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Preface 

Conductors such as metals with high electrical conductivity exhibit large heat 

transfer, high optical reflectivity at the surface, and temperature-independent mag-

netism. These properties are predominantly determined by the electronic states 

on the Fermi surface. The Fermi surfaces in conductors contain a variety of 

microscopic information on the electronic states that lead to physical proper-

ties. Therefore, extracting this information is an important research issue for 

understanding the origin of the physical properties of conductors. 

In general, conductors with energy bands formed by many orbitals of the con-

stituent atoms have complicated Fermi surface structures. By contrast, the Fermi 

surfaces of organic conductors, often cited in this Lecture Note, have very sim-

ple structures. This is because only one orbital of an organic molecule forms 

an energy band, and the electronic state is highly anisotropic; i.e., the electronic 

state is spread out only in a certain direction or plane. The physical properties of 

organic conductors can be easily deduced from the simple Fermi surface structures, 

and therefore “Fermiology” (Fermi surface study) has developed significantly in 

organic conductors both experimentally and theoretically. 

There are two promising methods to determine Fermi surfaces and energy 

band structures: photoemission spectroscopy and quantum oscillation measure-

ments. In recent years, there have been significant technical developments in 

the former, known as angle-resolved photoemission spectroscopy. In this method, 

light is incident on the surface of a sample and the energy and momentum 

of the electrons emitted from the sample surface are measured. This allows 

the direct observation of the energy bands. The advantage is that the band 

structure can be determined over a wide energy range up to the Fermi level 

due to the high energy of the incident light. However, because the emitted 

photoelectrons are limited to those near the surface of the sample, this tech-

nique provides information on the electronic states only at the sample surface 

and it means that a clean surface is required. Its energy resolution is also 

not high. The latter method, quantum oscillation measurements resulting from 

Landau quantization of electronic states in a magnetic field, can provide valu-

able information on the electronic states very close to the Fermi level. This 

method is insensitive to the sample surface condition, as quantum oscillations

v



vi Preface

are observed in bulk properties such as electrical resistance, magnetization, etc. 

Furthermore, its energy resolution is higher than that of photoelectron spec-

troscopy, allowing us to probe the detailed structure of the Fermi surfaces. On 

the other hand, owing to the geometrical structure of the Fermi surface, electrons 

have characteristic orbits on the Fermi surface in a magnetic field. This orbital 

motion causes oscillations in the resistance as a function of the magnetic field ori-

entation. This is called the angle-dependent magnetoresistance oscillation, and the 

measurement has recently been established as a method to determine the Fermi 

surface structure in detail. The Fermi surface structure is closely related to the 

mechanisms of various electronic phase transitions such as superconductiviting, 

density wave, and electron nematic transitions. Therefore, it is very important to 

know the detailed structure of Fermi surfaces in order to determine the origin of 

electronic phase transitions. This Lecture Note focuses on these measurements and 

examines how the detailed structure of Fermi surfaces can be determined. 

Most of the content is described for low-dimensional conductors with simple 

Fermi surface structures. However, the content is also applicable to conductors 

with complex three-dimensional Fermi surface structures. This Lecture Note is 

written for students who have studied elementary solid-state physics after mas-

tering quantum mechanics and statistical mechanics. The chapters contain many 

appendices for a better understanding. If you wish to have a general overview of 

the content, you can skip the appendices. It is hoped that this Lecture Note will 

be of assistance to those beginning their studies in this research area. 

The author would like to thank Prof. Toshihito Osada (University of Tokyo) 

for his advice on the content of Chap. 4. The author would also like to thank 

the members of the University of Tsukuba Press for their advice. I am grateful to 

Mr. Kyohei Morisada (University of Tsukuba) for careful proofreading. 

Tsukuba, Japan 

June 2020 

Shinya Uji



Preface for the English Edition 

This Lecture Note is the English translation of the Japanese edition “Fermiology,” 

published in 2020. This English version corrects errors in the Japanese edition 

and also includes more details on the Berry phase. Although many textbooks 

on solid-state physics are published worldwide, there are very few textbooks 

specialized in Fermiology, especially quantum oscillations and angle-dependent 

magnetoresistance oscillations. It is hoped that this textbook will help in the study 

of Fermiology. 

Tsukuba, Japan 

May 2025 

Shinya Uji
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Symbols 

a, b, c Lattice constants 

AF Cross section of Fermi surface 

AF Curvature factor of cross section of Fermi surface 

AN Area of cyclotron orbit with Landau index N in k-space 

Aosc Amplitude of quantum oscillation 

Ar Area between two orbits in real space 

B Magnetic flux density (magnetic field as a convention) 

Bc, Bc Threshold magnetic field of coherence peak for quasi-2D, 

1D Fermi surface 

Bint Internal magnetic field 

BMB Magnetic breakdown field 

C, C̃ Heat capacity of electron, its oscillatory part 

CL, C̃L Elastic constant, its oscillatory part 

CT Total heat capacity of sample and thermometer 

D(E), D̃ Density of state at energy E, its oscillatory part 

DN Degeneracy of Landau level with N 

e Elementary charge 

E, Ẽ Electric field or energy, oscillatory part of internal energy 

E Zeeman splitting 

E(k) Eigenvalues of electronic states or energy band 

EF Fermi energy 

Eg Energy gap at zone boundary or energy barrier 

EN Landau level energy with index N 

EN Energy spacing between Landau levels 

f (E) Fermi distribution function 

F Force or free energy 

FQ, FQ Frequency of quantum oscillation, its second derivative 

g, gc g factor, effective g factor 

G, gi (i = 1, 2, 3) Reciprocal lattice vector, unit vector of reciprocal lattice 

h, Planck constant, reduced Planck constant = h/2π 

H Magnetic field B = µH

xv



xvi Symbols

H, Ha Hamiltonian, Hamiltonian of localized state at lattice 

point a 

IQI Oscillation amplitude due to quantum interference 

ji (i = x, y, z) Current density 

Ji(z) i-th order Bessel function 

k, kF Wave number, Fermi wave number 

kB Boltzmann constant 

k⊥ Radius of cyclotron orbit or wave number perpendicular to 

magnetic field 

k Wave number parallel to magnetic field 

K Constant in reduction factors, 

K = 2π 
2m0kB/e = 14.7 [T/K] 

lB Magnetic length, l2 B = /eB 

m0, mb, mc Free electron mass, band mass, (cyclotron) effective mass 

mcyc Effective mass obtained from cyclotron resonance 

experiment 

mij Mass tensor 

M , M̃ Magnetization, its oscillatory part 

M̃ , M̃⊥ Oscillatory part of parallel, perpendicular magnetization 

n(E) Number of electronic state up to E 

N Landau index 

N0, NL Number of electrons with kz = 0 in zero magnetic field, 

finite magnetic field 

Ne Number of electrons per unit volume 

Nl Number of lattice points per unit volume 

p Momentum 

P, pT Probability, transition amplitude of magnetic breakdown 

Q, qT Probability, transition amplitude of Bragg reflection 

R, ai (i = 1, 2, 3) Lattice vector, unit lattice vector 

R, R0 Electric resistance, its non-oscillatory part 

RT , RD, RS Temperature, Dingle, spin splitting reduction factors of 

quantum oscillation 

s, sz, si Electron spin, its z-component, spin operator 

S, Sm Entropy, magnetic entropy 

Sloc Local spin 

SN Area of cyclotron orbit with Landau index N in real space 

Sspin Spin splitting factor Sspin = gcµc/2 

t Time 

ti (i = a, b, c) Transfer integral along i-axis 

T Temperature 

Tc Superconducting transition temperature 

T T̃ Magnetocaloric effect, its oscillatory part 

Tbath, Tsample Thermal bath temperature, sample temperature 

TD Dingle temperature TD = /2πkBτ 

Uj Spin rotation operator around j-axis



Symbols xvii

v, vF Velocity of electron, Fermi velocity 

v⊥ Velocity perpendicular to magnetic field 

V (r) Lattice potential 

z Parameter in temperature reduction factor, z = KpµcT /B 

ε Constant term of energy band 

∆ε Uncertainty of energy 

θ Magnetic field angle (mainly elevation angle) 

θc Critical angle 

κ Thermal conductivity 

λee Mass enhancement factor by electron-electron interaction 

λep Mass enhancement factor by electron-phonon interaction 

µ Chemical potential or permeability 

µ0 Permeability of vacuum 

µB Bohr magneton µB = e /2m0 

µc Effective mass ratio µc = mc/m0 

ξloc Weak localization length 

ρ,  ρ0, ρ̃ Electrical resistivity, its non-oscillatory part, its oscillatory 

part 

ρij (i, j = x, y, z) Resistivity tensor 

σ, σ0, σ̃ Electrical conductivity, its non-oscillatory part, its 

oscillatory part 

σ i (i = x, y, z) Pauli matrix 

σij (i, j = x, y, z) Conductivity tensor 

τ Scattering time 

τr Thermal relaxation time 

τtorque Magnetic torque 

Φ Total magnetic flux 

Φ0 Flux quantum Φ0 = h/e 

ϕ Magnetic field angle (mainly azimuthal angle) 

ϕ0 Initial angle of electron orbit, phase of quantum oscillation 

ϕa Wave function localized at lattice point a 

ϕc Critical angle 

χL, χPauli Landau diamagnetism, Pauli paramagnetism 

B Berry phase 

ωc Cyclotron (angular) frequency 

ω
QI 
c Angular frequency of quantum interference 

ωy, ωz Angular frequency of periodic motion on 1D Fermi surface 

ωD Debye frequency 

Ω, Ω̃ Thermodynamic grand potential, its oscillatory part 

Ω̃2D Oscillatory part of thermodynamic grand potential in 2D 

electron system 

Ωc Angular frequency of closed orbit on side of quasi-2D 

Fermi surface 

Ωc Angular frequency of closed orbit on side of quasi-1D 

Fermi surface



1Electronic States and Energy Bands 
in Crystals 

Abstract 

In crystal potential, the electronic states form energy bands. In conductors such 

as metals, the electrons occupy the energy bands up to a certain level. The 

energy bands and level are called the conduction bands and Fermi level, respec-

tively. The electrons near the Fermi level, which have the highest kinetic energy, 

dominate the physical properties of the conductors. It is therefore important to 

know the electronic states in the conduction bands near the Fermi level in order 

to understand the physical properties of the conductors. The theory to calculate 

the energy bands in crystals is known as band theory. The calculation methods 

of the energy bands have advanced considerably with the development of com-

puters. In particular, the methods of calculating energy bands without empirical 

parameters, first-principles calculations, have now been established as a highly 

effective method for understanding physical properties. In order to provide a 

straightforward insight into the energy bands, we do not delve into complicated 

calculations, but instead provide an overview of the band calculations in two 

limits: the free electron and the tight binding approximations. This approach 

allows for a more comprehensive understanding of how energy bands and the 

resulting Fermi surfaces are formed. 

1.1 Free Electron Approximation 

1.1.1 Wave Functions and Density of States 

The most basic model, the free electron approximation, assumes that the peri-

odic potential formed by the crystal lattice is sufficiently small compared to the 

kinetic energy of the electrons. This assumption is reasonable for alkali and alka-

line earth metals, where the atomic orbitals forming the conduction bands are 

sufficiently broad, such as the s-orbitals. In this approximation, the electronic
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2 1 Electronic States and Energy Bands in Crystals

states forming the conduction bands are assumed to be equivalent to those in 

vacuum (free electrons). The electronic states in vacuum can be obtained by 

solving the quantum mechanical equation of motion, the Schrödinger equation 

Hϕ(r) = E(k)ϕ(r). Using the reduced Planck constant and the mass m of the 

electron, the Hamiltonian is expressed as 

H = −  

2 

2m 
∇2. (1.1) 

Taking the volume of space in which the electrons exist as V, the eigenstate 

ϕ(r) of the Schrödinger equation is a plane wave, 

ϕ(r) = 
1 

√
V 
eik·r. (1.2) 

This eigenstate, the wave function of the electron, is normalized as 

ϕ(r)|ϕ(r) 
V 

ϕ(r)∗ϕ(r)dr = 

V 

|ϕ(r)|2dr = 1. 

The eigenvalue, the kinetic energy of the electron, E(k) is written as 

E(k) = 

2k2 

2m 
= 

2 k2 x + k2 y + k2 z 

2m 
. (1.3) 

The energy is proportional to the square of the wave number k. 

We restrict the space in which the electrons exist to a cube with side length L. 

The periodic boundary conditions ϕ(r) = ϕ(r + L), (r = x, y, z) give the allowed 

wave numbers of the electronic states, 

kx = 
2π 

L 
nx, ky = 

2π 

L 
ny, kz = 

2π 

L 
nz, nx, ny, nz : integer. (1.4) 

In the crystal, electrons occupy states from the lowest energy level with ni = 

0(i = x, y, z). In accordance with the Pauli exclusion principle, a single electron 

is allowed to occupy a single state if the spin degree of freedom of the electron 

is disregarded. Given a macroscopic number of electrons in the crystal, states are 

occupied up to a certain energy. The wave number of this energy state is designated 

as the Fermi wave number kF , and its energy is identified as the Fermi energy or 

Fermi level EF . The distribution of kF forms a sphere in k-space as illustrated in 

Fig. 1.1. All the k states inside this sphere (k ≤ kF ) are occupied by the electrons, 

and this sphere is called the Fermi surface. The electrons in the states on the Fermi 

surface have the highest kinetic energy. From the periodic boundary conditions, a 

state with wave number k has a small cubic volume (2π/L)3 with one side of 2π/L 

in k-space. The probability of the existence of an electron is given by the square
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Fig. 1.1 Spherical Fermi 

surface formed by electronic 

states in vacuum 

ky 

kx 

kz 

of its wave function, |ϕ(r)|2 = 1/L3 = 1/V . This probability is independent of k 

and r. All the electrons are uniformly present in the entire volume V. 

In the following, we consider this free electron state. If the number of states 

per unit volume in real space below the Fermi energy EF is n(EF ), then the total 

number of states in the Fermi surface is L3n(EF ). Dividing the volume (4π/3)k3 F 
of the Fermi sphere by the volume (2π/L)3 occupied by one electron, the total 

number of states n(EF ) per unit volume (L = 1) can be calculated. Using EF =
2k2 F /2m we have 

n(EF ) =
2 

(2π )3 

4π 

3 
k3 F =

2 

(2π )3 

4π 

3 

2mEF 

2 

3/2 

= 
1 

3π 2 

2mEF 

2 

3/2 

. (1.5) 

Equation (1.5) has been doubled by including the spin degree of freedom. 

The density of the free electron states per unit energy, D(EF ), is obtained by 

differentiating n (EF ) by EF , 

D(EF ) = 
dn(EF ) 

dEF 

= 
1 

2π 2 

2m 
2 

3/2 

EF . (1.6) 

The density of states D(EF ) depends on the energy. This is rewritten as 

D(EF ) = 
mkF 

π 2 2 
. (1.7) 

The density of states is proportional to m and kF . For a two-dimensional (2D) 

electron system, we obtain 

n(EF ) = 
mEF 

π 2 
= 

k2 F 

2π 
, D(EF ) = 

m 

π 2 
. (1.8)
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For a one-dimensional (1D) electron system, we have 

n(EF ) = 
2 

π 

2mEF 

2 

1/2 

= 
2kF 

π 
, D(EF ) = 

2m 

π 2kF 
. (1.9) 

The spin degree of freedom is also included in both the 2D and 1D cases above. 

1.1.2 Energy Band 

What we need to know is the electronic state in a crystal, where the electrons move 

in the periodic lattice potentials formed by the crystal. Reflecting the periodicity, 

the wave functions describing the electronic states also have periodic functional 

forms. By introducing the periodic lattice potential V (r), the Hamiltonian of the 

electron system can be written as 

H = −  

2 

2m 
∇2 + V (r). (1.10) 

Here, we define the reciprocal lattice vector G as follows: 

R · G = 2πm, m : integer. (1.11) 

The vector R shows the lattice point given by 

R = n1a1 + n2a2 + n3a3, ni : integer, (1.12) 

where ai(i = 1, 2, 3) are the unit vectors of the lattice. The reciprocal lattice vector 

G is defined as 

G = l1g1 + l2g2 + l3g3, li : integer, (1.13) 

where gi(i = 1, 2, 3) are the unit vectors of the reciprocal lattice. The space 

spanned by the three unit vectors is called the reciprocal lattice space or k-space. 

When the three unit vectors ai are orthogonal to each other, then the unit vectors 

of the reciprocal lattice gi are also orthogonal to each other and their lengths are 

given by gi = 2π/ai (i = 1, 2, 3). This expression satisfies Eq. (1.11) and thus 

eiG·R = 1. When the three unit vectors ai are not orthogonal, the unit vectors of 

the reciprocal lattice are generally given by 

g1 = 2π 
a2 × a3 

a1 · (a2 × a3) 
, g2 = 2π 

a3 × a1 

a1 · (a2 × a3) 
, g3 = 2π 

a1 × a2 

a1 · (a2 × a3) 
. (1.14)
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The denominator a1 · (a2 × a3) shows the volume of the unit cell in real space. 

In general, it is possible to expand V (r) by G as follows: 

V (r) = 

G 

VGe
iG·r. (1.15) 

Note that V (r) has the lattice periodicity, the translational symmetry V (r) = 

V (r + R). This equation can be rewritten as 

G 

VGe
iG·r = V0 + 

G<0 

VGe
iG·r + 

G>0 

VGe
iG·r = V0 + 2 

G>0 

VG cos(G · r). 

(1.16) 

Here we set VG=0 = V0. Since the potential is a real number, the relation VG = 

V−G is used. The lattice has a positive charge, so the potential is negative for the 

electrons, V (r) < 0, and thus VG < 0. Because of the periodic lattice potential, 

the wave function ϕk(r) of the electron must satisfy a very general relation, the 

Bloch theorem (Appendix 1.1), 

ϕk(r + R) = eik·Rϕk(r). (1.17) 

It is easy to verify that the free-electron wave function, Eq. (1.2) satisfies the 

Bloch theorem. By rewriting k = k + G, the Bloch theorem can be modified as 

follows: 

ϕk(r + R) = eik·Rϕk(r) = ei(k +G)·Rϕk +G(r) = eik ·Rϕk +G(r). 

The first term is written as ϕk +G(r + R). By replacing k → k, we obtain 

ϕk+G(r + R) = eik·Rϕk+G(r). (1.18) 

Even if the wave number k is changed by G, the wave function obviously 

satisfies the Bloch theorem. This means that the choice of k is arbitrary: we can 

deduce the important fact that “the wave function and the energy band structure 

can be specified by k shifted by the reciprocal lattice vector G. ” The simplest case 

is to specify k in the range −gi/2 < ki ≤ gi/2(i = x, y, z). This reduced k-space 

range is called the first Brillouin zone. 

For simplicity, we now consider a 1D lattice as shown in Fig. 1.2 and describe 

r, G, g, and k as scalar quantities. For G = g = 2π/a, the first Brillouin zone is 

defined in the range −π/a < k ≤ π/a. By taking l = 2 in Eq. (1.13) and then 

G = 2g = 4π/a, we can define another range given by −2π/a < k ≤ 2π/a, 

which is twice the size of the first Brillouin zone. The range excluding the first 

Brillouin zone from −2π/a < k ≤ 2π/a is defined as the second Brillouin zone. 

The third and fourth Brillouin zones can also be defined in a similar way. The 

Brillouin zones for a 2D lattice are illustrated in Appendix 1.2.
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Fig. 1.2 1D lattice and 

schematic of its potential 

curve V (r) 

V(r) 

atom 

r 

a

Next, in the Hamiltonian of Eq. (1.10), let H0 = −  
2∇2/2m be the non-

perturbative term, assuming that V (r) is sufficiently small to be treated as a 

perturbation. The eigenstate of the non-perturbative term with the periodic bound-

ary condition in the range (r = 0 ∼ L) and its eigenvalue (energy) are, respectively, 

given by 

ϕ 
(0) 
k (r) = 

eikr 
√
L 

, and E(0) (k) = 

2k2 

2m 
. 

The electron in the k state is scattered to the k state by the perturbative term, 

the lattice potential V (r). Its transition amplitude Sk k is written as 

Sk k ϕ 
(0) 
k 

(r)|V (r)|ϕ 
(0) 
k (r) VG for k = k + G, 

Sk k = 0 for k k + G. (1.19) 

Here, X denotes the integration of X over the whole space. In other words, 

V (r) causes a hybridization between the states with k and k differing by G. The 

first-order perturbation energy is given by 

E(1) (k) ϕ 
(0) 
k (r)|V (r)|ϕ 

(0) 
k (r) V0. (1.20) 

This gives an offset independent of k for all the states. In the following, we 

take V0 = 0 for simplicity. The second-order perturbation energy is given by 

E(2) (k) = 

G 

|VG|2 

E(0)(k) − E(0)(k + G) 
. (1.21) 

The first-order correction term of the wave function is 

ϕ 
(1) 
k (r) = 

G 0 

VG 

E(0)(k) − E(0)(k + G) 
ϕ 

(0) 
k+G(r). (1.22) 

At the wave number k = −G/2, the eigenstates ϕ 
(0) 
k (r) and ϕ 

(0) 
k+G(r) are degen-

erate, E(0) (k) = E(0) (k + G). The denominator in Eq. (1.21) becomes zero, 

showing that this calculation is not appropriate. Therefore, we need to obtain
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the eigenstate according to the perturbation theory for the degenerate case. The 

eigenstate is given by a linear combination of the two non-perturbative states, 

k (r) = uk (0)ϕ 
(0) 
k (r) + uk (G)ϕ 

(0) 
k+G(r), (1.23) 

where uk (0) and uk (G) are the coefficients satisfying the normalization condition, 

| k (r)|2 = |uk (0)|2 + |uk (G)|2 = 1. By multiplying the left-hand side of the 

Schrödinger equation H k (r) = E(k) k (r) by ϕ 
(0) 
k (r)∗ or ϕ 

(0) 
k+G(r)∗, and then 

integrating it, we obtain two eigenequations. The eigenvalues E(k) are obtained 

by solving the following secular equation. 

E(0) (k) − E(k) V−G 

VG E(0) (k + G) − E(k) 
= 0. (1.24) 

Note VG = V−G. The eigenvalues are 

E±(k) = 
E(0) (k) + E(0) (k + G) 

2
±

E(0)(k) − E(0)(k + G) 

2 

2 

+ V 2 G. (1.25) 

Since VG < 0, the eigenvalues for k = −G/2 are simply given by 

E± = E(0) (−G/2) ± |VG|. (1.26) 

The degeneracy of the two states ϕ 
(0) 
k (r) and ϕ 

(0) 
k+G(r) at k = −G/2 is lifted, 

and the energy gap |2VG| opens. The eigenvalues representing the energy bands 
E(k) are depicted in three zone schemes in Fig. 1.3. In the extended zone scheme 

a, we see a parabolic band approximately given by E(0) (k) = 
2k2/2m with energy 

gaps |2VG|. Since G can take many values, G = 2π l/a(l : integer), the band has 
periodic gaps at k = −G/2 = π l/a. The bands separated by the gap are called 

the first, second, third, bands from the lowest level. As seen in Eq. (1.19), the 

scattering of the electron from k to k+G is called Bragg reflection. By shifting k by 

G, we can draw all bands in the first Brillouin zone (−π/a < k ≤ π/a) as shown 

in b; the right/left second band in a is shifted to the left/right by G = g = 2π/a, 

the right/left third band is shifted by G = 2g = 4π/a, and so on. The scheme 

shown in b is called the reduced zone scheme. As shown in c, the scheme in 

which the reduced zones are connected is called the repeated zone scheme. In the 

repeated zone scheme, note that the bands connect smoothly at the zone boundaries 

k = ±G/2, since ∂E(k)/∂k = 0. As we will see in Sect. 1.3, this result means 

that the velocity of the electron at the zone boundaries vanishes. From the above 

discussion, we obtain the two important rules:

1. The periodic lattice potential removes the band degeneracy at the boundaries of 

the Brillouin zone, resulting in the formation of energy bands.
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k 

b 

1st band 

2nd band 

3rd band 

E(k) 

0 

E(k) 

0 

a 

k 

c 

E(k) 

0 

… 

k 

… 

Fig. 1.3 Energy bands in free electron approximation for a extended, b reduced, and c repeated 

zone schemes 

2. When the band degeneracy is removed, the energy band is flattened at the Bril-

louin zone boundaries; i.e., the energy bands are smoothly connected at the 

boundaries in the repeated zone scheme. 

Now consider the eigenstates with the eigenvalues given by Eq. (1.26). For E+ = 

E(0) + |VG|, we obtain u(0) = −u(G) and then the eigenstate is expressed as 

+(r) = e−i πr 
a − ei 

πr 
a /2 = −isin 

π r 

a 
. (1.27) 

For E− = E(0) − |VG|, we obtain u(0) = u(G), and then the eigenstate is 

−(r) = e−i πr 
a + ei 

πr 
a /2 = cos 

π r 

a 
. (1.28) 

The electron densities are given by the squares of the amplitudes of the wave 

functions, | +(r)|2 ∝ sin2(π r/a) and | −(r)|2 ∝ cos2(π r/a) as depicted in 

Fig. 1.4. At the lattice points (r = na, n: integer), we obtain the potential V(na) = 

G VGe
iGna = G VG, Since VG < 0, the eigenstate −(r), which has a larger 

electron density at the lattice points, has the lower eigenvalue than +(r). The 

eigenstates +(r) and −(r) express standing waves formed by the ±k states; 

i.e., the electrons in these states are localized.

If Nl is the number of the lattice points with the periodic boundary condition, 

ϕk (r) = ϕk (r + Nla), we obtain the relation e
ikNla = 1, giving k = 2π l/Nla (l: 

integer). Therefore, one electron occupies the state with k = 2π/Nla. In the first 

Brillouin zone −π/a < k ≤ π/a, the total number of the electronic states is 

2π 

a 
k = Nl . (1.29)
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(n+1)a atom 

r 

na 

Fig. 1.4 Electron densities of wave functions, | +(r)|2 ∝ sin2(πr/a) and | −(r)|2 ∝ 

cos2(πr/a)

Taking into account the spin degree of freedom, this number is doubled, 2Nl . In  

Fig. 1.3, the first band is fully filled with 2Nl electrons. Similarly, the second band 

is also fully filled with another 2Nl electrons and so on. In an electric field, k of all 

electronic states is effectively shifted in the opposite direction of the electric field. 

For a partially filled band called the conduction band, the k shift results in charge 

transport; i.e., this band represents a metal. However, for a fully filled band called 

the valence band, k is not effectively shifted, indicating no charge transport. This 

state is an insulator, specifically called a band insulator. For charge transport in 

band insulators, the electrons in the fully filled (valence) bands must be thermally 

excited to the upper empty (conduction) bands. 

1.1.3 Fermi Surface in Free Electron Approximation 

How does the Fermi surface change if the number of electrons is hypothetically 

increased in the free electron approximation? The crystal must be neutral; there-

fore, to actually increase or decrease the number of electrons, the atoms in the 

crystal would have to be replaced by other atoms with different valences. For sim-

plicity, let us look at an example of a 2D square lattice with the lattice constant a. 

The Hamiltonian Eq. (1.10) is rewritten as 

H = −  

2 

2m 

∂ 

∂x 

2 

+
∂ 

∂y 

2 

+ V (r). (1.30) 

Taking the first term as a non-perturbative term, we obtain the non-perturbative 

energy, 

E(0) (k) = 

2 k2 x + k2 y 

2m 
. 

The energy bands along the kx- and ky-axes are parabolic, as shown in Fig. 1.3 

a. The first Brillouin zone is indicated by a square with side 2π/a in Fig. 1.5. When 

the Fermi energy EF = 
2k2 F /2m is within the first band (sufficiently small), the
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Fermi surface (actually Fermi line) is a circle centered at the origin of the k-space 

(Fig. 1.5a). We set periodic boundary conditions, assuming Nl lattice points 

along the x- and y-directions. Taking into account of the spin degree of freedom, 

we consider the case for 2N 2 
l 
electrons. The area of the first Brillouin zone is 

SBZ = (2π/a)2, and there is one electronic state in the area δS = k2/2 = 

(2π/aNl)
2/2 from Eq. (1.29). Therefore, 2N 2 

l 
electrons occupy the area equal to 

the first Brillouin zone, δS × 2N 2 
l 

= SBZ . If the energy band is gapless at the 

zone boundaries, we obtain a circular Fermi surface in the extended zone scheme 

as shown in Fig. 1.5b, whose area is equal to SBZ . As discussed in Sect. 1.1, the 

band is gapped at the boundaries, as illustrated in Fig. 1.5c. By shifting the Fermi 

surfaces by the reciprocal lattice vectors gx or gy, we obtain the Fermi surfaces 

in the reduced zone scheme as shown in Fig. 1.5d. To obtain the closed Fermi 

surfaces, we draw the Fermi surfaces in the repeated zone scheme in Fig. 1.5e. 

In this scheme, we can see that two types of closed Fermi surfaces are formed: 

elliptical closed Fermi surfaces α and square closed Fermi surfaces β. Since the 

circular Fermi surface in Fig. 1.5b is equal to SBZ, the closed area of β is twice 

that of α. 

For a 3D system, the volume of the k-space occupied by 2N 3 
l 
electrons is equal 

to that of the first Brillouin zone. The Brillouin zone has different shapes depend-

ing on the crystal symmetry of the material, and thus the Fermi surfaces have 

different shapes depending on the symmetry. The k-points with high symmetry are

Fig. 1.5 Fermi surface of 2D square lattice with lattice constant a in free electron approximation. 

The first Brillouin zone is given by the square with side 2π/a. a Fermi surface for low carrier con-

centration (low Fermi energy), b Circular Fermi surface in the extended zone scheme, whose area 

is equal to the first Brillouin zone SBZ, c Fermi surface with gaps at the zone boundaries in the 

extended zone scheme, d Fermi surface in the reduced zone scheme, e Fermi surface in the repeated 

zone scheme—two closed Fermi surfaces α and β are formed 
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designated by letters according to a rule. The origin of the Brillouin zone is called 

the point. Points inside the Brillouin zone are designated by Greek letters such 

as and points at the boundaries of the Brillouin zone are designated 

by the alphabet K, M, U,…[1]. In Appendix 1.3, we see the energy bands of the 

Fermi surface shown in Fig. 1.5e. In Appendix 1.4, the Fermi surface for a 2D 

system with anisotropic mass is depicted. 

1.2 Tight Binding Approximation 

1.2.1 Wave Function and Energy Band 

The d- and f -orbitals in metals and the molecular orbitals in organic conductors 

cannot be described by plane waves like free electrons. This is because the elec-

trons in these orbitals are strongly bound to the atoms or molecules. Therefore, in 

such materials, the wave function with a large amplitude at each lattice point as 

shown in Fig. 1.6 can describe the electronic state more accurately than a plane 

wave. The approximation using such a wave function is called the tight binding 

approximation. Unlike the free electron approximation, the tight binding approxi-

mation explicitly includes the effect of the lattice potential and therefore the band 

dispersion (the wave number dependence of the band) is generally different from 

a quadratic function. 

In the band calculations, we make the following assumptions: 

(1) The Hamiltonian H of the whole crystal can be approximated by the local 

Hamiltonian H a at the lattice point a. 

(2) The eigenstate at the lattice point a is described by a single orbit. 

(3) The wave function is localized around each lattice point a, and the overlap of 

the wave functions between the neighboring lattice points is small enough. 

In this case the wave function of the entire crystal should be represented by a linear 

combination of the wave functions ϕa(r − R) at each lattice point a. Summing 

over the position R of each lattice point, we express the wave function k(r) of

a 

) 

Fig. 1.6 1D lattice and schematic of the wave function with large amplitude at each lattice point. 

Here an s-like wave function is assumed at each site 
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the entire crystal as 

k(r) = C 

R 

eik·Rϕa(r − R), (1.31) 

where C is the normalization constant. It is easy to show that the wave func-

tion k(r) satisfies the Bloch theorem, Eq. (1.17). The wave function ϕa(r) of an 

electron localized at the lattice point satisfies the Schrödinger equation, 

Haϕa(r) = εϕa(r), (1.32) 

where ε is the eigenvalue. This Hamiltonian is given by Ha = H0 + Va(r) where 

H0 = −  
2∇2/2m and Va(r) is the lattice potential at point a. What we need is 

the expectation value of the total Hamiltonian H = H0 + V (r), where V (r) is the 

potential of the whole crystal including Va(r), 

k(r)|H| k(r) |C|2 

RR 

e−ik·R ϕ∗
a r − R Heik·Rϕa(r − R)dr. (1.33) 

By taking r = r − R and R = R − R , the right side of the above equation is 

written as 

|C|2 

RR 

ϕ∗
a r + R Heik·R ϕa r dr = |C|2Nl 

R 

ϕ∗
a (r + R)Heik·Rϕa(r)dr. 

Note that the integral depends only on the relative distance between ϕ∗
a r + R 

and ϕa r . On the right side, the equation is summed over R, where Nl is the total 

number of the lattice points. The above equation can be divided into two parts, 

R 

ϕ∗
a (r + R)Heik·Rϕa(r)dr = ϕ∗

a (r)Hϕa(r)dr 

+ 

R 0 

ϕ∗
a (r + R)Heik·Rϕa(r)dr. (1.34) 

Since H = H0 + V (r) = Ha + V (r) − Va(r), and thus H ≈ Ha for ϕa(r), the 

first term of Eq. (1.34) is approximated as 

ϕ∗
a (r)Hϕa(r)dr ≈ ϕ∗

a (r)Haϕa(r)dr = ε. 

From Eq. (1.32), the second term of Eq. (1.34) is rewritten as 

R 0 

ϕ∗
a (r + R)Heik·Rϕa(r)dr = 

R 0 

ϕ∗
a (r + R)[ε + V (r) − Va(r)]e

ik·Rϕa(r)dr.
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By using the above relations, we can express Eq. (1.33) as  

k(r)|H| k(r) |C|2Nl 

 

ε 

 

1 + 

R 0 

s(R)eik·R 

 

 − 

R 0 

t(R)eik·R 

 

, (1.35) 

where 

s(R) = ϕ∗
a (r + R)ϕa(r)dr, (1.36) 

t(R) = −  ϕ∗
a (r + R)[V (r) − Va(r)]ϕa(r)dr. (1.37) 

The dimensionless quantity s(R), called the overlap integral, represents the 

overlap of the wave functions between the neighboring lattice points. The quantity 

t(R) is called the resonance integral or transfer integral and has a unit of energy. 

It also corresponds to the scattering amplitude of an electron from position r to 

r + R by the potential V (r) − Va(r). If  ϕa(r) has s-orbital symmetry as shown in 

Fig. 1.6, we have a positive value of t(R) > 0 since V (r) − Va(r) < 0. For lower 

symmetry cases, t(R) can be positive or negative, depending on the phase of the 

wave function. 

The normalization condition of the wave function is written as 

k(r)| k(r) |C|2Nl 

 

1 + 

R 0 

s(R)eik·R 

 

 = 1. 

If the electron is localized at the lattice point, s(R) is sufficiently less than 

unity, and then the above condition is approximated as |C|2Nl = 1. If the crystal 

has inversion symmetry, V (r) = V (−r), the eigenvalue for the total Hamiltonian 

H is simplified as 

E(k) = 
k(r)|H| k(r) 

k(r)| k(r) 
= ε − 2 

R>0 

t(R)cos(k · R). (1.38) 

By summing the transfer integral t(R) over the positions R of the neighboring 

lattice points, the energy bands E(k) can be calculated. The band E(k) reflects 

the symmetry of the potential, i.e., the crystal structure. From the relation cos[k · 
R]= cos[(k + G) · R], the band given by Eq. (1.38) is obviously periodic with the 
reciprocal lattice vector G. If the crystal has an orthorhombic structure with the 

lattice constants (a, b, c) as shown in Fig. 1.7 and t(R) is summed over the nearest 

lattice points along each axis, we obtain the energy band, 

E(k) = ε − 2tacos(kxa) − 2tbcos kyb − 2tccos(kzc), (1.39)
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Fig. 1.7 Orthorhombic 

crystal structure with lattice 

constants (a, b, c) and  

transfer integrals between 

neighboring sites (ta, tb, tc) 

(a,0,0) 

(0,b,0) 

(0,0,c) 
tc 

ta 

tb 

x 

y 

z 

where ti is the transfer integral between the neighboring lattice points along 

the i-axis. Although the energy ε originally arises from Eq. (1.32), we can set 

an arbitrary offset in the energy band. Taking ε = 2(ta + tb + tc), we obtain 

E(k = 0) = 0 at the point in the Brillouin zone. If the Fermi energy is suf-

ficiently small, we have a parabolic band, E(k) ≈ ta(kxa)
2 + tb kyb 

2 + tc(kzc)
2, 

similar to the result for the free electron approximation. 

1.2.2 Fermi Surface in Tight Binding Approximation 

Let us see how Fermi surfaces are formed in the tight binding approximation. We 

assume a 2D square lattice with lattice constant a as shown in Fig. 1.8a. The energy 

band is obtained by summing t(R) over the nearest neighboring lattice points in 

Eq. (1.38). Taking ε = 4ta, we have  

E(k) = 4ta − 2tacos(kxa) − 2tacos kya . (1.40) 

Here, we define k as the wave number in the diagonal direction; the k vector 

is along (π/a, π/a) in the Brillouin zone as shown in Fig. 1.8c. The energy bands 

along kx and k are depicted in Fig. 1.8b. When the Fermi level EF is at E1 < 4ta

kx 

k’ 

k’ 

E14ta 

kx 

E2 

E3 

E(kx) E(k’) 

E2 

E3 

E1 

a b c 

ky 

0 0  

8ta 

a 

ta 

y 

x 

ta 

Fig. 1.8 a 2D square lattice, b Energy bands in tight binding approximation along kx- and  k -axes, 

c Fermi surfaces for different Fermi levels (E1, E2, E3) 
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the band crosses EF in the directions of kx and k . This results in a slightly distorted 

circular Fermi surface as shown by the dashed curve in Fig. 1.8c. This shape is 

different from the circular Fermi surface in the free electron approximation. For 

EF = E2 = 4ta, the Fermi wave number is given by the solution of cos(kxa) + 

cos kya = 0. This Fermi surface extends to the zone boundary kx, ky = ±π/a, 

resulting in a square Fermi surface as shown by the solid line in Fig. 1.8c. This 

area is exactly half the area of the Brillouin zone. This half-filled band corresponds 

to the density of one electron per site when the spin degree of freedom is included. 

This situation, a half-filled band, is realized in the parent material of high-

temperature superconductors such as La2CuO4. In La2CuO4, the Cu atoms form 

a square lattice as shown in Fig. 1.8a and the energy band is formed by a 3d 

orbital of Cu. Since this band is half-filled, the presence of a square Fermi surface, 

showing a metallic state, is expected as shown by the solid line in Fig. 1.8c in the  

band calculation. However La2CuO4 is an insulator. This insulating state, called a 

Mott insulator, is caused by the Coulomb repulsion between the electrons which 

is sufficiently larger than the bandwidth (4ta), corresponding to the kinetic energy 

of the electrons; the strong Coulomb repulsion localizes one electron at each Cu 

atom. In La2CuO4, it is very interesting that the Mott insulating state breaks down 

and superconductivity appears when La is partially substituted with Sr; the hole 

doping in the band. The mechanism of this superconductivity is still not fully 

understood and remains one of the major research issues. 

When the Fermi level rises to E3 > 4ta, there is no Fermi surface on the kx-axis 

because the band does not cross E3 on the kx-axis, but there is a Fermi surface on 

the k -axis. As a result, a Fermi surface is formed at the corners of the Brillouin 

zone as indicated by the dotted curve in Fig. 1.8c. From cos(kxa) + cos kya = 

const, we obtain 

∂ky 

∂kx 
= −  

sin(kxa) 

sin kya 
. (1.41) 

For EF > 4ta, this relation gives ∂ky/∂kx = 0 at the zone boundaries kx = ±π/a 

and ∂ky/∂kx = ∞  at ky = ±π/a. The results mean that the Fermi surface inter-

sects perpendicular to the zone boundaries, and a smooth closed orbit is formed 

in the repeated zone scheme. Another example of a 2D Fermi surface is given in 

Appendix 1.5. 

1.2.3 Energy Band for Two Atoms in Unit Cell 

So far we have assumed that there is one atom in the unit cell. Now let us consider 

the case where there are two atoms, A and B. In this case the wave function ϕ(r) 

of the unit cell is given by a linear combination of the wave functions ϕA(r) and 

ϕB(r) of the respective atoms, 

ϕ(r) = CAϕA(r) + CBϕB(r). (1.42)
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The wave function ϕ(r) satisfies the Schrödinger equation Hϕ(r) = εϕ(r). The 

coefficients CA and CB are the normalized constants of the wave function. The total 

wave function of the crystal k(r) is given by k(r) = C R e
ik·Rϕ(r − R). By  

multiplying the left-hand side of the Schrödinger equation H k(r) = E(k) k(r) 

by ϕ∗
A(r), and integrating, we obtain 

ϕA(r)|H| k(r) /C = CA ϕA(r)|H|ϕA(r) 

+ CA 

R 0 

ϕA(r)|H|ϕA(r − R) eik·R 

+ CB 

R 

ϕA(r)|H|ϕB(r − R) eik·R = CAE(k). 

Similarly, by multiplying the Schrödinger equation by ϕ∗
B(r) and integrating, 

we obtain 

ϕB(r)|H| k(r) /C = CB ϕB(r)|H|ϕB(r) 

+ CB 

R 0 

ϕB(r)|H|ϕB(r − R) eik·R 

+ CA 

R 

ϕB(r)|H|ϕA(r − R) eik·R = CBE(k). 

By using the relations, 

ϕA(r)|H|ϕA(r) = ϕB(r)|H|ϕB(r) = ε, 

ϕA(r)|H|ϕA(r − R) = tAA(R), 

ϕA(r)|H|ϕB(r − R) = tAB(R), 

we have the Schrödinger equation in the matrix representation, 

 



 

ε + 

R 0 

tAA(R)eik·R 

R 

tAB(R)eik·R 

R 

tBA(R)eik·R ε + 

R 0 

tBB(R)eik·R 

 



 
CA 

CB 
= E(k) 

CA 

CB 
. (1.43) 

Here, the wave function in Eq. (1.42) is expressed as 

ϕ(r) = CAϕA(r) + CBϕB(r) = CA 
1 

0 
+ CB 

0 

1
= 

CA 

CB 

.
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The eigenvalues E(k) are calculated from the following secular equation, 

ε + 

R 0 

tAA(R)eik·R − E(k) 
R 

tAB(R)eik·R 

R 

tBA(R)eik·R ε + 

R 0 

tBB(R)eik·R − E(k) 
= 0. (1.44) 

Examples of energy bands for two atoms in the unit cell are given in Appendices 

1.6 and 1.7. 

1.3 Band Mass and Classification of Carrier 

1.3.1 Band Mass 

We are not interested in electrons in vacuum, but in electrons in a solid with a 

periodic crystal potential. The mass of electrons in a solid is different from that 

of free electrons. The velocity of the electron in a solid is given by the Hamilton 

equation with respect to the conjugate variables, r and p(= k), 

vi = 
dri 

dt 
= 

∂H 

∂pi 
= 

1 ∂E(k) 

∂ki 
(i = x, y, z) or v = 

1 
∇kE(k). (1.45) 

In general, the band E(k) has a complex functional form depending on the 

material, but Eq. (1.45) is valid no matter what functional form E(k) has and 

does not depend on the band approximation method. It is easy to prove that the 

velocity vector v is perpendicular to the Fermi surface. Since the Fermi surface 

is isoenergetic surface, we have the relation on the surface, E(k + k) − E(k) = 

∇kE(k) · k = 0, where k is an infinitesimally small vector from point k on the 

Fermi surface, parallel to the Fermi surface. The relation ∇kE(k) · k = 0 shows 

that the vector ∇kE(k) is perpendicular to all k vectors and thus the velocity of 

the electron v in real space is perpendicular to the Fermi surface. Electronic states 

with wave vectors k can be spread over the entire crystal. However, when we 

actually describe the motion of electrons as particles, we deal with a wave packet, 

which is a superposition of states in a narrow region centered on a particular wave 

vector k. In other words, the electron velocity v is the velocity of the wave packet, 

the group velocity defined by Eq. (1.45). 

The velocity is rewritten as 

∂vi 

∂t 
= 

∂ 

∂t 

1 ∂E(k) 

∂ki 
= 

1 

j 

∂2E(k) 

∂kj∂ki 

∂kj 

∂t 

= 
1 
2 

j 

∂2E(k) 

∂kj∂ki 
Fj,
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where the relation ∂kj/∂t = Fj is used. By comparing this with F/m = ∂v/∂t, 

we can define the mass as 

1 

mij 

= 
1 
2 

∂2E(k) 

∂kj∂ki 
. (1.46) 

Thus, the mass of the electron is a tensor, which can be expressed as the sec-

ond derivative with respect to k of the energy band. The equation of motion in 

an electric field E is given by Fj = −eEj = mij(∂vi/∂t). If the electron is accel-

erated in the i-axis by E in the j-axis, the proportionality factor gives mij. For  

the free electron energy band E(k) = 
2k2/2m0 we obtain the isotropic mass 

mii(i = x, y, z) = m0. Since the k-dependence of the energy band E(k) deter-

mines the mass of the electron, it is called the band mass. In general, the band 

mass can be lighter or heavier than the free electron, depending on the functional 

form of E(k). As seen in Sect. 1.1.2, the electron velocity at the zone bound-

aries vanishes, vi ∝ ∂E(k)/∂ki = 0. In other words, the mass becomes infinite, 

1/mii ∝ ∂2E(k)/∂ki∂ki = 0; the electron is localized in the ki-axis. 

1.3.2 Electron and Hole 

Electrons carry the negative charge (−e) in a crystal, but it is often more convenient 

to think of particles with the positive charge (+e) in states unoccupied by electrons. 

Consider a simple energy band shown in Fig. 1.9a. From Eq. (1.45), the electron at 

the Fermi level has a velocity vector in the positive direction of the kx-axis for kx > 

0, vx ∝ ∂E(k)/∂kx > 0 and a positive mass mxx ∝ ∂2E/∂k2 x 
−1 

> 0. However, 

for the band in Fig. 1.9b, we have a negative velocity vx ∝ ∂E(k)/∂kx < 0 and 

a negative mass mxx ∝ ∂2E/∂k2 x 
−1 

< 0. Thus the signs of the electron velocity 

and band mass are reversed depending on the slope and curvature of the band. 

Since it is troublesome to handle electrons with such negative mass in the same 

material, a “hole” is introduced by taking the positive mass and charge (+e) and 

by reversing the velocity. The equation of motion F = mv̇ = −eE in an electric 

field (E) for the electron remains the same as that for the hole with the positive 

mass, −mv̇ = eE (−e → e and v → −v). By measuring the energy downward for 

the holes E(k) → −E(k), the thermal excitation of the holes can be discussed by 

Fermi statistics as for the electrons.

Since the Fermi surface is formed by an energy band, we can define the major 

carrier of the Fermi surface from the character of the band. It is easily determined 

by virtually filling the band with electrons. For the band in Fig. 1.9a, the Fermi 

surface is the electron surface because it expands by filling the band with electrons. 

For the band in Fig. 1.9b, the Fermi surface is the hole surface because it shrinks. 

By drawing the band in Fig. 1.9b upside down, E(k) → −E(k), we can see that 

the holes occupy the band from the bottom up to EF .
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Fig. 1.9 Energy bands and Fermi surfaces for a electron and b hole carriers. Thick arrows indicate 

the velocity vectors. Gray areas indicate the states occupied by electrons

1.4 Reconstruction of Fermi Surface 

In real crystals, a structural phase transition often occurs with decreasing tem-

perature, resulting in a symmetry breaking of the electronic state. For example, 

if a superlattice potential appears below the transition temperature Tc, the lattice 

constants change. As the Brillouin zone is redefined below Tc, the energy bands 

forming the Fermi surface change. Such a change in the Fermi surface is called 

Fermi surface reconstruction. If the Fermi surface structure above Tc is known, 

it is relatively easy to predict the reconstructed Fermi surface below Tc using the 

following procedure. The procedure will be helpful in understanding the changes 

of the physical property below Tc. 

Consider a Fermi surface of a 2D rectangular lattice with the lattice constants, 

a x and b y. Taking tc = 0 and ε = (2ta + 2tb) in the tight binding approximation, 

Eq. (1.39), we write the band as 

E(k) = (2ta + 2tb) − 2tacos(kxa) − 2tbcos kyb . (1.47) 

For ta tb, a pair of the open Fermi surfaces (quasi-1D Fermi surfaces) is formed 

for the Fermi energy EF = (2ta + 2tb) as shown in Fig. 1.10a. The first Brillouin
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zone is defined in the range −π/a < kx ≤ π/a and −π/b < ky ≤ π/b. Taking 

into account the spin degree of freedom, the Fermi energy EF = (2ta + 2tb) 

corresponds to the electron number equal to the lattice points. The energy band is 

half-filled; the half of the Brillouin zone (gray area) is occupied by the electrons. 

