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Preface

Stochastic Differential Equations (SDEs) are very popular in applications, and statis-
tical inference for these models has been an intensively investigated research field
for many years. On estimators computed from one long-time observation of the
ergodic stationary solution of an SDE, there are already famous books, such as
Kutoyants [1] (for diffusions) and Kubilius et al. [2] (for fractional diffusions).
However, to my knowledge, there is no book on copies-based statistical inference
for such models, which is related to functional data analysis. So, following a presen-
tation on this topic to my colleagues at the Modal’X Department of Paris Nanterre
University, I decided to write the present book on the projection least squares and
Nadaraya-Watson estimators of the drift function computed from multiple short-time
observations of an SDE solution. The main purpose of this book is to show to the
reader how to extend proof techniques from nonparametric regression to the copies-
based estimation of the drift function for various usual models: SDEs driven by
Brownian motion, a Lévy process or fractional Brownian motion. The story doesn’t
stop there, because I’m already working on a second book on copies-based nonpara-
metric estimators of the drift function for more complicated models, and of the
transition density function for diffusion processes. Anyway, I hope this first book
will help the reader to become familiar with copies-based statistical inference for
SDE models.

Finally, I would like to thank my main co-author Fabienne Comte for all her
valuable comments on the manuscript.

Paris, France Nicolas Marie
2025
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Chapter 1 ®)
Introduction Check for

A Stochastic Differential Equation (SDE) is a differential equation perturbed by a
random component, defined thanks to an integral with respect to a stochastic process
such as Brownian motion, a jump process and fractional Brownian motion. When
the driving signal is Brownian motion, the stochastic integral is taken in the sense of
16, and the solution of the SDE is a diffusion process (see Revuz and Yor [1]). These
are widely used to model random dynamical systems in applications: the prices of a
risky asset in mathematical finance (see Lamberton and Lapeyre [2]), the elimination
process of a drug in pharmacokinetics (see Donnet and Samson [3]), the membrane
potential of a neuron (see Bachar et al. [4]), etc. So, in order to fit stochastic differen-
tial equations driven by Brownian motion on data in all these applications, one uses
statistical inference for diffusion processes, which has been an intensively investi-
gated research field for many years. Precisely, from continuous-time observations,
the drift function by of the SDE needs to be estimated. Until the end of the 1990s, all
the estimators of by were computed from one long-time observation of the ergodic
stationary solution of the SDE. More recently, new kinds of estimators of the drift
function have been investigated: those computed from multiple short-time observa-
tions of the diffusion process. In both approaches, the estimators of by studied in the
literature are derived from simpler estimators involved in the (non)parametric regres-
sion framework: the maximum likelihood estimator, the (projection) least squares
estimator, kernel-based methods, etc. In some situations, Brownian motion is not
the appropriate driving signal, for instance to model the prices process of a risky
asset when jumps may occur, or to model its volatility process whose memory and
path regularity may differ from those of a diffusion process. Such random dynamical
systems are modeled by stochastic differential equations driven by a Lévy process
(see Applebaum [5]) or by fractional Brownian motion (see Friz and Victoir [6]).
Here again, long-time behavior-based estimators and copies-based estimators of b
have been investigated in the literature, but additional difficulties need to be man-
aged, especially when the driving signal is fractional Brownian motion, which is not a
semi-martingale when its Hurst parameter differs from 1/2. This book deals with two
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2 1 Introduction

types of copies-based estimators of the drift function: the projection least squares
estimator for both diffusion processes and stochastic differential equations driven
by a Lévy process or by the fractional Brownian motion, and the Nadaraya-Watson
kernel-based estimator for diffusion processes.

Let X = (X;)/er, be the diffusion process defined by

t t
X, =xo+/ bo(Xs)ds+/ o(X)dW;t € Ry, (1.1)
0 0

where xop € R, W = (W,);cr, is a Brownian motion, and by, 0 € C '(R) have
bounded derivatives in order to ensure the existence and the uniqueness of the (strong)
solution of Eq. (1.1).

As mentioned above, the oldest kind of (nonparametric) estimators of the drift
function by is based on the long-time behavior of the solution of Eq. (1.1). Precisely,
they are computed from one observation of the ergodic stationary solution of Eq. (1.1),
which exists and is unique under the following conditions on by and o':

3d >0,3¢ > 0,3R >0:Vx € R, x| > R = xbo(x) < —clx|**"  (1.2)

and
e, A>0:VxeRa<|ox)| <a+ A. (1.3)

The reader may refer to Hoffmann [7] on a discrete-time wavelet-based estimator,
to Kutoyants [8], Chap. 4 or Dalalyan [9] on continuous-time kernel-based estimators,
to Comte et al. [10] on a discrete-time projection least squares estimator, etc. Note
that b satisfies (1.2) when by(0) = 0 and

Je > 0:Vx € R, bj(x) < —c. (1.4)

Indeed, for x > 0 (resp. x < 0), by the mean value theorem and since by (0) = 0,
there exists # € (0, x) (resp. u € (x, 0)) such that by(x) = b (u)x, leading to

xbo(x) = x*by(u) < —cx?.

So, for instance, it is clear that the drift and volatility functions of the so-called
Langevin equation d X, = —6X,dt + dW, with 6 > 0 satisfy (1.2)—(1.3). But what
about the estimation of & when it belongs to (—oo, 0)? To answer this question, and
many others, a new kind of estimators of by has been investigated since several years:
those computed from N copies X L., XV of X observedon [0, T]with T > O fixed
but N — oo. The major part of the literature deals with estimators based on indepen-
dent copies of X (see Comte and Genon-Catalot [11] on a continuous-time projection
least squares estimator, Denis et al. [12] on a discrete-time nonparametric ridge esti-
mator, Marie and Rosier [13] on both continuous-time and discrete-time versions of
a Nadaraya-Watson estimator, etc.). However, some recent papers are also devoted
to estimators based on dependent copies. For instance, Della Maestra and Hoffmann
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[14] deals with a continuous-time Nadaraya-Watson estimator in interacting particle
systems, and Comte and Marie [15] deals with a projection least squares estimator
computed from multiple copies of X driven by correlated Brownian motions.

With copies-based estimators, the drift function by doesn’t need to satisfy (1.2),
and for instance, 6 may be negative in the previous Langevin equation. Moreover,
these estimators are well-adapted to some situations difficult to manage with long-
time behavior-based estimators:

e Assume that X models the elimination process of a drug administered to one
people, and assume that in a clinical-trial involving N patients, X’ models the
elimination process of the same drug for the i-th patient. Then, X Lo XY are
independent copies of X and the second kind of estimators of by is tailor-made in
such situation.

e Consider N interacting risky assets of same kind such that the prices pro-
cess X' of the i-th asset is modeled by dX! = by(X!)dt + o (X!)dW/, where
W', ..., WV are correlated Brownian motions (see Duellmann et al. [16]).
Although X!, ..., X" are not independent, the second kind of estimators of by
remains appropriate in this situation. In order to provide a very simple example
of copies-based parametric estimator of by in this financial setting, assume that
dX! = 6pXidt + X!dW/, and that

d(W', W5, = Ri;dt; Vi ke {1,..., N},

where R is a N x N correlation matrix. For every ¢ € [0, T],
i Yioo s i 1 i
X; =xpe”" with Y, = 9—5 4+ W

A natural estimator of 6 is given by

11 1 &
Oy=-+—Y Y =6+ — i
N 2+NTZT 0+NT§WT’

i=1

and its quadratic risk is easy to compute

N
o~ 1 , .
E(@y — 00 = 505 | 2EAWTIP) + 3 W Wr)
i=1 i#k

1 1 5
=57 (1 + N%Ri,k) ~ 0 when isz,-,k oy OV
1 1

Finally, from one path of the solution X to Eq. (1.1) observed on R, which seems
to be a situation only appropriate for long-time behavior-based estimators of by, one
can construct N independent copies of X|jo,7; when by and o satisfy (1.2)—(1.3). To
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that purpose, consider the stopping times 7y, ..., Ty recursively defined by t; = 0
and

=inf{t >, 1 +T:X,=xp};i=2,...,N

with the convention inf () = oo. Since by and o fulfill (1.2)—(1.3), the scale density

B by(x)
s(-) = exp (—2/0 G(X)de)

0 [ee)
/ s(x)dx = / s(x)dx = o0,
—00 0

and then X is a recurrent Markov process by Khasminskii [17], Example 3.10. So,
foranyi € {1,..., N}, P(t; < oo) = 1, and one can consider the processes

satisfies

Wi = (W‘r;-H - Wr,)ze[O,T] and X' = (X‘[;-H)te[().T]-

Since W', ..., WV are independent Brownian motions by the strong Markov

property, and since
X' =T(xo, W) Vie{l,...,N},

where Z is the solution map for Eq. (1.1); X!, ..., XV
Xjjo,71-

Our book focuses on copies-based continuous-time nonparametric estimators of
by. Note that for continuous-time observations, to determine the volatility function
o is not a statistical problem. Indeed,

are independent copies of

(X), = / o(X,)%ds; vVt € [0, T1,
0

and since X has continuous paths, there exists a random interval / of R such that for
any x € I, one can find #(x) € [0, T'] satisfying X,(,) = x, leading to

1

2
z_t(x)>

The estimators of by based on copies of the solution of Eq. (1.1) are derived
from simpler estimators involved in nonparametric regression. So, consider the i.i.d.

d

E<X)[

o(x) =0(Xx) = <

random variables (£;, Y;), ..., (§y, Yx) such that, forevery i € {1, ..., N},
Yi =bo(§) + i, (1.5)
where theerrors ey, . . ., ey are centered and independent of &, . . . , £y. There are two

extensions of the so-called (parametric) least squares estimator to the nonparametric
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regression framework, and then to the copies-based estimation of the drift function for
diffusion processes: the projection least squares estimator and the Nadaraya-Watson
estimator.

The projection least squares estimator. Let (¢, ..., ¢,) be an I-supported
orthonormal family of L*(R, dx), where m € {1,..., N} and I is an interval of
R. Consider also S,, = span{g;, ..., ¢,}, and assume that the ¢;’s are continuous

on /. Itis natural to estimate b, (on /) by the element of S, minimizing the objective
function y4S- defined by

| N 1 al
Y (b) = N Z(Yi —bE)) = yib) + N Z Yz,
— i=1

where

r 1 Y
yi(b) =~ ) (b(E)’ = 2b(E)Y) foreveryb € ..

i=1

The objective function y S is a natural extension of the (parametric) least squares
criterion. Note also that to minimize yy* or y% on S, is equivalent because
ya'S(b) — v (b) doesn’t depend on b € S,,. This remark is crucial because y3 can
be easily extended to the estimation of by from copies of the diffusion process X,
but not y3-=.

Now, assume that m € {1,..., Ny} with Ny = [NT]+ 1, and let yy be the

objective function defined by
N

1 T ) T . .
ywb) = — / b(X!)ds — 2/ b(X)H)dX');Vb e S,.
NT =\, s A . .

Let us show that yy has a unique minimizer in S,,. For b = Z'}Ll 0jp; with
91,...,9,” ER,

7 N T . . T . .
vmza):(ﬁz[ /0 0, (XDb(X!)ds — /0 soj(Xé)dXéD

i=1

where 0 = (04, ...,6,), @m = ({(¢j, 9e)n) e (-, )~ s the empirical inner product
defined by

1 a r i i
Iy = ; /0 o(XD) Y (X)ds
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and
_ 1 T o
Zy=|— E (XHdX!
(NT i—1/0 £ s)

The symmetric matrix W,, is positive semidefinite because, for every x € R™,

jell,...m)

1 N T m 2
T = ﬁ;/o ;xjgoj(x;) ds > 0.

If in addition @m is invertible, it is positive definite, and then
bu=Y Oip; with §=0,'Z, (1.6)
j=1

is the only minimizer of yy in S, called the projection least squares estimator of by.

On the projection least squares estimator, see Comte [ 18], Chap. 4 in the nonpara-
metric regression framework and, as mentioned above, see Comte and Genon-Catalot
[11] (resp. Comte and Marie [15]) in the independent (resp. dependent) copies of
diffusion processes framework.

The Nadaraya-Watson estimator. Let K be a kernel, that is an integrable and
symmetric function such that

/OO Kx)dx =1,

and consider K, (-) = K(-/h)/h with h > 0. In order to extend in a second way the
(parametric) least squares criterion to the nonparametric regression framework, let
us consider the objective function Gy (x, -) (x € R) such that

1 N
Gy, B) = = > (Vi = By’ Kn(& —x); VB € R.
i=1

Clearly,
o) N
Gy (x, B) === > (Vi = BYKn(E — ),
i=1

and then the minimizer of Gy (x, -) is
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K& —x)Y;

M=

bi(x) =
Kp(& —x)

e

i=1

The random function 79\,5 PX > /b\; (x) is the Nadaraya-Watson estimator, of
bandwidth %, of the regression function by in Model (1.5).

When o satisfies (1.3), for every ¢ € (0, T'], the probability distribution of X, has
adensity f; with respect to Lebesgue’s measure such that 7 — f;(x) (x € R) belongs
to L' ([0, T], dt) (see Menozzi et al. [19], Theorem 1.2). This legitimates to consider
the density function f defined by

1 T
fx) = / fi(x)ds; Vx e R,
T — o I

where #y € [0, T'). Let us now introduce a Nadaraya-Watson (type) estimator of by
computed from copies X!, ..., XV of the diffusion process X:

~ bf

By = 209 e r, (1.7)

Sn(x)

where

N T
P 1 .
Fn(x) = ——— E / K, (X — x)ds is an estimator of f(x)
UTNT - =),

and

— 1
bf,(x) = m

N T
2/ Ky (X, —x)dX; 1is an estimator of by (x) f (x).
i=1 7
By calculating the expectation of the denominator and that of the numerator of
Nadaraya-Watson’s estimator, one can roughly show that it seems to be an appropriate
estimator of by. Indeed, for every x € R,

~ 1 r
E(fa(x)) = T _tO/ E(K,(Xy — x))ds

| Kie-0r@dz = Hw — 1w

o0
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and, since Itd’s integral with respect to the Brownian motion is centered,

— 1 T
E@f,(x) = TTtof E(Kn(Xs — x)bo(X,))ds

= / Ki(z = x)bo(2) f(2)dz = (K * (bo ) (x) ——> bo(x) f (x).

oo

On the Nadaraya-Watson estimator, see Comte [ 18], Chap. 4 in the nonparametric
regression framework and, as already mentioned, see Marie and Rosier [13] in the
independent copies of diffusion processes framework.

As mentioned above, Eq. (1.1) is well-adapted to model many random dynamical
systems in applications. However, in some situations, the Brownian motion is not
the appropriate driving signal:

e The solution of Eq. (1.1) has continuous paths, which is (for instance) not appropri-
ate to model the prices of a risky asset when jumps resulting from market crashes or
gaps may occur (see Cont and Tankov [20]). In order to model random dynamical
systems with jumps, an additional component is required in Eq. (1.1):

t
X; =)C()+f bo(Xx)dS—Ff
0 0

where 3 = (3;)cr, is (for instance) a compensated compound Poisson process
independentof W,and y : R — Risabounded Lipschitz continuous function. The
reader may refer to Applebaum [5] on the stochastic calculus for jump processes,
and to Schmisser [21] (resp. Halconruy and Marie [22]) on a long-time behavior-
based (resp. copies-based) projection least squares estimator of the drift function
for stochastic differential equations driven by a Lévy process.

e The Brownian motion is a Markov process with «-Ho6lder continuous paths for
every « € (0, 1/2), which is (for instance) not appropriate to model the volatility
of a risky asset (see Comte et al. [23] and Gatheral et al. [24]) and questionable
in population pharmacokinetics (see Delattre and Lavielle [25] and Marie [26]).
A way to control both the memory and the paths regularity of the solution X of
Eq. (1.1) is to replace W by the fractional Brownian motion, that is a centered
Gaussian process B = (B;);er, such that

t

t
o (Xs)dW; +/ y(Xs)d3s;t € Ry,
0

1
E(B,B,) = 5(s2H + 28—t — 5| Vs, t € Ry,

where H € (0, 1). Indeed, the Hurst parameter H controls the memory of B, which
exhibits long-range dependence when H > 1/2, and the regularity of its paths in
the sense that B has a-Holder continuous paths for every o € (0, H) (see Fig. 1.1).
Unfortunately, B and (then) X are not semi-martingales when H # 1/2. So, it is
not possible to integrate with respect to X in the sense of 1t6, and then to provide
simple extensions of estimators as those defined by (1.6) or (1.7) to the fractional
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diffusions framework. One can consider the pathwise integral (see Friz and Victoir
[6]), which has a role to play but not for statistical purposes because there is no
sharp enough control of its moments, or the Skorokhod integral (see Decreusefond
[27] and Nualart [28]), which is tailor-made to establish risk bounds on estimators
but is not directly computable from an observation of X. However, as detailed in
Sects. 4.2.2 and 4.2.3, there is a fixed point strategy to compute some copies-based
estimators involving the Skorokhod integral. Since to establish theoretical results
on (nonparametric) estimators of the drift function for fractional diffusions is a
difficult challenge, the volatility function is assumed to be constant in almost all
the publications:

t
X =x¢ +/ bo(Xs)ds + 0Byt € Ry,
0

where o € R*. The reader may refer to Saussereau [29] and Comte and Marie
[30] (resp. Comte and Marie [31] and Marie [32, 33]) on long-time behavior-
based Nadaraya-Watson (resp. copies-based (projection) least squares) estimators
of the drift function for fractional diffusions.

Let us say few words about copies-based estimation for fractional diffusions in
population pharmacokinetics and in mathematical finance. On the one hand, as
mentioned in Delattre and Lavielle [25], the paths of a diffusion process are a
little too rough to realistically model the elimination process C of a drug. In
order to bypass this difficulty, as suggested in Marie [26], one could model C by
a fractional diffusion of Hurst parameter close to 1. Since multiple independent
observations are usually available in population pharmacokinetics, this legitimates
to investigate the copies-based statistical inference for fractional diffusions. On
the other hand, in the spirit of Comte et al. [23], to model the volatility process o
of a risky asset by a fractional diffusion of Hurst parameter larger than 1/2 allows
to take into account the persistence-in-volatility phenomenon. In practice, the
independent-copies-based observation scheme is unrealistic for . However, for
a fractional non-autonomous extension of the Wiggins stochastic volatility model
(see Wiggins [34]), Example 4.2 provides a strategy to construct low correlated
copies of o from one long-time observation.

Finally, the price to pay for considering functional estimators of by is that some
tuning parameters need to be selected from data in practice. For the projection least
squares estimator i)\m , the tuning parameter is the dimension m of S,,,. In order to select
m in a finite subset My of {1, ..., Ny}, one can minimize m > yN(Em) + pen(m)
in My, where pen(m) is of same order as the variance term in the nonadaptive
risk bound on the projection least squares estimator of by (see Massart [35] on
model selection). For s, = fh or bf f,,, the tuning parameter is the bandwidth /4. In
order to select £ in a finite subset Hy of [Ag, 1] with ko € (0, 1), one can minimize
R IS — S|l 24 pen(h) in H y, where pen(#) is of same order as the variance term
in the nonadaptive risk bound on’s;,. This is the penalized comparison to overfitting
(PCO) method introduced by C. Lacour, P. Massart and V. Rivoirard in [36].
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Fig. 1.1 Plots of one path of the fractional Brownian motion for H = 0.2 (left) and H = 0.8 (right)

Chapter 2 is a detailed reminder on nonparametric regression. Chapter 3 deals
with risk bounds and model selection for the projection least squares estimator of by
defined by (1.6). Both the case of independent and the case of dependent copies of
the solution of Eq. (1.1) are investigated. For the reader comfort, brief reminders on
It6’s integral and symmetric random matrices are provided. To go further, Chap. 4
deals with the projection least squares estimator of the drift function for stochastic
differential equations driven by a jump process first, and then by a fractional Brownian
motion. Again, brief reminders on the stochastic integral with respect to a jump
diffusion process and on Skorokhod’s integral with respect to the fractional Brownian
motion are provided. Finally, Chap. 5 deals with risk bounds and bandwidth selection
for the Nadaraya-Watson estimator of by defined by (1.7). Precisely, Sect. 5.3 is
devoted to the penalized comparison to overfitting bandwidth selection method, in a
general framework first, and then applied to our Nadaraya-Watson estimator.

To conclude the introduction chapter, up to our knowledge, this book is the
first one dealing with copies-based statistical inference methods for diffusion pro-
cesses. Such methods are related to the functional data analysis (see Wang et al.
[37]) and allow to consider non-ergodic diffusion processes. As mentioned above,
the copies-based estimators may be computed from one long-time observation of
an ergodic diffusion process, but are also tailor-made for applications where only
multiple short-time observations are available. This book focuses on two kinds of
copies-based nonparametric estimation methods of the drift function: the projection
least squares estimator and a kernel-based estimator. Note that other copies-based
statistical methods for SDE, as classification procedures (see Denis et al. [38]),
have been investigated but are out of our scope. Another purpose of this book is
to consider stochastic differential equations driven by a Lévy process or by the
fractional Brownian motion, because such models are widely used in applications,
especially in mathematical finance. Finally, having in mind possible applications
of the aforementioned estimation methods in Machine Learning, when possible,
data-driven procedures are provided.
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Notations (general)

For every d € N*, the Euclidean norm on R¢ is denoted by ||.|/2.4.

For every function ¢ : R — R, |¢|l = supg |@|.

The space of the continuous functions from an interval J of R into R is denoted
by C(J).

The space of the continuously differentiable functions from an interval J of R into
R is denoted by C'(J).

The space of the integrable (with respect to Lebesgue’s measure) functions from
an interval J of R into R is denoted by L' (J, dx).

The space of the square integrable functions from an interval J of R into R is
denoted by L2(J, dx).

The usual inner product (resp. norm) on L?(R, dx) is denoted by (-, -) (resp. ||.]).
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Chapter 2
Nonparametric Regression: A Detailed e
Reminder

This chapter deals with risk bounds on the Nadaraya-Watson estimator and on the
projection least squares estimator of by in the nonparametric regression framework
(see Model (1.5)). Although nonparametric regression is not the main topic of our
book, instructive sketches of proof with the appropriate references are provided.
Section 2.1 deals with kernel-based estimators of the common density £ of the &;’s
and of by £, and then with the Nadaraya-Watson estimator of by. Section 2.2 deals with
the projection least squares estimator of by. Adaptive versions of these estimators are
studied. In particular, beyond the nonparametric regression framework, Sect.2.1.2
presents the recent penalized comparison to overfitting method introduced by Lacour
etal. [1].

2.1 Nonparametric Density Estimation
and the Nadaraya-Watson Estimator

Consider
| X
See() =+ ;K@i, )Y x €R,
where (¢, Y1), ..., (En, Yy) are N independent copies of a random variable (&, Y),

£:R — R is a Borel function and K is a symmetric continuous map from R? into
R. This is an estimator of the function s : R — R defined by

s(x) = E({(X)|§ = x)£(x); Vx € R,

where £ is the density with respect to Lebesgue measure of the probability distribution
of £. In the sequel, £, s € L2(R, dx) and, for the sake of simplicity, Sk ¢ is almost
always denoted by k.
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Note that

o0

EGx() = EX(E, V)EWD)E) = / K(z, -)s(z)dz,

—0Q0

which must be as close as possible to s in L2 (R, dx). So, with the notations of Chap. 1,
two examples of appropriate symmetric continuous maps from R? into R are given by

Ky : (z,x) € R —> K;,(z — x) 2.1)
because
o0 H_,2
mewmm=mmno;pu
and by
Kp i (2,%) € RZ — Y ;(2)g; (x) 22)
j=1
because

| Rz = 600,00 55 S0

00 =1

If ¢ = 1 and K is of type (2.1) (resp. (2.2)), then Sk is the Parzen-Rosenblatt (resp.
a projection) estimator of the density function £ (see Comte [2], Chaps.2 and 3). If
£(y) = y for every y € R, and if (&1, Y1), ..., (Ey, Yy) satisfy (1.5), then 5 is an
estimator of by £, and

by = ,\—Z is the Nadaraya-Watson estimator of by.

In Sect.2.1.1, a risk bound on 5k is provided for K fixed. Section2.1.2 deals with
the penalized comparison to overfitting kernel selection method and a risk bound on
the associated adaptive estimator.

2.1.1 Nonadaptive Risk Bounds

Let Ky be a set of symmetric continuous maps from R? into R, of cardinality less
or equal than N, fulfilling the following assumption.

Assumption 2.1 There exists a constant mg > 0, not depending on #n, such that

1. Forevery K € Ky,

sup [K(z, )[I> < mgN.
zeR
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2. Forevery K € Ky,
”SKZH m?{a

where

sgo(1) = EGre(-) = E(K(E, )E(Y)).
3. Forevery X, L € Ky,
E((K(&, -), L(&, )€(Y2))?) < mgS, e,

where

Sre = E(ILE M),

4. ForeveryK € Ky and ¢ € L2(R, dx),

E((K(E, ), ¢)*) < myclgll”.

In the sequel, the elements of Ky are called kernels and, for the sake of simplic-
ity, sx ¢ (resp. Sk ¢) is almost always denoted by sk (resp. sx). The two following
propositions provide examples of kernels sets.

Proposition 2.1 Consider
K (hmin) = {(z, x) > Kp(z —x); h € H(hmin)},

where huyin € [N7', 11 and H (hmin) is a finite subset of [hmin, 11. The kernels set
K (hmin) fulfills Assumption 2.1 and, for every K € K (hmin),

- _ IRIPEC®)®)
=

See Halconruy and Marie [3], Proposition 2.2 for a proof.

Proposition 2.2 Consider
Ky (M) = 1 (2,0) > Y 0@ ()i m € {1, M} ¢
j=1

where mmax € {1,..., N} and By = (@1, ..., @n) is an I-supported orthonormal
family of L*(R, dx). If there exists a constant ¢, > 0, not depending on N, such that

supz%(x) c m;Vm € {1,..., N},

er
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then the kernels set Kg, (Mmax) fulfills Assumption 2.1 and, for any K € Kg,, (1 max),
5k < GE(LY) )m.

See Halconruy and Marie [3], Proposition 2.3 for a proof.
In particular, a risk bound on 5k can be derived from the following theorem, which

is the main result of this section. Theorem 2.1 is also crucial in order to establish a
risk bound on the PCO (adaptive) estimator in Sect.2.1.2.

Theorem 2.1 Under Assumption 2.1, if
Jo > 0: E(e*"'™M) < oo, (2.3)

then there exists a constant ¢y > 0, not depending on N, such that for every 6 €
0, 1),

~ Sk log(N)?
E( sup {I5x —sl> — (1+6) (IIs —s||2+—> < @l .
<K€‘7(N{ " } K N ON

Sketch of proof. For a detailed proof of Theorem 2.1, see Halconruy and Marie [3],
Theorem 2.8.

Step 1. For every K € Ky,

Uk x Vk
N2 + N’

(2.4)

-~ 2
sk — sxll” =

where
Ug1 = Z<K(‘§i’ V(Y;) — sx, L&, )E(Yx) — s.); VK, L € Ky
ik
and

1 N
Vi = o D IR e — s’ VK € K.

i=1

On the one hand, thanks to the concentration inequality for U-statistics of Houdré
and Reynaud-Bouret [4], there exists a constant ¢; > 0, not depending on N, such
that for every 6 € (0, 1),

U 0 log(N)’
E( sup {l K’f' — —EL} < o o2V (2.5)
cro, | N2 2N ON

On the other hand, thanks to Bernstein’s inequality, there exists a constant ¢; > 0,
not depending on N, such that for every 6 € (0, 1),
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Ve 1 0\ _ log(N)?
E| sup {———<1+—>s} <c . (2.6)
[KE«N N N AR *TON

Therefore, by Equality (2.4) together with Inequalities (2.5) and (2.6), there exists
a constant ¢3 > 0, not depending on N, such that for every 6 € (0, 1),

" 1+6 log(N)?
E(sup {usK — sl - L;}) <o °g9(N) . 2.7)

KeKy N
Step 2. For every K € Ky and 0 € (0, 1),
" 5
IS — slI> = (1 +0) (nsK — sl + ﬁ>

0_
Sk + 2Wix — Olsx — s, (2.8)

o~ 2
= |Isx — sxll” —

where
Wi = (5x — sx. 51, — 5); VK, L € K.

Thanks to Bernstein’s inequality, there exists a constant ¢4 > 0, not depending on
N, such that for every 8 € (0, 1),

log(N)*
E( sup {[2Wk,| —Ollst —s||2}> < 6 g@N . (2.9)
K,LeKy

The conclusion comes from Equality (2.8) together with Inequalities (2.7) and
(2.9).
Let us conclude this section with some remarks about Theorem 2.1:

e As mentioned above, a risk bound on the estimator §x can be derived from
Theorem 2.1: for every K € Ky and 8 € (0, 1),

E(I5x — sII*) < (140) |lsx — s>+ (1 + 0)5xN ' +¢210 " log(N)’N~".
— ~——

Integrated risk Squared bias ~Variance Negligible remainder

For instance, if K is of type (2.2), then

2 . 2
llsx — slI” = min ||z — s]|
€S,

n

and sy is of order m by Proposition 2.2, leading to

=~ 12y < i a2 5
E(l[sx — sl )ngl T — sl +N for m € {log(N)°, ..., N}.
TES,
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e Assume that £ = 1 and K is of type (2.1):
K(z,x) = Ki(z — x); ¥(z, x) € R,

First, 5k is of order 1/ h by Proposition 2.1. Now, assume that x > x?K (x) belongs
to LI(R, dx), and that £ fulfills the Nikol’skii condition: there exists a constant
¢; > 0 such that, for every 6 € R,

/oo(f(e +x) — £(x))%dx < 6%

Then, by Jensen’s inequality,
oo oo 2
s =5 = 1&g =2 = [ ([~ K@t 40 - enaz) ax
—00 —00

< /Oo K(2) /oo(f(hz +x) — £(x))%dxdz < cth/oo 22K (2)dz.

—00

So, by Theorem 2.1, there exists a constant ¢; > 0, not depending on N, such that

1 1 1
5 — 2 < /R — i he|—, ——|.
e = £l °2< +Nh) or [N log(N)S]

Therefore, the bias-variance tradeoff is reached by (the risk bound on) 5x when A
is of order N~1/3, leading to a rate of order N —2/3_ However, in practice, h needs
to be selected from data because ¢; depends on £ (which is unknown).

e In Theorem 2.1, the condition (2.3) may appear too demanding. However, Y sat-
isfies (2.3) in the density estimation framework (i.e., when £ = 1), or in the non-
parametric regression framework when Y has a compactly supported distribution
or a Gaussian one (by Fernique’s theorem).

2.1.2 Kernel Selection: The Penalized Comparison
to Overfitting Method

This section deals with a risk bound on the (adaptive) PCO estimator 5z, where

R = arg min {[[$x — 5, 1> + pen, ()}, (2.10)
KeKy
with Ky an overfitting kernel in the sense that

Ko = arg max {sup |K(x, x)| ¢,
KeKy xeR
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and

pen,(K) =

o) N
27 DK ). Ko(&, )Y VK € K.
i=1

In the PCO (kernel selection) criterion (2.10), the overfitting loss K — |[sx — Sk, 1%,
which models the risk to select K € K too close to Ky, and then to excessively
degrade the variance of S, is penalized by pen,(K) which is of same order as the
variance term in Theorem 2.1. The PCO method has been introduced by C. Lacour, P.
Massart and V. Rivoirard in [1] for £ = 1 and Ky = Kk (hmin) (see Proposition 2.1).
For this kernels set,

Ko(z,x) = K., (z — x); Vx,z € R,

and for Ky = Kg,, (mmay) (see Proposition 2.2),

Mmax

Ko(z.%) = Y 9;(2)g;(x): ¥x,z € R.

j=1

In the sequel, in addition to Assumption 2.1, the kernels set K}y fulfills one of the
two following assumptions.

Assumption 2.2 There exists a constant mg > 0, not depending on N, such that

E( sup (K(§, ')sSL>2> < My
K,LeKy
Assumption 2.3 The function s is bounded, and

Mg = sup{||K(z, -)II%; K e Ky ,z€R} doesn’tdepend on N.

