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To my dear Nathalie



Preface 

Stochastic Differential Equations (SDEs) are very popular in applications, and statis-
tical inference for these models has been an intensively investigated research field 
for many years. On estimators computed from one long-time observation of the 
ergodic stationary solution of an SDE, there are already famous books, such as 
Kutoyants [1] (for diffusions) and Kubilius et al. [2] (for fractional diffusions). 
However, to my knowledge, there is no book on copies-based statistical inference 
for such models, which is related to functional data analysis. So, following a presen-
tation on this topic to my colleagues at the Modal’X Department of Paris Nanterre 
University, I decided to write the present book on the projection least squares and 
Nadaraya-Watson estimators of the drift function computed from multiple short-time 
observations of an SDE solution. The main purpose of this book is to show to the 
reader how to extend proof techniques from nonparametric regression to the copies-
based estimation of the drift function for various usual models: SDEs driven by 
Brownian motion, a Lévy process or fractional Brownian motion. The story doesn’t 
stop there, because I’m already working on a second book on copies-based nonpara-
metric estimators of the drift function for more complicated models, and of the 
transition density function for diffusion processes. Anyway, I hope this first book 
will help the reader to become familiar with copies-based statistical inference for 
SDE models. 

Finally, I would like to thank my main co-author Fabienne Comte for all her 
valuable comments on the manuscript. 

Paris, France 
2025 

Nicolas Marie 
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Chapter 1 
Introduction 

A Stochastic Differential Equation (SDE) is a differential equation perturbed by a 
random component, defined thanks to an integral with respect to a stochastic process 
such as Brownian motion, a jump process and fractional Brownian motion. When 
the driving signal is Brownian motion, the stochastic integral is taken in the sense of 
Itô, and the solution of the SDE is a diffusion process (see Revuz and Yor [ 1]). These 
are widely used to model random dynamical systems in applications: the prices of a 
risky asset in mathematical finance (see Lamberton and Lapeyre [ 2]), the elimination 
process of a drug in pharmacokinetics (see Donnet and Samson [ 3]), the membrane 
potential of a neuron (see Bachar et al. [ 4]), etc. So, in order to fit stochastic differen-
tial equations driven by Brownian motion on data in all these applications, one uses 
statistical inference for diffusion processes, which has been an intensively investi-
gated research field for many years. Precisely, from continuous-time observations, 
the drift function.b0 of the SDE needs to be estimated. Until the end of the 1990s, all 
the estimators of .b0 were computed from one long-time observation of the ergodic 
stationary solution of the SDE. More recently, new kinds of estimators of the drift 
function have been investigated: those computed from multiple short-time observa-
tions of the diffusion process. In both approaches, the estimators of .b0 studied in the 
literature are derived from simpler estimators involved in the (non)parametric regres-
sion framework: the maximum likelihood estimator, the (projection) least squares 
estimator, kernel-based methods, etc. In some situations, Brownian motion is not 
the appropriate driving signal, for instance to model the prices process of a risky 
asset when jumps may occur, or to model its volatility process whose memory and 
path regularity may differ from those of a diffusion process. Such random dynamical 
systems are modeled by stochastic differential equations driven by a Lévy process 
(see Applebaum [ 5]) or by fractional Brownian motion (see Friz and Victoir [ 6]). 
Here again, long-time behavior-based estimators and copies-based estimators of . b0
have been investigated in the literature, but additional difficulties need to be man-
aged, especially when the driving signal is fractional Brownian motion, which is not a 
semi-martingale when its Hurst parameter differs from.1/2. This book deals with two 
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2 1 Introduction

types of copies-based estimators of the drift function: the projection least squares 
estimator for both diffusion processes and stochastic differential equations driven 
by a Lévy process or by the fractional Brownian motion, and the Nadaraya-Watson 
kernel-based estimator for diffusion processes. 

Let .X = (Xt )t∈R+ be the diffusion process defined by 

.Xt = x0 +
t

0
b0(Xs)ds +

t

0
σ(Xs)dWs; t ∈ R+, (1.1) 

where .x0 ∈ R, .W = (Wt )t∈R+ is a Brownian motion, and .b0, σ ∈ C1(R) have 
bounded derivatives in order to ensure the existence and the uniqueness of the (strong) 
solution of Eq. (1.1). 

As mentioned above, the oldest kind of (nonparametric) estimators of the drift 
function.b0 is based on the long-time behavior of the solution of Eq. (1.1). Precisely, 
they are computed from one observation of the ergodic stationary solution of Eq. (1.1), 
which exists and is unique under the following conditions on .b0 and . σ : 

.∃d 0, ∃c > 0, ∃R 0 : ∀x ∈ R, |x | R =⇒ xb0(x) −c|x |d+1 (1.2) 

and 
.∃α, A > 0 : ∀x ∈ R, α |σ(x)| α + A. (1.3) 

The reader may refer to Hoffmann [ 7] on a discrete-time wavelet-based estimator, 
to Kutoyants [ 8], Chap. 4 or Dalalyan [ 9] on continuous-time kernel-based estimators, 
to Comte et al. [ 10] on a discrete-time projection least squares estimator, etc. Note 
that .b0 satisfies (1.2) when .b0(0) = 0 and 

.∃c > 0 : ∀x ∈ R, b0(x) −c. (1.4) 

Indeed, for .x 0 (resp. .x < 0), by the mean value theorem and since.b0(0) = 0, 
there exists .u ∈ (0, x) (resp. .u ∈ (x, 0)) such that .b0(x) = b0(u)x , leading to 

. xb0(x) = x2b0(u) −cx2.

So, for instance, it is clear that the drift and volatility functions of the so-called 
Langevin equation .dXt = −θXtdt + dWt with .θ > 0 satisfy (1.2)–(1.3). But what 
about the estimation of . θ when it belongs to .(−∞, 0)? To answer this question, and 
many others, a new kind of estimators of.b0 has been investigated since several years: 
those computed from. N copies.X1, . . . , XN of. X observed on.[0, T ]with.T > 0 fixed 
but.N → ∞. The major part of the literature deals with estimators based on indepen-
dent copies of. X (see Comte and Genon-Catalot [ 11] on a continuous-time projection 
least squares estimator, Denis et al. [ 12] on a discrete-time nonparametric ridge esti-
mator, Marie and Rosier [ 13] on both continuous-time and discrete-time versions of 
a Nadaraya-Watson estimator, etc.). However, some recent papers are also devoted 
to estimators based on dependent copies. For instance, Della Maestra and Hoffmann
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[ 14] deals with a continuous-time Nadaraya-Watson estimator in interacting particle 
systems, and Comte and Marie [ 15] deals with a projection least squares estimator 
computed from multiple copies of .X driven by correlated Brownian motions. 

With copies-based estimators, the drift function .b0 doesn’t need to satisfy (1.2), 
and for instance, . θ may be negative in the previous Langevin equation. Moreover, 
these estimators are well-adapted to some situations difficult to manage with long-
time behavior-based estimators: 

• Assume that .X models the elimination process of a drug administered to one 
people, and assume that in a clinical-trial involving .N patients, .Xi models the 
elimination process of the same drug for the .i-th patient. Then, .X1, . . . , XN are 
independent copies of .X and the second kind of estimators of .b0 is tailor-made in 
such situation. 

• Consider .N interacting risky assets of same kind such that the prices pro-
cess .Xi of the .i-th asset is modeled by .dXi

t = b0(Xi
t )dt + σ(Xi

t )dW
i
t , where 

.W 1, . . . ,WN are correlated Brownian motions (see Duellmann et al. [ 16]). 
Although .X1, . . . , XN are not independent, the second kind of estimators of . b0
remains appropriate in this situation. In order to provide a very simple example 
of copies-based parametric estimator of .b0 in this financial setting, assume that 
.dXi

t = θ0Xi
t dt + Xi

t dW
i
t , and that 

. d Wi ,Wk
t = Ri,kdt; ∀i, k ∈ {1, . . . , N },

where . R is a .N × N correlation matrix. For every .t ∈ [0, T ], 

. Xi
t = x0e

Y i
t with Y i

t = θ0 − 1

2
t + Wi

t .

A natural estimator of .θ0 is given by 

. θN = 1

2
+ 1

NT

N

i=1

Y i
T = θ0 + 1

NT

N

i=1

Wi
T ,

and its quadratic risk is easy to compute 

. E((θN − θ0)
2) = 1

N2T 2

⎛
⎝ N

i=1

E(|Wi
T |2) +

i k

E(Wi
T W

k
T )

⎞
⎠

= 1

NT

⎛
⎝1 + 1

N
i k

Ri,k

⎞
⎠ −−−−→

N→∞ 0 when
i k

Ri,k =
N→∞ o(N2).

Finally, from one path of the solution .X to Eq. (1.1) observed on .R+, which seems 
to be a situation only appropriate for long-time behavior-based estimators of. b0, one 
can construct .N independent copies of .X |[0,T ] when.b0 and. σ satisfy (1.2)–(1.3). To
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that purpose, consider the stopping times .τ1, . . . , τN recursively defined by . τ1 = 0
and 

. τi = inf{t > τi−1 + T : Xt = x0}; i = 2, . . . , N

with the convention.inf(∅) = ∞. Since.b0 and. σ fulfill (1.2)–(1.3), the scale density 

. s(·) = exp −2
.

0

b0(x)

σ (x)2
dx

satisfies 

. 

0

−∞
s(x)dx =

∞

0
s(x)dx = ∞,

and then .X is a recurrent Markov process by Khasminskii [ 17], Example 3.10. So, 
for any .i ∈ {1, . . . , N }, .P(τi < ∞) = 1, and one can consider the processes 

. Wi = (Wτi+t − Wτi )t∈[0,T ] and Xi = (Xτi+t )t∈[0,T ].

Since .W 1, . . . ,WN are independent Brownian motions by the strong Markov 
property, and since 

. Xi = I(x0,W
i ); ∀i ∈ {1, . . . , N },

where . I is the solution map for Eq. (1.1); .X1, . . . , XN are independent copies of 
.X |[0,T ]. 

Our book focuses on copies-based continuous-time nonparametric estimators of 
. b0. Note that for continuous-time observations, to determine the volatility function 
. σ is not a statistical problem. Indeed, 

. X t =
t

0
σ(Xs)

2ds; ∀t ∈ [0, T ],

and since.X has continuous paths, there exists a random interval. I of. R such that for 
any .x ∈ I , one can find .t (x) ∈ [0, T ] satisfying .Xt (x) = x , leading to 

. σ(x) = σ(Xt (x)) = d

dt
X t

t=t (x)

1
2

.

The estimators of .b0 based on copies of the solution of Eq. (1.1) are derived 
from simpler estimators involved in nonparametric regression. So, consider the i.i.d. 
random variables .(ξ1,Y1), . . . , (ξN ,YN ) such that, for every .i ∈ {1, . . . , N }, 

.Yi = b0(ξi ) + εi , (1.5) 

where the errors.ε1, . . . , εN are centered and independent of.ξ1, . . . , ξN . There are two 
extensions of the so-called (parametric) least squares estimator to the nonparametric
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regression framework, and then to the copies-based estimation of the drift function for 
diffusion processes: the projection least squares estimator and the Nadaraya-Watson 
estimator. 

The projection least squares estimator. Let  .(ϕ1, . . . , ϕm) be an .I -supported 
orthonormal family of .L2(R, dx), where .m ∈ {1, . . . , N } and . I is an interval of 
. R. Consider also .Sm = span{ϕ1, . . . , ϕm}, and assume that the . ϕ j ’s are continuous 
on. I . It is natural to estimate.b0 (on. I ) by the element of.Sm minimizing the objective 
function .γ l.s.

N defined by 

. γ l.s.
N (b) = 1

N

N

i=1

(Yi − b(ξi ))
2 = γ r

N (b) + 1

N

N

i=1

Y 2
i ,

where 

. γ r
N (b) = 1

N

N

i=1

(b(ξi )
2 − 2b(ξi )Yi ) for everyb ∈ Sm .

The objective function.γ l.s.
N is a natural extension of the (parametric) least squares 

criterion. Note also that to minimize .γ l.s.
N or .γ r

N on .Sm is equivalent because 
.γ l.s.

N (b) − γ r
N (b) doesn’t depend on .b ∈ Sm . This remark is crucial because .γ r

N can 
be easily extended to the estimation of .b0 from copies of the diffusion process . X , 
but not .γ l.s.

N . 
Now, assume that .m ∈ {1, . . . , NT } with .NT = [NT ] + 1, and let .γN be the 

objective function defined by 

. γN (b) = 1

NT

N

i=1

T

0
b(Xi

s)
2ds − 2

T

0
b(Xi

s)dX
i
s ; ∀b ∈ Sm .

Let us show that .γN has a unique minimizer in .Sm . For  .b = m
j=1 θ jϕ j with 

.θ1, . . . , θm ∈ R, 

. ∇γN (b) = 2

NT

N

i=1

T

0
ϕ j (X

i
s)b(X

i
s)ds −

T

0
ϕ j (X

i
s)dX

i
s

j∈{1,...,m}
= 2( mθ − Zm),

where .θ = (θ1, . . . , θm), . m = ( ϕ j , ϕ N ) j , . , N is the empirical inner product 
defined by 

. ϕ,ψ N := 1

NT

N

i=1

T

0
ϕ(Xi

s)ψ(Xi
s)ds
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and 

. Zm = 1

NT

N

i=1

T

0
ϕ j (X

i
s)dX

i
s

j∈{1,...,m}
.

The symmetric matrix . m is positive semidefinite because, for every .x ∈ R
m , 

. x∗
mx = 1

NT

N

i=1

T

0

⎛
⎝ m

j=1

x jϕ j (X
i
s)

⎞
⎠

2

ds 0.

If in addition . m is invertible, it is positive definite, and then 

.bm =
m

j=1

θ jϕ j with θ = −1
m Zm (1.6) 

is the only minimizer of.γN in.Sm , called the projection least squares estimator of. b0. 
On the projection least squares estimator, see Comte [ 18], Chap. 4 in the nonpara-

metric regression framework and, as mentioned above, see Comte and Genon-Catalot 
[ 11] (resp. Comte and Marie [ 15]) in the independent (resp. dependent) copies of 
diffusion processes framework. 

The Nadaraya-Watson estimator. Let  .K be a kernel, that is an integrable and 
symmetric function such that 

. 

∞

−∞
K (x)dx = 1,

and consider .Kh(·) = K (·/h)/h with.h > 0. In order to extend in a second way the 
(parametric) least squares criterion to the nonparametric regression framework, let 
us consider the objective function .GN (x, ·) (.x ∈ R) such that 

. GN (x, β) = 1

N

N

i=1

(Yi − β)2Kh(ξi − x); ∀β ∈ R.

Clearly, 

. ∂βGN (x, β) = − 2

N

N

i=1

(Yi − β)Kh(ξi − x),

and then the minimizer of .GN (x, ·) is
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. brh (x) =

N

i=1

Kh(ξi − x)Yi

N

i=1

Kh(ξi − x)

.

The random function .brh : x brh (x) is the Nadaraya-Watson estimator, of 
bandwidth . h, of the regression function .b0 in Model (1.5). 

When. σ satisfies (1.3), for every.t ∈ (0, T ], the probability distribution of.Xt has 
a density. ft with respect to Lebesgue’s measure such that.t ft (x) (.x ∈ R) belongs 
to.L

1([0, T ], dt) (see Menozzi et al. [ 19], Theorem 1.2). This legitimates to consider 
the density function . f defined by 

. f (x) = 1

T − t0

T

t0

fs(x)ds; ∀x ∈ R,

where .t0 ∈ [0, T ). Let us now introduce a Nadaraya-Watson (type) estimator of . b0
computed from copies .X1, . . . , XN of the diffusion process . X : 

.bh(x) = b f h(x)

fh(x)
; x ∈ R, (1.7) 

where 

. fh(x) = 1

N (T − t0)

N

i=1

T

t0

Kh(X
i
s − x)ds is an estimator of f (x)

and 

. b f h(x) = 1

N (T − t0)

N

i=1

T

t0

Kh(X
i
s − x)dXi

s is an estimator of b0(x) f (x).

By calculating the expectation of the denominator and that of the numerator of 
Nadaraya-Watson’s estimator, one can roughly show that it seems to be an appropriate 
estimator of . b0. Indeed, for every .x ∈ R, 

.E( fh(x)) = 1

T − t0

T

t0

E(Kh(Xs − x))ds

=
∞

−∞
Kh(z − x) f (z)dz = (Kh ∗ f )(x) −−→

h→0
f (x)
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and, since Itô’s integral with respect to the Brownian motion is centered, 

. E(b f h(x)) = 1

T − t0

T

t0

E(Kh(Xs − x)b0(Xs))ds

=
∞

−∞
Kh(z − x)b0(z) f (z)dz = (Kh ∗ (b0 f ))(x) −−→

h→0
b0(x) f (x).

On the Nadaraya-Watson estimator, see Comte [ 18], Chap. 4 in the nonparametric 
regression framework and, as already mentioned, see Marie and Rosier [ 13] in the  
independent copies of diffusion processes framework. 

As mentioned above, Eq. (1.1) is well-adapted to model many random dynamical 
systems in applications. However, in some situations, the Brownian motion is not 
the appropriate driving signal: 

• The solution of Eq. (1.1) has continuous paths, which is (for instance) not appropri-
ate to model the prices of a risky asset when jumps resulting from market crashes or 
gaps may occur (see Cont and Tankov [ 20]). In order to model random dynamical 
systems with jumps, an additional component is required in Eq. (1.1): 

. Xt = x0 +
t

0
b0(Xs)ds +

t

0
σ(Xs)dWs +

t

0
γ (Xs)dZs; t ∈ R+,

where .Z = (Zt )t∈R+ is (for instance) a compensated compound Poisson process 
independent of. W , and.γ : R → R is a bounded Lipschitz continuous function. The 
reader may refer to Applebaum [ 5] on the stochastic calculus for jump processes, 
and to Schmisser [ 21] (resp. Halconruy and Marie [ 22]) on a long-time behavior-
based (resp. copies-based) projection least squares estimator of the drift function 
for stochastic differential equations driven by a Lévy process. 

• The Brownian motion is a Markov process with .α-Hölder continuous paths for 
every .α ∈ (0, 1/2), which is (for instance) not appropriate to model the volatility 
of a risky asset (see Comte et al. [ 23] and Gatheral et al. [ 24]) and questionable 
in population pharmacokinetics (see Delattre and Lavielle [ 25] and Marie [ 26]). 
A way to control both the memory and the paths regularity of the solution .X of 
Eq. (1.1) is to replace .W by the fractional Brownian motion, that is a centered 
Gaussian process .B = (Bt )t∈R+ such that 

. E(Bs Bt ) = 1

2
(s2H + t2H − |t − s|2H); ∀s, t ∈ R+,

where.H ∈ (0, 1). Indeed, the Hurst parameter. H controls the memory of. B, which 
exhibits long-range dependence when .H > 1/2, and the regularity of its paths in 
the sense that. B has.α-Hölder continuous paths for every.α ∈ (0,H) (see Fig. 1.1). 
Unfortunately, .B and (then) .X are not semi-martingales when .H 1/2. So, it is 
not possible to integrate with respect to .X in the sense of Itô, and then to provide 
simple extensions of estimators as those defined by (1.6) or (1.7) to the fractional
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diffusions framework. One can consider the pathwise integral (see Friz and Victoir 
[ 6]), which has a role to play but not for statistical purposes because there is no 
sharp enough control of its moments, or the Skorokhod integral (see Decreusefond 
[ 27] and Nualart [ 28]), which is tailor-made to establish risk bounds on estimators 
but is not directly computable from an observation of . X . However, as detailed in 
Sects. 4.2.2 and 4.2.3, there is a fixed point strategy to compute some copies-based 
estimators involving the Skorokhod integral. Since to establish theoretical results 
on (nonparametric) estimators of the drift function for fractional diffusions is a 
difficult challenge, the volatility function is assumed to be constant in almost all 
the publications: 

. Xt = x0 +
t

0
b0(Xs)ds + σ Bt ; t ∈ R+,

where .σ ∈ R
∗. The reader may refer to Saussereau [ 29] and Comte and Marie 

[ 30] (resp. Comte and Marie [ 31] and Marie [ 32, 33]) on long-time behavior-
based Nadaraya-Watson (resp. copies-based (projection) least squares) estimators 
of the drift function for fractional diffusions. 
Let us say few words about copies-based estimation for fractional diffusions in 
population pharmacokinetics and in mathematical finance. On the one hand, as 
mentioned in Delattre and Lavielle [ 25], the paths of a diffusion process are a 
little too rough to realistically model the elimination process .C of a drug. In 
order to bypass this difficulty, as suggested in Marie [ 26], one could model .C by 
a fractional diffusion of Hurst parameter close to . 1. Since multiple independent 
observations are usually available in population pharmacokinetics, this legitimates 
to investigate the copies-based statistical inference for fractional diffusions. On 
the other hand, in the spirit of Comte et al. [ 23], to model the volatility process . σ
of a risky asset by a fractional diffusion of Hurst parameter larger than.1/2 allows 
to take into account the persistence-in-volatility phenomenon. In practice, the 
independent-copies-based observation scheme is unrealistic for . σ . However, for 
a fractional non-autonomous extension of the Wiggins stochastic volatility model 
(see Wiggins [ 34]), Example 4.2 provides a strategy to construct low correlated 
copies of . σ from one long-time observation. 

Finally, the price to pay for considering functional estimators of .b0 is that some 
tuning parameters need to be selected from data in practice. For the projection least 
squares estimator.bm , the tuning parameter is the dimension. m of.Sm . In order to select 
.m in a finite subset .MN of .{1, . . . , NT }, one can minimize . m γN (bm) + pen(m)

in .MN , where .pen(m) is of same order as the variance term in the nonadaptive 
risk bound on the projection least squares estimator of .b0 (see Massart [ 35] on  
model selection). For .sh = fh or .b f h , the tuning parameter is the bandwidth . h. In  
order to select . h in a finite subset .HN of .[h0, 1] with .h0 ∈ (0, 1), one can minimize 
.h sh − sh0

2 + pen(h) in.HN , where.pen(h) is of same order as the variance term 
in the nonadaptive risk bound on . sh . This is the penalized comparison to overfitting 
(PCO) method introduced by C. Lacour, P. Massart and V. Rivoirard in [ 36].
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Fig. 1.1 Plots of one path of the fractional Brownian motion for.H = 0.2 (left) and.H = 0.8 (right) 

Chapter 2 is a detailed reminder on nonparametric regression. Chapter 3 deals 
with risk bounds and model selection for the projection least squares estimator of . b0
defined by (1.6). Both the case of independent and the case of dependent copies of 
the solution of Eq. (1.1) are investigated. For the reader comfort, brief reminders on 
Itô’s integral and symmetric random matrices are provided. To go further, Chap. 4 
deals with the projection least squares estimator of the drift function for stochastic 
differential equations driven by a jump process first, and then by a fractional Brownian 
motion. Again, brief reminders on the stochastic integral with respect to a jump 
diffusion process and on Skorokhod’s integral with respect to the fractional Brownian 
motion are provided. Finally, Chap. 5 deals with risk bounds and bandwidth selection 
for the Nadaraya-Watson estimator of .b0 defined by (1.7). Precisely, Sect. 5.3 is 
devoted to the penalized comparison to overfitting bandwidth selection method, in a 
general framework first, and then applied to our Nadaraya-Watson estimator. 

To conclude the introduction chapter, up to our knowledge, this book is the 
first one dealing with copies-based statistical inference methods for diffusion pro-
cesses. Such methods are related to the functional data analysis (see Wang et al. 
[ 37]) and allow to consider non-ergodic diffusion processes. As mentioned above, 
the copies-based estimators may be computed from one long-time observation of 
an ergodic diffusion process, but are also tailor-made for applications where only 
multiple short-time observations are available. This book focuses on two kinds of 
copies-based nonparametric estimation methods of the drift function: the projection 
least squares estimator and a kernel-based estimator. Note that other copies-based 
statistical methods for SDE, as classification procedures (see Denis et al. [ 38]), 
have been investigated but are out of our scope. Another purpose of this book is 
to consider stochastic differential equations driven by a Lévy process or by the 
fractional Brownian motion, because such models are widely used in applications, 
especially in mathematical finance. Finally, having in mind possible applications 
of the aforementioned estimation methods in Machine Learning, when possible, 
data-driven procedures are provided.
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Notations (general) 

• For every .d ∈ N
∗, the Euclidean norm on .R

d is denoted by . . 2,d . 
• For every function .ϕ : R → R, . ϕ ∞ = sup

R
|ϕ|. 

• The space of the continuous functions from an interval . J of . R into . R is denoted 
by .C0(J ). 

• The space of the continuously differentiable functions from an interval. J of. R into 
. R is denoted by .C1(J ). 

• The space of the integrable (with respect to Lebesgue’s measure) functions from 
an interval . J of . R into . R is denoted by .L

1(J, dx). 
• The space of the square integrable functions from an interval . J of .R into .R is 
denoted by .L

2(J, dx). 
• The usual inner product (resp. norm) on.L

2(R, dx) is denoted by. , (resp. . . ). 
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Chapter 2 
Nonparametric Regression: A Detailed 
Reminder 

This chapter deals with risk bounds on the Nadaraya-Watson estimator and on the 
projection least squares estimator of .b0 in the nonparametric regression framework 
(see Model (1.5)). Although nonparametric regression is not the main topic of our 
book, instructive sketches of proof with the appropriate references are provided. 
Section 2.1 deals with kernel-based estimators of the common density . f of the . ξi ’s 
and of.b0f, and then with the Nadaraya-Watson estimator of. b0. Section 2.2 deals with 
the projection least squares estimator of. b0. Adaptive versions of these estimators are 
studied. In particular, beyond the nonparametric regression framework, Sect. 2.1.2 
presents the recent penalized comparison to overfitting method introduced by Lacour 
et al. [ 1]. 

2.1 Nonparametric Density Estimation 
and the Nadaraya-Watson Estimator 

Consider 

. sK (x) = 1

N

N

i=1

K(ξi , x Yi ); x ∈ R,

where.(ξ1,Y1), . . . , (ξN ,YN ) are.N independent copies of a random variable.(ξ,Y ), 
. : R → R is a Borel function and . K is a symmetric continuous map from .R2 into 
. R. This is an estimator of the function .s : R → R defined by 

. s(x) = E Y )|ξ = x)f(x); ∀x ∈ R,

where. f is the density with respect to Lebesgue measure of the probability distribution 
of . ξ . In the sequel, .f, s ∈ L

2(R, dx) and, for the sake of simplicity, .sK is almost 
always denoted by . sK. 
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Note that 

. E(sK(·)) = E(K(ξ, ·)E Y )|ξ)) =
∞

−∞
K(z, ·)s(z)dz,

which must be as close as possible to. s in.L
2(R, dx). So, with the notations of Chap. 1, 

two examples of appropriate symmetric continuous maps from.R
2 into. R are given by 

.Kh : (z, x) ∈ R
2 −→ Kh(z − x) (2.1) 

because 

. 

∞

−∞
Kh(z, ·)s(z)dz = (Kh ∗ s)(·) L

2−−→
h→0

s(·),

and by 

.Km : (z, x) ∈ R
2 −→

m

j=1

ϕ j (z)ϕ j (x) (2.2) 

because 

. 

∞

−∞
Km(z, ·)s(z)dz =

m

j=1

s, ϕ j ϕ j (·) L
2−−−→

m→∞ s(·).

If. = 1 and. K is of type (2.1) (resp. (2.2)), then.sK is the Parzen-Rosenblatt (resp. 
a projection) estimator of the density function . f (see Comte [ 2], Chaps. 2 and 3). If 
. y) = y for every .y ∈ R, and if .(ξ1,Y1), . . . , (ξN ,YN ) satisfy (1.5), then .sK is an 
estimator of .b0f, and 

. bK = sK
sK,1

is the Nadaraya-Watson estimator of b0.

In Sect. 2.1.1, a risk bound on .sK is provided for . K fixed. Section 2.1.2 deals with 
the penalized comparison to overfitting kernel selection method and a risk bound on 
the associated adaptive estimator. 

2.1.1 Nonadaptive Risk Bounds 

Let .KN be a set of symmetric continuous maps from .R2 into . R, of cardinality less 
or equal than . N , fulfilling the following assumption. 

Assumption 2.1 There exists a constant .mK > 0, not depending on . n, such that 

1. For every .K ∈ KN , 
. sup
z∈R

K(z, ·) 2 mKN .
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2. For every .K ∈ KN , 
. sK

2 mK ,

where 
. sK (·) = E(sK (·)) = E(K(ξ, · Y )).

3. For every .K,L ∈ KN , 

. E( K(ξ1, ·),L(ξ2, · Y2)
2) mK sL ,

where 
. sL = E( L(ξ, · Y ) 2).

4. For every .K ∈ KN and .ϕ ∈ L
2(R, dx), 

. E( K(ξ, ·), ϕ 2) mK ϕ 2.

In the sequel, the elements of .KN are called kernels and, for the sake of simplic-
ity, .sK (resp. .sK ) is almost always denoted by .sK (resp. . sK). The two following 
propositions provide examples of kernels sets. 

Proposition 2.1 Consider 

. KK (hmin) = {(z, x) Kh(z − x); h ∈ H(hmin)},

where .hmin ∈ [N−1, 1] and .H(hmin) is a finite subset of .[hmin, 1]. The kernels set 
.KK (hmin) fulfills Assumption 2.1 and, for every .K ∈ KK (hmin), 

. sK = K 2
E Y )2)

h
.

See Halconruy and Marie [ 3], Proposition 2.2 for a proof. 

Proposition 2.2 Consider 

. KBN (mmax) =
⎧

⎨

⎩

(z, x)
m

j=1

ϕ j (z)ϕ j (x);m ∈ {1, . . . ,mmax}
⎫

⎬

⎭

,

where .mmax ∈ {1, . . . , N } and .BN = (ϕ1, . . . , ϕN ) is an .I -supported orthonormal 
family of .L2(R, dx). If there exists a constant .cϕ > 0, not depending on . N, such that 

. sup
x∈I

m

j=1

ϕ j (x)
2 c2ϕm; ∀m ∈ {1, . . . , N },
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then the kernels set .KBN (mmax) fulfills Assumption 2.1 and, for any .K ∈ KBN (mmax), 

. sK c2ϕE Y )2)m.

See Halconruy and Marie [ 3], Proposition 2.3 for a proof. 
In particular, a risk bound on.sK can be derived from the following theorem, which 

is the main result of this section. Theorem 2.1 is also crucial in order to establish a 
risk bound on the PCO (adaptive) estimator in Sect. 2.1.2. 

Theorem 2.1 Under Assumption 2.1, if  

.∃α > 0 : E(eα| Y )|) < ∞, (2.3) 

then there exists a constant .c2.1 > 0, not depending on . N, such that for every . θ ∈
(0, 1), 

. E sup
K∈KN

sK − s 2 − (1 + θ) sK − s 2 + sK
N

c2.1
log(N )5

θN
.

Sketch of proof. For a detailed proof of Theorem 2.1, see Halconruy and Marie [ 3], 
Theorem 2.8. 

Step 1. For every .K ∈ KN , 

. sK − sK
2 = UK,K

N 2
+ VK

N
, (2.4) 

where 

. UK,L =
i k

K(ξi , · Yi ) − sK,L(ξk, · Yk) − sL K,L ∈ KN

and 

. VK = 1

N

N

i=1

K(ξi , · Yi ) − sK
2; ∀K ∈ KN .

On the one hand, thanks to the concentration inequality for U-statistics of Houdré 
and Reynaud-Bouret [ 4], there exists a constant .c1 > 0, not depending on . N , such 
that for every .θ ∈ (0, 1), 

.E sup
K,L∈KN

|UK,L|
N 2

− θ

2N
sL c1

log(N )5

θN
. (2.5) 

On the other hand, thanks to Bernstein’s inequality, there exists a constant.c2 > 0, 
not depending on . N , such that for every .θ ∈ (0, 1),
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.E sup
K∈KN

VK
N

− 1

N
1 + θ

2
sK c2

log(N )3

θN
. (2.6) 

Therefore, by Equality (2.4) together with Inequalities (2.5) and (2.6), there exists 
a constant .c3 > 0, not depending on . N , such that for every .θ ∈ (0, 1), 

.E sup
K∈KN

sK − sK
2 − 1 + θ

N
sK c3

log(N )5

θN
. (2.7) 

Step 2. For every .K ∈ KN and .θ ∈ (0, 1), 

. sK − s 2 − (1 + θ) sK − s 2 + sK
N

sK − sK
2 − 1 + θ

N
sK + 2WK,K − θ sK − s 2, (2.8) 

where 
. WK,L sK − sK, sL − s K,L ∈ KN .

Thanks to Bernstein’s inequality, there exists a constant.c4 > 0, not depending on 
. N , such that for every .θ ∈ (0, 1), 

.E sup
K,L∈KN

{|2WK,L| − θ sL − s 2} c4
log(N )4

θN
. (2.9) 

The conclusion comes from Equality (2.8) together with Inequalities (2.7) and 
(2.9). 

Let us conclude this section with some remarks about Theorem 2.1: 

• As mentioned above, a risk bound on the estimator .sK can be derived from 
Theorem 2.1: for every .K ∈ KN and .θ ∈ (0, 1), 

. E( sK − s 2)

Integrated risk

(1 + θ) sK − s 2

Squared bias

+ (1 + θ)sKN
−1

∼Variance

+ c2.1θ
−1 log(N )5N−1

Negligible remainder

.

For instance, if . K is of type (2.2), then 

. sK − s 2 = min
τ∈Sm

τ − s 2

and .sK is of order .m by Proposition 2.2, leading to 

.E( sK − s 2) min
τ∈Sm

τ − s 2 + m

N
for m ∈ {log(N )5, . . . , N }.
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• Assume that . = 1 and . K is of type (2.1): 

. K(z, x) = Kh(z − x); ∀(z, x) ∈ R
2.

First,.sK is of order.1/h by Proposition 2.1.Now, assume  that.x x2K (x)belongs 
to .L1(R, dx), and that . f fulfills the Nikol’skii condition: there exists a constant 
.c1 > 0 such that, for every .θ ∈ R, 

. 

∞

−∞
(f(θ + x) − f(x))2dx c1θ

2.

Then, by Jensen’s inequality, 

. sK − s 2 Kh ∗ f− f 2 =
∞

−∞

∞

−∞
K (z)(f(hz + x) − f(x))dz

2

dx

∞

−∞
K (z)

∞

−∞
(f(hz + x) − f(x))2dxdz c1h

2
∞

−∞
z2K (z)dz.

So, by Theorem 2.1, there exists a constant.c2 > 0, not depending on. N , such that 

. sK − f 2 c2 h2 + 1

Nh
for h ∈ 1

N
,

1

log(N )5
.

Therefore, the bias-variance tradeoff is reached by (the risk bound on) .sK when . h
is of order .N−1/3, leading to a rate of order .N−2/3. However, in practice, . h needs 
to be selected from data because .c1 depends on . f (which is unknown). 

• In Theorem 2.1, the condition (2.3) may appear too demanding. However, . Y sat-
isfies (2.3) in the density estimation framework (i.e., when . = 1), or in the non-
parametric regression framework when . Y has a compactly supported distribution 
or a Gaussian one (by Fernique’s theorem). 

2.1.2 Kernel Selection: The Penalized Comparison 
to Overfitting Method 

This section deals with a risk bound on the (adaptive) PCO estimator . sK, where 

.K = arg min
K∈KN

sK − sK0
2 + pen (K)}, (2.10) 

with .K0 an overfitting kernel in the sense that 

.K0 = arg max
K∈KN

sup
x∈R

|K(x, x)| ,
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and 

. pen (K) = 2

N 2

N

i=1

K(ξi , ·),K0(ξi , ·) Yi )
2; ∀K ∈ KN .

In the PCO (kernel selection) criterion (2.10), the overfitting loss .K sK − sK0
2, 

which models the risk to select .K ∈ KN too close to .K0, and then to excessively 
degrade the variance of . sK, is penalized by .pen (K) which is of same order as the 
variance term in Theorem 2.1. The PCO method has been introduced by C. Lacour, P. 
Massart and V. Rivoirard in [ 1] for. = 1 and.KN = KK (hmin) (see Proposition 2.1). 
For this kernels set, 

. K0(z, x) = Khmin(z − x); ∀x, z ∈ R,

and for .KN = KBN (mmax) (see Proposition 2.2), 

. K0(z, x) =
mmax

j=1

ϕ j (z)ϕ j (x); ∀x, z ∈ R.

In the sequel, in addition to Assumption 2.1, the kernels set.KN fulfills one of the 
two following assumptions. 

Assumption 2.2 There exists a constant .mK > 0, not depending on . N , such that 

. E sup
K,L∈KN

K(ξ, ·), sL 2 mK .

Assumption 2.3 The function . s is bounded, and 

. mK = sup K(z, ·) 2
1;K ∈ KN , z ∈ R} doesn’t depend on N .

Under Assumption 2.3, .KN fulfills Assumption 2.2. Indeed, 

. E sup
K,L∈KN

K(ξ, ·), sL 2

sup
L∈KN

sL
2
∞ E sup

K∈KN

K(ξ, ·) 2
1

mK sup
∞

−∞
|L(z, x)s(x)|dx

2

; L ∈ KN , z ∈ R m2
K s 2

∞.

Let us make some remarks about Assumptions 2.2 and 2.3: 

• For instance, .s = b0f is bounded in the linear regression model with Gaussian 
inputs. So, to assume that . s is bounded is not that demanding.
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• For every .K ∈ KK (hmin), there exists .h ∈ H(hmin) such that 

. K(z, x) = Kh(z − x); ∀x, z ∈ R,

and then. K(z, ·) 1 K 1 for every .z ∈ R. So, the kernels set .KK (hmin) fulfills 
Assumption 2.3 with .mK K 2

1. • Consider .l,r ∈ R satisfying .l < r, and assume that .BN = (ϕ1, . . . , ϕN ) is 
the .[l,r]-supported trigonometric basis such that, for every .x ∈ R and . j ∈ N

∗
satisfying .2 j + 1 N , 

. ϕ1(x) = 1

r− l
1[l,r](x),

ϕ2 j+1(x) = 2

r− l
sin 2π j

x − l

r− l
1[l,r](x) and

ϕ2 j (x) = 2

r− l
cos 2π j

x − l

r− l
1[ l, r](x).

Then, the kernels set .KBN (mmax) fulfills Assumption 2.2 but not Assumption 2.3. 
See Halconruy and Marie [ 3], Proposition 3.6 for a proof. 

The following theorem, which is the main result of this section, provides a risk 
bound on the PCO estimator . sK. 

Theorem 2.2 Under Assumptions 2.1 and 2.2, if  . Y satisfies (2.3), then there exists 
a constant .c2.2 > 0, not depending on . N, such that for every .θ ∈ (0, 1), 

. E( sK − s 2) (1 + θ) min
K∈KN

E( sK − s 2) + c2.2

θ
sK0 − s 2 + log(N )5

N
.

Sketch of proof. For a detailed proof of Theorem 2.2, see Halconruy and Marie [ 3], 
Theorem 3.2 

Step 1. By following the same line as in the proof of Theorem 2.1, there exists a 
constant .c1 > 0, not depending on . N , such that for every .θ ∈ (0, 1), 

. E sup
K∈KN

sK − s 2 + sK
N

− 1

1 − θ
sK − s 2 c1

log(N )5

θ(1 − θ)N
.

This inequality together with Theorem 2.1 provide a two-sided relationship 
between 

. sK − s 2 and sK − s 2;K ∈ KN .
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Step 2. First,  

. sK − s 2 sK − sK0
2 sK0 − s 2 + 2 sK − sK0 , sK0 − s ,

and, for any .K ∈ KN , 

. sK − sK0
2 sK − sK0

2 + pen (K) − pen (K) by (2.10)

sK − s 2 + 2 sK − s, s − sK0 s − sK0
2 + pen (K) − pen (K)

sK − s 2 + 2 sK − sK0 , s − sK0 s − sK0
2 + pen (K) − pen (K).

Then, 

. sK − s 2 sK − s 2 + 2 sK − sK0 , s − sK0

+ pen (K) − pen (K) + 2 sK − sK0 , sK0 − s

sK − s 2 + pen (K) − pen (K) + 2 sK − sK, sK0 − s

sK − s 2 − ψ(K) + ψ(K), (2.11) 

where 
. ψ(·) = 2 s. − s, sK0 − s pen (·).