The electrons on the right Fermi surface (kx > 0) have the positive x-axis velocity 

vx = (1/ )∂E(k)/∂kx = 2atasin(kF a)/ , which is much larger than the y-axis 

velocity vy = 2btbsin(kF b)/ as shown in Fig. 1.10b. Similarly, the electrons on 

the left Fermi surface have the negative velocity vx = −2atasin(kF a)/ . In this 

electronic system, all the electron motion is almost limited in the kx x direction; 

thus it is a quasi-1D system. Here we suppose that a superlattice potential with a 

double lattice period in the x-axis is superimposed on the lattice. Since the lattice 

constant is doubled (a → 2a), the wave number of the superlattice potential is 

written as qx = π/a, and thus the first Brillouin zone is halved, −π/2a < kx ≤ 

π/2a. The energy bands and Fermi surfaces must have the new periodicity of qx. 

The reconstructed bands and Fermi surfaces are obtained by shifting them by ±qx, 

as depicted in Fig. 1.10c. The left 1D Fermi surface (FS2) in Fig. 1.10a is shifted 

by qx, and then the pair of the 1D Fermi surfaces (FS1 and FS2) is formed at 

the new right zone boundary kx = π/2a. The same happens at the left boundary 

kx = −π/2a. As a result, the Fermi surfaces mirrored at the new boundaries kx = 

±π/2a are added to the original Fermi surfaces. This reconstruction procedure is 

often referred to as “folding back” of the band or Fermi surface. Note that the 

reconstructed Fermi surface in Fig. 1.10c has the periodicity of qx.

In Fig. 1.10c, we see that the two pairs of the 1D Fermi surfaces cross the zone 

boundaries. In reality, this degeneracy is removed and then gaps open as depicted 

in Fig. 1.10d. We can understand how the gaps open at the boundaries by fol-

lowing the electron motion. The electrons on FS1 and FS2 have the velocities in 

the opposite directions. Therefore, the electrons can be smoothly transferred from 

FS1 to FS2 at the boundaries by opening the gaps as shown in Fig. 1.10d. This 

reconstruction results in two closed Fermi surfaces. By filling the energy band with 

electrons, one closed area expands and the other shrinks; the two closed Fermi sur-

faces are the electron and hole surfaces. Both areas are the same; the reconstructed 

Fermi surfaces represent a compensated metal. In this way, the superlattice poten-

tial drastically reconstructs the Fermi surfaces, accompanied by the change of the 

dimensionality from 1 to 2D. 

Next, we suppose a superlattice potential with a double period in the y-axis 

(b → 2b). The wave number of the superlattice potential is given by qy = π/b 

and then the first Brillouin zone is redefined in the range, −π/2b < ky ≤ π/2b. 

By shifting FS1 and FS2 by ±qy, two pairs of the 1D Fermi surfaces are formed 

as shown in Fig. 1.10e. Both FS1 and FS2 cross the zone boundaries ky = ±π/2b. 

The degeneracy is removed, and then gaps open as depicted in Fig. 1.10f. Since the 

electrons on the original and shifted FS1 have the velocities in the same direction, 

two pairs of the open Fermi surfaces are resultantly formed. Note that the total 

area of the Fermi surfaces is unchanged since the Brillouin zone is halved.
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Fig. 1.10 a Pair of open Fermi surfaces for a 2D rectangular lattice with the lattice constants, a x 

and b y. The electron number is equal to the lattice points, N 2 
l 
. Gray area shows the states occupied 

by the electrons. Fermi velocity vectors vF are indicated by thin arrows. b Energy band forming 

Fermi surface in a. c Two pairs of 1D Fermi surfaces (FS1 and FS2) at the zone boundaries kx = 

±π/2a formed by the superlattice potential with qx = π/a. d Fermi surfaces with gaps at the zone 

boundaries, where two closed Fermi surfaces are formed. e Two pairs of 1D Fermi surfaces near 

kx = ±π/2a for qy = π/a. f Fermi surfaces with gaps at the zone boundaries ky = ±π/2b

Such Fermi surface reconstruction has been observed in the quasi-1D organic 

conductor (TMTSF)2X. This material is composed of the TMTSF (tetramethylse-

lenafulvalene) planar organic molecule and anion X, whose schematic crystal 

structure is presented in Fig. 1.11 [2]. The molecular orbital of TMTSF overlaps 

predominantly with its neighbors along the a-axis. The overlap along the b-axis is 

smaller than that along the a-axis and the overlap along the c-axis is extremely 

small. Due to the anisotropic overlap, quasi-1D Fermi surfaces are formed in 

(TMTSF)2X, as depicted in Fig. 1.10a with a x and b y. The anion X = ClO4 

has a tetragonal structure with two degrees of freedom (up and down). At 24 K, 

the ClO4 anions are alternately aligned along the b-axis, forming the superlattice 

potential with qy = π/b, and thus the Fermi surface is reconstructed as shown in 

Fig. 1.10f. In (TMTSF)2ClO4, when a magnetic field is applied along the c-axis, 

a spin-density wave is induced and then the quantum Hall effect is observed [3, 

4]. In a higher magnetic field, the spin-density wave is broken and a new type 

of quantum oscillation is observed in the Hall resistance [5]. In spite of such a 

simple Fermi surface, it is surprising that various fascinating phase transitions are 

observed.

For (TMTSF)2X (X = ReO4), the ReO4 ions are alternately aligned along the 

a- and b-axes at 160 K, whose superlattice potential is given by a wave vector q 

in Fig. 1.12 [6]. The Fermi surface is reconstructed by q and then the pair of the
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a 
c TMTSF 

Cl 

O 

Fig. 1.11 Schematic structure of quasi-1D organic conductor (TMTSF)2ClO4, composed of ClO4 

anion and TMTSF molecule [2]. The dashed parallelogram indicates the unit cell

kx 

ky 
/b 

q 

/a 

FS1FS2 

q 

new BZ 

 

 
 

Fig. 1.12 Pair of 1D Fermi surfaces and nesting vector q in the repeated zone scheme for quasi-

1D organic conductor (TMTSF)2ReO4 [6]. The perfect nesting by q occurs below ~160 K, leading 

to a metal–insulator transition. The dashed rectangle indicates the new Brillouin zone (BZ) formed 

by the nesting 

Fermi surfaces (FS1 and FS2) completely disappears. This is a phase transition 

from a metal to an insulator. Such overlapping and resulting disappearance of the 

Fermi surfaces is called “nesting” of Fermi surfaces and the wave number vector 

q characterizing the periodic potential is called “nesting vector.” In particular, the 

case where the Fermi surface completely disappears is called “perfect nesting.” 

Another example of Fermi surface reconstruction is presented in Appendix 1.8. 

1.5 Summary 

In this chapter, we have seen how energy bands and Fermi surfaces are formed 

in the free electron and tight binding approximations. In particular, it is important 

to know how the Fermi surface is reconstructed and gapped at the Brillouin zone 

boundaries by a superlattice potential. Although there are many other sophisticated 

methods for determining energy bands, the above approximations are useful for 

understanding Fermi surfaces in many materials and are easy to understand. The
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Table 1.1 Typical Fermi surface structures and their energy bands in free electron and/or tight 

binding approximations 

Fermi surface 

structure 

Energy band 

3D case E(k) = 
2k2/2m = 

2 k2 x + k2 y + k2 z /2m 

or 

E(k) = ε − 2tacos(kxa) − 2tacos kya − 2tacos(kza) 

Quasi 2D case E(k) = 
2 

2m 
k2 x + k2 y − 2tccos(kzc) 

for 
2 

2m 
k2 x + k2 y 2tc > 0 or 

E(k) = ε − 2tacos(kxa) − 2tbcos kya − 2tccos(kzc) for ta ≈ tb tc > 0 

Quasi 1D case E(k) = vF (|kx| − kF ) − 2tbcos kyb − 2tccos(kzc) for vF kF > 2tb 

2tc > 0 or 

E(k) = ε − 2tacos(kxa) − 2tbcos kyb − 2tccos(kzc) for ta > tb tc > 0 

size, shape, and symmetry of the Fermi surface are important factors in determin-

ing the physical properties. Table 1.1 lists examples of Fermi surface structures and 

their energy band models that will be used as examples in the following chapters. 

Appendix 1.1 

The Bloch theorem is a general theory in which only periodic boundary conditions 

are imposed on the wave function and does not depend on any approximation 

method of the wave function. 

We define an operator Ta that moves the wave function ϕk(r) to the neigh-

boring lattice point with distance a, Taϕk(r) = ϕk (r + a). Since the Hamiltonian 

H = −  
2∇2/2m + V (r) should be invariant by this operation, we have V (r) = 

V (r + a) and then TaHϕk(r) = HTaϕk(r). By multiplying the left-hand side of 

Hϕk(r) = Eϕk(r) by Ta, we get  TaHϕk(r) = TaEϕk(r) = ETaϕk(r) and thus 

HTaϕk(r) = ETaϕk(r). This result shows that Taϕk(r) is also the eigenstate, and 

ϕk(r) and Taϕk(r) are degenerate. The difference between the two states is only the 

phase, Taϕk(r) = eiθ ϕk(r). The periodic boundary condition, ϕk(r) = ϕk(r + Nla) 

(Nl : integer), gives the relation, 

ϕk(r + Nla) = TNlaϕk(r) = T Nl 
a ϕk(r) = eiNl θ ϕk(r) = ϕk(r),
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which requires Nlθ = 2π l(l : integer). From the periodic boundary condition of 

length Nla, an integer number of the wave with the wavelength λ are included in 

the length Nla, λl = Nla. Its wave number is given by k = 2π/λ = 2πl/Nla, and 

thus θ = 2π l/Nl = ka. Therefore, the operator Ta is written as 

Taϕk(r) = eiθ ϕk(r) = eik·aϕk(r). 

Since any lattice point is expressed as R = na(n : integer), we obtain the Bloch 
theorem 

ϕk(r + R) = ϕk(r + na) = T n a ϕk(r) = eik·naϕk(r) = eik·Rϕk(r). 

Appendix 1.2 

Let us see how Brillouin zones are formed in a 2D system. As the simplest case, 

consider a 2D square lattice with lattice constant a as shown in Fig. 1.13a. In this 

case, the reciprocal lattice points are also square as shown in Fig. 1.13b. 

First Brillouin zone: Lines are drawn from one lattice point to other points 

around it, and the perpendicular bisectors are drawn. The innermost area enclosed 

by the perpendicular bisectors is the first Brillouin zone. 

Second Brillouin zone: The next inner area enclosed by the perpendicular bisec-

tors, adjacent to the first Brillouin zone. Note that the first and second Brillouin 

zones have the same area. 

a 

1st BZ 

2nd BZ 

reciprocal lattice (k space)lattice (real space) 

2/a 

unit cell 

a b  

x 

y 

kx 

ky 

 

Fig. 1.13 a 2D square lattice with lattice constant a, b Reciprocal lattice of the 2D square lattice 

and its Brillouin zones (BZs)
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kx 

E(kx) 

0 

EF 

0 k’ 

E(k’) 

: electron 
surface : hole surface 

a b 

1st band 

2nd band 

Fig. 1.14 Energy bands of a 2D square lattice in free electron approximation along a kx-axis and 

b k -axis in Fig. 1.5e. The first and second bands form the hole (β) and electron (α) surfaces shown 

in Fig. 1.5e, respectively. The vertical dashed lines show the zone boundaries 

Appendix 1.3 

Here we depict the energy bands of the Fermi surface shown in Fig. 1.5e. Along 

the kx-axis, the second band crosses the Fermi level EF as shown in Fig. 1.14a, 

forming an elliptical Fermi surface α near the zone boundary. As this band is 

filled with electrons, raising the Fermi level, the Fermi surface expands. Therefore, 

this Fermi surface is assigned to an electron surface. Along the k -axis, the first 

band crosses EF near the zone corners. Since this Fermi surface β shrinks with 

increasing electrons, it is assigned to a hole surface. The types of the carriers will 

be discussed in Sect. 1.4. As shown in Fig. 1.14, the Fermi wave numbers kF are 

defined as those from the bottom (top) of the electron (hole) band. 

Appendix 1.4 

Here we consider a 2D electron system with a rectangular unit cell. Anisotropic 

mass mx > my is phenomenologically introduced into the Hamiltonian, 

H = −  

2 

2mx 

∂ 

∂x 

2 

− 

2 

2my 

∂ 

∂y 

2 

+ V (r). 

The energy of the non-perturbative terms (first two terms) 

E(0) = 

2k2 x 

2mx 

+ 

2k2 y 

2my 

exhibits parabolic energy bands with different curvatures in the kx- and ky-axes; the 

energy band in the kx-axis rises more gently from the point than that in the ky-

axis. As shown in Fig. 1.15a, this anisotropic mass gives an elliptical Fermi surface
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4
kx 

ky 

  

a b 

2D Fermi surface 

1D Fermi surface 

kx 

ky 

1st Brillouin zone 

Fig. 1.15 Fermi surfaces of rectangular unit cell with anisotropic mass for a a low electron num-

ber and b the electron number equal to 2N 2 
l 
. The area of the dashed ellipsoid is equal to the first 

Brillouin zone 

with the major axis along kx around if the Fermi energy is sufficiently small. 

Taking into account the spin degree of freedom, when the number of electrons is 

twice the number of the lattice points 2N 2 
l 
, the area of the Fermi surface (dashed 

ellipsoid) is equal to the Brillouin zone as shown in Fig. 1.15b. The bands crosses 

the zone boundaries and the gaps open. In this way, a pair of 1D (open) and 2D 

(closed) Fermi surfaces are formed. 

Appendix 1.5 

Let us consider another example of a Fermi surface in the tight binding approxi-

mation. Consider a 2D electron system with a rectangular unit lattice (a > b) as 

shown in Fig. 1.16a. This band has a from, 

E(k) = ε − 2tacos(kxa) − 2tbcos kyb . 

Taking ε = 2(ta + tb), we obtain E(k = 0) = 0. 

Assuming a wave function with s-orbital symmetry, the transfer integral should 

be smaller in the a-axis, ta<tb. The energy bands in the kx- and ky-axes will be 

given in Fig. 1.16b. For the Fermi level EF = E1 < 4ta, the band crosses EF in 

both the kx- and ky-axes, forming a closed Fermi surface around as indicated 

by the dashed curve in Fig. 1.16c. For EF = E2 (4ta < E2 < 4tb), the band does 

not cross EF in kx, and we have an open Fermi surface in kx, as shown by the 

solid curve in Fig. 1.16c. For EF = E3(4tb < E3 < 4ta + 4tb), the band does not 

cross EF in either kx or ky but crosses around (π/a, π/b) where a closed Fermi 

surface is formed as shown by the dotted curve in Fig. 1.16c. If EF increases up to 

4ta + 4tb, no Fermi surface is formed, this electronic system becomes insulating. 

As the electron number increases (the band is filled with more electrons), the 

Fermi surface for EF = E1 (dashed curve) expands, showing the electron surface



Appendix 1.6 27

Fig. 1.16 a 2D rectangular lattice, b Energy bands in tight binding approximation along kx- and  

ky-axes, c Fermi surfaces for different Fermi levels (E1, E2, E3) 

(carriers are electrons). The Fermi surface for EF = E3 shrinks with increasing 

electrons, showing the hole surface (carriers are holes). 

As we will see in Sect. 1.3, the electron velocity is given by v = ∇kE(k)/ 

where ∇k is the derivative with respect to k. Since v is a vector perpendicular to 

the Fermi surface, the electron velocity on the open Fermi surface for EF = E2 

is mostly in the ky-axis, indicating that this is a 1D electron system in which 

the electrons tend to move in this direction. From the relation ta<tb, this makes 

sense. If the open Fermi surface is completely flat (a perfect 1D system, ta= 0), 

the electron motion is limited only in the ky-axis. In this way, as the number of 

electrons changes, the dimensionality of the Fermi surface can change between 2D 

and 1D. 

Appendix 1.6 

Let us actually calculate the energy bands for the case of two atoms in the unit 

cell. Suppose that two atoms A and B in the unit cell form a 1D chain, as shown 

in Fig. 1.17. We define the lattice constant a and the atomic spacings a1 and 

a2, a = a1 + a2. Assuming that the transfer integral between the same atoms is 

negligible, tAA(a) = tBB(a) = 0, we obtain 

R 

tAB(R)eikR = tAB(a1)e
ika1 + tAB(−a2)e

−ik·a2 , 

R 

tBA(R)eikR = tBA(−a1)e
−ika1 + tBA(a2)e

ik·a2 . (1.48) 

Substituting these into Eq. (1.44), we have 

ε − E(k) tAB(a1)e
ik·a1 + tAB(−a2)e

−ika2 

tBA(−a1)e
−ik·a1 + tBA(a2)e

ika2 ε − E(k)
= 0. (1.49)
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(= + ) 

A B
r

A B A B 

Fig. 1.17 1D lattice with two atoms in the unit cell and transfer integrals between neighboring 

sites A and B, tAB(a1) and tAB(a2) 

Since tAB(x) = tAB(−x) = tBA(−x), the energy band is calculated as 

E(k) = ε ± t2 AB(a1) + t2 AB(a2) + 2tAB(a1)tAB(a2)cos(ka). (1.50) 

Taking ε = tAB(a1)+ tAB(a2), we obtain the bands as shown in Fig. 1.18a. Note 

that an energy gap Eg opens at the zone boundaries k = ±π/a, 

Eg = 2|tAB(a1) − tAB(a2)|. 

Taking into account the spin degree of freedom, if each atom is occupied by 

one electron, the lower band is fully filled with electrons and we obtain a band 

insulator with the gap Eg . If the atoms A and B are equivalent, a1 = a2 = a/2, we  

have a simple form, 

E(k) = ε ± 2t cos 
ka 

2 
, 

where tAB(a1) = tAB(a2) = t, as depicted in Fig. 1.18b. No gap Eg = 0 at the 

zone boundaries means that the electronic state is metallic. Since the unit cell is 

halved (a → a/2), we obtain E(k) = ε − 2t cos(ka/2) for the new first Brillouin 

zone −2π/a < k < 2π/a, as shown in Fig. 1.18c. Note that this band is equivalent 

to the 1D energy band with the lattice constant of a/2. The above discussion 

shows that if a superlattice potential (periodic lattice distortion) doubling the unit 

cell is added to a 1D metallic state with a half-filled band, a gap opens at EF ; a  

metal–insulator transition occurs.

Appendix 1.7 

Let us calculate the energy bands of a layer material called graphene. Graphene 

forms a honeycomb lattice composed only of carbon (C) atoms, as shown in 

Fig. 1.19a. Taking a1 and a2(|a1| = |a2| = a) as unit vectors, we can define a 

rhombus-shaped unit cell containing two C atoms (sites A and B). The mixing
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E(k) 
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0 /a-/a 

Eg 
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k 
0 /a-/a 
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 

E(k) 

k 
0-2/a /a 

c 

( ) 

Fig. 1.18 Energy bands of 1D lattice with two atoms in unit cell for a tAB(a1) = tAB(a2) and 

b tAB(a1) = tAB(a2) = t. Gaps open at the zone boundaries k = ±π/a for a but are closed for b. 

c Energy band of 1D lattice with the lattice constant of a/2

between the 2s, 2px and 2py orbitals forms the sp2 hybrid orbitals, which extend 

in the honeycomb plane and make an angle of 120° with one another. This orbital, 

called the σ orbital, bonds with those of the neighboring C atoms, thereby stabiliz-

ing the honeycomb structure. The conduction band is formed by the 2pz orbitals. 

The orbitals extend perpendicular to the lattice plane and are called π orbitals. 

Each π orbital contains one electron, forming a half-filled band. We write the 

orbitals at sites A and B as ϕA(r) and ϕB(r), respectively. The σ orbital fully filled 

with the electrons is at a much lower energy level than the π orbital and thus does 

not contribute to the electrical conduction. 

From the unit vectors a1 and a2, the reciprocal lattice with the unit vectors, 

g1 and g2 g1 = g2 = 4π/ 

√
3a is defined in Fig. 1.19b, forming a hexagonal 

Brillouin zone. By drawing the perpendicular bisectors of the lines connecting the 

neighboring reciprocal lattice points, the hexagonal first Brillouin zone is obtained. 

The high symmetry points at the zone boundaries are marked as K, K and M.

We assume that the transfer integral between the same sites is negligible, 

tAA(R) = tBB(R) = 0. There are three transfer integrals from site A to B, whose 

directions Ri(i = 1, 2, 3) are indicated in Fig. 1.19a, 

R1 
a 

√
3 
, 0 , R2 − 

a 

2 
√
3 
, 
a 

2 
, R3 − 

a 

2 
√
3 
, −

a 

2 
. 

By summing the three terms, we obtain 

R 

tAB(R)eik·R = tAB(R1)exp i 
kx √
3 

a + tAB(R2)exp i − 
kx 

2 
√
3 

+ 
ky 

2 
a 

+ tAB(R3)exp i − 
kx 

2 
√
3 

− 
ky 

2 
a . (1.51)
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Fig. 1.19 a Honeycomb lattice of graphene and its rhombus-shaped unit cell containing two 

C atoms (A, B). The unit vectors are given by a1 and a2. b Reciprocal lattice and its hexag-

onal first Brillouin zone. The unit vectors of the reciprocal lattice are given by g1 and 

g2 g1 = g2 = 4π/ 

√
3a . c Energy bands of graphene E±(k) given by Eq.  (1.52). d Dirac cone 

energy dispersion near K

Similarly, we can obtain R tBA(R)eik·R for R = −R1, −R2, −R3. By substi-

tuting R tAB(R)eik·R and R tBA(R)eik·R into Eq. (1.44) and taking ε = 0, two  

eigenvalues are calculated as follows: 

E±(k) = ±tAB 3 + 2cos 

√
3kx 

2 
− 

ky 

2 
a + 2cos kya + 2cos 

√
3kx 

2 
+ 

ky 

2 
a . 

(1.52) 

Both the energy bands are depicted in Fig. 1.19c. The lower band E−(k) is fully 

filled, but the upper band E+(k) is empty. At the following points, 

K = 0, 
4π 

3a 
, 

2π 
√
3a 

, −
2π 

3a 
, − 

2π 
√
3a 

, − 
2π 

3a 
, 

K =
2π 
√
3a 

, 
2π 

3a 
, 0, −

4π 

3a 
, − 

2π 
√
3a 

, 
2π 

3a 
,
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we have E+(k) = E−(k) = 0, showing that the two energy bands E±(k) 

touch with each other (gapless). Taking the coordinate near the first K point as 

δkx, 4π/3a + δky , we obtain the energy bands with the linear dispersion, 

E±(k) = ±  

√
3 

2 
a(δk)tAB, δk2 = δk2 x + δk2 y . (1.53) 

A similar linear dispersion is obtained near the K points. The linear dispersion 

has a conical structure as depicted in Fig. 1.19d and is identical to that of light, 

E = clk, where cl is the speed of light. This band structure is called a Dirac 

cone, and the apex is called a Dirac point. Graphene has been extensively studied 

due to its very unique physical properties resulting from the linear dispersion. 

Appendix 1.8 

Let us look at another example of Fermi surface reconstruction in a real material. 

We assume the half-filled energy band given by Eq. (1.47) with ta < tb. This 

energy band forms a closed Fermi surface, whose area is half that of the first 

Brillouin zone, as shown in Fig. 1.20a. If a superlattice potential with a double 

period in the x-axis (qx = π/a) is added, the Brillouin zone is halved as shown by 

the dashed line. The original Fermi surface is shifted by ±qx, or folded back at the 

new zone boundaries (kx = π/2a), as depicted in Fig. 1.20b. The degeneracy at 

the boundaries is removed, and gaps open. The reconstruction results in a closed 

2D and a pair of 1D Fermi surfaces as shown in Fig. 1.20c. Note the smooth 

curvature at the boundaries. A similar reconstruction of the Fermi surface actually 

occurs in some quasi-2D organic conductors. 

qx 

a 
ky 

/b 

/a kx 

vF 
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qx 

ky 

kx
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/b 

/2a 
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vF 

qx 

1D 

2D 

gap 

 

Fig. 1.20 a Closed Fermi surface in a rectangular Brillouin zone for a half-filled band, b Fermi 

surface folded back at new zone boundaries due to superlattice potential with qx , c Reconstructed 

Fermi surface with gaps at new zone boundaries. The arrows indicate the Fermi velocity vectors
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2Landau Quantization and Quantum 
Oscillation 

Abstract 

The electrons on the Fermi surface predominantly determine the physical 

properties of conductors. Therefore, the information on the Fermi surface is 

extremely important for understanding the origin of the properties. The con-

duction electrons undergo cyclotron motions in magnetic fields. The electronic 

states are then Landau-quantized, which leads to quantum oscillations in the 

free energy or thermodynamic grand potential as a function of the magnetic 

field. The quantum oscillations contain valuable information on the Fermi sur-

face. In this chapter, the Landau quantization of electronic states in magnetic 

fields and its fundamentals are discussed, which are essential for understand-

ing quantum oscillations. The observation conditions of quantum oscillation are 

also presented. 

2.1 Cyclotron Motion and Landau Quantization 

2.1.1 2D Electron System—Classical Theory 

First, we consider the motion of an electron in 2D free space (xy plane) in classical 

theory. Hereafter we will denote the magnetic field as B. As shown in Fig. 2.1, the 

Lorentz force acting on the electron with velocity v in B along the z-axis (B z) is 

written as 

F = −ev × B. (2.1)

Taking the mass of the electron as mc, the above equation of motion is written 

as 

mc 

d2 

dt2 
x = −eBvy, mc 

d2 

dt2 
y = eBvx, (2.2)
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v 

F 

x 

y 

Fig. 2.1 Cyclotron motion of electron in 2D free space. (X0, Y0) is the center coordinate of the 

cyclotron motion

where vx = dx/dt and vx = dy/dt are the velocities of the electron in the x- and 

y-axes, respectively. The solutions are given by 

vx = v0 cos ωc(t − t0), vy = v0 sin ωc(t − t0). (2.3) 

Here we take vx = v0 and vy = 0 at t = t0, and define 

ωc = 
eB 

mc 

. (2.4) 

By integrating Eq. (2.3) over time, we obtain the coordinates of the electron (x, 

y), 

x = X0 + 
v0 

ωc 

sin ωc(t − t0), 

y = Y0 − 
v0 

ωc 

cos ωc(t − t0), (2.5) 

where X0 and Y0 are integration constants. As shown in Fig. 2.1, the results show 

a circular motion with a radius v0/ωc whose center coordinate is (X0, Y0). This 

motion is called cyclotron motion and ωc is the cyclotron (angular) frequency. 

Since the Lorentz force always acts in the direction perpendicular to both the 

velocity vector and the magnetic field, the magnetic field does not change the 

kinetic energy of the electrons: the kinetic energy is kept constant in this motion. 

This means that the electron always moves on an isoenergetic surface in k-space. 

The mass mc in Eq. (2.4) is called the cyclotron effective mass or simply the 

effective mass. The effective mass is to be distinguished from the mass defined in 

Eq. (1.46). 

Taking mcv = k in Eq. (2.1), we obtain ∂k/∂t = −ev × B. Integrating this 

equation over time, we have 

(k − k0) = −(r − r0) × 
eB 

, (2.6) 

where k0 and r0 are the integration constants. From the relation k⊥r, the orbital 

motion in k-space is obtained by rotating that in real space by 90° as shown in 

Fig. 2.2. As the magnetic field increases, the cyclotron frequency ωc increases
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Fig. 2.2 Cyclotron motion in real space (left) and k-space (right). The orbital motion in k-space 

is obtained by rotating the motion in real space by 90° 

in proportion to the magnetic field but the radius of cyclotron motion v0/ωc is 

inversely proportional to the magnetic field. Since Eq. (2.3) is written as kx = 

k0 cos ωc(t − t0) and ky = k0 sin ωc(t − t0), the radius of the cyclotron motion in 

k-space, 

k0 = mcv0/ 

is constant, independent of the magnetic field. 

2.1.2 2D Electron System—Quantum Theory 

We will discuss the electron motion in the framework of quantum theory. The 

momentum of the electrons in closed orbital motion must satisfy the Bohr 

quantization condition, 

p · dr = Nh, N = 0, 1, 2, . . . (2.7) 

In a magnetic field, substituting the definition of the vector potential B = rotA 

into the Maxwell equation, we have rotE + ∂B/∂t = rot(E + ∂A/∂t) = 0. The 

electric field is written as E = −∇φ where φ is the electrostatic potential. In a 

magnetic field, the Maxwell equation rotE = 0 in zero magnetic field is satisfied 

when the electric field is rewritten as E = −∇φ − ∂A/∂t. From the relations 

F = −eE = e∇φ + e∂A/∂t and F = ∂k/∂t, we have the equation of motion, 

∂ 

∂t 
( k − eA) = e∇φ. (2.8)
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Therefore, when the momentum of the electron is redefined as p = k − eA, 

Eq. (2.8) is identical to the equation of motion in zero magnetic field, ∂p/∂t = F = 

e∇φ. The result shows that the Hamiltonian in a magnetic field can be obtained 

by replacing k by p + eA = −i ∇ +  eA in the Hamiltonian in zero magnetic 

field, 

H = 
( k)2 

2m 
→ H = 

(−i ∇ +  eA)2 

2m 
. 

This is the effect of the magnetic field on the orbital motion (kinetic energy) of 

the electron. 

Substituting p = k − eA into Eq. (2.7), we have 

p · dr = ( k − eA) · dr. 

By using the relation k = −er×B/ in Eq. (2.6), the first term of the parenthesis 

is rewritten as 

k · dr = −e r × B · dr 

= eB · r × dr = 2eBS = 2e (2.9) 

Here, S is the area of the cyclotron orbit and = BS is the total magnetic flux 

through S. Similarly, the second term of the parenthesis is rewritten as 

eA · dr = e rotA · dS = e B · dS = eBS = e (2.10) 

Therefore, the Bohr quantization condition is rewritten as, 

p · dr = Nh = e → = N (h/e) = N 0, N = 0, 1, 2, . . . (2.11) 

where 0 = h/e = 4.13 × 10−15[Wb] = 4.13 × 10−7 Gcm2 is the quantized 

magnetic flux called flux quantum. Equation (2.11) shows that an integer number 

of the flux quanta penetrate the cyclotron orbit in a magnetic field, showing that 

the closed area of the cyclotron orbit is quantized. 

From the equation of motion for B z, ∂k/∂t = F = −ev × B, we obtain 

∂kx 

∂t 
= −eBvy, 

∂ky 

∂t 
= eBvx. (2.12)
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By integrating over time, we have kx = −eB(y − Y0) and ky = eB(x − X0), 

where X0 and Y0 are the integration constants. These are rewritten as 

x = X0 + 
ky 

eB 
, y = Y0 − 

kx 

eB 
. (2.13) 

Comparing these with Eq. (2.5), we note that (X0, Y0) is the center coordinate 

and ky/eB, − kx/eB represents the orbital coordinate of the cyclotron motion. 

Using the Landau gauge A(0, Bx, 0) for B z, the relation k = p + eA = −i ∇ +  

eA gives 

kx = −i 
∂ 

∂x 
, ky = −i 

∂ 

∂y 
+ eBx, (2.14) 

Substituting these into Eq. (2.13), we have 

X0 = 
i 

eB 

∂ 

∂y 
= il2 B 

∂ 

∂y 
, y = Y0 + il2 B 

∂ 

∂x 
. (2.15) 

Here, lB is a quantity with the dimension of length defined as 

l2 B = /eB (2.16) 

This is called the magnetic length. It is easy to verify the commutation rela-

tions, kx, ky = −i/l2 B, [kx, x] = ky, y = −i, and kx, y = ky, x = 0. 

The center coordinates also have the relation, [X0, Y0] = il2 B. These relations are 

gauge independent. Using Schwartz inequality, the uncertain relation is obtained as 

X0 Y0 ≥ l2 B/2, where X0( Y0) is the uncertainty of X0(Y0). This means that 

the central coordinates X0 and Y0 of the cyclotron motion are not simultaneously 

determined in quantum mechanics. As the magnetic field increases, the uncertainty 

l2 B decreases. This means that the electrons are confined to smaller regions in real 

space at higher magnetic fields. 

The Hamiltonian in free space is written as 

H = 

2 

2mc 

k2 x + k2 y . (2.17) 

The Zeeman effect is not taken into account for simplicity. Substituting 

Eq. (2.14) into Eq. (2.17) gives the Hamiltonian including the magnetic field effect, 

H = 
1 

2mc 

−i 
∂ 

∂x 

2 

+ −i 
∂ 

∂y 
+ eBx 

2 

. (2.18) 

This Hamiltonian contains only the term ∂/∂y for y, we can write the solution 

as 

(x, y) = ψN (x)φ(y). (2.19)
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Since X0 is commutative with H, i ∂X0 ∂t = [X0, H] = 0, X0 is the 

conserved quantity (time-independent) but Y0 is not. From Eq. (2.15), we have 

X0 (x, y) = 
i 

eB 

∂ 

∂y 
(x, y), (2.20) 

and thus 

i 
∂ 

∂y 
φ(y) = eBX0φ(y). (2.21) 

This solution is a plane wave, 

φ(y) = exp 
−ieBX0y = exp 

−iX0y 

l2 B 
. (2.22) 

Substituting X0 = (i /eB)(∂/∂y) into Eq. (2.18), we have 

H = −  

2 

2mc 

∂2 

∂x2 
+ 

1 

2 
mcω

2 
c (x − X0)

2. (2.23) 

This is the Hamiltonian for a 1D harmonic oscillator. The solution is written as 

ψN (x) =
1 

2N N !lB
√

π 

HN 

x − X0 

lB 
exp − 

1 

2l2 B 
(x − X0)

2 , (2.24) 

where the coefficient 1/ 2N N !lB
√

π is the normalized constant and HN (x) is 

the N th order Hermite function. The wave function ψN (x) is plotted for several N 

values in Fig. 2.3. ψN (x) has N nodes (zero-crossing points). φ(y) is a plane wave, 

showing a constant electron density in the y-axis. In this gauge, X0 is fixed, and 

thus Y0 is completely uncertain from the uncertainty relation X0 Y0 ≥ l2 B/2. In 

a different gauge, A(−By, 0, 0), we have a solution with x and y interchanged, the 

solution has N nodes in the y-axis.

If we define a reduced coordinate ξ 

ξ =
mcωc 

(x − X0), (2.25) 

and operators, 

a = 
1 

√
2 

ξ + 
∂ 

∂ξ 
, a+ = 

1 
√
2 

ξ − 
∂ 

∂ξ 
, (2.26) 

the Hamiltonian is written as 

H = ωc a+a + 
1 

2 
. (2.27)
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Fig. 2.3 Wave functions 

ψN (x) for several N values. 

ψN (x) has N nodes

(a
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The operators satisfy the commutation relation, a, a+ = 1. From the 

following relations, 

aψN (x) = 

√
N ψN −1(x), a

+ψN (x) = 

√
N + 1ψN +1(x), (2.28) 

we note that a and a+ are the annihilation and creation operators, respectively. 

The eigenvalue of the Schrödinger equation H (x, y) = EN (x, y) is quantized 

as 

EN = ωc N + 
1 

2 
, N = 0, 1, 2, .  .  . (2.29) 

This is called Landau quantization, and the quantized energy level and its index 

N are called Landau level and Landau index, respectively. The ground state (N = 

0) has the non-zero energy EN =0 = (1/2) ωc, which corresponds to zero-point 

energy of a harmonic oscillator. The Landau levels EN are evenly spaced with 

ωc. Assuming that the lowest Landau level EN =0 is equal to the kinetic energy 

of the cyclotron motion with the radius r0, 

ωc 

2 
= 

mc(r0ωc)
2 

2 
, (2.30) 

we obtain r0 = lB. This is the physical meaning of the magnetic length given in 

Eq. (2.16). For B = 10 T, we have lB = 8.1nm.
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Next we will see that the wave function ψN (x) changes significantly depending 

on the gauge. For the symmetric gauge A = B×r/2, it may be easier to understand 

the relation to the classical cyclotron orbit. In cylindrical coordinates (r, ϕ), the 

Schrödinger equation can be divided into independent partial differential equations 

with respect to r and φ. By solving the Schrödinger equation, the eigenfunction is 

obtained, whose center coordinate (X0, Y0) has the relation, 

X 2 0 + Y 2 0 = 2l2 B N + mN + 
1 

2 
> 0, N = 0, 1, 2, . . .  and mN ≥ −N . (2.31) 

Here R0 = X 2 0 + Y 2 0 is the distance from the origin. Both X0 and Y0 are not the 

conserved quantities. The number mN indicates the angular momentum along the 

z-axis. The total wave function is given by 

NmN (r, ϕ) = ψNmN (r) exp(−imNϕ), (2.32) 

and its radial function ψNmN (r) is expressed as 

ψNmN (r) = 
1 

lB 

N ! 
2π (N + mN)! 

r 
√
2lB 

mN 

exp 
−r2 

4l2 B 
L
mN 

N 

r2 

2l2 B 
, (2.33) 

where L
mN 

N (x) is the N th order Laguerre polynomial. The eigenfunction in 

Eq. (2.32) is often called a vortex state because the rotation around (X0, Y0) 

changes the phase by 2π mN. The eigenvalue is the same as Eq. (2.29). The radial 

function ψNmN (r) is plotted for several N and mN values in Fig. 2.4. Because of 

L0 0 = 1, we have ψ00(r) ∝ exp −r2/4l2 B , which extends over a range of ∼ 2lB 
and its center coordinate is away from the origin by R0 = lB. As mN increases 

for N = 0, ψ0mN (r) spreads over a wider range and its center coordinate is also 

further away from the origin. As mN increases significantly, the spreading wave 

function reaches the boundary of the space. This is the upper limit of mN , which 

gives the degeneracy of the states. In this gauge, the distance R0 is fixed but the 

center coordinate (X0, Y0) has uncertainty X0 Y0 ≥ l2 B/2. The function ψNmN (r) 

has N nodal lines as shown in Fig. 2.4.

The above discussion has been made for the Landau quantization of electrons 

in free space. In a crystal, the Hamiltonian includes the periodic lattice potential, 

and thus it is difficult to solve the Schrödinger equation analytically. The energy 

bands in the crystal will generally have a complex functional form, which leads to 

a complex Fermi surface structure depending on the lattice potential. 

Regardless of the Fermi surface structure, it should be noted that the electrons 

undergo orbital motion on the isoenergetic surface in a constant magnetic field 

as long as they are not scattered. When the orbits are closed, the Bohr quanti-

zation condition given by Eq. (2.7) must be satisfied; the electron energy levels 

are Landau-quantized. The Landau levels in the lattice potential are generally not 

equally spaced. As shown in Appendix 1.7, graphene has a linear energy disper-

sion (Dirac cone energy band) and the Landau levels are given by EN ∝ 

√
N as
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Fig. 2.4 Radial functions ψNmN (r) for several N and mN values in the symmetric gauge. ψNmN (r) 

has N nodal lines

derived in Appendix 2.1. Although Landau quantization in a crystal is not as sim-

ple as in free space, a closer look at the eigenstates in free space will be helpful 

in understanding Landau quantization. 

2.1.3 Degeneracy of Landau Level in 2D Electron System 

Assuming the electronic state in the area of L × L and the periodic boundary 

condition φ(y) = φ(y + L) for the plane wave in Eq. (2.22), we obtain X0 = 

2nπ l2 B/L (n: integer). This relation means that the center coordinate X0 of ψN (x) in 

Eq. (2.24) is evenly spaced with 2π l2 B/L in the x-axis but no restrictions on Y0. The 

degeneracy of the state within the length L is given by L 2π l2 B/L = L2/2π l2 B; 
there are L2/2π l2 B states in the area L × L. Therefore, the degeneracy DN per unit 

area (L2= 1) is given by 

DN = 
1 

2π l2 B 
= 

mcωc 

2π
= 

B 

0 
. (2.34) 

This quantity is doubled when the spin degree of freedom is taken into account. 

Note that the degeneracy does not depend on the Landau index N. Since π l2 B is 

the area of the cyclotron orbit at the lowest Landau level in classical theory, the 

degeneracy is a measure of how many cyclotron orbits at the lowest Landau level 

can occupy the unit area. The relation DN = B 0 shows that the degeneracy is 

equal to the number of the flux quanta passing through the unit area. 

All Landau levels, which are equally spaced with ωc, rise in proportion to the 

magnetic field. As shown in Fig. 2.5a, we assume that the N th Landau level is 

just below the Fermi energy EF . The density of states in the 2D electron system is 

D(E) = mc/2π 
2 from Eq. (1.8) without the spin degree of freedom. Therefore,
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ch 

a b  

Fig. 2.5 a Landau quantization in 2D electronic state. All electronic states within ωc (left) are 

condensed into the closest Landau levels (right). b Fermi surface (dashed circle) and quantized 

cyclotron orbits with indices . . . ,  N − 1, N , N + 1 in magnetic field 

the number of states in the range of ωc is equal to the degeneracy of each Landau 

level with N, 

ωcD(E) = 
mcωc 

2π
= DN . (2.35) 

This result means that all electronic states within the range of ωc are 

condensed into the closest Landau levels. 

The area of the cyclotron orbit AN in k-space is given by 

AN = πk2 N , (2.36) 

where kN is the radius of the N th cyclotron orbit. From the relation EN =
2k2 N /2mc = ωc(N + 1/2), we have  

AN = 
2π eB 

N + 
1 

2 
. (2.37) 

The area is proportional to the magnetic field. The radius of the cyclotron orbit 

increases with N and magnetic field, kN ∝ 
√

(N + 1/2)B, as shown in Fig. 2.5b. 

Since the area increases with magnetic field AN ∝ B, AN becomes equal to the 

cross section of the cylindrical Fermi surface at a certain magnetic field. This 

situation corresponds to EN = EF . From the relation, r = −  k/eB in Eq. (2.6), 

we obtain the area of the cyclotron orbit in real space, 

SN =
eB 

2 

AN = 
2π 

eB 
N + 

1 

2 
. (2.38) 

SN is inversely proportional to the magnetic field.
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2.1.4 Landau Quantization in 3D Electron System 

So far we have considered a 2D electron system. Now we will consider a 3D elec-

tron system. The Fermi surface of the 3D free electron system is a sphere as shown 

in Fig. 2.6a. All the electrons can take closed orbits in magnetic fields; all the 

states are Landau-quantized. In crystals, depending on the structure of the Fermi 

surface, the electrons may not take closed orbits. In such a case, the Bohr quantiza-

tion condition need not be satisfied; the electronic states are not Landau-quantized. 

Returning to Fig. 2.6a, all the cyclotron orbits in the magnetic field (B z) remain 

in the kxky plane, and the electron motion in the kz-axis is not constrained by the 

magnetic field. The eigenvalues are given by 

EN = ωc N + 
1 

2 
+ 

2k2 z 

2mc 

. (2.39) 

Using EF = 
2 k2 x + k2 y + k2 z /2mc in zero magnetic field, the difference 

between the Landau and Fermi levels is 

EF − EN = 

2 

2mc 

k2 x + k2 y − ωc N + 
1 

2 
. (2.40) 

Figure 2.6b shows the isoenergetic surfaces (cylinders) for the N th Landau level 

ωc(N + 1/2), called the Landau tubes. The dashed curves in Fig. 2.6a show 

the intersection of the Landau tube and the spherical Fermi sphere, EF = EN . 

The cross section of the dashed orbit AN is given by Eq. (2.37). There are other 

Landau tubes, for instance, (N − 1)th tube inside and (N + 1)th tube outside.

a b  

kykx 

kZ 

ky 

kx 

kZ 
B 

N 

N-1 

N+1 

  

Fig. 2.6 a Spherical Fermi surface of 3D free electron system. The dashed curves show the inter-

section of the Landau tube and the spherical Fermi sphere, EF = EN b Landau tubes with indices 

N − 1, N, and  N + 1 
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Fig. 2.7 a Landau levels of 3D free electron system, b Density of states in magnetic field. The 

dashed curve shows the density of states at zero magnetic field 

As the magnetic field increases, the intersection on the Fermi surface expands and 

reaches the maximum cross section of the Fermi surface at a certain magnetic field, 

where EF = ωc(N + 1/2). The electrons inside the Fermi surface are condensed 

into the nearest Landau tube in a magnetic field. 

Equation (2.39) shows that each Landau level has a parabolic dispersion with 

kz as depicted in Fig. 2.7a. Using kz from Eq. (2.39), we have 

kz = 
2mc 

2 

1/2 

EN − ωc N + 
1 

2 

1/2 

, (2.41) 

We obtain the density of states by calculating the number of states in the kxky 
plane and in the kz-axis independently, 

D(E) = 
1 

4π2 

2mc 

2 

3/2 

ωc 

N 

E − N + 
1 

2 
ωc 

−1/2 

. (2.42) 

This equation is derived in Appendix 2.2. The resulting density of states is 

depicted in Fig. 2.7b. The density of states tends to diverge at E = (N + 1/2) ωc 

and then gradually decreases with increasing E up to (N + 3/2) ωc, following 

D(E) ∝ 1/ 

√
E. For comparison, the density of states at zero magnetic field is 

indicated by the dashed curve in Fig. 2.7b. 

For reference, some parameters of the Fermi surfaces for two typ-

ical conductors are listed in Table 2.1, the copper (Cu) metal and 

organic conductor κ (BEDT-TTF)2Cu(NCS)2, where BEDT-TTF stands for 

bis(ethylenedithio)tetrathiafulvalene. The copper has a face-centered cubic cell 

with the lattice constant a = 0.361 nm as shown in Fig. 2.8a. κ-(BEDT-

TTF)2Cu(NCS)2 has a monoclinic unit cell with the lattice constants a = 1.63 nm,
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Table 2.1 Parameters of 

copper and organic conductor 

κ (BEDT-TTF)2Cu(NCS)2 

Material Cu κ-(BEDT-TTF)2Cu(NCS)2 

EF (eV) ~7 ~0.2 

ωc(rad/s) ~1012 ~1012 

ωc (eV) ~10−3 ~10−3 

N ~7000 ~300 

The values ωc and ωc are calculated at a magnetic field of 10 T. 

N indicates the number of the Landau levels below EF at 10 T 

BEDT-TTF 

BEDT-TTF 

Cu(NCS)2 

a 

b 

c 

Cu 

a 

a b  

a 

a 

Fig. 2.8 Structures of a copper, and b organic conductor κ-(BEDT-TTF)2Cu(NCS)2 and BEDT-

TTF molecule 

b = 0.844 nm, c = 1.31 nm and β = 110°, whose schematic structure is shown 

in Fig. 2.8b. The first Greek letter represents the type of stacking structure of the 

BEDT-TTF molecule. The planar organic BEDT-TTF molecules are stacked in the 

a- and c-axes, and the Cu(NCS)2 anions form insulating layers between the BEDT-

TTF layers. Due to the layered structure, a highly 2D energy band is formed by 

the molecular orbital of BEDT-TTF; the conducting layer is in the ac plane and 

the least conducting axis is parallel to the b-axis. Note that the Fermi energy of κ-

(BEDT-TTF)2Cu(NCS)2 is much smaller than that of Cu. The main reason is that 

the unit cell of κ-(BEDT-TTF)2Cu(NCS)2 is much larger and thus its low carrier 

density makes the Fermi surface and level much smaller. 

2.2 Magnetic Field Dependence of Energy of Electronic 
State 

2.2.1 Free Energy and Thermodynamic Grand Potential 

We see how the total energy of the electronic state changes with a magnetic field 

[1]. The free energy F is defined as F = E − TS, where E is the internal energy 

and S is the entropy. We also define the thermodynamic grand potential as =



46 2 Landau Quantization and Quantum Oscillation

F − µNe, where µ is the chemical potential and Ne is the number of electrons. 

Their differential expressions are respectively given by 

dF = −SdT − M dB + µdNe, (2.43) 

d = −SdT − M dB − Nedµ. (2.44) 

Here M is the magnetization and B = µ0(H + M ), where µ0 is the perme-

ability of the vacuum. For paramagnetic materials (H M ) with which we are 

concerned, we can take B ≈ µ0H . From the above equations, we obtain 

M = −  
∂F 

∂B Ne 

= −  
∂B µ 

, (2.45) 

µ =
∂F 

∂Ne B 

, Ne = −
∂µ B 

. (2.46) 

For simplicity, the above equations do not specify the constant temperature con-

dition. In statistical mechanics, the thermodynamic grand potential is expressed 

as 

= −kBT 

i 

ln 1 + e 
µ−Ei 
kBT , (2.47) 

where kB is the Boltzmann constant and indicates summing over all possible 

electronic states with the energy Ei. In a magnetic field, the sum of the states 

with k parallel to the magnetic field is replaced by its integral k → (1/2π ) ∫ dk 

and those in a plane perpendicular to the magnetic field by the sum of the Landau-

quantized states with index N. The thermodynamic grand potential per unit volume 

is given by 

= −
kBT 

2π 

kF 

−kF 

dkDN 

N 

ln 1 + e 
µ−EN 
kBT . (2.48) 

The spin degree of freedom is not taken into account in the above sum. The 

Landau level EN is given by Eq. (2.39) and the degeneracy of the Landau level 

DN is given by Eq. (2.34), which depends only on the magnetic field. 

