chap. 2, we will examine in detail the Aleksandrov problem, one of the ways to find
necessary and sufficient conditions for characterizing the isometries defined between
Euclidean spaces. In the first section, we introduce the Mazur-Ulam theorem, which
is believed to have triggered the study of the theory of isometries in Banach spaces.
Section 2.2 presents Baker’s theorem, which significantly generalizes the Mazur-Ulam
theorem and improves its applicability. In Sect.2.4, we devote considerable space to
the detailed presentation of the proof of the Beckman-Quarles theorem, which directly
motivated us to write this book.

* F S. Beckman and D. A. Quarles solved the Aleksandrov problem for mappings from
a Euclidean space into the same one. After weakening the result of the Beckman-
Quarles theorem to make the proof easier, E. M. Schroder proved in 1979 that any
mapping that preserves two distances p and 2p is an affine isometry. In a situation
where the Beckman-Quarles theorem is known, Schroder’s theorem by itself is of little
significance. Schroder, however, presented a novel idea like the m-chain in the process
of proving his theorem, and using this idea, W. Benz was able to significantly expand
the Beckman-Quarles theorem. In Chap. 3, we present historically important theorems,
the Schroder’s theorem, the Benz’s theorem, and the Benz-Berens theorem in detail.

* In the case where the domain and range spaces are the same Euclidean space whose
dimension is greater than 1, the Aleksandrov problem has already been solved by
the Beckman-Quarles theorem. W. Benz and H. Berens also solved the extended
Aleksandrov problem under the additional conditions that the domain is a real normed
space with dimension greater than 1, the range is a strictly convex real normed space,
two distances are preserved, and that the ratio of the two distances is an integer. In
Chap. 4, we investigate the Aleksandrov-Rassias problems, which focus on cases where
the domain and range of the mapping involved differ, and cases where the ratio of two
distances that are preserved is not an integer. By introducing interesting examples and
counterexamples related to these topics in detail, we try to help readers easily grasp the
core reality of the problem.

* In Chap. 5 and the next chapters, we will introduce in more detail the ideas and methods
used to solve the Aleksandrov-Rassias problems for each case. Section 5.1 focuses on
examining the Aleksandrov-Rassias problems, where the relevant mapping preserves
two distances, 1 and +/3. This is a special case among cases where the ratio of two
distances is not an integer. In Sect. 5.2, we consider the Aleksandrov-Rassias problem
where the relevant mapping preserves the distances 1 and +/2. Section 5.3 friendly
presents the conditions under which any mapping that preserves three distances is
necessarily an isometry. As shown in Problem 4.2 (ii), this problem is also closely
related to the Aleksandrov-Rassias problems.

* In Chap. 6, we will generalize the parallelogram law to all cases with a given number of
points. In Sect. 6.1, we prove the short diagonals lemma which is a generalization of the
parallelogram law for the given four points in the inner product space. Moreover, we
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prove an inequality for the distances between any two points among the given six points.
Section 6.2 is devoted to a generalization of the short diagonals lemma to an inequality
for the distances among the given 2n points in the inner product space. In this section,
we conceive and prove an inequality involving all distances between an even number of
points. In Sect. 6.3, we use a new method other than the short diagonals lemma to prove
an inequality for the distances between any two of the given five points. We introduce
in Sect. 6.4 a general inequality that relates to the distances among the given n points.

* In Chap.7, we will discuss ideas for partially solving the Aleksandrov-Rassias prob-
lems using the inequalities presented in Chap. 6. In the first section, we give a partial
solution to the Aleksandrov-Rassias problems by using the inequality for the distances
among six points presented in Sect.6.1. Section 7.2 is devoted to proving that any
mapping between real Hilbert spaces is an affine isometry if the distance 1 is preserved,
L g contractive, and when /3 is extensive. In Sect. 7.3, we give a partial solution to
the Aleksandrov-Rassias problems by proving that when the distance 1 is contractive
and the golden ratio is extensive by a mapping defined between real Hilbert spaces,
then this mapping is an affine isometry. In the last section of this chapter, we prove that
a mapping between real Hilbert spaces is an affine isometry if the distances 1 and «
are contractive, f is extensive, and if the distances 1, «, and § satisfy some suitable
conditions.

* The Beckman-Quarles theorem states that every unit-distance preserving mapping
f : E" — E”" is an isometry if n is an integer greater than 1. Section 8.1 is devoted
to the discussion of whether the Beckman-Quarles theorem also holds in rational »n-
spaces. It is known that every unit-distance preserving mapping f : Q" — Q"
is an isometry if n is an even integer greater than 5 or an odd integer of the form
n = 2m? — 1, where m > 2. Because it is beyond the scope of this book and due to
space constraints, we must omit the interesting proofs of all theorems introduced in this
section. In Sect. 8.2, we will discuss the theory of tensegrity structures that F. Rado et
al. used to partially solve the Aleksandrov-Rassias problems. Most of the content in
this section comes from a paper by K. Bezdek and R. Connelly. Indeed, they were able
to improve the result of Rado et al. even further by refining the idea presented by Rado
et al. In Sects. 8.3 and 8.4, we provide some sufficient conditions for the Benz-Berens
theorem and the Beckman-Quarles theorem to also hold in an open convex set. In the
final section, we assume that the Beckman-Quarles theorem does not assume that the
mapping preserves a certain distance, but rather a certain geometric figure. Over the
past two decades, interesting results have been obtained on this topic, which will be
systematically presented in the last section.

Aleksandrov-Rassias problems grow well in the fertile soil of real inner product spaces
and have brought us plenty of fruit so far. With the hope that more mathematicians will turn
their attention to this field of research and bring it to full fruition, this book is dedicated
to the mathematicians who played a decisive role in pioneering the field: Aleksandr D.
Aleksandrov and Themistocles M. Rassias. In addition, the author would like to dedicate
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this book to all mathematicians who are currently working or will work in this area in the
future. The author would like to express his sincere gratitude to his wife, Min-Soon Lee,
who devotedly supported him in writing this book for a long time despite her poor health.

Sejong, Republic of Korea Soon-Mo Jung
January, 2024
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Abstract

In this chapter provides a brief introduction to the basic concepts and theorems of
metric spaces, vector spaces, normed spaces, Banach spaces, inner product spaces,
and Hilbert spaces, which are necessary to explain the subject of this book, the
Aleksandrov—Rassias problems. For this purpose, we mainly refer to the book (Debnath
and Mikusinski, Introduction to Hilbert Spaces with Applications, 2nd edn. Academic,
New York, 2005) by L. Debnath and P. Mikusiriski, among others. In Sect. 1.6, we
will systematically prove, from the point of view of a basic knowledge level, that ¢2
is a real Hilbert space. For this end, we mainly refer to the book by R. H. Kasriel
(Undergraduate Topology. W. B. Saunders, Philadelphia, 1971). Readers who are
familiar with the mathematical objects mentioned above can skip this chapter.

1.1 Metric Spaces

A metric space is a set along with a metric for the set, and the metric is a mapping that
generalizes the notion of a distance between any two elements of the set. In other literature,
the elements of a set are often referred to as points, but in this book, we will refer to them
interchangeably as points or elements.

Definition 1.1 Let X be aset,andletd : X x X — [0, 0co) be a mapping that satisfies

(i) d(x,y) =0if and only if x = y;
(i) d(x,y) =d(y, x);
(iii) d(x,y) <d(x,z) +d(z,y)

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
S.-M. Jung, Aleksandrov-Rassias Problems on Distance Preserving Mappings,
Frontiers in Mathematics, https://doi.org/10.1007/978-3-031-77613-7_1
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2 1 Preliminaries

for all x, y,z € X. Then the mapping d is called a metric on X, and (X, d) is called a
metric space. When it is clear what the metric d is, we often simply write X instead of
(X, d). Let Y be a subset of X and let d* be the restriction of the metric d to Y x Y. Then
(Y, d*) is a metric space, and it is called a subspace of (X, d). In this case it is customary
to write (Y, d) instead of (Y, d*).

For each positive integer n € N, , let R” be the n-dimensional space of all ordered
n-tuples of real numbers. We define the mapping d, : R” x R" — [0, co) by

n 1/2
de(x, y) = (Z(xi — y,-)z)
i=1

for all x = (x1,x2,..., %),y = OV1,Y2,...,¥yn) € R" Then, d, satisfies all the
conditions in Definition 1.1, i.e., it is a metric on R”, which is called the Euclidean metric
on R".

Any set X can be viewed as a metric space in a natural way. For example, we define the
mapping d : X x X — [0, c0) by

0 (forx = y),

=0 forx # )

for all x, y € X.Itis easy to check that d is a metric on the set X. This metric is called the
discrete metric.

Suppose x is an element of a metric space (X, d) and r > 0 is a real number. Define an
open ball and a closed ball with center at x and radius r as

B.(x)={yeX:d(y,x) <r} and B,(x)={ye X :d(y,x) <r},
respectively.
Definition 1.2 Assume that K and U are subsets of a metric space (X, d).
(i) U is said to be open if and only if for every x € U, there exists a real number ¢ > 0
such that B.(x) C U.

(i7) K is said to be closed if and only if its complement X \ K is open.

We will often write “U is open in X and “K is closed in X instead of “U is an open
subset of X and “K is a closed subset of X,” respectively.

Lemma 1.3 Assume that x is an element of a metric space (X, d) and r is a positive real
number.
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(i) The open ball B,(x) is open in X.
(ii) The closed ball B, (x) is closed in X.

Proof

(i) For any element y € B,(x), we see thatd(y,x) <randwesete =r —d(y,x) > 0.
If z is an arbitrary element of B, (y), then we have

d(z,x) <d(z,y)+d(y,x) <e+d(y,x)=r —d(y,x) +d(y,x)=r,

which implies that z € B,(x), ie., y € B:(y) C B;(x). Thus, according to
Definition 1.2 (i), B, (x) is an open subset of X.
(ii) We encourage the reader to do his/her own proof of (i7). |

Definition 1.4 Let 7 be a collection of subsets of a set X. The collection 7 is called a
topology for X if and only if T satisfies the following conditions:

(YPeTandX €T,
@) U eTand Uy € T,thenU NU, € T;

(iii) IfU is an arbitrary sub-collection of 7, then | J U € T.
Ueld

In this case (X, 7) is called a topological space. When it is clear what the topology 7T~
is, we often simply write X instead of (X, 7). Let Y be a subset of X and let Ty be the
collection

Tv={UNY:UeT}.

Then Ty is called the relative topology for Y induced by 7. Moreover, (Y, 7Ty) is called a
subspace of (X, T). In particular, a subset U of X is said to be open in X if and only if
U € T, and a subset K of X is said to be closed in X if and only if X \ K € 7.

We denote by P(X) the power set of a set X, i.e., the collection of all subsets of X.Then
P(X) is a topology for X, which is called the discrete topology for X. Let T = {0, X}.
Then T is also a topology for X, which is called the trivial topology or the indiscrete
topology for X. In general, any set can have at least two topologies, the discrete topology
and the indiscrete topology.

Let (X, d) be a metric space, and let 7 (d) be the collection of all open subsets of X
defined by Definition 1.2. It is then easy to prove that (X, 7 (d)) is a topological space.

Definition 1.5 Let (X, d) be a metric space and 7 (d) the collection of all open subsets
U of X such that each element x of U satisfies the condition, that B, (x) C U for some
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& > 0. Then the collection 7 (d) is a topology for X, and it is called the fopology for X
generated by d.

A topological space (X, T) is said to be metrizable if and only if there exists a metric d
on X whose collection 7 (d) is exactly the topology 7. For this reason, we often treat the
metric space (X, d) as a topological space (X, T (d)). We note that the discrete topology
is generated by the discrete metric, but the indiscrete topology cannot be generated by any
metric.

Definition 1.6 Let K and U be subsets of a topological space X.

(i) A point x € X is called an interior point of U if and only if there exists an open
subset V of X suchthatx e V C U.
(ii) A pointx € X is called a limit point of K if and only if every open set containing x
intersects K in a point distinct from x.
(iii) The set of all interior points of U is called the interior of U and is denoted by U°.
(iv) The union of K and the set of all its limit points is called the closure of K and is
denoted by K.

Theorem 1.7 Assume that S is a subset of a topological space X.
(i) The interior of S is the union of all open subsets of X that are included in S, i.e.,
S° = U {U : U is an open subset of X included in S}.
(ii) The closure of S is the intersection of all closed subsets of X that include S, i.e.,

S= ﬂ {K : K is a closed subset of X including S}.

Let N be the set of all positive integers, and let No = N U {0}. A sequence {x;};cn of
elements of a subset S of a topological space X is said to converge to an element x of X
if and only if for every open subset U of X containing x, there exists a positive integer N
such that x; € U N S for all integers i > N.

The proof of the following theorem is left as an exercise for the reader.

Theorem 1.8 The closure of a subset S of a topological space is the set of limits of all
convergent sequences of elements of S.

Definition 1.9 Let X be a metric space.

(i) A subset D of X is called a dense subset of X (or dense in X ) if and only ifD=X.
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(i1) X is called separable if and only if there exists a countable subset of X that is dense
in X.

The following characterization of denseness is easy to prove, and its proof will be left
as an exercise.

Theorem 1.10 Assume that D is a subset of a metric space X. Then D is dense in X if
and only if each nonempty open subset of X intersects D.

In topology, a homeomorphism is a bijective and continuous mapping between
topological spaces that has a continuous inverse mapping. Homeomorphisms preserve
all the topological properties of a given space. Therefore, two topological spaces with a
homeomorphism between them are called homeomorphic and are equal from a topological
point of view.

Definition 1.11 Let X and Y be topological spaces. A mapping f : X — Y is called
a homeomorphism (or a topological mapping) if and only if f satisfies the following
conditions:

(i) f is bijective;
(ii) f is continuous;
(iii) f’1 is continuous.

Two topological spaces X and Y are called homeomorphic (or topologically equivalent) if
and only if there is a homeomorphism from X onto Y.

Let 7, be the discrete topology, and let 7, be the usual topology for R, i.e., T, = T (d,),
where d,(x, y) = |x — y| for all x, y € R. Then the identity mapping id : (R, 7Ty) —
(R, 7.) is continuous and bijective. However, it is not a homeomorphism because id= !
R, 7.) — (R, Ty) is not continuous.

Example 1.12 Let 7 denote the usual topology for R. We assert that (R, 7) is homeo-
morphic to ((—1, 1), 7(=1,1)): We define a mapping f : R — (-1, 1) by

X
1+ |x|

fx) =

for all x € R. Then f is continuous and bijective. Moreover, the inverse mapping
oy = 1+|y| is continuous. Thus, f is a homeomorphism.

Suppose that if a topological space X has a property, then every topological space
homeomorphic to X also has this property. Then we say that this property is a topological
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property. Informally, a topological property is a property of space that can be expressed in
terms of open sets.

Definition 1.13 A property of a topological space is called a topological property (or a
topological invariant) if and only if it is invariant under homeomorphisms.

According to Example 1.12, the property that “the topological space has a finite
diameter” is not a topological property since the diameter of R is infinite, but that of
(—1, 1) is finite.

Intuitively, we would like to say that a set is connected when it “hangs” as a whole.
Whatever definition we choose for connected space, we would certainly require, for
example, that the real line R has this property. Note that there are many ways to decompose
the real line into a pair of nonempty disjoint subsets. However, it can be shown that R is
not the union of two nonempty disjoint open sets.

Definition 1.14 Let (X, 7)) be a topological space. Then (X, T) is connected if and only
if X is not the union of two nonempty disjoint open subsets. A subset S of X is called
connected if and only if (S, 7s) is a connected space. If a set is not connected, we say that
it is disconnected.

Obviously, the empty set ¢ is connected. Moreover, all single-element sets are
connected, but two-element sets may not be. For example, let 7; be the discrete topology
for the set X = {0, 1}. Then the topological space (X, 74) is not connected because
X = {0} U {1} with {0}, {1} € T5.

Theorem 1.15 A ropological space X is connected if and only if there is no subset S of X
with § # S # X that is both open and closed.

Proof We will prove that a topological space (X, 7)) is disconnected if and only if there
is a subset S of X with J £ S # X that is both open and closed.

First, assume that (X, 7) is disconnected. There are two nonempty disjoint open subsets
Uy and U suchthat X = Uy UU,. If weset S = Uj,thend £ S # X, S € T, and
S = X \ Uy is closed. That is, there exists a subset S of X with ¥ # S # X that is both
open and closed.

Now we assume that there exists a subset S of X with # £ S # X that is both open and
closed. If we set U; = S and Uy = X \ S, then U; and U, are nonempty open subsets of
X, Uy and U, are disjoint, and X = U} U U,. That s, (X, T) is disconnected. m]

Let X = (0, 1) U (2, 3) be a topological subspace of (R, 7.), where 7, is the usual
topology. Then (0, 1) is open and closed in X, since (0, 1) = (0,1) N X =[0,1]N X.In
addition, @ # (0, 1) # X. Hence, X is disconnected.
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We note that a mapping f : X — Y is continuous if and only if f~!(K) is closed in X
for each set K that is closed in Y.

Theorem 1.16 Let (X, T) be a topological space and let Z = {0, 1} have the discrete
topology Tq. Then X is connected if and only if every continuous mapping f : X — Z is
constant.

Proof First, we assume that the topological space (X, 7) is connected. Suppose f : X —
Z is a continuous mapping and z € f(X). Since f is continuous and {z} € 7y, it holds that
F{z) # 0, f~'(z}) € T, and f~'({z}) is closed. It then follows from Theorem 1.15
that f~1({z})) = X, i.e., f(X) = {z}.

Now, we assume that every continuous mapping f : X — Z is constant. On the
contrary, assume that X is disconnected. On account of Theorem 1.15, there is a subset S
of X with @ £ § # X that is both open and closed. We consider the characteristic mapping
Xs : X = Z defined by

1 (forx € §),
Xs (x) =
0 (forx & §).
Since Xs_l(VJ) =0, Xs_l({O}) = X\S, Xs_l({l}) = S, and since XS_I(Z) = X, x4 is
a continuous mapping. However, x, is not constant, which contradicts our assumption.
Therefore, X has to be connected. a

Remark 1.17 A subset S of R is connected if and only if S is an interval.

Proof Assume that S is connected and non-degenerated (i.e., S has two or more elements).
On the contrary, suppose S is not an interval. We can then choose a point x ¢ S such that
(—=00,x)N S # @ and (x, 00) NS # @. Then, we have

S = ((—00,x) N §) U ((x, 00) N S).
Let Z = {0, 1} have the discrete topology 7;. We define a mapping f : S — Z by

0 (fors € (—o0,x)NS),
f@s) =
1 (fors € (x,00) N S).
It is easy to check that f is continuous, and it is not a constant mapping. It then follows
from Theorem 1.16 that S is disconnected, a contradiction. Therefore, we conclude that if
S is a connected subset of R, then it is an interval. We note that every single-element set is
connected and a degenerated interval.
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Assume that S is a non-degenerated interval and f : § — Z is a continuous mapping.
Then, f : S — R is also continuous and f(S) C {0, 1}. Hence, f has to be constant.
Therefore, it follows from Theorem 1.16 that S is connected. |

Theorem 1.18 Assume that X and Y are topological spaces and X is connected. If there
is a surjective continuous mapping f : X — Y, then Y is connected.

Proof Assume that X is connected, Z = {0, 1} has the discrete topology,and g : ¥ — Z
is an arbitrary continuous mapping. Then, g o f : X — Z is a continuous mapping.
According to Theorem 1.16, the composition g o f is a constant mapping.

We claim that g : ¥ — Z is a constant mapping. Assume that y; and y, are arbitrary
elements of Y. Since f is surjective, there are x1, x; € X such that y; = f(x1) and
y2 = f(x2). Since g o f is a constant mapping, it follows that g(y;) = (g o f)(x1) =
(g o f)(x2) = g(), i.e., g is a constant mapping.

Finally, it follows from Theorem 1.16 that Y is connected. O

Theorem 1.18 reminds us that connectedness is a topological property.

Remark 1.19 The connectedness is a topological property. In view of Remark 1.17, every
line £ in R” is connected since ¢ is homeomorphic to R.

Theorem 1.20 Suppose X is a topological space and T is a class of connected subsets of
X such that

@) ANB#W@forallA,B eT;
(ii) there existsa C € I such that ANC # () forall A € T.

Then | S is connected.
Ser’

Proof We set U = |J S and assume that Z = {0, 1} has the discrete topology and
Ser’
f : U — Z is an arbitrary continuous mapping.

We assert that f is constant. For every S € I, the restriction f|s: S — Z of f to Sis
continuous and S is connected. Then, by Theorem 1.16, f|s is constant for every S € I'.
Using (i) and (i7), we conclude that f is constant. Therefore, using Theorem 1.16 again,
we conclude that U is connected. m|

Remark 1.21 R”" is connected.

Proof Let T be the class of all lines £ through the origin. Due to Remark 1.19, each line £

through the origin is connected. Since R* = [ ] ¢, it follows from Theorem 1.20 that R"
tel
is connected. O
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Determining whether two topological spaces are homeomorphic is one of the important
problems in topology. To prove that two spaces are not homeomorphic, it suffices to find a
topological property that they do not have in common.

Remark 1.22 For any integer n > 1, R” is not homeomorphic to R.

Proof Assume that there is a homeomorphism f : R — R”". Then, f|gr\j0; : R\ {0} —
R™\ {f(0)} is also a homeomorphism. However, it contradicts the fact that connectedness
is a topological property. In fact, R \ {0} is disconnected but R" \ { f(0)} is connected. 0O

Assume that f : X — Y is a mapping between topological spaces X and Y. We note
that f is continuous if and only if £(S) C f(S) for any subset S of X.

Theorem 1.23 If S is a connected subset of a topological space X, then so is S.

Proof Assume that Z = {0, 1} has the discrete topology, S # @, and f : S — Z is
an arbitrary continuous mapping. Then, f|s : S — Z is also a continuous mapping.
Moreover, since Z has the discrete topology, f(S) is closed in Z, i.e., f(S) = (S D
f (S). By Theorem 1.16, f(S) contains exactly one point. Hence, f (S) contains exactly
one point, which implies that f is constant. Finally, in view of Theorem 1.16, we conclude
that S is connected. O

The property of the connectedness of intervals allows us to apply the intermediate value
theorem to all real-valued continuous mappings defined in an interval.

Theorem 1.24 Let X be a topological space. Then X is connected if and only if the
intermediate value theorem holds for every continuous mapping f : X — R.

Proof Assume that X is connected. According to Theorem 1.18, f(X) is a connected
subset of R. Thus, it follows from Remark 1.17 that f(X) is an interval. Hence, for all
x1,x2 € X and ¢ € R with f(x;) < ¢ < f(x2), there exists an xo € X such that
c = f(xo).

Conversely, we assume that the intermediate value theorem holds for every continuous
mapping f : X — R. On the contrary, suppose X is disconnected. Then there are
nonempty disjoint open subsets U; and U; of X such that X = Uj U U,. We define the
mapping f : X — Rby f(U;) = {0} and f(Uz) = {1}. Then, f is a continuous mapping.
The intermediate value theorem does not hold for this continuous mapping f : X — R,
which contradicts our assumption. Therefore, X has to be connected. m]
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1.2  Vector Spaces

Let K be either R or C, where R stands for the set of all real numbers and C stands for the
set of all complex numbers. Throughout this book, we denote by Q the set of all rational
numbers, by Z the set of all integers, by N the set of all positive integers, and by Ny the
set of all nonnegative integers.

Definition 1.25 A nonempty set V' is called a vector space (or a linear space) over K if
there are two operations, called vector addition and scalar multiplication, such that the
following conditions are satisfied:

(@) x+y=y+xforalx,yeV,;
(i) x+y)+z=x+(y+z)foralx,y,zeV,;
(iii) Forany x, y € V, there exists az € V such that x + z = y;
(iv) a(Bx) = (¢B)x forall, B € Kand any x € V;
W) (x+B)x =ax +pPxforalla, p € Kandany x € V;
i) a(x+y)=ax+ayforalle € Kandallx,y € V;
(vii) Ix =xforallx € V.

Every element of K is called a scalar and each element of V is called a vector. If K = R,
then V is called a real vector space, and if K = C, then V is called a complex vector
space.

Definition 1.26 A subset W of a vector space V over K is called a vector subspace or a
subspace if and only if ax + By € W forall o, 8 € K and x, y € W. That is, the sum
of two elements of W and the product of an element of W by a scalar belong to W. A
subset W of a vector space V is called a proper subspace of V if W is a subspace of V
and W £ V.

We note that any subspace W of a vector space V is a vector space itself, which implies
that every linear combination of elements of W again belongs to W.

Definition 1.27 Let V be a vector space.

(i) A finite collection {x1, x2, ..., x,,} of elements of V is said to be linearly indepen-
dent if and only if &1 = ap = -+ = o, = 0 is the unique solution of the linear
equation a1 x] + a2x2 + - - - + apx, = 0.

(ii) An infinite collection A of elements of V is called linearly independent if and only
if every finite sub-collection of A is linearly independent.

(iii) A collection of elements of V is called linearly dependent if and only if it is not
linearly independent.
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A collection A of elements of a vector space V is linearly independent if and only if
no member x of the collection is a linear combination of a finite number of members of A
different from x.

Definition 1.28 Let A be a subset of a vector space V over K. We denote by spanA the
set of all finite linear combinations of members of A, i.e.,

spanA = {ax; + o2+ +apxpineN, o €K, xi € A

foralli € {1,2,...,n}}.
Then spanA is a vector subspace of V and it is called the space spanned by A.

It is easy to see that the space spanA (spanned by A) is the smallest vector subspace of
V that contains A.

Definition 1.29 Let B be a subset of a vector space V. Then B is called a basis of V if
and only if B is linearly independent and spanB = V.

In general, a vector space V has multiple bases, but the number of vectors in each basis
is the same. In other words, if a basis of V has exactly n vectors, then every other basis also
has exactly n vectors. In this case, n is called the dimension of V, and we write dim V = n.

1.3 Normed Spaces

The notion of norm in the vector space is an abstract generalization of length in the
Euclidean space. In fact, we define the norm axiomatically as a real-valued mapping that
satisfies certain conditions.

Definition 1.30 Let V be a vector space over K. A mapping || - || : V — R is said to be a
norm if and only if it possesses the following three properties:

@) |lx|l = 0if and only if x = 0;
@@i) |lax]| = |a|||lx] forall x € V and @ € K;
@@ii) |lx+yll < llx||+ly|l forall x, y € V. This inequality is called the triangle inequality.

Since ||x|| = 3 (Ix[ + | = x[) = 3 llx + (—=x)| = 50|l = 0, it holds that ||| > O for
any x € V. The inverse triangle inequality

Il =yl = [llxll = NIyl

’
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for all x, y € V, is an elementary consequence of the triangle inequality that gives lower
bounds instead of upper bounds.

The mapping || - || : R* — R defined by || x| = \/xlz +x22 + .-+ x2, for all x =

ne
(x1,x2,...,x,) € R", is anorm on R". This norm is called the Euclidean norm.

Definition 1.31 A vector space with a norm is called a normed space.

Several norms can be defined on one vector space. For example, if we define ||x||; =
|x1] + |x2| + - - - + |x,| forall x = (x1, x2, ..., x,) € R, then this mapping || - ||; : R" —
R is a norm on the vector space R”. Moreover, ||x|l2 = v/|x112 + [x212 + - + |xa|%
for x = (x1, x2,...,x,) € R", is the Euclidean norm. Similarly, the mapping ||x|cc =
max{|x1], |x2[, ..., |x,|} is also a norm on R". This norm | - ||~ is called the sup-norm.
Therefore, to define a normed space, we have to specify both the vector space and the
norm. We denote a normed space as (V, || - ||), where V is a vector space and || - || is a norm
defined on V. However, if the norm given in the normed space (V, || - ||) is clear, then the
normed space can be simply written as V.

Throughout this book, we will use the notation {x;} or {xi,x>,...} to denote the
sequence whose ith term is x;.

Definition 1.32 Let (V, || -||) be a normed space. A sequence {x;} of vectors in V is called
a Cauchy sequence if and only if for each & > 0 there exists a positive real number M,
such that |lx; — x| < e foralli, j > M,.

If a sequence {x;} of vectors in a normed space (V, || - ||) converges to a vector x € V,
ie., ||x; — x|| > O0asi — oo, then

i —xjll < llxi —xl[+llxj —x[| — 0

as i, j — oo. Hence, every convergent sequence of vectors in a normed space is a Cauchy
sequence. However, the reverse is not usually true.

Lemma 1.33 If {x;} is a Cauchy sequence in a normed space (V, || - ||), then the sequence
{llxi ||} converges.

Proof Since |||x;|| — [lx;ll| < llx; —x;|l foralli, j € N, the sequence {||x; ||} is a Cauchy
sequence in R. Thus, we can conclude that {]|x; ||} converges. |

According to Lemma 1.33, every Cauchy sequence in a normed space is bounded.

Definition 1.34 Let (V, | - ||) be a normed space.
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(i) V is called complete if and only if every Cauchy sequence in V converges to an
element of V.
(ii) Each complete normed space is called a Banach space.

The n-dimensional Euclidean space E” is an example of the Banach space.

Definition 1.35 Let (V, | - ||) be a normed space.

o
(i) Aseries Y x; convergesin V if and only if there exists an element x of V such that
i=1

n

E Xi — X

i=1

— 0 as n — oo.

o0
In this case, we write Y x; = x.
=
o ' [e )
(ii) When )_ |lx;|| < oo, the series Y x; is called absolutely convergent.
i=1 i=1
It is surprising that even if a series converges absolutely, it might not converge.
The following theorem shows that completeness in a normed space is equivalent to the
statement that every absolutely convergent series converges.

Theorem 1.36 A normed space (V, || - ||) is complete if and only if every absolutely
convergent series in V convergesin V.

Proof Assume that (V, || - ||) is a complete normed space and x; € V for all i € N such
o0 o0

that Y ||x;]| < oo, i.e., the series Y _ x; converges absolutely. We now define
i=1 i=1

Sp =X1 +x2+ -+ Xy
forall n € N.

We will prove that {s, } is a Cauchy sequence in V. Assume that ¢ is an arbitrary positive
real number and N is a positive integer that satisfy

o0

7l <

n=N+1

Then, using the triangle inequality, we obtain
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[e.e]

Ism = Sull = IXm41 + Xmga + -+ xall < D el <&
k=m+1

forall m,n € N withn > m > N, which implies that {s,} is a Cauchy sequence in V.

Since V is complete, the Cauchy sequence {s,} converges in V, which implies that the
o0

series Y x; converges in V.
i=1
Conversely, we assume that every absolutely convergent series converges and {x;} is an
arbitrary Cauchy sequence in V. Then, for any positive integer k, there exists a positive
integer p, such that |lx; — x|l < 217 for all integers i, j > p,. We may assume that the

sequence {p, } is strictly increasing.
o0
Since the series ) (xp,, — Xp,) is absolutely convergent, it converges by our
k=1
assumption. Since
k=1

Xpp = Xpy + (Xpy = Xp) oo+ (Xpp = Xpp_y) = Xp; + Z(xpiﬂ —Xp),
i=1

the sequence {x,,} converges to an element x of V. Thus, we obtain

i —xl < llxi = xp )l + llxp; —x =0

asi — 0o, i.e., the Cauchy sequence {x;} converges in V, which implies that (V, || - ||) is
complete. O
We note that every normed space (V, || - ||) is a metric space (V, d), where the metric

d:V xV — Risdefined as d(x, y) = ||x — y|| for all x, y € V. In this case, the metric
d is said to be the metric generated by the norm || - ||.
We now introduce a well-known theorem in topology.

Lemma 1.37 Every closed subset of a complete normed space is complete.

Proof Let (V, | - |) be a complete normed space. If we define a mappingd : V x V — R

by d(x,y) = ||lx — y||, then (V, d) is a metric space. Thus, (V, d) is a complete metric

space. It is well known that a closed subset W of a complete metric space V is complete.
O

Using this lemma, we can easily prove the following theorem.

Theorem 1.38 A closed subspace of a Banach space is a Banach space.
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Proof Let W be a closed subspace of a Banach space V. Then W is a normed space, which
is closed in V. According to Lemma 1.37, W is complete as a closed subset of a complete
normed space V. Therefore, W is a Banach space. O

14 Inner Product Spaces

An inner product space is a vector space over K with an operation called an inner product.
The inner product of two vectors x and y in the space is a scalar, denoted with angle
brackets such as (x, y).

We denote by o the complex conjugate of the scalar «. We see that @ = « for every
a eR.

Definition 1.39 Let V be a vector space over K. A mapping {(-,-) : V x V — Kiis
said to be an inner product for V if and only if the mapping has the the following four
properties:

ifandonlyifx =0

forall x,y,z € V and «, B € K. A vector space with an inner product is called an inner
product space or a pre-Hilbert space.

It follows from Definition 1.39 (i) that (x, x) = (x, x), which implies that (x, x) is a
real number for any x € V. According to Definition 1.39 (i) and (ii), we have

(x,ay + Bz) = (ay + Bz, x) =a(x, y) + Bx, 2)
forallx,y,z€ Vanda, 8 € K.

Example 1.40 Let K” be the vector space of all ordered n-tuples (xy, x2, .. ., x,), where
x;i € Kfori € {1,2,...,n}. We define a mapping (-, -) : K" x K" - K by

n
(x.y) =Y xy;
i=1

for all ordered n-tuples x = (x1,x2,...,x,) and y = (y1, ¥2, ..., yn). Then (-, -) is an
inner product for the vector space K" and (K", (-, -)) is an inner product space.
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Every inner product (-, -) for a vector space V naturally induces an associated norm
through ||x|| = +/{(x, x) for all x € V. Therefore, each inner product space is a normed
space. In general, the norm on an inner product space means the mapping defined by

X[l = +/(x, x).

Theorem 1.41 (Cauchy-Schwarz Inequality) Ler (V, (-, -)) be an inner product space
over K. Then

[, < llxyll
forallx,y eV.

Proof Forany x,y € V,weset A = ||x||> = (x,x), B = |(x,y)|,and C = ||]y||> =
(v, ¥). We note that B is a nonnegative real number. Then we can choose a scalar ¢ € K
such that |¢| = 1 and B = «(y, x). For all » € R, it follows from Definition 1.39 (iii)
that

0<{x—ray,x —ray)
= (x,x) —raly, x) —ra(x, y) +r*(y, )
= (x,x) —ra(y, x) —ra{y, x) +r2(y, )
=A—Br—§r—i—Cr2
= A —2Br +Cr’.
If C =0, it has to be B = 0. (Otherwise, the aforementioned inequality does not hold for
large r > 0.) If C > 0, we take r = g in the above inequality and we obtain B? < AC,
which completes the proof. O
We may now ask whether every normed space is an inner product space. However,
contrary to our expectation, the answer is negative. In the following theorem, we propose
a necessary and sufficient condition for a normed space to be an inner product space.
We recall that the norm on an inner product space is defined by || x| = /(x, x).
Theorem 1.42 (Parallelogram Law) Let (V, (-, -)) be an inner product space. Then
b+ y1I% + llx = v = 20l + 201y 112 (1.1

forallx,y e V.

Proof In view of Definition 1.39 (iii), we have
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x4+ ylI* = (x +y,x + y)
= (x,x) +{x,y) +{(y, x) +{(y,»)

= xl® + (x, p) + (o, x) + Iyl

forall x, y € V. If we replace y by — y in the above equation, then we obtain

lx — yI* = Ixl? = ¢, p) — (v, %) + Iy1?

forall x, y € V. Finally, we obtain the parallelogram law by adding the last two equations.
O

Assume that (V, | - ||) is a normed space over K. For any norm that satisfies
the parallelogram law (1.1), the inner product that generates the norm is unique as a
consequence of polarization identity. In the case of K = R, the polarization identity is
given by

1
(x,y) = Z(”"+y”2‘ Ilx — y1%) (1.2)

for all x, y € V. For the case of K = C, the polarization identity is given by

1 i, .
(x,y) = Z(”x +ylIF = llx = yI?) + Z(nzx — % = llix + yII?) (1.3)

forallx,y e V.

Hence, if the parallelogram law is satisfied in a normed space (V, || - ||), then the
normed space is an inner product space that is correspondingly equipped with the inner
product (1.2) or (1.3).

Using the Cauchy—Schwarz inequality and the inverse triangle inequality, we will prove
that the inner product and the norm are continuous mappings.

Theorem 1.43 Let (V, (-, -)) be an inner product space over K. For any fixed x,y € V,
the mappings (x,-) :' V —> K (,y) : V > K and | - || : V — R are (uniformly)
continuous on V.
Proof By the Cauchy-Schwarz inequality, we have

[, yi) — (32 =[x, yr = y2)l < llxllllyr — yall
for all y1,y, € V and for a fixed x € V. That is, (x,-) is a uniformly continuous

mapping. Similarly, we can prove that if y is a fixed element of V, then (-, y) is a uniformly
continuous mapping.
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Furthermore, using the inverse triangle inequality, we obtain
et ll = llezll]| < llxr = x|l
for all x1, xo € V. Therefore, | - || is also a uniformly continuous mapping. |

We remember that any subset W of a vector space V is called a subspace of V if and
only if W is itself a vector space with the same vector addition and scalar multiplication,
which are defined on V. In sentences referring to vector spaces, the term “subspace”
always refers to the subspace aforementioned.

Theorem 1.44 If W is a subspace of an inner product space V, so is W.

Proof Let x and y be arbitrary elements of W and let « be an arbitrary scalar. Then there
exist sequences {x;} and {y;} in W which converge to x and y, respectively. Since W is a
vector space, {x; + y;} and {«x;} are sequences in W, which converge to x + y and ax,
respectively. Therefore, since W is closed, x +y € W and ax € W, which implies that W
is a subspace of V by Definition 1.26. O

One of the most important uses of the inner product is to define the orthogonality of
the vectors. This distinguishes the Hilbert space theory from the general theory of Banach
spaces.

Definition 1.45 Let V be an inner product space. Two vectors x,y € V are called
orthogonal if and only if (x, y) = 0. In the case, we write x L y.

We notice that if x L y, then (x, y) = 0, and hence, (y, x) = (x,y) = 0=0,ie.,
y L x.

Another example of the geometric property of the norm defined by an inner product
is the Pythagorean theorem. The Pythagorean theorem describes the basic relationship
between the sides of a right triangle in terms of Euclidean geometry.

The following theorem shows that the Pythagorean theorem holds in each inner product
space.

Theorem 1.46 (Pythagorean Theorem) Ler (V, (-, -)) be an inner product space. If the
norm || - || on V is induced by the inner product {-, -), then the Pythagorean formula holds,
ie.,

lx + yI* = Ixl? + ylI?

for any pair of orthogonal vectors in'V.
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Proof If x and y are orthogonal vectors, then (x, y) = (y, x) = 0. Hence, we have

x4 1% = Il + (e, y) + (v, x) + IvI% = el + Iyl

forallx,y e V.

The Pythagorean theorem can be generalized into the following theorem.

Theorem 1.47 (Generalized Pythagorean Theorem) Let V be an inner product space.
If the norm of V is given as in Theorem 1.46, then the Pythagorean formula holds, i.e.,

n

>

i=1

2 n
2
= lxil
i=1

for all orthogonal vectors x1, x3,...,Xx, € V.

Proof We note that ||x; +x2||2 = ||x1 ||2+||x2 ||2 holds for all orthogonal vectors x1, x; € V

according to Theorem 1.46. Hence, this theorem is true for n = 2. Assume now that this

theorem holds for some integer n > 1. For any orthogonal vectors x1, X2, ..., X,, Xp41 €
n

V,wesetx = > x; and y = x,41. Since x and y are orthogonal, we have
i=1

n+1

>

i=1

2 n+1

n
2 2 2 2 2 2
= llx+ylI7 = llxI”+lIyl* = E il + X117 = E llxi 117
i=I i=1

which is our equality for n 4+ 1. We can complete the proof with the inductive conclusion.

O

We say that a set of vectors forms an orthonormal set if and only if all vectors in the
set are mutually orthogonal and all have unit length. The Pythagorean formula will help
us prove Bessel’s inequality, which is an important property of orthonormal sets.

Theorem 1.48 (Bessel’s Inequality) Let {x1, x2, ..., x,} be an orthonormal set of vec-
tors in an inner product space V. Then

D e x)? < el (1.4)
i=1

forallx € V.

Proof 1t follows from Theorem 1.47 that
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n
E CiXj
i=l1

2 n n
2 2
= lexil? =) lail
i=1

i=1
for any scalars cy, ¢, ..., ¢,. Thus, we have
2 n n

= <x - Zcm, X — chxj>

i=1 j=I

n n n
2 200112
=[xl —<x, E ijj>—< E CiXi, x>+ E lci |~ Mlxi |l
=1 i=1 i=1

n

X — E CiXj

i=1

n n n
=[xl =Y et xj) = Y eilex) + Y eier
j=l1 i=1 i=1

n n
=[xl =Y 1, x) P+ Y 1 x) — il
i=1 i=1

Since ¢y, ¢2, . .., ¢, are arbitrary scalars, if we set ¢; = (x, x;) fori € {1,2,...,n}, then
the previous equality yields

2

n

X — Z(x,xi)x,-

i=1

= fx* =) [x.x) (1.5)
i=1

for all x € V, which gives the Bessel’s inequality (1.4). O

1.5  Hilbert Spaces

Since Hilbert spaces allow the methods of linear algebra and calculus to be generalized
from (finite-dimensional) Euclidean spaces to possibly infinite-dimensional spaces, the
Hilbert spaces are widely used in mathematics and physics.

Definition 1.49 A Hilbert space is a complete inner product space.

In the aforementioned definition, the completeness of an inner product space (V, -, -))
means the completeness of the normed space (V, || - ||), where the norm is defined by

lx|| = +/{x, x) forallx € V.

There are many examples of Hilbert spaces. R” and C” are Hilbert spaces if they are
n

n
equipped with the inner products (x, y) = > x;y; and (x,y) = )_ x;y;, respectively.

i=1 i=1
Another example of Hilbert spaces is £2, where £2 is the space of all sequences {x;} of real

o0
numbers such that Y xl.2 < 0o with the inner product defined by
i=1
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(x, )= xii.

i=1

Two vectors in an inner product space are said to be orthonormal if and only if they are
orthogonal unit vectors. We say that a set of vectors forms an orthonormal set if and only
if all vectors in the set are mutually orthogonal and all have unit length.

Definition 1.50 Let (V, (-, -)) be an inner product space.

(i) A collection S of nonzero vectors in V is said to be an orthogonal system if and only
if any two different vectors in S are orthogonal to each other.
(ii) Anorthogonal system S is said to be an orthonormal system if and only if every vector
in S is a unit vector, i.e., ||x|| = 1 for every x € S.

