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Preface to the Third Edition

This textbook includes magnetic phenomena associated with superconductors in its
description of electricity and magnetism, which successfully contribute to strength-
ening the E-B analogy. In the second edition, the equipotential surface and equivector
potential surface were included, and the equivector potential surfaces were classified
into two groups, i.e., one parallel to and the other not parallel to the magnetic flux
lines. This contributed to widening the window of the E-B analogy.

There are various phenomena that deserve attention, even in introductory studies
of electricity and magnetism, and the author has published a book of exercises on
electricity and magnetism to provide opportunities for students to systematically
learn the physics. While collecting the exercises, the author found some new aspects
of electromagnetic phenomena which seem to be important for education, and this
finding has inspired the author to issue the third edition. For example, it is recom-
mended to determine the inductance using the magnetic energy in the case where
current flows over some area, since the magnetic flux cannot be calculated precisely.
The reason for this method is clarified in this book. The use of the vector poten-
tial was strongly recommended from the viewpoint of the E-B analogy, and a new
method is now shown to use it to directly determine the electromotive force. A new
aspect can also be shown by adopting the gauge of the electromagnetic potential
in exercises, which was only described in the earlier textbook. New exercises are
introduced to enable the student to learn about the flow of energy into a capacitor
during the process of charging or into a power transmission line while increasing a
current with the Poynting vector. In particular, the comparison between the cases in
which the power transmission line is made up of a usual conductor or a supercon-
ductor, which is one of highlights of this textbook, provides a good chance to learn
about diverse electromagnetic phenomena. It is clarified that the formulae associated
with the vector potential do not hold for the superconducting case. Nevertheless, the
readers will finally learn the strong validity of Maxwell’s theory that can even allow
such deviations.
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It is expected that the readers will be enabled to deeply understand electricity and
magnetism with this new textbook and Exercises in Electricity and Magnetism by

the same author.

Fukuoka, Japan Teruo Matsushita



Preface to the Second Edition

The E-B analogy is mainly adopted in the present treatment of electromagnetism.
The magnetic phenomena in superconductors in the perfect diamagnetic state were
compared with the electric phenomena in conductors in the zero electric field state
to strengthen the analogy between the electric and magnetic phenomena in the first
edition. The concept of the equivector potential surface, which corresponds to the
equipotential surface, was also introduced for the same purpose. The description of
the equivector potential surface was insufficient, however, and a full comparison with
the equipotential surface was not included in the first edition.

In the second edition, the direction of the vector potential itself and that of the
magnetic flux density are discussed on the equivector potential surface, to compare
it with an electric field that is perpendicular to an equipotential surface. The concept
of the equivector potential surface is widened for the purpose, and the equivector
potential surface is classified based on the condition of the magnetic flux density
on the surface, which arises from the difference in the geometrical structure of the
equivector potential surface.

It is possible to analyze the magnetic phenomena by using the magnetic potential,
which is a scalar. Even so, the magnetic potential is not useful to describe the physical
situation, while the use of the vector potential is reasonable for the purpose. The two
potentials are compared in some examples and exercises. In addition, the number
of examples and exercises has been increased to assist the readers to understand the
content of the book through comparing similar electric and magnetic phenomena. The
theoretical proof of zero resistivity for a material that shows perfect diamagnetism,
i.e., the proof of superconductivity, is also added in the second edition.

The author expects that such revisions will assist the readers in gaining a deep
understanding of electricity and magnetism. He would like to acknowledge Mr. Seiji
Shinyama at Kyushu Institute of Technology for making new electronic figures and
Dr. Tania M. Silver at Wollongong University for correction of the English in the
book.

lizuka, Fukuoka, Japan Teruo Matsushita

vii



Preface to the First Edition

Electromagnetism is an important subject in today’s physics. The number of text-
books on electromagnetism is much larger than those on other subjects. This is
because abstract concepts are frequently used and therefore it is not easy for
students to come to a complete understanding of electromagnetism, although various
phenomena are concisely described with mathematics. For this reason, many text-
books have been published to assist students to understand electromagnetism better.
Why, then, is a new textbook on electromagnetism necessary now?

Electromagnetism is a classical subject that was almost completely formulated in
the nineteenth century. However, concerning its theoretical description, there is still
room for further progress. In addition, textbooks are required to describe their topics
adequately within a limited space. Therefore, there is also room for improvement in
textbooks from the technical point of view.

In principle, there is a beautiful formal analogy between static electric and
magnetic phenomena, as will be shown in this textbook. However, the analogy is
not necessarily perfect in existing textbooks because of the lack of an important
concept. Electric materials are classified into conductors and dielectric materials,
but only magnets are studied as magnetic materials. While it is known that electric
phenomena in dielectric materials and magnetic phenomena in magnets are analo-
gous to each other, no one has discussed magnetic materials that correspond to elec-
tric conductors. However, we have to note superconductors. In a superconductor, a
current flows on its surface to shield the inside against an external magnetic field,
so that the magnetic flux density B is zero in the superconductor. This is analogous
to the electric phenomenon of a conductor in an external electric field. That is, an
electric charge appears on its surface to shield the inside against an external electric
field, so that the electric field E is zero in the conductor. This is one of the remarkable
analogies in the present E-B analogy.

Thus, the introduction of the superconductor into electromagnetism, which has not
yet been tried systematically, seems to be quite useful for understanding electromag-
netism. That is, the analogy between electricity and magnetism can be completed
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by the introduction of the superconductor. There can be various ways of educa-
tion without such a comprehensive analogy, and this is another reason why many
textbooks on electromagnetism have appeared.

From another point of view, superconductivity is a general phenomenon that
appears in many single elements and most metallic compounds, if the cases of
pressurization and thin films are included. The intrinsic property of superconduc-
tivity, the breaking of Ohm’s law, may seem to be peculiar. However, supercon-
ductivity is a purely physical phenomenon that can be derived from minimizing
free energy. In contrast, the empirical Ohm’s law associated with energy dissipation
cannot be derived theoretically, and electromagnetic theory is incomplete for other
current-carrying materials in this sense.

Usually, students learn about static magnetic energy after they study electromag-
netic induction. One of the appreciable advantages of using a superconductor is the
direct derivation of magnetic energy as mechanical work done by magnetic force,
similar to the electric energy resulting from the electric force. This is because the
magnetic flux is conserved in a superconducting circuit disconnected from any elec-
tric sources. As a result, the electromagnetic induction can be predicted for a usual
electric circuit using the relationship between the energy and magnetic force.

In electromagnetism, the magnetic moment of a magnet caused by spins and
orbital motions of electrons is described using a virtual magnetizing current.
However, the magnetic moment of a superconductor comes from a real current
flowing in it. Hence, the introduction of the superconductor is also beneficial with
regard to persuasion of the appropriateness of the virtual magnetizing current.

It should be noted that the definition of magnetization is different for magnets and
superconductors. That is, magnetization comes directly from the magnetization M
in magnets, while it comes from the magnetic field H in superconductors. This arises
from the difference in the origin of the magnetic moments. According to the definition
used for magnets, superconductors are classified as non-magnetic materials. On the
other hand, the analogous electric phenomena are electrostatic shielding in conduc-
tors and electric polarization in dielectrics. These are similar electric shielding mech-
anisms caused by electric charges and polarization charges, but the above-mentioned
different terms are used. Such comparison between electricity and magnetism is also
useful for education.

The final merit of the introduction of superconductors is application of the analysis
method of electromagnetic phenomena in superconductors. The continuity equation
of magnetic flux used for superconductors is useful for estimating the velocity of
magnetic flux lines under a magnetic field varying with time. This enables us to
unify the magnetic flux law and the motional law for electromagnetic induction,
which usually have been treated separately.

The purpose of this textbook is to show the remarkable analogy between static
electric phenomena, described in Part I, and static magnetic phenomena, described in
Part II. Hence, a comparison between the corresponding chapters in each part, such as
Chap. 2 on conductors and Chap. 7 on superconductors, will assist in understanding
electromagnetism. Dynamic electromagnetic phenomena are described in Part III.
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I would like to express my sincere acknowledgment to Prof. Klaus Lueders at the
Berlin Free University for the useful discussion we had. In addition, I would like
to thank Tomoko Onoue, Etsuko Shirahasi, and Kaori Ono for assistance in making
electronic files and drawing electronic figures.

lizuka, Fukuoka, Japan Teruo Matsushita
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Explanation of the Figures

The upper figures show the structure of electric flux lines when a uniform electric
field is applied to a sphere of a conductor (left) and a dielectric (right), and the lower
figures show the structure of magnetic flux lines when a uniform magnetic field is
applied to a sphere of a superconductor (left) and a magnet (right). These will be
covered in Chaps. 2, 4, 7, and 9, respectively. The reason why the electric flux lines
are used instead of the more important electric field lines is to emphasize the analogy
between dielectrics and magnets by showing continuous lines at the interfaces with
vacuum. In the case of electric field lines, the number of lines inside the dielectric
is smaller than that outside because of the shielding by polarization charges (see
Chap. 4). This situation is similar when we draw the magnetic field lines instead of
the magnetic flux lines for the lower right figure.

The manner of perfect shielding is different between the conductor and the super-
conductor. This comes from the different nature of the corresponding fields. Electric
charges on the conductor surface absorb the lines directly, while currents on the
superconductor surface push the lines to outside.

xvii
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Part I
Static Electric Phenomena



Chapter 1 ®)
Electrostatic Field gese

Abstract This chapter covers the electrostatic phenomena caused by electric charges
in a vacuum. First, we learn about the Coulomb force that works between electric
charges. This force on a given charge is caused by an electrical distortion in space that
is produced by other electric charges. This distortion is represented by the electric
field. The local electric field produced by electric charges is described by Coulomb’s
law. On the other hand, Gauss’s law describes the global relationship between the
electric charge and the electric field. The electric field is expressed by the gradient
of the electric potential and has a nature of a field with no rotation. The equipotential
surface is a virtual surface on which the electric potential is the same. The electric field
is perpendicular to the equipotential surface. We also learn the electrical properties
of the electric dipole, i.e., a pair of positive and negative electric charges of the same
magnitude, which appears under various conditions in electric phenomena.

Keywords Electric charge + Coulomb force + Coulomb’s law - Electric field -
Electric potential - Gauss’s law - Electric dipole

1.1 Electric Charge in Vacuum

When we touch a metal doorknob after walking on a carpet on a dry day, we some-
times feel a shock on the fingertips as a small crackle. If it is dark, we can see a spark
when inserting a key into a keyhole. This is the same phenomenon as thunder. This
phenomenon is brought about by electric charge in substances. The usual frictional
electricity we experience also comes from electric charges.

Electric charge buildup in a substance causes various kinds of electric phenomena,
including the above examples. Matter is a substance that obeys universal gravity laws,
and its magnitude is quantitatively described in terms of mass. In the case of electric
phenomena, an amount of electric charge quantitatively describes the phenomena,
and the same term, “electric charge”, is also used to mean the amount of electric
charge.

Unlike mass, there are two kinds of electric charge, positive and negative. The
components of the electric charge are the proton with positive charge and electron

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 3
T. Matsushita, Electricity and Magnetism, Undergraduate Lecture Notes in Physics,
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4 1 Electrostatic Field

with negative charge. The electric charge of a proton is called the elementary electric
charge, and its magnitude is

e = 1.6021766 x 107'°C,

where the unit [C] is coulomb. The electric charge of an electron is —e. The elementary
electric charge is the minimum amount of electric charge, and any electric charge
is its integral multiple. Since e is sufficiently small, electric charge can be regarded
as a continuous quantity in many cases. This is similar to the fact that an amount of
water can be regarded as a continuous quantity in usual cases.

On an atomic scale, the nucleus of an atom is composed of protons and neutrons,
which are electrically neutral, and electrons stay in orbits around the nucleus. There
are innumerable positive and negative electric charges in substances. Since the size of
each atom is very small, electrons and protons can be regarded as being in the center
of each atom on a macroscopic scale. As a result, the positive and negative charges
cancel each other to yield an electrically neutral state. Ionic crystals composed of
equal amounts of positive and negative ions can also be regarded as electrically neutral
on the macroscopic scale, since the distance between these ions is sufficiently small.
Sometimes the electric charge is not balanced. In such a case, the electric charge that
remains after cancelation causes various electric phenomena.

There are two kinds of electric charge that cause electric phenomena: One is
true electric charge, which can be transferred outside a substance, and the other
is polarization charge, which is locally bound around a nucleus and cannot be
transferred outside. The former charge appears on the surface of a conductor and
will be covered in Chap. 2, and the latter appears on the surface of a dielectric and
will be covered in Chap. 4. These charges that contribute to electric phenomena are
called free electric charge.

Electric charge is generally distributed with some density in the interior or on the
surface of matter. Electric charge small enough to be regarded as a point is called
point charge. This is similar to a material particle in mechanics. Electric charge
distributed along a thin line with negligible cross-sectional area is line charge, and
electric charge distributed on a surface with negligible thickness is surface charge.

The principle of conservation of charge is a fundamental principle for electric
charge, which is similar to the law of conservation of mass in mechanics. It states
that the amount of electric charge is constant in a closed system. Even when positive
and negative electric charges cancel each other, resulting in an electrically neutral
state, the algebraic sum of electric charge is unchanged.

1.2 Coulomb’s Law

Electric force works between electric charges, and this force is called the Coulomb
force. This force is analogous to universal gravitation between two particles with
masses. The Coulomb force on two point charges in vacuum is expressed as follows:
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e The force between two electric charges of the same kind (i.e., both positive or
both negative) is repulsive, and the force between electric charges of different
kinds (i.e., one positive and one negative) is attractive.

e The magnitude of the force is proportional to the product of the two electric
charges.

e The magnitude of the force is inversely proportional to the square of the distance
between the two electric charges.

e The direction of the force lies on the straight line connecting the two electric
charges.

The first property is different from the property of universal gravitation whereby
the force between two masses is always attractive. The Coulomb force between two
point charges, g and ¢, separated by distance d is mathematically expressed as

/!

99

F = , 1.1
4 607’2 ( )
where € is a constant called the permittivity of vacuum,
107 —122 2
€0 = — = 8.8542 x 107 °C"/Nm (1.2)
4mcg

with ¢g = 2.998 x 10® m/s denoting the speed of light in vacuum. The force in
Eq. (1.1) is repulsive when F > 0 and attractive when F' < 0. This equation is called
Coulomb’s law.

Since force is a vector, the Coulomb force can be expressed as a vector. We denote
the direction vector of point charge ¢ measured from the position of ¢’ as r, as shown
in Fig. 1.1. Then, its magnitude is r = |r|, and the unit vector pointing from ¢’ to ¢
is i, = r/r. Hence, the force that works on ¢ is

q4'i, qq'r
F = = .
drregr?  4dmegrd

(1.3)

I F
i’*ﬂ
/

Fig. 1.1 Coulomb force exerted on point charge ¢ by ¢

The force on ¢’ is given by —F, and the law of action and reaction is satisfied.

When there are more than two material particles, the gravitational force on one
particle is the linear sum of the gravitational forces exerted on it by all other parti-
cles, and the principle of superposition holds. The same principle holds also for
the Coulomb force. Assume that n point charges, ¢q1, g2, - . ., g, are distributed in
vacuum, as shown in Fig. 1.2. The total Coulomb force on another point charge, g,
is given by the sum of each individual Coulomb force exerted by each point charge.
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If the direction vectors of point charges ¢; and g are denoted by r; (i = 1,2, ...,n)
and r, respectively, the Coulomb force exerted by g; on g is

= M (1.4)
dreg|lr — ri|”

Fig. 1.2 Coulomb force @(my)
exerted on point charge g by
more than one point charge :

alr) e h -1, __wgir)
mz f}'{f}‘/d’,‘/
F oSN
1
F,
Hence, the total Coulomb force on ¢ is
inF,: 4_ i) (1.5)
i1 47'[6() 1 |r—ri|3

This result can be extended to the case where electric charge is continuously
distributed. Suppose that electric charge is distributed with the density p within a
region, V, in vacuum, as shown in Fig. 1.3. We treat the electric charge, d¢’ = pdV’,
in an infinitesimal volume dV” as a point charge at the position #’. The Coulomb force
this charge exerts on the point charge, g, at r is given by

_ q(pdV')(r—r')
P

dF (1.6)

dreglr —r

Fig. 1.3 Coulomb force
exerted on point charge ¢ by
electric charge inside small
volume

Hence, the Coulomb force from all electric charges is

A / PN —1) 4y (1.7)

" 4we r—r?
v
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In the above, /' dV’ denotes a volume integral with respect to r'.

Example 1.1. Electric charge is uniformly distributed with a linear density, 4, along
a semicircle of radius a. Determine the Coulomb force on a point charge, Q, placed
at the center of curvature of the semicircle.

Fig. 1.4 Electric charge
distributed uniformly with
linear density 4 on a
semicircle and point charge
Q placed at center O

Solution 1.1. An angle is defined as shown in Fig. 1.4. We treat an electric charge
Aadf between 8 and 6 + df as a point charge. The Coulomb force it exerts on charge
Q at the center is

_ Qradd _ 01dd

dF = = .
4rega’?  4dmega

From symmetry, the vertical components of the Coulomb forces exerted by infinites-
imal arc elements on Q cancel out, and only the horizontal component remains. This
component is dF’ = dFcosf. Hence, the total Coulomb force is

/2
A A A
= 0 / cosf do = 0 [sin 9]7112/2 = 0 .
drepa drepa 2mwega
—/2

This force is directed to the right in the figure.

1.3 Electric Field

When a point charge, Q, is placed at the origin, the Coulomb force on another point
charge, ¢, at the position r is given by Eq. (1.3) as
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qQr
= —. 1.8
4 €or 3 ( )
This expression for force holds for arbitrary g and for arbitrary position r. Hence,
the space can be regarded as exerting the following force on a point charge, g:

F = ¢E. (1.9)

We can consider the operation E to be caused by an electrical distortion of the space
due to the charge, Q. That is, the Coulomb force on g can be understood as a force
that this charge feels under the electrical distortion of the space. This operation on
q, E, is called the electric field, and its magnitude is called electric field strength.
In the above case, where Q is at the origin, the electric field strength is

Or

E = .
41'[6()7‘3

(1.10)

The unit of electric field strength is [N/C]. This is also expressed as [V/m] using the
unit [V] (volt) of electrostatic potential, which will be defined later. The electrostatic
field, which is the title of this chapter, is the electric field that comes from electric
charges and does not include the electric field caused by electromagnetic induction
(see Chap. 10).

The electric field strength is the Coulomb force on a unit electric charge. Hence,
calculating the electric field strength is equivalent to calculating the Coulomb force.

Here, we calculate the electric field strength for electric charges distributed in
space. When an electric charge, ¢;, is placed at position r; (i = 1,2,...,n), the
electric field strength at r is given by Eq. (1.5) as

1l ar=rm)
dmeg = Ir—ril®

(1.11)

When an electric charge is continuously distributed in a region, V, with density p (r/),
as shown in Fig. 1.3, the electric field strength at » from Eq. (1.7) is

! /p(r)(r_r/)dv’. (1.12)

T 4re r—r|3
v

Equations (1.11) and (1.12) for the electric field strength are also called Coulomb’s
law.

The electric field is generally complicated depending on the distribution of electric
charges. However, we can visualize the field using electric field lines (lines of
electric force), which help us to understand the field easily. When a point charge
is put in an electric field of strength E, the charge experiences the Coulomb force
directed parallel to E. If this charge is sufficiently small, its movement driven by
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the force will not appreciably change the electric field. The direction of the electric
field line is defined as the direction of the force on a positive charge. Therefore, we
can refer to a line of electric force as an electric field line and take the tangent to an
electric field line at an arbitrary point as being parallel to the direction of the electric
field at this point.

It can be shown that electric field lines never cross each other. That is, if two field
lines cross at a certain point, two forces must work on a point charge put on this
point. However, the electric field at any point has a single strength.

Figure 1.5 shows examples of electric field lines. A field line always starts from
a positive charge and ends at a negative charge. One can see that a field line never
begins or ends at a point with no charge. We will cover mathematical expressions of
these facts in Sect. 1.4.

Fig. 1.5 Electric field lines a b
of a single positive charge,
b single negative charge, and
¢ pair of positive and
negative charges

In principle, we can draw an arbitrary number of field lines. Hence, we define
E = |E| as the number of field lines through a unit area perpendicular to the electric
field. Thus, the electric field strength can be expressed through the density of field
lines. For example, if the distance from the point charge is doubled in Fig. 1.5a, the
spacing between two field lines is also doubled. This means that the field strength
becomes one quarter as great, which is directly derived from Eq. (1.10).

Example 1.2. Electric charge is uniformly distributed with a linear density, 4, on a
straight segment of length 2a parallel to the y-axis, as shown in Fig. 1.6. Determine
the electric field strength at a point, A, at distance b from the center of the segment
to the direction of the x-axis.
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Fig. 1.6 Electric charge A

distributed uniformly with +

linear density 4 on a straight +
segment of length 2a + T

2 +

\ +

Y *

A i

s

+

a T

+

+

+

Solution 1.2. We define the y-axis along the length of the segment with the origin at
its center. The electric field strength at A produced by the charge, Ady, in the region
fromytoy + dyis

Ady

dE= ——F—.
4eg(y? + b?)

The angle 6 is defined as shown in the figure. From symmetry, the y-component
of the electric field is canceled, and only the x-component, dEcosf, remains. The
relationship y = btanf gives dy = bdf /cos?d and y* + b* = b?/cos>A. The electric
field strength is given by

011
= cos 6 do
dmegb

— 9(1

with 6, = tan~'(a/b). After a simple calculation, we have

Aa

)\, . %)
E = [sinf]*, = .
" megb(a + 1)

T dmegh

For an infinitely long line (@ — 00), this result gives

_ A
T 2mweph’
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Example 1.3. Suppose that electric charge is uniformly distributed on a circle of
radius a with a linear density, A, as illustrated in Fig. 1.7. Determine the electric field
strength at a point P at distance z from the center of the circle.

Fig. 1.7 Circle with P
uniformly distributed electric

charge and point P above the

center

Solution 1.3. The azimuthal angle, ¢, is defined from the center of the circle on
the plane in which the circle exists. The electric field strength at P produced by the
electric charge on a small segment of length adg is

Ad
df = 9%
4men(z2 + a?)
As shown in Fig. 1.8, only the vertical component, [z /(&% +d?) 1/ 2] dE, remains from
symmetry. The electric field strength is determined to be

Fig. 1.8 Electric field dE
produced by electric charge
aide on a small segment of
the circle




12 1 Electrostatic Field

2

E— / azi dp = azi
J 47T€0 (Z2 + a2)3/2 260 (Z2 + a2)3/2 .

1.4 Gauss’s Law

Suppose a closed surface, S, which includes a point charge, g, inside, as shown in
Fig. 1.9. The number of electric field lines produced by this charge that penetrate S
is given by

N:/Ed& (1.13)
S

Fig. 1.9 Point charge ¢ and
closed surfaces S and Sg
containing ¢

Since these lines do not terminate halfway, N is also the number of lines that penetrate
the sphere, Sy, of radius ry with its center on ¢g. Thus, we have

N = /E-dS. (1.14)
So

Since E is parallel to dS and |E| = g/ (4 €or}) is constant on Sy, a simple calculation
gives

N = quwzi. (1.15)
4megr; €
So
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In the above, [, dS = 47§ is the surface area of S. This surface area divided by rZ,
i.e., the surface area of a unit sphere, is equal to 4, the full solid angle. The reason
why the full solid angle appears in Coulomb’s law, Eq. (1.1), is to make Gauss’s law
simple as in Eq. (1.15). Thus, the relationship

N:/E.dszi (1.16)
€0
S

holds for S in Fig. 1.9. Thus, when ¢ > 0 and N > 0, field lines go outside S, and
when g < 0 and N < 0, field lines go inside S.

Now, consider the case where the shape of sphere S is complicated in such a way
that points on S and points on Sy do not correspond one to one, as shown in Fig. 1.10.
Suppose a thin cone with a top on the point charge, g. We denote small areas on S cut
by the cone as dS|, dS», and dS;. If the number of field lines that go out of S through
the area, dS, is dV, the number of field lines that go out through the areas dS, and
dS; is —dN and dN, respectively. Hence, the number of field lines inside the cone is
dN and is equal to the number of field lines through the area of Sy cut by the cone.
Thus, we can see that Eq. (1.16) holds when the point charge is included in S, even
if the shape of S is complicated.

Fig. 1.10 Case where
closed surface S containing
point charge ¢ has a
complicated shape

Next, consider the case where a point charge, g, is placed outside a closed surface,
S, as shown in Fig. 1.11. From the above discussion, the number of field lines that
enter S through dS| is equal to the number of field lines that go out of S through dS,.
Hence, we have

N=/E~dS=0. (1.17)
S

Based on the above discussion and the principle of superposition, we can
easily obtain the number of field lines when point charges are distributed. When
point charges ¢y, ¢, . .., g, are distributed inside S and g,+1, gut2, - - - » Gnim are
distributed outside S, the number of field lines that go out of S is
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Fig. 1.11 Case where point
charge ¢ is outside closed
surface S

1 n
N=/E-dS=— y (1.18)

When the electric charge is continuously distributed with the density, p(r), the
number of field lines is

N = /E-dS = El/,o(r)dV, (1.19)
0
%

S

where V is the region surrounded by S. Equations (1.18) and (1.19) show that the
number of field lines that go out of S is equal to the total sum of electric charge inside
S divided by €. These equations are called Gauss’s law. Gauss’s law describes the
global relationship between the distributed electric charge and the electric field, while
Coulomb’s law describes the local electric field caused by individual electric charges.
These laws are equivalent to each other.

Using Gauss’s theorem, we rewrite Eq. (1.19) as

[V-Edv = ei/p(r)dv (1.20)
\' 0 \

for continuously distributed electric charge. Since this equation holds for arbitrary
V, we obtain the relation

_ o0
0

V.-E (1.21)

This is Gauss’s divergence law.

The left side of Eq. (1.21) represents a source of electric field lines. That is, field
lines come out of positive electric charges and go into negative electric charges. An
electric field line never starts or ends at a point where there is no electric charge (p
=0),since V- E = 0.
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Example 1.4. Electric charge is uniformly distributed with a density, p, inside an
infinitely long cylinder of radius a. Determine the electric field strength inside and
outside the cylinder.

Solution 1.4. It is possible to calculate the electric field strength using Coulomb’s
law, Eq. (1.12). However, the calculation is not easy even if we use the result in
Example 1.2. Gauss’s law can be used to calculate the electric field strength when
the geometry is highly symmetric as in this problem.

We apply Gauss’s law, Eq. (1.19), to an imaginary finite cylindrical closed surface,
S, of radius R and length / with a common axis with the infinite cylinder (see Fig. 1.12).
The electric field, E, is directed radially from the central axis and perpendicular to
it. Hence, E is perpendicular to the elementary surface vector, dS, on the top and
bottom surfaces, and there is no contribution to the surface integral of the electric
field strength from these surfaces. On the other hand, E is parallel to dS on the side
surface, and the strength, E, is constant and depends only on the distance from the
axis. Hence, the surface integral in Eq. (1.19) gives

/E -dS =27 RIE.
S

Fig. 1.12 Cylinder with

distributed charge and a
cylindrical closed surface S
(case for R > a)
- . \Ig »
h S
I [}
l : :
] 1
e e [
T ae== g
2 ’ :‘ - -~ i S
" 1

The total charge inside S is TR p for0 < R < aand nazlp for R > a. Hence, the
electric field strength is
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E:LR; 0<R<a,
260
2
:&; R > a.
260R

The result for R > a is identical with the result of Example 1.2 for an infinitely long
line charge with A = 7a> p,1.e., the case where all electric charge is concentrated on
the central axis. When the length of the cylinder is finite, the electric field strength
is not uniform along the length, and Gauss’s law cannot be used to calculate the
strength.

<&

Example 1.5. Electric charge is uniformly distributed with a density, o, on a wide
flat plane. Determine the electric field strength at a point, A, at distance & from the
plane.

Solution 1.5. This problem can also be easily solved using Gauss’s law. From
symmetry, we can assume that the electric field, E, is directed normally to the plane
with its strength dependent only on the distance from the plane. Assume a closed
cylindrical surface, S, of radius a and length 24, as shown in Fig. 1.13: Its side surface
is normal to and the top and bottom surfaces are parallel to the plane, and A is on the
top surface. We apply Gauss’s law to this cylindrical surface. The electric field, E, is
parallel to the side surface, and there are no field lines passing through this surface.
The numbers of field lines that go out of the top and bottom surfaces are the same
from symmetry. Thus, we have

[E~dS:2ES
S

Fig. 1.13 Cylindrical closed
surface S with point A on top
surface

with § = a® denoting the area of the top or bottom surface. Since the total electric
charge included inside S is @, the electric field strength is

o
E=—. 1.22
% (1.22)
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This result shows that the electric field strength does not change with the distance
from the plane. This can be understood from the fact that the distance between field
lines does not change with the distance from the plane, as shown in Fig. 1.14.

Fig. 1.14 Electric field lines
from uniformly distributed
electric charge on a plane E=XZ

+

————+—+

1.5 Electric Potential

The Coulomb force works between any electric charges, and any electric field orig-
inates from electric charges. Hence, the general nature of the electric field can be
deduced from one point charge. This nature can be extended to any case using the
principle of superposition. The electric field strength caused by an isolated point
charge, Q, placed at the origin is given by Eq. (1.10). If we note the expression,

1 r
v(;> -5 (1.23)

using spherical coordinates, we write this electric field strength as

E=-V¢ (1.24)
with
0
= Trer (1.25)

This scalar function, ¢, is called the electric potential or electrostatic potential.
The unit of electric potential is [Nm/C] and is defined as [V] (volt).

The electric potential produced by a positive electric charge is illustrated in
Fig. 1.15a. This shows the electric potential on a plane that contains the electric
charge. Figure 1.15b illustrates the electric potential given by a pair of positive and
negative electric charges of equal amounts on a plane that contains both charges.
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Fig. 1.15 Electric potential on a plane with a positive electric charge and b pair of positive and
negative electric charges of equal amounts

When there are two or more electric charges, the principle of superposition holds
for the electric field strength. A similar principle of superposition holds for the electric
potential. While the superposition is with vector quantities for the electric field, it
is with scalar quantities for the electric potential. For discontinuously distributed
electric charges that provide the electric field strength of Eq. (1.11), the electric
potential is given by

n

1 qi
() = e 21: PRt (1.26)

i=

For continuously distributed electric charge that provides the electric field strength
of Eq. (1.12), the electric potential is given by

br) = — / o) (1.27)
drey lr—r|
A%

Since the electric field obeys Eq. (1.24), we obtain
VXxE=0 (1.28)

using Eq. (A1.45) in Sect. Al. This shows that the electrostatic field is an irrota-
tional field, that is, a field without a vortex. Equations (1.21) and (1.28) describe the
fundamental properties of the electrostatic field.

Since the inverse operation of a gradient is a curvilinear integral, the electric
potential is generally given by

r

o) = —/E-ds, (1.29)

To

where ry is a reference point satisfying ¢ (rp) = 0 and is usually taken at infinity. It
should be noted that Egs. (1.25)—(1.27) satisfy this requirement. Suppose a closed
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loop, C, with the surface in it denoted by S (see Fig. 1.16). The curvilinear integral
of the electric field strength on C is

%E-ds:/(VxEde:O. (1.30)
S

C

Fig. 1.16 Closed loop C
with surface S in it

- ds

The above uses Stokes’ theorem given by Eq. (A1.73) in Sect. Al and Eq. (1.28).
This holds for any closed loops and can also be derived from Eqgs. (1.24) and (A1.55).

Next, assume two points, A and B, on a closed loop, C, as shown in Fig. 1.17, and
the positions of these points are denoted by r5 and rg, respectively. We denote the
line from A to C on one side as C; and that on the other side as C,. Thus, Eq. (1.30)
gives

E.-ds = f E - ds. (1.31)

Ci(A—B) C2(A—B)

Fig. 1.17 Curvilinear integral of electric field strength from point A to point B over closed loop C
through a C; and b C;
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Since this equation holds for an arbitrary closed loop C, the curvilinear integral
of the electric field strength is determined only by the starting point, A, and terminal
point, B, and is independent of the path. In fact, Eq. (1.31) is given by

rs

/E -ds = ¢(ra) — ¢(ra), (1.32)

ra

using Eq. (1.29). Such a vector is called a conservative vector. The electric field
belongs to this kind of vector, and the electric field is also called conservative field.

Here, assume that an electric charge is forced to move in the electric field. The
Coulomb force, QF, is exerted on a charge, Q, in the electric field of strength E.
Hence, it is necessary to apply an opposite force, —QE, to the electric charge to
prevent it from moving and then to add an infinitesimal force to move it in a desired
direction. The work necessary to carry slowly the electric charge from point A to
point B is

W= —QfE -ds = Q[p(rs) — @ (ra)l. (1.33)

Thus, the work necessary to carry the electric charge from point A to point B
is proportional to the difference in electric potential between the two points but is
independent of the particular path. Specifically, the work needed to carry the electric
charge from a reference point such as infinity to position r is

W = 0¢(@r). (1.34)

This work can be regarded as the potential energy of the electric charge, Q.

A virtual surface composed of points with the same electric potential is called an
equipotential surface. The work necessary to carry an electric charge, ¢, a small
distance, ér, on an equipotential surface is zero from Eq. (1.33). Since this work is
given by —qE - ér, we have E - §r = 0. That is, E vector is normal to the equipotential
surface. This can also be expressed by saying that the electric field lines are normal to
the equipotential surface. Figure 1.18 shows examples of field lines and equipotential
surfaces.

Human beings live in the earth’s gravitational field. The gravity we experience is
the universal gravitation between matter and the earth and is similar to the electric
force discussed here. Hence, we can define a surface on which gravitational potential
is constant, and this surface is spherical and concentric with the earth. The direction
of gravity, i.e., the direction of free motion of matter, is toward the center of the
earth and is perpendicular to the sphere. Contour lines in maps are interfacial lines
between spheres with different potential energies and the surface of the earth.
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Fig. 1.18 Electric field lines (solid lines) and equipotential surfaces for a positive electric charge
and b pair of positive and negative electric charges of equal amounts. These illustrate the conditions
on a plane containing the electric charge(s), and the dotted lines are the crossing lines between the
plane and equipotential surfaces

Elimination of the electric field strength, E, using Eqgs. (1.21) and (1.24) gives

V. (Ve =L (1.35)

€0

The left side is written as V2¢. This is expressed as A¢, and the operator A is called
Laplacian. This operator is

02 02 02
A=V.V=—+4——+— 1.36
oxz  0y? 972 (1.36)
in Cartesian coordinates. Sections Al.17 and Al.18 in the Appendix give its
expressions in other coordinates. Using this operator, we rewrite Eq. (1.35) as

Ap=—L (1.37)

€0

This equation is called Poisson’s equation, which the electrostatic potential satisfies.
When there is no electric charge (p = 0), Eq. (1.37) gives

Ap =0, (1.38)
which is called Laplace’s equation. We can directly prove that the electric potential

given by Eq. (1.27) satisfies Eq. (1.37) (see Sect. A2.1). Chapter 2 describes the
method of solving Laplace’s equation.
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Example 1.6. Electric charge is distributed uniformly with a density, p, inside a
sphere of radius a. Determine the electric potential inside and outside the sphere.

Solution 1.6. We apply Gauss’s law to a virtual sphere, S, of radius, r, concentric with
the charged sphere (see Fig. 1.19). The electric field, E, is parallel to the elementary
surface vector, dS, with a constant strength, E, on the surface of S. Thus, we have

fE .dS = 4nrE.
S

Fig. 1.19 Virtual sphere S
with radius r smaller than a

Since the total electric charge inside S is (47/3)r*p and (47 /3)a’p for 0 <r <a
and r > a, respectively, we obtain the electric field strength as

E:—3 r; 0<r<a,
€0

pa’
= 30 r>a.

Substituting these results into Eq. (1.29) gives

r

3 3
¢:—/ pa dr——pa' r>a,

3eor? 3eor’

2 2
= - err—i—pi:L az—r—; 0<r<a.
36() 360 260 3
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Example 1.7. Electric charge is uniformly distributed with a linear density, 4, around
acircle of radius a, as shown in Fig. 1.20. Determine the electric potential at the center,
O.

Fig. 1.20 Electric charge
distributed uniformly around
a circle of radius a

Solution 1.7. Here, we directly calculate the electric potential with Eq. (1.27). The
electric charge in an infinitesimal region between # and 6 + df, Aadf, is regarded as
a point charge, pdV’, with 0 denoting the azimuthal angle. Thus, we have

2
1 A
¢ = / A = —.
4 e 2¢p
0

<

Example 1.8. Determine the electric potential inside and outside the cylinder in
Example 1.4 when the position R = Ry(> a) outside the cylinder is the reference
point with zero electric potential.

Solution 1.8. Under the given condition, the electric potential outside the cylinder
is

R

2 2
pa pa” Ry
R) = — dR = ~—log—; R>a. 1.39
»(R) /ZEOR % ogp >a (1.39)

Ry

Then, the electric potential inside the cylinder is given by

R
R 2R
H(R) = p(a) — / PRar =108 + L (22— RY): 0<R<a. (140)
260 260 a 460
a

The equipotential surface is a cylindrical surface inside and outside the cylinder.
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The reason why the reference point is not infinity is that the electric potential
diverges because of the infinite total electric charge. In practice, we easily find that
the electric potential directly estimated from Eq. (1.27) diverges. This divergence
comes from assuming an infinitely long cylinder; the theory of electromagnetism
itself does not contain any defect.

We rewrite the electric field and electric potential on the surface of the sphere in
Example 1.6 as

N
E(r=a) = Areod®’ (1.41)
¢(r=a)= Q (1.42)
dmega

with the total electric charge Q = (47/3)a’p. Both of them diverge in the limit of
a point charge, i.e., a — 0, indicating an abnormal situation. However, this comes
from the problematic assumption that finite electric charge exists in an infinitesimal
volume, and hence, it is not an essential problem in the theory itself. In practice, the
space in which electric charge exists is finite. The concept of “point charge” is an
approximation of the fact that the size of the electric charge is much smaller than the
treated system.

1.6 Electric Dipole

Most materials are electrically neutral with equal amounts of positive and negative
electric charges, as mentioned in the beginning of this chapter. When an electric field
is applied to such materials, positive and negative charges are displaced in and against
the direction of the electric field, respectively, resulting in local deviations from
neutrality. As a result, some electric phenomena are observed, as will be discussed
in Chaps. 2 and 4. The fundamental element for such electric phenomena is a pair
of positive and negative point charges that are separated by a small distance. This is
called an electric dipole.

Suppose that electric charges g and —g are displaced by d/2 in the positive and
negative directions from the origin along the z-axis, as shown in Fig. 1.21. We deter-
mine the electric potential due to the pair of charges at a point, P, sufficiently far from
the origin. In spherical coordinates, the distance of P from the origin is denoted by
r(>> d), and the angle of P from the z-axis is denoted by 6. The distance from the
positive point charge to Pis r’ = [r2 + (d/2)* — rd cos 0] V2 (d/2)cos 8, and
the electric potential at P due to this charge is
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pi(r) = 2 1 ©_(r+deos0). 43
r) ~ - >~ r+ —cosé |. .
* dmey r— (d/2)cosO  4dmepr? 2
Fig. 1.21 Pair of positive Z
and negative electric charges
near the origin and point P P
sufficiently far from the
charges
#t
0 "
A
d/2
d/2 o
— o
—q

Similarly, the electric potential due to the negative charge is

q 1 q d
_(r) ~— . ~ — — —coséb . 1.44
- 4mey 1+ (d/2)cosb 4 egr? <r 2% > (144)

Thus, the electric potential caused by the electric dipole is given by

qd cos 6
¢(r) = ¢4 (r) + ¢_(r) =

. 1.45
4 601’2 ( )

Here, the electric dipole moment is defined as the product of the direction vector
from the negative electric charge to the positive electric charge, di,, and the amount
of charge, ¢:

p = qdi,. (1.46)

In terms of the electric dipole moment, we rewrite the electric potential caused by
the dipole as

p-r _ pcosf

o) = (1.47)

dregrd  dmegr?’
0 0

where p = gd is the magnitude of the electric dipole moment. We calculate the
resultant electric field to be
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d¢  pcosd

E, =— = , 1.48
ar  2mwegr? (1.48a)
1 d9¢  psinb
Ey=— — = —, 1.48b
o r 90 Admeor3 (1.480)
1 a
E, = —— ~—¢=0 (1.48¢)
rsinf Jdgo

Figure 1.22 shows the electric potential and electric field produced by the dipole.
The surface on which the following relationship holds is the equipotential surface:

cos 6

= const. (1.49)

r2

Fig. 1.22 Equipotential
surfaces (dotted lines) and
electric field lines (solid
lines) produced by an
electric dipole on a plane
including positive and
negative electric charges

Suppose that electric charge is distributed in a region, V, around the origin, O. We
determine the electric potential caused by this charge at a point, P, with a position
vector r with r = |r| sufficiently large compared with V (see Fig. 1.23). The electric
potential is formally given by Eq. (1.27). We denote by 6 the angle between the
vector ' from the origin to a point, A, in V and r. Since ' = |r’| &« r, we have

1 1 r 1 r-r
~—|\l+—cosO |+ =—-+—7"F---.
r r

r—r  r r
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Fig. 1.23 Region V in
which electric charge is
distributed and point P
sufficiently far from it

Hence, we rewrite the electric potential at P as

0 pr
= 1.50
¢ dregr  4dmeyr? (1.50)
In the above,
0= /,o(r/)dV/ (1.51)
v

is the total amount of electric charge, and

p= / rp(r)dv’ (1.52)

\%

is the total electric dipole moment caused by non-uniform distribution of electric
charge. An expansion such as that in Eq. (1.50) is called a multipole expansion.

For a single electric dipole, shown in Fig. 1.21, the position vectors of charges g
and —q are (d/2)i, and —(d/2)i,, respectively. Thus, we can easily show that the
electric dipole moment of Eq. (1.46) is derived from Eq. (1.52).

Example 1.9. Electric charge is uniformly distributed with linear densities 4 and —
Aon the lines at x = d /2 and x = —d /2 parallel to the z-axis, respectively, as shown
in Fig. 1.24. Determine the electric potential at a point sufficiently far from these
lines. Such a pair of electric charges is called an electric dipole line.

Solution 1.9. We define the cylindrical coordinates as in Fig. 1.24, where the
azimuthal angle ¢ is measured from the x-axis. The distance between the point,
P, and the line x = d /2 is denoted by R,. The electric field at P produced by this line
charge is

_ A
- 27t€0R+ '
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Fig. 1.24 Electric dipole Y
line

o

=

_A}-—;Z—-l/\ z
dld
232

Electric field lines start radially from the line charge. The resultant electric potential
is

A Ro
= log—,
2mrey TRy

O+

where Ry is the distance to the reference point with zero electric potential. In fact,
the above result satisfies the condition ¢, = 0 at R, = Ry.

Similarly, the electric potential due to the line charge at x = —d /2 is
p A ) Ry
= og—
2meg gR,

with R_ denoting the distance from the line charge to P. Thus, the total electric
potential is given by

log—.

¢=¢++¢_=27T€0 R,

When R > d, we approximate R, as

) 172
R, =|R*+ C—l — Rd cos ~R l—icos
= 2 71 = 2R
and have R_ >~ R{1 + [d /(2R)]cosg}. Thus, the electric potential is reduced to

A 1 +[d/2R)]cosy A

R, ~ 1 ~ . .
SR, ) 2meg 0g1—[d/(2R)]cos<p 2mey Rcosw
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Using the moment of an electric dipole line given by

p=2xd, (1.53)
we write the electric potential as
pcosg
R, ) >~ . 1.54
PR, 9) IR (1.54)

The equality holds at the far distance (R 3> d). In this case, the total electric charge is
0, and the electric potential is O at infinity. Hence, there is no problem of divergence.
The surface on which the following relationship holds is the equipotential surface:

cos ¢

= const. (1.55)

We determine the electric field strength to be

pcosg
=" 1.56
K 2w egR? (1.562)
psing
o = IR’ (1.56b)
E,=0. (1.56¢)

Figure 1.25 shows interfacial lines between the equipotential surfaces and the sheet
and electric field lines. Both are circles.

Fig. 1.25 Equipotential
surfaces (dotted lines) and
electric field lines (solid
lines) in a plane normal to
the line charges
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Column: Electric Charge Density in Electric Phenomena

Here, we estimate the amount of electric charges involved in a particular electric
phenomenon. Equation (1.22) gives the relationship between surface electric
charge and resultant electric field strength in Example 1.5. For a conductor
surface, the electric field strength is doubled, as Sect. 2.1 will show.

Here, we examine the dielectric breakdown of air as an extreme case. The
dielectric breakdown of air occurs when the applied electric field strength is
as high as 3 x 10° V/m. Realizing such a field strength requires a surface
charge density of 0 = €yE ~ 2.7 x 1073 C/m?. Since the electric charge of
one electron is 1.6 x 10~ C, we estimate the number density of electrons or
holes on the surface to be 1.7 x 10 m2.

The surface number density of metal atoms such as copper is about 0.6 x
10%° m~2. If one of every 3.6 x 10° atoms on the surface gets or loses one
electron, such a high electric field is produced. The number density of electric
charge involved in usual electric phenomena is much lower.

Exercises
1.1 Electric charge, Q, is uniformly distributed on a bar, AB, of length L, as shown

in Fig. E1.1. Determine the force on a point charge, ¢, put at point P.

A+++++++++++B a

R

Fig. E1.1 Uniformly distributed charge Q on a bar and point charge ¢ put at a position extrapolated
from the bar

1.2 Electric charge is uniformly distributed with a linear density, 4, on a bar of
length a parallel to the y-axis. Determine the electric field strength at point A
at distance b along the x-axis from the bottom of the bar (see Fig. E1.2).

Fig. E1.2 Bar with T+ v
uniformly distributed electric 1
charge and point A +

: P

a + A

+

+

+

+

+

. + A
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1.3 Electric charge is uniformly distributed with a linear density, 4, around a square
of width a. Determine the electric field strength at point P at distance z above
the center of the square (see Fig. E1.3).

Fig. E1.3 Square with P
uniformly distributed electric !
charge and point P above the »
center !

1.4 Electric charge is uniformly distributed with a surface density, o, on a long thin
slab of width 2a. Determine the electric field strength at points A and B (see
Fig. E1.4). A and B are located at distance b above the center and at distance
d(> a) from the center in the same plane as the slab, respectively.

Fig. E1.4 Long thin slab
with uniformly distributed
electric charge and points A
and B

1.5 A solid sphere of radius a contains a spherical void of radius b. Electric charge
is uniformly distributed in the solid portion with a density, p (see Fig. E1.5).
In the figure, a > b 4 d. Determine the electric field strength at the center, A,
of the spherical void and at point B outside the sphere. Suppose that O, A, and
B are on the same line.
Fig. E1.5 Solid sphere
containing a spherical void,
uniformly distributed electric
charge in the solid portion
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1.6
1.7

1.8
1.9

1 Electrostatic Field

Determine the electric potential at point A in Example 1.2.

Electric charge is uniformly distributed with a density, o, on the surface of a
sphere of radius a. Determine the electric potential at the center of the sphere.
Determine the electric potential at point P in Example 1.3.

Electric charge is uniformly distributed on a circular plane of radius a with
a surface density, o, as illustrated in Fig. E1.6. Determine the electric field
strength and electric potential at a point P at distance z from the center of the
circular plane.

Fig. E1.6 Circular plane P
with uniformly distributed

electric charge and point P
above the center

1.10

1.12
1.13

Itis assumed that electric charge is uniformly distributed with density pg inside
a wide slab of thickness 2a(—a < x < a) parallel to the y-z plane. Determine
the electric field strength inside and outside the slab. Then, prove that the
electric charge is distributed only inside the slab with density pg, as assumed
in the beginning, using the obtained electric field strength and Eq. (1.21).
Electric charge, Q, is uniformly distributed in a sphere of radius a. Determine
the work necessary to carry a point charge, g, from point A to point B. These
points are outside the sphere, and the distances of A and B from the sphere’s
center are 7 and rg, respectively. Suppose that the electric charge distribution
in the sphere is not influenced by the movement of the point charge.
Determine the equipotential surface given by Eq. (1.55).

Prove that the electric potential produced by an electric dipole given by Eq.
(1.47) satisfies Laplace’s equation.



Chapter 2 ®)
Conductors Creck for

Abstract This chapter covers electric phenomena inside and outside a conductor, in
which the electric field is zero in the static condition. As a result, there is no electric
charge inside the conductor, and the conductor is equipotential. When an electric
charge is given to the conductor, it is distributed only on the conductor surface, in
such a way that zero electric field strength is attained. The same thing occurs when an
external electric field is applied to the conductor. This is the electrostatic shielding.
The electric field on the outside is directed normal to the surface of the conductor.
A special method, i.e., the method of images, is introduced to determine the electric
field outside the conductor and the distribution of electric charges on the surface
under such given conditions.

Keywords Conductor - Zero electric field strength - Equipotential - Electrostatic
induction - Electrostatic shielding - Method of images

2.1 Electric Properties of Conductors

In terms of electric properties, materials are roughly classified into conductors,
which can easily transport electric current, and insulators, which can hardly do so.
The classification is based on electric conductivity, as shown in Chap. 5. Metals are
conductors, and their electric property originates from free electrons that can move
freely in the material. On the other hand, electrons in insulators such as mica and
glass cannot move because of their bonding to atomic nuclei. Hence, the electric
behavior of conductors and insulators is very different. This chapter describes the
electric behavior of conductors. Chapter 4 describes that of insulators, which are also
called dielectrics or dielectric materials because of their other electric properties.

The electric behavior of conductors is defined as follows; the electric field and
the electric charge density inside the conductor are zero in the static condition after
the conductor is put in an external electric field. That is,

E=0 2.1)
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and
o =0. 2.2)

The properties given by the above two equations are not independent of each other.
Namely, Eq. (2.2) is derived from Eq. (2.1) with Eq. (1.21). From Eq. (2.1), we have

¢ = const. (2.3)

Thus, we can also say that conductors are equipotential.

Here, we mention the relationship between electric conductivity and the above
definition of a conductor. If some electric field remains in the conductor, free electrons
in the material will be driven by this field, which contradicts the assumption of a static
condition. Thus, there is no electric field in a static conductor.

Suppose that an isolated conductor is placed in an electric field. The field forces
the free electrons in the conductor to move. These electrons cannot go outside the
conductor, and some of them accumulate on the surface of the conductor. The electric
field produced by the electric charges on the surface exactly cancels the external
electric field, resulting in a zero electric field inside the conductor. This realizes the
situation assumed above for a conductor.

The appearance of electric charge on the surface of a conductor placed in an
electric field is called electrostatic induction. The free electrons that appear on the
surface are true charges in electromagnetism. It is possible to make an electric field
stay inside the conductor. In this case, electric charges move inside the conductor,
resulting in electric current, as will be described in Chap. 5. Hence, it is not a static
situation. It should be noted that, even if the electric current does not change with
time in a steady state, it is different from a static situation. This chapter describes
static electric phenomena without movement of electric charges.

Here, we investigate the electric field in the vicinity of the conductor surface.
Suppose that a small closed pellet-shaped surface includes the interface between the
conductor and vacuum, as shown in Fig. 2.1a. We denote the height of the pellet
and the area of the conductor surface inside the pellet by Ak and AS, respectively.
Suppose that the density of electric charge on the surface of the conductor is a. We
apply Gauss’s law, Eq. (1.19), to the pellet. In this case, the electric field vector, E, is
perpendicular to the surface of the conductor because of the orthogonality between
the electric field and equipotential surface, since the surface of the conductor is
equipotential. Hence, the electric field lines that go out of the side surface of the
pellet are negligible if A#h is sufficiently small. Thus, all the electric field lines go
out from the outer surface (see Fig. 2.1b). Since E is perpendicular to this surface,
we have

/E -dS = / EdS = EAS. 2.4)

AS outersurface
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conductor

(a) (b)

Fig. 2.1 a Small closed surface that includes part of the conductor surface and b electric field
vector around the closed surface. The vector x is a unit vector normal to the surface

The total electric charge inside the pellet is 0 AS, and the left side of Eq. (1.19)
is 0 AS /€. This gives

E= 2.5)

o
€0 '
That is, the electric field strength on the surface of the conductor is equal to the
surface electric charge density divided by €.

Suppose we apply an electric charge, Q, to a spherical conductor of radius a. This
determines the electric field and electric potential inside and outside the conductor.
Since the electric charge stays on the surface and charges repel each other, the charge
is uniformly distributed on the surface. Hence, the surface electric charge density is
o = Q/4mwa*. We apply Gauss’s law to a supposed spherical surface, S, of radius r
with the same center as that of the conductor. Since the electric charge distribution has
spherical symmetry, we can also assume the electric field to have spherical symmetry.
Hence, the electric field is directed normally to S, and its strength is uniform on S. If
its strength is denoted by E, the surface integral of the electric field strength in Eq.
(1.19) is 4zr?E. For r > a, as shown in Fig. 2.2a, all the electric charge stays inside
S, and the right side of Eq. (1.19) is Q/ €. Thus,

Q

E(r)y=——;
") 4 egr?

r>a. (2.6)

The electric field outside the conductor is the same as that when all the electric charge
is concentrated on the center. For 0 < r < a, as shown in Fig. 2.2b, the total electric
charge inside S is zero. This gives

E(r)y=0;, 0<r<a. 2.7
Thus, Eq. (2.1) is fulfilled inside the conductor. It can also be shown that Eq. (2.6)

satisfies Eq. (2.5) on the surface of the conductor (» = a) with the surface electric
charge density determined above.
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(a) (b)

Fig. 2.2 Spherical conductor and virtual spherical surface, S: a case where S is outside the
conductor and b case where S is inside the conductor

We determine the electric potential from

¢(r) = —/E(r)dl’ (2.8)

oo

with Egs. (2.6) and (2.7) and the condition that the electric potential is zero at infinity.
This gives

E ¢

0 a r 0

(a) (b)

Fig. 2.3 a Electric field strength and b electric potential inside and outside the charged spherical
conductor
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o(r) = 0 ; r>a, (2.9a)
dregr
= 0 ; 0<r<a. (2.9b)
dmega

Figure 2.3a, b shows the determined electric field strength and electric potential,
respectively.

Example 2.1. Suppose that electric charge is distributed uniformly with surface
density o on a thin sheet separated by b from a slab conductor of thickness a, as
shown in Fig. 2.4. Determine the surface density of the electric charge on each surface
of the conductor and the electric field strength in each region of x > —b.

Fig. 2.4 Sheet electric
charge with surface density
o and slab conductor

|
(=
+ 4+ + + + [+ + + + +

Solution 2.1. The electric field strength produced by the sheet charge on the left
side of the conductor (—b < x < 0) is 0/2¢, (see Example 1.5) in the direction of
the positive x-axis. The electric charge of surface density —o /2 is induced on the
left surface (x = 0) of the conductor from Eq. (1.19) or Eq. (2.5). Then, an electric
charge of surface density o/2 is induced on the right surface (x = a) of the conductor
from the principle of conservation of charge. Thus, the electric field strength in each
region is

E=2:-b<x<0,
)

=0; O<x<a,
o

=2—€0;x>a.
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Example 2.2. Suppose a pair of concentric spherical conductors, as shown in Fig. 2.5.
Determine the electric field strength and electric potential in all regions when the
electric charge, Q, is given on the inner conductor.

Fig. 2.5 Isolated concentric
spherical conductors

Solution 2.2. We can assume that Q is uniformly distributed on the surface (r = a) of
the inner conductor because of the spherical symmetry. This distribution makes the
electric field zero inside the inner conductor (0 < r < a). The electric charge appears
on the inner surface (r = b) of the outer conductor because of the electrostatic
induction. This electric charge is denoted by Q. We apply Gauss’s law to a spherical
surface, S, of radius r (b < r < ¢) with the same center as that of the conductors:

/ E.dS — o+ Qb_
€0
S
Since E = 0 on S, we obtain 0, = —(Q. Since no electric charge is given to the

outer conductor, the electric charge that appears on the outermost surface (r = ¢) is
-0y =0.

If the total electric charge inside the virtual sphere, S, of radius r is denoted by
0,, Gauss’s law gives

Since Q, is equal to Q, 0, and Q fora <r < b, b <r <c, and r > c, respectively, we
determine the electric field strength to be
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E =0; O<r<a,
=W;a<r<b,
=0; b<r<ec,
= T T > €

Then, we obtain the electric potential as

E ¢

{c)

Fig. 2.6 a Electric field strength, b electric potential, and ¢ electric field lines when electric charge
is given to the inner conductor of a set of concentric spherical conductors
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.
¢(r)=— [E(r)dr = %; r>c,
o0
__9 .
= Tmec b<r<ec,
r
=¢(b) — [E(Mdr =72 (=3 +1)a<r<b,
b
QO (1 _ 1, 1y.
=T — 5+ o) O<r<a

Figure 2.6a—c shows the obtained electric field strength, electrical potential, and
electric field lines, respectively.
<

Here, we suppose that the outer conductor in Example 2.2 is grounded. Grounding
is a method to make the electric potential of a conductor zero by connecting it to
the ground. It sometimes accompanies transfer of electric charge. In the above case,
the electric charge on the outer surface (r = c¢) of the outer conductor transfers to
the ground through the grounding. This occurs because of the repulsive Coulomb
interaction between electric charges on the outer surface. This can also be understood
from the fact that the free electric charge transfers from the position of higher electric
potential, ¢ = Q/4mepc, to the position of lower electric potential, ¢ = 0. The
electric charge on the inner surface (r = b) of the outer conductor does not transfer
to the ground. This is because it is attracted by the electric charge on the surface
(r = a) of the inner conductor (see Fig. 2.7). When some area is surrounded by a
grounded conductor, changes in the outside do not influence the electric field inside
the grounded conductor. Such shielding from outside influence is called electrostatic
shielding.

Fig. 2.7 Electric field lines
when electric charge is given
to the inside of a set of
concentric spherical
conductors and the outside is
grounded
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In this case, Q, is Q and O for a < r < b and r > b, respectively. This gives

E=0; 0<r<a,

__90 .
_4n€0r2,a<r<b,

=0; r>b.

Thus, we determine the electric potential to be

00 = e (G =3 0=r<a.
_ 0 (1 _ 1
_47160(7_5)’ a<r<b,
=0; r>b

Figure 2.8a, b shows the obtained electric field strength and electric potential,
respectively.

E I

0 b T 0 @ b T
(a) (b)

Fig. 2.8 a Electric field strength and b electric potential when electric charge is given to the inner
conductor of a set of concentric spherical conductors and the outer conductor is grounded

Example 2.3. Suppose a pair of long coaxial conductors, as shown in Fig. 2.9.
Determine the electric field strength and electric potential in all regions when an
electric charge, 4, is given to the inner conductor of a unit length. The electric potential
is defined to be zero at a point at distance Ry(> ¢) from the central axis.
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Fig. 2.9 Isolated long
coaxial conductors

Solution 2.3. The electric charge is uniformly distributed on the surface (R = a) of
the inner conductor with value 4 in a unit length. The induced electric charges on the
inner (R = b) and outer (R = c) surfaces of the outer conductor are —1 and A in a
unit length, respectively. We determine the electric field strength to be

E(R) = 0; O0<R<a,

— X .
_2MOR,a<R<b,

0; b<R<c,

- .
_2ﬂ€0R7R>C'

From the definition, the electric potential is given by

R
¢(R) = — [ E(R)R = 52—log®; ¢ < R <Ry,
Ry

2mey R’

=2)‘ Ry, b<R<c,

€ c

_ bRy .

_2n€010gcR, a<R<b,

= 2 loge. 0<R<a.
€ ac

The reason why infinity is not defined as the reference point of zero electric potential
is that the total electric charge is infinite because of the infinite length, as mentioned
in Example 1.8.

<
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Example 2.4. Two wide slab conductors are parallel to each other, as shown in
Fig. 2.10, and electric charges Q and —Q are given to the left and right conductors,
respectively. The area of each surface is S. Determine the electric charge that appears
on each conductor surface, the electric field strength, and the electric potential inside
and outside the conductors.

Fig. 2.10 Two parallel slab
conductors

[

/
/

Solution 2.4. We denote the electric charge on the surface at x = b by Q,. Then,
the electric charge on the surface at x = a is —Q — Qp. So that the electric field
does not penetrate the right conductor, the electric charge at x = b (Q)) must be the
same as the electric charge in the region x < a,i.e., Q — Q — Qp = —Qp. Thus, we
have Q;, = 0, and the electric charge at x = a is —Q. The total electric charge in the
region —b < x < b must be zero from Eq. (1.19) so that the electric field is zero in
the two conductors. Hence, the electric charge at x = —a is Q and thatat x = —b is
zero. Thus, the electric field strength along the x-axis is

E=0;, x< —a,

- 9. _
=5 —a<x<a,
=0; x>a.
The electric potential is
Qa
=== X < —a,
Eos
Ox
=—= —a<x<a,
GQS
Qa
=—— x> a.
€0S



44 2 Conductors

2.2 Special Solution Method for Electrostatic Field

Suppose we need to determine the density of electric charge on the surface of a
conductor or the electric field strength around the conductor when the conductor is
in an external electric field. The electric potential in the conductor is constant in
space, as shown in Eq. (2.3). Outside the conductor, there is no electric charge and
the electric potential ¢ satisfies Laplace’s Equation (1.38).

When we are given the boundary condition on the surface of a treated area, such
as the value of ¢ above or a value of its derivative along the direction normal to
the surface, Laplace’s equation can be solved uniquely. Hence, there is only one
solution of ¢ in the space outside the conductor, which becomes a constant value on
the surface of the conductor. This means that, if some function satisfies the boundary
condition, it is a solution, even though it may be obtained by intuition. In the case of
conductors, we know some methods to solve problems. These will be introduced in
this section. When we obtain a solution for ¢, we obtain the electric field, E, using
Eq. (1.24) and determine the surface electric charge density from the value of E with
Eq. (2.5).

Here, suppose that an electric point charge, g, is put at a position at distance a from
a flat infinite conductor surface, as shown in Fig. 2.11a. Electric charge of different
signs appears on the conductor surface because of the electrostatic induction and
exerts an attractive force on g. The x—y plane is defined on the conductor surface
with the origin, O, at the foot of a perpendicular line from the electric charge. The
electric potential is constant on the conductor surface (z = 0), as discussed in Sect. 2.1.
Figure 1.18b shows that such an electric potential can be realized in the following
way: The conductor is virtually removed, and then an electric charge, —¢, is put at the
point (0, 0, —a), the point symmetric to the location of g with respect to the conductor
surface, as shown in Fig. 2.11b. We now check the validity of this speculation. The
electric potential that the two electric charges produce outside the conductor (z > 0)

1S
19
Wi

vacuum yooa

N :
07,7 777

conductor

=
@
o —

A b o o
[
]
[
]
'
'
]
'
'
]
'
H
B
e

(a) (b)

Fig. 2.11 a Point charge, g, at distance a from a wide flat conductor surface and b image charge,
—q, put at the symmetric point of the given charge with respect to the conductor surface



2.2 Special Solution Method for Electrostatic Field 45

q q
47T€0{[X2 +y2+(Z_a)2]1/2 [x2 +y2+(Z+a)2]1/2

d(x,y,2) = } (2.10)

It is easily found that this satisfies the condition, ¢ = 0, on the conductor surface (z
= 0). Since this satisfies Laplace’s equation outside the conductor and the boundary
condition of Eq. (2.3) on the conductor surface, this is the solution. This shows that
the above intuitive method is useful. In the conductor (z < 0), the electric potential
is not given by Eq. (2.10) but by ¢ = 0. This solution method is called the method
of images and the virtual electric charge is called an image charge.