Now, let us rewrite .ψ(·) in terms of .U.,K0 , .W.,K0 and .WK0,.. For any .K ∈ KN , 

. ψ(K) = 2 sK − sK + sK − s, sK0 − sK0 + sK0 − s pen (K)

= 2 sK − sK, sK0 − sK0 pen (K)

+ 2 (WK,K0 + WK0,K sK − s, sK0 − s )

=:ψ3(K)

= 2ψ3(K) + 2UK,K0

N 2

+ 2
1

N 2

N

i=1

K(ξi , · Yi ) − sK,K0(ξi , · Yi ) − sK0

pen (K)

2

=:ψ2(K)

and, by the definition of .pen (K), 

. ψ2(K) = − 1

N 2

N

i=1

K(ξ i , ·), sK0 Yi ) +
N

i=1

K0(ξ
i , ·), sK Yi ) + 1

N
sK, sK0 .

So, 

.ψ(K) = 2(ψ1(K) + ψ2(K) + ψ3(K)) with ψ1(K) = UK,K0

N 2
.
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Step 3. Consider .K ∈ KN and .K = K or . K. By controlling .E(|ψ1(K)|) thanks to 
Inequality (2.5), .E(|ψ2(K)|) thanks to Assumptions 2.1.(2) and 2.2, and. E(|ψ3(K)|)
thanks to Inequality (2.9), there exists a constant.c2 > 0, not depending on.N and. K, 
such that for any .θ ∈ (0, 1), 

. E(|ψ(K)|) θE sK − s 2 + sK
N

+ θ

2
+ 2

θ
sK0 − s 2 + c2

log(N )5

θN
.

So, by Step 1, 

. E(|ψ(K)|) θ

1 − θ
E( sK − s 2)

+ θ

2
+ 2

θ
sK0 − s 2 + c1

1 − θ
+ c2

θ

log(N )5

N
. (2.12) 

By Inequalities (2.11) and (2.12), there exists a constant .c3 > 0, not depending 
on . N , . K and . θ , such that 

. 1 − θ

1 − θ
E( sK − s 2) 1 + θ

1 − θ
E( sK − s 2)

+ c3

θ
sK0 − s 2 + log(N )5

(1 − θ)N

and, by taking .θ ∈ (0, 1/2), the conclusion comes from Theorem 2.1. 

Notation. Consider .l,r ∈ R such that .l < r. For every .ϕ ∈ L
2(R,f(x)dx), 

. ϕ f,l,r =
r

l
ϕ(x)2f(x)dx

1
2

; ∀ϕ ∈ L
2(R,f(x)dx).

Now, assume that .f(x) > m for every .x ∈ [l,r] (.m ∈ (0, 1]). Assume also that 
. y) = y for every.y ∈ R, and that.(ξ1,Y1), . . . , (ξN ,YN ) satisfy (1.5). The following 
corollary provides a risk bound on the adaptive 2-kernels Nadaraya-Watson estimator 

. bK,L(x) = sK (x)

sL,1(x)
1sL,1(x)>

m
2
; x ∈ [l,r],

where . K and . L are both selected in .KN via the PCO method. 

Corollary 2.1 Under Assumptions 2.1 and 2.2 for both . and . 1, if  . f and .b20f are 
bounded, and if . Y satisfies (2.3), then there exists a constant .c2.1 > 0, not depending 
on . N, . l and . r, such that for every .θ ∈ (0, 1),
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. E( bK,L − b0
2
f,l,r)

c2.1

m2
[(1 + θ) min

(K,L)∈K2
N

{E( sK − b0f
2) + E( sL,1 − f 2)}

+ 1

θ
sK0 − b0f

2 sK0,1 − f 2 + log(N )5

N
],

where 

. K = arg min
K∈KN

sK − sK0
2 + pen (K)}

and L = arg min
L∈KN

sL,1 − sK0,1
2 + pen1(L)}.

Proof First of all, 

. bK,L − b0 = sK − b0f

sL,1
+ 1

sL,1
− 1

f
b0f 1sL,1(·)> m

2
− b01sL,1(·) m

2
.

Then, 

. bK,L − b0
2
f, l, r b01sL,1(·)

m

2
2
f,l,r

+ sK − b0f

sL,1
+ 1

sL,1
− 1

f
b0f 1sL,1(·)> m

2

2

f,l,r

.

Moreover, for any .x ∈ [l,r], since .f(x) > m, for every .ω ∈ {sL,1(·) m/2}, 

. |f(x) − sL,1(x, ω)| f(x) − sL,1(x, ω) > m − m

2
= m

2
.

Thus, 

. bK,L − b0
2
f,l,r

8

m2
sK − b0f

2
f,l,r

+ 8

m2
(f− sL,1)b0

2
f,l,r + 2 b01|f(·)−sL,1(·)|> m

2

2
f,l,r

8

m2

∞

−∞
(sK − b0f)(x)2f(x)dx

+ 8

m2

r

l
(f(x) − sL,1(x))

2b0(x)
2f(x)dx

+ 2
r

l
b0(x)

2f(x)1|f(x)−sL,1(x)|> m
2
dx .
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Since . f and .b20f are bounded on . R, 

. bK,L − b0
2
f,l,r

8 f ∞
m2

sK − b0f
2

+ 8 b20f ∞
m2

sL,1 − f 2 + 2 b20f ∞
∞

−∞
1|f(x)−sL,1(x)|> m

2
dx .

Therefore, by Markov’s inequality, 

. E( bK,L − b0
2
f,l,r)

8 f ∞
m2

E( sK − b0f
2) + 8 b20f ∞

m2
E( sL,1 − f 2)

+ 8 b20f ∞
m2

∞

−∞
E((f(x) − sL,1(x))

2)dx

8( f ∞ b20f ∞)

m2
(E( sK − b0f

2) + 2E( sL,1 − f 2)).

Theorem 2.2 allows to conclude. 

Let us conclude this section with some remarks about Corollary 2.1: 

• By Corollary 2.1, the risk of .bK,L is controlled by the sum of the minimal risks of 

. sK and sL,1; (K,L) ∈ K2
N ,

up to a multiplicative constant. 
• The limitation of Corollary 2.1 is that .m is unknown in practice. Then, it needs to 
be estimated, for instance by 

. mL = min{sL,1(x); x ∈ [l,r]}.

2.2 The Projection Least Squares Estimator 
of the Regression Function 

This section deals with a nonadaptive risk bound on the projection least squares esti-
mator.bm of.b0 computed from.(ξ1,Y1), . . . , (ξN ,YN ), and then with model selection. 
Recall that .bm is a minimizer of the objective function .γ r

N defined by 

.γ r
N (b) = 1

N

N

i=1

(b(ξi )
2 − 2b(ξi )Yi ); ∀b ∈ Sm .
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First of all, for .b = m
j=1 θ jϕ j with .θ1, . . . , θm ∈ R, 

. ∇γ r
N (b) = 2(Gmθ − Vm),

where .θ = (θ1, . . . , θm), .Gm = ( ϕ j , ϕ r,N ) j , . , r,N is the empirical inner 
product defined by 

. ϕ,ψ r,N := 1

N

N

i=1

ϕ(ξi )ψ(ξi ),

and 

. Vm = 1

N

N

i=1

ϕ j (ξi )Yi
j∈{1,...,m}

.

The symmetric matrix .Gm is positive semidefinite because, for every .x ∈ R
m , 

. x∗Gmx = 1

N

N

i=1

⎛

⎝

m

j=1

x jϕ j (ξi )

⎞

⎠

2

0.

If in addition .Gm is invertible, it is positive definite, and then 

. bm =
m

j=1

θ jϕ j with θ = G−1
m Vm

is the only minimizer of .γ r
N in.Sm . The following proposition provides a simple risk 

bound on .bm . 

Proposition 2.3 Consider.bI
0 = b01I and.σ 2 the common variance of the. εi ’s. If. Gm

is almost surely invertible, and if .bI
0 ∈ L

2(R,f(x)dx), then 

. E( bm − bI
0

2
r,N ) min

τ∈Sm

τ − bI
0

2
f + σ 2m

N
.

Proof Let us introduce two empirical maps: 

• The empirical process .νN , defined by 

.νN (τ ) := 1

N

N

i=1

τ(ξi )εi .
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Note that 
.[Vm] j b0, ϕ j r,N + νN (ϕ j ); ∀ j ∈ {1, . . . ,m}. (2.13) 

• The empirical orthogonal projection . m from .L2(R,f(x)dx) onto .Sm , defined 
by 

. m(·) ∈ arg min
τ∈Sm

τ 2
r,N . (2.14) 

Consider.h ∈ L
2(R,f(x)dx). For.τ = m

j=1 π jϕ j with.π = (π1, . . . , πm) ∈ R
m , 

. ∇τ τ − h 2
r,N = 2(Gmπ − ( h, ϕ j r,N ) j ).

Since.Gm is almost surely invertible, the minimization problem (2.14) has (a.s.) a 
unique solution: 

. m(h) =
m

j=1

[G−1
m Pm(h)] jϕ j

with Pm(h) = ( h, ϕ j r,N ) j∈{1,...,m}.

First, by the definition of . m (see (2.14)), 

. bm − bI
0

2
r,N = min

τ∈Sm

τ − bI
0

2
r,N bm − m(bI

0)
2
r,N .

Now, by the decompositions of .bm and . m(bI
0) in the basis .(ϕ1, . . . , ϕm) of .Sm , 

and by (2.13), 

. bm(·) − m(bI
0)(·) G−1

m (Vm − Pm(bI
0)), (ϕ j (·)) j 2,m

G−1
m m, (ϕ j (·)) j 2,m with m = (νN (ϕ j )) j∈{1,...,m}.

Then, 

. bm − m(bI
0)

2
r,N = 1

N

N

i=1

⎛

⎝

m

j=1

[G−1
m m] jϕ j (ξi )

⎞

⎠

2

=
m

j =1

[G−1
m m] j [G−1

m m] ϕ j , ϕ r,N = ∗
mG

−1
m m .

(2.15)
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Since the . εi ’s are independent of the . ξi ’s, 

. E( bm − m(bI
0)

2
r,N ) =

m

j =1

E([ m] j [ m] [G−1
m ] j )

= 1

N 2

m

j =1

N

i,k=1

E(ϕ j (ξi )ϕ (ξk)[G−1
m ] j )E(εiεk)

(2.16) 

= 
σ 2 

N 

m 

j =1 

E( ϕ j , ϕ  r,N [G−1 
m ] j ) 

= 
σ 2 

N 

m 

j=1 

E 

m 

=1 

[Gm] j [G−1 
m ] j 

= 
σ 2 

N 

m 

j=1 

E([GmG
−1 
m ] j, j ) = σ 2 

m 

N 
. 

Therefore, 

. E( bm − bI
0

2
r,N ) = E min

τ∈Sm

τ − bI
0

2
r,N

minτ τ−bI0
2
f

+σ 2m

N
.

The order of the bias term 

. min
τ∈Sm

τ − bI
0

2
f in Proposition 2.3 depends on theϕ j s.

For instance, assume that.(ϕ1, . . . , ϕm) is the.I -supported trigonometric basis with 
.I = [0, 1]. Consider .β ∈ N

∗, the Fourier-Sobolev space 

. W
β

2 ([0, 1]) = ϕ : [0, 1] → Rβ times differentiable :
1

0
ϕ(β)(x)2dx < ∞ ,

and assume that .(b0)|I ∈ W
β

0 ([0, 1]). By DeVore and Lorentz [ 5], Corollary 2.4, 
p. 205, there exists a constant .cβ > 0, not depending on . m, such that 

. m(bI
0) − bI

0
2 cβm

−2β,
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where . m is the orthogonal projection from .L
2(R, dx) onto .Sm . If in addition . f is 

upper bounded on . I by a constant .m > 0, then 

. min
τ∈Sm

τ − bI
0

2
f m m(bI

0) − bI
0

2

cβm
−2β with cβ = cβm.

In conclusion, by Proposition 2.3, 

. E( bm − bI
0

2
r,N ) c2.3 m−2β + m

N
with c2.3 = cβ ∨ σ 2,

and then the bias-variance tradeoff is reached by (the risk bound on) .bm for .m of 
order .N 1/(1+2β). 

Now, assume that . I is compact for the sake of simplicity, and consider 

. m = arg min
m∈MN

bm
2
r,N + pen(m)},

where 
. pen(m) = ccalσ

2m

N
; ∀m ∈ {1, . . . , N },

the constant .ccal > 0 needs to be calibrated in practice, and 

. MN = m ∈ {1, . . . , N } : L(m)
N

log(N )
with L(m) = 1 ∨

⎛

⎝sup
x∈I

m

j=1

ϕ j (x)
2

⎞

⎠ .

Note that, in fact, 
. m = arg min

m∈MN

{γm(bm) + pen(m)}

because, for every .m ∈ MN , 

. γ r
N (bm) bm

2
r,N = − 2

N

N

i=1

Yi

m

j=1

θ jϕ j (ξi )

= −2
m

j=1

θ j [Vm] j = −2V ∗
mθ = −2θ∗Gmθ

= −2
m

j =1

θ jθ ϕ j , ϕ r,N = −2 bm
2
r,N .

The following theorem provides a risk bound on the adaptive estimator .bm .
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Theorem 2.3 Assume that .Sm ⊂ Sm for every .m,m ∈ MN satisfying .m > m . 
If .inf I f > 0 and .b0 ∈ L

4(R,f(x)dx), then there exists a constant .c2.3 > 0, not 
depending on . N, such that 

. E( bm − bI
0

2
r,N ) c2.3 min

m∈MN

min
τ∈Sm

τ − bI
0

2
f + σ 2m

N
+ log(N )2

N
.

Sketch of proof. For a detailed proof of Theorem 2.3, see  Comte [  2], Theorem 4.1. 
First of all, 

. bm − bI
0

2
r,N bm − bI

0
2
r,N1 N

=:Am

bm − bI
0

2
r,N1 c

N

=:Bm

with 

. N =
m∈MN

∀τ ∈ Sm : 1√
2

τ f τ r,N
3

2
τ f .

The sketch of proof is dissected in two steps. Step 1 (resp. Step 2) deals with a 
suitable bound on .E(Am) (resp. .E(Bm)). 

Step 1. By the definition of . m (see (2.14)), 

. bm − bI
0

2
r,N = min

τ∈Sm

τ − bI
0

2
r,N bm − m(bI

0)
2
r,N .

First, .0 ∈ Sm and . I is compact, which leads to 

. min
τ∈Sm

τ − bI
0

2
r,N bI

0
2
r,N c1 = sup

x∈I
b0(x)

2 < ∞.

Now, since .m ∈ MN ⊂ {1, . . . , N }, and by Equality (2.15), 

. bm − m(bI
0)

2
r,N

N

m=1

bm − m(bI
0)

2
r,N =

N

m=1

∗
mG

−1
m m .

Then, 

.E( bm − m(bI
0)

2
r,N1 c

N
)

1

N 2

N

m=1

m

j =1

N

i,k=1

E(ϕ j (ξi )ϕ (ξk) (2.17) 

× [G−1 
m ] j 1 c 

N 
)E(εi εk) 

= 
σ 2 

N 

N 

m=1 

E 

⎛ 

⎝1 c 
N 

m 

j=1 

[GmG
−1 
m ] j, j 

⎞ 

⎠ σ 2 N P c 
N ).
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Moreover, since .inf I f > 0 and 

. L(m)
N

log(N )
; ∀m ∈ MN ,

one can show that there exists a constant .c2 > 0, not depending on . N , such that 

.P
c
N )

c2

N 2
(see Baraud [6]). 

Therefore, 

. E( bm − bI
0

2
r,N1 c

N
)

(c1 + σ 2)c2

N
.

Step 2. Consider 

. ρN (m) = E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+

⎞

⎠ ;m ∈ MN ,

where, for every .m ∈ MN , 

. Bm,m = {τ ∈ Sm∨m τ f = 1} and p(m,m ) = ccal

8
· m ∨ m

N
.

Consider also 
. Sm = S1 ∪ · · · ∪ Sm; ∀m ∈ {1, . . . , N }.

First, for every .τ, τ ∈ SN , 

. γ r
N (τ ) − γ r

N (τ ) τ − bI
0

2
r,N τ − bI

0
2
r,N − 2νN (τ − τ).

Moreover, since 
. m = arg min

m∈MN

{γ r
N (bm) + pen(m)},

for every .m ∈ MN , 

.γ r
N (bm) + pen(m) γ r

N (bm) + pen(m).
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So, for any .m ∈ MN , since .Sm + Sm ⊂ Sm∨m , 

. bm − bI
0

2
r,N bm − bI

0
2
r,N + 2νN (bm − bm) + pen(m) − pen(m)

bm − bI
0

2
r,N + 1

8
bm − bm

2
f

+ 8

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
+ pen(m) + 8p(m,m) − pen(m).

Now, by the definition of . N , 

. τ 2
f1 N 2 τ 2

r,N1 N ; ∀τ ∈ Smax(MN ),

and since .8p(m,m) pen(m) + pen(m), 

. bm − bI
0

2
r,N 3 bm − bI

0
2
r,N + 4pen(m)

+ 16

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
on N .

So, 

. E( bm − bI
0

2
r,N1 N ) min

m∈MN

{3E( bm − bI
0

2
r,N ) + 4pen(m) + 16ρN (m)}.

Thanks to Talagrand’s inequality (see Klein and Rio [ 7]), one can show that there 
exists a constant .c3 > 0, not depending on . N , such that 

. sup
m∈MN

ρN (m) c3
log(N )2

N
(see Comte [13], Theorem 4.1).

Therefore, 

. E( bm − bI
0

2
r,N ) min

m∈MN

3E( bm − bI
0

2
r,N ) + 4ccalσ

2m

N

+ (c1 + σ 2)c2

N
+ 16c3

log(N )2

N
log(N )2

N

,

and the conclusion comes from Proposition 2.3.
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Let us conclude this section with some remarks about Theorem 2.3 and Chap. 3: 

• If . I is not compact, .m needs to be selected in a random subset of . {1, . . . , N }
depending on the lowest eigenvalue of .Gm (.m ∈ {1, . . . , N }), and then there are 
additional steps in the proof of Theorem 2.3 (see Comte and Genon-Catalot [ 8], 
Theorem 2). In Chap. 3, for the projection least squares estimator of .b0 computed 
from the copies .X1, . . . , XN of the diffusion process . X , . I may be not compact. 

• To establish risk bounds on the projection least squares estimator of .b0 computed 
from.X1, . . . , XN is of course more difficult than in the nonparametric regression 
framework, especially because the noise component in Eq. (1.1) depends on . X , 
which doesn’t allow to directly prove equalities as (2.16) and (2.17). 
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Chapter 3 
The Projection Least Squares Estimator 
of the Drift Function 

This chapter deals with risk bounds on the following truncated projection least 
squares estimator of . b0: 

. bm(x) = bm(x)1 m ; x ∈ I,

where 

. m = L(m)( −1
m op ∨ 1) c

NT

log(NT )
,

the deterministic constant .c > 0 doesn’t depend on .m and .N but is related to the 
dependence structure of .X1, . . . , XN , and 

. L(m) = 1 ∨
⎛

⎝sup
x∈I

m

j=1

ϕ j (x)
2

⎞

⎠ .

First of all, Sects. 3.1 and 3.2 are brief reminders on Itô’s integral and on symmetric 
(random) matrices respectively. In a more general framework than that of copies of 
a diffusion process, Sects. 3.3 and 3.4 answer the following two questions: 

• Are the empirical norm and its theoretical counterpart equivalent on .Sm? 
• Is the truncated estimator consistent? 

In Sect. 3.5, a risk bound on .bm is established for fixed. m. Finally, Sect. 3.6 deals 
with a model selection method and a risk bound on the associated adaptive estimator. 
Throughout this chapter, . σ satisfies (1.3). Then, for every.t ∈ (0, T ], the probability 
distribution of .Xt has a density . ft with respect to Lebesgue measure such that, for 
every .x ∈ R, 

. ft (x) c0.5,T t
− 1

2 exp −m0.5,T
(x − x0)2

t
(3.1) 
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where .c0.5,T and .m0.5,T are positive constants depending on .T but not on . t and . x
(see Menozzi et al. [ 1], Theorem 1.2). So,.t ft (x) (.x ∈ R) belongs to.L

1([0, T ]), 
which legitimates to consider the density function . f defined by 

. f (x) = 1

T

T

0
fs(x)ds; ∀x ∈ R.

Still by Inequality (3.1): 

• Since .b0 is bounded (and then .b0 has linear growth), 

. |b0|κ ∈ L
2(R, f (x)dx); ∀κ ∈ R+.

• . f is bounded. So, .Sm ⊂ L
2(R, f (x)dx) because the . ϕ j ’s belong to .L

2(R, dx). 

Remarks: 

• For every .t ∈ (0, T ], let  .μt be the probability distribution of .Xt . By the Fubini-
Tonelli theorem, for every piecewise continuous functions .ϕ,ψ : R → R, 

. E( ϕ, ψ N ) =
∞

−∞
ϕ(x)ψ(x)μ(dx) with μ(dx) = 1

T

T

0
μs(dx)ds,

and then one could think at first sight that .μt doesn’t need to be absolutely con-
tinuous with respect to Lebesgue’s measure for any.t ∈ (0, T ]. However, since. b0
may be unbounded, a sharp bound on .μt as (3.1) is required to show that 

. |b0|κ ∈ L
2(R, μ); ∀κ ∈ R+.

• Let .t θt (x0) be the solution of the differential equation 

. xt = x0 +
t

0
b0(xs)ds; t ∈ [0, T ].

Precisely, Menozzi et al. [ 1], Theorem 1.2 says that there exist two constants 
.c1, c2 > 0 such that, for every .t ∈ (0, T ] and .x ∈ R, 

. ft (x) c1t
− 1

2 exp −c2
(x − θt (x0))2

t
. (3.2) 

For every .t ∈ (0, T ] and .x ∈ R, 

.|x − x0| |x − θt (x0)| + t ST (x0)

with ST (x0) = sup
s∈[0,T ]

|b0(θs(x0))|,
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leading to 

. − 1

2
(x − x0)

2 + t2ST (x0)
2 −(x − θt (x0))

2.

Thus, Inequality (3.1) is a straightforward consequence of Inequality (3.2). 

3.1 A Brief Reminder on Itô’s Integral 

Throughout this section, . F ,P) is a probability space, .F = (Ft )t∈[0,T ] is a fil-
tration and .W = (Wt )t∈[0,T ] is a .F-adapted Brownian motion. The compensator 
. W ( W t )t∈[0,T ] of . W , which coincides with its quadratic variation because . W
is a continuous martingale, satisfies. W t = t for every.t ∈ [0, T ]. In order to define 
the (Itô) stochastic integral, let us introduce the two following function spaces: 

. E =
n−1

i=0

ξi1[ti ,ti+1[; 0 = t0 < t1 < · · · < tn = T with n ∈ N
∗, and

ξ0, . . . , ξn−1 ∈ L
2 s.t. ξi is Fti -measurable

and 
. H

2 = {H ∈ L
2 × [0, T ]) : H is F -adapted} = EN2

,

where .N2 is the usual norm on .L
2 × [0, T ]). The stochastic integral on .[0, T ] of 

.H = n−1
i=0 ξi1[ti ,ti+1[ ∈ E with respect to .W is defined by 

. 

T

0
HsdWs =

n−1

i=0

ξi (Wti+1 − Wti ).

It satisfies the two following properties which are crucial in the sequel: for every 
.H ∈ E, 

(A) .

.

0
HsdWs =

T

0
Hs1[0,t](s)dWs

t∈[0,T ]
is a .F-martingale, 

(B) and .E

T

0
HsdWs

2

=
T

0
E(H 2

s )ds (isometry property). 

Thanks to the density result.EN2 = H
2, there is a unique extension of the stochastic 

integral with respect to .W from . E to .H
2 still satisfying the martingale property (A) 

and the isometry property (B). Moreover, for every .H ∈ H
2, 

(C) .

.

0
HsdWs

T

=
T

0
H 2

s d W s =
T

0
H 2

s ds.
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Finally, the following consequence of the Burkholder-Davis-Gundy inequality is 
also useful in the sequel: 

(D) For every .p 1, there exists a constant .bp > 0 such that, for every .H ∈ H
2, 

. E sup
t∈[0,T ]

t

0
HsdWs

p

bpE

T

0
H 2

s ds

p
2

.

For details on Itô’s integral, the reader may refer to Revuz and Yor [ 2], Chap. IV. 

3.2 A Brief Reminder on Symmetric (Random) Matrices 

First of all, let us define the Loewner order and recall some basic properties of 
(positive semidefinite) symmetric matrices. 

Definition 3.1 For every.d × d symmetric matrices. A and. B,.A B (resp..A ≺ B) 
if and only if, 

. x∗Ax x∗Bx (resp. x∗Ax < x∗Bx)); ∀x ∈ ∂B2,d(0, 1).

Proposition 3.1 Let . A be a .d × d symmetric matrix. 

1. For every .d × d symmetric matrix . B, and every .d × d invertible matrix . M, 

. A B ⇐⇒ MAM∗ MBM∗.

2. If .A 0, then there exists a unique .d × d symmetric matrix .A1/2, called the 
square root of . A, such that 

. A
1
2 0 and A

1
2 A

1
2 = A.

3. Consider .λmin, λmax ∈ R such that .λmin < λmax. All the eigenvalues of .A belong 
to .[λmin, λmax] if and only if .λmin I A λmax I . 

4. The lowest (resp. largest) eigenvalue of the matrix . A is denoted by .λmin(A) (resp. 
.λmax(A)) and satisfies 

. λmin(A) = inf
x x 2,d=1

x∗Ax (resp. λmax(A) = sup
x x 2,d=1

x∗Ax).

Moreover, 

. A op = max{−λmin(A), λmax(A)} = sup
x x 2,d=1

|x∗Ax |.

5. If .A 0 and . A is invertible, then
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. λmax(A
−1) = 1

λmin(A)
and λmin(A

−1) = 1

λmax(A)
.

6. If .A 0, then 
. trace(AB) B optrace(A); ∀B ∈ Md(R).

Convention. In the sequel, if a .d × d symmetric matrix .A such that .A 0 is not 
invertible, then . A−1

op = ∞. This convention makes sense thanks to Proposition 
3.1.(5). 

Now, let us state three concentration inequalities for symmetric random matrices. 

Proposition 3.2 (Matrix Chernoff’s inequality) Let. A be a.d × d symmetric random 
matrix such that 

. A 0 and P(λmax(A) R) = 1,

where .R > 0 is a deterministic constant. Consider .S = A1 + · · · + An, where . n ∈
N

∗ and .A1, . . . , An are independent copies of . A. Then, 

. P(λmin(S) (1 − δ)λmin(E(S))) d
e−δ

(1 − δ)1−δ

λmin (E(S))

R

; ∀δ ∈ [0, 1],

and 

. P(λmax(S) (1 + δ)λmax(E(S))) d
eδ

(1 + δ)1+δ

λmax(E(S))

R

; ∀δ 0.

See Tropp [ 3], Theorem 1.1 for a proof. 

Proposition 3.3 (Matrix Bernstein’s inequality) Let. A be a.d × d symmetric random 
matrix such that 

. E(A) = 0 and P( A op R) = 1,

where .R > 0 is a deterministic constant. Consider .S = A1 + · · · + An, where . n ∈
N

∗ and .A1, . . . , An are independent copies of . A. Then, for every .δ 0, 

. P( S op δ) d exp − δ2/2

σ 2 + Rδ/3
wi th σ 2 = N E(A2) op.

See Tropp [ 3], Theorem 1.4 for a proof. 

Proposition 3.4 (Matrix Azuma’s inequality) Let . A be a centered .d × d symmetric 
random matrix such that 

.P(A2 M2) = 1,
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where.M is a.d × d symmetric (deterministic) matrix. Consider .S = A1 + · · · + An, 
where .n ∈ N

∗ and .A1, . . . , An are copies of . A such that 

. E(Ai |Ai−1, . . . , A1) = 0; ∀i ∈ {2, . . . , n}.

Then, for every .δ 0, 

. P(λmax(S) δ) de− δ2

8σ2 wi th σ 2 = n M2
op.

See Tropp [ 3], Theorem 7.1 for a proof. 

3.3 Are the Empirical Norm and Its Theoretical 
Counterpart Equivalent on the Projection Space? 

Let . = t )t∈[0,T ] be a piecewise continuous stochastic process, and assume that 
for every .t ∈ (0, T ], the probability distribution of . t has a density .γt with respect 
to Lebesgue’s measure such that .t γt (x) (.x ∈ R) belongs to .L

1([0, T ], dt). This  
legitimates to consider the density function . γ defined by 

. γ (x) = 1

T

T

0
γs(x)ds; ∀x ∈ R. Moreover, assume that Sm ⊂ L

2(R, γ (x)dx).

Consider also .N copies .
1 N of . , the random matrix . m =

( ϕ j , ϕ N ) j with 

. ϕ,ψ N := 1

NT

N

i=1

T

0

i
s

i
s)ds,

and the matrix . m,γ = ( ϕ j , ϕ γ ) j with 

. ϕ,ψ γ :=
∞

−∞
ϕ(x)ψ(x)γ (x)dx .

In order to establish a risk bound on the projection least squares estimator of . b0, 
. . N and . . γ need to be almost surely equivalent on .Sm when .N → ∞. To that 
purpose, let us introduce the event 

. m = ∀τ ∈ Sm : 1√
2

τ γ τ N
3

2
τ γ

= sup
τ∈Sm τ γ =1

τ 2
N τ 2

γ | 1

2
.

This section deals with a suitable bound on .P
c
m ) when
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. 
1 N are independent (see Sect. 3.1.1),

and then when 

. 
1 N have a sparse dependence structure (see Sect. 3.3.2).

Two technical results must be established first. 

Lemma 3.1 If the (positive semidefinite symmetric) matrix . m is invertible, then 

. m = Gm − I op
1

2
wi th Gm = − 1

2
m,γ m

− 1
2

m,γ .

Proof For any .τ = m
j=1 θ jϕ j ∈ Sm , 

. τ 2
N = 1

NT

N

i=1

T

0

⎛

⎝

m

j=1

θ jϕ j
i
s)

⎞

⎠

2

ds =
m

j =1

θ jθ [ m ] j = θ∗
m θ

and, in the same way,. τ 2
γ = θ∗

m,γ θ . Moreover, since the symmetric matrix. m,γ

is positive semidefinite, 

. τ 2
γ = θ∗ 1

2
m,γ )∗

1
2
m,γ θ

1
2
m,γ θ 2

2,m .

Therefore, by Proposition 3.1.(4), and since . m,γ is invertible, 

. sup
τ∈Sm τ γ =1

τ 2
N τ 2

γ | = sup
θ

1/2
m,γ θ 2,m=1

|θ∗( m − m,γ )θ |

= sup
θ θ 2,m=1

|θ∗ − 1
2

m,γ ( m − m,γ
− 1

2
m,γ θ |

= sup
θ θ 2,m=1

|θ∗ − 1
2

m,γ m
− 1

2
m,γ − I )θ Gm − I op.

Now, by assuming that . m,γ is invertible, consider the functions . ϕ1, . . . , ϕm

defined by 

. ϕ j =
m

=1

[ − 1
2

m,γ ] j ϕ ; ∀ j ∈ {1, . . . ,m}.

Moreover, note that 

. Gm =
N

i=1

Gm,γ
i )

where, for every piecewise continuous function .h : [0, T ] → R,
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. Gm,γ (h) = 1

N
− 1

2
m,γ m(h

− 1
2

m,γ

and 

. m(h) = 1

T

T

0
ϕ j (h(s))ϕ (h(s))ds

j ∈{1,...,m}
.

Lemma 3.2 If the (positive semidefinite symmetric) matrix . m,γ is invertible, then 
.(ϕ1, . . . , ϕm) is an orthonormal basis of .Sm in .L

2(R, γ (x)dx). 
Proof On the one hand, since .E m = m,γ , 

. E(Gm,γ = 1

N
− 1

2
m,γE m

− 1
2

m,γ = 1

N
− 1

2
m,γ m,γ

− 1
2

m,γ = 1

N
I.

On the other hand, for every piecewise continuous function .h : [0, T ] → R, 

. Gm,γ (h) = 1

NT

T

0

m

=1

[ − 1
2

m,γ ] j [ − 1
2

m,γ ] j ϕ (h(s))ϕ (h(s))

j, j

ds

= 1

NT

T

0
(ϕ j (h(s))ϕ j (h(s))) j, j ds.

Then, 

. E(Gm,γ = 1

NT

T

0 I
ϕ j (x)ϕ j (x)γs(x)dx

j, j

ds

= 1

N I
ϕ j (x)ϕ j (x)γ (x)dx

j, j

= 1

N
( ϕ j , ϕ j γ ) j, j .

Therefore, .(ϕ1, . . . , ϕm) is an orthonormal basis of .Sm in .L
2(R, γ (x)dx). 

3.3.1 Case 1: Independent Observations 

In this section, the copies . 1 N of . are independent, 

. c = 1 − log(2)

(1 + p)T
with p ∈ N

∗,

and the dimension .m of .Sm fulfills the following assumption. 

Assumption 3.1 The dimension .m of .Sm satisfies 

.L(m)−1(λmin m,γ ) ∧ 1)
1

c
· log(NT )

NT
with c = c

2
.
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Let us make some remarks about Assumption 3.1: 

• Assumption 3.1 has been introduced in the nonparametric regression framework 
by A. Cohen, M.A. Davenport and D. Leviatan (see [ 4]) in order to improve the 
stability of the projection least squares estimator of . b0. 

• Under Assumption 3.1, 

. λmin m,γ ) λmin m,γ ) ∧ 1
L(m)

c
· log(NT )

NT
> 0.

Then, . m,γ is invertible, and since . −1
m,γ op = λmin m,γ )−1 by Proposition 

3.1.(5), Assumption 3.1 may be reformulated a more convenient way: 

. L(m)( −1
m,γ op ∨ 1) c

NT

log(NT )
.

• Under Assumption 3.1, the  set of  authorized .m is smaller than .{1, . . . , NT }, but  
how much? Let us answer this question when.I = [l,r] with.l,r ∈ R satisfying 
.l < r. First, assume that there exists a constant .m > 0 such that .γ (·) m on . I , 
which is true for .γ = f thanks to Menozzi et al. [ 1], Theorem 1.2. Then, 

. 
−1
m,γ op = 1

λmin m,γ )
=

⎛

⎝ inf
θ θ 2,m=1

m

j =1

θ jθ [ m,γ ] j
⎞

⎠

−1

=
⎡

⎣ inf
θ θ 2,m=1

r

l

⎛

⎝

m

j=1

θ jϕ j (x)

⎞

⎠

2

γ (x)dx

⎤

⎦

−1

1

m
.

Moreover, assume that there exists a constant .cϕ > 0, not depending on.m and. N , 
such that 

.L(m) c2ϕm. (3.3) 

Then, Assumption 3.1 is fulfilled by any 

. m
c

c2ϕ(m−1 ∨ 1)
· NT

log(NT )
.

For instance, the .[l,r]-supported trigonometric basis satisfies (3.3) because 
.cos(·)2 + sin(·)2 = 1. 

The following proposition provides a suitable bound on.P
c
m ) under Assumption 

3.1. 

Proposition 3.5 Under Assumption 3.1,
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. P
c
m )

c3.5

N p
with c3.5 = 2

T p+1
.

Proof In order to control.P c
m ) via the matrix Chernoff inequality (see Proposition 

3.2), let us establish that for any piecewise continuous function .h : [0, T ] → R, 

. Gm,γ (h) 0 and λmax(Gm,γ (h)) R = 1

N
L(m) −1

m,γ op.

On the one hand, as established in the proof of Lemma 3.2, 

. Gm,γ (h) = 1

NT

T

0
(ϕ j (h(s))ϕ (h(s))) j ds

and then, for every .x ∈ R
m , 

. x∗Gm,γ (h)x =
m

j =1

Gm,γ (h) j x j x = 1

NT

T

0

⎛

⎝

m

j=1

ϕ j (h(s))x j

⎞

⎠

2

ds 0.

On the other hand, by Jensen’s and Cauchy-Schwarz’s inequalities, 

. m (h) 2
op = sup

x x 2,m=1

m

=1

⎛

⎝

1

T

T

0

⎛

⎝

m

j=1

ϕ j (h(s))ϕ (h(s))x j

⎞

⎠ ds

⎞

⎠

2

1

T
sup

x x 2,m=1

m

=1

T

0
ϕ (h(s))2

⎛

⎝

m

j=1

ϕ j (h(s))x j

⎞

⎠

2

ds

L(m)

T
sup

x x 2,m=1

T

0

⎛

⎝

m

j=1

ϕ j (h(s))x j

⎞

⎠

2

ds L(m)2 (3.4) 

and then, since.Gm,γ (h) is a positive semidefinite symmetric matrix, by Proposition 
3.1.(3,4), 

. λmax(Gm,γ (h)) Gm,γ (h) op

1

N
m(h) op

−1
m,γ op

1

N
L(m) −1

m,γ op. (3.5) 

So, by the matrix Chernoff inequality, for every .δ ∈ [0, 1], 

. P(λmin(Gm ) (1 − δ)λmin(E(Gm ))) m
e−δ

(1 − δ)1−δ

λmin (E(Gm ))

R

,

and for every .δ 0,
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. P(λmax(Gm ) (1 + δ)λmax(E(Gm ))) m
eδ

(1 + δ)1+δ

λmax(E(Gm ))

R

.

Moreover, since 
. E(Gm ) = NE(Gm,γ = I

as established in the proof of Lemma 3.2, the smallest and the largest eigenvalues of 
.E(Gm ) are both equal to . 1. Thus, by Proposition 3.1.(4), and since 

. spec(Gm − I ) = {λ − 1; λ ∈ spec(Gm )},

for every .δ ∈ (0, 1), 

. P( Gm − I op > δ) P(λmin(Gm ) 1 − δ) + P(λmax(Gm ) 1 + δ)

m
e−δ

(1 − δ)1−δ

1
R

+ m
eδ

(1 + δ)1+δ

1
R

2m
e−δ

(1 − δ)1−δ

1
R

.

Finally, for .δ = 1/2 and by Assumption 3.1, 

. 2m
e−δ

(1 − δ)1−δ

1
R

= 2m exp − 1

2R
(1 − log(2))

2m exp − log(NT )

c T
(1 − log(2)) = 2m

(NT )p+1

c1

N p

with .c1 = 2T−(p+1). Thanks to Lemma 3.1, this concludes the proof. 

3.3.2 Case 2: Sparse Dependent Observations 

In this section, . 1 N have a sparse dependence structure in the following 
sense. 

Assumption 3.2 Consider the set 

. IN = {i ∈ {1, . . . , N } : i is not independent of Fi−1},

where .F0 = F and .Fi = 1 i ) for every .i ∈ {1, . . . , N }. There exist . p ∈
N

∗, .q 2p and .c3.2 > 0, not depending on .m and . N , such that 

.|IN | c3.2N
1
2 − p

q .



44 3 The Projection Least Squares Estimator of the Drift Function

Notation. .E0(·) = E(·) and, for every .i ∈ {1, . . . , N }, .Ei (·) = E(·|Fi ). 

Note that under Assumption 3.2, for .N large enough, 

.
|IN |q

Nq/2 log(NT )q/2

c3.2

N p
with c3.2 = c

q
3.2. (3.6) 

Moreover, in this section, 

. c = 1

256T (1 + q/2)

and the dimension .m of .Sm fulfills the following assumption. 

Assumption 3.3 The dimension .m of .Sm satisfies 

. (L(m)−1(λmin m,γ ) ∧ 1))2
1

c
· log(NT )

NT
with c = c

2
.

Let us make some remarks about Assumption 3.3: 

• Note that the smaller .p/q, the larger .IN under Assumption 3.2, but the smaller 
the set of authorized .m under Assumption 3.3. 

• Under Assumption 3.3, . m,γ is invertible (as under Assumption 3.1) and 

. (L(m)( −1
m,γ op ∨ 1))2 c

NT

log(NT )
.

• The set of authorized .m is smaller under Assumption 3.3 than under Assumption 
3.1. Indeed, even if .I = [l,r] with .l,r ∈ R satisfying .l < r, if there exists 
a constant .m > 0 such that .γ (·) m on . I , and if the . ϕ j ’s satisfy (3.3), then 
Assumption 3.3 is fulfilled by any 

. m
1

c2ϕ(m−1 ∨ 1)
c

NT

log(NT )

1
2

.

Note that when .
1 N have a sparse dependence structure, Assumption 3.1 

needs to be replaced by Assumption 3.3 in order to establish a suitable bound on 
.P

c
m ) by using the matrix Azuma inequality (see Proposition 3.4). 

The following proposition provides a suitable bound on.P
c
m ) under Assumptions 

3.2 and 3.3. 

Proposition 3.6 Under Assumptions 3.2 and 3.3, there exists a constant .c3.6 > 0, 
not depending on .m and . N, such that
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. P
c
m )

c3.6

N p
.