In Definition 1.50 (i7), we note that the norm is induced by the inner product, i.e., it is

defined by ||x|| = /(x, x).
Every orthogonal system of nonzero vectors can be normalized. If S is an orthogonal
system, then the collection

is an orthonormal system.

Theorem 1.51 Every orthogonal system in an inner product space is linearly indepen-
dent.

Proof Assume that S is an orthogonal system in an inner product space (V, (-, -}) over K
n

and that )_ «;x; = O for some x1, x2, ..., x, € Sand oy, o2, ..., &, € K. Then, we have
i=1

n n n n
0= Z(O, aix;) = Z< ajx;, Otixi> = Z(Olixi, o x;)
j=l1

i=1 i=1 i=1

n

20 12

= E leei |7 {1xi 117
i=1

which implies that ; = O for all i € {1, 2, ..., n}. Therefore, x1, x2, ..., x, are linearly
independent. O

Definition 1.52 Let V be an inner product space.
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(i) A sequence of vectors of V that constitutes an orthonormal system is called an
orthonormal sequence.
(ii) An orthonormal sequence {x;} in V is called complete if and only if

forallx e V.

We note that the equality of Definition 1.52 (ii) means

n

X — Z(x,xi)x,-

i=1

lim =0,
n—0o0

where || - || is the norm on V defined by |[v|| = /(v, v) forany v € V.

Lemma 1.53 Assume that V is a Hilbert space over K, {x;} is an orthonormal sequence in
o

V, and that {c;} is a sequence of scalars from K. Then the infinite series ) c;x; converges
i=1

o0
ifand only if 3" |c; |> < oo. In that case,

=

2 00
2
=> lal®

i=1

00
§ CiXi

i=1

Proof For any integers n > m > 0, it follows from Theorem 1.47 that

n
E CiXi
i=m

2 n
=Y el (1.6)

o n
If 3 |ci|? < oo, it follows from (1.6) that the sequence {s,}, s, = Y. ¢;x;, is a Cauchy
i=1 i=1
sequence in V. This fact, together with the completeness of V, implies the convergence of

o0
the infinite series ) ¢;x;.
i=1
o
Conversely, we assume that the infinite series ) ¢;x; converges. Since the sequence
n =1
{04} of scalars from K, where 0, = >_ |c; |2, is a Cauchy sequence in R, the convergence
i=1

o0
of Y |c;|? follows from (1.6).

i=1
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Finally, it is enough to take m = 1 and put n — o0 in (1.6) to obtain our equality. O

Definition 1.54 An orthonormal system S in an inner product space V over K is called
an orthonormal basis if and only if every element x € V has a unique representation

o0
X = E CiXj,
i=1

where ¢; € K and x;’s are distinct elements of S.

We note that a complete orthonormal sequence is an orthonormal basis. In view of
Definition 1.52 (i7), it is sufficient to show the uniqueness of the representation. We leave
this work to the reader’s practice.

Remark 1.55 Let V be an inner product space over K. If {x;} is a complete orthonormal
sequence in V, then the span

n
span{xi, x2, ...} = {Zcixi 1c1,6,...,cp €K on eN}
i=1

isdensein V.

Theorem 1.56 Let V be a Hilbert space. An orthonormal sequence {x;} in V is complete
if and only if (x, x;) = O foralli € N implies x = 0.

Proof Assume that {x;} is a complete orthonormal sequence in V. Then we have

X =) {(x,x;)x;

™

I
—

]

for all x € V. Hence, if (x, x;) =0 foralli € N, then x = 0.
Conversely, assume that (x, x;) = 0 for all i € N implies x = 0. For any x € V, we
define

™

y=) (x,x)x.

Il
-

In view of Bessel’s inequality, we have

n

2 2
D e x) 2 < il
i=1
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for any x € V and n € N. By letting n — oo in Bessel’s inequality, we get

> )P < x>

0
i=l1

By Lemma 1.53 and the previous inequality, we conclude that the sum y exists.
We note that for any i € N,

(r =y, xi) = {x, xi) — <Z(x,Xk>Xk,xz'>

k=1
= (0, xi) = Y (%, ) Ok, x)
k=1
= <x’xi> - (x,x,-)

=0,

o

which implies that x = y = > (x,x;)x;. According to Definition 1.52 (i), the
i=1

orthonormal sequence {x;} is complete. O

The Parseval’s formula presented in the following theorem can be interpreted as an
extension of the Pythagorean formula to infinite sums.

Theorem 1.57 (Parseval’s Formula) An orthonormal sequence {x;} in a Hilbert space
V is complete if and only if

Ixl® =" 1, x)I? (1.7)
i=1

forallx € V.

Proof Assume that x is any element of V. If {x;} is a complete orthonormal sequence,
then the expression on the left hand in (1.5) converges to 0 as n — oo. Thus, we have

n
. 2 _ N2 ) =
nl;rgo (||x|| .El [{(x, xi)| ) =0,
=

which implies the validity of (1.7).
Conversely, if the Parseval’s formula (1.7) holds, then the expression on the right hand
in (1.5) converges to 0 as n — oo. Hence, we obtain
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n 2
lim — DXl =
n—>00 X Z('xa-xl>xl Oa
i=1
which implies that the orthonormal sequence {x;} is complete. O

Definition 1.58 A Hilbert space V| is said to be isomorphic to a Hilbert space V; if and
only if there exists a bijective linear mapping f : Vi — V3 such that

(), fF) = (x,y)

for all x, y € Vj. In this case, the mapping f is called a Hilbert space isomorphism from
Vi onto V.

We note that a Hilbert space is said to be separable if and only if it contains a complete
orthonormal sequence (see Definition 1.9 or [16]). It should be noted that all finite-
dimensional Hilbert spaces are separable.

Theorem 1.59 [fV is a real Hilbert space with dimV = n, then it is isomorphic to R".

Proof Considering the Gram-Schmidt orthonormalization, we can assume that
{x1,x2,...,x,} is an orthonormal basis of V and x is an arbitrary element of V. We
define a mapping f : V — R" by f(x) = (c1,¢2,...,¢cy), where ¢; = (x, x;) for
i € {1,2,...,n}. Then it is easy to check that f is a one-to-one linear mapping from V
onto R”.

In addition, for arbitrary x,y € V, we set ¢; = (x,x;) and d; = (y,xi), i €
{1,2, ..., n}. Then we have

(fO), fFO) = (1, €2, ., ), (dr, o, - . dy))

n

= Zcid" = Z(x,xl')(y,xi)
i=1

i=1

= Z(xv <y1xi>xi)
i=1

n

= <.X, Z(ys xi>xi>

i=1

= (x, ).

Therefore, according to Definition 1.58, f is an isomorphism from V onto R”. O
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We note that any real infinite-dimensional separable Hilbert space is isomorphic to the
real space £, which is presented in the next section. In this sense, there is only one real
infinite-dimensional separable Hilbert space. The same applies to complex Hilbert spaces:
any two complex infinite-dimensional separable Hilbert spaces are isomorphic.

1.6  Hilbert Space ¢>

Let R be the set of all real-valued sequences. We define
{xi} +{vi} ={xi +yi} and afxi} = {ax;}
for all {x;}, {y;} € R® and « € R. Moreover, we define
= {xi} ={—xi}

for any {x;} € R™. Using these definitions as the vector addition and the scalar
multiplication, we can easily check that R* is a real vector space.
We now define

0= {{xi} e R*: Zx,z < oo}

i=1

o0
as a subset of R, consisting of all real-valued sequences {x;} with the property > xi2
i=

< Q.

o
Theorem 1.60 Assume that {x;}, {y;} € €>. Then > x;yi converges and
i=1

g (ixiz)l/z<§yi2)1/z'

i=1

oo
in}’i
i=1

Proof For each n € N, the ordered n-tuple (xi, x2, ..., x,) is an element of R", where
R” is the n-dimensional Euclidean space. Thus, by using the Cauchy-Schwarz inequality
for R”, we obtain

n n 1/2 n 1/2
Z|x,-||y,~|=|<x,y>n|5||x||n||y||n=( x?) (Zy?) :

i=1 i=l1 i=1
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where we define
n n 1/2
(6, ¥)n =Y Ixillyil and |lx]l, = (Zx?)
i=1 i=1

for all elements x = (x1, x2,...,x,) and y = (y1, ¥2, ..., yn) of R". Since {x;}, {yi} €
82, we have

n o 12 , o 172
e (zx,.z) <Zy,-2) .
i=1 i=1 i=1

Hence, the finite sum of the left-hand side is bounded above, and it increases with n.

o] o] 1/2 , o0 1/2
Z|xi||y,»|s<2x,-2) <Zy?) :
i=1

i=1 i=1

Therefore, we have

x
Thatis, Y x;y; converges absolutely and thus, it converges.
i=1
Moreover, we obtain

oo
inyi

i=1

00 oo 1/2 , o0 1/2
sZ|x,~||yi|s(Zx?> (Zy?)
i=1 i=1

i=1
for all {x;}, {yi} € ¢2. O

Using the previous theorem, we can now show that ¢2 is a subspace of the real vector
space R,

Theorem 1.61 ¢ is a subspace of the real vector space R*.

Proof We just need to show that £2 is closed under the action of vector addition and scalar
multiplication. It is obvious that if x € £2, then ax € £2 for any « € R.
Assume that x = {x;} € ¢2 and y = {y,} € 2. Tt then follows from Theorem 1.60 that

Z x;y; converges, since both Z x? and Z x? converge. We note that

i=1 i=1 i=1

Z(xz+)’l)2 ZX +2le)’1+2y;
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for every n € N. Since every sequence of partial sums on the right-hand side converges,

o0

the sequence on the left-hand side also converges. Thatis, Y (x; + yi)? converges, which
i=1

implies that x 4+ y € £°. O

Now we define a real-valued mapping (-, -) : £2 x £> — R by
o0
(x. )= xiyi (1.8)
i=1

forall x = {x;} € €2 and y = {y;} € 2.
Theorem 1.62 (-, -) is an inner product for €.

Proof 1t is not difficult to check that the given mapping (-, -) satisfies the four conditions
given in Definition 1.39. We therefore leave the proof of this theorem to the reader. O

Theorem 1.60 represents the £2-version of the Cauchy—Schwarz inequality. The inner
product defined by (1.8) induces the metric d on £%:

o0 1/2
d(x,y) ={x—y,x—y = (Z(xi —y»z) : (1.9)
i=1

We also note that ¢2 contains the R” for each n € N, where R” is an isomorphic copy of
R”". More precisely, we define

R" = {{x;} e R :x; = Oforalli > n}.

Thus, the metric on £2 given by (1.9) can be regarded as a generalization of the Euclidean
metric.

Theorem 1.63 ¢2 is complete.

Proof Assume that {g,,} is an arbitrary Cauchy sequence in £Z, where we set
qm =A{dqm.1: qm.2s - - qmons - -}

for every m € N.

(a) We assert that for each j € N, {g, j}m is a Cauchy sequence in R. Let j be fixed
and let ¢ > 0 be arbitrarily given. Then there exists an integer N > 0 such that
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d(qm,qn) < ¢ for all m,n > N, where the metric d on 02 is defined by (1.9).
Moreover, we have

00 1/2
|Qm,j - Qn,jl =< (Z(Qm,i - Qn,i)2> =d(gm,qn) <€
i=1

for all m, n > N. Therefore, for every j € N, {gn, j}m is a Cauchy sequence in R and
there exists a real number z; = lim g, ;. We now let z = {z}.
m—0oQ

We check that z € £2. Let & > 0 be an arbitrary real number. Since {g,,} is a Cauchy
sequence in £2, there is an integer N > 0 such that d(gq v+ 4ni,) < h for all integers
p > 0. Then we have

Z (qN,i - qN+p,i)2 = d(QN’ ('IN+p)2 < h2

o0
i=1
and hence, we obtain

n

Z (qN.i - qNer.i)z < h?

i=1

for every n € N. Since lim g, , = z; forany i € N, it follows from the previous
p—>0o0 ’

inequality that
n n
. 2 \2 2
plggoz (qN,i - qN+p,i) = Z (‘IN,z - Zl) =h".
i=1 i=1
Since the sequence of real numbers
n
2
{3 @ -]
i=1 n
is monotone increasing and bounded above, it converges. More precisely,

> gy, — i)’ < oo

0
i=l1

Therefore, we conclude that {g, , — z;}; € £2. We note that

{zi) = {qu )i — {qu, — zi)i € €%,
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since {g,,}i = gy € €% and {q,, — z;}; € £*. Thatis, z = {z;} € £*.
We will prove that lim ¢, = z. Given ¢ > 0, there exists an integer N > 0 such that
n—o00

d(gn, gn+p) < ¢ for all integers n > N and p > 0. Then we have
oo
D (@i — anpi) <€
i=1
for all integers n > N and p > 0. Hence, we further obtain
k
D (@i —anipi) <&
i=1

for any integer k > 0. Thus, since lim g,4,; = z; by (a), we have
p—>00

k
Z(Cln,i —z) <e’
i=l
for each integer k > 0. Hence,
o0
Z(Qn,i - Zi)2 < 32
i=1

for all integers n > N, which implies that d(g,, z) < ¢ for each integer n > N. That
is, the Cauchy sequence {g,} converges to z € £> by (b). Therefore, every Cauchy
sequence in £2 converges (in £2), i.e., £% is complete. O

We have proved in the preceding theorems that (£2, (-, -)) is a complete real inner

product space, i.e., it is a real Hilbert space.

Theorem 1.64 (22, (-, -)) is a real Hilbert space.

X0

for

An important idea for the proof of the following theorem is that for each ¢ > 0, every
€ £2 is within & distance from the subset

Dy = {{xi} € €*:x; € Qfor0 <i <nandx; =0fori > n} (1.10)

some integer n > 0.

Theorem 1.65 ¢ is separable.
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Proof First, we easily check that D,, defined by (1.10) is a countable subset of £%. We now
define

and note that D is also a countable subset of £2.
We assert that D is dense in £2. Assume that p = {p;} is arbitrary element of ¢> and
& > 0 1is given arbitrarily. We complete the proof by showing that there is an element
o0
z € D that satisfies d(z, p) < €. Since p € £2, we have > p,.2 < 00. Thus, we can choose

i=1

an integer N > 0 such that

> 1
2 2
' Z pi < 58 .
i=N+1
Furthermore, we may choose rational numbers ry, 2, ..., 7, such that
I | :
ri — pi < I3
Y TN
fori € {1,2,...,N}. If wesetz = {r,r2,...,7,,0,0,...}, then z € D and we obtain

N

o0 1/2
d(z,p)=(2(rl~—pi>2+ > p?)

i=1 i=N+1
1/2
N, 1,
< (ﬁg + 58 >
=€,

which implies that the countable subset D (of £2) is dense in £2. Therefore, £2 is separable.
O
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Abstract

Isometry is not only widely used to describe the motion of rigid bodies that is a
mixture of rotational and translational motions of solids but is also an important tool
in theoretical physics and geometry. The properties of isometry have been actively
researched for a long time, and this theory is widely used in fields such as natural
science, computer engineering, radiology, imaging science, and design. In this chapter,
we will examine in detail the Aleksandrov problem, one of the ways to find necessary
and sufficient conditions for characterizing the isometries defined between Euclidean
spaces.

2.1 Theorem of Mazur and Ulam

Let (X, || - |I) and (Y, || - ||) be some normed spaces. A mapping f : X — Y is called an
isometry if and only if f¥¢satisfies the equality || f(x) — f(¥)|| = |[x — y| forall x, y € X.
In other words, a mapping is an isometry if and only if it preserves all distances.

Definition 2.1 Let f : X — Y be a mapping between the real normed spaces Xfand Y.

(i) fts called linear if and only if it satisfies f(sx+ty) = sf(x)+¢f(y) forallx,y € X
ands,t € R.

(ii) flis affine if and only if it satisfies f((1 — t)x +1y) = (1 —¢) f(x) + ¢f(y) for all
x,ye Xandr eR.

The original version of the chapter has been revised. A correction to this chapter can be found at
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34 2 Aleksandrov Problem

Remark 2.2 Combining (i) and (ii) of Definition 2.1, the mapping f¥is affine if and only
if it is linear up to a translation, and this happens if and only if f — f(0) is linear.

Proof Assume that the mapping f : X — Y is affine. Let us define the mapping g : X —
Y by g(x) = f(x) — f(0) for all x € X. It then follows from Definition 2.1 (i7) that

g —=0x +1y) =10 —-1)gx) +18(y) (2.1)
forall x,y € X and ¢t € R. If we set x = 0 in (2.1), then we obtain
gty) =1tg(y) (2.2)
forany y € X and t € R. Moreover, we set x = % in (2.1) and we use (2.2) to have
glx+y) =gl)+ gy (23)

forallx,y € X.
‘We note that

s s
sx +ty = ;(tx +ty) + <1 — ;)(ty)

forall x, y € X and s, t € R. Thus, by (2.1), (2.2), and (2.3), we get
s S
glsx +1ty) = g(;(tx +1y) + (1 - ;)(m)

= ;g(tx +1y) + (1 — ;)g(ty)
=sgx+y)+ ¢ —9)gQ»)
=sg(x) +1g(y)

forall x, y € X and s, t € R. That s, g is linear.
The reverse implication is obviously true. O

The theory of isometries in Banach spaces originates from the paper [50] by S. Mazur
and S. M. Ulam. They proved the theorem named after them, which states that every
surjective isometry between real normed spaces is affine.

Theorem 2.3 (Mazur and Ulam) Let X{land Ybe real normed spaces. Every surjective
isometry f : X — Y is affine.
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Proof We assume that f : X — Y is an arbitrary surjective isometry between real normed
spaces Xfand Y. We will show that f¢preserves midpoints, i.e.,

forallx,y € X.

1 1
f(z(x + y)) = E(f(x) + ) (2.4)

(a) First, we assume that gfis an arbitrary surjective isometry defined on X. Tentatively,
let x and ytbe two fixed vectors of X. We define

which denotes

1 1
def(g) = ”g(z(x + y)) - E(g(x) +g)|.

the possible “affine defect.” Using the triangle inequality and our

assumption that g is an isometry, we have

def(g)

IA

1 1
+ §Hg<§(x + y)) —-g() H

11
#afaen ]

1 1
EH&'(&@ + y)) —g(x)

11(+)
S50ty —x

1|| I
= —||X —
3 y

for any surjective isometry gédefined on X. Since x, y are tentatively fixed vectors,
the affine defect def(-) has a uniform bound.

(b) We claim that for every surjective isometry g defined on X, there is another surjective
isometry #{defined on X) whose affine defect is twice as large as the affine defect of g.

In fact, the one-to-one correspondence of gfallows us to define h = g

Loy o g, where

rlis the reflection in %(g(x) + g(y)) in the range space of g. Hence, the reflection r¢

is given by r(z) = g(x) + g(y) — z, and h(x) = y, h(y) = x. Since g

—1 s also an

isometry, we obtain

def(h) =

1 1
h(E(X + y)) 3 h(x) + h()’) H

1
<g(X)+g(y) <(x+y)> 5X+y)H

)
a0 s ) - (o)

gx)+g(y) — g(z(x + y)) — g(

— 2def(g).
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(c) If we had a surjective isometry defined on X¢with positive affine defect, then the
repeated use of part (b) leads to the conclusion that we would obtain surjective
isometries (defined on X) with arbitrarily large affine defect, which would contradict
the uniform boundedness of the affine defect that we established in (a). Thus, we
conclude that def(g) = 0 for every surjective isometry géefined on X.

(d) Therefore, the surjective isometry f : X — Y satisfies def(f) = 0, i.e., fesatisfies
the Eq. (2.4) for all x, y € X. (For convenience, xfand yfare assumed to be tentatively
fixed, but in practice, they can be chosen arbitrarily.)

(e) Since every isometry is obviously a continuous mapping, we now only have to prove
that all continuous solutions of Eq. (2.4) are affine mappings. Equation (2.4) is called
the “Jensen’s functional equation” and every solution to this equation is called a
“Jensen function.” It is well known that each mapping f¢between real vector spaces
with f(0) = 0 is a Jensen function if and only if it is an additive mapping. Moreover,
any continuous additive mapping is linear. Therefore, according to [31, §7.1] or [41,
Result 1.54], we can conclude that f — f(0) is linear, i.e., f?is affine. O

The aforementioned proof of the Mazur—Ulam theorem is an improved version of a
new proof presented by B. Nica [52]. It should be noted that, prior to B. Nica, J. Viisild
presented another new proof of the Mazur—Ulam theorem (see [70]).

2.2 Theorem of Baker

As we see in Sect. 2.1, Mazur and Ulam proved that every isometry from one real normed
space “onto” another is necessarily affine. It is natural to ask whether the Mazur—Ulam
theorem is also true without the “onto” assumption.

In connection with this question, we introduce an important property of special normed
spaces: A normed space is strictly convex if and only if ||x + y|| = ||x|| + ||y || implies that
xfand yfare linearly dependent. It is easy to see that a normed space is strictly convex if
andonly if x # 0, y # 0, and ||x + y|| = ||x|| + ||y]| imply x = cy for some ¢ > 0. A
detailed definition of strict convexity is introduced as follows.

Definition 2.4 A normed space (X, || - ||) is strictly convex if and only if for any nonzero
vectors x, y € X that satisfy ||[x+y]| = ||x]|+] y]l, there exists a constant ¢ > 0, depending
on xfand y, such that x = cy.

For every strictly convex normed space X, we can check that if xfand yfare distinct unit
vectors of X, then ||ax + (1 — «)y|| < 1 for all scalars « satisfying 0 < o < 1: Using the

triangle inequality, we have

lax + 1 =)yl < flex]| + (1 =)yl = alx]| + (1 - )|yl = 1.
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On the contrary, assume that |jex 4+ (1 — «)y|| = 1 for some 0 < @ < 1. Since

lox + (1 —a)yll =1

=o+(l —a)

=afxll+ (1 =)yl

= llax|l + 1A =)yl
On account of the strict convexity of X, there exists a constant ¢ > 0 such that ax = c(1 —
a)yorx = c% y. Since xfand yfare unit vectors, it follows that x = y, which contradicts
our assumption that x # y. Therefore, we can conclude that ||ex 4+ (1 — «)y|| < 1 for all
real numbers o with 0 < o < 1.

As a typical example of the strictly convex space, we can take the real Hilbert space we
are familiar with.

Theorem 2.5 Every real Hilbert space is strictly convex.
Proof Let xfand yfbe arbitrary nonzero elements of the real Hilbert space X¢with ||x +

vl = llx|l + Iyl Since ||x|| = /{x, x) for all x € X, it follows from Definition 1.39 (iii)
that

e+ yI7 = (x + v, x4 ) = x> + 202, 3) + Iy 117
and
(el + Iy M) = 1l + 20 iyl + Dyl
Equating the last two equations, we get
(. y) = llxllyll-
Furthermore, using the Cauchy—Schwarz inequality, we have
Ixllyll = e, y) < K, w1 < lixllyll,
ie., |[{x, ¥)| = llx|llly|l, which implies that xfand yfare linearly dependent. Hence, there
exists a real constant ¢ # 0 such that x = cy. It follows from ||x + y|| = ||x|| + ||y|| that
|c + 1] = |c| + 1, which yields that ¢ > 0. Due to Definition 2.4, we can conclude that

the real Hilbert space X4is strictly convex. In general, every real Hilbert space is strictly
convex. ]
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Lemma 2.6 Let Ytbe a real normed space that is strictly convex. If x, y € Y, then %(x +y)
is the unique element of Y{separated from both xtand ytby the distance %le -yl

Proof The claim is obviously true if x = y. It is also easy to see that the element %(x +y)
is separated from both xfand yfby a distance %Hx — y||. Therefore, all that remains is to
prove the uniqueness.

Assume that x £ y and u, v € Y with

1
le—ull=||y—M||=||x—v||=IIy—vI|=§||x—y||~
Then we have
Lt )| = [ e — w0+ 2 =)
X 2u V)| = Zx u 2x v
1 1
< Sl —ull+ Sl vl (2.5)
1II Il
= —||X — .
5 y
Similarly, we obtain
1( +v) <l|| I (2.6)
y 214 v _2x yl. .

If either of these inequalities were strict, then we would have

1
b =yl = jx = 5@+v) < llx =yl

1
+ H y - E(u +v)
a contradiction. Therefore, equality in (2.5) and (2.6) must hold, so that

1
+ E(X—U)

1 1 1 Rl
E(X—M)‘I'E(X—U) —EHX—)’H— E(X—u)

Since Y#is strictly convex, x # u and x # v, it follows that x —u = c(x — v) for some real
number ¢ > 0. However, since ||x — u|| = ||x — v||, we have ¢ = 1 and thus u = v. O

J. A. Baker [2] significantly generalized the Mazur—Ulam theorem by proving the
following theorem without the “onto” condition:

Theorem 2.7 (Baker) If Xds a real normed space and Ylis a strictly convex real normed
space, then every isometry f : X — Y is affine.
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Proof 1f f(0) # 0, then we define a mapping g : X — Y by g(x) = f(x) — f(0). Then,
gfs also an isometry and g(0) = 0. Therefore, without loss of generality, we can assume
that f(0) = 0.

Since ffis an isometry, it follows that || f(x)|| = |/x|| for all x € X. Hence, || —
fFEE) = 11f(=x)]l =]l = x|l = |Ix|| for each x € X. Moreover, we have

| £+ (= f (=] =2lxll = 1 F N + 1| = f (=)

Since Y/is strictly convex, there is a ¢ > 0 such that f(x) = —cf(—x). But it is true that
£ )| = llx]l = || f(—x)|l and it follows that ¢ = 1. Thus, it is true that f(—x) = — f(x)
for all x € X.

Since fYis an isometry and f(0) = 0, we obtain

Ifx+ I =llx+yll

= |lx = (=l
=fx) = fF(=»ll
=fx)+ I
for all x, y € X. Furthermore, we have
1 ! 1 1
Hf(i(x +y)> —f)| = Hz(y —x)| = EIIX —-yll= Ellf(X) =S

and similarly,

1
Hf(%(x +y)> - f(y)H =5 If @) = fI

forallx,y € X.
It follows from Lemma 2.6 that

1 1
f(5<x + y)) = 3(F0+ £ )

for any x, y € X. Every solution to this equation is called a Jensen function. Any mapping
Sfbetween real vector spaces with f(0) = 0 is a Jensen function if and only if it is additive.
Moreover, any continuous additive mapping is linear. Since f¢is continuous as an isometry,
it is linear and the proof is complete. O

The following simple but interesting lemma was presented in the paper [20] by P.
Fischer and Gy. Muszély:
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Lemma 2.8 [fYls a normed space, x,y € Y, and ||x+y| = ||x||+ |y, then ||sx+ty| =
sllx|l + tllyll forall s, t > 0.

Proof 1f we assume that 0 < s < t, then we have ||sx + ty|| < s|lx|| +¢||y]l. On the other
hand, using the inverse triangle inequality, we obtain
sx + eyl = llt(x +y) — (¢ —$)x]|
= [l + yll = (¢ = 9)lIx]
=sllxll + iyl

which completes our proof. O

Let Y¢be a real normed space that is not strictly convex. In this case, we can see from
the following example that we have an isometry that is not affine.

Example 2.9 Assume that Y?is a real normed space that is not strictly convex. Due to
Definition 2.4 and Lemma 2.8, we can choose a,b € Y such that afand bfare linearly
independent, |la|| = ||b]| = 1, and |la + D] = [lall + ||5].

Now we define a mapping f : R — Y by

xa (forx <1),

feo = :a—l—(x— )b (forx > 1),

‘We note that

(y —x)a (forx <y <1,
fO—fx)=3d—-x)a+(y—1Db (forx <1 <),
(y —x)b (forl <x <y).

Using Lemma 2.8, we can easily show that flis an isometry. Furthermore, it holds that
f@2)=a+b+#2a=2f(1). Therefore, ffis neither linear nor affine.

As another example, we are going to construct a homogeneous isometry that is not
linear.

Example 2.10 Let us define a mapping g : R> — R by
x (forxy > O and |x| < |y]),

g(x,y) =4y (forxy > Oand |y| < |x]),
0 (for xy < 0).
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It is easy to check that

(i) ghshomogeneous, i.e., g(tx,ty) =tg(x,y) forallt,x,y e R;
(i) |g(x, )&= g(u, v)| < V/(xt=w)> + (y&= v)* forall u, v, x, y € R;
(iii) ghs not linear.

For example, the inequality (ii) can be checked by considering the following nine cases.
Due to space constraints, we will discuss the first three and last of the nine cases.

(1) If the points x, y, u, v in R satisfy the conditions that xy > 0, |x| < |y|, uv > 0, and
|u] < |v|, then

180, 3) — g, v)] = x — ] < \/(x —w)? + (v —v)2.

(2) If the points x, y, u, v in R satisfy the conditions that xy > 0, |x| < |y|, uv > 0, and
[v| < |ul, then

1g(x, y) — g(u, v)| = |x — v

5max{|x—u|,|y—v|}

< Jox—uw?+ (- v

(3) If the points x, y, u, v in R satisfy the conditions that xy > 0, |x| < |y|, and uv < 0,
then

lg(x,y) — gu, v)| =[x — 0

< max {|x —ul, |y — v|}

< Jox—uw+ (- 02

In this way, we calculate up to the last case and check:

(9) If the points x, y, u, v in R satisfy the conditions that xy < 0 and uv < 0, then

lg(x, y) —gu,v)| =10-0] < \/(x —u)?+(y —v)%

We set X = R? with the usual normed space structure and ¥ = R3? with the usual
vector space structure but with
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e, v, 2l = max {y/x2 + 2, |z]}.

Then, we can check that || - || : ¥ — [0, c0) isanorm on Y.
If we define f : X — Y by f(x,y) = (x,y, g(x, y)), then we have

”f(xv y) - f(u,U)” = ||()C —u,y—u, g(xv y) _g(uvv))H

= max {y/ (v — 02 + &~ 2. [gx. ) — gl )1}

=02+ vy

= ”(x’ )7) - (u’ U)“

for all (x, y), (u,v) € R2, which implies that f¢is an isometry. Finally, it follows from (i),
(ii), and (ii7) that f¢is a homogeneous isometry but not linear.

23 Aleksandrov Problem

Many mathematicians have long studied the methods of characterizing isometries, one of
which is what is known as the Aleksandrov problem, and it is a central goal of this book to
explain this problem in detail so that readers can grasp it.

Definition 2.11 Let f : X — Y be a mapping between normed spaces.

(i) A distance p > 0 is called contractive (or non-expanding) by ftif and only if ||x —
vl = p always implies || £ (x) — )] < p.
(ii) A distance p > 0 is called extensive (or non-shrinking) by fif and only if the
inequality || f(x) — f(¥)|| = p holds for all x, y € X with ||x — y|| = p.
(iii) A distance p > 0 is called preserved (or conservative) by frif and only if p is both
contractive and extensive by f.

Remark 2.12 Let f : X — Y be a mapping between normed spaces, and let ntbe any
positive integer. If f¢preserves a distance p, then the distance np is contractive.

Proof Let x and y be arbitrary elements of X that satisfies ||[x — y|| = np and let f : X —
Y be a mapping that preserves the distance p. We define

i
Xi=x+-(—x)
n

foreachi € {0, 1, ..., n}. Then we have xo = x and x,, = y. Moreover, we obtain
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1
Ixi = xit1ll = —llx =yl =p
n
foranyi € {0, 1,...,n — 1}. Since the distance p is preserved by f, it follows that

ILf(xi) = fxipDll = p

foranyi € {0, 1, ..., n — 1}. Furthermore, using the triangle inequality, we have

If )= fFDI = 11f (o) = fFCal
n—1

<Y IO = f gl

i=0

=np.

That is, the distance np is contractive by f. O

If f¢is an isometry, then flpreserves all distances p > 0, and vice versa. At this point,
we may raise a question:

Is a mapping that preserves certain distances an isometry?

In relation to this question, A. D. Aleksandrov [1] posed the following problem.

Problem 2.13 (Aleksandrov Problem) Does the existence of a single conservative
distance for a mapping imply that it is an isometry?

It is now known as the Aleksandrov problem.

The following examples show that the Aleksandrov problem is nontrivial by presenting
that there are some mappings that may not be isometries even if they preserve a certain
distance.

Example 2.14 We define the mapping f : R — R by

o {x—i— 1 (for x € Z),
(forx € 7).
If x,y € Rwith |x — y| = 1, then either | f(x) — f(¥)| =|x+ 1) — (y+ 1)| = 1 for
all integers xfand yfor | f(x) — f(y)| = |x — y| = 1 for all non-integers xfand y. That
is, flpreserves the unit distance. However, if x = % and y = 0, then |x — y| = % but
lf(x)— f(y)] = |% —1] = %, which shows that | f(x) — f(y)| # |x — y|. Thatis, flis
not an isometry.
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Example 2.15 There is a mapping f : £2 — £ that is not an isometry, even if it preserves

the unit distance: Since £2 is separable by Theorem 1.65, there exists a countable subset D¢

of ¢2 that is dense in £2, where we set D = {d1,d>, ...}. We choose a mapping g : 2D
oo

such that ||g(x) — x|| < % for all x € £2, where ||x||2 = (x, x) = > xiz. Now, we define a
i=1

mapping 4 : D — £* by

1 1 1
h(d;) = {—8‘1, —68i2y ey —=0iiy ... }
] ﬁ ] ﬁ 1 ﬁ 123
for each i € N, where §;; is the Kronecker delta.
We assert that the mapping f = h o g : £> — £ preserves the unit distance: Assume
that x; and x, are arbitrary points of £ with ||x; — xz|| = 1. By the inverse triangle
inequality, we have

lgx) — gl = [[(gx1) — x1) — (g(x2) — x2) — (x2 — x1) |

v

[[(gCx1) — x1) — (g(x2) — x2) | — llx2 — x1]l]
=1— (gD = x1) = (g(x2) = x2) |
> 0,

since ||(g(x1) —x1) — (g(x2) —x2) || < llg(x1) —x1 /| + llg(x2) — x2|l < 1. Hence, g(x1) #
g(x2). Since g(x1), g(x2) € D and g(x1) # g(x2), there are two distinct m, n € N such
that d,,, = g(x1) and d,, = g(x2). Thus f(xy) is the real-valued sequence whose mth term
is %ﬁz and whose remaining terms are all 0s. In the same way, we see that f(x7) is the

real-valued sequence whose nth term is \/LE and whose remaining terms are all Os. Hence,
f(x1) # f(x2). Therefore, we have

1\? 1\?
Ilf(X1)—f(Xz)||2=<%> +<_ﬁ> =1.

We assert that not all distances are preserved by f: By the argument of the preceding
paragraph, we see that || f(x1) — f(x2)|| € {0, 1} for all x1,x2 € £2. That is, flis not an
isometry.

It is not yet known how the aforementioned example would change if the mappings
involved were continuous. Another example of the mapping that preserves unit distance,
but is not an isometry, was introduced by Th. M. Rassias [56]:

Example 2.16 We define a continuous mapping f : R — R by

fx) =[x+ x)%,
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where [x] denotes the integer part of xfand {x} = x — [x]. Since [x + 1] = [x] + 1 and
{x+1}=x+1—-[x+1] =x — [x] = {x}, we have

fa+D=k+1U+x+1P=x+1+xP=Ff)+1

for any x € R. That is, f¢preserves the unit distance. But we see that f(0) = 0 and
f (%) = 1. Therefore, feis not an isometry.

Although a mapping f : R — R is continuous and preserves unit distance,
Example 2.16 shows that f¢ may not be an isometry. However, under the Lipschitz
condition with a Lipschitz constant 1, which is a stronger concept than continuity, we get
a different result. The following theorem, which was proved in the paper [60] by Rassias
and Xiang, is a pedagogically interesting example.

Theorem 2.17 (Rassias and Xiang) Suppose f : R — R is a Lipschitz mapping with a
Lipschitz constant 1, i.e.,

lfx) = fl=Ix =yl 2.7
forall x,y € R.If flpreserves the unit distance, then flis an affine isometry.

Proof Without loss of generality, assume that f(0) = 0. Otherwise, we substitute f(x) —
f(0) for f(x) for all x € R. Since flpreserves the unit distance, it follows that | f (1) —
f(0)] = 1. Hence, we have either f(1) = 1or f(1) = —1.

(a) Assume that (1) = 1. We will prove by induction on néhat f(n) = n for all integers
n > 0. Suppose f(m) =m foranym € {0, 1,...,n — 1}, where n > 1 is an integer.
Since |[f(n)— f(n—1)| = |f(n)—(n—1)| = 1, weobtain f(n) =n—2or f(n) =n.
Assume that f(n) =n — 2. Letr = %((n —2) 4+ (n — 1)). It then follows from (2.7)
and the inverse triangle inequality that

=z [f(r) = fn=2)]

N =

>[I f )= fn=DI=1f(r=2) = f(n =D
z1—|r—(@m-1D]

1

2 b
which implies that | f(r) — f(n —2)| = % Applying the same argument, it follows
that | f(r) — f(n — 1| = %.Since fm—2)=n—-2and f(n —1) =n — 1, we have
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1
) =3(( =2+ @ = D).

We set s = %((n — 1) + n). Similarly, we obtain

> |f(s) — f(n—1)
> If(s) — f)|—1f(n—1) — f(n)|

>1—|s—n|

N =

1
27

which implies that | f(s) — f(n — 1)| = % Using the same argument, we get | f(s) —
fn)| = % Since f(n — 1) =n — 1 and f(n) = n — 2, we further have

1
f@ =5(@=2+@0=-1).

Therefore, | f(r) — f(s)| = 0 and |r — 5| = 1, which contradicts the assumption that
fepreserves the unit distance. Hence, f(n) = n for every integer n > 0.

(b) Since ftpreserves the unit distance and f(0) = O, it follows that either f(—1) = —1

or f(—1) = 1. Assume that f(—1) = 1. It follows from (2.7) that

1 1 1
=) ren-o(-) =
and
! | 1 1 <1
-i(3)|=po-1(3)| <2
Moreover, by (2.7), we have
(D=t o )
2)1 72 2/~ 2°

From the last four inequalities, it follows that f (—%) =f (%) = %, which contradicts
our assumption that f¢preserves the unit distance. Hence, we can conclude that

f(=1) = —1.

(c) We now define the mapping g : R — R by g(x) = — f(—x) for every x € R.

Then, gfalso satisfies condition (2.7) and gfpreserves unit distance if and only if f¢
does. Furthermore, g(1) = 1 by (b). Hence, it follows from (a) that g(n) = n for all
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n € Ny, which is equivalent to the conclusion that f(n) = n for all integers n < 0.
Therefore, we can conclude by considering (a) that f(n) =n foralln € Z.

(d) For every x € R there is an integer ng such thatng < x <ng+ 1. Since f : R - R
satisfies inequality (2.7), we obtain

Lf(x) = f(no)| < |x —nol and |f(x) — f(no+ DI =[x —(no+ DI.

Taking into account (c), i.e., the fact that f(n) = n for all n € Z, we can transform
the above inequalities into

2np —x < f(x) <x and x < f(x) <2mo+1) —x.

We can easily solve the last inequalities as follows: f(x) = x. Thatis, f(x) = x for
all x € R. Therefore, f?is a linear isometry.

(e) Finally, we examine the case f(1) = —1. Define h(x) = — f(x) for all x € R. Then,
h(1) = 1 and héreserves unit distance and satisfies condition (2.7). According to (d),
hfmust be a linear isometry and h(x) = x for all x € R. Therefore, flis a linear
isometry and f(x) = —x forall x € R. |

24 Theorem of Beckman and Quarles

As we have seen in the preceding section, Aleksandrov asked in 1970 whether the
existence of a single conservative distance for a mapping implies that it is an isometry.
However, it is quite interesting that F. S. Beckman and D. A. Quarles [3] partially solved
the Aleksandrov problem in 1953, when the Aleksandrov problem had not yet been raised.
For this reason we might have used the term “Aleksandrov-Beckman-Quarles problem”
instead of the term “Aleksandrov problem.” However, in this book, we will continue to
refer to this problem as the Aleksandrov problem, following the convention.

A Euclidean space is a finite-dimensional inner product space over R. From now on,
we use E” and || - || to denote the n-dimensional Euclidean space and its corresponding
Euclidean norm, respectively. The Euclidean inner product (-, -) on E” is defined as

n
(x. )= xiyi
i=1

for all points x = (xq, x2,...,x,) and y = (y1, ¥2, ..., yp) of E".
Although “affine mapping” and “linear mapping up to a translation” are synonymous,
we will prefer to use “affine mapping” from now on.
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Theorem 2.18 (Beckman and Quarles) Let ntbe a fixed integer greater than 1. If a
mapping f : E" — E" preserves a distance p > 0O, then flis an affine isometry.

Remark 2.19 If a mapping f : X — Y between normed spaces preserves a distance
o > 0, we can then assume that p = 1 (see [58]): For example, we define another mapping
g: X - Ybyghk) = %f(px) for all x € X. If fepreserves the distance p, then g¢
preserves the distance 1. On the other hand, if gfpreserves the unit distance, then

1 1
1F @) = Ol = Hpg(—x) - pg<—y) H _ ,0‘
p P

for all x, y € X with ||x — y|| = p. That is, f€preserves the distance p. For this reason,
we often assume that the mapping f¢preserves the distance 1, instead of assuming that the
mapping flpreserves the distance p.

1 1
—x—=y|=Ilx—yl
o p

Beckman and Quarles [3] actually proved their theorem with respect to multi-valued
mappings, but we can easily replace their original theorem with Theorem 2.18. Since the
proof presented by Beckman and Quarles contains parts that are difficult to understand, the
relatively easy-to-understand proof by W. Benz is here presented instead of the original
authors’ proof (see [5]). Throughout this book, “distance 1” and “unit distance” are
understood synonymously.

Lemma 2.20 Let a, b, m be arbitrary points in E", where nlis an integer greater than 1.
Then, |m — al| = |lb — m| = b — al if and only if m = %(a + b).

Proof In view of Theorem 2.5, it only needs to replace Y, x, and yin Lemma 2.6 with E",
a, and b, respectively. O

Let nébe a fixed integer greater than 1. Suppose we are given nfpoints in E”. If the
distances between any two points are all 8 > 0, then we call the set of these n points a
B-set.

Lemma 2.21 Assume that o and B are real positive numbers satisfying

y(a, B) = 4a® — 2,62(1 - l) > 0.

n

If Plis a B-set, then there are exactly two distinct points in E" with distance o from each
point in P. Those two points will be called the «-associated points of P. The distance
between these a-associated points is \/y (¢, B).
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Proof

(a) Let P = {p1, p2,..., pn} bea B-set. Then fori, j € {1,2,...,n — 1} withi # j we
have

1
(Pi — PnsPj — Pn) = Eﬂz, (2.8)
since
B* = llpi — pjlI*
=l(pi — pn) — (pj — p)II?