From Eq. (2.10), we obtain the electric field strength outside the conductor as

¢ q X X
E"=_E=4ne 22 232 22 2132 [
o[ [2+y+ @ —a)?] [¥2 +32 + (z +a)?]
__ 9 _ 4 y _ y
y dy 4meg [x2 +y2+(z _a)2]3/2 [x2+y2+ (Z+a)2]3/2 )
_ 9 ¢q z—a z+a
Ez__a__4ne 2442 232 22 273/2
z o[ [¥2+y+ @ —a)?] [¥2+ 32 + (z + a)?]
@2.11)
On the conductor surface, this reduces to
qa
Ei(x,y,0) =E,(x,y,00 =0, E.(x,y,0)=— (2.12)

2men(x2 +y2 + a2)3/2 '

Figure 2.12 shows the electric field lines. Then, from Eq. (2.5) we obtain the density
of electric charge induced on the conductor surface as

qa
2 (2% + 2 + a2)3/2 '

(2.13)

o = —

Fig. 2.12 Electric field lines
between point charge and
electric charges induced on
the conductor surface

77
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Now we determine the total electric charge. Using the two-dimensional polar
coordinates (x = rcosg, y = rsing), we have

2

q r r 1 o
dx/dyo = ——/d(p/ ——dr = —qa[—i] = —q.
/ A ENERE P +a)? |,

(2.14)

S

That is, the total electric charge is equal to the amount of the image charge. The
Coulomb force exerted on the electric charge g by the electric charge induced on the
conductor surface is equal to that exerted by the image charge:
= — 612 = — q2
47 ep(2a)* 16mepa?’

(2.15)

This force is attractive (F < 0). This force is called image force.

The electric field strength inside the conductor (z < 0) produced by the electric
charge on the conductor surface is equal to that produced by the electric charge —g
placed at the position of g, (0, 0, a). Since the latter electric field absolutely cancels
out the electric field produced by ¢, the electric field in the conductor can be shown
to be zero.

Suppose that a point charge, g, is placed at point A at distance d from the center,
O, of a grounded spherical conductor of radius a (d > a), as illustrated in Fig. 2.13a.
Now we determine the electric potential outside the spherical conductor. Assume that
the conductor is removed and an image charge, Q, is placed at point B at distance
h from the center, as shown in Fig. 2.13b. The quantities Q and % are unknown and
need to be determined. Then, the electric potential on the conductor surface is

(a) (b)

Fig. 2.13 a Grounded spherical conductor and point charge at point A and b image charge at point
B after removal of the conductor
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1 q 0
¢= 4 2 g2 7t 1/2
T € (a + d? — 2ad COSG) (a + h? — 2ahcos€)
o N N ONEFR
4meo | [1 - 2ad cos6/(a® +d»)]'"*  [1 = 2ahcos6/(a® +h»)]"* ]

(2.16)

where angle ZPOA is represented by 6. Hence, ¢ = 0 is realized at any point on the
conductor surface (r = a), and the boundary condition is satisfied if the following
conditions are fulfilled:

Wz‘: — + ¢a2Q+ = =0 2.17)
and
which reduce to
h:%z, Q=_”;—‘1. (2.19)

Thus, the electric potential at point (r, 8) outside the conductor is given by

q 1
¢(r.0) =
4meo { (r2 + d? — 2rd cos6)'?

a
- . 2.20)
d[r? + (a?/d)? — 2(a>r/d)cos 6] " (

The electric field strength can be calculated with this electric potential (see Exercise
2.8). Figure 2.14 shows the electric field lines.
We obtain the density of electric charge on the conductor surface as

R0} q(d2 — az)
0(0) = ek, (r=a) = —¢| — =- 77 (22D)
or /) ,—q 4mra(a® + d* — 2ad cos 6)
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Fig. 2.14 Electric field lines
between the point electric
charge and grounded
spherical conductor

=\

b

J i ga(@=a’) T in6 do
fa(@) 2ma?sinfdf = — - f ___sin -
0 0 (a~+d2—2ad cos@)

+

The total electric charge is

/L
\\\

b4

_ @[(az +d?—2ad cos@)_l/z]o =94

which is equal to the image charge, Q. This charge is transferred from the ground to
the conductor because of attraction by the point charge ¢. The reason it is smaller
by factor a/d than in the case shown in Fig. 2.11 is that the size of the conductor is
finite. For an infinitely long cylindrical conductor and line charge, the electric charge
induced in a conductor of unit length is equal to the density of the given line charge
(see Exercise 2.9).

Example 2.5. Suppose that the conductor is not grounded in the problem shown in
Fig. 2.13a. Determine the electric potential outside the conductor.

Solution 2.5. In this case, the total electric charge on the conductor surface is zero.
This problem is solved using the method of superposition. That is, this situation
is obtained by a superposition of the electric charge —agq/d, which is distributed
according to Eq. (2.21), and the charge ag/d, which is uniformly distributed on the
surface. The distributed charge —ag/d and point charge g give the zero electric
potential of the conductor, and the distributed charge aq/d makes the conductor
equipotential, g / (4mepd). Hence, this situation satisfies the conductor condition. If
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the electric potential given by Eq. (2.20) is denoted by ¢, (r, ), the electric potential
outside the conductor is

aq
dmeydr’

¢(r.0) = ¢1(r.0) +

<

Example 2.6. Electric charge Q is placed at a point at a distance 4 from the center,
O, of a hollow spherical conductor, as shown in Fig. 2.15. Determine the electric
potential in the vacuum and the electric charge density on the inner surface of the
conductor.

Fig. 2.15 Hollow spherical
conductor and electric
charge at a position inside
the conductor

Solution 2.6. We remove the conductor and place an image electric charge, g, on a
line extending from the center to the electric charge Q (see Fig. 2.16). We denote the
distance of this point from the center by d. The electric potential at point P on the
inner surface of the conductor is

Fig. 2.16 Image electric .-
charge ¢ after removal of the
conductor
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q o
¢(a,0) = + .
Ameo | (a2 +d> —2ad cos6)'>  (a? + 2 — 2ahcos6)'

The conditions that satisfy ¢(a, 6) = 0 are

Thus, the electric potential in the hollow is

Q a
b 9 = -
¢(r. 0) 4re { h[r? + (a®/h)* — 2(a*r/h)cos 9]1/2

1
+ .
(r2 + h2 — 2rhcos6)'/? }
The electric charge density on the inner surface is

2 _p2
(0) = —€k,(r = a) = 60(% 0(a> — 1)

8">ra B 47m(a2 +h?— 2ahcos@)3/2.

The total electric charge on the inner surface is

T T

L in6 do
/ U(Q)anﬂsmg do = — Qa(a ) / sin ~
0 2 (a® + h* — 2ah cos 0)

2.3 Electrostatic Induction

Suppose that a spherical conductor of radius a is put in a uniform electric field of
strength E (see Fig. 2.17). An electric charge appears on the conductor surface and
cancels out the electric field in the conductor. This phenomenon is the electrostatic
induction. Here we determine the surface electric charge density and the electric field
around the conductor. We use spherical coordinates with the origin at the center of
the conductor and the zenith along the direction of the applied electric field.
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Fig. 2.17 Spherical E,
conductor put in a uniform
electric field

Before the electric field is applied, positive and negative electric charges are
uniformly distributed inside the conductor, and the conductor is electrically neutral.
When the electric field is applied, the positive and negative electric charges are
displaced in and against the direction of the electric field, respectively, as illustrated
in Fig. 2.18a. This leads to a surface distribution of electric charge that keeps the
inside electrically neutral (see Fig. 2.18b). Hence, this seems to realize the proper
condition of a spherical conductor. We determine the displacement of the electric
charges. In this case, we find the electric field produced by the positive charge to be
the same as that produced when all the positive charge is concentrated at the center,
as predicted by Gauss’s law. The electric field produced by the negative charge is
also the same as that produced by all the negative charge if concentrated at the center.
As a result an electric dipole appears at the center of the conductor (see Fig. 2.18c).
The electric dipole moment, p, that satisfies the electric potential is to be determined.

EI?

' oe 1l

negative charge positive charge
(a) (b) (e)

Fig. 2.18 Electrostatic induction in spherical conductor in uniform electric field: a displacement
of positive and negative electric charges driven by the electric field, b electric charge that appears
on the surface, and c electric dipole at the center
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The electric potential outside the conductor is composed of the electric potential,
@5, due to the applied electric field, E,, and the electric potential, ¢4, due to the
electric dipole placed at the center after virtually removing the spherical conductor.
These are given by

¢r = —Eorcos 6, (2.23)
pcosf
¢a = Areor?’ (2.24)

where 6 is the zenithal angle measured from the direction of applied electric field.
These potentials are independent of the azimuthal angle, ¢. Now prove for yourself
that ¢ satisfies the requirements

0 1 0
—ﬁ = Epcosf, ——- ﬂ = —Epsin 6.
or r 00

The electric potential is given by

¢ = ¢t + pa = (—Eor + P )cos 0. (2.25)

4 egr?
We determine the electric dipole moment, p, to be
p = 4dneya’Ey (2.26)

so that the condition, ¢ (r = a) = 0, is satisfied independently of the angle 6. Thus,
we have

3
b =—E, (r _ Crl—z)cos 0. (2.27)
Since this satisfies the boundary condition on the conductor surface (r = a) and
satisfies Laplace’s equation (note that each component of ¢ satisfies it), this is the
unique solution. Thus, we can say the above speculation is valid. The electric potential
inside the conductor is ¢ = 0.

The electric field strength outside the conductor is given by

¢ 24°
E,=——=Ey| 14+ — Jcosé, (2.28a)
or r3

1 ¢ a\ .
Eg = —; . % = —Eo(l — r—3>81n9, (228b)
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1 a
Ej=——r 9, (2.28¢)
rsinf dg

Figure 2.19 shows electric field lines on the plane that includes the z-axis. We can
see that Ey(r = a) = 0 from Eq. (2.28b). This shows that the electric field vector
is normal to the conductor surface. Equation (2.28a) shows that the electric field
strength has the maximum value, 3E, at both poles (8 = 0, 7). We determine the
surface electric charge density to be

0 = €yE,(r = a) = 3¢pEycos 6. (2.29)
Fig. 2.19 Electric field lines E,
outside the spherical
conductor
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The electric dipole moment in a unit volume of the spherical conductor is
P = 360EQ, (230)

which corresponds to the electric polarization in dielectric materials.

Example 2.7. A long cylindrical conductor with radius a is placed in a uniform
normal electric field of strength E. Determine the electric potential and electric field
outside the conductor and the density of electric charge on the conductor surface.

Solution 2.7. We use cylindrical coordinates and define the z-axis as the central
axis of the conductor, and measure the azimuthal angle, ¢, from the direction of the
applied electric field. The electric potential outside the conductor can be determined
by putting the electric dipole line, as shown in Example 1.9, on the central axis after
removing the conductor similarly to what we did in the above analysis. We denote
by p the moment of the electric dipole line in a unit length along the z-axis. Then,
the electric potential outside the conductor is given by
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p
R, = —EoR + cos
dR, ¢) < 0 2n€0R) ®

with the aid of Eq. (1.54). The first and second terms are the electric potential due
to the applied electric field and the electric dipole line, respectively. Hence, from the
requirement that ¢ = 0 at R = a, we have

ﬁ = 27T€()a2E(),

which gives

2
PR, 9) = —E0<R — %)cos ®.

Thus, we obtain the electric field strength as

9 2
Er = —¢ Eo(l + a—) cos @,

TR R?
E =—l~%:—Eo(l—a—2)singo
¢ R d¢ R? ’
E.=0.

We can see that the electric field is normal to the conductor surface from E, (R = a) =
0. The surface electric charge density is

0 = €gER(R = a) = 2¢pEycos ¢.
The electric dipole moment in a unit volume of the conductor is

P = 26()E().

Column: Applicability of Method of Images
The method of images is useful for solving problems when a conductor is put
in an electric field, as shown in the Examples and Exercises. Now, suppose that
an electric charge is given on a spherical conductor placed at some distance
from a wide flat conductor surface. Can we also use the method of images in
this case?

This problem can be compared with Exercise 2.10. Following the solution
for that exercise, we first remove the spherical conductor and then place a point
charge equal to the given charge at a point at some distance from the center.
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Next, we remove the wide flat conductor and put the same electric charge at
the point symmetric to the location of the former charge with respect to the flat
conductor surface. At first, this may seem useful in determining the electric
potential outside the two conductors.

However, the electric potential cannot be determined with this method.
How can we prove it? To satisfy the boundary condition on the infinitely
wide conductor surface, all electric charges distributed on the surface must be
connected to the electric charges on the spherical conductor surface through
the electric field lines. In fact, from a superposition of point electric charges, we
can show that the total amount of electric charge induced on the flat conductor
surface is equal to the electric charge given to the spherical conductor. However,
to satisfy the boundary condition on the spherical conductor surface after virtu-
ally concentrating all the electric charge at the image point, the absolute value
of the electric charge must be smaller than the point charge assumed inside the
infinite flat conductor [see Eq. (2.22)].

The method shown in Example 2.5 seems useful for making the spherical
conductor surface equipotential with the same electric charge. However, the
boundary condition on the infinitely wide conductor surface is not satisfied
between one point charge and two separate point charges. For this reason, we
cannot obtain an analytic solution. To get a solution, it is necessary to distribute
the image charge in such way that the boundary condition is satisfied with the
given electric charge.

For an infinitely long cylindrical conductor as in Exercise 2.10, even if the
electric charge is concentrated on an infinitely thin line, the two conductors
have equal total amounts of electric charge. Hence, we can obtain an analytic
solution that simultaneously satisfies the two boundary conditions using the
method of images. The method of images is useful also for dielectric materials,
and even for magnetic phenomena in superconductors and magnetic materials.
Consider the possibility of solving other problems using this method.
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Exercises

2.1.

2.2.

Determine the electric field strength and electric potential when electric
charges Q) and O, are given to the inner and outer conductors, respectively,
of the concentric spherical conductors in Fig. 2.5.

In a pair of concentric spherical conductors, an electric charge, Q, is given to
the outer conductor and the inner conductor is grounded, as shown in Fig. E2.1.
Determine the electric charge induced on the inner conductor surface. (Hint:
Use the condition that the electric potential is also zero at infinity.)
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Fig. E2.1 Concentric
spherical conductors with
grounded inner conductor

2.3.

24.

2.5.

2.6.

Fig. E2.2 Two 7/

perpendicular flat conductor
surfaces and point charge

2.7.

2 Conductors

An electric charge Q is given to the left conductor in Example 2.4. Determine
the electric charges that appear on each conductor surface and the electric
field strength inside and outside the conductors.

When an electric charge is uniformly distributed with a surface density ¢ on a
thin flat plane, the electric field strength near the plane is given by Eq. (1.22).
However, Eq. (2.5) yields double this electric field strength near the conductor
surface with the same charge density. Discuss the reason for the difference.
When an electric charge, g, is put at a point at distance a from a wide conductor
surface, the electric charge induced on the conductor surface is given by Eq.
(2.13). Prove that the Coulomb force exerted on ¢ by the induced electric
charge is given by Eq. (2.15).

Point charge Q is placed at a point at distances a and b from two flat conductor
surfaces that are perpendicular to each other, as shown in Fig. E2.2. Determine
the electric potential and electric field strength in the vacuum.

Suppose that electric charge of uniform linear density A is put on a line at
distance a from a flat infinite conductor surface, as shown in Fig. E2.3. Deter-
mine the electric potential and electric field strength in the vacuum and the
density of electric charge on the conductor surface. Discuss the equipotential
surface.
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Fig. E2.3 Linear charge of
density X placed above a flat
infinite conductor surface

2.8.

2.9.

2.10.

Fig. E2.4 Cylindrical
conductor parallel to infinite
flat conductor surface

2.11.

(4

700

Determine the electric field strength in the space around a spherical conductor
using the electric potential given by Eq. (2.20).

A long line of electric charge of uniform density 4 is placed at distance d from
the central axis of a grounded parallel long cylindrical conductor of radius
a(< d). Determine the density of electric charge induced on the conductor
surface.

A long cylindrical conductor of radius a is placed at distance /(> a) from an
infinite flat conductor surface, as shown in Fig. E2.4, and an electric charge
of linear density 4 is given to the cylindrical conductor. Determine the density
of electric charge on the surfaces of the two conductors.

7

Derive Eqgs. (2.26) and (2.29) for a conducting sphere in a uniform electric
field using Eq. (2.1) with the boundary condition that the electric field is
perpendicular to the conductor surface and its value is given by Eq. (2.5).



Chapter 3 ®)
Conductor Systems in Vacuum o

Abstract This chapter covers electric phenomena in a conductor system composed
of more than one conductor. The relationship between the electric charge and the
electric potential is generally described using the coefficients of electric potential or
the capacity coefficients. The simplest conductor system is a capacitor composed of
two conductors. The characteristic of the capacitor is given by the capacitance, i.e.,
the electric charge that can be stored by a unit electric potential difference between the
two conductors. The electrostatic energy of the conductor system can be determined
by the mechanical work needed to carry electric charges from infinity until the final
distribution of electric charge is attained and is described using the electric potential
and the coefficients of electric potential.

Keywords Conductor system + Coefficient of electric potential - Capacitance -
Capacity coefficients - Capacitor - Electrostatic energy * Electrostatic force

3.1 Coefficients in Conductor System

We learned that conductors are equipotential in the static condition in the last chapter.
We determined the electric potential and electric field strength around a conductor,
and the distribution of electric charge was determined for simple cases. Most cases
involve more than one conductor rather than a single conductor. In this chapter, we
cover a conductor system, which consists of two or more conductors.

For a single conductor, as shown in Fig. 2.2, electric potential ¢ is generally
proportional to electric charge Q according to

¢ = pcQ, (3.1)

where p. is a proportional constant called the coefficient of electric potential and
is uniquely determined when the shape of the conductor is given. Its unit is [V /C].
When we rewrite Eq. (3.1) as

Q=0Co (3.2
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focusing on the electric charge, C = 1/p, is called capacity or capacitance, which
is equal to the electric charge stored by a unit electric potential, and its unit is [F]
(farad). For the spherical conductor of radius a in Fig. 2.2, we have C = 4mepa.

Suppose that there are two conductors and electric charges Q) and Q; are given to
conductors 1 and 2, respectively (see Fig. 3.1). When Q; only is given to conductor
1, the electric potential of conductor 1, ¢, is given by

¢1 =pnQ. (3.3)

Fig. 3.1 Two charged Q
conductors

conductor 1
conductor 2

The electric potential of conductor 2, ¢,, is similarly given by

¢ = p2n Q. 34

The constants p;; and p,; are also coefficients of electric potential and now elements
of a matrix. While py; is determined only by the shape of conductor 1, p,; depends
both on the shape of conductor 2 and the relative position of the two conductors.
When conductor 1 is charged, an electric charge appears on the surface of conductor
2 to shield its interior, resulting in an equipotential state under the condition that
total electric charge is zero. This will be easily understood from Example 2.3. The
distribution of electric charge on the surface of conductor 1 is also influenced by
the electric charge induced on conductor 2. Thus, it should be noted that the electric
charge is distributed in a way that makes the two conductors equipotential.

When Q)5 is given to conductor 2, the electric potentials in the two conductors are

é1 =puQ1 +pn20s, (3.52)

@2 = p21Q1 +p20>. (3.5b)

Between the non-diagonal coefficients, the following relationship holds, as will be
described later:

P12 = pa1. (3.6)
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Extending the above case, we consider a system composed of n conductors schemat-
ically shown in Fig. 3.2. Suppose that conductor i has electric charge, Q;, and electric

potential, ¢;(i = 1,2, - - - , n). The electric potential of conductor i is expressed as
i = ZPiij~ 3.7
j=1

Fig. 3.2 System of n conductors

The p;’s are the coefficients of electric potential determined by the geometrical
arrangement of the conductors and fulfill the following conditions:

pi >0, pi=p;i=00#j), pi=>pj. (3.8)

The relationships between the electric potentials and electric charges take the matrix
form

1 pitpw - pw || Q1
b2 | _ | P2apnpw || Q2 _ (3.9)
¢n DPnl Pn2 *** Pnn Qn

The electric charge is given by the inverse of Eq. (3.7):

0= Z Cijd;.- (3.10)
=1

The C;;’s in Eq. (3.10) are capacity coefficients or capacitance coefficients and have
the same unit as the capacitance. These coefficients fulfill the following conditions:

Ci>0, Cj=0C;<0G#)). (3.11)
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Equation (3.10) can also be expressed as

0 CiiCi2-+- Ciu | 1
O | _ | CaCrpoo- Con || 2 (3.12)
Qn Cnl Cn2 e Cnn (pn
The matrix of coefficients of electric potential, P = {pij}, and the matrix of
capacitance coefficients, C = {CU} are inverses of each other and satisfy
PC=CP=E, (3.13)
where E is a unit matrix. The above relationship can also be expressed as
Zpikckj = Z Cikpij = 8ij, (3.14)
k=1 k=1
where §;; is the Kronecker delta,
8,‘j = l; I :]
=0; i#j (3.15)

The equalities p;; = pj;; and C;; = Cj;inEqs. (3.8) and (3.11) are called the reciprocity
theorem.

Here, we prove the inequalities p;; > 0, p;; > p;;, and p;; > 0(i # j), in Eq. (3.8).
Suppose that a unit electric charge, Q; = 1, is given only to conductor i and no
electric charge is given to other conductors (Qj =0;j # i). In this case, we have
¢; = pii, and we can easily show that this potential is positive. The electric potential
of conductor i is the highest. From the relationship ¢; > ¢; = pj;, we can prove the
inequality p;; > p;;. In the assumed space, there is only positive unit electric charge,
and the electric potential at infinity has the lowest value, 0. Thus, we can show the
condition p;; > 0 holds.

The coefficients of electric potential or the capacitance coefficients are useful
in practical cases. For example, we apply the coefficients of electric potential to
the example in Fig. 2.13 to determine the electric charge induced on the spherical
conductor by the point charge. The spherical conductor is named conductor 1, and
a very small imaginary conductor placed at the position of the point charge is called
conductor 2. Under the conditions Q; = 1 and Q, = 0, we have

¢y =pa = (3.16)

$r=prn= Amega’ Aregd

Under the conditions Q; = Q and O, = ¢, the electric potential of conductor 1 is
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o1 =pnQ +pig. (3.17)

Since conductor 1 is grounded, ¢; = 0. This and the reciprocity theorem pj» = p»;
give
_p

a
0= q=—-q, (3.18)
P11 d

which agrees with Eq. (2.19). Thus, the coefficients of electric potential can some-
times be used to determine the induced electric charge more easily than with the
method discussed in Sect. 2.2.

Example 3.1. Prove the inequalities, C; > 0 and C;; < 0(i #j), in Eq. (3.11).

Solution 3.1. Suppose that conductor i has a unit electric potential (¢; = 1) by
having some electric charge and the electric potentials of other conductors are forced
to be zero (qﬁj = 0) by grounding. In this case, the electric charge on conductor i must
be positive, and we can easily prove Q;; = C;; > 0. Part of the electric field lines start
from conductor i and go to infinity, but the remaining lines reach other conductors
(see Fig. 3.3). Hence, the electric charges induced in these conductors are negative
or zero, which proves the inequality Q; = C;; < 0.

7%

Fig. 3.3 Electric field lines when unit electric potential is given to conductor i and other conductors
are grounded

<&

Example 3.2. An electric charge, Q, is given to the inner conductor of the set of
concentric spherical conductors in Fig. 3.4, and then the outer conductor is grounded.
Determine the electric charge induced on the outer conductor using the coefficients
of electric potential. Neglect the thickness of the outer conductor.
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Fig. 3.4 Concentric
spherical conductors

Solution 3.2. The inner and outer conductors are called conductors 1 and 2,
respectively. Under the conditions Q; = 0 and Q, = 1, we have

1
47T60b ’

¢ =pn = ¢ =pr2=p2 =

1
4 60[7 ’
Under the conditions Q; = Q and O, = ¢, the electric potential of conductor 2 is

_I_
¢2 =p2Q +png = 9ty .
dmenb

When conductor 2 is grounded, the condition ¢, = 0 gives

g=—-0.

3.2 Capacitor

The component used to store electric charge is called a condenser or a capacitor.
Larger capacitance is usually desirable for this purpose. As shown in Sect. 3.1, the
capacitance of a spherical conductor of radius a is C = 4mepa. It amounts only to
5.6 x 107'2 F even for a spherical conductor 10 cm in diameter. Hence, a different
shape is needed to obtain a larger capacitance.

Common capacitors consist of two parallel sheet conductors separated by a small
distance, as schematically shown in Fig. 3.5. Each sheet conductor is connected to
an outer circuit with a lead line for transporting electric charge. Such a capacitor
is called a parallel-plate capacitor. The sheet conductor that stores the electric
charge is called an electrode. Suppose that the surface area of each electrode is S
and the distance between the two electrodes is d, which is very small compared with
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the electrode size: d < +/S. When an electric charge, Q, is given to one electrode
and — Q is given to the other, the electric charges are distributed uniformly on the
inner surfaces of the electrodes (facing each other) but do not appear on the outer
surfaces (see Example 2.4). Hence, the electric field is almost concentrated in the
space between the electrodes and perpendicular to them except at the edges (see
Fig. 3.6).

Fig. 3.5 Parallel-plate
capacitor

Fig. 3.6 Distribution of e
electric charge and electric
field in parallel-plate

capacitor @)

/—-s\+

I,--—“—-—-\\\_

|——+
“

| —=—+
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et

=]
The surface density of positive electric charge is
0
o==. 3.19
S (3.19)

Applying Gauss’s law to the closed region shown by the dotted line in Fig. 3.6, we
find the electric field strength in the space between the two electrodes to be

g2 _92
€ €S

(3.20)
Thus, the electric field strength is uniform in this space. The electric potential
difference between the two electrodes is

_

V =Ed .
EOS

(3.21)
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The electric charge that can be stored in the capacitor by a unit electric potential
difference is

_ (3.22)

This is the capacity or capacitance of the capacitor.

For a parallel-plate capacitor with square electrodes 10 cm in size and a distance of
0.2 mm between the two electrodes, the capacitance is estimated to be 4.4 x 10719F,
which is about 80 times larger than that of the spherical conductor 10 cm in diameter
mentioned above. This shows that the structure of the parallel-plate capacitor is quite
effective for storing electric charge. In practical capacitors, a dielectric material is
used in the space between the two electrodes to enhance the capacitance further (see
Chap. 4).

In the above example of a spherical conductor, we discussed the relationship
between the electric charge and electric potential difference between the conductor
and infinity. The same result is obtained for the parallel-plate capacitor by giving
an electric charge to one electrode and by grounding the other electrode instead of
giving the opposite electric charge. The grounding process gives the same definition
for capacitance as for a spherical conductor. The reason for the small capacitance in
the spherical conductor is that a weak electric field is spread over the whole space.

Example 3.3. Determine the capacitance of the concentric spherical capacitor in
Fig. 3.7.

Fig. 3.7 Concentric
spherical capacitor

Solution 3.3. An electric charge, Q, is given to the inner conductor and the outer
conductor is grounded. Then, an electric charge, — Q, appears on the inner surface of
the outer conductor. Applying Gauss’s law, we determine the electric field strength
to be
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E a<r<b,

:47reor2;
=0; O<r<a, r>b,

where r is the distance from the center. The electric potential difference between the

electrodes is
(0] 0 1 1
V= dr = ~-).
4 egr? " 4reg\a b

a

Hence, the capacitance is given by

. dmegab
T b—a’

<

Example 3.4. A pair of conductors is regarded as a capacitor. Describe the
capacitance in terms of the coefficients of electric potential or the capacitance
coefficients.

Solution 3.4. Electric charges Q and — Q are given to conductors 1 and 2,
respectively. Since the electric potential of each conductor is written as

¢1 =pn0 — p120,
¢2 = p21Q — pn0,

using the coefficients of electric potential, its difference is

V=¢1—¢r= @1 +pr—p2—pi1)0.

Thus, the capacitance is given by

1 1
c=2

V o pu+pn—po—pa pu+pn—2pn

The electric charges in the two conductors are written as

0 = Cn¢1 + Cagn,
—0 = G191 + C¢y,

using the capacitance coefficients. Thus, we obtain the electric potential difference
as



68 3 Conductor Systems in Vacuum

Cii+Cun+Cpp+Cy

V=¢—¢=
1 C11Cxn — C12Cyy

This gives the capacitance,

GGy —CpGy Oy — c
Cii+Cn+Cn+Cy Ci+Cpn+2Chp

<

We connect capacitors in series, apply an electric charge, Q, to the top capacitor, and
then ground the lowest capacitor, as shown in Fig. 3.8. An electric charge, — Q, is
induced on the inner surface of the lower electrode of the top capacitor to shield the
lower electrode from the electric field produced by Q on the upper electrode. From
the principle of conservation of charge, an electric charge, O, appears on the upper
electrode of the next capacitor. This is repeated, and finally electric charges + QO
appear on both electrodes of each capacitor. When the capacitance of each capacitor

isCi(i =1,2,---,n), the electric potential difference in each capacitor is
0
Vi=—. 3.23
C. (3.23)
Q
Q
5 epw=—=wrne S .
PR BN P e

W v 777 ).
A+ FFFFF e
~ -

7 S Q -7

Fig. 3.8 Capacitors connected in series

Hence, the total electric potential difference through the series of capacitor is
n n 1
V= Vi=0Q —. (3.24)

If the capacitance of capacitors connected in series is denoted by C, we have
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1
=) —. (3.25)

Q-

Next, we connect capacitors in parallel, as shown in Fig. 3.9. When we apply a
voltage, V, between the terminals, the electric charges that appear in the capacitor of
capacitance C; are £0Q; = +=C;V. Hence, the total amount of positive electric charge
is

0=) 0i=V) C. (3.26)
i=1 i=1

Fig. 3.9 Capacitors
connected in parallel

&) Cy C,

If the capacitance of capacitors connected in parallel is denoted by C, we have

C= Z C:. (3.27)
i=1

3.3 Electrostatic Energy

Suppose there is a conductor system with electric charges. The electric charges
produce an electric field in the space outside the conductors. Hence, we can regard
the conductor system as having some kind of energy. This is called electrostatic
energy or electric energy. It is reasonable to assume that there is no electrostatic
energy in this system when there is no electric charge. Thus, the electrostatic energy
is equivalent to the mechanical work necessary to bring electric charges from infinity
until we attain the desired distribution of electric charge.
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Now, we determine the electrostatic energy for an isolated conductor of capac-
itance C and electric charge Q. Suppose that the conductor has an electric charge,
¢, in an intermediate state while electric charge is being brought from infinity. The
electric potential of the conductor is

$(q) = %

A small amount of electric charge, dg, is additionally carried from infinity to the
conductor. If this amount is sufficiently small, the transfer of this charge does not
change the electric potential ¢(g). Hence, the mechanical work needed for carrying
this charge is given by

aW = $(q)dg = £dg.

Thus, the total work needed to carry all electric charge, Q, is
? 1
W= / %dq - 0% (3.28)
0

This gives the electrostatic energy, U.. In terms of the electric potential, ¢ = Q/C,
this can also be written as

U= =0 = lQ¢> = %cw. (3.29)

Next, consider a system composed of two conductors. Suppose that conductor 1 has
electric charge Q and electric potential ¢;, and conductor 2 has electric charge Q,
and electric potential ¢,. Electric charge is brought from infinity to conductor 1, and
then from infinity to conductor 2. Now suppose an intermediate condition where
conductor 1 has electric charge ¢g; and conductor 2 has no electric charge, as shown
in Fig. 3.10a. Under this condition, the electric potential of conductor 1 is pj;q; in
terms of the coefficient of electric potential. Hence, the work needed to carry Q; to
conductor 1 is

[

1
W, = fpllqldfh = EPIIQ%' (3.30)
0

In the next intermediate condition where conductor 1 has Q and conductor 2 has ¢,
(see Fig. 3.10b), the electric potential of conductor 2 is p>; Q1 + p22q»>. We similarly
obtain the work needed to carry Q; to conductor 2 as
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Oo O¢

conductor 1 conductor 1

conductor 2
(a) (b)

conductor 2

Fig. 3.10 System composed of two conductors in the intermediate condition where a conductor 1
has ¢ and conductor 2 has no electric charge and b conductor 1 has Q; and conductor 2 has ¢»

(&)
1
W, = [(leQl + p2q2)dg; = pr1010> + §P22Q§- (3.3D)
0

Finally, the electrostatic energy of this system is
1 2 1 2
Ue =W+ Wy = §P11Q1 +p210102 + §P22Q2- (3.32)
If the order of carrying electric charge is reversed, the electrostatic energy becomes

1 1
U = EP”Q% +p12010> + EpzzQ% (3.33)

by exchanging subscripts 1 and 2. Since Eqgs. (3.32) and (3.33) must coincide with
each other, we derive

P12 = pa1. (3.34)

Thus, the reciprocity theorem holds in this simple case. Using this relationship, we
rewrite the electrostatic energy as

1 1
U, = EQl(pllQl +p1202) + EQz(Pan +p20?)

1
= §(Q1¢1 + 0o). (3.35)

We can extend the above result to a conductor system with n conductors. Assume that
conductor i has an electric charge Q; and an electric potential ¢;(i = 1,2, --- , n).
The electrostatic energy of this system is given by
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1 n 1 n n
Ue= 3 ; Qigi =5 DD piQi0; (3.36)

i=1 j=I

We can extend this result to the case where electric charge is continuously distributed
with the density p(r) and the electric potential is given by ¢(r) in region V (see
Fig. 3.11). Regarding an electric charge pdV in a small region dV as a point charge,
Eq. (3.36) gives

Ue = %/p(rw(r)dV (3.37)

\Y

Fig. 3.11 Region V in
which electric charge density
is p(r) and electric potential

is o (r)

for the electrostatic energy in V.

Example 3.5. When electric charges & Q are given to a capacitor of capacitance
C, the electric potential difference between the two electrodes is V. Prove that the
electrostatic energy of this capacitor is.

U, = LQ2 = lQV = lCVZ. (3.38)
2C 2 2

Solution 3.5. We apply Eq. (3.35) to the electrostatic energy of this capacitor. The
positive and negative electrodes are named capacitors 1 and 2, respectively. Then,
we have Q1 = 0, 0> = —0, and ¢; = ¢, + V. Substituting these relationships into
Eq. (3.35) gives

1
U.=-QV.
9

Other expressions are obtained using Eq. (3.22).
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When there is an electric field in space, the space is distorted electrically as
mentioned in Sect. 1.3. Hence, the electrostatic energy is understood as the energy
associated with the electrical distortion in the space. Now, we discuss the electrostatic
energy for the parallel-plate capacitor in Sect. 3.2. The capacitance of this capacitor
with surface area S and distance d between the electrodes is given by Eq. (3.22).
From this and Eq. (3.38), we have

1
U, = 5eOEZSd. (3.39)

In the above, V = Ed is used for the electric potential difference. Since Sd is the
volume of the region in which the electric field is concentrated with a constant
strength E, we can regard that electrostatic energy of density

1
Ue = EeoE2 (3.40)

as filling this region. This is called electrostatic energy density or electric energy
density.

We can show that Eq. (3.40) holds generally also for cases where the electric field
strength is not uniform in the space. Substituting Eq. (1.21) into Eq. (3.37) gives

1
U, = —60/ #V - EdV
2
1 1
- —eo/ V. (0E)V — ~&oE - VdV (3.41)
2/, 2

where Eq. (A1.40) is used. Applying Gauss’s theorem to the first integral, we have

S0 / GE - ds, (3.42)
N

where S is the surface area of region V. If we select a sphere with a sufficiently large
radius r as V, we have ¢ r~1E o r72, and f dS o 2 on S. Hence, we can show
that the surface integral is proportional to ~!, resulting in zero in the limit » — oo.
Thus, we can disregard the surface integral. Using Eq. (1.24) for the second term,
Eq. (3.41) gives

1
U, = Eeoszdv. (3.43)

A%

Thus, the electrostatic energy density is generally given by Eq. (3.40).
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Example 3.6. Determine the electrostatic energy when an electric charge Q is given
to a spherical conductor of radius a.

Solution 3.6. The electrostatic energy can be obtained by more than one method.
First, we do this using the electric potential. The electric field strength is

E(r)=0; O0<r<a,
0

— —2; r>a,
47'[607‘

and the electric potential of the conductor is given by

Y

drepa’

¢(a) =

Hence, from Eq. (3.29), we obtain the electrostatic energy as

Q2

8mepa’

U. = %Q(ﬁ(a) =

We then calculate the electrostatic energy using the electrostatic energy density.
From Eq. (3.40) with the above electric field strength, the electrostatic energy density
is

u.(r) = 0; O0<r<a,

Q2

= : r> a.
3272914’

Hence, we obtain the same result,

Q2

8mwepa’

o0
Uezfue-47rr2dr=

&

Example 3.7 Electric charges O and Q, are given to the inner and outer spherical
conductors shown in Fig. 3.7, respectively. Determine the electrostatic energy using
Eq. (3.36).

Solution 3.7. We denote the inner and outer conductors as conductors 1 and 2,
respectively. When we give a unit charge only conductor 1 (Q; = 1, @, = 0), the
electric potential of each conductor is
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bp o (L1,
1_p“_47160a b )

1

dregc’

$2 =pa =pn =
When we give a unit charge only conductor 2 (Q; = 0, @, = 1), the electric potential
of conductor 2 is

1
dmege’

¢ =pn =

The electrostatic energy when Q) and Q, are given to the inner and outer spherical
conductors is

1 1
U. = Ean% +p12010s + Epzng

L[ (1 1, Qi+ Q)
~ 87me |:Q1 (Z B Z) + c i|

Since the electric field strength is (Q; + O») /47‘[60"2 for r > ¢ and Q; /47‘[607‘2 for
a < r < b, the same result is obtained from Eq. (3.43).

<&

3.4 Electrostatic Force

The electrostatic force between charged conductors is the sum of the Coulomb force
on individual electric charges distributed on the conductor surface. We can also
determine this force using the principle of virtual displacement and the electrostatic
energy.

Suppose that part of an isolated conductor system is forced to move a small
distance As by an electrostatic force F. The work done by the system, F - As, is
the energy that the system loses. Hence, if we use AU, to denote the variation in
electrostatic energy caused by the movement, the work is equal to —AU,. Thus, we
have

F-As+ AU, = 0. (3.44)

In the limit |As| = As — 0 for displacement along the direction of the electrostatic
force, this gives

(3.45)
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We calculate the force on the electrodes of the parallel-plate capacitor in Fig. 3.5
using this method, when electric charges = Q are given. The surface area and the
distance between the electrodes are S and d, respectively. Assume that the distance
is changed to x. In this case, the electric charge Q and the electric field strength
E = Q/¢pS are unchanged, and it is reasonable to describe the electrostatic energy
of Eq. (3.39) as

2
U, = 2%

= 3.46
© = 2eS (3.46)

in terms of Q. It should be noted that the voltage V changes with the distance, and
it is not suitable to describe U, in terms of V. Hence, we determine the electrostatic
force on the electrode as

Ww.| 0
ax |,  2eS

F= (3.47)

Since this force is negative for expansion (increasing x), it is attractive.

Example 3.8. Suppose that the electric potential difference V of the parallel-plate
capacitor is kept constant by connecting an electric power source, as shown in
Fig. 3.12. The surface area of the electrode is S, the distance between the electrodes
is d, and the electric charges are &= Q. Determine the electrostatic force between the
electrodes.

Fig. 3.12 Parallel-plate

capacitor connected with g

electric power source of \

voltage V. The electric @ v
charges are £ Q in the initial dl - __
condition -Q

Solution 3.8. It should be noted that the electric charge and the electric field strength
change when the distance between the electrodes changes. That is, when the distance
between the electrodes changes from d to d + Ax, the electric field strength and
electric charge change to V /(d + Ax) and €,SV /(d + Ax), respectively. This is
caused by a transfer of electric energy between the capacitor and the power source.
From Eq. (3.39), we obtain the variation in electrostatic energy as

€SV? 1 1
AUy = —— —— ).
2 d+Ax d
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The amount of electric charge that transfers to the power source is

1 1
AQ = —€SV N
Q=< (d+Ax d)

Hence, the energy that flows into the power source during the displacement is

1 1
AW = VAQ = ¢SV?| - — )
Q=¢ (d d+Ax>

If we denote the force on the electrode by F, the energy that the system loses is equal
to the sum of the work done to the outside, F'Ax, and AW. Since this is equal to
—AU,, we have

. AW+ AU, €SV?
F =— lim = — .
Ax—0 AXx 2d2

This is also an attractive force. It should be noted that this force is the same as that
in Eq. (3.47).
O

Column: Case of Infinite Amount of Electric Charge

The surface integral of Eq. (3.42) must be zero so that Egs. (3.37) and (3.43)
coincide with each other. Is this condition also fulfilled when there is an infinite
amount of electric charge in the whole space as discussed in Example 1.8? Here,
we treat the case where an electric charge Q' is given to a unit length of an
infinitely long cylindrical conductor of radius a. The electric field strength and
electric potential are

ER) =0; 0<R<a,
/
=L; R > a,
27T60R
and
/
R
bR = 2 log X 0<Rr<a
2mweg a
/
R
= 0 log—o; R > a.
2 ey R

In the above, Ry is the distance from the central axis to the reference point
at which the electric potential is zero. We obtain the electrostatic energy in
a unit length from Eq. (3.29) as U, = Q'¢(a)/2 = (Q? /47 &) log(Ro/a).
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The electrostatic energy can also be calculated from Eq. (3.43). Restricting the
region within a < R < Ry for integration, we have

which agrees with the above result. Thus, it is consistent with the assumption
that ¢ is zero on the surface of R = Ry, resulting in a zero surface integral in
Eq. (3.42). This agreement holds even in the limit of Ry — oo. This means
that there is no contradiction in the theoretical framework, although there is the
problem of divergence of electrostatic energy because of the infinite amount
of electric charge.

Exercises

3.1 Determine the electric potential of the spherical conductor in Example 2.5
using the coefficients of electric potential and confirm that the result agrees with
the solution in this example. The spherical conductor and a small imaginary
conductor placed at the position of point charge g are named conductors 1 and
2, respectively.

3.2 In Exercise 2.9, we supposed that a line charge of uniform density 4 is placed
at distance d from the central axis of a grounded parallel long cylindrical
conductor of radius a(< d). Determine the electric charge induced in the cylin-
drical conductor using the coefficients of electric potential. (Hint: The refer-
ence point of the electric potential should be sufficiently far away following
the original definition.)

3.3 Determine the electric charge induced in the internal spherical conductor in
Exercise 2.2 using the coefficients of electric potential.

3.4 An electric charge A in a unit length is uniformly distributed on the inner
conductor of the coaxial conductors in Fig. E3.1, and the outer conductor is
grounded. Determine the electrostatic energy and capacitance in a unit length
of the coaxial conductors.

Fig. E3.1 Cylindrical
coaxial conductors
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3.5

3.6

Determine the electrostatic energy when electric charges 0 are given to the
concentric spherical conductors in Fig. 3.7 using the following methods: (1) the
electrostatic energy density, (2) the electric potential, and (3) the coefficients
of electric potential.

Two long and thin cylindrical conductors of radius a are placed parallel to each
other with distance d, as shown in Fig. E3.2. Determine the capacitance in a
unit length of these conductors. Assume that a is sufficiently smaller than d.

Fig. E3.2 Two long and thin
cylindrical conductors
parallel to each other

3.7

Fig. E3.3 Cross section of
concentric structure
comprising spherical
conductors

3.8

39

2a

We denote the inner, middle, and outer spherical conductors in Fig. E3.3 as
conductors 1—3. (a) Determine the coefficients of electric potential, and (b)
determine the electrostatic energy using the coefficients of electric potential,
when we give electric charges Q;, 0, and Q3 to conductors 1, 2, and 3,
respectively.

Determine the electrostatic energy and the force on the cylindrical conductor
in a unit length in Exercise 2.10.

Electric charges £Q are given to each electrode of the capacitor shown in
Fig. E3.4. Determine the mechanical work needed to change the distance
between the electrodes from d to [. Determine also the change in the
electrostatic energy during this change.
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Fig. E3.4 Parallel-plate |
capacitor. The area of each Q
electrode is § L . J

3.10 A plate conductor is inserted into the gap of a wide parallel-plate capacitor a
distance x from the edge, as shown in Fig. E3.5. The capacitor is connected to a
power source of output voltage V. Determine the force on the plate conductor.

Vv

Fig. E3.5 Plate conductor inserted into gap of parallel-plate capacitor

3.11 The electric power source is removed from the parallel-plate capacitor in
Fig. 3.17, when the electric charges in the capacitor are +=Q under the condi-
tion that a plate conductor is inserted into the gap of the capacitor up to the
depth x. Determine the force on the plate conductor.

3.12 Suppose that we change the electric potential of the inner conductor under the
condition of electric charge Q given to the outer conductor for the concen-
tric spherical conductors shown in Fig. 2.20 in Exercise 2.2. Prove that the
electrostatic energy is at a minimum when the inner conductor is grounded.



Chapter 4 )
Dielectric Materials gese

Abstract This chapter covers electric phenomena in dielectric materials. When an
electric field is applied to a dielectric material, the electrons are slightly displaced
along the direction opposite to the electric field, even though they are bonded by
nuclei. This phenomenon is electric polarization. As a result, electric dipoles are
produced and polarization charge appears. Thus, the electric field is produced by true
electric charges and also by polarization charges in dielectric materials. We newly
define the electric flux density, which describes only the electric field produced by
the true electric charge. Electric phenomena are generally described in terms of the
electric field and the electric flux density. The refraction of the electric field at an
interface between different dielectric materials is also treated.

Keywords Dielectric material - Electric polarization - Polarization charge -
Electric susceptibility - Electric flux density - Dielectric constant - Law of
refraction

4.1 Electric Polarization

When two electric charges are separated by a grounded metal sheet, there is no force
between the two electric charges. On the other hand, when the two electric charges
are separated by a paper or wood, although the force may be weakened slightly, it
does not reduce to zero. This shows that the effect of electric charge, i.e., the electric
field, penetrates the paper or wood. Such material is called a dielectric material or
insulator.

Here, we discuss the difference in electric behavior between conductors and
dielectric materials. When an electric field is applied to a conductor, free electric
charges (free electrons) move to the surface of the conductor to shield the interior
from the external electric field. When the conductor is grounded, the electric charge
on the surface opposite to the applied electric field is zero, and no electric field line
appears from this surface. Hence, electric field lines from the electric charge, O, do
not reach a point, A, as shown in Fig. 4.1a. In a dielectric material, electrons cannot
freely move to shield because of their bonding to nuclei, which allows the electric
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field to penetrate, as shown in Fig. 4.1b. Hence, even when an electric field is applied
to a dielectric material, no current can flow in it.

1 L1
r:.onductor%/, dielec tllc material
(a) (b)

Fig. 4.1 Electric field lines produced by electric charge, Q, for a grounded conductor and
b dielectric material

When no electric field is applied to a dielectric material, positive and negative
electric charges are uniformly distributed on the macroscopic scale, resulting in an
electrically neutral state. When an electric field is applied to the dielectric material,
nuclei and electrons bonded by them are slightly displaced opposite to each other,
as shown in Fig. 4.2a, and innumerous electric dipoles appear inside the dielectric
material. As a result, the electrically neutral state is maintained inside but electric
charges appear on the surfaces (see Fig. 4.2b). This phenomenon is called electric
polarization or dielectric polarization, and the electric charge that appears on the
surface is called polarization charge. Although this phenomenon is similar to the
electrostatic induction in conductors learned in Sect. 2.3, the polarization charges
cannotbe carried outside. This is a difference from true electric charges in conductors.
In some dielectric materials, the electric polarization exists even in the absence of
an external electric field. Such a material is called a ferroelectric material and its
electric polarization is called spontaneous polarization.

E
%
negative positive
electric charge electric charge

(a) (b)

Fig. 4.2 a Displacement of positive and negative electric charges in external electric field and
b resultant polarization charges on the surfaces
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There are also other kinds of electric polarization. The above example is caused
by relative displacements of electrons and nuclei under an applied electric field and
is called electronic polarization. In ionic crystals composed of cations and anions,
the relative displacement of positive and negative ions in the electric field brings
about the electric polarization called ionic polarization (see Fig. 4.3). In the case
of water or hydrogen chloride, the molecule itself has an electric dipole moment,
as shown in Fig. 4.4. In the usual state of gas or liquid in the absence of external
electric field, each electric dipole moment of a polar molecule is directed randomly,
resulting in no electric polarization (see Fig. 4.5a). When an electric field is applied,
each electric dipole moment tends to incline in the direction of the electric field and
the electric polarization appears, as shown in Fig. 4.5b. This is called orientation
polarization. In many cases, the magnitude of electric polarization is proportional
to the electric field strength.

Fig. 4.3 Arrangement of E
ions in ionic crystal a before
and b after application of

e OO GO GO
OO0 OGO
OOOO GO O
OO0 OGO

(a) (b)

Fig. 4.4 Examples of
molecule with electric dipole
moment: a water (H,O) and
b hydrogen chloride (HCI)
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Fig. 4.5 Direction of E
electric dipole moments of
polar molecules a before and

geeigter application of electric \ / " \/ .= ;
/ \ \ R
\ / \\ / / \ / \\

/ B o ; \ . ¥

(a) (b)

Since electrons are able to respond quickly to a variation in the electric field
because of their light mass, they can contribute to the electric polarization even for
an AC (alternating current) electric field with very high frequency. On the other
hand, polar molecules cannot quickly rotate themselves to follow the variation in the
electric field because of their heavy mass. Hence, those can contribute only to the
electric polarization at a fairly low frequency. The ionic polarization is intermediate.
Figure 4.6 shows a typical dependence of electric polarization on the frequency of
AC electric field. Hence, each contribution can be discriminated by measuring the
frequency dependence of electric polarization.

Fig. 4.6 Dependence of P
electric polarization on the Co
. orientation
frequency of an AC electric
field A
\_ A
ionic \ j\
VAR
electronic \
|

S P frequency
microwave infrared (logarithmic scale)

ultraviolet

We use P to represent the electric dipole moment appearing in a unit volume of
the dielectric material in an electric field of strength E. This quantity is also called
electric polarization. Its unit is [C/m?]. Usually P is proportional to E:

P = ey x.E. 4.1)

In the above, x. is a dimensionless constant of proportionality called electric
susceptibility.

Suppose a small rectangular parallelepiped with each surface perpendicular to a
coordinate axis, as shown in Fig. 4.7, in a dielectric material. The extension of this
region along each axis is denoted by Ax, Ay, and Az. We assume that the electric
polarization, P, is directed along the z-axis. The magnitude of the electric dipole
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moment in this region of volume AV = AxAyAz is PAV. If the surface densities
of polarization charge that appears on the top and bottom surfaces of this region
are %o, polarization charges of +o, AxAy appear on the top and bottom surfaces.
Hence, the electric dipole moment can also be given by 6, AxAyAz = 0, AV. Thus,
we have

op = P. 4.2)
Fig. 4.7 Electric Z
polarization in rectangular
parallelepiped
Y
T
P a,
Az
ay_\2%
-

That is, the electric polarization is equal to the amount of positive polarization charge
that crosses the surface of a unit area perpendicular to the direction of polarization.

Figure 4.8 shows the case where the electric polarization, P, is tilted by an angle 6
from the unit surface vector, n. In this case, the surface density of positive polarization
charge that appears on the surface is

op =P cos =P -n. (4.3)
Fig. 4.8 Electric
polarization tilted from the
normal direction of the nly /P
surface of a rectangular 7
parallelepiped
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When the electric polarization is uniform in space, the polarization charge appears
only on the surface as shown above. However, when the electric polarization is not
uniform, the polarization charge also appears inside the dielectric material. Suppose
a closed surface, S, inside the dielectric material, as shown in Fig. 4.9. The amount
of electric charge that goes out of S through a small surface area, dS, is given by
0pdS = P - dS, using Eq. (4.3). Hence, the total polarization charge that goes out of
Sis

Q;=fP-dS=/v.Pdv, (4.4)

Fig. 4.9 Polarization charge
that goes out of closed
surface, S, and polarization
charge that remains in
interior region, V

where V is the interior of S.

The volume density of polarization charge is called polarization charge density.
The density of polarization charge that appears after the electric polarization is
denoted by p,. Then, the total polarization charge in V is

0, = / ppdV. 4.5)

v

The appearance of polarization charge in V is caused by the movement of polarization
charge Q; to the outside. Hence, the principle of conservation of electric charge
requires Qp + QI/, = 0. This is written as

f (V- P+ py)dV =0. (4.6)
v

Since this relationship holds for arbitrary V, we have
V-P=—p,. 4.7)

In the above, we learned that electric polarization in dielectric materials and
electrostatic induction in conductors are similar to each other. However, there is an
essential difference between them. When a transverse electric field is applied to a long
dielectric hollow cylinder, a similar discussion suggests a distributed polarization
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charge on the inner surface, as shown in Fig. 4.10a. As a result, the electric field
appears also in the interior space. In the case of a hollow cylinder made of a conductor,
electric charge does not appear on the inner surface in an external transverse electric
field, since this electric charge produces an electric field inside the conductor (see
Fig. 4.10b).

(a) (b)

Fig. 4.10 a Dielectric hollow cylinder in transverse electric field and induced polarization charge
and b conducting hollow cylinder in transverse electric field and induced electric charge

Example 4.1. A dielectric sphere of diameter « is placed in a uniform electric field
of strength, E, as shown in Fig. 4.11a. Determine the surface density of polarization
charge that appears on the surface of the dielectric sphere. The magnitude of electric
polarization, P, is P.

(b)

Fig. 4.11 aElectric polarization induced in dielectric sphere and b polarization charge that appears
on the surface
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Solution 4.1. We define spherical coordinates with the origin at the center of the
sphere and the axis along the direction of the applied electric field. We denote by 6
the zenithal angle measured from this axis, as shown in Fig. 4.11b. We also denote
the positive and negative electric charge densities and the relative displacement of
these charges by £p, and J, respectively. Thus, the surface density of polarization
charge is given by 0,,(0) = p,6 cos 6. Since the magnitude of electric polarization is
equal to the amount of positive polarization charge that crosses the surface of a unit
area, it is given by P = p,0. Thus, we have

0,(0) = Pcosb. (4.8)

<

4.2 Electric Flux Density

We learned that there are two kinds of electric charge, i.e., true electric charge, which
can be transferred outside, and polarization charge, which appears on the surface of
dielectric materials but cannot be transferred outside. In addition, there are two kinds
of electric field in dielectric materials, i.e., the electric field applied from outside and
the one caused by electric polarization that occurs inside. Thus, electric phenomena
in dielectric materials are rather complicated. To distinguish these contributions, it
is convenient to introduce a new concept, electric flux density, defined below.

Suppose a closed surface, S, with inner region V. We denote the densities of true
electric charge and polarization charge in V by p and p,, respectively. Both of them
contribute to the electric field and Gauss’s law is written as

1
/E S = — /(,0 + pp)dV. 4.9)
0
\Y%

S

Substituting Eq. (4.7) for p, gives

/(eoE +P)-dS = /,odV. (4.10)
S v
Here, we define
D=¢E+P 4.11)

and call this electric flux density or electric displacement. Its unit is the same as for
P and is [C/m?]. In a relatively wide range of electric field strength, P is proportional
to E, and D is also proportional to E. Thus, we can write D as
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D = ¢y(1 + xo)E = €E, (4.12)

where € is a constant inherent to each material and is called the dielectric constant.
Its unit is the same as for €. If € is written as

€ = €p€y, 4.13)

€ = 1 4 x. is adimensionless quantity and is called the relative dielectric constant.
Table 4.1 gives values of €, for various materials.
Using the electric flux density, Eq. (4.10) gives

/D~dS=/pdV. (4.14)

N v

This is an extension of Eq. (1.19) and is generally called Gauss’s law. It should be
noted that there is no constant in Eq. (4.14) and only true electric charge is involved.
Equation (1.19) describes only phenomena in vacuum or conductors and is Gauss’s
law in a narrow sense. The surface integral of electric flux density on the left side
of Eq. (4.14) is called electric flux. Hence, Eq. (4.14) states that the total electric
flux going out of a closed surface is equal to the amount of true electric charge in it.
Using Gauss’s theorem on the left side of Eq. (4.14), it is rewritten as

/V-DdV:/pdV. (4.15)

A% \Y%

Since this relationship holds for arbitrary V, we have

V.D=p. (4.16)

Table 4.1 Values of ¢, for various materials at room temperature

Gas (1 atm) Solid

Oxygen 1.00049 Titanium dioxide 83-183
Nitrogen 1.00055 Quartz glass 3.5-4.5
Carbon dioxide 1.00092 Mica 5-9
Liquid Ebonite 2.6-5.0
Water 78.54 Bakelite 4.5-9.0
Ethyl alcohol 24.30 Polyethylene 2.3-2.7
Solid Vinyl chloride 3.3-6.0
Sodium chloride (NaCl) 5.9 Ferroelectric material

Silicon (Si) 10.7-11.8 Barium titanate 1150-4500
Aluminum oxide (Al,03) 8.5-11 Rochelle salt ~4000




90 4 Dielectric Materials

This is the general form of Gauss’s divergence law. It states that the divergence of
the electric flux density is caused by true electric charge.
Substituting Eqs. (1.24) and (4.12) into Eq. (4.16) gives

Ap =L, 4.17)

This equation is an extension of Eq. (1.37) to the case in which a dielectric material
is also contained and is the general form of Poisson’s equation. Its solution is given
by Eq. (1.27) by replacing € by €.

Similarly to the definition of an electric field line for E, an electric flux line can
be defined for D. Namely, the direction of a tangential line at any point on the electric
flux line is the same as the direction of D, and its line density is defined to be equal
to the magnitude of D.

As shown by Eq. (4.16), the true electric charge density changes from the diver-
gence of €gF to that of D = ¢E. Hence, when the space between two electrodes in
a capacitor is occupied by a dielectric material with dielectric constant €, its new
capacitance is given by the former expression of capacitance by replacing €, by €.
For example, the capacitance of a parallel-plate capacitor with a material of dielectric
constant € is given by

(4.18)

[see Eq. (3.22)]. The capacitance increases by factor ¢, by filling the space between
the two electrodes with a dielectric material.

Example 4.2. Determine the capacitance of the parallel-plate capacitor in Fig. 4.12.
The surface area of the electrodes is S, their distance is d, and the thicknesses of
dielectric materials 1 and 2 with dielectric constants €; and €, are t and d — ¢,
respectively.

Fig. 4.12 Parallel-plate g
capacitor with two kinds of
dielectric material /

le— U —>
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Solution 4.2. When a voltage, V, is applied to this capacitor, we assume that electric
charges, £0Q, are induced uniformly on the two electrodes. Non-uniformity at the
edge can be disregarded if the electrodes are sufficiently wide. The electric field and
electric flux density are directed normally to the electrodes and the interface between
the two dielectric materials. Since there is no true electric charge on the interface,
the magnitude of the electric flux density, D, is continuous there. This value is equal
to the surface density of electric charge on the electrode, o = Q/S, using Gauss’s
law. Hence, the electric field strengths in dielectric materials 1 and 2 are E; = D/¢€;
and E, = D/e;, respectively. The voltage between the two electrodes is

V=E1t+E2(d—t)=%<i+d_t>.

€] €
This gives a capacitance of

C—Q— 61€2S
TV et+ed-1

<

Example 4.3. Determine the capacitance of the parallel-plate capacitor shown in
Fig. 4.13 in which dielectric materials 1 and 2 with dielectric constants €; and ¢,
each occupy half of the space between the two electrodes. The surface area of the
electrodes is S and their distance is d.

Fig. 4.13 Parallel-plate
capacitor with two kinds of
dielectric material

7
%

e oy ]

Solution 4.3. When a voltage, V, is applied to this capacitor, the electric field
strength is £ = V/d in the space between the two electrodes. The electric flux
densities in dielectric materials 1 and 2 are D = €,V /d and D, = €,V /d, respec-
tively. Hence, the surface electric charge density on the electrode surface is different
between the regions faced to dielectric materials 1 and 2. That is, the density is
o) =€,V /d and 0» = €,V /d in respective regions. The total electric charge on the
electrode surface is
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_ S _ (€1 + €)SV
Q—(Ul+02)2— 2d .
The capacitance is
C= g _ (€1 +62)S.
Vv 2d

4.3 Boundary Conditions

In this section, we investigate the boundary conditions to be fulfilled for the electric
field and electric flux density at an interface between two different dielectric materials
with dielectric constants €; and €,. Assume that a true electric charge of a surface
density, o, exists on the interface.

First, we discuss the boundary condition for the electric flux density. Assume
a closed surface, AS, of a small pellet region at the interface with top and bottom
surfaces parallel to the interface, as shown in Fig. 4.14a. Assume that the height,
Ah, is sufficiently small. We apply Gauss’s law, Eq. (4.14), to this region. Since Ah
is sufficiently small, the surface integral of electric flux on the side surface can be
neglected and only the contributions from the top and bottom surfaces remain. We
denote the electric flux density in dielectric materials 1 and 2 near the boundary by
D, and D,, respectively, and the normal unit vector on the boundary directed from
dielectric material 2 to 1 is denoted by n (see Fig. 4.14b). The electric flux going out
from the top and bottom surfaces are D - nAS and —D, - nAS, respectively. Here,
AS is the area of the interface in the small region. Since the electric charge inside
this small region is o AS, Gauss’s law gives

dielectric 1

dielectric 1

diclectric 2 dielectric 2
(a) (b)

Fig. 4.14 a Small closed surface A S that contains a part of the interface between two dielectric
materials and b electric flux density in each dielectric material at the interface
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n-(Dy—D;) =o. 4.19)

This shows that the difference between the normal components of the electric flux
density is equal to the surface electric charge density. Hence, if there is no true electric
charge on the interface, the normal component of electric flux density is continuous
at the interface. If the electric potentials in dielectric materials 1 and 2 in the vicinity
of the interface are ¢; and ¢,, Eq. (4.19) is written as

n-(e,Ve — V) = —o. (4.20)

Secondly, we discuss the boundary condition for the electric field. We denote the
electric field in dielectric materials 1 and 2 near the boundary by E; and E, respec-
tively. One can show that a plane that contains the vectors E;| and E is perpendicular
to the interface, as illustrated in Fig. 4.15a (see Exercise 4.3). Consider a small rect-
angle with two sides parallel to the interface on this plane, as shown in Fig. 4.15b. The
circular integral of the electric field on the rectangle is zero from Eq. (1.30). When
the height, Ah, of the rectangle is sufficiently small, there are only two contributions
from the top and bottom sides to the circular integral. We denote the unit vector on
the top side along the direction of integral by ¢. Then, the integrals on the top and
bottom sides are respectively given by E| -t As and —E; -t As, where As is the length
of these sides. Hence, we have

t-(E,—E;)=0. 4.21)

N

dielectric 2

(a) (b)

Fig. 4.15 a Plane that contains the electric field vectors in each dielectric material at the interface
and b small rectangle on the plane that contains the interface
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That is, the component of the electric field parallel to the interface is continuous.
However, since ¢ is a unit vector directed along the electric field projected upon the
interface, Eq. (4.21) is not a general description. Then, we define a unit vector, a,
normal to the plane, as shown in Fig. 4.15b. This vector satisfies the relationship
a x n =t and is perpendicular to both the plane that includes the electric field and
n. Thus, Eq. (4.21) is rewritten as [r x (E; — E»)] - a = 0, and we obtain

nx (Ey—Ey)) =0. (4.22)

This condition can also be described in terms of the electric potential. If the derivative
along the direction of ¢ is 9/9d¢, Eq. (4.21) is written as

I = % (4.23)

ot ot
Hence, when integrating along the direction of ¢, we have ¢; — ¢, = ¢ with ¢
denoting a constant. If there is a finite difference in the electric potential in a very
narrow region, it results in an extremely strong electric field in the normal direction
at the interface. This is not practical and results in ¢ = 0. That is,

o1 = ¢o. (4.24)

The electric potential is continuous at the interface.

Confirm that the above boundary conditions are satisfied on the interfaces of two
dielectric materials in Examples 4.2 and 4.3.

Here, we discuss the boundary conditions of the electric field at the conductor
surface using the above conditions. Suppose that the vacuum and the conductor
are regions 1 and 2, respectively, and ¢, is used for the dielectric constant of the
conductor. Since E, = 0, Eq. (4.22) shows that the electric field in the vacuum has
only a normal component. Equation (4.19) leads to D; = o, i.e.,

eE| =o0. (4.25)

This agrees with Eq. (2.5). Thus, the boundary conditions for a conductor can also
be included in the above general boundary conditions.