Since the Fermi energy is equal to the chemical potential at T = 0 K,  

µ(T = 0) = EF , Eq. (2.48) for T = 0 K is written as 

= 
1 

2π 

kF 

−kF 

dkDN 

N 

(EN − EF ) → 
1 

2π 

kF 

−kF 

dkDN 

N 

EN . (2.49)
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For simplicity, the energy offset EF is eliminated in the last expression. Rewriting 

Eq. (2.49) as  

= = 

kF 

−kF 

( k)dk, 

we define the thermodynamic grand potential in the width δk parallel to the 

magnetic field, 

= 
δkDN 

2π
N 

EN . (2.50) 

The simplest case is an isolated 2D system, where the number of the electrons 

is conserved. The free energy is equal to the internal energy at T = 0 K,  F = 

E − TS → E and the internal energy in a magnetic field perpendicular to the 2D 

system is simply written as 

E = DN 

N 

EN . (2.51) 

2.2.2 2D Electron System 

First, consider the case of a 2D free electron system with a constant number of 

electrons. In a magnetic field perpendicular to the 2D layer, the electronic states 

are Landau-quantized, as shown in Fig. 2.9a. We assume that the Fermi level 

lies in the range, N ωc < EF ≤ (N + 1) ωc. The EN −1 level is fully occupied 

but the EN level is partially occupied by electrons whose number is given by 

DN (EF − N ωc)/ ωc. As the magnetic field increases, all the Landau levels rise 

and some of the electrons occupying the EN level fall to the EN−1 level. The 

chemical potential µ(B) is held at EN [µ(B) = EN ]; µ(B) linearly increases with 

magnetic field in this range as depicted in Fig. 2.9a. Once N ωc exceeds EF , the 

EN level becomes empty, resulting in a discontinuous drop of µ(B) to EN−1. As 

the magnetic field further increases, this process is repeated, resulting in a sawtooth 

oscillation of the chemical potential as shown in Fig. 2.10a.

In Fig. 2.9a, the Landau levels are fully occupied up to N − 1, and thus the 

internal energy given by Eq. (2.51) is calculated as 

E(B) =DN 

N 

n=0 

En = DN 

N−1 

n=0 

n + 
1 

2 
ωc + DN N + 

1 

2 
(EF − N ωc) 

= −  
D(EF) 

2 
N + 

1 

2 
ωc − EF 

2 

+ 
D(EF) 

2 
E2 
F + 

( ωc)
2 

4 
, (2.52)
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Fig. 2.9 Landau quantization and electron transfer between levels for a 2D and b 3D cases 
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1/(N+1) 1/N 
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Fig. 2.10 a Landau quantization and chemical potential for 2D electron system, b Oscillatory part 

of the internal energy for 1/(N + 1) ≤ ωc/EF < 1/N , Oscillatory parts of c the internal energy, 

and d chemical potential and magnetization in a wide magnetic field range

where D(EF ) is the density of states at EF and D(EF) ωc = DN . We used 

the relation,
N −1 
n=0 (n + 1/2) = N 2/2. In the next higher magnetic field range, 

(N − 1) ωc < EF ≤ N ωc, N in Eq. (2.52) is replaced by N − 1. In this 

way, N decreases one by one as the magnetic field increases. Note that the first 

term [(N + 1/2) ωc − EF ]
2 gives oscillatory behavior of the internal energy due 

to Landau quantization. The other magnetic-field-dependent term D(EF )( ωc)
2/8 

shows the orbital diamagnetic energy. From the relation N → EF / ωc for B → 0, 

we have the internal energy at B = 0, E = D(EF )E
2 
F /2, which is consistent with 

the result E = 
EF 
0 D(E)EdE.
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The magnetic field range for µ(B) = EN , N ωc < EF ≤ (N + 1) ωc is 

rewritten as 

1 

N + 1 
≤ 

ωc 

EF 

< 
1 

N 
. (2.53) 

Here we define the oscillatory term Ẽ(B) of the internal energy in Eq. (2.52) as  

Ẽ(B) = −
D(EF )E

2 
F 

2 
N + 

1 

2 

ωc 

EF 

− 1 

2 

+ 
D(EF ) 

8 
( ωc)

2. (2.54) 

This is a quadratic function of B, Ẽ(B) has a maximum at EF ≈ EN = 

(N + 1/2) ωc, as shown in Fig. 2.10b. In a wide magnetic field range, Ẽ(B) 

oscillates (Fig. 2.10c): the energy Ẽ(B) periodically has sharp minima as a func-

tion of the inverse magnetic field where µ(B) changes discontinuously. Since the 

magnetization is given by M (B) = −(∂E/∂B), the oscillatory part of the magne-

tization M̃ (B) also forms a sawtooth with increasing magnetic field as shown in 

Fig. 2.10d, which is similar to µ(B). In this calculation, the electron spin is not 

taken into account, the magnetization is purely ascribed to the orbital magneti-

zation. The amplitude of the oscillation of M̃ (B) is independent of the magnetic 

field. The effects of finite temperature, scattering and spin on the oscillations will 

be discussed in Sect. 3.2. 

2.2.3 3D Electron System 

It is not so likely that the electron systems we measure are completely 2D. Even 

for layered materials, there is a finite energy dispersion between the layers or they 

may be multiple-Fermi-surface systems. In these cases, the above argument for 

the 2D electron system should be modified. For simplicity, we assume an isotropic 

Fermi surface as shown in Fig. 2.6a and apply a magnetic field along the z (kz)-

axis. The electronic states in the kxky-plane are Landau-quantized. As the magnetic 

field increases, the Landau levels (Landau tubes) with different quantum numbers 

N cross the Fermi level at different parts on the Fermi surface as already seen in 

Fig. 2.6. Here we see the Landau quantization in the range EN −1 < EF ≤ EN for 

the kZ = 0 states as depicted in Fig. 2.9b. In the range N ωc < EF ≤ EN (left 

of Fig. 2.9b), the EN level above EF is empty; the electrons which occupied the 

states in the range between N ωc and EF at zero magnetic field (gray area) are 

transferred to the EF level on the different parts of the Fermi surface (kZ = 0) or 

other Fermi surfaces (if present), working as a reservoir. The number of the elec-

trons NL in the kZ = 0 states is smaller than the number N0 at zero magnetic field 

by D(EF )(EF − N ωc); the electrons transferred to the reservoir have the energy 
D(EF )EF (EF − N ωc). Note that this transfer does not occur in a 2D electron 

system without the reservoir. When N ωc reaches EF , we have NL = N0 and thus 

the total energy of the kZ = 0 states is equal to DN 
N−1 
n=0 (n + 1/2) ωc. In the
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1/(N-1/2)1/(N+1/2) 
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N-1   N+1   N+2   N
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0, 

= 

Fig. 2.11 a Landau quantization and highest Landau level occupied by electrons for 3D electron 

system, b Oscillatory part of the thermodynamic grand potential for 1/(N + 1/2) ≤ ωc/EF < 

1/(N − 1/2), c Oscillatory parts of the thermodynamic grand potential in a wide magnetic field 

range, d Number of electrons NL in the kZ = 0 states and oscillatory part of the magnetization in 

a wide magnetic field range  

higher magnetic field range EN −1 < EF ≤ N ωc (right of Fig. 2.9b), the EN −1 

level below EF is still fully occupied by the electrons. This means that the elec-

trons with the number of D(EF )(N ωc − EF ) (gray area) are transferred from the 

reservoir to the EN−1 level, and thus NL is larger than N0 by D(EF )(N ωc − EF ). 

As the magnetic field increases, all the Landau levels rise. Once EN−1 exceeds 

EF , the EN−1 level becomes empty. As the magnetic field further increases, this 

process is repeated, and thus the highest Landau level occupied by the electrons 

in the kZ = 0 states shows a sawtooth oscillation without exceeding EF as shown 

in Fig. 2.11a. 

In the range EN−1 < EF ≤ EN , the thermodynamic grand potential in 

Eq. (2.50) changes with magnetic field as follows, 

(B) 
2π 

δk 
= DN 

N 

n=0 

En = DN 

N −1 

n=0 

n + 
1 

2 
ωc 

+ D(EF )EF (EF − N ωc) 

= 
D(EF ) 

2 
(N ωc − EF )

2 + 
D(EF ) 

2 
E2 
F . (2.55) 

Since EF / ωc → N for B → 0, we have (B)(2π/δk) = D(EF )E
2 
F /2 for 

B = 0, equal to the 2D case in Eq. (2.52). The range EN −1 < EF ≤ EN is
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rewritten as 

1 

N + 1/2 
≤

ωc 

EF 

< 
1 

N − 1/2 
. (2.56) 

The oscillatory term of the thermodynamic grand potential in Eq. (2.55) is  

defined as 

(B) 
2π 

δk 
= 

D(EF )E
2 
F 

2 
N 

ωc 

EF 

− 1 

2 

. (2.57) 

This is also a quadratic function of B; (B) has a minimum at EF = N ωc 

as shown in Fig. 2.11b. In a wide magnetic field range, (B) becomes a periodic 

function with inverse magnetic field (Fig. 2.11c). (B) exhibits pronounced peaks 

at magnetic fields where NL(B) changes discontinuously. Since the magnetization 

is given by M (B) = −( B), the oscillatory part of the magnetization M̃ (B) 

also forms a sawtooth shape with increasing magnetic field (Fig. 2.11d). Again, 

M̃ (B) results purely from the orbital magnetization. For comparison, NL(B) is 

shown in Fig. 2.11d. 

Both the internal energy of the 2D system and the thermodynamic grand poten-

tial of the electronic state with kZ = 0 for the 3D system oscillate with increasing 

magnetic field. Therefore, the thermodynamic quantities, such as magnetization, 

heat capacity, which are derived from the derivative of the energies or the thermo-

dynamic grand potential, also oscillate with the magnetic field. Since the density 

of states is derived from the thermodynamic grand potential, the resistance also 

oscillates as discussed in Chap. 3. These phenomena are commonly referred to as 

quantum oscillations. In particular, the quantum oscillations observed in resistance 

are called Shubnikov-de Haas (SdH) oscillations, and those in magnetization (or 

magnetic susceptibility) are called de Haas-van Alphen (dHvA) oscillations. Both 

oscillatory phenomena were first observed in the Bi metal and were published in 

1930 [2, 3]. 

2.3 Frequency of Quantum Oscillation 

We examine the relation between the frequency and the Fermi surface. Let AF 

be the cross section of the 2D (cylindrical) Fermi surface or the cross section at 

kZ = 0 of the 3D (spherical) Fermi surface in Fig. 2.6a. In the free electron system, 

the circular cross section is given by the Fermi wave number AF = πk2 F , and thus 

the Fermi energy is written as 

EF = 

2k2 F 

2mc 

= 

2 

2πmc 

AF . (2.58)
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The number of the Landau levels N ( 1) below EF is inversely proportional 

to the magnetic field, 

N = 
EF 

ωc 

= 
2πe 

AF 

1 

B 
. (2.59) 

As the field increases, N decreases one by one. The magnetic field range 

(1/B) that reduces N by one N (= 1) can be defined as the frequency FQ 

of the quantum oscillation, 

FQ =
N 

(1/B) 
= 

2π e 
AF , 

FQ 

B 
= 

EF 

ωc 

. (2.60) 

The frequency of the quantum oscillation is proportional to the cross section 

AF , which is called the Onsager relation. Since the quantum oscillation is peri-

odic with the inverse magnetic field, as already seen in Figs. 2.10 and 2.11, the 

frequency is expressed in the unit of the magnetic field, Tesla (T). Substituting the 

physical constants into Eq. (2.60), we obtain 

FQ[T] = 1.05 × 102AF nm
−2 . (2.61) 

Since the above discussion assumes energy bands in the free electron system 

one might think that the periodic oscillation with the inverse magnetic field is a 

special case. However, the 1/B periodicity is derived for more general cases. 

As long as the Landau level EN is a function of the product of the Landau 

index and the magnetic field, EN = f (NB), the 1/B periodic oscillation with the 

frequency given in Eq. (2.60) should emerge. For instance, the Landau levels of 

the Dirac cone energy band (Appendix 2.1) are given by EN± = ±vF 
√
2e NB in 

Eq. (2.80). This is clearly a function of NB, leading to a 1/B periodic oscillation. 

For a general discussion of the periodicity, we expand the energy up to the 

second order near the Fermi wave number kF , 

E(k) = E(kF ) + 
∂E 

∂k kF 
(k − kF ) + 

1 

2 

∂2E 

∂k2 kF 

(k − kF )
2. (2.62) 

In the magnetic field B z, the electronic states are Landau-quantized in the kxky 
plane. The deviation of the wave number δk from kF is written as 

(k − kF ) = δk = ±  δk2 x + δk2 y . (2.63) 

Rewriting ∂E/∂k|kF = vF , the band in Eq. (2.62) is given by E(k) = E(kF )+ 

vF δk up to the first order (linear) term. This is equivalent to Eq. (2.80) and thus 

the Landau level EN is a function of NB, EN = f (NB), as seen later. If the second 

order (parabolic) term in Eq. (2.62) is dominant, we obtain E(k) ∝ δk2, equivalent 

to the free electron case discussed in Sect. 2.1. Either case results in a 1/B periodic 

oscillation.
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Since the frequency of the quantum oscillation satisfies FQ B(N 1) in 

most conductors, the energy dispersion in a narrow energy range near EF deter-

mines the periodicity of the quantum oscillations. Since the band dispersion is 

generally approximated as E(k) ∝ k near EF for FQ B; the first order term in 

Eq. (2.62) is dominant, the 1/B periodic quantum oscillation is a common feature. 

Figure 2.12a shows the quantum oscillation observed in the magnetic torque 

for the quasi-2D organic conductor κ-(BEDT-TTF)2Cu(NCS)2 in magnetic fields 

perpendicular to the conduction plane. The torque is given by τ torque = M × B, 

as will be seen in Chap. 3. The schematic structure of this organic conductor is 

already shown in Fig. 2.8b. A closer look at the structure of this conductor shows 

that the neighboring BEDT-TTF molecules are dimerized, as shown in Fig. 2.12b. 

The overlapping molecular orbitals form bonding and antibonding orbitals. The 

bonding orbital occupied by two electrons does not contribute to the conduction. 

The antibonding orbital occupied by one electron overlaps with that of the neigh-

boring dimerized molecules in the ac plane and forms a 2D conduction band in 

the BEDT-TTF molecular layer. Since the antibonding orbitals are localized in the 

BEDT-TTF dimer, the energy band is well described in the tight binding approx-

imation. The band dispersion is not necessarily given by E(k) ∝ k2 at EF ; the 
Landau levels are not equally spaced in a wide energy range. However, the 1/ 

B periodic oscillation is evident in the wide magnetic field range as shown in 

Fig. 2.12a. 

From the relation τ torque = M × B, the quantum oscillation observed in the 

magnetic torque measurement is often called dHvA oscillation. From the wave-

length of the oscillation (1/B) = 0.0016[1/T], the frequency is calculated as 

FQ = 1 (1/B) = 625 T from Eq. (2.60). The experiments are performed at a 

finite temperature and the electrons are scattered due to the inhomogeneity of the 

sample. Due to these effects, the sawtooth wave of the magnetization depicted in 

Fig. 2.11d is smoothed and a sinusoidal waveform is observed. The details of the 

finite temperature and scattering effects are discussed in Chap. 3.

a b 

BEDT-TTF 

antibonding orbital 

molecula  

orbital 

dimerization 

bonding orbitalT
o

rq
u

e 
(a

rb
. 

u
n

it
s.

) 
 

30 T 20 T 

Fig. 2.12 a Quantum oscillation observed in magnetic torque for quasi-2D organic conductor 

κ-(BEDT-TTF)2Cu(NCS)2, b Dimerized BEDT-TTF molecules, and bonding and antibonding 

orbitals formed by the dimerized molecules 
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2.4 Quantum Oscillation and Fermi Surface Structure 

We have seen that the frequency of the quantum oscillations is proportional to 

the cross section of the Fermi surface. We will show below that the observed 

frequency corresponds to the extremal cross section of the Fermi surface. We 

return to the thermodynamic grand potential of the 3D electron system shown in 

Fig. 2.11c. Since the quantum oscillation has the wavelength 1/FQ = (1/B), 

the functional form of the quantum oscillation can be expanded by Fourier 

series, cos 2πpFQ/B , p = 1, 2, 3, . . . ,  Taking into account of the spin degree 

of freedom, δ in Eq. (2.57), except for the diamagnetic energy, is written as 

(B) = δk 
e2 

4π 2mc 

∞ 

p=1 

B2 

π 2p2 
cos 2π p 

FQ 

B 
− 

1 

2 
. (2.64) 

This is the quantum oscillation for the 2D electron system connected to a 

reservoir, which is derived in Appendix 2.3. 

Assuming the spherical Fermi surface of the free electron system in Fig. 2.6a, 

we take FQ(kz) as the frequency corresponding to the cross section in the kz plane 

for B kz . Since the cross section has a maximum at kz = 0, the frequency can be 

expanded around kz = 0 as follows, 

FQ(kz) = FQ(0) + 
1 

2 
FQk

2 
z , (2.65) 

where FQ = ∂2FQ(kz)/∂k
2 
z < 0. The total thermodynamic grand potential is 

obtained by integrating δ in Eq. (2.64) over the Fermi surface. What we need to 

calculate is 

Iosc = dkzcos 2πp 
FQ(kz) 

B
− 

1 

2 
. (2.66) 

Under normal conditions, the cosine function oscillates rapidly as a function 

of kz and thus we extend the integration range to infinity ±∞. As long as this 

approximation holds, the following argument can be applied to any Fermi surface 

structure. Substituting Eq. (2.65) into Eq. (2.66), we obtain 

Iosc =
B 

p FQ 

cos 2π p 
FQ(0) 

B 
− 

1 

2 
± 

π 

4 
. (2.67) 

This equation is derived in Appendix 2.4. We note that the phase −π/4 (π/ 
4) is added for a maximum (minimum) cross section. Quantum oscillations from 

non-extremal cross sections of the Fermi surface cancel each other out and are 

therefore not observed. Only from the extremal cross sections, the quantum oscil-

lation is observed. We can conclude that “quantum oscillations arise from the
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Landau quantization of the electronic states in the extremal cross sections of the 

Fermi surface perpendicular to the magnetic field.” 

From the relation FQ = ( /2π e)AF in Eq. (2.60), we can define the curvature 

factor of the Fermi surface cross section, 

AF = 
∂2AF (kz) 

∂k2 z 
= 

2π e 
FQ . (2.68) 

From Eq. (2.67), the oscillation amplitude is written as Iosc ∝ 1/ AF ; the 
smaller AF , the larger the oscillation amplitude. This is intuitive and easy to under-

stand. As seen in Fig. 2.13, even for the same extremal cross section AF , more 

electronic states near the extremal cross section can contribute to quantum oscilla-

tions for the smaller curvature factor AF ; larger oscillation amplitude for smaller 

AF . The curvature factor for a quasi-2D Fermi surface is derived in Appendix 2.5. 

From Eqs. (2.67) and (2.68), the quantum oscillation of the thermodynamic grand 

potential is calculated as 

˜ (B) = d =
δk 

dkz = 
e 

2π 

3/2 e 

mc 

1 

AF 

1/2 

× 

∞ 

p=1 

B5/2 

π 2p5/2 
cos 2πp 

FQ(0) 

B
− 

1 

2 
± 

π 

4 
. (2.69) 

This is the quantum oscillation for the 3D electron system. The amplitude of 

the oscillation increases rapidly with magnetic field, ˜ ∝ B5/2.

a b  

: 

kz kz 

small large: 

Fig. 2.13 Fermi surfaces and maximum cross sections with a small and b large AF values. The 

dotted circles indicate the maximum cross sections AF perpendicular to the kz-axis 
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For comparison, we show the oscillatory part of the internal energy in 

Eq. (2.54), except for the diamagnetic energy, 

Ẽ(B) = −  
e2 

2πmc 

∞ 

p=1 

B2 

π 2p2 
cos 2πp 

FQ 

B 
. (2.70) 

This is also derived in Appendix 2.3. The oscillation has no phase factor unlike 

Eq. (2.64). Equation (2.70) is applicable to the 2D electron system completely 

isolated from a reservoir. If the 2D electron system is in contact with a reservoir 

or has multiple Fermi surfaces, Eq. (2.64) is applicable. For p = 1, Eq. (2.70) is  

written as 

Ẽ(B) ∝ −cos 2π 
FQ 

B 
= cos 2π 

FQ 

B 
− 

1 

2 
. 

Note that this is equivalent to Eq. (2.64), no difference in the oscillatory part 

between the two cases for p = 1. 

In general, the Fermi surface structures of 3D materials are complicated and 

vary from material to material. The complicated Fermi surfaces will have many 

extremal cross sections. When there are multiple extremal cross sections per-

pendicular to the magnetic field, the quantum oscillations summed over all the 

extremal cross sections are observed. By observing the quantum oscillations at 

various magnetic field orientations, we can construct the overall picture of the 

Fermi surface. 

We see the angular dependence of the frequency for two simple examples, ellip-

soidal and cylindrical (perfect 2D) Fermi surfaces as depicted in Fig. 2.14a. Let 

FQ0 be the frequency observed for these Fermi surfaces in a magnetic field paral-

lel to the kz-axis. The ellipsoidal Fermi surface has the maximum cross section in 

any magnetic field direction. As the magnetic field is tilted from the kz-axis to the 

kx-axis, the frequency FQ(θ ) increases as shown in Fig. 2.14b. For the cylindrical 

Fermi surface, all the cross sections have the same area; all the electronic states 

contribute to the quantum oscillation. The frequency increases as the magnetic field 

is tilted from the kz-axis to the kx-axis, and then diverges in the magnetic field par-

allel to the kx-axis, following FQ(θ ) = FQ0/cos(θ ). At semiconductor interfaces 

such as GaAs [4, 5] or in layered transition metal dichalcogenides [6, 7], an ideal 

2D electron system is formed, which actually exhibits FQ(θ ) = FQ0/cos(θ ). Due 

to the extremely high mobility, integer and fractional quantum Hall effects have 

been found at high magnetic fields, whose electronic states are of great interest.

2.5 Observation Conditions of Quantum Oscillation 

In this section, we discuss the experimental conditions under which quantum 

oscillations can be observed. First, the Fermi surface must be closed, where the 

electronic states are Landau-quantized in magnetic fields. Second, the closed Fermi
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Fig. 2.14 a Ellipsoidal and cylindrical Fermi surfaces. The dotted ellipses indicate the cross sec-

tions perpendicular to the magnetic field. b Frequencies of quantum oscillations as a function of 

the magnetic field angle for the ellipsoidal and cylindrical Fermi surfaces shown in a

surface must have an extremal cross section perpendicular to the magnetic field. 

In addition to the above, low temperatures and strong magnetic fields are required 

to clearly observe quantum oscillations. The reasons are explained qualitatively 

below. 

2.5.1 Effect of Finite Temperature 

At finite temperatures, the Fermi edge, an abrupt change of the Fermi distribution 

function f (E) at the Fermi level, is smeared due to thermal excitation in the range 

of kBT , as depicted in Fig. 2.15a. Since the Landau level spacing is ωc, a suf-

ficiently low temperature as compared to ωc is required to observe the quantum 

oscillation, 

kBT ωc. (2.71)

If the effective mass of the electrons mc is equal to the free electron mass m0, 

ωc/kB ≈ 13.4 K  at B = 10 T. Therefore, we need low temperatures T 13.4 K  

to observe the quantum oscillation at ~10 T. If mc m0, we may need a special 

cooling system such as a dilution refrigerator to cool the sample. By contrast, since 

mc m0 for some semimetals, quantum oscillations can be observed even at a 

few tens of Kelvins. 

2.5.2 Effect of Scattering 

For Landau quantization of the electronic states in magnetic fields, the Bohr quan-

tization condition in Eq. (2.7) needs to be satisfied. If the electrons are scattered
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Fig. 2.15 a Landau levels and Fermi distribution function f (E), b −df (E)/dE

with other electrons, phonons, or impurities, the electrons cannot complete the 

cyclotron motion, as illustrated in Fig. 2.16a. Therefore, the scattering time of the 

electrons must be sufficiently longer than the period of cyclotron motion 1/ωc for 

the observation of the quantum oscillations, 

τ 
1 

ωc 

or 
τ 

ωc. (2.72) 

From the uncertainty relation for time and energy E t ≈ , the quantity /τ 

in the second inequality corresponds to the uncertainty of the energy E due to 

the life (scattering) time τ ≈ t. It means that the discrete Landau levels would 

have a width of /τ due to the scattering (Fig. 2.16b). The width /τ needs to

E 
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/h 

a b  

cyclotron orbit 

impurity 
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EF 

Landau levels broadened 

by scattering 

Fig. 2.16 a Cyclotron orbit and scattering with impurity, b Landau levels without scattering and 

those broadened by scattering 
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be sufficiently smaller than the Landau level spacing ωc to observe the quantum 

oscillation. 

In general, the resistance of a conductor such as a metal decreases with decreas-

ing temperature. This is because electron–phonon and electron–electron scattering 

are more suppressed at lower temperatures. On the other hand, scattering by irreg-

ular potentials such as impurities or lattice defects results in a constant resistance 

at low temperatures. This is the origin of the residual resistivity at ~0 K, and for 

this reason, the residual resistivity is a good indicator of the sample quality. Since 

the absolute value of the residual resistivity also depends on the carrier concen-

tration and the Fermi surface structure, the ratio RRT/Rres, the room temperature 

resistance RRT divided by the residual resistance Rres at a low temperature, may be 

a better indicator. It is called the residual resistance ratio (RRR). The higher the 

RRR, the less impurities and lattice defects are present. It is often found that the 

RRR exceeds 1000 for pure metals. 

Figure 2.17a presents the temperature dependence of the resistance for an 

organic conductor (BEDT-TTF)2Br(DIA). This conductor has a layered structure, 

where the BEDT-TTF molecules form conducting layers, similar to κ-(BEDT-

TTF)2Cu(NCS)2 shown in Fig. 2.8b. This sample has a large RRR of ~380, 

showing that the sample is of very good quality. The quantum oscillations (SdH 

oscillations) are clearly observed in the resistance at high magnetic fields as 

shown in Fig. 2.17b. In organic conductors, quantum oscillations have often been 

observed for RRR > 100. However, it should be noted that this is merely an 

approximate threshold. When the conductor undergoes a phase transition, where 

the carrier concentration, shape and size of the Fermi surface, etc. change, the 

RRR cannot be relied upon as the indicator.

2.6 Summary 

In this chapter we have seen that the electrons in free space undergo cyclotron 

motion in magnetic fields and the electronic states are Landau-quantized due to 

the Bohr quantization condition. The Landau levels in free space are evenly spaced 

with ωc. The Landau quantization leads to periodic oscillations in the thermody-

namic potential or the internal energy as a function of the inverse magnetic field. 

In real conductors the energy bands generally form a complex Fermi surface struc-

ture depending on the lattice potential. Only when the electrons can form closed 

orbits on the Fermi surfaces, the electronic states are Landau-quantized. In lattice 

potentials, it is difficult to solve the Schrödinger equation analytically and thus the 

Landau levels are not explicitly expressed. Even in such a case, since the energy 

dispersion is approximated as linear, E(k) ∝ k in a narrow energy range near EF , 

the periodic quantum oscillation with the inverse magnetic field is a common fea-

ture. For 3D Fermi surfaces, the quantum oscillation has a frequency proportional 

to the extremal cross section of the Fermi surface, perpendicular to the magnetic 

field. When there exist multiple extremal cross sections, the quantum oscillations 

arise from all of them. The quantum oscillations are observable if the temperature
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Fig. 2.17 a Temperature dependence of the interlayer resistance for an organic conductor (BEDT-

TTF)2Br(DIA), b Magnetic field dependence of the resistance. SdH oscillations are clearly 

observed. Inset: close-up of the SdH oscillation at ~17.5 T

is low enough kBT ωc and the sample quality or the magnetic field is high 

enough ωcτ 1. 

Appendix 2.1 

Graphene has the Dirac cone energy bands as shown in Appendix 1.7. Here we 

see how the electronic state is Landau-quantized in a magnetic field. As shown 

in Eq. (1.53), the energy bands of the graphene have the linear dispersion at the 

K and K’ points. The simplest model Hamiltonian describing a linear dispersion 

band is expressed as 

H = vF 
0 kx + iky 

kx − iky 0 
. (2.73) 

As given in Sect. 1.2.3, the Schrödinger equation in the matrix representation 

is written by 

vF 
0 kx + iky 

kx − iky 0 

CA 

CB 
= E(k) 

CA 

CB 
. 

For simplicity, we take ε = 0. By solving the secular equation, 

−E(k) vF(kx + iky) 

vF(kx − iky) −E(k)
= 0, (2.74)
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we obtain the eigenvalues, 

E±(k) = ±  vFk, k
2 = k2 x + k2 y . (2.75) 

This is equivalent to the energy dispersion of the graphene at the K and K 

points. In this case, the Dirac cone is formed at the point as shown in Fig. 2.18a. 

The velocity of the electrons is given by v = (1/ )∂E±(k)/∂k = ±vF. For  

the Landau gauge A(0, Bx, 0) in a magnetic field B(0, 0, B), we have kx = 

−i ∂ ∂x, ky = i ∂ ∂y + eBx,, as given in Eq. (2.14). Here we define the 

operators a and a+, respectively, 

a = 
lB √
2 

kx − iky , a
+ = 

lB √
2 

kx + iky . (2.76) 

From kx, ky = −ieB/ = −i/l2 B, we can confirm the commutation relation, 

a, a+ = il2 B kx, ky = 1. (2.77) 

This relation shows that a and a+ are the annihilation and creation operators, 

respectively. Substituting Eq. (2.76) into Eq. (2.73), we have the Hamiltonian in a 

magnetic field, 

H =
√
2 vF 

lB 

0 a+ 

a 0 
. (2.78) 

We specify the eigenstate |N with the Landau index N. The eigenvalue E can 

be obtained from the secular equation, 

−E
√
2 vFa

+/lB √
2 vFa/lB −E

= 0. (2.79) 

By using the relation a+a|N N |N , we obtain the eigenvalues (Landau 

levels), 

EN ± = ±vF 
√
2e NB, N = 0, 1, 2, . . . (2.80) 

which are depicted in in Fig. 2.18b. As we have already seen, all the k states are 

condensed into the Landau levels. The two states with EN± are degenerate for 

N = 0. In contrast to the free space case in Eq. (2.29), the eigenstate has no zero-

point energy and the Landau levels are not equally spaced. As N increases, the 

energy spacing between the N th and (N − 1)th levels asymptotically approaches 

EN = vF 
√
2e NB − vF 2e (N − 1)B → vF e B/2N . (2.81) 

The energy spacing decreases with increasing N.
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a b  

Fig. 2.18 a Dirac cone energy bands at zero magnetic field, b Landau levels in magnetic field 

(B z) 

Appendix 2.2 

The density of states in Eq. (2.42) can be driven as follows. The number of states 

n per unit volume is obtained by summing the degeneracy of the Landau levels 

1/2π l2 B, 

n = 

N ,kz 

1 

2π l2 B 
. (2.82) 

The sum of kz can be replaced by the integral, 

kz 

→ 
2 

π 

kF 

0 

dkz → 
2 

π 

EF 

0 

mc 

2kz 
dE. (2.83) 

The spin degree of freedom is taken into account in Eq. (2.83). Substituting 

Eq. (2.41) into Eq. (2.83), we obtain 

n = 

EF 

0 

1 

4π2 

2mc 

2 

3/2 

ωc 

N 

E − N + 
1 

2 
ωc 

−1/2 

dE ≡ 

EF 

0 

D(E)dE, 

(2.84) 

and thus the density of states D(E) is given by 

D(E) = 
1 

4π2 

2mc 

2 

3/2 

ωc 

N 

E − N + 
1 

2 
ωc 

−1/2 

.
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Appendix 2.3 

We derive Eq. (2.64) from the oscillatory part of the thermodynamic grand 

potential in Eq. (2.55), 

(B) 
2π 

δk 
= 

D(EF ) 

2 
(N ωc − EF )

2. (2.85) 

Taking x = EF / ωc = FQ/B in Eq. (2.85), we obtain 

(B) 

δk 

1 

( ωc)
2 

4π 

D(EF ) 
= (N − x)2. (2.86) 

Further taking x = y/2π + N − 1/2, Eq. (2.86) is rewritten as 

(B) 

δk 

1 

( ωc)
2 

16π 
3 

D(EF ) 
= (π − y)2, (2.87) 

where the range of y, corresponding to Eq. (2.56), is 0 < y ≤ 2π. This is a 

periodic function with the period of 2π and its Fourier series expansion is given 

by 

(π − y)2 → 4 

∞ 

p=1 

cos(py) 

p2 
+ 

π 
2 

3 
. (2.88) 

From D(EF ) = mc/π 
2 in Eq. (1.8), including the spin degree of freedom, 

Eq. (2.85) is written as 

(B) 

δk
=

e2 

4π 2mc 

∞ 

p=1 

B2 

π 2p2 
cos 2π p 

FQ 

B 
− 

1 

2
+

e2B2 

48π 2mc 

. (2.89) 

The first term is the quantum oscillation given by Eq. (2.64) and the non-

oscillatory second term ∝ B2 expresses the orbital diamagnetic energy. The 

orbital diamagnetic energy L per unit volume is calculated as 

L(B) = L = 

kF 

−kF 

dk 
e2B2 

48π 2mc 

= 
e2kF B

2 

24π 2mc 

. 

Therefore, we obtain the orbital diamagnetic moment ML and its susceptibility 

χL, respectively, 

ML(B) = −  
L 

∂B 
= −  

e2kF B 

12π 2mc 

, χL = 
∂ML 

∂B 
= −  

e2kF 

12π 2mc 

. (2.90)
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The quantity χL is called Landau diamagnetism. For the free electrons with the 

spin S = 1/2 and the g-factor g = 2, the magnetic susceptibility (Pauli para-

magnetism) is given by χPauli = µ2 
BD(EF ), where µB is the Bohr magneton, 

µB = e /2mc. Using D(EF ) = mckF /π 
2 2 in Eq. (1.7) with the spin degree of 

freedom, we obtain 

χPauli = e2kF /4π 
2mc, 

and thus 

χL = −χPauli/3. 

Next, we derive Eq. (2.70) from Eq. (2.54). Taking EF / ωc = FQ/B = x and 

x = y/2π + N , Eq. (2.54) is written as 

Ẽ(B) 
2 

D(EF )( ωc)
2 

= 
−1 

4π 2 
(π − y)2 + 

1 

4 
for 0 < y ≤ 2π. (2.91) 

Using the Fourier series expansion of Eq. (2.88), Ẽ(B) is given by 

Ẽ(B) = −  
e2 

2πmc 

∞ 

p=1 

B2 

π 2p2 
cos 2πp 

FQ 

B 
+ 

e2B2 

12π mc 

. (2.92) 

The first term represents the quantum oscillation and the second term ∝ B2 

corresponds to the orbital diamagnetic energy. 

Appendix 2.4 

We derive Eq. (2.67) [1]. Substituting Eq. (2.65) into Eq. (2.66), we have 

Iosc = dkz cos 2πp 
FQ(kz) 

B
− 

1 

2 

= dkz cos 2πp 
FQ(0) 

B 
− 

1 

2 
+ π p 

FQk
2 
z 

B 

= cos X dkz cos π p 
FQk

2 
z 

B
− sin X dkz sin πp 

FQk
2 
z 

B 
, (2.93) 

where X = 2πp FQ(0)/B − 1/2 . Assuming a spherical Fermi surface as shown 

in Fig. 2.6a, we obtain FQ = /e (see Appendix 2.5). The integration of kz 

ranges from −π/c to π/c, where c is the lattice constant. Assuming kz = π/c, 

we have 

FQ k
2 
z 

B
≈ 

0 

Bc2 
. (2.94)
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Substituting typical values of conductors, c = 1 nm and B = 5 T, we have 

0/Bc
2 ≈ 103. Since cos πpFQk

2 
z /B and sin π pFQk

2 
z /B oscillate rapidly in 

the integration range, we can replace the integration in Eq. (2.93) by  
∞ 

∫
−∞ 

dkz. 

Taking Y 2 = πp FQ k
2 
z /B, we have 

∞ 

−∞ 

dkz cos π p 
FQk

2 
z 

B
= 2 

B 

πp FQ 

∞ 

0 

dY cos Y 2 =
B 

2p FQ 

. (2.95) 

Note that FQ is an even function with respect to kz and 
∞ 

∫
0 
dY cos Y 2 =

√
π/8. 

Using another relation, 
∞ 

∫
0 
dY sin Y 2 = 

√
π/8, we obtain 

∞ 

−∞ 

dkz sin πp 
FQk

2 
z 

B
= sgn FQ 

B 

2p FQ 

, (2.96) 

where sgn(Z) indicates the sign of the value Z. Using cos(π/4) = sin(π/4) = 

1/ 

√
2, Eq. (2.93) is written as, 

Iosc =
B 

p FQ 

1 
√
2 
cos X − sgn FQ 

1 
√
2 
sin X 

=
B 

p FQ 

cos 
π 

4 
cos X − sgn FQ sin 

π 

4 
sin X 

=
B 

p FQ 

cos 2πp 
FQ(0) 

B
− 

1 

2
± 

π 

4 
. (2.97) 

The phase factor is −π/4 for the maximum cross section FQ < 0 and is π/4 

for the minimum cross section FQ > 0 . 

Appendix 2.5 

We derive the curvature factor for a quasi-2D Fermi surface. We assume free 

electron layers in the xy plane and a tight binding energy band in the z-axis, 

E(k) = 

2 

2mc 

k2 x + k2 y − 2tccos(kzc). (2.98)



66 2 Landau Quantization and Quantum Oscillation

Fig. 2.19 Quasi-2D Fermi 

surface, and its minimum and 

maximum cross sections 

perpendicular to the magnetic 

field (B kz) 

 

minimum 

maximum 

kF 

/c 

minimum 
/c 

ky 

kx 

If the Fermi energy is predominantly determined by the first term, EF =
2k2 F /2mc 2tc, this band forms a quasi-2D Fermi surface, cylindrical Fermi 

surface corrugated in the kz-axis as depicted in Fig. 2.19. Since the Fermi wave 

number kF is defined as the radius of the cross section, the cross section is written 

as AF = πk2 F = 2mcπ/ 
2 [EF + 2tccos(kzc)], and thus 

AF = 
∂2AF (kz) 

∂k2 z 
= 

4mcπ 

2 
c2tc cos(kzc) . (2.99) 

For kz = 0, ±π/c, we have AF = 4mcπc
2tc/ 

2. From the relation ˜ ∝ 1/ AF , 

the oscillation amplitude increases as tc decreases. The maximum and minimum 

cross sections are respectively, 

AF± = 
2mcπ 

2
(EF ± 2tc). (2.100) 

Two different quantum oscillations with the frequencies, FQ± = AF±( /2π e) 

can be observed for this Fermi surface. For a highly 2D case such as 2tc < ωc, it 

is impossible to observe FQ± separately. For the perfect 2D Fermi surface (tc = 0), 

note that AF = 0 and Eq. (2.69) is not applicable. Instead, Eq. (2.64) should 

be used. For spherical Fermi surface in Fig. 2.6a, the energy band is given by 

E(k) = 
2/2mc k2 x + k2 y + k2 z and thus AF = πk2 F = 2mcπ/ 

2 EF − πk2 z . It 

gives AF = 2π and FQ = /e. 
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3Quantum Oscillation and Related 
Phenomena 

Abstract 

This chapter starts with the Lifshitz–Kosevich formula, which describes quan-

tum oscillations and their reduction factors due to the effects of finite tem-

perature, scattering and spin. Although quantum oscillations can generally be 

observed only for closed Fermi surfaces, quantum oscillations can sometimes 

be observed even for open Fermi surfaces, where the interband tunneling effect, 

called magnetic breakdown, plays an essential role. When the oscillatory part of 

the magnetization is sufficiently large, the waveform of the quantum oscillation 

is strongly deformed, which gives rise to a variety of frequencies. In contrast to 

quantum oscillations, the resistance can oscillate with magnetic field for open 

orbits without Landau quantization, which arises from quantum interference 

of the electron wave function. In materials with characteristic energy bands, the 

electrons acquire a phase as they move along an orbit on the Fermi surface. This 

phase is called the geometric phase or Berry phase. We will also look at how the 

Berry phase appears in the quantum oscillations and how it is experimentally 

determined. 

3.1 Lifshitz–Kosevich (L–K) Formula 

3.1.1 Thermodynamic Grand Potential 

The thermodynamic grand potential in magnetic fields is expressed as 

= −  
kBT 

2π 
dk DN 

N 

ln 1 + e 
µ−EN 
kBT . (3.1) 

In Chap. 2, we obtained the quantum oscillation at 0 K without scattering and 

spin effects. By taking into account the effects of finite temperature, scattering,
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and spin, the quantum oscillation of the thermodynamic grand potential per unit 

volume [1] for a 3D electron system is expressed as 

˜ (B) = 
e 

2π 

3/2 e 

mc 

B5/2 

π 2 AF 

1/2 

× 

∞ 

p=1 

1 

p5/2 
RT RDRS cos 2π p 

FQ 

B 
− 

1 

2 
+ ϕ0 . (3.2a) 

This calculation was performed by Lifshitz and Kosevich, and the formula is 

called Lifshitz–Kosevich formula, or L–K formula simply. The cosine term is the 

oscillatory part and its phase factor is 

ϕ0 = π/4 for minimum cross section, 

ϕ0 = −π/4 for maximum cross section. 

For comparison, we show the result for a 2D electron system connected to a 

reservoir, 

˜ 
2D(B) = 

e 

4π 2 

e 

mc 

B2 

π 2 

∞ 

p=1 

1 

p2 
RT RDRS cos 2π p 

FQ 

B 
− 

1 

2 
, (3.2b) 

where we take δk = 1 for simplicity. These formulae include three reduction 

factors, RT , RD, and RS , which will be given later. Without these reduction factors, 

Eqs. (3.2a) and (3.2b) are equivalent to Eqs. (2.69) and (2.64), respectively. The 

curvature factor of the Fermi surface is given by Eq. (2.68), AF = ∂2AF /∂k
2 , 

where k is the wave number in the magnetic field direction. The oscillation with 

FQ is called the fundamental oscillation and those with pFQ (p = 2, 3, 4, …) are 

called its harmonics. 

Here we roughly estimate the amplitude of the quantum oscillation. For a 

spherical Fermi surface of a 3D free electron system in Fig. 2.6a, we have 

AF = 2π (Appendix 2.5). Using EF = 
2AF /2π mc = e FQ/mc, and n(EF ) = 

2mcEF / 
2 3/2 / 3π 

2 = 2eFQ/
3/2 

/ 3π 
2 , we obtain 

˜ (B) = 
3 

27/2π 2 
n(EF )EF 

B 

FQ 

5/2 

× 

∞ 

p=1 

1 

p5/2 
RT RDRS cos 2π p 

FQ 

B 
− 

1 

2 
+ ϕ0 . (3.3) 

The total internal energy of the electrons is given by Etotal ≈ n(EF )EF /4. 

Assuming that all the reduction factors are unity, and typical values, FQ = 1000 

T and B = 10 T, we obtain ˜ (B)/Etotal ≈ 10−6; the oscillation amplitude is only 

a small fraction of the total energy.
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3.1.2 Magnetization and Magnetic Torque 

From the relation = −M · B = −MBcos(θ ), where θ is the angle between the 

magnetization and the magnetic field, we have the magnetization parallel to the 

magnetic field M = − B = M cos(θ ). Since the condition FQ B(N 1) 

is satisfied in most cases, the derivative of FQ/B is dominant in ∂ ˜ (B)/∂B, and 

thus we obtain 

M̃ (B) = −
e 

2π 

3/2 e 

mc 

2FQB
1/2 

π AF 

1/2 

× 

∞ 

p=1 

1 

p3/2 
RT RDRS sin 2π p 

FQ 

B 
− 

1 

2
+ ϕ0 , (3.4a) 

M̃2D (B) = −  
e 

2π 2 

e 

mc 

FQ 

π 

∞ 

p=1 

1 

p 
RT RDRS sin 2π p 

FQ 

B 
− 

1 

2 
. (3.4b) 

The magnetization perpendicular to the magnetic field is given by M⊥ = 

M sin(θ ) = (1/B) (θ )/∂θ . Similarly, assuming that the dominant term of the 

derivative arises from ∂FQ/∂θ , we have  

∂ ˜ 

∂θ 
≈ 

∂ ˜ 

∂FQ 

∂FQ 

∂θ 
, 

∂ ˜ 

∂FQ 

≈ −  
B 

FQ 

∂ ˜ 

∂B 
= 

B 

FQ 

M̃ , 

and thus the perpendicular magnetizations are written as 

M̃⊥(B) = 
1 

FQ 

∂FQ(θ ) 

∂θ 
M̃ , 

M̃2D⊥(B) = 
1 

FQ 

∂FQ(θ ) 

∂θ 
M̃2D . (3.5) 

Note that only the oscillatory part is discussed above. For instance, the Pauli 

paramagnetic moment is induced by the spin polarization in magnetic fields. Using 

the Bohr magneton µB = e /2mc, the Pauli paramagnetic moment MPauli and the 

paramagnetic susceptibility χPauli are written as 

MPauli = χPauliB, χPauli = µ2 
BD(EF ). (3.6) 

In addition, orbital paramagnetism and orbital diamagnetism (Landau dia-

magnetism) are present. The quantum oscillation M̃ is superimposed on these 

non-oscillatory backgrounds. 

The magnetic torque is defined as τ torque = M × B = MB sin(θ ) = − . 

As Eq. (3.5) is derived above, the oscillatory parts of the magnetic torque are 

written as 

τ̃torque(B) = −  
B 

FQ 

∂FQ 

∂θ 
M̃ , τ̃2D torque(B) = −  

B 

FQ 

∂FQ 

∂θ 
M̃2D . (3.7)
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Since M̃⊥(B) and τ̃torque are proportional to ∂FQ/∂θ , the quantum oscillations 

in these quantities are significantly reduced for isotropic Fermi surfaces. Even for 

anisotropic Fermi surfaces, as shown in Fig. 2.14, the quantum oscillations are 

reduced when the magnetic field is parallel to the kz-axis, where ∂FQ/∂θ = 0. 

3.1.3 Density of States 

The number of the electrons is written as Ne = − from Eq. (2.46). At 

low temperatures, µ can be approximated by µ ≈ EF = (e /mc)FQ, and thus the 

oscillatory part of the electron number ñ per unit volume is given by 

ñ = −  
∂ ˜ 

∂µ 
≈ −  

∂ ˜ 

∂EF 
= −  

mc 

e 

∂ ˜ 

∂FQ 

. (3.8) 

The oscillatory part of the density of states is written as 

D̃(B)= 
∂ ̃n 

∂EF 
= −  

mc 

e 

2 ∂2 ˜ (B) 

∂F2 
Q 

, (3.9) 

and thus 

D̃(B) = 
e 

2π 

3/2 mc 

e 

4B1/2 

AF 

1/2 

× 

∞ 

p=1 

1 

p1/2 
RDRS cos 2πp 

FQ 

B 
− 

1 

2
+ ϕ0 , (3.10a) 

D̃2D(B) =
e 

π 2 

mc 

e 

∞ 

p=1 

RDRS cos 2π p 
FQ 

B 
− 

1 

2 
. (3.10b) 

Note that the density of states does not include RT . This is because, as we will 

see in Sect. 3.2, the RT factor is the finite temperature effect but the density of 

states is defined as a temperature-independent quantity. 

3.1.4 Electrical Resistivity and Conductivity 

Let us now consider the electrical resistivity and conductivity in the framework of 

classical theory based on the Drude model. For simplicity, we assume a 2D free 

electron system in the xy plane with the electric field E Ex, Ey, 0 and the magnetic 

field B(0, 0, B). From the equation of motion, F = mcv̇ = −e(E + v × B), we  

have 

mc v̇x = −eEx − evyB, mc v̇y = −eEy + evxB. (3.11)



3.1 Lifshitz–Kosevich (L–K) Formula 73

The momentum of the electron p = mcv gained by E and B is lost by scattering. 

Let τ be the scattering time, which is defined as the time that the electrons can 

move without being scattered. Assuming that the electrons are in a steady state, 

we replace the electron velocity v by the average value v in the above equations. 

The average momentum p mc v that the electron acquires in the interval τ is 

written as 

px mc vx 

τ 

0 

mc v̇xdt = −e Ex + vy B τ, 

py = mc vy = 

τ 

0 

mc v̇ydt = −e Ey − vx B τ. 

(3.12) 

The current density is given by j = −Neev, where Ne is the number of electrons 

per unit volume. From Eq. (3.12), the electrical resistivity tensor ρ defined as 

E = ρj is written as 

Ex 

Ey 
= 

ρxx ρxy 

ρyx ρyy 

jx 

jy 
= ρ0 B/Nee 

−B/Nee ρ0 

jx 

jy 
. (3.13) 

The diagonal term is 

ρ0 =
mc 

Nee2τ 
. (3.14) 

For example, when the electric field Ex in the x direction is measured for a current 

jy in the y direction, the Hall resistivity is defined as ρxy = Ex/jy = B/Nee. 

