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Foreword

What you hold in your hand is a quite valuable addition to the mathematical
literature.

Weak KAM theory is the connection between the (Aubry-)Mather theory of
Lagrangian Systems and the Crandall-Lions theory of viscosity solutions of the
Hamilton-Jacobi equation.

Anybody who tried to teach weak KAM theory faced a big challenge: rarely
(at the graduate level at least) people in the audience know of both the Calculus
of Variations of paths (up to Tonelli work on existence), rudiments of Dynamical
Systems, and the theory of viscosity solutions of the Hamilton-Jacobi equation. Of
course, most people have been exposed to the elementary Calculus of Variations
that is taught at the undergraduate level. They also know some PDE, but viscosity
solutions are rarely considered: In fact, a referee wrote once that from the PDE
point of view this theory is not useful since it applies to only one equation. Today
at the graduate level most of students have had some exposure to the rudiments of
Dynamical Systems.

Therefore the lecturer is faced with the fact that he must cover both Calculus
of Variations and the theory viscosity solutions of the Hamilton-Jacobi equation.
Usually the material takes most of the semester leaving not much time to develop
the weak KAM theory connecting both subjects.

In fact, weak KAM theory has a discrete version that requires almost no
prerequisites beyond the common knowledge of Topology and Real Analysis.
Maxime Zavidovique is one of the main actors of this discrete version. Hence he
very cleverly decided to cover this aspect of weak KAM theory, in which you in fact
use all the main tools and ideas of the subject. Therefore after this set of lectures,
the reader can more easily understand the (non-discrete) weak KAM theory after
covering some of the prerequisites.

There is more in this set of lectures. First carefully crafted and detailed examples,
so necessary to understand a general theory. Then a deep study of twist maps. Finally
Maxime compares the non-discrete and discrete weak KAM theory, introducing
the reader to the non-discrete theory, stressing also some of the more recent
developments that he could not cover in detail.

vii



viii Foreword

I am sure that these notes will definitely be one of, if not, the main introduction
to weak KAM theory. With a bit of envy, I wish I could have done such a good job!

Paris, France Albert Fathi
April 2025
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Chapter 1 ®)
Introduction Check for

Abstract The aim of these notes is to present a self contained account of discrete
weak KAM theory. Put aside the intrinsic elegance of this theory, it is also a toy
model for classical weak KAM theory, where many technical difficulties disappear,
but where central ideas and results persist. It can therefore serve as a good
introduction to (continuous) weak KAM theory. After a general exposition of the
general abstract theory, several examples are studied. The last section is devoted
to the historical problem of conservative twist maps of the annulus. At the end
of the first three Chapters, the relations between the results proved in the discrete
setting and the analogous theorems of classical weak KAM theory are discussed.
Some key differences are also highlighted between the discrete and classical theory.
An appendix briefly comes back to the etymology of weak KAM theory and non
exhaustively presents some of its recent striking developments.

The present text initially emerged from lecture notes of a course given in Cortona
in 2015 at the INDAM meeting entitled The Hamilton—Jacobi Equation: At the
crossroads of PDE, dynamical systems and geometry. The goal of the lectures was to
give a complete and thorough introduction to weak KAM theory through the prism
of its discrete pendant. It culminated with the proof of convergence of the solutions
of the discounted equation, which was new at the time.

The pedagogical motivation is that discrete weak KAM theory is peculiarly
elementary. Basic topology is the only prerequisite and the most advanced tools
are the Arzela—Ascoli Theorem and weak compactness of probability measures
on a compact metric space. However, all important results of weak KAM theory
find their analogue in discrete weak KAM theory and the proofs being stripped
of technicalities reveal the key ideas more clearly. After studying this toy model,
the interested reader can then go on to learn more on the major theories, as
Calculus of Variations, Viscosity solutions of Hamilton—Jacobi equations, and
Tonelli Hamiltonian Dynamical Systems. The latter are at the core of classical weak
KAM theory.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
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2 1 Introduction

We wish to start by explaining in which context weak KAM theory emerged in
the 90’s. Most notions described will be rigorously defined later in the body of the
text.

1.1 Weak KAM, a Bridge Between Aubry—Mather and
Viscosity Solutions

Originally discovered by Albert Fathi in the 90’s [104-107], weak KAM theory
was designed to understand the dynamical objects of Aubry—Mather Theory for
Tonelli Hamiltonian/Lagrangian systems through particular functions called critical
subsolutions and weak KAM solutions. As explained by Fathi, the term weak KAM
was chosen as KAM tori give rise to strong solutions of the Hamilton—Jacobi
equation while weak KAM solutions are weak solutions of the same equation. It
turned out that weak KAM solutions and subsolutions fall in the realm of Viscosity
Solutions and subsolutions of Hamilton—Jacobi equations, a theory founded by
Crandall and Lions [86].

1.1.1 Aubry-Mather Theory

This theory originated in the study of conservative twist maps and Frenkel—
Kontorova models. The objective was to understand invariant sets and the structure
of minimizing orbits of such systems. Another type of problem was to construct
diffusion orbits connecting invariant sets, or to understand obstructions for such
orbits to exist. Aubry and Le Daeron [27] and Mather [159] understood that orbits
and invariant sets minimizing a certain energy verify similar properties as orbits of
homeomorphisms of the circle. Hence they could apply Poincaré-Denjoy theory to
classify and understand such invariant sets according to their rotation number. They
went on to study the minimal average action of such minimizing orbits (a function
only depending on the rotation number), invariant minimal measures (that would
become Mather measures) and Mather gave several definitive answers to questions
on the existence of connecting orbits [160, 162-164, 166]. Amongst other important
contributions let us mention Bangert [30, 31].

Motivated by Moser, Mather developed a generalization of his theory to higher
dimensional settings by introducing Minimizing Measures for a Tonelli Lagrangian
defined on the tangent bundle of a compact manifold [165]. His next goal would
then be to use this tool to tackle Arnol’d diffusion of such systems, a phenomenon
highlighted by Arnol’d in his famous examples [26]. Let us present the philosophy.
In an integrable system, all orbits are bounded and periodic or quasi-periodic. If one
perturbs such a system, KAM theory implies that many quasi-periodic orbits persist.
However, Arnol’d constructed examples where for small perturbations, some orbits
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have a huge drift in energy. He then conjectured that such a phenomenon should
be typical. Mather led the way proposing groundbreaking variational mechanisms
to construct generic diffusion [167, 169, 171]. Since then, there has been a huge
literature trying to carry on Mather’s program for diffusion.

1.1.2 Viscosity Solutions

As already mentioned, viscosity solutions were introduced by Crandall and Lions.
They provide a simple, robust definition for weak solutions of first and second
order PDE’s. Strong existence and uniqueness results are obtained for wide classes
of equations, including Hamilton—Jacobi equations (stationary and evolutionary)
making the solutions worthwhile studying. Let us mention amongst many others
the founding works of Ishii, Crandall, Lions [87, 133, 134, 139]. The definition,
that makes use of test functions that are super-tangent or sub-tangent to the
solution is very geometric, and allows easily to obtain stability results for viscosity
solutions. References to learn more about basic (and more advanced) properties are
[33, 88, 151]. For example, viscosity solution theory is so flexible as to apply to non-
continuous functions. Stability allows to obtain very general convergence theorems
of approximation schemes [34, 192]. Other references making use of this idea, in
more weak KAM or variational contexts, are [60, 186, 200, 204].

Very soon in the development of the theory of Viscosity Solutions, Lions and
collaborators realized the important role of dynamical programming properties for
evolutionary equations and the links with Optimal Control theory that naturally
emerge. Indeed, the Value function in optimal control is almost systematically a
viscosity solution to some Hamilton—Jacobi equation [32]. This is fundamental in
weak KAM theory as the Lax—Oleinik semigroup rediscovered by Fathi turns out to
be the value function of an optimal control problem.

Another important problem that was solved early on by viscosity solution
methods is that of Homogenization of the Hamilton—Jacobi equation. Consider a
continuous, ZN -periodic in the first variable Hamiltonian H : RY x RN that is
uniformly coercive in the second variable. Fix a bounded and uniformly continuous
initial data ug : RN — R.Given ¢ > 0, Lions, Papanicolaou and Varadhan consider
the evolutionary Hamilton—Jacobi equation

(EHJe)

8ZU+H()8_678.XU) :Oa
U0, ) = uo,

that admits a unique viscosity solution U : [0, +00) X RY - R. They prove that
as ¢ — 0, the functions U, converge locally uniformly to a function Uy that is
characterized as the unique solution to

{azU +H(®,U) =0, )

U0, -) = uo,
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where H is called the effective Hamiltonian. It is defined as follows: for P € RN,
H(P) is the only constant such that the cell problem H(x, P + d,u) = H(P)
admits a Z" -periodic viscosity solution # : R¥ — R. In Homogenization theory,
the state variable x € R¥ takes values in the universal cover of the flat torus TV. A
fundamental domain of the covering map is then the cell [0, 1)V in the sense that
the knowledge of a Z -periodic function on R¥ is equivalent to its restriction to the
cell [0, l)N . The name cell problem comes from the fact that the unknown function
is defined on a cell.

This effective Hamiltonian (in the case of convex Hamiltonians) coincides with
the minimal average action, Mather’s « function. The solutions to the cell problem
in our terminology will be weak KAM solutions. This problem was revisited by
Evans in [101] where he introduced the perturbed test function method. Much later,
it was studied under the light of symplectic topology by Viterbo [194] and Montzner
et al. [176]. Amongst many other follow ups in the spirit of Lions Papanicolaou and
Varadhan, let us mention recent generalizations to other manifolds [85, 191].

1.1.3 The Bridge

As all good bridges, weak KAM theory quickly helped the development of both
banks it joins. From a dynamical point of view, Fathi’s first achievement was to
construct connecting orbits through conjugate pairs of weak KAM solutions [104,
106].

From the PDE side, he proved long time convergence of solutions to the evo-
lutionary Hamilton—Jacobi equation on compact manifolds [107], for autonomous
Hamiltonians. Though partial results had been obtained by PDE means [179], the
new idea he imported from the dynamical world is that long minimizing trajectories
tend to accumulate on the support of minimizing Mather measures. This was
followed by many generalizations, for instance [35, 89, 135] where variational
and PDE methods allow to weaken regularity hypotheses that Dynamical methods
require. In a sense, this culminates in works (the first one being [62]) which use
an idea of Evans [102] where Mather measures are given a PDE definition and
henceforth adapted to more general settings. Other related results are:

 for counterexamples in the non-autonomous setting [36, 111];
 for positive results in dimension 1 [41, 51].

Another question raised in the theory of Hamilton—Jacobi equations was that
of regularity of critical subsolutions. For Tonelli Hamiltonians, this was settled by
Fathi and Siconolfi in [114] where existence of C! subsolutions is proved. Along
the way, the authors also gave a simple proof of Mafié’s characterizations of Mather
measures, as closed minimizing measures [153, 154]. This is the point of view
used in this work. In [115] the same authors extended their results to Lipschitz
Hamiltonians. Finally, in [42], existence of C L1 subsolutions is obtained by some
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Lasry—Lions type approximation [45, 149]. This could be expected as Fathi had also
proved that C! solutions are automatically C!! [108].

The latest breakthrough of weak KAM theory in the PDE theory of Hamilton—
Jacobi equations is probably the proof of convergence of the solutions of the
discounted equations [94], following some special cases in [143]. The discounting
method was an approximation procedure used already in [152] to prove existence
of solutions to the cell problem. It has the advantage to approximate it by equations
verifying a strong comparison principle and having exactly one solution. The con-
vergence result of Davini, Fathi, Iturriaga and the author is that, as the perturbation
goes to 0, a particular weak KAM solution is selected when the Hamiltonian is
convex in the second variable. Prior conditions on selected limiting solutions had
been found by Gomes in [127]. The result strikes by its generality (little regularity is
assumed on the Hamiltonian, no strict convexity) and by the flexibility of its proof. It
was naturally followed by numerous generalizations and adaptations. Among them
let us mention:

 the discrete setting that is presented later in this text [94],

e adaptations to Neumann problems [1],

* non-compact settings [140],

e more abstract duality methods [141, 142],

» second order Hamilton—Jacobi equations [173],

* weakly coupled systems of Hamilton—Jacobi equations [93] using weak KAM
tools from [96] and [136, 138] for more general results,

» convergence from the negative direction [90],

» for more general nonlinear discount approximations [76—78, 199],

 for discounted approximations on networks instead of manifolds [183],

» for mean field games [73]

* more recently, with degenerate discounting approximations [205].

Some limitations and counterexamples exist nevertheless when convexity is dropped
[137, 208] and last but not least, let us quote [19] for a more geometric perspective
on the convergence result.

Crossing back to the dynamical systems world, Patrick Bernard used weak
KAM solutions to push Mather’s ideas in [41, 43]. Probably the most definitive
works on Arnol’d diffusion to this day are [44, 55]. Those works mix on the one
hand dynamical strategies dating back to Arnol’d following chains of normally
hyperbolic objects having transverse intersections of stable and unstable manifolds,
and on the other hand analytical tools about regularity of weak KAM solutions and
subsolutions.

In his founding works [153, 154], Mafié¢ proved that a generic Hamiltonian (in
a sense he defined), has a unique Mather measure that is hence ergodic for the
Lagrangian flow. He then asked if this measure is generically concentrated on a
hyperbolic periodic orbit. This question is known as Mafié’s conjecture. It is still
open but important steps were made by Figalli and Rifford [121, 122] who managed
to bring together methods of optimal control and PDE with the dynamical system
theory of orbit closing lemma. They prove the conjecture in low regularity assuming
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the existence of a smooth critical subsolution. Then with Contreras [84] they brought
in Arnaud’s theory of Green bundles [5] to prove that generically, the Aubry set
is hyperbolic if the underlying manifold has dimension 2. The idea is that in this
setting, if the Aubry set is not hyperbolic, then positive and negative Green bundles
coincide and weak KAM solutions gain some extra regularity allowing to use ideas
from the previous works.

Mather had also raised a similar question about obtaining a uniform bound on
the number of ergodic Mather measures when the cohomology varies, for generic
Hamiltonians. This was solved by Bernard and Contreras [46, 50]. More generally,
understanding the shape of the Aubry set is a challenging question that is still to be
understood. Progress on the quotiented Aubry set was obtained by Sorrentino and
Fathi, Figalli, Rifford in [118, 189] and for the actual Aubry set, by Arnaud [13].

1.2 Weak KAM, Beyond Hamilton-Jacobi Equations

It turns out that the philosophy of weak KAM theory and of Aubry—Mather theory
applies to a variety of other areas.

1.2.1 Optimal Control Theory

Weak KAM theory’s starting point is the fact that solutions to Hamilton—Jacobi
equations of the form (EHJ¢) (seen in the context of homogenization), on a manifold
M, when the Hamiltonian has some convexity properties, are given by an explicit
formula called Lax—Oleinik semigroup (for ¢ = 1):

0
Ut,x)=  inf uo(y(—z))+/ L(y(s), 7(s))ds, (1.1)

y:[—1,0]->M —t
y(0)=x

where the infimum is taken amongst all absolutely continuous curves. This formula
(or its variations) is a convolution in the (min,+) semiring and is widely studied in
Optimal Control theory. In this setting, U is called the value function. Excellent
introductory references on the subject are [32, 67, 81] and we already mentioned
how Fathi and others made groundbreaking progress by importing ideas from
Optimal Control (such as semiconcavity, regularity properties of minimizers. . .).
Contributions in the other directions are also worth highlighting. Recently for
instance, conjectures about propagation of singularities of solutions of Hamilton—
Jacobi equations were solved by the use of the positive Lax—Oleinik semigroup
[65, 70]. Such results find amazing consequences in Riemannian geometry when
applied to singularities of distance functions [72].
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1.2.2 Contact Type and Systems of Hamilton-Jacobi Equations

Generalizations of weak KAM theory concern more general types of equations. The
first family of generalizations we have in mind is that of contact type equations.
This means that the Hamiltonian function H : T*M x R — R also depends on the
value u(t, x) of the unknown function. The terminology comes from the equations
of characteristics that preserve a contact form (instead of the symplectic form for
classical Hamiltonian equations). In this context, solutions are given by an implicit
Lax—Oleinik semigroup and weak KAM arguments can therefore be used. This was
exploited in many recent works including [71, 77, 78, 196—198, 207].

In a maybe more surprising way, weak KAM ideas also apply to some weakly
coupled systems of Hamilton—Jacobi equations. This is more unexpected as weak
KAM makes strong use of the order structure of R that is less clearly adaptable for
systems where the values taken are in R for some d > 1. The first evidence of such
a link was present in [63, 64] and further developed in [91, 96, 131, 174, 188].

1.2.3 Lorentzian Geometry and Lyapunov Functions

As can be observed already from the definition of the Lax—Oleinik semigroup (1.1)
weak KAM theory studies minimization problems, objects verifying a family of
inequalities and minimizers of those inequalities. As a matter of fact, central objects
in weak KAM theory are critical subsolutions. They are functions ug : M — R for
which the associated function U (¢, x) —a(0)¢ (where U is given by the Lax—Oleinik
semigroup (1.1) and «(0) is called the critical constant) is non-decreasing in 7. Such
functions are also characterized by the following two properties:

* ug is Lipschitz continuous,
e (x, Dyug) € H (=00, 2(0)] N {x} x T} M for almost every x € M.

When H is convex in the second variable, the sets H ! (—o0, 2(0)] N {x} x M
are convex for all x. Therefore a natural generalization is to replace the Hamiltonian
by a family of convex sets C, € T, M that verify suitable regularity properties. The
question being to know if solutions exist, one studies differentiable inclusions of the
form

* u is Lipschitz continuous,
* D,u € Cy for almost every x € M.

In such settings, objects from Aubry—Mather theory such as the Aubry set appear as
obstructions to finding such functions that verify extra conditions (as smoothness or
replacing C, by its interior). Moreover, when possible, weak KAM methods make it
possible to construct C! solutions to such differentiable inclusions. This was noticed
by Fathi and Siconolfi [116] who applied this philosophy to Lorentzian geometry,
where the sets C are cones provided by a section of non positive 2-forms. This line
of research was since developed in [52, 53, 193].
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Another fruitful extension of weak KAM ideas concerns Lyapunov functions and
is closer to our subject of discrete weak KAM theory. Indeed, given a continuous
transformation F of a metric space X, a Lyapunov function is f : X — R that is
non-increasing (or when possible decreasing) on the orbits of F. That is f verifies
the family of inequalities

VxeX, foF(x) < f(x).

Clearly, no function can be decreasing on a periodic orbit. More generally any
reasonable notion of recurrence will provide an obstruction to the existence of strict
Lyapunov functions. Hence being able to construct optimal Lyapunov functions
is an important challenge related to fine dynamical properties. The study of this
problem, importing weak KAM ideas, was done in Pageault’s PhD that led to
recovering earlier results of Conley, Akin, Auslander . . . in simpler and more precise
form. Results are to be found in [112, 113, 181] and were followed by further studies
[56-58].

Let us also mention links with ergodic optimization and the analogue of Mafié’s
conjecture that was recently solved by Contreras [82]. Other works related to weak
KAM theory are [123, 124].

1.2.4 Optimal Transportation

Let us describe the original Monge problem in optimal transportation [175]. The
goal is to move some material described by a probability measure & on a space X
into a certain configuration described by another probability measure v on a space
Y, by means of a transport map 7 : X — Y, knowing that the cost to move material
fromx € X toy € Y is given by c(x, y). The problem is therefore to minimize
fX c(x, T(x)) du(x) onmaps T : X — Y such that T, u = v. A difficulty is that
this problem might be ill posed. For example, if i is a Dirac mass and v is not, there
is no map T such that T, u = v. Moreover, even when such maps T exist, the set of
such maps does not verify good properties that allow to apply classical variational
methods.

Kantorovitch’s tour de force [145] is twofold. He starts by relaxing the Monge
problem in looking for transport plans. Those are probability measures y on X x Y
whose marginals are given by 71,y = u and w2,y = v. He then wants to minimize
fXXY c(x,y) dy(x,y) amongst such plans. The set of plans is always nonempty
(as 4 ® v is one such) and it is closed and convex when X and Y are compact
for instance. Hence existence of an optimal (minimizing) plan can easily be proved
under mild regularity hypotheses on c¢. The second aspect of his contribution is to
provide a dual equivalent problem. The minimal cost of a transport plan is given by

sup ( / o(y) du(y) — / wx)du(x)),
Y X
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where the supremum is taken amongst pairs of continuous functions ¢ : ¥ — R
and ¥ : X — R such that

Vix,y) e X xY, @) —v¥(&x) <clx,y).

It will become clear in the next section that the minimizing problem of transport
plans resembles that of minimizing Mather measures in Aubry—Mather theory.
The dual problem of finding optimal Monge—Kantorovitch pairs of functions is
transparently similar to the notion of subsolutions in weak KAM theory, especially
when both spaces X and Y coincide. Finding a transport map 7 amounts to proving
that an optimal plan is concentrated on the graph of a function from X to Y.
This is analogous to Mather’s Graph Theorem stating that Mather measures are
concentrated on a graph. This deep parallel was drawn and studied by Bernard and
Buffoni [47-49].

1.2.5 Discrete Weak KAM Theory, with an Economical Twist

The main idea of discrete weak KAM Theory is to directly discretize the Lax—
Oleinik semigroup, allowing the time to take integer values only (or integer
multiples of a given fixed value). This simple idea then allows to weaken hypotheses
on the phase space. More precisely, coming back to the definition of the Lax—Oleinik
semigroup (1.1) for ¢+ = 1, setting

1
hilx,y) = inf L(y(s), y(s))ds,
o= it L)

y(0)=x
y(D=y

the operator can be rewritten U(1,x) = in)f( up(y) + h1(y, x). To write such a
ye

formula, very little structure is needed. Only an underlying space X that we will
assume to be metric and a function ¢ : X x X — R that will play the role of k.
A first theoretical study of such an operator was done in [49]. Further analogies and
results coming from classical weak KAM theory were the subject of the author’s
PhD thesis in which he also highlighted some fundamental differences.

Here is an economical interpretation of discrete weak KAM theory. Assume that
X is the (uncountable) metric space whose points are wine stores in France. Let
DRC : X — R be the function that gives the price D RC (x) of a bottle of Domaine
de la Romanée Conti in the store x.! Let now ¢ : X x X — R be the function
where c(x, y) is the price for a 24 hour delivery of a wine bottle from x to y. Then if

! Domaine de la Romanée Conti is maybe the best (as far as comparisons can be made between
ceuvres d’art) and certainly most prestigious wine in the world and it is a dream of the author
to taste wines from this estate in his life. Unfortunately, in this randomly chosen example, the
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Maxime lives at x, the least price he will have to pay to obtain a bottle of Romanée
Conti tomorrow is

T DRC(x) = inf DRC(y) + c(y, x).
yeX

In this simple and simplistic model, by iterating the previous operator 7, one
obtains the best price to have a bottle if one is willing to wait a long time. Finally,
studying long optimal trajectories that a bottle will follow before reaching the
patient Maxime will provide important objects of weak KAM theory and Aubry—
Mather theory.

1.3 Organisation of the Text

The first 3 Chapters are dedicated to presenting discrete weak KAM theory in a
general setting. Each of them ends with a section where related classical weak KAM
results are stated to give the reader an overview of the classical theory without
proofs. We believe that this back and forth between the discrete and the classical
weak KAM theories is original. For well chosen costs, it highlights in a new way
strong similarities and also key differences between the two versions of weak KAM
theory. Discrete weak KAM theory as presented in these Chapters was developed by
the author in [201, 202] (following earlier works as [49]) in a non compact setting.
Here we present the compact setting that is less technical, therefore easier for a first
encounter with weak KAM theory. Yet all key features and ideas of the classical
theory persist and are better highlighted. Further and more precise results written
hereafter were obtained with coauthors, references being provided in the text. Those
first Chapters should be accessible without any specialized background.

The First Chapter introduces the Lax—Oleinik semigroups (negative and posi-
tive). The discrete weak KAM Theorem is proved and the last part of the Chapter
is dedicated to constructing continuous strict subsolutions, which are a fundamental
tool in the theory. This allows to define the Aubry set. In the last section, a proof
of the weak KAM Theorem using the discrete one is given. Also, it is shown that
for a natural cost function, weak KAM solutions and discrete weak KAM solutions
coincide. The result is new to our knowledge. We also establish that for this cost,
the projected Aubry set is equal to the classical one.

The Second Chapter aims at showing results of a more dynamical nature about
the Aubry set. We introduce Peierls’ barrier and characterize points of the projected
Aubry set with it. Examples of points and chains of the Aubry set are given. Finally
the problem of regularity of subsolutions (or lack thereof) is addressed. In a first part,

function DRC is close to being + oo everywhere but at Vosne-Romanée and accessible at x =
Vosne-Romanée (but with no available stock).
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in the general setting, we characterize the projected Aubry set as the set where all
subsolutions are continuous. Then by adding structure, we show existence of C!-!
subsolutions, thus obtaining results similar to Bernard’s classical ones. Finally we
provide Graph Theorems and by adding a twist condition (which replaces convexity)
we show how to define a partial dynamics on the Aubry set.

The Third Chapter is dedicated to Mather measures and to the crucial role they
play in proving convergence of the discounted solutions. We start by giving two
definitions of Mather measures and showing that they are equivalent. Then we prove
convergence of solutions to the discounted equations. It is pointed out that the limit
weak KAM solution for the positive Lax—Oleinik semigroup is not necessarily the
conjugate of the limit weak KAM solution for the negative Lax—Oleinik semigroup.
We then study a degenerate discounted problem that is new in this setting and prove
convergence of the solutions.

The Fourth Chapter provides examples in dimension 1. Those examples come
from autonomous Hamiltonians and have the great merit that explicit computations
can be made. We also show that the weak KAM solutions selected by the discounted
approximation procedure may differ in the discrete setting and in the classical one.
Such examples are folklore to experts. However we do not know of any reference
where a detailed analysis is made under the scope of weak KAM theory. We
believe that they are useful to have in mind in order to develop an intuition and
test conjectures.

The Fifth and last Chapter puts back in the context of discrete weak KAM theory
the foundational problem of conservative twist maps of the annulus. We revisit
results of Mather, Aubry, Bangert . .. from the perspective of weak KAM solutions.
In this unified setting we gather proofs of well known results that are spread in
various references. We hope this will make them more accessible. We also give
a precise description of what those weak KAM solutions look like in this setting
(results of Arnaud and the author). Finally we conclude with statements of results
or Arnaud and the author opening to the world of weakly integrable twist maps.



Chapter 2 ®)
The Discrete Setting, Weak KAM ST
Solutions and Subsolutions

Abstract In this Chapter, we introduce the metric setting suitable to develop
discrete weak KAM theory. We define the discrete Lax-Oleinik operator, and its
discounted counterpart and prove the discrete weak KAM Theorem. We go on
to introduce the fundamental Aubry set and its links to subsolutions and strict
subsolutions.

Finally, we present, without proofs, the analogous results and notions coming
from classical weak KAM theory. We prove new links between the classical and the
discrete theories, when the cost function is given by the action functional.

The main idea of the discrete setting we focus on is to directly discretize the
Lax—Oleinik semigroup, allowing the time to take integer values only (or integer
multiples of a given fixed time step). This simple idea then allows to weaken
the assumptions on the phase space. Most results and proofs of this Chapter are
extracted as a particular compact case of [202].

2.1 Discrete Setting and the Lax—Oleinik Semigroup

We focus our attention on the case where (X, d) is a compact metric space. The
analogue of the Lagrangian function is a cost function ¢ : X x X — R which is
assumed to be continuous. One can then define the Lax—Oleinik semigroup acting
on the set of bounded functions B(X, R):

Definition 2.1.1 The Lax—Oleinik semigroup 7~ : B(X, R) — B(X, R) associates
to f : X — R the function

T f:xeX—>T f(x)= Vig}f(f(y)Jrc(y,X)-

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 13
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Remark 2.1.2 The Lax—Oleinik semigroup is a convolution with kernel ¢ in the
(min, +) semiring. The inf plays the role of integration and the + plays the role of
multiplication in a classical convolution.

In particular, if the set X is finite, the Lax—Oleinik semigroup reduces to a product
(in the (min, +) semiring) with the matrix whose entries are given by c.

If f is a continuous function, then the infimum in the definition of 7~ f(x) is a
minimum by compactness of X.

We define the sup-norm || - || on the space B(X, R) by setting || fllcc =

sup | f(x)| for f € B(X, R). The normed vector space (B(X, R), |||l ) is a Banach

xeX
space.

We start by listing first basic properties of 7~ :
Proposition 2.1.3

(i) The image of T~ consists of equicontinuous functions with uniformly bounded
amplitude.'
(ii) The Lax—Oleinik semigroup commutes with addition of constant functions: if
k € Rand f is a function, T (f + k) = (T f) + k.
(iii) The Lax—Oleinik semigroup is order preserving: if f < gthen T~ f < T g.
(iv) The Lax—Oleinik semigroup is 1-Lipschitz for the sup-norm | - ||co-

Proof Let us consider a modulus of uniform continuity w for ¢ (X being compact).
This is a non-decreasing function w : [0, +00) — [0, +00) that is continuous at 0,
with w(0) = 0, such that

Vi, y, x ) e XY e, y) — e, )| S o(dx, X)) +d(y, y)).

Without loss of generality, by triangular inequality we may assume that w is bounded
and that ||w]e < 2|lcllco. Let f : X — R be a bounded function and ¢ > 0. Let
(x,x") € X2. By definition of the Lax—Oleinik semigroup, there exists a y, such
that T~ f(x') > f(ye) + c(ye, x') — &. It follows that

T~ f) =T () < Fe)+ (e, X) = f(3e) — (e, ') +& < 0(d(x, X)) +e.

Letting ¢ — 0 yields that T~ f(x) — T~ f(x') < w(d(x, x")). As x and x’ play
symmetrical roles we find that |7~ f(x) — T~ f(x")| < w(d(x,x")). This is (i) as
x, x' are arbitrary.

Points (i) and (iii) are obvious from the definition of 7~ and automatically
imply (iv). Indeed, if f and g are bounded functions, as

f=If=gllo<g< fHIf =gl

! By amplitude of a function f : X — R we mean sup f — inf f.
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we obtain

T°f=IIf—8lle <T g<T fHIf -8l

which means that |7~ f — T glloo < If — &llco- o

Remark 2.1.4 The Lax—Oleinik semigroup can actually be defined on arbitrary
functions f : X — R (not necessarily bounded) with the only modification that
T~ f can take the value —oo. However, it can be easily checked that, as ¢ is bounded,
this may only happen if f is unbounded from below. In this case, T~ f is identically
— oo. Otherwise, the conclusions of the previous Proposition 2.1.3 still hold, with
the same proofs.

Now that those properties have been established, let us move on to the weak
KAM theorem.

2.2 The Weak KAM Theorem and Critical Subsolutions

In this section, we will introduce and construct some of the most important objects
of weak KAM theory. The first ones are of course weak KAM solutions and are
given by the following theorem:

Theorem 2.2.1 (Weak KAM) There exists a unique constant c[0] € R for which
the equation u = T~ u + c[0] admits solutionsu : X — R.

Remark 2.2.2 Such functions are then called weak KAM solutions. The constant
c[0] is called the critical value.

It is immediate from Proposition 2.1.3 and Remark 2.1.4 that weak KAM
solutions are automatically continuous.

We will give two proofs of the existence part of the weak KAM Theorem. The first
one is similar to the original proof of Fathi [105, 109]. The second one is reminiscent
of the work of Lions et al. [152] on homogenization, that actually appeared prior to
the work of Fathi.

The uniqueness of the constant c¢[0] will be established in a second step.

First Proof Let us introduce & = B(X,R)/R1 the quotient vector space of
bounded functions by constant functions. The set & is clearly a vector space. If f
is a bounded function, we will denote by f its projection in &. There is an induced
norm on &: if £ : X — R is a continuous function, denoting f € & its class in the
quotient, we set || f|lo = min{|| f + k|loo, k € R}. As T~ commutes with addition
of constant functions, it induces an operator 7 on & defined by 7f = T~ f which
is independent of the representative f in the equivalence class f. This new operator
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is also continuous. Indeed, if f, g are two bounded functions, then for some suitably
chosen constant k € R,

I7Ff —Tglo < IT™f—T g+kllow < IIf — g +klloo = II.f — &llo-

Moreover, it follows from the fact that 7~ has values in equicontinuous functions
with uniformly bounded amplitude (see Proposition 2.1.3) and from the Arzela—
Ascoli theorem [99, Theorem 6.4 page 267] that 7(&) is relatively compact. We can
therefore apply the Schauder—Tychonoff Theorem [99, Theorems 2.2 and 3.2 pages
414-415] which asserts that 7 has a fixed point. This exactly means that there exists
a bounded function # : X — R and a constant C such thatu =7 "u + C. O

The use of the Schauder—Tychonoff Theorem at the end of this first proof, though
natural, is not really necessary. Indeed, fixed points of 1-Lipschitz maps can be
obtained by much simpler arguments, usually by perturbing the map, making it
contracting and then passing to the limit. This is the spirit of the second proof in
which we use an approximation called discounted procedure:

Second Proof Let A € (0, 1) and let us introduce the discounted operator 7, which
acts on bounded functions as follows:

VfeBX,R), Vxe X, T f(x)= yig,f( AF(y) + ¢y, x) = T~ (Af)(x).

Of course, the last formulation, together with the 1-Lipschitz nature of 7~ imply
that 7, is now A-Lipschitz. Hence, by the Banach fixed point theorem [99, Theorem
7.2 page 305], as B(X,R) is a Banach space, 7, admits a unique fixed point
uy which then verifies T, up = u;. By Proposition 2.1.3, the (u3)iec(,1) are
equicontinuous with uniformly bounded amplitude, as they all belong to the image
of T~. Moreover

Vx € X, min  c(y,z) < (1 —Mu, (x) < maxc(z, 2).
(y,2)€XxX zeX

To prove the left inequality, fix A and take x such that u; (x1) is minimal. One then
has for some y € X,

u (x1) = Aup(y) +c(y, x1) 2 Auy(xy) + c(y, x1).

The right inequality follows from the fact that by definition of 7,  we obviously
have u) (x) = T, u; (x) < Auy(x) + c(x, x).

Let us fix a point xo € X and define &, = u; — u;(xp) for all A € (0, 1).
The previous remarks show that we can find a sequence A, — 1 such that
(1 — Ap)uy, (x0) converges to a constant C and (ity, )nen uniformly converges to
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a function u, as n — —+o00o. Note that in fact, as the functions u; have bounded
amplitude, one has (1 — A,)u), — C uniformly. It now follows that

Vx € X, iy, (x)=u,(x)—uy,(xo)
=T~ (Atz,)(x) — uz, (x0)
=T (Anily,)(X) + (Ay — Duy, (x0).

Letting n — +o00, by continuity of 7, we conclude thatu = T u — C. O

It remains to prove the uniqueness of the critical constant c[0]. This is a direct
consequence of the following proposition:

Proposition 2.2.3 Assume that u = T~ u + ¢[0] for some function u and constant
c[0], then

—n

Yv € B(X,R),

—> —[0],
n—-+o00

where T™" =T~ o---0 T~ denotes the n-th iterate of the Lax—Oleinik semigroup,
and the convergence is uniform.

Proof This result is a direct consequence of the non expansive character of the Lax—
Oleinik semigroup. Indeed, by induction, one obtains that for all integers n > 0,
u = T7"u + nc[0]. Hence, if v € B(X, R), then

IT"u — T "vlloo = llu —nc[0] = T "v]loo < lu — vlloo-
The result follows immediately as ||[nc[0] + 7" v|loo < |4 — V]loo + l¢t]lco- |
Remark 2.2.4

(1) In the previous Proposition, one derives that for all v € B(X, R) the sequence
(T7"v + nc[0])nen is uniformly bounded.

(ii) It follows from the uniqueness of c[0] that, in the second proof of the weak
KAM Theorem (2.2.1), the whole family (1 — A)u, uniformly converges to
c[0Jas A — 1.

(i) Ifu : X — R is a weak KAM solution, it satisfies the following fundamental
inequalities:

Vix,y) e X x X, u(y)—ulx) <c(x,y)+c[0].
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This last Remark motivates the following definition:

Definition 2.2.5 Given C € R, a function v : X — R will be termed C-subsolution
if

Vx,y) e X x X, v(y)—vx) <clx,y) +C,

or equivalently, if v < T~ v 4 C.

We will call c[0]-subsolutions critical subsolutions, or just subsolutions when
no confusion is possible. We will denote by Sc the set of C-subsolutions, and by
S = S0 the set of critical subsolutions.

Here are some first properties of subsolutions:
Proposition 2.2.6 Given C € R, the following hold:

(i) Any C-subsolution is bounded.
(ii) The set Sc of C-subsolutions is closed (with respect to pointwise convergence),
convex and stable by the Lax—Oleinik semigroup: T~ (Sc) C Sc.

Proof The first point comes from the fact thatif u € Sc and xg € X, forall y € X,
u(xp) — c(y, x0) — C < u(y) < u(xp) + c(xo, y) + C,

hence [[ulloo < [u(x0)| + llc + Clloc.

The fact that Sc is closed and convex is immediate from the definition. Only
stability deserves an explanation. It follows from the fact that u € Sc¢ if and only if
u < T7u + C as can be checked by applying the definitions. Consequently, by the
properties of the Lax—Oleinik semigroup (Proposition 2.1.3), if u < T~ u + C then

TTu<T " (T u+C)=T" (T u)+C,

which means 7~ u € Sc. |
We conclude this section by one last characterization of the critical constant c[0]:
Proposition 2.2.7 The following holds: c[0] = min{C € R, Sc¢ # 9}.

Proof As follows from the weak KAM Theorem, S.[j0] # <, so we just have to
prove that if for some constant C, S¢ # &, then C > c[0]. Let then u € S¢ for
some C € R. As in the last proof, we get by induction that for all positive integer n,
u < T7"u + nC. Therefore, dividing by n, we infer that u/n — C < T7"u/n. But
the right hand side converges to — c[0] by Proposition 2.2.3. Hence passing to the
limit we conclude that — C < —c[O0]. O

We illustrate once more our model with a random liquid example as in the
introductory section page 9. Here again, X is the space of wine stores in France
and ¢ : X x X — R provides the cost c(x, y) of bringing a bottle of wine from x to
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y inaday. Let P : X — R denote the price P (x) of a bottle of Petrus? at a location
x. Let n € N, then if the author is at x € X, the best price he will pay to have a
bottle of Petrus in n days is 7" P(x). Proposition 2.2.3 then states that whatever
the initial price P, for n — +oo the amount 7" P(x) grows like — nc[0]. In this
particular example, given the order of magnitude of P, the time n would have to be
very very large to compensate the initial price.

2.3 The Positive Lax-Oleinik Semigroup

In this section, we introduce the positive Lax—Oleinik semigroup and state its main
properties. As they are analogous to the properties of the (negative) Lax—Oleinik
semigroup, the proofs are omitted and left to the reader.

Definition 2.3.1 The positive Lax-Oleinik semigroup T+ : B(X,R) — B(X,R)
maps to f : X — R the function

T+f:x ceX— T+f(x) = sugf(y)—c(x,y).
ye

Remark 2.3.2 From the definition, one checks that 77 f = —(TE_(— f )) where

T, is the cost defined by ¢(x,y) = c(y, x). Hence the fact that T~ and T share
very similar properties is not surprising.

Proposition 2.3.3

(i) The image of T™ consists of equicontinuous functions with uniformly bounded
amplitude.
(ii) The positive Lax—Oleinik semigroup, T, commutes with addition of constant
functions.
(iii) The positive Lax—Oleinik semigroup is order preserving:
iff <gthenTTf <Ttg.
(iv) The positive Lax—Oleinik semigroup is 1-Lipschitz for the sup-norm || - || co-

The positive semigroup also fulfills a weak KAM Theorem:

Theorem 2.3.4 (Positive Weak KAM) The critical constant c[0] is the unique real
value ¢ € R for which the equation u = T u — ¢ admits solutions u : X — R.
Moreover the constant c[0] has the following characterization:

+ny

Yv € B(X,R), — [0],

n n——+o0o

2 Petrus is a renowned and quite inaccessible wine from the Bordeaux region in France. More
precisely it is the leading estate of the appellation Pomerol. The royalties (or lack thereof) earned
by a lifetimes’work of the author would probably allow him to buy a quarter of a bottle of Petrus.
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where TT" = T+ o --- o T denotes the n-th iterate of the positive Lax—Oleinik
semigroup, and the convergence is uniform.

Remark 2.3.5 Such functions are then called positive weak KAM solutions.
It is immediate from Proposition 2.3.3 that positive weak KAM solutions are
always continuous.

In the positive weak KAM theorem, the fact that the critical constant for Tt is
the same as that of 7, that is c[0], deserves some explanation. It is checked that
u : X — Risa C-subsolution, for some C € R if and only if u > T+1u— C. Hence,
as for the Lax—Oleinik semigroup, one has that 77 (S¢) C Sc.

Now, the fact that both critical constants coincide follows from Proposition 2.2.7
which characterizes the critical constant only making use of the notion of subsolu-
tion, and not of either the positive, nor negative Lax—Oleinik semigroup. However,
its proof can be done equivalently using the negative or the positive Lax—Oleinik
semigroup.

We end this section with a curiosity on the composition of positive and negative
Lax—Oleinik semigroups:

Proposition 2.3.6

I. Letu € B(X,R), then Tt o T u<uand T~ o TV u > u.
2. Letue BX,R), thenT-oTToT u=T uand Tt oT " oT u =TT u.

Proof
1. Let us establish the first inequality. If x € X then

THoT u(x) =sup T u(y)—c(x, y) = sup inf u(z)+c(z, y)—c(x, y) < u(x),
yex yex 1€X

where the last inequality is obtained by taking z = x.
2. We again establish only the first equality. We have, using both inequalities of the
firstpart, (T~ o T™(T u) > T uand T (TT o T u) < T u.
0

2.4 Strict Subsolutions, Aubry Sets

In this section, we will focus our study on critical subsolutions, hence the adjective
may be omitted from time to time, but is always implicit. Recall that the set S
is the set of critical subsolutions. The goal will be to construct a special kind of
subsolutions which are in some sense better than the others:

Theorem 2.4.1 There exists a subsolution ug € SN C 0(X ,R) such that, if the
equality ug(y) — up(x) = c(x, y) + c[0] holds for some (x,y) € X x X, then

YuesS, u(y)—ux)=c,y)+c[0] (2.1)
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A subsolution verifying this last property (2.1) will be termed strict. The proof of
this Theorem will occupy the rest of this section. It will be divided in two main
parts. In a first one, we will construct the function u and prove that it verifies (2.1)
for all other continuous subsolutions.

