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Preface

Classic Newtonian mechanics assumes that space and time are continuous every-
where. The basic physical quantities (e.g. speed, acceleration and force) can be
described by an integer-order differential operator; thus, the physical and mechanics
evolutions can be accurately described by using integer-order differential equations,
for example, the Fourier heat conduction equations and Hamilton equations of clas-
sical mechanics. The above scientific research methods and models have achieved
huge success in classical mechanics, acoustics, electromagnetics, heat transfer,
diffusion theory and even in modern quantum mechanics and relativity. However,
physicists, dynamicists and engineers have found that more and more anomalous
phenomena cannot be explained from this viewpoint. For example, Richardson
pointed out that in 1926, a turbulent velocity field is non-differentiable, which may
be a critical obstacle in solving turbulence problems and cannot be tackled by using
the traditional Newtonian mechanics. Moreover, a large number of experiments have
shown that the stress relaxation of the viscoelastic material (including viscoelastic
and rheologymaterials) is non-exponential decay (non-Debye) andhasmemoryprop-
erties. It causes the conventional integer-order viscoelastic constitutive model can
not accurately describe their mechanics behavior. Anomalous diffusion has attracted
widespread concern in recent years, and involves the property of history dependency,
path dependency and global correlation of physical and mechanics processes. It has
been confirmed that classical Darcy law, the Fourier heat conduction law, Newtonian
viscosity and Fickian diffusion law cannot accurately describe the above anomalous
physical and mechanics processes.

From the mechanics modeling viewpoint, standard integer-order time derivative
by local limit definition is not suitable to describe the history-dependent process. On
the contrary, the time-fractional derivative is actually a differential-integral convolu-
tion operator; its integral term can fully reflect the history dependency of the system
function, and is a powerfulmathematical tool formodeling strongmemory-dependent
processes. On the other hand, the fractional Laplace operator (fractional Laplacian)
is a typical non-local space fractional derivative, which can accurately describe the
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anomalous mechanics behavior (such as path dependence and long-range character-
istics) in complex fractal spatial structures. It has overcome the theory of classical
mechanics on the basis of Euclidean geometry and absolute time and space.

Fractional calculus is an ancient and fresh concept. In the early stages of integer-
order calculus history, there are some mathematicians who began to consider the
meaning of fractional calculus, such as L’Hospital, Leibniz and so on. However,
it did not attract more attention and has not been further studied, due to the lack
of application background and many other reasons. With the development of the
natural and social sciences, the demand for complex engineering applications, espe-
cially the fractal study of a variety of complex systems since the 1970s and 1980s,
the theory of fractional calculus and its applications began to receive extensive atten-
tion. From the beginning of the twenty-first century, fractional calculus modeling
methods and theory have achieved successful applications in high-energy physics,
anomalous diffusion, complex viscoelastic material mechanical constitutive rela-
tions, system control, rheology, geophysics, biomedical engineering, economics and
many other fields. Its unique advantages and irreplaceability are highlighted, and
related theoretical and applied research has become a hot spot worldwide.

Meanwhile, the non-local nature of fractional calculus, resulting in the numerical
simulation computation and storage capacity of the fractional derivative governing
equation increases with the size of the problem. Hence, some effective numer-
ical methods designed for integer-order equations are no longer applicable for
fractional-order equations. Moreover, a lot of fractional derivative equation models
are phenomenological descriptions, their physical and mechanical mechanism is not
clear, pending further research.

Until now, several English language monographs on the introduction of fractional
calculus have been published around the world. For example, Oldham and Spanier
“The Fractional Calculus” (Academic Press, Inc., San Diego, 1974), Samko, etc.
“Fractional Intergrals and Derivatives: Theory and Applications” (1987, Russian
version, 1993 published in English), Miller and Ross “An Introduction to the Frac-
tional Calculus and Fractional Differential Equations” (JohnWiley & Sons, Inc. and,
New York, 1993), Podlubny “Fractional Differential Equations” (Academic Press,
New York, 1999) and Kilbas et al. “Theory and Applications of a Fractional Differ-
ential Equations” (Elsevier, Amsterdam, 2006). However, these monographs focus
on the mathematical theory of fractional calculus or its application in a particular
area and did not fully take into account fractional calculus, and its applications are
still a new thing for most researchers. We believe most researchers need a primer on
fractional calculus theory and its application.

This book aims to provide graduate students with a textbook and an introductory
book on the theory and applications of fractional calculus. This book offers detailed
knowledge of fractional calculus modeling and numerical simulation of complex
mechanical behavior, with the combination of recent research works of authors. This
book introduces fractional calculus theory and its applications from the aspects of
mathematical foundations, fractal and fractional calculus relations, unconventional
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statistics and anomalous diffusion, typical applications of fractional calculus, numer-
ical solutions of fractional differential equations, etc. Here, we also further explore
the prospects for the development of fractional calculus modeling.

The book focuses on the applications of fractional calculus inmechanics and phys-
ical modeling, emphasizing the physical and mechanics background and concept of
fractional calculusmodeling.Meanwhile, this book avoids toomuch introductions of
mathematical background and rigorous mathematical proof, and strives to introduce
the basic knowledge of fractional calculus to our readers. Interested readersmay refer
to the above-mentioned monographs and listed references about detailed mathemat-
ical analysis and proof. This book also contains some latest research achievements
on fractional calculus theory and its application, such as positive fractional deriva-
tive, fractal derivative, variable-order derivative, distributed-order derivative and their
applications, and fractional derivative continuum mechanics model of multi-scale
turbulence.

This book provides some numerical examples and simulation results to enhance
the understanding of fractional calculus definitions and concepts. Each chapter also
discusses the relevant aspects of the existing problems. The last chapter is the
summary and prospects. The key problems which should be solved in the future
are also presented. Those key issues are raised by some scholars in the interna-
tional conference “The Third IFAC Workshop on Fractional Differentiation and its
Applications”, held in Turkey in 2008. We hope that these elements can give readers
inspiration to deepen their understanding and knowledge of the theory and appli-
cations of fractional calculus. Here, we should point out that there are too many
papers on the theory and applications of fractional calculus; herein, it is impossible
to enumerate all of them; interested readers can refer to the reference list of this book
for more information; we would be pleased to receive the feedback from readers.

This book is presided over by Wen Chen, HongGuang Sun and XiCheng Li. The
frameworkof this bookwasfirstly proposed byWenChen, andwasfinally determined
after a full discussion of all the authors. Wen Chen makes the overall arrangements
for the book writing; Chap. 1 is mainly written by Wen Chen; Chap. 2 is mainly
written by HongGuang Sun and Linjuan Ye; Chap. 3 is mainly written by Shuai Hu
and Xiaodi Zhang; Chap. 4 is mainly written by Wen Chen and HongGuang Sun;
Chap. 5 is mainly written by Xiaodi Zhang,Wen Chen and HongGuang Sun; Chap. 6
ismainlywritten byWenChen,HongGuangSun andXiaodi Zhang;Chap. 7 ismainly
written by Wen Chen and Xi-Cheng Li; Appendix is mainly written by HongGuang
Sun and Linjuan Ye. Xicheng Li is responsible for the main work of modification
and typesetting. The authors of this book thank Prof. Yangquan Chen, Prof. Keqin
Zhu, Prof. Changpin Li, Dr. Deshun Yin, Prof. Ning Chen and Dr. Yan Li for their
help in writing this book and its modification; their suggestions and comments have
improved the quality of this book.

This book was supported by National Basic Research Program of China (973
ProjectNo. 2010CB832702),R&DSpecial Fund for PublicWelfare Industry (Hydro-
dynamics, Grant No. 201101014), National Science Funds for Distinguished Young
Scholars (Grant No. 11125208), Natural Science Foundation of China (Grant No.
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11202066) and Program of Introducing Talents of Discipline to Universities (111
project, Grant No. B12032).

Time and knowledge being limited, errors and inadequacies are inevitable; any
suggestions and comments are welcome.

Nanjing, China
February 2013

Wen Chen
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Chapter 1
Introduction

1.1 History of Fractional Calculus

Awatershed betweenmodernmathematics and classicalmathematics is the invention
of differential and integral calculus by Newton (1642–1727) and Leibniz (1646–
1716). It had undergone a fundamental change in development and applications
of mathematics, and mathematical analysis, geometry and algebra become three
basic mathematics research directions and tools thereafter [1]. However, fractional
calculus is perhaps a strange and novel concept of mathematical analysis tool, for
most researchers and engineers, even though it was actually put forward as early as
three hundred years ago.

Leibniz firstly introduced dn y/dxn to denote derivative, and this symbol promoted
L’Hospital’s contemplation on fractional derivative. In September 1695, L’Hospital
wrote to Leibniz in the famous letter: For a simple linear function f (x) = x , whether
the derivative order of a function can be a fraction rather than an integer, “What if the
order will be 1/2”. Leibniz wrote in his reply: ”It will lead to a paradox, from which
one day useful consequences will be drawn” [2–5]. Later, this problem becomes
that the derivative of a function is an arbitrary order (fractional, irrational number
or plural), so the “fractional calculus” is an inaccurate name (misnomer). However,
due to historical reasons, fractional calculus has become the customary terminology;
nowadays, the vast majority of researchers continues to use this name.

In history, Leibniz, Euler, Laplace, Lacroix and Fourier have paid attention on
fractional calculus. Among them, Euler has made the critical first step. He noted
that, when p is a non-integer, the derivative of a power function dp

dx p xa is meaningful
from amathematical viewpoint. In 1812, Laplace proposed the idea that the fractional
derivative of the function with integral form

∫
T (t)t−xdt . In 1819, Lacroix repeated

Euler’s idea, and gave the answer to the question: d1/2x/dx1/2 = 2x1/2/
√

π for the
first time. The first scientist who used the fractional operators should be Niels Henrik
Abel. In 1823, Abel introduced fractional calculus to represent the solution of the
integral equation of the curve problems. In 1832, Liouville successfully applied his
own proposed definition of fractional derivative, to solve the problem of potential
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theory. Thereafter, 1832–1837, a series of articles published by Liouville has made
him the actual founder of the theory of fractional calculus. Following Liouville,
Riemann, Fourier, Willian Center, Augustus De Morgan, GF Bernhard Riemann, A.
Cayley and Weyl also did some important works and promoted the development of
fractional calculus.

The first monograph on the theory of fractional calculus was published by KB
Oldham and I. Spanier in 1974 [6]. In the same year, the first fractional calculus of
the international conference was held at the University of NewHaven in Connecticut,
under the support of the USA National Science Foundation; the meeting attracted
many famous mathematicians. Springer-Verlag published the proceedings of this
conference [7]. In 1982, B. B. Mandelbrot pointed out for the first time the fact that a
large number of fractal dimensions exist in nature and engineering, and self-similarity
exists between the whole and its parts. Since then, fractional calculus has become
a powerful tool in the research of fractal geometry and fractal dimension dynamics
[8]. In 1984, Strathclyde District convened the Second International Conference on
Fractional Calculus in Scotland. The Third International Conference was held at the
University of Tokyo, Japan. In 1987, S. Samko, A. Kilbas and O.Marichev published
a monograph which gave a more comprehensive introduction of fractional calculus.
The book is originally in Russian; the English version was published in 1993.

In addition to the previously mentioned mathematician in the history of the devel-
opment of fractional calculus, mathematicians and physicists such as Grünwald,
Hadamard, Letnikov,Hardy, Riesz,Marchaud, Littlewood, Erdelyi, Fox,Kobe, Love,
McBride, Ross, Srivastava and Caputo also made important contributions. As for the
detailed history of themathematical theory of fractional calculus, the reader can refer
to the monograph of Samko, Kilbas and Marichev [5].

Currently, the definitions of the fractional operator include Riemann–Liouville
type, Caputo type, Grünwald–Letnikov type, Weyl type, Erdelyi–Kober type and
Riesz Marchaud–Hadamard Fractional Calculus [9, 10]. It should be pointed out
that an intrinsical link can be established between these definitions. After long-term
continuous efforts of many scholars, the theory of fractional calculus to some extent
was established [3]. Practical engineering applications of fractional calculus still
encounter a number of obstacles, including themathematical foundation of fractional
calculus is still not perfect, different definition is needed for different cases, and at
the same time, Fourier and Laplace transform of the fractional derivative is also
problematic. On the other hand, in 300 years of history since fractional calculus was
proposed, it did not get a wide range of applications and concerns except for in the
disciplines of physics and mechanics in the last two or three decades. It is considered
a purely theoretical topic which is the object for mathematicians’ curiosity-driven
research. Perhaps, a more important reason is that the inherent contradictions exist
between the fractional operators and the classical physics system established on a
smooth continuous spacetime concept base [2, 3].

At the end of the nineteenth century, physical scientist Heaviside published a
series of articles, which shows that fractional calculus can be applied to solve specific



1.1 History of Fractional Calculus 3

integer-order differential equations. Though his method is not strict from a mathe-
matical viewpoint, his approach has been proved to be very effective in solving
engineering problems such as current transmission in cables.

Heaviside’s results were later proved to be correct, but his mathematical process is
not perfect, this work was further improved by Bromwich in 1919 [4]. This method is
called the Heaviside Operational Calculus. The novel idea of Heaviside contributed
significantly to the development of fractional operators. However, fractional calculus
has not been applied to physical and mechanics modeling in dealing with scientific
and engineering problems.

In the 1940s, the mechanics scientists Scott Blair [11] and Gerasimov [12]
proposed a fractional derivativemodel to characterize themechanic property ofmate-
rial which is between Newtonian fluid and idea solid characterized by Hooke’s law.
Geophysicists Caputo and Mainardi [13, 14] applied fractional calculus to complex
viscoelastic and rheological media, which is a new development of the mechanics
model. More importantly, Caputo [13] developed a new definition different from the
traditional definition of the Riemann–Liouville fractional derivative (in the litera-
ture, it is called the Caputo definition), to overcome the strong singularity and the
naturally containing initial conditions in the former definition. Caputo’s definition
has been used to solve practical problems in a very wide range of applications. The
first doctoral dissertation on viscoelastic material modeling of fractional calculus
was completed by Bagley–Torvik under the guidance of Bagley [15]. After that,
fractional calculus in modeling viscoelastic materials and other complex mechanics
processes has drawn more and more attention.

In 1965, Prof. Mandelbrot from Yale University introduced the fractal concept,
and pointed out that large numbers of phenomena in nature and engineering own the
fractal dimension; its nature is the self-similarity between the global and local [8].
He noted that the fractional Brownian motion and the Riemann–Liouville fractional
calculus definition have a close intrinsical link. Since then, as the basis of fractal
geometry and fractal dynamics, fractional calculus, especially fractional calculus
and fractional differential equations received widespread attention [3]; the focus of
fractional calculus research has gradually transferred from puremathematics to other
disciplines.

Since the end of the last century, benefited by the researches of anomalous diffu-
sion in porous media mechanics, non-Newtonian fluid mechanics, viscoelasticity,
soft matter physics and mechanics [16], theory and application research of frac-
tional derivative again attracted wide attention and the related research dramatically
increased [17–20]. Because global correlation and history-dependent features of
anomalous diffusion can be well represented by a fractional derivative, fractional
diffusion models received a wide range of applications in the anomalous diffusion.
Moreover, the successful application of the continuous-time random walk (CTRW)
model in describing the anomalous diffusion and its close ties with the fractional
calculus [21] has made anomalous diffusion to be most exciting research field.
According to statistics [10], the total number of articles about fractional calculus
application in anomalous diffusion has reached 1791 until 2003. There are about
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1047 articles in the time period 1997–2003. Nowadays, anomalous diffusion is still
a research hotspot in several research fields.

A series of international conferences on “Fractional Differentiation and its Appli-
cations” is held every 2 years, the first time in France in 2004, and in 2006 in Portugal,
in 2008 in Turkey, in 2010 in Spain and in 2012 in China (Hohai University). In addi-
tion, in a series of international conferences sponsored by the American Society of
Mechanical Engineers (ASME), the InternationalConference onMultibodySystems,
NonlinearDynamics, andControl, all include the symposium "Fractional Derivatives
and Their Applications”. In some other conferences, the number of small meetings
of fractional calculus gradually has increased, such as the National Conference of
the Chinese Society of Theoretical and Applied Mechanics (2009), The Third Inter-
national Conference on Dynamics, Vibration and Control (2010), “Academic Day of
Fractional Dynamics and Control” organized by the Shanghai University 2010, etc.

There are also many academic journals focusing on fractional calculus, such
as Fractional Calculus and Applied Analysis, Journal of Fractional Calculus
and Fractional Dynamic Systems. Other related journals include Chaos, Soli-
tons & Fractals, Physics Review Letters、Physica A、Physics Letters A、Physics
Review E、Journal of Computational Physics、Computers and Mathematics with
Applications、Nonlinear Dynamics, etc.

In recent years, there are more than 500 research papers involving fractional
calculus each year; its theoretical and application research has penetrated almost all
disciplines and application areas. This book is mainly related to the introduction of
the basic mathematical theory of fractional calculus. In the application fields, we
mainly focus on the application of fractional derivative, fractional integral beyond
the main scope of this book (Fig. 1.1).

Fig. 1.1 Statistical result of published papers on fractional calculus; the keywords are “fractional
differential” or “fractional integral” or “fractional calculus” or “fractional order”, from Web of
Science (time interval: 1995–2009; Date: 2010-5-23). Notes: The retrieved result obtained by using
the above keywords does not contain all of the literature related to fractional calculus, the right
2010 citation data until 2010-5-23
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1.2 Geometric and Physical Interpretation of Fractional
Derivative Equation

The modeling problems in physics, mechanics, biology and engineering are a major
force in promoting the development of theoretical and application research of frac-
tional calculus, and the order of fractional calculus in these models has a specific
physical or geometric interpretation. From the application point of view, the nature
of the difference between the fractional derivative model and integer-order derivative
model lies in the time direction: integer-order derivative characterizes the property
at a given moment in a physical or mechanics process, and the fractional derivative
characterizes the property which is history-dependent. Meanwhile, an integer-order
spatial derivative describes the local property of a given physical process, and the
fractional derivative describes the property which is globally related.

Based on the assumption of absolute space and time, as well as Euclidean geom-
etry, classical Newtonian mechanics considers space and time do not have start
and end points, and everywhere continuous. The obtained physical quantities such
as velocity, momentum, acceleration and force may be represented by an integer-
order differential operator, and the evolution of the physical phenomena can thus be
described using standard integer-order differential equations [3, 22]. The examples
include the Euler–Lagrange equation and Hamilton equation in classical mechanics.
These scientific research methods and models have received huge success in clas-
sical mechanics, acoustics, electromagnetics, heat transfer, diffusion theory and even
modern quantum mechanics.

However, physical scientists have found more and more “anomalous” phenomena
cannot be explained with this view and modeled by the classical physical and
mechanics approaches. For example, Richardson in 1926 [23] pointed out that the
turbulent velocity field is non-differentiable, it may be an important reason why the
traditional Newtonian mechanics encounter long-term stagnancy in solving turbu-
lence problems. For another example, a large number of experiments have shown
that the stress relaxation of many viscoelastic materials (including viscoelastic solid
and fluid substances) is non-exponential type (non-Debye). The stress relaxation
process has memory, and the traditional viscoelastic differential constitutive model
cannot accurately describe their mechanics behavior [24]. In recent years, anoma-
lous diffusion has received widespread concern in the fields of high-temperature and
high-pressure plasma motion [25], changes in the financial markets, the pollutant
migration in the natural environment, turbulence [26, 27] as well as soft matter [28,
29] (also known as complex fluid, materials between the ideal solid and liquid states
mostly are composed bymacromolecules or groups, often multi-phase medium) heat
conduction, diffusion and seepage [30], dissipation [31, 32] and electron transport
[33], anomalous diffusion is the common features of a variety of complex phenomena.
Note that “anomalous” diffusion is relative to the “normal” diffusion of ideal solid
and fluid; its constitutive relation violates standard “gradient” laws (for example,
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Darcy law, Fourier heat conduction law, Newtonian viscous fluid and Fickian diffu-
sion law) [22, 29]; the corresponding empirical fitting formula obtained by experi-
mental data is expressed as a function in the form of power law (power law). Note
that “diffusion” should be broadly interpreted, also including the anomalous energy
dissipation problem [31]. These “anomalous” phenomena involve the physical and
mechanics processes of memory and hereditary [34–36], path dependence and global
correlation.

Mingyu Xu andWenchang Tan mentioned three challenges of the classic physical
mechanics, when exploring the physical and mechanics backgrounds of fractional
calculus: (1) Fluctuation of the turbulence velocity field, the randomness in dramatic
amplitude and direction change of atmospheric turbulence velocity field cause the
velocity is not differentiable in turbulence. (2) Brown motion. (3) Constitutive rela-
tion of complex viscoelastic material. Many complex viscoelastic materials have
memory characteristics; Newton’s law for viscous fluid and Hooke’s law for elastic
solid cannot accurately describe this feature; the complex viscoelastic material is
actually the medium between the ideal elastic and viscous.

Next, we explore the physical and mechanics mechanisms of the fractional
derivative in five specific areas.

1.2.1 Frequency-Dependent Energy Dissipation Process

This section gives an example using the definition of the Riemann–Liouville frac-
tional derivative, to explain the difference between the classical model and the
fractional model.

The definition of the Riemann–Liouville derivative can be written as

dp f (t)

dt p
∣
∣t
a = 1

�(m + 1 − p)

dm+1

dtm+1

t∫

a

(t − τ)m−p f (τ )dτ ,(m ≤ p < m + 1),

(1.2.1)

where p can be an arbitrary non-real number, and m is the non-negative integer.
The above definition illustrates that the fractional derivative is in fact a differential

integral operator; it means the current state is dependent on all previous history of
the whole process. Hence, the fractional derivative can well represent the property
of global correlation and history memory; (t − τ)m−p is the kernel to characterize
memory.

Applying the Fourier transform into fractional derivative, one can obtain

F{dpu(t)/dt p, ω} = (iω)pU (ω). (1.2.2)
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Thereby, the frequency domain expression of a response is obtained. Since p can
be an arbitrary non-real number, it is devoted to the arbitrary frequency-dependent
property.

The actual physical or mechanics process is usually arbitrary frequency-
dependent, while integer-order operators are only designed for integer-order
frequency-dependent cases; hereby, it encountered significant problems in complex
physical modeling of mechanical phenomena. Please read Sect. 5.5 for details.(iω)p

can be decomposed as ai + b; the real part indicates the rate of dissipation, and the
value of the imaginary part denotes the oscillation frequency.

1.2.2 Fractal Description and Power-Law Phenomena

Mandelbrot [37] pointed out that there are a lot of fractal dimension phenomena
that exist in nature and engineering fields, which relates to the complex physical
and mechanics processes. The scale of time or space should be changed into (xα ,
tβ) when investigating these kinds of processes [22]. In those fractal processes, the
integer-order gradient does not exist and cannot be satisfied. Therefore, researchers
began to introduce fractional calculus, to redefine the basic concepts of the physical
and mechanics theory to overcome the limitations of integer-dimensional scale.

Most of the classical physics andmechanics theories were established on a conser-
vative system using the definition of the integer-order calculus, which means there
is no energy exchange between the inside and outside of the system, namely the
conservation of energy. Contrarily, the fractional derivative-defined system is an open
system, which has energy dissipation and is non-conservative. Traditional integer-
order dynamic systems can be seen as a special case of the fractional-order dynamic
system.

There is no determined definition of fractal, but it is expressed by using the
following features. Fractal means 1. a fine structure at arbitrarily small scales; 2.
self-similarity between part and whole, part and part, as well as a whole and the
overall similarity (one is similar to the strict mathematical sense, another is similar
to statistical sense); 3. scale invariance: there is no characteristic scale, amplification
does not change characteristics; 4. fractal geometry is not Euclidean geometry but
non-Euclidean geometry.

It means the fractal dimension cannot be simply defined by degrees of freedom
dimension, but through the Hausdorff dimension [22]. The dimension value obtained
thus is usually not an integer; the fractal dimension is greater than its topological
dimension, less than the Euclidean dimension in the space.

Fractional-order differential operator is closely related to the fractal dimension.
This relationship is particularly important in investigating the phenomenon of anoma-
lous diffusion or solute transport problem in porous media (especially with a fractal
porousmedia), but the exact relationship between the fractal dimension and fractional
calculus is still not completely clear and needs further study.
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It is also necessary to mention the concept of fractal functions. There are a lot
of similarities between turbulence, Brownian motion in the mathematical sense. For
example, the Weierstrass function raised by Weierstrass is a fractal function, which
is everywhere continuous but not everywhere differentiable. A fractal function has
no characteristic scale, is non-differentiable and scale invariant. Scale invariance is
closely related to the renormalization group theory, and the memory integral is the
feature of fractal. That is, a fractal function has fractal dimension; it is a bridge to
exploring the intrinsic link between fractal and fractional calculus. Although the
fractal function is non-differentiable from an integer-order derivative viewpoint, it
has fractional differentiability; one can use the theory of fractional calculus to analyze
it.

The power-law phenomenon is widespread in nature and is a hotspot in scien-
tific research. In natural sciences, it was found in the field of complex networks,
structure of the protein, process of decay of radioactive substances, turbulence and
fractal phenomenon. In social sciences, the distribution of the population, the size
distribution of the city and the appearing frequency of letters of the alphabet, all can
be well described by using the power-law function.

In the fractional calculus study, researchers found the solution of fractional differ-
ential equations having the power-law function form. A fractional differential equa-
tion has a corresponding relationship with the power-law phenomenon, which can
be used to describe the power-law phenomenon. Chapter 5 will give details about
this topic.

1.2.3 Anomalous Diffusion

From a physical and mechanics modeling viewpoint, the standard integer-order time
derivative is local-defined and not suitable to describe the history-dependent process.
But the fractional differential operator is actually a differential integral operator in
which the integral term fully reflects the history dependence of the system function,
hereby is a powerful mathematical tool for strong memory process modeling [30,
35, 38]. On the other hand, fractional Laplacian is a typical non-local operator to
describe an anomalous phenomenon which is global-related and path-dependent [22,
38], in fractal structure media [39]. Therefore, time and space fractional diffusion
equations can well different types of anomalous diffusion processes, and has become
the master equation for depicting power-law characteristics [22, 29, 40]. Below is
the standard fractional diffusion equation:

∂αs

∂tα
+ γ

(−∇2
)β
s = 0, 0 < α, β ≤ 1. (1.2.3)

Here, s denotes the considered physical quantity (such as concentration and
temperature), γ is the normalized physical coefficient (such as diffusion coefficient or
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thermal conductivity coefficient) and (−∇2)β represents fractional Laplacian oper-
ator [39, 41]. Note that here α and β can be real numbers. The fundamental solution
of the above equation can be expressed as a time-dependent Lévy stable distribution
form, and 2β is the Lévy stable distribution indicator [30, 35]. This equation also
implies the fractional Brownmotion withmemory (because fractional Brownmotion
exhibits obvious long-range dependency feature, which can be analyzed by using
fractional derivative), where α is the memory indicator of the system [22]. When
β = 1, the smaller the α is, the strong the memory of the physical or mechanics
process [35]. The fractional derivative model overcomes the backwards of integer-
order model in bad data fitting result, and can give satisfied result with fewer param-
eters in describing some complex physical processes. However, it should be noted
that the used fractional derivative model may be more complex than (1.2.3).

1.2.4 Constitutive Relation of Complex Viscoelastic Material

It is well known that the stress-strain relation of the ideal elastomer obeys the
Hooke law:σ(t) ε(t); Newton fluid obeys the Newton law: σ(t) d1ε(t)/dt1. If we
replace the Hooke law with σ(t) d0ε(t)/dt0.,one can guess the stress–strain rela-
tion of material which is between ideal elastomer and Newton fluid, may follows
σ(t) dβε(t)/dtβ (0 ≤ β ≤ 1), this revolutionary view was proposed by Scott Blair
[11] and Gerasimor [12], respectively. The new model can describe the ideal elas-
tomer and Newton fluid, and can also characterize the material in between. This
viewpoint can be applied to characterizing the constitutive relation of a series of
viscoelastic materials (liquid crystal, rubber, polymers, sediments and proteins). In
the fractional constitutive relation of viscoelastic materials, the derivative order is
related to its physical property. Hence, we can define the type of viscoelastic material
by using the fractional derivative order, and thus have a more in-depth understanding
of the mechanics properties of the viscoelastic material. Section 5.4 will give details
about this topic.

Classical mechanics, including the theory of mechanics, elasticity and fluid
dynamics, and the basic mechanics constitutive relations are as follows:

Hooke’s law for elasticity: F = kx (k denotes the elasticity coefficient; x is the
displacement);

Newton’s law for viscous fluid: F = υ ∂u
∂y (υ is the viscosity coefficient, u represents

the velocity and y is spatial variable);

Newton’s second law for Rigid body: F = m d2x
dt2 (m is themass, x is the displacement

and t is the time).
It can be observed that the above constitutive relations involve time derivative

order 0, 1 and 2 (displacement, velocity and acceleration). When describing the
mechanics behavior ofmulti-phasemedia (such as softmatter, complex fluid,mixture
of air and solid), the classical model usually cannot work well. To overcome this
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problem, the often-used way is to couple several models into a complex model.
However, from the fractional derivative modeling approach, Westerlund [42] has
suggested a simple and universalway to describe the constitutive relations of complex
materials using fractional derivative:

F = ρ
dαx

dtα
, 0 < α ≤ 2

1.2.5 Fractional Schrodinger Equation

The Schrodinger equation is a basic equation in non-relativistic quantummechanics.
Feynmann and Hibbs [43] described the non-relativistic quantum mechanics as
path integral based on the Brownian motion. Their results are consistent with that
described by the Schrödinger equation of quantum mechanics. When describing
the motion of the particles via the traditional Schrödinger equation, it assumes that
the motion does not have a memory, which means the current movement of parti-
cles is not dependent on its history; moreover, particle motion has the property of
spatial locality. Laskin [44] obtained the operator represented with the space Riesz
fractional Schrodinger equation using the path integral method, based on the Lévy
flight path. ChenWen [45] proposed a Fractional Plank quantum relationship, which
is directly derived from the fractional derivative Schrödinger equation. Naber [46]
gave the time-fractional Schrödinger equation employing the Caputo operator, but
the obtainedHamilton function is time history-dependent. Themain conclusion is the
probability of the time-fractional Schrödinger equation described is not conserved.
These results are very different from conventional quantum mechanics.

1.3 Application in Science and Engineering

In recent years, the fractional derivative has received widespread concern in the study
of the “complexity” of the social and physical phenomena; a common characteristic
of these complex phenomena is the power-law behavior. It is worth emphasizing that
the traditional integer-order derivative model, including the nonlinear model cannot
well characterize these power-law phenomena. In order to accurately characterize
properties of power-law phenomena, such as the non-locality, frequency, path or
history-dependent properties, researchers should use new mathematical modeling
methods such as the fractional derivative modeling method.

Fractional derivative modeling research is interdisciplinary, widely used in a
number of disciplines, such as physics, chemistry, biology, materials, medical
science, mechanics, economics, social science, control theory and signal and image
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processing [4, 5, 9, 41]. The purpose of this book is to give readers a global under-
standing of fractional derivative modeling, which will help generate new research in
terms of the theoretical basis, experiments, computational physics, etc. and further
expands application potentials of the fractional derivative in different research areas.

Until now, although mathematicians have established a preliminary theoretical
framework of fractional calculus, it still has not been widely used by scholars and
engineers of other disciplines as an important modelingmethod. An important reason
is that many engineering experts need adequate mathematical training. At the same
time, most of the engineering experts believe that the integer-order differential equa-
tion theory has provided a good enough mathematical tool to solve engineering
problems. Recently, however, in many areas such as viscoelastic material, medical
testing, geophysical signal processing and control theory, the researchers have real-
ized that fractional calculus is not only to provide a mathematical modeling tool, but
it also brings dramatical change in engineering application and scientific research
[3, 9].

1.4 Anomalous Diffusion Modeling in Environmental
Mechanics

In the field of environmental mechanics, a lot of problems involve anomalous diffu-
sion, such as geotechnical engineering seepage problem, oil recovery rate in reservoir
engineering and transport of nuclear substances or pollutants in the formations. An
important feature of these diffusion phenomena is that the diffusion process does not
meet Fick’s second law, and is a non-Markov process. Fractional calculus has served
as a suitable mathematical tool to investigate such complex problems. Please read
Chap. 4 in this book, to find more contents on modeling methods and applications
of fractional calculus.

1.5 Constitutive Relation of Viscoelasticity

The mechanics properties of viscoelastic material used in a large number of practical
engineering are essentially different from that of a single elastic material. Research
concerns on viscoelasticity include creep, relaxation, flow, strain rate effect and the
long-term strength effects, and research in this area is of great significance to the
safety of the actual project structure. The presented methods such as the Maxwell
model, Voigt model and Kelvin model cannot accurately describe the complex
mechanics behavior of these materials. The fractional derivative has been widely
applied to the modeling of the constitutive relationship of viscoelastic materials;
please see Sect.5.4 for detailed applications.
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1.6 Biomedical Science

In biomedical science, the wide range of applications of fractional calculus can
promote biological engineers to improve the design of biomedical equipment,
description and control ability. Fractional calculus is also used to simulate the cancer
cell spread process in the human tissue. Fractional calculus can also be used as a
modeling tool to simulate the diffusion process of the drug in human tissues. The
theoretical study of fractional calculus applications in drug delivery system control
has begun. Because of the frequency dependence property of ultrasonic dissipation,
fractional calculus has been used for the numerical simulation of ultrasonic medical
image detection and has achieved valuable results. The detailed content is stated in
Sect. 5.5 of this book.

1.7 System Control

In 1960, Japanese scholar Manabe proposed the concept of fractional control. Subse-
quently, the French scholar Oustaloup [47] established CRONE control (Fractional
robust control) in 1981, and it has been applied to many practical problems. CRONE
control is currently the most widely used fractional control method, and Oustaloup
has shown the CRONE controller is better than the conventional used PID controller.
In addition, the SlovakRepublic scholar Podlubny proposed the concept of fractional-
order PID controller in 1999. Since then, the study of the fractional-order control
has been rapidly developed, especially Chen Yangquan applied fractional control
theory to the actual system control (such as Fractor). The practical application of the
fractional-order PID controller has shown that it is better than the integer-order PID
controller [48].

Nowadays, the fractional-order controller has been applied to various aspects of
control theory: linear control, nonlinear control, adaptive control, optimal control,
robust control, network control and so on. However, because the design and imple-
mentation of the fractional controller are more complex than that of the integer-order
controller, it has not been widely applied in the real-world engineering field as a
powerful tool. However, with the development of technology, computer science as
well fast algorithms, we believe the fractional-order control will be widely applied
in the actual engineering field.
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Chapter 2
Mathematical Foundation of Fractional
Calculus

In the long history of the development of fractional calculus, a variety of definitions
have been proposed by researchers from different perspectives, such as Riemann–
Liouville, Grünwald–Letnikov, Weyl and Caputo typse definitions. Each definition
has its expression and properties. Actually, the selection of fractional calculus defi-
nition depends on the problems of interest. In this chapter, four types of definitions
commonly used are introduced.

Presently, there are four types of fractional calculus definitions commonly used in
basic mathematics and application analysis: Grünwald–Letnikov, Riemann–Liou-
ville, Caputo and Riesz type fractional calculus definitions. Compared to the
Riemann–Liouville definition and the others, the Grünwald–Letnikov definition is
defined as a limit of a fractional-order backward difference rarely applied for theo-
retical analysis, whereas it is commonly utilized for differential equation theory and
numerical calculation. The Riemann–Liouville definitionwith an integro-differential
expression which avoids limitation plays an important role in pure mathematics.
Unfortunately, the Riemann–Liouville definition type leads to initial conditions
containing the limit values of the Riemann–Liouville fractional derivative at the
lower terminal of time or space. Their solutions are practically useless, because
there is no known geometrical and physical interpretation for such types of initial
conditions. For convenience in the real application, a modified definition, Caputo-
type fractional derivative, is developed in viscoelasticity materials research. The
Caputo definition type with initial conditions containing integer-order differential
and integral expression is widely applied to practical problems.

This book is to introduce fractional calculus to more researchers from the appli-
cation perspective. Therefore, in this chapter, we describe a few details of mathemat-
ical analysis and just briefly introduce four types of commonly used definitions and
make a list of the other three types. This book focuses on the real domain; hence,
the fractional orders are real values. For more details of the mathematical results
and descriptions (for example, other types of definitions, complex domain and the
differential order with complex values), readers can refer to the papers [1–3].
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2.1 Definition of Fractional Calculus

To distinguish fractional calculus from classical calculus, in this chapter, the symbol
0Dα

t is utilized, where D represents fractional derivative and I represents fractional
integral; the script of the upper left represents the type of operator, as Riemann–
Liouville is represented by “RL”, “C” represents the Caputo operator; the script
of the upper right α > 0 denotes the fractional order; the scripts of the lower left
and lower right represent the lower and upper terminals of the integral operator
defined, respectively. To well understand, the fractional derivative is represented by
the notation dα/dtα , the definition type and the lower and upper terminals of the
integral will be illustrated additionally. If not specified, the default lower and upper
terminals of integration can be considered as 0 and t, respectively.

2.1.1 Introduction of Fractional Calculus Definition

Scientific development makes more and more profound understanding of nature,
for example, in mathematics, the first sight is to realize and use natural numbers,
integers and fractions, and later negative numbers are involved, and then acknowledge
is extended to real numbers, imaginary numbers, rational numbers and irrational
numbers. Similarly, the emergence of fractal promotes the comprehension of the
spatial dimension, which shows that only applied integer dimension to describe the
space or substance geometric structure is inaccurate. The concept of fractal dimension
also enhances the understanding ofmany physical processes. The integro-differential
theory is one of the foundations for the development of modern mathematics and is
also the cornerstone of the development of modern science. The emergence of the
integro-differential approach greatly promotes the developments in natural science,
social science and applied science, such as physics, mechanics, astronomy, biology,
chemistry, engineering and economics. However, fractional calculus has amore open
vision to recognize calculus.

For a specified function, the integrals and differentials can be expressed as follows:
Derivatives: f, d f

dt ,
d2 f
dt2 ,

d3 f
dt3 , . . . . . .

Integrals: f,
∫

f (t)dt,
∫
dt

∫
f (t)dt,

∫
dt

∫
dt

∫
f (t)dt, . . . . . .

A sequence is composed of differentials and integrals together:

. . . . . . ,
d−3 f

dt−3
,
d−2 f

dt−2
,
d−1 f

dt−1
, f,

d f

dt
,
d2 f

dt2
,
d3 f

dt3
, . . . . . . .

Analogous to number set, it is obvious that these orders of differentials and inte-
grals are integers and discrete. A greatly natural topic is proposed, whether the
concept of calculus can be generalized or not, how to generalize it and what are
the meanings of the generalized forms? Some scientists, especially mathematicians,
thought deeply about this problem, and put forward a variety of suppositions and



2.1 Definition of Fractional Calculus 17

theories, which opened up the history of the development of fractional calculus.
This history of fractional calculus has been briefly introduced in the preface section.
During more than two centuries of research, how to define a reasonable definition
of fractional calculus is always one of the key topics. In the early stage, the major
focus is the fractional calculus of power function.

From the knowledge of integer-order calculus, the following holds:

dnxm

dtn
= m(m − 1) . . . (m − n + 1) xm−n,

for �(m + 1) = m(m − 1) . . . (m − n + 1) �(m − n + 1), hence, the above formula
can be rewritten as

dnxm

dtn
= �(m + 1)

�(m − n + 1)
xm−n .

Based on the above expression, if m and n are non-integers, the fractional-order
derivative can be obtained. A typical case is m = 1, n = 0.5, then it has d0.5x

dt0.5 =
1

�(3/2) x
0.5 = 2√

π
x0.5. The fractional calculus result of the power function reflects a

basic comprehension of the definition form and properties of fractional calculus.
Two approaches related to establishing fractional calculus will be shown below.

One approach starts with the limit definition (Grünwald–Letnikov definition) of the
function derivative,

the first-order derivative: f ′(t) = d f
dt = lim

�t→0

f (t)− f (t−�t)
�t ;

the second-order derivative:
f ′′(t) = d2 f

dt2
= lim

�t→0

f ′(t) − f ′(t − �t)

�t

= lim
�t→0

f (t) − 2 f (t − �t) + f (t − 2�t)

(�t)2
;
.

the third-order derivative:

f ′′′(t) = d3 f

dt3
= lim

�t→0

f (t) − 3 f (t − �t) + 3 f (t − 2�t) − f (t − 3�t)

(�t)3
;

and, by introduced, the nth derivative can be written as

f (n)(t) = dn f

dtn
= lim

�t→0

1

(�t)n

n∑

r=0

(−1)r
(
n

r

)

f (t − r �t).

If we generalize the fraction in the above formula, namely supposing n as a
non-integer number, then the Grünwald–Letnikov fractional derivative is derived.
Simultaneously, for n < 0, it represents the Grünwald–Letnikov fractional integral.
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This approach is a primary approach in early fractional calculus research, and the
correlating works can be seen in the Refs. [1–3].

Another approach is based on the expression of the n-fold integral,

a I
n
t f (t) =

t∫

a

dτ1

τ1∫

a

dτ2 . . .

τn−1∫

a

f (τn)dτn = 1

(n − 1)!
t∫

a

(t − τ)n−1 f (τ )dτ .

Suppose n is a non-integer number; in view of the property of the gamma function,
a type of left-side fractional integral is defined as

a I
β
t f (t) = 1

�(β)

t∫

a

(t − τ)β−1 f (τ )dτ .

Similarly, we also can have a right-side fractional integral,

a I
β
t f (t) = 1

�(β)

t∫

a

(t − τ)β−1 f (τ )dτ .

Based on the fractional integral definition, the fractional derivative is derived as
below. Assume n as a positive integer number, β holds n − 1 < β < n, then the nth
derivative of the left-side fractional integral can be obtained as follows:

aD
β
t f (t) = dn

dtn
a I

n−β
t f (t)

= 1

�(n − β)

dn

dtn

t∫

a

(t − τ)n−β−1 f (τ )dτ , n − 1 < β < n,

which is the so-called left-side fractional derivative, where aD
β
t f (t) is a notation of

the fractional derivative. Similarly, the right-side fractional derivative is defined.
There are three main expressions of fractional derivative: (1) f (β)(t), dβ f

dtβ ; (2)
dβ f

d(t−a)β
,

dβ f
d(b−t)β ; (3) aD

β
t , t D

β

b ; here, β is the derivative order. For the convenience of
reading, the first one is generally utilized, but the third one is considered to discuss
different definitions of fractional derivative.



2.1 Definition of Fractional Calculus 19

2.1.2 Riemann–Liouville Definition

Before introducing the Riemann–Liouville fractional derivative definition, we will
introduce the Riemann–Liouville fractional integral definition firstly. For any arbi-
trary complex number α > 0, the Riemann–Liouville fractional integral definition
of the function f (t) is defined as

I α
a+ f (t) = 1

�(α)

t∫

a

f (τ )dτ

(t − τ)1−α
, (t > a;α > 0), (2.1.1)

where�(·) is the gamma function; the details of the definition canbe seen inAppendix
I. This definition is also called the left-side fractional integral; correspondingly, a
right-side fractional integral can be defined as [4]

I α
b− f (t) = 1

�(α)

b∫

t

f (τ )dτ

(τ − t)1−α
, (t < b;α > 0). (2.1.2)

When α = n is an integer number, the two definitions are equivalent, i.e.

I na+ f (t) =
t∫

a

dτ1

τ1∫

a

dτ2 · · ·
τn−1∫

a

f (τn)dτn

= 1

(n − 1)!
t∫

a

f (τ )dτ

(t − τ)1−n
, (n ∈ N ). (2.1.3)

The right-side integral has similar results; we will not repeat them again; the
following is the same. For any arbitrary real number α, the integer part of α is denoted
by [α] (i.e. [α] is the largest integer number less than α), then the Riemann–Liouville
type of fractional derivative is defined as follows:

RL
a Dα

t f (t) =(
d

dt
)n I n−α

a+ f (t)

= 1

�(n − α)
(
d

dt
)n

t∫

a

f (τ )dτ

(t − τ)α−n+1
,

(n = �α� + 1; n − 1 ≤ α < n; t > a). (2.1.4)

Furthermore, this definition can be rewritten as
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RL
a Dα

t f (t) = 1

�(n − α)
(
d

dt
)n

t∫

a

f (τ )dτ

(t − τ)α−n+1
,

=
n−1∑

k=0

f (k)(0)t−α+k

�(k + 1 − α)
+ 1

�(n − α)

t∫

0

(t − τ)n−α−1 f (n)(τ )dτ. (2.1.5)

Consider α → n − 1 below (fractional derivative order trends to integer),

RL
lim

α→(n−1)α
Dα

t f (t) = lim
α→(n−1)

n−1∑

k=0

f (k)(0)t−α+k

�(n − α)

t∫

0

(t − τ)n−α−1 f (n)(τ )dτ,

= f (n−1)(0) +
t∫

0

f (n)(τ )dτ = dn−1 f (t)

dtn−1
(2.1.6)

If 0 < α < 1, the fractional derivative in the sense of Riemann–Liouville can be
defined as

RL
a Dα

t f (t) = 1

�(1 − α)

d

dt

t∫

a

f (τ )dτ

(t − τ)α
, ( t > a). (2.1.7)

Simultaneously, in view of the form (2.1.5), the formula (2.1.7) can be converted
into

RL
a Dα

t f (t) = f (0)t−α

�(1 − α)
+ 1

�(1 − α)

t∫

0

(t − τ)−α f ′(τ )dτ. (2.1.8)

2.1.3 Caputo’s Definition

The Riemann–Liouville derivative definition is inconvenient for engineering and
physical modeling because of its hyper-singularity. In the 1960s, Caputo, an Italian
geophysicist, presented aweak-singular fractional differential definition. This kind of
definition avoids the fractional derivative initial problems in the Riemann–Liouville-
type definition. The fractional derivative in the sense of Caputo is defined as
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C
a D

α
t f (t) = I n−α

a+ f (n)(t)

= 1

�(n − α)

t∫

a

f (n)(τ )dτ

(t − τ)α−n+1
, (n = �α� + 1; n − 1 < α ≤ n; t > a),

(2.1.9)

where n is the smallest positive integer number greater thanα; f (n)(τ ) is denoted as the
nth derivative of the function f (τ ). Compared with the Riemann–Liouville fractional
derivative (2.1.4), the Caputo derivative definition becomes the integration of the nth
derivative. Furthermore, we apply the principle of integration by parts, and then the
formulation (2.1.8) can be converted into

C
a D

α
t f (t) = 1

�(n − α)

t∫

a

f (n)(τ )dτ

(t − τ)α−n+1
, (n = �α� + 1; n − 1 < α ≤ n; t > a),

= f (n)(a)(t − a)n−a

�(n − α + 1)
+ 1

�(n − α + 1)

t∫

a

(t − τ)n−α f (n+1)(τ )dτ.

(2.1.10)

The first term of the right-hand side in the above expression is initial conditions
with integer-order derivative,whichgreatly increases the practicality of the definition.
Therefore, Caputo’s definition is widely chosen to use in physical and mechanics
applications. For α → n, the derivative becomes a conventional nth derivative of the
function f (t).

RL
lim

α→(n−1)α
Dα

t f (t) = lim
α→(n−1)

n−1∑

k=0

f (k)(0)t−α+k

�(n − α)

t∫

0

(t − τ)n−α−1 f (n)(τ )dτ,

= f (n−1)(0) +
t∫

0

f (n)(τ )dτ = dn−1 f (t)

dtn−1
(2.1.11)

From the above formula, it is noted that the integer-order differentiation is a special
case of fractional differentiation and can be included in the fractional differentiation
definition. Comparing formula (2.1.4) with (2.1.8), we note that the primary distinc-
tion between Caputo’s definition and the Riemann–Liouville definition is the order
of integral and differential, the latter integral first and the former converses. In view
of pure mathematics, the conditions of the function f (t) are different in the two
definitions. Caputo’s definition requires higher conditions, i.e. the function f (t) is
n-times differentiable.

If 0 < α < 1,n = 1, the definition above can be shorted for
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C
a D

α
t f (t) = I 1−α

a+ f ′(t) = 1

�(1 − α)

t∫

a

f ′(τ )dτ

(t − τ)α
, (0 < α ≤ 1; t > a). (2.1.12)

2.1.4 Grünwald–Letnikov Definition

The Grünwald–Letnikov definition is frequently applied for numerical evaluation
which can be considered as a general form of the limit of differential definition
of integer calculus. Let us consider a continuous function f (t). According to the
definition of an integer-order derivative, the first-order derivative of the function
f (t) is defined by

f ′(t) = d f

dt
= lim

h→0

f (t) − f (t − h)

h
. (2.1.13)

Applying this definition twice gives the second-order derivative:

f ′′(t) = lim
h→0

f ′(t) − f ′(t − h)

h
= lim

h→0

f (t) − 2 f (t − h) + f (t − 2h)

h2
. (2.1.14)

More generally, the nth derivative can be expressed as

f (n)(t) = dn f

dtn
= lim

h→0

1

hn

n∑

r=0

(−1)r
(
n
r

)

f (t − rh), (2.1.15)

where

(
n
r

)

is the usual notation for the binomial coefficients,

(
n
r

)

= n(n − 1)(n − 2) · · · (n − r + 1)

r ! . (2.1.16)

Generalizing the integer number n of the above expression to a real number α, a
fractional derivative form can be defined as

f (α)
h (t) = lim

h→0+
1

hα

[ t−a
h ]∑

r=0

(−1)r
(

α

r

)

f (t − rh), (2.1.17)

where [c] is denoted as the integer part of c([c] is the largest integer number less than
c). For the function in the interval [a, b], we have the left-hand and right-hand sides
Grünwald–Letnikov fractional derivatives as follows:
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G
a D

α
t f (t) = lim

h→0+
1

hα

[ t−a
h ]∑

r=0

(−1)r
(

α

r

)

f (t − rh),

G
t D

α
b f (t) = lim

h→0+
1

hα

[ b−t
h ]∑

r=0

(−1)r
(

α

r

)

f (t + rh). (2.1.18)

If the function f (t) is (m + 1)-times continuously differentiable in the interval
[a, t], for α > 0,m = �α�, the limit of the above definition is

G
a D

α
t f (t) = lim

h→0+
1

hα

[ t−a
h ]∑

r=0

(−1)r
(

α

r

)

f (t − rh)

=
m∑

k=0

f (k)(a)(t − a)−α+k

�(−α + k + 1)
,

+ 1

�(−α + m + 1)

t∫

a

(t − τ)m−a f (m+1)(τ )dτ , (2.1.19)

where f (k)(a) = bk, (k = 0, 1, 2, . . . ,m) are the known initial conditions.
The Grünwald–Letnikov fractional integral can be defined as

G
a I

α
t f (t) = lim

h→0+
1

hα

[ t−a
h ]∑

j=0

(−1) j
( −α

j

)

f (t − jh), (2.1.20)

The limitation of the expression above is G
a I

α
t f (t) = 1

�(α)

∫ t
a (t − τ)α−1 f (τ )dτ .

It is obvious that the Grünwald–Letnikov integral definition is equivalent to the
Riemann–Liouville definition under certain conditions.

2.1.5 Riesz Definition of the Spatial Fractional Laplace
Operator

Based on the conception of the Riesz fractional potential [5], Samko [1] proposed a
definition of multi-dimensional spatial fractional Laplace operator:

(−�)−α/2 f = F−1|X|αF f =
{
I−α f 	(α) < 0

Dα f 	(α) > 0
, (2.1.21)
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where F and F−1 represent the Fourier transform and inversion, respectively, Ff
denotes the Fourier transform of the function f , and I−α f and Dα f represent the
Riesz fractional integral and derivative, respectively. Dα f is the so-called fractional
Laplacian operator. In the spacetime domain, the Riesz fractional integral can be
expressed as the Riesz fractional potential in the following [5]:

I α f (x) =
∫

Rn

kα(x − t) f (t)dt (	(α)0), (2.1.22)

where

kα(x) = 1

γn(α)

⎧
⎪⎨

⎪⎩

|x|α−n α − n 
= 0, 2, 4 . . . ,

|x|α−n log

(
1

|x|
)

α − n = 0, 2, 4 . . . ,

γn(α) =
{
2απn/2�[α/2][�((n − α)/2)]−1 α − n 
= 0, 2, 4, · · · ,

(−1)(n−α)/22α−1πn/2�[1 + (α − n)/2]�[α/2] α − n = 0, 2, 4, · · · ,

Samko [6] presented a definition of the spacetime Riesz fractional derivative as

Dα f (x) = 1

dn(l, α)

∫

Rn

�l
t f (x)

|t |n+α
dt (l > α), (2.1.23)

where

�l
t f (x) =

l∑

i=0

(−1)i
(
l

i

)

f (x − i t),

dn(l, α) = 2−απ1+n/2At (α)

�(1 + α/2)�((n + α)/2) sin(απ/2)
, At (α) =

l∑

i=0

(−1)i−1

(
l
i

)

iα.

Note that the definition above contains a difference operator. Because of n + α

> n (n is the spatial dimension), this definition is a hyper-singular integral operator.
The primary properties of the Riesz fractional integral and derivative are as follows:

I α I β f = I α+β f, Dα I α f = f, (2.1.24)

which can be seen in Ref. [6]. More details of the definition of spatial fractional
derivative can be found in Sect. 2.5.2.
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These four definitions introduced above are frequently used in science and engi-
neering applications, thus we make highlights on them. There are three other defi-
nitions of fractional integral and derivative can be listed briefly in the following
[3].

Hadamard fractional derivative:

dα

dxα 0+
ϕ(x) = 1

�(n − α)
(x

d

dx
)n

x∫

0

ϕ(t)

t[ln(x/t)]α−1−n dt, x > 0, α > 0, (2.1.25)

Hadamard fractional integral:

Jα
+ϕ(x) = 1

�(α)

x∫

0

(
t

x
)μ

ϕ(t)

t[ln(x/t)]1−α
dt, x > 0, α > 0, (2.1.26)

where μ is a known parameter.

Weyl–Marchaud fractional derivative:

Assume f ∈ C(−∞,+∞), 0 < v < 1, then the vth left and right Weyl–Marchaud
derivatives can be defined as follows, respectively:

Dv
l f (x) = v

�(1 − v)

x∫

0

f (x) − f (t)

t1+v
dt, (2.1.27)

Dv
r f (x) = (−1)vv

�(1 − v)

x∫

0

f (x) − f (t)

t1+v
dt. (2.1.28)

As we all know, so far, the three definitions listed above are primarily applied to
puremathematics, but rarely applied to physical and engineeringmodeling. And also,
the relationships among them and the Riemann–Liouville definition and Caputo’s
definition are not yet clear.

2.2 Properties of Fractional Calculus

In this chapter, the variables are representedby t, x, y, z, etc.; the derivative or integral
order are represented by α, β, γ, p, q, etc.



26 2 Mathematical Foundation of Fractional Calculus

2.2.1 Some Properties of Riemann–Liouville Operator

In this section, some common and simple properties of the Riemann–Liouville defi-
nition are introduced. The correlating properties of other types of definitions with
similar properties but having minor differences will be introduced later. Here, we
will no longer introduce one by one.

Property 1 Linearity

aD
p
t (λ f (t) + μg(t)) = λaD

p
t f (t) + μaD

p
t g(t). (2.2.1)

This property can be proved by simple algebraic operations. Moreover, the other
definitions also follow the property of linearity.

Property 2
0D

−λ
t 0D

−β
t f (t) =0 D−λ−β

t f (t), λ > 0, β > 0. (2.2.2)

Proof In view of the Riemann–Liouville definition,

0D
−λ
t 0D

−β
t f (t) =

t∫

0

(t − t ′)λ−1

�(λ)
d t ′

t ′∫

0

(t ′ − τ)β−1

�(β)
f (τ )d τ , (2.2.3)

exchange the integration order,

0D
−λ
t 0D

−β
t f (t) = 1

�(λ)�(β)

t∫

0

f (τ )d τ

t∫

τ

(t − t ′)λ−1(t ′ − τ)β−1d t ′ (2.2.4)

holds. Using the following relation

t∫

τ

(t − t ′)λ−1(t ′ − τ)β−1dt ′ = (t − τ)λ+β−1B(λ, β), λ, β > 0, t > τ, (2.2.5)

we have

0D
−λ
t 0D

−β
t f (t) = 1

�(λ + β)

t∫

0

(t − τ)λ+β−1 f (τ )dτ =0 D−λ−β
t f (t). (2.2.6)

Property 3 For the continuous function f (t) (i.e. the functions in L1 space), and the
differential Dλ−β

t f (t) that exists, the following relation holds:
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0D
λ
t 0D

−β
t f (t) =0 Dλ−β

t f (t), λ > 0, β > 0. (2.2.7)

In particular, 0Dλ
t 0D−λ

t f (t) = f (t) (λ > 0).

Property 4 The Leibniz Rule

Let us start with the known Leibniz rule with integer-order: for two functions, ϕ(t)
and f (t), the nth derivative (n is an integer) of the product ϕ(t) f (t) can be expressed
as

dn

dtn
(ϕ(t) f (t)) =

n∑

k=0

(
n
k

)

ϕ(k)(t) f (n−k)(t). (2.2.8)

Suppose ϕ(t) and f (t) are differentiable and continuous in the interval [a, t];
the pth derivative of the product ϕ(t) f (t) can be obtained in the following relation,
namely the fractional derivative Leibniz rule,

aD
p
t (ϕ(t) f (t)) =

∞∑

k=0

(
p

k

)

ϕ(k)(t)aD
p−k
t f (t). (2.2.9)

2.2.2 Fractional Derivative of Some Functions

1 f(t) = Constant

The unit function f (t) ≡ 1, denoted by [l], is very necessary for discussing the

fractional integral and derivative of the unit step function f (t) =
{
0, t ∈ (−∞, a)

1, t ∈ (a,+∞)

(and is also called the Heaviside function H(t − a)).
The pth Riemann–Liouville fractional derivative of the unit function is

RL
a Dp

t [1] = (t − a)−p

�(1 − p)
. (2.2.10)

Applying the property of linearity, thepthRiemann–Liouville fractional derivative
of a constant c is

RL
a Dp

t c = c
(t − a)−p

�(1 − p)
. (2.2.11)

Similarly, the pth Riemann–Liouville fractional derivative of the Heaviside
function H(t) is
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RL
a Dp

t H(t − a) = (t − a)−p

�(1 − p)
, t > a. (2.2.12)

2 Fractional Derivative of (t − a)ν

Consider the power function f (t) = (t − a)ν , where v is a real number. Firstly, take
the expression of fractional integral into account; according to the integral expression,
the pth integral (p > 0) of the function f (t) can be derived as

RL
a I pt (t − a)ν = 1

�(p)

t∫

a

(t − τ)p−1(τ − a)νdτ . (2.2.13)

The integration is convergent if v > −1. Performing the substitution τ = a +
ξ(t − a), we have

RL
a I pt (t − a)ν = 1

�(p)
(t − a)ν+p

1∫

0

(1 − ξ)p−1ξνdξ

= 1

�(p)
B(p, v + 1)(t − a)ν+p

= �(v + 1)

�(p + v + 1)
(t − a)ν+p. (2.2.14)

For the pth fractional derivative of this function, if p satisfies 0 ≤ m ≤ p < m+1,
by the definition of fractional derivative, we derive

RL
a Dp

t (t − a)ν = 1

�(−p + m + 1)

dm+1

dtm+1

t∫

a

(t − τ)m−p(τ − a)νdτ

= �(ν + 1)

�(−p + ν + 1)
(t − a)ν−p. (2.2.15)

From the relation (2.2.15), for j = 1, 2, · · · , [	(p)] + 1, the following formula
holds (Figs. 2.1 and 2.2):

RL
a Dp

t (t − a)p− j = �(p − j + 1)

�(− j + 1)
(t − a)− j . (2.2.16)
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Fig. 2.1 Show the results of
the fractional derivative of x
and x2, respectively, with
different orders p = 0.5,
0.75, 1 and 1.25

Fig. 2.2 Show the results of
the fractional derivative of x
and x2, respectively, with
different orders p = 0.5,
0.75, 1 and 1.25

2.2.3 The Relationships of Different Definitions

1. The relationship between the Grünwald–Letnikov definition and the
Riemann–Liouville definition [2, 7]

If the function f (t) is (m+1)-times continuously differentiable andm ≥ [α] = n−1,
the Grünwald–Letnikov definition is equivalent to the Riemann–Liouville definition,
and both can be expressed as the formulation (2.1.13). However, if the conditions
mentioned above are not established, theRiemann–Liouville definitionmayno longer
be consistent with the Grünwald–Letnikov definition. Due to the expression of the
integro-differential expression, the Riemann–Liouville definition is applied more
widely.
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2. Comparison of the Grünwald–Letnikov definition and Caputo’s definition

If the function f (t) is (m+1)-times continuously differentiable andm ≥ [α] = n−1,
mightily supposem = n−1, thenn = m+1, and f (k)(a) = 0, k = 0, 1, 2, · · · , n−1;
hence, Caputo’s definition and the Grünwald–Letnikov definition are equivalent,
otherwise, they are nonequivalent.

3. Comparison of the Riemann–Liouville definition and Caputo’s definition

(1) Both of them are the modifications of the Grünwald–Letnikov definition;
(2) If the lower terminal of the integration is negative infinite, for a sufficiently

smooth function which has good properties at the terminal t = −∞, both
are equivalent;

(3) If the function f (t) is (m + 1)-times continuously differentiable andm ≥
[α] = n − 1, f (k)(a) = 0, k = 0, 1, 2, · · · , n − 1, both are equivalent;

(4) For the Riemann–Liouville operator, we have the relation (2.2.16),
however, for the Caputo operator, the following holds:

C
a D

p
t (t − a)k = 0, k = 0, 1, 2, · · · , �p�. (2.2.17)

In particular, the Caputo derivative of a constant A is zero, whereas the
Riemann–Liouville derivative of a constant is not equal to 0, but

RL
0

Dα
t A = At−α

�(1 − α)
. (2.2.18)

That is the reason theCaputo operator ismore popularly applied in science
and engineering applications;

(5) Difference of the Laplace transform: the Laplace transform of the
Riemann–Liouville fractional derivative is

∞∫

0

e−st {RL0 Dα
t f (t)}dt =sαF(s) −

n−1∑

k=0

sk RL0 D(α−k−1)
t f (0)|t=0,

(n − 1 ≤ α < n), (2.2.19)

whereas the Laplace transform of Caputo’s fractional derivative is

∞∫

0

e−st {C0 Dα
t f (t)}dt = sαF(s) −

n−1∑

k=0

sα−k−1 f (k)(0), (n − 1 < α ≤ n).

(2.2.20)

It seems that that the Laplace transform of the Riemann–Liouville fractional
derivative requires initial conditions with fractional derivatives of the function f (t).
Unfortunately, the physical interpretation for such type of initial conditions is unclear



2.2 Properties of Fractional Calculus 31

Fig. 2.3 The sketch map to illustrate the consistency of fractional derivatives (integrals); it shows
that between two adjacent integers, the Riemann–Liouville definition is left-continuous, whereas
Caputo’s definition is right-continuous

and uneasy to obtain. However, Caputo’s fractional derivative allows utilization of
initial values of classical integer-order derivatives. That is another reason for choosing
the Caputo operator in real applications.

Wewill applyLi andDeng’s [8] results to further illustrate the relationships among
the Riemann–Liouville definition, Caputo’s definition and the classical integer-order
calculus, as shown in Fig. 2.3.

We can also distinguish the differences of different definitions by the following
properties; suppose m − 1 < α < m ∈ Z+, the following holds:

(1) C
0 D

α
t x(t) = RL

0 Dα
t (x(t) − ∑m−1

k=0
t k

k! x
(k)(0));

(2) C
0 D

α
t I

α
0,t x(t) = RL

0 Dα
t I

α
0,t x(t) = x(t), m = 1;

(3) I α
0,t

C
0 D

α
t x(t) = x(t) − ∑m−1

k=0
t k

k! x
(k)(0);

(4) I α
0,t

RL
0 Dα

t x(t) = x(t) − ∑m−1
k=0 [RL0 Dα−k

t x(t)]t=0
tα−k

�(α−k+1) .

4. Conclusions

TheRiemann–Liouville fractional definition is convenient for puremathematics anal-
ysis of the fractional calculus, whereas Caputo’s definition with weak-singularity,
the Laplace transform of which is more concise, is more widely utilized in engi-
neering applications. The Grünwald–Letnikov is frequently used for numerical anal-
ysis, which plays an important role to promote the practical application of fractional
calculus. Riesz’s definition can exactly describe the global characteristics of the
spatial fractional derivative.



32 2 Mathematical Foundation of Fractional Calculus

2.3 Fourier and Laplace Transforms of the Fractional
Calculus

2.3.1 Fourier Transform of the Fractional Calculus

The Fourier transform is a powerful tool for frequency domain analysis and to solve
differential equations. In this section, we primarily introduce the Fourier transform of
the fractional calculus.Wewill firstly introduce the definition of the Fourier transform
and some basic properties.

1. f(t) is a continuous function in the interval (−∞, + ∞); the Fourier
transform and its inversion are

G(ω) = F{g(t);ω} =
+∞∫

−∞
e−iωt g(t)dt, (2.3.1)

g(t) = F−1{G(ω)} = 1

2π

+∞∫

−∞
eiωtG(ω)dt, (2.3.2)

where F denotes the Fourier transform and F−1 represents the inversion. More-
over, f (t) satisfies the Dirichlet conditions in finite domain and is absolutely
integrable in (−∞, + ∞). Note that ω represents the frequency.

2. Properties of the Fourier Transform

The linear additivity of the Fourier transform and inverse Fourier transform,

F{g(t) + q(t);ω} = G(ω) + Q(ω), (2.3.3)

F−1{G(ω) + Q(ω)} = g(t) + q(t). (2.3.4)

The Fourier transform of the convolution and the inversion of the product,

F{g(t) ∗ q(t);ω} = G(ω)Q(ω), (2.3.5)

F−1{G(ω)Q(ω)} = g(t) ∗ q(t). (2.3.6)

The Fourier transform of the product and the inversion of the convection,

F{g(t)q(t)} = 1

2π
G(ω) ∗ Q(ω), (2.3.7)



2.3 Fourier and Laplace Transforms of the Fractional Calculus 33

F−1{G(ω) ∗ Q(ω)} = 2πg(t)q(t). (2.3.8)

The Fourier transform of the nth derivative,

F{g(n)(t);ω} = (iω)nG(ω). (2.3.9)

3. The Fourier Transform of Fractional Calculus

Ensure the existence of the Fourier transform of the fractional calculus; the
lower terminal of the integration should be defined as −∞, then the definitions
in the sense of Grünwald–Letnikov, Riemann–Liouville and Caputo have the
same form as follows:

−∞D−α
t g(t) = 1

�(α)

t∫

−∞
(t − τ)α−1g(τ )dτ . (2.3.10)

The Fourier transform of the fractional integral can be written as

F{−∞D−α
t g(t)} = (iω)−αG(ω). (2.3.11)

The Fourier transform of the fractional derivative can be written as

F{−∞Dα
t g(t)} = (iω)αG(ω). (2.3.12)

4. TheFourier transforms of the spaceRiesz fractional integral andderivative
can be expressed as follows, respectively [3]:

F{I αg; k} = |k|−αG(k), (2.3.13)

F{Dαg; k} = |k|αG(k), (2.3.14)

where k represents a wave number, which is a variable in the Fourier field,
corresponding to the space variable.

2.3.2 Laplace Transform of the Fractional Calculus

The Laplace transform is a powerful tool to solve differential equations. Applying
the Laplace transform, a partial differential equation can be transformed into an
ordinary differential equation, and also unifies differential order operators to the same
algebraic field such that the solving process is simplified. In this section, the approach
is introduced to solve fractional derivative equations. The Laplace transform of the
function f (t) is
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L{ f (t); s} =
∞∫

0

e−st f (t)dt = F(s), (2.3.15)

where the function f (t) must be piecewise continuous in t ∈ (0,+∞), and the
decreasing rate of e−st is faster than the increasing rate of f (t) with respect to t, then
the Laplace transform of the function f (t) exists if Re(s) > 0, and the integration is
absolutely uniformly convergent.

1. The Characteristics of the Laplace Transform

The linear additivity:

L{ f (t) + g(t); s} = F(s) + G(s). (2.3.16)

The convolution can be defined by the following formula:

f (t) ∗ g(t) = g(t) ∗ f (t) =
t∫

0

f (t − τ)g(τ )dτ. (2.3.17)

The Laplace transform of the convolution above is

L{ f (t) ∗ g(t); s} = F(s)G(s). (2.3.18)

The Laplace transform of the nth derivative can be obtained by

L
{
f (n)(t); s} = sn F(s) −

n−1∑

k=0

sn−k−1 f (k)(0). (2.3.19)

The Laplace transform of the n-fold integral,

L{
t∫

0

t∫

0

· · ·
t∫

0

f (t)dt

︸ ︷︷ ︸
n

; s} = F(s)

sn
. (2.3.20)

2. The Characteristics of the Inverse Laplace Transform

The inverse Laplace transform is

f (t) = L−1{F(s); s} = 1

2π i

γ+∞∫

γ−∞
est F(s)ds, (t > 0, s = γ + iω). (2.3.21)
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The inverse Laplace transform of the product is

L−1{F(s)G(s); s} = f (t) ∗ g(t). (2.3.22)

The inverse Laplace transform of the convolution is

L−1{F(s) ∗ G(s); s} = f (t)g(t). (2.3.23)

3. Laplace Transform of the Mittag-Leffler Function

∞∫

0

e−st tαk+β−1E (k)
α,β(±atα)dt = k!sα−β

(sα ∓ a)k+1
. (2.3.24)

The formula plays an important role to solve fractional derivative equations.
4. The Laplace Transform of the Fractional Derivative Operator

The Riemann–Liouville fractional derivative operator is written as

RL
a Dp

t f (t) = g(n)(t), (2.3.25)

g(t) =RL
a D−(n−p)

t f (t) = 1

�(n − p)

t∫

0

(t − τ)n−p−1 f (τ )dτ , (n − 1 ≤ p < n),

(2.3.26)

then the Laplace transform of the Riemann–Liouville fractional derivative
operator is

L{RLa Dp
t f (t); s} = snG(s) −

n−1∑

k=0

skg(n−k−1)(0), G(s) = s−(n−p)F(s),

(2.3.27)

where

g(n−k−1)(t) = d(n−k−1)

dtn−k−1
RL
a D−(n−p)

t f (t) =RL
a Dp−k−1

t f (t). (2.3.28)

Finally, the Laplace transformof theRiemann–Liouville fractional derivative
operator can be expressed as

L{RLa Dp
t f (t); s} = s pF(s) −

n−1∑

k=0

sk RLa Dp−k−1
t f (t)|t=0 . (2.3.29)
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If 0 ≤ p < 1, we have

L{RLa Dp
t f (t); s} = s pF(s) − a I

1−p
t f (t)|t=0 . (2.3.30)

Now we rewrite the Caputo fractional derivative operator as

C
a D

p
t f (t) = RL

a D−(n−p)
t g(t), g(t) = f (n)(t), (n − 1 < p ≤ n), (2.3.31)

so

L{Ca Dp
t f (t); s} = s−(n−p)G(s), G(s) = sn F(s) −

n−1∑

k=0

sk f (n−k−1)(0),

(2.3.32)

then the Laplace transform of the Caputo fractional derivative operator is

L{Ca Dp
t f (t); s} = s pF(s) −

n−1∑

k=0

s p−k−1 f (k)(0), (n − 1 < p ≤ n). (2.3.33)

If 0 ≤ p < 1, the following holds:

L{Ca Dp
t f (t); s} = s pF(s) − s p−1 f (0). (2.3.34)

5. Examples of Applying the Laplace Transform to Solve Fractional Deriva-
tive Equations

(1) Consider an ordinary differential equation [2]

AC
a D

p
t u(t) + BC

a D
q
t u(t) = f (t), (0 < p < 1, 0 < q < 1). (2.3.35)

Because Caputo’s fractional derivative operator is utilized, the same
physical initial conditions as the conventional integer-order derivative
equations, it is popular to apply to practical problems.

Assume A = B = 1; applying the Laplace transform on two sides of
the equation (s is the parameter of Laplace transform), we have

L{Ca Dp
t u(t); s} = s pU (s) − s p−1u(0), (2.3.36)

L{Ca Dq
t u(t); s} = sqU (s) − sq−1u(0), (2.3.37)

L{ f (t); s} = F(s). (2.3.38)
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From the linear additivity of the Laplace transform, we have

U (s) = (s p−1 + sq−1)u(0) + F(s)

s p + sq
, (2.3.39)

U (s) = s−1u(0)

sq−p + 1
+ s−1u(0)

s p−q + 1
+ s−pF(s)

1 + sq−p
. (2.3.40)

The inverse Laplace transformofU(s) can be obtained by the following
processes:

Applying the formula of the Laplace transform of the Mittag-Leffler
function, we have

L−1{ s
−1u(0)

sq−p + 1
; s} = tq−pEq−p, q−p+1(−tq−p)u(0), (2.3.41)

L−1{ s
−1u(0)

s p−q + 1
; s} = t p−q Ep−q, p−q+1(−t p−q)u(0), (2.3.42)

L−1{ s
−pF(s)

sq−p + 1
; s} =

t∫

0

f (t − τ)tq−1Eq−p,q(−tq−p)dτ. (2.3.43)

Thus, the solution to this problem is written as

u(t) = tq−pEq−p, q−p+1(−tq−p)u(0) + t p−q Ep−q, p−q+1(−t p−q)u(0)

+ f (t) ∗ (tq−1Eq−p, q(−tq−p)). (2.3.44)

The solution to the homogeneous equation (f (t) = 0) is

u(t) = tq−pEq−p, q−p+1(−tq−p)u(0) + t p−q Ep−q, p−q+1(−t p−q)u(0).
(2.3.45)

(2) Taking a partial differential equation, for example [9]:

C
a D

p
t u(t) = λ2 ∂2u(x, t)

∂x2
, (t > 0, −∞ < x < ∞, 0 < p < 1),

lim
x→±∞ u(x, t) = 0; u(x, 0) = f(x), (2.3.46)

where the fractional derivative operator is defined in the sense of the
Caputo type. This equation is a time-fractional diffusion equation, where
u(x, t) is the solute concentration of the location x at time t, f (x) is the
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initial concentration of the location x and the concentration vanishes at
the infinite location.