Proof First of all, note that 

. Gm − I op MN + RN (3.7) 

where 

. MN =
N

i=1

(Gm,γ
i ) − Ei−1(Gm,γ

i )))

op

and RN =
N

i=1

(Ei−1(Gm,γ
i )) − N−1 I )

op

.

The proof of Proposition 3.6 is dissected in three steps. For any .δ > 0, the first 
(resp. the second) step deals with a suitable bound on.P(MN > δ) (resp..P(RN > δ)), 
and the conclusion comes in Step 3 thanks to Inequality (3.7). 
Step 1. For every .i ∈ {1, . . . , N }, since 

. G†
m,γ

i ) = Gm,γ
i ) − Ei−1(Gm,γ

i ))

is a symmetric matrix, by Proposition 3.1.(3,4), Jensen’s inequality and Inequality 
(3.5), 

. (−G†
m,γ

i ))2 = G†
m,γ

i )2 λmax(G
†
m,γ

i )2)I Gm,γ
i ) − Ei−1(Gm,γ

i )) 2
op I

( Gm,γ
i ) op + Ei−1( Gm,γ

i ) op))
2 I M2

with 

. M2 = 4

N 2
(L(m)( −1

m,γ op ∨ 1))2 I.

So, by the matrix Azuma inequality (see Proposition 3.4), 

. P λmax

N

i=1

G†
m,γ

i ) > δ me− δ2

8σ2

and 

. P

⎛

⎝−λmin

⎛

⎝

N

i=1

G†
m,γ

i )

⎞

⎠ > δ

⎞

⎠ = P

⎛

⎝λmax

⎛

⎝

N

i=1

(−G†
m,γ

i ))

⎞

⎠ > δ

⎞

⎠ me
− δ2

8σ2 ,

where 

.σ 2 = N M2
op = 4

N
(L(m)( −1

m,γ op ∨ 1))2.
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By Proposition 3.1.(4), this leads to 

. P(MN > δ) = P max λmax

N

i=1

G†
γ,m

i ) ;−λmin

N

i=1

G†
γ,m

i ) > δ

2me− δ2

8σ2 = 2m exp − δ2N

32(L(m)( −1
m,γ op ∨ 1))2

.

Step 2. Since .(ϕ1, . . . , ϕm) is an orthonormal basis of .Sm in .L2(R, γ (x)dx) by 
Lemma 3.2, for every .i ∈ {1, . . . , N }\IN , 

. Ei−1(Gm,γ
i )) = E(Gm,γ = 1

NT

T

0
E(ϕ j s)ϕ s))ds

j

= 1

N
( ϕ j , ϕ γ ) j = 1

N
I.

Then, 

. RN =
i∈IN

(Ei−1(Gm,γ
i )) − N−1 I )

op

.

By Markov’s and Jensen’s inequalities, and by Inequality (3.5), 

. P(RN > δ)
E(Rq

N )

δq

|IN |q−1

δq
i∈IN

E( Ei−1(Gm,γ
i ) − N−1 I ) q

op)

|IN |q
δq

E( Gm,γ − N−1 I q
op)

2q |IN |q
δq Nq

(L(m)( −1
m,γ op ∨ 1))q .

Step 3 (conclusion). By the two previous steps, 

. P Gm − I op >
1

2
P MN >

1

4
∪ RN >

1

4

2m exp − N

512(L(m)( −1
m,γ op ∨ 1))2

+ 8q |IN |q
Nq

(L(m)( −1
m,γ op ∨ 1))q .

Then, by Lemma 3.1, by Assumptions 3.2 and 3.3, and since .q > 2p, 

.P
c
m ) 2m exp − log(NT )

256c T
+ 8q(c T )q/2

2q/2
· |IN |q
Nq/2 log(NT )q/2
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c1 
m 

N 1+q/2 
+ |IN |q 

Nq/2 log(NT  )q/2 

c1(1 + c3.2) 
N p 

, 

where .c1 > 0 is a constant not depending on .m and . N . 

3.4 Is the Truncated Estimator Consistent? 

For that, the event. m needs to be of probability. 1 when.N → ∞. This section deals 
with a suitable bound on .P c

m ) inherited from the bounds on .P c
m ) provided 

by Propositions 3.5 and 3.6, where 

. m = L(m)( −1
m op ∨ 1) c

NT

log(NT )
.

The following technical lemma has to be established first. 

Lemma 3.3 If the (positive semidefinite symmetric) matrix . m,γ is invertible, then 

. m
−1
m,γ op < −1

m − −1
m,γ op} ⊂ c

m .

Proof First, note that 

. 
−1
m − −1

m,γ op
− 1

2
m,γ (G−1

m − I
− 1

2
m,γ op G−1

m − I op
−1
m,γ op.

Moreover, as established in Stewart and Sun [ 5], for every .A, B ∈ Md(R), if  . A
is invertible and . A−1B op < 1, then .M = A + B is invertible, and 

. M−1 − A−1
op

B op A−1 2
op

1 A−1B op
.

On. m , by applying this result to .A = I and.B = Gm − I , .A + B = Gm is 
invertible and 

. G−1
m − I op

Gm − I op

1 Gm − I op
.

Therefore, 

. m G−1
m − I op > 1} ⊂ c

m ∪ m G−1
m − I op > 1})

⊂ c
m ∪ Gm − I op

1

2
and

Gm − I op

1 Gm − I op
> 1 = c

m .
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Proposition 3.7 Under Assumption 3.1 for independent . 1 N (resp. under 
Assumptions 3.2 and 3.3), 

. P
c
m )

c3.5

N p
(resp. P c

m )
c3.6

N p
).

Proof By Assumption 3.1 (resp. on .
c
m ), 

. L(m)( −1
m,γ op ∨ 1) c

NT

log(NT )
(resp. L(m)( −1

m op ∨ 1) > c
NT

log(NT )
).

The first inequality is equivalent to 

. L(m) −1
m,γ op c

NT

log(NT )
and L(m) c

NT

log(NT )
,

and then the second one leads to 

. c
NT

log(NT )
< L(m) −1

m op L(m)( −1
m − −1

m,γ op
−1
m,γ op)

L(m) −1
m − −1

m,γ op + c
NT

log(NT )
on c

m .

Thus, by Lemma 3.3, by Proposition 3.5, and since .c = c /2, 

. P
c
m ) P c

NT

log(NT )
L(m) −1

m − −1
m,γ op

P( −1
m,γ op < −1

m − −1
m,γ op) P

c
m )

c3.5

N p
.

The proof remains the same under Assumptions 3.2 and 3.3 by noticing that 

. L(m)( −1
m,γ op ∨ 1) (L(m)( −1

m,γ op ∨ 1))2 c
NT

log(NT )
,

and thanks to Proposition 3.6 instead of Proposition 3.5. 

3.5 Nonadaptive Risk Bound 

By using the bounds established in Sect. 3.3 (resp. Sect. 3.4) on  .P c
m ) (resp. 

.P
c
m )), and by using the following additional result on. m,γ and. m , the purpose 

of this section is to establish a suitable risk bound on .bm for .m fixed.
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Lemma 3.4 If the (positive semidefinite symmetric) matrix . m,γ is invertible, then 

. 
−1
m 2 −1

m,γ on m ∩ m .

Proof Consider .ω ∈ m ∩ m . By Lemma 3.1, 

. Gm (ω) − I op = sup
x x 2,m=1

|x∗(Gm (ω) − I )x | 1

2
.

For every .x ∈ R
m such that . x 2,m = 1, this leads to 

. x∗(Gm (ω) − I )x
1

2
and x∗(I − Gm (ω))x

1

2
.

So, 

. 
1

2
I Gm (ω)

3

2
I

and then, by Proposition 3.1.(3,5), .Gm (ω)−1 2I . Therefore, by Proposition 
3.1.(1), 

. m (ω)−1 = − 1
2

m,γGm (ω)−1 − 1
2

m,γ 2 −1
m,γ .

In the sequel, . = X , .γ = f , and the dependence in . and . γ of operators and 
sets no longer appears in their notation. Moreover, 

. Xi = I(x0,W
i ); ∀i ∈ {1, . . . , N },

where . I is the solution map for Equation (1.1), .W 1, . . . ,WN are .N copies of . W
such that 

. E(Wi
s W

k
t ) = Ri,k(s ∧ t); ∀s, t ∈ [0, T ], ∀i, k ∈ {1, . . . , N },

and . R is a .N × N correlation matrix. From continuous-time observations, to deter-
mine the matrix .R is not a statistical problem. Indeed, since .σ satisfies (1.3), for 
every .i, k ∈ {1, . . . , N }, 

. Ri,k = Xi , Xk
T

T

0
σ(Xi

s)σ (Xk
s )ds

.

Let us provide two examples of correlation matrix. R such that Assumption 3.2 is 
fulfilled by .X1, . . . , XN . 

Example 3.1 Assume that .N ∈ nN∗ with .n ∈ N
∗, and that
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. R =
⎛

⎜

⎝

R1 (0)
. . .

(0) R N
n

⎞

⎟

⎠
,

where .R1, . . . , RN/n are .N/n correlation matrices of size .n × n. For instance, if 
the number of .Ri ’s not equal to . I is of order lower than .N 1/2−p/q with .p ∈ N

∗ and 
.q 2p, then the matrix . R fulfills Assumption 3.2. For .n = 2, 

. Ri = 1 ρi

ρi 1
with ρi ∈ [−1, 1]; ∀i ∈ 1, . . . ,

N

2
.

In this special case,. R fulfills Assumption 3.2 if and only if the number of non-zero 
. ρi ’s is of order lower than .N 1/2−p/q with .p ∈ N

∗ and .q 2p. 

Example 3.2 Assume that .N ∈ 2N∗, and that 

. R = I +
⎛

⎝

(0) (0) Q∗
(0) (0) (0)
Q (0) (0)

⎞

⎠ ,

where .Q is a correlation matrix of size .n × n with .n ∈ {1, . . . , N/2}. If  . n = n(N )

is of order lower than .N 1/2−p/q with .p ∈ N
∗ and .q 2p, then the matrix . R fulfills 

Assumption 3.2. 

Now, let us introduce two additional empirical maps: 

• The empirical process .νN , defined by 

. νN (τ ) := 1

NT

N

i=1

T

0
τ(Xi

s)σ (Xi
s)dW

i
s .

Note that 
.[Zm] j b0, ϕ j N + νN (ϕ j ); ∀ j ∈ {1, . . . ,m}. (3.8) 

• The empirical orthogonal projection . m from .L2(R, f (x)dx) onto .Sm , defined 
by 

. m(·) ∈ arg min
τ∈Sm

τ 2
N . (3.9) 

Consider.h ∈ L
2(R, f (x)dx). For.τ = m

j=1 π jϕ j with.π = (π1, . . . , πm) ∈ R
m , 

. ∇τ τ − h 2
N = 2( mπ − ( h, ϕ j N ) j ).

On. m , since. m is a positive definite symmetric matrix, the minimization problem 
(3.9) has a unique solution:
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. m(h) =
m

j=1

[ −1
m Pm(h)] jϕ j

with Pm(h) = ( h, ϕ j N ) j∈{1,...,m}.

The following theorem, which is the main result of this section, provides a risk 
bound on .bm . 

Theorem 3.1 Consider .bI
0 = b01I . If the  matrix  . m is invertible, then there exists 

a constant .c3.1,1 > 0, not depending on .m and . N, such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f

+ c3.1,1m
1

N
+ P

c
m)

1
2 + P

c
m)

1
2

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Under Assumption 3.1 for independent .W 1, . . . ,WN with .p 2, or under 
Assumptions 3.2 (with .p 2) and 3.3, there exists a constant .c3.1,2 > 0, not 
depending on .m and . N, such that 

.E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c3.1,2

m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ . (3.10) 

Proof First of all, note that 

. bm − bI
0

2
N bm − bI

0
2
N1 m bI

0
2
N1 c

m
.

Clearly, 

. E( bI
0

2
N1 c

m
) E

⎡

⎣

1

NT

N

i=1

T

0
bI
0(X

i
s)

2ds

2
⎤

⎦

1
2

P
c
m)

1
2

c1P
c
m)

1
2 with c1 =

I
b0(x)

4 f (x)dx

1
2

and, by the definition of . m (see (3.9)), 

. bm − bI
0

2
N = min

τ∈Sm

τ − bI
0

2
N bm − m(bI

0)
2
N .

The proof of Theorem 3.1 is dissected in four steps. The first step provides a 
preliminary bound on .E( bm − m(bI

0)
2
N1 m ), depending on
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. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ and trace −1
m m,σ ),

which are well controlled in Steps 2 and 3 respectively. The conclusion comes in 
Step 4 thanks to the bounds established in Sect. 3.3 (resp. Sect. 3.4) on.P

c
m) (resp. 

.P
c
m)). 

Step 1. On . m , by the decompositions of .bm and . m(bI
0) in the basis . (ϕ1, . . . , ϕm)

of .Sm , and by (3.8), 

. bm(·) − m(bI
0)(·) −1

m (Zm − Pm(bI
0)), (ϕ j (·)) j 2,m

−1
m m, (ϕ j (·)) j 2,m with m = (νN (ϕ j )) j∈{1,...,m}.

Then, 

. bm − m(bI
0)

2
N = 1

NT

N

i=1

T

0

⎛

⎝

m

j=1

[ −1
m m] jϕ j (X

i
s)

⎞

⎠

2

ds

=
m

j =1

[ −1
m m] j [ −1

m m] ϕ j , ϕ N = ∗
m

−1
m m .

Now, let us establish preliminary bounds on 

. E( ∗
m

−1
m m1 m∩ m ) and E( ∗

m
−1
m m1 m∩ c

m
).

On the one hand, by Lemma 3.4, on . m ∩ m , 

. 
∗
m

−1
m m 2 ∗

m
−1
m m .

Then, 

. E( ∗
m

−1
m m1 m∩ m ) 2

m

j =1

E([ m] j [ m] )[ −1
m ] j

= 2

NT
trace −1

m m,σ ) with m,σ = NTE( m
∗
m).

On the other hand, on . m , 

.
∗
m

−1
m m

− 1
2

m m
2
2,m

−1
m op| ∗

m m | c
NT

log(NT )L(m)

m

j=1

νN (ϕ j )
2.
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Then, 

. E( ∗
m

−1
m m1 m∩ c

m
) c

NT

log(NT )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

P
c
m)

1
2 .

Therefore, to conclude this first step, 

. E( bm − m(bI
0)

2
N1 m )

2

NT
trace −1

m m,σ )

+ c
NT

log(NT )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

P
c
m)

1
2 .

Step 2. By Jensen’s and Burkholder-Davis-Gundy’s inequalities (see Sect. 3.1), and 
since .d Wi ,Wk

t = Ri,kdt for every .i, k ∈ {1, . . . , N }, 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ m
m

j=1

E(νN (ϕ j )
4) b4m

m

j=1

E( νN (ϕ j )
2
T )

2b4m

N 4T 4

m

j=1

(E(δ2j ) + E(ρ2
j ))

where, for every . j ∈ {1, . . . ,m}, 

. δ j =
N

i=1

T

0
ϕ j (X

i
s)

2σ(Xi
s)

2ds

and ρ j =
i k

Ri,k

T

0
ϕ j (X

i
s)σ (Xi

s)ϕ j (X
k
s )σ (Xk

s )ds.

On the one hand, by Jensen’s inequality, 

. 

m

j=1

E(δ2j ) NT
m

j=1

N

i=1

T

0
E(ϕ j (X

i
s)

4σ(Xi
s)

4)ds

N 2TL(m)2
T

0
E(σ (Xs)

4)ds = N 2T 2L(m)2
∞

−∞
σ(x)4 f (x)dx .

On the other hand, by Jensen’s and Cauchy-Schwarz’s inequalities,
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. 

m

j=1

E(ρ2
j ) T

⎛

⎝

i k

|Ri,k |
⎞

⎠

m

j=1 i k

|Ri,k |
T

0
E(ϕ j (X

i
s)

2σ(Xi
s)

2ϕ j (X
k
s )

2σ(Xk
s )

2)ds

T

⎛

⎝

i k

|Ri,k |
⎞

⎠

2
m

j=1

T

0
E(ϕ j (Xs)

4σ(Xs)
4)ds

T 2

⎛

⎝

i k

|Ri,k |
⎞

⎠

2

L(m)2
∞

−∞
σ(x)4 f (x)dx .

So, 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ c2
mL(m)2

N 2T 2

⎡

⎣1 +
⎛

⎝

1

N
i k

|Ri,k |
⎞

⎠

2⎤

⎦

with 

. c2 = 2b4
∞

−∞
σ(x)4 f (x)dx .

Therefore, there exists a constant .c3 > 0, not depending on .m and . N , such that 

. c
NT

log(NT )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

c3m
1
2

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Step 3. First, let us show that . m,σ is a positive semidefinite symmetric matrix. 
Indeed, for any .y ∈ R

m , 

. y∗
m,σ y = 1

NT

m

j =1

y j y

×
N

i,k=1

E

T

0
ϕ j (X

i
s)σ (Xi

s)dW
i
s

T

0
ϕ (Xk

s )σ (Xk
s )dW

k
s

= 1

NT
E

⎡

⎣

N

i=1

T

0
τy(X

i
s)σ (Xi

s)dW
i
s

2
⎤

⎦ 0 with τy =
m

j=1

y jϕ j .

Since .d Wi ,Wk
t = Ri,kdt for every .i, k ∈ {1, . . . , N }, and by the stochastic 

integration by parts formula, 

.y∗
m,σ y = 1

NT
E

⎡

⎣

N

i=1

T

0
τy(X

i
s)σ (Xi

s)dW
i
s

2
⎤

⎦
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1 

T 

⎛ 

⎝1 + 
1 

N 
i k 

|Ri,k | 
⎞ 

⎠ 
T 

0 
E(τy(Xs)

2 σ(Xs)
2 )ds  

⎛ 

⎝1 + 
1 

N 
i k 

|Ri,k | 
⎞ 

⎠ 

× 
∞ 

−∞ 

⎛ 

⎝ 
m 

j=1 

y j ϕ j (x) 

⎞ 

⎠ 
2 

σ(x)2 f (x)dx  

σ 2 
∞ 

⎛ 

⎝1 + 
1 

N 
i k 

|Ri,k | 
⎞ 

⎠ 
1 
2 
m y 2 2,m . (3.11) 

Therefore, since. m,σ is a positive semidefinite symmetric matrix, by Proposition 
3.1.(4,6) and Inequality (3.11), 

. 
1

m
trace −1

m m,σ )
− 1

2
m m,σ

− 1
2

m op

= sup
y 1/2

m y 2,m=1

y∗
m,σ y σ 2

∞

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Step 4 (conclusion). By the three previous steps, 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c1P

c
m)

1
2

+ 2m

NT
σ 2

∞ + c3m
1
2P

c
m)

1
2

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Under Assumption 3.1 for independent .W 1, . . . ,WN with .p 2 (resp. under 
Assumptions 3.2 (with.p 2) and 3.3), by Propositions 3.5 (resp. 3.6) and 3.7, there 
exists a constant .c4 > 0, not depending on .m and . N , such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4

m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Let us conclude this section with some remarks about Theorem 3.1: 

• Note that 

.IN = {i ∈ {2, . . . , N } : ∃k ∈ {1, . . . , i − 1} such that Ri,k 0}.
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So, in the statement of Theorem 3.1, Assumption 3.2 concerns the matrix . R
directly, which legitimates to say that .W 1, . . . ,WN (and then .X1, . . . , XN ) have  
a sparse dependence structure. 

• Note that the variance term in Inequality (3.10) is of order  

. 
m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ ,

which becomes .m/N , as in the nonparametric regression framework, when 
.W 1, . . . ,WN are independent. 

• The order of the bias term 

. min
τ∈Sm

τ − bI
0

2
f in Inequality (3.10) depends on the ϕ j ’s.

For instance, assume that .I = [l,r] with .l,r ∈ R satisfying .l < r, and that 
.(ϕ1, . . . , ϕm) is the.I -supported trigonometric basis. Consider.β ∈ N

∗, the Fourier-
Sobolev space 

. W
β

2 ([l,r]) = ϕ : [l,r] → R β times differentiable:
r

l
ϕ(β)(x)2dx < ∞ ,

and assume that .(b0)|I ∈ W
β

0 ([l,r]). By DeVore and Lorentz [ 6], Corollary 2.4 
p. 205, there exists a constant .cβ,l,r > 0, not depending on . m, such that 

. m(bI
0) − bI

0
2 cβ,l,rm

−2β,

where. m is the orthogonal projection from.L
2(R, dx) onto.Sm . Since. f is upper 

bounded on . I by a constant .m > 0 thanks to Inequality (3.1), 

. min
τ∈Sm

τ − bI
0

2
f m m(bI

0) − bI
0

2

cβ,l,rm
−2β with cβ,l,r = cβ,l,rm.

In conclusion, by Theorem 3.1, there exists a constant .c3.1,1 > 0, not depending 
on .m and . N , such that 

. E( bm − bI
0

2
N ) c3.1,1

⎛

⎝m−2β + m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠

⎞

⎠ ,

and then the bias-variance tradeoff is reached by (the risk bound on) .bm for .m of 
order
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. 

⎛

⎝

1

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠

⎞

⎠

− 1
1+2β

.

3.6 Model Selection 

In practice, the dimension. m of.Sm needs to be selected from data because the one for 
which .bm reaches the bias-variance tradeoff depends on some unknown regularity 
parameters of . b0. In order to introduce an appropriate model selection criterion, 
throughout this section, the . ϕ j ’s and the matrix .R fulfill the following additional 
assumptions. 

Assumption 3.4 The . ϕ j ’s satisfy the two following conditions: 

1. For every .m,m ∈ {1, . . . , NT }, if .m > m , then .Sm ⊂ Sm . 
2. There exists a constant .cϕ 1, not depending on . N , such that for every . m ∈

{1, . . . , NT }, .L(m) c2ϕm. 

Assumption 3.5 There exists a constant .m3.5 > 0, not depending on . N , such that 
. R op m3.5. 

Since. R is a symmetric matrix, there exist an orthogonal matrix. P and a diagonal 
matrix .D such that .R = PDP∗. Then, 

. R op D op = sup
λ∈sp(R)

|λ|.

So, the matrix .R fulfills Assumption 3.5 if and only if there exists a constant 
.m > 0, not depending on . N , such that .|λ| m for every .λ ∈ sp(R). Let us provide 
two examples of correlation matrices fulfilling both Assumptions 3.2 and 3.5. 

Example 3.3 The notations are those of Example 3.1. First, assume that .n = 2. For  
every .λ ∈ R, 

. det(R − λI ) =
N
2

i=1

det(Ri − λI ) =
N
2

i=1

(1 − λ − ρi )(1 − λ + ρi ),

and then 

. sp(R) = 1 ± ρi ; i = 1, . . . ,
N

2
.

So, the matrix . R fulfills Assumption 3.5:
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. R op = max
i∈{1,...,N/2} |1 ± ρi | 2.

More generally, assume that .n 2. For every .λ ∈ R, 

. det(R − λI ) =
N
n

i=1

det(Ri − λI ),

and then 

. sp(R) =
N
n

i=1

sp(Ri ).

So, the matrix . R fulfills Assumption 3.5: 

. R op = max
i∈{1,...,N/n} sup

λ∈sp(Ri )

|λ|

= max
i∈{1,...,N/n} Ri op max

i∈{1,...,N/n}

n

k,k =1

[Ri ]2k,k
1
2

n.

Example 3.4 The notations are those of Example 3.2. Let us show that the matrix. R
fulfills Assumption 3.5 if and only if 

. sup{|λ|; λ ∈ R such that q(λ) = det((1 − λ)2 I − Q∗Q) = 0}
is bounded by a constant not depending on N (3.12) 

Consider 

. Q = (0) (0)
Q (0)

∈ M N
2
(R),

and note that 

. Q∗Q = Q∗Q (0)
(0) (0)

.

Then, for every .λ ∈ R, 

. det(R − λI ) = det
(1 − λ)I Q∗

Q (1 − λ)I
= det((1 − λ)2 I − Q∗Q)

= det
(1 − λ)2 I − Q∗Q (0)

(0) (1 − λ)2 I
= (1 − λ)N−2nq(λ).

As expected,. R fulfills Assumption 3.5 if and only if.Q fulfills (3.12). For instance, 
assume that



3.6 Model Selection 59

. Q =
⎛

⎜

⎝

q1 (0)
. . .

(0) qn

⎞

⎟

⎠
with q1, . . . , qn ∈ [−1, 1].

In this special case, . R is a Toeplitz matrix, 

. q(λ) = det((1 − λ)2 I − Q2)

=
n

i=1

(1 − λ − qi )(1 − λ + qi ),

and then .Q fulfills (3.12). 

Now, let us consider 

.m = arg min
m∈MN

bm
2
N + pen(m)} (3.13) 

where 

. pen(m) = ccal
m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ ; ∀m ∈ {1, . . . , NT },

the constant .ccal > 0 needs to be calibrated in practice, 

. MN = m ∈ {1, . . . , NT } : (c2ϕm( −1
m op ∨ 1))2 d

NT

log(NT )

and, under Assumption 3.2, 

. d = 1

2048c4ϕT (1 + q/2)

c

4
.

Consider also the theoretical counterpart 

. MN = m ∈ {1, . . . , NT } : (c2ϕm( −1
m op ∨ 1))2 d

NT

log(NT )
of MN ,

where .d = d/4. 
In order to establish a risk bound on the adaptive estimator.bm , the deterministic set 

.MN needs to be almost surely contained in its empirical counterpart when.N → ∞. 
To that purpose, let us introduce the event 

. N = {MN ,γ ⊂ MN ⊂ MN ,γ },

where
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• .MN = m ∈ {1, . . . , NT } : (c2ϕm( −1
m op ∨ 1))2 d

NT

log(NT )
, 

• .MN ,γ = m ∈ {1, . . . , NT } : (c2ϕm( −1
m,γ op ∨ 1))2 d

NT

log(NT )
, 

• and .MN ,γ = m ∈ {1, . . . , NT } : (c2ϕm( −1
m,γ op ∨ 1))2 d

NT

log(NT )
with 

.d = 4d. 

The following proposition provides a suitable bound on .P
c
N ) when. 

1 N

have a sparse dependence structure (i.e., fulfill Assumption 3.2). 

Proposition 3.8 Under Assumptions 3.2 and 3.4, there exists a constant .c3.8 > 0, 
not depending on . N, such that 

. P
c
N )

c3.8

N p−1
.

Proof First of all, note that 

. 
c
N = {MN ,γ MN } ∪ {MN MN ,γ }.

The proof of Proposition 3.8 is dissected in three steps. Step 1 provides a bound 
on .P(MN ,γ MN ), Step 2 a bound on .P( m − m,γ op > δ) for every . m ∈
{1, . . . , NT } and .δ > 0, and then Step 3 a bound on .P(MN MN ,γ ). 
Step 1. On .{MN ,γ MN }, there exists .m ∈ {1, . . . , NT } such that 

. (c2ϕm( −1
m,γ op ∨ 1))2 d

NT

log(NT )
and (c2ϕm( −1

m op ∨ 1))2 > d
NT

log(NT )
.

The first inequality is equivalent to 

. c4ϕm
2 −1

m,γ
2
op d

NT

log(NT )
and c4ϕm

2 d
NT

log(NT )
,

and then the second one leads to 

. d
NT

log(NT )
< c4ϕm

2 −1
m

2
op 2c4ϕm

2( −1
m − −1

m,γ
2
op

−1
m,γ

2
op)

2c4ϕm
2 −1

m − −1
m,γ

2
op + 2d

NT

log(NT )
.

So, since .d − 2d = 2d, and by the definition of .MN ,γ , 

.{MN ,γ MN } ⊂
m∈MN ,γ

d
NT

log(NT )
c4ϕm

2 −1
m − −1

m,γ
2
op
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⊂ 
m∈MN ,γ 

−1 
m,γ op <

−1 
m − −1 

m,γ op} ⊂  
m∈MN ,γ 

c 
m . 

Therefore, since .d c , by Proposition 3.6, 

. P(MN ,γ MN )

m∈MN ,γ

P
c
m )

c1

N p−1
,

where .c1 > 0 is a constant not depending on . N . 

Step 2. For any .m ∈ {1, . . . , NT }, note that 

. m − m,γ op MN + RN ,

where 

. MN = 1

N

N

i=1

m
i ) − Ei−1 m

i )))

op

and RN = 1

N

N

i=1

(Ei−1 m
i )) − E m

i )))

op

.

On the one hand, for any. 0, let us establish a suitable bound on.P(MN . 
For every .i ∈ {1, . . . , N }, since 

. 
†
m

i ) = 1

N
m

i ) − Ei−1 m
i )))

is a symmetric matrix, by Proposition 3.1.(3,4), Jensen’s inequality and Inequality 
(3.4), 

. (− †
m

i ))2 = †
m

i )2 λmax
†
m

i )2)I = 1

N 2 m
i ) − Ei−1 m

i )) 2
op I

1

N 2
( m

i ) op + Ei−1( m
i ) op))

2 M2

with 

. M2 = 4L(m)2

N 2
I.

So, by the matrix Azuma inequality (see Proposition 3.4), 

.P(MN = P

⎛

⎝

N

i=1

†
m

i )

op

⎞

⎠ 2m exp −
2N

32L(m)2
.
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On the other hand, let us establish a suitable bound on .P(RN . By the  
definition of .IN , 

. RN = 1

N
i∈IN

(Ei−1
†
m

i )) − E
†
m

i )))

op

.

By Markov’s and Jensen’s inequalities, and by Inequality (3.4), 

. P(RN
E(Rq

N )

q

|IN |q−1

q Nq
i∈IN

E( Ei−1
†
m

i ) − E
†
m

i ))) q
op)

|IN |q
q Nq

E( †
m − E

†
m

q
op)

2q |IN |q
q Nq

L(m)q .

Therefore, for every .δ > 0, 

. P( m − m,γ op > δ) P MN >
δ

2
∪ RN >

δ

2

2m exp − δ2N

128L(m)2
+ 4q |IN |q

δq Nq
L(m)q .

Step 3. On .{MN MN ,γ }, there exists .m ∈ {1, . . . , NT } such that 

. (c2ϕm( −1
m op ∨ 1))2 d

NT

log(NT )
and (c2ϕm( −1

m,γ op ∨ 1))2 > d
NT

log(NT )
.

The first inequality is equivalent to 

. c4ϕm
2 −1

m
2
op d

NT

log(NT )
and c4ϕm

2 d
NT

log(NT )
,

and then the second one leads to 

. d
NT

log(NT )
< c4ϕm

2 −1
m,γ

2
op 2c4ϕm

2( −1
m,γ − −1

m
2
op

−1
m

2
op)

2c4ϕm
2 −1

m,γ − −1
m

2
op + 2d

NT

log(NT )
.

Moreover, for every .m ∈ {1, . . . , NT }, by interchanging . m and . m,γ in the 
proof of Lemma 3.3, 

.
−1
m,γ − −1

m op > −1
m op} ⊂ − 1

2
m m,γ

− 1
2

m − I op >
1

2

⊂ m − m,γ op >
1

2
−1
m

−1
op .
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So, since .d − 2d = 2d, 

. {MN MN ,γ }
⊂

c4ϕm
2 d NT

log(NT )

c4ϕm
2 −1

m
2
op d

NT

log(NT )
< c4ϕm

2 −1
m,γ − −1

m
2
op

⊂
c4ϕm

2 d NT
log(NT )

m − m,γ op >
m

2

log(NT )

dNT

1
2

.

Therefore, by Step 2, by Assumptions 3.2 and 3.4, and since .q > 2p, 

. P(MN MN ,γ )

c4ϕm
2 d NT

log(NT )

2m exp − N

128L(m)2
· m

2 log(NT )

4dNT

+8q |IN |q
Nq

· dq/2(NT )q/2

mq log(NT )q/2
L(m)q

c4ϕm
2 d NT

log(NT )

[2m exp − log(NT )

512c4ϕdT

+ (8c2ϕ)q(dT )
q
2

|IN |q
Nq/2 log(NT )q/2

]

c4ϕm
2 d NT

log(NT )

2m

N 1+q/2
+ (8c2ϕ)q(dT )

q
2
c3.2

N p

c2

N p−1
,

where .c2 > 0 is a constant not depending on . N . 

The following theorem, which is the main result of this section, provides a risk 
bound on the adaptive estimator .bm . 

Theorem 3.2 Under Assumptions 3.2 (with .p 5), 3.4 and 3.5, there exists a 
constant .c3.2 > 0, not depending on . N, such that 

. E( bm − bI0
2
N ) c3.2

⎛

⎝ min
m∈MN

⎧

⎨

⎩

min
τ∈Sm

τ − bI0
2
f + m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠

⎫

⎬

⎭

+ 1

N

⎞

⎠ .

Proof By the definition of . m (see (3.9)), 

. bm − bI
0

2
N = min

τ∈Sm

τ − bI
0

2
N bm − m(bI

0)
2
N .

Moreover, since .0 ∈ Sm ,
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. min
τ∈Sm

τ − bI
0

2
N bI

0
2
N .

Then, 

. bm − bI
0

2
N ( bI

0
2
N bm − m(bI

0)
2
N )(1 c

N
+ 1 c

N
) bm − bI

0
2
N1 N∩ N

with 
. N =

m∈MN

m .

The proof of Theorem 3.2 is dissected in four steps. The first step provides a prelim-
inary bound on.E( bm − bI

0
2
N ), which is improved in Step 4 thanks to Propositions 

3.6 and 3.8, and to the bound established in Steps 2 and 3 on 

. ρN (m) = E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
1 N∩ N

⎞

⎠ ;m ∈ MN

where, for every .m ∈ MN , 

. Bm,m = {τ ∈ Sm∨m τ f = 1}

and 

. p(m,m ) = ccal

8
· m ∨ m

N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ .

Step 1. On the one hand, since .m ∈ MN , as established in the first step of the proof 
of Theorem 3.1, 

. bm − m(bI
0)

2
N = ∗

m
−1
m m

− 1
2

m m
2
2,m

−1
m op

m

j=1

νN (ϕ j )
2 d

NT

log(NT )

1
2

NT

j=1

νN (ϕ j )
2.

Then, by the second step of the proof of Theorem 3.1, 

.E( bm − m(bI
0)

2
N1 c

N
) d

NT

log(NT )

1
2

E

⎡

⎣

⎛

⎝

NT

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

P
c
N )

1
2

c1
NT

log(NT )

1
2 N 1/2

T L(NT )

NT
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× 

⎛ 

⎝1 + 
1 

N 
i k 

|Ri,k | 
⎞ 

⎠ P c 
N ) 

1 
2 

c2 N 

⎛ 

⎝1 + 
1 

N 
i k 

|Ri,k | 
⎞ 

⎠ P c 
N ) 

1 
2 

and, in the same way, 

. E( bm − m(bI
0)

2
N1 c

N
) c3N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠P
c
N )

1
2 ,

where the . c j ’s are positive constants not depending on . N . On the other hand, for 
every .τ, τ ∈ SNT , 

. γN (τ ) − γN (τ ) τ − bI
0

2
N τ − bI

0
2
N − 2νN (τ − τ),

where 
. Sm = S1 ∪ · · · ∪ Sm; ∀m ∈ {1, . . . , NT }.

Moreover, since 
. m = arg min

m∈MN

{γN (bm) + pen(m)},

for every .m ∈ MN , 

.γN (bm) + pen(m) γN (bm) + pen(m). (3.14) 

On the event . N = {MN ⊂ MN ⊂ MN }, Inequality (3.14) remains true for every 
.m ∈ MN . Then, on . N , for any .m ∈ MN , since .Sm + Sm ⊂ Sm∨m under Assump-
tion 3.4, 

. bm − bI0
2
N bm − bI0

2
N + 2νN (bm − bm) + pen(m) − pen(m)

bm − bI0
2
N + 1

8
bm − bm

2
f + 8

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
+ pen(m) + 8p(m,m) − pen(m).

Since . τ 2
f 1 N 2 τ 2

N1 N for every .τ ∈ Smax(MN ), and since . 8p(m,m)

pen(m) + pen(m), 

. bm − bI
0

2
N 3 bm − bI

0
2
N + 4pen(m)
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+ 16 

⎛ 

⎝ sup 
τ ∈Bm,m 

|νN (τ )| 
2 

− p(m, m) 

⎞ 

⎠ 

+ 

on N ∩ N . 

So, 

. E( bm − bI
0

2
N1 N∩ N ) min

m∈MN

{3E( bm − bI
0

2
N1 N ) + 4pen(m) + 16ρN (m)}.

Therefore, to conclude this first step, 

. E( bm − bI
0

2
N ) min

m∈MN

{3E( bm − bI
0

2
N1 N ) + 4pen(m) + 16ρN (m)}

+ c4N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ (P c
N )

1
2 + P

c
N )

1
2 ),

where .c4 > 0 is a constant not depending on . N . 
Step 2. Consider .τ ∈ SNT and the martingale .(MN (τ )t )t∈[0,T ] defined by 

. MN (τ )t =
N

i=1

t

0
σ(Xi

s)τ (Xi
s)dW

i
s ; ∀t ∈ [0, T ].

Since .d Wi ,Wk
t = Ri,kdt for every .i, k ∈ {1, . . . , N }, 

. MN (τ ) T =
N

i,k=1

Ri,k

T

0
σ(Xi

s)σ (Xk
s )τ (Xi

s)τ (Xk
s )ds

=
T

0
((στ)(Xi

s))
∗
i R((στ)(Xi

s))i ds R op

T

0
((στ)(Xi

s))i
2
2,Nds

R op σ 2
∞

T

0

N

i=1

τ(Xi
s)

2 ds = NT R op σ 2
∞ τ 2

N .

Then, by Assumption 3.5 and Bernstein’s inequality for continuous local 
martingales (see Revuz and Yor [ 2], p. 153), for any .ε, υ > 0, 

.P(νN (τ ) ε, τ 2
N υ2) P(MN (τ )∗T NT ε, MN (τ ) T NTυ2 R op σ 2∞)

exp − NT ε2

2υ2 σ 2∞r
with r = 1 + m3.5.
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Since this bound remains true by replacing . τ by .−τ , 

. P(|νN (τ )| ε, τ 2
N υ2) = P(νN (τ ) ε, τ 2

N υ2)

+ P(νN (−τ) ε, τ 2
N υ2)

2 exp − NT ε2

2υ2 σ 2∞r
.

Step 3. By using Step 2 and the same chaining technique as in the proof of Baraud 
et al. [ 7], Proposition 6.1, the purpose of this step is to find a suitable bound on 

. E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m )

⎞

⎠

+
1 N∩ N

⎞

⎠ ;m,m ∈ MN .

Consider .δ0 ∈ (0, 1) and let .(δn)n∈N∗ be the sequence defined by 

. δn = δ02
−n; ∀n ∈ N

∗.

Since .Sm∨m is a vector subspace of .L2(R, f (x)dx) of dimension .m ∨ m , by  
Lorentz et al. [ 8], Chap. 15, Proposition 1.3, for any .n ∈ N, there exists . Tn ⊂ Bm,m

such that .|Tn| (3/δn)m∨m and, for any .τ ∈ Bm,m , 

.∃τn ∈ Tn τ − τn f δn. (3.15) 

In particular, note that 

. τ = τ0 +
∞

n=1

(τn − τn−1).

Then, for any sequence. n)n∈N of elements of.(0,∞) such that. = n∈N n <

∞, 

.

⎧

⎨

⎩

sup
τ∈Bm,m

|νN (τ )|
2

2

⎫

⎬

⎭

⊂ ∃(τn)n∈N ∈
∞

n=0

Tn : |νN (τ0)| +
∞

n=1

|νN (τn − τn−1)|

⊂ ∃(τn)n∈N ∈
∞

n=0

Tn : |νN (τ0)| 0 or (∃n ∈ N
∗ : |νN (τn − τn−1)| n)

⊂
τ0∈T0

{|νN (τ0)| 0} ∪
∞

n=1 (τn−1,τn)∈Tn

{|νN (τn − τn−1)| n}
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with .Tn = Tn−1 × Tn for every .n ∈ N
∗. Moreover, since 

. ϕ 2
N1 N

3

2
ϕ 2

f 1 N ; ∀ϕ ∈ Smax(MN ),

for every .(τn)n∈N ∈ n∈N Tn satisfying (3.15) for a given .τ ∈ Bm,m , on . N , 

. τ0
2
N

3

2
τ0

2
f

3

2

and, for every .n ∈ N
∗, 

. τn − τn−1
2
N

3

2
τn − τn−1

2
f

3

2
(2δ2n−1 + 2δ2n) = 15

4
δ2n−1.