Then a digression is devoted to studying the structure of the set where the equality
uo(y) — up(x) = c(x, y) + c[0] takes place. This is the Aubry set, a central object
in weak KAM theory, and unsurprisingly in Aubry—Mather theory.

This being achieved, the proof of the Theorem ends rather easily.

Beginning of the Proof The set (X, d) being metric and compact, the Banach space
(COUX,R), || - lloo) is itself separable. Therefore, S N C%(X, R) being a subset of
a separable space is also separable. Let (v,),en be a dense (with respect to the
topology of uniform convergence) sequence in S N CY(X, R). Now, let us define

uy = Y. apv, where for n > 0, we set a, = min(27",27"/||v,|loo) and ag =
n=>0

1= a,.
n>0 . . . . .
The function uq is defined by a series of continuous functions that converges

for the || - ||co-norm, hence it is continuous. It is an infinite convex combination
of critical subsolutions, therefore, by Proposition 2.1.3 it is a subsolution. We will
prove it verifies the property we seek for.

Let us consider now (x, y) € X x X such that ug(y) — uo(x) = c(x, y) + c[0].
By definition of subsolutions, we know that v, (y) — v, (x) < c¢(x, y) + c[0], for all
n > 0. Multiplying each of these inequalities by a,, and summing, we get

+o0 T
uo(y) — uo(x) = Y an(va(y) = va(¥)) < Y an(elx, y) +¢l0]) = c(x, y) +c[0],

n=0 n=0

which is in fact an equality. Hence all the middle inequalities must be equalities,
and the a, being all positive, we conclude that v, (y) — v,(x) = c(x,y) + ¢[0]
for all integer n. The sequence (v,),en being dense in SN C 0(X,R) we conclude
eventually that

Vi e SNCX, R), [uo(y) —uo(x) = cx, y) + c[O]]

= [#0) 1@ = (. y) +cl0] .

O

The rest of the proof will consist in extending this property to non continuous
subsolutions.
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Let us start by defining some useful sets:
Definition 2.4.2 (Aubry Sets) Let u € S be a critical subsolution.

¢ The non-strict set of u is
NS, ={(x,y) e X x X, u(y)—u(x)=c(x,y)+c[0]}.

* The Aubry set of u is

~

A= {Gnnez € X2 Vi< p, ulxp) = uta)

p—1
= Y el xe1) + (1 = pelo]].

k=n

e The Aubry setis A= ?luo C X% where u is the peculiar subsolution previously
constructed.

« The 2-Aubry is A = NS,y C X x X.

* Finally, the projected Aubry set is A = my (ﬁ[) C Xwherem; : X x X — X is
the projection on the first factor: (x, y) — x.

Remark 2.4.3

(1) The beginning of the proof of Theorem 2.4.1 may be summed up in the equality
A= N NS,.
ueSNCO(X,R)
(i) If s : X2 — X7 is the shift operator: (¥n)nez. = (¥ny1)nez then the sets
introduced above are invariant by this shift: ﬂu = s(ﬂu) and A = s(ﬂ)
(iti) Ifu € Sand (x,)nez € XZ then one has for all integers k € Z,

u(Xg1) — uxg) < e(xg, Xe+1) + ¢[0].
Summing these inequalities, one gets

p—1
Vi < p, ulxp) —u() < Y @ xipn) + (= p)e[0],
k=n

Therefore if for some n < p, the previous inequality turns out to be an equality:
p—1
u(xp) —u(x,) = > e(xk, Xk+1) + (n — p)c[0], it implies the equalities

k=n

n<k<p, wulxpyr)—ulxg) =c(xk, xpr1) + c[0].
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More generally, under the same hypothesis, if n < n’ < p’ < p, then

p—1
w(p) —uey) = Y cl, xep1) + (' = p)el0].

k=n’

(iv) Note that by taking n = 0 and p = 1 in the definition of ?lu we find that
70.1(A,) C NS, where mp 1 : X2 — X x X is the projection: (x,)necz F>
(x0, x1).

Now let us study these Aubry sets. We start by basic topological properties:
Proposition 2.4.4 The 2-Aubry set A is closed and non-empty.

Proof Being closed comes from the identity A=F ~1{0} where F(x,y) =
uo(y) — ug(x) — c(x, y) — c[0] is continuous.

Being non-empty is a consequence of the minimality of ¢[0] (Proposition 2.2.7).
Indeed, as ug is a subsolution, the function F is non-positive. By compactness and
continuity, if A = F~'{0} were empty, there would be a small ¢ > 0 such that
up(y) — uo(x) < c(x,y) + c[0] — ¢, for all (x, y) € X x X. But this means that
uo € S¢[o]—s # & which contradicts Proposition 2.2.7. O

The next proposition states that elements of the 2-Aubry set come in families,
meaning that the Aubry set is not empty:

Proposition 2.4.5 Let (x,y) € ﬁl, then there exists a sequence (xX,)nez € A such
that (x,y) = ﬂo,l((xn)nez)- In particular, the Aubry set is itself closed (for the
product topology), not empty, and A= 70,1 (5().

The proof will make use of the following two lemmas. The first one’s proof is a
direct application of the definitions and is omitted:

Lemma 2.4.6 Let n be a positive integer and f € B(X, R), then

-1
VxeX, T'fx)=_inf  fGo)+ Y el xap),
Xp,oe , X0=X

k=—n

n—1

VxeX, THf@) = sup fOw) = ) el we):

X=X0,""" ,Xn k=0
Lemma 2.4.7 Let u € S be a continuous subsolution and (x, y) € A. We have
T7"u(x) = u(x) — nc[0] and T u(y) = u(y) + ncl0] for all positive integer n.

Proof As T7"u and T"u are continuous subsolutions and (x, y) € ﬁl, We Nnow
know that T u(y) — T "u(x) = T u(y) — T™u(x) = c(x, y) +c[0]. It implies
readily that

T~ Dy (y)4+c[0] = T7"u(y) = T™"u(x)+c(x, y)+c0] = T~ Du(y)+-c[0],
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the first inequality coming from the fact that 77"y € S the second from the
definition of 7. Hence all inequalities turn out to be equalities and the sequence
(T7"u(y) + nc[0])nen is constant.
The same holds for 7~"u(x) + nc[0] = T "u(y) 4+ nc[0] — c(x, y) — c[0].
The proof of the rest of the lemma is established similarly.
O

Proof of Proposition 2.4.5 The sequences (x,) forn < 0andn > 0 are constructed
separately. The first half will come from the negative Lax—Oleinik semigroup, the
second one, from the positive Lax—Oleinik semigroup.

As ug and c are continuous and X is compact, any supremum (resp. infimum)
involving them is actually a maximum (resp. minimum). Therefore, for each positive
n, there exist chains x”, - - - ,x(')’ =X, xf =y, ~x;:+1 such that

—1
T "up(x) = up(x",) + Z c(xg, xg) s

k=—n

n

T™ug(y) = uo(x) ;) — ZC(XI'J, X4
k=1

By a diagonal argument, let (N,), >0 be an extracted sequence such that for all

k > 0 the sequences (x,iv ")n>k and (xI_VZ),,>k converge. We will denote by x; and
x_j the respective limits. Obviously, xp = x and x; = y. By definition of the
Lax—Oleinik semigroup and Lemma 2.4.7, for all k£ < n,

—1
up(x) = uo(x]iv”) + Z c(xl.N”, xﬁfl) + kc[0] ;
i=—k

k
up(y) = uo(X,ﬁ’;l) - ZC(x,N”,XfYﬁl) — kcl0].

i=1
Letting n — +o00, we obtain that

-1

uo(x) = uo(xe) + Y, e(xi, xiy1) +kel0] ;
i=—k
k

uo(y) = uo(xi1) — »_ c(xi, xi41) — kel0].

i=1

As in Remark 2.4.3, this implies that for all n € Z, ug(xp41) — uo(xy) =
c(xn, xn+1) + c[0] (the case n < 0 is given by the left equalities and n > 0 by the
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right equalities above, n = 0 is because (x, y) € ?I). Now, again as in Remark 2.4.3,
by summing those equalities, one obtains that

p—1
Vi < p, uo(xp) —uo(xa) = Y cOik, Xit1) + (n = p)el0].
k=n
This exactly means that (x,),ez € A. |

Remark 2.4.8ALet (Xp)nez € A and u be a subsolution. As for all n € Z,
(Xn, Xn+1) € A, summing equalities u(x,4+1) — u(x,) = c(xn, Xp+1) + c[0], one
finds that
p—1
Vn < p. u(xp) —u(xn) =Y el xir) + (n = p)ef0].

k=n
In other terms, A C :71,,.

As the Aubry set is invariant by the shift, we get the immediate:

Corollary 2.4.9 The projected Aubry set can be obtained by either projection, A =
1 (A) = o (A), where 1 is the projection on the second factor.

Let us now complete the proof of the Theorem:

End of the Proof of Theorem 2.4.1 Let u € S be any subsolution. Let (x, y) € A
and let (x,),ecz € A such that mg 3 ((Xn)nez) = (x, y). We have the following chain
of inequalities, for all integer n € Z:

T u(xp+1) < ulxp) +cn, xp41) < T ulxy) +cxp, Xp41) +¢[0] = T u(xp41),
THu(xp—1) = u(xp) —cGin1, Xp) = T u(xn) —c(xn_1, x2) —c[0] = T u(x,—1).
In each line, the first inequality is by definition of the Lax—Oleinik semigroups, the
second holds because u € S and the last equality comes from the fact that, both T~ u
and T Tu being continuous subsolutions, the first part of the proof of Theorem 2.4.1
applies.

Hence all inequalities are equalities, and taking n = 0, 1 it follows both equalities
u(x) =T u(x) 4+ c[0] and u(y) = T u(y) + c[0] and eventually that

u(@y) —ux)=T"u(y) — T ulx) =c(x,y) + c[0].

This ends the proof. O
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Let us conclude by a corollary of this proof:
Corollary 2.4.10 Let x € X. The following assertions are equivalent:

(i) x e A,
(ii) Vu e S, u(x) =T "u(x)+ c[0],
(iii) Yu € S, u(x) = TTu(x) — c[0],
(iv) foranyu € Sandn > 0, u(x) = T "u(x) + nc[0] = T u(x) — nc[0].

2.5 Relations to the Classical Theory

2.5.1 Classical Setting and Lax—0Oleinik Semigroup

Classical weak KAM theory takes place originally in a smooth, connected and
compact manifold M. We will denote by 7 M the tangent bundle of M and denote
points in this set by (x, v) € TM, where x € M and v € Ty M is a vector tangent to
M at x. Similarly, T*M is the cotangent bundle of M, and a point of this cotangent
bundle will be written (x, p) € T*M, where x € M and p € TM is a linear
form on T, M. For convenience, we will equip 7 M with a Riemannian metric and
denote by (x, v) + ||v]|, the associated norm. As M is compact, all Riemannian
metrics are equivalent and all results are independent of this choice. The induced
distance on M will be denoted by d(-, ~).3 One considers a Tonelli Hamiltonian, that
is a function H : T*M — R defined on the cotangent bundle of M verifying the
following set of conditions:

s HisC?

* H is strictly convex in the momentum variable, meaning that for any (x, p) €
T*M the Hessian d,, H (x, p) is positive definite.

e H is superlinear, meaning that

H(x,p) _

Vx e M, = +00.
Iplx—+oo [ pllx

Note that in the superlinearity condition the limit is automatically uniform in x,
thanks to the convexity of H and to the compactness of M. Moreover, this condition
depends at first sight on the choice of the Riemannian metric on 7 M, the norm
of p € T}M being the operator norm of p and denoted again | p||, to simplify
notations. However, M being compact, any two Riemannian metrics are equivalent,
hence the notion of superlinearity becomes independent of the initial choice.

3 A simple example to keep in mind is that of the flat torus M = T" = R"/Z". In this case, both
TM and T*M are isomorphic to T" x R”. As a Riemannian metric, one may use the canonical
Euclidian scalar product on R” to define a metric both on TT" and on 7*T".
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Given this Hamiltonian, one studies two equations called Hamilton—Jacobi
equations. The evolutionary Hamilton—Jacobi equation is:

ou~+ H(x, ou) =0,
u(0, -) = ugp.

(EHJ)

Above, the unknown function is u(z, x) : [0, +00) x M — Randug: M — Risa
given continuous function called initial condition.
The stationary Hamilton—Jacobi equation is

H(x, Dyu) = «a, (SHJ)

where the unknown is u : M — R and « € R is a given constant.

Strong (C!) solutions to those equations rarely exist. For instance, if ug is
smooth, one can solve the evolutionary equation by using the method of character-
istics. However, shocks appear almost systematically in finite time and the solution
ceases to be smooth (results about this can be found in [92, 109]). Therefore a notion
of weak solutions is required and the one we retain is that of viscosity solution. We
provide it for the evolutionary equation even though it is not explicitly needed. It
is left to the reader to infer the analogous definition for the stationary equation. A
good introduction to the subject is [33]:

Definition 2.5.1

* A continuous function u : [0, +00) x M — R is a viscosity subsolution to (EHJ)
if it verifies the initial condition and if for any C! function ¢ : (0, +00) x M —
R, if u — ¢ has a local maximum at (g, xg) then

3¢ (10, x0) + H (x0, dx¢ (0, x0)) < 0.

* A continuous function u# : [0,400) x M — R is a viscosity supersolution
to (EHJ) if it verifies the initial condition and if for any C ! function ¢
(0, +00) x M — R, if u — ¢ has a local minimum at (¢y, xo) then

3¢ (to, x0) + H (xo, 0x¢ (f0, x0)) = 0.
* A continuous function u : [0, +00) x M — R is a viscosity solution to (EHJ) if

it is both a subsolution and a supersolution.

In the rest of the exposition, unless otherwise specified, any solution, subsolution or
supersolution will be implicitly understood in the viscosity sense and the adjective
will be omitted.
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This notion is particularly adapted to our problem for several reasons. The first
one is that it is reasonable in the sense that if a solution u is differentiable at
(t0, x0) € (0, +00) x M then it solves the Hamilton—Jacobi equation at that point:

du(to, x0) + H (xo, dxu(to, x0)) = 0.

As it can be proved that in our setting, solutions are locally Lipschitz, viscosity
solutions turn out to be almost everywhere solutions. However, beware that the
converse is not true. The following theorem makes viscosity solutions particularly
handy (see [33, 92]):

Theorem 2.5.2 Given a continuous function ug : M — R, there exists a unique
solution to (EHJ). This solution will be denoted (x,t) — S~ (t)(ug)(x).

For any fixed ¢+ > 0, the operator S~ (¢) is acting on C%M,R). Due to the
uniqueness of solutions and to the fact that H is autonomous, S~ is a semigroup,
meaning that S~ (r+s) = S™(t)oS™ (s). It turns out it enjoys properties very similar
to the discrete Lax—Oleinik semigroup 7 ~:

Proposition 2.5.3

1. Foranyt > 0, there exists K > 0 such that the set S (t) (CO(M, R)) contains
only K -Lipschitz functions.

2. For any t > 0, S7(t) commutes with addition of constants: S~ (t)(f + k) =
ST()(f)+k, forall f € CO(M,R) and k € R.

3. Foranyt > 0, S™(t) is order preserving: if f < gthen S™(t)f < S7(t)g.

4. Foranyt > 0, S™(t) is 1-Lipschitz for the sup-norm.

At this stage, the similarities between discrete weak KAM theory and the Hamilton—
Jacobi equations are not clear. It comes from an explicit control-theoretic represen-
tation formula of the operators S~ (¢). Let us define the Lagrangian as the convex
dual of the Hamiltonian:

Definition 2.5.4 The Lagrangian L : TM — R is defined by

Vix,v) e TM, L(x,v)= sup p(v)—H(x,p).
peTiM

In this definition, the supremum is actually a maximum. The Lagrangian L is termed

Tonelli Lagrangian as it enjoys the same properties as H:

« LisC?

e L is strictly convex in the speed variable, meaning that for any (x, v) € T M the
Hessian d,, L(x, v) is positive definite.

* L is superlinear, meaning that

L(x,v) .

lvlli—+oo  [lv]|x

Vx e M,
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Through the Lagrangian and Hamiltonian functions we can go from TM to T*M
thanks to the Fenchel transform £ defined by

Vix,v) e TM, L(x,v)=(x,0,L(x,v)) € T*M. (2.2)

This transformation is a C! diffeomorphism under the Tonelli assumptions and its
inverse is given by

V(x,p) € T*M, L '(x,p)=(x,8,H(x,p))eTM.
Moreover, H and L are also related by the formulas

H(x,8yL(x,v)) = 3,L(x,v)(v) — L(x,v) ;

L(x, 0, H (x, p)) = p(BPH(x, p)) — H(x, p).

Theorem 2.5.5 Letu : M — R be any continuous function. For any t > 0 and
x € M the following holds:

0
ST (Hulx) = in u(y(—t +/L s), v (s))ds. 2.3
(Du(x) i, (v(=n) » (¥(),7() (2.3)

y(0)=x
In this formula, called the Lax—Oleinik formula, the infimum is taken amongst

absolutely continuous curves. Tonelli theory asserts that the infimum is a minimum
and any such minimum turns out to be C? and to verify the Euler-Lagrange

d
equation: —tavL(y, y) = dxL(y, y) (see [81]). This equation defines a complete

flow on T M denoted by ¢y . It is called the Euler—Lagrange flow. Its conjugate by
the Fenchel transform gy = Lo ¢ o £~ ! is a flow on T*M called Hamiltonian
flow. Tts trajectories solve Hamilton’s equations:

X =0,H(x, p),
p=—0H(x,p).

(2.4)

The infimum in (2.3) can be split in two by first choosing a starting point y for
the curves and then minimizing between y and x. More precisely, if we define the
action functional

0
Y(t,y,x) €[0,400) x M x M, h(y,x)= _ inf / L(y(s), y(s))ds,
yi—t,0l-M J_;
y(0)=x
y(=1)=y
(2.5)
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then the formula for solutions of (EHJ) becomes

ST (Nu(x) = inf u(y) + h(y, x),
yeM

which is exactly the discrete Lax—Oleinik semigroup with cost function ¢ = h;.

2.5.2 The Weak KAM Theorem and Critical Subsolutions

Another important fact follows from the simple remark that a function u : M — R
is solution to the stationary Hamilton—Jacobi equation (SHJ) with constant « if and
only if the function U (¢, x) = u(x) — at is solution to the evolutionary Eq. (EHJ)
with initial condition #y = u. Hence any such solution is characterized by the

property
V(t,x) € (0,400) x M, u(x)= inf u(y(—t))

y:[—t,0]->M
y(0)=x

0
+ f [L(y(s), y(s)) + a]ds
—t

= inf u(y) + h;(y, x) + to.
yeM

Note also that such solutions verify in particular that*

Vi >0, Vy i [—1,00 > M, u(y(0) — u(y(—0)

0
</ [L(y(s),))(s))+oz]ds. (2.6)

—t

In fact, verifying the above family of inequalities characterizes u to be a subsolution
of (SHJ).

With these facts in mind, it should not come as a surprise that the original weak
KAM Theorem of Fathi [105] is similar to the discrete weak KAM Theorem we
stated:

Theorem 2.5.6 There exists a unique constant a(0) € R for which the stationary
Eq. (EHJ) admits a solution with right hand side equal to o = «(0).°

4 As already implied, when developing the theory, the curves considered are at least absolutely
continuous. A posteriori, all interesting minimizing curves are in fact of class C2. The reader can
therefore think of all curves as of C2 curves.

5 The notation «(0) is borrowed from Mather’s « function. It is a function acting on the first
cohomology group of M. Given a closed 1-form ¢, one can perturb the stationary Eq. (SHJ) by
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Proof For fun’s sake, we provide yet another proof of this Theorem. We deduce it
from the discrete weak KAM theorem, although it is highly unnatural.

Uniqueness of «(0) follows from the uniqueness of the critical constant in the
discrete weak KAM Theorem 2.2.1 as a classical weak KAM solution is also a
discrete weak KAM solution for the cost | and same critical constant.

The first (and central) part of the proof is to establish that for # > 0 fixed,
h; is Lipschitz continuous (hence continuous). Note that the second point of
Proposition 2.5.3 also follows from that assertion. We omit this technical (and
central) aspect and refer to [109].

We now apply the discrete weak KAM Theorem 2.2.1 which states that for all
n € N, there exists a unique constant ¢, and a function u, : M — R such that
up = S~ (27"u, + c,. By using the semigroup property. One obtains that

= (5" ™) wp 42"y = S (Dup +2"cy.

It follows by the uniqueness of cq that foralln > 0, ¢;, = 27" ¢¢. The same argument
yields that

Vn 20, Vi € 27"N, u, =8 (Huy, + tco. 2.7

Up to adding constants to the functions u,, we may assume they all vanish at some
point of M which does not change their property of being weak KAM solutions for
S7(27"). Moreover, as all the u,,n € N are in the image of S7(1) they form an
equi-Lipschitz family of functions. Hence by the Arzela—Ascoli theorem, we may
find an extracted sequence k,, such that (u,),en converges uniformly to a function
v. By continuity of # + S (f)u we may pass to the limit (as m — 4o00) in the
equalities

Vm >n, Vi € 27MN,  wy, = ST (O, + teo,
to obtain that v = S (¢)v + ¢ for any diadic number ¢. As diadic numbers are

dense in [0, +-00) the theorem follows again by continuity of # = S~ (¢)v. O

We have used at the end of the proof the following result, of which we give a quick
proof for completeness:

Lemma 2.5.7 Let u : M — R be a continuous function, then the function t +
S™ (t)u is uniformly continuous.

Proof Using the semigroup property and non-expansiveness, one obtains that for
alo<s <4 IST@u—S (S)ulloo < I1S™ (F —5)u — u]| 0. Therefore, it is enough
to prove continuity at 0. Moreover, again using the non-expansive character, one

H(x,c(x) + Dyu) = o and prove a weak KAM theorem for this equation. The critical constant
found depends only on the cohomology class [c] and is «([c]). Discrete analogues of this are
discussed in [201].
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sees by an approximation argument that it is enough to prove the result for u being
a Lipschitz function.

Assume therefore that u is Lipschitz continuous with Lipschitz constant K > 0.
As L is superlinear, there is a constant C > 0 such that

V(x,v) e TM, L(x,v) 2> Kl|v|,—C.

It follows that for any absolutely continuous y : [—7,0] — M,

0 0
/ L(y(s), y(s))ds > / K[y ®)llysds —1C = Kd(y(0), y (1)) —1C.
13

—t —

It follows that if y (0) = x, recalling that u is K-Lipschitz,

0
/ [L(y(s), p(s)) + a]ds Fu(y(=n) —ulx) >

—t

> Kd(y(0), y (1)) —1C — Kd(y(0), y (1))

and taking an infimum on all curves, S~ (H)u(x) — u(x) > —tC.
Finally, comparing with a constant curve in the definition of the Lax—Oleinik
semigroup one finds that

0
L(x,0)ds < u(x) +tmax L(y,0).
t yeM

S~ (ux) < ux) +/

Those two inequalities prove the lemma. O

One may wonder if there is a relationship between discrete weak KAM solutions
and weak KAM solutions. It turns out that the answer is yes and it is closely related
to the autonomous aspect of our setting.®

Theorem 2.5.8 Let ¢ = hy be the cost function. Then we have o (0) = c[0].
Moreover a function u is a discrete weak KAM solution for c if and only if it is
a weak KAM solution for H.

The proof heavily relies on Fathi’s Theorem [107]:

Theorem 2.5.9 (Fathi [107]) Let v : M — R be a continuous function. Then t +—>
ST (t)v + ta(0) uniformly converges to a weak KAM solution, for H, as t — +00.

Proof of Theorem 2.5.8 1t is clear that if u is a weak KAM solution, then u =
ST(Du+a(0) = T~ u+a(0). It follows that « (0) = c[0] because of the uniqueness

6 The second part of the following Theorem becomes tautological when considering time-
dependent 1-periodic Hamiltonians as the definitions of weak KAM solutions then coincide.
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in Theorem 2.2.1. Moreover, any weak KAM solution is a discrete weak KAM
solution.

Let now v be a discrete weak KAM solution. It follows that v = S~ (1)v + «(0)
and then that

VneN, v=S (n)v+ nx(0).

By Fathi’s theorem, there exists a weak KAM solution v such that S~ (¢#)v+ra(0) —
v ast — +o0. It then follows that v = v is a weak KAM solution. O

If @ € R, denote by S, the set of subsolutions to (SHJ), or equivalently functions
verifying (2.6). Note that u € S,, if and only if # > S~ (t)u + t« is non-decreasing.
Finally, S" will denote the special set of critical subsolutions S;(O). As will be seen
later, unlike what happens for weak KAM solutions, the set S;l C S, is much
smaller than its discrete analogue. The first point of the next proposition is a hint as
to why. We state without proof analogous results to Proposition 2.2.6:

Proposition 2.5.10 Letr a € R, the following assertions hold:

(i) The family of a-subsolutions is equi-Lipschitz.

(ii) The set S,, of a-subsolutions is closed (with respect to pointwise and uniform
convergence), convex and stable by the Lax—Oleinik semigroup: S~ (t)(S,) C
S, forallt > 0.

And here is the characterization of «(0) similar to Proposition 2.2.7:
Proposition 2.5.11 The following equality holds: «(0) = min{x € R, S, # &}.

We finish this section by discussing the continuous way of adapting the second
proof of the discrete weak KAM theorem. Indeed, if A € (0, 1), considering the
mapping u — S~ (1)(Au) does not make much sense from the PDE point of view.

The function u; constructed in the second proof of Theorem 2.2.1 satisfies
T~ (Auy) = uy. By setting vy = Au,, the previous equation may be rewritten as

v, — T~ () = (A — Dy = (1 — A" Hvy.

We now follow the intuition that 7~ stands for the time 1 of an evolution
semigroup, hence v, —7 ~ (v, ) can be interpreted as a discrete derivative with respect
to time.

Going back to the Hamilton—Jacobi equation, and following the previous analy-
sis, we are looking for a function # : M — R such that

d

d[S_(t)Mn:o = —Lu,
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where we applied the change of variable £ = A~! — 1. Hence £ > 0 is aimed to go
to 0. Remembering that (¢, x) — S™(f)u(x) solves the Hamilton—Jacobi equation,
we are actually looking for a function u solving

Cu(x)+ H(x,Dyu) =0, xeM (CHT)

in the viscosity sense. The preceding equation is called the discounted equation
and ¢ is called the discount factor. It turns out this is precisely the method used
in [152] which is historically the first paper where weak KAM solutions appear.
In this foundational preprint, they prove the following results, for a wider class of
Hamiltonians (in particular, no convexity is required):

Theorem 2.5.12

1. For all £ > O there exists a unique function Uy : M — R which is a viscosity

solution of (¢HJ).

The family (LUy) ¢~ is equi-bounded.

The family (Uy)¢=o is equi-Lipschitz.

4. Given xo € M and setting vy = Uy — Uy(x0), it follows that the family (v¢)e=o
is relatively compact.

5. The family (LUy)¢=o uniformly converges to the constant function — «(0)7 as
£ — 0 and any limit function vy of the family (v¢)¢=o, as £ — 0, is a solution of
(SHJ) with right hand side o(0).

“wN

2.5.3 The Positive Lax-Oleinik Semigroup

As in our discrete setting, Fathi introduced the positive Lax—Oleinik semigroup as
follows:

Definition 2.5.13 Let u : M — R be any continuous function, for any + > 0 and
x € M we define:

t
STux) = sup u(y(t)) —f L(y(s), )}(s))ds = sup u(y) — hs(x,y),
y:0,11—>M 0 yeM

Y (0)=x

where the supremum is taken amongst absolutely continuous curves.

7In the preprint, this constant is actually denoted by — H(0) and H is called the effective
Hamiltonian.
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Once again, this semigroup has a natural PDE interpretation. Let us introduce the
Hamiltonian: H : (x, p) — H(x, —p). One verifies that the associated Lagrangian
is given by

V(ix,v)e TM, Z(x, v) = sup p() — I-VI(x, p)= sup p(—v)— H(x, p)
peTM peTiM

= L(x, —v).

Therefore the positive semigroup is written as follows:

t
S*T(u(x)=— inf M—u(y(t))+fo L(y(s), y(s))ds

y:[0,]—
y(0)=x

=_[ inf —u(;?(t))+f

y:[—t,01->M _t
7(0)=x

—S(t) (—u) (x),

0

L(y(s), y°<s>)ds]

where S denotes the Lax—Oleinik semigroup associated to H. Hence the function
(t,x) — —ST(H)u(x) solves an evolutionary Hamilton-Jacobi equation with
Hamiltonian H and initial data — u.

As the Hamiltonian H is also Tonelli, it is automatic that the positive semigroup
ST has the same properties as S~ stated in Proposition 2.5.3, that we do not recall
here. As for the discrete case, a positive weak KAM theorem follows:

Theorem 2.5.14 (Positive Weak KAM) The critical constant «(0) is the only one
for which the equation u = ST (t)u — ta(0), for all t > 0, admits solutions u :
M — R. Moreover the constant «(0) has the following characterization:

St
v — a(0),
t t—+400

Yv € B(M,R),

and the convergence is uniform.

2.5.4 Strict Subsolutions, Aubry Sets

As is expected, given a constant o € R, a function # : M — R is an «-subsolution
(ue8)if

0
vt >0, Vy : [-t,0] > M, u(y(O)) —u(y(—t)) < /

—t

[L(r(s). 7)) +a]as.
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where y ranges in the set of absolutely continuous curves. It can be established that
subsolutions are automatically Lipschitz hence differentiable almost everywhere.

The terminology comes from the fact that subsolutions are indeed viscosity
subsolutions to the critical stationary Hamilton—Jacobi equation (SHJ). Whence the
following characterizations of subsolutions hold:

Proposition 2.5.15 Letu : M — R and o € R be a constant. The following are
equivalent:

. u € 8, is an a-subsolution;
. the family of functions (S’ (tHu + ta)

1

2 is non-decreasing;
3. the family of functions (S*(u — tar),
4

5

>0
is non-increasing;

. the function u verifies H(x, Dyu) < « in the viscosity sense;

. the function u verifies H(x, D u) < « for almost every x € M (more precisely

at every x € M such that u is differentiable at x).

We now focus on the particular case of critical subsolutions. The idea is that,
because the constant «(0) is a threshold between a world with subsolutions and a
world without, there is no critical subsolution where the inequality H (x, Dyu) <
«(0) is everywhere strict. More precisely, the obstruction to having strict inequalities
is concentrated on a subset of M: the projected Aubry set. This set was introduced
for twist maps (that are a particular discrete setting) by Aubry and Le Daeron
[27], Mather [159], and Mather and Forni [172]. For Hamiltonian systems, it was
later on introduced by Mather [165] by dynamical systems means. The present
interpretation, using critical subsolutions, is due to Fathi [104-106, 109].

A fundamental result on subsolutions is due to Fathi and Siconolfi [114, 115] (for
C! subsolutions) and was then improved by Bernard [42]:

Theorem 2.5.16 There exists a function ug : M — R that is C' (C' with
Lipschitz differential) and is a critical subsolution (ugy € S;O ). Moreover it verifies
the following fundamental property:

if for some x € M, H(x, Dyug) = «a(0) then ifu € S;(O) is any other critical
subsolution, u is differentiable at x and Dyu = Dyuq. Hence H(x, Dyu) = «(0).

The function ug above is a C1-! strict subsolution. The set
A={xeM, H(x, Dyug) =a(0)},

is called the projected Aubry set. It is non-empty (otherwise up would be a
subsolution for a constant less that a(O)). It is also compact. The Aubry set is
A* = {(x, Dyug), x € Ay C T*M. Of course, A* C H~'({w(0)}). This is
actually a deep fact. It implies a Theorem of Carneiro [74] which we come back
to later. It may seem at first glance that those sets depend on u( but it is not the
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case. Indeed, A is a set of points where all subsolutions u are differentiable® and
H(x, Dyu) = a(0). The Aubry set in T M is then naturally A’ = L7N(A").

As we saw in the discrete setting, points of the projected Aubry set come in
whole sequences, giving rise to the Aubry set (subset of X%). Moreover, this Aubry
set is invariant by the shift on X#. Similar phenomena arise in the classical setting,
the dynamical systems here being those of ¢y, the Euler-Lagrange flow and ¢ the
Hamiltonian flow:

Theorem 2.5.17 The Aubry set A* is invariant by ¢ meaning that for all t € R,
@ (A*) = A*. Equivalently, the Aubry set A' is invariant by ¢ meaning that for
allt €R, ) (A) =A.

It follows that if (x, p) € A", u € Sfx(o) is a critical subsolution antt € R, then
(x(t), p(t)) = (x(t), Dx(,)u) where we set (x(t), p(t)) = <p§1(x, p). In particular,
we stress that u is automatically differentiable at x(t) for all t € R.

The curve (x (1), )'c(t)) (cp I8 a trajectory of the Euler—Lagrange flow. Moreover,
its projection on M calibrates u in the sense that

t
Vs < t, u(x(t)) — u(x(s)) = / L(x(a),fc(o))da + (t — s)a(0).

In particular, recalling that u verifies (2.6), it follows that

0
Vi >0, S (Oulx)+ta0) = u(x(—t)) +f L(x(o),)%(a))do

—t

+ 1 (0) = u(x);

ST(Ou(x) —ta(0) = u(x(t)) — ft L(x(o), )'c(o))do
0
—ta(0) = u(x).

From this follows the analogue of Corollary 2.4.10:
Corollary 2.5.18 Let x € M. The following assertions are equivalent:

(i) x e A,
(ii) Yu € S(’Y(O), Vi >0, ux) =S"0Oulx)+ta),
(iii) Yu € S&(O)’ Vi>0, ux)=STulx)—ta().

We end this section with a new description of the relation between the Aubry set
for the Hamiltonian and the Aubry set for the time-1 action functional /7. For the
sake of clarity, we denote them respectively Ay and Ay, .

Theorem 2.5.19 The equality Ay = Ay, holds.

8 This actually suffices to characterize the projected Aubry set as proven in [114].
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Proof Recall that if n > 0, thanks to the choice of cost function, the Lax—Oleinik
semigroups are linked by the equalities 7" = S~ (n) and T™ = S (n). Moreover,
we have seen that both critical constants for H and h; coincide. It follows that
classical subsolutions are discrete subsolutions, S, ) C S(0) (the inclusion being
very often strict). Indeed, u € S&(O) if and only if ¢+ > S~ (#)u + t«(0) is non-
decreasing for ¢t € [0, +00) while u € Sy if and only if the sequence n
ST (n)u + no(0) is non-decreasing for n > 0.

Letnow x € Ay, and u € S&(O). We deduce from the preceding discussion and
Corollary 2.4.10 that the sequence n +— S~ (n)u(x) + no(0) is constant. As the
family # +— S™(#)u + t«(0) is non-decreasing, it has to be constant. This being true
for any classical subsolution, we deduce that x € Ay by Corollary 2.5.18. We have
established that Ay, C Ay.

Let then x € Ay and u € Sy(o) be a discrete subsolution. We set u_ =

lim S~ (m)u + na(0) and u. = lim ST(m)u — na(0) that both exist (the

li
n—+00 n—+00
sequences are monotonous). They are respectively a negative and positive weak

KAM solution and verify u4 < u < u_. Finally, let us set v = , ligl ST(Huy +
—1+00

ta(0) that is a negative weak KAM solution. As classical and discrete weak KAM
solutions coincide, we know from Corollary 2.5.18 that u4 (x) = S~ (H)u4(x) +
ta(0) for all ¢+ > 0, hence u (x) = v(x).

We will prove that v = u_. Lete > O and N > O such that ||ST(n)u — na(0) —
u4|| < eforalln > N. By application of Proposition 2.3.6 and monotonicity of the
semigroups, one establishes that S~ (n) o ST (n)u > u. By taking n > N and using
the monotonicity of S~ again, it follows that

ST(Mus +na©0) =S (n)o StTmu—e>u—s.

Then if m > 0 we obtain that S™(n +m)uy + (n+m)a(0) > S~ (m)u +ma(0) —¢.
Finally letting m — +o0c it follows that v > u_ — ¢, and as this is true for all ¢ > 0
we obtain that v > u_.

The reverse inequality is easier: as u4 < u_ then

vn>0, S (mus—+na0)<S (mMu_+na(0) =u_,

and we conclude by letting n — +oc0.
Finally, it follows that 4 (x) = v(x) = u_(x) and as forn > 0,

uy Ku<S (Mu+na@) <u_,
we also have u(x) = S~ (m)u(x) + na(0) = u_(x). Thus x € Ay, and the proof is
complete. O

In the preceding proof the functions u_ and u form what is called a conjugate
pair (see [104] for the classical definition and [49] for definitions in a discrete
setting), a notion that will reappear in this text (as in Remark 3.1.4).



Chapter 3 m)
More (Dynamical) Characterizations S
of the Aubry Sets

Abstract This Chapter provides further properties and characterizations of the
various Aubry sets introduced in the previous chapter. We provide examples of
particular points in the Aubry set. Finally, by adding suitable twist hypotheses, we
recover classical graph properties of the Aubry sets. We conclude by showing how
costs coming from Tonelli Hamiltonians satisfy those twist conditions.

So far, we have constructed several different Aubry sets and have started to study the
way they are related. Even though their initial definition stems from one particular
subsolution, we already began to understand that, in the end, they entail informations
concerning all subsolutions. In fact they depend on the cost function ¢ only, and not
on the particular subsolution ug. In this section we push further the understanding
of the meaning of those Aubry sets.

Most results of this Chapter are to be found in [202] by the author for the
most abstract and general part. When it comes to the more regular setting of costs
defined on a compact manifold first results are written in [201] by the author, then
generalized in [54] with Bernard.

3.1 The Peierls Barrier

The aim of this paragraph is to give a characterization of the Aubry set in terms
of action along long chains of points. This characterization builds on the following
notion:

Definition 3.1.1 If n > 0 is a positive integer and (x, y) € X x X, let

n—1
: 1
cn(x,y) =inf > e(xi xi1), (0. %1, X1, X) € X" xo=x, xy =y 7.
i=0
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40 3 Characterizations of the Aubry Sets

The Peierls barrier is the function 4 : X x X — X defined by

Vx,y) e X x X, h(x,y)= Liinlrolgcn(x, y) 4+ ncl0].

It follows from the previous Definition that if u € B(X, R) is a bounded function,
then 77"u(x) = in}“(u(y) + cn(y, x).
ye

The name Peierls barrier appears in Aubry and Le Daeron’s work [27] in the
context of Conservative Twist Maps of the Annulus (see the last Chapter of this
text). It associates to each rotation number a real number that vanishes if and only
if there is an invariant circle with this rotation number (all those notions are defined
in the last Chapter). Hence it is a barrier to the existence of invariant circles. Mather
then introduced variations and studied properties of this barrier, still in the context
of Twist Maps in [161]. He went on to generalize the Peierls barrier to higher
dimensional Lagrangian settings in [167]. The Definition just presented is analogous
to what is done in the latter reference.

Let us start by giving some properties of this new object:

Proposition 3.1.2

(i) h is well defined and continuous;
(ii) forallu € Sand (x,y) € X x X, u(y) —u(x) < h(x, y), in particular for all
xeX, hix,x) =2 0;
(iii) forall x,y, z € X and integer n > 0 the following inequalities hold:

h(x,y) < h(x,z)+ca(z, y) +nc[0];
h(x,y) < cnlx, 2) + ncl0] + h(z, y);
) <

hx,y h(x,z)+ h(z,y); (3.1

(iv) for all x € X, the function hy = h(x,-) is a weak KAM solution and the
function h* = —h(-, x) is a positive weak KAM solution.

Proof Let o denote a modulus of continuity for c: a non-decreasing function from
[0, 400) to itself that is continuous at 0, with w(0) = 0, such that

Vix,y, X', y) e XY le(x, y) — e, )| < w(d(x, x') +d(y, y)).

Let x, x’, y, y' be points, n an integer, and x = xq, X[, -+ , X4—1, X, = y such that
n—1

cn(x,y) = > c(xi, xiy1) (they exist by compactness of X and continuity of the
i=0

maps). Then one gets by definition that

n—2 n—1
cn(x', ¥) = en(x, y) S e, x) + Y e, xign) + cGono1,¥) = Y elxi, Xig1)
i=1 i=0

<20(d(x, x') +d(y,y").
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We get the same inequality for c,(x,y) — c,(x’,y’) by the same argument,
which proves that the ¢, are equicontinuous. Moreover, one checks readily
that ¢,+1(x,y) = T "c(x,-)(y). Therefore, combined with the first point of
Remark 2.2.4, this implies that the family on functions ¢, + nc[0] is uniformly
bounded. This proves (i).

We have already seen in Remark 2.4.3-(iii) that if u € S and x, y are points, then
for any integer n > 0, u(y) — u(x) < ¢, (x, y) + nc[0]. Taking a liminf yields (ii).

One has by definition that if m, n are integers and x, y are points, then

Cnim(x,y) = erg( cm(x, Z) +cn(Z, y).

Hence if 7 is a third point, then
Cngm (X, ¥) + (n +m)c[0] < cm(x, 2) +mc[0] 4 cu(z, y) + nc[0].

Letting m — 400 and taking liminf leads to the first inequality of (iii), n — 400
and taking liminf to the second one, and both at the same time to the third.

Letx € X. The previous inequalities applied to n = 1 show that the functions /,
and h* are subsolutions. Let us prove (iv) for Ay, the rest being similar. Let y € X
and k; be an extraction such that z,(y) = nEIBOO Ch,+1(x, y) + (k, + 1)c[O]. For

each n, there exists x, € X such that ¢, 1(x, y) + (k, + D)c[0] = cx, (x, xp) +
c(xn, y)+ (k, 4+ 1)c[0] and taking a further extraction, one may assume that x, — X
for some x € X. Taking the limit and by equicontinuity, one concludes that

hx(y) = 1im cg, (x, xn) + knc[0] + c(xn, y) + ¢[0] = h(x, ¥) + e (X, y) + c[0].
The function s, being a subsolution, the last inequality must be an equality and it
follows that i, (y) = T~ hy(y) + c[0] which is what was to be proven. |

We can actually strengthen (ii) in the previous Proposition as follows:

Proposition 3.1.3 Let u € S and m, n two non-negative integers, then
Yx,y) € X x X, T "u(y)—T™u(x)+ (n+m)c0] < h(x,y).