The Fourier transform of the equation with respect to x is

C
a D

p
t u(β, t) + λ2β2u(β, t) = 0. (2.3.47)

And then the Laplace transform of the equation above with respect to t leads to

L{Ca Dp
t u(β, t); s} = s pU (β, s) − s p−1 f (β), (2.3.48)

L{u(β, t); s} = U (β, s), (2.3.49)

U (β, s) = s p−1 f (β)

s p + λ2β2
. (2.3.50)

The inverse Laplace transform of U (β, s) is

u(β, t) = L−1{U (β, s); s} = f (β)Ep,1(−λ2β2t p). (2.3.51)

Applying the inverse Fourier transform to u(β, t), the solution to the problem is

u(x, t) =
∞∫

−∞
G(x − ξ, t) f (ξ)dξ,

G(x, t) = 1

2λ
tρ−1W (−z, ρ, ρ),

(

z = |x |
λt p

, ρ = p/2

)

, (2.3.52)

where W represents the Wright function (see Appendix I). Figure 2.4 shows that
the performance of G(x, t) at different times and with different fractional orders p.
From Fig. 2.4, we see that the nonzero values of G(x, t) extend outwardly with the
evolving of time. The larger the fractional derivative order p, the greater the values
rangeG(x, t). To a certain extent, the properties of the functionG(x, t) can illustrate
the properties of the diffusion process. Therefore, furthermore, we can analyze the
effect of the time and fractional order on the diffusion process. In Chap. 4, some
details of fractional derivative anomalous diffusion models can be introduced.
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Fig. 2.4 Left: p fixed, with different times, Right: time fixed, p is changed

2.4 Analytical Solution of Fractional-Order Equations [10]

2.4.1 Algorithms of Integral Transform

The integral transform methods can be carried out by the following steps1: (1)
Applying the integral transform, partial differential equations can be transformed
into ordinary differential equations or algebraic equations, and then the solution in
the phase space is obtained; (2) Applying the inverse transform to the solution in the
phase space, the solution to the original problem can be derived. The integral trans-
form approach is one of themost important analytical approaches to solve differential
equations (including integer-order equations). These algorithms contain the Laplace
transform, Fourier transform, Hankel transform and Mellin transform. We already
illustrated the Laplace and Fourier transforms by two examples in the two front
sections, hence, we do not repeat them here.

The thought of the integral transform approach is very clear, and various trans-
forms of basis functions have been listed, therefore, this approach is convenient
to apply. However, it must be pointed out that the integral transform approach has
many restrictions, i.e. the Fourier transform is no longer applicable for finite domain
problems. Moreover, the inversion of some complex functions is difficult to obtain,
which also restricts the applications of the integral transform approach. In addition,
only a few nonlinear problems can apply the integral transform approach. Therefore,
developing more types of analytical approaches to solve fractional-order equations
is an important topic in the field of fractional calculus theory and application.

1 Most of the contents of this section primarily refer to the literature [10].
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2.4.2 Green’s Function [2]

1. Definition and Some Properties

Green’s function plays a powerful role to solve nonlinear differential equations.
In this section, we will introduce the fractional Green’s functions by differential
equations with the Riemann–Liouville-type definition.

Let us consider the following initial value problem:

0L
σn
t y(t) = f (t, y);

[
0D

σk−1
t y(t)

]

t=0
= bk, k = 1, · · · n, (2.4.1)

where 0L
σn
t represents a linear combination of some fractional operators. And

also assume that the equations above satisfy the homogenous initial conditions
as follows:

bk = 0, (k = 1, . . . n). (2.4.2)

If the function G(t, τ ) satisfies the following conditions:

(1) τ LtG(t, τ ) = 0, for any arbitrary τ ∈ (0, t);
(2) limτ→t−0(τ D

σk−1
t G(t, τ )) = δk,n, k = 0, 1, . . . n, (δk,n is Kronecker’s

delta function);
(3) limτ,t→+0,τ<t (τ D

σk
t G(t, τ )) = 0, k = 0, 1, . . . n − 1,

it is called Green’s function of Eq. (2.4.1).
The properties of Green’s function:

1. If G(t, τ ) is Green’s function of Eq. (2.4.1), then y(t) =
t∫

0
G(t, τ ) f (τ )dτ is the solution to Eq. (2.4.1).

2. For linear fractional differential equations with constant coefficients,
the following equation holds:

G(t, τ ) = G(t − τ). (2.4.3)

2. Examples of Green’s Functions Method

(1) One-term fractional differential equation

A0D
α
t y(t) = f (t). (2.4.4)

Applying the Laplace transform, we have

g1(p) = 1

A0 pα
, (2.4.5)
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and then the inverse Laplace transform gives

G1(t) = 1

A0

tα−1

�(α)
. (2.4.6)

Namely, G1 is Green’s function of the problem, thus, the solution of
this equation is

y(t) = 1

A0�(α)

t∫

0

f (τ )

(t − τ)1−α
dτ. (2.4.7)

(2) Two-term fractional differential equation

Let us consider the two-term fractional equation

A0D
α
t y(t) + By(t) = f (t). (2.4.8)

Using the Laplace transform, we have

g2(p) = 1

Apα + B
= 1

A

1

pα + B
A

, (2.4.9)

and then using the inverse Laplace transform, Green’s function of
Eq. (2.4.8) is given as

G2(t) = 1

A
tα−1Eα,α(− B

A
tα). (2.4.10)

Therefore, the solution of Eq. (2.4.8) can be written as

y(t) = 1

A
G2(t) ∗ f (t) = 1

A

t∫

0

G2(t − τ) f (τ )dτ. (2.4.11)

(3) n-term fractional differential equation

More generally, n-term equation with real coefficients

An0D
βn
t y(t)+An−10D

βn−1
t y(t) + . . .

+A10D
β1
t y(t) + A00D

β0
t y(t) = f (t). (2.4.12)

Using the Laplace transform, we have
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gn(p) = 1

An pβn + An−1 pβn−1 + . . . + A1 pβ1 + A0 pβ1
, (2.4.13)

assume βn > βn−1 > . . . > β1 > β0, the inverse Laplace transform leads
to

Gn(t) = 1

An

∞∑

m=0

(−1)m

m!
k0>0;...kn−2>0∑

k0+k1+...+kn−2=m

(m; k0, k1, . . . , kn−2)

n−2∏

i=0

(
Ai

An

)ki

t (βn−βn−1)m+βn+∑n−2
j=0 (βn−1−β j )k j−1

×Em
(βn−βn−1),βn+∑n−2

j=0 (βn−1−β j )k j
(− An−1

An
tβn−βn−1).

(2.4.14)

(4) Space fractional differential equation [11, 12]

{
Dη

t u(x, t) = Dγ

θ u(x, t)
u(x, 0) = δ(x)

, (2.4.15)

where δ(x) is the Dirac delta function, Dγ

θ denotes Riesz’s operator. This
equation is a time–space fractional derivative anomalous diffusion equa-
tion; for details, refer to Sect. 2.4.1. The derivation processes of the prop-
erties and expressions ofGreen’s function andK function are very compli-
cated; for simplicity and for highlighting the purpose of this section, the
details are omitted; readers who are interested can find the details in the
Refs. [11, 12].

The relationship between Green’s function and K function of Eq. (2.4.15) can be
expressed as

Dθ
γ,η(x, t) = t−λK θ

γ,η(x/t
λ), λ=η/γ. (2.4.16)

The expression of the K function with parameter θ is

K θ
γ,η(x) = 1

γ x

1

2π i

μ+i∞∫

μ−i∞

�(s/γ )�(1 − s/γ )�(1 − s)

�(1 − ηs/γ )�(ρs)�(1 − ρs)
xsds (2.4.17)

where 0 < μ < min(γ, 1), |θ | ≤ 2 − η.
If γ = η, the K function can be rewritten as
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K θ
γ,γ (x) = 1

πγ x

1

2π i

μ+i∞∫

μ−i∞
�(

s

γ
)�(1 − s

γ
) sin[ s

γ

π

2
(γ − θ)]xsds. (2.4.18)

According to Green’s function, the fundamental solution of this space fractional
differential equation can be written as

G(x, t) = t−η/γ K θ
γ,η

( x

tη/γ

)
, 0 < γ ≤ 2, 0 < η ≤ 2. (2.4.19)

2.4.3 Adomian Decomposition Method (ADM)

The Adomian decomposition method has been widely applied to solve linear and
nonlinear integer-order differential equations [6, 13]. Recently, this method has been
introduced to get the solutionof fractional derivative equations andobtains somegood
results [14–17]. Applying the Adomian decomposition method to solve equations,
the equations are arranged into the following form [16]:

Lu + Ru + Nu = f, (2.4.20)

where N is a nonlinear operator, L and R are linear operators and L is easily or
trivially invertible. The general solution of the given equation is decomposed into
the sum

u =
∞∑

n=0

un. (2.4.21)

Because L is invertible, from the form (2.4.20), we have

u =
k∑

n=0

tnu(n)(0)

n! + L−1 f − L−1Ru − L−1�u. (2.4.22)

�(u) represents the nonlinear term, k = �α�;α is the order of the operator L.
Substituting (2.4.21) into the linear term of (2.4.22), we have

∞∑

n=0

un =
k∑

n=0

tnu(n)(0)

n! + L−1 f − L−1R
∞∑

n=0

un − L−1�u, (2.4.23)

and the nonlinear term can be written as [17]
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Nu =
∞∑

n=0

An, An = 1

n!

[
dn

dλn
�

( ∞∑

i=0

λi ui

)]∣
∣
∣
∣
∣
λ=0

, (2.4.24)

whereAn is called theAdomian polynomials, then the solution to the original problem
can be written as

u0 =
k∑

n=0

tnu(n)(0)

n! + L−1 f, un+1 = −L−1Run − L−1An. (2.4.25)

Now, to illustrate this method, we take fractional KdV–Burgers equation [14], for
example,

{
∂αu
∂tα + εu ∂βu

∂xβ + η ∂2u
∂x2 + υ ∂3u

∂x3 = 0, t > 0, 0 < α, β ≤ 1,
u(x, 0) = f (x)

(2.4.26)

the nonlinear term �(x) = εu ∂βu
∂xβ , linear term L(x) = ∂αu

∂tα , and according to the
relationship between fractional derivative and integral, we get the following:

u(x, t) = f (x) − εJα(�(u)) − Jα(η
∂2u

∂x2
+ υ

∂3u

∂x3
). (2.4.27)

For the decomposition method [16], we have

u(x, t) =
∞∑

i=0

ui (x, t),

�(u) =
∞∑

i=0

Ai (u0, u1, . . . , ui ), (2.4.28)

where [17]

Ai = 1

i !

[
di

dλi
�(

∞∑

i=0

λi ui )

]

λ=0

= 1

i !

[
di

dλi

(

(

∞∑

i=0

λi ui )D
β
x (

∞∑

i=0

λi ui )

)]

, i ≥ 0.

Substituting (2.4.28) into (2.4.27), all the components u1, u2, u3, un · · · are
determined by using the iteration form of (2.4.25), namely the approximate solution
of the original equation is obtained.

The advantage of this method is involving the initial conditions to the iteration
formula as iterative initial values, and is easy to program because of the regularity of
the iteration formula. The accuracy of the method can be implemented by increasing
the high-order term of theAdomian series, but this costs a huge computation expense.
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2.4.4 Homotopy Function Method

Perturbation theory has been applied to solve nonlinear problems in science and
engineering, and recently the theory has been used to solve approximate solutions
of fractional calculus equations. Especially, in the recent 10 years, a number of
researchers have obtained some valuable results. Based on these results, there are
two perturbation algorithms introduced in this book: homotopy perturbation method
and homotopy analysis method. The main contents of this section contain the main
ideas of the two methods, and numerical examples.

1. Homotopy perturbation method (HPM)

The homotopy perturbationmethod was originally proposed to solve nonlinear equa-
tions [18–21]. With further research, researchers found that HPM has special merits
to numerically solving the fractional differential equations. These merits include the
following: (1)Different from the difference scheme and integral transform algorithm,
it does not need to consider the truncation error and the stability of the difference
form; (2) It does not cost a large amount of computation and computer memory
usage; (3) Analytical solutions of some equations may be obtained by using this
algorithm.

HPM becomes a hotspot to solve fractional differential equations, especially
recently, this method has been widely applied to solve problems in fractional deriva-
tive vibration, anomalous diffusion, nonlinear wave and damping control, etc. [22–
28]. To improve the convergent rate of this method, Nia proposed a modified HPM
by modifying the iterative scheme, in which the initial iteration is an exponential
function but not a polynomial function, such that the iterative scheme is stable and
has a fast convergence rate [21]. The main idea of this method is that we construct a
homotopy function according to the known equation. Take the following equation,
for example.

Equation:

L(u) + N (u) = f (r), r ∈ �, (2.4.29)

establishing the homotopy form as follows:

H(v, p) = (1 − p)[L(v) − L(u0)] + p[L(v) + N (v) − f (r)] = 0, (2.4.30)

or simplifying as

H(v, p) = L(v) − L(u0) + pL(u0) + p[N (v) − f (r)] = 0 (2.4.31)

where p ∈ [0, 1] is an implicit parameter.
Assuming the solution has the following form:
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v = v0 + pv1 + p2v2 + . . . , (2.4.32)

if p tends to 1, we have

u = lim
p→1

v = v0 + v1 + v2 + . . . , (2.4.33)

this form is the solution of the original equation.
Here, take the fractional Riccati equation, for example [24],

∂αu

∂tα
= −u2 + 1, t > 0, (0 < α < 1). (2.4.34)

The homotopy function can be constructed as follows:

H(v, p) = (u′ − 1) − p[u′ − u2 − dαu/dtα] = 0. (2.4.35)

Note that p is not necessarily a small parameter and also can be a sufficient large
parameter [29]. Similar to the analysis above, if p → 1, the form above is the solution
of the original equation.

Here, suppose the solution of the equation above can be written as a power series
in p,

v = v0 + pv1 + p2v2 + p3v3 + p4v4 + . . . (2.4.36)

Thus, the approximate solution to the original problem is

u = lim
p→1

v0 + v1 + v2 + v3 + v4 + . . . (2.4.37)

Substitute the formula (2.4.36) into (2.4.35); the values of (I α f )(x) =
1

γn(α)

∫

Rn

f (t)dt
|x−t |n−α , (R(α) > 0;α − n 
= 0, 2, 4, · · ·), can be obtained by equating the

terms with identical powers of p, namely we have the approximate solution to the
original problem.

The drawbacks of this method are also obvious: (1) The initial and boundary
conditions of the mechanics and the physical process should be good enough to get
the solutions of v0, v1, v2, v3, v4 . . .; (2) We should ensure the series is convergent,
which is the key condition to make the method feasible, but, in general, it cannot be
satisfied.

Example 1 Here, consider the fractional Riccati Eq. (2.4.34), the initial condition
u(0) = 0. In view of the homotopy perturbation method, the expressions of the
approximate solution are [24]
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v0 = t,

v1 = t − t3

3
− t2−α

�(3 − α)
,

v2 = t − t3 + 2t5

15
− 2t2−α

�(4 − α)
+ t3−α

�(4 − 2α)
,

v3 = t − 2t3 + 2

3
t5 − 17

315
t7 − 3t2−α

�(3 − α)
+ [ 6

�(3 − α)
+ 6

�(4 − α)

+ 2�(5 − α)

�(4 − α)2
]�(4 − α)

�(5 − α)
t4−α

− [ 2

3�(3 − α)
+ 4

�(4 − α)
+ 16

�(6 − α)
]�(6 − α)

�(7 − α)
t6−α

− [ 1

�(3 − α)2
+ 2

�(4 − 2α)
+ 2�(5 − α)

�(4 − α)�(5 − 2α)
]�(5 − 2α)

�(6 − 2α)
t5−2α

+ 3
t3−2α

�(4 − 2α)
− t4−3α

�(5 − 3α)

· · · (2.4.38)

The results from the expressions above can be shown in Fig. 2.5.
To illustrate the HPM features more clearly, compare HPMwith the explicit finite

difference method (FDM) by numerical solution; the results are shown in Fig. 2.6.

Fig. 2.5 The solutions of the Riccati Eq. (2.4.34) with different fractional orders
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Fig. 2.6 The results of comparing the homotopy perturbation method with the explicit finite
difference method; the fractional derivative orders are α = 0.4, 0.7, 1.0

From Fig. 2.6, we can observe that, although the numerical results of the HPM
are better in the cases of α = 0.7, 1.0, its numerical result is very bad when α = 0.4.
For the FDM, although there is a big numerical error, the general trend is correct.
According to numerical experiments, for t > 1, the numerical result of HPM is far
away from the analytical solution. The result shows that this method is only feasible
with a small value of t.

Example 2
∂αu(x, t)

∂tα
=

3∑

i=1

∂2u(x, t)

∂x2i
, 0 <α < 1. (2.4.39)

Here, construct a homotopy function as follows:

H(v, p) = (1 − p)(Dα
x v) + p(Dα

x v −
3∑

i=1

∂2v

∂x2i
) = 0. (2.4.40)

We also can use the modified homotopy function

H(v, p) = ∂v

∂t
− p(

∂v

∂t
+

3∑

i=1

∂2v

∂x2i
− Dα

t v) = 0. (2.4.41)

The form (2.4.41) should be the solution to the original problem if p → 1.
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Assume the solution of the equation above can be written as a power series with
p,

v = v0 + pv1 + p2v2 + p3v3 + p4v4 + . . . (2.4.42)

then the approximate solution of the original problem is

u = lim
p→1

v0 + v1 + v2 + v3 + v4 + . . . (2.4.43)

Substitute the formula (2.4.41) into (2.4.40), and the values of v0, v1, v2, v3, v4 . . .

can be obtained by equating the terms with identical powers of p, namely we have
the approximate solution to the original problem.

To illustrate the details, we take a one-dimensional time-fractional anomalous
diffusion equation with absorption (or reaction) term, for example,

Dα
t u = ∂2u

∂x2
+ u, u(x, 0) = cos(πx), α ∈ (0, 1). (2.4.44)

Applying the modified homotopy perturbation method, we construct a homotopy
function as follows:

∂u

∂t
= p

[
∂u

∂t
+ ∂2u

∂x2
+ u − Dα

t u

]

, (2.4.45)

and then assuming the expression of the approximate solution as a power series,
substituting it into the homotopy function, we have

v0 = cos(πx),
u1 = [1 − π2] cos(πx) tα

�(α+1) ,

u2 = [1 − π2]2 cos(πx) t2α

�(2α+1) ,

. . .

v j+1 = [1 − π2] j+1 cos(πx) t jα

�( jα+1) , j = 1, 2, . . .

. (2.4.46)

Combining the series above together, we can have the exact solution to the original
equation

u(x, t) = cos(πx)Eα([1 − π2]t), (2.4.47)

where Eα represents the one-parameter Mittag-Leffler function.
Fig. 2.7 shows the result of the exact solution (2.4.47).
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Fig. 2.7 The exact solution of the equation Dα
t u = ∂2u

∂x2
+ u, u(x, 0) = cos(πx), α= 0.5.

2. Homotopy Analysis Method (HAM)

The homotopy analysis method is an approximate scheme, similar to the homotopy
perturbation method, and is widely applied to solve nonlinear partial differential
equations. Now it is also applied to solve fractional differential equations. We will
introduce the main idea of this method below, and apply an example to specify the
implementation process.

Let us consider a nonlinear differential equation

A(u(t)) = 0, (2.4.48)

where A represents a nonlinear operator, and u(t) is an unknown function.
Then we will construct a homotopy function. According to different numbers of

parameters, there are three kinds of homotopy functions: single parameter family;
dual-parameter family; three-parameter family. Referring to the papers [30, 31], the
HPM belongs to the single parameter family. Take the three-parameter family into
account below.

Firstly, we introduce two auxiliary parameters p, h, and an auxiliary function H(t),
then the generalized zero-order deformation equation is obtained as

(1 − p)L(φ − u0(t)) = phH(t)A(φ), p ∈ [0, 1], (2.4.49)
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where L represents a linear auxiliary operator, and the function φ is a function with
respect to t, p and h. If p = 0, p = 1, the following holds:

φ(t, h, 0) = u0(t), φ(t, h, 1) = u(t). (2.4.50)

The formula above shows that if p changes from 0 to 1, φ is continuously changing
from the guess initial solution u0(t) to the solution u(t) of the original equation.

Next, we expand the function φ to the Taylor series of p

φ(t, h, p) = u0(t) +
+∞∑

k=1

uk(t)p
k, (2.4.51)

where

uk(t) = 1

k!
∂kφ(t, h, p)

∂pk
∣
∣
p=0 .

If an appropriate linear operator and a parameter h can be selected, this series is
convergent for p = 1, then the solution in series is obtained as

u(t) = u0(t) +
+∞∑

k=1

uk(t). (2.4.52)

Similarly, for the high-order deformation equation

L(uk(t) − χkuk−1) = hH(t)Rk(t), (2.4.53)

where

χk =
{
0, k ≤ 1
1, k > 1

, Rk(t) = 1

(k − 1)!
∂k−1A[φ(t, p)]

∂pk−1

∣
∣
p=0 ,

according to the processes mentioned above, by choosing appropriate parameters p,
h and the auxiliary functionH, the solution of the nonlinear equation can be derived.

Example 3 To illustrate the implementation of thismethod, we take a time-fractional
differential equation, for example [32],

Dα
t u(x, t) = 1

2
x2uxx , 0 < x < 1, 0 < α ≤ 1, t > 0, (2.4.54)

subject to the initial and boundary conditions



52 2 Mathematical Foundation of Fractional Calculus

u(0, t) = 0, u(1, t) = et , u(x, 0) = x2.

Main scheme:

Firstly, choose the trial initial function referring to the initial condition

u0(x, t) = x2. (2.4.55)

Assume H(t) = 0 in view of the features of the equation, and construct a linear
auxiliary operator

L[G(x, t, q)] = Dα
t [G(x, t, q)], (2.4.56)

which satisfies the following property:

L(

n−1∑

k=0

G(x, 0+)
t k

k! ) = 0. (2.4.57)

From zero-order and high-order deformation equations, the following formula
holds:

{
u0(x, t) = x2

um(x, t) = (h + χm)um−1(x, t) − 1
2 x

2h Jα[uxx(m−1)(x, t)] − (h − χm)u(x, 0)
.

(2.4.58)

If h = −1, it leads to

u(x, t) = x2[1 + tα

�(α + 1)
+ t2α

�(2α + 1)
+ t3α

�(3α + 1)
· · · ]

= x2Eα(tα). (2.4.59)

The result of the solution is shown in Fig. 2.8.

2.4.5 Other Iteration Methods

1. Variational Iteration Method (VIM)

The variational iteration method was initially applied to solve linear or nonlinear
differential equations, especially for partial differential equations. In recent years,
some researchers have applied this method to solve fractional differential equa-
tions, and then extended it to solve nonlinear fractional differential equations
[24–29, 33–37].
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Fig. 2.8 The solution of Eq. (2.4.54)

Here, take a linear fractional derivative equation, for example, to introduce the
VIM.

∂αu

∂tα
+ a0u + a1(x)

∂u

∂x
+a2(x)

∂2u

∂x2
+ a3(x)

∂3u

∂x3
+ . . . + an(x)

∂nu

∂xn

= q(x, t), t > 0, x ∈ R. (2.4.60)

The discrete form of the equation above can be approximately written as

uk+1(x, t) = uk(x, t) +
t∫

0
λ(ξ)( ∂m

∂ξm uk(x, ξ) + a0(x)ũk(k, ξ) + . . .

an(x)
∂n

∂xn ũk(k, ξ) − q(x, ξ))dξ
(2.4.61)

where λ represents the Lagrange multiplier, which can be obtained by the variation
principle; ũk,

∂ ũk
∂x , . . . , ∂n ũk

∂xn are restrict variables. Noting that δũk = 0, we have

δuk+1(x, t) = δuk(x, t) + δ

t∫

0

λ(ξ)(
∂m

∂ξm
uk(x, ξ) − q(k, ξ))dξ. (2.4.62)

The Lagrange multipliers are obtained by computing the formula above,

{
λ = 1, m = 1
λ = ξ − 1, m = 2

. (2.4.63)
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When m = 1, the iterative expression is

uk+1(x, t) =uk(x, t) −
t∫

0

(
∂α

∂ξα
uk(x, ξ) + a0(x)uk(x, ξ) + . . .

+ an(x)
∂n

∂xn
uk(x, ξ) − q(x, ξ))dξ. (2.4.64)

When m = 2, the iterative expression is

uk+1(x, t) =uk(x, t) +
t∫

0

(ξ − t) × (
∂α

∂ξα
uk(x, ξ) + a0(x)uk(x, ξ) + . . .

+ an(x)
∂n

∂xn
uk(x, ξ) − q(x, ξ))dξ (2.4.65)

Takem = 1, for example, subjecting to the initial conditions, the iteration scheme
is

u1(x, t) = f (x) −
t∫

0

(a0(x) f (x) + . . . + an(x)
∂n

∂xn
f (x) − q(x, ξ))dξ, n = 1,

(2.4.66)

uk+1(x, t) =uk(x, t) −
t∫

0

(
∂α

∂ξα
uk(x, ξ) + a0(x)uk(k, ξ) + . . .

+ an(x)
∂n

∂xn
uk(k, ξ) − q(x, ξ))dξ (2.4.67)

The final exact solution can be obtained by

u(x, t) = lim
n→∞ un(x, t). (2.4.68)

This method is effective to find approximate solutions and exact solutions of a
sequence of complex mechanics model equations. The limitation of this method is
that the trial initial value of u0 u0 is restricted by the initial and boundary condi-
tions, and also directly affects the accuracy and correctness of numerical solutions.
Therefore, the iteration formula is generally complex and difficult to program.

Numerical example:

The time-fractional differential anomalous diffusion equation
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{
∂u(x,t)

∂t = ∂1−α

∂t1−α

∂2u(x,t)
∂x2 + ∂1−α

∂t1−α
∂
∂x (xu(t))

u(x, 0) = f (x)
. (2.4.69)

Assuming f (x) = 0, the govern equation above can be converted into (the time-
fractional derivative is defined in the sense of Caputo).

∂αu(x, t)

∂tα
= ∂2u(x, t)

∂x2
+ ∂

∂x
(xu(t)). (2.4.70)

By using the variational iteration method, we can obtain the iteration formula of
the time direction as

un+1(x, t) =un(x, t)

+
t∫

0

λ(ξ)

[
∂un(x, ξ)

∂ξ
− ∂1−α

∂ξ
1−α

∂2ūn(x, ξ)

∂x2
− ∂1−α

∂ξ
1−α

∂

∂x
(xūn(x, ξ))

]

dξ .

(2.4.71)

To get an appropriate parameter λ, we have

δun+1(x, t) = δun(x, t) + δ

t∫

0

λ(ξ)
∂

∂ξ
un(x, ξ)dξ = 0. (2.4.72)

From the formula above, the following conditions hold:

λ′(ξ) = 0, 1 + λ(ξ) = 0. (2.4.73)

Therefore, λ = −1.
Substituting the value into the iteration formula, we have

u1(x, t) = f (x) +
t∫

0

[ ∂1−α

∂ξ
1−α

∂2 f (x)

∂x2
+ ∂1−α

∂ξ
1−α

∂

∂x
(x f (x))]dξ, n = 1, (2.4.74)

un+1(x, t) =un(x, t)

−
t∫

0

[
∂un(x, ξ)

∂ξ
− ∂1−α

∂ξ
1−α

∂2un(x, ξ)

∂x2

− ∂1−α

∂ξ
1−α

∂

∂x
(xun(x, ξ))

]

dξ, n > 1. (2.4.75)

The final exact solution can be expressed as
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Fig. 2.9 The curve of the
exact solution with
α = 0.5,x = 1.0.
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Exact solution 

u(x, t) = lim
n→∞ un(x, t). (2.4.76)

Assume f (x) = x; thus, we have

u0(x, t) = x; u1(x, t) = x + 2xtα

�(α+1) ;
. . . , un(x, t) = x + 2xtα

�(α+1) + 4xt2α

�(2α+1) + 8xt3α

�(3α+1) + . . .
. (2.4.77)

The exact solution can be written as

u(x, t) = lim
n→∞ un(x, t) = x

∞∑

k=0

2k tkα

�(kα + 1)
= xEα(2tα). (2.4.78)

The result is shown in Fig. 2.9.

2. A New Iteration Method

Sachin and Varsha proposed and applied a new iteration method to solve fractional
differential equations. We will briefly introduce the main idea of this new method
below; for details, readers can refer to the Refs. [38, 39].

To introduce the new iteration method, we take the following fractional derivative
equation, for example:

{
Dα

t u(x, t) = A(u, ∂u) + B(x, t), m − 1 < α < m, m ∈ N
∂ku(x,0)

∂t k = hk(x), k = 0, 1, . . . ,m − 1
, (2.4.79)

where A is a nonlinear term, and B is a source function; the time-fractional derivative
is defined in the sense of Caputo.
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Firstly, integrating both sides of the equation with respect to t, we have

u(x, t) =
m−1∑

k=0

hk(x)
t k

k! + I α
t B + I α

t A = f + N (u), (2.4.80)

where f = ∑m−1
k=0 hk(x)

t k

k! + I α
t B, N (u) = I α

t A.
And then, assume the form of the solution of this equation can be written as

u(x, t) = u0(x, t) +
∞∑

k=1

uk(x, t). (2.4.81)

By utilizing the following iterative formula:

u0(x, t) = f (x, t), u1(x, t) = N (u0), u2(x, t) = N (u1)
. . . un(x, t) = N (un−1)

, (2.4.82)

and the formula (2.4.82), we have the solution to the original problem.

2.5 Questions and Discussions

2.5.1 Fractal Derivative, Positive Fractional Derivative,
Variable-Order Derivative and Random-Order
Derivative

In recent years, some new definitions are proposed from theoretical study and engi-
neering applications, besides the definitions introduced in Sect. 2.1. Combining the
research work by the authors of this book, we focus on the following four new
definitions.

1. Fractal derivative

The essential characteristics of the anomalous diffusion process can be described by
the random walk model, namely the mean square displacement of a random walker,〈
�x2

〉
, depends on time as follows:

〈
�x2

〉 ∝ �tη, (2.5.1)

where�x represents distance,�t denotes time interval and η is a real number. For η
= 1, themotion is theBrownian diffusion, otherwise, for η 
= 1, anomalous diffusion.
The corresponding phenomenological anomalous diffusion equation is
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∂αs/∂tα + γ
(−∇2)β

s = 0 (2.5.2)

where s is the physical quantity of interest (e.g. temperature in heat conduction
or concentration in diffusion), γ is the corresponding physical coefficient,

(−∇2
)β

represents a symmetric fractional Laplacian, and α and β can be real numbers,
0 < α, β ≤ 1. The fundamental solution of Eq. (2.5.2) is the time-dependent Lévy
probability density function. For α = 1, β < 1, it is called the fat-tailed distribution.
For α = 1, β = 1, the equation is reduced to the classical diffusion equation. In view
of the mesoscopic statistics, α is the memory strength index of the process (long time
range correlation), and β is the stability index of the Lévy distribution. The smaller
the α, the stronger the memory. The Lévy statistics and fractional Brownian motion
are often considered the statistical mechanism leading to anomalous diffusion and
accordingly η = α/β η = α/β can be derived. The second moment of the random
system η 
= 1 η 
= 1 diverges, and the kinetic energy is infinite, i.e.

〈
(�x)n

〉 = ∞, 2β < n. (2.5.3)

It says that the potential energy cannot trap the particle, and the kinetic energy
for a particle with finite mass diverges [40]. To solve this paradox, Chen [41], one
of the authors of this book, proposed a spacetime transform:

{
�x̂ = �xβ

�t̂ = �tα
, 0 < α, β ≤ 1. (2.5.4)

Unlike the Lorentz transforms in the inertial reference system of special rela-
tivity and the spacetime transforms in the acceleration reference system of general
relativity, the transforms above are nonlinear transforms which reflect the spatial–
temporal distortions caused by complex fractal physical fields. The transforms coin-
cide with the classical definition of the Hausdorff fractal dimension, thus, the trans-
forms can be considered as a fractal metric spacetime transforms. To solve the coun-
terintuitive paradox on the entropy production of the anomalous diffusion process,
Hoffmann [42] and Li [43] also presented a time–scale transformation, referred to
as “internal clock”.

In terms of the spacetime transforms (2.5.4), themean square displacement (2.5.1)
is recast as a “normal” Brownian motion under the fractal metric spacetime

〈
�x̂2

〉 ∝ �t̂ . (2.5.5)

The second moment of the anomalous diffusion process is finite and the corre-
sponding kinetic energy exists. It is worth pointing out that the corresponding defini-
tion of velocity needs to be changed (see the formula 2.5.3). In terms of the transforms
(2.5.4), Lévy statistics and fractional Brownian motion are considered as a conse-
quence of the fractal metric spacetime, while the classical Gaussian distribution and
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Brownianmotion (white noise) correspond to the limiting α = 1 and β = 1 spacetime
fabric, respectively.

On the other hand, the restoration of the “normal” diffusion formalism in (2.5.5)
implies the invariance and equivalence of physical law under scale transformation
under the spacetime transforms. Corresponding to the equivalence principle and the
general covariance principle in general relativity, Chen [41] gave two hypotheses on
“anomalous” physical processes:

(1) The hypothesis of fractal invariance: the laws of physics are invariant regardless
of the fractal metric spacetime.

(2) The hypothesis of fractal equivalence: the influence of anomalous environ-
mental fluctuations on physical behaviors equal that of the fractal time–space
transforms.

Anomalous diffusion equations can be derived from the two hypotheses above.
Unlike existing phenomenological models to describe “anomalous behavior”, Chen
[41] proposed the fractal spacetime transforms above and two hypotheses to try
to illustrate a variety of “anomalous” phenomena from the basic physical spacetime
principal concept. The hypothesis of fractal invariance is very similar to the so-called
scale relativity principle pioneered by Nottale [44]. Unlike the latter, Chen’s work
did not intend to incorporate Einstein’s relativistic effects arising from the reference
frame of motion transforms such as acceleration and velocity (inertial). Chen [41]
also developed different spacetime transforms, and proposed and applied different
differential and statistical methods to discuss different physical problems.

Fractals are self-similar phenomena widely existing in material spatial structure
and physical evolving processes.Under fractal scale, the integer dimension spacetime
(x, t) is converted into the fractal spacetime (xβ , tα) [41, 45]. As a local approximation
of the fractional derivative method in fractal spacetime, based on the spacetime
transforms above, Chen [41] defined a fractal Hausdorff derivative under fractal
scale, which can be shortly called a fractal derivative

du(t)

dtα
= lim

t ′→t

u(t) − u(t ′)
tα − t ′ α . (2.5.6)

The elementary physical concepts in fractal spacetime need to be redefined. For
instance, the definition of velocity:

v̂ = dx̂

dt̂
= dxβ

dtα
t̂, x̂ ∀Sα,β, (2.5.7)

where Sα,β represents time–space fabric having scaling indices α and β. Note that the
time and space derivative orders of the definition of velocity (2.5.7) can be different.
The traditional definition of velocity makes no sense in the non-differentiable fractal
spacetime.

Time and space are the most basic physical and mathematical concepts, and the
spacetime transformshave an impact on the basic physical concepts andmathematical
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methods. By using the fractal derivative, Chen [41] derived a new diffusion equation
and obtained the corresponding stretchedGaussian fundamental solution (details will
be introduced in Chap. 4) and other interesting results.

2. Positive Time-Fractional Derivative

The dissipation of acoustic wave propagation in a wide variety of loose soft mediums
obeys the power frequency dependence [46, 47]

P(x + �x) = P(x)e−α(ω)�x , α(ω) = α0|ω|p, (2.5.8)

where 0 < p < 2, P represents the pressure, x is the wave line of propagation, ω

denotes the angular frequency, α0 is the attenuation coefficient and �x is the wave
propagation distance. The standard integer-order derivative model cannot describe
the frequency-dependent attenuation of acousticwaves. Currently, fractional calculus
has become one of themainmodeling tools to describe complexmechanics behaviors
with power-law features [48–53]. From the definition, the standard time-fractional
derivative does not have the property of positivity and cannot accurately reflect the
frequency dependency of acoustic attenuation of the dissipative medium.

Szabo [47] proposed an acousticwave equation to accurately describe this acoustic
frequency-dependent dissipation. This model can effectively describe the acoustic
anomalous energy dissipation processes and satisfies the causality requirements of
wave equations due to the positivity of the dissipative term. However, due to hyper-
singular improper integral in the dissipative term of Szabo’s model, its numerical
solution is feasible. Noting the similarity of Szabo’s model and fractional deriva-
tive model, Chen and Holm [46] introduced the positive fractional derivative and
further proposed the modified Szabo’s wave equation. Unlike the Fourier trans-
form of general time-fractional derivatives, the positive time-fractional derivative
has the expression as |ω|p and agrees well with the power-law frequency-dependent
dissipation. The definition of positive fractional derivative is stated as [46]

∂ |p| f (t)
∂t |p|

= − 1

q(p)

t∫

a

f (τ )

(t − τ)p+1
dτ, (2.5.9)

where p is the order of positive fractional derivative, and the constant q(p) is given by
q(p) = π

2�(p+1) cos[(p+1)π/2] ; in terms of the Caputo fractional derivative, the positive
fractional derivative can be defined as

∂ |p|u(t)

∂t |p|
=

⎧
⎪⎪⎨

⎪⎪⎩

−1
pq(p)

t∫

0

u′(τ )

(t−τ)p
dτ 0 < p ≤ 1

1
p(p−1)q(p)

t∫

0

u′ ′(τ )

(t−τ)p−1 dτ 1 < p < 2
. (2.5.10)
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In Sect. 5.5, we will apply the positive fractional derivative to model the arbi-
trary order frequency-dependent dissipation in complex medium and also take some
applications in medical ultrasound imaging, for example.

3. Differences and Relations of the Fractal Derivative, Positive Fractional
Derivative and Fractional Derivative

From the definition of fractal derivative, we can see that the fractal derivative does not
include the convolution integral and is a local operator [41]. However, the definitions
of fractional derivative and positive fractional derivative both containing convolution
integrals are non-local operators and can describe the history of dependence of the
system evolution through the convolution integral [2, 46].

To compare three models established by the three derivatives, take the following
relaxation vibration and damping vibration processes, for example, as below.

(1) Relaxation-Oscillation Equation

dpu(t)

dt p
+ Bu(t) = f (t), (B = ωp). (2.5.11)

The relaxation-oscillation equation above is the process of relaxation and oscil-
lation control equation. For 0 < p≤ 1, the equation is considered as a relaxation
equation. For p = 1, this equation is reduced to a standard relaxation equa-
tion. Actually, a variety of substances exhibit viscoelastic characteristics and
further microscopic fractal characteristics under certain conditions, but not
the ideal elastic body or Newtonian fluid. The stress and strain responses of
viscoelastic materials depend on self-loading and self-deformation history and
exhibit memories of mechanics behaviors. The stress relaxation of complex
viscoelastic materials often exhibits as a slow relaxation process with the
memory of exponential index. Fractional derivative and positive fractional
derivative both contain time convolution integrals which can describe the
memory [2, 46, 48]. However, the fractal derivative can describe mechanics
behaviors under the fractal scale [41]. Therefore, instead of theNewton dashpot
which is based on the integer-order derivative standard models, the dashpot
models based on fractal derivative, fractional derivative [48–54] and positive
fractional derivative are applied to characterize the slow stress relaxation with
memory.

For 1 < p≤ 2, the equation is an oscillation equation. For p= 2, the equation
is reduced to an undamped oscillation equation, and can be considered as a
conservative system. For p 
= 2, the equation is a damped oscillation equation.
Since non-integer order derivatives have been introduced, standard oscilla-
tion models become energy dissipation systems. Simultaneously, the damping
effects are caused by the internal damping of viscoelastic materials [48, 54].

(2) Fractal Derivative Relaxation-Oscillation Equation

For 0 < p < 1, fractal derivative relaxation equation is
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du(t)

dt p
+ Bu(t) = f (t); (2.5.12)

when f (t) = 0, we can have the analytic solution as

u(t) = C exp(−Bt p), (2.5.13)

which reflects stretched exponential relaxation.
When 1 < p < 2, the fractal derivative oscillation equation is given by

d2u

d(t p/2)2
+ Bu = f (t); (2.5.14)

when f (t) = 0, the analytic solution of the equation can be obtained as

u(t) = C cos
√
Bt p/2 + D sin

√
Bt p/2. (2.5.15)

For the formula (2.5.15), we can see that the fractal derivative oscillation
model onlymanifests undamped oscillation and can be considered as an energy
conservation system.

(3) Fractional Derivative Relaxation-Oscillation Equation

dpu(t)

dt p
+ Bu(t) = f (t). (2.5.16)

By using the Laplace transform, the analytic solution of Eq. (2.5.16) can
be derived [2]. When 0 < p < 1 (fractional derivative relaxation equation), the
analytic solution is

u(t) = u(0)Ep,1(−Bt p) + G(t) ∗ f (t), G(t) = t p−1Ep,p(−Bt p);
(2.5.17)

when 1 < p < 2 (fractional derivative oscillation equation), the analytic solution
is

u(t) =u(0)Ep,1(−Bt p) + u̇(0)Ep,2(−Bt p) + G(t) ∗ f (t), G(t)

=t p−1Ep,p(−Bt p), (2.5.18)

where Eα,β(z) represents the two-parameter Mittag-Leffler function:

Eα,β(z) =
∞∑

k=0

zk/�(αk + β). (2.5.19)
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(4) Positive Fractional Derivative Relaxation-Oscillation Equation

When 0 < p < 1, the positive fractional derivative relaxation equation is

d|p|u
dt |p|

+ Bu = f (t); (2.5.20)

when 1 < p < 2, the positive fractional derivative oscillation equation is

−d|p|u
dt |p|

+ Bu = f (t). (2.5.21)

To describe the attenuation of the oscillation, the damping term of the posi-
tive fractional derivative is taken negative when 1 < p < 2 to ensure being the
energy dissipation term. The analytical solution of Eqs. (2.5.20) and (2.5.21)
can be obtained by applying the Laplace transform [2]. When 0 < p < 1 (the
positive fractional derivative relaxation equation), the analytical solution is

u(t) = u(0)Ep,1

(

− B

A
t p

)

+ G(t) ∗ f (t)

A
, (2.5.22)

where G(t) = t p−1Ep,p(− B
A t

p), A = −�(1−p)
pq(p) .

When 1 < p < 2 (the positive fractional derivative oscillation equation), the
analytic solution is

u(t) = u(0)Ep,1(− B

A
t p) + u̇(0)Ep,2(− B

A
t p) + G(t) ∗ f (t)

A
, (2.5.23)

where G(t) = t p−1Ep,p(− B
A t

p), A = −�(2−p)
p(p−1)q(p) .

These three models mentioned above to describe stress relaxation and oscil-
lation can be verified by numerical examples. For example,

B = 1, u(0) = 1, u̇(0) = 0, f (t) = 0.

The numerical results shown in Figs. 2.10 and 2.11 suggest that the three
models mentioned above decay slower than the exponential relaxation and exhibit
stress relaxation with memory. The fractal derivative model decays the fastest, and
the slowest one is the positive fractional derivative model with strong memory.
Figures 2.12 and 2.13 show that the fractional derivative and positive fractional
derivative model both reflect damped oscillation, whereas the fractional derivative
model decays faster. However, the fractal derivative model is undamped, which
coincides with the analytical solution (2.5.9) of the fractal derivative equation.

In addition, the numerical results show that, in the stress relaxation and damping
oscillation processes, the positive fractional derivative model always decays more
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Fig. 2.10 Numerical solution of relaxation equation with the order 0.5

Fig. 2.11 Numerical
solution of relaxation
equation with the order 0.8

slowly than the fractional derivative model. By analyzing the analytical solution, we
can have the corresponding illustrations. The analytical solutions of the fractional
derivative and positive fractional equations both contain the Mittag-Leffler function
[2], which is the generalization of the exponential function and represents the atten-
uation of the strong memory effect [2]. The variable in the function is considered as
the attenuation coefficient. When the absolute attenuation coefficient is larger, the
corresponding mechanical process decays faster. From formulas (2.5.11), (2.5.12),
(2.5.16) and (2.5.17), the attenuation coefficient of the fractional derivative model is
−Bt p, and the absolute value is greater than the absolute value of−(B/A)t p(A > 1)
of the positive fractional derivative model. Thus, the fractional derivative model
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Fig. 2.12 Numerical
solution of oscillation
equation with the order of 1.5

Fig. 2.13 Numerical
solution of oscillation
equation with the order of 1.8

decays faster than the positive fractional derivative model. In terms of the analytical
solution, we can have the same results as the results of the numerical solution.

(2) Damped Vibration Equation

The damped vibration equation is a vibration control equation of an oscillator under
the external damping. In general, we apply the viscous damping model to describe
this vibration system. However, in view of the viscous damping model, the damping
medium is considered as Newtonian viscous fluid, and the model only considers the
viscous shear effects. The mechanism of viscoelasticity lies between the ideal elas-
ticity and Newtonian fluid, and the damping has a strong memory [55] and the frac-
tional power-law frequency-dependent property [56]. Tomore accurately describe the
time and frequency dependence of viscoelastic damping vibration, the integer-order
derivative damping term (viscoelastic damping) of the standard damped vibration
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equation is replaced by the fractal derivative, fractional derivative and positive frac-
tional derivative, respectively; thus, we have the three following damped vibration
equations.

(1) Fractal Derivative Damped Vibration Equation

mu′′(t) + c
du(t)

dtα
+ ku(t) = f (t), (t > 0). (2.5.24)

(2) Fractional Derivative Vibration Equation

mu′′(t) + c
dαu(t)

dtα
+ ku(t) = f (t), (t > 0, 1 < α < 2). (2.5.25)

By using Green’s function method, the analytical solution of Eq. (2.5.25)
[2] is

u(t) =
j∑

i=0

dp−i−1G3(t)

dt p−i−1
u(i)(0) + G3(t) ∗ f (t), j < p < j + 1, (2.5.26)

where j is a non-negative integer number, G3(t) =
1
m

∑∞
n=0

(−1)n

n! ( k
m )nt2(n+1)−1E (n)

2−p,2+pn(− c
m t

2−p), and E represents the
Mittag-Leffler function [2].

(3) Positive Fractional Derivative Damped Vibration Equation

mu′′(t) + (−1)[α]−1c
d| α| u(t)

dt | α| + ku(t) = f (t), (2.5.27)

where 0 < α < 2, and [α] is the smallest integer greater than α. To describe
the attenuation vibration process, the damping term of the positive fractional
derivative is taken negative when 1 < α < 2 to ensure this term is the energy
dissipation term. By using Green’s function method, the analytical solution of
Eq. (2.5.21) [2] is

u(t) =
j∑

i=0

d p−i−1G3(t)

dt p−i−1
u(i)(0) + G3(t) ∗ f (t), j < p < j + 1, (2.5.28)

where j is a non-negative integer, G3(t) =
1
m

∑∞
n=0

(−1)n

n! ( k
m )nt2(n+1)−1E (n)

2−p,2+pn(− cA
m t2−p), A = −�(1−p)

pq(p) (0 < p <

1), A = −�(2−p)
p(p−1)q(p) (1 < p < 2).

Because of the very complication of the analytic solution, comparing the three
models by numerical examples is more intuitional. For example,
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m =4.5 × 105, c = 8.2 × 105, k = 1.5 × 108, u(0) = 0, u′(0) = 0

f (t) =
{
4 × 108, 0 ≤ t ≤ 0.1
0, t > 0.1

, numerical solution lead to.

From Figs. 2.14, 2.15, 2.16, 2.17, 2.18 and 2.19 , all of the three models can
manifest damped vibration processes. When p is smaller than about 0.75 or greater
than about 1.9, the fractal derivative model decays fastest; when p is greater than
about 0.75 and smaller than 1, the positive fractional derivative model decays fastest,
whereas the slowest one is the fractional derivative model; when p is greater than 1
and smaller than about 1.9, the positive fractional derivative model decays fastest,
whereas the slowest one is the fractal derivativemodel. Furthermore, from Figs. 2.14,
2.15, 2.16, 2.17, 2.18 and 2.19 , the positive fractional derivative model decays faster
than the fractional derivative model, and the two models are comparable when p is
close to 2.

Fig. 2.14 Numerical
solution of damped vibration
equation with the order of 0.5

Fig. 2.15 Numerical
solution of damped vibration
equation with the order of
0.75
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Fig. 2.16 Numerical
solution of damped vibration
equation with the order of 0.8

Fig. 2.17 Numerical
solution of damped vibration
equation with the order of 1.2

Fig. 2.18 Numerical
solution of damped vibration
equation with the order of 1.5



2.5 Questions and Discussions 69

Fig. 2.19 Numerical
solution of damped vibration
equation with the order of 1.8

In the following, combined with the analytical solutions, the numerical results
can be analyzed. Because it is difficult to obtain the analytical solution of the fractal
derivative damped vibration equation, we only analyze analytic solutions of the
fractional derivative damped vibration equation and positive fractional derivative
damped vibration equation. The solutions of the fractional derivative equation and
positive fractional equation both contain theMittag-Leffler function [2]. The absolute
attenuation coefficient is larger; the damped vibration process decays faster. From
formulas (2.5.20)–(2.5.22),we can see that the attenuation coefficient of the fractional
derivative model is –(c/m)t2−p, the attenuation coefficient of the positive fractional
derivative model is −(B/A) t p(A > 1) and the absolute value is greater than that of
the fractional derivative model. Therefore, according to the analytical solution of the
equation, the same results are derived. In addition, when p tends to 2, and A tends
to 1, then the fractional derivative model is close to the positive fractional derivative
model.

4. Fractional Integral and Differentiation of Variable Order

The concept of fractional integral and differentiation of variable order was firstly
proposed by Samko in 1993. However, after a long period, this model was not widely
concerned and developed. Until recent years, the variable-order derivative model has
been applied to model the viscoelastic materials and viscous fluid. Recently, the
variable-order derivative has become more and more popular, and a hot research
issue in the field of fractional calculus.

1. The first type definition

(1) The definition of Riemann–Liouville [57]

The definition of the fractional variable-order integral in the sense of the
Riemann–Liouville type can be stated as
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I α(t)
a+ f (t) = 1

�(α(t))

t∫

a

(t − τ)α(t)−1 f (τ )dτ, Re(α(t)) > 0. (2.5.29)

The definition of fractional variable-order derivative in the sense of the
Riemann–Liouville type can be given by

Dα(t)
a+ f (t) = 1

�(m − α(t))

dm

dtm

t∫

a

(t − τ)m−1−α(t) f (τ )dτ, m − 1 ≤ α(t) < m,

(2.5.30)

where a ≥ −∞.
If α(t) = c (constant), the definitions are reduced to the fractional

Riemann–Liouville integral and derivative definitions.

Property
Dα(t)

a+ I α(t)
a+ f 
= f. (2.5.31)

(2) The definition of the fractional variable-order derivative in the sense of
the Caputo type [58] is

Dq(t) f (t) = 1

�(1 − q(t))

t∫

0+
(t − τ)−q(t) f ′(τ )dτ + ( f (0+) − f (0−))t−q(t)

�(1 − q(t))
,

(2.5.32)

where 0 < q(t) ≤ 1. If q(t) = C (constant), the definition is reduced to
the fractional derivative in the Caputo sense.

Assume the initial condition is good enough, then we can have the
following definition

Dq(t)
0+ f (t) = 1

�(m − q(t))

t∫

0

(t − τ)m−1−q(t) f (m)(τ )dτ,m − 1 < q(t) ≤ m.

2. The Second Type Definition

(1) Definition of the Riemann–Liouville type [59, 60]

The definition of the fractional variable-order integral in the sense of the
Riemann–Liouville type can be defined as

I α(t)
0 f (t) =

t∫

0

(t − τ)α(t,τ )−1

�(α(t, τ ))
f (τ ) dτ, α(t) > 0. (2.5.33)
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The definition of the fractional variable-order derivative in the sense
of the Riemann–Liouville type is

Dα(t)
a f (t) = dm

dtm

t∫

a

(t − τ)m−1−α(t,τ )

�(m − α(t, τ ))
f (τ )dτ, m − 1 < α(t) ≤ m,

(2.5.34)

where α(t, τ ) is a function with respect to t and τ .

From the expressions of the definitions defined above, the integral and derivative
of time or spatial location manifest the memory property. This characteristic
shows better results in the description of some complex systems.

5. Fractional Integral and Differentiation of Random Order

In this section, we only introduce the simplest of definitions, and other types of
definitions can be similarly derived from the fractional integral and differentiation
of variable order. In this book, the fractional integral of random order is defined as

I α0+εt
0 f (t) =

t∫

0

(t − τ)α0+εt−1

�(α0+εt)
f (τ )dτ, α0 + εt > 0, ∀t > 0. (2.5.35)

The fractional derivative of random order is given by

Dα0+εt
0+ f (t) = 1

�(m − α0 − εt )

t∫

0+
(t − τ)m−1−α0−εt f (m)(τ )dτ ,

P(εt |m − 1 < α0 + εt ≤ m ) = 1, (2.5.36)

where α0 is a constant, and εt is a random term. The physical background of the
expression is that, in many practical systems, system parameters or force fields may
fluctuate randomly, such that they are fluctuating in the entire system. To accurately
describe some systems with random fluctuations, the concept of fractional derivative
integral and differentiation of random order was proposed [61, 62].

The expression of the random term εt can be divided into two types: the first type
is a random term and also a function with respect to time or spatial variable, which
is closer to the fractional integral or differentiation of random order, even it is more
complex to analyze; The second type is that the random term does not change with
other variables, at an arbitrary time or spatial location, which is a random number
allowing the specified distribution. The second type is simpler for analysis, which is
closer to the constant fractional calculus.
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2.5.2 Discussions on the Spatial Fractional Derivative

Currently, for the theory and application of fractional derivatives, the previous
papers mainly paid attention to time-fractional derivatives. Because of numerical
solutions and mathematical definitions, applications of the spatial fractional deriva-
tive are seldom reported, which is widely applied to describe anomalous diffusion,
acoustic wave dissipation and quantum mechanics. The fractional Laplace operator
of the spatial fractional derivative is very important, also called Riesz’s operator in
some papers, and has an inherent relationship with fractional Riesz’s potential. In
Sect. 2.1.4, we introduce Riesz’s definition of the space Laplace operator. From the
definition, the acting domain of this operator is infinite. However, most of the prac-
tical modeling problems in science and engineering are considered in finite field,
thus, researches on spatial fractional derivative in finite domain becomes one of the
key issues of the fractional derivative equation.

In recent years, there are some meaningful results of the spatial fractional deriva-
tive in the finite domain, such as the description of the reflection barriers; Krepysheva
[63] proposed the following operator:

∇α
x,re f l = K

−1

2 cosαπ/2�(2 − ε)
∂2
x

∞∫

y=0

[|x − y|1−α + (x + y)1−α
]
p(y, t)dy.

(2.5.37)

Describing the Lévy distribution with absorbed boundary conditions in a bounded
domain, Buldyrev et al. [64] proposed a definition as

Dα f (y) = P

L∫

o

sgn(x − y) f ′(y)dx
2|y − x |α − f (0)

2yα
− f (L)

2(y − x)α
. (2.5.38)

Note that both the type definitions above are in one-dimensional space. For the
mechanics modeling of the acoustic wave propagation with frequency-dependent
dissipation, Chen [65] analyzed the definition of the fractional Laplace operator of
the spatial fractional derivative in themulti-dimensional bounded domain. The details
can be introduced further below.

It is worth pointing out that the fractional Laplace operator is a special space
fractional derivative. It is defined by a singular convolution, however, it requires the
positivity, the same as the classical integer-order Laplace operator [66]. The general
Fourier transforms of the time and spatial fractional derivatives are [47, 67]

F−
(

∂nϕ

∂zn

)

= (ik)n�(k, ω), (2.5.39)
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F+
(

∂nϕ

∂tn

)

= (−iω)n�(k, ω), (2.5.40)

where Φ(k,ω) is the two-dimensional Fourier transform of the function φ (z,t) with
respect to time and space

�(k, ω) =
∞∫

−∞

∞∫

−∞
ϕ(z, t)e−i(kz−ωt)dzdt, (2.5.41)

where ω represents frequency, and k represents wave number; the spatial inverse
Fourier transform is represented by F−1

− , and the time inversion is represented by
F−1

+ . Differing from the general spatial fractional derivative (2.5.33), the Fourier
transform of the fractional Laplace operator [1, 68] is

F−
{(−∇2

)s/2
∗ φ

}
= ks�, 0 < s < 2. (2.5.42)

The formula above clearly portrays the positivity of the fractional Laplace oper-
ator. The fractional Laplace definition in the infinite domain is derived from the
corresponding inverse Fourier transform

(−∇2
)s/2
∗ φ = F−1

−
{
ks�

} = 1

2π

∫
�kseikxdk. (2.5.43)

The fractional Laplace operator is often called Riesz’s fractional derivative in the
current papers. The reason is that the fractional Laplace operator has an inherent rela-
tionshipwithRiesz’s fractional potential (integral). The traditional fractional Laplace
definition [1] is involved in the approximate finite difference scheme described in
Sect. 2.1.4, which is not appropriate to deal with multi-dimensional irregular domain
problems and the boundary conditions are not included in the definition. Chen et al.
[65] noted that the strict fractional derivative definition should be derived from the
fractional integral, thus, they gave a different definition of the fractional Laplace
operator.

As we know, the strict analytic formula of the sth Riesz fractional potential
(integral) in d-dimensional space is given by [1, 5, 69]

I sdφ(x) = �[(d − s)/2]

π s/22s�(s/2)

∫

�

φ(ξ)

‖x − ξ‖d−s d�(ξ), 0 < s < 2, (2.5.44)

whereΓ represents the Euler gamma function, andΩ represents the integral domain.
When d = 1, s = 1, this function is singular; here, we do not discuss further. In view
of the fractional integral definition, Chen et al. [65] presented an analytical definition
of the fractional Laplace operator:
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(−∇2
)s/2
∗ φ(x) = −∇2

[
I 2−s
d φ(x)

]
. (2.5.45)

The distance function of the Laplace operator is

∇2φ(x) = d2φ

dr2
+ d − 1

r

dφ

dr
, (2.5.46)

where the Euclidean distance function r = ‖x − ξ‖. From the formulas (2.5.44),
(2.5.45) and (2.5.46), we can derive

(−∇2
)s/2
∗ φ(x) = − �[(d − 2 + s)/2]

π2−s/222−s�[(2 − s)/2]
∇2

∫

�

φ(ξ)

‖x − ξ‖d−2+s d�(ξ)

= − (d − 2 + s)s�[(d − 2 + s)/2]

π(2−s)/222−s�[(2 − s)/2]

∫

�

φ(ξ)

‖x − ξ‖d+s d�(ξ),

(2.5.47)

where � denotes integral domain, and d represents spatial dimension. Note that the
definition above is hyper-singular, i.e. its singular order d + s is greater than the
topological dimension d. It does not contain boundary conditions and is inconve-
nient to get a numerical solution and apply. Comparing the Riemann–Liouville time-
fractional derivative definition with the Caputo definition, Chen et al. [65] presented
a definition which differs from the definitions (2.5.46) and (2.5.47)

(−∇2
)s/2

φ(x) = −I 2−s
d

[∇2φ(x)
]

= − �[(d − 2 + s)/2]

π(2−s)/222−s�[(2 − s)/2]

∫

�

∇2φ(ξ)

‖x − ξ‖d−2+s d�(ξ). (2.5.48)

Compared to the definition (2.5.47), the weak-singular order is d − 2 + s. The
relationship of two definitions mentioned above can be established by the second
Green’s theorem,

∫

�

v∇2φdξ =
∫

�

φ∇2vd�(ξ) −
∫

S

(

φ
∂v

∂n
− v

∂φ

∂n

)

dS(ξ), (2.5.49)

where S denotes boundary of the domain of interest, and n denotes external normal
direction of the boundary. Suppose

v = 1/‖x − ξ‖d−2+s, (2.5.50)

and
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φ(x)|x∈S = D(x), (2.5.51)

∂φ(x)

∂n
|x∈S = N (x). (2.5.52)

By applying the second Green’s theorem (2.5.49), the fractional Laplace operator
definition (2.5.48) can be converted into

(−∇2
)s/2

φ(x) = − (d − 2 + s)s�[(d − 2 + s)/2]

π(2−s)/222−s�[(2 − s)/2]

∫

�

φ(ξ)

‖x − ξ‖d+s d�(ξ)

+ h
∫

S

[

φ(ξ)
∂

∂n

(
1

‖x − ξ‖d+s−2

)

− 1

‖x − ξ‖d+s−2

∂φ(ξ)

∂n

]

dS(ξ)

=(−∇2)s/2
∗ φ(x)

+ h
∫

S

[

D(ξ)
∂

∂n

(
1

‖x − ξ‖d+s−2

)

− N (ξ)

‖x − ξ‖d+s−2

]

dS(ξ),

(2.5.53)

where

h = �[(d − 2 + s)/2]

π(2−s)/222−s�[(2 − s)/2]
. (2.5.54)

From the expression of (2.5.53), the definition of fractional Laplace operator
(−∇2

)s/2
is that the definition of fractional Laplace operator

(−∇2
)s/2
∗ plus the

integration of the boundary conditions, this link is very similar to the relation between
the definition of the Caputo time-fractional derivative and the Riemann–Liouville
definition.

These two definitions
(−∇2

)s/2
∗ and

(−∇2
)s/2

are the definitions of the symmetric
fractional Laplace operator only for the homogeneous medium [70, 71]. Based on
these two definitions, we also can have new definitions of the anisotropic frac-
tional Laplace operator. In Sect. 2.5, we will introduce the applications of the frac-
tional Laplace operator to model the frequency-dependent acoustic wave dissipation
in mathematics and mechanics.

In addition, in themathematics field, researches on the fractional Laplace operator
in the bounded domain have a meaningful promotion. The details can be found in
the papers [72–74], which we do not discuss further in this book.
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2.5.3 Discussions on the Geometric and Physical
Interpretation of Fractional Calculus

What is the geometric and physical interpretation of fractional calculus? This is
an ancient and unsolved problem until now [75]. Because of the name, perhaps,
much effort has been devoted to relating fractional calculus and fractal geometry.
However, it has been clearly shown by Rutman [76] that this approach is inconsis-
tent. Besides these attempts, there are also other attempts [77, 78], however, they
are only some special examples of fractional calculus. Obviously, there is still a lack
of geometric and physical interpretation of fractional calculus. This section intro-
duces the geometric and physical interpretation of the Riemann–Liouville fractional
integral described by Podlubny [75].

Let us consider the left-sided Riemann–Liouville integral

0 I
α
t f (t) =

t∫

0

f (τ )dgt(τ ), (2.5.55)

where gt(τ ) = 1
�(α+1) {tα − (t − τ)α}. Let us take the axes τ , gt(τ ) and f (τ ). In

the plane (τ, gt (τ )), we plot the function gt(τ ) for the interval (0, t), and along the
obtained curve we “build a fence” of the varying height f (τ ), so the top edge of the
“fence” is a three-dimensional line; see Fig. 2.20.

Fig. 2.20 The “fence” and its shadows: α = 0.75, f (t) = t + 0.5 sin(t), 0 ≤ t ≤ 10
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Fig. 2.21 The process of change of the fence basis shape with the time interval 0.5

From the figure, it is obvious that the area of the projection of this “fence” onto the

plane (τ, f ) corresponds to the value of the integral 0 I 1t f (t) =
t∫

0
f (τ )dτ , whereas

the area of the projection of the same “fence” onto the plane (g, f ) corresponds to the
value of the fractional integral. Therefore, this projection is a geometric interpretation
of the fractional integral of the function f (t). Obviously, for α = 1, gt (τ ) = τ , both
“shadows” are equal. This shows that integer-order integration is a particular case of
the left-sided Riemann–Liouville fractional integration. As t changes, the “fence”
changes simultaneously; see Fig. 2.21. The projection onto the wall (g, f ) changes;
see Fig. 2.22. Then we have a dynamical geometric interpretation of the fractional
integral.

Suppose f (τ ) is velocity, and then its fractional integration can be considered as
the moving distance of a moving object. The new time T = gt(τ ) is not only relevant
to the local time τ but also the total time t . When t changes, the entire interval of
the preceding time T changes as well. This is in agreement with the current views in
physics.

The interpretation introduced above is just one of several current interpretations.
To get a clear physical interpretation of fractional calculus, we have a long way of
research to go in the future.
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Fig. 2.22 Snapshots of the changing “shadow” of changing “fence”, with the time interval 0.5
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Chapter 3
Fractal and Fractional Calculus

It has been 2000 years since the third century BC, when Euclidean geometry was
established by Euclid. This system has been considered as a definite, clear and logical
geometrical system in people’s minds. However, after the beginning of the twentieth
century, with the continuous improvement of people’s cognition and the development
of mathematics, especially that a lot of new theories, new technologies and new areas
of research are emerging, it is difficult to apply Euclidean geometry to describe the
complex objects, such as fluctuating alpine landforms, the complex plantmorphology
and rough fracture surface. The limitation of Euclidean geometry prompted people
to find a better tool or system for the description of the geometry.

In 1975, the American mathematician Mandelbrot asked such a question: “How
long about the British coastline?” It has been found that with different scales to
measure, the length of the coastline obtained is a very big difference. But actually,
the length of the coastline is a determined value, and what is the reason for the
different measured value? To solve this problem, Mandelbrot introduces the concept
of the fractal.

Currently, the fractal theory has been widely applied in the fields of physics,
materials science, geological sciences and life sciences, such as the simulation of
turbulence, the simulation of thematerial surface, the analysis of the coastline contour
and the computing of the area of the cerebral cortex. Fractal science has become an
important tool in modern scientific research, and it is also an emerging branch of
science.

Traditional scientific research and engineering design are based on Euclidean
geometry, however, the geometry of the objects in nature are mostly irregular with
fractal characteristics. Therefore, the fractal method is a powerful mathematical tool
for the description of this irregular geometry. The fractal description also has the
defect that it cannot satisfy the fine quantitative requirements in engineering and
scientific research. This is one of the main reasons that fractal research is still at the
theoretical level and has not been widely applied in practical engineering. Gener-
ally, to accurately describe and solve mechanics or physical problems, the calculus
quantitative description must be established firstly. As we all know, the premise of
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classical mechanics and physical theory is continuous and integer dimension, and
the corresponding quantitative description is the integer-order calculus. But for the
discontinuous object and fractal media, the classic theory loses the foundation of the
establishment. How to make a fine quantitative analysis and description for fractal
media is a big problem of physical and mechanics studies recently.

As a newmathematical andmechanicsmethod, fractional calculus received exten-
sive attention in the past decade, and based on fractional calculus, some results in the
quantitative description of the physical and mechanics behavior of fractal geometry
have yielded. This chapter introduces the fractional calculus description of fractal
media, and the relationship between fractal and fractional calculus. Due to the results
of research in this area being relatively small, and limited to specific problems, not
universal conclusion, therefore, this chapter mainly introduces the current research
results.

3.1 Fractal Introduction and Application

The English name of “fractal” comes from the Latin adjective “fractus”, coined
by Mandelbrot in 1975. Fractal is used to describe a highly chaotic, complex and
irregular set or organization.

Firstly, a similar dimension which is closely related to the fractal dimension will
be introduced. Suppose graphic A, and a similar graphic B is the 1/a part of graphic
A. If A equals K times B, where K = aD, on a measurable scale, a similar dimension
can be expressed as [1, 2]

Ds = lg K

lg a
, (3.1.1)

whereDs can be both integer and fraction. If a similar dimension is a fraction, graphic
A is a fractal graphic, and the fractal dimension is a similar dimension.

Geometric objects are known with the integer dimension. For example, point,
line, surface and volume are, respectively, corresponding to zero-, one-, two- and
three dimensions. However, to describe some natural objects, such as the mean-
dering coastline, it is difficult and even impossible by integer-dimensional geometric
system. Thus, the fractal whose dimension is a fraction is proposed. In view of integer
dimension, the coastline and mountains and other natural features are complex and
chaotic. Conversely, the fractal was able to describe these chaotic objects simply and
clearly.
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3.1.1 Simple Fractal Geometry

Before the introduction of fractal characteristics, several classical fractal geometries
will be introduced first. All these fractal geometries strictly meet the basic properties
of a fractal. In a long history, scientists generally agree that these fractal geometries
are pathological phenomena and do not pay attention until the establishment of the
fractal theory. Recently, in many fields of scientific research, these fractal models are
frequently applied for simulation and auxiliary research. At the same time, through
the understanding of these regular fractal graphics, the concept of fractal geometry
can be deeply understood.

1 Triple Cantor Set

The generation of Triple Cantor Set: First, draw a segment with length L. Second,
remove the 1/3 center part of the segment, and obtain two segments with length
L/3. Then, remove the 1/3 center part of the two segments obtained in the previous
step, and obtain four segments with length L/9. Repeat the operation to the segments
obtained in the previous step, and the Triple Cantor Set will be plotted when the
number of repetitions is infinite (Fig. 3.1).

The Triple Cantor Set is a set of infinite points, and its Euclidean length is
approaching 0. Through similar dimension formula, its fractal dimension is

Ds = lg 2

lg 3
= 0.6309.

Certainly, the operation for the segments can be different. The generalized case
is applying the operation with random function f (n, k, r), where n denotes the nth
division, k denotes the number of divisions and r denotes the division method. Then,
the random Cantor Set will be obtained by applying the random function operation.

2 Koch Curve

The generation of the Koch Curve: First, draw a segment with length L. Second,
replace the 1/3 center part of the segment by the broken line with angle 60°. Then
repeat the operation to all the segments obtained in the previous step and the Koch

Fig. 3.1 Triple Cantor Set
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Fig. 3.2 Koch curve

Curve will be plotted when the number of repetitions is infinite. If three Koch Curve
are connected as in Fig. 3.3, the Koch Island which is similar to a snow flower is
obtained.

The fractal dimension of the Koch Curve is obtained by the fractal dimension
formula Eq. (3.1.1),

Ds = lg 4

lg 3
= 1.2619.

The length of the Koch Island is infinite but the area is limited, which seems to
run counter to the traditional geometric theory (Fig. 3.2).

Similar to the random Cantor Set, the random Koch Curve can be obtained by
changing the direction of the broken line to a random direction, shown in Fig. 3.4.
The Random Koch Curve can be employed to describe the random walk, such as the
Brownian motion.

3 Sierpinski Carpet

The generation of the Sierpinski Carpet: First, draw a square with side length L.
Second, divide it to nine equal small squares and remove the center one. Then, repeat
the operation to all the squares obtained in the previous step and the Sierpinski Carpet
will be plotted when the number of repetitions is infinite.

Observe the Sierpinski Carpet in Fig. 3.5; we find the area of it is approaching
0 and the length of the boundary in infinite. The fractal dimension of the Sierpinski
Carpet is

Ds = lg 8

lg 3
= 1.8928.
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Fig. 3.3 Koch island

Fig. 3.4 Random Koch
Curve

Similarly, the generation of the Sierpinski Gasket: First, draw an equilateral
triangle with side length L. Second, divide it to four equal small equilateral triangles
and remove the center one. Then, repeat the operation to all the equilateral triangles
obtained in the previous step and the Sierpinski Gasket, shown in Fig. 3.6, will be
plotted when the number of repetitions is infinite.

The property of the Sierpinski gasket is similar to the Sierpinski carpet, and its
fractal dimension is

Ds = lg 3

lg 2
= 1.5850.

The two above graphics are obtained by the transform of the plane graphic. If
we do a similar transform of the Sierpinski Carpet to three-dimensional geometry,
the Sierpinski Sponge (or Menger Sponge) whose fractal dimension is between 2
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Fig. 3.5 Sierpinski Carpet

Fig. 3.6 Sierpinski Gasket

and 3 can be obtained. The generation of the Sierpinski Sponge: First, draw a cube
with side length L. Second, divide it into twenty-seven equal small cubes and remove
the center seven cubes. Then, repeat the operation for all the cubes obtained in the
previous step. And the Sierpinski Sponge (Menger Sponge) shown in Fig. 3.7 will
be got when the number of repetitions is infinite.

The surface of the Sierpinski Sponge is infinite but the volume is approaching 0.
The fractal dimension of the Sierpinski Sponge is



3.1 Fractal Introduction and Application 89

Fig. 3.7 Sierpinski Sponge (Menger Sponge) (Note from http://en.wikipedia.org/wiki/Menger_
sponge)

Ds = lg 20

lg 3
= 2.7768.

4 Peano Curve

The generation of the Peano Curve: First, draw a dotted square and divide it into 4
small squares. Second, draw three sections to connect the center points of the small
squares and obtain the graphics E0 shown in Fig. 3.8a. Third, repeat step 1 and step 2
in the small squares obtained in step 1, we obtain the graphics E1 shown in Fig. 3.8b.
Finally, the Peano Curve which can fill the whole dotted square is obtained; see
Fig. 3.9.

)c()b()a(

Fig. 3.8 The plot of Peano Curve

http://en.wikipedia.org/wiki/Menger_sponge
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Fig. 3.9 Peano Curve (Note
from http://qzc.zgz.cn/X-
koch1.htm)

3.1.2 The Basic Characteristics of the Fractal

There are no strict instructions for the definition of the fractal and the description
of the characteristics of the fractal. Mandelbrot proposed two fractal definitions in
1975 and 1986, respectively. Based on these two definitions, the characteristics of
the fractal sets are described from a geometric point of view as follows.

(1) The fractal dimension (Hausdorff dimension) of a fractal set is strictly greater
than its topological dimension.

Mandelbrot proposed a definition of the fractal in 1975,which is described as follows:
set the Hausdorff dimension of sets as D; if the Hausdorff dimension D of the set A
is always greater than the topological dimension DT of the set A,

D > DT . (3.1.2)

Set A is a fractal set, abbreviated as “fractal” [1].
Formost sets, their topological dimension equals the Euclidean dimension. There-

fore, the fractal dimension of fractal sets is greater than the Euclidean dimension.
Take the Koch curve as an example; its topological dimension is one dimension,
while the calculated fractal dimension is 1.2618 > 1.

(2) Fractal sets cannot be described by the traditional geometric because that these
sets are neither the trajectory of the points which satisfy certain conditions nor
the answer sets of some simple equations.

http://qzc.zgz.cn/X-koch1.htm
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Some fractal structures seem like the collection of a bunch of scattered points or lines,
which is a chaotic performance. Because of the irregularities of a fractal structure,
it is difficult to use mathematical equations to describe it. And because the scale
and dimension of a fractal structure go beyond the traditional definition of geometry,
which is no longer an integral dimension, the traditional geometric cannot be applied
to describe the fractal.

(3) Fractal sets have the property of self-similar form, which includes approximate
self-similar or statistical self-similar.

Another definition of a fractal is that “A fractal is a shape made of parts similar to
the whole in some way” [1]. For a fractal structure, it is easy to find the part which is
similar to the whole structure from a smaller scale of the structure. Such as the fractal
geometries mentioned above, any part of the object can be considered as the whole
structure multiplies a reduction factor. Although self-similarity is not a sufficient
condition of a fractal, most of the fractal structure in nature has the property of
statistical self-similarity. It is convenient to calculate the fractal dimension through
the self-similar property of a fractal structure,0 and thus the study of this kind of
fractal is much more.