= lpi — pull> = 2(pi — pu> Pj — Pa) + IPj — Pull*.

‘We now define

B
T V2rr £ D)
for all r € N and also define ey, e3, . . ., e,—1 inductively by using the formula
s—1
(L +)hses = (ps — pa) — ) _ hrey (2.9)
r=1
fors € {1,2,...,n — 1}. Obviously, (e, e;) = 1. We prove that {e1, e2, ..., e,—1} 1S

an orthonormal set in E”, i.e.,

1 (fori = j < n),

(ei, ej) = (2.10)

0 (fori < j <n)

by applying the following three steps. Indeed, the Eq. (2.10) will be proved in turn for
(i, j) following the order of the sequence

(1, D, (1,2), (2,2), (1,3), (2,3), 3,3), (1,4), ..., m—=1,n—=1). (2.11)

(i) Step (i,i) — (1,i + 1): This step is applied to prove equation (2.10) when
jumping from (i, j) = (1, 1) to (1, 2), or from (2, 2) to (1, 3), or from (3, 3) to
(1,4), ...,orfrom (n —2,n — 2) to (1, n — 1). It follows from (2.8) and (2.9)
that
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1
Eﬂz = (pP1 = Pn> Pi+1 — Pn)

1
= <2M€1, (@ +2Ait1€i+1 + Z)»rer>

r=1

l
=20 + DMihitiler eir1) + Y 2k (er, er)

r=1

= 2(i + 2)AAiv1{er, eir1) + 227
1
= 2(1 + 2))\.1)\,1'_;,_1 (el’ ei+1) + §ﬂ2,

since (e1,e1) = 1 and (e1, e2) = (e1,e3) = --- = (e, ¢;) = 0 by inductive
assumption. Hence, we obtain (e, e;1+1) = 0.

(ii) Step (i — 1,i) — (i,i): This step is applied to prove equation (2.10) when
jumping from (i, j) = (1, 2) to (2, 2), or from (2, 3) to (3, 3), or from (3, 4) to
“4,4), ...,orfrom(n —2,n —1)to (n — 1, n — 1). We obtain

B* = (pi — Pu. Pi — Pn)
i—1 i—1

= <Zxrer (LD ) hses +(1+ i)x,-ei>

r=1 s=1
i—1i—1 i—1
=Y hslere) + (L+ DA Y Arler, e)
r=1 s=1 r=1
i—1
(L + DA Y dsleies) + (1472 (e, )
s=1
i—1
=Y A+ A+ e e),
r=1

since (e;,es) = 0 forr,s € {1,2,...,i — 1} withr # s, (e, e;) = 0O for
ref{l,2,...,i — 1}, and (e;,e5) = O fors € {1,2,...,i — 1} by inductive
assumption. Thus, we obtain (e;, ¢;) = 1.

@iii) Step (i — 1, j) — (i, j) fori < j: This step is applied to prove equation (2.10)
when jumping from (i, j) = (1, 3) to (2, 3), or from (1,4) to (2,4), or from
2,4)t0 (3,4), ...,orfrom (n —3,n — 1) to (n — 2, n — 1). First, we remark
that
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i—1 1 1
2 s\ 2 - _ _R2
Y A+ A +0A] = § ,3 (r —>+(1+) B (+1)—2ﬂ-

r=1

It follows from (2.8) and (2.9) that

1 2
Eﬂ = (pi — Pns Pj — Pn)

i—1 j—1
= <Zxrer + (L4 Dhiei ) hses +(1+ mje,->
r=1 s=1
j—1
s§=

Z}")“ (er,es) + (1 + j)A;j Zk (er, e;)

1

i—

1
r=1
j—1
+ (DAY Agleines) + (L4 Dai(1+ ijleie;)
s=1
i—1
=Y M+ A 4027+ A+ DA+ PAjlene;),

r=1

and hence, we obtain (e;, e;) = 0.
(b) We now assume that ¢fis a point of E” and the distance from each p; € P is «, which
implies that

1
(g = PnsPs — Pn) = Eﬂz (2.12)
foralls € {1,2,...,n — 1}, since
= llg — psl?

= (g — pn) — (ps — p)II?

=g = pall* = 2(q = pu. Ps — Pu) + IPs — pull?

=a®—2(q — pu, ps — Pa) + B~

n

We set ¢ — pn = Y. urer, where u, € R, by extending {e, ez, ..., en_1}
r=1

of part (a) to an orthonormal basis {ej, e, ..., e,—1,e,} of E". Then it follows

from (2.9), (2.10), and (2.12) that
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s—1

l;ﬂ:(q_p p,_p)zz,u + (1 + ) psh (2.13)
2 ns s n rovr AR .

r=1
foralls € {1,2,...,n—1}.
If we set s = 1 in (2.13), then we obtain p| = %ﬂ = XA1. Assuming p; = A; for all

iefl,2,...,s — 1}, where s < n, we also obtain u; = Ay by comparing equation (2.13)
with

1 s—1
5;‘52 => A+ A+
r=I1
n—1 n

1
Thus, ¢ — pp = . Arer + fnen. Now, since @ = ||g — pull> = Y A2 + u2, we have

r=1 r=1

n

n—1
1 1 1
2 2 2 2 2
pp=a? =) 3l =a’— (1 ——) = 7@ p).
r=1
There are exactly two solutions ¢, namely the points

n—1
1
Gi = pn+ Y hrer £ Vv (@ Ben, (2.14)
r=1

where i € {1, 2}, which are indeed of distance « from each point of the g-set P, i.e., they
are the w-associated points of the 8-set P. Obviously, we obtain ||g; — g2|| = /v (@, B).
O

Lemma 2.22 Assume that o, § > 0 are real numbers satisfying y («, B) > 0. Let xtand y¢
be arbitrary points in E" separated by a distance |x — y|| = /Y («, B). Then there exists
a B-set whose a-associated points are xfand y.

Proof Let us define

1 1
en = V=% === -
Ty =« V(@ B)
and extend {e,} to an orthonormal basis {e], ey, ..., e,} of E". If p, is a point of E", then

we inductively define P = {p1, p2, ..., pa} by
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s—1

Ds — Pn = Z)Lrer + (1 +5)Ases

r=1

forevery s € {1,2,...,n — 1}, where A, = \/%Tl)forallr e N.

It is easy to check that Pfis a B-set. In precisely, we obtain

s—1
Ips = pall® = D07 + (1 +9)%5 = B2,

r=1

foralls € {1,2,...,n — 1}, and

lp; — pil* = I(p; — p) — (pi — PP

j—1 2
= Z Arer + (1 + j)Aje; —ikie;
r=i+1
j—1
= > A+ A+ )R+ (—in)?
r=i+1

= B?

for all integers ifand jéwith0 <i < j < n.
If the point p, is specially selected as

n—1

1
Pn = E(x +y) - Z)"rery

r=1
then it follows from (2.14) that the «-associated points g; of Pfare given by
= 1 1 1
Gi=put Y Moty Ben =5+t =(y—x),
o 2 2 2

which implies that {q, g2} = {x, y}. That is, x and yfare the w-associated points of P. O

Proposition 2.23 Let p > 0 be a fixed real number and let n > 1 and N > 2 be fixed
integers. If a mapping f : E" — E" satisfies the following conditions

(@) llx = yll = p implies || f (x) = fFODI < p;
(@) lx =yl = Np implies || f(x) = f(MI = Np

forall x,y € E", then flis an affine isometry.
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Proof

(a) We will prove that f¢preserves the distances p and 2p. Let xfand zébe arbitrary points

separated by a distance of 2p from each other. Then we can choose the midpoint

y = %(x + z) of xfand zfsuch that [|[x — y|| = p = ||y — z||. We put p, = x +

%(Z —x) forall £ € {0,1,..., N}. Then, it follows from the conditions (i) and (ii)

that || f(po) — f(py)Il = Npand || f(p,) — f(p )l =pforlef0,1,....N -1}
because of [|po — py | = Np and | p, — p,., [l = p.
Moreover, using the triangle inequality, we obtain

Np = 11f(po) = f(py)l

N—-1
< 1f(po) = FpDIl+ D 1F () — F(pe
=2
N—-1
< ”f(pz) - f(sz)H
=0
< Np,

and hence, || f(p,) — f(p, DIl =pfor £ €{0,1,...,N — 1} and

ILf(po) = f(p)Il = ILf (po) = f(pOIl + IL.f (P1) = f(p2Il.

We note that pg = x, p; = y, and p, = z. Considering the last equality, we can
conclude that

If&x) = f@I=2p and [[f(x)—fOWI=p
forall x, y,z € E" with ||x — z|| = 2p and ||x — y|| = p.
(b) We note that for all points xfand yfsatisfying ||[x — y|| = p, we can select a point

z =2y — x so that ||x — z|| = 2p. Assume that xfand y are arbitrary points of E" and
that the distance between these two points is p. We now assert that

flx+ey—0) =@ +€(f) = f) (2.15)
for all £ € Ny. If we put p, = x + £(y — x) for each £ € No, then we obtain

”pz - Pg,1|| =p= ||Pg+1 - pz” and ||Pg+1 — Py ” = 2:0

According to (a), f¢preserves the distances p and 2p. Thus, we have
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1
p=11p) = F Pl =1 (Pr) = FpINl = S1f () = F DI

and hence, by Lemma 2.20, we have

1
fp) = z(f(m_l) + () or f(po) =2f(p)— f(p,) (216

for each £ € N.

Obviously, (2.15) is true for £ = 0 or 1. Now we assume that (2.15) is true for all
£ € {0,1,...,m}, where més some positive integer. Then, by (2.15) and (2.16), we
obtain

fx+m+D(y—x)
= f(Pm+1)
=2f(pm) = f(Pm—1)
=2(f) +m(f(y) — f(x) = (f &)+ m — D(f(y) — f(x))
= f)+ m+D(f(y) — fx)).

By the mathematical induction, we conclude that (2.15) holds for all £ € Ny.

(c) Let £ and m#be positive integers. Assume that xfand yfare arbitrary points in E" such
that ||x — y|| = %p. Then, we assert that || f(x) — f(V)| = %p. Since n > 1 and
lx — y|l < 2£p, there exists a point z4n E” such that ||z — x|| = £p = ||z — y||. Hence,
we can choose the points afand b of E" as follows

x=z+4€(a—z) and y=z+4(b —2), 2.17)
and we set
X' =z+m(@—z) and y =z+mb - 7). (2.18)

Since |la — z|| = p = ||b — z]||, it follows from (b), (2.17), and (2.18) that

f) = fz4+L@—2)=f&)+L(f@— f&),
fO) =fz+Lb-2)=fR)+L(f]) - f), .19
F6N) = fz+ma—2) = f@)+m(f@ - f@), '
FON=fz+mb—2) = f@)+m(f®b) - f(2)).

Since la — bl = ¢llx — yll = ;;p, we have [lx — /|| = m|la — b]| = p. By (a), we

obtain || f(x") — f(y")|| = p. According to the first two equalities of (2.19), we get
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(d)

(e)

2 Aleksandrov Problem

ILf ) = fFOI = £llf(a) = fFDI.

Due to the last two equalities of (2.19), we obtain

p=If&" = fOHII=mlf@— fD)I.

The last two equalities imply || f(x) — f(¥)|| = %p.

Let xfand y be arbitrary points in E” such that rp < ||x — y|| < sp, where rfand sfare
positive rational numbers. We will prove thatrp < || f(x) — f(¥)|| < sp. Sincen > 1
and ||x — y|| < sp, there is a point zéwith ||z — x|| = %p = |lz — y||. It follows from

(o) that || f(2) = f() Il = 5p = f(2) = f(»Il, and hence,

If ) = DI = 1f ) = fF@I+ 1 @) = FODI = sp.

We set w = x + —2—(y — x). Then, we see that ||w — x|| = sp and
ly—xIl

sp
lw—yll = <— - 1>I|y—XI| =sp—lly—xll <(s—r)p.
lly — xll

Hence, it follows from (c) and the first part of (d) that || f(w) — f(x)|| = sp and
| f(w) — fFI < (s — r)p, which implies that

1FG) = fDII = 1f ) = f)ll = ILf () = f)ll = sp = (s =r)p =rp.

Let x and y#be distinct points of E”. We note that there are some monotonic sequences
{r;} and {s;} consisting of positive rational numbers with the following properties:

e rip < ||lxt—y| <sjpforalli e N;
o lim rip = |lxt=yl;
l—.>OO
e lim s;p =[xt y].
11—
Therefore, it follows from (d) that

lx =yl = lim rip <[ f(x) = fOWI = lim sip = [lx =yl
1—> 00 1—> 00

which implies that f¢is an isometry. Finally, due to the theorem of Baker, fZis affine.
O

We recall that
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(@, B) = 40> —2,32(1 - 1) >0

n

for some appropriate positive real numbers « and S (see Lemma 2.21). In the following

lemma, we set € = /v («, B).

Lemma 2.24 Let ntbe a fixed integer larger than 1. Assume that o and B are positive
real numbers that satisfy y(a, B) > 0. Moreover, assume that a mapping f : E* — E"
preserves the distances a and B and that xland ylare points of E" with ||x — y|| = ¢,
where ¢ = /y(a, B). Then, || f(x) — fW)I € {0, ). In particular, if 26 > «, then
If () = fFnIl =e.

Proof Without loss of generality, we assume that ¢ # «. Let xfand yfbe the a-associated
points of a B-set P. Since flpreserves the distance 8, P’ = f(P) is also a B-set. If we
denote the a-associated points of P’ by x’ and y’, then f(x), f(y) € {x',y’} because
fepreserves the distance a and the a-associated points of P’ are uniquely determined.
According to Lemma 2.21 and the previous sentence, we have || f(x) — f(y)|| € {0, [|x' —
Y1} =10, &}.

Assume that 2e > «. We assert that f(x) # f(y). On the contrary, suppose f(x) =
f(y) and select a z in E” with ||z — x|| = ¢ and ||y — z|| = «. It follows from the first
part of this proof that || f(x) — f(2)|| € {0, e}. Thatis, || f(y) — f(2)| € {0, ¢} because
of f(x) = f(y). Thus,ax = |ly —z|| = | f () — f (@] € {0, e}, which is contrary to our
assumption that ¢ # «. O

Finally, we have all the tools to prove the Beckman—Quarles theorem.

Theorem 2.17 (Beckman and Quarles) Let ntbe a fixed integer greater than 1. If a
mapping f : E" — E" preserves a distance p > 0, then flis an affine isometry.

Proof

(a) We note that y(p, p) = 2(1 + %),02 > 0,e :=Jy(p,p) = 1/2(1 + %)p, and that

2¢ > p.If we put « = B = p in Lemma 2.24, then we see that f¢preserves the

distance /2(1 + 1)p.

(b) We note that
v iJ2{1+ =)o, 214+ )p)=4{1+—-) p" >0,
n n n
\/ 1 1\ \'"7? 1
82=]/< 2<1+—)p,\/2<1+—),0> =2<1+—),0,
n n n
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and that 2¢ > p. If we puter = B = /2(1 + 1) in Lemma 2.24, then we can check

that fepreserves the distance 2(1 + 1)p.

(c¢) Now, if weseta = p and 8 = ,/2(1 + %)p in Lemma 2.24, then we can see that

lf&x) — fl € {0, %,o} whenever the distance between xfand yfis %p. That is,
lfx)—fOI < %,o whenever the distance between xfand y is %,0.

(d) Finally, if we replace p with % p and we set N = n + 1 in Proposition 2.23, then we
may check that f¥is an affine isometry. O

We must now mention some historically important references. Independently of the
aforementioned proof of the Beckman-Quarles theorem, in 1970, C. G. Townsend [66]
proved the weakened Beckman—Quarles theorem for n = 2:

If an injective mapping f : E2 — E2 preserves the unit distance, then fis an affine isometry.

R. L. Bishop, who did not satisfy with some of the unproven claims in Townsend’s
paper, proved the Beckman—Quarles theorem on his own in 1973 (see [9]).

Finally, it may be worth mentioning that V. Totik [65] recently presented a short and
elementary proof of the Beckman—Quarles theorem by using only the triangle inequality
but no calculation.
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Abstract

In 1970, A. D. Aleksandrov asked whether a mapping must be an isometry if it
preserves a certain distance. As we saw in the previous chapter, F. S. Beckman and D.
A. Quarles solved this problem for mappings from an n-dimensional Euclidean space
into the same one. After weakening the result of the Beckman—Quarles theorem to
make the proof easier, E. M. Schroder proved in 1979 that any mapping that preserves
two distances p and 2p is an affine isometry. In a situation where the Beckman—
Quarles theorem is already known, Schroder’s theorem by itself is of little significance.
Schroder, however, presented a novel idea like the m-chain in the process of proving his
theorem, and using this idea, W. Benz was able to significantly expand the Beckman—
Quarles theorem. In this chapter, we present in detail three historically important
theorems, Schroder’s theorem, Benz’s theorem, and Benz—Berens theorem.

3.1 Theorem of Schroder

After about a quarter of a century, E. M. Schroder [61] supplemented the Beckman—
Quarles theorem by showing that any mapping that preserves two distances is an isometry,
and he suggested an easier way to prove the theorem of Beckman and Quarles. We will
introduce Schroder’s theorem here.

Theorem 3.1 (Schroder) Let n be a fixed integer greater than 1, and let p be a fixed
positive real number. If a mapping f : E" — E" preserves two distances p and 2p, then
f is an affine isometry.
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Proof

(a) Foreachm € N, let (xq, x1, ..., xy) be an (m 4 1)-tuple of m + 1 distinct collinear
points in E” with ||x;—; —x;|| = p foralli € {1,2, ..., m}. The tuple (xo, x1, ..., Xn)
is called an m-chain.

(b)

()

We assert that f maps each m-chain onto an m-chain. Let (xg, x1, ..., x;;) be an
arbitrary m-chain, where m > 1. Then, we have

lxi — xit1ll = llxie1 — xig2ll = p

foralli € {0,1,...,m — 2}. Since (xq, X1, ..., X;) is an m-chain, if we set a = x;,
b = xjy3, and m = x;4+1 in Lemma 2.20, then it follows that x; | = %(x,- + xi42) for
eachi € {0,1,...,m — 2} and

lxi — xiv2ll = 2p
foranyi € {0, 1, ..., m — 2}. Since p and 2p are preserved by f, we obtain

I f i) — i)l = 1 f(xiv) — fGip)ll =p and || f(x;) — fxip2)ll = 2p,

and hence, by the strict convexity of E", we have

1
fxig1) = E(f(xi) + f(xit2))

foralli € {0, 1,...,m — 2}. Therefore, we see that (f(x;), f(xi+1), f(xiz2)) is a
2-chain foreach i € {0, 1, ..., m — 2}, which means that ( f(xg), f(x1), ..., f(xm))
is an m-chain.

We will now prove that f preserves the distance 7p for each positive rational number
r.Letr = % be an arbitrary rational number, where £, m € N. We assume that
arbitrary points x and y in E” satisfy the condition ||x — y|| = % p = rp. Then there
exists a point z in E” such that ||x — z|| = ||y — zll = £po. Wesetx’ = z + 7 (x — 2)
and y = z+ %7 (y — z). Then, the points z, x, x’ resp. z, y, " are collinear and belong
to an £m-chain (xq, ..., X¢m) resp. (Yo, ..., Yem), Where xo = yo = z, X¢ = X,
Xxn = x', yo = y,and y,, = y'. Since ||x’ — y'|| = p, it follows from (a) that
1f 00 = fOIl =550 =rp, B

For any r > 0 and x € E", we denote by B, (x) the closed ball in E" of radius » and
centered at x:

B, (x) = {z eE": lz—x| < r}.
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We claim that f (Erp (x)) C Erp (f(x)) for all x € E" and for all rational numbers
r > 0.Foreach z € B,,(x), thereis a point y € E" such that |y—x|| = lz—y|l = 5p.
Hence, it follows from (b) that || f(y) — f(x)I| = [ f(z) — f ()] = 5p. Thus, using
the triangle inequality, we have

1f @) = fOI = 1f@ = fDI+I1F ) = fFOIl = rp,

ie., f(z) € Byp(f(x)), which implies that f(B,,(x)) C B,,(f(x)).

(d) Finally, we assert that || f(x)— f(y)|| = |lx —y|| forall x, y € E". If there would exist
some x, y € E"” such that || f(x) — f(¥)|| > |lx — y||, then there would exist some
positive rational number r such that [[x — y|| <rp < || f(x) — f(y)|l. Then, it would
follow that f(y) ¢ Erp (f (x)), which would be contrary to (c). On the other hand, we
assume that there would exist some x, y € E” such that || f(x) — fF(D)I| < [lx — y].
Let z be a point on the line going through x and y such that ||x — z|| = rp for some
rational number r > 0 and such that y lies between x and z. Then, it would be true
that ||x — y|| < rp. Thus, there would exist a rational number s > 0 such that

ro—=llx—=yll<sp<ro—|fx)—fI.

Since |y — z|| = rp — |lx — y|| < sp, we would obtain y € Em(z). Now, by (b) and
(o),
rp = |lx —z|
=[f(x) = f@I
SIf) =i+ 1) — f@I
=1f&x) = fIl+sp,
which would be contrary to sp < rp — || f(x) — f(»)]. Therefore, we conclude that

|l f(x) = fOI = llx — y| holds for all x, y € E", i.e., f is an isometry. Since E" is
strictly convex, it follows from the Baker’s theorem that f is affine. O

Corollary 3.2 Let n be a fixed integer satisfying n > 1, let p be a fixed positive real
number, and let f : E" — E" be a mapping that has the following property

lx =yl =p ifandonlyif |If(x)—fWI=p (3.1
for any pair of points x, y € E". Then, f is an affine isometry.

Proof For any pair of points x, y € E" with ||x — y|| = 2p, there exists a unique point z
in E" such that ||z — x|l = llz — yll = p. If [ f(x) = fFWII # 2p, then f(x), f(y) and
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f(z) would form the vertices of some (non-degenerate) triangle. Since n > 1, there would
exist a point w in E" such that f (w) # £(2) and || f (w) — fFOIl = I f () — F()] = p.
It would then follow from (3.1) that |w — x|| = |lw — y|| = p,i.e, w = z and f(w) =
f(z), which would contradict the choice of w. Hence, f preserves the distances p and 2p
by (3.1) and the argument aforementioned. Therefore, it follows from Theorem 3.1 that f
is an affine isometry. O

Instead of literally saying the condition (3.1), we will say that f preserves the distance
p in both directions.

3.2 Theorem of Benz

E. M. Schroder shows that in the case of a Euclidean space X = Y = E" withn > 1,a
mapping f : E* — E" is an affine isometry if and only if f preserves two distances p and
2p, where p > 0 is a real number.

In the proof of the following theorem, which significantly extends Schroder’s theorem,
the idea of m-chains developed by Schroder is widely used.

Theorem 3.3 (Benz) Let p > 0 and N > 1 be a fixed real number and an integer,
respectively. Assume that X and Y are real normed spaces with the following properties:

(i) Forany a € X with ||la|| < 1, thereisb € X with |la — b|| =1 = |la + b||;
(ii) Ifc,d € Y satisfy ||c|| = 1 = ||d|| and ||c + d|| = 2, then c = d.

If the distance p is contractive and the distance Np is extensive by a mapping f : X — Y,
then f is an affine isometry.

Proof We carry out the proof of this theorem in several steps.

(a) Suppose x and y are arbitrary elements of X such that |[x — y|| = p. We claim
that || f(x) — f())|| = p. If weset p; = y+i(x —y) foreachi € {0,1,..., N},
then we have ||py, — ¥l = Np and ||p; — pi—1|l = pforalli € {1,2,...,N}.
That is, (po, p1, ..., py) is an N-chain. Since Np is extensive and p is contractive
by f,itholds that || f(py) — f(WI = Np and || f(pi) — f(pi-1)| < p for each
i € {1,2,..., N}. By using these facts, together with the triangle inequality, we
obtain

N
Np < £ (o) = FON < D 1 (yyr ) = Fpy Dl < Np.

i=1
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Thus, we get || f(x) — fOD)I = [1Lf (p1) = f(po)ll = p.
(b) Suppose x and y are arbitrary elements of X such that ||x — y|| = 2p. We claim that

lfx)— fOI =2p. If weset p; =y + %(x —y)foralli € {0,1,..., N}, then
we obtain ||p, — yll = Np and || p; — pi—1ll = pforany i € {1,2,..., N}. Indeed,
(po, p1, ..., py) is an N-chain. Using the triangle inequality and applying (a), we
have

N
No < 1f(py) = FOI = D1 Py ) — F(py DIl = Np,
i=1
ie.,
N
If(py) = fWII = Z I f(Pyyii) = F oy DI (3.2)
i=1
We will now show that

ILf ) = FOIOI = 11f(p2) = f(po)ll
= f(p2) = f(pOIl + I.f(pD) — f(po).

(3.3)

If the left side of (3.3) were smaller than the right side, we would have N > 2
in (3.2) and due to the triangle inequality

N-2
If(py) —FI = Z If (Pysi) = Foy DI+ 1L (p2) — f(po)ll
i=1

N
<Y U Pyar) = FoyDI
i=1

which contradicts (3.2). Hence, the equality holds in (3.3), i.e., we have
If ) = fDI = I1f(p2) = fFpOIl +1Lf (p1) — fpo)ll = 2p.
(c) Suppose a, b, ¢ are any elements of Y such that
Ib—all=p=lc—>l and [c—al =2p.
We claim that ¢ = 2b — a. Since

:1: Hl(c—b)H and Hl(c_a) :27
0 Y

|
—(b—a)
0
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it follows from (ii) that }—)(b —a) = %(c —b),ie,c=2b—a.

Suppose x and y are arbitrary elements of X such that ||x — y|| = p. We claim that
fx4+m(y—x)) = f(x)+m(f(y)— f(x)) forall m € Ny. Our assertion obviously
holds for m € {0, 1}. Suppose our claim holds for m > 0 and set p,,, = x+m(y —x).
Since

lpm — Pm—1ll = p = lIPm+1 — pmll and || pmi1 — pm—1ll = 2p,

it follows from (a) and (b) that

ILf (pm) = f(pm-DIl = p = IIf (Pm+1) = f(pu) |

and

| f (Pm+1) — f(Ppm—DIl =2p.

But it follows from (c¢) that

FPmv1) =2f(pw) — fF(Pm—1).

Therefore, we have

flx+m+ D@y —x)
=2f(x+m(y —x) = f(x +(m =Dy —x)
=2f) +2m(f() — f(x) = fF(0) = (m = D(f») = ()
= f)+m+D(f») — f),

which implies that our claim also applies to m + 1. Therefore, by mathematical
induction, we conclude that our claim is true.
Suppose o and B are arbitrary positive real numbers such that 28 > «. Furthermore,
suppose x and y are arbitrary elements of X such that |[x — y|| = «. We claim that
there is a z € X, which satisfies ||z — x|| = B = ||z — y||. If 28 = « we prove our
claim by choosing z = %(x + ).
Now suppose that 28 > «. In this case, we set a = %(y — x). Then we have
lla|| < 1. Dueto (i), thereisalsoab € X suchthat [a—b| =1 = ||la+b]||. If we set
= 3(x+y)+pb, then |z —x|| = Blla+b| = Band |z —y| = Bl —a+b| = B.
By applying the proof ideas of Theorem 3.1 to the case at hand, we now come to
the following conclusion:
Suppose m,n € Nand x,y € X satisty |x — y|| = 7 p. We claim that || f(x) —
fOI = *p. If weseta = 7-p and B = mp, then (e) implies the existence of a
z € X with ||x — z|| = mp = ||y — z||. Choose a, b € X such that
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(8

(g-D

(g2

x=z4+m@—-z), y=z+mb—-2) (3.4)
and we set
X'=z+4+n@—-z), y=z+nb-2). (3.5)

Then, by (3.4) and (3.5), we have |la — z|| = |b —z|| = ||x' = Y'|| = p.
Moreover, using (d), we obtain

f)=f@+m(f@— @), fO)=f@+m(f®)—[f) (3.6
and

f&=f@+n(f@—-f@), fOH=f@+n(f®) - f). BT
Hence, it follows from (a) and (3.7) that

Ix" =yl =p = 1fG&) = FOOI =nlf@ — fDI.
In addition, it follows from (3.6) that
If ) — fDI =mlfa)— fDI,

Le, If(x) = fFWIl = 5 p.

Suppose r1 and r, are rational numbers with 0 < r; < rp. We claim that rjp <

If(x) = fFOI < r2pforany x, y € X withrip < [lx — y[l < r2p.
Suppose x and y are arbitrary elements of X withrip < ||x — y|| < r2p. Due to (e)
fora =rjpand g = %2,0, there exists a z € X such that

Ix =zl =2p=ly—zI
x—z|l==p= —zll.
2P y

It then follows from ( f) that

Ifx)—f@I= %2/) =1f» - f@I.
Thus, we obtain

1fC) = FDII = 1f&) = fI+11f@) = fDI = r2p.

Suppose there were x, y € X suchthatrip < |[x —y|| < mppand || f(x)— f(Y)| <
r1p. Then we have
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rap —llx =yl < (2 =rpp <r2p = 1f(x) = fFOWII- (3.8)

We set z = x + A(y — x), where A = erz_'oy” > 1. Then, we obtain ||z — x| = r2p,

and it follows from (3.8) that ||z — y|| = (A — D|lx — y|| < (r2 —r1) p. Hence, using
(f), we have || f(z) — f(x)|| = rap. It would now follow from (g.1) that

rp=1f@ = fOI=I1f@ = FfWI+1fO) = fI < (r2=rDp +rip,

a contradiction. Therefore, we can conclude that || f(x) — f(¥)| > r1p.

(h) Assume that {¢;} is a strictly increasing sequence and {g;} is a strictly decreasing
sequence with the following properties:
@iii) a;, B € Qforalli € N;
(iv) lim o; =1 = lim B;.

11— 00 11— 00
It then follows from (g) that, for every i € N, if ojp < ||x — y|| < Bip, then
aip < || f(x) — f)I < Bip, which implies that f is an isometry from X into Y.
Suppose x and y are nonzero elements of ¥ with ||[x+y| = ||x||+]y||. According

to Lemma 2.8, we can set s = ﬁ andt = ﬁ such that ||sx +ty|| = ||sx|| + |lzy]l-
Then, our hypothesis (ii) for c = sx and d = ty implies sx = ty, i.e., x = fy
with § > 0. Due to Definition 2.4, Y is strictly convex. Finally, on account of the
theorem of Baker, f is affine. O

Remark 3.4 Every real inner product space has the properties (i) and (ii) given in
Theorem 3.3 if its dimension is greater than 1.

Proof Let (X, (-, -)) be a real inner product space with dim X > 1. Assume that a is an

arbitrary element of X with |la|| < 1. Since dim X > 1, there is an element b orthogonal
to a such that ||b]|> = 1 — ||la||®. Then we have

la = blI* = (a — b,a — b) = |lall* = 2{a, b) + |b]* = 1
and
la+bl* = {a+b,a+b) = llall* +2{a, b) + |b]* = 1.
That is, (X, (-, -)) has the property (7).
Let (Y, (-, -)) be a real inner product space with dimY > 1. Suppose ¢ and d are
arbitrary elements of Y such that |[c|| = 1 = ||d|| and ||c + d|| = 2. On the contrary,

assume that ¢ # d. Then we obtain

4=c+dl* = (c+d,c+d) =lcl* +2c, d) + Ild|I* = 2+ 2{c, d).



3.3 Theorem of Benz and Berens 67

Hence, (c,d) = 1. According to the Cauchy-Schwarz inequality, the vectors ¢ and d are
linearly dependent. Thus, there is a real number e # 0 such that ¢ = ad. Since ||c|| =
1 = ||d|| and ¢ # d, it follows that « = —1. Moreover, we have |c + d| = ||0]| = 0 # 2,
a contradiction. Hence, ¢ and d must be the same. Therefore, (Y, (-, -)) has the property
(ii). |

According to Remark 3.4, the Euclidean space E” for n > 1 has the properties (i) and
(i), which are given in the theorem of Benz. It follows from (a) of the proof of Beckman—

Quarles theorem that if f preserves p > 0, then it also preserves ,/2(1 + %) p. Due to (b)

of the proof of Beckman—Quarles theorem, f preserves 2(1 + %) p. Moreover, by (c) of the
proof, the distance %p is contractive by f. In summary, %p is contractive and 2(1 + %)p
is extensive by f. If we replace p and N with %p and n + 1, respectively, Benz’s theorem
provides the proof of the Beckman—Quarles theorem. This fact implies that Benz’s theorem

is a generalization of the Beckman—Quarles theorem.

3.3 Theorem of Benz and Berens

In the last part of the proof of Theorem 3.3, we showed that the second condition of the
theorem implies the strict convexity of the range space Y.
If the range space is a real normed space that is strictly convex, W. Benz and H. Berens
[7] could generalize both Schroder’s and Benz’s theorems by weakening their conditions.
The proof of the following theorem is similar to the proof of Benz’s theorem. We will
omit the parts that are similar to each other.

Theorem 3.5 (Benz and Berens) Let X be a real normed space with dim X > 1 and let
Y be a real normed space, which is strictly convex. Suppose f : X — Y is a mapping and
N > 1is a fixed integer. If a distance p > 0 is contractive and Np is extensive by f, then
f is an affine isometry.

Proof We divide the proof of this theorem into several steps and prove each step one by
one.

(a) Following the part (a) of the proof of Theorem 3.3, we can prove that || f(x) —
f |l = p for any vectors x and y in X with ||x — y|| = p.

(b) Now, we assume that x and y are arbitrary vectors in X with ||x — y|| = 2p. It follows
from the part (b) of the proof of Theorem 3.3 that || f(x) — f(y)|| = 2p.

(c¢) We assume that x, y, and z are arbitrary vectors in ¥ such that ||y —x|| = p = ||z — ||
and ||z — x|| = 2p. Since Y is strictly convex, it follows from the facts

=+ -—0l=llz=xI=2p=lz=yll+ly—x|
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and

llz =yl =1y —xll

thatz —y =y —x,ie,z=2y —x.
Suppose x and y are arbitrary vectors in X with ||[x — y|| = p. Just as with the part
(d) of the proof of Theorem 3.3, we use mathematical induction to prove

flx+m@y—x)=f@)+m(f(y)— fx)

for all m € Ny.

Let @ and B be positive real numbers with 28 > «. Furthermore, assume that x and y
are arbitrary vectors in X with ||[x — y|| = «. We claim that there exists a z € X with
lz—xll=B=lz—yl.

If 28 = «, then we just set z = %(x + y). Otherwise, if we set a = ﬁ(y - X),
then |la|| < 1. Since X is a real normed space with dim X > 1, there existsa b € X
with |la — b|| = 1 = |la + b||. We now put z = %(x + y) + Bb. Then, we have
lz—x|l = Blla+bl|l =B and |lz—y|l =Blb—al =8.

Assume that x and y are arbitrary vectors in X and m and n > 1 are positive integers
such that ||x — y|| = 7 p. We prove that || f (x) — f(y)Il = 7 p.

Due to (e), there exists az € X with ||[z—x|| = mp = ||[z—y||. Wechoosea, b € X

such that

x=z4+m(@—z) and y=z+m(b —2) 3.9)
and we put

x'=z+n@—z) and y =z4+nb- 7). (3.10)
Then we have |la — z|| = ||b — z|| = I’ — Y| = p.

It follows from (d) that

f@) = f@)+m(f@ - f2), 3.11)

F) =Ff@+m(fb) - ) '
and

f&) = f@)+n(fla) - ). (3.12)

fON=f@+n(fb) - f(2). '
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Moreover, by (3.9), we get m|la — b|| = ||x — y|| = %p, and thus, ||la — b|| = %,0.
In view of (3.10), we obtain ||x" — y|| = nl|la — b|| = p. Thus, due to (a), we get
| f(x") — £F(3")|| = p. On the other hand, using (3.12), we obtain n|| f(a) — f(b)| =
| f(x") = fFO)I = p, and thus, || f(a) — fF(b)| = %p. Furthermore, using (3.11), we
obtain || f(x) — f(WI = ml| f(a) = fB)I = 7 p.

(g) Letx and y be arbitrary vectors in X and let r| and r;, be positive rational numbers with
rip < |lx — y|| < rap. By the same way as the part (g) of the proof of Theorem 3.3,
we can verify that rip < || f(x) — fF(V)I| < rp.

(h) Finally, by letting r; 1 r» in (g), we may conclude that f : X — Y is an isometry.
The affinity property of f is an immediate consequence of Baker’s theorem. O

Using the triangle inequality, we can easily show that the conditions given in the
theorem of Benz and Berens are equivalent to the condition that f preserves the two
distances p and Np.

Considering the three main theorems of this chapter, we can now define the
Aleksandrov—-Benz problem as follows:

Problem 3.6 (Aleksandrov—Benz Problem) Let X and Y be normed spaces and let f :
X — Y be a mapping. If there exist a real number p > 0 and an integer N > 1 such that
f preserves the two distances p and Np, is f then necessarily an isometry?

We remark that the distance ratio in the Aleksandrov—Benz problem is restricted to an
integer greater than 1.

Let X and Y be real normed spaces such that dim X > 1 and Y is strictly convex. Also
assume that f : X — Y preserves two distances whose ratio is not an integer. Whether f
should be an isometry in this case is still an open question, which we will discuss in detail
in the next chapters.
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Abstract

If the domain space and the range space are the same Euclidean space with dimension
greater than 1, the Aleksandrov problem has already been solved by the Beckman—
Quarles theorem. W. Benz and H. Berens also solved the extended Aleksandrov
problem under the additional conditions that the domain is a real normed space with
dimension greater than 1, the range is a strictly convex real normed space, two distances
are preserved, and that the ratio of the two distances is an integer. In this chapter,
we investigate the Aleksandrov—Rassias problems, which focus on cases where the
domain and range of the mapping involved differ, and cases where the ratio of two
distances that are preserved is not an integer. By introducing interesting examples and
counterexamples related to these topics, we try to help readers easily grasp the core
reality of the problem.

4.1 Aleksandrov-Rassias Problems

As we see in Sect. 3.1, E. M. Schroder proved that if a mapping f : E* — E" preserves
two distances p and 2p, then f is an affine isometry. Moreover, the theorem of Schréder
was further generalized by W. Benz and H. Berens.

We now introduce the concepts first established by Th. M. Rassias and P. Semrl in their
paper [59].

Definition 4.1 Let X and Y be normed spaces and let f : X — Y be a mapping.
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(i) We say that f has the distance one preserving property if and only if for all x, y € X,
lx =yl = 1 implies || f(x) — f(¥)|| = 1. In this case, we usually say that f satisfies
(DOPP).

(ii) We say that f has the strong distance one preserving property when for all x, y € X,
lx —y|| = 1if and only if || f(x) — f(¥)|| = 1. In this case, we usually say that f
satisfies (SDOPP).

Th. M. Rassias [57] further generalized the ideas of Schroder and of Benz and Berens
by posing the following problems, which are extensions of the Aleksandrov problem:

Problem 4.2 (Aleksandrov—Rassias Problems) Let X and Y be normed spaces.

(i) Is amapping f : X — Y that satisfies (DOPP) necessarily an isometry?
(i7) Isamapping f : X — Y that preserves two or more distances with non-integer ratios
necessarily an isometry?

Such problems are called Aleksandrov—Rassias problems. It should be noted that in
Problem 4.2 (ii) we constrain the distance ratios to be non-integers. This is because
when the distance ratios are integers, it is more appropriate to classify this case as an
Aleksandrov—Benz problem rather than an Aleksandrov—Rassias problem.

If X =Y = R, Examples 2.14 and 2.16 show that there are counterexamples to the
first Aleksandrov-Rassias problem. Nevertheless, we can ask for a solution to this problem
with an additional assumption like the differentiability of f. Unfortunately, the answer is
still negative, as shown in an example given in [12].

Example 4.3 Let us define a mapping f : R — R by
f(x) =x +sin2mx).
Obviously, f is a differentiable mapping. Moreover, we easily check that

fx+1)=x+1+sin2ax +2m)
=f(x)+1

for each x € R, which implies that f satisfies (DOPP). However, f is not an isometry
because, e.g., f(0) = 0and f(%) = %_}_ g

If X = Y = E", the n-dimensional Euclidean space with 1 < n < oo, the
Beckman—Quarles theorem together with Remark 2.19 gives the positive answer to the
first Aleksandrov-Rassias problem. Finally, Example 2.15 gives a negative answer to the
first Aleksandrov—Rassias problem for X = Y = ¢2.
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4.2 When Domain and Range Are Different

Now we are interested in Problem 4.2 (i) (the first Aleksandrov—Rassias problem) when
the domain and the range of the mappings involved are different.

Further, we outline a method to show how to construct examples to prove that for each
integer n > 1 there are an integer m and a mapping f : E" — E" that satisfies (DOPP) but
is not an isometry. The following example shows the case of the mapping f : E> — [ES,
which was first introduced in [12] by K. Ciesielski and Th. M. Rassias.

Example 4.4 We can partition the Euclidean plane E? into squares of diagonal length 1
as follows:

Now, the nine vertices of the unit regular 8-simplex =g in E® are numbered 1 through
9, and f maps each square denoted by i in Fig. 4.1 to the ith vertex of Xg. It is easy to see
that when two points lie in the same labeled squares, the distance between these points is
different from 1. This mapping f : E> — [E3 satisfies (DOPP) but is not an isometry.

Using regular hexagons instead of squares, we can construct such a mapping f : E> —
E® that satisfies (DOPP) but is not an isometry (see [17]). With this idea, it is easy to
construct such examples in higher-dimensional Euclidean spaces.

If a mapping f : E* — [E™ preserves a certain distance, then m is obviously not
smaller than n. This is true because E” has regular n-simplexes if and only if m > n.
Taking the Beckman—Quarles theorem into account, we now need to examine whether
there exists a mapping f : E” — [E™ that satisfies (DOPP) but is not isometric, only when
l<n<m< oo

Indeed, an interesting theorem concerning this subject was proved by Rassias [56]. Here
we present only the outline of his proof.

Theorem 4.5 (Rassias) For any n € N, there exists an m,, € N such that for each integer
m > my, there exists a mapping from E" into E" which satisfies (DOPP) but is not an
isometry.