Now, we discuss refraction of electric field lines at a boundary using the boundary
conditions. Suppose an interface between two dielectric materials with dielectric
constants €| and €;. Assume that an electric field of strength E; is applied to dielectric
material 1 in the direction of angle #; measured from the normal direction to the
interface, as shown in Fig. 4.16. The strength and angle of the electric field in dielectric
material 2 are denoted by E; and 6,. Since true electric charge does not usually exist
on the interface, the normal component of the electric flux density is continuous on
1t:

€1E| cos0) = & E, cosbs. (4.26)
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Fig. 4.16 Refraction of
electric field lines at interface

The continuity of the parallel component of the electric field is written as

E1 sin 91 = E2 sin 92. (427)
These equations give
tan 0, €]
= —. (4.28)
tan6, €

This is the law of refraction. We obtain E, and 0, as

) 1/2
E, = E, |:sin201 n <€—‘) c0s291i| , (4.29)
€
_1{ €
6, = tan (—tan 91>. (4.30)
€1

Example 4.4. An electric field of strength Ey is applied normal to a wide surface
of a dielectric material of dielectric constant €, as shown in Fig. 4.17. Determine
the electric field strength, electric flux density, and electric polarization inside the
dielectric material and the surface density of the polarization charge.

Fig. 4.17 Electric field
applied normal to the surface
of a dielectric material

A




96 4 Dielectric Materials

Solution 4.4. From the continuity of the normal component of the electric flux
density on the surface given by Eq. (4.19), the electric flux density inside the dielectric
material is equal to that in the outside, i.e., D = €pEy. Thus, the electric field inside the
dielectric material is E = D/e = (eg/€)Ey. The electric polarization is determined
to be

€o(e — €
P=D—E = 0(70)150.
€
Taking account of the direction of the electric field, the surface polarization charge
density is

€ple — €
_ ol O)E().
€

<&

Example 4.5. A dielectric sphere of radius a is placed in a uniform electric field of
strength E(, as shown in Fig. 4.11a. Determine the electric field strength and electric
flux density inside and outside the dielectric sphere and the electric polarization and
the polarization charge density on the surface.

Solution 4.5. Spherical coordinates are defined as in Example 4.1. We can assume
that a uniform electric polarization occurs in the dielectric material as in this example.
The electric field outside the sphere is given by the sum of the applied electric field
and the contribution of the electric dipole placed at the origin after virtual removal
of the sphere. The electric field strength inside the sphere is expected to be uniform
because of the uniform electric polarization. Let p denote the electric dipole moment
directed along the applied electric field. From Eqs. (1.48a) and (1.48b), the radial and
zenithal components of the electric field outside the sphere produced by the electric
dipole are

__ pcosb __ psind

E, = ) = .
2megrd’ 47 epr3

We denote the internal electric field strength by E. The continuities of the parallel
component of the electric field and the normal component of the electric flux density
at the surface (r = a) are given by

psiné pcosé

—Eysinf + = —Esin6, 60(E0c0s9+ ) = eEcosf.

4mega’ 2meoa’
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From these equations, we have

3 360
p= dnepa’Ey, E = —E).
€ + 2¢ € + 2¢

€ — €

We can see that E is smaller than £, because of € > €. This means that the dielectric
material is shielded by the polarization charge. Using these results, the electric field
is

E,=&=(1+ ca . 2 Fcosd,

€ e+2¢
_ 3 .
Eg = ?—: = —(1 —_ €6+2€€00 . %) E() sin @
outside the sphere (r > a) and
D 3e D 3¢
E, =-—"L= 0 EycosH, Eg:—ez— 0 Ejsin6
€ €+ 2¢g € € + 2¢p

inside the sphere (r < a). These results can also be obtained by solving Egs. (4.20)
and (4.24) for the electric potential. We obtain the electric polarization as

3eo(e — €o)
P = (¢ —)E = ———"F,.
(€ —€o0) et 2e, D0

Here, we suppose a small shell that contains a part of the surface (see Fig. 4.18). We
apply Eq. (4.9) to this region. Since there is no true electric charge, the difference
in normal component of the electric field is equal to the surface polarization charge
density divided by €(. Thus, we have

3 _
op(0) = MEO cosd = Pcosé.
€+ 2¢p

Fig. 4.18 Small shell
containing a part of the
surface of a dielectric sphere
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This agrees with Eq. (4.8) in Example 4.1.

Figure 4.19 shows electric field lines inside and outside the dielectric sphere for
€ = 3 €. Electric flux lines are continuous on the surface, similarly to the magnetic
flux lines in Fig. 9.17.

Fig. 4.19 Electric field lines E,
inside and outside the —
dielectric sphere for e = 3 ¢q

—_—
S—— ———
- —

—_—
&

Example 4.6. A point charge, g, is placed at a position of distance a from a wide
flat surface of a dielectric material of dielectric constant €, as shown in Fig. 4.20.
Determine the electric potential in the vacuum and in the dielectric material.

Fig. 4.20 Point charge 9&—
q placed at distance a from i
the surface of a dielectric a
material vacuum
; z=0
T4
dielecirie

Solution 4.6. We draw the z-axis from the point charge in the direction normal to
the dielectric material’s surface, which is defined to be z = 0. We define the x-y plane
on the surface with the origin at the foot of a perpendicular line from the point charge.
This problem can also be solved using the method of images shown in Sect. 2.2.
We assume that the electric potential in the vacuum region (z > 0) is given by
the sum of a contribution from ¢ and that from a virtual point charge, ¢’, placed at
the symmetric position with respect to the surface with virtual removal of dielectric
material, as shown in Fig. 4.21a. Thus, the electric potential at point (x, y, z) is
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7
(a) (b)

Fig. 4.21 Solution using the method of images: assumed conditions for a vacuum and b dielectric
material

b = ! q . q’
v 47[60 [x2 +y2 + (Z _ a)z]l/z [.Xz + y2 + (Z + a)2]1/2 .

We assume that the electric potential in the dielectric material (z < 0) is equal to that
produced by a point charge, ¢”, placed at the original position with virtual occupation
of the vacuum region by the same dielectric material, as shown in Fig. 4.21b. Thus,
the electric potential at point (x, y, z) is

¢ 1 q//
d = —— ° .
4mre [x2 +y2 +(z— a)2]1/2

From Eq. (4.24), the continuity condition for the parallel component of the electric
field is expressed as ¢ (z = 0) = ¢q(z = 0), which gives

i

a+4d _4q

€0 €

The continuity condition for the normal component of the electric flux density is
given by Eq. (4.20) with ¢ = 0: €y(9¢,/032),_q = €(d¢4/02)._y, Which gives

/ Z

q9—q9 =q .
From these equations, we have

q/__E—éo _
e+e €+¢€
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Thus, the electric potential is

— q e+e _ e .
¢ = 4meo(€+¢o) { [Py +@—a)? 2 [Py (z—a)?] }’ 2> 0,
1

z < 0.

__aqa
T 2m(eteo)  [x2Hy2H(z—a)?]'?

4.4 Electrostatic Energy in Dielectric Materials

We discussed the electrostatic energy of a conductor system in vacuum in Sect. 3.
3. This does not essentially change even when there are dielectric materials in the
system. Formally, only the change from €, to € occurs in the region of dielectric
materials because of the change from Eq. (1.21) to Eq. (4.16). That is, the electrostatic
energy density in dielectric materials is

1, 1 1,
Ue = ~€E* = —E-D = —D 431
2 2 2¢

and the electrostatic energy is given by its volume integral,

1 1 1

U, = / —eE*dV = / —E -DdV = / —D?dv. (4.32)

2 2 2e
v v v

Example 4.7. The space between the electrodes in a long cylindrical capacitor is
occupied by two dielectric materials with dielectric constants €; and €,, as shown in
Fig. 4.22. Determine the electrostatic energy in a unit length of the capacitor, when
electric charges +=Q’ are given to the respective electrodes in a unit length.

Fig. 4.22 Cylindrical
capacitor with two dielectric
materials
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Solution 4.7. The electric field strength in the region between the electrodes is

/

2mweR
Q/

= i b<R<c.
2werR

ER) = ; a<R<Db,

Thus, the electric potential difference between the electrodes is

; 1 b1
V= /E(R)dR = 2 (Lol 4 Liggl),
21 \ €1 a €& b

and the electrostatic energy in a unit length is given by

1 0% (1. b 1. c
U,=-Q'V==—log— + —log— ).
¢ 2Q 4 (E] 8, + € Ogb>

The same result is obtained using Eq. (4.32) as

b c
Q/2 / Q/2 Q/2 1 b 1 c
U = ———27RdR ——27RdR = —( —log— + —log— ).
¢ /Snzele & + 87m2e,R2 * 47 \ € Oga + € 0gb
a b

<

Example 4.8. A dielectric plate of thickness ¢ and dielectric constant € is inserted
into the gap of a wide parallel-plate capacitor to a distance x from the edge, as shown
in Fig. 4.23. The surface area and distance of the electrodes are S and d, and the sizes
of the dielectric plate and electrode in the direction normal to the sheet are the same.
When electric charges, £0, are given to the two electrodes, determine the force on
the dielectric plate.

Fig. 4.23 Parallel-plate
capacitor with inserted g

dielectric plate /

Q

=

e

.. I
—Q
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Solution 4.8. The part in which the dielectric plate is not inserted can be regarded
as one capacitor, and from Eq. (3.22), we obtain its capacitance as

(=00

The capacitance of the remaining part, in which the dielectric plate is inserted, is
similarly given by

€0€SX

CG=—————
aled — (e — €p)t]

(see Example 4.2). From Eq. (3.27), we obtain the total capacitance as

€S (1 Z) €p€eSx

C=C+C=— I b S
1+ €2 d aled — (e — €y)t]

The variation rate of the electrostatic energy determines the force on the dielectric

plate:

_ _df(@Q\ _ 0 dc
Foo=—gl)=w &
_ Qard (e—€g)[€(d —1)+e€pt]

2608 {ale(d—1)+e€ot]+(e—€p)tx}?

This force is positive for increasing x because € > €, showing that it is attractive.

<&

Column: Electric Induction in a Conductor and Electric Polarization

in a Dielectric Material
From electric field lines inside and outside the dielectric sphere placed in

a uniform electric field shown in Fig. 4.19, one can see that the interior is
imperfectly shielded by polarization charge. On the other hand, the electric
flux density inside the sphere is higher than the external value because of €
larger than €, similarly to the magnetic flux lines in Fig. 9.17. The solution
for the electric flux density, D, has the same form as that for the magnetic flux
density, B, for a magnetic sphere placed in the uniform magnetic flux density
treated in Example 9.5. This similarity comes from the fact that, when there is
no electric charge (p = 0), D obeys the same equationas B (V-D = V-B = 0).
If the dielectric constant € is infinitely large in Example 4.5, the solution
for the electric field strength coincides with that in the spherical conductor
in Sect. 2.3. That is, E = 0 inside and Eq. (2.28) holds outside the sphere.
In this case, the electric flux density has a finite value. However, its value is
meaningless, and we can disregard it. There is also the relationship

op <0
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between the polarization charge density o, on the dielectric sphere surface in
Example 4.5 and the true electric charge density ¢ on the spherical conductor
surface in Sect. 2.3. The equality holds in the limit ¢ — oo. Hence, there is no
large difference between the true electric charge in the conductor and the polar-
ization charge in the dielectric material that are displaced in the electric field
(op = (4/7)0 for e = 5¢p. Hence, it is reasonable to assume similar models for
the two cases. This shows that the electric shielding in conductors and electric
polarization in dielectric materials are essentially the same mechanism.

Exercises

4.1. The space between the electrodes in a concentric spherical capacitor is occu-
pied by two dielectric materials with dielectric constants, €; and €;, as shown
in Fig. E4.1. Determine the capacitance of the capacitor.

Fig. E4.1 Concentric
spherical capacitor with two
dielectric materials

4.2. The space between the electrodes in a concentric spherical capacitor is occu-
pied by two dielectric materials with dielectric constants, €; and €;, as shown
in Fig. E4.2. Determine the capacitance of the capacitor.

Fig. E4.2 Concentric
spherical capacitor with two
dielectric materials
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4.3. The electric fields, E| and E,, in dielectric materials 1 and 2 are defined in
the vicinity of the interface. Prove that these vectors stay in the same plane
perpendicular to the interface.

4.4. A uniform electric field of strength Ey is applied parallel to a thin slit of
vacuum in a dielectric material of dielectric constant €, as shown in Fig. E4.3.
Determine the electric field and electric flux density inside the slit.

Fig. E4.3 Vacuum slit 7 iy //
parallel to the electric field in E
a dielectric material / /

€

_

4.5. A uniform electric field of strength Ej is applied normal to a thin slit of
vacuum in a dielectric material of dielectric constant €, as shown in Fig. E4.4.
Determine the electric field and electric flux density inside the slit.

Fig. E4.4 Vacuum slit Y
normal to the electric field in
a dielectric material \

E,

o

AN

4.6. An electric field of strength Ey is applied parallel to a wide flat surface of a
dielectric material of dielectric constant €, as shown in Fig. E4.5. Determine
the electric field strength, electric flux density, and electric polarization inside
the dielectric material and the surface density of polarization charge.

Fig. E4.5 Electric field
applied parallel to the surface
of a dielectric material

s
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4.7.

4.8.

4.9.
4.10.

4.11.

Fig. E4.6 Cylindrical
capacitor with two dielectric
materials

The internal electric field strength E and surface density of polarization charge
o, are obtained when a dielectric sphere is placed in a uniform electric field
of strength E in Example 4.5. Prove that the obtained value of E coincides
with the sum of £ and the electric field strength produced by the polarization
charge. (Hint: Use Eq. (2.29) for the relationship between the uniform electric
field strength and the surface electric charge density.)

A long dielectric cylinder of radius a and dielectric constant € is placed in
a uniform normal electric field of strength E(. Determine the electric field
strength, electric flux density, electric polarization, and surface polarization
charge density.

Solve the problem of Example 4.5 using the electric potential.

A uniform line charge of density A is placed at a position of a distance a from
a wide flat surface of a dielectric material of dielectric constant €. Determine
the electric potential in the vacuum and the dielectric material.

The space between the electrodes in a long cylindrical capacitor is occupied
by two dielectric materials with dielectric constants €; and €;, as shown in
Fig. E4.6. Determine the electrostatic energy in a unit length of the capacitor,
when electric charges +Q’ are given to the respective electrodes in a unit
length.




Chapter 5 ®)
Steady Current e

Abstract This chapter covers electric phenomena when there is steady current flow.
Current comes from a movement of electric charge, and the continuity equation of
current holds generally based on the principle of conservation of charge. We need
to apply an electric potential difference, i.e., a voltage, to a material to transport a
current through it. It is well known that Ohm’s law holds empirically, which assumes
a proportional relationship between the voltage and the current. Its proportional
constant, the electric resistance, is proportional to the resistivity, which is a parameter
inherent to the material. When there is steady current flow, the energy, which is
continuously supplied by an electric power source, is dissipated. Kirchhoff’s law,
used in direct current electric circuits, is derived.

Keywords Current - Continuity equation of current -+ Ohm’s law - Resistivity -
Electric power * Electromotive force * Kirchhoff’s law

5.1 Current

A conductor contains freely moving electric charge, and the Coulomb force can
move the electric charge when an electric field is directly applied to the conductor.
This movement of electric charge is current. In this chapter, we discuss electric
phenomena when a steady current that does not change with time flows. As distinct
from magnetization current and displacement current discussed in Chaps. 9 and 11,
the current of true electric charge is sometimes called true current.

The current is a vector with a magnitude and direction. When electric charge dQ
passes through a cross section within time dt, the current is given by

_ %

1= (5.1)

Its unit is [C/s] and is denoted [A] (ampere).

Although the current is an amount of electric charge that passes through a certain
cross section in unit time, it is not a quantity representing strength. We define current
density as a quantity representing the strength of current. The current density i is
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also a vector. Its direction is the same as that of the current, and its magnitude is
given by

di

= (5.2)

i =
when current d/ flows through a small normal cross section of area dS. Its unit is [A/
m?]. When the direction of current is tilted from elementary surface vector dS, the
current that flows through the elementary surface is

dl = idS cos® =i - dS. (5.3)

Since the current is a flow of electric charge, we can describe it using the density
and velocity of electric charge. Suppose that particles of electric charge ¢ and density
n move with velocity v. The current density is then given by

i=qgn. 5.4)

Since the electric charge density is given by p = gn, the current density is expressed
as

i=pv. (5.5

The amount of electric charge is conserved similarly to the mass of materials.
That is, the algebraic sum of positive and negative charges is conserved. We suppose
a region V surrounded by a closed surface S (see Fig. 5.1) and denote the electric
charge density inside it by p. The total electric charge in V is

0= / pdv. (5.6)
\%

Fig. 5.1 Electric charge in
region V and current through
surface S

When current of density i flows across the surface, the electric charge that passes out
of V through a small area dS in unit time is i - dS. Hence, the electric charge that
goes out of S in unit time is given by

o' [
-~ = /t-dS. (5.7)
S
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The principle of conservation of electric charge requires that this should be equal to
the decrease in electric charge in region V in unit time, —dQ/d¢. This gives

d
a/pdv+/i.ds=o. (5.8)
\" S

Since region V does not change with time, we can change the order of the time
derivative and spatial integral in the first term. Using Gauss’s theorem for the second

term, Eq. (5.8) is written as
0
/(v it —")dv — 0. (5.9)
ot
v

Since this relationship holds for arbitrary V, we have

ap
V.i+—=0. 5.10
+ 5, (5.10)
This is called the continuity equation of current.
For a steady current when the electric charge distribution does not change with
time, Eq. (5.10) reduces to

V.i=0. (5.11)

That is, the current density does not diverge and follows the same continuity equation
as an incompressible fluid. Note that AC current that flows through a continuous line
is also a steady current.

5.2 Ohm’s Law

It is necessary to apply an electric potential difference to a material such as a metal
to get a current. In many cases, it is empirically known that there is a proportional
relationship between the electric potential difference V and the current I:

V=Rl. (5.12)

The proportional constant R, is called electric resistance or simply resistance. This
constant is determined by the shape and property of the material that carries current.
The unit of electric resistance is [V/A] and is denoted [€2] (ohm). Equation (5.12) is
called Ohm’s law. For a material of length / and uniform cross-sectional area S, the
electric resistance is given by

R = p; (5.13)

l
S b



110 5 Steady Current

where p; is a constant inherent to material and is called resistivity or specific resis-
tance. Its unit is [€2 m]. Table 5.1 lists values of the resistivity for various materials.
The electric property of a material differs dramatically depending on the resistivity:
Materials with resistivity less than 1076 © m that can easily transport a current are
called conductors, and materials with resistivity above 10® © m that can hardly trans-
port a current are classified as insulators. Materials with intermediate resistivity are
called semiconductors.

The relationship between the current and electric potential difference is also
written as

I =GV. (5.14)

In the above, the proportional constant G=1/R; is called conductance. Its unit is [S]
(Siemens). Using Eq. (5.13), the conductance is written as

G = o, (5.15)

~|

The constant o, = 1/p, is called electric conductivity. Its unit is [S/m].

Suppose a small region in which the current flows under electric potential differ-
ence (see Fig. 5.2). The length of this region along the current is A/, and the cross-
sectional area normal to the current is AS. When the electric field strength is E and
the current density is i, the potential difference and the current in this small region
are AV = EAl and Al = iAS, respectively. Hence, the electric resistance is written
as

AV Al E
Ri=—=— —. (5.16)
Al AS i

Table 5.1 Resistivity of various materials at 20 °C

Metal (x1078Q m) Semiconductor (Qm)
Silver (Ag) 1.62 Germanium (Ge)? 4. x 107!
Copper (Cu) 1.72 Silicon (Si)? 3.2 x 10°
Gold (Au) 2.4 Insulator (2 m)
Aluminum (Al) 2.75 Epoxy resin 1011 —10M
Brass (Cu—Zn) 5-7 Aluminum oxide 102103
Iron (Fe) 9.8 Mica 1012—10"
Platinum (Pt) 10.6 Natural rubber 1013—101
Constantan 50 Polyethylene >104
Mercury (Hg) 95.8 Paraffin 1014-10"7
Nichrome 109 Quartz glass >100

4 Values at 27 °C
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Fig. 5.2 Small region in
which current flows under an
electric potential difference

On the other hand, the electric resistance is defined as

Al
R, = . (5.17)
o AS

Hence, we have i = o E. Since the current and electric field have the same direction,
we can write this relationship in the vector form as

i=okFE (5.18)
or
E = pii. (5.19)

These are Ohm’s law for electromagnetism.

The current is realized by a movement of electric charge, most of which is elec-
trons. Therefore, current is a dynamic phenomenon and is not a static phenomenon,
even if it is in a steady state. The reason why some electric field can remain in a
conductor is that the phenomenon is in a dynamic state. Even in this case, we can
express the electric field using the electric potential as in Eq. (1.24).

5.3 Microscopic Investigation of Electric Resistance

As mentioned in Sect. 5.2, Ohm’s law is an empirical law for various kinds of
materials, and it should be noted that this law cannot be explained by any physical
principle. This is because the resistance is associated with energy dissipation, which
cannot be derived theoretically. Hence, Ohm’s law is a kind of phenomenological
model. On the other hand, in a superconductor, which is introduced as one kind
of magnetic material in Chap. 7, Ohm’s law does not hold and the current obeys a
physical principle. Hence, we can say that a superconductor is a pure material from
the viewpoint of physics.
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Here we investigate microscopically the occurrence of electric resistance,
although it is not rigorously based on a physical principle. When a current flows
steadily inside a metal, electrons that compose the current are driven by the electric
field. If the mass of an electron is m, the equation of motion of the electron in electric
field E is expected to be

dv

— = —¢FE, 5.20
m e (5.20)

where v is the velocity of the electron. However, this equation requires the electron
to be accelerated by the electric field, which would bring about increasing current
with time, resulting in a contradiction with the assumption of a steady state.

In a practical condition, every time an electron is accelerated by the electric field,
it will collide with atoms in the metal and lose the energy given by the electric field,
as illustrated in Fig. 5.3a. Thus, the velocity of the electron will have some mean
value without increasing appreciably (see Fig. 5.3b). The effect of collision can be
introduced by assuming a viscous force acting on electrons. Although this force
cannot be derived from any physical principle, this phenomenological assumption is
known to be useful in many examples.

E o]

— - electron mean velocity

vt

(a) (b)

Fig. 5.3 a Motion of electrons in a metal and b variation in velocity with time

t

Here we average the motion of an electron within a suitable time scale as in
Fig. 5.3b in such a way that we can describe a gradual variation in the average
velocity v on a much longer time scale. Then, the viscous force is defined. This force
is directed opposite to the motion of the electron, and its magnitude is proportional
to the velocity. Hence, when the electron moves with a higher velocity, it is subjected
to a stronger force that reduces the velocity. This force is expressed as —nv, and
constant 7 is called the coefficient of viscosity. Hence, the equation of motion of the
electron is now given by

dv E— v (5.21)
m— = —eE — nv. .
dr 7

We can easily solve this equation; the solution under the initial condition of v = 0
att=0is
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oo
v=——|1—expl—— )| (5.22)
n m

Figure 5.4 shows the variation in the velocity with time. After a sufficiently long
time, we can neglect the exponential term and the velocity reaches a constant value,

eE
V=—— (5.23)
n
Fig. 5.4 Time variation in ||
velocity of an electron
derived from the equation of eE/nt-mmmmeen remeee e
motion Ak
0 :
0 m/y 5

Hence, using Eq. (5.4), the current density in the steady state is given by

2
i=—eny="F, (5.24)

n

where 7, is the density of electrons. Thus, we obtain Ohm’s law. In the above model,
the electric conductivity is given by

(5.25)

From Eq. (5.22), the time needed for the current to reach the steady-state value is
approximately given by
m o.m

t=ty=—=——. (5.26)
N Ree

Substituting m >~ 0.9 x 107 kg, e ~ 1.6 x 107'° C, n, >~ 1 x 10* m~3 for usual
metals and o, =~ 0.6 x 10% S/m for copper, we have #, >~ 2 x 10~'* 5. Since the
time required for observation using measurement instruments is of the order of 10~'°
s, the above variation in current cannot be observed. This means that Ohm’s law is
always observed.
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5.4 Fundamental Equations for Steady Electric Current

We have discussed the equation describing the phenomena associated with a steady
current. The fundamental physical quantity for the steady current is the current
density i. The quantity that causes it is the electric field, E. Here we summarize
the fundamental equations for these quantities.

The continuity equation for a steady current is given by Eq. (5.11). The electric
field is derived from the electric potential, and hence, Eq. (1.28) holds. Ohm’s law
that connects these quantities is Eq. (5.18).

These equations have the same forms as fundamental equations describing the
electrostatic field in a space in which there is no electric charge, as compared in
Table 5.2. That is, the electric field E is common to the two cases, and the current
density i corresponds to the electric flux density D, and the electric conductivity
o. corresponds to the dielectric constant €. However, it should be noted that this
correspondence is mathematical, and similarity is sometimes broken in real cases as
will be shown later.

Fig. 5.5 Concentric
spherical capacitor

Here, we suppose that electric charges £Q are given to the outer and inner
electrodes of a concentric spherical capacitor with a dielectric material of dielec-
tric constant € in Fig. 5.5. We have learned the method with which to determine
the electric potential difference between the electrodes. The electric flux density is
directed outward from the inner electrode, and using Gauss’s law, we can determine
its magnitude as

0

T 4me?

D (5.27)

Table 5.2 Comparison of fundamental equations for steady current and electrostatic field in the
absence of electric charge

Steady current Electrostatic field in the absence of electric charge
V.i=0 V-D=0

i=o.E D =¢E

VXxE=0 VXE=0

i <« D

oc <« €
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at position r(a < r < b) from the center. Since the electric field is E = D/e, the
electric potential difference is given by

b
_ (2 42 (1 1
V= / 4716r2dr T 4me (a b>' (5.28)

Thus, the capacitance is

C = % = ‘Z’e“b. (5.29)
—da

The dielectric material in the concentric spherical capacitor is replaced by a
substance with electric conductivity o.. Now we determine the electric resistance
between the two electrodes under the electric potential difference V. We denote the
current by /. Since the current density does not have a divergence similarly to the
electric flux density, Gauss’s law gives the current density as

1

| = —-
42’

(5.30)

corresponding to Eq. (5.27). Since the electric field is E = i/o., the electric potential
difference is given by

V_/‘Id_l 1o 530
~ ] 4no.? r_47tac a b)) ’

The electric resistance is

Vv b—a
R=—= .
I dro.ab

(5.32)

Thus, the above two problems are formally identical. Eliminating V common to
each example from Eqgs. (5.29) and (5.32), we have

CR, = <. (5.33)

Oc

This quantity—the product of capacitance and electric resistance—does not depend
on the shape of capacitor or resistor and is given only by the dielectric constant and
electric conductivity. This relationship of Eq. (5.33) generally holds for a capacitor
and resistor having electrodes of the same shape. However, this is limited to the case
in which we can obtain a rigorous solution for the field.

Similarity is rarely found between phenomena of steady current and an electro-
static field. This is explained by a quite large difference in the electric conductivity
between a conductor and vacuum, while the difference in the dielectric constant
between a dielectric material and vacuum is a factor of several tens at most.
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For example, Fig. 5.6a shows the current when an electric potential difference
is applied to the two edges of a long thin resistor. In this case, the current flows
uniformly. On the other hand, Fig. 5.6b shows the electric flux when an electric
potential difference is applied to the two electrodes of a capacitor composed of
a long thin dielectric material. The electric flux lines spread out of the dielectric
material, although they pass more easily through the dielectric material than through
the vacuum. This difference arises from the large difference in material constants
mentioned above. The reason why Eq. (5.33) holds in the case of Fig. 5.5 is that
the electric field has completely the same form under the rigorous symmetry in both
cases.

Fig. 5.6 a Lines of current
in a long thin resistor and
b electric flux lines in a
capacitor with long thin
dielectric material

(a) (b)

Here, we discuss the boundary conditions to be satisfied for the steady current at
an interface between substances with different electric conductivities, o and o,, as
shown in Fig. 5.7. Since the equation for the current density i is formally the same
as that for the electric flux density D in the absence of electric charge, the boundary
condition is also the same. That is, from Eq. (4.12) we have

n-({ —i)=0, (5.34)
Fig. 5.7 Current densities at

the interface between 0
different materials
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where n is a unit vector normal to the interface. This shows that the normal component
of the current density is continuous at the interface. The continuity of the parallel
component of the electric field is given by

n x (0'C1i1 — O'Cgiz) =0. (535)

Example 5.1. Suppose an interface between two materials with electric conductiv-
ities o) and o,. Assume that a current of density #; is applied to material 1 in the
direction of angle 6, from the normal direction to the interface, as shown in Fig. 5.8.
Determine the current density i, and the angle 6, in material 2.

Fig. 5.8 Refraction of

current at interface Oc1

Solution 5.1. The continuity of the current on the interface is described as
i1 cosf) =i, cosb,.
The continuity of the parallel component of the electric field is given by
O¢1l1 Sin By = 0xip Sinbs.
These equations give

tan 6, [of)

tan 92 Oc¢1 ’

This is the law of refraction of current. We obtain i, and 6, as
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<

Example 5.2. Current of density iy flows uniformly in a substance of electric conduc-
tivity o.0. When a part of a sphere of radius a in this substance is replaced by a
different substance of electric conductivity o., as shown in Fig. 5.9, determine the
current density inside and outside the sphere.

Fig. 5.9 Sphere of radius a NI ?'0 N
with different electrical  ——

conductivity from the e
surrounding uniform
substance

Solution 5.2. The equations describing the phenomena have the same form as those
describing the electric flux density in the absence of an electric charge. Hence, the
solution for the current density and that for the electric flux density are formally the
same. That is, we can use the solution for D in Example 4.5 by replacing €p and €
with o and o,. In this case the uniform electric field £, corresponds to iy/oc. We
define spherical coordinates with the origin at the center of the sphere. We denote by
6 the zenithal angle measured from the direction of the applied current. The current
density outside the sphere (r > a) is

3 3
. 0. — 0 2a’\. ) O —0n @\, .
I, = 1+;-—3 ipcosB, iy =— l—;-—3 ip sin @
0.+ 20,0 1 o.+ 20,0 T

and that inside the sphere (0 < r < a) is uniform:
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. 3o . . 3o
i, = ————iycosf, ip=

= i() sin 6.
o. + 20

a oc + 20

Figure 5.10 shows the current around the sphere.
Fig. 5.10 Current around a %0
sphere with different —
conductivity for o = o¢0/3

5.5 Resistance

Here, we treat some examples to determine the resistance. Suppose a quarter ring of
radius Ry with a rectangular cross-section and resistivity o, as shown in Fig. 5.11a.
We apply electric potential difference V between the two edges. The electric field at
an arc of radius R from the center in Fig. 5.11b is

(a) (b)

Fig. 5.11 a Quarter ring with rectangular cross-section and b part of a thin region of radius R to
R+dR
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2V
ER) = — (5.36)
TR
and the current density is
2V
i(R) = . (5.37)
R
Then, the total current is
Ro+d/2
2wV 2wV Ry+d/2
/= / WV R = 2V jgg Kot d/2 (5.38)
TR Ty Ro—d/2
Ro—d/2
Thus, the electric resistance is given by
TTr (5.39)

R, = .
2wlog[(Ro +d/2)/(Ry — d /2)]

Next, we discuss the electric resistance along the length of the truncated cone with
resistivity p in Fig. 5.12. The. cross-sectional area at position x from the bottom is

b—a \*
S(x):r[(b— A x). (5.40)

Fig. 5.12 Long truncated z A
cone @

h

—

If the applied current is /, the current density at this position is i(x) = /S (x). Since
the electric field is E(x) = pi(x), the electric potential difference between the two
edges is

h

1 pchl
V= ——dx = . 5.41
/prS(x) wab ( )

0
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The electric resistance is

_ pih

= . 5.42
wab ( )

Example 5.3. Determine the electric resistance along the length of a quarter ring
of radius Ry with a circular cross-section of radius a, as shown in Fig. 5.13. The
resistivity is pr.

Fig. 5.13 Quarter ring with
circular cross-section

Solution 5.3. We apply voltage V between the two edges. The electric field along
the circle of radius R from the center is E(R) = 2V /(wR) (see Fig. 5.14). Hence, the
current density at this point is i(R) = 2V /(wp.R). Here, we define the angle 6 as in
the figure. Then, R = Ry + a cos 6. The current flowing in the region between R and
R+ dRis i(R)2asin0dR/[mp:(Ry + a cos 0)]. Hence, the total current is

] 4Va? sin 6 do
7p:(Ro +acos)’

Fig. 5.14 Part in the region
R to R + dR from the center

A

i

Y8
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We transform the integrand as

sin” 6 Ry 1 R} 1
_— = — ——cosl— [ -1 ) ——.
Ro+acos® a* a a? Ro+acosf

For integration of the third term, we use Eq. (A1.23) in the Appendix. A simple
calculation gives

I= 4—V[R0 - (®-a)"].

Or
Then, we obtain the electric resistance as

_ Pr
4R — (R —aV)' 2]

R;

<

Example 5.4. The space between the electrodes in a concentric spherical resistor
is occupied by two materials with resistivities p;; and py;, as shown in Fig. 5.15.
Determine the electric resistance between the two electrodes.

Fig. 5.15 Concentric
spherical resistor with two
materials

Solution 5.4. When current / is applied between the two electrodes, the current
density at a position of radius r from the center is

1
i=—.
4rr?

The electric field strength is E = pji in the region a < r < b and E = ppi in the
region b < r < c. The electric potential difference between the two electrodes is
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c

b
y_pal [dr pal / dr _pab—a)l  polc—bI

T r2 47
a b

2 Amwab 4mbe

Thus, the electric resistance is determined to be

R — K . pri (b —a) pra(c —b)
T 4wab dwbe

5.6 Electric Power

When we apply a current to a material with electric resistance, energy dissipation
takes place. Suppose that a current / flows in a material under an electric potential
difference V given by a power source. Here we estimate the work done by the power
source during a period Atz. The amount of electric charge that is transferred during
this period is AQ = I At. The work done on this electric charge is

AW = VAQ = VIAL. (5.43)

Hence, the work done in unit time is

AW
P=—" =VI. (5.44)
At

This is called the electric power. Its unit is [VA] and is denoted [W] (watt). Using
Ohm’s law this is rewritten as

VZ
P=RI>= = (5.45)

T

In this case the steady state of the current is maintained and the stored electric energy
does not change. Hence, the work done by the power source is dissipated to heat.

Suppose a small region of length Al and cross-sectional area AS. We assume
that a current, Al = iAS, flows through the cross-section under an electric potential
difference, AV = EAl, along the length. The electric power dissipated in this region
is

AP = AV AI = EiAlAS. (5.46)
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Hence, the dissipated electric power in a unit volume (i.e., the electric power density)
is

AP . 2 )
A —Fi—or =i (5.47)

Example 5.5. Assume that current / flows through the resistor shown in Fig. 5.12
when we apply electric potential difference V between its top and bottom. Prove that
the dissipated total electric power is equal to VI.

Solution 5.4. The cross-sectional area of the resistor at a position x from the bottom
is denoted by S(x). The density of current flowing at this position is i(x) = /S (x)
and the electric field strength is E(x) = p.I /S (x). Thus, the dissipated electric power
density is

oel?

P = EWit) = s

The volume integral leads to the total dissipated power:

h

h
_ ) Pr
P—/p(x)S(x)dx—l /S(x)dx'
0 0

In this equation

h

f Pr_dx =R,
S

0

is the electrical resistance. Thus, we have P = R.I? = VI.
&

The average of a product of two quantities is not generally equal to the product of
the average of each quantity. This is the case in which these are equal to each other.
Discuss the reason (see Exercise 5.10).

5.7 Electromotive Force

Suppose that a steady current, I, flows in a closed electric circuit, C. When integrating
the current along the circuit, we have
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%Lds:ll, (5.48)
¢

where [ is the perimeter of the circuit. On the other hand, with the aid of Ohm’s law,
the left side of this equation can be written as

Sffi-ds:SociE-ds=0, (5.49)

C C

where S and o, are the cross-sectional area and electric conductivity of the circuit,
respectively. Thus, we have I = 0, which contradicts the assumption of a steady
current. This gives E = 0. On the other hand, under the initial condition of v = v
(I = Iy = —ene|vy|S), we obtain the solution to Eq. (5.21) as

t
=1, exp<—”—). (5.50)
m

This also shows that / reduces to zero after a very short period. A steady current can
continue to flow only in superconductors with p, = 0.

Hence, to get a steady current in the general case, it is necessary to have an electric
power source that applies an electric potential difference to force the current to flow
in a circuit. The electric potential difference that the electric power source generates
is called electromotive force. Table 5.3 lists practical electric power sources and the
kinds of electromotive force. The unit of the electromotive force is [V]. Except in
the case of generator, the electric energy of the electromotive force provided by the
sources is transformed from chemical, mechanical, thermal, or optical energy.

Suppose a closed circuit with an electric power source of electromotive force V.
We denote the part of electric power source and the remaining part of the electric
circuit as AC and C' (= C — AC), respectively, as shown in Fig. 5.16. The electric
field due to the electromotive force is denoted by E.,,. We then have

V= —/Eem - ds. (5.51)
AC

Table 5.3 Kinds of electric . . .
Electric power source Kind of electromotive force

power source and

electromotive force Battery Chemical electromotive force
Generator Electromagnetic induction
Thermocouple Thermoelectric power
Photoelectric cell Photovoltaic effect
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Fig. 5.16 Closed electric
circuit with electric power
source

In the above, the integral is directed along the current. We define the electric
potential ¢ that also includes the electromotive force. This satisfies

—Vo¢ = pi (5.52)
in C" and
—V¢ = Een (5.53)
in AC. The condition
% V¢ -ds =0, (5.54)
C

which is required for the electric potential, gives

% I-ds=V. (5.55)
C,

Thus, the steady current is realized by the electric power source. The electric
potential difference on the left side is due to the current that flows in an electric
resistor and is called a voltage drop. The direction of the electric field is the same
as that of the current but is opposite that of the electric field due to the electromotive
force.

5.8 Kirchhoff’s Law

In an electrical network composed only of resistors and direct current (DC) electric
power sources, the current flows in a steady state. An important law that describes
the steady current is Kirchhoff’s law. We derive this law from the principles of
electromagnetism.
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Kirchhoff’s first law states that the algebraic sum of currents passing out of an
arbitrary node is zero. Here the currents that pass out and in are considered to be
positive and negative, respectively. Applying this law to a node in Fig. 5.17a, we
have

Z[n =0, (5.56)

where I, is the current that passes out of the node through the n-th branch. Suppose
a closed surface S that includes the node (see Fig. 5.17b). The surface integral of the
current density i on S gives

/i-dS = Zln. (5.57)

S

Fig. 5.17 a Currents that
flow out of and into a node
and b closed surface that
includes the node

(a) (b)
Using Gauss’s theorem and Eq. (5.11), the left side of Eq. (5.57) is rewritten as

/ V.idV =0, (5.58)
\

where V is the interior of S. Thus, we obtain Kirchhoff’s first law, Eq. (5.56).

Kirchhoff’s second law states that the sum of electromotive forces is equal to the
sum of voltage drops in resistors in an arbitrary closed circuit composed of branches
in an electrical network. This is expressed as

> V= Ruly (5.59)

for closed circuit C in Fig. 5.18. In the above, V,,, R, and I, are the electromotive
force, electric resistance, and current in the m-th branch, respectively. We denote
the electric potential including the electromotive force by ¢. The potential difference
between the two edges of the m-th branch is then given by
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Fig. 5.18 Closed circuit in
an electrical network

Vin

Apy = / Ve - ds = Vi — Rl (5.60)

m

In the above, the relationship f (pr/S)ds = R, is used. From uniqueness of the

m
electric potential, we have

?gw cds =) Ag, =0. (5.61)

C

Substituting Eq. (5.60) into this equation gives Kirchhoft’s second law, Eq. (5.59).

Column: Difference in Electric Resistivity

There are no material constants that differ so much depending on material as
electric resistivity. Electric resistivity differs by a factor of 10%* between silver
and quartz glass. In superconducting materials covered in Chap. 7, the electric
resistivity is theoretically predicted to be zero. However, it is impossible to
experimentally prove that the resistivity is absolutely zero.

For example, if the electric potential difference is measured to be less than
the noise level of 10 nV when current of 1 A is applied to a superconducting
wire of cross-sectional area 1 mm? and length 1 m, we can prove that the
electric resistivity is less than 10~'4Q m. This is close to the limit of sensitivity
of measurement instruments. It should be noted that the electric resistivity
is of the order of 10~!" © m even for high-purity copper at extremely low
temperatures such as 4.2 K. Observation of the decay of current due to electric
resistivity is much more sensitive. If the inductance and electric resistance of
a closed circuit are L and R;, the current decays as

L

(0] =I(O)exp<—£); = R
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as known for an electrical circuit. Hence, we can estimate the electric resis-
tance R, from the time constant z. For a closed circuit in which two parallel
superconducting wires of length / = 0.5 m and diameter a = 0.5 mm separated
by d = 10 mm are connected at both edges with zero resistance, we calculate
the inductance as

L~ M—Ollogz ~6.0x 107"H
b4 a
(see Example 8.1). In the above, yy is the magnetic permeability of vacuum.
If no decay is observed with measurement uncertainty less than 0.1% over 3
years (approximately 0. 95x 10% s), 7 is larger than 0. 95x 10! s. Thus, R; is
less than 6x 10~'8 © and we can say that the electric resistivity is less than 6 x
107 Qm.

Hence, the practical difference in electric resistivity reaches the level of
108, The difference in size between a hydrogen atom and the universe (about
15 billion light years) is of the order of 10%®, which gives an idea of the huge
range of electric resistivity. Completely different electric properties of different
materials are due to such a dramatic difference in the electric resistivity.

Exercises

5.1. Determine the electric resistance along the length of a substance with electric
resistivity p;, as shown in Fig. ES.1.

Fig. E5.1 Long substance
with rectangular
cross-section

5.2. The space between the electrodes in a concentric spherical resistor is occupied
by two materials with resistivities p;; and pr,, as shown in Fig. ES.2. Determine
the electric resistance between the two electrodes.
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Fig. E5.2 Concentric
spherical resistor with two
materials

5.3. The space between two long coaxial electrodes is occupied by two types
of substance with electric resistivities p;; and p, as shown in Fig. E5.3.
Determine the electric resistance between the two electrodes.

Fig. E5.3 Long coaxial
resistor composed of two
types of substance with
different electric resistivities

5.4 The space between two long coaxial electrodes is occupied by two types
of substance with electric resistivities p;; and py, as shown in Fig. E5.4.
Determine the electric resistance between the two electrodes.

Fig. E5.4 Long coaxial
resistor composed of two
types of substance with
different electric resistivities
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5.5.

5.6.

5.7.

Fig. E5.5 Current applied

normal to a long cylindrical
rod with a different electric
conductivity embedded in a
uniform substance

5.8.

constant circuit

Suppose that, when we apply electric potential difference V between the two
edges of the quarter circular prism shown in Fig. 5.11a, current / flows. Prove
that the total electric power dissipated in this resistor is VI. (Hint: Integrate the
loss power density given by Eq. (5.47).)

Prove that Eq. (5.33) holds also for two parallel-plate electrodes with area S
and distance d.

A long cylindrical rod of radius a and electric conductivity o is embedded in a
substance of electric conductivity o.o. Determine the current density inside and
outside the rod, when we apply a uniform current of density ij to an infinitely
wide region, as shown in Fig. E5.5.

Two thin tapes A and B of length L are adhered to each other, and current
I is applied at the edge of tape A between x = 0 and x = 2L, as shown in
FigE5.6a. The electric resistances in unit lengths of tapes A and B are R/,
and Ry, respectively, and the interface conductance between the two tapes in
a unit length is g. Determine the current that flows in tape A. (Hint: Use the
distributed constant circuit model shown in Fig. E5.6b.)

Fig. E5.6 a Two thin tapes I y i
and b equivalent distributed ¢ A(Rp) ¢
|
|
x=0 B(Rg) x=2L
(a)
Va(x) - Va(x + dx)
Iy, —>° Rjdx -—-
(gdx)™*
Ig—>o Rydx e
Vg(x) Vg(x + dx)

(b)
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5.9. Two parallel long cylindrical conductors of radius a are embedded in a uniform
substance of electric conductivity o, as shown in Fig. ES.7. The distance
between the central axes of the two conductors is d(> 2a), and the electric
resistivity of the two conductors is negligibly small. Determine the electric
resistance in a unit length between the two conductors. (Hint: Convert this
problem to the problem of determining the capacitance between two conduc-
tors with replacement of a substance having electric conductivity o. with a
dielectric material having dielectric constant ¢. Place virtual positive and nega-
tive line charges having densities 4 at suitable positions so that the electric
potential has constant values on the surfaces of the two conductors).

Fig. E5.7 Cross section of
two parallel cylindrical
conductors embedded in a
uniform substance

d
l !

5.10 Suppose that the local electric field and current density are E and i in a resistor,
when voltage V is applied and current / flows in it. Prove that the relation
(Eiy = (E)(i) holds for the loss power density, where () means the average
over the resistor. (Hint: Use equipotential surfaces.)
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Chapter 6 ®)
Current and Magnetic Flux Density e

Abstract This chapter covers magnetic phenomena caused by currents. The Lorentz
force, which works between currents, is caused by a magnetic distortion in space that
is produced by the currents. This distortion is the magnetic field and is represented
by the magnetic flux density. The magnetic flux density produced by current is
described by the Biot-Savart law. On the other hand, Ampere’s law describes the
global relationship between the current and the magnetic flux density. The magnetic
flux density is expressed by the curl of the vector potential and has a nature of a field
with no divergence. The virtual surface on which the vector potential is the same is
the equivector potential surface. The relationship between the equivector potential
surface and the magnetic flux density is discussed. We also learn the magnetic prop-
erties of the magnetic moment produced by a small closed current, which appears in
magnetic materials.

Keywords Current - Magnetic flux density - Biot-Savart law + Lorentz force -
Magnetic moment - Ampere’s law - Vector potential

6.1 Magnetic Flux Density by Current

We know that there exists a force between currents. This phenomenon is similar to
the Coulomb force between electric charges. Hence, we can presume that currents
also make some field in space similar to the electric field made by electric charges.
This field is called the magnetic field.

Magnets also make a magnetic field. However, the magnetic field source that we
can quantitatively define is current. In fact, the amount of current is defined based
on the force between currents. In the case of magnets, the magnetic field strength
depends on the substance of the magnet and its condition of magnetization, which
cannot be controlled exactly. We discuss the relationship between the current and
magnetic field in this chapter. It should be noted, however, that we do not define
the magnetic field itself but the magnetic flux density to express the magnetic field
strength. The relationship between the magnetic field and magnetic flux density will
be described in Chap. 9.
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We suppose that two parallel straight wires separated by distance d carry currents
I, and I, as shown in Fig. 6.1a. In this case, a force of strength

wolil2

F =—
2rd

6.1)

+
&
L
+ 4
/\‘n‘ 4
i >
/\, / iy
+ +
+/+/ *+-~.J\
. <)
/ + i
+
ET

(a) (b)

Fig. 6.1 a Force between two parallel currents and b force between two parallel line charges
works on each wire of a unit length. It is attractive (F’ < 0) for currents in the same

direction (111, > 0) and repulsive (F’ > 0) for currents in opposite directions (I{/, <
0). The constant

po = 4w x 1077 N/A? (6.2)

is called the magnetic permeability of vacuum. The unit of current, [A], is defined
using Eq. (6.1). The magnitude of this force corresponds to the magnitude of the
Coulomb force on electric charges. That is, when electric charges of linear densities
A1 and 4, are uniformly distributed on two parallel straight lines separated by d, as
shown in Fig. 6.1b, the Coulomb force on each line of a unit length is given by

Mk
T 2mepd’

/

(6.3)

which is of the same form as the magnetic force of Eq. (6.1). Namely, the magnetic
force is proportional to the product of two currents and is inversely proportional
to their distance. The unique difference is that the magnetic force is attractive for
currents in the same direction.

The magnetic flux produced by currents is largely different from the electric field
produced by electric charges. The magnetic flux can be visualized using magnetic
particles such as iron sand. For example, the magnetic flux lies in a plane normal to
a straight current and forms vortices around it, as shown in Fig. 6.2. On the other
hand, the electric field radiates from a line charge.

Below are the main differences between the electric interaction between electric
charges and the magnetic interaction between currents:

e Electric charges are scalars, and currents are vectors.
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Fig. 6.2 Magnetic flux
produced by straight current

e While the electric field is directed parallel to the straight line connecting the
electric charge and observation point, the magnetic flux is directed normally to
both the current and the straight line connecting a part of the current and the
observation point.

e While the electric force between electric charges of the same kind is repulsive,
the magnetic force between currents in the same direction is attractive.

6.2 The Biot-Savart Law

The law that expresses the magnetic flux density produced by a current is the Biot-
Savart law. Suppose that current / flows along line C, as shown in Fig. 6.3. The law
states that the magnetic flux density at point P produced by an elementary current
Ids flowing in a small segment ds is given by

pmo Ids xi,  po Ids xr

3

dB = =
47 r2 47 73

(6.4)

Fig. 6.3 Elementary current
along C and observation
point P
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In the above, r is the position vector from the small segment to point P and |r| = r
withi, = r/r. The unit of the magnetic flux density is [T] (tesla). If the angle between
ds and r is 6, the magnitude of magnetic flux density is

_ ,u,oldS
T dnr?

dB sin 6 (6.5)
and the vector points along the motion of a screw when a screw driver is rotated from
dstor.

Thus, the magnetic flux density produced at r by current / flowing through line C
is given by

o 1A x (r—7)

When there are many currents, the total magnetic flux density is the superposition of
all the individual magnetic flux densities they produce.

Here, we consider a current flowing with density i in space V, as shown in Fig. 6.4.
The elementary current that flows in a small region of length ds and cross-sectional
area dS is idSds = idV with dV denoting the volume of this region. Thus, the
magnetic flux density is given by

B(r) = ﬂ / de. (6.7)

r—r

3
|

Fig. 6.4 Elementary current
in space V

One can see that this equation corresponds to Eq. (1.12) for the electric field produced
by electric charges. The electric charge density p corresponds to the current density
i, and the vector product of current density and position is necessary for yielding a
vector for the magnetic flux density. This explains why the magnetic flux density is
perpendicular to the current.
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Example 6.1. Current/ flows in a circle of radius a, as shown in Fig. 6.5a. Determine
the magnetic flux density at point P located at distance z in the normal direction from
the center O of the circle.

— B

( a.)

Fig. 6.5 a Point P on axis of circular current and b magnetic flux density at P produced by
elementary current

Solution 6.1. We define angle ¢ as shown in Fig. 6.5b. The elementary current in the
part ¢ to ¢ + dg has magnitude /ds = Iadg and is directed normally to the position
vector from this segment to point P [0 = 7/2 in Eq. (6.5)], as shown in the figure.
The magnetic flux density at P produced by this elementary current is

Tad
dB = Moladg
4 r?

. 1/2 . .
withr = (12 + az) ” From symmetry, only the component along the z-axis remains:

B — wolady | _ wola*de
4 r? 4rrd

This will be understood by considering a contribution from the opposite side of the
circle at angle ¢ + 7. Integrating with respect to angle ¢, we have

2
B / pola’dp — polad®

4rd 2(2 +a?)

0
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Example 6.2. Current I flows along a long straight line (see Fig. 6.6). Determine
the magnetic flux density at point P at distance a from the line.

Fig. 6.6 Long straight line
with current and observation
point P

Idz

Solution 6.2. We define coordinates as shown in Fig. 6.6. The magnetic flux density
produced at P by an elementary current /dz in a small region z to z + dz is

woldz .

dB = sin @,

where angle 6 is defined as in the figure and r = (12 + az)l/2 = a/sin6. The
relationship z = —acot 6 gives dz = (a / sin29)d9. Thus, the elementary magnetic
flux density is transformed to be

I
dB = f—osmede

Ta

Since this vector is directed normally to this sheet, a simple superposition holds
for summing the contribution from each small region. We obtain the magnetic flux

density as
T
/ ol
0

sinfdf = —. (6.8)
2ma

L‘t
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Example 6.3. Current [ is applied to the closed circuit shown in Fig. 6.7. AD is an
arc of a circle of radius a. Determine the magnetic flux density at O, located at the
intersection of lines extended from BA and CD.

Fig. 6.7 Current on a closed
circuit composed of three
straight sections and an arc
of a circle

Solution 6.3. The angle 6 measured from the direction of elementary current /ds to
that of the observation point O is 7 on the section from A to B, and the magnetic flux
density produced by the current flowing in this branch is zero. On the section from
B to C, if the distance of Ids from point B is denoted by y, the distance between Ids
and point Oisr = (y2 +d 2) 2 _a /sinf. Thus, the magnetic flux density produced
by the current in this branch is

d 3m/4

! in6 1 1
BBC = M_O / s dy = Ho / sinf df = Ho s
dr ) y*+d? 4d 42nd
0 /2

and is normal to the sheet and is directed backward. On the section from C to D, the
angle 0 is zero, and there is no contribution from this branch. On the section from D
toA,r =aand § = —m /2, so we have

tol ol
DA T / s 16a

This is normal to the sheet and is directed forward. As a result, the magnetic flux
density is directed forward and is

B="——— ).
4 4a ﬁnd
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6.3 Force on Current

The force on an elementary part ds of a current / in a magnetic flux density B is given
by

dF =Ids x B (6.9)
(see Fig. 6.8). This is called the Lorentz force in a narrow sense. From the mathe-
matical requirement that the force vector results from the product of two vectors, the

vector product appears again. The force that line C with current / experiences in the
magnetic flux density B is

F:I/dst. (6.10)
C

Fig. 6.8 Current / in
magnetic flux density B

‘We apply this to the case of a force on two parallel currents in Fig. 6.1a. The magnetic
flux density that current /; produces at the position of current I, is B = uol;/(27nd)
using the result of Example 6.2. It is directed as shown in Fig. 6.9a. Hence, if I, is
in the same direction as I, the force on I, is attractive. If I, is directed opposite to
I, as in Fig. 6.9b, the force is repulsive. This results in Eq. (6.1).

(a) (b)

Fig. 6.9 Magnetic flux density produced by current /| and resultant force on current /o when I
has a the same and b opposite directions to /;



6.3 Force on Current 143

Since the current is composed of moving electric charges, the force on the current
is written as a force on moving electric charges. The force on the region of length ds
along the direction of the current / and cross-sectional area dS in the magnetic flux
density B is

dF = Ids x B =idSds x B. (6.11)
Since dSds is the volume of this region, dV, we rewrite this force as
dF = (gqv x B)ndV (6.12)

using Eq. (5.4). Since ndV is the number of electric charges in this volume, the force
on one electric charge is given by

F =qv x B. (6.13)

For the special case where the electric field E and the magnetic flux density B coexist,
the force on the electric charge is

F=qE+v xB). (6.14)

This is called the Lorentz force in a broad sense. This equation shows that E and
B are important variables that connect electromagnetism with dynamics. The E-B
analogy is the standpoint from which electromagnetism is described using these
variables. Chapter 9 will include a description based on another standpoint.

We can easily show that the total force on a closed circuit, C, along which current
I flows in a uniform magnetic flux density is zero:

F=1 %ds x B =0. (6.15)
C

However, it should be noted that the torque, i.e., the moment of force on a closed
circuit is not necessarily zero.

For example, we suppose rectangular circuit PQRS in a uniform magnetic flux
density, B, as shown in Fig. 6.10a. We assume sides PS and QR are normal to B.
When current 7 flows in this circuit, the force alBcosd works on side PQ, where 0 is
the angle between the unit vector n normal to the circuit and the magnetic flux density
B. The strength of this force is the same as that on side RS, and these forces are on the
same line and directed opposite to each other (see Fig. 6.10b). Hence, these forces
completely cancel and do not contribute to the torque. On the other hand, forces of
strength bIB work on sides PS and QR in opposite directions to each other, but these
forces do not lie on the same line. Hence, a torque appears and rotates the circuit
(see Fig. 6.10c). Its magnitude is
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/b,ﬂ 3 / ) QR %

(a) (b) (c)

Fig. 6.10 a Rectangular circuit with current / in uniform magnetic flux density B, b two forces
that cancel each other, and ¢ two forces that cause torque

N = bIBasinf = BIS sin6, (6.16)

where S = ab is the area of the circuit.

The unit vector n specifies the direction of movement of a right thumb when it
is rotated along the direction of the current, and the surface vector of the closed
circuit is defined by S = nS. Then, the torque is expressed in the form of a vector:
N = IS x B, where N is a vector with the same magnitude as the torque and is
directed along the motion of a screw when a screw driver is rotated along the torque.
If we define the magnetic moment of the closed circuit as

m=18, (6.17)
the torque is given by
N =m x B. (6.18)

Equation (6.18) holds for closed current / with an arbitrary shape on a plane in a
uniform magnetic flux density. We can explain this as follows. Any given current-
carrying closed circuit is expressed as a superposition of small rectangular closed
circuits with the same current /, as shown in Fig. 6.11, since two currents in opposite
directions in adjacent closed circuits completely cancel out. The above discussion
holds for each small rectangular circuit. The magnitude of the total magnetic moment
is equal to the product of current / and the total area of the closed circuit. Thus, we
can prove that Egs. (6.17) and (6.18) hold for any closed circuit on a plane.
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Fig. 6.11 Division of closed
current of arbitrary shape on
a plane

Example 6.4. Electric charge g of mass m is ejected with velocity v along the x-axis
in magnetic flux density B along the z-axis. Discuss the motion of the electric charge
after ejection.

Solution 6.4. The Lorentz force given by Eq. (6.13) works on the electric charge
along the y-axis just after it is ejected. Since the force is directed perpendicularly
to the motion, a circular motion of the electric charge occurs (see Fig. 6.12). We
denote the radius of this circular motion as R. The magnitude of the Lorentz force
on the electric charge is gvB, and the centrifugal force is mv?/R. From the condition
of balance between these forces, we obtain the radius of the circular motion as

my
R=—.
qB
Fig. 6.12 Motion of electric q i @B
charge in magnetic flux y
density l ’



146 6 Current and Magnetic Flux Density

This circular motion of a charge is called cyclotron motion. The angular frequency
of the motion, which is called cyclotron angular frequency, is given by

v _gB

w=—
R m

Since the Lorentz force is always perpendicular to the direction of motion, the work
done by the Lorentz force is zero.

<

6.4 Magnetic Flux Lines

The electric field produced by electric charges can be visualized by electric field
lines. We can similarly see the magnetic flux density with magnetic flux lines. The
magnetic flux line is defined as follows: The direction of a tangential line at any
point on the magnetic flux line is the same as the direction of B, and its line density
is defined as equal to the magnitude of B. Figure 6.13 shows examples of magnetic
flux lines. We define the magnetic flux that passes through arbitrary surface S as

= /B~dS. (6.19)
S

(a) (b)

Fig. 6.13 Examples of magnetic flux lines for a a straight current and b a circular current
The unit of magnetic flux is [Tm?], which is newly defined as [Wb] (weber).

From the examples in Fig. 6.13, it seems that magnetic flux lines are closed lines.
This is different from electric field lines that start from positive electric charges and
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terminate at negative electric charges. If this speculation is valid,
/B -dS=0 (6.20)
S
holds for an arbitrary closed surface, S. Using Gauss’s theorem on the left side, Eq.
(6.20) gives
/ V-BdV =0,
v

where V is the interior of S. Since this holds for arbitrary V, we have
V-B=0. (6.21)

In fact, we can prove Eq. (6.21) as described in Sect. A2.2 in the Appendix. That
is, the magnetic flux lines are closed lines. Equations (6.20) and (6.21) are called
Gauss’s law for magnetic flux and Gauss’s divergence law for magnetic flux,
respectively.

6.5 Ampere’s Law

Consider the circular integral of magnetic flux density B along a closed line, C:

fmas

C

When current I flows in a straight line and C is a circle of radius R from the current
in a plane normal to the current, B is parallel to the line element ds (see Fig. 6.14),
and its magnitude B is a constant, uyl /(2zR), as discussed in Example 6.2. Hence,
the above integral gives

Fig. 6.14 Circle C around
straight current
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f ﬁ;¢ s = pol (6.22)
C C

and the value is independent of R.

Suppose a closed line, C, on a plane normal to the straight current / that does
not encircle the current. For simplicity, we assume that C is composed of two arcs
with different radii and two straight segments extending from the current, as shown
in Fig. 6.15. Here, we calculate the circular integral of B on C. We denote the angle
of arcs KL and MN as a. The integrals along these arcs are

L M
o
B.ds= | B-ds =222
2
K N
Fig. 6.15 Closed line P e Sz T
KLMN on a plane normal to 2 /
straight current that is e
composed of two arcs and ,” G M-
two straight segments ! 3 K

K M
/B -ds = /B -ds =0
N L
Thus, the circular integral gives
fB -ds = 0. (6.23)
c

Using the above results, we can show that Eq. (6.22) holds when straight current
I penetrates arbitrary closed line C on the normal plane, and Eq. (6.23) holds when
this is not so. In the latter case, for example, we can realize an arbitrary closed line
with a set of small closed loops composed of two arcs with the center on the current
and two straight segments extending from the current, as shown in Fig. 6.16, and Eq.
(6.23) holds for each closed loop. Hence, we can show that Eq. (6.23) holds for any
closed line.
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Fig. 6.16 Closed line
divided into a set of closed
loops composed of two arcs
and two straight segments
when straight current does
not penetrate the closed line

C
I®

If 1 is defined as the current that penetrates closed line C in Eq. (6.22), it includes
Eq. (6.23). This equation holds also when the closed line is not on a plane normal to
the straight current and/or when the current is not straight. Since it is time-consuming
to prove each of them, this will be proved indirectly using another method.

We suppose that currents 11, I, ... flow separately in space. In this case, Eq. (6.22)
is extended to

?{B -ds = po Zlm. (6.24)
C m=1

In the above, the right side is the sum of the currents that penetrate C. When current
flows with the density Z, the corresponding equation is

?ﬁB-ds:MO/i.ds, (6.25)

C S

where S is the surface surrounded by C. Equations (6.22), (6.24), and (6.25) are
called Ampere’s law.
Applying Stokes’ theorem to the left side of Eq. (6.25) gives

/VxB-dS:uo/i~dS. (6.26)
S S

Since this holds for arbitrary S, we have
V X B = uol. (6.27)

This is called the differential form of Ampere’slaw. Hence, if Eq. (6.27) holds, then
Eq. (6.22) must hold. The proof of Eq. (6.27) is given in Sect. A2.3 in the Appendix.

From Eq. (A1.44) in the Appendix, we can see that Eq. (6.27) satisfies Eq. (5.11).
That is, the magnetic flux density B is produced by a steady current. Equation (6.27)
shows that the current produces rotation of the magnetic flux density. This is in
contrast with Eq. (1.21) that shows that an electric charge produces divergence of
the electric field.
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Example 6.5. Current I flows uniformly in a long cylinder of radius a. Determine
the magnetic flux density inside and outside the cylinder.

Solution 6.5. We can determine the magnetic flux density using the Biot-Savart law.
However, it is not easy. On the other hand, this can be easily done using Ampere’s
law. We apply this law to a circle, C, of radius R from the central axis of the cylinder,
as shown in Fig. 6.17. From symmetry, the magnetic flux density B is parallel to a
line element, ds, and its magnitude B is constant on C. Hence, the left side of Eq.
(6.25) gives

¢B~ds:2nRB.
C

For R > a, the total current that flows inside C is I, and the right side of Eq. (6.25) is
equal to uol. Thus, we have

I
B=2
2R
This result is the same as for the case where the total current flows along the central

axis. For 0 < R < g, the current inside C is (R/a)zl, and we have

IR
B =K
2ma?