Under Assumption 2.3, Ky fulfills Assumption 2.2. Indeed,

IE( sup (K(E, ->,sL>2)

K,LeKy
< ( sup ||SL||io) E ( sup [K(§, -)||%)
LeKy KeKn

e} 2
<ﬁwsup{</ IL(Z,x)s(x)Idx) ; Le‘KN,zeR}gﬁgKHsHio.

o0

Let us make some remarks about Assumptions 2.2 and 2.3:

e For instance, s = byf is bounded in the linear regression model with Gaussian
inputs. So, to assume that s is bounded is not that demanding.
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e For every K € K (hmin), there exists & € H (hy;n) such that

K(z,x) = Kj(z —x); Vx,z € R,

and then ||K(z, -)||; = ||K||; for every z € R. So, the kernels set Ky (hnin) fulfills
Assumption 2.3 with Mg = || K ||3.
e Consider 1, r € R satisfying 1 < r, and assume that By = (¢1, ..., ¢y) 18

the [1, r]-supported trigonometric basis such that, for every x € R and j € N*
satisfying 2j + 1 < N,

@1(x) =,/ : 1, (x),
r—1
2 . Cx— 1
P2j+1(x) =4/ i (2771 ﬁ) 111 ¢ (x) and
[ 2 x—1
©j(x) = r_1cos <2n]r_1>1[ 1, r(x).

Then, the kernels set K, (mmax) fulfills Assumption 2.2 but not Assumption 2.3.
See Halconruy and Marie [3], Proposition 3.6 for a proof.

The following theorem, which is the main result of this section, provides a risk
bound on the PCO estimator 53.

Theorem 2.2 Under Assumptions 2.1 and 2.2, if Y satisfies (2.3), then there exists
a constant ¢y, > 0, not depending on N, such that for every 6 € (0, 1),

N . R . log(N)?
E([[5z — s1%) < (1 +6) min E([5x — 5] + == (usKo s+ =),
KeKy 0 N

Sketch of proof. For a detailed proof of Theorem 2.2, see Halconruy and Marie [3],

Theorem 3.2

Step 1. By following the same line as in the proof of Theorem 2.1, there exists a
constant ¢; > 0, not depending on N, such that for every 6 € (0, 1),

5 1 log(N)’
E sup{||sK—s||2+—K— ||sK—s||2} <o
ReKy N 1-6 6(1 —6)N

This inequality together with Theorem 2.1 provide a two-sided relationship
between
IS — sl and [lsx — s]I*; K € K.
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Step 2. First,
-~ _ 2 e 2 ~ _ 2 2(:_/\ ~
sz — slI° = sz SKOH + ||SK0 s|I© 4+ 2(sz SKos SKo s),
and, for any K € Ky,
153 — koI < I5x — 3k, I + peny (X) — peny(R) by (2.10)

= |I5x — slI? + 2k — 8,5 —Fxy) + lIs — Fo 1> + peng (K) — peny ()

= |5k — sII? + 2(5x — Fkg» 5 — ko) — lIs — S 1> + peng (K) — peny ®).

Then,

5% = sI> < 5% — 511> + 2(5x — Sxpr § — 5x,)
+ pen, (K) — pen, (K) + 2(5z — Sx,» 5k, — §)
= ||§K - 5”2 +Pen(z(K) - Peng® + 26\? _&\K:E\Ko —5)
=I5k = sl = ¥ (®) + ¥ ®), @.11)

where
V() =2(s — 5,5 —5) — pen,(-).

Now, let us rewrite v (-) in terms of U x,, W_x, and Wy, . For any K € Ky,

V(K) = 2(5x — sx + 5x — S’TY\KO — Sg, + 85, — ) — pen,(K)
= 2(Sx — Sk, Sx, — Sx,) — pen,(K)
+2 (Wi g, + Wgox + (g — 5, 5%, — 5))

=:13(K)
2U.
=293(K) + — 5
1 N
42 <ﬁ i;(K(s,-, VECT) — sz Kol V(YY) — sgq) — pe";““)

=12 (K)
and, by the definition of pen, (K),

1 (& . N . 1
Va(®) = — 373 (;m(s', D) € + D (Ko (&), sKWY,-)) + 5 52,52,

i=1

UK,K()

V() =201 () + ¥2(K) + ¥3(K)) with Y (K) = —7=.
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Step 3. Consider K € Ky and & = K or K. By controlling E(|/;(f)|) thanks to
Inequality (2.5), E(|1»(R)|) thanks to Assumptions 2.1.(2) and 2.2, and E(|y3(R)])
thanks to Inequality (2.9), there exists a constant ¢, > 0, not depending on N and R,
such that for any 6 € (0, 1),

s 5
Bp D) < 08 (s =517+ 55 )+ (5 + 2 ) ey —s1P + 50

N 2 0 ON
So, by Step 1,
6 ~ 2
E(ly(R)) < mﬂﬂ(llm =59
6 2 ) ¢ @) log(N)’
-+ — - — . 2.12
+<2+9)||sxo s| +(1_9+9> e @12

By Inequalities (2.11) and (2.12), there exists a constant ¢3 > 0, not depending
on N, K and 6, such that

1-6 1-6

[} 2, log(Vy
+- (nsKo e

(1 - i) E(5k — 519 < (1 + i) Bk — 1)

and, by taking 6 € (0, 1/2), the conclusion comes from Theorem 2.1.

Notation. Consider 1, r € R such that 1 < r. For every ¢ € L?(R, £(x)dx),

lollerr = (/ (p(x)zf(x)dx>2 Vo € L3R, £(x)dx).
1

Now, assume that £(x) > m for every x € [1, r] (m € (0, 1]). Assume also that
£(y) = yforevery y € R,andthat (&, Y1), ..., (§n, Yu) satisfy (1.5). The following
corollary provides a risk bound on the adaptive 2-kernels Nadaraya-Watson estimator

. D) = SR, (x)

= I% niX € [17 r]7
Salr) 7

where K and T are both selected in Ky via the PCO method.

Corollary 2.1 Under Assumptions 2.1 and 2.2 for both £ and 1, if £ and b} £ are
bounded, and if Y satisfies (2.3), then there exists a constant ¢;1 > 0, not depending
on N, 1 and x, such that for every 6 € (0, 1),
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E(lbzz — boll%, ) < [(1 +6) min {E(|Sx.c — bo£l*) +E(IS,1 — £1°)

®K.LeX

! log(N)’
*a (”SW = boEIP + s = £17 + == )1,

where

. o~ o~ 2
K = arg min {|[sx ¢ — Sx,,¢[|” + pen,(K)}
KeKy

and T = arg min {|[sy, 1 — 5x,.11* + pen, (L)}
LeKy
Proof First of all,

_ S0 — bof 1
bgs — by = <HT + (T - —) bof) 15 =2 — bols, (<2
ST T,1 f

Then,

bz s — 0” £ 1, r—||b01¥L1()< ” £,1,r

2.0 — bof 11 :
+ ‘ (Ke,\—o + <A— - —) bof> S ()=
ST ST i £,1,r
Moreover, for any x € [1, r], since £(x) > m, for every w € {531 (-) < m/2},

-~ —~ m m
|£(x) =s2.(x, @) 2 £(x) =521 (x, 0) >m — =

2 2
8 2
e1r S alRe = Dokl

8
+ W”(f - l)bO”f 1 T 2100L1s0)—5:, ()2 ”f 1r

N

—82 f Oo(?m — bo£)(x)* £ (x)dx
m —0o0
+_,:2/ (£(x) = 52.1(0))*bo(x)* £ (x)dx
1

+ 2/ bo(x)zf(x)1|f(x)—§g,1(x)\>gdx-
1
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Since f and b3 £ are bounded on R,

~ 8||f||
lbzs — boll 1, < —5—ISz.c — bofl?
8||b2f|| ~ o0
+ W00t e o 2826 [ L5, oo 2.
m —00
Therefore, by Markov’s inequality,
~ 8| £l 8|63 £l
E(lbzz = bollz ) < ——=—EdSze — bof ") + ME(H St1—£19)

8||b2 £ ~
+ ”0—2”“’ / E((f(x) —52.1(x))")dx
m —00
< 8IEl v2||b3f||oo)

E(ISz.¢ — bof]?) + 2E([551 — £1%)).

Theorem 2.2 allows to conclude. O

Let us conclude this section with some remarks about Corollary 2.1:

e By Corollary 2.1, the risk of ’b\gg is controlled by the sum of the minimal risks of

Ske and 355 (K, L) € Ky,

up to a multiplicative constant.

e The limitation of Corollary 2.1 is that m is unknown in practice. Then, it needs to
be estimated, for instance by

~

£ =min{sz 1 (x); x € [1, r]}.

2.2 The Projection Least Squares Estimator
of the Regression Function

This section deals with a nonadaptive risk bound on the projection least squares esti-

mator i)\m of by computed from (&, Y1), ..., (§n, Yn), and then with model selection.
Recall that b, is a minimizer of the objective function y5, defined by

N

Vi) = & D bE) — 2bE)Y: Vb €S,

i=1
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First of all, for b = Zle 0;p; with 6y, ..., 0, € R,
Vyn () =2(Gpub) — Vi),

where 6 = (01, ...,60,), @m = ((@j, ©e)xr,N)j.e» (- )r,v is the empirical inner
product defined by

1 N
0 ¥)en = i;go(si)w(si),

and

. 1 &
Vi = (ﬁ izlgo,»(am)

jell,...m)

The symmetric matrix G is positive semidefinite because, for every x € R,
2

1 N m

X Gpx = I Z ijfpj(&‘) > 0.

i=1

i j=1

If in addition @m is invertible, it is positive definite, and then

is the only minimizer of yy in S,,. The following proposition provides a simple risk
bound on b,,.

Proposition 2.3 Consider b(’) = bol; and 0% the common variance of the &;’s. If 6,,1

is almost surely invertible, and if bé e L*(R, £(x)dx), then

E(|B,, — bL|2 ) < min |7 — B! |2 + o2
b — byllz y) < min [T — byl + 0" —.
’ T€S, N

Proof Let us introduce two empirical maps:
e The empirical process vy, defined by
N

vy (T) = %gr(soe,-.



26 2 Nonparametric Regression: A Detailed Reminder

Note that R
[(Vilj = (bo, ¢j)ev +vn(p;); Vje{l, ..., m}. (2.13)

e The empirical orthogonal projection M, from L2(R, £(x)dx) onto S,,, defined

by R
I, () € arg mgn Il —-1% . (2.14)
TeS, ’

Consider 4 € L>(R, £(x)dx).Fort = Z'j’;l wig; withm = (my, ..., m,) € R™,
Vellr = A2y = 2(Gur = (h, 9))2.n))-

Since 6,“ is almost surely invertible, the minimization problem (2.14) has (a.s.) a
unique solution:

First, by the definition of T1,, (see (2.14)),

0 12 : 12 N =1 I\ 2
16y — b()”r,]v = gle{lgn Iz — b0||r,1v + b — Hm(b())”r,]v-

Now, by the decompositions of /b\m and ﬁm (bé) in the basis (¢1, ..., @,) of S,
and by (2.13),

b () = T () = (G (Vi — Pubh)), (07()) j)2m

Then,
N 2
PO 1 U
1w = TGOy =+ 2 | DG Ao E)
i=1 \ j=1

1
m
= Y [G,' AiIG, Anlelgs, pe)en = D5 G A,
jl=l1

(2.15)
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Since the ¢;’s are independent of the &;’s,

E(lbw — TG 3) = Y E(An][An1IG,,'T;.0)
jol=1

1 & & ~
= Z > E(p; e 016, ;.0 E(ei80)
(=1i,k=1

(2.16)
o? & ~_
=+ 2 Bl) ¢0=nlG,'10
j.e=1
2 m m
P
=1
02 m . . . o m
= N; (GnG, 1) =0
Therefore,
-~ 12 . 12 m
E(lb, —byllz y) =E (mm It — bo||r1v> +o°—.
’ €S ’ N
<min; [|T—bf |12
O
The order of the bias term
min ||t — bé ||?E in Proposition 2.3 depends on the go}s.
For instance, assume that (¢y, . . . , ¢,,) is the /-supported trigonometric basis with

I = [0, 1]. Consider § € N*, the Fourier-Sobolev space
1
WE([0,1]) = {(p : [0, 1] — Rp times differentiable : f P (x)2dx < oo} ,
0

and assume that (by)|; € Wg([O, 1]). By DeVore and Lorentz [5], Corollary 2.4,
p. 205, there exists a constant c¢g > 0, not depending on m, such that

(I TT,,, (b()) - b() ” Cﬂm 2/3’
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where T1,, is the orthogonal projection from L?(R, dx) onto S,,. If in addition f is
upper bounded on / by a constant m > 0, then

: 12 = I 12
min [T — by lls < ML, (by) — byl
TeS,
< —_ 72ﬂ . = J—
< cgm with ¢tg = cgm.
In conclusion, by Proposition 2.3,

- B m _ _
E(lbm — b{lIZ p) < 23 (m 26 4 N> with ¢33 =75 Vo2,

and then the bias-variance tradeoff is reached by (the risk bound on) Em for m of
order N/(+28)
Now, assume that / is compact for the sake of simplicity, and consider

it = arg min {—[b, |12 y + pen(m)},
mGMN

where
pen(m) = ccala N ;Vme {l,..., N},

the constant ¢., > 0 needs to be calibrated in practice, and

My = {m e{l,...,N}: £m) < 1og]\(]N)} with £(m) =1V (ig; goj(x)z) )

Note that, in fact, R
m = arg min {ym (bn) + pen(m)}
WLGMN

because, for every m € My,

N m
—~ ~ 2 -~
v bw) = b2y = =~ Z Y Y 0i9;)

=2 0;00(0;. @)en = —2llbull% y-

The following theorem provides a risk bound on the adaptive estimator by
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Theorem 2.3 Assume that S,y C S,, for every m, m’ € My satisfying m > m’.

If inf; £ > 0 and by € L*(R, £(x)dx), then there exists a constant ¢33 > 0, not
depending on N, such that

~ 1 N 2
E(||brﬁ—b(1)||§,1v)<€2.3<m/i\£[1 {min ||r—bé||%+azﬁ}+ og(N) )
meMy

€S, N N

Sketch of proof. For a detailed proof of Theorem 2.3, see Comte [2], Theorem 4.1.
First of all,

I — B2 = b — B2 w1, + ba — B2\ e,

=:Am =:Bji

with

1 3
Qy = ﬂ Vi eSu: ﬁ”t”f <lzleny < \/;||T||f}~

Wl€MN

The sketch of proof is dissected in two steps. Step 1 (resp. Step 2) deals with a
suitable bound on E(Az) (resp. E(Bz)).

Step 1. By the definition of ﬁ,ﬁ (see (2.14)),

n 12 - 12 B 2
b = bollz v = min fIz — by llz v + llba — M (bo) Iz -
m

First, 0 € S and [ is compact, which leads to

. 2
min ||t — bo||r N < ”bO”rN ¢ = supbo(x)” < oo.
TESH xel

Now, since i € My C {1, ..., N}, and by Equality (2.15),
N N
1B — a2y < Y b — TuGIZ y =Y A5Gy A,
m=1 m=1
Then,

1 N m N
E(llbs — Tabolz vley) < 75 > D D ElgjEen) (2.17)

i,k=1

—_

m=1 j =
x [G1.e1os )E(eier)

m

E|1g;, Y [GnG, ') | < o’ NP(QS).
j=1

o2
N

1M2
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Moreover, since inf; £ > 0 and

N
L(m) < 3V )
(m) Tog(N) m e My

one can show that there exists a constant ¢, > 0, not depending on N, such that

P(Q) < % (see Baraud [6]).

Therefore,
(¢ +0He

7 12
E(lbm — bo”r,NlQ;,) < N

Step 2. Consider

2
on(m) =E |: sup |UN(T)[| — p(m, m) im e My,

€8y
+

where, for every m’ € My,

¢ v m'
B = {7 € Sy : ITlle =1} and p(m,m’)=%~mNm.

Consider also
G,=8U---US,;Vme{l,...,N}

First, for every 7, T € Gy,
YR (@ =y (D) = IT = byl2 y — It = bgllz v — 28 (T — 7).

Moreover, since R
m = arg min {y5 (b,) + pen(m)},
mGMN

for every m € My,

v (bs) + pen(int) < yi(bw) + pen(m).
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So, for any m € My, since S, + Si C Suvins
Ibs — b Iz < 1w — B§1I3.y + 2vn (bi — bw) + pen(m) — pen(in)
~ 1 ~ ~
< M1bw = by lIz v + b = bull?
2
+8 [ sup |VN(T)|i| — p(m, m)
T€Bui

+
+ pen(m) + 8p(m, m) — pen(m).

Now, by the definition of Qy,
T3, <207l y10,: VT € Gmaxmy)-
and since 8 p(m, m) < pen(m) + pen(in),

b7 — bI12 5 < 3bw — bYIIZ y + 4pen(m)

2
+ 16 |:sup |vN(t)|] — p(m, m) on Qy.

T€Bn.im
+

So,

E(Ibs = bglIz v1ey) < min (SE(Iby — b7 ) + 4pen(m) + 16px (m)}.

Thanks to Talagrand’s inequality (see Klein and Rio [7]), one can show that there
exists a constant ¢3 > 0, not depending on N, such that

log(N)?

sup py(m) < c3 (see Comte [13], Theorem 4.1).

mEMN

Therefore,

. 12 : ~ 12 am
Ellba — byllz.p) < min 3E(|b, — byllz ) + 4ccao”—
meMy N
(c1 +02)e2 log(N)?
16 ,
+ N + 16¢3 N

log(N)2
SHR

and the conclusion comes from Proposition 2.3.
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Let us conclude this section with some remarks about Theorem 2.3 and Chap. 3:

If I is not compact, m needs to be selected in a random subset of {1, ..., N}
depending on the lowest eigenvalue of 6,,, (m e {1,..., N}), and then there are
additional steps in the proof of Theorem 2.3 (see Comte and Genon-Catalot [8],
Theorem 2). In Chap. 3, for the projection least squares estimator of by computed
from the copies X!, ..., XV of the diffusion process X, I may be not compact.
To establish risk bounds on the projection least squares estimator of by computed
from X!, ..., X" is of course more difficult than in the nonparametric regression
framework, especially because the noise component in Eq. (1.1) depends on X,
which doesn’t allow to directly prove equalities as (2.16) and (2.17).
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Chapter 3 )
The Projection Least Squares Estimator e
of the Drift Function

This chapter deals with risk bounds on the following truncated projection least
squares estimator of by: ~ R
bm(x) = bm(x)lA X € Ia

m?

where

=1 NT
A =1 Em)(1¥,, llop VD < ¢ ;

*og(NT)

the deterministic constant ¢, > 0 doesn’t depend on m and N but is related to the
dependence structure of X', ..., X", and

Lm) =1V | sup (p'(x)2
xel ; !
Firstof all, Sects. 3.1 and 3.2 are brief reminders on Itd’s integral and on symmetric
(random) matrices respectively. In a more general framework than that of copies of
a diffusion process, Sects. 3.3 and 3.4 answer the following two questions:

e Are the empirical norm and its theoretical counterpart equivalent on S,,,?
e Is the truncated estimator consistent?

In Sect. 3.5, a risk bound on Zm is established for fixed m. Finally, Sect. 3.6 deals
with a model selection method and a risk bound on the associated adaptive estimator.
Throughout this chapter, o satisfies (1.3). Then, for every ¢ € (0, T], the probability
distribution of X, has a density f; with respect to Lebesgue measure such that, for

every x € R,
(x —x0)?
t

filx) < Co.s,rf_% exp <—m0.5,r 3.1
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where ¢y 57 and mys r are positive constants depending on 7 but not on ¢ and x
(see Menozzi et al. [1], Theorem 1.2). So, t — f,(x) (x € R) belongs to L' ([0, T]),
which legitimates to consider the density function f defined by

T
fx) = i/ fs(x)ds; ¥x € R.
T Jo

Still by Inequality (3.1):

e Since b, is bounded (and then by has linear growth),
bl € L*(R, f(x)dx); Vk € R,.

e fisbounded. So, S,, C L*(R, f(x)dx) because the ¢;’s belong to L*(R, dx).
Remarks:

e For every t € (0, T], let u, be the probability distribution of X;. By the Fubini-
Tonelli theorem, for every piecewise continuous functions ¢, ¢ : R — R,

o0

1 T
E({p, 1//)N)=f @)Y (x)u(dx) with M(dx)=7/0 Ws(dx)ds,

—0Q

and then one could think at first sight that u, doesn’t need to be absolutely con-
tinuous with respect to Lebesgue’s measure for any ¢ € (0, T']. However, since by
may be unbounded, a sharp bound on y, as (3.1) is required to show that

lbo| € L*(R, u); Vk € R,

e Lett — 6,(xp) be the solution of the differential equation

t
X; = Xo —i—/ bo(xy)ds; t € [0, T].
0

Precisely, Menozzi et al. [1], Theorem 1.2 says that there exist two constants
¢1, ¢ > O such that, forevery r € (0, T] and x € R,

_ 2
2%) . 32)

fi(x) < clt_% exp (—c ;

Foreveryt € (0, T]and x € R,
|x — xol < |x — 6:(x0)| + ST (x0)

with S7(xo) = sup |bo(6s(x0))],
5€[0,T]
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leading to
1 2., 2 2 2
- E(x —x0)" +1°S7(x0)” =2 —(x — 6,(x0))".

Thus, Inequality (3.1) is a straightforward consequence of Inequality (3.2).

3.1 A Brief Reminder on Ito’s Integral

Throughout this section, (2, #, P) is a probability space, F = (F7)/ef0.77 is a fil-
tration and W = (W;)¢[0,7) 1s a F-adapted Brownian motion. The compensator
(W) = ((W))iero,m1 of W, which coincides with its quadratic variation because W
is a continuous martingale, satisfies (W), = t for every ¢ € [0, T']. In order to define
the (Itd) stochastic integral, let us introduce the two following function spaces:

n—1
E= {ZE[II,,.JMI;Ozto <t <---<t,=T withn € N* and
i=0

0 ... Enn € L2(Q) st & s Fu. -measurable}

and
H? = {H € L2(Q x [0, T]) : H is F -adapted) = &,

where N, is the usual norm on L?(§2 x [0, T]). The stochastic integral on [0, T'] of
H =Y, &1y, € & with respect to W is defined by

T n—1
[ aw =3 s, - w.
0 i=0

It satisfies the two following properties which are crucial in the sequel: for every
Heg,

. T
(A) f H,dW, = </ Hgl[o,t](s)dWY> is a F-martingale,
0 0 1€[0,T]
T 2 T
(B) andE < / HSdWS> = / IE(Hsz)ds (isometry property).
0 0

Thanks to the density result ENZ = H?, there is a unique extension of the stochastic
integral with respect to W from & to H? still satisfying the martingale property (A)
and the isometry property (B). Moreover, for every H € H?,

. T T
0 T 0 0
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Finally, the following consequence of the Burkholder-Davis-Gundy inequality is
also useful in the sequel:

(D)  Forevery p > 1, there exists a constant b, > 0 such that, for every H € H?,

} <b,E [(/OT Hfds>g} .

For details on Itd’s integral, the reader may refer to Revuz and Yor [2], Chap. IV.

sup
1€[0,T]

3.2 A Brief Reminder on Symmetric (Random) Matrices

First of all, let us define the Loewner order and recall some basic properties of
(positive semidefinite) symmetric matrices.

Definition 3.1 Forevery d x d symmetric matrices A and B, A < B (resp. A < B)
if and only if,

x*Ax < x*Bx (resp. x*Ax < x*Bx)); Vx € B, 4(0, 1).
Proposition 3.1 Let A be a d x d symmetric matrix.
1. For every d x d symmetric matrix B, and every d x d invertible matrix M,
A< B MAM* X MBM"*.
2. If A =0, then there exists a unique d x d symmetric matrix A'/?, called the
square root of A, such that
AT =0 and ATA? = A.
3. Consider hyin, Amax € R such that hyin < Amax- All the eigenvalues of A belong
to [)\min» )\max] lfand 0”1)’ if)"minl < A < Amax .

4. The lowest (resp. largest) eigenvalue of the matrix A is denoted by hmin(A) (resp.
Amax (A)) and satisfies

Amin(A) = inf  x¥Ax (resp. Amax(A) = sup  x"Ax).

x:|xll2.a=1 x:lxll2.a=1

Moreover,

”A”Op = maX{_)\-min(A)’ )‘-max(A)} = sup |x*Ax|.

x:[lxll2,a=1

5. If A = 0 and A is invertible, then
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1
and Xmin(A_l) =

-1\ _
P (A7) = Amin (A) Amax (A)”

6. If A =0, then
trace(AB) < || Blloptrace(A); VB € My (R).

Convention. In the sequel, if a d X d symmetric matrix A such that A > 0 is not
invertible, then ||A~! lop = oo. This convention makes sense thanks to Proposition
3.1.(5).

Now, let us state three concentration inequalities for symmetric random matrices.

Proposition 3.2 (Matrix Chernoff’s inequality) Let A be ad x d symmetric random
matrix such that
A= 0 and Pnx(A) < R) =1,

where R > 0 is a deterministic constant. Consider S = Ay + ---+ A,, where n €

N*and Ay, ..., A, are independent copies of A. Then,
Amin (E(S))
e—zS R
P(Amin ($) < (1 = 8)Amin(E(S))) < d (m) ; V8 €10, 1],
and
s )\maxl(e]E(S)i
e
P(max(S) = (1 + 8)Amax (E(S))) < d <m ; V8 = 0.

See Tropp [3], Theorem 1.1 for a proof.

Proposition 3.3 (Matrix Bernstein’s inequality) Let A bead x d symmetric random

matrix such that
E(A) =0 and P(|Allop < R) =1,

where R > 0 is a deterministic constant. Consider S = Ay + --- + A,, where n €
N*and Ay, ..., A, are independent copies of A. Then, for every § > 0,

82/2

P(ISllop = 8) < d exp <—m

) with o = N|E(A)]lop-

See Tropp [3], Theorem 1.4 for a proof.

Proposition 3.4 (Matrix Azuma’s inequality) Let A be a centered d x d symmetric

random matrix such that
P(A2 g M?) =1,



38 3 The Projection Least Squares Estimator of the Drift Function

where M is ad x d symmetric (deterministic) matrix. Consider S = Ay + --- + A,,
wheren € N*and Ay, ..., A, are copies of A such that

E(AilAi—y, ..., A1) =0;Vi e {2,...,n}.

Then, for every § > 0,
P()Lmax(s) 2 8) S de_

w2 with o = n||M?*||p.

See Tropp [3], Theorem 7.1 for a proof.

3.3 Are the Empirical Norm and Its Theoretical
Counterpart Equivalent on the Projection Space?

Let I' = (I')1¢[0.7] be a piecewise continuous stochastic process, and assume that
for every t € (0, T'], the probability distribution of I'; has a density y; with respect
to Lebesgue’s measure such that t — y;(x) (x € R) belongs to L' ([0, T, dt). This
legitimates to consider the density function y defined by

1 T
y(x) = ?/ vs(x)ds; Vx € R. Moreover, assume that S,, € L*(R, y (x)dx).
0

-~

Consider also N copies T'!,...,T'V of I', the random matrix W, =
(@), we)n,T)j e With

1 Mo ‘
(@ Vs = / o(T)y (T)ds,
NT ; A
and the matrix W, , = ((¢;, ¢¢),) ;¢ With

R / POV ()7 () dx.

In order to establish a risk bound on the projection least squares estimator of b,
ll.llv,r and ||.]|, need to be almost surely equivalent on S,, when N — oco. To that
purpose, let us introduce the event

1 3
Qn,r = {VT €Sn: E”T”V <zl < \/;”T”V}

1
! sup [l — T3] < 5}.

TESm:”T”yzl

This section deals with a suitable bound on (€2, ) when
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r', ..., TN are independent (see Sect.3.1.1),

and then when

r'',..., TV havea sparse dependence structure (see Sect.3.3.2).

Two technical results must be established first.

Lemma 3.1 If the (positive semidefinite symmetric) matrix \V,, 1 is invertible, then

~ 1 . ~ 1 _1
Qm,l" = {”Gm,l" - 1||0p < E} with Gm,r = qu?z,i/‘y;rz,r“pm,z)/-

21—

Proof Forany T =} "_, 0;¢; € Sy,

Il - = NTZ/ Ze,w,(r) dS—ZQQZ[‘I’mF]M—Q‘I’mFQ

i=1 j.e=1

and, in the same way, ||t ||f, = 6*W¥,, , 0. Moreover, since the symmetric matrix W, ,,
is positive semidefinite,
2 3 2
”T”y = ( r?l ) \I’[m ye = ”\Ijm y0”2,m-

Therefore, by Proposition 3.1.(4), and since W, , is invertible,

2 2 T
sup  |lzly,r — lIzllyl = sup 0% (W1 — Wi, )0
reSuiltly =1 019302 m=1

1 _%
= sup |0*\Ijm,%/(\ym,l" - "Ilm,y)lym,i/el
0:110112,m=1

L _1 ~
= sup (0" (W Wmr Wy — DOl = G — Ilop-
0:10l2.m=1

(]
Now, by assuming that W,, , is invertible, consider the functions ¢y, ..., @,
defined by
m
_1
P, = Wil Vje(l,... .m).
=1

Moreover, note that

N
Gur = Guy(T)

i=1

where, for every piecewise continuous function 4 : [0, T] — R,
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1 1 -1
Gm,y (h) = lemj/ v, (h)“ym,_y

and

1 T
W, (h) = (— / goj(h(s))goe(h(s))ds)
T Jo el m)

Lemma 3.2 [f the (positive semidefinite symmetric) matrix V,, ,, is invertible, then
(@1, ..., ®,) is an orthonormal basis of S,, in L*>(R, y (x)dx).

Proof On the one hand, since E(V,,(I')) =W, ,,
1 _1 _1 1 -1 _1 1
E(Gm,y(r)) = N\pm,z}/E(\ym(r))\pm,zy = N“I’m,zylym,y"pm,zy = N]-

On the other hand, for every piecewise continuous function 4 : [0, T] — R,

1 T " 1 1
Gy ) = = /O (E;I[wm,ﬁy]j,z[wm;]j,,m(h(s))w(h(s))) ds

JJ'
1 T
- NT fo (9 (h(s))@; (h(s))).jds.

Then,

NT

JsJ'

1 T
E(Gp,, (1) = — ; (flaj(x)@/(x)ys(x)dx> ds

1 o 1
N (/Igoj(X)wj/(x)y(X)dX)' = N((ij‘/’j’)y)j,j"

I

Therefore, (¢, ..., ®,,) is an orthonormal basis of S,, in L2(R, y (x)dx). O

3.3.1 Case 1: Independent Observations

In this section, the copies I'!, ..., 'V of I are independent,
1 —log(2
o = L108@ e,
(I+pT

and the dimension m of S,, fulfills the following assumption.

Assumption 3.1 The dimension m of S,, satisfies

log(NT) CA

1 o
;3(m)—1(xm(xp,,,,y)/\1);a NT with =
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Let us make some remarks about Assumption 3.1:

e Assumption 3.1 has been introduced in the nonparametric regression framework
by A. Cohen, M.A. Davenport and D. Leviatan (see [4]) in order to improve the
stability of the projection least squares estimator of by.

e Under Assumption 3.1,

£(m) . log(NT) -0

)\min(‘ym,y) > )\min(\ym,y) Al > eh NT

Then, W,, , is invertible, and since ||\IJ,;,1]/IIOP = )»mm(‘ll,,w)_l by Proposition
3.1.(5), Assumption 3.1 may be reformulated a more convenient way:

(m) (]| o lop VD <<t —N
Lm)(|¥ < .
my 1Hop A log(NT)
e Under Assumption 3.1, the set of authorized m is smaller than {1, ..., N7}, but

how much? Let us answer this question when / = [1, r] with 1, r € R satisfying
1 < r. First, assume that there exists a constant m > 0 such that y(-) > mon /,
which is true for y = f thanks to Menozzi et al. [1], Theorem 1.2. Then,

-1

1 , -
inf > 00yl
O:1101l2.m=1 fy)

1w, llp = ————— =
Y Anin (W y)

— 2 —1

r m 1
= inf O:; d < —.
9;\\9”2”:1/; ; ip;i(x) | v(x)dx m

Moreover, assume that there exists a constant ¢, > 0, not depending onm and N,
such that
L(m) < e;m. (3.3)

Then, Assumption 3.1 is fulfilled by any

A NT
m < . .
czm™'v1) log(NT)

For instance, the [1, r]-supported trigonometric basis satisfies (3.3) because
cos(-)? +sin()? = 1.