Proof Let m, n be any non-negative integers and x = x_,, - -- , x, = y be a chain
of points. Then by definition of the Lax—Oleinik semigroups, one gets

n—1

—1
T™"u(y) — T™u(x) < Y e, xit1) +uxo) — u(xo) + » . c(xi, Xig1)

i=0 i=—m

n—1

= > c(xi, xip1).

i=—m
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This being true for all chains of points it follows that
T7"u(y) = T u(x) + (n + m)cl0] < cpim(x, y) + (n + m)c[O].

Note that the left hand side is now non-decreasing in both n and m (as u € S).
Therefore to show the statement, we only have to show that the limit when n, m —
+o00 verifies the same inequality. Let ny, my be two diverging increasing sequences
such that ¢, 4, (x, y) + (ng + my)c[0] — h(x, y). Then one concludes that

T7"u(y) — T u(x) + (n + m)c[0] <
< lim T7™u(y) — T u(x) + (nk + my)cl0]

k— 400

< lim o cpppm (X, ) + (ng +mp)c[0] = h(x, y),
k——+00

which is the result. O

Remark 3.1.4 The previous proposition can actually be stated in a more optimal
way by introducing another notion. Given a subsolution # € S, as noted, the
sequences T ""u + nc[0] and T u — nc[0] converge respectively to functions u™
and u™ which are respectively a negative and a positive weak KAM solution. The
result then states that u~(y) — u™(x) < h(x, y). Such pairs are called conjugate
pairs, they coincide on A (Corollary 2.4.10) and this last point characterizes the
pair (u~, u™) (see Proposition 3.2.5 in the next paragraph).

We are now ready to establish a characterization of the Aubry sets much easier
to handle:

Theorem 3.1.5 The following equalities hold:
A={xeX, hkx,x)=0}
A={(x,y) € X x X, clx,y)+c[0] + h(y, x) = 0}.

Beginning of the Proof We will only prove two inclusions for now. The other ones
will arrive after an intermediate Proposition 3.1.6.

Letuscall A; C X, Ap C X x X the sets appearing in the right hand side of the
statement. If u € S and h(x, x) = 0, by the previous Proposition both sequences
(T7"u(x)+nc[0)yen and (T u(x) —nc[0]),en are constantly equal to u(x). This
implies that x € A (see Corollary 2.4.10) and A C A.

Assume (x, y) € Aj. Then for any u € S, summing up the inequalities u(y) —
u(x) < c(x,y)+c[0] and u(x) — u(y) < h(y, x) brings that 0 < c(x, y) + CLO] +
h(y, x). As this is an equality, both inequalities were equalities and (x, y) € A. So
Ar C A.

]
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In order to obtain the reverse inclusions, we will use the following:
Proposition 3.1.6 Let x € X, then T h(x) — nc[0] — 0 asn — +o0.

Proof Recall T™h,(x) — nc[0] is a non increasing sequence (i, € S). Moreover,
as hy(y) — T hy (x) +ncl[0] < h(x, y), we see that T A, (x) — nc[0] > O for all
n > 0 and the limit meets the same property.

For each n > 0, let x = xj,---,x} verify T™h,(x) = h,(x}}) —
n—1
> c(xl, x;, ). Up to extracting, assume xpt — y for some y, passing to the limit,
i=0
by definition of # we obtain that:

lim TN, (x) — ngel0] < he(y) — h(x, ),

k— 00

which proves the Proposition. O

End of the Proof of Theorem 3.1.5 Let x € A, then T"h, (x) —nc[0] is constant,
hence it is 0, so Q(x, x) =0.

Let (x, y) € A, then hy(y) —hy(x) = c(x, y)+¢c[0]. Butas y € A, h(y,y) =0
hence c(x, y) + c[0] + A(y, x) = O. |

Theorem 3.1.5 gives a more concrete characterization of the Aubry set. Pairs
(x, y) in the 2-Aubry set are starting pairs of arbitrarily long loops of points with
arbitrarily small cost (for the cost ¢ + ¢[0]).

As a final byproduct of the preceding proofs we obtain:

Proposition 3.1.7 If (x,y) € ﬁllhen c(x,y) 4+ c[0] = h(x, y).
More generally, if (xp)nez € A, then

n—1

Vm < n, Z c(Xg, Xk+1) + (n —m)c[0] = h(xy, x5)-

k=m

Proof As the function &, is a critical subsolution we obtain that if (x,y) € A,
hy(y) —hy(x) =c(x,y) + c[0]. As h(x, x) = 0 we get h(x, y) = c(x, y) + c[0].

For the second equality, we sum the equalities hy, (Xk4+1) — hy, (Xk) =
¢(Xk, Xg+1) + c[0] to obtain

n—1

hComs Xn) = hy, (6) = hy, (6m) = Y (g, Xi41) + (2 — m)el0].

k=m
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3.2 Examples of Points in the Aubry Sets

We will now be more specific about the type of points that belong to the Aubry set.
Most of them appear as limit points of minimizing chains. The following lemma is
most useful:

Lemma 3.2.1 Letu : X — R be a weak KAM solution, then for all x € X there
exists an infinite sequence (x_,)n>0 With xo = x such that

-1
VneN, u(x)=u(x_p)+ Y c(xi xi11)+ncl0]. (3.2)

i=—n

We call such sequences, calibrating sequences for u.

Proof 1tis an immediate consequence of successive applications of the fact that for
all x € X thereis y € X such that u(x) = u(y) + c(y, x) + c[0]. |

Proposition 3.2.2 Let u : X — R be a weak KAM solution and (x,)p>0 a
sequence given by Lemma 3.2.1, then ot((x_n)ngo) Cc A If we set (§_,) =
((x_”_l,x_n))n>0 the sequence of pairs of successive points of (x_,)n>0, then

a((é_,l),,>0) C A. Here o denotes the a-limit sets, that is limits of converging
subsequences x_,, with ny — +00.

Proof Let y € a((x_,,)n>0). There exists an extraction ny — -+00 such that
X_n, — Y. Up to taking a further extraction if necessary, we may assume that
ng+1 — Ny — +00 is an increasing sequence as well.

It follows from (3.2) that

—np—1

Vk N, uion) —u@on,) = Y. e xit1) + (st —nel0] (3.3)

i=—Njy1

Passing to the limit, the continuity of the functions at stake imply that u(y) —u(y) =
0> h(y, y), hence h(y,y) = 0.

The same proof holds for the second part of the proposition. Late us take an
extraction ny — +oo such that§_,, converges to (y, y') and such that ng —ng —
+o00 is an increasing sequence as well. Passing to the limit in (3.3), we get that
0> c(y,y') +cl0] + h(y', ). This means (y, y') € A. i

Remark 3.2.3 The same results (with same proof) hold for w-limit sets of analo-
gous sequences (x,),>o for positive weak KAM solutions.

INf u is a subsolution, the same results also hold for & and w limit sets of elements
of A,.
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We may now state a fundamental property of the Aubry set:

Theorem 3.2.4 Let u and v be respectively a weak KAM solution and a subsolution
such that uyz > vz, then u > v.

Let u and v be two weak KAM solutions such that uyz = v|a, then u = v. We
say A is a uniqueness set for the critical equation.

Proof Let xo € X and let (x_,),>0 be a calibrating sequence for u (see (3.2)). It
then comes

-1

Vne N, u(xo) —ule_y) = ) c(xi.xi1) +nel0l,
-1

v(x0) — v(x_p) < Y elxi, Xit1) +ncl0].

i=—n

Subtracting yields u(xp) — v(xg) = u(x—,;) — v(x_,). As limiting points of the
sequence (x_,),>0 are in the projected Aubry set A, taking a suitable converging
subsequence and passing to the limit brings u(xg) — v(xo) = 0 since for u and v,
the same inequality holds on A. This proves the first result as xg is arbitrary.
In the second case, by symmetry, the opposite inequality holds, and the result
follows as xo was taken arbitrarily.
O

Actually, a reciprocal statement can be proven. Being a subsolution on the Aubry
set is the only obstruction to the existence of a weak KAM solution with prescribed
values on A.

Proposition 3.2.5 Let f : A — R be a function such that f(y) — f(x) < h(x,y)
forall x and y in A. Then there exists a weak KAM solution u such that ujq = f.

Proof Let us check that the function u defined by u(x) = in; f) + h(y,x)
ye

satisfies the requirements. Let x € A. Then f(y) + h(y,x) > f(x) — h(y,x) +
h(y, x) by hypothesis. So u(x) = f(x), by taking y = x in the definition of u.
The fact that u is a weak KAM solution is a consequence of the general fact that an
infimum of weak KAM solutions is a weak KAM solution applied to the family of
functions f(y) + hy. This fact is proved in the next lemma. O

Lemma 3.2.6 Let (uy)yca be a family of subsolutions. Set u = supuy and u =
acA

ing uy. Then given that those functions are well defined, the following assertions
[¢1S]

hold:

(i) The functions u and u are subsolutions.
(ii) If all the uy are weak KAM solutions then u is a weak KAM solution.
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Proof By definition,
T~ u(x) = inf inf us(y) + c(y, x)
yeX €A
= inf inf u +c(y, x
inf inf () + (7, 1)
= inf T uy(x) 2 inf uy(x) — c[0] = u(x) — c[0].
acA acA
It was used that two infimums commute and that the u, are subsolutions. Hence
u € S. Moreover if all the u, are weak KAM solutions, then the inequality above
turns out to be an equality and u is a weak KAM solution.

In a similar manner,

T ulx)= in}f( sup Uy (y) + c(y, x)

YEX A

WV

sup inf uy,(y) + c(y, x)
ex

acAY

=sup T uy(x) < sup uy(x) — c[0] =u(x) — c[0].

aeA a€A

3.3 Regularity of Subsolutions

In our discrete setting, the Aubry set enjoys the additional feature to be a set where
all subsolutions present systematic regularity properties. Away from the Aubry set,
this is false; subsolutions may fail to be continuous as was shown in [202]:

Theorem 3.3.1 Let x € X be a non-isolated point. Then x € A if and only if all
subsolutions u € S are continuous at x.

Proof If x € A then we have seen that TTu — ¢[0] < u < T u + c[0] and that
equalities hold at x. As the left and right terms of the inequalities are continuous,
then the famous Sandwich theorem implies that « is continuous at x.

The hypothesis that x is not isolated is used in the reciprocal (were x isolated,
u could not be discontinuous at x). Assume now x ¢ A. Let ug be the continuous
subsolution constructed in Theorem 2.4.1. In particular, the inequality u < 7~ u +
c[0] is now strict at x and both functions are continuous. It follows from the in-
between lemma (proved after) that any function v such that ug < v < T ug + ¢[0]
will be a subsolution. In particular, it can be constructed discontinuous at x, for
example, take u(y = v everywhere, except at x and v(x) = T ug(x) + c[0]. |

Lemma 3.3.2 Let u be a subsolution and v : X — Rsuchthatu < v < T u+
c[0], thenv € S.
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Proof 1t follows from the monotonicity of the Lax—Oleinik semigroup:

u<v<T u+c0]<T v+ [0]

3.4 More Regularity for Subsolutions

Of course, if more precise regularity results on subsolutions are aimed for, some
structure has to be added. Until further notice, we will take as base space a compact
smooth manifold M and c will be a cost on M x M. Let us recall a fundamental
definition first:

Definition 3.4.1

(i) Let 2 C R” be a convex open set. A function f : £2 — R is said to be K-
semiconcave if the function x — f(x) — K|lx|| is concave (the norm used
is the Euclidean one). A function is semiconcave' if it is K -semiconcave for
some K € R.

(i) A function f : 2 — R is locally semiconcave if each x € §2 belongs to a
neighborhood V, such that the restriction fjy, is semiconcave.

(iii)) A function f : M — R is locally semiconcave if for all coordinate patch
¢ : U C R" - M, the function f o ¢ is locally semiconcave (n is assumed to
be the dimension of M).

Remark 3.4.2 The property of being locally semiconcave is invariant by C2
diffeomorphisms. Therefore, in the previous definition, it is enough that f o ¢; be
locally semiconcave for ¢; : U; — M where the ¢; (U;) form any finite open cover
of M. Of course, this property is much easier to establish.

As concave functions can be characterized as functions whose graphs admit a
hyperplane tangent from above at every point, the following is implied:

Proposition 3.4.3 A function f : 2 — R is K-semiconcave if and only if for all

x € 82, there exists a linear form py € R™ such that

Vye R, fO)<F@)+p(y—x)+K|y—x| (3.4)

The same holds true for locally semiconcave functions, but restricting to a neigh-
borhood of x only. For locally semiconcave functions on a manifold M, p, € T,M
becomes an element of the cotangent fiber at x and the inequality is true in a chart.

' The notion we refer to here is sometimes called semiconcave with linear modulus. For more
details and proofs that are omitted here see [67]. Other good references are also the unavoidable
[109] and the appendix of [110].
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We call superdifferential of a function f, assumed to be semiconcave (resp.
locally semiconcave), at x (denoted ot f (x)) the set of py such that (3.4) holds
(resp. in a neighborhood of x or in a chart).

We state without proof:

Proposition 3.4.4 Let f : M — R be locally semiconcave and x € R. Then
3T f(x) is not empty, closed and convex. Moreover, f is differentiable at x if and
only if 3T f (x) is a singleton (which then contains only D, f).

A very easy, though important, property of semiconcave functions is:

Proposition 3.4.5 If (fy)uca is a family of K-semiconcave functions on U C R”
then ing fo is K-semiconcave as soon as it is well defined.
ac

The proof follows barely the analogous property of concave functions. Of course,
each notion defined previously has a semiconvex counterpart which is defined by
replacing concave by convex and — signs by +. The opposite of a semiconcave
function is then semiconvex and vice versa. A semiconvex function f has a
subdifferential at each point denoted by 3~ f (x). It coincides with — 3+ (— f)(x).

Motivated by the above, one defines sub- and superdifferentials for general
functions:

Definition 3.4.6 Let f : U — R be a function defined on an open set of R” the
superdifferential 37T f(x) (resp. subdifferential 9~ f (x)) of fatx € U is the set of
D, ¢ where ¢ : U — R is differentiable at x and verifies that ¢ > f (resp. ¢ < f)
with equality at x.

Remark 3.4.7 In the previous definition, the functions ¢ can be taken equivalently
C!. Sub- and superdifferentials are convex and closed. Moreover, f is differentiable
at x if and only if they are both non-empty. In this case, 31 f(x) = 9~ f(x) =
{Dy f}. As a locally semiconcave function has non-empty superdifferentials, we
infer that if f is locally semiconcave, then f is differentiable at x if and only if
d~ f(x) is non-empty.

Here is a not so obvious property that explains the nature of some results:

Proposition 3.4.8 A function f : M — R is C! (differentiable with Lipschitz
differential) if and only if it is both locally semiconcave and locally semiconvex.

Definition 3.4.9 A family of functions f, : M — R for @« € A is said equi-
locally semiconcave if M can be covered by finitely many open charts ¢; (U; ), where
U; C R" and if there are constants K; such that all f, o ¢; are K;-semiconcave.

Hypothesis
In the rest of this section, we assume that the families c(x, ) and c(-, x) for
X € M are equi-locally semiconcave.
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It can be checked (as M is compact) that a particular case of this is when the
function c is itself locally semiconcave on M x M.

When they exist, djc(x, y) and dc(x, y) denote the partial derivatives of ¢ at
(x, ¥) with respect to the first and second variable.

Coming back to discrete weak KAM theory, a refined version of Proposition 2.1.3
(i) then becomes:

Proposition 3.4.10 Under the previous hypotheses, the image of T~ (resp. TT)
consists of equi-locally semiconcave (resp. equi-locally semiconvex) functions.

The proof is nothing but a direct application of Proposition 3.4.5. Note that the result
for T involves semiconvexity because of the minus sign in its definition.

As consequences, let us derive some further regularizing properties of the Lax—
Oleinik semigroups:

Proposition 3.4.11 Letv : M — R be a continuous function and xo € M. Let yg €
M verify that T~ v(xo) = v(yo) + c¢(y0, x0) (resp. TTv(x0) = v(y0) — c(x0, Y0)).
Then

e 3 c(yo, x0) C dTT w(xo) (resp. — 35 c(xo, yo) C 3~ T v(x0)).2

 In particular, if T~ v (resp. TV v) is differentiable at xq then 3c(yo, Xo) (resp.
— 81+c(x0, yo)) exists and Dy,T~v = 02c(yo, X0) (resp. — afrc(xo, yo) C
Dy, TTv).

* Ifvis locally semiconcave (resp. semiconvex) then Dyyv = —31¢(yo, Xo) (resp.
Dy,v = 92¢(x0, yo)) and all the previous quantities do exist.

Proof We prove half of the results leaving the rest as an exercise.
The first point is a direct consequence of the inequality

VxeM, T v(x)<v(yo)+c(yo,x),

which is an equality for x = xo.

The second point then stems from the proved inclusion 82+ c(yo, x0) C
97T~ v(xg). By hypothesis, the right hand side is a singleton and the left hand
side is not empty, hence they coincide and we get the result.

For the last part, note that the function ¢ : y — v(y) + c(y, x9) reaches its
minimum at yg. Hence 0 € 3~ ¢(yp). But by hypothesis, ¢ is locally semiconcave
and it is easily verified that 37 v(yg) + 81+c(y0, x0) C 3% ¢(yo). We infer that ¢ is
differentiable at yo with Dy, = 0 and that necessarily, 3T v(yp) and 8]+ c(y0, X0)
are singletons. Hence the result. O

Remark 3.4.12 The following results were actually proven and used: if f : M —
R and g : M — R are locally semiconcave functions then

e f + g is differentiable at some x € M if and only if both f and g are;

2 By 82+ ¢(y0, xo) we mean the superdifferential of the map x + c(yp, x) at xo.
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e if f+ g reaches alocal minimum at some x € M, then f and g are differentiable
at x.

We have now the necessary material to state a more precise version of Theo-
rem 3.3.1:

Theorem 3.4.13 Let x € A. Then any subsolution u is differentiable at x.
Moreover, Dyu does not depend on u.

Proof We will use the same inequalities as in Theorem 3.3.1. Let u € S, then
TV u—c[0] < u < T~ u+c[0]. Moreover those inequalities are equalities at x € A.
This proves that both 3 "1 (x) # @ (as T " u is locally semiconvex) and 9T u(x) # @
(as T~ u is locally semiconcave). Hence u is differentiable at x. Note that 7~ u and
T u being subsolutions they are also differentiable at x and the first inequality
above implies that all differentials are equal at x: Dyu = Qx T~u=D.T%u.

It remains to compute this differential. Let (x’, x) € A. We know that u(z) <
u(x")+c(x’, z)+c[0] forall z € M and equality holds at z = x. As u is differentiable
at x, this implies that the function u(x") +c(x’, -) +c[0] has a subdifferential at x, as
it is locally semiconcave, it is differentiable and its differential is d,c(x’, x). Hence
we conclude that D,u = 9,c(x’, x) which happens to be independentonu € S. O

Remark 3.4.14 A similar proof implies that if (x,y) € Aand u € S then
Diu = —0dc(x, y). But this is not surprising, as x verifies c(x’, x) + c(x,y) =
min c(x’,2) +c(z, ).

Z€E

Let us stress one more time that ¢ admits partial derivatives on the 2-Aubry set,
as was actually established.

We now turn to improving Theorem 2.4.1:
Theorem 3.4.15 There exists a strict subsolution uy which is C'-1.
The proof makes crucial use of [lmanen’s lemma (see [45, 54, 117, 132]).

Theorem 3.4.16 (Ilmanen’s Lemma) Given two functions f,g : M — R such
that f is locally semiconvex, g is locally semiconcave and f < g, there exists a
function h which is CY' such that f < h < g.

Moreover, if hy is a continuous function such that f < hy < g, then h can be
constructed arbitrarily close from hy.

Proof of Theorem 3.4.15 The proof splits into two steps. First we construct C!!
subsolutions, then we explain how to make them strict.

Let us start with a subsolutions . Then we have seen that g = 7~ u is a locally
semiconcave subsolution, f = T+ g — ¢[0] is a locally semiconvex subsolution and
f < g. By Ilmanen’s lemma, there exists a C L1 function & such that f<h<g.
But the in between Lemma 3.3.2, transposed to T, tells us that & € S.

Now that we have a general procedure to construct subsolutions, let us see
how to make them strict. Let up be the continuous strict subsolution given by
Theorem 2.4.1. Let us set ¢ : M x M — R the function defined by e(x, y) =
c(x,y) + c[0] — up(y) + up(x). This function is everywhere non-negative and



3.5 Graph Properties and Dynamics on the Aubry Set 51

verifies e "1{0} = A thanks to the strictness property enjoyed by ug. Let now &
be a C® function such that 0 < ¢; < ¢ and 81_1{0} = A. Let us finally consider
¢ = ¢ — ¢1. This new cost still verifies that the marginal functions ¢(x, -) and
(-, y) are locally-uniformly semiconcave. Moreover, ug is a c[0]-subsolution® for
¢, indeed ug(y) — ug(x) = c(x, y) + c[0] — e < ¢(x, y) + c[0]. The first part of the
proof provides a c[0]-subsolution u; for this cost ¢ (using the semigroups 7 and
ch associated to ¢) which is Ccl! Letus verify it is strict for ¢: for (x, y) e M x M,
we compute

ur(y) —ur(x) <cx,y)+cl0] =c(x, y) —er(x, y) +cl0] < cx, y) + c[0],

and this last inequality is strict whenever (x, y) ¢ A. This completes the proof. O

Remark 3.4.17 The previous Theorem can be made more precise. Using the fact
that 777 u < u < T u + c[0] and the last assertion of Ilmanen’s lemma,
one proves that if u is continuous, then it can be approximated by C!! strict
subsolutions.

Finally, as a nontrivial convex combination of a subsolution with a strict
subsolution is strict, one obtains that C1:! strict subsolutions are dense in the set
SNCco%M,R).

Let us also stress that, as pointed out in [54], [lmanen’s lemma (Theorem 3.4.16)
can be recovered from Theorem 3.4.15 by considering the cost ¢y, (x, y) = g(y) —

J ).

3.5 Graph Properties and Dynamics on the Aubry Set

Let us begin by mentioning a first general result under the hypotheses of the previous
paragraph. A combination of Theorems 3.4.13 and 3.4.15 gives the following
proposition which has a flavor of Mather’s Graph Theorem:

Proposition 3.5.1 There exists a set A* C T*M whose projection is A and such
that if (x, p) € A* then any u € S is differentiable at x and Dyu = p. Moreover
the projection A* — A is a bi-Lipschit; homeomorphism.

Indeed, A* is just the restriction of the graph of Du; to A where u; is given by
Theorem 3.4.15.

In order to define a dynamics on the Aubry set, one would now like, given a
point xg € A, to be able to reconstruct the whole sequence (x;),cz. To this aim, we
impose an additional condition on the cost. It was studied in [201] and previously
introduced in the setting of Optimal Transportation in [110]:

3 Even though it can be proven that c[0] is the critical constant for &, this fact is not useful in this
proof.
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Definition 3.5.2 (i) The cost ¢ has the left twist property if for any y, the map
X = dxc(x, y) is injective on its domain of definition.*

(ii) The cost ¢ has the right twist property if for any x, the map y +— 9djc(x, y) is
injective on its domain of definition.

(i) The cost ¢ enjoys the twist condition if it verifies both the left and the right
twist properties.

(iv) We define the left Legendre transform Ly, : Dy C M x M — T*M by
Le(x,y) = (y, dyc(x, y)) and the right Legendre transform L, : D, C
M x M — T*M by L.(x,y) = (x, —01c(x, y)), where D; and D, are the
sets of full measures on which the definitions make sense.

Under this twist condition, one gets this second version of Mather’s Graph
theorem:

Proposition 3.5.3 Let us assume that c verifies the twist condition. Then both
projections w; : A — A are bijections.

Proof We have seen in the proof of Theorem 3.4.13 and in the subsequent Remark
that if u € S and (x_1, xg, x1) are successive points of a sequence (x,),cz then
D = Dyyu = drc(x_1, x9) = —01¢(x0, x1). It follows from the left twist condition
that £, is injective and that x_; = m (Lzl(xo, p)) is uniquely determined.
Similarly, it follows from the right twist condition that £, is injective and that
x1 = ma(L;  (xo, p)) is uniquely determined. O

Remark 3.5.4 In Optimal Transportation, similar twist conditions are used to prove
existence of optimal transport maps for semiconcave costs. In the corresponding
cases, such Optimal transport maps have their graphs included in analogues of the
2-Aubry set associated to Kantorovitch pairs. See the work of Fathi and Figalli for
example [110].

3.6 Relations to the Classical Theory

This section comes back to the classical setting of a Tonelli Lagrangian L defined
on the tangent bundle of a closed and compact smooth manifold M.

3.6.1 The Classical Peierls Barrier

The Peierls barrier for Lagrangian systems was introduced by Mather in [167],
inspired by the works of Aubry and Le Daeron for twist maps [27]:

4 The cost ¢ being locally Lipschitz, this map is defined almost everywhere.
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Definition 3.6.1 The Peierls barrier is defined by

V(x,y) e M, hp(x,y)=liminfh;(x,y)+ ta(0),
t—>—+00

where h; is the minimal action functional previously introduced in (2.5).

It follows from Fathi’s theorem on the convergence of the Lax—Oleinik semi-
group [107], that in this autonomous setting, the liminf is actually a limit. Note that
this is not necessarily the case in a discrete setting, or a time periodic setting, as
shown in [111]. Actually Skander Charfi constructs in his PhD examples of time
periodic Tonelli Hamiltonians and smooth initial conditions such that the associated
solution is smooth for all times, recurrent but does not converge nor is periodic [75].

Proposition 3.6.2

(i) hp is well defined and continuous;
(ii) for any subsolution u € S and (x,y) € M, u(y) — u(x) < hp(x,y), in
particular forall x € X, hp(x,x) > 0;
(iii) forall (x,y,z) € M> and real number t > O the following inequalities hold:
hp(x,y) < hp(x,2) + he(z, y) + te(0);
hp(x,y) < hi(x,2) +ta0) + hp(z, y);
)< h

hi(x,y L(x,2) +hr(z, ) 3.5)

(iv) for all x € X, the function hy = hp(x, ) is a weak KAM solution and the
function h* = —hy (-, x) is a positive weak KAM solution.

The proof is the same as that of Proposition 3.1.2. Actually the links between
the classical Peierls barrier and the discrete one is made even clearer by the next
Proposition:

Proposition 3.6.3 Let h be the Peierls barrier associated to the cost function hy.
Then h = hyp.

Proof Once again, the proof heavily relies on the convergence of the Lax—Oleinik
semigroup for autonomous Tonelli Lagrangians. Indeed, let x € M, and define v =
hi(x, -). Then it follows from the definitions that if r > 1,

VyeM, hi(x,y)=S8t—Dv(y).
Whence,

Vye M, hp(x,y)=IliminfS(—Dv(y)+tx(0) = lim S —1Dv(y)+tx(0),
t—+00 t—+00
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while
Yye M, h(x,y)=IliminfSn—1Dv(y)+nae(0)= lim Sn—1Dv(y)+ta(0),
n—+00 n—+00

and h = hy. |

Of course, the classical Peierls barrier allows to recover the Aubry sets, as in the
discrete case:

Theorem 3.6.4 The following equalities hold:

A={xeM, hp(x,x)=0}
A ={(x,p) e T*M, xeA, p= Dch,).

Note that the first equality of the previous Theorem is actually the original
definition of Mather in [167].

3.6.2 Examples of Points in the Aubry Set

We start by reviewing links between weak KAM solutions and the Aubry set. Those
results can now be interpreted as consequences of the analogous results proven in
the discrete setting but they were historically obtained first by Albert Fathi.

Proposition 3.6.5 Let u be a weak KAM solution, then for all x € M, there exists
a C? curve Yy ¢ (=00, 0] = M such that yx(0) = x and

0
Vi >0, ulx)= u(yx(—t)) +/ L(yx (s), Yx (s))ds + ta(0).

—t
Such curves are called calibrating for u.

Of course, a similar statement is also valid for positive weak KAM solutions.
Calibrating curves carry points of the Aubry set in their closure («-limit set):

Proposition 3.6.6 Let u be a weak KAM solution, x € M and yy : (—00,0] - M
be a calibrating curve given by the previous proposition. If y € a(yy) then y € A.
Moreover, if (v, v) € a(yx, ¥x), then (y,v) € A.

Of course a similar statement holds for positive weak KAM solutions and we let
the reader infer it.

Conversely, knowing a subsolution or weak KAM solution on the Aubry set is
rich in consequences:

Theorem 3.6.7 Let u and v be respectively a weak KAM solution and a subsolution
such that uyz > viz. Then u 2> v.
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Let u and v be two weak KAM solutions such that ujq = v|a. Then u = v.

Note that thanks to the parallels made between discrete and classical theories, this
Theorem is weaker than Theorem 3.2.4, as there are more discrete subsolutions than
classical ones.

Finally, let us recall the converse to this Theorem:

Proposition 3.6.8 Ler f : A — R be a function such that f(y) — f(x) < h(x,y)
for all x and y in A. Then there exists a weak KAM solution u such that u|a = f.

3.6.3 Regularity and More Regularity of Subsolutions

We review here regularity properties of classical subsolutions and weak KAM
solutions. Most results were obtained by Fathi and Siconolfi in two founding papers
[114, 115]. The proofs are much more intricate than for the discrete theory. Note
that on a non-empty compact connected smooth manifold (of positive dimension!)
there is no isolated point.

Theorem 3.6.9 Let u : M — R be a critical (classical) subsolution. Then u is
Lipschitz continuous on M.

Let x € M, then x € A if and only if all critical subsolutions u € S are
differentiable at x.

In Sect. 3.4 were introduced further assumptions on the underlying space and the
cost function we work with. This originates in the following properties of the action
functional and Lax—Oleinik semigroup in the classical theory:

Theorem 3.6.10 For all t > 0, the minimal action functional h; is semiconcave on
M x M.

Letu : M — R be a bounded function, then for all t > 0 the function S~ (t)u is
semiconcave and ST (t)u is semiconvex.

Given that the Lagrangian is C? and the functions 4; and Lax—Oleinik semi-
groups are defined by using infimum and supremum, the preceding Theorem may
seem a posteriori natural (given results such as Proposition 3.4.5). Its consequences
are very powerful.

For instance let us come back to Theorem 2.5.16. In the first version, Fathi and
Siconolfi prove the existence of C! subsolutions by carefully studying the regularity
of subsolutions on A and by a precise combination of smoothing and partitions
of unity on M \ A. Patrick Bernard instead has a more global and decisive idea
establishing the following regularization result [42]:

Theorem 3.6.11 Let u : M — R be a bounded function and t > 0. There exists
& > 0 such that forallt' <&, S~(t') o ST(t)u is C11.

One should have in mind that a C!-! function is one that is both semiconcave and
semiconvex (Proposition 3.4.8). So the idea behind the previous Theorem, and what
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Bernard proves, is that the image of a semiconvex function by S~ stays semiconvex
for small times. This is a general version of an older result known as Lasry-Lions
regularization [149].

Then it should not come as a surprise that in our proof of Theorem 3.4.15,
which is the discrete version of Bernard’s Theorem, we used a composition of both
operators 7~ and T 7.

3.6.4 Graph Properties, Twist Condition and Dynamics on the
Aubry Set

Let us start by noticing that thanks to the previous analysis, the Aubry set A*
introduced in the Lagrangian setting following Theorem 2.5.16 coincides with the
set A* introduced in Proposition 3.5.1 when applied to the cost function %;. This
explains the similar notation. Hence the conclusions of Proposition 3.5.1 also hold
in our Lagrangian setting as they also follow from Bernard’s Theorem 2.5.16. This
is the content of Mather’s Graph Theorem:

Proposition 3.6.12 The projections A* — A and A — A are bi-Lipschitz
homeomorphisms.

This Chapter ends by explaining why the cost hj associated to a Tonelli
Lagrangian satisfies the left and right twist conditions. This is presented in [201]
and more details are given in [67, 109].

Proposition 3.6.13 Let L : TM — R be a Tonelli Lagrangian. Then the time-
1 minimal action functional hy : M x M — R satisfies the left and right twist
conditions.

Proof Let (x,y) € M x M.Lety :[0,1] — M verify that

1
hi(x,y) :/0 L(y(s), y(s))ds,

with y(0) = x and y (1) = y. Such a curve exists by Tonelli’s Theorem. It is C 2 as
already observed and solves the Euler—Lagrange equation. By standard variational
arguments, one shows that ( - 8UL(x, )}(O)), 8vL(y, )}(1))) e athi(x,y). It
follows that if 9141 (x, y) exists, then 01k (x, y) = —BUL(x, ))(O)). Remember that
the Fenchel transform £ defined by (2.2) is a diffeomorphism and observe that

(x, 0L (x, 7(0))) = L(x, 7(0)) = (x, =911 (x, y)).
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We deduce that the preceding equation uniquely determines y(0) and that the
minimizing curve y is unique with (¥ (s), y(s)) = ¢} (y(0), y(0)) for s € [0, 1].
Another consequence is that, denoting by = : TM — M the canonical projection,

o (p,l‘ oL_l(x, —01hy(x, y)) =mo (pi(x, J}(O)) =y.

Hence y — —0d1h1(x, y) is injective, and /1 has the right twist property. The proof
of the left twist property is exactly the same.
]

We may also interpret the left and right Legendre transforms introduced in
Definition 3.5.2. Indeed, if (x, y) € D, then if (x,v) = L 1o L(x,y), v is the
initial speed of the unique minimizing curve, going from x to y in time 1. This has
the following consequence relating different Aubry sets:

Proposition 3.6.14 The following equalities hold for the cost h:

A= {(x,n o0l (x, v)), (x,v) € ﬂ’},
@

A= {(7w o 9] (x, v))nez, (x,v) e A'}.

Moreover; for all (x,v) € A, hl(x, T o (p}‘(x, v)) = fol L o ¢j (x, v)ds.

Finally, let us mention a curious fact about 4. It can be established, using the
notions of reachable gradient, that d;h;(x, y) exists if and only if there exists a
unique minimizing curve, in time 1, going from x to y (see [201]). Similarly,
dxh1(x, y) exists if and only if there exists a unique minimizing curve, in time 1,
going from x to y. It is therefore obtained that for the particular cost i1, the equality
D¢ = D, holds.



Chapter 4 m)
Minimizing Mather Measures Qe
and the Discounted Semigroups

Abstract This central chapter revolves around Mather measures. We give two
equivalent definitions of those measures, prove their existence and relate their
support with the Aubry sets. We then use those measures to prove the convergence
of solutions to the discounted equations. This convergence result is also generalized
to degenerate discounted equations. Finally we study similarities and differences of
discrete and continuous Mather measures in the classical Lagrangian setting. The
same is done for the discrete and the continuous discounted equations.

In this part we go back to the more general setting of a continuous cost ¢ on a
compact metric space X. Most results were presented and used by the authors and
Fathi, Iturriaga, Davini in [94] to study convergence of solutions of the discounted
equations. Earlier results and the introductions of Mather measures had appeared in
Bernard and Buffoni’s work [49].

The study of the positive counterpart to the discounted equations is new to our
knowledge, both in the discrete and in the continuous setting. So are the results
concerning degenerate discounted equations in the discrete setting.!

4.1 Minimizing Mather Measures

The cost c is a continuous function from X x X to R and both canonical projections
from X x X to X are denoted 71 and 5.

! Between the time the first version of this text was written and its publication, the degenerate
versions were widely generalized in [180].
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60 4 Mather Measures, Discounted Semigroups
4.1.1 An Optimal Transport Like Approach

Recall that if p is a Borel measure on X x X then 71,1 and 7o, are measures
on X defined as follows: if A C X is a Borel set, then m,u(A) = w(A x X) and
o (A) = (X x A).

Definition 4.1.1 A Borel probability measure u on X x X is said to be closed if
it has equal marginals: 1.0 = mo,u. We will denote by P the set of closed Borel
probability measures on X x X.

The previous condition is equivalent to the following:

Proposition 4.1.2 A probability measure | is closed if and only if for any continu-
ous function f : X — R, fXxX (f(y) — f(x))du(x, y)=0.

Proof The proof is left as an exercise but follows these lines: if u is closed, then
the property of the proposition holds for indicatrix functions of open or closed sets.
Hence it holds for simple functions (linear combination of indicatrix functions) and
by density, it holds for continuous functions.

The converse is proved by approximating (from above and below) indicator
functions by continuous functions. O

The set © of closed probability measures is clearly convex, closed and compact
(for the weak * topology).
Examples of closed measures can be constructed using Birkhoff averages.

n
Indeed, given (x1,---,x,) € X", the measure u = %_Zlfs(x,nxw)’z with the
1=

convention that x,41 = x1, is closed. Its marginals are

1 « 1 «
s = ; ;axi = ; 28)@41 = T2 -
1= 1=

Let us now introduce the concept of minimizing measure. It was first introduced
by Mather for twist maps in [163] and studied by Bernard and Buffoni in [49]
in a context similar to the present one, following their earlier works on optimal
transportation [47, 48].

Theorem 4.1.3 The following equality holds:

—c[0] = mig/ c(x, y)ydu(x, y).
neP JXxX

2 The notation 8 stands for a Dirac mass.
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There exists a closed measure realizing the minimum in the previous equality.
Moreover, a closed measure realizes this minimum if and only if it is supported
on the 2—-Aubry set A.

Proof Let € £ and uo a strict continuous subsolution given by Theorem 2.4.1.
Then one has

0:/X X(uo(y)—uo(x))d,u(x,y) S/ (c(x, y) + c[0T)dp(x, y).

XxX

This proves that —c[0] < min f xxx €, y)du(x, y). Moreover, as u is continuous,
nep
one has equality for a measure u if and only if MO(X) —ug(x) = c(x, y) + c[0] for

p—almost—every (x, y) that is if p is supported on A.
Let us now construct such a measure. We use Birkhoff averages. Let f : X — R

be any continuous function, x € X and for alln € N, let x” , --- ,xg = x verify

—1 —1
that 77" f(x) = f(x",) + Z c(x]', x". ). Define u, = % Z S(Xln’x;ﬁrl). Finally
l=—n I=—n
let (nx)ken be an extraction’ such that the (Mn, )keN converge to a measure (. As
the p,, are probability measures, so is (.
Let us verify that u is closed: this follows by passing to the limit in the inequality

vg e C°(X,R), ‘f (g(y)—g(x))dun(x,y)l
XxX
=
=~ 3 st — s

T 2
= ;Ig(x_,,) —g@)| < ;”g”oo — 0.

Let us verify p is minimizing: recall that the family 77" f + nc[0] is uniformly
bounded. Hence

1
/X (et ) el0) (. ) = (T F7,) +nel0] = 1) = .

This proves that |, x¥xx ¢, ¥)du = —c[0] and concludes the proof. O

Definition 4.1.4 We denote by @0 the set of minimizing closed probability mea-
sures, that is, the set of closed probability measures p € P such that f clx,y)du =
—c[0]. Such a measure u is termed a Mather measure.

3 The set of Borel probability measures on a compact space is compact for the weak-* topology.
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We define the Mather set M C X x X by

M= | supp(n),

nePy
where supp stands for the support of a measure. The projected Mather set is
M=m (M) = ma(M).

Remark 4.1.5 The set 500 is clearly itself compact and convex. Moreover by
Theorem 4.1.3 the Mather set is a subset of the 2—Aubry set: Mc A

Finally, the Mather set is by definition closed, but one can prove that there is
no need to take the closure in its definition. Indeed there exists one minimizing
measure o whose support is the whole of M. To construct it, one con51ders a

sequence (i,)n>0 dense in 7’0 and one then verifies that ug = Z 5m My MeEets
n>0
all the requirements.

The proof of Theorem 4.1.3 sheds, once more, light on the general principle that
long minimizing chains cannot stay too far from the Aubry set (as already seen
in Proposition 3.2.2). This allows to give a stronger version of Theorem 3.2.4 and
Proposition 3.2.5:

Theorem 4.1.6

1. Let u and v be respectively a weak KAM solution and a subsolution such that
UM = M. Then u > v.
Let u and v be two weak KAM solutions such that ujpy = vipm. Then u = v.
2. Conversely, let f : M — R be a function such that f(y) — f(x) < h(x,y)
for all x and y in M, where h is Peierl’s barrier. Then there exists a weak KAM
solution u such that ujp = f.

Proof

1. Let xo € X and let (x_,),>0 be a calibrating sequence for u. As observed in the

proof of Theorem 3.2.4, u(xg) — v(xp) = u(x—,) —v(x_,) foralln > 0.
Limiting points of the sequence (x_,),>0 are not necessarily in M. However,
we prove that there exists a suitable subsequence converging to a point in M,
allowing to conclude the proof as in Theorem 3.2.4. Assume by contradiction
the contrary. There exists an ¢ > 0 such that d(x_,, M) > ¢ forall n € N.
Let F = {x € X, d(x, M) > ¢}, that is a closed set. As in the proof

1

of Proposition 4.1.3, define u, = % > S(x; x4+ Let finally (mp)ren be
i=—n
an extraction such that the sequence (i, )ken converges to a measure . By

hypothesis all the w,, have their support included in F x F, so the same holds for
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w. But, as proved in Proposition 4.1.3, u € 780 is a Mather measure, hence the
support of w is included in E\/(, and this is absurd.
In the second case, by symmetry, the opposite inequality holds, and the result
follows as xo was taken arbitrary.
2. This point is established exactly as 3.2.5, we do not reproduce its proof.

4.1.2 An Ergodic Point of View

Mather sets were introduced as subsets of X x X. As for Aubry sets, that hides the
underlying dynamics. As Aubry sets may be equivalently defined on X x X or on
X7, there are analogous measures defined on X”. This is explained in [49, Paragraph
4.2]. Indeed, denoting s : (X,)nez > (Xn+1)nez the shift operator, given a Borel
probability measure ji on X% that is invariant by s, its push-forward (¢, 1)1 by the
projection 7q 1 : (x,)nez —> (X0, X1) is a Borel probability measure on X x X that
is closed in the sense of Definition 4.1.1 and such that fo c(xo, xl)d/l((xn)nez) =
fxxx c(x, y)d(i'[(),l)*/‘l.