Because of the isotropic xy plane, we have ρxx = ρyy = ρ0. Similarly, we define 

the electrical conductivity tensor σ as j = σ E. Since σ is the inverse matrix of ρ, 

we obtain 

ρxx =
σyy 

σxxσyy + σ 2 xy 

, ρxy =
−σxy 

σxxσyy + σ 2 xy 

, (3.15) 

and 

jx 

jy 
= σxx σxy 

σyx σyy 

Ex 

Ey 
= σ0 

1 
1+ω2 

c τ 2 
− 

ωcτ 

1+ω2 
c τ 2 

ωcτ 

1+ω2 
c τ 2 

1 
1+ω2 

c τ 2 

Ex 

Ey 
, (3.16) 

σ0 = 
1 

ρ0 
= 

Nee
2τ 

mc 

. (3.17) 

These equations can be derived more generally by Chambers formula, as will 

be discussed in Chap. 4. 

In Eq. (3.13), ρxx is independent of ωc, no magnetoresistance. This is due to 

the assumption that there is only one type of charge carrier. In a real conductor,
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the mass and scattering time of the electrons will be different at different parts of 

the Fermi surface or at each Fermi surface for a multi Fermi surface system. For 

example, if there are two different carriers A and B with different Ne, mc, and τ , 

the conductivity is given by the sum of the individual term, σxx = σ 
A 
xx + σ 

B 
xx and 

σxy = σ 
A 
xy + σ 

B 
xy. Substituting these into Eq. (3.15), we find that ρxx depends on 

ωc; magnetoresistance appears. 

We assume that the electrons are scattered by impurities or defects and then 

transferred from the initial state i to a final state f . According to the Fermi’s 

golden rule, the transition probability is given by 

Ti→f = 
2π 

f V i 
2 
D δ Ef − Ei , (3.18) 

where V is the scattering potential, Ei and Ef are the eigenvalues of the initial 

and final states, respectively, D is the density of states at Ef , and δ is the delta 

function. By summing over the final state, the scattering time τ can be defined as 

1/τ = 

f (=i) 

Ti→f . Taking D0 as the non-oscillatory density of states, we have 

D = D0 1 + 
D̃(B ) RT 

D0 
. (3.19) 

Substituting this equation into Eq. (3.18), the scattering time will be given by, 

1 

τ 
= 

f (=i) 

Ti→f = 
1 

τ0 
1 + 

D̃(B ) RT 

D0 
, (3.20) 

where τ0 is non-oscillatory part of the scattering time, 

1 

τ0 
= 

2π 

f (=i) 

f V i 
2 
D0δ Ef − Ei . (3.21) 

If the quantum oscillation is observed, we expect ωcτ 1 from Eq. (2.72). 

Then the conductivity is given by 

σxx(B) =
σ0 

1 + ω2 
c τ 2 

≈
σ0 

ω2 
c τ 2 

∝ 
1 

τ 
. (3.22) 

Substituting Eq. (3.20) into Eq. (3.22), we will obtain 

σxx(B) = σ0(B) 1 + αAH 
D̃(B)RT 

D0 
= σ0(B) + σ̃xx(B), (3.23) 

where σ0(B) and σ̃xx(B) are the non-oscillatory and oscillatory conductivities, 

respectively. This is a general expression of the conductivity in the magnetic field.
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By considering various phonon modes and scattering mechanisms for an isotropic 

Fermi surface, it is derived that the factor αAH is of the order of unity [2]. 

What we experimentally observe is resistivity (not conductivity). From 

Eq. (3.14), we similarly obtain ρxx ∝ 1/τ and thus 

ρxx(B) = ρ0(B) 1 + αAH 
D̃(B)RT 

D0 
= ρ0(B) + ρ̃xx(B), (3.24) 

where ρ0(B) and ρ̃xx(B) are the non-oscillatory and oscillatory resistivities, 

respectively. Equation (3.24) is rewritten as, 

ρ̃xx(B) 

ρ0(B) 
= 

ρxx(B) 

ρ0(B) 
− 1 = αAH 

D̃(B)RT 

D0 
. (3.25) 

Therefore, if ρxx(B)/ρ0(B)−1 is plotted as a function of magnetic field, the SdH 

oscillations can be analyzed by the function D̃(B)RT. For a 2D electron system, 

D̃(B) should be replaced by D̃2D(B). 

When the Fermi surface has multiple extremal cross sections, the oscillations 

arising from all the cross sections can be observed simultaneously. Even for a 

single cross section, multiple frequencies are often observed as shown below. 

To find the frequencies contained in the signal, (1) we first plot the oscillation 

ρxx(B)/ρ0(B)− 1 with 1/B so that the oscillation is periodic, and then (2) we com-

pute its Fourier spectrum. Figure 3.1a shows the resistivity of a quasi-2D organic 

conductor, (BEDT-TTF)2KHg(SCN)4 in the magnetic field perpendicular to the 

conduction layers [3]. This conductor has a layered structure similar to κ-(BEDT-

TTF)2Cu(NCS)2 shown in Fig. 2.8b. In a high magnetic field range, the quantum 

oscillation is evident. The dashed curve in Fig. 3.1a indicates the non-oscillatory 

background ρ0(B). The inset shows ρxx(B)ρ0(B) − 1 as a function of 1/B, where 

the periodic SdH oscillation is evident. The wavelength is (1/B) = 1.5 × 10−3, 

giving the frequency FQ = 670T. The oscillatory part of the density of states in 

Eq. (3.10b) is given by 

D̃2D(B) ∝ 

∞ 

p=1 

RDRS cos 2π p 
FQ 

B 
− 

1 

2 
.

In addition to the fundamental oscillation with FQ, the harmonics with pFQ 

(p = 2, 3, 4,…) can be observed although the harmonics are generally smaller 

than the fundamental one as discussed in Sect. 3.2. The Fourier spectrum of the 

oscillation is shown in Fig. 3.1b, where the second harmonic 2FQ (p = 2) is 

evident in addition to FQ. The peak height of the Fourier spectrum shows the 

oscillation amplitude averaged over the Fourier transform range. The origin of the 

rather large second harmonic oscillation is discussed in Sect. 3.2. 

The L–K formula is a good approximation when the magnetic field is not very 

large, i.e., for FQ/B 1. This condition is equivalent to the number of Landau 

levels below the Fermi level being very large, N = EF / ωc = FQ/B 1 in
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Fig. 3.1 a Resistivity of quasi-2D organic conductor (BEDT-TTF)2KHg(SCN)4 [3]. Inset: oscil-

latory part of the resistance. b Fourier spectrum of the oscillatory part of the resistivity 

ρxx(B)/ρ0(B) − 1. The fundamental (FQ) and second harmonic (2FQ) oscillations are observed

Eq. (2.60). For most conductors, the frequency of the quantum oscillation has a 

large value, FQ = 100–5000 T, and thus the condition N 1 is satisfied in a 

normal experimental condition B ≈ 10 T. In some conductors, however, quantum 

oscillations with low frequencies FQ < 10 T are observed, in which case EF ≈ 

ωc, and the L–K formula is not strictly applicable. 

In particular, there is only one Landau level allowed for the electrons for EF < 

ωc; all electrons occupy the lowest Landau level with N = 0. This situation is 

called the quantum limit. In the quantum limit, one would classically expect all 

electrons to be in the cyclotron motion with the same orbital radius, lB =
√

/eB 

in Eq. (2.16). The cyclotron orbits are separated from each other in real space, 

showing that each electron is localized in a restricted area. For a particular 2D 

electron system, it has been reported that the electrical resistance diverges in the 

quantum limit; the electronic state becomes insulating. The origin of the insulating 

state, called Wigner crystal, is an interesting issue, which has been discussed in 

terms of the Coulomb repulsion between the electrons [4, 5]. 

3.2 Reduction Factors of Quantum Oscillation 

Let us look specifically at the three damping factors RT , RD, and RS of the quan-

tum oscillation in the L–K formula. The absolute values of these factors have a 

maximum value of 1 and become smaller than 1 depending on the temperature, 

magnetic field, g-factor, etc.; the oscillation amplitude is reduced by these factors.
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3.2.1 Temperature Reduction Factor 

The Fermi edge is smeared out as the temperature increases as seen in Fig. 2.15. 

The temperature reduction factor RT results from this finite temperature effect on 

the oscillation amplitude, given by 

RT =
KpµcT /B 

sinh(KpµcT /B) 
=

z 

sinh(z) 
, z = 

KpµcT 

B 
. (3.26) 

This factor is derived in Appendix 3.1. The function RT (z) has a maximum 

value of 1 at z = 0 and then monotonically decreases with increasing z as shown 

in Fig. 3.10b. The ratio of the effective mass mc to the free electron mass m0, 

µc = mc/m0, (3.27) 

is called the effective mass ratio. The factor K is a constant, independent of the 

material, 

K = 
2π 

2m0kB 

e
= 14.7[T/K]. (3.28) 

The factor z is rewritten as 

z = 
KpµcT 

B 
= 2π 

2p 
kBT 

ωc 

. (3.29) 

This expression makes it easy to understand the physical meaning of RT (z); 

the factor z is proportional to the ratio of the width of the Fermi edge kBT to the 

Landau level spacing ωc. For  z > 1, we have  RT ≈ ze−z , which exponentially 

decreases with increasing z. Among the above three reduction factors, only RT 

depends on temperature, including an unknown parameter µc. Therefore, by fitting 

the temperature dependence of the oscillation amplitude with RT , the effective 

mass mc can be calculated. The oscillation amplitude is given by the peak height 

of the Fourier spectrum. Usually, the peak height divided by the temperature is 

plotted as a function of temperature, which is called the mass plot. The oscillation 

amplitudes of the higher harmonics (p ≥ 2) are reduced more, due to the larger 

effective mass ratio, pµc. 

Figures 3.2a and b show the SdH oscillations at various temperatures for a 

quasi-2D organic conductor (BEDT-TTF)2Br(DIA) [6] in the magnetic field per-

pendicular to the layers (B b∗) and the Fourier spectra of the oscillations in the 
range between 13 and 14 T, respectively [7]. This organic conductor has a tri-

clinic structure with a single quasi-2D Fermi surface as depicted in the inset. 

Figure 3.2c shows the mass plot of the oscillation, where the oscillation ampli-

tude divided by the temperature is plotted against the temperature. The solid curve 

is the result fitted with 1/sinh(KµcT /B), showing that the effective mass of the
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Fig. 3.2 a SdH oscillations in the interlayer resistance at perpendicular magnetic field (B b∗) 
for the quasi-2D organic conductor (BEDT-TTF)2Br(DIA). The magnetic field dependence of the 

resistance in a wide range is presented in Fig. 2.17. Inset: calculated Fermi surface. b Fourier spec-

tra of the SdH oscillations. c Mass plot obtained from b. The solid curve shows 1/sinh(KµcT /B) 

with µc = 4.3 

electrons is 4.3 m0. In the fitting, the magnetic field is the average value of the 

Fourier transform range between B1 and B2, 1/Bav = (1/B1 + 1/B2)/2. 

Since the reduction factor RT decreases exponentially as a function of z for 

z > 1, a larger magnetic field or a lower temperature is required to observe the 

quantum oscillations of electrons with heavy effective masses. In a Ce compound 

CeRu2Si2 [8, 9] and a U compound UPt3 [10], which are classified as heavy 

electron systems, the electrons with masses 100 times heavier than free electrons 

(µc > 100) have been observed. Their quantum oscillation measurements require 

low temperatures below 50 mK and high magnetic fields above 15 T, as discussed 

in Sect. 3.2. 

3.2.2 Dingle Reduction Factor 

The Dingle reduction factor results from the Landau level broadening due to 

scattering. It is given by 

RD = exp − 
KpµcTD 

B 
, (3.30) 

which has a maximum value of 1 for B → ∞  or TD → 0, and exponentially 

decreases with decreasing B or increasing TD. This factor is derived in Appendix 

3.2. The factor TD has the dimension of temperature [K] and is called the Dingle
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temperature. It is defined as 

TD = 
2π kBτ 

, (3.31) 

where τ is the scattering time due to impurities or defects, a good indicator of 

the sample quality. By definition, the lower the value of TD, the better the sample 

quality. In conductors where quantum oscillations are observed, TD is roughly in 

the range of 0.1–10 K. Although a closed Fermi surface is expected, quantum 

oscillations are not observed in many conductors. The reason is generally ascribed 

to the large TD values (low sample quality). Equation (3.30) is rewritten as 

RD = exp − 
pπ 

ωcτ 
. (3.32) 

This expression may make it easier to understand the physical meaning of RD; 

the quantum oscillation is observed when the cyclotron motion is completed before 

the scattering (ωcτ >  1). The amplitudes of the higher harmonics with p ≥ 2 are 

also greatly reduced by the factor RD. 

Figure 3.3a shows the oscillatory part of the interlayer resistance, ρ(B)/ρ0(B)− 

1 at 0.6 K in the quasi-2D organic conductor (BEDT-TTF)2Br(DIA). Since this 

electronic state is an almost perfect 2D system, it is appropriate to use the 2D 

formula, D̃2D(B) for the analyses of the oscillation. From Eq. (3.25), the magnetic 

field dependence of the fundamental oscillation (p = 1) is written as 

ρ̃xx(B) 

ρ0(B) 
= 

ρ(B) 

ρ0(B) 
− 1 ∝ D̃2D(B)RT ∝ RDRTcos 2π 

FQ 

B 
− 

1 

2 
, (3.33) 

which includes the unknown parameters µc and TD. The factor RS does not depend 

on the magnetic field as will be seen later. If µc is obtained from the mass plot, 

only TD is the unknown parameter and thus TD can be obtained from the magnetic 

field dependence of the oscillation amplitude Aosc. Figure 3.3b shows the so-called 

Dingle plot, a semi-log plot of Aosc/RT versus 1/B. The effective mass ratio µc = 

4.3 (Fig. 3.2c) is used in the calculation of RT . From the relation Aosc/RT ∝ RD in 

Eq. (3.33), the slope in the semi-log plot gives KµcTD. The solid line in Fig. 3.3b 

gives TD = 0.9 K, which corresponds to the Landau level broadening, ( /τ )/kB = 

7 K  from Eq. (3.31).

The scattering time τ can be approximately calculated from the resistivity 

ρxx = ρ0 = mc/Nee
2τ in Eq. (3.14). Note that the dominant scattering pro-

cess to the resistivity is the large-angle scattering. In contrast, τ involved in RD 

results from any scattering that changes the phase of the electronic state; even 

small angle scattering breaks the Landau quantization. Therefore, τ calculated from 

the resistivity is usually longer than that obtained from the quantum oscillation 

measurement.
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Fig. 3.3 a SdH oscillations observed in the interlayer resistance for (BEDT-TTF)2Br(DIA). Inset: 

close-up of the oscillation near 20 T. b Dingle plot, semi-log plot of Aosc/RT versus 1/B. The solid 

line shows the calculated result by RD = exp(−KµcTD/B) with TD = 0.9 K

3.2.3 Spin Splitting Reduction Factor 

Until now, we have not considered the spin degree of freedom of electrons. In 

magnetic fields, each Landau level undergoes spin splitting due to the Zeeman 

effect. For a 2D electron system in a magnetic field perpendicular to the layer 

(B z), the spin-split Landau levels are expressed as 

EN = ωc N + 
1 

2 
− gcµBszB, (3.34) 

where gc is the effective g-factor and sz(= ±1/2) is the z-component of the elec-

tron spin. The Zeeman splitting, E = gcµBB in the 2D electron system or in the 

electronic state of the extremal cross section of a 3D electron system is depicted in 

Fig. 3.4. As the magnetic field increases, the Landau levels with the up and down 

spins alternately cross the Fermi level. This spin splitting leads to a phase shift 

of the quantum oscillation, given by = ∓π( E/ ωc) for sz = ±1/2. In  

Eq. (3.2a), the oscillatory part for p = 1 is written as 

cos 2π 
FQ 

B 
− 

1 

2
+ ϕ0 = cos( B). (3.35)

Assuming that both spins (sz = ±1/2) have the same values of RT and RD (µc 

and TD), the sum of the oscillatory parts arising from both spins is

cos( B − ) + cos( B + ) = 2 cos( B) cos 
E 

ωc
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Fig. 3.4 Landau levels and 

spin splitting due to Zeeman 

effect. The thick arrows 

indicate the up (sz = 1/2) 

and down (sz = −1/2) spins

= 2 cos( B) cos 
π gcµc 

2 
. (3.36)

The last term RS = cos(πgcµc/2) indicates the reduction of the quantum oscil-

lation due to the Zeeman splitting. Since the spin degree of freedom is already 

taken into account in Eq. (3.2), the factor 2 is removed from RS . By extending the 

Zeeman effect to the higher harmonics, we can define the reduction factor as 

RS = cos pπSspin , Sspin = 
E 

ωc 

= 
gcµc 

2 
. (3.37) 

The factors RS and Sspin are called the spin splitting reduction factor and the 

spin splitting factor, respectively. Note that gc is the effective g-factor, renor-

malized by many-body effects [11], similar to the effective mass as discussed in 

Sect. 3.3. 

The spin splitting reduction factor causes interesting phenomena in quantum 

oscillations. When Sspin = 1/2, 3/2, 5/2, . . .  we have RS = 0 for p = odd but 

RS = 1 for p = even. This condition, the disappearance of the fundamental oscil-

lation (RS = 0 for p = 1) is called the spin splitting zero condition. In Fig. 3.1b, 

we observe the relatively large amplitude of the second harmonic (p = 2) for the 

quasi-2D organic conductor (BEDT-TTF)2KHg(SCN)4. This is because the spin 

splitting zero condition is almost satisfied; the parameters gc ≈ 2 and µc ≈ 1.5 

give Sspin ≈ 3/2. The Landau quantization under the spin splitting zero condition 

is discussed in Appendix 3.2. 

As seen in Fig. 2.11c, the oscillatory part of the thermodynamic grand potential 

(B) exhibits pronounced peaks at magnetic fields where the Fermi level coin-

cides with the Landau level, EF = EN = (N + 1/2) ωc. Taking into account the 

Zeeman splitting, as the magnetic field increases, the Zeeman splitting becomes 

sufficiently larger than the thermal broadening due to the finite temperature kBT 

and than the Landau level broadening due to the scattering /τ . Under such con-

ditions, the sharp peaks of the thermodynamic grand potential are split, called spin 

splitting. Figure 3.5 shows the simulated results of (B) given by Eq. (3.2a) with
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Fig. 3.5 Simulated oscillatory part of thermodynamic grand potential (B) with parameters, 

FQ = 250 T, µc = 0.6, TD = 0.5 K, gc = 2, and T = 0.5 K. Inset: close-up of oscillation 

with spin splitting 

the parameters listed in the caption. Note that the peak is split at high magnetic 

fields. The split peaks correspond to the Landau levels of the up and down spins.

3.2.4 L–K Formula for 2D Electron System 

Here, let us look at a situation unique to a 2D electron system in the xy plane, as 

shown in Fig. 3.6a. As seen in Eq. (2.11), the Landau quantization is equivalent to 

the quantization of the magnetic flux through the closed orbit in real space. When 

the magnetic field is tilted from the z-axis, the magnetic field through the closed 

orbit is reduced as Bcosθ and thus the cyclotron frequency is written as 

ωc =
e 

mc 

Bcosθ. (3.38)

Similarly, the terms of the L–K formula are replaced as follows; 

cos 2π p 
FQ 

B 
− 

1 

2 
+ ϕ0 → cos 2πp 

FQ 

Bcosθ 
− 

1 

2
+ ϕ0 , (3.39) 

RT →
KpµcT /B cos θ 

sinh(KpµcT /B cos θ ) 
, (3.40) 

RD → exp − 
KpµcTD 

B cos θ 
. (3.41) 

Therefore, we can see that the effect of the tilted magnetic field results in the 

transformation FQ → FQ/cosθ and µc → µc/cosθ . The angular dependence of
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Fig. 3.6 a Cyclotron orbit in xy plane for 2D electron system, b 2D Fermi surface and cyclotron 

orbit

the frequency for the 2D system is already shown in Fig. 2.14b, FQ = FQ0/cosθ . 

The effective mass obtained by the mass plot also increases as µc = µc0/cosθ . 

The quantum oscillation amplitude is reduced by the factors RT and RD as the 

magnetic field is tilted from the perpendicular direction. Note that the electron 

motion is limited in the xy plane, but the closed orbit on the cylindrical Fermi 

surface is always perpendicular to the magnetic field as shown in Fig. 3.6b. 

The L–K formula discussed above assumes that the spin–orbit interaction of 

the conduction electrons is sufficiently weak. This allows the Landau quantization 

and the Zeeman effect to be treated independently. If the spin–orbit interaction is 

very strong and comparable to the Fermi energy, the electron spin s is no longer 

a good quantum number and the angular momentum J = L + s, where L is the 

orbital angular momentum, becomes a good quantum number. In this case the L–K 

formula is not directly available. The special cases will be discussed in Sect. 3.10. 

3.3 Effective Mass 

We reconsider the mass of the electrons undergoing cyclotron motion in a magnetic 

field. In Sect. 3.2, we showed that the effective mass of the conduction electrons 

can be determined from the temperature dependence of the amplitude of the quan-

tum oscillations. This effective mass is directly related to the cyclotron angular 

frequency,ωc = eB/mc. We will first look at the relationship between the effective 

mass and the band structure.
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3.3.1 Definition of Effective Mass 

When the electrons undergo cyclotron motion on the Fermi surface, the energy 

of the electronic state is written as a function of the area AF of the closed orbit, 

E(AF ). The velocity v⊥ in the plane perpendicular to the magnetic field given by 

Eq. (1.45) is expressed as 

v⊥ = 
1 ∂E(k⊥) 

∂k⊥ 

= 
1 ∂E(AF ) 

∂AF 

∂AF 

∂k⊥ 

= 
1 ∂AF 

∂k⊥ 

∂AF 

∂E 
, (3.42) 

where k⊥ is the radius of the cyclotron motion. Assuming a circular cyclotron 

orbit, the area AF is given by 

AF = 

k⊥ 

0 

dk⊥2π k⊥, 

and thus ∂AF /∂k⊥ = 2π k⊥. The velocity in Eq. (3.42) is rewritten as 

v⊥ = 
2πk⊥ ∂AF 

∂E 
. (3.43) 

By comparing Eq. (3.43) with v⊥ = k⊥/mc, we can express the effective mass 

mc as 

mc = 

2 

2π 

∂AF 

∂E 
. (3.44) 

Although Eq. (3.44) is derived under the assumption of a circular cyclotron 

orbit, it is available in the general case. The effective mass is proportional to 

∂AF /∂E, the change rate of the cross section to the energy. When AF increases 

with increasing energy E, the Fermi surface is an electron surface with positive 

mass (mc > 0). Conversely, when AF decreases, the Fermi surface is a hole surface 

with negative mass (mc < 0). 

We hypothetically consider two energy bands A and B with different dispersions 

as illustrated in Fig. 3.7a. At E = EF , both bands A and B have the same cross 

section AF with the Fermi wave number kF as depicted in Fig. 3.7b. When EF 

increases up to EF+, the cross section of band A increases more than that of 

band B; the electrons in band A have a larger mass. In this way, the effective 

masses strongly depend on the band dispersion even for the same cross section. 

The number of states is proportional to its area, n(EF ) ∝ AF , then we obtain the 

relation, 

mc ∝ 
∂AF 

∂E 
∝ 

∂n(E) 

∂E E=EF 

= D(EF ).

The effective mass is proportional to the density of states, as we have seen in 

Eqs. (1.7)–(1.9) irrespective of the dimensionality of the electronic state.
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Fig. 3.7 a Bands A and B with the same cross section at E = EF but with different dispersion. 

b Cross sections of Fermi surfaces formed by bands A and B at EF and EF+

3.3.2 Mass Enhancement 

Conventional band calculations do not properly account for the many-body effects 

such as electron–phonon and electron–electron interactions. The mass obtained by 

such band calculations according to Eq. (3.44) is called the band mass, written as 

mb. In real conductors, the effective mass mc obtained from quantum oscillation 

measurements can be heavier than the calculated band mass due to many-body 

interactions. The relation between mc and mb is written as 

mc = mb 1 + λep (1 + λee), (3.45) 

where λep and λee are the mass enhancement factors due to electron–phonon and 

electron–electron interactions, respectively. The cyclotron motions of the conduc-

tion electrons will be slowed down by the Coulomb attraction with the lattice. In 

addition, the cyclotron motions will also be slowed down by the strong Coulomb 

repulsive interaction between the electrons, as the electrons tend to move away 

from each other. These are intuitive interpretations of the mass enhancement due 

to the many-body effects. 

When the electromagnetic wave, whose energy hν is equal to the Zeeman split-

ting ωc, is applied to the sample, the electrons are excited from one Landau 

level to the next higher level. This process is accompanied by the absorption of 

the electromagnetic wave, called cyclotron resonance. In the classical picture, the 

cyclotron motions of all the electrons are made in-phase by the oscillating electric 

field; the relative distance between the electrons remains unchanged. This situa-

tion suggests that the cyclotron motion is not affected by the Coulomb repulsion, 

and therefore, the mass determined by the cyclotron resonance measurement mcyc 

is not enhanced by the electron–electron interaction but only by the electron– 

phonon interaction. Therefore, we expect mc ≥ mcyc ≥ mb and the relations will
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be expressed as 

mcyc = mb 1 + λep , mc = mcyc(1 + λee). (3.46) 

For the organic conductor κ-(BEDT-TTF)2Cu(NCS)2 shown in Fig. 2.8b, it is 

reported that mcyc = 1.18m0 is smaller than mc = 3.5m0 [12]. From the cal-

culated band mass mb = 0.89m0 [13], the enhancement factors are obtained 

as λep = 0.3 and λee = 2.0. The electron–electron interaction is dominant as 

the mass enhancement mechanism in κ-(BEDT-TTF)2Cu(NCS)2. This fact pro-

vides important information for understanding the Mott insulator transition and 

the superconductivity of this material. 

Good examples of strong mass enhancement by many-body effects are Ce and 

U compounds, commonly referred to as “heavy fermion systems,” where the 4f 

and 5f electronic states, respectively, play an essential role. In these compounds, 

the hybridization between the itinerant conduction electron and localized f electron 

states leads to a very sharp peak in the density of states near the Fermi level EF , 

as shown in Fig. 3.8a. This peak is the direct cause of the heavy electrons. Here 

Ef is the energy level of a single f orbital without the hybridization, Ef + Uee is 

the level at which two electrons occupy the same f orbit, and Uee is the Coulomb 

energy between the f electrons at the same site. In a typical heavy fermion system 

CeRu2Si2, the large effective mass ratio of µc = 120 is obtained by quantum 

oscillation measurements of the magnetic susceptibility [8]. The inset of Fig. 3.8b 

shows the Fourier spectrum of the quantum oscillation, where the arrow represents 

the oscillation ( ) originating from the large Fermi surface presented in Fig. 3.8c. 

The mass plot of the oscillation is shown in the main panel of Fig. 3.8b. Note that 

the mass is determined in a very low temperature range below 50 mK due to its 

very heavy mass. 

[001] 

b 

T (mK) 

5.02.5 7.5x1030 

20           30           40           50 
0.1 

1 

0.5 

A
m

p
li

tu
d

e 
/ 

T
 (

ar
b
. 

u
n
it

s)
 

[100] 

[010] 

B // [100] 

c 

EF 

Ef 

a 

Fig. 3.8 a Schematic of density of states for heavy fermion system. A sharp peak of the density 

of states appears at the Fermi level EF due to the hybridization between the itinerant conduction 

electron and localized f electron states. b Mass plot of quantum oscillation in CeRu2Si2 [8]. The 

solid curve shows the calculated results with the effective mass ratio of µc = 120. Insets: Fourier 

spectrum of the quantum oscillation. c Calculated Fermi surface of CeRu2Si2
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Here we simply rewrite Eq. (3.45) as  

mc = mb 1 + λ∗ . (3.47) 

The enhancement factor λ∗ can be calculated from the effective mass mc 

obtained from the quantum oscillation and the calculated band mass mb. 

Figure 3.9a presents the superconducting transition temperature Tc versus λ
∗ for 

various BEDT-TTF and BETS-based organic superconductors, where BETS stands 

for bis(ethylenedithio)tetraselenafulvalene [13]. The BETS molecule is obtained 

by replacing the central four S atoms in the BEDT-TTFT molecule in Fig. 2.8b 

with Se atoms as shown in Fig. 3.9b. For both series, Tc increases with increasing 

λ∗. 
The results are well fitted with 

Tc ∝ exp − 
1 

αλ∗ , (3.48) 

where α is a fitting parameter. This equation is similar to the formula obtained by 

the standard theory of superconductivity, the Bardeen–Cooper–Schrieffer (BCS) 

theory, 

kBTc = ωD exp −
1 

D(EF )λ 
, (3.49) 

on the assumption of the Cooper pairs mediated by the electron–phonon inter-

action. The quantity ωD is the Debye frequency and λ is the electron–phonon 

coupling constant. The superconductivity of these organic superconductors has 

been discussed in terms of non-BCS mechanisms. Nevertheless, it is interesting

4 
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a b 

E1 : -(BEDT-TTF)2Cu[N(CN) 2]Br 
E2 : -(BEDT-TTF)2Cu(NCS)2 

E3 : -(BEDT-TTF)2Ag(CN)2・H2O 
E4 : -(BEDT-TTF)2I3 
B1 : -(BETS)2FeBr4 

B2 : -(BETS)2FeCl4 

B3 : -(BETS)2Cu[N(CN) 2]Br 
B4 : -(BETS)2C(CN)3 

B5 : -(BETS)2GaCl 

Fig. 3.9 a Tc versus λ
∗ plots for various BEDT-TTF (E1–E4) and BETS (B1–B5)-based organic 

superconductors (reproduced with permission from [13]), b BETS molecule
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Fig. 3.10 a Schematic setup of magnetocaloric effect experiment. The sample and thermome-

ter are placed in vacuum and they are thermally connected to the thermal bath through the leads. 

b RT (z), zRT (z) and −zRT (z) as a function of z

that Tc is given by Eq. (3.48) similar to the BCS formula. The correlation between 

Tc and λ
∗ provides valuable information for understanding the superconductivity 

mechanism. 

As shown in Fig. 3.9a, the BETS-based superconductors have lower Tc val-

ues than the BEDT-TTF-based superconductors. The Se atoms in BETS have 

more extended π orbitals than the S atoms, so the transfer integral between the 

neighboring molecules is larger (the bandwidth is wider) in the BETS-based super-

conductors. Therefore, the BETS-based superconductors have lower densities of 

states D(EF ), which is closely related to lower Tc values. 

Information obtained from quantum oscillation experiments comes only from 

the extremal cross sections of the Fermi surface, and thus the rest of the Fermi 

surface is unknown. The effective mass of the conduction electrons can also be 

estimated from resistivity, heat capacity, and magnetic susceptibility experiments. 

These experiments provide the mass averaged over the entire Fermi surface and 

thus it is not necessarily directly comparable to the effective mass obtained from 

the quantum oscillation experiments. 

3.4 Quantum Oscillation in Other Physical Quantities 

In Sect. 3.3, we focused on quantum oscillations observed in magnetization and 

resistance. In principle, quantum oscillations can be observed in all thermodynamic 

quantities since the Landau quantization causes oscillations in the internal energy 

and the thermodynamic grand potential of the electron system. Here is an overview 

of quantum oscillations in some physical quantities other than magnetization and 

resistance.
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3.4.1 Magnetocaloric Effect 

Suppose that the sample is mounted in a quasi-adiabatic condition, almost ther-

mally isolated from the thermal bath, as depicted in Fig. 3.10a. If the magnetic 

entropy Sm of the sample changes as the magnetic field increases, the sample 

temperature changes accordingly. This sample temperature change is called the 

magnetocalorimetric effect. The change of the sample entropy Sm results in a 

heat Q = T Sm. Since the entropy is a function of T and B, we can write 

Q = T Sm = T 
∂Sm 

∂T B 

T + T 
∂Sm 

∂B T 

B. (3.50) 

The heating power is defined as P = Q t and thus 

P = T 
Sm 

t 
= Cs 

∂T 

∂t 
+ T 

∂Sm 

∂B T 

∂B 

∂t 
, (3.51) 

where t is replaced by ∂/∂t and Cs is the heat capacity of the sample given 

by Cs = T (∂Sm/∂T )B. The heating power P is expressed as the heat transfer 

from the thermal bath to the sample P = κ Tbath − Tsample = −  T , where κ 

is the thermal conductivity of the thermometer leads connecting the sample to the 

thermal bath. Since Tbath is constant, replacing ∂T /∂t by ∂( T )/∂t yields 

T = Tsample − Tbath 

= −τr 
d( T ) 

dt 
− 

Tbath 

κ 

dB 

dt 

∂Sm 

∂B T 

, (3.52) 

where τr = CT /κ is the thermal relaxation time between the bath and sample, and 

Cs is replaced by the total heat capacity of the sample and thermometer CT in 

the experimental setup in Fig. 3.10a. The quantity dB/dt corresponds to the sweep 

rate of the magnetic field. When the magnetic field sweep is stopped (dB/dt = 

0), we observe the thermal relaxation of the sample, T ∝ exp(−t/τr) → 0 

as t → ∞  from the relation T = −τrd( T )/dt; the sample temperature is 

relaxed to the thermal bath temperature within an order of τr . When the magnetic 

entropy Sm of the sample changes with increasing magnetic field, an endothermic 

T < 0) or exothermic T > 0) process occurs, depending on the sign of 

∂Sm/∂B. For paramagnetic samples, T is sufficiently smaller than Tbath in a 

typical experimental setup. 

From the Maxwell relation in thermodynamics, 

∂Sm 

∂B T 

=
∂M 

∂T B 

, (3.53) 

the quantum oscillation of the magnetocaloric effect is written as 

T̃ ∝ 
Tbath 

κ 

∂ M̃ 

∂T B 

. (3.54)
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For a 2D case, the oscillatory part of the magnetization M̃ is replaced by M̃2D 

in Eq. (3.4b). From the relation M̃ ∝ RT (z)(z = KpµcT /B), the temperature 

dependence of the quantum oscillation is given by 

T̃ ∝ z 
∂RT (z) 

∂z
≡ zRT (z), (3.55) 

where the thermal conductivity κ is assumed to be constant. Figure 3.10b shows 

the z dependence of zRT (z) as well as RT (z) and −zRT (z). We note zRT = 0 at z = 

0(T = 0K) and zRT has a minimum at z = 2.5. The absence of the magnetocaloric 

effect T̃ = 0 at T = 0K corresponds to the disappearance of the entropy. 

Figure 3.11a presents the magnetocaloric effect for Tbath = 1 K in a quasi-2D 

organic conductor β -(BEDT-TTF)2SF5CH2CF2SO3 [14]. The magnetic field is 

applied perpendicular to the layers. This conductor also has a layered structure, 

similar to κ-(BEDT-TTF)2Cu(NCS)2 in Fig. 2.8b. The band calculation shows 

the presence of 2D electron and hole Fermi surfaces as depicted in the inset of 

Fig. 3.11b. Due to the equal area of the cross sections, a single frequency quan-

tum oscillation is observed. The quantum oscillations of T for the up and down 

field sweeps are shown in Fig. 3.11a. The oscillation is reversed between the two 

sweeps, which is due to the sign change of dB/dt. Figure 3.11b presents the Fourier 

spectrum of the oscillation. The harmonics up to 4α are evident in addition to the 

fundamental oscillation α. 
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Fig. 3.11 a Quantum oscillations of magnetocaloric effect in perpendicular magnetic fields for 2D 

organic conductor β -(BEDT-TTF)2SF5CH2CF2SO3 [14]. b Fourier spectrum of the oscillation. 

Inset: calculated 2D Fermi surfaces of this conductor
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3.4.2 Heat Capacity 

Using the relation S = −( T )B from Eq. (2.44), the magnetic heat capacity 

is given by 

C = T 
∂Sm 

∂T B 

= −T 
∂ 

∂T ∂T B 

. (3.56) 

his gives the quantum oscillation of the heat capacity, 

C̃ = −T 
∂ 

∂T 

∂ ˜ 

∂T B 

∝ −z 
∂2RT (z) 

∂z2 
= −zRT (z). (3.57) 

For a 2D case, the oscillatory part of the grand potential ˜ is replaced with ˜ 2D 
in Eq. (3.2b). The z dependence of −zRT (z) is already shown in Fig. 3.10b. This 

function has two nodes at z = 0 and z = 1.61. Figure 3.12a shows the quantum 

oscillation of the heat capacity arising from the 2D Fermi surface of the quasi-2D 

organic conductor κ-(BEDT-TTF)2Cu(NCS)2 [15]. The magnetic field is applied 

perpendicular to the layers. The oscillation amplitude has a minimum at B = 16.8 

T for T = 0.58 K as indicated by the arrow. This magnetic field corresponds to the 

node of −zRT (z) at z = KµcT /B = 1.61 in Fig. 3.10b, from which we obtain the 

effective mass ratio µc = 3.2. Figure 3.12b presents the temperature dependence 

of the oscillation amplitude at B = 17T. The dotted curve indicates the calculated 

result of −zRT (z) for µc = 3.2, which is consistent with the result at 0.58 K 

in Fig. 3.12a. 

a b 

Fig. 3.12 a Quantum oscillations of heat capacity in perpendicular magnetic fields for 2D organic 

conductor κ-(BEDT-TTF)2Cu(NCS)2 [15]. The arrow indicates the minimum of the oscillation 

amplitude. The dotted curves are guides for the eye. b Temperature dependence of the oscillation 

amplitude in the heat capacity
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3.4.3 Elastic Constant and Ultrasonic Attenuation 

When ultrasonic waves propagate through a solid, the lattice is periodically dis-

torted. The lattice distortion affects the thermodynamic grand potential of the 

Landau-quantized electron system in a magnetic field through the electron–phonon 

interaction. From the opposite perspective, the damping and velocity of the ultra-

sonic waves are changed by the Landau quantization as a function of the magnetic 

field; these quantities exhibit quantum oscillations. These quantum oscillations are 

commonly referred to as the acoustic dHvA effect [16–18]. The elastic constant CL 

is related to the sound velocity (vs) and the density of the sample (ρs), CL = ρsv
2 
s . 

Its quantum oscillation for a 3D electron system is written as 

C̃L(B) = −
e 

2π 

3/2 e 

mc 

4F2 
QB

1/2 

AF 

1/2 
| L|2 

× 

∞ 

p=1 

(−1)p 

p1/2 
RT RDRS cos 2π p 

FQ 

B 
+ ϕ0 , (3.58) 

where L is the quantity related to the deformation of the Fermi surface due to 

the ultrasonic waves. This quantity depends on the polarization and propagation 

directions of the ultrasonic waves. Unlike other quantities, the quantum oscillation 

of the elastic constant contains information on the magnitude of the electron– 

phonon interaction through L. Figure 3.13a shows the quantum oscillation of the 

elastic constant for a rare earth compound SmCu6 [19]. SmCu6 with a tetragonal 

structure shows an antiferromagnetic transition at TN = 9 K. Below TN , the elastic 

constant is measured for a longitudinal ultrasonic wave with a frequency of several 

tens of MHz, whose polarization and propagation directions are along the c-axis. 

The Fourier spectrum of the oscillation is shown in Fig. 3.13b, where several peaks 

are evident. The results are consistent with the quantum oscillations observed in 

the magnetization.

The attenuation of the ultrasonic waves per unit length for a 3D electron system 

is expressed as [20] 

˜ 
q(B) 

0 
=

√
2 

e 

mc 

1/2 
(qsτ ) 

π 3/2 

B 

AF mc 

1/2 

× 

∞ 

p=1 

(−1)p 

p1/2 
RT RDRScos 2π p 

FQ 

B 
+ ϕ0 . (3.59) 

Here ˜ q and 0 are the oscillatory and non-oscillatory parts of the attenuation, 

respectively, and qs is the wave number of the ultrasonic wave. Acoustic dHvA 

effects have been observed in various compounds [18, 19, 21].
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Fig. 3.13 a Quantum oscillations of elastic constant for SmCu6 (reproduced with permission from 

[21]). b Fourier spectrum of the oscillation

3.5 Magnetic Breakdown 

The discussion of quantum oscillations so far has assumed the existence of closed 

Fermi surfaces, but this does not mean that quantum oscillations can be observed 

only for closed Fermi surfaces. In this section, we will see that quantum oscilla-

tions can sometimes be observed even for open Fermi surfaces, where the interband 

tunneling effect plays an essential role. 

3.5.1 What Is Magnetic Breakdown? 

Figure 3.14a depicts the Fermi surface of a quasi-2D organic conductor θ-

(BEDT-TTF)2I3. This conductor has a layered structure similar to κ-(BEDT-

TTF)2Cu(NCS)2, as shown in Fig. 2.8b, and the energy bands are well described 

by the tight binding approximation. There exist a closed 2D Fermi surface (2D FS) 

and open quasi-1D Fermi surfaces (1D FS). The Fermi velocities vF are indicated 

by the thin arrows. In a magnetic field perpendicular to the conduction layer, the 

Lorentz force F = −evF × B causes the electrons to move in the direction of the 

thick arrow. In classical mechanics, the electrons remain on each Fermi surface as 

long as they are not scattered. At the zone boundary, the electron wave number 

shifts by the reciprocal lattice vector ±g, which is called the Bragg reflection of 

the electron. The bands from point X to M are depicted in Fig. 3.14b. The orbits 

on the 1D FS are not closed; the electronic states are not Landau-quantized as long 

as the electrons remain on the 1D FS.

As the magnetic field increases, so does the Lorentz force F, and the electrons 

try to move in the F (tangential) direction as much as possible. Although there is 

an energy gap (or energy barrier) Eg between the two bands at the zone bound-

ary, the electrons can quantum-mechanically tunnel through the barrier from the
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Fig. 3.14 a Closed 2D Fermi surface (2D FS) and open quasi-1D Fermi surfaces (1D FS) in 

quasi-2D organic conductor θ-(BEDT-TTF)2I3. A small closed orbit α (solid curve) near the zone 

boundary and a large closed orbit β formed by magnetic breakdown (dotted curve) are indicated. 

b Energy bands from point X to M with an energy gap (barrier) Eg . c Fermi surfaces near zone 

boundary

2D to 1D FS. This is called magnetic breakdown. Similarly, the magnetic break-

down can occur from the 1D to 2D FS at the opposite zone boundary. In this 

way, the electrons can travel the large closed orbit β in Fig. 3.14a. This magnetic 

breakdown process is a coherent process without energy dissipation. Therefore, 

if a closed orbit is formed by the successive processes, the electronic state is 

Landau-quantized, causing quantum oscillations. 

3.5.2 Probability of Magnetic Breakdown 

It may be easy to understand the probability of the magnetic breakdown in a semi-

classical picture. If the gap Eg between the two bands is smaller than the energy 

uncertainty of the electron E, then the electron would quantum-mechanically 

tunnel through the gap. The probability of the magnetic breakdown will be given 

by 

P = exp −Eg E . (3.60) 

The uncertainty relation between the energy and time, E t ≈ , suggests 

that the electron can pass through the gap within t. The time to pass through the 

gap is given  by t = c as depicted in Fig. 3.14c. Here ωc is the cyclotron 

angular frequency of the magnetic breakdown orbit β. Taking k as the wave 

number change in the tunneling process, ≈ k/kF ≈ Eg/EF , we obtain 

E ≈ 
t 

=
ωc ≈

ωcEF 

Eg 

→ 
Eg 

E 
≈

E2 
g 

ωcEF 

. (3.61)
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The probability of the magnetic breakdown Eq. (3.60) is rewritten as 

P = exp − 

E2 
g 

ωcEF 

= exp −
BMB 

B 
, (3.62) 

where the magnetic breakdown field BMB is defined as 

BMB = 
mc 

e 

E2 
g 

EF 

. (3.63) 

The value BMB corresponds to the magnetic field at which the magnetic break-

down becomes pronounced. Although the more general argument shows that the 

magnetic breakdown field also depends on the relation between the zone boundary 

and the orientation of the velocity in the plane perpendicular to the magnetic field 

[22, 23], it does not result in a significant qualitative difference. The probabil-

ity of no magnetic breakdown, which corresponds to the probability of the Bragg 

reflection, is given by 

Q = 1 − P. (3.64) 

The orbit produced by the magnetic breakdown is called the magnetic break-

down orbit. As is clear from Eq. (3.62), the magnetic breakdown does not occur 

(P ≈ 0) in the low magnetic field limit but the magnetic breakdown frequently 

occurs (P → 1) in the high magnetic field limit. If the magnetic breakdown 

occurs successively at the zone boundaries, the closed magnetic breakdown orbit 

β is formed as shown in Fig. 3.14a. 

Figure 3.15a shows the quantum oscillations of the resistance at 50 mK in θ-

(BEDT-TTF)2I3, whose Fermi surface is depicted in Fig. 3.14a [24]. The magnetic 

field is applied perpendicular to the layers. As shown in the inset of Fig. 3.15a, the 

fast oscillation (β) becomes evident for B 11T in addition to the slow oscillation 

(α). From the Fermi surface structure shown in Fig. 3.14a, the quantum oscilla-

tion arising from the α orbit near the zone boundaries should be observed at low 

magnetic fields. At higher magnetic fields, the magnetic breakdown occurs at the 

zone boundaries, and thus the quantum oscillation from the large β orbit should be 

observed. In fact, the Fourier spectrum in Fig. 3.15b shows peaks corresponding 

to the α and β orbits. In addition to α and β, the β + α peak is also observed, the 

origin of which is discussed in Sect. 3.5.

In θ-(BEDT-TTF)2I3, the BEDT-TTF molecules are dimerized, forming a bond-

ing and an antibonding orbitals, as shown in Fig. 2.12 b. The bonding orbital is 

fully occupied and the antibonding orbital is occupied by a single electron, form-

ing the half-filled conduction band. Since there are two dimerized BEDT-TTF 

molecules in the unit cell, the number of states in the conduction band is equal 

to the total number of states in the first Brillouin zone; the area of the β orbit, 

A
(β) 
F = 2πeF

(β) 

Q / must be equal to that of the first Brillouin zone.
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Fig. 3.15 a Quantum oscillations of the resistance at 50 mK in θ-(BEDT-TTF)2I3. Inset: close-up 

of the oscillation near 12 T. b Fourier spectrum of the quantum oscillation in a. Peaks arising from 

the α orbit near the zone boundaries and the magnetic breakdown β orbit are evident

Since the oscillation from the β orbit appears abruptly around 11 T in Fig. 3.15a, 

one might think that there is a phase transition with a change of the Fermi sur-

face, but this interpretation is incorrect. This is a crossover phenomenon from the 

Bragg reflection-dominant process to the magnetic breakdown-dominant process. 

The probability of the magnetic breakdown varies continuously with magnetic 

field, which cannot be an order parameter of a phase transition. 

3.5.3 Various Oscillations Due to Magnetic Breakdown 

Even for a simple Fermi surface structure, combinations of magnetic breakdown 

and Bragg reflection can form various closed orbits; quantum oscillations with 

many frequencies can appear. Figure 3.16 depicts possible closed orbits for the 

Fermi surfaces shown in Fig. 3.14a due to the combinations of the magnetic break-

down and the Bragg reflection. The probability of each closed orbit can be roughly 

obtained by counting how many magnetic breakdowns (P) and Bragg reflections 

(Q) occur at the zone boundaries. In Fig. 3.16a and b, we note that the α orbit 

requires two Bragg reflections (×) and the β orbit requires four magnetic break-

downs ( ). The probabilities that the α and β orbits are formed, Pα and Pβ will 

be intuitively expressed as 

Pα ∝ Q2 = 1 − exp − 
BMB 

B 

2 

, Pβ ∝ P4 = exp − 
4BMB 

B 
. (3.65)
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Fig. 3.16 Possible closed orbits due to magnetic breakdown (MB) and Bragg reflection (BR) pro-

cesses. a α orbit, b β orbit, c β + α orbit, d β + 2α orbit, e 2β − α orbit. The symbols and × 

indicate MB and BR, respectively 

As seen in Fig. 3.16c, the β + α orbit requires four magnetic breakdowns and 

two Bragg reflections. Similarly, it is easy to obtain the probabilities of the β + 2α 

and 2β − α orbits, 

Pβ+α ∝ P4Q2, Pβ+2α ∝ P4Q4, P2β−α ∝ P4Q2. (3.66) 

The probabilities of the closed orbits including both magnetic breakdown and 

Bragg reflection in the above semiclassical picture are intuitive but too simpli-

fied because the phase factors are not incorporated. According to the previous 

arguments [23, 25], the factor modifying the quantum oscillation amplitude Cnm, 

called “breakdown reduction factor,” is given by Cnm ∝ (ipT )
n(qT )

m. Here, pT and 

qT are the transition amplitudes of the magnetic breakdown and Bragg reflection, 

defined as P = |pT |2 and Q = |qT |2, respectively, and n and m are the numbers 

of their processes. The factor i in Cnm gives an additional phase of the oscilla-

tion. For complicated closed orbits, produced by several non-equivalent orbits, the 

phase change of pT or qT must be independently taken into account in adding up 

each orbital contribution, and resultantly complicated magnetic field dependence 

may emerge [23, 26]. The factor Cnm is different from what is intuitively expressed 

by Eq. (3.65). For instance, the breakdown reduction factor of the β orbit is given 

by C40 ∝ |pT |4 = P2, which is different from Pβ ∝ P4 in Eq. (3.65). The differ-

ence can be simply ascribed to the redefinition of the magnetic breakdown field, 

BMB → BMB/2 in Eq. (3.62) and thus there is no qualitative difference in the mag-

netic field dependence of the oscillation amplitude between the two cases, C40 and 

Pβ . 