The following proposition provides a suitable bound on P(£2;, 1-) under Assumption
3.1

Proposition 3.5 Under Assumption 3.1,
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c s . _
P(er) < W with ¢35 = T

Proof Inorder to control P(€2], ) viathe matrix Chernoff inequality (see Proposition
3.2), let us establish that for any piecewise continuous function % : [0, T] — R,

1
Gmy(h) 70 and Amy(Gm,y(h)) < R Nﬂ(m)ll%lly llop-

On the one hand, as established in the proof of Lemma 3.2,

1 T
Gy ) = = /0 @;(h(5))B, (h(5))); .05

and then, for every x € R™,

2

m 1 T m
Gy (Mx =Y Gy () juxjxg = W/o > @ (h()x; | ds>0.
j=1

jie=1

On the other hand, by Jensen’s and Cauchy-Schwarz’s inequalities,

2
m 1 T m

W ()12 = s > (T /0 (Z w,»(h(s)m(h(s»x_,-) ds)
j=1

xillxll2,m=1,—1

2
1 m T m
<o sup Z/O e (h(5)? (Zw,«h(s))x,») ds

T .. _
xillxll2,m=1 =1 j=1
2

<2y [ gmens | ds < s G4
<7 . p_ @j(h(s)x; s < L(m .
x:lxll2,m=1 0 j=1

and then, since G,, ,, (h) is a positive semidefinite symmetric matrix, by Proposition
3.1.(3,4),

Amax(Gm.y (h) = [1Gm.y (M) |lop

1 ) 1 )
< I W lapll W3 lop < S EEIE Y oy (B.5)

So, by the matrix Chernoff inequality, for every § € [0, 1],

s *min E G, 1)
e— R

PQunin(G1) < (1= 8) Ain B(G 1)) < (m :

and for every § > 0,



3.3 Are the Empirical Norm and Its Theoretical Counterpart ... 43

Jmax (E(G 1)
) R

~ -~ e
P(Amax (Gm,r) 2 (1 + &) Amax (E(Gp,r))) < m (m

Moreover, since R
E(Gur) = NEGp,, (T) =1

as established in the proof of Lemma 3.2, the smallest and the largest eigenvalues of
E(G,, 1) are both equal to 1. Thus, by Proposition 3.1.(4), and since

spec(am,p —-DH={r—-1;1¢e spec(@m,r)},
for every § € (0, 1),

P(||6mf - I”op > 8) S ]P)()Lmin(/G\m,I‘) g 1 - 8) + HD()\max(é\m,l“) 2 1 + 8)

e“S %

g'"((1—5)15)
o %<2 od *
+’"<(1+5)1+5> = m<(1—5)1-6> '

Finally, for § = 1/2 and by Assumption 3.1,

e~ R 1
2m (m> = 2mexp <_ﬁ(l - 10g(2))>

(_log(NT)(1 B 10g(2))> _ 2m ¢
CAT

< 2mexp = o S r

with ¢; =27 ~®*D_ Thanks to Lemma 3.1, this concludes the proof. O

3.3.2 Case 2: Sparse Dependent Observations

In this section, I'', ..., 'V have a sparse dependence structure in the following
sense.

Assumption 3.2 Consider the set
Iyr={ie{l,...,N}: T is not independent of 7;_},

where Fo = F and F; = o(T'!, ..., T¥) forevery i € {1, ..., N}. There exist p €
N*, g > 2p and ¢35 > 0, not depending on m and N, such that

_r

1
[ Inr| < eaN2 7.
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Notation. Eo(-) = E(-) and, foreveryi € {1,..., N}, E;(:) = E(-|F).
Note that under Assumption 3.2, for N large enough,

[Lnrl? G2

I 2R - T R
Ni21og(NT)i2 = N» with €35 = ¢3,. (3.6)

Moreover, in this section,

1

A=
256T(1 +q/2)

and the dimension m of S,, fulfills the following assumption.
Assumption 3.3 The dimension m of S,, satisfies

_ 1 log(NT) .. _  <a
(mml&mmwnAnf>a~—ﬁr-wch=7.

Let us make some remarks about Assumption 3.3:

e Note that the smaller p/gq, the larger 7 y r under Assumption 3.2, but the smaller
the set of authorized m under Assumption 3.3.
e Under Assumption 3.3, W,, ,, is invertible (as under Assumption 3.1) and

NT

-1 2 <
(SO U lop VD)7 < Enqoris

Y

e The set of authorized m is smaller under Assumption 3.3 than under Assumption
3.1. Indeed, even if I =[1, r] with 1, r € R satisfying 1 < r, if there exists
a constant m > 0 such that y(-) > m on I, and if the ¢;’s satisfy (3.3), then
Assumption 3.3 is fulfilled by any

1

_ 1 ~ NT \?
TSV \MogNT) )

Note that when "', ..., 'V have a sparse dependence structure, Assumption 3.1
needs to be replaced by Assumption 3.3 in order to establish a suitable bound on
P(€2;, 1) by using the matrix Azuma inequality (see Proposition 3.4).

The following proposition provides a suitable bound on P(€2;, -) under Assumptions
3.2 and 3.3.

Proposition 3.6 Under Assumptions 3.2 and 3.3, there exists a constant ¢3¢ > 0,
not depending on m and N, such that
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¢ C3.6
IE”(QWF < m

Proof First of all, note that
”am,f‘ - I”op < My + Ry (37)

where

N
D Gy (M) = Ei 1 (G iy (T)))

i=1

My =

op
N

> B 1(Gy (D) = N7'D)

i=1

and Ry =

op

The proof of Proposition 3.6 is dissected in three steps. For any § > 0, the first
(resp. the second) step deals with a suitable bound on P(My > §) (resp. P(Ry > §)),
and the conclusion comes in Step 3 thanks to Inequality (3.7).

Step 1. Forevery i € {1, ..., N}, since

G}, (T) = Gy () — i1 (G iy (T7))

is a symmetric matrix, by Proposition 3.1.(3,4), Jensen’s inequality and Inequality
(3.5),

(-G}

oy @ =Gl (0D < dnax (G, (PO = Gy (0) = By 1 (G (D) 13,1

L UGy MHlop + Eim1 1G ., (T lop))* T < M?

with 4
M? = 5 (1, llop v D).

So, by the matrix Azuma inequality (see Proposition 3.4),

N

. 52

P (Am (Z Gj,,,y(r')) > a) < me
i=1

and
N . . N ) 52
P —tmin | 3Gy @) | > 8| =P [ Amax | Do(=Gh, () | > 8] <me™ 57,
i=l1 i=l
where

2= N|M?*|o = 4 £ y-! 1))?
o =N| IIOP—N( M)V, llop vV 1)".
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By Proposition 3.1.(4), this leads to

N N
P(My > 8) =P <max {xmax (Z G;m(l"")> © —Amin (Z G;,m(rf)) } > 5)
i=l i=l

2 82N
< 2me 2 =2mexp | — — .
32(Lm)([Wm,y llop v 1))?

Step 2. Since (¢, ..., ®,,) is an orthonormal basis of S,, in L*(R, y (x)dx) by
Lemma 3.2, foreveryi € {1,..., N\Inr,

. 1 r
Ei-1(Gp,y (T) = E(Gp,, () = (ﬁ/ E(@(E)@(R)MS)
0 Jji.l
1 1

= ﬁ(@j,@)y)j,z = NI-

Then,

Ry=| Y Ei1(Gp,y(@T))—N"I)
ielyr op

By Markov’s and Jensen’s inequalities, and by Inequality (3.5),

E(RY) _ Lyl

P(Ry > 8) < — 8 < ——— 3 B(IE1(Gny (™) = N7 DS,
ieInr
I q 29| In.r |4
< R Gy () = N1 < 2 (om0, o v 107
Step 3 (conclusion). By the two previous steps,
P(|G 1] Nep(lmy s Hulgy st
m - op > = B > — > —
a L) N7y N7y
N

<2mexp| — —

S12(L(m) (W llop v 1))?

84| L y,rl? _

+ g U, o v D)

Then, by Lemma 3.1, by Assumptions 3.2 and 3.3, and since g > 2p,

. log(NT 89(c\T)7/? I q
IP’(Q;Z’F)QZmexp< og( )) (caT) [Z

 256¢aT 202 Na/2log(NT)4/2
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] m [Ln,rl? o (1 +732)
SN2 T Nal2log(NTY2 ) S NP

’

where ¢; > 0 is a constant not depending on m and N. (]

3.4 Is the Truncated Estimator Consistent?

For that, the event A,, needs to be of probability 1 when N — oo. This section deals
with a suitable bound on P(A;, 1) inherited from the bounds on P(€2;, -) provided
by Propositions 3.5 and 3.6, where

~ NT
Apr = {E(m)(ll‘l',;,lrll()p V1) <ea } -

log(NT)

The following technical lemma has to be established first.

Lemma 3.3 If the (positive semidefinite symmetric) matrix W, ,, is invertible, then

-1 -1 -1 -
O = {IIW,, llop < IV, 1+ — ¥, llop} C 25, -

Proof First, note that

—~ _ IR _1 ~ 3
10, =W llop = 193 (Gl = D% llop < 1G, - = Tllopll %, llop-

Moreover, as established in Stewart and Sun [5], for every A, B € M;(R), if A
is invertible and ||[A~'B lop < 1,then M = A + B is invertible, and

IBllopll A7,

M~ — A lgp < :
P 1= A7 Bllop
On Q,, r, by applying this resultto A = [ and B = Gm,r —I1,A+ B = ’G\m,r is
invertible and R
”Gm,I‘ - I“op

1G = Ilop < ! .
" 1- ”Gm,I‘ - I”op

Therefore,

On C{IG, - = Tllop > 1} C 25, 1+ U (Quur NG, — Tllop > 1))

1 Gur —1 .
— and | i e > 1} =Q .
2 L= G — Illop ’

- Q;L,F U {”Gm,l" - 1||op <

O
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Proposition 3.7 Under Assumption 3.1 for independent T, ..., T'N (resp. under
Assumptions 3.2 and 3.3),
c ﬁ 3.6
P(A,, r) NP (resp. P(AS, I-) NP)'

Proof By Assumption 3.1 (resp. on A;, 1),
LMY llop v 1) < Ta o (resp. S0m) ([T llop v 1) N,

m <cp——— (resp. £(m > (p———).

m.y lop MMog(NT) OF m.1llop MMog(NT)
The first inequality is equivalent to
NT NT
LI, llop < eA———= and £(m) < Tp—-—,
K4 log(NT) log(NT)
and then the second one leads to
A e T oy < SO AT — U lop + 1571 lop)
log(NT) m,[11op = m, I m,y 11op m,y 11op
< EmIT; L — Wil oy + T on A
s ~m m,I’ m,y llop Alog(NT) m,I"
Thus, by Lemma 3.3, by Proposition 3.5, and since ¢5 = ¢, /2,
_ =1 -1
P(Ay, ) <P (cAlog(—NT) < LMV, - — ‘I’m,y“op)
-1 =~_1 c3.5
< ]P’(”\Ilm’y ||0p < ”\ym,l" m y ||0p) HD(Qm r m

The proof remains the same under Assumptions 3.2 and 3.3 by noticing that

NT

Lm U lop v 1D < @Oy llop v 1) < T s

and thanks to Proposition 3.6 instead of Proposition 3.5.

3.5 Nonadaptive Risk Bound

By using the bounds established in Sect.3.3 (resp. Sect.3.4) on P(Q2, ) (resp.
IP’(A;T)), and by using the following additional result on ¥, ,, and @m,r, the purpose
of this section is to establish a suitable risk bound on b,, for m fixed.
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3.5 Nonadaptive Risk Bound

Lemma 3.4 If the (positive semidefinite symmetric) matrix V,,, ,, is invertible, then

V-l <20 on QN Apr.

m,[ m,y

Proof Consider w € Q,, r N Ay, r. By Lemma 3.1,

N =

sup  [x*(Gor(@) — x| <

x:lxll2,m=1

1Gmr (@) = Ilop =

For every x € R™ such that ||x||2,,, = 1, this leads to
~ 1 ~ 1
X*(Gm,[‘(w) —Dx < 5 and x*(l — Gm,p(a)))x < E

So,
1

| W

1 -~
51 S Gur(o) <

and then, by Proposition 3.1.(3,5), /G\m’r‘(a))_l < 21. Therefore, by Proposition

3.1.(1), ] 1
"‘p\m,[‘(w)71 = \pi;,%/6111,r(w)71\pr;,§)/ < 2\1,":’1)/'
(Il

In the sequel, I' = X, y = f, and the dependence in I" and y of operators and

sets no longer appears in their notation. Moreover,
X' = I(xo, W):Vi e{l,...,N},
where 7 is the solution map for Equation (1.1), wl ...,WNare N copies of W

such that
E(W!WF) = Rix(s A1); Vs, t €[0,T), Vi, k e {l,..., N},

and R is a N x N correlation matrix. From continuous-time observations, to deter-
mine the matrix R is not a statistical problem. Indeed, since o satisfies (1.3), for

everyi,k e {l,..., N},
(X', x57

- .
/ o (XDHo(X5ds
0

Rix =

Let us provide two examples of correlation matrix R such that Assumption 3.2 is

fulfilled by X', ..., XV,
Example 3.1 Assume that N € nN* with n € N*, and that
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R 0)
R — o . s
) Ry
where Ry, ..., Ry, are N/n correlation matrices of size n x n. For instance, if

the number of R;’s not equal to 7 is of order lower than N'/>~7/4 with p € N* and
q = 2p, then the matrix R fulfills Assumption 3.2. Forn = 2,

Ri= (1P with pe[=1.1]:Viell N
1 p,l pl E) £ 7"‘72 .

In this special case, R fulfills Assumption 3.2 if and only if the number of non-zero
pi’s is of order lower than N'/2=P/4 with p € N* and ¢ > 2p.

Example 3.2 Assume that N € 2N*, and that

0 () o*
R=1+1(0)(0) (0) |,
0 (0) (0)
where Q is a correlation matrix of size n x n withn € {1,..., N/2}. If n = n(N)

is of order lower than N'/2=P/4 with p € N* and ¢ > 2p, then the matrix R fulfills
Assumption 3.2.

Now, let us introduce two additional empirical maps:

e The empirical process vy, defined by

N T
1 . ) .
= — XDo (XHdw!.
w0 = g 22 [ o xa,
Note that R
[Z,]; = (bo, pj)n +vn(p); Vje(l,...,m} (3.8)

e The empirical orthogonal projection I, from L2(R, f(x)dx) onto S,,, defined
by
Il,,(-) € arg min |7 — -||%. (3.9)

TEO,
Consider 1 € L?(R, f(x)dx).Fort = 27:1 wi@;withm = (my, ..., m,) € R",
Vellt — kil = 200, — (th, @)0) ).

On A, since U,, isa positive definite symmetric matrix, the minimization problem
(3.9) has a unique solution:
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() =Y 19, Pu()]jp;
j=1
with P,y () = ((h, )0 jeqn...

The following theorem, which is the main result of this section, provides a risk
bound on b,,.

Theorem 3.1 Consider bé = bol;. If the matrix V,, is invertible, then there exists
a constant ¢z 11 > 0, not depending on m and N, such that

E(/Iby — by I3) < min [lz — by

'm

1
+c3.1,1m( +P(R5)* + P(AS,) ) Z|R,k|
N
l;ék
Under Assumption 3.1 for independent W', ..., WV with p > 2, or under

Assumptions 3.2 (with p > 2) and 3.3, there exists a constant ¢3), > 0, not
depending on m and N, such that

~ 1
E(Ib, — byII%) < min [l — b} P+ =S ral|. 30
(b = byll3) < min llT = b} + ex.125 +N§| il (3.10)

Proof First of all, note that

1By — bEN% = 5 — BEI3 A, + 1B5 13 LA -

m

Clearly,

E(llbg I Lag) < ( NTZ / by (X, >2ds) P(AS,)

1

<aP(AS)? with ¢ = (f bo(x)4f(x)dx>
1

and, by the definition of ﬁm (see (3.9)),
1B = byl = min 7 = by + I1Bw — TGO

The proof of Theorem 3.1 is dissected in four steps. The first step provides a
preliminary bound on E(||b,, — I1,, (b{)) ||%v1 A,), depending on
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2

E ZUN((pj)z and trace(\llnjlfbm,(,),
j=1

which are well controlled in Steps 2 and 3 respectively. The conclusion comes in
Step 4 thanks to the bounds established in Sect. 3.3 (resp. Sect. 3.4) on P(£2¢) (resp.
P(AS)).

Step 1. On A,,, by the decompositions of En and ﬁm (b{)) in the basis (¢1, ..., @)
of S,,, and by (3.8),

b () = T () () = (WM (Zy — Pu(bh)), (0() ) 2m
= (¥

m
m

Then,

2

T m
/ S 10 Rl (X0 | ds
0 X
j=1

M=

1By — TL, (B3 =
1

o~

(U AL LIV A L), gy = ALUSIA,,.

I
e -

o~
Il
-

s

Now, let us establish preliminary bounds on

EA* U'A,, 1,

m m m

ne,) and E(ALU 1A, 14, 0).
On the one hand, by Lemma 3.4, on A,, N 2,,,

ALUA,, <2A5WL A,

m = m

Then,

m

E(AL 9, Aula,ng,) <2 Y E(AL ALY, 1.
je=1

2 -~ -
= ﬁtrace(\y,;lcp,n,(,) with ®@,,, = NTE(A,,A).

On the other hand, on A,,,

1
=~ ~_la s
Ay = ”\pm : Ay ||2m
m

< ol Bl ] < e 3wy (g)?
ST AOPEEm S T 00 (NT) £(m) o

Jj=1
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Then,
243
~ o~ g~ NT " 1
E(A* U 'A,,1 ) < cp———F )2 P(Q¢)2.
B0, B, ney) < eaqmmm e ;wn (2,

Therefore, to conclude this first step,

~ ~ 2
E(Ibm — (015 1a,) < ﬁtrace(w,,:%m,a)

1
292
m

NT 2 c %
+cAmE ;w(w) P(QS)?.

Step 2. By Jensen’s and Burkholder-Davis-Gundy’s inequalities (see Sect.3.1), and
since d(W!, WKy, = R; ;dt forevery i,k € {1,..., N},
m 2 m m
E| (D wwp)®| | <m ) Eonen*) < bam Y E(vy(e))7)
j=1 j=1 j=1
2bym

< N4T4
j=1

(E(55) +E(p}))
where, for every j € {1, ..., m},

N T
8 = / @i (X0 (X1)ds
J ; , P :
T . .
and m:ZR,,kf 0 (XYoo (XDHe; (XS0 (XE)ds.
ik 0
On the one hand, by Jensen’s inequality,
m m N T
D E@) < NTZZ/ E(p; (X)) o (X;)"ds
j=1 j=1i=1"70

T o]
< N2T£(m)2/ E(o (X,)Mds = N2T2£(m)2/ o(x)* f(x)dx.
0 —00

On the other hand, by Jensen’s and Cauchy-Schwarz’s inequalities,
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ik j=1 ik

m m T ) )
Y E@H T (Z |R,-,k|) DY IRkl /0 E(p; (XD)?0 (XD)?0;(X5)?0 (X})P)ds
Jj=1

2
m T
<T (Z|R,~,k|) > /0 E(p; (Xs) o (Xs)")ds
Jj=1

ik

2

<1 [ L1kt | go? [ o reoa
i#k -

So,

2 2
m

mL(m)? 1
E ZVN(%')Z <52W 1+ ﬁZ'Ri’kl
=1 ik

with -
0= 254/ o (xX)* f(x)dx.

Therefore, there exists a constant ¢3 > 0, not depending on m and N, such that

243
NT S 1 1
tAr———F v (9)) sam2 | T+ =) |Rikl
log(NT)£(m) ; ! N ;

Step 3. First, let us show that ®,, , is a positive semidefinite symmetric matrix.
Indeed, for any y € R™,

1 m
Y Poy = 1 Z yive
Jj.l=1
N T ' ) _ T
x> E((/ ¢,(X;)a(xg)dw;> </ W(Xf)a(Xf)de))
. 0 0

N T 2 .
—l i i i .
= Nr" <; /0 ry(xs)o(xs)dws) >0 with T, :ijl v,

Since d(W', WKy, = R, ;dt for every i,k € {1,..., N}, and by the stochastic
integration by parts formula,

N 2
) 1 . /0 ( i) ( l)d i
E T, (X))o (X %%
, NT P Y s s s
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T
Z|le| f E(ry(X,)*0 (X,)")ds
z;ék 0

( £

m

x / yigj(x) | o@)?f(x)dx

j=1

2

1 1
<lolz [ 1+ 5 2o R [ 1915, (3.11)
i#k

Therefore, since ®,, , is a positive semidefinite symmetric matrix, by Proposition
3.1.(4,6) and Inequality (3.11),

1 _1 _1
-1 2
Ztrace(\llm cDm,a) < ”\Ijm ? cDm,a \I’[m - ||Op

1
= s Yoy <ol | 145 D IRl
Vil ylam=1 ik

Step 4 (conclusion). By the three previous steps,

E(lbw — bgI3) < min llr = byl +aP(A;,)*
€S,
2m 2 cy\3
+ —||o|| + cam P, Z|R,k|
l#k
Under Assumption 3.1 for independent W', ..., WV with p > 2 (resp. under

Assumptions 3.2 (with p > 2) and 3.3), by Propositions 3.5 (resp. 3.6) and 3.7, there
exists a constant ¢4 > 0, not depending on m and N, such that

7 12 - 12 m 1
E(lbn = bolly) < min 7 = boll; +eay | 14+ 3 ; |Ri x|
1

Let us conclude this section with some remarks about Theorem 3.1:

e Note that

Iy=1{ief2...,N}:3ke(l,...,i — 1} such that R, ; # O}.
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So, in the statement of Theorem 3.1, Assumption 3.2 concerns the matrix R
directly, which legitimates to say that W', ..., W¥ (and then X', ..., X") have
a sparse dependence structure.

Note that the variance term in Inequality (3.10) is of order

m 1
. T R
N +N,‘¢k| X

which becomes m/N, as in the nonparametric regression framework, when
Wi, ..., WV are independent.
The order of the bias term

min ||z — b§ll; in Inequality (3.10) depends on the ; ’s.
TEO,

For instance, assume that / = [1, r] with 1, r € R satisfying 1 < r, and that
(@1, - - ., @) is the I-supported trigonometric basis. Consider 8 € N*, the Fourier-
Sobolev space

WE([1,x]) = {w :[1, r] — R B times differentiable: / 0P (x)2dx < oo} ,

1

and assume that (by)|; € Wg ([1, r]). By DeVore and Lorentz [6], Corollary 2.4
p. 205, there exists a constant cg 1 » > 0, not depending on m, such that

ITL, (b)) — BYII* < cprem™P,

where I1,, is the orthogonal projection from IL?(R, dx) onto S,,. Since f is upper
bounded on / by a constant m > 0 thanks to Inequality (3.1),

. In2 — 1 12
min It = byl < WL (bg) — byl

< Cﬂﬁl’rmizﬁ Wlth Eﬁ,l,r = cﬂ,l,rﬁ.

In conclusion, by Theorem 3.1, there exists a constant ¢3;,; > 0, not depending
on m and N, such that

- 1
(B — bYI2) <t 2 D e =S Rl | |
(ll olly) < | m™ + N + N #k| X

and then the bias-variance tradeoff is reached by (the risk bound on) Em for m of
order
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1
T 1428

1
1+ N Z |R; k!
i#k

=z~

3.6 Model Selection

In practice, the dimension m of S,, needs to be selected from data because the one for
which b, reaches the bias-variance tradeoff depends on some unknown regularity
parameters of by. In order to introduce an appropriate model selection criterion,
throughout this section, the ¢;’s and the matrix R fulfill the following additional
assumptions.

Assumption 3.4 The ¢;’s satisfy the two following conditions:

1. Foreverym,m' € {1,..., Nr},ifm > m’, then S,y C S,,.
2. There exists a constant ¢, > 1, not depending on N, such that for every m €
{1,..., N7}, £m) < cém.

Assumption 3.5 There exists a constant m3 s > 0, not depending on N, such that
”Rllop < mss.

Since R is a symmetric matrix, there exist an orthogonal matrix P and a diagonal
matrix D such that R = P DP*. Then,

IRllop = l[Dllop = sup [A].
resp(R)

So, the matrix R fulfills Assumption 3.5 if and only if there exists a constant
m > 0, not depending on N, such that [A| < m for every A € sp(R). Let us provide
two examples of correlation matrices fulfilling both Assumptions 3.2 and 3.5.

Example 3.3 The notations are those of Example 3.1. First, assume that n = 2. For
every A € R,

det(R — Al) = [ [det(R; —al) = [ J(1 = 2 — p)(1 = 2+ py).

i=l1 i=1

and then
) N
sp(R) = {I:i:pi;z =1,...,?}.

So, the matrix R fulfills Assumption 3.5:
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I Rlop = ieum_?;v/z} [T+ 0] <2.

More generally, assume that n > 2. For every A € R,

N
det(R — A1) = [ [ det(R: — A1),

i=1
and then

sp(R) = |_Jsp(Ry).
i=1

So, the matrix R fulfills Assumption 3.5:

resp(R:)

IRlp = _ max { sup m}

1

n 2
= max R; < max R ., < n.
| IRillop < _ (Z[ zlk,k) <

i€{l,...,N/n} {L....N/n} kk'=1

Example 3.4 The notations are those of Example 3.2. Let us show that the matrix R
fulfills Assumption 3.5 if and only if

sup{|A|; A € R such that g (1) = det((1 — A)zl - 0*0) =0}
is bounded by a constant not depending on N (3.12)

Consider
IOXONS
Q= (Q (0)) € MT(R),

and note that

(00 )
QQ‘((O) (0>)'

Then, for every A € R,

det(R — A1) = det (“ e ’ 3\)!) = det((1 — 121 - @'Q)
_ (1-01—-0*Q (0 _ N-2n
_det< 0 | _/\)21> = (1= Vg ().

Asexpected, R fulfills Assumption 3.5 if and only if Q fulfills (3.12). For instance,
assume that
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q O
0= with ¢i,...,¢q, € [-1,1].
O g

In this special case, R is a Toeplitz matrix,
q() = det((1 —2)°I — Q%)

=[Ja-r=a)d—r+an,

i=1
and then Q fulfills (3.12).

Now, let us consider

i = arg min {—|b,[% + pen(m)) (3.13)

me MN
where

m 1
pen(m) = cea; ”NZ'R""' :¥m e ({l,...,Nr},
i#k
the constant ¢, > 0 needs to be calibrated in practice,
— —~ NT
My ={me{l,....,Ne}: (@m(¥ op vV 1)) <O—e
N {m { ) (c,m(IV, llop V 1)) log(NT)

and, under Assumption 3.2,

1 Ta
0= - <=
2048c;T(1+q/2) ~ 4

Consider also the theoretical counterpart

NT

= L., Ne - @Em(V o VD)2 < ——
My {me{ r} i (cm (W, llop V 1)) Dlog(NT)

} of //\7(1\/,

where 0 = 0/4.

In order to establish a risk bound on the adaptive estimator B,a, the deterministic set
My needs to be almost surely contained in its empirical counterpart when N — oo.
To that purpose, let us introduce the event

Envr={Mn, CMyr CMy,},

where
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Yy - NT
e Myr = {m ef{l,...,Nr}: (Cém(”‘l’m,lr”op v )< Dlog(—NT)}’
e My, =1{me{l,...,Nr}: (cm(||\111|| v 1)? < ‘L
N,y — > T op 1 g(NT) s

~ NT
— (2 -1 2 .
° ind My, = {m e{l,...,Nz}: (c,m(I¥,, " llop Vv 1))” < olog(—NT)} with
0 =40.
The following proposition provides a suitable bound on P(EY} ) when I’ LA

have a sparse dependence structure (i.e., fulfill Assumption 3.2).

Proposition 3.8 Under Assumptions 3.2 and 3.4, there exists a constant ¢3g > 0,
not depending on N, such that

P(Ej ) <

—_

NP—

Proof First of all, note that
ESr = My, & Myr}U(Myr ¢ Dy, ).

The proof of Proposition 3.8 is dissected in three steps Step 1 provides a bound
on PMy,, ¢ MN r), Step 2 a bound on IP(||\I'm r— m yllop > &) for every m €
{1,...,Nr}and§ > O and then Step 3 a bound on IP’(MN r & My,).

Step 1 On{My, & MN r}, there exists m € {1, ..., N7} such that

NT
log(NT)’

- NT

@m(1%," llop v 1)* < Ve @m(1%, Fllop vV 1))? > D

The first inequality is equivalent to

)\ X ——
C m “ my”op log(NT) ¢ log(NT)

and then the second one leads to

NT

4 2nq5—1 12 4 2 n13—1 -1 92 -1 2
Ve < PIT bl < 26Tk — WL 15 + 1% 1)

<23 mAwt — w2 +2§L
X (7 m, I m,y llop log(NT)
So, since d — 20 = 20, and by the definition of My ,,

— — NT
M M ?———— < G-l w2
My, € Mnr} C SMJ { log(NT) om0, m.,}/”oP}
m N,y
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c U el <19, —w b € | 95

meMy,, meMy,,

Therefore, since 0 < ©x, by Proposition 3.6,

— ¢
PMyy & My < 37 PR,0) < 7

meMy,,
where ¢; > 0 is a constant not depending on N.
Step 2. For any m € {1, ..., N7}, note that
W00 = Wiy llop < My + Ry,

where

1
My =+

N
D (W (M) = By (W ()
i=1

op

N
and Ry = — | (Ei_1 (¥, (7)) — E(W,,(I')))

i=1

1
N
op

On the one hand, for any A > 0, let us establish a suitable bound on P(My > A).
Foreveryi € {1, ..., N}, since

. 1 . .
vir = ~ (U () = Eiy (9,,(T)))

is a symmetric matrix, by Proposition 3.1.(3,4), Jensen’s inequality and Inequality
(3.4),

. . . 1 . .
(=9, (T)* = W (1) 5 Amax (W, (M) = L5 W (1) = By (W (M) 55
1 , .
< 27 I T llop + i (1 (T l0p))* < M

with
_ 48(m)?

2
M- = N2 I.

So, by the matrix Azuma inequality (see Proposition 3.4),

AN
> A <2mexp .

N
Yo whh
i=1

op
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On the other hand, let us establish a suitable bound on P(Ry > A). By the

definition of 7 y ,
1 i T
Ry =~ > B (W), () — E()(T1)))

iGJer

op

By Markov’s and Jensen’s inequalities, and by Inequality (3.4),

]E(R%/) |AZ—N,1"|(I_1 t i + i q
P(Ry > &) < — 1 < =i IZ E(|Ei—1 (¥, () — EC¥;, (T4,
t€LNT

| Ll t § p 29Iy rl? p
Ao g LU () = BQE, (D)5) < —omeo—Lim)".

<

Therefore, for every § > 0,

~ 1)
PIW,r — Wiy llop > 8) < P({MN > 5} U {RN > 5})
82N 49Ty |4
<2 — : q,
mexp( 128£(m)2> + TN £(m)

Step 3. On {My r & My, }, there exists m € {1, ..., N7} such that
2 -1 2 2 ~1 N
v VD) <0—— d v op V1 00—
(G, llop v D) < 0p oo and (Gl llop v D) = B3

. NT

The first inequality is equivalent to
and ¢¢m? <o—r,
oS Ooa(NT)

4201 2

cme||W <0—

oM ¥ rllop < log(NT)
and then the second one leads to

~ NT —~ —~
4 2 -1 92 4 2 -1 -1 2 -1 2
< m2 w120 < 2 mP (1w, — B 02, 4 18,1 012)

a—
log(NT)
<23mA vt — U2 20—
oMWy = Yo llop + 20000 8T
Moreover, for every m € {1, ..., Nr}, by interchanging \/ﬁm,r and W, ,, in the

proof of Lemma 3.3,

~ ~ ~_1 ~_1 1
—1 -1 -1 2
{”\pm,y - wm7r||op > “"pm,r”op} C {||lpm,2r"pm,yq"m,r - I”op > 5}

-~ 1~
C {uwm,r — Wy llop > Enwm}rnop‘}.
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So, since -20= 20,
Myr & My}

NT o~
c U {c4m2||‘1’m rlop < 0N T) © com’ 1V, — ‘I’m,lr||<2)p}

cpm?<o log(}\T’T)
1
~ m (log(NT)\?
C U ”\Ijm,l" - \Ijm,ynop > E <0N—T .
cpm? <Dlng(NT)

Therefore, by Step 2, by Assumptions 3.2 and 3.4, and since g > 2p,

A N 2log(NT
PMyr & Myy) < ) [2’”‘”‘1’ (‘ 1288(m)* : 4§%T )>

40 NT
Cpm <Dlng(NI)

81T v rl4 IA(NT)/?
n [Tyl (NT) (m)?
N4 m log(NT)4/2
log(NT)
< Z [2mexp <_W>

4 02 NT
oM S0 vy

g q [Inrl4
+ (8¢;) (UT)Z—N(]/2 log(NT)q/z]
< ) 2m + (82 )‘f(aT)z“—2 <2
= N1+q/2 Np— Np-1°
cym?<o lcg}\(l]z’-T)

where ¢, > 0 is a constant not depending on N.
O

The following theorem, which is the main result of this section, provides a risk
bound on the adaptive estimator by;.