(4) Fractal sets have very fine structures on an arbitrarily small scale.

Take the triple Cantor set, for example: point set is obtained after infinite step, and
the point is the reflection of the line in the infinitesimal scale. Therefore, the triple
Cantor set has proportional details on the infinitesimal scale. Another example is the
Koch curve that the curve obtained after the amplification for the infinitely small
local is similar to the initial whole curve. Therefore, it is clear that the Koch curve
has proportional details and a very fine structure on an arbitrarily small scale.

In addition to these typical fractal geometries, the fractal sets also have such
properties. Take the Mandelbrot set, for example (shown in Fig. 3.8), and through
the comparison ofwhole, local,microscopic view, it can be found that theMandelbrot
set is composed of a series of self-similar graphics, and graphics on the small scale
have very fine structure.

(5) Fractal sets can be defined by a very simple method, and produced by the
algebraic method with changing parameters.

This property makes computer programming available and fractal application
possible. The most representative sets of the fractal are the Mandelbrot set and Julia
set. This property can be understood by observing their generation.

For a second-order mapping iteration on the complex plane, f (z) = z2 +C , after
a number of iterations for the point z = z0 on the plane, the function value does not
diverge. The set composed of point z0 is the Julia set. For each specified C, there is
a corresponding Julia set, denoted as J(C), where C is a complex number; or J(a,b),
where a and b are the real and imaginary parts, respectively.

TheMandelbrot set is the set of parametersC, withwhich the Julia set is connected.
The Mandelbrot set was first obtained by Mandelbrot in 1980, which is considered
as one of the most complex sets in mathematics. Because of the peculiarity of the
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 (a) (b) 

 (c) 

Fig. 3.10 Mandelbrot Set. a. Mandelbrot Set in whole view, b. in local view, c. in microscopic
view (Note From: http://www.wikilib.com/wiki?title=Image:Mandel_zoom_00_mandelbrot_set.
jpg&variant=zh-cn)

Mandelbrot set, it attracts a large number of scientists and enthusiasts, andhas become
one of the most important symbols of chaos and fractal.

It’s obvious that the fractal set is complex and chaotic, but virtually, it can be
defined by simple formula and generated by iteration (Fig. 3.10).

3.1.3 The Measurement of Fractal Dimension

The dimension is the most important concept to describe fractal geometry, which
is used to indicate the proportion of the space. Before the introduction of fractal
dimension, the Hausdorff measure and dimension are introduced first [3].

Given U is a nonempty set in R
n, the diameter of U is defined as the supremum

of the distances between two arbitrary points in the set, i.e.

|U | = sup{|x − y||(∀)x, y ∈ U }. (3.1.3)

http://www.wikilib.com/wiki?title=Image:Mandel_zoom_00_mandelbrot_set.jpg&amp;variant=zh-cn
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A denumerable (or finite) set of Ui whose diameter does not exceed δ, namely
{Ui: |Ui |≤δ}, is called the δ-cover of the set F ⊂ R

n, if the union of Ui covers F, i.e.

F ⊂ ∞∪
i=1

Ui .

For a non-negative number s and δ > 0, define

Hs
δ(F) = inf{Ui}∈�

{ ∞∑
i=1

|Ui|s
}

, (3.1.4)

where Ψ is the set of all the possible δ-covers of F.
One can see that when δ gets smaller, the number of covers in Ψ decreases. As a

result, the infimum Hs
δ(F) increases and tends to a limit δ → 0, denoted by

Hs(F) = lim
δ←0

Hs
δ(F). (3.1.5)

For arbitrary F, this limit always exists, being two independent values, 0 and ∞.
We call Hs(F) the s-dimensional Hausdorff measure of F.

Equation (3.1.4) indicates that for any F and δ < 1, Hs
δ(F) is a non-increasing

function with respect to s. From (3.1.5), it follows thatHs(F) is also non-increasing.
If t > s and {Ui} ∈ Ψ , then it holds that

∑
i

|Ui |t ≤
∑
i

|Ui |t−s |Ui |s ≤ δt−s
∑
i

|Ui |s . (3.1.6)

Take infimums of each term in (3.1.6) to obtain Ht
δ(F) ≤ δt−sHs

δ(F). Let δ →
0 to see that for t > s, if Hs(F) < ∞, then it must hold Ht(F) = 0. Hence, there
exists a critical point s such thatHs(F) exhibits a sharp decrease from ∞ to 0 when
s increases, as shown in Fig. 3.11. Theoretical s is called the Hausdorff dimension
of F, denoted by dimHF.

This definition can be rigorously written as

Fig. 3.11 Plot of Hs(F)

versus s: Hausdorff
dimension is the point in the
s-axis where the sharp
changeoccurs

s F

0 

0 dimH n
s

( )



94 3 Fractal and Fractional Calculus

dimH F = inf
{
s ≥ 0 : Hs(F) = 0

} = sup
{
s : Hs(F) = ∞}

, (3.1.7)

provided the supremum of an empty set is taken as 0. The relation of the Hausdorff
measure to dimension is as follows:

Hs(F) =
{∞ 0 ≤ s < dimH F,

0 s > dimH F.
(3.1.8)

At the point of s = dimHF, Hs(F) can be an arbitrary non-negative number.
The fractal dimension is an important parameter in the analysis of the charac-

teristics of a fractal structure. Because there is neither an accurate method nor a
universal method for the fractal dimension measurement, the theoretical, experi-
mental and other appropriate methods are applied to the dimension measurements of
different fractal structures. Three categories of the commonly used methods for the
fractal dimension measurements are introduced as follows, which are experimental
measurement method, observational comparison method and statistical calculation
method.

1 Experimental measurement method

In this method, the auxiliary curves are drawn on the graphics in different scales,
respectively. The fractal dimension is obtained by fitting the data points. The
common methods are the Grade Regulation Method, Box Counting Method and
Area–Perimeter Method.

(i) Grade Regulation Method

As the name suggests, in this method, the circles of the same radius are drawn
along the measured curve one by one. Several groups of measurement results can
be recorded for different circle radiuses. Then, through the scaling law analysis, the
fractal dimension can be calculated by the results recorded. Of course, in the actual
measurement, for different graphics, the different basic elements with a characteristic
length can be applied for the measurement, such as a line segment, circle, square,
sphere and cube.

Example: the fractal dimension measurement of the curve in Fig. 3.12. The
numbers of the measured circles are obtained corresponding to different radiuses. If
we measure the curve by the circle with radius r and the number of the circles is
N, the relationship of the circle radius r, the measurement number N and the fractal
dimension D of the curve is stated as

N = kr−D, (3.1.9)

where k is themeasurement scale constant. Bymarking the data recorded on the circle
of different radiuses in the double logarithmic coordinate system, and applying linear
regression to the data, the negative value of the slope of the fitting line −α is the
fractal dimension D of the curve.
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 )c( )a( (b) 

Fig. 3.12 The measurement of the fractal dimension by Grade Regulation Method

If the measurement element changes to the grid with the side length δ, and the
number of the grid curved by the curve is N, the method for the fractal dimension
measurement is through the relation between the number N and the side length is
called the Box Counting Method. In this method, the relationship of side length δ,
the number of the grid and the fractal dimension D is stated as

N (δ) = kδ−D. (3.1.10)

Because the principles and steps of the Box Counting Method are similar to that
of the Grade Regulation Method, we will not discuss the detailed examples.

(ii) Area–Perimeter Method

The area–perimeter method is mainly used for the fractal dimension measurement
of individual or groups of irregular dispersed graphics. The method is based on a
certain relationship between the lengths of the graphical boundary and their area,
which is determined by the fractal dimension of the graphics.

Based on the perspective of the analysis, this method can be divided into the
method based on area and the method based on perimeter. As shown in Fig. 3.13,
the method based on area is to measure the extent of the area occupied by each small
graphic in the corresponding rectangular region; the method based on perimeter is
to measure the filling degree of the graphic boundary in the whole plane.

Applying the relation between the perimeter and area [4]

P = kS
D
2 , (3.1.11)

the fractal dimension of the boundary can bemeasured,whereP denotes the perimeter
of the fractal island, S denotes the area of the fractal island and k is the constant of
the measurement scale.

Using the relation between the length and area [4]:

S = LD. (3.1.12)
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(b)  the method based on perimeter (a)  the method based on area 

Fig. 3.13 The Area–Perimeter Method for the measurement of fractal dimension of the irregular
dispersed islands

The fractal dimension of the area can be measured, where L is the maximum
length scale for all the dispersed islands.

2 Observational Method

According to the self-similar characteristic of fractal curves, the fractal dimension
can bemeasured by observing the similarity degree of the curve. For the graphicswith
approximate self-similar and statistical self-similar characteristics, the dimension can
be obtained by measuring the approximate similarity degree and statistics similarity
degree. Take the Koch curve as an example; if we make 1/n portion of the original
curve m times larger, and the curve obtained equals the original curve, the fractal
dimension of this curve is stated by the formula

D = lg n

lgm
. (3.1.13)

9 times larger

3 times larger

3 times larger

1/16 portion 
1/4 portion 

1/4 portion 

Fig. 3.14 The measurement of fractal dimension by Observational Method
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In Fig. 3.14, a similar curve like the original one is obtained by making the 1/4
portion of the original curve 3 times larger. In the same way, the curve obtained
by making 9 times larger to the 1/16 portion of the original curve is also similar to
the original curve. Thus, the fractal dimension of the Koch curve is expressed as
D = lg 4

lg 3 = lg 16
lg 9 = 1.2619. This method is suitable for other fractal graphics. For a

class of statistical self-similarity or approximate self-similar graphics, the enlarged
graphic is statistically or approximately similar to the original one, but the fractal
dimension can also be obtained by this method.

3 Statistical Calculation Method

This method is based on the correlation function, which expresses the fluctuations
of the physical quantities between the two points in the space scale or two moments
in the time scale in the system. The correlation function of the fluctuation for the
physical quantity A(r) between the two different spatial positions x and x + r is
defined as

C(r) =< A(x)A(x + r) >, (3.1.14)

where symbol < > denotes the mean value of the system.
The exponential, Gaussian formulas which have characteristic scale cannot be

applied to simulate the fractal distribution. Here, the power function is employed to
represent the correlation function

C(r) ∝ r−a . (3.1.15)

Therefore, the relation between the power exponent a and fractal dimension D is

a = d − D, (3.1.16)

where d is the Euclidean space dimension [5].
The structure function method is one of the correlation functions [6]. The surface

contour in the structure function method is considered as a space series z(x). The
structure function of the sampled data can be simulated by the space series with
fractal characteristics

S(τ ) = [z(x + τ) − z(x)]2 = kτ 4−2D. (3.1.17)

In addition to themethods introduced above, the spectrummethod, the distribution
function method, the probability density method and other new methods generated
with the development of computers are able to solve these problems. Due to irregular
characteristics, different methods of measurement are elected for different forms of
fractal graphics. Each method has its own advantages, but its disadvantages are also
obvious. Therefore, before the use of the fractalmeasuremethod, a full understanding
of the properties of the graphic should be made first.
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3.1.4 The Application of Fractal

Because the fractal is advanced in the description and simulation of complex
geometric structure objects, it is widely applied in many disciplines and research
areas, particularly the complexity and chaos phenomena, such as the non-smooth
surface material, chaotic turbulence, crack extension and the irregular diffusion in
heterogeneous media.

1 The application of fractal in the modeling of the material surface

The roughness of the surface of the material is a very important issue in the field of
tribology research. No matter how fine the surface polished is, it is unable to get a
perfectly smooth surface. The fluctuation of the material surface is called roughness.
The study showed that the profile height of the rough surface is a non-stationary
random process. It has great significance to find a roughness parameter, which is
independent of the measurement scale, in tribology and materials science research.
In recent years, the fractal theory which can describe the scaling law phenomena,
and is independent of the measurement scale, has been widely applied in the field of
tribology.

In order to express the surface roughness simply which is on the two-dimensional
space, the fractal dimension Ds of the rough surface is stated as Ds = Dp + 1,
where Dp represents the fractal dimension of the profile curve [7]. Therefore, the
measurement of surface roughness and the description of fractal characteristics can
be converted to the measurement of the fractal dimension of the profile.

Because the fractal dimension of the surface for different structures may be the
same, the surface roughness cannot be described by fractal dimension only. Shirong
Ge [7] applied the fractal dimension and the scale parameter τ to describe the surface.
A certain power-law relation the measure M (τ ) and the scale τ is stated as

M(τ ) = Cτ 2−D, (3.1.18)

where D is the fractal dimension of the surface profile, and C denotes the scale
parameter.

Rough surface obeys the scaling law in the mean square root measure of multi-
scale measurement in a certain scale range. Within the given scope of the study, the
fractal dimension of the grinding surfaces and turning surfaces are mostly reduced as
the value of the surface roughness R increases. The relationship between the fractal
dimension and roughness is expressed as a negative exponential function [7].

D = 1.515R−0.088
a . (3.1.19)

In addition to describing the roughness of the surface by fractal dimension and
measurement scale parameter, a class of fractal functions can also be used to describe
the rough contour surface. The functions applied frequently and maturely are the
Weierstrass curve orWeierstrass–Mandelbrot curve. The roughness of the surface and
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the rough profile can be extremely finely described by the Weierstrass–Mandelbrot
curve which is defined as

Z(x) = GD−1
∞∑

n=n1

cos(2πγ nx + φn)

γ (2−D)n
, 1 < D < 2, γ > 1, (3.1.20)

where Z(x) denotes the random surface profile height, x denotes the position coordi-
nates of the profile,G is the characteristic scale coefficient,D is the fractal dimension,
γ n is the spatial frequency of the profile, γ is the constant larger than 1 and φ denotes
the phase. Wang et al. [8] apply the Weierstrass–Mandelbrot curve to simulate the
profile curve. The profiles obtained in different resolution are similar, which show
that the shape of the profile simulated by the Weierstrass–Mandelbrot curve is inde-
pendent of the measure scale. And they also obtained the result that the roughness
degree of the surface simulated by the Weierstrass–Mandelbrot curve will be larger
with the increase of the fractal dimension.

2 The application of fractal in the simulation of crack propagation in rock

Generally, cracks usually occur when the load on the material exceeds the allowable
range. The direction of crack propagation and its change with time are the problems
concerned in engineering. In recent studies, researchers and scholars noted that the
traditional methods are difficult to describe and simulate the crack propagation path
because it has usually very irregular curves. Meanwhile, the crack propagation path
was found that it characterized a certain geometric features, such as fine structure,
detailed proportion in the small-scale, self-similarity of the crack branch. Therefore,
it is considered to analyze and simulate the development of crack by the fractal
approach.

For the fractal curve in Fig. 3.15, which is similar to the crack shape, Mandelbrot
[9] gave the evaluation formula for the length as

L(ε) = LD
0 ε(1−D), (3.1.21)

where D is the dimension of fractal curve, LD
0 denotes the straight length of the

fractal domain and ε denotes the measure scale.

Fig. 3.15 The model of
fractal crack propagation,
from [10]
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Although the cracks of differentmaterials are in different forms, all of have similar
shape to the fractal curve (Fig. 3.15).With respect to othermaterials, the development
of the crack of the brittle material is relatively faster and much dangerous. Here, we
will introduce the fractal applications in fracture simulation by the example of rock
cracks. Because there are not only lattice structures and layered structures but also
small impurity particles and voids, the trunk of the cracks in the rocks develop along
the structure fracture, and the turning or bifurcation is generated in the influence
of local impurity particles and voids. Thus, when the cracks develop in accordance
with the L-type or Z-type, the local part of cracks has smaller L-type or Z-type
characteristics. The experimental results show that the roughness and irregularity
of the fracture material surface are mainly caused by an intergranular fracture and
transgranular fracture. The irregular path of crack propagation simulated by fractal
theory is

l = LD
0 δ1−D, (3.1.22)

where L0 denotes the crack length in macroscopic, and δ denotes the measure scale.
If the measure scale is infinitesimal, the crack length obtained will be infinity large
which is in contradiction with nature that the crack exists in a finite length. Hence, the
measure scale should be confined to a limited range of values [δmin, δmax]. Because the
roughness of the cracks is mainly caused by an intergranular fracture and transgran-
ular fracture, δ can be considered as the grain size of the material d. The Eq. (3.1.22)
changes to

l/L0 = (d/L0)
1−D. (3.1.23)

After the numerator and denominator of the left part of Eq. (3.1.23), divided by
the time t, respectively, we have the ratio relation between the fractal crack growth
speed and the crack propagation speed in macroscopic,

V/V0 = (d/�α)1−D. (3.1.24)

Here, L0 is replaced by �α, which represents the increase step along the direc-
tion of macroscopic crack propagation. d/�α is considered as the parameter of the
structural performance of the material, V denotes the crack actual propagation speed
and V 0 denotes the macroscopic crack propagation speed [10].

The ratio of actual crack propagation speed to macroscopic crack propagation
speed is shown in Fig. 3.16. We can find that the actual propagation speed is greater
than the macroscopic propagation speed, and the ratio becomes larger with the
increase of fractal dimension. For different materials, because the structural perfor-
mance parameters d/�α, which depend on the structural properties of the material,
are different, the ratio V /V 0 is also different. This is a very important problem in the
monitoring of the actual engineering project, because the crack propagation speed is
actually faster than that observed in macroscale.
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Fig. 3.16 The change of
V /V0 with the fractal
dimension D, from [10]

Because the fracture surface is not smooth, the actual area of the fracture surface is
much larger than the section area. In fact, the fracture surface is a fractal surface, the
relation between its actual area and section area can be described by the relationship
of the actual crack length and straight crack length as follows:

A = [L(ε)/L0(ε)]A
′, (3.1.25)

where L(ε) denotes the actual crack length, L0(ε) denotes the straight crack length
and A’ denotes the section area. Griffith and Irwin supposed that the crack propagates
straightly, and proposed the crack critical extension force law which stated as

G ′
cri t = 2rs, (3.1.26)

where rs denotes the surface energy of fracture area for unit macro-measure. The
supposition in this formula is not consistent with the actual situation that the crack
propagates along the irregular bending curve. The fracture surface is roughness and
both the curve and surface are self-similar, therefore, based on Eq. (3.1.25), the crack
critical extension force law can be modified to

Gcrit = 2[L(ε)/L0(ε)]rs, (3.1.27)

where the proportion relationship between the actual fracture area and section area
is added. Because the actual track of crack is a fractal curve, by Eqs. (3.1.21) and
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(3.1.27) the expression of the critical extension force is stated as [11]

Gcrit = 2rsε
1−D. (3.1.28)

3 Fractal Growth and its Application

The fractal growth researched now is the process of the growth of the fractal structure
fromnucleation, such as discharge phenomena of dielectricmedium, diffusion, tumor
growth and crack propagation. Therefore, fractal growth has a wide application in
chemistry, physics, biology, medicine and materials science.

In 1981,Witten and Sander [12] proposed the diffusion-limited aggregationmodel
(DLA) by studying the diffusion-limited aggregation process. Two years later, they
further studied the relationship between the DLA model and the diffusion equation
and let the diffusion-limited aggregation process satisfy the Fick diffusion equation.
In 1984, Niemeyer [13] studied the discharge phenomenon of SF6 between two
parallel glass plates, simulated the twig-like discharge graphic by computing and
proposed the dielectric breakdown model.

The basic idea of the DLA model is a simple nucleus increasing process. Put a
fixed particle which is called seed in the center of a two-dimensional grid plane with
a boundary. Then, send a free particle, which can move along with any direction of
the grid, in the arbitrary position of the plane. If the free particle moves to the fixed
particle position, it will adhere to the fixed particle and be part of the new nucleus. On
the other hand, if the free particle moves to the boundary, it will disappear. Then, send
the next free particle, and follow the above determinant conditions. Finally, when the
nucleus is big enough, the aggregation model with fractal property is obtained [1].

3.2 The Relationship Between Fractional Calculus
and Fractal

As is known, calculus is the basic tool in mathematics, mechanics and physics.
And this classical integer-order calculus is established on the Euclidean spacetime
geometry. In recent years, fractional calculus is successfully applied in the description
of complex mechanics and physical behaviors, such as the acoustics in soft material
and the anomalous diffusion in complex media. We want to find if there is somewhat
a relationship between the fractal which is developed by Mandelbrot and fractional
calculus. This is a fascinating research topic that can fractal phenomena be simulated
and described by fractional calculus? Although a long work has been done on this
topic, the results are immature and not systemic. In the following, we will introduce
the main work and discuss the relationship between fractal geometry and fractional
calculus.
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3.2.1 The Fractional Derivative of a Class of Fractal
Function

Themost classical fractal function is theWeierstrass functionorWeierstrass–Mandel-
brot function, which is the basic research object for many scholars [14, 15]. The char-
acteristic of these functions is continuous but non-differentiable and non-integrable
in the definition domain. Therefore, the traditional integer-order calculus methods
cannot be applied to study and analyze the mathematic characteristic of these fractal
functions. The definition of the Weierstrass function is

W (t) =
∑
j≥1

λ−μj sin
(
λ j t

)
(0 < μ < 1, λ > 1). (3.2.1)

The fractional calculus of sine and cosine functions is stated as [16]

D−α sin at = 1

(α)

t∫
0

xα−1 sin a(t − x)dx := St (α, a),

D−α cos at = 1

(α)

t∫
0

xα−1 cos a(t − x)dx := Ct (α, a), (3.2.2)

where the relation between the two formulas in Eq. (3.2.2) is

St (α, a) = aCt (α + 1, a), (3.2.3)

DSt (α, a) := St (α − 1, a),

DCt (α, a) := Ct (α − 1, a). (3.2.4)

The fractional-order integral and differential of the Weierstrass function obtained
by (3.2.2), (3.2.3) and (3.2.4) are stated in (3.2.5) and (3.2.6), respectively [16],
where 0 < μ < 1, λ > 1, 0 < α < 1 and 0 < β < 1.

D−α(W (t)) = D−α

⎛
⎝∑

j≥1

λ−μj sin
(
λ j t

)⎞⎠ =
∑
j≥1

λ−μj 1

(α)

t∫
0

xα−1 sin a
(
λ j t

)
dx

=
∑
j≥1

λ−μj St
(
α, λ j

)
, (3.2.5)

Dβ(W (t)) = D
(
Dβ−1(W (t))

)
= D

⎛
⎝∑

j≥1

λ−μj St
(
1 − β, λ j

)⎞
⎠ =

∑
j≥1

λ(1−β) jCt

(
1 − β, λ j

)
.

(3.2.6)
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Weierstrass function Integral function of Weierstrass Differential function of Weierstrass 

Fig. 3.17 μ = 0.5, λ = 2, α = 0.2, β = 0.3 from [16]

Weierstrass function Integral function of Weierstrass Differential function of Weierstrass 

Fig. 3.18 μ = 0.3, λ = 2, α = 0.6 and β = 0.6 from [17]

The Weierstrass function, its integral function and its differential function are
shown in Figs. 3.17 and 3.18, respectively, corresponding to the parameters μ =
0.5, λ = 2, α = 0.2, β = 0.3 and μ = 0.3, λ = 2, α = 0.6 and β = 0.6. From the
comparison of these two figures and the comparison of the initial function and its
integral and differential functions, we can find that the fluctuation of the differential
function of the Weierstrass function is much larger than the initial function, and the
non-smoothness becomes greater as the fractional-order μ increases. On the other
hand, the integral function of theWeierstrass function is more gentle than the original
function, but there are also varying degrees of fluctuation locally.

3.2.2 The Relationship Between the Dimension of Fractal
Function and the Order of Fractional Calculus

In recent years, many researches indicated that there is a certain relationship between
the dimension of fractal function and the order of fractional calculus.YongshunLiang
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analyzed the fractional calculus of the Besicovitch function and obtained the relation
between the relationship between the dimension and the fractional order [26].

The Besicovitch function is defined as

B(t) =
∑
n≥1

λ−α
n sin(λnt), 0 < α < 1, λn → +∞. (3.2.7)

The v-order integral g(t) and u-order differential m(t) are calculated by

g(t) := D−vB(t) =
∑
n≥1

λ−α
n St (v, λn), (3.2.8)

m(t) := DuB(t) =
∑
n≥1

λ1−α
n Ct (1 − u, λn). (3.2.9)

In [18], let λn = nn and α = 0.5; we have a Besicovitch function,

B(t) =
∑
n≥1

n− 1
2 n sin

(
nnt

)
, (3.2.10)

Whose dimension is 1.5. As shown in Fig. 3.19, the first one is the Besicovitch
function curve, the second one is the 1/6-order integral of B(t) function and the third
one is the 1/3-order differential of B(t) function.

In order to obtain the relationship between the order of fractional calculus and the
curve dimension, let u and v equal 0.1, 0.2, 0.3 and 0.4, respectively. The Hausdorff
Dimension and Connectivity Dimension are shown in Table 3.1.

Using the data in Table 3.1, the relationship between the dimension (Hausdorff
and Connectivity) and v or u is shown in Fig. 3.20. We found that the relationship
between the Hausdorff dimension of fractional calculus of B(t) and the dimension
of B(t) is linear,

dimH (g, l) = dimH (B, l) − v,

B(t) function curve 1/6-order integral of B(t) 

function g(t) 

1/6-order differential of B(t) 

function m(t) 

Fig. 3.19 Liang and Su from [18]
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Table 3.1 Liang and Su [18]

v dimH Γ (g,l) dimC Γ () u dimH Γ (m,l) dimC Γ (m,l)

0
0.1
0.2
0.3
0.4

1.5
1.4
1.3
1.2
1.1

g,l1.5850
1.4854
1.3785
1.2630
1.1375

0
0.1
0.2
0.3
0.4

1.5
1.6
1.7
1.8
1.9

1.5850
1.6781
1.7655
1.8480
1.9260

Relationship between the Hausdoff dimension & 

Connectivity dimension for integral function g(t) and 

integral order v 

Relationship between the Hausdoff dimension & 

Connectivity dimension for differential function 

m(t) and differential order u 

Fig. 3.20 Liang and Su from [18]

dimH (m, l) = dimH (B, l) + u. (3.2.11)

Similarly, the linear relationships were also found for the Connectivity dimension.
But the absolute value of the relation curve slope does not equal 1. The relation curve
slope for integral function g(t) and v equals -1.11875, and the slope for differential
function m(t) and v equals 0.8525.

For other fractal functions, the same characteristic with the Besicovitch function
is obtained. Andrea Rocco and Bruce J. West [19] analyzed theWeierstrass function,
and obtained results which are similar to Eq. (3.2.11)

Dim
[
D(−β)W

] = Dim[W ] − β,

Dim
[
D(β)W

] = Dim[W ] + β. (3.2.12)

The above equations show that the fractional calculus of the Weierstrass function
linearly relates to its fractal dimension. Kui Yao et al. [17] also researched the frac-
tional calculus of theWeierstrass function and obtained the relationships between the
dimension of the calculus function and the fractional order. From the relationships
shown in Fig. 3.21, we can find that the relation curves are similarly linear.
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The fractal dimension and the connectivity 

dimension for the integral of Weierstras function

The fractal dimension and the connectivity 

dimension for the differential of Weierstras 

function

Fig. 3.21 The fractal dimension and the connectivity dimension for the integral of Weierstras
function

3.2.3 The Application of Fractional Calculus
in the Description of Constitutive Relation for Fractal
Media

In this section, the application of fractional derivatives in the constitutive modeling
for fractal media will be introduced. The fractal media in nature, such as the porous
medium, are considered to be an extremely complex and irregular geometric meso-
scopic (or microscopic) structure. For fractal media, because of the discontinuity
and complexity properties of the geometry structure, the continuum theory cannot
be applied to describe its physical andmechanics behavior. The newmethod,which is
called the fractional-order derivative, should be used to describe the constitutive rela-
tion of fractal media. In this section, we mainly introduce the research of Carpinteri
and Cornetti [20].

Detailed research has been done by scientists for the fractional calculus of the two
types of fractal functions, the Weierstrass function, Cantor staircase, which is also
knownas the devil staircase. TheWeierstrass function is continuous but a non-integer-
order differential everywhere. The fractal dimension of it is 2-s, where 0 < s < 1.
For the Weierstrass function, the continuous fractional derivative of the order less
than s exists, and the relationship between the fractal dimension and the fractional
derivative order is definitely. For the Cantor staircase function which is similar to the
Cantor Fractal introduced in Sect. 3.1.1 (1), it is proved that the fractional derivative
with order less than the fractal dimension exists.

Here, a new fractional-order calculus, Local Fractional Derivative (LFD) is used,
which is defined as

Dq f (y) = lim
x→y

dq( f (x) − f (y))

(d(x − y))q
, 0 < q ≤ 1, (3.2.13)
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Proposed in [21], the local fractional differentiable of the Weierstrass function
depends on a critical order α, where 0 < α < 1. When the derivative order is less than
α, the local fractional derivative is 0. On the other hand, the local fractional deriva-
tive does not exist when the order is greater than α. Therefore, the local fractional
derivative exists and does not equal 0 only when the fractional order equals α.

For the differential equation d f/dx = 1[0,x], the solution is a line between 0 and
x. Kolwankar made an extension to this simple example, which deduced the measure
method for fractal by the inverse form of the local fractional derivative. The discrete
inverse form of the local fractional derivative in domain [a, b] is

aD
−α
b f (y) ≡ lim

N→∞

N−1∑
i=0

f
(
x∗
i

) d−α1dxi (x)

(d(xi+1 − xi ))
−α

, (3.2.14)

where
[
xi , xi+1

]
is sub-domain, i = 0, · · · , N−1, x0 = a, xN = b, (i = 0, · · · , N−

1), x0 = a, xN = b, x∗
i is a point in the sub-domian and 1dxi (x) is the unit function

defined in the sub-domian.
For the simple local fractal derivative equation Dα f (x) = g(x), it has no solution

when g(x) equals constant. When g(x) is fractal and the fractal dimension equals
fractional derivative order, the solution exists. For example, suppose 1C(x) is the
Cantor set in the domain [0,1]; when the fractional order equals its fractal dimension
ln 2/ ln 3, the solution of the equation Dα f (x) = g(x) is f (x) = 0D

−α

x 1C(x). Let
x0 = 0, xN = 1 in Eq. (3.2.14) and elect x∗

i as the maximum in sub-domain, we
obtain

f (y) ≡ 0D
−α
x 1C(x) = lim

N→∞

N−1∑
i=0

Fi
C

(xi+1 − xi )
α

(1 + α)
= S(x)

(1 + α)
(3.2.15)

where Fi
C is the flag function whose value equals 1 when the points of the Cantor set

are in sub-domian
[
xi , xi+1

]
and equals 0 otherwise, and S(x) is the Cantor staircase

function.
The measure method for the fractional derivative of the Cantor set is byFα(C) =

0D
−α
1 1C(x). The value ofFα(C) is infinite when α < d and 0 when a > d.Fα(C) =

1/(1 + α) only when a = d. The fractal dimension obtained by this method is
consistent with the Hausdorff dimension.

Suppose a bar with the shape shown in Fig. 3.22, and a tension F along the x-axis;
based on the equilibrium of force and the distribution of the Cantor staircase, we
obtain

u = εb = ε1b1 = ε2b2 = · · · = εi bi = ε∗b∗, (3.2.16)

where bi denotes the length of the ith section and εi denotes the strain. The limiting
case existed like εi → ∞, bi → 0. Because the displacement of the bar is expressed
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Fig. 3.22 The relation
between strain and stress for
Cantor staircase bar, from
[20]

as u = ε∗b∗, to obtain the expression of strain ε∗ of fractal material, we will first
analyze the characteristic of the section size. The section size obeys the Cantor
staircase distribution and its fractal dimension [L]α is bα/(1 + α). Therefore, the
dimension of fractal strain ε∗ is [L]1−α . Because of the local fractal characteristic
of strain, the relationship between the fractal strain and the distance is the Cantor
staircase shown in Fig. 3.22. For the strain field, only in the singular point, the value
is not zero. This singular point can be described by the local fractional derivative with
the order equals the fractal dimension. Therefore, we consider the strain of fractal
media ε∗ is the local fractional derivative of displacement

ε∗(x) = Dαu(x). (3.2.17)

3.2.4 The Kinetic Equations of Fractal Media

As part of the classical mechanics, a class of basic equations has been established
to describe the dynamical problems of the continuum media, such as continuity
equation, momentum conservation equation and energy conservation equation. But
these equations are powerless to solve the problem of the fractal medium, because the
fractal medium is not continuous and the dimension of the medium is the fractional
number. To describe the dynamical problems of such a class of medium, the basic
equation should be reconsidered to satisfy the geometric properties of fractal media.
In this section, we will introduce the work of Tarasov [22]. The classical kinetic
equation was expanded by a fractional-order integral equation to describe the fractal
properties.

The properties of the fractal media, such as the mass, obey the power law
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M(R) = kRD (D < 3), (3.2.18)

where M denotes the mass of fractal media, R denotes the box size or sphere radius
and D is the fractal dimension of media. Equation (3.2.18) means that the mass of
the box with side length R or the sphere with radius R satisfies the power law, which
can be deduced by fractional calculus.

The mass of the ball region W of fractal medium obeys the power-law relation

MD(W ) = M0

(
R

Rp

)D

, (3.2.19)

where D < 3 and R is the radius of the ball region. In the general case, scaling law
relation is obtained as

dMD(λM) = λDdMD(W ), (3.2.20)

where λM = {λx, x ∈ W }.
The mass of an object with integer dimension in three-dimensional space can be

obtained by the integral of density,

M3(W ) =
∫
W

ρ(r) d3r. (3.2.21)

For the fractalmedia in three dimension, themass can be obtained by the fractional
extension of Eq. (3.2.21). The fractional integral in Euclidean space in the Riesz form
is defined as [23]

(I α f )(x) = 1

γn(α)

∫
Rn

f (t)dt

|x − t |n−α
, (R(α) > 0;α − n �= 0, 2, 4, · · ·), (3.2.22)

where

γn(α) :=
{
2απn/2(α/2)(((n − α)/2))−1 α − n �= 0, 2, 4, · · ·
(−1)(n−α)/22α−1ππ/2(1 + (α − n)/2)(α/2) α − n = 0, 2, 4, · · · .

The fractional extension of Eq. (3.2.21) is

(
I Dρ

)
(r0) =

∫
W

ρ(r) dVD, (3.2.23)
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where dVD = c3(D, r, r0)d3r, c3(D, r, r0) = 23−D(3/2)
(D/2)|r−r0|3−D , |r − r0| =√∑3

k=1 (xk − xk0)
2 and r0 ∈ W is the initial point of fractional integral. When the

dimensionD equals 3, c3(D, r, r0) = 1 and Eq. (3.2.23) is equivalent to Eq. (3.2.21),
which means the mass formula of integer dimension media M3(W ) = (

I 3ρ
)
(r0) is

the special case of fractal dimension formula. Therefore, the fractional extension of
this equation can be defined in the form

MD(W ) = (
I Dρ

)
(r0) = 23−D(3/2)

(D/2)

∫
W

ρ(r)|r − r0|D−3d3r. (3.2.24)

If we consider the homogeneous fractal medium, ρ(r) = ρ0 = const , we obtain

MD(W ) = ρ0
23−D(3/2)

(D/2)

∫
W

|R|D−3d3R, (3.2.25)

where R = r − r0. Applying the spherical coordinates, we have

MD(W ) = ρ0π
25−D(3/2)

(D/2)

∫
W

RD−1dR = ρ0π
25−D(3/2)

D(D/2)
RD, (3.2.26)

where R = |R|. The result obtained is equivalent to Eq. (3.2.18). Therefore, the
fractal media can be described by the fractional calculus with the order D.

In the following, the kinetic equations of fractal media will be introduced. The
fractal media, such as porous material, which are not continuity media can be consid-
ered as fractional continuity media. The equation of balance of mass density and the
equation of continuity will be deduced in the following for the fractal media. Consid-
ering the fractal media in region W, the boundary is ∂W , the dimension of media is
D and the dimension of boundary is d. Then, the equation of balance of mass density
can be described as

dMD(W )

dt
= 0. (3.2.27)

Through Eqs. (3.2.23) and (3.2.27), we have

d

dt

∫
W

ρ(R, t)dVD = 0, (3.2.28)

where dVD = 23−D(3/2)
(D/2) |R|D−3dV3, dV3 = d3R.

The definition of the time derivative of the volume integral is
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d

dt

∫
W

AdVD =
∫
W

∂A

∂t
dVD +

∫
∂W

AundSd (3.2.29)

where un = (u,n) = uknk , u is the vector of speed ukek and n is the vertical
vector nkek . Applying the fractional extension of the Gauss formula

∫
∂W Aun dS2 =∫

W div(Au)dV3,

∫
∂W

Aun dSd =
∫
W

c−1
3 (D, R)div(c2(d, R)Au)dVD, (3.2.30)

and the time derivative of volume integral is obtained as

d

dt

∫
W

AdVD =
∫
W

(
∂A

∂t
+ c−1

3 (D, R)div(c2(d, R)Au)

)
dVD. (3.2.31)

Define (
d

dt

)
D

= ∂

∂t
+ c(D, d, R)uk

∂

∂xk
, (3.2.32)

where parameter c(D, d, R) = c−1
3 (D, R)c2(d, R) = 2D−d−1(D/2)

(3/2)(d/2) |R|d+1−D .
Define the generalization of the divergence formula as

divD(u) = c−1
3 (D, R)

∂

∂R
(c2(d, R)u) = 2D−d−1(D/2)

(3/2)(d/2)
|R|3−Ddiv

(|R|d−2u
)
.

(3.2.33)

The equilibrium form of the time derivative of volume integral is

d

dt

∫
W

AdVD =
∫
W

((
∂

∂t

)
D

A + A divD(u)

)
dVD. (3.2.34)

By substituting A = ρ(R, t) into Eqs. (3.2.34) and (3.2.28), the equation of
balance of mass density is deduced as

d

dt

∫
W

ρdVD =
∫
W

((
d

dt

)
D

ρ + ρ divD(u)

)
dVD = 0. (3.2.35)

Because the region W is arbitrary, the fractional continuity equation is obtained
as
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(
d

dt

)
D

ρ + ρ divD(u) = 0. (3.2.36)

Likewise, the fractional equation of balance ofmomentumdensity in fractalmedia
is stated as

ρ

(
d

dt

)
D

uk + uk

((
d

dt

)
D

ρ + ρ divD(u)

)
− ρ fk − ∇D

l pkl = 0, (3.2.37)

where f (R, t) is the function with time and space, which means the force condition
of point R in time t, and p(R, t) represents the density function of the surface force.
By the continuity equation, we have

ρ

(
d

dt

)
D

uk = ρ fk + ∇D
l pkl . (3.2.38)

The fractional equation of balance of energy density is obtained as

ρ

(
d

dt

)
D

e = c(D, d, R)pkl
∂uk
∂xl

+ ∇D
k qk, (3.2.39)

where e(R, t) denotes the internal energy function, and q denotes the density of heat
flow.

Additionally, based on the above works, the fractional generalized Navier–Stokes
equation is obtained as

ρ

(
∂uk
∂t

+ c(D, d, R)ul
∂uk
∂xl

)
= ρ fk − ∇D

k p + μ∇D
l

∂uk
∂xl

+ μ∇D
l

∂ul
∂xk

+
(

ξ − 2

3
μ

)
∇D

k

∂ul
∂xl

. (3.2.40)

The uncertain relationship between fractional calculus and fractal prompts many
scientists to study it. And a considerable part of scholars believe that there is an
inevitable relationship between the two. Therefore, whether there is a relationship
and what is the relationship between fractional calculus and fractal are the major
problems in present scientific research.
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Chapter 4
Fractional Diffusion Model, Anomalous
Statistics and Random Process

The phenomenon of spontaneous migration of particles (e.g. atoms, molecules or
molecules) is called “diffusion”. Diffusion can happen in the same material or
different kinds of solid, liquid and gas. The physical mechanism of the diffusion
phenomenon is the existence of density or temperature gradient [1].

Diffusion phenomena are widespread in nature and industrial projects. It is an
extremely important physical andmechanics process inmaterial migration and trans-
port. For example, the diffusion process of harmful gases, water vapor and solid in
the atmosphere; or the diffusion and transport of various salts, organics and heavy
metals in soil and other types of diffusion phenomena in semiconductors, metallurgy,
oil refining, mining, etc. Complex diffusion is also a key topic in environmental fluid
mechanics. For example, seawater erosion, nuclear waste disposal, unfinished ore
pollution and concrete corrosion. Many problems on heat conduction and particle
transport are related to the diffusion process actually. The above-mentioned phys-
ical processes are mainly describing the transfer of quality, thermal or electron from
one spatial position to another, so as to achieve the uniform distribution of quality,
concentration, temperature or electron.

In 1855, Fick proposed famous Fick’s first and second laws to describe the diffu-
sion process, based on the Fourier heat conduction equation. Hereby classical diffu-
sion is usually called as Fickian diffusion. Einstein rederived the diffusion equa-
tion from the Brownian motion of molecular in 1905 and obtained the famous
Einstein relation formula on themacroscale diffusion coefficient andmicromolecular
parameters.

Anomalous diffusion is named on the basis of the classical Fickian diffusion (“nor-
mal” diffusion). Richardson [2] opened the mathematical and mechanics modeling
research on anomalous diffusion phenomena in turbulence and proposed the famous
Richardson diffusion equation model in the 1920s to 1930s. Since the 1960s, the
non-crystalline electron anomalous transport phenomena and their physicalmodeling
receivedwidespread attention. Thereafter, anomalous diffusion has become a hotspot
in the areas of seepage in porous media, non-crystalline semiconductor material,
geophysics, polymer materials, laser cooling, biomechanics, medical engineering
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and other fields. An important feature of anomalous diffusion is that the flux at a
spatial position is not only related to the physical quantity in the neighborhood (for
example, concentration or temperature), but also related to spatial global correla-
tion and its history, and even its initial values. Hence, it exhibits strong memory
behavior and long-range correlation and is also called as the history and path depen-
dence (history- and path-dependency) process. It is a non-Markov process from the
microscopic statistics viewpoint.

There are mainly seven methods on anomalous diffusion modeling [3]: (1) frac-
tional Brownian motion method; (2) generalized heat statistical mechanics; (3)
continuous-time random walk model; (4) the Langevin equation; (5) the general-
ized Langevin equation; (6) fractional derivative anomalous diffusion equation; (7)
integer-order derivative generalized diffusion equation. Continuous-time random
walk (CTRW) model is one of the most powerful statistical models for the anal-
ysis of anomalous diffusion. Different types of anomalous diffusion models can be
obtained by assuming the probability density function of particle jump length and
waiting time.

The sixth and seventh methods are phenomenological partial differential equation
models. The drawbacks of the integer-order derivative nonlinear generalized diffu-
sion equation model are it is computationally expensive and difficult to analyze and
select the model parameters. The representative model of integer-order nonlinear
equations is the time multi-relaxation model [4]. Although this model has some
successful applications, it is difficult to get the relaxation parameters from experi-
ments and cannot accurately describe anomalous diffusion processes. In recent years,
the fractional derivative anomalous diffusion equation model has been considered as
a promising approach. Hence, this chapter will systematically introduce fractional
derivative anomalous diffusion equation models and further explore the intrinsic link
between stochastic processes and statistical distributions in anomalous diffusion.

4.1 The Fractional Derivative Anomalous Diffusion
Equation

Anomalous diffusion is the diffusion behavior that cannot be accurately described by
Fick’s laws, which usually manifests the properties of slow or rapid diffusion over
time, long-range space correlation. Fractional differential equations can exactly char-
acterize physical andmechanics processes. In recent years, fractional diffusion equa-
tion has been used to describe anomalous diffusion processes in the fractal media or
complexmulti-phasemedium. For example, anomalous diffusion processes in porous
media (oil production, geotechnical engineering seepage, etc.), coagulation state
physics, medicine drug release in the polymer matrix [5–8], nuclear magnetic reso-
nance, porous media, polymers, solid surface diffusion, colloid transport, quantum
optics, molecular spectroscopy, economic and financial [7], etc.



4.1 The Fractional Derivative Anomalous Diffusion Equation 117

4.1.1 Statistical Description of Anomalous Diffusion
Problems

The classical model expressed by the integer-order calculus equations can not
explain the so-called “complex phenomenon” experimental observations and empir-
ical formulas in the phenomena of turbulence, plasma diffusion under high temper-
ature, changes in the financial markets, polymer dynamics, thermal conductivity,
diffusion and electron transport in soft matter, in which adjusting the parameters of
classic models or applying the nonlinear equation alone are of no avail. However,
the anomalous diffusion equation constructed by the fractional derivative mentioned
previously is in good agreement with a lot of these experimental observations. In
addition, the Gaussian distribution and Markov process cannot describe the above
phenomenon in a large number of spatial distribution and time-series observation
data; the Lévy statistics and fractional Brownian motion, however, can be well fitted
these data, and internal close contact with the anomalous diffusion equation. The
substantive problem is that such complex “anomalous” physical behavior is non-local
in space and has the property of strong memory in time (long-range correlation); the
local limit definition of the integer-order calculus cannot reflect the non-local time–
space process. In recent years, research in this area has gradually become a new
research focus in the international community.

We can use the Feller equation or classic integer-order derivative diffusion
equation to describe the normal diffusion

∂C(x, t)

∂t
= D

∂2C(x, t)

∂x2
. (4.1.1)

The statistical interpretation of the analytical solution is that the particles obey
normal distribution density function in its unlimited space domain and the no-
memory Markov process in time. The random motion of the normal diffusion can be
described by the theory of Brownian motion, and the mean square displacement is a
linear function of time t:

< r2(t) >∝ t, (4.1.2)

where r(t) denotes the displacement, t the time interval and < > the mean value. A
very effective statistical description of the diffusion phenomena is the continuous (or
discrete)-time random walk model. If the waiting time obeys a Poisson distribution
and the jump step is under the assumption of a Gaussian distribution, the standard
diffusion equation can also be deduced by the CTRW model.

For anomalous diffusion, the mean square displacement is a nonlinear function
of the migration time

< r2(t) > ∝ tη, (4.1.3)
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where η < 1 denotes the sub-diffusion process and η > 1 means the super-diffusion
process. η = 1 indicates the normal diffusion process following Fick’s second law.
From a mathematical point of view, anomalous diffusion involves non-locality in
time and space. There are diverse methods to model this movement, i.e. fractional
Brownian motion method, generalized diffusion equation, continuous-time random
walk model, generalized diffusion equation, nonlinear diffusion equation method,
etc. Fractional calculus is given by the form of the convolution integral transfor-
mation, which reflects the concept of “non-local nature”, and the actual calculation
illustrates the fractional diffusion equation can better reflect the nature of (4.1.3). In
the continuous-time random walk model, the different assumptions on the waiting
time and jump step can help us obtain the corresponding time or space or time–space
fractional diffusion equation.

When η is not equal to 1, the laws of fractional Brownian motion will be different.
And then, we can speculate that the laws of diffusion of particles in space will also
be very different. The diffusion coefficient can be expressed as

D ∝ tη−1, (4.1.4)

where η = 1 represents the normal diffusion process; η < 1 the sub-diffusion
process, which means that the diffusion process is slow and occurs in disordered
media, and η > 1 means the super-diffusion process, such as the particles in
turbulence, in which their each jump step can be very long and diffuse very fast.

4.1.2 Fractional Anomalous Diffusion Equation

Here are some often used fractional anomalous diffusion equations, and the definition
of fractional derivative can be selected according to the specific conditions:

Space fractional derivative diffusion Eq. (1< α ≤ 2):

∂C(x, t)

∂t
= D

∂αC(x, t)

∂xα
, (4.1.5)

Time-fractional derivative diffusion Eq. (0< γ ≤ 1):

∂γC(x, t)

∂tγ
= D

∂2C(x, t)

∂x2
, (4.1.6)

Time and space fractional derivative diffusionmixed Eq. (0< γ ≤ 1, 1 < α ≤ 2):

∂γC(x, t)

∂tγ
= D

∂αC(x, t)

∂xα
. (4.1.7)
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One-dimensional fractional derivative diffusion equation with the external inter-
action term (source term or absorption items) and variable coefficients (1 < α ≤ 2)
can be written as

∂u(x, t)

∂t
= d(x)

∂αu(x, t)

∂xα
+ q(x, t). (4.1.8)

The appearance of variable coefficients in Eq. (4.1.8) is attributed to the spatial
difference of diffusion rate in different spatial locations. Thus, using variable
coefficients can more accurately describe the actual diffusion process.

Fractional derivative diffusion wave equation [8]:

⎧
⎪⎪⎨

⎪⎪⎩

Dα
t u(x, t) = a2Dβ

x u(x, t), t > 0, 0 < x < l, 0 < α ≤ 2, 0 < β ≤ 2,
u(0, t) = 0, u(l, t) = θ(t), t ≥ 0,
u(x, 0) = �(x), 0 ≤ x ≤ l, (i f 0 < α ≤ 1),
ut (x, 0) = 0, 0 ≤ x ≤ l, (i f 1 < α ≤ 2).

(4.1.9)

The fractional diffusion wave equation is an extension of the classical diffusion
equation (orwave equation), which is used to describe the phenomenon of anomalous
diffusion in porous media with fractal structure. When 0 < α ≤ 1, the equation is
called a fractional diffusion equation, and when 1 < α ≤ 2, the equation is called
fractional-order wave equation.

4.1.3 Fractional Fick’s Law [7]

The classic mathematical expression of Fick’s law is as follows:

J = −D
∂C

∂x
, (4.1.10)

where J is the transmission rate of a physical quantity of some substance in the unit
area, i.e. the so-called flux;D the diffusion coefficient and C the concentration of the
diffusion substance.

Fick’s law has a specific name in different physical and mechanics processes,
i.e. when C is the temperature variable, Fick’s law is known as the Fourier law;
Darcy’s law when C is the pressure; and when C is the concentration of particles,
Fick’s law. Fick’s diffusion law is a phenomenological relation from the experimental
summary, rather than the basic first principles and its corollaries. This differs from
the continuous equation derived from the law of conservation of mass. The law of
conservation ofmass is the fundamental law of nature. Fick’s diffusion law illustrates
that particle flux J at a point in the space is proportional to the concentration gradient
of the near-local domain.

In fact, for the anomalous diffusion equation,
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C
0 D

γ
t C(x, t) = D × x D

α
θ C(x, t), 0 < γ ≤ 1, 1 <α ≤ 2, (4.1.11)

where D is the diffusion coefficient, the operator C
0 D

γ
t denotes the γ th derivative

with respect to time t under the Caputo definition. There is the following relationship
between the Caputo fractional derivative and the commonly used Riemann–Liouville
fractional derivative:

C
0 D

γ
t f (t) = RL

0 Dγ
t f (t) − f (0)

t−γ

	(1 − γ )
. (4.1.12)

And x Dα
θ C(x, t) represents the spatial Riesz–Feller fractional derivative:

x D
α
θ f (x) =

[

C+
∂α

∂xα
+ C−

∂α

∂(−x)α

]

C(x, t), (4.1.13)

where

C± = sin[(αm θ)π/2]
sin απ

, (4.1.14)

and

dα

dxα
f (x) = 1

	(n − α)

dn

dxn

x∫

−∞

1

(x − x ′)α−n+1
f (x ′)dx ′, (4.1.15)

dα

d(−x)α
f (x) = 1

	(n − α)

dn

dxn

+∞∫

x

1

(x − x ′)α−n+1
f (x ′)dx ′ (4.1.16)

are called as the positive and negative axle α-order Riemann–Liouville fractional
derivative (or theWeyl fractional derivative), inwhich n is the smallest integer greater
than α, α < n < α + 1.

According to the property of the Caputo fractional derivative, we can obtain the
similar form of Eq. (4.1.11), that is,

∂C(x, t)

∂t
= D × RL

0 D1−γ
t (x D

α
θ C(x, t)). (4.1.17)

Then, the flux J can be redefined as

J = D × RL
0 D1−γ

t (x D
α−1
θ C(x, t)), (4.1.18)
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which can be seen as a promotion of Fick’s diffusion law. The flux is the fractional
derivative of concentration to time and space; therefore, it is called fractional Fick’s
diffusion law. Adding the convection term to Eqs. (4.1.17), (4.1.18) can be rewritten
as

J = (−υ + D × RL
0 D1−γ

t x D
α−1
θ )C(x, t). (4.1.19)

In order to deeply understand, more details about the generalized fractional Fick
law of diffusion (4.1.18) will be discussed below.

When α = 2, γ = 1, as defined by the Riemann–Liouville fractional derivative
and the Caputo fractional derivative, Eq. (4.1.18) represents traditional Fick’s law
of diffusion (4.1.4). Therefore, Fick’s law of diffusion can also be seen as a special
case of fractional Fick’s diffusion law.

Whenα = 2, 0 < γ < 1, according to theCaputo fractional derivative definition,
Eq. (4.1.18) can be expressed as

J (x, t) = D

	(γ )

∂

∂x
[ ∂

∂t

t∫

0

(t − τ)γ−1C(x, τ )dτ ]. (4.1.20)

As can be seen from the above equation, the flux J is the derivative of convolution
of concentration diffusion kernel function, that is, which is related to the course of
the history of the concentration changes. The diffusion process shows the property
of memory, and the motion of the particles is of non-Markov nature [9, 10].

When γ = 1, according to the definition of Riemann–Liouville fractional
derivative [11], we have

J (x, t) = D[ C+
	(n − α)

dn

dxn

x∫

−∞

C(x ′, t)
(x − x ′)α−n

dx ′

+ C+
	(n − α)

dn

dxn

∞∫

x

C(x ′, t)
(x − x ′)α−n

dx ′],
(4.1.21)

where n is the smallest integer greater than α. As shown in Eq. (4.1.21), the spatial
non-local relationship between flux J and concentration is the n-order derivative of
the concentration with respect to diffusion and function convolution.
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4.1.4 Fractional Derivative Advection–Diffusion Equation

1. The classical convection–diffusion equation

∂C(x, t)

∂t
= −υ

∂C(x, t)

∂x
+ D

∂2C(x, t)

∂x2
. (4.1.22)

The basic solution of the above equation can be obtained by performing the Fourier
transform to Eq. (4.1.22), then

dC
∧

dt
= −υ(ik)C

∧

+ D(ik)2C
∧

. (4.1.23)

Equation (4.1.23) can be further simplified to

C
∧

= exp(−υ(ik)t + D(ik)2t). (4.1.24)

Applying the inverse Fourier transform, we have

C(x, t) = 1√
2πσ 2t

exp(− (x − υt)2

2σ 2
). (4.1.25)

As is evident from the above equation, Eq. (4.1.25) is the Galilei offset Gaussian-
type concentration distribution function of the classic convection–diffusion equation.

2 The fractional convection–diffusion equation

Giona and Benson had ever discussed the anomalous diffusion equation with time
and space fractional derivatives. When considering the time and spatial correlation
at the same time, then the time and space fractional convection–diffusion equations
are obtained.

The traditional diffusion processes can be described by the following second-order
convection–diffusion equation:

∂C(x, t)

∂t
= ∇(−υC(x, t) + D∇C(x, t)), (4.1.26)

where C(x, t) is the particle concentration at (x, t), υ the convection velocity and D
the diffusion coefficient.

Fick’s law is essentially localized diffusion, i.e. the flux J of a certain point is
proportional to the concentration gradient within a small range of the space location,
without considering the effects of other local particlemigration and also the influence
of the history. However, in complex systems, the particle motion in the different
moments and different points in space influence each other. Thus, when studying
the particle motion of a spatial location at a certain moment, it is necessary to take
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into account the particle motion at other times and other points in space. Here,
considering the correlation in time and space, respectively, but without the coupling
effect of time and space, we can obtain the fractional derivative anomalous diffusion
equations. For the convenience of explanation, the one-dimensional case is firstly
considered, and the results can be extended to higher dimension situations. Thus, the
local flux expressions are modified as the relationship between the particle flux and
concentration:

t∫

0

dτ

x∫

0

J (x ′, t) dx ′ =
t∫

0

dτ

x∫

0

k(x, x ′; t, τ )C(x ′, τ ) dx ′, (4.1.27)

where k(x, x ′; t, τ ) is the diffusion kernel function. Because we do not consider the
effect of time and space on the coupling, the diffusion kernel function canbewritten as
k(x, x ′; t, τ ) = kx (x, x ′)kt (t, τ ). Without loss of generality, it is considered that the
diffusion is statistically uniform in space and stationary random in time. Therefore,
the spatial diffusion kernel function kx(x, x ′) will only be the function of (x − x ′),
and the time diffusion kernel function kt (t, τ ) will only be the function with respect
to (t − τ). Assuming the form of a negative power-law function,

kx(x, x
′) = D

	(−α)

1

(x − x ′)α−1
, (4.1.28)

kt (t, τ ) = 1

	(γ )

1

(t − τ)1−γ
, (4.1.29)

where D, α, γ are all the constants,	(−α), 	(γ ) are Gamma functions. Substituting
Eqs. (4.1.28) and (4.1.29) into Eq. (4.1.27) and performing derivation with respect
to x and t in both sides of Eq. (4.1.28), then we have

J = D
1

	(γ )

∂

∂t

t∫

0

1

(t − τ)1−γ
dτ

1

	(−α)

∂

∂x

x∫

0

1

(x − x ′)α−1
C(x ′, τ ) dx ′. (4.1.30)

According to the definition of the Riemann–Liouville fractional derivative, we
have

∂C(x, t)

∂t
= RL

0 D1−γ
t (D

∂α−1

∂xα−1
C(x, t)). (4.1.31)

Substituting Eq. (4.1.31) into Eq. (4.1.10), we obtain the fractional diffusion
equation

∂C(x, t)

∂t
= RL

0 D1−γ
t (D

∂α

∂xα
C(x, t)), (4.1.32)
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According to the property of the fractional derivative, we have

C
0 D

γ
t C(x, t) = D

∂α

∂xα
C(x, t). (4.1.33)

Thus,we obtain the anomalous diffusion equationwithout considering the convec-
tion term. In this equation, the diffusion term and the derivative with respect to time
are replaced by the fractional derivatives [12, 13].

3 Space fractional derivative advection–diffusion equation

C
0 D

γ
t C(x, t) = − ∂

∂x
[υC(x, t)] + Dx D

α
θ C(x, t), (4.1.34)

where the parameters 0 < γ ≤ 1, 0 < α ≤ 2, |θ | ≤ α. When γ = 1, α =
2, the above equation reduces to the traditional second-order convection–diffusion
equation, and when λ = 1, 0 < α < 2, the equation describing the Lévy transition
space fractional advection–diffusion equation:

∂C(x, t)

∂t
= − ∂

∂x
[υC(x, t)] + Dx D

α
θ C(x, t). (4.1.35)

The solution of this equation is the stable distribution (or the Lévy distribution)
density function. And when α = 2, 0 < γ < 1, Eq. (4.1.34) is the time-fractional
advection–diffusion equation:

C
0 D

γ
t C(x, t) = − ∂

∂x
[υC(x, t)] + D

∂2

∂x2
C(x, t). (4.1.36)

Considering the spatial and time correlations of the diffusion process and using
the non-local method, we can obtain the fractional derivative convection–diffusion
equation. And then, we can describe the anomalous diffusion with it. According
to the fractional convection–diffusion equation, traditional Fick’s diffusion law has
been extended as generalized fractional Fick’s law.

Performing the Fourier transform to Eq. (4.1.35): dC
∧

dt = −v(ik)C
∧

+ D|k|αC
∧

and

solving the above equation, we can get C
∧

= exp(−v(ik)t + D|k|αt). The above
expression and the definition of the Lévy distribution show that the solution of the
original equation is a stable Lévy distribution density function, with a long tail
dissipation feature.

4 Space fractional advection–diffusion equation containing the external
interaction term

∂c(x, t)

∂t
= −υ(x)

∂c(x, t)

∂x
+ d(x)

∂αc(x, t)

∂xα
+ f (x, t), (4.1.37)
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where α is the space fractional derivative and the external term f (x, t) denotes the
effect of diffusion source or sink. In some problems, because fluid particle diffusion
and convection are related to the particle location, the equation contains diffusion
coefficient and convection coefficient with position changes [14, 15].

In the numerical solution study of the above equation, we can apply the following
space fractional derivative definition:

∂αc(x, t)

∂xα
= 1

	(−α)
lim

M→∞
1

hα

M∑

k=0

	(k − α)

	(k + 1)
c(x − kh, t), (4.1.38)

whereM is the numbers of spatial nodes, h the space step and 	() the Gamma func-
tion. Thus, we can get the numerical calculation recurrence formula of Eq. (4.1.37)
(explicit difference method in space and time):

cn+1
i = (1 − �t

h
υi + �t

hα
di )c

n
i + (

υi

h
− α

hα
di )�tcni−1 + di�t

hα

i∑

k=2

gkc
n
i−k + f ni �t.

(4.1.39)

5 Porous medium contaminant anomalous diffusion and penetration equation

∂p

∂t
= − ∂

∂x
(Ap) + D

1 + β

2

∂α

∂xα
(Bα p) + D

1 − β

2

∂α

∂(−x)α
(Bα p), (4.1.40)

where 1 < α < 2, A is the flux term, B the diffusion parameter, α the standard
Lévy order and β the offset. The above model takes into account the global impact of
spatial diffusion phenomena. Therefore, it can more accurately describe the actual
diffusion and seepage.

In super anomalous diffusion case β = 1, the simplified equation

∂p

∂t
= − ∂

∂x
(Ap) + D

∂α

∂xα
(Bα p). (4.1.41)

The Leibniz formula of fractional derivative used in the numerical calculation of
the above equation can be expressed as

∂α−1

∂(−x)α−1
[D(x)

∂p

∂x
] =

∞∑

n=0

(
α − 1
n

)
∂nD(x)

∂(−x)n
∂α−n

∂(−x)α−n
,

(
α

n

)

= 	(1 + α)

	(1 + α − n)n! . (4.1.42)
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4.2 Statistical Model of the Acceleration Distribution
of Turbulence Particle

In theoretical physics, developing a multi-scale model describing fully developed
turbulence is an open issue, which involves various spatial and temporal features
covering many scales [16, 17]. The difficulty is cross-scale coupling simulation. The
principle of fluid particle trajectories is the key issue in turbulence diffusion study
when existing gradient outside pressure. It is theoretically easy to measure fluid
particle trajectories by seeding tracer particles into a turbulent flow and employ
an imaging system to follow their motions. However, it is a very challenging
task in performing. One reason is that fully developed turbulence is difficult to
achieve, another is the accuracy of camera equipment is low, which cannot meet
the measurement standards.

In 2001, La Porta et al. [18] had done an up-now most accurate measurement of
particle transverse accelerations in fully developed turbulence using the advanced
technology. Experiment parameter: τη = (υ/ε)1/2 is the Kolmogorov time, where
υ is the kinematic viscosity, ε is the turbulent energy dissipation, η represents the
Kolmogorov distance and τn equals 0.93 ms. This practice successfully shows three-
dimensional, time-resolved trajectory of a tracer practical undergoing accelerations
in violent turbulent water flow. Some significant work has been done to find the
appropriate statistical model fitting the experimental data. La Porta et al. [18] first
provided a stretched exponential distribution p(x) = C exp(−x2/((1+|xa/c|)bc2)).
In 2004, Mordant et al. [19] refined the parameters a = 0.513 ± 0.003, b = 1.600
± 0.003, c = 0.563 ± 0.02, C = 0.733 and Rλ = 690. When |x | → ∞, p(x) ∝
exp[−|x |0.4].

But the above statistical model requires three obscure parameters, which have
vague physical interpretation, and is simply a phenomenological description [20].
To overcome these drawbacks, Beck et al. [21–24] employed the Tsallis distribution
to refit the experimental data via the Tsallis entropy in 2001. Later on, Arimitsu
et al. [20, 25] proposed a multifractal model via the concept of non-extensive statis-
tical mechanics, which has high accuracy, but with complex mathematical expres-
sion. Most importantly, the physical mechanism behind the experimental data is still
unclear.

This section will give a comprehensive description of the existing statistical
models for fully developed turbulence particle accelerations and introduce a frac-
tional diffusion model proposed by the authors through the turbulence multi-scale
property and then make a comparative study of the mentioned models.
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4.2.1 Existing Models

1 Lévy stable distribution model

The Lévy stable distributions have been playing an increasing role in diverse scien-
tific and engineering fields, such as fractional Brownian motion, anomalous diffu-
sion, stock market and the scale structure of protein molecular, thanks to its great
success in fitting a broad range of empirical data exhibiting a heavy tail. The Lévy
stable distributions have been successfully used to describe chaos-induced turbulent
diffusion [17, 26]. To reveal the physical mechanism of the Lévy stable distributions
applied in turbulence, Chen [27] developed a Reynolds equation via the innovative
fractional derivative approach and gave the reasons that the Lévy stable distributions
can depict turbulence via the solution of the equation.

The Kolmogorov−5/3 scaling E(k) = Cε
2
3 k− 5

3 is the most significant theoretical
finding in the turbulence field in the twentieth century. E(k) is the energy spectrum in
terms of wave number k, ε denotes the kinetic energy dissipation and C denotes the
Kolmogorov constant rate per unit mass. To some extent, the scaling law has been
validated by numerous experimental and numerical data of sufficiently highReynolds
number turbulence. However, a clear departure from the −5/3 scaling exponent is
also often observed in various turbulence experiments at finite Reynolds numbers, i.e.
the so-called intermittency. In fact, intermittency manifests a non-Gaussian velocity
distribution. This argument is controversial since many believe that the Kolmogorov
theory does not assume the velocity increment Gaussianity.

Several researchers discover that some physical quantities in turbulence obey the
Lévy stable law. Yet, Gaussian distribution is the special case of the Lévy stable
distributions with stability index 2. It is well known that the classical Fokker–Planck
equation has a corresponding relationshipwith theNavier–Stokes equation via statis-
tical physics. Consequently, the author attempted to develop a fractional derivative
model to depict turbulence. The following is the Navier–Stokes equation for an
incompressible fluid:

∂u
∂t

+ u · ∇u = − 1

ρ
∇ p + 1

Re
�u, (4.2.1a)

∇ · u = 0, (4.2.1b)

where Re is the Reynolds number, u is the velocity vector and p represents pressure.
The following Reynolds, velocity and pressure can be decomposed as a sum of mean
flow components u, p and small-scale fluctuating components ũ, p̃. The mean value
of fluctuating quantities is considered to be zero. Substituting the decomposition of
velocity and pressure into Eq. (4.2.1), we have the following Reynolds equations:

∂ui
∂t

+ u j · ∂ui
∂x j

= − 1

ρ
∇ p + υ�ui − ∂

∂x j

〈
ũi ũ j

〉
, (4.2.2a)
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∇ · ui = 0. (4.2.2b)

The nonlinear fluctuation term ∂
〈
uiu j

〉
/∂x j gives rise to the controversial closure

problem in the Reynolds equations. For the fully developed homogeneous isotropic
turbulence, the fluctuating velocity components are considered to exhibit a variety of
universal features, namely statistically homogeneous isotropy and self-similar eddy
structures, corresponding to the Richardson and Kolmogorov picture of cascade
transport of kinetic energy in the inertial range of scales. Intermittency is interpreted
as the joint action of the mean zero random velocity field and molecular diffusion on
the large scale and long times. By analogizingwith the statistical Fokker–Planckwith
the Laplacian operator and the Kolmogorov −5/3 scaling, Wen Chen [27] conjec-
tured a representation of these universal characteristics of the Reynolds nonlinear
fluctuation interactions by

∂

∂x j

〈
ũi ũ j

〉 = 1

R̃e
(−�)1/3ui , (4.2.3)

where
∼
Re is the Reynolds number related to the 1/3-order fractional derivative. It is

noted that Eq. (4.2.3) is different from the traditional eddy effective diffusivity of
empirical turbulence models in that it underlies Gaussian velocity increments and
agrees with Kolmogorov’s key hypothesis that the small-scale structures of turbu-
lence flows, away from boundaries, are independent of the large-scale configuration.
Then we present the fractional derivative Reynolds equation

∂ui
∂t

+ u j · ∂ui
∂x j

= − 1

ρ
∇ p + υ�ui − 1

R̃e
(−�)1/3ui . (4.2.4)

Here the fractional Laplacian (−�)1/3 serves as a stochastic driver underlying
statistical self-similarity in the inertial range and guarantees the positive definiteness
of energy dissipation. The molecular diffusivity is a property of fluids [11], while the
inertial diffusivity is a characteristic of flows where the fractional Laplacian reflects
the long-range correlation in chaotic turbulence motions, apparently resembling an
inherent property of non-Newtonian fluids.

Let T, L, V∞ and P represent the characteristic time, length, velocity and pres-
sure of the fluid flow. Then, we have the dimensionless expression of the fractional
Reynolds equation:

St
∂u∗

∂t
+ u∗ · ∇u∗ = −Et∇ p∗ + 1

Re
�u∗ − γ̂

Re1/3
(−�)1/3u∗, (4.2.5)

where u∗ and p∗ are dimensionless velocity and pressure, St is a constant, Et denotes
the Euler number and Re represents the Reynolds number. Equation (4.2.5) shows
that the coefficient of the inertial chaos diffusion is three orders of magnitude greater
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than that of molecular diffusion. For instance, the inertial diffusion constant has a
denominator only around 100 in a Reynolds number 106 flows.

The Reynolds Eq. (4.2.4) is deterministic, but its solution has many attributes
of random processes, thanks to both the Laplacian and fractional Laplacian viscous
terms, and satisfies the same scale invariance of the standardNavier–Stokes equation,

x ′ = λx, t ′ = λ2/3t, u′ = λ1/3u ,

(p/ρ)′ = λ2/3(p/ρ), υ ′ = λ4/3υ, γ ′ = γ .
(4.2.6)

The characteristic function of the Lévy stable distributions regarding the fractional
Laplacian operator is stated as

l̂α(c, k) = e−c|k|α , (0 < α ≤ 2), (4.2.7)

where α is the stability index of the Lévy stable distributions. We refer the interested
reader to Sect. 4.3 in this book.

2 Tsallis distribution model

The Tsallis distribution has recently been used to describe the probability density
function (PDF) of Lagrangian turbulence particle accelerations. Its physical interpre-
tation of turbulence is not satisfactory and related to the well-known Tsallis entropy
[24, 27]. The Tsallis distribution has the following form in the case q > 1:

pq = 1

δ
[ q − 1

π(3 − q)
]1/2 	( 1

q−1 )

	(
3−q

2(q−1) )

1

[1 + q−1
3−q

x2
δ2

]1/(q−1)
. (4.2.8)

3 Stretched exponential distribution model

The model proposed by La Porta et al. is stated below, and the parameters are given
before.

p(x) = C exp(−x2/((1 + |xa/c|)bc2)). (4.2.9)

This model is the first statistical model for the acceleration distribution of
turbulence particle.

4.2.2 Power-Stretched Gaussian Distribution Model

Normal diffusion process in molecular scale and anomalous diffusion process in
vortex scale are the two main factors considered in the practical simulation. This
model is obtained based on the two scales.
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(1) Normal diffusion process in molecular scale

In the molecular scale of turbulence, the collision and friction between particles
can be expressed by stress variable which determines normal diffusion in molecular
scale. Considering the normal diffusion circumstance, the PDF of velocities on the
molecular scale is described by the following formula:

∂u/∂t = D1∇2u, (4.2.10)

where D1 is the diffusion coefficient. In the normal diffusion process, the velocities
of random walkers obey Gaussian distribution [28]. Using theoretical deduction or
the Monte Carlo simulation, we get the particle accelerations distribution in the
molecular scale normal diffusion process.

p1(a) = C1/

√

2πσ 2
1 exp(−a2/2σ 2

1 ). (4.2.11)

(2) Anomalous diffusion process in vortex scale

Anomalous diffusion exists in several physical and engineering fields, and many new
models have been proposed to describe the process [4]. In vortex scale, turbulence
diffusion exhibits statistical distribution with a heavy tail, which is an evident feature
of anomalous diffusion. The coupling motion of large particles forms the vortex with
fractal structures in different spatial and time scales. Therefore, anomalous diffusion
in the vortex scale is the main factor leading to the random character of turbulence
[25, 29].

Fractional derivative and fractal derivative are two important modeling tools for
anomalous diffusion. The fractal derivative is suitable to characterize anomalous
diffusion in the media with fractal structure. However, the fractional derivative is
inappropriate to analyze anomalous diffusion in turbulence by numerical simulation.
As turbulence exhibits fractal structure, the fractal derivative model has the ability
to picture turbulence anomalous diffusion.

∂u

∂t
= D

∂

∂xβ/2
(

∂u

∂xβ/2
), (0 < β ≤ 2). (4.2.12)

The solution of the above Eq. (4.2.12) is of stretched Gaussian distribution
function. And thus the expression of velocity increments can be written as

p2(a) = C2/

√

2πσ
β

2 exp(−aβ/2σβ

2 ), (4.2.13)

where β is the order of fractal derivative, σ2 variance and C2 constant.
Here, wemodify the fractional Laplace–Reynolds equation, then get the following

equation.
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∂ui
∂t

+ u j · ∂ui
∂x j

= − 1

ρ
∇ p + υ�ui + κ0�

1/3
F ui , (4.2.14)

where κ0�
1/3
F u is the Laplace operator with fractal derivative.

(3) Power-stretched Gaussian distribution model

Molecular scale normal diffusion and vortex scale anomalous diffusion are regarded
as the two essential mechanisms behind complex turbulence behaviors. The cross-
scale effect of the two scales determines the distribution shape of particle accel-
erations. In terms of acceleration experiment data reported [27, 28], the new PDF,
named after Power-Stretched Gaussian distribution (PSGD), is given as

p(a) = 1√
2πσβ

1

(|a| + a0)2
exp(

−(|a| + a0)β

2σβ
). (4.2.15)

The values of the parameters in this model are labeled in Fig. 4.1.
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Fig. 4.1 Lagrangian accelerations probability density function (PDF) at Rλ = 690. Lévy fit with
parameters: α = 1.9, a = 0.1; Tsallis fit with parameters: q = 1.5, δ = 0.5270; Power-stretched
Gaussian fit with parameters: β = 0.5401, σ = 0.2211, Coordinate offset: x0 = 0.3467 and
stretched exponential fit with parameters: a = 0.513, b = 1.600, c = 0.563
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4.2.3 Comparisons and Discussions

Among the anomalous statistical distributions, this section chooses the four most
classical statistical models to depict turbulence particle accelerations (Table 4.1).

The Lévy stable distributions have been successfully used to describe chaos-
induced turbulent diffusion, but the Lévy stable distributions are not suitable to
describe turbulence particle accelerations for their too slow decay rate which is far
away from experimental data.