Fig. 4.1 To construct a
mapping f : E? — ES that 7 8 9
satisfies (DOPP) but is not an
isometry, we partition the 3 1 2 3 1
Euclidean plane as shown in
this figure. Each square 6 | 4|56 |4
contains the bottom edge, left
edge, and bottom left corner, 9 7 8 9 7
but none of the other corners

11213




74 4 Aleksandrov-Rassias Problems

Proof We partition E” into the countably many regions D1, D;, D3, ... such that

(i) eachregion D; is of diameter smaller than 1;
(i7) any closed n-ball of radius 1 intersects at most k of these regions.

We can choose an integer m, > 0 with the property that the regions D1, D>, D3, ... can
be partitioned into m,, + 1 sets, namely Uy, Us, ..., Uy, 41, such thatif x € D;, y € Dj,
and D; and D; belong to the same Uy, then d(x, y) # 1.

Let us define a mapping f : E" — E™ for m > m, such that it maps each set

= |J D

D;eU;

to a different vertex of a unit regular m,,-simplex in E™. It then follows that d(x, y) = 1
implies that both x and y are not in the same set Si. Thus, we have d(f(x), f(y)) = 1 for
all x, y € E" with d(x, y) = 1. Hence, f satisfies (DOPP) but is not an isometry. |

We do not even know if a non-isometric mapping f : E> — E3 can satisfy (DOPP).
Furthermore, it is still an open problem whether there is a continuous mapping f : E" —
E™, for m > n, that satisfies (DOPP) but is not an isometry (see [55,57]).

Finally, we cannot help but mention the following: In 2003, S.-M. Jung [25] proved the
following theorems in connection with the first Aleksandrov—Rassias problem.

Theorem 4.6 Assume that X and Y are real Hilbert spaces with dim X > 2 and dimY >
2. If amapping f : X — Y preserves a distance p > 0 and if f maps the vertices of every
square with side lengths p and V2p in X onto the vertices of a rhombus with side lengths
p and ~/2p in Y, respectively, then f is an affine isometry.

Theorem 4.7 Let X and Y be real Hilbert spaces with each dimension greater than 1.
Assume that the distance p > 0 is contractive by a mapping f : X — Y and that there
exists an integer n > 1 such that ~/n? + 1 p is extensive by f. If f maps the midpoint of
every line segment joining v and w of length 2np into the line segment between f (v) and
f(w), then f is an affine isometry.

4.3 Aleksandrov Problems with Non-standard Metrics

So far we have investigated the Aleksandrov problems mainly in Euclidean spaces. We
now consider the Aleksandrov problems by extending them to more general metric spaces,
rather than restricting them to the problems in the Euclidean spaces. This section is mainly
based on the paper [12] by K. Ciesielski and Th. M. Rassias.

We know that the following classical metrics in R” induce the same topology:
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n 1/2
de<x,y)=(Z(x,-—yl-)2) o dn(x,y) = max |xi —yil,
i=1

i€{1,2,...n}
and
n
dy(x,y) =) Ixi — yil
i=1
for all points x = (x1, x2,...,x,) and y = (y1, ¥2, ..., ¥p) in R"™.

We note that for n = 1 all three metrics aforementioned are the same. We now consider
the metric space R?, which has the metric d,,. The following example shows that in this
case some mappings satisfy (DOPP) but are not isometries.

Example 4.8 We define a mapping f : R*> — R? by f(x,y) = (Ix], [y]), where [x]
denotes the integer part of x. The mapping f maps each point of an appropriate unit
square to its lower-left corner such that f (R?) = Z2. Therefore, f satisfies (DOPP) but is

not isometric.

Next, we assume that the space R? has the metric d,;. In the following example, we
construct a mapping that satisfies (DOPP) but is not isometric.

Example 4.9 We define the mapping g : (R?, d,) — (R?, d,) by

g=(ﬁ~RK)ofo<%-Ril>,

where f is defined in Example 4.8 and Ry /4 and R /14 are the rotations defined as

1 1
Rz (x,y) = (E(X + ), E(y —x)),
o i
R% (x,y) = <ﬁ(x -y, E(X +y)>.

These rotations map unit balls in metric d,, to balls of radius +/2 with respect to the

metric d,. Then we have
( Rx )(x y)
7
+
2

=)

glx,y) =

Na

QSI

} §
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for all x, y € R. The mapping g satisfies (DOPP) but is not an isometry. Readers are
encouraged to perform the calculations in detail as part of their exercises.

In the general case R” for n > 2, the rotation does not work as in R?. This happens
because the balls in the metrics d,,, and d, have the same shape only for n € {1, 2}. In R2,
the balls are squares in both cases, but in R3 the balls are cubes for d,,, and octahedrons
for d .

Example 4.10 Let n be an integer greater than 2. We define a mapping f : (R", d,,) —
R", dp) by f(x1,x2, ... x0) = ([x1], [x2], .. ., [xa D).
Let C;, 4,,....i, denote an n-cube defined by

Ciyigooin = {(Xl,xz,---,xn) eR" iy <xp <ip+1

4.1)
forall k € {1,2,...,n}}
forall iy, is,...,i, € Z. Then, we have
R" = U U U Ciigeonsin-
i1EZ € in€Z
Due to the definition of the mapping f and by (4.1), it follows that
f(x) :f(xlvx21"-v-xn)
- ([-xl]v [XZ]» I ) [xn]) (4'2)
- (i17i27"'7in)
forall x = (x1,x2,...,%,) € Cijiy,....in-
If x,y € R" with d,,,(x, y) = 1, then there are iy, i2, ..., i, j1, J2,---, jn € Z With

the following properties:

(@) x € Ciyig,.ins
(1) y € Cjijpsju’
(iii) There exists a nonempty subset [ of {1, 2, ..., n} such that

lic — ji| = 1 (fork € I),
kTR = 0 (otherwise).
Thus, it follows from (4.2) and (iii) that

dn (f (), F())

T kel
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for all x, y € R" with d,,,(x, y) = 1, which implies that f satisfies (DOPP) with respect
to the metric d,,.

On the other hand, in view of the definition of the mapping f, it is easy to show that f
is not an isometry. Therefore, the mapping f satisfies (DOPP) but is not an isometry.

We have not yet constructed an example for the metric d, like Example 4.10, nor
have we proved that each mapping satisfying (DOPP) with respect to the metric d, is
an isometry. So for n > 2 the following problem still remains unsolved:

Does every mapping f : (R",dy) — (R", dy) that satisfies (DOPP) have to be an isometry?

In case we could construct an appropriate non-isometric mapping that satisfies (DOPP),
we could express R” as the union of unit balls (which intersect only at boundary points).
This is related to the partition hypothesis that applies to the relationship of the two
conditions given in the problem below (see [13]).

Problem 4.11 What is the relationship between the following conditions?

(i) There exists a mapping f : (R",d) — (R", d) that satisfies (DOPP) but is not an
isometry.
(i7) There exists a partition of R” into unit balls with respect to the metric d having only
boundary points in common.

Let us consider a surjective mapping f : R*> — R? whose domain and range have
different metrics.

Theorem 4.12 There is no mapping f : (R%, d,) — (R?, d,) that satisfies (DOPP).

Proof Set A ={(0,0), (1,0), (0, 1), (1, D}. If x #yforx,y € A, thend,,,(x,y) = 1. It
then follows from (DOPP) that d.(f(x), f(y)) = 1 for all x, y € A with x # y, which
is a contradiction, since every subset of R? (with metric d,) having this property consists
of at most three points. We have thus proved that no mapping f : (R, d,) — (R?, d,)
satisfies (DOPP). O

Now consider a mapping f, whose domain is endowed with the Euclidean metric d,
and whose range is endowed with the maximum metric d,,,.

Theorem 4.13 If there exists a non-isometric mapping f : (R?,d,) — (R?,d,,) that
satisfies (DOPP), then there exists a non-isometric mapping F : (R2,d,) — (R3,d,) that
also satisfies (DOPP).



78 4 Aleksandrov-Rassias Problems

Proof Assume that f : (R2,d,) — (RZ%,d,,) is a non-isometric mapping that satisfies
(DOPP). Let us define

g :R? — Z2 by g(x, y) = (lx]. [yD:

h: 7> A by h(k,l) = (k (mod 2), [ (mod 2)), where
A ={(0,0),(1,0), (0, 1), (1, D}

® : A — B as the bijection, where B is the set of four

vertices of a unit simplex in R3.

It follows that the mappings
g (R% dy) — (Z* dy), h:(Z* dy) — (A, dy), ®:(A,dy) — (B,d,)
satisfy (DOPP). Then the mapping F : (R?, d,) — (R3, d,) defined by
F=®ohogo f:R>—> BCR?
satisfies (DOPP), but of course it is not an isometry. O

The aforementioned theorem illustrates an interesting consequence of considering
different metrics in domain and range in the context of the classical problem mentioned
in front of Example 4.4. A similar consequence can be obtained if we consider mappings
between (R?, d,) and (R?, d,).

Considering metrics other than the Euclidean metric, we obtain the following theorem
based on previous considerations. When the Euclidean metric is applied in the following
theorem, the mapping that satisfies (DOPP) is an isometry due to the Beckman-Quarles
theorem.

Theorem 4.14 (Ciesielski and Rassias) Let n be a fixed integer greater than 1. A
continuous mapping f : (R", d,) — (R", dy,) satisfying (DOPP) need not be an isometry.

Proof Let us define a continuous mapping f : (R2, d,,) — (R?, d,,) by
fayy = ([ + 2 I+ ),

where {x} = x — [x] and {y} = y — [y]. We note that
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dm(f(x» }’), f(-x/7 y/))
= d ((Ix1 + (3%, D1+ (1), (T + (2 1+ D))

= max {|[x] + {x}% — [¥'1 = (V] |1+ (0 = D1 = )]}

3

forall (x, y), (x, ¥') € R%. When d,, ((x, y), (x, ¥')) = 1, we may assume that |x —x'| =
1 and |y — y’| < 1 without loss of generality. In this case, we have either [x] = [x] — 1
and {x} = {x'} or [x] = [x']+ 1 and {x} = {x'}. Hence, f satisfies (DOPP) with respect to
the maximum metric but it is not an isometry. This example proves our theorem for n = 2.
By the same construction, we get examples for any integer n > 2. O

The following theorem can be proven using the rotation shown in Example 4.9. We
encourage readers to prove this theorem themselves as an exercise.

Theorem 4.15 A continuous mapping f : (R2,d,) — (R2,d,) that satisfies (DOPP)
need not be an isometry.

The following problem is still open: Assume that a continuous mapping f
R", dy;) — (R",d,) satisfies (DOPP) for an integer n > 2. Does f have to be an
isometry?

4.4 Aleksandrov-Rassias Problems with (SDOPP)

In this section, we will investigate the properties of mappings that satisfy (SDOPP).
Indeed, the content of this section is based on the paper [59] by Th. M. Rassias and P.
Semrl and follows its notations whenever possible.

We say that f preserves the distance n in both directions ifforallx, y € X, [[x—y| =n
if and only if || f(x) — f(y)|| = n. This is a concept similar to (SDOPP) defined in
Definition 4.1 (ii).

Theorem 4.16 (Rassias and Semrl) Let X and Y be real normed spaces such that

dimX > lor dimY > 1. If f : X — Y is a surjective mapping that satisfies (SDOPP),
then f is an one-to-one mapping such that

fe) = fFll—lx—yl| <1 (4.3)

forall x,y € X. Moreover, f preserves distance n in both directions for any n € N.
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Proof

(a)

(b)

()

We prove that both spaces have dimension greater than 1. If dimY > 1, then there
exist elements x, y, z € Y such that

lx =yl =1y —zll = llz =xll = L.

Since the mapping f is assumed to be surjective and preserve the distance 1 in both
directions, there are x1, y1, z1 € X that satisfy

Xt = yill = lly1 = z1ll = llzr =2l = 1.

This implies that dim X > 1. Likewise, we may prove that if dimX > 1, then
dimY > 1.

We claim that f is one-to-one. On the contrary, suppose there are x, y € X with
x # y such that f(x) = f(y). Since dim X > 1, we can choose a z € X such that
[x —z|| = 1 and ||y — z|| # 1. Because of our assumption that f(y) = f(x), we
have || f(y) — f(@] = IIf(x) — f(@)| = 1, where the last equality follows from
(SDOPP). Furthermore, it follows from (SDOPP) that ||y — z|| = 1, which leads to a
contradiction. Hence, we conclude that f is one-to-one. Therefore, we conclude that
f is a bijective mapping and both f and f~! preserve the unit distance.

From now on, we need the following notations:

By(x)={z:llz—x| <r},
By(x)={z:llz—x| <r},

Contn@) = {z:n <llz—x| <n+1}.

Let x be any element of X and n > 1 any integer. Assume that z € B, (x). Because

of dim X > 1, there exists a sequence x = xq, X1, ..., X, = z With
lxit1 —xill =1
foranyi € {0, 1, ..., n — 1}. Consequently, we have

1/ (@) = FEl = 11f (xn) = fxo)ll
n—1

<D I @) = f)

i=0

=n.
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Hence, we obtain

f(En(x)) C En (f(x))

A similar result can be obtained for f —! Therefore, we conclude that

f(En(x)) = En(f(x))

for all x € X and integers n > 1. However, f is bijective and thus

f(c(zl,n+1](x)) = C(n,n+l](f(x)) (44)

for all x € X and integers n > 1.

We fix an element x € X and choose z € C(j,2j(x). Then, it follows from (4.4) that
f2) € Ez(f(x)). Wesetu = z+ M(z —x).Then |ju —z|| = 1 and u € C(33)(x).
According to (4.4), we have f(u) € C2,3)(f(x)). Thus, we obtain

I f@) — feol > 2. (4.5)
If | f(z) — f(x)]| <1, then
If@) = fOOI<If@—fQI+I1f@ = fOI<If@—-fI+1=2,

which contradicts (4.5). Hence, we have proved that

f(Can() C Caa(fx)).

The same result holds for the mapping f~!. Consequently, the relations

F(Cu2n(x) =Caa(fx) and f(Bi(x)) = Bi(f(x))

hold for all x € X. This together with (4.4) implies the validity of inequality (4.3).
To complete the proof, we will show by induction on n that f preserves the distance
n in both directions for all n € N. Assume that f preserves the distance n in both
directions. Let x and z be elements of X such that ||z — x| = n 4+ 1. According
to (4.4), we have || f(z) — f(x)|| <n + 1. Let us define v by

1
v=fx)+ m(f(z) — ).

Since f is surjective, there is a u € X such that v = f(u). From ||[v — f(x)|| = 1 we
obtain ||ju — x|| = 1 by (SDOPP).
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If lv — f(2)|| < n, it then follows from (4.4) that ||u — z|| < n. This fact together with
|lu — x|| = 1 implies that

lz—xll < llz —ull +llu—x| <n+1,

which contradicts our assumption that ||z — x|| = n + 1. Thus, it necessarily follows that
lv — f(2)|l = n. This implies

n=<lv-fQ@l
1
(1
H( If(z)— f( )I|>f(x) < IIf(z)—f(X)|I>f(Z)
=If@ = f@I - 1],
Therefore, we can conclude that || f(z) — f(x)|| = n + 1. A similar proof also confirms
that f~! preserves the distance n + 1. O

Remark 4.17 The assumption that one of the spaces has dimension greater than 1 cannot
be omitted in Theorem 4.16.

Proof If we define the mapping f : R — R by

_Jx+2 (forx € Z),
feo = { (forx ¢ 7)),

then f is a bijective mapping that preserves distance »n in both directions for any n € N.
However, since f(0) =2 and f (%) = %, we have

/() -rof- |30l = %=1
3 3|73 7
Therefore, f does not fulfill inequality (4.3). O

Remark 4.18 In Theorem 4.16, (SDOPP) cannot be replaced by (DOPP).

Proof Let g : [0,1) — [0, 1) x R be a bijective mapping. Furthermore, we define f :
R — R2 by

f@® =g({th + (], 0,

where we set {t} = ¢ — [¢], and we denote by [#] the integer part of 7.
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We claim that f is a one-to-one mapping. Assume that # and ¢’ are real numbers with
[£] # [¢'] and {r} # {¢'}. Then we have

f@) = f@)=g(th —g{t'H + (11 - [1'], 0)

ef{,yeR 11— [1-1<x<[t]-[/1+1, yeR}

% (0, 0).
Suppose ¢ and ¢’ are real numbers with [¢] # [¢'] and {r} = {¢’}. Then, we see that

f@) = f&") =[] -1[£'1,0) # (0,0).
Finally, if # and " are real numbers with [¢] = [¢'] and {¢} # {¢'}, then
f@) = f@) =g({r) — g{'}) # (0,0).
Hence, f is a one-to-one mapping.
Now we claim that f is a surjective mapping. Assume that (x, y) be an arbitrary point

in R2. Since g : [0, 1) — [0, 1) x R is a bijective mapping, we can choose a real number
tsuchthatx — 1 < [f] < x and

gth =& —1[t],y) = (x,y) — ([z],0),

ie., f(t) = g({t}) + ([t],0) = (x, y), which implies that f is a surjective mapping.
Moreover, f preserves the unit distance:

If+1) = fOl = [ gl + 1) + [z + 11,0) — g({r}) — ([1], 0) |
=1, 0l
=1

fort € R, i.e., f satisfies (DOPP). However, f does not satisfy inequality (4.3). O
Remark 4.19 The inequality (4.3) is sharp.
Proof

(a) Given ¢ € (0, %), we define a mapping g; : [0, 1] — [0, 1] by

") = ! (fort € [0, 1 — &]),
T e 2— 1) (fort e [1 — &, 1]).
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We note that g, is a strictly increasing mapping. We also define /2, : R — R by

he(s) = [s]+ g ({s]),

where we set {s} =5 — [s].

We assert that 4, is a strictly increasing mapping. We note that for any real numbers
s and ¢, s > t if and only if either [s] > [¢] or [s] = [#] and {s} > {¢}. Assume that
[s] > [t]. Then we obtain

he(s) — he(t) = ([s1— 1) + (g ({s}) — ge({r})) > O,

since 0 < g.({s}) — g-({t}) < 1. Now we assume that [s] = [¢] and {s} > {¢}. Then
we have

he(s) — he(t) = ge({s}) — ge({t}) > 0,

since g, is a strictly increasing mapping. Thus, A, is a strictly increasing mapping.
Since — 1 < g-({s}) — g-({t}) < 1foralls,t € R, it holds that for n € Ny,

lhe(s) — he@)] = [([s] = [1]) + (g:({s) — g ({£D)| =n

if and only if g.({s}) = g-({r}), which is equivalent to the fact that {s} = {¢}. In this
case, we remark that s — t = [s] + {s} — [t] — {¢t} = [s] — [¢] = £n. Hence, we may
conclude that

|s —¢t| =n ifand only if |ho(s) —he(t)| =n

for each n € N.

Without loss of generality, assume that s and ¢ are real numbers with s > ¢. Similarly,

we can verify that if |[s — 7| < n for some n € N, then |h(s) — ho(¢)| < n. The

aforementioned proof is not difficult, so readers are encouraged to solve it themselves.
We now concentrate on proving the converse. Assume that | (s) — ho(¢)] < n

for some n € N. If s and ¢ are arbitrary real numbers with s > ¢ and [s] = [¢], then

{s} > {t}. Hence, we have

ls —tl=[s] =[]+ {s} —{r}={s} - {r} < T =n.

Assume that [s] — [t] € {1,2,...,n — 1} for some s, € R with s > ¢. Since
— 1 < {s} —{t} < 1, we obtain

s —t|=[s]—[t]+{s}—{t}<n—1+1=n.
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Finally, suppose [s] — [t] = n. From our assumption that
lhe(s) — he(®)] = [s] = [1] 4+ ge({s}) — ge({r}) = n,
it follows that g ({s}) < g-({¢}), which implies that {s} < {¢}. Thus, we get
ls — 1] = [s] = [t] 4+ {s} — {r} < n.
Consequently, we have showed that
|s —t] <n ifandonlyif |hs(s) —hs(t)| <n

forany n € N.
(d) Now we assert that

e (s) = he(0)] < ~—E1s — 1) (4.6)

for all s, ¢t € R. Without loss of generality, we assume that s > ¢, which is equivalent
to the fact that either [s] > [¢] or [s] = [¢] and {s} > {z}. If [s] > [¢], then

1_
he(s) — he(t)] — ——1s — 1|
— &
= he(s) = he(t) = — (s = 1)
1—¢
=[5 = (1) + (g (ls) = ge((1)) = ——(5 =)

1—¢ 1—c¢

1
{s}+2—g—L{t}— (Ls]+ (s} — [r] — {1})

1—¢

=(2—l>([s]—[t])+2—l+<l—l— ¢ ){t}
e e e 1—c¢
= (2—l>([s]—[t]+l—{t})—i—(l—L){t}

£ 1—¢

&

<I[s]—[]+

1
<2——-4+1-
e 1—c¢

<0

for any ¢ € (0, %).
We now consider the other case when [s] = [¢] and {s} > {t}. If 0 < {t} < {s} <
1 — ¢, then
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1—¢
|he(s) — he(2)] — |s — 1]

1—¢
= ge({s}) — g ({t) — (s —1)

s} — (1) - ggmyuﬂ—m—u»

) {s} — (1)

1

-(=

<0

for any ¢ € (0, %).
If[s]=[t]and0 < {t} <1 —¢ < {s} <1, then

)
Is —1]

1 —
|he(s) — he(r)] —

1—c¢
= ge({sh) — g ({th) — (s —1)

—&
{s} +

I3 g
1 1—¢ e
=2——+( - )ﬂ
e e 1—¢

1 (1—8 € )
<2--+4+ - (1—e¢)
€

e 1—

([S] +{s} = (1] = {1})

for all ¢ € (0, %).
If[s]=1[t]land 1 — ¢ < {t} < {s} <1, then

e
s — 1]

1 —
lhe(s) — he(r)] —

1—¢
= ge({sh) —ge({th) — (s —1)

1— 1— 1 —
= - - =S -1
£ £ £

=0

for any ¢ € (0, %). Therefore, we have proved that inequality (4.6) holds for all s, ¢ €
R and ¢ € (0, %).
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We use the notation C[0, 1] to denote the set of all real-valued continuous mappings
defined on [0, 1]. We introduce the norm ||x|,, = HE(z)D%] |x(¢)| on C[O, 1], where
tel0,

x € C[0, 1]. In addition, we define the mapping ¢, : C[0, 1] — C[0, 1] by

(:(0)) (1) = he(x (1))

for all x € C[0, 1] and ¢ € [0, 1]. Obviously, ¢; is a bijective mapping, and we see
that (¢ (x)) (1) = h; ' (x(1)).
Moreover, for any pair x, y € C[0, 1] the following conditions are equivalent:
@) llx =ylm =n.
(ii) There exists tg € [0, 1] such that |x(f9) — y(tp)| = n and |x(¢) — y(¢)| < n for
allt € [0, 1].

(iii) [he(x(10)) — he(y(10))| = n and |he (x(1)) — he (y(@))| < nfort € [0, 1].

(V) llgs(x) = P lm = n.

In view of the definition of the norm || - ||,,;, conditions (i) and (ii) are equivalent. Due
to (b) and (c), the conditions in (ii) and (iii) are equivalent. By the definition of ¢,
(iii) and (iv) are obviously equivalent. Therefore, the mapping ¢, preserves distance
n in both directions for any n € N.

We define x,y € C[0,1] by x(#f) = 1 — ¢ and y(t) = 1 for all ¢+ € [0, 1]. Then
lx — yll,» = &. In addition, we see that

(Be)) (@) = he(x() = he(1 —&) = [1 —e]l + ge({l —e}) = ¢

and

(M) (@) = he(y(1)) = he(1) = [1]14 g({1}) = 1

for all ¢ € [0, 1]. It thus follows that ||¢:(x) — ¢ (¥)|lm = 1 — €. Consequently, we
obtain

|||¢£(x) = PeWMlm — llx — y”m’ =1-2¢,

and since we can choose ¢ as small as we like, the inequality (4.3) is sharp. O

The mapping ¢, : C[0, 1] — CJO0, 1] in Remark 4.19 is not only continuous, but also

satisfies a stronger condition (Lipschitz condition):

max | (e (x) — ¢ (1)) ()]

te[0,1]

1611(2)1’)51 |hg(x(t)) - he()’(t))|

S

l[fe (x) — de (W) llm

IA

— &
max |x(r) — y(7)]
& tel0,1]

=K|x = ylim
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—&

for any x, y € C[0, 1], where the inequality sign is due to (4.6) and we set K = IT
It follows that surjective Lipschitz mappings (K > 1) that satisfy (SDOPP) need not be
isometries. However, for the case that K = 1, we can prove an extension of the Beckman-
Quarles theorem.

> 1.

Theorem 4.20 (Rassias and Semrl) Let X and Y be real normed spaces such that
dimX > 1 or dimY > 1. Assume that f : X — Y is a Lipschitz mapping with a
Lipschitz constant 1, i.e.,

ILf ) = FOII < llx =yl

forall x,y € X. If f is a surjective mapping satisfying (SDOPP), then f is an affine
isometry.

Proof According to Theorem 4.16, f preserves the distance n in both directions for any

n € N. We can choose two different elements x, y € X and an integer ng > 0 such that
lx — y|| < no. Assume that

1f @) = FOII < llx = yll- (4.7)

If we set

7=x— (x —¥),

llx = yll

then ||z — x|| = ng and

Iz — yll = H(l S )(x —y)” =no— lx — .
I — vl

Since f preserves distance ng in both directions, it follows from the Lipschitz condition
that

If@) = fO)ll=no and [ f(z) = fOD)I <no—Illx =yl (4.8)
On the other hand, by (4.7) and (4.8), we obtain
1f @ =N =If@ =D+ 1) —F&

<no =[x =yl +llx =yl

= no,



4.4 Aleksandrov-Rassias Problems with (SDOPP) 89

which contradicts (4.8). Hence, the strict inequality (4.7) cannot hold. Therefore, we
conclude that

If ) = fFDI = llx =l

for all x, y € X, which implies that f is an isometry. Finally, we use the theorem of Mazur
and Ulam to prove that f is an affine isometry. O

Let X and Y be real normed spaces such that dim X > 1 and Y is strictly convex. It
follows from the theorem of Benz and Berens that if f : X — Y preserves two distances
p and Np (where N > 1 is an integer and p > 0 is a real number), then f is an affine
isometry.

Corollary 4.21 Let X and Y be real normed spaces such that dimX > 1 or dimY > 1.
Also assume that one of them is strictly convex. If f : X — Y is a surjective mapping that
satisfies (SDOPP), then f is an affine isometry.

Proof According to Theorem 4.16, f is a bijective mapping that preserves the distance
m in both directions for every m € N. Moreover, the proof of Theorem 4.16 shows that
dim X > 1l and dimY > 1. So, without loss of generality, we can assume that Y is strictly
convex.

We first claim that f preserves the distance % for every n € N: If we choose x, y € X
with ||x — y|| = rlz’ then there exists a vector z € X such that ||x — z|| = ||y — z|]| = 1. Set

u=z+n(y—z) and v=z+nkx —z).
Obviously, we have
lx—v]|=n—-—1 and |v—z| =n.
Since f preserves the distance m in both directions for any m € N, we have

If)=f@I=1L Ifx)=fl=n-1, |f@) = f@I=n.

Since Y is strictly convex, it necessarily follows that

1 n—1
f)=—-f)+——f).
n n
Similarly, we get
1 n—1
f=-fw+——7).
n n

Using [[v — u]| = 1, we obtain || f(x) — fF()I = 31/ () — f@)] = 5.
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Now we assume that ||x —y| < % where m is an integer greater than 1. Since dim X >

1, there is a finite sequence {zo = X, z1,...,2Zm = Yy} of vectors in X such that ||z; —
zZiv1ll = % fori € {0,1,...,m — 1}. Hence, we have
m—1 m
If ) = FOI = Y 1@ = fGivnll = —.
i=0

Using the ideas of (g) and (%) in the proof of Theorem 3.3, we conclude that

If @) = FII =< llx =yl

for all x, y € X. We now apply Theorem 4.20 to complete the proof. O

4.5 Aleksandrov-Rassias Problems with (DOPP)

In the previous section, we investigated the properties of mappings that satisfy (SDOPP).
In this section, we will examine the properties of mappings that satisfy (DOPP).

The following result was proved in [51] by B. Mielnik and Th. M. Rassias under the
additional assumption that f is a homeomorphism.

Theorem 4.22 (Mielnik and Rassias) Suppose X and Y are real normed spaces such
that dim X > 1, and one of them is strictly convex. If f : X — Y is a homeomorphism
satisfying (DOPP), then f is an affine isometry.

Proof Let x be an arbitrary vector in X. Since f satisfies (DOPP), f maps the unit sphere
S1(x) ={z € X : ||z — x| = 1} into the sphere S| (f(x)) ={z €Y : |z — f(x)| = 1}.
Let Z be the complement of S(x) in X and Z the complement of f(S;(x)) in Y. While
the homeomorphism f maps S1(x) onto f(S1(x)), it must simultaneously map Z onto Z.

We claim that f(S1(x)) = S1(f(x)). On the contrary, suppose f(Si(x)) is a proper
subset of S1(f(x)). Then its complement Z is connected, which is impossible since 7=
f(Z) and Z is disconnected (see Remark 1.19). Thus, the unit sphere Sj(x) is mapped
onto the unit sphere S1(f(x)). Therefore, the mapping f satisfies (SDOPP). Finally, we
complete the proof using Corollary 4.21. O

Theorem 4.20 was further generalized by Th. M. Rassias and S. Xiang [60].

Theorem 4.23 (Rassias and Xiang) Let X and Y be real normed spaces. Assume that Y
is strictly convex and f : X — Y is a Lipschitz mapping with a Lipschitz constant 1:

If @) = FOII < llx =yl

forall x,y € X. If f satisfies (DOPP), then f is an affine isometry.
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Proof
(a) Assume that x and y are arbitrary elements of X with ||x — y|| = % If we set z =
x +2(y — x), then we have ||x — z|| = l and ||y — z|| = % Since f is a Lipschitz

mapping with a Lipschitz constant 1 and satisfies (DOPP), we get

1 —

5= llx =yl
=)= fFI
=1 f) = f@I=I1f) — f@I
=1—|y—zl
1
=5

Hence, we have || f(x) — f(D)| = % Therefore, f preserves the distances 1 and %

(b) Applying a similar method as in the proof of Theorem 3.3, it is easy to verify that f
preserves the distance n + % in both directions for any n € N. We invite the reader to
try out this proof.

(c¢) We now choose arbitrary elements x, y of X and an ng € Nsuch that |[x—y|| < no+ %
Assume that

Ifx) = fDI < llx =yl 4.9)
If we set
2no + 1
= + — — ,
= e Y Y

then we have
1 1
llz — x|l =no+§ and ||z — yl =no+§— ly — x|

Moreover, since f preserves the distances n + %, n € N, by (b) and f is a Lipschitz
mapping with a Lipschitz constant 1, it holds that

1 1
If(z) = f)ll =no+ 3 and [|f(2) — fODII = no+ 3~ Iy —xI.

On the other hand, it follows from (4.9) that
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no+ 5 =1 = f&l
=@ =FWI+1fG) = fl

1
<no+t 5 —ly—xli+ly—x|

1
=n + A
L)
which leads to a contradiction. Hence, the strict inequality (4.9) is not valid. Therefore,
since f is a Lipschitz mapping with a Lipschitz constant 1, we conclude that || f(x) —
fOIl =llx—y| forallx,y € X,ie., f is an isometry. Finally, by Baker’s theorem, f is
an affine isometry. O

We note that Y. Ma [48] proved the following theorem, which is more general than
Theorem 4.23.

Theorem 4.24 (Ma) Let X and Y be real normed spaces. Assume that Y is strictly convex
and f : X — Y is a local Lipschitz mapping with a Lipschitz constant 1:

If ) = FDII =< llx =yl
forall x,y € X with ||x — y|| < 1. If f satisfies (DOPP), then f is an affine isometry.

We assume that a mapping f : E" — E" satisfies (DOPP), where 7 is an integer greater
than 1. According to part (a) of the proof of the Beckman-Quarles theorem presented at

the end of Chap. 2 or Lemma 2.21, the mapping f preserves distance ,/2(1 + %).

In general, let X and Y be real Hilbert spaces with dim X > n, where n is an integer
greater than 1. We assert that if a mapping f : X — Y satisfies (DOPP), then || f(p) —
F@I < /20 + 1) forany p,q € X with |[p —g|| = /2(1+ 1): Let p, pi, ..., pa
and ¢q, p1, ..., pn be the vertices of two unit regular n-simplices in X, respectively, and
Ip—qll = /201 + ).

We set z = f(p) — f(q), xi = f(p) — f(pi) and yi = f(pi) — f(q) for each
i €{1,2,...,n}. Then we have

Ixill = llyill = llxi =xjll =1 and z=x; 4 yi

forall i, j € {1,2,...,n) withi # j. Since ||z — x;||*> = ]z — yi|> = 1 forany i €

{1,2,...,n}, it follows from the Cauchy-Schwarz inequality that
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< \/@IIZII-

Therefore, it holds that || f(p) — f(g@) || = |zl < ,/2(1 + rll)_
The following theorem is a consequence of the Benz—Berens theorem.

n

354

i=1

n

lzl® = 2l(z, xi)] = < > x
i=1

2
= Izl
n

2
n

Theorem 4.25 Let X and Y be real Hilbert spaces with dim X > n, where n is an integer
greater than 1. If a mapping f : X — Y satisfies (DOPP) and preserves the distance

k21 + %)for some integer k > 1, then f is an affine isometry.

In addition, many researchers have attempted to solve the Aleksandrov—Rassias
problems several times, but have not yet succeeded in completely solving the problems.
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Abstract

In this and the next chapters, we will introduce in more detail the ideas and methods
used to solve the Aleksandrov—Rassias problems for each case. Section 5.1 focuses on
examining the Aleksandrov—Rassias problem, where the relevant mapping preserves
two distances, 1 and +/3. This case is a special case among cases where the ratio of two
distances is not an integer. In Sect. 5.2, we consider in detail the Aleksandrov—Rassias
problem where the relevant mapping preserves the distances 1 and +/2. Section 5.3
investigates the conditions under which the relevant mapping preserving three distances
necessarily become an isometry. As shown in Problem 4.2 (ii), this problem is also
closely related to the Aleksandrov—Rassias problems. In this chapter, we extract the
main results from the papers by Rassias and Xiang (Univ Beograd Publ Elektrotehn
Fak 11(4):1-8, 2000), Xiang (Aleksandrov problem and mappings which preserve
distances, in Functional Equations and Inequalities, ed. by Th.M. Rassias, pp. 297—
323, Kluwer, Alphen aan den Rijn, 2000), Xiang (J Math Anal Appl 254(1):262-274,
2001) and organize them so that readers can easily understand them.

5.1 The Case Where 1 and +/3 Are Preserved

In this section, we consider the Aleksandrov—Rassias problem for the case that the
mapping preserves two distances 1 and +/3. This is a special case among cases where
the ratio of two distances is not an integer.

The following theorem is excerpted from a paper [72] written by S. Xiang.

Theorem 5.1 (Xiang) Let X and Y be real Hilbert spaces with dim X > 1. If a mapping
f : X — Y preserves the distances 1 and /3, then f is an affine isometry.
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Fig. 5.1 A rhombus with sides
of length 1 and diagonals of
length ﬁ and 1 is drawn. The
vertices of this rhombus are

P1, P2, P3, P4

Fig. 5.2 The image of vertices
of a rhombus under f is
depicted, and their preimage
was presented in Fig. 5.1

Proof

5 Rassias and Xiang's Partial Solutions

P4
P P3
P2
f(pa)
f(p1) f(ps)
f(p2)

(a) Let p1, p2, p3, p4 be the points of X, which are the vertices of a rhombus with unit

side length such that || p; — p3|| = V3 and lp2 — pall = 1, as shown in Fig.5.1.

(b) Wenow setx = f(p2) — f(p1),y = f(pa) — f(p1),and z = f(p3) — f(p1). Since

f preserves the distances 1 and /3, it holds that
Ixl =yl =llx =yl =lz—xI=llz—yl=1 and |z| = V3.
Since Y is a real Hilbert space, we obtain

lx — yI? = Ix1? = 2¢x, y) + Iyl = 1,
Iz — x| = llzll® = 2(z, x) + |Ix]|> = 1,

lz = yI* = llzl* = 2(z. y) + Ily|I* = 1.
Thus, it follows that
(x,y) = % (z.x) = (z.y) = =,
and
lz —x = yI* = llzl* = 2(z. x) — 2(z. y) + Ix[I* + 2(x. y) + [ylI* = 0.
The previous equality implies that z = x + y, i.e., f(p1), f(p2), f(p3), f(ps) inY

are the vertices of a rhombus of unit side length such that || f(p1) — f(p3)| = V3

and || f(p2) — f(ps)|l = 1. Moreover, f(p3) is in the span of { f(p1), f(p2), f(p4)}.
In particular, f(p3) — f(p1) = (f(p2) — f(p1) + (f(ps) — f(p1)). (See Fig.5.2.)
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D3 D2

p D1 q

Fig. 5.3 Let p and g be two points whose distance from each other is 2, and let the midpoint of
these points be p1. Two more points p, and p3 are chosen such that p, py, p2, p3 and p1, q, p2, p3
are the vertices of two rhombi with side length 1

(c) Assume that p and g are arbitrary points of X with ||p — ¢g|| = 2. We set p; =
%(p + ¢). Since dim X > 1, there are points py and p3 of X such that p, p1, p2, p3
and p1, q, p2, p3 are the vertices of two rhombi of unit side length with ||py — p|| =
Ip3 — qll = /3 (see Fig. 5.3).

By (b), f(p). f(p1), f(p2), f(p3) and f(p1), f(q), f(p2), f(p3) are the vertices

of two rhombi of unit side length with || f(p2) — F(p)Il = | f(p3) — f(@)] = /3.
Ifwesetx = f(p1) — f(p)andy = f(p3) — f(p), thenx —y = f(p1) — f(p3),

x+y=f(p2) — f(p)and f(q) — f(p3) = (f(p1) — f(p3)) + (f(p2) — f(p3)).

Thus, we obtain

f@) = (fp) — f(p3) + f(p2) = (x —y) + f(p2).
Hence, we have

f@—f(p)=&—=y)+(f(p) — f(p)
=@x—-y)+&x+y
=2x

=2(f(p) — f(P)

and || f(¢) — f(p)|l = 2. Therefore, f preserves the distance 2.
(d) Finally, it follows from Theorem 2.5 and the Benz—Berens theorem that f is an affine
isometry. O

In Theorem 5.1, the condition that dim X > 1 cannot be relaxed. For example, let
f : R — R be a mapping of the form f(x) = x + ¢ (x), where ¢ is defined by

__J 0 (for x € A),
o0 = : | (forx ¢ A),
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D2

b1

Fig. 5.4 Let p and ¢ be two points whose distance from each other is +/3. Two more points p; and
p> are chosen such that p, p1, g, p» become the vertices of a rhombus with side length 1

where A = {a + bv/3 € R : a, b € Q). Then f preserves the distances 1 and V3, but it is
not an isometry.

Corollary 5.2 Let X and Y be real Hilbert spaces with dim X > 1. If a mapping f :
X — Y preserves the distances 1 and n~/3 for some n € N, then f is an affine isometry.

Proof
(a) Assume that p and ¢ are arbitrary points of X with ||p — ¢g|| = +/3. Since
dim X > 1, we can choose two points p; and p> of X such that the pair of four

points {p, p1, q, p2} comprises the vertices of a thombus with unit side length with
lp2 — p1ll = 1, as we can see in Fig. 5.4.

If wesetx = f(p1) — f(p).y = f(p2) — f(p).and z = f(q) — f(p). then
Xl = Iyl =llx =yl =llz—xl=llz—yl = 1.
Hence, we have
lx = ¥ = x> = 2(x. y) + Iy1* =1,
lz — x| = llzll* — 2{z. x) + Ix|* = 1,
Iz = yI? = lzlI* — 24z, ) + Iyl = 1.

It then follows from the last three equalities that

1 1
(e, y) =5 and (z,x) =(z,y) = Enznz.
Thus, we obtain

Ix + ylI* = Ixl? +2¢x, ) + [IylI* =3
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(b)

(o)

Fig.
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and
I21? = (2, x) + (2, y) = (2. x + ).
Moreover, it follows from the Cauchy—Schwarz inequality that
Izl* = (z.x 4+ y) = 2. x + )| < llzllllx + yll = V3 |zll.
and hence, [|z]| = [ f(q) — f(p)]l < /3.

Assume that f preserves the distances 1 and n+/3 for some integer n > 1. Let p and
q1 be any points of X with ||p — g1 = V3. If we set

gk = p + k(g1 — p)
for all k € {1,2,...,n}, then we obtain ||gk+1 — gkl = llg1 — pll = V3 for any
ke{l,2,....,n—1}and ||g, — pll = n/3. Since dim X > 1, we can construct n

rhombi of unit side length, as shown in Fig. 5.5.
It follows from (a) and (b) that

1f () = fla-D] <3

forany k € {1, 2, ..., n}, where we set gy = p, and
w3 = 1£ @) = FPI < Y 1F @) = f@enl < nv3,
k=1

since f preserves the distance nv/3. Thus, we obtain

1 (@) = £ =1 £(q2) = FlgDll == lf(gn) — f(gn-1)]l = V3.

Therefore, the distance ~/3 is also preserved by f. By Theorem 5.1, f is an affine
isometry. O

5.5 The tail vertex of the preceding rhombus overlaps the head vertex of the succeeding

rhombus
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5.2 The Case Where 1 and +/2 Are Preserved

In the previous section, we considered the case where the distances 1 and /3 are preserved,
as a special case of the Aleksandrov—Rassias problem where the ratio of two distances

9 <

is not an integer. As in the previous section, we use “points,” “elements,” and “vectors”
interchangeably and treat them as synonyms.
In this section, we will consider the case where the distances 1 and +/2 are preserved.

Xiang proved the following theorem in his papers [71,72].

Theorem 5.3 (Xiang) Let X and Y be real Hilbert spaces with dim X > 2. If a mapping
f : X — Y preserves the distances 1 and V2, then [ is an affine isometry.

Proof

(a) Suppose pi1, p2, p3, pa are arbitrary points of X that form the vertices of a rhombus
whose sides have unit length and whose diagonal lengths are both || p; — p3|| = || p2 —
pall = V2, as shown in Fig.5.6.

We claim that the pair of four points {f(p1), f(p2), f(p3), f(pa)} comprises the
vertices of a unit thombus with || f(p1) — f(p3)]l = Il f(p2) — f(pa)ll = /2.