As mentioned below, some oscillations experimentally observed cannot be 

explained by the above semiclassical magnetic breakdown picture. The results
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show that the semiclassical picture is not relevant and that fully quantum mechan-

ical calculations are required to discuss the origin of the observed various 

frequencies, and to obtain their magnetic field and temperature dependences quan-

titatively. In addition, as will be discussed in Sect. 3.8, there is another mechanism 

producing many combination frequencies of α and β, and it leads to different mag-

netic field dependences. Therefore, it is very difficult to make reliable analyses of 

the magnetic field dependences of the various oscillations. For simplicity, there-

fore, we represent the probabilities of the closed orbits by the semiclassical picture 

in Eq. (3.65). 

For the magnetization in Eq. (3.4a), the oscillation from the β + α orbit is 

written as 

M̃ ∝ Pβ+α 

∞ 

p=1 

B1/2 

p3/2 
RT RDRS sin 

 

2πp 

 

 
F

(β+α) 

Q 

B
− 

1 

2 

 

 + ϕ0 

 

, (3.67) 

where the frequency of the closed orbit is given by the sum of the frequencies 

F
(β+α) 

Q = F
(β) 

Q + F
(α) 
Q . (3.68) 

Note that the parameters mc,TD, and gc in all the reduction factors, RT , RD, and 

RS in Eq. (3.67) are characterized by the β + α orbit. For instance, the effective 

mass of the β + α orbit, mβ+α should be different from the masses mα and mβ. 

The area of the β + α orbit is written as 

Aβ+α = Aβ + Aα, (3.69) 

and thus the effective mass will also be given by the sum of these two values from 

Eq. (3.44), 

mβ+α = mβ + mα. (3.70) 

Since Eq. (3.67) is proportional to Pβ+α ∝ P4Q2, the amplitude of the β + α 

oscillation does not increase monotonically with increasing magnetic field. The 

amplitude is expected to have a maximum value at an order of BMB, and the β 

+ α oscillation disappears in the high magnetic field limit because Q → 0 for 

B → ∞. There is no significant difference in the magnetic field dependence of the 

oscillation with F
(β+α) 

Q even in the case for C42 ∝ |pT |4|qT |2 = P2Q. 

How many frequencies are actually observed? Fig. 3.17a and b present the 

quantum oscillations of the magnetic torque for κ-(BEDT-TTF)2Cu(NCS)2, and 

their Fourier spectra in the range between 20.1 and 30 T [27]. The magnetic field 

is applied perpendicular to the layers. The Fermi surface structure of this conduc-

tor is equivalent to that in Fig. 3.14a, and thus various closed orbits can be formed 

by the magnetic breakdown and Bragg reflection, as shown in Fig. 3.16. In fact, 

many peaks, assigned to α, β, their harmonics and combinations are evident in
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Fig. 3.17b. Most of them can be explained by the semiclassical picture but β − 

α and 2β − 2α cannot. The reason is that the semiclassical picture does not take 

into account quantum interference effects between the different oscillations. Fully 

quantum–mechanical calculations of the Landau-quantized states yield the oscilla-

tions (β − α, etc.) which are forbidden in the above semiclassical picture [28, 29]. 

The results also suggest that the magnetic field dependences of the oscillations 

should be carefully discussed when the magnetic breakdown occurs. 

When many oscillations are observed as in Fig. 3.17b, one might think that it 

would be difficult to determine which peak is assigned to the β orbit. From the 

number of carriers in κ-(BEDT-TTF)2Cu(NCS)2, the area of the β orbit Aβ must 

be equal to that of the first Brillouin zone. Therefore, the frequency of the β orbit 

is easily calculated from the lattice constants, F
(β) 

Q ≈ 4000 T. On the other hand, 

since the effective mass is mc ∝ ∂AF /∂E as defined in Eq. (3.44), the larger the 

cross section, the heavier the mass should be. For the β − α and 2β − 2α oscil-

lations, which cannot be explained by the semiclassical picture, the fully quantum 

mechanical calculations show that their masses become heavier, mβ−α > mβ and 

m2β−2α > m2β. Thus, the quantum oscillations with these combination frequencies 

are suppressed more strongly with increasing temperature. In Fig. 3.17b, many 

peaks observed at 0.44 K (β − α, β + α, β + 2α, 2β − 2α) are not visible at 

1.65 K and only α, 2α and β with the relatively small effective masses are evident. 

This result also allows us to clarify which peak is assigned to the α or β orbit. 

Other examples of closed orbits due to magnetic breakdown and Bragg reflection 

processes are given in Appendix 3.3.
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Fig. 3.17 a Quantum oscillation of magnetic torque for quasi-2D organic conductor κ-(BEDT-

TTF)2Cu(NCS)2 in a high magnetic field range [27]. b Fourier spectra of quantum oscillations at 

0.44 and 1.65 K. The frequencies arising from the α and β orbits are 620 and 4020 T, respectively. 

The area of the  β orbit Aβ with F
(β) 

Q is equal to that of the first Brillouin zone 
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3.5.4 Maximum of Resistance Due to Magnetic Breakdown 

For normal conductors, the resistance increases monotonically with magnetic 

field. However, as shown in Fig. 3.15a, the resistance for θ-(BEDT-TTF)2I3 has 

a broad maximum around 6 T. How can we explain the resistance maximum? 

This conductor has quasi-1D and 2D Fermi surfaces as shown in Fig. 3.18a. In 

the low magnetic field limit, these two Fermi surfaces contribute to the conduc-

tion independently, and thus the resistance along the x-axis is given by ρL = 

1/ σ1D + σ 
α 

2D , where σ1D and σ 
α 

2D indicate the conductivities from the open orbits 

of the 1D Fermi surfaces and the α orbit, respectively. If the magnetic breakdown 

does not occur, we expect ρL(B) → 1/σ1D in the high magnetic field limit because 

σ 
α 

2D ∝ 1/ω2 
c τ 

2 → 0 as given in Eq. (3.16). On the 1D Fermi surface, where the 

electron motion is restricted along the x-axis, σ1D will be almost independent of 

the magnetic field. Therefore, the magnetic field dependence of ρL(B) is domi-

nated by σ 
α 

2D; ρL(B) will gradually increase with magnetic field and saturate at 

high magnetic fields as illustrated in Fig. 3.18b. 

Assuming Eg = 0 at the zone boundaries, the conduction is given by the β 

orbit; ρH ≈ 1/σ 
β 

2D, and its magnetic field dependence should be smaller than ρL 
as shown in Fig. 3.18b because of the larger effective mass for the β orbit. At 

zero magnetic field, the resistance will be almost the same ρL ≈ ρH in both cases 

Eg = 0 and Eg > 0. For  Eg > 0, the magnetic breakdown will occur frequently 

at the zone boundaries for B > BMB. Therefore, the resistance should shift from 

the ρL curve at low magnetic fields to the ρH curve at high magnetic fields, as 

shown by the solid curve in Fig. 3.18b. In this way, the resistance maximum is 

qualitatively interpreted by the magnetic breakdown effect. Detailed arguments are 

made in the literature [30]. In fact, at higher magnetic fields after the emergence

B0 

a 

B 

1D FS 

 

b 

2D FS 

 

 

 

Brillouin zone 

low B limit 

high B limit 

Fig. 3.18 a Open orbits on 1D Fermi surface and closed orbit on 2D Fermi surface (upper panel), 

and magnetic breakdown orbit (lower panel). b Schematic magnetic field dependence of resistance 

in θ-(BEDT-TTF)2I3 (see text in detail) 
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of the resistance maximum, the quantum oscillation from the β orbit is evident 

as shown in Fig. 3.15a. Again, the resistive maximum is the crossover behavior 

due to the magnetic breakdown, not a phase transition. The magnetic field of the 

resistive maximum depends on the magnetic breakdown field BMB, the scattering 

time τ, and the effective mass mc. As  τ becomes shorter, the resistance maximum 

shifts to higher magnetic fields and is smeared out. 

3.6 Effect of Internal Magnetic Field 

We consider quantum oscillations in the presence of an internal magnetic field. 

As illustrated in Fig. 3.19a, we suppose that there exist large local spins (Sloc) 

in addition to the conduction electrons with the spins (s). When the exchange 

interaction Eex = Jexs · Sloc is present between Sloc and s, the internal magnetic 

field Bint acting on the conduction electron spins is written as 

Bint = −  
JexSloc 

gcµB 

. (3.71) 

This equation gives the relation Eex = −gcµBs·Bint. In a sufficiently high exter-

nal magnetic field B z at low temperatures, the local spins are almost completely 

polarized by B and thus Bint can be taken as a constant. 

The Landau levels are Zeeman-split as shown in Fig. 3.19b, where the energy 

splitting is given by 

E = gcµB(B + Bint). (3.72) 

As seen in Eqs. (3.35) and (3.36), the Zeeman effect leads to a phase shift of 

the quantum oscillation. The sum of the oscillatory parts for sz = ±1/2 is written

a b 

conducting layer 

local spins 

Fig. 3.19 a Schematic of conducting layer and local spins. Jex is exchange interaction between 

local spins Sloc and conduction electron spins s. b Zeeman splitting of Landau levels due to external 

and internal magnetic fields 
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as 

cos B +
E 

ωc 

+ cos B −
E 

ωc 

= cos 2π 
FQ+ 

B 
− 

1 

2 
+ ϕ0 + π Sspin 

+ cos 2π 
FQ− 

B 
− 

1 

2 
+ ϕ0 − πSspin , (3.73) 

where FQ+ = FQ + F and FQ− = FQ − F are the frequencies for the down 

and up spins, respectively, and F is given by 

F = 
gc 

4 
µcBint. (3.74) 

Thus, the presence of the constant internal magnetic field Bint results in two 

frequencies, FQ+ and FQ− even for a single extremal cross section. 

Figure 3.20a shows the quantum oscillations of the resistance for the quasi-2D 

organic conductors λ-(BETS)2MCl4 (M = Ga and Fe) [31]. They are isostruc-

tural layered conductors with the same 2D Fermi surface. The oscillations are 

normalized by the non-oscillatory backgrounds ρ0(B). These conductors consist 

of conducting layers formed by the BETS molecules (Fig. 3.9b) and insulating 

layers formed by the MCl4
−1 (M = Ga or Fe) ions as schematically shown in the 

inset of Fig. 3.20a. The Ga3+ ions in the insulating layers are nonmagnetic (Sloc = 

0) while the Fe3+ ions have large spins (Sloc = 5/2). A rather large exchange inter-

action between the Fe spins and the conduction electron spins results in an internal 

magnetic field Bint in the BETS layers. Since the radius of the cyclotron orbit is 

much larger than the distance between the Fe3+ ions, the conduction electrons 

experience a uniform Bint.

As shown in Fig. 3.20a, the nonmagnetic λ-(BETS)2GaCl4 shows a simple 

sinusoidal quantum oscillation. In contrast, the magnetic λ-(BETS)2FeCl4 shows 

oscillations with periodic nodes. The nodes are due to an interference between the 

two frequencies FQ+ and FQ−. Figure 3.20b shows the Fourier transform spec-

tra (FT, solid curves) and the spectra calculated by the maximum entropy method 

(MEM, dotted curves) for both conductors. The MEM technique can provide much 

higher resolution spectra. For λ-(BETS)2FeCl4, two peaks are evident in the FT 

and MEM spectra, giving 2 F = 128 T. We obtain Bint = 32 T from gc = 2.0 and 

µc = 4.0 using Eq. (3.74). The dotted curves in Fig. 3.20 a show the calculated 

results by the L–K formula with appropriate parameters, which reasonably repro-

duce the experimental data. In λ-(BETS)2FeCl4, superconductivity is surprisingly 

induced in strong magnetic fields parallel to the conduction layers [32, 33]. This 

magnetic-field-induced superconductivity is closely related to the large internal 

magnetic field generated by the Fe spins.
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Fig. 3.20 a Quantum oscillations of resistance normalized by the non-oscillatory backgrounds 

ρ0(B) for quasi-2D organic conductors λ-(BETS)2MCl4 (M = Ga, Fe) [31]. Dotted curves indi-

cate the calculated results by the L–K formula with appropriate parameters. Inset: schematic of 

layered structure of λ-(BETS)2MCl4. b Fourier (solid curves) and MEM spectra (dotted curves) of 

the oscillations

3.7 Quantum Oscillation of Quasi-2D Fermi Surface 

Let us return to the quasi-2D Fermi surface in Fig. 2.19. The energy band is 

expressed as 

E(k) = 

2 

2mc 

k2 x + k2 y − 2tccos(kzc). 

The magnetic field is assumed to be parallel to the kz( z)-axis. Taking EF =
2k2 F /2mc, the cross section of the Fermi surface perpendicular to the magnetic 

field AF = πk2 F = π k2 x + k2 y is given by 

AF = 
2mcπ 

2
(EF + 2tccos(kzc)). (3.75) 

From Eq. (2.60), the frequencies arising from the two extremal cross sections 

are FQ0 ± FQ, where 

FQ0 = 
mc 

e 
EF FQ = 

2mc 

e 
tc. (3.76) 

If tc is sufficiently small, the relation 2tc < ωc, which is identical to FQ < 

B, will be satisfied in the experimental magnetic field range. In this case, the 

quasi-2D Fermi surface can lie completely between two Landau tubes as shown
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Fig. 3.21 a Quasi-2D Fermi surface (Q2D FS) and two Landau tubes (LTs) with indices N – 1 and  

N. b Calculated quantum oscillations of the thermodynamic grand potential, I J osc(B) in Eq. (3.77) 

and IL−K 
osc (B) in Eq. (3.78) 

in Fig. 3.21a. How accurate is the L–K formula in this case? The frequency of the 

quantum oscillation arising from the cross section on the kz plane is given by 

FQ(kz) = 
2π e 

AF (kz) = 
mc 

e 
(EF + 2tccos(kzc)) 

= FQ0 + FQcos(kzc). 

On the assumption of the same mass and Dingle temperature for all cross 

sections of the Fermi surface, the oscillatory part of the thermodynamic grand 

potential Iosc(B) is obtained by integrating Eq. (3.2b) over the whole k-space, 

I J osc(B) = 

π/c 

−π/c 

dkz cos 2π 
FQ(kz) 

B
− 

1 

2 

= 
2π 

c 
cos 2π 

FQ0 

B 
− 

1 

2 
J0 

2 FQ 

B 
, (3.77) 

where J0(z) is the zeroth-order Bessel function defined as J0(z) = 

(1/2π )
2π 

0 cos(zsinθ )dθ . On the other hand, the oscillatory parts arising from 

the two extremal areas (FQ0 ± FQ) are given by Eq. (3.2a), 

IL−K 
osc (B) =

B 

FQ 

cos 2π 
FQ0 + FQ 

B
− 

1 

2 
− 

π 

4 

+ cos 2π 
FQ0 − FQ 

B
− 

1 

2 
+ 

π 

4 

= 
2 

c 

B 

FQ 

cos 2π 
FQ0 

B 
− 

1 

2 
cos 2π 

FQ 

B
− 

π 

4 
. (3.78)
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Here we used the relation, FQ = FQc
2. For  FQ0 = 500 T and FQ = 5 T, 

corresponding to 2tc/ ωc = FQ/B = 1/4 for B = 20 T, the oscillations cal-

culated from Eqs. (3.77) and (3.78) are presented in Fig. 3.21b. There is little 

difference between the two cases. For these parameters, there is a node at about 

13.3 T, arising from 2 FQ/B− π/4 = π/2 in Eq. (3.78). No more nodes appear 

at higher magnetic fields. As can be seen here, the L–K formula is a very good 

approximation even for highly 2D Fermi surfaces. 

3.8 Magnetic Interaction 

In Sect. 3.5, we showed that a variety of quantum oscillations can be observed 

when magnetic breakdown occurs. In this section, we will see that various quan-

tum oscillations can appear owing to a different mechanism than the magnetic 

breakdown. 

3.8.1 Origin of Magnetic Interaction 

In the discussion so far, we have assumed that the magnetization M of the sample 

is sufficiently small and the external magnetic field µ0H is approximated as B 

inside the sample, B = µ0(H + M ) ≈ µ0H . In organic conductors, M is actually 

small and this assumption is appropriate. However, in some strongly correlated 

electron systems, for example, M can be non-negligible. The large M makes the 

observed quantum oscillations even more complicated. Coming back to Eq. (3.4a), 

we write the oscillatory part of the magnetization for p = 1 as 

M̃ = 

i 

C(i) 
osc sin 

 

 
2π F

(i) 
Q 

B 

 

 = 

i 

C(i) 
osc sin 

 



2π F
(i) 
Q 

µ0(H + M ) 

 

. (3.79) 

For simplicity, the phase of the oscillations is neglected. For the general discus-

sion, we assume that the Fermi surface structure has multiple extremal cross 

sections; the magnetization shows quantum oscillations with multiple frequen-

cies F
(i) 
Q (i = 1, 2, 3, . . .). The coefficient C

(i) 
osc, indicating the amplitude of the 

oscillation with the frequency F
(i) 
Q , contains many parameters. In a conventional 

experimental setup, the magnetization is measured as a function of H produced by 

a magnet. The electrons in the sample feel B = µ0(H + M ) and M = M0 + M̃ , 

where M0 and M̃ are the non-oscillatory and oscillatory parts, respectively. From 

the relation H M , the sine term of Eq. (3.79) is rewritten as 

sin 

 

 
2π F

(i) 
Q 

µ0(H + M ) 

 

 ≈ sin 

 

 
2πF

(i) 
Q 

µ0H 
1 − 

M 

H 

 


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= sin 

 



2πF
(i) 
Q 

µ0H 
1 − 

M0 

H
− 

2π F
(i) 
Q 

µ0H 

M̃ 

H 

 

 

≈ sin 

 

 
2πF

(i) 
Q 

µ0H 
− 

2πF
(i) 
Q 

µ0H 

M̃ 

H 

 

. (3.80) 

The non-oscillatory part of the magnetization M0 = χ0H H , where χ0 is 

the non-oscillatory magnetic susceptibility, gives only a small constant correction 

to the frequency and thus does not deform the waveform. Since F
(i) 
Q µ0H in 

most cases, the last term in the square bracket may satisfy 

2π F
(i) 
Q 

µ0H 

M̃ 

H 
≈ 1, (3.81) 

when M̃ is sufficiently large. In this case, the sinusoidal waveform, 

sin 2πF
(i) 
Q /µ0H is strongly deformed by M̃ in Eq. (3.80). This waveform defor-

mation mechanism by M̃ is called magnetic interaction. Since it is difficult to 

solve M̃ in Eq. (3.79) analytically, the effect of the magnetic interaction has been 

discussed under some assumptions [34]. In the following, we will see how the 

waveform is deformed by the magnetic interaction and which oscillation com-

ponents appear as a result of the magnetic interaction by means of numerical 

simulations. 

3.8.2 Self-Magnetic Interaction 

Let us first look at the case of a single frequency. The case in which a single 

frequency deforms its own waveform is called self-magnetic interaction. In the 

following simulations of the magnetization, we explicitly include the temperature 

reduction factor RT to discuss the temperature dependence, 

M̃ = ZoscRT sin 
2π Fα 

Q 

µ0(H + M ) 
, M = M0 + M̃ . (3.82) 

For simplicity, we neglect M0 giving a small correction (M0 = 0). As the 

coefficient Zosc increases, the sinusoidal waveform becomes more deformed. 

Figure 3.22a plots the simulated waveforms at T = 0.5 K, µc = 1, and Fα 

Q = 

1000 T for negligible magnetic interaction (no MI) with µ0Zosc = 2 × 10−5[T] 

and for non-negligible magnetic interaction (MI) with µ0Zosc = 2×10−3[T]. Note 

that the waveform for MI is tilted and approaches a sawtooth shape by the mag-

netic interaction. Because of the waveform deformation, harmonic components 

(2α, 3α, …) in addition to the fundamental one (α) appear in the Fourier spectrum
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as shown in Fig. 3.22b. In the Fourier spectrum alone, the harmonics produced by 

the magnetic interaction are indistinguishable from the p ≥ 2 terms in the L–K 

formula given in Eq. (3.4a), 

M̃ (B) ∝ 
1 

p3/2 
RT RDRSsin 2π p 

Fα 

Q 

µ0H 
− 

1 

2
+ ϕ0 . 

Figure 3.22c shows the mass plots (solid lines) of the fundamental (α) and 

its harmonics (2α, 3α) produced by the magnetic interaction. The mass plots of 

αLK, 2αLK and 3αLK expected from the L–K formula are also shown for compar-

ison. We find no significant difference between α and αLK, but 2α and 3α show 

less temperature dependence than 2αLK and 3αLK, respectively. 

In actual experiments, the harmonics expected from the L–K formula and those 

produced by the magnetic interaction can be observed simultaneously. The ampli-

tudes of the harmonics show different temperature and magnetic field dependences 

between the two cases, depending on the material parameters. Since the main 

information required is generally the effective mass and the magnetic field angle 

dependence only of the fundamental oscillation (not the harmonics), the presence 

of the magnetic interaction is not a serious problem. As the magnetic interaction 

becomes stronger, the waveform shows a distinct sawtooth shape, resulting in more 

and larger harmonics [34].

Fig. 3.22 a Simulated waveforms of magnetizations at T= 0.5 K, µc = 1, and Fα 

Q = 1000 T. 

The dotted and solid curves show the waveforms for negligible magnetic interaction (no MI) with 

µ0Zosc = 2 × 10−5[T] and that for non-negligible magnetic interaction (MI) with µ0Zosc = 2 × 

10−3[T]. b Fourier spectra of the simulated oscillations. Harmonics appear for MI (solid curve). 

c Mass plots of the oscillations (α, 2α, 3α) for MI. For comparison, the mass plots of αLK, 2αLK 

and 3αLK expected from the L–K formula are also shown. The curves of αLK, 2αLK and 3αLK are 

arbitrarily shifted 
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3.8.3 Mutual Magnetic Interaction 

Next, we look at the effect of magnetic interaction in the presence of multiple fre-

quencies. When multiple frequencies affect each other, it is called mutual magnetic 

interaction. We take the oscillatory parts of the magnetization with two frequencies 

(α, β) as  M̃ (α) and M̃ (β), respectively, and thus 

M̃ = M̃ (α) + M̃ (β) 

= Z(α) 
osc RT sin 

 



2π F
(α) 
Q 

µ0(H + M ) 

 

 + Z(β) 
osc RT sin 

 



2π F
(β) 

Q 

µ0(H + M ) 

 

, 

M = M0 + M̃ . (3.83) 

We similarly exclude the phase factor and further assume M0 = 0 and Z
(α) 
osc = 

Z
(β) 
osc = Zosc for simplicity. The effective mass ratio in the reduction factor RT is 

also assumed to be unity, µ 
(α) 
c = µ 

(β) 
c = µc = 1. Figure 3.23a shows the simulated 

waveforms at T= 0.5 K, µc = 1, Fα 

Q = 300 T, and F
(β) 

Q = 1000 T for negligible 

magnetic interaction (no MI) with µ0Zosc = 2 × 10−5[T] and for non-negligible 

magnetic interaction (MI) with µ0Zosc = 2 × 10−3[T]. The waveform for MI is 

also tilted and approaches a sawtooth shape. This results in harmonic components 

of α and β (2α, 3α, … 2β, 3β, …) as well as their combinations (β − α, β + α, β + 

2α, …) in the Fourier spectrum as seen in Fig. 3.23b. As the magnetic interaction 

becomes stronger, the waveform shows a distinct complicated sawtooth shape, 

resulting in more and larger harmonics and combinations [34].

Figure 3.23c presents the mass plots of the fundamental oscillations (α, β), 

their harmonics and combinations produced by the magnetic interaction. The tem-

perature dependences of the harmonics of the fundamental oscillations (2α, 3α, 

… 2β, 3β, …) and their combinations (β − α, β + α, β + 2α, 2β − α, …)  

are all approximately linear in their mass plots. The mass plots of αLK(= βLK) 

and 2αLK(= 2βLK) expected from Eq. (3.4a) are also shown for comparison. For 

the fundamental oscillations (α, β), there are no significant differences between 

the two cases. We also note that 2α, β ± α, and 2β show smaller temperature 

dependences than 2αLK(= 2βLK). Since the harmonic and combination oscillations 

decrease faster than the fundamental ones with increasing temperature and decreas-

ing magnetic field, it is generally possible to determine which are the fundamental 

oscillations from the temperature and magnetic field dependences. 

For the Fermi surface in Fig. 3.14a, only β and its harmonic oscillations become 

dominant at high magnetic fields in the case of the magnetic breakdown. In 

contrast, various combination frequencies of α and β become prominent at high 

magnetic fields when the magnetic interaction is sufficiently large. The magnetic 

field dependence of the combination frequencies could allow us to discuss their 

origin.
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Fig. 3.23 a Simulated waveforms of magnetizations at T= 0.5 K, µc = 1, Fα 

Q = 300 T, and 

F
(β) 

Q = 1000 T. The dotted and solid curves show the waveforms for negligibly small magnetic 

interaction (no MI) with µ0Zosc= 2 × 10−5[T] and that for large magnetic interaction (MI) with 

µ0Zosc= 2 × 10−3[T]. b Fourier spectra of the simulated oscillations. Various frequencies appear 

for MI (solid curves). c Mass plots of various oscillations. For comparison, the mass plots expected 

from the L–K formula (αLK and 2αLK) are also shown. The curves of αLK and 2αLK are arbitrarily 

shifted

3.9 Quantum Interference 

Up to now it has been assumed that the conduction electrons undergo a cyclotron 

(closed) motion on a Fermi surface in a magnetic field. In this case, quantum oscil-

lations due to Landau quantization appear in the thermodynamic grand potential as 

a function of the magnetic field, whose frequency is proportional to the extremal 

cross section of the Fermi surface. This quantum oscillation appears in all ther-

modynamic quantities and also in the resistance. In contrast, the resistance in a 

magnetic field can oscillate even without Landau quantization. Such oscillation 

arises from quantum interference of the electron wave function, which is induced 

by magnetic breakdown. It is very similar to the quantum oscillation due to Landau 

quantization. Let us consider this phenomenon below. 

3.9.1 Origin of Quantum Interference 

Special geometries of the Fermi surface give rise to a phenomenon called “quan-

tum interference,” in which the electron wave function interferes between different 

paths. Consider a pair of quasi-1D energy bands as shown in Fig. 3.24a. The 

velocity vectors of the electrons in both bands defined by vF = ∇kE/ point in 

almost the same direction (kx-axis). The Fermi surfaces formed by these bands are 

depicted in Fig. 3.24b, which is the simplest case of the quantum interference. In
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a magnetic field perpendicular to the kxky plane, the electrons move in the ky-axis 

on the Fermi surface by the Lorentz force F = −evF × B. 

The electron at point A in Fig. 3.24b has two possible paths to point B. On  

path 1, the electron travels on the same Fermi surface to reach point B through 

point C. On path 2, the electron reaches point B after two magnetic breakdowns. 

As discussed in Sect. 3.5, let qT and pT be the transition amplitudes of the Bragg 

reflection and magnetic breakdown, respectively. In general, the wave function 

changes its phase via quantum tunneling process. We explicitly consider the phase 

change δ in the magnetic breakdown process, pT → pT e
iδ . The phase δ depends 

on the wave number and the energy gap (barrier). For simplicity, we take qT and 

pT as real numbers, which does not lose generality. The probabilities of the Bragg 

reflection from point A to point C and the magnetic breakdown from point A 

to point E are given by Q = |qT |2 and P = pT e
iδ 2 = |pT |2, respectively. The 

transition amplitude from point A to point B on path 1 is given by qT e
iϕ1qT , where 

ϕ1 is the phase change of the wave function on path 1. Similarly, the transition 

amplitude from point A to point B on path 2 is given by pT e
iδeiϕ2pT e

iδ , where ϕ2 

is the phase change on path 2. The same electron at point A passes through both 

paths and interferes at point B. The transition probability TA→B from point A to 

point B is the square of the sum of both transition amplitudes, 

TA→B = qT e
iϕ1qT + pT e

iδeiϕ2pT e
iδ 

2 

= Q2 + P2 + 2QP cos(ϕ1 − ϕ2 − 2δ). (3.84)

A 

B 

path 

ky 

E (k) 

EF 

kx 
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D 

a b  

pTqT 

E 

path 1 

Fig. 3.24 a Pair of quasi-1D energy bands. b Quasi-1D Fermi surfaces formed by bands in a. 

There are two possible paths (1 and 2) from point A to B 
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Similarly, the transition probability TA→D from point A to point D is 

TA→D = pT e
iδeiϕ1qT + qT e

iϕ2pT e
iδ 

2 

= 2QP + 2QP cos(ϕ1 − ϕ2) (3.85) 

The sum of Eqs. (3.84) and (3.85) is written as 

T sum 
A = TA→B + TA→D = 1 + 4QP cos(δ) cos(ϕ1 − ϕ2 − δ). (3.86) 

The second term, which depends on the magnetic field, is the quantum inter-

ference of this process. The term 4QP has a maximum value of unity for P = 

Q = 0.5. If  B = 0 or B → ∞, then P = 0 or Q = 0, respectively, showing no 

interference. 

It is known that the vector potential A changes the phase of the electronic state 

depending on the path, as shown in Appendix 3.4, 

ϕ1 − ϕ2 = 
e 

 



 

path 2 

A · dr − 

path 1 

A · dr 

 



 = 
e 

A · dr 

= 
e 

rotA · dS = 
e 
BAr = 

e 
1−2. (3.87) 

Here, 1−2 = BAr is the total magnetic flux through the area (Ar) in real space 

surrounded by paths 1 and 2. We take AF as the area bounded by paths 1 and 

2 in  k-space, corresponding to the shaded area in Fig. 3.24b. Using the relation 

r = ( /eB)k in Eq. (2.6), the area Ar is written as 

Ar = 
eB 

2 

AF . (3.88) 

The paths 1 and 2 are fixed in k-space, but not in real space; the electrons move 

faster and the area Ar shrinks as the magnetic field increases. Using Eqs. (3.87) 

and (3.88), the interference term I2D QI in Eq. (3.86) is given by 

I2D QI = 4QP cos(δ) cos(ϕ1 − ϕ2 − δ) 

= 4QP cos(δ) cos 
2π FQ 

B
− δ , (3.89) 

ϕ1 − ϕ2 = 
e 
BAr = 

2π FQ 

B 
, FQ = 

2πe 
AF . (3.90) 

The interference term shows periodic oscillation with the inverse magnetic field, 

whose frequency is identical to the quantum oscillation given in Eq. (2.60).
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This expression is directly applicable if the energy band in Fig. 3.24a has no 

energy dispersion in the direction (kz) perpendicular to the orbital plane. If there 

exists finite energy dispersion in the kz direction, the oscillation arising from the 

extremal area between the two paths can be observed. This is similar to the situ-

ation for the quantum oscillations discussed in Sect. 2.4. As given by Eqs. (2.67) 

and (2.68), the oscillation is written as 

IQI = dkz4QP cos(δ) cos 
2πFQ(kz) 

B
− δ 

= 4 
2πe B 

AF 

1 
2 

QP cos(δ) cos 
2π FQ 

B
− δ + ϕ0 , (3.91) 

where FQ is the frequency corresponding to the extremal area. The phase factor 

ϕ0 is −π/4 for the maximum cross section and is π/4 for the minimum cross 

section. 

Since the transition probability T sum 
A in Eq. (3.86) has the largest influ-

ence on the electrical conductivity in the vF direction (x-axis), the interference 

effect IQI should be observed predominantly in the conductivity σxx(B) and thus 

σ̃xx(B) ∝ IQI. The frequency of the quantum interference term IQI is the same 

as that of the quantum oscillation of the same closed area AF . However, as 

seen in Eq. (3.10a), the phase of the quantum oscillation in the conductivity, 

σ̃ (B) ∝ D̃(B) ∝ cos 2π FQ/B − 1/2 + ϕ0 is different from that of Eq. (3.91). 

In addition, the magnetic field dependence of the oscillation amplitude is differ-

ent between the quantum oscillation and quantum interference. Since the magnetic 

breakdown probability is given by P = exp(−BMB/B), the amplitude of the quan-

tum interference oscillation will have a maximum value near the magnetic field 

of P = Q = 1/ 

√
2. This is in sharp contrast to the case of normal quantum 

oscillations, in which the oscillation amplitude increases monotonically with the 

magnetic field. 

The quantum oscillation in the conductivity originally results from the oscil-

lation of the thermodynamic grand potential. By contrast, the oscillation due to 

the quantum interference is the interference of the electronic state between two 

paths without Landau quantization and thus appears only in the electrical conduc-

tivity; the quantum interference cannot be observed in thermodynamic quantities 

such as heat capacity or magnetization. Therefore, it is possible to experimentally 

distinguish the oscillation mechanism between quantum oscillation and quantum 

interference. 

3.9.2 Effects of Finite Temperature and Scattering 

Figure 3.25a and b schematically depicts the Fermi surfaces where quantum inter-

ference and quantum oscillation occur, respectively. In a, the energy bands look 

like those in Fig. 3.24b, and thus the Fermi surfaces are given by the dotted curves 

when the Fermi level EF is slightly raised. In this case, the area AF bounded by the
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two paths remains unchanged; the frequency of the quantum interference does not 

change. In Fig. 3.25b, the area AF of the closed orbit (electron surface) is enlarged 

as the Fermi level EF is raised, as indicated by the dotted curve. The higher EF 

causes quantum oscillation with a higher frequency. 

The temperature reduction factor RT can also be defined for the quantum inter-

ference. The effective mass defined in Eq. (3.44) is directly related to how much 

the area enclosed by the orbit changes as the Fermi energy changes, 

mc = 

2 

2π 

∂AF 

∂E E=EF 

= 

2 

2π 

AF (EF + E) − AF (EF ) 

E 
. (3.92) 

For the case of Fig. 3.25a, the effective mass becomes very small, mc ∝ ∂AF /∂E ≈ 

0, and thus the reduction factor RT ≈ 1, almost independent of temperature and 

RS ≈ 1 for the same reason. This is in sharp contrast to the quantum oscillation in 

Fig. 3.25b. Other examples of the quantum interference with mc = 0 are given in 

Appendix 3.5. 

Next, we see the scattering effect on the quantum interference. As shown in 

Fig. 3.25a, we assume that the electron moves the length k with the time t. 

From k̇ = F = evF B and mcvF = kF for simplicity, we have 

t =
k 

k̇ 
=

k 

evF B 
=

k 

kF 

mc 

eB 
= 

2π 

ω
QI 
c 

, ωQI 
c = 2π 

kF 

k 

eB 

mc 

. (3.93) 

Since the electron undergoes periodic motion on the Fermi surface, we can 

define the angular frequency ω
QI 
c in Eq. (3.93). The scattering, which breaks the 

coherence of the electronic state, reduces the oscillation amplitude. The reduction

a b  

k 

B 

y 

Fig. 3.25 a Quasi-1D Fermi surface causing quantum interference. b Quasi-2D Fermi surface 

causing quantum oscillation. The dotted curves in a and b show the Fermi surfaces with a higher 

Fermi energy 
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factor due to the scattering will be given by Rτ = exp(− t/τ ), where τ is the 

scattering time, 

Rτ = exp − 
2π 

ω
QI 
c τ 

. (3.94) 

This equation has the same form as the Dingle reduction factor RD in Eq. (3.32) 

for the quantum oscillations. The scattering time τ due to the electron-lattice and 

electron–electron interactions shortens with increasing temperature, and thus the 

quantum interference will eventually disappear owing to the factor Rτ at higher 

temperatures. 

From the above arguments, the oscillatory part of the quantum interference is 

given by 

σ̃xx(B) 

σ0(B) 
∝ IQI = 4 

2π e B 

AF 

1/2 

QPRτ 
cos(δ) cos 

2πFQ 

B
− δ + ϕ0 , (3.95) 

where σ0(B) is the non-oscillatory part depending on the magnetic field. In quasi-

1D Fermi surfaces such as Fig. 3.25a, the electrons can move almost only in the 

x-axis direction, which suggests that the Hall conductivity is sufficiently small, 

σxxσyy > σ  
2 
xy. Therefore, the in-plane resistance given by Eq. (3.15) is written as 

ρxx =
σyy 

σxxσyy + σ 2 xy 

≈ 
1 

σxx 

=
1 

σ0(B) + σ̃xx(B) 
≈ 

1 

σ0(B) 
1 − 

σ̃xx(B) 

σ0(B) 
. (3.96) 

The oscillatory part of the resistivity is written as 

ρ̃xx(B) 

ρ0(B) 
∝ −  

σ̃xx(B) 

σ0(B) 
∝ −B1/2QPRτ cos(δ) cos 

2π FQ 

B 
− δ + ϕ0 , (3.97a) 

where ρ0(B) = 1/σ0(B) is the non-oscillatory background. This equation should 

be compared with Eq. (3.25). For no energy dispersion in the kz direction, we have 

ρ̃xx(B) 

ρ0(B) 
∝ −QPRτ cos(δ) cos 

2π FQ 

B 
− δ . (3.97b) 

Figure 3.26a shows the magnetic field dependence of the resistance for a quasi-

1D organic conductor (TMTSF)2ClO4 [35], whose structure is already depicted 

in Fig. 1.11. The TMTSF molecules stacked along the a-axis form two pairs of 

quasi-1D Fermi surfaces as shown in Fig. 1.10f. One FS pair is shown in the inset, 

which is identical to that in Fig. 3.24b. The stacking structure of the TMTSF 

molecules leads to the highest conductivity in the a-axis. Although Landau quanti-

zation does not occur in magnetic fields, oscillations due to quantum interference
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can be observed in the resistance along the a-axis, Rxx over a wide temperature 

range. Figure 3.26b plots the oscillatory part with the inverse magnetic field. This 

oscillation seems quite similar to quantum oscillation due to Landau quantiza-

tion but not observed in any thermodynamic quantity. The oscillation amplitude 

decreases with increasing temperature, which is mainly ascribed to the temperature 

dependence of the scattering time. Comparison between the quantum oscillation 

and the quantum interference is summarized in Table 3.1. 

B // c* 

a // x 

a b 

Fig. 3.26 a Magnetic field dependence of resistance for quasi-1D organic conductor 

(TMTSF)2ClO4 [35]. Inset: schematic of a pair of quasi-1D Fermi surfaces of (TMTSF)2ClO4, 

identical to that in Fig. 3.24b. b Oscillatory part of resistance due to the quantum interference as 

a function of the inverse magnetic field 

Table 3.1 Comparison between quantum oscillation and quantum interference 

Quantum oscillation Quantum interference 

Origin Landau quantization Interference effect of wave 

function 

Observed quantity All thermodynamic 

quantities 

Only electrical conductivity 

(resistivity) 

Magnetic field dependence Amplitude monotonically 

increases with magnetic 

field 

Amplitude has a maximum and 

then disappears in high magnetic 

field limit 

Temperature dependence Amplitude exponentially 

decreases with increasing 

temperature 

Amplitude is less sensitive to 

temperature in special cases
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3.9.3 Aharonov–Bohm Effect 

In the quantum interference mentioned above, two paths of the electron on the 

Fermi surface (k-space) are taken into account. Thus, the area in real space sur-

rounded by the two paths depends on the magnetic field, Ar ∝ 1/B2, from 

Eq. (3.88). In contrast, for a ring-shaped sample with a thin wire, as shown in 

Fig. 3.27a, the area Ar enclosed by the two paths is fixed, independent of the 

magnetic field. In this sample, similar quantum interference can occur as long as 

the electron moves coherently. The electron at point A travels along the two paths 

simultaneously and then merges at point B, where the two wave functions interfere. 

This interference is called the Aharonov–Bohm effect. As given in Eq. (3.87), the 

phase difference between the two paths is written as 

ϕ1 − ϕ2 = 
e 

A · dr = 
e

= 2π 

0 
, (3.98) 

where = ArB is the total magnetic flux through the area Ar . The oscillatory part 

of the electrical conductivity is given by 

σ̃ring(B) ∝ cos 
2 

0 
. (3.99) 

Note that this oscillation is periodic with the magnetic field (not inverse mag-

netic field). The period of the oscillation corresponds to the magnetic field in which 

a single flux 0 enters Ar . Figure 3.27b shows the oscillatory part of the resistance 

for a small Au ring sample [36], where the oscillation with the period of 0 is 

evident.

A B 
A

r 

B 

a b  

Fig. 3.27 a Ring-shaped sample with a thin wire causing quantum interference. b Aharonov– 

Bohm effect for a ring sample with a diameter of 0.8 µm at 10 mK (reproduced with permission 

from [36]) 
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3.10 Berry Phase 

In materials with characteristic energy bands, the electrons acquire a phase as they 

move along an orbit on the Fermi surface. This phase is called the geometric phase 

or Berry phase [37]. In this section, we will look at how the Berry phase appears 

and is experimentally observed. 

3.10.1 What Is Berry Phase? 

Let k(t) be the wave vector of the time-dependent electronic state. To obtain the 

eigenstate ψk(t), we must solve the time-dependent Schrödinger equation, 

H(k(t))ψk (t) = i 
∂ 

∂t 
ψk (t). (3.100) 

By multiplying by ψ∗(k(t)) from the left-hand side and then integrating over 

space, we have 

ψk(t)|H(k(t))|ψk(t) = i ψk(t) 
∂ 

∂t 
ψk(t) . (3.101) 

Let φ(k) be the eigenstate at t = 0, H(k)φ(k) = E0φ(k). The electron moving 

adiabatically in k-space does not change its eigenvalue according to the adiabatic 

theorem, but the phase can change with time. The eigenstate with the phase γ at 

time t can be written as 

ψk(t) = eiγ (t) φ(k). (3.102) 

Assume that the states ψk(t) and φ(k) are both normalized. Substituting 

Eq. (3.102) into the right side of Eq. (3.101), we have 

ψk(t) 
∂ 

∂t 
ψk(t) = φ(k) e−iγ (t) ∂ 

∂t 
eiγ (t) φ(k) 

= i 
∂γ (t) 

∂t
+ φ(k) 

∂ 

∂t 
φ(k) . (3.103) 

The left side of Eq. (3.101) is the constant value of E0 in the adiabatic 

process and thus 

i 
∂γ (t) 

∂t 
= −  

i 
E0 − φ(k) 

∂ 

∂t 
φ(k) . (3.104)
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By integrating Eq. (3.104) over time, the phase change from t = 0 to t is given 

by 

γ (t) = −  
E0 

t + i 

t 

0 

φ(k) 
∂ 

∂t 
φ(k) dt. (3.105) 

The first term is the phase that the electron with kinetic energy E0 acquires 

during its motion and is called the dynamical phase. The second term is the phase 

depending on the path of the electron when k(t) is changed adiabatically. This is 

called the “geometric phase” or “Berry phase” [37]. By using the relation, 

∂ 

∂t 
φ(k) = 

∂φ(k) 

∂k 
· 
dk 

dt 
= ∇k φ(k) · 

dk 

dt 
, (3.106) 

we can define the Berry phase as 

ψB = i 

t 

0 

φ(k) 
∂ 

∂t 
φ(k) dt 

= i φ(k)|∇k φ(k) · dk = aB(k) · dk. (3.107) 

Here, the time integration is replaced by the k-integral on the closed orbit. This is 

the Berry phase that the electron acquires on its closed orbit. The quantity aB is 

called the Berry connection, which is defined as 

aB(k) = i φ(k)|∇k φ(k) . (3.108) 

3.10.2 Berry Phase Around 2D Dirac Point 

Let us calculate the Berry phase of the electronic state whose energy band has a 

Dirac-cone as shown in Fig. 3.28a. The simplest model Hamiltonian, describing 

the graphene energy band, is already given by Eq. (2.73), 

H = vF 
0 kx + iky 

kx − iky 0
= vF 

0 keiϕ 

ke−iϕ 0 
. (3.109)

The electrons are confined in the xy plane and k = kx, ky = (kcosϕ, ksinϕ). It  

is easily verified that the eigenvalues have linear dispersion given by E± = ±vF k. 

The up- and down-spin states are degenerate at zero magnetic field. In a magnetic 

field, the electronic state is Landau-quantized and each Landau level is further 

split by the Zeeman effect. In the following, we consider the spinless case for
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Fig. 3.28 a Energy bands with Dirac-cone and cyclotron orbit in a magnetic field along the kz-

axis, b 2D Fermi surface and cyclotron orbit for the energy band E+ (EF > 0)

simplicity. The energy bands form the 2D cylindrical Fermi surface along the kz-

axis, whose cross section for EF > 0 is depicted in Fig. 3.28b. From the relation 

v = ∇kE(k)/ , the velocity vector v of the band E+ is parallel to k and that of the 

band E− is antiparallel to k. The normalized eigenstates for E± are, respectively, 

ψ± = 
1 

√
2 

1 

±e−iϕ 
= 

1 
√
2 

ϕA(r) ± e−iϕ ϕB(r) , 

ϕA(r) = 1 

0 
, ϕB(r) = 

0 

1 
. (3.110) 

In a 2D polar coordinate (k, ϕ), the gradient is written as 

∇k = 
∂ 

∂k 
ek + 

1 

k 

∂ 

∂ϕ 
eϕ, (3.111) 

where ei(i = k, ϕ) is the unit vector in the i-axis. Since ψ± is a function only of 

ϕ, the Berry connection is easily calculated as 

aB±(k) = i ψ±|∇k ψ± 

i 

2 
1 ±eiϕ ∇k 

1 

±e−iϕ 

= 
i 

2 
eiϕ∇ke

−iϕ = 
1 

2
∇k ϕ = 

1 

2k 
eϕ . (3.112) 

In some literature, the Berry connection is defined per unit length (k = 1). Both 

eigenstates give the same Berry connection. Using the relation 

dk = dkek + kdϕeϕ, (3.113)
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we obtain the Berry phase 

ψB = aB(k) · dk =
1 

2k 
eϕ · kdϕeϕ = 

1 

2 

2π 

0 

dϕ = π, (3.114) 

assuming a counterclockwise cyclotron motion as shown in Fig. 3.28b. The result 

shows that the electrons in a magnetic field (B kz), which undergo the coun-

terclockwise cyclotron motion around the Dirac point, acquire the Berry phase 

(ψB = π ) as long as they are not scattered. Since the electrons of the band E−, 
which forms the hole surface, have opposite velocities, they undergo the clockwise 

cyclotron motion for B kz . The integration range of φ in Eq. (3.114) is  (0, −2π), 

and thus the cyclotron motion yields the Berry phase ψB = −π . Although the sign 

of the Berry phase depends on the eigenstate and on the magnetic field direction, 

we should note that ψB = ±π are physically equivalent. 

3.10.3 Berry Curvature 

Equation (3.107) is rewritten as 

ψB = aB(k) · dk = 

S 

∇k × aB(k) · dS 

= 

S 

1 

2
∇k × (∇k ϕ) · dS. (3.115) 

In the second equality, Stokes theorem is used. Note that as long as ϕ is a 

differentiable function, ∇k × (∇k ϕ) = 0, then ψB vanishes. By differentiating 

cosϕ = kx/k with respect to kx, we obtain ∂ϕ/∂kx = −sinϕ/k and thus ∇k ϕ 

diverges at k = 0. The Dirac point (k = 0) is a singularity in the integral; the 

Berry phase ψB = π is ascribed to the integral around this singularity. For a 

closed orbital plane including no Dirac point (no singularity), we have ψB = 0. 

If the off-diagonal terms of the Hamiltonian are not given as in Eq. (3.109), there 

exists no singularity and thus the Berry phase is zero for any closed orbit on the 

Fermi surface. 

The Berry curvature B(k) is defined as 

B(k) = ∇k × aB(k), (3.116) 

and thus the Berry phase is written as 

ψB = 

S 

B(k) · dS. (3.117)
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Since φ(k) is the eigenfunction of H(k)φ(k) = E0φ(k), φ (k) = φ(k)eiχ (k) 

with a phase χ (k) is also the eigenfunction. The Berry connection for φ (k) is 

modified as 

aB(k) = i φ 
(k)|∇k φ 

(k) = aB(k) − ∇k χ (k). 

By contrast, both B(k) and ψB are independent of χ (k), gauge invariant 

quantities. 