Beck employed the Tsallis distribution model via χ2 distribution. It reveals the
relationship between statistical theory of turbulence and non-extensive entropy;
however, the physical interpretation is not satisfactory. From Fig. 4.1, we find the
Tsallis distribution does not fit the experimental data well. It is stressed that the
fourth-order moment of the Tsallis fitting differs dramatically from the experiment
one.

It is noted that the stretched exponential distribution model, the first statistical
model used to fit the distribution of turbulence particle accelerations [30], makes
excellent results in the smallest error rate. The downside is that this model requires
three free parameters with vague physics interpretation. The model is merely a
phenomenological description.

The power-stretchedGaussianmodel is built on the cross-scale coupling ofmolec-
ular scale normal diffusion and vortex scale anomalous diffusion. From Table 4.1,
Figs. 4.1 and 4.2, we find that it fits the data very well. In addition, the model only
requires two free parameters with clear physical meaning.

However, its connection to the Navier–Stokes equations is still tenuous [31–34].
Therefore, further investigation of the present approach and model is still under way
[27, 34, 35].

4.3 Lévy Stable Distributions

The Lévy stable distributions have received great interest across disciplines such
as fractional Brownian motion, anomalous diffusion, stock market and heart rate
dynamics [36–39]. In 1963, Mandelbrot suggested that it is a powerful tool to model
financial time series.

Table 4.1 Comparison of the four models

Models Parameters Physical interpretation Mean square error

Lévy stable distributions 2 Accelerated diffusion 1.3972E + 03

Tsallis distribution 2 Tsallis entropy 19.9716

Stretched exponential distribution 3 – 3.3373

PSGD 2 Multi-scale 3.5695
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Fig. 4.2 Comparison of the experimental accelerations PDF at the fourth-order moment, the
parameters are the same as those in Fig. 4.1

4.3.1 General Expression of Lévy Stable Distributions

The Lévy stable distributions contain a rich class of non-Gaussian probability distri-
butions, and its second moment or variance is infinite except for its extreme case,
Gaussian distribution. Since the closed-form densities of most Lévy stable distribu-
tions are not available, the characteristic function (i.e. the Fourier transform of PDF)
is often used to specify these distributions.

pα,β(k;μ, σ) = F
{
pα,β(x;μ, σ)

}

= exp

[

iμk − σα|k|α
(

1 − iβ
k

|k|ω(k, α)

)]

, (4.3.1)

where

ω(k, α) =
{
tan πα

2 α �= 1, 0 < α < 2,
− 2

π
ln|k| α = 1,

the four parameters: stability index α, skewness parameter β, scale parameter γ and
location parameter δ with varying ranges: 0 < α ≤ 2, −1 ≤ β ≤ 1, γ > 0, δ ∈ ν.
Parameters α and β determine the taper off rate at the tail and symmetric character
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of PDF, respectively. The last two parameters γ and δ are usual scale and location
parameters, respectively. By the following transform, two parameters α and β can
characterize the Lévy stable distributions.

pα,β(k;μ, σ) = 1

σ
pα,β(

x − μ

σ
; 0, 1).

The asymptotic behavior is described with β = 0

pα,0(x) ≈ sin( απ
2 )	(α + 1)

π

1

|x |α+1 , x → ±∞. (4.3.2)

The Fourier transform of the above PDF of the Lévy stable distributions is stated
as

p̃α,0(k) = exp(−|k|α). (4.3.3)

The Fox H-function gives the analytical form of the Lévy stable distributions with
the whole range of α, but the expression has complicated mathematics. We refer the
interested reader to the work given by Sanjana [40]. Figure 4.3 shows the PDF curves
of the Lévy stable distributions with four special cases.

Cauchy distribution: p1,0(x) = 1
π(1+x2) ;

Gaussian distribution: p2,0(x) = 1√
4π

exp
(
− x2

4

)
.

Fig. 4.3 Plots of the PDF of the Lévy stable distributions with different α
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Fig. 4.4 Plots of the PDF of the Lévy stable distributions with different parameter c

4.3.2 Lévy Stable Distributions with X ≥ 0 [41]

The Lévy stable distributions are skewed when β = 1, and the plots of p0.5,1(x; 0, c)
are in the following.

The PDF over the domain x ≥ 0 is
√ c

2π
e−c/2x

x3/2 ; (see Fig. 4.4).
The cumulative density function (CDF) over the domain x ≥ 0 is er f c(

√
c/2x);

(see Fig. 4.5).
The median value is c/2(er f −1(1/2))2.
The entropy is 1+3γ+ln(16πc2)

2 .
The properties of the Lévy stable distributions:

1. The variance is infinite except for its extreme case, Gaussian distribution.
2. A sum of two independent random variables of the Lévy stable distributions

with the same index α is again the Lévy stable distributions with the same index
α.

4.3.3 Stable Distributions

Definition 1. A random variable X is stable or generalized stable if and only if two
independent variables X1, X2 of X satisfy the following equation:
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Fig. 4.5 Plots of the CDF of the Lévy stable distributions with different c

aX1 + bX2
d= cX + d, (4.3.4)

where a, b and c are constants larger than 0 and d is a real number [42].
If d equals zero in Eq. (4.3.4), the random variable X is strict stable or stable in

the narrow sense. If X
d= −X , it is symmetric stable.

Definition 2. A non-degenerate random variable X is stable if and only if when
n > 1, there exist a constants cn > 0 and dn ∈ R that satisfy the following equation:

X1 + . . . Xn
d= cn X + dn, (4.3.5)

where X1, . . . Xn are independent and identically distributed (i.d.d) random variables
sharing the same distribution with X. The random variable X is strict stable if and
only if dn = 0 with an arbitrary value of n.

Definition 3. A random variable X is stable if and only if X
d= aZ + b, 0 < α ≤ 2,

−1 ≤ β ≤ 1, a > 0, b ∈ R and the characteristic function of the random variable Z
has the following expression:
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E exp(iuZ) =

⎧
⎪⎨

⎪⎩

exp(−|u|α[1 − iβ tan
πα

2
(signu)]) α �= 1

exp(−|u|[1 + iβ
2

π
(signu) ln|u|]) α = 1

. (4.3.6)

When β = 0, b = 0, the stable distribution is symmetric and the characteristic
function of aZ has the following formula:

φ(u) = e−aα |u|α . (4.3.7)

4.4 Stretched Gaussian Distribution

In some cases, statistical phenomenon and distribution of the experimental data are
difficult to be characterized by Gaussian distribution. It encourages researchers to
attempt to find a more general distribution. Extending the Gaussian distribution to
Stretched Gaussian distribution is a very natural way.

Stretched Gaussian distribution has played an increasing role in characterizing
anomalous diffusion and turbulence, especially the anomalous diffusion in porous
media with fractal structure. Using the fractal derivative in accordance with the
characteristics of fractal media to solve the anomalous diffusion equation, the form
of the solution is similar to Stretched Gaussian distribution. The PDF of Stretched
Gaussian distribution is

fβ(x) = β

21+1/β	(1/β)σ
e− 1

2 | x−a
σ |β , ( − ∞ < x < +∞, β > 0).

When β = 2, fβ(x) becomes Gaussian distribution (Fig. 4.6).

4.5 Tsallis Distribution

Based on quantum mechanics, Tsallis extended the entropy in microscopic scale
to overcome the limitations of Newtonian mechanics and derived the Tsallis
distribution.

4.5.1 Tsallis Entropy

Since the last century, the Boltzmann entropy has been applied to analyze the
macro and microphysical phenomenon. The two pillars of the thermodynamic are
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energy and entropy. As it were, the Boltzmann entropy is one pillar of modern
thermodynamic. However, the expression of the Boltzmann entropy has certain
limitations.

The Boltzmann–Gibbs statistical mechanics is based on the following formula:

SBG = −k
∑W

i=1
pi ln pi , (4.5.1)

where k is a positive constant and W is the total number of microscopic possibil-
ities of the system. The Boltzmann entropy is an indispensable tool to explore the
physical mechanism of systems, such as short-range dependent systems and Markov
system, which almost meet ergodic conditions. If the microscopic dynamics of the
system is complicated, the researchers naturally hope that the phase space has a
relatively simple structure, such as multifractal or hierarchical geometry structures.
Researchers have attempted to use a similar approach with the standard statistical
mechanics. However, the Boltzmann–Gibbs statistical mechanics and the classical
thermal dynamics expose serious limitations in long-range interaction, long-range
microscopic memory (non-Markov stochastic process), temporal and spatial correla-
tion conservative or dissipative systems including two-dimensional electron plasma
turbulence andLévy anomalous diffusion.Nolan [43] listed several systemswhich do
not meet the ergodic assumption, but can be handled via a new definition of entropy.



4.5 Tsallis Distribution 139

Sq = k
1 − ∑w

i=1 p
q
i

q − 1
, q ∈ R, S1 = SBG . (4.5.2)

The theory is also known as the non-extensive statistical mechanics method [44].
Then, the generalized q entropy is given by

Sq [p(x, v)] = 1 − ∫
pq(x, v)dxdv

q − 1
, (4.5.3)

which satisfies the constrain equations:

∫

p(x, v) dxdv = 1,
∫

pq(x, v)E(x, v)dxdv = U,

where p(x, v), E(x, v) are the density and energy of the particles, respectively. U
represents potential. The discrete form of Eq. (4.5.3) is Eq. (4.5.2).When q → 1, Sq
is equivalent to the Boltzmann entropy.

Tsallis entropy has received great interest in non-extensive statistic, such as
restructuring of the unfolded protein, cosmic rays stream, turbulence, electron–
positron annihilation and finance [45].

4.5.2 Tsallis Distribution

Using the normal maximization principle of entropy, we can obtain the exponential
form of the Boltzmann distribution, while the Tsallis statistic gives the form of the
power-law distribution of Pareto. The power-law form has frequently been used in
academic research and engineering, thanks to its success in fitting the distribution
exhibiting a heavy tail.

The PDF of Tsallis distribution:

pq(x) = 1

δ
[ q − 1

π(3 − q)
]1/2 	( 1

q−1 )

	(
3−q

2(q−1) )

1

[1 + q−1
3−q

x2
δ2

]1/(q−1)
, (q > 1), (4.5.4)

pq(x) = 1

δ
[ 1

2π
]1/2e−(x/δ)2/2, (q = 1), (4.5.5)

pq(x) = 1

δ
[ 1 − q

π(3 − q)
]1/2 	(

5−3q
2(1−q)

)

	(
2−q
1−q )

1

[1 − 1−q
3−q

x2
δ2

]1/(q−1)
, (q < 1). (4.5.6)

The Tsallis distribution is widely employed to simulate turbulence and solve the
fractional calculus with a specific form. The noises of the Tsallis distribution and
the Lévy stable distributions are different, the generating mechanism of the noise as
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Fig. 4.7 Plots of the PDF of
the Tsallis distribution with
q > 1, δ = 0.72
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well. The former relies on the diffusion coefficient related to the distribution density
function, while the infinite second moment of the distribution density function leads
to the heavy tail (Fig. 4.7).

4.6 Ito Formula

4.6.1 Ito Integral

In this section, we define the stochastic integral of the Brownian motion
∫ b
a X (t)dB(t), where {B(t), t ≥ 0} is Brownian motion and X(t) is a stochastic
process. It is well acknowledged that the Brownian motion trajectory is special,
which is continuous everywhere and non-differentiable ∀t ≥ 0.

∫ b
a X (t)dB(t) cannot

be calculated by transforming into
∫ b
a X (t)B ′(t) dt ; hence, a new definition for

stochastic integral is required. Generally speaking, the Darboux summation of the
Riemann–Stieltjes (R-S) does not converge to a certain limit with probability 1;
however, the mean square limit of the Darboux summation exists under appropriate
conditions, which was used by Ito to define the stochastic integral of Brownian
motion.

The main idea of Ito integral: if the stochastic process X(t) only depends on
{Bu : u ≤ t}, then the series Jn(t) = ∑ln−1

k=0 X (tk)(B(tk+1) − B(tk)) can prove its
convergence in probability, where ln is derived from an interval division of [a,b], i.e.
a = tn0 < . . . < tnln = b. The limit of Jn(t) in probability is the stochastic integral of
Brownian motion. That is, for ∀ε > 0,

lim
n→∞ P(|Jn(t) − η(t)| > ε) = 0 (4.6.1)
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holds. Hence,
t∫

0
X (τ )dB(τ ) is named Ito integral,

t∫

0
XdB for short.

Remark: Jn(t) in the definition of Ito integral is different from the ordinary integral

Jn(t) =
ln−1∑

k=0
X (t ′k)(B(tk+1) − B(tk)), t ′k ∈ [tk, tk+1]. Because for ∀t ′ ∈ [tk, tk+1],

the mean square limit of Jn(t) does not exist, let t ′k = tk in Ito integral, i.e. the left
terminal of [tk, tk+1].)

Ito integral satisfies linear behavior and integration interval additivity. The main
properties of Ito integral are as follows:

(1)
∫ b
a (a f (t) + bg(t))dB(t) = a

∫ b
a f (t) dB(t) + b

∫ b
a g(t)dB(t);

(2) E[∫ t
0 X (τ ) dB(τ )] = 0;

(3) E[(∫ t
0 X (τ ) dB(τ ))2] = ∫ t

0 E(X2(τ ))dt ;
(4)

∫ t
0 B(τ )dB(τ ) = 1

2 B
2(t)− 1

2 t . (That is the difference between Ito integral and
ordinary integral [46].)

4.6.2 Ito Formula [47]

First, we define an Ito stochastic process and then introduce the Ito formula.

Definition If stochastic X = {X (t), t > 0} satisfies the following Ito integral:

∀0 ≤ a < t < T , it has

X (t) − X (t0) =
t∫

t0

b(s, X (s))ds+
t∫

t0

σ(s, X (s))dB(s), (4.6.2)

or convert it into a differential form

dX (t) = b(t, X (t))dt + σ(t, X (t))dB(t), (4.6.3)

where
t∫

t0

b(s, X (s))ds is the ordinary mean square integral and
t∫

t0

σ(s, X (s))dB(s)

is the Ito integral. b(t, x), σ (t, x) are binary continuous functions and ∀x ∈
R, |b(t)|1/2, σ (t) meets measurable conditions [47]. X = {X (t), t ≥ 0} is named
Ito stochastic process.

Theorem If X = {X (t), t ≥ 0} is an Ito stochastic process, y = f (x, t) is a
binary continuous function that has continuous partial derivatives ∂ f

∂t ,
∂ f
∂x ,

∂2 f
∂x2 . Let

Y (t)
�= f (t, X (t)), then we have a stochastic process Y = {Y (t), t ≥ 0} satisfying

the following for ∀0 ≤ t0 < t
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Y (t) − Y (t0) =
t∫

t0

[∂ f
∂t

+ b
∂ f

∂x
+ σ 2

2

∂2 f

∂x2
](s, X (s))ds+

t∫

t0

σ
∂ f

∂x
(s, X (s))dB(s),

(4.6.4)

or written as a differential form

dY (t) = (
∂ f

∂t
+ b

∂ f

∂x
+ σ 2

2

∂2 f

∂x2
)(t, X (t))dt + σ

∂ f

∂x
(t, X (t))dB(t). (4.6.5)

Two Eqs. (4.6.4) and (4.6.5) are known as the Ito formula.

Remark The core of understanding and proof of Ito formula is: (dB(t))2 = dt ,

i.e. dB(t) = (dt)1/2 which will be replaced by E

∣
∣
∣
∣
∑

k
(�B(tk))2 − t

∣
∣
∣
∣

2

→ 0 with a

rigorous proof.

Example If σ, b are constants, a Gaussian process ηt = e−bt [η0 +σ
t∫

0
ebsdBs], then

we have

dηt = −bηtdt + σdBt . (4.6.6)

Proof: let εt = η0 + σ
t∫

0
ebsdBs , then ηt = e−btεt . Using the Ito formula, we get

dηt = e−btdεt − be−btεtdt = σ Bt − bηtdt.

Remark ηt satisfies the Langevin stochastic differential equation which is first
applied in theoretical physics.

4.7 Random Walk Model

Particle diffusion and correlated process are widely applied in engineering science,
such as oil production engineering, hydrology and geophysics, chemical engineering
and environmental engineering. The research on the particle diffusion process has
academic significance and application value, and it has become an interdisciplinary
hotspot.

The randomwalk model is the most direct and effective approach to study particle
diffusion process, and the ideology is derived from the numerical simulation of
particle Brownian motion. The jump length and waiting time of a particle have
certain restrictions in the numerical simulation of the Brownian motion. General
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assumptions are the statistical distribution of jump length obeysGaussian distribution
and thewaiting time is a uniform distribution. A specific anomalous diffusion process
can be simulated by setting the statistical distributions of jump length and waiting
time in the random walk model.

Montroll, Scher andWeiss first introduced the random walk model into statistical
mechanics. The idea of this approach is from the microscopic point of view, which
extends the normal diffusion transition probability to anomalous diffusion transition
probability. The random walk model derived from statistical mechanics is divided
into discrete random walk model and continuous random walk model [48–55].

4.7.1 Discrete Random Walk Model

In this section, we will introduce the model based on the space fractional anomalous
diffusion process and employ the Riesz–Feller pattern to define the space fractional
derivative in the following equation.

{
∂u(x,t)

∂t = dDα
θ u(x, t)

u(x, 0) = u0
. (4.7.1)

Definition of a random variable:

Sn = hY1 + hY2 + hY3 + . . . + hYn, (n ∈ N ), (4.7.2)

where h represents the basic space step, Yi represents the random number of jump
length and Sn represents the location after the nth jump. In random walk simulation
of numerous particles, the density of a point is stated as

y j (tn+1) =
+∞∑

k=−∞
pk y j−k(tn), ( j ∈ Z , n ∈ N ). (4.7.3)

Here, we use the generating function to determine the transition probability pk .
There are many methods for constructing a generating function, and this section just
introduces one of them.

∼
p(z) =

+∞∑

j=−∞
p j z

j ,
∼
y
n
(z) =

+∞∑

j=−∞
y j (tn)z

j , |z| = 1, (4.7.4)

where pk satisfies
+∞∑

k=−∞
pk = 1, k = 0,±1,±2 . . ..
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Here, we only discuss the approach to construct generating function under θ = 0.
α is divided into two cases in accordance with its range.

(a) 0 < α < 1; (b) 1 < α ≤ 2.

∼
p(z) =

{
1 − μ

2 cos(απ/2) [(1 − z)α + (1 − z−1)α], (0 < α < 1)

1 − μ

2 cos(απ/2) [z−1(1 − z)α + z(1 − z−1)α], (1 < α ≤ 2)
. (4.7.5)

In case (a), 0 < μ ≤ cos(απ/2) holds and we have

⎧
⎪⎨

⎪⎩

p0 = 1 − μ

cos(απ/2) ,

p±k = (−1)k+1 μ

cos(απ/2)

(
α

k

)

,
k = 1, 2, 3 . . . . . . . (4.7.6)

In case (b), 0 < μ ≤ |cos(απ/2)|/α holds and we have

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p0 = 1 − μα

|cos(απ/2)| , p±1 = μ

2|cos(απ/2)| [
(

α

2

)

+ 1],

p±k = (−1)k+1 μ

2|cos(απ/2)|
(

α

k + 1

)

, k = 2, 3, 4 . . . . . .

. (4.7.7)

When α = 2, the generating function is

∼
p(z) = 1 + μ[z − 2 + z−1], (μ = dτ

h2
). (4.7.8)

The differential discrete form of the normal diffusion equation can be derived
from Eq. (4.7.8).

The advantages of this method are as follows:

(1) It is a numerical difference scheme for solving equations;
(2) It can simulate the random walk process of a certain particle;
(3) It can simulate the position distribution of certain numerous particles after a

period of time.

Here, we give the following example to illustrate the process of this approach.

Example 1

{
∂u(x,t)

∂t = D1.5
0 u(x, t), t > 0; 0 ≤ x ≤ 1

u(x, 0) = sin x
. (4.7.9)

Solution idea: the deviation proportion of Eq. (4.7.9) is θ = 0. The order of the
spatial fractional derivative is 1.5. Firstly, set the space step h = 0.01, time step
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Fig. 4.8 Plot of the
anomalous diffusion
(α = 1.5), the time step is
0.00001, space step is 0.01,
time span is 500 and space
span is 100

τ = 0.00001, then μ = τ/h1.5 = 0.00001/(0.01)1.5 = 0.01; |cos(απ/2)|/α =
|cos(3π/4)|/1.5 = √

2/3; 0 < μ ≤ |cos(απ/2)|/α.
The transition probability can be obtained by substituting the above parame-

ters into the formula (4.7.7), then we obtain the iterative format of space fractional
derivative by substituting the transition probability into Eq. (4.7.3).

Figure 4.8 depicts the anomalous diffusion using the random walk model.

4.7.2 Continuous Random Walk Model (CTRW)

The primary coverage of the continuous random walk model is to construct the PDF
of waiting time φ(t) and PDF of jump length ω(x). If the joint probability density
function of waiting time and jump length is decomposable, then the CTRW model
can be represented by φ(t) and ω(x). Let p(x, t) be the probability of the random
particles found at the time t and on the position x, we can get the following expression:

p(x, t) = δ(x)�(t) +
+∞∫

−∞
dξ

t∫

0

ϕ(ξ, τ )p(x − ξ, t − τ)dτ, (4.7.10)

where �(t) = 1 −
+∞∫

−∞
dξ

t∫

0
ϕ(ξ, τ ) dτ .

The initial condition x(0) = 0 is implicated in δ(x)�(t). ϕ(ξ, τ ) represents
the joint probability density function of waiting time and jump length. Generally
speaking, φ(t) and ω(x) are dependent, and the stochastic process will be easy to
handle if φ(t) and ω(x) are independent.

The Fourier–Laplace transform of p(x, t) satisfies the following equation given
by Montroll and Weiss.
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P(k, s) = 1 − φ(s)

s

1

1 − φ(s)ω(k)
. (4.7.11)

In simulating the anomalous diffusion process, the φ(t) usually obeys the Lévy
stable distributions and ω(x) obeys the Mittag–Leffler distribution. A famous algo-
rithm to generate the Lévy random variables is proposed by Chamber, Mallows and
Stuck, which is stated as

ξα = γx (
− ln u cos θ

cos((1 − α)θ)
)1−1/α sin(αθ)

cos θ
, (4.7.12)

where θ = π(υ −1/2) and u and υ are two independent random variables uniformly
distributed on the interval (0,1). The stability index α equals the order of space
fractional derivative in the fractional anomalous diffusion equation. γx is the spatial
scale parameter.

An algorithm to generate the Mittag–Leffler random variables is proposed by
Kozubowski and Rachev, which is stated as

τβ = −γt ln u(
sin(βπ)

tan(βπυ)
− cos(βπ))1/β, (4.7.13)

where γt represents the spatial scale parameters which have the relation with spatial
scale parameter γx = γ

β/α
t ; β the parameter of theMittag–Leffler distribution, which

is equivalent to the order of time-fractional derivative and u andυ are two independent
random variables uniformly distributed on the interval (0,1).

Figure 4.9 presents the plots of particle trajectories under different parameters
based on the Eqs. (4.7.12) and (4.7.13). In general cases, the larger α is, the bigger
the jump length will be, and the smaller β is, the shorter waiting time will be.

Figure 4.10 gives the histograms of the Lévy random numbers, which exhibit the
character of the Lévy stable distributions.

Figure 4.11 shows the histograms of the Mittag–Leffler random numbers, which
exhibit the character of power-law decay.

4.7.3 The Relationship Between Random Walk Model
and Fractional Diffusion Equation

The relationship between random walk model and fractional diffusion equation will
be explored in this section.

(1) TheFourier–Laplace transformof the following fractional anomalous diffusion
equation is stated as



4.7 Random Walk Model 147

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

time

x(
t)

 

 

alpha=1.0;beta=0.9

alpha=2.0;beta=1.0
alpha=1.7;beta=0.8

Fig. 4.9 Plots of the particle trajectories, the scale parameters γt = 0.001, γx = γ
β/α
t

-6 -4 -2 0 2 4 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x direction

P
ro

ba
bi

lit
y 

de
ns

ity

-6 -4 -2 0 2 4 6
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

x direction

P
ro

ba
bi

lit
y 

de
ns

ity

Fig. 4.10 The histograms of the Lévy random numbers

{
∂βu
∂tβ = ∂αu

∂|x |α , −∞ < x < +∞, t > 0,

u(x, 0) = δ(x).
(4.7.14)

sβ ˜̂u(k, s) − sβ−1 = −|k|α ˜̂u(k, s), 0 < α ≤ 2, 0 <β ≤ 1. (4.7.15)

Then simplifies Eq. (4.7.15)

˜̂u(k, s) = sβ−1

sβ + |k|α , s > 0, k ∈ R. (4.7.16)
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Fig. 4.11 The histogram of the Mittag–Leffler random numbers; the sample size is 100000

(2) The approximation of the random walk model
Let PDF of jump length function satisfies

ω(x) > 0, ω(x) = ω(−x) for x ∈ R,

+∞∫

−∞
ω(x)dx = 1, (4.7.17)

and satisfies one of the following conditions

(a) σ 2 :=
+∞∫

−∞
x2ω(x)dx < ∞, if α = 2,

(b) ωx ∝ b|x |−(α+1), for |x | → ∞, α ∈ (0, 2), b > 0.

Then we get
μ = σ 2

2 (a); μ = bπ
	(α+1) sin(απ/2) (b).

The Fourier transform of ω(x) is

−
ω(k) = 1 − μ|k|α + o(|k|α) for k → 0. (4.7.18)

Similarly, let the PDF of the waiting time function satisfy

φ ≥ 0 for t ≥ 0,

∞∫

0

φ(t)dt = 1,
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and also satisfy one of the following conditions

(a) ρ :=
∞∫

0
tφ(t)dt < ∞, if β = 1,

(b) φt ∝ ct−(β+1), for t → ∞, β ∈ (0, 1), c > 0.

Then we get
λ = ρ (a); λ = c	(1−β)

β
(b).

The Laplace transform of φ(t) is s

φ̃(s) = 1 − λsβ + o(sβ) for 0 < s → 0. (4.7.19)

h, τ are the space and time steps, respectively, then Eqs. (4.7.18) and (4.7.19) are
transformed into the following equations:

−
ω(kh) = 1 − μ|kh|α + o(|h|α) for h → 0, (4.7.20)

φ̃(sτ) = 1 − λ(sτ)β + o(τ β) for τ → 0. (4.7.21)

Considering the scale transform of the diffusion process

λτβ = μhα. (4.7.22)

The Fourier–Laplace transform of p(x, t) satisfies the following formula.

P(k, s) → sβ−1

sβ + |k|α . (4.7.23)

(3) Analysis and discussion

Based on the random walk model mentioned above, we get

P(k, s) → ũ
∧

(k, s), h, τ → 0. (4.7.24)

Equation (4.7.24) shows that the fractional diffusion equation is approximately
equivalent to the random walk model.

If φ(t) obeys Gaussian distributions and ω(x) obeys the Mittag–Leffler distribu-
tion, then the following hold

−
ω(k) = 1 − μk2 + o(k2) for k → 0,

P(k, s) → sβ−1

sβ+k2 .
(4.7.25)

The corresponding master equation of fractional diffusion is
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∂βu

∂tβ
= ∂2u

∂2x
. (4.7.26)

Then, the random walk model of the space fractional derivative equation can be
obtained.

P(k, s) → 1

s + |k|α → ∂u

∂t
= ∂αu

∂|x |α . (4.7.27)

Similarly, by altering the approximate forms of
−
ω(k) and φ̃(s), we can also

obtain different forms of the fractional advection–-diffusion equation and the
Fokker–Plank–Kolmogorov equation [56].

4.8 Discussion

4.8.1 The Applications of Statistical Distribution

The statistical distributions of many natural phenomena obey Gaussian distribution,
such as measurement error, height and weight of a given species, particles Brownian
motion in fluid, noise in a large number of electronic devices and Fickian diffusion
of pollutants in homogeneous isotropic media.

The anomalous statistical distributionsmentioned in this chapter have beenwidely
applied in science and engineering. The Lévy stable distributions can depict anoma-
lous diffusion and fluctuations in the stock market. Stretched Gaussian distribution
can characterize the anomalous diffusion in porous media with fractal structure. The
Tsallis distribution has received great interest in non-extensive statistics, such as
restructuring of the unfolded protein, cosmic rays stream and energy dissipation in
turbulence.

The anomalous statistical distributions equipped with explicit physical interpre-
tation have become the academic frontier of multidisciplinary, such as mathematics,
physics and mechanics.

4.8.2 The Relationship Between Statistical Distribution
and Differential Equation

For a specific physical or mechanics problem, macroscopic differential equations
and microscopic statistical distributions are the two general modeling approaches.
If a problem can be handled by the two methods, a corresponding relationship may
exist between them. Here, we give an example of anomalous diffusion.
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In analyzing the process of Brownian motion or normal diffusion, integer-order
diffusion equation is employed

{
∂u(x,y,z,t)

∂t = d�u(x, y, z, t)
u(x, y, z, 0) = δ(x, y, z)

, (4.8.1)

where u represents velocity, density or temperature; d is the diffusion coefficient,
δ(x, y, z) is the Dirac delta function and � represents the Laplace operator.

The solution of Eq. (4.8.1) has the same form as the Gaussian distribution; thus,
Gaussian distribution is usually used to depict the physical or mechanics process
liking normal diffusion process.

A representative differential equation to model anomalous diffusion is fractional
anomalous diffusion.

{
∂βu(x,y,z,t)

∂tβ = d�αu(x, y, z, t)
u(x, y, z, 0) = δ(x, y, z)

, (4.8.2)

where�α represents the fractional Laplace operator, density or temperature. β is the
order of time-fractional derivative.

The explicit solution of Eq. (4.8.2) exists in the one-dimensional case (See Chap. 2
of this book), which can predict the solution of Eq. (4.8.2) satisfying the Lévy stable
distributions. The corresponding statistical method to characterize anomalous diffu-
sion is the random walk model which has a close relationship with the Lévy stable
distributions. Therefore, many researchers point out that under specific conditions,
the time random walk model is equivalent to the fractional diffusion equation.

Meanwhile, stretched Gaussian distribution plays an increasing role in character-
izing anomalous diffusion, especially the anomalous diffusion in porous media with
fractal structure. Using the fractal derivative in accordance with the characteristics of
fractal media to solve the anomalous diffusion equation, the form of the solution is
similar to stretched Gaussian distribution. In the one-dimensional case, the diffusion
equation with fractal derivative is stated as follows:

{
∂u(x,t)

∂tη = D ∂
∂xγ /2 (

∂u(x,t)
∂xγ /2 )

u(x, 0) = δ(x)
, (4.8.3)

where η is the order of time fractal derivative. γ is the order of space fractal derivative.
The solution of Eq. (4.8.3) has a similar form with Stretched Gaussian distribution.

The Tsallis distribution, which is derived by analyzing the entropy of the energy
dissipation process, has succeeded in fitting the turbulence and certain anomalous
diffusion. It reveals the relationship between turbulence and non-extensive entropy;
however, the equivalent derivative equation with the Tsallis statistic is still not
reported. The topic should be concerned in future research.
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Table 4.2 gives the relationship between statistical distribution and differential
equation in connection with diffusion progress. A lot of work remains to be further
studied.

Remarks:

1. WT(waiting time) represents the waiting time in the random walk model.
2. JL(Jump length) represents the jump length.
3. “To be determined” means the conclusion is not determined according to the

present study.
4. It has been reported in the literature, but arouses rare research.

4.8.3 Lévy Stable Distributions and [0, 2] Power-Law
Dependence of Acoustic Absorption on Frequency

This section will analyze the internal relationship between the Lévy stable distribu-
tions and [0, 2] power-law dependence of acoustic absorption on frequency, to reveal
the intrinsic link of statistical mechanics, deterministic differential equation model
and physical phenomenon. The contents of this section are mainly taken from [57].

The effect of the dissipative attenuation of acoustic wave propagation over a finite
range of frequency is typically characterized by a measured power-law function of
frequency α0ω

η [7, 8], where η ∈ [0,2], ω denotes angular frequency and α0 and
η are non-negative media-dependent constants. It is apparent that the higher the
frequency, the faster the dissipation. For the ideal solid and liquid materials, η = 0 ~
2, i.e. energy dissipation does not depend on the frequency or is not proportional to its
square, such as the η of the ultrasonic propagation in water dissipation is 2. However,
in most complex soft condensed matter, such as human organism, polymer, liquid
crystal, soil, colloid, particulate matter, porous rock, foam, fabric and petroleum,
the dissipation parameter 0 < η < 2. The η of layered porous rocks and sediments
underwater approximates 1. The η of a variety of human tissues varies from 1.1 to
1.7, fat 1.7, carcinoma tissue 1.3 and connective tissue 1.5. Thus, the cancer tissue
and normal tissue can be separated by η.

Section 5.5.6 introduces the fractional Laplacian dissipative acoustic wave
Eq. (5.5.63) which can depict the arbitrary frequency-dependent dissipative
processes. Under certain conditions, the fractional derivative acoustic wave equa-
tion can be simplified as an anomalous diffusion equation which correlates with the
Lévy stable distributions.

The Cauchy problem of the one-dimensional anomalous diffusion equation is
expressed as

∂p

∂t
+ κ

(

− ∂2

∂x2

)η/2

p = 0, (4.8.4)

p(x, 0) = δ(x),−∞p x p∞, (4.8.5)
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where κ represents the diffusion coefficient, and δ(x) is the Dirac delta function. The
solution of the above Eqs. (4.8.4) and (4.8.5) is [58]

p(x, t) = 1

t1/η
wy

( x

t1/η

)
, (4.8.6)

where

wη(ξ) = 1

2π

∞∫

−∞
e−iqξWη(k)dk, ξ = x/tη. (4.8.7)

Wη is the characteristic function of wη

W (k) = e−κkη

. (4.8.8)

Equation (4.8.8) is also the Fourier transform of the probability density function of
the η-stable Lévy distributions. The anomalous diffusion equation is thus considered
underlying the Lévy stable distributions [38, 58]. In the limiting case η = 2 for the
standard diffusion equation, the solution is the explicit Gaussian probability density
function

p(x, t) = 1√
4πκt

e−x2/4κt . (4.8.9)

Saichev and Zaslavsky [58] pointed out that in order to satisfy the positive
probability density function, the Lévy stable index y must obey

0 ≺ η ≤ 2. (4.8.10)

Namely, the η-stable distribution requires the power y to be positive but not greater
than 2 [59]. In particular, η = 1 corresponds to the Cauchy distribution [58]. In terms
of this statistical theory, the media having η > 2 power-law attenuation are not
statistically stable in nature. In other words, the corresponding probability density
function is no longer positively defined. It is noted that the Lévy process does not
include η = 0. This means that the media obeying absolutely frequency-independent
attenuation is simply an ideal approximation. For acoustic wave propagations, all
media exhibit more or less degree of absorption dependence on frequency.

As shown in power-law formula α0ω
η, exponent η obtained by experimental data

fitting has always been observed within the finite scope in between 0 and 2 for all
media. The above analysis shows that the Lévy stable distribution theory provides a
mathematical interpretation of empirical [0, 2] power dependence of the absorption
coefficient y on the frequency. The stability index of the Lévy stable distributions is
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(0,2] proved mathematically which presents a theoretical explanation that the power-
law dependence of acoustic absorption on the frequency of a variety of substances
always ranges from 0 to 2, from the viewpoint of mesoscopic statistics stability.

The dissipative index η∈[0,2] has widely been observed not only in acoustics
but also in many other physical behaviors such as vibrational damping, dielectrics,
thermoviscosity and fluid thermoviscous dissipation.
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Chapter 5
Typical Applications of Fractional
Differential Equations

Fractional differential equations can be used to describe the some complex physical
and mechanics processes, memory property in the temporal domain, as well as path
dependence and global relevance in the spatial domain, and establish constitutive
models for complex mechanics behaviors. These physical and mechanics models are
summarized as the following four aspects:

1. Soft matter: It belongs neither to ideal solid nor to Newtonian fluid. Typical
examples include polymers, foam, underwater sediments, organisms, oil, gaso-
line, etc. The classical integer-order differential equation models used to
describe ideal solids and Newtonian fluids cannot well describe the mechanics
behaviors of soft matter, for example, the frequency dependence of the energy
dissipation. Fractional derivative is a powerful mathematical tool to characterize
these complex mechanics behaviors.

2. Power-law phenomena: The empirical formula of the complex mechanical
process often obeys the power-law function, of which the mechanics consti-
tutive relation does not satisfy the standard “gradient” law (the Darcy law, the
Fourier heat conduction law, Newtonian viscosity law, Fick diffusion law, etc.).
Fractional derivatives can be used to characterize such properties known as
memory and path dependence.

3. Differential description of fractal: It provides accurate differential equation
models to describe various physical and mechanics behaviors of the medium
which contains fractal structure.

4. Differential equation models for unconventional statistical and stochastic
processes: The physical and mechanics models with fractional derivatives have
a statistical mechanics background of Lévy stable distribution and fractional
Brownian motion.

The background of applications mentioned above can be shown by the following
figure (Fig. 5.1).
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Fig. 5.1 Schematic diagram
of the physical and
mechanics background for
fractional differential
equations
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5.1 Power-Law Phenomena and Non-Gradient Constitutive
Relation

5.1.1 Power-Law Distribution Phenomena and Fractal
Dimension

The power-law distribution phenomenon which widely exists in nature and human
society is first discovered by the economist Pareto. He put forward the famous 80/20
rule, that is, 20% of the population accounted for 80% of the social wealth [1]. And
he believed that the probability of the income exceeding a given value x follows a
power function. That is known as power-law distribution and shown as the following
equation [2]

P[X ≥ x] = ax−b. (5.1.1)

Zipf, a linguist, found that the variation of the usage frequency of a word with the
magnitude of the frequency also falls into a similar power-law relationship [2]. That
is the famous Zipf’s law. Since then, many scholars did a great deal of research on the
power-law phenomena and discovered many power-law distribution phenomena in
different areas. Christian et al. [3] also proposed the power-law relationship between
the population of the European cities and the number of post offices, restaurants,
gas stations and so on. A large number of studies have found that the power-law
distribution is widespread in many areas, such as physics, biology, ecology and
demography [1–3] (Fig. 5.2).

Different from the Gaussian distribution and the Poisson distribution, power-
law distribution possesses a bell shape, but the tail does not quickly attenuate to
zero. Power-law distribution features the so-called "long tail" phenomenon [1]. The
random variables of the Gaussian distribution and the Poisson distribution are limited
within a certain scale range, and if outside the range, the probability for the occurring
of the random variables rapidly decays to zero. However, there is no such scale range
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Fig. 5.2 Christian et al.
made a statistical study of
the relationship between the
populations of different
Germany cities (the abscissa)
and the power consumption
in the corresponding cities
(the ordinate), and the
logarithmic values of these
two quantities are given,
from which one can see a
line approximation [3]

for the power-law distribution, resulting in great difference between the statistical
individual. That is the so-called scale-free phenomenon with no characteristic scale
[1].

Meanwhile, the scale-free characteristics of the power-law distribution
phenomenon is intimatedly tied to the concept of fractal that Mandelbrot proposed,
which essentially describes the phenomenon of power-law distribution [4, 5]. The
so-called fractal refers to a system containing intensive mesostructures which have
a similar structure or other characteristics with the system. This characteristic is also
known as self-similarity [4]. Unlike that in mathematical theory which has strict
geometrical self-similarity, fractal phenomena in nature are almost statistically self-
similar. That is to say they have similar statistical characteristics. This self-similarity
makes the system have no characteristic scale, which is the same as the scale-free
property of the power-law distribution [1]. Meanwhile, Mandelbrot argued that the
dimension corresponding to fractal should be a fractional dimension, rather than an
integer-order dimension. In mathematics, it can be written as y = axb (b is a posi-
tive real number), which corresponds to power-law phenomenon itself [4]. Thereby,
fractal is essentially a self-similar statistical phenomenon of power-law distribution.

5.1.2 The Mechanism of Power-Law Distribution
Phenomenon

There are a large number of power-law phenomena both in nature and social sciences.
Question may occur that why these phenomena obey a power-law distribution. So
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far, some scholars have proposed many different theories aiming at explaining the
mechanism of power-law phenomena. This section will briefly introduce four related
theories [1–10].

1. Theory of growth and preferential attachment

With the deeper understanding of nature and human society, people gradually
began to abandon the idealistic assumptions in some classical theories, and study
system models which are more complex and more realistic. Many research fields
including biology and physics are facing the need to study complex systems. Many
scholars insist that complex system is equivalent to a complex network connecting
various individuals, and the linear and nonlinear effects between these individuals
are conducted through this complex network [6]. Barabasi and Albert [1, 7] proposed
the theory of growth and preferential attachment for the power-law distribution
phenomenon of scale-free complex network. They believed that power-law distri-
bution is the consequence of the following two mechanisms: (1) Network growth,
which refers to that networks expand continuously by the addition of new vertices,
(2) the priority connection, which means that new vertices attach preferentially to
sites that are already well connected. That’s the same with surfing on the Internet.
People will give priority to those websites which contain more links and a large
amount of information. In accordance with this theory, the continuous growth of the
network vertices make the well-connected vertices increase and the others decline
relatively. However, the assumptions of the theory don’t take into account that the
additional vertices may not define or connect the well-connected vertices [1].

2. Self-organized criticality theory

It has been widely accepted that self-organized criticality theory is the kinetic reason
of the power-law distribution phenomenon, and the power-law distribution shows
that the system is on the self-organized critical state [1, 8]. Self-organized criticality
theory believes that self-organized critical state is the result of individual movements.
Even small perturbations will make the system change dramatically [1]. The experi-
ments of sandpilemodel [8, 9] found that the size that sand collapses and its frequency
obeys the power-law relationship, revealing that self-organized critical system is on
the edge of chaos. In the works “Das Chaos und seine Ordnung”, Stenfan Greschik
compared particles’ movements to that of pedestrians on different occasions, and
believed that power-law distribution if the sign to distinguish the self-organized state
and the chaos state [4].

3. HOT theory

Highly optimized tolerance (HOT) theory divides the influence factors of system into
two types: high tolerance and high sensitivity, and presents that global optimization
of complex systems for the environment can lead to the power-law distribution [1,
10].
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4. Maximum complexity principle [5]

The maximum complexity principle [5] concerns that any random system tends to be
the most complicated one. Xuewen Zhang [5] mentioned in his works “The Consti-
tution Theory” that it is most probable for a system to become most complicated,
and many components in the system will raise the probability of being a complex
system to a value close to 1. This implies that the system always tends to stay in the
most complex state. He also believed that the system will obey different distribu-
tions if it meets different constraints during the process of ensuring the maximum
degree of complexity. The following highlights the generation mechanism of the
most complicated principle and the power-law distribution.

The most complicated principle is established on the basis of the principle of
maximum entropy, and the so-called complexity is a new physical interpretation of
entropy.XuewenZhang insists that the entropy essentially is the degree of complexity
of the system, and makes use of the concept to unify thermodynamic entropy and
information entropy. In his works, he takes the system composed of N individuals
as an example. All the random characteristic values of the system as well as the
individuals are defined as a generalized collection, and its probability density function
is f (x). Then, the system’s degree of complexity is C [5]

C = −
b∫

a

N f (x) log( f (x))dx . (5.1.2)

According to Eq. (5.1.2), the most complicated principle refers to the theory
that the probability density function f (x) of the random variables makes the system
possess the maximum degree of complexity C, thus it simplifies to solve a variational
formulation of the functional C. Xuewen Zhang supposes that the constraints are that
the geometric mean is a constant and the probability density is normalized [5]

lnm =
b∫

a

f (x) ln xdx,

1 =
b∫

a

f (x)dx . (5.1.3)

Use the Lagrange multiplier method and substitute the constraints to obtain [5]

F = −
∫

f (x) ln f (x)dx + C1

[∫
f (x)dx − 1

]
+ C2

[∫
f (x) ln xdx − lnm

]
.

(5.1.4)

The extreme value of the above equation is
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f (x) = exp(−1 + C1)x
C2 . (5.1.5)

Substituting the solution into the constraints, then the power-law distribution is
obtained

f (x) = axb. (5.1.6)

5.1.3 Power-Law Phenomena and Non-gradient Constitutive
Relation

The so-called constitutive relation is a mathematical model that describes the macro-
scopic physical and mechanics properties of materials, and its specific mathemat-
ical expression is called the constitutive equation. To describe the response of the
objects under the external force, we should consider the field equations such as mass
conservation,momentumconservation and energy conservation, aswell as the unique
physical properties. Constitutive relations that are related to the material mechanics
characteristics mainly describe the relationship between temperature, time, stress
and strain, such as Hooke’s law for ideal elastic solid, the Newtonian shear law for
Newtonian viscous fluid.

1. Power-law phenomena and complex viscoelastic constitutive

Viscoelastic materials whose mechanics properties are between the ideal elastomer
and Newtonian fluid have the properties of elasticity and viscosity at the same time,
and their stress–strain response depends on the time, strain rate and the history of load
anddeformation.Therefore, stress and strain of the viscoelasticmaterial possesses the
memory property [11]. Classical viscoelastic mechanics model is usually composed
by linear elastic elements (spring) and pure viscous elements (dashpot) in series or
parallel. These models are simple and intuitive to describe the viscoelastic materials.
Among them, the simplest model is Maxwell model with a spring and dashpot in
series and Kelvin model with a spring and dashpot in parallel. In the process of
relaxation and creep that mechanics model predicts, stress and strain are to meet the
natural exponential relationship. However, a large number of experiments found that
in most relaxation and creep processes for viscoelastic materials, the stress and strain
often obeys a time power function [12]. Therefore, Ferry and Nuttingmade use of the
power function to express the stress–strain response of the viscoelastic body. In order
to combine power function and mechanics model together, Gemant recommends
the introduction of fractional time derivative into the constitutive relationship of the
viscoelasticmaterial [12]. Fractional viscoelasticmodelwith lessmaterial parameters
can accurately describe the dynamic properties within a wide frequency range for
a large number of complex viscoelastic materials, such as power-law frequency-
dependent damping [13], while traditional integer-order derivativemodels needmore
derivative terms and material parameters.
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2. Power-law phenomena and Non-Newtonian fluid constitutive relation

The feature of non-Newtonian fluid is that shear stress and shear strain rate does not
satisfy the linear relationship. There are diverse non-Newtonian fluids in natural and
engineering fields, such as oil, animal blood, mud and oil and the non-Newtonian
fluid mechanics are widely used in areas such as chemical industry, plastic industry,
oil industry, light industry [14, 15]. The following will describe the power-law
constitutive relation of several non-Newtonian fluids.

(1) Bingham fluid

Bingham fluid is also known as the ideal plastic fluid, i.e. like the plastic property of
solid material, it will flow only when the stress exceeds a certain value [14, 15]. If
Bingham fluid obeys Newtonian viscous shear law in the state of flow, its constitutive
relation is as follows:

σ = σs + ηε̇. (5.1.7)

It’s ordinary Bingham fluid [16]. If flow characteristics of Bingham fluid do not
meet the Newtonian viscosity shear rate, it’s called nonlinear Bingham fluid. A class
of nonlinear Bingham fluid follows the power-law constitutive relation.

σ = σs + ηε̇n. (5.1.8)

Such fluid is called Herschel–Bulkley fluid [14, 15].

(2) Pseudo-plastic fluid

Pseudo-plastic fluid is a fluid which satisfies the Newtonian viscous shear law when
the shear strain rate is small, and whose viscosity decreases when the shear strain
rate is large [14]. It obeys power-law empirical formula [15]

σ = ηε̇n. (5.1.9)

Here, n is called flow index or non-Newtonian parameters, and smaller than 1. In
order to describe pseudo-plastic fluid more accurately, some scholars have proposed
the following power-law constitutive models [15]

Carreau equation σ = aε̇

(1 + bε̇)c
, (5.1.10)

Cross equation σ =
[
η∞ + η0 − η∞

1 + ηε̇m

]
ε̇. (5.1.11)

(3) Inflation fluid

Inflation fluid has a property contrast to pseudo-plastic fluid, i.e. it meets Newtonian
viscous shear law if the shear strain is small, and it has an increasing viscosity and
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a slight expansion of volume when the shear strain rate is large [14]. There are only
a few inflation fluids in nature, and such fluid obeys the same power-law empirical
formula as the pseudo-plastic fluid [15]

σ = ηε̇n. (5.1.12)

Flow index n of inflation fluid is larger than 1.

3. Power-law phenomena and the frequency-dependent acoustic attenuation

When propagating in a dissipative medium, sound waves often exhibit the charac-
teristics of frequency-dependent energy dissipation [17, 18]

P(x +�x) = P(x)e−α(ω)�x , (5.1.13)

α = α0|ω|η. (5.1.14)

Here, ω is angular frequency, P is sound pressure, α0 and η are dissipation coef-
ficients, x is the direction of propagation, Δx is wave propagation distance. In order
to describe such characteristics, Szabo proposed the Szabo acoustic wave equation
[17]. However, Szabo acoustic wave equation contains a hyper-singular integration,
which makes the equation difficult to solve numerically. To remedy this problem,
Chen and Holm [18] presented the positive fractional derivative and developed the
modified Szabo acoustic equation

1

c20

∂2P

∂t2
+ 2α0

c0
Qy(P) = �P, (5.1.15)

here

Qy(P) =
⎧⎨
⎩
∂P/∂t η = 0
∂ |η|+1 P
∂t |η|+1 0 < η < 2
∂3P/∂t3 η = 2

,

whereP is sound pressure,Δ is Laplace operator,α0 and η are dissipation coefficients
(η > 0) (η is the order of fractional derivative as well as dissipation coefficient), c0
is ultrasonic velocity, 
(η) is Gamma function, and the definition of the positive
fractional derivative [18] is

d| η| P

dt | η| = 1

q(η)

t∫

0

P

(t − τ)η+1
dτ. (5.1.16)
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q is a constant,

q(η) = π

2
(η + 1) cos[(η + 1)π/2] .

Different from that of fractional derivative, the Fourier transform of the definite
fractional derivative holds the property of positive definiteness. The modified Szabo
acoustic wave equation meets the characteristics of the frequency dependence of
acoustic attenuation in the frequency domain [18].

5.2 Fractional Langevin Equation

5.2.1 Langevin Equation

In 1827, Brown, a botanist, found that the pollen did an irregular movement in the
water by using a microscope. Thus, the random motion of the particles in a liquid
is called Brownian motion. In the nineteenth century, Del Sole proposed that the
phenomenon of Brownian motion was caused under the condition of imbalance
collision of liquid molecules. When it comes to the twentieth century, based on Del
Sole’s conjecture, many scientists, such as Albert Einstein and Langevin, proposed
several theories for Brownian motion respectively and made them confirmed by
the experiments [19]. Brownian motion theory is not only the foundation for the
establishment of material atomic theory, but also the most representative fluctuation
phenomena [19–21].

Classical Brownian motion theory considers that particles, also known as the
Brownian particles, are affected by two different forces coming from the external
field and the liquidmolecules. The latter forceF is caused by the collision between the
liquid molecules and the Brownian particles, and it’s not completely sure to define.
Then, it can be considered to include the definite force—the buoyancy generated by
the liquid and resistance forceF0, and the uncertain fluctuation effectF-F0 generated
by the random motion of the molecules [19]

F ≡ F0 + (F − F0). (5.2.1)

If we only take into account the effect of gravity and the force induced by the
Brownian motion in the horizontal direction, the motion equation of the Brownian
particle with unit mass can be defined as

du/dt = −γ u + 
(t), (5.2.2)

whereγ = a/m is the damping coefficient of unitmass,u is the velocity in x direction,
the fluctuate force of unit mass 
(t) = X (t)/m is called the Langevin force [19].
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As the effect on particles from the liquid is random, 
(t) is a random force and
Eq. (5.2.2) is called stochastic differential equation. Therefore, the Langevin force

(t) can only be described through the statistical methods.

The classical theory supposes that fluctuation behavior generally neutralizes on
average, that’s to say the statistical average value < 
(t) >= 0. Brownian motion
is also considered to be a Markov process with no aftereffect, which means 
(t) is
independent at different time. In other words, 
(t) doesn’t have time correlation and
it’s time correlation moment is< 
(t)
(t ′) >= 2Dδ(t − t ′), here t and t ′ represent
different time, δ represents Dirac-Delta function [19, 21].

According to the statistical properties of the Langevin force, such as< 
(t) >= 0
and < 
(t)
(t ′) >= 2Dδ(t − t ′), we can derive the power spectrum by applying
Fourier transform to the time correlation moment of 
(t) [19, 21]

S(ω) =
+∞∫

−∞
exp(−iωτ)2Dδ(τ )dτ = 2D. (5.2.3)

By using Fourier transform, original function can be transferred into the frequency
domain and then obtain a frequency-related property for variable. According to
the function of inverse Fourier transform, exp(iωτ) is frequency component corre-
sponding to the function, and the integration can be viewed as the accumulation
of these frequency components. Spectrum function is the weight value that each
frequency component contributes. The white spectrum is that the power spectrum
S(ω) has no relationship with ω according to Eq. (5.2.3), that’s to say weight func-
tion contributed by each frequency component is 2D. The Langevin force whose time
correlation function is δ function is called white noise [21].

Since it is difficult to measure irregular motion of Brownian particles in a liquid,
the mean square displacement is usually taken as equation variables. If we assume
that x is the velocity, then Langevin equation can be written as [19]

x ′′ + γ x ′ = 
(t). (5.2.4)

By multiplying x on both sides, the equation can be changed to

1

2
(x2)′′ − (x ′)2 = −γ

2
(x2)′ + x
(t). (5.2.5)

To get the statistical average value of the equation, the Langevin equation in the
form of mean square displacement is as the following [1, 3]

1

2

d2

dt2
< x2 > − < x ′ >2= −γ

2

d

dt
< x2 > + < x
(t) > . (5.2.6)

Average kinetic energy is< E >= 1
2m < x ′(t)2 >= 1

2kT , mean square speed is
< x ′ >2= kT/m, by using the property of Langevin force, we can get the random
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force as< x
(t) >=< x >< 
(t) >= 0. Then Eq. (5.2.6) can be changed into the
following form

d2

dt2
< x2 > +γ d

dt
< x2 > −2kT/m = 0. (5.2.7)

If we set γ = τ−1, where τ can be taken as the average impact time of particles,
the mean square displacement of Brownian particles is [19]

< x2 >= 2kT τ

m
t + C1 exp(−t/τ)+ C2. (5.2.8)

If initial velocity and displacement are all equal to 0, and t >> τ , the relationship
between mean square displacement and time is

< x2 >= 2Dt, D = kT

γm
. (5.2.9)

That’s the famous Einstein relation [19, 21].
The analysis above does not take the effect on Brownian particles from external

force into account. If we do, the external force item should be added to the Langevin
equation [19]

x ′′ + γ x ′ = f (x)+ 
(t). (5.2.10)

Here f (x) is the external force applied to the Brownian particles of unit mass. If
the damping force plays a major role and the inertia force can be ignored, Langevin
equation can be simplified as

γ x ′ = f (x)+ 
(t). (5.2.11)

As to the equation above, if external force f (x) is a nonlinear function, the
equation is a nonlinear Langevin equation [22].

5.2.2 Fractional Langevin Equation

The issue discussed above is based on the hypothesis that Brownian motion is a
Markov process, that is to say, at different time 
(t) is independent and do not have
the property of time correlation and memory. But if Brownian particles move in
fluid with dense viscous or internal degrees of freedom and in turbulence, the time
correlation moment of random fluctuation force is a power function of t, rather than δ
function [23]. That means Langevin force 
(t) has the property of time correlation,
andBrownianmotion depends on historic process. It’s a non-Markov time-dependent
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process. Under this circumstance, the statistical average value of random fluctuation
force equals 0, but its time correlated moment is a power function [23]

< 
(t) >= 0,

< 
(0)
(t) >= 
0(α)t
−α. (5.2.12)

Damping force in Brownian motion also has a memory, represented by time
convolution integral which maintains a memory core. Then, Langevin equation is
rewritten as [23]

x ′′(t)+
t∫

0

B(t − τ)x ′(τ )dτ = 
(t). (5.2.13)

This is the generalized Langevin equation.
In microscopic fractal structure of complex substances, the diffusion processes

usually meet the relation < x2 >= 2Dtα instead of the classical Einstein relation
< x2 >= 2Dt . This diffusion process is commonly referred to anomalous diffu-
sion. The random walk process is known as fractional Brownian motion, and it is a
non-Markov process. The spatial distribution of the particles of the standard diffu-
sion process corresponds to a Gaussian distribution, but when it comes to anomalous
diffusion process, the spatial distribution corresponds to the non-Gaussian distri-
bution [23]. Anomalous diffusion usually occurs in seepage of the porous media,
capillary surface wave, two-dimensional rotating flow, etc. [24]. In order to describe
the fractional Brownian motion in anomalous diffusion which has a memory prop-
erty, time fractional differential operator is employed to describe memorial damping
force in the movement of Brownian particles. Thus we obtain the fractional Langevin
equation [24, 25]. The following will give a brief introduction to fractional Langevin
equation according to Lutz and Burov’s work [24, 25].

x ′′ + γ dα−1

dtα−1
x ′ = 
(t). (5.2.14)

If 0 < α < 1, the above equation corresponds to the sub-diffusion, if 1 < α < 2,
equation corresponds to the super-diffusion. By employing the application of Laplace
transform method, the solution of fractional Langevin equation can be obtained as

x(t) = x(0)+ x ′(0)B(t)+
t∫

0

B(t − τ)
(τ)dτ . (5.2.15)

Here, x(0) and x ′(0) represents initial displacement and initial velocity, respec-
tively, B(t) = ∫ t

0 Cv(τ )dτ (Cv(t) is the autocorrelation functionof the speed,Cv(t) =
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<x ′(t)x ′(0)>
<x ′(0)x ′(0)> ). Applying Laplace transform to Cv(t), we can obtain Cv(s) = 1

s+γ sα−1 ,

which can be represented by Mittag–Leffler function, i.e. Cv(s) = E2−α,1(−γ t2−α).
When t is small, the limitation of Mittag–Leffler function is exp(−atα)/
(α + 1),
otherwise it approaches −(t
(β − α))−1. Therefore, if t is small, autocorrelation
function exhibits the characteristics of the extended index

Cv(t) exp
−γ t2−α


(3 − α), t << 1/(γ )1/α. (5.2.16)

Otherwise, in the long process, it shows a tailing phenomenon with inverse power
law

Cv(t)
tα−2

γ
(α − 1)
, t >> 1/(γ )1/α. (5.2.17)

Integrating the autocorrelation functionCv(t)with respect to the speed, we can get
B(t) = t E2−α,2(−γ t2−α). In the long process, memory kernel function is expressed
as

B(t)
tα−1

γ
(α)
(t → ∞). (5.2.18)

Taking the statistical average value of fractional Langevin equation’s solution, the
average displacement of the particles is as follows

〈x〉 = x(0)+ x ′(0)t E2−α,2(−γ t2−α)
x ′(0)tα−1

γ
(α)
(t → ∞). (5.2.19)

And the mean square displacement of the particles is

〈
x2
〉 = 2kT

M
t2E2−α,3(−γ t2−α)

2kT tα

γM
(1 + α)(t → ∞). (5.2.20)

Then, we derive the following relationship

〈
x2
〉

tα. (5.2.21)

This is the generalized Einstein relation for fractional Langevin motion.
Giuseppe et al. [26] also obtained the analogous fractional Langevin equation by

using B(t) = γ ′/[
(1/2)t1/2] as memory kernel function to replace the original
item in the generalized Langevin equation. In this equation, γ ′ = 1/τ 3/2, and τ was
the average impact time of particles. They further proposed that there are different
governing equations corresponding to different time scales:

x ′′ + γ x ′ = 
(t), t << τ ;
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x ′′ + γ d
1/2x ′

dt1/2
= 
(t), t >> τ. (5.2.22)

Mainardi and Tampieri [27] proposed fractional Langevin equation by using
Basset history force to represent the long time damping effect of Brownian particles,
and expressed damping force as

F = −Aγ
1√
π

t∫

a

x ′′(τ )√
t − τ dτ . (5.2.23)

Using the definition of the Caputo fractional derivative, Basset force is expressed
as follows (taking a = 0 in the above equation)

F = −Aγ
d1/2u(t)

dt1/2
. (5.2.24)

Substitute the damping force into the Langevin equation and get the fractional
Langevin equation

x ′′ + 1

γ

(
x ′ + d1/2x ′

dt1/2

)
= 
(t). (5.2.25)

Kobelev et al. [28, 29] employed the fractional derivative operator and got the
following fractional Langevin equation [30, 31]

dαx ′

dtα
+ γ x ′ = 
(t).

5.3 The Complex Damped Vibration

5.3.1 The Model for Oscillator

1. The vibration principle of harmonic oscillator

Harmonic oscillator is a dynamic system that the oscillator is subject to an elastic
restoring force which is proportional to the displacement x when it leaves the
equilibrium position.

F = −kx, (5.3.1)
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Fig. 5.3 Single degree of
freedom vibration

where k is the constant which represents the elastic coefficient. When the force in
this system is only F, this system is called Simple Harmonic Oscillator [32]. The
harmonic vibration is shown in Fig. 5.3.

Through Newton’s second law, that the acceleration is proportional to the second
derivative of displacement x, the equilibrium of force is expressed as

mẍ = −kx . (5.3.2)

Define ω2
0 = k/m, and Eq. (5.3.2) can be rewritten as

ẍ + ω2
0x = 0. (5.3.3)

The general solution of Eq. (5.3.3)

x = A cos(ω0t + φ), (5.3.4)

where the amplitude A and the phase φ are decided by the initial displacement and
the initial velocity. The frequency of the vibration

f = ω0

2π
. (5.3.5)

The kinetic energy of the vibration

T = 1

2
m(x)2 = 1

2
k A2 sin2(ω0t + φ). (5.3.6)

The potential energy of the vibration

U = 1

2
kx2 = 1

2
k A2 cos2(ω0t + φ). (5.3.7)

The total energy of the vibration system is stated as



174 5 Typical Applications of Fractional Differential Equations

E = T + U = 1

2
k A2, (5.3.8)

whichmeans the total energyof the oscillator is constantwhen it is harmonic vibration
[32].

2. Damping vibration

The harmonic oscillator discussed in last section is the ideal oscillator which ignores
the friction and damping. Actually, in the mechanical system, the energy attenuation
is always existed [32].When the damping is proportional to the velocity, the dynamic
equation is expressed as

−kx − cẋ = mẍ, (5.3.9)

or

mẍ + cẋ + kx = 0. (5.3.10)

This equation is Constant coefficient homogeneous differential equation, whose
characteristic equation is

mq2 + cq + k = 0, (5.3.11)

and the characteristic roots are

q1,2 = −c ± √
c2 − 4mk

2m
. (5.3.12)

Three cases of the solution are as follows:

(1) c2 > 4mk, (which is called Over Damping),
(2) c2 = 4mk, (which is called Critical Damping),
(3) c2 < 4mk, (which is called Under Damping).

For the case of Over Damping, assume the two roots are γ1, γ2, the general solution
of Eq. (5.3.10) is

x = A1e−γ1t + A2e−γ2t . (5.3.13)

We can find that the attenuation is the form of exponent function which attenuates
rapidly. In this case, it is no long vibration.

For the case of Critical Damping, Eq. (5.3.11) only has one root −γ , where
γ = c

2m . The general solution of dynamic equation is

x = e−γ t (A1t + A2). (5.3.14)
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This solution illustrates that there is also no vibration in this case, and the
displacement will approach to 0 with time.

For the case of Under Damping, the two roots of Eq. (5.3.11) are conjugate

complex, i.e., −γ ± iω1, where γ = c
2m , ω1 =

√
k
m − c2

4m2 , and the solution is

x = Ae−γ t cos(ω1t + φ), (5.3.15)

where γ = c/2 m. Equation (5.3.15) illustrates that the dynamical system is periodic
vibration, but the amplitude Ae−γ t decays in the exponential behavior.

The damping vibration can be maintained in several periods. The mechanical
energy of the total system is

E = 1

2
mẋ2 + 1

2
kx2. (5.3.16)

The rate of change of the total energy over the time is

dE

dt
= −cẋ2. (5.3.17)

Equation (5.3.17) is always negative, which denotes the dissipated mechanical
energy of system in unit time. The dissipation is related to the damping coefficient
and the motion velocity. Therefore, if we want to keep the vibration in practical
problems, the external force should be acted on the system continuously.

5.3.2 Fractional Oscillator

1. Harmonic oscillator

In reality, many factors affect the harmonic oscillator and make it damping vibrate.
The factors are divided into two classes, internal friction and external friction. The
dynamic behavior of oscillator with internal friction can be described by fractional
calculus, which is already used by many mathematicians and physicists [33–35]. In
the following,wewill introduce the existing research result of the fractional oscillator.

Considering the simple fractional harmonic vibration equation [34]

{
m dαx

dtα + kx = 1, 1 < α ≤ 2,
x(0) = c0, ẋ(0) = c1,

(5.3.18)

where dαx
dtα is Caputo fractional derivative. Here, M, T and L, respectively, denote the

dimensions of mass, time and length. In Eq. (5.3.18), the dimension of dαx
dtα is L

T α and
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the dimension of elastic coefficient k is M
T 2 ; therefore, the dimension of coefficient

m in the first item is deduced as [m] = MT α−2 by the equilibrium [m] L
T α = M

T 2 L .
Applying Laplace transform for Eq. (5.3.18), we have

L(0Dα
t x(t)) = sαX (s)− sα−1x(0)− sα−2x ′(0), (5.3.19)

and then

X (s) = 1

m

c0sα−1 + c1sα−2

sα + k/m
. (5.3.20)

By the Laplace transform of Mittag–Leffler function,

∞∫

0

e−st tαk+β−1E (k)α,β(±atα)dt = k!sα−β

(sα ∓ a)k+1
, (5.3.21)

the analytical solution of Eq. (5.3.18) is obtained as

x(t) = 1

m

[
c0Eα,1

(
− k

m
tα
)

+ c1Eα,2

(
− k

m
tα
)]
. (5.3.22)

Simply, let k/m = 1, c0 = 1, c1 = 0, and the numerical solution is shown in
Fig. 5.4 [36–40].

In Fig. 5.4, we find that the damping vibration occurs when α ∈ (1, 2), and
the attenuation is larger with the decrease of α. And when α = 2, the vibration is
undamped simple harmonic vibration.

Fig. 5.4 The vibration of
single degree freedom
oscillator with fractional
derivative damping
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2. Force vibration equation

The force vibration equation with integer-order derivative

mu′′(t)+ cu′(t)+ ku(t) = f (t). (5.3.23)

This equationwith cu′(t), which is corresponding to the ideal Rayleigh proportion
damping, is suitable for the pure viscous material, like water. However, it cannot be
applied to describe the complex behavior of viscoelastic dampingmaterial. In order to
apply the integer-order derivative model to simulate the viscoelastic damping, some
empirical parameters are added to construct the nonlinear differential equation. But in
this nonlinear model, the parameters without exact physical meaning are difficult to
obtain in application. After applying the fractional differential operator, the damping
vibration of viscoelastic media can be described by simple fractional differential
equation. The fractional Bagley–Torvik equation is [38]

my′′(t)+ c0Dα
t y(t)+ ky(t) = f (t), t > 0, (5.3.24)

where m denotes mass, my′′(t) denotes the inertial force, c0Dα
t y(t) denotes the

damping force which is dissipation item, k denotes the stiffness, ky(t) denote the
elastic force, f (t) is the external force. Let

m = 1, c = 0.5, k = 0.5, f (t) =
{
8, (0 ≤ t ≤ 1)
0, (t > 1)

, α = 1.5, y(0) = 0, y′(0) = 0.

The numerical solution of fractional Bagley–Torvik equation is shown in Fig. 5.5,
where we can find the movement situation of fractional force vibration [38].

Fig. 5.5 Single freedom
degree damping vibration
with fractional
Bagley–Torvik equation

0 5 10 15 20 25 30
-6

-4

-2

0

2

4

6

8

Time 

D
is

pl
ac

em
en

t 



178 5 Typical Applications of Fractional Differential Equations

Fig. 5.6 Single freedom
degree damping vibration
with fractional
Bagley–Torvik equation for
different orders

Four cases of vibrationwith orderα= 1.1, 1.5, 1.7 and 2.0, respectively, are shown
in Fig. 5.6. The relationship between the movement of oscillator and the fractional
order illustrates that the displacement changes to larger with the increase of order α.
With a smaller order α, the memory is stronger. Figure 5.7 gives the solutions of the
integer order and fractional order damping vibration equations.

3. The fractional model for viscoelastic damping

The vibration of the high-speed devices, such as high-speed CD-ROM drive, will
affect their normal work, heat the devices and reduce the service life. To keep the
normal work and avoid the adverse effect of vibration, the vibration isolation and
damping are needed for these high-speed devices. Linchao Liu et al. [41] mentioned
that the viscoelastic material has the dissipation and damping characteristics, and

Fig. 5.7 The damping
vibrations of integer and
fractional order equations
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it’s able to get very good damping effect to the high-speed CD-ROM drive frame
structure by viscoelastic dampers. The mechanics characteristics of the viscoelastic
damper can be described by Fractional Kelvin solid model [41],

{
Si j (t) = 2G

(
1 + τ r ∂r

∂tr

)
ei j (t), 0 < r < 1,

σ11(t) = 3K ε11(t),
, (5.3.25)

where Si j is the stress deviator, ei j the strain deviator, σ11 the stress tensor, ε11 the
strain tensor. G, K, r, τ are material parameters, dr

dtr is Riemann–Liouville fractional
differential operator. The corresponding relaxation function is

{
G(t) = G

[
1 + τ r


(1−r) t
r
)
,

K (t) = K .
(5.3.26)

The finite element form of the fractional Kelvin viscoelastic damping force Pve(t)
is stated as [41]

Pve(t) = Mveäve(t)+ Cve
∂r

∂tr
ave(t)+ Kveave(t). (5.3.27)

Thus, the finite element equation for the fractional viscoelatic damping dynamics
of high-speed CD-ROM drive frame structure is

Meä(t)+ Kea(t) = Pe(t)− Pve(t), (5.3.28)

(Me + Mve)ä(t)+ C Dr a(t)+ K a(t) = P(t). (5.3.29)

5.4 Viscoelastic and Rheological Models

It is usually supposed that when solid materials are subjected to external forces and
deformation, they always reserve the elasticity before the stress of material reach or
exceed the yield limit. Namely, in this case, the deformation of solid material under
external force is restorable. And when the solid material is at the linear elasticity
stage, its stress and strain meets Hooke’s law of elasticity which means the stress is
directly proportional to strain. On the other hand, the fluid can only sustain the normal
stress but has no resistance to shear stress. More precisely, the fluid just performs a
specific flow, rather than a limit deformation under the implementation of the shear
force.

As the elastomer produces only recoverable deformation, when the external load
disappears, the material restores the original shape. Therefore, elastic deformation
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only stores the energy in the form of elastic potential energy without any consuming
energy.

Viscous fluid is generally considered as the Newtonian fluid which meets the
Newtonian viscous shear rate, namely, shear stress is proportional to the shear strain
rate. The so-called viscosity refers to the frictional resistance of the relative motion
of fluid particles. Thus, the viscous fluid only dissipates energy, rather than storing
energy.

However, in practical engineering fields, plastics, rubber, paint, resin, concrete,
rock, soil, oil, bones and blood and other materials involved in the chemical,
petroleum, biology, medicine, civil engineering and other fields, often at the same
time show elasticity and viscosity both, usually called viscoelasticity [11]. Mate-
rials which exhibit viscoelastic properties to a certain extent are called viscoelastic
materials, and most viscoelastic materials are polymers [11]. Because of mani-
festing the nature mechanics properties of both elastic and viscous material, the
viscoelastic material under a certain stress state displays both a finite deformation
and a finite or infinite flow, mainly in a certain degree of relaxation, creep and
hysteresis phenomenon. Relaxation is the phenomenon that stress decreases gradu-
ally when materials are subjected to a constant strain condition; creep refers to the
phenomenon that the deformation of material keeps continuous increase under the
role of constant stress. Relaxation and creep phenomena are rheological phenomena
and the viscoelasticity theory is to study the rheological properties of viscoelastic
material [42]. For elastic solids, the stress and strain have a linear relationship; more-
over, for viscous bodies, stress and strain rate has a linear relationship. The stress
and strain responses of the viscoelastic bodies depend on time and strain rate, relate
to the loading and deformation history, which leads to that stress and strain variation
of the viscoelastic material has memory [42].

The viscoelastic material is divided into viscoelastic solids (such as concrete,
biological tissues and organs, polymers) and viscoelastic fluids (pharmaceutical
preparation, blood, tissue fluid, mud, oil, etc.). The so-called viscoelastic solid is the
matter, response of which tends to be limited deformation when an external force is
loaded; but the response of viscoelastic fluid under an external force tends to steady
flow. The traditional modeling methods of viscoelastic materials are component
models, relaxation modulus and creep compliance, as well as complex relaxation
modulus and complex creep compliance which are used to describe the dynamic
characteristics of viscoelastic materials [11, 42].

5.4.1 Component Model

Component model is the most simple and intuitive viscoelastic material constitu-
tive model. The so-called component model considers that the viscoelastic material
has linear viscoelastic characteristics, and can use superimposed linear elastic and
ideal viscous to describe the viscoelastic behavior of the material [42], usually make
combination of the elastic components and viscous components in series or parallel
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Fig. 5.8 Spring element

Fig. 5.9 Viscous component

to have the model show elasticity and viscosity at the same time. So it exhibits elastic
properties and viscous nature at the same time, similar to the combination of elec-
trical components in the electrics. The elastic component here is represented by the
spring element, i.e. (Fig. 5.8).

σ = Eε, (5.4.1)

whereE is Young’s modulus which is equal to spring coefficient. Viscous component
is represented by the Newtonian dashpot model, namely, the stress and strain rate
have linear relation (Fig. 5.9).

σ = ηε̇. (5.4.2)

Here are the two most basic components of the viscoelastic material model [11,
42]: Maxwell model and Kelvin–Voigt model.

1. Maxwell Model:

Maxwell model is composed by an elastic component and a viscous component in
series, and is used to describe the stress relaxation of viscoelastic fluid, as shown in
Fig. 5.10.