First, we set x = f(p2) — f(p1),y = f(pa) — f(p1),and z = f(p3) — f(p1).
Since f preserves the distances 1 and +/2, we have

Il = Iyl =llz—xl=llz—yl =1 and |z] =[x -yl = V2.
Moreover, since Y is a real Hilbert space, we obtain

lx = ylI? = Ix1? = 2{x, y) + lIyII* = 2,
lz — x> = llzl® = 2(z, x) + |Ix]1> = 1,

lz = yI* = lzl* = 2(z, y) + IylI* = 1.

Thus, it follows that

(x, ) =0, (z,x)=(z,y) =1,

Fig. 5.6 pi, p>, p3, p4 are the y2 P3
vertices of a rhombus whose
side length is 1 and whose
diagonals have length /2

b1 D2
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Fig. 5.7

FpD). f(p2), f(p3), f(pa)
are the vertices of a rhombus
whose side length is 1 and
whose diagonals have length

V2

Pbe

P2

p

yal

D4

f (P4)

101

f(ps3)

f(p1)

f(p2)

Fig. 5.8 Let p and ¢ be two points whose distance from each other is +/3. The figure shows a unit

cube with the vertices p, p1, p2, P3, P4, 4, Pe and ps

and

Iz —x — yI* = lzl* = 2(z, x) — 2{z, ) + lIxII* + 2{x, y) + IyI* = 0.

Hence, it follows that z = x 4+ y. That is, f(p1), f(p2), f(p3), f(p4) are the vertices
of a unit thombus with || £ (p1) — f(p3)| = Il £(p2) — f(pa)ll = +/2. In particular,
S(p3) is in the span of {f(p1), f(p2), f(p4)}. Furthermore, f(p3) — f(p1) =
(f(p2) — f(p1) + (f(pa) — f(p1)). (See Fig.5.7.)

(b) Let p and g be any points of X with ||p — ¢q| = V3. Since dim X > 2, we can
construct a unit cube, whose vertices are p, p1, p2, p3, P4, 4, Pe, and ps, such that
lp—qll = /3 as we see in Fig.5.8. (In Fig. 5.8, the point ps is not shown.):

It is to be noted that the six pairs of four points {p, p1, p2, p3}, {p1, pa, q, P2},

{p. p1, p4, ps}, {p2. 4. ps, P3}. {p. Ps. pe. p3}, and {p4, q, pe, ps} are the sets of
vertices of unit rhombi with diagonal lengths +/2, respectively.

According to (a), each of the following six pairs of four points

{f(p), f(pD), f(P2), fF(p3)}, {f(p1), f(pa), f(q), f(p2)},
{f(p), f(pD), f(pa), f(ps)}, {f(p2), f(q). fpe), f(p3)},
{f(p), f(P5), f(pe), f(p3)}, {f(pa), f(q), f(pe), f(p5)}

comprises the vertices of a corresponding unit rhombus with diagonal lengths /2.
Moreover, f(ps) is in the span of {f(p), f(p1), f(ps)} and f(pe) is in the span

of {f(p2), f(q), f(p3)}. Hence, f(p), f(p1), f(p2), f(p3), f(pa), f(q), f(pe), f(ps)
are the vertices of a unit cube. Therefore, it is obvious that || f(p) — f(g)| = /3, which

implies that f preserves the distance /3. Consequently, due to Theorem 5.1, f is an affine

isometry.

O
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Assume that X and Y are real Hilbert spaces with dim X > 2. Ifamapping f : X - Y
transforms every unit square in X into a unit square in Y, it then follows from Theorem 5.3
that f is an affine isometry. This corollary can be proved in a similar way to the proof of
Corollary 8.40.

53 The Case Where Three Distances Are Preserved

So far we have mainly been concerned with whether every mapping that preserves at most
two distances is an isometry. In this section, we will examine under what conditions
a mapping that preserves three distances can become an isometry. As we can see in
Problem 4.2 (ii), this problem is closely related to the Aleksandrov-Rassias problem.

We introduce a theorem that was proved in a paper [60] by Th. M. Rassias and S. Xiang.

Theorem 5.4 (Rassias and Xiang) Let X and Y be real normed spaces such that
dimX > 1 and Y is strictly convex. Suppose f : X — Y preserves three distances 1,
0, and 1 + p, where p is any positive constant. Then f is an affine isometry.

Proof

(a) We claim that f preserves the distance 2 + p. Suppose x and y are arbitrary points of
X with ||[x — y|| =2 + p. If we put

+ 1 y—x) and ity
Xx1=x4+——>(y—x) and xp =x + ——(y — x),
1 2+py 2 2+p)’

then we have

lx1 —xll =1, lx2=xil=p, lly—-xill=1+0p,
xo2—xll=1+p, ly—-xl=1

By our assumption that f preserves the distances 1, p, and 1 4 p, we obtain

IfeD) = f@I =1, IfGx2) = f@Dl=p, IfO)—fEDI=1+0p,
Ifx2) = f@Il=14+p, IIf() = fE)l =1,

and thus, it follows that

[f(x2) = fl =14 p=1fx2) = fODI+ I1f(x1) = fFOOI,
IfO) = feDl=T4+p=I1f0) = fODI +I1f(x2) = FGDIl-
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Since Y is a real normed space that is strictly convex, we have
Fe) = £ )+ ——f)
x1))=——fx)+——f(x
R 1+p) 7

and

0 1
X)) = ——— + ——f(x1).
f(x2) 1_}_,Of(y) 1_}_pf( 1)
Thus, || f(x) — f(y)|| =2+ p forall x, y € X with ||x — y|| = 2 + p. Therefore, f

preserves the distance 2 + p.
(b) We claim that f preserves the distance 2 4 2p. Let x and y be arbitrary points of X

with ||[x — y|| = 2 + 2p. If we set
+p 2+p(

_ d —
132,07 and =t o

y—x),

X1 =x+

then

lxi =xll=1+p, lx2—xill=1 ly—xill=1+p,
lxo —xll=2+p, ly—xl=np.

Since f preserves the distances 1, p, 1 + p, and 2 + p by (a), we have

IfGD) = f@Il=T4+p, [f2)=fGDIl=1 [f) = fEDl=1+p,
1f(2) = fl=24+p, If) = fE)]=p.

Hence, it follows that

[f(x2) = fl =24 p=f(x2) = fODI + I1f (x1) = fFOOI,
IfO) = feDl=T4+p=I1f0) = fODI +If(x2) = fFGDIl.

Since Y is a real normed space that is strictly convex, it holds that
1 I+p
x)=—f(x)+—f(
fx1) 2_'_pf( ) 2+pf( 2)

and

fx) = mf(y) + mf(xl)-
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Hence, we get

J@) =2+ p) fx)—A+p)f(x2) and f(y) =1+ p)f(x2) — pf (x1).

Thus, | f(x) — f(V)|| =2+ 2p forall x, y € X with ||x — y|| = 2 + 2p. Therefore,
f preserves the distance 2 + 2p.

(c) Consequently, by (a), (b), and the Benz-Berens theorem, we may conclude that f is
an affine isometry. O

Remark 5.5 Theorem 5.4 is also true if the distances 1, p and 1 + p are replaced by
o, t and o + 7, where o and t are positive constants. In particular, if the ratio of the two
positive constants o and 7 is an integer, then f is an affine isometry due to the Benz-Berens
theorem.

Corollary 5.6 Let X and Y be real normed spaces such that dim X > 1 and Y is strictly
convex. Assume that p is a real constant greater than 1. If a mapping f : X — Y preserves
three distances 1, p, and {p}, where {p} = p — [p] and [p] is the largest integer not
exceeding p, then f is an affine isometry.

Proof

(a) If 1 < p < 2,then p = 1 4 {p}, then it follows from Theorem 5.4 that f is an affine
isometry.

(b) When p = 2, it then follows from Theorem 2.5 and theorem of Benz and Berens that
f is an affine isometry.

(c) Assume that p > 2 and [p] = n > 1. Let x and y be arbitrary points of X with
lx — y|| = n. If we set

k
z:x—i—g(y—x) and xk=x+;(y—x)

forany k € {0, 1, ..., n}, then | xx —x)41]| = 1 foreach k € {0, 1, ..., n — 1}, where
xo = x and x,, = y. Moreover, we have ||x — z|| = p and ||y — z|| = {p}. Since f
preserves the distances 1, p, and {p}, we obtain

p=Ifx)— f@l
=If&) = fa)ll + 1) = fQ@I

n—1

<D If @) = foanll + 1) = F@I

k=0
= [p] + {p}
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Hence, it follows that

n—1

LF ) = FO = 1F @) = FEll =D I1f ) — f )l =n.

k=0

Therefore, f preserves the distance [p] = n > 1. Consequently, it follows from the
Benz—Berens theorem that f is an affine isometry. O

The following theorem proved by Xiang generalizes Theorem 5.1 (see [72, Theorem

2.3]).

Theorem 5.7 (Xiang) Let X and Y be real Hilbert spaces with dim X > 1. Assume that
p and o are positive constants that satisfy 0 < p < 20. If a mapping f : X — Y
preserves the distances p, o, and \/2p* + o2, then f is an affine isometry.

Proof

(@)

(b)

()

If p = 20, then f is an affine isometry due to Theorem 2.5 and the Benz—Berens
theorem.

Now we assume that 0 < p < 20. Let {p1, p2, p3, p4} be an arbitrary pair of four
points that comprises the vertices of a parallelogram in X with || ps — p1] = ||p3 —
p2ll = p, lp3—pall = Ilp2—pill = o, llp1 — p3ll = V2p* + 02, and || p— pall = o,
as we see in Fig. 5.9.

Then, the pair of four points {f(p1), f(p2), f(p3), f(pa)} comprises the vertices
of a parallelogram lying in ¥ with | f(ps) — f(pll = I£(p3) — fF(pDI = p,
1f(p3) = fFpoll = IIf(p2) = fF(pOIl = o, If(pD) = fF(p)] = V20> + 02,
I/ (p2) = f(p)ll = o, and f(p3) — f(p1) = (f(pa) — f(p1)) + (f(p2) — f(p1).
Let p and g be arbitrary points of X with ||[p — g|| = 2p and let p; = %(p + q).
Since dim X > 1, there are points py and p3 in X such that {p, p1, p2, p3} and
{p1, p3, P2, q} are the sets of vertices of two parallelograms with ||p; — p|| = p and
Ip2 = pill = llp3 — pill = 0. (See Fig.5.10.)

According to (b), { f(p), f(p1). f(p2), f(p3)} and {f(p1), f(p3), f(p2), f(q)} are

the sets of vertices of two parallelograms with side lengths p and o, respectively.

Yz D3

P1 D2

Fig. 5.9 The four points p1, py, p3, p4 are vertices of a parallelogram, where || pg4 — p1ll = |l p3 —
P2l = o, Ip3—pall = Ip2—p1ll = P2 — pall = o, and | py — p3]| = v/2p? + 02 for 0 < p < 20
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D3 D2

p D1 q

Fig. 5.10 Let p and g be two points separated by 2p and the midpoint of these points be pj. Two
more points pp and p3 are chosen such that p, p1, p2, p3 and py, g, p2, p3 are the vertices of two
parallelograms with side lengths p and o

(d) It wesetx = f(p1) — f(p)andy = f(p3) — f(p),thenx —y = f(p1) — f(p3),
x+y=f(p2) — f(p)and f(q) — f(p3) = (f(p1) — f(p3)) + (f(p2) — f(p3)).
Thus, the points f(p), f(p1), f(p2), f(p3), and f(q) liec on a plane in Y. Hence, we

have f(q) — f(p) =2x =2(f(p1) — f(p)) and | f(q) — f(p)|l = 2p. Therefore,
f preserves the distance 2p. Consequently, by Theorem 2.5 and the Benz—Berens
theorem, we may conclude that f is an affine isometry. O

We can easily prove the following corollary by exchanging the roles of p and o in
Theorem 5.7.

Corollary 5.8 Let X and Y be real Hilbert spaces with dim X > 1. Assume that p and
o are positive constants that satisfy 0 < o < 2p. If a mapping f : X — Y preserves the

distances p, o, and \/ p* + 202, then f is an affine isometry.

Let X and Y be real Hilbert spaces with dim X > 1. Assume that a mapping f : X —
Y preserves the two distances p and o. Suppose {p1, p2, p3, pa} is a pair of four points
that comprise the vertices of a parallelogram in X with ||p> — p1|| = ||[p3 — pall = p and
lp3 — p2ll = lp4 — p1ll = lp2 — pall = o. By the same way presented in the proof of

Corollary 5.2, we can obtain || f(p3) — f(p1)|| < /202 + o2.If f preserves the distance
n+/2p? + o2, using a similar method as the proof of Corollary 5.2, we can show that f

preserves the distance /202 + o2

Corollary 5.9 Let X and Y be real Hilbert spaces with dim X > 1. Assume that p and
o are positive constants that satisfy 0 < p < 20. If a mapping f : X — Y preserves the
distances p, o, and n\/2p? + o2 for some n € N, then f is an affine isometry.

To prove the following corollary, we only need to exchange the roles of p and o in
Corollary 5.9.

Corollary 5.10 Let X and Y be real Hilbert spaces with dim X > 1. Assume that p and
o are positive constants that satisfy 0 < o < 2p. If a mapping f : X — Y preserves the
distances p, o, and n\/m for some n € N, then f is an affine isometry.
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In addition, Xiang proved the following theorem in terms of three distance-preserving
mappings.

Theorem 5.11 (Xiang) Let X and Y be real Hilbert spaces with dim X > 1. Assume that
p is a real number with 0 < p < 2. If amapping f : X — Y preserves the distances 1, p,
and n+/4 — p? for some integer n > 1, then f is an affine isometry.

Proof

(a) If p = 0 or p = 2, it then follows from Theorem 2.5 and Benz—Berens theorem that
f is an affine isometry.
(b) We assume that 0 < p < 2. Suppose p and g are arbitrary points in X with ||p —q| =

V4 — p?. We assert that || f(p) — f(q)|| < +/4 — p?. Since dim X > 1, we can select

two points p; and p> in X such that {p, p1, g, p>} comprises the vertices of some

rthombus with || p1 — pll = |p2—pll = llg — p1ll = llg — p2Il = 1 and || p2 — p1ll = p,
as shown in Fig. 5.11.

Since f preserves 1 and p, it follows that || f(p1) — f(P)I = I f(p2) — f(P)| =
I f(@)— fpll =IIf(@) — f(p2)ll=1and | f(p2) — f(pDI = p.

Wesetx = f(p1) — f(p),y = f(p2) — f(p),and z = f(q) — f(p). Then we
obtain

lx = ylI? = 0% = 20x, ) + lIyI? = p2,
Iz —xI? = llzll* = 2(z, x) + |Ix]|* = 1,

Iz = ylI> = llzllI* = 2(z, y) + IyI* = 1.

Hence, we have

1
lx + ylI* = Ilxl? 4+ 2(x, y) + [IylI* =4 — p* and <Z,X>=(z,y>=§IIZ||2-

Thus, it follows from the Cauchy—Schwarz inequality that

I2I? = (2, x +3) < [z, x + »)] < lzllllx + vl = /4 = p?]zll.

Fig. 5.11 The four points D2
D, D1, q. p2 are the vertices of
arhombus with side length 1,

Ip — gl = v4 — p? and with p q
lp2 — pill =pfor0 < p <2

b1
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Therefore, we obtain

1£@) ~ FPI = 2] < /4= 2

(c) Assume that f preserves the distances 1 and n./4 — p? for some integer n > 1. Let p
and ¢ be points of X with ||g| — p|| = /4 — p2. If we set

gk = p+ k(g1 — p)
forevery k € {1,2,...,n}, then |lgxr1 — qxll = llg1 — pll = V4 — p2 forall k €
{1,2,...,n — 1} and |lg, — pll = ny/4 — p?. Since dim X > 1, we can construct n
rhombi of unit side length, as shown in Fig. 5.12.
Now, it follows from (b) that

£ @) — Fla-nl <4 p?

forallk € {1, 2, ..., n}, where we set go = p. Thus, we have

1 (@) = £ < D1 (@) = fla—Dll < nyf4—p2,
k=1

Since Y is a real Hilbert space and f preserves the distance n/4 — p2, we obtain

170 — Flan)ll = 4 - p?

forall k € {1,2,...,n}. Therefore, f preserves the distance /4 — pZ. Since we assumed
that f preserves the distance ny/4 — p2 for some integer n > 1, it follows from

Theorem 2.5 and the Benz—Berens theorem that f is an affine isometry. O
If we set p = ny/4—p? = 2n__ for some integer n > 1,then 0 < p < 2. The
/241

following corollary is an immediate consequence of Theorem 5.11.

Corollary 5.12 Let X and Y be real Hilbert spaces with dim X > 1. If a mapping f :

X — Y preserves the distances 1 and \/2;'_1 for some integer n > 1, then f is an affine
n“+

isometry.

P e e e Gn
q1 q2 gn—1

Fig. 5.12 The tail vertex of the preceding rhombus and the head vertex of the succeeding rhombus
are the same
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Abstract

In this chapter, we will generalize the parallelogram law to all cases with a given
number of points. In Sect. 6.1, we prove the short diagonals lemma, which is a
generalization of the parallelogram law for the given four points in the inner product
space. Moreover, applying the short diagonals lemma and the parallelogram law, we
prove an inequality for the distances between any two points among the given six points.
Section 6.2 is devoted to a generalization of the short diagonals lemma to an inequality
for the distances among the given 2n points in the inner product space. In this section,
we conceive and prove an inequality involving all distances between an even number
of points. It seems to be more difficult to prove an inequality for the distances between
any two points among an odd number of points than among an even number of points.
In Sect. 6.3, we use a new method other than the short diagonals lemma to prove an
inequality for the distances between any two of the given five points. It is somewhat
surprising that the golden ratio appears in this inequality. In Sect. 6.4, an inequality
is introduced that describes in general the relationship between distances among the
given n points. When studying inequalities for distances between given n points, it is
recommended to pay attention to the following two requirements:

(1) All possible distances between points are included in the inequality.
(¥) The necessary and sufficient condition for the equality sign is presented.

The main results presented in this chapter have been extracted from the papers by Jung
(Nonlinear Anal 62(4):675-681, 2005), Jung and Lee (J Math Anal Appl 324(2):1363—
1369, 2006), Jung and Nam (J Math Inequal 12(4):1189-1199, 2018), Jung and Nam (J
Math Inequal 13(4):969-981, 2019) and explained in detail so that the reader can easily
understand them.
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110 6 Inequalities for Distances Between Points

6.1 An Inequality for Distances Among Six Points

Throughout this chapter, unless otherwise stated, let H be a real (or complex) inner product
space, (-, -) the inner product for H, and let || - || be the norm on H defined by |x|| =
/{x,x) for all x € H. In this book, we often use the terms “points,” “elements,” and
“vectors” interchangeably and treat them as synonyms.

If dim H > 1, then the Pythagorean theorem states that for each pair of three points
x,y, zof H, the equality

lx —zl® = lly — x> + llz — yII?

holds if and only if the vectors y — x and z — y are orthogonal to each other. This is one
of the most important theorems in mathematics.

In connection with this topic, we first consider the case of four points x, y, z, w of H.
The parallelogram law states that the equality

Iy — x>+ llz = Y12+ lw — zI* + Ilx —wl* = Iz — x> + w — y)I?

holds if and only if y — x, z — y, w — z, x — w are the sides of a (possibly degenerate)
parallelogram with diagonals z —x and w — y (see Theorem 1.42). However, if y—x, z—,
w —z, x —w are not the sides of a (possibly degenerate) parallelogram with diagonals z —x
and w — y, the following strict inequality holds (cf. [49, Lemma 15.4.2]):

Iy =l 4+ llz = yIIP 4+ llw — 2l + e = wi® > flz = 21> + w = yII*.

The parallelogram law can be generalized to an inequality that can be applied to any
four points in an inner product space. This inequality is known as the short diagonals
lemma and was proved in [49, Lemma 15.4.2] for the case of Euclidean spaces.

Because of its pedagogical importance, we will first introduce the proof of the short

diagonals lemma for the case of inner product spaces.

Lemma 6.1 (Short Diagonals Lemma) If H is a real (or complex) inner product space,
then

Iy — x>+ lz = Y12+ lw — zI* + lx — wl* > [z — x> + [lw — y|?
forallx,y,z,w e H.

Proof We will prove the lemma when H is a complex inner product space. Let x, y, z, w
be arbitrary vectors of H. Then, we get
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Iy — x> + llz = yI* + llw — zI* + lx —wl* = llz — x[I* = w — y|I?
=(y—-x,y—x)+{z—y,z—y)+t{w—z,w—2)+{x—w,x —w)

—{z—x,z2—x)—(w—y,w—y)

={y—x,y—x)+(z2)— Mz -2+ »

+(w—z,w—2z)+ (x,x) = (w, x) — (w, x) + (w, w) —(z,2)
+{x,2) 4, 2) = (0, x) = (w, w) + (v, w) + (v, w) = (3, )
=(y-xy-x)+tw-zw-2)+ . w—2)+(y,w—2z)
+{z—w,x)+(z—w,x)
=(y-xy-x)+w-zw-2)+y-xw-2)+{y—xw—z)
={y—x4+w—z,y—x+w-—2)
>0,

which completes the proof. O

By applying the short diagonals lemma and the parallelogram law, we prove an
inequality for the distances between any two points among the given six points. The
following theorem proved by S.-M. Jung [27] may be regarded as a generalization of the
short diagonals lemma.

Theorem 6.2 (Jung) Let H be a real (or complex) inner product space.
(i) The inequality

2(lz = ull® + llx = vlI* + Iy — wl?)

<lv—ul*+lz=vl*+lIx —zl* + [lu — x|?
2 2 2 2 6.1)
+llw —ull® 4+ llz = wi* + Iy — 2> + llu — yll

+lw —vl? + llx — wl? + lly — x> + v — yII?

holds for any six points u, v, w,x,y,z € H.

(ii) The equality sign is true if and only if each pair of four points {u, v, z, x}, {u, w, z, y},
{v, w, x, y} comprises the vertices of an appropriate (possibly degenerate) parallel-
ogram such that 7 —u and x — v, resp., z —u and y — w, resp., x —v and y — w are
the diagonals of the corresponding parallelogram.



112 6 Inequalities for Distances Between Points

Proof

(i) Applying Lemma 6.1 to each ordered quadruplet, (u,v,z,x), (u,w,z,y),
(v, w, x, y) consecutively, we have

Iz —ull® + lx — vlI> < v —ul® + Iz — vl + llx — zI* + lu — x||%,
Iz —ull® + Iy — wli* < lw—ul® + |z — wl* + Iy — zI* + lu — ylI*>, (6.2)

Ix = vl + Ny — wl? < lw—v|? + llx —wl?+ Iy — xI* + v — yII%,

respectively. By summing up the three inequalities, we easily obtain the desired
inequality (6.1).

(i) We now assume that the equality sign holds in (6.1). Lemma 6.1 implies that every
inequality in (6.2) is true. Hence, it is easy to check that strict inequality in at least one
of three inequalities of (6.2) implies the strict inequality sign in (6.1), a contradiction.
Hence, we conclude that if the equality sign holds in (6.1), then the equality sign
has to be true in each inequality of (6.2). That is, in view of parallelogram law, we
conclude that each of {v —u,z —v,x —z,u —x}, {w —u,z —w,y — z,u — y},
and {w —v,x — w,y — x,v — y} comprises the sides of an appropriate (possibly
degenerate) parallelogram such that z — u and x — v, resp., z — u and y — w, resp.,
x —v and y — w are the diagonals of the corresponding parallelogram.

Conversely, we assume that each of {v—u, z—v, x—z, u—x}, {fw—u, z—w, y—z, u—y},
and {w—v, x —w, y—x, v—y} comprises the sides of an appropriate (possibly degenerate)
parallelogram such that z—u and x —v, resp., z—u and y —w, resp., x —v and y — w are the
diagonals of the corresponding parallelogram. Due to the parallelogram law, the equality
sign holds in each inequality of (6.2), and hence, the equality sign holds in (6.1). O

Remark 6.3 Let H be a real (or complex) inner product space.

(i) Every possible distance between two points among six different points is included in
the inequality (6.1).
(i1) Theorem 6.2 (ii) provides a necessary and sufficient condition to ensure the equality
sign in the inequality (6.1).
(ii7) We ask whether there is another inequality besides the inequality (6.1) that satisfies
the aforementioned conditions (i) and (ii).



6.2 An Inequality for Distances Among 2n Points 113

6.2  AnInequality for Distances Among 2n Points

In this section, using the short diagonals lemma, we will generalize the inequality (6.1) to
an inequality for the distances among the given 2n points, where n is an integer greater
than 1.

The following theorem was presented in the paper [36] by S.-M. Jung and K.-S. Lee.

Theorem 6.4 (Jung and Lee) Let n be an integer greater than 1, let H be a real (or
complex) inner product space, and let p;x be any distinct 2n points of H, where i €

{1,2,...,n}and k € {1, 2}.
(i) It holds that

Yo dpk—piP=m=10 Y lpa—palt (63)
ijef(l,2,....n i€{l,2,...,n}
k, ¢ € {1,2}

i<j

(ii) The equality sign holds in the inequality (6.3) if and only if for all i, j € {1,2, ..., n}
with i < j, the pair of four points {p;1, pi2, pj1, Pj2} comprises the vertices of
an appropriate (possibly degenerate) parallelogram such that p;1 and pjy are the
opposite vertices to pip and pj», respectively.

Proof

(i) We will prove the inequality (6.3) by mathematical induction. For n = 2, inequal-
ity (6.3) is clearly correct according to Lemma 6.1. Now we assume that the
inequality (6.3) holds for any 2n points p;r,i € {1,2,...,n}and k € {1, 2}, where n
is some integer greater than 1.

Assume that p;; are 2(n + 1) arbitrary points, where i € {1,2,...,n + 1} and
k € {1,2}. According to our induction assumption, the inequality (6.3) holds for the
2n points pjx, where i € {1,2,...,n} and k € {1, 2}. If we choose four points p;1,
P@m+11> Pi2, and p,4+1)2, then Lemma 6.1 implies that

> bk = parnel® = lpi = pall® + Ipws 1 — Patzl® (6.4)
k,ee(1,2)

foreachi € {1,2,...,n}.
By summing the inequalities in (6.3) and (6.4) for alli € {1, 2, ..., n}, we obtain
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S ek —rpiel*+ D vk — parnel?

i,je{l,2,..., n} ie{l,2,...,n}
k, ¢ e {1,2} k,t e {1,2}
i<j
2
>(m—1) Y. lpin— pal
ie{l,2,...,n}

+ > (Ilpir = p2l* + lp@ent — Parn2l)

i€{1,2,...n}
and hence,
2 2
> Ilpix — pjel>=n Y lpin = paal®,
ije(l,2,....n+1} ie{l,2,...,n+1}
kotef{l,2)
i<j

which is the inequality (6.3) for n+-1. Finally, it follows from the induction conclusion
that (6.3) holds for all integers n > 1.
(i7) According to Lemma 6.1, the inequality

7 pik = piell* = lpin = pial* + Ipj1 — pjall? (6.5)
k,ee{1,2}
holds for any i, j € {1, 2, ..., n} withi < j. Furthermore, it is obvious that
> (i = pl® +lpj — piall?)
i,jef{l,2,...,n}
i<j (6.6)
=m—-1 Y lpa—pal

ie{l,2,...,n}

If we assume that the equality sign holds in (6.3) and the strict inequality holds in (6.5)
for some i, j € {1,2,...,n} withi < j, then it follows from (6.5) and (6.6) that

> lpi— pjel? > > lpik — pjell?

ije{l,2,....n} i,jefl,2,...,n kte{l,2}
k £e{l,2) i<
i<j

\%

> (Ilpiv=paal® +llpj1 — pj2ll?)
i,jefl,2,..., n}

i<j

=mn—1 Y lpia—pal

ie(l,2,...n}
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which contradicts our assumption that the equality sign holds in (6.3). Hence, equality
sign in (6.3) implies the equality sign in (6.5) for i, j € {1,2,...,n} withi < j. That
means, according to the parallelogram law: If the equality sign in (6.3) holds, then for any
i,jef{l,2,...,n} withi < j, the pair of four points {p;1, pi2, pj1, pj2} comprises the
vertices of a (possibly degenerate) parallelogram such that p;; and p;; are the opposite
vertices to p;> and pj, respectively.

Conversely, assume that for any i, j € {1,2,...,n} with i < j, the pair of four
points {p;1, pi2, pj1, pj2} comprises the vertices of an appropriate (possibly degenerate)
parallelogram such that p;; and p;; are the opposite vertices to p;» and p 2, respectively.
It then follows from the parallelogram law that the equality sign holds in (6.5) for all
i,je{l,2,...,n}withi < j. Hence, it follows from (6.5) and (6.6) that

o dpw—piP= ) > lpik — pjell?

ije{l,2,....n} i,jefl,2,...,n kte{l,2}
k, £e{l,2) i<
i<j

= Y (lpa=pal*+lpj = pil?)
i,jel{l,2,..., n}
i<j

=m—1 Y lpia—pal

ie(l,2,...n)

which confirms that the equality sign in (6.3) holds. O

Theorem 6.4 was already proved in [27, Lemma 1] and [27, Theorem 2] for n = 2 and
n = 3, respectively. Indeed, Theorem 6.4 becomes the short diagonals lemma when n = 2
and becomes Theorem 6.2 when n = 3.

Remark 6.5 Let H be a real (or complex) inner product space and n > 1.

(i) All possible distances between two points among the given 2n points of H are
included in the inequality (6.3).
(i1) Theorem 6.4 (ii) provides a necessary and sufficient condition to ensure the equality
sign in inequality (6.3).
(iii) Besides the inequality (6.3), is there another inequality that satisfies the two
conditions (i) and (ii) aforementioned?
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6.3  AnInequality for Distances Among Five Points

In the previous sections, using the short diagonals lemma, we proved the inequality for the
distances between any two of the 2n points, where n is an integer greater than 1. It seems
more difficult to prove an inequality for the distances between any two points among an
odd number of points than among an even number of points.

Recently, S.-M. Jung and D. Nam [37] succeeded in proving an inequality for the
distances between any two among the five given points.

We denote by ¢ the golden ratio, i.e., ¢ = #g Then ¢2 — ¢ — 1 = 0, and ¢ is
the ratio of a diagonal to a side in a regular pentagon. It is somewhat surprising that the
golden ratio appears in an inequality for the distances between every two points among
five points.

Theorem 6.6 (Jung and Nam) Let H be a real (or complex) inner product space.
(i) For any five points x1, X2, X3, X4, X5 € H, the following inequality holds:

2 2 2 2
¢~ (Ilx1 — x211” + llxz — x3/1° + [lx3 — x4l

2 2
+ llxs — xsl1” + llxs — x11%)

5 5 5 (6.7)
> [lx1 — x3]1” + [lx2 — xall” + [lx3 — x5
+ llxg — x1 17 + llxs — x2 1%
(ii) The equality sign holds if and only if
X4 = X1 — Px2+ ¢px3 and x5 = px1 — Ppxpy + x3 (6.8)

for any x1, x3,x3 € H.

Proof We will only prove this theorem if H is a complex inner product space.

(i) For notational convenience, we set xg = X1, x7 = X3, and xg = x3. We set

5
Sj= (xi,Xitj)
i=1

for each j € {0, 1, 2}. Then, for any j € {0, 1, 2}, we obtain
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5

2
D i = xig
i=1

(Xi = Xigj, Xi — Xigj)

Il
.M“‘

1

1

(6.9)

Il
.M“‘

(i, xi) — (X, Xig ) — (Xiu Xigj) + (Xigj, Xigj)

i=1

|
M-

(24xi, xi) — (xi, Xigj) — (xi, Xig))
1

=28 —-S5; -,

where ¢ denotes the complex conjugation of a complex number c.
Due t0 (6.9), 9> = ¢ + 1 and 2¢ = 1 + /5, inequality (6.7) becomes

5 5
2 2 2
0<¢” ) I —xipa > = D llxi — xigal
i=1 i=1

= ¢*(280 — S1 — S1) — (280 — $2 — S2)
= (2¢* —2)So — $*(S1 + S1) + (2 + S2)
=2¢So — (¢ + 1)(S1 + S1) + (2 + S2),

i.e., it is to prove that

\/_

(1 +f)so— (S1 4 S1) + (S2+ 52) = 0. (6.10)

Since

5
D (i = xig3, Xig1 — Xiga)
i=1

5
= > (Gxis xigt) + O, Xi43) — (X, Xig2) — (Kig1, Xig3))
i=1

5 5 5 5
= Z(xi,xiJrl + Z Xiy Xi1) Z Xi, Xi42) Z Xi, Xi42)
i=1 i=1 i=1 i=1

= (51 +S1) — (52 + S2),
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it follows from (6.9) that

0

IA

5

2
D ki = xig3 — ¢ (xig1 — xig2) |
i=1

(i = xig3) — P(xig1 — Xig2), (xi — Xi43) — P (Xig1 — Xi42))

Il
W

1

5
2
iz = xill> = ¢ Y (xi — xig3, Xip1 — Xiy2)
1 i=1

Il
E

5

5

2 2

—¢ E (Xi — Xi43, Xiy1 — Xit2) + & E lxir1 — xit2ll
—

i=1

6.11)

1

5 5
=Y lxi —xip2l* =261+ 81 = S5 = S) +¢> Y llxi —xiqal®
i=1 i=1

= (2¢% +2)So — (#* +2¢)S1 — (¢* +2¢)S)
+ Q¢ — 1S + 2¢ — 1)S>

54+3v5,  5+345- _
= (5++5)S - zfsl— 2f51+~/§sz+\/§sz.

If we divide the inequality (6.11) by +/5, then the resulting inequality becomes exactly
the inequality (6.10), which is equivalent to our main inequality (6.7).

(ii) Equality condition. The right-hand side of (6.11) is just O if and only if x; — xj43 —
¢(xiy1 — xiq2) =0foralli € {1,2,...,5}, which is equivalent to

Xi+3 = Xj — @Xi+1 + Pxiy2 (6.12)

foralli € {1,2,...,5}. Assume that the right hand side of (6.11) is 0 and x1, x2, x3
are given points in H. Then, by (6.12), we have

X4 = X1 — Qx2 + hx3
and

X5 = X2 — ¢x3 + Px4
=x2 — ¢x3 + P (x1 — px2 + Px3)
= ¢x1 + (¢ + D2 + (97 — )x3
= ¢x1 — px2 + x3.
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Thus, the conditions in (6.8) are true.

On the other hand, we should check under the assumptions in (6.8) that the equa-
tion (6.12) also holds when i € {1,2,...,5}. Indeed, our assumptions in (6.8) imply
that the Eq. (6.12) holds for i € {1, 2} as we see in the last paragraph. It follows from (6.8)
that

X3 — ¢x4 + Px5 = x3 — P (x1 — Px2 + Px3) + P (Px1 — Px2 + X3)
= (¢% — ®)x1 + (97 — pH)x2 + (—¢* + ¢ + Dx3

= X1 = X6,

which is just the case of (6.12) for i = 3, where we notice that x¢ = x1, X7 = X3, and
xg = x3. Moreover, by (6.8), we have

X4 — Qx5 + Pxe = x4 — Px5 + Px1
= (X1 — ¢x2 + ¢x3) — P(Px1 — px2 + x3) + Px)
= (=" + ¢+ Dxi + (@ — P2+ (¢ — d)xs
=x2 = x7,

which is just the case of (6.12) for i = 4. Similarly, we obtain

X5 — Px6 + Px7 = X5 — X1 + Px2
= (¢px1 — px2 + x3) — dx1 + Px2

= X3 = X8,
which is the case of (6.12) fori = 5.
Hence, Eq. (6.12) holds for every i € {1,2,...,5}. Since x1, x2, and x3 can be any
points of H, the equality sign in (6.7) holds if and only if the conditions in (6.8) hold for
any x1, x2,x3 € H. a

Remark 6.7 Let H be areal (or complex) inner product space.

(i) The number of possible distances between two of five different points of H is (;) =
10, and the number of distances contained in the inequality (6.7) is also 10.
(ii) Theorem 6.6 (ii) provides a necessary and sufficient condition to ensure the equality
sign in the inequality (6.7).
(7i7) In addition to the inequality (6.7), it is currently unknown whether another inequality
exists that satisfies the two conditions (i) and (i) aforementioned.
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6.4  AnInequality for Distances Among n Points

From now on, let n be an integer greater than 3 and let ¢, be defined as

sin 317”
Cn =

sinZ’
n

where the value of ¢, depends on n only. We note that it follows from (6.13) below that
1<c¢, <3.

Lemma 6.8 Given an integer n > 3, let

c_sin%” andA—g(l)(l)
[ —— n =
sin 7

1 —c, cn
Then A = I, where I denotes the 3 x 3 identity matrix.

Proof Since sin(x + B) — sin(¢ — B8) = 2 cos « sin 3, it holds that

sin37” sin%—f—sin% ZCos%sin% 2
p—l=—f =2 n TP T s (6.13)
sin Z sin Z sin = n

Using (6.13), the characteristic polynomial of A,,, denoted by ¢, (¢), is

@n(t) = det(A, —tI)

I
o
o
-
(e}

|
-
—_

1 —cpcp—t

—(t =D+ A=)t +1)

2
—(t - 1)(t2—2tcos—n + 1).
n

Let w = cos 27” +1i sin 27”, and let w = cos 27” —isin 27” Then the eigenvalues of A, are 1,

w, and w. Because the eigenvalues of A, are all distinct, their corresponding eigenvectors
are linearly independent. Thus A, is diagonalizable.
We define P by
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100
P=]10w0
00w

Then there exists a matrix U satisfying U~'A,U = P. Hence, we obtain

10 0
UT'A"U=P"=|0w" 0 | =1
00 @
Therefore, A} =UIU'=1. m]

The number of distances between any two points among the n different points is (g),
while the number of distances involved in the inequality (6.14) is 3n, which is not equal to
(’;) unless n = 7. Nevertheless, the inequality (6.14) is interesting and important enough.
Indeed, the following theorem was proved by S.-M. Jung and D. Nam [38].

3
2+ and H a real (or

Theorem 6.9 (Jung and Nam) Given an integer n > 3, let ¢, = %

complex) inner product space.

(i) If n points x1, x2, ..., Xy are arbitrarily given in H, then the following inequality
holds:

n n
(n +2¢0) Y lxi = xigr 2 4 D llxi — xig3ll?

i=1 i=1

n

2

> 2¢, Y Ibxi — xipall?,
i=1

(6.14)

where x,+1 = X1, Xp42 = X2, and X,4+3 = X3 for notational convenience.
(ii) The equality sign in (6.14) holds if and only if for previously given points x1, X2, x3 €
H, the points x4, X5, . .., X, are determined by the recursion formula

Xi43 = Xj — CpXit1 + CnXit2 (6.15)

foralli € {1,2,...,n —3}.

Proof Because the proof of this theorem for real inner product spaces is similar as the
complex case, we will prove this theorem when H is a complex inner product space.
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(i) We set

n
Sj= (xi,Xitj)
i=1

for each j € {0, 1, 2, 3}. Then, as we did in (6.9), we obtain
n
D i = xig 112
i=1

n
=D (X% = Xigj, Xi — Xigj)

(6.16)
—Z (xiy Xi) — (xiy Xigj) — (i, Xigj) + (Xigjo Xigj)

—Z (i) = (i xig ) = (30 3i))
=25()—Sj—§j,

for each j € {0, 1,2, 3}, where ¢ denotes the complex conjugation of a complex
number c.
Since

Z(Xi = Xi43, Xitl = Xi42)

= Z (i xip1) + (X2, Xig3) — (X Xig2) — (Xig1, Xig3))

(6.17)
n
= Z (xi, Xi1) + Z (X, Xi1) — Z(x,-,mz) =Y i xit2)
i=1 i=1
= (S1 +81) — (S2+ S,
it follows that
n
D i = xigss X1 — Xip2) = (S1 4 S1) — (52 + 52), (6.18)

i=1

and by (6.16), (6.17) and (6.18), the following inequality holds:
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n

2
0> llxi — Xig3 — culxig1 — Xi2)|
i=1

n
= (i = xi43) — CalXip1 — Xig2), (6 — Xi13) — a(Xig1 — Xig2))

i=1

n n

2

=l = xigsll® —cn D% — xig3, Xi1 — Xig2)

i=1 i=1

n n
2 2
—n Y (6 = it il — Xiv2) + 6y ) xien — xipall

i=1 i=1

n n
=Y lxi —xial? =2 (S + 51 = = 5D + 5 Y i — xipal?
i=1 i=1

n
= "l — xi43ll* — 24 (280 — S2 — S2) — (280 — $1 — 51)) (6.19)
i=1

n
2 2
+c, E lx; — xig1ll

i=1

n n n
2 2 2
= E lx; — xi43ll" — 2cn E lx; — xit2ll” + 2cn E lx; — xig1ll

i=1 i=1 i=1

n
2 E 2
+Cn ||'xl _-xl-‘rl”

i=1

n n
2 2 2
= (cp +2¢0) ) i = xist |+ D i = xiss]

i=1 i=1

n
2
—2¢, Y lIxi — xig2ll®.

i=1

Hence, inequality (6.14) is true.

(i1) Equality condition. We choose arbitrary x1, x2, x3 € H and determine x4, x5, ..., X,
recursively by substituting i with 1,2, ...,n — 3 in (6.15). Then, with the same A,
in Lemma 6.8, it follows from (6.15) that

X; 010 Xi Xi+1 Xi+1
Aplxipn | =10 O 1 || xit1 | = Xiy2 = | xit2

Xi42 I —cpcn) \Xig2 Xi — CpXit] + CnXi2 Xi+3
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foralli € {1,2,...,n —3}.

Temporarily, we set

6 Inequalities for Distances Between Points

Y1 = Xp—2 — CnXn—1 + CnXn

Y2 = Xp—1 — CnXn + Cp Y1

Y3 =Xp —Cpy1 +Cny2.

Since A = I by Lemma 6.8, it holds that

X1 X1 X1
n 3 4n-3
X2 = An X2 = AnAn X2
X3 X3 X3
Xn—2 Xn—1
3 2
= An Xn—1 ]| = An Xn
Xn Xn—2 — CnXp—1+ CnXy
Xn—1 Xn
2
=A,| xn | =An V1
Y1 Xp—1 — CnXpn + oY1
Xn Y1 1
=An|ln | = » =|»
y2 Xn — Cpy1 + Cny2 y3

Therefore, y; = x1, y» = x3, y3 = x3, and

X1 = Xp—2 — CpXn—1 + CnXn

X2 = Xp—1 — CpXpn + CnX1

X3 = Xy — CpX1 + CpX2.

Hence, condition (6.15) is satisfied for eachi € {1, 2, ..., n}.
Finally, it is obvious that the right hand side of (6.19) is zero if and only if

condition (6.15) is satisfied for all i € {1, 2, ..