3.10.4 Berry Phase in Quantum Oscillation 

How does the Berry phase actually affect the quantum oscillation? When the elec-

tron acquires the Berry phase ψB on a closed orbit, the Bohr quantization condition 

given by Eq. (2.7) will be modified as, 

e 
p · dr = 2πN → 2πN − ψB = 2π N − 

ψB 

2π 
. (3.118) 

In free space, the quantization condition of the electronic state is given by 

AN = 2π eB(N + γ0)/ in Eq. (2.37), where AN is the area of the cyclotron orbit at 

the N th Landau level in k-space. The factor 1/2, arising from the zero-point energy 

in Eq. (2.29), is replaced by γ0 as a general expression. Strictly speaking, γ0 = 1/2 

is not guaranteed in a non-parabolic band but it gives only a very small correction 

[38]. Note that γ0 = 1/2 is not guaranteed for magnetic breakdown closed orbits 

either. The phase γ0 appears in the quantum oscillation of the thermodynamic 

grand potential, cos 2π FQ/B − γ0 in Eqs. (3.2a) and (3.2b). If the electron 

acquires the Berry phase, the phase of the quantum oscillation is modified as γ0 → 

γ0 − ψB/2π [39, 40] and thus the L–K formula for p = 1 is written as, 

˜ (B) ∝ cos 2π 
FQ 

B 
− γ0 + ϕ0 + ψB , (3.119a) 

˜ 
2D(B) ∝ cos 2π 

FQ 

B 
− γ0 + ψB . (3.119b) 

Since the Berry phases are added in the same way to the oscillatory parts of 

all thermodynamic quantities, magnetization, torque, density of states, etc., one 

can verify the existence of Berry phases by examining the phase of the quan-

tum oscillation of any physical quantity. For simplicity, we take γ0 = 1/2 in the 

following. 

Let us see how the Berry phase is actually determined in graphene. The Hamil-

tonian of the Dirac-cone band in a magnetic field and its eigenvalue are given by 

Eqs. (2.73) and (2.75), respectively. If the Zeeman effect is taken into account, the 

Landau level splits into the up- and down-spin levels. However, the Zeeman split-

ting is much smaller than the Landau level spacing in graphene, ωc gcµBB and
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thus the Zeeman splitting can be ignored: the spin splitting is not observed in the 

quantum oscillation as seen in Fig. 3.5. In a thin film sample such as graphene, the 

Fermi level (i.e., the number of carriers) can be controlled by applying a voltage to 

the gate electrode, which is attached to the substrate of the graphene sheet. When 

the Fermi level EF is shifted slightly below the Dirac point (inset of Fig. 3.29a), a 

large quantum oscillation is observed at a low temperature as shown in Fig. 3.29a 

[41]. The oscillations are periodic with inverse magnetic field. Since the electronic 

state of graphene can be regarded as a perfect 2D system, the oscillatory part of 

the density of states is given by 

D̃2D(B) ∝ cos 2πp 
FQ 

B 
− 

1 

2 
+ ψB . (3.120) 

As seen in Eq. (3.25), the oscillatory part of the resistivity ρ̃xx(B) for p = 1 is 

written as 

ρ̃xx(B) ∝ D̃2D(B) ∝ cos 2π 
FQ 

B 
− 

1 

2 
+ ψB = − cos 2π 

FQ 

B 
+ ψB . (3.121) 

The magnetic fields Bmin, where the minima of the quantum oscillation of the 

resistance appear, are given by 

2π 
FQ 

Bmin 
+ ψB = 2NLπ, NL = 0, 1, 2, . . . (3.122) 

The inverse minimum field 1/Bmin is plotted against NL in Fig. 3.29b, which is 

called a fan plot. In an ideal case, we expect NL → ψB/2π in the limit 1/B → 0; 

NL = 1/2 for ψB = π . In the experiment, the linear extrapolation yields NL ≈ 0.4
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Fig. 3.29 a Resistance as a function of magnetic field for graphene with low hole carriers (repro-

duced with permission from [41]). Inset: Dirac-cone energy band with the Fermi level slightly 

below the Dirac point. b Fan plot of the oscillation shown in a. Inverse minimum field 1/Bmin vs 

Landau index NL. The solid line shows that NL ≈ 0.4 for 1/B → 0. 
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for 1/B → 0, which is a little <1/2. The discrepancy from 1/2 may be due to 

the experimental error or the nonlinear effect of the bands, which is known to 

deviate ψB from π [42]. 

3.10.5 Berry Phase Around 3D Dirac Point 

For graphene, the electronic state is 2D, and its energy band has a linear dis-

persion in two directions kx, ky . It is easy to extend the model to a 3D 

electron system with the Dirac point inside the bulk material. We assume an 

isotropic 3D material with a linear energy dispersion in all directions kx, ky, kz = 

(k sin θ cos ϕ, k sin θ sin ϕ, k cos θ ). The model Hamiltonian is written as 

H = vF 
kz kx + iky 

kx − iky −kz 
= vF k 

cos θ sin θ eiϕ 

sin θe−iϕ − cos θ 
. (3.123) 

The eigenvalues are easily obtained as 

E± = ±vF k2 x + k2 y + k2 z = ±vF k. (3.124) 

The dispersion of the energy band, where the spin states are degenerate, and its 

spherical Fermi surface are depicted in Fig. 3.30. 

The eigenfunctions for E± are respectively, 

ψ+ =
cos(θ/2) 

sin(θ/2)e−iϕ 
= cos 

θ 

2 
ϕA(r) + sin 

θ 

2 
e−iϕ ϕB(r), (3.125) 

ψ− =
sin(θ/2) 

−cos(θ/2)e−iϕ 
= sin 

θ 

2 
ϕA(r) − cos 

θ 

2 
e−iϕ ϕB(r). (3.126)

E 

EF 

E 

EF 

Dirac point 
S 

Fig. 3.30 Energy bands of Eq. (3.124) for  kz = 0 (left) and kz > 0 (right), and its Fermi surface 

(center). The area S denotes orbital plane for kz > 0. 



124 3 Quantum Oscillation and Related Phenomena

Using the unit vectors ei(i = k, θ, ϕ) in a 3D coordinate, the gradient is given 

by 

∇k = 
∂ 

∂k 
ek + 

1 

k 

∂ 

∂θ 
eθ + 

1 

ksinθ 

∂ 

∂ϕ 
eϕ, (3.127) 

and thus the Berry connection is calculated as, 

aB+(k) = i ψ+|∇k ψ+ 

= i cos 
θ 

2 
∇k cos 

θ 

2
+ sin 

θ 

2 
eiϕ∇k sin 

θ 

2 
e−iϕ 

= 
sin2(θ/2) 

ksinθ 
eϕ, 

aB−(k) = i ψ−|∇k ψ+ 

cos2(θ/2) 

ksinθ 
eϕ . (3.128) 

The Berry phases obtained by the ϕ rotation at a fixed θ are calculated as 

ψB+ = aB+(k) · dk = 

2π 

0 

dϕ 
sin2(θ/2) 

ksinθ 
eϕ · ksinθ eϕ 

= 2π sin2(θ/2), 

ψB− = aB+(k) · dk = 2π cos2(θ/2). (3.129) 

Since the solid angle of the orbital plane S with the angle θ on the spherical 

Fermi surface in Fig. 3.30 is 4π sin2(θ/2), the Berry phase ψB+ is 1/2 times the 

solid angle. In a magnetic field parallel to the kz-axis, the extremal cross section 

is the equatorial plane (kz = 0); θ = π/2 in Eq. (3.129). Therefore, we obtain the 

Berry phase ψB± = π from the quantum oscillation measurement of this Fermi 

surface. The sign depends on the direction of the cyclotron motion. The Berry 

curvatures are calculated as, 

B+(k) = ∇k × aB+(k) 

= 
sin θ 

k 

∂ 

∂θ 
sin θ aB+(k) · eϕ ek = 

1 

2k2 
ek , 

B−(k) = ∇k × aB−(k) = −  
1 

2k2 
ek . (3.130) 

When the Fermi level is close to the Dirac point, the 3D material has few 

carriers. Such a material is called a Dirac semimetal.



3.10 Berry Phase 125

3.10.6 Topological Insulator and 2D Weyl Point 

Topological insulators are classified into a special group of materials that are insu-

lating in the bulk but conducting at their surfaces or edges. The bulk states have 

energy gaps at the Fermi level but the energy bands at the surfaces for 3D topo-

logical insulators or at the edges for 2D topological insulators cross the Fermi 

level, forming conducting states. These peculiar electronic states, where strong 

spin–orbit interaction of the materials plays an important role, have been of great 

interest due to their fascinating properties. Substances with the same topology 

mean that they have the same shape under continuous deformation without being 

cut or joined. Extending this concept to electronic states, electronic states with dif-

ferent topologies do not mix with each other under continuous deformation. When 

insulators with different topologies come into contact with each other, their con-

duction and valence bands cannot be continuously connected, and thus the energy 

gap closes at the interface, forming a conducting state. Since vacuum is a trivial 

insulator, topological insulators can have conducting surface states. 

The schematic energy bands for topological insulators are depicted in 

Fig. 3.31a, where the bands cross the Fermi level at the surfaces or edges. These 

unique conducting states are recognized as robust (symmetry-protected) states 

against scattering by nonmagnetic impurities or defects. The schematics of the 

possible edge and surface states are depicted in Fig. 3.31b and c, respectively, 

where the spin-polarized electrons move in the opposite directions. So far, var-

ious classes of topological materials have been found, in which nontrivial states 

arise owing to the topological energy bands. Here we focus on the electronic states 

realized on the surface of topological insulators and their spin states. 

At the surface of a crystal or at the interface between different materials, the 

inversion symmetry of the lattice potential is broken, V (z) = V (−z), where z is 

the axis perpendicular to the surface or interface. In such electron systems, the 

Rashba-type spin–orbit interaction can be induced. The Rashba-type spin–orbit

Fig. 3.31 a Schematic of energy bands forming bulk and surface (edge) states in topological insu-

lator, b Edge state for 2D topological insulator, c Surface state for 3D topological insulator. Thick 

and thin arrows indicate the spins and Fermi velocity vectors of the electrons in the energy bands 

forming the edge or surface state, respectively. The spins are perpendicular to the Fermi velocity 

vectors 
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interaction of a 2D electron system in the xy plane can be written as 

HSO = 2αSO kysx − kxsy , (3.131) 

where αSO indicates the strength of the spin–orbit interaction. This functional form 

can be derived in terms of an effective magnetic field as shown in Appendix 3.6. 

This is recognized as a model Hamiltonian describing the surface state of 3D 

topological insulators. We define 2 × 2 Hermitian (Pauli) matrices σ i and a unit 

matrix I to describe the up- and down-spin states, 

σ x =
0 1  

1 0  
, σ y =

0 −i 

i 0 
, 

σ z =
1 0  

0 −1 
, I = 1 0  

0 1  
, (3.132) 

where σ i is called the Pauli matrix. The spin operators si are expressed as si = 

(1/2)σ i(i = x, y, z); si satisfies the spin operator commutation relations sx, sy = 

sxsy − sysx = isz ,s
2 
i = (1/4)I, and s2 x + s2 y + s2 z = s(s + 1)I = (3/4)I. The up- and 

down-spin states are respectively defined as 

|↑ = 1 

0 
, |↓ = 

0 

1 
. (3.133) 

It is easy to verify 

sz|↑ = 
1 

2
|↑ , sz|↓ = −  

1 

2
|↓ , (3.134) 

and 

s+|↓ = 
1 

2 
|↑ , s+|↑ = 0, s−|↑ = 

1 

2 
|↓ , s−|↓ = 0, (3.135) 

where s± = sx ± sy are the spin raising and lowering operators, respectively. We 

define the k vector of the spin state tilted from the kx-axis by the angle ϕ as shown 

in Fig. 3.32b. Using kx = kcosϕ and ky = ksinϕ, the Hamiltonian in Eq. (3.131) 

is written as 

HSO = αSO kyσ x − kxσ y 

= αSO 
0 ky + ikx 

ky − ikx 0
= αSO 

0 ike−iϕ 

−ikeiϕ 0 
. (3.136)

We obtain the eigenvalues giving a linear dispersion 

E±(k) = ±αSOk,
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Fig. 3.32 a Energy bands for Rashba-type spin–orbit interaction (αSO > 0), which correspond to 

the surface bands in Fig. 3.31a. b 2D Fermi surface of E+(k) band and its helical spin state formed 

on the surfaces for 3D topological insulators

and their eigenfunctions, 

ψ± = 
1 

√
2 

1 

∓ieiϕ 
= 

1 
√
2 

|↑ ∓ ieiϕ |↓ . (3.137) 

The energy bands E±(k) are shown in Fig. 3.32a. As seen in graphene, the 

bands have a Dirac-cone dispersion, but the spin states are very different. In the 

Dirac-cone states, the up- and down-spin states are degenerate in zero magnetic 

field. However, the above bands are not degenerate and special spin states are 

formed as seen below. The apex of this cone is called the Weyl point. 

We assume that the Fermi level EF is in the upper cone (EF > 0) as shown in 

Fig. 3.32a. The Fermi surface is cylindrical along the kz-axis with a circular cross 

section as depicted in Fig. 3.32b. Since ϕ = 0 at point A and ϕ = π/2 at point B, 

the eigenstates at these points are 

A : ψA+ = 
1 

√
2 

1 

−i 
, B : ψB+ = 

1 
√
2 

1 

1 
. (3.138) 

These states are superpositions of the |↑ and |↓ states. The operator Uj(α), 

which rotates the spin counterclockwise by an angle α around the j(= x, y, z)-axis, 

can be written as 

Uj(α) = e−i(α/2)σ j = cos 
α 

2 
I − isin 

α 

2 
σ j. (3.139) 

Using this operator, we rotate a down-spin oriented toward −kz around the 

kx-axis by α = π/2, 

Ux(π/2) 
0 

1 
= 

1 
√
2 

1 −i 

−i 1 

0 

1
= 

1 
√
2 

−i 

1 
= 

−i 
√
2 

1 

i 
= e− iπ 

2 ψA+. 

(3.140)
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This spin state is ψA+ except for the phase factor e
−iπ/2. The result shows that 

the spin at point A is oriented toward ky. Similarly we rotate a down-spin oriented 

toward −kz around the ky-axis by α = π/2 and obtain 

Uy(π/2) 
0 

1
= 

1 
√
2 

1 −1 

1 1  

0 

1 
= 

1 
√
2 

−1 

1
= 

−1 
√
2 

1 

−1
= e−iπ ψB+. 

(3.141) 

The result shows that the spin at point B is oriented toward −kx. In this way, 

the electron spins on the Fermi surface are in the helical spin state as shown in 

Fig. 3.32b. The electrons have the Fermi velocities vF = ∇kE+(k)/ = (αSO/ )ek , 

parallel to k at the surface of the 3D topological insulator and thus the spins are 

perpendicular to the velocity vector v (s⊥v). As depicted in Fig. 3.32c, this sur-

face state can appear on all the surfaces of the 3D topological insulators. A similar 

calculation for ψ− can be performed to confirm the helical spin state with the 

opposite direction. Since the spin direction is conserved for scattering by non-

magnetic impurities or defects, the helical spin state is robust against nonmagnetic 

scattering. 

Next, let us find the Berry phase that the electrons acquire in the orbital motion 

on this Fermi surface. The Berry connection is calculated as 

aB±(k) = i ψ±|∇k ψ± 

i 

2 
1 ∓ie−iϕ ∇k 

1 

±ieiϕ 

= −
1 

2 
∇k ϕ = −  

1 

2k 
eϕ, (3.142) 

which is identical to Eq. (3.112) except for the sign. Therefore, the counterclock-

wise orbital motion around the Weyl point for the band E+(k) = αSOk produces 

the Berry phase ψB = −π . This is very similar to the case of the Dirac point. 

As seen in Fig. 3.32b, the cylindrical Fermi surface is formed on the surface of 

the 3D topological insulator. Therefore, the cyclotron motion on the Fermi surface 

leads to quantum oscillation in the magnetic field along kz , where the Berry phase 

ψB = −π is added. In the above model, the Weyl point appears at k = 0 (Γ point) 

but it can be anywhere in the Brillouin zone for real materials, depending on the 

energy bands. In such a case, k in Eq. (3.131) is measured from the Weyl point. 

3.10.7 General Model with Spin–Orbit Interaction 

So far, only the Rashba-type spin–orbit interaction has been taken into account. 

Here we consider a more realistic case. The Hamiltonian including the free 

electron-like kinetic energy 2k2/2m and the Zeeman interaction −gµBszBz is 

written as 

H = 

2k2 

2m 
+ 2αSO kysx − kxsy − gµBszBz. (3.143)
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a b  

Fig. 3.33 a Energy bands for the case including Rashba-type spin–orbit interaction, kinetic 

energy and Zeeman interaction. Landau quantization is not taken into account. b Close-up of the 

band near Γ point. Thick arrows indicate spins. Band gap opens between two bands, E+(k) and 

E−(k) 

Using sz = (1/2)σ z , the matrix representation of the Hamiltonian is given by 

H = 

2k2 

2m 
− 

1 
2 
gµBBz iαSOke

−iϕ 

−iαSOke
iϕ 2k2 

2m 
+ 

1 
2 
gµBBz 

. (3.144) 

The eigenvalues are easily calculated as 

E±(k) = 

2k2 

2m 
± (αSOk)2 + (gµBBz/2)2. (3.145) 

The bands are depicted in Fig. 3.33a. In the close-up near the Γ point, 

Fig. 3.33b, there exists the Zeeman energy gap of gµBBz between the E+(k) and 

E−(k) bands. 

When the Fermi level is above the gap, two cylindrical Fermi surfaces are 

formed on the surfaces of the 3D topological insulator: quantum oscillations with 

two frequencies can be observed. The spin orientations are not completely confined 

in the kxky plane; the spins are tilted in −kz for E+(k) and in kz for E−(k) by the 

Zeeman interaction in magnetic fields. In these energy bands, the Berry phases 

of the quantum oscillations depend on the Fermi energy EF . For  EF gµBBz , 

the spins of both bands E±(k) are almost confined in the kxky plane and then 

ψB → ∓π [43]. However, for EF ≈ ±gµBBz/2 (kF ≈ 0), the spins are polarized 

in ∓kz and then ψB → 0. The nonlinearity of the band due to the gap deviates the 

Berry phase from ψB = π . 

The L–K formula obtained in Sect. 3.1 is applicable when the spin–orbit inter-

action– is sufficiently small compared to the Fermi energy. For a Fermi surface 

with a helical spin structure as shown in Figs. 3.32b or  3.33a, the L–K formula 

cannot be used directly. Since the spins are fixed on the Fermi surface, each Lan-

dau level does not undergo spin splitting. This fact shows that the spin splitting 

reduction factor should be removed from the L–K formula or RS = 1.
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3.10.8 Quantum Oscillation and Berry Phase in Topological 
Insulator 

Here we focus on the phase of the quantum oscillation observed in a topological 

insulator. It is theoretically and experimentally known that Bi2Se3 and Bi2Te3 with 

a tetradimite structure are topological insulators. The electronic state inside the 

sample is insulating with a gap at the Fermi level. The surface state is a conducting 

helical spin state, whose energy bands near the Weyl point are well approximated 

by that given in Fig. 3.32a. If the Fermi level is exactly at the Weyl point, no 

quantum oscillations are observed. In the real materials, however, the Fermi level is 

slightly shifted from the Weyl point and thus quantum oscillations can be observed 

in magnetic fields. Figure 3.34a shows the oscillatory part of the resistance for a 

thin film of Bi2Se3 [44]. The fan plot of the quantum oscillation is presented 

in Fig. 3.34b. The linear extrapolation for 1/B → 0 yields NL ≈ 0.35, which 

is smaller than the ideal value of 1/2. Possible reasons for the discrepancy are 

experimental error and/or band nonlinearity [45]. 

For ωcτ 1, the conductivity in Eq. (3.16) is written as σxx(B) = 

σ0/ 1 + ω2 
c τ 

2 ∝ 1/τ. From Eq. (3.13), we have a similar relation for the resis-

tivity, ρxx = ρ0 ∝ 1/τ . Therefore, the oscillatory parts of the conductivity and 

resistivity are written as σ̃xx, ρ̃xx ∝ D̃(B). This is true for a single-band electronic 

state, but not necessarily for multi-band materials. When there are different con-

duction paths (multiple bands), the measured conductivity is given by the sum of 

all the conduction paths. For simplicity, we assume an isotropic electron system in 

the xy plane, σxx = σyy. From Eq. (3.15), the total resistivity ρtotal 
xx is given by the 

sum of the paths (i = 1, 2, 3, . . .), 

ρtotal 
xx = i σxx(i) 

i σxx(i) 
2 + i σxy(i) 

2 
. (3.146)
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Fig. 3.34 a Quantum oscillation of resistance in Bi2Se3 thin film (reproduced with permission 

from [44]). The maxima and minima of the oscillation are indicated by gray and black arrows, 

respectively. b Fan plot of the quantum oscillation. The maximum and minimum fields are indi-

cated by triangles and circles, respectively 
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If 
i 

σxx(i) 
i 

σxy(i), we have  

ρtotal 
xx ≈ 

i 

σxx(i)/ 

i 

σxy(i) 

2 

, (3.147) 

and thus the oscillatory part of the resistivity is 

ρ̃total 
xx ∝ 

i 

σxx(i) ∝ 

i 

D̃i(B), (3.148) 

where D̃i(B) is the oscillatory part of the density of states for individual band. 

This result is equivalent to the case for a single band, ρ̃xx(B) ∝ D̃(B) given by 

Eq. (3.25). However, since the relation i σxx(i) i σxy(i) is not guaranteed 

in general, ρtotal 
xx becomes a complex functional form of τi and thus the resistivity 

is not simply given by Eq. (3.148). Even for topological insulators, which are 

supposed to be insulating inside the sample, multiple conduction paths may be 

formed in the bulk; conduction through impurities and/or by thermal excitation in 

the bulk may not be negligible. In this case, the linear extrapolation for 1/B → 0 

in the fan plot does not give the reliable Berry phase. 

When observing quantum oscillations in the magnetization, the above problem 

does not arise. Even in the case of complex Fermi surface structures with various 

extremal cross sections, the total magnetization can be expressed by the simple 

sum of the individual contributions. The oscillatory part of the magnetization given 

by Eq. (3.4b) for p = 1, taking into account the Berry phase ψ i 
B, is written as 

M̃2D (B) ∝ 

i 

− sin 2π 

F i 
Q 

B 
− 

1 

2
+ ψ i 

B 

= 

i 

sin 2π 

F i 
Q 

B 
+ ψ i 

B . (3.149) 

The magnetic fields Bi 
max, where the oscillation has maxima, are given by 

2π 

F i 
Q 

Bi 
max 

+ ψ i 
B = 2N i L + 

1 

4 
π, N i L = 0, 1, 2, . . . (3.150) 

The Berry phase of each oscillation can be determined by drawing the fan plot.
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3.10.9 3D Weyl Point 

In the above, we have seen the model of the 2D electron systems realized on the 

surface of a crystal or at the interfac between different materials, whose Weyl point 

is expressed in Fig. 3.32a. Here, we extend the model to a 3D electron system, 

which has energy dispersion being linear in all directions kx, ky, kz . In this case, 

the Weil point exists inside the sample. When the Fermi level is close to the Weyl 

point, the electronic system has few carriers and such a material is called a Weyl 

semimetal. 

The model Hamiltonian of the spin states for a 3D Weyl semimetal can be 

approximated as 

H = 2vF sxkx + syky + szkz 

= vF σxkx + σyky + σzkz , (3.151) 

where kx, ky, kz = (k sin θ cos ϕ, k sin θ sin ϕ, k cos θ ) and thus it is rewritten as 

H = vF 
kz kx − iky 

kx + iky −kz 
= vF k 

cosθ sinθe−iϕ 

sinθeiϕ −cosθ 
. (3.152) 

It is easy to check the eigenvalues, 

E± = ±  vF k. (3.153) 

The energy bands are identical to those of the 3D Dirac material in Eq. (3.124) 

although the spin states are different. This linear energy dispersion forms a 

spherical Fermi surface as depicted in Fig. 3.35. The eigenfunctions for E± are 

respectively, 

ψ+ = 
cos(θ/2) 

sin(θ/2)eiϕ 
= cos 

θ 

2 
|↑ + sin 

θ 

2 
eiϕ |↓ , 

ψ− =
sin(θ/2) 

− cos(θ/2)eiϕ 
= sin 

θ 

2 
|↑ − cos 

θ 

2 
eiϕ |↓ . (3.154)

At the north pole (θ = 0) of the spherical Fermi surface, the spin states are 

ψ+ = |↑ (s k) and ψ− = −eiϕ |↓ (s k). Using Eq. (3.127), we can calculate 

the Berry connection, 

aB+(k) = i ψ+|∇k ψ+ = −
sin2(θ/2) 

ksinθ 
eϕ, 

aB−(k) = i ψ−|∇k ψ+ = −
cos2(θ/2) 

ksinθ 
eϕ . (3.155)
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a b 

Fig. 3.35 Spherical Fermi surface with a EF > 0 and b EF < 0 for model Hamiltonian of 3D 

Weyl semimetal. Thick arrows indicate spin and velocity vectors of electron on surface. All spins 

are oriented outward from the origin for a, forming a magnetic monopole. Antimonopole is formed 

for b

As expected from the Hamiltonian in Eq. (3.151), the spin state has a positive 

energy when the spins are parallel to the wave number vector s k. It corresponds 

to the state ψ+. For  EF > 0, all the spins are oriented outward from the ori-

gin as depicted in Fig. 3.35a, looking like a magnetic monopole. For EF < 0, 

antimonopole is formed as shown in Fig. 3.35b. 

The Berry phases for the eigenfunctions ψ+ and ψ− are respectively given by 

ψB+ = aB+(k) · dk = −
sin2(θ/2) 

k sin θ 
eϕ · k sin θdϕeϕ 

= −2π sin2(θ/2), 

ψB− = −2π cos2(θ/2). (3.156) 

Since the solid angle of the orbital plane S with the angle θ on the spherical 

Fermi surface in Fig. 3.35a is  4π sin2(θ/2), the Berry phase ψB+ is −1/2 times the 

solid angle. In a magnetic field parallel to the kz-axis, the extremal cross section is 

the equatorial plane (kz = 0); θ = π/2 in Eq. (3.156). Therefore, the Berry phase 

ψB± = ±π is obtained in the quantum oscillation measurement, the sign of which 

depends on the direction of the cyclotron motion. The Berry curvature is given by 

B±(k) = ∇k × aB±(k) = ∓  
1 

2k2 
ek . (3.157) 

3.11 Summary 

In this chapter, we have seen that various information on the Fermi surface can be 

obtained from the quantum oscillations. We summarize the results in Table 3.2.
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Table 3.2 Physical quantities obtained from quantum oscillation measurements and their obser-

vation methods 

Physical quantity Method of observation and related expression 

Extremal cross section of Fermi surface: AF Frequency of quantum oscillation in various 

thermodynamic quantities or resistance: 

FQ = ( /2π e)AF 

Effective mass: mc 

Enhancement factor: λ∗ 

Temperature dependence of oscillation 

amplitude 

Temperature reduction factor: 

RT = 
KµcT /B 

sinh(KµcT /B) 
, µc = 

mc 

m0 
, mc = 

mb(1 + λ∗) 

Scattering timeτ Magnetic field dependence of oscillation 

amplitude 

Dingle reduction factor: 

RD = exp −KµcTD 
B

, TD = 
2π kBτ 

(continued)

Table 3.2 (continued)

Physical quantity Method of observation and related expression

g factor: gc Spin splitting zero: RS = 0 for p = 1 

Spin splitting reduction factor: 

RS = cos πSspin , Sspin = gcµc/2 

Energy gap: Eg Magnetic field dependence of oscillation 

amplitude 

Magnetic breakdown probability: 

P = exp − BMB 
B

, BMB = 
mc 

e 

E2 
g 

EF 

Bragg reflection probability: Q = 1 − P 

Internal magnetic field: Bint Peak splitting F in Fourier spectrum: 

F = 
gc 
4 

µcBint 

Appendix 3.1 

Here we first derive the reduction factor RT of the quantum oscillation. It is very 

difficult to calculate RT directly from Eq. (3.1). Therefore, we obtain RT according 

to the literature [1]. The oscillatory part is given by Eq. (3.35), 

cos 2π p 
FQ 

B 
− 

1 

2
+ ϕ0 = cos( B). 

The following discussion does not depend on the dimensionality of the elec-

tronic state. Taking φ as an additional phase factor of the quantum oscillation, we
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write the oscillatory part as cos( B) → cos( B+φ) and assume that φ is dis-

tributed around φ = 0. Let D(φ/λ) be the distribution function of φ which is an 

even function of φ and has a peak centered at φ = 0 with its distribution range λ. 

Then the oscillation Iosc will be given by 

Iosc = 

∞ 

−∞ 

dφ cos B + φ)D(φ/λ)/ 

∞ 

−∞ 

dφD(φ/λ). (3.158) 

The denominator is the normalization factor of the oscillation. The larger the 

value of λ, the more the oscillation amplitude is reduced. Taking x = φ/λ, we  

define 

g(λ) = 

∞ 

−∞ 

dxeiλxD(x). (3.159) 

Using g(λ), the oscillation amplitude is written as 

Iosc = Re 
ei Bg(λ) 

g(0)
= cos( B) 

g(λ) 

g(0) 
. (3.160) 

Re[Z] denotes the real part of Z, cos( B+φ) = Re  ei Beiφ . By the definition, 

g(λ) is the Fourier transform of the distribution function D(x). The above result 

shows that if there is a factor distributing the phase of the quantum oscillation, 

the oscillation amplitude cos( B) is reduced by the Fourier transform function of 

the phase distribution function, g(λ)/g(0) ≤ 1. In the absence of phase distribu-

tion, D(x) should be a delta function, D(x) = δ(x), leading to Iosc = cos B) in 

Eq. (3.158). 

Equations (2.64) and (2.69) represent the quantum oscillations at T = 0 K.  

Based on the above argument, we introduce the effect of finite temperature into 

the oscillation amplitude. At finite temperatures (T > 0), the electrons are ther-

mally excited to the higher Landau levels and the thermal excitation smears out 

the sharp feature of the quantum oscillations of the thermodynamic grand poten-

tial shown in Fig. 2.11c. We treat the thermal excitation as a phase smearing effect 

reducing the oscillation. Using the Fermi distribution function f (E), the probability 

of the thermal excitation is proportional to f (E)(1 − f (E)) ∝ −df (E)/dE. In the  

low temperature range we are interested in, EF is taken to be equal to the chemi-

cal potential. Therefore, the thermal excitation probability, reducing the quantum 

oscillation, is expressed as 

−
df (E) 

dE 
∝

1 

1 + cosh (E−EF ) 
kBT 

. (3.161)
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This function has a sharp peak at E = EF as depicted in Fig. 2.15b. We can 

define Eq. (3.161) as the distribution function D(E), 

D(E) =
1 

1 + cosh (E−EF) 
kBT 

. (3.162) 

The prefactor in Eq. (3.161) is removed because it is canceled out in g(λ)/g(0). 

Since the size of the Fermi surface (cross section) is a function of the energy E, 

we expand the frequency of the quantum oscillation FQ(E) around EF , 

FQ(E) = FQ(EF ) + 
dFQ 

dE 
(E − EF ). (3.163) 

Then the oscillatory part is written as 

cos 2πp 
FQ(E) 

B
− 

1 

2 
+ ϕ0 = cos 2π p 

FQ(EF ) 

B
− 

1 

2 

+ ϕ0 + 
2π p 

B 

dFQ 

dE 
(E − EF ) 

≡ cos B + φ). (3.164) 

The phase distribution factor of the quantum oscillation φ is defined as 

φ = 
2π p 

B 

dFQ 

dE 
(E − EF ) = 

2πp 

B 

mc 

e 
(E − EF ), (3.165) 

by using the relation FQ/B = E/ ωc in Eq. (2.60). We rewrite Eq. (3.165) as  

(E − EF ) 

kBT
= 

e B 

2πpmc 

φ 

kBT 
= 

φ 

λT 
, λT = 

2πpmckBT 

e B 
. (3.166) 

Taking x = φ/λT , the Fourier transform of D(x) = 1/[1 + cosh(x)] in 

Eq. (3.162) is given by 

1 

1 + cosh(x) 
→ 

g(λT ) 

g(0) 
= 

πλT 

sinh(πλT ) 
, 

and thus the oscillation is written as 

Iosc = cos( B) 
g(λT ) 

g(0) 
= cos( B) 

πλT 

sinh(πλT ) 
. (3.167) 

From Eq. (3.167), we obtain the temperature reduction factor in Eq. (3.26), 

RT =
z 

sinh(z) 
, z = πλT .
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Next we derive the reduction factor RD. Since the Landau level has a width 

of /τ due to scattering, the quantum oscillation will be reduced by this Landau 

level broadening. We assume that the broadening of each Landau level with N has 

a Lorentzian line shape, 

1 

(E − EN )
2 + ( /2τ)2 

, (3.168) 

which has a half width at half maximum, /2τ. This can be taken as the distri-

bution function. Dividing Eq. (3.168) by  ( /2τ)2, we can define the distribution 

function as 

D(E) =
1 

E−EF 
/2τ 

2 
+ 1 

. (3.169) 

Using E − EF = φe B/2π pmc from Eq. (3.165), we obtain 

E − EF 

/2τ 
= 

e B 

2π pmc 

φ 

/2τ 
= 

φ 

λD 
, (3.170) 

where the distribution range λD is defined as 

λD = 
πpmc 

Beτ 
= 

pπ 

ωcτ 
. (3.171) 

Taking x = φ/λD, the Fourier transform of D(x) = 1/ x2 + 1 is given by 

1 

x2 + 1 
→ 

g(λT ) 

g(0) 
= exp(−λD), 

and thus we have 

Iosc = cos( B) 
g(λD) 

g(0) 
= cos( B)exp(−λD). (3.172) 

Therefore, we obtain the Dingle reduction factor in Eq. (3.32), 

RD = exp(−λD) = exp − 
pπ 

ωcτ 
.
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Fig. 3.36 Landau quantization and spin splitting due to Zeeman effect for a spin splitting zero 

condition Sspin = 1/2 and b for Sspin = 1 

Appendix 3.2 

Let’s look at the relation between the Landau quantization and Zeeman splitting. 

Under a spin splitting zero condition, Sspin = E/ ωc = 1/2, the Zeeman-split 

levels are equally spaced, as shown in Fig. 3.36a. The quantum oscillation arising 

from the up-spin levels is completely out of phase with that from the down-spin 

levels. It means that the fundamental oscillation (p = 1 in the L–K formula) is can-

celed out and consequently the second harmonic oscillation (p = 2) is enhanced. 

In contrast, for Sspin = 1, as depicted in Fig. 3.36b, the oscillations of the up and 

down-spin levels are in phase, and thus the fundamental oscillation is observed 

dominantly. 

Figure 3.37 presents the simulated quantum oscillations M̃2D in Eq. (3.4b) for 

Sspin = 1/2 and Sspin = 1. The parameters for this simulation are T = 0.2 K, TD = 

0.5K, FQ = 100T, and µc = 1. The second harmonic (p = 2) and fundamental 

(p = 1) oscillations are evident for Sspin = 1/2 and Sspin = 1, respectively. Due to 

the higher harmonic contents, both results show sawtooth-like waveforms.

Appendix 3.3 

Here we take a look at possible closed orbits in magnetic fields for the Fermi 

surface shown in Fig. 1.5e. In Fig. 3.38a, the Fermi surfaces consist of the electron 

(α) and hole (β) surfaces. The arrows indicate the directions of the electron motion 

in a perpendicular magnetic field. In the weak magnetic field limit, the Bragg 

reflection occurs at all the zone boundaries, so the α and β orbits are possible. In 

the high magnetic field limit, the magnetic breakdown always occurs, so the γ orbit 

in Fig. 3.38b becomes dominant. In an intermediate magnetic field range, where
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Fig. 3.37 Simulated 

quantum oscillations M̃2D in 

Eq. (3.4b) for  Sspin = 1/2 

and Sspin = 1

(a
rb

. 
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n
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s)
 

B 
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a b c  

hole 
surface 

 
electron 
surface Brillouin zone 

Fig. 3.38 a Electron (α) and hole (β) Fermi surfaces, identical to Fig. 1.5e. Arrows indicate the 

directions of the electron motion in a perpendicular magnetic field. b Magnetic breakdown orbit 

(γ), c some other possible orbits 

both Bragg reflection and magnetic breakdown occur, various other closed orbits 

are possible, as shown in Fig. 3.38c. 

Appendix 3.4 

Using the momentum k = p + eA = −i ∇ +  eA in a magnetic field B = rotA, 

the Schrödinger equation is written as 

H = 

2k2 

2m 
= 

1 

2m 
(−i ∇ +  eA)2 = E (3.173)
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If we take 0 as the eigenstate of the Schrödinger equation in zero magnetic 

field, −( 2∇2/2m 0 = E 0, the wave function is given by 

= 0e
iγ , γ  = −  

e 
r 

r0 

A r · dr , (3.174) 

where γ is the phase depending on the path of the electron. To prove this equation, 

we first calculate 

(−i ∇ +  eA) = (−i ∇ +  eA) 0e
iγ 

= −i (∇ 0)e
iγ + (∇γ ) 0e

iγ + eA 0e
iγ . (3.175) 

From (3.174), ∇γ is expressed as 

∇γ = −  
e 
∇ 

r 

r0 

A r · dr = −  
e 
A(r), 

and thus Eq. (3.175) is written as 

(−i ∇ +  eA) = −i (∇ 0)e
iγ . 

By acting (−i ∇ +  eA) again, we have 

(−i ∇ +  eA)2 = −  
2 ∇2 

0 e
iγ . 

Therefore, the Schrödinger equation is written as 

1 

2m 
(−i ∇ +  eA)2 = 

− 
2∇2 

2m 
0 eiγ = E 0e

iγ = E (3.176) 

The result shows that = 0e
iγ is the eigenstate of the Schrödinger equation 

in a magnetic field; the electron moving in the magnetic field obtains the phase γ 

on its path, 

γ = −  
e 

path 

A(r) · dr. 

If the electron travels on a closed orbit, the wave function obtains the phase 

given by Eq. (3.87) 

γ = −
e 

eA · dr = −  
e 

rotA · dS
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= −  
e 

B · dS. 

When the magnetic flux penetrating the closed orbit is equal to the flux quan-

tum, B · dS = 0 = h/e, we have  γ = −2π ; the electronic state returns to its 

initial state. 

Appendix 3.5 

The quantum interference in Fig. 3.24b is the simplest case. For the Fermi surface 

structure shown in Fig. 3.14a, various quantum interference paths are possible. In 

Fig. 3.39, other cases leading to quantum interference are presented. In Fig. 3.39a, 

the electron at point A has various possible paths to point B. The shortest path 

1 includes two magnetic breakdowns with the transition amplitude given by 

pT e
iδeiϕ2pT e

iδ . The next shortest path 2 includes two Bragg reflections and mag-

netic breakdowns with qT e
iϕ3pT e

iδeiϕ2pT e
iδeiϕ1qT . The phase difference between 

the two paths is ϕ1 − ϕ3 and thus the quantum interference term is calculated as 

I2D QI = 2QP2 cos(ϕ1 + ϕ3) = 2QP2cos 

 

 
2π F

(β−α) 

Q 

B 

 

, 

F
(β−α) 

Q = F
(β) 

Q − F
(α) 
Q . (3.177) 

Another case yielding the interference is depicted in Fig. 3.39b. The quan-

tum interference between paths 1 and 2 occurs, whose transition amplitudes are 

respectively given by pT e
iδeiϕ2pT e

iδ and qT e
iϕ3qT e

iϕ3pT e
iδeiϕ2pT e

iδeiϕ1qT e
iϕ1qT . 

The quantum interference term between the two paths is written as

I2D QI = 2Q2P2 cos(2ϕ1 + 2ϕ3) = 2Q2P2cos 

 

 
2πF

(2β−2α) 

Q 

B 

 

,

a 

B 

path 2 

path 1 

A 

B 

b 

 

path 2 

path 1 
 

A 

B 

Fig. 3.39 Possible quantum interference paths from point A to point B for the Fermi surface iden-

tical to Fig. 3.14a. Paths in a and b lead to quantum interference with the frequencies F
(β−α) 

Q and 

F
(2β−2α) 

Q , respectively 
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F
(2β−2α) 

Q = 2F
(β) 

Q − 2F
(α) 
Q . (3.178)

In the above two cases, from the relation mc ∝ ∂AF /∂E in Eq. (3.44), we 

expect that the effective mass can be obtained as mβ−α = mβ − mα for a and 

m2β−2α = 2mβ − 2mα for b. The oscillation amplitudes in these cases should 

include the reduction factors RT and RS in addition to Rτ in Eq. (3.94), whose 

parameters are characterized by the area between the two paths. Note that the 

above frequencies, F
(β−α) 

Q and F
(2β−2α) 

Q , do not appear in the quantum oscillation 

in the semiclassical picture of the magnetic breakdown as discussed in Sect. 3.5. 

We can draw various other interference paths. In this way, the combinations of the 

Bragg reflection and the magnetic breakdown can lead to various frequencies in 

the electrical conductivity. 

Appendix 3.6 

Here we derive the Rashba-type spin–orbit interaction, Eq. (3.131). As shown 

in Fig. 3.40, we assume a 2D electron system in the xy plane on the surface 

of a crystal or at the interface between different materials. Since the inversion 

symmetry of the lattice potential is broken, V (z) = V (−z), the electrons will be 

exposed to a perpendicular electric field E ∝ −∂V /∂z, E(0, 0, E). The equation 

of motion of the electron is written as 

F = −eE = −ev × Beff (3.179) 

where v is the velocity of the electron and Beff is the effective magnetic field due 

to E. It is perpendicular to both the velocity and electric field, 

Beff = E × 
v 

v2 
. (3.180) 

Assuming the Zeeman interaction with the effective magnetic field, the Hamil-

tonian is written as 

H = −gµBs · Beff = 
−gµB 

v2 
s · (E × v). (3.181) 

Using the vector product formula A · (B × C) = −B · (A × C), we have  

H = 
−gµB 

v2 
s · (E × v) = 

gµB 

v2 
E · (s × v) = 

gµB 

v2 
E · [s × ∇kE(k)] (3.182) 

Taking mv = k and µB = e /2m, we obtain the Rashba-type spin–orbit 

interaction–, 

H = 
egE 

2k2 
kysx − kxsy = αSO kysx − kxsy .
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E 

x 

y 

z 

surface or interface state 

Fig. 3.40 Schematic of 2D electron system at crystal surface or interface between different mate-

rials. Electric field E is generated by the potential gradient at crystal surface or interface. Electron 

motion with velocity v leads to effective magnetic field Beff defined by Eq. (3.180) 

The above is an intuitive explanation of the Rashba interaction based on a semi-

classical theory. Strictly speaking, this derivation is not correct because Ehrenfest’s 

theorem shows that the confinement of the electrons in the 2D plane vanishes the 

average electric field in the z-axis (E = 0). A more detailed theory shows that 

the hybridization of the wave functions between the conduction and valence bands 

gives rise to a finite Rashba term [46]. 
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4Angle-Dependent Magnetoresistance 
Oscillation (AMRO) 

Abstract 

Quantum oscillations are measured by sweeping the magnetic field at a fixed 

angle. Quantum oscillations appear in all thermodynamic quantities and in elec-

trical resistance. In this chapter, we show that the resistance for low-dimensional 

electron systems exhibits a peculiar oscillatory behavior as a function of the 

magnetic field angle, which is called the angle-dependent magnetoresistance 

oscillation (AMRO). The AMRO is ascribed to the periodic orbital motion 

of the conduction electrons on the Fermi surface, which is not related to the 

Landau quantization, and arises even from open orbits on quasi-1D Fermi 

surface as well as from closed orbits on quasi-2D Fermi surface. From the 

AMRO we can determine not only the size but also the shape of the Fermi sur-

face. The coherence of the interlayer transport can also be discussed from the 

measurements. 

4.1 What Is AMRO? 

The magnetic field angle dependence of the interlayer resistance of the quasi-2D 

organic conductor θ-(BEDT-TTF)2I3 shows characteristic periodic peaks as shown 

in Fig. 4.1a at low temperatures and high magnetic fields. The quasi-2D Fermi sur-

face of this conductor is already depicted in Fig. 3.14a. Here the magnetic field is 

rotated in the ac* plane, where the c*- and a-axes are perpendicular and parallel 

to the conduction layers, respectively, and the magnetic field angle θ is defined in 

the inset of Fig. 4.1a. As shown in Fig. 4.1b, the peaks are periodic as a function 

of tanθ. This oscillation is called angle-dependent magnetoresistance oscillation 

(AMRO) [1–3]. Quantum oscillation measurements can accurately determine the 

extremal cross sections of the Fermi surfaces, but not the shape of the cross sec-

tions. By contrast, AMRO gives the information of not only the size but also the

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 
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 

B 

a 

b 

c* 

a b 

Fig. 4.1 a Interlayer resistance as a function of magnetic field angle θ for the quasi-2D organic 

conductor θ-(BEDT-TTF)2I3. Inset: schematic of sample and definition of the magnetic field angle. 

b Interlayer resistance oscillation with the period tan θ)  = 0.42 

shape of the Fermi surface cross section. Therefore, AMRO measurements are rec-

ognized as another powerful experimental method to determine the structure of the 

Fermi surface. 

4.2 Yamaji Angle 

4.2.1 Cyclotron Orbit on Quasi-2D Fermi Surface 

The AMRO, as shown in Fig. 4.1a, has been observed in the interlayer resistance 

of some quasi-2D conductors. To understand its origin, we assume a quasi-2D 

conductor with a layered structure as depicted in Fig. 4.2a. The energy band with 

the lattice constant c in the z-axis is written as 

E = 

2 

2mc 

k2 x + k2 y − 2tccos(kzc). (4.1)

This energy band uses a free electron approximation in the xy plane and a tight 

band approximation in the z-axis with the transfer integral tc. The Brillouin zone 

in the kz-axis is defined in the range −π/c < kz ≤ π/c. For a highly 2D case 

0 < tc EF , the Fermi surface of the energy band has a corrugated cylindrical 

shape as shown in Fig. 4.2b. The Fermi surface has a maximum cross section at 

kz = 0 and minimum cross sections at kz = ±π/c. In a magnetic field parallel to 

the kz-axis, the electrons undergo the cyclotron motion in the plane perpendicular 

to the magnetic field due to the Lorentz force, k̇ = F = −ev × B, as indicated 

by the dotted curves in Fig. 4.2b. In real space, the velocity of the electrons in the
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Fig. 4.2 a Quasi-2D conductor with a layered structure, b Schematic of quasi-2D Fermi surface. 

Dotted lines indicate cyclotron orbits in a magnetic field parallel to kz . c Orbital motion of the 

electrons in real space

z-axis is given by 

vz = 
∂E 

∂kz 
= 

2tcc 
sin(kzc). (4.2) 

The electrons at point A (kz = 0) have zero velocity, vz = 0, and thus the 

cyclotron motion remains in a plane, as shown in Fig. 4.2c. At point B, the elec-

trons have a finite positive value of vz and thus undergo a helical motion in the 

z-axis. In this way, the cyclotron motion of the electrons in real space depends on 

the position of the Fermi surface. 

For convenience, we define the Fermi wave number kF in the kxky plane for 

tc = 0 as 

EF = 

2 

2mc 

k2 F , (4.3) 

where EF is the Fermi energy. When the magnetic field is tilted from the z-axis 

by θ as shown in Fig. 4.3, kz on the cyclotron orbit is approximated as 

kz(ϕ) = kz0 − kF tan θ cos ϕ, (4.4) 

where kz0 is the kz value of the center coordinate of the cyclotron orbit and ϕ 

is the angle from the kx-axis. We project the cyclotron orbit perpendicular to the 

magnetic field onto the kz = kz0 plane, and define the radius of the orbit as k⊥(ϕ) 

as shown in Fig. 4.4a. The area AF of the cyclotron motion in Fig. 4.3 is calculated 

from 

AF cos θ = 

2π 

0 

dϕ 

k⊥ 

0 

dk⊥ k⊥(ϕ) = 
1 

2 

2π 

0 

dϕk2⊥(ϕ). (4.5)
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Fig. 4.3 Cyclotron orbit on 

quasi-2D Fermi surface in 

magnetic field tilted from the 

kz-axis 
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Fig. 4.4 a Cyclotron orbit on quasi-2D Fermi surface and radius of cyclotron orbit k⊥(ϕ) pro-

jected onto the kz = kz0 plane in a tilted magnetic field, b Orbital planes at Yamaji angles 

θN (n = 1, 2, 3) 

From Eqs. (4.1) and (4.3), we have 

k2⊥(ϕ) = k2 F +
4mctc 

2
cos[kz(ϕ)c]. (4.6) 

Substituting Eq. (4.6) into Eq.(4.5), we have

AF cos θ = 
1 

2 

2π 

0 

dϕ k2 F + 
4mctc 

2 
cos{(kz0 − kF tan θ cos ϕ)c} 

= πk2 F + 
2mctc 

2 
cos(kz0c) 

2π 

0 

cos(kF c tan θ cos ϕ)dϕ
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Fig. 4.5 nth order Bessel 

functions Jn(z). Dotted curve 

shows the approximate 

expression of J0(z), Eq. (4.8). 