So, by Step 2, 

. P

⎛

⎝

⎧

⎨

⎩

sup
τ∈Bm,m

|νN (τ )|
2

2

⎫

⎬

⎭

∩ N ∩ N

⎞

⎠

2
τ0∈T0

exp − NT 2
0

3 τ0
2
f σ 2∞r

+ 2
∞

n=1 (τn−1,τn)∈Tn

exp − NT 2
n

3 τn − τn−1
2
f σ 2∞r

2 exp h0 − NT 2
0

3 σ 2∞r

+ 2
∞

n=1

exp hn−1 + hn − NT 2
n

15/2δ2n−1 σ 2∞r

(3.16) 

with .hn = log(|Tn|) for every .n ∈ N. Now, let us take . 0 such that 

. h0 − NT 2
0

3 σ 2∞r
= −(m ∨ m + x) with x > 0,

leading to 

. 0 = 3 σ 2∞r

NT
(m ∨ m + x + h0)

1
2

,

and for every .n ∈ N
∗, let us take . n such that 

.hn−1 + hn − NT 2
n

15/2δ2n−1 σ 2∞r
= −(m ∨ m + x + n),
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leading to 

. n = 15/2δ2n−1 σ 2∞r

NT
(m ∨ m + x + n + hn−1 + hn)

1
2

.

For this appropriate sequence . n)n∈N, 

. P

⎛

⎝

⎧

⎨

⎩

sup
τ∈Bm,m

|νN (τ )|
2

2

⎫

⎬

⎭

∩ N ∩ N

⎞

⎠ 2e−xe−(m∨m ) 1 +
∞

n=1

e−n

3.2e−x e−(m∨m )

by Inequality (3.16), and 

. 
2 3 σ 2∞r

NT
((m ∨ m + x)

1
2 + h

1
2
0

+ 5

2

∞

n=1

δn−1((m ∨ m + x)
1
2 + (n + hn−1 + hn)

1
2 ))2

3 σ 2∞r

NT
(m ∨ m + x)(1 + h

1
2
0

+ 5

2

∞

n=1

δn−1(1 + (n + hn−1 + hn)
1
2 ))2

3 σ 2∞r

NT
(m ∨ m + x)(δ + δ)

with 

. δ = 2 1 + 5

2

∞

n=1

δn−1

2

and 

. δ = 2 h
1
2
0 + 5

2

∞

n=1

δn−1 n + NT 2 log
3

δ0
+ (2n − 1) log(2)

1
2

2

,

because 

.hn−1 + hn (m ∨ m ) log
3

δn−1
+ log

3

δn

NT 2 log
3

δ0
+ (2n − 1) log(2) .
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Then, 

. P

⎛

⎝

⎧

⎨

⎩

sup
τ∈Bm,m

|νN (τ )|
2

− 8ρ

ccalT RN
p(m,m ) >

ρ

NT
x

⎫

⎬

⎭

∩ N ∩ N

⎞

⎠

3.2e−x e−(m∨m )

with 

. ρ = 3 σ 2
∞r(δ + δ) and RN = 1 + 1

N
i k

|Ri,k |.

So, by taking .ccal 8ρT−1 > 8ρ(T RN )−1 and .y = ρx(NT )−1, 

. p(y) = P

⎛

⎝

⎧

⎨

⎩

sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m ) > y

⎫

⎬

⎭

∩ N ∩ N

⎞

⎠

3.2e− NT y
ρ e−(m∨m ).

Therefore, 

. E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m )

⎞

⎠

+
1 N∩ N

⎞

⎠ =
∞

0
p(y)dy

3.2ρ
e−(m∨m )

NT
.

Step 4 (conclusion). By Step 3, there exists a constant .c5 > 0, not depending on. N , 
such that for every .m ∈ MN , 

. ρN (m)
3.2ρ

NT
m ∈MN

e−(m∨m ) c5

N
.

So, under Assumptions 3.4 and 3.5, by Step 1,  

. E( bm − bI
0

2
N ) min

m∈MN

3E( bm − bI
0

2
N1 N ) + 4pen(m) + 16c5

N

+ c4N

⎛

⎝1 + 1

N
i k

|Ri,k |
⎞

⎠ (P c
N )

1
2 + P

c
N )

1
2 ).

Under the additional Assumption 3.2 with .p 5, by Propositions 3.6 (because 
.d c ) and 3.8, there exists a constant .c6 > 0, not depending on . N , such that
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. E( bm − bI
0

2
N ) c6 min

m∈MN

{E( bm − bI
0

2
N1 N ) + pen(m)} + 1

N
,

and then Theorem 3.1 allows to conclude. 

Let us conclude this section with some remarks about Theorem 3.2: 

• Note that Theorem 3.2 provides a risk bound on the adaptive estimator.bm of same 
order as the minimal risk bound on.bm (see Inequality (3.10)) for .m taken in .MN . 

• Of course the model selection criterion (3.13) works when.W 1, . . . ,WN are inde-
pendent, but in this special case, the criterion may be improved by taking a larger 
.MN : 

. m∗ = arg min
m∈M∗

N

bm
2
N + pen(m)},

where 

. M∗
N = m ∈ {1, . . . , NT } : c2ϕm( −1

m op ∨ 1)2 d∗ NT

log(NT )

and .d∗ ∈ (0, c /4). Under Assumption 3.4, F. Comte and V. Genon-Catalot have 
established in [ 9] (see Theorem 3.1) that 

. E( bm∗ − bI
0

2
N ) c∗3.2 min

m∈M∗
N

min
τ∈Sm

τ − bI
0

2
f + m

N
+ 1

N
,

where .c∗3.2 > 0 is a constant not depending on . N , and 

. M∗
N = m ∈ {1, . . . , NT } : c2ϕm( −1

m op ∨ 1)2 d
∗ NT

log(NT )
with d

∗ = d∗
4

.

This sharper result is established in the more general framework of diffusion 
processes with jumps in Chap. 4, Sect. 4.1. 
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Chapter 4 
Going Further with the Projection Least 
Squares Method: Diffusions with Jumps 
and Fractional Diffusions 

The risk bound in Theorem 3.1 can be extended to stochastic differential equations 
driven by a jump process or by a fractional Brownian motion, because its proof 
only relies on the zero mean and on the control of the fourth-order moment of Itô’s 
integral with respect to . W , and because the bounds in Sect. 3.3.1 (resp. Sect. 3.4) 
on.P

c
m ) (resp..P c

m )) and Lemma 3.4 have been established for copies of any 
piecewise continuous stochastic process. So, this chapter deals with the extensions of 
the projection least squares method introduced in Chap. 3 to diffusions with jumps and 
to fractional diffusions, but for independent copies only. On the one hand, Theorems 
3.1 and 3.2, which respectively provide a risk bound on.bm for. m fixed and a risk bound 
on the adaptive estimator .bm , are extended to the projection least squares estimator 
of the drift function for stochastic differential equations driven by a Lévy process in 
Sect. 4.1. On the other hand, to generalize the (projection) least squares method to 
fractional diffusions is a more complicated challenge, because the natural extension 
of Itô’s integral to fractional Brownian motion, centered with a sharp control of 
its fourth-order moment, is the Skorokhod integral, which is difficult to compute 
in practice. This difficulty is deeply discussed in Sect. 4.2, which deals with a risk 
bound on a copies-based parametric least squares estimator for fractional diffusions, 
with a risk bound on the Skorokhod integral-based extension of the projection least 
squares estimator introduced in Chap. 3, and finally with a projection least squares 
estimator of the drift function for some non-autonomous fractional diffusions. 

4.1 The Projection Least Squares Estimator of the Drift 
Function for Diffusions with Jumps 

Let .X = (Xt )t∈R+ be the diffusion process with jumps defined by 

.Xt = x0 +
t

0
b0(Xs)ds +

t

0
σ(Xs)dWs +

t

0
γ (Xs)dZs; t ∈ R+ (4.1) 
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where.x0 ∈ R, .W = (Wt )t∈R+ is a Brownian motion,.Z = (Zt )t∈R+ is a compensated 
compound Poisson process independent of . W , .b0 ∈ C1(R) with .b0 bounded, and 
.σ, γ : R → R are bounded Lipschitz continuous functions such that 

. inf
x∈R

σ(x)2 ∧ inf
x∈R

γ (x)2 > 0.

Under these conditions on . b0, . σ and . γ , Eq.  (4.1) has a unique (strong) solution. 
In this section, except those depending on the empirical process .νN , all the oper-

ators (as .γN or . m) and sets (as . m) introduced in Chap. 3 remain defined in the 
same way by replacing the copies of the solution of Eq. (1.1) by.X1, . . . , X N , where 

. Xi = I(x0,W i ,Zi ); ∀i ∈ {1, . . . , N },

.(W 1,Z1), . . . , (W N ,ZN ) are .N independent copies of .(W,Z), and . I is the solution 
map for Eq. (4.1). The projection least squares estimator of .b0 is still defined as 
a minimizer .bm in .Sm of the objective function .γN , and the associated truncated 
estimator .bm by 

. bm(x) = bm(x)1 m ; x ∈ I.

First of all, Sect. 4.1.1 is a brief reminder on the stochastic integral with respect 
to the compound Poisson process. In Sect. 4.1.2, a risk bound on .bm is established 
for .m fixed. Section 4.1.3 deals with a model selection method and a risk bound on 
the associated adaptive estimator. Finally, some basic numerical experiments on the 
adaptive projection least squares estimator are presented in Sect. 4.1.4. 

4.1.1 A Brief Reminder on the Stochastic Integral 
with Respect to the Compound Poisson Process 

Let .Z = (Zt )t∈[0,T ] be a compound Poisson process: 

. Zt =
νt

n=1

ζn; ∀t ∈ [0, T ],

where.ν = (νt )t∈[0,T ] is a (usual) Poisson process of intensity.λ > 0, independent of 
the . ζn’s which are i.i.d. random variables of (common) probability distribution . π . 
Let us also consider the centered martingale .Z = (Zt )t∈[0,T ] defined by 

. Zt = Zt − cζ λt; ∀t ∈ [0, T ],

where .cζ is the (common) expectation of the . ζn’s. Its quadratic variation . Z =
( Z t )t∈[0,T ] satisfies
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. Z t =
νt

i=1

ζ 2i ; ∀t ∈ [0, T ].

The stochastic integral on .[0, T ] of a process .H = (Ht )t∈[0,T ] with respect to . Z
is defined by 

. 

T

0
Hsd Zs =

νT

n=1

Hτnζn,

where the . τn’s are the jump times of the Poisson process . ν. As Itô’s integral, the 
stochastic integral with respect to . Z satisfies the two following basic properties: for 
every .H ∈ H

2 having left limits, 

(A) .
.

0
HsdZs =

T

0
Hs1[0,t](s)dZs

t∈[0,T ]
is a martingale, 

(B) and .E

T

0
HsdZs

2

= cζ 2λ
T

0
E(H 2

s )ds (isometry type property). 

As for Itô’s integral again, by the Burkholder-Davis-Gundy inequality, 

(C) For every .p 1, there exists a constant .bp > 0 such that, for every . H ∈ H
2

having left limits, 

. E sup
t∈[0,T ]

t

0
HsdZs

p

bpE

.

0
HsdZs

p
2

T

and 

. 

.

0
HsdZs

T

=
T

0
H 2

s d Z s .

Finally, for .p = 4, the following proposition deals with a suitable bound on the 
left-hand side of Inequality (C). 

Proposition 4.1 For every .H ∈ H
2 having left limits, 

. E

T

0
H 2

s d Z s

2

2(cζ 4 + c2ζ 2λT )λ
T

0
E(H 4

s )ds.

Proof Consider .H ∈ H
2 having left limits. By the isometry type property (B), and 

since . Z is (also) a compound Poisson process of intensity . λ,
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. E

T

0
H 2

s d Z s

2

2E
T

0
H 2

s (d Z s − cζ 2λds)
2

+ 2E cζ 2λ
T

0
H 2

s ds
2

= 2cζ 4λ
T

0
E(H 4

s )ds + 2c2ζ 2λ
2
E

T

0
H 2

s ds
2

2(cζ 4 + c2ζ 2λT )λ
T

0
E(H 4

s )ds.

For details on the stochastic integral with respect to the compound Poisson process, 
the reader may refer to Applebaum [ 1] and Privault [ 2], Chap. 20. 

4.1.2 Nonadaptive Risk Bound 

By using the bounds on .P c
m ) and .P c

m ) established in Sects. 3.3.1 and 3.4 
respectively, and by using Lemma 3.4, the purpose of this section is to prove a suitable 
risk bound on .bm for .m fixed. First, let us check that the density function . f remains 
well-defined, and let us provide an appropriate empirical process. 

In the sequel, . σ satisfies (1.3), .b0 belongs to the Kato class 

. K2 = ϕ : lim
δ→0

sup
x∈R

δ

0

∞

−∞
|ϕ(x + y)+ ϕ(x − y)|s 1

2 (|y| + s
1
2 )−3dyds = 0 ,

the Lévy measure.πλ = λπ has a density. θ with respect to Lebesgue’s measure, there 
exists .α ∈ (0, 2) such that .z ∈ R θ(z)|z|1+α is bounded, and if .α = 1, then 

. 

r<|z|<r+ε
zθ(z)dz = 0; ∀r, ε > 0.

By Chen et al. [ 3], Theorem 1.1 and the remark p. 126, l. 5–7, in Amorino and 
Gloter [ 4], for every .t ∈ (0, T ], the probability distribution of .Xt has a density . ft

with respect to Lebesgue’s measure such that, for every .x ∈ R, 

. ft (x) c0.5,T t− 1
2 exp −m0.5,T

(x − x0)2

t
+ t

(t1/2 + |x − x0|)1+α (4.2) 

where.c0.5,T and.m0.5,T are positive constants depending on. T but not on. t and. x . So, 
.t ft (x) (.x ∈ R) belongs to .L1([0, T ]), which legitimates to consider again the 
density function . f defined by
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. f (x) = 1

T

T

0
fs(x)ds; ∀x ∈ R.

Let us establish three consequences of Inequality (4.2): 

• The density function . f is bounded, and then .Sm ⊂ L
2(R, f (x)dx) because the 

. ϕ j ’s belong to .L
2(R, dx). Indeed, since 

. − 1

2
< 1 − 1 + α

2
<

1

2
,

for every .x ∈ R, 

. 0 f (x)
c0.5,T

T

T

0
s− 1

2 ds +
T

0
s1−

1+α
2 ds

= c0.5,T

T
2T

1
2 + T 2−(1+α)/2

2 − (1 + α)/2
< ∞.

• If .b0 is bounded, then .b0 ∈ K2 and 

. |b0|κ ∈ L
2(R, f (x)dx); ∀κ > 0.

First, since . f is a density function, for every .κ > 0, 

. 

∞

−∞
(|b0(x)|κ)2 f (x)dx b0

2κ
∞ < ∞.

Now, for any .y ∈ R
∗ and .δ > 0, 

. 

δ

0
s

1
2 (|y| + s

1
2 )−3ds

1

|y|3
δ

0
s

1
2 ds = 2

3
· δ

3/2

|y|3 ,

and if .0 < y2 δ, then 

. 

δ

0
s

1
2 (|y| + s

1
2 )−3ds =

y2

0

s1/2

(|y| + s1/2)3
ds +

δ

y2

s1/2

(|y| + s1/2)3
ds

2

3
+

δ/y2

1

s1/2

(1 + s1/2)3
ds

2

3
+ c1

δ

y2

1
4

with 

. c1 =
∞

1

s1/4

(1 + s1/2)3
ds < ∞.

So, for every .δ ∈ (0, 1],
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. sup
x∈R

δ

0

∞

−∞
|b0(x + y)+ b0(x − y)|s 1

2 (|y| + s
1
2 )−3dyds

2 b0 ∞
0<y2 δ

2

3
+ c1

δ

y2

1
4

dy + 2

3 δ<y2

δ3/2

|y|3 dy c2δ
1
2

with 

. c2 = 4 b0 ∞
2

3
+ c1

1

0

dy

y1/2
+ 2

3

∞

1

dy

y3
< ∞.

Therefore, .b0 ∈ K2. 
• Assume that there exist.c > 0,.κ > 0 and.ε ∈ (0, α) as close as possible to. 0, such 
that 

. |b0(x)| c(1 + |x |) α−ε
κ ; ∀x ∈ R.

So, 

. |b0(x)|κ ft (x) =
x→±∞,t→0+

O
t−1/2

|x − x0|1+ε by Inequality (4.2),

and then 

. 

∞

−∞
|b0(x)|κ f (x)dx < ∞.

Now, consider the empirical process .νN defined by 

. νN (τ ) := 1

N T

N

i=1

T

0
τ(Xi

s)(σ (X
i
s)dW i

s + γ (Xi
s)dZ

i
s).

Note that Equality (3.8) remains true: 

. [Zm] j b0, ϕ j N + νN (ϕ j ); ∀ j ∈ {1, . . . ,m}.

The following theorem, which is the main result of this section, provides a risk 
bound on .bm . 

Theorem 4.1 If the matrix . m is invertible, then there exists a constant .c4.1,1 > 0, 
not depending on . m and . N, such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4.1,1m

1

N
+ P

c
m)

1
2 + P

c
m)

1
2 .

Under Assumption 3.1 with .p 2, there exists a constant .c4.1,2 > 0, not 
depending on . m and . N, such that 

.E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4.1,2

m

N
.
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Proof Since the definition of the empirical projection . m remains the same as in 
Chap. 3, as in the proof of Theorem 3.1, 

. E( bm − bI
0

2
N ) min

τ∈Sm

E( τ − bI
0

2
N )+ E( bm − m(b

I
0)

2
N1 m )+ c1P

c
m)

1
2

with 

. c1 =
I

b0(x)
4 f (x)dx

1
2

.

Moreover, by (3.8), and since Lemma 3.4 has been established for copies of any 
piecewise continuous stochastic process, as established in the proof of Theorem 3.1 
(see the first step), 

. E( bm − m(b
I
0)

2
N1 m )

2

N T
trace −1

m m,σ )

+ c
N T

log(N T )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

P
c
m)

1
2

with 
. m,σ = N TE( m

∗
m) and m = (νN (ϕ j )) j∈{1,...,m}.

Since the empirical process is not the same as in Chap. 3, suitable bounds on 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ and trace −1
m m,σ )

need to be established (see Steps 1 and 2) in order to conclude (see Step 3). 

Step 1. By Jensen’s inequality, 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ m
m

j=1

E(νN (ϕ j )
4)

8m

N 4T 4

m

j=1

(E(δ4j )+ E(ρ4
j ))

where, for every . j ∈ {1, . . . ,m}, 

.δ j =
N

i=1

T

0
ϕ j (X

i
s)σ (X

i
s)dW i

s and ρ j =
N

i=1

T

0
ϕ j (X

i
s)γ (X

i
s)dZ

i
s .
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On the one hand, as already established in the proof of Theorem 3.1 (see Step 2), 

. 

m

j=1

E(δ4j ) b4N 2T 2L(m)2
∞

−∞
σ(x)4 f (x)dx .

On the other hand, by Burkholder-Davis-Gundy’s inequality (see Sect. 4.1.1), 
Jensen’s inequality and Proposition 4.1, 

. 

m

j=1

E(ρ4
j ) b4N 2

m

j=1

E

T

0
ϕ j (Xs)

2γ (Xs)
2d Z s

2

2b4N 2(cζ 4 + c2ζ 2λT )λ

×
m

j=1

T

0
E(ϕ j (Xs)

4γ (Xs)
4)ds

2b4N 2(cζ 4 + c2ζ 2λT )λTL(m)2
∞

−∞
γ (x)4 f (x)dx .

So, 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ c2
mL(m)2

N 2

with 

. c2 = 8b4
T 4

T 2
∞

−∞
σ(x)4 f (x)dx + 2(cζ 4 + c2ζ 2λT )λT

∞

−∞
γ (x)4 f (x)dx .

Therefore, there exists a constant .c3 > 0, not depending on .m and . N , such that 

. c
N T

log(N T )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

c3m
1
2 .

Step 2. First, let us show that . m,σ is a positive semidefinite symmetric matrix. 
Indeed, for any .y ∈ R

m , 

. y∗
m,σ y = 1

N T
E

⎡

⎣

N

i=1

T

0
τy(X

i
s)(σ (X

i
s)dW i

s + γ (Xi
s)dZ

i
s)

2
⎤

⎦ 0

with
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. τy =
m

j=1

y jϕ j .

By the isometry property of Itô’s integral and the isometry type property of the 
stochastic integral with respect to . Z, 

. y∗
m,σ y = 1

T
E

T

0
τy(Xs)σ (Xs)dWs

2

+ 1

T
E

T

0
τy(Xs)γ (Xs)dZs

2

= 1

T

T

0
E(τy(Xs)

2σ(Xs)
2)ds + cζ 2λ

T

T

0
E(τy(Xs)

2γ (Xs)
2)ds

( σ 2
∞ + cζ 2λ γ 2

∞)
∞

−∞

⎛

⎝

m

j=1

y jϕ j (x)

⎞

⎠

2

f (x)dx

1/2
m y 2

2,m

. (4.3) 

Therefore, since. m,σ is a positive semidefinite symmetric matrix, by Proposition 
3.1 (4, 6) and Inequality (4.3), 

. 
1

m
trace −1

m m,σ )
− 1

2
m m,σ

− 1
2

m op

= sup
y 1/2

m y 2,m=1

y∗
m,σ y σ 2

∞ + cζ 2λ γ 2
∞.

Step 3 (conclusion). By the two previous steps, 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f

+ 2m

N T
( σ 2

∞ + cζ 2λ γ 2
∞)+ c3m

1
2P

c
m)

1
2 + c1P

c
m)

1
2 .

Under Assumption 3.1 with .p 2, by Propositions 3.5 and 3.7, there exists a 
constant .c4 > 0, not depending on .m and . N , such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4

m

N
.

As in Theorem 3.1, the order of the bias term 

. min
τ∈Sm

τ − bI
0

2
f ,
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as well as .L(m) and .
−1
m op depend on the . ϕ j ’s. For instance, assume that .I = R, 

and that .ϕ j = h j−1 for every . j ∈ {1, . . . ,m}, where .(hn)n∈N is the Hermite basis: 
for every .x ∈ R and .n ∈ N, 

. hn(x) = (2nn!√π)−
1
2 Hn(x)e

− x2

2 with Hn(x) = (−1)nex2 dn

dxn
e−x2

.

On the one hand,. ϕ j ∞ π−1/4 for every. j ∈ {1, . . . ,m} (see Abramowitz and 
Stegun [ 5]), and then.L(m) m. Moreover, by Chen et al. [ 3], Theorem 1.3, for any 
.t ∈ (0, T ] and .x ∈ R, 

. ft (x) c0.5,T t− 1
2 exp −m0.5,T

(x − x0)2

t
+ t

(t1/2 + |x − x0|)1+α ,

where.c0.5,T and.m0.5,T are positive constants depending on. T but not on. t and. x . So, 

. ft (x)
c0.5,T t

(2T + 4x2
0 + 4x2)(1+α)/2
c0.5,T t

(4 ∨ (2T + 4x2
0 ))

(1+α)/2 · 1

(1 + x2)(1+α)/2
,

and then 

. f (x)
c1

(1 + x2)(1+α)/2
with c1 = c0.5,T T

2(4 ∨ (2T + 4x2
0 ))

(1+α)/2 .

By assuming that .α ∈ [1, 2), and by Comte and Genon-Catalot [ 6], Proposition 
9, there exists a constant .c2 > 0, not depending on . m, such that 

. 
−1
m op c2m

1+α
2 .

Therefore, Assumption 3.1 is fulfilled by any 

. m
c

c2 ∨ 1
· N T

log(N T )

2
3+α

.

On the other hand, consider the Hermite-Sobolev ball 

. W
β

H(δ) = ϕ ∈ L
2(R, dx) :

∞

n=0

nβ ϕ, hn
2 δ

with.β > (3 + α)/2 − 1 and.δ > 0, and assume that.b0 ∈ W
β

H(δ). By Belomestny et 
al. [ 7], 

. m(b0)− b0
2 δm−β.
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Since . f is upper bounded on . R by a constant .m > 0 thanks to Inequality (4.2), 

. min
τ∈Sm

τ − b0
2
f m m(b0)− b0

2

c3m−β with c3 = mδ.

In conclusion, by Theorem 4.1, there exists a constant.c4.1 > 0, not depending on 
.m and . N , such that 

. E( bm − b0
2
N ) c4.1 m−β + m

N
,

and then the bias-variance tradeoff is reached by (the risk bound on) .bm for .m of 
order .N 1/(1+β). 

4.1.3 Model Selection 

As in Chap. 3, the dimension .m of .Sm needs to be selected from data because the 
one for which .bm reaches the bias-variance tradeoff depends on some unknown 
regularity parameters of . b0. In order to introduce an appropriate model selection 
criterion, throughout this section, the . ϕ j ’s fulfill Assumption 3.4 as in Sect. 3.6. 
Moreover, in order to control the big jumps of . X , the Lévy measure .πλ needs to 
fulfill the following assumption. 

Assumption 4.1 The Lévy measure.πλ is sub-exponential: there exist.a, b > 0 such 
that, for every .x > 1, 

. πλ((−x, x)c) ae−b|x |.

Now, let us consider 

.m = arg min
m∈MN

bm
2
N + pen(m)} (4.4) 

where 
. pen(m) = ccal

m

N
; ∀m ∈ {1, . . . , NT },

the constant .ccal > 0 needs to be calibrated in practice, 

. MN = m ∈ {1, . . . , NT } : c2ϕm( −1
m

2
op ∨ 1) d

N T

log(N T )

and 

. d = min
1

8c2ϕT ( f ∞ + c )(1 + p)
,
c

4
with c = c /4

3cϕ
.

Consider also the theoretical counterpart
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. MN = m ∈ {1, . . . , NT } : c2ϕm( −1
m

2
op ∨ 1) d

N T

log(N T )
of MN ,

where .d = d/4. 
As in Sect. 3.6, in order to establish a risk bound on the adaptive estimator.bm , the  

deterministic set.MN needs to be almost surely contained in its theoretical counterpart 
when .N → ∞. To that purpose, let us introduce the event 

. N = {MN ,γ ⊂ MN ⊂ MN ,γ },

where 

• .MN = m ∈ {1, . . . , NT } : c2ϕm( −1
m

2
op ∨ 1) d

N T

log(N T )
, 

• .MN ,γ = m ∈ {1, . . . , NT } : c2ϕm( −1
m,γ

2
op ∨ 1) d

N T

log(N T )
, 

• and . MN ,γ = m ∈ {1, . . . , NT } : c2ϕm( −1
m,γ

2
op ∨ 1) d

N T

log(N T )
with .d = 4d. 

The following proposition provides a suitable bound on .P
c
N ) when 

.
1 N are independent. 

Proposition 4.2 Under Assumption 3.4, there exists a constant .c4.2 > 0, not 
depending on . N, such that 

. P
c
N )

c4.2

N p−1
.

Proof First of all, note that 

. 
c
N = {MN ,γ MN } ∪ {MN MN ,γ }.

The proof of Proposition 4.2 is dissected in three steps. Step 1 provides a bound 
on .P(MN ,γ MN ), Step 2 a bound on .P( m − m,γ op > δ) for every . m ∈
{1, . . . , NT } and .δ > 0, and then Step 3 a bound on .P(MN MN ,γ ). 
Step 1. On .{MN ,γ MN }, there exists .m ∈ {1, . . . , NT } such that 

. c2ϕm( −1
m,γ

2
op ∨ 1) d

N T

log(N T )
and c2ϕm( −1

m
2
op ∨ 1) > d

N T

log(N T )
.

The first inequality is equivalent to 

. c2ϕm −1
m,γ

2
op d

N T

log(N T )
and c2ϕm d

N T

log(N T )
,

and then the second one leads to
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. d
N T

log(N T )
< c2ϕm −1

m
2
op 2c2ϕm( −1

m − −1
m,γ

2
op

−1
m,γ

2
op)

2c2ϕm −1
m − −1

m,γ
2
op + 2d

N T

log(N T )
.

So, since .d − 2d = 2d, and by the definition of .MN ,γ , 

. {MN ,γ MN } ⊂
m∈MN ,γ

d
N T

log(N T )
c2ϕm −1

m − −1
m,γ

2
op

⊂
m∈MN ,γ

−1
m,γ op <

−1
m − −1

m,γ op} ⊂
m∈MN ,γ

c
m .

Therefore, since .d c , by Proposition 3.6, 

. P(MN ,γ MN )

m∈MN ,γ

P
c
m )

c1

N p−1
,

where .c1 > 0 is a constant not depending on . N . 

Step 2. For any .m ∈ {1, . . . , NT }, let us recall that 

. m = 1

N

N

i=1

m
i ),

and that. m(h) op L(m) for every piecewise continuous function. h : [0, T ] → R

(see Inequality (3.4)). Then, for .A = N−1
m − E m , 

. E(A) = 0 and A op R = 2
L(m)

N
.

Moreover, 

. E(A2) op = sup
y y 2,m=1

E( Ay 2
2,m) = 1

N 2
sup

y y 2,m=1

m

j=1

var([ m y] j )

and, for every . j ∈ {1, . . . ,m} and .y ∈ ∂B2,m(0, 1), 

.var([ m y] j ) E

⎡

⎣

m

=1

y · 1

T

T

0
ϕ j s)ϕ s)ds

2
⎤

⎦
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∞ 

−∞ 

m 

=1 

ϕ j (x)ϕ (x)y 

2 

f (x)dx f ∞ ϕ j 2∞ 

m 

=1 

y ϕ 
2 

=1 

. 

So, 

. σ 2 = N E(A2) op f ∞
L(m)

N
.

Therefore, by the matrix Bernstein inequality (see Proposition 3.3), for every 
.δ 0, 

. P( m − m,γ op δ) m exp − δ2/2

σ 2 + Rδ/3

m exp − Nδ2/2

L(m)( f ∞ + 2δ/3)
.

Step 3. On .{MN MN ,γ }, there exists .m ∈ {1, . . . , NT } such that 

. c2ϕm( −1
m

2
op ∨ 1) d

N T

log(N T )
and c2ϕm( −1

m,γ
2
op ∨ 1) > d

N T

log(N T )
.

The first inequality is equivalent to 

. c2ϕm −1
m

2
op d

N T

log(N T )
and c2ϕm d

N T

log(N T )
,

and then the second one leads to 

. d
N T

log(N T )
< c2ϕm −1

m,γ
2
op 2c2ϕm( −1

m,γ − −1
m

2
op

−1
m

2
op)

2c2ϕm −1
m,γ − −1

m
2
op + 2d

N T

log(N T )
.

Moreover, for every .m ∈ {1, . . . , NT }, by interchanging . m and . m,γ in the 
proof of Lemma 3.3, 

. 
−1
m,γ − −1

m op >
−1
m op} ⊂ − 1

2
m m,γ

− 1
2

m − I op >
1

2

⊂ m − m,γ op >
1

2
−1
m

−1
op .

So, since .d − 2d = 2d, 

.{MN MN ,γ }
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⊂ 
c2 ϕm d N T  

log(N T  ) 

c2 ϕm −1 
m 

2 
op d 

N T  

log(N T  ) 
< c2 ϕm −1 

m,γ − −1 
m 

2 
op 

⊂ 
c2 ϕm d N T  

log(N T  ) 

m − m,γ op > 
1 

2 

m log(N T  ) 
dN T  

1 
2 

. 

Therefore, by Step 2 and Assumption 3.4, 

. P(MN MN ,γ )

c2ϕm d N T
log(N T )

m exp − m/(8dT ) log(N T )

L(m)( f ∞ + d1/2/(3cϕ))

c2ϕm d N T
log(N T )

m exp − log(N T )

8c2ϕdT ( f ∞ + c )

1

(N T )p+1
c2ϕm d N T

log(N T )

m
c2

N p−1
,

where .c2 > 0 is a constant not depending on . N . 

The following theorem, which is the main result of this section, provides a risk 
bound on the adaptive estimator .bm . 

Theorem 4.2 Under Assumptions 3.4 and 4.1, there exists a constant .c3.2 > 0, not 
depending on . N, such that 

. E( bm − bI
0

2
N ) c3.2 min

m∈MN

min
τ∈Sm

τ − bI
0

2
f + m

N
+ 1

N
.

Proof Let . N be the event defined by 

. N =
m∈MN

m

and, for every .m,m ∈ MN , consider 

. ρN (m) = E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
1 N ∩ N

⎞

⎠

and 

. p(m,m ) = ccal

8
· m ∨ m

N
.

Since the definition of the empirical projection . m remains the same as in 
Chap. 3, and since
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. (γN (bm)+ pen(m))1 N (γN (bm)+ pen(m))1 N ; ∀m ∈ MN ,

as in the proof of Theorem 3.2, 

. E( bm − bI
0

2
N ) min

m∈MN

{3E( bm − bI
0

2
N1 N )+ 4pen(m)+ 16ρN (m)}

+ c1

N
(P c

N )
1
2 + P

c
N )

1
2 ) (4.5) 

where .c1 > 0 is a constant not depending on . N . In order to improve this prelimi-
nary risk bound on .bm in Step 2, since the empirical process is not the same as in 
Chap. 3, a suitable bound on 

. P(νN (τ ) ξ, τ 2
N υ2); ξ, υ > 0

needs to be established in Step 1 in order to control .ρN (m) (.m ∈ MN ). 

Step 1. The purpose of this first step is to establish that for every .ξ, υ > 0, 

. P(νN (τ ) ξ, τ 2
N υ2) exp − N T ξ 2

4(c2( σ 2∞ γ 2∞)υ2 τ ∞ γ ∞ξ)

with 

. c2 = 1

2
max 1,

∞

−∞
e

b
2 |z|πλ(dz) .

Consider .τ ∈ S1 ∪ · · · ∪ SNT and, for any .i ∈ {1, . . . , N }, let  . Mi (τ ) =
(Mi (τ )t )t∈[0,T ] be the martingale defined by 

. Mi (τ )t =
t

0
τ(Xi

s)(σ (X
i
s)dW i

s + γ (Xi
s)dZ

i
s); ∀t ∈ [0, T ].

Moreover, for every .ε > 0, consider 

. Y i
ε (τ ) = εMi (τ )− Ai

ε(τ )− Bi
ε(τ ),

where .Ai
ε(τ ) = (Ai

ε(τ )t )t∈[0,T ] and .Bi
ε(τ ) = (Bi

ε(τ )t )t∈[0,T ] are the processes such 
that, for every .t ∈ [0, T ], 

.Ai
ε(τ )t = ε2

2

t

0
τ(Xi

s)
2σ(Xi

s)
2ds

and Bi
ε(τ )t =

t

0

∞

−∞
(eεzτ(Xi

s )γ (X
i
s ) − εzτ(Xi

s)γ (X
i
s)− 1)πλ(dz) ds.
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Note that for every .t ∈ [0, T ] and any .i ∈ {1, . . . , N }, 

. |τ(Xi
t )γ (X

i
t )| τ ∞ γ ∞.

Then, for every.t ∈ [0, T ] and any.ε ∈ (0, ε∗)with.ε∗ = (b ∧ 1)/(2 τ ∞ γ ∞), 
by Assumption 4.1, 

. E

t

0 |z|>1
|eεzτ(Xi

s )γ (X
i
s ) − 1|πλ(dz)ds

t πλ([−1, 1]c)+
|z|>1

e
b
2 |z|πλ(dz) < ∞.

So, .(exp(Y i
ε (τ )t ))t∈[0,T ] is a local martingale by Applebaum [ 1], Corollary 5.2.2. 

In other words, there exists an increasing sequence of stopping times .(T i
n )n∈N such 

that .limn→∞ T i
n = ∞ a.s. and .(exp(Y i

ε (τ )t∧T i
n
)t∈[0,T ] is a martingale. Therefore, by 

Lebesgue’s theorem and Markov’s inequality, for every.ρ > 0, the process. YN ,ε(τ ) =
Y 1
ε (τ )+ · · · + Y N

ε (τ ) satisfies 

. P(eYN ,ε(τ )T > ρ) = lim
n→∞P exp

N

i=1

Y i
ε (τ )T ∧T i

n
> ρ

1

ρ
lim

n→∞E(exp(Y 1
ε (τ )T ∧T 1

n
))N = 1

ρ
E(exp(Y 1

ε (τ )0))
N = 1

ρ
.

Now, for any .t ∈ [0, T ], let us find suitable bounds on 

. AN ,ε(τ )t =
N

i=1

Ai
ε(τ )t and BN ,ε(τ )t =

N

i=1

Bi
ε(τ )t .

On the one hand, 

.AN ,ε(τ )t
ε2 σ 2∞

2

N

i=1

t

0
τ(Xi

s)
2ds

ε2 σ 2∞ τ 2
N N T

2
. (4.6) 

On the other hand, for every .β ∈ (−b/2, b/2), by Taylor’s formula and 
Assumption 4.1, 

.

∞

−∞
(eβz − βz − 1)πλ(dz) = β2

∞

−∞

1

0
(1 − θ)eθβzdθ πλ(dz)

c3

2
β2 with c3 =

∞

−∞
e

b
2 |z|πλ(dz) < ∞.
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Since .ε ∈ (0, ε∗), one can take .β = ετ(Xi
s)γ (X

i
s) for every .s ∈ [0, t] and . i ∈

{1, . . . , N }, and then 

.BN ,ε(τ )t
c3ε

2

2

N

i=1

t

0
τ(Xi

s)
2γ (Xi

s)
2ds

c3ε
2 γ 2∞ τ 2

N N T

2
. (4.7) 

So, Inequalities (4.6) and (4.7) lead to 

. AN ,ε(τ )t + BN ,ε(τ )t c2ε
2( σ 2

∞ γ 2
∞) τ 2

N N T .

Consider .MN (τ ) = M1(τ )+ · · · + M N (τ ). For any .ξ, υ > 0, 

. P(νN (τ ) ξ, τ 2
N υ2)

P(eεMN (τ )T eN T εξ , AN ,ε(τ )T + BN ,ε(τ )T c2ε
2( σ 2

∞ γ 2
∞)N Tυ2)

P(eYN ,ε(τ )T exp(N T εξ − c2ε
2( σ 2

∞ γ 2
∞)N Tυ2)).

Moreover, to take 

. ε = ξ

2c2( σ 2∞ γ 2∞)υ2 + ξ/ε∗ < ε∗

leads to 

. N T εξ − c2ε
2( σ 2

∞ γ 2
∞)N Tυ2 = N T ξ 2(c2( σ 2∞ γ 2∞)υ2 + ξ/ε∗)

(2c2( σ 2∞ γ 2∞)υ2 + ξ/ε∗)2

N T ξ 2

4(c2( σ 2∞ γ 2∞)υ2 + ξ/ε∗)
.

Therefore, 

. P(νN (τ ) ξ, τ 2
N υ2) exp − N T ξ 2

4(c2( σ 2∞ γ 2∞)υ2 τ ∞ γ ∞ξ)

exp − N T ξ 2

c4(υ2 τ ∞ξ)

with .c4 = 4max{c2( σ 2∞ γ 2∞), γ ∞}. 

Step 2. By following the same line as in the proof of Theorem 3.2, thanks to 
Step 1 and to the .L2( f )− L

∞ chaining technique (see the proof of Comte [ 8], 
Proposition 4), there exists a constant .c5 > 0, not depending on . N , such that for 
every .m ∈ MN , 

.ρN (m)
c5

N
.
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So, under Assumption 3.4, and by Inequality (4.5), 

. E( bm − bI
0

2
N ) min

m∈MN

3E( bm − bI
0

2
N1 N )+ 4pen(m)+ 16c5

N

+ c1

N
(P c

N )
1
2 + P

c
N )

1
2 ).

By Propositions 3.5 (because .d c ) and 4.2, there exists a constant .c6 > 0, not 
depending on . N , such that 

. E( bm − bI
0

2
N ) c6 min

m∈MN

{E( bm − bI
0

2
N1 N )+ pen(m)} + 1

N
,

and then Theorem 4.1 allows to conclude. 

4.1.4 Basic Numerical Experiments 

In this section, some numerical experiments on the adaptive projection least squares 
estimator of .b0 are presented for the three following models: 

(A) .Xt = 0.5 −
t

0
Xsds + 0.5Wt + Zt , 

(B) .Xt = 0.5 + 0.5
t

0
1 + X2

s ds + 0.5Wt + Zt , 

(C) and . Xt = 0.5 + 0.5
t

0
1 + X2

s ds + 0.5
t

0
(1 + cos(Xs)

2)dWs + Zt

with .π = N(0, 1) and .λ = 0.5. For each model, 

. bm =
m

j=1

[ −1
m Zm] jϕ j

is computed on .I = [−2.5, 2.5] from .N = 400 paths of the process .X observed 
along the dissection .{ T/n; = 0, . . . , n} of .[0, T ], where .n = 200, .T = 5 and 
.(ϕ1, . . . , ϕm) is the.m-dimensional trigonometric basis with. m selected in. {1, . . . , 6}
thanks to (3.13). This experiment is repeated .100 times, and .10 adaptive projec-
tion least squares estimations of .b0 are plotted on Fig. 4.1 for Model (A) and on 
Fig. 4.2 for Models (B) and (C). On average, the MISE (mean integrated squared 
error) of .bm is slightly increasing with the complexity of the model: 0.1251 (Model 
(A)) .< 0.1469 (Model (B)) .< 0.1825 (Model (C)). The same comment holds for 
its standard deviation:.0.0950 (Model (A)) < 0.1688 (Model (B)).< 0.1928 (Model 
(C)). This means that the more the model is complex, the more the quality of the esti-
mation degrades, and it’s visible on Figs. 4.1 and 4.2. However, for each model, the
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Fig. 4.1 Plots of 10 adaptive projection least squares estimations (black dashed lines) of .b0 (red 
line) for Model (A) 

Fig. 4.2 Plots of 10 adaptive projection least squares estimations (black dashed lines) of .b0 (red 
line) for Model (B) (left) and Model (C) (right) 

MISE of .bm remains small and of same order as for continuous diffusion processes 
(see Comte and Genon-Catalot [ 9], Sect. 4). 