., n}. O

When studying inequalities for distances between any two points among given n points,
it is advisable to adhere to the following two recommendations:

() All possible distances between those n points are included in the inequality.
(¥) The necessary and sufficient condition for the equality sign is presented.
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Remark 6.10 Let H be a real (or complex) inner product space and n > 3.

(i) The number of distances between any two points among the n different points is (g),
while the number of distances involved in the inequality (6.14) is 3n, which is not
equal to (5) unless n = 7.

(ii) Theorem 6.9 (ii) provides a necessary and sufficient condition to ensure the equality
sign in the inequality (6.14).

(7i7) In this section, for each n € {4,5,6,7,8,10,12,...}, we have presented an
inequality that satisfies both conditions (1) and ().

(iv) If n € {9, 11, 13, ...}, it is not yet known whether an inequality exists that satisfies
both conditions (F) and ().
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Abstract

In this chapter, we discuss ideas for partially solving the Aleksandrov-Rassias problems
using the inequalities presented in Chap.6. In the first section, we partially solve
the Aleksandrov-Rassias problems by using the inequality for the distances among
six points presented in Sect.6.1. Section 7.2 is devoted to proving that any mapping
between real Hilbert spaces whose dimensions are greater than 2 is an affine isometry
if the distance 1 is preserved, Lz is contractive, and when V/3 is extensive. In Sect. 7.3,
we give a partial solution to the Aleksandrov-Rassias problems by proving that when
the distance 1 is contractive and the golden ratio is extensive by a mapping defined
between real Hilbert spaces and when the dimension of its domain is greater than 2,
then this mapping is an affine isometry. In the last section of this chapter, we prove that
a mapping between real Hilbert spaces whose domain has the dimension greater than 2
is an affine isometry if the distances 1 and « are contractive, 8 is extensive, and if the
distances 1, « and 8 satisfy some suitable conditions. The main results presented in this
chapter have been extracted from the papers by Jung (Nonlinear Anal 62(4):675-681,
2005); Jung and Lee (J Math Anal Appl 324(2):1363-1369, 2006); Jung and Nam (J
Math Inequal 12(4):1189-1199, 2018); Jung and Nam (J Math Inequal 13(4):969-981,
2019) and explained in detail so that the reader can easily understand them.

7.1 Applications of an Inequality for Six Points

A distance p > 0 is said to be contractive (or non-expanding) by a mapping f : X — Y
between normed spaces if and only if || f(x) — f(y)|| < pforallx, y € X with ||x —y|| =
p. Similarly, a distance p is said to be extensive (or nonshrinking) by f if and only if the
inequality || f(x) — f(¥)]| = p holds for all x, y € X with ||x — y|| = p. We say that p is

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 127
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preserved (or conservative) by f if and only if p is both contractive and extensive by f. If
f is an isometry, every distance p > 0 is preserved by f, and conversely.

First, using the short diagonals lemma and the parallelogram law, we study the
Aleksandrov-Rassias problems when two distances are contractive and another one is
extensive by a mapping. The following theorem was proved by S.-M. Jung [27].

Theorem 7.1 (Jung) Let E" be an n-dimensional Euclidean space, where n is an integer
greater than 1. If the distances p, o > 0 are contractive and the distance /p? + o2 is

extensive by a mapping f : E" — E”", then f is an affine isometry.

Proof As before, we denote by |lu — v|| the distance between two points u, v € E", i.e.,

n
lu —vl|? = 3 (u; — v;)?, where u = (uy,uz,...,uy) and v = (vy,v2,...,v,). We
i=1
consider a rectangle (a quadrilateral with four right angles) with |lo — p|| = |lg — 7|l = p
and |[p —qll = |lr —ol =o.

It follows from the parallelogram law that [lo — g|| = ||p — 7|l = v/ 0% + 2. Since the
distance v/ p? 4+ o2 is extensive, we have

£ ) = fF@OI*+ 1f(p) — FOI* = llo—ql* + Ip —rl* (7.1)

Due to the fact that the points o, p, g, r comprise the vertices of a rectangle such that 0 — g
and p — r are the diagonals, the parallelogram law implies that

lo—ql>+lp—rI*=llo—pl*+lp—ql* + g —rI*+lr —ol*.  (7.2)
Moreover, since both p and o are assumed to be contractive, it holds that

lo— plI* +1lp — ql* + lig — rlI* + lIr — ol?
> |1f ) — FI>+1fp) — F@I? (7.3)
+1f @ = FOIF+1fE) = fO>

By the short diagonals lemma, we obtain

1£ () = FPI>+If () — fF@l?
+ £ (@) — fFOI>+If) — fO)? (7.4)
> 1f(©) — F@I*+1£(p) — FOI%

Altogether, combining (7.1), (7.2), (7.3), and (7.4), we have

lo—qll*>+lip—rlI> = 1 f(0) — F@I* + I f(p) — fF)I? (7.5)
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and

lo— plI> +1lp —ql> + g — rlI> + lIr —ol?
=f©) — FDI*+1f () — fF@I? (7.6)
+1f @ = fFOIF+1£@) = fFO)I*

Our hypotheses obviously imply that

llo—qll < 1lf(0) = fF@I. Ilp=rl=Ifp)—=fOI
lo=pll=I1f = fPI. Ip—ql =1fp) = f@l. (7.7)
lg —rll = 11f (@) = fFOI, lIr—oll =1 f(r) = f(o)l.

It follows from (7.5), (7.6), and (7.7) that

I1f©) = f@l =1fp) = f)=p*+02

If(0) = fPIl=1fl@)—f)l=p,
If(p) = f@I=1f0) - floll=o.

For example, we can check || f(0) — f(g)|| = llo —q|| = v/ p* + 0% using (7.5) and (7.7):
If || f(o) — f(@I > llo— qll, it would then follow from (7.7) that

£ — F@OI*+ 1 f () — FOI* > llo—ql* +lIp —rlI%,

which would contradict (7.5). Hence, considering (7.7), we can conclude that || f (o) —
F@l=llo—qll =yp>+02

For any given points o, p € E" with [[o — p|| = p, we can select two points ¢, r € E"
such that the four points o, p, g, r comprise the vertices of a rectangle, as shown in Fig. 7.1.
On account of the above argument, we may conclude that || f (o) — f(p)|| = p. Therefore,
f preserves the distance p. (To prove that f preserves the other distances ¢ and /p2 + o2,
we could make a similar argument to the one above, but this is not necessary. Because we
will apply the Beckman-Quarles theorem, for which it is enough to prove that f preserves
the distance p.) Finally, we apply the Beckman-Quarles theorem to our case and conclude
that f is an affine isometry. O

Fig. 7.1 The four points 0, r
o, p, q,r are the vertices of a ‘. -
rectangle with
lo—pll=llg—rll=pand
lp—qll=lr—ol=0c
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Fig. 7.2 The six points
u,v,w,x,y,z are the vertices
of the octahedron. Each four
points {u, v, z, x}, {u, w, z, y},
and {v, w, x, y} is the vertices
of the corresponding
parallelogram, respectively

We assume that Hj is a real (or complex) inner product space with dim H; > 2
and there exist six points u, v, w, x, y,z € H; with the property that each pair of four
points {u, v, z, x}, {u, w, z, ¥}, and {v, w, x, y} determines a corresponding parallelogram,
respectively, as we see in Fig. 7.2:

We may say that the points u, v, w, x, y, z determine the octahedron in Fig. 7.2.
In addition, all distances among the six points u, v, w, x, y, z are assumed to be

lv—ull=lx —zll=a1, llz=vl=lu—x|=as,
lw—ull=lly—zll=b1, lz—wl=lu—-yl=nba, (7.8)
lw—=vll=ly—-xll=c1, lx—-wl=lv-=yl=c,

lz—ull=a ly—-wl=8 Ilx-vl=y,

where a1, a», b1, by, c1, c2, o, B, y are some positive real numbers.

Theorem 7.2 (Jung) Let H| and H be real (or complex) inner product spaces with
dim H; > 2 and dim Hy > 2. Assume that the distances ay, az, by, by, c¢1, and c¢) are
contractive and the distances «, B, and y are extensive by a mapping f : H — H>,
where a1, az, by, by, c1, ¢c2, @, B, and y are assumed to satisfy all the conditions in (7.8)
for the octahedron in Fig. 7.2. Then, f preserves the distances ay, a», by, by, c1, ¢2, o, B,
and y.

Proof Assume that the points u, v, w, x, y, z € H; determine the octahedron shown in
Fig. 7.2 and satisfy the conditions of (7.8).

Since ||z —u|| = «, [y —w| = B, l|lx —v|| = y by (7.8), and &, B, and y are extensive
by f, we have

2(1£@ = F@IP+ILF ) = FOIP+ 1) — fFw)I?)

) s ) (7.9)
> 2(llz = ull” + llx = vlI* + Iy — wl®).
Since each pair of four points {u, v, z, x}, {u, w, z, ¥}, and {v, w, x, y} comprises the ver-
tices of the corresponding parallelogram presented in Fig. 7.2, it follows from Theorem 6.2
(ii) that
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2(llz = ull® + llx = vl* + Ly — wl?)

= v —ul®+llz — vlI* + Ix — zlI* + Ju — x||?
s s ) R (7.10)
+llw —v? 4 [lx — wl® + Iy — x> + v -y

+llw —ul® + Nz — wli* + Iy — zl> + lu — yII*.

Moreover, since the distances aj, az, by, by, c1, and ¢y are contractive, it follows
from (7.8) and Theorem 6.2 (i) that

o —ull® 4+ Nz — vl®> + lx — zl1> + flu — x||?
+llw —vl* + llx —wl?+ Iy — xI* + v — yII?
+lw—ul®+ Nz —wl* + Iy — 2>+ llu — yI?

> | f) — F@I? + 1 f @) — FOI>+ 1 fx) — fF@I

(7.11)
+ 1 f@) — FOOI + Ifw) — FOIP + £ x) — fw)l*
UG = FOOIP+ If @) — FOIP+ I f(w) — fa)]?
1@ = F@IP+IFO) — F@OQIP+ 1 F @) — FDII
>2(1f@ = F@IP+I1f ) = FOIP+ 1) — fw)I?)
Since our hypotheses imply
Iz —ull <If @) — fF@ll, lx—vll <Ifx) - fOI,
Iy —wll < IfO) — F@, v —ull = I £ ) — fF@)ll,
Iz — vl = I1f@) — fOI, llx —zll = I f(x) = F@II,
lu — x|l > I f ) — FGN, Nw— vl > [ f(w) — F@)I, 7.12)

lx —wll = 1f ) = f@ll, ly = xll = I1F () = FOOI,
o=yl =1f@ = DI Nw—ull =1 fw) = f)l,
Iz =wll =1 f@ = f@l. ly =zl = 1f) = f@I.

llu =yl = [1f @) = fFDII,

it follows from (7.9), (7.10), (7.11), and (7.12) that

If) = f@ll=1fx) = f@I=a If)—fWl=e,

If @) = fll=1fw) = fl =a [If(y) = fwll =4,
If(w) = f@ll =17 — f@I=0b1, If&x)—fl=y

If @) — f)ll = 1f@w) — fOI = b2,

If(w) = fIl = 1) = fOOll = e,

If ) = f)ll = 1f () = fFWII = ca.
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For any given u, v € Hy with ||v — u|| = a;, we can select four points w, x, y, z in Hj
such that 4, v, w, x, y, z determine the octahedron, as shown in Fig. 7.2. Due to the above
argument, we can conclude that || f (v) — f(u)|| = a;. For other distances such as a», by,
by, c1, c2, @, B, and y, we can apply a similar argument. Therefore, f preserves all the
distances ay, ay, b1, b2, c1, ¢2, o, B, and y. m]

Ifay =a =b1=by=ci=c=1landa = =y = «/E,thesixpoints
u,v,w,x,y, z determine the unit regular octahedron in Fig.7.2. For this case, it follows
from Theorem 7.2 that f preserves the distances 1 and +/2. Due to Theorem 5.3, the
following statement is true.

Corollary 7.3 Let Hy and H» be real Hilbert spaces with dim H; > 2 and dim H, > 2.
Assume that the distance 1 is contractive and the distance ~/2 is extensive by a mapping
f 1 Hl — Hj. Then, f is an affine isometry.

Remark 7.4 In Theorem 7.2 and Corollary 7.3, H; and H; are allowed to be infinite-
dimensional inner product spaces (or Hilbert spaces), while we assume in Theorem 7.1
that [E" is a finite-dimensional Euclidean space.

7.2  Applications of an Inequality for 2n Points

We label the vertices of an arbitrary (possibly degenerate) parallelogram with p11, pi2,
P21, and pao, as we see on the left side of Fig. 7.3 . Similarly, we label the vertices of any
(possibly degenerate) octahedron with p11, p12, p21, P22, P31, and p3> as shown on the
right-hand side of Fig.7.3.

We continue this construction by extending it to the general case. Suppose we have
constructed an n-dimensional polyhedron with 2n vertices, p11, p12,---, Pnl> Pn2- NOW,
we add two more points, denoted by p(,41)1 and p(,41)2, to construct an (n + 1)-
dimensional polyhedron in the following manner: Each of the new points, p(,41)1 and
D+1)2, 18 connected to the existing 2n vertices, pi1, P12, ..., Pnls Pn2-

Fig. 7.3 The vertices of any n-dimensional polyhedron are denoted as pii, p12,---, Puls Pn2s
where p;1 and p;; are opposite vertices for all i € {1,2,...,n}
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For the n-dimensional polyhedron constructed as above, we will denote its 2n vertices
by pi1, P12, - - -, Pnl, Pn2 as the above construction. We define

ajj = llpit — pjill,  Bij = lpiz — pj2ll,  vij = lpi1 — pj2ll

foralli, j € {1,2,...,n}.

In the following theorem, which was proved in a paper [36] by S.-M. Jung and K.-S.
Lee, we assume that for any i, j € {1,2,...,n} with i < j, each pair of four points,
{pi1, pi2, Pj1, pj2}, comprises the vertices of a corresponding parallelogram.

Theorem 7.5 (Jung and Lee) Let H| and Hj be real (or complex) inner product spaces
with dim Hy > n and dim Hy > n, where n is an integer greater than 1. Assume
that the distances a;j, Bij, and y;; are contractive by a mapping f : Hy — Hj for
alli,j € {1,2,...,n} with i < j and that the distances y;; are extensive by f for
each i € {1,2,...,n}. Then, f preserves all the distances o;j, Bij, and y;; for all
i,je{l,2,...,n}withi < j.

Proof According to the short diagonals lemma, the inequality

> pik = pjell® = Ipin = pial® + Ipj1 — pjall?

k,te{1,2}
holds for any i, j € {1,2,...,n} withi < j. Furthermore, it holds that
> (lpin = paal® + llpj1 — p2ll?)
i,je{l,2,..., n}
i<j
n—1 n
= (Ilpi1 — pial* + llpj1 — pj2ll?)
i=1 j=i+l
n—1
(n —)lpin —plz||2+z Z lpj1 — pjall?
i=1 i=1 j=i+1 (7.13)
n j—l1
= Z(n —Dlpin = pal®> + D> lpj1 = pjall?
j=2i=l1

n n
=> m=Dllpi— pall>+ Y GG = Dlpj1 — pjall?

i=1 j=1

=m—1 > lpa—pal

ie{l,2,...,n}
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Since the distances y;; = ||pi1 — pi2ll are extensive by f for alli € {1,2,...,n}
and each pair of four points {p;1, pi2, pj1, pj2} comprises the vertices of a corresponding
parallelogram for any i, j € {1,2,...,n} with i < j, it follows from (7.13) and the
parallelogram law that

=1 > Ifpi) = fpdl?

ie{l,2,...n}
>(m—1) Y lpin—pol®
ie{l,2,...,n}

= > (lpa—pal®+lpp—ppl?)
ije{l,2..., n}
i<j

2
= Z Z Il pik — pjell
i,je{l,2,....n) kee{l,2}

i<j

= > k= prl?
ije{l,2,....n)
k£e{1,2)
i<j
(We recall that the set of four points {p;1, pi2, pj1, pj2} comprises the vertices of a
parallelogram and that p;; and p; are the opposite vertices to p;> and p o, respectively.)
We note that the distances o;;, Bij, and y;; are contractive by f for all i,j €
{1,2,...,n} with i < j and that the distances y;; are extensive by f for any i €
{1,2,...,n}. Since p;1, pi2, pj1,and p ;> comprise the vertices of a parallelogram, it fol-
lows that || pi2 — pj1ll = | pi1 — pj2ll = vij. Hence, it follows from the last inequality that

=1 > i)~ fpl?

ie{l,2,...,n}

n—=1 Y lpa—pol

ie{l,2,...,n}

> b= pjel?

i,je{l,2,....n}
k,te{l,2}

i<j

S f i = Fpiol?

ije{l,2,....n
kee{l,2)

i<j

m—=1 Y Ifp) = f)l?

ie{l,2,...n}

v

v

v

where the last inequality follows from Theorem 6.4 (i).
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From the first two lines of the last inequality, it follows that

Yo i —feolP= Y lpia— pall. (7.14)

ie{l,2,...,n} ie{l,2,...,n}

In addition, it follows from the third and fourth lines of the last inequality that

S ek —pieP= Y. Ifiw) = fiolF. (7.15)

i,je{l,2,....n} i,je{l,2,....n}
k,te{l,2} k,te{l,2}
i<j i<j

Since || f(pi1) — f(pi2)|l = llpit — pi2ll and || pik — pjell = | f (pix) — f(pje)ll for all
i,jel{l,2,...,n}withi < jandk, £ € {1, 2}, it follows from (7.14) and (7.15) that

I f(piv) — f(pi)ll = llpir — piz2ll = Viis

a;jj (fork=¢£=1),

Bij (fork =€ =2),

vij (fork =1and £ = 2),
vij fork =2and £ =1)

ILf (pir) = f(pjoll = llpix — pjell =

foralli, j € {1,2,...,n} withi < j, which completes our proof. O

We now deal with the case of n = 3. Let H be a real Hilbert space with dim H; > 2.
We consider the octahedron in H; which is determined by

pllz(\/Tg,0,0,0,...,O), p12=(_\/75,0,0,0,...,0),
P21=(O,%,0,0,...,0), P22=(0,—%,0,0,...,0),
p31:(070’%70’~~70)7 p32=(0,0,—%,0,...,0).

In this case, we have

a2 = |lpi1 — pall =1, api =|pi—pul=1
a3 = [|p21 — p3tll = \/% B2 =llpi2 — p2ll =1,
Bz = llpi2 — p32ll =1, B2z = llp22 — p32ll = %

vi2 = llpi1 — p2ll =1, vi3 = llpi1 — pn2ll =1,

v23 = |lp21 — p32ll = %@ yi1 = llp11 — piall = /3,

v =lp2 — pnl=1, v33 = llp31 — pa2ll =1

Using Theorems 5.1 and 7.5, we can easily prove the following corollary.
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Corollary 7.6 Let Hy and H» be real Hilbert spaces with dim H; > 2 and dim H, > 2.
If the distance 1 is preserved, L is contractive, and if the distance /3 is extensive by a
mapping f : H — Hj, then f is an affine isometry.

7.3  Applications of an Inequality for Five Points
In this section, we assume that H; is a real (or complex) inner product space and ci,

¢, €3, C4, C5, €], €2, €3, e4, e5 are positive numbers such that there exist five points
X1, X2, X3, X4, x5 € Hj which satisfy the conditions in (6.8) as well as

lxy —x2ll =c1, llx2 —x3ll =c2, |Ix3 — x4l = c3,
llx4 — x5l = ca, llxs — x| = cs,
(7.16)
lx1 — x3ll =er, llx2 —xall = e2, |lx3 — x5 = es,
lxs — x1ll = es4, llxs — x2|| = es,

as we see in Fig. 7.4. (Obviously, due to (6.8), the five points x1, x2, x3, X4, x5 lie on a
two-dimensional subspace of Hj.)
The following theorem was proved in a paper [37] by S.-M. Jung and D. Nam.

Theorem 7.7 Let Hy and H» be real (or complex) inner product spaces. Assume that the
distances c1, ¢2, ¢3, ¢4, C5 are contractive and the distances ey, e, €3, e4, e5 are extensive
by amapping f : Hl — Hj, where c;’s and e;’s are given by (7.16) and the corresponding
X;’s satisfy the conditions in (6.8) (see Fig. 7.4). Then f preserves all the distances c, ¢y,
c3, C4, C5, €1, €2, €3, e4, and es.

Proof Since the distances cy, ¢, ¢3, ¢4, ¢5 are contractive by f, it holds that
¢ (1 — xa2l” + llx2 — x3ll> + llxz — xall> + llxa — x5]* + [|xs — x1[1?)
> ¢ (1£ (1) = FEDIP + 1f (x2) = FG)I + 11f (x3) = F) > (7.17)
+ £ (xa) = FODIP + 1 f (x5) = fxDIP).

Fig. 7.4 An example is given Ty

for five points x1, x2, ..., X5

that satisfy the conditions (6.8) T T3
and (7.16)

I T2
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It further follows from Theorem 6.6 (i) that

&> (I1Lf @) = FOD I+ 1 f (x2) — F I+ [1F(x3) — f )l
+ 1 Ga) = FOs)IP A+ 11 (xs) = £Oen )
> £ = fEIP 4 1£ ) — FEDI” + 11f (x3) — £ (xs)]1?
1) — FEDI? + I f(xs) — F) %

(7.18)

Moreover, since the distances e, e, €3, e4, and es5 are extensive by f, we con-
sider (7.16) to obtain

I Gx1) = FODI+ 1 f(x2) — FEa)l® + 1f(x3) — fxs)]?
+ 11 (xa) — FODI? + 11 f (x5) — Fx)II?
(7.19)
> Jlx1 — x3ll% + llxa — xall® + llxs — xs) + [lxg — x|

2
+ x5 — x2|”.

Since x4 and x5 satisfy the conditions in (6.8) (see Fig.7.4), by Theorem 6.6 (ii), we
conclude that

2 2 2 2 2
lxr — x3ll” + llx2 — xall” + llx3 — xs/17 + llxga — x1 |7 + |lxs — x2]
2 2 2 2 2
= ¢ (Ilx1 — x2I” + llx2 — x301° + [lx3 — x4/1° + [lxa — x5]| (7.20)
2
+ llxs — x111%),

which implies that the equality sign holds in each of (7.17), (7.18), and (7.19).
On the other hand, our hypotheses imply that

cr = llxr —x2ll = I1f &) — FO2L
c2 = |lx2 — x30l = 1 f (x2) — f(x3)l,
c3 = [lx3 — xall = 1 f (x3) — f(xa)ll,
c4 = |lxg —xsll = |1 (xa) — f(xs)l,
cs = |lxs —x1ll > [1f (xs5) — fGxDl,
er = [lx1 —x3ll < [1f (x0) = fGea)l,

(7.21)

e = |lx2 — xall < 1 f(x2) — fFxa) |,
e3 =[xz —xs5|| < I f(x3) — f(xs)ll,
es = |lxs —x1ll < 1 f(xa) — FxD)I,

es = |lxs — xall < |1 f(xs5) — f(x2)].
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By combining (7.17), (7.18), (7.19) with equality signs, (7.20), and (7.21), we conclude
that

X1 — x2ll = c1 = I1f (x1) = f(x2)l,

lx2 — x3ll = c2 = I1f (x2) — f(x3)l,

X3 — xall = c3 = I1f (x3) — f(xa)ll,

llxa — x5l = ca = || f (xa) = f(x3)],

llxs —x1ll = s = [ f(xs) — fxDI,

Xt —x3ll = er = [ f(x1) = f(x3)],

X2 — x4ll = e2 = || f(x2) — f(xa)],

llx3 — x50l =e3 = |l f(x3) — f(x3),
x4 —x1ll = es = [ f(xa) — fFxDI,
lxs —x2ll = es = || f(x5) — fF(x2).

For any given x1, xo € H; with ||x] —x3|| = ¢1, we can choose three points x3, x4, x5 €
Hj such that x1, x2, x3, x4, and x5 determine the geometric figure that is congruent to the
one in Fig. 7.4. In view of the above argument, we may conclude that || f(x1) — f(x2)|| =
c1. For other distances such as c;, c3, c4, c5, €1, €2, €3, e4, and es, we can apply a
similar argument. Therefore, f preserves all the distances c, ¢3, ¢3, c4, cs5, €1, €2, €3, e4,
and es. m]

Remark 7.8 Assume that x1, x3, x3, x4, and x5 are the vertices of a unit regular pentagon
aswe seein Fig.7.5. If weletci = cp =c3 =ca=cs5=1lande; = ex = e3 = eq4 =
es = ¢ in Theorem 7.7, then we see that f preserves the distances 1 and ¢, where ¢ is the
golden ratio.

Theorem 7.9 (Jung and Nam) Assume that Hy and H» are real Hilbert spaces with
dim Hy > 2. If the distance 1 is contractive and the distance ¢ is extensive by a mapping
f : Hi — Hy, then f is an affine isometry.

Proof According to Theorem 7.7 and Remark 7.8, f preserves both the distances 1 and
¢. We claim that f preserves the distance ~/2¢. Suppose v| and v3 are arbitrary points of

Fig. 7.5 The vertices of a unit T
regular pentagon are denoted

as X1, X2, ..., X5 Ty Ts5

z3 T4
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Fig. 7.6 In the left figure, U1 (o w1 Wy
V1, V5, Vg, v are some of the

. . (%) Wws
vertices of a unit regular
pentagon, and vy4, v5, Vg, U3 Vg wWe
are some of the vertices of
another unit regular pentagon U2 U3 w2 w3

o H,

Hi with ||lvy —v3| = ﬁq&. Since dim H; > 2, there exists a subspace U of H; containing
v and vz that is (Hilbert space) isomorphic to 3-dimensional Euclidean space E3 (see
Theorem 1.59).

In the first (roof-shaped) figure of Fig. 7.6, {vy, vs, ve, v2} is a part of the vertices of a
unit regular pentagon in U and also {v4, vs, ve, v3} is a part of the vertices of another unit
regular pentagon in U such that ||v; — v4|| = [|lva — v3|| = ¢. Here are the details:

lvi —vsll =1, Jlva—vsll =1, [lvs—uwvsll=1, [lv2—wel =1,
lvs —vell =1, flvi—wll=¢, llva—vill=¢, |v3—v4ll =29,
lva—vill =¢, llvi—vel =¢, lv2—vsll=¢, lvz—uvsl=¢,
lva — vell = ¢.

Now we define w; = f(v;) foralli € {1,2,...,6}. Since f preserves the distances 1
and ¢, we obtain

lwr —wsl =1, lJlws—wsll=1, [ws—wsll =1,
lwa —well =1, Jlws—wsll =1, [lwi — w2l =9,
lwr —wsll =¢, llws—wsll=¢, |ws—will =9, (7.22)
lwi —wsll = ¢, llwr—wsll =¢, |ws—ws|=2¢,

lwg — wsll = ¢.

If we setx; = w; —w; fori € {2,3,..., 6}, then
xXj—xp = (wj —wy) — (W —wy) = w; — wg (7.23)
for any j,k € {2,3,...,6}. The distances between four points wi, wy, ws, and wg are
given:
lx2ll = llwz — will = @, llxs — x2ll = lws — w2l = ¢,
lxsll = llws —wil| =1, [lx¢ — x2ll = lwe — w2l =1, (7.24)

Ixell = llwe —will = @, llx6 — x5l = llwe — wsll = 1.
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Since
2 2 2
lxj — xrll” = llxj 17 — 2¢xs, xe) + llxkll

forall j, k € {2,3,...,6}, it follows from (7.24) that

1 1
(x2, x5) = 5(||x2||2 + x5 0% = llx2 — x501%) = 5 (7.25)

Similarly, we have (x2, x6) = £(2¢* — 1) and (x5, x6) = 1¢°.

Hence, we can calculate || xg — x5 — éxznz = 0 as follows:

1 2

X6 — X5 — —X2

¢

1 1
= <x6 T X5 T X2, X6 — X5 — — X2

¢ ¢

1 2 2
= [lxell® + llxsl* + (plllelz — 2(xs, X6) — $<xz, x6) + 5<x2, xs)

=¢2+1+¢%¢2—¢2—$(2¢2—1)+%
2

=50 —9-1)

=0.

Therefore, we have

1
X6 = axg + x5. (7.26)

Moreover, it follows from the definition of x;’s that
1 1
0=x6—$x2—x5=w6—w1—E(WZ—wl)—(ws—wl)- (7.27)
As we see in Fig. 7.6, the structures of {wy, w», we, ws} and {w4, w3, we, ws} are con-

gruent. Thus, we can replace wi, wz, we, ws in (7.27) with w4, w3, we, ws, respectively,
and use (7.23) to get

1
0=ws—wq — —(w3 — wq) — (W5 — wy)

¢

1
= X6 — X4 — g()@ — x4) — (x5 — X4).
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Therefore, xg — x4 = %(x3 — x4) + (x5 — x4). And it follows from (7.26) and the last
equality that

X3 = X2 + X4. (7.28)

In view of (7.22), the distances between the three points w1, w4, ws are given below.

lxall = lws —will = ¢,
llxsll = llws —will =1, (7.29)
llxs — xall = lws — wal = 1.
Hence, by (7.29), we obtain
1 2 2 2 1,
(x4, x5) = §(||x4|| + llxs]|* — llxa — x5]1°) = §¢ : (7.30)

Using (7.22), (7.23), (7.25), (7.26), (7.28), and (7.30), we have

2

1

¢* = lwe — wall® = llxe — xal|* = || —x2 + x5 — x4
¢

= Sl + Il + sl® + 2 2, xs) = e, xa) = 20w, x5)

=#¢2+¢2+1+%—%<x2,x4>—¢2
1

=2+5_ <x27x4)‘

RSN

Hence, using the formula ¢> — ¢ — 1 = 0, we get

¢ I 1 2
, =—(24+-—-— =— 1— =0.
(x2, x4) 2( +¢ ¢ 2(¢+ ¢’)
Hence, by (7.22), (7.24), (7.28) and the last equality, we get

2 2 2 2 2 2 2
3017 = ll2 + xall” = N2 lI” 4 lx4ll” = llx2ll” + lwsg — wi]|” = 207,

1f @3) = fFDI = llws — will = 3]l = v2¢.

Since f preserves distances ¢ and +/2¢, we conclude that f is an affine isometry by
Remark 2.19 and Theorem 5.3. O
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7.4  Applications of an Inequality for n Points

In this section, we assume that H; is a real (or complex) inner product space and c13, ¢33,
C34, €45, €56, C67, C71, €13, €24, €35, €46, €57, €61, €72, Cl4, €25, C36, C47, C51, C62, €73 aAre
positive real numbers such that there exist points x1, x2, X3, X4, X5, X6, X7 of H; which
satisfy the condition (6.15) as well as

lx1 — x2ll = c12,  llx1 —x3ll = e13,  |lx1 — x4ll = c14,
lx2 — x3ll = c23,  llx2 — x4ll = e2s, |lx2 — x5]| = c25,
lx3 — x4ll = ¢34, |lx3 — x5]| = e35, [x3 — x6ll = c36,
lxa — x5l = cas,  llxa — x6ll = ea6, |xa — x7|| = c47, (7.31)
llxs — x6ll = cs6, x5 —x7ll = es7, llxs —xill = cs1,

llxe — x71l = c67, llxe — x1ll = €61, llx6 — x2ll = ce2,
lx7 —x1ll = c71, X7 —x2ll = e72,  |lx7 — x3ll = ¢73,

as we see in Fig. 7.7. (Obviously, due to (6.15), the seven points x1, x2, X3, X4, X5, X6, X7
lie on a two-dimensional subspace of Hj.)
The following theorem was proved in a paper [38] by S.-M. Jung and D. Nam.

Theorem 7.10 Let Hy and H> be real (or complex) inner product spaces. Assume
that the distances c12, ¢33, C34, C45, C56, C67, C71, Cld» C25, C36, C47, C51, Ce2, C73 are
contractive and the distances e13, ex, €35, €46, €57, €61, €72 are extensive by a mapping
f 1 Hy — Hj, where c;j’s and e;;’s are given by (7.31) and the corresponding x;’s satisfy
the condition (6.15) with n = 7 (see Fig.7.7). Then, f preserves all the distances c;;’s
and e;;’s.

Proof To simplify the notations, we temporarily set x; ; = ||x; —x;|l and y; ; = || f (x;) —
f(epllforalli, j e {1,2,...,7} withi # j. Since the distances ci2, 23, €34, €45, C56,
¢67, €71, C14, €25, €36, C47, €51, C62, €73 are contractive by f, we have

Fig. 7.7 An example is given
for seven points xq, xp, ..., x7
that satisty the

conditions (6.15) and (7.31)
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(7 +2¢7) (¥ + 335+ 034 +xfs +a5gH a7+ 7))
FxT4+ X5+ X356+ X7+ X5, + X5+ %75
(7.32)
> (5 4+207) (Y10 + Y33+ Y34+ Ves + Y36+ Vor +Y71)

+yia+t s+ Y56+ i7+ Vi +Vea+is
Now we can use Theorem 6.9 (i) to get
2 2 2 2 2
(F+2e7) (0T 2+ Y33+ Y3a+Yis+ Y56+ Y67+ Y71)
+ T4+ Yis+Yie Vit 5+ 6a s (7.33)

> 2c7(yi 3+ Vo4 + Y35+ Yie+ Va7t Ve +¥72)

Since the distances e13, e, €35, €46, €57, €61, €72 are extensive by f, we obtain

2C7(y12,3 + y§’4 + y32,5 + yiﬁ + y52,7 + yé,l + y72,2)

(7.34)
> 207(X12’3 + x§’4 + x32’5 + xi() + x52’7 + xgi,l + X72’2).
Since the x;’s satisfy the conditions in (6.15), it follows from Theorem 6.9 (ii) that
2e7(xf 3+ 33y +a3s +afe + x5y gy +x7 )
= (c7 +207) (x5 + 033 + a3 4+ xfs +af g+ agq + 7)) (7.35)

2 2 2 2 2 2 2
T X4t X5 T X3 6+ X5 7+ X5+ X5 + X7 3.

Altogether, we arrive at the conclusion that the equal sign must hold in each of the
inequalities (7.32), (7.33), (7.34), and (7.35). In particular, it holds that

2 2 2 2 2 2 2 2
(c74+2c7)(¥{a+ X33+ X354+ X4 5+ X546+ %57 +x71)

2 2 2 2 2 2 2
T X4t X5 T X3 6+ X5 7+ X5+ X5y + XT3

= (G +2e7) (VT2 + ¥+ Y54+ Yis+ 56+ Yo7+ Y71) 70
F a5+ it i 05 Y60+ 75
and
X3+ X34+ 055+ X5+ x5+ 56, 7,
(1.37)

2 2 2 2 2 2 2
=V3tYat+t¥ss5t Vit Vs7+ Y1+ Y72
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On the other hand, our hypotheses imply that

Cl2 =X12 = Y1,2, Cl4 =X1,4 = V1,4, €23 =X23 = Y23,
€25 = X25 = )25, C34 = X34 = Y3,4, C36 =X3,6= Y36,
C45 = X4,5 = Y45, C47 = X477 = Y47, €56 = X56 = V5.6,
c51 = X5,1 > Y51, C671 = X6,7 > ¥6,7, €62 = X6,2 > 6,25 (7.38)
C71 = X7,1 2 Y1.1, €73 =X73 2 ¥7,3, €13 =X13 = Y13,
€24 = X24 = Y24, €35 = X35 < V3,5, €46 = X4,6 = V4.6,
€57 = X57 = Y57, €6l = X6,1 = Y6,1, €72 =X72 = y72.

By combining (7.36), (7.37), and (7.38), we conclude that

X1,2 =C12 = )1,25 X1,4 =C14 = Y1,4, X23 =23 = )23,
X2,5 = C25 = )25, X34 = C34 = Y34, X3,6 = C36 = Y3,6,
X45 = C45 = Y45, X477 = C47 = Y47, X5,6 = €56 = V5,6,
X5,1 = €51 = Y5,15 X6,7 = C67 = V6,7, X6,2 = €62 = Y6,2,
X7,1 = €71 = Y7,15 X73 =73 = Y73, X1,3 = €13 = )13,
X2,4 = €24 = Y24, X35 = €35 = YV3,5, X4,6 = €46 = V4,6,
X5,7 = €57 = Y57, X6,1 = €61 = V6,1, X7,2 =¢€72 = Y7.2.

For example, with (7.38), we can check that x12 = cj2 = y12: If x;2 > yi2, then it
follows from (7.38) that

(7 + 2C7)(x12,2 + x%,3 + x32,4 + xis + x§,6 + x§,7 + x72,1)
+ .X%A_ + x%’s + x§’6 + xi7 + X52’1 + .xg’z + .x72,3
2 2 2 2 2 2 2 2
> (e +2¢7)(Via +y23 + Y54+ Yis + Y56+ Yo7 +¥71)

+ yf4 + )’z%,s + )’32,6 + yz%,7 + yg,l + )’g,z + Y72,3v

which contradicts (7.36). Thus, considering (7.38), we conclude that xj 2 = y; 2.

For any given x1, xo € Hj with ||[x; — x2|| = x1,2 = c12, we can choose five points
X3, X4, X5, X6, X7 in Hy such that x1, x2, ..., x7 determine a geometric figure congruent
to that shown in Fig. 7.7. In view of the above argument, we may conclude that || f(x1) —
f(x2) || = y1.2 = c12. For other distances such as c3, ¢34, a5, 56, C67, €71, C14, €25, C36,
c47, €51, €62, €73, €13, €24, €35, €46, €57, €61, and e72, we can apply a similar argument.
Therefore, f preserves the distances c12, 23, €34, €45, €565 C675 €71, Cl14» €25, C365 C4T5 €51,
€62, €73, €13, €24, €35, €46, €57, €61, and e72. O



7.4 Applications of an Inequality for n Points 145

Fig. 7.8 The seven points Ty
X1, X2, ..., x7 are the vertices
of a unit regular heptagon T T,
whose diagonal lengths are o
and
Ly 3
1 Ty
(%
1 w
Vg . Wy
Uy
Wy
Vg Wy
H, — H,

Fig. 7.9 The four points v}, v, v3, v4 lie on a plane. Note that w; = f(v;) forall i € {1, 2, 3, 4}

Remark 7.11 Assume that x;, xp, x3, x4, X5, X6, X7 are the vertices of a unit regular
s 2w

sin =

i

heptagon § (see Fig.7.8). Let @ = P

~ 1.8019... be the shorter diagonal and 8 =

:o 3
sin = .
c7 = Sin; ~ 2.2469... be the longer diagonal of S. If we set c12 = ¢33 = ¢3q =
7
c45 = c56 = ce71 = ¢71 = 1, €13 = ex4 = e35 = eq6 = €57 = €61 = e;n = « and

Cl4a = €35 = €36 = €47 = ¢51 = Cc62 = c¢73 = B in Theorem 7.10, then the mapping f
given in Theorem 7.10 preserves the distances 1, «, and B.

Lemma 7.12 Assume that Hy and H; are real inner product spaces, and let f : Hy — H»
be a mapping. Let v, v, v3, v4 be arbitrary four points in Hy. If vi, v, v3, v4 lie on one
plane and ||[v; —v;|| = | f(v;) — fpll foralli, j € {1,2,3,4} withi < j, then f(v1),
f2), f(v3), f(va) also lie on one plane.

Proof In Fig.7.9, each w; stands for f(v;). Since the translation preserves distances
between points and does not affect coplanarity of points, we assume that v4 = f(v4) =0
without loss of generality. Then the condition of this lemma becomes simple as follows:

lodlh = [1F DL llvr = vall = 1f (vD) = f2)I,
ozl = [1F I, Nlvz = w3l = [[f(v2) = f(w3)ll,
losll = I1Fa)ll,  Nlvs —vill = I[f(v3) = fDIl-
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It follows from the above condition that
1
2 2 2
(v1, 12) = E(”Ul” + lv2ll* = llvr — v2l%)

1
= 5(||f<v1>||2 + I F@DI* = I f (1) — F)I?)
= (f(v1), f(v2)).

By a similar way, we obtain

(v2,v3) = (f(v2), f(v3)) and (v3,v1) = (f(v3), f(v1)).

Because v1, v2, v3, v4(= 0) lie on one plane, i.e., they are coplanar, there exists r1, ry €
R satisfying vz = rqv; + rava. Hence, 0 = v3 — rjv; — rpv2, and so
0= [l — riv; — raua?

= llos I + rillvdl® + r3 o2l
= 2ri{v3, vi) — 2r2{v3, v2) + 2r1ravi, v2)

= If @I + {1l f DI + 731 f ()
= 2r1(f (v3), f (1)) = 2r2(f (v3), f(v2)) + 2rir2(f (v1), f(v2))

= If@3) = rif ) —r2f )7,

ie., f(v3) —r1f(v1) —r2f(v2) = 0. Therefore, f(v3) =r; f(v1) +r2f(v2), and f(vy),
f(2), f(v3), f(v4)(= 0) also lie on one plane. O

We define « and g in the following theorem exactly as in Remark 7.11, ie., o =

o 2w i 3
sSin = sSin =
L~ L ~2.2469...

—+ ~ 1.8019...and 8 =
7

sin sin 7
Theorem 7.13 (Jung and Nam) Assume that H| and Hj are real Hilbert spaces with
dim Hy > 2. If the distances 1 and o are contractive and the distance B is extensive by a
mapping f : H — Hj, then f is an affine isometry.

Proof According to Theorem 7.10 and Remark 7.11, the mapping f preserves the three
distances 1, o, and .

We claim that f preserves the distance /2. Assume that the distance between two
points vy and v3 of Hj is V2, ie., |lvi — v3]| = /2. Since dim H; > 2, there exists a
3-dimensional subspace U of H; that contains v; and v3. Due to Theorem 1.59, there is
a Hilbert space isomorphism between two finite-dimensional Hilbert spaces if they have
the same dimension. Since dim U = 3 = dim[E3, there is a Hilbert space isomorphism
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“shape 1" “shape 2" “shape 3"

Fig. 7.10 The “shape 1” represents an isosceles trapezoid, “shape 2” represents an isosceles
triangle, and “shape 3” represents a unit square

Fig. 7.11 “shape 4” is an
assembly of two “shape 1s,”
two “shape 2s,” and a “shape
3»

Ly : E3 — U. As shown in Fig. 7.10, we can draw an isosceles trapezoid on a unit regular
heptagon in E3.

Let “shape 1” denote the isosceles trapezoid illustrated in Fig. 7.10, “shape 2” denote a
triangle whose side lengths are 1, «, «, and let “shape 3” denote a unit square. In E3, two
“shape 1s,” two “shape 2s,” and one “shape 3” are assembled into a geometric figure, as
shown in Fig. 7.11. Let “shape 4” denote this figure.