Fig. 6.17 Circle C with the
same central axis as cylinder
forR<a

Example 6.6. Current flows uniformly with surface density 7 on a wide plane.
Determine the magnetic flux density at a position at distance 4 from the plane.
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Solution 6.6. We can easily obtain the answer using Ampere’s law also for this case.
Suppose a rectangle, KLMN, normal to the direction of current with two sides (KL
and MN) of length w parallel to the plane, as shown in Fig. 6.18. The other two sides
(LM and NK) of length 2/ are normal to the plane. We apply Ampere’s law to this
rectangle. From symmetry, the magnetic flux density has the same value on sides KL.
and MN at the same distance from the plane, and its vectors are parallel to these sides
but opposite to each other. Hence, the contribution from these sides to the circular
integral of the magnetic flux density gives 2wB. On the other hand, the contribution
from other two sides is zero. As a result, we have

‘(ﬁB~ds=2wB.
C

Fig. 6.18 Rectangle normal
to the direction of current
flowing uniformly on a plane

The total current inside the rectangle is wz. Thus, we obtain the magnetic flux density
as

B=22 (6.28)

It should be noted that this value is independent of the distance / from the plane.
Figure 6.19 shows the magnetic flux lines produced by the sheet current. This is
similar to the electric field produced by an electric charge distributed uniformly on
a wide plane (see Example 1.5).

Fig. 6.19 Magnetic flux
lines produced by uniform
sheet current
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Table 6.1 Correspondence of laws describing electric and magnetic phenomena

Electricity Magnetism

Local E@r) = 4ﬂleo Iy ﬂ("r’)_(rr%r’) av’ B(r) = f:_g fy i(r?rigl;'/) av’
(Coulomb’s law) (The Biot-Savart law)

Global fSE-dS=%fvpdV fCB-ds=y,0fsi~dS
(Gauss’s law) (Ampere’s law)

Differential V.-E= % V x B = i

As shown above, we can say that the Biot-Savart law for the local magnetic flux
density produced by a current and Ampere’s law for the global relationship between
the magnetic flux density and current describes the same magnetic phenomenon
from opposite viewpoints. This is similar to the relation between Coulomb’s law
and Gauss’s law describing electric phenomena in Chap. 1. Table 6.1 shows the
correspondence between electric and magnetic phenomena.

Although there is a difference between the scalar source (electric charge) and
vector source (current) that produce the fields, the correspondence between electric
and magnetic phenomena is clear. These sources cause a divergence of the electric
field and rotation of the magnetic flux density. As for the physical constants, the
magnetic permeability of vacuum, yg, corresponds to the inverse of the permittivity

of vacuum, €, L

6.6 Vector Potential

The electric field E is given by Eq. (1.24) in terms of the electric potential, i.e., a
kind of scalar potential. This originates from the irrotational nature of the electric
field as given by Eq. (1.28) and from the mathematical property that the gradient of
a scalar is irrotational.

Magnetic flux density is a solenoidal field with no divergence, as shown by Eq. (6.21).
Mathematically, curl of a vector has no divergence, as shown by Eq. (A1.44) in the
Appendix. Hence, the magnetic flux density can be mathematically expressed as a
curl of some vector:

B=VxA. (6.29)

The quantity A is called the vector potential. As can be seen from Eq. (A1.45), we
could add the gradient of any scalar function to the vector potential, and the vector
potential would still correspond to the same magnetic flux density. This arbitrary
gradient of some scalar function means the vector potential cannot be uniquely deter-
mined without specifying some condition. In the case of static magnetic phenomenon
that does not change with time, the condition

V-A=0 (6.30)
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is usually used. This is called the Coulomb gauge. We assume a new vector potential,
A’ =A + Va, (6.31)

under this condition. It yields the same magnetic flux density. Using Eq. (6.30), a
satisfies Laplace’s equation.

V-Va =Aa =0. (6.32)
Since a is uniquely determined under a given boundary condition as discussed in

Sect. 2.2, the vector potential is uniquely determined using the Coulomb gauge.
The solution of the vector potential is given by

A = 20 / i) 4y (6.33)
v

r—r

One can show that this proves the Biot-Savart law for the magnetic flux density
B (see Sect. A2.4 in the Appendix). In this case, the Coulomb gauge is fulfilled
(see Exercise 6.9). This equation corresponds to Eq. (1.27) describing the electric
potential produced by electric charge. These are compared in Table 6.2. The result
that the potential is scalar or vector depends on whether the source of the field is
scalar or vector. The similarity in Table 6.1 is found again in this table. When current
I flows along a line circuit, C, Eq. (6.33) reduces to

ol dr’

T 4w ) r=r|
C

A(r)

(6.34)

Integrating the vector potential along C gives

%A-ds:/VxAdS:/B-dS:(D, (6.35)
C S S

where S is a surface surrounded by C, and @ is a magnetic flux that penetrates C. In
the above, we have used Stokes’ theorem and Eqs. (6.19) and (6.29).

Table 6.2 Comparison between electric potential due to electric charge and vector potential due
to current

Electric potential by charge Vector potential by current
Potential $0) = e fy LD av’ Ay =1 [, 1)y
Source p i
Constant €0 ,u(f1

Equation Ap=—L AA = — i
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Substituting Eq. (6.29) into Eq. (6.27) gives
V x (V x A) = uol. (6.36)
With Egs. (A1.46) in the Appendix and (6.30), Eq. (6.36) becomes
AA = —ppi. (6.37)

That is, each component of the vector potential satisfies Poisson’s equation. In the
region where current does not flow (i = 0), this reduces to Laplace’s equation,

AA = 0. (6.38)

This is also similar to the electric potential in electric phenomena. When a boundary
condition is given, A in Eqs. (6.37) or (6.38) is uniquely determined. One can directly
prove that Eq. (6.36) holds for the vector potential A given by Eq. (6.33). This will
be apparent from the proof of Eq. (6.33) in Sect. A2.4 and that of Eq. (6.27) in Sect.
A2.3 in the Appendix.

Example 6.7. Determine the vector potential for the case discussed in Example 6.5.

Solution 6.7. We use cylindrical coordinates. Since the current flows only along the
z-axis, the vector potential has only the z-component A_, as indicated by Eq. (6.33).
In addition, from symmetry, it does not depend on z or the azimuthal angle ¢. The
magnetic flux density has only the azimuthal component B,,. Thus, we have

9A.
Bw = _ﬁ.

The vector potential is given by

R
A, = —/B¢dR,
Ro

where Ry(> a) is the distance from the central axis to the reference point at which A,
= 0. The reason why infinity is not chosen as the reference point is that the vector
potential diverges because of the requirement that the current flows over an infinitely
long distance. In fact, we find that the vector potential directly estimated from Eq.
(6.34) diverges. This corresponds to the divergence of the electric potential for an
infinitely long line charge (see Example 1.8).

We determine the vector potential as

I R
A, = ﬂlog_o
2 R
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from B, = 1ol /(27 R) for R > a and as

wol 2 o) ol Ry
A, = a”—R l —

T 4na? ( )+ %8

from B, = uolR/ (27Ta2) for 0 < R < a. In the above, the vector potential takes on
a constant value on the cylindrical surface with the radius R. Thus, we can define
an equivector potential surface, which is similar to the equipotential surface. The
vector potential is parallel to the equivector potential surface.

<&

Example 6.8. Current [ is applied to an infinitely long solenoid coil of radius a with
n turns in a unit length. Determine the vector potential.

Solution 6.8. Firstly, we determine the magnetic flux density. Suppose rectangles
C; and C, as shown in Fig. 6.20. Applying Ampere’s law to these rectangles, the
circular integral of the magnetic flux density is zero in each case. It shows that the
magnetic flux density is constant inside and outside the coil. Since the magnetic flux
density outside the coil must be uniform up to infinity and the total magnetic flux
must be finite, we can show that the magnetic flux density must be zero outside the
coil. Then, we apply Ampere’s law to rectangle Cs to determine the magnetic flux
density B inside the coil. The left side of Eq. (6.25) is Bl with [ denoting the axial
length of Cs. Since the total current inside Cs is nll, we have

B = ponl.

Fig. 6.20 Longitudinal
cross section of solenoid coil |

and rectangles C;—C3

|

|

|

| <, C,
|

|

i

Then, we can determine the vector potential with Eq. (6.29), but we use Eq. (6.35)
here. We apply this equation to a circle, C, of radius R from the central axis of the
coil in Fig. 6.21. Since the current flows only in the azimuthal direction, the vector
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potential has only the azimuthal component A,. Hence, this is parallel to C, and its
magnitude is constant. We have

7€A -ds = 27 RA,(R).
C

Fig. 6.21 Circle C of radius
R from the central axis of the
coil (for R < a)

On the other hand, the magnetic flux penetrating C is
[B-dS = BrR* = mrponIR*; 0 <R < a,
) = Bra® = nuonlaz; R > a.
Thus, we determine the vector potential as

Ay(R) =12 0 <R <a,
__ ponla*,
- 2R °

R > a.

Determine the vector potential with Eq. (6.29) and confirm that it agrees with the
above result (see Exercise 6.10).

<

6.7 Small Closed Current

Suppose that current / flows around a small square of side length d. The vector
potential produced by this current is determined at a point, P, sufficiently far from
this square. We denote the direction vector from the center of the square to point P
as r. The assumption allows |r| = r > d. We define the origin of the coordinates at
the center of the square placed on the x-y plane. Their sides are parallel to the x- or
y-axis, as shown in Fig. 6.22a. We also assume that P is on the y-z plane, and 8 is the
angle between r and the z-axis. Hence, the position of P is = (0, rsinf, rcosf) in
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Cartesian coordinates. We suppose that a point, Q, with the position vector ¥ moves
on square KLMN (see Fig. 6.22b). When Q is on side KL, ¥ = (x, d/2, 0) with
—d /2 < x < d/2. A simple calculation gives

1 1 1
= ~ — 1+—sm6>.
r=r| [ = rdsing + (a2/4) + 2] r( 2r

] =N

(a) (b)

Fig. 6.22 a Closed current flowing along a small square with the center at the origin and observation
point P and b position of Q on the square

Integrating this from K to L (along the negative x-axis), we have

L
dr d d . .
=——| 1+ —sin?b )i,. (6.39a)
|r — r” r 2r
K
When Q is on MN, we similarly have r’ = (x, —d /2, 0) and
N
d . .
/ —(1— —sinb |i,. (6.39b)
‘r —r ’ 2r
M

When Q is on LM, substituting ¥’ = (—d /2, y, 0) gives

_1 — = : ! 77 = l<1+Xsin9)
Ir—r| [r2 = 2rysin® + (d2/4) +y?] r r

and

M 4

/ dr = —iiv. (6.39¢)
‘r - r” r

L
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Similarly, we have ¥ = (d /2, y, 0) and

K
dr d
/ = —iy, (6.39d)
|r —r | r
N
when Q is on NK.
The vector potential is determined with Eqgs. (6.392)—(6.39d) as
I ar 1d?
A =18 = M Ginoi,. (6.40)
47 r—r| 4 r?
C
We rewrite this as
Ap =20 2T (6.41)
4r r
in terms of the magnetic moment,
m=18, (6.42)

with S = d?i, denoting the surface vector. Equation (6.4 1) corresponds to the electric
potential, Eq. (1.47), produced by an electric dipole. Practically, Eq. (6.41) reduces
to

MHom

A, = - sin 0 (6.43)
r

in our spherical coordinates. In the above, m = |m]| is the magnitude of the magnetic
moment. A, is constant on a surface on which the following condition holds:

sin 6

= const. (6.44)
;

For simplicity, we treated the closed current flowing on the small square in the above.
This result is valid for small closed current of arbitrary shape. One can easily prove
this, since any closed current can be realized by a superposition of small square
currents.

The magnetic flux density produced by the closed current is determined with Eqgs.
(6.29) and (6.43) as

1 ad _ Momcos6

B, = —— —(sinbA,) = ————, 6.45
rsinf 90 (sm (p) 2mrd (6.45a)
1 0 Uom sin 6
By= 1. 2 (pa,) = Pomsin0d 6.45b
¢ r Br(r w) 4713 ( )

B, =0. (6.45¢)
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It is found that the obtained magnetic flux density has the same form as the elec-
tric field produced by the electric dipole given by Egs. (1.48a)—(1.48c) under the
correspondence of m—p and pg — €, ! This is reasonable, since the magnetic flux
density is expressed as

N __& m-r
B=V xA= 4ﬂv( - ) (6.46)

as is shown in Sect. A2.5 in the Appendix.

Example 6.9. Currents / and —/ flow along lines at y = d/2 andy = —d/2,
respectively, on the y-z plane, as shown in Fig. 6.23. Determine the vector potential
at point P sufficiently far from the z-axis. This pair of parallel opposite currents is
equivalent to a pair of virtual line magnetic charges and is called a magnetic dipole
line.

Fig. 6.23 Magnetic dipole Y
line composed of pair of
parallel opposite currents

d/2]
d/f2 z T

Solution 6.9. We define cylindrical coordinates, as shown in the figure, and measure
the azimuthal angle from the x-axis. We denote the distance between observation
point P and the line at y = d /2 as R,. With the solution of Example 6.7, we obtain
the contribution of this current to the vector potential as

I R
AZ+ — M_Olog_o ,
2 R+
where Ry is the distance to the reference point at which the vector potential is zero.
The vector potential produced by the current aty = —d /2 is

ol . Ro
A, =——log—
¢ 2 gR,

using the distance R_ between the current and point P. Hence, the vector potential is
given by
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For R > d, R, reduces approximately to

1/2
R, =|R*+ d\’ Rd sin / ~R[1 dsin
= 2 1 = RY)

Similarly, we have R_ =~ R{1 + [d/(2R)]sing}. Thus, the vector potential reduces
to
pol . 14+1[d/2R)Ising  pold .

A, (R, ¢) ~ —1 - ~ .
(R = o R Jsing - 27RO

If we define the moment of a magnetic dipole line in a unit length by
m=Id, (6.47)
the vector potential is written as

o sin @

AR, 9) > —

(6.48)
At sufficient distance (R > d), the equality holds. In this case, the total vector sum
of the current is zero, and hence, the vector potential goes to zero at infinity. Thus,
there is no problem of divergence. A, is constant on a surface on which the following
condition holds:

sin ¢

= const. (6.49)

The general description of the vector potential is

1 x R
A= Mol X R) (6.50)
21 R?
with m = .. The magnetic flux density derived from Eq. (6.29) is
om
R= R oS e,
mo
B, = 2R sin @,
B, =0. (6.51)
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6.8 Equivector Potential Surface

It is shown that an equivector potential surface exists in magnetic phenomena, as
in Example 6.7. This is a concept that corresponds to the equipotential surface in
electrostatic phenomena. Here, the characteristic features of the equivector potential
surface are discussed, and analogous points between the two surfaces are shown.

The equivector potential surface shown in Example 6.7 is characterized by the
fact that the vector potential has the same value and direction on the surface in
Cartesian coordinates. The vector potentials obtained in Examples 6.8 and 6.9 do
not have such equivector potential surfaces but have surfaces on which they have a
single component that is constant in other coordinates. Namely, the direction of such
a vector potential varies, while the value is the same on the surface. Although these
are not equivector potential surfaces in the strict sense, we treat them as a kind of
equivector potential surface.

Since the electric potential is a scalar, the equipotential surface corresponds
to both equivector potential surfaces. Here, we compare the equipotential surface
and the equivector potential surface for corresponding electrostatic and magnetic
phenomena. The first case is the similarity between the electric potential produced
by an electric charge distributed in a long cylinder in Example 1.8 and the vector
potential produced by a current flowing in a long cylinder in Example 6.7. These
surfaces have the same shape. A similar correspondence can be found between the
electric potential produced by a long electric dipole line in Example 1.9 and the
vector potential produced by a long magnetic dipole line in Example 6.9.

On the other hand, there is a case where the equivector potential surface has a
different structure from the corresponding equipotential surface. The equipotential
surface produced by an electric dipole is a surface on which

cos b
2

= const. (6.52)

r

holds in spherical coordinates. The equivector potential surface produced by a
magnetic moment is a surface on which

sin 0

= const. (6.53)
;

holds. This difference comes from the different nature of the fields. If we change the
angle to 6 — 6 + /2, however, sinf in Eq. (6.53) is transformed to cosf, and the
two surfaces have the same shape. A similar relationship can be found between the
equipotential surface given by Eq. (1.55) for the electric dipole line and the equivector
potential surface given by Eq. (6.49) for the magnetic dipole line.

Here, we prove two theorems on the equivector potential surface. The first theorem
is that the vector potential on an equivector potential surface is parallel to the surface.
This is denoted as Theorem I. Assume a closed equivector-potential surface S.
Integration of the vector potential on S leads to
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/A~dS=A~/dS=AnS, (6.54)
S S

where A, is the normal component of the vector potential on S and S is the surface
area of S. The left side of this equation leads to

/ V. AdV, (6.55)
\'%

where V is a region surrounded by S. Using the Coulomb gauge, V - A = 0, this
quantity is zero. Hence, we have

A, =0. (6.56)

Thus, the vector potential is generally parallel to the equivector potential surface.

The second theorem is that the magnetic flux density on an equivector potential
surface is parallel to the surface. This is denoted as Theorem II. Assume a closed
line C on the equivector potential surface. Integration of the vector potential A on
this line gives

?{A-ds:A-?{ds:O. (6.57)
C C

The left-hand side of this equation leads to
/B - dS = D, (6.58)
S

where S is the surface surrounded by C and & is the magnetic flux that penetrates S.
Since this holds for arbitrary S, it can be said that the magnetic flux density is parallel
to the equivector potential surface. Thus, if we denote the normal component of the
magnetic flux density on the equivector potential surface by B,, we have

B, =0. (6.59)

Thus, the magnetic flux density is parallel to equivector potential surface.

Theorem I holds generally. On the other hand, Theorem II does not hold for
all equivector potential surfaces. For example, the equivector potential surfaces in
Examples 6.8 and 6.9 satisfy Theorem II, while that for the magnetic moment does
not. It is clear that Theorem II holds for two-dimensional surface structures such
as a long cylindrical surface. In the case of three-dimensional surface structures,
Eq. (6.57) is not satisfied. We classify the equivector potential surface on which the
magnetic flux density is parallel and not parallel to it as that of the first and second
kind, respectively.

A similar correspondence can be found between the electrostatic phenomena
around conductors in Chap. 2 and the magnetic phenomena around superconductors
in Chap. 7. The feature of the equivector potential surface that the magnetic flux
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density is parallel to the surface is in a clear contrast to that of the equipotential
surface, that the electric field is perpendicular to the surface.

Example 6.10. Prove that Theorem II holds for the vector potential of the long
magnetic dipole line and does not hold for that of the magnetic dipole.

Solution 6.10. The direction of the magnetic flux density produced by the magnetic
dipole line is specified by

B
— —tang.
Br

If we change R and ¢ to R + dR and ¢ + d¢ on the equivector potential surface, the
value given by Eq. (6.49) does not change. That is,

sing _ sin(p + dy)
R~ R+dR

Since sin(p + dg) =~ sing + dgcosg, the above equation leads to

Rdy

= tan @.
dR ¢

Since the direction of the magnetic flux density is the same as that of the extension of
the equivector potential surface, the magnetic flux density is parallel to the surface.
See Exercise 6.12.

The direction of the magnetic flux density produced by the magnetic dipole is
specified by

By 1
— = —tané.
B, 2

If we change r and 6 to r + dr and 6 4 d6 on the equivector potential surface, the
value given by Eq. (6.44) does not change. That is,

sinf  sin(f +do)

r2 (r+ dr)2 '

The above equation leads to

rdo
— = 2tan0.
dr

Hence, the magnetic flux density is not parallel to the surface in this case.
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6.9 Magnetic Charge

Magnets are materials that cause magnetic interaction similarly to currents. Magnets
have north (N) and south (S) poles. The force between poles of the same kind is
repulsive, and the force between poles of the different kinds is attractive. This property
is similar to that of electric charges. Hence, one can compare the magnetic interaction
between magnetic poles to Coulomb’s law for electric charges. A magnetic charge is
an imaginary source that causes magnetic interaction corresponding to the magnetic
pole. In fact, it was assumed in the past that N and S poles had magnetic charges,
gm and —gn,, respectively, and that a force similar to the Coulomb force worked on
magnetic charges. The force exerted by ¢,,” on ¢, would then be given by

/
F,, = Hodmdn” (6.60)
4r3
similarly to Eq. (1.3), where r is the position vector from g,," to g, and r = |r|.
Since the magnetic force, Eq. (6.60), comes from some magnetic distortion in
space, we can define the magnetic flux density B as the magnetic field that quantita-
tively expresses the strength of magnetic distortion. When we express the magnetic
force as

F., = quB, (6.61)
the magnetic flux density is given by

B— u«oqinr.
43

(6.62)

It should be noted that this definition of magnetic charge is different by a factor of
Uo~! from that used in other books, in which the magnetic field H defined in Chap. 9
was used for the magnetic interaction instead of the magnetic flux density B. One can
also define a scalar potential, ¢,,, called magnetic potential similarly to the electric
potential. Its relation to B is

B = —Vén. (6.63)

Table 6.3 compares the charges, scalar potentials, and fields between electricity and
magnetism. However, we cannot apply this scheme in a space in which current flows.

Suppose that imaginary magnetic charges +q, are separated by a small distance,
d, like an electric dipole, as shown in Fig. 6.24a. This pair of magnetic charges is

called a magnetic dipole. We define the magnetic dipole moment as

m= qnd. (6.64)
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Table 6.3 Formal
correspondence between
electricity and magnetism Source Electric charge (g) Magnetic charge (¢m)

Electricity Magnetism

Potential | Electric potential (¢) | Magnetic potential (¢p,)

Field Electric field Magnetic flux density
(E =-V¢) (B = —Vepm)
Fig. 6.24 Magnetic moment
produced by a magnetic T ® S
dipole and b small closed d
current
o qlll }'

(a) (b)

The magnetic flux density produced by the magnetic dipole is given by Eq. (1.46)
with p replaced by m. It was shown above that the magnetic flux density has the
same form as Eq. (6.45) produced by a small closed current shown in Fig. 6.24b.
Hence, the magnetic dipole and the small closed current are equivalent to each other
(see Fig. 6.25). This also supports the formal correspondence between electric and
magnetic charges. It is empirically known that even when a magnet is divided into
small pieces, it is impossible for any piece to pick up only one type of magnetic pole,
as shown in the upper part of Fig. 6.25. This can be explained assuming equivalent
closed currents, as shown in the lower figure.

Fig. 6.25 Division of permanent magnet (upper half) and corresponding division of closed current
(lower half)
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Thus, it may be advantageous in some cases to assume magnetic virtual charges
and compare them to electric charges, since we can directly use all knowledge of
electric phenomena. However, the obvious problem is that magnetic charge has never
been observed. That is, the magnetic flux density empirically satisfies Eq. (6.21),
including the magnetic flux for permanent magnets. On the other hand, the right
side should be equal to magnetic charge density p,, multiplied by uo. Hence, this
results in p,, = 0. For this reason, textbooks now base their treatment of magnetic
phenomena on current.

If we carry out the same calculation as in Example 6.9 using a virtual magnetic
charge, we obtain the magnetic potential ¢, (R, ¢) that corresponds to the electric
potential in Example 1.91.9. Assume that the magnetic charges of linear densities
+m stay at x = £d /2, respectively, and define the moment of the magnetic dipole
line by

M= And. (6.65)
Then, the magnetic potential is given by

o coS @

6.66
27 R ( )

Pm(R, @) =

This magnetic potential has the same form as the electric potential, Eq. (1.54). The
magnetic flux density obtained using Egs. (6.63) and (6.66) is the same as that shown
in Eq. (6.51).

Column: (1) Forces Between Electric Charges and Between Currents

We have said that, since the source of magnetic phenomena is the current, a
vector, the resultant vector field of magnetic flux density must be given by the
vector product of the current and position vector. As a result, the magnetic flux
density is perpendicular to both the current and position vector. The magnetic
field is perpendicular to the position vector, while the electric field is parallel
to the position vector. So, these phenomena show really contrast. Thus, these
results follow the mathematical requirements and the correspondence holds in
this sense.

Here, we compare the forces arising from electric charges and currents.
To obtain a force vector for electric charges, we need the direct product of
the electric charge, a scalar, and the electric field, a vector. Thus, the force
between electric charges of the same kind is repulsive. For currents, the vector
product must appear again to yield a force vector from the current vector and the
magnetic flux density vector. Thus, the magnetic force is perpendicular to both
the current and magnetic flux density. This explains why the force is attractive
between currents in the same direction. We again show the correspondence
between the forces based on the mathematical requirements.
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Column: (2) Coulomb Magnetic Field

In a space with no current, as in vacuum, the magnetic flux density obeys
VxB=0

from Eq. (6.27). Hence, we can describe the magnetic flux density in terms of
the magnetic potential ¢, as in Eq. (6.63) from the mathematical viewpoint.
Such a magnetic field is called a Coulomb magnetic field.

In the past the magnetic phenomena were described using virtual magnetic
charges and the Coulomb magnetic field. This is the magnetic field H defined
in Chap. 9 and is equal to B/ in the present description. This method is
beneficial because various descriptions of electric phenomena can be used to
explain some magnetic phenomena. For example, the static magnetic energy
can be simply determined as the work needed to carry magnetic charges in the
magnetic field. This is not possible for currents because of electromagnetic
induction (see Column (1) in Chap. 8). In addition, from similarity to the
electric field, one can easily show that the parallel component of the magnetic
field is continuous at an interface using Eq. (4.22). In fact, this coincides with
the boundary condition of Eq. (9.24) when there is of no surface current on the
interface.

Thus, the magnetic field in the absence of current behaves similarly to the
electric field in the absence of a true electric charge. We can see such an
analogy between the electric field in a dielectric material in Example 4.5 nd
the magnetic flux density in a magnetic material in Example 9.5.

Exercises

6.1. Current/ flows along a line composed of a semicircle and two straight lines on
a common plane, as shown in Fig. E6.1. Determine the magnetic flux density
at the center O of curvature of the semicircle.

Fig. E6.1 Current on line I
composed of semicircle and
two straight lines

O
6.2. Current/ flows on a square closed line of side length a, as shown in Fig. E6.2.

Determine the magnetic flux density at point P at distance b from the center
O of the square.
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Fig. E6.2 Square current P
and observation point P

6.3. Current of density i flows in a slab conductor along the x-axis in the normal
magnetic flux density B parallel to the z-axis (see Fig. E6.3). Determine the
steady electric field produced in the direction normal to both the current and
magnetic flux density. The electric charge and number density of particles
that carry current are ¢ and n.

Fig. E6.3 Slab conductor z
carrying current in normal
magnetic flux density

i

6.4. Prove that Eq. (6.22) holds for an arbitrary closed line C that straight current
I penetrates (see Fig. E6.4).

Fig. E6.4 Straight current
and surrounding closed line
of arbitrary shape

6.5. Currents of density i flow uniformly in two parallel wide slab conductors in
opposite directions along the y-axis (see Fig. E6.5). Determine the magnetic
flux density and vector potential inside and outside of the conductors.
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Fig. E6.5 Two parallel slab
conductors with uniform
currents flowing in opposite
directions

169

AN

6.6. Current [ flows uniformly in a thin planar conductor of width w. Determine
the magnetic flux density and vector potential at point P at distance d(> w/2)
from the center of the conductor (see Fig. E6.6). The conductor and P are on

a common plane.

Fig. E6.6 Thin planar
conductor with uniform

current and observation point

P

6.7. Current I flows uniformly in a long cylindrical conductor of radius a that
contains a cylindrical hollow of radius b, as shown in Fig. E6.7. The center
of the hollow is located at distance d from the center of the conductor, where
a > b + d. Determine the magnetic flux density at the center of the hollow
(point A) and at point B outside the conductor. The distance of point B from
the center is R(> a). The central axis O and points A and B are on a common

plane.

Fig. E6.7 Cross section of
long cylindrical conductor
with cylindrical hollow
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6.8.

6.9.

6.10.

6.11.

6.12.

6.13.

6.14.

6 Current and Magnetic Flux Density

It is assumed that current flows uniformly along the y-axis with density iy
inside a wide slab of thickness 2a(—a < x < a) parallel to the y-z plane.
Determine the magnetic flux density inside and outside the slab. Then, prove
that current flows only inside the slab with density iy, as assumed in the
beginning, using Eq. (6.27) and the obtained magnetic flux density.

Prove that the vector potential given by Eq. (6.33) satisfies the Coulomb gauge,
Eq. (6.30).

Use Eq. (6.29) to determine the vector potential in the solenoid in Example
6.8.

Determine the magnetic potential produced by the small closed current in
Fig. 6.22b in Sect. 6.7.

Show that the equivector potential surface is a cylindrical surface and the
magnetic flux density is also parallel to the cylindrical surface for the case of
the magnetic dipole line discussed in Example 6.9.

Equation (6.44) shows the equivector potential surface of the second kind for
the magnetic dipole, and Eq. (6.49) shows the equivector potential surface of
the first kind for the magnetic dipole line. Discuss the magnetic flux density
on these equivector potential surfaces.

Prove that the vector potential produced by a magnetic moment given by Eq.
(6.43) satisfies Laplace’s equation.



Chapter 7 ®)
Superconductors o

Abstract This chapter covers magnetic phenomena inside and outside a supercon-
ductor, in which the magnetic flux density is zero. As a result, there is no current
inside the superconductor, and the superconductor is at equivector potential. When a
current is applied to the superconductor, it flows only on the superconductor surface
in such a way that zero magnetic flux density is attained inside. The same thing
occurs when an external magnetic flux density is applied to the superconductor. The
magnetic flux density is directed parallel to the surface of the superconductor. A
special method, i.e., the method of images, is introduced to determine the magnetic
flux density outside the superconductor and the distribution of current on the surface
in such given conditions. It is theoretically proved that the electrical resistivity of the
superconductor is zero.

Keywords Superconductor + Perfect diamagnetism - Equivector potential *
Meissner state - Method of images - Magnetization

7.1 Magnetic Properties of Superconductors

A superconductor is a material that loses its electric resistance when cooled below a
characteristic temperature called the critical temperature. Many elements, alloys, and
compounds are superconductors. This state of zero resistivity is called the supercon-
ducting state. A superconductor has not only this property but also perfect diamag-
netism. That is, when a magnetic flux density is applied to a superconductor, the
interior magnetic flux density is zero:

B=0. (7.1)

This state is called the Meissner state. When the temperature is above the critical
temperature, the superconductor is in a normal state with nonzero resistance. In this
case, the magnetic flux density penetrates the superconductor. If the superconductor
is cooled below the critical temperature, the magnetic flux is expelled from the
superconductor and perfect diamagnetism occurs. These diamagnetic phenomena
are called the Meissner-Ochsenfeld effect.
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The perfect diamagnetic state is realized by a current that flows on the surface
of the superconductor, as will be mentioned. This is similar to the electric property
of a conductor that the inside is completely shielded by an electric charge induced
on the surface when an external electric field is applied. In this chapter we study
the magnetic phenomena around a superconductor in the perfect diamagnetic state.
The perfect diamagnetic state of B = 0 occurs in a type 1 superconductor or type
2 superconductor in a magnetic flux density below the lower critical magnetic flux
density (see Sect. A3.2 in the Appendix). Special knowledge is needed to understand
the physical mechanism that causes the zero resistivity and perfect diamagnetism.
This is not discussed in this textbook. Section A3.1 in the Appendix gives a brief
explanation of phenomenological theory. For a more detailed understanding, it is
recommended to read technical books.

Materials are roughly classified into conductors and insulators (dielectric mate-
rials) with respect to their electric properties. For the magnetic properties, mate-
rials are classified into superconductors and magnetic materials. The latter will be
covered in Chap. 9.

Since Eq. (7.1) holds inside the superconductor, from Eq. (6.27), we have

i=0. (7.2)

Hence, current flows only on the surface of the superconductor. Equation (6.29)
generally gives

A = const. + Va (7.3)
with o denoting a scalar function. However, it is no problem to assume as
A = const. (7.4)

in most cases. This is a special case of Eq. (7.3). If the superconducting region is not
simply connected but a magnetic flux penetrates a space surrounded by the supercon-
ductor, the vector potential in the superconductor is not a constant. Equations (7.1),
(7.2) and (7.4) correspond to Egs. (2.1), (2.2) and (2.3) for conductors, respectively.

Here, we discuss the magnetic flux density in the vicinity of the superconductor
surface. Suppose a small closed surface of a pellet that includes the interface between
the superconductor and vacuum, as shown in Fig. 7.1. We denote the height of the
pellet and the area of surface inside the pellet by Ak and AS, respectively. Assume
that the upper and lower surfaces of the pellet are parallel to the superconductor
surface. We apply Gauss’s law, Eq. (6.20), to the surface of the pellet, AS, and we
have

/B .dS = 0. (7.5)

AS
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Fig. 7.1 Small closed S B
surface that includes a part of / n
superconductor surface - - ‘“““Hhh

AS \\&_ ___).[:_Ah @
vacuum i s g

72

superconductor” 77

When the height A# is sufficiently small, we can neglect the magnetic flux going
out of the side surface. Since B = 0 on the lower surface in the superconductor, there
is no magnetic flux going out from this surface. Hence, we can conclude that there
is no magnetic flux going out from the upper surface. This means that the magnetic
flux density is parallel to the superconductor surface. That is,

B-n=0, (7.6)

where n is the unit vector normal to the superconductor surface and directed outward.
This is in contrast with the electric field, which is normal to the conductor surface.
Next, we discuss the current that flows on the superconductor surface. Suppose
that the magnetic flux density B is parallel to a wide surface of the superconductor,
as shown in Fig. 7.2. We define the coordinates as in the figure. We apply Ampere’s
law, Eq. (6.25), to a small rectangular closed loop, AC, with two sides of length
Al parallel to the z-axis and two sufficiently short sides of length At parallel to the
x-axis. Since the magnetic flux density inside the superconductor is zero and there is
no contribution from the two sides of length Az, the closed curvilinear integral gives

?gB -ds = BAI (7.7)

AC

Fig. 7.2 Magnetic flux W

density parallel to wide superconductor
superconductor surface %

vacuum
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This is equal to the current flowing along the negative y-axis inside AC multiplied
by o, that is, ot Al with 7 denoting the surface current density. Thus, we have

B = ugrt. (7.8)

It should be noted that the directions of the current and magnetic flux density follow
the right-hand rule. This relationship is also in contrast with Eq. (2.5) for conductors.

As has been discussed above, magnetic phenomena with perfect diamagnetism
(B = 0) in superconductors are similar to electric phenomena with perfect elec-
trostatic shielding (E = 0) in conductors. This similarity is prominent in the E—B
analogy in electromagnetism. In addition, the correspondence of Eqgs. (7.2), (7.4),
and (7.8) to Egs. (2.1), (2.3), and (2.5) shows that the similarity between electricity
and magnetism is considerably deep. With the E—B analogy, it was possible for
someone even in the nineteenth century to predict the existence of a material with
perfect diamagnetism, i.e., a superconductor, just after completion of the Maxwell
theory. It might be expected that the proof of zero resistivity was easy, since the
shielding current must continue to flow to keep the diamagnetic state. It should be
noted, however, that this proof was not justified, since the diamagnetism might be
caused by the magnetization, i.e., a magnetic property discussed in Chap. 9, for an
unknown material in the nineteenth century. In reality, the superconductivity with
zero resistivity was discovered independently of the above consideration in 1911,
and the perfect diamagnetism was discovered 22 years later in 1933.

Here, we show an example of magnetic phenomena associated with a supercon-
ductor. Suppose that current / is applied to a long cylindrical superconductor of radius
a. We determine the magnetic flux density and vector potential inside and outside
the superconductor. We define cylindrical coordinates with the z-axis on the central
axis of the superconductor. The current flows uniformly only on the superconductor
surface and the magnetic flux density does not appear inside the superconductor.
Thus, the surface current density is T = 1 /2w a.

We define a circle, C, of radius R from the central axis on a plane normal to the
axis (see Fig. 7.3). We apply Ampere’s law to C. Since the current distribution is
cylindrically symmetric, we can assume the magnetic flux density also has cylindrical
symmetry. Hence, the magnetic flux density is parallel to C and its magnitude B is
constant on C. Thus, the left side of Eq. (6.25) is 2zRB(R). All the current I flows
inside C and the right side of Eq. (6.25) is ol for R > a. We obtain the magnetic flux
density as

Fig. 7.3 Cross section of
cylindrical superconductor
and closed circle C (for R <

a)
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wol

BR) = ——;
® 2R

R > a. (7.9)
The magnetic flux density outside the superconductor is the same as that when all
the current is concentrated along the central axis. For R < a, the right side of Eq.
(6.25) is zero. This gives

B(R)=0; 0<R<a. (7.10)

Thus, Eq. (7.1) is fulfilled inside the superconductor. We can also show that Eq. (7.9)
satisfies Eq. (7.8) on the superconductor surface (R = a) with the surface current
density t = 1/2na.

Now we determine the vector potential using the above results. From Eq. (6.33)
we find that the vector potential has only the z-component, A,, which is given by

A,(R) = —/B(R)dR. (7.11)

We choose the reference point for zero vector potential at distance Ry(> a) from the
central axis, as done in Example 6.7. Then, the vector potential is determined to be

I R
A (R) = M—Olog—o; R>a, (7.12a)
21 R
I R
— H00e™. 0<R<a. (7.12b)
2 a

Figure 7.4a and b shows the obtained magnetic flux density and vector potential. The
vector potential is constant inside the superconductor and Eq. (7.4) is satisfied.

B A,

0 a it 0 a R,\ R

(a) (b)

Fig. 7.4 a Magnetic flux density and b Vector potential inside and outside the current-carrying
cylindrical superconductor
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Example 7.1. Suppose that current flows uniformly with surface density 7 in the
direction of the y-axis on a thin sheet separated by b from a slab superconductor of
thickness a, as shown in Fig. 7.5. Determine the current density on each surface of
the superconductor and the magnetic flux density in each region of x > —b.

Fig. 7.5 Sheet current with
density 7 and slab
superconductor

Solution 7.1. The magnetic flux density produced by the sheet current on the left side
of the superconductor (—b < x < 0) is —uo7/2 (see Example 6.6) in the direction
of the z-axis. A current with surface density —t/2 is induced in the direction of the
y-axis on the left surface (x = 0) of the superconductor from Egs. (6.25) and (7.8).
Then, the current with surface density 7/2 flows on the right surface (x = a) of the
superconductor. Thus, the magnetic flux density in each region is

B=-5% —b<x<0,
=0; O<x<a,
HoT .

:—T,x>a.

<

Example 7.2. Suppose a long superconducting coaxial transmission line, as shown
in Fig. 7.6. Determine the magnetic flux density and vector potential when we apply
current / only to the inner superconductor.

Fig. 7.6 Long
superconducting coaxial
transmission line
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Solution 7.2. We use cylindrical coordinates. From cylindrical symmetry the current
I flows uniformly on the surface of the inner superconductor (R = a), and the internal
magnetic flux density (R < a) is zero. The current is induced on the inner surface
(R = b) of the outer superconductor so that the magnetic flux does not penetrate the
outer superconductor. This current is denoted by 7,. We apply Ampere’s law to a
circle C of radius R(a < R < b) from the central axis on a plane perpendicular to the
axis. Then, we have

%B'ds:/LO(I'FIb)-

C
Since B = 0 on C, this gives I, = —I. Since the total current is zero in the outer
superconductor, an opposite current, /, flows on the outer surface (R = c) of the outer

superconductor.
If we denote the total current passing through C of radius R as /g, Ampere’s law
gives

1,
B(R) = Holr
2R’

Since Ig is equal to 1, 0, and [ fora < R < b, b < R < ¢, and R > c, respectively, we
determine the magnetic flux density to be

B(R)=0; O0O<R<a,

1
= a<R<b,
=0; b<R<c,
— Mol .

Tk R > c.

The vector potential has only the z-component and is determined to be

A:(R) = &l1ogh; R > c,
“"Ilog i b<R<c,

logb:;f, a<R<b,

= “‘)llogbRU 0<R<a.

ac ’

In the above, Ry(> ¢) is the distance to the reference point.

Figure 7.7a—c shows the obtained magnetic flux density, vector potential, and
magnetic flux lines, respectively. The above results for the magnetic flux density and
vector potential are formally the same as for the electric field and electric potential of
the coaxial cylindrical conductor when electric charge is given to the inner conductor
(see Example 2.3).
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Fig. 7.7 a Magnetic flux density, b z-component of vector potential, and ¢ magnetic flux lines
when current is applied to the inner superconductor of a superconducting coaxial transmission line

<

There is a treatment called grounding for a conductor. What is the corresponding
treatment for a superconductor? It is to connect the superconductor with a current
path with infinitely large capacity. In the above case a connection of the outer super-
conductor to infinity moves the back current on the surface at R = ¢ to infinity. We
also call this grounding. Then, the currentis  at R = a and — I at R = b. The magnetic

flux density and vector potential are

B(R)y=0; O0O<R<a,
%;a<R<b,
=0; R>b,

and

A (R) = Llog; 0 <R <a,
log%; a<R<b,

_ il
2
=0 R > b.

Figure 7.8a and b shows the obtained results.
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B A,

0 @ b R
(a) (b)

Fig. 7.8 a Magnetic flux density and b z-component of vector potential when we apply a current
to the inner superconductor of superconducting coaxial transmission line and ground the outer
superconductor

Example 7.3. Two wide slab superconductors are parallel to each other, as shown
in Fig. 7.9, and currents / and —/ are applied along the y-axis to the left and right
superconductors, respectively. The length along the z-axis of each slab is /. Determine
the current that appears on each superconductor surface, the magnetic flux density,
and the vector potential inside and outside the superconductors.

Fig. 7.9 Two parallel slab >
superconductors

Solution 7.3. We denote the current flowing on the surface at x = b by I,,. Then, the
current at x = a is —I — Ip,. So that the magnetic flux density does not penetrate the
right superconductor, the current at x = b(I) must be the same as the total current
in the region x < a, i.e., I — I — I, = I,. Thus, we have I, = 0 and the current at
x = a is —I. The total current in the region of —b < x < b must be zero from Eq.
(6.25) so that the magnetic flux density is zero in the two superconductors. Hence,
the current at x = —a is I, and that at x = —b is 0. Thus, the magnetic flux density
along the z-axis is
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B =0; X < —a,
;—a<x<a,
=0 X > da.

I
A, =520 x < —a,
)
=K —a<x<a,
I
—_M;x>a

<&

Example 7.4. Assume a long hollow superconducting cylinder with inner and outer
radii, a and b, respectively, as shown in Fig. 7.10. We apply magnetic flux density
By along the axis in the normal state of the superconductor, cool down the supercon-
ductor below its critical temperature to make the superconductor superconducting,
and remove the magnetic flux density. This process is called the field-cooled process,
and the magnetic flux density at each stage is shown in Fig. 7.11. Finally, the magnetic
flux density By is trapped in the hollow interior, and a current with density T = By /g
flows on the inner surface of the superconductor. Determine the vector potential inside

and outside the superconductor.

Nt

Fig. 7.10 Long hollow superconducting cylinder



7.1 Magnetic Properties of Superconductors 181

B B B

superconductor

(a) (b) (¢)
Fig. 7.11 Magnetic flux density in the field-cooled process: a after applying magnetic flux density
above the critical temperature, b after cooling below the critical temperature, and ¢ after removing
external magnetic flux density

Solution 7.4. The magnetic flux density has a z-component in cylindrical coordi-
nates, and its value is B, = By for R < a and B, = 0 for R > a. The vector potential
has an azimuthal component, A, and from the relationship,

L 0RA, _
: ~B.,

R OR

we have

A(p=¥; 0<R<a,
B()(lz.

T,R>(l.

Thus, the vector potential is not constant even in the superconductor in which the
magnetic flux density is zero. In this region, the vector potential is given in the form
of Eq. (7.3), and « is a multi-valued function given by

B()Cl2
o =
2

This is the case in which the superconductor is not simply connected. That is, if we
assume a circle that has a radius between «a and b with its center on the central axis,
this loop does not shrink to a point inside the superconductor.

The situation is similar to the quantization of magnetic flux in a hollow
superconductor (see Appendix A3.3). Note that

fVords
C

is not zero but gives the magnetic flux penetrating a closed circle C.
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7.2 Special Solution Method for Magnetic Flux Density

‘We determine the current distribution on the superconductor surface or magnetic flux
density around a superconductor when the superconductor is placed in an applied
magnetic flux density. The vector potential in the superconductor is constant in space,
as shown by Eq. (7.4). Outside the superconductor, there is no current and the vector
potential A satisfies Laplace’s equation (6.38).

When we are given the boundary condition on the surface of a treated area,
Laplace’s equation can be solved uniquely, as mentioned in Sect. 2.2. Hence, there
is only one solution for A in the space outside the superconductor, which becomes a
constant value on the surface of the superconductor. Hence, if some function satisfies
the boundary condition, it is a solution. This is the same as for the electric potential
around a conductor. Some solution methods are introduced here. It may be helpful for
readers to compare these methods with those mentioned in Sect. 2.2 for conductors.

First, suppose we apply current / through a thin straight line placed at distance
a from a wide flat surface of a superconductor, as shown in Fig. 7.12a. A current
of opposite direction appears on the surface of the superconductor to shield it and
exerts a repulsive force on /. We determine the distribution of the induced current
similarly to the electric charge distribution on the conductor surface in Fig. 2.11.

f?T I®T

vacuuin

2 %

supercon ductor

by
O

(a) (b)

Fig. 7.12 a Thin straight current / placed at distance a from wide flat surface of superconductor
and b imaginary current placed at a mirror position with respect to the superconductor surface

We define the x-y plane on the superconductor surface. Suppose that current /
flows on the line at x = 0 and z = a along the positive y-axis. The magnetic flux
density on the surface (z = 0) must be parallel to the superconductor, as shown in .
7.1. We can realize this situation by virtually removing the superconductor and then
applying a straight current with the same magnitude and opposite direction at the
symmetric position (x = 0, z = —a) with respect to the superconductor surface. This
will be confirmed below. The vector potential in the vacuum region (z > 0) produced
by the two straight currents has only the y-component parallel to the currents, and
we calculate it as
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Ay(x,y,2) = sol log Ro —log Ry
’ 27 | TR+ e -] [+ G +a?]"
I 2 2
— ““_Ologm (7.13)

4 T2+ (z —a)?

using Eq. (7.12a). In the above, R is the distance from the current to the reference
point. We can easily show that A, = 0 on the superconductor surface (z = 0). Thus, the
condition, Eq. (7.4), is satisfied. Laplace’s equation is satisfied except at the position
of the current in the vacuum region (z > 0). Hence, we conclude that Eq. (7.13) is
the solution for the vector potential. The vector potential inside the superconductor
(z<0)is A, = 0. Thus, the method of images is useful also for superconductors. The
imaginary current placed at the mirror position is called an image current.
Using Eq. (7.13), we obtain the magnetic flux density in the vacuum region as

_ kol z+a _ __z—a
2 | @+(+a)?  R2+E-a)’ ]’
0 (7.14)

By
B,
B

9
polx 1 _ 1

27 | X24+(z4a)? 2+z—a)? |’
On the superconductor surface it reduces to

Hola

By(x,y,0) = —m,

By(x,y,0) = B;(x,y,0) =0, (7.15)

showing that the magnetic flux density is parallel to the surface. Figure 7.13 shows
the magnetic flux lines. Then, from Eq. (7.15), we determine the density of current
induced on the superconductor surface to be

SN (7.16)
- n(xz—i—az). '

Fig. 7.13 Magnetic flux
lines produced by given
current and current induced
on the superconductor
surface

superconductor



184 7 Superconductors

The total current is

[o.¢]
la dx
/dxr:——f > =1 (7.17)
b4 x-+a
—0o0
That is, the total current is equal to the image current. The force on the given current
I caused by the current induced on the superconductor surface is equal to the force
by the image current, and its magnitude in a unit length is

_ pol?

F =
dma’

(7.18)

This force is repulsive (F” > 0). This is called the image force.

One can show that the current induced on the superconductor surface completely
cancels the magnetic flux density produced by the given current in the superconductor
(z<0).

Suppose we apply current / through a line, A, separated by distance d from the
central axis O of a grounded parallel long superconducting cylinder of radius a, as
shown in Fig. 7.14a. Now, we determine the vector potential outside the supercon-
ductor. We virtually remove the superconductor and apply an image current I’ through
a line, B, separated by & from the central axis of the superconducting cylinder, as
shown in Fig. 7.14b, similarly to the example in . 2.2. The vector potential at point
P on the superconductor surface is given by

= M—Ollo Ry MOI/]O Ul

= g + g )
(@24 d? - 2adcos<p)1/2 2 (a2 + k2 - 2ahcosg0)1/2
(7.19)

Az

(a) (b)

Fig. 7.14 a Long superconducting cylinder and straight current parallel to it and b image current
placed on line B after removing the superconductor

where ¢ is the angle POA. In the above, R and R;, are distances to a suitable reference
point and are not important quantities. For the vector potential to be constant and
independent of ¢, the following conditions should be satisfied:
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I'=-1I, (7.20)

2ad _ 2ah
a2 +d> a4+

(7.21)

Equation (7.21) reduces to

h=—. 7.22
7 (7.22)
In this case, the current-carrying wire and superconductor are infinitely long, and
hence, the current induced in the superconductor has the same magnitude. This is
different from the case of the spherical conductor treated in . 2.2.
The above results give the vector potential at point (R, ¢),

1/2

d|R? + (a?/d ) a’R/d)cose
AR ) = 2 1og [+ ) 2o

27 a(R*+d? — 2Rdcoscp)l/2

, (7.23)

which reduces to zero on the superconductor surface (R = a). That s, R, = (a/d)Ry.
We can calculate the magnetic flux density outside the superconductor using Eq.
(7.23) (see Exercise 7.6). Figure 7.15 shows the magnetic flux lines. The current
density on the superconductor surface is obtained as

) Ly R=a) 1 (BAZ> 1(d* —a?)
T = — =d) = ——— —_— = — .
= o\ dR J_, 2ma(a® + d? — 2adcosp)

(7.24)

Fig. 7.15 Magnetic flux lines produced by long superconducting cylinder and straight current
parallel to it
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The total current is

2 T
I(af2 - az) do
dgp = — =1 7.25
/ t(plady T / a? + d?* — 2adcosg (7.25)
0 0

and agrees with the image current, Eq. (7.20). In the above, the following formula
was used.

b

do b4
= . 7.26
f 1 — kcosg (1- k2)1/2 (7.26)
0

This problem corresponds to estimating electric potential in Exercise 2.9.

Example 7.5. In the above, we discussed the vector potential when straight current
I is placed outside the grounded superconducting cylinder, as shown in Fig. 7.14a.
Determine the vector potential when the superconductor is isolated.

Solution 7.5. In this situation, the total current flowing in the superconductor must
be zero. Hence, we use a superposition. That is, we obtain the current distribution
by superposing currents —/ and / in a way that makes the vector potential of the
superconductor constant. Current —/ is distributed according to Eq. (7.24) and
has uniform distribution on the superconductor surface. The former current and the
external current give the vector potential, Eq. (7.23), which we denote as A1, (R, ¢).
The latter current gives the vector potential, Eq. (7.12a). Both of them satisfy the
requirement to be constant on the superconductor surface. Hence, the sum of these
components gives the unique solution. If we determine the vector potential of current
I so that it is zero at a reference point, R = Ry(> a), we have.

Ry

ol
A (R, 9) = A1(R, ) + ——log
2 R

7.3 The Meissner State

Suppose that a superconducting sphere of radius a is put in a uniform magnetic flux
density, By (see Fig. 7.16). The superconducting current flows on the surface to cancel
the applied magnetic flux density inside the superconductor. Here, we determine the
density of this current and the magnetic flux density outside the superconductor. We
use spherical coordinates; the origin is at the center of the superconductor and the
z-axis is parallel to the direction of the applied magnetic flux density.
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Fig. 7.16 Superconducting By
sphere in uniform magnetic —_—
flux density

When a conducting sphere is in a uniform electric field, the boundary condition is
fulfilled by assuming an electric dipole of suitable moment placed at the center of the
conductor, as discussed in Sect. 2.3. It seems useful to use a similar method assuming
a magnetic moment placed at the center of the superconductor. In fact, the dipole
moment of a pair of magnetic charges, which correspond to a pair of electric charges,
is equivalent to the magnetic moment of a closed current, as shown in Sect. 6.8. This
virtual closed current at the center flows along the azimuthal direction similarly to
the real current on the surface.

The vector potential outside the superconducting sphere has only the azimuthal
component, A, corresponding to the current. This component consists of Ay, caused
by the uniform magnetic flux density By and Aq, caused by the magnetic moment m.
The former component is given by

Bor .
Ay = TSIHQ. (7.27)

Confirm for yourself that the following conditions are satisfied:

9. 19 _
— B_O(Sln 0At,) = Bocosd, - 5("4&1) — _Bysind.

The latter component is given by Eq. (6.43),

Lomsing
Agp = 7.28
d¢ 45 r? (7.28)
Thus, the vector potential is
Bor  pom\ .
A(p = Afw +Ad¢, = 7 =+ 47'[r2 Slne. (729)

The requirement that it is zero on the superconductor surface (r = a) gives
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27a’B
m=— 420 (7.30)
Ho

Hence, we determine the vector potential to be

B a*\ .
A, = 70<r - ﬁ)sm& (7.31)

This satisfies the boundary condition on the superconductor surface and Laplace’s
equation. Hence, this is the solution. Inside the superconductor, the solution is A, =
0.

We obtain the magnetic flux density outside the superconductor as

B — a('eA)—B 1= eoss (7.32a)
" rsing 9g U he) =20 7)o R
By=— 2 (a,) = B L+ 2 )sing (7.32b)
= —— . —|(r [ _ i
0 roors ? 0 213 ’
B, =0. (7.32¢)

Figure 7.17 shows magnetic flux lines on the plane including the z-axis. Equation
(7.32a) shows that the magnetic flux lines are parallel to the superconductor surface,
B,(r = a) = 0. We find from Eq. (7.32b) that the magnitude of the magnetic flux
density takes the maximum value, 3B/2, on the equator (¢ = =+ /2). The current
density in the azimuthal direction on the superconductor surface is

By(r = 3B
= Ber=a) _ 3B .o (7.33)

Ho 20

Fig. 7.17 Magnetic flux B,
lines around superconducting
sphere in uniform magnetic
flux density
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This azimuthal current produces a magnetic flux density opposite to the applied
one. Using Eq. (7.30), we have the magnetic moment in a unit volume of the
superconductor,

3B,

M =— .
210

(7.34)

This is called magnetization. This corresponds formally to the magnetization of
magnetic materials.

The magnetization in a superconductor is given by the magnetic moment in a unit
volume of the superconductor as defined above. In the above example, the magnetic
flux density that the superconductor experiences on its surface is different from the
applied value because of the geometry of the superconductor. Here, we consider a
simple case where there is no such geometrical effect. Suppose we apply magnetic
flux density By parallel to a long superconducting cylinder along the z-axis of radius a
(see Fig. 7.18). The current flows along the negative azimuthal direction and produces
a magnetic moment along the negative z-axis. The surface current density is

By
T=—. (7.35)
Ho
Fig. 7.18 Surface current /’—\ >
and resultant magnetic a
moment (broken line) when \¥>/
magnetic flux density is
applied parallel to long
superconducting cylinder ' i
1
o SO B,
|
1
\]
The magnetic moment in a unit length due to this current is
2
ma-B
m = —malt = —-—2. (7.36)
Mo
Hence, the magnetization is
By
M=——. (7.37)
o

We assume that the superconductor is a type 2 superconductor and is in the mixed
state with the internal magnetic flux density B (see Sect. A3.2 in the Appendix).
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Then, a similar discussion derives T = (By — B) /4o and we have

By —B
M =— . (7.38)
H“o

This is the common definition of magnetization of a superconductor when it is not
influenced by the geometrical effect.

The magnetic flux density produced by the magnetic moment of a small closed
current can be expressed using a magnetic potential:

4;}2 cosh, (7.39)

P =
as given by Eq. (6.46). Hence, the magnetic flux density around the spherical super-
conductor treated in Sect. 7.3 can also be expressed using the magnetic potential.
Since the magnetic potential of the applied uniform magnetic flux density is given
by

¢ = —Byrcosb, (7.40)

the magnetic potential in the space outside the superconductor is
m
Om = ¢+ Pr = —(Bor - &Z)COSQ. (7.41)
4mr

Since the magnetic flux density is parallel to the superconductor surface, the following
condition must be satisfied:

pm
(m)  _ —(BO 4 R )cose —0. (7.42)
or J,_, 2na’
Thus, we have m = —2mwa’By/ 19 and the magnetic potential is
&
¢m = —Bo| r + =— JcosH. (7.43)
272

The magnetic flux density given by Eq. (7.32) can be derived using the relationship
of Eq. (6.50). Thus, this problem can be solved using magnetic potential. However,
it cannot give us a correct image of the phenomenon. For example, the magnetic
potential on the superconductor surface is not constant but varies as

3
b(r = a) = _ggocose. (7.44)

It takes on a maximum value, 3aBy /2, at the left pole (9 = m) and a minimum value,
—3aBy/2, at the right pole (6 = 0). In addition, the magnetic potential is zero inside
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the superconductor. The value of the magnetic potential is not continuous on the
superconductor surface on which the current flows. This is quite different from the
vector potential.

The above result indicates that the electrostatic induction for the spherical
conductor treated in Sect. 2.3 can be solved using the vector potential. The obtained
result does not give us a correct image of the phenomenon, however.

Example 7.6. An infinitely long superconducting cylinder of radius a is in a
uniform perpendicular magnetic flux density of By. Determine the vector poten-
tial and magnetic flux density outside the superconductor and current density on the
superconductor surface.

Solution 7.6. We use cylindrical coordinates with the z-axis at the central axis of
the superconductor and the azimuthal angle measured from the direction of the
applied magnetic flux density. From a similarity with Example 2.7, we can expect the
following treatment to be useful for determining the vector potential: We virtually
remove the superconductor and place a magnetic dipole line produced by a pair of
anti-parallel straight currents at the axis. We denote the magnitude of the magnetic
moment in a unit length along the z-axis by /. From Eq. (6.53), the vector potential
is given by

AR ¢) = Bok + ™ \sin
UK, @) = 0 7R ®,

where the first and second terms are components of the applied magnetic flux density
and magnetic moment, respectively. The requirement A (R = a) = 0 gives

27'ra2B0
H“o ’

m=—
Thus, the vector potential outside the superconductor is
a2
A;(R, ) = By (R — E)simp.

We obtain the magnetic flux density as

e _Bo( - Jeoss.
B, = = —By (1 + 2)sm(p,
B, =0.

We can show that Bg(R = a) = 0. The surface current density is
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By(R = a) 2By .
T=—>=——sing.
Ho Mo

The magnetization of the superconducting cylinder is

2By
Ho '

M =

<

From the above examples, we can understand that the interior of a superconductor

is completely shielded with zero magnetic flux density. This situation is unchanged

even for the case of a hollow superconductor. Hence, if we completely surround

a space with a superconductor, the effect of external magnetic flux density can be

completely shielded in the space. This is called magnetic shielding and corresponds
to the electrostatic shielding attained by a conductor.

7.4 Prediction of Superconductivity

Perfect diamagnetism (B = 0) is a fundamental property of superconductors. It is
well known that superconductors have another characteristic property, i.e., zero resis-
tivity, although the zero resistivity is different from empirical property of usual
materials described by Ohm’s law.

As stated in Sect. 7.1, it was possible for someone to assume a material that
shows perfect diamagnetism based on the E-B analogy even in the 19th Century just
after the completion of Maxwell’s theory. He would have been the first person who
predicted superconductor with zero resistivity in the world.

Here, the proof of the zero resistivity property is treated. It may be supposed that
the zero resistivity can be easily proved, since the current must continue to flow to
shield the applied magnetic flux density. We have to consider the point, however, that
such shielding can be accomplished by the diamagnetism of the material itself, as will
be introduced in Chap. 9. Since this type of material was not discovered in the 19th
Century, it was not possible to attribute the diamagnetic response to the shielding by
the current or the intrinsic diamagnetism based on the results of experiments.

Hence, we have to consider the case in which a current is directly applied to a
diamagnetic material. In this case, the current must flow on the surface of the material,
as shown in Eq. (7.2). As shown in Fig. 7.19, here, we suppose that rectangle C is
located inside the material in such a way that one side is placed on the surface and
parallel to the current. The current density is integrated on C. The integrated value
is not zero on the side on the surface, while the contribution from other three sides
is zero. That is, we have

7§i Sds £ 0. (7.45)

C
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Fig. 7.19 Rectangle C with
one side that stays on the
surface of the diamagnetic

material and is directed
parallel to the current

N\

N\
MO

 _

f E-ds 0. (7.46)

C

If Ohm’s law E = p,i holds, Eq. (7.45) leads to

This contradicts Eq. (1.30), which must be satisfied under static conditions.
Hence, the resistivity must be zero to be consistent with Eq. (1.30). The material
that shows B = 0 under any conditions is nothing else than a superconductor.
Thus, the prediction of a diamagnetic material is equivalent to the prediction of
a superconductor.

Column: (1) Penetration of Magnetic Flux into Superconducting Hollow
Cylinder with Tilted Slit

Suppose we apply a magnetic flux density parallel to a long superconducting
hollow cylinder with a tilted slit as shown in Fig. 7.20. Does the magnetic
flux penetrate into the interior of the superconducting hollow cylinder without
passing through the superconducting region?

Py

Fig. 7.20 Long superconducting hollow cylinder with a tilted slit in parallel magnetic flux
density
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If axial magnetic flux lines move along the radial direction, they surely have
to pass through the superconducting region, indicating that the magnetic flux
cannot penetrate into the interior. Is this true? In practice, the magnetic flux
penetrates into the interior and its density is the same as that of the external
one.

Remember here that a superposition holds for electric and magnetic quan-
tities. That is, the resultant magnetic flux density is the sum of the applied one
and one produced by the shielding current. The shielding current flows on the
surface of the superconductor, as schematically shown in Fig. 7.21a. This is
composed of the current flowing on the surface of a virtual hollow cylinder
with no slit in Fig. 7.21b and that flowing in the opposite direction only in the
region of the slit in Fig. 7.21c. The current in Fig. 7.21b produces a magnetic
flux density of the same magnitude and opposite direction to the external one in
the superconducting region, resulting in complete shielding there. The impor-
tant thing is that the current in Fig. 7.21c produces a tilted magnetic flux at the
slit. This shows the magnetic flux structure during the penetration. That is, the
magnetic flux is tilted when it penetrates into the interior.

C» O @3

e e i
o O 2
CD O s

(a) (b) ()

Fig. 7.21 a Flow of current on the superconductor surface, b that on the surface of virtual
superconductor with no slit, and ¢ that in the opposite direction in the slit region. The current
in (a) is obtained by superposing those in (b) and (c¢)

Column: (2) Intermediate State

When we apply an external magnetic flux density to a superconducting sphere,
the superconductor expels the magnetic flux from its interior. In this case, some
part of the superconductor experiences a magnetic flux density higher than the
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applied value because of the geometrical effect, as shown in Fig. 7.17. Hence,
even when the applied magnetic flux density is below the critical value, B., the
local magnetic flux density can exceed B, resulting in a breakdown of the super-
conductivity. If we assume that the superconductivity is completely broken,
the magnetic flux will completely penetrate the superconductor, resulting in a
magnetic flux density of the same value as the external one. This will bring
about a recovery of the superconductivity. However, this is contradictory. In
reality, the superconductor goes into a state in which the superconductivity is
partially broken. This is called the intermediate state. In this state the super-
conductor is in a layered structure composed of the superconducting region
with perfect extrusion of magnetic flux and normal region with penetration of
magnetic flux, as shown in Fig. 7.22. Since the size of these layers is of the
order of several 10 pm, the magnetic structure can be regarded as a uniform
partially diamagnetic structure on a macroscopic scale. However, we cannot
use the condition (7.4), so we need another method to determine the internal
magnetic flux density and surface current density. This is the method using the
boundary conditions on the magnetic flux density and magnetic field, which
will be described in Chap. 9 (see Exercise 9.10). Figure 7.23 shows the magne-
tization curve of a spherical type 1 superconductor. The ascending line starting
from the origin represents the perfect diamagnetic characteristic given by Eq.
(7.34), and the descending line shows the characteristic in the intermediate
state.

superconducting

e

normal

Fig. 7.22 Multilayered structure composed of superconducting and normal layers in the
intermediate state
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Fig. 7.23 Magnetization curve of spherical type 1 superconductor

Exercises

7.1.