4.2 The (Projection) Least Squares Method for Fractional 
Diffusions 

Let.B = (Bt )t∈R+ be a fractional Brownian motion of Hurst parameter.H ∈ (1/2, 1), 
that is a centered Gaussian process such that 

.E(Bs Bt ) = 1

2
(s2H + t2H − |t − s|2H); ∀s, t ∈ R+.
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Now, let us consider the fractional diffusion .X = (Xt )t∈R+ defined by 

.Xt = x0 +
t

0
b0(Xs)ds + σ Bt ; t ∈ R+ (4.8) 

where.x0 ∈ R,.σ ∈ R
∗,.b0 ∈ C1(R), and.b0 is bounded in order to ensure the existence 

and the uniqueness of the solution of Eq. (4.8). 
First of all, Sect. 4.2.1 is a brief reminder on the stochastic calculus for fractional 

diffusions. Section 4.2.2 deals with the least squares estimator of the parameter . θ0
when.b0 = θ0b and. b is a known function, Sect. 4.2.3 with an extension of the projec-
tion least squares method of Chap. 3 to estimate .b0 in Eq. (4.8) and Sect. 4.2.4 with 
a projection least squares estimator of the drift function for some non-autonomous 
fractional diffusions. 

4.2.1 A Brief Reminder on the Stochastic Calculus 
for Fractional Diffusions 

This section deals with the pathwise integral (see Sect. 4.2.1.1) and Skorokhod’s 
integral (see Sect. 4.2.1.2) with respect to a fractional diffusion. In the sequel, the 
fractional Brownian motion. B is defined on a complete probability space. F ,P), 
where .F is the .σ -algebra generated by . B. 

4.2.1.1 The Pathwise Integral 

This section deals with the definition and some basic properties of the pathwise 
integral with respect to the solution .X of Eq. (4.8). 

Definition 4.1 Consider.h, x ∈ C0([0, T ]), and let .D = (t0, . . . , tn) be a dissection 
of .[s, t] with .n ∈ N

∗ and .s, t ∈ [0, T ] such that .s < t . The Riemann sum of . h with 
respect to . x along the dissection .D of .[s, t] is defined by 

. Jh,x,D(s, t) =
n−1

i=0

h(ti )(x(ti+1)− x(ti )).

Notation. Let.D = (t0, . . . , tn) be a dissection of.[s, t]with.n ∈ N
∗ and. s, t ∈ [0, T ]

such that .s < t . Its mesh is denoted by .π(D): 

. π(D) = max
i∈{0,...,m−1}{ti+1 − ti }.

Theorem 4.3 Consider .α, β ∈ (0, 1] such that .α + β > 1, and let . h (resp. . x) be  
a .β-Hölder (resp. .α-Hölder) continuous function from .[0, T ] into . R. Then, there
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exists a unique .α-Hölder continuous function .Jh,x : [0, T ] → R such that, for any 
.s, t ∈ [0, T ] satisfying .s < t , and every sequence .(Dn)n∈N of dissections of . [s, t]
satisfying .π(Dn) → 0 when .n → ∞, 

. lim
n→∞ |Jh,x (t)− Jh,x (s)− Jh,x,Dn (s, t)| = 0.

Young’s integral on .[s, t] of . h with respect to . x is defined by 

. 

t

s
h(u)dx(u) = Jh,x (t)− Jh,x (s).

See Friz and Victoir [ 10], Theorem 6.8 for a proof. Now, let us state the change 
of variable formula for Young’s integral. 

Proposition 4.3 Consider .F ∈ C1(R) such that . F is Lipschitz continuous, and let 
. x be an .α-Hölder continuous function from .[0, T ] into . R with .α ∈ (1/2, 1]. Then, 
for every .t ∈ (0, T ], 

. F(x(t)) = F(x(0))+
t

0
F (x(s))dx(s).

Note that Proposition 4.3 is a consequence of the Taylor formula with integral 
remainder. 

For any .α ∈ (1/2,H), the paths of .B are .α-Hölder continuous (see Nualart [ 11], 
Sect. 5.1), and so are those of. X by Eq. (4.8). Then, for every process. H = (Ht )t∈[0,T ]
having .β-Hölder continuous paths from.[0, T ] into . R with .β ∈ (0, 1] such that . α +
β > 1, by Theorem 4.3, one may define the pathwise integral on .[0, T ] of .H with 
respect to . B (resp. . X ) by  

. 

T

0
Hsd Bs (ω) =

T

0
Hs(ω)d Bs(ω)

resp.
T

0
Hsd Xs (ω) =

T

0
Hs(ω)d Xs(ω) ; ∀ω ∈

To conclude this section, note that the pathwise integral has a role to play in 
the sequel, but not for statistical purposes directly, especially because the pathwise 
integral with respect to . B is not centered and there is no sharp enough control of its 
fourth-order moment. 

4.2.1.2 The Skorokhod Integral 

Let . , H be the inner product defined by
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. h, η H := αH

T

0

T

0
h(s)η(t)|t − s|2H−2dsdt with αH = H(2H− 1),

and consider the reproducing kernel Hilbert space.H = {h h H < ∞} of. B, where 
. . H is the norm associated to. , H . Consider also the isonormal Gaussian process 
.(B(h))h∈H defined by 

. B(h) =
T

0
h(s)d Bs; h ∈ H,

which is the Wiener integral of . h with respect to . B on .[0, T ]. 

Notation. The space of all the smooth functions .ϕ : Rn → R (.n ∈ N
∗) such that . ϕ

and all its partial derivatives have polynomial growth is denoted by .C∞
p (Rn;R). 

Definition 4.2 The Malliavin derivative of the smooth functional 

. F = ϕ(B(h1), . . . ,B(hn))

with.n ∈ N
∗,.ϕ ∈ C∞

p (Rn;R) and.h1, . . . , hn ∈ H , is the.H-valued random variable 

. DF =
n

k=1

∂kϕ(B(h1), . . . ,B(hn))hk .

Proposition 4.4 The map . D is closable from .L
2 ;R) into .L

2 ;H). Its domain 
in .L

2 ;R), denoted by .D
1,2, is the closure of the smooth functionals space for the 

norm . . 1,2 defined by 

. F 2
1,2 = E(F2)+ E( DF 2

H ).

The Malliavin derivative of .F ∈ D
1,2 at time .s ∈ [0, T ] is denoted by .Ds F. 

See Nualart [ 11], Proposition 1.2.1 for a proof. Let us state the chain rule for the 
Malliavin derivative. 

Proposition 4.5 Consider .F ∈ D
1,2, and .ϕ ∈ C1(R) such that . ϕ is bounded. Then, 

. D(ϕ(F)) = ϕ (F)DF.

See Nualart [ 11], Proposition 1.2.3 for a proof. 

Definition 4.3 The adjoint. δ of the Malliavin derivative. D is the divergence operator. 
The domain of . δ is denoted by .dom(δ), and .H ∈ dom(δ) if and only if there exists 
a constant .cH > 0 such that, for every .F ∈ D

1,2, 

.|E( DF, H H )| cHE(F
2)

1
2 .
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Let .S be the space of the smooth functionals presented in Definition 4.2, and 
consider .D1,2(H); the closure of 

. SH =
⎧

⎨

⎩

n

j=1

Fj h j ; h1, . . . , hn ∈ H , F1, . . . , Fn ∈ S
⎫

⎬

⎭

for the norm. . 1,2,H defined by 

. H 2
1,2,H = E( H 2

H )+ E( DH 2
H⊗H ).

By Nualart [ 11], Proposition 1.3.1, 

. D
1,2(H) ⊂ dom(δ).

Let us state the isometry type property for the divergence operator on .D
1,2(H). 

Proposition 4.6 For every .H, H ∈ D
1,2(H), 

. E(δ(H)δ(H)) = αH

T

0

T

0
E(Hs H t )|t − s|2H−2dsdt + RH,H

with 

. RH,H = α2
H [0,T ]4

E(Du HvDvH u)|u − u|2H−2|v − v|2H−2dudvdudv.

The reader may refer to Biagini et al. [ 12], Theorem 3.11.1 for a proof. 
For any process.H = (Hs)s∈[0,T ] and any.t ∈ (0, T ], if .H1[0,t] ∈ dom(δ), then its 

Skorokhod integral with respect to . B is defined on .[0, t] by 

. 

t

0
HsδBs = δ(H1[0,t]),

and its Skorokhod integral with respect to the solution .X of Eq. (4.8) is defined by 

. 

t

0
HsδXs =

t

0
Hsb0(Xs)ds + σ

t

0
HsδBs .

Note that since . δ is the adjoint of the Malliavin derivative . D, the Skorokhod 
integral on .[0, t] of .H with respect to . B is a centered random variable. Indeed, 

.E

t

0
HsδBs = E(1 · δ(H1[0,t])) = E( D(1), H1[0,t] H ) = 0 (4.9)
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Now, let us state a suitable relationship between Skorokhod’s integral and the 
pathwise integral with respect to . X . 

Proposition 4.7 For every.ϕ ∈ C1(R) of bounded derivative,.(ϕ(Xt ))t∈[0,T ] belongs 
to .D

1,2(H) and 

. 

T

0
ϕ(Xs)δXs =

T

0
ϕ(Xs)d Xs

− αHσ
2

T

0

t

0
ϕ (Xt ) exp

t

s
b0(Xu)du |t − s|2H−2dsdt

Proof For any .s, t ∈ [0, T ] such that .s < t , since 

. Ds Bt = Ds(B(1[0,t])) = 1[0,t](s),

by Eq. (4.8) and Proposition 4.5, 

. Ds Xt =
t

0
b0(Xu)Ds Xudu + σ1[0,t](s).

Therefore, 

. Ds Xt = σ1[0,t](s) exp
t

s
b0(Xu)du

and, by Proposition 4.5 and Nualart [ 11], Proposition 5.2.3, 

. 

T

0
ϕ(Xs)δXs =

T

0
ϕ(Xs)d Xs − αHσ

T

0

T

0
Ds(ϕ(Xt ))|t − s|2H−2dsdt

=
T

0
ϕ(Xs)d Xs

− αHσ
2

T

0

t

0
ϕ (Xt ) exp

t

s
b0(Xu)du |t − s|2H−2dsdt.

Finally, the following proposition provides (in particular) a suitable control of the 
fourth-order moment of Skorokhod’s integral with respect to . B. 

Proposition 4.8 Consider .p > 1/H and 

. M = sup
x∈R

b0(x).

There exists a constant.c4.8 > 0, only depending on. p,. H and. σ , such that for every 
.ϕ ∈ C1(R) of bounded derivative,
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. E

T

0
ϕ(Xs)δBs

p

c4.8mp,M

T

0
E(|ϕ(Xs)| 1

H )ds
pH

+
T

0
E(|ϕ (Xs)|p)

1
p H ds

pH

,

where 

. mp,M = 1 ∨ − H

M

pH

1M<0 + T pH1M=0 + H

M

pH

epMT 1M>0 .

See Hu et al. [ 13], Proposition 4.4.(2) (proof) and Comte and Marie [ 14], Theorem 
2.9 for a proof. To conclude this section, note that contrary to the pathwise integral, 
Skorokhod’s integral is tailor-made for statistical purposes by Equality (4.9) and 
Proposition 4.8. Unfortunately, the Skorokhod integral with respect to .X is not the 
limit of Riemann’s sums computable from an observation of. X . However, by Propo-
sition 4.7, there is a fixed point strategy to compute some copies-based estimators 
involving the Skorokhod integral (see Sects. 4.2.2 and 4.2.3). 

For details on the Malliavin calculus, the reader may refer to Decreusefond [ 15] 
and Nualart [ 11]. 

4.2.2 The Least Squares Estimator of the Drift Parameter 
for Fractional Diffusions 

This section deals with the following least squares estimator of the parameter . θ0
when .b0 = θ0b and . b is a known function: 

. θN =
N

i=1

T

0
b(Xi

s)
2ds

−1 N

i=1

T

0
b(Xi

s)δXi
s ,

where .Xi = I(x0, Bi ) for every .i ∈ {1, . . . , N }, .B1, . . . , B N are .N independent 
copies of . B, and .I is the solution map for Eq. (4.8). Since .θN is not directly 
computable from .X1, . . . , X N , this section also deals with the estimator . θ N

approximating .θN and defined as a fixed point: 

. θ N = 1

N T DN

N

i=1

T

0
b(Xi

s)d Xi
s

−αHσ 2
T

0

t

0
b (Xi

t ) exp θ N

t

s
b (Xi

u)du |t − s|2H−2dsdt (4.10)
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where 

. DN = 1

N T

N

i=1

T

0
b(Xi

s)
2ds.

4.2.2.1 Risk Bound on . θN

For every .t ∈ (0, T ], the probability distribution of .Xt has a density . ft with respect 
to Lebesgue’s measure such that, for every .x ∈ R, 

. ft (x) cH,T t−H exp −mH,T
(x − x0)2

t2H
(4.11) 

where .cH,T and .mH,T are positive constants depending on . T but not on . t and . x (see 
Li et al. [ 16], Theorem 1.3). So, .t ft (x) (.x ∈ R) belongs to .L1([0, T ]), which 
legitimates to consider the density function . f defined by 

. f (x) = 1

T

T

0
fs(x)ds; ∀x ∈ R.

Still by Inequality (4.11), since .b is bounded (and then . b has linear growth), 

. |b|κ ∈ L
2(R, f (x)dx); ∀κ ∈ R+.

First, note that since.B1, . . . , B N are i.i.d. Gaussian processes, by the (usual) law 
of large numbers and Equality (4.9), 

. θN = θ0 +
N

i=1

T

0
b(Xi

s)
2ds

−1 N

i=1

T

0
b(Xi

s)δBi
s

P−−−→
N→∞ θ0 + 1

b 2
f

E
1

T

T

0
b(Xs)δBs = θ0. (4.12) 

Now, the following proposition provides a suitable risk bound on the truncated 
estimator 

. θdN = θN1DN d with d ∈ f = 0,
b 2

f

2
.

Proposition 4.9 There exists a constant .c4.9 > 0, not depending on . N, such that 

.E((θdN − θ0)
2)

c4.9

N
.
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Precisely, 

. c4.9 = 1

d2
σ 2c4.9m2,M

T 2−2H

∞

−∞
|b(x)| 1H f (x)dx

2H

+
∞

−∞
b (x)2 f (x)dx + θ20 b2 2

f .

Proof First of all, since .d Xi
t = θ0b(Xi

t )dt + σd Bi
t for every .i ∈ {1, . . . , N }, 

. θN = θ0 + UN

DN
with UN = σ

N T

N

i=1

T

0
b(Xi

s)δBi
s .

On the one hand, 

. E(U 2
N ) = σ 2

N 2T 2

N

i=1

E

T

0
b(Xi

s)δBi
s

2

σ 2c4.8m2,M

N T 2

T

0
E(|b(Xs)| 1

H )ds
2 H

+
T

0
E(b (Xs)

2)
1

2 H ds
2H

by Proposition 4.8

σ 2c4.8m2,M

N T 2−2 H

∞

−∞
|b(x)| 1

H f (x)dx
2 H

+
∞

−∞
b (x)2 f (x)dx .

On the other hand, 

. E((DN b 2
f )

2) = 1

N 2T 2
var

N

i=1

T

0
b(Xi

s)
2ds

= 1

N
var

1

T

T

0
b(Xs)

2ds
b2 2

f

N
,

and then 

. P(DN < d) P |DN b 2
f | >

b 2
f

2

1

d2
E((DN b 2

f )
2)

b2 2
f

d2N
.

(4.13) 
Therefore, 

.E((θdN − θ0)
2) E((θN − θ0)

21DN d)+ θ20P(DN < d)

1

d2
E(U 2

N )+ θ20
b2 2

f

N

c4.9

N
.
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In the proof of Proposition 4.9, the threshold. d allows to control the.L
2-risk of. θdN

by the sum of those of 

. DN and θN DN =
N

i=1

T

0
b(Xi

s)δXi
s up to a multiplicative constant.

In order to degrade as few as possible the non-asymptotic theoretical guarantees 
on.θdN provided by Proposition 4.9, when possible, one should take.d = dmax, where 
.dmax is the highest computable lower bound on.max f ). Let us conclude this section 
on how to find .dmax in some simple situations: 

• Assume that .b(·)2 b with .b > 0. Since 

. DN = 1

N T

N

i=1

T

0
b(Xi

s)
2ds b and b 2

f =
∞

−∞
b(x)2 f (x)dx b,

one should take .dmax = b/2. Then, 

. θdN = θN for d = dmax.

• Assume that. X is the fractional Ornstein-Uhlenbeck process with.x0 0, consider 
.Tmax > T , and let .mt = x0e−θ0t (resp. .σt > 0) be the expectation (resp. the stan-
dard deviation) of .Xt for every .t ∈ (0, T ]. By assuming that there exists a known 
constant .θmax > 0 such that .θ0 ∈ (0, θmax], 

. b 2
f = 1

T

T

0

∞

−∞
b(x)2 fs(x)dxds

= 1

T

T

0

1

σs
√
2π

∞

−∞
x2 exp − (x − ms)

2

2σ 2
s

dxds

= 1

T

T

0

1√
2π

∞

−∞
(ms + σs y)2 exp − y2

2
dyds

= 1

T

T

0

m2
s√
2π

∞

−∞
exp − y2

2
dyds

+ 2

T

T

0

msσs√
2π

∞

−∞
y exp − y2

2
dyds

+ 1

T

T

0

σ 2
s√
2π

∞

−∞
y2 exp − y2

2
dyds

= 1

T

T

0
m2

s ds + 1

T

T

0
σ 2

s ds x20e−2θmaxT .

Then, one should take 

.dmax = x2
0

2
e−2θmaxTmax .
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4.2.2.2 On a Computable Approximation of . θN

The Skorokhod integral, and then .θN , are not directly computable. However, this 
section deals with the approximation .θ N of .θN , which is computable by solving Eq. 
(4.10). First of all, let us explain why.θ N is defined this way. For every.i ∈ {1, . . . , N }, 
by Proposition 4.7, 

. 

T

0
b(Xi

s)δXi
s =

T

0
b(Xi

s)d Xi
s

− αHσ
2

T

0

t

0
b (Xi

t ) exp θ0

t

s
b (Xi

u)du |t − s|2H−2dsdt.

Then, since .θN is a converging estimator of .θ0 as established in Sect. 4.2.2.1, 

. θN − IN = N (θ0 − IN ) ≈ N (θN − IN ),

where 

. N (·) = − αHσ
2

N T DN

N

i=1

T

0

t

0
b (Xi

t ) exp (· + IN )
t

s
b (Xi

u)du |t − s|2H−2dsdt

and, by the change of variable formula for Young’s integral, 

. IN = 1

N T DN

N

i=1

T

0
b(Xi

s)d Xi
s

= 1

N T DN

N

i=1

(b(Xi
T )− b(x0)) with b = b.

This legitimates to consider the estimator .θ N = IN + RN of . θ0, where .RN is a 
fixed point of the map . N . Let us establish that .RN exists and is unique under the 
condition (4.14) stated below. 

Proposition 4.10 Assume that .b (·) 0. If  

.T 2H MN

DN

c

αHσ 2 b 2∞
(4.14) 

where . c is a deterministic constant arbitrarily chosen in .(0, 1), 

. MN = e b ∞|IN |T and αH = αH

2H(2H+ 1)
,

then . N is a contraction from .R+ into itself. Therefore, .RN exists and is unique.
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Proof Since .b (·) 0, . N is nonnegative, and in particular . N (R+) ⊂ R+. 
Moreover, by (4.14), for every .r, r ∈ R+, 

. | N (r)− N (r)| αHσ
2

N T DN

N

i=1

T

0

t

0
|t − s|2H−2|b (Xi

t )| exp IN

t

s
b (Xi

u)du

× exp r
t

s
b (Xi

u)du − exp r
t

s
b (Xi

u)du dsdt

αHσ
2

N T DN
b ∞MN

×
N

i=1

T

0

t

0
|t − s|2H−2 sup

x∈R−
ex (r − r)

t

s
b (Xi

u)du dsdt

αHσ
2 b 2∞T 2H MN

DN
|r − r | c|r − r |.

So, . N is a contraction from .R+ into .R+, and then .RN exists and is unique by 
Picard’s fixed point theorem. 

Let us consider .θ
c

N = θ N1 N , where 

. N = T 2H MN

DN

c

αHσ 2 b 2∞
,

and the truncated estimator 

. θ
c,d

N = θ
c

N1DN d with d ∈ f = 0,
b 2

f

2
.

The following proposition provides a risk bound on .θ
c,d

N . 

Proposition 4.11 Assume that .b (·) 0, .θ0 > 0 and that 

.
2T 2H

b 2
f

exp
2 b ∞

b 2
f

|E(b(XT ))− b(x0)| <
c

αHσ 2 b 2∞
. (4.15) 

Then, there exists a constant .c4.11 > 0, not depending on . N, such that 

. E((θ
c,d

N − θ0)
2)

c4.11

N
.

Moreover, . θ
c

N is a converging estimator of . θ0. 

Proof First, .θN = IN + N (θ0 − IN ) and, on the event . N , .RN = θ N − IN is the 
unique fixed point of the .c-contraction . N by Proposition 4.10. Then,
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. |θ N − θN |1 N = | N (RN )− N (θ0 − IN )|1 N

c|RN − (θ0 − IN )|1 N c|θ N − θN |1 N + c|θN − θ0|1 N .

Since .c ∈ (0, 1), 

. |θ N − θN |1 N

c

1 − c
|θN − θ0|1 N ,

leading to 

. |θ N − θ0|1 N |θ N − θN |1 N + |θN − θ0|1 N

c1|θN − θ0|1 N with c1 = 1

1 − c
> 1.

So, 

. |θc,dN − θ0| = |θ N − θ0|1{DN d}∩ N + |θ0|1({DN d}∩ N )c

c1|θN − θ0|1{DN d}∩ N + |θ0|(1DN<d + 1 c
N
)

c1(|θN − θ0|1DN d + |θ0|1DN<d)+ |θ0|1 c
N

= c1|θdN − θ0| + |θ0|1 c
N

and thus, by Proposition 4.9, 

. E((θ
c,d

N − θ0)
2) 2c21

c4.9

N
+ 2θ20P

c
N ).

Now, let us show that .P c
N ) is of order .N

−1. To that purpose, note first that 

. P
c
N ) = P

MN

DN
>

c

αHT 2Hσ 2 b 2∞
, DN e

+ P
MN

DN
>

c

αHT 2Hσ 2 b 2∞
, DN < e with e = b 2

f

2

P
e
N )+ P(DN < e)

with e
N = MN >

ce

αHT 2Hσ 2 b 2∞
∩ {DN e}.

On the one hand, as established in the proof of Proposition 4.9 (see Inequality 
(4.13)), 

. P(DN < e)
b2 2

f

e2N
.

On the other hand,
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. P
e
N ) P

1

N

N

i=1

(b(Xi
T )− b(x0)) > log

ce

αHT 2Hσ 2 b 2∞

e

b ∞

P
1

N

N

i=1

(b(Xi
T )− b(x0)− (E(b(Xi

T ))− b(x0))) > u

with 

. u = log
ce

αHT 2Hσ 2 b 2∞

e

b ∞
− |E(b(XT ))− b(x0)| > 0 by (4.15).

By the Bienaymé-Tchebychev inequality, and since .X1, . . . , X N are i.i.d. 
processes, 

. P
e
N )

1

u2N 2
var

N

i=1

(b(Xi
T )− b(x0))

1

u2N
E((b(XT )− b(x0))

2).

Therefore, 

.E((θ
c,d

N − θ0)
2)

c2

N
(4.16) 

with 

. c2 = 2 c21c4.9 + θ20
b2 2

f

e2
+ 1

u2
E((b(XT )− b(x0))

2) .

Finally, for every.ε > 0, since.θ
c

N = θ
c,d

N on.{DN d}, and by Inequalities (4.13) 
and (4.16), 

. P(|θcN − θ0| > ε) = P({|θcN − θ0| > ε} ∩ {DN < d})
+ P({|θc,dN − θ0| > ε} ∩ {DN d})

P(DN < d)+ P(|θc,dN − θ0| > ε)

b2 2
f

d2N
+ 1

ε2
E((θ

c,d

N − θ0)
2)

c3

N
−−−→
N→∞ 0

with c3 = b2 2
f

d2
+ c2

ε2
.

The condition (4.15) in the statement of Proposition 4.11 is, in fact, a condition 
on the time horizon .T which may be chosen arbitrarily small in our estimation 
framework, even when .X1, . . . , X N have been observed on .[0, Tmax] with . 0 < T
Tmax. Assume that there exists a computable constant .dmax > 0, not depending on 
. T , such that .max f ) dmax. By Taylor’s formula with Lagrange’s remainder, and
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since .b is bounded, 

. |E(b(XT ))− b(x0)| |b(x0)|E(|XT − x0|)+ b ∞
2

E((XT − x0)
2)

c1(E((XT − x0)
2)

1
2 + E((XT − x0)

2))

with c1 = |b(x0)| ∨ b ∞
2

.

Moreover, 

. E((XT − x0)
2) = E θ0

T

0
b(Xs)ds + σ BT

2

2θ20 T
T

0
E(b(Xs)

2)ds + 2σ 2
E(B2

T ) = 2θ20 T 2 b 2
f + 2σ 2T 2H.

Then, 

. exp
b ∞
b 2

f

|E(b(XT ))− b(x0)|

exp
c1 b ∞

b 2
f

(
√
2θ0T b f + √

2σT H + 2θ20 T 2 b 2
f + 2σ 2T 2H)

= exp c1 b ∞ 2θ20 T 2 +
√
2θ0T

b f
+ σT H

b 2
f

(
√
2 + 2σT H) .

Therefore, by assuming that there exists a known constant .θmax > 0 such that 
.θ0 ∈ (0, θmax], . T fulfills (4.15) when 

. T <
cdmax

αHσ 2 b 2∞
exp −c1 b ∞ 2θ2maxT 2

max + θmaxTmax√
dmax

+σT H
max

dmax
(1 + σT H

max)

1
2H

.

Now, the following proposition provides an asymptotic confidence interval for 
the computable estimator .θ

c

N . 

Proposition 4.12 Assume that .b (·) 0, .θ0 > 0 and that . T satisfies (4.15) with 
.c = 1/2. Then, for every .α ∈ (0, 1), 

. lim
N→∞P θ0 ∈ θ

c

N − 2√
N DN

Y
1
2

Nu1− α
4
; θ cN + 2√

N DN

Y
1
2

Nu1− α
4

1 − α,

where .u· = φ−1(·), . φ is the standard normal distribution function, and
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. YN = σ 2

N T 2

N

i=1

αH
[0,T ]2

|b(Xi
s)| · |b(Xi

t )| · |t − s|2H−2dsdt

+α2
Hσ

2

[0,T ]2

v

0

u

0
|u − u|2H−2|v − v|2H−2b (Xi

v)b (X
i
u)dudvdudv .

Proof First, consider 

. UN = 1

N

N

i=1

Zi ,

where .Z1, . . . , Z N are defined by 

. Zi = σ

T

T

0
b(Xi

s)δBi
s; ∀i ∈ {1, . . . , N }.

On the one hand, by the (usual) law of large numbers, 

. DN = 1

N T

N

i=1

T

0
b(Xi

s)
2ds

P−−−→
N→∞ E

1

T

T

0
b(Xs)

2ds b 2
f > 0,

and by the (usual) central limit theorem, 

. 

√
NUN

D−−−→
N→∞ N(0, var(Z)) with Z = σ

T

T

0
b(Xs)δBs.

Then, since.d Xi
t = θ0b(Xi

t )dt + σd Bi
t for every.i ∈ {1, . . . , N }, and by Slutsky’s 

lemma, 

. 

√
N (θN − θ0) = √

N
UN

DN

D−−−→
N→∞ N 0,

var(Z)

b 4
f

.

On the other hand, consider 

. Y ∗
N = σ 2

N T 2

N

i=1

αH

T

0

T

0
b(Xi

s)b(X
i
t )|t − s|2H−2dsdt + Ri

where, for every .i ∈ {1, . . . , N },
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. Ri = α2
Hσ

2

[0,T ]2

v

0

u

0
|u − u|2H−2|v − v|2H−2b (Xi

v)b (X
i
u)

× exp θ0

v

u
b (Xi

s)ds +
u

v

b (Xi
s)ds dudvdudv.

By the law of large numbers, and by Proposition 4.6, 

. Y ∗
N

P−−−→
N→∞ var(Z).

So, by Slutsky’s lemma, 

. 
N D2

N

|Y ∗
N | (θN − θ0)

D−−−→
N→∞ N(0, 1)

and then, for every .x ∈ R+, 

. P
N D2

N

|Y ∗
N | · |θN − θ0| > x −−−→

N→∞ 2(1 − φ(x)).

Now, consider 

. cN = N D2
N

YN
and c∗

N = N D2
N

|Y ∗
N | .

Since .b (·) 0 and .θ0 > 0, .|Y ∗
N | YN , and then .c∗

N cN . Moreover, as estab-
lished in the proof of Proposition 4.11, 

. |θ N − θN | c

1 − c
|θN − θ0| on N .

So, by taking .c = 1/2, for any .x ∈ R+, 

. P(cN |θcN − θ0| > 2x) P(c∗
N |θcN − θ0| > 2x)

P(c∗
N |θcN − θN | > x)+ P(c∗

N |θN − θ0| > x)

P
c
N )+ P({c∗

N |θN − θ0| > x} ∩ N )

+ P(c∗
N |θN − θ0| > x)

P
c
N )+ 2P(c∗

N |θN − θ0| > x).

Therefore, 

.P(cN |θcN − θ0| 2x) 1 − P
c
N )− 2P(c∗

N |θN − θ0| > x).
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Since, as established in the proof of Proposition 4.11, 

. lim
N→∞P

c
N ) = 0 under the condition (4.15); 

for every .x ∈ R+, 

. lim
N→∞P(cN |θcN − θ0| 2x) 1 − 2 lim

N→∞P(c∗
N |θN − θ0| > x)

=2(1−φ(x))
= 4φ(x)− 3.

In conclusion, for every .α ∈ (0, 1), 

. lim
N→∞P(cN |θcN − θ0| 2u1− α

4
) 1 − α.

Finally, let us consider 

. θ
c,d

N ,n = θ N ,n1{DN d}∩ N ; n ∈ N,

where .θ N ,n = IN + RN ,n , and the sequence .(RN ,n)n∈N is defined by .RN ,0 = 0 and 

. RN ,n+1 = N (RN ,n); n ∈ N.

This sequence, easy to implement, converges geometrically to the fixed point. RN

of . N . 

Proposition 4.13 Assume that . T satisfies (4.15), and consider 

. ψ(·) − log(m4.13
√·)

log(c)
with m4.13 = c(1 − c)−1

2TαH b ∞
.

Then, there exists a constant .c4.11 > 0, not depending on . N, such that 

. E((θ
c,d

N ,ψ(N ) − θ0)
2)

c4.11

N
.

Moreover, .θ
c

N ,ψ(N ) = θ N ,ψ(N )1 N is a converging estimator of . θ0. 

Proof First, on the event . N , note that 

.| N (0)| αHσ
2

N T DN

N

i=1

T

0

t

0
|b (Xi

t )| exp IN

t

s
b (Xi

u)du |t − s|2H−2dsdt
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αHσ 2 

T DN 
b ∞MN 

T 

0 

t 

0 
|t − s|2H−2 dsdt 

σ 2 b ∞ 

2T 
T 2H MN 

DN 
c1 

with 
. c1 = c

2TαH b ∞
.

Now, consider .n ∈ N
∗. Thanks to a well-known consequence of Picard’s fixed 

point theorem, for every .r ∈ R+, 

. | N ◦ · · · ◦ N

n

times)(r)− RN | cn

1 − c
| N (r)− r | on N .

Then, 

. |RN ,n − RN |1 N = | N ◦ · · · ◦ N )(RN ,0)− RN |1 N

cn

1 − c
| N (0)|1 N c2c

n with c2 = c1

1 − c
.

So, since . T satisfies (4.15), and by (the first part of) Proposition 4.11, 

. E((θ
c,d

N ,ψ(N ) − θ0)
2) 2E((RN ,ψ(N ) − RN )

21{DN d}∩ N )+ 2E((θ
c,d

N − θ0)
2)

2(1 + c4.11)

N
(4.17) 

Finally, for every .ε > 0, since .θ
c

N ,ψ(N ) = θ
c,d

N ,ψ(N ) on .{DN d}, and by Inequal-
ities (4.13) and (4.17), 

.P(|θcN ,ψ(N ) − θ0| > ε) = P({|θcN ,ψ(N ) − θ0| > ε} ∩ {DN < d})
+ P({|θc,dN ,ψ(N ) − θ0| > ε} ∩ {DN d})

P(DN < d)+ P(|θc,dN ,ψ(N ) − θ0| > ε)

b2 2
f

d2N
+ 1

ε2
E((θ

c,d

N ,ψ(N ) − θ0)
2)

c3

N
−−−→
N→∞ 0

with c3 = b2 2
f

d2
+ 2(1 + c4.11)

ε2
.
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4.2.2.3 Basic Numerical Experiments 

In this section, some numerical experiments on the computable approximation of the 
least squares estimator of .θ0 are presented for the two following models: 

(A) .d Xt = θ0b1(Xt )dt + d Bt with .θ0 = 1 and .b1(x) = −x , 
(B) and.d Xt = θ0b2(Xt )dt + 0.25d Bt with.θ0 = 1 and.b2(x) = π + arctan(−x). 

For each model, with .H = 0.7 and .H = 0.9, .θ N is computed from . N = 1, . . . , 50
paths of the process . X . This experiment is repeated .100 times. The means and the 
standard deviations of the error .|θ50 − θ0| are stored in Table 4.1. The mean error 
of .θ50 is small in the four situations: lower than .4.9 · 10−2. Since the error standard 
deviation of .θ50 is also small in each situations (.< 3.4 · 10−2), on average, the error 
of .θ50 for one repetition of the experiment should be near of its mean error. Note 
also that for both Model (A) and Model (B), the mean error of .θ50 is higher when 
.H = 0.7 than when.H = 0.9; probably because. H controls the Hölder exponent of the 
paths of the fractional Brownian motion. 

In Fig. 4.3 (resp. Figure 4.4), for .N = 1, . . . , 50, .θ N and the bounds of the .95%-
asymptotic confidence interval (ACI) in Proposition 4.12 are plotted for one of the 
100 datasets generated from Model (A) (resp. Model (B)). These figures illustrate 
both that .θ N is consistent and its rate of convergence. 

Table 4.1 Means and standard deviations of the error of.θ50 (100 repetitions) 

.H Mean error Error StD. 

Model (A) 0.7 0.0489 0.0336 

0.9 0.0186 0.0139 

Model (B) 0.7 0.0387 0.0172 

0.9 0.0138 0.0155 

Fig. 4.3 Plots of .N θN (black line) and of the bounds of the .95%-ACIs (dashed black lines) 
for Model (A) with.H = 0.7 (left) and.H = 0.9 (right)
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Fig. 4.4 Plots of .N θN (black line) and of the bounds of the .95%-ACIs (dashed black lines) 
for Model (B) with.H = 0.7 (left) and.H = 0.9 (right) 

4.2.3 The Projection Least Squares Estimator of the Drift 
Function for Fractional Diffusions 

As for the estimation of.b0 in Eq. (4.1) (see Sect. 4.1), except those depending on the 
empirical process.νN , all the operators and sets introduced in Chap. 3 remain defined 
in the same way by replacing the copies of the solution of Eq. (1.1) by.X1, . . . , X N , 
where 

. Xi = I(x0, Bi ); ∀i ∈ {1, . . . , N },

.B1, . . . , B N are.N independent copies of . B, and. I is the solution map for Eq. (4.8). 
All the integrals with respect to .X1, . . . , X N or .B1, . . . , B N are taken in the sense 
of Skorokhod (see Sect. 4.2.1.2). The projection least squares estimator of .b0 is still 
defined as a minimizer .bm in .Sm of the objective function .γN , and the associated 
truncated estimator .bm by 

. bm(x) = bm(x)1 m ; x ∈ I.

The purpose of this section is to establish a suitable risk bound on.bm for. m fixed, 
and then to provide a computable approximation of.bm defined as a fixed point in. Sm

of a well-chosen random functional (as in Sect. 4.2.2.2). First, note that by Li et al. 
[ 16], Theorem 1.3, the density function . f remains well-defined, bounded and such 
that 

. |b0|κ ∈ L
2(R, f (x)dx); ∀κ > 0.

Now, consider the empirical process .νN defined by 

.νN (τ ) := σ

N T

N

i=1

T

0
τ(Xi

s)δBi
s .
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Note that Equality (3.8) remains true again: 

. [Zm] j b0, ϕ j N + νN (ϕ j ); ∀ j ∈ {1, . . . ,m}.

The following theorem, which is the main result of this section, provides a risk 
bound on .bm . 

Theorem 4.4 If .ϕ1, . . . , ϕm ∈ C1(I ) with .ϕ1, . . . , ϕm bounded on . I , and if the 
matrix . m is invertible, then there exists a constant .c4.4,1 > 0, not depending on 
. m and . N, such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4.4,1[

−1
m op(L(m)+ R(m))

N

+ m 1 + R(m)

L(m)
P

c
m)

1
2 + P

c
m)

1
2 ],

where 

. R(m) = 1 ∨
⎛

⎝sup
x∈I

m

j=1

ϕ j (x)
2

⎞

⎠ .

Under Assumption 3.1 with . p large enough to get .R(m)L(m)−1 N p/2−1, there 
exists a constant .c4.4,2 > 0, not depending on . m and . N, such that 

.E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c4.4,2

−1
m op(L(m)+ R(m))

N
. (4.18) 

Proof Since the definition of the empirical projection . m remains the same as in 
Chap. 3, as in the proof of Theorem 3.1, 

. E( bm − bI
0

2
N ) min

τ∈Sm

E( τ − bI
0

2
N )+ E( bm − m(b

I
0)

2
N1 m )+ c1P

c
m)

1
2

with 

. c1 =
I

b0(x)
4 f (x)dx

1
2

.

Moreover, by (3.8), and since Lemma 3.4 has been established for copies of any 
piecewise continuous stochastic process, as established in the proof of Theorem 3.1 
(see the first step), 

.E( bm − m(b
I
0)

2
N1 m )

2

N T
trace −1

m m,σ )

+ c
N T

log(N T )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

P
c
m)

1
2
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with 
. m,σ = N TE( m

∗
m) and m = (νN (ϕ j )) j∈{1,...,m}.

Since the empirical process is not the same as in Chap. 3, suitable bounds on 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ and trace −1
m m,σ )

need to be established (see Steps 1 and 2) in order to conclude (see Step 3). 

Step 1. By Jensen’s and Cauchy-Schwarz’s inequalities, and since . B1, . . . , B N

are i.i.d. centered processes, 

. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ m
m

j=1

E(νN (ϕ j )
4)

= σ 4 m

N 4T 4

m

j=1

N

i=1

E

T

0
ϕ j (X

i
s)δBi

s

4

+3
i k

E

T

0
ϕ j (X

i
s)δBi

s

2 T

0
ϕ j (X

k
s )δBk

s

2
⎤

⎦

4σ 4 m

N 2T 4

m

j=1

E(δ4j )

with 

. δ j =
T

0
ϕ j (Xs)δBs; ∀ j ∈ {1, . . . ,m}.

By Proposition 4.8, 

. 

m

j=1

E(δ4j ) c4.8m4,M

m

j=1

⎡

⎣

T

0
E(|ϕ j (Xs )| 1

H )ds

4 H

+
T

0
E(ϕ j (Xs )

4)
1

4 H ds

4 H
⎤

⎦

c4.8m4,M T 4 H
m

j=1

∞
−∞

(ϕ j (x)
4 + ϕ j (x)

4) f (x)dx

L(m)2+R(m)2

.