Because the Maxwell model is obtained by components in series, its total stress
is equal to the stress of each component and its total strain is equal to the summation
of strain of elastic component and viscous component

σ = σe = σv,

ε = εe + εv, (5.4.3)

where the subscript emeans the elastic component, the subscript v denotes the viscous
component. Hence, the constitutive equation of the Maxwell model can be stated as
follows:

Fig. 5.10 Maxwell Model
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σ̇ + 1

τ
σ = E ε̇, τ = η

E
, (5.4.4)

where τ is the relaxation time. Under the constant strain ε0, the constitutive equation
of Maxwell model is

σ̇ + 1

τ
σ = 0. (5.4.5)

Then, the stress relaxation can be expressed as

σ(t) = σ0e−t/τ = Eε0e−t/τ = G(t)ε0, (5.4.6)

where σ 0 is the initial stress, G(t) is the relaxation modulus. Thus, the relaxation
modulus of Maxwell model is

G(t) = Ee−t/τ . (5.4.7)

When t is small, the response of Maxwell model approaches to the elastic body;
moreover, when t is much larger than τ , the response of Maxwell model approaches
to the Newtonian fluid and the Maxwell model tends to the steady viscous flow. In
fact, τ represents that when time t is farmore than the relaxation time, the viscoelastic
material tends to the Newtonian fluid. Meanwhile, if the rate of stress decay keeps
the constant which is equal to the initial rate, the stress decays to zero at time τ .
Therefore, τ is called relaxation time [11, 42]. Figure 5.11 is the stress relaxation
curve of the Maxwell model.

To study the creep behavior ofmaterial described by theMaxwellmodel, the stress
should be assumed as constant σ 0, and the corresponding constitutive equation is
stated as follows:

ε̇(t) = σ0

η
, (5.4.8)

and the creep behavior can be expressed as

Fig. 5.11 Stress relaxation
curve of the Maxwell model
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Fig. 5.12 Creep curve of the
Maxwell model

Fig. 5.13 Kelvin–Voigt
model

ε(t) = σ0

η
t + σ0

E
. (5.4.9)

Figure 5.12 is the creep curve of the Maxwell model.
From Fig. 5.12 and the constitutive equation, the creep of Maxwell model mani-

fests a straight line. This illustrates that Maxwell model produces instantaneous
elasticity and steady flow. But almost no creep curve is in this linear form, which
make few scholars use this model to reflect the creep phenomenon. Hence, Maxwell
model is called relaxation model [11, 42], and mostly is applied to describe the
relaxation behaviors.

2. Kelvin–Voigt Model:

Kelvin–Voigt model is composed by an elastic component and a viscous component
in parallel, and are mainly used to describe the creep behavior of viscoelastic solid,
as shown in Fig. 5.13.

Because the Kelvin–Voigt model is combined by components in parallel, its total
strain is equal to the strain of each component and its total stress is equal to the
summation of the strain of the elastic component and viscous component:

ε = εe = εv,

σ = σe + σv, (5.4.10)

where the subscript emeans the elastic component, the subscript v denotes the viscous
component. Hence, the constitutive equation of the Kelvin–Voigt model can be stated
as follows:

ε̇ + 1

τ
ε = σ

η
, τ = η

E
, (5.4.11)
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Fig. 5.14 Creep curve of the
Kelvin–Voigt model

where τ is the retardation time. Under the constant strain σ 0, the constitutive equation
of Kelvin–Voigt model is

ε̇ + 1

τ
ε = σ0

η
. (5.4.12)

Then, the stress relaxation can be expressed as

ε(t) = [1 − e−t/τ H(t)]σ0
E

= J (t)σ0, (5.4.13)

where J(t) is the creep compliance, H(t) means the Heaviside function. The creep
compliance of Kelvin–Voigt model is

J (t) = [1 − e−t/τ H(t)] 1
E
. (5.4.14)

As the instant of time t is much larger than τ , the response of Kelvin–Voigt model
tends to an elastic body. τ represents that when time t is far more than the retardation
time, the viscoelastic material tends to the elastic body. Meanwhile, if the strain rate
keeps the constant which is equal to the initial rate, the strain reaches to the elastic
strain at time τ . Therefore, τ is called retardation time [11, 42]. Figure 5.14 is the
creep curve of the Kelvin–Voigt model.

To study the stress relaxation behavior of material described by the Kelvin–Voigt
model, the strain should be assumedas constant ε0, and the corresponding constitutive
equation is stated as follows:

σ(t) = Eε0. (5.4.15)

Based on the constitutive relationship, the Kelvin–Voigt model reduces to the
linear elastic model, therefore this model cannot describe the stress relaxation
behaviors.

The above-mentioned two viscoelastic component models are the most simple
ones and one-dimensional models. Actually, the viscoelastic materials are more
complex. Hence, a few Maxwell models and Kelvin–Voigt models are combined
in series or in parallel to describe the actual viscoelastic material.
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Component models describe the viscoelastic behavior by simply making combi-
nation of elastic components and viscous components in series or in parallel, and are
only finite discrete models. But many actual viscoelastic materials are very complex
and are equivalent to an infinite number of combinations of elastic components and
viscous components. In the next subsection, the continuous viscoelastic material
model will be introduced.

5.4.2 Relaxation Modulus and Creep Compliance

The viscoelastic constitutive models mentioned in this subsection are not obtained
by combining the elastic components with viscous components, but by considering
how to describe the memory of the viscoelastic materials. For viscoelastic materials,
convolution integral is commonly used to describe their memory. For example, the
creep phenomenon of strain can be expressed by [11, 42]

ε(t) = σ0 J (t)+
t∫

0

J (t − τ)dσ(τ)
dτ

dτ, (5.4.16)

where J is the creep compliance.With integration by parts, Eq. (5.4.16) can bewritten
as

ε(t) = J (0)σ (t)−
t∫

0

σ(τ)
dJ (t − τ)

dτ
dτ. (5.4.17)

Relatively, for stress relaxation

σ(t) = ε0G(t)+
t∫

0

G(t − τ)dε(τ )
dτ

dτ, (5.4.18)

where G is the relaxation modulus. Applying the same method, Eq. (5.4.18) can be
written as

σ(t) = ε(t)G(0)−
t∫

0

ε(τ )
dG(t − τ)

dτ
dτ. (5.4.19)

Here, the convolution integral is called hereditary integral.
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5.4.3 Complex Relaxation Modulus and Complex Creep
Compliance

Complex relaxationmodulus and complex creep compliance are usually used to study
the dynamic response of viscoelastic materials [11, 42]. And many materials show
viscoelasticity when dynamic force is loaded. Considering a general stress–strain
relation [42]

P(σ (t)) = Q(ε(t)). (5.4.20)

Using Taylor series expansion of functions P and Q, it is easy to obtain

n∑
r=0

pr
drσ(t)

dtr
=

n∑
r=0

qr
drε(t)

dtr
, (5.4.21)

where pr and qr are material parameters. For elastic bodies, according to Hooke’s
law, stress is in direct proportion to strain, thus only considering the linear term.
But, for complex materials, more terms are considered, the constitutive equation is
much closer to the real condition. The Maxwell model and the Kelvin–Voigt model
introduced in subsection 5.4.1 can also be unified with Eq. (5.4.21). When p0 = 1/τ ,
p1 = 1, q0 = 0, q1 = E, Eq. (5.4.21) is the Maxwell model; when p0 = 1/η, p1 =
0, q0 = 1/τ , q1 = 1, the Kelvin–Voigt can be obtained. By Fourier transform, the
stress–strain relation can be transformed to frequency domain, shown as following

n∑
r=0

pr (iω)
rσ =

n∑
r=0

qr (iω)
rε. (5.4.22)

Let P(ω) = ∑∞
r=0 pr (iω)r , Q(ω) = ∑∞

r=0 qr (iω)r , then the complex relax-
ation modulus is G(ω) = Q(ω)/P(ω), the complex creep compliance is J (ω) =
P(ω)/Q(ω). G(ω) can be written as G1(ω)+ iG2(ω), where G1(ω) is the storage
modulus which means energy storage due to the elasticity, G2(ω) is the loss modulus
which denotes the energy dissipation due to viscosity; J (ω) can also be written as
J 1(ω)+ i J 2(ω), J 1(ω) is the storage compliance which means energy storage due
to the elasticity, J 2(ω) is the loss compliance which denotes the energy dissipation
due to viscosity [11, 42].

Therefore, the relation between the complex relaxation modulus, the complex
creep compliance and the integral model can be got [11, 42]. The creep integral can
be rewritten as [11, 42]

σ(t) = G(∞)
t∫

0

dε(τ )

dτ
dτ +

t∫

0

[G(t − τ)− G(∞)]dε(τ )
dτ

dτ, (5.4.23)
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where G(∞) is the elastic modulus of delay which denotes the value of G(t) when
time t tends to infinity. For viscoelastic fluid, G(∞) is equal to zero; for viscoelastic
solid, G(∞) is equal to zero; for viscoelastic solid, G(∞) is a constant. By Fourier
transform of Eq. (5.4.23), the complex modulus can be obtained

G(ω) = σ

ε
= G(∞)+ iω

∞∫

0

[G(t)− G(∞)]e−iωtdt. (5.4.24)

Respectively, the storage modulus and the loss modulus are

G1(ω) = G(∞)+ ω
∞∫

0

[G(t)− G(∞)] sinωtdt,G2(ω)

= G(∞)+ iω

∞∫

0

[G(t)− G(∞)] cosωtdt.

Relatively, the complex creep compliance is J (ω) = ε
σ

=
1/

[
G(∞)+ iω

∞∫
0

[G(t)− G(∞)]e−iωtdt

]
.

5.4.4 Complex Relaxation Modulus and Complex Creep
Compliance of Fractional Derivative Viscoelastic
Models

The initial relaxation and creep curve of traditional integer-order derivative
viscoelastic models cannot agree well with the experimental data. Therefore,
fractional derivative viscoelastic models attract more and more attentions. The
viscoelastic models based on the standard integral-order derivative cannot describe
the viscoelastic behaviors well, such as the stress relaxation of viscosity, super slow
relaxation of high molecular polymer and so on. These phenomena of viscoelastic
materials show history dependency and memory. Therefore, the fractional deriva-
tive which has memory is applied to model the viscoelastic constitutive relation.
As shown in Eq. (5.4.21), the general form of the traditional constitutive relation is
stated as [11, 42]

n∑
r=0

pr
drσ(t)

dtr
=

n∑
r=0

qr
drε(t)

dtr
.
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For traditional viscoelastic theory, r is an integer and the above equation contains
only integer-order derivative. The general fractional derivative stress–strain relation
can be got by introducing the fractional derivative operator, where the derivative
order of the left of equation is replaced with αr , the derivative order of the right of
equation is replaced with βr , αr and βr are arbitrary real number.

n∑
r=0

pr
dαrσ(t)

dtαr
=

n∑
r=0

qr
dβr ε(t)

dtβr
. (5.4.25)

Using Fourier transform on Eq. (5.4.25)

n∑
r=0

pr (iω)
αrσ(ω) =

n∑
r=0

qr (iω)
βr ε(ω). (5.4.26)

The complex relaxation modulus is

G(ω) =

n∑
r=0

qr (iω)βr

n∑
r=0

pr (iω)αr

, (5.4.27)

the complex creep compliance is

J (ω) =

n∑
r=0

pr (iω)αr

n∑
r=0

qr (iω)βr

(5.4.28)

Samewith the integer-order derivativemodels,G(ω) = G1(ω)+iG2(ω), J (ω) =
J 1(ω)+ i J 2(ω), real part and imaginary part represent storage modulus/compliance
and loss modulus/compliance, respectively [43].

5.4.5 Fractional Derivative Viscoelastic Models

The fractional derivative viscoelasticmodels can be obtainedwith the samemanner as
above-mentioned. With special parameters pr and qr , the corresponding mechanics
models can be obtained. Hooke’s law of elastic solid is σ(t) d0ε(t)/dt0 and the
constitutive relation of Newtonian viscous fluid is σ(t) d1ε(t)/dt1. Hence, some
scholars argued that since the mechanics properties of the viscoelastic body was
between the elastic solids and viscous fluids, the viscoelastic constitutive relation
should be σ(t) ∼ dβε(t)/dtβ(0 < β < 1). Viscosity and elasticity are two limit
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Fig. 5.15 Abel dashpot

state of viscoelasticity. So far, The most common method is to replace the orig-
inal traditional integer-order derivative Newton dashpot by the fractional derivative
viscoelastic Abel dashpot model σ = ηdβε(t)/dtβ [44] (Fig. 5.15).

When β = 1, the Abel dashpot reduces to the Newtonian dashpot and means the
Newtonian viscous fluid; when β = 0, the Abel dashpot is a spring component and
denotes elastic body. When the stress is constant, namely σ = σ0H(t), the Abel
dashpot can describe the creep behavior. Based on the Riemann–Liouville fractional
derivative definition, fractional integral on both sides of σ(t) ∼ dβε(t)/dxβ(0 <
β < 1) is

ε(t) = σ0

η

tβ


(1 + β) , (0 ≤ α ≤ 1). (5.4.29)

Taking different β, Eq. (5.4.29) will plot a series of curves, as shown in 5.16. It is
clear to see from Fig. 5.16, under constant stress, the strain of viscoelastic materials
increases slowly, does not like the linear increase of Newtonian fluid, and does not
keep constant strain as linear elastic body. Conclusively, the Abel dashpot is able to
reflect the nonlinear gradual process of strain [45].

Similarly, when the strain is constant, the Abel dashpot can describe the stress
relaxation behavior

σ(t) = ηε
t−β


(1 − β) , (0 ≤ β ≤ 1). (5.4.30)

Figure 5.17 shows a series of curves by Eq. (5.4.30) with different β. It can be
seen that when strain remains unchanged, the stress of Abel dashpot displays a slow
decrease, unlike the stress of Newtonian fluid which rapidly becomes zero.

Fig. 5.16 Creep curve of
Abel dashpot [45]
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Fig. 5.17 Stress relaxation
of Abel dashpot [45]

From Figs. 5.16 and 5.17, it is obvious to see that the Abel dashpot elements can
describe the various rheological behaviors of materials between the elastic solid and
the Newtonian fluid. When β tends to 1, the Abel dashpot closes to the elastic body,
while when β tends to 0, the Abel dashpot closes to the Newtonian fluid.

Therefore, the Abel dashpot is a component including an elastic component and
a damping component. The Abel dashpot actually has two parameters η and β.
Compared with the classical integer-order derivative damping component, the Abel
dashpot is able to control the rate of deformation, but also is able to control the stress
(strain). But the damping component can only control the rate of deformation by the
viscous coefficient. From this point of view, the Abel dashpot is better to reflect the
nonlinear gradual processes of rheological problems.

However, for plastic materials, the traditional model and the fractional derivative
model may both need to add the friction component to construct the viscoelastic
plastic model. The friction component is shown in Fig. 5.18. It consists of two plates
which contact with each other and have cohesive force and frictional force on the
contact surface, and reflects the rigid plasticity of materials. When the stress σ is
smaller than the flow limit σ 0, the friction component has no deformation; when the
stress σ is larger than the flow limit σ 0 and achieve the yield limit, the deformation
of friction component will grow unlimited.

The discrete fractional derivative viscoelastic constitutive models can be
constructed by components in series or in parallel. The traditional integer-order
derivative model cannot agree well with the experimental data in early creep and
relaxation. Such as the geotechnical rheology, the creep curve of Maxwell model
cannot be used to well fit the experimental curve of soil [46]. And the stress relax-
ation curve of the Maxwell model rapidly decays from the initial stress to 0 disad-
vantages. On the other hand, the stress relaxation curve of the Kelvin–Voigt model is
a horizontal line and cannot be used to fit the experimental curve of soil. For creep,
when t = 0, all stress is acted on the damping component, but the elastic component
and the damping component do not have strain at time t = 0. As time continues, the
elastic component and the damping component become to produce strain, but the

Fig. 5.18 Friction
component
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Fig. 5.19 Fractional
Maxwell model

stress of the damping element keeps decreasing and is converted to the elastic compo-
nent (because the summation of the stress of the elastic component and the damping
component is constant). Finally, the elastic element bears all stress and the strain
closes to σ /E. Of course, since the damping component corresponds to the Newto-
nian viscous fluid, the strain of which varies from the initial strain to the final strain
will be completed within a very short time. Thus, the initial creep curve suddenly
increases, and then the curve rapidly becomes a horizontal line. The whole process
is very fast, which does not agree with most actual processes. When integer-order
derivative mechanics models are used to simulate the viscoelastic material models,
lots of components are necessary to fit the experimental data well.

After introducing the fractional derivative Abel dashpot, models constructed by
combination of just a few components in series or in parallel can be well consistent
with the experimental data, can well simulate the storage modulus and loss modulus
of materials within a very broad range of frequency at the same time, and maintain
the advantage of clear physics concepts of the traditional theory [47]. The fractional
derivative viscoelastic models constructed by the above-mentioned method will be
described below [48].

1. Fractional Maxwell model [44, 48]

FractionalMaxwell model is composed by an elastic component and anAbel dashpot
component in series, and is used to describe the viscoelastic solid, as shown in
Fig. 5.19

Basedonphysical analysis, thismodelwill bemore in linewith the actual situation.
For the creep behavior, namely when stress is a constant, the function of the spring
component is used to produce the initial strain which is equal to σ0/E , and the Abel
dashpot describes the variation of strain with time. Therefore, compared with the
Maxwell model, the fractional Maxwell model agrees better with the real situation.

σe = Eεe, σv = ηdαεv/dtα;

ε = εe + εv, σ = σe = σv, (5.4.31)

where the subscript emeans the elastic component, the subscript v denotes the viscous
component. The constitutive equation of the fractional Maxwell model is

dασ

dtα
+ 1

τα
σ = E

dαε

dtα
, (5.4.32)

where τ means the relaxation time. The Laplace transform of Eq. (5.4.32) is
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sαε = 1

E
sασ + 1

η
σ . (5.4.33)

Then, Eq. (5.4.33) can be rewritten as

J (s) = ε

sσ
= 1

s E
+ s−α−1

η
. (5.4.34)

By the inverse Laplace transform, the creep compliance is

J (t) = 1

E
+ 1

η

tα


(1 + α) . (5.4.35)

Similarly, Eq. (5.4.33) can be rewritten as

G(s) = σ

sε
= sα−1

sα
E + 1

η

. (5.4.36)

By the inverse Laplace transform, the relaxation modulus is

G(t) = L−1

[
E

∞∑
k=0

(−1)k
( η

E

)−k
s−αk−1

]
= E H 1,1

1,2

[
Etα

η

∣∣∣∣ [0, 1][0, 1]; (0, 1)
]
,

(5.4.37)

where H 1,1
1,2 (x) is H-Fox function (See Appendix VI). The deducing process of the

above equation applies the following property of H-Fox function

∞∑
n=0

(−z)n
∏p

i=1 
(ai + Ai n)

n!∏q
i=1 
(bi + Bi n)

= H 1,P
P,Q+1

[
z

∣∣∣∣
[
1 − ap, Ap

]
[0, 1]; (1 − bq , Bq)

]
.

(5.4.38)

2. Fractional Kelvin–Voigt Model [48]

Fractional Kelvin–Voigt model is composed by an elastic component and an Abel
dashpot component in parallel, and is used to describe the viscoelastic solid, as shown
in Fig. 5.20.

Based on the physical analysis, for creep behavior, when the Abel dashpot is acted
by stress, it cannot respond suddenly as Newtonian fluid. Therefore, the strain will

Fig. 5.20 Fractional
Kelvin–Voigt model
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not develop from the initial strain 0 to the final strain σ/E0 in a very short time and
the creep curve will not show the sudden change, which is good at fitting well with
the experimental data. Of course, the actual effects need further inspection of actual
instances, rather than just physical analysis.

σe = Eεe, σv = ηdαεv/dtα,

ε = εe = εv, σ = σe+σv, (5.4.39)

where the subscript emeans the elastic component, the subscript v denotes the viscous
component. The constitutive equation of fractional Kelvin–Voigt model is

dαε

dtα
+ 1

τα
ε = σ

η
. (5.4.40)

And the creep compliance of the fractional Kelvin–Voigt model can be obtained
as follows:

J (t) = L−1

[
η−1

∞∑
k=0

(−1)k
( η

E

)k
s−αk−α−1

]

= η−1
∞∑

k=0

(−1)k


(αk + α + 1)

(
η

tα

E

)k+1

= tα

E
H 1,1

1,2

[
η

tα

E

∣∣∣∣ [0, 1][0, 1]; (−α, α)
]
.

(5.4.41)

The relaxation modulus is

G(t) = E + η t−α


(1 − α) . (5.4.42)

3. Fractional Zener Model [48]

Fractional Zenermodel is composed by an elastic component and a fractionalKelvin–
Voigt model in series, and is used to describe the viscoelastic solid.

ε = εe + εK , σ = σe = σK , (5.4.43)

where the subscript e means the elastic component, the subscript K denotes the
fractional Kelvin–Voigt model. The constitutive equation of the fractional Zener
model is

(
Ee + EK + ηK

∂αK

∂tαK

)
σ(t) =

(
Ee EK + EeηK

∂αK

∂tαK

)
ε(t). (5.4.44)
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4. Fractional Burgers Model [48]

FractionalBurgersmodel is composed by a fractionalMaxwellmodel and a fractional
Kelvin–Voigt model in series, and is used to describe the viscoelastic solid with a
viscous flow.

ε = εM + εK , σ = σM = σK , (5.4.45)

where the subscript M means the fractional Maxwell model, the subscript K denotes
the fractionalKelvin–Voigtmodel. The constitutive equation of the fractionalBurgers
model isofmassmeans change ofmass ins

(
EK + ηK

∂αK

∂tαK
+ EMηM(∂

αM /∂tαM )

EM + ηM(∂αM /∂tαM )

)
σ(t)

= (EK + ηK (∂
αK /∂tαK ))EMηM(∂

αM /∂tαM )

EM + ηM(∂αM /∂tαM )
ε(t). (5.4.46)

5. Generalized Zener model and generalized Poynting–Thomson model

Because many complex viscoelastic materials show self-similar properties, some
scholars combined the fractional viscoelastic models in series and in parallel to
describe the viscoelastic constitutive relation and proposed the generalized Zener
model and the generalized Poynting–Thomson model [49].

(1) Generalized Zener model

Generalized Zener model is composed by a combination of two tandem Fractional
Abel dashpots and a Fractional Abel dashpot in parallel (Fig. 5.21).

σL =
[

E1τ
α
1
∂α

∂tα
E2τ

β

2

∂β

∂tβ
/

(
E1τ

α
1
∂α

∂tα
+ E2τ

β

2

∂β

∂tβ

)
+ E3τ

λ
3
∂λ

∂tλ

]
ε;

σR = E3τ
λ
3
∂λε

∂tλ
, (5.4.47)

where the subscript L means the Left model, the subscript R denotes the right model.
The constitutive equation of the generalized Zener model is

σL =
[

E1τ
α
1
∂α

∂tα
E2τ

β

2

∂β

∂tβ
/

(
E1τ

α
1
∂α

∂tα
+ E2τ

β

2

∂β

∂tβ

)
+ E3τ

λ
3
∂λ

∂tλ

]
ε. (5.4.48)

(2) Generalized Poynting–Thomson model

Generalized Poynting–Thomsonmodel is composed by a combination of two parallel
Fractional Abel dashpots and a Fractional Abel dashpot in series [50] (Fig. 5.22).

The constitutive equation of the generalized Poynting–Thomson model is [49]
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Fig. 5.21 Generalized Zener
model [49]

Fig. 5.22 Generalized
Poynting–Thomson model
[49]

σ(t)+ E0

E
τα−λ

0Dα−λ
t σ(t)+ E0

E
τβ−λ

0Dβ−λ
t σ(t)

= E0τ
α
0Dα

t ε(t)+ E0τ
β
0Dβ

t ε(t). (5.4.49)

6. Fractional creep compliance and fractional relaxation modulus

Zhang [48] introduced the fractional derivative operator and proposed the fractional
creep compliance and fractional relaxation modulus:

J (t) = J0{1 + (J∞/J0 − 1)[1 − exp(−β1[(γ + α)t]1−α)]};
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G(t) = G0{1 − (1 − G∞/G0)[1 − exp(−β[(γ + α)t]1−α)]}, (5.4.50)

where J0 and G0 are the initial creep compliance and the initial relaxation modulus,
respectively; J∞ and G∞ are balancing creep compliance and balancing relaxation
modulus, respectively; α, β1, β and γ are material parameters which can be obtained
by experiments. This model can agree well with experimental data.

In addition to the above model, Pan and Tan apply the fractional Maxwell model
σ + λαdασ/dtα = Gλβdβε/dtβ to study unsteady flow between two parallel plates
[51]; Su and Xu use the fractional calculus to describe the gel layer of otolith organs
(viscoelastic solid) and endolymph (viscoelastic fluid) [52]; Zhang et al. [53] use the
fractional Zener model to describe the creep and relaxation of aging concrete.

7. Fractal Tree Model

Elastic components and viscous components, respectively, are described by Hooke’s
Law and the Newton law of viscosity, and the two basic components, Maxwell model
and Kelvin–Voigt model, of viscoelastic materials model are constructed by elastic
component and viscous component in series or in parallel. This subsection will
introduce a fractal tree model proposed by Zhu and Hu [54] which is constructed
by elastic components and viscous components in fractal sequences, as shown in
Fig. 5.23.

From Fig. 5.23, it is seen that the fractal tree model has self-similar feature and
each branch is similar to the whole model. Therefore, the fractal tree model is equal
to (Fig. 5.24).

Based on series and parallel formulas and the principle of self-similarity, we can
get

T = T T1

T + T1
+ T T2

T + T2
, (5.4.51)

Fig. 5.23 Fractal tree model [54]
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Fig. 5.24 Equivalent form
of the fractal tree model [54]

where T = 1, T2 = η

G D, then

T = √T1T2 = λ1/2D1/2, (5.4.52)

where D1/2 = d1/2

dt1/2 means 1/2 order derivative. Finally, the stress–strain relation of
viscoelastic materials described by the fractal tree model can be stated as

σ = Gλ1/2
d1/2ε

dt1/2
. (5.4.53)

If the viscous component of Fig. 5.23 is replaced by the fractal tree, then the
double fractal network can be obtained and the constitutive operator is

T = λ1/4D1/4; (5.4.54)

If the viscous component of Fig. 5.23 is replaced by the fractal tree, then another
double fractal network can be obtained and the constitutive operator is

T = λ3/4D3/4; (5.4.55)

Generally, if the elastic component and the viscous component of Fig. 5.23 are
replaced by two kinds of fractal tree components T3 = (λD)α , T4 = (λD)β , then the
constitutive operator of the fractal tree model is

T = √T3T4 = (λD)
α+β
2 . (5.4.56)

5.4.6 Data Fitting and Analysis of Rheological Experiments
of Soil

Most rheological experiments of soil are creep experiments, therefore, the exper-
imental data from Ref. [55] is fitted by the fractional Maxwell model, Merchant
model [46] and the five-parameter Kelvin model proposed in [55]. The fitting result
is compared and shown in Fig. 5.25; the parameters of models are listed in Table 5.1.
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Fig. 5.25 Creep curves

Table 5.1 Parameters of models

Parameters Fractional Maxwell model Merchant model Five-Parameter Kelvin model

E0/MPa 12.804 12.804 12.804

E1/MPa 10.625 10.625

κ or ξ/d·Mpa−1 11.8 3.536 3.536

E2/MPa 22.058

κ1/d·Mpa−1 325.218

β 0.118

The fractional Maxwell model and the Merchant model are both three parameters
models. From Fig. 5.23, it is seen that the fractional Maxwell model can fit with the
experimental data much better than the Merchant model. Compared with the five-
parameter Kelvin model, it is found that the fractional Maxwell model can fit with
the experimental data as well as the five-parameter Kelvin model, which illustrates
that the model combined by the soft body component and the spring component in
series are more effective to portray the rheological properties of soil.

In the case of the same effect, the application of Abel dashpot can achieve the
purpose of decreasing the number of parameters. It can be seen that the expression of
the above-mentioned fractional derivative models is relatively simple and have clear
physical meaning. However, they also have some shortcomings, such as when the
seriesmodel is applied to describe the creep phenomenon, its curve is amonotonically
increasing curve but does not have asymptotic behavior, which is unfavorable to
describe the rheological problems.
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5.4.7 Exact Solution of the Fractional Derivative Model
of Stokes Second Problem1 [56]

Stokes second problem is a kind of important flow problems, and its exact solution is
accessible. The exact solution can be used to describe the basic flowwhich deserves a
further investigation, and helps in benchmarking numerical solutions. It can be seen
that the exact solution of such equations is of great importance.

Stokes second problem is an unstable shear flow of viscous fluid near plates with
harmonic vibration, which has a wide range of applications in chemistry, medicine,
biology, microscopy and nanotechnology. Here are solving process of fractional
Stokes second problem of viscoelastic fluids [56].

First, the control equation of Stokes second problem of viscoelastic fluid is
introduced [56]. The constitutive equation is the constitutive equation of fractional
derivative component

σyx = Gλβ
∂βεyx

∂tβ
= Gλβ

∂β−1

∂tβ−1

(
∂u

∂y

)
. (5.4.57)

The momentum equation is

ρ
∂u

∂t
= ∂σyx

∂y
, (5.4.58)

where ρ is the density of fluid. The constitutive equation is substituted into the
momentum equation, then

ρ
∂u

∂t
= Gλβ

∂β−1

∂tβ−1

(
∂2u

∂y2

)
. (5.4.59)

If the vibration has frequency ω and amplitude U, the boundary conditions and
initial conditions can be written as

u(0, t) = U exp(iωt), t > 0, (5.4.60)

u(∞, t) = 0, (5.4.61)

u(y, 0) = 0, y > 0. (5.4.62)

The analytic solution of equation can be got by applying the Laplace transform
[56]. Non-dimensional-normalized the equation is

1 Part of this subsection selects from and refers the reference [56].
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u∗ = u

U
, y∗ = yU p

μ
, t∗ = tU 2ρ

μ
, η = tU 2ρ

G
. (5.4.63)

The master equation, boundary condition and initial condition can be written as

∂u

∂t
= ηβ−1 ∂

β−1

∂tβ−1

(
∂2u

∂y2

)
, 0 < β < 1 (5.4.64)

u(0, t) = exp(iωt), t > 0, (5.4.65)

u(∞, t) = 0, (5.4.66)

u(y, 0) = 0, y > 0. (5.4.67)

The Laplace transform of the velocity is

u(y, s) = L{u(y, t), s} =
∞∫

0

e−st u(y, t)dt. (5.4.68)

The Laplace transform of Eqs. (5.4.64), (5.4.65) and (5.4.66) is

∂2u

∂y2
= 1

ηβ−1sβ−2
u, (5.4.69)

u(∞, s) = 0, (5.4.70)

u(0, s) = 1

s − iω
. (5.4.71)

The solution of the above equation can be got

u(y, s) = 1

s − iω
· exp

(
−
(

1

ηβ−1sβ−2

) 1
2

y

)
(5.4.72)

The Taylor series expansion of above equation is

u(y, s) =
∞∑

n=0

(−y)n

η
n(β−1)

2 n! ·
∞∑

k=0

(iω)k
1

s
n(β−2)

2 +1−k
. (5.4.73)

The analytic solution can be got by the inverse Laplace transform
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u(y, t) =
∞∑

n=0

(−y)n

η
n(β−1)

2 n! ·
∞∑

k=0

(iω)k
t

n(β−2)
2 +k



(

n(β−1)
2 + 1 + k

) . (5.4.74)

5.5 The Power-Law Frequency Dependent Acoustic
Dissipation

Sound is a very common phenomenon in the daily life. Human can hear a variety
of voices and use sound to communicate with others. People have long realized that
sound is actually caused by the vibration of medium. People are able to hear sound
due to the vibration in the air which causes the vibration of eardrum. The nature of
sound is a kind of mechanical wave propagation in continuous media; the so-called
wave means the perturbation of energy and movement form propagates in media
and is the dynamic response of medium [57, 58]. Only in the presence of the media,
sound can only propagate in media and the space with sound is called sound field
[58].

5.5.1 Wave Propagation in Elastic Solids

The mechanical wave in solid media is usually called elastic wave (or plastic
wave/viscous wave) and the sound wave means the mechanical wave propagation in
fluid. Before introducing soundwave, the first to introduce is the basic theory of wave
propagation in solids. In fact, wave propagation in media is the dynamic response of
media under the external disturbance. Considering the dynamic balance caused by
the inertia force (without body force) [59]

σi j,i = ρui,t t , (5.5.1)

where σi j is the stress tensor, u is the displacement. Substituting the elastic
constitutive relation and geometric compatibility condition

σi j = λδi j�+ μ(εi j + ε j i ), (5.5.2)

σi j,i = μ∇2u + (λ+ μ)�,i , � = ∇ · u. (5.5.3)

where σi j is the stress tensor, εi j means the strain tensor, � is the bulk strain, λ and
μ are the Lame coefficients, thus the motion equation can be got [59]
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μ∇2u + (λ+ μ)�i = ρut t . (5.5.4)

The motion equation can be solved by transforming this time-domain equation to
frequency-domain equation with Fourier transformation. Without loss of generality,
it is assumed that wave propagates in x axial [58]

⎛
⎝ (λ+ 2μ)k2

1 − ρω2 0 0
0 μk2

1 − ρω2 0
0 0 μk2

1 − ρω2

⎞
⎠
⎛
⎝U01

U02

U03

⎞
⎠ = 0, (5.5.5)

where k is the wave number, U0i is the displacement of medium in i direction.
Therefore, three kinds of waves can be solved as follows:

(1) Frequency is ω1 = cLk1, wave velocity is cL = √
λ+ 2μ/ρ, displacement

is U1 = U01 exp(ik1x − iω1t) which is in the same direction with wave
propagation and means longitudinal wave;

(2) Frequency is ω2 = ω3 = cT k1, wave velocity is cL = √
μ/ρ, displacement is

U2 = U02 exp(ik1x − iω2t) and U3 = U03 exp(ik1x − iω3t) whose direction
is perpendicular to the wave propagation direction and means transverse wave.

In addition, the displacement vector can be decomposed as [57]

U = ∇�+ ∇ ×�, (5.5.6)

where Φ is the displacement of scalar potential and � means vector displacement
potential. Therefore, because the curl of gradient of scalar and divergence of curl of
vector are both equal to zero, the displacement part represented by scalar potential is
irrotational and the displacement part represented by vector potential does not cause
a change in volume [57]. Substituting Eq. (5.5.6) into the equation of equilibrium,
then we can get

∇[(λ+ 2μ)∇2Φ + ρΦt t ] + ∇ × (μ∇2Ψ + ρΨt t ) = 0, (5.5.7)

thus, the wave equation described by displacement of scalar potential Φ and vector
displacement potential Ψ are, respectively [58]

∇2Φ + Φt t

c2L
= 0 (scalar wave), (5.5.8)

and

∇2Ψ + Ψt t

c2T
= 0 (vector wave). (5.5.9)
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For scalar waves, displacement and wave propagation has the same direction and
no vortex, and displacement causes the change in volume, hence, the scalar wave
is called longitudinal waves or compression waves; for vector waves, displacement
direction is perpendicular to the wave propagation direction, and there is vortex but
no change in volume, hence, the vector wave is called transversal wave, also known
as equivoluminal wave or shear wave [58].

5.5.2 Classical Models of Dissipative Wave in Viscoelastic
Medium

The energy dissipation of wave propagation is not considered in the last subsection.
However, in the actual process, wave propagation must be accompanied by energy
dissipation. The reason is that the medium in which wave propagates is not ideal
medium, but viscoelastic medium which can both store and dissipate the energy. For
example, the experiments of seismic wave verify that the earth, in fact, is a kind
of viscoelastic materials [57]. When wave propagates in medium, there is not only
the transformation between the kinetic and potential energy, but also the mechanical
energy dissipationwhichmakes part of energy are transformed to heat due to damping
ofmedium [43]. FromSect. 5.4, the generalmodel of viscoelastic constitutive relation
is

P(σ (t)) = Q(ε(t)).

When describing dissipative wave propagation in viscoelastic medium, the
viscoelastic constitutive models are written as equivalent elastic constitutive model
by using the corresponding principle

σi j = λδi j�+ 2μεi j , λ = P

Q
λ, μ = P

Q
μ. (5.5.10)

Then, substituting the motion Eq. (5.5.10), the corresponding dissipative wave
equation can be got [58, 60]. Taking theMaxwell model and the Kelvin–Voigt model
as examples [11, 57]

The Maxwell model

λ = τD

1 + τD
λ, μ = τD

1 + τD
μ; (5.5.11)

The Kelvin–Voigt model

λ = (1 + τD)λ, μ = (1 + τD)μ, (5.5.12)
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where D is the first derivative. Substituting this relation into the Navier equation,
then we can get

μ∇2u + (λ+ μ)�i = ρut t . (5.5.13)

With the method mentioned in the last subsection, the longitudinal wave in the
viscoelastic medium can be stated as [57]

∇2Φ = ρ

(λ+ 2μ)
Φt t . (5.5.14)

Similarly, the transversal wave equation is

∇2Ψ = ρ

μ
Ψt t . (5.5.15)

From this, the wave speed of longitudinal wave and transversal wave are,
respectively,

cL =
√
λ+ 2μ

ρ
, cT =

√
μ

ρ
. (5.5.16)

The following takes the one-dimensional longitudinal wave equation in
viscoelasticmedia as example, andwill give thewave equations basedon theMaxwell
model and the Kelvin–Voigt model. Substituting the equivalent Lame coefficients of
viscoelastic materials, the corresponding wave equation in viscoelastic medium can
be got. Without loss of generality, the one-dimensional longitudinal wave equation
is [11, 57, 60]

Φxx = ρ

(λ+ 2μ)
Φt t . (5.5.17)

The Maxwell Model

λ = τD

1 + τD
λ, μ = τD

1 + τD
μ, (5.5.18)

then

c2L = τD

1 + τD
c2L , (5.5.19)

and the wave equation can be written as
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c2LΦxxt = Φt t t + 1

τ
Φt t . (5.5.20)

Integrating on both sides of the equation, thus the equation is equal to

c2LΦxx = Φt t + 1

τ
Φt + g(x), (5.5.21)

where g(x) relates to the initial condition and is the dissipative term. If considering
the displacement uL represented by the scalar potential, thus the longitudinal wave
equation is

c2LuLxxt = uLttt + 1

τ
uLtt or c2LuLxx = uLtt + 1

τ
uLt + g(x); (5.5.22)

The Kelvin–Voigt Model

λ = (1 + τD)λ, μ = (1 + τD)μ, (5.5.23)

therefore

c2L = (1 + τD)c2L , (5.5.24)

then the wave equation is

Φxx + τΦxxt = 1

c2L
Φt t , (5.5.25)

where τuxxt is the dissipative term. If considering the displacement uL represented
by the scalar potential, thus the longitudinal wave equation is

uLxx + τuLxxt = 1

c2L
uLtt . (5.5.26)

5.5.3 Fractional Derivative Model of Wave in Viscoelastic
Medium

The last subsection introduces the master equation of wave in viscoelastic medium
by elastic wave equation and the viscoelastic Maxwell model and the Kelvin–Voigt
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model. However, the traditional viscoelastic models use the integer-order deriva-
tives, and cannot effectively describe the memory relaxation and creep behav-
iors and power-law frequency dependent damping. This subsection uses fractional
viscoelastic models introduced in Sect. 5.4, and introduces the fractional derivative
wave equation to describe the dissipative wave in viscoelastic medium [11, 33, 43,
57–64].Without loss of generality, this subsection uses the fractionalMaxwell model
and the Kelvin–Voigt model to describe the one-dimensional longitudinal wave in
viscoelastic medium [11, 57, 60].

1. Fractional Maxwell model

Based on Eq. (5.5.10), the equivalent Lame coefficients of viscoelastic medium are

λ = τ∂α/∂tα

1 + τ∂α/∂tα
λ, μ = τ∂α/∂tα

1 + τ∂α/∂tα
μ. (5.5.27)

The wave speed of longitudinal wave in viscoelastic medium is

c2L = τ∂α/∂tα

1 + τ∂α/∂tα
c2L , (5.5.28)

and the wave equation is

c2L
∂αΦxx

∂tα
= ∂αΦt t

∂tα
+ 1

τ
Φt t . (5.5.29)

After integrating on both sides of the equation, the equation can be written as

c2LΦxx = Φt t + 1

τ

∂2−αΦ
∂t2−α

+ g(x), (5.5.30)

whereg(x) relates to the initial condition, 1
τ
∂2−αΦ
∂t2−α is the dissipative term. If considering

the displacement uL represented by the scalar potential, thus, the longitudinal wave
equation is

c2L
∂αuLxx

∂tα
= ∂αuLtt

∂tα
+ 1

τ
uLtt or c2LuLxx = uLtt + 1

τ

∂2−αuL

∂t2−α
+ g(x). (5.5.31)

2. The Fractional Kelvin–Voigt Model

Based on Eq. (5.5.10), the equivalent Lame coefficients of viscoelastic medium are

λ =
(
1 + τ ∂

α

∂tα

)
λ, μ =

(
1 + τ ∂

α

∂tα

)
μ. (5.5.32)

The wave speed of longitudinal wave in viscoelastic medium is
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c2L =
(
1 + τ ∂

α

∂tα

)
c2L , (5.5.33)

and the wave equation is

Φxx + τ ∂
αΦxx

∂tα
= 1

c2L
Φt t , (5.5.34)

where ∂αΦxx
∂tα is the dissipative term. If considering the displacement uL represented

by the scalar potential, then the longitudinal wave equation is

uLxx + τ ∂
αuLxx

∂tα
= 1

c2L
uLtt . (5.5.35)

5.5.4 Acoustic Wave in Fluids

This subsection introduces the differential equation of acousticwave in fluidmedium.
In describing the mechanical wave propagation in fluid medium, we mainly consider
variety of pressure, density and velocity of acoustic wave. This subsection first
considers a simple condition, namely acoustic wave propagation in uniform, static
and adiabatic ideal fluids. This subsection will discuss the effects of damping on
acoustic wave. Different from the elastic wave in solids, three conversation laws are
needed to be considered in describing acoustic wave in fluid [58]:

(1) Conservation of mass means change of mass inside the volume is equal to mass
flowing into the volume. The differential form of continuity equation is [65]

∂ρ

∂t
= −∇ · (ρv); (5.5.36)

(2) Momentum conservation means change of momentum is equal to active force.
The differential form of motion equation is [65]

∂

∂t
(ρv)+ ∇ · (ρvv)+ ∇ p = 0. (5.5.37)

Substituting continuity equation into motion equation, then the equation can
be stated as

ρ
∂v

∂t
+ ρv · ∇v + ∇ p = 0. (5.5.38)
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Considering linear problems and neglecting second-order small quantities
in the equation, the linear motion equation can be stated as [58]

ρ0
∂v

∂t
+ ∇ p = 0. (5.5.39)

ρ0 is the initial density, ρ the change of density, p denotes the sound pressure.
(3) Constitutive equation of pressure and density can be got by energy conservation

[65]. For adiabatic process, sound pressure is the function of density [58]

p = c20ρ, (5.5.40)

where c0 is wave speed. If considering linear problems and neglecting second-
order small quantities, the linear motion equation can be obtained [58]

∂ρ

∂t
= −ρ0∇ · v. (5.5.41)

Differentiating both sides of the equation and substituting into the motion
equation and constitutive equation, then the acoustic wave equation of pressure
and density are, respectively [65]

p̈

c20
= ∇2 p or

ρ̈

c20
= ∇2ρ. (5.5.42)

Similarly, the acoustic wave equation of velocity can be obtained. The
velocity vector of sound field can be expressed as [58]

v = −∇(∫ pdt
)

ρ0
. (5.5.43)

Based on the above equation, velocity of acoustic wave is the gradient
of scalar potential. Because fluid cannot bear shear force, only longitudinal
wave, rather than transversal wave, can propagate in fluid. Hence, acoustic
wave is longitudinal wave, can only cause change of volume. The acoustic
wave equation of velocity potential is [58]

φ̈

c20
= ∇2φ, (5.5.44)

which illustrates that acoustic wave in fluid is scalar wave.
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5.5.5 Acoustic Absorption and Frequency Dependent
Dissipation

The acoustic wave equation, Eq. (5.5.44), introduced in the last subsection, is only
available to the acousticwave propagation in non-viscous ideal fluid. However, actual
fluid medium is usually viscous fluid, even viscoelastic fluid or multi-phase medium.
Acoustic wave in these media will produce dissipation of mechanical energy due to
viscosity of medium which leads to decrease in amplitude of acoustic wave. This
subsection mainly introduces theories and mechanical models of describing acoustic
attenuation.

There are three reasons which lead to decrease of amplitude of acoustic wave,
namely acoustic diffusion, acoustic scattering and acoustic absorption. Acoustic
diffusion means that when acoustic wave propagates, such as sound radiation,
the wave front will keep expanding, which makes the energy density and ampli-
tude of sound decrease. This phenomenon is called radiation damping in some
references. Acoustic scattering means that when sound propagates, sound will be
reflected by obstacles, thus, the direction of sound propagation is changed and part of
acoustic energy losses. Acoustic absorption means when sound propagates, mechan-
ical energy is transformed to heat by viscoelastic damping of media, also called
acoustic attenuation [58].

This subsection discusses acoustic attenuation. Classical fluid mechanics
considers fluids with Newtonian viscosity, shear stress of which is proportional to
gradient of velocity

τ = η
∂

∂x

∂u

∂t
. (5.5.45)

Based on balance of force, the viscous effects can be introduced into the following
constitutive equation

p = c20ρ + τ = c20ρ + η

ρ
ρ
∂

∂x

∂u

∂t
. (5.5.46)

With the method in Sect. 5.5.4, substituting the above equation into the motion
Eq. (5.5.37), then, the viscous acoustic wave equation with energy dissipation can
be got [58]

ρu′′ = ρc20
∂2u

∂x2
+ η ∂

2

∂x2

∂u

∂t
. (5.5.47)

The complex wave number of dissipative acoustic wave k = ω
√

ρ

ρc20−iωη
can

be obtained by Fourier transformation. If the viscosity of medium is small, then
the complex wave number can be simplified as k = ω

c0
+ i ω

2η

2ρc30
, and its imagi-

nary part means energy dissipation which is proportional to square of frequency,
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namely acoustic dissipation in classical Newtonian fluid is proportional to square of
frequency [58].

Dissipative acoustic wave Eq. (5.5.47) can only describe the frequency-squared
dependent acoustic dissipation in Newtonian viscous fluid. Many materials in nature
and engineering field have complex viscoelastic properties and rheological behav-
iors, and represent more complex dissipative properties, such as biological tissues,
rock and soil, gel, foam, underwater sediment and so on. Moreover, nonuniformity
of medium will result in acoustic scattering which plays an important role in atten-
uation of acoustic wave [58]. Lots of papers [17, 18, 58] report experiments on
acoustic absorption in biological tissues and soil showacoustic attenuation are power-
law frequency dependent, rather than frequency-squared dependent in most cases.
Numerous experimental and field measurements find that the acoustic attenuation
coefficient α(ω) of a wide range of human tissues and other soft matters can be
expressed as the following empirical power law with respect to frequency

P(x +�x) = P(x)e−α(ω)�x , (5.5.48)

α = α0|ω|η, (5.5.49)

where x is the direction of wave propagation, �x denotes the wave propagation
distance, ω is the angular frequency, P the pressure, α0 and α the attenuation coeffi-
cients, η exponent of frequency power lawwhich are obtained by fittingmeasurement
data. It is obvious that the higher frequency is, acoustic wave has more dissipation.
For general ideal solid or fluid, η is equal to 0 or 2, namely energy dissipation is not
frequency-independent or frequency-squared dependent, such as, η of ultrasound in
water is equal to 2. But the exponent of frequency power law η of complex media
(such as human tissues, polymer, liquid crystal, soil, gel, particulate matter, porous
rock, foam, fabric, oil and other soft condensed state matters) is in the range of 0 to
2. For example, η of layered porous rock and underwater sediment is near to 1. η of
kinds of human tissues are between 1.1 and 1.7, such as η of fatty tissue is 1.7, η of
tumor is 1.3, η of connective tissue is 1.5 [3–6]. Therefore, we can differentiate the
cancer tissue with the normal tissue.

Figure 5.26 shows the variety of acoustic absorption of breast tissue, muscle and
blood versus frequency from0 to 10MHz. From this figure, it is clear to see that linear
proportional relationship of power-law function, and the slop of these curves means
the exponent of frequency power law. Because the breast tissue consists of many
different tissues (skin tissue, fatty tissue, glandular tissue and vessel), its function of
dissipation-frequency relationship is the combination of power-law relation of these
tissues and then displays as a curve. This kind of power-law relation of frequency-
dependent energy dissipation is not limited to human tissues. For example, Fig. 5.27
shows power-law attenuation data of some typical soft and crystal materials, such
as different porous rocks and liver tissue, in log–log plot, where “shear” and “long”
means shear wave and longitudinal wave, respectively. The unit dB means denary
logarithm and is used to measure the relative size of the acoustic intensity. The
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Fig. 5.26 Frequency-dependent energy dissipation of human tissues (supplied by Prof. Szabo of
Boston University)

Fig. 5.27 Data for shear and longitudinal wave loss which show power-law dependence over four
decades of frequency (From the reference [66])

slop of straight line is exponent of frequency power law of energy dissipation. For
example, exponent of frequency power law η of longitudinal wave in bovine liver is
equal to 1.3, in the range of frequency 1–100 MHz. YIG (Indium yttrium Garnet)
is a kind of ideal crystal material and exponent of frequency power law η of shear
wave and longitudinal wave in YIG is equal to 2, even with a very high frequency.
Granite 1 and granite 2 are two kinds of granite. Exponent of frequency power law
η of longitudinal wave in granite 1 is equal to 1, in the range of frequency 140 Hz
to 2.2 MHz. These examples clearly illustrate the power-law frequency-dependent
attenuation of ultrasound in complex media.
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The following classical dampedwaveEq. (5.5.50) canonly describe the dissipative
wave with frequency-independent dissipation, namely η = 0 [17, 67]

∇2 p = 1

c20

∂2 p

∂t2
+ 2α0

c0

∂p

∂t
, (5.5.50)

where p means the sound pressure, c0 denotes sound speed. The standard thermo-
viscous wave Eq. (5.5.51) can only describe the dissipative wave equation with
frequency-squared dependent dissipation, namely η = 2 [17, 67]

∇2 p = 1

c20

∂2 p

∂t2
+ 2α0c0

∂

∂t

(−∇2 p
)
. (5.5.51)

The second terms on the right side of Eqs. (5.5.50) and (5.5.51) are the dissi-
pative terms. Hence, the standard dissipative wave equations can only describe
the frequency-independent or frequency-squared dependent acoustic dissipation,
but cannot describe the anomalous acoustic dissipation in complex media, such as
human tissues, with 0 < η < 2. The power-law frequency-dependent energy dissi-
pation in complex media are called anomalous dissipation, and are also called non-
exponential relaxation, hysteresis, non-elastic damping, and Constant-Q attenuation
in different academic disciplines [68]. The anomalous acoustic dissipation is related
to the anomalous diffusion in many papers [17], which will not be discussed here.

Due to the requests of researches on geophysical exploration, new materials,
biomechanics, medical engineering and other academic disciplines, in recent years,
physical modeling of these anomalous dissipation processes has aroused widespread
attention at home and abroad. Anomalous dissipation, in fact, is the power-law
frequency-dependent acoustic dissipation. Therefore, some scholars try to model
this acoustic attenuation behavior in frequency domain [69], but these models
cannot be applied to nonlinear and complex geometric domain. On the other hand,
some scholars use nonlinear models to describe the power-law frequency-dependent
acoustic attenuation. But nonlinearmodels are very complex and expensive in numer-
ical calculation, and very difficult in model analysis. The representative models
constructed by using standard integer-order partial differential equations in time–
space domain are the multi-relaxation model [70] and the adaptation Rayleigh ratio
damping model [71]. Although these two models are successful to apply in many
cases, but the former needs many parameters which are not easy to get by exper-
iments, are very complex, has lots of variables and expensive computational cost;
and the latter is not available to describe the acoustic dissipation of broadband signal
and pulse signal [72]. These two models are empirical or semi-empirical models,
essentially cannot accurately describe the anomalous energy dissipation processes.

Since Caputo et al. [73] did the pioneering works, fractional derivative is found
as a powerful method in describing this kind of physical and mechanics problems
[74, 75]. In recent years, the number of papers related to the fractional derivative
increases quickly. Fractional derivative models only request a few parameters which
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can be obtained by fitting experimental data and have clear physical meanings. And
fractional derivative models have simple form and can satisfy the causality relation
when describing the dissipative acoustic wave and vibration.

To achieve accurate numerical simulation of ultrasonic medical imaging, an
acoustic wave model is indispensable to represent the power-law frequency-
dependent viscous dissipation. One of the main difficulties of ultrasonic medical
imaging is human tissues are very complex and multi-phase media composed by gas,
liquid and solid matters. But recent models in describing acoustic wave in complex
media are most empirical or semi-empirical models with lots of parameters without
clear physical meanings, and classical dissipative wave equations which are used to
describe acoustic wave propagation in ideal solid and fluid do not agree with the
experimental data. For example, because human body has much water, thus, human
body is considered water in traditional ultrasonic medical imaging, however, the
calculated and experimental results cannot match well. Taking ultrasonic medical
imaging of human body as example, sound speed and energy dissipation have strong
relationwith physical andmechanics properties of human tissues. For example, sound
speed and acoustic dissipation properties of tumors and normal tissues are much
different. The standard integer-order derivative models cannot accurately describe
the frequency-dependent acoustic attenuation [13]. So far, fractional calculus has
become one of the main modeling methods of this kind of complex mechanics prob-
lems [13, 43, 76, 77], but the standard fractional derivative is not positive. The
following Eq. (5.5.52) is the time-fractional derivative dissipative acoustic wave
equation with power-law frequency-dependent attenuation:

∇2 p = 1

c20

∂2 p

∂t2
+ γ ∂

∂t

∂ y p

∂t y
(5.5.52)

where coefficient γ is decided by wave speed c0, exponent of frequency power law η
and attenuation coefficient α0. η of Eq. (5.5.52) can be arbitrary real number between
0 and 2.

On the other hand, Professor Szabo in US [17] published the causal time convolu-
tional integralwave equationwhich can describe the power-law frequency-dependent
acoustic attenuation. Although the time convolutional integral wave equation by
Szabo is widely used, this equation includes the hypersingular improper integral
leading to troubles in numerical computation. Chen and Holm [18] noted the simi-
larity of the attenuation term of Szabo’s time convolutional integral wave equation
and fractional derivative. To remedy the hypersingular improper integral of the time
convolution integral wave equation by Szabo, Chen and Holm [18] introduced the
positive fractional derivative and thus proposed the modified Szabo’s wave equation:

1

c20

∂2P

∂t2
+ 2α0

c0
Qy(P) = �P, (5.5.53)
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where

Qy(P) =
⎧⎨
⎩
∂P/∂t η = 0
∂ |η|+1 P
∂t |η|+1 0 < η < 2
∂3P/∂t3 η = 2

,

where P is sound pressure,�means the Laplace operator, α0 denotes the attenuation
coefficient and η is the exponent of power law (η > 0, here η means the derivative
order of positive fractional derivative), c0 is the wave speed of ultrasound, 
(η) is
the Gamma function, and the definition of positive fractional derivative is [18]

d|η| P(t)
dt |η| =

⎧⎪⎪⎨
⎪⎪⎩

−1
ηq(η)

t∫
0

P ′(τ )
(t−τ)η dτ 0 < η ≤ 1

1
η(η−1)q(η)

t∫
0

P ′ ′(τ )
(t−τ)η−1 dτ 1 < η < 2

(5.5.54)

where the constant q is

q(η) = π

2
(η + 1) cos[(η + 1)π/2] .

Compared with the fractional derivative, the Fourier transformation of positive
fractional derivative is equal to (|ω|ηP) and is positive, thus, the modified Szabo’s
wave equation agrees with the power-law frequency-dependent acoustic attenuation,
as shown in the above-mentioned Eqs. (5.5.48) and (5.5.49) [18].

In this subsection, the finite differencemethod (FDM) is used to numerically solve
the modified Szabo’s wave equation and simulate the CARI of breast tumors. The
FDM discretization of the modified Szabo’s wave equation viscous attenuation term
with the positive fractional derivative is written as follows [78, 79],

(1) When 0 < η < 1,

d|η|+1P

dt |η|+1
= −1

ηq(η)

t∫

0

P ′′(τ )
(t − τ)η dτ

≈ −1

ηq(η)

n−1∑
k=0

Pk+2 − 2Pk+1 + Pk

�t2

(k+1)�t∫

k�t

dτ

(tn − τ)η

= −1

ηq(η)

n−1∑
k=0

Pn−k+1 − 2Pn−k + Pn−k−1

�t2

(k+1)�t∫

k�t

dr

rη
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= −1

η(1 − η)q(η)
n−1∑
k=0

Pn−k+1 − 2Pn−k + Pn−k−1

�tη+1
[(k + 1)1−η − k1−η],

(5.5.55)

(2) when 1 < η < 2,

d|η|+1P

dt |η|+1
= 1

η(η − 1)q(η)

t∫

0

P ′′′(τ )
(t − τ)η−1

dτ

≈ 1

η(η − 1)q(η)

n−3∑
k=0

Pn−k+1 − 3Pn−k + 3Pn−k−1 − Pn−k−2

�t3

(k+1)�t∫

k�t

dr

rη−1

+ 1

η(η − 1)q(η)

P3 − 3P2 + 3P1 − P0

�t3

n�t∫

(n−2)�t

dr

rη−1

= 1

(2 − η)η(η − 1)q(η)
n−3∑
k=0

Pn−k+1 − 3Pn−k + 3Pn−k−1 − Pn−k−2

�tη+1
[(k + 1)2−η − k2−η]

+ 1

(2 − η)η(η − 1)q(η)

P3 − 3P2 + 3P1 − P0

�tη+1
[n2−η − (n − 2)2−η].

(5.5.56)

Considering the initial and boundary conditions according to actual ultrasonic
medical imaging [80, 81], as shown in Fig. 5.28.

Fig. 5.28 Two-dimensional
configuration of CARI of
breast tumors [81]
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As tissue is exposed to air during the ultrasonography examination, the initial
conditions are stated as

P(x, 0) = Patm, ∂P(x, 0)/∂t = 0; (5.5.57)

and the pressure on the transducer is equal to the pressurePtran of the input ultrasound

P(xtran, t) = Ptran(x, t); (5.5.58)

where Ptran is inputted ultrasound. The lower plate is the reflecting plate subjected
to the reflecting boundary condition

∂P(x, t)/∂n = 0; (5.5.59)

and the others are non-reflecting boundaries

∂P(x, t)
∂n

= − 1

c0

∂P(x, t)
∂t

. (5.5.60)

To ensure accuracy and stability of the numerical computation, the following
condition should be satisfied [80, 81]

�t ≤ 1

c0

(
1

�x2
+ 1

�y2

)−1/2

. (5.5.61)

The modified Szabo wave equation is the positive fractional derivative equation.
Same with the fractional derivative equation, the computational cost of positive frac-
tional equation is very large. Hence, here we consider a small computational domain.
We consider the 20 mm × 20 mm homogeneous breast tissue and another one with
a 2 mm × 4 mm tumor in its center. The 3.75 Hz ultrasound is transformed into the
tissue. The mean wave speeds and attenuation parameters in the fatty tissue and the
tumor, respectively, are c0fat = 1475m/s, ηfat = 1.7, α0fat = 15.8/(2π )1.7dB/m/MHz1.7

and c0tum=1527m/s, ηtum =1.3, α0tum = 57.0/(2π )1.3dB/m/MHz1.3, which were got
from the medicinal examination [82, 83]. Wave length λ = c0/f ≈0.4 mm, the time
before reflection is about 13.33μs. In this subsection, the time step is Δt = 2.6657
× 10-2μs, the space grid sizes are Δx = 0.05 mm, Δy = 0.1 mm (x is the direction
of wave propagation, y is the direction of reflecting plate). The inputted ultrasound
is [81]

Ptran(x, t) =
{

Patm
[
1 + cosωt

2

(
1 + cos ωt

4

)]
0 ≤ t ≤ 1.2μs,

Patm t ≥ 1.2μs,
(5.5.62)
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where Ptran is the inputted ultrasound, Patm is the standard atmospheric pressure, ω1

= 2π f , ω2 = ω1/4.
By numerical computation, Figs. 5.29 and 5.30 show numerical results of normal

tissues and tissue with a tumor in the center.

Fig. 5.29 Ultrasound pressure when t = 13.33 μs. a Normal tissue b Tissue with a centered tumor
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Fig. 5.30 Ultrasound pressure along reflecting plate (x = 20 mm) when t = 13.33 μs. Dash line
means the pressure of normal tissue; solid line denotes the pressure of normal tissue

From the numerical results shown inFig. 5.29, the profile of normalized ultrasound
pressure displays fluctuation when ultrasound travels through the region of tumor,
which differs greatly from that of the normal tissue. Additionally, the reflecting line
of ultrasound pressure of the normal tissue is straight. Otherwise, if there is a tumor
in the breast tissue, as shown in Fig. 5.30, the reflecting line is enhanced, which
is a recognizable signature of tumor existence inside the fatty tissue. This finding
coincides with clinical observations. Our above numerical results suggest that the
modified Szabo’s wave equation can well describe the frequency-dependent power
law of acoustic dissipation in human tissues.

Power-law Frequency Dependency and Fractal Characters of Media

Chen [84] rewrites the power-law dissipative formula (5.5.49) as

η = ln α(ω)/α0
ln|ω| , (5.5.63)

which clearly reveals the self-similarity of power-law frequency-dependent dissipa-
tion. Fractal can portray the similarity of medium. Exponent of power law η can be
explained as fractal dimension of medium. Mandelbrot [85] and Sato [86] noted the
relation between the Lévy stable distribution and fractal. Section 2.8.3 points that η,
in fact, is exponent of the Lévy distribution. Hence, η is the fractal dimension.

Exponent of power law η is keeps constant in the wide range of frequency, which
illustrates that η is decided by spacial structures and denotes fractal dimension of
diffusion processes. For example, exponent of power law η of different human tissues
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is different which means the fractal dimension η portrays statistical geometric char-
acteristics of biological macromolecules and determines the physical and mechanics
behavior of the media.

Herrchen [87] pointed self-similarity of real physical problems only exists in
certain scales. This agrees with many experimental results. Exponent of power law
η of power-law frequency-dependent dissipation keeps constant in a certain range of
frequency.

5.5.6 Fractional Laplacian Equation of Power-Law
Frequency-Dependent Dissipative Acoustic Wave

The time-fractional derivative models introduced in subsection 5.5.5 simplified the
time–space energy dissipation process (as shown in the second term in right side of
Eq. (5.5.51)) to a time process described by time-fractional derivative operator (as
shown in Eqs. (5.5.52) and (5.5.53)). Pure-time modeling of attenuation considers
only the correlation between time and energy dissipation. Energy dissipation is not
only a time-dependent process, but also depends on space. Ochmann and Makarov
[88] point that this simplification is only possible if the interaction between two
oppositely traveling sound waves can be neglected and the thermoviscous term is
relatively small. From a mathematical point of view, when the anomalous energy
dissipation with exponent η greater than 1, master equation has time derivative with
order more than 2 and needs not only the initial displacement and speed condi-
tions, but also requires initial acceleration conditions. But for many actual engi-
neering problems, initial acceleration is unknown. In addition, Pure-time modeling
with time derivative cannot describe the spacial anisotropy of medium, and only
represents the time average results. In one word, time-fractional derivative models
have limitations. Hence, applying spacial fractional derivative models to describe the
anomalous acoustic dissipation is very meaningful.

Spatial fractional derivative is the fractional Laplace operator based on the frac-
tional Riesz potential [89] (also called the Riesz fractional derivative, refer to
Sect. 2.1.4). The spacial fractional derivative is used to model various physical and
mechanics problems in recent ten years, such as the anomalous diffusion equation.
This operator is defined by Fourier transformation. Cheng and Chen did some path-
breaking works. However, the definition based on Fourier transformation is very
useful in mathematical analysis, but are not available for applications in engineering
fields. Then, the definition of spatial fractional derivative based on the approximated
difference operator is proposed andwidely used. But this kind of definition has hyper-
singularity, which is applicable only for simply boundary conditions [90, 91], and are
not available in engineering modeling and numerical computation. Fractional Lapla-
cian is far inferior to the time-fractional derivative in research on theory, application
and numerical algorithms.
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BasedonCaputo’s fractional derivative,Chen andHolm [90] proposed the analytic
definition of fractional Laplace operator. This definition does not use the Fourier
transformation and remedy the hypersingularity of the definition based on differential
operator.

Thus, Chen and Holm [90] deduced the fractional Laplacian wave equation which
is causal and can describe the power-law frequency-dependent acoustic dissipation

∇2 p = 1

c20

∂2 p

∂t2
+ 2α0

c1−y
0

∂

∂t

(−∇2
)η/2

p, (5.5.64)

where c0 is the wave speed,
(−∇2

)y/2
is the fractional Laplacian operator, 0 ≤ η ≤

2. When η = 0 or 2, Eq. (5.5.64) reduces to the classical damped wave Eq. (5.5.50)
and the thermoviscous wave Eq. (5.5.51).

Because the traditional definition of fractional Laplacian is defective, researches
of numerical computation on the fractional Laplacian are only on one-dimensional
problems [92–94]. Chen and Holm [90] proposed an analytic definition of frac-
tional Laplacian which can be used to develop numerical method of two or three-
dimensional fractional Laplacian wave equations. Chen and Zhang [95] have made
the first attempt to develop a numerical approach for the two or three-dimensional
fractional Laplacian wave equation. The proposed method introduces a numerical
integral technique of boundary element method which employs triangular subele-
mentswith local coordinate systems to obtain aweak singular integral. Consequently,
the numerical discretization of the fractional Laplacian wave equation is established
by combining the above-mentioned numerical integralmethod and theGalerkin finite
element formulation. In addition, we numerically simulate the ultrasound propa-
gation through human tissues in ultrasonic medical imaging of breast tumors by
the clinical amplitude-velocity reconstruction imaging (CARI). Two-dimensional
numerical results verify the effectiveness of this new scheme and show that the frac-
tional Laplacian wave equation describes well the power-law frequency-dependent
acoustic attenuation. The spatial fractional Laplacian, in fact, is a global convolution
operator. Its computing cost is very expensive. The development of the fast algorithm
is an important issue.

With the numerical technique for singular integral, the finite element formulation
of fractional Laplacian wave equation is stated as follows:

∑
e

∫ [
(∇N)T (∇N)Pe + NT 1

c20

∂2

∂t2NP
e + NT 2α0

c1−η0

∂
∂t Q

eP
]
d�

−∑
e

∫
NT ∂N

∂n P
edS′ +∑

e

∫
NT 1

c0
∂
∂t NP

edS2 = 0
, (5.5.65)
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where η is the order of the fractional Laplacian. Overall coefficient matrix is assem-
bled with element coefficient matrix and the finite element discretization can be
written as

∂2

∂t2
MP + ∂

∂t
BP + KP = 0, (5.5.66)

where

M = C = 1
c20

∑
e

∫
NTNd�

B =∑
e

∫
NT 2α0

c1−η0

Qed�+∑
e

∫
NT 1

c0
NdS2

K =∑
e

∫
(∇N)T (∇N)d�−∑

e

∫
NT ∂N

∂n dS′
.

Using the above finite difference method in time domain, we can numerically
calculate the fractional Laplacian wave equation.

We employ 800 8-node quadrilateral isoparametric structural elements, and
consider 4 mm × 2 mm tissue and 0.4 mm × 0.4 mm centered tumor here. The
element size is 0.1 mm × 0.1 mm, and time step is 6.5490 × 10−3 ms. Numer-
ical results in Fig. 5.31 show that the sound pressure profile along reflecting line
is enhanced which indicates the suspicious existence of the tumor, same as clinical
observations. The accuracy of this numerical method needs to be further improved.

One of the main research goals of soft matter mechanics is to construct the
mechanics phenomenological constitutive equation of soft matters. Acoustic wave
propagation and damped vibration can reflect themechanics properties of softmatters
and related models and researches are meaningful in many engineering fields. For
example, the damping property of dampers which are used to shock absorption of
buildings do not like that of viscous fluid, but show power-law frequency-dependent
energy dissipation; anomalous dissipation of seismic waves in porous rocks and oil
in seismic exploration; biological bodies (such as cell, blood, protein, DNA and so
on) are typical of soft matters. To achieve accurate numerical simulation of ultra-
sonic medical imaging, an acoustic wave model is indispensable to represent the
power-law frequency-dependent viscous dissipation.

5.5.7 Fractional Derivative Models of Nonlinear Acoustic
Wave

Most nonlinear acoustic wave models are only available to describe the frequency-
independent and frequency-squared dependent acoustic dissipation [96]. Thus, their
actual scope of application has been largely restricted. This subsection refers to
reference [18] by Chen and Holm. The fractional Laplacian wave equation intro-
duced in Sect. 5.7.6 is generalized to describe the nonlinear dissipative acoustic
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Fig. 5.31 Normalized
ultrasound pressure when t
= 1.3 ms, a pressure in the
normal breast tissue, b
pressure in the tissue with a
centered tumor. c
Normalized ultrasound
pressure along the reflecting
line (x = 2 mm) when t =
1.3 ms. The solid line
denotes the sound pressure
profile of the normal tissue,
while the dashed line means
the sound pressure profile of
the tissue with a centered
tumor
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wave with power-law frequency dependent dissipation. It is pointed that the dissipa-
tive term of the nonlinear dissipative wave equation has the same form with that of
the linear dissipative wave equation. Blackstock [97] proposed a simple method in
constructing nonlinear anomalous diffusion equation which replaces the dissipative
term of nonlinear models with the corresponding dissipative terms of linear models.
Blackstock [97] used perturbation methods to verify this method. Szabo [17] applied
this method to generalize the time convolutional integral wave equation to nonlinear
acoustic wave equation, such as Burgers, KZK and Westervelt equations. Chen and
Holm [18] used the samemethod to generalize the fractional Laplacianwave equation
to the nonlinear acoustic wave equation.

One-dimensional plane wave expression of the Burgers equation, one of the most
simple nonlinear acoustic wave equation:

∂p

∂t
+ Bp

∂p

∂z
− ε ∂

2 p

∂z2
= 0, (5.5.67)

where B is the nonlinear coefficient [98], ε denotes a constant which is proportional
to viscous and thermal-conductivity coefficient [97]. It is known that the integer-
order derivativeBurgers equation [96, 97] describes the frequency-squareddependent
acoustic dissipation. In this subsection, we neglect the detailed deducing process and
directly give the following fractional derivativeBurgers dissipative acoustic equation.

∂p

∂t
+ Bp

∂p

∂z
+ 2α0c1+y

0

(
− ∂2

∂z2

)y/2

p = 0. (5.5.68)

The above fractional derivativemodel (5.5.68) belongs to fractal Burgers equation
or fractional derivative convection–diffusion equation. Biler et al. [99] introduced
this equation in detail. The three-dimensional form of this equation can be written as

∂p

∂t
+ Bp · ∇ p + 2α0c1+y

0

(−∇2
)y/2

p = 0, (5.5.69)

where ∇p denotes pressure gradient vector, < · > means the dot product of vectors.
Ochmann and Makarov [88] also developed the time-fractional derivative Burgers
equation. Similarly, Chen and Holm [18] also developed nonlinear KZK,Westervelt,
Boussinesq models with fractional Laplacian which can describe the power-law
frequency-dependent dissipation.

5.5.8 Fractional Derivative Seismic Wave Model

Lots of researches on seismic wave show that its attenuation is proportional to
frequency, namely Q is frequency-independent, thus, the constant Q model is an
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effective method to describe the attenuation of seismic wave [100]. The so-called Q
is the quality factor

Q = ωm

c
, (5.5.70)

is used to measure the medium damping and energy dissipation of wave propagation,
whereωmeans the natural frequency of vibration without damping, c is the damping
coefficient, m is the mass [58]. The lower Q is, the medium damping and energy
dissipation of wave will be larger. Carcione et al. [100] proposed the fractional
derivative models with constant Q to describe the seismic wave. The stratum is not
ideal elastic body, but viscoelastic body. Kjartansson considered one-dimensional
viscoelastic constitutive relation of the stratum as [101]:

σ(t) = J (t) ∗ ε̇(t), J (t) = K0


(1 − 2γ )

(
t

τ

)−2γ

H(t), (5.5.71)

where J(t) is relaxation function, t the time, * means the convolutional integral, τ is
the relaxation time, H is the step function, K0 is the bulk modulus, γ is a constant
coefficient

γ = 1

π
tan−1

(
1

Q

)
(0 < γ < 1). (5.5.72)

By the Fourier transformation and analysis in frequency domain, the constitutive
relation (5.5.72) can be rewritten as [101]

σ(ω) = iωJ (ω)ε(ω), M(ω) = iωJ (ω) = K0

(
iω

ω0

)2γ

. (5.5.73)

Based on the frequency domain constitutive relation (5.5.73) and the Fourier
transformation of fractional derivative, the time domain constitutive relation is [43,
102]

σ = ρD
∂2γ ε

∂t2γ
. (5.5.74)

Carcione et al. [100] used the constitutive relation in Eq. (5.5.71) to get the
following fractional wave equation to describe the seismic wave:

∂βu

∂tβ
= D�u + f, β = 2 − 2γ, (5.5.75)
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where u is the displacement,β is the time-fractional derivative order,D is thematerial
parameter. Reference [100] uses the fractional derivative constantQmodel to numeri-
cally simulate seismic wave and compare the numerical results with the experimental
data. The numerical results can agree with the experimental data.

5.6 The Fractional Variational Principle of Mechanics

5.6.1 Variational Principle of Mechanics

Variational principle is one of the basic principles in the theory of classical analytical
mechanics, mainly involving Hamilton’s principle, Lagrange equations, Hamilton–
Jacobi equations, Hamiltonian canonical equations and other important principles of
mechanics [57, 103]. Variational principle was first used in the study of mechanical
and optical problems, and then gradually expanded to various physical areas. In
physics, variational principle is called the principle of least action, that is to say,
the real path from one state to another makes one action get the minimum value.
Variational principle is a mathematical form of the principle of least action, and
Hamilton’s principle is an importantmethod to studydynamical systems andquantum
mechanics. By utilizing Hamilton’s principle, as long as the Hamiltonian of the
system is obtained, the characteristics of the phase space of the dynamical system
are easy to achieve. Meanwhile, Hamilton’s principle is an effective tool to study the
chaotic characteristics of nonlinear dynamical systems.