Conversely, if p is a Borel closed probability measure on X x X, Bernard and
Buffoni construct, via a disintegration of p with respect to the projection 75 : X X
X — X, a shift invariant measure i on XZ such that fXZ c(xp, xl)d;l((xn)nez) =
/ xxx €(x, y)du. We therefore derive the following analogues of previous results,
either by using the correspondence of Bernard and Buffoni, or by reproducing the
proofs in this context. We leave the latter to the reader.

Definition 4.1.7 Denote % be the set of shift invariant Borel probability measures
on XZ. This is the set of Borel probability measures /i on X% such that s,/i = ji.

The following result holds:
Proposition 4.1.8 The critical constant is characterized by

jnif c(x0, x1)djt((xn)nez) = {nig/ c(x0, x1)dt((xn)nez) = —c[O].
neP Jxz neP Jxz

Moreover, an invariant measure fi € P is minimizing if and only if it is supported
on the Aubry set A.

Definition 4.1.9 We define %0 C P to be the set of shift invariant Borel probability
measures /Lo on XZ such that

/ c(x0, x1)dizo((xn)nez) = jnli/ c(x0, x1)dit((xp)nez) = —cl[O].
XZ XZ

nepP
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Such measures are also called minimizing or Mather measures and the context
makes it clear whether a measure is defined on X Zoron X x X.
We define the Mather set M C X7 by

M= | supp(iv),

fiePy
where supp stands for the support of a measure.

The set ?N’o is convex and compact. Finally the initial discussion together with
Proposition 2.4.5 yield that:

Proposition 4.1.10 The following equalities hold: M = no(/f{//() and M =
70,1 (M).

4.2 The Discounted Equation

This Chapter ends by returning to the roots, more precisely to the second proof of the
weak KAM Theorem 2.2.1. Recall that if A € (0, 1) then u; is the unique function
such that u = T, uy = T~ (Auy). We now prove a result first obtained in [94]:

c[0]

Theorem 4.2.1 There exists a weak KAM solution u such that u; + i3

where the convergence takes place as A — 1 and is uniform.

— U]

The proof is divided into several steps. It was already shown that as A — 1, (1 —
Muy — —c[0] (Remark 224 (ii)). Actually one gets something more precise:

Proposition 4.2.2 The family u; + % is uniformly bounded as ). — 1.

This will be a simple consequence of the following comparison principle:

Lemma 4.2.3 Let vy be such that vi < T, vy and let vy verify vo > T, va. Then
V] Uy < v

Proof By induction, one has for all n € N that v; < 7, "vj and v; > T, "v;. Both
right hand side terms converge to u; as n — +oo (recall T, is a contraction). The
results follow by passing to the limit. O

Proof of Proposition 4.2.2 Let u be a weak KAM solution. Then adding and
subtracting big constants to u provides two weak KAM solutions # and u which
are positive and negative respectively hence verify u > Au and u < Au . We then
obtain that

Vie (0,1), u—cl0l=T"w >T u) =T, (u).
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c[0] c[0]

This can be rewritten u — = > 1) (u — C[O]) In a same manner, ¥ — 155 <
T, (u— C[O] ) Apply the previous lemma to obtain that u — l[oi <uy <u-— %
which 1mphes the proposition. O

As the functions u; + % are equicontinuous and equibounded, thanks to the
Arzela—Ascoli Theorem, to prove the convergence it is enough to prove that all
converging subsequences have the same limit. We now establish constraints on such
limits:

L[O]

Proposition 4.2.4 Let u € PO be a Mather measure. Assume u;, + 5 G, uas

n — 400 for some extraction A, — 1. Then fx u(x)dmep(x) <O0.

Proof Start from the inequalities u; (y) — Aup(x) < c(x, y) for all pairs (x, y).
Integrating with respect to p yields

/X 0.0) = ki @)dntx. ) < f c(x. y)du(x, y) = —lO],

XxX

as u is minimizing. But since p is closed, both marginals are equals and the left
hand side is equal to (1 — A) fX u (x)dmi.u(x). Dividing by (1 — A) one obtains
that [y (5 (x) + § <0 ) dmip(x) < 0. The result now follows taking A = A, and
passing to the hmlt O

Note that as the functions u, are equicontinuous, any accumulation point u as in
the previous Proposition is automatically continuous.

The next step is to identify a reasonable candidate for the limit. This is done in
the next Definition:

Definition 4.2.5 Let ¥ C SN C%(X, R) be the set of continuous subsolutions u
verifying the constraint f y u(x)dmp(x) < 0 for all Mather measures u € Po.
We define u; = sup u where the supremum is taken pointwise.
uef

The set F is not empty for it contains negative subsolutions (recall S or the set
of weak KAM solutions are invariant by addition of constants). Restricting to
continuous functions is not necessary (see [94] for the alternative approach of
considering all subsolutions), but it simplifies some proofs. Elements of ¥ are
bounded above as they must take at least a non—positive value. Hence u; is well
defined. The idea of taking supremums of solutions or subsolutions in viscosity
solutions theory is rather standard, we will see here that it is very useful.

Of course, Proposition 4.2.4 has a trivial consequence: if u = hm uy, + oL

T,
for some sequence A, — 1 thenu € Fand u < uj.

In order to establish the full convergence, we have to prove the reverse inequality.
This will be done by constructing some appropriate Mather measures. First we give
a representation formula for u:
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Lemma 4.2.6 Forany A € (0, 1) and x € X, we have

u)(x) = min E AT (xn—1, Xn).
Xn)n<0
Xomx <0

Proof As T, is a contraction on the set of continuous functions its fixed point is
the limit of the iterates starting with any initial function. Taking the O function, one
computes that if k > 0,

0
Tk_k(_)(x) = min E A e(xiot, Xi).
ko Xo=x
i=—

The result follows letting n — +o0. The fact that all infimums are minimums comes
from the usual compactness arguments. a

Proposition 4.2.7 Let x € X and for all ) € (0, 1) let (x}}),<o such that x§ = x
and uy (x) = Y. A7"c(x*_,, x}). Define the probability measure ;. by

n—1°"n
n<0

VFeCOX XX B, | Fl () = (=2 3 AT ().
x n<0

Assume finally that for some subsequence X, — 1 the sequence (i), )nen converges
to . Then the measure |4 is a Mather measure.

Proof The multiplicative term (1 — 1) ensures that the measures ., are probability
measures. Hence so is u. We therefore have to prove that p is closed and
minimizing.

The fact that i is closed does not depend on the particular choice of the sequences
(x,ﬁ),,go and results from the following computation:

Let f : X — R be a continuous function. Then

(fO) = F@)duatx, y)| = A =0)| DA (fxh) = fr_))
e =) |

n<0
= =D[f@+ Y3 67 =276
n<—1
A=D1+ (=20 Y 277

n<—1

=21 =M fllec = 0.
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On the contrary, the fact that i is minimizing depends heavily on the use of the
definition of (x}):

(I =Mup(x) = (1 =2) Z?» "e(xy_p.xy) = / c(x, y)dua(x, y).

n<0 XxX
As A, — 1, the left hand side goes to — c[0] by Remark 2.2.4 (ii), and the right
hand side converges to fox c(x, y)ydu(x, y). O
We now explain why those measures play a particular role:

Lemma 4.2.8 Let w € S be a continuous subsolution, then using the previous
notation,

Vie (0, 1), wun(x)+ [—O] w(x) — / w(2)dm 152 (2).
X

Proof We start with the definition of u) and then use that w is a subsolution as
follows:

w00+ = 3 ey, ) el0]) = A (i) — wiy)

— A
n<0 n<0
=w@) — Y " =2 w )
n<0
=w() — (=1 > A" wlx) )
n<0

=w(x)—/Xw(z)dm*m(z).

At last, let us conclude:

Proof of Theorem 4.2.1 Let u;, + lﬂg]n — u be a converging subsequence, we
have already seen that u < u; where u 1s given by Definition 4 2.5.
Let now x € X and for A € (0, 1), let (x )n<o such that xo = x and u;(x) =

S n 1 x}) and define the probability measure w; as in Proposition 4.2.7.
n<0

Extracting a further subsequence, assume that the w;, converge to a measure
which is then a Mather measure by Proposmon 42.7. Let w € ¥, applying the
previous Lemma 4.2.8 we get u; (x) + £ 1 5 = w(x) — fx w(z)dmpy (z) and along
the subsequence A, letting n — 00 y1elds (using w € F)

u(x) = w(x) —/ w(2)dmp(z) 2 wix).
X
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Taking the supremum over w € ¥, we conclude that u(x) > u;(x). Hence we
have established the convergence.
O

As a byproduct of the previous proof and of Proposition 4.2.4, we have
established that

Proposition 4.2.9 The limit of the discounted approximation verifies uj; € F.

We continue this paragraph by establishing an alternative formula for the limit
function u.

Proposition 4.2.10 For all x € X, the following equality holds:

u1(x) = min / h(y, )d(y),
nePo J X

where uy is the function of Theorem 4.2.1 and h the Peierls barrier.

Proof We denote i the right hand side. We first claim that # is a subsolution. Indeed,
each function 2y, = h(y, -) is a subsolution by Proposition 3.1.2. Hence, if m is a
Borel probability measure on X, so is A, defined by A, (x) = fX h(y, x)dm(y)
since S is closed and convex (see Proposition 2.2.6). Finally, as # is an infimum of
functions of this type, it is itself a subsolution by Lemma 3.2.6.

Next, we establish that u; < it. Let u € S be a continuous subsolution, we know
that u(x) — u(y) < h(y, x) for all pairs (x, y) (Proposition 3.1.2). Let u € P be a
Mather measure, integrating with respect to y the previous inequality yields

u(x) — /X AT (y) < /X 7y, 2T ().

If u € Fthen we conclude that u(x) < fx h(y, x)dmi.u(y). This being valid for all

u e Fandforall u e ?A’O we obtain the desired inequality u| < i.

We conclude by proving the reverse inequality. Let y € X, the function ¥ =
—h(-, y) is a subsolution (by Proposition 3.1.2). Moreover, by definition of i, the
function h” +a(y) € F. In particular, u; > h¥ + i (y) and evaluating at y we obtain
ur(y) = —h(y,y) + u(y). If we specify moreover y € A to be in the projected
Aubry set then we have proved that (see Theorem 3.1.5):

VyeA, ui(y)=i(y).

This is enough to conclude that u; > & everywhere, indeed, u; is a weak KAM
solution and # € S hence Theorem 3.2.4 applies. O
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Remark 4.2.11 The limit of the family (u;)xc,1) as A — 1 can be reformulated
in terms of Mather measures on XZ. Indeed, as marginals of such measures are the
same as those on X x X one finds that

F= {u e SNC%X,R),Vji € Py, / u(x0)df((xp)nez) < 0} .
XZ
And also, for all x € X, the following equality holds:

ui(x) = min /Xh(xo,X)dll((xn)nez).

ePo

And finally, here is a mild property of u:

Proposition 4.2.12 There exists a Mather measure |1y € SADO such that
[ wdm.ow = o
X

Moreover, it can be imposed that [v is an extremal point of Py.

Proof By Proposition 4.2.4 the selected function verifies u; € ¥ meaning that
Jx w1 (x)dmysu(x) < O for all Mather measures u € Po. If the result were not true,
by compactness of ‘380 there would be an & > 0 such that f w1 (0)dmep(x) < —¢
for all Mather measures © € ?A’o. Then the function u; + ¢ would also belong to ¥
contradicting the definition of u; given in 4.2.5.

The second assertion is a direct consequence of Choquet’s Theorem [182].
Indeed, it states that if o is a measure given by the first part of the Proposition,
then there exists a probability measure w on Py, supported on the extremal points
of Py such that o = ff’o pdw (). Any measure wq in the support of w has to verify

[y w1 (x)dmiep (x) = 0. m

Remark 4.2.13 The previous Proposition holds as well when considering Mather
measures as measures on XZ thanks to the point of view of Bernard and Buffoni
(see Remark 4.1.2). In this case, denoting by $ the set of minimizing shift invariant
measures, extremal measures are the ergodic ones with respect to the action of the
shift.

Before turning to the positive counterpart of those results let us provide a
simplistic economical interpretation. As previously, X is the metric space of wine
stores in France, ¢ : X x X — R the cost of a 24 hour delivery and R : X — R
provides the price R(x) of a bottle of Chateau Rayas® in the store x. The discount
factor plays the role of an interest rate, or of inflation depending on the point of view.

4 Chateau Rayas is definitively the best red wine, and arguably the best white wine, that the author
has had the privilege of tasting. They are both of the appellation Chateauneuf du Pape which is the
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If some money m > 0 is placed in the bank at a daily rate A !, then tomorrow it will
be worth 2~ !m. Conversely, if one buys today a bottle of Chateau Rayas at the price
R(y) but only pays it tomorrow, it is considered that the actualized price is AR(y)
(as this amount of money put in the bank today will buy the bottle tomorrow at price
R( y)). Henceforth taking into account this effect of time, the actualized least price to
obtain a bottle of Chateau Rayas at x tomorrow is 7, R(x) = }12)f( AR(y) +c(y, x),

considering that the transportation will be paid tomorrow at tomorrow’s price.

In this context, the function u;, fixed point of 7, is called equilibrium state. It is
the only price function such that a buyer has not to worry about the time at which he
wishes to receive his bottle. It is also the asymptotic price of a bottle for someone
willing to wait a very long time, when the interest rate is at A.

4.3 Discount for the Positive Lax—Oleinik Semigroup

We here address the positive counterpart of the previous results and explore some
relations between the obtained limits. This is new to our knowledge.

Of course, all the constructions and results of the previous section hold for the
positive Lax—Oleinik semigroup. If A € [0, 1) we denote by v, the unique fixed
point of the operator T)t+ :u — T7(Au) that is a contraction. Similar arguments as
in the previous paragraph yield:

Theorem 4.3.1 There exists a positive weak KAM solution v such that v) — N

T—
v| where the convergence takes place as A — 1 and is uniform.
The functions v, have the following explicit form:

Lemma 4.3.2 Forany A € (0, 1) and x € X, we have

vi(0) = — min Y A", Xut1)-
xn)n}()
X0=x n>0

The limit v; has the following form:

Proposition 4.3.3 Let 7 C SN CO(X, R) be the set of continuous subsolutions u
verifying the constraint fX u(x)dmepu(x) = 0 for all Mather measures . € Py.

We have the formulas v = iI;L u where the infimum is taken pointwise.
Uue

The function vy verifies vi € F.

most prestigious of the meridional Rhone valley. Wines made by their owner, Emmanuel Reynaud,
have no equal.
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And finally for all x € X,

vi(x) = man/ —h(x, y)dmispu(y).
nePy J X

As for the negative Lax—Oleinik semigroup (Remark 4.2.11) the previous
proposition can be stated in terms of Mather measures on X%, which we leave to
the reader.

We conclude by asking the following:

Question
what are the links between | and v;?

Unfortunately, the answer may seem disappointing, there is, in general no
particular link. For example, except in very particular instances, they are not a
conjugate pair (as they do not have any reason to coincide on the Mather set
M). They are not even ordered even though the following inequalities hold on the
projected Aubry set:

Proposition 4.3.4 The functions u| and vy verify
VxeA, ui(x)<vx).

Proof Let us argue by contradiction assuming that there exists xo € A such that
v1(xg) < ui(xg). We set ¢ = uy(xg) — vi(xg) > 0. We will construct a Mather
measure 4o such that f ¥ V1(2)dmisp0(z) < 0. This will be our contradiction as
vi € " meaning that [ vi(2)dmipo(z) = 0.

Let (xp)nez € Abe a sequence associated to xo. As u; and v; are critical
subsolutions, one infers (see Remark 2.4.8) that

-1
Vn >0, ui(xo) —ur(r—p) = D cluk x1) + nel0],
k=—n
-1
Vi) —vi(x_n) = Y ek, xk41) + ncl0].
k=—n

It follows that ¢ = uy(x_,) — vi(x—,) for all n > 0. By continuity, one finds that
u1 — vy is constantly equal to € on {x_,, n > 0}.
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Last, arguing as in the proof of Theorem 4.1.6, we construct a minimizing Mather
measure (o € Po such that the support of w4 is included in {x_,, n > 0}. We
conclude, using again that | € F, that

fx V1@ 1pt0(2) < /X (012) — 11 (2))d1aa0(2) = —e.
O

The concluding general result here gives a condition for #; and v; to be a
conjugate pair:

Proposition 4.3.5 The following assertions are equivalent:

1. The functions uy and vy form a conjugate pair,

2. una = via

3. up =y,

4. for all Mather measures [, the equality fX ur(x)dmp(x) = 0 holds,

5. for all Mather measures |, the equality fX v1(x)dmepu(x) = 0 holds,

6. there exists a critical subsolution v € S such that for all Mather measures [, the

equality [y v(x)dmipu(x) = 0 holds.

Proof Assertion (1) being equivalent to (2) follows from the definition of a
conjugate pair as explained in Remark 3.1.4.

If (2) holds, then (3) holds as this inequality is always true for a conjugate pair.
Reciprocally, if (3) holds, then by Proposition 4.3.4, (2) is true.

Assertion (3) implies (4) and (5). It is an immediate consequence of the fact that
up € Fand vy € F'.

Then, (4) or (5) implies (6) is straightforward as negative or positive weak KAM
solutions are subsolutions.

Let us now establish (6) implies (2). Let v be the subsolution given by the
hypothesis and let us denote by v~ and v the respective limits of 7~"v + nc[0]
and T"v — nc[0] as n — +o00. As vl:"l = v‘} = Vi@ We obtain respectively a
negative and positive weak KAM solution satisfying the hypothesis of (6). The idea
of the proof is that there can be at most one such negative weak KAM solution (and
similarly, at most one such positive weak KAM solution).

To this aim, let u € Py so that

[ v eodmam = [ vteamue = [ v = o
X X X
Asv™ € F, v~ < ujandas u; € Fit follows that

Yu € ?A’o, 0 :/ v (x)drep(x) < / up(x)dmpep(x) <O0.
X X
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So u; itself satisfies the hypothesis of (5). Moreover, combining the previous
equalities with v~ < u; implies that v~ and u coincide on the support of w (as
both functions are continuous). This being true for all minimizing Mather measures
€ Po, we conclude that uyjp = vljw by Theorem 4.1.6, we deduce that u; = v~

The same proof yields that v; = v*. Hence the pair (u1, v;) is a conjugate pair. O

4.4 Degenerate Discounted Equations

As an original contribution, let us finish by a generalization of the discounted
convergence results. Instead of modifying the Lax—Oleinik semigroup to make it
a contraction, we perturb it so that it is still a 1-Lipschitz map. Yet conditions are
given in order to select again a weak KAM solution as the perturbation gets smaller.
In this generality, the results of this paragraph are new.’

We consider a continuous function & : X — R that verifies the following two
conditions:

(1) the function « has values in [0, 1), ~
(«2) for all minimizing Mather measure u € Py, f x ¢ (x)dmpmn(x) > 0.

This last property is obviously verified if « is positive on the projected Aubry
set A (this was the condition of [205]) or if « is positive on M. The problem to
be studied is understanding the behavior of functions u) : X — R, for A € (0, 1),
verifying

Vxe X, uplx)= T_((l — )La)uk)(x) + ¢[0],

as A — 0. The convergence result is stated later on in this section in Theorem 4.4.12.

Therefore, let us denote by ¥ the mapping v — T~ ((1 - Aa)u,\) + c[0]. Just like

T~ (see Proposition 2.1.3), the operators ‘T, are 1-Lipschitz and order preserving.
We start by easy properties in order to get acquainted with the operators:

Proposition 4.4.1 Let v : X — R be a continuous function, then

Vxe X, eX, Twk) = (1—rax_1))v(x_1) + c(x_1, x) + c[0].

5 This has since been extended in [180].
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More generally, for all n > 0, there is a chain (x—,, - -+ , Xo = Xx) such that

-1
T"0(x) = Bopvx_p) + Y Brri (e, Xip1) +¢[0]),

k=—n

-1
where B = [] (1 —Aa(xj)),for —n<k<—land By = 1.

Jj=k
Proof The first point is a direct consequence of compactness and continuity while
the second follows from a straightforward induction. O
Beware that the notation S is misleading as it depends on the chain (xg, - - - , xp).

We now address the issue of fixed points of ¥.

Definition 4.4.2 We will say a function # : X — R is a A—discounted subsolution
if u < % u or equivalently

Vix,y) e X x X, u(x)— (1 - Aa(y))u(y) < ce(y, x) + c[0]. 4.1

A function v : X — R is a A—discounted solution if v = T v.
By definition and successive applications of Proposition 4.4.1 one gets:

Proposition 4.4.3 Let u : X — R be a A-discounted subsolution, then for all
n > 0 and all finite chains (y—y,, --- , yo = X),

-1
1(y0) < Bontt(y-n) + Y Brs1(cOks yir1) + cl0]),

k=—n

-1
where B = [] (1 — ka(yj)) and By = 1.
j=k
Let v : X — R be a A—discounted solution. Then for all x € X, there exists an
infinite chain (xy)x<o such that xo = x and

-1
Vi >0, vx) =B wG_n)+ Y Biri(cu. xeq1) + cl0]),

k=—n

-1
where B = [] (1 - Aa(xj)) and By = 1.
Jj=k
The convention adopted here is that an empty product has value 1, so that in the
previous notation, the formula also holds for Sy.
The next result is reminiscent of strong comparison principles in viscosity
solutions theory:



4.4 Degenerate Discounted Equations 75

Theorem 4.4.4 Let . € (0,1), u : X — R be a Adiscounted subsolution and
v : X — R be a A-discounted solution. Then u < v.

Proof Asu < T,u,itis enough to prove that T, u < v. Hence by Proposition 2.1.3,
one assumes that u is continuous, without loss of generality. Then consider a strict
subsolution u#¢ : X — R given by Theorem 2.4.1. Moreover, up to subtracting a big
constant, we assume that u is negative. For ¢ € (0, 1) we define u, = (1—¢&)up+ecu.
The function u, is a A—discounted subsolution. As a matter of fact, if (x, y) € X x X,

ue(x) = (1= 2 (y))ue(y)
= e(u(x) = (1 =2a)u) + (1 = &) (uo(x) — (1 = ra(y))uo(y))
< e(e(y, x) +¢l[0) + (1 — &) (uo(x) — uo(y)) < c(y, x) + ¢[0], (4.2)

where it was used first that uq is negative and then that it is a critical subsolution.

Let now x¢ € X such that u,(xg) — v(x9) = max(u, — v). We aim at proving that
ug(x0)—v(x0) < 0.Letus argue by contradiction, assuming that u, (xo) —v(xg) > 0.
Let (xx)r<o be a chain given by Proposition 4.4.3 for v, (Br)k<o the associated
sequence as defined in the same Proposition 4.4.3. It follows from both assertions
of Proposition 4.4.3 that for all k < O,

-1
(e — v)(x0) = e (x0) — Brv(x) — Y Bj1(cCxj, xj41) + cl0])
Jj=k
-1
< Brite (ki) + ) B (cxj, xj41) + c[0])
j=k
—1
— Bro(x) — Y Bjri(cCxj, xj41) +¢l0])
j=k
= Brlue — v)(x) < (e — V)(XR),

where the last inequality is obtained using the contradiction hypothesis and the
inequalities 0 < B¢ < 1. By definition of x¢, it follows that all the preceding
inequalities are equalities. In particular, it comes that gy = 1 for all k¥ < 0 which in
turn implies that a(x;) = 0 for all £ < 0, by definition of B;. Moreover, tracing the
inequalities used, it follows that

—1

Vk <0, ue(xo) = Buue (i) + Y B (cCxj. xjp1) + c[0]).
j=k
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Going back to (4.2) and using that, there as well, inequalities are indeed equalities,
it follows that ug(xx) — uo(xk+1) = c(xk, xx+1) + c[0] for all k < 0. By deﬁnAition
of uo and thanks to its property of being strict, we conclude that (xi, xx+1) € A for

allk < 0.
—1
Let us now define, for n > 0 the probability measure w, = % > S xa1)
k=—n

(that is supported on :7\1). Let u be an accumulation point of the sequence of
probability measures (u,),>0 for some subsequence (n;);>o. Arguing as in the
proof of Theorem 4.1.3, we find that the measure p is closed. As the 2-Aubry set
is closed, the measure p is supported on A. The last part of Theorem 4.1.3 implies
that  is a Mather minimizing measure.

Finally, using that o (x;) = O for all £ < 0 observe that

-1

1
[ atimue = tim [ atodm, o= tim Y ati) =0
X i—>+o00 Jx i—>+00 N;

=—n;

thus contradicting Hypothesis («2). Hence u.(xo) — v(xp) = max(u; —v) < O and
ug < v. As this holds for all ¢ € (0, 1), letting ¢ — 1 proves that u < v. O

The previous proof combines two main ideas. The first one is that subsolutions
can be approximated by strict subsolutions, thus forcing interesting phenomena
to take place on the Aubry set. This is made possible by the convex structure of
our minimization problems. The second idea is to construct illicit Mather measures
assuming that subsolutions or solutions do not verify suitable properties. This line
of reasoning will be used several times in what follows.

As A—discounted solutions are obviously A—discounted subsolutions, the previous
Proposition brings as a consequence that there can be at most one A—discounted
solution. The next existence result shows there is exactly one:

Theorem 4.4.5 For all . € (0, 1) there exists a unique A—discounted solution.
Proof Let u < 0 be a negative weak KAM solution and # > 0 be a positive weak
KAM solution. Applying the modified Lax—Oleinik semigroup yields

Tuw) = T ((1 = Aeyw)) +¢[0] > T~ (w) + c[0] = .

A straightforward induction yields that the sequence (Sﬁ (g))n>0 is non—decreasing.
Similarly,

@) =T~ ((1 — 2))) + c[0] < T~ (@) + ¢[0] = u.

A straightforward induction yields that the sequence (‘IX (ﬁ))n>0 is non—increasing.

Finally, as u < u it follows that T} () < T} (w) for all n > 0. The sequence
(SX (g))n>0 is bounded and non—decreasing, made of equi—continuous functions,
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hence it converges (uniformly) towards a function u), : X — R, verifying u < u; <
u, that is, by continuity of ¥, , a A—discounted solution.
0

Definition 4.4.6 For all A € (0, 1), the unique A—discounted solution is denoted by
As a byproduct of the previous proof, it was established:

Corollary 4.4.7 The family (u$)xe(0,1y is uniformly bounded and consists of equi—
continuous functions.

The last part holds as the u% are in the image of T (Proposition 2.1.3). As the
family (u$)xe(0,1) is relatively compact, to prove that it converges when A — 0, it
is enough to prove there is a unique accumulation point.

The next proposition establishes the crucial property of such accumulation
points, similarly to Proposition 4.2.4:

Proposition 4.4.8 Let u € @0 be a Mather measure. Assume uj — u asn —
~+00 for some extraction A, — 0. Then fx a(x)u(x) dru(x) <O0.

Proof Let us start from the family of inequalities given by (4.1), applied to the
functions u, . Integrating against it is obtained that

0= / [e(y. x)+c[0)du(y, x) > / [ () — (1= 2er () ()] dpe (3 ).
XxX XxX

As u is closed and u; continuous, dividing by A, we gather that

Vi € (0, 1), /Xa(y)ui‘(y) drpep(y) < 0.

Passing to the limit along the subsequence (1), >0, yields the result. O

Particular Mather measures can then be constructed starting from calibrating
chains given by Proposition 4.4.3. One first needs to establish a crucial property
they satisfy:

Proposition 4.4.9 There exists M > 0 such that for all A € (0, 1) and xo € X, if
(x;?)kgo is a sequence given by Proposition 4.4.3 applied to u§ with x())‘ = X, then

-1
AZH (1 —)»oz(x;‘)) <M.

k<0 j=k

Proof Let us argue by contradiction assuming the result does not hold. Then there
exist a sequence (A,)nen € (0, DY and points xg € X such that for each integer
n € N there exists a sequence (x;)x<o given by Proposition 4.4.3 associated to ”%,,
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-1
and an integer N,, > 0 such that 4,C, = A, > ,BI?H — 400, having adopted
=N,
-1
the notation g7 = [] (1 — Ana(x;.')). This implies that N, — +o00as0 < g < 1.
=k
For all integer n € N, let us define the probability measure on X x X,

-1
—1
wn=Crt Y Blabog -
k=—N,,

Up to an extraction, let us assume furthermore that the sequence u, converges to
a probability measure w. We will prove that 1 is a minimizing Mather measure
violating condition («2).

The measure p is closed: let f : X — R be a continuous function. We compute,
using an Abel transform:

-1
[ o= r)ne | =6 X B (Fat - Fap)|
XxX k=—N,

-1
=G| X0 B = Bl PO = By F () + Bof ()
k=—N,

-1
<G X Bl = BOIS o + 21 o] <46 1 N
k=—N,

In the previous chain of inequalities it was used that the sequences (), <o are non—
decreasing and take values in [0, 1]. As C,, — +o00, letting n — 400, it is obtained
that

/X . (f) = f))du(x, y) = lim (f ) = f@))dpa(x, y) = 0.

n—+00 Jy.x

Therefore u is closed.
The measure . is minimizing: we use the definition of ,, and the property of
the sequences (x; )x<o-

~1
‘/X X(C(x,y)JrC[O])dun(x,y)‘ =C,Zl‘ > ﬂ,ﬁ’H(C(x]'(',XZH)JrC[O])‘
x k=—N,

= cn—1

o n n o n
(“A,, (xg) — BLn, U3, (X—Nn))‘

—1
<2C;  ug lloo-



4.4 Degenerate Discounted Equations 79

Recalling that the family (#3),«<(0,1) is uniformly bounded (Corollary 4.4.7) letting
n — o0 it follows that [y c(x, y) du(x, y) = —c[0].

The measure y satisfies [ o du = 0: we use the inequality exp(x) > 1 +x and
the definition of 8 to estimate

-
/an(mdun(x,y):ql S B el)

k:*Nn
-1 -1
< C;] Z o (xy) exp ( — A Z a(x;?))
k=—N, j=k+1

1 !
<M Z a(x,’:)exp(—MZ“(x?))
=k

Cl’l k:_Nl'l

As the o} are non—negative and the function x + exp(—x) is decreasing, the right
hand side can be estimated by comparing sum and integral to conclude that

exp(llafloo)

exp(fleeloo) [°°
a(x)du,(x,y) < ——— exp(—A,x) dx =
/M (x) e (x, y) C. ), xR G

As 1,C, — 00, it follows that [y, a(x) du(x,y) = 0. Thus u is a Mather
measure contradicting («2) and the result is proved. O

As a Corollary, a refined representation formula comes up for the functions u$:

Corollary 4.4.10 Let A € (0,1) and xo € X. If (xp)rgo is given by Proposi-
tion 4.4.3 applied to u$, then

~1
i (x0) = Y Brri (e, xrr) + cl0]),

k=—o00

-1
with B = [] (1 — Aa(x;)) and o = 1.
=k

Proof By Proposition 4.4.9, the sum ) B is convergent which implies that
} lim By = 0. As the function #{ is bounded, the result follows by simply letting
——00

n — 00 in the second part of Proposition 4.4.3. O

Let us now enter the convergence part of this section. Motivated by Proposi-
tion 4.4.8 we give the following definition:

Definition 4.4.11 Let ¥, be the set of continuous critical subsolutions u:X—>~R
such that fx a(X)u(x) dmrep(x) < 0 for all Mather measure u € Po.
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Let us first state the main Theorem. The careful reader will notice quite a
resemblance with Theorem 4.2.1 and Proposition 4.2.10:

Theorem 4.4.12 The family of functions (u$),1) uniformly converges as 1. — 0.
Moreover, denoting by ug the limit, the two following formulas hold:
* forxo € X, u(xo) = max u(xg);

uUeF,

a

e forxp e X,

[y @R (x, x0) dppu(x)
o) = I ) A ()

where h : X x X — R still denotes Peierls’ barrier given by Definition 3.1.1.

The proof of this Theorem is split into several Lemmas resembling what was
done for the standard discounted equation.

Definition 4.4.13 If L € (0, 1) and xo € X, we choose a sequence (X;i‘)kgo given
by Proposition 4.4.3 applied to u§ with xo = x())‘. The probability measure /1&0 is
defined by:

A X0, k
Hxo = Xok Z P18 @ xfyy)

k=—o00

—1 —1
where 30" = 'l_[k (1= 2a(xh)) and Cyy 5 = k > BT
j= =—00

The sum defining C,, , is indeed finite by Proposition 4.4.9.
Lemma 4.4.14 Let xo € X and A, — 0 be a sequence such that the family of

measures (/JL)ACS Jnen converges to a probability measure (. Then p is a minimizing
Mather measure.

Proof We first prove that Cy, , — +oc. Indeed, foralln > 0 and k < 0, ,BXO s
(1 — Anlleelloo)®! thus implying that

Crpin = Z(l—x lerfloo)’ =

—
|| lloo n—+o0

By computations the reader should already be familiar with, from the proof of
Proposition 4.4.9, it is proven that u is closed. Let f : X — R be a continuous
function. We compute using an Abel transform:

[ o= s aise | = 3, \ Z B (P — Fai)|
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X() )\n

Z B — ﬁlfi{\n)f( PR ALk A”f(xo)‘

< XOA[Z(ﬁ,i‘i?" B llso + 1 oo | < 2C 0, 1/

As Cxy,5, — oo this proves that [y (f(y) — f(x)) du(x, y) =0.
And then it is established that ;& is minimizing:

[ et +onauty x|
XxX

X() )\n

Z BT (cC”. 2 + clO])|

=c!

X0,An

—1
uf (x0)| < Coly s lloo-

Corollary 4.4.10 was used for the last equality. Recalling that the family (u$)sc(0,1)
is uniformly bounded (Corollary 4.4.7), letting n — 400 it follows that

/ c(x, y) du(x, y) = —[0],
XxX
thus concluding the proof.

The next lemma is similar to Lemma 4.2.8:

Lemma 4.4.15 Let xo € X, A € (0,1) and w € S be a continuous subsolution,
then

u$ (x0) = w(xo) — ACxy. / a(Qw(z) driil, ).
X

Proof We use Corollary 4.4.10 and the fact that w is a critical subsolution:

s/ (x0) = Z Bt (et i) + cl0])

k=—o00

Z BT (W) — wixp))

k=—00

Z B = B WO + B w(xo).

k=—00
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The last equality follows by an Abel transform. We now use the definition of ﬁk" A

to compute

—1 —1
B A ﬁ]fii‘ = l_[ (1 — )Lot(xf)) - 1_[ (1 — Aoz(x;‘))
Jj=k Jj=k+1
-1
=) [[ (1=2aGh) = —raG)BST
j=k+1

Going back to the previous computation and remembering that ,Bgo’)‘ = 1 yields

u (x0) > w(xo) — A Z Bt w @ Ma )

k=—00

= w(xo) — ?»Cxo,xfxa(z)w(z) dryapafy (2).-

The first part of Theorem 4.4.12 is now ready to be proven:

Proof of Theorem 4.4.12 First Formula Let A, — 0 be a sequence such that
(”(f,,)neN converges to a function v : X — R. Henceforth the function v is a weak
KAM solution by continuity of the Lax—Oleinik operator. We have also defined for
allx € X, ug(x) = 1141;33( u(x). The aim here is to prove that v = ug.

o

By Proposition 4.4.8, v € ¥, and therefore v < ug.

Let us now prove the reverse inequality. Let xg € X. Up to a further extraction,
we assume that the sequence of probability measures (pLx Jnen weakly converges to
a measure u that is a minimizing Mather measure thanks to Lemma 4.4.14. If w €
Fu, by definition, f x a(x)w(x) drp(x) < 0. Combining with Proposition 4.4.9
entails that limsupA,Cy, 3, fX a(z2)w(z) dm*u;”g (z) < 0. Plugging into the

n—+o00
inequality of Lemma 4.4.15 and letting n — 400 gives

v(xp) = w(xo) — limsup A, Cy, xn/a(z)w(z) dm*u (2) Z w(xp).
X

n——+00

As this holds for all w € F it comes that v(xo) > u{(xo) and being true for all
Xxo € X, the first convergence formula is proven. O

This section ends by establishing the second representation formula for ug. To
Jx ()R (x,x0)d7 14 (x)

TR ) for all xo € X, we will prove

this aim, we set #{ (xo) = min
nePo

that u = itg. The proof follows closely that of Proposition 4.2.10:
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Proof of Theorem 4.4.12 Second Formula We first claim that i is a subsolution.
Indeed, each function hy = h(y, -) is a subsolution by Proposition 3.1.2. Hence,
Sx @Ay, x)du(y)
Sy a(du(y)
since S is closed and convex (see Proposition 2.2.6). Last, as i is an infimum of

functions of this type, it is itself a subsolution by Lemma 3.2.6.
Next, we establish that ug < 128. Let u € S be a continuous subsolution, we
know that a(y)(u(x) — u(y)) < a(y)h(y, x) for all pairs (x, y) (Proposition 3.1.2).

if ;1 is a probability measure on X, so is /), defined by A}, (x) =

Let o € Py be a Mather measure, integrating with respect to y the previous
inequality yields

( /X a(y) dmu(y))u(x)— /X e (uly) drrn(y) < fx a9y, ) dTi(y).

If u € F it follows that (fX a(y) dm*u(y))u(x) < [y aOWh(y, x) drpepu(y).

This being valid for all u € ¥, and for all u € ?A’o, the desired inequality ug < ig
is obtained.

We conclude by proving the reverse inequality. Let y € X, the function ¥ =
—h(-, y) is a subsolution (by Proposition 3.1.2). Moreover, by definition of i, the
function hY 4 (y) € Fo. In particular, ufy > h¥ — g (y) and evaluating at y yields
uy(y) = —h(y,y) + g (y). If we specify, moreover, y € A to be in the projected
Aubry set, leads to the inequalities (see Theorem 3.1.5)

Vy e A, ug(y) = iy (y).

This is enough to conclude that u%‘ > 123 everywhere, indeed, u‘é‘ is a weak KAM
solution and i§ € S hence Theorem 3.2.4 applies.
O

4.5 Comment on the Discounted Procedure

As already mentioned, the introduction of the functions u, in the second proof of
the Weak KAM Theorem 2.2.1 is very natural. Indeed, let us recall a classical fixed
point Theorem:

Theorem 4.5.1 Let C be a compact convex subset of a Fréchet vector—space and
f 1 C — C be a 1-Lipschitz map. Then f admits a fixed point.

This result is of course weaker than the Schauder-Tychonoff Theorem but a
simple proof goes as follows. Up to conjugating by a translation, assume that 0 € C.
Then for A € (0, 1), the function f; : C — C defined by f,(x) = f(Ax) is well
defined and a contraction of a complete metric space. It admits a unique fixed point
x; € C. Consequently, by compactness of C one can consider a sequence A, — 1
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such that (xy,)nen converges to a point x* € C. It is then immediate that x* is a
fixed point of f. Note that if O is a fixed point of f, then x; = 0 forall » € (0, 1).
A natural question is to figure out if in the previous procedure, the whole family
x; always converges. If this were the case, our discounted Theorem 4.2.1 would be
less interesting. However, this is not the case as we now illustrate.
Our example is constructed in (R, || - ||1). More precisely, let us consider the
triangle defined by

N =

T=1(x, R?, —
{(x y) € 2

1
<y < —Ixl+ —} :
If ¢ € (0, 1), we look for a map f that takes the following form:

1, 1
fx,y) = (x +e(y), a(y + 5) - 5),

where ¢ : [ — %, %] — R is a map to be determined such that 8(—%) = 0. In this

setting, the bottom edge of ¥ is made of fixed points of f.

Simple verifications show that f : € — T is well defined as soon as |e(y)| <
1—-o)(y+ %). Moreover, it is 1-Lipschitz if ¢ is (1 — a)-Lipschitz.

If those conditions are verified, an explicit computation shows that for A € (0, 1),
denoting by X; = (x;, y,) the unique fixed point of f3,

(1 Ma—1) a—1
(X2, Y1) = <1 _A8<2(1 _M)>’ 231 —a)»)) '

By setting g(A) = 2)‘((10:112) , one computes that

2p

—1 _
§ (M)_a—l+2a,u'

Hence g is a bi—Lipschitz decreasing homeomorphism from [0, 1] to [—1/2, 0].
Now, define & : R — R by h(x) = (1 — x)sin(In(J1 — x|)) for x # 1 that
extends by continuity with 2(1) = 0. As

Vx#1, h'(x)=—sin(In(]l —x|)) — cos (In(]1 — x])),

h is a Lipschitz function. It follows that for ¢g > 0 small enough, the function
e =¢goho g_1 is (I — a)-Lipschitz on [—%, 0] and verifies 5(—%) = 0. Extend it
by e(y) = ¢(0) for y € [0, %] (Figs. 4.1 and 4.2).

For the function f associated to the latter &, we compute that

A
Vie 1), X =) = (eosin(Inl - 1), ?)
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Fig. 4.1 The triangle ¥ filled with rainbow colours

P
N

0.

Fig. 4.2 Its image by f for
w=3e=1

'
U
w

-

Fig. 4.3 In red, the curve of fixed points (X3)re(0,1)

Clearly X, diverges as A — 1. Let us also refer to [208] for other counterexam-
ples related to the discounted equations with non—convex Hamiltonians (Figs. 4.3
and 4.4).
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101

102 4

103

10"1 -\
-0.1 -0.05 0 0.05 0.1

Fig. 4.4 Same curve in vertical logarithmic scale

On the positive side, let us mention another convergence result. We state it in
finite dimensions and refer to [203]° and references therein for further results. Let
us recall that a norm || - || on R” is called smooth if the function x — ||x| is C! on
R™ \ {0} or equivalently, if the function x [x/1%is C! on R™.

Theorem 4.5.2 Let || - || be a smooth norm on R"*. Let C C R" be a compact convex
set such that O € C. Finally, let f : C — C be a 1-Lipschitz map. For all A € (0, 1)
we denote by X, € C the unique point such that X, = f(AX,). Then the family
(X1)ae(,1) converges as . — 1.

Smoothness here is used as the unit sphere has a unique tangent linear hyperplane
at each of its points. A good exercise is to prove the Theorem in the Euclidean
case. If the norm comes from a scalar product (-, -), and if ||x|| = 1, this tangent
hyperplane is given by the linear form (x, -). In this case, it can be established that
as . — 0, the points X, converge to the orthogonal projection of 0 on the set of
fixed points of f.

4.6 Relations to the Classical Theory

Here again, L is a Tonelli Lagrangian on T M the tangent bundle of a smooth
compact manifold M endowed with a Riemannian metric.