Theorem 3.2 Under Assumptions 3.2 (with p > 5), 3.4 and 3.5, there exists a
constant ¢35 > 0, not depending on N, such that

~ 1
~ _ ply2 i _ _ —
BB — b 3) < e32 (mﬂ i% I = b1 + (1+ l}ﬁ:mlu) } + N).

Proof By the definition of ﬁ,,q (see (3.9)),
b — byl = min |z = byly + I1ba — TaGo)l.-

Moreover, since 0 € Sz,



64 3 The Projection Least Squares Estimator of the Drift Function
. 12 12
min ||z — bylly < llbglly-
T€ShH
Then,
~ 112 In2 ~ = INn2 N I2
Ibm — bolly < Ulbo Iy + lbm — abp) Iy) Aag, + 1ag) + b — byliylaynay
with
()
meMy

The proof of Theorem 3.2 is dissected in four steps. The first step provides a prelim-
inary bound on E(||b5; — b{) ||?V), which is improved in Step 4 thanks to Propositions
3.6 and 3.8, and to the bound established in Steps 2 and 3 on

2
pn(m) =E |: sup |VN(T)|i| —p(m,m) | lgyngy |:me My
T€Bn.im
+

where, for every m’ € My,
Bm,m’ = {T € Spvm ”T”f = 1}

and

Ccal mv m
pm,m') = == Z|R,k|
t;ﬁk

Step 1. On the one hand, since i € ﬂN, as established in the first step of the proof
of Theorem 3.1,

~ o~ 1
I — Ma@)lly = Ay 05 Aq = 1957 Aall3
m L Ny
_ NT 2 )
<19, ||ovaN(w,) < ( log(—NT)> ;vw(%) :
Then, by the second step of the proof of Theorem 3.1,
1
292
1 Nr
~ -~ NT 2 1
E(|bs — 0D 1131z) < [0———— ) E )2 P(E$,)2
( ORI < (o) Yooy’ | | B

l—

C(NT N, £(Nr)
=~ " \log(NT) NT




3.6 Model Selection 65

1 el
x 1+ﬁ§|&,k| P(E)?

1 e b
<ol |1+5 Z IR« | P(E4)?
i#k
and, in the same way,
~ ~ 1 1
Elbn — Tabp) 3 le,) < N [ 145D 1Rl | @51,
ik

where the c;’s are positive constants not depending on N. On the other hand, for
every 7, T € Gy,,

@ — yn (@) = IIT = bl — It — By — 2vn (T — 1),

where
S,=8U.---US,;Vvme{l,...,Nr}.

Moreover, since

i = arg min {yy(by) + pen(m)},
meMy

for every m € MN,
v (B) + pen(i) < y (by) + pen(m). (3.14)
On the event Eyy = {My C ﬂ;v C My}, Inequality (3.14) remains true for every

m € My. Then, on Ey, for any m € My, since S, + Siz C S,,vin under Assump-
tion 3.4,

b7 — b33 < 1bw — bYI13 + 2vn (b — bw) + pen(m) — pen(in)

2
~ 1 ~ ~ ~
<o = byly + g I1ba = Bully +8 ([ sup |w<r>|} - p(m,m>)
T€Bn.in

"
+ pen(m) + 8p(m, m) — pen(in).

Since ||7:||§19N < 2”1—”%\/191\, for every T € Gpaxm,), and since 8p(m, m) <
pen(m) + pen(in),

b7 — bi 113 < 31bw — b3 + 4pen(m)
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2
+ 16 |:sup |UN(1')|:| — p(m, m) on Ey N Q.

1€Bn.m
+

So,

E(Ibs = bl 1z,n0,) < min (3E(IBy — bl 1z, ) + 4pen(m) + 16py (m)}.

Therefore, to conclude this first step,

E(llba — bgl3) < min (3E(Iby — byl 1z, ) + 4pen(n) + 16py (m))
m N

1 —~c L e 1
+ N [T+ D IRl | (BER)* +P(25)2),
i#k

where ¢4 > 0 is a constant not depending on N.
Step 2. Consider T € Sy, and the martingale (My (7));e[0,77 defined by

N t
My (t); = Z/ o (XHT(XDH)dW!; Ve € [0, T].
i=1 70
Since d(W!, W¥), = R; dt forevery i,k € {1,..., N},

N T
(My()r =3 Rix /O o (X (X (XD (XA)ds
i,k=1
- /0 (@)X NIR(@ D)X ))ids < | Rlop /0 1@ D)X 2 yds

N

T
< ||R||op||o||i0/ (Zr(xg)z) ds = NT|Ropllo |2, lI7II%-
0

i=1

Then, by Assumption 3.5 and Bernstein’s inequality for continuous local
martingales (see Revuz and Yor [2], p. 153), for any ¢, v > 0,

P(oy (1) > &, IT]} < ) < P(My (D)% > NTe, (My (D)7 < NTU?(|Rllopllo]|%)

< NTs? ith 1+
<exp|l —=——5—] with t= ms3s.
P\ 20210120 33



3.6 Model Selection 67
Since this bound remains true by replacing t by —7,

P(loy(0)] > &, lIzlly < v) =Py(r) > &, [Tl} < vP)
+ Py (1) =& |IT]% < v?)
NTg? )

<2exp (5
exP( 2020 %t

Step 3. By using Step 2 and the same chaining technique as in the proof of Baraud
et al. [7], Proposition 6.1, the purpose of this step is to find a suitable bound on

2
E |:Sup |VN(T)|i| —pm,m') | gy, | im,m € My.
TeB

m,m /

+

Consider §p € (0, 1) and let (§,),en+ be the sequence defined by
8p = 8027"; Vn € N*,

Since S,y 1S a vector subspace of L2(R, f(x)dx) of dimension m vV m’, by
Lorentz et al. [8], Chap. 15, Proposition 1.3, for any n € N, there exists 7, C B, »’
such that |T,| < (3/8,)™""" and, for any T € B, >

Eltn € T;z : ”T - Tn”f < (Sn' (315)

In particular, note that

o0
T=71+ Z(tn = Tu—1)-

n=1

Then, for any sequence (A,),en of elements of (0, 0o) suchthat A = )" ey A <

oo7
2
[ sup |vN(r)|} > A?

T€B,,

C {a(rn)neN e[]7: vl + D low(tn = Tp)l > A}

n=0 n=1

00
C {H(Tn)neN € HTn tvn(to)| > Agor 3n € N*: Juy(ty — Ty-1)| > An)}
n=0

c Jtwal>adul) | lhw@ =l > A

€Ty n=1 (t,_1,7,)€T,
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with T,, = T,,_; x T, for every n € N*. Moreover, since

3
lelilay <S¢l lay: Y9 € Gmany),

for every (T,)nenN € ]_[neN T, satisfying (3.15) for a given 7 € B,, v, on Qy,

3
Il < Slmol} < 3

and, for every n € N*,

3 3 15
170 = Ty < ST = Tl < S8 +280) = =81

So, by Step 2,

2
P |:sup |vN(r)|j| > A? NEyNQy

€SB,
NT A2
2% ()

L
= 3ol oI

> NT A?
+2 exp | — :
Z Z ( 3T — Tn1||§~|IGII§Ot>

n=1 (t,-1,7,) €T,

an’

NT A2
< 2exp| ho — 20
3ozt
- NT A2
2 c hnf hn -
" Z;Xp< HF wﬂﬁlmwaJ

(3.16)

with h,, = log(|T,|) for every n € N. Now, let us take Ag such that

NTA} , :
— s—=—(mvm +x) with x>0,
lollze

0

leading to

1
2

Ap = 3MM&%man+x+h)
NT 0 )

and for every n € N*, let us take A, such that

NTA?

hy1+h, — —————
1 15/282_llo 1%

=—mvm +x+n),
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leading to

1

15/262 2t
_ (ﬂ(mvm/—karnJrhnlJrh”))

" NT

For this appropriate sequence (A,)enN,

2 o0
P |: sup |UN(T)|] > AN ENNQy | <2e7Fe V) (1 + Ze")
n=1

'L'GBm»m/

< 3.2e % mvm)
by Inequality (3.16), and

2
2 3lolkr

! 3
ATS =y nvm' 4202 +hg
5 o0
+\/iz‘3"1((’”V’"’+X>5+<n+hn1+hn)%))2
2
n=1
3 2 |
5 o0
+ \/;Z(Sn—l(l + (l’l + hn—l —+ hn)i))z
n=1
< 3||U”?’ot(m vim' +x)(8 +9)
S NT
with
5. :
n=1
and

192
- 1 5 — 3 2
azz[hg +\/;n2=;5n1 <n+NT <2log(%>+(2n—1)log(2)>> } ,

because
, 3 3
hy—1+h, < (mvm)|log 3 + log 5
n—1 n

< Nr (2 log <§> + (2n — 1)10g(2)) .
0
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Then,

2
8p o
P sup |vw(D)|| — pm,m’) > —x ¢ NExy NQy
|:r€B ccallTRN NT
< 3.2¢ Fe V)

with |
— 2 5 — _ .
p =30l +3) and RN_1+N§|R,,k|.

So, by taking ¢.y = 80T ! > 8p(TRy) ' and y = px(NT)~!,

2
p(y) =P |: sup |VN(T)|:| —p(m,m’) >y NEyNQy

€8, W

NTy

< 32e 0 e V),

Therefore,

2
E |:SUP |VN(T)|:| — pm,m’) | 1g,ney =/ p(y)dy
0

€8, W
+

—(mvm’)

NT

<3.2p

Step 4 (conclusion). By Step 3, there exists a constant ¢s > 0, not depending on N,
such that for every m € My,

3.2,0 ' Cs

m) < — e~ mvm) < 2

P (m) S 2 N
m'eMy

So, under Assumptions 3.4 and 3.5, by Step 1,

~ 16¢s
E(llba — byllx) < _min {3E(|Ibm byliv1s )+4pen(m)+7}

1
+ N 1+N;|Ri,k| (P(E5)7 + P(Q5)2).

Under the additional Assumption 3.2 with p > 5, by Propositions 3.6 (because
? < ¢p) and 3.8, there exists a constant ¢ > 0, not depending on N, such that
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E(llbm — b{113) < 6 ( min {E(||b,, — b}y 1z,) + pen(m)} + —) ,
mEMN N

and then Theorem 3.1 allows to conclude.

Let us conclude this section with some remarks about Theorem 3.2:

e Note that Theorem 3.2 provides a risk bound on the adaptive estimator b of same
order as the minimal risk bound on 5,,1 (see Inequality (3.10)) for m taken in My.
e Of course the model selection criterion (3.13) works when W', ..., W are inde-
pendent, but in this special case, the criterion may be improved by taking a larger

MNI R

m* = arg min {—||b, || + pen(m)},
meMy,
where

M, = 1 Nzt m(JP o V 12 <a*L
N = me{,..., Ti: ¢ m llop NS lOg(NT)

and 0* € (0, c5/4). Under Assumption 3.4, F. Comte and V. Genon-Catalot have
established in [9] (see Theorem 3.1) that

7 12 . . e, m 1
E(llbas — bylly) < €55 (rnlﬂg}vrtl7V {?;g: IIr—b0I|f+N}+N),

where ¢%, > 0 is a constant not depending on N, and

—« NT - o*
L2 —1 2 * . *
M*N: {me{l,...,NT}.c(pm(H\Ilm lop VvV )* <0 log(NT)} with 0 = 7T

This sharper result is established in the more general framework of diffusion
processes with jumps in Chap. 4, Sect. 4.1.
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Chapter 4 ®)
Going Further with the Projection Least e
Squares Method: Diffusions with Jumps

and Fractional Diffusions

The risk bound in Theorem 3.1 can be extended to stochastic differential equations
driven by a jump process or by a fractional Brownian motion, because its proof
only relies on the zero mean and on the control of the fourth-order moment of Itd’s
integral with respect to W, and because the bounds in Sect. 3.3.1 (resp. Sect. 3.4)
on P(€2;, 1) (resp. P(A;, 1)) and Lemma 3.4 have been established for copies of any
piecewise continuous stochastic process. So, this chapter deals with the extensions of
the projection least squares method introduced in Chap. 3 to diffusions with jumps and
to fractional diffusions, but for independent copies only. On the one hand, Theorems
3.1and 3.2, whichrespectively provide arisk bound on by, form fixed and a risk bound
on the adaptive estimator b, are extended to the projection least squares estimator
of the drift function for stochastic differential equations driven by a Lévy process in
Sect.4.1. On the other hand, to generalize the (projection) least squares method to
fractional diffusions is a more complicated challenge, because the natural extension
of Itd’s integral to fractional Brownian motion, centered with a sharp control of
its fourth-order moment, is the Skorokhod integral, which is difficult to compute
in practice. This difficulty is deeply discussed in Sect.4.2, which deals with a risk
bound on a copies-based parametric least squares estimator for fractional diffusions,
with a risk bound on the Skorokhod integral-based extension of the projection least
squares estimator introduced in Chap. 3, and finally with a projection least squares
estimator of the drift function for some non-autonomous fractional diffusions.

4.1 The Projection Least Squares Estimator of the Drift
Function for Diffusions with Jumps

Let X = (X,)/er, be the diffusion process with jumps defined by

t t t
X, =x +/ bo(Xs)ds +/ o (Xs)dWs —i—/ y(Xs)d3s;t € Ry 4.1)
0 0 0
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where xg € R, W = (W,);cr, is a Brownian motion, 3 = (3;)cr, is a compensated
compound Poisson process independent of W, by € C'(R) with by, bounded, and
o,y : R — R are bounded Lipschitz continuous functions such that

(}i{gﬂf@ o(x)2> A <i2m§ y(x)2> > 0.

Under these conditions on by, ¢ and y, Eq. (4.1) has a unique (strong) solution.
In this section, except those depending on the empirical process vy, all the oper-
ators (as yy or @m) and sets (as A,,) introduced in Chap. 3 remain defined in the
same way by replacing the copies of the solution of Eq. (1.1) by X!, ..., X", where

X' = I(xo, W', 3);Vie(l,...,N},

(W', 3Y, ..., (WV, 3") are N independent copies of (W, 3), and I is the solution
map for Eq. (4.1). The projection least squares estimator of by is still defined as
a minimizgr Em in S,, of the objective function yy, and the associated truncated
estimator b,, by ~

b (x) =Dy (x)1p s x € 1.

First of all, Sect.4.1.1 is a brief reminder on the stochastic integral with respect
to the compound Poisson process. In Sect.4.1.2, a risk bound on 5,,, is established
for m fixed. Section4.1.3 deals with a model selection method and a risk bound on
the associated adaptive estimator. Finally, some basic numerical experiments on the
adaptive projection least squares estimator are presented in Sect. 4.1.4.

4.1.1 A Brief Reminder on the Stochastic Integral
with Respect to the Compound Poisson Process

Let Z = (Z;)¢ej0,7) be a compound Poisson process:

Z =Y uVtel0,T],

n=1

where v = (V;)¢[0,7 1S a (usual) Poisson process of intensity A > 0, independent of
the ¢,’s which are i.i.d. random variables of (common) probability distribution 7.
Let us also consider the centered martingale 3 = (3,),¢[0,r) defined by

where ¢; is the (common) expectation of the ¢,’s. Its quadratic variation [3] =
([3])sero.17 satisfies
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Vr
[3]: =) ¢ Ve elo. Tl
i=1
The stochastic integral on [0, T'] of a process H = (H;):c[0.1] With respect to Z
is defined by
T vr
/ Hsts = ZHIné-ns
0
n=1

where the 1,’s are the jump times of the Poisson process v. As Itd’s integral, the

stochastic integral with respect to 3 satisfies the two following basic properties: for
every H € H2 having left limits,

) T
(A) / Hd3, = (/ H1p 4 (s)d3s> is a martingale,
0 0 t€[0,T]

T 2 T
(B) and E |:(/0 H5d3s> :| = c{zk/ E(Hsz)ds (isometry type property).

0
As for I[td’s integral again, by the Burkholder-Davis-Gundy inequality,

(C) For every p > 1, there exists a constant b, > 0 such that, for every H € H?

having left limits,
! P . 5
E| sup fodSX <b,E |[/ Hrde]]
te0, 7] |Jo 0 T
. T
ﬂ/ Hsdssﬂ = [ w23
0 T 0

Finally, for p = 4, the following proposition deals with a suitable bound on the
left-hand side of Inequality (C).

and

Proposition 4.1 For every H € H? having left limits,

T 2 T
E [(/ Hfd[[B}]s> } < 2(ep + cgsz)A/ E(HMds.
0 0

Proof Consider H € H? having left limits. By the isometry type property (B), and
since [3] is (also) a compound Poisson process of intensity A,
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T 2 T 2
E [(/ Hfd[[3]]s) } <2E [(/ H2(d[3]s — ng)\ds)> ]
0 0
T 2
+2E [(cgzx / Hfds) }
0
T T 2
= 2¢4) / E(H})ds + 2¢,1°E [( / Hfds) }
0 0

T
< 2(cps + cgsz)A/ E(H!ds.
0

O

For details on the stochastic integral with respect to the compound Poisson process,
the reader may refer to Applebaum [1] and Privault [2], Chap. 20.

4.1.2 Nonadaptive Risk Bound

By using the bounds on P(€2;, 1-) and P(A;, ) established in Sects. 3.3.1 and 3.4
respectively, and by using Lemma 3.4, the purpose of this section is to prove a suitable
risk bound on b,, for m fixed. First, let us check that the density function f remains
well-defined, and let us provide an appropriate empirical process.

In the sequel, o satisfies (1.3), by belongs to the Kato class

K2={ hmsupf / lo(x + ) + @ — MIs? (] +57)° 3dyds—0}
xER

the Lévy measure ; = A has a density 6 with respect to Lebesgue’s measure, there
exists & € (0, 2) such that 7 € R — 6(z)|z|'** is bounded, and if @ = 1, then

/ 70(2)dz = 0; Vr,e > 0.
r<l|z|<r+e

By Chen et al. [3], Theorem 1.1 and the remark p. 126, 1. 5-7, in Amorino and
Gloter [4], for every ¢ € (0, T], the probability distribution of X, has a density f;
with respect to Lebesgue’s measure such that, for every x € R,

_ 1 _ (x—x)?
Ji(x) <cosr | 2exp| —MosT ; +

where ¢y 5.7 and mg 5,7 are positive constants depending on 7 but not on ¢ and x. So,
t — f;(x) (x € R) belongs to L!([0, T]), which legitimates to consider again the
density function f defined by

W7+ = Xo|)1+o’) 2
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T
fx) = l/ fi(x)ds; Vx e R.
T Jo

Let us establish three consequences of Inequality (4.2):

e The density function f is bounded, and then S,, C L2(R, f(x)dx) because the
@;’s belong to L2(R, dx). Indeed, since

for every x € R,

- T2-(14)/2
Bsr (ppry T ) o
2—-(1+w)/2

e If by is bounded, then by € K, and
Ibo|< € LA(R, f(x)dx); Yk > 0.

First, since f is a density function, for every « > 0,

f(%@MVMM<MM%<w

Now, for any y € R* and § > 0,

/S l L3 L 2 832
s2(lyl+s2)” dsg—/ sids = = . —,
0 yI*Jo 3 0y

and if 0 < y? < §, then

L - y? $12 B s12
52 + 52 _ds=/ —ds—i—/ ——ds
/(; (|)’| ) 0 (|y| +S1/2)3 )2 (|y| +S1/2)3

2t 2 5\
<2 ST as<iia (2
3+[ TETICE 3+”<ﬁ)

with

0o gl/4
C1 :/; md&‘ < Q.

So, for every 6 € (0, 1],
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8 o0
Sup/ / 1bo(x + ) + bo(x — Y)Is2(|y] + 52)*dyds
0 —00

xeR
2 5\ 4 2 532 ,
< 2|1bollos -+ ) dy + - —3dy < pd2
0<y?<$8 3 y 3 s<y? |)’|
4o <2+ /1 dy+2/°°dy>
€ = 0lloo | 7 €] — = — ] <.
3 0 )"/2 3N )’3

Therefore, by € K.
e Assume that there exist ¢ > 0, « > 0 and ¢ € (0, «) as close as possible to 0, such
that

with

a—¢e

lbo(x)| < c(1+|x]) * ;Vx € R.

So,
(12
[bo ()| fi (x) = o <—) by Inequality (4.2),

x—+00,t—0* [x — X0|1+€
and then

/ |bo(x)|“ f(x)dx < oo.

o]

Now, consider the empirical process vy defined by
N T
1 i i i iy g2
HOESDY / T(X) (o (XDAW] + y (XDd3).
=170

Note that Equality (3.8) remains true:
[Zn; = (bo, 9)n + vn(9): V) € {1,....m).

The following theorem, which is the main result of this section, provides a risk
bound on b,,.

Theorem 4.1 If the matrix \V,, is invertible, then there exists a constant c¢41,; > 0,
not depending on m and N, such that

- . L s mror b 4 peac
E(1Bn — b1} < min 7 = b} + caram (ﬁ + P2} + P(Amﬁ) .

Under Assumption 3.1 with p > 2, there exists a constant ¢4, , > 0, not
depending on m and N, such that

~ m
E(|by — b)) < min |7 — B + ¢4 02—
(” m OHN) \IES,,( ” ()”f 441,2N
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Proof Since the definition of the empirical projection ﬁm remains the same as in
Chap. 3, as in the proof of Theorem 3.1,

Bl — b l13) < min E(lz = bg13) + E(By — b))l 1a,) + i P(A;)?

o = ( f bo(X)“f(X)dx)z.
I

Moreover, by (3.8), and since Lemma 3.4 has been established for copies of any
piecewise continuous stochastic process, as established in the proof of Theorem 3.1
(see the first step),

with

2
IE(”bm - H (b())”NIA ) —Ttrace(\lJ cI)m a)
292

NT “ |
— K )2 P(Q¢):2
tea log(NT)£(m) 1221: o) (&)

with
(I)m,a = NTE(AmA,:) and Am = (VN((/’j))je{l ,,,,, m}-

Since the empirical process is not the same as in Chap. 3, suitable bounds on

2

E Z vy ((pj)2 and trace(\I/,;1 D,6)

need to be established (see Steps 1 and 2) in order to conclude (see Step 3).

Step 1. By Jensen’s inequality,

E ZVN(ng)2 < mZE(VN((Pj)4)
- =
N4T4 Z(E(a“) +E(o))

where, for every j € {1, ..., m},

N T N T
8j = Z/o <pj(X;)a(X§)dW; and pj = Z./o (p_,-(Xé)y(Xé)df)’s.
i=1 i=1
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On the one hand, as already established in the proof of Theorem 3.1 (see Step 2),

Y E($) < baN>T?L(m)’ / o (x)* f (x)dx.

j=1

On the other hand, by Burkholder-Davis-Gundy’s inequality (see Sect.4.1.1),
Jensen’s inequality and Proposition 4.1,

m m T 2
Y E(pD) <bN?YE [( /O ¢j<Xs)2y(Xs)2d[[3ﬂx> }
j=1 j=l1

< 264N (cs + ¢ AT)A

moo.T
<3 [ Bl oty xohs
j=1

< 264N (cps + ¢ AT)AT £(m)? / y ()4 f(x)dx.

So,
2
- mL(m)?
E|{D vwig)? S5
j=1
with
8by4 N 4 2 > 4
0= T4 T o(x)" fx)dx + 2(ces + cgz)LT))LT yx)' f(x)dx ).
—00 —00

Therefore, there exists a constant ¢; > 0, not depending on m and N, such that

1
2912
m

NT ]
————[ 32 < L
o log(NT)£(m) 12:1: N (@) c3m?

Step 2. First, let us show that ®,, , is a positive semidefinite symmetric matrix.
Indeed, for any y € R™,

2
1 N7 ‘ o o
y*q)m,(ry = W]E (Z/ T\(le)(G(le)del + y(le)dBI\-)> = 0
i=1 70

with
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m
Ty = Zyj<Pj~
j=1

By the isometry property of It6’s integral and the isometry type property of the
stochastic integral with respect to 3,

1 T 2
Y@, ,y==E |:</ ry(Xs)a(XS)dWs> i|
T 0
1 T 2
+1iE [( / ry<xs)y(xs>d35> ]
T 0

Lt 2 2 C2 A ! 2 2
= _/ E(T)'(Xs) U(Xs) )dS + _/ E(rv(Xs) V(Xs) )dS
T Jo T Jo ’

2

< (lollz + e Ay I%) / D o yigi) | feodx. (4.3)
~\5

1/2
=[1wylI3,,

Therefore, since ®,, , is a positive semidefinite symmetric matrix, by Proposition
3.1 (4, 6) and Inequality (4.3),

1 _ _1 _1
n_1trace(\pm ! qu,a) < ”“I"m : q’m,a qjm ’ ||0p

= sup YO,y < llolX 4 carlyli.
Yy lom=1
Step 3 (conclusion). By the two previous steps,
E(|lbw — byll3) < min |7 — b} ||
€Sy )
2m 1 1 1
- ﬁ(nonio + ey llZ) + esm2P(Q5)2 + ¢ P(AS)?.

Under Assumption 3.1 with p > 2, by Propositions 3.5 and 3.7, there exists a
constant ¢, > 0, not depending on m and N, such that

= 12 . 12 m
Edlbn — bylly) < ?Elgﬂ It —byll7 + C4ﬁ-

As in Theorem 3.1, the order of the bias term

. 12
min ||t — b,
min [z — b7,
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as well as £(m) and ||V, ! llop depend on the ¢;’s. For instance, assume that / = R,
and that ¢; = h;_; for every j € {1, ..., m}, where (h,),en is the Hermite basis:
foreveryx e Randn € N,

n
x2 2

i \ d
h,(x) =Q2"n\/m) H,(x)e”* with H,(x) = (—1)”e"2 T e .
xl‘l

On the one hand, [|¢; ||l < 7~ /4 forevery j € {1, ..., m} (see Abramowitz and
Stegun [5]), and then £(m) < m. Moreover, by Chen et al. [3], Theorem 1.3, for any
t€(0,T]and x € R,

_1 (x — x0)? !
Ji(x) Z 5.7 (f 2 €xXp <—mo.5,T ) + ) J

t (2 + |x = xo) '+

where ¢, 5  and m, 5  are positive constants depending on T but not on ¢ and x. So,

Co.5,7!
QT + 4x3 + 4x2)(+e)/2
> So5,7! . 1
7 @V QT + 4202 (1 4 x2) /2’

fi(x) =

and then

a9 with ¢ = fos.r T
(1 + x2)(Hw)/2 ' 24 v 2T + 4x2) (2

fx) =

By assuming that « € [1, 2), and by Comte and Genon-Catalot [6], Proposition
9, there exists a constant ¢, > 0, not depending on m, such that
I+a

-1
||\Ilm ”()p <om? .

Therefore, Assumption 3.1 is fulfilled by any

o\ NT e
m < C— .
V1 log(NT)

On the other hand, consider the Hermite-Sobolev ball

W) = [cp eL’(R,dx): Y nPlp, hy)* < a}
n=0

with 8 > 3+ «)/2 — 1 and § > 0, and assume that by € Wﬁ(é). By Belomestny et
al. [7],
”Hm(bO) - bO”2 < 8m7ﬂ~
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Since f is upper bounded on R by a constant m > 0 thanks to Inequality (4.2),

min [T — bollF < W[ T, (bo) — boll?

TESm

<eam™? with ¢; = ms.

In conclusion, by Theorem 4.1, there exists a constant ¢4 ; > 0, not depending on
m and N, such that

E (1B — boll3) < Taa (m ™ + ).

and then the bias-variance tradeoff is reached by (the risk bound on) 5,,1 for m of
order N/U+A),

4.1.3 Model Selection

As in Chap. 3, Elje dimension m of S,, needs to be selected from data because the
one for which b,, reaches the bias-variance tradeoff depends on some unknown
regularity parameters of by. In order to introduce an appropriate model selection
criterion, throughout this section, the ¢;’s fulfill Assumption 3.4 as in Sect. 3.6.
Moreover, in order to control the big jumps of X, the Lévy measure m; needs to
fulfill the following assumption.

Assumption 4.1 The Lévy measure r; is sub-exponential: there exist a, b > 0 such
that, for every x > 1,

;. ((—x, x)°) < ae bkl
Now, let us consider
i = arg min {—||b,||3 + pen(m)} 44

meMy

where m
pen(m) = ccalﬁ; vm e {l,..., Nz},

the constant ¢, > 0 needs to be calibrated in practice,

Y ~ NT
My = {m e{l,....Nr}:om(|W, '3, v 1) < a—}

" log(NT)
and
1 [3 Jia/4
o = min | — b it ey, = Y2
8¢, T (I flloo +cap)l+p) 4 3¢y

Consider also the theoretical counterpart
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NT

= e{l,....,Nr}y:m()v 12 v < o—
My {m { r}ie,m(IW, 5, v 1) og(NT)

} of ﬁ[v,
where 0 = 0/4. ~
Asin Sect. 3.6, in order to establish a risk bound on the adaptive estimator b;;, the

deterministic set My needs to be almost surely contained in its theoretical counterpart
when N — oo. To that purpose, let us introduce the event

Brvr ={Mn, CMyr Cy,},

where
Py - NT
— .2 -1 2
e Myr = {m €f{l,....Nr}:em(IV, vlig, VD < D—log(NT) },
e My, ={me{l Nry:m(Iw 12 v <6L
v c e Ty er T Plog(NT) |

~ N
L2 -1 2
e and mNyy = {m (S {1, ey NT} . cwm(||\11m!y||op V1)< Dlog(—NT)}

with D = 40.
The following proposition provides a suitable bound on P(Ef ) when

I'', ..., TV are independent.

Proposition 4.2 Under Assumption 3.4, there exists a constant ¢, , > 0, not
depending on N, such that

Proof First of all, note that
ESr = My, € Myr)U{Myr ¢ My, ).

The proof of Proposition 4.2 is dissected in three steps. Step 1 provides a bound
on P(My,,, ¢ My 1), Step 2 a bound on ]P’(||@m,r — W, llop > 8) for every m €
{l,..., Nr}and é > 0, and then Step 3 a bound on IP’(//\ZN; Z My ).

Step 1. On {My, ¢ My r}, there exists m € {1, ..., Nr} such that

- NT

NT
m(|w, 12, v 1) < d—e
¢ yoop log(NT)

d EmQU LA v >o———.
and com(|W,, g, v 1) > log(NT)

The first inequality is equivalent to

NT

» _= NT _
00—,
log(NT)

2 -1 2
cm||W¥ <0——— and ¢m <
oWy lop log(NT) ¢

O

and then the second one leads to
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NT G- 7 " n
Vst < Bl < 26mUT, 5 — WL IG + 19,15
. B — NT
< 2cim||‘1’m,lr - ‘I’m,ly ”gp + 2alog(—NT)'

So, since 0 — 20 = 20, and by the definition of My ,,

v, 2 Bturic U o

2 -1 -1 2
e Wy r — ‘I’m,y“op}
mEMN‘y

N
———— <
log(NT)

c | el <19, —w bl € | 95

mEMN‘V mEMN_y

Therefore, since 0 < ©x, by Proposition 3.6,

€1
Np=1’

P(My,, & My.r) < Z P2}, 1) <

mGMN‘V
where ¢; > 0 is a constant not depending on N.

Step 2. For any m € {1, ..., Nr}, let us recall that

N
~ 1 ;
Uor =+ ;wm(r ).,

85

and that ||W,, (h)[lop < £(m) for every piecewise continuous function/ : [0, T] — R

(see Inequality (3.4)). Then, for A = N~ (¥, (T") — E(¥,,(I"))),

E(A) =0 and [Alep < R = 2%.

Moreover,

1 m
IEASop = sup  E(IAYI3,) = <5 sup > var((W,(D)yl))

yillyllzm=1 yillyllam=1 =

and, forevery j € {1,...,m}and y € 9B, ,(0, 1),

2
var([W, (M)ylj) < E [(Z ye - ;/0 ¢j(Fs)<PZ(Fs)dS> }
=1
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< / (Zw,-(x)w(x)yz) Fdx < 1 fllsolljl%
=1 =1

=1

So,
o = NIEA)op < I fllo 22 ).

T'herefore by the matrix Bernstein inequality (See Proposmon 3 3) for every
1) 2 O,
I (” ||0p = ) < P /
Im I Im = 8 X mexp
’ vy o- + R6/3

<mex (— 82/2 )
STEP TS o (1 fllee +26/3) )

Step 3. On {mN,r Z My, }, there exists m € {1, ..., N} such that

NT ~
¢ m(||‘~11mr||2 v 1) S — and Em(|W, 12 v1) >0——.
log(NT) ¢ 7o log(NT)

The first inequality is equivalent to
5 NT

T
‘I/ < D— d g D ’
C m|| . rllop log(NT) and c,m log(NT)

and then the second one leads to
~ NT B ~ ~
<em|W, LI, <2m(w,t, — W L2+ 1, 12

00—
log(NT)
-~ NT
<23m|w b — w2 20—
cgom” m,y m,l"”op+ log(NT)

Moreover, for every m € {1, ..., Nr}, by interchanging @m,l" and W, , in the
proof of Lemma 3.3,
o~ o~ ~_1 ~_1 1
W, llop > 119, 1 llop} {u\v Ty Yt = Llop > 5}

—1
!,
—~ |
C {uwm,r — Wy llop > Enwm,‘rnog}.