The following is a brief introduction to the variational principle [57, 103]. Assume
that � is the function of L(x), and for all functions with the endpoint A and B, L1

(x) makes functional� get the minimum value. The function� can be written as�
(L(x)) = � (L1 (x) + af (x)). Mathematical expression of variation is as follows:

δ� = ∂�(L1(x)+ a f (x))

∂a

∣∣∣∣
a→0

· δa. (5.6.1)

If L = L1, its variation value equals 0, i.e. the situation that functional variation
is zero corresponds to that functional gets the extreme value. The mathematical
expression of the principle of least action is that the variation of the integration of
a variable along the path is zero. That’s the variational principle. Assuming that in
function L = L(t, q, q̇), q is generalized coordinate and q̇ is generalized velocity,
representing arbitrary coordinates and velocity components in arbitrary coordinate
respectively. Supposing that the functional� is an integration with respect to L from
tA to tB, then its form is as follows [103]

� =
tB∫

tA

L(t, q, q̇)dt. (5.6.2)
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To get the extreme value, then set the variation as 0

δ

tB∫

tA

L(t, q, q̇)dt =
tB∫

tA

∂L(t, q, q̇)

∂a

∣∣∣∣
a=0

dt = 0. (5.6.3)

Expand Eq. (5.6.3) as follows

tB∫

tA

[
∂L(t, q, q̇)

∂t

∂t

∂a

∣∣∣∣
a→0
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∂ q̇

∂q̇
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a→0

]
dt = 0.

(5.6.4)

As ∂L(t,q,q̇)
∂t

∂t
∂a

∣∣∣
a→0

= 0, it is straightforward to show

tB∫

tA

[
∂L(t, q, q̇)

∂q
δq + ∂L(t, q, q̇)

∂q̇
δq̇

]
dt = 0. (5.6.5)

By integrating the second item by parts, then the following form is obtained

tB∫

tA

[
∂L(t, q, q̇)

∂q
δq − d

dt

∂L(t, q, q̇)

∂q̇
δq
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= 0. (5.6.6)

As the endpoint is fixed, then δq|t=tA
= δq|t=tB

= 0 and

tB∫

tA

[
∂L(t, q, q̇)

∂q
− d

dt

∂L(t, q, q̇)

∂ q̇

]
δqdt = 0. (5.6.7)

As the above equation is established for arbitrary start and endpoints, the following
Euler–Lagrange equation is obtained [103]

∂L(t, q, q̇)

∂q
− d

dt

∂L(t, q, q̇)

∂q̇
= 0. (5.6.8)

For systems with multi-degrees of freedom, by using the variational principle,
Euler–Lagrange equations set can be obtained [104]

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0 (i = 1, 2, . . . n). (5.6.9)
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In mechanics, Eq. (5.6.9) is called Lagrange equations, here L = T−V, L is
Lagrange function, T is kinetic energy and V is potential energy. For oscillator
with singular degree of freedom, its kinetic energy is T = mẋ2/2, potential energy
is V = kx2/2, and the Lagrange function is L = mẋ2/2 − kx2/2. Substitute the
Lagrange functionL into Euler–Lagrange equation and get the equation of themotion
of oscillator

mẍ = −kx . (5.6.10)

This simple example proves that Lagrange equation equals Newton’s second law.
Similarly, Lagrange equation under the generalized coordinates can also be deduced
from Newton’s second law [104].

The above variational principle applies to conservative systems,where the external
force is a conservative force, and energy exchanging is only between kinetic energy
and potential energy. If external force is a kind of non-conservative force containing,
for example, the viscous resistance, mechanical energy will transfer into heat energy,
then the above Lagrange variational principle is no longer applicable, and the non-
conservative force power should be introduced. Set [57]

tB∫

tA

[
δL(t, q, q̇)dt +

∑
i

f δqi

]
= 0, (5.6.11)

where
∑

i f δqi is the virtual work of the non-conservative force. Thus, its
corresponding variational principle is as follows [57]

∂L

∂qi
− d

dt

∂L

∂q̇i
= − f. (5.6.12)

Considering the variational problems with constraints, if its constraint condition
is ϕr (t, qi , q̇i ) = 0, then Lagrange multiplier method can be used, and Lagrange
function is as follows [103]

L(t, qi , q̇i ) = L(t, qi , q̇i )+
∑

r

λrϕr (t, qi , q̇i ). (5.6.13)

Thus, Euler–Lagrange equation with constraint condition is obtained

∂L

∂qi
− d

dt

∂L

∂q̇i
+
∑

r

λr

(
∂ϕr (t, qi , q̇i )

∂qi
− d

dt

∂ϕr (t, qi , q̇i )

∂ q̇i

)
= 0. (5.6.14)

Hamilton further developed the Lagrange principle. He defined the Hamiltonian
as [104]
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H =
∑

i

pi q̇i − L . (5.6.15)

Here pi corresponds to generalized momentum of the generalized coordinate qi,
i.e., pi = mq̇i . Therefore, the kinetic energy is the double of

∑
i

pi q̇i ,

H = 2T − L = 2T − (T − V ) = T + V, (5.6.16)

where H is total mechanical energy. If H is a constant, it corresponds to energy
conservative system.

The followingwill give an introduction toHamilton canonical equations according
to the relationship between HamiltonianH and Lagrange equations L [57]. If we take
Hamiltonian H as a function of generalized coordinates, generalized momentum and
time, i.e. H = H(qi, pi, t), then the total differential of Hamiltonian H is

dH =
∑

i

∂H

∂qi
dqi +

∑
i

∂H

∂pi
dpi + ∂H

∂t
dt. (5.6.17)

By using the relationship between Hamiltonian H and Lagrange equations L, the
following equation is

dH =
∑

i

pidq̇i +
∑

i

q̇idpi −
∑

i

∂L

∂qi
dqi−

∑
i

∂L

∂ q̇i
dq̇i − ∂L

∂t
dt . (5.6.18)

As

∂L

∂q̇i
= pi ,

∂L

∂qi
= ṗi , (5.6.19)

Equation (5.6.18) can be written as

dH =
∑

i

q̇idpi −
∑

i

ṗidqi−∂L

∂t
dt. (5.6.20)

Comparing Eqs. (5.6.17) and (5.6.18), Hamilton canonical equations are obtained
[57]

∂H

∂qi
= − ṗi ,

∂H

∂pi
= q̇i ,

∂H

∂t
= −∂L

∂t
. (5.6.21)

At last, a brief introduction to Hamilton–Jacobi equation is given. Substitute
H =∑i pi q̇i − L and Hamiltonian K(Q, P, t) which is related to initial coordinate
vector Q and initial momentum vector P, into Lagrange equations and get [57]
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δ

tB∫

tA

[p · q̇ − H(q,p, t)]dt = 0 and δ

tB∫

tA

[P · Q̇ − K (Q,P, t)]dt = 0. (5.6.22)

Then

P · Q̇ − K (Q,P, t) = p · q̇ − H(q,p, t)− dS(q,P, t)
dt

. (5.6.23)

Hamilton’s principle that formally equals to Lagrange principle is

δS = δ

∫
L =0

(
dS

dt
= L

)
, (5.6.24)

where S is the Hamiltonian main function [57]. Hamiltonian main function can be
written as [57]

S(q,P, t) = F(q,P, t)− P · Q. (5.6.25)

Then Lagrangian is equivalent to

dS

dt
= ∂S

∂t
+
∑

i

∂F

∂qi
q̇i +

∑
i

∂F

∂Pi
Ṗi −

∑
i

Ṗi Qi −
∑

i

Pi Q̇i . (5.6.26)

Substitute the above equation into Eq. (5.6.23), and set generalized coordinates
independent, i.e., make Eq. (5.6.23) contains no q̇i and Ṗi [57], then

∂S

∂qi
= ∂F

∂qi
= pi ,

∂F

∂Pi
= Qi , K − H = ∂S

∂t
. (5.6.27)

Without loss of generality, K = 0, then Hamilton–Jacobi equations are obtained
[57]

H

(
qi ,

∂S

∂qi
, t

)
+ ∂S

∂t
= 0. (5.6.28)

5.6.2 Fractional Variational Principle

With the development of dynamics, many works have introduced the fractional
derivative damping to the equations of motion, and established fractional dynamic
equation to describe the non-conservative damping systems. The development of
fractional dynamic systems has endued fractional variational principle important
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practical significance. In this section, two types of fractional variational principles
are discussed: one is the variational principle applied to the fractional derivative
terms contained by Lagrange function L and Hamiltonian H [105–109], the other is
the Lagrange equations of non-conservative derived from using the variation of the
fractional integration [110].

1 Lagrange function L and Hamiltonian H with fractional derivatives

Here Riemann–Liouville fractional derivative definition is introduced, and Lagrange
function contains Caputo fractional derivative [107]

L(t, q, C Dα
Lq, C Dβ

Rq).

The left and right Caputo fractional derivative definition are as follows:

C Dα
L f (t) = 1


(n−α)
T∫

tA

(t − τ)n−α−1 f (n)(τ )dτ

C Dα
R f (t) = (−1)n


(n−α)
tB∫
t
(t − τ)n−α−1 f (n)(τ )dτ

. (5.6.29)

In order to facilitate the writing, the left and right Caputo fractional derivative
definition are denoted as C Dα

L and C Dβ

R .
The following introduces the Euler–Lagrange equations that contain the frac-

tional Lagrange function. Similar to Eq. (5.6.3), let’s set that the functional � is an
integration with respect to L from tA to tB [107]

� = δ

tB∫

tA

L(t, q, C Dα
Lq, C Dβ

Rq)dt = δa ·
tB∫

tA

∂L(t, q, C Dα
Lq, C Dβ

Rq)

∂a
|a=0dt = 0.

(5.6.30)

Based on Eq. (5.6.30), we can get

tB∫

tA

[
∂L(t, q, C Dα

Lq, C Dβ

Rq)

∂q
δq + ∂L(t, q, C Dα

Lq, C Dβ

Rq)

∂C Dα
Lq

C Dα
Lδq

+∂L(t, q, C Dα
Lq, C Dβ

Rq)

∂C Dβ

Rq
C Dβ

Rδq

]
dt = 0

. (5.6.31)

Fractional Euler–Lagrange equations can be obtained by further integration by
parts [106]
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∂L

∂q
+ Dα

R

∂L

∂C Dα
Lq

+ Dβ

L

∂L

∂C Dβ

Rq
= 0. (5.6.32)

Here, Dα
R and Dβ

L are left and right Riemann–Liouville fractional derivative [105]

dα f (x)
dtα

L = 1

(n−α)

dn

dtn

T∫
tA

(t − τ)n−α−1 f (τ )dτ

dα f (x)
dtα

R = (−1)n


(n−α)
dn

dtn

tB∫
t
(t − τ)n−α−1 f (τ )dτ

.

Fractional Euler–Lagrange equation has a similar form with the classical Euler–
Lagrange equation. The equation reflects the energy dissipation characteristics of
non-conservative systemby applying fractional derivative to generalized coordinates.
Fractional derivative has the property of memory, so the application of fractional
derivative can reflect the memory characteristics appearing in the description of the
physical and mechanics processes.

When the variational problem with constraints is considered, and the constraint
condition is supposed to be ϕ= 0, Lagrangemultiplier method can also be employed.
Lagrange function is as follows [106]

L = L + λϕ. (5.6.33)

References [105] and [107] proposed fractional Hamiltonian H, related fractional
Hamiltonian canonical equation and fractional Hamilton–Jacobi equation based
on the traditional variational principle. The generalized momentum of fractional
Lagrange function is [105]

pα = ∂L

∂C Dα
Lq
, pβ = ∂L

∂C Dβ

Rq
. (5.6.34)

Then the relationship between fractional Hamiltonian H and fractional Lagrange
multiplier L is [107]

H(t, q, pα, pβ) = pα
C Dα

Lq + pβ
C Dβ

Rq − L . (5.6.35)

The total differential of fractional Hamiltonian H is

dH = ∂H

∂q
dq + ∂H

∂pα
dpα + ∂H

∂pβ
dpβ + ∂H

∂t
dt. (5.6.36)

Utilizing Eq. (5.6.35), the total differential of fractional Hamiltonian H can be
written as
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dH = C Dα
Lqdpα + pαd

C Dα
Lq + C Dβ

Rqdpβ + pβd
C Dβ

Rq − ∂L

∂q
dq

− ∂L

∂C Dα
Lq

dC Dα
Lq − ∂L

∂C Dα
Rq

dC Dα
Rq − ∂L

∂t
dt; (5.6.37)

Fractional Hamilton–Jacobi equation is obtained by using (5.6.34) [107]

∂H

∂q
= Dα

R pα + Dβ

L pβ,
∂H

∂pα
= C Dα

Lq,
∂H

∂pβ
= C Dβ

Rq,
∂H

∂t
= −∂L

∂t
. (5.6.38)

The following is an introduction of fractionalHamilton–Jacobi equation that given
by references [107–109, 111]. Substitute Eq. (5.6.35) and HamiltonianK(Q,Pα ,Pβ ,t)
which is related to the initial coordinates vector Q and initial momentum vector
Pα ,Pβ , into the Lagrange function and get [107]

δ
tB∫

tA

[pαC Dα
Lq + pβC Dβ

Rq − H(t, q, pα, pβ)]dt = 0

δ
tB∫

tA

[PαC Dα
L Q + PβC Dβ

R Q − K (t, Q, Pα, Pβ)]dt = 0
. (5.6.39)

According to Eq. (5.6.39), we can get [107–109]

pα
C Dα

Lq + pβ
C Dβ

Rq − H = Pα
C Dα

L Q + Pβ
C Dβ

R Q − K + dS

dt
. (5.6.40)

Hamilton’s principle which is formally equivalent to Lagrange principle is

δS = δ

tB∫

tA

L = 0.

It’s the same with traditional Hamilton’s principle, and S is the Hamiltonian main
function. If [57]

S(C Dα−1
L q, C Dβ−1

R q, Pα, Pβ) = F(C Dα−1
L q, C Dβ−1

R q, Pα, Pβ)

− Pα
C Dα−1

L Q − Pβ
C Dβ−1

R Q, (5.6.41)

then Lagrangian can be written as [108, 109]

dS

dt
= ∂S

∂t
+ ∂F

∂C Dα−1
L q

C Dα
Lq + ∂F

∂C Dβ−1
R q

C Dβ

Rq + ∂F

∂Pα

dPα
dt

+ ∂F

∂Pβ

dPβ
dt

− dPα
dt

C Dα−1
L Q − Pα

C Dα
L Q − dPβ

dt
C Dβ−1

R Q − Pβ
C Dβ

R Q. (5.6.42)
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Substitute it into Eq. (5.6.40) and consider that generalized coordinates are
independent and Eq. (5.6.34),

∂F

∂Pα
= Dα−1

L Q,
∂F

∂Pβ
= Dβ−1

R Q, pα = ∂F

∂C Dα−1
L q

= ∂S

∂C Dα−1
L q

, pβ = ∂F

∂C Dβ−1
R q

= ∂S

∂C Dβ−1
R q

. (5.6.43)

Without loss of generality, set K = 0 in Eq. (5.6.40), then fractional Hamilton–
Jacobi equations are obtained [107–109]

H

(
t, q,

∂S

∂C Dα−1
L q

,
∂S

∂C Dβ−1
R q

)
+ ∂S

∂t
= 0. (5.6.44)

2 Variational principle of fractional integration

Different from the first part, the method in reference [110] is making the variation
of the fractional integration of Lagrange equations equal to zero, instead of applying
fractional derivative to Lagrange equations

δ
1


(α)

tB∫

tA

L(t, q, q̇)(t − τ)α−1dτ = 0. (5.6.45)

According to the definition of variation principle and Eq. (5.6.45), it’s easy to get
[110]

1


(α)

tB∫

tA

[
∂L

∂q
(t − τ)α−1δq + ∂L

∂ q̇
(t − τ)α−1δq̇

]
dτ = 0. (5.6.46)

Integrate the second item by parts

1


(α)

∫ tB

tA

[
∂L

∂q
(t − τ)α−1 − d

dt

∂L

∂q̇
(t − τ)α−1 − (1 − α)∂L

∂q̇
(t − τ)α−2

]

δqdτ = 0 =
(5.6.47)

Then Lagrange equations of the non-conservative system are obtained [110]

∂L

∂q
− d

dt

∂L

∂ q̇
= 1 − α

t − τ
∂L

∂ q̇
. (5.6.48)
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Here, ∂L/∂qi corresponds to the conservative force Fi in generalized coordinate,
d
dt
∂L
∂q̇i

corresponds to the inertia force ma, 1−α
t−τ

∂L
∂q̇ is the non-conservative force that

causes the energy dissipation of system.

5.7 Fractional Schrödinger Equation

Before twentieth century, classical mechanics theory is thought to be able to explain
any physical phenomenon and it has no further room for development. However, with
the insight into the microscopic world, it was discovered that the classical Newtonian
mechanics cannot describe the movement of microscopic particles. Thus, physicists
proposed the quantummechanics to describe the law of motion of microscopic parti-
cles [112, 113]. Wave mechanics and matrix mechanics of quantum mechanics are
two equivalent descriptions, and they are founded by Schrödinger and Heisenberg,
respectively. Wave dynamics is established on the basis of the Schrödinger equa-
tion and the theory of matter waves. De Broglie’s theory of matter waves is that
the material and the photon exhibit both wave and particle properties, namely, the
wave-particle duality. The Schrödinger wave propagation equation is given on this
basis, which is Schrödinger equation [112]. This section is an introduction to the
Schrödinger equation and fractional Schrödinger equation.

5.7.1 Wave-Particle Duality

The wave-particle duality theory is that photons not only have particle property, but
also have the wave property; De Broglie generalized the photonwave-particle duality
theory proposed by Einstein, believed that any particle has wave-particle duality,
namely, the concept of matter waves. The so-called particle property refers to the
individual particles, which mainly shows the characteristics of particle motion, while
the fluctuation means when a large number of particles appear they mainly exhibit
wave property [112, 113]. Classic Huygens wave theory is that wave is the spatial
distribution of particles, the fluctuation is the propagation of the particle energy and
its movement mode, but the classic particle theory is that particle does not show
wave characteristics, so this phenomenon cannot be explained by the classic particle
theory or the wave theory.

5.7.2 Schrödinger Equation

Schrödinger equation is a fundamental equation of quantum mechanics; it can
describe the movement of low-speed microscopic particles in the conservative field,
and does not consider the spin of the particles [20]. Based on the matter-wave theory,
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Schrödinger used the wave functionΨ (x, t) to describe the fluctuation of the particles
[113]. According to Einstein–De Broglie relation, the momentum of a particle and
wave number has the following relationship, that is: p = �k (Where λ is wavelength,
p is the momentum, � = h/2π , h is Planck’s constant, |k| = 2π/λ is the modulus
of the wave number); at the same time, the energy and frequency of the particles
satisfy the relationship: E = hv = �ω[113]. These two formulas link particles’
particle property and fluctuation, and demonstrate the wave-particle duality of parti-
cles [112]. Thus the form of the complex amplitude of the wave function can be
written as

ψ = Aei(k·r−ωt) = Aei(P·r−Et)/�. (5.7.1)

Then, we get the following equation [113]:

i�
∂

∂t
[Aei(P ·R−Et)/�] = Eψ; (5.7.2)

− �
2

2m
∇2[Aei(P ·R−Et)/�] = P2

2m
ψ, (5.7.3)

where the operator i� ∂
∂t means the energy of the particles, which are denoted by E

∧

;
−i�∇ represents the momentum of a particle, can be denoted by p

∧

. According to
the relationship of energy and momentum of low-speed particles in the conservative
field E = T + V = p2/2 m + V, we can obtain the Schrödinger equation

i�
∂ψ

∂t
= − �

2

2m
∇2ψ + Vψ, (5.7.4)

and the operator representation form of Schrödinger equation [113]

E
∧

ψ = p
∧2
ψ/2m + Vψ. (5.7.5)

If we considerHamilton quantityH in classicalmechanics,H = T + V, and rewrite
H as the operator H

∧

, we can obtain thewave equation expressed byHamiltonian [112]

E
∧

ψ = i�
∂ψ

∂t
= H
∧

ψ, (5.7.6)

where Hamilton operator H
∧

is equivalent to the energy operator E
∧

. This also shows
that formula (5.7.6) describes a conservative system.

Considering the particles’ high-speed movement, we need to take into account
relativistic effects, and the energy–momentum relationship could be recast as E2

= c2p2 + m2c4. Thus, we obtain the famous relativistic wave equation [113] (also
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called Klein–Gordon equation)

∇2ψ − 1

c2
∂2ψ

∂t2
− m2c2

�2
ψ = 0. (5.7.7)

5.7.3 The Physical Significance of the Wave Equation

German physicist Bohr proposed the intensity of the matter wave at a particular point
is proportionally increasing to the probability of finding the corpuscle at that point.
According to Bohr’s interpretation, the matter wave is a probability wave, and he
put forward the probabilistic description of the wave function. It does not refer to
the fluctuation generated by the entity movement, but refers to the fluctuation which
indicates the probability that the particles appear somewhere in the space, i.e. P(x,
t)dx = ψ*(x, t) ψ(x, t)dx = |ψ(x, t)|2dx represents the probability of occurrence of
the particles in the region (x, x + dx), therefore it is called the probability wave,
where ψ* (x, t) is the conjugate function of the wave function ψ(x, t), ψ*(x, t) ψ(x,
t) is probability density [20]. To ensure ψ*(x, t) ψ(x, t) is the probability density, we
should prove that ψ*(x, t) ψ(x, t) is a normalized function, i.e. that

+∞∫

−∞
ψ∗ψdx = 1. (5.7.8)

Hamiltonian operator introduced in Schrödinger Eq. (5.7.6) is Hermitian operator
in the case of quantum mechanics that has the following properties

+∞∫

−∞
(H
∧

g)∗ f dx =
+∞∫

−∞
g∗(H
∧

f )dx, (5.7.9)

where g and f are vectors, * represents conjugate [114]. According to this property,
Eq. (5.7.8) can be reorganized

+∞∫

−∞
(H
∧

ψ)∗ψdx =
+∞∫

−∞
ψ∗(H

∧

ψ)dx . (5.7.10)

Therefore
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+∞∫

−∞

(
i�
∂ψ

∂t

)∗
ψdx =

+∞∫

−∞
ψ∗
(

i�
∂ψ

∂t

)
dx, (5.7.11)

+∞∫

−∞
−i�

∂ψ∗

∂t
ψdx − i�

+∞∫

−∞
ψ∗ ∂ψ

∂t
dx = −i�

d

dt

⎛
⎝

+∞∫

−∞
ψ∗ψdx

⎞
⎠ = 0, (5.7.12)

where
∫ +∞
−∞ ψ∗ψdx is a constant irrelevant with time [114]. Thus as long as we

normalize the wave function we can obtain
∫ +∞
−∞ ψ∗ψdx = 1, and ψ*(x, t) ψ(x, t)

indicates the probability density that the particles appear at a point in space.
At the same time, the Hamiltonian corresponding to traditional Schrödinger equa-

tion is time-independent quantity. That is, for the traditional Schrödinger equation, the
wave functiononlywith respect to the time interval, this indicates that theSchrödinger
equation remains unchanged under time translation [20].

5.7.4 Time Fractional-Order Schrödinger Equation

While using the traditional Schrödinger equation to describe the motion of micro-
scopic particles, we do not suppose that particles movement has memory. In order to
consider the influence of the history of particles movement, Naber [115] introduced
time-fractional derivative in fractional Schrödinger equation, i.e.

(i�)α
∂αψ

∂tα
= − �

2

2m
∇2ψ + Vψ. (5.7.13)

Time fractional derivative contains time convolution integral, which reflects the
history dependence of particles motion. Naber [115] analyzed the properties of time
fractional Schrödinger equation, and rewrote it as

∂αψ

∂tα
= − β

iα
∇2ψ + γ

iα
Vψ, β = �

2

2m�α
, γ = 1

�α
, (5.7.14)

if we differentiate both sides of order 1 −α with respect of t and multiple by i--h,
according to Caputo fractional derivative definition, we get

i�
∂ψ

∂t
= − β�

iα−1
∇2 ∂

1−αψ
∂t1−α

+ γ�

iα−1
V
∂1−αψ
∂t1−α

+ i�
[∂αψ/∂tα]|t=0

t1−α
(α)
, (5.7.15)

thus we gain the Hamilton H
∧

of time fractional order Schrödinger equation
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H
∧

= − β�

iα−1
∇2 ∂

1−α

∂t1−α
+ γ�

iα−1
V
∂1−α

∂t1−α
+ i�

[∂α/∂tα]|t=0

t1−α
(α)
. (5.7.16)

Therefore, Naber [115] thought that time fractional Schrödinger equation and the
traditional Schrödinger equation have the same physical meaning. The difference is
that the Hamilton in time fractional Schrödinger equation is time-dependence.

5.7.5 The Path Integral Principle and the Schrödinger
Equation

Before introducing space fractional Schrödinger equation, we first introduce the rela-
tionship between Feynman path integral theory and its relationship with traditional
Schrödinger equation [114]. Then,wewill introduce the space fractional Schrödinger
equation based on the theory of the path integral.

The path integral theorywas proposed by the famousAmerican physicist Freeman
[20]. In classical mechanics, the true path is uniquely determined by the Hamilton
principle, and the evolution of the physical processes has the only true path. The
physicists of quantum mechanics think that the orbits of the particles are random,
and there is not a specific particle orbit. We can only obtain the possibility of a
particle at a specific position rather than the location of the particle at a certain
moment. For a large number of particles, the Schrödinger equation can derive their
accurate probability wave [113]. For microscopic particles, Feynman thought that all
possible paths affect the amplitude of probability wave. In other words, if you want
to know the amplitude of the probability wave at any time, you should consider the
effects of all possible paths [114]. According to the paper by Dirac on Lagrangian,
Feynman introduced the classical Lagrangian and established the path integral theory,
and regarded the conversion function k as a propagator, where the definition of k(x,
x’) is

k(x, x ′) = exp

[
iεL

(
x ′ − x

ε

)
, x

]
, (5.7.17)

then he obtained

ψ(x ′, t + dt) =
+∞∫

−∞
A exp

[
i
dt

�
L

(
x ′ − x

dt

)
, x

]
ψ(x, t)dx . (5.7.18)

Integral over time of L, the exponential function in the formula can be rewritten
as [114]

exp{i S[x(t)]/�}, (5.7.19)
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where S is the Hamiltonian main function in the classical mechanics, also known as
the Hamiltonian. Meanwhile, Feynman thought that for the amplitude of final state
of probability wave, the complex amplitudes contributed by each path are the same,
the only difference is the phase of each path S/--h. However, only the paths very close
to the extreme path, they may affect the amplitude of the final state of probability
wave, while other paths’ contribution will offset each other [114].

In order to consider the time evolution of the physical process, Feynman intro-
duced Lebesgue integral operator, then we can obtain the propagator and wave
function

K (b, a) =
b∫

a

exp{i S[b, a]/�}Dx(t), (5.7.20)

ψ(x ′, t ′) =
+∞∫

−∞
K (x ′, t ′; x, t)ψ(x, t)dx, (5.7.21)

where K (x ′, t ′; x, t) is the propagator. If t’ = t + ε, ε is small, we can introduce the
difference approximation, and (5.7.21) can be rewritten as [114]

ψ(x ′, t ′) =
+∞∫

−∞

1

A
exp

{
iεL

(
x ′ + x

2
,

x ′ − x

ε
, t

)
/�

}
ψ(x, t)dx, (5.7.22)

where the integrand in the propagator is the weight contributed by each possible path.
From formula (5.7.22), the path integral theory established by Feynman indicates
that the distribution of different paths’ contribution is a normal distribution.

We have briefly described the path integral theory in the previous section, the
following part will introduce the relationship between path integral theory and
Schrödinger equation, thus further describes the space fractional Schrödinger equa-
tion. Firstly we assume x ′ = x − η, then formula (5.7.22) can be rewritten
as

ψ(x ′, t ′) =
+∞∫

−∞

1

A
exp

[
i

�

mη2

2ε
− iε

�
V
(

x ′ + η

2
, t
)]
ψ(x ′ + η, t)dx, (5.7.23)

then we use Taylor expansion of first order with ε and second order with η, ignoring
second-order small quantity of ε, we can obtain [114]
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ψ(x ′, t)+ ε ∂ψ
∂t

=
+∞∫

−∞

1

A
exp

(
i

�

mη2

2ε

)[
1 − iε

�
V (x ′, t)

]

·
[
ψ(x ′, t)+ η∂ψ

∂x
+ η2

2

∂2ψ

∂x2

]
dη (5.7.24)

To ensure the establishment of equation, the coefficients of ψ(x ′, t) must be the
same.

1

A

+∞∫

−∞
exp

(
imη2

2�ε

)
dη = 1

A

(
2π i�ε

m

)1/2

= 1, i.e.A =
(
2π i�ε

m

)1/2

; (5.7.25)

We can obtain [114]

(5.7.26)

When getting rid of the second-order small quantities,we can obtain the traditional
Schrödinger equation [114]

i�
∂ψ

∂t
= − �

2

2m
∇2ψ + Vψ. (5.7.27)

5.7.6 Space Fractional Schrödinger Equation

Last section has briefly introduced the path integral and the relationship between
path integral and Schrödinger equation; in this section, we will introduce the space
fractional Schrödinger equation based on the fundamental idea of the path integral.
The path integral theory proposed by Feynman indicates that each path for final state
contribution is Gauss distribution. However, in many practical particle fields, such
as anomalous diffusion, Gauss distribution cannot describe the distribution well.
The particles number distribution exhibits a very sharp top, rather than the exhibits
an approximate bell shape. And unlike the sharp attenuation at tails of Gaussian
distribution, the particles number distribution shows obvious tailing phenomenon
[116, 117]. Some researchers use Lévy distribution to describe the particles number
distribution. Lévy distribution actually is a kind of stable distribution which can
be obtained by extending the Gaussian distribution, and the Gaussian distribution
function is
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exp(−a|k|2). (5.7.28)

Lévy thought that if the distribution satisfied

exp(−a|k|α), (5.7.29)

the distribution form is stable [118]. When α = 2, it is a Gaussian distribution, which
means that the Gaussian distribution is a special case of the Lévy distribution. Based
on the stable distribution Lévy, some researchers expanded the original central limit
theorem and obtained the generalized central limit theorem; they thought that every
distribution satisfying formula (5.7.29) tends to be stable, not only Gaussian distribu-
tion [119]. Laskin et al. [116, 117] have proposed the amendments to the Feynman
path integral principle; they thought that each path for the final state contribution
should satisfy the Lévy distribution. This theory is briefly described below.

According to formula (5.7.22), we have the path integral formula [116, 117] at
time t = t + nε, supposing xA, tA , xB, tB are endpoints

ψ(xB, tB) =
+∞∫

−∞
K (xB, tB; xA, tA)ψ(xA, tA)dx, (5.7.30)

K (xB, tB; xA, tA) =
∫

exp{i S[tB, tA]/�}Dx(t)

= lim
N→∞

1

AN

∫
dx1 · · · dxN

exp

⎧⎨
⎩

im

2�ε

N∑
j=1

(x j − x j−1)
2 − i

h

tB∫

tA

V [x, τ ]dτ
⎫⎬
⎭,

where exp
{

im
2�ε

∑N
j=1 (x j − x j−1)

2
}
is considered to be the Gaussian probability

density function. Laskin [117, 118] amended Gaussian distribution term as Lévy
distribution term; here shows the fractional propagator corresponding to Lévy
distribution

KL(xB, tB; xA, tA) = lim
N→∞

∫
dx1 · · · dxN

(
i Dαε

�

)−N/α

·
N∏

j=1

Lα

{(
�

i Dαε

)1/α∣∣x j − x j−1

∣∣
}

· exp
⎧⎨
⎩− i

�

tB∫

tA

V [x, τ ]
⎫⎬
⎭,

(5.7.31)
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where
( Dα t

�

)−1/α
Lα

{(
�

Dαε

)1/α|x |
}

= π
α|x | H 1,1

2,2

(
�

Dαε

)1/α |x ||
[
(1, 1/α), (1, 1/2)
(1, 1), (1, 1/2)

]
,α

is the index of the characteristic function in Lévy distribution. If taking tB = tA + ε,
xB = xA-η, fractional propagator can be simplified as [116, 117]

KL (xB , tB ; xA, tA) =
∫

dx

(
i Dαε

�

)−1/α
· Lα

{(
�

i Dαε

)1/α
|η|
}

· exp
{
− iε

�
V [x, τ ]

}
.

(5.7.32)

According to the definition of fractional propagator and Fourier integral, the
propagator can be written as [116, 117]

KL(xB, tB; xA, tA) =
∫

1

2π�

∫
dp · exp

[
i pη

�
− i Dαε|p|α

�

]

· exp
{
− iε

�
V
[
x ′ + η

2
, t
]}

dx, (5.7.33)

and by

i�
∂

∂t

{
1

2π�

∫
dp · exp

[
i pη

�
− i Dαε|p|α

�

]}

= −Dα(�∇)α
{

1

2π�

∫
dp · exp

[
i pη

�
− i Dαε|p|α

�

]}
, (5.7.34)

where

(�∇)α = − 1

2π�

∫
dp · exp[i px/�]|p|α.

We can obtain the Space fractional Schrödinger equation [116, 117]

i�
∂ψ

∂t
= −Dα(�∇)αψ + V (x)ψ. (5.7.35)

5.7.7 Fractal Time–space Origin of Fractional Schrödinger
Equation

Time and space are the most basic concepts of nature, and also the origin of different
mathematical theories and physical quantities. Fractal time–space transformation
(2.5.4) introduced in Sect. 2.5.1 is a basic mathematical physical transformation.
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This sectionwill introduce the fractal time–space transformation (2.5.4) into quantum
mechanics.

According to the fractal invariable hypothesis in the basic physical processes
about two ‘abnormal’ (anomalous) introduced by Wen Chen, energy and frequency,
momentum and wave number quantum relations remain unchanged, i.e.

E = ĥαν̂, (5.7.36)

p = ĥβ k̂, (5.7.37)

where E stands for energy, p represents the momentum, ĥα and ĥβ is the Planck
constant after scale change, k̂ and ν̂ are the wave number and frequency after scale
change, respectively. By fractal time–space transformation (2.5.4), we can connect
the frequencywith thewavenumber in integer dimensional spatiotemporal and fractal
spatiotemporal

ν̂ = να and k̂ = kβ. (5.7.38)

Thus, the quantum relation between fractional Planck frequency and energy is

E = ĥαν
α, 0 < α ≤ 1 (5.7.39)

the quantum relation between fractional momentum and wavelength is

p = ĥβkβ, 0 < β ≤ 1, (5.7.40)

where ĥα and ĥβ are Planck constant in the fractal spatiotemporal. In Sect. 2.5.1, we
point out that index α and β are fractional Brownianmotion (time) and Lévy statistics
(space) index, respectively. Thus, Lévy statistics (space) and fractional Brownian
motion (time) are essentially related to momentum and energy. The expression of
kinetic is Ek = |p|2/2m, where m represents the mass of the particle. However,
the existing literature (Phy. Rev. Lett. 90, 170,601, 2003; Phy. Rev. E. 66, 056,108,
2002) give the wrong formula of energy and momentum: Ek = Dβ |p|2β . Dβ is the
fractal spatiotemporal constant, its physical dimension is erg1−2β × m2β × s−2β . We
find that Lévy statistics only has relationship with momentum, while the fractional
Brown motion has relationship with energy.

Considering the quantum plane wave �(x, t) = Aei
⇀

k
⇀
r −iνt , fractional quantum

relation (5.7.39) and (5.7.40) we can obtain

(−�)β� = |k|2β� = p2

ĥ2
β

�. (5.7.41)
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Therefore, we have

Ek = p2

2m
= (−�)β ĥ2

β

2m
. (5.7.42)

In addition, we obtain

∂α�

∂tα
= (−iν)α� = e−iπα/2 E

ĥα
� → eiπα/2ĥα

∂α�

∂tα
= E�. (5.7.43)

According to the fractal invariable hypothesis [84] introduced in Sect. 2.5.1, the

classic Hamilton energy of a particle whose potential energy is V
(
⇀
r
)
is

E = Ek + E p = p2

2m
+ V

(
xβ
)
. (5.7.44)

According to (5.7.41), (5.7.42) and (5.7.43), replacing the energy item in formula
(5.7.44) with energy operator, we can obtain the fractional Hamilton quantum
mechanics expression, namely fractional Schrödinger equation:

eiπα/2ĥα
∂α�

∂tα
= ĥ2

β

2m
(−�)β� + V

(
xβ
)
�, 0 < α, β ≤ 1. (5.7.45)

There is also another derivation method: the time–space Fourier transformation
of the fractional Schrödinger Eq. (5.7.45) is

ĥαν
α�
∧

=
(

ĥ2
βk2β

2m
+ V

)
�
∧

. (5.7.46)

According to the physical interpretation of the Schrödinger equation, (5.7.45) is
essentially a quantum Hamilton function E = Ek + V, where Ek = p/2 m. Thus, we
can directly obtain the fractional quantum relationships (5.7.39) and (5.7.40). The
fractional Schrödinger Eq. (5.7.45) can be derived by a reverse derivation.

According to the fractal equivalent hypothesis introduced in Sect. 2.5.1, fractional
Schrödinger Eq. (5.7.45) is quantum effect of time–space structure.

European and American scholars based on the Feynman integral of Lévy path,
fractional Brown motion or pure mathematics independently proposed fractional
Schrodinger equation respectively. Our work [84] unique in that the equation is
derived from the basic assumptions of physics.

The physical andmechanics properties of softmatter are determined by themacro-
molecules on the mesoscopic scale. These macromolecules are usually composed of
a huge number of basic atoms and molecules; the mesoscopic scale fractal structure
has a decisive effect on their physical processes. The fractal time–space transfor-
mation parameters α and β which are introduced by Wen Chen [84] reflect the
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time–space structure of soft material macromolecules, thus they depict the essence
of the soft matter’s “anomalous” physics behavior. This section describes that the
Fractional Schrödinger equation derivation is an application of these basic physical
assumptions. Fractional Schrödinger equation has been used to explain the complex
quantumprocess of polymermaterials. In the interpretation anddescription of various
quantum anomalous diffusion (e.g. laser cooling), it also has potential significance.

5.8 Other Application Fields

5.8.1 Applications of Fractional Calculus in the Fracture
Mechanics

Barpi and Valente [120] mentioned the use of the combination of fractional rheolog-
ical model and micromechanics model of the crack propagation region in fracture
mechanics to describe the creep rupture of quasi-static large volume concrete (such
as dams, because we can ignore the effect of inertia force in the quasi-static problem)
(Fig. 5.32).

The above picture demonstrates the fractional viscoelastic model in the paper
[120], its corresponding constitutive equation is stated as.

For elastic component

σ1 = E1(ε − ε1)
σ2 = E2ε

; (5.8.1)

For viscous component

∂αε1

∂tα
= σ1

E1τ
α
1

= ε − ε1
τα1

(0 < α < 1). (5.8.2)

The micromechanics model of crack propagation [120]:

Fig. 5.32 Creep model
[120]



246 5 Typical Applications of Fractional Differential Equations

w

wc
= (K hom

I c )2

Ec(1 − V f ) ft

ft

σ

[
1 −

(
σ

ft

) 3
]

= β
ft

σ

[
1 −

(
σ

ft

) 3
]
, (5.8.3)

wherew is the Crack opening displacement,wc is the critical crack opening displace-
ment (No stress transferred in the cohesive zone), K hom

I c is the fracture toughness of
Isotropic material, V f is the total volume fraction, ft is the tensile strength, β is the
concrete microstructural parameter, Ec is the elastic modulus, σ is the cohesive zone
stress. In this paper, type I crack model is simulated with finite element method, and
is compared with the three-point bending experiment of three points of the different
load. The results of failure life and load–displacement are good with real processes.

5.8.2 Applications of Fractional Order Calculus in System
Control [78, 121]

The controller is a kind of instrument or device which enables the system to reach a
predetermined steady state through the feedback and control information. Fractional
controller uses fractional differential equation to control the system, and the relevant
research and application in control system still belongs to a new field. The traditional
integer-order system controllers are mainly used in practice [78, 121–124].

The PID controller was widely used in the industrial system control. Cao et al.
[121] mentioned in the application research on pneumatic position servo control: the
introduction of fractional derivative operator improves the traditional PID controller,
and also significantly enhances the control performance of the system. In their paper,
the fractional controller is applied to the pneumatic servo control to overcome the
difficulties caused by the pneumatic drive strong nonlinear time-varying system.
They also gave the corresponding control equation, analyzed and simulated the result
[121].

u(t) = K P e(t)+ K I
∂−λ

∂t−λ e(t)+ K D
∂δ

∂t δ
e(t), (5.8.4)

where K P is the proportional constant, KI is the integration time constant, K D is the
differential time constant, λ is the integral order, δ is the differential order. According
to the above equation, the control system transfer function is [121]

Gc(s) = K P + K I s−λ + K Dsδ, (5.8.5)

when λ= 0, δ = 0, Gc(s) is the integer-order P controller; when λ= 1, δ = 0, Gc(s)
is the integer-order PI controller; when λ = 0, δ = 1, Gc(s) is the integer-order
PD controller; when λ = 1, δ = 1, Gc(s) is the integer-order PID controller. Thus,
the traditional controller based on integer-order differential operator can be seen as a
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Fig. 5.33 Comparison
between integer-order PID
controller and
fractional-order PID
controller [121]

special case of the fractional controller. The Fractional controller hasmore flexibility,
while the results of control simulation indicate that fractional-order controller has a
very good performance [121] (Fig. 5.33).

5.8.3 Inverse Problems on Fractional Derivative Models

The inverse problem usually refers to the establishment of mathematical model
and information reconstruction based on indirect, incomplete or noisy known data.
Such as medical imaging, exploration geophysics, non-destructive evaluation etc. To
solve these problems, we need to speculate the nature of the internal properties and
characteristics based on external performance of the object.

The inverse problem of differential equation can be roughly classified into five
categories: inverse problem on source control, inverse problem on parameter control,
inverse problem on boundary condition control, inverse problem on initial condition
and inverse problem on shape control. For example, pollution source control on
environment hydraulics is a kind of inverse problem on source control. The inverse
problem on parameter control includes inferring Earth structure from the size of the
seismicwaves in the stratumphysical exploration; seeking the thermal conductivity of
heterogeneousmaterials by the distribution of their surface temperature, etc. In recent
years, the inverse problems are put forward and studied in more and more disciplines
and fields. Due to the ill-posedness and nonlinearity of the inverse problem, it ismuch
more difficult to solve the inverse problem than positive problem does. The inverse
problem on explaining the observed data in geophysics has great economic and social
benefit, but it is also very difficult. A large number of geologists, physicists and
mathematicians are interested in it, thus it becomes one of the most active branches
in the inverse problem. The proposed methods for solving the inverse problem in the
field, such as direct discrete inversion method, optimal control method, perturbation
method [125] promote the development of the inverse problem. But at present, most
studies on inverse problem are focused on the integer derivative model; along with
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the development of the fractional calculus, inverse problems of fractional derivative
model have also been proposed.

1 Inverse problem on fractional derivative model

In recent years, fractional derivative (integral) has been widely applied in continuous
medium mechanics [126], viscoelastic and viscoplastic flow [126] and anomalous
diffusion [127, 128] problems and so on. A lot of literature shows that the frac-
tional derivative can be used in the field of physical, financial and hydrology, etc.
With the fractional derivative model in practical application becoming more and
more extensive, more attention is paid to the study of it. Battaglia et al. used non-
integer-order identification system to solve the heat conduction inverse problem,
and used fractional-order identification system for turning machine tool cutting
metal in the process of heat conduction heat flux function inverse problem as an
example to analyze. The results show that compared with integer-order identifica-
tion system, non-integer-order identification system has superiority to solve this kind
of problem [129]. Murio [130] developed a stable numerical solution of a fractional
diffusion inverse heat conduction problem and presented an effective method. In
addition, Murio [131] analyzed the Caputo time-fractional inverse heat conduction
problem (TFIHCP). Sivaprasad et al. [132] investigated the identification of frac-
tional dynamic damping systems via inverse sensitivity analysis. At present, the
research about the integer-order differential equation of the linear inverse problem
tends to be mature, and the study of nonlinear inverse problem has also made signif-
icant achievements [133, 134]. However, the research about the inverse problem of
fractional differential equation is still at an early stage, and the literature in this area
is not much.

In this section, taking inverse source problemof one-dimensional spatial fractional
derivative anomalous diffusion equation, for example, we introduce a numerical
method to readers, namely, the best perturbation.

2 Inverse source problem of spatial fractional anomalous diffusion equation

Space anomalous diffusion equation used to describe solute anomalous migration
and transformation process is mainly a mathematical model. In this study, we only
discuss the inverse source problem of one-dimensional spatial fractional derivative
anomalous diffusion and the form of variable coefficient spatial fractional anomalous
diffusion equation as follows [135]

∂u

∂t
= d(x)

∂αu

∂xα
+ q(x, t), 1 < α < 2, t > 0, 0 < x < L (5.8.6)

where u = u(x, t) is the concentration of the solute of the x point at time t, d(x) is
the variable coefficient, q(x) is the source term. Here, the definition of the fractional
derivative is Grünwald definition, namely

∂αu(x, t)

∂xα
= 1


(−α) lim
N→∞

1

h2

N∑
k=1


(k − α)

(k + 1)

u(x − (k − 1)h, t)
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where N is a positive integer, h = �x = (L − x0)/N , 
(*) is the Gamma function.
If α = 2, the equation becomes classical diffusion equation with variable coefficient.

The corresponding initial condition and boundary conditions as

⎧⎨
⎩

u(x, 0) = f0(x)
u(0, t) = b1(t)
u(L , t) = b2(t)

. (5.8.7)

If the source term q(x, t) in formula (5.8.6) is known, formula (5.8.6) and (5.8.7)
is a positive problem to solve u(x, t). Using the numerical methods of fractional
differential equation, we can obtain the numerical solution of u(x, t) [135–137].

If the source term q(x, t) in formula (5.8.6) is unknown, we need to determine
the u(x, t) and q(x, t). In order to estimate the source term from the known data, an
additional condition has to be added, the concentration at time t = T is used, namely

u(x, T ) = uT (x), 0 ≤ x ≤ L . (5.8.8)

Thus formulas (5.8.6), (5.8.7) and (5.8.8) formavariable coefficient inverse source
problem of anomalous diffusion.

(1) Transformation of the inverse source problem

For Eqs. (5.8.6) and (5.8.7), d(x, t), f0(x), b1(t) and b2(t) are all known, the
problem is to determine the source term q(x, t), therefore an additional condi-
tion (5.8.8) need to be added. Assume q∗(x, t) is the exact solution of q(x, t).The
corresponding exact solution to the direct problem as c∗(x, t). Q is assumed to
be a complete linear real function space, where q∗(x, t) ∈ Q, basis functions
{φ1(x, t), φ2(x, t), . . . , φn(x, t), . . .} belong to Q, we have

q∗(x, t) =
∞∑

i=1

kiφi (x, t). (5.8.9)

In a real-world application, the source term is usually estimated with finite terms,
namely

q∗(x, t) =
n∑

i=1

kiφi (x, t), (5.8.10)

where n depends on the approximate precision. Therefore, the inverse source problem
is transformed into determining an n-dimensional real vector

K T = (k1, k2, . . . , kn) ∈ Rn, (5.8.11)

to ensure that
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q∗(x, t) =
n∑

i=1

kiφi (x, t) = K T Φ(x, t), (5.8.12)

satisfies the governing equation and the conditions (5.8.8), where

Φ(x, t) = (φ1(x, t), φ2(x, t), . . . , φn(x, t))
T , (5.8.13)

As mentioned above, for a given source term q(x, t), a solution u(x,t) and an
additional condition u(x, T ) = uT (x) can be defined correspondingly. Namely,
there exists a nonlinear operator A, such that

A[q(x, t)] = uT (x) = ϕ(x). (5.8.14)

The inverse source problem is transformed into an inverse problem of param-
eter identification. As the operator Eq. (5.8.13) is ill-posed, we can transform it
into a nonlinear functional optimization problem using the Tikhonov regularization
algorithm [137]. The form of the nonlinear functional optimization problem can be
written as

F[q(x, t)] = ‖A[q(x, t)] − ϕ(x)‖2[0,L]×[0,T ] + γ H[q(x, t)], (5.8.15)

where γ is a regularization parameter and H is a stabilization functional of q(x), can
be written as

H [q(x, t)] = ‖q(x, t)‖2. (5.8.16)

Here the definition of ||*|| is

‖ f (x)‖ =
⎛
⎝

L∫

0

f 2(x)dx

⎞
⎠

1/2

.

(2) General process of the best perturbation method [138, 139]

According to the previous section, we consider formula (5.8.6), (5.8.7) with
boundary condition u(x, t; q(x, t)), assume q0(x, t) = ∑n

i=1 k0
i φi (x, t) =

K T
0 Φ(x, t) is a function close to q∗(x, t), and add a tiny perturbation δq0(x, t) =∑n
i=1 δk

0
i φi (x, t) = δK T

0 Φ(x, t) to q0(x, t). For q0(x, t) + δq0(x, t), the corre-
sponding solution to formula (5.8.6) and (5.8.7) with condition is u(x, t; q0(x, t)+
δq0(x, t)). Therefore, the inverse problem is transformed into determination of the
parameter vector δK 0, which can be confirmed by minimizing locally the following
objective function:

F[δK 0] = ‖u(x, T ; q0(x, t)+ δq0(x, t))− ϕ(x)‖2 + γ H [δK 0] (5.8.17)
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where γ is a regularization parameter and H [δK 0] is stabilization functional.
Since δq0(x) is very small, we have

u(x, t; q0(x, t)+ δq0(x, t)) = u(x, t; q0(x, t))

+ ∇T
δK 0

u(x, t; q0(x, t))δK 0 + o(‖δq0(x, t)‖) (5.8.18)

F[δK 0] = ∥∥u(x, T ; q0(x, t))− ϕ(x)+ ∇T
δK 0

u(x, T ; q0(x, t))δK 0
∥∥2 + γ H [δK 0].

(5.8.19)

Discretizing the domain � × [0, T ] (� = {x |0 < x < L}), defining
(xm = m�x m = 0, 1, 2, . . . , N ), and letting H [δK 0] = δKT

0 δK 0, we can
obtain

F[δK 0] =
M∑

m=1

∥∥u(xm, T ; q0(x, t))− ϕ(xm)+ ∇T
δK 0

u(xm, T ; q0(x, t))δK 0
∥∥2

+γ δKT
0 δK 0

assuming

A = (am,i )M×n, am,i = ∂

∂ki
u(xm, T ; q0(x, t)); U =

⎡
⎢⎢⎢⎣

u(x1, T ; q0(x, t))
u(x2, T ; q0(x, t))

...

u(xM , T ; q0(x, t))

⎤
⎥⎥⎥⎦;

U ∗ =

⎡
⎢⎢⎢⎣

ϕ(x1)
ϕ(x2)
...

ϕ(xM)

⎤
⎥⎥⎥⎦;

This relation can be simplified to

F[δK 0] = δKT
0 AT AδK 0 + 2δKT

0 AT (U − U ∗)

+ (U − U ∗)T (U − U ∗)+ γ δKT
0 δK 0 (5.8.20)

We can find that F[δK 0] gets the local minimum, the vector δK 0 satisfies the
following linear equation:

(AT A + γ I )δK 0 = AT (U ∗ − U ) (5.8.21)

To solve Eqs. (5.8.21), we can get δK 0, then we substitute δq0(x, t) =∑n
i=1 δk

0
i φi (x, t) = δK T

0 Φ(x, t), the perturbation δq0(x) can be obtained.
In this section, we use implicit finite difference method to solve the positive

problem.
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Numerical example: With a one-dimensional anomalous diffusion problem
considered,

∂u

∂t
= d(x)

∂αu

∂xα
+ q(x, t), t > 0, 0 < x < 1, (5.8.22)

the corresponding initial and boundary conditions

⎧⎨
⎩

u(x, 0) = x3

u(0, t) = 0
u(1, t) = e−t

, (5.8.23)

where α = 1.2, d(x) = 0.1x2.4, q(x, t) = sin x is independent of time. Figure 5.31
shows the numerical solution to the governing equation with the conditions at the
time T = 1. For the inverse source problem, the corresponding additional condition is
ũ(xm, 1) (m = 1, . . . ,M), whereM = 1/�x,�x =�t = 0.05, i.e. ϕ(xm) = ũ(xm, 1),
m = 1, . . . ,M , and the set of basis functions Φ(x) = {1, x, x2, x3, x4

}
is selected.

Error criterion is

s2 =

N∑
m=1

(u(xm, T ; q(k)(x, t))− ϕ(xm))
2

N + 1
< Eps and Rel

=
∥∥q(k)(x, t)− q∗(x, t)

∥∥
2

‖q∗(x, t)‖2
< Eps,

where q(k)(x, t) is the approximate solution of the source term after iterating k times,
Eps is error requirement.

Firstly, we select q0(x) = 1 + x + x2 as the initial guess function, then we
compare the convergent rate of the numerical method under different regularization
parameters. Taking the regularization parameters as γ = 10−2 and γ = 10−4,
respectively. Figure 5.34 shows the comparison of the computational solution to
the exact solution of the source term. It is obvious that the computational solution
matches well with the exact solution in this case. Through comparing the data in
Tables 5.2 and 5.3, we know the parameter vector is stable after iterating more
than four thousand times with γ = 10–2, but the convergent rate is faster when the
regularization parameter is 10–4. Note that the relative error is less than 10–4 after
iterating several times, and then it reaches the level of 3.7671 × 10–5. Figure 5.35
shows the relative errors of different regularization parameters at each iterative step.

Choosing another initial guess function as q0(x) = 100 + 100x–100x2–100x3

+ 100x4 and the regularization parameter as γ = 10–4, and comparing the data in
Tables 5.3 and 5.4, we can see that the convergent rate in this case is faster than
that of the first one. Figure 5.36 shows the relative errors of different initial guess
functions at each iterative step. The results show that the relative error gets the level
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Fig. 5.34 Comparison result of numerical solution and exact solution (Left: Numerical solution;
Right: comparison result)

Table 5.2 q0(x) = 1 + x + x2 and γ = 10–2

Iterative time Kj+1 = {k1, k2, k3, k4, k5}j+1 Rel s

1000 [0.0003,0.9952,0.0230,−0.2097,0.0331] 1.9617e-004 0.0028

4000 [0.0000,0.9991,0.0057,−0.1824,0.0189] 3.7540e-005 9.4454e-004

5000 [0.0000,0.9991,0.0057,−0.1824,0.0189] 3.7657e-005 9.4452e-004

10,000 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

20,000 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

Table 5.3 q0(x) = 1 + x + x2 and γ = 10–4

Iterative time Kj+1 = {k1, k2, k3, k4, k5}j+1 Rel s

10 [0.0003,0.9943,0.0272,−0.2165,0.0366] 2.4851e-004 0.0035

50 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7629e-005 9.4452e-004

100 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

500 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

of 3.7671 × 10–5 and the parameter vector K is [0.0000, 0.9992, 0.0057, –0.1824,
0.0189].

5.9 Variable-Order, Distributed-Order and Random-Order
Fractional Derivative Models with Its Applications

This subsection will give a brief introduction on recent developments of variable-
order fractional derivative, distributed-order fractional derivative and random-order
fractional derivative in modeling and applications.
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Fig. 5.35 The relative errors of different regularization parameters at each iterative step

Table 5.4 q0(x) = 100 + 100x-100x2-100x3 + 100x4 and γ = 10–4

Iterative time Kj+1 = {k1, k2, k3, k4, k5}j+1 Rel s

50 [0.0001,0.9989,0.0068,−0.1841,0.0197] 3.2514e-005 0.0010

100 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7670e-005 9.4452e-004

500 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

1000 [0.0000,0.9992,0.0057,−0.1824,0.0189] 3.7671e-005 9.4452e-004

Fig. 5.36 The relative errors of different initial guess functions at each iterative step
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5.9.1 Variable-Order Fractional Derivative Modeling
and Applications

Samko et al. first proposed the concept of variable-order (VO) operator and inves-
tigated the mathematical properties of VO integration and differentiation operators
of Riemann–Liouville type [140–142]. Lorenzo and Hartley generalized different
types of VO fractional operator definitions and made some theoretical studies via
the iterative Laplace transform [143]. Coimbra et al. investigated the dynamics and
control of nonlinear viscoelasticity oscillator via VO operator [144–147]. Ingman
et al. employed the time-dependent VO operator to model the viscoelastic deforma-
tion process [148, 149]. Pedro et al. studied the motion of particles suspended in a
viscous fluid with drag force is determined using the VO calculus [150]. Chechkin
et al. introduced the space-dependent VO derivative into the differential equation
of diffusion process in inhomogeneous media with the assumption that the waiting-
time probability density function (PDF) is space dependent in the continuous time
random walk (CTRW) scheme [151]. Nowadays, variable-order fractional deriva-
tive modeling and application have become a research hotspot in fractional calculus
research.

Viscoelasticity

Variable-order fractional Voigt model

σ(t) = E1τ
q1(t)
1 Dq1(t)ε(t)+ E2τ

q2(t)
2 Dq2(t)ε(t), (5.9.1)

where σ(t) represents the stress, ε(t) denotes the strain, E is the modulus of elas-
ticity, τ1, τ2 are the relaxation time, q1, q2 are the orders of variable-order fractional
derivative, the definition of the above equation is (2.5.26). If q1 = q2, then the above
model changes into

σ(t) = E Dq(t)ε(t). (5.9.2)

It can be further changed into more generalized form

α(ε, ε̇, t)Dq1(ε,ε̇,t)σ (t) = β(ε, ε̇, t)Dq2(ε,ε̇,t)ε(t). (5.9.3)

In Ref. [145], the authors have analyzed the previous experimental results which
have been presented in Fig. 5.37. The interested readers can refer to the cited
references.

Variable-order fractional viscous-viscoelasticity oscillator model

m D2x(t)+ cq Dq(x(t))x(t)+ kx(t) = F(t), (5.9.4)
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Fig. 5.37 left part is the relationship between normalized stress and time. The points are all the
data sets and the solid line is the order function. The right part is the variable-order evolution curve,
based on the comparison result of variable-order model and experimental data (from [145])

where cq and k are the visco-elastic coefficient and the spring coefficient, m is the
mass, F() denotes the damping force. The analysis and numerical results of the above
model are drawn in Fig. 5.38 [146].

Anomalous Diffusion Modeling

The comprehensive investigation of the variable-order operators in the anomalous
diffusion modeling is still not received enough attention in the papers. Considering
different situations of diffusion process, we classify the variable-order fractional
derivativemodels into four different types: time dependent, space dependent, concen-
tration dependent and system parameter dependent models [152]. The variable-order
fractional derivative model can serve as an effective mathematical framework for

Fig. 5.38 The comparison result of numerical and analytical results (5.9.4) when the damping force
and related parameters are given. The solid line denotes the analytical result and the dashed line is
the numerical result [146]
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the description of various real-world anomalous diffusion processes in transitional
regimes or other particular situations.

Four different types of variable-order models in one dimension are stated as
follows:

(1) Time-dependent variable-order derivative model

Dα(t)
0 c(x, t) = K

∂2c(x, t)

∂x2
, 0 < α(t) < 1, (5.9.5)

where α(t) the variable-order, c(x, t) denotes the density, K is the diffusion coeffi-
cient. In the above equation, if α(t) = c, (0 < c < 1), then it changes into constant-
order fractional diffusion equation. This model can better describe the diffusion
processes whenever they get more anomalous or more Fickian in the course of time
(Fig. 5.39).

(2) Space-dependent variable-order derivative model

Dα(x)
0 c(x, t) = K

∂2c(x, t)

∂x2
, 0 < α(x) < 1. (5.9.6)

This model is suitable for describing the diffusion process of the particles in non-
homogeneous media, which means the diffusion capacity is different in different
spatial locations. It corresponds to the randomwalkmodel, in which the waiting-time
probability density function of particle jumps is dependent on the spatial position.
This assumption is also consistent with the features of real-world diffusion processes
and related issues.

Fig. 5.39 The diffusion
curve of variable-order time
fractional diffusion model at
fixed point. In the numerical
simulation, the initial
condition c(x,0) = sin(xπ /L),
the boundary condition c(0,t)
= c(L,t) = 0. the expression
of variable-order is
α(t) = α0 + pt/C, α0 =
0.6, p = 0.2,C = 10
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(3) Concentration-dependent variable-order derivative model

Dα[c(x,t)]
0 c(x, t) = K

∂2c(x, t)

∂x2
, 0 < α[c(x, t)] < 1, (5.9.7)

this type of variable-ordermodelmay be useful for the anomalous diffusionmodeling
in chemistry or biology fields. The concentration-dependent variable-order means
the diffusion behavior is related with concentration. Please refer to the reference for
more details about this model [152].

(4) System parameter-dependent variable-order derivative model

Dα[ f (x,t)]
0 c(x, t) = K

∂2c(x, t)

∂x2
, 0 < α[ f (x, t)] < 1. (5.9.8)

For example, when we consider the anomalous diffusion in the turbulence, because
it is a dissipative system, the Reynolds number Re determines the diffusion pattern
especially in the laminar turbulent transition. The similar situation happens in the
transport of passive tracers carried by fluid flow in porous medium or in the transmis-
sion medium with fractal structure. The fractal dimension D or the Hurst number H
changes with time or space in its transport process. The behavior of these diffusion or
transport processes in response to system parameter changes can be better described
using VO elements rather than time or space varying coefficients. Some applications
of fractional operator also imply that the derivative order perhaps is not a constant,
but a function of system parameters.

A class of spatial variable-order fractional diffusion equation model can also be
established as follows:

∂c(x, t)

∂t
= K

∂2β(x,t)c(x, t)

∂|x |2β(x,t) , 0 < β(x, t) < 1. (5.9.9)

The spatial derivative order β(x, t) can also be determined by the experimental
or field measurement results, and further describes a class of real-world diffusion
processes.

If you need to use the variable-order modeling method in the study of solute
transport in porous media, the following variable-order derivative model can be
established

∂c(x, t)

∂t
= k(x, t)Rα(x,t)c(x, t)− υ(x, t)∂c(x, t)

∂x
+ f (c, x, t), (5.9.10)

in which, k, υ are the diffusivity coefficient and velocity respectively, Rα(x,t) denotes
the Riesz spatial derivative, the corresponding definition is [153, 154]

−(−�)α(x,t)/2 f (x) = − 1

2 cos πα(x,t)2

[
a Dα(x,t)

x f (x)+ x Dα(x,t)
b f (x)

]
,
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m − 1 < α(x, t) < m,

a+ Dα(x,t)
x f (x) =

m−1∑
j=0

f ( j)(a)(x − a) j−α(x,t)


(−α(x, t)+ j + 1)

+ 1


(m − α(x, t))
x∫

a

f (m)(η)

(x − η)α(x,t)−m+1
dη,

x Dα(x,t)
b− f (x) =

m−1∑
j=0

(−1)m− j f ( j)(b)(b − x) j−α(x,t)


(−α(x, t)+ j + 1)

+ 1


(m − α(x, t))
b∫

x

f (m)(η)

(η − x)α(x,t)−m+1
dη.

(5.9.11)

Here also gives more references about variable-order fractional derivative
modeling for interesting readers.

5.9.2 Distributed-Order Fractional Derivative Modeling
and Applications

The definition of the distributed-order fractional derivative is proposed by Caputo
in 1960s, but the related research on its application in anomalous diffusion just
received attentions in recent years. The distributed-order model is a natural extension
of constant-order model, the constant-order fractional term is replaced by a series of
fractional orders with different weights [155].

There are different forms of constitutive equation models in describing viscoelas-
ticity of materials. The distributed-order model should be employed when the single
constant-order fractional model cannot well describe experimental data. This section
will present several kinds of distributed-order derivative viscoelastic constitutive
equations. A simple form of distributed -order derivative model can be expressed as
[156]

σ(t) =
1∫

0

φε(γ )ε
(γ )(t)dγ, t > 0, (5.9.12)

in which σ, ε are the stress and strain, respectively, φε is the weight function, γ
denotes the fractional derivative order.

Distributed-order fractional viscoelasticity model [157]
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1∫

0

φσ (γ )σ
(γ )(x, t)dγ =

1∫

0

φε(γ )ε
(γ )(x, t)dγ , (5.9.13)

in which σ, ε are the stress and strain, respectively, φσ , φε are the weight functions,
γ denotes the fractional derivative order. Another form of viscoelasticity model is
[158]

1∫

0

φσ (γ )σ
(γ )(x, t)dγ =

1∫

0

φε(γ )y
(γ )(x, t)dγ , (5.9.14)

where y is displacement. Please readmore presented references about the distributed-
order fractional derivative viscoelasticity model.

Distributed-order fractional diffusion model can also be used to describe different
kinds of decelerating and accelerating diffusion processes [159–162]. Various kinds
of diffusion processes can be described by changing the weight functions, espe-
cially for the trans-scale diffusion process in multi-fractal media. Here just present
a distributed-order model for one-dimension diffusion

1∫

0

p(α)Dα
0 u(x, t)dα = K

∂2u(x, t)

∂x2
, 0 < α < 1, (5.9.15)

in which p(α) is the weight function, α is the time derivative order, K is the diffusion
coefficient, Dα

t (·) is the Caputo fractional derivative.
The corresponding discretization form can be expressed as

m∑
i=1

p(αi )D
αi
0 u(x, t) = K

∂2u(x, t)

∂x2
, 0 < α < 1. (5.9.16)

If there are only two terms in the left side, then the expression is written as

p(α1)D
α1
0 u(x, t)+p(α2)D

α2
0 u(x, t) = K

∂2u(x, t)

∂x2
, 0 < α < 1. (5.9.17)

By employing the Fourier transform and Laplace transform on the above equation,
the mean squared displacement expression can be written as (0 < α1 < α2 < 1)

{
< x2(t) >∝ tα2 , t → 0,

< x2(t) >∝ tα1 , t → ∞. (5.9.18)

The generalized form of distributed-order model which includes time and space
fractional derivatives can be stated as
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⎧⎪⎪⎨
⎪⎪⎩

1∫
0

p(α)Dα
0 u(x, t)dα =

1∫
0

q(β)K (β) ∂
2βu(x,t)
∂|x |2β ,

1∫
0

p(α)dα = 1,
1∫
0

p(β)dβ = 1, α, β ∈ (0, 1],
(5.9.19)

in which p(·), q(·) are the weight functions.

5.9.3 Random-Order Fractional Derivative Modeling
and Applications

Here introduces a new type of fractional derivative, named random-order fractional
derivative, to describe the relaxation, oscillation and diffusion phenomena. In the
random-order fractional derivative model, the fractional derivative order includes a
constant and a random variable. The random term is mainly caused by the random
fluctuations of external field or system parameters. Themodel can accurately analyze
the system behavior under random fluctuations. Possible application fields include
environmental pollute, project risk estimation, system stability analysis [163].

One-dimensional Relaxation equation

t Dα0+εt∗ u(t) = −λu(t), p(εt |0 < α0 + εt < 1 ) = 1, (5.9.20)

where t Dα0+εt∗ is the Caputo random-order fractional derivative, p() denotes the
probability density function, εt is the random noise term (εt is a small quantity,
compared with α0). In the above model, it assumes the noise term is random and not
dependent on time and space (Fig. 5.40).

The random-order fractional diffusion equation in one dimension can be written
as

∂α0+εx,t u(x, t)

∂tα0+εx,t
= K

∂2u(x, t)

∂x2
, p(εx,t

∣∣0 < α0 + εx,t < 1 ) = 1, (5.9.21)

in which α0 is the constant-order term, εx,t is the random noise term. In the real-world
diffusion processes, it may be disturbed by the external field or system parameters,
the corresponding influence is characterized by the random noise term. The model
can estimate and quantify the system fluctuation.

More details and information about random-order derivative modeling are
presented in the Refs. [163, 164].



262 5 Typical Applications of Fractional Differential Equations

Fig. 5.40 The relaxation curve of random-order fractional relaxation model. The initial condition
is u(0) = 1.0 in the model, time step is �t = 0.1

5.10 Some Applications of Fractional Calculus
in Biomechanics

By applying the mechanics principles and methods, the biomechanics studied the
relationships between the mechanics characteristics and the functions of biologic
tissues and organs. It is important for understanding the mechanism of human body
and providing the basis for designing of artificial organs and tissues. The viscoelastic
and the constitutive equations of organism is one of the most important content in
biomechanics. In the fourth section of this chapter, the fractional derivative models
viscoelasticmaterials have been introduced.As the continuation and expansion, some
applications of the equations for viscoelastic materials in biological modeling are
introduced in this section.

Vestibule system is the receptor of the state of motion and spatial location in the
inner ear. It contains semicircular canal and otolith system, where the semicircular
canal is the receptor of rotarymotion and the otolith system is the receptor of variable
aligning motion. In this section, we will firstly introduce the fractional models for
otolith organs and semicircular canal, and then introduce the fractional St. Venant
model for human cranial bone.
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5.10.1 Generalized Fractional Viscoelastic Dynamical Model
of Otolith Organs

Otolith organs are the receptors of motion in the inner ear. It consists of the utricle
and saccule. The classical elastic model of otolith organs is presented by Grant et al.
[165]. They considered the endolymph, otolith layer and gel layer asNewtonian fluid,
rigid slab and elastic body, respectively. In 1932, Grant [166] modified the above
model and considered the gel layer as Klein-Voight viscoelastic body. However, the
modified model can’t fit the real data. Using fractional calculus and introducing the
strain energy function, Su and Xu [52] generalized the models of Grant [165, 166]
and obtained the analytical solutions of the model.

As for viscoelastic body, we assume that it satisfies the following non-dimension
equation

0Dα
t W = dαW

dtα
= σi jεi j + pεi jδi j , (5.10.1)

where 0 ≤ α ≤ 1, 0Dα
t is the Riemann–-Liouville operator, σi j and εi j are the

stress tensor and the strain tensor. p is the static pressure. δi j is the Kronecker
tensor. According to the theory of the continuum mechanics, the viscoelastic body
includes viscoelastic solid and viscoelastic fluid. In the case of small deformation
and homogeneous, we have the following constitutive equations,

(for viscoelastic solid) σi j = −pδi j + λeT α
dαεkk

dtα
δi j + 2GT α

dαεi j

dtα
(5.10.2)

(for viscoelastic fluid) σi j = −pδi j + λ j T
β−1 d

βεkk

dtβ
δi j + 2μT α

dβεi j

dtβ
(5.10.3)

where λe and G are Lame coefficient of the viscoelastic solid. λ j and μ are the
viscosity coefficient of the viscoelastic fluid. α and β are the viscoelastic parameters
of the viscoelastic solid and viscoelastic fluid. T is the non-dimensional time.

If we consider the otolith layer as a rigid slab of thickness b and density ρ0
and consider the strata gelatinosum and the Endolymph as viscoelastic solid and
viscoelastic fluid, respectively, the following model of the otolith organs can be
obtained as

ρ f
∂u

∂t
= μT β−1 d

β

dtβ

t∫

0

∂2u

∂t2
dt, (5.10.4)
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ρ0b
∂v

∂t
+ (ρ0 − ρ f )b

(
∂Vs

∂t
− gx

)
=

μT β−1 dβ

dtβ

t∫

0

∂u

∂y

∣∣∣∣
0

dt − 1

2

E

1 + ν T α
dα

dtα

t∫

0

∂w

∂y

∣∣∣∣
0

dt, (5.10.5)

ρ f
∂w

∂t
= 1

2

E

1 + ν T α
dα

dtα

t∫

0

∂2w

∂y2
dt . (5.10.6)

The initial and boundary conditions are

u(0, t) = v(t), u(∞, t) = 0, w(c, t) = v(t), w(0, t) = 0, (5.10.7)

u(y, 0) = v(0) = w(y, 0) = 0, (5.10.8)

where u, v and w are the velocities of the endolymph, the otolith layer and the gel
layer with respect to the basement membrane.ρ and μ are the density and viscosity
coefficient of the endolymph. E, ν and c are Young’s modulus, Poisson’s ratio and
the depth of the gel layer. Vs is the velocity of the basement membrane.gx is the
x-component gravity acceleration.

By denoting V the characteristic velocity and introducing the non-dimensional
variables y′ = y

b , t ′ = μ

ρ0b2 t , u′ = u
V , v

′ = v
V , w

′ = w
V , V ′

f = V f

V , we can obtain
the non-dimensional form of the model. When ε is less than 1, the approximate
expression of the non-dimensional velocity of the otolith layer can be obtained by
the Laplace transform method. It is

v(t)

1 − R
≈ ∞
 

n=0

(−1)nεnan+1

n!R n+1
2

tn(2−α)E (n)
1− β

2 ,n(1−α+ β

2 )+1

(
−at1−

β

2

)
. (5.10.9)

Here, R = ρ f

ρ0
and a =

√
R

1+R/3 > 0. In order to analyze the characters of the
system, using the expansion of the Mittag–Leffler function, we have

v(t)

1 − R
≈

∞∑
n=0

∞∑
n=0

(−1)n+mεnan+m+1(m + n)!
n!m!R n+1

2 

(
1 + n(2 − α)+ m

(
1 − β

2

)) tn(2−α)+m(1− β

2 ).

(5.10.10)

Correspondingly, the displacement δ(t) = ∫ t
0 v(τ)dτ becomes
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Fig. 5.41 Curves of the non-dimensional deformations of otolith layer respect to different R and
ε, where α = 0.1, β = 0.9, (Left) R = 0.37, (Right) ε = 0.028 (from Ref. [52]), the horizontal
coordinate is time and the longitudinal coordinate is displacement

δ(t)

1 − R
≈

∞∑
n=0

∞∑
n=0

(−1)n+mεnan+m+1(m + n)!
n!m!R n+1

2 

(
2 + n(2 − α)+ m

(
1 − β

2

)) tn(2−α)+m(1− β

2 )+1.

(5.10.11)

To show the efficiencies of different materials of otolith organs, by settingα = 0.1
and β = 0.9, Fig. 5.41a, b can be obtained as follows:

From the above figure, we can see that the maximum deformation of otolith layer
δm , the total time Tm and the decay rates Vd change significantly if ε changes. When
ε becomes bigger, δm and Tm become small and Vd becomes bigger. When ε keeps
unchanged, δm and Vd become bigger if R becomes bigger. Therefore, we can draw
the following conclusions. The material characters of the cuticle layer of otolith
organs control the deformation of otolith layer. The endolymph plays an assistant
regulation role which has little influence on the deformation of otolith layer. For
more information, the readers can see [52] for reference.

5.10.2 Generalized Fractional Dynamic Model
of Semicircular Canal

Gaede and Schmaltz firstly presented the model of semicircular canal, but the model
is too simple to apply. Buskirk et al. [167] presented the widely used Buskirk model
which is an integral–differential model. Xu and Tan [168] presented an analytical
solution of high accuracy and three modes of dynamic response of the Buskirk model
for the fluid in a single semicircular canal.