6 Since writing [203], the author realized that the following result is actually a particular case of
previous Theorems of Reich [184]. See also [125, 147] for many further developments.
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4.6.1 Minimizing Mather Measures

The Marié point of view: this first approach was actually introduced, after Mather’s
original one, by Maiié in [153, 154]. Mather then noticed that Mafié’s point of view
could be reformulated in a more synthetic manner and the following results were
definitively written in the present form in [114].

Definition 4.6.1 A Borel probability measure 1" on T M is termed closed if it has
finite first moment, fTM lvllxdu’(x, v) < +oo and if for all C! functions f : M —
R’

/ D, f(v)du'(x,v) = 0.
™

We denote by ' the set of closed probability measures on T M.

The finite first moment condition is there so that the integral is absolutely con-
vergent. Examples of closed measures can be constructed of the form v, =

%fOT S(y(s), )}(s))ds where y : [0, T] - Misa C! curve such that y(0) = y(T).
Indeed, if f : M — Ris C!, then

T
/T D f @)y ) = /0 Dy f(7()ds = £(y(T) — £(y(©®) =0.

Maiié’s version of Mather measures and Mather’s critical value is then:

Theorem 4.6.2 (Maié) The following equality holds:

— «(0) = min / L(x,v)du (x, v).
weP Jrm

Moreover, a closed measure realizes this minimum if and only if it is supported
on the Aubry set A'. Last, a minimizing measure is automatically invariant by the
Lagrangian flow ¢r.

This justifies the definition of the Mather set:

Definition 4.6.3 Let us denote by % the set of minimizing closed probability
measures, that is, closed probability measures u’ such that fT ay L(x, v)du' =
—a(0). The measure u' is then said to be a Mather measure.

On T*M, we define the set P = { L', 1’ € Py}

Let us define the Mather set M! C T M by

M = | supp(u),

/
Wep,
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The projected Mather set is M = w(M’).
Finally the Mather set in T*M is

M =LMy = | supp(u).

urePy

It is apparent from these results that M’ C A C £ (H -1 ({a(O)})) (this is
Carneiro’s Theorem [74]) and, as for the discrete case, and for the same reasons,
P, is convex and compact and there exists one Mather measure whose support is
the whole M'. Finally, Theorem 4.1.6, stating that M is a uniqueness set for weak
KAM solutions, holds. We do not rewrite it here.

The Mather point of view: it is more dynamical in nature, hence reminiscent of
the ergodic viewpoint of Sect.4.1.2. It also reflects Mather’s original definitions as
stated in [165] following his results on twist maps from [163].

Definition 4.6.4 We denote P be the set of Borel probability measures on 7'M
invariant by the Lagrangian flow ¢ .

The historical definition of Mather’s critical constant is contained in the next
result:

Proposition 4.6.5 The critical constant is characterized by

— «(0) = min / L(x,v)du/(x,v).
wePy JTm

Moreover, minimizing measures are automatically closed, hence p' is minimizing if
. !/ /
and only if 1" € P,

From a dynamical point of view, Mather’s approach is obviously more natural.
However, the big drawback is that the condition of being flow invariant depends
on the Lagrangian and its flow, in contrast to the condition of being closed. This
is actually what motivated Mafié’s change of paradigm as he wanted to study how
Mather measures evolve under perturbations of a Lagrangian. It is also very useful
as it applies to less regular Lagrangians and Hamiltonians.

To end this paragraph, let us pursue our systematic approach of highlighting
relationships between objects coming from the classical setting and their analogues
coming from the discrete setting for the time—1 action functional /1. The main
result states that projected Mather sets coincide in both settings, justifying the same
notation:

Proposition 4.6.6 Denoting by My, the projected Mather set associated to L and
My, the projected Mather set associated to its time—1 action functional, the equality
My = My, holds.
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Proof Given a point x € A, we will denote by v, € T, M the unique vector v such

that (x, v) € A (Theorem 3.5.3) and by y, = 7 o (pk (x, vy) the only point such

that (x, yy) € A (see Proposition 3.6.14). Then extend the vector—field x > vy to a
Lipschitz vector—field on M for example by defining vy = £~ (D,u) where u is a
C!! critical subsolution given by Bernard’s Theorem 2.5.16 or its discrete analogue
Theorem 3.4.15.

Let i/ € P be a classical Mather measure. We associate to it a probability
measure on M x M as follows. If f : M x M — R is a continuous function, then

/ S, y)dpdx, y) :/ f(x, 7o (x,v))du (x, v). (4.3)
MxM ™

As p/ has support included in A', it follows that p has support included in
{(x, 7o goi(x, v)), (x,v) € ﬂ/} = A

Let g : M — R be a continuous function, then
f (g(x) — g(»)du(x, y) = / (g(x) — g(m 0 @) (x, v)))du'(x,v) = 0,
MxM ™

because ' is invariant by <pi which implies that fT M g(n(x, v))d/L/ = g(rr o
(pi (x, v))d,u’(x, v). Hence u is closed.
We then compute the action of x, remembering Proposition 3.6.14:

/ hl(x,y>du(x,y)=/ hi(x. 7 o gp (x, v))du (x, v)
MxM ™
=/ hi(x, 7 0 @ (x,v)) di/ (x, v)
ﬂ/
= [ mlx.mophtxv) dr')
ﬂ/
1
=/ / L(g] (x, vy)) ds dm,p (x)
A JO

1
:/ f L(g) (x, vy)) dmypd/ (x) ds
0o JA

1
:/ / L(x, ve)dmep (x) ds
0 !
= —u(0).
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The use of the Fubini theorem is justified by the fact that [0, 1] and A’ are compact
and L is continuous. It follows that p is minimizing hence a discrete Mather
measure. Finally, the definition of © given by (4.3) shows that

supp() = {(x, 7 0 @] (x, vx)), (x,vyx) € supp(n)}.

It follows that (supp(u)) = n(supp(u’)). That being true for all measures u' €
P, allows to conclude that M; C My, .

Letnow u € ?A)o be a minimizing discrete Mather measure on M x M. We define
a measure j1, on T M as follows: if f : TM — R is bounded and continuous,

/ e vdih (e, v) = / £ v, y).
™™ MxM

The measure j, is not necessarily invariant by the whole Lagrangian flow, but it is
¢} —invariant. Indeed,

[ redltwdgev = [ fogleuduty
™ MxM
:/A foph(x,vy) du(x, y)
A
zfA S (x, vy,) du(x, y)
A
_ f £, vy) ditr, )
A
:f f vy du(x, y)
MxM
=/ £ vn)du(x, y)
MxM

:f f(x,v) dpg(x, v).
™

In the previous computation the second equality follows from the fact that u is
supported in A, the third comes from Proposition 3.6.14, the fourth is a consequence
of Proposition 3.5.3. Finally the end stems from the fact that p is closed, applied to
the function g : x — f(x, v). It follows that the measure u' = fol (@] )xu(ds is
@1 —invariant.
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Let us now prove that u’ is a classical Mather measure.

1
f L(x,v)du/(x,v) = / / L(x,v) d((pi)*ué)(x, v) ds
™ 0o Jtm

1
=f/ Lo gy (x,vy) du(x, y) ds
0 JMxM

1
:/ / LO(pi(x, vx) ds dM(-xv y)
MxM JO
1
:ﬁ/ LO(pz(x,Ux) dS dM(xs y)
AJO
= [ e yodutr. )
A
=/ hix, y) dux, y) = —a(0).
MxM

Here, it was used that u is supported in A and that it is a discrete Mather measure.
Hence p is minimizing as desired. Finally, it follows from its definition that

supp(i') = {g} (x, vx), (x,yx) € supp(u), s € [0, 1]}.

In particular, 7 (supp(u)) C n(supp(,u/ )). As this holds for all discrete Mather
measures, it comes that My, C M.
This concludes the proof. O

Remark 4.6.7 In the previous proof, the construction associating a discrete Mather
measure to a classical Mather measure, u' +— pu, is injective and the projected
supports are the same.

In contrast, the reverse construction u +— u’ may not be injective. Due to the
necessity to apply the Lagrangian flow, the support increases and there is a loss
of information. In other words, there may be more discrete Mather measures than
classical ones; more precisely, the following inclusion holds:

{men, W' € Py} CHmiap, 1€ Pol,

but the inclusion may be strict.

For example, as we will see later for twist maps, on a totally periodic circle
which does not consist exclusively of fixed points, there is a unique classical Mather
measure. In the same time, there are infinitely many discrete Mather measures
obtained from averaging Dirac measures on periodic orbits.
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4.6.2 The Classical Discounted Equation

Recall that for all £ > 0 there exists a unique function Uy : M — R, given by
Theorem 2.5.12, that solves in the viscosity sense (¢HJ) that is, such that U, (x) +
H (x, Dy+U;) = 0. The main result on this topic is the convergence of those functions
as £ — 0 proven originally in [95] (following partial results in [143]). The result is
actually obtained for Hamiltonians that are only assumed to be continuous, coercive
and convex:

Theorem 4.6.8 There exists a weak KAM solution Uy such that Uy + # — Uy,
where the convergence takes place as £ — 0 and is uniform.

The next lemma, called strong comparison principle, is an analogue to
Lemma 4.2.3 and gives some more informations on Theorem 2.5.12:

Lemma 4.6.9 Let ¢ > 0 be a constant, let vi : M — R (resp. v : M — R) be a
viscosity subsolution (resp. supersolution) to ((HJ). Then vy < Uy < vs.

The solutions, as in Lemma 4.2.6, are expressed by an explicit formula:

Lemma 4.6.10 Forany ¢ > Oand x € M,

0
U = . IZSL ’ . d ’
‘@ Vﬁ(—olg,l(%eM/_OOe ((s),y(s)) ds
y(0)=x

where the minimum is taken amongst absolutely continuous curves and is reached
by a C? curve.

The selected weak KAM solution is then identified as follows

Theorem 4.6.11 Let ¥ C S’ be the set of classical subsolutions u verifying the
constraint fM u(x)dmy ' (x) < 0 for all Mather measures |1/ € 7)6.

The selected weak KAM solution is then Uy = sup u where the supremum is a
uef
priori taken pointwise.

Moreover, the following alternative formula holds:

Uo(x) = min / By )t (7).
wePyJm

0

where h is again the Peierls barrier.
Let us continue with this Proposition:

Proposition 4.6.12 There exists a Mather measure ji;, € Py, such that

/X Uo(x)drs e (x) = 0.
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Moreover, it can be imposed that v, is ergodic for the Lagrangian flow.

All those results’ proofs follow closely the proofs we gave for their discrete analogue
and are to be found in [95]. R
To conclude, as there are more measures in $ than in P’ one finds that

Proposition 4.6.13 The following inequality holds: u; < Uy.

However, we will provide later an example where this inequality is strict.

4.6.3 Discount for the Positive Classical L.—0. Semigroup

As is now customary, all results have a “positive” pendant by reversing time,
meaning, by considering the Hamiltonian H. In this instance, for £ > 0, define
the function V, such that — V is the only viscosity solution to the equation

u(x)+ H(x,Dxu) =0, xe M. (¢HD)
Theorem 4.6.14 There exists a positive weak KAM solution Vy such that V, —
D‘(O) — Vo where the convergence takes place as £ — 0 and is uniform.
The functions V; are given by the explicit formula:
Lemma 4.6.15 Forany{ > Qand x € M,

+00
Ve(x) = — min / e_ZSL(y(s), )}(s))ds
0

y:[0,400)—> M
y(0)=x

where the minimum is taken amongst absolutely continuous curves and is reached
by a C? curve.

The limit V) has the following form:

Proposition 4.6.16 Let F* C S be the set of subsolutions u verifying the
constraint fM u(x)dm.u(x) = 0 for all Mather measures | € P’

The limit Vy is expressed as Vo = mf+ u where the mﬁmum is a priori taken
uef

pointwise. And finally for all x € M,

Vo(x) = maX/ —h(x, y)dm.u(y).

uePy Jm

As for the discrete case, relations do exist between Uy and Vj (the proofs are
similar hence omitted):

Proposition 4.6.17 The functions Uy and Vy verify the inequality Upa < Voa.
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As far as conditions for Uy and Vj to be a conjugate pair are concerned:
Proposition 4.6.18 The following assertions are equivalent:

1. The functions Uy and Vi form a conjugate pair;

2. Uga = Voia,

3. Uy =2 Vo,

4. for all classical Mather measures |’ € 7’6, the equality fM Up(x)dmept/(x) =0
holds,

5. for all classical Mather measures i’ € 7’6, the equality fM Vo(x)dmeu/'(x) =0
holds,

6. there exists a critical subsolution v € S’ such that for all Mather measures |/,
the equality [, v(x)dm,p/(x) = 0 holds.

4.6.4 Some Degenerate Discounted Hamilton—-Jacobi
Equations

The corresponding results are inspired by Zavidovique [205] using also methods and
ideas introduced in [78] where more general problems are studied.” Those results
hold as well for less regular Hamiltonians.

In this time—continuous setting, one still considers a continuous function § :
M — R that takes non—negative values and satisfies the condition

vu' € Py, / 8(x) dmep > 0.
M

The degenerate discounted Hamilton—Jacobi equation that here studied is
L8(x)u(x) + H(x, Dyu) =a(0), xe M. (£5HJ)

To be more precise the condition prescribed in [205] is that § is positive on the
projected Aubry set. However, the more general case studied in [78] handles a wider
class of perturbations of the critical equation that can be non—linear in u(x). All
results stated below therefore follow from those two references.

The first existence result hereafter states that our problem is well posed and is, to
our knowledge original in this generality:

Theorem 4.6.19 For all £ > 0 there exists a unique viscosity solution to ((5HJ)
denoted by U g.

The proof of existence uses the next lemma, which is a strong comparison prin-
ciple. It is also new with such conditions on §. It is an analogue to Theorem 4.4.4:

7 Since then those results have been widely improved, see [97].



4.6 Relations to the Classical Theory 95

Lemma 4.6.20 Letr £ > 0 be a constant, let v : M — R be a viscosity subsolution
to (L6HT) and vy : M — R be a viscosity supersolution to ((SHI). Then v1 < Uy <
V.

The convergence result in this case is:

Theorem 4.6.21 There exists a weak KAM solution Ug such that U g — Ug where
the convergence takes place as £ — 0 and is uniform.

The solutions, as in Corollary 4.4.10, are expressed by an explicit formula:

Lemma 4.6.22 Ift > 0 and y : [—t,0] — M is an absolutely continuous curve,
we set A, (—1) = — fg 8o y(s)ds.
Forany ¢ > 0andx € M, ift > 0 then

Ul (x) = Lmin { exp (€A, (—1) U (y (=)
y(0)=x

0
+ / exp (€A, (9))[L(y (). 7(5)) + «(0)] ds},

—t

where the minimum is taken amongst absolutely continuous curves and is reached
by a Lipschitz curve.

Moreover, there exists a Lipschitz curve y : (—o0, 0] — M such that y (0) = x
and

0
U (x) = / exp (€A, ())[L(y(5), ¥(5)) + «(0)] ds.

The selected weak KAM solution is then identified as follows:

Theorem 4.6.23 Let F5 C S be the set of classical subsolutions u verifying the
constraint [, 8(x)u(x)dm, ' (x) < 0 for all Mather measures ' € 9.
The selected weak KAM solution is then Ug = sup u where the supremum is
uefy
taken pointwise.
Moreover, the alternative formula holds:

Up(x) = min fMS()’)h(y, x) dme i/ ()
WeP, fM §(y) dm ' (y)

)

where h is again the Peierls barrier.



Chapter 5 ®)
A Family of Examples Qe

Abstract In this Chapter we study in detail some basic examples. Those examples
all are on the 2 dimensional annulus and are of mechanical type. We characterize
on those examples the weak KAM solutions selected by the various discount
procedures. This shows some possible behaviors of those solutions, for instance
when the cohomology varies.

We explore here explicit examples to show how the pair (¢, vi) may behave. Recall
that on the one hand u is the limit of the solutions to the discounted equations
(#)re©,1) as A — 1 for the negative Lax—Oleinik semigroup 7~. On the other
hand, vy is the limit of the solutions to the discounted equations (vj)c,1) as A — 1
for the positive Lax—Oleinik semigroup 7.

As the examples presented below come from Hamiltonian systems, some famil-
iarity with the classical theory could help the reader. The study of those examples is
familiar to specialists of weak KAM theory but we have not found it written in the
literature. We believe that the informations they entail is interesting and that they
provide counter-examples to natural questions. At the end of the Chapter, we also
address the question as to whether weak KAM solutions selected by the discounted
approximation procedure in the discrete and in the continuous setting coincide.

The setting will be the one dimensional torus T' = R/Z.

We consider a smooth potential V : T!' — R that attains its maximum at
exactly two points 0 and X and such that V(0) = V(X) = 0.

Consider the Hamiltonian function Hy(x, p) = % p* + V(x) defined on T! x R.
The associated Lagrangian is then Lo : (x,v) — %vz — V(x). The cost function
used is the time-1 action functional h(l) associated to Hp, as defined by (2.5). By
Theorem 2.5.8, discrete and classical weak KAM solutions coincide and we will
use this fact. Again, some knowledge of classical Hamilton—Jacobi equations can

be useful though not necessary to read this Chapter. Moreover, as these examples
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fall in the scope of Conservative Twist Maps of the annulus, the latter also illustrate
results of the following and last chapter of this essay.

Let us denote by f* x> £/=2V(x). The level set HO_1 ({0}) is the union of
the graphs of £+ and f~. Those graphs touch at (0, 0) and (X, 0).

A last assumption on Hj is the following:

_fo @ [y freode
*= X -x

— 8. 5.1)

5.1 The Study of Hy

Let X) € [0, X] and X¥ € [X, 1] verify that

Do X x9 1
/ FHodx = f FHeodx s f fHxdx = f fHodx.
0 b X X9

The function ”(1) defined by

IS Of+(s)ds if 0<x <X

X X _ . 0
) = Jo O fH(s)ds +fX8 f(s)ds if Xg<x<X;
[x fT(s)ds if X <x<XxY

0
f)fl f+(5)dS +f;(l) f(s)ds if X(l) <x<l1

verifies (u?)’ (s) € Hy ! ({0}) at every point where the derivative exists, that is for
se T\ {x0, X ?}. Moreover, it is semiconcave (as seen here by the fact that at Xg
and X ?, the left derivative is bigger than the right derivative). This is enough in this
context to prove that ”(1) is a viscosity solution of the stationary Hamilton—Jacobi
equation Ho(x, (u?)'(x)) = 0 (Fig.5.1).!

¢ It means that the critical constant is «(0) = 0.

¢ The Aubry and Mather sets are included in the graph of (u?)/ and all Hamiltonian
trajectories either converge to the fixed point (0, 0) or to the fixed point (X, 0).
It can be easily concluded from this that A = M = {0, X}, that classical Mather
measures are convex combinations of Dirac measures §(9,0y and §(x,0) (on TThH,
and that discrete Mather measures are convex combinations of Dirac measures,
80,0y and 8(x, x) (on T! x Tl). Note that, in the present context, this illustrates

Indeed, for a semiconcave function, the super solution property only has to be checked at
differentiability points. For more general results see [37, 38].
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H,'({0})

0,0) (1,0

Fig. 5.1 The graph of the superdifferential 8*14(1) is drawn in red

a classical Theorem of Carneiro for autonomous Hamiltonian systems, namely
that Mather measures are supported on the critical energy level [74].

* Finally, as u(l)(O) = u(l)(X ) = 0, one deduces that the function ”(1) is indeed the
weak KAM solution selected by the discounted approximation (Theorem 4.2.1).
By Proposition 4.3.5, in this case, by setting v(l) the positive weak KAM solution
selected by the discounted procedure, the pair (u(l), v(l)) is a conjugate pair. Here,

one easily computes that v? = —u?.

5.2 Increasing the Cohomology Class:

We now initiate a classical procedure in Aubry—Mather theory: changing coho-
mology class. This is related to the topology of the underlying space X = T!.
This procedure is more thoroughly detailed in the final Chapter on Conservative
Twist maps of the Annulus. In the Hamiltonian setting, this originates in the
work of Mather [165] who noticed that suitably correcting the Lagrangian (or the
Hamiltonian) by a closed 1-form does not modify the Lagrangian minimizers. The
resulting objects of Aubry—Mather theory then only depend on the cohomology
class of the 1-form. In the context of T!, the first cohomology group H'(T', R) is
isomorphic to R and if ¢ € R, arepresenting 1-form is the constant form x € T! - ¢
where here c is identified to the linear form v € R — cv.
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Let ¢ € [0, @], we consider the Hamiltonian H.:(x,p) — é(p + )2 4+ V(x).
The associated Lagrangian is L, : (x,v) + (v —0)?— ic — V(x). The flow
associated to H, is conjugated (by a vertical translatlon) to that of Hp. The cost
function is /¢, associated to the time-1 action functional of H.. Let X(C) € [0, X] and
X{ e [X, 1] verify that

X§ X
/ f+(x)dx—cX8=[ fTdx + (X — XE)
0 X5

X‘l’ 1
fHdx — (X - X) = / FHe)dx + c(1 — X5).
X{

X

The function u{ defined by

Jo fH(s)ds —cx if 0<x < Xg;
)i
£ () = Jo O fH(s)ds + f;; f()ds —ex if X5 <x < X;
fo+(S)ds—cx if X <x <X
f f+(s)ds+fxf fm()ds —ex if X$<x <1

verifies (u{)'(s) € HC_I({O}) for s € T'\ {X{, X{} and is semiconcave. As
previously, this yields that u{ is a viscosity solution of the stationary Hamilton—
Jacobi equation H, (x, (uf)’(x)) = 0 (Fig.5.2).

¢ It means that the critical constant for the cost function hf, denoted «a(c), verifies
a(c) =0.

* The Aubry and Mather sets are included in the graph of ({)" and all Hamiltonian
trajectories either converge to the fixed point (0, —c¢) or to the fixed point
(X, —c). From there, it can be easily concluded that A = M = {0, X} (here
we drop the subscript ¢ as the sets are independent of it), that classical Mather
measures are convex combinations of Dirac measures, 89,0y and 8(x,0) (on TT!),
and that discrete Mather measures are convex combinations of Dirac measures
8((),0) and 8(X,X) (on Tl X Tl).

* Finally, as u{(0) = u{(X) = 0, it is deduced that the function u{ is indeed the
weak KAM solution selected by the discounted approximation (Theorem 4.2.1).

* By Proposition 4.3.5, in this case again, by setting v{ the positive weak KAM
solution selected by the discounted procedure, the pair (u{, v{) is a conjugate
pair.
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0,0)

HZ'({0})

Fig. 5.2 The graph of the superdifferential 8+uj' is drawn in red

Here, one computes

Vi) =

where )v((c) € [0, X] and )v(f € [X, 1] verify

X

f(if_(s)ds —cx
foxg ST (s)ds + f%(c) FH(s)ds —cx
f; fT(s)ds —cx
fff f(s)ds + f;;f fH(s)ds — ex

1f)v(8<x<X;
if X <x<X§;
if X$<x<1,

X - X -
/ f‘(x)dx—cXS:/v fx)dx + (X — X5) 5
0 X¢

1
T ()dx — e(X$ — X) = ﬁ f()dx + c(1 — X5).
Xq

101

(1,0)
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1
5.3 A Change of Regime: |c € («, f fT()dx)
0

Ifc e (a, fol fr (x)dx). It happens that the critical constant is again 0 but it is not
anymore possible to construct a critical subsolution that vanishes both at 0 and at X.
Let X¢ € [X, 1] verify that

X 1
Fr)dx —cX¢ = / FH@)dx 4+ c(1 — X).
XC

The function u{ defined by

C.
’

<
X

uj(x) = fox Ff(s)ds —cx if 0< X
< 1.

X
JX frs)ds + fE f(9)ds —exif X€ <

verifies (u{)'(s) € H- '({0}) for s € T! \ {X¢} and is semiconcave. As previously,
this yields that u{ is a viscosity solution of the stationary Hamilton—Jacobi equation
He(x, u§) (x)) = 0 (Fig.5.3).

¢ It means that the critical constant «(c) = 0.
¢ Here again, it can be established that A = M = {0, X} and that classical Mather
measures are convex combinations of the Dirac measures (on TTI) that are §9,0)

H:'({0})

(0,0) (1,0)

Fig. 5.3 The graph of the superdifferential 9% u$ is drawn in red
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and §(x,0), and that discrete Mather measures are convex combinations of the
Dirac measures (on T! x T!) that are 89,0y and 8(x, x). Finally, u(0) = 0 and
WS (X) = [X f(s)ds — X <O.

* This function u{ is indeed the weak KAM solution selected by the discounted
approximation (Theorem 4.2.1). Roughly speaking, as between 0 and X, (u{)’ =
f+ — ¢, itis the fastest growing weak KAM solution.

* By Proposition 4.3.5, in this case, by setting v{ the positive weak KAM solution
selected by the discounted procedure, the pair (x, v{) is NOT a conjugate pair.

Here, one computes by similar means that

Jx FH(s)ds —e(x = X) if 0<x<X;
vi(x) =1 [y £ ()ds — c(x — X) if X <x <X
JX = (o)ds + [3 fre)ds —c(x — X)if X6 <x < 1;

where X¢ € [X, 1] verifies

xe

0 1
/ frs)ds +cX = £ (s)ds + /v fH(s)ds —c(1 — X).
X Xc¢

X
Note that in this regime, for ¢ close to fOX fT(x)dx the functions uf and vf

are not ordered while, as will become clear next, for ¢ close to fol fT(x)dx then
uj < vy.

1
5.4 The Limiting Case: ¢y = f fT(x)dx
0

In this limit case, cg = fol f1(x)dx, again the critical constant is 0 for example by
invoking the continuity of Mather’s a-function” or because we exhibit a weak KAM
solution below.

Indeed the function uj'o defined by

vx €[0,1], u’(x)= /x FH(s)ds — cox, (5.2)
0

2 This result is a straightforward consequence of Proposition 6.3.7 in next Chapter.
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verifies ui" 0) = ui"(l) = 0 whence to be identified with a function on T!. It is
C! (even CH! in agreement with Fathi’s result [108]) and a classical solution of
Hey(x, (u]") (x)) = 0, hence a weak KAM solution.

* It means that the critical constant «(cg) = 0. In this particular case, all viscosity
subsolutions are of the form uio + K, where K € R and it can even be proved
that all discrete subsolutions are of the same form.

» The situation is then different from the previous cases as the projected Aubry set
is the whole torus A., = T! and the classical Aubry set ﬂfo is the whole graph
of fT —co.

* On the contrary, as the Hamiltonian dynamics on the critical level set remains the
same as in the previous examples, the invariant measures remain the same and
M={0, X}.

 Atlast, u]"(0) = 0 and u*(X) = fox fH(s)ds — coX < 0. The function u}°
is indeed the weak KAM solution selected by the discounted approximation
(Theorem 4.2.1).

* Setting v{" = u{” — u}’(X) one obtains the weak KAM solution selected by the
positive discounted approximation. Here, ufo < Ufo and the pair is not conjugated
(in this case all negative weak KAM solutions are positive weak KAM solutions
hence conjugate pairs are trivial).

1
5.5 Positive Rotation Numbers: | ¢ > f fT(x)dx
0

Let us now discuss what happens for ¢ > fol ft(x)dx. Again the cost is hf
associated to H.. The behavior of weak KAM solutions and minimal trajectories are
those of an area preserving twist diffeomorphism. It will be treated more thoroughly
in the next Chapter but some results are briefly used here.

For ¢ > fol fT(x)dx the situation is quite similar to the previous one. There
exists a unique subsolution up to constants and therefore, up to constants, there
exists a unique weak KAM solution, be it negative or positive. One such subsolution
is the following: recalling that V : T! — R is the potential used in the definition

of Hy, if a > 0, let us denote by fa+ TX 1/Z(a — V(x)) the function whose

graph is the upper part of the level set H; {a}. There exists a unique a, such that
fol fat (x)dx = c. A subsolution for H, (that is also a positive and negative weak
KAM solution) is then u : x — f(f faf (t)dt — cx. Therefore, the critical constant is
ac. = a(c).

To each real number ¢ € R, we associate a rotation number p(c) € R. Its
projection to T!, written o(c), has the property that le o1 (v —x)du(x, y) = o(c)
for all Mather measure & € f’o. The function p : R — R is continuous and non-
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decreasing. It is not uniquely defined, but determined up to an integer. Here we
make the choice of setting p(0) = 0. All the previous cases treated correspond to a
vanishing rotation number. In our present case, the Aubry set in 7*T! is the graph
of the function f(;zc): Ax = {(x, f;;c) (x) —¢), x € T'} and the 2-Aubry set is
(thanks to Proposition 3.6.14)

ﬁlc = {(x,rr ow}ic(x, fj(c)(x) - c)) , XE€ Tl} .
Hence, the rotation number property can be rewritten
/ (y —x)du(x, y)
T!xT!
= / (7 0 0p (x, fofiy () =€) = x)dpu(x, y)
T!xT!
= /T (o gl (v, [k (@) =€) = X)dTipx, y) = o),
and 1 being closed yields that for all continuous function f : T! — R:
/ (fO) = f0))du(x, y)
T! xT!
= f (o gh (6 1 @) = 0) = £ )dutx, »)
T!xT!
= / (f (7 0 0k (. Fiy ) = ©) = £ )dmrap(x, ) =0.
Tl

This means that if we set ¢, : x — 7 o <p}1€ (x, f(;c) (x) — c) (also called projected
dynamics) then ¥, is a circle diffeomorphism of rotation number o(c) and the
measure Ty, 1S Ye-invariant.

We now focus on the case: p(c) is irrational. In this case it is known from
Poincaré-Denjoy theory that 1. is conjugated to a rotation of angle p(c) (because
Yeis C 2) and that there exists a unique .-invariant measure. Hence necessarily,

1 [T
Tkt = /O Srrogyy 0.1 0~ 95>
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where 7, is the smallest positive constant such that goITjC(O, f;}c)(O) —c) =

(0, z;E () — ), as the latter is Ye-invariant.? Lifting things up to T! x T!, we

find that

1

T,
—— [ s ds.
k=7 fo (rogly, (0. £, O =) mogiy (0.7, 0 —c) P

As a conclusion ¢0 = {uc} where . is the previous measure and similarly, P =
{n’} where

1 (T
*= S s ds.
He =7 /O O (0. fofi 0y 0—=0)

Note that £ is always a singleton for non 0 rotation numbers in this 1 dimensional
autonomous setting. However, for rational rotation numbers, in the discrete setting,
there are many Mather measures supported on the various periodic orbits.

5.5.1 Non-continuity of ui with Respect to ¢

We now aim at studying the behavior of p. as ¢ — cp:

Proposition 5.5.1 Assume that V"(0)V"(X) # 0. Let (cy)u>0 be a decreasing
sequence converging to co such that p(c,) is irrational for all n > 0, then

ey,

o0
(V=V"@)""
(V=V"0) " + (V=V(X)

N ( /_V//(X))*]
(V=VT@) " + (V=VX))

Proof As the set of probability measures on X x X is compact, to prove the
result one just needs to prove that any converging subsequence of (itc,)n>0
has the announced limit. Hence without loss of generality, let us assume
that (¢, )n>0 1is a converging sequence. We now prove it converges to

—1 —1

V=V"(0) V=V(X)

(71 ) =rd0.0) + (71 ) —T0(x.X)-
(V=) +(v=7m) (V=) +(v=7m)

—750.0)

—8x.x)-

31t can be proven that p(c) = T(fl.
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We know from [165] for example, or Proposition 6.3.7 below, that the function
¢ = a(c) is convex and continuous. Hence the limit of the sequence (t¢,)n>0 is a
Mather measure, therefore of the form Bod0,0) + Bxd(x,x) with 0 < Bo, Bx < 1
and Bo + Bx = 1.

With this information at hand, we will in fact only study the measures 74, and

o) o ()

(J—v"(0>)71+(¢ o) | (o) (=)

Let y, : t = mwo <p;1€” (0, a( . )(0) ¢n). By looking at the Hamiltonian
equations (2.4) and recalling that H., is constant on a Hamiltonian trajectory, one
finds that

prove they converge to

ViR, 7)) = /2((e) — V(D). (5.3)

The coefficients By and By are proportional to the relative amount of time that the
trajectory y;, stays respectively in a neighborhood of 0 and X, as n — +-o00.

Until the end of this proof, let us no longer think of points on the circle T' but
by lifting to R, still keeping the same notations. Hence the function V is now a 1-
periodic function on R. Integrating (5.3), one computes that if x < y, the time it
takes y;, to go from x to y is

/y ds
Ley = .
x [2(alen) = V(s))

In particular, T,, = fol S
2(alen)-V(s))

Let 0 < ¢ < max{—V"(0), —V"(X)}. Let us consider n > 0 such that,
x2

<e—|,
2

(x — X)?
2

(5.4)

2
x| <nl = HV(X) - V”(O)?

and

(x — X)Z]
& .
2

[lx = X[ <nl= HV(X) - V(X)

We now split the integral defining 7, into the 4 following pieces:

/1 ds
T., =
0 2 (alen) — V(s))
n ds X+n ds
o /;,, 2 (a(c,) — V(s)) / V2 () = V()
® ®
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(5.5)

X—n
f \/Z(a(cn) — V() /x+n 2(a(cn) — V()
® @

Let M > 0 be a constant independent of n such that |3)| + |@| < M forall n >
0. Such an M exists as the denominators appearing in the integrals are uniformly
positive.

Let us now study and estimate (7). From the definition of 5 the following
inequalities are inferred:

/'7 ds
—n 52
\/2 ((x(cn) + (e — V”(O));)
®
n ds
—n V2 (a(en) = V(s))
< / ! ds . (5.6)
- S2
/2 <oz(cn) + (= V"0 — 8)?)
®

Terms (&) and (6) can be integrated explicitly, let us deal with &).

2a(cy) —v (0)
ds \/ —V7(0) / Za(w
n

n
/— 2 V2a(cn) A \/1 +t2
77\/2 <O((Cn) + (8 _ V”(O))%) 2a(cn)

e~V (0)

1 M Z2aten)
= ———[n(Vi+2+)]"
Ve —=V7(0) [ -1 Sy

[ (e = V') e— V'(0)
L \/ 2t T et
= n
vE= VIO \/ (- vioyr n\/ e= V'O

2a(cy) 20 (cn)

B 2

1 (e — V" O)n? e = V"0
=—vo " \/ 2a(cn) +1+”\/ 2ar(cy) )
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1
= =0 {=1n(2) — In (a(cn))
+In |:\/(8 — V"(0)n? + 2a(cy) + nye — V”(O)]}
—In (a(cn))

nt00 J5 = V7(0)

The last relation uses the continuity of « and the consecutive limit: liril a(c,) =
n——+00

0.
The same computation for (6) yields

/’7 ds N —In (ce(cp))
- 2\ "ot /=g = V7(0)
2 <a(c,,) +(=V"0) - g)3>

As for (2) the same strategy is adopted:

/XH] ds
X— 2
! \/2 (a(cn) + (e — V”(X))SE)

@

X+n ds
<
/x-n 2 (a(cn) — V(s))
X+
< / ! ds . (5.7)

X— 2
! \/2 (oz(cn) + (= VI(x) - a%)

Similar computations yield

/‘X+'7 ds —In (oz(cn))
52 n—>+oo Je — V"(X) ’
2 (ot(cn) + (e — V”(X))E)

X—n
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and

/‘XJFW ds N —1In (ot(c,,))
X—p 52 n—>+00 /—g — V’/(X)'
2 <a(cn) +(=V"(X) - e)5>

Let now f : R — R be a continuous 1-periodic function that is constant on
[—n. nl and on [X — 1, X + 7], with 0 < min (f(0), f(X)). We know that

Jf$)dmispie, (s) —> Bof(0) + Bx f(X).
[0,1] n——+00
Gathering the previous computations we infer that

FOO+ @ — I flleM _

1, [0,1

< SO+ O + [ fllM
~ Tcn .

] F()dmispie, (5)

And letting n — +o00 one discovers that

Q) f(X)

Ve=V"(0) Je-V"(X)
1 1

V0 VeV
< BofO) + Bx f(X)

10 f(X)

NV VD)
S I I '

Ve —V7(0) " V—e—=V"(X)

This being true for all ¢ > 0 and all non-negative f(0) and f(X), the lemma is
proved. O

At last, we can deduce the following:

Proposition 5.5.2 Assume that Hy : (x, p) — % p? + V(x) is a Hamiltonian such
that V : T' — R is smooth, non-positive, and verifies V~1{0} = {0, X} for some
X e T\ {0}. Assume moreover that V" (0) # V" (X) are both negative and again

Lo Jo Sredy [y rrady
X 1-X
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Then, using the previous notations, if (c,)n=0 is a decreasing sequence converging
to co such that p(c,) l;S irrational for all n > 0, the family of functions (u?” )n=0
does not converge 1o u'".

Proof Using that a limit of weak KAM solutions is a weak KAM solution and the
previous Proposition 5.5.1, one proves that (Mi")n>0 converges to the unique weak
KAM solution u, for H, such that

—1 -1
(V=V"0) s (V)

(V=VT@) " + (VVTX) (V=VTO) " + (V7))

Recall that at cohomology co, there is a unique weak KAM solution, up to constants.

Moreover, the condition @ < S ensures that it is not possible to have u(0) = u(X) =
0. Hence u(0)u(X) < 0. On the contrary, as u‘f’ is given by the formula (5.2):

u(X) = 0.

Vx €[0,1], u{’(x) =/ FT(s)ds — cox,
0

we have u(’ (0)u]"(X) = 0.

5.5.2 A Situation Where uj # U,

We come back to Proposition 4.6.13. More precisely, we answer by the negative the
natural question: does the discounted procedure select the same weak KAM solution
in the discrete setting and in the continuous setting?

We now focus our attention on the unique real number ¢ 1 € R such that p(c 1) =

1 . Note thatm > ( and that ﬂ* C H™ 1({0[(01 )} Itis actually the upper connected
component of this level set of H Moreover, it can be characterized as follows:

Proposition 5.5.3 Let ® He, ° R? — R? denote the lift of ¢H,, that fixes the point
2 2

2
O, —c%) and P : R* — T' x R the canonical projection. Then
j[jl = P({(x, p) € Rz, CD%{H x,p)=x+1, P)})
2 2

Sketch of Proof There are many possible ways to tackle this Proposition according
to the property of the system used. The proof is essentially given in [6, Proposition
15] and very much related to [4, Proposition 2] that proves a version of the result, in
arbitrary dimension, by using C°-integrability in a neighborhood of A, - Itcan also
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be deduced from the Implicit function Theorem, proving that the right hand side of
the above equality is a manifold.

Let us sketch a proof using a stronger integrability, reminiscent of the Arnol’d—
Liouville Theorem [100]. Let us call B the right hand side of the equality to prove.
A first step is that B is a (potentially partial) graph over T!. We distinguish three
cases remembering that Hamiltonian orbits are included in level sets of H.

e if H(x, p) < maxV = 0 then the orbit {¢}, (x,p), s € R} projects on an
]
2
interval strictly included in T! hence (x, p) ¢ B.

e if H(x, p) > max V with p < —c%.Let (%, p) € R? such that P(X, p) = (x, p).
Then if we define for s € R, ®}, (X, p) = (Xs, ps), one computes that s > X
1

is non-increasing, hence (x, p) ¢2B.

e if H(x,p) > maxV with p > ar meaning that p > /=2V(x) — c1. We
fix here X € R and let p vary. Looking at the Hamiltonian equations and more
precisely computing the time 7, such that CIDII’I’,L_1 x,p) = x+1,p+1) with

2
Eq. (5.4), it can be seen that p > ¢, is decreasing. Hence there is at most one p
such that ¢, = 2.

Now recall that ﬂjl = {(x f+ (x) — c%) xeT! } We denote by 2 the lift
2

alcy)
2

of A7 to R?, that is invariant under & H, - We define the map g : R — R by
2 2

VxR, @y (v Sl @) —c1) = (s, £l 08 —cy).
2 2 2

The function g is the lift of a circle diffeomorphism and its rotation number here is
p(c1) = % It follows from Poincaré’s theory of rotation numbers that there exists a
2

real number x¢ € R such that gz(xo) = xo + 1. Let now x € R be any real number.

P— + B! + _
There is a time ¢ € R such that (x, fa(c%)(x) - c%) = CDHC% (xo, fa(c%)(xo) c%)

It follows that

2 + 2 +
<I>HC1 (x, fa(Cl)(x) — c%) =®“o CD?_IC] (xo, fa(Cl)(xo) — c%)
2 2 3 2

2

2 +
= d>t [e] (DHcl (xo, fa(c%)(x()) - C%)
2

2 +
=dlo q)Hcl (X() + 1, fa(C%)(xO) - C%)

2

= (x +1, f;zc%)(x) —c%).

Thus it has been proven that 2l C B and that the right hand side is a partial graph
while the left hand side is a full graph. Hence both terms are equal. O
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Let us define the map 4 : T — R by

Vx e T, ga;,Cl (x,fojzc%)(x)—c%) (h(x), fa(m)oh(x)—c%).
2

The function & has g : R — R as a lift. It follows from the previous result and
1 _1 .
Theorem 4.1.3 that for all x € T", the measure uy = 5 (S(X’h(x)) + 5(h(x)’x)> is a

discrete Mather measure.
L'l Cl Cl L'l
Lemma 5.5.4 Assume thatu,” = U, then forall x € T!, u,> (x) = —u,” og(x).
Cl Cl
Proof From the definitions of u] and U, 2 and from the previous discussions
result that

Vx e T u,} () : ? 5.8
) O = L O Ry 1) R SR CX

Moreover, using Proposition 4.6.12 and the fact that there is a single classical
Mather measure, we obtain that

1
/ u? (0dmypy, (x) = 0.
T! 2

Recalling the definition of u7, we find:
2
cl 2 cl ]
0= /1 uy? () dmel | (x) =/ u,’ (n o ¢, (0. fole, O = c%)>ds
T 2 0 2 2

1 C% +
S
=/0 [“1 <JT°</’HC% o, fa(c%)(o)_c%))

fut (= O(p;;‘ ©. (”)(0) )

2
/ 2 [yt e, (0.5 0-e) E S0
2

2

It follows that all inequalities in (5.8) are equalities, hence the result.
O
€1 1
It is deduced that under the hypotheses of the previous Lemma, 1, * (x) and u,* o
g(x) must have opposite signs for all x. An example in which it is not the case is
provided in [21, Appendix A.2.]. We give below a different simple situation where
this cannot happen:
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Proposition 5.5.5 Let V : T! — R be a non-constant %-periodic function. Then

c1 c1
for the associated Hamiltonian H. , it holds u,* # U,”.
2

C1 Cl
Proof Indeed, in this case, both functions ul7 and UOj are also %-periodic (this
follows from the uniqueness of the solutions to the discounted equations that hence
must be %-periodie). Consequently if they coincide, the previous lemma tells us that
they must be identically 0. This is clearly not the case. O

5.6 Concluding Example

Due to the simple structure of the Aubry set and of the set of minimizing measures
in all previous examples, one can check that u{ and v{ form a conjugate pair “up to a
constant”. More precisely, the modified pair (uf —u{(0), v{ —vf (0)) is a conjugate
pair in all the previous examples. One may wonder if this is always the case.