So, since -20= 20,

{ﬁN,F Z My}
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NT _ ~_
C U {C m||®,, rlg, < alog(—NT) < comll¥,}, — ‘I’m,IF”gp}

M ity log(NT)

1
~ 1 (mlog(NT)\?
- U {H‘Ifm.r — Wy llop > 7 (DN—T> } .

2 NT
AN, Toe(NT)

Therefore, by Step 2 and Assumption 3.4,

- m/(80T)1log(NT)
PMyr & My,) < . ; m exp (— Sl + 01/2/(3%)))

(\g(NT)

log(NT)
< Z m exp <_8C$OT(||f”oo + CA,«J)

2m<o

NT
log(NT)

1 (%)
< (NT)r+! Z ms N1’

M G Iog(NT)

where ¢; > 0 is a constant not depending on N. (I

The following theorem, which is the main result of this section, provides a risk
bound on the adaptive estimator by;.

Theorem 4.2 Under Assumptions 3.4 and 4.1, there exists a constant ¢35 > 0, not
depending on N, such that

. m
E(lba — bylI3) < c32 <mr%1N {f?fsr,i T — ByIIG + ﬁ} + ﬁ> -
Proof Let Qy be the event defined by

n e

meme

and, for every m, m’ € My, consider

€8

2
pn(m) =E [ sup |VN(T)|j| — p(m,m) | 1gyna,
+

and
( ) Ccl mVm
m,m) =—-
P § N

Since the definition of the empirical projection ﬁm remains the same as in
Chap. 3, and since
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(v @) + pen(M) 1z, < (yy (@) +pen(m)lz,; Ym € My,
as in the proof of Theorem 3.2,
E(Ibs — byll3) < min (3E(Iby — byl 1s,) + 4pen(m) + 16px (m))

+ T EED +HPE)D @5)
where ¢; > 0 is a constant not depending on N. In order to improve this prelimi-
nary risk bound on by in Step 2, since the empirical process is not the same as in
Chap. 3, a suitable bound on

P(uy(r) > &, |I7lly < v*)ié.v >0
needs to be established in Step 1 in order to control py (m) (m € My).

Step 1. The purpose of this first step is to establish that for every £, v > 0,

B NTE? )
42l iz, + Iy 13)v* + Tl ll¥ lock)

! * s
¢, =—max {1, e2m (dz) ¢ .
2 —0

Consider 1 € S;U---US8y, and, for any i€ {l,...,N}, let Mi(x)=
(M! (T)1)rero, 7 be the martingale defined by

Py (t) Z &, )y < v?) < exp<

with

M'(t), =/ (XD (o (XHdW! + y(X))d3'); Ve € [0, T].
0

Moreover, for every ¢ > 0, consider
Yi(r) =eM'(v) — AL(r) — BL(2),

where AL(t) = (AL(T))reqo.7) and Bi(t) = (BL(T)/)rejo.7) are the processes such
that, for every ¢ € [0, T,

2

t
Al (0), = % / t(X1)20 (X)2ds
0

t [e¢} X . . .
and Bl(1), = / ( / (e““xi)y(xé)—szz(xg)y(xg)—1)m(dz)> ds.
0 —00
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Note that forevery t € [0, T] and any i € {1, ..., N},

IT(XHY (XD < 1T loo 1Y loo-

Then, forevery t € [0, T]and any ¢ € (0, ¢*) withe* = (b A 1)/ Q2|7 |looll¥ ll0)>
by Assumption 4.1,

t . .
E (/ / |eazr(X§)V(X§) _ 1|7t)\(dz)ds>
0 Jiz|>1

<t <m([—1, 1]“)+/ eg'zm(dz)> < 0.
|z|>1

So, (exp(Y; (T)1))refo. 11 1s a local martingale by Applebaum [1], Corollary 5.2.2.
In other words, there exists an increasing sequence of stopping times (7)/),en such

that lim,,_, T,; = o0 a.s. and (exp(YS" (T)iaTi)ier0,7) is @ martingale. Therefore, by

Lebesgue’s theorem and Markov’s inequality, for every p > 0, the process Yy .(7) =
Y () + - + YN (1) satisfies

N
P(e™ 1 > p) = lim P (em <Z Y!(f)mT,{) > p)

i=1

[ 1 N __ 1 1 N __ 1
< — lim E(exp(Y, (D7arp)" = —E(exp(¥, (1)0))" = —.
p n—oo p p

Now, for any ¢ € [0, T], let us find suitable bounds on

N N
Ane(r) =Y AL(r), and By.(1), =Y  BL(T),.

i=1 i=1

On the one hand,

E2lolA o [ A oA T3 NT
Ane(T) < ”g”w Zf ‘L'(X;)zds < M. (4.6)
i=1 70

On the other hand, for every B € (—b/2,b/2), by Taylor’s formula and
Assumption 4.1,

00 oo 1
[ @ e vman=p | < | a- 9)e0ﬁ2d9> (d2)
—00 —00 0

C o0
< 33,32 with c3=/ e? ¥, (dz) < 0.

—0Q
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Since ¢ € (0, £*), one can take B = eT(X!)y(X!) for every s € [0,7] and i €
{1,..., N}, and then

ey 2 ITIZNT
: .

By (0, < 2 C38 Z / T (X2 (X))ds < @7

So, Inequalities (4.6) and (4.7) lead to
A 2 2 2 2
Ne(T) + By e (1) < e (lolls + 1Y I Ty NT.
Consider My (t) = M'(z) +---+ MV (t). Forany £, v > 0,

Py (z) = &, 7)1} < vh)
PV > oNTEE Ay (T)r + By o (D)7 < 282(la |2 + Iy I2)NTv?)
<P > exp(NTeg — 26 (lo 1% + Iy I13)NTv?).

Moreover, to take

§ .
= <€
20(lo 1%, + Iy I3)v? + & /e

leads to

NTE*(a(llo |12, + Iy 12)v* + £/€%)
Qea(lolZ, + Iy 12)v? + & /e*)?
NTE?
4(c2<||o||2 + Iy I2)v2 +£/e%)

NTeE — we’(lolZ, + Iy I1Z)NTv? =

Therefore,

Py () = &, lItlly < v <exp( NTE )
= ) S v X -
N N d(ca(llo |2, + 171202 + 1T looll¥ o)

< ox <_L52)
S PTG 1 (Tllf)

with ¢ = 4max{c2(lo |13, + 1713) 17 llsc)

Step 2. By following the same line as in the proof of Theorem 3.2, thanks to
Step 1 and to the L>(f) — L™ chaining technique (see the proof of Comte [8],
Proposition 4), there exists a constant ¢s > 0, not depending on N, such that for
every m € My,

on(m) < —
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So, under Assumption 3.4, and by Inequality (4.5),

~ ) —~ 16¢
E(|lbsm — b)ll3) < min {3E<||bm — b{lIx1z,) + 4pen(m) + —5}
mEMN N
C L1
+ NRP(ECN)% +P(Q5)7).

By Propositions 3.5 (because ? < ¢p) and 4.2, there exists a constant ¢ > 0, not
depending on N, such that

~ . —~ 1
E(llbsm — bYlly) < ¢ ( min {E(|b,, — bll31z,) + pen(m)} + —> ,
meMy N

and then Theorem 4.1 allows to conclude. O

4.1.4 Basic Numerical Experiments

In this section, some numerical experiments on the adaptive projection least squares
estimator of by are presented for the three following models:

1
(A) X, =05- / X,ds +0.5W; + Z,,

0
t
B) X =0.5+0.5/ J14 X2ds +0.5W, + Z,,
t o t X t tt
(C) and X :0.5+0.5/ ,/1+X§ds+o.5/ (1 4 cos(X,)2)dW, + Z
t 0 K 0 t

with 7 = N(0, 1) and A = 0.5. For each model,
by = Z[@,%IA;%L‘%
j=1

is computed on I = [—2.5,2.5] from N = 400 paths of the process X observed
along the dissection {¢7/n; £ =0, ...,n} of [0, T], where n =200, T =5 and
(¢1, ..., p7) is the m-dimensional trigonometric basis with 7 selected in {1, ..., 6}
thanks to (3.13). This experiment is repeated 100 times, and 10 adaptive projec-
tion least squares estimations of b, are plotted on Fig.4.1 for Model (A) and on
Fig.4.2 for Models (B) and (C). On average, the MISE (mean integrated squared
error) of by is slightly increasing with the complexity of the model: 0.1251 (Model
(A)) < 0.1469 (Model (B)) < 0.1825 (Model (C)). The same comment holds for
its standard deviation: 0.0950 (Model (A)) < 0.1688 (Model (B)) < 0.1928 (Model
(C)). This means that the more the model is complex, the more the quality of the esti-
mation degrades, and it’s visible on Figs. 4.1 and 4.2. However, for each model, the
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T T T T T T
-2.5 -2 -15 -1 -0.5 0 0.5 1 15 2 2.5

Fig. 4.1 Plots of 10 adaptive projection least squares estimations (black dashed lines) of by (red
line) for Model (A)

25 -2 -5 -1 -05 0 05 1 15 2 25 25 -2 -15 -1 05 0 05 1 15 2 25

Fig. 4.2 Plots of 10 adaptive projection least squares estimations (black dashed lines) of by (red
line) for Model (B) (left) and Model (C) (right)

MISE of by remains small and of same order as for continuous diffusion processes
(see Comte and Genon-Catalot [9], Sect.4).

4.2 The (Projection) Least Squares Method for Fractional
Diffusions

Let B = (B,),cr, be a fractional Brownian motion of Hurst parameter H € (1/2, 1),
that is a centered Gaussian process such that

1
E(B,B,) = z(s2H + 128 — |t — 5| Vs, t € R,
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Now, let us consider the fractional diffusion X = (X;),cr, defined by

t
X, = xo + / bo(X,)ds + o Bt € Ry (4.8)
0

wherexg € R,0 € R*, by € C!(R), and b(,is bounded in order to ensure the existence
and the uniqueness of the solution of Eq. (4.8).

First of all, Sect.4.2.1 is a brief reminder on the stochastic calculus for fractional
diffusions. Section4.2.2 deals with the least squares estimator of the parameter 6,
when by = 6yb and b is a known function, Sect.4.2.3 with an extension of the projec-
tion least squares method of Chap. 3 to estimate by in Eq. (4.8) and Sect.4.2.4 with
a projection least squares estimator of the drift function for some non-autonomous
fractional diffusions.

4.2.1 A Brief Reminder on the Stochastic Calculus
Jor Fractional Diffusions

This section deals with the pathwise integral (see Sect.4.2.1.1) and Skorokhod’s
integral (see Sect.4.2.1.2) with respect to a fractional diffusion. In the sequel, the
fractional Brownian motion B is defined on a complete probability space (2, 7, P),
where ¥ is the o -algebra generated by B.

4.2.1.1 The Pathwise Integral

This section deals with the definition and some basic properties of the pathwise
integral with respect to the solution X of Eq. (4.8).

Definition 4.1 Consider 4, x € C°([0, T]), and let D = (1, . . ., ,,) be a dissection
of [s,¢] withn € N* and s, ¢ € [0, T] such that s < ¢. The Riemann sum of s with
respect to x along the dissection D of [s, t] is defined by

n—1

Tnx(s.8) =Y h(t)(x(tipr) — x(1;)).

i=0

Notation. Let D = (19, ..., t,) be adissection of [s, ] withn € N*and s, t € [0, T']
such that s < ¢. Its mesh is denoted by 7 (D):

.....

Theorem 4.3 Consider o, B € (0, 1] such that o + B > 1, and let h (resp. x) be
a B-Holder (resp. a-Holder) continuous function from [0, T] into R. Then, there
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exists a unique o-Holder continuous function Jy,  : [0, T] — R such that, for any
s,t € [0, T] satisfying s < t, and every sequence (D,),cn of dissections of [s, t]
satisfying w(D,) — 0 when n — oo,

lim [ Jp (1) = Jpx(s) = Jhx.p, (s, 1) = 0.

n—oo

Young’s integral on [s, t] of h with respect to x is defined by

/ h(u)dx(u) = Jyx(t) — Jnx(s).

See Friz and Victoir [10], Theorem 6.8 for a proof. Now, let us state the change
of variable formula for Young’s integral.

Proposition 4.3 Consider F € C'(R) such that F' is Lipschitz continuous, and let
x be an a-Holder continuous function from [0, T] into R with « € (1/2, 1]. Then,
foreveryt € (0, T],

Fe(1) = F(x(0)) + /0 F'(x())dx(s).

Note that Proposition 4.3 is a consequence of the Taylor formula with integral
remainder.

For any « € (1/2, H), the paths of B are «-Holder continuous (see Nualart [11],
Sect. 5.1), and so are those of X by Eq. (4.8). Then, for every process H = (H;):¢[0.1]
having B-Holder continuous paths from [0, 7] into R with 8 € (0, 1] such that o +
B > 1, by Theorem 4.3, one may define the pathwise integral on [0, 7] of H with
respect to B (resp. X) by

T T
( / HsdBS) (@) = / H, ()d B, ()
0 0 , ,
<resp. (/ Hst5> (w) = / Hs(w)dXs(a))> Vo € Q.
0 0

To conclude this section, note that the pathwise integral has a role to play in
the sequel, but not for statistical purposes directly, especially because the pathwise
integral with respect to B is not centered and there is no sharp enough control of its
fourth-order moment.

4.2.1.2 The Skorokhod Integral

Let (-, -)¢¢ be the inner product defined by
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T T
(h, n)g = oeH/ / h(s)n()|t — s|*"2dsdt with ay = HQH — 1),
0 0

and consider the reproducing kernel Hilbert space H = {h : || h|l¢s < 0o} of B, where
|I.ll#¢ is the norm associated to (-, -}4;. Consider also the isonormal Gaussian process
(B(h))peq defined by

T
B(h) = / h(s)dBs; h € H,
0

which is the Wiener integral of i with respect to B on [0, T].

Notation. The space of all the smooth functions ¢ : R” — R (n € N*) such that ¢
and all its partial derivatives have polynomial growth is denoted by C;°(R"; R).

Definition 4.2 The Malliavin derivative of the smooth functional
F=¢®Bh),...,BM,))
withn € N*, ¢ € Cg" (R"; R)and hy, ..., h, € H,is the H-valued random variable

DF =Y dpB(hy). ... B(hy))h.
k=1

Proposition 4.4 The map D is closable from 1.2(Q2; R) into 1L2(Q2; H). Its domain
in L2(2; R), denoted by D'2, is the closure of the smooth functionals space for the
norm ||.||1 2 defined by

IFIIT, = E(F?) + E(IDF|3).
The Malliavin derivative of F € D2 at time s € [0, T] is denoted by Dy F.

See Nualart [11], Proposition 1.2.1 for a proof. Let us state the chain rule for the
Malliavin derivative.

Proposition 4.5 Consider F € D2, and ¢ € C'(R) such that ¢' is bounded. Then,
D(p(F)) = ¢'(F)DF.
See Nualart [11], Proposition 1.2.3 for a proof.

Definition 4.3 The adjoint é of the Malliavin derivative D is the divergence operator.
The domain of § is denoted by dom(§), and H € dom(§) if and only if there exists
a constant ¢y > 0 such that, for every F € DL2,

IE(DF, H)g)| < cyE(F?).
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Let S be the space of the smooth functionals presented in Definition 4.2, and
consider D2 (H); the closure of

SrHZ Zthj;hl,...,hnGW,Fl,...,FnGS
j=1

for the norm ||.||; 2, defined by
IH 1T 290 = EAH 50 + EIDH [319)-
By Nualart [11], Proposition 1.3.1,
D' (H) C dom(s).

Let us state the isometry type property for the divergence operator on D'"?(H).
Proposition 4.6 For every H, H € D"2(H),

T T
E(S(H)S(H)) = aH/ / E(H,H)|t — s|* *dsdt + Ry i
0 0
with
Rym = o / E(DzH,DzH,)|u — u|* 2 |v — 9)*" 2dudvdudv.
[0,T]*

The reader may refer to Biagini et al. [12], Theorem 3.11.1 for a proof.
For any process H = (Hy)seo,71 and any ¢t € (0, T'], if H1jo,; € dom($), then its
Skorokhod integral with respect to B is defined on [0, 7] by

t
| s = scin,
0
and its Skorokhod integral with respect to the solution X of Eq. (4.8) is defined by
t t t
/ H$X; = / H;by(Xs)ds + o / HéB;.
0 0 0

Note that since ¢ is the adjoint of the Malliavin derivative D, the Skorokhod
integral on [0, ¢] of H with respect to B is a centered random variable. Indeed,

E </0 HvaBs> =E(-3(H1pn) =E(DA), Hljm)#) =0 (4.9)
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Now, let us state a suitable relationship between Skorokhod’s integral and the
pathwise integral with respect to X.

Proposition 4.7 Forevery ¢ € C'(R) of bounded derivative, (p(X t))refo. 7] belongs
to DV2(H) and

T T
/ (p(Xs)SXs = / (p(Xs)dXs
0 0

T t t
— ayo? / / @' (X,)exp ( / b{)(Xu)du) It — s|%2dsdt
0 0 s

Proof For any s, t € [0, T] such that s < ¢, since
DB, =D;(B(1jp.)) = 1j0,(s),

by Eq. (4.8) and Proposition 4.5,
t

D, X, = / ba(Xu)DSXMdu =+ 01[0,,](5).
0

Therefore,

t
Dst = O’l[o_t](s) eXp (/ b(’)(Xu)du>

and, by Proposition 4.5 and Nualart [11], Proposition 5.2.3,

T T T T
/‘w&w&z/mw&m&—mm/ fluw&mwwﬁﬂmm
0 0 0 0

T
=/mmxw&
0

T t t
— ayo? / / ¢'(X;) exp (f bé(X,)du) It — 5| 2dsds.
0 0 K

O

Finally, the following proposition provides (in particular) a suitable control of the
fourth-order moment of Skorokhod’s integral with respect to B.

Proposition 4.8 Consider p > 1/H and

M = sup by(x).
xeR

There exists a constant ¢4.3 > 0, only depending on p, H and o, such that for every
¢ € CY(R) of bounded derivative,
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P T ' P
E( ) < cosMp [( / E(I(ﬂ(Xs)IH)dS)
0

T . PH
+<f E(|<p’<xs)|">wds> ]
0
where

g pH o PH
my,y =1V [<_M> Lo+ TP 1y—o + (M) 6pMT1M>0i| .

See Hu et al. [13], Proposition 4.4.(2) (proof) and Comte and Marie [14], Theorem
2.9 for a proof. To conclude this section, note that contrary to the pathwise integral,
Skorokhod’s integral is tailor-made for statistical purposes by Equality (4.9) and
Proposition 4.8. Unfortunately, the Skorokhod integral with respect to X is not the
limit of Riemann’s sums computable from an observation of X. However, by Propo-
sition 4.7, there is a fixed point strategy to compute some copies-based estimators
involving the Skorokhod integral (see Sects.4.2.2 and 4.2.3).

For details on the Malliavin calculus, the reader may refer to Decreusefond [15]
and Nualart [11].

H

T
/ @(X)3 By
0

4.2.2 The Least Squares Estimator of the Drift Parameter
Jor Fractional Diffusions

This section deals with the following least squares estimator of the parameter 6
when by = 6yb and b is a known function:

N T LN
Oy = (Z/O b(xf;)zds> (Z/O b(X§)5x§),
i=1 i=1

where X' = I (xq, BY) for every i € {1,..., N}, B',..., BY are N independent
copies of B, and 7 is the solution map for Eq. (4.8). Since Oy is not directly
computable from X 1 ..., X"V, this section also deals with the estimator 6y
approximating y and defined as a fixed point:

N

_ 1 r . ‘
Oy = b(XH)dX!
N7 NTDy 2. [/0 (X)dX,

i=1

T t t
—ayo? / f b'(X!)exp <§N f b/(X;)du> |t—s|2H2dsdt:| (4.10)
0 0 K
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where

[
Dy = — b(XH2ds.
NAW;A (X{)*ds

4.2.2.1 Risk Bound on Oy

For every t € (0, T], the probability distribution of X, has a density f; with respect
to Lebesgue’s measure such that, for every x € R,

(x — xO)2>

fi(x) <eurtexp <_mH,Tt2—H (4.11)

where ¢y r and my 7 are positive constants depending on 7" but not on ¢ and x (see
Li et al. [16], Theorem 1.3). So, t — f;(x) (x € R) belongs to L' ([0, T']), which
legitimates to consider the density function f defined by

T
f&x) = ! fi(x)ds; Vx € R.
T Jo

Still by Inequality (4.11), since b’ is bounded (and then b has linear growth),
b € L2(R, f(x)dx);Vk € Ry.

First, note that since B!, ..., BY arei.i.d. Gaussian processes, by the (usual) law
of large numbers and Equality (4.9),

N T -1 N T
Oy =00+ (Z / b(xé)zds> (Z / b(x;’,)aB;)
i=1 70 i=1 /0

1 1 [T
e+ ~E (— / b(XS)SBS> = 6. (4.12)
N—oco 1615 \T Jo

Now, the following proposition provides a suitable risk bound on the truncated
estimator

~ 1513
0} =Oylpyso with D€ Ay = <0, 2f :

Proposition 4.9 There exists a constant ¢4.9 > 0, not depending on N, such that

C
M@wﬁ<§.
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Precisely,

1 2 ) 2H o
o = 5 [";‘;";‘j“ [( [ N |b(x)|%f(x)dx) + ﬁ oob/(x)zf(x)dx:| +95||b2||§}

Proof First of all, since d X! = 6pb(X!)dt + odB! foreveryi € {1,..., N},
N T
—~ Uy . o . ,
Oy = 6, —_— th Uy=— b(X)H)SB!.
N o + Dy w1 N=NT ?_1/0 (X{)8 B

On the one hand,
o2 T 2
EUR) = N2T?2 2E |:(f0 b(X;)SB‘;) }
i=1

02C48m2M T 1
< 28 20 E(b(X,)| 7)d
ol (/0 (Ib(X,)] >s)

T 2H
+< / E(b’(Xs)z)zlﬁds> ] by Proposition 4.8
0

5 o 2 H 00
<"N‘;§#[< [ peor f(x)dx> + [ oob’(xff(x)dx]

On the other hand,

2 H

E((Dy = IbI})?) = —7= N2T2 (Z / b(X, )2ds>

1 1 ) 16211
= —var | — b(XS) ds | < ,
N T Jo N

and then
N AN 167115
P(Dy <0) <P||Dy — IDII7] > = < 0_2E((DN - IIbII %) < N
(4.13)
Therefore,

E(@Y — 00)*) < E(@y — 00)*1p,>2) + 60P(Dy < )

1 ]E(U ) 6 ” 2||2f < C49
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In the proof of Proposition 4.9, the threshold d allows to control the L.2-risk of é?v
by the sum of those of

N T
Dy and OyDy = Z/ b(X";)SXi up to a multiplicative constant.

In order to degrade as few as possible the non-asymptotic theoretical guarantees
on ’9?\, provided by Proposition 4.9, when possible, one should take 0 = ¢, Where
Omax is the highest computable lower bound on max (A ;). Let us conclude this section
on how to find ?,,,x in some simple situations:

e Assume that 5(-)> > b with b > 0. Since

N T 00
57 2 / b(X)ds >b and |b]} = / b(x)* f(x)dx > b,
i=1 Y0 ‘

one should take 0,,x = b/2. Then,

5,0\, =§N for 0 = 0pax.

e Assume that X is the fractional Ornstein-Uhlenbeck process with xq # 0, consider
Tmax > T, and let m, = xge~%! (resp. o, > 0) be the expectation (resp. the stan-
dard deviation) of X, for every ¢ € (0, T]. By assuming that there exists a known
constant 0,,x > 0 such that 6y € (0, Opax],

1613 = — // by fi(x)dxds

(x—ms)2>
= x2 ex ——— | dxds
T Jo on/2m p(

1
:T 0 \/7/ (ms—i-asy)zexp(—?)dyds

32
exp dyds
T Jo v < >

2
msas y
— exp| —= ) dyds
o y P( 2) y

—/ 271/ y exp( )dyds
LT I
= ?/0 m2ds + F,/O 02ds > xie ol

Then, one should take

2
xO e _20max Tmax .

max —
2
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4.2.2.2 On a Computable Approximation of ﬁN
The Skorokhod integral, and then IO\N_, are not directly computable. However, this
section deals with the approximation 6 y of 6y, which is computable by solving Eq.

(4.10). First of all, let us explain why 6y is defined this way. Foreveryi € {1,..., N},
by Proposition 4.7,

T T
f b(X)H)8X! = [ b(X)dX'
0 0

T t t
— ayo? / f b (X!)exp (90 / b’(Xf)du) It — s|*2dsds.
0 0 K

Then, since /9\1\/ is a converging estimator of 6y as established in Sect.4.2.2.1,
On — Iy = On (60 — In) ~ OOy — Ly),

where

On() = —A‘;‘;‘;N Z/ / b (X!)exp (( +1N)/ (X! )du) — s 2dsdr

and, by the change of variable formula for Young’s integral,

1 LT
b(XHdX:
NTDN;/O (Xo)d X,

1
= NTDn - Z(b(X ) —b(xp)) with b = b.

Iy =

This legitimates to consider the estimator Oy = Iy + Ry of 6y, where Ry is a
fixed point of the map ®y. Let us establish that Ry exists and is unique under the
condition (4.14) stated below.

Proposition 4.10 Assume that b'(-) < 0. If

M
et A L — (4.14)

~N -
Dy ~ awo?|[b'|%
where ¢ is a deterministic constant arbitrarily chosen in (0, 1),

oy

My = WISINT  gng g — ,
2HQH + 1)

then Oy is a contraction from R into itself. Therefore, Ry exists and is unique.
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Proof Since b'(-) <0, Oy is nonnegative, and in particular Oy(R,) C R,.
Moreover, by (4.14), for every r, 7 € R,

2 N T ot t
— ano 2H-2)1./ ¢ yi /v
® -0 < t— b' (X 1 b'(X!)d
X — BN ()] < o ,-§=1/0 [ = srie ,)lexp(N/ X} u)

5

t t
x |exp (7/ b'(X;)du) —exp <rf b'(XL)du) dsdt
s N
2
ayo ,
< b lloeM
NTDy 16" llco M N
N T pr ' )
x Z/ / [t — 5|72 sup €* G—r)/ b/ (X!)du|dsdt
i=1 0 0 xeR_ s
M
< @02 B 12T F — | < ofF — 7.
Dy

So, ®y is a contraction from R into R, and then Ry exists and is unique by
Picard’s fixed point theorem.

O
Let us consider 5;\, =0y 14,, where
AN = TZHﬂ < _; ,
Dy — auo?||b'|3,
and the truncated estimator
_ _ 15115
0y =0ylp,50 with de Ay = (0, 2f .
The following proposition provides a risk bound on 5;}0.
Proposition 4.11 Assume that b'(-) < 0, 6y > 0 and that
21 20 (X 1)) — o) (4.15)
ex 7)) — b(xg < — .
117 117 @02 1'%,

Then, there exists a constant ¢4.11 > 0, not depending on N, such that
—c,0 2 C4.11
E((@y —60)7) < N

—=C ., . .
Moreover, 0 is a converging estimator of 0.

Proof First, 5;\1 = Iy 4+ Oy — Iy) and, on the event Ay, Ry =0y — Iy is the
unique fixed point of the c-contraction ® y by Proposition 4.10. Then,
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Oy — On11a, = |On(RN) — On (B0 — In)|1a,
< c|Ry — (0 — In)1ay < clOn — Onl1a, + |0y — 6|14,
Since ¢ € (0, 1),

[

2% —§N|1AN < T c|,9\1v —6ol1a,,
leading to
Bn — 6011y < 10n — Onllay + By — bol1a,
< 1|y — 6ol1a, with ¢ = — =1
So,
|§;\}D — 6ol = 10n — OolLipy>01nay + 1001 LDy >01nax)

< c1lfy — Bol1(py>o1nay + 160/ (1py <o + 1a¢)
< a(|0ny — 6llpy=o + 601Dy <o) + 100114,
= 1[0} — 6ol + 160/1a

and thus, by Proposition 4.9,
— ¢ :
E(@5° — 60)%) < 2c§% +202P(AS).
Now, let us show that P(AY,) is of order N ~!1. To that purpose, note first that

PAc) =P (M¥ ¢
= —_— > P —————
N Dy ~ auT™o2|b||%,

M b3
+P —N>_;,DN<e with e:w
Dy agT?o?|b'||% 2
<P(AY) +P(Dy <©)

DN>€>

ce

. e _
with AN = {MN > W
[o.¢]

}H{DN 2 2}.

On the one hand, as established in the proof of Proposition 4.9 (see Inequality
(4.13)),

212
(12 ”f.
eZN

P(Dy < ¢) <

On the other hand,
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L]y i ce ¢
P(AS) < {N ;b(XT)—b(xo)) > log (aHTzﬂazubfngo) ||b’||oo}
1 N
@P[N 250X} = b0 = (E((KD) = b(x0) >u}
with

ce 4
=1 — | EM®(X7)) —b 0 by (4.15).
u=log (&HT2H02||b/||§O ) T~ IEGX) ~blw) > 0 by (415

By the Bienaymé-Tchebychev inequality, and since X!,..., X" are ii.d.
processes,
1 2
P(A}) < 5 var Z(b(X ) — b(xo0)) 2NE((b(XT) —b(x0))7).
Therefore,
_ ¢
E(@y — 6% < — (4.16)
N
with

b? 1
=2 <c 0 + 602 (H ”f + S E(b(X7) — b(x()))2))> .

Finally, for every ¢ > 0, since 6, = 55\}0 on {Dy > 0}, and by Inequalities (4.13)
and (4.16),
P(0y — b0l > &) = P({|0y — b0l > £} N {Dy <))
+P({[By — 6ol > £} N {Dy > 2))
<P(Dy <) + P> — 6] > ¢)

I 2||2 3
< — E 0y — 0% < = 0
7N + (( 0)7) N oo
b I 2||f )
with ¢3 = ~ 82.

O

The condition (4.15) in the statement of Proposition 4.11 is, in fact, a condition
on the time horizon T which may be chosen arbitrarily small in our estimation
framework, even when X!, ..., X" have been observed on [0, Ty ] With0 < T <
Thmax- Assume that there exists a computable constant 9,,x > 0, not depending on
T, such that max (A y) > 0pax. By Taylor’s formula with Lagrange’s remainder, and
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since b’ is bounded,

15"l o
2

< @ (X7 — %0022 +E((X7 — x0)%)

[E((X7)) —b(xo)| < [b(xo)[E(X7 — xol) + E((X7 = x0)*)

b/
with ¢ = |b(xo)| V I 2”°°.

Moreover,

T 2
E((X7 —x0)°) =E |:<90/ b(Xy)ds + UBT) i|
0

T
< 29§T/ E(b(X,)*)ds + 20°E(B}) = 205T°||b|| + 20T,
0

Then,

b |lso
exp (121 1 x1)) — bixo)]
1112

b/
< exp (cll:lb”!"" (V2600T |1bll s + ~20 T + 203 T |1b]) + 202T2H)>
2

V20T oTH
zeXp<q”b,”°° (265T2+ ||bu0f I (Var201h ) ).
f

Therefore, by assuming that there exists a known constant 6,,,x > 0 such that
6o € (0, Omax], T fulfills (4.15) when

0 Omax T
< (—‘“‘“ exp (—cl 1|0 (29.%mTrﬁax + ==

aHO‘ZHb/”go max

oTk =
4 ——max ] +0T§ax)))) .
Dmax

Now, the following proposition provides an asymptotic confidence interval for
the computable estimator 6 .

Proposition 4.12 Assume that b'(-) <0, 6y > 0 and that T satisfies (4.15) with
¢ = 1/2. Then, for every a € (0, 1),

—_ 2 1 —c 2 1
lim P(6, |0y — ——Y2u, «:0 +—Y2u~])21—a,
N0 (0[”” JNDy NN T ND, Y

where u. = ¢~ (), ¢ is the standard normal distribution function, and
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2 N
_ i i 2H-2
Yn=~ ; (aH /W Ib(X)| - [b(XD| - |t — s *dsdt
v u
+ato? / / / lu — )22 —v|2H-2b/(X;)b/(X;)dﬁdﬁdudu>.
.72 Jo Jo
Proof First, consider
N
1 i
UN == N ZZI:Z 5
where Z!, ..., ZV are defined by
. o T . .
Zi = —/ b(X))8B!;Vi € {1,..., N}.
T Jo ) :

On the one hand, by the (usual) law of large numbers,

[
D =—§ b(XH2d
N NTl.zlfo (X,)ds
P 1 [T ) 5
—— E(= [ b(X)%s)=bl} >0,
N—oo T 0

and by the (usual) central limit theorem,
D o (T
VvNUy N—> N, var(Z)) with Z = ?/ b(X;) By,
—>00 0

Then, since dX! = 0pb(X!)dt + od B! foreveryi € {1, ..., N}, and by Slutsky’s
lemma,
~ U VA
VN@y — 60) = ND—N 2N (0, var( )) .