7.2.

7.3.

7.4.

7.5.

Determine the magnetic flux density and vector potential when we apply
currents /; and I, to the inner and outer superconductors, respectively, for
the coaxial superconductor in Fig. 7.6.

A current [ is given to the left superconductor in Example 7.3. Determine
the current that appears on each superconductor surface and the magnetic flux
density inside and outside the superconductors.

When a current flows uniformly with a surface density z on a thin sheet
conductor, the magnetic flux density near the sheet is given by Eq. (6.28).
However, Eq. (7.8) yields double this magnetic flux density near the super-
conductor surface with the same current density. Discuss the reason for the
difference.

When we put straight current / at a distance a from a wide superconductor
surface, the current given by Eq. (7.16) is induced on the superconductor
surface. Prove that the Lorentz force exerted on / by the induced current is
given by Eq. (7.18).

Straight current [ is placed at distances a and b from two flat superconductor
surfaces that are perpendicular to each other, as shown in Fig. E7.1. Determine
the vector potential in vacuum and the current density induced on the surfaces.
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Fig. E.7.1 Two
perpendicular flat
superconductor surfaces and
straight current /

N

—y

DA\

7

7.6. Determine the magnetic flux density in the space around a superconducting
cylinder using the vector potential given by Eq. (7.23).

7.7. The vector potential is given by Eq. (7.13) for the case of a straight current and
a wide superconductor surface. Determine the equivector potential surface.

7.8. Prove that the magnetic flux density vector given by Eq. (7.14) is parallel to
the equivector potential surface discussed in Exercise 7.7.

7.9. A long superconducting cylinder of radius a is placed at distance /(> a) from
an infinite flat superconductor surface, as shown in Fig. E7.2, and a current / is
applied to the superconducting cylinder. Determine the current density on the
surfaces of the two superconductors.

Fig. E7.2 Superconducting
cylinder parallel to infinite
flat superconductor surface

NN

7.10. Straight current I is placed at distance /4 from the central axis, O, of a
hollow cylindrical superconductor, as shown in Fig. E7.3. Determine the
vector potential in the vacuum and current density on the inner surface of
the superconductor.
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Fig. E7.3 Hollow
cylindrical superconductor
and straight current inside
the superconductor

7.11. Derive Egs. (7.30) and (7.33) for a superconducting sphere in a uniform
magnetic flux density using Eq. (7.1) with the boundary conditions, Egs.
(7.6) and (7.8).

7.12. Derive the magnetic flux density outside the superconductor in Example 7.6
using the magnetic potential.



Chapter 8 ®)
Current Systems o

Abstract This chapter covers magnetic phenomena in a current system composed
of more than one current loop. The relationship between the current and the magnetic
flux in each current loop is generally described in terms of the inductance coefficients.
Coils are a typical example of this current system, and the inductance of various coils
is treated. We use a current system composed of a superconductor to determine the
magnetic energy of the system. The merit of this method is that the magnetic energy
can be directly determined from the mechanical work needed against the magnetic
force, similarly to the electric energy. The magnetic energy of the current system is
described using the magnetic flux and the inductance coefficients.

Keywords Current system - Inductance + Inductance coefficients + Neumann’s
formula - Coil - Magnetic energy - Magnetic force -+ Mean magnetic flux

8.1 Inductance

In Chap. 6, we learned that the magnetic flux is produced around currents. When
a current, /, flows in a closed circuit, C, as shown in Fig. 8.1, the magnetic flux
penetrating C is proportional to /:

Fig. 8.1 Magnetic flux

penetrating closed circuit b
produced by current flowing
along itself
— R
/
C V|
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®=1I. (8.1)

The proportional constant L is called self-inductance. The unit of self-inductance
is [Wb/A] and is newly defined as [H] (henry). The self-inductance is determined
only by the shape of C and is defined as a positive quantity. That is, the directions of
the current and magnetic flux follow the right-hand rule.

Second, we suppose that there are two closed circuits and current /; flows along
circuit C;. The magnetic flux penetrating itself is expressed as

®) = Ll (8.2)

similarly to Eq. (8.1). The magnetic flux also penetrates the other circuit C,, as
illustrated in Fig. 8.2, and it is expressed as

&, = L1, (8.3)

Fig. 8.2 Magnetic flux
produced by current flowing

®,
along one of two closed
circuits
™ 1
o)

P,
The constant L,; is influenced by the geometrical arrangement of C; and C,, while
Ly is determined only by the shape of C;. If current I, flows along C,, the resultant
magnetic flux penetrates C, itself and C;. Thus, the magnetic fluxes penetrating C;

and C, are formally given by

@) = Ll + Liply, (8.4a)
Dy = LoI) + Lnb. (8.4b)

The self-inductances L;; and L, are positive as mentioned above. The coefficients
L, and L, are called mutual inductances and have the following relationship,

Ly = Ly;. (8.5)
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The mutual inductance takes a positive or negative value depending on the directions
of the current and magnetic flux.

Extending the above case of two closed electric circuits, we consider a system
composed of n electric circuits in Fig. 8.3, where current /; flows in the i-th circuit
C;(i=1,2,...,n). We express the magnetic flux ®; penetrating C; as

;= Lyl;. (8.6)

Fig. 8.3 System composed
of n closed circuits
1

In the above, the L;’s are inductance coefficients. The L;;’s are self-inductances,
and L;’s (i # j) are mutual inductances. The reciprocity theorem

L;=1L; (8.7)

holds generally.
Now we prove Eq. (8.7). From Eq. (6.34), the vector potential produced by current
I; flowing in the j-th closed circuit C; is given by

I dr;
NG e 4

e |r - rj|' (8.8)

With the aid of Eq. (6.35), we rewrite the magnetic flux penetrating C; as

Dy = fA(r,) dr; = MOI fyg (8.9)
]r, —r]‘

G

Hence, the mutual inductance is given by
% f . (8.10)
|r i rJ|

This is called Neumann’s formula. The result is the same even if subscripts i and j
are exchanged. Thus, Eq. (8.7) is proved.
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Here, we show an example of calculating a mutual inductance. Two circular coils
of radius a are separated by distance d with a common central axis, as shown in
Fig. 8.4a. The currents flow in the same direction. We define the coordinates as
in Fig. 8.4b and position vector r; for the lower coil is fixed at point P. Then, the
contribution from a small region dr; in the upper coil to the mutual inductance is
written as

wodrs poadd (—i,sin + iycoso)
47 [242(1 + sinf) + d?] 4r[2a2(1 + sind) + d2]1/2 '

172 =

Fig. 8.4 Two circular coils
with common axis:

a arrangement and

b coordinates

(a) (b)

Integrating this for the upper coil, the y-component reduces to zero because of
symmetry, and only the x-component, i.e., the tangential component at point P,
remains. Here we put 6 = 2¢ 4 /2. Then, after a simple calculation, we write
the above integration with respect to r, as

/2
ok 1 — 2sin’y

——— s
2 ) (1 - ksin?y) 2

where k = 2a/(4a* +d 2)1/ ?_ Although the integration is not simplified any more,

the above calculated vector is directed along dr; and its value is constant. Hence,
integrating with respect to r; gives simply the factor 2za. Thus, we obtain the mutual
inductance as

_ Moa
k

M [(2 = K*)F (k) — 2E(0)], (8.11)

where F(k) and E(k) are complete elliptic integrals of the first and second kind,
respectively:



8.1 Inductance 203

/2
1
Fly= | ——_dy, 8.12
® , (l—kzsinztﬁ)l/2 v (812
/2
E(k) = f(l — K2sin’y) dy. (8.13)

0

When the current path has a finite cross-sectional area, it is not easy to define the
magnetic flux penetrating the electric circuit. This may indicate that the inductance
cannot be exactly defined. However, the inductance can be exactly determined using
the magnetic energy, as will be shown later (see Sect. 8.4).

Example 8.1. Determine the self-inductance of a unit length of the parallel-wire
transmission line of radius a separated by distance d in Fig. 8.5. Assume that d is
much larger than a and we can neglect the magnetic flux inside the conductors.

Fig. 8.5 Parallel-wire transmission line

Solution 8.1. We suppose that current / flows as shown in the figure. We assume
a plane that includes the axes of the two cylindrical conductors and calculate the
magnetic flux penetrating the plane between the two conductors. The magnetic flux
density produced by current I flowing along the left conductor at distance x from its
central axis is

_ pol

B, =
2w x

and is directed downwards. Hence, the magnetic flux in a unit length produced by
this current is

a

d—
/ I d-—
@Q:/“—dez&log 4

TX 21 a
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The magnetic flux produced by the current along the right conductor is the same,
and we have the self-inductance of a unit length as

29 d— d
I="1l= ﬂlog 4~ ﬂlog—.
I b4 a b4 a

<&

Example 8.2. Determine the mutual inductance in a unit length between the two
parallel-wire transmission lines in Fig. 8.6. We define the current directions as in the
figure.

Fig. 8.6 Two parallel-wire transmission lines

Solution 8.2. We apply current /; to transmission line 1. We calculate the magnetic
flux that penetrates transmission line 2 in a unit length. The magnetic flux produced
by the right current of transmission line 1 is

, ol dr poli . b* +c?
o = Mot Sl e NP
21 r 47 b?
b

The magnetic flux produced by the left current of transmission line 1 is

A (a+b)*+¢? 5 )
@ — woly / dr _ Molllog(a-i-b) +c
'™ on 47 (a+ b)?

a+b

The total magnetic flux penetrating transmission line 2 is

_wol (B 4@+ D)

D) = D 4+ D = ,
S 4 gb2[(a+b)2+02]

and the mutual inductance is given by
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P, Mo

205

(b2 + cz) (a+b)?

L, =—=—"—lo .
27 4 gb2[(a+b)2+c2]

Confirm for yourself that the same result is obtained by calculating the magnetic flux
produced by transmission line 2 that penetrates transmission line 1.
<

Example 8.3. A circular coil is placed just between a parallel-wire transmission line
separated by d, as shown in Fig. 8.7. These stay on a common plane. Determine the

mutual inductance between the transmission line and circular coil.

d

d

Fig. 8.7 Circular coil placed at the center of the parallel-wire transmission line

(b) (c)

Fig. 8.8 a Current in parallel-plate transmission line, b magnetic flux lines, and c¢ electric field

lines in a capacitor of the same geometry
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Solution 8.3. We calculate the magnetic flux produced by current / flowing along
the left line of the transmission line that penetrates the circular coil. Using two-
dimensional polar coordinates with the origin at the center of the coil, the magnetic
flux density at (R, 6) is B = ol /[27(d + Rcosf)]. Hence, the magnetic flux is

Mol /‘ / RdRdO
d + Rcos®
The integral with respect to angle @ is carried out using Eq. (7.26):

a

RdR

Q= Molf m = Mol[d - (d2 —az)l/z].
0

Since the magnetic flux due to the current flowing along the right line is the same,
we obtain the mutual inductance as

2P 12
M == = 2ud - (@* = )]

8.2 Coils

In Sect. 3.2, we learned about the electric property of capacitors used for storing
electric charges in electric circuits. The component used to store the magnetic flux
is a coil. Coils are also used for other purposes such as producing various magnetic
flux densities or generating electric power, that will be covered in Chap. 10. Here,
we introduce the magnetic property of coils.

When we apply a uniform current, /, to a parallel-plate transmission line in
Fig. 8.8a, a magnetic flux with a uniform density is produced in the space between
the two plates (see Fig. 8.8b). We assume that the distance d between the two plates
is sufficiently small and the magnetic flux density on the outside can be neglected.
The magnetic flux in the space is directed normally to the currents, and its density is

I
B= “70 = 1o, (8.14)

where T = /b is the planar current in a unit width. The magnetic flux between the
two plates is
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lad
® = Bad = “Ob“ . (8.15)
Hence, we obtain the self-inductance as
d
L= “Ob“ . (8.16)

The magnetic flux density produced by parallel planar currents corresponds to the
electric field of strength E = o/¢€; produced by planar electric charges in a parallel-
plate capacitor (see Fig. 8.8c).

The coil used to produce a uniform magnetic flux density is a solenoid coil. For
example, when we apply current / to a long solenoid coil with a winding of n turns
in a unit length, the interior magnetic flux density is uniform with the value

B = ponl, (8.17)

as shown in Example 6.8. This value does not depend on the radius or length of the
coil. For a coil of radius a, the magnetic flux that penetrates one turn of the coil is

¢ = muona’l. (8.18)

Thus, the magnetic flux penetrating the coil of a unit length is

&' = ng = mpon’a’l. (8.19)

Hence, the self-inductance in a unit length is given by

q>/
L = 7= 7T pon’a’. (8.20)

When the length of the solenoid coil is /, its self-inductance is smaller than L'l and
is expressed as

2a\ ,
L= K<7>L [ (8.21)

In the above, K(2a/l) is a function only of the ratio 2a/! and is called Nagaoka’s
coefficient. Figure 8.9 shows Nagaoka’s coefficient.
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Fig. 8.9 Nagaoka’s 7
coefficient

K(2a/l)

2a/l

A spherical coil is a special coil for producing a uniform magnetic flux density
in a limited space. That is, when current flows on the surface of a sphere as given by
Eq. (7.33), the interior magnetic flux density is uniform. Assume a spherical coil of
radius a with N turns as in Fig. 8.10a. We take the number of turns in a unit zenithal
length to be [N /(2a)]sind, where 6 is the zenithal angle. When we apply current 7,
the surface current density on the sphere is

NI
T = —sinf (8.22)
2a

Fig. 8.10 Spherical coil:
a geometry and b windings

and from Eq. (7.33) we obtain the interior magnetic flux density as

T
By = Mo (8.23)
3a

To realize such a winding, the number of turns in a unit length along the axis is
N/(Q2a).
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However, fabricating such a spherical coil is not easy, and the Helmholtz coil
introduced below is commonly used. This coil consists of a pair of circular coils of
the same size, as shown in Fig. 8.11. The radius of the circular coils is @, and the
distance between the two coils arranged on the common axis is 2z". The center is
defined to be z = 0. We apply current / to the two coils in the same direction. Using
the result in Example 6.1, the magnetic flux density on the common axis is given by

Bz =" ola? ! + ! (8.24)
2 [( ]3/2 [(Z+Z/)2 +a2]3/2 . .

1 —7) +a?

Fig. 8.11 Helmbholtz coil

When the distance between the two coils is too large, the magnetic flux density is
locally minimum at the center, as shown in Fig. 8.12a. When this distance is too short,
the variation in the magnetic flux density around the center is steep (see Fig. 8.12b).
No uniform magnetic flux density is achieved in either of these two cases. We obtain
the optimum arrangement under the condition dzB/dz2 = 0 at the center, z = 0,
which gives

(8.25)

AN

(a) (b) (c)

Fig. 8.12 Magnetic flux distribution along the central axis of the Helmholtz coil for the cases where
the distance between the two coils is a too long, b too short, and ¢ optimum
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Figure 8.12c shows the magnetic flux distribution for this condition. The magnetic
flux density is uniform over a fairly wide area. The magnetic flux density at the center
is

8/,L0]

B(0) = .
© 5v/5a

(8.26)
o

Example 8.4. We apply current / to a solenoid coil of radius a, length /, and N total
number of turns. Determine the magnetic flux density on the central axis.

Solution 8.4. We define the z-axis on the central axis, as shown in Fig. 8.13, with
the origin at the center of the coil. We regard the windings in the region z to z + dz
as a one-turn coil. The current flowing there is dI = (NI /l)dz. Using the result in
Example 6.1, the magnetic flux density at z = zo produced by this current is

dla? Nla?
dB = Modla _ MoiVia dz.

Az-22+a]"” 2 —20)+a2]"

Fig. 8.13 Longitudinal
cross section of solenoid coil
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Hence, the total magnetic flux density at the observation point is

1/2

2
B(z) = HoNla dz.
> 3/2
21[(z — 20)* + a?]

)
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Here we define

7 — 7o = atanf

tand, = ! l—i— tané_1 i
no = ——| = , =—(=-- .
1 2\3 20 p) 2\ 20

Then, we calculate the total magnetic flux density to be

with

0>
NI NI
B(z0) = M021 /c0s9d9 = MOZI (sinf, — sinb)

0

pLoNI I+ 2Zo [ — 220
Y 2 172 + 2 12 [
[(I +220)* + 4a?] [(I = 220) + 4a?]

<

Example 8.5. Determine the self-inductance of the spherical coil of diameter a and
total number of windings N shown in Fig. 8.10.

Solution 8.5. When current / is applied to the coil, the magnetic flux that penetrates
one turn of the coil at zenithal angle 6 is

$(0) = Bor (asind)? = %nazvzsinze,

where By = NI /3a is the uniform magnetic flux density in the coil given by
Eq. (8.23). Hence, the total magnetic flux penetrating the coil is

T | T )
® = / SN@)sinbdd = %naNZI / sin’0do = %naz\ﬂl.
0 0

The self-inductance is
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8.3 Magnetic Energy

The electric field fills the space between two electrodes in a charged capacitor, and we
can regard the space as filled with electric energy. For a coil that stores the magnetic
flux, we can also regard the interior space as filled with magnetic energy.

Here we suppose two superconductors in electrical contact with each other, as
shown in Fig. 8.14. One of them is a movable plate. Assume that magnetic flux ®
is trapped within the space surrounded by the superconductors. We can realize this
situation by using the field-cooled process shown in Fig. 7.11. A current flows on
the inner surface to shield the superconductors from the magnetic flux. Hence, a
repulsive force given by Eq. (6.9) is exerted on the movable superconducting plate.
If the plate is displaced by distance x, the interior magnetic flux density changes to

d
B=——
(a +x)b

(8.27)

Fig. 8.14 Magnetic flux
trapped in closed circuit
composed of two
superconductors. The
superconducting plate is
movable as shown by the
arrow and in electrical
contact with the fixed piece

and the density of current flowing on the inner surface changes to

B o)
T==—=——
no  pola+x)b

(8.28)
We assume that a is much smaller than b. Since the magnetic flux density produced
by the fixed superconductor is half of the value given by Eq. (8.27), we estimate the
force on the movable plate to be

1 d%h
F = —tBbh =

- e 8.29
2 2uo(a +x)*b (829)

which is directed along increasing x. This is an isolated system, and there is no
electromagnetic interaction with the surroundings after the initial condition is estab-
lished. Thus, this force is attributed to the variation in the magnetic energy Uy, of
this system. From the relationship
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, (8.30)

we estimate the magnetic energy as

U, Ph ! B*(a + x)bh (8.31)
=——=—B"(a+x)bh. .
" T 2ue(a+xb T 2

In the above, (a + x)bh is the volume of the space in which the uniform magnetic
flux is trapped. Hence, the magnetic energy density is given by

Uy = — B2, (8.32)

This is similar to the electric energy density given by Eq. (3.40).
Since the total current flowing in the closed circuit is I = th, the self-inductance
of the system is

L_® _ m@tob

7 Y (8.33)

In terms of the self-inductance, we rewrite the magnetic energy, Eq. (8.31), as

U, —1L12—1c1>1— 1c1>2 (8.34)
T2 27 2L ’

These expressions are similar to those for electric energy in a capacitor, Eq. (3.38).

We consider a system composed of n closed electric circuits. Suppose that current
I; flows in the i-th circuit and magnetic flux ®; penetrates it (i = 1, 2, ..., n). Then,
extending the result of Eq. (8.34) to this case, the magnetic energy of this system is
given by

1 n 1 n n
Un = > ; D, = 3 Z ZLiinIj~ (8.35)

i=1 j=I

The magnetic energy is usually derived using electromagnetic induction, as will be
shown in Chap. 10.

Equation (8.32) is the result when the magnetic flux density is uniform in space.
Here we determine the magnetic energy density for a non-uniform magnetic flux
density. Substituting Eq. (6.35) into Eq. (8.34), the energy of the system is written
as

1
Uy = 3 y{lA - ds, (8.36)
C
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where C is the closed circuit with the current /. When the current is not concentrated
but flows widely in space, we extend Eq. (8.36) to

1
Un =3 /A -idv, (8.37)

\%

where V is the region in which the current with density i flows. In terms of Egs.
(6.27) and (A1.41) in the Appendix, the magnetic energy becomes

Un = 21 A - (VxB)dV——/[B (VxA)—V-(AxB)dV. (8.38)
Mo

Using Gauss’s theorem, the second volume integral is transformed to the surface
integral

- / (A x B) - dS. (8.39)
S

Assuming a sphere of sufficiently large radius r for V, we have |A| o< 7!, |B| oc 772,

and [ dS o r? on its surface, and the surface integral is proportional to »~!. Hence,
taking the limit r — oo, the integral reduces to zero. Neglecting this integral, the
magnetic energy reduces to

1

U
" 2#0

B%dv, (8.40)

where we have used Eq. (6.29). Thus, we can prove that the magnetic energy density
is given by Eq. (8.32) even when the magnetic flux density is not uniform in space.

We compare the magnetic energy obtained here and the electric energy obtained
in Chap. 3 in Table 8.1. These are quite analogous to each other.

Table. 8.1 Comparison of Electric ener:; Magnetic ener
electric energy and magnetic ! £y g &y
Separated system 4 <
enerey P Y 3 Qi 3 @il
i=1 i=1
Continuum system % [ ¢ppdv % [A-idv
v \Y
Energy density %eoE 2 ﬁBz
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Example 8.6. Current [ is applied to the spherical coil of diameter ¢ and total
number of windings N shown in Fig. 8.10. Determine the total magnetic energy
using Eq. (8.40).

Solution 8.6. Using the uniform magnetic flux density By = poNI /3a, the magnetic
energy inside the coil is

B} 4m 5, 2n )
= —a =
20 3 27

The magnetic flux density outside the coil is equal to that given by the magnetic
moment, which is given by Eq. (6.45) with m = (2n/ wo)Boa?, placed on the coil
center. Thus, the magnetic energy density outside the coil is

1 B2a® sin0
= —(B*+B%) =2 cos’0
tim2 2#0( P+ B) 2M0V6( * 4
4N212 : 29
_ Moa 20 + sin .
1876

Integrating this in the space outside the coil, the magnetic energy in this region is
obtained as

o0 T
AN2? 1 in’Q
Uypp = MO0 f — 27 r2dr f c0s*0 + = )singde
18 ré 4
47272
T oa N-I 1 2 1 b4 2,2
= - - + - = — N ] .
9 343 <3 3) = 7h

The total magnetic energy is determined to be
4 272
Un=Uni +Un = aﬂoaN I
<
Example 8.7. We apply current / to the superconducting coaxial transmission line

in Fig. 7.6. Determine the magnetic energy stored in a unit length of the transmission
line and derive the self-inductance with this result.
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Solution 8.7. Currents flow only on the surfaces R = a@ and R = b so that the
magnetic flux does not penetrate the superconductors. The magnetic flux density is
B = 1ol /(27 R) only in the region a < R < b and is zero in other regions. Hence, the
magnetic energy is non-zero only in the region a < R < b and its density is

BZ /JLOIZ

2uo  8wIR2’
Integrating this over the volume in a unit length, we have

b
1 I’ b
U, = Bo | = 2nRdR = 'uo—log—.

8m2 R? 47 a

We can also obtain the magnetic energy from Eq. (8.36). The vector potential has only
the axial component A, similarly to the current. From the relationship 0A,/0R = —B
with A, (b) = 0, we obtain the vector potential as

which agrees with the above result.
Using this result, the self-inductance in a unit length is

_2Ur/n_/’L01 b

L =
12 2 © a

<&

Example 8.8. We apply current [ to a sufficiently long solenoid coil of radius a with
n turns in a unit length. Calculate the magnetic energy in a unit length using either
Egs. (8.37) or (8.40).

Solution 8.8. The magnetic flux density inside the coil is B = uonl (see Example 6.
8). Using Eq. (8.40), the magnetic energy in a unit length of the coil is

1
U, = —(,udonl)zjra2 = M(nal)z.
2pL0 2
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On the other hand, the current flows only on the coil surface (R = a). The vector
potential on this surface is A,(a) = ponla/2, and the surface current density is
t = nl. Thus, using Eq. (8.37), the magnetic energy is

1 1 I
U;=§/A¢(a)rd5=5-“°”a

S

T
nl - 2ma = %(nal)z.

This agrees with the above result.

<&

Example 8.9. We apply a current / to a coaxial transmission line with the cross
section shown in Fig. 8.15. Determine the magnetic energy in a unit length using
Eq. (8.37) and the self-inductance. The thickness of the outer conductor is neglected.

Fig. 8.15 Cross section of
coaxial transmission line

b

Solution 8.9. The magnetic flux density is

Since B = 0 for R > b, we obtain to be A(R = b) = 0. Thus, the vector potential is
determined to be

b

1 b
AR) = /B(R)dR L A S
27 R
R
ol b ol

= —1log— + (az—Rz); 0<R<a.

2r “a 4ma?
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Thus, the magnetic energy in a unit length is

a

1 I wol? b 1
U . =- | AR —27nRIR = ==—(log= + - |,
m 2/ ( )na2 4 47 <0ga+4>
0

and the self-inductance in a unit length is
;Mo b 1
L'=—|log—+ - |.
2w < Oga * 4)

The difference from the result of Example 8.7 is due to the contribution from the
additional magnetic flux in the inner conductor.
<

8.4 Mean Magnetic Flux

In the case where the path of the current is spread over a finite cross-sectional area,
the path of integration to determine the magnetic flux is not clear. In this case, it is
recommended to use the magnetic energy for determination of the magnetic flux in
Sect. 8.1. We discuss here the meaning of this method.

We suppose the set of the integral path {S;}(i = 1, 2, - - -) for the current that is
spread over a finite cross-sectional area, and denote by A/; and @, the current flowing
in the i-th path and the magnetic flux penetrating it. In this case the mean magnetic
flux is given by

(@) = ALY DAL
oYAL 1

(8.41)

where [ is the total current. In the case where the current density is uniform, the mean
magnetic flux simply gives the mean value of the magnetic flux for each integral path.
The magnetic energy of this system is given by

1
Un =3 Z ®; Al (8.42)

Hence, the inductance determined using the mean magnetic flux is

L _ (@) _ 20,

= —. 8.43
7 7 (8.43)
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Thus, it is found that the inductance determined in Exercise 8.6 is identical with that
obtained using the mean magnetic flux.
Equation (8.41) is generally written as

(@) =) B, (8.44)

with the probability function that satisfies Y f; = 1. In a case in which the current is

i
continuously distributed, this can be generalized to

(D) = / O (s5)f (s)ds (8.45)
with
/ f(s)ds =1, (8.46)

where ®(s) is the magnetic flux in a closed circle represented by path s.
Here, we check the result of Exercise 8.6. The position of the current path is
denoted by x(a < x < b). Then, the corresponding magnetic flux in a unit length is

@ (x) = 2’?’1 {a + ﬁ [b(x —a)— %(ﬁ - az):| } (8.47)

In this case, the current distribution is uniform and we can assume f = 1. Then,
simply integrating this with respect to x in the region a < x < b, we have

_ 2u0Ra + b)I

@’ 8.48
(@) 3l (8.48)
Then, the self-inductance is determined to be
202 b
o= % (8.49)

which agrees with the result obtained using the magnetic energy in Exercise 8.6.

Example 8.10. Solve the same problem as in Example 8.9 using the mean magnetic
flux.

Solution 8.10. The magnetic flux in the region R = R'(< a) to R = b is
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a

b
I I (dR
(R) = /;oa / RiR+EZ [ =5

2ma? 2 R
R a
MOI 2 /2 IU’OI b
= —R — log —.
4rra? (a ) + 2 8 a

Thus, the mean magnetic flux is
(@) = f ®(R)f (R)dR',
0

where f (R’) is a probability function. Since the portion of the same distance from
the central axis has a same weight, f (R’) is proportional to R'. So, we have

, 2R’
The mean magnetic flux is
I'LOI 2 /3 , ,bL()I b 1
®) = — log R —R —|log—+ - ).
(@) 2 / T 2w 8 a + 4

0

The self-inductance in a unit length is determined to be

(P) Mo b 1
R St A S
i 2n<0ga+4

8.5 Magnetic Force

Magnetic force works between current-carrying conductors. This force is equal to
the sum of the Lorentz force on each current. We can expect to derive this force
using the magnetic energy and the principle of virtual displacement, similarly to the
electrostatic force learned in Sect. 3.4. In fact, we learned the reverse process, namely
estimating magnetic energy from the Lorentz force, in Sect. 8.3. However, we need
to pay special attention when applying such a method to general cases.

We suppose that current /; flows in a straight line and current I, flows along a
rectangular circuit with two sides parallel to the straight line, as shown in Fig. 8.16.
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These are placed on a common plane. Now we determine the force on the rectangular
circuit using the Lorentz force. An attractive force works on the closer side and a
repulsive force works on the opposite side. If the distance between the straight line
and the closer side is x, the force on the rectangular circuit is

_ olily polil,  poablil

F = =
2w x 27 (x 4+ a) 2 x(x + a)

(8.50)

Fig. 8.16 Long straight line
and rectangular circuit

>

where we define the force in the direction of increasing x to be positive. This force
is negative, i.e., attractive.

Next, we calculate the force with the magnetic energy. The magnetic energy due
to current /| only and that due to current /, only are expressed in terms of the self-
inductances of each circuit. These energies are independent of the displacement of
the rectangular circuit, since the self-inductances do not change under the relative
displacement between the two circuits. From Eq. (8.35) for n = 2, the associated
energy is the interaction energy between the two currents, i.e., the energy from mutual
induction. The magnetic flux produced by current /; that penetrates the rectangular
circuit is

x+a
wol1b dr _ wolib, x+a

D=0y = 1 8.51
2 2 r 2 o8 ( )
Hence, the associated energy is
1 bL1 x+a
Un =L+ La)hih =2 = Fo2ll 2log , (8.52)
2 2 X
using Eq. (8.5). Thus, the magnetic force seems to be
0Un bl I
F—_ Moablyily (8.53)

ax 2ax(x 4+ a)’

However, this disagrees with F’ in Eq. (8.50) which shows that there is a problem
with the above procedure.



222 8 Current Systems

What does this mean? The above procedure seems to indicate that the magnetic
energy decreases by F'Ax during the displacement of the rectangular circuit from x
to x + Ax. However, the total magnetic energy must additionally increase by AUy, =
2F Ax to reach the correct result. From the reciprocity theorem in Eq. (8.5), half of
this increment comes from the increase in the magnetic energy in the rectangular
circuit. We expect this to be caused by the induced electromotive force V in the
circuit. Namely, when the rectangular circuit is displaced by Ax within time At,
the work done by the induced electromotive force is VI, At. We can rewrite this as
—A®J, in terms of the change in the magnetic flux that penetrates the circuit,

Iab
A = —Ho19? (8.54)
2nx(x + a)
Taking the limit At — 0, we have
AP do
V= — . (8.55)
At dr

This is the induced electromotive force that will be learned in Chap. 10.

What we can say from the above example is that estimating the magnetic force
from the magnetic energy is valid only when the circuit is isolated and the magnetic
flux is conserved as treated in Sect. 8.3. In most cases, electromagnetic induction is
involved and such an estimation is not correct.

Column: (1) Method of Deriving Static Magnetic Energy

This chapter shows that there is a formal similarity between the electric energy
and magnetic energy. However, the method of deriving the energy is completely
different between the two cases. For example, the electric energy is estimated
from the mechanical work needed to carry electric charges from infinity until
the final distribution of electric charge is attained, whereas the magnetic energy
cannot be estimated from the mechanical work to carry currents from infinity.
That is, there is a problem of divergence of the energy. In addition, the more
severe problem is that the final energy must be negative, since the work to
carry a current is negative because of the attractive force between currents
of the same direction. Thus, we conclude that the magnetic energy cannot be
derived with this method. This is because of the induced electromotive force
mentioned in Sect. 8.5.

For this reason, we estimate the magnetic energy in a virtual experiment
using a superconducting circuit in this chapter. The merits of this method are
that it enables us to construct an isolated system from surroundings such as
a power source, and that it is free from electromagnetic induction since it
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conserves the magnetic flux because of the perfect diamagnetic property (see
Exercise 8.11).

Consider possible ways to derive the magnetic energy other than the method
introduced here.

Column: (2) Is Magnetic Flux a Magnetic Potential?

There is a famous analogy between the electric energy and magnetic energy, as
shown in Table 8.1. The electric energy is given by the product of the electric
source, i.e., the electric charge Q; and the resultant electric potential ¢; divided
by 2. On the other hand, the magnetic energy is given by the product of the
magnetic source, i.e., the current /; and the resultant magnetic flux ®; divided
by 2. Does this analogy mean that the magnetic flux is a magnetic potential,
i.e., the vector potential? It is clear that the magnetic flux is not the vector
potential. How can we explain such a disagreement between electricity and
magnetism?

The answer is that this difference is caused by the difference in the dimen-
sion of the sources. Originally the electric charge density corresponds to the
current density, as can be seen in Table 8.1. For a conductor system, the elec-
tric potential is constant in each conductor. In the i-th conductor, the electric
energy reduces to

1 1 1
3 [ o0av =36 [ oav =00
Vi

Vi

On the other hand, we obtain the current by integrating the current density in
the cross-sectional area. In the i-th circuit, the magnetic energy reduces to

1 1 1
—/A-idV:—/ideA-ds:—CI)iIi.
2 2 2

Vi Si C;

In the above, the volume integral was divided into the cross-sectional integral
and the integral along the current path as dV = dSds, and we used the relation-
ship ids = ids. That is, the magnetic flux is not the vector potential but is the
vector potential integrated along the circuit. This may be simply understood
from dimensions. In this sense, the magnetic flux is a kind of magnetic poten-
tial. In fact, the magnetic flux in a unit length produced by a straight current in
the region from the reference point of the vector potential to arbitrary position
is identical with the vector potential at this position:



224 8 Current Systems
ol Ro
PR =A,R) =|— |1 — ).
(R) =A:(R) (2n)0g<R>

Exercises

8.1 Determine the mutual inductance between a parallel-wire transmission line
and a triangular circuit on the common plane in Fig. E8.1.

Fig. E8.1 Parallel-wire
transmission line and
triangular circuit

=— (1 —

8.2 Calculate the self-inductance directly from the penetrating magnetic flux for
the superconducting coaxial transmission line in Example 8.7.

8.3 Suppose that the coaxial transmission line in Example 8.7 is not made of a
superconductor but of a usual conductor. Determine the self-inductance. (Hint:
Determine the self-inductance using the magnetic energy for a current).

8.4 Determine the mutual inductance between a parallel-wire transmission line
and a rectangular circuit placed at distance b from the transmission line (see
Fig. E8.2).

Fig. E8.2 Parallel-wire
transmission line and
rectangular circuit




8.5 Magnetic Force 225

8.5 Determine the mutual inductance between two coaxial solenoid coils in
Fig. E8.3. The inner and outer coils have n, and n, turns in a unit length,
respectively.

Fig. E8.3 Two coaxial
solenoid coils

8.6 We apply current [ through the parallel-plate transmission line shown in
Fig. E8.4. Determine the magnetic energy and self-inductance in a unit length.
Discuss the difference between conducting and superconducting transmission
lines.

Fig. E8.4 Parallel-plate vyt
transmission line

8.7 Solve the same problem as in Example 8.6 using Eq. (8.37).

8.8 Determine the interior magnetic flux density, magnetic energy , and self-
inductance when we apply current / to the toroidal coil in Fig. E8.5. The
radius of the central axis is d, the radius of the winding region is a, and the
total number of turns is N.
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Fig. E8.5 Toroidal coil

8.9 We denote the inner, middle, and outer long coaxial superconducting cylinders
in Fig. E8.6 as superconductors 1-3. (a) Determine the inductance coefficients
assuming the reference point for zero vector potential at R = Ro, > Ry,
and (b) determine the magnetic energy in a unit length using the inductance
coefficients when we apply currents /1, I, and I3 to superconductors 1, 2, and
3, respectively.

Fig. E8.6 Cross section of
coaxial superconducting
cylinders

8.10  Suppose that current I’ is flowing along the azimuthal direction in a unit
length of a long hollow superconducting cylinder with inner diameter 2b, as
shown in Fig. E8.7a. Determine the force on the cylindrical superconducting
rod of diameter 2a when we insert the rod into the superconducting cylinder
to a depth x from the edge, as shown in Fig. E8.7b. Neglect the disturbance of
magnetic flux density around the edge of the rod.
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(a) (b)

Fig. E8.7 a Long hollow superconducting cylinder with azimuthal current and b penetration of
superconducting rod into the hollow superconducting cylinder

8.11 Currents /| and I, flow along two long rectangular superconducting circuits,
as shown in Fig. E8.8. Calculate the magnetic force using the magnetic energy.
(Hint: Note that when the distance x changes to x + Ax, currents /; and I,
change in a way that keeps the penetrating magnetic flux constant in each

circuit.)
| /

Fig. E8.8 Two
current-carrying long
rectangular superconducting
circuits placed on a common
plane




Chapter 9 ®)
Magnetic Materials e

Abstract This chapter covers magnetic phenomena in magnetic materials. When
a magnetic flux density is applied to a magnetic material, a magnetic moment due
to electron spins appears. This phenomenon is magnetization, and the magnetic
moment is assumed to be produced by virtual small magnetizing current loops.
Thus, the magnetic flux density is produced by currents and magnetizing currents
in magnetic materials. We newly define the magnetic field that describes only the
magnetic flux density produced by the current. Magnetic phenomena are gener-
ally described in terms of the magnetic flux density and the magnetic field. The
refraction of the magnetic flux density at an interface between different magnetic
materials is treated. Finally, static electric phenomena and magnetic phenomena are
systematically compared in detail.

Keywords Magnetic material - Magnetization - Magnetizing current - Magnetic
susceptibility - Magnetic field - Magnetic permeability - Law of refraction

9.1 Magnetization

Some materials possess a magnetic moment that causes magnetic phenomena, when
an external magnetic flux density is applied to those materials. These materials are
classified as magnetic materials. Commonly used permanent magnets are made
of magnetic materials and possess a magnetic moment even without an external
magnetic flux density.

The appearance of the magnetic moment in magnetic materials is analogous to
the way the electric polarization arises because of a relative displacement between
electric charges of different signs in an external electric field. In fact, it looks as if the
magnetic moment appears because of a relative displacement of magnetic charges of
different signs in an external magnetic flux density, as shown in Eq. (6.64). However,
magnetic charges do not exist, as discussed in Sect. 6.9. On the other hand, we
learned that the magnetic moment can be equivalently expressed by closed currents.
This equivalent current that produces the magnetic moment is called magnetizing
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current. However, true currents produce the static magnetic moment only in super-
conductors. The magnetizing current in a magnetic material cannot be taken outside.
This is also similar to the polarization charge, which cannot be taken out of a dielec-
tric material. Thus, the magnetizing current is a virtual substance like the magnetic
charge. The magnetic moment is caused by electron spins, electron orbital motion,
nuclear magnetic moment, etc.

The resultant magnetic moment in a unit volume of a material is called magne-
tization and is represented by M. Its unit is [A/m]. This definition of magnetization
is the same as that for superconductors (see Sect. 7.3). The magnetization M in a
magnetic material is usually directed parallel to an applied magnetic flux density, B,
and is proportional to B = |B|. Thus, it can be expressed as

m=%"p 9.1)
Mo

where the dimensionless proportional constant yy, is called the magnetic suscepti-
bility. Magnetic materials are classified into various kinds depending on the value
of ym. It is recommended to read technical books to learn more about different kinds
and characteristics of magnetic materials.

1. Non-magnetic materials: This group includes diamagnetic materials with
negative y,, and paramagnetic materials with y,, that is positive but smaller
than 1. The reason why the magnetization is proportional to the applied magnetic
flux density is that magnetic moments directed randomly tend to incline in the
direction of the applied magnetic flux density, as illustrated in Fig. 9.1. Table 9.1
gives the magnetic susceptibility for non-magnetic materials.

(a) {b)

Fig. 9.1 Arrangement of individual magnetic moments in paramagnetic material a in the absence
of a magnetic flux density and b in an applied magnetic flux density
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Table 9.1 Magnetic

susceptibility per ke/m of Material Xm (X 1073) | Material Xm (X 1073)

non-magnetic materials Diamond —0.49 Oxygen 106.2
Graphite —6to—7 Air 24.1
Gold —0.139 Nitrogen —043
Copper — 0.086 Hydrogen —1.97
Zinc —0.157 Pure water —0.720
Germanium —0.12 Benzene —0.712
Aluminum 0.62 Quartz glass - 0.5
Manganese 9.6 Alumina —0.34
Chromium 3.17 Iron dioxide 20.6

If we apply Eq. (9.1) to superconductors, those with x,, = —1 may be classified as

diamagnetic material. However, the usual definition in electromagnetism is different,
as will be shown later.

2.

Magnetic materials: Materials with positive y,, of 102-10* are classified into
this group. The origin of this type of magnetism is spin of electrons. One group
of magnetic materials is ferromagnetic materials, with magnetic moments of
atoms aligned in the same direction, as shown in Fig. 9.2a. This alignment is
favored because the positive exchange interaction reduces the free energy. Anti-
ferromagnetic materials have magnetic moments aligned alternately because of
the negative exchange interaction, and ferrimagnetic materials with magnetic
moments of different magnitudes aligned alternately because of the negative
exchange interaction (see Fig. 9.2b, c). Thus, ferromagnetic materials and ferri-
magnetic materials have nonzero magnetization without an applied magnetic
flux density. This magnetization is called spontaneous magnetization. Even for
materials with spontaneous magnetization, the total magnetization in a specimen
is sometimes zero. This occurs because the specimen is divided into finite regions
called magnetic domains. In each magnetic domain, the magnetic moment is
aligned in the same direction, and the magnetic moments of these domains are
directed randomly, as illustrated in Fig. 9.3. When we apply a magnetic flux
density to such a specimen, the structure of its magnetic domains changes in a
complex manner, including movement of the wall between adjacent domains or
rotation of the magnetic moment in each domain, etc. This results in a complex
magnetization as shown in Fig. 9.4.
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Fig. 9.2 Alignment of
magnetic moments in

a ferromagnetic,

b anti-ferromagnetic, and
¢ ferrimagnetic materials

Fig. 9.3 Structure of
magnetic domain with
magnetic moment for zero
magnetization

Fig. 9.4 Magnetization
curve of ferromagnetic
material. The magnetization
changes with a change in
applied magnetic flux density
as indicated by the arrows

(b)

(c)

9 Magnetic Materials
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Suppose a thin magnetic slab of thickness Ak that is magnetized uniformly in the
normal direction. The magnetization of a small region in this slab is expressed by
magnetizing current flowing around it (see Fig. 9.5). We denote the area of the top
surface and the surface density of magnetizing current by AS and zy,, respectively.
The magnetizing current flowing around the small region is t,, Ak, and the magnetic
moment is Am = 1,ARAS = 1,AV with AV = ASAh denoting the volume of
this small region. Hence, the magnetization is given by

_Am

e 9.2
N 9.2)

Fig. 9.5 Thin magnetic slab magnetized in the normal direction and a small part

Namely the magnetization is equal to the surface density of the magnetizing current.
This relationship is similar to that of Eq. (4.2) stating that the electric polarization is
equal to the surface density of the polarization charge in dielectric materials.

When this slab is divided into small regions as shown in Fig. 9.6, the magnetic
moment in each region can be expressed by the magnetizing current flowing around
it. These currents cancel out between adjacent regions, leaving only the magnetizing
current flowing on the periphery of the slab. This is similar to the fact that the
polarization charge remains only on the surface of a uniformly polarized dielectric
material. When the magnetization is not uniform, the magnetizing current remains
inside the magnetic material.
Fig. 9.6 Magnetizing
current in each divided
region (upper half) and
resultant magnetizing current
flowing on the periphery of
the slab (lower half)




234 9 Magnetic Materials

This result may suggest that the magnetizing current in magnetic materials and
the magnetizing current in superconductors are similar to each other. However, there
is an essential difference between them. Suppose we apply a magnetic flux density
along a long hollow magnetic material and a long hollow superconductor. When we
use reasoning similar to that for Fig. 9.6 for a magnetic material, the magnetizing
current remains not only on the outer surface but also on the inner surface, as shown
in Fig. 9.7. In this case, we can easily show that a magnetic flux density of the same
value as the external one appears in the hollow. On the other hand, the current flows
only on the outer surface of the superconductor, as shown in Fig. 9.8, and the interior
is completely shielded including the hollow. It should be noted that the direction
of the current is opposite to the magnetizing current because of the diamagnetic
nature of the superconductor. This difference comes from the origin of the magnetic
moment: The magnetic moment in magnetic materials originates from the electron
spins, which are equivalent to the magnetizing current, while the magnetic moment in
superconductors originates from the true current. The currents cannot be necessarily
expressed by a superposition of small closed currents like the magnetizing currents.

@B

(a) (b)

Fig. 9.7 a Small closed loops of magnetizing current and b resultant magnetizing current on the
surfaces in hollow magnetic material in parallel magnetic flux density

Fig. 9.8 Current that shields

a hollow superconductor in @B
parallel magnetic flux

density
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A similar difference can be found between a hollow dielectric material and a
hollow conductor in a transverse electric field, as shown in Fig. 4.10. This difference
comes from the difference between the polarization charge and electric charge.

We assume that the magnetization is not uniform in region V occupied by a
magnetic material. The magnetic moment of a small region of volume dV’ at point
A positioned at ' is m(r') = M (r')dV’ (see Fig. 9.9). Using Eq. (6.41), the vector
potential produced by this magnetic moment at observation point P at r is

o M) < (=7

dA = av’. 9.3

4 lr—r3 ©-3)
Fig. 9.9 Small region of P
volume dV’ at point A in
magnetic material and
observation point P

r
O

Hence, the total vector potential is given by

M(r') X (r—r')

Mo
A =20
") 47 { r—r?

av’. 94
As shown in Sect. A2.6 in the Appendix, this transforms to

A(r):ﬂfv xM(r)

’
dr v |r—r| av’, ©-5)

where the operation V' x is curl with respect to . Comparing this and Eq. (6.33),
we understand that this vector potential is produced by the magnetizing current
density,

VxM =iy (9.6)

In addition, uoM represents the magnetic flux density produced by the magnetizing
current. Thus, the following equation holds:

V.M =0. 9.7)
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Example 9.1 A spherical magnetic material of radius a is in a uniform magnetic
flux density By, as shown in Fig. 9.10a. Determine the magnetizing current density
on the surface. The magnitude of magnetization M is M.

de
7]

—3»
dh

g

(b)

Fig. 9.10 a Magnetization of spherical magnetic material in magnetic flux density and b thin plate
of magnetic material

Solution 9.1 We define the origin at the center of the sphere and the z-axis along
the direction of the applied magnetic flux density. We measure the zenithal angle 0
from this axis. We slice the spherical magnetic material into thin plates as shown in
Fig. 9.10b, and denote the surface magnetizing current density on the edge of a plate
by 7. Equation (9.2) gives 1 = M. If we denote the thickness of the thin plate and
the corresponding zenithal angle interval by d and df, we have dh = asinfd6. The
magnetizing current that flows on the edge of this plate is tdh = t,,ad6. Thus, the
surface magnetizing current density is given by

Ty = T8in 6 = M sinf. 9.8)

<&

9.2 Magnetic Field

When a current of density i and a magnetizing current of density iy, coexists, the
vector potential is given by

ay = Lo 10 *inl?)

av’. 9.9)
v r=r
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The curl of the magnetic flux density is
V xB=po(+in). (9.10)

Here we define a new physical quantity

1
H=—B-M. 9.11)
Ho

Then, we have
VxH=i. (9.12)

That is, H is a variable that corresponds only to the current and is called the magnetic
field or magnetic field strength. The unit of the magnetic field is [A/m] and is the
same as for the magnetization. Equation (5.11) is satisfied also in this case as shown
in Chap. 6, and hence, this is the magnetic field produced by a steady current. The
definition of the magnetic field is similar to the definition of electric flux density,
which corresponds only to electric charges in dielectric materials.

The word “field” represents a fundamental property of space that exerts force at a
distance such as the electric field. The corresponding field for magnetic interaction
is the magnetic flux density as described in Eqgs. (6.10) or (6.14). In this sense, B
can be called the magnetic field. However, H defined by Eq. (9.11) has been called
the magnetic field. As is customary, we will call H and B the magnetic field and
magnetic flux density, respectively.

As stated above, the magnetic field H is the variable associated only with a current.
Hence, the Biot-Savart law and Ampere’s law are the laws for H. Namely the general
form of the Biot-Savart law is given by

Hr) lfﬁﬁﬁiﬂw’ 9.13)

T r—r|3

instead of Eq. (6.7). The general form of Ampere’s law is now written as

fﬂ@:/rﬁ (9.14)
C S

instead of Eq. (6.25). Equation (9.12) is the general differential form of Ampere’s
law.

Here we explain the definition of the magnetic susceptibility in Eq. (9.1). In this
definition, M is described in terms of B. This corresponds to the description of the
electric polarization in Eq. (4.1) and follows the E-B analogy. Hence, the dimen-
sionless magnetic susceptibility y, in Eq. (9.1) is consistent with the dimensionless
electric susceptibility y. in Eq. (4.1). However, electromagnetism currently uses the
definition
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M = x H. (9.15)

In practical measurement of magnetization, the magnetic flux density B applied to
a specimen is nothing else than poH, which can be clearly defined using current.
In this sense, there is no contradiction between Egs. (9.1) and (9.15). Substituting
Eq. (9.15) into Eq. (9.11) gives

1
H=—B. (9.16)

In the above

m=po(l + Xm) 9.17)

is a material constant called the magnetic permeability and has a unit of [N/AZ].
The relative magnetic permeability s, is a dimensionless parameter defined by

M= Hois- 9.18)
It is related to the magnetic susceptibility as
e =14 xm. (9.19)

We can define the magnetic field line for the magnetic field H similarly to the
magnetic flux line for the magnetic flux density B. That s, the direction of a tangential
line at any point on the magnetic field line is the same as the direction of H, and its
line density is equal to the magnitude of H.

Substituting Egs. (9.12) and (9.16) into Eq. (6.29), we have

V x (V x A) = pi. (9.20)

Using the Coulomb gage, Eq. (6.30), for static magnetism, the above equation gives
Poisson’s equation

AA = —ui. 9.21)

This is simply obtained by replacing py with x in Eq. (6.37). Hence, its solution is
given by Eq. (6.33) when yj is replaced by p.

It should be noted that the magnetic moment produced by the current is not
included in the magnetization M, since the current affects only the magnetic field
H in Eq. (9.11). That is, Eq. (9.11) is applicable only to magnetic materials and
not to superconductors. In fact, we have B = uoH and M = 0 in superconductors.
Thus, the magnetization in the superconductor cannot be expressed using Eq. (9.11).
However, the same term “magnetization” is used to express the magnetic moment in
a unit volume for both magnetic materials and superconductors. The magnetization
in a superconductor is proportional to the difference between the mean magnetic
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flux density in the superconductor and the applied magnetic flux density, as shown in
Eq. (7.38). In other words, the magnetization is a local variable in magnetic materials
but is a variable averaged over a specimen for superconductors.

Example 9.2 Two magnetic materials have magnetic permeabilities x4 and y,. Each
occupies half of the inner space of a long solenoid coil of radius a and » turns in a
unit length, as shown in Fig. 9.11. Determine the self-inductance in a unit length of
this coil.

Fig. 9.11 Solenoid coil
occupied by two magnetic
materials with different
magnetic permeabilities

Hi

-

Solution 9.2 We apply Ampere’s law, Eq. (9.14), as in Example 6.8. The magnetic
field is H = nl in both magnetic materials when current / is applied to the coil. The
magnetic flux density is given by B; = pnl and B, = pynl inside materials 1 and
2, respectively. Hence, the magnetic flux that penetrates one turn of the coil is

T

¢ =70+ pa)nal.

Since the magnetic flux that penetrates the coil of a unit length is

T

O =np == (ui + pa)na’l,

the self-inductance in a unit length is given by

L,_CD .

7= E(,U«l + po)n’a’.
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9.3 Boundary Conditions

In Sect. 4.3, we discussed the conditions for the electric field and electric flux density
to be fulfilled at an interface between different dielectric materials. Here, we discuss
the conditions for the magnetic flux density and magnetic field to be fulfilled at
an interface between different magnetic materials. Suppose an interface between
magnetic materials 1 and 2 with magnetic permeabilities x; and ;.

First we discuss the boundary condition for the magnetic flux density. The
magnetic flux density B satisfies Eq. (6.21). This is the same form as Eq. (4.16)
for the electric flux density D when the electric charge density p is zero. Hence,
using the same procedure as that for deriving Eq. (4.19), we have

n-(B; —B,) =0. (9.22)

That is, the normal component of the magnetic flux density is continuous at the
interface. In the above, n is the unit vector normal to the interface and is directed
from material 2 to material 1.

Second we treat the condition for the magnetic field. We denote the magnetic
fields in magnetic materials 1 and 2 in the vicinity of the interface by H; and H,
respectively. We assume that the plane containing the vectors H; and H is normal
to the interface, as illustrated in Fig. 9.12a. Suppose a small rectangle, AC, on the
plane with two sides parallel to the interface, as shown in Fig. 9.12b. We integrate
the magnetic field along AC. If the height A# is sufficiently small, we obtain the
contribution only from the two sides parallel to the interface. We denote the unit
vector along the direction of integration on the upper side and the length of this side
by ¢ and As. The integrations on the upper and lower sides are given by H; -tAs and
—H,; - tAs. Thus, the integration gives

material 1 /
n

m L§rml 2 \\\ H((:“: -
\\\\\\\\\ N \‘\\\
SO
R
AN

W\

(a) (b}

Fig. 9.12 a Plane that contains the magnetic field vectors in each magnetic material at the interface
and b small rectangle on the plane that contains the interface
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fH .ds = (H, — H,) - tAs. (9.23)

AC

From Eq. (9.14), this is equal to the total current flowing through the region
surrounded by AC. Since the height A# is infinitesimal, this is zero when the current
flows with a finite density. This takes a finite value only when a planar current flows
on the interface. Here, we use t and a to denote the planar current density and unit
vector normal to AC, respectively. These vectors are defined to point along the right
thumb when it is rotated along the direction of the integration. The total current that
flows through AC is t - aAs. Using the relationship @ x n = ¢, Eq. (9.23) gives

[nx (H,—H)]-a=r7-a,
and finally, we obtain
nx (H —H) =r. (9.24)

In the above, we assumed that the plane containing H; and H; is normal to the
interface. You can prove this assumption in Exercise 9.3. Equation (9.24) states that
a planar current flows on the interface and its density is equal to the difference in
the parallel component of the magnetic field. When there is no planar current, the
parallel component of the magnetic field is continuous. This condition is satisfied in
Example 9.2.

Now, we describe the above boundary conditions using the vector potential. We
denote the vector potentials in magnetic materials 1 and 2 in the vicinity of the
interface by A| and A, respectively. Then, Eqs. (9.22) and (9.24) are rewritten as

n-(VxA —VxA,) =0, (9.25)

1 1
n x <—V XA ——V xA2> =rT. (9.26)
M1 n2

The main component of the vector potential is parallel to the current in the vicinity of
the interface, as can be seen from Eq. (6.33). The current flows along the direction of
a, and we denote the corresponding component of the vector potential by A,. Thus,
we have

0A, 0A,

VxA=_20a,, %
x on 't o

n, (9.27)

where d/dn and 0/0t are the derivatives along the directions of n and ¢. Hence,
Eq. (9.25) gives

aAal _ aAuZ
ar o

(9.28)
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Integrating this along the direction of ¢, we have
Aal = AaZ- (929)

Equation (9.26) gives

=1 (9.30)

Example 9.3 Magnetic materials 1 and 2 of magnetic permeabilities x; and u, each
occupy half of the space between two long parallel superconducting plates, as shown
in Fig. 9.13. We apply current / to each superconducting plate in opposite directions.
Determine the magnetic flux density and magnetic field in each magnetic material
and self-inductance in a unit length of superconducting plates. Assume that the width
of the plate, w, is sufficiently long in comparison with the distance, d, between the
two plates.

Fig. 9.13 Two l
superconducting plates with C | | I
magnetic materials with f A7
different magnetic
permeabilities Ha

I w2

Solution 9.3 The magnetic flux density and magnetic field are directed parallel to
the superconducting plates in the space between them. We denote these values in
magnetic materials 1 and 2 by By, Hy, B,, and H,. From Eq. (9.22), we have

By = By,
which gives
H="H,
2

We apply Eq. (9.14) to rectangle C in Fig. 9.13. If the surface current density on the
superconducting plate in this region is 7;, we have H;/ = t;/. This reduces to

H1 =T1.

The surface current density on the superconducting plate in contact with magnetic
material 2 is
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ad
T =H2 = —T1.

n2

Since the total current / is equal to (w/2)(t; + 12), we obtain

2pal 2pl
= > 2= " >»
w(ur + ©2) w(ur + ©2)

and

2u ol

Bi=B=—"= |
w(wr + 12)

The magnetic flux that penetrates the superconducting plates in a unit length is

2 dl
(D/ _ M2

Cowu + )
and we obtain the self-inductance as
I 2 pod
wps + p2)

It should be noted that the situation is not simple if the superconducting plates are
replaced with usual conducting plates. This situation is similar to that in Example
4.3.

<

Here we derive the boundary conditions on the surface of a superconductor from
the above general boundary conditions. We denote the vacuum and superconductor
as regions 1 and 2, respectively. We use uo for the magnetic permeability of the
superconductor. Since B, = 0, we can say from Eq. (9.22) that the magnetic flux
density is parallel to the surface. Equation (9.24) derives H; = t, which gives the
same result as Eq. (7.8),

B] = MoT. (931)

Here we discuss the refraction of magnetic flux lines and magnetic field lines using
the boundary conditions. Suppose an interface between magnetic materials with
magnetic permeabilities u; and u, (see Fig. 9.14). We assume that magnetic flux
density B; is applied in material 1 in the direction of angle 8; from the normal
direction to the interface. We denote by B, and 6, the magnitude and angle of magnetic
flux density in material 2. The continuity of the normal component of the magnetic
flux density gives

Bcosf; = B,cosb,. (9.32)
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Fig. 9.14 Refraction of
magnetic flux lines at
interface

Since no surface current flows usually on the interface, the parallel component of the
magnetic field is continuous at the interface:

1 1
—Blsinél = —BzSiH@z. (933)
M1 M2
These equations give
tanf
1 _ 1 (9.34)
tand, 7%

This is the law of refraction. We obtain B, and 6, as

) 12
B, = B, [(ﬂ) sin%0; + 005291:| : (9.35)
1231
0, = tan~! (ﬂtanel). (9.36)
H“1

Example 9.4 A magnetic flux density of By is applied parallel to a wide surface of
magnetic material of magnetic permeability i, as shown in Fig. 9.15. Determine the
magnetic flux density, magnetic field, magnetization inside the magnetic material,
and the surface magnetizing current density.

Fig. 9.15 Magnetic flux
density applied parallel to
the surface of a magnetic
material

B, [




9.3 Boundary Conditions 245

Solution 9.4 From the continuity of the parallel component of the magnetic field on
the surface given by Eq. (9.24), the magnetic field inside the magnetic material is
equal to that on the outside, i.e., H = By/ . Thus, the magnetic flux density inside
the magnetic material is B = wH = (u/po)Bo. The magnetization, which is equal
to the surface magnetizing current density, 7, is determined as
M=ty= B =l
H“o Ko

By.

The magnetizing current is directed normal forward.
<

Example 9.5 A magnetic sphere of radius a is in a uniform magnetic flux density
of By, as shown in Fig. 9.10a. Determine the magnetic flux density, magnetic field,
and surface magnetizing current density.

Solution 9.5 We define spherical coordinates as in Example 9.1. We can assume
that magnetization is uniform in the magnetic material. Hence, the magnetic flux
density outside the sphere is given by the sum of the applied magnetic flux density
and the contribution of the magnetic moment placed at the origin after removal of
the sphere. We expect a uniform magnetic flux density inside the sphere due to the
uniform magnetization. We denote the magnetic moment directed to the z-axis by m.
Equations (6.45a and 6.45b) give the radial and zenithal components of the magnetic
flux density outside the sphere due to the magnetic moment

B — HLomcosO _ Momsind
T 2w 0 0T 4w

We use B to denote the internal magnetic flux density along the z-axis. Then, the
continuities of the normal component of the magnetic flux density and the parallel
component of the magnetic field on the surface (r = a) are given by

JLomcosO
Bycosd + ———— = BcosH,
2ma’
1 . Womsing | S
— | —Bgsinf + —— = ——Bsinf.
Mo na 0
From these equations, we have

— 4w a®B 3

= KT Ko ° B kB (9.37)

m = s =
M+ 20 Ho M+ 20
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Using these results, the magnetic flux density outside the sphere (r > a) is

w—po 2a°
Br = I/LOHr = <l + m . r—})BoCOS@,
3
w—jo a .
BQ = /,L()Hg = —(1 — m . r—3>BQS1n9,

and that inside the sphere (0 < r < a) is

B, = uH, 3 B cosd

= = ——Bycosh,

r [220 5% /L+2M0 0

By = uH, 3 ing

) = Wy = ——— o SInG.
M+ 20

We can also obtain these results by solving Egs. (9.29) and (9.30) for the vector
potential. We determine the magnetization to be

1 1 3(u—
M = (———)B: MBO.
Mo M to(p + 2u0)

This can also be derived as a magnetic moment in a unit volume.

Here we suppose small closed loop AC that contains a part of the interface on
a plane including the z-axis with an arbitrary azimuthal angle (see Fig. 9.16). We
apply the integrated form of Eq. (9.10),

fB-dszu()/(iJrim)-ds,
AS

AC

Fig. 9.16 Small closed loop
AC on a plane that contains
a part of the surface of
magnetic sphere

to this region, where AS is the surface surrounded by AC. Since there is no true
current, the difference in the parallel component of the magnetic flux density divided
by 1o is equal to the surface magnetizing current density. Thus, we have
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3 —
(@) = ST IO g6 = Msing.,

ot + 20)

This agrees with Eq. (9.8) in Example 9.1.
Figure 9.17 shows the magnetic flux lines inside and outside the magnetic sphere
for u = 3.

Fig. 9.17 Magnetic flux By
lines inside and outside the
magnetic sphere for

M =3uo.

Example 9.6 Solve the problem of Example 9.5 using the vector potential.

Solution 9.6 It is assumed that the magnetic flux density is applied along the z-axis.
Hence, its vector potential has an azimuthal component and is given by

Bor .
Ay = TSIHQ.

We put a magnetic moment m directed along the applied magnetic flux density placed
on the origin after the magnetic material is virtually removed. Its vector potential is
given by

Thus, the vector potential outside the magnetic material is

Bor  pom\ .
Ay = Agp +Adp = <7 + W)Sme'
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The magnetic flux density inside the spherical magnetic material is uniform along
the z-axis, and its value is denoted by B. Thus, the vector potential inside is

A, — Br . 0
%= sinf.
Equation (9.29) leads to
MHom
B =B
ot 2mad

In Eq. (9.30), 0A,/0n means —(1/r)d (rAw)/Br, and we have

1 1
—(Bo— “Om) - B
Mo 4ma’ w

Thus, the same results as in Example 9.5 are obtained.
&

Example 9.7 We apply current / to a thin straight line at distance a above the flat
surface of a magnetic material of magnetic permeability x, as shown in Fig. 9.18.
Determine the vector potential.

Fig. 9.18 Straight current z
and flat surface of magnetic P ®—T-
i a

material
l! ] -
=]

Zi/

Vacunm

material

Solution 9.7 We use the method of images similar to that in Example 4.6. We define
the y-axis along the direction of the current and the x—y plane (z = 0) on the surface
of the magnetic material with x = O as the position of the current.