As a matter of fact, the answer is again negative. We propose here a slightly (but
not too much) sophisticated example shedding light on this fact. The computations
are not carried on fully and left to the reader. We hope the previous examples give
enough insight to make what follows quite straightforward.

Once again we consider that Hy : (x, p) % p2 + V(x) is a Hamiltonian such
that V : T' — R is smooth, non-positive, and verifies V~1{0} = {0, X{, X»} for
some 0 < X| < X» < 1 € T!. Assume again that

SO oy [ [y fodx
X1 X -X, . 1-X»

=a =B =Y

If ¢ € R we again denote by H, : (x, p) %(p +¢)2 4+ V(x) and respectively by
u§ and v{ the negative and positive weak KAM solutions selected by the discounted
procedure for the time-1 minimal action functional associated to H,. Reasoning as
in the previous sections, one checks that for ¢ < ¢ < min(B8, ¢p), the function
u§ verifies u§(0) = u{(X2) = 0 and u{(X1) < O while the function v{ verifies
v{(X1) = v{(X2) = 0 and v{(0) > 0. Hence u{ and v{ are not conjugated “up to a
constant”.



Chapter 6 ®)
Twist Maps Pt

Abstract This final Chapter applies and develop discrete weak KAM theory in the
context conservative twist maps of the annulus. This is the original setting in which
Aubry—Mather theory was conceived and strangely, weak KAM solutions were not
very much studied in this setting until quite recently. In this Chapter we present the
very special features of Aubry and Mather sets in this low dimensional setting. We
then study and characterize weak KAM solutions for those twist maps, we describe
the shape of their derivative. Finally (partially without proof) we present results
related to, more or less weak, integrability properties of twist maps.

The results of discrete weak KAM theory will now be applied to the particular and
founding case of Exact Conservative Twist Maps of the annulus. Excellent surveys
on the subject are [16, 30, 172] and we refer to those references for classical results
that we leave without proof. The aim of this section is to present some of the results
of [21-23] obtained in collaboration with Marie—Claude Arnaud, shedding light on
the structure of weak KAM solutions and minimizing orbits for exact conservative
twist maps. Before giving the precise definition of an exact conservative twist map,
let us emphasize that the examples of the previous section are closely related to such
transformations. Indeed, for a Tonelli Hamiltonian on 7*T!, the Hamiltonian flow
¢}, is an exact conservative twist map for small times s > 0. Hence the time 1 map

(p}i is a composition of a finite number of conservative twist maps.

6.1 Definitions and Variational Structure

In the rest of this section T! = R/Z is the circle, the 2—dimensional annulus is
denoted by A = T*T! = T! x R. The points of that annulus are denoted by (8, r) €
A. Throughout this section we will often consider objects coming from A lifted to
RZ, its universal cover, or from T!, lifted to R. When done so, a ~ will be added to
the original name. For example if g : T! — R is any function then g : R — R is the
lift of g.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 115
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https://doi.org/10.1007/978-3-031-96809-9_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-96809-9protect T1	extunderscore 6&domain=pdf
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6
https://doi.org/10.1007/978-3-031-96809-9_6

116 6 Twist Maps

When dealing with products, T! x T!, T! x R, or R x R, the notations 7| and 7,
stand for the projections on the first and second variable.

6.1.1 Definition and Birkhoff’s Theorem

Definition 6.1.1 An exact conservative twist map of the annulus (abbreviated
ECTM) is a C!—diffeomorphism f : A — A such that

1. f is isotopic to the identity map.

2. f is exact symplectic: by denoting f(0,r) = (@(9, r), R(@,r)) the 1-form
Rd® — rd#6 is exact.

3. f twists verticals to the right: if f = (©, R) : R2 — RZ is a lift of f to the
universal cover of A then for all § € R, the map r (6, r) is an increasing
C'-diffeomorphism of R.

Remark 6.1.2

1. The first property means that there is a continuous path of diffeomorphisms
of the annulus (fs)se0,17 such that fy is the identity map and f; = f. In
other topological words, f preserves both ends of the annulus in the sense that
uniformly in 6, r—1>ir—|{100 R, r) = +o0and r_ljmoo R, r) = —o0.

2. The second point means that there is a function S : A — R, called generating
function, such that

dS = Rd® —rdd =R a®d9 8®d de 6.1
= r—(ae +arr)r. (6.1)

The generating function is defined up to a constant.

Another way of formulating this is to say that if we denote by A = rdf (the
1-form called Liouville form) then f*A — A is exact:

This has two major implications.

(i) It is proved by using Stokes’ formula that if C is a C! essential circle,
meaning an injective C! closed curve going around the cylinder, then the
algebraic area between C and f(C) is 0. This means that points are not
globally shifted up or down by f in the annulus and that it is worth looking
for invariant compact sets.

(i) The second is that f preserves the canonical symplectic 2—form which is
here the Lebesgue area form. Indeed, as this symplectic form is dA = dr Ad#,
one finds that

0=ddS =dR Ad® —dr Ado = f*(dr Ado) — dr A db.
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3. The last point implies that for §y € R and ©p € R there is a unique r € R such
that C:)(éo, r) = @)o. It means that (9, r) — (é @)(é, r)) is a C!—diffeomorphism
that plays the role of Legendre transform and (4, ©) will serve as coordinates of
R2. The latter powerful idea is behind the whole variational structure of twist
maps.

The twist condition implies that

00
VY(6o, r9) € A, a—(@g, ro) > 0. (6.2)
r

In fact, it is sometimes replaced by the stronger uniform condition that there
exists € > 0 such that (90, ro) > ¢ for all (g, ro) € A.

One can at this stage state an important dynamical property of ECTM on invariant
curves (see [59]):

Theorem 6.1.3 (Birkhoff) Let C C A be a continuous essential circle invariant
by f, i.e. a continuous embedding of T' that is not homotopic to a point and such
that f(C) = C. Then there exists a Lipschitz function g : T' — R such that C =
{(9, g(@)), 0 e Tl} is the graph of g.

This important Theorem uses all properties of the ECTM. Indeed in [150,
Proposition 5.13] are examples of non conservative twist maps leaving invariant
essential circles that are not graphs. It was generalized a few decades later to higher
dimensional settings by Arnaud and Arnaud, Venturelli [8, 20].

6.1.2 The Generating Function, Properties and Consequences

Until the end of this section, we choose once and for all a generating function S :
A — R (see Remark 6.1.2), S : R? - R is the lift of S and let us choose f =
(@, R) : R?Z — R? a lift of f. By the twist condition (Definition 6.1.1 point 3),
the map £ : (4,r) — (4, 0@, r)) is a C'diffeomorphism of R? (see the links
with Definition 3.5.2). In the sequel 0, ©) are systematically used as coordinates,
meaning that the function So £~ is considered instead of S. For readability issues,
it is still written S (9 @)
The properties of f translate into the following features of S:

Proposition 6.1.4 The function S, through S, verifies the following:
1. The function Sis C? and periodic:

V@,0)eR: SO+1,0+1)=5@,06).
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2. Forall @,0,r, R) € R4,

_ r=——(@,0),
f@,r)=(0,R) 8%9 o 6.3)
90

3. The twist condition translates as follows:

 for0 € R fixed, the map O g(é, ®)isa decreasing C'—diffeomorphism

of R;
e for O e R fixed, the map 6 gg(é, ®)isa decreasing C'—diffeomorphism
of R.

Let us comment on the previous proposition.
Remark 6.1.5

1. It can actually be established that given a function S satisfying the three points
of the previous proposition the associated function f is a lift of an ECTM.

2. The second point of Proposition 6.1.4 can be directly read on Eq. (6.1).

3. The two items of point 3 are equivalent. The first one results from the fact that
the map © —%(5, (:5) is the inverse of the map r +— @(é, r).

The second one is an emanation of the fact that if f is an ECTM that twists

verticals to the right then ! is an ECTM that twists verticals to the left. A
direct consequence of any of these two facts is that

o REXY
V(fo, o) € R?, =

— 0y, ®p) < 0. 6.4
98@)(0 0) (6.4)

Another important aftermath is that Sis superlinear, meaning that

S@,0
im 28D (6.5)
1§-8|—+c0 |6 — O]

It is proven in [162] (see also [30, 163]) that finite compositions of ECTM also
possess a similar generating function. Hence all variational results relying solely on
the generating function and its minimizers also apply to such finite compositions of
ECTM.

Let us now define the notion of minimizing chains and sequences.
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Definition 6.1.6

1. Let a < b be two integers such that b —a > 1 and (éi)agigb € Rb—atl The
chain (6;)a<i<p is termed minimizing if

{x; €R, a<t<b}
xa—Ga Xp= 9b

Y 86i,641) = min Z S(xi, xig1)-
j = =
2. An infinite sequence (éi),ooﬂ-gb or (éi)a<i<+oo or (éi)ieZ is minimizing if all
its finite subchains are minimizing.
Note that if (éi)agigb e Rb—atl ig minimizing between 0, and 6, and if a <
a < b —1 < b < b then the subchain (§;)y<i<py € RY~**! is minimizing
between 9~a/ and ON;,/ which justifies the second definition.
The first order necessary condition for a chain to be minimizing translates as

follows: let (éi)ie 7 be aminimizing chain or sequence and iy € I not be an extremity
of I, then

3s s . -
(910 1,0i) + é(9i0,9i0+1)=0. (6.6)

This, together with Eq. (6.3), yields the following proposition:

Proposition 6.1.7 Let (éi)ie 1 be a minimizing chain or sequence and for alli € I,
let

S . -
ri:__(eu i+ )Zﬁ(@'—l,@i),

(where only the well deﬁned term is taken if i is an extremity of ). Then (51, ri)iel
is a piece of orbit of f in the sense that for all i € I such thati + 1 € I, then
f(ehrl) = (9l+17rl+1)

In particular, a minimizing chain is uniquely determined by two consecutive
terms (9~,-, §i+1).

Let us then introduce the notion of crossing and its consequences:
Definition 6.1.8 Two chains (6;);c; and (9~l./ )ies are said to cross
e at some index ig € I if éio = él.’o;

¢ between two indices ip € [ and ig + 1 € I if (550 — 51-/0)(9~io+1 ) <O.

l+1

Remark 6.1.9 If (6;);c; and (él.’ )ies are distinct minimizing chains that cross at
some index ip € I that is an interior index, then the twist condition implies that

Big—1 — 6, Bigr1 — 6,1 1) < 0. (6.7)
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Indeed, let r;, = _g(éio»éio-&-l) and ri’o = aS(o9’ ,9’ +1)- Necessarily rj, # r

because otherwise (9:-),-E 7 and (5[ )ier are the projections of the same orbit of f
(Proposition 6.1.7). Assume then for example that r;, > ri’o. We deduce from the

twist condition that 0,0+1 > 9 o1 and that 9,0 1< 910 1
Inequality (6.7) is often taken as the definition of crossing at iy.

One can then state Aubry & Le Daeron’s Fundamental Lemma:

Lemma 6.1.10 Let (0,6, ©, ©) € R* such that (6 — 6')(® — ©') < 0. Then
SO,0)+50.,0)>S50,0)+S5@,0).
Proof It follows from the chain of equahtles (in which we use the notations Ot =
10 + (1 -0 and§, =18’ + (1 — 1)),
S@6,8) - 56,0)+ 5@, @3) ~-5@,9)

2/0 [as(e @)——(9/ N,)]dt-((:j/—(:))

//a“ (0, ©,)dsdt - (6 — 0)(O —O) < 0.
0

The last inequality is a consequence of the crossing hypothesis and of (6.4). O
We may now state Aubry’s Non—crossing Lemma:

Proposition 6.1.11 Let 0)ier and (91’ )ier be two distinct minimizing chains. Then
one of the following holds

o ())ics and (él.’),'d don’t cross,
. (é,-),-e 1 and (97 )iel cross exactly once,

e [ =la, b] is a finite interval and (é,-)iel and (67[’),-61 cross exactly twice, at a and
b.

In the last case, both (él-)ie 7 and (éi/)ie 1 are maximal in the sense that neither one
is a strict subchain of a minimizing chain.

Proof To prove this proposition, let us assume that (éi)ie ; and (97 )ier cross (at
least) twice and that one of those crossing is not an extremity of /. There are several
cases to deal with, we only cover two of them and let the other ones as an exercise
as the ideas are the same.

First case: there are o < f such that (éi) ier and (éi’ )ier cross between o and a+1
and between § and 8 + 1. Then define two chains (é[)[e[a’ﬁ_i_l] and (éi/)je[a’ﬁ_i,_l] as
follows:

~ |6l it iela+1,B]
; if i € {a, B+ 1};
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b 0; if i €a+1,8]
' 0/ if i € {a, B+ 1}

Note that (éj)[e[a’ﬁ+1] and (é[)ie[a,ﬁ+1] have same endpoints and so do (é‘l{)ie[a’ﬁ+1]
and (0))e[q«,p+1] hence

B B B
> 8@, 041) <Y S, 6ir1);  and Z S@;.6/.) <Y SE!6,).
i=a i=a i= i=a
Moreover

Z S, 6iv1) + Z $,.00,) - Z i, 0 41) — Z S6;.6/41)

= S Ous1) + S@p. Op11) + SO, 0, ) + SO 05, ))

— 86a. 0, ) — SOp. 0y 1) — SO Ous) — S@p.0p11) > 0 (6.8)

where the last inequality is obtained by two applications of Aubry’s Fundamental
Lemma 6.1.10. This contradicts either the fact that (éi)ie[a, g+1] 1S minimizing or
that (0));e[a,p+1] is minimizing.

Second case: there are o < f such that (6;)ies and (5{);61 cross at « and at 8
and such thatoe — 1 € I.

Then define two chains (éi)ie[a_l’ﬁ] and (é{),‘e[a_l,ﬂ] as follows:

|G it iclepl
0; ifi cf{a—1,a;
é,z{éi if i e [o, Bl

e itiefa—1,a)

We purposely insist on the fact that Oy = 9:; =0y = 5;. Note that (éi)ie[a_l’ 4] and
(éi)ie[ot—l,ﬂ] have same endpoints and so do (91’),-6[&_1,;3] and (éi/)ie[oz—l,ﬂ]- Hence

B-1 B-1 B-1 B-1
> S@.640)< Y 56 0ic): and )y SE].6[,)< Y 566/,

i=a—1 i=a—1 i=a—1 i=a—1
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Moreover the definitions of (él-),‘e[a_l, g and (éi/ )iela—1,8] yield

B B B B
> 56,641+ Y 56].6,.) =Y SGi, 60— Y S@. 6/, =0.
i=a i=a

i=a i=a

It follows that both inequalities above are equalities and that (é,-)ie[a_ 1,8) and
(éi),'e[a_l’ g1 are both minimizing. As they coincide for both indices & — 1 and «,
they are equal (see Proposition 6.1.7). The same argument shows that (6‘~l.’ )icla—1,8]
and (éi’),-e[a,],,g] are equal, and finally we have proved that (éi)ie[aq,,g] and
(51./)[6[0,_1,,5;] are equal. This in turn implies that (5,-),~€1 = (él'/)iel which is a
contradiction.

The last assertion of the Proposition remains to be proven. The previous argument
could be adapted here. Let us though propose another one. Assume by contradiction
that (éi),'e[a,b] and («91" )iela—1,5] are minimizing and verify 0, = é;, Oy = é,; (the
other cases are treated the same way). Then by the minimization hypothesis it is
inferred that

b—1 b—1
D 86,000 =) 56,6/,
i=a i=a

Moreover, note that the chain (5;_1, éa, §a+1) is not minimizing, otherwise there
would be equality éer 1= é; 41 contradicting the beginning of the Proposition. It
follows there exists 8 € R such that

S@,_1,0)+ 50, 0011) < SO, 0a) + SO, Bay1).

The chain (é,-)ie[a,l,b] is then defined as follows:

/

o ifi=a—1

N

=30 ifi=a
g; if i €ela+1,b]:

inducing that

b—1 b—1
> S6i.0i41) =50, ,.0)+ SO0 )+ Y SE bt
i=a—1 i=a+1

b—1 b—1

<S8, 1.00) +S@a. br)+ Y SO = Y SO0

i=a+1 i=a—1
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This contradicts the fact that (51.’ )icla—1,p] 18 minimizing. O
The previous non—crossing Proposition can be enforced.

D~eﬁniti0n 6.1.12 When [ is suitably infinite, one says that two chains (5,'),-e 7 and
(0))ier are respectively

* o-asymptotic if lim 16; — 61’ | = 0; we then say (6;);c; and (éi’ )ies cross at
i——00
* w-asymptotic if lim |0; — 6/| = 0; we then say (6;);c; and ());c; cross at
i—+400
+ o0.

Using this terminology, we state without proof (see for instance [30, Lemma 3.9])
the following strengthening of Proposition 6.1.11 that takes into account crossings
at =+ oo:

Proposition 6.1.13 Let (0;)ic; and (5{),'61 be two distinct minimizing chains.
Assume furthermore that the sequence |0~i+1 — 67,<| is bounded. Then (5i),~e 7 and
(51.’ )iel cross at most once, except possibly at both ends of I.

In the latter case, both chains are maximal minimizing chains.

Remark 6.1.14 Of course, in the previous Proposition, we insist that possible
crossings at &+ oo do count.

A consequence of our forthcoming analysis will be that the hypothesis concern-
ing the boundedness of |9; 1 — 6;] is in fact automatically verified.

This section ends with a fundamental property of minimizing sequences. It is by
no means a direct consequence of the previous stated facts. The proof is quite tricky
and we refer the interested reader to [30, Theorem 3.15] for details.

Theorem 6.1.15 (Aubry—Mather) Let (0))iez be a minimizing sequence. Then the
Jollowing hold:

1. Forall (a,b) € 72, (éi)iez and (éi_a + b)iez do not cross.
2. There exists a homeomorphism g : R — R verifying g(x + 1) = g(x) + 1 for all
x € R and such that'

VieZ, §6) =011

3. It follows then from Poincaré theory that there exists a real number p € R called
rotation number such that

VieZ, 16 —6y—ip| < 1.

. .6
In particular, lim —'
li|=>+o00 1

I g is the lift of an orientation preserving circle homeomorphism.
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6.2 Examples and Moser’s Theorem

6.2.1 Notions of Integrability

Our first family of examples are called integrable ECTMs. They are of the following
form:

Example 6.2.1 Let p : R — R be an increasing diffeomorphism. Then the map
fo:(®,r)— 0+ p(r),r)isan ECTM.

Such maps have a particularly simple dynamics. Indeed, for all r € R if we
denote by C, = {(#,r), 6 € T!} the canonical circle of height r, then C, is
invariant by f, and the dynamics of f), restricted to C, is a rotation of angle p(r)
(mod 1). One checks that f, is the time 1 map of the Tonelli Hamiltonian flow of
H, :(0,r)— o(r) where g is a primitive of p.

By extension, let us introduce several classes of ECTM exhibiting similar
dynamical features.

Definition 6.2.2 Let f : A — A be an ECTM. We say f is integrable if there
exists a C'! area preserving diffeomorphism @ : A — A and p : R — R such that
f=o"1of,od.

Remark 6.2.3 In the case of an integrable ECTM, the function p will automatically
be an increasing diffeomorphism. However, note that the previous definition can be
extended trivially to any area preserving transformation of the annulus.

In the previous definition, the transformation f is the time 1 map of the
Hamiltonian flow? of Hjo .

The following notions are obtained by considering twist maps for which the
annulus A is foliated by invariant circles. Bare in mind that by Birkhoff’s The-
orem 6.1.3, such circles are automatically Lipschitz graphs. The integrable case
corresponds to a classical foliation. The next notions are obtained by weakening the
regularity of the invariant foliation. We therefore start by defining what are those
non-regular foliations.

Definition 6.2.4 A continuous foliation ¥ = {F., ¢ € R}, (otherwise called
lamination) of A by graphs is defined through a continuous function 5 : (6, c) —
nc(6) from A to R such that

e forall & € R, the map ¢ — 7.(f) is a (increasing) homeomorphism of R,
« forallc €R, [117:(0)d0 =c.

2 This is a general fact and proves that the group of Hamiltonian diffeomorphisms is a normal
subgroup of the group of symplectomorphisms (see [28, Exercise 7 page 471]).
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For ¢ € R the circle ¥, = {(9, nC(G)), 0 € Tl} is the leaf of the continuous
foliation at cohomology c. It then follows that A is the disjoint union of the leaves
of the foliation.

Reciprocally, any such function  : (@,c) +— n.(0) from A to R defines a
continuous foliation of A by graphs.

Remark 6.2.5 The second point in the definition of 7 is a normalization condition.
It could be dropped to give an equivalent notion. However, it is so convenient we
prefer to include it directly in the definition.

For an intermediate regularity, arises naturally the notion of Lipschitz foliation:

Definition 6.2.6 A Lipschitz foliation ¥ = {F., ¢ € R} of A by graphs is the data
of a continuous foliation with associated function 1 : (@, ¢) — n.(0) from A to R
such that

1
3K > 0,¥(c1, c2) € R, V0 e T!, Zler=el < ) =0, @) < Klei =,

It is now at grasp to define weaker notions of integrability for twist maps:
Definition 6.2.7

e AnECTM f of the annulus is Co—integrable if there exists a continuous foliation,
F = {F¢, ¢ € R}, of A by graphs, such that for all ¢ € R, f(F¢) = Fe.

e An ECTM f of the annulus is Lipschitz integrable if there exists a Lipschitz
foliation, ¥ = {¥., c € R}, of A by graphs, such that forall c € R, f(F,) = F..

Those various notions of integrability each have dynamical consequences on the
underlying ECTM. Such results are presented without proof in the last Sect.6.7.
Research on those notions is quite frustrating though, starting from the fact that
it is still conjectural whether those three notions of integrability are different. For
instance, there are no known examples of ECTM that are C%—integrable but not
integrable (meaning that all the leaves are smooth).

On the bright side, it is proved in [21, 22] that continuous foliations by graphs
that are invariant by an ECTM must satisfy some particular properties. This is used
to exhibit foliations that cannot be invariant by an ECTM.

Theorem 6.2.8 Let ¥ = {F., ¢ € R} be the foliation associated to the function
ne(0) = ¢ + e(c) cos(2mh), where ¢ : R — R is a non cl, Lipschitz, function with
Lipschitz constant less than (27)~'. Then F is not invariant by any ECTM.

Though the full proof of this Theorem goes beyond the scope of the present text,
some explanations will be provided at the very end, in Sect. 6.7.
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6.2.2 The Standard Family

According to Remark 6.1.5 it is very easy to construct twist maps with no particular
property. However, let us mention a historically very important family of examples.

Example 6.2.9 For all ¢ € R let us define the map F, : A — A by

VO,r) eh, F.0,r) = (9 - sin@r6), r — — sin(2n9)>.
21 2

This family serves as a test for the state—of—the—art research on twist maps. On
certain aspects, the picture is not glorious. For instance, a conjecture of Sinai is
that F, has positive metric entropy for all ¢ # 0 (with respect to the Lebesgue
measure) even though nobody knows how to prove it even for a single parameter.
More on such questions is discussed in works of Berger and Yoccoz [40] and
Berger and Turaev [39]. A picture of the dynamics for some arbitrary value of ¢
is presented in the introduction of [126] and clearly shows that such a dynamics is
very rich. On the one hand, for ¢ = 0 the map Fj is the most basic example among
integrable ECTMs. For ¢ small, KAM theory applies and many invariant circles with
diophantine rotation numbers persist (see [129, 130] and references therein). On the
other hand, a theorem of Mather [160] states that for & > %‘, F; has no invariant
essential circle. )

What happens to the circles when they disappear is a challenging question: what
is their regularity, the dynamics on them at the last parameter. . . After they disappear
Aubry—Mather theory provides an answer as to what they become.

6.2.3 General Twist Maps and a Theorem of Moser

Amongst other examples and open questions, the nature of possible invariant circles
of twist maps is still not well understood. In the recent [29], the authors construct
a C! ECTM having an invariant circle that is not everywhere differentiable with a
minimal (irrational) restricted dynamics on it.3 This answers partially a question of
Arnaud [10] asking whether such C? maps exist.

Concerning invariant essential circles on which the dynamics is irrational and not
minimal (that of a Denjoy counterexample) examples have been constructed in [129]
where a C! invariant circle is constructed, and in [15] where a non—differentiable

3 Recall that a homeomorphism of the circle having an irrational rotation number is either minimal
(all orbits are dense) or not. In the first case, it is conjugated to the irrational rotation. In the second
case, it is only semi—conjugated to the irrational rotation as there are wandering intervals. We then
speak of a Denjoy counterexample. A Theorem of Denjoy states that Denjoy counterexamples
cannot be of class C2.
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invariant curve is constructed (thus answering a question of Mather). By Denjoy’s
Theorem, such an invariant circle cannot be C2.

Last, concerning the inverse problem, in [6] are provided examples of essential
circles that are graphs of Lipschitz maps but cannot be invariant by any ECTM.

Before turning back to weak KAM theory, let us mention an important Theorem
of Moser [178] stating that any regular ECTM can be represented by a Hamiltonian
function. The drawback is that the latter is not autonomous (i.e. it is time-—
dependent).

Theorem 6.2.10 (Moser) Let f : A — A be an ECTM. There exists a C* time—
dependent Hamiltonian H : R x A — R such that

e forallt eR, H(t,-, ) : A — Risa Tonelli Hamiltonian;

e forall (t,0,r) e Rx A then H(t +1,0,r) = H(t,0,r),

e the ECTM f is the time 1 map (p(% of the Hamiltonian flow of H generated by the
equations

0(t) =08,H(t.0(),r(1)),

(6.9)
F(t) = =g H(1,0(1), r(1)).

Note that in Moser’s original article, only the case of a C*° ECTM is treated.
However, it is stated in the paper that the proof adapts to less regular functions.
Moreover, it can be checked that Moser’s construction allows to interpolate between
Identity and f by twist maps using the family (¢{);c[o,1]- The generating functions
(5,) 1e(0,1] of those twist maps are given by the relations

t
Gb@.n7 =@, R — 5@ 0) = / L(5. 7.0, (5): 73 ) () ds,
0
where the Lagrangian function L : R x A — R is defined as previously by

V(t,0,v) e Rx A, L(t,0,v)=suprv— H(t,0,r),
reR

and the curve y,; ., is defined by

Vs €R, ¥, () =m10@@,r).

Here, the generating function is given by the Lagrangian (minimal) action.
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6.3 Weak KAM for Twist Maps

We now turn to the study of the Lax—Oleinik semigroup and weak KAM solutions
for an ECTM, f : A — R. As was already apparent in the previous Chapter
dedicated to examples, there is actually a one parameter family of semigroups,
indexed by the cohomology. The underlying metric space here is X = T! that is
obviously compact. We will precisely build a 1-parameter family of cost functions
using that the first cohomology group H!(T!, R) is isomorphic to R. This appears
in the early works of Mather on twist maps that later led him to define the « function
in a higher dimensional Lagrangian setting [165]. The latter idea was also adapted
in [201] on more general metric spaces.

As previously, § is a generating function of f, S : RZ - Ris the lift of S and
we choose f = (O, R) : R — R2 alift of f. The canonical projection is denoted
bym :R — T

Definition 6.3.1 Let ¢ € R that we will refer to as a cohomology class. The cost
function S¢ : T! x T! — R is defined by

V0,0 eT' xT!, $°0.,0)= inf S@,0)+c@—06).
n(@)=0
T(0)=0

Remark 6.3.2

* In the previous definition, using the translation invariance of S, itis also possible
tofixaf e [—1, 1] such that n(é) = 6 and take the infimum solely on 0.

« AsSis superlinear (6.5) it is easily seen that the previous infimum is actually a
minimum. Moreover, if as asserted, we restrict to 6 € [—1, 1] then there exists
K > 0 (depending on c) such that the minimum on © can be restricted to © €
[-K, K]

e Given # € T! and 6 € R such that 7 (8) = 6, the derivative 9,S5°(6, ©) exists
if and only if there exists a unique O realizing the minimum S°(0, ®) =
S(O ®0) + ¢(@ — Op). In such a case, 325°(0, O) = 825(9 Qo) — c.

+ Similarly, given ® e T! and ©® € R such that n(@) O, the derivative
315°(0, ®) exists if and only if there exists a unique 6 realizing the minimum
5¢(8, ®) = S(@o, ©) +c(d — ©). In such a case, 3 5°(8, ©) = 315G, ©) +c.

* The previous points and the fact that f is a twist map yields that S¢ verifies
the left and right twist conditions as defined in Definition 3.5.2 (see also [201,
Proposition 6.4]).

* From the previous points, the same strange regularity property observed for costs
coming from Tonelli Lagrangians (see discussion following Proposition 3.6.14)
is brought to light: given (8, ®) € T! x T!, the following are equivalent

- 015°(6, ®) exists;
— 025°(0, O®) exists.
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With those facts and bearing in mind that an infimum of a compact family of C?
functions is semiconcave, it follows that

Proposition 6.3.3 The function S€ is locally semiconcave. More precisely, any of
its lifts to R? is semiconcave.

In particular, if S¢ admits any partial derivative at points (6, ®) then S¢ is
differentiable at (6, ®).

From the previous points and the semiconcavity of S¢ (see the proof of
Proposition 3.4.11 and the following Remark 3.4.12), it follows that:

Proposition 6.3.4 If (Or)res is a minimizing sequence or chain (with at least 3
points) for S¢ then all the derivatives 9; S (O, Ok+1), i € {1,2} and (k,k + 1) €
I x I, exist. If ko € I and 9~k0 is a lift of O, then there exists a unique (minimizing)
chain (ék)kel such that

k-1 k-1
Vk <K, ) SO0 6e41) = ) SGr, 1) + O — O).
=k =k

As is now customary, setting then
re = —01S@%, Or1) = 02501, 00) = ¢ — 3150, O 1) = ¢ + 025 (Oe—1, 00),

then (O, ri)ker is a piece of orbit of f and (ék, Tk)kel IS a piece of orbit of f

We will now focus our attention on the negative Lax—Oleinik semigroups
associated to S¢ and gather results previously proven.

Definition 6.3.5 Given ¢ € R, we define the operator 7¢ which, to a bounded

function u : T! — R, associates the function

Tu:0 e T inf u(®) + S@, ©).
peT!

Equivalently, recalling that two infimums commute, if # : R — R is the lift of u
then the lift of T¢u is given by the relation

VO e R, TCu(®) = inf i(d) + S(@, O) + c(6 — O).
feR

The weak KAM Theorem then states:

Theorem 6.3.6 For all ¢ € R there exists a unique constant o(c) for which the
equation

u=TU+a) (6.10)
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admits solutions u® : T! — R. Such a solution (or its liftii, : R — R) will be called
a weak KAM solution at cohomology c.

The function @ : R — R is called Mather’s « function.
Proposition 6.3.7 Mather’s o function is convex and superlinear.

Proof One easily reconstructs from the definition of S¢ and Proposition 2.2.7 that
if ¢ € R, then a(c) is the least constant @ € R such that there exists a 1-periodic
function v : R — R verifying

V@,0)eR xR, 9@)—9@) <S50,0)+c@—0)+a.

If now ¢ and ¢ are real numbers and #; and i, are lifts of weak KAM solutions
at the corresponding cohomology classes, if t € (0, 1) one infers that, setting &, =
tip + (1 — )iy,

V(@,0) e R xR, 1,0 —ii;(0)
<SO,0) + (ter + (1 — 1))@ — ') + taler) + (1 — Halcr).

It follows that a(zc; + (1 — t)c2) < ta(cr) + (1 — t)a(cy) and the convexity is
proved.

For superlinearity, let k > 0 be an integer. If ¢ € R, let u. : T — R be a weak
KAM solution at cohomology c. If i, is its lift, by periodicity, we infer that

0=uc(k) —uc(0) < S0, k) —ck+alc),

S
0 = iic(—k) — iic(0) < S0, —k) + ck + a(c).
From those inequalities, we infer that, setting Cy = max (5(0, k), S0, —k)),

Ve eR, «alc) = klc| — Cy,

from which it follows that  lim %) —
le|=+oo |c]
O
Informations obtained from Propositions 3.4.11, 6.1.7, and Remark 6.3.2 are
gathered in the next Theorem (keeping in mind that a weak KAM solution is locally
semiconcave):

Theorem 6.3.8 Letc € R, u. : T — R be a weak KAM solution at cohomology ¢
and i, : R — R its lift.
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1. Forall 6y € T, there exists (0; k<o such that 6y = 05 and

-1
Vk <0, uc(B0) = ucdf) + Y SO, 05,)) + [kl (o).
i=k

2. The previous sequence may not be unique but it is uniquely determined by
(0%, 00). Moreover, setting for k < 0, ry = ¢ + 028°(0;_,, 0;) (that exists)
then (0], ri)k<o Is a piece of orbit of f.

3. Forallk <0, u. is derivable at 49,? and c—i—u’c(@,f) = ry. Moreover, ro € 31 u.(0p)
and u. is derivable at 0y if and only if the sequence (0; )k<o is unique.

4. It follows that f~! (Q(c + u’c)) C G(c+ul) where G(c+u.) is the set 0f(9, c+

ug(e)) for 6 € T' such that u'.(9) exists.* Moreover; if (6o, ro) € G(c + u’.) and
for k <0, Ok, re) = f* (@0, ro), then

-1
Vk <0, uc(00) = uc(O) + Z S(6;, 6i1) + |kla(c).
i=k

5. Given a sequence (@f)kgo as above and éo € R a lift of 6y, there exists a unique
Ok <o that projects on (6f )k<o and such that

-1
Vk <0, dic(Bo) = iic(@) + Y SOF. 07 ) + e — 65) + |kl (c).
i=k

6. With the previous notations for k < 0, ry = aﬁ(é,g_l, é,f) and (5,?, Fk<o is a
piece of orbit of f. ; B 3

7. Forallk < 0, ii. is derivable at 0f and c+i,,(07) = ri. Moreover, ry € AT
and u is derivable at 0y if and only if the sequence (@f)kgo is unique.

8. It follows that {1 (g(c—w) C G(c + i) where G(c + i) is the set of

(9, c+ ﬂé(@)) for 8 € R such that Ijté.(é) exists. Finally, if (6o, ro) € G(c + i)
and for k <0, (6, rx) = f*(60, ro), then

-1
Vk <0, iic(0o) = ic(Ok) + Y SO, Gip1) + e — o) + lkla(c).
i=k

41In the previous inclusion, the fact that we can take a closure on the left hand side is because a
limit of calibrating sequences for u, is still calibrating.
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Remark 6.3.9 Being in dimension 1, concave functions have very strong derivabil-
ity properties that semiconcave functions inherit from. It follows that if v : T! — R
is a semiconcave function, then it admits at all # € T a left derivative v’ (9) and a
right derivative v/, (9) that verify v’ (0) > v/, (9). Its superdifferential at 6 is then
the segment 9 v(6) = [v/,(6), v"_(0)]. Finally, using the previous notation, if ¢ € R
then

Gle+v) =10} x {c + v, (0). c + v ()}
6eR

We introduce the notion of full pseudograph that is the graph of the superdifferential
of a semiconcave function and appears in various weak KAM related works [12,43]:

Definition 6.3.10 Let v : T! — R be a semiconcave function. Then its full
pseudograph is

PG = ({6} x a7v®) = [ ] 16} x [v,.(0), v_(0)].

oeT! oeT!

A related notation: for ¢ € R,

PG(c+v) = [ J 0} x (c+0Tv®) = (16} x [c + v, (0). c + v/ (O)].

feT! feT!

We will use similar notations for semiconcave functions on R.

A beautiful theorem due to Marie-Claude Arnaud (using weak KAM methods)
yields:

Proposition 6.3.11 Let v : T' — R be a semiconcave function. Then its full
pseudograph PG(v') is a Lipschitz manifold. In the present case it is a Lipschitz
essential circle (meaning it separates the annulus in two unbounded connected
components).

We are now ready to state a first result on the interplay between Lax—Oleinik and
the non—crossing lemma:

Lemma 6.3.12 Let v : T! — R be a continuous function, ¢ € R and 9~1 < 52 two
real numbers.

1. Assume that 5{ and 92 verify fori € {1, 2},

T°0(6;) = min (5(8") + SO, 6;) +c(@ — ;) = 5(6)) + SO/, 6;) + c (6] — 6y).
6’eR
Then é{ < éé
2. If moreover v is semiconcave, then é{ < éﬁ
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Proof Let us argue by contradiction. Then by Proposition 6.1.10 the following
holds:

96)) + SO}, 61) + (@] — 61) + (B5) + S, 62) + (65 — 6>) >
> 5(0)) 4 S(@5, 61) + ¢85 — 61) + 5(@)) + S}, 62) + c(6] — 62).
We infer that at least one of the two inequalities
5(0)) + 5@} 1) + c@] — 1) > 5(83) + S(@.61) + (B — by),
3(05) + S(05. 62) + (65 — G2) > 0(6)]) + S(@]. 62) + c(0] — ),

is valid that is a contradiction.

To prove the second item, we recall that thanks to Proposition 3.4.11, if v is
semiconcave, then it is derivable both at 8] and 6 and 7y o f(6/, ¢ + 7' (4))) = 6;.
As 6 # 65, necessarily 67{ # 9}

O

An interesting Corollary, reminiscent of Bernard’s Theorem 3.6.11 and that will
be needed later is:

Corollary 6.3.13 Let ¢ € R and u. : T' — R be a weak KAM solution at
cohomology c. Then T u, is a C' function (where T¥ is the positive Lax—Oleinik
semigroup given by Definition 2.3.1, associated to S€) and g(c + (Tc+uc)’) =

Y (PG + ul)).

Proof We start by proving that f _1(P§(c + u’c)) is the graph of a continuous
function. By Proposition 6.3.11, there exists a Lipschitz embedding y : T! — A
such that y(Tl) = PG(c + u,). Denote by 7 : R — R x R a lift of y and set
7 = (¥1, 72) the coordinates of 7. As u/. is semiconcave, up to reversing the time
parametrization of y we may assume that y; is non—decreasing and it follows that
1, is decreasing on intervals where y| is constant. We now define for all t € R,
(T1(®), T2(1)) = f~1(71(2), 72(1)). Let us establish that T'; is increasing that will
imply our point.
Lett) < 1.

¢ Assume for a start that y; (1) = p;(t2). It follows that »(¢;) > y»(t2) and by the
twist condition, we deduce that I'1 (1) < I'1(£2).

¢ For the remaining case, y(¢1) < y1(t2) , define now 77 = max (t =1, y1(t) =
Y1 (t)) and 75 = min (t < t, Y1) =y (Z)) It followsthatt; < T1 <Th < 1
and that

n(T) =c+u. (71), 7)) =c+u,_(71(t2)). (6.11)
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As p1(t;) = y1(T1) and y;(t2) = y1(T2) we obtain from the first case that
Ci(t) < T (Ty) and T'y (T2) < T'i(2).
Then by (6.11) and Theorem 6.3.8, we deduce that for i € {1, 2},

Teic(71(t)) = ic(T1(TD) + S(T1(T), 1)) + (T1(Th) — 71(1)).
By Lemma 6.3.12 we obtain that I'1 (77) < I'1(73) and finally

() <Ti(T) < T (1r) < Th(®2).

We now turn to the interpretation in terms of positive Lax—Oleinik semigroup.
To this end, we use the analogues for T<* of the results established for 7€, without
proofs. Note that 7% u, is a semiconvex function. Let 6 € T! and ® e T! such
that T¢Tu.(0) = u.(®) — S¢(6, ®). Then S¢ is differentiable at (6, ®). By setting
R=c+25,0)andr =c— 915°(, ©),

s f(0,r)=(O,R),
e (®,R) e PG(c+ u/C),
o r—ced T u.(0).

As we have established that f~! (SDQ(C + ui)) is the graph of a continuous function,
there is a unique (®, R) € PG(c + u.) such that 7| o f~H®, R) = 0. It follows
that © (realizing equality in the definition of 7¢*u.(6)) is unique and that 7" u,
is derivable at 6. As this holds for all # and by semiconvexity, 7<% u, is indeed C!.
Finally, as G(c + (T“Tuc)') C f~1(PG(c + ul)) and since both sets are graphs,
they are equal.

O

Remark 6.3.14 The previous result was new when this book was first written and
it has since been improved in [98] where it is proved that T¢"u. is a C L1,

Definition 6.3.15 Given c € R we will denote by

* A C T! the projected Aubry set,
* A C T! x T! the 2-Aubry set,
e A. C (THZ the Aubry set,

all three associated to the cost §c.

We similarly denote by A7 C A = T! x R the set given by Proposition 3.5.1
associated to the cost S, that is also referred to as Aubry set.

We will denote by 2. and U’ the lifts of A, and A to respectively R and R x R
that we will also refer to as projected Aubry set and Aubry set.

As sequences in ?lc are minimizing for §¢ we may apply Proposition 6.3.4 to
obtain



6.3 Weak KAM for Twist Maps 135

Proposit~ion 6.3.16 Let (0;)icz € ﬁc and 50 € R a lift of 6y. Then there exists a
unique (0;)icz € R% such that

k-1 k-1
Vk <K, Y8900 b)) = ) SO Oev1) + b — ).
t=k =k

More precisely, ifk € Z, 6y = my o fk(éo, ro) where
ro = —015(60, 61) = %361, 60) = ¢ — 01560, 61) = ¢ + 02561, 60).

Definition 6.3.17 We denote by ‘ZNIC C RZ the set of sequences (éi)ieZ e RZ given
by the previous proposition. o 3 ~
We denote by A, C R2 the set of pairs (6, 81) for (6;)icz € U..

Remark 6.3.18

* All canonical projections from respectively A, A and AL to A, are bi-
Lipschitz homeomorphisms. o

* All canonical projections from respectively ., 2. and A to A, are bi—Lipschitz
homeomorphisms.

* The sets A, and AT are respectively invariant by horizontal translations 6 6+1
and (0,r) — (0 + 1,r).