So,
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. E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦ c2
m(L(m)2 + R(m)2)

N 2
with c2 = 4σ 4c4.8m4,M

T 4−4 H
.

Therefore, there exists a constant .c3 > 0, not depending on .m and . N , such that 

. c
N T

log(N T )L(m)
E

⎡

⎣

⎛

⎝

m

j=1

νN (ϕ j )
2

⎞

⎠

2⎤

⎦

1
2

c3m
1
2 1 + R(m)

L(m)
.

Step 2. First, let us show that . m,σ is a positive semidefinite symmetric matrix. 
Indeed, for every .y ∈ R

m , 

. y∗
m,σ y = σ 2

N T
E

⎡

⎣

⎛

⎝

N

i=1

T

0

⎛

⎝

m

j=1

y jϕ j (X
i
s)

⎞

⎠ δBi
s

⎞

⎠

2⎤

⎦ 0.

Then, by Proposition 3.1 (6), 

. trace −1
m m,σ )

−1
m optrace m,σ )

σ 2 −1
m op

T

m

j=1

E(δ2j ).

By Proposition 4.8, 

. 

m

j=1

E(δ2j ) c4.8m2,M

m

j=1

⎡

⎣

T

0
E(|ϕ j (Xs )| 1H )ds

2 H

+
T

0
E(ϕ j (Xs )

2)
1

2 H ds

2 H
⎤

⎦

c4.8m2,M T 2H
m

j=1

∞
−∞

(ϕ j (x)
2 + ϕ j (x)

2) f (x)dx

L(m)+R(m)

.

Therefore, 

. trace −1
m m,σ ) c4

−1
m op(L(m)+ R(m))

with c4 = c4.8m2,Mσ
2T 2H−1.

Step 3 (conclusion). By the two previous steps, 

.E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + 2c4

N T
−1
m op(L(m)+ R(m))

+ c3m
1
2 1 + R(m)

L(m)
P

c
m)

1
2 + c1P

c
m)

1
2 .
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Under Assumption 3.1 with . p large enough to get .R(m)L(m)−1 N p/2−1, by  
Propositions 3.5 and 3.7, there exists a constant .c5 > 0, not depending on .m and. N , 
such that 

. E( bm − bI
0

2
N ) min

τ∈Sm

τ − bI
0

2
f + c5

−1
m op(L(m)+ R(m))

N
.

Let us make some remarks about Theorem 4.4: 

• At least for the usual projection spaces, note that the order of the variance term in 
Inequality (4.18) is degraded with respect to that of Theorems 3.1 and 4.1, because 
.ϕ j is involved in the bound on 

. E

T

0
ϕ j (Xs)δXs

2

; j ∈ {1, . . . ,m}

provided in Proposition 4.8. Precisely, the variance term in Inequality (4.18) is of  
order 

. ρ1(m) =
−1
m op(L(m)+ R(m))

N
instead of

m

N
.

In the proof of Theorem 4.4, by applying Proposition 3.1 (6) to . A = −1
m m,σ

and .B = I (as in the proof of Theorem 3.1) instead of .A = m,σ and .B = −1
m , 

one can establish a risk bound on our truncated projection least squares estimator 
of .b0 with a variance term of order 

. ρ2(m) = m

N
(1 −1

m opR(m)).

However, for the usual projection spaces, .ρ1(m) ρ2(m). 
• Consider .l,r ∈ R satisfying .l < r, and assume that .(ϕ1, . . . , ϕm) is the .[l,r]-
supported .m-dimensional trigonometric basis. As already established, 

. L(m) cϕm and −1
m op

1

m
.

Moreover, since .ϕ1 ≡ 0, and since 

. ϕ2 j+1 = 2π j

r− l
ϕ2 j and ϕ2 j = − 2π j

r− l
ϕ2 j+1; ∀ j ∈ {1, . . . ,m},

there exists a constant .cϕ > 0, not depending on .m and . N , such that 

.R(m) cϕm3.
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So, the variance term in Inequality (4.18) is of order.m3/N . Now, consider.β ∈ N
∗, 

and assume that .(b0)|I ∈ W
β

0 ([l,r]). As already mentioned, this leads to 

. min
τ∈Sm

τ − bI
0

2
f cβ,l,rm−2β.

In conclusion, by Theorem 4.4, there exists a constant .c4.4,2 > 0, not depending 
on .m and . N , such that 

. E( bm − bI
0

2
N ) c4.2,2 m−2β + m3

N
,

and then the bias-variance tradeoff is reached by (the risk bound on) .bm for .m of 
order .N 1/(3+2β). 

As .θN in Sect. 4.2.2, .bm is not directly computable because of Skorokhod’s inte-
gral. However, one can extend the method of Sect. 4.2.2.2 to .bm , again by using 
the relationship between the Skorokhod integral and the pathwise stochastic inte-
gral provided by Proposition 4.7. Assume that .ϕ1, . . . , ϕm ∈ C1(I ) with. ϕ1, . . . , ϕm
bounded on . I , and let .Im be the random function defined on . R by 

. Im(x) =
m

j=1

−1
m

1

N T

N

i=1

T

0
ϕ (Xi

s)d Xi
s

j

ϕ j (x); ∀x ∈ R.

Moreover, for every .I -supported function .ρ : R → R such that .ρ ∈ C1(I ), 
consider 

. m(ρ) =
m

j=1

[ −1
m θm(ρ)] jϕ j

with 

. θm (ρ) =
⎛

⎝−αHσ
2

N T

N

i=1

T

0

t

0
ϕ j (X

i
t ) exp

t

s
(ρ + Im) (X

i
u)du |t − s|2H−2dsdt

⎞

⎠

j

.

By Proposition 4.7, and since.bm is a converging estimator of.b0 by Theorem 4.4, 

. bm − Im = m(b0 − Im) ≈ m(bm − Im).

This legitimates to consider the estimator .bm = Im + Rm of . b0, where .Rm is a 
fixed point of the map . m in .Sm . For numerical purposes, let us also consider the 
estimator.bm,n = Im + Rm,n , where the sequence.(Rm,n)n∈N is defined by. Rm,0 ∈ Sm

and 
.Rm,n+1 = m(Rm,n); n ∈ N.
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4.2.4 A Projection Least Squares Estimator of the Drift 
Function for Some Non-autonomous Fractional 
Diffusions 

Let us consider the stochastic process .Z = (Zt )t∈[0,T ] defined by 

.Zt =
t

0
J0(s)d M s + Mt ; ∀t ∈ [0, T ] (4.19) 

where .M = (Mt )t∈[0,T ] 0 is a continuous and square integrable martingale van-
ishing at . 0, and .J0 is an unknown function which almost surely belongs to 
.L

2([0, T ], d M t ). Under these conditions on .M and . J0, the quadratic variation 
. M t of.M is well-defined for any.t ∈ [0, T ], and the Riemann-Stieljès integral of. J0
with respect to.s M s on.[0, t] exists and is finite. By assuming that.s M s is 
a deterministic function, this section deals first with risk bounds and model selection 
for a copies-based projection least squares estimator of . J0. Now, let . X = (Xt )t∈[0,T ]
be the non-autonomous fractional diffusion defined by 

.Xt = X0 +
t

0
V (Xs)(b0(s)ds + σ(s)d Bs); t ∈ [0, T ] (4.20) 

where .X0 is a .R∗-valued random variable, .B = (Bt )t∈[0,T ] is a fractional Brownian 
motion of Hurst parameter .H ∈ [1/2, 1), the stochastic integral with respect to . B
is taken pathwise when .H > 1/2 and in the sense of Itô when .H = 1/2, and . V :
R → R, .σ : [0, T ] → R

∗ and.b0 : [0, T ] → R are at least continuous functions. An 
appropriate transformation allows to rewrite Eq. (4.20) as a model of type (4.19) 
driven by the Molchan martingale, which quadratic variation is .t2−2H for every . t ∈
[0, T ]. So, this section also deals with a risk bound on an estimator of .b0/σ derived 
from the aforementioned projection least squares estimator of . J0. Finally, some 
applications in mathematical finance are provided. 

4.2.4.1 A Projection Least Squares Estimator of . J0

In the sequel, the quadratic variation. M ( M t )t∈[0,T ] of.M fulfills the following 
assumption. 

Assumption 4.2 The (nonnegative, increasing and continuous) process . M is a 
deterministic function. 

Assumption 4.2 is fulfilled by the Brownian motion and, more generally, by any 
martingale .(Mt )t∈[0,T ] such that 

.Mt =
t

0
ζ(s)dWs; ∀t ∈ [0, T ],
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where.W is a Brownian motion and.ζ ∈ L
2([0, T ], dt). For some results,. M fulfills 

the following stronger assumption. 

Assumption 4.3 There exists .μ ∈ C0((0, T ];R+) such that .μ(·)−1 is continuous 
from.[0, T ] into .R+, and such that 

. M t =
t

0
μ(s)ds; ∀t ∈ [0, T ].

Here again, Assumption 4.3 is fulfilled by the Brownian motion. Assumption 4.3 
is also fulfilled by any martingale .(Mt )t∈[0,T ] such that 

. Mt =
t

0
ζ(s)dWs; ∀t ∈ [0, T ],

where.W is a Brownian motion,.ζ ∈ C0((0, T ]) and.ζ(·)−1 is continuous from. [0, T ]
into. R. This last condition is satisfied, for instance, when. ζ is a.(c,∞)-valued function 
with .c > 0, or when.ζ(t) = t−κ (.κ > 0) for every .t ∈ (0, T ]. For instance, let .M be 
the Molchan martingale, which is defined by 

. Mt =
t

0
t, s)d Bs; ∀t ∈ [0, T ],

where . B is a fractional Brownian motion of Hurst parameter .H ∈ [1/2, 1), and 

. t, s) = cHs
1
2 −H(t − s)

1
2 −H1(0,t)(s); ∀s, t ∈ [0, T ]

with 

. cH = 3 − H)

2H 3/2 − H)3 H+ 1/2)

1
2

.

Since 

. Mt = (2 − 2H)
1
2

t

0
s

1
2 −HdWs; ∀t ∈ [0, T ],

where .W is the Brownian motion driving the Mandelbrot-Van Ness represen-
tation of the fractional Brownian motion . B, the Molchan martingale fulfills 
Assumption 4.3 with .μ(t) = (2 − 2H)t1−2H for every .t ∈ (0, T ]. 

In order to define our projection least squares estimator of . J0, let us consider . N
independent copies .M1, . . . , M N of . M , the copies .Z1, . . . , Z N of . Z defined by 

. Zi
. =

.

0
J0(s)d Mi

s + Mi ; ∀i ∈ {1, . . . , N },

and the objective function .γN defined by
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. γN (J ) = 1

N

N

i=1

T

0
J (s)2d Mi

s − 2
T

0
J (s)d Zi

s ; ∀J ∈ Sm,

where.m ∈ {1, . . . , N },.Sm = span{ϕ1, . . . , ϕm} and.(ϕ1, . . . , ϕm) is an orthonormal 
family of.L2([0, T ], dt). Note that since.t ∈ [0, T M t is nonnegative, increas-
ing and continuous, and since the. ϕ j ’s are continuous from.[0, T ] into. R, the objective 
function .γN is well-defined. Let us show that .γN has a unique minimizer in .Sm . For  
.J = m

j=1 θ jϕ j with .θ1, . . . , θm ∈ R, 

. ∇γN (J ) = 2

N

N

i=1

T

0
ϕ j (s)J (s)d Mi

s −
T

0
ϕ j (s)d Zi

s

j∈{1,...,m}
= 2 mθ − Zm),

where. m = ( ϕ j , ϕ M ) j ,. , M is the usual inner product on.L2([0, T ], d M t ), 
and 

. Zm = 1

N

N

i=1

T

0
ϕ j (s)d Zi

s

j∈{1,...,m}
.

The symmetric matrix. m is positive semidefinite because under Assumption 4.2, 
for every .x ∈ R

m , 

. x∗
m x =

T

0

⎛

⎝

m

j=1

x jϕ j (s)

⎞

⎠

2

d M s 0.

In fact, since.ϕ1, . . . , ϕm are linearly independent,. m is a positive definite matrix, 
and then 

. Jm =
m

j=1

θ jϕ j with θ = −1
m Zm

is the only minimizer of.γN in.Sm called the projection least squares estimator of. J0. 
In practice, since the process. Z cannot be observed continuously on the time interval 
.[0, T ], the vector .Zm must be replaced by the approximation 

. Zm,n = 1

N

N

i=1

n−1

k=0

ϕ j (tk)(Z
i
tk+1

− Zi
tk )

j∈{1,...,m}

in the definition of .Jm , where .tk = kT/n for every .k ∈ {0, . . . , n}. This leads to the 
discrete-time estimator
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. Jm,n =
m

j=1

[θn] jϕ j with θn = −1
m Zm,n .

4.2.4.2 Risk Bounds and Model Selection 

First, let us introduce the empirical process .νN defined by 

. νN (τ ) := 1

N

N

i=1

T

0
τ(s)d Mi

s .

The following proposition provides a risk bound on .Jm for .m fixed. 

Proposition 4.14 Under Assumption 4.2, 

.E( Jm − J0
2
M ) min

J∈Sm

J − J0
2
M + 2m

N
. (4.21) 

Proof For every .J, J ∈ Sm , 

. γN (J )− γN (J ) J 2
M J 2

M − 2

N

N

i=1

T

0
(J (s)− J (s))d Zi

s

J − J0
2
M J − J0

2
M − 2

N

N

i=1

T

0
(J (s)− J (s))d Mi

s .

Moreover, 
. γN (Jm) γN (J ); ∀J ∈ Sm .

So, for every .J ∈ Sm , 

. Jm − J0
2
M J − J0

2
M + 2

N

N

i=1

T

0
(Jm(s)− J (s))d Mi

s

and then, 

. E( Jm − J0
2
M ) J − J0

2
M + 2E

1

N

N

i=1

T

0
Jm(s)d Mi

s .

Consider 

.j0 = ( ϕ j , J0 M ) j∈{1,...,m} and m = (νN (ϕ j )) j∈{1,...,m}.
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Since . m is a centered random vector, 

. E
1

N

N

i=1

T

0
Jm(s)d Mi

s = E( θ, m 2,m)

= E( ∗
m

−1
m (j0 + m)) = E( ∗

m
−1
m m).

Moreover, since .M1, . . . , M N are independent copies of . M , and since . m is a 
symmetric matrix, 

. E( ∗
m

−1
m m) =

m

j =1

E([ m] j [ m] )[ −1
m ] j

= 1

N

m

j =1

[ −1
m ] j

T

0
ϕ j (s)ϕ (s)d M s

= 1

N

m

=1

m

j=1

[ m] j [ −1
m ] j

= 1

N

m

=1

[ m
−1
m ] = m

N
.

Therefore, 

. E( Jm − J0
2
M ) min

J∈Sm

J − J0
2
M + 2m

N
.

Under Assumption 4.3, the following corollary provides a suitable bias term in 
Inequality ( 4.21). 

Corollary 4.1 Under Assumption 4.3, 

. E( Jm − J0
2) μ(·)−1 ∞ μ

m(μ
1
2 J0)− μ

1
2 J0

2 + 2m

N
,

where .
μ
m is the orthogonal projection from .L

2([0, T ], dt) onto 

. Sμ
m = {ι ∈ L

2([0, T ], dt) : ∃ϕ ∈ Sm, ∀t ∈ (0, T ], ι(t) = μ(t)
1
2 ϕ(t)}.

Proof Under Assumption 4.3, 

. min
J∈Sm

J − J0
2
M = min

J∈Sm

μ
1
2 (J − J0)

2 = min
ι∈Sμ

m

ι− μ
1
2 J0

2.

Since .Sμ
m is a closed vector subspace of .L2([0, T ], dt),
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. min
ι∈Sμ

m

ι− μ
1
2 J0

2 μ
m(μ

1
2 J0)− μ

1
2 J0

2. (4.22) 

Moreover, since.μ(·)−1 is continuous from.[0, T ] into.R+ under Assumption 4.3, 

. Jm − J0
2 μ− 1

2 (Jm − J0)
2
M

μ(·)−1 ∞ Jm − J0
2
M . (4.23) 

Equality (4.22) together with Inequality (4.23) allow to conclude. 

For instance, assume that .Sm = span{ϕμ1 , . . . , ϕμm} where, for every . t ∈ [0, T ]
and . j ∈ N

∗ satisfying .2 j + 1 m, 

. ϕ
μ
1 (t) = 1

μ(t)T
,

ϕ
μ

2 j (t) = 2

μ(t)T
cos 2π j

t

T
and

ϕ
μ

2 j+1(t) = 2

μ(t)T
sin 2π j

t

T
.

Note that .ϕμ1 , . . . , ϕ
μ
m are linearly independent because .(ϕμ1 , . . . , ϕ

μ
m) is an 

orthonormal family of.L2([0, T ], d M t ). So, the basis.(ϕ1, . . . , ϕm) of.Sm , orthonor-
mal in.L

2([0, T ], dt), is obtained from.(ϕ
μ
1 , . . . , ϕ

μ
m) via the Gram-Schmidt process. 

Consider also .β ∈ N
∗, the Fourier-Sobolev space 

. W
β

2 ([0, T ]) = ι : [0, T ] → R βtimes differentiable :
T

0
ι(β)(s)2ds < ∞ ,

and assume that there exists .ι0 ∈ W
β

2 ([0, T ]) such that 

. ι0(t) = μ(t)
1
2 J0(t); ∀t ∈ (0, T ].

By DeVore and Lorentz [17], Corollary 2.4, p. 205, there exists a constant.cβ,T > 0, 
not depending on .m and . N , such that 

. 
μ
m(μ

1
2 J0)− μ

1
2 J0

2 μ
m(ι0)− ι0

2 cβ,T m−2β.

Therefore, by Corollary 4.1, 

.E( Jm − J0
2) μ(·)−1 ∞ cβ,T m−2β + 2m

N
.
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In practice, the dimension. m of.Sm needs to be selected from data because the one 
for which.Jm reaches the bias-variance tradeoff depends on some unknown regularity 
parameters of . J0. Let us consider .m N ∈ {1, . . . , N }, .MN = {1, . . . ,m N } and 

.m = arg min
m∈MN

{γN (Jm)+ pen(m)} (4.24) 

where 
. pen(m) = ccal

m

N
; ∀m ∈ MN ,

and the constant .ccal > 0 needs to be calibrated in practice. In the sequel, the . ϕ j ’s 
fulfill the following assumption. 

Assumption 4.4 For every .m,m ∈ {1, . . . , N }, if .m > m , then .Sm ⊂ Sm . 

The following theorem provides a risk bound on the adaptive estimator .Jm . 

Theorem 4.5 Under Assumptions 4.2 and 4.4, there exists a constant .c4.5,1 > 0, not 
depending on . N, such that 

. E( Jm − J0
2
M ) c4.5,1 min

m∈MN

{E( Jm − J0
2
M )+ pen(m)} + 1

N
.

Moreover, under Assumption 4.3, there exists a constant .c4.5,2 > 0, not depending 
on . N, such that 

. E( Jm − J0
2) c4.5,2 μ(·)−1 ∞

× min
m∈MN

μ
m(μ

1
2 J0)− μ

1
2 J0

2 + m

N
+ 1

N
.

Proof As established in the proof of Proposition 4.14, for every .J, J ∈ Sm , 

. γN (J )− γN (J ) J − J0
2
M J − J0

2
M − 2

N

N

i=1

T

0
(J (s)− J (s))d Mi

s .

Moreover, for any .m ∈ MN , 

. γN (Jm)+ pen(m) γN (Jm)+ pen(m)

and then, 
. γN (Jm)− γN (Jm) pen(m)− pen(m).

So, since.Sm + Sm ⊂ Sm∨m under Assumption 4.4, and since.2ab a2 + b2 for 
every .a, b ∈ R, 

. Jm − J0
2
M Jm − J0

2
M + 2νN (Jm − Jm)+ pen(m)− pen(m)
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Jm − J0 2 
M 

+ 
1 

4 
Jm − Jm 

2 
M + 4 

⎛ 

⎝ sup 
τ ∈Bm,m 

|νN (τ )| 
2 

− p(m, m) 

⎞ 

⎠ 

+ 

+ pen(m) + 4p(m, m) − pen(m), 

where 

. Bm,m = {ϕ ∈ Sm∨m ϕ M = 1}
and p(m,m ) = ccal

4
· m ∨ m

N
; ∀m ∈ MN .

Therefore, since.(a + b)2 2a2 + 2b2 for every.a, b ∈ R, and since. 4p(m,m)
pen(m)+ pen(m), 

. Jm − J0
2
M 3 Jm − J0

2
M + 4pen(m)

+ 8

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+
.

By the Bernstein inequality for continuous local martingales (see Revuz and Yor 
[ 18], p. 153), for every .ε > 0 and .τ ∈ L

2([0, T ], d M t ), 

. P(νN (τ ) ε) exp − Nε2

2 τ 2
M

.

From this inequality, thanks to the same chaining technique as in the proof of 
Theorem 3.2 (see Step 3), 

. E

⎛

⎝

⎛

⎝ sup
τ∈Bm,m

|νN (τ )|
2

− p(m,m)

⎞

⎠

+

⎞

⎠

c1

N
,

where .c1 > 0 is a constant not depending on . N . In conclusion, 

. E( Jm − J0
2
M ) min

m∈MN

{3E( Jm − J0
2
M )+ 4pen(m)} + 8c1

N
.

Let us conclude this section with some results on the discrete-time estimator.Jm,n . 
Proposition 4.15 provides a suitable risk bound on this estimator, but the following 
technical lemma must be established first.
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Lemma 4.1 Under Assumption 4.3, 

. 

T

0

−1
m (ϕ j (s)) j

2
2,md M s = trace −1

m ) μ(·)−1 ∞m.

Proof Since . m is a positive definite symmetric matrix, 

. 

T

0

−1
m (ϕ j (s)) j

2
2,md M s =

m

j=1

T

0

m

=1

[ −1
m ] j ϕ (s)

2

d M s

=
m

j =1

[ −1
m ] j [ −1

m ] j

T

0
ϕ (s)ϕ (s)d M s

=
m

j =1

[ −1
m ] j

m

=1

[ −1
m ] j [ m]

=
m

j =1

[ −1
m ] j I j = trace −1

m )

and, as in the proof of Lemma 3.1, 

. 
−1
m op = sup

θ
1/2
m θ 2,m=1

θ 2
2,m

= sup
J∈Sm J M =1

J 2 = sup
J∈Sm J M =1

T

0

J (s)2

μ(s)
d M s μ(·)−1 ∞.

Therefore, by Proposition 3.1 (6), 

. 

T

0

−1
m (ϕ j (s)) j

2
2,md M s = trace −1

m ) −1
m opm μ(·)−1 ∞m.

Proposition 4.15 Under Assumption 4.3, there exists a constant .c4.2 > 0, not 
depending on . m, . N and . n, such that 

. E( Jm,n − J0
2
M ) 2 min

J∈Sm

J − J0
2
M + c4.2

m

N
+ mR(m)

n2
,

where 

. R(m) = sup
t∈[0,T ]

m

j=1

ϕ j (t)
2.

Proof First of all, by Proposition 4.14,
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. E( Jm,n − J0
2
M ) 2E( Jm − J0

2
M )+ 2E( Jm − Jm,n

2
M )

2 min
J∈Sm

J − J0
2
M + 2m

N
+ m,n ,

where 

. m,n =
T

0
E( −1

m (Zm − Zm,n), ϕ(s)
2
2,m)d M s and ϕ = (ϕ1, . . . , ϕm).

Since .Z1, . . . , Z N are independent copies of . Z , and since . −1
m is a symmetric 

matrix, 

. m,n =
T

0
E

⎡

⎣

1

N

N

i=1

n−1

k=0

tk+1

tk

−1
m (ϕ(t)− ϕ(tk)), ϕ(s) 2,md Zi

t

2
⎤

⎦ d M s

2
T

0

n−1

k=0

tk+1

tk

ϕ(t)− ϕ(tk
−1
m ϕ(s) 2,m J0(t)d M t

2

d M s

+ 2
T

0
E

⎡

⎣

n−1

k=0

tk+1

tk

ϕ(t)− ϕ(tk
−1
m ϕ(s) 2,md Mt

2
⎤

⎦ d M s

=: 2Am,n + 2Bm,n.

Now, let us find suitable bounds on .Am,n and .Bm,n: 

• Bound on .Am,n . By Cauchy-Schwarz’s inequality and Lemma 4.1, 

. Am,n

T

0

−1
m ϕ(s) 2

2,md M s

n−1

k=0

tk+1

tk
ϕ(t)− ϕ(tk) 2,m |J0(t)|d M t

2

trace −1
m ) ϕ 2∞

n−1

k=0

tk+1

tk
(t − tk)|J0(t)|d M t

2

trace −1
m )R(m)

T 2

n2

n−1

k=0

tk+1

tk
|J0(t)|d M t

2

μ(·)−1 ∞mR(m)
T 2

n2

T

0
|J0(t)|d M t

2

J0 2
M M T

c1
mR(m)

n2

with 
. c1 μ(·)−1 ∞ J0

2
M T 2 M T .

• Bound on .Bm,n . By the isometry property of Itô’s integral, Cauchy-Schwarz’s 
inequality and Lemma 4.1,
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. Bm,n =
T

0
E

⎡

⎢

⎣

⎛

⎝

T

0

⎛

⎝

n−1

k=0

ϕ(t)− ϕ(tk
−1
m ϕ(s) 2,m1[tk ,tk+1)(t)

⎞

⎠ d Mt

⎞

⎠

2
⎤

⎥

⎦ d M s

=
T

0

T

0

⎛

⎝

n−1

k=0

ϕ(t)− ϕ(tk
−1
m ϕ(s) 2

2,m1[tk ,tk+1)(t)

⎞

⎠ d M t d M s

T

0

−1
m ϕ(s) 2

2,md M s

⎛

⎝

n−1

k=0

tk+1

tk
ϕ(t)− ϕ(tk)

2
2,md M t

⎞

⎠

trace −1
m ) ϕ 2∞

n−1

k=0

tk+1

tk
(t − tk)

2d M t

trace −1
m )R(m)

T 2

n2

n−1

k=0

tk+1

tk
d M t μ(·)−1 ∞T 2 M T

mR(m)

n2
.

In conclusion, there exists a constant.c2 > 0, not depending on. m,.N and. n, such that 

. E( Jm,n − J0
2
M ) 2 min

J∈Sm

J − J0
2
M + c2

m

N
+ mR(m)

n2
.

For instance, assume that .(ϕ1, . . . , ϕm) is the trigonometric basis. As established 
in Sect. 4.2.3, .R(m) is of order .m3. Then, for . n of order .N 2, the variance term in 
the risk bound on .Jm,n provided by Proposition 4.15 is of order .m/N , as in the risk 
bound on the continuous-time estimator of Proposition 4.14. 

4.2.4.3 A Brief Reminder on the Fractional Calculus 

This section deals with some basics on the (Riemann-Liouville left-sided) fractional 
integrals and derivatives, which are involved in Sect. 4.2.4.4 for the estimation of . b0
in Eq. (4.20). 

Throughout this section, let us consider .l,r ∈ R such that .l < r. 

Definition 4.4 The fractional integral of order .α > 0 of .ϕ ∈ L
1([l,r]) is the 

function .Iα
l+ϕ defined by 

. Iα
l+ϕ(x) = 1 x

l
(x − y)α−1ϕ(y)dy; ∀x ∈ [l,r].

Definition 4.5 Subject to its existence, the fractional derivative of order . α ∈ (0, 1)
of .ϕ : [l,r] → R is the function .Dα

l+ϕ defined by 

.Dα
l+ϕ(x) = 1(l,r)(x)

1 − α)
· d

dx

x

l

ϕ(y)

(x − y)α
dy; ∀x ∈ [l,r].
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Now, let us consider the space.AC([l,r]) of the absolutely continuous functions 
from.[l,r] into . R: 

. AC([l,r]) = ϕ ∈ C0([l,r]) : ∃ϕ ∈ L
1([l,r]), ϕ(·) = ϕ(l)+

.

l
ϕ (y)dy .

Proposition 4.16 For every .α ∈ (0, 1), 

. Iα
l+(L

1([l,r])) = {ϕ : I1−α
l+ (ϕ) ∈ AC([l,r])}.

See Samko et al. [ 19], Theorem 2.3 for a proof. 

Proposition 4.17 Consider .ϕ ∈ AC([l,r]). The fractional derivative of order . α ∈
(0, 1) of . ϕ exists almost everywhere, .Dα

l+ϕ ∈ L
κ([l,r]) for every .κ ∈ [1, 1/α), and 

. Dα
l+ϕ(x) = 1

1 − α)

ϕ(l)

(x − l)α
+

x

l

ϕ (y)

(x − y)α
dy ; ∀x ∈ [l,r].

See Samko et al. [ 19], Lemma 2.2 for a proof. Finally, the following theorem 
provides inversion formulas for the fractional integrals and derivatives. 

Theorem 4.6 Consider .α ∈ (0, 1). The fractional operators .Dα
l+ and .Iα

l+ satisfy 
the following inversion formulas: 

1. .Dα
l+(Iα

l+ϕ) = ϕ for every .ϕ ∈ L
1([l,r]). 

2. .Iα
l+(Dα

l+ϕ) = ϕ for every .ϕ ∈ Iα
l+(L1([l,r])). 

See Samko et al. [ 19], Theorem 2.4 for a proof. 

4.2.4.4 Application to Some Non-autonomous Fractional Diffusions 

In this section, .M is the Molchan martingale defined in Sect. 4.2.4.1. For  .H = 1/2, 
.V : R → R is continuously differentiable, .V is bounded and . (b0, σ ) : [0, T ] →
R × R

∗ is continuous. Then, Eq. (4.20) has a unique solution by Revuz and Yor 
[ 18], Chapter IX, Theorem 2.1. For .H ∈ (1/2, 1), .V : R → R is twice continuously 
differentiable,.V and.V are bounded,.σ : [0, T ] → R

∗ is.γ -Hölder continuous with 
.γ ∈ (1 − H, 1], and .b0 : [0, T ] → R is continuous. Then, Eq. (4.20) has a unique 
solution whose paths are .α-Hölder continuous from .[0, T ] into .R for every . α ∈
(1/2,H) (see Kubilius et al. [ 20], Theorem 1.42). In the sequel, the maps .V and . σ
are known and our purpose is to provide a nonparametric estimator of . b0. 

First, let us rewrite Eq. (4.20) as a model of type (4.19), thanks to the transfor-
mation introduced in Kleptsyna and Le Breton [ 21] in the parametric estimation 
framework. Let .Q0 : [0, T ] → R be the map defined by 

.Q0(t) = b0(t)

σ (t)
; ∀t ∈ [0, T ],



130 4 Going Further with the Projection Least Squares Method: Diffusions…

and assume that .Q0 ∈ Q = C1([0, T ]). Consider also the process .Z such that, for 
every .t ∈ [0, T ], 

. Zt =
t

0
t, s)dYs

with 

. Yt =
t

0

d Xs

V (Xs)σ (s)
=

t

0

b0(s)

σ (s)
ds + d Bs =

t

0
Q0(s)ds + Bt .

Then, for any .t ∈ (0, T ], Eq.  (4.20) leads to 

. Zt = j (Q0)(t)+ Mt

=
t

0
J (Q0)(s)d M s + Mt (4.25) 

where, for any .Q ∈ Q, 

. j (Q)(t) =
t

0
t, s)Q(s)ds and J (Q)(t) = 1

2 − 2H
t2H−1 j (Q) (t).

About the existence of . j (Q) (t), see Kubilius et al. [ 20], Lemma 5.8. 
For .H = 1/2, no additional investigations are required because .M = B and 

.J (Q0) = Q0. For  .H ∈ (1/2, 1), in Model (4.25), .Jm is a nonparametric estimator 
of .J (Q0) Q0. So, this section deals with an estimator of .Q0 defined from . Jm

when .H ∈ (1/2, 1). Let us consider the function space 

. J = ι : the map t ∈ [0, T −→
t

0
s1−2Hι(s)ds belongs to I

3
2 −H
0+ (L1([0, T ], dt)) .

In order to define our estimator of .Q0, the following technical proposition must 
be established first. 

Proposition 4.18 The map .J : Q J (Q) satisfies the two following properties: 

1. .J (Q) ⊂ J . 
2. .J (J (Q)) = Q for every .Q ∈ Q, where . J is the map defined on . J by 

. J (ι)(t) = cHtH− 1
2

t

0
(t − s)H− 3

2 s1−2Hι(s)ds; ∀(ι, t) ∈ J × [0, T ]

with cH = 2 − 2H

cH 3/2 − H H− 1/2)
.

Proof Consider .Q ∈ Q, and the function .QH : (0, T ] → R defined by
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. QH(t) = t
1
2 −HQ(t); ∀t ∈ (0, T ].

The function .I3/2−H
0+ (QH) is well-defined on .(0, T ] and, for every .t ∈ (0, T ], 

. I 3
2 −H
0+ (QH)(t) = 1

3/2 − H)

t

0
(t − s)

1
2 −HQH(s)ds

= 1

cH 3/2 − H)

t

0
t, s)Q(s)ds = 1

cH 3/2 − H)
j (Q)(t).

Since . j (Q) (t) exists for any .t ∈ (0, T ] by Kubilius et al. [ 20], Lemma 5.8 as 
mentioned above, the derivative of .I3/2−H

0+ (QH) at time . t also. Moreover, since .Q is 
continuous on .[0, T ], 

. |I 3
2 −H
0+ (QH)(t)| 1

3/2 − H)

t

0
s

1
2 −H(t − s)

1
2 −H|Q(s)|ds

Q ∞
2 3/2 − H)

t

0
s1−2Hds +

t

0
(t − s)1−2Hds

= Q ∞
(2 − 2H 3/2 − H)

t2−2H −−→
t→0

0.

By the definition of the map . J , for every .s ∈ (0, T ], 

. J (Q)(s) = 1

2 − 2H
s2H−1 j (Q) (s)

= cH 3/2 − H)

2 − 2H
s2H−1 ∂

∂s
I 3

2 −H
0+ (QH)(s)

and then, for every .t ∈ [0, T ], 

. 

t

0
s1−2H J (Q)(s)ds = cH 3/2 − H)

2 − 2H
lim
ε→0

t

ε

∂

∂s
I 3

2 −H
0+ (QH)(s) ds

= cH 3/2 − H)

2 − 2H
lim
ε→0

(I 3
2 −H
0+ (QH)(t)− I 3

2 −H
0+ (QH)(ε))

= cH 3/2 − H)

2 − 2H
I 3

2 −H
0+ (QH)(t). (4.26) 

So,.J (Q) ∈ J by Equality (4.26), and then.J (Q) ⊂ J . By applying the fractional 
derivative of order .3/2 − H on each side of Equality (4.26), and thanks to its repre-
sentation for absolutely continuous functions on .[0, T ] (see Proposition 4.17), for 
every .t ∈ (0, T ], 

.QH(t) = 2 − 2H

cH 3/2 − H)
D 3

2 −H
0+

.

0
s1−2H J (Q)(s)ds (t)
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= cH 
t 

0 
(t − s)H− 3 

2 s1−2H J (Q)(s)ds. 

Therefore, for every .t ∈ [0, T ], 

. Q(t) = cHtH− 1
2

t

0
(t − s)H− 3

2 s1−2H J (Q)(s)ds = J (J (Q))(t).

For .ϕ1, . . . , ϕm ∈ J , Proposition 4.18 legitimates to consider the following 
estimator of .Q0: 

. Qm(t) = J (Jm)(t); t ∈ [0, T ].

The following proposition provides risk bounds on.Qm (.m ∈ {1, . . . , N }), and on 
the adaptive estimator .Qm . 

Proposition 4.19 Assume that .J (Q0) ∈ L
2([0, T ], d M t ). If the . ϕ j ’s belong to . J , 

then there exists a constant .c4.19,1 > 0, not depending on . N, such that 

. E( Qm − Q0
2) c4.19,1 min

ι∈Sm

ι− J (Q0)
2
M + m

N
; ∀m ∈ {1, . . . , N }.

Moreover, under Assumption 4.4, there exists a constant.c4.19,2 > 0, not depending 
on . N, such that 

. E( Qm − Q0
2) c4.19,2 min

m∈MN

min
ι∈Sm

ι− J (Q0)
2
M + m

N
+ 1

N
.

Proof Consider .ι ∈ J ∩ L
2([0, T ], d M t ). By Cauchy-Schwarz’s inequality, 

. J (ι) 2 = c2H

T

0
t2H−1

t

0
(t − s)H− 3

2 s1−2Hι(s)ds
2

dt

c2H

T

0
t2H−1θ(t)

t

0
(t − s)H− 3

2 s1−2Hι(s)2dsdt

with 

. θ(t) =
t

0
(t − s)H− 3

2 s1−2Hds; ∀t ∈ (0, T ].

Note that .θ : t t2H−1θ(t) is bounded on .(0, T ]. Indeed, for every .t ∈ (0, T ], 

.|θ(t)| t2H−1 t

2

H− 3
2 t/2

0
s1−2Hds + t

2

1−2H t

t/2
(t − s)H− 3

2 ds
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= t2H−1 1 

2 − 2H 
t 

2 

H− 3 
2 t 

2 

2−2H 

+ 1 

H − 1/2 
t 

2 

1−2H t 

2 

H− 1 
2 

= 1 

21/2−H 
1 

2 − 2H 
+ 1 

H − 1/2 
tH− 1 

2 −−−→
t→0+ 

0. 

So, by the Fubini-Tonelli theorem, 

. J (ι) 2 c2H θ ∞
T

0

T

0
(t − s)H− 3

2 s1−2Hι(s)21(s,T ](t)dsdt

= c2H θ ∞
T

0
s1−2Hι(s)2

T

s
(t − s)H− 3

2 dtds

c2H
H− 1/2

T H− 1
2 θ ∞

T

0
s1−2Hι(s)2ds.

Then, .J (ι) ∈ L
2([0, T ], dt) and 

. J (ι) 2 c1 ι 2
M with c1 = c2H

(H− 1/2)(2 − 2H)
T H− 1

2 θ ∞. (4.27) 

Therefore, by the definition of the estimator.Qm , Proposition 4.18 and Inequality 
(4.27), 

. Qm − Q0
2 J (Jm)− J (J (Q0))

2

J (Jm − J (Q0))
2 c1 Jm − J (Q0)

2
M .

The conclusion follows from Proposition 4.14 and Theorem 4.5. 

Proposition 4.19 says that the MISE (Mean Integrated Squared Error) of . Qm

(.m ∈ {1, . . . , N }) (resp. .Qm) has at most the same bound as the MISE of .Jm (resp. 
.Jm). In order to easily check that the . ϕ j ’s belong to .J in Proposition 4.19, let us 
provide a simple subset of . J . 

Proposition 4.20 The function space 

. J = ι ∈ C1([0, T ]) : lim
t→0+

t−2Hι(t) and

lim
t→0+

t1−2Hι (t) exist and are unique is a subset ofJ .

Proof First, by Proposition 4.16, 

.J = ι : IH− 1
2

0+
.

0
s1−2Hι(s)ds ∈ AC([0, T ]) ,
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and then 

. JLip = ι ∈ C0([0, T ]) : IH− 1
2

0+
.

0
s1−2Hι(s)ds is Lipschitz continuous

is a subset of . J . For every .ι ∈ C0([0, T ]) and .t ∈ [0, T ], since 

. 
[0,t]2

|(t − u)H− 3
2 s1−2Hι(s)1(0,u)(s)|dsdu

ι ∞
2 − 2H

t

0
(t − u)H− 3

2 u2−2Hdu
ι ∞T 2−2H

2 − 2H

t

0
(t − u)H− 3

2 du

=(H−1/2)−1tH−1/2

< ∞,

by the Fubini-Lebesgue theorem, 

. IH− 1
2

0+
.

0
s1−2Hι(s)ds (t) = 1

H− 1/2)

t

0
(t − u)H− 3

2

u

0
s1−2Hι(s)dsdu

= 1

H− 1/2)

t

0
s1−2Hι(s)

t

s
(t − u)H− 3

2 duds

= 1

(H− 1/2 H− 1/2)

t

0
(t − s)H− 1

2 s1−2Hι(s)ds.

Then, 

. JLip = ι ∈ C0([0, T ]) : t
t

0
(t − s)H− 1

2 s1−2Hι(s)ds is Lipschitz continuous .