To determine the vector potential in the vacuum region (z > 0), we virtually
assume that all the space is vacuum and the vector potential is given by the sum of
the component caused by / and that caused by the image current I’ placed at the
mirror position with respect to the surface of the magnetic material, as shown in
Fig. 9.19a. Hence, the vector potential has only the y-component, A,, and depends
only on x and z. The vector potential at point (x, z) in the vacuum is given by

Ry
[x2+ (z+ a)?

Ry
[¥2+ (z — a)z]

Mo /
Ayy(x,2) = E{Ilog 7 + I'log

]1/2 ’
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_

I @ )‘u

(a) (b)

Fig. 9.19 Solution using method of images: assumed conditions for a vacuum and b magnetic
material

where Ry is the distance to the reference point of the vector potential. On the other
hand, to determine the vector potential in the magnetic material (z < 0), we virtually
assume that all the space is occupied by the magnetic material, and the vector potential
is produced by the image current /” placed at the original position, as shown in
Fig. 9.19b. The vector potential at point (x, z) in the magnetic material is

Ro
[x* + (z — @)

Ay (¥, 2) = %I”log

]1/2'

The continuity condition of the normal component of the magnetic flux density
on the surface is given by Eq. (9.29), i.e., A,,(z = 0) = Ay, (z = 0). This condition
gives

po(I +1') = pl”.
The continuity condition of the parallel component of the magnetic field on the
surface is given by Eq. (9.30), i.e., (1/10) (E)Avy/iﬂz)zz0 =(1/u) (8Amy/8z)2=0. This
condition gives

1-r=1r.

Thus, we have

I/_M_MOI I//_ 2/“('0

= , = I.
M+ 1o M+ o

We obtain the vector potential as



250 9 Magnetic Materials

ol Ry (i — o) Ry
A, = —1log 73 lo 73 7> 0,
27 [x2 +(z— a)z] (1 + o) [x2 + (z+ a)z]
_ _ Hond Io Ry ; <0
T At o) e+ o — e=b
M1 1o [x +(z—a) ]
O

9.4 Magnetic Energy in Magnetic Materials

We discussed the magnetic energy in vacuum caused by currents in Sect. 8.3. There
is no essential difference even if magnetic materials are involved in the space. The
formal change is only replacing the permeability yy with u based on replacing
Eq. (6.27) with Eq. (9.12). That is, the magnetic energy density in the magnetic
material is

I, 1 1 )
Uy = —B"==-B-H=—uH", (9.38)
21 2 2

and the magnetic energy is given by its volume integral:

1 1 1

Um=/—B2 dV:/—B-HdV:/—MHz dv. (9.39)

21 2 2
\'% \' \'%

Example 9.8 The space between the superconductors in a superconducting coaxial
transmission line is occupied by two magnetic materials with magnetic permeabilities
w1 and o, as shown in Fig. 9.20. Determine the magnetic energy in a unit length of
the transmission line, when current 7 is applied.

Fig. 9.20 Coaxial
superconducting
transmission line with two
magnetic materials that have
different magnetic
permeabilities
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Solution 9.8 It is assumed that the surface currents with densities t; and 7, flow on
the interface of the inner superconductor surface (r = a) in contact with magnetic
materials 1 and 2, respectively. Then, the magnetic field strength at radius R in the
space between the two superconductors is

at an,
Hi(R) = =z H)(R) = —,

and the corresponding magnetic flux density is

n1at Ua2at

Bi(R) = —0—, B(R) =—

These quantities must be equal to each other from the continuity of the magnetic
flux density, and we have w7y = 7. From the condition of the total current,
I = ma(t; + 12), the surface current densities are obtained, and the magnetic flux
density is determined:

1
B(R) = Ve
(11 + 12)R
The magnetic flux in a unit length is
b
;o el dR  pipel o b

El

i +u) ) R au+u) ca

a

and we determine the magnetic energy in a unit length to be

1 P b
Ul = o' = T 1002
2 2y +p2) Ta

8

<&

Example 9.9 Current I flows uniformly in the azimuthal direction on the inner
surface of a long hollow superconducting cylinder, as shown in Fig. 9.21a. Assume
that the length [/ is sufficiently long in comparison with the radius a. Then, we insert
a magnetic cylinder of magnetic permeability x« and the same radius into the hollow
to depth x from the edge, as shown in Fig. 9.21b. How does the current change?
Estimate the magnetic energy and determine the force on the magnetic material.
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(a) (b)

Fig. 9.21 a Current / flowing on the inner surface of long hollow superconducting cylinder and
b insertion of magnetic material into the hollow

Solution 9.9 The magnetic flux density in the hollow before insertion of the magnetic
material is B = uol/l. This does not change even after the insertion. This is because
the magnetic flux does not appear or disappear, and the magnetic flux lines must go
out of or into the hollow for the change to occur. However, this is prohibited by the
superconductor.

Hence, the surface current density is © = //I in the region where the magnetic
material is not inserted but changes to T = u//(1!) in the region where the magnetic
material is inserted. Thus, the total current changes to

(-2

Hence, the magnetic energy density in the hollow is

1 2 ,lL()IZ
u = — = —-—,
" 2p0 212
and that in the magnetic material is
1 ol
Uy = B = .
21 2ul?

‘We have the total magnetic energy as

2 12
U = THAET (o)
212 n
and determine the force on the magnetic material to be

AU, 2r2
Fo_0Un _ Wo_a(l_ @).

ox 212 m
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Since u > po in normal magnetic materials, we have F > 0. That is, the force is
directed along the positive x-axis and attractive. In this problem, the magnetic flux
does not change, and there is no influence of the electromagnetic induction.

<&

9.5 Analogy Between Electric and Magnetic Phenomena

In Part II, we learned static magnetic phenomena through similarities to and differ-
ences from static electric phenomena in Part I. To understand these phenomena
further, we summarize the corresponding relationships here. Tables 9.2, 9.3, and 9.4
give the electromagnetic variables, equations, and boundary conditions, respectively.

It is also useful to refer to Table 6.1, which summarizes integral equations corre-
sponding to the differential equations in Tables 9.3, and 6.2, which summarizes
the potentials. In these tables, it is necessary to replace €y and o with € and g,
respectively, for generalization.

The contents in Tables 9.2, 9.3, and 9.4 are explained as follows:

1. The most fundamental variables are the electric field E and the magnetic flux
density B, which are directly connected to the force. That is, these variables
describe the fields in electric and magnetic phenomena. The electric field is a
conservative field with no rotation and is given by the gradient of the scalar

Table 9.2 Fundamental variables, supplementary variables, and sources in static electric and
magnetic phenomena

Electric phenomena Magnetic phenomena
Fundamental variable 1 | Electric fieldE Magnetic flux densityB
Fundamental variable 2 | Electric flux densityD Magnetic fieldH
Supplementary variable | Electric polarizationP MagnetizationM
Source 1 Electric charge (density) p Current (density)i
Source 2 Polarization charge (density) p, | Magnetizing current (density)im

Table 9.3 Equations of fundamental variables describing static electric and magnetic phenomena

Electric phenomena Magnetic phenomena
Property of field VXE=0 V-B=0
Potential ¢(E = —-V¢) AB =V xA)
Relation to source V-D=p VxH=Ii
Fundamental variable 2 D=¢cE+P H = ﬁB -M
Constant € i
Supplementary variable —P(—V P = pp) MV xM =ipy)
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Table 9.4 Boundary conditions for fundamental variables describing static electric and magnetic
phenomena

Electric phenomena Magnetic phenomena
Continuity 1 Parallel component of E Normal component of B
Continuity 2 Normal component of D Parallel component of H
Source for discontinuity 2 Electric charge (density) o Current (density)t

potential, the electrostatic potential. On the other hand, the magnetic flux density
is a field with no divergence and is given by the curl of the vector potential.

2. The secondary fundamental variables are the electric flux density D and the
magnetic field H, which are associated with source-1 quantities such as electric
charges and currents. The electric charge causes the divergence of the electric
flux density and the current causes the curl of the magnetic field.

3. The supplementary variables are the electric polarization P and the magnetization
M, and these are associated with source-2 quantities, which cannot be taken out
of materials. That is, the polarization charge causes the divergence of the electric
polarization and the magnetizing current causes the curl of the magnetization.
The signs are opposite between electric polarization and magnetization because
only magnetic materials do not shield themselves from an applied field. This is
mathematically expressed by the fact that the relative dielectric constant €, and
relative magnetic permeability x4, are larger than 1.

4. Table 9.4 summarizes the conditions for the fundamental variables on a boundary.
For the primary fundamental variables, the parallel component of the electric
field is continuous because there is no rotation, and the normal component of the
magnetic flux density is continuous because there is no divergence. For secondary
fundamental variables, the corresponding components can be discontinuous at a
boundary because of the existence of the source-1 quantities. That is, the normal
component of the electric flux density is discontinuous by an amount equal to
the surface charge density, and the parallel component of the magnetic field is
discontinuous by an amount equal to the surface current density. When there is
no such source, these components are continuous.

5. We compare special phenomena in electricity and magnetism in conductors and
superconductors in Table 9.5. The primary fundamental variables, the electric
field and magnetic flux density, are zero inside the respective materials, and
the source-1 quantities, the charge and current, exist only on the surface. There
are no source-2 quantities or resultant supplementary variables. To satisfy the
boundary conditions in Table 9.4, the electric field is normal, and the magnetic
flux density is parallel to the surface. The values of these variables on the surface
are proportional to the surface densities of the source-1 quantities.

Table 9.6 summarizes electric and magnetic phenomena in the E-H analogy, in
which H is treated as a primary fundamental variable. In the past, Coulomb’s law
was used for assumed magnetic charges. This method is beneficial as a mathematical
analogy. In this case, the magnetization M and the magnetic charge g, correspond
to oM and pogn in this textbook, respectively.
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Table 9.5 Static electric phenomena in conductor and magnetic phenomena in superconductor

Electric phenomena in conductor

Magnetic phenomena in

superconductor
Fundamental variable E=0 B=0
Source on the surface Electric charge (density) o Current (density)t
Supplementary variable P=0 M=0

Condition on the surface

Normal E(E = o/€p)

Parallel B(B = ugt)

Table 9.6 Fundamental variables in the E-H analogy

Electric phenomena Magnetic phenomena
Property of fundamental variable 1 VXE=0 VxH=i
Property of fundamental variable 2 V-D=p V.-B=0
Definition of fundamental variable 2 D=¢E+P B=uH+M
Constant ) "o
Supplementary variable —P(—V -P = pp) MV xM = poim)

Column: (1) Magnetic Shielding by a Superconductor
and that by a Magnetic Material

In the Column in Chap. 4, we showed that electric shielding by a conductor and
that by a dielectric material are similar phenomena in spite of the quantitative
difference. How about the magnetic shielding by superconductor and that by
magnetic material?

From correspondence with Chap. 4, we can derive Eq. (7.32) for the
magnetic flux density around a superconducting sphere by taking the magnetic
flux density around the magnetic sphere in Example 9.5 in the limit ¢ — 0.
In this case, although a magnetic field of finite strength remains inside the
superconducting sphere, we can disregard it because it has no meaning. This
is similar to electric phenomena as shown in the Column in Chap. 4.

However, the essential difference is that the magnetization in a supercon-
ductor is negative, while the magnetization in a magnetic material is positive.
The internal magnetic flux density is weakened in a superconductor from the
outside, and the shielding is really similar to electric shielding. However, the
situation is completely different for a magnetic material. Namely the internal
magnetic flux density is strengthened in comparison with the external value
because of the positive magnetization (see Eq. (9.37) and Fig. 9.17). This char-
acteristic property of magnetic material comes from the origin of the magnetic
moment. Is such a magnetic material useful for magnetic shielding?

The answer is yes. When we make a slit with the structure in Fig. 9.24 in
Exercise 9.5, the magnetic flux density inside the slit decreases by a factor of
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Lo/u from the value in the surrounding magnetic material. Namely magnetic
flux lines are likely to pass through the region with higher magnetic perme-
ability. It is possible to weaken the magnetic flux density in a target region by
introducing the magnetic flux to other regions using this property.

Column: (2) Magnetization and Electric Polarization

The substance in a material that causes the magnetic action is the magnetic
moment, and the current in a superconductor and the virtual magnetizing
current in a magnetic material are the origins of the magnetic moment.
However, there is a problem in the fact that the same term “magnetization”
is used to express the magnetic moment in a unit volume even for different
origins. The mathematical description is different. For example, according to
the definition of magnetization used for magnetic materials, the magnetization
in superconductors is zero as mentioned in Sect. 9.2. Hence, we need a new
term such as magnetic moment density instead of magnetization to define the
magnetic moment in a unit volume of superconductor.

Electric polarization in dielectric materials is comparable to the magneti-
zation. The electric action is caused by a relative displacement of polarization
charges of different signs that cannot move freely in a given electric field and
partially contributes to the shielding of the material from the external electric
field. This electric phenomenon is quantitatively characterized by the electric
polarization P, the electric dipole moment in a unit volume. A similar elec-
tric phenomenon in conductors is the perfect electrostatic shielding by electric
charges that can move freely. This phenomenon can also be explained by a rela-
tive displacement of electric charges of different signs as discussed in Sect. 2.3.
That is, appearance of electric dipoles is common for both electric phenomena
(see, for example, Eq. (2.30) for a conductor). This situation is similar to the
production of a magnetic moment by two kinds of origin mentioned above.
Since the electric dipole moment in a unit volume had not been discussed for
a conductor, there was no confusion as with the magnetization in a magnetic
material and superconductor. However, it is meaningful to study the similarity
between the electrostatic shielding in a conductor and the electric polarization
in a dielectric material. In this sense, we need a new term such as electric
moment density to define the electric dipole moment in a unit volume of
conductor.
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Exercises

9.1. A cylindrical magnetic material of diameter a is placed in a uniform transverse
magnetic flux density By. Determine the magnetizing current density on the
surface of the magnetic material. The magnitude of magnetization, M, is M .

9.2. We apply current [ to two long parallel superconducting plates with magnetic
materials of magnetic permeabilities x; and u, between them, as shown in
Fig. E9.1. Assume that the width of the plate, w, is sufficiently larger than
the distance, d, between the plates. Determine the magnetic flux density and
magnetic field in each magnetic material and the self-inductance in a unit
length.

Fig. E9.1 Two parallel !
superconducting plates with 0]
two magnetic materials of Hi df2
different magnetic : d/2
s '/
permeabilities

9.3. Determine the self-inductance of a unit length for the superconducting
coaxial transmission line with two magnetic materials of different magnetic
permeabilities in Fig. E9.2.

Fig. E9.2 Coaxial
superconducting
transmission line with two
magnetic materials that have
different magnetic
permeabilities

Fig. E9.3 Vacuum slit
parallel to the magnetic flux
density in magnetic material
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9.4.

9.5.

9.6.

Fig. E9.4 Vacuum slit
normal to the magnetic flux \
density in magnetic material \

9.7.

Fig. E9.5 Magnetic flux
density applied normal to the
surface of a magnetic
material

9 Magnetic Materials

We define the magnetic fields, H; and H;, in magnetic materials 1 and 2 in
the vicinity of an interface. Prove that these vectors stay in the same plane
perpendicular to the interface.

We apply a magnetic flux density By parallel to a thin slit of vacuum in a
magnetic material of magnetic permeability x, as shown in Fig. E9.3. Determine
the magnetic flux density and magnetic field inside the slit.

We apply magnetic flux density By normal to a thin slit of vacuum in a magnetic
material of magnetic permeability u, as shown in Fig. E9.4. Determine the

magnetic flux density and magnetic field inside the slit.

A\

We apply magnetic flux density By normal to a wide flat surface of a magnetic
material of magnetic permeability u, as shown in Fig. E9.5. Determine the
magnetic flux density, magnetic field, magnetization inside the magnetic
material, and the surface magnetizing current density.

7

9.8. When a magnetic sphere is in a uniform magnetic flux density By, we obtain

the magnetic flux density B and the surface magnetizing current density 7,
(see Example 9.5). Prove that the obtained B coincides with the sum of By and
the magnetic flux density produced by the magnetizing current. (Hint: Use
Eq. (7.33) for the relationship between the uniform magnetic flux density and
the surface current density).
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9.9.

9.10.

9.11.

A long magnetic cylinder of radius a and magnetic permeability x is in
a uniform normal magnetic flux density By. Determine the magnetic flux
density, magnetic field, magnetization, and surface magnetizing current
density.

The vector potential is used to determine the magnetic flux density outside
the spherical magnetic material in Example 9.6. Solve this problem using
the magnetic potential, and discuss the difference between the two solution
methods.

Determine the magnetic flux density and magnetization in a superconducting
sphere of radius « in the intermediate state in an applied magnetic flux density
By. Confirm that the obtained magnetization agrees with the characteristic
shown in Fig. 7.23 in column (2) of Chap. 7. Use the boundary conditions for
B and H with the critical condition that the maximum magnetic flux density
that the superconductor suffers is the critical value, B..
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Chapter 10 ®)
Electromagnetic Induction e

Abstract This chapter covers the electromagnetic induction, which is one of most
important phenomena that describe electric and magnetic fields varying with time.
The electromotive force appears to induce a current in a closed circuit in such a way
as to reduce any change in the magnetic flux penetrating it. This is Faraday’s law.
As a result, the electric field is no longer irrotational and has a vortex caused by a
variation in the magnetic flux density with time. Faraday’s law is rewritten for the
local relationship called the motional law, E = v x B, in terms of the velocity v of
a material in a space with a magnetic flux density B. The magnetic energy, which
is covered in Chap. 8, is estimated again from the electric energy that the electric
power source supplies under the electromagnetic induction. Finally, the skin effect
is discussed in association with the electromagnetic induction.

Keywords Electromagnetic induction * Induced electromotive force + Faraday’s
law - Continuity equation of magnetic flux - Magnetic energy + Skin effect

10.1 Induction Law

Magnetic flux density is produced by current as described in Chap. 6. Faraday
conducted experiments based on the idea that current might be produced by magnetic
flux density. Although he could not produce a steady current by using a static
magnetic flux density, he produced a non-steady current by varying a magnetic
flux density with time. The results are summarized as follows. Suppose two coils.
When a current is applied to coil 1 as shown in Fig. 10.1, a magnetic flux density is
produced around it. A current flows in coil 2 in the following cases:

1. the current in coil 1 changes as shown in Fig. 10.1a;
2. coil 1 is moved as shown in Fig. 10.1b.

This phenomenon is called electromagnetic induction, and the electromotive
force that induces the current in coil 2 is called induced electromotive force. One
can observe that the current flows in coil 2 in such a way as to reduce any change
in the magnetic flux penetrating coil 2. This shows a conservative property in nature
similarly to the law of inertia for the matter.
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T. Matsushita, Electricity and Magnetism, Undergraduate Lecture Notes in Physics,
https://doi.org/10.1007/978-3-031-82834-8_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-82834-8_10&domain=pdf
https://doi.org/10.1007/978-3-031-82834-8_10

264 10  Electromagnetic Induction

coil |

(a) (b)
Fig. 10.1 Current changes in coil 2, when a current in coil 1 changes or b coil 1 moves

From the above results, if the magnetic flux that penetrates the coil is ®, the
induced electromotive force in the coil is given by

V. i 10.1
em =~ (10.1)
where the directions of magnetic flux and electromotive force follow the right-hand
rule. This is exactly the result predicted in Sect. 8.4 and is called Faraday’s law.
This shows that the variation in magnetic flux with time causes the electromotive
force. In this sense, this is also called the magnetic flux law or transformer law. If
the number of turns of the coil is N and the magnetic flux that penetrates one turn of
the coil is @, the electromotive force is

V. N d< 10.2
em = i (10.2)
Here we calculate the electromotive force induced in a solenoid coil of radius a and
number of turns N that is rotating with angular frequency w in a uniform magnetic
flux density, B, as shown in Fig. 10.2. If the angle between the coil axis and magnetic
flux density is 8 = wt, the magnetic flux that penetrates one turn of the coil is
® = wa?Bcoswt, and the electromotive force is

Vem = nNa*Bow sin wt. (10.3)
Fig. 10.2 Solenoid coil
rotating in uniform magnetic
flux density 5
0
/\ -
2a

b%
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Here, we derive the differential expression of Faraday’s law for the above case (1).
Using the electric field, the electromotive force induced in closed coil 2 is written as

Vem=¢E~ds=/VxE-dS, (10.4)
C S

where S is the surface surrounded by C, and we have used Stokes’ theorem. On the
other hand, from Eq. (6.19), the magnetic flux is

P = /B -ds. (10.5)
S
Thus, Eq. (10.1) gives
d oB
/VxE-dS:——/B~dS=—/—-dS. (10.6)
dr ot
S S S

In the above, we changed the order of the surface integral and differentiation with
respect to time, since surface S does not change with time. In this process, we change
the total differentiation with time is changed to partial differentiation, since we are
treating a stationary system. The relationship, Eq. (10.6), holds for arbitrary S, and
we have

VXE= a7 (10.7)
This is the differential form of the induction law. When the magnetic flux density
does not change with time, Eq. (10.7) reduces to the equation for electrostatic field,
Eq. (1.28). Hence, we can conclude that the electric field given by Eq. (10.7) is a
general electric field that includes the induced and static components.
Second, we consider case (2) where coil 2 of closed loop C moves with the velocity
v in a magnetic flux density B that does not change with time. The area of the hatched
region in Fig. 10.3 that a small segment of the coil, ds, sweeps in short period Af is
[vAt x ds|, and the magnetic flux that enters the coil through this region is

(WAt x ds) - B = (B x v) - dsAt. (10.8)

Fig. 10.3 Coil C moving in
magnetic flux density B. It
moves from the position
shown by the dotted line to
that by the solid line during
short period At
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It should be noted that the directions of ds and B follow the right-hand rule. Hence,
the total magnetic flux that enters the coil during At is

AD = At?g(B x v) - ds. (10.9)
C

In the limit Ar — 0, we have

AD do
—e—:%(va)-ds. (10.10)
At dr

C
Hence, from Eqs. (10.4) and (10.10), we obtain the relationship describing the
induced electric field,

E—=vxB. (10.11)

This is called the motional law. Mathematically, the induced electric field should be
given by E = v x B — V¢ with ¢ being an arbitrary scalar function. However, it is
empirically known that V¢ is zero in usual cases. Electrons in a conductor of a coil
suffer the Lorentz force, —ev x B, when the coil moves with the velocity v. We can
think of this force as a force caused by the electric field, Eq. (10.11), induced in the
coil.

Thus, we can conclude that the electromotive force induced in the coil is caused
by the change in the magnetic flux that penetrates the coil in both cases (1) and (2).
The induced electromotive force can be summarized as

dB
vem=y§(E+va)-ds=—/E-ds. (10.12)
C S

Using Eq. (A1.43), the condition V - B = 0, and the condition that the coil is not
deformed during the movement, V - v = 0, we have

Vx@WwxB)=MB-V)y—(v-V)B. (10.13)

When the velocity is constant, the first term on the right side is zero. The total
differentiation with respect to time is written as

B _ 9B +@w-V)B (10.14)
dr ~ or ' ’

Hence, rewriting Eq. (10.12) with Stokes’ theorem, we have

oB

10.15
a7 ( )

/VxE-dS:—
S S
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Thus, we have derived Eq. (10.7), indicating that the above conclusion is valid.

When a conductor carries current I in magnetic flux density B, the Lorentz force
acts on the conductor. If this force forces the conductor to move with velocity v, the
power in a unit length of the conductor given by the Lorentz force is

F -v=(UxB)-v. (10.16)

This seems to contradict the fact that the Lorentz force does not do any work on
electric charges (see Example 6.4). In a practical case, the induced electric field
directed opposite to the current works to reduce the current. To have the same current
continue to flow, the electric power source must supply additional electric power,

—I-vwxB)=UxB)-v, (10.17)

which is equal to the power given by the Lorentz force. That is, the power by the
Lorentz force is nothing other than the electric power by the electric source (see
Exercise 10.9).

Example 10.1. Coil A with number of turns N, and coil B with number of turns
Np are wound in directions on a cylindrical magnetic material with cross-sectional
area S and magnetic permeability w, as shown in Fig. 10.4. Determine the current
induced in coil B that is short-circuited when current I, = Isinwt is applied to coil
A.

Fig. 10.4 Coils A and B
wound on a magnetic
material
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Solution 10.1. The magnetic field induced in the cylindrical magnetic material by
the current flowing in coil A is H = Nalsinwt, and the magnetic flux that penetrates
the magnetic material is

® = uSH = puSNalsinwt.

The electromotive force induced in Coil B is

do
Vem = —Np e —uSNANpwlcoswt.
We denote the current induced in coil B by I, and from Eq. (8.1), this electromotive
force is

where Lg is the self-inductance of coil B wound on a magnetic material;
_ 2
LB = ,U,SNB

Hence, we have

Na . Na
Ig = —Isinwt = —1I,4.
B Np
Thus, the relationship, Ig /s = Na/Ng, holds. The voltages induced in coils A and
B are denoted by V, and Vg, respectively. Then, the relationship is also written as
VB/Va = Np/Na. This is the principle of the transformer.
<&

Example 10.2. A triangular closed circuit and a straight current, I, are placed on a
common plane. The closed circuit is moving away with velocity v from the current,
as shown in Fig. 10.5. The distance between the closed circuit and the current is r
= ro in the initial condition (¢ = 0). Determine the electromotive force induced in
the closed circuit with the magnetic flux law. We define the electromotive force to
be positive along the direction of ABC.
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Fig. 10.5 Straight current
and triangular closed circuit
moving away with constant
velocity

Solution 10.2. Attime ¢ the distance between the circuit and current is r(t) = ro+vt.
The width of the triangle at distance x (r < x < r + b) from the current is

a(x—r)

wx) =a— b

The direction of the magnetic flux produced by current / inside the circuit is the same
as that of the magnetic flux produced by the current flowing along ABC. Hence, the
magnetic flux produced by current / is positive. The magnetic flux density at distance
x from the current is B(x) = wol /(2w x). The magnetic flux penetrating the narrow
region x to x + dx in the circuit is

| b
dd = Byw(ody = 20 (110 1) gy
2mb x
Thus, the total magnetic flux penetrating the circuit is

r+b

I I
@ = 'uoa/<r+b—]>dx=M|:(r+b)logr+b—bj|.

T 27b x 27h r

r

The electromotive force induced in the circuit is

do o® dr  polav b b
= = —log{ 1+ .
dt or dt 2nb | ro+ vt ro + vt

The penetrating magnetic flux decreases with time, and hence, the electromotive
force is induced to increase it. Thus, V., is positive.

Vem =

<
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Example 10.3. Determine the electromotive force in Example 10.2 with the motional
law.

Solution 10.3. Figure 10.6a shows the direction of the induced electric field on each
side. We determine the electromotive force induced on each side. On side AB, the
magnetic flux density is B = ol /(27r), and v x B is directed from A to B and its
magnitude is polv/(2zr). Hence, the contribution from this side to the electromotive
force is

,U«OIV

/(va) ds =

JT}"

(a) (b)
Fig. 10.6 a Direction of induced electric field on each side and b a point on side BC

Next, the magnetic flux density at point P at distance s from B is ol /[27 (r + s sin 6)]
with 8 denoting the angle of B (see Fig. 10.6b). The induced electric field has magni-
tude polv/[2m (r + ssin 6)], and its direction is tilted by = — 6 from the direction
of integration, ds. Thus, we have

I I 0
Holv cos(mt —O)ds = — Hofvcos

vxB)-ds = —————F T ds
27 (r + ssinf) 27 (r 4 ssinf)

and the contribution from side BC is

BC
olv cosf ds _ olv cotf r+a tanf
f(V x B) ds = 2 0 r+ssing IOg

_ olav ;+b
2nh 10877

Finally, the induced electric field is perpendicular to the direction of integration on
side CA. Hence, there is no contribution from this side. As a result, the induced
electromotive force is
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wolav b b
Vem= @ x B) -ds = —logl 1+ ,
ro + vt ro + vt

2nb

which agrees with the result obtained in Example 10.2.
<
Here we discuss a phenomenon that is usually explained using only the motional
law. Suppose that a conducting circular plate of radius a is rotated with angular
frequency o around its axis in uniform magnetic flux density B, as shown in Fig. 10.7a.
We determine the electromotive force induced between the center O of the plate and
point P on the edge. Since the magnetic flux penetrating the closed loop composed
of the straight line connecting O and P and the line C outside the plate does not
change with time, it seems that no electromotive force is induced in it. However, an
electromotive force is induced in reality. This is called unipolar induction.

(a) (b)

Fig. 10.7 Unipolar induction: a usual system and b new system

According to the motional law, since the magnetic flux crosses line OP, the elec-
tromotive force is induced there. In the arrangement in Fig. 10.7a, the induced electric
field is directed from O to P. At a point at distance R from the central axis, the velocity
of rotation, v, is equal to Reo. Hence, the induced electric field is E = RooB. Integrating
this from O to P, the electromotive force is

a

1
Vem = / RwBdR = Ea)Baz. (10.18)
0

The unipolar induction is really known. However, since the electromotive force is
not stable, it is not practically used. If the circular plate is magnetized, the same thing
occurs even if no magnetic field is applied. In addition, when a hollow dielectric plate
is rotated in a magnetic flux density, an electric polarization occurs because of the
electromotive force.

The same unipolar induction can be observed even for the system shown in
Fig. 10.7b, in which bar OP rotates. In this case, the magnetic flux penetrating the
circuit changes with time, and the result can also be explained with the magnetic flux
law. To explain the result for the system in Fig. 10.7a with the magnetic flux law,
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we can suppose that part of the circuit rotates with the plate as the bar in Fig. 10.7b.
Another part of the circuit on the edge of the plate is equipotential. Hence, it is
difficult to distinguish the two mechanisms.

In the above, we learned the magnetic flux law and motional law to describe
the induced electromotive force for simple cases. If we discuss the case where a
conductor is forced to move in a magnetic flux density varying with time, we have
two contributions to the electromotive force, and it is necessary to calculate each
contribution using the two laws. Here we propose a general law that combines the
two laws.

We assume that the external magnetic field is increasing with time. In this case
the magnetic flux density inside a material also increases because of the penetrating
magnetic flux. Thus, we can define the velocity of the magnetic flux lines and denote
it as V. If the coil in Fig. 10.3 stays stationary, but the magnetic flux lines move
with velocity V = —v, the same amount of magnetic flux penetrates into the coil
through a segment ds within period At. Hence, repeating a similar argument up to
Eq. (10.10), the time variation in magnetic flux ® that penetrates the coil is given by

@ _ —f B xV)-ds (10.19)
E— ( X . . .
C

Thus, we obtain the local relationship,

oB

Vx(BxV):—at.

(10.20)

This is called the continuity equation of magnetic flux and is frequently used for
analyzing electromagnetic phenomena in superconductors. Comparing this equation
with Eq. (10.7), we have

E=BxV. (10.21)
This is called Josephson’s relation. It should be noted that this relation expresses the
magnetic flux law. Using the above two velocities, the relative velocity of magnetic
flux lines from coil C is

Vi =V-—y, (10.22)

and combining the above equation with Eq. (10.11) gives the general law for the
induced electric field,

E=BxV. (10.23)

The Column in this chapter shows an example of calculating induced electromotive
force.
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Example 10.4. Suppose that we increase by AB the magnetic flux density By applied
parallel to along cylindrical conductor of radius a during short period, A¢. Determine
with Eq. (10.21) the electromotive force measured with potential leads with the
different arrangements shown in Fig. 10.8a, b.

B, B,

® ®

e =L JV --.\\

s

) >/“

'J“a.

(a) (h)

Fig. 10.8 Different arrangements of potential leads for measuring electromotive force induced in
cylindrical conductor

Solution 10.4. We denote the velocity of the magnetic flux as
V = —ipV.

Then, the continuity equation of magnetic flux shown earlier reduces to

1 (RB vy — AB
R R VT T A
and we have
1 AB
E=B)V =~ -—a
2 At

on the surface (R = a). The induced electric field is directed counterclockwise. One
can easily show that the induced electric field integrated along the circumference in
this direction, 2zaE, is equal to the total electromotive force, A®/At = ma’> AB/ At.

Here we consider the case shown in Fig. 10.8a. The azimuthal angle between
potential terminals 1 and 2 is 8, and we place the potential leads on the surface of
the conductor and twist to eliminate the electromotive force outside the conductor.
The measured electromotive force is
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1 AB
. —a29,

Vem = a0ByV = N,

where we set a reference point on terminal 1.

Second, we determine the electromotive force for the arrangement shown in
Fig. 10.8b. We assume an integral path of the induced electric field on the right
conductor surface. In this case, we can neglect the magnetic flux penetrating the
closed loop composed of this path and the potential leads and similarly determine
the electromotive force only by integrating Eq. (10.21) along the path. Thus, we have

/ 1 AB
Vem = —(27T — Q)BOV = —5 . A—la (27'[ — 9)

for the same reference point.

On the other hand, it is possible to choose the left conductor surface for the integral
path. The integral gives a’0 (AB/At)/2. In this case, the electromotive force due to
the magnetic flux penetrating the integral path should be taken into account. This
additional component is —a”?(AB/ At), and we obtain the same result by adding it.

Thus, there is a freedom in choosing the integral path. For example, it is also
possible to choose the path shown by the dotted line in Fig. 10.8b. In this case, the
induced electric field is perpendicular to the path, resulting in a zero line integral.
From the magnetic flux penetrating the area surrounded by the path and the potential
leads (denoted by the azimuthal angle 27t — 6), we directly obtain the same result.

<

10.2 Potential

As described in Sect. 10.1, the electric field E contains not only the electrostatic
field but also the induced electric field. Hence, such a general electric field cannot be
described only by the electric potential. Here we note that the right side of Eq. (10.7)
is written in terms of the vector potential A as

oB 0A
T = _Vx (—) (10.24)
at ot

where we have changed the order of the time differentiation and spatial differenti-
ation. Comparing this with the left side of Eq. (10.7), it is obvious that the induced
electric field is given by —dA/d¢. Hence, with the electrostatic field, the general
electric field is given by

A
E=-V¢— . (10.25)
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This satisfies Eq. (10.7) and reduces to Eq. (1.24) in the static condition. The vector
potential satisfies Eq. (9.21) under the Coulomb gauge even in this case.

To discuss the general electromagnetic fields, it is necessary to extend Ampere’s
law, Eq. (9.12), for the static magnetic field produced by a steady current to a general
law including the magnetic field by a non-steady current. This will be covered in
Chap. 11 in which we complete the set of Maxwell’s equations.

Suppose that AC current / sin wt is flowing on a straight line in the direction of the
z-axis. We examine directly the electric field in the space around the current with the
vector potential. The magnetic flux density produced by the current is an azimuthal
component given by

ol .
v 7R SIn w ( )
and the vector potential, A_, is
A /B R = — L Gn wrlog X (10.27)
;= — = ———sinwtlog —, .
z @ . g Ro

where Ry is the distance to the reference point. Then, the induced electric field is
derived:

0A 1 R
E,=—"= Hof® cos wtlog —. (10.28)
ot 2 Ry

Example 10.5. Suppose that alternating current /() = Ipsin wt flows in a straight
wire, as shown in Fig. 10.9. Determine the electromotive force induced in the rect-
angular circuit with two parallel sides using the vector potential. The straight current
and rectangular circuit are on the common plane. We define the electromotive force
to be positive in the direction of ABCD.

Fig. 10.9 Straight wire with
alternating current and
rectangular circuit D

Solution 10.5. The vector potential in the space is given by Eq. (10.27). Hence,
the induced electric field on side BC is (uolow/2m)cos wt log[(a + d)/Rp] in the
direction from B to C. So, the contribution from side BC to the electromotive force
is



276 10  Electromagnetic Induction

,bL()I()ba) (Cl + d)
Vee = cos wt log .
2w R

0

The induced electric field on side DA is (olow /27 )cos wt log(d /Ry) in the direc-
tion from A to D. So, the contribution from side DA to the electromotive force
is

Moloba)

a
Vba = — cos wtlog —.
DA gR

0

On sides AB and CD, the electric field is normal to these sides, and there is no
contribution from these sides. Thus, the electromotive force is determined to be

[Lolob(z) a+d

Vem = Vec + Vpa = cos wt log

a

The same result can be derived with the magnetic flux law.

10.3 Boundary Conditions

Here we investigate whether the boundary condition for the electric field E changes
in going from Eqgs. (1.28) to (10.7).

We denote the electric fields in materials 1 and 2 near the boundary as E; and
E,, respectively. Consider a plane normal to the boundary that includes vectors E;
and E; (see Fig. 4.15a,b). Integrating the electric field around a small rectangle, A
C, with two sides parallel to the boundary, with Eq. (10.7) and Stokes’ theorem, we
have

d
%E~ds=/VxE~dS=—§/B~dS, (10.29)
AC AS AS

where AS is the surface surrounded by AC, and we have changed the order of the
spatial integration and time differentiation. When the height of the small rectangle,
Ah, is sufficiently small, the amount of magnetic flux that penetrates AS is negligible.
Thus, the circular integral of the electric field reduces to zero similarly to the case in
Sect. 4.3, and we obtain the same result as Eq. (4.22),

nx (Ey —Ey) =0. (10.30)

That is, the parallel component of the electric field is continuous across the boundary
even when electromagnetic induction occurs.



10.4 Magnetic Energy 277

10.4 Magnetic Energy

We already learned the magnetic energy in Sect. 8.3. In the system shown in Fig. 8.14,
the magnetic flux that links the circuit made of a superconductor does not change even
when the plate moves. This means that there is no electromagnetic induction. This
is why the magnetic energy can be determined from the mechanical work needed
against the magnetic force for this system. Most textbooks on electromagnetism
explain magnetic energy after electromagnetic induction. Hence, this textbook gives
the same explanation. An explanation from a different viewpoint is helpful for a deep
understanding of the phenomenon. Since there is no new phenomenon in this section,
however, readers who do not feel a need for this explanation can skip it.

Suppose a coil of self-inductance L. When we apply current I’ to this coil, the
magnetic flux penetrating this coil is

@ = LI (10.31)

When the current is increased by a small amount dI’ in short period d¢, the induced
electromotive force is
dar’
Vem == _LE (1032)
This acts to restrict the increase in the current. This phenomenon is called self-
induction. Thus, the electric power source must work against this electromotive
force to increase the current, and the electric power in this period is

, ,dr’
P=—Veul' =LI'—. (10.33)
dr
The energy stored in the coil when we apply the current / to the coil is equal to the
energy supplied by the electric power source until the current increases from 0 to /
and is given by

1
dr P BN
Up=W= | LI'—dt= | LI'dl' = -LI". (10.34)
dr 2
0

Using the magnetic flux ® = LI, this is also written as

Un = 1L12— 1c1>1— 1c1>2 (10.35)
T2 T2 oL :

This result agrees with Eq. (8.34), and we can understand that this energy is exactly
the magnetic energy.
Following a similar discussion, we can show that the magnetic energy of a system

composed of n coils is given by Eq. (8.35). In this case, the electromotive force in
the i-th coil induced by current /; flowing in the j-th coil is given by
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dzj

Vemi = _LUE’

(10.36)
using the mutual inductance. This is called mutual induction.

Example 10.6. Prove Eq. (8.35) for a system composed of two coils and prove the
reciprocity, Ly = Ly;.

Solution 10.6. Currents /| and I, flow in coils 1 and 2, and the resultant penetrating
magnetic fluxes in these coils are ®; and &,,, respectively. Assume that this final
situation is reached after we apply the currents to coil 1 and then to coil 2. We suppose
an intermediate situation where coil 2 has no current and coil 1 has current I (see
Fig. 10.10a). With the inductance coefficient the magnetic flux that penetrates coil 1
is L111]. Hence, the work done to apply current I to coil 1 is
I
’ a7/ 1 2
W, = /L”Ildll = —Ll}.

2
0

(a) (b)

Fig. 10.10 a Situation in which current /{ is flowing in coil 1 but no current in coil 2 and b that in
which currents /1 and I, are flowing in coils 1 and 2, respectively

Next, we consider the situation where coils 1 and 2 have currents /; and I, respec-
tively (see Fig. 10.10b). The magnetic flux penetrating coil 2 is L, I} + Ly,1;. Hence,
the work done to apply current 7, to coil 2 is

L
’ ’ 1 2
Wo = [ (Laily + Loply)dly = Loy, + Lty
0

Thus, the magnetic energy of this system is

1 1
Un=W;+ W, = EL“IE + Loyl + EL22122. (10.37)
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If we apply the currents in reversed order, the magnetic energy is
1 2 1 2
Un = ELHII + Lo/ + §L2212. (10.38)

Since Eqgs. (10.37) and (10.38) must be the same, we can prove the reciprocity, Eq. (8.
5)7

Ly = L.

Thus, if we write Ly} = (L12 + L1)/2 in Eq. (10.37), the magnetic energy is

Un = %Il(Lllll + L) + %IZ(LMIl + Lyhy) = %(IKDL + L®y).
Thus, Eq. (8.35) holds for n = 2.
<
Suppose we change magnetic flux densities in coils with electric power sources.
We denote the induced electric field by E. From Eq. (10.33), the input power into
the system is given by

P= —/E~idV. (10.39)

A\

Using Eqgs. (6.27) and (A1.41) in the Appendix, this leads to

1
P _—%JE-(VXB)dV

[IV-(E x B)—B-(V x E)|dV. (10.40)
\

4
Mo

Using Gauss’s theorem, we rewrite the first integral as the surface integral

1
—/(ExB)-dS,
Mos

where S is the surface of V. We assume a sphere of sufficiently large radius r for
V. Since |B| o« r72, |[E| oc r~!, and [dS o r?, the integral is proportional to !
Hence, if we assume a very large sphere, the integral approaches zero and can be

disregarded. Substituting Eq. (10.7) for the second integral, we have

1 oB?
P=— [ —av. (10.41)
20 at
Vv

From the above result, we can generally show that the magnetic power density is
given by [1/(2449)]0B? /3¢ and the magnetic energy density by Eq. (8.32).
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10.5 Skin Effect

The fundamental equations that we have learned up to now are

oB
VXE=——, (10.42)

at
i=VXxH, (10.43)
B =uH, (10.44)
i=o.E. (10.45)

The unknown variables, E, B, H, and i can be obtained by solving the set of these
equations. Here we rewrite the above equations in terms of E and B. Then, Egs.
(10.43)—(10.45) are summarized as

V x B = po.E. (10.46)

‘We can solve this equation with Eq. (10.42).

Now we learn the skin effect for the example of dynamic phenomena. Suppose
that we apply an AC magnetic flux density of amplitude By and angular frequency
o along the z-axis parallel to the surface of a semi-infinite conductor that occupies x
> 0 (see Fig. 10.11). We can assume that no physical variable changes along the y-
and z-axes:

d d
—, — — 0. (10.47)
dy 0z
Fig. 10.11 Magnetic flux z
density applied parallel to
the surface of semi-infinite
conductor
conductor
BUeiw

AN
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The variation with time can be expressed with the factor ¢/, and we replace the time
differentiation with
0 .
— — iw. (10.48)
ot

In addition, since the external magnetic flux density is directed along the z-axis, we
can assume that the internal magnetic flux density has only a z-component. Hence,
we have

i iy i
VxB=|d/dx0 0|=—i
0 0B

dB,
=

Thus, we find that the electric field has only a y-component, E,, and Eq. (10.46)
reduces to

dB,
i — o Ey. (10.49)
The left side of Eq. (10.42) is
iy iy i dE
VxE=|d/dx 00 =izay,
0 E O
leading to
dE
— = —iwB,. (10.50)
dx

This is consistent with the initial assumption that the magnetic flux density has only
a z-component. Eliminating £, in Eqgs. (10.49) and (10.50), we have

—=t_ iwuo.B;, = 0. (10.51)

The equation for E, has the same form as this.
We can derive this equation generally. Taking a curl of Eq. (10.46) and substituting
Eq. (10.42), we have

9B
VX (V xB) = —poe - (10.52)

Using Eqgs. (A1.46) in the Appendix and (6.21), this equation becomes

B
AB — juoe = 0. (10.53)
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This is a differential equation of the second-order called a diffusion equation.
Substituting the spatial symmetry, Eq. (10.47), and the time variation, Eq. (10.48),
derives Eq. (10.51).

Assume a solution of type B (x) ~ e**. Substituting this into Eq. (10.51), we
have o = iwjo.. That is,

12
adasdd ) . (10.54)

a:ﬂ:(1+i)( >

From the condition that the magnetic flux density must be finite in the limit x — oo,
o with the negative real part is the solution. The boundary condition is

B.(x =0) = By. (10.55)
Thus, we obtain the solution of the magnetic flux density as
_ —x/8 . X —x/8 X
B,(x,1) = Boe "°exp|il ot — 3 — Bpe cos(a)t — 3) (10.56)

In the above

P 12
5= < ) (10.57)

WUO,

is a quantity with the dimension of length and is called the skin depth. In Eq. (10.56),
we have adopted the real part for the solution. Figure 10.12 shows the spatial vari-
ation in the magnetic flux density given by Eq. (10.56). The magnetic flux density
propagates along the x-axis while decaying. The depth of penetration is roughly equal
to d, which is the reason for the name. For larger @ and/or larger o, the shielding
current density is higher, resulting in shorter . The position of a plane on which the
phase of the propagating wave is constant is given by the condition

wf — ;—C —c (10.58)

Fig. 10.12 Spatial variation
in magnetic flux density
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where c is a constant. Thus, the velocity of propagation is dx/d¢ = w§, and the wave
length A is 270. Substituting this solution into Eq. (10.49) gives the solution of the
electric field,

12

12 .

Ey(x,1) = Bo<ﬁ> e Pexpli(wt — £ +
12

— Bo(ﬁ) e‘x/‘scos(wt -3+

)]

) (10.59)

E N

We find that, although this solution is similar to that of the magnetic flux density,
the phase is ahead by 7z /4. The magnetic field and current density are obtained from
H (x,t) = B,(x,t)/p and iy (x, t) = o.E,(x, t) with the above results.

We estimate the skin depth of copper at 60 Hz at room temperature. Substituting
typical values, o, = 0.58 x 103S/m and u ~ uy = 4w x 1077 N/A2, into
Eq. (10.57) gives § = 0.85 x 1072 m.

Example 10.7. We apply an AC electric field of amplitude £, and angular frequency
o along the z-axis parallel to an infinitely wide slab conductor that occupies — d <
x < d. Determine the electric field in the conductor.

Solution 10.7. We can assume that d/dy and 9d/dz are zero as in Eq. (10.47) and
the electric field has only a z-component. The time differentiation is replaced by the
operator to multiply icw. Hence, Eq. (10.42) reduces to

dE,
dx

= iwBy,

showing that the magnetic flux density has only a y-component. Thus, Eq. (10.46)
becomes

From these equations, we have

d’E,
dx2

—iwpoE, =0,

which has the same form as Eq. (10.51). Using Egs. (10.54) and (10.57), we obtain
the general solution for the electric field as

E.(v) = K, exp[(l + i);—c] K exp[—(l + i);—“].

The coefficients K| and K, are determined by the boundary conditions:
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E(x=—-d)=E,(x=d)=E
Thus, the electric field is given by

. w iwt
E.(x,t) =Ey cosh[(I + j)d/&]e

and its real part is

E- (5 1) = Sty feod ]
x{[cosh("+d)cos( )+cosh( 3 )cos( 5 )]cosa)t

—[sinh(%54 )sm("+d) + s1nh(%) n(54)]sinwt}.

Column: General Law of Electromagnetic Induction

Suppose that the plate in Fig. 10.7a is rotating with angular frequency w in
magnetic flux density, B, that increases with time as B = By-+y t. For simplicity,
we assume that the potential leads are arranged as in Fig. 10.13 to eliminate the
magnetic flux that interlinks the circuit outside the plate. That is, one potential
lead is aligned on the plate edge between P and A’ and twisted with another one
up to a voltmeter. Now, we determine the induced electromotive force in the
direction of OPA’AO. In this case, the electromotive force appears on line OP
from the motional law and appears also from the magnetic flux law because of
the penetrating magnetic flux. We now use Eq. (10.23) for the determination.

i

Fig. 10.13 Arrangement of plate and potential leads for measurement

The velocity of the plate is

V= Rwig
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Exercises

10.1. AC current I(t) = Isinwt flows along a straight line. Calculate the electro-
motive force induced along ABCD in the rectangular coil separated by d from
the current (see Fig. E10.1).

Fig. E10.1 Straight line B
carrying AC current and
rectangular coil
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10.2. A conducting bar that is in contact with two parallel lines shunted at the
terminal is moving with constant velocity v, as shown in Fig. E10.2. A static
magnetic flux density, B, is applied normal to the rectangular circuit. Deter-
mine the electromotive force induced in the rectangular circuit. The electro-
motive force is defined to be positive along the direction of PQRS, and the
distance between PQ and SR is b + vz.

Fig. E10.2 Conducting bar
moving with constant
velocity on two parallel lines
shunted at the terminal

10.3. Determine the electromotive force induced in the rectangular circuit in Exer-
cise 10.2 when the magnetic flux density changes with time as B(t) = By+«t.
Use the general law, Eq. (10.23).

10.4. A rectangular coil is moving with constant velocity v on a horizontal plane
of distance R, from a straight line carrying constant current /, as shown in
Fig. E10.3. Calculate the electromotive force induced in this coil with the
motional law. The electromotive force is defined to be positive along the
direction of PQRS and d = dj + vt.

Fig. E10.3 Straight line
carrying constant current and
rectangular coil moving with
constant velocity

prmmmmmm—.—-

f‘ﬁ\ﬁ/ P 4

10.5. A rectangular closed circuit starts to fall down from the distance dy at t = 0
below a straight line carrying current /, as shown in Fig. E10.4. Determine
the electromotive force induced in the direction of ABCD of the rectangular
circuit. The gravity acceleration is g.
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Fig. E10.4 Rectangular
circuit that starts to fall down
below the straight current I

B

10.6. A constant current, /, is applied to a straight line and a rectangular coil is
rotating with angular frequency w (6 = wt) around side RS parallel to the
straight line, as shown in Fig. E10.5. Calculate the electromotive force induced
in the coil with the magnetic flux law. The distance d is larger than a, and the
electromotive force is defined to be positive along the direction of PQRS.

Fig. E10.5 Straight line
carrying constant current and
rectangular coil rotating
around side RS

10.7. Solve Exercise 10.6 with the motional law.

10.8. Voltage V is applied to an electric circuit composed of a resistor of electric
resistance R; and a coil of inductance L at t>0, as shown in Fig. E10.6. Derive
the equation for the circuit and determine the current.

Fig. E10.6 Electric circuit
composed of resistor and coil
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10.9.

10  Electromagnetic Induction

Suppose that a conductor carrying current I in magnetic flux density B is
forced to move with velocity v by the Lorentz force. Thus, we may say that
the Lorentz force does mechanical work. In this case, the work in unit time
done on electric charge by the induced electric field v x B is given by

I-wxB)=—(XxB)-v.

This is equal to the negative of the work done by the Lorentz force in unit time,
Eq. (10.16). Explain what it means. The fact that the Lorentz force does mechanical
work seems to contradict the statement in Example 6.4. Discuss whether these are
really contradictory.

10.10.

10.11.

10.12.

Suppose that we apply an AC electric field of amplitude E( and angular
frequency @ along the z-axis parallel to the surface of a semi-infinite
conductor of electric conductivity o. that occupies x>0. Determine the
electric field and magnetic flux density in the conductor.

Suppose that we apply current / to an infinitely long cylindrical thin
conductor of radius a. Calculate the magnetic energy in this condition from
the work necessary to carry the current from the position at R = R, suffi-
ciently far from the conductor. We assume that the return current flows
uniformly at R = R.

We apply current [ to two long parallel superconducting plates and insert a
magnetic material of magnetic permeability u into the space between the two
superconducting plates by distance x from the edge, as shown in Fig. E10.7.
Determine the magnetic energy and the force on the magnetic material.

Fig. E10.7 Two parallel superconducting plates with applied current and inserted magnetic
material



Chapter 11
Displacement Current and Maxwell’s e
Equations

Abstract This chapter covers the phenomena associated with the displacement
current, which makes Ampere’s law applicable to the case of non-steady current. The
displacement current is proved experimentally in various cases. The set of Maxwell’s
equations is completed by introducing the displacement current. The breaking of
symmetry of Maxwell’s equations is discussed, based on the difference between a
scalar source (electric charge) and vector source (current), which give the irrotational
electric field and the solenoidal magnetic flux density, respectively. The electromag-
netic fields are determined by the electric potential and the vector potential, and
the set of these potentials is called the electromagnetic potential. We introduce the
Poynting vector that describes the flow of electromagnetic energy.

Keywords Displacement current -+ Maxwell’s equations - Telegraphic equation *
Electromagnetic potential - Poynting vector + Continuity equation of energy

11.1 Displacement Current

In a steady state, Ampere’s law, Eq. (9.14) , holds for a closed line, C, with different
surfaces onit, S; and S,, as shown in Fig. 11.1a, b. If the magnetic field H is integrated
on C in opposite directions as drawn in Fig. 11.1a, b, the sum of the two integrations
is naturally zero. At the same time, the sum of the surface integrals of the current
density i on S; and S, is also zero. This sum becomes the surface integral on closed
surface Sj» composed of S| and S, (see Fig. 11.1c). Thus, we have

(a) (b) (c)

Fig. 11.1 aSurface S; and b surface S; surrounded by closed line C, and ¢ closed surface composed
of S; and Sy
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/i-dS:O. (11.1)

Si2

This agrees with Eq. (5.8) in a steady state. However, it means that Ampere’s law
contradicts Eq. (5.8) in a non-steady state. In such a general case, the law of conser-
vation of electric charge, Eq. (5.8), must be satisfied. Substituting Eq. (4.14) into this

equation, we have
. oD
/<t+¥)-dS=O. (11.2)

Siz

This strongly suggests that, for generalizing to a non-steady state, we can assume

) )
fH.ds=/<z+§)-ds (11.3)
C S

instead of Ampere’s law. In the above, S is the surface surrounded by C. The second
term on the right side, dD/dt, is called displacement current and has the same
unit as electric current density [A/m?]. In a steady state, Eq. (11.3) reduces to the
usual form of Ampere’s law, Eq. (9.14), and there is no problem. Equation (11.3)
is called the generalized form of Ampere’s law. The corresponding generalized
differential form of Ampere’s law is

. oD
VxH=i+—. (11.4)

ot
Here, we show the validity of the displacement current. Suppose that a capacitor is
energized using an electric power source. When we apply current / to the capacitor,
as shown in Fig. 11.2a, the electric charge Q in the electrode changes. We assume
a closed line, C, around a wire through which the current flows and a surface, Sy,
as in the figure. We apply Eq. (11.3) to C and S;. The displacement current is zero
on Sy, and the right side is equal to the current I applied to the capacitor. Next, we
assume another surface S, that does not contain the wire, as shown in Fig. 11.2b. In

this case, while the left side does not change, i is zero on S,, and the right side is

Fig. 11.2 Closed line C
around a current-carrying

wire and surfaces surrounded C -3
by C: a surface that includes @%
the wire and b surface that s

does not include the wire O

(a) (b)
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d

0 0

— [ D-dS = —. 11.5

at/ dt ( )
S’)

In the above, we changed the order of the time differential and surface integral, since
S, does not change with time. Hence,

_ %

I =
dr

(11.6)

and no contradiction results from Eq. (11.4).

When we apply alternating current (AC) to a capacitor, electric charges are stored
in the electrodes of the capacitor, and hence, the displacement current flows through
the capacitor. Thus, the time variation in the electric flux in the space between the
electrodes generates a magnetic field as well as current.

Example 11.1. We apply AC I(t) = Iysinwt to a capacitor with circular electrodes
of radius a separated by d, as shown in Fig. 11.3. Determine the displacement current
and magnetic field in the space between the electrodes.

Fig. 11.3 AC flowing
through circular
parallel-plate capacitor

L; sin wi

Solution 11.1. The electric charge on the electrode is Q(f) = —(lp/w)cos wt, and
the electric flux density is directed downward with magnitude

t I
D(t) = @ =——2 cosot.
ma? Talw
Hence, the displacement current is
aD(2) Iy .
= —— sinwt.

ar  mwa?
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This is similar to a virtual situation in which a current of the same density flows
uniformly in the space between the electrodes, suggesting the continuity of current.
In fact, this situation is realized if the space is occupied by a material with electric
resistivity sufficiently higher than that of the electrodes.

The magnetic field produced by the displacement current is concentric around the
central axis of the capacitor. If the magnetic field on a circle of radius R from the
axis is H(R), the left side of Eq. (11.3) is 2zRH (R). The right side is nRzaD(t)/at =
(RZI()/aZ) sin wt. Thus, we have

H() = IhR
T 27a?

sin wt.

11.2 Maxwell’s Equations

All of the equations that describe electromagnetic phenomena have been introduced.
They are summarized as follows:

VXxE=——, 11.7

X ot (11.7)

VxH=it D (11.8)

xH=1i+—, .
at

V.D=p, (11.9)

V.B=0. (11.10)

These are Maxwell’s equations. Equation (11.7) describes the law of electromag-
netic induction, which directly connects the first fundamental variables in electricity
and magnetism. Equation (11.8) is the generalized differential form of Ampere’s law
that directly connects the second fundamental variables in electricity and magnetism.
Equations (11.9) and (11.10) are Gauss’s laws on electric flux and magnetic flux,
respectively, and represent the conditions of divergence.

When we look back at Eqs. (11.7)—-(11.10), a break of formal symmetry may be
found among them. However, if there are no sources (p = 0, i = 0) as in electromag-
netic waves, a beautiful symmetry appears. (See Appendix A2.8.) This is the essential
feature of electromagnetism. The break of symmetry comes from the difference in the
nature of fields produced by different sources, electric charge density p (scalar) and
current density i (vector). The electric field is an irrotational field with divergence,
and the magnetic flux density is a solenoidal field with rotation. It should be noted
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that such a difference comes from the more fundamental nature of mathematics, i.e.,
the difference between the source being a scalar or vector.

The field (i.e., adistortion vector in space) that a potential due to a scalar source can
produce is only a gradient. This field naturally has no rotation and has divergence.
In contrast, the field that a potential due to a vector source can produce is only
a rotation, which naturally has no divergence. Poisson’s equation and its solution
clearly show that a scalar or vector source produces a scalar or vector potential,
respectively. Therefore, including the effects of these sources in the above equations
automatically determines the corresponding equations to be modified. The electric
charge density p is included in Eq. (11.9), which represents divergence, and the
current density i is included in Eq. (11.8), which represents rotation. As a result, the
effects are not included in Eqgs. (11.7) and (11.10) for E and B.

These equations are solved for electromagnetic fields with material relationships:

D = ¢E, (11.11)
B = uH, (11.12)
i = o.E. (11.13)

The variables to be obtained are the electric field E, magnetic flux density B, electric
flux density D, magnetic field H, and current density i. These five variables are
obtained with five equations, (11.7), (11.8), and (11.11)—(11.13). Equations (11.9)
and (11.10) provide supplementary conditions.

We transform the differential Eqgs. (11.7)—(11.10) to integral equations:

fE-ds:—%fB-dS, (11.14)
C S
%H-ds:/(iJr@)dS, (11.15)
/ J ot
/D~dS=/,odV, (11.16)

S v

/B-dS:O. (11.17)
N

In the above, C is the closed line that surrounds the surface S in Egs. (11.14) and
(11.15), S is the closed surface, and V is its internal region in Eqs. (11.16) and (11.17).

Here, we show an example for solving Maxwell’s equations. In terms of only the
electric field and magnetic flux density, Eq. (11.8) is rewritten as
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1 oE
—V xB=0¢.E +¢—, (11.18)
nw ot

and Eq. (11.9) gives
eV-E=p. (11.19)
Substituting Eq. (11.18) into a curl of Eq. (11.7) gives

9’E OE
— WO —. (11.20)

ad
VX(VXE)Z_a(VXB)Z_MGW o

It is common to solve Eq. (11.20) under the condition of Eq. (11.19). When there
is no electric charge (p = 0) in a material, according to Eq. (A1.46), the left side of
Eq. (11.20) is equal to —AE, and we have

AR — ueVE E _, (11.21)
— UWE——— — UO.— = U. .
Heom — 1oy,

The same equations are obtained for the other four variables including B. This
equation is the telegraphic equation.

The second and third terms on the left side of Eq. (11.21) correspond to the
second (displacement current) and first terms (electric current) on the right side of
Eq. (11.18), respectively. Hence, in usual cases where we can neglect the displace-
ment current, the second term in the telegraphic equation disappears, and the equation
leads to the diffusion equation, Eq. (10.50). Here, we discuss the condition in which
this approximation holds. Assume AC electromagnetic fields of angular frequency w.
The magnitudes of the second and third terms are ucw?1E| and po.wlEl, respectively.
The ratio of the second and third terms is

€W

=, (11.22)

Oc

This ratio is also directly derived from the displacement current and electric current.
In usual metals, € and o are of the order of g~ 1 x 10~ C2/Nm? and 1 x 107 S/m,
respectively. Hence, this ratio is as small as 6 x 10~ even for a microwave of 10 GHz
(w = 2 x 10'°). In usual metals, we can therefore safely neglect the displacement
current even at a very high frequency. In contrast, for insulating materials such
as mica, typical material constants are € ~ 7¢y ~ 6 x 1071 C?/Nm? and o, ~
1 x 10~ S/m. Hence, the ratio takes a value as large as 2 x 10° even for a low
frequency like a commercial one of 50 Hz. In this case, we can neglect the current. It
is easily understood that a large difference in the electric conductivity dramatically
affects the electromagnetic phenomena. In the latter case, Eq. (11.21) reduces to

AE VE 0 (11.23)
— ULE€E——— = U. .
H ar?
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This differential equation of the second order is called the wave equation. This will
be investigated in Chap. 12, in which we learn the electromagnetic wave.

Example 11.2. Show that the equation for the magnetic flux density B is also the
telegraphic equation.

Solution 11.2. Substituting Eq. (11.7) into a curl of Eq. (11.8) gives

V x (V x B) V xE+ v < E 9B B
x (V x B) = po.V x €e—VXE=—uo.— — pue—-.
Hoe Mo Hoe ot 312
Using Eqs. (A1.46) and (11.10), the left side reduces to —AB independently of the
existence of electric charges, and we have

11.3 Boundary Conditions

Since the equation for the magnetic field H changes from Eqgs. (9.12) to (11.4), we
investigate the boundary condition for H here.

We denote the magnetic fields in materials 1 and 2 in the vicinity of an interface
by H; and H», respectively. Consider a plane that is normal to the boundary and
contains H; and H (see Fig. 9.12a, b). Integrating the magnetic field on the small
rectangle A C with two sides parallel to the boundary, we have

a
fHodS:fVXH~dS=/i-dS+&/D~dS, (11.24)
AC AS AS AS

where we have used Stokes’ theorem and Eq. (11.4), and AS is the surface surrounded
by AC. If the height A# is sufficiently small, only the surface current contributes to
the first term on the right side, and we can neglect the displacement current of a finite
density. Hence, the boundary condition to be satisfied is the same as Eq. (9.24); i.e.,
if the surface density of current flowing on the boundary is T, Eq. (11.24) gives

nx (H,—H) =1, (11.25)
where n is the unit vector normal to the boundary and is directed from material 2 to

material 1. The difference in the parallel component of the magnetic field is equal to
the surface density of current flowing on the boundary.
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11.4 Electromagnetic Potential

Here, we summarize the potentials that describe the electromagnetic fields. The
electric field is given by Eq. (10.25) with the electric potential (scalar potential) ¢
and the vector potential A:

E=-V¢— —. 11.26

=5 ( )

On the other hand, the magnetic flux density B always satisfies Eq. (11.10) and is
given by Eq. (6.29) with the vector potential A:

B =V xA. (11.27)

Thus, the electric field and magnetic flux density are given by ¢ and A, and the set
of these potentials is called the electromagnetic potential.

There is no change in the magnetic flux density, even if we add a gradient of an
arbitrary scalar function i to the vector potential A. However, it is necessary to make
the change

¢ﬁ¢_aa_‘t”, A A+VY, (11.28)

so that the electric field does not change. This transformation is the gauge transfor-
mation. Since the electromagnetic fields do not change under this transformation,
the electromagnetic potential is arbitrary. Hence, it is necessary to impose a condition
to determine the electromagnetic potential uniquely.