N N oIl

On the other hand, consider

2 N T T
o P i _
Yi = N7 § :(aH/O /0 b(XDHb(XH|t — 5™ 2dsdt+R,~>
i=1

where, forevery i € {1,..., N},
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R = agozf / / lu —w** 2o — )b (X))b (X))
o712 Jo Jo
v u
X exp <90 ([ b (X')ds +/ b'(Xi)ds)) dudvdudv.
By the law of large numbers, and by Proposition 4.6,
Yy LN var(Z).

N—oo

So, by Slutsky’s lemma,

ND?% ~ D
—— Oy — O, 0,1
|Y;:,|(N o)mN( )

and then, for every x € Ry,

ND?
P N6y — 6] > x | —— 2(1 — p(x)).
|Y;\k/| N—o0

ND? N D?
N =, N oand ¢} = .
Yy 1Yyl

Since b'(-) < 0 and 6y > 0, |Y}| < Yy, and then ¢}, > cy. Moreover, as estab-
lished in the proof of Proposition 4.11,

Now, consider

_ —~ ¢~
On — O] < c|9N—6’o| on Ay.

1—
So, by taking ¢ = 1/2, for any x € R,

P(cy |0y — 6ol > 2x) < P(c|8y — 6ol > 2x)

< P(H |8y — On| > x) + P(ch |0y — 6] > x)

< P(AY) + P({cy By — 6ol > x} N Ay)
+P(cly By — fol > x)

< PAY) + 2P(cy By — 60| > x).
Therefore,

Plen |8y — 6ol < 2x) = 1 —P(AY) — 2P(cly [y — 60| > x).
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Since, as established in the proof of Proposition 4.11,
Nliinoo P(A%) = 0 under the condition (4.15);
for every x € Ry,

lim P(ey|@y — 6ol <2x) > 1—2 lim P(c, [0y — o] > x)
N—oo N—oo

=2(1-¢(x))
= 4¢(x) — 3.

In conclusion, for every o € (0, 1),

lim P(cy|0y — 6o <2uj_«)>1—a.
N—oo 4

Finally, let us consider

—c,0 —_
Onn = OnnliDy>o)nay;n €N,

where §N,n = Iy + Ry, and the sequence (Ry ,).en is defined by Ry o = 0 and
Ry i1 = On(Ry,);n € N

This sequence, easy to implement, converges geometrically to the fixed point Ry
of ® N-

Proposition 4.13 Assume that T satisfies (4.15), and consider

1 . 1—¢!
_ log(ms13v/) with i3 = C(_ ©) ‘
log(¢) 2T o [1b'lloo

V() =

Then, there exists a constant ¢4.11 > 0, not depending on N, such that

C4.11

j— ,O .
E(@yon — 00 < =

Moreover, 5;\,’1/,(1\,) = Oy .y la, is a converging estimator of 6.

Proof First, on the event Ay, note that

2 N T pt t
oyo i 1 ovi 2H-2
1Oy (0)] < / /Ib’(X)IeXp <1N[ b(Xu)du> It — s|*2dsdt
NT Dy ; o Jo ! s
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2 T t 211/
oago” 22 o716 oo o M
< b'|looM t—s dsdt < ———T"— <¢
\TDNII lloo N/O /OI | S 7 Dy S¢

with c

OO ==
2Tay||b' oo

Now, consider n € N*. Thanks to a well-known consequence of Picard’s fixed

point theorem, for every r € R,

n

C
|®N(i‘) —r| on AN-
—C

|(®N O «-- o@Ntimes)(r) - RN| < 1
| —

Then,

IRy — Ry[1pay, =1(Ono0---00y)(Ryo) — Ry[la,

n cl

|®N(0)|1AN ¢ with c2:1

So, since T satisfies (4.15), and by (the first part of) Proposition 4.11,

—c,0
E(@y y v — 0002 < 2E((Ry.yv) — Ri)*Lipyzainay) + 2E(@y — 60))
2(1
< 20+ ca1n) 4.17)
N

Finally, for every ¢ > 0, since 5;\,’]//(1\,) = 55\’,3/( Ny On {Dy > 0}, and by Inequal-
ities (4.13) and (4.17),

P18y, yv) — b0l > &) = P8y, — 6ol > e} N {Dy <))
+ P10y ) — ol > €} N Dy =)
<B(Dy <)+ P8y ) — 6ol > €

2
16713
02N

X

€3
Ee 0)*) < = —— 0
+ ((N¢(N) 0)) N

N—o0
||b2||§ N 2(1 + c411)

with ¢; = ~ 22
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4.2.2.3 Basic Numerical Experiments

In this section, some numerical experiments on the computable approximation of the
least squares estimator of 6, are presented for the two following models:

(A) dX, =6pb(X,)dt + dB; with6y = 1 and by (x) = —x,
B) anddX, = 6pbr(X,)dt + 0.25d B, with6y = 1 and b, (x) = 7 + arctan(—x).

For each model, with H = 0.7 and H= 0.9, 0 is computed from N =1,...,50
paths of the process X. This experiment is repeated 100 times. The means and the
standard deviations of the error |05y — 6| are stored in Table4.1. The mean error
of @5 is small in the four situations: lower than 4.9 - 10~2. Since the error standard
deviation of 5 is also small in each situations (<3.4-107%), on average, the error
of 65, for one repetition of the experiment should be near of its mean error. Note
also that for both Model (A) and Model (B), the mean error of 05 is higher when
H = 0.7 than when H = 0.9; probably because H controls the Holder exponent of the
paths of the fractional Brownian motion.

In Fig.4.3 (resp. Figure4.4), for N = 1, ..., 50, @ and the bounds of the 95%-
asymptotic confidence interval (ACI) in Proposition 4.12 are plotted for one of the
100 datasets generated from Model (A) (resp. Model (B)). These figures illustrate
both that fy is consistent and its rate of convergence.

Table 4.1 Means and standard deviations of the error of 659 (100 repetitions)

H Mean error Error StD.
Model (A) 0.7 0.0489 0.0336

0.9 0.0186 0.0139
Model (B) 0.7 0.0387 0.0172

0.9 0.0138 0.0155

Fig. 4.3 Plots of N > 6y (black line) and of the bounds of the 95%-ACIs (dashed black lines)
for Model (A) with H = 0.7 (left) and H = 0.9 (right)



112 4 Going Further with the Projection Least Squares Method: Diffusions...

Fig. 4.4 Plots of N — 6y (black line) and of the bounds of the 95%-ACIs (dashed black lines)
for Model (B) with H = 0.7 (left) and H = 0.9 (right)

4.2.3 The Projection Least Squares Estimator of the Drift
Function for Fractional Diffusions

As for the estimation of by in Eq. (4.1) (see Sect.4.1), except those depending on the
empirical process vy, all the operators and sets introduced in Chap. 3 remain defined
in the same way by replacing the copies of the solution of Eq. (1.1) by X!, ..., XV,
where

X' =TI(xo, B):;Vie{l,...,N},

B', ..., BN are N independent copies of B, and 7 is the solution map for Eq. (4.8).
All the integrals with respect to X', ..., XV or B!, ..., BV are taken in the sense
of Skorokhod (see Sect.4.2.1.2). The projection least squares estimator of b is still
defined as a minimizer Em in S, of the objective function yy, and the associated
truncated estimator b,, by

b (x) = by (X) 1,5 x € 1.

The purpose of this section is to establish a suitable risk bound on by, for m fixed,
and then to provide a computable approximation of by, defined as a fixed pointin S,,
of a well-chosen random functional (as in Sect.4.2.2.2). First, note that by Li et al.
[16], Theorem 1.3, the density function f remains well-defined, bounded and such
that

bl € L*(R, f(x)dx); Yk > 0.

Now, consider the empirical process vy defined by

N T
o . .
vy (1) i= — E / 7(X})éB;.
NT Py 0 :
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Note that Equality (3.8) remains true again:
[Zm]j = <b(), (pj)N + VN((pj); V_] € {1, ey m}

The following theorem, which is the main result of this section, provides a risk
bound on b,,.

Theorem 4.4 If ¢y, ..., ¢n € C'(I) with ¢, ..., ¢, bounded on I, and if the
matrix WV, is invertible, then there exists a constant ¢441 > 0, not depending on
m and N, such that

o~ . 1%, llop(£(m) + R(m))
E(llbm — bylly) < min ||z = bgll} + casil L N

R(m) ! eyl
+m (1 + m) P(2;,)2 +P(A;,)2],

where
m

Rm) =1V [sup ) ¢(x)

xel j=1

Under Assumption 3.1 with p large enough to get R(m)£(m)~" < NP/>71 there
exists a constant ¢4 42 > 0, not depending on m and N, such that

1V, llop (£(m) + R (m))
N .

E(llbw = byli) < min |7 = byl + a2 (4.18)

Proof Since the definition of the empirical projection I,, remains the same as in
Chap. 3, as in the proof of Theorem 3.1,

~ . -~ S et
E(IlBn = b3I%) < min E(z = bgl13) + E(lbw — (b))l 1a,) + aP(A;)?

¢ = (/ bo(x)4f(x)dx> ’ )
1

Moreover, by (3.8), and since Lemma 3.4 has been established for copies of any
piecewise continuous stochastic process, as established in the proof of Theorem 3.1
(see the first step),

with

~ —~ 2
E(lby — Tu(b)1314,) < ﬁtracew,;‘@m,g)

243
NT - 1
Z:Vzv(fﬂj)2 P(Q;,);
=1

TN e N T) £
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with

Since the empirical process is not the same as in Chap. 3, suitable bounds on

2

E Z vy ((pj)2 and trace(‘llnjlcbm,(,)
j=1

need to be established (see Steps 1 and 2) in order to conclude (see Step 3).

Step 1. By Jensen’s and Cauchy-Schwarz’s inequalities, and since B',..., BY
are i.i.d. centered processes,

2
m m

E ZUN((/)]‘)Z < mZE(VN(‘Pj)4)
=1

with ;
§; :/ @i (Xs)8Bs;Vjef{l,...,m}.
0

By Proposition 4.8,

m m T ' 4 H T . 4 H
Y EGH <cagmanm ) ( fo E(%-(Xmmds) + ( fo E(wg(xo“)mds)
j=1 j=1

m o0
cagmayT By / (0 + ¢, (0 f(D)dx
j=1""%

<Lm)2+9R(m)?

So,
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115

2
- £(m)? + R(m)? dotcygm
E [ ww(g) <™ (m)Nj: T it CZZ%

Therefore, there exists a constant ¢3 > 0, not depending on m and N, such that

292
NT m , % Rm)
CAME ; vy (@) < im ( + m)

Step 2. First, let us show that ®,, , is a positive semidefinite symmetric matrix

Indeed, for every y € R™,
2

2 N T m
* o i i
y (bm,ay = WE Z'/ Zyj(pj(Xs) 5Bs > 0.
i=1 70\ j=1

Then, by Proposition 3.1 (6),

m

vl
trace(W 0 ) < W [loptrace(Pp.o) < — ” TN llop ZE(S

By Proposition 4.8,

)-

m | 2 H T . 2 H
Z C48m2MZ (/ E(|so,~<xs)|ﬂ)ds) +<f0 E(w}(xs)%zﬂds)

< C448m2,MT2HZ / (9] ()% + ¢} f)dx.
i—1 —00

SEm)+R(m)

Therefore,
allW) Hlop (£(m) + R(m))

with ¢4 = ¢ugmy yo

trace(¥, ' ®,, ,) <

Step 3 (conclusion). By the two previous steps,
o S 1 lp(S0m) + R ()

(m)

E(IBn — bjlI3) < min T — b1 +
1
+ ¢c3m? l—I——)IP’(Q;l)Z
’ ( £(m)

2T2H—]

' 4 o P(AS)?.
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Under Assumption 3.1 with p large enough to get R(m)L(m)~! < NP/271, by
Propositions 3.5 and 3.7, there exists a constant ¢s > 0, not depending on m and N,
such that

IV, llop (€0m) + PR(m))
¥ .

E(lbn — byl3) < min ||z — bgF + cs

Let us make some remarks about Theorem 4.4:

e At least for the usual projection spaces, note that the order of the variance term in
Inequality (4.18) is degraded with respect to that of Theorems 3.1 and 4.1, because
(p} is involved in the bound on

T 2
E|:</ ‘pj(Xs)SXs) j|§j€{1,...,m}
0

provided in Proposition 4.8. Precisely, the variance term in Inequality (4.18) is of
order

_ I, llop (£0m) + R(m))

p1(m) N

m
instead of —.
N

In the proof of Theorem 4.4, by applying Proposition 3.1 (6) to A = ¥ 1®,, ,
and B = [ (as in the proof of Theorem 3.1) instead of A = ®,, , and B = \I/,;',

one can establish a risk bound on our truncated projection least squares estimator
of by with a variance term of order

pa(m) = %(1 F 1 R (m)).

However, for the usual projection spaces, p;(m) < pa(m).
e Consider 1, r € R satisfying 1 < r, and assume that (¢y, ..., ¢,) is the [1, r]-
supported m-dimensional trigonometric basis. As already established,

Lm) <cym and ||V, o <

EIE

Moreover, since ¢ = 0, and since

, 2mj 2mj

g02j+] :mgﬂzj and q)é]:—ﬁq)zﬁ_],\?’/e{l,,m},

there exists a constant ¢, > 0, not depending on m and N, such that

R(m) < T,m’.
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So, the variance term in Inequality (4.18) is of order m? /N.Now, consider 8 € N*,
and assume that (bg)|; € Wg ([1, r]). As already mentioned, this leads to

min |7 — b} < p1em P
TS,

In conclusion, by Theorem 4.4, there exists a constant ¢4 4, > 0, not depending
on m and N, such that

~ _ m3
BB, ~ bh1R) < Gz (¥ + 7).

and then the bias-variance tradeoff is reached by (the risk bound on) Em for m of
order N!/G+28),

As @v in Sect.4.2.2, Em is not directly computable because of Skorokhod’s inte-
gral. However, one can extend the method of Sect.4.2.2.2 to Do again by using
the relationship between the Skorokhod integral and the pathwise stochastic inte-
gral provided by Proposition 4.7. Assume that ¢1, . .., ¢, € C'(I) with ¢/, ..., ¢/,
bounded on /, and let /,, be the random function defined on R by

m

~ 1 XL T o
I,(x) = Z |:\1/m1 (ﬁ Z/O goAXé)dXé) i| @j(x); Vx e R.
i=1 ¢

Jj=1 J

Moreover, for every I-supported function p : R — R such that p € C'(1),
consider

®m (P) = Z[ayzlem (/0)]190;

j=1

with

Om () = —“H"zi/Tft L(xi) f[( + ) (Xidu | |t — s 2dsds
m(p) = NTi:loorpj,expSp m) (X;,)du s s .

J
By Proposition 4.7, and since Zm is a converging estimator of by by Theorem 4.4,
b = Iy = O (by = In) ~ O — L)

This legitimates to consider the estimator by = I, + Ry, of by, where R, is a
fixed point of the map ®,, in S,,. For numerical purposes, let us also consider the
estimator Em_,, = I, + R,,.», Where the sequence (R, ,)nen is defined by R, o € S,y
and

Rm,lH—l = ®m(Rm,n); neN.
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4.2.4 A Projection Least Squares Estimator of the Drift
Function for Some Non-autonomous Fractional
Diffusions

Let us consider the stochastic process Z = (Z;)¢j0,7) defined by
t
7, = / Jo(s)d{M), + M,: ¥t € [0, T (4.19)
0

where M = (M;);cj0.77 # O is a continuous and square integrable martingale van-
ishing at 0, and Jy is an unknown function which almost surely belongs to
L2([0, T],d(M),). Under these conditions on M and J, the quadratic variation
(M), of M is well-defined for any ¢ € [0, T'], and the Riemann-Stieljes integral of Jy
with respectto s — (M), on [0, 7] exists and is finite. By assuming that s — (M); is
a deterministic function, this section deals first with risk bounds and model selection
for a copies-based projection least squares estimator of Jy. Now, let X = (X;)se(0,7]
be the non-autonomous fractional diffusion defined by

X, =Xo+ / V(X5)(bo(s)ds + o (s)dB;); t € [0, T] (4.20)
0

where X is a R*-valued random variable, B = (B;);c[0.7] 1s a fractional Brownian
motion of Hurst parameter H € [1/2, 1), the stochastic integral with respect to B
is taken pathwise when H > 1/2 and in the sense of Itd when H=1/2, and V :
R—R,0:[0,T] — R*and by : [0, T] — R are at least continuous functions. An
appropriate transformation allows to rewrite Eq. (4.20) as a model of type (4.19)
driven by the Molchan martingale, which quadratic variation is >~ for every €
[0, T']. So, this section also deals with a risk bound on an estimator of by/o derived
from the aforementioned projection least squares estimator of Jy. Finally, some
applications in mathematical finance are provided.

4.2.4.1 A Projection Least Squares Estimator of J;

In the sequel, the quadratic variation (M) = ((M);):ejo0,7] of M fulfills the following
assumption.

Assumption 4.2 The (nonnegative, increasing and continuous) process (M) is a
deterministic function.

Assumption 4.2 is fulfilled by the Brownian motion and, more generally, by any
martingale (M, );e[o,77 such that

t
M, =/ $(s)dW; Ve € [0, T],
0
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where W is a Brownian motion and ¢ € L2([0, T], dt). For some results, (M) fulfills
the following stronger assumption.

Assumption 4.3 There exists u € CY(0, T1; R.) such that x(-)~! is continuous
from [0, T'] into R, and such that

(M); = / u(s)ds; vt € [0, T].
0

Here again, Assumption 4.3 is fulfilled by the Brownian motion. Assumption 4.3
is also fulfilled by any martingale (M;);c[o,7] such that

t
M, :/ ¢(s)dW; Vi € [0, T],
0

where W is a Brownian motion, ¢ € C°((0, T']) and ¢ (-)~! is continuous from [0, T']
into R. This last condition is satisfied, for instance, when ¢ is a (¢, o0)-valued function
with ¢ > 0, or when ¢ (¢) = t7* (k > 0) for every ¢ € (0, T]. For instance, let M be
the Molchan martingale, which is defined by

t
M, =f U1, 8)dBs; Ve € [0, T,
0

where B is a fractional Brownian motion of Hurst parameter H € [1/2, 1), and
€t,s) = cus? B(t — 5)2 19 (s); Vs, £ € [0, T

with

1

B r'G—n) :
= <2HF(3/2 —H)TH+ 1/2)) '

Since

t
Mtz(z—zH)%/ s EAW,: vt € [0, T],
0

where W is the Brownian motion driving the Mandelbrot-Van Ness represen-
tation of the fractional Brownian motion B, the Molchan martingale fulfills
Assumption 4.3 with u(t) = (2 — 2H)t!' = for every t € (0, T].

In order to define our projection least squares estimator of Jp, let us consider N
independent copies M, ..., MV of M, the copies Z', ..., ZV of Z defined by

Z = / Jo(s)d(M'ys + M'; Vi € {1,..., N},
0

and the objective function yy defined by
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N T T
1 2 i iy .
() = 5 ; </O J($)*d(M'), — 2/0 J(s)dZS> VI €S,
wherem € {1, ..., N}, S,, = span{¢y, ..., ¢,}and (¢, ..., ¢,) is an orthonormal

family of L2([0, T, dt). Note that since t € [0, T] > (M), is nonnegative, increas-
ing and continuous, and since the ¢;’s are continuous from [0, T']into R, the objective
function yy is well-defined. Let us show that yy has a unique minimizer in S,,. For
J = Z;‘nzl ej(ﬂj with Q], RN em € R,

o) N T ) T )
Vyn(J) = (NZ [/0 @i (s)J(s)d (M) —/0 so;(s)dZ;D
i=1 Jjell,....m}
= 2(V,60 — Zy),

where W,, = ({9}, ¢} my) j.e» (» -}y is the usual inner producton L ([0, T'1, d(M),),
and

The symmetric matrix W, is positive semidefinite because under Assumption 4.2,
for every x € R™,

2

T m
X, =/ > xjei(e) | d(M), =0
0 X
j=1

In fact, since ¢y, . . ., ¢, are linearly independent, W,, is a positive definite matrix,
and then

T, :Zé}(pf with 6 = \Dnjl’Z\m
=1

is the only minimizer of y in S,, called the projection least squares estimator of Jj.
In practice, since the process Z cannot be observed continuously on the time interval
[0, T'], the vector Z,, must be replaced by the approximation

N n—1
mn = ( ZZ§0 (tk)(Zz,(Jrl Z;,())
Jjell,...,m}

i=1 k=0

.....

in the definition of fm, where t; = kT /n for every k € {0, ..., n}. This leads to the
discrete-time estimator



4.2 The (Projection) Least Squares Method for Fractional Diffusions 121
m
P —~ . —~ 15
Tun =Y 10)j0; with 6, =W, 'Z,,.
J=1

4.2.4.2 Risk Bounds and Model Selection

First, let us introduce the empirical process vy defined by

1T .
vy (7) :ZNZ/O t(s)dM'.
i=1

The following proposition provides a risk bound on Ty, for m fixed.
Proposition 4.14 Under Assumption 4.2,

2m

T 2 : 2
E(Jn — J0||<M)) < ;IEI}SI,I” Iy — JO”(M) + N

421

Proof Forevery J,J € S,,,
2 X T
v () = yn (D) = W1y = 115y = > /0 (J(s) — T (s))dZ,
i=1

N T
=19 = Jolly = 17 = Joly — Z/O (J(s) — T(s)dM".
i=1

Moreover, R
)/N(Jm) < )/N(‘])v VJ e Sm~

So, for every J € S,
2 XL T
130 = ol < 10 = ol + 3 3 /0 (Ton(s) — J(s))dM
i=1
and then,

N

~ 1
E(1 0 — Jol}) < I — Joliy + 2E ( >
i=1

T o~ .
f Jm(s)dM;> .
0

=]

Consider
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Since A,, is a centered random vector,

N T
1 —~ . ~ o~
E(=Y [ Tus)dM!) =E(@. Ap)om
(N i=1/0 (s) 3> (« )2,m)
=EQAY 1G04 An) = EQALW-TA,).

Moreover, since M', ..., MV

symmetric matrix,

are independent copies of M, and since ¥, is a

EALY ) = Y BBl (A1), e
Jit=1

1 & T
=5 >, / 0 ()pe(s)d (M),
j=1 0

m m

- % Z Z[\Pm]z,j[‘l’r;l]jl

=1 j=1

1 & m
== Y W, e = —
N P N

Therefore,
2m

T 2 : 2
EIT — Jollfyy) < min 17 = Jolify, + -

O

Under Assumption 4.3, the following corollary provides a suitable bias term in
Inequality (4.21).

Corollary 4.1 Under Assumption 4.3,
2 2 -1 weo b 12, 2m
Ed[Jm = JollI?) < )™ Moo | 1T, (12 Jo) — w2 Joll” + ~ )

where T}, is the orthogonal projection from 1L2([0, T1, dt) onto

St = {1 e L2([0,T],dt) : 3p € S, ¥t € (0, T, (1) = ()2 (1)}

Proof Under Assumption 4.3,

1 1
min ||J — Jy||%,, = min ||u2(J — Jo)||* = min ||t — u2 Jo||>.
min 17 = Jollfyy = min 1u* (7 = Jo)|I* = min e = e ol

Since S}, is a closed vector subspace of L2([0, T1, dt),
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min o — e Joll* = [T (2 Jo) — a2 Joll*, (4.22)
LEOH

Moreover, since /L(~)’1 is continuous from [0, 7] into R, under Assumption 4.3,

1T = Jol* = 1172 (T — Jo) 4y

<O Mool T = Jolidysy- (4.23)
Equality (4.22) together with Inequality (4.23) allow to conclude.
O
For instance, assume that S,, = span{¢}’, ..., ¢} where, for every ¢ € [0, T]
and j € N* satisfying 2j + 1 < m,
1
Kip) = ’
“aO=\uor
Ko() 2 cos |2 and
= ‘7'[ —
(pZ] M(t) T .]
Ko@) 2 sin ( 2
. = 1 ] —
A 70T
Note that ¢, ..., g, are linearly independent because (¢i', ..., ¢n) is an
orthonormal family of L%([0,T1,d (M);).So, the basis (g1, .. ., @n) of S,,, orthonor-
mal in L2([0, T'], dt), is obtained from (¢{’, ..., ¢h) via the Gram-Schmidt process.

Consider also 8 € N*, the Fourier-Sobolev space

T
WE ([0, T]) = {[ : [0, T] — R Btimes differentiable : / (B(s)2ds < oo} ,
0

and assume that there exists ¢y € Wg ([0, T']) such that

10(t) = (1) Jo(t); ¥t € (0, T1.

By DeVore and Lorentz [17], Corollary 2.4, p. 205, there exists aconstantcg 7 > 0,
not depending on m and N, such that

1 1 _
11 (2 Jo) — p JoI? = 1T o) — tol® < cprm ™,
Therefore, by Corollary 4.1,

7 2 —1 g, 2m
EdlJm — JollI?) < luC)™ oo | egrm ™ + -~ )
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In practice, the dimension m of S, needs to be selected from data because the one
for which J, reaches the bias-variance tradeoff depends on some unknown regularity

parameters of Jy. Let us considermy € {1,..., N}, My ={1,...,my} and
it = arg min {yy(J,,) + pen(m)} (4.24)
meMN
where

= Ccal—; Ym € My,
pen(m) = c1N m N

and the constant ¢y > 0 needs to be calibrated in practice. In the sequel, the ¢;’s
fulfill the following assumption.

Assumption 4.4 Foreverym,m’ € {1,..., N},if m > m/, then S,, C S,,..
The following theorem provides a risk bound on the adaptive estimator Ta.

Theorem 4.5 Under Assumptions 4.2 and 4.4, there exists a constant ¢4 5.1 > 0, not
depending on N, such that

—~ 1
E(|J7 — Ji in {E([|J,, — Joll? —).
( ol < C451(mﬂefl/1\{th{ (ll ollipy) + pen(m)} + N>

Moreover, under Assumption 4.3, there exists a constant ¢4 5, > 0, not depending
on N, such that

E(1 77 — Jol®) < casallie) oo
M 1 2 m 1
x (_min {||H (12 Jo) — b Jo| +N}+ﬁ .

Proof As established in the proof of Proposition 4.14, for every J, J € S,
> &
(@) —yn () = 1T = Dol — 1T = Jolljy — = Zf (J(s) = T()dM,.
N =

Moreover, for any m € My,
yv(Jm) + pen(ii) < yn(Jn) + pen(m)

and then,
yn(Ta) = yn(Jw) < pen(m) — pen(in).

So, since S,, + Sz C S,vm under Assumption 4.4, and since 2ab < a® + b? for
everya,b € R,

175 = Jollfy < 17w = Joll7asy + 2vn (T — J) + pen(m) — pen(in)
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< N = ol

2

1 ~ -

+ 713 = Il + 4 [sup |vN(r>|} — p(m, i)
T€Bn.im

+

+ pen(m) + 4p(m, m) — pen(in),
where

Bm,m’ = {§0 € Sm\/m’ : ”(p”(M) = 1}

Ccal mv m
and p(m,m') = == .

Vm' e My.
4 e vy

Therefore, since (a + b)?> < 2a* + 2b> forevery a, b € R, and since 4p(m, i) <
pen(m) + pen(in),

175 = JollFysy < 3117w — Joll?yy + 4pen(m)

2
+8 |:sup |vN(1:)|:| — p(m, m)
€8 m

+

By the Bernstein inequality for continuous local martingales (see Revuz and Yor
[18], p. 153), forevery ¢ > O and T € L2([0, T1, d(M),),

(i)
P(un(r) 2 ¢) < exp .

212y,

From this inequality, thanks to the same chaining technique as in the proof of
Theorem 3.2 (see Step 3),

k]

2
E [Sup |VN(T)|:| — p(m, m) Sjv—'

T€B i
+

where ¢; > 0 is a constant not depending on N. In conclusion,

~ - 8¢
E(Ja — Jollfuy) < BE(IJm — Joll7yy) + 4pen(m)} + Wl

min
mEMN
O

Let us conclude this section with some results on the discrete-time estimator .7:,,,,1.
Proposition 4.15 provides a suitable risk bound on this estimator, but the following
technical lemma must be established first.
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Lemma 4.1 Under Assumption 4.3,

T
/ 1w, (@) ());113,,d (M) = trace(W,,") < l() ™ [loom.
0

Proof Since W, is a positive definite symmetric matrix,

T m T m 2
/0 1, (@ ()13, d (M), /0 (Z[wml]j,mm) d(M),

(=1

T
K2 P11 e T f @e(8)ge ()d (M)
0

|
MS

=D 19, e ) I, e[ Wale
1 =1

= (W, .01, = trace(¥,,")

m
j=1
and, as in the proof of Lemma 3.1,
19, Nlop = sup I|9II§,m
0:119s/ 6112, =1
T 2
J(s) _
= sup |JIP=  sup / d(M); < In() ™ oo
TeSuilld =1 JeSuillan=1Jo  1(s)

Therefore, by Proposition 3.1 (6),

T
f 1w, (¢ ())113,,,d (M) = trace(W,,") < W, [lopm < ()™ loom.
0

O

Proposition 4.15 Under Assumption 4.3, there exists a constant ¢4 > 0, not
depending on m, N and n, such that

T 2 . 2 m  mR(m)
E(”Jm,n - JO”(M)) < 2;2};1 NJ — J0||(M> + C40 (N + n—2 ,

where

R(m) = sup D ¢;(1)*,

1€10.71 52

Proof First of all, by Proposition 4.14,
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~ 2 ~ ) ~ ~ 5
IE(”Jmn - JO”(M)) g ZIE(”Jm - JO”(M)) + 2IE(”Jm - Jm,n“(M))

- . ) 2m
\2 JIIel}sIEZHJ—]()H(M)“FW‘f‘Am,n ’

where

T
A = / B, Zn — Zoa) o 2,)d (M), and @ = (@1..... o).
0

Since Z!, ..., Z" are independent copies of Z, and since W ! is a symmetric
matrix,
T 1 N n—1 fes1 4 2
Sn= [ B[ (X[ 00— 0t oo020dZi ) | din,
0 i=1 k=0 /U

A A 2
<2 /0 (Z f <ga(r>—w(tk>,wmlgo(s)>2,mfo(r)d<M>z) d(M),

k=0 v

T n=lap z
+2[ B (Z / (w(f)—¢(tk),‘1’n71‘ﬂ(s))2,mer> d(m),
0 k=0

= 2Am,n + 2Bm,n‘

Now, let us find suitable bounds on A,, , and B, ,:
e Bound on A,, ,. By Cauchy-Schwarz’s inequality and Lemma 4.1,

T n=l oy 2
A < ( /0 uwr;‘ws)u%,mdwx) (Z [ o - (ﬂ(fk)”z,m”o(t)d(M)t)
k=0 "
U 2
< trace(W, D113 (Z / (r— zk)|Jo(z>|d<M>,>
k=0 ¥k
2

T2 n—1 it 1
< trace(\ll,gl)i)‘i(m)ﬁ (Z/ : Jo(t)ld(M)z>
k=01

2

T2 r R
RO foomRm) - (fo IJo(f)Id(M>r> < o MR

2

n

<oy, (M) T

with
1 = IO ool Jolfany T>(M) 7.

e Bound on B, ,. By the isometry property of It6’s integral, Cauchy-Schwarz’s
inequality and Lemma 4.1,
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n—1

2
T T
Bm.n = /() E (‘/(; (Z(‘/)(l‘) — o), \pn_llﬁo(s))lml[tk,tkﬂ)(t)) th) d(M)s

k=0

T T (n—1
= / / (Z«o(z)—w(zk),wm‘ga(s)>%,m1[,k,zk+l>(z>)d<M>zd<M>s
0 0 k=0
CE— 2 " [l 2
< [0 19, o()13,,d (M) Z / lo(®) — @13, d (M)
—0 Y

< trace(W,, [0’ 1% 2/ (t — 1)%d(M);
I

2n1

1
< trace(¥,, l)f)‘i(m) /k - ||l/«()_l||ooT2(M)Tm%(m)

In conclusion, there exists a constant ¢; > 0, not depending on m, N and n, such that

7 2 . 2 m  mR(m)
E(”Jm,n - JO”(M)) < 2;2}82, ||J — JO”(M) + o (ﬁ + n2 .
O
For instance, assume that (¢, . .., @) is the trigonometric basis. As established

in Sect.4.2.3, D‘i(m) is of order m?>. Then, for n of order N2, the variance term in
the risk bound on J,, , provided by Proposition 4.15 is of order m /N, as in the risk
bound on the continuous-time estimator of Proposition 4.14.