Assuming that the wall of the semicircular canal is cyclic annular rigid body and
the endolymph is Newtonian fluid, the non-dimensional governing equation of the
Buskirk model in case of small curvature is
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∂u

∂t
+ (1 + η)α(t)

�
= −ε

t∫

0

1∫

0

urdrdt + 1

r

∂

∂r

(
r
∂u

∂r

)
, (5.10.12)

where u is the axial velocity in the cylindrical coordinate. r and R are radial coor-
dinate and the curvature radius.� and α(t) are characteristic angular velocity and
the component of the angular acceleration perpendicular to the semicircular canal.
η = γ /θ is the ratio of the field angel of sacculo-utricular and crista ampullaris.
ε = 2Kπa6/(ρθRν2) is the parameter of the model where K, ρ and ν is the stiffness
coefficient of the crista ampullaris, the density of the endolymph and the kinematic
viscosity coefficient. a is the radius of the semicircular canal. Su et al. [169] consid-
ered the crista ampullaris and the endolymph as viscoelastic solid and non-Newtonian
fluid whose viscoelastic parameters are α and β (0 ≤ α, β ≤ 1), respectively. The
following fractional equation for the motion of the endolymph is obtained

∂u

∂t
+ (1 + η)α(t)

�
= −ε0Dα

t

t∫

0

1∫

0

u(r, t)drdt + 1

r
0Dα

t

t∫

0

∂

∂r

(
r
∂u

∂r

)
dt.

(5.10.13)

The initial and boundary conditions are

u(a, t) = 0,
∂u(0, t)

∂r
= 0, u(r, 0) = 0. (5.10.14)

Assuming that when t = 0, α(t) = �δ(t) and using the Laplace transform
method, the approximate expression of u(r, t) can be obtained.

u(r, t) ≈ (1 + η)(r2 − 1)
∞
 

n=0

1

n!
(
−ε
4

t2−α
)n

E (n)2−β,n(β−α)+1(−4t2−β). (5.10.15)

Using the asymptotic expansion of theMittag–Leffler function, the velocity profile
of semicircular canal can be obtained as

u(r, t) ≈ (1 + η)(r2 − 1)

4
tβ−2Eβ−α,β−1

(
− ε

16
tβ−α

)
≈ 4(1 + η)(r2 − 1)

ε
(α − 1)
tα−2.

(5.10.16)

Consequently, the final state of motion of the endolymph is governed by the
viscous properties of the crista ampullaris. Considering that the accurate expression
of the velocity is difficult to obtain, we will study the frequency response properties
of the system. Considering the average angular displacement of the endolymph θ(t)
and the angular speedω(t) as the input and output of the system and using the transfer
function
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G(p) = −(1 + η)pI2(
√

p2−β)
2p2 I0(

√
p2−β)+ εp2 I2(

√
p2−β)

, (5.10.17)

the following corresponding frequency response can be obtained

G( jω) = −(1 + η) jωI2(( jω)1−β/2)
2( jω)2 I0(( jω)1−β/2)+ ε( jω)2 I2(( jω)1−β/2)

= M(ω) exp( jϕ(ω)),

(5.10.18)

Here M(ω) and ϕ(ω) are the argument and phase angle. In Fig. 5.42, The Bode
diagrams for different values of α and β are given. The data used here is presented
by Buskirk. From the figure we can see that the frequency almost independent of
α and β at high frequency section. While in the low-frequency section, different
α and β will lead to different characteristics of the system. At the low-frequency
section, as the increase of α, the argument will increase and the phase angular will
decrease. When the input frequency increasing, the argument will increase and the
phase angular will decrease too. The changes of β mainly affect the argument prop-
erties of medium frequency and the phase angular properties of low and medium
frequency. Combining the physical meanings of the parameters, we can see from
the figure that the viscoelastic effect of the endolymph mainly governs the output of

Fig. 5.42 The Bode diagram of the frequency character in the logarithmic coordinates (from Ref.
[169])
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the system, while the steady state response is mainly governed by the viscoelastic
characters of the crista ampullaris.

5.10.3 Fractional Model of Human Cranial Bone

A large number of experimental data and theoretical results show that bone is
anisotropic viscoelastic body. Zhu et al. [170] did the compressive and tensile relax-
ation and creep experiment of small specimen of human cranial bone. Using the
standard St. Venant model and linear viscoelastic theory, they obtained the quasi-
steady state constitutive equations and draw the profiles of relaxation and creep of
the bone. By denoting E1 and E2 the elastic coefficients of two spring, η the viscous
coefficient of a dashpot, the standard St. Venant model is illustrated in Fig. 5.43.

The constitutive equation is

σ(t)+ τ σ̇ (t) = Eε(t)+ E1τ ε̇(t), (5.10.19)

where σ(t) and ε(t) are the stress and strain. E = E1E2
E1+E2

, τr = η

E1+E2
, τd = η

E2
. If

the loading processes in the stress relaxation and creep are

ε(t) =
{

At 0 ≤ t ≤ t1
ε1 t > t1

(5.10.20)

and

σ(t) =
{

Bt 0 ≤ t ≤ t1
σ1 t > t1

(5.10.21)

and using the Boltzmann superposition principle, the following stress relaxation and
creep functions can be obtained

σ(t) =
{

AEt + Aτr (E1 − E)(1 − exp(−t/τr )) 0 ≤ t ≤ t1
AEt + Aτr (E1 − E)(exp(t/τr )− 1) exp(−t/τr ) t > t1

(5.10.22)

Fig. 5.43 Illustration of
standard St. Venant model
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ε(t) =
{

Bt
E − Bτd

E2
(1 − exp(−t/τd)) 0 ≤ t ≤ t1

Bt
E − Bτd

E2
(exp(t/τd)− 1) exp(−t/τd) t > t1

. (5.10.23)

Liu and Xu [171] generalized the standard St. Venant model using the Riemann–
Liouville fractional operator and obtained the fractional St. Venant model

τ−q
r 0D−q

t σ(t)+ σ(t)− σ0 = Eτ−μ
r 0D−μ

t ε(t)+ E1(ε(t)− ε0),

and obtained the stress relaxation and creep function under the same loadings

σ(t) =
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ε(t) =
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Figures 5.44 and 5.45 are the data fitting of the above two functions with the
experiment data in ref. [170].

It is obvious that the fractional St. Venant model can describe the viscoelastic
character of human cranial bone more accurately. We also can see that q > μ is
always holding for both the stress relaxation function and creep function. It coin-
cides with the requirements of thermodynamic stability of viscoelastic materials for
fractional differential equations.

(Note: parts of Sects. 5.1–5.3 are from references [52, 169] and [171]).
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Fig. 5.44 stress relaxation
(from ref. [171])

Fig. 5.45 creep (from ref.
[171])

5.11 Some Applications of Fractional Calculus
in the Modeling of Drug Release Process

Mathematical modeling and simulation are quantitative research methods in phar-
macokinetics. They play important roles in the research of mechanism of action and
the development of new drugs. The pharmacokinetics models can predict the drug
concentration–time curves by relating the dosage or the frequency of dosage with



5.11 Some Applications of Fractional Calculus ... 271

the drug concentration. There are many methods to classify the pharmacokinetics
models. According to the properties of the system, we can classify them as static
or dynamic models, linear or nonlinear models, continuous or discrete models, and
so on. We can also classify them as empirical or mechanism models. The empirical
models are difficult to be generalized because they need small quantity of mechanism
assumption and the data generating process is not clear. The mechanism models are
based on the physical and biological principles and can describe kinds of characters
of the system. They usually use the form of differential equations. In this section, we
will introduce a fractional generalization of an empirical model and a mechanism
model of drug release from a slab matrix.

5.11.1 Empirical Models

The empirical models usually ignore various physical and chemical processes and
describe the results of drug release, i.e. the accumulative release of drug [172] (or frac-
tional release). The classical empirical models for zero-order and one-order release
are

dX

dt
= K0 and

dX

dt
= −K1X.

The initial conditions are X (0) = 0 (0-order release) and X (0) = X0 (1-order
release). The corresponding solutions are X = K0t and X = X0 exp(−K1t) respec-
tively. By introducing the fractional derivatives, the fractional models of 0-order and
1-order release are.

C
0 Dα

t X = K f 0 and C
0 Dα

t X = −K f 1X , where C
0 Dα

t is the Caputo type frac-
tional derivative operator. The corresponding results of drug release are X =
K f 0tα/
(α + 1) and X = X0Eα(−K f 1tα), where Eα(t) is the Mittag–Leffler
function. Dokoumetzidis and Macheras [173] compared the theoretical results with
the experimental data in different references and draw the result that no matter for
long time or short time release, the fractional model fits the data well.

5.11.2 Mechanism Models

Controlled release formulations can be used to reduce the amount of drug necessary
to cause the same therapeutic effect in patients. Higuchi [174] firstly developed a
remarkable simple model to simulate the drug release process from ointment in a
planar system and obtained the formula for computing the amount of drug release
based on the quasi-steady state assumption. Koizumi et al. [175] studied the drug
release from the spherical matrix. Using the numerical methods, many models of
drug release have been presented and calculated. In controlled drug delivery system,
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Fig. 5.46 Illustration of
drug release from a slab
matrix

diffusion is the basic mechanism. Here, we will introduce the applications of frac-
tional diffusion equations in the modeling of drug release from planar matrix. Liu
and Xu [176] were the first who introduced the time-fractional diffusion equation to
the drug release process and obtained the analytical solutions of the model. Li et al.
[177, 178] discussed the time–space fractional drug releasemodels in which the frac-
tional derivative operators are in different definitions and obtained the scale invariant
solutions. Yin and Xu [179] studied the release of drug from the slow degradable
matrix and presented a model with two moving boundaries (Fig. 5.46).

The release mechanism of sustained and controlled release systems is usually
divided into the diffusion type, swelling type, erosion type, penetration type and
others [172]. Here we will consider the diffusion type only. The concentration profile
at time t is shown in Fig. 5.41, R is the scale of the polymer matrix. S(t) is the
diffusion front. R(t) is the boundary of the matrix, for non-degradable matrix, we
have R(t) = 0. C0 is the initial concentration of drug distributed in the matrix. Cs

is the solubility of the solute in the solvent. In the following, we will assume that
C0 > Cs . K is the diffusion coefficient of the drug. When the solvent penetrates into
the matrix in which the initial concentration is higher than the solubility, only part of
the drug dissolves and releases from the matrix. So, two zones, the dissolved zone
and un-dissolved zone exist in the matrix. The boundary of these two zones, i.e. the
diffusion front, moves inward as time progresses until all the drugs are dissolved.
Considering the anomalous properties of the drug diffusion and using the fractional
diffusion equation, the governing equation in the dissolved zone is

C
0 Dα

t C = −K∇β
x C (5.11.1)

where ∇β
x is the space fractional derivative. It can be the Caputo type, the Riemann–

Liouville type, the Riesz type or others. At the boundary of the matrix, we use the
perfect sink condition C(0, t) = 0. At the moving boundary, we use the condition
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C(S(t), t) = Cs . In order to describe the progress of the moving boundary, consid-
ering the principle of conservation of mass and the generalized Fick law, we can
introduce the following Stefan condition dS(t)

dt = K C
0 D1−α

t ∇β
x C at x = S(t). The

existed fractional models can be summarized as

C
0 Dα

t C = −K∇β
x C, (0 < α ≤ 1 < β ≤ 2, R(t) ≤ x ≤ S(t) (5.11.2)

C(x, t) = 0, (x = R(t)) (5.11.3)

C(x, t) = Cs, (x = S(t)) (5.11.4)

(C0 − Cs)
d S(t)

dt
= K0D1−α

t ∇β
x C, (t > 0, x = s(t)) (5.11.5)

(C0 − Cs)0Dα
t S(t) = K∇β

x C, (t > 0, x = s(t)) (5.11.6)

S(0) = 0, (5.11.7)

Model 1[176]: R(t) = 0, 0 < α ≤ 1, β = 2, ∇β
x = ∂2

∂x2 . The boundary condition
is (5.11.6).

Model 2[1]: R(t) = 0, 0 < α ≤ 1, 1 < β ≤ 2. ∇β
x is the Riesz type fractional

derivative. The boundary condition is (5.11.5).
Model 3[178]: R(t) = 0, 0 < α ≤ 1, 1 < β ≤ 2.∇β

x is theCaputo type (Case I) or
the Riemann–Liouville type (Case II) fractional derivative. The boundary condition
is (5.11.5).

Model 4[179]: R(t) = ζ t, 0 < α ≤ 1, β = 2,∇β
x = ∂2

∂x2 . The boundary condition
is (5.11.6).

It is worth to note that when α = 1, β = 2, the above models are the model of
drug release from planner matrix of integer order.

From the mathematical viewpoint, these models are moving boundary problem
[180] whose analytical solution is difficult to obtain. As for the integer-order model,
under the quasi-steady state assumption, the well-known Higuchi formula is

Q = √2(C0 − Cs)Cs K t, (5.11.8)

where Q is the amount of drug absorbed at time t per unit area. Deleting the quasi-
steady state condition, Paul [181, 182] presented the accurate solution of the integer-
order model. It is

C = Cs
er f (δ)

er f (δ∗) , (5.11.9)



274 5 Typical Applications of Fractional Differential Equations

where er f () is the error function. δ = x
2
√

K t
, δ = S(t)

2
√

K t
,
√
πδ ∗ exp(δ∗2)er f (δ∗) =

Cs
C0−Cs

.
As for non-degradable matrix (models 1–3) and only considering the first stage

that the drug is not fully dissolved (i.e. S(t) < R), Liu and Xu [176] obtained the
analytical solutions in the form of Wright function using the Laplace and Fourier
transform method. Li et al. [177] obtained the analytical in the form of H function
using the same method. Under certain conditions, the results of Liu and Xu [176]
are the special case of Li et al. [177]’s results. The concentration is [1]

C(x, t) = 2q

β
C0H 2,2

4,4

[
x

D1/β tα/β

∣∣∣∣ (1, 1/β)(1, 1)(1, α/β)(1, 1/2)(1, 1/β)(1, 1)(0, 1)(1, 1/2)

]
. (5.11.10)

The expression of the moving boundary is S(t) = ptα/β , where p and q are
constant to be determined. The above solutions are concise, but the computations
must use the computer software since the H function is complex. If the space
fractional derivative is the Caputo type or the Riemann–Liouville type, the scale
invariant solutions can be obtained [178]. The scale invariant variables and the
moving boundary are z = xt−α/β and S(t) = ptα/β , respectively. The concentration
is

C(x, t) = C1zW(−α,1−α/β)(β,2)(zβ) (5.11.11)

where W(μ,a)(ν,b)(z) = ∑∞
k=0

zk


(a+μk)
(b+νk) is the generalized Wright function. p
and C1 are constants to be determined by the boundary conditions. It is obvious
that the solution (5.11.10) by the integral transform method has the nature of scale
invariance. As been pointed in Ref. [183], most of the analytical solutions of moving
boundary problems that can be obtained are scale invariant. This view is right for the
fractional cases.

The non-dimensional diffusion front position S(τ ) for model 2 is shown in
Fig. 5.47. Curves 1–3 correspond to space fractional diffusion models, curve 4 corre-
sponds to the ordinary diffusion model. Curves 5 and 6 correspond to time-fractional
diffusion models. It is obvious that the time-fractional diffusion model and the space
fractional one describe sub-diffusion and super-diffusion, respectively. It is consistent
with the results of Metzler and Klafter [184].

Using Mt and M∞ to denote the amount of the drug release at time t and the total
amount of drug and computing the fractional release of models1-3, we have

Model 1 : Mt = kλt1−α/2


(2 − α/2) (5.11.12)

where λ2 = K . k is a constant which can be obtained by solving the equations.
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Fig. 5.47 Non-dimensional diffusion front position S(τ ) = S
R versus non-dimensional time. τ =(

K/Rβ
)1/α

t at various solute loading levels. Curves 1–6 correspond to the cases that (α, β) equals
to (1,1.25), (1,1.5), (1,1.75), (1,2), (0.75,2) and (0.5,2)

Model 2 : Mt

M∞
=
[

p − Cs

C0

2pq

β
H 2,2

4,4 [p]
]

tα/β (5.11.13)

where p, q are constants to be determined. H 2,2
4,4 [p] is the H function.

Model 3 : (case 1)
Mt

M∞
=
[

p − Cs

C0
C1 p2W(−α,1−α/β)(β,3)(pβ)

]
tα/β

(5.11.14)

Model 3 : (case 2)
Mt

M∞
=
[

p − Cs

C0
C2 pβW(−α,1−α/β−α)(β,β+1)(p

β)

]
tα/β

(5.11.15)

where p, C1 and C2 are constants to be determined. W(a,b)(c,d)() is the generalized
Wright function.

The dimensionless fractional releases for the two cases of model 3 are shown in
Fig. 5.48. Apparently, for every set of parameters, case 1 needs less time for the
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Fig. 5.48 The fractional release of Model 3 respects to different time

diffusion interface to reach R. To show the effects of the initial drug loading, the
fractional releases of case 1 of model 3 in the case α = 0.75, β = 1.75 are shown in
Fig. 5.49. It is obvious that the maximum fractional release increases as the increase
of the initial drug loading.

As for the case of degradable matrix (model 4), there’s no analytical solution
presented the cause of the existence of two moving boundaries. If the speed of

Fig. 5.49 The curves of the fractional release of model 3 (case 1) when α = 0.75, β = 1.75
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the matrix dissolution is very slow and assuming that R(t) = ζ t and ζ o(1), the
approximate solution can be obtained by the two-parameter regular perturbation
method.

It is obvious that the results (5.11.12)–(5.11.15) coincide with the semi-empirical
formula Mt

M∞ = ktn presented by Ritger and Peppas [185]. Moreover, the results
here can describe the anomalous diffusion processes of the index n ∈ [0.5, 1).
So the fractional models explain the semi-empirical formula using the diffusion
mechanism. It is another proof that the fractional equations are powerful tools to
describe anomalous diffusion.

Until now, only some simple cases of fractional diffusion equation in drug release
process are investigated. Mathematical models considering more factors like matrix
of other geometric shapes or swelling matrix will be focused on in the future. There-
fore, the clinical applications of the fractional derivative models still have many
difficulties to be overcome.

(Part of this section comes from [186]).
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Chapter 6
Numerical Methods for Fractional
Differential Equations

This chapter presents some typical numerical methods for time and space frac-
tional differential equations. Discretization schemes for the Grünwald–Letnikov,
Riemann–Liouville, Caputo, fractal and positive time-fractional derivatives are sepa-
rately discusse, and validated by easy-to-follow numerical examples. Despite being
different from “fractional derivative”, fractal derivatives are still included in this
chapter. For the convenience of discussions, we call the equations having fractional
derivatives with respect to time/space variable the time/space fractional differential
equations (TFDEs/SFDEs for short), respectively. If both time and space fractional
derivatives are involved, we call the equations time–space fractional differential
equations (TSFDEs).

Nowadays, different solution techniques have been applied to fractional differ-
ential equations (FDEs), such as finite difference, finite element and mesh-free
methods. Herein we only elaborate on finite differencemethods and integral equation
methods. For solving fractional ordinary differential equations, only the most typical
method, i.e. Predictor–Corrector method, is introduced. On the other hand, the diver-
sity of the solution techniques for fractional partial differential equations makes us
simply emphasize the discretization schemes for the fractional differential operators
mentioned in the preceding paragraph. For more details of the numerical methods
for fractional partial differential equations, we refer the readers to the end-of-chapter
references.

6.1 Time-Fractional Differential Equations (TFDEs)

Many complex phenomena such as anomalous diffusion feature relatively strong
memory attributes and manifest themselves in terms of history dependence. In a
statistical sense, the physical or mechanical systems of interest are generally non-
Markov processes and should be described by fractional Brownmotions. The deriva-
tive of integer order with local definition fails to describe the history dependency,
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while the fractional derivative whose definition involves an integral term allows the
history dependency in the evolution of system functions. Hence, fractional calculus is
usually considered an effective tool for describing the physical or mechanics process
havingmemory attributes. On the other hand, the discretization schemes of fractional
integrals and derivatives have drawn a fast-growing attention recently. Podlubny
discussed the numerical approximation approaches for several typical time-fractional
derivatives. He pointed out that unlike handling derivatives of integer order, one can
no longer arbitrarily truncate the Taylor expansion of system function using the step-
by-step method and that the computation cost increases rapidly with the increasing
length of time interval considered. To lower the computational complexity, he put
forward the “short memory” principle and only considered the behavior of system
function in the “nearest past”. This is something partly like the conventionalmultistep
methods in the solution of ordinary differential equations. However, Ford has argued
that the “short memory” principle simply works well for some specific problems.
To our knowledge, the “short memory” principle is somewhat simple and intuitive
either in physics/mechanics or inmathematics and is thereby not a reliablemethod. In
fact, the fractional derivative is a convolution of the operand and the weakly singular
kernel. It is commonly recognized that a direct convolution computation is usually
time-consuming. Furthermore, since the approximant of the time-fractional deriva-
tive includes many addends, the iteration matrix is accordingly dense. This imposes
an adverse effect on the computation efficiency, which is an open issue to be solved
by matrix sparsity and preconditioning techniques.

6.1.1 Finite Difference and Integral Equation Methods

In this subsection, easy-to-follow examples are given to show the validity of the
methods.

1. Finite difference methods (FDMs)

The finite difference approximations for the time-fractional derivatives in sense of
Grünwald–Letnikov, Riemann–Liouville and Caputo, denoted by GL

a Dα
t ,

RL
a Dα

t and
C
a D

α
t , are given. Due to the less applicability, the approximation for Weyl [1, 2]

fractional derivative is omitted.

(1) Grünwald–Letnikov derivative

The derivative

Dα
t f (t) = lim

N→∞
1

(�t)α

N∑

k=0

�(k − α)

�(−α)�(k + 1)
f (t − k�t) for t − a = N�t

(6.1.1)

with time step�t, differential orderα andGamma function�(·), is a natural extension
of integer-order derivative in terms of the differential order and is widely considered
in numerical computation. The finite difference truncation of (6.1.1) is given by
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aGL Dα
t f (ti ) ≈ (�t)−α

�(−α)

∑
k = 0i

�(k − α)

�(k + 1)
fi−k for i = 1, 2, . . . (6.1.2)

where f i-k is an approximant at the (i-k)th grid point and ti = i�t. To improve the
stability, a right-shifted version of (6.1.2) is proposed as [*]

Dα
t f (ti ) ≈ (�t)−α

�(−α)

i∑

k=0

�(k − α)

�(k + 1)
fi−k+1 for i = 1, 2, . . .. (6.1.3)

(6.1.2) is proven conditionally convergent and low accurate, i.e. (O(�t)) [3]. Adding
some modified terms to (6.1.2) yields the high-order accurate fractional linear
multistep method which is applied to solve the nonlinear TFDEs [4].

(2) Riemann–Liouville derivative

This type of derivative is a typical fractional-order derivative since it is a direct exten-
sion of integer-order derivative and can readily reduce to its integer-order counter-
part when the differential order is taken as an integer. The derivative compounds the
conventional differentiation and integration as

RL
a Dα

t f (t) = 1

�(n − α)

(
d

dt

)n
t∫

a

(t − τ)n−α−1 f (τ )dτ, (n − 1 ≤ α < n). (6.1.4)

Diverse finite difference schemes for (6.1.4) can be seen in [5, 6]. For α ∈ (0,1)
∪ (1,2), the commonly used difference schemes are shown as follows.

(1) 0 < α < 1

Integration (6.1.4) by part leads to

RL
a Dα

t f (t) = f (0)

�(1 − α)
t−α + 1

�(1 − α)

t∫

0

f ′(τ )

(t − τ)α
dτ. (6.1.5)

Dividing the integral in the right-hand side of (6.1.5) into sub-integrals and using
backward and central differences to approximate f ’ in each sub-integral, one can
obtain the approximation formulas with one- and two-order accuracy, respectively.

One-order formula:

RL
a Dα

t f (ti ) ≈ f (0)

�(1 − α)
t−α
i

+ 1

�(2 − α)�t2

i−1∑

j=0

[( j + 1)1−α − j1−α]( fi− j+1 − fi− j ), (6.1.6)

where ti = i�t.
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Two-order formula:

RL
a Dα

t f (ti ) ≈ f (0)

�(1 − α)
t−α
i

+ 1

�(2 − α)�t2

i−1∑

j=0

[( j + 1)1−α − j1−α] fi− j+1 − fi− j−1

2
. (6.1.7)

Formula (6.1.6) has the larger truncated error yet the better stability than (6.1.7).

(2) 1 < α < 2

Integrating (6.1.4) by part gives

RL
a Dα

t f (t) = f (0)

�(1 − α)
t−α + f ′(0)

�(2 − α)
t1−α + 1

�(2 − α)

t∫

0

f ′′(τ )dτ

(t − τ)α−1
. (6.1.8)

A central difference approximation for f” leads to

RL
a Dα

t f (ti ) ≈ f (0)

�(1 − α)
t−α
i + f ′(0)

�(2 − α)
t1−α
i

+ 1

�(3 − α)�t2

i−1∑

j=0

[( j + 1)2−α − j2−α]( fi− j+1 + fi− j−1 − 2 fi− j ).

(6.1.9)

Formula (6.1.9) is unconditionally stable as well as a truncated error varying
with α. For instance, the truncated error is O(�t) for α = 1 but O(�t2) for α = 2.
Moreover, due to the requirement of the value of f ’(0), (6.1.9) is more suitable to
solve problems with sufficiently smooth initial conditions.

(3) Caputo derivative

Unlike the Riemann–Liouville definition, the Caputo fractional derivative is defined
by

C
a D

α
t f (t) = 1

�(n − α)

t∫

a

(t − τ)n−α−1 f (n)(τ )dτ, (n − 1 < α < n), (6.1.10)

which includes the integer-order derivative in the integrand, thereby in association
with the initial conditions that are easy to measure. Among the various discretization
schemes [7], two typical schemes are listed below.
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(1) Direct discretization

C
a D

α
t f (ti ) ≈ 1

�(n + 1 − α)

i−1∑

j=0

f (ti+1− j ) − f (ti− j )

(�t)α
[( j + 1)1−α − j1−α],

(6.1.11)

with ti = a + i�t (i = 1,2,…) and α ∈ (n-1,n) is commonly used.

(2) Improved discretization

C
a D

α
t f (ti ) ≈ 1

�(n + 1 − α)

i−1∑

j=0

f (n−1)(ti+1− j )
[
( j + 1)1−α − j1−α

]

(6.1.12)

often enjoys higher accuracy and better stability than (6.1.11). The Houbolt method
and the linear acceleration methods based on the Newmark and Wilson-θ methods
[8–12] can be used to approximate f (n−1)(ti-j+1).

It should be noted that in solving TFDEs, the finite difference temporal discretiza-
tion combined with different space discretization schemes will lead to different solu-
tion techniques. Lin and Xu [13] obtained an accurate and stable method by applying
the Legendre spectral method to space discretization. Special attention has also been
paid to combining the finite element method or the mesh-free method with the finite
difference methods [14, 15].

Among the three types of fractional derivatives aforementioned, the Caputo frac-
tional derivative is usually considered in the TFDEs in that the corresponding finite
difference approximation has the highest accuracy and is most stable [16]. Besides,
the inherent finite difference form enables the Grünwald–Letnikov fractional deriva-
tive to be an alternative for solving TFDEs. Despite the FDMs for solving TFDEs are
relatively mature, three open issues still need further consideration: (1) large errors
of the numerical solutions in the initial time range; (2) large computation complexity
for long time range evaluation due to the history dependency; (3) proofs of stability
and convergence of the methods. These issues shall be revisited in Sect. 6.3.

(4) Numerical examples

Example 1. Attenuation or relaxation equation

{
C
a D

α
t u(t) = Bu(t), α ∈ (0, 1],

u(0) = 10
(6.1.13)

can describe the anomalous attenuation or relaxation behaviors in mechanism, semi-
conductor, electromagnetics and optics. Using (6.1.11) and the initial condition, one
can obtain the numerical solutions for different α as shown in Fig. 6.1.
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Fig. 6.1 Numerical solution
for Eq. (6.1.12) (B = 1)

Example 2 The Bagley–Torvik equation (Damped vibration equation)

mü(t) + cGL
a Dα

t u(t) + ku(t) = f (t) (1 < α < 2) (6.1.14)

is able to describe the vibration in complex media, where mü(t) is the inertia force,
cGL
a Dα

t u(t) the damping force, ku(t) the elastic force and f (t) the external force [17].
Use (6.1.1) and the standard difference to discretize (6.1.14) as

m(�t)−2(un − 2un−1 + un−2) + c(�t)−α

n∑

r=0

ω(α)
r un−r + kun−1 = fn−1,

(6.1.15)

which leads to

un = fn−1 − kun−1 − c(�t)−α
∑n

r=1 ω(α)
r un−r + m(�t)−2(2un−1 − un−2)

m(�t)−2 + c(�t)−α
.

(6.1.16)

The coefficients ω(α)
r are determined by [17]

ω
(α)
0 = 1; ω

(α)
j =

(
1 − α + 1

j

)
ω

(α)
j−1, j = 1, 2, . . . .

As a comparison, we also consider the Caputo fractional derivative, replacing
GL
a Dα

t u(t) with C
a D

α
t u(t). Given α = 1.5, f (t) = 8 for t ∈ [0,1] (0, otherwise), m = 1

and c = 0.5, Figs. 6.2 and 6.3 show the numerical solutions of the TFDEs having the
Grünwald–Letnikov (G-L) and Caputo operators under different initial conditions.
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Fig. 6.2 Numerical solution
for the Bagley–Torvik
equation of the order 1.5. (�t
= 0.1,u(0) = 0, u̇(0) = 0)

Fig. 6.3 Numerical solution
for the Bagley–Torvik
equation of the order1.5. (�t
= 0.1,u(0) = 1, u̇(0) = 0.1)

2. Integral equation methods (IEMs)

It is another commonexperience to solve aTFDEby transforming it into an equivalent
integral equation.Using the integral transformcan reduce the singularity in numerical
manipulation andmoreover simplify the solution process. TheAbel integral equation
and the Volterra integral equation of the second kind play a crucial role in IEMs.

Fractional integrate the TFDE

C
0 D

α
t u(t) = f (t) for α ∈ (n − 1, n) and t > 0 (6.1.17)

on both sides and use the relation in Sect. 2.2.3 to obtain the equivalent Abel integral
equation [18, 19]
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u(t) −
n−1∑

j=0

t j

j !u
( j)(a) = 1

�(α)

t∫

a

(t − τ)α−1 f (τ )ds. (6.1.18)

It follows that one just needs to evaluate the integral on the right-hand side of
(6.1.18) where the expression of f (t) is known. Adding a linear term to (6.1.17)
yields

C
0 D

α
t u(t) + Bu(t) = f (t) for α ∈ (n − 1, n) and t > 0. (6.1.19)

It becomes the fractional relaxation equation when α ∈ (0, 1) which characterizes
slow dissipation and becomes the fractional oscillation equation when α ∈ (1, 2)
which governs a damped vibration. In a similar manner to handling (6.1.17), one
derives the Volterra integral equation of the second kind:

u(t) −
n−1∑

j=0

t j

j !u
( j)(a) = 1

�(α)

t∫

a

(t − τ)α−1( f (τ ) − Bu(τ ))dτ . (6.1.20)

To obtain u(t), the quadrature formula

1

�(α)

t j+1∫

t j

(t − τ)α−1( f (τ ) − Bu(τ ))dτ ≈ (�t)−α

n∑

i=n−1

ω j,i ( f (t j ) − Bu(t j ))

(6.1.21)

is commonly utilized to evaluate the right-hand side of (6.1.20). It should be noticed
that the weight factor ωj,i has included the information of the weakly singular kernel
(t-τ )α−1*.

Predictor–Corrector (PC) Method for Fractional Relaxation–Oscillation Equa-
tion

PC method, being widely used at present, is an extension of the Adams–Bashforth
method. The predicted and the corrected values are, respectively, determined by
the explicit and implicit Adams–Bashforth methods, followed by an extrapolation
that accelerates the convergence. PC method enjoys relatively high accuracy but
requires much computational effort [20–22]. Deng [23] has improved the solution
accuracy of the time-fractional Fokker–Planck equation using the modified Adams
PC method; Adolfsson [24] further modified the PC method using the discontinuous
Galerkin approach andput forward avariable-step scheme tohandle the long-duration
evaluation. Below are the basic procedures of the PC method as well as the error
analyses.

Consider the fractional relaxation–oscillation Eq. (6.1.20) and approximate the
integral in its right-hand side by the rectangle rule [20]
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tk∫

0

(tk − τ)α−1[ f (τ ) − Bu(τ )]dτ ≈
k−1∑

j=0

b j,k
[
f (t j ) − Bu(t j )

]
, (6.1.22)

with bj,k = hα/α[(k-j)α-(k-j-1)α], thus giving the predictor up(tk):

u p(tk) =
n−1∑

i=0

t ik
i !u

(i)(0) + 1

�(α)

k−1∑

j=0

b j,k[ f (t j ) − Bu(t j )]. (6.1.23)

The corrector uc(tk) is obtained by replacing the rectangle rule (6.1.22) with the
trapezoidal rule [20]

tk∫

0

(tk − τ)α−1[ f (τ ) − Bu(τ )]dτ ≈
k∑

j=0

a j,k
[
f (t j ) − Bu(t j )

]
, (6.1.24)

where a j,k

= hα

α(α + 1)

⎧
⎨

⎩

(k − 1)α+1 − (k − α − 1)kα

(k − j + 1)α+1 − 2(k − j)α+1 + (k − j − 1)α+1

1

j = 0
1 ≤ j < k

j = k
.
.

This yields the corrector:

uc(tk) =
n−1∑

i=0

t ik
i !u

(i)(0)

+ 1

�(α)

⎛

⎝
k−1∑

j=0

a j,k[ f (t j ) − Bu(t j )] + ak,k[ f (tk) − Bup(tk)]
⎞

⎠. (6.1.25)

Totally 2(n + 1)2 + n memory storage and 2(n + 1)2 + n(n + 3) operations are
demanded to compute values of n grid points. Figures 6.4 and 6.5, respectively, show
the numerical solutions for fractional relaxation and fractional oscillation equations
for different α, B = 1, u(0) = 1, u’(0) = 0 and f (t) = 0.

The absolute and relative errors for fractional relaxation equation with α = 0.5,
�t = 0.01, 0.1 and 1 are given in Figs. 6.6, and 6.7, respectively. The specific data
of analytical/numerical solutions and the numerical errors can be seen in Tables 6.1,
6.2 and 6.3.
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Fig. 6.4 Numerical solution
for fractional relaxation
equation

Fig. 6.5 Numerical solution
for fractional oscillation
equation

Fig. 6.6 Absolute error plot
for fractional relaxation
equation of the order 0.5
with different time steps
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Fig. 6.7 Relative error plot
for fractional relaxation
equation of the order 0.5
with different time steps

Table 6.1 Analytical solutions, numerical solutions, absolute errors and relative errors for
fractional relaxation equation with �t = 0.1

time(s) Exact solution Numerical solution Absolute errors Relative errors

0.2 6.43788E-1 6.55275E-1 1.14862E-2 1.78416E-2

0.4 5.53606E-1 5.55904E-1 2.29818E-3 4.15129E-3

0.6 4.98025E-1 4.98874E-1 8.49727E-4 1.70620E-3

0.8 4.58246E-1 4.58661E-1 4.14584E-4 9.04720E-4

1.0 4.27584E-1 4.27829E-1 2.45444E-4 5.74026E-4

Table 6.2 Analytical solutions, numerical solutions, absolute errors and relative errors for
fractional relaxation equation with �t = 0.01

Time(s) Exact solutions Numerical solutions Absolute errors Relative errors

0.2 6.43788E-1 6.43693E-1 9.51748E-5 1.47836E-4

0.4 5.53606E-1 5.53546E-1 6.03097E-5 1.0894E-4

0.6 4.98025E-1 4.97987E-1 3.80455E-5 7.63929E-5

0.8 4.58246E-1 4.58221E-1 2.54952E-5 5.56364E-5

1.0 4.27582E-1 4.27566E-1 1.78739E-5 4.18022E-5

Table 6.3 Analytical solutions, numerical solutions, absolute errors and relative errors for
fractional relaxation equation with �t = 1

Time(s) Exact solutions Numerical solutions Absolute errors Relative errors

2 3.36204E-1 6.23776E-1 2.87572E-1 8.5535E-1

4 2.55396E-1 3.64208E-1 1.08812E-1 4.26053E-1

6 2.14626E-1 2.60051E-1 4.54246E-2 2.11645E-1

8 1.88821E-1 2.10842E-1 2.20212E-2 1.16624E-1

10 1.70578E-1 1.82982E-1 1.24043E-2 7.27196E-2



296 6 Numerical Methods for Fractional Differential Equations

Denoting by εa and εr the maximum absolute and relative errors, we have.

(a) in Fig. 6.6, εa =
⎧
⎨

⎩

0.4487,�t = 1
0.0538,�t = 0.1
0.0148,�t = 0.01

(b) in Fig. 6.7, εr =
⎧
⎨

⎩

1.049,�t = 1
0.0743,�t = 0.1
0.0165,�t = 0.01

.

It can be seen from Figs. 6.6 and 6.7 that as the time step decreases, the numerical
solutions converge to the analytical ones despite the fact that the errors of the approx-
imants evaluated near t = 0 are rather obvious. Since being an explicit method, the
PC method is conditionally stable. The stable condition is related to the differential
orderα.

From the small errors for the cases of �t = 0.01 and �t = 0.1, we learn that the
PC method is sufficiently accurate. The sensitivity of the accuracy to the value of
time step accounts for the fact that the error for the case �t = 0.01is much smaller
than that for the case �t = 0.1.

The absolute error estimation of the PC method for the following TFDE

C
0 D

α
t u(t) = f (t, u(t)), u(k)(0) = u(k)

0 , k = 0, 1, . . . , 	α
 − 1, (6.1.26)

has drawn the attention of many researchers such as Li Changpin and Deng Weihua.
Below are some well-known results [25, 26].

(1) If α > 0 and C
a D

α
t u(t) ∈ C2[0, T ], then there exists some T, such that

Max
0≤i≤N

|u(ti ) − ui | =
{
O(�t2), α ≥ 1,
O(�t1+α), 0 < α < 1.

(2) If α > 1 and u(t) ∈ C1+	α
[0, T ], then there exists some T, such that

Max
0≤i≤N

|u(ti ) − ui | = O(�t1+	α
−α).

(3) If 0 < α < 1 and u(t) ∈ C2[0, T ], then there exists some T, such that

Max
0≤i≤N

|u(ti ) − ui | =
{
O(�t2α), 0 <α < 0.5,
O(�t), 0.5 < α < 1.

It further holds that for ε ∈ (0,T )

Max
ti∈[ε,T ]

|u(ti ) − ui | =
{
O(�t1+α), 0 <α < 0.5,
O(�t2−α), 0.5 < α < 1.
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(4) If α > 1 and f ∈ C3(G), then

Max
0≤i≤N

|u(ti ) − ui | = O(�t2).

(5) If 0 < α < 1 and f ∈ C3(G), then

Max
0≤i≤N

|u(ti ) − ui | =
{
O(�t2α), 0 <α < 0.5,
O(�t), 0.5 < α < 1.

It further holds that if ε ∈ (0,T )

Max
ti∈[ε,T ]

|u(ti ) − ui | =
{
O(�t1+α), 0 <α < 0.5,
O(�t2−α), 0.5 < α < 1.

(6) If 0 < α < 1 and f ∈ C2(G), then

Max
0≤i≤N

|u(ti ) − ui | = O(1).

It further holds that if ε ∈ (0,T )

Max
ti∈[ε,T ]

|u(ti ) − ui | = O(�t1−α).

Modified PC Method

Note that only the rectangle rule is employed to obtain the predictor in the PC
method. To improve the accuracy of the PC method, we can take the trapezoidal rule
as a replacement. Apply the trapezoidal rule to the integral in the equivalent integral
equation of (6.1.26), i.e.[23]

tn+1∫

0

(tn+1 − τ)α−1 f (u(τ ), τ )dτ ≈ (�t)α

α(α + 1)

n+1∑

j=0

a j,n+1 f (u(t j ), t j ), (6.1.27)

where a j,n+1 =
⎧
⎨

⎩

nα+1 − (n − α)(n + 1)α j = 0
(n − j + 2)α+1 + (n − j)α+1 − 2(n − j + 1)α+1 1 ≤ j ≤ n
1 j = n + 1

.

Next, substitute the above formula into the corrector

uc(tn+1) =

⎧
⎪⎪⎨

⎪⎪⎩

g0 + (�t)α

�(α+2) ( f (u
p(t1), t1) + α f (u(t0), t0)), n = 0

g0 + (�t)α

�(α+2) ( f (u
p(tn+1), tn+1) + (2α+1 − 2) f (u(tn), tn), n ≥ 1

+ �tα
�(α+2)

∑n−1
j=0 a j,n+1 f (u(t j ), t j ),

(6.1.28)
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where

g0 =
n−1∑

i=0

u(k)(0)
t i

i !

and then the predictor is derived as

u p(tn+1) =

⎧
⎪⎪⎨

⎪⎪⎩

g0 + (�t)α

�(α+2) f (u(t0), t0), for n = 0

g0 + (�t)α

�(α+2) (2
α+1 − 1) f (u(t0), t0), for n ≥ 1

+ (�t)α

�(α+2)

∑n−1
j=0 a j,n+1 f (u(t j ), t j ).

(6.1.29)

It is sensible to take the above corrector as a new predictor and to obtain the
final corrector by iteration [23]. The stability and accuracy can be further improved
in this fashion. Nevertheless, due to the non-locality of the fractional operator, one
has to take into account u(tk) (k = 1,2,…n-1) when calculating u(tn). This will take
much computation effort in successive iterations despite an increase in accuracy.
Moreover, the numerical errors accumulated in the iteration process will impose an
adverse effect on the accuracy of the approach and even make the convergence curve
elevate for a larger iteration number.

Next, we investigate the influence of the iteration number of the modified
PC method on the error variations. Consider the fractional relaxation equation
C
a D

0.5
t u(t) + u(t) = 0 with u(0) = 1 and u’(0) = 0. The absolute and relative

error plots for the cases of iteration and non-iteration are given in Figs. 6.8 and 6.9,
respectively.

Note that the curve labeled “No iteration” corresponds to the conventional PC
method while the rest curves are associated with the modified PC method. It can be
observed from Figs. 6.8 and 6.9 that after several iterations, there exists a positive T

Fig. 6.8 Absolute error
plots for fractional relaxation
equation of the order 0.5
under different iteration
numbers
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Fig. 6.9 Relative error plots
for fractional relaxation
equation of the order 0.5
under different iteration
numbers

such that: for t ∈ (0,T ), the error of the modified PCmethod is obviously smaller than
that of the conventional PC method; while for t > T, the result turns to the opposite.
Besides, we also see that there is no direct connection between the iteration number
and the solution accuracy. In fact, among the cases for different iteration numbers,
two iterations will lead to the highest accuracy either in (0,T ) or in t > T. As iteration
number exceeds 2, the accuracy in t > T drops, and as the iteration number increases
to 10, the accuracy in this time interval almost keeps invariable. It thus seems easy to
conclude that a medium number of iterations in the modified PC method will yield
acceptable accuracy in the whole evaluation process.

Modified PC method can also be employed to solve multi-term TFDEs [23, 27].
This type of equation takes the form

C
a D

αn
t u(t) = f (t, u(t), Ca D

α1
t u(t), · · · , Ca D

αn−1
t u(t)), (6.1.30)

with u(k)(0) = u(k)
0 for k = 0,1,…,m-1. Some physics–mechanics governing equa-

tions pertain to this type. For instance, the Bagley–Torvik equation which describes
the oscillation of an oscillator in viscoelastic media:

m
d2u(t)

dt2
+ cCa D

3/2
t u(t) + ku(t) = f (t); (6.1.31)

the Babenko equation which controls the motion of an immersed rigid plate in a
Newtonian fluid:

du(t)

dt
− F(t)Ca D

1/2
t u(t) − G(t)u(t) = H(t); (6.1.32)

and the Koeller equation which governs the gas dissolution in the liquid:

C
a D

2α
t u(t) − p1

C
a D

α
t u(t) − p0u(t) = f (t). (6.1.33)
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To use the modified PCmethod, one needs first to transform the multi-term TFDE
into a system of TFDEs. Denoting γ by the greatest common divisor of {1, a1, a2,…,
an} and letting n = an/γ , one gets from (6.1.30) that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C
a D

γ
t u0(t) = u1(t)

C
a D

γ
t u1(t) = u2(t)

· · · · · ·
C
a D

γ
t un−2(t) = un−1(t)

C
a D

γ
t un−1(t) = f

(
t, u0(t), ua1/γ (t), . . . , uan−1/γ (t)

)

(6.1.34)

with initial conditions

u( j)(0) = u( jγ )

0 for j ≤ n. (6.1.35)

Letting U = {u0,u1,…,un-1}T leads to a compact form of (6.1.34), namely

C
a D

γ
t U (t) = F(t,U (t)), (6.1.36)

with

U (0) = {u0(0), u1‘(0), . . . , un−1(0)}T , (6.1.37)

and

F(t,U (t)) = {
u1(t), u2(t), · · · , un−1(t), f (t, u0(t), ua1/γ (t), . . . , uan−1/γ (t))

}T
.

(6.1.38)

Noticing that the compact form (6.1.36) is the same as (6.1.26), one can readily
use PC or modified PC method to treat it.

Other Integral Equation Methods

Different discretization schemes applied to the integral in the equivalent integral
equations such as (6.1.18) will lead to different IMEs. Aside from the two quadra-
ture rules used in the PC andmodified PCmethods, other approximation rules are also
permitted. Liu and Lü [28] used the mid-point rectangle quadrature rule and trape-
zoidal rule to approximate the integral in the second kind Volterra integral equation
which is a generalized form of (6.1.18). Leszczynski and Ciesielsk [19] have applied
the R2-algorithm proposed in Oldham and Spanier’s monograph [] to evaluate the
integral in the equivalent integral equation of TFDEs. In this subsection, we briefly
introduce the approximation approach presented byKuar andAgrawal [27]. Consider
the equivalent integral equation of (6.1.26), i.e.

u(t) = g(t) + 1

�(α)

t∫

0

(t − τ)α−1 f (τ, u(τ ))dτ , (6.1.39)
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with g(t) = ∑n−1
i=0 u

(k)
0

t i

i ! . To obtain the approximant of u(T ), supposing the interval
[0,T ] is divided into N equal parts, letting h = T /N and tj = jh for j = 0,1,…,N, one
can obtain the following approximation formulas of (6.1.39):

u(t2i+2) = g(t2i+2) + 1

�(α)

t2i∫

0

(t2i+2 − τ)α−1 f (τ, u(τ ))dτ+
2i+2∑

k=2i

ci,k fk, (6.1.40)

u(t2i+1) = g(t2i+1) + 1

�(α)

t2i∫

0

(t2i+1 − τ)α−1 f (τ, u(τ ))dτ

+
∑

k=2i,2i+1/2,2i+1

di,k fk for i = 0, 1, . . . , T/2 − 1, (6.1.41)

given that the u(t) is known at tk for k = 0,1,…,2i. Since the integrals in the above
equations are generally non-singular, they can be numerically evaluated easily using
the Newton–Cotes quadrature rules or other rules. The interpolating coefficients c
and d above are determined by a weighted integration of the three-point Lagrange
interpolating basis. To see this clearly, letting i = 0 in the above equations yields the
estimations for u(t1) and u(t2):

u(t2) = g(t2) + c0,0 f0 + c0,1 f1 + c0,2 f2, (6.1.42)

u(t1) = g(t1) + d0,0 f0 + d0,1/2 f1/2 + d0,2 f1, (6.1.43)

where

∑

k

c0,k fk = 1

�(α)

t2∫

0

(t2 − τ)α−1
∑

k

φ0,k(τ ) fkdτ

≈ 1

�(α)

t2∫

0

(t2 − τ)α−1 f (τ, u(τ ))dτ , (6.1.44)

∑

k

d0,k fk = 1

�(α)

t1∫

0

(t1 − τ)α−1
∑

k

ψ0,k(τ ) fkdτ

≈ 1

�(α)

t1∫

0

(t1 − τ)α−1 f (τ, u(τ ))dτ . (6.1.45)

Note that φj,k,ψ j,k (for evaluating u(t2j+1)) * above are the Lagrange interpolating
bases in association with the kth grid point at the (j + 1)th step of evaluation and
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f k≈f (tk ,u(tk)) with tk+1/2 = (k + 1/2)h *. The unknown f 1/2 can be determined by
the Lagrange interpolant

∑
k φ0,k(h/2) fk , namely

f1/2 = 3

8
f0 + 3

4
f1 − 1

8
f2. (6.1.46)

Substitute (6.1.46) into (6.1.41) and advance from the first step to the (T /2–1)th
step to obtain the final approximation formulas for u(T ):

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u(T ) = g(T ) + 1
�(α)

T−2∫

0
(T − τ)α−1 f (τ, u(τ ))dτ+∑T

k=T−2 cT/2−1,k fk,

u(T − 1) = g(T − 1) + 1
�(α)

T−2∫

0
(T − 1 − τ)α−1 f (τ, u(τ ))dτ + dT/2−1,T−2 fT−2

+dT/2−1,T−2 fT−3/2
(
3
8 fT−2 + 3

4 fT−1 − 1
8 fT

)+ dT/2−1,T−1 fT−1.

(6.1.47)

After T /2–1 steps of evaluation from (6.1.40) and (6.1.41), there are only two
unknowns U(T ) and U(T-1) in (6.1.47). The nonlinear equations can be solved by
the Newton–Raphson method, fixed-point iteration or other nonlinear solvers.

Although it requires some mathematics deduction, transforming the differential
equations into their equivalent integral equations can lower the computational over-
head and effectively handle the singularity. IMEs have been successfully applied to
diverse TFDEs, which can be found in [16, 28].

3. FDM-RBF method for solving time-fractional diffusion equations

Unlike the numerical solution of ordinary differential equations which merely
requires the discretization of the derivative with respect to one single variable (time
or space), the solution of partial differential equations often needs discretization tech-
niques to handle time and space derivatives simultaneously. This section concerns an
implicit FDM approximation in the time domain and a radial basis function (RBF)-
interpolating discretization in the space domain for solving time-fractional diffusion
equation. The validity of this FDE-RBF method has been shown by testing one- and
two- dimensional diffusion equations.

Consider the following time-fractional diffusion equation:

C
a D

α
t u(x, t) = γ�u(x, t), x ∈ R

d , t > 0, (6.1.48)

with the homogeneous Dirichlet boundary condition and initial condition u(x,t) =
f (x), where α ∈ (0,1), Ca D

α
t is the Caputo fractional differential operator,� the Lapla-

cian and d the dimensionality. The unknown quantity u can be explained in terms
of concentration or temperature, and the constant factor γ is accordingly called the
diffusivity or the conductivity. The differential order α characterizes the strength of
system memory: stronger memory is related to the smaller α. For the convenience of
discussion, assume u to be the concentration of particles in the process of anomalous
diffusion.
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(1) Temporal discretization by FDM

Using the direct approximation formula (6.1.11) or according to Refs. [29–33], one
can evaluate the fractional derivative at t = tn+1 as *

C
a D

α
t u(x, tn+1) ≈ 1

�(1 − α)

n∑

k=0

u(x, tk+1) − u(x, tk)

�t

(k+1)�t∫

k�t

dτ

(tk+1 − τ)α

=
{
a0(un+1 − un) + a0

∑n
k=1 bk(u

n+1−k − un−k), n ≥ 1
a0(u1 − u0), n = 0

(6.1.49)

where * a0 = (�t)−α/�(2-α) and bk = (k + 1)1−α-k1−α * for k= 1,2,…,n. Substitute
(6.1.49) into (6.1.48) to obtain the implicit finite difference scheme:

a0u
n+1 − γ�un+1 =

{
a0u0, n = 0
a0
[
un −∑n

k=1 bk(u
n+1−k − un−k)

]
, n ≥ 1

(6.1.50)

where u0 = u(x,t = 0). Error estimations for (6.1.50) have been given by researchers
but without reaching a complete consensus. Lin et al. [13] claimed that the error term
takes the form O((�t)2−α) * based on their mathematical deduction and numerical
verification, whereas Murio [30] has derived that the error term is of the orderO(�t)
from both theoretical and numerical analyses. From the numerical results in this
section, we are more inclined to accept the latter one.

(2) Spatial discretization by the Kansa method [34–37]

Consider the domain x ∈ � ⊆R
2 at t = tn+1 * and collocate in �∂�⊆ M discrete

points denoted by xj (j = 1,2,…,M), in which x1 and xM are on ∂� while the rest are
internal points. The functional value at xi can be evaluated by a RBF interpolant:

u(xi , tn+1) =
M∑

j=1

λn+1
j φ

(∥∥xi − x j

∥∥
2

)+ λn+1
M+1xi + λn+1

M+2yi + λn+1
M+3, (6.1.51)

where {xi} and {xj} are the same set of points, xi = (xi,yi) for i = 1,2,…,M, λ are
unknown coefficients, φ(r) is the RBF and the monomial addends are regularized
terms which guarantee the unique solvability for λ. Taking all the {xi} in (6.1.51)
and adding constraints

M∑

j=1

λn+1
j =

M∑

j=1

λn+1
j x j =

M∑

j=1

λn+1
j y j = 0 (6.1.52)

lead to the RBF interpolating formula for u(x,tn+1) at {xi} * whose matrix–vector
form is
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

un+1
1
...

un+1
M

x1

y1

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ11 · · · φ1,M x1 y1 1
...

. . .
...

...
...

...

φM,1 · · · φM,M xM yM 1

x1 · · · xM 0 · · · 0
y1 · · · yM

...
. . .

...

1 · · · 1 0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λn+1
1
...

λn+1
M

λn+1
M+1

λn+1
M+2

λn+1
M+3

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (6.1.53)

where un+1
i = u(xi , tn+1) and φij = φ(||xi-xj ||2). It can be easily seen that the inter-

polating matrix in (6.1.53) is symmetric. Assuming u is known at {xi} and solving
the linear system (6.1.53), one can obtain the interpolating coefficients λ, thereby
deriving functional values at any set of points in �⊆∂� from (6.1.51). Now for the
solution of the equation with unknown u, one ought to let (6.1.53) satisfy the equa-
tion as well as the boundary condition. Noticing this and using (6.1.50), one has the
following linear system similar to (6.1.53):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0

Fn
2
...

Fn
M−1

0

0

0

0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L(φ)11 · · · L(φ)1,M L(x)1 L(y)1 L(1)
...

. . .
...

...
...

...

L(φ)M,1 · · · L(φ)M,M L(x)M L(y)M L(1)

x1 · · · xM 0 · · · 0

y1 · · · yM
...

. . .
...

1 · · · 1 0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λn+1
1
...

λn+1
M

λn+1
M+1

λn+1
M+2

λn+1
M+3

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (6.1.54)

where

L(·) =
{

(a0 − γ�)(·), 1 < i < M
(·), i = 1 and i = M

(6.1.55)

and

Fn
i =

⎧
⎨

⎩

{
a0
(
uni −∑n

k=1 bk(u
n+1−k − un−k)

)
, n ≥ 1

a0u0i , n = 0
i ∈ (1, M)

0, i ∈ {1, M}
. (6.1.56)

The coefficient matrix in (6.1.54) is known once we preset the {xi} or {xj}. The
vector on the left-hand side of (6.1.54) can be derived by recursive relations (6.1.56).
Ultimately, we obtain the interpolating coefficient λ by solving (6.1.54).
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(3) A one-dimensional example

Consider time-fractional diffusion equation in one dimension:

C
0 D

0.5
t u(x, t) = ∂2

∂x2
u(x, t), x ∈ (0, 2), t ∈ (0, 1], (6.1.57)

with boundary condition u(0,t) = u(2,t) = 0 and initial condition u(x,0) = f (x). Let

f (x) =
{
2x, x ∈ [0, 1/2]
4−2x
3 , x ∈ (1/2, 2]

and the corresponding analytical solution is [38]

u(x, t) =
∞∑

n=1

E0.5

(
−n2π2

4
t0.5
)
sin
(nπx

2

) 2∫

0

f (x) sin
(nπx

2

)
dx, (6.1.58)

where the Mittag–Leffler function reads

Eα(z) =
∞∑

k=0

zk

�(αk + 1)
. (6.1.59)

To make spatial discretization, use the multiquadratics (MQ) function φ(r) = (r2

+ c2)1/2 (c is a preset parameter) as the RBF. Let time step �t be 0.01 and space
step h 0.1. The parameter c may be sensitive to specific problems. Our numerical
results show that for the solution of (6.1.57), higher accurate solutions are usually
obtained when c is placed in (0,0.6), in particular when c = 0.5. Figure 6.10 plots

Fig. 6.10 FDM-MQ (c = 0.5) method for one-dimensional fractional diffusion equation: (a)
Numerical solution, (b) analytical solution and (c) relative errors
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the numerical/analytical solutions and the relative errors. It can be seen from 6.10
(c) that apart from those in the neighborhood of t = 0, errors are kept at a low level.

We still take the MQ function (c = 0.5) for numerical solution and contrive to
derive the error estimation according to the numerical approach given in [39]. Let the
space step h be 0.1 and the length of time interval 2. For different time steps, derive
the order of the error term by comparing the ratio of successive time steps and the
ratio of corresponding maximum absolute errors. Table 6.4 tabulates the maximum
absolute errors corresponding to t= 0.6 and t = 1.6 for time steps 0.1, 0.05, 0.01 and
0.005. It can be seen that the maximum absolute errors drop for decreasing time step,
which implies the convergence of the method. It follows from [39] that the order of
the maximum absolute error is close to O(�t).

Figure 6.11 depicts the variations of concentrations at different space points with
time for �t = 0.01 and h = 0.1, and Fig. 6.12 plots the variations of concentrations
at x = 0.1 with time for different α.

(4) A two-dimensional example

Consider the following time-fractional diffusion equation in two space dimensions:

C
0 D

1.4
t u(x, y, t) = 2t1.6

π2�(0.6)

∂2

∂x2
u(x, y, t)

+ t1.6

12π2�(0.6)

∂2

∂y2
u(x, y, t) + f (x, y, t), (6.1.60)

where (x,y) ∈ [0,1]2, t ∈ (0,1), Dirichlet boundary condition is taken, the initial
condition is u(x,y,0) = sinπxsinπy, the source term

f (x, y, t) = 25t1.6

12�(0.6)
(t2 + 2) sin πx sin πy

and the analytical solution [40] u(x,y,t) = (t2 + 1) sinπxsinπy. We here select thin
plate spline (TPS) function ϕ(r) = r2β log(r) as the RBF for spatial approximation.
Let time step �t = 0.01 and space step �x = �y = 0.1. Through numerical trials,
to guarantee acceptable approximations, the integer parameter β should exceed one.

Table 6.4 Error analysis of FDM-MQ (c= 0.5) method for solving the one-dimensional fractional
diffusion equation

�t Maximum absolute
error (t = 0.6)

Ratio of successive
errors (Error rate)

Maximum absolute
error (t = 1.6)

Ratio of successive
errors (Error rate)

0.1 9.2e-003 – 2.4 e-003 –

0.05 4.4e-003 2.09 ≈ 0.1/0.05 1.3 e-003 1.85 ≈ 0.1/0.05

0.01 1.1e-003 4.00 < 0.05/0.01 4.9548 e-004 2.62 < 0.05/0.01

0.005 7.3236e-004 1.50 < 0.01/0.005 4.1350 e-004 1.20 < 0.01/0.005
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Fig. 6.11 Variation of concentrations at different space points with time

Good agreement between analytical and numerical solutions for t = 0.2 and β = 4
is shown in Fig. 6.13.

Figure 6.14 further displays the relative errors related to Fig. 6.13. It is obviously
noted that the closer the evaluated points get to the boundary, the larger the errors
become. To see the error more clearly, consider a fixed space point (0.3, 0.2). Now
we compare the predictions of using MQ (c = 0.5) and TPS (β = 4) functions. The
relative errors for this given point at t = 0.2, 0.4, 0.6 and 1.0 are tabulated in Table
6.5. The acceptable accuracy shows the validity of the combination of FDM and RBF
methods for solving two-dimensional time-fractional diffusion equation.

6.1.2 Summaries and Comparisons of Solution Techniques
for TFDEs

The FDMs and IMEs aforementioned are briefly summarized and compared with
some iteration methods.

1. Finite difference methods (FDMs)

Since the selection of finite difference schemes for time-fractional diffusion equation
is intimately tied to the definitions of the fractional derivatives, we have introduced
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Fig. 6.12 Variation of concentrations at x = 0.1 with time for different α

Fig. 6.13 FDM-TPS (β = 4) method for two-dimensional fractional diffusion equation: a
Numerical solution b analytical solution

different schemes for different operators. The Grünwald–Letnikov-based scheme is
commonly used to construct the explicit finite difference scheme which is condition-
ally convergent but at low accuracy [3]. An improved scheme has been presented
in [4]. The Riemann–Liouville-based scheme is frequently considered due to its
applicability in solving both time and space fractional differential equations [41, 6].
The Caputo-based scheme is realized as a highly accurate and stable approach [16],
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Fig. 6.14 Relative errors of FDM-TPS (β = 4) method for solving two-dimensional fractional
diffusion equation (t = 0.2, �t = 0.01, �x = �y = 0.1)

Table 6.5 Error comparison between solutions of FDM-MQ (c = 0.5) and FDM-TPS (β = 4)
methods for solving two-dimensional fractional diffusion equation (x = 0.3, y = 0.2)

t Exact values TPS values MQ values Relative errors (TPS) Relative errors (MQ)

0.2 0.49455 0.49460 0.49461 1.1179e-004 1.2680e-004

0.4 0.55161 0.55163 0.55173 2.6275e-004 2.1111e-004

0.6 0.64672 0.64662 0.64692 1.5851e-004 3.0592e-004

1.0 0.95106 0.95055 0.95150 5.3598e-004 4.6318e-004

thus being constantly utilized in solving TFDEs. The popularity of the Caputo-type
schemes in numerical solution follows from the fact that the Grünwald–Letnikov
fractional derivative is less considered in recent research and the Riemann–Liouville
fractional derivative is often taken into account in theoretical analysis.

2. Integral equation methods (IMEs)

IMEs transform the differential equations to the equivalent integral equations, and
therefore they only solve the integral equations, which reduces the singularity and
simplifies the solution process. IMEs have been widely employed in the numerical
solution, of which the predictor–corrector (PC) method is most commonly used.

PC methods amount to the extensions of the Adams–Bashforth methods and can
achieve high accuracy despite somewhat high computational cost [20, 21]. The
requirement of some mathematical deduction simplifies the solution process and
reduces the singularity of the integral kernel. This type of method can also be applied
to other types of equations [16, 42].

3. Iteration methods

Typical iteration methods for solving TFDEs include Adomian’s decomposition
method (ADM), differential transform method (DTM), variational iteration method
(VIM) and homotopy perturbation method (HPM).
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ADM forms the iteration formula by the inverse operation of the differential
operator of the largest order (namely, integration) on both sides of the target equation.
In this fashion, the initial conditions are naturally involved in the initial estimations,
and the resulting iteration formula takes a form that is easy to program [43]. DTM
writes the unknown function in formof a serieswith unknowncoefficients and obtains
the iteration formula of these coefficients by substituting the series into the target
equation [7]. The initial conditions are changed into the initial coefficients as the
initial estimations. The iteration formula of VIM is complicated and seems not easy
to program [44, 43]. Generally speaking, different iteration formulas can be derived
from HPM, yet most of which are complex and hard to program. Adjustments can
also be made to establish the equivalence relation between HPM and ADM [45].

Because these iteration methods all take their approximants as the truncation of
series solutions, one must increase the number of iterations in order to achieve high
accuracy. Moreover, since these methods fail to consider the memory attributes of
fractional derivative, that is, the evaluation of a given instant is irrespective of the
values at the “past time” (instants prior to that given instant), the convergence of the
error curves may thus be destroyed. When the approximate solution be a polynomial
series, and if the time interval evaluated is t∈ [0,1], then several iterations can recover
the exact solution; however, for each t > 1, onemust increase the number of iterations
so as to guarantee the solution accuracy. Hence, for a large t, the solution accuracy
may drop and the computational cost may rise. To improve the convergence, HPM is
enhanced by replacing the polynomials in the initial iterationwith exponent functions
[46].

We compare the solutions of ADM and DTM for

C
0 D

0.5
t u(t) + u(t) = 0 with u(0) = 1. (6.1.61)

The numerical solutions and the error curves are illustrated in Figs. 6.15, 6.16,
6.17, 6.18, 6.19 and 6.20. It can be observed that the elevation of the error curve of

Fig. 6.15 Numerical
solutions of fractional
relaxation equation of the
order 0.5 using ADM
(Num.— numerical solution,
Ana.—analytical solution)



6.1 Time-Fractional Differential Equations (TFDEs) 311

Fig. 6.16 Absolute errors of
fractional relaxation equation
of the order 0.5 using ADM

Fig. 6.17. Relative errors of
fractional relaxation equation
of the order 0.5 using ADM

Fig. 6.18 Numerical
solutions of fractional
relaxation equation of the
order 0.5 using DTM
(Num.— numerical solution,
Ana.—analytical solution)
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Fig. 6.19 Absolute errors of
fractional relaxation equation
of the order 0.5 using DTM

Fig. 6.20 Relative errors of
fractional relaxation equation
of the order 0.5 using DTM

ADM is much slower than that of DTM’s curve, which indicates a higher stability
of ADM. Nevertheless, it would still be fair to say that the advantage of DTM over
ADM is to construct simpler and easier-to-program iteration formulas, especially for
solving complicated differential equations.

Iteration methods compare favorably with FDMs and IMEs in achieving
higher accuracy though in the absence of an effective convergence. For long-
duration computation, the computational overhead ascends and the solution accuracy
descends. It is advisable to consider the iteration methods when the time interval to
be evaluated is not very large.

Next, we compare the Grünwald–Letnikov-based FDM, modified PC method,
ADM and DTM for solving

{ dpu(t)
dt p + Bu(t) = f (t) (B = ωp, 0 < p ≤ 2),

u(0) = C,
(6.1.62)
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Table 6.6 Comparison of absolute errors for four different solution techniques

Time Explicit FDM Modified PC method ADM DTM

0 0 0 0 0

0.1 −0.05751927137794 0.05374660166533 0.00000000974680 0.00419158325687

0.2 −0.03714928406556 0.01148623726416 0.00000042132164 0.01569831045673

0.3 −0.02661140536844 0.00451043674513 0.00000378790178 0.03366487919926

0.4 −0.02044420411395 0.00229817886543 0.00001792714069 0.05756247263562

0.5 −0.01645165166670 0.00133729997249 0.00005972494677 0.08700266480073

0.6 −0.01367416446148 0.00084972695187 0.00015939848551 0.12167881083381

0.7 −0.01163844568144 0.00057733984948 0.00036510683400 0.16133835565525

0.8 −0.01008686050512 0.00041458449178 0.00074784127267 0.20576730296459

0.9 −0.00886792777195 0.00031231107002 0.00140654886758 0.25478056302483

1.0 −0.00788700447651 0.00024544413651 0.00247345560302 0.30821552131499

where dp/dtp can be the Grünwald–Letnikov or Caputo operator. When 0 < p < 1,
(6.1.62) describes the stress relaxation of concrete, colloid or composite materials,
and it can also depict the material creep if the stress is prescribed. In this case, u(t),
f (t) and C represent stress, strain and initial stress, respectively. When 1 < p < 2,
(6.1.62) controls the damped vibration of an mass element in viscoelastic media,
where u(t) is the displacement, f (t) the external force and C the initial displacement.
Here, we take p = 0.5, B,C = 1, f = 0, �t = 0.1 and iterations number = 10.

It can be observed from Table 6.6 that FDM and modified PC method have large
initial errors as discussed in previous sections,while the errors ofADMorDTMgrad-
ually turn larger for a larger t as shown in Figs. 6.21 and 6.24. Among these methods,
ADM enjoys the highest accuracy whereas DTM possesses the worst stability. Also,
since ADM and DTM are both iteration methods, increasing the iteration number
will correspondingly improve the accuracy, which has been proved by the numerical
trials.

6.2 Space Fractional Differential Equations (SFDEs)

Fractional Laplacian is a new type of operator being studied in recent decades, which
is defined by the inverse Fourier transform. The explicit expressions of the operator,
especially in high space dimensions, are not unique. One of the expressions is based
on finite difference operator that encounters super-singularity and is cumbersome
to involve the boundary data [47–49]. Up to now, most of researches on fractional
Laplacian center on one-dimensional cases. Chen and Holm [48] recently presented
a weakly singular, high-dimensional, finite domain definition, which easily takes in
boundary data and provides the possibility for further numerical discretization.
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Fig. 6.21 Exact and numerical solutions for three finite difference schemes at x = 0.50 (Explicit
scheme: Nx = 10, Nt = 20; implicit and C-N schemes: Nx = 20, Nt = 20)

In recent two decades, space fractional differential operators are employed to
model a wide range of problems in physics and mechanics. In the absence of closed-
form solutions in most cases, numerical solutions are usually required. It would
be fair to say the solution techniques for SFDEs are less developed than those for
TFDEs. Finite element method, finite volume method and finite difference method
are essentially local methods and therefore may not be very suitable for handling
SFDEs having non-locality. At present, finite difference methods still dominate the
numerical solution toSFDEsbutmostly in one space dimension.Theprescriptions for
two- and three-dimensional SFDEs are rarely reported [50]. On the other hand, since
the fractional Laplacian is in nature an integral operator, the operator discretization
matrix turns out to be dense, whichmay lead toO(N3) operations andO(N2) memory
consumption where N is the dof.

6.2.1 Numerical Methods for SFDEs

The subsection focuses on the discretization schemes for space fractional derivatives
in the sense of Grünwald–Letnikov, Riemann–Liouville and Riesz–Feller.

1. Grünwald–Letnikov-based finite different scheme

The scheme is more frequently used to solve SFDEs than to solve TFDEs. Since
the standard scheme often has a low stability, the shifted scheme is developed and
generally preferred. The combination of the shifted scheme in space discretization
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with the conventional finite difference schemes in time discretization will produce
different finite differencemethods such as explicit, implicit and theCrank–Nicholson
methods. These methods are easy to implement and possess relatively high accuracy.
Meerschaert et al. modified the Crank–Nicholson FDM and thus finally achieve a
solution accuracy ofO(�t2)+O(�x2) [50]. For different types of FDMs, the proofs
of stability and convergence have been given byMeerschaert et al. [39] and Liu et al.

As discussed in Sect. 6.1.1, the standard Grünwald–Letnikov fractional derivative
can be approximated by finite truncation as

GL
a Dα

x f (i�x) ≈ (�x)−α

�(−α)

i∑

k=0

�(k − α)

�(k + 1)
fi−k for i = 1, 2, . . .. (6.2.1)

The right-shifted version of (6.2.1) reads

GL
a Dα

x f (i�x) ≈ (�x)−α

�(−α)

i∑

k=0

�(k − α)

�(k + 1)
fi−k+1 for i = 1, 2, . . .. (6.2.2)

2. Riemann–Liouville-based finite difference scheme [41]

Space fractional derivative in the Riemann–Liouville sense is given by

Dα( f ) = 1

�(m − α)

dm

dxm

x∫

0

f (y)

(x − y)α−m+1
dy, α ∈ (m − 1,m). (6.2.3)

If 1 < α < 2, then

Dα( f ) = f (0)

�(1 − α)
x−α + f ′(0)

�(2 − α)
x1−α + 1

�(2 − α)

∫ x

0

f ′′(y)dy
(x − y)α−1

. (6.2.4)

If 0 < α < 1, then

Dα( f ) = f (0)

�(1 − α)
x−α + 1

�(1 − α)

x∫

0

f ′′(y)dy
(x − y)α

. (6.2.5)

Consider the case of α ∈ (1,2) and discretize
∫ x
0

f ′ ′(y)dy
(x−y)α−1 as

∑i−1
j=1

∫ x j+1

x j

f ′′(x−y)dy
yα−1 .

Use the central difference to further approximate it as

x j+1∫

x j

f ′′(x − y)dy

yα−1
≈ f (x − x j+1) + f (x − x j−1) + 2 f (x − x j )

(�x)2

x j+1∫

x j

dy

yα−1
,

(6.2.6)
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which can be simplified to

Dα(i�x) ≈ f (0)

�(1 − α)
x−α
i + f ′(0)

�(2 − α)
x1−α
i

+ 1

�(3 − α)(�x)2

i−1∑

j=−1

[
( j + 1)2−α − j2−α

]
( fi− j+1+ fi− j+1 − 2 fi− j ).

(6.2.7)

Rearranging (6.2.7) yields

Dα(i�x) ≈ f (0)

�(1 − α)
x−α
i + f ′(0)

�(2 − α)
x1−α
i + 1

�(3 − α)(�x)2

i∑

j=−1

w j (α) fi− j ,

(6.2.8)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

w j = ( j−2)2−α−3( j+1)2−α+3 j2−α−( j−1)2−α

(�x)α�(3−α)
, 1 ≤ j ≤ i − 2,

w−1 = 1/((�x)α�(3 − α)),

w0 = (22−α − 3)/((�x)α�(3 − α)),

wi−1 = −2i2−α+3(i−1)2−α−(i−2)2−α

(�x)α�(3−α)
,

wi = i2−α−(i−1)2−α

(�x)α�(3−α)
.