When an electric charge of density p and a current of density i coexist in space,
it is common to use the condition

a
e,ua—(f—l—V~A=0. (11.29)

This condition is the Lorentz gauge. The equations associated with the electric
charge and current are Egs. (11.8) and (11.9), respectively. The left side of Eq. (11.9)
is written with the electromagnetic potential as

d 9%
_E(A¢+EV'A> ——G(A¢—euw). (11.30)

Hence, the equation that ¢ should satisfy is

2
06 __p (11.31)

AP —engm = ¢

Equation (11.8) leads similarly to
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9%A

A —ep— =
“aﬂ

—ud. (11.32)
Under the Lorentz gauge, the scalar function y must satisfy

A o’y 0 11.33
Y —en oz =V (11.33)

When there is neither electric charge nor current, all these equations reduce to the
same form as Eq. (11.23), i.e., the wave equation. This type of equation expresses
the electromagnetic wave as will be shown in Chap. 12.

It can happen that the vector potential and the magnetic energy deviate from
Egs. (6.33) and (8.37), respectively, when a current is applied to an electric circuit
composed of two superconductors. Please refer to Examples 11.5 and 11.10 and the
following explanation for the reason for such deviations.

Example 11.3. Derive Eq. (11.32).

Solution 11.3. The left side of Eq. (11.8) is

Lo xa)= v a)— aa1=—ev?? _ Laa,
u M

at
where Eq. (11.29) is used. The right side is

. a0 3%A
i—eV— —e——.
ot or?
Thus, Eq. (11.32) is derived.

<

Example 11.4. We apply a current to the electrodes of a parallel-plate capacitor to
charge it, as shown in Fig. 11.4. Determine the electromagnetic potential and prove
that the Lorentz gauge is satisfied. It is assumed that the length, /, is sufficiently long
and that the effect of both edges can be neglected.

Fig. 11.4 Parallel-plate
capacitor

id
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Solution 11.4. We define cartesian coordinates as shown in Fig. 11.5. The current
changes so as to distribute the electric charge on the electrode surface as

Ixy)=1(1—-3)
/
Fig. 11.5 Coordinates 7
defined for parallel-plate
capacitor
d
w

0
e x
Then, the magnetic flux density has an x-component and is given by

s =42(1-3),

The vector potential has a y-component and is given by.

I
@:—/&@:—@{Lﬁy.
w l

The electric field is
It
E,=—,
E()ZW
and hence, the electric potential is
. It
T elw
From the above results, we have
00 ol 04, ol
eUuop— =——2, V- A=—=—17.
0Ho ot w ¢ ay w ¢

Thus, the relationship holds:

¢
— +V-A=0.
€00 Y +
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Example 11.5. We apply a current to a superconducting parallel-plate transmission
line, as shown in Fig. 8.8(a). Determine the electromagnetic potential and prove that
the Lorentz gauge is satisfied.

Solution 11.5. We define cartesian coordinates as shown in Fig. 11.6. When the
applied current is /, the magnetic flux density in the transmission line is

1
5, — Mol
b
Fig. 11.6 Definition of Z
coordinates —1b ]
11®© X
—®y
0 d X

for 0 < x < d. In this case, the vector potential has an x-component and is obtained

as
ol ra
A, = — Bd:—(——).
/zy (5

Then, the electric field is

Ex=—an=@~g( -2),

at b a\V T2

which is reasonable since the electric field does not appear along the current in
the superconductor. In reality, the electric field occurs between the superconducting
plates due to the electromagnetic induction caused by the penetration of the magnetic
flux along the y-axis, as shown in Fig. 11.7 (see Eq. (10.21)). So, the electric potential
is zero:

¢ =0.
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Fig. 11.7 Penetration of I
magnetic flux from the two | — = |
ends v v
E J/—> B® - /FE
| e — |
I

In addition, we have

Thus, the Lorentz gauge is satisfied.
<
Note that the vector potential is normal to the direction of the current, and
Eq. (6.33) does not hold in this case. If we denote as A; the vector potential in
the transmission line determined only by the current distribution, from the symmetry
with respect to the surface at x = d /2, we have

I/ d
ey N P (11.34)
b 2 )"

Equation (6.31) indicates that the real vector potential A is given by
A=A+ Va, (11.35)

where « is a scalar function. In the present case « is

a:l%ﬂ’(x_%)(g_y), (11.36)

Thus, the important term in the vector potential is contained in V. The reason why
the vector potential is normal to the current is that the induced electric field is directed
from one superconducting plate to another, i.e., directed normal to the current. In the
case of a conducting transmission line, the induced electric field is directed along
the current and Eq. (6.33) holds.

This is similar to the induced electric field given by Eq. (A3.17) in Appendix A3.4
for a current-carrying superconductor in a parallel magnetic field:

E=BxV-V¢, (11.37)

where the first term is given by Eq. (10.21) with V denoting the flux line velocity,
and ¢’ is not an electric potential (see Appendix A3.4). In this case, the observed
electric field is almost parallel to B. The meaningful electric field component is also
contained in the second term.
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When the current sweep is stopped (d1/9t = 0), the induced electric field is
reduced to zero, and we have « = 0. Thus, the vector potential is then given by A,
and there is no contradiction to the result in the static condition.

11.5 The Poynting Vector

The total energy density of electromagnetic fields varying with time is given by

1, 1, )
u=—eE“+ —B°+ | i-Eds. (11.38)
2 21

The first, second, and third terms are the electric energy, magnetic energy, and
mechanical energy of charged particles, respectively. Hence, the variation in the
total energy in space V with time is

iU 0
— =— [ udV
Jar ot
\%
/ E 3E+B aB—i—’EdV (11.39)
= eE-—+—-—+1i- . .
at  u ot
v

The first and third terms are transformed using Eq. (11.8), and 0B/dt in the second
term is eliminated by substituting Eq. (11.7). The right side of the above equation
then becomes

/[E~(VxH)—H-(VxE)]dV=—/V~(ExH)dV:—/(ExH)-dS,
S

\% %
(11.40)
where S is the surface of V. Here, we define
Sp=E xH. (11.41)
We then rewrite Eq. (11.39) as
0
5/udV+/Sp-dS:0. (11.42)
v S

The vector Sp is called the Poynting vector. This equation says that the variation in
the energy in space V with time is equal to the Poynting vector that enters V through
the surface S. Hence, we understand that the Poynting vector represents the flow of
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electromagnetic energy, and Eq. (11.42) represents the law of conservation of energy.
When this equation is written in differential form, we have

au

This gives the continuity equation of energy.
However, there is an extraordinary case where it is difficult to understand that the
Poynting vector gives a real energy flow. See Column (2) in this chapter.

Example 11.6. The electric field is given by Eq. (10.59) in the case of the skin effect
discussed in Sect. 10.5. Prove that the total energy loss fdf fE - idV is equal to
v

— [dt [ Sp -dS, where the integration with time is carried out over one period of the

S
AC field.

Solution 11.6. The current density corresponding to Eq. (10.59) is

. oW 172 /s x
iy(x,1) = o.E,(x, 1) = By e cos(a)t — =4 —)
’ u 6 4

and the power loss in a unit area of the y—z plane is

o0 o0
. Blw 2x 2 x w
Ey(x, D)iy(x, f)dx =—— [ exp| —— |cos (a)t -4 —)dx
) g 8 s 4
0 0

B(Z)a)(? 1 /4
= 1+ — 20t + —) |
4 |: +ﬁcos( ot + 4)]

Integrating this over unit time, the total loss energy density is

W= Blws _ B_(z) o \'"?
4n 2u \ 2uo, ’

On the other hand, the Poynting vector on the surface is Sp(x = 0) = i, (Esz)x:o /L.
Noting that d§ = —i,dS, the surface integral of the Poynting vector is

E,B B2 /2
—/.Sp'dS=<#> =—0< @ > coswtcos(a)t—l-z).
J K Jx=0 M \HOc 4

Integrating this over unit time, we have

B(z) w 1/2
2u \ 2o, ’
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which agrees with the above result. The reason for the same result is that the condi-
tions of electric field and magnetic flux density are the same before and after one
period, and hence, the electric and magnetic energies are unchanged. All the energy
that flows into the conductor in one period is consumed and converted to Joule heat.

<

Example 11.7. We apply magnetic flux density B parallel to the thin cylinder of
radius a and height 4 shown in Fig. 11.8. Determine the magnetic energy stored in
the cylinder using the Poynting vector.

Fig. 11.8 Thin cylinder I

Solution 11.7. We denote the magnetic flux density applied to the cylinder by b.
The electromotive force induced on the cylinder surface is

v . ,db
m = —7ta ——-
¢ dr
The electric field is
Vem a db
E = = — =« —
2ma 2 dt

and is directed counterclockwise (in the direction of increasing azimuthal angle)
from the top view. The magnetic field is H = b/ and is directed upward. Thus,
the Poynting vector directed inward into the cylinder is

Sp = —EH = 4 p9
P T 2u dt
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The magnetic energy penetrating the cylinder until b reaches B is determined to be

2 2
Un = /ZnahSpdtz ”“—/bdb: e,
Ho

This is equal to the product of the magnetic energy density B>/21( and the volume
of the cylinder a?h.
<

Example 11.8. We apply current [ to a wide parallel-plate transmission line using
an electric power source of output voltage V, as shown in Fig. 11.9. Determine the
Poynting vector, and discuss the flow of energy. Neglect the electric resistance of the
conductor. The width of the plate is w, and the plate separation is 4. When we cannot
neglect the electric resistance, how does the energy flow?

(a) (b)

Fig. 11.9 a Parallel-plate transmission line and b the Poynting vector in the transmission line

Solution 11.8. First, we consider the case where the electric resistance can be
neglected. We determine the Poynting vector on a surface, S, at some distance from
the electric power source (see Fig. 11.9b). The electric field of strength £ = V /d
is directed downward, and the magnetic field of strength H = I /w is directed back-
ward. Hence, the magnitude of the Poynting vector is Sp = VI/wd, and the vector
is directed from the electric power source to the terminal of the transmission line.
Hence, the energy that flows from the electric power source to the transmission line
in unit time is

Sde =V
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and is equal to the electric power as well known. This value is constant and
independent of the position of surface S.

Second, we consider the case where the electric resistance cannot be neglected.
We use R, and V' to denote the electric resistance of the conducting plate in a unit
length and the potential difference between the conductors on surface S, respectively.
The potential difference on surface S’ at distance L from S is then V' — 2LR/I. The
electric power that enters through surface S is V'I, and the electric power that exits
through S is (V' — 2LR.I)I = V'I — 2LR.I*. Hence, the difference, 2LR|I?, is the
power consumed as the Joule heat in the region between S and S'. Here, we did
not discuss the detailed energy flow into the conductor. See Exercise 11.10 for this
discussion.

<

Example 11.9. We assume that current / is applied to the material shown in Fig. 5.10
in Example 5.3 and that the voltage between the top and bottom is V. Prove that the
dissipated power is given by P = IV using the Poynting vector.

Solution 11.9. We define the &-axis on the side of the truncated cone that connects
the points on the top and bottom of the same azimuthal angle, as shown in Fig. 11.10.
The radius of the cone at distance £ from the bottom is denoted by R(£). The magnetic
field at this position is

H() = IRE)

Fig. 11.10 Electric and
magnetic fields on the I
surface of a truncated cone

The electric field denoted as E(£) is directed along the £-axis and is normal to the
magnetic field. Thus, the Poynting vector is E(§)H (§) and is directed inward into
the cone. The elementary surface vector is |dS| = dsd€ with ds denoting the line
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element on the perimeter. Since E(£) is constant on the perimeter, the dissipated
power is

P / E(6)ds fH(é)ds.

Using Ampere’s law, we have

ng(é)ds _1

and the dissipated power is determined to be

P= I/E(g)dg —1IV.
&

Example 11.10. The magnetic charging process of a superconducting parallel-plate
transmission line is treated in Example 11.5. Determine the energy stored in the
transmission line with the Poynting vector when the applied current is /.

Solution 11.10. When the applied current is I’, the magnetic flux density in the
transmission line is

I/
B, = Ho°.
b

In this case, the magnetic flux does not go through the superconducting plates but
penetrates from the both ends (along the y-axis). That is, the electric field is directed
along the x-axis and is given by

)

Then, the Poynting vector at the edge at y = 0 is

Ey=0B, poa ,dl
sp— =08 puoa, 08
Mo 2b%° 93t

and is directed inward. There is also the same contribution from the other side at
y = a. Hence, the power that enters the transmission line is

ad ol
Hoad 1,9

P =2bdSp = a7
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The energy stored in the transmission line is

!
d 31/ d 1
U, — Hod / ll«oa /Idl’ _ Moa P=lip
0

b

where L = poad /b is the inductance of the parallel-plate transmission line. This is

the same result as in the case in which the transmission line is made of a conductor,
although the direction of the penetration of the power is different.

<

Equation (8.37) clearly does not hold for the magnetic energy in this case, since

the vector potential is zero in the region where the current flows. In addition, the
vector potential is normal to the current. Equation (8.38) leads to

1 1
Bde:E/A~idV+2—Mf(AxB)-dS. (11.44)

210
v v

In the above, the first term on the right-hand side is zero. Hence, the magnetic energy
is now given by

Uy = /(A x B) - dS. (11.45)
210

For the superconducting transmission line in the above case, the surface integral is
carried out on the two surfaces at y = 0 and y = a. These yield the same result and
we focus on the former surface. We have A, (y = a) = —uola/2b and B, = uol /b,
which lead to A x B = (uol)’a/ 2b%i,. The magnetic flux density is zero on the
y—z planes just outside the flowing current at x = O_ and x = d, and there is no
contribution from these surfaces. Then, we have Uy, = uol?da/2b, which is equal
to the magnetic energy density B> /2.1, multiplied by the space volume abd. Thus,
the magnetic energy in this case is correctly derived from Eq. (11.45). The above
example shows that the magnetic energy is always correctly given by Eq. (8.40), but
there is a case in which Eq. (8.37) does not hold. It is also written as

1
Um=§/Voz-idV (11.46)
\%
with « defined in Eq. (11.35). Thus, the important component is contained in V.

This case is similar to that of the magnetic flux that penetrates the hollow interior of
a superconductor, as treated in Example 7.4:

@:fVot-ds. (11.47)
C
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When the current sweep is stopped (3//9¢ = 0), « in Eq. (11.35) changes to zero,
and the vector potential is given by A . In this case, the vector potential changes to
be parallel to dS, and the second term on the right-hand side in Eq. (11.44) is zero.
So, there is no contradiction to the result in the static condition. This situation is the
same as for the parallel-plate transmission line made of a conductor, if the thickness
of the conducting plates is thin enough.

In the charging process treated in Example 11.10, the energy comes in from
the both ends of the transmission line. Since the electric field is produced by the
electromagnetic induction, the Poynting vector is written as

1 04
ExH=—-— -—xB. (11.48)

o Ot

In many cases, the same current produces A and B, and the above quantity leads to

1 04 1 d
e B=——" 24 xB). (11.49)
mo Ot 2o 0Ot

Hence, integrating this with respect to time, the energy is given by the surface integral
of the term, A x B, as shown by Eq. (11.45).

Column: (1) Polarization Current Density
Using the electric polarization P, the displacement current is written as

aD JE 0P
— =€¢— + —.
ot ot ot
The second term is the polarization current density due to the movement
of the polarization charge of density p,:

oP .
— = 1.
ar P

Using this equation and Eq. (4.7), the continuity equation for the polarization
charge is obtained as

ap
Veip4+——=0.
P o
The first term of the displacement current is independent of the movement
of charges and is not a current in the usual sense. The displacement current
discussed in Fig. 11.2 and that in the vacuum region of the capacitor in Example
11.1 are examples of this component.
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When a capacitor is occupied by a dielectric material, the polarization
current given by the second term also flows. For a dielectric material with
a larger dielectric constant, most of the displacement current is polarization
current.

Column: (2) The Poynting Vector and Flow of Energy

We open the end terminal of the parallel-plate transmission line in Fig. 11.9b
and apply voltage V and uniform magnetic flux density By directed normally
into the sheet. In this case, the electric field applied between the two plate
conductors is E = V /d, and a Poynting vector of magnitude Sp = VBy/uod
is directed from the electric power source to the terminal. Does this mean
there is a steady energy flow from the electric power source even in this static
condition?

Itis difficult to consider that the energy flows continuously, since there is no
electric power from the source. How should we understand Eq. (11.43), which
is considered to represent the energy flow? If we substitute

Sp = Spo + V x K.

into Eq. (11.43), we have

du + V-Spp=0.
ot
If Spy represents the real energy flow, the Poynting vector differs by a
curl of an aribitrary vector function from the real energy flow [1]. Thus, the
Poynting vector does not necessarily give the energy flow, and there is always
arbitrariness in determining the energy flow. The above case is one example.
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Exercises

11.1. Derive the equations that the electric potential and vector potential satisfy
when we use the Coulomb gauge, Eq. (6.30).

11.2. Suppose we apply an external AC electric field Epcoswt along the z-
axis parallel to the surface of a semi-infinite dielectric material (dielectric
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Fig. E11.1 AC electric field z
applied parallel to the
surface of semi-infinite

11 Displacement Current and Maxwell’s Equations

constant: ¢, magnetic permeability: u) that occupies x > 0, as shown in
Fig. E11.1 Determine the electric field and magnetic flux density in the
dielectric material.

dielectric material dielectric material

11.3.
11.4.

11.5.

11.6.

Fig. E11.2 Long square

prism

FE, cos wt y

7

Discuss the energy flow in Exercise 11.2.

Suppose that an electric power source supplies electric charges to the elec-
trodes of the circular parallel-plate capacitor in Fig. E11.3. Assume that the
distance d between the electroplates is much smaller than a. Determine the
Poynting vector that enters the capacitor when the electric charges increase
to = ¢(#). Then, calculate the energy stored in the capacitor, when the electric
charges are + Q.

We apply direct current I to a long cylindrical conductor of radius a and
electric conductivity o.. Determine the Poynting vector, and discuss the
energy flow.

We apply current / to a long square prism of side length a and length /,
as shown in Fig. E11.2, and the voltage between the top and the bottom is
V. Prove that the dissipated power is given by P = IV using the Poynting
vector.
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11.5 The Poynting Vector

Fig. E11.3 Cylindrical b
one-turn coil — &

11.7. We apply current to a cylindrical one-turn coil made of a thin conducting
plate shown in Fig. E11.3. Determine the Poynting vector as the current
increases from zero to /, and discuss the flow of the energy. The height 4 is
sufficiently greater, and the width of the gap ¢ is sufficiently smaller than
the radius a. Neglect the electric resistance of the conducting plate.

11.8. Discuss the case where we cannot neglect the electric resistance of the
conductor in Exercise 11.7. The electric resistivity of the conductor is p,
and the thickness b of the conductor is sufficiently less than the diameter a
so that a slab approximation holds for the conductor.

11.9. Prove that the dissipated power is given by P = IV using the Poynting
vector, when the applied voltage and current are V and /, respectively, for a
resistive material with an arbitrary shape such as shown in Fig. E11.4. (Hint:
Use equipotential lines on the surface).

Fig. E11.4 Resistive Ul
material with arbitrary shape =
/ e
| \ -_\..‘
.lllf.l |l|l.
|lll |III
."H dl II.
I | II
|| |
[ | |
ds 'fI/LH" |
II 8
|
( \
|' '*.
\
|
\\_‘ "-\

11.10. Discuss the energy flow into the conductor with electric resistance that is
not discussed in Example 11.6.
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11.11. Suppose we apply a uniform magnetic flux density B along the z-axis parallel
to a wide superconducting slab occupying — d < x < d and virtually change
the magnetic flux distribution as B(x) = By + box/d in the region 0 < x <d
(see Fig. E11.5) by increasing the external magnetic flux density from By to
Bo+by.. In this case, a current flows along the y-axis, and it is known that the
Lorentz force acts on the current. Note that we can presume that this force
acts on flux lines whose distortion produces the current. Calculate the energy
that flows into the region from d — Ax to d through a unit area in the y—z
plane as the external magnetic flux density increases. Derive an expression
of the Lorentz force from the difference between the energy input and the
enhancement of magnetic energy. (Hint: To derive the Lorentz force, it is
necessary to determine the displacement of flux lines, u. For this purpose,
use the continuity equation of magnetic flux, Eq. (10.20) : du/dx >~ —Ab/B,
with Ab denoting a variation in the magnetic flux density).

Fig. 11.15 Magnetic flux B(x)
distribution in half a ' ,
superconducting slab L e By+by

By

[
[
]
[}
[
[
]
]
[
v
]
[
]
v
]
L
T

0 d-Ax

11.12. The electric charging process of a parallel-plate capacitor is treated in
Example 11.4. Determine the energy stored in the capacitor during applying
current / for T seconds with the Poynting vector. Neglect the resistance of
the plates and their thickness.



Chapter 12 ®)
Electromagnetic Waves e

Abstract This chapter covers electromagnetic waves. The general solution of the
wave equation is composed of waves propagating forward and backward with light
speed. It is shown that the electric field and the magnetic flux density are perpendic-
ular to each other and are perpendicular to the propagation direction. We discuss the
refraction and reflection of a plane electromagnetic wave on an interface between
two substances with different material constants using the boundary conditions. The
Poynting vector of the electromagnetic wave has a magnitude equal to the electro-
magnetic energy density multiplied by the light speed and points in the propaga-
tion direction. The propagation of an electromagnetic wave in a wave guide is also
discussed, and we learn about stable standing modes in the wave guide.

Keywords Electromagnetic wave + Wave equation * Light speed + Law of
reflection - Wave guide - TEM wave - Retarded potential

12.1 Planar Electromagnetic Waves

Electromagnetic fields in a dielectric material follow the wave equation, Eq. (11.23),
since there is no electric charge in the material. This chapter covers the property of
electromagnetic fields described by this equation. For simplicity, we focus only on
the electric field and assume that it has only a y-component varying only along the
x-axis. Thus, Eq. (11.23) reduces to

L, L, 0 (12.1)
_— € — = . .
oz Mo

We assume that E, varies with time as €'’

Equation (12.1) then leads to

with @ denoting the angular frequency.

O°E, + epw’E, =0 (12.2)
s EUW =0- .
dx? R Ey
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314 12 Electromagnetic Waves
This equation is easily solved as

E, = E @) 4 pel@—k (12.3)
where E| and E; are constants determined by initial and boundary conditions, and

k= () lPo=2 (12.4)
C

is the wave number. As will be shown later,

1\ /2
c= <a> (12.5)

is the speed of electromagnetic waves or the light speed, in the dielectric material.
The wavelength is given by

r= (12.6)

The practical electric field is given by the real part of the complex solution.
In the first term of Eq. (12.3),

wt + kx = const. (12.7)

gives the position at which the phase of the wave is constant. Hence,

e _o 12.8
a - ko (128)
shows that the first term in Eq. (12.3) represents a wave that propagates with the
velocity ¢ along the negative x-axis. Namely this wave is an electromagnetic wave.
Similarly, the second term in Eq. (12.3) gives the electromagnetic wave propagating
along the positive x-axis. Such an electromagnetic wave, whose same phase is on a
plane as in Eq. (12.3), is generally called a plane wave.

Since the left side of Eq. (11.7) is given by i,dE)/0x, the magnetic flux density
has only a z-component. Assuming the same time-dependent factor, the magnetic
flux density is given by

B.=— Blei(wH—kx) + Bzei(wt—kx)
=— lElei(“”+kX) + lEze“w'—k"). (12.9)
C C
The first and second terms in this equation correspond to the first and second terms

in Eq. (12.3) and represent electromagnetic waves propagating along the negative
and positive x-axis, respectively. Thus, the electric field and magnetic flux density
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coexist in electromagnetic waves. That is, the time variation in a magnetic flux
density induces an electric field, and the time variation in the produced electric field
induces again a magnetic flux density; the process is repeated, and the variation
propagates as a wave. Since current does not flow, there is no energy dissipation, and
the electromagnetic wave does not decay with time.

We can also easily show that, if the electric field has only a z-component, the
magnetic flux density has only a y-component, similarly to the above case. Hence,
the planar electromagnetic wave is a transverse wave in which the electric field and
magnetic flux density are perpendicular to each other and directed perpendicularly
to the propagation direction. The ratio of these amplitudes is

E, E;
—===c (12.10)
B, B
The magnetic field has been commonly used instead of the magnetic flux density
to describe electromagnetic waves. In this case, the following equation is used:

H, = —H,e! @+ 4 f,el@ =k (12.11)
The ratio of the amplitudes

E_E

U 1/2
bl R ) =7, (12.12)
H — H,

= I,LC = (—
€
is the characteristic impedance or wave impedance. This value is inherent to each
medium, and its unit is [£2].
The planar electromagnetic wave is generally expressed in the form

expli(wt —k -1)]. (12.13)

Using the unit vector along the propagation direction (the normalized wave number
vector iy = k/|k|), the relationship between the electric field and magnetic field is
expressed as

E=ZH xiy), H=Z " xE). (12.14)

In other words, the propagation direction of electromagnetic waves coincides with
that of the Poynting vector representing the direction of the energy flow. For example,
the first terms in Eqs. (12.3) and (12.11) correspond to each other, and since the
electric field and magnetic field are directed along the positive y- and negative z-
axes, respectively, and the Poynting vector is directed along the negative x-axis.
Thus, the above relation holds. For the second terms in these equations, a similar
relation holds.
In vacuum, the speed of the electromagnetic wave is
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Table 12.1 Classification of
. Name Wavelength

electromagnetic waves
Electromagnetic wave Above 10~! mm
Infrared ray 1 mm-0.76 pm
Visible ray 0.76-0.38 pm
Ultraviolet ray 0.38 um-1 nm
X-ray Several 101073 nm
y ray Below 107! nm

1 8
C0=—"—53= 2.997925 x 10° m/s, (12.15)
(€otto)

and the characteristic impedance is

1/2
Zy = (—) = 376.730 Q- (12.16)

The electromagnetic wave is generally classified depending on its wavelength.
Table 12.1 shows the classifications, although the classification ranges somewhat
overlap.

Example 12.1. Prove that there are no components of the electric field or magnetic
flux density parallel to the propagation direction of a planar electromagnetic wave.

Solution 12.1. Assume a planar electromagnetic wave propagating along the positive
x-axis. The functional form of variations with respect to time and space for the electric
field and magnetic flux density is el@—k) Hence, from Eq. (11.7), the x-component
of the magnetic flux density is

and from Eq. (11.8), the x-component of the electric field is

1 /0B 0B
ia)eEx:—<—Z— y>=0~
w\ dy 0z

Thus, we prove that there are no components along the propagation direction for the
electric field or magnetic flux density.

<

Equations (12.3) and (12.9) deal with the case where each of the electric field and

magnetic flux density remains in its own direction perpendicular to the other. Such

a direction is called the direction of polarization. A polarization whose direction is
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fixed is referred to as linear polarization. In general, a superposition of components
is possible, such as

E, = E;cos(wt — kx), E, = E;cos(wt — kx+9). (12.17)

The corresponding components of the magnetic flux density are
E, 1 E, 1
By = ——cos(wt —kx+6) = ——E;, B, = —cos(wt —kx) = -E,. (12.18)
c c c c

Usually, the direction of polarization is designated as that of the electric field, E.
Eliminating ¢ in the above equations, we obtain the relationship between E, and E|,

as
(2) -2 (£) oo
— ] —2cos § —— + | — ) =sin“4. (12.19)
E; 1E> E,
In the range 0 < d < 7, the direction of polarization turns to the right (clockwise) from
the view of an observer directed along the propagation of the electromagnetic wave.
This is called right-hand polarization (see Fig. 12.1). In the range — 7 < 6 < 0, the
direction of polarization turns to the left (counterclockwise). When 6 = 0 or =, the
electric field E is fixed in one direction and is linearly polarized. When § = £m/2
and E| = E,, the trace of E is a circle, and this polarization is circular polarization.
In other cases, the trace is an ellipse, and the polarization is elliptical polarization.
Such phenomena that the directions of E and B in the electromagnetic wave are not

uniform but biased are referred to as the polarization of wave, and such a wave is
called a polarized wave.

Fig. 12.1 Linear
polarization and right-hand
elliptical polarization: The
abscissa and ordinate are,
respectively, Ey, and E;,
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12.2 Reflection and Refraction of the Planar
Electromagnetic Wave

Electromagnetic wave is a family of waves that includes visible light. Reflection and
refraction are well-known processes for light in optics. Here, we investigate reflection
and refraction using electromagnetism.

Media 1 and 2 with dielectric constants €; and €, and magnetic permeabilities u;
and u, face each other on the plane z = 0, as shown in Fig. 12.2a. Suppose that a
planar electromagnetic wave propagates from medium 1 to the boundary. The plane
formed by the propagation direction and the direction (z-axis) normal to the boundary
is called a plane of incidence. We define the x-axis on the line on which the plane of
incidence and the boundary meet and the y-axis on the boundary in such a way that
it is normal to both the x- and z-axes.

plane of

incidence Q

I1.1'i‘1fit‘!]1 .
wave

_ :
s g
//mc-fiimn ]// H“*——-H__H < . ¥ T

e, fy)
- \< o !
ﬁ | . )

medinm 2
;
(ea, p1a)

a b

Fig. 12.2 Definition of a axes on the boundary and b angles of waves

In this case, the incident wave and reflected wave remain in medium 1, and the
transmitted wave remains in medium 2. We use k, k”, and k' to denote the wave
number vectors of the incident, reflected, and transmitted waves, respectively. Each
wave propagates along the wave number vector. These vectors lie on the plane of inci-
dence, the x—z plane. We denote the angles of the incident, reflected, and transmitted
waves from the z-axis by 0, 8", and &', respectively (see Fig. 12.2b). The factor that

represents the variation with time is commonly given by e'’. The incident, reflected,
and transmitted waves are then expressed as

expli(wt —k -r)], expli(wr —k"-r)], exp[i(wt —k -r)],

with r representing the position vector.

The electric field E and magnetic flux density B are perpendicular to each other
and lie on the plane normal to the propagation direction, as shown in the last section.
For example, E and B for the incident wave are normal to k. Here we consider the
boundary conditions for E and B: Eqgs. (4.19), (10.27), (9.22), and (11.25). When
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there is neither electric charge nor current on the boundary, the parallel components
of the electric field and magnetic field are continuous, and the normal components of
the electric flux density and magnetic flux density are continuous across the boundary.
That is,

nx (E; —E,) =0, (12.20)
n-(6E) — eE;) =0, (12.21)
B, B,
nx|—-=)=o, (12.22)
M1 %]
n-(By—By) =0, (12.23)

with n denoting the vector normal to the boundary. In the above, the subscripts 1 and
2 represent the variables in media 1 and 2, respectively.
Considering the orthogonality between E and B, the incident wave is given by

E = Eyexpli(wt — k - 1)], (12.24a)
kK E
B=x = expli(wt —k - P)], (12.24b)
Cl

where k = |k| and c; is the light speed in medium 1. The magnetic flux density B is
normal to both E and k, and its magnitude is equal to the magnitude of E divided by
the corresponding light speed. The reflected wave is similarly given by

E" =Ej exp[i(a)t — k" r)], (12.25a)
. k// E// . Y
B = o % C—?exp[l(a)t —k"-r)], (12.25b)

and the transmitted wave is given by

E' = Ejexpli(wt — K -1)], (12.26a)
B = li X Eq exp[i(a)t —K r)] (12.26b)
k' Cc

In the above, k" = |k”|, k/ = |ks|, and c; is the light speed in medium 2. Thus, the
electric field and magnetic flux density in medium 1 are

E,=E+E', Bi=B~+B, (12.27)
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and those in medium 2 are
E,=E, B,=PF. (12.28)

Since Eqs. (12.20)—(12.23) should be satisfied at the boundary (z = 0) at any time,
the phase must be the same for the three waves. This condition is given by

k-rl.—o=k"-rl.—o =k"-r|o. (12.29)
Equation (12.29) is expressed as
k-ro=k""-ro=k -rg (12.30)
in terms of an arbitrary position vector r( on the boundary. If r( is given by
ro = Xiy + yiy, (12.31)
we have
ksin® = k"sin@” = k’sin0’, (12.32)
since the wave number vectors are perpendicular to the y-axis. The speeds of the
incident and reflected waves in the same medium are the same, and the wave numbers
of these waves are also the same k = k”. Hence, we have
0=0". (12.33)
That is, the incident and reflection angles are the same, and this is called the law

of reflection. We also have the relationship between the incident and transmission
angles as

sind _ K _er_ (au)” (12.34)
sin 6’ k (&) €1 U ' ’

This is called Snell’s law for refraction.
Using the above results, Egs. (12.20)—(12.23) are rewritten as

n x (E)+Ej — E)) =0, (12.35)

n-[e(Ey+Ej) — eE)] =0, (12.36)

1 (kxEy, k"xE 1 k' xE,
nx|— + - —0, (12.37)
m1\ ke k"cy n2 ke
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(12.38)

kxEy, k'"xE; k' xE, _0

" < kCl k”Cl k’Cz ) -

Although the electric field of the incident wave is directed in various directions,

we focus for simplicity on the case where the electric field is directed parallel to the

y-axis (i.e., normal to the plane of incidence) as shown in Fig. 12.3. In this case,
Eq. (12.35) reduces to

Ey+Ej —E, =0. (12.39)
Fig. 12.3 Case where the <
electric field of the incident
wave is normf.ﬂ to the plane kxE, k"< E] ’
of incidence, i.e., parallel to k
the y-axis
g EX n JFE
k 9 9”’
Y 1
i k'x E}
B,
k!’

Since the electric field is perpendicular to the normal vector, n, Eq. (12.36) is already
satisfied. Equation (12.37) becomes

€ 1/2 & 1/2
(—) (Eo — Eg)cos 6 — (—) Ejcos0’ = 0. (12.40)
M1 M2

Equation (12.38) is written as

E E// E/

sin6 + —2sin 0 — —2sin’ =0, (12.41)

C1 C1 (&)
which is found to reduce to Eq. (12.39) using Eq. (12.34). Thus, from Egs. (12.39) and
(12.40), we obtain the amplitudes of the electric fields of the refracted and reflected
waves as

2 12c08 0
| = Z@/m)Teosb g (12.42a)
(€1/11)*cos 6 + (€2/12)"*cos 0/
B (e1/11)"/ cos @ — (€2/p2)"/* cos G’EO. (12.42b)

O (/) cos 6 + (e2/112)"* cos 0/
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The amplitudes of magnetic flux densities are

/ E, 7
B = C—O = (e212)'?E), (12.43a)
2
/! E// 4
B = C—O = (eju1)?E}. (12.43b)
1

Example 12.2. Solve Egs. (12.35)—(12.38) when the electric field of the incident
wave is parallel to the plane of incidence, i.e., the magnetic flux density is parallel
to the y-axis.

Solution 12.2. Under this condition, (k x Eo), (k' x Ej),and (k" x E) are directed
along the y-axis, as shown in Fig. 12.4. Hence, Eqgs. (12.35) and (12.36) become

(Eo — E)cos 6 — Ejcos0' =0,
€1(Ey + Ej)sinf — ,E¢sin6’ = 0,

Fig. 12.4 Case where the <
electric field of the incident
wave is parallel to the plane P
of incidence, i.e., normal to kx E, k'x E; k"
the y-axis
E“ n
n
N1/ Ef
Yy 1
!
O\ k'x E}
F
E; K

respectively. The latter equation is rewritten as

€ 1/2 & 1/2
) (et B — (_) E) =0,
(Ml) ( 0) M2 0

In Eq. (12.37), n x (k x E) is parallel to the x-axis, and this equation agrees with the
above result from Eq. (12.36). The condition given by Eq. (12.38) is satisfied. From
the above two equations, we obtain the electric fields of the refracted and reflected
waves as
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, 2(e1/111)"*cos

0= 12 172 ,EO
(€2/m2)/“cos @ + (e1/p1) ' “cos o

B (€2/p2)"*cos 6 — (€1/11)"/*cos 6’

O 7 (ea/p12) Pcos O + (e1/ 1) Peos

The corresponding magnetic flux densities are derived by substituting these results
into Egs. (12.43a) and (12.43b).
<

Example 12.3. Discuss the reflection and refraction of a planar electromagnetic wave
at the boundary when medium 1 is vacuum and medium 2 is a conductor. Assume
that the electric field of the incident wave is parallel to the plane of incidence.

Solution 12.3. High frequency components of electromagnetic fields are completely
shielded inside the conductor (E; = 0 and B, = 0), and the electric charge and
current are consequently induced on the conductor surface. Hence, the fulfilled
boundary conditions are only Egs. (12.20) and (12.23). The corresponding Eqgs.
(12.35) and (12.38) are

1 1
nx (Ey+Ej) =0, n-(%kxEo—i—Fk”ng):O.

Since the electric field in the incident wave is in the plane of incidence (see Fig. 12.4),
the first equation leads to (Ey — Ejj) cos§ = 0 and we obtain Ey = E{,. The second
equation is fulfilled. Hence, it is sufficient if the above equation is satisfied. The
magnetic flux density has only a y-component:

B, = f—g[cos(a)t —k-r)+cos(wt —k" -r)]

2Ey .
= —— cos(kz cos ) cos(wt — kxsin9).
o

Since the parallel component of the magnetic flux density is not zero on the surface,
the surface current density is
B,(z=0 e \'"? .
T, (x) = —M = —2<—O> Eq cos(wt — kxsin 9).
Mo Ho

(Note the directions of the current and magnetic flux density.) The electric field is

E, = —Egcos(wt —k - r) cos 6 + Ej cos(wt —k” - r) cos 6
= 2E cos 0 sin(kz cos 0) sin(wt — kx cos ),
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E

z
Z

= —Eycos(wt —k -r)sinf — Ej cos(wt —k” - r) sin @
= —2F sin 6 cos(kz cos 6) cos(wt — kx cos ).

Since the normal component of the electric field is not zero on the surface, an electric
charge appears on the surface, and its density is

o(x) = eoFE,(z =0) = —2¢pE( sin 6 cos(wt — kx cos 6).

In this case we can see that the following relationship holds between the surface
current and the surface charge:

do
V.t+— =0,
ot

which corresponds to Eq. (5.10) for the three-dimensional case.

12.3 Energy of the Electromagnetic Wave

Here we discuss the energy of the planar electromagnetic wave described in
Sect. 12.1. For simplicity, we treat the second terms in Eqs. (12.3) and (12.9). In
this case, the electric field and magnetic flux density are given by

E = E, cos(ot — kx)iy, (12.44)

Ep .
B = — cos(wt — kx)i,. (12.45)
C

Hence, the electric energy density and magnetic energy density are equal to each
other and given by

1 1 1
—€E* = —B? = —¢cEjcos*(wt — kx). (12.46)
2 21 2

Since there is no current, from Eq. (11.34) the total energy density is
u = €E3 cos*(wt — kx). (12.47)

On the other hand, from Eq. (11.37) the Poynting vector is

B e\ 2
Sp=E x — = <—> E3cos’ (ot — kx)i, = cui,. (12.48)
w 0
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Thus, we find that the Poynting vector has a magnitude equal to the total energy
density multiplied by the light speed and is directed along the x-axis, i.e., the propaga-
tion direction of the electromagnetic wave. This holds for all planar electromagnetic
waves including the elliptically polarized wave. Hence, the Poynting vector expresses
the energy that flows through a unit area in unit time as defined in Sect. 11.5.

Example 12.4. Assume that the y- and z-components of the electric field of a polar-
ized wave propagating along the positive x-axis are given by Eq. (12.17). Determine
the energy density and the Poynting vector.

Solution 12.4. The electric energy density is

1 2 1 2 2
SeE? = ze(Ey +E2)

1
Ee[Elzcosz(a)t — kx) + Ejcos*(wt — kx + 8)].

The magnetic flux density is given by Eq. (12.18), and the magnetic energy density
is

1 1
B _(Bz Bz)
21 2u\Y +5

1
= E.5[E12(:osz(a)t — kx) 4 E2cos*(wt — kx + 8.
Thus, the energy density of the electromagnetic wave is

1 1
U= EeEz + 2—32 = €[Ejcos*(wt — kx) + Ejcos*(w — kx + 8)].
"

The Poynting vector is

Sp=E x lg = i(Eyiy + E.i.) x (Byiy + B.i.) = 5(Ey19Z — E.B,)i,
e

= /—[Elzcosz(a)t — kx) + E3cos*(wt — kx + 8) i, = cuiy.

12.4 Wave Guide

Hollow metal tubes called wave guides are used to transmit electromagnetic waves
such as microwaves. The cross section of a wave guide is usually rectangular or
circular. Here we treat a rectangular wave guide for simplicity. Assume that the wave
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guide is uniformly extended along the z-axis, and the internal vacuum region is 0 <
x <aand 0 <y < b, as shown in Fig. 12.5.

Fig. 12.5 Rectangular wave
guide

We assume that the factors for time variation and spatial variation are given by
e'® and e™"%, respectively. Equations (11.7) and (11.8) then reduce to

+iyE, = —iwB,, (12.49a)
dy
. ok, .
—iyE, — — = —iwB,, (12.49b)
ox
oE, OE, .
- _ = —iwB,, (12.49¢)
ox ay
and
0B, . LW
— +1iyB, = 1—2Ex, (12.50a)
ay ’ oy
ip, — 2B i@ (12.50b)
—iyB, — — =i—E,, .
v 0x cé !

E,. (12.50c)

Using these equations, the equations for the z-components, E, and B, are obtained
as

’E, 9E, ,
e 7 +kE, =0, (12.51a)
3’B, 9°B

S L+ k’B, =0. (12.51b)

0x2 9y?
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If these equations can be solved, we obtain other components from

i [ OE B
Ei=——(y—= 4+ 0—2), 12.52
k2<y8x_+w8y> (12.522)
i [ OE B
E,=——y—=—0—), 12.52b
y k2<y dy “’ax) ( )
i dE, 0B,
Bf=%<%-—;—y *) (12.52¢)
k*\cg Oy ax
i (w0 9E, 0B,
By=——(= —Z4y—2), 12.52d
Y k2<c(2) 8x+y8y> ( )
where
w 2
k2=<—> -y (12.53)
Co

and V - E = 0 is used. Equations (12.52a)—(12.52d) hold for k # 0.

In the case of k = 0, we have y = +w/c(, and we may consider that there is an
electromagnetic wave propagating along the z-axis at light speed. For example, we
assume an electromagnetic wave without z-components (E, = B, = 0) similar to a
planar electromagnetic wave. This is called the transverse electromagnetic (TEM)
wave. If we choose y = w/cp, Egs. (12.49a) and (12.49b) lead to

E, = coB,, E, = —coB,, (12.54)

showing that the electric field E and magnetic flux density B are perpendicular to
each other. However, Eq. (12.49¢) gives

JdE, OE,
— - —=0. (12.55)
dx dy

This shows that the electric field is a dynamic two-dimensional field with no rotation.
The spatial structure of the irrotational field is the same as that of the electrostatic field,
and hence, we conclude that such an electric field cannot exist in a space surrounded
by a conductor like a rectangular wave guide. That is, TEM waves cannot exist in
simple rectangular or circular wave guides. Such a field can exist only when the
guide is composed of two or more conductors like those in Fig. 12.6, and a potential
difference can appear between conductors with electric field lines extending from
one conductor to another. This is similar to the phenomenon of increasing a current
in a superconducting parallel-plate transmission line, as discussed in Examples 11.5
and 11.10. See Table 12.2.
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(a) (b) (e)
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Fig. 12.6 Examples of the cross section of a wave guide in which a TEM wave exists: a parallel
cylindrical conductor, b parallel-plate conductor, and ¢ coaxial conductor

From the above discussion, we know that either the electric field(continued)

E or magnetic flux density B has at least one component in the propagation direc-
tion. The electromagnetic wave with a zero longitudinal component of the electric
field is called the transverse electric (TE) wave and that with a zero longitudinal
component of the magnetic flux density is called the transverse magnetic (TM)
wave. The general electromagnetic wave is given by a linear combination of these
waves.

Here we consider a TM wave. In this case, B, = 0. Since any electromagnetic wave
of high frequency does not penetrate the conductor, the electric field is perpendicular
to and the magnetic flux density is parallel to the conductor surface. That is,

E,=E, =B,=0; x=0,aq,
Ex=E. =B, =0; y=0,b (12.56)
The general solution of Eq. (12.51a) is given by
E.(x,y,z, 1) = Kexp|[=i(kex + kyy) ] expi(wr — y2)] (12.57)
with
K4k =k (12.58)
The dependence on x can be written as
E, = Kie** + Kye ik, (12.59)

Table 12.2 Comparison of a superconducting transmission line and a TEM wave

Superconducting transmission line (transient or AC) | TEM wave (AC)

Structure Two superconductors Two conductors
Electric field Transverse Transverse
Magnetic flux density | Transverse Transverse

Gauge Lorentz Lorentz
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From Eq. (12.56), the following conditions should be satisfied:

Ki+K, =0, e=1, (12.60)
The latter condition gives
he="C0 o m=1.2,.... (12.61)
a

The case of m = 0 also satisfies this condition. However, we have E, = 0, which is
meaningless. Thus, Eq. (12.59) reduces to

, . (MITX
E. =2K| sm(—) (12.62)
a
with K| = iK;. We similarly obtain the y-dependence withk, = nw/b(n=1,2, ...),
and Eq. (12.57) is rewritten as

mmnx nmw

E.(t,y,2.0) = A sin(T)Sin<7y) expli(wr — y2)]. (12.63)

where A is a constant and there is a relationship between m and n written as

mir \2 nm \ 2 0\* 2
(7> +(7> =<C_O> — 2 (12.64)

The mode of the electromagnetic wave is different depending on the set of integers,
(m, n), and each mode of the TM wave is expressed as TM,,,. The mode of the TE
wave is represented similarly as TE,,,. From Eq. (12.63), m and n must have nonzero
values.

So that the TM wave propagates through the wave guide along the z-axis without
damping, y must be a real number and we have

o\ mir \2 nm\2
(2) -2y - () =0

That is, the angular frequency w should be larger than the cut-off frequency given
by

wo = co[(";—”)z n (%)2}1/2. (12.66)

Example 12.5. Determine other components of electromagnetic fields of the above
TM wave.
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Solution 12.5. Substituting £, in Eq. (12.63) and B, =0 into Egs. (12.52a)—(12.52d),
we have

E Ay (mnx) . (nny)
= — cos{ —— )sin( —= ),
N k2a a b
E Ay (mnx) (nrry)
= —iA—"sin{ — )cos( —= ),
Y k2b a b

. AT | /MITX nwy
B, = 1A—sm<—)cos<—),
k2c3b a b

. MW mmx\ . (nwy
B, = —1A—2cos(—>s1n(—>,
’ k*cia a b

where the factor exp[i(wt — yz)] is neglected. The real parts of these expressions give
practical physical quantities. That is, the above factor is replaced by cos(wt — yz)
for E_, and i exp[i(wt — yz)] is replaced by sin(wt — yz) for the above quantities. We
easily find that E - B = 0 is satisfied, indicating that the electric field and magnetic
flux density are perpendicular to each other.

Example 12.6. Discuss the energy flow for the TM wave in the waveguide discussed
in Example 12.5.

Solution 12.6. The x- and y-components of the Poynting vector are —E_B, /1o and
E.B, /o, respectively. From the condition of Eq. (12.56) these are zero on the
surfaces of the wave guide, (x = 0,a) and (y = 0, b). Hence, there is no energy
flow through these surfaces. Taking the real parts of the electric field and magnetic
flux density, the z-component of the Poynting vector is

2 2

Tregyw [ m mix ni

Sp, = A* oy@) cosz<—> sinz(—y>
k* a? a b

2

+Z—2 sinz(?) cos%?)}sinz(wt —y2).

Averaging this in the x—y plane, the electric power through a unit area along the
z-axis is

2 2.2 252
Tegyw(na® + mb”) |
p=A> 4(k4a2b2 )sm2(wt —¥2)

sin’ (wt — y27).

. 260)/6()
=AT—o
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Example 12.7. Determine the TEM wave that propagates along the length (
z-axis) in a coaxial conductor, as shown in Fig. 12.6¢, and discuss the relationship
between the electric charge and the current. Assume.
e'® and e~ for the time and spatial variation, respectively, and that the vacuum
space in the coaxial conductorisa < R < b.

Solution 12.7. From the properties of electric and magnetic fields, we can assume
that the electric field has only the radial component, Eg, and that the magnetic flux
density has only the azimuthal component, B,,. The differentials with respect to t and
z can be replaced by iw and —iy, respectively. Thus, we have

)/ER = a)B(p
and
yBy, = weopoEr.

These conditions lead to

w 1

y o (eopmo)?

If the amplitude of the electric field at R = a is denoted by Ey, we have

a . a :
Er = EEOeXp[l(a)t — yz)]’ B(p = CO—RE()GXP[I((,L)I — )/Z)]

The densities of the electric charge and the current flowing along the z-axis that
appear on the surface R = a are, respectively, given by

0 =¢kEr(R=a) = eoEoexp[i(a)t - yz)],

B (R — 12
= ByR=a) _ (E_O) Epexpli(wt — y2)].
Ho Ho

The densities of the electric charge and the current on the surface R = b are
a .
0 = —€yER(R=0b) = —EeoEoexp[l(a)t - yz)],

B,(R=Db)  afe€

172
IT=———"=—|— Eopexpli(wt — yz2)|.
Mo b(Mo) ! ]
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It can be easily shown that the continuity equation of current given by Eq. (5.10),

0t do
— 4+ — =0,
0z + ot

holds on the two surfaces.

12.5 Spherical Wave

Here, we consider the case in which an electromagnetic wave propagates radially in
vacuum. This wave is a spherical wave. We assume that the factor of time variation
is given by e'®’. Then, from Eq. (11.23), we write the equation for the electric field
as

AE+2E =0 (12.67)
C

We assume that the electric field has only the zenithal component, Ey, dependent
only on the radius r:

Ey(r,1) = Ey(r)e. (12.68)
If we note that
1 9*(rE
V2E(r) = L. 00, (12.69)
r ar?
Equation (12.67) leads to
1 3*(E, 2
LR (@) g —o, (12.70)
r or? Co

and we obtain the general solution as

Kl . r K2 . r
Eqo(r,t) = - exp[uo(t + C_>i| + - exp|:1w(t — C—):| (12.71)
0 0

The first term represents an electromagnetic wave propagating to the origin at speed
co, but such a wave concentrating to one point is unrealistic. On the other hand,
the second term represents an electromagnetic wave radiating at speed ¢y from the
origin, and this is the solution to be obtained. Taking the real part, we have

Eo(r. 1) = % cos|:a)<t — f)} (12.72)
0
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Equation (11.7) shows that the magnetic flux density has only the azimuthal
component, B, and reduces to

19 gy =98 (12.73)
r r

This is easily solved, and we have

Ké r
By(r,t) = —cos|:w<t - —)i| (12.74)

cor Co

So, it looks good. We can easily show, however, that the above result is not realistic.
That is, V - E and V x B are not zero, suggesting the existence of electric charge
and current in vacuum. If we assume that the electric field has only the zenithal
component, we encounter a similar contradiction. So, it is concluded that such a
simple spherical electromagnetic wave does not exist.

Itis clear from the above result that the phenomenon is not symmetric with respect
to the origin. Only a field directed radially, like the electric field produced by a point
charge, satisfies such a condition.

12.6 Retarded Potential

When electric charge (of density p) or current (of density i) changes with time, an
electromagnetic wave is emitted into the surrounding space. At a distance far from
the source, the electromagnetic wave propagates as a spherical wave as treated in
Sect. 12.5. The electromagnetic potential describing such time-dependent electro-
magnetic fields is given by Eqgs. (11.31) and (11.32). In the static limit, these reduce
to Eqs. (4.17) and (9.21), and the solutions are given by Egs. (1.27) and (6.33) when
€0 and y are replaced with € and p.
Using spherical coordinates, Eq. (11.31) for the electric potential reduces to

1 92 L
_ .2 - . T =_T 12.75
r or? (r) ¢z 92 € ( )

We denote by ¢ (r) = f(¢)/r the solution for the corresponding quasi-static equation,
i.e., the equation with the second term omitted. We can prove the general solution of
Eq. (12.75) is given by

1 r
b(r. 1) = —f(t — —). (12.76)
r c
Hence, we expect that the solution of Eq. (11.31) is given by

o 1) = L/p(r’t_ r=rl/e) 4y (12.77)
dme lr —r|
\"2
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(see Exercise 12.10). We also obtain the vector potential as

Y
AQr 1) = i/’(”t Ir=r1/€) 4y (12.78)
4 r —r'|

The above results show that, since the speed of propagation of a variation in the fields
due to the change in the source is finite (light speed c), the change is transmitted with
a delay in time of R/c at distance R = |r - r/|. For this reason, the above potentials
are called retarded potentials. When the variation with time is slow, we can neglect
this delay, resulting in the static potentials given by Egs. (1.27) and (6.33).

Column: To the Theory of Relativity

Newton’s equation of motion is unchanged between coordinate system K with
spatial coordinates (x, y, z) and time ¢ and another coordinate system K* with
the dimensions

X=x—vt, yy=y, 7=z, t' =t

The coordinate systems K and K* move with constant velocity relatively to
each other, and this transformation is called the Galilean transformation. That
is, Newton’s equation is unchanged under the Galilean transformation.

We assume that the equation for the electromagnetic potential [e.g.,
Eq. (11.31)] holds in coordinate system K:

82¢_ 14

AP —en

a2 e
Under the Galilean transformation, however, this equation does not hold in

the same form in coordinate system K*:

3¢’ P

ar? €

AN —en :
where A’ represents the Laplacian with respect to x’, y', and 7.

Since there is no rotation of space, the scalar potential ¢’ is equal to ¢. From
each relationship such as

a a ox a dy d 0z a ot a

or 9x ax 9y ax 9z ox Lo ow o ox
g 0 Ox 88y+88z88t 0 0

tl

ov —ox or Tay ar " az ar "ot ar Vox | ar

3
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we have
A=A
and
2,9 2 32 32
N SR, WL A A
02 o T T T o

The above results indicate that Maxwell’s equations hold correctly only
in one coordinate system. However, it was experimentally demonstrated that
Maxwell’s equations hold in all coordinate systems that move relatively to each
other with constant velocities. This means that the Galilean transformation is
not a correct transformation connecting two coordinate systems. The correct
transformation is the Lorentz transformation, and, in this case, the time is no
longer independent of the velocity of the coordinate system.

In 1905, Einstein proposed the special theory of relativity based on the prin-
ciple of relativity that all coordinate systems are equivalent and the principle
of the constancy of light speed that the light speed observed in any coordinate
system is the same.

Exercises

12.1. Discuss the same problem as in Example 12.3 when the electric field of the
incident wave is normal to the plane of incidence.

12.2. Discuss the energy flow using the Poynting vector for the reflection and refrac-
tion of a planar electromagnetic wave treated in Sect. 12.2. Assume that the
electric field in the incident wave is normal to the place of incidence.

12.3. Determine the TEM wave that propagates along the length (z-axis) in the
parallel-plate conductor in Fig. E12.1 and discuss the relationship between
the electric charge and the current induced on the conductor surface. Assume
e’ and e™"? for the time and spatial variation, respectively, and that the
vacuum space in the parallel plate conductoris 0 < x <aand0 <y < b.

Fig. E12.1 Parallel-plate y A

conductor
ol ]
¥4
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12.4.

12 Electromagnetic Waves

Determine the electromagnetic fields of a TEM wave propagating along the
length (z-axis) for the case of parallel cylindrical conductors of radius a and
mean distance d in Fig. E12.2. (Hint: Since the arrangement of conductors
is the same as that in Exercise 5.10, the electric field has the same form as
in that case.)

Fig. E12.2 Parallel ]

cylindrical conductor

12.5.

12.6.

12.7.

12.8.

12.9.

12.10.

Determine the electromagnetic fields and electric power of the TE wave in
the rectangular wave guide in Fig. 12.5.

The energy flow in the wave guide is discussed for TM wave in Example
12.6. Determine the speed of the energy flow.

Determine the electromagnetic potential for the TM wave discussed in
Sect. 12.4 and Example 12.5. Prove that the Lorentz gauge is satisfied.
Determine the electromagnetic potential for the TE wave discussed in
Exercise 12.5. Prove that the Lorentz gauge is satisfied.

Prove that the electromagnetic potential satisfies the wave equation for the
TM wave discussed in Exercise 12.7.

Prove that Eq. (12.77) satisfies Eq. (11.31). See Sect. A2.1 in the Appendix.



Appendix

A1 Vector Analysis

Al.1 Scalars and Vectors

A quantity that is only specified by its magnitude is a scalar. Mass, energy, electric
charge, and temperature are examples of scalars. On the other hand, there is a kind of
quantity that needs to be specified not only by magnitude but also direction; such a
quantity is a vector. Force, velocity, and moment in dynamics and the electric field,
magnetic flux density, and current in electromagnetism are examples of vectors.

A vector is commonly denoted by a bold character such as F or a character with
an arrow such as F. A vector is specified in space by drawing a straight arrow, as
shown in Fig. Al.1. The length of the line represents the magnitude of the vector,
and the direction of the arrow represents the direction of the vector. The magnitude
of vector F is written as |F|.

In many cases, the effect of vector is unchanged even when it is displaced in
parallel, i.e., moved without changing the direction in which it points, as shown in
Fig. A1.2. Such a vector is called a free vector. On the other hand, there is a kind
of vector that gives a different effect when displaced (like a force); such a vector is
called a bound vector. For example, when a force is given on the center of gravity of
an object, it causes a simple translation motion of the object. However, when a force
is given on a point other than the center of gravity, it causes both straight motion of
the center of gravity and a rotational motion around that center.

Fig. A1.1 Specifying a
vector in space
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Fig. A1.2 Parallel
displacement of vector F TSag

Al.2 Addition of Vectors

Suppose the sum of two free vectors A and B, as shown in Fig. A1.3. The sumA + B
is obtained graphically by translating B so that its starting point reaches the end point
of A, as shown in Fig. A1.4a. In this case, the sum is obtained as a vector that connects
the starting point of A and the end point of B. The sum B + A is similarly obtained
by translating A, and we can see it is equal to the sum A + B (see Fig. A1.4b). Thus,
the relation holds generally:

A+B=B+A. (AL.1)

Fig. A1.3 Two vectors

(a) A+B

Fig. A1.4 Sum of two vectors:aA +Band b B + A
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This is called the exchange law. For a sum of three vectors, the following relation
holds:

A+B)+C=A+(B+0), (A1.2)

where the operation inside parentheses has priority. This is called the combination
law.

A1.3 Products of Vectors and Scalars

The product of a vector A and scalar a gives a vector of magnitude equal to a|A| with
the same direction as A. For a < 0, the direction is reversed. The following relations
hold for this kind of product:

mnA) = (mn)A, (A1.3)
(m+nA =mA + nA, (Al.4)
m(A + B) = mA + mB. (A1.5)

Equation (A1.5) is called the distribution law.

Al.4 Analytic Expression of a Vector

We use Cartesian coordinates (x, y, z) and denote unit vectors with a unit magnitude
along the x-, y-, and z-axes by i,, i, and i, respectively. If vector A is expressed as

A = A, + Ayiy + A, (AL.6)

(see Fig. Al.5), A, A,, and A; are called the x-, y-, and z-components of A,
respectively. Using these components, A is also expressed as

(A, Ay, A). (AL7)

The magnitude of A is given by

1,2
2 2 2
A=A = (AX+A},+AZ> . (A1.8)
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[

Fig. A1.5 Representation of
vector components using
Cartesian coordinates

When the components of vectors A and B are (AX,A_V,AZ) and (Bx,By,BZ),
respectively, the components of A + B are

(Ax+ By, Ay + By, A + B.). (A1.9)
The components of aA are
(aAx, aAy, aA;). (A1.10)

Using these methods, we can prove the laws of exchange, combination, and
distribution.

AL.5 Products of Vectors

When the angle of vector B measured from vector A is § (—7 < 0 < 1), ABcosf is
called a scalar product of A and B and is written as A - B. Hence, we have

A-B=B-A = ABcosf. (A1.11)

If A and B are perpendicular to each other (¢ = £7/2), A - B = 0. When the
components of A and B are (Ax, Ay, A) and (BX, By, BZ), we have

A-B=AB,+AB,+A.B.. (A1.12)

The vector product of A and B is a vector of magnitude ABsiné that points along
the direction of a screw when we rotate it from A to B and is written as A x B. Thus,
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A xB=-BxA. (A1.13)

Vector A x B is normal to A and B, and when A and B point in the same or opposite

direction (§ = 0 or n), A x B = 0. Using the components, the vector product is
expressed as

A x B = (AyB, — A.B,)i, + (A.B, — A:B.)iy + (A:By — A,B.)i.. (Al.14)

We can also represent the vector product with a determinant

iy iy i,
AxB=|A A A, (A1.15)
B, B, B.

Now, we treat a product of three vectors. Among the conceivable products of three
vectors A, B, and C, itis clear that A - B - C and (A - B) x C do not make sense, and
the order of operation is not defined for A x B x C. One meaningful product is

AB-C)=uaA; B-C=a. (A1.16)
The next one is
i iy, i, A Ay A,
A-(BxC)=(Ad.+Ayiy+Ai.)-|B, B, B,|=|B, B, B, (A1.17)
C, C, C, C, C, C,

This represents the volume of a parallelepiped composed of A, B, and C (see
Fig. A1.6). We can easily prove the following equation:

A-BxC)=B-(CxA) =C-(A xB). (A1.18)

This product is called a scalar triple product.
The final meaningful product of three vectors is a vector triple product:

Fig. A1.6 Parallelepiped
composed of A, B, and C "
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AxBxC)=(A-C)B—(A-B)C. (A1.19)

A1.6 Differentiation of Vectors

When vector A changes spatially, we express it as a function of coordinates such as
A(x,y, z). If position vector r corresponds to point (x, y, z), it is possible to write it
as A(r). Suppose that only x changes by a small amount, Ax, with no change in y
and z. The corresponding change in A is

AA =A(x+ Ax,y,27) —A(x, y, 2). (A1.20)

If the limit of AA/Ax exists in the limit Ax — 0, this is called a partial differential
coefficient and is written as

0A
—. (A1.21)
dax
If the components of A are (A, Ay, A;), this coefficient is
0A  0A; 0A, 9A,
— = i+ —i, + —1i,. Al.22
ax ox ' ox bt ax ( )
The partial differential coefficients with respect to y and z
0A 0A
—, — (A1.23)
ay 0z

are similarly defined.
When (x, y, z) changes to (x + Ax, y + Ay, z + Az) or r changes to r + Ar, the
variation in A is

A=A+ Ax,y+ Ay, z+ Az) —A(x,y,2)

0A 0A 0A
~ —Ax+ —Ay+ —Az. (A1.24)
0x ay 0z

In the limit of small Ax, Ay, and Az, these are written as dx, dy, and dz, and then,
AA leads to

0A 0A 0A
dA = —dx + —dy + —dz. (A1.25)
ax ay 0z
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This is called total differentiation. If A is a function not only of (x, y, z) but also of
time ¢, the total differentiation of A also includes (A /d¢)d¢ on the right side of Eq.
(A1.25).

If vectors A and B are functions of scalar ¢, the following relations hold:

dA dB
—(A+ B)=—+ —, (A1.26)
dp do
dm dA
—(mA) A+ mE (A1.27)
de de
dA dB
—(A B)=— B+A- (A1.28)
do de’
d dA dB
—(AXxB)=— xB+Ax —. (A1.29)
do do do

Al.7 Gradient of a Scalar

Whenf (x, y, z) is a given scalar function, the following vector is called the gradient

of f:

a b
—flx—}— fly + af

A1.30
0x ay ( )

This is written as grad f, and the operation, grad, is also called the gradient. The
function grad f is a vector that points in the direction of maximum variation with a
magnitude equal to the maximum variation. If we use the operator defined by

0 ad
V=i,—+i,— +i,—, Al1.31
"“ax +h ay th 0z ( )
Equation (A1.30) is also written as
.0 .0 .0
gradf =Vf =i, — +iy—+i.— |f. (A1.32)
ax ay 0z

The operator V is called nabla.
If the unit vector along some direction is s, the variation rate of a given function
f in this direction is s - Vf. For example, the variation rate along the x-axis is

i, - Vf = % (A1.33)
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Thus, the gradient is an operator that operates on a scalar to result in a vector.
An example is the relation between temperature and heat flow. The temperature is
a scalar, and the heat flows along the opposite direction of its gradient, i.e., from a
position with a higher temperature to a position with a lower one. When the temper-
ature and heat conductivity are 7 and K, the heat that flows across a unit area in unit
time because of the temperature gradient is —KVT.