4.2.4.3 A Brief Reminder on the Fractional Calculus

This section deals with some basics on the (Riemann-Liouville left-sided) fractional
integrals and derivatives, which are involved in Sect.4.2.4.4 for the estimation of b
in Eq. (4.20).

Throughout this section, let us consider 1, r € R such that 1 < r.

Definition 4.4 The fractional integral of order o > 0 of ¢ € L!([1, r]) is the
function 77 ¢ defined by

1 X
T 9 = s /1 (x — )" p()dy; x € [L. 1.

Definition 4.5 Subject to its existence, the fractional derivative of order o € (0, 1)
of ¢ : [1, r] — Ris the function DT ¢ defined by

D(L-(/’(x) =

1a.r d [*
M._/ 9O v e (1 1),
1

't —oa) dx (x —y)~
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Now, let us consider the space AC([1, r]) of the absolutely continuous functions
from [1, r] into R:

AC(1, x]) = {w e CO(L, r]) : 3¢ e L'([1, x]), () = (1) + / ' go/(y)dy} .
1
Proposition 4.16 For every o € (0, 1),
7%, (LN([1, ) = {p : T17%(9) € AC(L, D)}

See Samko et al. [19], Theorem 2.3 for a proof.

Proposition 4.17 Consider ¢ € AC([1, r]). The fractional derivative of order o €
(0, 1) of g exists almost everywhere, DY ¢ € L ([1, r]) for everyk € [1, 1/a), and

1 1 X /
Do) = ( o (1) ¢

dy) ;Vx € [1, r].
Fl—-—ao) \(x-D* Ji (x—y*

See Samko et al. [19], Lemma 2.2 for a proof. Finally, the following theorem
provides inversion formulas for the fractional integrals and derivatives.

Theorem 4.6 Consider a € (0, 1). The fractional operators DY, and I satisfy
the following inversion formulas:

1. DY, (I%,¢) = g for every ¢ € LI([1, r]).
2. I$,(D%, @) = @ forevery ¢ € I (L([1, x])).

See Samko et al. [19], Theorem 2.4 for a proof.

4.2.4.4 Application to Some Non-autonomous Fractional Diffusions

In this section, M is the Molchan martingale defined in Sect.4.2.4.1. For H = 1/2,
V : R — R is continuously differentiable, V' is bounded and (bg, o) : [0, T] —
R x R* is continuous. Then, Eq. (4.20) has a unique solution by Revuz and Yor
[18], Chapter IX, Theorem 2.1. For H € (1/2, 1), V : R — R is twice continuously
differentiable, V' and V" are bounded, o : [0, T] — R*is y-Holder continuous with
y € (1 —H, 1], and by : [0, T] — R is continuous. Then, Eq. (4.20) has a unique
solution whose paths are w-Holder continuous from [0, 7] into R for every « €
(1/2, H) (see Kubilius et al. [20], Theorem 1.42). In the sequel, the maps V and o
are known and our purpose is to provide a nonparametric estimator of bg.

First, let us rewrite Eq. (4.20) as a model of type (4.19), thanks to the transfor-
mation introduced in Kleptsyna and Le Breton [21] in the parametric estimation
framework. Let Qg : [0, T] — R be the map defined by

0
Qo(t) = o0 ; Ve e [0,T],
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and assume that Qy € Q = C!([0, T']). Consider also the process Z such that, for
every t € [0, T],

t
Z, = / e(t, s)dY,
0

with

A S ) [
f= [ vtrsm = ) (s +a:) = [[ ooas + .

Then, for any ¢ € (0, T'], Eq. (4.20) leads to

Z; = J(QO)(I) + M;

_ /O J(Qo))d (M), + M, 4.25)

where, for any Q € Q,

51 (Q) ().

J(Q) (@) =/(; £(t,5)Q(s)ds and J(Q)(1) = > o

About the existence of j(Q)'(¢), see Kubilius et al. [20], Lemma 5.8.

For H = 1/2, no additional investigations are required because M = B and
J(Qo) = Qop. For H € (1/2, 1), in Model (4.25), Zn is a nonparametric estimator
of J(Qo) # Qop. So, this section deals with an estimator of Q( defined from j:n
when H € (1/2, 1). Let us consider the function space

t 3_
g = {L :themapr € [0, T] — / SFZHL(s)ds belongs to I§+H(L' ([0, T1, dt))} .
0

In order to define our estimator of Q, the following technical proposition must
be established first.

Proposition 4.18 The map J : Q — J(Q) satisfies the two following properties:

1. J@cCJ. B
2. J(J(Q)) = Q forevery Q € Q where J is the map defined on J by

TW(t) = eyt 2 / (t — ) 251725 (5)ds: Y1, 1) € T x [0, T]
0

2—2H
wl(G/2—HrH-1/2)

Proof Consider Q € Q, and the function Qy : (0, T] — R defined by
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Qu(t) = 1279Q(1); Vi € (0, T].

The function IgffH(QH) is well-defined on (0, T'] and, for every ¢ € (0, T],

3_ 1 ! 1
I8+H(QH)U) m/O(I—S)E_HQH(s)ds

t 1 -
m/o U 9)QW)s = s J (D).

Since j(Q)'(¢) exists for any ¢ € (0, T] by Kubilius et al. [20], Lemma 5.8 as
mentioned above, the derivative of 1 0/ - "(Qy) at time ¢ also. Moreover, since Q is
continuous on [0, T'],

5—H 1 ' 1-H 1-H
Tin (QH)<z)|<m/Os (t — )11 (s)lds

”Q”oo ' 1-21 ' 1-2H
§m</o‘s dS+L(I_S) dS)

S 1]
(2 —2H)I(3/2 — H) =0

By the definition of the map J, for every s € (0, T,

1
HOs) = 5 52 1J(Q>(s>

_@lG/2—8) 5

> o I0+ (00

and then, for every ¢ € [0, T'],

: «LG2-H (13 5
/0 s1HIQ)(s)ds = % yg(l)/ (518+H(QH)<S)> ds

HF 3/2 — . 3 g 3 g

= SR fim (13,7 (00 0) ~ 13, (00) @)
ul (3/2

= WOR B 1 0w, (4.26)

So, J(Q) € 9 by Equality (4.26), and then J(Q) C . By applying the fractional
derivative of order 3/2 — H on each side of Equality (4.26), and thanks to its repre-
sentation for absolutely continuous functions on [0, T'] (see Proposition 4.17), for
every t € (0, T],

__2-28 Y
0u) = i D, ( [ J(Q)(s)ds) 0



132 4 Going Further with the Projection Least Squares Method: Diffusions...

- EH/ (t — )" 2572 J(Q)(5)ds.
0

Therefore, for every ¢ € [0, T],

Q) =Tt 2 f (t — )" 25" (Q)(5)ds = T(J(Q)(1).
0

O
For ¢y, ..., on € 9, Proposition 4.18 legitimates to consider the following
estimator of Qy: R R
Qm(t) = J(Jm)(t)v re [0, T]
The following propo/s\ition provides risk bounds on ’Q\m (me{l,...,N}),andon

the adaptive estimator Q.

Proposition 4.19 Assume that J(Qo) € L>([0, T1, d(M),). If the @;’s belong to 7,
then there exists a constant ¢4.19.1 > 0, not depending on N, such that

~ . m
E(I0n — Qoll®) < ca0.1 (;gén le = J(Q0) I3y, + N) ;Vm e {l,...,N}.

Moreover, under Assumption 4.4, there exists a constant ¢4.19 2 > 0, not depending
on N, such that

) 2 . . 2 m 1
E(IQm — Qoll") < c4192 (mrél/g(lN {Felén le = J(Qo) I {ay + N} + N) )

Proof Consider t € J N1L2([0, T], d(M),). By Cauchy-Schwarz’s inequality,

T t 2
||7(L)||2=E§/ 281 (/ (r—s)H—isl—ZHt(s)ds) dt
0 0

T t
geﬁ/ IZH*IG(t)/ (t — s)" 251725, (5)2dsdt
0 0

with .
(1) =/ (t — ) 25" M ds: Ve € (0, T1.
0

Note that 6 : ¢ — t*716(t) is bounded on (0, T']. Indeed, for every ¢ € (0, T,

> w1 | (1 B3 1-21 AN Ho3
6] <t - s ds+ (= (t—s)""2ds
2 0 2 12
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_ e 1 ¢ -2 t 2—2H+ 1 ¢ 1-2H ¢
N 2—-2H\2 2 H—-1/2\2 2
1 1 1 1l
= + 2 — 0.
212-8\2 —2H  H-—1/2 -0

So, by the Fubini-Tonelli theorem,

T T
1T < 100 / / (t — $)" 28 70 ()21 5.1y (1)dsdt
0 0

T T
=E§||§||Oo/ s‘*ZHt(s)Z/ (t — )" 2dtds
0 K
T

=2

¢ 1= -
<ol 5||9||oo/0 s' () ds.

Then, J () € L2([0, T1, dt) and

)
cH

= T2 0] .
H-1/2)2 —2H)

ITOI? < eillell?y, with ¢

]

133

4.27)

Therefore, by the definition of the estimator Q,,,, Proposition 4.18 and Inequality

4.27),

10m — Qol* = 1T (Tn) — T(T(Qo)II?
= 17T = JQNI* < ¢t = T(Q0) 1 }y)-

The conclusion follows from Proposition 4.14 and Theorem 4.5.

O

Proposition 4.19 says that the MISE (Mean Integrated Squared Error) of @m
(Ln e {l,..., N}) (resp. Q) has at most the same bound as the MISE of J,, (resp.
J#). In order to easily check that the ¢;’s belong to J in Proposition 4.19, let us

provide a simple subset of 7.

Proposition 4.20 The function space

J= {L e Ccl(o, 1) : lir(r)1+t’2Ht(t) and
—
lim ¢'=24/
t—0t

Proof First, by Proposition 4.16,

J = {L : Iﬁﬁ (/ sl_ZHt(s)ds) € AC([0, T])} ,
0

(1) exist and are unique} is a subset of J .
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and then
Jiip = {L e C°([0, T : Igﬁ ( /0 ' sl_ZHL(s)ds> is Lipschitz continuous}
is a subset of . For every ¢ € CY([0, T]) and ¢ € [0, T], since
/ It — )" 35172 (5)1 0. () |dsclu
[0.112

2—-2H
el /(Z i a-ng, < Ml T2 /(Z - < oo,
2 2H S 2-2H

=(H—1/2)~1 18~ 1/’

by the Fubini-Lebesgue theorem,

J'g*% </"Sl_2HL(S)dS) (f) — ; /t(t _ M)H_% /“SI—QHL(S)dde
Y FE=1/2) J 0

_ 1 t1—2H ft _ nE-3
_—F(H—I/Z)/O K L(s) ) (t —u)" " 2duds

— 1 t _ \H-3 128
= (H—1/2)F(H—1/2)/(;(t s)" T 2s t(s)ds.

Then,
! 1
Jiip = {L e CY0, T : t — / (t — $)" 25172 (s)ds is Lipschitz continuous} .
0

Now, let us show that J C Jyp. For any ¢ € J and every ¢ € [0, T7],

@(1) =/ (t —s) 2572 Hi(s)ds
0

= lim Mel_z}lt({;)
e~0 H4+1/2

(t—ys) B+1/2 2 H 1-2 H,/
/ Ht12 ——((1 =2 H)s () +s (' (s))ds

1
=/ 0(s)(t — s) Frads,
0
where

— ; _ -2 H 1-2 H,/
0(s) = " 1/2((1 2 H)s t(s)+s U'(s));Vs € (0, T].
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Sincet € J,themap @ : ¢ — 6(¢) isbounded on (0, T'], and forevery ¢, f € [0, T]
such that 7 > ¢,

lp(®) — p(1)] < f 16()|(7 — )" ds

+/ 6(s)] - (7 — )52 — (1 — )3 |ds
0

_ 1\ _
S HGHOOTHJF%” —t+ <H+ 5) [t —t] sup Wi ds

0 uelt—s,t—s]
3 H+1 7
< (HA G ) 100T 217 — 1,
So, the function ¢ +— ¢(#) is Lipschitz continuous from [0, T'] into R, and then

t € Jiip- In conclusion, J C Jrip C J.
O

Consider V1, ..., ¥, € C'([0, T]) such that (1, ..., ¥,,) is an orthonormal
family of L%([0, T, dt). In particular, vy, ..., V¥, are linearly independent. Let us
assume that the basis (¢1, . .., @) of S, orthonormal in L2([0, 71, dt), is obtained
via the Gram-Schmidt process from (¢, ..., ¢,,), where @ j () =™ Y (t) for every
Jje{l,...,m}and t € [0, T]. Then, the ¢;’s belong to J C J. First, let us estab-
lish a suitable bound on the bias term of our estimator of Q. Consider the functions
v:[0,T] > Rand 7 : (0, T] — R, defined by

v(t) == tEp()? = 2 —2H)25 and () = v(t) " () =t

For every ¢ € S,,, there exist «y, ..., o, € R such that

with
1= Z(le//j €S, and S, =span{y, ..., ¥,}.
j=1
Thus, by assuming that 7J (Qo) € L2([0, T1, dt),
. . _ 11
min [t — J(Qo) I3y = min v @ — v~ w2 J(Qo) I
€S €S,
< Q=27 min 7 - 7 (Qo)
1€Sy,

= (2 —20) T, (1 (Q0)) — =J (Qo)I7,
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where IIg,, is the orthogonal projection from L2([0, T, dt) onto S, If (W1, . .., ¥im)
is the [0, T']-supported trigonometric basis, and if ©J(Qg) € Wzﬁ ([0, T]) with 8 €
N*, then

min [lc = J (Qo)lIfy, < ¢p7(2 = 20T m =20,
LES)H

Now, consider « > 2H, and let us show that, for instance, wJ(Qp) €
L2([0, T1,dt) when Qu(t) = t* for any ¢ € [0, T]. By the change of variable
formula,

J(Qo)(2) =f0 £(t,5)Qo(s)ds

t
1 1
= CH/ s“tiH(G —5)27Hds
0
! 1 1
= ch (t — )27 g0y
&

&
1 1 .
—i—/ gt —s) T2 827 H gy with ¢ > 0.
0

=:0(s,1)

Then, by Lebesgue’s theorem,
t
J(Q0) @) =gt 1) - 1—g(e,1) -0+ f (s, 1)ds
0
_ (! el w1y A 1
=cg | (t—95)"27"s27"ds with ¢y =y K-{-E—H .
0

Therefore, for every ¢t € (0, T],

@O0 = 5 —'/(t_s)m s

- -1
i 173" H/ sTRds < 0 E—H T 2,
2—2m ; 2—2m\2

Let us conclude this section with the estimation of the drift function for two
models of type (4.20) in finance.

Example 4.1 Let us consider a financial market model in which the prices process
S = (8/)ier, of the risky asset satisfies

t
S =S +/ Su(bo(u)du +o0dW,);t e Ry (4.28)
0
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where Sy is a (0, 0o)-valued random variable, W = (W,),cr, is a Brownian motion,
o>0and by € C °(R+). This is a non-autonomous extension of the Black-Scholes
model. Note that, in practice, several independent copies of the prices process S
cannot be observed on [0, T]. So, in order to define a suitable estimator of by on
[0, T], let us assume that S is observed on [0, NT'] and, for any i € {1, ..., N},
consider 7; = (i — 1)T and the process S = (5/);[0.7] defined by

S =SVt e[0,T].

By Eq. (4.28), for every t € [0, T,
) T+t
S; =S, +/ S, (bo(w)du + odW,)

1
=S, +/ SE(bo(T; + u)du +odW!) with W' = Wr,. — Wr.
0

Moreover, let Z/ = (Zf ):eqo0,77 be the process such that, for every ¢ € [0, T,

i L dSli L[ i i
Z, =— -~ == bo(T; +uw)yd(W'), + W;. (4.29)
g Jo Su g Jo
Since W', ..., WN are N independent Brownian motions, by assuming that the

volatility constant ¢ is known and that by is T-periodic, a suitable nonparametric
estimator of by on [0, T'] is given by

b (t) = 0 J(t); 1 €10, T,

where m € {1,..., N} and

N

T T
Iy € arg;ngn {%Z(/ J(s)st—Z/ J(S)dZi)}.
(S ™ 0 0

i=1

Since 5
B — boll® = (T — Jol> with Jop = —.
o

Proposition 4.14 provides a risk bound on by, and Theorem 4.5 provides a risk
bound on 79\@ with m selected in My C {1, ..., N} via (4.24). Finally, to assume
that by is T-periodic means that Model (4.28) is appropriate for assets with a prices
process having similar trends on each interval [T;, T;4], typically each day (T =
24h). Obviously, since constant functions are T -periodic, Em is an estimator of the
drift constant in the usual Black-Scholes model.

Now, assume that So = 10, o = 0.2 and that
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bo(t) = sin(2mwt) + cos(2mt); Vt € R,

For N = 100 days, let us simulate one path of the prices process S along the
dissection {100€/n; £ =0, ..., n}of [0, 100] withn = N? = 10000. The simulated
path of S and those of Z!, ..., Z" are plotted on Fig.4.5.

The adaptive estimator /b\,@ is computed from Z!, ..., ZV in the [0, 1]-supported
m-dimensional trigonometric basis with 71 selected in {1, ..., 12}. This experiment
is repeated 100 times, and 10 adaptive estimations of b, are plotted on Fig.4.6. On
average, the MISE of by is very small: 0.002.

Example 4.2 Let us consider a financial market model in which the prices process
S = (S:):e0.1) and the volatility process o = (0;);¢(0.7] Of the risky asset satisfy

(4.30)

ds; = S;(b(t)dt + o,dW,)
do; = o0,(po(t)dt + vd By)

T 1
0 10 20 30 40 50 60 70 80 % 100 0 0.1 02 03 04 05 06 07 0.8 0.9 1

Fig. 4.5 Plots of the paths of Z', ..., ZV (right) computed from one path of the non-autonomous
Black-Scholes model (left)

Fig. 4.6 Plots of 10 adaptive
estimations (black dashed 3.5 4
lines) of by (red line)
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where Sy and oy are (0, co)-valued random variables, W = (W,),cr, (resp. B =
(B/)ier, ) is a Brownian motion (resp. a fractional Brownian motion of Hurst parame-
terH € [1/2,1)),v > O0and b, py € C*(R,). Note thatif H > 1/2, then Model (4.30)
takes into account the persistence-in-volatility phenomenon as in Comte et al. [22].
Here again, in practice, it is not possible to get several independent copies of the
volatility process o on [0, T']. So, in order to define a suitable estimator of py on [0, T'],
let us assume that (S, o) is observed on [0, N(T + A)] with A € R, and for any
i €{l,..., N}, consider T;(A) = (i — 1)(T + A) and the process o' = (6/):e10.7]
defined by
th = OT,(A)+15 Vt € [O, T]

By Eq. (4.30), forevery ¢ € [0, T],
‘ T;(A)+t
o, =0or,a) + / o5 (po(s)ds + vd By)
T;

i(D)

t
= O‘(I) +/ O‘Sl(p()(T,(A) +S)dS + UdB;) with B' = BT}(A)+. — BT,-(A)-
0

Moreover, let Z' = (Z!)cj0.7) be the process such that, for every ¢ € [0, T,

t i
.c do
Zi= 2| srHr -5 i

t
U Jo Yl

L [! .
= ;/ e, $)po(Ti (A) + s)ds + M,
0

where .
M =f €@t 5)dBi: Vi € [0, T].
0

In the sequel, pg is (T + A)-periodic, and then
. 1 4 . .
Z = ;/ J(po)(s)d(M')s + M;;Vt € [0, T].
0

Since B has stationary increments, M L .., MY have the same distribution, but
these Molchan martingales are not independent when H > 1/2. However, for any
i,ke{l,...,N}suchthati < k, and any s, ¢t € [0, T] such thats < ¢,

E(B! Bf) = E(By(Bi+T; 1 (a) — Brip(a))) with T; i (A) = Ti(A) — T; (A)
1
= 5(s2H + (t + Tik (AN — (t + T; (D) — 5)*
— P+ T (AP — (T (D) — 5)*))

= %((m(A) + O+ (T4 (D) = )% — (T (D) + 1 — )P = T (AP
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= STRAP(( 1/ T (M) 4 (1 /Ty g(A))
— (L4 (t = 5)/ T (M) — 1)

—lH(zH—l)T» (AE((t) T 1 (A))? Ti 1 (A))?

—2 ik / l,k( )) +(S/ l.k( ))

—((t = )/ Tk (A)? + 0((1/T; 4 (A)?) when A — oo.

Thus, '
E(B'B¥) L HQH=1) st (k= DT + A2,
— 00

and since (T + A)?"~2 — 0 when A — oo, the larger A, the more B’ and B* (and
then M’ and M*) become independent. So, for A large enough, if the constant v is
known, a satisfactory nonparametric estimator of pg is given by

Pu(@) =00, (1); 1 € [0, T,
where m € {1, ..., N},

T () ifH=1/2

- ,

= 3 o~ N T

O () EHZH_%/ (t —s) 251721 ] (s)ds if H> 1/2 1 €l0.7]
0

and

N

T T
J,, = arg }Ielgn {% Z <(2 — 2H)/0 J(s)2s' 7 Hds — 2/0 J(s)dzg')} )

i=l1

Assume that the ¢;’s belong to . Since

~ -~ . L0
15w — poll* = V| Qm — Qoll> with Qg = >
itM!, ..., MY were independent, then Proposition 4.19 would provide risk bounds
on p,, and on the adaptive estimator p; with i selected in My via (4.24). Of course
M', ..., MY are not independent when H > 1/2, but the risk bounds of Proposition

4.19 remain consistent for A large enough as explained above. Finally, the (T + A)-
periodicity condition on py makes sense in the following special case: when pg is
T -periodic and A = §T with § € N* large enough. As in Example 4.1, to assume that
po is T-periodic means that Model (4.30) is appropriate for assets with a volatility
process having similar trends on each interval [(i — 1)T,iT], typically each day
(T = 24h). When T = 24h, to assume § large enough means to skip enough days
between two days during which the volatility process is observed in order to estimate
po with our method.
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Chapter 5 )
The Nadaraya-Watson Estimator Sheshse
of the Drift Function

This chapter deals with risk bounds on the following 2-bandwidths (truncated)
Nadaraya-Watson estimator of by:

E]\Ch (x)

bh,h(x) = A—lj;(x)>%;.x S [ l, r],

Sn(x)

where h,h > 0, m € (0, 1] and 1, r € R satisfy 1 < r. First of all, Sect.5.1 deals
with a Nikol’skii type condition on the density function f. In Sect. 5.2, risk bounds
on ﬁl, on th, and then on Elh are established for fixed /2 and h. Finally, Sect.5.3
deals with an extension of the PCO method to select 4 and h from data, and then
with risk bounds on the associated adaptive estimators of f, by f and by.

5.1 A Nikol’skii Type Condition on the Time-Average
Diffusion Density

As mentioned in the beginning of Chap. 3, if o satisfies the non-degeneracy condition
(1.3), then the probability distribution of X, (¢ € (0, T']) has a density f; with respect
to Lebesgue measure such that

X — xp)>
fix) < CoAs,Tf% exp <_m().5,T %) ;Vx e R.

For any fy € (0, T), this legitimates considering the density function f, already
defined in Chap. 1 by

1 T
)= TTto/m fi(x)ds ; x € R.
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In order to establish a suitable bound on the bias term of f/;, in Sect.5.2, the f;’s
must be at least one time continuously differentiable, and their derivatives need to
satisfy a bound of type (3.1). Precisely, in the sequel, the f;’s fulfill the following
assumption.

Assumption 5.1 There exists § € N* such that, for any ¢ € (0, T], f; is B times
continuously differentiable. Moreover, for any x € R,

¢s.1(£)

_ 2
700l < =25 exp (—w@@) eetl B

where all the constants are positive, depend on 7', but not on ¢ and x.

Notation. For every p € N\{0}, C(R) is the space of all the p times continuously
differentiable functions ¢ : R — R such that

l9® oo < 00; VK €10, ..., p}.

In the two following situations, the f;’s fulfill Assumption 5.1:

o Assume that the functions by and o belong to Cp°(R). Since o satisfies (1.3), by
Kusuoka and Stroock [1], Corollary 3.25, the f;’s fulfill Assumption 5.1.

e Assume that by is Lipschitz continuous (but not bounded), and that o € Cg (R).
Assume also that o’ is Holder continuous. Then, by Menozzi et al. [2], Theorem
1.2, the f;’s fulfill Assumption 5.1 with 8 = 1.

Under Assumption 5.1, for any x > 1 and any continuous function ¢ : R — R
having polynomial growth, ¢ — E(j¢(X,)|*) is bounded on [0, T']. Indeed, for any
1€[0,T],

o0
E(lp(X) 1) < er(1 +E(X,%) = ¢, / (14 [x[) £, (¥)dx
—00
o0 1 2 qK
< clco.s,T/ (4 [5x4 xol™)e ™57 dx < (1 v TH),
—00

where o
& = icost / (1 + (1] + roD)™)e ™57 dx,
—00

and the constants ¢;, ¢ > 0 only depend on ¢. Moreover,

lp* 117 / lo(0)[* f (x)dx

l T qK
—/ E(lo(X,)[)ds < ea(1 vV T 7).
T — o f
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Then, ¢* € L*(R, f(x)dx) and ll* |l  is bounded by a constant which doesn’t
depend on fy. For instance, this applies to by and o with g = 1.
Now, let us show that f satisfies a Nikol’skii type condition.

Proposition 5.1 Foreveryx € R, f(x) > 0. Moreover, under Assumption 5.1, there
exists a constant ¢s; > 0, depending on T but not on ty, such that for every £ €
{0,...,8—1}and 6 € R,

[ (FOO +x) — FO@)2dx < zq(m) ©* +101).
—0 0

Proof First of all, since f;(x) > O forevery (¢,x) € (0, T] x R,
1 T
fx) = —/ fi(x)dt > 0; Vx € R.
T —1t 0

Consider ¢ € {1, ..., B} and 8 € R,. Thanks to the bound on (¢, x) fl(a (x)
given in Assumption 5.1,

I + ') - f“_”ll2

DO+ x4+ x0) — £V + x0))2dxdt

92
<7 / / sup £ (z + x0)’dxdt
—1Ip 00 ze[x x+0]
Z2
< sup exp| —2ms(€)— ) dxdt
t2q(€) —00 z€[x, )P—&-H] p( 5.1( ) t )

to
6% (x +6)?
CS.I(E)Z — lof; 20 </ exp (—st.l(f)f) dx +6
0 —00
00 x2
+/ exp (—2m5‘1(6)7> dx) dt
0

/
[
L~
S
/N
2
S
[\
+
S
W

~
8
o
>
Le)
n
—
B
N

N—

oo XZ
¢ = Zker{rllqa.l.)fﬂ} {Cs.l(k)2/0 exp (—stll(k)?> dx} .

In the same way,

with

IFD =0+ — )
92
/ / sup f(@ (z + x0)’dxdt

— 1l 00 z€[x—0,x]
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92 T 1 0 x2
< 65 1(6)2 / - / exp| —2ms ({)— |dx + 6
' T —1yJ, 120 \J_ ' t

0 ()C _ 6)2
+f exp <—2ms,1 (z)f) dx) dt
0

.....

This concludes the proof. |

Assumption 5.1 and Proposition 5.1 are crucial in the sequel, but 7y needs to
be chosen carefully to get suitable risk bounds on ﬁ and E?h. Since the proba-
bility distribution of X, at time ¢ = 0 is a Dirac measure while it has a smooth
density with respect to Lebesgue’s measure for every ¢ € (0, T'], the behavior of
the bounds on (¢, x) — f;(x) and its derivatives is singular at point (0, x¢). Conse-
quently, all the bounds in Sect. 5.2 depend on 7, through a multiplicative constant of
order 1/ min{zy, T — tp} with o > 0, and then one should take #y € [1, T — 1] when
T > 1.

5.2 Nonadaptive Risk Bounds

This sectigzl deals with risk bounds on fAh, on E]\” 1» and then on the Nadaraya-Watson
estimator by,. In the sequel, the kernel K fulfills the following usual assumptions.

Assumption 5.2 The kernel K is symmetric, continuous and belongs to L?(R, dx).
Assumption 5.3 There exists v € N* such that
o0
/ 12" K (2)ldz < o0
—0Q

and o
/ 'K (z)dz=0:Ve e {l,...,v}.

o0

About the construction of kernels fulfilling both Assumptions 5.2 and 5.3, the
reader may refer to Comte [3], Proposition 2.10. The following proposition provides
arisk bound on fj,.

Proposition 5.2 Under Assumption 5.2,

I
Nh

E(lfu — fIP) < IIf — ful> + with fy = Ky * f.

Moreover, under Assumptions 5.1 and 5.3 with v = B,
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If — full® < esa(to)h?,

where

2
&2 PO+ 12K d) .
) = ([ rrasiabixe:

Proof First of all, let us recall that

E(IF — £IP) = / b(x)2dx + / o(x)dx

where, for any x € R, b(x) is the bias of fh (x) and v(x) is its variance. On the one
hand, let us find a suitable bound on the integrated variance of fh Since X!, ..., XV
are i.i.d. copies of X, and thanks to Jensen’s inequality,

N T

1 i
v(x) = var |:N(T—t0) ; Kp(Xg — X)ds:|

1710

- ([ kit - vas) < L fTK(X—) 4 )
_N(T_to)zvar A n(Xs —x)ds <75 . n(Xs xT—f()

E(Kh(Xs —x0))ds = */ Kp(z —x)* f(2)dz.

<—
N(T —1p)

Thus, since K is symmetric,

/oo p(x)dx < %/w f2) /oo Ky (z — x)%dxdz
_ 1 = 2 IK]?
= i ([ o) ([ eorar) = TG

On the other hand, let us find a suitable bound on the integrated squared-bias of
fh Since X', ..., X" are i.i.d. copies of X,

T

1
b(x) = =% E(Ky(Xs —x))ds — f(x)

= %fooK(Z;x)f(z)dz—f(x)

:/ K@)(f(hz+x) — f(x))dz.

oo
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First, assume that § = 1. By Assumption 5.3, the generalized Minkowski
inequality (see Comte [3], Theorem B.1) and Proposition 5.1,

[e%e) [e%e) [o'e] 2
/ b(x)2dx < / (/ K(Z)(f(hz+x)—f(x))dz) dx

o0 o0 o0

1 2
<U |K(z>|</ (f(hz+x)—f(x))2dx> dz} < 1 (to)h?

with 5
¢s.1 *© 1
C1(¢0)=m</ |z|(l+|z|2)|K(z)|dz> .
tO —00

Now, assume that 8 > 2. By the Taylor formula with integral remainder, for every
z €R,

B-2 ¢

(h2)

Flhz+x) = F0) =gz ) —
=1

(hz)P~!
B —2)!

VAE))

1
/ (1 =) 2D (thz 4+ x)dr.
0

Then, by Assumption 5.3, the generalized Minkowski inequality and by Proposi-
tion 5.1,

[e%s) [e%s) o) 2
/ b(r)2dx = / ( f K(z)(f(hz+x)—f<x))dz) dx

—00 —00 —00

b1 \2 oo/ poo
=— B-lg
((/3—2)!) [ (e
1 2
x/ (1 —0)P2(FB=D(rhn; +x)—f(ﬂ—1>(x))drdz> dx
0
-1 \? oo st
<= -l
((ﬂ_z),) K

1 [ee) 1
x/ (1= r)f~2 (/ (FB=D(thz + x) — f(ﬁ—1>(x>)2dx>2 drdz?
0 —00

h2;3 o0
<t ([T ko)
1§ ® 6~ 22 \J-ox

1 2
x/ (1—t)/“(rm+<r|z|>3)drdz> < et
0
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with
€51 *° 1 2
200 = B s o (/ 2P (1 + |z|z)|1<<z>|dz> :
(g (B =21 \J—0
This concludes the proof. (]

Note that thanks to Proposition 5.2, the bias-variance tradeoff is reached by (the
risk bound on) f;, when £ is of order N ~!/?#+D leading to arate of order N ~2A/CA+1)
Moreover, to take #p > 1 when T > 1 gives

(17— £ < csah® + K2
’ Nh
00 2
with esy = AN ([ |z|ﬁ(1+|z|%>|1<(z>|dz) .
Lo 116 — 2P \ o

The following proposition provides a risk bound on B?h.