There are two points uy, uz € E3 such that L;(u;) = v; and Li(u3) = v3. Since
the Hilbert space isomorphism preserves distance, it holds that ||u; — u3| = ||L1(u1) —
Liw3)|| = |lvi — v3]| = /2. Thus, we can choose us, ua, us, and ug in E3, so that
the pair of six points {u1, us, ..., ue} comprises the vertices of “shape 4” (Fig.7.11). Let
v; = L1(u;) and w; = f(v;) foreachi € {1, 2, ..., 6}. (See Fig.7.12.)

We note that {u1, us, us, ug} and {us, ua, us, ue} are coplanar, respectively. Since both
L1 and f preserve the distances 1, o, and 8, we can conclude that each of {v, v2, vs, vg}
and {v3, v4, Vs, vg} is coplanar. In view of Lemma 7.12, we also conclude that each of
{w1, wa, ws, we} and {w3, wa, ws, we} is coplanar. All of them compose “shape 1.” We
will now prove that |w; — w3 = V2.
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Ws
% (0%
Vg We
(e
« (%
v 3 w
3
w
1 1 17 1
V2 wa
H, — H

Fig. 7.12 Note that v; = L{(u;) and w; = f(v;) foralli € {1,2,...,6}, where L : E3 > Uis
a Hilbert space isomorphism

I »

Z6

(0%
(0%
€Z3

il 1 1

X9
L
2 3 ]En

Fig. 7.13 Note that T : Hy — H, is a translation and L, : W — [E" is a Hilbert space
isomorphism

We define T : Hy — H, by T'(x) = x — we, and we set w; = T'(w;) = w; — wg for
everyi € {1,2,...,5}.Since T is atranslation, T preserves all distances. By Lemma 7.12,
each of {0, w, w), wg} and {0, wj, w}, wg} is coplanar, and all of them compose “shape
1.” Thus, w is a linear combination of w) and wg, and wy, is a linear combination of w}
and wg. Let W be a subspace of H, spanned by {w}, w}, ws}. Then, {0, w}, ..., wg} C W
and dim W < 3. Thus, there exists a Hilbert space isomorphism L, : W — E” withn < 3
(see Fig.7.13). We note that L, preserves all distances.

Let Lz(w;) =x; foralli € {1,2,...,5}and Ly(0) = x¢. Then each of {x{, x2, x5, X6}
and {x3, x4, x5, X¢} is coplanar by Lemma 7.12. Hence, each of {xi, x», x5, x¢} and
{x3, x4, x5, x¢} composes “shape 1.” In addition, each of {x, x4, x5} and {x2, x3, x¢}
composes “shape 2,” and we know |[xp — x3]| = |lx; — x4|| = 1. For such a structure
to be possible, n must be at least 3. Thus, we conclude that n = 3.
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Since the points xi, x2,...,X are in E? with the property that each pair of
{x1, x2, x5, x¢} and {x3, x4, x5, X6} composes “shape 1,” and each of {xi, x4, x5} and
{x2, x3, x¢} composes “shape 2,” we conclude that {x{, x2, x3, x4} should compose “shape
3.7 Hence, we have ||x; — x3|| = ~/2. Since T and L, preserve all distances, it follows that
lwi — ws|| = V2. Therefore, f preserves the distance V2. Since f preserves distances 1
and /2, it follows from Theorem 5.3 that f is an affine isometry. O



®

Check for
updates

Abstract

The Beckman-Quarles theorem states that every unit-distance preserving mapping f :
E" — E”" is an isometry if n is an integer greater than 1. Section 8.1 is devoted to the
discussion of whether the Beckman-Quarles theorem also holds in rational n-spaces. It
is known that every unit-distance preserving mapping f : Q" — Q" is an isometry if n
is an even integer greater than 5 or 5 or an odd integer of the form n = 2m? — 1, where
m > 2. We have to omit the interesting proofs of all theorems introduced in this section
due to space constraints. In Sect. 8.2, we will discuss the theory of tensegrity structures
that F. Rado et al. used to partially solve the Aleksandrov-Rassias problems. Most of
the content in this section comes from the paper by Bezdek and Connelly (Period Math
Hungar 39(1-3):185-200, 1999). Indeed, they were able to improve the result of Rado
et al. even further by refining the idea presented by Rado et al. In Sects. 8.3 and 8.4,
we provide some sufficient conditions for the Benz-Berens theorem and the Beckman-
Quarles theorem to also hold in an open convex set. The contents of those sections are
mainly based on the papers by Jung (Bull Braz Math Soc (NS) 37(3):351-359, 2006);
Jung (Bull Braz Math Soc (NS)40(1):77-84, 2009); Jung and Rassias (J Korean Math
Soc 41(4):667-680, 2004). In the final section, we assume that the Beckman-Quarles
theorem does not assume that the mapping preserves a certain distance but rather a
certain geometric figure. S.-M. Jung and B. Kim have achieved interesting results on
this topic, which we will systematically present in the last section.

8.1 Discrete Versions of Theorem of Beckman and Quarles

As we have seen in Sect. 2.3, Aleksandrov asked in 1970 whether the existence of a single
conservative distance for a mapping implies that the mapping is an isometry. However, it is
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interesting to note that Beckman and Quarles [3] partially solved the Aleksandrov problem
by presenting the following theorem in 1953, long before the Aleksandrov problem was
even posed.

Let n be a fixed integer greater than 1. If a mapping f : R" — R" preserves the unit distance,
then f is an affine isometry.

This famous theorem has prompted a number of mathematicians to turn their attention
to research in this area and has also inspired the author to write this book.

Let Q" denote the rational n-dimensional space (rational n-space) equipped with the
usual Euclidean metric. The following theorem presented by A. Tyszka [67] can be
considered as a discrete version of the Beckman-Quarles theorem for n = 2.

For all points x = (x1,x2) and y = (y1, y2) in R?, we use the notation ||x — y|| to
denote the distance between x and y, i.e., [|x — y|| = v/(x; — y1)2 + (x2 — y2)2.

Theorem 8.1 (Tyszka) If x,y € R? and ||x — y|| can be constructed with a ruler and
compass, then there is a finite subset Sy of R? with the following properties:

(i) x,y € Sxy;
(ii) Every unit-distance preserving mapping f : Sxy — R? preserves distance between x
and y.

In addition to classifying real numbers into rational and irrational numbers, there is
another way to classify real numbers into algebraic and transcendental numbers.

Definition 8.2 If a real number is a solution to a nonzero polynomial equation of the form
X+ epo XN+ eix =0

with integral coefficients, the real number is said to be an algebraic number. When a real
number is not a solution to every nonzero polynomial equation of the form mentioned
above, it is said to be a transcendental number.

Complex numbers are also classified into algebraic and transcendental numbers in
exactly the same way, but we will only focus on real numbers here.

By Dj, we denote the set of all real numbers p > 0 such that for every pair of two
points x, y € R? with |[x — y|| = p, there is a finite subset Sxy of R? with the properties
(i) and (ii) presented in Theorem 8.1. We then remark that p € D, if and only if p is an
algebraic number (see [67]).

Furthermore, Tyszka was able to extend Theorem 8.1 to the case of n-dimensional
Euclidean spaces in his paper [68].
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Theorem 8.3 (Tyszka) Let n be an integer greater than 1. If x,y € R" and |x — y||
is an algebraic number, then there is a finite subset Sy, of R" with the following
properties:

(@) x,y e Sxy;
(ii) Every unit-distance preserving mapping f : Syy — R" preserves distance between x
and y.

Similar to the case of Theorem 8.1, we denote by D,, the set of all real numbers p > 0
such that for every pair of two points x, y € R" with ||x — y|| = p, there is a finite subset
Syy of R" with the properties (i) and (ii) presented in Theorem 8.3. We note that the set
D,, plays a key role in the proof of Theorem 8.3.

Tyszka [69] succeeded in proving not only these theorems but also the following
theorems.

Theorem 8.4 (Tyszka) Let n be an integer greater than 1. If x, y € R" and ||x — y|| are
constructible by means of ruler and compass, then there is a finite subset Sy, of R" with
the following properties:

@) x,ye Sxy;
(ii) Every unit-distance preserving mapping f : Syy — R" preserves distance between x
and y.

The set D,, also plays a key role in the proof of Theorem 8.4.

A subset F of R is called a Euclidean field if and only if for all x € FF there existsay € F
such that x = y? or x = —y?. The real constructible numbers, those (signed) lengths that
can be constructed from a rational segment using ruler and compass constructions, form a
Euclidean field.

Remark 8.5 Let n be an integer greater than 1. The proof of Theorem 8.4 implies that
if x,y € F" and ||x — y|| are constructible by means of ruler and compass, then there
is a finite subset Sy, of " that contains x and y such that every unit-distance preserving
mapping f : Sy, — R" preserves the distance between x and y.

Theorem 8.6 (Tyszka) Ifx,y € Q3, then there exists a finite subset Sxy of QB with the
following properties:

(i) x,y € Sxy;
(ii) Every unit-distance preserving mapping f : Sxy — R8 preserves distance between x
and y.
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Theorem 8.6 (ii) implies that any unit-distance preserving mapping from Q8 to Q¥
must preserve the distance between any two points of Q8. Therefore, Theorem 8.6 implies
the validity of the following corollary.

Corollary 8.7 (Tyszka) Any unit-distance preserving mapping f : Q% — Q8 is an
isometry.

Another statement that corresponds to Corollary 8.7 is: Any mapping f : Q% — Q8
that satisfies (DOPP) is an isometry.

Tyszka [69] asked whether there are other values of n than 8 for which Theorem 8.6
and Corollary 8.7 hold. J. Zaks [74] immediately replied to Tyszka’s question as follows:

Theorem 8.8 (Zaks) If n is an even number of the form n = 4m(m + 1), where m € N,
and if x, y are any two points of Q", then there exists a finite subset Sy, of Q" such that
every unit-distance preserving mapping f : Sy, — Q" preserves the distance between x
and y.

Theorem 8.9 (Zaks) If n is a perfect square of the form n = 2m?> — 1 for some m > 1
and if x, y are any two points of Q", then there exists a finite subset Sy, of Q" containing
x and y such that every unit-distance preserving mapping f : Sy, — Q" preserves the
distance between x and y.

Corollary 8.10 (Zaks) If n is an even number of the form n = 4m(m + 1) for some
m € N, then every unit-distance preserving mapping f : Q" — Q" is an isometry.

Corollary 8.11 (Zaks) Ifn is a perfect square of the form n = 2m> — 1 for some m > 1,
then every unit-distance preserving mapping f : Q" — Q" is an isometry.

Additionally, Zaks presented the following conjecture:

For every integer n > 4 and for any pair of two points x, y € Q", there is a finite subset Syy
of Q" with the following properties:

@) x,ye Sxy;
(ii) Every unit-distance preserving mapping f : Sxy — Q" preserves distance between x
and y.

If the above conjecture is correct, it is reinterpreted as an interesting conjecture as
follows:

For every integer n > 4, every unit-distance preserving mapping f : Q" — Q" is an
isometry.
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For convenience, we will call this conjecture the conjecture of Tyszka and Zaks.
We define the subset N of N by

N={4mm+1:meNju{2m*—1:meN, m > 2}.

By proving the following theorem, Zaks [75] has showed that the Tyszka-Zaks
conjecture is partially true.

Theorem 8.12 (Zaks) Ifn € N, then each unit-distance preserving mapping f : Q" —
Q" is an isometry.

Remark 8.13 R. Connelly and J. Zaks [15] proved that for all even integers n > 5, every
unit-distance preserving mapping f : Q" — Q" is necessarily an isometry. In addition,
W. Hibi [22-24] proved that every unit-distance preserving mapping f : Q" — Q" is an
isometry, if z is an integer greater than or equal to 5. On the other hand, W. Benz [5,6] and
H. Lenz [44] proved that in the case of n € {2, 3, 4}, there is a mapping f : Q" — Q" that
preserves unit distance but is not an isometry.

Moreover, Benz [5, 6] proved that every mapping f : Q" — Q" that preserves the
distances 1 and 2 is an isometry if n is greater than 4. On the other hand, Zaks [76] proved
that every mapping f : Q" — Q" that preserves the distances 1 and +/2 is an isometry,
assuming n > 4.

According to [19], it is also known that every injective mapping f : Q" — Q", which
preserves the distances % p and p > 0, where p is rational, is an isometry if n > 4. From
[44], it follows that every mapping f : Q" — Q" (n > 4) that preserves the distances 1
and 4 is an isometry. On the other hand, by Farrahi [18, 19], we may conclude that for any
n € {1,2,3, 4}, there is a bijective mapping f : Q" — Q" that preserves all distances
p € {%k : k € N} but is not an isometry.

As we have seen in this section, especially in Theorem 8.12 and Remark 8.13, it is not
yet entirely clear whether the Tyszka-Zaks conjecture is true. It might be worth proving
whether this conjecture is true or false.

8.2 Remarks on the Aleksandrov-Rassias Problems

Let n be an integer greater than 1. Assume that p = (p1, p2, ..., px) is a configuration of
k labeled points of E". Furthermore, assume that G is a graph without loops or multiple
edges, whose vertices are those k points and whose edges are specified by cables or
struts. We call such a graph a tensegrity graph. Moreover, we call the pair of a graph
G and a configuration p a fensegrity, and we denote it as G(p). For any m € Ny, let
q = (q1, q2, - - -, qx) be another configuration, where g1, g2, . .., gx € E™. The tensegrity
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G (g) is said to satisfy the tensegrity constraints of G(p) if the following two conditions
hold:

(c) If {i, j} is a cable, then the inequality |lg; — g; || < ||p; — pjll holds:
(s) If {i, j} is a strut, then the inequality |lg; — gl > llp; — p;| is true.

The tensegrity G(p) is said to be unyielding if for any other configuration ¢ in E™ such
that G(g) satisfies the tensegrity constraints of G(p), then |lq; — gl = ||p; — p;ll for
every cable or strut {i, j} of G. We note that in the definition of unyielding, the target
configuration g can lie in any Euclidean space of arbitrary dimension.

One of the simplest examples of unyielding tensegrities G(p) has its configuration
consisting of three different collinear points, p = (p1, p2, p3), where p> lies between p
and ps3, and its tensegrity graph G is defined to have cables {1, 2}, {2, 3} and a strut {1, 3}.
Moreover, here is a simple but more interesting tensegrity: Let p = (p1, p2, p3, p4) be
a configuration consisting of the vertices, in cyclic order, of a rectangle in E2. We define
the external edges {1, 2}, {2, 3}, {3, 4}, and {4, 1} to be cables and the diagonals {1, 3},
{2, 4} to be struts for the tensegrity graph G. Then, by Beckman and Quarles [3], G(p) is
a unyielding tensegrity.

Assume that f : E" — E™ is a mapping, where n is an integer greater than 1. Let us
define

Cr= {CGR: | f(x)— f)| <cforall x,y € E" with ||x — y]|| =c},
Sp= {s eER:|If(x)— f)| = s forall x,y € E" with ||x — y]| =s}.

We call C the cable lengths for f and Sy the strut lengths for f.Indeed, C ¢ is considered
as the set of all contractive distances by f and Sy as the set of all extensive distances by
f. We note that both Cy and Sy include all positive real numbers if and only if f is an
isometry.

Suppose a set C of positive real numbers is a subset of C and another set S is a subset
of Sy. If some other real number ¢ belongs to Cy, then c is said to be an implied cable
length for f. Analogously, if some other real number s belongs to Sz, then s is called an
implied strut length for f. For example, if ¢ and c¢; are cable lengths for f, then c; + >
is an implied cable length for f.

K. Bezdek and R. Connelly [8] proved the following lemmas.

Lemma 8.14 Given an integer n > 1, let f : E* — E™ be a mapping, and let G(p) be
an unyielding tensegrity in E* with cables of lengths c1, ca, ... and with struts of lengths
51,82, ...

(@) Ifca,c3,... € Crand sy, sa,... € Sy, then the length cy is an implied strut length

for f.

@i) Ifci,c2,... € Cyrand s2,53,... € Sy, then the length sy is an implied cable length
for f.
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Proof We first consider the case (i), where ¢2, c3, ... € Cyrandsy, s2,... € Sy. We claim
that c; is a strut length for f. On the contrary, assume that ¢ is not a strut length for f.
Suppose there are points u, v € E" with |lu—v|| = ¢ but || f(u)— f (v)|| < c1. Construct a
configuration p in E” that is congruent to p, where p; = u and p; = v forsome i, j € N.
Then, || pi — p;ll = c1. We define a configuration ¢ = (f(p1), f(p2), ..., f(Pr)), where
k is the number of vertices of G. Then, we have

Ipi — pill = 1pi — pjll =llu—vl=ci > Ifw — fWI = llgi — g;ll.

Since the cable lengths of G are in Cr, if {i’, j'} is the other cable in G, then we get

lpir = pjll = 11pir = pjrll = I1f(Bir) = f(PjDNl = llgir — qj |-

Since the strut lengths of G are in Sy, if {i ', j'}is a strut in G, then we obtain

lpir — pjll = lpir — pjll < I1f (Pir) — FPiDN = llgir — q;ll.

Hence, G(q) satisfies the tensegrity constraints of G(p), but the strict inequality con-
tradicts the unyielding property of G(p). Therefore, our assumption is wrong, and we
conclude that || f (1) — f (v)|| > c; foreach u, v € E" with ||u —v|| = ¢1, which completes
the proof of (7).

The other case (ii) can be proven in a similar way. O

Lemma 8.15 Ler f : E" — E™ be a mapping, where n is an integer greater than 1. If

¢2 and sy are positive real numbers with ¢ < 51 < 2¢2, ¢c2 € Cy, and 51 € Sy, then
2_2
cl = 51C2L2 is an implied strut length in Sy.

Proof Let G(p) be the tensegrity shown in the following figure.

Consider the isosceles triangle defined by three edges of lengths ¢, ¢2, and s1, where
s1 is the base length. (This is possible because 51 < 2c¢;.) Place the two isosceles triangles
as shown in Fig. 8.1. In this case, these four points form a trapezoid with diagonals of
length s if and only if ¢; < s1. The equality cases correspond to degenerate cases where
the configuration becomes collinear (when s; = 2c¢;) and when the two vertices at the
bottom of Fig. 8.1 coincide (when ¢ = s1). It is a simple calculation to see, under these

2
. §7—C
assumptions, that ¢; = =L 2.

Fig. 8.1 In this figure, ¢y is a
contractive distance by f and
s1 is an extensive distance by f
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Based on the results in [14], the tensegrity graph in Fig. 8.1 is unyielding. Since c; is
the length of a cable shown in Fig. 8.1, by Lemma 8.14, it is an implied strut length for
every mapping f : E" — E™. O

Let ¢ be the golden ratio, i.e., ¢ = @

Lemma 8.16 Ler g : [1,2] — [0, 3] be the mapping defined by g(t) = t* — 1. For every
to € (¢, 2], a finite iteration of ty through g lies in the interval [2, 3].

Proof 1t is easy to show that g is strictly monotonically increasing and continuous and
that g~!(r) = +/r + 1. It is also obvious that the only fixed point for g (and g~') is the
solution of the quadratic equation r> — 1 = ¢ (¢ > 1). Thus, the unique fixed point for g
is the golden ratio ¢. We note that ¢ is a repulsive fixed point for g but an attractive fixed
point for g~!. Indeed, if any 7 in the domain of g satisfies t > ¢, then g(r) > r. Since
g(t) >t fort > ¢, and g(¢p) = ¢, and since g is monotonically increasing, it follows that
¢ <g (1) <tfort > ¢.

We now set «g = 3 and inductively «; = g_l(ai,l) for all i € N. Thus, we have
o] = 2,ap = ﬁ, o3 = 3+ 1, ... By the argument above, {«;} is a well-defined
decreasing sequence, where each «; > ¢. So this sequence must converge to a fixed point
of g. Therefore, since ¢ is the unique fixed point in the domain of g, we conclude that

lim o; = ¢.
1—> 00

If we consider images of intervals under g !

, we then have
2,31 > [V3.2] = [VV3+1,v3] > -

In other words, g_l([ai, ai—1]) = [g_l(ai), g_l(ai_l)] = [&j+1, ;] fori € N. But this
implies

Ul i1 = (4. 31,
i=1

which completes the proof. O
At a seminar held in 1986, F. Rado et al. [53] presented the following excellent result.

Theorem 8.17 (Rado, Andreason and Valcan) Let n be an integer greater than 1, and
let ¢, s be positive real numbers that satisfy 0 < f < \% Assume that a mapping f :

E"* — E™ satisfies the following conditions:
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@) Ifllx =yl =cforx,y € E", then | f(x) — f(DI = ¢
(@) Iflx — yll = s for x, y € E", then || f (x) — f(DIl = s.

Then f is an isometry.
Using both conditions given in Theorem 8.17, we define
Fr(c,s) = {f :E" — E™ : f satisfies the conditions (i) and (ii) for all n > k},

where k is a fixed positive integer. Then the set we want to identify is:
c
X = {r e R:If - =r, theneach f € Fi(c, s) is an isometry}.
s

So Theorem 8.17 simply says that (0, %] C X». Itis easy to check that
XoCX3CXqC---.
We are now ready to prove the main theorem of this section.

Theorem 8.18 (Bezdek and Connelly) (0, é) C X».

Proof Assumethat) < ¢ <5,0 < § < é, f + E" — E™ is a mapping for n > 1, and
that f € Fa(c, s). In other words, c is a cable length for f and s is a strut length for f.
Rescaling if necessary, we can assume ¢ = 1 without loss of generality.

If ¢ < % < \%, then Al < % and s > 2. Therefore, f is an isometry by Theorem 8.17.

If % < % = % < é, then ¢ < s < 2. It follows from Lemma 8.16 that a finite iteration

of s under g lies in the interval [2, 3], where we set g(f) = 2 — 1. We set sp = s and
s; = g(si—1) for i € N. From Lemma 8.15, it follows that if s;,_| € Sy, then 5; =
sl.2_1 — 1 = g(si—1) € Sy, too. Hence, for some positive integer k, s; is an implied strut
in S¢, and s € [2, 3]. Therefore, using Theorem 8.17, we conclude that f is an isometry.

These imply that s € X», which completes the proof. O
The following corollary is a direct consequence of Theorems 2.7 and 8.18.
Corollary 8.19 (Bezdek and Connelly) Let m and n be integers with 1 < n < m. If a

mapping f : E" — E™ preserves two distances p and o, where 0 < g < @, then f is
an affine isometry.
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8.3 Aleksandrov-Benz Problem with Restricted Domains

In 1987, W. Benz and H. Berens [7] presented a sufficient condition for a mapping with
both contractive and extensive distances to be an affine isometry (see Theorem 3.5):

Let X be a real normed space with dim X > 1 and let Y be a real normed space that is strictly
convex. Suppose f : X — Y is a mapping and N > 1 is a fixed integer. If a distance p > 0
is contractive and Np is extensive by f, then fis an affine isometry.

In this section, we present sufficient conditions for the Benz-Berens theorem to hold
even in a restricted domain.

Let H be a real Hilbert space with dim H > 2 for which there exists a unit vector
w € H and a subspace Hy of H with H = H, ® spanw and Hy; | spanw, where spanw
denotes the subspace spanned by w. We now define the half space Hyp by

Hy={x+iw:x € Hs, >0} (8.1)

for any real number 6. Assume that Y is a real normed space which is strictly convex.

Throughout this section, let a real number p > 0 and an integer N > 1 be
fixed. Furthermore, assume that a mapping f : Hyp — Y satisfies both the following
conditions:

(P1) p is contractive by f;
(P2) Np is extensive by f.

Following the steps presented in the paper [4], S.-M. Jung and Th. M. Rassias [39]
proved in the following two lemmas that if a mapping f : Hy — Y satisfies both
conditions (P1) and (P2), then f preserves the distances p and 2p.

Lemma 8.20 Assume that a mapping f : Hyp — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex. Then || f(x) — f(y)|| = p holds for
all x,y € Hg with |x — y| = p.

Proof Assume that x and y are points of Hyg with ||x — y|| = p and x — y € H, where
we set

ﬁoz {x—l—kw:xEHs,AzO}.
If we define p, = y+n(x —y) foranyn € {0,1,..., N}, then p, € Hy, ||py — ¥l = Np

and ||p, — pu—1ll = p foralln € {1,2,..., N}. Since f satisfies both conditions (P1)
and (P2), we have
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N
Np < £ (py) = FOI < D 1 (pw) = F(pu—)ll < Np.

n=1

Hence, we conclude that || f(x) — fO)Il = I f(p1) = f(po)l = p.
Now assume that x and y of Hp satisfy ||x — y|| = p but x — y & Hg. Then we have

y — x € Hy. In this case, if we define p, = x + n(y — x), we get the same result using a
similar method as before. O

Lemma 8.21 Assume that a mapping f : Hgp — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex. Then || f (x) — f(y)|| = 2p holds for
all x,y € Hp with |x — y| = 2p.

Proof Assume that x and y are points of Hyp with ||x — y|| = 2p and x — y € H(, where
we may refer to the proof of Lemma 8.20 for the definition of H. Let us define

n
Pnzy-i-z(x—y)

foralln € {0, 1,..., N}. It then follows that p, € Hp, |lp, — ¥yl = Np, and ||p, —
pn—1ll = pforalln € {1,2,..., N}. Now, we make use of (P1) and (P2) to get

N
Np < 1f(py) = FOI = D ILF (P) — F(pa-D)]l < Np.

n=1

N
1f () = FO =D 1f ) = £ P (8.2)

n=1

If we assume

If(p2) = f(po)ll < ILf(p2) = f(pOI + ILf (PD) = f(pol,

then, in view of (8.2), it should be N > 2, and further

N
1f 2y = FOI < Y IFPa) = £+ £ (p2) = f(pO)

n=3

N
<> 1F ) = fFPa-Il,

n=1
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which is contrary to (8.2). Therefore, we conclude by Lemma 8.20 that

ILf ) = fODII = 11 (p2) = f(po)ll

= 1f(p2) — fF(pOIl + ILf (pD) — f(po)ll

For the case of x — y & Hg, we define p, = x + 5(y —x) and follow the same process
as before to prove our assertion. O

Due to the strict convexity of Y, the following lemma is an immediate consequence of
Lemma 2.6. Therefore, the proof is omitted.

Lemma 8.22 Assume that Y is a real normed space that is strictly convex. Foralla, b, c €
Yando > 0, ||b —a| = a = |lc — b|| and ||c — a|| = 2« imply ¢ = 2b — a.

We will use mathematical induction to prove the following theorem, which is essential
to handle the case where x and y have the same H;-components. From now on, we denote
by x5, ys, and z; the Hg-component of x, y and z, respectively, unless specified.

Lemma 8.23 Assume that a mapping f : Hy — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex. For any givenn € N, let x = x5+ Aw
and y = ys + puw be any points of Hy with x; = ys and

1 1 1
k,u>9+<2—2+§+"'+w)0.

Then, ||x — Y|l = 5 p implies || f (x) — )l = 2 p.

Proof Assume that x = x; + Aw and y = y; + pw are points of Hy such that
1 1
X =Y, b >0+ 0, lx =yl =1k —pul=5p.

Choose az = z5 + %()L + w)w € Hyp with ||x — z|| = ||y — z|| = p. Furthermore, select x’
and y’ on the rays zx and Zy, respectively, such that ||x" — z|| = ||y’ — z|| = 2p. Then, we
have [x" — y'|| = p.

If we set x’ = x/ +A'wand y' = y, + w'w, then

1 1 1 1
N=rA+-(-— 0+ - | —=zp) =90
+2( u)>( +4p>+2< 2p)
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and

' +1( 1) 9+1 +1 ! 0
= — — > - = - = =U.
w=pt s )tz 5P

Thus, it follows that both x” and y’ are points in Hp.
According to Lemmas 8.20 and 8.21, we get

IfC) = fF@I=1fG) = fF@I =)= fO)I = p,
G = fOI =10 = fFDI = p,
If D = f@I = 10N = f@I =2p.

By Lemma 8.22, f(x) is the midpoint of f(x’) and f(z), and the same is true for f(y).
Hence, the triangles f(x) f(z) f(y) and f(x) f(z) f(y') are similar. Hence, we conclude
that || £ (x) = f(Ml = 3p.

We now assume that our assertion holds for some n € N and moreover assume that
x =x; +Aw and y = y; + pw satisfy

1 1 1 1
Xs = Ys» X,M>9+(?+§+”~+W>P, lx =yl :WP-
Choose az = z; + %(k + w)w with |lx — z|| = |y — z|l = p. Moreover, select x" and y’
on the rays zx and zy, respectively, such that |x" — z|| = ||y’ — z|| = 2p. Then we obtain

lx' =y = zi,, 0. Similarly as in the first part, it follows that both the x” and y’ lie in Hp.

By Lemmas 8.20 and 8.21, we get

If ) = f@I =1 = f@I=p,
I = fOI=1FOD = fFDI = p,
1D = f@I =10 = fF@I =2p.

By Lemma 8.22, f(x) is a midpoint of f(x’) and f(z), and likewise for f(y). Further-
more, we know that x = x| + A'w and y’ = y; + u/w satisfy

=y, Mou >0+ i+i+...+# ||’_/||_i
X = Vs> s> 22 23 2n+l P, X yi= 2n’0'

By the assumption of induction, it follows that || f (x") — f (V)| = 2#,,0.
Since the triangles f(x) f(z) f(y) and f(x’)f(z)f(y’) are similar, we conclude that
1f ) = FWIl = 52 p- o
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In the following lemma, we prove that if x and y are separated from each other by a
specific distance, then some equidistant points on the line through x and y are mapped by
f onto some equidistant points of the line through f(x) and f(y).

Lemma 8.24 Assume that a mapping f : Hyp — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex.

(i) If x and y are any points of Hy with ||x — y|| = p, then f(x + m(y — x)) = f(x) +
m(f(y) — f(x)) holds for all m € Nog with x + m(y — x) € Hp.

(ii) Let x,y be points of Hgyp/2 with x; = ys and ||x — y| = zlnpfor somen € N. If
x+m(y—x) € Hyipy for somem € N, then f(x +m(y —x)) = f(x)+m(f(y)—
F(x).

Proof

(i) Assume that x and y are points of Hy with || x—y|| = p. We use induction to show that
fx+m(y—x)) = f(x)+m(f(y)— f(x)) holds forall m € Ng withx +m(y—x) €
Hy. If m = 0 or 1, there is nothing to prove. We now assume that our assertion is true
form € {0, 1,...,k}, where k > 0 is some integer. We set p; = x 4+ i(y — x) for
i € N and assume that pxy1 € Hy. Then, we get

lpr — pi—1ll = p = lIpk+1 — pell and || pey1 — pi—1ll = 2p.

According to Lemmas 8.20 and 8.21, we have

£ () = F (=Dl = p = £ (prs1) — f (PO
1f (PrsD) — F(pr-pl = 2p.

Hence, it follows from Lemma 8.22 that
Fper) =21 () — f(pe—1) = fF) + k+ D(f) — f(x)),

as we desired.
(ii) Let x = xy + Aw and y = y; + pw be any points of Hy1,/2. Assume that x; = y;

and |x — y|| = zi,, p for some n € N. We also use induction to prove our assertion.
For m = 1, there is nothing to prove. We assume that our assertion holds for m €
{1,2,...,k}, where k > 0 is some integer. We now set p; = x +i(y —x) fori e N

and let pyx41 € Hyyp/2. Then, we have

1 1
Pk — pr—1ll = wh = lPk+1 — pill and || pk1 — pe—1ll = TP
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Since the Hy-component of p; is equal to x; and p; € Hyp 1,2 foreachi € {1,2,...,k+
1}, we can make use of Lemma 8.23 to check that

1
I f(px) — f(pr-DIl = P = I f (Pr+1) — fF(POIl,
1
I f (Pr+1) — f(pe-D Il = TP
Hence, it follows from Lemma 8.22 that

FpieD) =2f(p) — f(pr—1) = fF) + k+ D(FO) = f(),
which completes the proof of (ii). O

Lemma 8.25 Assume that a mapping f : Hy — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex. Let n be a fixed positive integer. If
X,y € Hp satisfy |lx — y|l = np, then || f (x) — f(NI| = np.

Proof Assume that x and y are points of Hy and are separated from each other by a
distance np. Choose a point z on the line segment between x and y such that x = y +
n(z — y). Then, we have ||z — y|| = p. From Lemma 8.24 (i), it follows that f(x) =
f(y)+n(f() — f(y)). Hence, by Lemma 8.20, we have

If ) = fFI =nllf@) = fFODI = np,

which completes the proof. O

Using Lemmas 8.23, 8.24, and 8.25, we can prove the following lemma which is
indispensable for the proof of Theorem 8.28 below.

Lemma 8.26 Assume that a mapping f : Hyp — Y, together with a real number p > 0
and an integer N > 1, satisfies both conditions (P 1) and (P2), where Hy is given by (8.1)
and Y is a real normed space that is strictly convex. Let x = x5 + Aw and y = ys + pw
be any points of Hy. Assume that m, n € N are given.

(i) If xs # ys and ||x — y|| = &p, then || f(x) — fDD = +-p.
(ii) Ifx,y € Hoyppa, X5 = ys, and ||x — y|| = 5 p, then || f(x) — fD)] = Fwp.

Proof

(i) Assume that x and y are points of Hy with ||x — y|| = % p which are represented by
X =Xxs + Awand y = y; + pw, where xg # ys, A > > 6, and where m > 1 and n
are positive integers.
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Set z = z; + pw, and examine whether there exists a z; € H; which is a solution
of the following parametric equations

Iz — x| = llzs — x51> + (u — ) = K202,

Iz = ylI* = llzs — ysl* = k*p%,
n 2
lx — 1% = llxg — psll? + (n — 2)* = (n—1p) :

where k is a parameter whose value is integral. It follows from these equations that

lzs — xsll = V k?p? — (u — )\)2,

”ZS - yS‘” = k,O, (83)

n 2
lxs — ysll = <_p> —(n— )»)2.
m

The sphere in Hy with radius /k2p2 — (i — A)? and center at x; is expressed by
the first equation of (8.3). We use the notation S for this sphere. The second of (8.3)

is an equation for the sphere S in Hy with radius kp and center at y;. If k is so large
that the inequality

2
kp < \k?p? — (n — 2)? + /(%p> —(n—2)?

holds, then S; NS> # @. Hence, we can select a z; from S1 N S», i.e., the parametric
equations (8.3) are solvable in z;. With such a zg, z = z5 + pw is separated from x
resp. from y by a same distance kp.

If we choose x’, y' € Hy on the ray zx resp. Zy such that ||x' — z|| = ||y’ — z|| =
kmp, then we have ||x" — y’|| = np. By Lemma 8.25, we get

If ) = f@QI=1f() = f@I =kp,
1D = f@I=1fO) = f@I = kmp,
If () = FODI = np.

Furthermore, by a slight modification of Lemma 8.24 (i), we can conclude that f(x)
lies on the line segment between f(z) and f(x") and also that f(y) lies on the line
segment between f(z) and f(y’).

Hence, the triangles f(x) f(z) f(y) and f(x) f(z) f (') are similar. Therefore, we
obtain || £ (x) — f()Il = ;- p.
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(ii) Assume that x = x; + Aw and y = y; + pw are points of Hp,/2 with x; = y; and

lx —yll = 77 p. Choose a z on the line segment between x and y with ||z —y|| = %p.
Then, by Lemma 8.23, || f(z) — f(W)| = %p. Further, in view of Lemma 8.24 (ii),
we get

f@) = fy+m@—y)=rfo+m(f - ),

i.e.,
m
1f @) = fDI=mllf @) = fOl = 5P
which completes the proof. O

Lemma 8.27 Let Hy be defined by (8.1). Assume that o and B are real numbers with
28 = a > 0. Then, for all x,y € Hy with ||x — y|| = «, there exists a z € Hy satisfying
lz = xll = B = llz — yll. In particular; if xs # ys, then zs & {xs, ys}.

Proof Assume that x = x; + Aw and y = y; + pw are points of Hy with ||x — y|| = «,
where A, u > 6. We find a solution z = z; + dw € Hp of the following equations:

Iz — x> = llzs — x51> + (8 — 1)? = B2,
Iz = ylI* = llzs — ysl> + 6 — w)?* = B2, (8.4)

lx — yI? = llxs — yslI* + 0 — w)? = .

Put§ = J(A + ) (> 6). It then follows from (8.4) that

1
llzs — x5 = B — i 22,

1
lzs — ysll* = B* — i 22,
lxs — ysl? = @ — (1 — A)%

Since dim H; > 1 and

llzs — xsll + llzs — ysll = 2llzs — x5l

= J@BP — (-2

> o = (= 2)?

= [lxs — ysll
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(where ||xs — ys|| > O for x; # ys, and hence z; # x5 and z5 # y;), there exists at least one
Zs € Hg which is a solution of the above equations. With such a z5, z = z; + %(k +m)w €
Hjy satisfies our requirement. Therefore, the proof is complete. O

So far, we have proved all the preliminary lemmas to the main theorem of this section.
In the following theorem, we generalize the theorem of Benz and Berens:

Theorem 8.28 (Jung and Rassias) Ler H be a real Hilbert space with dim H > 2.
Assume that Hy is given by (8.1) and Y is a real normed space that is strictly convex.
Let p > 0 be a real number and let N > 1 be an integer. If p is contractive and Np is
extensive by a mapping [ : Hy — Y, then f|u,,,, is an isometry. In particular, it holds
that || f (x) — fO)I = llx — yl|l for all points x, y € Hgp with x5 # ys.

Proof We note that there exists a unit vector w € H and a subspace H; = (spanw)=*
of H with H = H, @ spanw and H, L spanw, where (spanw)® denotes the orthogonal
complement of spanw.

Assume that x and y are distinct points of Hy,,/2. For those x and y, choose
the sequences, {k;}, {m;}, and {n;}, of nonnegative integers with the following three
properties:

(K) 2"7"1.,0 <|lx—=yll < ké;,tl p for all sufficiently large integers i;

mj

(M) mz',—zl p < |lx — yll < 3t p for all sufficiently large integers i;
(N) {n;} increases strictly to infinity.

Since Hpy /2 is open, we can select a z; on the line segment Xy and a w; € Hgyp/2
such that

ki 1
I —zill = Zp and llz; = will = i =yl = 5-p

for any sufficiently large integer i. It then follows from Lemma 8.26 (i) and (ii) that

ki 1
If ) = feoll= Zzp and [1f(z) = fwdll = ILf wi) = fFOD) = 5o
for any sufficiently large integer i. Thus, it follows from (K) that

If ) = DI = I1f ) = fEl + 1 @) = f)ll + [1f (wi) = fFODI

1
=< ||X—J’||+W,0

for any sufficiently large integer i, i.e., we get || f(x) — f(V) I < |lx — y|.
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On the other hand, since Hg, 2 is an open subset of the real Hilbert space H, we can
choose a v; € Hgyp/2 such that

m; 1
lx —vill = Ep and |y —vi|l = ﬁp

for all sufficiently large integers i. From Lemma 8.26 (i) and (i7), we get

; 1
1) = @Dl = Sop and 1£() = f@)l = 5P

Hence, it follows from (M) that

1
1fG) = SOOI = 1f @) = fll = IF ) = fill = llx =yl = Ze

for all sufficiently large integers i, i.e., we get || f(x) — f (¥)|| > [|x — y||, which completes
the proof of the first part.

For the second part of this theorem, assume that x, y € Hp satisfy x; # ys and rip <
lx — yll < rap, where r;,r; > 0 are given rational numbers. We claim that rjp <
| f(x) — f)I < rpp: According to Lemma 8.27, there exists a z € Hp with ||z — x|| =
%Zp = |z — y|l, x5 # zs, and ys; # z;. Due to Lemma 8.26 (i), we get

1f(@)— fll = %2/) =|f@— fMI.
Hence, we have

If ) = fOI = 1f ) = fF@I+11f @) = fFWDI = rap.

On the other hand, we assume that there existed x, y € Hp with the properties:

Xs #ys, rp<llx—yll <rp, If&x)—fOI <rip. (8.5)

Then, we obtain

rne—Ilx—=yl <rnp—rip<rnp—=I1fx)—=FfOMI.

Define z = x +A(y —x) for the case y —x € Ho with A = ﬁp > 1. (Otherwise, i.e., if
y—x ¢ Hy, we replace the definition of z by y+A(x — y) and repeat the following process
similarly.) It then follows that x; # zg, ys # zs, and ||z — x| = rop. Furthermore, (8.5)
implies that ||z — y|| = (A — D||lx — y|| < (r2 — r1)p. Due to Lemma 8.26 (i), we have
I f(z) — f(x)]| = r2p and by considering the argument in the last paragraph, we see that
If(2) = fODI = (r2 — r1)p. Subsequently, we have
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rp =@ — fl
<f@—=fMI+ 1) — Fl
<(r2—rpp+rip
=np,
which is a contradiction. Therefore, it should be rip < || f(x) — fF(V)] < r2p.

Since the set of all rational numbers is dense in R, we conclude that the second assertion
is true. 0

Let H be areal Hilbert space with dim H > 1. For a fixed integer N > 1 and a constant
p > 0, we define a sequence {d;} by

di =Np and d; = N> "ip

foralli € {2,3,...}.
Let { H;} be a sequence of open convex subsets of H with

HyDH D---DH; DHi11D--- and d(Hjy1,0H;) > diqq
for all i € Np, where we set
d(Hjy1,9H;) = inf {||x — y|| : x € Hiy1, y € 9H;}

and d H; denotes the boundary of H;. (If one of H; | and d H; is unbounded, we will set
d(H;yy,0H;) = 00.)
Furthermore, we assume

o0

Hyo = (ﬂH,-)O £ .

i=0

We know that the intersection of any family of convex subsets of a topological vector space
is convex. Moreover, the interior of any convex subset of a topological vector space is a
convex set. Thus, Hy is an open convex subset of H.

S.-M. Jung proved, in his paper [29], the following theorem, which in some sense
generalizes Theorem 8.28 (compare with the result in [40]).

Theorem 8.29 (Jung) Let H and H' be real Hilbert spaces with dim H > 1. Assume
that Hy is a nonempty open convex subset of H. If a mapping f : Hy — H' satisfies both
the conditions (P1) and (P2), then f|n., is an isometry.
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8.4 Beckman-Quarles Theorem with Restriced Domains

In this section, let E" be the n-dimensional Euclidean space, where n > 2 is a fixed integer.
Then there exists a unit vector w € E" and a subspace E; of E* such that E* = E;@spanw
and E; is orthogonal to spanw, where spanw is the subspace of E” which is spanned by
w. (We simply take E; = (spanw)L.)