Note J0(0) = 1 and 

Jn≥1(0) = 0 

1.0 

0.5 

0.0

-0.5 

J n
 (

z)
 

14121086420 
z 

J0 (z) J1 (z) 
J2 (z) 

J3 (z) 

Eq.(4.8) 

= π k2 F + 
4πmctc 

2
cos(kz0c)J0(kF c tan θ ), (4.7)

where J0 is the zeroth-order Bessel function, defined as 

J0(z) = 
1 

2π 

2π 

0 

cos(z sin θ )dθ = 
1 

2π 

2π 

0 

cos(z cos θ )dθ.  

The nth order Bessel functions Jn(z) are depicted in Fig. 4.5. They are even 

functions, Jn(z) = Jn(−z), and J0(z) is approximated as 

J0(z) ≈
2 

π |z| 

1/2 

cos |z| − 
π 

4 
for |z| > 1. (4.8) 

Therefore, we have nodes, J0(z) = 0 for |z| − π/4 = (n − 1/2)π , (n = 

1, 2, 3, . . .). The result means that when the following relation is satisfied, 

kF c tan θn = ±π n − 
1 

4 
, n = 1, 2, 3, . . .  ; (4.9) 

the area AF is independent of kz0, 

AFcosθn = πk2 F . (4.10) 

At θn, all the cross sections perpendicular to the magnetic field have 

the same area. This characteristic angle θn is called “Yamaji” angle, which 

was first derived by Yamaji [1]. Yamaji angle θn is written as kF tanθn = 

±3π/4c, ±7π/4c, ±11π/4c, . . .  which reflects the geometric periodic structure 

of the quasi-2D Fermi surface as shown in Fig. 4.4b. At θ = 0◦, the maximum 

and minimum cross sections of the quasi-2D Fermi surface are respectively given 

by 

Amax 
F = πk2 F + 

4πmctc 
2

, Amin 
F = π k2 F − 

4π mctc 
2

. (4.11)
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Fig. 4.6 Angular dependence of the two extremal cross sections (left) for quasi-2D Fermi sur-

face (right) 

Figure 4.6 shows the two extremal cross sections as a function of the magnetic 

field angle. The arrows indicate Yamaji angles, at which the two extremal cross 

sections coincide. 

4.2.2 Physical Meaning of Yamaji Angle 

The velocity in the z-axis averaged over the cyclotron motion is calculated by 

vz 

2π 

0 

dϕvz(ϕ)/ 

2π 

0 

dϕ 

= 
2tcc 1 

2π 

2π 

0 

dϕ sin(kz0c − kF c tan θ cos ϕ), 

using Eqs. (4.2) and (4.4). From the relation 

sin(kz0c − kF c tan θ cos ϕ) = sin(kz0c) cos(kF c tan θ cos ϕ) 

− cos(kz0c) sin(kF c tan θ cos ϕ), 

we have 

vz 
2tcc 

sin(kz0c)J0(kF c tan θ ). (4.12) 

The relation vz J0(kF c tan θ ) leads to nodes vz 0 at Yamaji angles. The 

orbit on the Fermi surface at θ2 is depicted in Fig. 4.7a. In real space, the electrons
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Fig. 4.7 Electron orbit on the quasi-2D Fermi surface at Yamaji angle θ2 in a k-space and b real 

space. c Electron orbit for θ > θ2 in real space 

remain in the nearly flat plane as presented in Fig. 4.7b. At an angle θ > θ2, the 

electrons have a drift motion in the z-axis as shown in Fig. 4.7c. Since vz 0 

at Yamaji angles, the conductivity in the z-axis vanishes, leading to the resistance 

peak. Therefore, the resistance will have periodic peaks with tanθ as shown in 

Fig. 4.1b. This is the qualitative interpretation of the AMRO. From Eq. (4.9), the 

period of the AMRO is given by 

tan θ)  = 
π 

kF c 
, (4.13) 

and thus we can estimate kF from the AMRO period tan θ). 

As we have seen in Chap. 3, the quantum oscillations arise from the Landau 

quantization of the electronic states at the extremal cross sections of the Fermi 

surface perpendicular to the magnetic field. If the Fermi surface has the shape as 

shown in Fig. 4.7a, quantum oscillations with two frequencies arising from the 

maximum and minimum cross sections are observed for θ = 0◦. However, at 
Yamaji angles, quantum oscillation with a single frequency is observed since the 

two extremal cross sections coincide, as shown in Fig. 4.6. At Yamaji angles, all 

electrons of the Fermi surface contribute to the quantum oscillation; the amplitude 

of the quantum oscillation becomes large. 

4.3 Formulation of AMRO 

4.3.1 Conductivity Tensor 

In this section, we describe the AMRO quantitatively. The conductivity tensor σ 

is defined as follows: 

j = σ E → 

 

 

jx 

jy 

jz 

 

 = 

 

 

σxx σxy σxz 

−σxy σyy σyz 

−σxz −σyz σzz 

 

 

 

 

Ex 

Ey 

Ez 

 

. (4.14)
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Each component of the conductivity tensor is expressed by the Chambers 

formula, including the spin degree of freedom, 

σij = 2e2 

k(0) 

− 
df (E) 

dE 
vi(k(0)) 

0 

−∞ 

dt vj(k(t)) exp(t/τ ), i, j = x, y, z, (4.15) 

where k(0) vi(k(0)) means sum over the i-axis velocity vi of all states with the 

wave number k(0) at t = 0, and
0 
−∞ 

dt vj(k(t)) means the time integral of the 

velocity vj(k(t)) for t < 0 until it reaches the wave number vector k(t = 0). Due 

to the exp(t/τ ) term, the conductivity at t = 0 is affected by the past velocity in 

the range of the scattering time τ. The Chambers formula is derived in Appendix 

4.1. Since kBT EF under normal experimental conditions, the derivative of 

the Fermi distribution function can be taken as −df /dE = δ(EF − E). Due to 

the delta function δ(EF − E), the electron motion only on the Fermi surface is 

taken into account in this calculation. The scattering time τ is assumed to be 

the same everywhere on the Fermi surface. This assumption may not be a good 

approximation for anisotropic Fermi surfaces. For example, it has been found that 

in the quasi-2D organic conductor θ-(BEDT-TTF)2IBr2, the mobility eτ/mc is 

about twice as anisotropic in the conduction plane [4]. However, this anisotropy 

is not so large, and as we will see below, the calculated results can satisfactorily 

explain the experimental results even for a constant τ . From vi = (1/ )∂E/∂ki we 

obtain the velocities in real space, 

(vx, vy, vz) =
kx 

mc 

, 
ky 

mc 

, 
2tcc 

sin(kzc) (4.16) 

for the energy band of the quasi-2D Fermi surface given by Eq. (4.1). 

First, we calculate the z-axis conductivity σzz , giving AMRO. As shown 

in Fig. 4.3, the magnetic field B in the xz (kxkz) plane is specified as 

(B sin θ,  0, B cos θ ). Substituting Eq. (4.16) into the equation of motion k̇ = 

−ev × B, we have  

k̇x(t), k̇y(t), k̇z(t) = −kyωc, kxωc 

− 
2mctcc 

2
ωc sin(kzc) tan θ,  kyωc tan θ , (4.17) 

where the cyclotron frequency is defined as 

ωc = 
eB cos θ 

mc 

= 
eBz 

mc 

.
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Since Eq. (4.17) is described only by ki or k̇i (not vi), the electron motion in k-

space can be discussed. For the highly 2D case (tc/EF 1), we have 2mctcc/ 
2 = 

tcck
2 
F /

2k2 F /mc = tcck
2 
F /EF kF . By approximating as k̇y(t) ≈ kxωc, we  

obtain the equations of motion; k̈x = −ω2 
c kx and k̈y = −ω2 

c ky from Eq. (4.17). 

The solutions are 

kx = k⊥ cos ϕ, ky = k⊥ sin ϕ, ϕ = ωct + ϕ0, (4.18) 

where k⊥ is the radius of the cyclotron orbit. For the electrons on the Fermi sur-

face, we have k⊥ = kF . By integrating k̇z(t) = ky(t)ωc tan θ in Eq. (4.17) over 

time, we obtain 

kz(t) = (kz0 + k⊥ cos ϕ0tanθ ) − k⊥ cos(ωct + ϕ0)tanθ. (4.19) 

We take initial conditions of the wave numbers; kx0 = k⊥ cos ϕ0, ky0 = 

k⊥ sin ϕ0 and kz0 at t = 0. In real space, the velocity is given by 

vz(t) = 
2tcc 

sin(kzc) 

= 
2tcc 

sin[(kz0c + k⊥c cos ϕ0 tan θ ) −k⊥c cos(ωct + ϕ0) tan θ]. (4.20) 

Substituting vz(t) and vz(t = 0) into Eq. (4.15), we obtain the AMRO formula 

[5], 

σzz(B) = σzz(0) 

∞ 

n=−∞ 

J 2 n (kFc tan θ ) 

1 + (nωcτ )2 
, (4.21) 

where the coefficient σzz(0) is 

σzz(0) = 
2e2mct

2 
c cτ 

π 4
= 2D(EF ) 

etcc 
2 

= 
v0 z 

vF 

2 
Nee

2τ 

mc 

, v0 z = 
2tcc 

. (4.22) 

The AMRO formula Eq. (4.21) is derived in Appendix 4.2. As in Eq. (1.8), 

Ne = n(EF )/c = k2 F /2πc is the electron number per unit volume. In a perpen-

dicular magnetic field (θ = 0), we have σzz(B) = σzz(0): the conductivity is 

independent of the magnetic field. In a sufficiently high magnetic field (ωcτ 1), 

Eq. (4.21) is approximated as 

σzz(B) ≈ σzz(0)J 
2 
0 (kF c tan θ ).
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Therefore, σzz(B) vanishes at Yamaji angles; the resistance shows periodic 

peaks with tanθ . In the above calculation, note that the effect of the only closed 

orbits as shown in Fig. 4.3 is taken into account. For θ ≈ 90◦, Eq. (4.21) is not 
correct as discussed in Sect. 4.6. 

Since the AMRO formula Eq. (4.21) is derived on the assumption of the energy 

band given by Eq. (4.1), one might think that this is a special case of the free elec-

tron approximation in the xy plane. However, we should note that the same result 

can be obtained even for a more general case, E = f kx, ky − 2tccos(kzc). For  

a quasi-2D electron system, it is reasonable to assume that the energy dispersion 

in the kz-axis is given by the tight binding approximation. In this way, we can 

conclude that Eq. (4.21) is a useful expression for quasi-2D conductors. 

Next, we calculate the other components of the conductivity tensor. From 

Eq. (4.18), 

vx(t) = 
kx 

mc 

=
k⊥ 

mc 

cos(ωct + ϕ0), 

vy(t) = 
ky 

mc 

= 
k⊥ 

mc 

sin(ωct + ϕ0). (4.23) 

Substituting these into Eq. (4.15), we obtain 

σxx(B) = σyy(B) = σ0 
1 

1 + (ωcτ)2 
, 

σ0 = D(EF )EF 

e2τ 

mc 

= 
Nee

2τ 

mc 

. (4.24) 

The off-diagonal terms are calculated as 

σxy(B) = −σyx(B) = −σ0 
ωcτ 

1 + (ωcτ)2 
, 

σxz(B) = σyz(B) = 0. (4.25) 

Equation (4.25) is derived in Appendix 4.3. The conductivity tensor is summa-

rized as 

σ = 

 







 

σ0 
1 

1+(ωcτ)2 
−σ0 

ωcτ 

1+(ωcτ)2
0 

σ0 
ωcτ 

1+(ωcτ)2
σ0 

1 
1+(ωcτ)2

0 

0 0 σzz(0) 
∞ 

n=−∞ 

J 2 n (kF c tan θ ) 

1+(nωcτ )2 

 









. (4.26) 

The results of σxx(B) and σxy(B) are consistent with Eq. (3.16). All components 

depend only on the z-component of the magnetic field Bz since ωc = eBz/mc. The 

resistivity tensor is given by 

ρ = 

 

 

ρxx ρxy 0 

−ρxy ρxx 0 

0 0 ρzz 

 


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= 

 





 

σxx 
σ 2 xx+σ 2 xy 

−σxy 

σ 2 xx+σ 2 xy 
0 

σxy 

σ 2 xx+σ 2 xy 

σxx 
σ 2 xx+σ 2 xy 

0 

0 0 1 
σzz 

 





 
= 

 



 

1 
σ0 

ωcτ 

σ0 
0 

−ωcτ 

σ0 

1 
σ0 

0 

0 0 1 
σzz 

 




. (4.27) 

Note that the simple relation, ρzz(B) = 1/σzz(B). The in-plane resistivities 

ρii(i = x, y) are independent of the magnetic field. As discussed in Sect. 3.1, it  

is due to the assumption that there is only one type of carrier. 

The AMRO emerges only in ρzz but not in the other components. However, the 

AMRO is often observed experimentally in ρii(i = x, y) for quasi-2D conductors. 

A possible reason is that the current I is not exactly parallel to the c-axis due to 

some inhomogeneities of the sample or inadequate configuration of the electrical 

contacts. 

Figure 4.8 presents the calculated results of ρzz(B) = 1/σzz given by Eq. (4.21) 

at different ωcτ values for kF c = 6. The AMRO clearly appears at ωcτ = 5. 

As ωcτ decreases, the AMRO amplitude steeply decreases, indicating that the 

high-quality samples (long τ ) and/or high magnetic fields are required for the 

AMRO observation. The origin of the AMRO is quite different from the quantum 

oscillations due to Landau quantization discussed in Chap. 3; the AMRO arises 

from the effect of semiclassical orbital motion on the quasi-2D Fermi surface, 

where the Landau quantization is not taken into account. 

As seen in Sect. 3.1.4, the quantum oscillation in the resistance arises from 

the density of states at the Fermi level through the scattering time τ . Since the 

frequency and amplitude of the quantum oscillation in general depend on the 

magnetic field angle, the quantum oscillation is superimposed on the AMRO at 

sufficiently low temperatures and high magnetic fields. At first sight, the result is 

very complicated, but it is experimentally easy to distinguish between the AMRO 

and the quantum oscillation. The angles of the quantum oscillation peaks vary with 

the magnetic field, but the AMRO peak angles are independent of it. By observing

Fig. 4.8 Calculated AMROs, 

ρzz(θ ) = 1/σzz(θ ) at different 

ωcτ values by Eq. (4.21) 
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the resistance as a function of the magnetic field angle at different magnetic fields, 

one can distinguish which of the two is the origin of the observed oscillation. 

4.3.2 Temperature Dependence of AMRO 

Next, we discuss the temperature dependence of the AMRO. Figure 4.9 shows 

the AMRO measured at various temperatures in the quasi-2D organic conductor 

θ-(BEDT-TTF)2I3 when the magnetic field is rotated in the ac* plane. It can be 

seen that the resistance peak angles are independent of temperature. As the tem-

perature increases, the AMRO amplitude decreases significantly. This is because τ 

becomes shorter at higher temperatures due to the electron–phonon scattering. At 

high temperatures, we note that the resistance increases as the magnetic field is 

tilted from the perpendicular direction, which looks like a sine curve. The quali-

tative understanding of this behavior is that the electric current and magnetic field 

are orthogonal at θ = 90◦ and the Lorentz force acts strongly on the current, 

causing the resistance to increase. The sharp peaks are visible at θ = ±90◦ as 

indicated by the arrows. This mechanism is not explained by the AMRO formula 

and will be explained in Sect. 4.6. 
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Fig. 4.9 Interlayer resistance as a function of magnetic field direction for θ-(BEDT-TTF)2I3. The  

amplitude of the AMRO steeply decreases with increasing temperature. Inset: close-up of the 

AMRO at θ ≈ 90◦. Arrows indicate sharp peaks at θ = ±90◦
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4.4 Observation of Cross Section of Fermi Surface 

So far, we have looked at the AMRO results for a quasi-2D Fermi surface when 

the magnetic field is rotated from perpendicular to parallel to the plane. If the 

cross section of the quasi-2D Fermi surface is isotropic (circular), we obtain the 

same AMRO regardless of the direction in which the magnetic field is tilted from 

perpendicular. In real materials, however, the cross section of the Fermi surface is 

anisotropic (not circular). The advantage of the AMRO measurements is that we 

can even determine the shape of the Fermi surface cross section, as we will see 

below. 

Figure 4.10a shows AMRO results for various rotation planes in θ-(BEDT-

TTF)2I3. The rotation plane is defined as the angle φ from the a-axis. The 

interlayer resistance is rather small for the φ = 0◦ (ac* plane) rotation, but large 

for the φ = 90◦ (bc* plane) rotation. The AMRO is clearly observed for all rotation 

planes. To see the AMRO more clearly, the second derivative curves −d2R/dθ 
2 

are plotted in Fig. 4.10b, where the peaks correspond to the positive curvature 

of the raw data. The AMRO period tan θ)  is apparently different between the 

φ = 0◦ and φ = 90◦ rotations. 

Figure 4.11a shows the polar plot of the wave number defined by k = 

π/[c tan θ )], where the tan θ)  is the AMRO period and c = 1.69 nm is the 

distance between the BEDT-TTF layers. As can be seen below, k is not identi-

cal to kF . The solid curve shows the cross section of the Fermi surface obtained 

from k [6]. The dotted line is an auxiliary curve for obtaining the Fermi surface. 

To understand the meaning of the auxiliary curve, suppose there is a quasi-2D
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Fig. 4.10 a AMRO results for various rotation planes in θ-(BEDT-TTF)2I3. The rotation plane 

is defined as the angle ϕ from the a-axis. b Second derivative curves as a function of tanθ.  The 

AMRO period (tan θ ) is different for different rotation planes 
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Fig. 4.11 a Cross section of the Fermi surface (solid curve) and its auxiliary curve (dotted curve) 

obtained from AMRO measurements in θ-(BEDT-TTF)2I3, b Example of an elongated elliptical 

cross section (solid curve) and its auxiliary curve (dotted curve). The wave number k calculated 

from the AMRO lies on the dotted curve. The Fermi surface is an ellipse inscribed in the auxiliary 

curve 

Fermi surface with an elongated elliptical cross section shown by the solid curve 

in Fig. 4.11b. If we take the major and minor axes of the elliptical cross section 

as ka and kb, respectively, the Fermi surface cross section (solid curve) can be 

expressed as 

1 = 
k2 x 

k2 a 
+ 

k2 y 

k2 
b 

, kx = kF cos ϕ , ky = kF sin ϕ . (4.28) 

The wave number k , determined from the AMRO period, is obtained from the 

projection of the cross section onto the rotation plane of the magnetic field. As 

shown in Fig. 4.11b, when the magnetic field is tilted from the perpendicular to 

the Γ − A direction in the conduction plane, k gives the Fermi wave number kF at 

point B on the elliptical Fermi surface. The auxiliary curve giving k is expressed 

as [7] 

k2(ϕ) = k2 a cos
2 ϕ + k2 b sin

2ϕ. (4.29) 

Note that k = ka for ϕ = 0◦ and k = kb for ϕ = 90◦. The conductor 
θ-(BEDT-TTF)2I3 has a small closed quasi-2D Fermi surface and an open quasi-

1D Fermi surface, as shown in Fig. 3.14a. From Fig. 4.11a, we see that the Fermi 

surface obtained from the AMRO has a large closed orbit beyond the first Brillouin 

zone; the magnetic breakdown orbit (β orbit) in Fig. 3.14a is the origin of the 

AMRO. This is because the magnetic breakdown probability is large enough at 

such high magnetic fields. In the experiment, the AMRO from the α orbit cannot 

be observed in the small angle range even when the magnetic field is reduced. 

When the magnetic field direction approaches θ = ±90◦, the AMRO from the α
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orbit is observed [8]. The result suggests that the magnetic breakdown probability 

steeply decreases at high angles where the tunneling distance k in Fig. 3.14c 

becomes large. 

The AMRO formula Eq. (4.21) is correct when there exists a single quasi-

2D Fermi surface. For θ-(BEDT-TTF)2I3, no magnetic breakdown occurs in the 

low magnetic field limit. Both the quasi-1D and 2D Fermi surfaces contribute 

to the interlayer conduction independently, and thus the sum of them determines 

the total conductivity. In the high magnetic field limit, the magnetic breakdown 

probability is close to unity, and thus it is reasonable to assume the presence of 

only the β orbit. In an intermediate magnetic field range, however, the magnetic 

breakdown probability changes with the magnetic field angle. Strictly speaking, 

the magnetic breakdown probability also depends on the magnetic field direction. 

In addition, the difference in the scattering time and effective mass between the 

quasi-1D and 2D Fermi surfaces must be taken into account in the conductivity 

simulation. Because of these situations, it is difficult to simulate the overall angular 

dependence of the resistance quantitatively. The very different results between the 

φ = 0◦ (ac* plane) and φ = 90◦ (bc* plane) rotations in Fig. 4.10a will be 

ascribed to the complicated situations described above. Despite these situations, it 

is evident that the AMRO period provides important information about the Fermi 

surface structure. 

The AMRO has been observed in many organic conductors, but also in other 

materials with quasi-2D Fermi surfaces [9–14]. The Fe-based superconductor 

KFe2As2 has a layered structure, composed of Fe–As and K layers as shown in 

the inset of Fig. 4.12a. The interlayer resistance as a function of the magnetic field 

direction at a low temperature in a high magnetic field is presented in Fig. 4.12a 

[9]. To see the AMRO more clearly, the second derivative curve −d2R/dθ 
2 is plot-

ted in Fig. 4.12b. Two different AMRO periods, A and B, are observed, originating 

from the quasi-2D Fermi surfaces at the Γ and M points of the Brillouin zone, 

respectively. AMRO measurements have been made in other materials, Sr2RuO4 

[10], graphite intercalation compounds [11], GaAs multilayers[12], and a high-

T c superconductor Tl2Ba2CuO6+x [13, 14], and the presence of quasi-2D Fermi 

surfaces has been discussed.

In the above discussion, the energy dispersion in the perpendicular direction 

is assumed to have a simple form, E(kz) = −2tccos(kzc). It means that only the 

transfer integrals with the nearest neighbor sites are taken into account. In real 

materials, the transfer integrals with the next nearest neighbor sites, the higher 

order terms, may not be negligible. Such higher order terms lead to additional 

corrugation of the cylindrical Fermi surface and thus lower the symmetry of the 

Fermi surface structure. The effects on the AMRO have been calculated in some 

lower symmetry cases [15].
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Fig. 4.12 a AMRO in Fe-based superconductor KFe2As2 (reproduced with permission from [9]). 

The inset shows the crystal structure of KFe2As2. b Second derivative curve as a function of tanθ.  

Two different periods (A and B) are obtained, which arise from two quasi-2D Fermi surfaces

4.5 Coherence of Interlayer Transport 

The AMRO can be described by a semiclassical treatment of the orbital motion 

on the quasi-2D Fermi surface using the Chambers formula without Landau quan-

tization as shown in Fig. 4.13a. The AMRO observed over a wide range of the 

magnetic field direction means that the cyclotron motion can span many layers 

without being scattered in real space (ωcτ >  1); the electrons can move coherently 

between multiple layers.

On the other hand, the interlayer conduction can also be described as a quantum 

tunneling process from a quantum mechanical point of view (Fig. 4.13b) [16, 17]. 

We assume that the electrons are frequently scattered in each conducting layer and 

that coherent quantum tunneling is possible only between the adjacent layers, but 

not over many layers. This situation occurs when the transfer integral tc between 

the layers is smaller than the Landau level broadening /τ due to scattering in 

the layer (tc < /τ ). In this case, the Bloch state extending many layers cannot 

be well defined, suggesting that the 2D Fermi surface is defined independently 

in each layer [16]. This interlayer conduction, where each quantum tunneling is 

uncorrelated with the next tunneling process, is called weakly incoherent transport. 

In this regime, the theoretical studies clarify that the tunneling probability changes 

with the magnetic field angle and the interlayer conductivity yields exactly the 

same AMRO given by Eq. (4.21). This amazing result shows that the AMRO can 

also be interpreted by the single quantum tunneling process; the AMRO appears 

even for a double layer system. In this way, when the AMRO given by Eq. (4.21) is  

observed for a layered material, the coherent interlayer transport picture over many
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Fig. 4.13 a Cyclotron orbit causing AMRO in real space (top) and k-space (bottom). This is the 

case for coherent interlayer conduction, where large cyclotron orbits around quasi-2D Fermi sur-

face are defined. b Case for weakly incoherent transport, where tunneling process between the 

neighboring layers in real space (top) is dominant. When electrons are frequently scattered within 

a layer, a 2D Fermi surface is defined independently within each layer (bottom)

layers is appropriate for tc > /τ , and the weakly incoherent transport picture for 

tc < /τ . Since exactly the same AMRO can be observed in both cases, we obtain 

the same information on the shape of the Fermi surface cross section. 

What if the scattering times is much shorter, tc /τ ? In this case, it is 

reported that the interlayer resistance shows a significant change in the angular 

dependence. Figure 4.14a presents the angular dependence of the interlayer resis-

tance of the quasi-2D organic conductor (BEDT-TTF)2NH4Hg(SCN)4. The Fermi 

surface of this conductor consists of quasi-1D and quasi-2D parts, as shown in 

Fig. 4.14b. The magnetic field is tilted from the b*-axis to the Γ − V axis in 

the Brillouin zone. For the sample with long τ, the interlayer resistance has min-

ima at θ = 0◦ and 180◦, and the AMRO arising from the 2D Fermi surface is 

observed. This is the conventional AMRO explained by Eq. (4.21). For the sample 

with short τ (tc /τ ), the interlayer resistance increases and shows no AMRO. 

It is noticeable that the resistance has a broad minimum at θ = 90◦. For  θ-(BEDT-
TTF)2I3, as shown in Fig. 4.9, the AMRO amplitude is suppressed with increasing 

temperature, which is ascribed to the shortening of τ. At 18 K, the anisotropy of 

the resistance follows a sinusoidal curve with a broad maximum at θ = 90◦, con-
sistent with Eq. (4.21) for short τ. The maximum at θ = 90◦ is interpreted by 

the large Lorentz force acting on the current because the current is perpendicular 

to the magnetic field. In contrast, the resistance for short τ in Fig. 4.14a has the 

opposite anisotropy, the broad minimum at θ = 90◦, which cannot be explained by 
the Chambers formula. A similar opposite anisotropy is reported in the interlayer
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Fig. 4.14 a Interlayer resistance of quasi-2D organic conductor (BEDT-TTF)2NH4Hg(SCN)4 as 

a function of magnetic field angle for two cases (short and long scattering times). No AMRO is 

observed for short scattering time. b Schematic Fermi surface and the definition of the magnetic 

field angle in the rotation plane 

resistance for GaAs/AlGaAs semiconductor superlattices [17]. The microscopic 

mechanism of this opposite anisotropy for tc /τ is an open question. 

4.6 Effect of Closed Orbit on Side of Quasi-2D Fermi 
Surface 

We have seen that the AMRO measurements provide information of the cross 

section on the quasi-2D Fermi surface in Sect. 4.4. From Eqs. (4.21) and (4.22), 

the interlayer resistivity is given by ρzz ∝ 1/σzz ∝ 1/t2 c . As the two-dimensionality 

increases (tc → 0), the resistance steeply increases. The finite value of tc gives a 

corrugation to the cylindrical Fermi surface, which is a prerequisite for the obser-

vation of the AMRO. However, tc cannot be obtained directly from the AMRO 

period. How large is the interlayer transfer integral tc in real quasi-2D conductors? 

In the following we will see that the ratio tc/EF can be obtained from the interlayer 

resistance in the magnetic field nearly parallel to the conduction layer. 

4.6.1 Electron Orbits in Parallel Magnetic Fields 

The analytical expression of the AMRO in Eq. (4.21) does not give correct results 

when the magnetic field is nearly parallel to the conduction layer. In this case, the 

interlayer conduction must be evaluated by a different method. Let us return to 

the Fermi surface in Fig. 4.15a and look at the orbital motion of the electrons on 

the Fermi surface in a magnetic field parallel to the conduction layer. Note that
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Fig. 4.15 a Orbital motion on the quasi-2D Fermi surface in parallel magnetic field (B kx). The 

electron at point A has a closed orbit while the electrons at points B and C have open orbits. 

b Schematic of the orbits of the electrons at points A and C in real space; the electron at point A 

undergoes a helical motion in the magnetic field direction while the electron at point C undergoes 

a meandering motion in the y-axis 

the orbital plane on the Fermi surface is perpendicular to the magnetic field. From 

k̇ = F = −ev × B in the magnetic field (Bx, 0, 0), we have  

k̇x(t), k̇y(t), k̇z(t) = 0, −
evzBx 

, 
evyBx 

. (4.30) 

Using the relations in Eq. (4.16), we obtain 

k̈y = −
eBx 

v̇z = −
eBx 2tcc

2 

cos(kzc)k̇z = −  
(eBx)

2 

2 

2tcc
2 

mc 

cos(kzc)ky, 

k̈z = 
eBx 

v̇y = −
(eBx)

2 

2 

2tcc 

mc 

sin(kzc). (4.31) 

For the orbit around the kx-axis (point A) on a quasi-2D Fermi surface (kzc 1) 

as shown in Fig. 4.15a, we can approximate cos(kzc) ≈ 1 and sin(kzc) ≈ kzc. 

Then we have 

k̈y = −  
2 
cky, k̈z = −  

2 
ckz. (4.32) 

The result shows a cyclotron motion on the side of the Fermi surface, whose 

cyclotron frequency is given by 

c = 
eBxc 2tc 

mc 

. (4.33)



166 4 Angle-Dependent Magnetoresistance Oscillation (AMRO)

Neglecting the integration constant, the orbital motion of the electron is written 

as 

ky = Ky cos( ct), kz = Kz sin( ct). (4.34) 

As depicted in Fig. 4.15a, this is a small closed orbit with the central coordi-

nate (∼ kF , 0, 0), whose orbital plane is perpendicular to the magnetic field. The 

amplitudes of the cyclotron motion have the relation, 

Kz = 
1 

kF c 

EF 

tc 
Ky. (4.35) 

Assuming EF tc and kF c ≈ 1, we obtain Kz > Ky. The electron has the 

velocity vx ≈ vF = kF /mc in the x-axis and undergoes a resultant helical motion 

toward the x-axis as depicted in Fig. 4.15b. 

The electron at point C (kx = 0) in Fig. 4.15a has the velocity, vx = 0 and vy ≈ 

vF . This orbit extends upward on the side of the Fermi surface. Using kz = kz0 + 

evyBxt/ from Eq. (4.30), the velocity in the z-axis is 

vz(t) = 
2tcc 

sin(kzc) =
2tcc 

sin kz0c + 
vyceBxt 

. (4.36) 

The oscillation of vz(t) with time represents a meandering motion toward the 

y-axis in real space as depicted in Fig. 4.15b. The electron at point B undergoes 

a meandering motion in a direction between the x- and y-axes in real space. In 

this way, the closed orbits on the Fermi surface lead to helical motions in real 

space, and the open orbits lead to meandering motions as depicted in Fig. 4.15. 

The orbital motion of the electrons in real space depends on where the electrons 

are on the Fermi surface. 

In the above discussion, we have assumed a layered conductor with the energy 

band given by Eq. (4.1), using the free electron approximation in the xy plane. 

Regardless of the approximation method of the energy band, as long as the Fermi 

surface has a corrugated cylindrical shape as shown in Fig. 4.15, closed orbits 

appear on the side of the Fermi surface in the magnetic field parallel to the layers. 

4.6.2 Coherence Peak 

Let us see how the orbital motion on the Fermi surface contributes to the interlayer 

conduction. In a magnetic field (Bx, 0, 0), using Eq. (4.34), the z-axis velocity of 

the electron at point A in Fig. 4.15a is written as 

vz(t) = 
2tcc 

sin(kzc) = 
2tcc 

sin[Kzc sin( ct)]. (4.37)
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The velocity averaged over the orbit vanishes, 

vz(t) = 
c 

2π 

2 c 

0 

vz(t)dt = 0. (4.38) 

Therefore, the electrons near the kx-axis do not contribute to the interlayer con-

duction. It suggests that the interlayer resistance has a relatively large value when 

the magnetic field is exactly parallel to the layer. Now we tilt the magnetic field 

from the x-axis to the z-axis. At angles θ <  θc, any cross section perpendicu-

lar to the magnetic field will no longer have small closed sections on the side of 

the Fermi surface as depicted in Fig. 4.16a; no small closed orbits are formed. 

This means that more electrons contribute to the interlayer transport; the interlayer 

resistance decreases as the magnetic field is tilted. Indeed, numerical calculations 

by the Chambers formula show that the interlayer resistance as a function of θ has 

a peak at θ = ±90◦[18]. From the energy dispersion in Eq. (4.1), we have 

∂kz 

∂kx 
= 

2kx 

2mctcc|sin(kzc)| 
. (4.39) 

This function has an inflection point at kZ = π/2c as shown in Fig. 4.16b. 

Substituting kZ = π/2c in Eq. (4.39), we can define the critical angle θc where 

the small closed orbit on the side of the Fermi surface disappears, 

π 

2 
− θc ≡ peak = 

∂kx 

∂kz kZ=π/2c 

= 
2mctcc 

2kF 
= 

tc 

EF 

kF c. (4.40)

Fermi surface 
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B 

Fig. 4.16 a Orbital motion on the quasi-2D Fermi surface in tilted magnetic field. Only large 

closed orbits indicated by dotted curve around the Fermi surface (no small closed orbits on the side 

of the Fermi surface) are formed in a tilted magnetic field for θ <  θc. b Critical angle θc where the 

closed orbit disappears. Small closed orbits on the side of the Fermi surface appear in the limited 

angle range, π/2− peak < θ  < π/2+ peak. Dotted line represents the tangent at (kF , 0, π/2c) 
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Since the angle range where the peak is observed is π/2 − peak < θ  <  

π/2 + peak (θc < θ  <  π − θc), 2 peak can be defined as the peak width. 

The peak width is determined only by how the Fermi surface is corrugated 

along the kz and thus is independent of magnetic field strength and temperature. 

The larger the Fermi surface corrugation, the wider the peak width. The inter-

layer resistances as a function of the magnetic field angle for quasi-2D organic 

conductors are shown in Fig. 4.17. Figure 4.17a shows the resistance peak at 

θ = 90◦ for (BEDT-TTF)2Br(DIA), whose Fermi surface is shown in the inset of 

Fig. 3.2a. The peak becomes evident as the magnetic field increases. In the second 

derivative curves −d2R/dθ 
2 in Fig. 4.17b, the peak width 2 peak ≈ 2◦ is well 

defined, which is independent of the magnetic field strength. Figure 4.17c shows 

the interlayer resistance for θ-(BEDT-TTF)2I3, where the peak width 2 peak ≈ 1◦ 

is independent of temperature. From the AMRO period tan θ)  = 0.42 in the 

ac*(xz) rotation shown in Fig. 4.10, we obtain kF c = (tanθ)  ≈ 7.5, where c 

is the layer distance. It gives tc/EF ≈ 0.001 from Eq. (4.40); the corrugation of 

the quasi-2D Fermi surface in the kz is very small for θ-(BEDT-TTF)2I3. 

Let’s think a little more about the physical meaning of this peak in the interlayer 

resistance. The closed orbit causing the peak is a helical motion crossing the many 

layers in real space, as shown in Fig. 4.15b. The observation of the peak shows 

that the electrons can move over many layers without being scattered, i.e., the 

coherent motion in the interlayer direction. Therefore, the resistance peak in the 

parallel magnetic field due to this mechanism is called the “coherence peak.” We 

should note that the effect of the closed orbit on the side of the quasi-2D Fermi 

surface is not taken into account in Eq. (4.21). Equation (4.21) is applicable in the 

angle range, θc > θ  or θ >  π − θc, where only the large closed orbits around the 

quasi-2D Fermi surface are formed as shown in Fig. 4.7a.
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Fig. 4.17 a Angular dependence of interlayer resistance and b its second derivative curves at 

various magnetic fields for a quasi-2D organic conductor (BEDT-TTF)2Br(DIA). c Angular depen-

dence of interlayer resistance at different temperatures for θ-(BEDT-TTF)2I3. The peak width 

2 peak is independent of magnetic field strength and temperature 
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As discussed in Sect. 4.5, the coherence peak should not be observed in the 

weakly incoherent regime. In Fig. 4.14a, the interlayer resistance of (BEDT-

TTF)2NH4Hg(SCN)4 with long τ shows the AMRO but no coherence peak at 

θ = 90◦. The results show that the interlayer transport of this sample is in the 

weakly incoherent regime. Note that the coherence peak is observed in quasi-2D 

systems only when the interlayer transport is coherent. 

4.6.3 Observation Condition of Coherence Peak 

The uncertainty of the energy due to scattering is /τ , and the width of the Fermi 

edge due to finite temperature is given by kBT . Therefore, to clearly observe 

the coherence peak, the transfer integral tc, which corresponds to the transition 

amplitude between the layers, should be larger than these quantities; 

tc > /τ, tc > kBT . (4.41) 

In Fig. 4.15a, the electron at point A undergoes cyclotron motion on the side of 

the Fermi surface with the frequency c in Eq. (4.33). Taking cτ = 1, we can 

define the threshold magnetic field as 

Bc = 
ecτ 

mc 

2tc 
, (4.42) 

above which the coherence peak is observed. From the relation peak ≈ tckF c/EF 

in Eq. (4.40), the Fermi wave number kF can be estimated from the peak width. 

Figure 4.18a presents the closed orbits on the side of the Fermi surface for θ-

(BEDT-TTF)2I3. One type of closed orbit (solid circle) is formed on the convex 

surface around point X in the magnetic field along the kx-axis (B kx), while two 

types of closed orbits (solid and dotted circles) are formed on the convex surface 

around points Y and on the concave surface around R in B ky, respectively. The 

larger closed orbit (solid curve) has a larger contribution to the conduction in B ky. 

The experimental results in Fig. 4.18b show a wider peak width for the ϕ = 0◦ 

rotation plane than for ϕ = 90◦. Since peak ∝ kF from Eq. (4.40), the result is 

consistent with the fact ka > kb, as seen in Fig. 4.11a. The detailed analyses of 

the peak width are reported in the literature [19].

4.6.4 Weak Localization Effect 

The organic conductor κH -(DMEDO-TSeF)2[Au(CN)4](THF), where DMEDO-

TSeF is dimethyl(ethylenedioxy)tetraselenafulvalene and THF is tetrahydrofuran, 

has a very thick insulating layer between the conducting DMEDO-TSeF layers, 

and thus has an extremely 2D electronic state. The Fermi surface consists of quasi-

1D and quasi-2D parts, identical to those in Fig. 4.18a. As shown in Fig. 4.19a,
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Fig. 4.18 a Fermi surface and closed orbits on the side for θ-(BEDT-TTF)2I3, b Coherence peaks 

for magnetic field rotations in ϕ = 0◦ (kxkz) plane  and  ϕ = 90◦ (kykz) plane

the interlayer resistance has a broad minimum around θ = 90◦ [20], which cannot 

be explained in the framework of the Chambers formula as discussed in Sect. 4.5. 

In addition, a small peak is observed at θ = 90◦. Figure 4.19b shows the close-up 
of the peaks as a function of the perpendicular component of the magnetic field 

Bcos(θ ). The peak width in this plot is independent of the magnetic field, which 

is inconsistent with the coherence peak picture. 
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Fig. 4.19 a Interlayer resistance as a function of magnetic field angle θ for extremely 2D 

organic conductor, κH -(DMEDO-TSeF)2[Au(CN)4](THF) (reproduced with permission from 

[20]). Arrows indicate small peaks at θ = 90◦. b Close-up of the peaks near θ = 90◦. Peak width 
is scaled by the perpendicular magnetic field Bcos(θ ). c Schematic of quantum interference loop 

causing weak localization in 2D system. ξloc is the localization length
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In general, electronic states tend to localize at low temperatures in the pres-

ence of inhomogeneities (impurities or defects). This phenomenon is called weak 

localization and is more pronounced in lower dimensional systems. The weak 

localization is ascribed to quantum interference between two closed paths in 

which an electron can propagate clockwise and counterclockwise around a loop 

as schematically shown in Fig. 4.19c. The quantum interference forms a standing 

wave in the loop, which increases the net resistance. A magnetic field perpendicu-

lar to the orbital plane of the loop causes a phase difference between the clockwise 

and counterclockwise propagation and resultantly breaks the quantum interference. 

Therefore, the resistance decreases with increasing perpendicular magnetic field in 

the weak localization regime. In κH -(DMEDO-TSeF)2[Au(CN)4](THF), the elec-

tronic state is probably in the weak localization regime due to disorders in the 

[Au(CN)4](THF) anion layers. The broad minimum around θ = 90◦ in Fig. 4.19a 

is likely due to the weak localization in the conduction layers. Since the weak 

localization is suppressed by the perpendicular magnetic field to the layers, the 

weak localization effect can cause a resistance peak at θ = 90◦, whose width is 
scaled by the perpendicular magnetic field Bcos(θ ) as shown in Fig. 4.19b. This 

weak localization is another origin of the peak in the parallel magnetic fields, 

different from the coherence peak discussed above. On the other hand, quantum 

oscillation in the resistance is observed at large perpendicular magnetic fields for 

κH-(DMEDO-TSeF)2[Au(CN)4](THF). The fact shows that the weak localization 

length ξloc is much longer than the cyclotron orbit radius. The detailed theoretical 

discussion is made in the literature [21]. In this way, there are two mechanisms 

of the resistance peak in the parallel magnetic field, the coherence peak or weak 

localization peak. The origin of the peak can be discussed from the magnetic field 

dependence of the peak. 

4.7 Effect of Open Orbit on Side of Quasi-2D Fermi 
Surface 

The electrons at points B and C in Fig. 4.15a have open orbits on the Fermi surface 

in magnetic fields. In this section, we see the effects of these open orbits on the 

electrical conduction. In a parallel magnetic field (Bx, 0, 0), the velocity vz of the 

electrons on the open orbit is given by Eq. (4.36). Substituting it into the Chambers 

formula Eq. (4.15), we obtain the following simple solution [22], 

σzz(Bx) = σzz(0) 
1 

1 + (kF cωcτ)2 
, (4.43) 

where the cyclotron frequency is defined as ωc = eBx/mc and σzz(0) is given in 

Eq. (4.22). This is derived in Appendix 4.4. The resistivity is given by 

ρzz(Bx) = 1/σzz(Bx) = ρzz(0) 1 + (kF cωcτ)2. (4.44)
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Fig. 4.20 a Magnetic field dependence of the interlayer resistance ρzz(Bx) for the quasi-2D 

organic conductor (BEDT-TTF)3Cl(DFBIB) (reproduced with permission from [22]), b ρ2 
zz(Bx) 

versus B2 
x plot, c Calculated 2D Fermi surface of (BEDT-TTF)3Cl(DFBIB) [23] 

This equation can be applied to the entire range of magnetic fields, from weak 

to strong. It is approximated as ρzz(Bx) − ρzz(0) ∝ B2 
x at low magnetic fields and 

ρzz(Bx) ∝ Bx at high magnetic fields. Squaring both sides of Eq. (4.44), we have 

ρ2 
zz(Bx) = ρ2 

zz(0) + α2B2 
x , α  = 

π 
4kF 

2em2 
c t

2 
c 

. (4.45) 

Therefore, in the plot of ρ2 
zz(Bx) versus B

2 
x , the intercept gives ρ

2 
zz(0) and 

the slope gives α2, which is independent of temperature and scattering time. 

Figure 4.20a and b respectively presents the magnetic field dependence of 

the interlayer resistance ρzz(Bx) and ρ2 
zz(Bx) at different temperatures for a 

quasi-2D organic conductor (BEDT-TTF)3Cl(DFBIB), where DFBIB stands for 

1,4-difluoro-2,5-bis(iodoethynyl)benzene. This conductor has a triclinic struc-

ture, whose calculated Fermi surface is depicted in Fig. 4.20c [23]. From 

the temperature-independent slope we obtain the material-dependent parameter 

kF /m
2 
c t

2 
c . 

4.8 Case for Quasi-1D Fermi Surface 

So far, we have focused our discussion only on quasi-2D Fermi surfaces. In this 

section, we will consider the orbital motion of the electrons on quasi-1D Fermi 

surfaces. No quantum oscillations arise from quasi-1D Fermi surfaces due to the 

absence of extremal cross sections. However, as in the case of AMRO for quasi-

2D Fermi surfaces, a characteristic angle-dependent magnetoresistance can also 

be observed for quasi-1D Fermi surfaces. From the results, we can obtain the 

information on the quasi-1D Fermi surfaces.
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4.8.1 Orbital Motion 

We consider a simple energy band forming a quasi-1D Fermi surface with the 

orthorhombic lattice constants a, b, and c, 

E(k) = vF (|kx| − kF ) − 2tb cos kyb − 2tc cos(kzc), (vF > 0), (4.46) 

where vF kF > 2tb 2tc. The energy dispersion in the kx-axis is approximated by 

a linear function, which is reasonable in a narrow energy range. The energy band 

and Fermi surface are depicted in Fig. 4.21a and b, respectively. For tb = tc = 0, 

we note that EF = 0 at |kx| = kF . This band gives the velocity in real space, 

vx = 
∂E 

∂kx 
= vF for kx > 0, 

= −vF for kx < 0. (4.47) 

Here we define the magnetic field direction (θ, ϕ) as shown in the inset of 

Fig. 4.21b. In the magnetic field, the orbital motion of the electrons is indicated 

by the dotted curves. From k̇ = F = −ev × B, we have  

k̇y = e(vxBz − vzBx) ≈ evxBz, (4.48) 

k̇z = e vyBx − vxBy , (4.49) 

where k̇y k̇z is the velocity along the ky(kz)-axis in k-space. The time to pass the 

Brillouin zone in the ky-axis is Ty = (2π/b)/ k̇y , which is defined as the period 

of the orbital motion of the electrons. The angular frequency of the motion ωz has

kx 

EF 

a b  

kF 

0

-kF 

vF 

F 

 

kz 

kx ky 

 

B 

Fig. 4.21 a 1D energy bands given by Eq. (4.46), b Quasi-1D Fermi surface formed by the 

energy bands and definition of the magnetic field angles. Dotted curves show the electron orbits 

in magnetic field 
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the relation Ty = 2π/ωz . Similarly, the period of the orbital motion in the kz-axis 

is defined by Tz = (2π/c)/ k̇z = 2π/ωy. Taking k̇z ≈ −evxBy in Eq. (4.49) and 

|vx| = vF from Eq. (4.47), we have 

ωz = 
vF beBz 

, ωy = 
vF ceBy 

. (4.50) 

These values are defined as the angular frequencies of the periodic motions 

on the 1D Fermi surface. By integrating Eq. (4.48) over time, we have kyb = 

ωzt + ky0b for kx > 0. The y-axis velocity is 

vy(t) = 
∂E 

∂ky 
= 

2tbb 
sin kyb = 

2tbb 
sin ωzt + ky0b . (4.51) 

Substituting Eq. (4.51) into Eq. (4.49), we have 

k̇z = 
2tbb 

eBx sin ωzt + ky0b − evF By. (4.52) 

Integrating Eq. (4.52) over time, we obtain 

kzc = −γ cos ωzt + ky0b − ωyt + kz0c + γ cos ky0b , (4.53) 

where 

γ = 
2tbc 

vF 

Bx 

Bz 

. (4.54) 

Note kz = kz0 at t = 0. Therefore, the z-axis velocity is written as 

vz(k(t)) = 
2tcc 

sin(kzc) 

= 
2tcc 

sin −γ cos ωzt + ky0b −ωyt + kz0c + γ cos ky0b . (4.55) 

For kx < 0, we have  ωy → −ωy, ωz → −ωz, γ  → −γ in Eqs. (4.51) and (4.55) 

because vx = −vF . In this way, we obtain all the velocity components, vx, vy, vz 
and thus can calculate the conductivity tensor according to the Chambers formula.
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4.8.2 AMRO for Quasi-1D Fermi Surface 

First, we obtain the AMRO formula at general magnetic field angles (θ, ϕ) 

as defined in Fig. 4.21b. By substituting Eq. (4.55) into Eq. (4.15), the z-axis 

conductivity is calculated as [17] 

σ 
1D 
zz (B) = σ 

1D 
zz (0) 

∞ 

±,n=−∞ 

J 2 n (γ )/2 

1 + nωz ± ωy 
2 
τ 2 

= σ 
1D 
zz (0) 

∞ 

±,n=−∞ 

J 2 n (γ )/2 

1 + 
vF eB 

2 
[nb cos(θ ) ± c sin(θ ) sin(ϕ)]2τ 2 

, (4.56) 

σ 
1D 
zz (0) = 2D(EF ) 

etcc 
2 

τ, D(EF ) =
2 

πbc vF 
, (4.57) 

where D(EF ) is the density of states including the spin degree of freedom per 

unit volume. The sign ± in Σ means to take the sum of both signs. The above 

formula is derived in Appendix 4.5. Because of the Bessel function J 2 n (γ ) and 

the term [nbcos(θ ) ± csin(θ )sin(ϕ)]2 in the denominator, Eq. (4.56) produces a 

complicated angular dependence as seen below. 