* Theset (0,¢) + A: = {(B,c+7r), (,r) € A’} isinvariant by f and the set
0,0)+ A ={@,c+r), O,r)eW}byf.
This last point is proved using that elements in the projected Aubry sets come in

minimizing sequences that calibrate weak KAM solutions. Hence it is possible to

apply Remark 6.3.2 and Theorem 6.3.8.

We derive the following consequence (that will be improved later in Corol-
lary 6.6.4):

Corollary 6.3.19 Let ¢ € R. There exists p(c) € R such that for all u. : TN - R
weak KAM solution at cohomology c, if (Ox)k<o € RZ- calibrates ii. then

Vk <0, |G — 60— kp(c)| < 2.
{’roof Let (xp)rez € ?(C that hence calibrates u.. Let Xg € R such that Xy <
6o < Xo + 1. Finally let (Xg)rez be the only sequence that projects on (xg)kez
and calibrates .. Thanks to Theorem 6.1.15, there exists a real number p that is
independent on u. such that

VieZ, |&—%—ipl<l.

Moreover, by periodicity, the sequences (X; + 1)xez also calibrates ..
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If 6y = %o, then ék = Jy for all £ < 0. Indeed recall that i, (¥o) exists and then a
calibrating sequence starting at Xy is unique (see Theorem 6.3.8).

In the remaining case, by applying Lemma 6.3.12 and a straightforward induc-
tion, one finds that

Vk <0, )Ek<ék < Xp+1,

and the result follows.

As all sequences (x,’c)kez € ?(C calibrate~uc, it follows that the initial p does not
depend on the initial choice of (x;)rez € A, (by the previous argument). Finally,
as (Xg)kez € ?IC calibrates any other weak KAM solution at cohomology c, the real
number p does only depend on ¢, independently of the initially chosen weak KAM
solution. |

6.4 Mather Measures

Recall that P is the set of closed measures on T! x T! (Definition 4.1.1). Then if
¢ € R, Theorem 4.1.3 stipulates that

—a(c) = mig/ S.(0,60") du, 0.
ueP JTxT!

Moreover, minimizing Mather measures are those u € P whose support is included
in A.. We will denote by P, the set of such Mather measures at cohomology c. We
aim at obtaining analogous notions involving a cost that does not depend on c.

If0 € T' and 6’ € R denote by 6 + 6’ = (8 4+ 6’) € T' where 6 € R is any lift
of 6. Of course, 0 + 6’ does not depend on the choice of 6.

Definition 6.4.1

o Lett:A—T! be defined by (0,7) — 0 +r.

» We say a Borel probability measure  on A = T! x R is closed if it has finite
first moment, fA |r| du(@,r) < 4+oo and if T, = w1 meaning that for any
continuous function g : T' — R,

fg(e +r) du(e,r>=/g(9> (@, ).
A A

The set of closed probability measures on A is denoted by P*.

* Given a closed probability measure u© € P* we define its rotation number,
p(u) = [, rdu@,r). ~

¢ We define S* : A - Rby $*(0,r) = S(é, 0+ r) where 6 € Ris any lift of 6.
Of course, the result does not depend on the choice of 6 by Proposition 6.1.4.
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Proposition 6.4.2 The following holds

—alc) = min*/ [8%(0,r) — cr] du™(©, r). (6.12)
A

u*eP

Moreover, a closed measure is minimizing if and only if it is supported on the set of
pairs (0, 8) € A such that 6 € A, and

s=m o f (i)' @) +0,0) =6 =m0 f@,c+r) -,

where 6 € R is any lift of @ and ry € R is the unique real number such that (8, rg) €

Proof Letu : T! — R be a continuous subsolution for S¢ that is strict outside of
A, (Theorem 2.4.1), meaning that

V©O,0) e T x T, u(0) —u®) < 5€0,6") +alc),

with strict inequality as soon as (9, 6') ¢ A,. By definition of S¢ it follows that if &
is a lift of u,

V@,0)eR xR, @) —i@®) <S@,0)+c@—80)+alc).

This can in turn be written as follows:

Y(6,d) e T! x R, u@+68 —u@) <85*0,8) —cd+alc).

Integrating the previous inequalities against a closed measure u* € P* yields
0= / u(0+8) du* (6, 8)—/ u(@)du*©,8) < / [S*(@, 3)—c5+a(c)] du*(9, 8)
A A A

and —a(c) < [, [S*(O, 8) — c8]du*(9, 3).
Moreover, equality holds if and only if w* is supported on pairs (8, §) such that
u@+38) —u(@ = S*,8) —cd + alc). As
u@®—+8) —u®@) < S°0,0 +8) +alc) < $*@,8) —cs + alo),
we deduce that for such (6, §) € supp(u*),

u(® +8) — u®) = S0, 6 +8) + alc).
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In turn, we deduce that (0, 6 +6) € ?(c, in particular S€ is differentiable at (6, 6 +35).
Then

S€6,0 +8) +alc) = $*0,8) — s +alc) = S0,0 +8) — 8+ alc),

where 6 is a lift of 6. As weak KAM solutions are calibrated by points of the
2-Aubry set and derivable on the Aubry set, Theorem 6.3.8 (see also Proposi-
tion 6.3.16) gives that

6+r o f(6,-315(6,6+1))
and
(6, —c— 386,06 +1r) = (6, —3150,0 +r)) € A
With the notation of the current Proposition, this is rewritten rg = —3;S°(0, 0 +r).

It remains to prove that such a closed measure realizing equality exists. To
that aim let us start from a minimizing Mather measure ﬁcAsuch that — a(c) =
Syt o1 S€(0,67) dfic(6, 6", that is henceforth supported on A, by Theorem 4.1.3.

Ifé e A and 0 € A is the unique element such that (9 @) € HC, we
denote R(9) =0-6. By periodicity, it is immediate that R(#) only depends on
0 = () € A, hence we will also refer to it as R(0).

Recall that 6 > © is the biLipschitz homeomorphism 73 o (7
as stated in Remark 6.3.18, hence 6 +— R(0) is Lipschitz.

We now define a Borel probability measure p on T! x R by setting, for any
continuous function G : T! x R — R,

1.
i) e >

/ G@,r) duj(@,r):/A G(G,R(@)) dji.(6,0). (6.13)
T! xR A,

As the R(6) are uniformly bounded, the measure p is compactly supported hence
fA || duk (6, r) < 4o00. Let us verify it is closed: let g : T' — R be a continuous
function, then

f (80 + 1) —g(®) dui®, 1)
T! xR
= f (g6 + R®) — g(®) drc(8,0") = / (g0 — g(®)) dfic(0, 0"

= f (g(0") — g(0)) dzc(8,6") =0,
T!xT!

where was used that if (0, 0’) € A, then &' = 6 + R(0) and that /i, € P is closed.
Hence p € P* is a closed Borel probability measure on A.
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To conclude, by definition, u* is defined on pairs (9, R (9)) where 6 € A, and
R©) =m0 f ((r1) ™' @) + (0,0)

hence it verifies — a(c) = [, [S*(6,r) — cr] duf(0, r) by the first part of the
proof. O

Remark 6.4.3

* We will also call minimizing Mather measures (at cohomology c¢) on A closed
measures ) verifying — a(c) = fA [S*(O, r)— cr] duk@,r).

* Asseen in the previous proof, if {Lc is a minimizing Mather measure on T! x T!
(hence supported on A.) then there is a closed Mather measure ) on A that is
naturally associated (see (6.13)).

* Reciprocally, if u} is a closed Mather measure on A, then it is verified the same
way that i, = ((T[lﬁc)_l o )" u is a closed Mather measure on T x T'.

* The two mappings [t — w’ and ) > fi. are inverses of one another.

We now relate two notions of rotation number, hence clarifying the terminology.

Proposition 6.4.4 Let c € R be a cohomology class and ) be a minimizing Mather
measure on A. Then p()) = p(c) where the first rotation number is provided by
Definition 6.4.1 and the second by Corollary 6.3.19.

Proof By definition, p(u}) = [, r dui(8,r). By Proposition 6.4.2 and using
notations therein, p(u}) = [, AR R(0) duj(9,r). As pu} is closed and supported
on pairs of the form (6, R(O)), we derive that

p(u:):/ﬂ RR(9+R(9))de(9,r)=/ Ry(0) du (6, r).

c X

And by induction it follows that for all positive integer n > 0,

n—1

p(uf)=/ﬂ RRn(Q) dMZf(é’,r):/ ZRk(G) duc(0,r), (6.14)

A xR

where R, : A, — R verifies the induction relation R, 41(6) = R,(0 + R(0)) and
R = R.

Let 6 € A, 50 a lift and (5k)kez € A, the associated sequence given by
Definition 6.3.17 and (6 )kez € ﬂc the sequence of projections. For all k € Z it then
holds that R(@k) = 9k+1 — Bk One then readily verifies that R,(6y) = R, (60) =

n—1

0,,+1 — Gn sothat > Ri(6p) = 9,, — 80. By Theorem 6.1.15 and Corollary 6.3.19
k=0
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n—1

it is inferred that % > Rk (0) uniformly converges to p(c) as n — +oo. It is finally
k=0

deduced from (4.2.13) that p(u}) = p(c) as desired. |

Remark 6.4.5 The idea behind the previous proof is that all the dynamics of
f restricted to the Aubry set A} can be translated by projecting to a dynamics
on A.. This dynamics is then the restriction of a circle orientation preserving
diffeomorphism (by generalizations of Theorem 6.1.15, see [30]). Then, the push
forward of any minimizing closed measures on T' is invariant by this circle
diffeomorphism. Hence the result turns out to be an emanation of Birkhoff’s ergodic
theorem with this point of view.

Another fact that is apparent from the previous proofs is that if (0,7) € A is
in the support of a minimizing measure u; as above and if 6 € R is a lift of 6,
then there exists a unique minimizing sequence (Qk)kez € 91 such that 00 =6 and
6 4+ r = 6. Moreover this sequence only depends on the measure () (meaning it
can be recovered without knowing c).

Now introducing Mather’s 8 function:

Definition 6.4.6 Mather’s 8 function is defined by

Voo €R, Bop) = — inf /s*w,r)du*(e,r)
wrePr Ja

p(*)=po

= sup —/ S*@, r) du*@,r).
M*EP* A
p(1*)=po

Note that for all pg € R the set of closed measures on A with rotation number
po is not empty. One may for instance consider the pull back on the circle T! x
{po} of the Lebesgue measure on the circle T!. Moreover, it is immediate that the
rotation number function p : P* — R is linear. Arguing as in the first part of
Proposition 6.3.7 immediately yields:

Proposition 6.4.7 The function 8 takes values in R U {400} and is convex.

Actually this can be improved by the following Theorem of Mather [165]:
Theorem 6.4.8 The function B is finite—valued, convex and superlinear. Moreover,
a and B are convex dual one another meaning that

Voo €R,  B(po) = max ppc — a(c),
ceR

Vep € R, a(cp) = max pco — B(p).
peR
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Proof We start from the measure characterization of « (given by (6.12) in Proposi-
tion 6.4.2) that we rewrite in separating measures according to their rotation number:

a(c) = max —/ [S*(G, r) — cr] du* @, r)
n*eP A

= max sup CQ—/ S*(0,r) du* (0, r) = maxco — (o).
eeR . A oek

nrep

p(u*)=0

We recognize here the Fenchel dual of 8: « = B* (see [103, 185]). By basic
properties of the Fenchel dual, as f* is everywhere finite, it follows that g8 is
superlinear. Finally, as 8 is also convex, then 8 = 8** = a™* as was to be proved.

O

We deduce from properties of the Fenchel transform [103, 185], together with
Corollary 6.3.19 and Proposition 6.4.4:

Theorem 6.4.9 The following relations, given cy and pg real numbers, are equiva-
lent:

* co €37 B(po);

* B(po) + a(co) = copo;

* po € 3" alco);

* there exists a minimizing measure cho € P* at cohomology co with rotation
number po,

* all minimizing measures ,ujo € P* at cohomology co have rotation number po,

* there exists a minimizing infinite chain, calibrating a weak KAM solution at
cohomology cy that has rotation number po,

* all minimizing infinite chains, calibrating a weak KAM solution at cohomology
co have rotation number py.

As for all co € R, the subdifferential 0™ (co) is a singleton, we deduce that the
function o is C' and the function B is strictly convex. The function ¢ + p(c) =
o’ (c) is continuous surjective and non—decreasing.

These last results were first published by Mather in [163] where he attributes them
to Aubry.

6.5 Order Properties of Weak KAM Solutions

Results in this section appeared in Arnaud—Zavidovique’s works [21, 23]. Some
similar statements also can be found in Zhang’s work [206] and related results in
the setting of the torus T2 in [79]. Interestingly, non variational versions of some
among these results date back to Katznelson and Ornstein [146].
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Our first result is that weak KAM solutions and their full pseudographs (Defini-
tion 6.3.10) are vertically ordered with respect to the rotation number.

Proposition 6.5.1 Let ¢ < ¢’ be two cohomology classes such that p(c) < p(c).
Let uc : T — R be a weak KAM solution at cohomology ¢ and uy : T' — R be
a weak KAM solution at cohomology ¢'. If 6 € T and r,r’ are such that (0,r) €
PG(c+uy) and (0,1') € PG(c" +ul,), thenr <r'.

In particular; if uc and u. are derivable at 0 then ¢ + u.(0) < ¢’ +u.,(0) and
the function 0> (g —i)O0) + (' — )b is increasing.
Proof As u. and u. are semiconcave, it is enough to prove the following about
right and left derivatives: ¢’ + u/c,+ (0) > c4u,_(0).Setro =c+u,._(0) andrj =
c’+u/c,+(9). Let 6y = é/ € R be alift of . For integers n < 0, we define (6, r,) =
f” (éo, ro) and (0,’1, ) = f”(@o, ro) By Theorem 6.3.8 the sequence (Qn)n<0 (resp.
(5,/,),,@) calibrate @i, with cohomology ¢ (resp. @i» with cohomology ¢’). Hence

both sequences are minimizing and by Corollary 6.3.19 verify lim %” = p(c)
n——o00o

and lim gn—',’ = p(c’). It follows, as p(c) # p(c’), that rg # ).
n——oo

We now argue by contradiction and assume that ) < ro. As f twists verticals to
the right, £~ twists verticals to the left implying that 6_; < 6’ - Asp(c) > p(o)it

follows that for large n < 0, Gn—’; > 97” and then, for large n < 0, 9,; < 6,. We deduce
that the sequences (én)n<0 and (é;l)ngo cross at least twice, once at 0 and then
once at some negative integer or between two consecutive ones. This contradicts
Proposition 6.1.11.

O

With a similar flavor, here is a result on the actions of Lax-Oleinik semigroups
(Definition 6.3.5):

Lemma 6.5.2 Let ¢ < ¢ be two real numbers. Let vy, vo : TX — R be continuous
functions.

Ifthefunctlon 6 — (vg — vl)(9) + (cr — 61)9 is non—decreasing, then so is the
function 0 (Tczvg — Te 1)) + (c2 — ¢1)é.

Proof Let Q <0 be two real numbers. By definition of the operators 7 and Tei
there exist 6} and 6; such that

T202(6') = 2(05) + S(65, ") + 265 — '),

T, 0) = 910 + SB1,0) + c1(6; — 6).
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There are two cases to consider:

o if éé < 6; we use Aubry & Le Daeron’s fundamental Lemma 6.1.10 to obtain
T250') + T51(0) = 02(85) + S(05.0') + c2(05 — )
+51(61) + 561, 0) 4 161 — 6)
> 92(6) + S(65,8) + 265 — 6
+ 910D + 561,60 + c1(6, — 6)
> T25:0) + T30 + (2 — )@ = 6.
After rearranging the terms, this reads
T200') — T91(0)) + (c2 — e’ > T02(0) — T 91(0) + (c2 — c1)b.

e if éﬁ > 0, we use the hypothesis on 0 > (1 — 91)(@) + (ca — ¢1)0 to show that
02(03) + 01(61) = 02(01) + 01(83) + (c2 — ¢1)(61 — 65) and then

T250') + T51(0) = 02(65) + S(65.0') + 265 — )
+01(61) + S(01,6) + c1 (61 — )
> 02(01) + 503,0") + 261 — 0
+ 01(85) + S(1,6) + c1 (65 — )
> T200) + T010) + (c2 — en)(@ = ).
As before, this gives the result after rearranging terms.

O

‘We now state our main result of the section. The rest will be devoted to providing
elements of its proof. We chose to present the parts which best illustrate discrete
weak KAM theory and the first Chapters of this text.

Theorem 6.5.3 There exists a function u : T' x R — R that is locally Lipschitz
and that verifies the following properties:

1. Forallc € R, u(0,c) =0.

2. For all ¢ € R, the function u, = u(-,c) : T! — R is a weak KAM solution at
cohomology c.

3. Ifc < ¢, the function 6 v+ (i — i) (0) + (¢’ — ¢)0 is non—decreasing.

Ifu : T' — R is any continuous function verifying properties 1. and 2. above,
then

1. The map ¢ — PG(c + u.) is continuous for the Hausdorff topology.



144 6 Twist Maps

2. The entire annulus is filled by pseudographs: A = | PG(c + ul.).

ceR

The whole proof of this Theorem is quite long and can be found in [21, 23].> We
give the main steps and ideas bellow.

The first point in the Theorem, u(0, c) = 0, is a normalization condition and
is easily enforced as the set of weak KAM solutions (at any cohomology class) is
invariant by addition of constants.

Let us continue by noticing that a function verifying the first three points of
the Theorem is automatically locally Lipschitz. Indeed, weak KAM solutions are
locally uniformly in ¢ equiLipschitz in 6 (as the costs S¢ are). Moreover, if ¢ € R,
then ii¢(1) = i1.(0) = 0. Then if 0 € T',0 < 6 < lisalift,and ¢ < ¢/,

0= (i —i:)0)+ (" —¢c) x0
i —ic)@) + (< — )b

< (
(g —i) D)+ —c)x1=¢ —c.

The result follows from

c—c <=0 =) < (g —u)®) < (1 =0)( —e) < —e.

Point a. follows from a more general fact, stated in the next Proposition. As we
did not find its proof in the literature we provide it. Note that it is valid in any
dimension N. In this setting, superdifferentials are linear forms on RV :

Proposition 6.5.4 Let N > 0 be an integer, (vy)nen a sequence of (real valued)
equi-semiconcave functions defined on TN. Assume that the sequence (Vp)neN
uniformly converges to a function v : TN — R (that is semiconcave). Then
(Pg(vn))neN converges to PG(v) for the Hausdorf{f distance.

Proof By hypothesis there exists a constant K > 0 such thatall 7, — K ||-||?> : RN —
R are strictly concave (where || - || denotes the Euclidean norm and v, the lift of v,
to RV). It follows that  — K| - || : R¥Y — R is also concave and let us assume it
is strictly concave up to taking a slightly larger K. Let O C RY be a relatively
compact, convex, open set. We will show that, restricted to O, (Pg(f)n‘o))
converges to PG(u| o) for the Hausdorff distance, which implies the result.

neN

* Let X € O and let k, be an increasing sequence of integers and (x,, pk,) € O X
RY such that Dk, € 8+t7kn (xk,) for all n € N and x;, — X. Assume moreover
that py, — p asn — +oo. We will prove that p € 3" 9(X). By hypothesis,
foralln € N, 0 € 3t wy, where wy, : x > g, (x) — K|x — xx, [ — px, (%)
is defined on O. It follows that xi, is a (strict) maximum point of the (strictly)

3 In those references a result of Mather is used: the 8 function is derivable on R \ Q. We will give
here a strategy of proof that avoids using this result that we will recover later.
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concave function wy,,:

Vy e 0, wg,(y) < wg, (xk,)-

As (wg, )nen uniformly converges to the function w : x — v(x) — K||x — X|?* -
p(x) we can fix y € O and pass to the limit in the previous inequality to find that
w(y) < w(X). As this is true for all y € O, X is a maximum point of w which
proves, going back to ¥ that p € 37 9(X).

e Letnow X € O and p € 379(X). We now define & : x — v(x) — K |lx — X|*>—
p(x) that has a strict maximum at X. Let @), : x — ,(x) — K|lx — X||*> — p(x)
for all integer n, then @z, converges to @ uniformly on O. Let ¢ > 0 small
enough such that B(X,2¢) C O. Let n > 0 such that if |x — X|| = & then
w(x) < w(X) — n. Let ng such that for all n > no, |w, — @ |l,0 < n/3. If
n > ng and x € O such that |x — X|| = ¢ it follows that

w,(x) < w(x)+ g <w((X)— 2?77 < wy(X) — g

It follows that @, admits a local (hence global) maximum in the ball B(X, ¢)
denoted x,, and at which we infer that 0 € 37w, (x,,).

Using this argument applied to a decreasing sequence g, — 0 it is easy to
construct a sequence x, that converges to X defined for n > n; large enough,
and such that 0 € 3@, (x)) for all integer n > nj. Going back to the initial
functions, we conclude that

Vn>ny, p+2K(x,—X)=pn€ 3+ﬁn(x;1).

Clearly, p, — p.
The result follows from the two previous points. O

We now give elements of the construction of a continuous choice of weak KAM
solutions with respect to the cohomology class:

Elements of Proof The first fundamental step is: O

Lemma 6.5.5 Let pg € R, we denote by [a, b] = [B"(po), B (00)] = 2~ '{po))
(by Theorem 6.4.9). Then there exists a unique weak KAM solution at cohomology
a (resp. b), denoted u, (resp. up) such that u,(0) = 0 (resp. up(0) = 0).

Let (¢cy)nen be a sequence converging to a (resp. converging to b). Let (v,;)nen be
a sequence of functions on T' such that v, is a weak KAM solution at cohomology
¢ for all n verifying v,(0) = 0. Then the sequence (vy),en uniformly converges
towards ug (resp. up).

Proof We will prove the result for a, the rest being similar. Let us first consider an
increasing sequence (¢, ),en that converges to a. It follows from the hypothesis that
p(cn) < po foralln € N.
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Let (vy)nen be a sequence of functions on T! such that v, is a weak KAM
solution at cohomology c, for all n verifying v,(0) = 0. The functions v, are
equiLipschitz (by Proposition 2.1.3 and its proof, since the S are) hence by
Ascoli’s Theorem, the sequence (v, )nen is relatively compact. As all limit points
of (vy)nen are weak KAM solutions at cohomology a® that vanish at 0, it is enough
to prove that there is only one such function. To this end, let u, : T! — R be a weak
KAM solution at cohomology a such that u,(0) = 0. Let (k,),en be an increasing
sequence such that (vg,),en uniformly converges to a function w : T! - R that
is hence a weak KAM solution at cohomology a such that w(0) = 0. Finally, let
D c T! be a full measure set such that all (v,),en, e, w are derivable on D and
D C Rits lift. By Proposition 6.5.1, foralln € N, s € D, ¢, +v,,(s) < a+u,(s). By
Proposition 6.5.4, forall s € D, w'(s) = nlir}rloo vl/c,, (s) hence a+w'(s) < a+u,(s).

Integrating, it follows that

Vx € [0, 1], dq(x) = /~ i (s)ds > /~ w'(s) ds = w(x).

DN[0,x] DN[0,x]

Forx = 1, i,(1) = w(l) = 0. It implies that equality i, (s) = w’(s) holds for
almost every s € [0, 1] and then, integrating as above, that i,(x) = w(x) for all
x € [0, 1]. We have thus proved that u, = w and the uniqueness of u, follows.

If now (c,)nen is any sequence converging to a and (v,)nen 1S a sequence of
weak KAM solutions at cohomology c¢, for all n verifying v,(0) = O then again,
the sequence (v, ),en is relatively compact and as all its limit points are weak KAM
solutions at cohomology a vanishing at 0, by what has been proved, the sequence
(vn)nen converges to u,.

O

Keeping the notations of the Lemma, a straightforward corollary of the preceding
Lemma and Proposition 6.5.1 is,

Corollary 6.5.6 Let ¢ € R and v, : T' — R be a weak KAM solution at
cohomology c. Then

et (Ug —V)@)+ (@a—c)tis

— non—increasing if ¢ > a,
— increasing if ¢ < a.

ot (p —V)(@)+(b—o)tis

— non—decreasing if c < b,
— decreasing if c > b.

61t can be verified with the use of Remark 6.3.2 that ¢ — S€ is continuous.
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We denote by 7 = {B” (o), B/ (p0), po € R} C R then the previous Lemma
tells that any choice of weak KAM solutions u. at cohomology c¢ for ¢ € R such
that u.(0) = O for all ¢ € R is automatically continuous on 7. Note that 7 is closed
as it can alternatively be defined by 7 = {8/(r), r € R such that 8/(r) exists}.

The rest of the construction consists in focusing on its complement, R \ 7, that
is on intervals of the form (,BL (o), By (,00)) = (a, b) that are not empty (that is
where B is not derivable at p0’). If this is the case, we use in a crucial way that the
Aubry set A does not depend on ¢ € (B (po), B, (po)) by a result of Massart [157,
Proposition 6]. We hence denote it A until the end of the construction. Let us then
interpolate linearly between u, and u,, restricted to A and use Proposition 3.2.5 and
Theorem 3.24. If t € (0,1) let ¢, = at + (1 — t)b and v, = tu, + (1 — Dup.
As a(c;) = ta(a) + (1 — t)a(b) by duality between « and B, it follows that for
all t € (0, 1), v, is a critical subsolution for S. Hence by Proposition 3.2.5 and
Theorem 3.2.4 there exists a unique weak KAM solution at cohomology c;, that
we note u,, = u; for short, such that u; s = vs#. The continuity of t — u, is a
consequence of uniqueness and Ascoli’s Theorem.

Finally, item 3 of the Theorem 6.5.3 follows from successive applications of
Lemma 6.5.2 and the alternative characterization: u, = nlirfoo(T“f)” vy

Again, point a. follows from Proposition 6.5.4. The last thing to prove in the
Theorem is b. It uses in a crucial way 2 dimensional topology and Jordan’s curve
Theorem. It is quite technical and we refer the interested reader to [21, 23]. O

6.6 Structure of Infinite Minimizing Chains

We continue exploring the results of [21, 23] by studying infinite minimizing chains
(indexed by non—positive numbers) of the twist map f : R? - R2. As we will
see, all such minimizing chains calibrate a weak KAM solution, hence fall within
the scope of the previous sections. The present results generalize classical Aubry-
Mather theory as the latter studies full orbits that are minimizing. After obtaining the
results, the authors discovered that many had already appeared in Bangert’s [31]. In
the latter, Bangert studies Busemann functions that are weak KAM solutions on the
universal cover R. We adopt the alternative approach to study and use weak KAM
solutions on T', as previously defined. Consequently most proofs differ slightly
from [31].

We start by a consequence of Theorem 6.5.3 that is a generalization of Corol-
lary 6.3.19.

7 We will prove later that such py are necessarily rational.
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Proposition 6.6.1 Let (ék)k<0 € R%- be a minimizing chain. Then there exists
p € R such that

Vk <0, |6 — 68y —kp| < 2.

Pl'oof We denote as usual for a1~1 k<0, = 82§(9~k_1, ék) in such a way that
Ok, )k <o s a piece of orbit of f. By Theorem 6.5.3 there exists ¢ € R and a weak
KAM solution at cohomology c, u, : T! — R such that (éo, ro) € PG(c +i,). The
result is proved with p = p(c). Let roi =c+ zlé.i(éo) (so that r(;r < 1y ). Finally,
for k > 0, we set (éki, rki) = fk (50, rgt). It follows from Theorem 6.3.8, and the
following Remark 6.3.9, that both chains (9~k+ k<o and (9~k_ )k<o calibrate i, hence
are minimizing.

If ro coincides with either ro+ or r, then the result is a particular case of
Corollary 6.3.19. We now assume otherwise which translates to rJ <ryp<ry-
As the chains (ék)kgo and (é,:r)kgo (resp. (ék)kgo and (ég)kgo) cross at k = 0,
they cannot cross anywhere else. We deduce from the twist hypothesis that 5:1 <
5_1 < éfl. Hence we conclude from the non—crossing that 6‘~k_ < ék < 5,? for all
k < 0. Finally, from Corollary 6.3.19 we conclude

Vk <0, kp(c)—2<6, —fy <O —0y <0, — 0y <kp(c)+2.

O

Remark 6.6.2 Note that the previous proposition clearly implies that the hypoth-
esis in Proposition 6.1.13, that |6; 1 — 6;| is bounded, is automatically verified by
any minimizing chain, hence can be dropped.

We anticipate on the two next sections by stating a result that will be proved later
in the text:

Theorem 6.6.3 Let (ék)kgo € R%- be a minimizing chain. Then there exists a
cohomology class ¢ € R and a weak KAM solution u. : T! — R at cohomology c
such that (Oy) k<o calibrates ..

As a consequence, we already state an improvement of Proposition 6.6.1. The
proof of the next result uses ideas from Aubry—Mather theory [30] that play a central
role in the study of minimizing chains with rational rotation numbers.

Corollary 6.6.4 Let (ék)kgo € R%- be a minimizing chain. Then there exists p € R
such that

e for all pairs of integers (p, q) with g < 0 such that p/q < p, then G:q — 9:0 <p,
* for all pairs of integers (p, q) with q < O such that p/q > p, then 6, — 6y > p.

In particular,

Vk <0, |6 —0y—kp| < 1.
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Proof Of course, p is the same as the one given by Proposition 6.6.1 and is also
p(c) where c is given by the previous Theorem.

Let us prove the first point, the second is similar. By contradiction, assume the
existence of an integer p and ¢ < O such that 6, — 6p > p > gp. By the previous
Theorem 6.6.3, there exists ¢ € R and u, : T' — R such that (5k)k<0 calibrates
Uec.

* We first exclude the equality éq = 0o + p. Indeed, ii. is derivable at éq by

Theorem 6.3.8. Hence assuming by contradiction that 5q = o+ p, by periodicity,

ii. is also derivable at 6y with ﬁ/c(éo) = ﬁ/c(éq). With the usual notations, ry =

c+ ﬁg(ék), recalling that (ék, T )k<0 is a piece of orbit of f , it follows that

Vk <0, ék+q = ék + p.

By induction, we deduce that énq = @y + np for all n > 0 and finally, dividing
by ng and letting n — +o00 we conclude that p = g This contradicts the right
inequality p > gp.

*  We are left with the hypothesis that 9 —8y > p > qp.By perlodlclty, the chain
(9q+k D)k<o also calibrates ii.. By Lemma 6.3.12 we deduce that 9k+q p > O
for all k& < 0. By induction we readily obtain that for all k& < 0, the sequence
(9k+nq nP)n>0 1S 1ncreasmg Applying for k = 0 and d1v1d1ng by ng < 0

fo
yields — "q _P —. Finally, letting n — +o0 entails p < — that is again a
ng q ng q
contradiction.

To prove the final statement, let us argue by contradiction and assume that there
exists g < 0 such that |6, — 6y — gp| > 1. Then one of the following holds:

ApeZ, 0,—00>p>qp,

both impossible by what was proved above. O
We now turn to making Proposition 6.1.13 more precise.

Proposition 6.6.5 Let ¢ € R be a cohomology class. Let (éi)igo and (éic)igo be

two minimizing chains such that

b é() = éc,

. (éi)igo and (éf),-go are o-asymptotic,

o there exists a weak KAM solution u. : T' — R at cohomology c, such that
(él?)igo calibrates ii..

Then (éi),-<0 also calibrates .
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Proof We argue by contradiction assuming that there exist ng < 0 and ¢ > 0 such
that
—1
Uc(00) < itc(Ony) + Z SO, 6i11) + c(Ony — bo) + |nola(c) —&.

i=ng
As for n < nyg,

no—1

iic(Ong) < dic @) + Y SO, 0i41) + c(On — Ony) + Ino — nla(c),

1=n
by summing the two previous inequalities, we deduce that

-1
Vn <o, iic(Bo) < Ec(B) + ) SO, Giv1) + (B — 6o) + Inlar(c) —e.

i=n

By uniform continuity of Son compact sets and Remark 6.6.2 there exists n1 < ng
such that

. ~ o~ o~ ~ o~ o~ &
Vi <ny, [S6;,6i41) — SO, 641 < 3

and |0 (0,) — ii.(6) 4 c(0, — 09)| < &/3. It follows that for n < ny,

-1
~ o~ o~ ~ o~ ~ o o £
SOn, 0y, 1) + E SOF, 07, 1) < E 5(9,-‘,9f+1)+§

i=ny i=n

el o~ e o e
= iic(0) — iic(8,) + c(05 — 0,) — Inla(c) + 3

< itc(@0) — @c@n) + (@0 — On) — Inla(c) + 23—8

—1
~ ~ = &
<5600 - 3

=n

This contradicts the fact that (5,-) i€[n,0] 1S minimizing.
O

We are now ready to show strong results on infinite minimizing chains according
to their rotation number. As we will see, the nature of those results depends
strongly on its rationality. The next two sections, are devoted to recalling facts about
homeomorphisms of the circle and about Aubry sets of twist maps. Many of those
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results are enunciated and proved in [30] as well as in many surveys about Poincaré
and Denjoy theories [195].

6.6.1 Irrational Rotation Number

We assume in this paragraph that pg € R\ Q. Let cgp € R such that p(cp) = po,
which exists thanks to Theorems 6.4.8 and 6.4.9. We recall without proof [195]:

Theorem 6.6.6 Let g : R — R be the lift of an orientation preserving circle
homeomorphism g : T' — TV of rotation number py € R\ Q. Then there exists a
(unique up to an integer) non—decreasing ¢ — R — R such that

Vx eR, @¢x+1)=¢kx)+1,

that semi—conjugates g to the translation by po:

Vx eR, @og)=ep)+ po.

There is then an alternative:

1. Either ¢ is increasing in which case g is conjugated to an irrational rotation and
all its orbits are recurrent.

2. Either ¢ is not increasing, in which case the set of recurrent orbits g is a Cantor
set denoted by K C T! that lifts to K C R. If (@, b) is a connected component of
R\ K and (a, b) € T! its projection, the images g*(a, b) are mutually disjoint as
k € Z. In particular,

Y (EFd @) <

keZ

In all cases there is a unique g—invariant probability measure that has full support
in the first case and support K in the second case. Finally, if xo € T! then the a—limit
set of the orbit of xo is T' in the first case and K in the second one.

We then recall related results on twist maps, the proof of which are omitted, but can
be found in [30, 163, 172] and a glimpse of which appears in Remark 6.4.5:

Theorem 6.6.7 Let /LZ‘)O be a Mather minimizing measure verifying (6.12) for co.

Then by Theorem 6.4.9, u;ﬁo is minimizing for all ¢ € p~Y({po}). In particular its
support verifies

Ve e o {po),  mi(supp(us,)) C A
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Let 0 € supp(uy,) and let 5670 € R a lift and (élfo)kez € ﬁa) the associated
minimizing sequence. As seen in the proof of Proposition 6.4.4 this sequence only
depends on ,w;o hence (5,50)1(62 e W, forall c € p~ " ({po)}).

Let g : R — R the associated map given by Theorem 6.1.15 and g : T' — T its
projection.® Then nl*u;‘)o is g—invariant. In particular m(supp(uzo)) is either T'
or the g—invariant Cantor set K. Moreover, g only depends on 'U’:;o'

The main result of this section is then

Theorem 6.6.8 Let (ék)kgo be a minimizing chain of rotation number py € R\ Q.
Let ug, : T! — R be a weak KAM solution at cohomology cy € p~'({po}). Then
(Ox)k<o calibrates ii,.

Proof As always, ry = az§(ék,1 , Br). Arguing as in the proof of Proposition 6.6.1,
there exists ¢ € R and u, : T! — R a weak KAM solution at cohomology ¢
such that (6, ro) € PG(c + i) and py = P(C)' We adopt the same notations as
in Proposition 6.6.1 setting rgE = ¢+ i, (6p) (so that r(;r < rg ) and for k < 0,
@ i) = X0 r5).

Finally, let y;, € 7!

o mMy (supp(uj‘,o)) C R (resp. yg') be the biggest
element of 7! o 7j (supp(i},)) such that yg < 6o (resp. smallest element of
7 lom (supp(,uzo)) such that yg' = 50). Let then (y; Jkez € ‘ZNIC and (y,j)kez € ‘ZNIC
the associated minimizing sequences that calibrate iz, (by Theorem 6.6.7). As in the
proof of Proposition 6.6.1, for all £k < 0,

o <O <O <6 <y

By Theorem 6.6.7, y,~ — y,j' — 0 as k - —oo hence all the present sequences are
a—asymptotic.

Let now (5,:0) k<o be a calibrating chain for i, with 580 = o (that exists thanks
to Theorem 6.3.8). As ( yki)kez both calibrate i, the same reasoning as above yields
that (élfo)kgo and (yki)kez are all w—asymptotic. Finally, Proposition 6.6.5 applies
and (ék) k<o does indeed calibrate it . |

As a Corollary, we obtain uniqueness of weak KAM solutions up to constants with
irrational rotation number, and a Theorem due to Mather [164] and Bangert [31]. A
different proof also can be found in [41].

Corollary 6.6.9 If po € R\ Q then p~'({po}) = {co} is a singleton, meaning that
B is derivable at py. Moreover, ifu : T' — Rand v : T' — R are weak KAM
solutions at cohomology cq then u — v is constant.

8 The results of Mather proven in [30] actually show that the maps g and g can be chosen only
depending on p and that the measure w7 is unique.



6.6 Structure of Infinite Minimizing Chains 153

Proof We will prove both statements at once. Let {cg, c1} € ,0_1({,00}) and let
uo : T' — R be a weak KAM solution at cohomology ¢ and u; : T — R be
a weak KAM solution at cohomology c. Let D C T' be the set of points where
both ug and u; are derivable. It is of full Lebesgue measure as its complement is
countable. Let §y € D and 6 a lift. By Theorem 6.3.8, there exist unique chains
(éli)kgo for i € {0, 1} calibrating respectively g and i; and such that 56 = § for
i €{0,1}.

Moreover, c¢; + u?(@o) = Bzg(éi 1,56). Applying twice Theorem 6.6.8 we
discover that (5,? )k<o calibrates i1 and (5,3 )k<o calibrates i1o. Hence by uniqueness,
@k<0 = G)e<o and co + uy(B0) = c1 + uj (6).

Integrating on T! it follows that

€0 = f (co +up(s))ds = / (c1 +u(s))ds =c1.
T! !

As a conclusion, since up and u; are Lipschitz with almost everywhere equal
derivatives, | — ug is a constant function. O

As there exists a weak KAM solution u,, associated to the irrational rotation number
po, we know that for every o € R there exists a minimizing chain (ék)kgo starting
at §p with rotation number pg (one calibrating u.,). This next and last corollary on
the contrary states that there are not too many such minimizing chains:

Corollary 6.6.10 Let po € R\ Q. Forall 6 eR there exists at most one minimizing
chain (Ox) k<o with rotation number pg such that (6p, ro) € f(Vz) where (O, ri)k<0
is the backward f—orbit associated to (ék)kgo and Vi = {(é, r), reR} CRxR
is the vertical above 6.

Proof Using the notations of the Corollary, it was just established that, for such a
minimizing chain, (6y, ro) € PG(co + 1220) where p~'({po}) = {co} and PG(co +
ﬁ’co) is the unique pseudograph associated to cg. i

By Corollary 6.3.13, f~!(PG(co +iil,)) is a graph, meaning that (PG (co+
ﬁ’co)) N Vj is a singleton and consequently, so is PG(co + fti.o) N f(Vj). The result
follows. O

6.6.2 Rational Rotation Number

We assume in this paragraph that py = g is rational, written in irreducible form
with ¢ < 0. We denote by [a, b] = ,0_1({,00}). Let us first recall some classical
results from Aubry—Mather theory [30]:

Theorem 6.6.11 Let “;o be a Mather minimizing measure verifying (6.12) for some

co € la, bl. Then by Theorem 6.4.9, u;’;o is minimizing for all ¢ € p~'({po}). In
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particular its support verifies
Ve e p ' ({po}).  mi(supp(pl,)) C A

Let 0§° € supp(u},) and let 550 € R a lift and (é,fo)kez € ‘3[00 the associated
minimizing sequence. As seen in the proof of Proposition 6.4.4 this sequence only
depends on ,uf,o hence (é,fo)kez e U, forall c € p~ ({po}).

It verifies

Vkez, 6%

g = 07 + p, (6.15)

and hence projects to a g—periodic sequence on T,
Reciprocallx, if a minimizing sequence (6y)kez € RZ satisfies (6.15), then it is in
any Aubry set U, for ¢ € [a, b] and the measure

n =

Q| =

q—1
ZS(Qk,ékH—ék)’
k=0

verifies that ™ is minimizing (satisfies (6.12)) for all ¢ € [a, b].
A notion that stems from the previous Theorem is:

Definition 6.6.12 A sequence (ék) wez € RZ that verifies
Vk€Z, Brig=06k+p,

is said to be of type (p, q).

It follows from the previous Theorem that it makes sense to denote the projected
Mather set M,,, as M. does not depend on the choice of ¢ € o '({po}). And My,
denotes its lift to R as well.

We recall that by Lemma 6.5.5, there exists a unique weak KAM solution at
cohomology a (resp. b) that vanishes at 0 € T', and that we denote u, : T — R
(resp. up : T! — R). The main result of this section can be stated as follows:

Theorem 6.6.13 Let (ék)kgo be a minimizing chain with rotation number py = g

Assume that (ék)kgo is not of type (p, q). Then 6y # 0~q — p and one of the following
assertions holds:

1. 6y < 9~q — pand (ék)kgo calibrates i,
2. 6y > 9~q — pand (ék)kgo calibrates up.
The proof of this Theorem will be done in several steps and provides more precise

details about the behavior of minimizing chains and their links with weak KAM
solutions.



6.6 Structure of Infinite Minimizing Chains 155

We start by the following non—crossing lemma for minimizing chains with
rotation number pp = g. It is reminiscent of Corollary 6.6.4:

Proposition 6.6.14 Let (ék)kgo be a minimizing chain with rotation number py =
g. Assume that (ék)kgo is not of type (p, q). Then the minimizing chains (ék)kg()

and (§k+q — P)k<o do not cross.
Moreover,

. iféo < 674 — p then (ék)kgo calibrates U,
. iféo > 0~q — p then (ék)kgo calibrates .

Proof As (ék)kgo and (§k+q — P)k<0 Cross at most once, there exists ng < 0 such
that one of the following holds

Vk<n07 ék <0~k+q—p’
Vk < ng, O > ék+q —p.

Let us deal with the first case, the second being similar. By induction, it follows that
for all k < no, the sequence (Ox+mg — Mmp)m >0 is increasing.