We now define

1
ro=0, rn=0+p, rn=0+p+pi, r3=9+<1+;>p+p1,

where 6 is a real number, p is a positive real number, and p; = ,/2(1 + %) p. Using these
ri’s, we further define

Ekz{x+kw:ers, k>rk}
for k € {0, 1, 2, 3}. We note that
E;CEy,CE| C Eg CcE".

Let E be a nonempty subset of E”. We call a set of n different points of E a S-setin E
if the distance between any two points is 8 > 0. If there are two distinct points of E" that
have the distance « from each point of a 8-set P, the two points are called the «-associated
points of P.

Due to Lemmas 2.21 and 2.22, the following two lemmas are obvious.

Lemma 8.30 Let E be a nonempty subset of E", where n > 2. Assume that « and 3 are
positive real numbers with

n

y (@, B) = 4o’ —2/32<1 _ 1) -0

and that P is a B-set in E. The a-associated points of P are uniquely determined and the

distance between them is v/ y (o, B).

Lemma 8.31 Assume that o and 8 are positive real numbers with vy («, 8) > 0. If x and
y are points of E" with || x — y|| = /v («, B), then there exists a B-set P in E" such that
x and y are the a-associated points of P.

Lemma 8.32 [f a mapping f : Ex — E" (n > 2) preserves a distance p > 0, then the
distance p1 = /y (p, p) is preserved by f|E,.
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Proof Assume that x, y are points of £ with ||x — y|| = p;. According to Lemma 8.31
and the definition of E}, there exists a p-set P in Eg such that x and y are the p-associated
points of P. Since f preserves p, P’ = f(P) is also a p-set in E".

Due to Lemma 8.30, there are exactly two distinct p-associated points x” and y’ of P’,
and they satisfy ||x’ — y'|| = +/y(p, p) = p1. Since there exist only two p-associated
points of P’, we have {f(x), f(»)} C {x',y'},ie, |f(x) = fF)II =0or p;.

Assume that f(x) = f(y). Choose a z € Eg with ||x — z|| = p; and ||y — z|| = p.
According to Lemma 8.31, there exists a p-set Q in Ep such that x and z are the p-
associated points of Q (Because x € E| and ||x — ¢q|| = p foreach g € Q, Q is a subset
of Eg). Similarly, Q' = f(Q) is a p-set in E".

Due to Lemma 8.30, there exist exactly two distinct p-associated points x” and z”
of Q" which satisfy ||x” — 2’| = /y(p.p) = p1. Hence, {f(x), f(2)} C {x”,2"},
ie, [[f(x) — f(@| = 0or py, ie., | f(y) — f(@)] = 0 or p;, because we assumed
fx) = fy).

On the other hand, we obtain p = ||y — z|| = || f(y) — f(@)I| = 0 or p;, which is a
contradiction. Altogether, we conclude that || f (x) — f ()|l = p1. |

Lemma 8.33 If a mapping f : Eg — E" (n > 2) preserves a distance p > 0, then the
distance py = /v (p1, p1) = @p is preserved by f|Eg,.

Proof Assume that x and y are points of E; that satisfy ||[x — y|| = p. According to
Lemma 8.31, there exists a pj-set P in E such that x and y are the pj-associated points
of P. Since f|g, preserves p; by Lemma 8.32, P’ = f(P) is also a p;-set in E".

According to Lemma 8.30, there exist only two distinct pj-associated points x’ and y’
of P’ whose distance is ||x’ — y'|| = p2. Hence, it follows that { f(x), f(y)} C {x/, ¥},
Le, [ f(x) = fI =0or pa.

Assume that f(x) = f(y). Choose a z € Eq with ||x — z|| = p2 and ||y — z|| = p1.
(Because of y € E> and ||y — z|| = p1, we conclude that z € Ey.) In view of Lemma 8.31,
there exists a p1-set Q in E; such that x and z are the p;-associated points of Q. (Because
x € Ey and ||x — g| = pj forall g € Q, Q is a subset of E|.) Hence, Q' = f(Q) isa
p1-setin [E" (see Lemma 8.32).

By Lemma 8.30, there exist exactly two distinct p-associated points x” and z” of Q’
and [|x”" —z"|| = p2. Therefore, we have || f (x) = f (z)| = O or pa,ie., [ f())—f () =0
or pz, because we assumed f(x) = f(y).

Since y, z € E1, by Lemma 8.32, we have p; = |ly — z|| = || f () — f(2)|| = 0 or py,
a contradiction. Altogether, we conclude that || f (x) — f(V)| = p2. |

Lemma 8.34 If a mapping f : Eg — E" (n > 2) preserves a distance p > 0, then the
distance p3 = /vy (p, p1) = %p is contractive by f|Eg,.

Proof Assume that x and y are points of E> with [|[x — y|| = p3. By Lemma 8.31, there
exists a pi-set P in E such that x and y are the p-associated points of P. (We note that
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x € Ey and ||x — p|| = p for all p € P. Hence, P is a subset of E.) By Lemma 8.32,
P’ = f(P)isalsoa p;-setin E".

According to Lemma 8.30, there exist only two distinct p-associated points x” and y’
of P’ with ||x’ — y'|| = p3. Hence, it follows that || f (x) — f(y)|| = 0 or p3. Consequently,
we have || f(x) — f(DI < p3. O

We are ready to generalize the theorem of Beckman and Quarles by proving that if
a mapping, from a half space Eg of E" into E”, preserves a distance p > 0, then the
restriction of f to a half space E3 is an isometry.

S.-M. Jung and Th. M. Rassias [39] proved the following theorem (see also [35]).

Theorem 8.35 (Jung and Rassias) If a mapping f : Eo — E" (n > 2) preserves a
distance p > 0, then the restriction f|g, is an isometry. In particular, if any points x and
y of Ey satisfy xg; # ys, where x5 and yg are the Eg-components of x and y, then it holds

that || f (x) = fFO)I = llx = yll.

Proof According to Lemmas 8.33 and 8.34, the distance %,0 is contractive, and the
@ p 1is extensive (preserved) by f|g,. Hence, by Theorem 8.28, the restriction
flE; is an isometry. In view of the second part of Theorem 8.28, the second part of this

theorem is obviously true. O

distance

From now on, we assume that j and n are fixed integers with) < j <mandn > 1. Let
wi, w2, ..., w; be some orthonormal vectors in E”, and let E; be a subspace of E" such
that

E" = E; @ (spanw;) @ (spanwy) @ - - - @ (spanw;).

We set E; = E" for j = 0.
Let us define a sequence {si} of positive real numbers by

2(n +1
so0=0, s1=p, Sz=(1+‘/¥)p,
2ntl) & 1
= 2+, :
Sk <n+ + . +§(n+1),_5>p

forall k € {3,4, ...}, where p > 0 is a fixed real number. We denote by s, the limit point
of the sequence {s¢}, i.e.,

2 1 1)2
5o = limskz(n+2+ [2(n + )+(n+ ))p
k— 00 n n




174 8 Miscellaneous

By Cg, we denote an open convex subset of E”? defined by

Co={x+rwi+ - +rjwj:x€E ¢+ <hi <di —s
fori € (1,2, ..., j}}

for any k € Ny U {00}, where c;, d; € R U {£o0} are constants with d; — ¢; > 2s4, for
everyi € {1,2,..., j}. We then note that

CoC-+CCrpyyCCrC---CCycCE".
S.-M. Jung [30] proved the following theorem.

Theorem 8.36 (Jung) If a mapping f : Co — E" (n > 1) preserves a distance p > 0,
then the restriction f|c,, is an isometry.

8.5 Beckman-Quarles Theorem with Geometric Figures

F. S. Beckman and D. A. Quarles [3] solved the Aleksandrov problem for finite-
dimensional Euclidean spaces E”, where # is an integer greater than 1:

If a mapping f : E" — E" preserves a distance p > 0, then f is an affine isometry.

It seems interesting to investigate whether the “distance p > 0” in the Beckman-
Quarles theorem can be replaced by some properties characterized by “geometric figures.”

In this section, the triangles (quadrilaterals, pentagons, hexagons, and circles) denote
the peripheries of the geometric figures. A side of a triangle (a quadrilateral, a pentagon,
or a hexagon) without its endpoints (vertices) is called an open side.

Mappings Preserving Regular Triangles

For an integer n > 1 and a constant r > 0, we use 7, to denote the set of all regular
triangles in [E” whose side length is ». We note that if two regular triangles 77, I € T
intersect each other in an infinite number of points distributed on two open sides of 77,
then 7> is either coincident with 77 or a shift of 77 along a side of 77 including infinitely
many intersection points. In the latter case, 7, must intersect one of the open sides of T}
in exactly one point.

The following theorem was proved by S.-M. Jung [26].

Theorem 8.37 (Jung) Let m,n be integers greater than 1 and let a,b be positive
constants. If f : E™ — E" is a one-to-one mapping under which the image of each
regular triangle in T)" belongs to T]', then the equality || f (x) — f(¥)|| = b holds for all
x,y € E™ with |x — y|| = a.
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Proof Let x and y be any points of E™ with ||x — y|| = a. We choose another point z € E™
such that the three points comprise the vertices of a triangle 71 € T.". Furthermore, we
choose a point w € E™ \ {x} coplanar with x, y, z such that y, z, w are the vertices of a
triangle 7> € T)".

Let x’, y', z’ be the vertices of the image of the triangle T} under f. Assume that the
image of the side yZ is spread out on the open sides x’y’ and y’z’. If each of the open
sides includes more than one image point of yz, then the image of the triangle 7> would
coincide with the image of T, which would be a contradiction to the injectivity of f. Thus,
we assume without loss of generality that x’y” contains infinitely many image points of yZ
and the open side y’z’ contains only one image point of yz, say u’, and let u be the unique
point of yz satisfying u’ = f(u), where u is allowed to be y or z.

We choose another regular triangle 73 € 7,", which is different from 7} and 7>, with
the following properties:

(i) Tz is coplanar with 77 and T3;
(i1) T3 contains infinitely many points of yz. In particular, 73 contains u.

Then, the image of T3 under f would coincide with the image of T or 7>, which would
also be a contradiction to the injectivity of f.

By applying the same argument, we see that f maps each side of 77 into one of the
sides of its image triangle. Because of the hypothesis, f(71) € T}, f maps each side of
T1 onto a corresponding side of its image triangle.

We note that x is the unique intersection point of the sides zx and Xy of 77, and likewise
for y and z. Thus, f(x), f(y), f(z) should be the vertices of the image of 71 under f,
which belongs to 7,'. Altogether, we conclude that f(x) is separated from f(y) by a
distance b, which completes the proof. O

In the following corollary, we prove that if a one-to-one mapping f : E" — E” maps
the periphery of every regular triangle of side length a > 0 onto the periphery of a regular
triangle of side length b > 0, then there exists an affine isometry / : E" — E” such that

fe) =210,

Corollary 8.38 Let n be an integer greater than 1, and let a, b be some real positive
constants. If f : E* — E" is a one-to-one mapping under which the image of each
regular triangle from T, belongs to T;', then there exists an affine isometry I : E" — E”
such that

b
F)=1x)
a

for all x € E™.
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Proof 1f we define a mapping / : E* — E" by I(x) = 7 f(x) for all x € E", then it
follows from Theorem 8.37 that I satisfies ||/ (x) — I(y)|| = a for all x,y € E" with
lx — yll = a. According to the Beckman-Quarles theorem, the mapping [ is an affine
isometry, and hence the assertion of this corollary is proved. O

Mappings Preserving Regular Quadrilaterals
By Q7, we denote the set of all regular quadrilaterals (squares) in E” whose side length
is r, where n is an integer greater than 1 and r is a positive constant. We remember that
quadrilateral means the periphery of the quadrilateral.

We remark that when two regular quadrilaterals Q1, Q> € Q7 intersect in an infinite
number of points distributed on two adjacent open sides of Q1, they actually coincide. The
proof of the following theorem was presented in [26].

Theorem 8.39 (Jung) Let m,n be integers greater than 1, and let a,b be positive
constants. If f : E™ — [E" be a one-to-one mapping under which the image of each
regular quadrilateral in Q7' belongs to QY, then the equality | f (x) — f(y)|l = b holds
forall x,y € E™ with |x — y|| = a.

Proof Let p; and p; be arbitrary points in E™ that satisfy || p; — p2|| = a. We then choose
p3, pa € E™ such that py, p», p3, and ps comprise the vertices of a regular quadrilateral
Qo € Q7. Moreover, for every i € {1,2, 3, 4}, we choose a regular quadrilateral Q; that
is coplanar with Q¢ and has the common side p; p; 1 with Q¢, where we set ps = p1, as
shown in Fig. 8.2.

Let Q:. be the image of Q; under f for every i € {0, 1,2, 3,4}. According to the
hypotheses, the Q’’s are regular quadrilaterals of Q} with the following properties:

(i) QpN Q] is an infinite set for i € {1,2, 3, 4};

(i) Q)N Q5 05N Q5 05N Q) and Q) N Q] are one-point sets;
(iii) Qy is a proper subset of Q) U O, U Q5 U Q);
(iv) Qjand Q;, are disjoint for i € {1, 2}.

Fig. 8.2 Each of the regular

quadrilaterals Q1, Q2, 03, Q4 Q1

is coplanar with Q¢ and 1 Do

intersects Qg in a

corresponding whole side

of Go Qs | Qo | Q2
P4 b3

Q3
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The vertices of Q, are denoted by p}, p;, p5, pj. The side prp; is the only common
side of Q¢ and Q. If the image of pjp; were spread out on two adjacent open sides of
0y then Q' would coincide with Q( as we mentioned in the sentence immediately before
this theorem, which would contradict the injectivity of f.

Assume now that the image of the side pj p; is spread out on both parallel open sides
P py and pSp) of Q. Since the injectivity of f causes Q) not to coincide with Qf, the

Q) has to be a shift of Qj, along the sides p/ p, and pjp). In view of (i) and (iii), and
by considering the above argument, one of Q), 0%, Q) should meet Q in two parallel
(opposite) sides of Q,, since each side of Oy, contains a nondegenerate line segment that
is a part of Q;, \ Q}. In this case, however, the Q;, O/, ..., Q) cannot satisfy all the
conditions (i), (ii), (iii), and (iv).

Therefore, the image of p1p> under f should be included in one side of Q. In general,
every side of Qg should be mapped into (and hence onto) a corresponding side of Q.

Since p1, p2, p3, p4 are unique intersection points of the sides pap1 and pip2, p1p2
and P> p3, p2p3 and p3pa, p3p4 and papy, respectively, the points f(p1), f(p2), f(p3),
f (p4) comprise the vertices of Q, in the same (or opposite) cyclic order as Q. Therefore,
f(p1) is separated from f(p;) by the distance b. O

In the following corollary, we prove that if a one-to-one mapping f : E" — E” maps
the periphery of every regular quadrilateral of side length @ > 0 onto the periphery of a
regular quadrilateral of side length b > 0, then there exists an affine isometry / : E* — E”
such that f(x) = 21(x).

Corollary 8.40 Let n be an integer greater than 1, and let a, b > 0 be some constants.
If f : E'" — E" is a one-to-one mapping under which the image of each regular
quadrilateral from Q7 belongs to Q}, then there is an affine isometry 1 : E' — E"
such that

b
fx)=—I(x)
a

forall x € E™.

Proof We define a mapping I : E" — E" by I (x) = 7 f(x) for all x € E”. It then follows
from Theorem 8.39 that [ satisfies ||/ (x) — I (y)|| = a forall x, y € E" with ||x — y|| = a.
By the Beckman-Quarles theorem, 7 is an affine isometry. O

Mappings Preserving Regular Pentagons
We now use P/ to denote the set of all regular pentagons in E” whose side length is r,
where n > 1 is an integer and » > 0 is a real number.
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Assume that Py, P, € P'. The following statement is obviously true:

(P) If Py intersects Py in an entire side, except for a finite number of points, and in a
point on another open side, then Py coincides with P;.

Let L be a line segment in E" with length r. If we denote by | P; N L|, the number of
elements of P; N L, then

PPN L[ €{0,1,2, 00},

where | P1 N L| = oo holds if and only if L lies upon a substantial part of a side of P;.

Assume that P; intersects P in three distinct points which lie on a side of P;. If we
select this side of P, and call it L, then it follows from our assumption that [P} N L| > 2,
which is equivalent to | P; N L| = oo. This argument can be restated as follows:

(Q) If P intersects P in three distinct points on a side of Py, then Py intersects Py in a
line segment containing those three points.

If P; intersects P> in four different points, three points of which lie on one side of P,
and the remaining point is not collinear with the three points, then either P, coincides with
Pj or P, is a shift of P; along the side containing the three points, as we see in Fig. 8.3:

According to the above conclusion, we can easily see that:

(R) Py coincides with P, if Pj intersects two different sides of P> in an infinite number
of points each.

Now assume that Pj intersects P; in an infinite number of points, including two vertices
of P, that are not adjacent to each other. Choose a side of P, so that P; intersects that
side in at least three different points. Then P; additionally intersects P in a vertex of P,
and this vertex is not collinear with those three points. In this case, P; coincides with P»,
as shown in Fig. 8.4:

The above argument may be summarized as follows:

(S) If Py intersects Py in an infinite number of points, including two vertices of P that
are not adjacent, then Py coincides with P;.

Py Py P Py

Fig. 8.3 Three of the intersection points lie on one side of P,, and the remaining point lies either
on the adjacent or the far side of P,
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Fig. 8.4. If P inte.:rsects P> in P Py P S Py
three points on a side of P, and

in a vertex that is not collinear

with these three points, then

they are identical

Fig. 8.5 The image Pl./ of a regular pentagon P; under f is also a regular pentagon for all i €
{0,1,...,5}

From now on, for given integers m, n > 1 and real constants a, b > 0, let f : E”" — E"
be a one-to-one mapping under which the image of every regular pentagon in P}’ belongs

to Py,

We now consider the following figure:

On the left side of Fig. 8.5, six regular pentagons are labeled Py, P, ..., Ps, all of
which belong to P)*. The pentagon Py consists of five sides, denoted sy, 52, ..., 5. Each

side s; is a line segment containing only one point v; of its two endpoints (vertices).

Due to our hypothesis, the image of any regular pentagon P; under f is also a regular
pentagon, and we use the notation Pl.’ for the image of P;, i.e., Pl/ = f(P;) for each
i € {0,1,...,5}. Furthermore, we use the notations s{ and vlf for the sides and vertices
of P, respectively. Each side s/ is a line segment containing only one point v; of its two
endpoints. (At this point, we are not sure that all the v] are images of the v;, and likewise
for the s7.)

The following lemma is obvious.

Lemma 8.41 It holds that
5 5
Pi=JsiclUm
k=1 k=1
under the above assumptions.

Since f is a one-to-one mapping, considering (R), we can easily verify the following
lemma. We therefore omit the proof.
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Lemma 8.42 Foreveryi € {1,2,...,5}, there exists a unique j € {1, 2, ...,5} such that
s;. N P/ is an infinite set, but (P \ s}) N P/ is a finite set.

Conversely, we can prove the following lemma.

Lemma 8.43 Foreveryi € {1,2,...,5}, thereisa j € {1,2,...,5} such that s; N Pj’» is
an infinite set, but s' N | ) P[ is a finite set.
k#j

Proof For every fixedi € {1, 2, ...,5}, it follows from Lemma 8.41 that

5 5
s; C U P, or s/ = U(s,{ N P)).
k=1 k=1

Since s; contains infinitely many points, there mustbe a j € {1,2, ..., 5} such that s; N PJ’.
is an infinite set.

We now prove the second claim. Without loss of generality, we assume that both s{ N P|
and s N Py were infinite sets. It would then follow from (R) and Lemmas 8.41 and 8.42
that

5 5
Us,/( =P = U(P(;m P))
k=1 k=1

5
=G NPHUGINPYU| PN P
k=3

U {finite number of points on P \ s/}
= (s1 N (P{U P)) U (s, N P3) U (s, NPy U (sp, N P)

U {finite number of points on P}
5
# st
k=1

which would be a contradiction, where i1, ip, i3 € {1, 2, ..., 5} are chosen such that s{] N
Py, slfz N P, and si’3 N P{ are infinite sets. O
According to (P), two congruent regular pentagons are identical if they have an entire
side and a point on another open side in common.
In the following lemma, we prove that f maps every vertex v; of Py to a vertex v;. of
Py = f(P).
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Lemma 8.44 Foreveryi € {1,2,...,5}, thereexistsa j € {1,2,...,5}with f(v;) = v}.

Proof Without loss of generality, we assume that f(vi) € s} \ {v}}. (We assume that
f(v1) lies on the open side s; without endpoints.) According to Lemma 8.43, there exists

aje({l,2,...,5}such that sgN P; is an infinite set but s N () P} is a finite set. Without
' k#j
loss of generality, we may choose 5 for such j, i.e., we assume that sg N PS/ is an infinite

set (see Fig. 8.5). Since P(; # P/, it follows from Lemma 8.42 that both the sets

4

4
Us,’{ﬂPs' and sgﬂUP,é
k=1 k=1

are finite sets. Since 55N P; is an infinite set and s;NP; C PjN P;, the property (Q) implies

that P intersects P in a line segment L including s5 N P such that (s \ L) N P{ = @.
Suppose s” = 55\ L is an infinite set, i.e., a line segment of positive length. However, it

follows that s" = s5 \ L C s5\ (s5 N Pg) = s5 \ Ps, and hence s' N Ps = (. Thus, we have

5 4 4

s’:s/ﬂP(SCs/ﬂUP,é:s/ﬂUP,éngﬂUP,é,
k=1 k=1 k=1

and the last set is finite, while s’ is assumed to be an infinite set. It clearly leads to
a contradiction. Hence, Py intersects P in a whole side sg except for finitely many
points. Since f(v1) € Py N Py (see Fig.8.5), it follows from (P) that P; = P, which
obviously contradicts the fact that f is a one-to-one mapping. Therefore, we conclude that
fr) = ). O

Using Lemmas 8.42 and 8.44 together with (§), we can now prove that the images of
v1 and v, are two vertices of P/, which are adjacent to each other.

Lemma 8.45 It holds that || f (v1) — f(v2)|| = b.

Proof 1t follows from Lemma 8.44 that f(v1), f(v2) € {v], v}, ..., v5}. Assume that
f(vy) and f(vp) are two vertices of Pé that are not adjacent to each other. Since v, vy €
PoN Py, wehave f(vy), f(v2) € PjNP;|. Since s} is a side of Pj, Lemma 8.42 implies that
the congruent regular pentagons Pj and P| intersect each other in infinitely many points
including f(v;) and f(v2) which are vertices of Pj not adjacent to each other. In view
of (§), Pé should coincide with Pl’ . This would contradict the fact that f is a one-to-one
mapping. Hence, f(v1) and f(v2) are two vertices of P that are adjacent to each other.
Therefore, we can conclude that || f(vy) — f(v2)|| = b. (We recall that the side length of
Pjisb.) O
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By referring to Lemmas 8.41 through 8.45, we can prove the following theorem
presented in [28].

Theorem 8.46 (Jung) Let n be an integer greater than 1, and let a, b > 0 be some real
constants. If f : E* — E" is a one-to-one mapping under which the image of every

regular pentagon of P}! belongs to P}!, then there is an affine isometry I : E* — E" such
that

b
F0) =21(x)
a
forall x € E™.

Proof We define a mapping I : E" — E" by I(x) = 7 f(x) for all x € E". For any

two points vy, v € E" with |[v; — v2|| = a, we can construct six regular pentagons
Py, P1, ..., Ps as indicated on the left side of Fig. 8.5. It then follows from Lemma 8.45
that
a
11 (v1) — T (w)ll = lef(vl) — fw)ll =a.

Hence, the mapping [ preserves the distance a. According to the Beckman-Quarles
theorem, 7 is an affine isometry. O

Mappings Preserving Regular Hexagons
Let H] be the set of all regular hexagons in E" whose side length is , where n is an integer
greater than 1 and r is a positive constant.

We note that if two different regular hexagons Hj, H, € H;' intersect each other in
an infinite number of points distributed on two open sides of Hy, these two open sides lie
opposite each other and H> is a shift of Hj along these two open sides of Hj.

The following theorem was presented in [26].

Theorem 8.47 (Jung) Let m, n be integers greater than 1, and let a, b be positive real
constants. If f : E™ — E" is a one-to-one mapping under which the image of every
regular hexagon in H]' belongs to H,!, then the equality | f (x) — f(y)|| = b holds for all
x,y € E" with ||x — y|| = a.

Proof

(a) Let p1, p2, ..., pe € E™ be vertices of a regular hexagon P € H" with center at py.
Furthermore, we assume that the point sets

{po, p3. 43,494, g5, ps}, {r1, p1, po, p5. 75, re}, {s1, 52,83, P3, po, p1}
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(b)

()

Fig. 8.6 P,Q,R, S are
regular hexagons on the same
plane, where pg, p2, p4. pe
are the centers of P, S, Q, R,
respectively, and also
QNRNS = {po)
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are the vertices of regular hexagons Q, R, S € H" with centers at ps4, ps, and p»,
respectively (see Fig. 8.6).

Let P, Q', R’, and S’ be regular hexagons in H;' which are the images of P, Q,
R, and S under f, respectively. Since pyg is the only intersection point of Q, R, and S,
and since the sides pops, pop1, and pop3 are the intersections of Q and R, R, and S,
S, and Q, respectively, the injectivity of f and the hypothesis imply that

(i) Q'R NS’ is aone-point set;

(ii) O'N R, R"'NS’, S N Q are infinite sets.
Since f is one-to-one, there are only two ways for Q' to intersect S” in an infinite
number of points:

e (Q'N S is contained in one side of Q’;
* Q’'N S is contained in two opposite sides of Q’.

We note that two regular hexagons Q’, §" € H;} that intersect in an infinite number of
points are coincident in other cases. The above statements also apply to Q" and R’ or
R’ and §'.

We will first prove that the image hexagons Q’, R’ and S’ are coplanar. For example,
assume that Q" and R’ are not coplanar. According to (ii) and (b), only one side of Q'
overlaps with only one side of R’. (Otherwise, they would be coplanar.) Let the line
segment ¢'r’ be the nondegenerate intersection of Q" and R’, where ¢’ is a vertex of
Q’ and r’ is a vertex of R’ (see Fig.8.7).

Also assume that §” has common points with Q’ on at least two open sides of Q. Tt
then follows from (ii) and (b) that Q" and S’ intersect in only two opposite (parallel)
sides of them, since in other cases they would coincide. Therefore, in view of (i), S’ is
a shift of Q’ along these opposite sides such that S’ N g’r’ = {g’} or {r'}. However, in
view of (i) and assuming that Q” and R’ are not coplanar, R’ N S’ consists of only one
point, either ¢’ or r’, which contradicts (ii). Therefore, S’ has points in common with
Q’ only on one side of Q’, the same is true for S’ and R’, considering the symmetry
of regular hexagons shown in Fig. 8.6.
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Fig. 8.7 Assuming that the
image hexagons Q' and R’ are
not coplanar, Q' intersects R’
only in the nondegenerate line
segment g’r’, where ¢’ is a
vertex of Q’ and r’ is a vertex
of R/

Fig. 8.8 This is the case when
Q' N R’ is included in two Q'
opposite sides of Q'

R/ qﬁl
45

Since S’ has points in common with Q' on exactly one side of Q’ (also for §” and
R'), it follows from (i) that S’ Ng’r’ = {¢’} or {r'}. Without loss of generality, assume
that S’ N ¢’r’ = {¢'}. In this case, line segment S’ N Q' is contained in the side of Q’
that is adjacent to ¢/’ and has ¢’ as one of its endpoints. This fact implies that ¢ is the
unique intersection of §” with the side of R’ containing ¢'r’. Since R'N S’ is an infinite
set, we can choose three different and noncollinear points (including g’) of R' N §’.
This fact implies that R” and S’ are coplanar. However, the plane containing Q" meets
the plane containing both R” and S’ in two distinct lines, each determined by two sides
of Q’, where these two sides of Q' meet in ¢’, which contradicts the assumption that
Q' and R’ are not coplanar. Therefore, Q" and R’ should be coplanar, and so should
R’ and §’, given the symmetry of regular hexagons shown in Fig. 8.6.

(d) Now we will prove that Q' N R/, R" N S’, and S’ N Q' are contained in a side of Q’,
R’,and §’, respectively. Assume that Q' N R’ is contained in two opposite sides of Q’,
say qq5 and q,q3. (See Fig. 8.8.)

Because of (i), $” has exactly one pointin Q' R, sayin Q'NR'N q]q2 Since S’
does not coincide with Q’, the condition (ii) implies that S’ has infinitely many points
ingjg\ Q'NR orqyq5\ Q'NR’. (Otherwise, S " contains infinitely many points from

some sides of Q" except ¢1q5 and g,q5. In this case, S’ has infinitely many points in
common with Q' on at least two sides of Q’, and two of them are not opposite each
other. Then it follows from () that S’ coincides with Q’, a contradiction.)

In the first case, i.e., if S’ has infinitely many points in q195\ Q'NR’, then it follows
from (i), (b) and the fact N Q' N R’ ﬂq4q5 = () that S’ should meet Q in only a part
of the side ¢ q5. Therefore, R" N S” would be a one-point set, which would contradict

(i1).
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Fig. 8.9 The side )¢ of Q'

partially overlaps the side r5 r6
of R’, but Q' does not intersect

R’ anywhere else

(e

(f

(8

)

)

~

!
ds
q3 /
, Q
4y

In the second case, if SN q4q5 \ Q' N R’ is an infinite set, S would be a shlft of

Q’ along sides qlqz and g;q5. (We recall that S’ contains points on the side q 195 of
Q’.) Hence, the set S N Q' N R’ would consist of at least two different points, which
would contradict (i). From these arguments and (b), we conclude that Q' N R’ should
be contained in a side of Q’.

By considering the symmetry of Q, R, and S, we can apply the same argument to
the case for R” and S’ as well as for §" and Q’. Therefore, R’ N S’ should be contained
in one side of R’, and the same statement should also apply to S" and Q.

Without loss of generality, we assume that the side g5¢5 of Q' partially overlaps the

side r5r6 of R’ such that the vertex q2 of Q' lies on the open side rir¢ of R" and the
vertex rg of R’ lies on the open side g5g3 of Q’, as shown in Fig. 8.9.

According to (d), the infinite set S’ N Q" must be contained in one side of Q’, so by
i), 8 NnQ"is contained either in the line segment g/r¢ or in the side g5q; of Q' that

is directly adjacent to q2q3 In both cases, S’ can intersect R’ in just two po1nts Wthh
contradicts (ii). Therefore, we conclude that Q' N R’ is the entire side qzqg = r5r6 of
Q' or R.

Now we can conclude that Q’, R’, and §’ can satisfy the conditions (i) and (ii) if
and only if Q' N R’ NS’ is the common vertex of these three image hexagons and each
of 'R, R" NS and §' N Q' is an entire common side of Q' and R’, of R’ and §’,
and of §” and Q’, respectively.

These facts imply that Q’, R’ and S’ have the only common vertex f(pg) and f
maps the side pgps of Q onto an adequate side of Q’. Using the same argument and
considering the symmetry of regular hexagons shown in Fig. 8.6, we can conclude that
f maps each side of Q onto a corresponding side of Q.

Using an analogous argument presented in the final part of the proof of Theorem 8.39,
we conclude that f maps all six vertices of Q onto all six vertices of Q’ in the same
(or opposite) cyclic order as Q. Similarly, we can verify the same argument for P, R,
or S by considering the symmetry of those regular hexagons and the arbitrary choice
of Q. We note that P, O, R, S € H) and P, Q', R', S’ € H}.

Finally, let p; and p; be arbitrary points of E™ with ||p; — p2|l = a. Then we can
select the points po, p3, P4, D5, Pe6> 93, 44, 45, ¥1, s, 76, S1, 2 and s3, as we see in
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Fig. 8.6. It then follows from (f) that || f(p1) — f(p2)|l = b, which completes the
proof. O

In the following corollary, we prove that if a one-to-one mapping f : E" — E” maps
the periphery of every regular hexagon of side length @ > 0 onto the periphery of a regular
hexagon of side length b > 0, then there is an affine isometry / : E" — E" such that

f) =L1).

Corollary 8.48 Let n be an integer greater than 1, and let a, b be some positive real
constants. If f : E* — E" is a one-to-one mapping under which the image of every
regular hexagon from H]} belongs to H]!, then there exists an affine isometry I : E* — E"
such that

b
f@x) =—I(x)
a

forall x € E".

Proof 1f we define a mapping / : E* — E" by I(x) = 7 f(x) for all x € E", then it
follows from Theorem 8.47 that [ satisfies ||/ (x) — I(y)|| = a for any x, y € E" with
lx — y|| = a. By the Beckman-Quarles theorem, [ is an affine isometry. |

Mappings Preserving Spheres
Let n be an integer greater than 1. A unit (n — 1)-sphere is a set of points of E”, defined
as{y e E" : ||y — x| = 1} for some x € E".

The following theorem was proved by S.-M. Jung and B. Kim (see [33]).

Theorem 8.49 (Jung and Kim) Ler n be an integer greater then 1. If a one-to-one
mapping f : E" — E" maps every unit (n — 1)-sphere onto a unit (n — 1)-sphere,
then f is an affine isometry.

Proof We first assume that n > 2 and vy, v, are arbitrary points of E” with ||v; —uva|| = 1.
Without loss of generality, we assume that

11 11
vy =(—,—.,0,...,0) and v2=(0,—,—,0,...,0).
: (ﬁ V2 ) V2 V2

Choose the unit (n — 1)-spheres Sy, S2, ..., Sy4+1 centered at a; = (\/5, 0,...,0),a; =
O, ﬁ, 0,...,0,...,a, = (0,0,...,0, \/5), and a,4+1 = (x,x,...,x), respectively,
where x is the unique negative real number satisfying |a; — a,+1]l = 2 for i €
{1,2,...,n}. The S;’s are all unit (n — 1)-spheres such that any pair of these spheres
meet each other at exactly one point. Then the same must be true for their image spheres
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Y%

/
1 Cy

Fig. 8.10 C, C;, C3 are unit circles such that any two of them intersect in exactly one point. This
property also holds for C}, C}, C, where C; = f(C;)

C3
02 AN
Cq

1S5, S,;H. We use a},adj, ..., a:/1+1 to denote the centers of these image spheres.
Since any pair of those image spheres intersect each other at exactly one point, we have
la; — a}|| = 2 whenever i # j.

There exists an isometry ¢ : E” — E" with ¢>(alf ) = a;, and consequently (¢o f)(S;) =
S; fori e {1,2,...,n+1}. Since S NSy = {v1} and S> N S3 = {va}, we have necessarily

(¢ o f)(v1) = vy and (¢ o f)(v2) = vy. Thus, it holds that

If (D) = f)ll = (@ o fHw) = (Po Hw)ll = llvi —vafl = 1,

which implies thatif n > 2, f : E* — E" preserves unit distance.

For n = 2, consider two points a and b in E? which are separated from each other by
the unit distance. We can then draw three unit circles C1, C,, and C3, as shown in Fig. 8.10,
so that any two of them touch each other at a point. If we call C! = f(C;) fori € (1,2, 3},
then we get the three contact points a’, b’, ¢’ which form the three vertices of a unit regular
triangle. Since f(a) = a’ and f(b) = b/, f preserves the unit distance.

Consequently, using the theorem of Beckman and Quarles, we conclude that f is an
affine isometry. O

Furthermore, Jung and Kim [32] have proven an interesting theorem regarding the
circle-preserving mapping, but it is unfortunate that a detailed proof of this theorem cannot
be presented here due to space constraints.

Theorem 8.50 (Jung and Kim) Ler n be an integer greater than 1. If a one-to-one
mapping f : E" — E" maps every unit circle onto a unit circle, then f is an affine
isometry.

Mappings Preserving Regular Hexahedrons

From now on, a cube means a regular hexahedron whose side length is 1. We first clarify
our terms as follows. In Fig. 8.11, we call the points a, b, ¢, and d vertices and the line
segments ab, bc, cd, da edges and the plane bounded by the four edges ab, bc, cd, da
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Fig. 8.11 The points @, b, ¢, d

are called vertices, the line d <
segments ab, bc, cd, da are
called edges, and the plane
enclosed by the four edges ab,
be, cd, da is called a face
a b

face abcd or simply a face. Furthermore, by a cube or hexahedron, we mean only the six
faces and not the three-dimensional open set bounded by these six faces. Let us denote the
three-dimensional open set bounded by the cube A as inside of A or simply as Inside(A).

Assume that p € A, where p is a point and A is a cube. First we review the solid
angles in three dimensions. If p is a vertex, say p = a, then the solid angle subtended
by Inside(A) with respect to p is %n. If p is a point that belongs to an edge and is not
a vertex, then the solid angle subtended by Inside(A) with respectto pisw. If p € A
is neither a vertex nor an edge point, then the solid angle subtended by Inside(A) with
respect to p is 2. Let us denote the solid angle that Inside(A) subtends with respect to
p e AasQ(A, p).

Remark 8.51 Let A be a cube and p a point of A.

(i) QA, p) = %n if and only if p is a vertex of A;
(ii) Q2(A, p) = m if and only if p is an edge point of A (and not a vertex);
(iii) 2(A, p) = 2m if and only if p is neither a vertex nor an edge point of A.

Now we prove the following lemma.

Lemma 8.52 Let f : E> — E3 be a one-to-one mapping that maps every cube onto
a cube. It then holds for all cubes A and B: If Inside(A) N Inside(B) = @, then
Inside( f(A)) N Inside(f(B)) = .

Proof First we check that if f(b) € Inside(f(A)), then b € Inside(A). In other words,
we show that if b ¢ Inside(A), then f(b) & Inside(f(A)). Assume that b € A. Then
f(®) € f(A) and so f(b) & Inside(f(A)). Assume that b ¢ Inside(A) and b ¢ A. Then
we choose another cube B such that b € B and BN A = @. Then f(B) N f(A) = @ and
therefore f(b) ¢ Inside( f(A)).

Now let us assume that Inside(f(A)) N Inside(f(B)) #* @. Then, we obtain
Inside(f(A)) N f(B) # ¥, which implies that f(b) € Inside(f(A)) for some b € B.
Therefore, b € Inside(A) and Inside(A) N B # @, from which we conclude that
Inside(A) N Inside(B) # @. |
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7 g
& A
As a b
As
A7 | Ag
Fig. 8.12 Let a be a vertex of a given cube A;j. Seven more cubes Aj, A3, ..., Ag are then

constructed such that a is the common vertex of the eight cubes and Inside(A;) N Inside(A ;) = ¢
fori # j

A‘ o€
c Ay fle)—-F(c
A3 a b —f> f(A1)] f(a)
4s 1)
A7 | As

Fig. 8.13 Any two points ¢ and e separated by the distance +/3 become the two opposite vertices
of a cube A

Now we prove that it is actually an isometry if a one-to-one mapping preserves regular
hexahedrons (see [34]).

Theorem 8.53 (Jung and Kim) If a one-to-one mapping f : B> — E3 maps every cube
onto a cube, then f is an affine isometry.

Proof We show that f preserves the distance v/3.

Let a be a vertex of a cube A|. We can then construct seven more cubes A;, where
i €{2,3,...,8]}, such that a is the common vertex of eight cubes A;,i € {1,2,...,8},
and Inside(A;) N Inside(A;) = @ for i # j (see Fig.8.12, where A4 and Ag are not
shown). Then f(a) belongs to f(A;) fori € {1,2,...,8}, and by Lemma 8.52, we
have Inside(f(A;)) N Inside(f(A;)) = ¥ fori # j. Now the solid angle subtended by
Inside(f (A;)) with respect to f(a) is at least %n for each i, i.e., Q(f(A;), f(a)) > %n.
Since the maximum solid angle with respect to the point f(a) is 4w, Q(f(A;), f(a)) =
%n, and it follows from Remark 8.51 that f(a) is a vertex of f(A;) for each i €
{1,2, ..., 8}. Hence, we conclude that if a is a vertex of a cube A, then f(a) is a vertex of
acube f(A).

Any two points a and e separated by the distance /3 become the two vertices of the
cube A1, as shown in Fig. 8.13. We then construct seven more cubes A>, A3, ..., Ag such
that the following conditions are met (see Fig. 8.13):
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(i) Inside(A;) NInside(A;) =@ fori # j.
(ii) a is the common vertex of the eight cubes A, As, ..., Ag.
(iii) Each cube A; has exactly three vertices (like vertex b), each of which is the common
vertex of exactly four cubes. They are all separated by the distance 1 from a.
(iv) Each cube A; has exactly three vertices (like vertex c), each of which is the common
vertex of exactly two cubes. They are all separated by the distance +/2 from a.
(v) Each cube A; has exactly one vertex (like vertex e) that belongs to only one cube A;.
It is separated from a by the distance +/3.

It follows from Lemma 8.52 that Inside(f(A;)) N Inside(f(A;)) = @ fori # j. f(a)
is the common vertex of the eight cubes (A1), f(A3),..., f(Ag). Thus, as shown on
the right side of Fig. 8.13, eight image cubes f (A1), f(A2), ..., f(Ag) must be placed,
so that they have the following properties:

* Each cube f(A;) has exactly three vertices (like vertex f(b)), each of which is
the common vertex of exactly four cubes. They are all separated by the distance 1
from f(a);

* Each cube f(A;) has exactly three vertices (like vertex f(c)), each of which is the
common vertex of exactly two cubes. They are all separated by the distance /2
from f(a);

* Each cube f(A;) has exactly one vertex (like vertex f(e)) that belongs to only one
cube f(A;). Itis separated from f (a) by the distance V3.

Therefore, we conclude that the distance between f(a) and f(e) is V3.
Finally, it follows from the theorem of Beckman and Quarles that f is an affine
isometry. O

Remark 8.54 We now conclude this chapter by presenting two interesting open prob-
lems:

(i) Does Theorem 8.47 hold for regular heptagons, regular octagons, regular nonagons,
etc. instead of regular hexagons?
(ii) Is Theorem 8.53 still valid if n > 3? More precisely, it would be interesting to study
the two cases where the one-to-one mapping f : E" — [E" preserves either the
3-dimensional unit cube or the n-dimensional unit cube.

It is interesting to compare Remark 8.54 (i) with the problems presented in paper [21].
The problems presented in [21] were solved in paper [64].

There are also many results published on mappings that preserve unit area, unit
perimeter, equilateral triangles, orthogonality of vectors, fixed angles, etc. Related papers
include J. Chmielinski [11], J. Lester [45-47], J. Sikorska and T. Szostok [62, 63], A.
Koldobsky [43], A. Blanco and A. Turnsek [10], and others.
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