A1.8 Divergence of a Vector

When A(x,y,z) is a given vector function, the following scalar is called the
divergence of A:

0A, 0A, 0A;
+——+ .
0x ay 0z

(Al1.34)
This is written as div A, and the operation, div, is also called the divergence. Using
the vector operator V, this is also written as V - A. Namely,

0A, n 0A,  0A,
ox ay az

divA =V - A = (A1.35)

The mathematical definition of divergence will be given later in Eq. (A1.76).

Thus, the divergence is an operator that operates on a vector to result in a scalar.
For example, if the velocity of a fluid is v, V - v is the volume of the fluid that comes
out through a unit area in unit time.

A1.9 Curl of a Vector

When A(x, y, z) is a given vector function, the following vector is called the curl or
rotation of A:

. [0A, 0A, . [0A, 0A, . (0A, 0A;
i, - )+ — )+ — - . (A1.36)
ay 0z 0z ox dax ay
This is written as curlA or rot A, and the operation, curl or rot, is also called curl or

rotation. Using the vector operator V, this is also written as V x A. We can also use
a determinant to express Eq. (A1.36) as

i i, i
curlA = A xA =|9/0x 3/dy 3/9z
A, A, A
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Fig. A1.7 Rotation of rigid
body

, (04, 0A, L [0A, DA . (0A, 0A,
=i\ ———)+i| ——— ) +i;)| — - .
ay 0z 0z ax ax ay

(A1.37)

The mathematical definition of curl will be given later in Eq. (A1.74).

Thus, the curl is an operator that operates on a vector to result in a vector. We
consider a rotation of a rigid body. When the rigid body rotates with an angular
velocity @ around an axis through the center of gravity, as shown in Fig. A1.7, the
velocity of a point located at r is v = @ X r. Thus, we obtain @ = (1/2)V x .

A1.10 Differentiation of Products of Vectors

The following relations hold for various products:

V(oY) = ¢V + Ve, (A1.38)
VA-By=A-V)B+(B-V)A+Ax (VxB)+Bx(VxA), (Al39)
V. (¢A) = ¢V -A+ Ve A, (A1.40)
V-AxB)=B-(VxA) —A-(V xB), (A1.41)

V X (pA) = ¢dpV XA —A x V¢, (A1.42)
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VxAxB) =(B-V)A— (A -V)B+AV-B—BV -A. (A1.43)

Al.11 Second Differentiation

There are three formulae for second differentiation. One of them is for an arbitrary
vector A:

div(curlA) =V - (V xA) =0. (A1.44)
The second one is for an arbitrary scalar ¢:
curl(grad¢) =V x V¢ = 0. (A1.45)
The last one is
curl(curld) = V x (V x A) = V(V - A) — V*4. (A1.46)

In Cartesian coordinates, the second term is written as

VA = o + o + o A (A1.47)
Co\ax2 9y 8z2) ’

Formulae for cylindrical and spherical coordinates are given in Sects. A1.17 and
A1.18, respectively. It should be noted that the operator V? is different between

scalars and vectors:

Vi = (V-V)p=V.(Ve), (A1.48)

VA = (V-V)A # V(V - A). (A1.49)

A1.12 Curvilinear Integral of a Vector

We denote the tangential component of a vector F(x, y, z) on a smooth curve, C, by
F(x, y, z) and the elementary line vector on C by ds (see Fig. A1.8). The following
integral is called a curvilinear integral:
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/F(x,y, z)-ds = /Ft(x, v, 2)ds. (A1.50)
C C

If we divide this into components, it becomes
/F~ds=/dex+nydy+/dez. (AL1.51)
C C C C

When F is a force on a matter particle, its curvilinear integral given by Eq. (A1.50)
is the work to move the particle along C.
When F = V¢, its curvilinear integral is

L)
/V¢ds / dx+/—d+/—dz—/ , (A1.52)

where d¢ is a total differentiation. Hence, the curvilinear integral of F from point P
of position rp to point Q of position rq along C leads to

Fig. A1.8 Curvilinear integral of vector F on curve C

Fig. A1.9 Two integral Q(TQ)
paths connecting points P

and Q

C,

P(ry)
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rQ

rqQ
/v¢ .ds = /d¢> = ¢(rq) — ¢ (rp). (A1.53)

re

Thus, we find that the inverse operation of the gradient is the curvilinear integral.
It is obvious that the curvilinear integral of a gradient is determined only by the
starting point P and terminating point Q and is independent of the integral path. If
there are two integral paths C; and C, that connect P and Q, as shown in Fig. A1.9,
the following relation holds:

/V¢-ds=/V¢-ds=—/V¢~ds, (A1.54)
C

Ci c,

where C,’ is the integral path from Q to P along the opposite direction on path C,.
Hence, the circular integral on closed line C composed of C; and C;’ is

7§V¢ ds =0, (A1.55)
C

This holds for an arbitrary closed line C.

A1.13 Surface Integral of a Vector

We denote the normal component of vector F (x, y, z) on a curved surface, S, by F(x,
¥, 2) and the elementary surface vector on S by dS (see Fig. A1.10). In this case, the
following integral is called a surface integral:

/F-dS = /FndS. (A1.56)
S S

When F is the velocity of a fluid and S is a cross section, the surface integral given by
Eq. (A1.56) is the amount of fluid that flows through the cross section in unit time.

Al.14 Gauss’s Theorem

We suppose a small parallelepiped in the region x to x + Ax, y to y + Ay, and z
to z + Az of volume AV = AxAyAz and integrate vector A on the surface of this
region:
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Fig. A1.10 Vector F on
curved surface S and its
normal component Fy

/A -ds, (A1.57)

AS

where dS is directed outward from this region. This integral is divided into six surface
integrals. First, we treat integrals on two surfaces parallel to the y-z plane at x and
x 4+ Ax (see Fig. Al.11). On the surface at x, dS = —i,dS, and the integral on this
surface is

Ay Az
- Ax(x’ Y, Z)dS = _Ax X,y + 77 z+ 7 AyAZ, (AISS)

where we have used the mean value of A, on this surface. On the surface at x + Ax,
dS =i,dS, and the integral on this surface is

Ay Az
Ay(x 4+ Ax,y,2)dS ~ A x+ Ax,y + B Z+ 5 AyAz. (A1.59)

We expand this as

Fig. A1.11 Small -
parallelepiped with sides
parallel to x-, y-, and z-axes

ds Yy

ds T+ Az
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A A A A 0A,
Ax(x+Ax,y+—y,z+—Z) zAx<x,y+ —y,z+—z>+ Ax. (A1.60)

2 2 2 2 0x

Then, the sum of both surface integrals yields

Ay Az Ay Az
Ax x+AX,)’+7,Z+7 _Ax xay+7vz+7 AyAZ

9A 9A
SAXAyAz = —ZAV. (Al1.61)
dax 0x

We similarly obtain the contributions from the sets of two surfaces parallel to the z-x
and x-y planes as

0A, 0A,
—AV, AV. (A1.62)
ay 0z

Thus, we have

0A, 0A, 0A;

A-dS = + —+ AV =V -AAV = | V-AdV, (Al.63)
ox ay 9z

AS AV

where AV is the region surrounded by AS.

Here, we divide region V surrounded by closed surface S into a set of small regions
{AV;} and denote the surface of the i-th region AV; as AS;. The surface integral of
AonSis

/A-dS:Z/A-ds, (A1.64)

since the surface integrals on a common surface between two adjacent regions cancel
each other because dS has an opposite direction in each integral (see Fig. A1.12).
On the other hand, using Eq. (A1.63), this is equal to

Fig. A1.12 Two adjacent
regions with common
surface
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Z/V~AdV:/V-AdV. (A1.65)

N %

Thus, we have

/A -dS = /V -AdV. (A1.66)
S v

This is called Gauss’s theorem.
In the limit AV — 0in Eq. (A1.63), the right side leads to AV'V - A. Hence, we
obtain the relationship

1
Iim — [ A-dS=V_.A. (A1.67)
AV—>0 AV

AS

This gives the definition of divergence.

Al.15 Stokes’ Theorem

We consider a small rectangle in the region y to y + Ay and z to z + Az on the y-z
plane. We integrate vector A along this small rectangle. The integral path is directed
counterclockwise, as shown in Fig. A1.13, so that a screw points in the direction of
the x-axis when we rotate a screwdriver along the direction of the integral. On the
path from P to Q, ds = —i,dy, and the contribution from this region to the integral is
Ay(x,y + (1/2) Ay, 7) Ay using the mean value. On the path from R to S, ds = —i,dy,
and the contribution from this region is —A, (x, y + (1/2) Ay, z + Az) Ay. Their sum

1S
Ay Ay
— |4, x,y+7,z+Az —A, x,y+7,z Ay

0A, 0A,
~ ———AyAz = ———=AS, (A1.68)
0z 0z
where AS = AyAz is the area of the small rectangle.
On the path from Q to R, ds = i,dz with a contribution of
A, (x,y+ Ay,z+ (1/2)Az)Az, and on the path from S to P, ds = i,dz with a
contribution of —A,(x, y, z + (1/2) Az) Az. Their sum is

Az Az 0A,
A, x,y+Ay,z+7 — A, Y Az:EAS. (A1.69)

Thus, the curvilinear integral on AC is
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Fig. A1.13 Small rectangle ZA
with sides parallel to y- and
z-axes
R A S— < R
\ A
Zf=====--7 s '
P: AC :Q
1 '
1 !
1 '
1 !
1 1
S : ; .
z y y+Ay Y

dA,  9A,

fA s = (S5 = 22 JAS = (V x A),AS = f(v x A),dSy.  (A1.70)
y Z

AC AS

We consider a curvilinear integral of A on an arbitrary closed line C. The surface
surrounded by C is divided into a set of infinitesimal rectangular regions normal
to each of the x-, y-, and z-axes (see Fig. A1.14). We can show that the curvilinear
integral on C is equal to the sum of the curvilinear integrals of all rectangular regions.
That is,

?gA.ds=Zy§A-ds. (A1.71)
C NG

This is because every curvilinear integral on the common side of two adjacent regions
cancels out. Using Eq. (A1.70), the right side of Eq. (A1.71) leads to

Z/(VXA)-dS=/(VxA).ds, (A1.72)

LOAS; S

where AS; is the surface surrounded by AC;, and S is the curved surface surrounded
by C. Thus, we have

?§A.ds=/(vXA)-ds. (A1.73)
S

C

This is called Stokes’ theorem.
In the limit AS — 0 in Eq. (A1.70), its right side leads to (V x A),AS. Hence,
if the unit vector normal to the small surface is n, we have
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Fig. A1.14 Closed line C
and small rectangular
segments {AC;}

1
lim —fA-ds:(V X A) - n. (A1.74)
AS—0 AS

AC

This gives the definition of curl.

Al.16 Green’s Theorem

Substituting A = Vi into Eq. (A1.40) leads to

V- (@VY) = VY + (Vo) - (V). (AL75)

Integrating this over region V and transforming the left side into a surface integral
using Gauss’s theorem, we have

/¢w .dS = /¢v21/fdv+/(v¢) S(Vy)dV. (A1.76)
S v \'%

Then, the subtraction between this and the quantity in which ¢ and y are exchanged
yields

f(ww —YVe)-dS = f(¢v2w —YV3¢)dV. (A1.77)
S

A%

Equations (A1.76) and (A1.77) are called Green’s theorem.
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Al.17 Cylindrical Coordinates

In Sect. A1.4, we used Cartesian coordinates. However, it is convenient to use cylin-
drical coordinates when we calculate electromagnetic properties for long cylindrical
objects. When we use cylindrical coordinates, we first define the central axis (the
z-axis). Then, we express the target position with the distance from this axis (R), the
azimuthal angle (¢) on the plane normal to the z-axis, and the position on this axis
(2): (R, ¢, 7). When we use the common z-axis with Cartesian coordinates, as shown
in Fig. A1.15, the relationships between the two sets of coordinates are

1y

R=(2+y)" g=wan'i z=z (ALT8)

If we use ig, iy, and i; to denote the unit vectors along the radial, azimuthal, and
z-axial directions, respectively, these are perpendicular to each other and follow the
right-hand rule in the order iz — i, — i; — ig.

The gradient, divergence, and curl in cylindrical coordinates are

Lof 1 9f L of
V=gl 4. Y ;9 ALT9
[ =trop Tlog a(erlzaZ ( )

1 9J(RA 1 0A JdA
.(R)+.g0+z

V.A=-— e’ 3 (A1.80)
R R R 9¢ ' a2

1 04, 9A dAr  0A. 1[a(RA,) 94
VXAziR< —Z——“’)+i(,,<—R ”)—l—iz—[( ‘”)——R}.

R d¢ oz 3z OR R

JoR ap
(A1.81)

The second differentiation of a scalar function is given by

Fig. A1.15 Cylindrical Z
coordinates
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1 9 [ of 1 3%f 0
Vi =_—_.—_(RL . L 4L
y R BR( 8R) + R? 93¢ 072
f 1 of 1 *f ¥

=— 4+ - 4. = 4+ Al1.82

OR>? R OR + R 992 + 972 ( )

Al.18 Spherical Coordinates

It is convenient to use spherical coordinates when we calculate electromagnetic
properties for spherical objects. When we use spherical coordinates, we first define
the center with an axis that determines the two poles. Then, we express the target
position with the distance from the center (r), the zenithal angle () measured from
the north pole, and the azimuthal angle (¢) on the plane normal to the axis: (7, 6, ).
‘When we use the common center and z-axis with Cartesian coordinates, as shown in
Fig. A1.16, the relationships between the two sets of coordinates are

2 4 2\1/2
2 X<+
r=W+y +22)" o =tan_l(7y), p=tan"'2.  (A183)
Z X
If we use i,, ig, and i, to denote the unit vectors along the radial, zenithal, and
azimuthal directions, respectively, these are perpendicular to each other and follow
the right-hand rule in the order i, — iy — i, — i,.
The gradient, divergence, and curl in spherical coordinates are

Lof .1 of 1 of
vi—i & Lo a9 A1.84
f = T 2 Y g 9 (A1.84)

Fig. A1.16 Spherical
coordinates

[}
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VA= 8(2A)+ O (sinoAg) + — . 2 (A1.85)
A= — - — r — - —(SIn — - —, .
2y rsinf 96 77 rsing R17
3 dA IT'1 084, @
VXA =i,——| —(sinfdA,) — — | +ig—| — - — — —(rA,)
rsinf | 060 A rsind de¢ ar
g 2 ragy - 2 (A1.86)
ly—| —(rAg) — . .
rlar T a0
The second differentiation of a scalar function is given by
1 3/ ,0f 1 d (. of 1 3%f
Vi = — . (2L N 0L - . L
=5 8r<r 3r> t o sing 30 (Sm ae) T s 392
?f 2 9 1 92 6 9 1 9>
_or 2o 1 9 cosd of I (aLsT)

T2 r or /2 002 Psind 00 r2sin?0 ¢

A2 Proofs

A2.1 Proof of Eq. (1.37)

For the electric potential given by Eq. (1.27), we have

A = ! A ! \dv’
o) = 4 ey /( |r—r’|>p(r) '
v

Here, we put R = r — ¥’ with R = |R| and define Ay as the Laplacian with respect
to R. Then, applying the formula might suggest

1 1 1 9 /,0 1
A =Ap—=— —(R— . =) =0
Ir—r| R R 3R\" 9R R

However, the above is not valid in the vicinity of R =0 (r = r/), since this position
is a singular point at which the function 1/ ‘r — r’| diverges. Hence, the integral has
a finite contribution in the vicinity of this singular point. We denote the surface and
volume of a small region around the singular point as AS and AV, respectively.
Rewriting A¢ with the definition of divergence, Eq. (A1.67), we have

Apr) = ——v. (v—1 @AV = 1im PO (g1

r) = . r = lim .

4mey lr —r| P AV—0 4T €g lr —r|
AS
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Here, we assume a spherical surface of radius a with the center at # for small AS;
then,

1 r—r 47 a2
/v ds=— | T2 as= - — _4n
|r—7| |r — 7| a

AS AS

Thus, we obtain Eq. (1.37)

AB(r) = —%).

We find that the Laplacian of 1/ |r - r’| can be expressed in terms of the three-
dimensional delta function as

b —478(r —r').

=l

A2.2 Proof of Eq. (6.21)

Since the divergence is a differentiation with respect to r for the magnetic flux density
in Eq. (6.7), we have

vBm="[v. [M}W

4 r—r)?
v

Using Eq. (A1.41) with

"y r—r
A—>l(r), B — —,
r—7r|

the integrand in the above equation leads to

where we have used V x i(r) = 0. If we use

r—r 1

—_
|

r—r r —7|
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and Eq. (A1.45), we obtain Eq. (6.21)

VxB=0.

A2.3 Proof of Eq. (6.27)

The curl of Eq. (6.7) is

V x B(r) = ﬂ/V X [M}dw.
v

4 Ir—r

Substituting

"y r—r 1
A—>t(r), B—>73=— _
r—r] r=r]

into Eq. (A1.43) yields

V x [M} = —i(r)V - (v

|r—r/|3

1
=T’

> +[i(r) - v]v

Ir—r']

Here, we denote the differential operator with respect to ¥’ by V'. Then,

1 1

4

r—r| r—r|

That is, V is equivalent to — V’. Using this relationship in part of the above equation,
we have

V x [M] = —i(r)V"? L _ [i(r') - v’]v%

lr—7| r—r| r—r|

Here, we use the relationship shown in Sect. A2.1:

-v7? E _1 T = 4718(r’ — r).

Then, the integral of the first term on the right side leads to
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.( ) ”2 1 4 .
— | i(F)V?——dV’ = 47i(r).
=7
A%

Changing the order of differentials in the second term, we have

1
Ir—r|

1

1
=-Vl|i(r) -V =-V\|i(¥) -V .
i) V)2 =9 (i) v )
The scalar function operated on by V is written as

L _g. ) _ V).

r—r| r—r| r—r

—[i(r) - V']V

i(r)-v'

The condition of a steady current gives V' - i (r’) = 0. Hence, the integral of the
second term becomes

—v/v/. i) dV/=—V/ i) ag
r—r =
\% S

If we suppose an infinitely large sphere for S, i decreases to zero on S. Thus, the
relationship V x B = uoi, Eq. (6.27), is valid.
A2.4 Proof of Eq. (6.33)

The curl of Eq. (6.33) is

i(r’) av’.

Ir—r|

VXA(r)zf—Ofvx
T
v

Noting that the curl is a derivative with respect to r, Eq. (A1.42) leads to

.0y /
i(r) Uiy T

=—i(r)x V

V x

Ir—r'|

Thus, the above equation is written as

Since this agrees with the right side of Eq. (6.7), Eq. (6.33) is valid.
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A2.5 Proof of Eq. (6.46)

For Eq. (6.46) to hold, only the following equation has to be satisfied:

mXxr m-r
vx (= =—V( - )

Here, we put

Then, from Eq. (A1.43), we have
Vxmxa)=(@-Vim— m-V)a+m(V -a)—a(V -m).

The first and fourth differentiation terms of the constant vector m are zero.
Substituting a = (l/rz)i, leads to

V.a I o /,1 0
Aa=— - —\|rr—\| =
2 or r2

Thus, only the second term remains. On the other hand, Eq. (A1.39) gives
Vim-a)=m-V)a+ (@ -Vim+mx (V xa)+ax(Vxm).

The second and fourth differentiation terms of the constant vector m are zero. We
can easily show that V x @ = 0 in the third term from Eq. (A1.45). Thus, only the
first term remains. As a result, the target equation is valid, and we prove Eq. (6.46).

A2.6 Proof of Eq. (9.5)

Using the relationship,

r—r 1 , 1

= -V =V R
r—r |r— 7| r—r|

on the right side of Eq. (9.4), this equation is written as

Mo ’ ’ 1 ’

A =— M \% dv’.
® 471] (r)x lr—r|

v
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If we put ¢ = 1/|r — /| in Eq. (A1.42), this leads to
MxV'¢=¢(V xM)—V x @M).

Thus, Eq. (9.4) becomes

7 J J
A(r) = E/L M) gyt [ ME)
|r—r’| 4 |r—r’|
%

Equation (A1.41) becomes
V-(axb)=b-(Vxa)—a-(Vxb)y=>b-(V xa)

for a constant vector b. The volume integral on the left side leads to fv V-(a x b)dv =
fs (a x b) - ndS, where n is the unit vector normal to the surface denoted by S.
Since vector b is constant, the above surface integral reduces to fs b-(nxa)dsS =
b- fs n x adS. On the other hand, the volume integral on the right side leads to
fyb-(Vxa)dV =b- [,V xadV. Since b is an arbitrary vector, we obtain the

general relationship
/andV:/nxadS.

v N

Using this relationship, the second integral of the vector potential leads to

M J/
—&/n' X (r) ds’.
4 lr —r'|

S

If we assume an infinitely large sphere for S (|r’| =r — oo), |M| and |r - r’|71
are of the orders of 1/7/? and 1/r/, and the surface integral is of the order of 7' in
magnitude. As a result, this surface integral is of the order of 1/r, and we can neglect
it. Thus, the vector potential is

V' x M(r
Alr) = @/7()(1‘/’,
4 r —7|
\%

and we derive Eq. (9.5).
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A2.7 Symmetry of Maxwell’s Equations in the Case of No
Electric Charge and Current

When there is no electric charge and current as in the case of electromagnetic wave,
Eq. (11.8) is given by

OE
VxB=pe . (A2.1)

If we put B = (ue)'/?B’ and t = (ue)'/?t’, Eq. (A2.1) is written as

, OE
VxB =—, (A2.2)
ar
and Eq. (11.7) is written as
0B’
VXE=——. (A23)
at’
Equations (11.9) and (11.10) simply reduce to
V-E=0 (A2.4)
and
V-B =0. (A2.5)

Thus, the symmetry of Maxwell’s equations becomes clear between Eqs. (A2.2) and
(A2.3) and between Egs. (A2.4) and (A2.5) by such a normalization.

In mechanics, Hamilton’s equations that describes the motion of mass show the
clear symmetry:

dqg OH
a  ap’
op  IH
ot dq’

where H is the Hamilton function, and ¢ and p are coordinate and momentum of a
mass, respectively.

When there are electric charges and currents, the corresponding equations change.
In the case of electric charges, the quantity influenced by electric charges is E or
D. In this case, electric charge is a scalar, and hence, it is given by a divergence of
these quantities. Thus, Eq. (11.9) is modified. In the case of currents, the quantity
influenced by currents is B or H. In this case, current is a vector, and hence, it is
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given by a curl of these quantities. Thus, Eq. (11.8) is modified. In such a way the
symmetry of Maxwell’s equations is broken.

A3 Superconductivity

A3.1 Phenomenological Electromagnetism

Here, we introduce the phenomenological London theory that describes the elec-
tromagnetic phenomenon associated with the Meissner-Ochsenfeld effect in super-
conductors. We denote the mass, electric charge, and velocity of a superconducting
electron by m*, — e*, and v, respectively. The theory assumes the equation of motion
of the superconducting electron:

L dvs

*
— = _¢'E.
mdt e

The right side is the Coulomb force. The viscous force in Eq. (5.21) does not act on
superconducting electrons. The above equation requires a superconducting current
to flow without decaying in a steady state where there is no electric field. It is known
that the superconducting electron is a pair of two electrons, thus e* = 2e. If we denote
the density of superconducting electrons by ng, from Eq. (5.24), the superconducting
current density is

i = —e*ng,.

Eliminating v, using this equation yields

m*  di

E = - — A3.1
nee*? dt ( )

Taking a curl of this equation and using Eqs. (10.39) and (6.27) for V x E and i, we
have

0 m*
—(B+ ——VxVxB)|=0.
ot Honge*2

Hence, we find that the quantity in the parentheses is a constant value. When it is
zero, the Meissner-Ochsenfeld effect can be explained. Namely, it leads to

B+ 2>V xVxB=0, (A3.2)

where
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m* 12
A=
Honge*?

is a quantity with the dimension of length called the penetration depth of the
magnetic field. Equations (A3.1) and (A3.2) are called the London equations. Since
V - B =0, using Eq. (A1.46) reduces Eq. (A3.2) to

1
V’B — FB =0. (A3.3)

Here, we show that Eq. (A3.3) describes the Meissner-Ochsenfeld effect. Suppose
a semi-infinite superconductor that occupies the region x > 0 with the surface at x
= (0. We apply an external magnetic field of magnetic flux density By parallel to the
z-axis. In this case, it is reasonable to assume that the internal magnetic flux density
has only the z-component and is uniform in the y-z plane. Thus, Eq. (A3.3) reduces
to
&’B 1

From the boundary conditions that B(0) = By and B should be finite at infinity (x —
00), we have

B(x) = Boexp(—;).

T

Fig. A3.1 Distribution of magnetic flux density in the vicinity of the superconductor surface
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This shows that the magnetic flux penetrates from the surface to a depth of about
A (see Fig. A3.1). For this reason, 4 is called the penetration depth. Usually A takes
on a value of the order of tens of nm and can be neglected in comparison with the
specimen size, and hence, the Meissner-Ochsenfeld effect can be explained. From
Eq. (6.27), a current of density

0 = 2 exp(~)
= ——exp|l——
i(x oh p .

flows along the y-axis. That is, the diamagnetism in the superconductor is caused by
the current flowing on the surface, and this current is called the Meissner current.
If we regard this as a real surface current, the current that flows within a unit width
along the z-axis is given by

o0

B
T :/i(x)dx: —0,
0 H“o

which satisfies Eq. (7.8).

As was just stated, the London equation is assumed to explain the Meissner-
Ochsenfeld effect. It is easy to show that Eqs. (A3.1) and (A3.2) are derived from
the following equation:

2

. nse*
1= —

—A. (A3.4)
m

Namely, we obtain Eq. (A3.1) by differentiating this equation with respect to time
using the fact that there is no electrostatic field (—V¢ = 0) in the superconductor.
The curl of Eq. (A3.4) directly derives Eq. (A3.2). Equation (A3.4) is derived from
the rigorous Ginzburg-Landau theory, and hence, we are justified in assuming the
London equations.

We can also derive the London equation, (A3.3), by minimizing a suitable energy.
This is given by

1, A2 5
— B2+ 2 (VxB)>. (A3.5)
2uo 20

The first term is the magnetic energy, and the second term is the kinetic energy of
superconducting electrons.
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A3.2 Mixed State

There are two kinds of superconductors, i.e., type 1 and type 2 superconductors.
When there is no geometrical effect as in the case of a long slab superconductor
in a parallel magnetic flux density, the magnetizations of these superconductors are
like those shown in Fig. A3.2a, b. Most superconducting elements are classified into
type 1 in (a). In this case, when the external magnetic flux density By is small, the
superconductor is in the Meissner state, a perfect diamagnetic state. When By exceeds
the critical value B., the superconductivity disappears with a jump in magnetization
to zero, and the superconductor enters in the normal state with an electric resistivity.
We call B, the critical magnetic flux density, or B./uo = H. is called the critical
magnetic field.

Alloy or compound superconductors, including practical superconductors, are
classified into type 2 shown in Fig. A3.2b. When By is below B, |, the superconductor
is in the Meissner state, but when B, exceeds B, the superconductor enters an
imperfectly diamagnetic state called the mixed state with a penetration of magnetic
flux. When B, exceeds B.,, the superconductor enters the normal state with zero
magnetization. The quantities B.; and B., are called the lower and upper critical
magnetic flux density.

In the mixed state, the magnetic flux is quantized as shown in Fig. A3.3, and each
has a magnetic quantum of

hp 15
$o = 5, = 2:0678 x 10" W, (A3.6)

where hp is Planck’s constant and ¢y is called flux quantum. The central part of each
quantized magnetic flux is in the normal state, and the magnetic flux is concentrated
in the region about A from the center. Hence, the circular current flows stably around
the center, and the quantized magnetic flux is also called a vortex.

-M -M

B«z BU

(a) (b)

Fig. A3.2 Magnetization of a type 1 and b type 2 superconductors
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Fig. A3.3 Micrograph of
quantized magnetic fluxes in
superconducting Pb-T1
(courtesy of Dr. B. Obst at
the Research Center in
Karlsruhe). Black dots are
ferromagnetic particles
attached to the central part of
each quantized magnetic flux
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Fig. A3.4 Magnetic flux
distribution in type 2
superconductor in the mixed
state
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The structure of each quantized magnetic flux is much smaller than the size of a
superconductor specimen, and the internal magnetic flux density can be regarded as
uniform, as schematically shown in Fig. A3.4. If this magnetic flux density is B, the
magnetization of the superconductor is given by Eq. (7.38).

A3.3 Quantization of Magnetic Flux

Suppose that a magnetic flux penetrates a hollow superconducting cylinder, as treated
in Example 7.4. The superconducting property can be well explained by the Ginzburg-
Landau theory, in which the number density of superconducting electrons is assumed
to be given by | W |?, where W is an order parameter. The order parameter has a property
similar to a wave function ¥ of electrons in quantum mechanics. The superconducting
current density can be described by the Ginzburg-Landau equation:

h 42
i= -2 upPve — X wpa, (A3.7)
Tm* m*
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where —2e¢ and m™* are the electric charge and effective mass of the supercon-
ducting electron, respectively, and ¢ is the phase of the order parameter. In quantum
mechanics, | |* represents the existing probability of electrons and there is an equa-
tion that describes the flow of probability. If we multiply the flow of probability by the
electron charge, we get an expected value of the current density. The corresponding
quantity in the superconductor is the superconducting current density given by Eq.
(A3.7). This clearly shows that the superconductivity is a macroscopic quantization
phenomenon. In addition, if we assume that the phase of the order parameter is a
constant, the first term of Eq. (A3.7) is zero and this equation is reduced to the London
Eq. (A3.4) with replacement of 2¢ and |W|? by e* and n,, respectively.

If closed loop C is assumed to be sufficiently far from the inner surface of the
superconductor, as shown in Fig. A3.5, the magnetic flux density and current density
are zero on it. The superconducting state is kept and |W|? is not zero. Thus, we have

A=——Vop. (A3.8)

The magnetic flux in the area S surrounded by C is then given by

h
<1>=y§3.d5=7§A.ds=——" Ve - ds. (A3.9)
S C 47'[6 C

In a usual simply connected case, a circular integral of a gradient of any scalar
function is automatically zero, but this is not the case here. Since a different region
is included inside the closed loop, Stokes’ theorem does not hold. The phase ¢ of the
order parameter is a multi-valued function of the azimuthal angle ¢, and Eq. (A3.9)
leads to

Fig. A3.5 Superconducting
hollow cylinder and closed
loop C C
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where A¢ is the increment of ¢ after one circulation on C. From the mathematical
requirement that W must be a single-value function, A¢ must be of the form —2nr.
Thus, we have |®| = n¢y, where ¢ is the flux quantum given by Eq. (3.6). So,
Eq. (3.8) reduces to

A=y, (A3.10)
21

In Example 7.4, the magnetic flux n¢ corresponds to wa* B, and the vector potential
is expressed as

2B
A:V(“Zw). (A3.11)

Thus, these are essentially the same results under the condition in which the
superconductor is not simply connected.

A3.4 Motion of Quantized Magnetic Flux

In operating conditions of superconducting equipment, the superconductors are
generally in the mixed state with penetration of quantized magnetic fluxes. Thus,
the Lorentz force

F =ixB

is exerted on quantized magnetic fluxes in a unit volume under the transport current.
In this case, the current is not localized only near the surface but flows uniformly
inside the superconductor. When quantized magnetic fluxes are driven to move with
velocity V by the Lorentz force, the electric field given by Eq. (10.21) is induced:

E=BxV. (A3.12)

This is Josephson’s relation. Since the condition is steady without a change in the
magnetic flux density with time, this induced electric field satisfies Eq. (1.28).

The relationship between the current density and electric field in the supercon-
ductor in the mixed state is similar to Ohm’s law for a usual metal, as shown by
the solid line in Fig. A3.6. That is, when the current density increases, the Lorentz
force increases, and the velocity of quantized magnetic flux increases, resulting in an
increase in the electric field. In such a resistive state, heat is generated because of the
energy dissipation. This occurs because the central part of each quantized magnetic
flux is in the normal state. The induced electric field drives normal electrons, resulting
in energy dissipation similar to that in a normal metal. Thus, when the magnetic flux
density increases, the number density of quantized magnetic flux also increases, and
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Fig. A3.6 Relationship E
between current density and

induced electric field in

superconductor. The .
solid and dashed lines show s
the characteristics for the P
superconductor without and i
with pinning centers o

the electric resistance increases. When the magnetic flux density reaches B,,, all
the area in the superconductor reaches the normal state, and the electric resistance
reaches the normal value.

To transport a current without appearance of electric resistance, the motion of
quantized magnetic fluxes needs to stop (V = 0) even under the Lorentz force. This
action is called flux pinning, and defects such as normal precipitates or grain bound-
aries are known to act effectively. These defects are called pinning centers. Practical
superconductors contain such pinning centers dispersed with a high concentration.
The condition of the force equilibrium on quantized magnetic fluxes is given by

ixB+F,=0, (A3.13)

where F, is the pinning force density. The corresponding relationship between the
current density and electric field under the influence of flux pinning is shown by the
dashed line in Fig. A3.6. The current density i, at which the electric field starts to
appear is called the critical current density. In this condition, Eq. (A3.13) gives

F
o= -2 (A3.14)
B

To transport a current of high density without appearance of electric resistance, the
strength of the pinning force needs to be enhanced.

A3.5 Electromagnetism and Superconductivity

Here, we carefully look at the fundamental factors that construct electromagnetism.
The independent principles are as follows:

(a) The Coulomb force (with Coulomb’s law),
(b) The Lorentz force (with the Biot-Savart law),
(c) The law of electromagnetic induction,
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(d) The displacement current.

(a) gives Eq. (11.9), (b) gives Eq. (11.10) and a part of Eq. (11.8), (c) gives
Eq. (11.7), and (d) gives a part of Eq. (11.8). Thus, the above four principles are
arranged into Maxwell’s equations. From the comprehensive Maxwell theory based
on these equations, the Coulomb force and Lorentz force are derived in terms of
the Maxwell stress tensor. In fact, the Lorentz force is derived from a theoretical
investigation of the energy in Exercise 11.11.

However, it should be noted that these principles are not enough to describe
electromagnetic phenomena completely. That is, we need empirical Ohm’s law
for a system in which current flows. This law is not derived theoretically. Hence,
electromagnetic theory is not complete in this sense.

Here, we discuss electromagnetic phenomena in superconductors. These
phenomena are independent of Ohm’s law, and the mechanism that determines the
current is obtained by minimizing the free energy. Hence, we can say that electro-
magnetic theory is complete for superconductors, including the case where current
flows. In addition, if we include the cases of pressurization or films, more than half
of the elements become superconducting at low temperatures, and most metallic
compounds and some organic compounds are superconductors. That is, supercon-
ductors are fairly common substances. This textbook shows that the superconductor
has its own place in the E-B analogy. In principle, it was even possible to predict the
existence of superconductors in the nineteenth century.

Second, we discuss electromagnetic phenomena in a superconductor with pinning
centers in the mixed state. In many cases, we can neglect the kinetic energy in Eq.
(A3.5), and the suitable energy density to be minimized is

1
— B>+ U, (A3.15)
210

where U, is the pinning energy. Minimizing this energy with respect to the displace-
ment of quantized magnetic fluxes leads to Eq. (A3.13) for an isolated superconductor
[1]. That is, the variation in the magnetic energy due to the deformation of magnetic
structure brings about the Lorentz force, and the variation in the pinning energy
gives the pinning force density. We can extend this relationship to a non-isolated
case and then to a general irreversible case. Thus, we obtain the force balance equa-
tion that describes practical electromagnetic phenomena in superconductors. The
Lorentz force given by the first term in Eq. (A3.13) is transformed to

1 1
ixB= —[(B-V)B— —VBz}. (A3.16)
Ho 2

Each term on the right side is expressed as an elastic restoring force against the
distortion of quantized magnetic fluxes. The first term gives the line tension for the
bent magnetic fluxes in Fig. A3.7a, and the second term gives the magnetic pressure
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@

Fig. A3.7 Distortion of quantized magnetic flux lines: a bending of magnetic flux lines and
b gradient of magnetic flux density. The Lorentz forces shown by the arrows to reduce the distortion
are the line tension and magnetic pressure, respectively

to make the magnetic flux density uniform in Fig. A3.7b. The Lorentz force derived
in Exercise 11.11 is the magnetic pressure.

It is known that various peculiar electromagnetic phenomena called longitudinal
magnetic field effects are observed when we apply a current to a long supercon-
ducting wire or slab in a parallel magnetic field [2]. In this condition, the current
and magnetic flux density are parallel to each other, and the Lorentz force on the
quantized magnetic flux is zero (i x B = 0). This state is called the force-free state.
However, the magnetic structure contains a twisted distortion produced by the current,
as shown in Fig. A3.8. We can expect that some restoring torque works to reduce the
distortion, as shown by the arrows in the figure. In fact, we can derive the force-free
torque using a similar method in Exercise 11.11 [3]. The outstanding features of the
longitudinal magnetic field effects are:

(1) Enhancement of the critical current density,
(2) Deviation of the induced electric field from the prediction of Eq. (10.21),
showing an electric field almost parallel to B, which is expressed as

E=BxV-V¢, (A3.17)

(3) Appearance of a helical structure of the electric field with an area of negative
electric field.

The electric power in this geometry is:
P=E-J=—(V¢)-J. (A3.18)

because J x B = 0. Thus, the important electric field component is included in
~(v4).

We can explain that the rotational motion of quantized magnetic flux driven by the
restoring torque causes the peculiar electromagnetic phenomena of the longitudinal
magnetic field effects [3].

Such a torque in a static condition is not known in electromagnetism. We can
easily show that V x J # 0 when a current flows, as in Fig. A3.8. Hence, this
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Fig. A3.8 Distortion of
magnetic flux lines in the
force-free state. Current
flows parallel to the magnetic
flux lines. Restoring torque is
predicted to work on the flux
lines as shown by the arrows

situation cannot be realized in normal conductors (see Sect. 7.4). To say this in more
detail, the helicity given by J - B or A - B is not zero in this condition.

The superconducting power transmission line treated in Example 11.5 shows
a unique deviation of the vector potential from Eq. (6.33) and the correct vector
potential is given in the form:

A=A+ V. (A3.19)

The important component is also contained in the second term in this case. Such a
peculiarity also occurs in the magnetic energy, which is given by Eq. (11.45) but not
by Eq. (8.37). The main points of these two phenomena are compared in Table A3.1.
It is quite interesting that such a peculiarity can occur even in a simple case in which
superconductors are concerned.

Table A3.1 Comparison of characteristic points between the superconducting transmission line
and the longitudinal magnetic field effect

Superconducting transmission line | Longitudinal magnetic field

effect
Condition Two current-carrying Single current-carrying
superconductors superconductor in a parallel
magnetic field
Area Vacuum space between the two Inside the superconductor in the
superconductors mixed state
Induced electric field E=BxV E=BxV-V¢
Normal to B Almost parallel to B
Vector potential A= %dv’ + Va A=1 %dv’
Ali A|BJi

Magnetic energy ﬁ fs (A xB)-dS % fVA -idV
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In this textbook, we showed that a superconductor can be considered a general
material in electromagnetism. Here, we showed that a superconductor is a more
purely physical material described by a complete theory. We can even expect that
superconductors will open the door to electromagnetic phenomena that people have
never yet experienced.



Answers to Exercises

Chapter 1

1.1. We presume the electric charge in a small region between x and x + dx from
point A, dQ = (Q/L)dx, to be a point charge. Then, the Coulomb force on
point charge g by this charge is dFF = gQdx/ [47‘[60L(L +d— x)2], and all
the forces from each position point in the same direction. Thus, the total force
is

L
Fo / qQdx _ q9
dregl(L+d —x)>  4mepd(L+d)’

1.2. The electric field strength due to the electric charge Ady in the region y to
y + dy from the lower edge of the bar is dE = Ady/[4n60 (y2 + bz)]. We
define angle # as shown in Fig. B1.1. The x- and y-components of the electric
field are dEcosf and —dEsind, respectively, and here we put y = btanf with
6, = tan"!(a/b). Thus, we obtain

0,
A

fcos@d@ = 4 75

" d7egh ) 4 egb(a® + b?)

P b
E =- sinfdo = — -
’ 4megh 4mepb (a® + bz)l/
0

1.3. The distance from one side to point P is r = [(a?/4) + 22]1/2, and the
electric field strength due to the electric charge on one side is E' =

ra/ { dreor|(a/4) + rz]l/ 2}. From symmetry, only the vertical component
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Fig. B1.1 Definition of
angle 6

Fig. B1.2 Electric field
produced by electric charge
on one side

of the electric field remains (see Fig. B1.2), and we obtain the electric field
by summing the contributions from the four sides as

raz

E = 4E'sing =
meo[(a2/4) + 22][(a?/2) + 22]

2"

1.4. We define the coordinates as shown in Fig. B1.3. Although we cannot
directly apply Gauss’s law, it can be used to estimate the electric field
produced by the line charge of density odx in a thin region between x and
x + dx. The electric field strength at point A due to this line charge is
dE,, = odx/ [27[60 (x* + bz)l/ 2]. From symmetry, only the z-component,
dEs = dE) cosf, remains. Integration yields the electric field at A:

a Oq

o cosf dx o o0,
EA:/ 1/22 /de: ,

2ey (x2 + b2) 27‘[6()_(9 €Y

—a

where we have transformed as x = btané with 6, = tan~!(a/b).
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Fig. B1.3 Electric field
produced by line charge in a
part of slab

L.5.

1.6.

Ip—
-t—a—)-l-t—l'l—"

The electric field at point B produced by the line charge in a thin region
between x and x + dx has a strength of dEg = odx/[2m€p(d — x)] and is
directed along the x-axis. Thus, a simple summation yields

a

o dx o d+a
Eg = = log .
2neg )] d—x 2mey Td—a

—a

Although we cannot directly obtain the electric field using Gauss’s law, we
can solve this problem using a superposition of two solvable cases. The given
condition can be realized by superposing the situation where the electric
charge is uniformly distributed with density p in the whole region of the
sphere as shown in Fig. B1.4a, and that where the electric charge is uniformly
distributed with density —p in the vacant region as shown in Fig. B1.4b. We can
calculate the electric field in each case using Gauss’s law. First we determine
the electric field at the center A of the vacancy. In (a), the total electric charge
is Q' = (4m/3)d>p, and the electric field is E; = Q'/(4wepd)? = pd /(3e€p).
We similarly determine the electric field in (b) to be E;, = pr/(3¢p) — 0 in
the limit » — 0. Thus, we have

pd
Er=E +E=—.
360

Second, we determine the electric field at point B. The contributions from (a)
and (b) are E3 = pa’/(3eor?) and E4 = —pb? /[3€o(r — d)*], respectively.
Thus, we have

Eg = Es+E; = 2 il ¥
B = Ej3 1= 30| 2 |

From Eq. (1.25), we obtain the electric potential due to the electric charge
Ady in a small region between y and y + dy from origin O as d¢ =
Ardy/[4me(y* + b?)'/?]. Integrating this with respect to y from —a to a yields
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(a)

(b)

Fig. B1.4 Superposition of a uniformly distributed electric charge with density p over the whole
sphere and b uniformly distributed electric charge with density —p in the vacancy

¢_/a 2dy o /0 o _ » (@) +a
Y 47[60(

= g ,
2 2\ 2 2me cosf  2me b
y2+b ) 0y 0

where we have transformed as y = btanf with 8, = tan~'(a/b).

We easily obtain the electric potential from Eq. (1.27) in this case. Since all the

electric charge is located at distance a from the center, the electric potential
is

1.7.

_ 1 , ;L 0 __oa
¢_4n60a/.p(r)dV N e

drepa €0
%

where Q = 47a’c is the total electric charge. We can also calculate the electric
potential from the electric field [see Eq. (2.9b)].

1.8. Integrating the electric field strength from infinity (z — 00), we have
( 2 A
az a
¢ = —/ e @1 az)s/z'dz/ EENEI. @+ a2)1/2‘.
5 €0 0

The electric potential can also be calculated using Eq. (1.27). Since all the

electric charge Q = 2mal at the same distance (z> + a?)!/? from point P, we
have

0 ar

- 4eo(22 + a2)1/2 B 2€0(2% + az)l/zl
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1.9.

1.10.

First, we determine the electric field strength produced at P by the charge
distributed in a thin circle R to R + dR. Since odR corresponds to the line
density A in Example 1.3, the electric field strength is

zoRdR

dE = ———.
2e0(z% + R2)3/2

Hence, the total electric field strength is determined to be

E_/a ZoR dR — i|:1 _ Z j|
) 2e(2 +Rr2)*? 2¢0 (2+a2)" ]

We can determine the electric potential by integrating the electric field strength
from infinity (z — o0). The direct integration of each term from infinity leads
to divergence, however. So, we integrate the electric field strength from the
point at distance zo from the observation point:

do=—— [ |1 ‘ d
0 = €0 (22t ad)ii2 2

20

= 2%0[(12 +a?) P -z (z§+a2)1/2+z0].

When z is very large, (zg +a)'? ~ zp4a? /2z0. Hence, the electric potential
is obtained to be
2

o 2 n1/2 . a o [ ) 0 1/2 ]
¢ 260[(2 +a’) 2= lim, 220] e (2> +d%) z

The electric potential can also be determined using Eq. (1.27). The contribu-
tion from the charge in a thin circle R to R + dR is

RodR

dp=——"—
2¢0(22 + R2)'?

Integrating this for 0 < R < a, we have

; RodR o 1/2
¢=/—=—[12+a2 —z].
) 26()(12+R2)1/2 2€9 ( )

We assume a closed parallelepiped S, one plane of which stays on the central
plane, as shownin Fig. B1.5. The electric field strength has only a x-component
(E,), and its value must be zero at x = (. Hence, the electric field is parallel to
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Fig. B1.5 Closed
parallelepiped S for x > a on
which Gauss’s law is applied

Answers to Exercises

S E(z)

N\

0

Z

the surface on the four surfaces parallel to the x-axis, and the surface integral
of the electric field strength on these surfaces is zero. The surface integral only
has a nonzero value on the remaining surface. The position and the electric
field on this surface are denoted by x and E, (x), respectively. Then, the surface
integral of the electric field strength in Eq. (1.19) is AE,(x), where A is the
area of the surface parallel to the y-z plane. Now, we estimate the total electric
charge inside S. A simple calculation leads to Axpy for 0 < x < a and Aapy
for x > a. From symmetry with respect to x = 0, we have

apo
Ei=——; X < —a,
€0
X0
=— —a=x=a,
€0
= 4. xX>a
o ,

where we have used the symmetry condition with respect to x = 0.
When this result is substituted into Eq. (1.21), we have

€V -E=py; —a=<x=a,

=0; x<—a,x>a,

Thus, the electric charge is distributed with density po inside the slab, as
assumed in the beginning.

We denote the distance from the sphere center by r. Then, the electric potential
outside the sphere (r > a) is ¢(r) = Q/(4mepr). Thus, from Eq. (1.33), the
work is determined to be

1 1
W = gl (ra) — p(ra)] = 22 (— - —).

47'[60 B ra
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1.12. The equipotential surface is expressed as

cosg

R s

where c is a constant. Using Cartesian coordinates, x = Rcosg and y =
R sing, so this equation leads to

x —
24y

1 2+2_1
2) TV T a

The equipotential surface is a cylindrical surface that contains the central axis
x=0,y=0).
1.13. Using Eq. (A1.87), we have

1 9 A 1 (. 03¢
Ad = — . — [ 222 . 0-—
=2 8r<r 8r>+r25in9 ae(sm ae)

__pcos®  pcos

C.

Thus, we have

2wegrt 2megrt

Thus, the Laplace equation holds.

Chapter 2

2.1. Electric charge Q; is distributed uniformly on the surface of the inner sphere
(r = a), and the electric charge —Q; induced by the electrostatic induction is
distributed uniformly on the inner surface of the outer sphere (r = b). Thus,
the electric charge Q; + O, appears on the outer surface of the outer sphere
(r = ¢), following the principle of conservation of charge. The electric field is
directed radially, and its strength is

E. =0; 0<r<a,

= o ; a<r<b,
47'[607‘2

=0 b<r<cec,
O+ O

r>c.
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2.2.

2.3.

Answers to Exercises

The electric potential is determined to be

01+ 0>
¢ =—— r>c
dmegr
01+
=—_——"; b<r<c
dmegc
I 1 1
— O R 2 ; a<r<b
4reg\r b ¢ 4mepc
1 1 1
= O - — -4 - —I—&; 0<r<a.
dreg\a b ¢ drenc

We denote by Qo the electric charge induced on the surface of the inner
conductor (r = a). Using Gauss’s law, the electric charge on the inner surface
of the outer sphere (r = b) is determined to be —(Qy. Hence, the electric charge
on the outer surface (r = ¢) is Q + Qy. If we define the electric potential to be
zero at infinity, the electric potential of the outer sphere is

0+ 0

¢= dmege

On the other hand, the electric field is £ = Qg/ (4meyr?) in the region a < r
< b, and the electric potential there is ¢ = Qy/(4mwepr) + C with C denoting
a constant. From the condition that ¢ = 0 at r = a because of grounding, we
have C = —Qy/(4mepa). Thus, the electric potential of the outer sphere is

Qo (1 1
¢= 4ne0<a b>'

The requirement that this is equal to the electric potential determined from

infinity yields
1 1 1\ '¢g
Q=—(--7+-) =
a b c c
We denote by O; and O, the electric charges on the surfaces at x = —a and
x = b, respectively. Then, the electric charges on the surfaces at x = —b and

x = a are Q — Q) and —Q», respectively. So, the electric field in each region
is shown in Table B2.1. That is, the electric field strengths in the left and right
conductors are (Q — 201)/2¢p and (Q — 20Q»)/2¢, respectively. Since these
should be zero, we have Q; = Q/2 and @, = Q/2. Then, the electric charge
on each surface is



Answers to Exercises

Table B2.1 Electric field strength in each region caused by electric charges

383

Position | Electric field strength in each region caused by the charges on the surfaces
of charge |, —b<x< —a —a<x<a a<x<b x>b
x=-b |[(Q1—Q)/2 |(Q—01)/2¢0 |(Q—01)/2¢0 |(Q—Q1)/260 |(Q—01)/2¢0
x=-a |—01/2¢ —01/2¢0 01/2¢0 01/2¢0 01/2¢0
x=a 02/2¢0 02/2¢0 02/2¢0 —02/2¢ —02/2¢
x=b —0>/2¢9 —02/2¢ —0>/2€9 —02/2¢0 02/2¢0
Sum —0/2¢y (Q —201)/2¢0 | Q/2¢0 (Q —201)/2¢0 | Q/2€0
0/2; x=—b,
0/2; x=—a,
—Q/2; x=a,
Q/2; x=b.
The electric field strength along the x-axis is
E=—-0/2¢; x< —b,
=0; -b<x<—a,
=Q/2¢); —a<x<a,
=0, a<x<b,
= Q/2¢p; x> b.

24.

2.5.

The reason why the electric field produced by the electric charge distributed
on the conductor surface is doubled is that there are other electric field contri-
butions from electric charges in other areas. For the same reason, the electric
field inside the conductor cancels to zero. Examples are found in the case
where an electric charge of different kind is distributed on the surface of
the opposite electrode of a capacitor, as shown in Fig. B2.1a, or in the case
where an electric charge of the same kind stays on the opposite surface of the
conductor, as shown in Fig. B2.1b. The situation in Example 1.5 corresponds
to the thin limit of the conductor in Fig. B2.1b.

We define two-dimensional polar coordinates (R, ¢) on the conductor surface
with the origin on the point at which the vertical line from point charge ¢
meets the surface. We consider a thin ring of radius R to R + dR and presume
the electric charge in a small part of the azimuthal angle ¢ to ¢ + dg, dQ =
—qaRdRdy/ [271 (R* + a*)¥/ 2], as a point electric charge. The Coulomb force
on ¢ caused by this point charge is dFF = ¢gdQ/ [471’60 (R2 + az)], and only
its vertical component, dF, = [a J(R? +a*)V 2]dF , remains from symmetry.
Integrating this over the surface, we have



384

Fig. B2.

Answers to Exercises

0

'

'

'

'

'

'

'

'
+

I_—-—‘-‘-_‘-“-;-‘

| ————

| —— 4

| ——

ey
= 9
I

2a

(a) (b)

1 Examples of doubled electric field strength: a parallel-plate capacitor and b distribution

of electric charge of the same kind on the opposite surface of the conductor

Fig. B2.

charges

2 True electric %
charge Q and three image 0 b 0

~u§ y : a
gt =] R o

o0

F. q*a’ / 27 RdR q’
87‘[260 (R + a2 © 16meoa?’
0

2.6.

This agrees with the image force, Eq. (2.15).

We denote two conductor surfaces that are perpendicular to each other by the
x-y and y-z planes, as shown in Fig. B2.2. Assume the given electric charge is
located on the plane y = 0. We virtually remove the conductor and place three
electric charges, — Q, — Q, and Q, at (a, 0, — b), (—a, 0, b), and (—a, 0, —b),
respectively. Then, the electric potential in the vacuum region (x > 0, z > 0) is

1 1
e | [w—a2 432 + =02 [c—a)? 432+ +b2)"2
B 1 N 1
[c+a?+y2+ @027 [@+a?+2+c+n2]"/?

ox,y,2) =
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This satisfies ¢ = 0 on the surfaces x = 0 and z = 0, and hence, this gives the
correct electric potential. We determine the electric charge density on the x-y
and y-z planes to be

o(x,y,0) = —¢ (%) - & ! — !
. 0 9z / z=0 27 [(x—a)z-i-yz-i-bz]‘%/2 [(x+a)2+y2+b2]3/2 Y

(0, y.2) . (0¢> Qa 1 1
¥, 2) = —¢o| — =—— - .
0 ox ) —o 21 [y2 +(z— b)2 + a2]3/2 [)’2 + @+ b)2 + a2]3/2

2.7. We virtually remove the conductor and put an image electric charge of linear
density —A on the line at z = —a, which is symmetrical to the given linear
charge with respect to the conductor surface, z = 0. Then, the electric potential
in the vacuum region (z > 0) is

A x? + (z + a)?
= log 5
dreg x>+ (z—a)

This satisfies the condition, ¢(z = 0) = 0. Thus, the electric field is

¢ 2aixz

Ey=—o-= 2 22 2]
0x neo[x +(z—a) ][x + (z+a) ]
0

b=y
dy
¢ ar(=x* + 72 —d?

EZ = —— =

Iz me[x+ z—a?][x*+ @+ a)?]

Itis evident that the electric field is perpendicular to the surface, E, = E, = 0,
on the conductor surface (z = 0). The density of the electric charge on the
conductor surface is

E.( 0) ar
o =¢6FE,(z=0=———F—.
0 7(x2 + a?)
The total electric charge in a unit length along the y-axis on the conductor
surface is
00 /2
Adx A
By
7 (x? +a?) 7
—00 —m/2

which is equal to the image charge.
From the obtained electric potential, the equipotential surface is given by
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¥+ (z+a) .
2+ (Gz—a)?

’

with K denoting a constant. This is transformed to

- K+1 )\  4aK
YT T koo

Thus, the equipotential surface is a cylindrical surface parallel to the y-axis.
The equipotential surface near the linear charge is obtained for K — oo and
the conductor surface corresponds to the case of K — 1.

A simple calculation gives

¢ q r—dcos@
Er==5,=1 24 g2 3/2
r €0 (r +d —2rdcos€)
a r—(a*/d)cos6
d [r?+ (a?/d)? — (2a*r/d) cos 6] |
1 d¢ gsiné d
g = ——+ — =
ro 96 4meg (r? +d?* —2rd cos 9)3/2
a 1
d> [ 4 (a2/d)? — Qa*r/d) cos6]"* |
1 a
fo L,
rsinf d¢

We virtually remove the conductor and place a line electric charge of density
/" at the line located at distance /4 from the center O. As shown in Example 1.
9, the electric potential at point P on the surface of cylindrical conductor is

be Ro LM R,
fd Og Og N
2neo " (a? +d?— 2adc0s<p)l/2 2meo " (at+h? — 2ahc0s<p)l/2

where ¢ is the angle defined in Fig. B2.3, and R and R’y are distances from O
to reference points of the electric potential. So that the electric potential does
not depend on ¢, the conditions A’ = —A and & = a?/d must be fulfilled.
In addition, R, = (a/d)Ry is requited so that the electric potential of the
conductor is zero. Thus, the electric potential outside the conductor is

A d[R 4 (@2/d)? — 2(a*R/d)cosp]"
¢(R’ (P) = log [ 172 ]
2meg a(R? + d* — 2Rdcosp)

The electric charge density on the conductor surface is
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Fig. B2.3 Definition of g
angle ¢

<3¢(R, ‘P)) AMd? — a?)
o =—¢| —= =— .
oR Rea 2rra(a® 4+ d* — 2ad cos ¢)

This gives the electric charge in a unit length;

2

T
/‘ rd? —d® / do
ocadp = — = —A,
7 a? +d?* —2ad cos ¢
0

0

where we have used Eq. (7.26).

2.10. We assume that the electric field produced by the electric charge on the cylin-
drical conductor surface is the same as that produced by the line charge of
density A placed at distance & from the center of the cylinder after virtually
removing the cylinder (see Fig. B2.4). If we place an image line charge of
density —A in the infinite conductor at distance / — & from its surface after
virtually removing the infinite conductor, the infinite conductor surface is
equipotential. Hence, if the distance 2/ — & between the image charge —A and
the cylinder center corresponds to d in Exercise 2.9, the cylindrical conductor
surface is also equipotential, and all the required conditions are satisfied. The
result in Exercise 2.9 gives & = a®/d. From the above conditions, we have

d=1+VI?—a* h=I1-+I1*—-a

Substituting these into the result in Exercise 2.9 yields the electric potential
outside the conductors;

A ) R2+ (I + V12 —a2)? —2R(I + /12 — a®)cosyp
) )
4meg ng + (=12 —=a%)? —2R( — V12 — a®)cosp

We find that the electric potential on the surface, ¢(a,¢) =

[A/(2mep)] log[(l + 12— az)/a], is constant. The electric charge density
on the cylindrical surface is

a9 A 2 —a?
o = — = —
aR rReq 2ma | —acosg

PR, ¢) =
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Next, we define Cartesian coordinates with the y-z plane (x = 0) on the infinite
conductor surface and the central axis of the cylindrical conductor at y = 0.
From the relationships R cos ¢ = x + [ and R sin ¢ = y, the electric potential
is also expressed as

kl (x — /12 —a?)? +y?
4 e (x+v — a2 4y

Thus, we can easily confirm that ¢ (x = 0) = 0is satisfied. The electric charge
density on the infinite conductor surface is

<8¢) A2 — a?
o=¢€ =
o\ ox (2 + 12 —a?)

It should be noted that the sign is opposite, since the normal vector on the
conductor surface is directed along the negative x-axis.

The radial and zenithal components of the applied electric field outside the
spherical conductor are Eycos 6 and —Eysin 6, respectively. The radial and
zenithal components due to the electric dipole moment p at a point at distance
r from the origin are pcos6/(2meor®) and psinf/(4meor?), respectively.
The condition that the zenithal component of the electric field just outside the
surface is zero is written as

Px,y) =

. psiné
—Epsin 0 + =0
4repa’

which gives

p= 47T€0a3E0.
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The normal component of the electric field just outside the surface is equal to
the surface electric charge density o divided by €. Thus, we have

pcost

o =€ (Eocose + ) = 3¢gEycos 6.

2mwepa’

These results agree with Egs. (2.26) and (2.29).

Chapter 3

3.1. First we determine the coefficients. Assuming Q; = 1 and @, = 0, we have

1
yo— ¢ =pa = dneod =Ppi2-

¢1=pn =

When Q; = 0 and O, = g, the electric potential of the spherical conductor is

@1 =p11Q1 +p120> Ireod

We easily find this agrees with the result, ¢ (a, 8), in Example 2.5.

3.2.  We denote the cylindrical conductor and a thin linear conductor placed at the
position of the line charge as conductors 1 and 2, respectively. We give a unit
electric charge to conductor 1 of a unit length (4; = 1) and no electric charge
to conductor 2 (4, = 0). Then, the electric potentials of conductors 1 and 2
are

1 Ry
log—
2mey a

Ry

1
s = ! = —1 _
2 = Py 27mé Ogd

o1 =P/11 =

Thus, we obtain the coefficients of electrostatic potential. In a general case
where A = A and 1, = J, the electric potential of conductor 1 is

¢1 =py A+ P
When conductor 1 is grounded, ¢; = 0. This with p|, = p}, yields

P, _ logRy —loga

A = 7 =
Ph logRy — logd

If the reference point is infinity (Ry— 00), this reduces to

A =—A.
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We denote the inner and outer conductors as conductors 1 and 2, respectively.
In a general case where conductor 1 is not grounded, the assumptions Q| =
1 and O, =0 give

1 1 1 1 1
¢1=pn = ___+E . Pr=pa=pp=

dreg\a b dregc

For Q| = g and Q, = Q, the electric potential of conductor 1 is

1 1 1
&1 =pug+pr0 = 1 (———+—)+ Q

dreg\a b ¢ drege’

Hence, when conductor 1 is grounded (¢; = 0), we have

11 1\ 'o

1= (a p T c) c’
This agrees with the result obtained in Exercise 2.2.
The electric charge distributed in a unit length of the concentric conductor is
A on the surface of the inner conductor (R = @) and — /1 on the inner surface of
the outer conductor (R = b). As aresult, the electric fieldis E = A/ (2w €gR) in
the region a < R < b and is zero in other regions. Hence, the electrostatic energy
density in this region is u. = €9E?/2 = A*/(872€)R?), and the electrostatic
energy in the conductor of a unit length is

b

U/ / » 2w RdR » I b
= —_— LT = og—.
¢ 8m2egR2 4meq g a

a

The electric potential of the outer conductor is zero and that of the inner
conductor is

A b
¢ = log—.
2mey a

Hence, we obtain the same electrostatic energy from Eq. (3.36) with U, =

vy
Using this result and U, = A%/(2C’) corresponding to Eq. (3.38), the
capacitance in a unit length is

, 2meg
C=—-:.
log(b/a)
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3.5.

(1) The electric field is E(r) = Q/(47160r2) in the region a < r < b and
is zero in other regions. The electrostatic energy density has a nonzero
value, u. = Q*/(32m2€or*), only in the region a < r < b. We calculate
the electrostatic energy as

b
U, = /ue4nr2dr =

a

b—a)Q’

8mepab

(2) Using the electric field in (1), the electric potential of the outer conductor
is zero and that of the inner conductor is

b —
oo [ Q 4 _ -0
4megr? 4megab
b
The electrostatic energy is
U= Loy -0€
€T 25" T 8repab

(3) We denote the inner and outer conductors as conductors 1 and 2,
respectively. The coefficients of electric potential are

_ 1 1 1+1 _ _ _ 1
1711—47T60 2 n <) Plz—le—P22—47T€Oc-

The electric charges are Q; = Q and O, = —Q. Thus, the electrostatic energy
is

(b —a)Q?

Ue = lP11Q2 —pQ® + lpzzQ2 =
‘T2 2 8megab

3.6. Suppose that electric charges £/ are given to each conductor in a unit length.
We define the x-axis normal to these conductors in such a way that it passes
through the centers of these conductors. We denote the positions of the centers
of the conductors with negative and positive electric charges by x =0 and x =
d, respectively. Since the diameter of these conductors is much smaller than
the interval, d, we can approximate the electric charges as being uniformly
distributed on each surface. Hence, the electric field at position x is

E— A 1+ 1
T 2meg\x  d—x
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under the definition of positive electric field directed along the positive x-axis.
The electric potential difference between the 