Now, let us show that .J ⊂ JLip. For any .ι ∈ J and every .t ∈ [0, T ], 

. ϕ(t) =
t

0
(t − s) H− 1

2 s1−2 Hι(s)ds

= lim
ε→0

(t − ε) H+1/2

H+ 1/2
ε1−2Hι(ε)

+
t

0

(t − s) H+1/2

H+ 1/2
((1 − 2 H)s−2 Hι(s)+ s1−2 Hι (s))ds

=
t

0
θ(s)(t − s) H+ 1

2 ds,

where 

.θ(s) = 1

H+ 1/2
((1 − 2 H)s−2 Hι(s)+ s1−2 Hι (s)) ; ∀s ∈ (0, T ].
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Since.ι ∈ J, the  map.θ : t θ(t) is bounded on.(0, T ], and for every. t, t ∈ [0, T ]
such that .t > t , 

. |ϕ(t)− ϕ(t)|
t

t
|θ(s)|(t − s)H+ 1

2 ds

+
t

0
|θ(s)| · |(t − s)H+ 1

2 − (t − s)H+ 1
2 |ds

θ ∞T H+ 1
2 |t − t | + H+ 1

2
|t − t |

t

0
sup

u∈[t−s,t−s]
uH− 1

2 ds

H+ 3

2
θ ∞T H+ 1

2 |t − t |.

So, the function .t ϕ(t) is Lipschitz continuous from .[0, T ] into . R, and then 
.ι ∈ JLip. In conclusion, .J ⊂ JLip ⊂ J . 

Consider .ψ1, . . . , ψm ∈ C1([0, T ]) such that .(ψ1, . . . , ψm) is an orthonormal 
family of .L2([0, T ], dt). In particular, .ψ1, . . . , ψm are linearly independent. Let us 
assume that the basis.(ϕ1, . . . , ϕm) of.Sm , orthonormal in.L

2([0, T ], dt), is obtained 
via the Gram-Schmidt process from.(ϕ1, . . . , ϕm), where.ϕ j (t) = t2Hψ j (t) for every 
. j ∈ {1, . . . ,m} and .t ∈ [0, T ]. Then, the . ϕ j ’s belong to .J ⊂ J . First, let us estab-
lish a suitable bound on the bias term of our estimator of . Q. Consider the functions 
.υ : [0, T ] → R and .μ : (0, T ] → R, defined by 

. υ(t) := t2Hμ(t)
1
2 = (2 − 2H)

1
2 tH+ 1

2 and μ(t) := υ(t)−1μ(t)
1
2 = t−2H.

For every .ι ∈ Sm , there exist .α1, . . . , αm ∈ R such that 

. ι =
m

j=1

α jϕ j = υμ− 1
2 ι

with 

. ι =
m

j=1

α jψ j ∈ Sm and Sm = span{ψ1, . . . , ψm}.

Thus, by assuming that .μJ (Q0) ∈ L
2([0, T ], dt), 

. min
ι∈Sm

ι− J (Q0)
2
M = min

ι∈Sm

υ(ι− υ−1μ
1
2 J (Q0))

2

(2 − 2H)T 2H+1 min
ι∈Sm

ι− μJ (Q0)
2

= (2 − 2H)T 2H+1
Sm (μJ (Q0))− μJ (Q0)

2,
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where. Sm is the orthogonal projection from.L
2([0, T ], dt) onto.Sm . If. (ψ1, . . . , ψm)

is the .[0, T ]-supported trigonometric basis, and if .μJ (Q0) ∈ W
β

2 ([0, T ]) with . β ∈
N

∗, then 

. min
ι∈Sm

ι− J (Q0)
2
M cβ,T (2 − 2H)T 2H+1m−2β.

Now, consider .κ > 2H, and let us show that, for instance, . μJ (Q0) ∈
L
2([0, T ], dt) when .Q0(t) = tκ for any .t ∈ [0, T ]. By the change of variable 

formula, 

. j (Q0)(t) =
t

0
t, s)Q0(s)ds

= cH

t

0
sκ+ 1

2 −H(t − s)
1
2 −Hds

= cH

t

ε

(t − s)κ+ 1
2 −Hs

1
2 −Hds

+
ε

0
cH(t − s)κ+ 1

2 −Hs
1
2 −H

=:ϕ(s,t)
ds with ε > 0.

Then, by Lebesgue’s theorem, 

. j (Q0) (t) = ϕ(t, t) · 1 − ϕ(ε, t) · 0 +
t

0
∂tϕ(s, t)ds

= cH

t

0
(t − s)κ− 1

2 −Hs
1
2 −Hds with cH = cH κ + 1

2
− H .

Therefore, for every .t ∈ (0, T ], 

. |(μJ (Q0))(t)| = cH

2 − 2H
t−1

t

0
(t − s)κ− 1

2 −Hs
1
2 −Hds

cH

2 − 2H
tκ− 3

2 −H
t

0
s

1
2 −Hds

cH

2 − 2H

3

2
− H

−1

T κ−2H.

Let us conclude this section with the estimation of the drift function for two 
models of type (4.20) in finance. 

Example 4.1 Let us consider a financial market model in which the prices process 
.S = (St )t∈R+ of the risky asset satisfies 

.St = S0 +
t

0
Su(b0(u)du + σdWu); t ∈ R+ (4.28)
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where.S0 is a .(0,∞)-valued random variable, .W = (Wt )t∈R+ is a Brownian motion, 
.σ > 0 and .b0 ∈ C0(R+). This is a non-autonomous extension of the Black-Scholes 
model. Note that, in practice, several independent copies of the prices process . S
cannot be observed on .[0, T ]. So, in order to define a suitable estimator of .b0 on 
.[0, T ], let us assume that . S is observed on .[0, N T ] and, for any .i ∈ {1, . . . , N }, 
consider .Ti = (i − 1)T and the process .Si = (Si

t )t∈[0,T ] defined by 

. Si
t = STi +t ; ∀t ∈ [0, T ].

By Eq. (4.28), for every .t ∈ [0, T ], 

. Si
t = STi +

Ti +t

Ti

Su(b0(u)du + σdWu)

= Si
0 +

t

0
Si

u(b0(Ti + u)du + σdW i
u) with W i = WTi +· − WTi .

Moreover, let .Zi = (Zi
t )t∈[0,T ] be the process such that, for every .t ∈ [0, T ], 

.Zi
t = 1

σ

t

0

d Si
u

Si
u

= 1

σ

t

0
b0(Ti + u)d W i

u + W i
t . (4.29) 

Since .W 1, . . . ,W N are .N independent Brownian motions, by assuming that the 
volatility constant . σ is known and that .b0 is .T -periodic, a suitable nonparametric 
estimator of .b0 on .[0, T ] is given by 

. bm(t) = σ Jm(t); t ∈ [0, T ],

where .m ∈ {1, . . . , N } and 

. Jm ∈ arg min
J∈Sm

1

N

N

i=1

T

0
J (s)2ds − 2

T

0
J (s)d Zi

s .

Since 

. bm − b0
2 = σ 2 Jm − J0

2 with J0 = b0
σ
.

Proposition 4.14 provides a risk bound on .bm , and Theorem 4.5 provides a risk 
bound on .bm with .m selected in .MN ⊂ {1, . . . , N } via (4.24). Finally, to assume 
that .b0 is .T -periodic means that Model (4.28) is appropriate for assets with a prices 
process having similar trends on each interval .[Ti , Ti+1], typically each day (. T =
24h). Obviously, since constant functions are .T -periodic, .bm is an estimator of the 
drift constant in the usual Black-Scholes model. 

Now, assume that .S0 = 10, .σ = 0.2 and that
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. b0(t) = sin(2π t)+ cos(2π t); ∀t ∈ R+.

For .N = 100 days, let us simulate one path of the prices process . S along the 
dissection.{100 n; = 0, . . . , n} of.[0, 100]with.n = N 2 = 10000. The simulated 
path of . S and those of .Z1, . . . , Z N are plotted on Fig. 4.5. 

The adaptive estimator .bm is computed from.Z1, . . . , Z N in the .[0, 1]-supported 
.m-dimensional trigonometric basis with .m selected in .{1, . . . , 12}. This experiment 
is repeated 100 times, and 10 adaptive estimations of .b0 are plotted on Fig. 4.6. On  
average, the MISE of .bm is very small: .0.002. 

Example 4.2 Let us consider a financial market model in which the prices process 
.S = (St )t∈[0,T ] and the volatility process .σ = (σt )t∈[0,T ] of the risky asset satisfy 

.
d St = St (b(t)dt + σt dWt )

dσt = σt (ρ0(t)dt + υd Bt )
(4.30) 

Fig. 4.5 Plots of the paths of.Z1, . . . , Z N (right) computed from one path of the non-autonomous 
Black-Scholes model (left) 

Fig. 4.6 Plots of 10 adaptive 
estimations (black dashed 
lines) of.b0 (red line)
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where .S0 and .σ0 are .(0,∞)-valued random variables, .W = (Wt )t∈R+ (resp. . B =
(Bt )t∈R+) is a Brownian motion (resp. a fractional Brownian motion of Hurst parame-
ter.H ∈ [1/2, 1)),.υ > 0 and.b, ρ0 ∈ C0(R+). Note that if.H > 1/2, then Model (4.30) 
takes into account the persistence-in-volatility phenomenon as in Comte et al. [ 22]. 
Here again, in practice, it is not possible to get several independent copies of the 
volatility process. σ on.[0, T ]. So, in order to define a suitable estimator of.ρ0 on.[0, T ], 
let us assume that .(S, σ ) is observed on .[0, N (T + ] with . ∈ R+, and for any 
.i ∈ {1, . . . , N }, consider .Ti = (i − 1)(T + and the process . σ i = (σ i

t )t∈[0,T ]
defined by 

. σ i
t = σTi +t ; ∀t ∈ [0, T ].

By Eq. (4.30), for every .t ∈ [0, T ], 

. σ i
t = σTi +

Ti +t

Ti

σs(ρ0(s)ds + υd Bs)

= σ i
0 +

t

0
σ i

s (ρ0(Ti + s)ds + υd Bi
s) with Bi = BTi +· − BTi .

Moreover, let .Zi = (Zi
t )t∈[0,T ] be the process such that, for every .t ∈ [0, T ], 

. Zi
t = cH

υ

t

0
s

1
2 −H(t − s)

1
2 −H dσ i

s

σ i
s

= 1

υ

t

0
t, s)ρ0(Ti + s)ds + Mi

t ,

where 

. Mi
t =

t

0
t, s)d Bi

s; ∀t ∈ [0, T ].

In the sequel, .ρ0 is .(T + -periodic, and then 

. Zi
t = 1

υ

t

0
J (ρ0)(s)d Mi

s + Mi
t ; ∀t ∈ [0, T ].

Since .B has stationary increments, .M1, . . . , M N have the same distribution, but 
these Molchan martingales are not independent when .H > 1/2. However, for any 
.i, k ∈ {1, . . . , N } such that .i < k, and any .s, t ∈ [0, T ] such that .s < t , 

.E(Bi
s Bk

t ) = E(Bs(Bt+Ti,k − BTi,k )) with Ti,k = Tk − Ti

= 1

2
(s2H + (t + Ti,k

2H − (t + Ti,k − s)2H

− (s2H + Ti,k
2H − (Ti,k − s)2H))

= 1

2
((Ti,k + t)2H + (Ti,k − s)2H − (Ti,k + t − s)2H − Ti,k

2H)
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= 
1 

2 
Ti,k 

2H ((1 + t/Ti,k 
2H + (1 − s/Ti,k 

2H 

− (1 + (t − s)/Ti,k 
2H − 1) 

= 
1 

2 
H(2H − 1)Ti,k 

2H ((t/Ti,k 
2 + (s/Ti,k 

2 

− ((t − s)/Ti,k 
2 + o((1/Ti,k 

2)) when → ∞. 

Thus, 
. E(Bi

s Bk
t ) ∼→∞ H(2H− 1) · st · (k − i)2H−2(T + 2H−2,

and since .(T + 2H−2 → 0 when . → ∞, the larger . , the  more .Bi and .Bk (and 
then .Mi and .Mk) become independent. So, for . large enough, if the constant . υ is 
known, a satisfactory nonparametric estimator of .ρ0 is given by 

. ρm(t) = υQm(t); t ∈ [0, T ],

where .m ∈ {1, . . . , N }, 

. Qm(t) =
⎧

⎨

⎩

Jm(t) if H = 1/2

cHtH− 1
2

t

0
(t − s)H− 3

2 s1−2H Jm(s)ds if H > 1/2
; t ∈ [0, T ]

and 

. Jm = arg min
J∈Sm

1

N

N

i=1

(2 − 2H)
T

0
J (s)2s1−2Hds − 2

T

0
J (s)d Zi

s .

Assume that the . ϕ j ’s belong to . J . Since 

. ρm − ρ0
2 = υ2 Qm − Q0

2 with Q0 = ρ0

υ
,

if .M1, . . . , M N were independent, then Proposition 4.19 would provide risk bounds 
on.ρm and on the adaptive estimator.ρm with. m selected in.MN via (4.24). Of course 
.M1, . . . , M N are not independent when.H > 1/2, but the risk bounds of Proposition 
4.19 remain consistent for. large enough as explained above. Finally, the.(T + -
periodicity condition on .ρ0 makes sense in the following special case: when .ρ0 is 
.T -periodic and. = δT with.δ ∈ N

∗ large enough. As in Example 4.1, to assume that 
.ρ0 is .T -periodic means that Model (4.30) is appropriate for assets with a volatility 
process having similar trends on each interval .[(i − 1)T, iT ], typically each day 
(.T = 24h). When .T = 24h, to assume . δ large enough means to skip enough days 
between two days during which the volatility process is observed in order to estimate 
.ρ0 with our method.
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Chapter 5 
The Nadaraya-Watson Estimator 
of the Drift Function 

This chapter deals with risk bounds on the following 2-bandwidths (truncated) 
Nadaraya-Watson estimator of . b0: 

. bh,h(x) = b f h(x)

fh(x)
1 fh(x)> m

2
; x ∈ [ l, r],

where .h,h > 0, .m ∈ (0, 1] and .l,r ∈ R satisfy .l < r. First of all, Sect. 5.1 deals 
with a Nikol’skii type condition on the density function . f . In Sect. 5.2, risk bounds 
on . fh, on  .b f h , and then on .bh,h are established for fixed . h and . h. Finally, Sect. 5.3 
deals with an extension of the PCO method to select . h and . h from data, and then 
with risk bounds on the associated adaptive estimators of . f , .b0 f and . b0. 

5.1 A Nikol’skii Type Condition on the Time-Average 
Diffusion Density 

As mentioned in the beginning of Chap. 3, if. σ satisfies the non-degeneracy condition 
(1.3), then the probability distribution of.Xt (.t ∈ (0, T ]) has a density. ft with respect 
to Lebesgue measure such that 

. ft (x) c0.5,T t− 1
2 exp −m0.5,T

(x − x0)2

t
; ∀x ∈ R.

For any .t0 ∈ (0, T ), this legitimates considering the density function . f , already 
defined in Chap. 1 by 

. f (x) = 1

T − t0

T

t0

fs(x)ds ; x ∈ R.
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In order to establish a suitable bound on the bias term of . fh in Sect. 5.2, the . ft ’s 
must be at least one time continuously differentiable, and their derivatives need to 
satisfy a bound of type (3.1). Precisely, in the sequel, the . ft ’s fulfill the following 
assumption. 

Assumption 5.1 There exists .β ∈ N
∗ such that, for any .t ∈ (0, T ], . ft is . β times 

continuously differentiable. Moreover, for any .x ∈ R, 

. | ft (x)| c5.1

tq
exp −m5.1

(x − x0)2

t
; ∀ ∈ {1, . . . , β},

where all the constants are positive, depend on . T , but not on . t and . x . 

Notation. For every .p ∈ N\{0}, .C p
b (R) is the space of all the . p times continuously 

differentiable functions .ϕ : R → R such that 

. ϕ(k) ∞ < ∞;∀k ∈ {0, . . . , p}.

In the two following situations, the . ft ’s fulfill Assumption 5.1: 

• Assume that the functions .b0 and . σ belong to .C∞
b (R). Since . σ satisfies (1.3), by 

Kusuoka and Stroock [ 1], Corollary 3.25, the . ft ’s fulfill Assumption 5.1. 
• Assume that .b0 is Lipschitz continuous (but not bounded), and that .σ ∈ C1

b(R). 
Assume also that .σ is Hölder continuous. Then, by Menozzi et al. [ 2], Theorem 
1.2, the . ft ’s fulfill Assumption 5.1 with .β = 1. 

Under Assumption 5.1, for any .κ 1 and any continuous function . ϕ : R → R

having polynomial growth, .t E(|ϕ(Xt )|κ) is bounded on .[0, T ]. Indeed, for any 
.t ∈ [0, T ], 

. E(|ϕ(Xt )|κ) c1(1 + E(|Xt |qκ)) = c1

∞

−∞
(1 + |x |qκ) ft (x)dx

c1c0.5,T

∞

−∞
(1 + |t 1

2 x + x0|qκ)e−m0.5,T x2
dx c2(1 ∨ T

qκ

2 ),

where 

. c2 = c1c0.5,T

∞

−∞
(1 + (|x | + |x0|)qκ)e−m0.5,T x2

dx,

and the constants .c1, q > 0 only depend on . ϕ. Moreover, 

. ϕκ 2
f =

∞

−∞
|ϕ(x)|κ f (x)dx

= 1

T − t0

T

t0

E(|ϕ(Xs)|κ)ds c2(1 ∨ T
qκ

2 ).
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Then, .ϕκ ∈ L
2(R, f (x)dx) and . ϕκ

f is bounded by a constant which doesn’t 
depend on . t0. For instance, this applies to .b0 and . σ with .q = 1. 

Now, let us show that . f satisfies a Nikol’skii type condition. 

Proposition 5.1 For every.x ∈ R,. f (x) > 0. Moreover, under Assumption 5.1, there 
exists a constant .c5.1 > 0, depending on . T but not on . t0, such that for every . ∈
{0, . . . , β − 1} and .θ ∈ R, 

. 

∞

−∞
( f (θ + x) − f (x))2dx

c5.1

t2q +1)
0

(θ2 + |θ |3).

Proof First of all, since . ft (x) > 0 for every .(t, x) ∈ (0, T ] × R, 

. f (x) = 1

T − t0

T

t0

ft (x)dt > 0; ∀x ∈ R.

Consider . ∈ {1, . . . , β} and .θ ∈ R+. Thanks to the bound on . (t, x) ft (x)

given in Assumption 5.1, 

. f −1)(θ + ·) − f −1) 2

1

T − t0

T

t0

∞

−∞
( f −1)

t (θ + x + x0) − f −1)
t (x + x0))

2dxdt

θ2

T − t0

T

t0

∞

−∞
sup

z∈[x,x+θ]
ft (z + x0)

2dxdt

c5.1
2 θ2

T − t0

T

t0

1

t2q

∞

−∞
sup

z∈[x,x+θ]
exp −2m5.1

z2

t
dxdt

= c5.1
2 θ2

T − t0

T

t0

1

t2q

−θ

−∞
exp −2m5.1

(x + θ)2

t
dx + θ

+
∞

0
exp −2m5.1

x2

t
dx dt

1

t2q
0

c1θ
2 + θ3 max

k∈{1,...,β} c5.1(k)2

with 

. c1 = 2 max
k∈{1,...,β} c5.1(k)2

∞

0
exp −2m5.1(k)

x2

T
dx .

In the same way, 

. f −1)(−θ + ·) − f −1) 2

θ2

T − t0

T

t0

∞

−∞
sup

z∈[x−θ,x]
ft (z + x0)

2dxdt
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c5.1 
2 θ 2 

T − t0 

T 

t0 

1 

t2q 

0 

−∞ 
exp −2m5.1 

x2 

t 
dx  + θ 

+ 
∞ 

θ 
exp −2m5.1 

(x − θ)2 

t 
dx  dt 

1 

t2q 
0 

c1θ 2 + θ 3 max 
k∈{1,...,β} c5.1(k)2 . 

This concludes the proof. 

Assumption 5.1 and Proposition 5.1 are crucial in the sequel, but .t0 needs to 
be chosen carefully to get suitable risk bounds on . fh and .b f h . Since the proba-
bility distribution of .Xt at time .t = 0 is a Dirac measure while it has a smooth 
density with respect to Lebesgue’s measure for every .t ∈ (0, T ], the behavior of 
the bounds on .(t, x) ft (x) and its derivatives is singular at point .(0, x0). Conse-
quently, all the bounds in Sect. 5.2 depend on. t0 through a multiplicative constant of 
order.1/min{tα

0 , T − t0} with.α > 0, and then one should take.t0 ∈ [1, T − 1] when 
.T > 1. 

5.2 Nonadaptive Risk Bounds 

This section deals with risk bounds on. fh , on.b f h , and then on the Nadaraya-Watson 
estimator . bh . In the sequel, the kernel .K fulfills the following usual assumptions. 

Assumption 5.2 The kernel.K is symmetric, continuous and belongs to.L
2(R, dx). 

Assumption 5.3 There exists .υ ∈ N
∗ such that 

. 

∞

−∞
|zυ+1K (z)|dz < ∞

and 

. 

∞

−∞
z K (z)dz = 0; ∀ ∈ {1, . . . , υ}.

About the construction of kernels fulfilling both Assumptions 5.2 and 5.3, the  
reader may refer to Comte [ 3], Proposition 2.10. The following proposition provides 
a risk bound on . fh . 

Proposition 5.2 Under Assumption 5.2, 

. E( fh − f 2) f − fh
2 + K 2

Nh
wi th fh = Kh ∗ f.

Moreover, under Assumptions 5.1 and 5.3 with .υ = β,
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. f − fh
2 c5.2(t0)h

2β,

where 

. c5.1(t0) = c5.2

t2q(β)

0 [1β=1 + [(β − 2)!]21β 2]
∞

−∞
|z|β(1 + |z| 1

2 )|K (z)|dz
2

.

Proof First of all, let us recall that 

. E( fh − f 2) =
∞

−∞
b(x)2dx +

∞

−∞
v(x)dx

where, for any .x ∈ R, .b(x) is the bias of . fh(x) and .v(x) is its variance. On the one 
hand, let us find a suitable bound on the integrated variance of. fh . Since. X1, . . . , X N

are i.i.d. copies of . X , and thanks to Jensen’s inequality, 

. v(x) = var

⎡

⎣

1

N (T − t0)

N

i=1

T

t0
Kh(Xi

s − x)ds

⎤

⎦

= 1

N (T − t0)2
var

T

t0
Kh(Xs − x)ds

1

N
E

⎡

⎣

T

t0
Kh(Xs − x)

ds

T − t0

2
⎤

⎦

1

N (T − t0)

T

t0
E(Kh(Xs − x)2)ds = 1

N

∞
−∞

Kh(z − x)2 f (z)dz.

Thus, since .K is symmetric, 

. 

∞

−∞
v(x)dx

1

N

∞

−∞
f (z)

∞

−∞
Kh(z − x)2dxdz

= 1

Nh

∞

−∞
f (z)dz

∞

−∞
K (x)2dx = K 2

Nh
.

On the other hand, let us find a suitable bound on the integrated squared-bias of 
. fh . Since .X1, . . . , X N are i.i.d. copies of . X , 

.b(x) = 1

T − t0

T

t0

E(Kh(Xs − x))ds − f (x)

= 1

h

∞

−∞
K

z − x

h
f (z)dz − f (x)

=
∞

−∞
K (z)( f (hz + x) − f (x))dz.
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First, assume that .β = 1. By Assumption 5.3, the generalized Minkowski 
inequality (see Comte [ 3], Theorem B.1) and Proposition 5.1, 

. 

∞

−∞
b(x)2dx

∞

−∞

∞

−∞
K (z)( f (hz + x) − f (x))dz

2

dx

∞

−∞
|K (z)|

∞

−∞
( f (hz + x) − f (x))2dx

1
2

dz

2

c1(t0)h
2

with 

. c1(t0) = c5.1

t2q(1)
0

∞

−∞
|z|(1 + |z| 1

2 )|K (z)|dz
2

.

Now, assume that.β 2. By the Taylor formula with integral remainder, for every 
.z ∈ R, 

. f (hz + x) − f (x) = 1β 3

β−2

=1

(hz)

! f (x)

+ (hz)β−1

(β − 2)!
1

0
(1 − τ)β−2 f (β−1)(τhz + x)dτ.

Then, by Assumption 5.3, the generalized Minkowski inequality and by Proposi-
tion 5.1, 

.

∞
−∞

b(x)2dx =
∞

−∞
∞

−∞
K (z)( f (hz + x) − f (x))dz

2
dx

= hβ−1

(β − 2)!
2 ∞

−∞
∞

−∞
zβ−1K (z)

×
1

0
(1 − τ)β−2( f (β−1)(τhz + x) − f (β−1)(x))dτdz

2

dx

hβ−1

(β − 2)!
2

[
∞

−∞
|z|β−1|K (z)|

×
1

0
(1 − τ)β−2

∞
−∞

( f (β−1)(τhz + x) − f (β−1)(x))2dx

1
2

dτdz]2

c5.1h2β

[tq(β)
0 (β − 2)!]2

∞
−∞

|z|β−1|K (z)|

×
1

0
(1 − τ)β−2(τ |z| + (τ |z|) 3

2 )dτdz

2

c2(t0)h
2β
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with 

. c2(t0) = c5.1

[tq(β)

0 (β − 2)!]2
∞

−∞
|z|β(1 + |z| 1

2 )|K (z)|dz
2

.

This concludes the proof. 

Note that thanks to Proposition 5.2, the bias-variance tradeoff is reached by (the 
risk bound on). fh when. h is of order.N−1/(2β+1), leading to a rate of order.N−2β/(2β+1). 
Moreover, to take .t0 1 when .T > 1 gives 

. E( fh − f 2) c5.2h2β + K 2

Nh

with c5.2 = c5.1

1β=1 + [(β − 2)!]21β 2

∞

−∞
|z|β(1 + |z| 1

2 )|K (z)|dz
2

.

The following proposition provides a risk bound on .b f h . 

Proposition 5.3 Under Assumption 5.2, 

. E( b f h − b0 f 2) (b f )h − b0 f 2 + c5.3(t0)

Nh

with 

. (b f )h = Kh ∗ (b0 f ) and c5.3(t0) = 2 K 2 b0
2
f + 1

T − t0
σ 2

f .

Proof First of all, let us recall that 

. E( b f h − b0 f 2) =
∞

−∞
b(x)2dx +

∞

−∞
v(x)dx

where, for any.x ∈ R, .b(x) is the bias of .b f h(x) and.v(x) is its variance. On the one 
hand, let us find a suitable bound on the integrated variance of.b f h . Since. X

1, . . . , X N

are i.i.d. copies of . X , 

. v(x) = 1

N (T − t0)2
var

T

t0

Kh(Xs − x)d Xs

2

N
E

T

t0

Kh(Xs − x)b0(Xs)
ds

T − t0

2

+ 1

(T − t0)2

T

t0

Kh(Xs − x)σ (Xs)dWs

2

.

Then, by Jensen’s inequality and the isometry property of Itô’s integral,
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. v(x)
2

N (T − t0)

T

t0
E(Kh(Xs − x)2b0(Xs)

2)ds

+ 2

N (T − t0)2

T

t0
E(Kh(Xs − x)2σ(Xs)

2)ds

= 2

N

∞
−∞

Kh(z − x)2b0(z)
2 f (z)dz + 2

N (T − t0)

∞
−∞

Kh(z − x)2σ(z)2 f (z)dz.

Since .K is symmetric and .K ∈ L
2(R, dx) by Assumption 5.2, and since . b0, σ ∈

L
2(R, f (x)dx), 

. 

∞

−∞
v(x)dx

2

N R2
Kh(z − x)2b0(z)

2 f (z)dzdx

+ 2

N (T − t0) R2
Kh(z − x)2σ(z)2 f (z)dzdx

2 K 2

Nh

∞

−∞
b0(z)

2 f (z)dz + 1

T − t0

∞

−∞
σ(z)2 f (z)dz .

On the other hand, let us find a suitable bound on the integrated squared-bias of 
.b f h . Again, since.X

1, . . . , X N are i.i.d. copies of. X , and since Itô’s integral restricted 
to .H

2 is a martingale-valued map, 

. b(x) = E
1

N (T − t0)

N

i=1

T

t0

Kh(Xi
s − x)d Xi

s − b0(x) f (x)

= 1

T − t0
E

T

t0

Kh(Xs − x)b0(Xs)ds

+E

T

t0

Kh(Xs − x)σ (Xs)dWs − b0(x) f (x)

=
∞

−∞
Kh(z − x)b0(z) f (z)dz − b0(x) f (x) = ((b f )h − b0 f )(x).

Therefore, since . f is bounded and .b0 belongs to .L
2(R, f (x)dx), 

. 

∞

−∞
b(x)2dx (b f )h − b0 f 2.

This concludes the proof. 

Consider .γ ∈ N
∗. Assume that .b0 f is . γ times continuously differentiable, and 

that there exists.ϕ ∈ L
1(R, |x |γ−1K (x)dx) such that, for every.θ ∈ R and.h ∈ (0, 1],
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.

∞

−∞
((b0 f )(γ−1)(hθ + x) − (b0 f )(γ−1)(x))2dx ϕ(θ)h2. (5.1) 

If in addition .K fulfills Assumption 5.3 with .υ = γ , then . (b f )h − b0 f 2 is of 
order.h2γ , and by Proposition 5.3, the bias-variance tradeoff is reached by.b f h when 
. h is of order .N−1/(2γ+1), leading to a rate of order .N−2γ /(2γ+1). Moreover, to take 
.t0 T − 1 when .T > 1 gives 

. E( b f h − b0 f 2) (b f )h − b0 f 2 + c5.3

Nh
with c5.3 = 2 K 2( b0

2
f σ 2

f ).

Finally, Propositions 5.2 and 5.3 allow to provide a risk bound on a truncated 
version of the Nadaraya-Watson estimator . bh . 

Notation. For every .ϕ ∈ L
2(R, f (x)dx), . ϕ f,l,r ϕ1[l,r] f . 

Proposition 5.4 Consider the 2-bandwidths Nadaraya-Watson estimator 

. bh, h = b f h

fh
1 fh(·)> m

2
with h, h > 0,

and assume that . f (x) > m for every .x ∈ [ l, r] (.m ∈ (0, 1]). Under Assumptions 
5.1, 5.2 and 5.3 with .υ = β, 

. E( bh, h − b0
2
f, l, r)

c5.4

m2
(b f )h − b0 f 2 + c5.3(t0)

Nh

b0
2
f c5.2(t0) h2β + K 2

N h
,

where .c5.4 = 16( f ∞ b2
0 f ∞). 

Proof First of all, 

. bh,h − b0 = b f h − b0 f

fh
+ 1

fh
− 1

f
b0 f 1 fh(·)> m

2
− b01 fh(·) m

2
.

Then, 

. bh,h − b0
2
f,l,r b01 fh(·) m

2

2
f,l,r

+ b f h − b0 f

fh
+ 1

fh
− 1

f
b0 f 1 fh(·)> m

2

2

f,l,r

.

Moreover, for any .x ∈ [l,r], since . f (x) > m, for every .ω ∈ { fh(·) m/2},
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. | f (x) − fh(x, ω)| f (x) − fh(x, ω) > m − m

2
= m

2
.

Thus, 

. bh,h − b0
2
f,l,r

8

m2
b f h − b0 f 2

f

+ 8

m2
( f − fh)b0

2
f,l,r + 2 b01| f (·)− fh(·)|> m

2

2
f,l,r

8

m2

∞

−∞
(b f h − b0 f )(x)2 f (x)dx

+ 8

m2

r

l
( f (x) − fh(x))2b0(x)2 f (x)dx

+ 2
r

l
b0(x)2 f (x)1| f (x)− fh(x)|> m

2
dx .

Since. f has a sub-Gaussian tail by Assumption 5.1, and since.b0 has at most linear 
growth because it is Lipschitz continuous from . R into itself, .b2

0 f is bounded on . R. 
So, 

. bh,h − b0
2
f,l,r

8 f ∞
m2

b f h − b0 f 2

+ 8 b2
0 f ∞
m2

fh − f 2 + 2 b2
0 f ∞

∞

−∞
1| f (x)− fh(x)|> m

2
dx .

Therefore, by Markov’s inequality, 

. E( bh,h − b0
2
f,l,r)

8 f ∞
m2 E( b f h − b0 f 2) + 8 b20 f ∞

m2 E( fh − f 2)

+ 8 b20 f ∞
m2

∞

−∞
E(( f (x) − fh(x))2)dx

8( f ∞ b20 f ∞)

m2 (E( b f h − b0 f 2) + 2E( fh − f 2)).

Propositions 5.2 and 5.3 allow to conclude. 

Let us conclude this section with some remarks about Proposition 5.4: 

• Proposition 5.4 says that the risk of .bh,h is controlled by the sum of those of its 
numerator and of its denominator, up to a multiplicative constant. If .K fulfills 
Assumption 5.3 with.υ = β ∨ γ , and if .b0 f satisfies (5.1), then the risk bound on 
.bh,h is of order 

.h2γ + h2β + 1

Nh
+ 1

Nh
,
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and the bias-variance tradeoff is reached when . h (resp. . h) is of order  . N−1/(2γ+1)

(resp. .N−1/(2β+1)), leading to the rate 

. N
−2 γ

2γ+1 ∧ β

2β+1 = N− 2(β∧γ )

2(β∧γ )+1 .

• Note that to consider the 2-bandwidths estimator is crucial to extend the 
PCO (penalized comparison to overfitting) method to our framework in the 
spirit of Comte and Marie [ 4] (see Sect. 5.3). However, by taking .h = h of 
order .N−1/(2(β∧γ )+1), the bias-variance tradeoff is reached by the 1-bandwidth 
(truncated) Nadaraya-Watson estimator with the same rate. 

• If.h = h, then the variance term in the risk bound in Proposition 5.4 is comparable 
to the variance term in the risk bound on the least squares projection estimator (see 
Theorem 3.1). Indeed, for a .m-dimensional projection space, the variance term in 
the risk bound of Theorem 3.1 is of order .m/N which is comparable to .1/(Nh). 
The rate of convergence of the projection least squares estimator depends on the 
regularity space associated to the projection basis but, as in the nonparametric 
regression framework, not on the regularity of . f . 

• Thanks to Menozzi et al. [ 2], Theorem 1.2, there exists.m ∈ (0, 1] such that. f (·) >

m on .[l,r]. However, the limitation of our Proposition 5.4 is that .m is unknown 
in practice. Then, it needs to be estimated, for instance by 

. mh = min{ fh(x); x ∈ [l,r]}.

A more naive way to solve this difficulty in practice is to take 

. m = m N = cN− ε
2 · 2(β∧γ )

2(β∧γ )+1 −−−→
N→∞ 0,

where .c > 0 is a fixed constant, and .ε ∈ (0, 1) is chosen as close as possible to . 0. 
Under Assumption 5.1, by Proposition 5.1, 

. ∃N0 ∈ N : ∀N > N0, ∀x ∈ [ l, r], f (x) > m N .

So, by Proposition 5.4, when. h (resp.. h) is of order.N−1/(2γ+1) (resp..N−1/(2β+1)), 
.bh,h converges with the slightly degraded rate 

.N−(1−ε)
2(β∧γ )

2(β∧γ )+1 .
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5.3 Bandwidth Selection via the PCO Method 

Consider 

. sh,v(x) = 1

N

N

i=1

i
h,v(x); x ∈ R,

where .v = (λ, μ) ∈ R
2, .h > 0 and, for any .i ∈ {1, . . . , N }, 

. 
i
h,v(·) = 1

T − t0

T

t0

Kh(Xi
s − ·)dY i

s

with 

. dY i
t = λdt + μd Xi

t

= (λ + μb0

=:b v

)(Xi
t )dt + μσ(Xi

t )dW i
t and Y i

0 = μx0.

This is an estimator of the function .s = b v f . In the sequel, for the sake of 
simplicity, .sh,v and .

i
h,v are almost always denoted by .sh and .

i
h respectively. 

An extension of the PCO method (see Sect. 2.1.2) to the selection of the bandwidth 
. h of .sh is given by 

.h = arg min
h∈HN

sh − sh0
2
δ + pen(h)} (5.2) 

where .h0 is an overfitting bandwidth belonging to .[N−1/3, 1], .HN is a finite subset 
of .[h0, 1], . δ is a kernel and 

. pen(h) = 2

N 2

N

i=1

i
h(· i

h0
(·) δ; ∀h ∈ HN .

This section deals with risk bounds on the PCO estimator . sh , and on the adaptive 
2-bandwidths Nadaraya-Watson estimator 

. bh,h(x) = b f h(x)

fh(x)
1 fh(x)> m

2
; x ∈ [l,r],

where. l, r ∈ R satisfy.l < r, and. h (resp.. h) is defined by (5.2) with. v = (0, 1)
(resp. .v = (1, 0)). 

Remark. The condition .h0 ∈ [N−1/3, 1] (instead of .h0 ∈ [N−1, 1]) is annoying, 
but not that much because if, for instance, .b0 f satisfies (5.1) with .γ = β 2, then 
the (unknown) bandwidth.h∗ for which the estimator of.b0 f reaches the bias-variance 
tradeoff possibly belongs to .HN . Indeed, there exists an unknown constant .c∗ > 0
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such that .h∗ = c∗N−1/(2β+1), and then 

. 
1

Nh3∗
= 1

c3∗
N

2
2β+1 (1−β) 1 for N large enough.

5.3.1 Brief Reminder: Bernstein’s Inequality 
and a Concentration Inequality for U-Statistics 

Consider a separable Banach space. X, a.X-valued random variable. ξ , . n independent 
copies .ξ1, . . . , ξn of . ξ with .n ∈ N

∗, a bilinear form.β : X2 → R, and the associated 
quadratic form.q : X → R. In order to establish.L

2-risk bounds on adaptive versions 
of functional estimators as . fh and .b f h , 

. P(|q(ξ n)| M); M > 0 needs to be well-controlled.

To that purpose, note that 

. q(ξ n) = Un + Vn

n2
,

where 

. Un =
i k

β(ξi , ξk) and Vn =
n

i=1

q(ξi ).

Then,.Vn is controlled thanks to Bernstein’s inequality (see Theorem 5.1), and. Un

is controlled thanks to a concentration inequality for U-statistics (see Theorem 5.2). 

Theorem 5.1 (Weak Bernstein’s inequality) Let . g be a bounded measurable map 
from . X into . R, and consider 

. vn = 1

n

n

i=1

(g(ξi ) − E(g(ξi ))).

For every .α > 0, with probability larger than .1 − 2e−α , 

. |vn| 2vα

n
+ cα

n
,

where 

. c = g ∞
3

and v = E(g(ξ)2).

See Massart [ 5], Proposition 2.9 and Inequality (2.23) for a proof.
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Theorem 5.2 For every.i, k ∈ {1, . . . , n} with. i k, let.gi,k be a bounded symmetric 
measurable map from . X

2 into . R such that .gi,k = gk,i and 

. E(gi,k(z, ξ)) = 0 dz-a.e.

Consider the totally degenerate second order U-statistic 

. un =
i k

gi,k(ξi , ξk).

There exists a universal constant .m > 0 such that, for every .α > 0, with 
probability larger than .1 − 5.4e−α , 

. |un| m(cnα
1
2 + dnα + bnα

3
2 + anα

2),

where 

. an = sup
i,k∈{1,...,n}

sup
x,z∈X

|gi,k(z, x)| ,

b2n = max sup
i,z

i−1

k=1

E(gi,k(z, ξk)
2); sup

k,x

n

i=k+1

E(gi,k(ξi , x)2) ,

c2n =
i k

E(gi,k(ξi , ξk)
2) and

dn = sup
(a,b)∈A i<k

E(ai (ξi )bk(ξk)gi,k(ξi , ξk))

with 

. A = (a, b) :
n−1

i=1

E(ai (ξi )
2) 1 and

n

k=2

E(bk(ξk)
2) 1 .

See Giné and Nickl [ 6], Theorem 3.4.8 for a proof. Finally, for every random 
variable . R, the following proposition provides a bound on .E(R) from those on 
.P(R M) (.M > 0). 

Proposition 5.5 Let . R be a random variable, and assume that there exist . r, c > 0
and .p 1 such that, for every .α ∈ R+, 

.P R
α p

r
1 − ce−α.
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Then, 

. E(R)
2p+1 log(c)p

r
+ cp

r
with cp =

∞

0
exp −1

2
β

1
p dβ < ∞.

Proof Consider .A > 0. First, by the Fubini-Tonelli theorem, 

. E(R) = E(R1R A) + E((R − A)1R>A) + AP(R > A)

2A + E 1R>A

∞

A
1R>x dx 2A +

∞

A
P(R > x)dx .

Now, by the change of variable formula, 

. 

∞

A
P(R > x)dx = 1

r

∞

r A
P R >

β

r
dβ

c

r

∞

r A
e−β1/p

dβ
cpc

r
exp −1

2
(r A)

1
p .