As discussed in Sect. 4.5, even in the case of weakly incoherent transport for 

the quasi-2D Fermi surface, the same AMRO formula, Eq. (4.21) is obtained. For 

the quasi-1D Fermi surface, the AMRO is also calculated based on a quantum 

tunneling picture in the whole angle region [24]. Surprisingly, as long as Bx is not 

in the strong limit, the same AMRO formula as Eq. (4.56) is obtained even in the 

incoherent limit (tc /τ ). Therefore, Eq. (4.56) is a general formula available 

in a wide range of the scattering time. At a strong magnetic field in the x-axis, 

new Aharonov-Bohm-type oscillations are discussed [17, 24, 25] 

By substituting Eq. (4.47) into Eq. (4.15), we similarly obtain 

σ 
1D 
xx (B) = D(EF )(evF )

2τ = D(EF )EF 

e2τ 

mc 

= 
Nee

2τ 

mc 

= σ 
1D 
xx (0), (4.58) 

where EF = vF kF = mcv
2 
F and Ne = D(EF )EF is the number of electrons per 

unit volume. By substituting Eq. (4.51) into Eq. (4.15), the other components are 

obtained as 

σ 
1D 
yy (B) = 2D(EF ) 

etbb 
2 

τ 

1 + (ωzτ)2 
= σ 

1D 
yy (0) 

1 

1 + (ωzτ)2 
, 

σ 
1D 
yy (0) = 2D(EF ) 

etbb 
2 

τ. (4.59)
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It is easily verified that σ 
1D 
xy = σ 

1D 
yz = σ 

1D 
zx = 0. In this way, we obtain the 

conductivity tensor, 

σ 
1D = 

 

 

σ 
1D 
xx 0 0  

0 σ 
1D 
yy 0 

0 0  σ 
1D 
zz 

 

 

= 

 







 

σ 
1D 
xx (0) 0 0  

0 σ 
1D 
yy (0)

1 
1+(ωzτ)2

0 

0 0 σ 
1D 
zz (0) 

∞ 

±,n=−∞ 

J 2 n (γ )/2 

1+(nωz±ωy)
2 
τ 2 

 









. (4.60) 

The term σ 
1D 
xx is independent of the magnetic field, and all off-diagonal compo-

nents are zero, reflecting the fact that all electrons can move almost exclusively in 

the kx direction. Since the tensor σ 
1D has only diagonal components, the resistivity 

tensor ρ1D is simply given by 

ρ
1D = 

 

 

ρ1D 
xx 0 0  

0 ρ1D 
yy 0 

0 0  ρ1D 
zz 

 

 = 

 

 

1/σ 
1D 
xx 0 0  

0 1/σ 
1D 
yy 0 

0 0 1/σ 
1D 
zz 

 

. (4.61) 

Figure 4.22 shows the calculated results of ρ1D 
zz (θ )/ρ1D 

zz (0) = σ 
1D 
zz (0)/σ 

1D 
zz (θ ) 

with the parameters vF / vF = 0.24, (vF eBb/ )τ = 15 and c/b = 1, where 

ρ1D 
zz (0) = 1/σ 

1D 
zz (0). In the angle range 5◦ < ϕ  <  90◦, dips appear as indicated 

by the arrows in Fig. 4.22. At lower ϕ, sharp peaks are evident as indicated by the 

arrows in Fig. 4.22b. The origins of these behaviors are discussed below.

Next, we see what happens at the magnetic field in the xz plane (Bx, 0, Bz). The 

averaged velocity in the z-axis vz(t) is given by 

vz(t) = 
1 

Ty 

2tcc 
Ty 

0 

sin −γ cos ωzt + ky0b + kz0c + γ cos ky0b dt 

= 
1 

2π 

2tcc 
sin kz0c + γ cos ky0b 

2π 

0 

cos −γ cos α + ky0b dα 

= 
2tcc 

sin kz0c + γ cos ky0b J0(γ ), (4.62) 

where ωzt = α and Ty = 2π/ωz . Since vz(t) is expressed by the Bessel function 

J0(γ ), vz(t) vanishes when 

γ = 
2tbc 

vF 

Bx 

Bz 

= 
2tbc 

vF 
tanθn = ±π n − 

1 

4 
, n = 1, 2, 3, . . . . (4.63)
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Fig. 4.22 Calculated results of ρ1D 
zz (θ )/ρ1D 

zz (0) by Eq. (4.56). Parameters used are 

vF / vF = 0.24, (vF eBb/ )τ = 15 and c/b = 1. a Results for ϕ = 

0◦, 2◦, 5◦, 10◦, 20◦, 30◦, 40◦, 50◦, 70◦, 90◦. Arrows indicate dips with nL = 1 or 2 in  Eq. (4.73). 

b Calculated results for ϕ = 0◦ ∼ 9◦ with 1◦ step. Arrows indicate peaks with n = 1 or 2 in  

Eq. (4.63) for  ϕ = 0◦

Therefore, the resistance in the z-axis has periodic peaks as a function of tanθ , 

which is very similar to the case for the quasi-2D Fermi surface, Eq. (4.9). 

In the magnetic field (Bx, 0, Bz), we have  ωy = 0, and thus Eq. (4.56) is written 

as 

σ 
1D 
zz (B) = σ 

1D 
zz (0) 

∞ 

n=−∞ 

J 2 n 
2tbc 
vF 

tan θ 

1 + (nωzτ )2 
. (4.64) 

Note that this functional form is almost identical to the AMRO for the quasi-

2D Fermi surface, Eq. (4.21). Figure 4.23a shows the AMRO observed in the 

quasi-1D organic conductor (TMTSF)2ClO4 [26]. This conductor has four sheets 

(two pairs) of quasi-1D Fermi surface because the superlattice potential is formed 

due to the ClO4 anion order at 24 K as illustrated in Fig. 1.10f: the b-axis is 

doubled (b = 2b). Nevertheless, each pair of the bands can be approximated 

by Eq. (4.46) and thus Eq. (4.64) is available to the case of the four sheets. The 

calculated results ρ1D 
zz (θ )/ρ1D 

zz (0) = σ 
1D 
zz (0)/σ 

1D 
zz (θ ) by Eq. (4.64) are presented in 

Fig. 4.23b. For simplicity, the same parameters vF / vF = 0.24 and c/b = 1 are 

used as in Fig. 4.22. As  (vF eBb/ )τ increases, the peaks indicated by the arrows 

become evident. For (vF eBb/ )τ = 15, the overall features are consistent with the 

experimental result for B = 8 T in Fig. 4.23a. However, the peak at θ = 90◦ is
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Fig. 4.23 a AMRO observed in quasi-1D organic conductor (TMTSF)2ClO4 (reproduced with 

permission from [26]). The Fermi surface consists of four sheets (two pairs) as depicted in the 

upper inset. The magnetic field is rotated in the kzkx plane. The zero resistance near θ = 90◦ 

in a low magnetic field range arises from the superconductivity. Coherence peaks (indicated by 

arrows) are observed at θ = 90◦ in a high magnetic field range. The lower inset is the close-up 

of the coherence peak for B = 8 T.  b Calculated results of ρ1D 
zz (θ )/ρ1D 

zz (0) = σ 
1D 
zz (0)/σ 

1D 
zz (θ ) by 

Eq. (4.64) with the parameters, vF / vF = 0.24 and c/b = 1. Arrows indicate the AMRO peaks 

with n = 1 and 2  

not reproduced by Eq. (4.64) since the effect of the small closed orbits on the side 

of the Fermi surface is not included in the calculation as discussed below. 

4.8.3 Coherence Peak 

As in the case of the quasi-2D Fermi surface, closed orbits on the convex sur-

face around (∼ kF , 0, 0) and on the concave surface around (∼ kF , ±π/b, ±π/c) 

appear on the side of the Fermi surface in a magnetic field parallel to the kx-

axis for the quasi-1D Fermi surface, as shown in Fig. 4.24a. In the magnetic field 

(Bx, 0, 0), we have k̇y = −evzBx and k̇z = evyBx from k̇ = F = −ev × B. 

Using vi = (1/ )∂E/∂ki, the velocities are given by 

vy = 
2tbb 

sin kyb , vz = 
2tcc 

sin(kzc), (4.65)

and thus 

k̈y = −
ev̇zBx = −  

eBx 2tcc
2 

cos(kzc)k̇z = −  
eBx 2tcc

2 

cos(kzc) 
evyBx 

= −  
eBx 

2 
2tcc

2 

cos(kzc) 
2tbb 

sin kyb . (4.66)
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Fig. 4.24 a Quasi-1D Fermi surfaces and closed orbits for B kx . Dotted curves show 

cyclotron orbits on the convex surface around (~kF , 0, 0) and on the concave surface around 

(~kF , ±π/b, ±π/c) in magnetic field parallel to the kx-axis. The closed orbits disappear when 

the magnetic field is tilted toward the kz-axis or the ky-axis, whose critical angles are θc and ϕc, 

respectively. b Orbital (helical) motion in real space corresponding to the cyclotron orbit around 

(~kF , 0, 0)

Similarly, we have 

k̈z = −  
eBx 

2 
2tbb

2 

cos kyb 
2tcc 

sin(kzc). 

For the closed orbit around (∼ kF , 0, 0), by approximating cos(kzc) ≈ 

1, sin kyb ≈ kyb, cos kyc ≈ 1, and sin(kzc) ≈ kzc, we obtain the equations 

of the motion on the Fermi surface, 

k̈y = −  
2 
c ky, k̈z = −  

2 
c kz. (4.67) 

The cyclotron frequency is given by 

c = 
2eBxbc 

2

√
tbtc. (4.68) 

In real space, the electron undergoes a helical motion in the x-axis as shown in 

Fig. 4.24b. 

The cyclotron orbit around (∼ kF , ±π/b, ±π/c) has the same cyclotron fre-

quency as that around (∼ kF , 0, 0), but the rotation direction is opposite. In both 

cases, the cyclotron motion on the Fermi surface without being scattered leads to 

the coherence motion even in the least conducting z-axis. 

From Eq. (4.46), we have 

∂kz 

∂kx 
=

vF 

2tcc |sin(kzc)|
. (4.69)
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This function has an inflection point at kz = π/2c. As seen in Fig. 4.16b, when 

the magnetic field is tilted from the kx-axis to the kz-axis, the closed orbits on the 

convex and concave surfaces disappear at the inflection point, which is defined as 

the critical angle θc, 

π 

2 
− θc ≡ peak = 

∂kx 

∂kz kz=π/2c 

= 
2tcc 

vF 
= 

2tc 

EF 

kF c. (4.70) 

Here the Fermi energy is defined as EF = vF kF . In the small angle range π/2 − 

θc < θ  <  π/2 + θc, the closed orbits on the Fermi surface are formed. The 

result is identical to Eq. (4.40) except for the factor 2. As discussed in Sect. 4.6.2, 

the closed orbit does not contribute to the z-axis conductivity; the z-axis velocity 

averaged over the closed orbits vanishes, vz(t) 0. As the magnetic field is 

tilted from the x-axis, the closed orbits disappear and then the z-axis conductivity 

is enhanced; the resistance shows the peak at θ = 90◦ as indicated by the arrows 

in Fig. 4.23a. The peak at θ = 90◦ is verified in numerical calculations by the 

Chambers formula for the energy band given by Eq. (4.46) [26], which includes 

the effect of the small closed orbits on the side of the Fermi surface. This peak at 

θ = 90◦ is also recognized as the coherence peak as discussed for the quasi-2D 

Fermi surface in Sect. 4.6. 

Another model describing the quasi-1D energy band is given by [27] 

E(k) = ε − 2tacos(kxa) − 2tbcos kyb − 2tccos(kzc), (4.71) 

where the tight binding approximation is used in all directions. Unlike Eq. (4.46), 

this energy band makes higher order corrugations of the Fermi surface. Taking 

kx = kF , and kz = π/2c, we can define the peak width 

peak = 
∂kx 

∂kz kz=π/2c 

= 
tcc 

taa 

sin(kzc) 

sin(kxa) 
=

tcc 

taa sin(kF a) 
. (4.72) 

If the energy band is half-filled (kF = π/2a), the volume of the states occupied 

by the electrons is a half of the first Brillouin zone. It gives peak = tcc/taa. 

For the quasi-1D organic conductor (TMTSF)2ClO4, substituting the reasonable 

values, a = 0.73 nm, c = 1.35 nm, ta = 200 meV, and tc = 2 meV, we obtain 

peak = 1◦. This coherence peak width is roughly consistent with the result in 
Fig. 4.23. 

4.8.4 Lebed Magic Angle 

Returning to Eq. (4.56), we see the conductivity σ 
1D 
zz (B) for the ϕ 0◦ rotation. 

The AMRO in this rotation is different from that for the quasi-2D Fermi surface, 

Eq. (4.21). Equation (4.56) shows that the conductivity (resistance) has a peak
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(dip) when the magnetic field angle satisfies the relation nωz±ωy = 0. Substituting 

Eq. (4.50) into the relation, we define the angles θL as 

tan θL = 
By 

Bz 

= 
nLb 

c 
(nL = ±1, ±2, ±3, . . .), (4.73) 

which are called Lebed magic angles [28]. In particular, for the ϕ = 90◦ rotation 

(kykz plane) in Fig. 4.21b, we have γ = 0. Since J0(0) = 1 and Jn>0(0) = 0, the 

conductivity is given by 

σ 
1D 
zz (B) = σ 

1D 
zz (0) 

1 

1 + ω2 
y τ 2 

= σ 
1D 
zz (0) 

1 

1 + ω2 
y0τ 2sin2(θ ) 

, (4.74) 

where ωy = vF ceBy/ = (vF ce/ )B sin θ = ωy0 sin θ . Figure 4.25a shows the 

calculated results of ρ1D 
zz (θ ) = 1/σ 

1D 
zz (θ ) = ρ1D 

zz (0) 1 + ω2 
y0τ 

2sin2(θ ) at dif-

ferent ωy0τ values. This rotation produces smooth sinusoidal curves without any 

particular structure. 

Figure 4.25b shows the z-axis resistance for the quasi-1D organic conductor 

(TMTSF)2PF6 [29], whose Fermi surfaces are identical to the inset of a. When 

the magnetic field is rotated in the kykz plane, the interlayer resistance Rzz shows 

characteristic behavior. At low magnetic fields, Rzz has a sinusoidal anisotropy 

with broad maxima at θ = ±90◦, which is consistent with the calculated results 
in Fig. 4.25a. At high magnetic fields, however, Rzz shows the opposite anisotropy

Fig. 4.25 a Calculated results of the z-axis resistivity by Eq. (4.74) for magnetic field rotation 

in kykz plane. Inset: quasi-1D Fermi surface. b Resistance for the quasi-1D organic conductor 

(TMTSF)2PF6 (reproduced with permission from [29]). Arrows indicate the dips at θL with nL = 

±1. 
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(minima at θ = ±90◦) accompanied by sharp dips at the angles indicated by the 

arrows. The angles of the sharp dips correspond to the Lebed magic angles θL 
with nL = ±1 (ωz = ±ωy) in Eq. (4.73). The sharp resistance dips at these angles 

can be qualitatively explained by the numerical calculations based on the energy 

band in Eq. (4.71) [27], but not by the band in Eq. (4.46). The fact shows that the 

higher order corrugation of the Fermi surface is required to reproduce the sharp 

dips. For the ϕ 0(γ 0) rotation, the term [nbcos(θ ) ± csin(θ )sin(ϕ)]2 of the 

denominator in Eq. (4.56) leads to the dips in the resistance at θL as already seen 

in Fig. 4.22a. 

A significant point is that the numerical calculation cannot reproduce the back-

ground resistance with the opposite anisotropy observed at the high magnetic fields 

(minima at θ = ±90◦). This suggests the presence of another mechanism of the 

interlayer conduction, which is not included in the Chambers formula. As a pos-

sible cause, magnetic-field-induced incoherent interlayer conduction based on the 

geometry of the Fermi surfaces has been discussed [30–32]. Although the mech-

anism of the opposite anisotropy remains controversial, the interlayer resistivity 

dips at the Lebed magic angles in Fig. 4.25b can be ascribed to the periodic orbital 

motion on the quasi-1D Fermi surface. 

4.8.5 Third Angular Effect 

Let us see what happens when the magnetic field is rotated in the kxky plane. In 

this rotation (Bz = 0), Eq. (4.56) cannot be used because γ → ∞. We take k̇z = 

evyBx − evF By in Eq. (4.49) and vy = (2tbb/ ) sin kyb → (2tbb/ ) sin ky0b in 

Eq. (4.65) for simplicity. By integrating k̇z over time, we have 

kzc = −  
vF ceBy 

t + kz0c + 
vyceBx 

= −
vF ceBy 

t + kz0c + 
ceBx 2tbb 

sin ky0b t 

= kz0c − sin(ϕ) − ηcos(ϕ) sin ky0b ωy0t 

= kz0c − 1Dt, (4.75) 

where By = Bsin(ϕ), Bx = Bcos(ϕ), ωy0 = (vF ce/ )B and 1D = 

sin(ϕ) − ηcos(ϕ) sin ky0b ωy0. The parameter 

η = 
2tbb 

vF 
= 

2tb 

EF 

kF b (4.76) 

shows the relative strength of the Fermi surface corrugation 2tb to the Fermi energy 

EF . The velocity is given by 

vz(k(t)) = 
2tcc 

sin(kzc) = 
2tcc 

sin(kz0c − 1Dt). (4.77)
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By substituting Eq. (4.75) into Eq. (4.15), σ 
1D 
zz is calculated as [33], 

σ 
1D 
zz (B) = σ 

1D 
zz (0) 

X + 

√
X 2 + 4Y 2 

√
2 
√
X 2 + 4Y 2 

, σ  
1D 
zz (0) = 2D(EF ) 

etcc 
2 

τ, (4.78) 

where X = 1− Y 2 − Z2 , Y = ωy0τ sin(ϕ), and Z = ηωy0τ cos(ϕ). This is derived 

in Appendix 4.6. 

Taking η = 0(Z = 0), we obtain σ 
1D 
zz (B) = σ 

1D 
zz (0)/ 1 + ω2 

y τ 
2 , consistent 

with Eq. (4.74). It is easy to calculate the other components of the conductivity 

tensor in this approximation, 

σ 
1D 
xx (B) = D(EF )(evF )

2τ = σ 
1D 
xx (0), σ  

1D 
yy (B) = 2D(EF ) 

etbb 
2 

τ = σ 
1D 
yy (0). 

(4.79) 

All off-diagonal components vanish. The conductivity tensor in the magnetic 

field (Bcos(ϕ), Bsin(ϕ), 0) is summarized as 

σ 
1D = 

 

 

σ 
1D 
xx 0 0  

0 σ 
1D 
yy 0 

0 0 σ 
1D 
zz 

 

 = 

 





 

σ 
1D 
xx (0) 0 0  

0 σ 
1D 
yy (0) 0 

0 0 σ 
1D 
zz (0)

√
X + 

√
X 2+4Y 2 √

2 
√
X 2+4Y 2 

 







. (4.80) 

Note that only σ 
1D 
zz (B) depends on the magnetic field. The z-axis resistivity is 

written as ρ1D 
zz (B) = 1/σ 

1D 
zz (B). 

The results of the z-axis resistance for the quasi-1D conductor (TMTSF)2ClO4 

are presented in Fig. 4.26a at different magnetic fields. At low magnetic fields, 

Rzz shows a sinusoidal curve with a minimum at θ = 0. As the magnetic field 

increases, Rzz becomes large accompanied by kinks or dips near θ = 0 as indicated 

by arrows. The kinks or dips are called the third angular effect [34], which are 

recognized as the effect of the small closed orbits formed on the Fermi surface. As 

seen in Fig. 4.24a, the small closed orbits are formed on the convex and concave 

surfaces for B kx. When the magnetic field is tilted toward the ky-axis, the closed 

orbits disappear at a critical angle ϕc. As discussed in Sect. 4.8.3, the critical angle 

corresponds to the inflection point (ky = π/2b) of the Fermi surface in the kxky 
plane, 

ϕc = 
∂kx 

∂ky ky=π/2b 

= 
2tbb 

vF 
= 

2tb 

EF 

kF b. (4.81)

This quantity is identical to η in Eq. (4.76). For the energy band given by 

Eq. (4.71), taking kx = kF = π/2a, and ky = π/2b, we can define the critical 

angle, 

ϕc = 
∂kx 

∂ky ky=π/2b 

= 
tbb 

taa 
. (4.82)
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Fig. 4.26 a Resistance of the quasi-1D organic conductor (TMTSF)2ClO4 for the magnetic field 

rotation in the kxky plane (reproduced with permission from [34]). Inset: four sheets of the quasi-1D 

Fermi surface in (TMTSF)2ClO4. b Calculated results of the z-axis resistivity ρ
1D 
zz (B) = 1/σ 

1D 
zz (B) 

for η = 0.3 by Eq. (4.78), where ρ1D 
zz (0) = 1/σ 

1D 
zz (0)

The b-axis needs to be doubled due to the ClO4 anion order at low temperatures 

for (TMTSF)2ClO4. Using the appropriate values, b → 2b = 1.54 nm, 2tb/EF ≈ 

0.09, and kF ≈ π/2a (a = 0.73 nm), the resistivity σ 
1D 
zz (ϕ) = 1/σ 

1D 
zz (ϕ) for 

η = 0.3 is calculated at different ωy0τ values in Fig. 4.26b. We obtain ϕc = 

(2tb/EF )kF b = η ≈ 0.3 rad ≈ 17◦, which is in agreement with the experimental 

results. Detailed numerical calculations of the time-averaged velocity vz have 

been made on the quasi-1D Fermi surface at a magnetic field in the kykz plane 

[35]. The results consistently show that the third angular effect arises from the 

incomplete cancelation of vz over the closed orbits. Another picture to explain the 

third angular effect [36, 37] is the presence of “effective carriers” with open orbits 

near the inflection points. As the magnetic field direction approaches ϕc, more 

electrons near the inflection points contribute to the conductivity, resulting in the 

kinks or dips in the z-axis resistance. Although the detailed interpretation is still 

controversial, it is clear that the kinks or dips are related to the orbital motion of 

the electrons near the inflection points of the Fermi surface. 

If the kink or dip is related to the small closed orbit on the side of the Fermi 

surface, the threshold magnetic field Bc can be defined as cτ = 1 in Eq. (4.68), 

Bc = 

2 

2ebcτ
√
tbtc 

. (4.83) 

The kink or dip will be observed for B > Bc cτ >  1). Using the reasonable 

values, a = 0.73 nm, c = 1.35 nm, tb = 10 meV, and tc = 2 meV, and 

τ = 10−11 s, we obtain Bc = 2.3 T. This value is in reasonable agreement with 

the experimental results of Fig. 4.26a. As described above, a variety of behaviors
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Table. 4.1 Features of z-axis resistance for quasi-1D Fermi surface 

Orbital motion in magnetic field Features of z-axis resistance 

B in kxkz plane, B(Bx, 0, Bz) Periodic peaks at θn, 

2tbc 
vF 

tan θn = ±π (n − 1/4), 

(n = 1, 2, 3, . . .) 

B in kykz plane, B 0, By, Bz Sharp dips at Lebed magic angles θL,tan θL = 
By 
Bz 

= 
nLb 
c 

(nL = ±1, ±2, ±3, . . .) 

B in kxky plane, B Bx, By, 0 Kink or dip at ϕc,ϕc = 
2tb 
EF 

kF b or 
tbb 
taa 

appear in the z-axis resistance for the quasi-1D Fermi surface. The results are 

summarized in Table 4.1. 

4.9 Summary 

We summarize the Table 4.2 physical quantities obtained from the angular depen-

dence of the z-axis resistance in low-dimensional electron systems. Although we 

cannot determine each physical quantity from a single-independent measurement, 

we can obtain various microscopic information about the Fermi surface from the 

complementary measurements Table 4.3. 

4.9.1 Quasi-2D Fermi Surface 

See Table 4.2.

4.9.2 Quasi-1D Fermi Surface 

Table 4.3.
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Table. 4.2 Summary of physical quantities obtained from the angle dependence of the z-axis 

resistance for quasi-2D Fermi surface 

Energy band of quasi-2D Fermi surface: 

E = 
2 

2mc 
k2 x + k2 y − 2tccos(kzc) 

Physical quantity Method of observation and related expression 

kF AMRO period (periodic peaks): tan θ)  = 
π 

kF c 
. 

τ , kF , mc AMRO amplitude:ρzz(B) = 
1 

σzz (B) 
, σzz(B) = 

σzz(0)
∞ 

n=−∞ 

J 2 n (kF c tan θ ) 

1+(nωcτ)2 
, ωc = 

eBz 
mc 

. 

tc, EF , kF Coherence peak width: peak = 
2mc tcc 

2kF 
= 

tc 
EF 

kF c. 

τ, mc, tc Threshold magnetic field of coherence peak: Bc = 
ecτ 

mc 

2tc 
. 

τ, kF , mc Magnetic field dependence for B⊥z (B layer): 

ρzz(B) = ρzz(0) 1 + (kF cωcτ)2, ωc = eBx/mc.

Table. 4.3 Summary of physical quantities obtained from the angle dependence of the z-axis 

resistance for quasi-1D Fermi surface 

Energy band of quasi-1D Fermi surface: 

E(k) = vF (|kx| − kF ) − 2tbcos kyb − 2tccos(kzc) 

or 

E(k) = ε − 2tacos(kxa) − 2tbcos kyb − 2tccos(kzc) 

Physical quantity Method of observation and related expression 

tb, vF , EF , kF AMRO period (periodic peaks) for kxkz rotation: 

2tbc 
vF 

tan θn = 
2tbkF c 
EF 

tan θn = ±π n − 
1 
4 

, n = 1, 2, 3, . . .  

tc, vF , EF , kF Coherence peak width for kxkz rotation: 

peak = 
2tcc 
vF 

= 
2tckF c 
EF 

or tcc 
taa sin(kF a) 

. 

tb, vF , EF , kF Kink or dip angle for kxky rotation: 

ϕc = 
2tbb 
vF 

= 
2tbkF b 
EF 

or
tbb 

taasin(kF a) 
. 

tb, tc, τ Threshold magnetic field of coherence peak or third angular effect: 

Bc =
2 

2ebcτ 
√
tbtc 

.
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Appendix 4.1 

The Chambers formula can be derived as follows. Let fk(r, t) be the local electron 

density with a wave number vector k at a time t. Assume that the temperature is 

constant and homogeneous, the number of electrons is conserved, and the elec-

tronic state is in a steady state. It means that the number of electrons entering and 

leaving a microscopic space is equal. Since k in fk(r, t) is time-dependent, the time 

variation of the local electron density in an electric field E is given by 

∂fk(r, t) 

∂t 
= k̇ · 

∂fk(r, t) 

∂k
= −  

eE 
· 
∂fk(r, t) 

∂k 
. (4.84) 

Here the equation of motion F = k̇ = −eE is used. Since the density fk(r, t) is 

regarded as the Fermi distribution function fk(r, t) = f (Ek), 

∂fk(r, t) 

∂k 
= 

∂f (Ek) 

∂Ek 

∂Ek 

∂k 
= vk(t) 

∂f (Ek) 

∂Ek 

, (4.85) 

and thus 

∂fk(r, t) 

∂t 
= −evk(t) · E 

∂f (Ek) 

∂Ek 

. (4.86) 

Assuming that the electric field is sufficiently small and the steady-state den-

sity deviates slightly from the thermal equilibrium density f 
(0) 
k (r, t), we define the 

deviation as 

gk(r, t) = f 
(0) 
k (r, t) − fk(r, t). 

Next, we consider the scattering effect on the steady state. The electrons are 

accelerated by the electric field but the acceleration is interrupted by the scattering. 

This scattering effect will be written as 

∂gk(t) 

∂t 
= −  

gk(t) 

τ 
. (4.87) 

If the electric field becomes zero at t = 0, we have the solution gk(t) = 

gk(0) exp(−t/τ ), which means that the electron density comes back to the thermal 

equilibrium state, gk(t) → 0 for t → ∞. The deviation under a constant electric 

field is generally given by 

gk(t) = −
1 

τ 

t 

−∞ 

dt gk t exp t /τ . (4.88)
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Differentiating both sides by t and t → 0, we find that Eq. (4.87) is satisfied. 

Note that the origin of time can be chosen arbitrarily without loss of generality, 

so the upper limit of this integral can be set to t = 0. This equation implies that 

the deviation from the thermal equilibrium density at time t is influenced by the 

previous deviation in the range of ∼ τ . In the steady state, the sum of the variation 

by the electric field, Eq. (4.86) and that by the scattering, Eq. (4.87) must be zero, 

∂fk(r, t) 

∂t 
+ 

∂gk(t) 

∂t
= 0, 

and thus we obtain 

−
gk(t) 

τ 
− evk(t) · E 

∂f (Ek) 

∂Ek 
= 0. (4.89) 

Substituting Eq. (4.89) into the right side of Eq. (4.88), we have, 

gk(0) = −
1 

τ 

0 

−∞ 

dt gk t exp t /τ 

= 
∂f (Ek) 

∂Ek 

0 

−∞ 

dt evk t · E exp t /τ . (4.90) 

The electric current is given by the sum over all k(0) states, 

j = −2 

k(0) 

evk(0)gk(0) 

= −2e2 

k(0) 

vk(0) 
∂f (Ek) 

∂Ek 

0 

−∞ 

dt vk t · E exp t /τ . (4.91) 

The current was doubled by taking the spin degree of freedom into account. 

In Eq. (4.91), vk(0) is oriented in the current direction and only vk t parallel to 

the electric field contributes the integral. The components σij of the conductivity 

tensor σ are defined for j i-axis and E j-axis. By comparing Eq. (4.91) with 

j = σ E, we obtain the Chambers formula, 

σij = 2e2 

k(0) 

− 
df (E) 

dE 
vi(k(0)) 

0 

−∞ 

dt vj(k(t)) exp(t/τ ), i, j = x, y, z.
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Appendix 4.2 

We derive the analytical solution of the AMRO, Eq. (4.21). In the Chambers 

formula, 

σzz(B) = 2e2 

k(0) 

− 
df 

dE 
vz(k(0)) 

0 

−∞ 

dt vz(k(t)) exp(t/τ ), 

we can write −df /dE = δ(EF − E) = mc/ 
2kF δ(kF − k⊥) from the relation 

E = 
2k2⊥/2mc. The sum of k(0) is written as 

k(0) 

− 
df 

dE
→

1 

(2π )3 

π/c 

−π/c 

dkz0 

∞ 

0 

dk⊥ 

π 

−π 

k⊥dϕ0 
mc 

2kF 
δ(kF − k⊥). (4.92) 

By taking Z = kz0c + k⊥c tanθ cosϕ0 in Eq. (4.20), the velocity is expressed as 

vz(k(t)) =
2tcc 

sin[Z − k⊥ctanθ cos(ωct + ϕ0)] 

= vz1(k(t)) + vz2(k(t)), 

vz1(k(t)) =
2tcc 1 

2i 
ei{Z−k⊥ctanθ cos(ωct+ϕ0)}, 

vz2(k(t)) = −  
2tcc 1 

2i 
e−i{Z−k⊥ctanθ cos(ωct+ϕ0)}. (4.93) 

Using the definitions of the nth order Bessel function Jn(z), 

eiz sin α = 

∞ 

n=−∞ 

Jn(z)e
inα , eiz cos α = 

∞ 

n=−∞ 

einπ/2Jn(z)e
inα , (4.94) 

we have the exponential function of vz1(k(t)), 

e−ik⊥c tan θ cos(ωct+ϕ0) = 

∞ 

n=−∞ 

einπ/2Jn(−k⊥c tan θ )ein(ωct+ϕ0) 

= 

∞ 

n=−∞ 

e−inπ/2Jn(k⊥c tan θ )e−in(ωct+ϕ0) . (4.95) 

Here we used the relation,Jn(−z) = J−n(z) and then replaces −n with n. 

Therefore, we obtain 

vz1(k(t)) =
2tcc 1 

2i 
eiZ 

∞ 

n=−∞ 

e−inπ/2Jn(k⊥c tan θ )e−in(ωct+ϕ0) . (4.96)
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Using the relation, 

vz(k(0)) = 
2tcc 

sin(kz0c) = 
2tcc 1 

2i 
eikz0c − e−ikz0c , 

we can calculate the conductivity σzz1 arising from vz1(k(t)), 

σzz1 = 2e2 

k(0) 

− 
df 

dE 
vz(k(0)) 

0 

−∞ 

dt vz1(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

π/c 

−π/c 

dkz0 

∞ 

0 

dk⊥ 

× 

π 

−π 

k⊥dϕ0 
mc 

2kF 
δ(kF − k⊥)vz(k(0)) 

0 

−∞ 

dt vz1(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

mc 

2 

2tcc 
2 −1 

4 

π/c 

−π/c 

dkz0 

π 

−π 

dϕ0 

× 

0 

−∞ 

dt eikz0c − e−ikz0c ei(kzoc+kF ctanθ cosϕ0) 

× 

∞ 

n=−∞ 

e−inπ/2Jn(kF ctanθ )e−in(ωct+ϕ0)et/τ 

= 
2e2 

(2π )3 

mc 

2 

2tcc 
2 

2π 

4c 

π 

−π 

dϕ0 

× 

0 

−∞ 

dteikF ctanθ cosϕ0 

∞ 

n=−∞ 

e−inπ/2Jn(kF ctanθ )e−in(ωct+ϕ0)et/τ , (4.97) 

where 

π 

−π 

dϕ0e
ikF c tan θ cos ϕ0e− inπ 

2 e−in(ωct+ϕ0) = e−inωct 

π 

−π 

dϕ0e
ikF c tan θ cos ϕ0e−in(ϕ0+ π 

2 ) 

= e−inωct 

π 

−π 

dϕ ei(kF c tan θ sin ϕ −nϕ ) 

= 2πJn(kF c tan θ )e−inωct .



Appendix 4.3 191

In the above equation, we put ϕ = ϕ0 +π/2 and changed the integration range 

since the function to be integrated is a periodic function in the range [−π, π ]. In  

the last equality, we used the integral formula of the Bessel function, 

Jn(z) = 
1 

2π 

π 

−π 

ei(z sin α−nα)dα. (4.98) 

In this way, we obtain 

σzz1(B) = 
e2mct

2 
c c 

π 4 

∞ 

n=−∞ 

[Jn(kF c tan θ )]2 

0 

−∞ 

dt e−inωct+t/τ . (4.99) 

Similarly, 

σzz2(B) = 
e2mct

2 
c c 

π 4 

∞ 

n=−∞ 

[Jn(kF c tan θ )]2 

0 

−∞ 

dt einωct+t/τ . (4.100) 

By integrating and summing σzz1(B) and σzz2(B), we obtain the AMRO 

formula, 

σzz(B) = σzz1(B) + σzz2(B) = 
2e2mct

2 
c cτ 

π 4 

∞ 

n=−∞ 

J 2 n (kF c tan θ ) 

1 + (nωcτ)2 
. 

Appendix 4.3 

We calculate σxy(B) by using the Chambers formula. From Eq. (4.23), we have 

vx(0) = 
kx 

mc 

= 
k⊥ 

mc 

cos ϕ0, vy(t) = 
ky 

mc 

= 
k⊥ 

mc 

sin(ωct + ϕ0). 

By substituting these into Eq. (4.15), the Hall conductivity is calculated as 

σxy(B) = 2e2 

k(0) 

− 
df 

dE 
vx(k(0)) 

0 

−∞ 

dt vy(k(t)) exp(t/τ ) 

= 
2e2 

(2π )3 

π/c 

−π/c 

dkz0 

∞ 

0 

dk⊥ 

π 

−π 

k⊥dϕ0 
mc 

2kF 
δ(kF − k⊥)
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× 

0 

−∞ 

dtexp(t/τ ) 
k⊥ 

mc 

2 

cos ϕ0 sin(ωct + ϕ0). 

Using the relation 

cos ϕ0 sin(ωct + ϕ0) = 
1 

4i 
eiϕ0 + e−iϕ0 ei(ωct+ϕ0) − e−i(ωct+ϕ0) , 

we integrate σxy(B) over kz0, k⊥ and ϕ0 and then obtain 

σxy(B) = 
2e2 

(2π )3 

2π 

c 

mc 

2 

kF 

mc 

2 
2π 

4i 

0 

−∞ 

dtet/τ eiωct − e−iωct 

=
mc 

π c 2 

2k2 F 

2mc 

e2 

mc 

−ωcτ 
2 

1 + (ωcτ)2 

= −D(EF )EF 

e2τ 

mc 

ωcτ 

1 + (ωcτ)2 

= −  
Nee

2τ 

mc 

ωcτ 

1 + (ωcτ)2 
. 

Here again, 

D(EF ) = 
mc 

π c 2 
, EF = 

2k2 F 

2mc 

, and Ne = 
k2 F 

2πc 
. 

By using Eq. (4.23), we can easily obtain σxx(B) and σyy(B) in Eq. (4.24). 

Appendix 4.4 

In a parallel magnetic field (Bx, 0, 0), most of the electrons on the quasi-2D Fermi 

surface have open orbits as shown in Fig. 4.27. Using the relation mcvy = ky = 

k⊥sinϕ0 in Eq. (4.36), we have the velocity in the z-axis, 

vz(k(t)) =
2tcc 

sin(kzc) 

= 
2tcc 

sin[kz0c + k⊥cωct sin ϕ0], 

ωc = 
eBx 

mc 

. (4.101)
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kz 

Bx // kx 

ky
0 

Fig. 4.27 Quasi-2D Fermi surface and electron orbits (dotted curves) in parallel magnetic field 

The Chambers formula is written as 

σzz(Bx) = 2e2 

k(0) 

− 
df 

dE 
vz(k(0)) 

0 

−∞ 

dt vz(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

π/c 

−π/c 

dkz0 

∞ 

0 

dk⊥ 

π 

−π 

k⊥dϕ0 
mc 

2kF 
δ(kF − k⊥)vz(k(0)) 

× 

0 

−∞ 

dt vz(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

mc 

2 

2tcc 
2 

π/c 

−π/c 

dkz0 

π 

−π 

dϕ0 

× 

0 

−∞ 

dt et/τ sin(kz0c) sin[kz0c + kF cωct sin ϕ0]. 

Using the relation 

sin(kz0c) sin[kz0c + kF cωct sin ϕ0] 

= −  
1 

4 
eikz0c − e−ikz0c 

× ei(kz0c+kF cωct sin ϕ0) − e−i(kz0c+kF cωct sin ϕ0) ,
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the conductivity is written as 

σzz(Bx) = 
2e2 

(2π )3 

mc 

2 

2tcc 
2 
2π 

c 

1 

4 

π 

−π 

dϕ0 

× 

0 

−∞ 

dt et/τ eikF cωct sin ϕ0 + e−ikF cωct sin ϕ0 

= 
2e2 

(2π )3 

mc 

2 

2tcc 
2 

2π 

4c 

π 

−π 

dϕ0 
2τ 

1 + (kF cωcτ sin ϕ0)
2 
. (4.102) 

Using the following integral formula, 

π 

−π 

dϕ0 
1 

1 + (α sin ϕ0)
2 

=
2π 

√
1 + α2 

, (4.103) 

we obtain Eq. (4.43), 

σzz(Bx) = σzz(0) 
1 

1 + (kF cωcτ)2 
, σzz(0) = 

2e2mct
2 
c cτ 

π 4
. 

Similarly, we can calculate the other components, 

σxx = σyy = 
Nee

2τ 

mc 

, Ne = 
k2 F 

2π c 
, σxy = σyz = σzx = 0. 

In this calculation, the effect of the closed orbits on the side of the Fermi 

surface is not included. The results are consistent with Eqs. (4.24) and (4.25) for 

ωc = eBz/mc = 0. 

Appendix 4.5 

Here we drive Eqs. (4.56) and (4.57). From Eq. (4.55), the velocity is given by 

vz(k(t)) = 
2tcc 

sin(kzc) 

= 
2tcc 

sin −γ cos ωzt + ky0b − ωyt + kz0c + γ cos ky0b . 

Taking Z = −ωyt + kz0c + γ cos ky0b , we define vz1(k(t)) and vz2(k(t)) as 

vz(k(t)) =
2tcc 1 

2i 
ei{Z−γ cos(ωz t+ky0b)} − e−i{Z−γ cos(ωz t+ky0b)}
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= vz1(k(t)) + vz2(k(t)). (4.104) 

From the formula of the nth order Bessel function Jn(z) in Eq. (4.94), 

e−iγ cos(ωz t+ky0b) = 

∞ 

n=−∞ 

einπ/2Jn(−γ )ein(ωz t+ky0b) 

= 

∞ 

n=−∞ 

e−inπ/2Jn(γ )e−in(ωz t+ky0b), (4.105) 

where we used the relation Jn(−z) = J−n(z) and then replaced −n with n. The 

velocity is written as 

vz1(k(t)) =
2tcc 1 

2i 
eiZ 

∞ 

n=−∞ 

e−inπ/2Jn(γ)e−in(ωz t+ky0b). (4.106) 

Similarly, we obtain 

vz2(k(t)) = −  
2tcc 1 

2i 
e−iZ 

∞ 

n=−∞ 

einπ/2Jn(γ)ein(ωz t+ky0b). (4.107) 

For t = 0, the velocity is 

vz(k(0)) =
2tcc 

sin[kz0c] = 
2tcc 1 

2i 
eikz0c − e−ikz0c . 

From the relation df /dE = −δ(EF − E) = (1/ vF )δ(kF − |kx|), the sum is 

written as 

k(0) 

− 
df 

dE
→ 

1 

(2π )3 

π/c 

−π/c 

dkz0 

π/b 

−π/b 

dky0 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|). (4.108) 

The conductivity σ 
1D 
zz1 arising from vz1(k(t)) is 

σ 
1D 
zz1 = 2e2 

k(0) 

− 
df 

dE 
vz(k(0)) 

0 

−∞ 

dt vz1(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

π/c 

−π/c 

dkz0 

π/b 

−π/b 

dky0
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× 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|)vz(k(0)) 

0 

−∞ 

dt vz1(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

2tcc 
2 −1 

4 

π/c 

−π/c 

dkz0 

π/b 

−π/b 

dky0 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|) 

× 

0 

−∞ 

dt eikz0c − e−ikz0c eiZ 
∞ 

n=−∞ 

e− inπ 

2 Jn(γ)e−in(ωz t+ky0b)exp(t/τ ). 

Substituting Z = −ωyt + kz0c + γ cos ky0b into the above equation, we have 

σ 
1D 
zz1 = 

2e2 

(2π )3 

2tcc 
2 

2π 

4c 

× 

π/b 

−π/b 

dky0 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|) 

× 

0 

−∞ 

dt 

∞ 

n=−∞ 

e−i[ωy t−γ cos(ky0b)]e− inπ 

2 Jn(γ )e−in(ωz t+ky0b) exp(t/τ ). (4.109) 

Here we divide the kx integral into two parts, 

π/a 

−π/a 

dkx = 

π/a 

0 

dkx + 

0 

−π/a 

dkx. 

For kx < 0, we have to change ωy → −ωy, ωz → −ωz, γ  → −γ and thus 

σ 
1D 
zz1 = 

2e2 

(2π )3 

1 

vF 

2tcc 
2 

2π 

4c 

π/b 

−π/b 

dky0 

× 

0 

−∞ 

dt 

∞ 

±,n=−∞ 

e±iγ cos(ky0b)e− inπ 

2 Jn(±γ)e−inky0be∓i(nωz+ωy)tet/τ . 

The sign± in Σ means to take the sum of both signs. Using Jn(−z) = J−n(z) 

and then replacing −n with n, the above equation is written as 

σ 
1D 
zz1 = 

2e2 

(2π )3 

1 

vF 

2tcc 
2 

2π 

4c 

π/b 

−π/b 

dky0
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× 

0 

−∞ 

dt 

∞ 

±,n=−∞ 

e±iγ cos(ky0b)e∓ inπ 

2 Jn(γ)e∓inky0be−i(nωz±ωy)tet/τ . (4.110) 

Similarly, we calculate σ 
1D 
zz2 , 

σ 
1D 
zz2 = 

2e2 

(2π )3 

1 

vF 

2tcc 
2 

2π 

4c 

π/b 

−π/b 

dky0 

× 

0 

−∞ 

dt 

∞ 

±,n=−∞ 

e∓iγ cos(ky0b)e± inπ 

2 Jn(γ )e±inky0bei(nωz±ωy)tet/τ . (4.111) 

Taking X = ky0b + π/2, we have the relations, 

π/b 

−π/b 

dky0e
iγ cos(ky0b)e−in(ky0b+π/2) = 

1 

b 

π 

−π 

dXeiγ sin X e−inX = 
2π 

b 
Jn(γ ), 

π/b 

−π/b 

dky0e
−iγ cos(ky0b)ein(ky0b+π/2) = 

1 

b 

π 

−π 

dXe−iγ sin X einX = 
2π 

b 
Jn(γ ), 

and then σ 
1D 
zz1 and σ 

1D 
zz2 are respectively given by 

σ 
1D 
zz1 =

1 

πbc vF 

etcc 
2 ∞ 

±,n=−∞ 

J 2 n (γ ) 

0 

−∞ 

dtet/τ e−i(nωz±ωy)t, (4.112) 

σ 
1D 
zz2 =

1 

π bc vF 

etcc 
2 ∞ 

±,n=−∞ 

J 2 n (γ ) 

0 

−∞ 

dtet/τ ei(nωz±ωy)t . (4.113) 

By integrating them, we obtain Eq. (4.56), 

σ 
1D 
zz (B) = σ 

1D 
zz1 (B) + σ 

1D 
zz2 (B) 

= σ 
1D 
zz (0) 

∞ 

±,n=−∞ 

J 2 n (γ )/2 

1 + nωz ± ωy 
2 
τ 2 

, 

σ 
1D 
zz (0) = 2D(EF ) 

etcc 
2 

τ, 

where D(EF ) = 2/(πbc vF ) is the density of states per unit volume.



198 4 Angle-Dependent Magnetoresistance Oscillation (AMRO)

Appendix 4.6 

We derive Eq. (4.78). Using vz(k(t)) in Eq. (4.77), the conductivity is written as 

σ 
1D 
zz = 2e2 

k(0) 

− 
df 

dE 
vz(k(0)) 

0 

−∞ 

dt vz(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

π/c 

−π/c 

dkz0 

π/b 

−π/b 

dky0 

× 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|)vz(k(0)) 

0 

−∞ 

dt vz(k(t))exp(t/τ ) 

= 
2e2 

(2π )3 

2tcc 
2 

π/c 

−π/c 

dkz0 

π/b 

−π/b 

dky0 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|) 

× 

0 

−∞ 

dt sin(kz0c)sin(kz0c − 1Dt)exp(t/τ ). (4.114) 

Since there are two sheets of the quasi-1D Fermi surface, the kx integral is 

written as 

π/a 

−π/a 

dkx 
1 

vF 
δ(kF − |kx|) = 

2 

vF 
. (4.115) 

By rewriting 

sin(kz0c) sin(kz0c − 1Dt) = sin2(kz0c) cos( 1Dt) − sin(kz0c) cos(kz0c) sin( 1Dt) 

= 
1 − cos(2kz0c) 

2 
cos( 1Dt) − 

sin(2kz0c) 

2 
sin( 1Dt), 

we calculate the integral, 

π/c 

−π/c 

dkz0 

0 

−∞ 

dt sin(kz0c) sin(kz0c − 1Dt) exp(t/τ ) 

= 
π 

c 

0 

−∞ 

dt cos( 1Dt) exp(t/τ ) = 
π 

c 

τ 

1 + ( 1Dτ )2 
. 

(4.116)
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Therefore, we obtain 

σ 
1D 
zz = 

2e2 

(2π )3 

2tcc 
2 

2 

vF 

π 

c 

π/b 

−π/b 

dky0 
τ 

1 + ( 1Dτ )2 
. (4.117) 

Substituting 1D = sin(ϕ) − η cos(ϕ) sin ky0b ωy0 into Eq. (4.117), we 

obtain 

σ 
1D 
zz (B) = σ 

1D 
zz (0) 

X + 

√
X 2 + 4Y 2 

√
2 
√
X 2 + 4Y 2 

, 

σ 
1D 
zz (0) = 2D(EF ) 

etcc 
2 

τ, 

D(EF ) = 2/π bc vF , 

X = 1 − Y 2 − Z2 , Y = ωy0τ sin(ϕ), Z = ηωy0τ cos(ϕ). 

In this calculation, we used the integral formula, 

π 

−π 

dx 
1 

1 + 2b sin(x) + c2 sin2(x) 
= 

πc2 
√
b2 − c2 

× 

 



1 

−2b 
√
b2 − c2 + 2b2 − c2 c2 + 1 

−
1 

2b 
√
b2 − c2 + 2b2 − c2 c2 + 1 

 

. 
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