(6.2.9)

The accuracy of (6.2.8) isO(�x) for α = 1 and the orderO((�x)2) for α = 2. The
accuracy continuously changes when α varies from 1 to 2. If four-point difference
approximation is taken instead of central difference approximation on the second
derivative in the integrand of (6.2.4), one can derive

x j+1∫

x j

f ′′(x − y)

yα−1
dy ≈ f (x − x j+2) − f (x − x j+1) + f (x − x j−1) − f (x − x j )

2(�x)2

x j+1∫

x j

dy

yα−1
. (6.2.10)

Rearrangement leads to

Dα( f )i = f (0)

�(1 − α)
x−α
i + f ′(0)

�(2 − α)
x1−α
i + 1

�(3 − α)(�x)2

i+1∑

j=−1

w̃ j (α) fi− j ,

(6.2.11)
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where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w̃−1(α) = 1
2(�x)α�(3−α)

,

w̃0(α) = 22−α−2
2(�x)α�(3−α)

,

w̃1(α) = 32−α−23−α

2(�x)α�(3−α)
,

w̃ j (α) = ( j+2)2−α−2( j+1)2−α+2( j−1)2−α−( j−2)2−α

2(�x)α�(3−α)
, 1 < j ≤ i − 2,

w̃i−1(α) = −i2−α−(i−3)2−α+2(i−2)2−α

2(�x)α�(3−α)
,

w̃i (α) = −i2−α+2(i−1)2−α−(i−2)2−α

2(�x)α�(3−α)
,

w̃i+1(α) = i2−α−(i−1)2−α

2(�x)α�(3−α)
,

(6.2.12)

and f -1 = f 1. When α = 2, (6.2.11) recovers to conventional four-point difference
formula:

d2 f (i�x)

dx2
= fi+1 + fi−2 − fi − fi−1

2(�x)2
. (6.2.13)

3. Riesz–Feller-based finite difference scheme

The Riesz–Feller fractional derivative is most commonly considered to be the space
fractional derivative, and it characterizes two-sided non-locality and can describe the
asymmetric non-local influence on space. All of these determine the crucial role the
derivative plays in analyzing anomalous diffusion, fractional Brownian motion and
seepage in fractal media. The derivative defined on [a, b] can be written as

Dα
θ := −{C+(α, θ)aD

α
x + C−(α, θ)x D

α
b }, α ∈ (0, 1) ∪ (1, 2), (6.2.14)

where θ is an asymmetry parameter, and aDα
x and x Dα

b are, respectively, left- and
right-sided Riemann–Liouville operators, which are defined as

⎧
⎪⎪⎨

⎪⎪⎩

aDα
x φ(x) = 1

�(m−α)
dm

dxm

x∫
a

φ(ξ)

(x−ξ)α−m+1 dξ, x > a,

x Dα
bφ(x) = (−1)m

�(m−α)
dm

dxm

b∫
x

φ(ξ)

(ξ−x)α−m+1 dξ, x < b.
(6.2.15)

(6.2.15) can also be defined in the shifted Grünwald–Letnikov sense:

⎧
⎨

⎩
aDα

x φ(x) = lim
N→∞

1
hα

∑l+1
k=0 gkφ[x − (k − 1)h],

x Dα
bφ(x) = lim

N→∞
1
hα

∑N−l+1
k=0 gkφ[x − (k − 1)h], (6.2.16)

where h = (b-a)/N, x = a + lh and g0 = 1, gk = (−1)kα(α−1)…(α−k + 1)/k! for k
= 1, 2,…. The coefficients in (6.2.14) are given by
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C+(α, θ) = sin(π(α − θ)/2)

sin(απ)
,C−(α, θ) = sin(π(α + θ)/2)

sin(απ)
,

|θ | ≤
{

α, 0 < α < 1
2 − α, 1 < α ≤ 2

. (6.2.17)

It should be noted that (6.2.15) and (6.2.16) can be approximated by (6.2.8)
and (6.2.2), respectively. Ciesielski and Meerschaert et al. [51, 52] used the Riesz–
Feller-based finite difference scheme to solve the fractional diffusion equation having
initial-boundary conditions. Liu et al. [53, 54] analyzed the Lévy–Feller diffusion
equation and its extensions and provided the statistics interpretation. Korabel et al.
[55] have given the numerical solutions of the fractional sine–Gordon equation using
the four-order Runge–Kutta time approximation.

4. Iteration methods

Iteration methods have been, though not widely, utilized in solving SFDEs. Using
the variational iteration method mentioned in Sect. 6.1.2, He [56] solved the space
fractional diffusion equation [56] and Mustafa [57] resolved the time–space frac-
tional Burgers equation. The Fractional KdV–Burgers equation and its modified
version have been resolved with the homotopy perturbation method by Wang [58]
and Abdulaziz et al. [59], respectively.

Nowadays, the researches on the solution techniques for (especially high-
dimensional) SFDEs have not been well developed, which manifests itself in two
aspects: (1) the developments of numerical methods fall behind those of space
fractional derivative models; (2) less is known about the numerical methods for
high-dimensional SFDEs with fractional Laplacian.

Owing to the internal relations between SFDEs and the Fredholm integral equa-
tions, one can make use of the solution techniques of the latter to solve the former.
These techniques are intimately tied to matrix preconditioning and fast solution
techniques, such as the fast multi-pole method, H-matrix method, panel clustering
method and wavelet preconditioning method, which can relieve the adverse effect of
the dense discretization matrix. The key issue to be solved is that how to reduce the
computational cost as much as possible when the accuracy and the stability are still
acceptable.

6.2.2 Comparison of Three Finite Difference Schemes
for Space Fractional Diffusion Equations [60]

The analytical solutions of space fractional diffusion equations can only be found
for simple geometry and initial-boundary conditions. Thus, numerical methods
are usually considered in tackling problems having complex geometry and initial-
boundary value conditions. Three key issues regarding numericalmethods for SFDEs
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are: (1) high computation cost for large-scale problems, (2) treatments for the singu-
larity of fractional derivatives and (3) inadequate correlative literature. Aiming at the
third item, we make a comparison of three finite difference methods with explicit,
implicit and C-N schemes.

1. Schemes

Consider the following one-dimensional space fractional diffusion equation with
variable coefficients:

⎧
⎪⎪⎨

⎪⎪⎩

∂u(x,t)
∂t = d(x, t)GL

xL Dα
x u(x, t) + q(x, t),

u(xL , t) = a(t),
u(xR, t) = b(t),
u(x, 0) = c(x),

(6.2.18)

with α ∈ (1,2), x ∈ [xL,xR] and t ∈ [0,T ]. The equation reduces to the conventional
diffusion equation for α = 2, is anomalous diffusion equation for α ∈ (1,2) and
degenerates to advection equation for α = 1. If the medium is homogeneous, the
equation can be extended to three space dimensions with a simple modification.
Apart from the diffusion equation mentioned here, advection–diffusion and diffu-
sion–reaction equations can also be numerically solved in a similarmanner to solving
(6.2.18). This is why we only exemplify the diffusion equation. We approximate the
time derivative by forward difference and the space derivative by the right-shifted
Grünwald–Letnikov formula (6.2.2).

(1) Explicit scheme

Denote u j
i ≈ u(xi , t j ) and the explicit finite difference scheme of (6.2.18) reads

u j+1
i − u j

i

�t
= d j

i

�(−α)(�x)α

i+1∑

k=0

�(k − α)

�(k + 1)
u j
i−k+1 + q j

i , (6.2.19)

where Nx is the space node number, Nt the time node number, �x = (xR-xL)/Nx the
space step and �t = T /Nt the time step. Letting gα,k denote the operation results of
all the gamma functions, one has the following recursive relation:

gα,0 = 1, gα,1 = −α, gα,k − gα,k−1
α − k + 1

k
f or k = 2, 3, . . . . (6.2.20)

It follows after arrangement that

u j+1
i = u j

i +
(

d j
i

(�x)α

i+1∑

k=0

gα,ku
j
i−k+1 + q j

i

)
�t, (6.2.21)

for i = 1, 2,…, Nx−1 and j = 0, 1, …, Nt−1.
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(2) Implicit scheme

Replacing the superscript j with j + 1 in (6.2.19) and using the notation of gα,k lead
to the implicit scheme

u j+1
i − u j

i

�t
= d j

i δα,xu
j+1
i + q j

i , (6.2.22)

where

δα,xu
j+1
i = 1

(�x)α

i+1∑

k=0

gα,ku
j+1
i−k+1. (6.2.23)

When α = 2, (6.2.23) recovers to central difference:

δ2,xu
j
i = u j

i+1 − 2u j
i + u j

i−1

(�x)2
. (6.2.24)

A transposition of (6.2.22) yields

(
1 − d j

i �tδα,x

)
u j+1
i = u j

i + q j
i �t, (6.2.25)

of which the matrix–vector form reads

(I − A)U j+1 = IU j + Q j , (6.2.26)

where I is Nx-dimension identity matrix; Uj = {u j
0, u

j
1, . . . , d

j
Nx−1}

T; Dj =
{1,d j

1 , d j
2 , . . . , d j

Nx−1}
T; Qj =

{
0, q j

1�t, . . . , q j
Nx−1�t + η

j
Nx−1b

j+1
R

}T
and b j

R =
bR(t j ).

The matrix A is represented as

aik =

⎧
⎪⎪⎨

⎪⎪⎩

0 i = 0
η
j
i gα,i+1−k k ≤ i, i = 0

η
j
i gα,0 k = i+1, i = 0

0 k > i + 1, i = 0

where η
j
i = d j

i �t

(�x)α
(6.2.27)

(3) Crank–Nicholson scheme (C-N scheme)

The conventional C-N scheme uses the values of six time–space nodes in two succes-
sive time layers to approximate the time derivative. Unlike the conventional C-N
scheme, due to the non-locality of space fractional derivative, the present C-N scheme
involves values of > 6 nodes in two successive time layers.Using the symbol notations
above, we write the C-N approximation of (6.2.18) [39] as
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u j+1
i − u j

i

�t
= d j

i

2

(
δα,xu

j+1
i +δα,xu

j
i

)
+ q j

i , (6.2.28)

of which the matrix–vector form is

(I − Ã)U j+1 = (I + Ã)U j + Q̃ j , (6.2.29)

where Ã has the same form as A but with η
j
i = d j

i �t
2(�x)α , and Q̃ j is derived by replacing

the last entry of Qj with q j
Nx−1�t + η

j
Nx−1

(
b j+1
R + b j

R

)
.

It shouldbenotedthatbecausetheright-shiftedGrünwald–Letnikovscheme(6.2.2)
is only fit for describing the non-locality in one direction (i.e. describing the influ-
ence on the left-hand side of the evaluated space point), using the above three finite
difference schemes will not lead to dense difference matrices. If replacing the Grün-
wald–Letnikovoperatorwith theRiesz–Felleroperator, two-sidednon-localitymakes
the difference matrices fully dense, which may increase the computation cost. In this
connection, an effective approach to reduce the matrix denseness will be of great
importance, in particular, when one handles the high-dimensional problems [48].

2. Comparison

The local truncated error, stability and time complexity of the above three schemes
are listed in Table 6.7.

Explicit scheme enjoys the lowest computation cost in the absence of solving a
linear system, but it is conditionally stable. For implicit scheme, stability improves
but complexity turns higher. This scheme is preferred at a moderate level. The C-N
scheme performances best either in accuracy or in stability, and the accuracy can
be further improved to O((�x)2 + (�t)2) after some modifications [39]. Neverthe-
less, C-N scheme possesses the highest complexity and would fail to solve large-
scale problems, even though its difference matrix is diagonal-dominant. We refer the
readers to Refs. [39, 50, 61] to see how the data in Table 6.7 are derived.

Space fractional diffusion model, described by (6.2.18), is temporally a Markov
process while exhibits spatially non-locality. Consider the diffusion of, say, the
contamination in groundwater. The concentration at a given space point depends
not only on the history concentration at this point, but also on the present whole
concentration field and the concentration gradient field. This always produces a dense
difference matrix. Accordingly, the computation cost increases at an exponential rate
with the enlarging computing domain. It is of great importance to seek approaches
to reduce the denseness of the difference matrices of implicit and C-N schemes.

Table 6.7 Comparison of the
three finite difference
schemes

Scheme type Truncation error Stability Complexity

Explicit O(�x + �t) Conditionally O
(
Nt N 2

x

)

Implicit O(�x + �t) Unconditionally O
(
Nt N 3

x

)

C-N O
(
�x + (�t)2

)
Unconditionally O

(
Nt N 3

x

)
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3. Example

To confirm the analyses for Table 6.7 in the numerical sense, we solve the following
equation by using the three finite difference schemes mentioned above:

⎧
⎪⎪⎨

⎪⎪⎩

∂u(x,t)
∂t = d(x, t)GL

xL D1.8
x u(x, t)+q(x, t), x ∈ (0, 1),

u(0, t) = 0,
u(1, t) = e−t ,

u(x, 0) = x3,

(6.2.30)

where d(x,t) = �(2.2)x2.8/6, q(x,t) = -(1 + x)e−tx3, and exact solution is u(x,t) =
e−tx3 [39].

Figure 6.21 Exact and numerical solutions for three finite difference schemes at
x = 0.50 (Explicit scheme: Nx = 10, Nt = 20; implicit and C-N schemes: Nx = 20,
Nt = 20).

Figure 6.21 gives the comparison of the numerical solutions predicted by three
finite difference schemes. The conditional stability requests the space step of the
explicit scheme to be larger. The absolute errors are tabulated inTable 6.8, fromwhich
it can be seen that the error of explicit scheme at the initial stage is much obvious
than those of two other schemes. This phenomenon, which cannot be remedied by
decreasing the time step, is due to the absence of the solution of the linear system.
The accuracy comparison agrees well with the second column of Table 6.7.

4. Summaries and discussions

Explicit, implicit and C-N finite difference schemes for the solution of space frac-
tional diffusion equation are described and compared. Numerical results show that
the explicit scheme enjoys the lowest complexity but possesses the lowest stability
and accuracy; the implicit scheme is absolutely convergent, and the accuracy together
with the complexity is moderate and C-N scheme keeps absolute convergence and
features the highest accuracy yet also the highest complexity.

Table 6.8 Comparison of absolute errors of three finite difference schemes for space fractional
diffusion equation (x = 0.5)

t Explicit scheme Implicit scheme C-N scheme

t = 0.1 0.00203074277660 −8.3328735289e-005 7.7658939900e-005

t = 0.2 0.00198975148263 −0.00017074964197 0.00015214898892

t = 0.3 0.00195890620456 −0.00026150002085 0.00022381649063

t = 0.4 0.00190813521468 −0.00035332334556 0.00029220706131

t = 0.5 0.00182279772837 −0.00044328178702 0.00035618915513

t = 0.6 0.00170661830361 −0.00052857571027 0.00041456196870

t = 0.7 0.00156999665019 −0.00060701894027 0.00046648316571

t = 0.8 0.00142350290275 −0.00067718053692 0.00051156685326

t = 0.9 0.00127554594125 −0.00073832548072 0.00054981111729
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Aside from the finite difference method, some other methods such as the random
walk method [61] and the Monte Carlo method [62] have also been developed.
But these methods are simply confined to specific equations. It is worth noting that
the explicit expression of an easy-to-implement, high-dimensional space fractional
derivative has not yet been given, which would hinder the numerical solution of
high-dimensional SFDEs.

6.3 Open Issues of Numerical Methods for FDEs

Although researchers have extensively applied the fractional derivative models to
fields of mechanics, engineering, physics, biology and even the social sciences, yet
the numerical solution techniques are not well developed as they should have been.
This is mainly due to the mathematical complexity of the operations regarding frac-
tional derivative and to the high computational overhead arising from the history
dependence in time and the non-locality in space. These characteristics confine the
applications of fractional derivatives to an academic level and hinder the applications
for practical problems.

Finite differencemethods are, up to now, in a dominant position among all the solu-
tion techniques. Special attention should be paid to the computational complexity,
stability analysis and singularity handling of FDMs for FDEs. A key issue is how to
effectively apply FDMs to solve SFDEs. FDM solution of SFDEs is much less being
seen than that of TFDEs, yet many practical problems are described by SFDEs. This
is why we need to develop more FDMs for diverse SFDEs.

Most of the present researches directly apply the solution techniques which are
valid for integer-order derivative equations to solve fractional derivative equations.
The solution techniques that are based on the characteristics of FDEs themselves
are rare. Moreover, the studies on approaches that can reduce the computation cost
and memory requirement are far from systemic and adequate. Also, less attention
is paid to theoretical studies on the method efficiency, error estimation, stability
analysis and adaptive computation. Fractional derivative equations actually belong
to a special type of integro-differential equation. This makes the theoretical analysis
and algorithm designmuch different from those of integer-order derivative equations.
In recent decades, despite a fast development of computer simulation techniques,
the high accurate numerical simulations of fractional derivative models depicting
mechanics behaviors in the complex medium are still absent in both numerical and
theoretical aspects, which is a principle factor that impedes the improvement of
simulation ability. At present, there are very few truly meaningful reports on this
research field.

Four open issues on solution techniques for FDEs are briefly discussed in the
following.
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(1) Large computational cost and memory requirement

The history dependency in TFDEs leads to a slow variation of unknown func-
tion with time and therefore requires a long-duration evaluation. However,
owing to the storage of all the values preceding the present value, a long-
duration evaluation will bring an obvious increase in the computational cost
and memory requirement. It is desirable to develop some preconditioning
techniques to reduce the computation effort.

(2) Large initial-stage error for initial-value problem

A large error arises from the difference between the transient and stable solu-
tions. After a rapid attenuation of the transient solution, the resulting solution
recovers to the stable solution. This implies that the stability of the numer-
ical methods is determined by the stable solution while the initial-stage error
is influenced by the transient solution. In general, there exists a contradic-
tion between the initial-stage accuracy and the method stability. That is, if we
contrive to decrease the initial-stage error, the stability of the method will be
lowered. This can be further illustrated by using the PC method to solve the
following fractional relaxation equation:

{
C
0 D

α
t u(t) = u(t), 0 < α ≤ 1,

u(0) = 10.
(6.3.1)

The comparison of numerical and exact solutions is given in Fig. 6.22.
(3) Stiffness of the fractional ordinary differential equations

When using the fractional ordinary differential system to describe complex
physical ormechanics problems, the system solution is often comprised of fast-
varying (transient) and slow-varying (stable) components. Like the solution of a
single fractional ordinary differential equation, the system solution also tends

Fig. 6.22 Comparison of
numerical and exact
solutions for fractional
relaxation equation of the
order 0.5 (time step is taken
0.5, Num—numerical
solution, Ana. —analytical
solution)
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to a stable solution after the transient solution is fast dissipated. Hence, the
contradiction of initial-stage accuracy and stability of the numerical method
should also be considered as is done in solving a single fractional ordinary
differential equation. Since the number of components in the system solution
is larger and mutual stiffness is obviously different, the numerical solution of
the fractional ordinary differential system will be more complicated.

(4) Discretization of high-dimensional fractional Laplacian

A formalism definition of fractional Laplacian, i.e. (−�)α/2, in arbitrary space
dimensions, is given by the inverse Fourier transform [49]. This type of
space fractional differential operator emerges recently in diverse physical and
mechanics models, such as in the anomalous diffusion model aforementioned.
Nevertheless, compared to the time-fractional differential operators, the theo-
retical and numerical analyses of fractional Laplacian are far from sound. An
equivalent definition of fractional Laplacian, which can be directly discretized,
is based on a super-singular integral whose integrand is a finite difference
expression. This definition fails to involve the boundary conditions [49, 63] and
is thus hardly applied to engineeringmodeling and computation. Up to now, the
researches on the discretization of the fractional Laplacian are mainly focused
on one-dimensional cases [52]. Of special care are two issues pertaining to
the discretization of fractional Laplacian. Since finite element method, finite
volumemethod and finite differencemethod are essentially localmethods, they
seem not suitable for solving equations with non-local fractional Laplacian. It
would be advisable to develop some global methods such as global radial basis
function methods for space discretization. On the other hand, the non-locality
of fractional Laplacian yields a dense discretization matrix, even though local
methods, such as the finite element method, are employed as solvers. Handling
the densematrix always consumes a large overhead of computation, which will
be a bottleneck for the solution of a high-dimensional problem having large
geometry.

Based on the introduction and discussions above, we may obtain that despite
some achievements in studying the numerical methods for FDEs, there still
exist some open issues to be settled. To our knowledge, special attention
should be taken on the following facts of numerical computation of fractional
derivative equations [64]:

(1) Fast algorithm for time and/or space fractional derivative equations;
(2) Basics of computation theory for factional derivative equations;
(3) Mesh-free methods for space fractional derivative equations with frac-

tional Laplacian;
(4) Development of the corresponding computation mechanics software

packages;
(5) Internal relation between algorithms of fractional calculus and those of

statistic mechanics.
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6.4 Numerical Methods for Fractal Derivative Equations

The fractal derivative can be approximated by a backward difference:

du(tn)

dtα
≈ u(tn) − u(tn−1)

tαn − tαn−1

. (6.4.1)

Consider the following two fractal derivative equations.

1. Fractal relaxation–oscillation equation

du(t)

dtα
+ Bu(t) = f (t). (6.4.2)

Substitute (6.4.1) into (6.4.2) to obtain the finite difference scheme:

un − un−1

tαn − tαn−1

+ Bun = fn for n = 1, 2, . . . , (6.4.3)

which can be rearranged to

(
B(tαn − tαn−1) + 1

)
un − un−1 = (tαn − tαn−1) fn, (6.4.4)

with B = 1, u0 = 1 and f≡0. The numerical solutions are shown in Fig. 6.23.

2. Fractal damped vibration equation

mü(t) + c
du(t)

dtα
+ ku(t) = f (t). (6.4.5)

Substituting (6.4.1) in (6.4.5) gives the finite difference scheme, namely

Fig. 6.23 Numerical
solution of fractal
relaxation–oscillation
equation (“standard”:
standard oscillation)
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Fig. 6.24 Numerical
solutions of fractal damped
vibration equation

m
un+1 − 2un + un−1

(�t)2
+ c

un − un−1

tαn − tαn−1

+ kun = fn−1. (6.4.6)

Givenm= 1, c=0.5, k= 0.5 and f= 8 for t ∈ [0,1] (zero otherwise), the numerical
solutions are given in Fig. 6.24.

6.5 Numerical Methods for Positive Fractional Derivative
Equations

The present section introduces how the predictor–corrector method and finite differ-
ence method solve the positive fractional relaxation–oscillation equation as well as
the damped vibration equation, respectively.

1. PC method for positive fractional relaxation–oscillation equation

(−1)[α]−1 d
| α| u(t)

dt | α| + Bu(t) = f (t) (B = ωα), (6.5.1)

where [α] is the smallest integer equal to or larger than α, and the positive fractional
derivative is in the Caputo sense, i.e.

d| α| f (t)
dt | α| =

⎧
⎪⎪⎨

⎪⎪⎩

−1
αq(α)

t∫

0

f ′(τ )

(t−τ)α
dτ , 0 < α ≤ 1

1
α(α−1)q(α)

t∫

0

f ′ ′(τ )

(t−τ)α−1 dτ, 1 < α < 2
. (6.5.2)

From (6.5.2), one can derive the relation of the Caputo derivative and positive
derivative:
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φ(α)Ca D
α
t u(t) = d|α|u(t)

dt |α| , (6.5.3)

where

φ(α) =
{

−�(1−α)

αq(α)
, 0 < α ≤ 1,

�(2−α)

α(α−1)q(α)
, 1 < α < 2,

with q(α) = π
2�(α+1) cos[(α+1)π/2] .

Using (6.5.3) to rearrange (6.5.1) into the fractional relaxation–oscillation
equation

C
a D

α
t u(t) = f (t)/φ(α) − Bu(t)/φ(α). (6.5.4)

As is shown in Sects. 2.1 and 2.2, (modified) PC method can be utilized to solve
the above equation [20]. Given B = 1, u(0) = 1, u’(0) = 0 (for the case of α > 1)
and f (t) = 0, Figs. 6.25 and 6.26 graph the numerical solutions for different α.

2. FDM for positive fractional damped vibration equation

mu′′ + (−1)[α]−1c
d|α|u
dt |α| + ku = f (t), (6.5.5)

where

d|α|u(t)

dt |α| = 1

q(α)

t∫

a

u(τ )

(t − τ)α+1
dτ = �(−α)

q(α)

1

�(−α)

t∫

a

u(τ )

(t − τ)α+1
dτ, (6.5.6)

with q(α) = π
2�(α+1) cos[(α+1)π/2] .

Fig. 6.25 Numerical
solutions for positive
fractional relaxation equation
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Fig. 6.26 Numerical
solutions for positive
fractional oscillation
equation

Based on the relation between the Grünwald–Letnikov integral and Riemann–
Liouville integral [65].

1

�(−α)

t∫

a

u(τ )

(t − τ)α+1
dτ = lim

�t→0
(�t)α

(t−a)/�t∑

r=0

(−1)r
(−α

r

)
u(t − r�t), (6.5.7)

one can obtain the finite difference scheme of positive fractional derivative:

d| α| u(n�t)

dt | α| ≈ 2�(−α)�(α + 1) cos((α + 1)π/2)(�t)α

π
n∑

r=0

(−1)r
(−α

r

)
u(t − r�t). (6.5.8)

Substitute (6.5.8) into (6.5.5) and use the backward difference for the second
derivative to obtain the finite difference scheme [17, 55]:

m
un − 2un−1 + un−2

(�t)2
− a(�t)α

n∑

r=0

ω(α)
r un−r + un−1 = fn, (6.5.9)

where

a = c
2�(−α)�(α + 1) cos((α + 1)π/2)

π
, ω

(α)
r = (−1)r

(
−α

r

)
= α(α + 1) · · · (α + r − 1)

r ! .

The numerical solution can be further written as
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Fig. 6.27 Numerical
solutions for positive
fractional damped vibration
equation

un = fn − kun−1 + a(�t)α
∑n

r=1 ω(α)
r un−r + m(dt)−2(2un−1 − un−2)

m(�t)−2 − a(�t)α
. (6.5.10)

Given m = 1, c = 0.5, k = 0.5, f (t) = 8 for t ∈ [0,1] (zero otherwise), u(0) =
0 and u’(0) = 0, Fig. 6.27 plots the numerical solutions for different α.
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Chapter 7
Current Development and Perspectives
of Fractional Calculus

7.1 Summary and Discussion

7.1.1 Current Research and Application

1. Theoretical Study of the Fractional Calculus

The main study includes.

(1) Improvement of the fractional calculus definition: there are dozens of defi-
nitions about fractional calculus, and there is a close link between these
definitions. However, because the conditions include application back-
ground, initial conditions are different, and there are selection uncertain-
ties in the applications. Therefore, the classification and unity of fractional
calculus will be a very meaningful groundbreaking work.

(2) The numerical solution of fractional calculus and extension of the defini-
tion of fractional calculus (such as fractal derivative and positive fractional
calculus).

(3) The properties and integral transform of fractional calculus. The proper-
ties which are different from that of the integer-order calculus should be
explored. The integral transform such as Fourier transform, Laplace trans-
form and Z-transform are also important theoretical research directions
of fractional calculus.

2. Numerical algorithm of fractional calculus

In view of the potential applications of fractional calculus, and the great diffi-
culties on the analytical solution for fractional calculus, the development of
numerical algorithm is a hotspot. The algorithms include finite difference
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method, finite element method, Lagrange multiplier method used in integer-
order calculus, and also include the random walk method, Monte Carlo algo-
rithm; variational algorithm, perturbation method and other methods. In addi-
tion, space calculus will encounter great difficulties, not only because of the
global correlation of fractional calculus but also because of the difference
scheme in the calculation of complex shapes; thus, it needs a big effort to solve
the problem. The numerical algorithm is in a stage of rapid development.

3. Application research of fractional calculus

The researchhistoryof fractional calculus is as long as the integer-order calculus.
The concept of fractional calculus was first proposed by Leibniz in the seven-
teenth century. The basic theory of fractional calculus is established under the
efforts of Liouville, Grünwald, Letnikov, Riemann, etc. until the end of the nine-
teenth century. However, due to the absence of a physics and mechanics back-
ground, fractional calculus has merely been a purely theoretical mathematics
research issue for three centuries. The main reason is that the fractional opera-
tors are contradicted with the classical theory of physics and Newtonian force in
mechanics system established on the basis of the integer-order calculus system.
Until the 1970s, the fractional calculus theory has been rapidly applied to various
fields of natural science and engineering, such as turbulence, anomalous diffu-
sion, seepage analysis and control, signal processing, medical imaging, fluctua-
tions, damping analysis, friction control, viscous elastic material, and rheolog-
ical, optical and mechanical control. Because it can well describe the history
dependency and non-locality of the system or physical processes, fractional
calculus has become an important mathematical tool of differential equations
modeling complex mechanics phenomena.

4. The combination of fractional calculus and mechanics principles to study
some basic issues

It includes fractional Brownian motion, the random walk theory, fractional-
order controller, softmaterial constitutivemodel, fractional quantummechanics,
power-law phenomenon, etc. Although fractional calculus combined with some
of the basic principles ofmechanics has extended the existingmechanics system,
the complete theoretical system needs to be established, and it will also be an
important direction of the applied research of the calculus.

7.1.2 Key Issues

1. Improve the mathematical theory of fractional calculus system

Nowadays, although the definition of fractional calculus has been proposed, the
theoretical system of fractional calculus has yet to be further improved, such
as the unification of the time-fractional derivative definition. There are even
more serious problems in the definition of the space fractional derivative. The
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definition of the space fractional calculus widely used in numerical computa-
tions is the definition of Grünwald–Letnikov and Riesz–Feller, followed by the
definition of Riemann–Liouville. The multi-dimensional space fractional defi-
nition, such as the fractional Laplacian definition, is complicated and has not
been applied to numerical solution research on differential equations. It can be
said that fractional calculus will be more popular in the natural scientific fields
only when the perfect definition of fractional calculus is proposed. It needs to be
noted that the nature of fractional calculus has not been fully explored, such as
Fourier transform, Laplace transform, the relationship and distinction between
fractional calculus and integer-order calculus and so on.

2. Application in the field of engineering, physics and mechanics

As a novel mathematical tool, academic articles on the applications of fractional
calculus are showing a "blowout" growth trend, but how to apply it to solve the real-
world physical, mechanical, biological, signal processing and materials discipline
problems is still a long way to go.

In the physical field, the concept of fractional quantum mechanics has been
proposed, but theoretical research is still in its infancy. As now fractional Schrödinger
equation, fractional derivative model-related power-law phenomenon has been
widely concerned, but in-depth studies still need more efforts. In addition, fractional
Brownian motion has very in-depth research, and its associated anomalous diffusion
phenomena are also showing a flourishing trend. However, how to combine these
theories with practical experiments or how to apply theory to guide the engineering
practices encountered still needs more effort.

In the mechanics fields, fractional calculus theory has been widely used in the
modeling of anomalous mechanics behaviors, for example, the constitutive relation-
ship of viscoelasticity, seepage in complex media and turbulence transport. But most
theories are phenomenologicalmodels.How to establish a new theoretical framework
based on fractional theory is a challenging task.

In the area of signal processing, the idea of the fractional-order derivative has
been introduced into the field of digital image processing and data processing but is
not mature. As for the relationship between fractal and fractional calculus, although
some scholars have proposed some qualitative links between them, these conclusions
have yet to be fully proofed. How to combine fractional calculus with fractal theory
to solve some engineering problems or explain specific natural phenomena is still
the problem that needs to be worked on.

Obviously, there are still a lot of obstacles when fractional calculus theories are
introduced to various engineering and physical, mechanical research areas at this
stage.

3. Numerical problems for long-timeprocess and large computational domain
in space

The main numerical method for fractional calculus is the finite difference algo-
rithm. However, there are still some key difficulties confronted with the numerical
computation for the long-time process or large computational domain.
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Firstly, for finite difference algorithms, the computation cost increases exponen-
tially with time, due to the integral definition of fractional calculus. Although some
scholars have proposed a number of short-term memory algorithms, it has been
proven that these algorithms are not universal, and only work for some special cases.
Therefore, it is still an unsolved issue to solve the time-fractional equations by finite
difference algorithm for a long time range. Meanwhile, the numerical computa-
tion of the space fractional derivative equations with a large computational domain
also encountered the same and even more serious problems. Because of the global
correlation property of the space fractional calculus, there are fewer numerical algo-
rithms for space fractional derivative equations. In addition, the two-dimensional and
three-dimensional fractional derivative definitions have not been well introduced in
papers. This is also a serious obstacle to developing the numerical schemes for space
fractional differential equations.

4. The intrinsic links among fractional calculus, statistical mechanics and
physical random phenomena

Obviously, there is a close relationship among fractional calculus, statistical
mechanics and physical random phenomena. Some scholars have found that a lot
of statistical mechanics problems can be dealt with using statistical methods or frac-
tional stochastic equations. And the results of the two different methods should be
consistent. It requires further investigations for links between the fractional calculus
theory and statistical distribution, to find the bonding point of the quantitative rela-
tionship between the differential equations and the statistical distribution. Especially
in the aspects of quantum mechanics, fractional calculus has been applied to explain
some random phenomena, but in-depth study is still a daunting task.

5. The development of application software to solve practical engineering
problems

The numerical computation of fractional calculus is still in the exploratory stage,
and there is a great distance to mature applications. Now, some mature numerical
discretization programs can be downloaded from the network, such as from the
personal websites by I. Podlubny, Y. Q. Chen, M. M. Meerschaert, etc. Numerical
programs on computing some special functions, signal processing and anomalous
diffusion equation are released on MATLAB Central website; refer to Appendix
II. It can be said that although the emergence of the application software used for
numerical computation still requires a lot of research work to do, now you can hear
its footsteps.
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7.2 Perspectives

In the roundtable discussion on the international conference on fractional calculus
and its applications held in Turkey in 2008, some scholars have proposed several
unresolved issues on fractional calculus and its application. This book will include
them as supplementary to the previous chapters and discussions.

O. P. Agrawal:

(1) The analytical and numerical methods for the equations with the presence of
left- and right-side fractional calculus operators at the same time;

(2) The programming and application of fractional controller;
(3) Fractional optimal control;
(4) The new fractional variational method and its applications.

T. Machado:

(1) The simple applications of fractional calculus;
(2) The development of industrial products with respect to fractional calculus.

R. Nigmatullin:

(1) Whether it is possible to derive the Newtonian equation with memory

m
d2r

dt2
=

t∫

0

κ(t − τ)F(r , v, τ )dτ.

(2) How to link the power law and thermal dynamics ν(p,T,v)?

CRONE research team:

(1) To extend the concept of fractional calculus in the field of nonlinear systems;
(2) To establish the baseline of the test;
(3) The development of the industrial applications of fractional calculus.

D. Baleanu:

(1) To establish a consistent fractional quantum mechanics, quantum field theory
and fractional differential geometry;

(2) Delayed fractional variational principle;
(3) Experimental evidence and performance of fractional dynamics in complex

systems.

T. Kaczorek:

(1) Positive fractional system (1-D and 2-D systems);
(2) Realization of positive system:
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Known: transform matrix T(s) and T(z).
Solving: morphological space description.
Definition: if x0 ∈ Rn+ and u ∈ Rm+ , then x ∈ Rn+ and y ∈ Rp

+, so we call the
system

{
0Dα

t x(t) = Ax(t) + Bu(t)
y = Cx(t) + Duk

is positive, where x ∈ Rn+, if and only if xi ∈ R+, i = 1, · · · , n.

(3) Predictive control of the fractional system (chemical industry);
(4) Adaptive control of the fractional system.



Appendix A
Special Functions

Because some special functions are often involved in the fractional calculus research,
to fully understand the knowledge of fractional calculus, herewe introduce six related
special functions. For more details, refer to Refs. [1, 2].

Gamma function

The Gamma function �(z) is generally defined as

�(z) =
∞∫

0

e−t t z−1dt (A1.1)

which is applied in the right half of the complex plane Re(z) > 0 and guarantees the
integral convergent at t = 0. This definition is also known as the second category
Euler integration, which is often used in practical applications and can be further
extended to the whole complex plane. Other forms of the definition (e.g. Euler’s
infinite series expressions, Weierstrass’ infinite series, etc.) will be briefly presented
in the last part of this section.

The sign of Gamma function �(z) is used in most cases; in addition, there are two
other signs�(z) and z!, which are both equal to�(z+1), z! = �(z) = �(z+1). The
sign z! is normally used only in the case of a positive integer z, but is not restricted in
this book. Thus, Eq. (A1.1) can be understood as the promotion of any real number
z, non-integer and even complex. Figure A.1 shows the Gamma function graphics.
It is easy to observe from Fig. A.1 that there are singularities of Gamma function
when z = 0,−1,−2, . . . ,−n, . . . .

1. Basic Properties

�(z) satisfies the following recurrence relations:

© Science Press 2022
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Fig. A.1 Gamma function

�(z + 1) = z�(z) (A1.2)

which can be easily proved by integrating by parts:

�(z + 1) =
∞∫

0

e−t t zdt = (−e−t t z)t=∞
t=0 + z

∞∫

0

e−t t z−1dt = z�(z). (A1.3)

If z is assumed to be a positive integer, formula (A1.1) can be generalized as

�(z + n) = (z + n − 1)(z + n − 2) . . . (z + 1)z�(z), (A1.4)

or

�(z) = �(z + n)

z(z + 1) . . . (z + n − 1)
= 1

(z)n

∞∫

0

e−t t z+n−1dt, (A1.5)

where (z)n = z(z + 1) . . . (z + n − 1).
Obviously, Eq. (A1.5) extends the definition of �(z) to Re(z) > −n, where n is

an arbitrary positive integer.
In Equation (A1.1), let z = 1, we have

�(1) = 0! =
∞∫

0

e−tdt = 1. (A1.6)

In Eq. (A1.4), let z = 1, we have �(n + 1) = n! = n(n − 1) . . . 2 · 1. This shows
when z is a positive integer, �(n + 1) is the factorial n!.
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2. Euler’s Infinite Product Formula

According to the limit relation e−t = lim
n→∞(1− t/n)n , the Gamma function �(z) can

be expressed as the limit of the following integration:

Pn(z) =
n∫

0

(1 − t/n)nt z−1dt, (A1.7)

where the proof is omitted here. Let t = nτ , integrating Pn(z) by parts for n times,
thus,

Pn(z) = nz
1∫

0

(1 − τ)nτ z−1dτ

= nz
[
τ z

z
(1 − τ)n

]1
0

+ nz · n
z

1∫

0

(1 − τ)n−1τ zdτ

= · · · = nzn(n − 1) · · · 2 · 1
z(z + 1) · · · (z + n − 1)

1∫

0

τ z+n−1dτ

= 1 · 2 · · · n
z(z + 1) · · · (z + n)

nz, (A1.8)

that is, �(z) = lim
n→∞

n!nz
z(z+1)...(z+n)

. Because lim
n→∞ n/(z + n) = 1, this formula can be

rewritten as

�(z) = lim
n→∞

(n − 1)!nz
z(z + 1) . . . (z + n − 1)

. (A1.9)

And because nz can be written as nz = n−1
�
m=1

(
1 + 1

m

)z
, moreover,

(n − 1)!
z(z + 1) . . . (z + n − 1)

= 1

z

n−1
�
m=1

(
1 + z

m

)−1
. (A1.10)

In the end, we obtain another form of expression of the Gamma function, which
is Euler’s infinite series formula.

�(z) = 1

z

∞
�
n=1

{(
1 + z

n

)−1
(
1 + 1

n

)z}
. (A1.11)

The Weierstrass infinite series can be expressed as
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1

�(z)
= zeγ z ∞

�
n=1

{(
1 + z

n

)
e−z/n

}
, (A1.12)

where γ is the Euler constant

γ = lim
n→∞

{
n∑

m=1

1

m
− ln n

}
= 0.577 215 . . . . (A1.13)

For the specific derivation, refer to [1].

3. Important Properties

(1) When z → 0+, �(z) → +∞.
(2) Euler’s reflection formula: �(z)�(1 − z) = π

sin(π z) .

(3) �(n + 1/2) =
√

π(2n)!
22nn! .

(4) Multiplication theorem:

�(z)�(z + 1/2) = 21−2z√π�(2z),

�(z)�

(
z + 1

m

)
�

(
z + 2

m

)
. . . �

(
z + m − 1

m

)

= (2π)(m−1)/2m1/2−mz�(mz).

4. Special value

�

(−3

2

)
= 4

√
π

3
, �

(−1

2

)
= −2

√
π,

�

(
1

2

)
= √

π,�(1) = 0! = 1,

�

(
3

2

)
=

√
π

2
, �(2) = 1,

�

(
5

2

)
= 3

√
π

4
, �(3) = 2!,

�

(
7

2

)
= 15

√
π

8
, �(4) = 3! .
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Beta Function

Beta function, also known as the first-class Euler integration, is another special
function defined as

B(z, w) =
1∫

0

τ z−1(1 − τ)w−1dτ , (A2.1)

where the above equation needs to satisfy the condition Re(z) > 0, Re(w) > 0.

Basic Properties

(1) Beta function is symmetrical, which can be proved by the variable transforma-
tion

B(z, w) = B(w, z). (A2.2)

Beta function has many other forms, including

B(z, w) = �(z)�(w)

�(z + w)
, (A2.3)

B(z, w) = 2

π/2∫

0

(sin θ)2z−1(cos θ)2w−1dθ, Re(z) > 0, Re(w) > 0, (A2.4)

B(z, w) = 2

∞∫

0

t z−1

(1 + t)z+w
dt, Re(z) > 0, Re(w) > 0, (A2.5)

B(z, w) =
∞∑
n=0

(
n − w

n

)

z + n
, (A2.6)

B(z, w) = ∞
�
n=0

(
1 + zw

n(z + w + n)

)−1

, (A2.7)

B(z, w) · B(z + w, 1 − w) = π

z sin(π z)
, (A2.8)

B(z, w) = 1

w

∞∑
n=0

(−1)n
yn+1

n!(z + n)
. (A2.9)
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(2) From the relation between the Beta function and Gamma function, it is easy to
obtain the following equation:

B(z, 1 − z) = �(z)�(1 − z), (A2.10)

B(z, z) = 21−2z B(z, 1/2). (A2.11)

Figure A.2 shows the Beta function changes with variable w under three selected
different constants z

Next, the specific proof of the relationship between the Beta function and Gamma
function will be given in the following part.

Considering the following equation:

�(z)�(w) =
∞∫

0

e−uuz−1du

∞∫

0

e−vvw−1dv, (A2.12)

let u = x2, v = y2,
thus,

�(z)�(w) = 4

∞∫

0

e−x2x2z−1dx

∞∫

0

e−y2 y2w−1dy,

= 4

∞∫

0

∞∫

0

e−(x2+y2)x2z−1y2w−1dxdy. (A2.13)
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Introducing plane polar coordinates: x = r cos θ , y = r sin θ , the above equation
changes into the following form:

�(z)�(w) = 4

∞∫

0

e−r2r2(z+w)−1dr

π/2∫

0

(cos θ)2z−1(sin θ)2w−1dθ. (A2.14)

In the first integration, let r2 = t , then

∞∫

0

e−r2r2(z+w)−1dr = 1

2

∞∫

0

e−t t z+w−1dt = 1

2
�(z + w); (A2.15)

in the second integration, let cos2 θ = x , then

π/2∫

0

(cos θ)2z−1(sin θ)2w−1dθ = 1

2

1∫

0

xz−1(1 − x)w−1dx = 1

2
B(z, w). (A2.16)

Substituting the above two equations into Eq. (A2.14), the relationship between
the Gamma function and Beta function is obtained as�(z)�(w) = �(z+w)B(z, w).

Dirac Delta Function

Dirac delta function is a special function widely used in the physical realm. It is a
great help for the analysis of physical problems. In particular, it is often used in the
analysis of problems, such as diffusion, seepage and wave. A brief description of the
function will be given in the following part.

1. The expression of the Dirac delta function

δ(x) =
{∞, x = 0
0, x �= 0

. (A3.1)

2. The properties of the Dirac delta function:

(1) Integral property:
∫ +∞
−∞ δ(x)dx = 1

(2) Fourier transform properties: F(1) = δ(x); F−1(δ(x)) = 1.
(3) Limit Properties:

lim
σ→0

1√
2πσ

exp

(
− x2

2σ

)
= δ(x), (A3.2)
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lim
α→∞

√
α

π
exp
(−αx2

) = δ(x), (A3.3)

lim
α→∞

√
α

π
eiπ/4e−iαx2 = δ(x), (A3.4)

lim
α→∞

sin(αx)

πx
= δ(x), lim

α→∞
sin2(αx)

παx2
= δ(x), (A3.5)

lim
ε→0

1

2ε
e−|x |/ε = δ(x), (A3.6)

lim
ε→0

ε

x2 + ε2
= πδ(x), (A3.7)

√
i = exp

(
iπ

4

)
, (A3.8)

1

2π

+∞∫

−∞
exp(ikx)dk = δ(x). (A3.9)

Proof 1
2π

+∞∫
−∞

exp(ikx)dk = sin(αx)
πx = lim

α→∞
sin(αx)

πx = δ(x).

(4) The properties of the derivative:

Step function: θ(x) =
{
1 x > 0
0 x < 0

θ ′(x) = δ(x).

δ′(−x) = −δ′(x), δ(n)(−x) = (−1)nδ(n)(x),

d(ln x)

dx
= 1

x
− iπδ(x).

(5) Because δ(x) is an even function, there exists the following result:

∞∫

0

δ(x)dx = 1

2
.

(6) Convolution Properties:

δ(ax) = 1

|a|δ(x), (A3.10)
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+∞∫

−∞
f (x)δ(x − a)dx = f (a), (A3.11)

δ(x − x ′) =
∞∑
n=0

1√
π2nn!e

−(x2+x ′2)/2Hm(x ′)Hm(x). (A3.12)

Mittag-Leffler Function

For a long time, the Mittag-Leffler (M-L) function, especially the generalized (two-
parameter) M-L function is not familiar to the public. In fact, Mathematics Subject
Classification in 1991 even didn’t include the introduction of the M-L function and
related content, and the American Mathematical Society (AMS) classification fore-
cast doesn’t have its new entry (33E12) until 2000. In recent years, the generalized
M-L function has been widely applied in the study of fractal dynamics, fractional
anomalous diffusion and fractal random field [1, 3, 4] and coherent states in quantum
field theory [5]. The application in these areas, in turn, promotes the development
of the study of the function. For example, in the study of the theory of general-
ized fractional calculus, a recently developed multi-index Mittag-Leffler function
has obtained a full use [6].

Exponential function ez plays an important role in the integer-order differential
equation; it can bewritten in the form of a series:ez =∑∞

k=0
zk

�(k+1) ; it is a special case
of the single-parameter Mittag-Leffler function. The function Eα(z) was proposed
by G. M. Mittag-Leffler, and A. Wiman also did some research on this function.
The generalized Mittag-Leffler function has a very important role in the fractional
calculus, and it is derived from solving fractional differential equations using the
Laplace transform by Humbert and Agarwal.

1. The definition of the Mittag-Leffler function

(1) Single-parameter Mittag-Leffler function:

Eα(x) =
∞∑
k=0

xk

�(αk + 1)
, α > 0. (A4.1)

FigureA.3 shows the image of theMittag-Leffler function of several special cases.
The value of the parameter α is 0, 1, 2, 3, 4 and 5.

Whenα = 0, E0(x) =∑∞
k=0 x

k = 1
1−x .x = 1 is the singular point of the function.

When x ∈ [−50, 1), the function value is a positive number, and the function value
increases with x. When x → 1−, function value tends to +∞. When x ∈ (1, 10],
the function value is negative, and when x → 1+, the function value tends to −∞.
When α = 1, M-L function is the exponential function ex , so we can say that the
exponential function is a special case of the M-L function. Taking other different
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Fig. A.3 Single-parameter
Mittag-Leffler function [29]

values of α, the function represented by the M-L function will be listed below:

α = 2, E2(x) =
∞∑
k=0

xk

�(2k + 1)
= cosh(

√
x),

α = 3, E3(x) =
∞∑
k=0

xk

�(3k + 1)
= 1

3

[
ex

1/3 + 2e−x13/2/2 cos

(
1

2

√
3z1/3

)]
,

α = 4, E4(x) =
∞∑
k=0

xk

�(4k + 1)
= 1

2

[
cos
(
x1/4

)+ cosh
(
z1/4
)]

,

For single-parameter Mittag-Leffler function, let z = −tβ , thus,

Eβ

(−tβ
) =

∞∑
k=0

(−tβ
)k

�(βk + 1)
.

The function has the following limiting form:
When β = 1, the Mittag-Leffler function degrades to an exponential decay

function e−t .
When 0 < β < 1, if t → 0, the Mittag-Leffler function can be approximated by

the extended exponential decay function: exp
(−tβ/a

)
, a = �(β + 1); if t → ∞,

the Mittag–Leffler function can be approximated by a power function: bt−β, b =
�(β) sin(βπ)/π (see Fig. A.4).

(2) Two-parameter (generalized) Mittag-Leffler function [1]:

Eα,β(z) =
∞∑
k=0

zk

�(αk + β)
, α > 0, β > 0. (A4.2)
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Fig. A.4 The approximation of the Mittag-Leffler function

From the definition of the generalizedM-L function, it is not difficult to find
that single-parameter M-L function is its special case (when β = 1); therefore,
Fig A.3 can be regarded as a graphic of the generalized M-L function when
β = 1.

Considering several special cases:

(1) α = 1, β = 1,

E1,1(z) = ez .

(2) If α = 1
2 , β = 1,

By definition, it can be obtained that

E1/2,1(z) =
∞∑
k=0

zk

�(k/2 + 1)
= ez

2
er f c(−z),

er f c(z) = 2√
π

∞∫

z

e−t2dt,

where er f c() is the error function.
(3) When β �= 1,

E1,2(z) = ez − 1

z
.
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(3) Generalized M-L function with changed parameters

Let z = 1 and β = 1, studying the function changes with parameter α. It is
shown in Fig A.5, with the increase of parameter α, the value of the function
at the same point reduces, i.e. the smaller α, the greater function value.

Let z = 1 and α = 1, considering that the function changes with parameter
β. It is shown in Fig A.6, for a fixed z, M-L function decreases with the increase
in β. The decreasing rate is smaller than that in Fig A.5, and it decreases slowly
at first, then increases with the increase in β.
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Fig A.5 When β = 1 and z = 1, M-L function changes with α
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(4) Some special functions

Some special functions are introduced below, which can all be expressed as
the form containing the M-L function [1].

(1) The Miller–Ross function

εt (v, a) = tv
∞∑
k=0

(at)k

�(v + k + 1)
= tvE1,v+1(at),

(2) The Rabotnov function

�α(β, t) = tα
∞∑
k=0

βk tk(α+1)

�((k + 1)(1 + α))
= tαEα+1,α+1

(
βtα+1

)
,

(3) A class of fractional sine and cosine functions

Scα(z) =
∞∑
n=0

(−1)nz(2−α)n+1

�((2 − α)n + 2)
= zE2−α,2

(−z2−α
)
,

Csα(z) =
∞∑
n=0

(−1)nz(2−α)n

�((2 − α)n + 1)
= E2−α,1

(−z2−α
)
,

These two functions proposed by Plotnikov and Tseytlin are called
“fractional sine and cosine functions”.

(4) Another class of fractional sine and cosine functions

sinλ,μ(z) =
∞∑
n=0

(−1)k z2k+1

�(2μk + 2μ − λ + 1)
= zE2μ,2μ−λ+1

(−z2
)
,

cosλ,μ(z) =
∞∑
n=0

(−1)k z2k

�(2μk + μ − λ + 1)
= E2μ,μ−λ+1

(−z2
)
,

These two functions are proposed by Luchko and Srivastava; they also
can be expressed in the form of M-L function.

(5) Double M-L function

ξ
v,σ
α,β,λ,μ(x, y) =

∞∑
m=0

∞∑
n=0

xm+ β(vn+1)−1
α yn+ μ(σm+1)−1

λ

�(mα + (vn + 1)β)�(nλ + (σm + 1)μ)
,

This function is proposed by P. Hubert, P. Delerue and A. M Chak and
further expanded by H. M Srivastava.
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(5) M-L functions with multi-parameter

E(α1,...,αm ),β(z1, . . . , zm) =
∞∑
k=0

∑
l1 + · · · + lm = k
l1 > 0, . . . , lm > 0

(k; l1, . . . , lm)
∏m

i=1 z
li
i

�
(
β +∑m

i=1 αi li
) ,

where (k; l1, . . . , lm) denotes polynomial coefficients. This function was orig-
inally proposed by Hadid and Luchko for solving fractional differential
equations with linear constant coefficient.

2. The Laplace transform of the generalized Mittag-Leffler function

The Laplace transform of the generalized Mittag-Leffler function plays an impor-
tant role in solving fractional differential equations. And the inverse Laplace trans-
forms of this function are always applied to get the analytical solution of some simple
fractional-order equations.

The derivation of the Laplace transforms of the generalized M-L function will be
given in the following section.

Firstly, substituting e±zt in the integration
∫∞
0 e−t e±ztdt with the Mittag-Leffler

function, then performing integral with respect to t, lastly, we have

∞∫

0

e−t e±ztdt =
∞∫

0

e−t

( ∞∑
k=0

(±zt)k

k!

)
dt,

=
∞∑
k=0

(±z)k

k!
∞∫

0

e−t t kdt,

According to the definition of Gamma function
∫∞
0 e−t t kdt = �(k + 1) = k!,

thus

∞∫

0

e−t e±ztdt =
∞∑
k=0

(±z)k = 1

1 ∓ z
. (A4.3)

Adding t k into the above integral term and performing the above integration again,
thus

∞∫

0

e−t t ke±ztdt = k!
(1 ∓ z)k+1

, (|z| < 1). (A4.4)

Making appropriate substitution to the equation, the Laplace transform of function
t ke±at is obtained as follows:
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∞∫

0

e−pt t ke±atdt = k!
(p ∓ a)k+1

, (Re(p) > |a|). (A4.5)

According to Eqs. (A4.2) and (A1.1), the Laplace transform of generalized M-L
function is considered as follows:

∞∫

0

e−t tβ−1Eα,β(ztα)dt =
∞∑
k=0

zk

�(αk + β)

∞∫

0

e−t tαk+β−1dt

= 1

1 − z
, (|z| < 1). (A4.6)

Then, making the same transform to Eq. (A4.5), the Laplace transform of function
tαt+β−1E (k)

α,β(±atα) is obtained as follows:

∞∫

0

e−pt tαk+β−1E (k)
α,β(±atα)dt = k!pα−β

(pα ∓ a)k+1 ,
(
Re(p) > |a|1/α), (A4.7)

where E (k)
α,β(y) = dk

dyk Eα,β(y).
Simplified as

L
{
t kα+β−1E (k)

α,β(∓atα), p
}

= k!pα−β(
pα ± ak+1

) , Re(p) > |a|1/a, (A4.8)

where E (k)
α,β = dk

dzk Eα,β(z), the Ref. [7] has given a rigorous and simple proof of this
formula.

In particular, if let α = β = 1
2 , we can get

∞∫

0

e−pt t
k−1
2 E (k)

1
2 , 12

(±a
√
t)dt = k!

(
√
p ∓ a)k+1

,
(
Re(p) > |a|2). (A4.9)

It is noted here that Eq. (A4.9) is extremely useful for solving fractional derivative
equation when the order of derivative equals 1/2.

3. Derivative and integral of the M-L function

(1) Derivative of the M-L function

For equations given in this section, the derivation process is no longer given, and
only the conclusion is given, and the interested reader can try to derive it.

Because individually differentiating the M-L function is relatively complicated,
the differential of the product of the M-L function and the power function of t is
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generally considered. Choosing the definition of the Riemann–Liouville fractional
differential, then

dγ

dtγ

(
tαk+β−1E (k)

α,β(λtα)
)

= tαk+β−γ−1E (k)
α,β−γ (λtα), (A4.10)

Let k = 0, λ = 1, γ is an integer and m = γ , thus Eq. (A4.10) can be rewritten
as

(
d

dt

)m(
tβ−1Eα,β(tα)

) = tβ−m−1Eα,β−m(tα), (m = 1, 2, 3, . . .). (A4.11)

Considering the following two cases of Eq. (A4.11):

(1) When α = m
n , and m, n are natural numbers, thus

(
d

dt

)m(
tβ−1Em/n,β

(
tm/n

)) = tβ−1Em/n,β

(
tm/n

)+ tβ−1
n∑

k=1

t−
m
n k

�
(
β − m

n k
) .

(A4.12)

If let n = 1, then

(
d

dt

)m(
tβ−1Em,β

(
tm
)) = tβ−1Em,β

(
tm
)+ tβ−1 t−m

�(β − m)
. (A4.13)

According to the property of Gamma function,

1

�(−v)
= 0, (v = 0, 1, 2, . . .).

Let m = 1, 2, 3, . . . ; β = 0, 1, 2, . . . ,m, we can obtain

(
d

dt

)m(
tβ−1Em,β

(
tm
)) = tβ−1Em,β

(
tm
)
. (A4.14)

Substituting t = zn/m into Eq. (A4.11), thus

(
m
n z

1− n
m

d
dz

)m(
z(β−1)n/mEm/n,β(z)

)
= z(β−1)n/mEm/n,β(z) + t (β−1)n/m

∑n
k=1

z−k

�(β− m
n k)

, (m, n = 1, 2, 3, . . .),

(A4.15)

and let m = 1, we obtain
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1
n

d
dz

(
z(β−1)n E1/n,β(z)

)
= z(βn−1E1/n,β(z) + zβn−1∑n

k=1
z−k

�(β− k
n )

, (n = 1, 2, 3, . . .). (A4.16)

(2) The integral of M-L function

Performing integral itemized to the left side of the following equation, thus we
obtain

z∫

0

Eα,β(λtα)tβ−1dt = zβEα,β+1(λz
α), β > 0, (A4.17)

then considering the integral

1

�(v)

z∫

0

(z − t)v−1Eα,β(λtα)tβ−1dt,

this integration is also relatively easy, and the integral can be solved as follows:
The above integral

1

�(v)

z∫

0

(z − t)v−1Eα,β(λtα)tβ−1dt

=
∞∑
k=0

λk

�(αk + β)

1

�(v)

z∫

0

(z − t)v−1tαk+β−1dt

=
∞∑
k=0

λk

�(αk + β)

1

�(v)

π
2∫

0

(
z − z sin2 θ

)v−1
z sin2 θαk+β−1d

(
z sin2 θ

)

= zβ+v−1Eα,β+v(λz
α). β > 0, v > 0.

(A4.18)

As a result, some special integral equations are obtained:

1

�(α)

z∫

0

(z − t)α−1eλtdt = zαE1,α+1(λz), (α > 0)). (A4.19)

1

�(α)

z∫

0

(z − t)α−1 cosh(
√

λt)dt = zαE2,α+1
(
λz2
)
, (α > 0). (A4.20)
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1

�(α)

z∫

0

(z − t)α−1 sinh(
√

λt)√
λt

dt = zα+1E2,α+2
(
λz2
)
, (α > 0). (A4.21)

The analytical solutions of fractional differential equations involve M-L function
many times. Therefore, in order to compare the error relationship between the numer-
ical solution and analytical solution, it is necessary to calculate the function values of
M-L function. For this reason, many MATLAB Programs for calculating this func-
tion have been written by a lot of scholars until now, and readers can download them
on the website [27, 28].

Wright Function

TheWright function plays an important role in solving linear fractional partial differ-
ential equations, such as the wave equation. There are some connections between
this function and the generalized M-L function. This function was first proposed by
British mathematicianWright [8], and a large number of useful equality relations are
derived from the Laplace transform of fractional differential equations summarized
by Humbert and Agarwal [9].

Series form definition of the Wright function:

W (z;α, β) =
∞∑
k=0

zk

k!�(αk + β)
, (A5.1)

and Eq. (A5.1) can be written as the following integral form:

W (z;α, β) = 1

2π i

∫

Ha

τ−βeτ+zt−α

dτ, (A5.2)

The Properties of the Wright function [10, 11].

Property 1 If arg(−z) = ζ, |ζ | ≤ π , and

Z1 = (α|z|)1/(α+1)ei(ζ+π)/(α+1), Z2 = (α|z|)1/(α+1)ei(ζ−π)/(α+1),

thus

W (z;α, β) = H(Z1) + H(Z2), (A5.3)

in which
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H(Z) = Z1/2−βe{1+(1/α)}z
{

M∑
m=0

(−1)mam
Zm

+ O

(
1

|Z |M+1

)}
, Z → ∞, (A5.4)

where if the value m in Eq. (A5.4) is fixed, the value am can be calculated directly,
e.g. a0 = (2π(ρ + 1))−1/2.

Property 2 The relationship between the Wright Function and the Bessel function:

Jv(z) =
( z
2

)v

W

(
− z2

4
; 1, v + 1

)
; (A5.5)

Iv(z) =
( z
2

)v

W

(
z2

4
; 1, v + 1

)
. (A5.6)

Property 3 The relationship between the Wright function and the Mittag–Leffler
function [1]:

L{W (t;α, β); s} = s−1Eα,β

(
s−1
)
. (A5.7)

Property 4 The relationship between theWright function and theMeijerG-function.
When α is a rational number, and α = p/q, the Wright function can be expressed

with the Meijer G-function as follows:

W (−z;α, β) = (2π)(p−q)/2q1/2 p−β+1/2

× Gq,0
0,p+q

[
zq

qq pp

∣∣∣∣ −
0, 1q , 2q ,...,

q−1
q ,1− β

p ,1− 1+β

p ,...,1− p−1+β

p

]
. (A5.8)

Property 5 The relationship between the Wright function and the Fox H-function.
When ρ is an arbitrary positive number, the Wright function is a special case of

the Fox H-function [12–14]:

W (−z;α, β) = H 1,0
0,2

[
z

∣∣∣∣ −
(0, 1), (1 − β, α)

]
. (A5.9)

In addition, the Generalized Wright function generally can be expressed as

W (z; (μ, a), (v, b)) =
∞∑
k=0

zk

�(a + μk)�(b + vk)
.μ, v ∈ R, a, b ∈ C. (A5.10)
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H-Fox Function

H-Fox function is also called as the Fox function,H-function, the generalizedMellin–
Barnes function or generalized Meijer’s G-function in different papers. In order
to unify and extend the existing results of the symmetric Fourier kernel, Fox has
defined the H-function using the general Mellin–Barnes-type integral. It is widely
used in the problems of statistics, physics and engineering to get the solution of
fractional linear differential equations. It is necessary to note that almost all the
special functions applied in the mathematical and statistical area are the special cases
of H-Fox function. Even the complex functions such as the Mittag-Leffler function,
Meijer’s G-function [18], the Maitland generalized hypergeometric function and the
Wright generalized Bessel functions are included. This section is compiled based
primarily on the literature [2, 19–22].

H-Fox function based on the Mellin–Barnes-type integral is [14, 17, 23]

Hm,n
p,q (z) = Hm,n

p,q

[
z|(ap,αp)

(bq ,βq)

]
= Hm,n

p,q

[
z|(a1,α1),(a2,α2),...,(ap,αp)

(b1,β1),(b2,β2),...,(bq ,βq)

]

= 1

2π i

∫

L

χ(s)zsds, z �= 0, (A6.1)

in which integral density

χ(s) = A(s)B(s)

C(s)D(s)
,

and

A(s) =
m∏
j=1

�
(
b j − β j s

)
, B(s) =

n∏
j=1

�
(
1 − a j + α j s

)
,

C(s) =
q∏

j=m+1

�
(
1 − b j + β j s

)
, D(s) =

p∏
j=n+1

�
(
a j − α j s

)
, (A6.2)

wherem, n, p and q are non-negative integers, which satisfy 0 ≤ n ≤ p, 1 ≤ m ≤ q.

When n =0, B(s) = 1; q = m, C(s) = 1; p = n, D(s) = 1. The parameters
a j ( j = 1, 2, . . . , p) and b j ( j = 1, 2, . . . , q) are complex numbers, and α j ( j =
1, 2, . . . , p) and β j ( j = 1, 2, . . . , q) are positive numbers. These parameters satisfy
the conditions:

P(A) ∩ P(B) = ∅, (A6.3)
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where

P(A) =
{
s = b j + k

β j
| j = 1, . . . ,m; k = 0, 1, 2, . . .

}
,

P(B) =
{
s = a j − 1 − k

α j
| j = 1, . . . , n; k = 0, 1, 2, . . .

}
,

are the sets of poles A(s) and B(s), respectively. The integral path L is from s =
c − i∞ to s = c + i∞ and makes the poles set separate. Then the points in A(s)
locate in the right of L, and the points in B(s) locate in the left of L. Equation (A6.3)
can also be written as α j (bh + υ) �= βh

(
a j − λ − 1

)
, (υ, λ = 0, 1, 2, . . . ; h =

1, . . . ,m; j = 1, . . . , n). Note that the path integral (A6.1) is the inverse Mellin
transform of χ(s).

H-Fox function has the following important properties [15, 17, 24]:

Property 1 H-Fox function has the property of permutation symmetry with
respect to (a1, α1), . . . , (an, αn), (an+1, αn+1), . . . ,

(
ap, αp

)
,(b1, β1), . . . , (bm, βm)

and (bm+1, βm+1), . . . ,
(
bq , βq

)
.

Property 2 If an element of the array in
(
a j , α j

)
( j = 1, 2, . . . , n) equals an element

of the array in
(
b j , β j

)
( j = m + 1,m + 2, . . . , q) [or an element of the array

in
(
b j , β j

)
( j = 1, 2, . . . ,m) equals an element of the array in

(
a j , α j

)
( j = n +

1, n+2, . . . , p)], the H-Fox function can be simplified to a low-level H-Fox function,
namely subtract 1 from p, q and n (or m), respectively.

Therefore, there is the simplification formula:

Hm,n
p,q

[
z|(a1,α1),(a2,α2),...,(ap,αp)

(b1,β1),(b2,β2),...,(bq−1,βq−1),(a1,α1)

]
= Hm,n−1

p−1,q−1

[
z| (a2, α2), . . . ,

(
ap, αp

)
(b1, β1), . . . ,

(
bq−1, βq−1

)
]
,

(A6.4)

where n ≥ 1, q > m.

Property 3
Hm,n

p,q

[
z|(a j ,α j)

(b j ,β j)

]
= Hn,m

q,p

[
1

Z
|(1−b j ,β j)
(1−a j ,α j)

]
(A6.5)

According to this nature, we can rewrite the Fox function under the condition of
μ =∑g

j=1 β j −∑p
j=1 α j < 0 into another Fox function satisfying μ > 0.

Property 4

Hm,n
p,q

[
z|(ap,αp)

(bq ,βq)

]
= kHn,m

q,p

[
Zk
∣∣(ap,kαp)
(bq ,kβq)

]
, (A6.6)

where k > 0.



362 Appendix A: Special Functions

Property 5

zσ Hm,n
p,q

[
z|(ap,αp)

(bq ,βq)

]
= Hn,m

q,p

[
z|(ap+σαp ,αp)

(bq+σβq ,βq)

]
. (A6.7)

In order to discuss the analytic properties of the H-Fox function and asymptotic
expansion, define the following symbols:

μ =
q∑
j=1

β j −
p∑

j=1

α j ; (A6.8)

α =
n∑
j=1

α j −
p∑

j=n+1

α j +
m∑
j=1

β j −
q∑

j=m+1

β j ; (A6.9)

β =
p∏

j=1

α
α j

j

q∏
j=1

β
−β j

j ; (A6.10)

γ =
q∑
j=1

b j −
p∑

j=1

a j + p − q

2
; (A6.11)

λ =
m∑
j=1

β j −
q∑

j=m+1

β j −
p∑

j=1

α j ; (A6.12)

δ =
⎛
⎝ m∑

j=1

β j −
p∑

j=n+1

α j

⎞
⎠π. (A6.13)

H-Fox function is the analytic function of z and meaningful if the following
existence conditions are met [15, 17, 24, 25]:

Situation 1 If μ > 0, z �= 0.
Situation 2 If μ = 0, 0 < |z| < β−1.

Then generally, the H-Fox function is multivalued; however, it is single-valued in
the Riemann surface of log z and can be obtained as follows:

Hm,n
p,q (z) = −

∑
s∈P(A)

Res

(
A(s)B(s)

C(s)D(s)
zs
)

. (A6.14)

When the pole of the function
∏m

j=1 �
(
b j − β j s

)
is a single pole, i.e. when j �=

h; j, h = 1, 2, . . . ,m; λ, υ = 0, 1, 2, . . . , βh
(
b j + λ

) �= β j (bh + υ), we get the
H-Fox function as follows:
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Hm,n
p,q (z) =

m∑
h=1

∞∑
v=0

∏m
j=1, j �=h �

(
b j − β j (bh + v)/βh

)
∏q

j=m+1 �
(
1 − b j + β j (bh + v)/βh

)

×
∏n

j=1 �
(
1 − a j + α j (bh + v)/βh

)
∏p

j=n+1 �
(
a j − α j (bh + v)/βh

) × (−1)vz(bh+v)/βi

v!βh
. (A6.15)

Braaksma pointed out [17, 24, 26]

Hm,n
p,q (z) = O

(|z|c), z ≤ 1, (A6.16)

where μ ≥ 0, c = min�(b j/Bj
)
( j = 1, 2, . . . ,m);

Hm,n
p,q (z) = O

(|z|d), z ≥ 1, (A6.17)

in which μ ≥ 0, α > 0, | arg z| < απ/2, d = max�
(
a j−1
α j

)
( j = 1, 2, . . . , n).

Especially, if λ > 0, | arg z| < λπ/2 and μ > 0, then when n = 0, for the bigger
z, H-Fox function tends to 0 exponentially, thus

Hm,0
p,q (z) → O

{
exp
(−μz1/μβ1/μ

)
z(γ+1/2)/μ

}
. (A6.18)

If n > 0, δ > μπ/2, when |z| → ∞, we get the H-Fox function at every closed
subspace of | arg z| < δ − πμ/2 as follows:

Hm,n
p,q (z) →

∑
s∈P(−1)

Re s

(
A(s)B(s)

C(s)D(s)
zs
)

. (A6.19)

In addition, if ω and η are both complex numbers, ω �= 0 and η �= 0, μ > 0 (μ is
defined in Eq. (A6.8)), thus we get

Hm,n
p,q

(
ηω|ap,αp

(bq ,βq)

)
= ηbq/βq

∞∑
r=0

(
η1/βq − 1

)r
r !

× Hm,n
p,q

(
ω|(a1,α1),...,(ap,αp)

(b1,β1),...,(bq−1,βq−1),(r+bq ,βq)

)
, (A6.20)

where q > m,
∣∣η1/βq−1

∣∣ < 1, arg(ηω) = βq arg
(
η1/βq

) + arg(ω),
∣∣arg(η1/βq

)∣∣ <

π/2.
Some special cases of the Fox functions are discussed below. When α j = 1( j =

1, 2, . . . , p), β j = 1( j = 1, 2, . . . , q), H-Fox function reduces to a Meijer G-
function [2,18]:

Hm,n
p,q

[
z|(a1,1),...,(ap,1)

(b1,1),...,(bq ,1)

]
= Gm,n

p,q

[
z|aq ,...,ap

b1,...,bq

]
. (A6.21)
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If adding other conditions m = 1 and p ≤ q, the Fox function can be expressed
as a generalized hypergeometric function pFq as follows:

Hm,n
p,q

[
Z |(a1,1),...,(ap,1)

(b1,1),...,(bq ,1)

]
=
∏n

j=1 �
(
1 + b1 − a j

)
zb1∏q

j=2 �
(
1 + b1 − a j

)
zb1

×p Fq−1

(
1 + b1 − a1, . . . , 1 + b1 − ap

1 + b1 − b2, . . . , 1 + b1 − bq
; (−1)p−n−1z

)
.

(A6.22)

Many of the so-called special functions, such as the error function, the Bessel
functions, the Whittaker functions, the Jacobi polynomials and elliptic integrals, are
special cases of the generalized hypergeometric function.

An important H-Fox function not included in the G-function class is shown as
follows:

H 1,p
p,q+1

[
Z |(1−a1,a1), ...,(1−ap,ap)

(0,1),(1−b1,β1)...,(1−bq ,βq)

]
=

∞∑
r=0

∏p
j=1 �

(
a j + α j r

)
∏g

j=2 �
(
b j + β j r

) × (−z)r

r !

=p �q

(
(a1, α1), . . . ,

(
ap, αp

)
(b1, β1), . . . ,

(
bq , βq

) ;−z

)
,

(A6.23)

where p�q(z) is called the Maitland generalized hypergeometric function. A special
case in Eq. (A6.23) gives the relationship between the H-fox function and the
generalized Mittag-Leffler function Eα,β(z) as follows:

H 1,1
1,2

(
z|(0,1)(0,1),(1−β,α)

)
= Eα,β(−z). (A6.24)
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Web Resources

1. Power-law phenomenon and Fractional dynamic system

(http://www.ismm.ac.cn/ismmlink/PLFD/index.html).
2. Center for Self-Organizing and Intelligent Systems

(http://www.csois.usu.edu).
3. Fractional calculus in Utah State University

(http://www.mechatronics.ece.usu.edu/foc).
4. Institute of Soft Matter Mechanics

(http://www.ismm.ac.cn/).
5. Group of Robotics and Intelligent Systems

(http://www.ave.dee.isep.ipp.pt/~gris/index.htm).
6. Fractional calculus modeling

(http://www.fracalmo.org/).
7. Jordan Research Group in Applied Mathematics (JRGAM)

(http://www.mutah.edu.jo/jrgam/index.html)
8. Equipe CRONE

(http://www.ims-bordeaux.fr/IMS//pages/accueilEquipe.php?guidPage=les_
equipes).

Professional Journals

1. Fractional Calculus &Applied Analysis (Fract. Calc. Appl. Anal.), ISSN 1311–
0454 Website: http://www.math.bas.bg/~fcaa/
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2. Journal of Fractional Calculus, ISSN 0918-5402.
3. Fractional Dynamic Systems Website: http://www.fds.ele-math.com/.

Open Source Codes

1. Program package on the Adams method and finite difference method by Kai.
Diethelm

(http://www-public.tu-bs.de:8080/~diethelm/software/software.html).
2. Predictor corrector method for solving the relaxation equation

(http://www.mathworks.com/matlabcentral/fileexchange/26407-predictor-
corrector-method-for-variable-order-random-order-fractional-relaxation-equ
ation).

3. Matrix method for solving fractional partial differential equations

(http://www.mathworks.com/matlabcentral/fx_files/22071/14/content/html/
Matrix_Approach.html).

4. CRONE Toolbox (http://wWW.ims-bordeaux.fr/IMS//pages/pageAccueilP
erso.php?email=alain.outloup)

5. Mittag-Leffler function curve

(http://www.mathworks.com/matlabcentral/fileexchange/8738-mittag-leffler-
function).

(http://www.mathworks.com/matlabcentral/fileexchange/21454-genera
lized-generalized-mittag-leffler-function )

6. The random number generator of Mittag–Leffler distribution

(http://www.mathworks.com/matlabcentral/fileexchange/19392-mittag-lef
fler-random-number-generator).

7. Fractional chaotic system

(http://www.mathworks.com/matlabcentral/fileexchange/27336-fractional-
order-chaotic-systems).

8. Impulse response invariant discretization of distributed-order low-pass filter

(http://www.mathworks.com/matlabcentral/fileexchange/26868-impulse-res
ponse-invariant-discretization-of-distributed-order-low-pass-filter).

9. Digital Fractional-Order Differentiator/integrator—FIR type

(http://www.mathworks.com/matlabcentral/fileexchange/3673-digital-fracti
onal-order-differentiatorintegrator-fir-type).

10. A New IIR-type Digital Fractional-order differentiator

(http://www.mathworks.com/matlabcentral/fileexchange/3518-a-new-iir-
type-digital-fractional-order-differentiator).

11. Variable-order derivative

http://www.fds.ele-math.com/
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(http://www.mathworks.com/matlabcentral/fileexchange/24444-variable-
order-derivatives).

12. Fractional-order–differential-order equation solver

(http://www.mathworks.com/matlabcentral/fileexchange/13866-fractional-
order-differential-order-equation-solver).

13. Fractional-order control

(http://www.mathworks.com/matlabcentral/fileexchange/8312-ninteger).
14. Part of the program code of Professor Mark M. Meerschaert

(http://www.stt.msu.edu/~mcubed/).
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Spatial/space fractional derivative

Continuous-time random walk
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