Then, for .A = log(c2)p/r , 

. E(R)
2 log(c2)p

r
+ cpc

r
exp −1

2
log(c2)

= 2p+1 log(c)p

r
+ cp

r
.

For instance, with the notations of Theorem 5.1, the random variable 

. R = 1

c
|vn| − 2vα

n

satisfies 
. P R

α

n
1 − 2e−α; ∀α ∈ R+,

and then 

. E(R)
4 log(2)

n
+ c1

n
by Proposition 5.5.

Therefore, 

.E(|vn|) 2vα

n
+ c

n
with c = c(4 log(2) + c1).
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5.3.2 Risk Bound on the Adaptive 2-Bandwidths 
Nadaraya-Watson Estimator 

This section deals with a risk bound on the PCO estimator of . s, and then with a 
risk bound on the (PCO) adaptive 2-bandwidths Nadaraya-Watson estimator of . b0. 
Throughout this section, the kernels .K and . δ fulfill the following assumption. 

Assumption 5.4 The kernels .K and .δ are continuously differentiable, . K ∈
L
2(R, dx) and . δ is nonnegative. 

Note that the standard normal density function is a nice example of kernel fulfilling 
all the conditions on both .K and . δ in Assumption 5.4. 

First of all, consider.h ∈ (0, 1], and let us show that there exists a kernel type map 
. h from.C0([0, T ]) × R into. R such that, for any.i ∈ {1, . . . , N },. i

h(·) = h(Xi , ·). 
By the Itô formula, 

. 

T

t0

Kh(Xi
s − ·)d Xi

s = K
Xi

T − ·
h

− K
Xi

t0 − ·
h

− 1

2h2

T

t0

K
Xi

s − ·
h

σ(Xi
s)

2ds with K = K .

Then, 

. (T − t0
i
h(·) = λ

T

t0

Kh(Xi
s − ·)ds + μ

T

t0

Kh(Xi
s − ·)d Xi

s

= μK
Xi

T − ·
h

− μK
Xi

t0 − ·
h

+
T

t0

Kh,v,σ (Xi
s, ·)ds

where, for every .z ∈ R, 

. Kh,v,σ (z, ·) = λKh(z − ·) + μK h(z − ·)σ (z)2

with K h(·) = − 1

2h2
K

·
h

.

So, . i
h(·) = h(Xi , ·) with 

. h(ϕ, x) := 1

T − t0
μK

ϕ(T ) − x

h
− μK

ϕ(t0) − x

h
+

T

t0
Kh,v,σ (ϕ(s), x)ds .

In order to establish a suitable risk bound on the PCO estimator of. s, the following 
proposition shows that 

.KN = {(ϕ, x) h(ϕ, x); h ∈ HN }
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satisfies properties close to those of a kernels set in the nonparametric regression 
framework (see Assumptions 2.1 and 2.3). 

Proposition 5.6 Under Assumptions 5.1, 5.2 and 5.4, there exists a constant. m > 0
such that 

1. For every .h ∈ (0, 1] and .ϕ ∈ C0([0, T ]), 

. | h(ϕ, ·)| m

h2
and h(ϕ, ·) 2

δ

m

h3
.

2. For every .h, h ∈ (0, 1], 

. E( h(X1, · h(X2, ·) 2
δ ) m sh,

where 
. sh = E( h(X, ·) 2

δ ).

3. For every .h ∈ (0, 1] and .ϕ ∈ L
2(R, dx), 

. E( h(X, ·), ϕ 2
δ ) m ϕ 2

δ .

4. For every .h, h ∈ (0, 1], 

. h(X, ·), sh δ| m a.s,

where 
. sh(·) = E(sh(·)) = (Kh ∗ s)(·).

Proof First of all, note that 

• Since .b0 and . σ are bounded, and by Assumption 5.1, the functions .σ 2 f , .b2
v f , . s

and . s are bounded and integrable. 
• Since.K is a kernel, and by Assumption 5.4,. K ,.K and. K are bounded,. K 1 < ∞
and . K < ∞. 

• Since . δ is a kernel, and by Assumption 5.4, . δ and . δ are bounded. 

Thanks to these properties of . σ , . bv, . s, . s , . K , .K , . K, . δ and . δ , let us prove 
Proposition 5.6. 

1. On the one hand, by the definition of the map .(h, ϕ, x) h(ϕ, x), for every 
.h ∈ (0, 1] and .ϕ ∈ C0([0, T ]), 

.| h(ϕ, ·)| λ K ∞
h

+ μ
2 K ∞
T − t0

+ σ 2∞ K ∞
2h2

.
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On the other hand, for any .h ∈ (0, 1] and .z ∈ R, 

. Kh,v,σ (z, ·) 2
δ 2λ2 Kh(z − ·) 2

δ + 2μ2 σ 4
∞ K h(z − ·) 2

δ

2λ2 δ ∞ K 2

h
+ μ2 δ ∞ σ 4∞ K 2

2h3
.

So, for every .ϕ ∈ C0([0, T ]), 

. h(ϕ, ·) 2
δ

2μ2

(T − t0)2

∞

−∞
K

ϕ(T ) − x

h
− K

ϕ(t0) − x

h

2

δ(x)dx

+ 2

(T − t0)2

T

t0

Kh,v,σ (ϕ(s), ·)ds
2

δ

8μ2 K 2∞
(T − t0)2

+ 2

T − t0

T

t0

Kh,v,σ (ϕ(s), ·) 2
δds

4λ2 δ ∞ K 2

h
+ μ2 8 K 2∞

(T − t0)2
+ δ ∞ σ 4∞ K 2

h3
.

2. For any .h,h ∈ (0, 1], 
. E( h(X1, · h(X2, ·) 2

δ )

= 1

(T − t0)2
E

⎡

⎣

∞
−∞

T

t0
Kh(X1

s − x)dY 1
s h(X2, x)δ(x)dx

2
⎤

⎦

2

(T − t0)2
(E(A2

h,h) + E(B2
h,h)),

where 

. Ah,h = μ
∞

−∞

T

t0

Kh(X1
s − x)σ (X1

s )dW 1
s h(X2, x)δ(x)dx

and Bh,h =
∞

−∞

T

t0

Kh(X1
s − x)b v(X1

s )ds h(X2, x)δ(x)dx .

On the one hand, since .(X1, W 1) and .Y 2 are independent processes, 

. E(A2
h,h) = μ2

∞

−∞

∞

−∞
Ah(x, y)E h(X, x h(X, y))δ(x)δ(y)dxdy

where, for every .x, y ∈ R, 

.Ah(x, y) = E

T

t0
Kh(Xs − x)σ (Xs)dWs

T

t0
Kh(Xs − y)σ (Xs)dWs .
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By the isometry property of Itô’s integral, for every .x, y ∈ R, 

. Ah(x, y) =
T

t0

E(Kh(Xs − x)Kh(Xs − y)σ (Xs)
2)ds

= (T − t0)
∞

−∞
Kh(z − x)Kh(z − y)σ (z)2 f (z)dz,

and then 

. E(A2
h,h) = μ2(T − t0)

∞
−∞

∞
−∞

∞
−∞

Kh(z − x)Kh(z − y)σ (z)2 f (z)

× E h(X, x h(X, y))δ(x)δ(y)dxdydz

= μ2(T − t0)
∞

−∞
σ(z)2 f (z)E

∞
−∞

Kh(z − x)δ(x h(X, x)dx
2

dz.

Moreover, since .x → |Kh(z − x)|/ K 1 is a density function for any .z ∈ R, 

. E

∞

−∞
Kh(z − x)δ(x h(X, x)dx

2

K 1

∞

−∞
|Kh(z − x)|δ(x)2E h(X, x)2)dx .

So, 

. E(A2
h,h) μ2(T − t0) K 1

×
∞

−∞
σ(z)2 f (z)

∞

−∞
|Kh(z − x)|δ(x)2E h(X, x)2)dxdz

μ2(T − t0) σ 2 f ∞ K 2
1 δ ∞

∞

−∞
δ(x)E h(X, x)2)dx

=sh

.

On the other hand, since.x → |Kh(Xt (ω) − x)|/ K 1 is a density function, and 
since .X1 and .X2 are independent processes, 

.E(B2
h,h) (T − t0) K 1

×
T

t0

∞

−∞
E(|Kh(Xs − x)|b v(Xs)

2)δ(x)2E h(X, x)2)dxds

= (T − t0)
2 K 1

×
∞

−∞

∞

−∞
|Kh(z − x)|b v(z)

2 f (z)dz δ(x)2E h(X, x)2)dx
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(T − t0)2 b2 v f ∞ K 2 
1 δ ∞ 

∞ 

−∞ 
δ(x)E h(X, x)2)dx 

=sh 

. 

Therefore, 

. E( h(X1, · h(X2, ·) 2
δ )

2 K 2
1 δ ∞

T − t0
(μ2 σ 2 f ∞ + (T − t0) b2v f ∞)sh.

3. For any .h ∈ (0, 1] and .ϕ ∈ L
2(R, dx), 

. E( h(X, ·), ϕ 2
δ ) = 1

(T − t0)2
E

∞

−∞
ϕ(x)δ(x)

T

t0

Kh(Xs − x)dYsdx
2

2

(T − t0)2
(E(C2

h) + E(D2
h)),

where 

. Ch = μ
∞

−∞
ϕ(x)δ(x)

T

t0

Kh(Xs − x)σ (Xs)dWsdx

and Dh =
∞

−∞
ϕ(x)δ(x)

T

t0

Kh(Xs − x)b v(Xs)dsdx .

On the one hand, by the isometry property of Itô’s integral, 

. E(C2
h) = μ2

∞

−∞

∞

−∞
ϕ(x)ϕ(y)δ(x)δ(y)

×
T

t0

E(Kh(Xs − x)Kh(Xs − y)σ (Xs)
2)dsdxdy

= μ2(T − t0)
∞

−∞

∞

−∞
ϕ(x)ϕ(y)δ(x)δ(y)

×
∞

−∞
Kh(z − x)Kh(z − y)σ (z)2 f (z)dzdxdy

= μ2(T − t0)
∞

−∞
(Kh ∗ (ϕδ))(z)2σ(z)2 f (z)dz

σ 2 f ∞ K 2
1 δ ∞ ϕ 2

δ

.

On the other hand, 

.E(D2
h) (T − t0)

T

t0

E(b v(Xs)
2(Kh ∗ (ϕδ))(Xs)

2)ds
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(T − t0)2 
∞ 

−∞ 
(Kh ∗ (ϕδ))(z)2 b v(z)

2 f (z)dz 

b2 
v f ∞ K 2 

1 δ ∞ ϕ 2 
δ 

. 

Therefore, 

. E( h(X, ·), ϕ 2
δ )

2

T − t0
(μ2 σ 2 f ∞ + (T − t0) b2v f ∞) K 2

1 δ ∞ ϕ 2
δ .

4. Since the map.(t, ω, x) Kh(Xt (ω) − x)sh(x) is measurable and bounded for 
any .h,h ∈ (0, 1], and since 

. A
A
δ(x)dx is a finite measure,

by the stochastic Fubini theorem, 

. (T − t0) h(X, ·), sh δ = (T − t0)
∞

−∞ h(X, x)sh(x)δ(x)dx

=
T

t0

∞
−∞

Kh(Xs − x)sh(x)δ(x)dxdYs a.s.

= λ
T

t0
(Kh ∗ (shδ))(Xs )ds + μ

T

t0
(Kh ∗ (shδ))(Xs )d Xs .

First, 

. 
1

T − t0

T

t0

(Kh ∗ (shδ))(Xs)ds Kh ∗ (shδ) ∞

K 1 (Kh ∗ s)δ ∞ K 2
1 s ∞ δ ∞.

Now, by the Itô formula, 

. 

T

t0
(Kh ∗ (shδ))(Xs)d Xs = h,h(XT ) − h,h(Xt0 ) − 1

2

T

t0
ψh,h(Xs)σ (Xs)

2ds,

where 
. ψh,h = Kh ∗ (shδ) and h,h(·) = K

·
h

∗ (shδ).

On the one hand, 

. ψh,h = Kh ∗ (shδ) = Kh ∗ ((Kh ∗ s)δ ) + Kh ∗ ((Kh ∗ s )δ),

and then
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. ψh,h ∞ Kh 1 Kh ∗ s ∞ δ ∞ Kh 1 Kh ∗ s ∞ δ ∞
K 2

1 s ∞ δ ∞ K 2
1 s ∞ δ ∞.

On the other hand, 

. h,h ∞ K
·
h ∞

(Kh ∗ s)δ 1 K ∞ K 1 s 1 δ ∞.

Therefore, 

. h(X, ·), sh δ λ K 2
1 s ∞ δ ∞ + 2μ

T − t0
K ∞ K 1 s 1 δ ∞

+ μ

2
σ 2

∞ K 2
1( s ∞ δ ∞ s ∞ δ ∞) a.s.

The following theorem, which is the main result of this section, provides a risk 
bound on . sh , where . h is defined by (5.2). 

Theorem 5.3 Under Assumptions 5.1, 5.2 and 5.4, there exist two deterministic 
constants.c5.3, c5.3 > 0, not depending on. N, such that for every.θ ∈ (0, 1) and.α > 0, 
with probability larger than .1 − c5.3|HN |e−α , 

. sh − s 2
δ (1 + θ) min

h∈HN

sh − s 2
δ + c5.3

θ
sh0 − s 2

δ + (1 + α)3

N
.

Proof For every .h, h ∈ HN , consider 

. Uh,h =
i k

h(Xi , ·) − sh h(Xk, ·) − sh δ,

Vh = 1

N

N

i=1

h(Xi , ·) − sh
2
δ and Wh,h sh − sh, sh − s δ.

The proof of Theorem 5.3 is dissected in four steps. Step 1 shows that, for any 
.h ∈ HN , 

. sh − s 2
δ sh − s 2

δ − ψ(h) + ψ(h),

where .ψ is a map depending on .U and . W . Then, .ψ(h) and .ψ(h) are controlled in 
Step 2 thanks to the bounds on .U and .W established in Sect. 5.3.2.1 (see Lemmas 
5.1 and 5.3 respectively). Step 3 deals with a two-sided relationship between 

. sh − s 2
δ and sh − s 2

δ; h ∈ HN ,
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as in Theorem 2.1 and the first step of the (sketch of) proof of Theorem 2.2, thanks 
to Lemmas 5.1, 5.2 (bound on . V ) and 5.3. The conclusion comes in Step 4. Finally, 
note that as in the nonparametric regression framework, the properties of 

. KN = {(ϕ, x) h(ϕ, x); h ∈ HN }

stated in Proposition 5.6 are crucial in the proof of Theorem 5.3. 
Step 1. First,  

. sh − s 2
δ sh − sh0

2
δ sh0 − s 2

δ + 2 sh − sh0 , sh0 − s δ

and, for any .h ∈ HN , 

. sh − sh0
2
δ sh − sh0

2
δ + pen(h) − pen(h) by (5.2)

sh − s 2
δ + 2 sh − s, s − sh0 δ s − sh0

2
δ + pen(h) − pen(h)

sh − s 2
δ + 2 sh − sh0 , s − sh0 δ s − sh0

2
δ + pen(h) − pen(h).

Then, 

. sh − s 2
δ sh − s 2

δ + 2 sh − sh0 , s − sh0 δ

+ pen(h) − pen(h) + 2 sh − sh0 , sh0 − s δ

sh − s 2
δ + pen(h) − pen(h) + 2 sh − sh, sh0 − s δ

sh − s 2
δ − ψ(h) + ψ(h) (5.3) 

where 
. ψ(·) = 2 s. − s, sh0 − s δ − pen(·).

Now, let us rewrite .ψ(·) in terms of .U.,h0 , .W.,h0 and .Wh0,.. For any .h ∈ HN , 

. ψ(h) = 2 sh − sh + sh − s, sh0 − sh0 + sh0 − s δ − pen(h)

= 2 sh − sh , sh0 − sh0 δ − pen(h)

+ 2 (Wh,h0 + Wh0,h sh − s, sh0 − s δ)

=:ψ3(h)

= 2Uh,h0

N2 + 2

⎛

⎝

1

N2

N

i=1
h(Xi , ·) − sh h0 (Xi , ·) − sh0 δ − pen(h)

2

⎞

⎠

=:ψ2(h)

+2ψ3(h)

and, by the definition of .pen(h),
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. ψ2(h) = − 1

N 2

N

i=1

h(Xi , ·), sh0 δ +
N

i=1

h0(Xi , ·), sh δ + 1

N
sh, sh0 δ.

So, 

. ψ(h) = 2(ψ1(h) + ψ2(h) + ψ3(h)) with ψ1(h) = Uh,h0

N 2
.

Step 2. This step deals with suitable bounds on the .ψ j ’s. 

• Consider .h ∈ HN . By Lemma 5.1, for any.α > 0 and.θ ∈ (0, 1), with probability 
larger than .1 − 5.4|HN |e−α , 

. |ψ1(h)| θ

2N
sh + 2c5.1(1 + α)3

θ N

and |ψ1(h)| θ

2N
sh + 2c5.1(1 + α)3

θ N
.

• For any .h,h ∈ HN , consider 

. ψ2(h, h) = 1

N

N

i=1

h(Xi , ·), sh δ.

By Proposition 5.6(4), 
. |ψ2(h,h)| m a.s.

Moreover, 

. sh, sh0 δ| δ ∞ Kh ∗ s ∞ Kh0 ∗ s 1

δ ∞ K 2
1 s ∞ s 1.

Then, there exists a deterministic constant .c1 > 0, not depending on . N , such that 

. |ψ2(h)| ∨ |ψ2(h)| sup
h∈HN

|ψ2( h)| c1

N
a.s.

• Consider .h ∈ HN . By Lemma 5.3 and Cauchy-Schwarz’s inequality, with proba-
bility larger than .1 − |HN |e−α , 

.|ψ3(h)| θ

4
( sh − s 2

δ sh0 − s 2
δ ) + 8c5.3(1 + α)2

θ N

+ 2
1

2

1
2 θ

2

1
2

sh − s δ × 1

2

1
2 2

θ

1
2

sh0 − s δ

θ

2
sh − s 2

δ + θ

4
+ 1

θ
sh0 − s 2

δ + 8c5.3(1 + α)2

θ N
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and 

. |ψ3(h)| θ

2
sh − s 2

δ + θ

4
+ 1

θ
sh0 − s 2

δ + 8c5.3(1 + α)2

θ N
.

Step 3. Let us establish that there exist two deterministic constants .c2, c2 > 0, not 
depending on .N and . θ , such that with probability larger than .1 − c2|HN |e−α , 

. sup
h∈HN

sh − s 2
δ − (1 + θ) sh − s 2

δ + sh

N

c2(1 + α)3

θ N

and 

. sup
h∈HN

sh − s 2
δ + sh

N
− 1

1 − θ
sh − s 2

δ

c2(1 + α)3

θ(1 − θ)N
.

On the one hand, for any .h ∈ HN , 

. sh − s 2
δ − (1 + θ) sh − s 2

δ + sh

N

sh − sh
2
δ + 2 sh − sh, sh − s δ sh − s 2

δ − (1 + θ) sh − s 2
δ + sh

N

sh − sh
2
δ − 1 + θ

N
sh + 2Wh,h − θ sh − s 2

δ

and 

. sh − sh
2
δ = Uh,h

N 2
+ Vh

N
(5.4) 

So, with probability larger than .1 − c2|HN |e−α , by Lemmas 5.1 and 5.2, 

. sup
h∈HN

sh − sh
2
δ − 1 + θ

N
sh sup

h∈HN

|Uh,h |
N 2

− θ

2N
sh + 1

N
|Vh − sh | − θ

2N
sh

2(c5.1 + c5.2)(1 + α)3

θ N

and then, by Lemma 5.3, 

. sup
h∈HN

sh − s 2
δ − (1 + θ) sh − s 2

δ + sh

N

c2(1 + α)3

θ N
. (5.5) 

On the other hand, for any .h ∈ HN , 

.(1 − θ) sh − s 2
δ + sh

N
sh − s 2

δ

= (1 − θ) sh − s 2
δ + sh

N
− ( sh − sh

2
δ + 2Wh,h sh − s 2

δ )
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= −θ sh − s 2 
δ + (1 − θ)  

sh 

N 
sh − sh 

2 
δ − 2Wh,h 

2|Wh,h| −  θ sh − s 2 
δ + 

sh 

N 
sh − sh 

2 
δ 

=: h 

− 
θ 
N 

sh 

and 

. h = Uh,h

N 2
+ Vh

N
− sh

N
by Equality (5.4).

By Lemmas 5.1 and 5.2, there exist two deterministic constants .c3, c3 > 0, not 
depending .N and . θ , such that with probability larger than .1 − c3|HN |e−α , 

. sup
h∈HN

h − θ

N
sh

c3(1 + α)3

θ N
.

Moreover, by Lemma 5.3, with probability larger than .1 − 2|HN |e−α , 

. sup
h∈HN

{2|Wh,h | − θ sh − s 2
δ} = 2 sup

h∈HN

|Wh,h| − θ

2
sh − s 2

δ

4c5.3(1 + α)2

θ N
.

So, with probability larger than .1 − c2|HN |e−α , 

. sup
h∈HN

sh − s 2
δ + sh

N
− 1

1 − θ
sh − s 2

δ

c2(1 + α)3

θ(1 − θ)N
. (5.6) 

Step 4. By Step 2, there exist two deterministic constants .c4, c4 > 0, not depending 
on .N and . θ , such that with probability larger than .1 − c4|HN |e−α , 

. |ψ(h)| θ sh − s 2
δ + sh

N
+ θ

2
+ 2

θ
sh0 − s 2

δ + c4(1 + α)3

θ N

for every .h ∈ HN , and 

. |ψ(h)| θ sh − s 2
δ + sh

N
+ θ

2
+ 2

θ
sh0 − s 2

δ + c4(1 + α)3

θ N
.

So, by Inequality (5.6) (see Step 3), there exist two deterministic constants. c5, c5 >

0, not depending on.N and. θ , such that with probability larger than.1 − c5|HN |e−α ,
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. |ψ(h)| θ

1 − θ
sh − s 2

δ + θ

2
+ 2

θ
sh0 − s 2

δ

+ c5
1

θ
+ 1

1 − θ

(1 + α)3

N
; ∀h ∈ HN ,

and 

. |ψ(h)| θ

1 − θ
sh − s 2

δ + θ

2
+ 2

θ
sh0 − s 2

δ + c5
1

θ
+ 1

1 − θ

(1 + α)3

N
.

By Inequality (5.3) (see Step 1), there exist two deterministic constants.c6, c6 > 0, 
not depending on .N and . θ , such that with probability larger than .1 − c6|HN |e−α , 

. 1 − θ

1 − θ
sh − s 2

δ 1 + θ

1 − θ
sh − s 2

δ

+ c6

θ
sh0 − s 2

δ + (1 + α)3

(1 − θ)N
; ∀h ∈ HN .

By taking .θ ∈ (0, 1/2), the conclusion comes from Inequality (5.5) (see Step 3).  

Now, since 
. fh = sh,(1,0) and b f h = sh,(0,1); ∀h ∈ (0, 1],

Theorem 5.3 allows to establish a risk bound on.bh,h, where. h (resp.. h) is defined 
by (5.2) with . v = (0, 1) (resp. . v = (1, 0)). 

Corollary 5.1 Under Assumptions 5.1, 5.2 and 5.4, if . f (x), δ(x) > m for every 
.x ∈ [ l, r] (.m ∈ (0, 1], and . l, r ∈ R satisfying . l < r), then there exists a 
constant .c5.1 > 0, not depending on . N, . l and . r, such that 

. E( bh,h − b0
2
f,l,r)

c5.1

m3
[ min
(h, h)∈H2

N

{E( b f h − b0 f 2) + E( fh − f 2)}

(b f )h0 − b0 f 2 fh0 − f 2 + log(N )3

N
].

Proof As in the proof of Proposition 5.4, and since .δ(x) > m for every .x ∈ [l,r], 
there exists a constant .c1 > 0, not depending on . N , . l and . r, such that 

. E( bh,h − b0
2
f,l,r)

c1

m2 (E( (sh,(0,1) − b0 f )1[ l, r] 2) + 2E( (sh,(1,0) − f )1[ l, r] 2))

2c1
m3 (E( sh,(0,1) − b0 f 2

δ ) + E( sh,(1,0) − f 2
δ )).

Moreover, by Theorem 5.3 and Proposition 5.5, there exists a constant.c2 > 0, not 
depending on . N , . l and . r, such that
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. E( sh,(0,1) − b0 f 2
δ ) c2(1 δ ∞) min

h∈HN

E( sh,(0,1) − b0 f 2)

(b f )h0 − b0 f 2 + log(N )3

N

and 

. E( sh,(1,0) − f 2
δ ) c2(1 δ ∞) min

h∈HN

E( sh,(1,0) − f 2)

fh0 − f 2 + log(N )3

N
.

Therefore, there exists a constant .c3 > 0, not depending on. N , . l and. r, such that 

. E( bh,h − b0
2
f, l, r)

c3
m3 [min(h, h)∈H2

N
{E( sh,(0,1) − b0 f 2) + E( sh,(1,0) − f 2)}
(b f )h0 − b0 f 2 fh0 − f 2 + log(N )3

N ].

Let us conclude this section with some remarks about Corollary 5.1: 

• By Corollary 5.1, the risk of .bh,h is controlled by the sum of the minimal risks of 

. sh,(0,1) = b f h and sh,(1,0) = fh ; (h,h) ∈ H2
N ,

up to a multiplicative constant. 
• A suitable choice for . δ is the standard normal density function: 

. δ(x) = 1√
2π

e− x2

2 ; ∀x ∈ R.

First, as already mentioned, . δ fulfills Assumption 5.4. Moreover, assume that 
. f (x) > m1 for every .x ∈ [l,r] (.m1 ∈ (0, 1], and .l,r ∈ R satisfying .l < r). 
Since .δ ∈ C∞(R; (0,∞)), there exists .m2 > 0 such that .δ(x) > m2 for every 
.x ∈ [l,r], and then 

. f (x), δ(x) > m = m1 ∧ m2 > 0 ; ∀x ∈ [l,r].

5.3.2.1 Control of . U , .V and . W

This section deals with the control of the maps . U , .V and.W introduced in the proof 
of Theorem 5.3 (see Lemmas 5.1, 5.2 and 5.3 respectively). The proof of Lemma 
5.1 relies on the concentration inequality for U-statistics stated in Theorem 5.2, and
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the proofs of Lemmas  5.2 and 5.3 rely on Bernstein’s inequality (see Theorem 5.1). 
Note that the properties of 

. KN = {(ϕ, x) h(ϕ, x); h ∈ HN }

provided in Proposition 5.6 are crucial throughout this section. 

Lemma 5.1 For every .h, h ∈ HN , consider 

. Uh, h =
i k

gh, h(Xi , Xk)

where, for every .ϕ,ψ ∈ C0([0, T ]), 

. gh, h(ϕ, ψ) h(ϕ, ·) − sh h(ψ, ·) − sh δ.

Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant.c5.1 > 0, 
not depending on. N, such that for every.θ ∈ (0, 1) and.α > 0, with probability larger 
than .1 − 5.4|HN |e−α , 

. sup
h∈HN

|Uh,h0 |
N 2

− θ

N
sh

c5.1(1 + α)3

θ N

and sup
h∈HN

|Uh,h|
N 2

− θ

N
sh

c5.1(1 + α)3

θ N
.

Proof First of all, note that for any .h,h ∈ HN , 

.Uh,h =
i k

(gh, h(Xi , Xk) − gh, h(Xi ) − gh,h(Xk) + E(gh,h(Xi , Xk))) (5.7) 

where, for every .ϕ,ψ ∈ C0([0, T ]), 

. gh,h(ϕ, ψ) h(ϕ, · h(ψ, ·) δ

and gh,h(ϕ) h(ϕ, ·), sh δ = E(gh,h(ϕ, X)).

Since.E(gh, h(ϕ, X)) = 0 for every.ϕ ∈ C0([0, T ]), by Theorem 5.2, there exists 
a universal constant .m 1, such that for any .α > 0, with probability larger than 
.1 − 5.4e−α , 

. 
|Uh,h|

N 2

m

N 2
(ch,hα

1
2 + dh, hα + bh, hα

3
2 + ah, hα

2),

where the constants .ah,h, .bh,h, .ch,h and .dh,h are defined and controlled as follows:
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• The constant .ah, h. Consider 

. ah,h = sup
ϕ,ψ∈C0

|gh,h(ϕ, ψ)|.

Since 

. sup
ϕ∈C0

|gh,h(ϕ)| = sup
ϕ∈C0

h(ϕ, ·),E h(X, ·)) δ|

sup
ϕ∈C0

E( h(ϕ, · h(X, ·) δ|) sup
ϕ,ψ∈C0

h(ϕ, · h(ψ, ·) δ|

and, in the same way, 

. sup
ψ∈C0

|gh,h(ψ)| sup
ϕ,ψ∈C0

h(ϕ, · h(ψ, ·) δ|,

by Equality (5.7) and Cauchy-Schwarz’s inequality, 

. ah,h 4 sup
ϕ,ψ∈C0

h(ϕ, · h(ψ, ·) δ|

4 sup
ϕ∈C0

h(ϕ, ·) δ sup
ψ∈C0

h(ψ, ·) δ .

Then, by Proposition 5.6.(1), 

. ah, h 4
m

h3
· m

h3

1
2 c1

h3
0

with c1 = 4m .

So, since .h0 ∈ [N−1/3, 1], 

. 
ah, hα

2

N 2

c1α
2

N 2h3
0

c1α
2

N
.

• The constant .bh, h. Consider 

. b2h, h = N sup
ϕ∈C0

E(gh,h(ϕ, X)2).

Since 

. sup
ϕ∈C0

gh,h(ϕ)2 = sup
ϕ∈C0

h(ϕ, ·),E h(X, ·)) 2
δ

sup
ϕ∈C0

E( h(ϕ, · h(X, ·) 2
δ )
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and 

. E(gh,h(X)2) = E(E( h(X1, · h(X2, ·) δ|X1)2)

E( h(X1, · h(X2, ·) 2
δ ) E sup

ϕ∈C0
h(ϕ, · h(X, ·) 2

δ ,

by Equality (5.7), Cauchy-Schwarz’s inequality and Proposition 5.6.(1), 

. b2h,h 16NE sup
ϕ∈C0

h(ϕ, · h(X, ·) 2
δ

16NE( h(X, ·) 2
δ ) sup

ϕ∈C0
h(ϕ, ·) 2

δ

c2N

h3
sh with c2 = 16m .

So, for any .θ ∈ (0, 1), since .h0 ∈ [N−1/3, 1], 

. 
bh,hα

3/2

N 2
2

θ

3m

1
2 sh

N 2h3

1
2

× 3m

θ

1
2 c2α

3

N

1
2

θ

3mN
sh + 3c2mα3

θ N
.

• The constant .ch,h. Consider 

. c2h,h = N 2
E(gh,h(X1, X2)2).

As already established, 

.E(gh,h(X)2) ∨ E(gh,h(X)2) E( h(X1, · h(X2, ·) 2
δ ). (5.8) 

Then, by Equality (5.7) and Proposition 5.6.(2), 

. c2h,h 16N 2
E( h(X1, · h(X2, ·) 2

δ )

c3N 2sh with c3 = 16m .

So, since .h0 ∈ [N−1/3, 1], 

. 
ch,hα

1/2

N 2

θ

3mN
sh + 3c3mα

θ N
.

• The constant .dh,h. Consider 

.dh,h = sup
(a,b)∈A

E

i<k

ai (Xi )bk(Xk)gh,h(Xi , Xk) ,
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where 

. A = (a, b) :
N−1

i=1

E(ai (Xi )2) 1 and
N

k=2

E(bk(Xk)2) 1 .

Since .X1, . . . , X N are independent copies of . X , 

. dh,h E(gh,h(X1, X2)2)
1
2 sup

(a,b)∈A i<k

E(ai (Xi )2)
1
2E(bk(Xk)2)

1
2

4NE( h(X1, · h(X2, ·) 2
δ )

1
2

× sup
(a,b)∈A

N−1

i=1

E(ai (Xi )2)

1
2

1

N

k=2

E(bk(Xk)2)

1
2

1

.

Then, by Inequality (5.8), 

. dh,h 4NE( h(X1, · h(X2, ·) 2
δ )

1
2 c

1
2
3 Ns

1
2
h .

So, since .h0 ∈ [N−1/3, 1], 

. 
dh,hα

N 2

θ

3mN
sh + 3c3mα2

θ N
.

Therefore, there exists a deterministic constant .c4 > 0, not depending on . N , . h
and . h, such that with probability larger than .1 − 5.4e−α , 

. 
|Uh,h|

N 2

θ

N
sh + c4(1 + α)3

θ N
.

In conclusion, with probability larger than .1 − 5.4|HN |e−α , 

. sup
h∈HN

|Uh,h0 |
N 2

− θ

N
sh

c4(1 + α)3

θ N

and sup
h∈HN

|Uh,h|
N 2

− θ

N
sh

c4(1 + α)3

θ N
.

Lemma 5.2 For every .h ∈ HN , consider 

.Vh = 1

N

N

i=1

gh(Xi )
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where, for every .ϕ ∈ C0([0, T ]), 

. gh(ϕ) h(ϕ, ·) − sh
2
δ .

Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant.c5.1 > 0, 
not depending on. N, such that for every.θ ∈ (0, 1) and.α > 0, with probability larger 
than .1 − 2|HN |e−α , 

. sup
h∈HN

1

N
|Vh − sh| − θ

N
sh

c5.2(1 + α)

θ N
.

Proof First of all, for any .h ∈ HN , note that 

. sh
2
δ δ ∞ Kh ∗ s 2

δ ∞ Kh
2 s 2

1
δ ∞ K 2 s 2

1

h
(5.9) 

and 

. E(Vh) = E( h(X, ·) − sh
2
δ )

= E( h(X, ·) 2
δ ) sh

2
δ − 2 sh,E h(X, ·)) δ

= E( h(X, ·) 2
δ ) sh

2
δ = sh sh

2
δ . (5.10) 

Now, consider 

. vh = Vh − E(Vh)

= 1

N

N

i=1

(gh(Xi ) − E(gh(Xi ))).

By Bernstein’s inequality (see Theorem 5.1), for any .α > 0, with probability 
larger than .1 − 2e−α , 

. |vh | 2vhα

N
+ chα

N
,

where 

.ch = gh ∞
3

and vh = E(gh(X)2).
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By Inequality (5.9) and Proposition 5.6.(1), 

. ch
2

3
sup
ϕ∈C0

h(ϕ, ·) 2
δ sh

2
δ

c1

h3

with c1 = 2

3
(m δ ∞ K 2 s 2

1),

and by Equality (5.10), 

. vh gh ∞E(Vh)

3c1
h3

(sh sh
2
δ )

c2

h3
sh with c2 = 3c1.

So, for any .θ ∈ (0, 1), since .h0 ∈ [N−1/3, 1], with probability larger than 
.1 − 2e−α , 

. |vh | 2
c2α

Nh3
sh + c1α

Nh3

θsh + (c1 + c2)α

θ Nh3
θsh + (c1 + c2)α

θ
.

Therefore, with probability larger than .1 − 2|HN |e−α , 

. sup
h∈HN

|vh |
N

− θ

N
sh

(c1 + c2)α

θ N

and then, by Equality (5.10), 

. sup
h∈HN

1

N
|Vh − sh | − θ

N
sh = sup

h∈HN

1

N
|vh sh

2
δ | − θ

N
sh

sup
h∈HN

|vh |
N

− θ

N
sh + 1

N
Kh ∗ s 2

δ

c3(1 + α)

θ N
with c3 = c1 + c2 δ ∞ K 2

1 s 2.

Lemma 5.3 Consider 

.Wh, h sh − sh, sh − s δ; ∀h, h ∈ HN .
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Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant.c5.2 > 0, 
not depending on. N, such that for every.θ ∈ (0, 1) and.α > 0, with probability larger 
than .1 − 2|HN |e−α , 

. sup
h∈HN

{|Wh,h0 | − θ sh0 − s 2
δ}

c5.3(1 + α)2

θ N
,

sup
h∈HN

{|Wh0,h | − θ sh − s 2
δ}

c5.3(1 + α)2

θ N

and sup
h∈HN

{|Wh,h| − θ sh − s 2
δ}

c5.3(1 + α)2

θ N
.

Proof For any .h,h ∈ HN , 

. Wh,h = 1

N

N

i=1

(gh,h(Xi ) − E(gh,h(Xi )))

where, for every .ϕ ∈ C0([0, T ]), 

. gh,h(ϕ) h(ϕ, ·), sh − s δ.

Then, by Bernstein’s inequality (see Theorem 5.1), for any.α > 0, with probability 
larger than .1 − 2e−α , 

. |Wh,h| 2vh,hα

N
+ ch,hα

N
,

where 

. ch,h = gh,h ∞
3

and vh,h = E(gh,h(X)2).

By Proposition 5.6.(1), 

. ch,h = 1

3
sup
ϕ∈C0

h(ϕ, ·), sh − s δ|
1

3
sh − s δ sup

ϕ∈C0
h(ϕ, ·) δ

c1

h3/2
sh − s δ with c1 = 1

3
m

1
2 ,

and by Proposition 5.6.(3), 

.vh,h E( h(X, ·), sh − s 2
δ ) m sh − s 2

δ .
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So, for any .θ ∈ (0, 1), since .h0 ∈ [N−1/3, 1], with probability larger than 
.1 − 2e−α , 

. |Wh,h| 2
m α

N
sh − s 2

δ + c1α

Nh3/2
sh − s δ

θ sh − s 2
δ + 2

θ

m α

N
+ c21α

2

N 2h3

θ sh − s 2
δ + c2(1 + α)2

θ N
with c2 = 2(m + c21).

Therefore, with probability larger than .1 − 2|HN |e−α , 

. sup
h∈HN

{|Wh,h0 | − θ sh0 − s 2
δ}

c2(1 + α)2

θ N
,

sup
h∈HN

{|Wh0,h | − θ sh − s 2
δ}

c2(1 + α)2

θ N

and sup
h∈HN

{|Wh,h| − θ sh − s 2
δ}

c2(1 + α)2

θ N
.

5.3.3 Basic Numerical Experiments 

In this section, some numerical experiments on the adaptive 2-bandwidths Nadaraya-
Watson of .b0 are presented for the three following models: 

(A) .Xt = 0.5 −
t

0
Xsds + Wt , 

(B) .Xt = 0.5 +
t

0
1 + X2

s ds + 2Wt , 

(C) and .Xt = 0.5 +
t

0
1 + X2

s ds +
t

0
(1 + cos(Xs)

2)dWs . 

For each model, 

. bh,h(·) = b f h(·)
fh(·)

1 fh(·)>0

is computed on .I = [−1.5, 1.5] from .N = 300 paths of the process .X observed 
along the dissection .{ T/n; = 0, . . . , n} of .[0, T ], where .n = 100, .T = 5, .K is 
the standard normal density function, .δ = 3−11I , and both . h and . h are selected 
in .{0.05 ; = 1, . . . , 6} thanks to the PCO method (see (5.2) with .v = (0, 1) and 
.v = (1, 0) respectively). This experiment is repeated.100 times, and. 5 adaptive PCO
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Nadaraya-Watson estimations of .b0 are plotted on Fig. 5.1 for Model (A) and on 
Fig. 5.2 for Models (B) and (C). On average, as for the adaptive projection least 
squares estimator of.b0 (see Sect. 4.1.4), the MISE of.bh,h is slightly increasing with 
the complexity of the model: 0.1567 (Model (A)) .< 0.1786 (Model (B)) . < 0.2666
(Model (C)). The same comment holds for its standard deviation: 0.0759 (Model 
(A)) .< 0.1531 (Model (B)) .< 0.2271 (Model (C)). This means that the more the 
model is complex, the more the quality of the estimation degrades, and it’s visible 
on Figs. 5.1 and 5.2. However, for each model, the MISE of .bh,h remains small. 

Note that Marie and Rosier [ 7], Sect. 5.3 deals with some numerical experiments 
on the leave-one-out cross-validation (looCV) method for the 1-bandwidth Nadaraya-
Watson estimator. As in the nonparametric regression framework (see Comte and 
Marie [ 4], Sect. 5), the looCV method seems numerically more effective than to 
select both . h and . h via the PCO method, but there is no theoretical guaranties on 
the associated adaptive Nadaraya-Watson estimator. 

Fig. 5.1 Plots of 5 adaptive PCO Nadaraya-Watson estimations (black dashed lines) of .b0 (red 
line) for Model (A) 

Fig. 5.2 Plots of 5 adaptive PCO Nadaraya-Watson estimations (black dashed lines) of .b0 (red 
line) for Model (B) (left) and Model (C) (right)
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