Let us introduce some notations. Once more, for all £k < 0, we set ry =
82§(§k_1, ék) in such a way that (ék, r)k<o 1s a piece of orbit of f Letc € R
such that (6y, rg) € PG(c + i) for some weak KAM solution u, : T > Rat
cohomology c. Then as in Proposition 6.6.1, p(c) = 5 and ¢ € [a, b]. Moreover,
50 ¢ M,y,. Indeed, if it were the case, as il is derivable on i,,, we would have
Ok, k<o = (fk(éo, ii.(fo) + c))k<0 that is of type (p, g¢) by Theorem 6.6.11.

It is then denoted y; = max{y € M,,, y < 6o} and yi = min{y € M, y >
o). Finally, let (y, )kez and (y;r)kez the associated minimizing sequences, that are
of type (p, q). By Theorem 6.6.11 the sequences (y,ic)kez calibrate u.. First note
that y, < bo < yar because M, is closed. Moreover, arguing as in Proposition 6.6.1
yields that

Vk <0, yk_<9~k<y,j.
As
Vm =0, ¥ = Yiimg — P < Oktmg —mp < ¥, —mp =y, (6.16)
we deduce that for all k € Z, the sequence (§k+mq — mpP)m>—k/q is bounded,
increasing for m large enough, hence it converges to some y;. Moreover, the

sequence (yx)krez 1S minimizing as a limit of minimizing chains and verifies

Yk E€Z, Yirg—p= lm Ocimgrg—mp—p = Hm Ocioning=—(m+Dp =y
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It follows from Theorem 6.6.11 that y, € M, and that (y)iez calibrates .
By (6.16), 6 < yx < yi. If y¢ < y;f it follows from Lemma 6.3.12 that 6 <
Yo < yar thus contradicting the definition of y(;’ . From (6.16) comes that (5k)k<0,
(§k+q — P)k<o and (y,j) kez are a—asymptotic. It is deduced from Proposition 6.1.11
that (ék)kgo and (§k+q — P)k<0 cannot cross (as (§k+q — P)k<o is a strict subchain
of a minimizing chain). 3

To finish the proof, let (67)x<o be the minimizing chain calibrating i,, with
08 = 6o and 3,56 ,,85) = a + i, (Bo). As ro — ¢ € %iic(p), it follows
from Corollary 6.5.6 that ro > a + it +(9~0). Either there is equality, in which case
(élf)kgo = (ék)kgo calibrates u,, or the inequality is strict and the twist condition
entails that éfl > é_l. As the two minimizing chains do not cross anymore, and
using that (y, )rez calibrates i, it follows that

Vk <0, §k<9~,f<y;“.

Hence (é,f)kgo and (ék)kgo are a—asymptotic and by Proposition 6.6.5, (ék)kgo
calibrates i,. O

A Corollary of this proof is:

Corollary 6.6.15 Let (ék)kgo be a minimizing chain with rotation number py =
g. Assume that (ék)kgo is not of type (p, q) (Definition 6.6.12). Let (yki)kez be

the closest orbits of M, such that y, < O < y,j' for k < 0 as in the proof of
Proposition 6.6.14. Then

o cither §y < éq - p, (ék)kgo and (y;j)kgo are a—asymptotic,
e either 0y > 0, — p, (Ok)kgo and (y; k<o are a—asymptotic.
As another consequence, we derive that minimizing chains with rotation number

p/q are quite rare, same as was established for irrational rotation numbers in
Corollary 6.6.10:

Theorem 6.6.16 Let © € R and Vo = {@} x R € R x R. Then there are at most
two minimizing half orbits of f, (ék, T )k<0 Such that (éo, rg) € f(V(:)) and any
—_ P

corresponding minimizing chain (ék)kg() has rotation number py = 7

Proof 1t was just settled in Proposition 6.6.14 that the chain (ék)kgo calibrates i,
or iip. Moreover, by Theorem 6.3.8, (bo, ro) € PG(a + i;) UPG( + ity,). Finally,
Yo ro) € F~1(PG(a + i) U f~H(PG(b + ii})). By Corollary 6.3.13, both
= (PG(a + ii)) and f~1(PG(b + ii})) are graphs, hence f~!(PG(a + ii},)) U
f -1 (Pg(b +u b)) and Vg intersect in 1 or 2 points. It follows that so do PG(a +
i,) UPG(D + ii},) and f(V@) and the result follows. |
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Note that it is now fully established that all minimizing chains Gk <o calibrate
a weak KAM solution thanks to Theorem 6.6.8 and Proposition 6.6.14. We are
therefore allowed to use Corollary 6.6.4.

Follows an existence result of orbits displaying behaviors as in Corollary 6.6.15.
The proof is inspired by a similar result for bi—infinite minimizing orbits in [30]. It
shows that on each vertical above points that are not in the projected Mather set M p
there are at least two initial points of minimizing half orbits with rotation numbgr
r/q:

Proposition 6.6.17 Assume that M ,; # R. Let (y, , yo+ ) be a connected component
of R\ My, (yki)kez be the associated minimizing orbits of type (p, q). Then for all
9~0 € (> yJ ), there exists two minimizing chains (ONki)kgo such that ONOi = éo and
such that (@,;|r k<0 IS a—asymptotic to (y,j)kgo (resp. (ék_ k<0 Is a—asymptotic to
g k<o)

Proof Let us prove the existence of (67,: )k<0, the other being obtained by reversing
all inequalities.

Let (p,)n=0 be a decreasing sequence converging to p/q. For all n > 0, let
(éf)kgo be a minimizing chain of rotation number p, such that 67,? = 6o (for
example a chain calibrating any weak KAM solution at a cohomology ¢, verifying
p(cn) = pn). By Corollary 6.6.4,

Vn > 0, §g<9~o+p.

By the same Corollary 6.6.4 or Proposition 6.6.1, for all £ < 0, fixed, the sequence
(5,1’) n>0 1s bounded. Up to a diagonal extraction, we may therefore assume that for
all £ < 0, the sequence (67,?),1>0 converges to some é,: . Clearly, the chain (é,: k<0
is minimizing, as a limit of minimizing chains. Moreover, 50_ = 6y and (ék_ k<0
has rotation number p/q by passing to the limit in the inequalities provided by
Proposition 6.6.1. Finally, éq_ < 6 + p. By Proposition 6.6.14, this cannot be an

equality, hence 9~q_ < 6y + p and by Corollary 6.6.15, (ék_ k<0 is a—asymptotic to
(Ve r<o- o
As a consequence, we recover a result of Mather [164] and Bangert [31]:

Theorem 6.6.18 The following alternative holds:

1. the Mather set Mp = R in which case there is an invariant graph Cp C A

q q
on which the dynamics of f is q—periodic, there exists a unique weak KAM
solution (up to constants) associated to the rotation number g and the B function

is derivable at g;
2. the Mather set Mp # R and the B function is not derivable at g.
q
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Proof

1. If Mpr = R, we infer from Proposition 3.5.1 that if ¢ € R verifies p(c) = g, and
q

if u. is a weak KAM solution at cohomology c, then u, is derivable on T! (hence
C! and even C!! by Birkhoff’s Theorem6.1.3) and ¢ + u’. does not depend on
¢, nor u., but only on the orbits of type (p, q), hence B is derivable at g with

¢ = B'(p/q) and u, is unique up to constants.
2. Assume now that M p # R. Let [a, b] = p~'({p/q}). Let u, be the unique weak
q

KAM solution at cohomology a that vanishes at 0 and u), be the unique weak
KAM solution at cohomology b that vanishes at 0. Let g € R \ M such that
q

both i, and iij, are derivable at 6 (that exists as R \ 9t is a non-empty open set
q

and u, and i, are derivable except on a countable set). Let finally (élf)kgo be
the sequences given by the previous Proposition 6.6.17. Then clearly, those two
sequences are different, hence éfl *+ 5:1 (more precisely, 5__1 < éfl ). It follows
from Proposition 6.6.14 and Theorem 6.3.8 that

a+ i, (fo) = 13O}, 60) # nSO,, 60) = b+ i, (6o)-

We deduce from Corollary 6.5.6 that 6 — (il — iig)(@) 4+ (b — a)f is non—
decreasing and non—constant. Finally, integrating inequality b + u b(é) > a+
ﬁ; (é), that holds almost—everywhere, between 0 and 1 and remembering that it
is not an equality almost—everywhere, yields b > a. As [a, b] = 0~ B(p/q) we
have proven the result.

O

The previous proof actually implies the more precise result:

Proposition 6.6.19 Assume Mp # T', let [a,b] = p~'({p/q})). Let uy be the

q
unique weak KAM solution at cohomology a that vanishes at 0 and uy, be the unique
weak KAM solution at cohomology b that vanishes at 0. Then for all 6 € T' \ Mp
q

where both u, and uy, are derivable,
a+u, () <b+uy®).

As a consequence we deduce:

Proposition 6.6.20 Assume that My, # R. Let (y, , ya' ) be a connected component
of R\ My, (yki)kez be the associated minimizing orbits of type (p, q). Then

1. all minimizing chains (élf)kgo calibrating u,, with 50“ € (> yg') are o—
asymptotic to (y;j_)kgo,

2. all minimizing chains (é;?)kgo calibrating up, with éé’ € (g » yar) are a—
asymptotic 1o (y; )k<o-
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Proof Let us prove the first point. Let (é;?)kgo be calibrating i,. If 56’ is a point of
derivability of i, let (9~k+ k<o be given by Proposition 6.6.17 that is a—asymptotic
to (y,:r)kgo and such that 55’ = ég. By Proposition 6.6.14 and Corollary 6.6.15
(QN,:’ )k<o calibrates i, and as the latter is derivable at ég, such a minimizing chain
is unique. Hence (élj)kgo = (é,f)kgo is indeed —asymptotic to (y,j)kgo.

Let us now assume é(‘)’ is not a point of derivability of u,. Let (@O)n>0 be an
increasing sequence converging to 9“ and made of derivability points of u ug (that
is Lipschitz hence derivable almost everywhere) For all n, we denote by (O k<0
the unique corresponding minimizing chain cahbratmg iq. By the beginning of this
proof, for n fixed, (O )k<0 is a—asymptotic to (yk )k<o and verifies O” > O” +p
by Corollary 6.6.15. Moreover, setting ;' = a + i, (®”) (@", 1 )k<0 is a piece of
orbit of f by Theorem 6.3.8. It follows that as n — 400, (@Z, P )n<0 converges
to (égf,rk*) such that (67,?7,0:)/(@ is a piece of orbit of f, 67(‘)“ = ég and
r, = a+ u/a_(ég). Moreover, (éf_)kgo calibrates i,. By passing to the limit
in the corresponding inequalities for 0" we gather 67;_ > 56‘7 + p and equality is
excluded by Proposition 6.6.14, hence é;_ > 0}‘)‘7 +p and (Q}ff)kgo is -asymptotic
to (k<o ) o

Coming back to the chain (67)x<o, setting r§ = 025(0%,,65), as rj —a €
otii, (67(‘)‘) and by semiconcavity of i,, it follows that r(‘)Z < g - Then, by the twist
condition, éﬁl > éf] Last, applying again that calibrating chains do not cross away
from the origin (Lemma 6.3.12) gives 5,? > 9~,f’_ for all k > 0. We then apply to
k = g in order to conclude that

05 > 60~ >03" +p=06§ + p.

The result now follows from Proposition 6.6.14. O

The proof of Theorem 6.6.13 is now fully completed.

To clarify the picture the following result makes Proposition 6.6.19 more precise.
As a matter of fact, it implies that the full pseudographs PG(a +u,,) and PG(b+ u;J)
only intersect on the Mather set.

Proposition 6.6.21 Assume that My, # R. Let (y, , yJ ) be a connected component
of R\ My,. Then restricted to (y, , yar), PG(a + i) is strictly under PG(b + it)),
in the sense that iféo € (¥ » yJ) and rg is such that (50, ra) € PGa + ii)) and ry
is such that 8y, rp) € PG(b + i), thenrg < rp.

Proof Let (y,fc)kez be the minimizing orbits of rotation number pg that are of type
(p, g)- Then as the sequence (y,j' — Y Jkez 18 positive valued and |g|—periodic, there
exists ¢ > 0 such that y,” — y,:r > ¢ for all integer k € Z.

Let 6y € v > yg' ) and let us assume by contradiction that there exist two
minimizing chains (éf)kgo and (é]f)kg() calibrating respectively i, and ip, such
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that éé‘ = éé’ = 50 € (v y(')F ) and verifying rg > rg , where rg = ng(éfl,ég)
and ré’ = 82§(9~b l,éb) First note that r§ # rg as otherwise both minimizing
chains would be equal and (Qk k<0 18 a—asymptotlc to (y k<o while (Qk)k<0 is
a—asymptotic to (¥, )k<o- As now rg > ro, it follows from the twist condition that
éfl < éf]. But for n < 0 large enough in absolute value, |§“ -y < £ and
16t — v < § thus implying that 69 > 6P Hence the two minimizing chams cross
at 0 and somewhere between — 1 and n, that is absurd.
The previous result applies in particular to the minimizing and calibrating chains
verifying rj = a+ i,_ (o) and ré’ =b+iu, " (6o) therefore proving the Proposition.
O
Now that we have a pretty good idea of how are organized the extreme
pseudographs PG(a + u,) and PG(b + u;) and their respective calibrating chains,
the next results help understanding the looks of more general weak KAM solutions
at any cohomology class ¢ € (a, b).

Proposition 6.6.22 Assume that M, # R. Let (y, , y, Y be a connected component
ofR \ My,. Let c € (a, b), v : T! — R a weak KAM solution at cohomology ¢ and

by € Vo s Yo Y a point of derivability of . the lift of v.. Then one of the following
holds:

1. u, is derivable at 90 anda + 1’ (90) =c+7, (90)
2. Uy is derivable at 60 and b + ub (9()) =c+ . (90)

Proof Let (9,? )k<o be the unique minimizing chain calibrating v, such that ég = 0.
By Theorem 6.6.13, either 55 < éqc — p and (é,f)kgo calibrates i1, either ég > 67; -
and (6715 )k<o calibrates iip.

Let us consider the first case and prove that i, is derivable at 50. Recall that as
U 18 a semiconcave function that is derivable at 50, then ¥/, is continuous at 50. Let
P C R be a set, the complement of which is countable, such that all functions i,,
ip and v V¢ are derivable on D. By contlnulty of U/, at 00, there exists ¢ > 0 such that
for all O € DNy —¢,0p+¢e) C (g yo)

10 f4(Bg, ¢ + .(Bg)) — p > O,

where we use that 9‘ =m0 f9(0p,c+ 7 (90)) It follows that, setting O =
T 0 fk (@0, c+ vc(®0)) for all k£ < 0, the chain (®k)k<0 is the unique calibrating
chain for v, starting at ®¢ and that it also calibrates i, again using Theorem 6.6.13.
As, by definition of D, such a calibrating chain is also unique for iz, we uncover that

a+ IZ;(@O) =c+ ﬁi(@o) = 82§(@,1, @0)

Applying the preceding equality to an increasing sequence ((:)8),120 of points in
DN Gy — &, 60 + &) converging to by gives a + i), _(6p) = ¢ + ii’.(fp). Similarly,
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taking a decreasing sequence ((:)8),,20 of points in D N (6y — &, Gy + €) converging
to 670 gives a + ii, +(670) =c+ ﬁ;(éo). Those two equalities provide the desired
result. O

We deduce from Propositions 6.6.21 and 6.6.22 and from semiconcavity, that
weak KAM solutions’ pseudographs can jump downward only once from PG(b +
it,) to PG(a + it;,) on each connected component of R \ M.

Theorem 6.6.23 Assume that M, # R. Let (y; , yar ) be a connected component
of R\ Mp,. Let ¢ € (a,b), v : T! — R a weak KAM solution at cohomology c.
Then there exists © € [y, , yg_ ] such that

I c+9.0)=b+ ﬁb(é)for almost every 6 € (Vo 0),
2. c+ ﬁé(é)Nz a+ f/a(é)ﬁir almost every § € (O, yS‘),
3 c+U._(©) =b+i) (0),
4 c+ 1, @) =a+i, (®).
In particular,
~ ~ ~ 5 ~
VO € (), 0), Uc(0) =0c(yy) + /_ up(s)ds + (b —c)(0 — yy);
Yo
~ ~ ~ é ~
Vie @) Tl =507+ [ @6 ds+ @@ - ).
Yo

6.7 A Glimpse into the World of Weakly Integrable Twist
Maps

We wish to give an account on some results originally published in [21, 22]
by Arnaud-Zavidovique. We will only state them as the proofs go far beyond
the scope of this memoir. The understanding of weakly integrable twist maps
(Definition 6.2.7) is a frustrating task. Indeed, as was already pointed out, there
is no known example of C%—integrable twist map with a non C! invariant circle.
The notion appears in various historic works (even if not explicitly defined). In the
study of the Hopf conjecture about Riemannian tori without conjugate points, before
its definitive answer by Burago and Ivanov in [61], it was proved by Heber [128]
that such geodesic flows are C*—integrable. This result was then generalized to exact
symplectic twist maps [80] and at last to more general flows of Tonelli Hamiltonians
([4] and also [11]) and twist maps in higher dimension [3]. Finally, on more general
surfaces, let us mention the work [158].

The philosophy of our results is to show that weak forms of integrability
have strong dynamical implications and that further properties of the underlying
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foliations can be obtained. The first result completely characterizes C°—integrable
twist maps in terms of the function u : T' x R — R provided by Theorem 6.5.3.

Theorem 6.7.1 There is equivalence between

1. the map f is C—integrable,
2. the function u is C'.

Moreover in either case the function u is unique and

* foreachc € R, the graph G(c + u.) is a leaf of the invariant foliation F,
e themap he : 0 — 60 + ‘5—';(9, c) is a semi—conjugation between the projected
dynamics g. : 0 — of(@, c—}—g—‘g‘(@, c)) and the rotation Ry ) : 6 +— 0+ p(c)

meaning that he o gc = Ry(¢) o he.

The striking fact in the previous Theorem is the regularity with respect to c. At
irrational rotation numbers, Poincaré—Denjoy theory gives that a semi—conjugation
to the corresponding rotation is unique and regularity at such cohomology classes
is not surprising. It is not the case at cohomology classes with a rational rotation
number and the proof actually gives that the function h. is C¥~! if f is Ck.
Moreover, previous works of Arnaud [6] yield that at such a cohomology class c, the
invariant circle is also C¥ (that also follows from the Implicit Function Theorem)
and the restricted dynamics is completely periodic and conjugated to a rotation (cf.
Theorem 6.6.18).

The main (hypothetical) feature of a C—integrable twist map that would not be
integrable is the presence of invariant circles with irrational rotation number and a
restricted dynamics that is one of a Denjoy counterexample. This means that if ¢ is
the corresponding cohomology class, the map /. is not a homeomorphism. This is
excluded in the case of Lipschitz—integrable twist maps (see Definition 6.2.6) by the
next Theorem.

Theorem 6.7.2 Assume that the Exact Conservative Twist Map is Lipschitz inte-
grable. Then there exists an exact area preserving homeomorphism ® of T! x R,
which is CV in the variable 0, such that

V(x,c) € T! x R, ®ofo d>_1(x, c)=(x+p(c),c).

Moreover, in this case, p : R — R is a bi—Lipschitz homeomorphism, all the leaves
of the invariant foliation are C' and the restricted dynamics on each leaf is C'—
conjugated to a rotation.

The function ® is implicitly defined by the relation

cp(e, c+ 2—2(9, c)) - (9 n ‘;—Z(e, o), c).

In the previous Theorem, the area preserving homeomorphism & maps the
foliation ¥ invariant by f to the standard foliation a consisting of the obvious
circles?? ={(,c), 6 € T'}. Anatural problem is therefore to find which foliations
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by graphs are homeomorphic to the standard foliation by an exact area preserving
homeomorphism. On this matter, we provide the following characterization.

Theorem 6.7.3 Let F be a foliation of T' x R by graphs of functions 6 + n.()
such that for ¢ € R, le nc(0) d6 = c. Then F is homeomorphic to the standard
foliation a by an exact area preserving homeomorphism if and only if there exists
a C! function u : T' x R — R such that

e u(0,c) =0forall c € R,
© 0c(0) =c+ 340, 0) forall 0, ¢c) e T' x R,
e forallc € R, themap 6 — 0 + g—'g(@, ¢) is a homeomorphism of T'.

Again, an area preserving homeomorphism ® sending F to 79 is implicitly defined
by the relation

cp(e, c+ ‘;—Z(e, c)) - (9 + g—Z(e, o), c).

As a conclusion, the previous Theorem allows to explain Theorem 6.2.8. In the
case of the foliation given by the functions 1.(6) = c+e&(c) cos(2m9), for a function
¢ : R — R which is Lipschitz, non C!, with a small enough Lipschitz constant, the
foliation is Lipschitz in the sense of Definition 6.2.6. Moreover, were this foliation
straightened by an exact area preserving homeomorphism the associated function u
would be given by

Y@,c) eT' xR, u(d,c)= ? sin(270).
JT

This last function is clearly not C!, thus violating the conclusion of Theorem 6.7.3.
We conclude that the foliation given by 1 cannot be invariant by an ECTM.



Epilogue: Weak KAM Theory, Origins
and Present Developments

To end this text, we will develop the reasons that led Albert Fathi to name “Weak
KAM?” his theory and present some of its more recent developments. The choices
made by the author are by no means exhaustive, as the subject is very active and
researchers quite prolific.

Etymology of Weak KAM

In order to understand the origin of the weak KAM terminology, one has to
understand the KAM theorem. KAM is the acronym for Kolmogorov Arnol’d
Moser. Briefly, Kolmogorov [148] was the first to state a KAM like theorem in
an analytic setting. Then Arnol’d [24] was the first to prove the theorem stated by
Kolmogorov (and others in the same spirit during his career). He also extended it
in celestial mechanics [25] providing an incomplete proof later made rigorous in
[119] by Herman and Fejoz. Finally Moser [177] extended those theorems to C*
and finite differentiability settings.

Following closely [120] let us state the invariant torus theorem of Kolmogorov.
Let H be the set of Hamiltonians on TV x RV that are real analytic on a
neighborhood of the O—section Ty = TV x {0}. For & € R", let K* be the set
of Hamiltonians K € 9 that are of the form

K@©,r)=c+ (a,r)+ 0@,

where (-, -) is the canonical scalar product on RV, ¢ € R is a constant and O (r?)
is a function of (r, @) such that O(r2)/||r||> is bounded as r — 0. In particular,
this implies that 7y is invariant by the Hamiltonian flow ¢x of K and that the
Hamiltonian vector—field is constantly equal to («, 0) when restricted to Tp. In
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particular, q);( 6,0) = (0 +ta,0) forall r € Rand # € TV meaning that ¢g
restricted to Ty is a translation flow of vector «.

Let G be the space of symplectic transformations G of TV x R that are real
analytic in a neighborhood of Ty and of the form

G, = (¢®). (Dap) ™ (r + p(®)).

where ¢ : TV — TV is analytic with ¢(0) = 0, and p(0)d# is a closed 1- form on
TV,

Now we focus on @ € RV that is Diophantine meaning that there is a small
0<y < landt > N — 1 such that

[k, o) = Ikl

for all k € ZN \ {0}, where ||k||1 = |ki| + - - - + |kn|. We start from a Hamiltonian
KO € K that has Taylor expansion

K°0,r) = 4 (a,r) + QY(r, 1) + OG)

where Qg is a symmetric bilinear form for all # € TV with a non—degeneracy
condition det ( fTN Qg d@) = 0. In this setting the KAM theorem then states:

Theorem For every H € H close to KO, there exists (K, G) € K* x G close to
(K°, Id) suchthat H =K o G ina neighborhood ofG_l(To).

In the previous Theorem, the notions of proximity are in the analytic sense. The
Theorem means that if K has the O—section as invariant manifold with a suitable
restricted dynamics (a Diophantine translation) then a small perturbation H of K°
has an invariant torus G~ (Tp), called a KAM torus, close to the initial invariant
torus 7. Moreover the restricted dynamics of H on G~!(T) is conjugated to the
same Diophantine translation. The previous theorem will also clearly hold true by
composing by an analytic symplectomorphism.

If now H is sufficiently close to K 0 its invariant torus G~ (Tp) will still be a
graph of a closed 1-form meaning that there is P € R" (a cohomology class) and
u : TV — R smooth such that G~ (Tp) = {0, P + Dgu), 6 € TV}. We now
invoke basic results from symplectic geometry stating that the graph of a closed 1-
form is a Lagrangian submanifold and that a Lagrangian submanifold £ is invariant
by a Hamiltonian flow ¢ if and only if H is constant on £ to infer that

ICeR, VOeTVN, H@®,P+ Dyu)=C.
The main output we will keep from the deep KAM theorem is that a KAM torus

yields a smooth strong solution of a stationary Hamilton—Jacobi equation. On the
contrary, as we already extensively developed, weak KAM solutions are viscosity
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solutions of stationary Hamilton—Jacobi equations and viscosity solutions are a form
of weak solutions. This is the etymology:

strong KAM theory provides strong solutions of the Hamilton—Jacobi
equation whereas weak KAM theory provides weak solutions of the Hamilton—
Jacobi equation.

In the particular case of KAM tori, classical objects from Aubry—Mather theory
detailed in this book are studied in [190].

Arnol’d Diffusion

Following the previous paragraph, assume we start from an analytic Hamiltonian
that only depends on the momentum variable: K : TV x R" such that K°(9, r) =
k°(r) where kK : R¥ — R is an analytic non constant function. Writing the
Hamiltonian vector—field X xo(6,r) = (Vko(r),0) shows that each torus 7, =
TN x {r} is invariant by the Hamiltonian flow and the restricted dynamics on 7,
is a translation of vector Vko(r). The KAM theorem asserts that if H is close to K°
then H will possess many invariant tori that it inherits from K°. A natural idea is
then that those invariant tori of H will prevent other orbits from wandering much in
the phase space. Arnol’d [26] exhibits examples showing the contrary.
Fore > 0and u > 0 let

1 1
Hep(t,0,q,1, p) = §|p|2 - 5|1|2 + e(cos(2mq) — 1)
+ u(cos(2mgq) — 1)(sin(2w0) + cos(2m1)).

We see H; ;, as a time periodic Hamiltonian defined on R x T2 xR2. Fore = n =0,
Hj o is an integrable Hamiltonian as described previously. If now ¢ > 0 is fixed,
the Hamiltonian flow of H; g is still easy to understand (product of a rotator and a
pendulum) and its trajectories (9 ®),q@), 1), p(t)) verify I(t) = cste. One could
then expect I (¢) not to vary too much for small values of & > 0 but Arnol’d proves
the following:

Theorem For any 0 < I_ < I+ and u > 0 small enough, there is T > 0 and
a solution t +— (G(I), q(1),1(1), p(t)) of the Hamiltonian flow of Hg , such that
I10) <I_and I(T) > 1.

For several decades following this example, it has been a huge challenge to
extend it to more general perturbations of integrable (or not) systems and even
maybe establish the genericity of such phenomenons. As we already pointed out,
Mather developed his theory to construct diffusion orbits [167, 169, 171]. Many
tried to implement Mather’s ideas and Arnol’d’s mechanism to reach the same goal,
for instance Bernard combined Mather’s ideas with weak KAM theory in [43].
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Probably the most striking breakthrough was achieved by Bernard et al. [55],
following preparatory work of Bernard [44] mixing weak KAM, Aubry-Mather
and shadowing of hyperbolic objects. They prove the following, starting from a
uniformly convex Hamiltonian Hy : By — R of class C", r > 4, where By is the
unit ball of RV . Denoting S” the unit sphere in C" (T x TV x By):

Theorem There exist two continuous functions £ and €y on S that are positive on
an open and dense set U C 8" and an open and dense subset

Vi C{Hy+¢eH;, HHe U, 0<¢e <eg(H)}

such that it holds:
If H € V4, there exists an orbit (0, p) of the Hamiltonian flow of H, and T € N
such that || p(T) — pO)|| = €(H).

In the previous theorem the crucial point is that even if the diffusion is not
arbitrarily large, it is of a quantity £(H;) that does not depend on ¢. This result
was then improved in two and a half degrees of freedom, achieving Mather’s goal,
in [144].

The Maiié Conjecture and the Size of the Aubry Set

Another important genericity problem is the Mafié conjecture. In [154], Maiié
proves that for a generic Tonelli Hamiltonian H on a compact manifold (for a notion
now called Mafié genericity), H only has one Mather measure. He asks questions to
improve this result, one being the famous Mafié conjecture that we reproduce here:

Problem III Is it true that for a generic Tonelli Lagrangian L, there exists an open
and dense set H Cc H'(M,R) such that M®(L) consists of a unique minimizing
measure supported in a periodic orbit [if w € H]?

In this Problem, M®“(L) is the set of Mather measures at cohomology w. This
conjecture has been often restated in an almost equivalent one: is it true that for
a Mafié generic Lagrangian L there is a unique Mather measure supported on a
hyperbolic periodic orbit.

In the context of Arnol’d diffusion, supports of Mather measures, as well
as Aubry sets and Mather sets, being invariant, are more of an obstruction to
the existence of diffusing orbits. It is therefore not a surprise that Mather also
was interested in the generic size of those sets (see [168, 170]). In particular he
conjectured that for a generic Tonelli Lagrangian, M®(L) contains a finite number
of ergodic measures for all w € H C H'(M, R). He also posed questions about the
total disconnectedness of the quotiented Aubry set, giving examples where it is not
(see references aforementioned).
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Concerning Mather’s conjecture, it was solved in [46, 50] where for example it
is proved that

Theorem Let L : T x M — R be a smooth Tonelli Hamiltonian then there exists
a residual subset O of C*°(T x M, R) such that for all u € O and ¢ € H'(M,R)
there are at most 1 + dim H'(M, R) ergodic minimizing measures of L — u — c.

Concerning the total disconnectedness problem, let us mention [189] and [118]
where Sard like theorems are used. For example in the later reference, amongst
much more precise results, the authors prove that

Theorem For an autonomous smooth Tonelli Lagrangian L : TM — R, if M is of
dimension d < 3, the one dimensional Hausdorff measure of the quotiented Aubry
set is 0.

Concerning Maiié’s conjecture, it is still open to this day but substantial progress
has been made. Following first results by Figalli and Rifford [121, 122] where
the authors assume for example the existence of critical subsolutions with certain
regularity, an important step was made in [84]:

Theorem Let H : T*M — R be a Tonelli Hamiltonian of class C?, and assume
that the dimension of M is 2. Then there is an open dense set of potentials V C
C%(M,R) such that, for every V € V, the Aubry set associated to the Hamiltonian
H + V is hyperbolic in its energy level.

Hyperbolocity of the Aubry set is a great step as it is an open property. Following
this, a recent preprint of the last author [83] claims the proof of Mafié’s conjecture
in dimension 2, in the C? topology. This work is still under review when those
lines are being written. Let us mention that an important result of similar flavor had
been obtained by the same author [82]. This day, we sadly learned that Gonzalo
Contreras passed away prematurely. We seize this opportunity to pay tribute to a
great mathematician who leaves an important legacy in dynamical systems and in

Mathematics more generally.

The Shape of the Aubry Set

As is well known, not only size matters. In a sensational series of papers [5—
7,9, 13,14, 17, 18], Marie—Claude Arnaud established surprising results linking the
dynamics on the Aubry sets (hyperbolicity, Lyapunov exponents, angles between
Oseledet’s splitting) and its shape (regularity). Her results concern both Tonelli
Lagrangian systems, and symplectic twist maps of higher dimensional annuli.

The main tool of those results is the notion of Green bundles G and G _ that are
defined along the Aubry set. They are invariant semicontinuous bundles that trap the
Aubry set. Therefore, according to how the Green bundles intersect, Arnaud deduces
either regularity properties of the Aubry set, or of supports of Mather measures,
or she finds hyperbolicity properties for the restricted dynamics. Far from being
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fair to the huge variety of results Arnaud proves, let us mention two. In [6] she
finds properties of invariant essential curves of ECTM of the annulus. The Birkhoff
Theorem asserts that they are Lipschitz graphs.

Theorem Let f : A — A be an exact symplectic C' positive twist map and let
y : T — R be a Lipschitz map whose graph is invariant by f. Then there exists a
dense Gs subset U of T whose Lebesgue measure is 1 and such that every t of U is
a point of differentiability of y and a point of continuity of y'.

This allows to exhibit graphs of Lipschitz functions that cannot be invariant by an
ECTM.

In [13] this Theorem is suitably extended to Tonelli Lagrangian systems. For the
dynamical aspects Arnaud proves:

Theorem Let M be an n dimensional manifold and H : T*M — R be a Tonelli
Hamiltonian and let u be an ergodic minimizing probability measure. Then the two
following assertions are equivalent:

* at u—almost every point, dim(G,(x) N G+(x)) =p;
* w has exactly 2 p zero Lyapunov exponents, n— p positive ones and n— p negative
ones.

Singularities of Weak KAM Solutions

As already hinted in the previous sections, regularity of subsolutions and of weak
KAM solutions can provide interesting consequences on the Aubry, Mather sets and
on the Hamiltonian dynamics. We already mentioned that for a Tonelli Hamiltonian,
the weak KAM solutions are Lipschitz hence differentiable almost everywhere.
They even are locally semiconcave and it can be proved that if the dimension
of M is n, the set of singularities (non—differentiability points) of a semiconcave
function is (n — 1)-rectifiable. This means that it is included in a countable union
of Lipschitz submanifolds (see [67]). Better understanding the set of singularities
of weak KAM solutions, or more generally of solutions of the time evolution
Hamilton—Jacobi equation, is an important and long standing challenge. It was for
example conjectured that there is a sort of intrinsic dynamics taking place inside
the set of singularities. Such problems were for instance studied in [68, 69], see
also [66]. In [65] the authors had the excellent idea to use (yet again!) the positive
Lax—Oleinik semigroup to trace back singularities of solutions to the negative Lax—
Oleinik semigroup. This idea was then isolated and systematized in [70, 72]. In the
first paper, the authors use this to construct homotopy equivalences between sets
involving the Aubry set of a weak KAM solution u and the set of its singularities. In
the second paper, they extend those results and apply them to Riemannian geometry
problems and singularities of distance functions. Interesting results in this line of
research had been obtained in [2] and are recovered and widely extended. We
will give one striking example. If (M, g) is a complete Riemannian manifold let
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NUM, g) be the set of pairs (x,y) € M x M that are joined by at least two
distinct minimizing geodesics. We denote Ay = {(x, x), x € M}.

Theorem The set NU(M, g) C M x M\ Ay is locally contractible. In particular
NU(M, g) is locally path connected.

Contact Type Hamilton-Jacobi Equations

As already mentioned in the introduction, contact type Hamiltonians are defined
on the 1-jet bundle T*M x R of a closed manifold M. The name comes from
the fact that T*M x R possesses a natural contact form and that contact flows
are defined in order to preserve this form. Given a continuous function (contact
Hamiltonian) G : (x, p,u) +— G(x, p,u) one can study viscosity solutions
of stationary equations or evolutionary equations. We will mainly focus on the
discounted approximation here but references on other topics were mentioned in the
introduction and let us highlight also a recent beautiful paper that studies Lyapunov
stability of the evolutionary semigroup in a general framework quite similar to the
one we will describe below [187].

Our standing hypotheses are that p — G(x, p, u) is convex and superlinear for
all (x, u) and that 9, G exists and is continuous in a neighborhood of T*M x {0}.
The classical Tonelli Hamiltonian that we are interested in is H (x, p) = G(x, p, 0)
and we consider «(0) its critical constant.

For A > 0 we focus on solutions to

G(x, Dyu, Au(x)) = a(0), xeM (AHD)

and in the asymptotic behavior of possible solutions as A — 0.

An increasing character of G with respect to the last variable is a very convenient
hypothesis. A completely decreasing case was studied for Hamiltonians of the form
G(x, p,u) = H(x, p) — u in [90] where the authors obtain partial results but the
general discounted convergence remains open for this type of monotonicity.

A sort of degenerate increasing setting was considered in [78] generalizing the
results presented in paragraph of Sect.4.6.4. We denote by Lg : TM x R — R
the Lagrangian associated to G. Note that increasing properties of G translate to
decreasing properties of L and that 9, L is also well defined and continuous in a
neighborhood of 7*M x {0}. The main results of this paper can be summarized as
follows:

Theorem Assume that for all (x, p) € T*M, u — H(x, p,u) is nondecreasing
(or equivalently u — Lg(x, v, u) nonincreasing for all (x,v) € TM).

Assume moreover that for all Mather measures w of H = G(-, -, 0) the non
degeneracy inequality fT y OuLlc(x,v,0) du(x,v) < O holds. Then there exists
ro > 0 such that for all 0 < A < Ao the Eq. (\HI]) admits a unique viscosity
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solution uy : M — R. Moreover the family u, uniformly converges as . — 0 to a
weak KAM solution ugy of H.

A chalenge is to understand in non monotone cases what happens. The first thing
is that there might not be uniqueness of solutions anymore. A simple but telling
example is G(x, p, u) = p? + sin(u) defined on T x R x R for which if A > 0,
the constant functions equal to 0, to I and — 7 are solutions of (AHJ). Therefore
in non monotone settings, one can expect diverging families of solutions as A —
0. In [97] we manage to show that the previous example is representative of all
possible behaviors of families of solutions when dropping the global non decreasing

hypothesis. We prove a trichotomy Theorem:

Theorem Assume that for all Mather measures w of H = G(-,-,0) the non
degeneracy inequality fT yOuLlc(x,v,0) du(x,v) < O holds. Then there exist
a weak KAM solution ug of H and functions 6 and ¢ from (0, 1] to R such that
(X)) — 4ooand e(A) — 0as A — 0 and such that if A € (0, 1] and u, is a
solution to (A\HJ) then one of the three possibilities below hold:

o luxr —uolloo < (),
 u) < —0(),
e uy; =0

Therefore, up to subsequences, solutions of the discounted equation either select a
precise weak KAM solution of H, either diverge uniformly to + oo or to — oo.
The previous Theorem does not say anything about existence or uniqueness of
solutions. Indeed, classical techniques of viscosity solutions theory fail without
monotonicity. In the same article, we obtain results on those two problems for
separable Hamiltonians of the form G (x, p, u) = H(x, p) +6(x)u where § : M —
R is a continuous function. Note that the derivability property 9, G is automatically
satisfied. Recall also that in this case Lg(x,v,u) = L(x,v) — §(x)u where L
is the Lagrangian associated to H. The non degeneracy hypothesis then becomes
fT y 0(x) due(x, v) > 0O for all Mather measure u of H. The discounted equation
has a form we already encountered:

AM(x)u(x) + H(x, Dyu) =a(0), xeM (ASHJ)

Under those hypotheses we obtain the following existence (and convergence)
result:

Theorem Under the previous hypotheses there exists Ao > 0 such that for all A €
(0, L) there exists a solution vy, : M — R of (A\SHJ) that is the (pointwise) maximal
solution of (A8HI). Moreover the family (v;.)5c(0,5.,) converges as » — 0.

Therefore, the previous Theorem excludes the possibility of families of solutions
diverging to + oo. By strengthening the hypothesis, we obtain other solutions
(compare with Sect. 4.6.4):
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Theorem Assuming the previous hypotheses, suppose moreover that there exists
xo € M such that §(xg) < 0.

1. Ifthere exists a neighborhood V of the projected Aubry set Ay such that §y > 0
then there exists a second family u; of solutions for 0 < A < X\ such that
u; — —ooas i — 0.

2. If §|ay > 0 and if (wy, ), is any sequence of solutions with A, — 0 and w;, #
vy, for all n > 0 then w;, — —o0.

The first point therefore gives a criterium for which there are at least two families
of solutions, one converging and one diverging. The second point, asserts that under
a slightly stronger hypothesis, the family (v;)xe(0,5,) of maximal solutions is the
only family of solutions that converges as A — 0.

Weak KAM in Celestial Mechanics

Since at least Poincaré, celestial mechanics has been an amazing playground for
mathematicians. Lack of compactness and collisions between masses complicate
everything and make most classical technics in dynamical systems fail.

The setting is that of N punctual objects of masses m1, --- ,my > 0 evolving
in the euclidean space R”. The position of the mass m; is denoted by r; € R" and
its velocity v; € R". We denote by r;; = ||r; — r;| the euclidean distance between
the masses m; and m;. We introduce as well the vectors x = (r1,---,ry) and
v= (v, --,vn). If k € (0, 1) we introduce a potential

Ue(x) = Z mimjrl-;z".

i<j

The classical Newtonian potential corresponds to the case x = % The Lagrangian
function is

N
1
LGx,v) =5 3 millvil? + Ui ().
i=1

With this at hand, one easily defines an action functional and a Lax—Oleinik
semigroup by copy pasting the definitions for example the Lax—Oleinik is, for f
a continuous function on (R”)N ,andt > 0

0

vx e RMHY, T"f(x)=i1;ff(y(—t))+ / L(y(s), 7(s)) ds,

—t

where the infimum is taken on absolutely continuous curves such that y(0) = x.
The problem is that the Lagrangian is unbounded and even takes value + oo when
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two masses collide. Moreover the base manifold is not compact. Maderna manages
to handle those difficulties and proves a weak KAM Theorem [155]:

Theorem There exists a function u : (R")N — R such that T~'u = u forallt > 0.

Maderna also provides an equivariant version by proving the existence of such
functions having the same symmetries as those of U,. The degeneracy of the
potential translate to lesser regularity of the action functional and of weak KAM
solutions. They are proven to be Holder and not anymore locally Lipschitz.

Maderna pushed his study of weak KAM solutions for the N-body problem in
collaboration with Venturelli. They obtained a striking and powerful existence result
of trajectories having prescribed asymptotic behavior in [156].

Narrowing in on the Newtonian case Kk = %, a trajectory (ri(1), -+, ry(1)),
defined for ¢ > 19 is called hyperbolic if for all 1 < i < N the velocity 7;(¢) — a;
converges as t — 400 and all the limit vectors g; are different. Let @ C (R")V the
set of such vectors without collisions: x = (a1, --- ,ay) € Qif and only if a; # a;
for all i # j. The main Theorem of [156] is then:

Theorem For the Newtonian N—body problem in R", with n > 2, there are
hyperbolic motions x : [0, +00) — RN such that

x(t) = V2hta + o(t),

as t — —4o00. This holds for any choice of xo = x(0) € (RMN, for any limit speeds
a € Q2 normalized such that ||a|| = 1 and any choice of constant h > 0.
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