Proposition 5.3 Under Assumption 5.2,

¢5.3(%)

E(BF, — bof1?) < 1B — bof1I* + i

with

1
(bf)n =Ky = (bof) and cs3(to) = 2| K| (ubon? L ||a||§) :

Proof First of all, let us recall that

E(IBF s — bofIP) = / b(x)’dx + / o(x)dx

—0oQ o0
where, for any x € R, b(x) is the bias of B?h (x) and v(x) is 1£s\ variance. On the one

hand, let us find a suitable bound on the integrated variance of bf . Since X Lo xVN
are i.i.d. copies of X,

1 T
v(x) = mvar (/ Kn(X — x)dXA>

o

<’g /TK(X Yoo(X) =2 2
\N . Ay — X)Do ST_t()

1 T 2
e

Then, by Jensen’s inequality and the isometry property of Itd’s integral,
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2 T 2 2
o(x) < m A E(Kp(Xs — x)“bo(Xs) )ds

+#/TE<K Xy — 020 (Xy)D)d
NI —1g)2 Sy e T TR

_2 / " Kz — 002 F @dz + ——— / " Knz = 020 (2 f (2)dz
Y 0 NT —10) Joo " ‘

Since K is symmetric and K € L2(R, dx) by Assumption 5.2, and since by, o €
L*(R, f(x)dx),

/ o(x)dx < 2 / K (z — x)*bo(2)* f (2)dzdx

—00 N Rz

+ 2z Ki(z — x)*0 (2)* f(2)dzdx
N(T —1ty) Jre "

([ me@rreds oo [ owrru).

00 0 J—

_ 20K
Nh

On the other hand, let us find a suitable bound on the integrated squared-bias of
bf,.Again, since X Lo, XN areiid. copies of X, and since It0’s integral restricted
to H? is a martingale-valued map,

1 = ’ i i
b(x) =E [m ,21:/&) Kn(X; — x)dXs:| — bo(x) f (x)

1 T
“T—1 (E ( / Ki(X; = x)bo(xods)

T
+E (/ Kn(Xs — X)G(Xs)dWs>> — bo(x) f(x)

fo

= / Ky (z = x)bo(2) f(2)dz — bo(x) f(x) = ((bf)n — bo f)(x).

Therefore, since f is bounded and by belongs to L*(R, f(x)dx),
/ b(0)%dx = [(bf ) — bo 11
—00

This concludes the proof.
|

Consider y € N*. Assume that by f is y times continuously differentiable, and
that there exists ¢ € L' (R, |x|”~' K (x)dx) such that, forevery# € Rand 4 € (0, 1],
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o0

f ((bo /YYD (MO + x) — (bo £)7 ™V (x))2dx < p(O)I*. (5.1)
—00

If in addition K fulfills Assumption 5.3 with v = y, then ||(bf); — bofll2 is of
order 7%, and by Proposition 5.3, the bias-variance tradeoff is reached by bf f, when
h is of order N~1/¥+D leading to a rate of order N ~2/@¥*D_Moreover, to take
to KT —1whenT > 1 gives

E(16f), — bofI1) < I(6f)n — bof I +]c\5,—2

with ¢s3 =2 K[*(I1bolF + llo[17)-

Finally, Propositions 5.2 and 5.3 allow to provide a risk bound on a truncated
version of the Nadaraya-Watson estimator by,.

Notation. For every ¢ € L2(R, f(x)dx), ¢l z1.c = oLl -

Proposition 5.4 Consider the 2-bandwidths Nadaraya-Watson estimator

-~

bf
bh, h = glfh(.)>m with h, h> 0,
So o 2

and assume that f(x) > m foreveryx € [ 1, r](m € (0, 1]). Under Assumptions
5.1,5.2 and 5.3 with v = B,

R c ¢s5.3(f)
E(Bn, n —boll%, 5, ) < (”(bf)h—bof” o

IK >
boll* ) B +——|).
+lboll% (Cs.z(o) tNv o

where cs.4 = 16(I| flloo V 155 f lloo)-

Proof First of all,

-~ bfy —bo f
bh,h—b0=<—~|— = ——|bof )1z >m—b01;' m.
fh fh f fu@) fa()<3
Then,

N 2 2
1bnn — b0||f,1,r = ||b01fh(.)<ﬂ ||f1 r

bf, —bof 1
(B (7)o

Moreover, for any x € [1, r], since f(x) > m, for every w € {ﬁl(~) <m/2},

2

f.lr
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—~ —~ m m
[f(xX) = fulx, @) = f(x) = fulx,®) >m — 3=

Thus,

B — bolP1, < miul??h —bof I
G = Fobol 4 200l oy W
< /_ G =R s
+ o / :<f<x> — R0 bo)? £ (x)dx
+ 2/1r bo(¥)? f (1 ) fo oy 2 -

Since f has a sub-Gaussian tail by Assumption 5.1, and since by has at most linear
growth because it is Lipschitz continuous from R into itself, b3 f is bounded on R.
So,

~ ||f||oo
1Bn = bollsy < =52 NBF, — bo f 11

8|| ofnoo e [P0
”fh f” + 2||b0f||oo 1|f(x)—f5(x)\>%dx'
—00

Therefore, by Markov’s inequality,

_ 81 flleo 813 flloo .~
BB~ bolly.0) < V2 g7, — by i)+ 2 °f” (1 fn— f1P)
81153 fllso -
.l mf ” / E((f(x) = fa(x))*)dx

8 oo V152 flloo e ~
< S oe YO0 g7, — o 12) + 2B 01— 1100,

Propositions 5.2 and 5.3 allow to conclude. (]
Let us conclude this section with some remarks about Proposition 5.4:

e Proposition 5.4 says that the risk of ’b\h,h is controlled by the sum of those of its
numerator and of its denominator, up to a multiplicative constant. If K fulfills
Assumption 5.3 withv = BV y, and if by f satisfies (5.1), then the risk bound on

bj, 1 1s of order

1 1
W2’ 4 n2f i
+ +Nh+Nh
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and the bias-variance tradeoff is reached when A (resp. h) is of order N ~1/Zr+D
(resp. N~1/2F+D) feading to the rate

_2((L>/\(L)> _ _28Ap)
N 2y+1 2p+1 = N 2B+,

e Note that to consider the 2-bandwidths estimator is crucial to extend the
PCO (penalized comparison to overfitting) method to our framework in the
spirit of Comte and Marie [4] (see Sect.5.3). However, by taking & =h of
order N~1/ZB )+ " the bias-variance tradeoff is reached by the 1-bandwidth
(truncated) Nadaraya-Watson estimator with the same rate.

e If 7 = h, then the variance term in the risk bound in Proposition 5.4 is comparable
to the variance term in the risk bound on the least squares projection estimator (see
Theorem 3.1). Indeed, for a m-dimensional projection space, the variance term in
the risk bound of Theorem 3.1 is of order m/N which is comparable to 1/(Nh).
The rate of convergence of the projection least squares estimator depends on the
regularity space associated to the projection basis but, as in the nonparametric
regression framework, not on the regularity of f.

e Thanks to Menozzi et al. [2], Theorem 1.2, there exists m € (0, 1] such that f(-) >
m on [1, r]. However, the limitation of our Proposition 5.4 is that m is unknown
in practice. Then, it needs to be estimated, for instance by

my, = min{ﬁl(x); x €[1, ]}

A more naive way to solve this difficulty in practice is to take

e, _2Bry)

m=my =cN 226+ —— (,
N—o00

where ¢ > 0 is a fixed constant, and ¢ € (0, 1) is chosen as close as possible to 0.
Under Assumption 5.1, by Proposition 5.1,

INo e N:VN > Ny, Vx €[ 1, r], f(x) > my.

So, by Proposition 5.4, when 4 (resp. h) is of order N~V/@7+D (resp. N~1/CA+D),
by, n, converges with the slightly degraded rate

C(1—g) 2B
N U550
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5.3 Bandwidth Selection via the PCO Method

Consider

N

- 1

Shv(x) = v E D), ,(x);x € R,
i=1

where v = (A, @) eR%,h > (0 and, foranyi € {1,..., N},

. 1 T . .
P ()= —— Ky(X'. — )dY!
hv () T—1 )y n( Xy — )dY;

with

dY] = adt + pdX
= (A + pubo)(XHdt + po(XHdW! and Y = uxo.
N —’

=b

This is an estimator of the function s = b  f. In the sequel, for the sake of
simplicity, 5, ., and q)él’v are almost always denoted by s, and CDL respectively.
An extension of the PCO method (see Sect. 2.1.2) to the selection of the bandwidth
h of 5, is given by R
h = arg min {|[5, — Sk, I3 + pen()) (5.2)
heHy

where hyg is an overfitting bandwidth belonging to [N~!/ 3 1], Hy is a finite subset
of [hg, 1], & is a kernel and

2 & .
pen(h) = — D (@), D}, ())s; Yh € Hy.

i=1

This section deals with risk bounds on the PCO estimator 57, and on the adaptive
2-bandwidths Nadaraya-Watson estimator
bf7(x)

bpz(x) = A—lf*ﬁ(xb%; x €[1, ],

falx)

where 1, r e Rsatisfyl < r,and7 (resp. h)is defined by (5.2) with v = (0, 1)
(resp. v = (1, 0)).

Remark. The condition kg € [N~!/3, 1] (instead of hy € [N~!, 1]) is annoying,
but not that much because if, for instance, by f satisfies (5.1) with y = 8 > 2, then
the (unknown) bandwidth /4, for which the estimator of b f reaches the bias-variance
tradeoff possibly belongs to Hy. Indeed, there exists an unknown constant ¢, > 0
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such that i, = ¢, N~V@F+D and then

! = iNZﬁZﬁ(lfﬁ) < 1 for N large enough
Nh3 3 h ’

*

5.3.1 Brief Reminder: Bernstein’s Inequality
and a Concentration Inequality for U-Statistics

Consider a separable Banach space X, a X-valued random variable £, n independent
copies &1, ..., &, of £ with n € N*, a bilinear form g : X? — R, and the associated
quadratic form ¢ : X — R. In order to establish L.?-risk bounds on adaptive versions
of functional estimators as ﬁ and l;? o

P(Iq(gn)l < M); M > 0 needs to be well-controlled.

To that purpose, note that

— U, +V,
qE) = =,

where

Uy=) BG &) and V, =) q(&).

i#k i=1

Then, V), is controlled thanks to Bernstein’s inequality (see Theorem 5.1), and U,
is controlled thanks to a concentration inequality for U-statistics (see Theorem 5.2).

Theorem 5.1 (Weak Bernstein’s inequality) Let g be a bounded measurable map
from X into R, and consider

1 n
b= ) (&) — E(g(E)).

i=1

For every a > 0, with probability larger than 1 — 2e™¢,

20 ca
|Un| < _+_a
n n

o lgles
3

where

and v =E(g(§)?).

See Massart [5], Proposition 2.9 and Inequality (2.23) for a proof.
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Theorem 5.2 Foreveryi,k € {1,...,n}withi # k, let g;  be a bounded symmetric
measurable map from X? into R such that g; ; = g.; and

E(gix(z,€)) =0 dz-ae.

Consider the totally degenerate second order U-statistic

un =Y gix&i &0).
i#k

There exists a universal constant m > 0 such that, for every a > 0, with
probability larger than 1 — 5.4e™%,

1 3
| < m(c,@? + 0,00 + by + a,0?),

where
a, = sup {Sup Igi,k(z,x)l},
i,ke{l,...,n} | x,zeX
i—1 n
by, = max {supZE(gi,uz,sk)Z); sup ) E(gi,k(s,»,x)z)},
b2 =1 kit
=Y (gl &) and
ik
0= sup Y E(a(E)bi(E)gik(Eir &)
(a.b)eA’ ¢
with

n—1 n
A= {(a,b) Y E@(E)) < 1and Y Ebi(E)) < 1} :

i=1 k=2

See Giné and Nickl [6], Theorem 3.4.8 for a proof. Finally, for every random
variable R, the following proposition provides a bound on E(R) from those on
P(R< M) (M > 0).

Proposition 5.5 Let R be a random variable, and assume that there exist r,c > 0
and p > 1 such that, for every a € Ry,
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Then,

2r+1] 4 o° 1
E(R) < L(C) + & with ¢, = / exp (_5'3;> dB < oo.
r 0

7

Proof Consider A > 0. First, by the Fubini-Tonelli theorem,

E(R) = E(R1gca) + E((R — A)lg=a) + AP(R > A)

< 2A+E <1R>A/
A

Now, by the change of variable formula,

/MP(R>x)dx=l/mP<R> é>d,3
A rJra r

< f/ e ap < 8 exp (—%(rA)l).

o0 [ee]

1R>xdx> <24 +/ P(R > x)dx.
A

r A r

Then, for A = log(c?)?/r,

21 2yp 1
E(R) < ﬂ 4 e exp (_z 10g(c2)>
r r

_ 2vtlog(o)? ¢,

r r

For instance, with the notations of Theorem 5.1, the random variable

1 20«
R=—lul— /=2
¢ n

satisfies o
IP’(R < —) >1-2¢% Yo € Ry,
n
and then 4 loa(2
E(R) < 0g(2) + 8 by Proposition 5.5.
n n
Therefore,

200 ¢ S
E(lv,]) <4/ — 4+ — with ¢=c(4log(2) + ¢y).
n n
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5.3.2 Risk Bound on the Adaptive 2-Bandwidths
Nadaraya-Watson Estimator

This section deals with a risk bound on the PCO estimator of s, and then with a
risk bound on the (PCO) adaptive 2-bandwidths Nadaraya-Watson estimator of b.
Throughout this section, the kernels K and § fulfill the following assumption.

Assumption 5.4 The kernels K and § are continuously differentiable, K’ €
L2(R, dx) and § is nonnegative.

Note that the standard normal density function is a nice example of kernel fulfilling
all the conditions on both K and § in Assumption 5.4.

First of all, consider & € (0, 1], and let us show that there exists a kernel type map
®,, from C°([0, T]) x Rinto Rsuchthat, foranyi € {1,..., N}, ®! () = ®,(X", -).
By the It6 formula,

r . . Xt —. X —.
/ Kh(xg—-)dxgzK( T )—K(’“—)
f0 h h

1 ’ ’ le - iN2 . /
— | k(2T )oXi)2ds with K =K.
o ), h :

Then,
T

T
(T — 1)@ () = )\/ Kp(X!E — ds + u/ Kp(Xi —ydX!

fo fo

Xi —. X, —- T ;
= uK A — uK n + Kh,v,o(Xs’ ds
fo

where, for every z € R,

Kivo(z,) = AKp(z — ) + pnKy(z — o (2)?
ith Kn() = ——K'(-
wit h(')——m <E)

So, @ (-) = ®,(X', ) with

1 T) — t0) — T
O T (MK (‘”( ) x) K (“’(O)Tx) + fto Kh,v,o«p(s),x)ds) .

In order to establish a suitable risk bound on the PCO estimator of s, the following
proposition shows that

Ky ={(g,x) = ®y(p,x); h € Hy)
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satisfies properties close to those of a kernels set in the nonparametric regression
framework (see Assumptions 2.1 and 2.3).

Proposition 5.6 Under Assumptions 5.1, 5.2 and 5.4, there exists a constantmg > 0
such that

1. Foreveryh € (0,1]and ¢ € co([o, T,

mo me
Pn(0, ) < S5 and [, )5 < S5

2. Foreveryh, he (0,1],
E({(®u(X", ), ®u(X?%, ))3) < meSa,

where

5o = E(|®n(X. ).
3. Foreveryh € (0, 1] and ¢ € L*(R, dx),
E(@4(X. ). 9)}) < mol¢ll;.
4. Foreveryh, he (0,1],
P (X, ), sn)s| < Mo a.s,

where

sn() = EGn() = (Kn*5)().

Proof First of all, note that

e Since b)) and o are bounded, and by Assumption 5.1, the functions o f, b*_f, s
and s are bounded and integrable.

e Since K is a kernel, and by Assumption 5.4, K, K" and K are bounded, | K ||; < 00
and || K| < oo.

e Since § is a kernel, and by Assumption 5.4, § and §" are bounded.

Thanks to these properties of o, by, s, s’, K, K/, K, § and &', let us prove
Proposition 5.6.

1. On the one hand, by the definition of the map (4, ¢, x) — ®; (¢, x), for every
h e (0,1]and ¢ € C°([0, TY),

[P (e, ) <

)»llKlloo+M 2l Klloo | 1013 I1K lloo
h T —1 2h?
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On the other hand, for any # € (0, 1] and z € R,

1Ko (2, )5 <2021 Kn(z — )5 + 2120 121K n(z — )13

<2k2||6||oo||1<||2 LISl llo I 1K 112
= h 2h3 ’

So, for every ¢ € C°([0, T)),

2 [ T) — -x\\’
19100l < s [ <K (‘”(li—x> —K<‘”(’°ﬁl—x>> S(x)dx

o 2 T 2
T —1)? / K v.o(@(s), -)ds

812K 2 /‘T
< > Ko L)
(T — 102 t7 - 0l 1 Knv,o (@), )l5ds

<WIISIIOOIIKII2 o 8IKIZ, | I8lleollo I3 IK 2
= h (T — 1)? 3 '

+

8

2. Forany h,h € (0, 1],

E(®n (XL, ), @n(X2, D)

-_ ! g /oo /TK(XI— vl | en(x?, x)s(x)d ’
BRGNS VARl R

2 2 2
< W(E(Ah’h) +E(Bj, ),
where
00 T
Apn = u/ <f Kn(X! — x)a(xg)dm) &4 (X2, x)8(x)dx
—00 I

o0 T
and Bjp :/ (/ Kn(X! —x)b v(X;)ds> &4, (X2, x)8(x)dx.
—00 Iy
On the one hand, since (X', W') and Y? are independent processes,
E(A},) = 1’ f / An(x, DE(@n (X, x)Pn(X, y)8(x)8(y)dxdy
—00 —0oQ

where, for every x, y € R,

T T
Ap(x,y)=E ((/ Kp(Xs — X)G(Xs)dWs) (/ K (X5 — y)ff(Xs)dWs>) .

fo [
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By the isometry property of Itd’s integral, for every x, y € R,

T
Ap(x,y) = f E(Ky (X, — x)Kp(Xs — y)o (X,)*)ds

fo

o0
=(T - to)/ Ki(z — x)Kp(z — y)o(2)* f (2)dz,
and then
]E(A%,h) =u*(T - lo)f [ / Kp(z —0)Kp(z — y)0(2)* f(2)
—00 J—00 J =00
X E(®L (X, x)Ph(X, ¥)3(x)S(y)dxdydz

o0 o) 2
= ;/,Z(T - to)/ U(Z)zf(Z)E |:(/ Kjp(z — x)8(x)Pn (X, x)dx) :| dz.
—o0 —00

Moreover, since x — |Kj;(z — x)|/|| K1 is a density function for any z € R,

00 2
E |:</ Kn(z —x)6(x) P (X, x)dx) i|

< K / 1Ky (z — x)[8(x)*E(Pn (X, x)*)dx.

oo

So,
E(A2,) < 13(T — 1)K Iy

x / 0(2)*f(2) f |Kh(z — x)[8(x)*E(Pn(X, x)*)dxdz

< AT = t)llo” flloc I KT 18]l 00 / S(O)E(Pn(X, x))dx .

—00

=5n

On the other hand, since x — |Kj (X, (w) — x)|/||K || is a density function, and
since X' and X? are independent processes,

E(B; ) < (T —1)lIK |1
T 00
x f / E(IKn(Xs — 0)|b +(X5)D)8(x)*E(Pn (X, x)*)dxds
0] —00
= (T —1)*IIK

x / ( / Kz —x)lb v<z)2f<z>dz>6(x>2E(<1>h<X, ¥)dx

—00 —0Q0
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< (T = 10)2116%, flloo 1K 13 1181l0o / $(OE(Pn(X, x)P)dx .

=5Sh
Therefore,

201K 113118100

1 2 32
E({(®x (X", ), Pn(X7, ))5) < T—10

W20 flloo + (T = 10) 6% flloo)5h-

3. Forany h € (0, 1]and ¢ € L2(R, dx),

1 o0 T 2
E(®4(X, ), 9);) = mE |:(/OO <ﬂ(x)5(x)/t0 Ky (Xs — x)dstx> :|

2 2
< oo BCh + EDD),

where

e} T
Ch=p / 0()8(x) / Kn(X, — x)0 (X,)d Widx

o]

oo

00 T
and D, =/ (p(x)S(x)/ K, ( Xy, —x)b (X;)dsdx.

On the one hand, by the isometry property of Itd’s integral,

E(Cy) = p? / f P()P()E(X)8(y)

T
B / E(Ky(X; — x)Ki(Xs — y)o (X,)*)dsdxdy

to

= u*(T — to) / [ P(X)9(M)8(x)8(y)

X f Ki(z — x)Kp(z — y)o (2)> f (z)dzdxdy

o]

— AT — 1) f (Kn * (#8)(2)%0 () f(2)dz.

<l FllooIK I 1S 113

On the other hand,

T
E(D}) < (T —to) f E(b +(X,)*(Ky * (98))(X;)Dds
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< (T — 1p)? / (Ky % (98))(2)*b +(2)* f(2)dz.

<IB2, FllsoIK 1718 0o 113

Therefore,

2
T —1y

E(®n(X, ), 9)3) < W10 flloo + (T = 1) 167, fllo) 1K [T 1810 0113

4. Since the map (¢, w, x) — K, (X;(w) — x)sn(x) is measurable and bounded for
any h, h € (0, 1], and since

A / §(x)dx is a finite measure,
A
by the stochastic Fubini theorem,
o0
(T —10){Pp(X, ), sn)s = (T — to)/ @p (X, x)sn(x)d(x)dx
—00
T poo
=/ / Kp(Xs —x)sn(x)8(x)dxdYs a.s.
10 —0Q

T T
= / (Kp * (568)) (Xs)ds + 1 / (Kp * (sn8))(X;)d X
) fo

First,

1
T —1

< K % (516 [loo

T
/ (K} * (s28)) (X,)ds

SIKII(Kn % $)8lloo < IK T 15 oo 18 oo-

Now, by the It6 formula,

T 1 T
[ ik 000 (X)X = U (XD) = WX = 5 [ ()0 (X s,
to fo

where )
Vin = Ko (520) and W) = K () % (516).

On the one hand,
Ypn = Ki % (s28)" = Kjy # (Kn % 5)8") 4+ Kj % (Ky % 5))8),

and then
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|Knlli K * slloc N8 lloo + KRNI K * 8 oo 181100

1 nllos < |
IK 13 1slool18 lloo -+ IK NT 1S lloo 18]l oo-

NN

On the other hand,

1o < & (7)]1CKn )80 < IRl K 1 161c:

Therefore,

2p
T —1

M /
+ 5IIGIIiollKll%(IISIlooll(Ylloo 115" lolI8lloc) — a.s.

(@1(X, ), sn)s < MK s looll8lloo + Ko KN lls 111810

]

The following thgorem, which is the main result of this section, provides a risk
bound on 53, where 4 is defined by (5.2).

Theorem 5.3 Under Assumptions 5.1, 5.2 and 5.4, there exist two deterministic
constants ¢s 3, ¢s3 > 0, notdepending on N, such that forevery6 € (0, 1) anda > 0,
with probability larger than 1 — ¢s3|Hyle™,

- ) R 5 €53 , (+a)
”Sﬁ_sns<(1+9)}{£712’”sh_5”5+7<||sh0_5”5+T .

Proof Forevery h, h € Hy, consider

Unn = Y _(®(X',) — s, u(X*, ) = sn)s,
i#k

N
1 .
V=5 > N @n(X' ) = syll} and Wyn = (S — sp. 50 — 55
i=1

The proof of Theorem 5.3 is dissected in four steps. Step 1 shows that, for any
h e 7‘(1\1, R
155 = 5115 < 5% — slI3 — ¥ (h) + ¥ (h),
where ¥ is a map depending on U and W. Then, ¥ (h) and W(iz\) are controlled in
Step 2 thanks to the bounds on U and W established in Sect. 5.3.2.1 (see Lemmas
5.1 and 5.3 respectively). Step 3 deals with a two-sided relationship between

o~ 2 2
I'sh — slls and |ls, — sll5s h € Hy,
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as in Theorem 2.1 and the first step of the (sketch of) proof of Theorem 2.2, thanks
to Lemmas 5.1, 5.2 (bound on V') and 5.3. The conclusion comes in Step 4. Finally,
note that as in the nonparametric regression framework, the properties of

Ky =1{(g,x) = &4(p,x); h € Hy)

stated in Proposition 5.6 are crucial in the proof of Theorem 5.3.
Step 1. First,
. 2 s -~ 2 o~ 2 o~ o~
155 = slls = 5 = Suolls + WShy — s15 + 2055 — Sy Sho — $)s

and, for any h € Hy,

55 — SiolI? < I5% — S, I + pen(h) — pen(h) by (5.2)
=I5 —sl3 +2(n — 5,5 —Sh)s + Is — 5i, I + pen(h) — pen(h)
=I5 — slI5 +2(5h — Sne» S — Sio)s — IIs — 5, I3 + pen(h) — pen(h).

Then,

155 — 5113 < ISk — 13 + 26k — Shys S — o)
+ pen(h) — pen(h) + 2(5; — Shys Shy — 5)s
= IS — 511} + pen(h) — pen() + 2(5; — $h. Sy, — )5
=I5 — slI} — v () + ¥ () (5.3)

where

V() =2(s. — 5,5, — 5)s — pen(-).
Now, let us rewrite ¥ (-) in terms of U_;,,, W, and W, . For any h € Hy,

W (h) = 2(5), — sp 4 Sp — 8, 5py — Shy + Sy — 8)s — pen(h)
= 2(Sh — Sh»Shy — Shy)s — pen(h)
+2 W ng + Whon + (Sh — 5, Shg — 5)5)

=:y3(h)

N
2U 1 . . h
et (N Z (D5 (X ) = s Dy (X ) = o) — pe“;)) +2y3(h)

= (h)

and, by the definition of pen(#),
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1 (& . N : 1
Yo (h) = Nz (;(‘Dh(xl, ), She)s + ;(q’ho(xl, ), Sh)d) + N(Shy Sho)s-

So,
Un,n,

V(h) =201 (h) + Y2 (h) + ¥s(h)) with 9y (h) = ==

Step 2. This step deals with suitable bounds on the v/;’s.

e Consider h € Hy. By Lemma 5.1, for any & > 0 and 6 € (0, 1), with probability
larger than 1 — 5.4|Hy|e™*,

0 _ 2C5,1(1+0()3
h)| < ——5) 4 —I T
[¥1(h)] R N
~ 6 _  2c,(1+a)
d h < —sp+ —.
and | (h)] 2N5h+ oN

e For any i, h € Hy, consider

N

— 1 .
Valh, 1) = 3 (Pu(X', ), 50,

i=I

By Proposition 5.6(4), _
[¥2(h, h)| < mo  as.

Moreover,

18000 1 Kn # Sllo | Ky * s1I1
2
18lloo 1K 1T Ns oo 11

[(Shy Shy)sl < |
<

Then, there exists a deterministic constant ¢; > 0, not depending on N, such that

Wa|V [ < sup Yo b < = as.
heHy N

e Consider & € Hy. By Lemma 5.3 and Cauchy-Schwarz’s inequality, with proba-
bility larger than 1 — |Hy|e™¢,

2] 8¢s5(1 +Ol)2
[V < 2 (s — slIF + lisne — s1I3) + — N

+2 AN %II I ANE %II I
- - sp—slls x| = - Shy — S
2 2 ! "2 \2) \o ho 210

) o 1 8¢sa(1+a)?
< S lsn —sll} + (Z + 5) s, — slI3 + —
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and
8¢s3(1 + a)?

. p , (0 1 )
|1ﬂ3(h)|<§||sﬁ—5||5+ <+ 7 ) llsny —sll5 + oN

4 0

Step 3. Let us establish that there exist two deterministic constants ¢;, ¢; > 0, not
depending on N and 0, such that with probability larger than 1 — ¢, |Hy|e™?,

5 Sh o +a)
sup 1[5 — 53 = (1+6) (nsh —sl; + —)} <=
hE?"{N{ s 4 N ON

and 3
A BTN (1 + )

sup {llsh—s||§+—— ||sh—s||§} <=1

heHy N 1—6 9(1—9)1\/

On the one hand, for any & € Hy,

~ Sh
I5h — slI3 — (1 +6) <||Sh — 53+ ﬁ)

A Sh
= 1I5h — sull + 2% — sposp — 5)s + lsp — 513 — (1 +0) (nsh —sl3 + ﬁ)

P 1+6_
= 1S = snll§ = ——5h +2Wpn = Bllsp = 513
and U v
~ 2 hh h
Sh—sully = =5 + — 5.4
I8 = sully = 5 + (5:4)

So, with probability larger than 1 — ¢ |Hy|e™%, by Lemmas 5.1 and 5.2,

sup {n?h 2= +9§h} < sup { Wl _ 6 v Ly, — 50— igh}
o’y N e I YER Y ALY N
< 2(cs.1 +¢52)(1 + )’
ON

and then, by Lemma 5.3,

e ) ) S ol +a)?
su s, —slls— (1 +6 sp—sls + — < /. 5.5
hequ{ll n—slls —( )(II n— sl N)} oN (5.5)

On the other hand, for any h € Hy,

Sh -
(1-6) (ush — s+ N) — |ISh — 113

s, ~
=(1-0) (”sh —sl5 + ﬁ) — (IS = sall +2Wan + llsn = s13)
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5
= —6llsy = I3 + (1= )3 — I8 = sulf = 2Wis

<2\Winl = Ollsn — s> + S 155 — sall3 —ﬁh
s N N
~—
=:Ap
and U v _
h,h ho Sh :
Ay = ‘W + NN by Equality (5.4).

By Lemmas 5.1 and 5.2, there exist two deterministic constants c3, ¢3 > 0, not
o

depending N and 0, such that with probability larger than 1 — ¢3|Hy|e™,

o

Moreover, by Lemma 5.3, with probability larger than 1 — 2|Hy|e™¢,

0
sup {2|Wi | — Ollsp — sll3} = 2 sup {|Wh,h| = lsu —s||§}
heHy heHy

< dess(1 + a)? '
ON

So, with probability larger than 1 — ¢ |Hy|e ¢,

Sh 1 ~ CZ(I +05)3
sup {||sh—s||§+———||sh—s||§} <. (5.6)
heHy N 1-6 0(1 — )N

Step 4. By Step 2, there exist two deterministic constants ¢4, ¢4 > 0, not depending
on N and 6, such that with probability larger than 1 — ¢4|Hy|e™%,

Sh o 2 au(l +a)?
| <6 (ush —slly + N) + (5 + 5) Ish = 115 + =55

for every h € Hy, and

h Si 0, 2 ca(1 + @)’
'W’N<9(lls¢—s||§+ﬁh)+(5+5>||sho—s||§+—9N .

So, by Inequality (5.6) (see Step 3), there exist two deterministic constants cs, ¢s >
o

0, not depending on N and 6, such that with probability larger than 1 — ¢5|Hy|e™?,
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Y 5 0 2 5
glise = sllz + | 5+ 5 ) llsn = slls

1 1\ 0+’
-4+ —— ) ——;Vh ,
+C5(9+1_9> N € Hy

Wl < 5

and

[y (h)| <

0 ) 11\ U+
1_9||s;—s||§+<§+5>||sho—s||§+cs<9+m)T.

By Inequality (5.3) (see Step 1), there exist two deterministic constants cg, ¢g > 0,
not depending on N and 6, such that with probability larger than 1 — ¢g|Hy|e™?,

6 —~ 0 ~
(1 - m) 5 = sl5 < (1 + m) 55 — s 113
(1+a)’

Co 2
— — ——|);VheH,
+t9 <|Ish0 slls + = 9)N> € Hy.

By taking 6 € (0, 1/2), the conclusion comes from Inequality (5.5) (see Step 3).
O

Now, since R .
fo =Sna0 and bf, =%, 01); Vh € (0, 1],

Theorem 5.3 allows to establish a risk bound on bh 7, where h (resp. h) is defined
by (5.2) with v = (0, 1) (resp. v = (1, 0)).

Corollary 5.1 Under Assumptions 5.1, 5.2 and 5.4, if f(x),8(x) > m for every
xel[ 1, rl(me (0,1],and 1, r € Rsatisfying 1 < r), then there exists a
constant ¢s.; > 0, not depending on N, 1 and r, such that

E(IBr5 — boll%,.0) < - [ng)m {EQIBS ) — bofIP) + Bl fo — F1)}

N 3
+ 1@ ng = bo f I + L fag — FI7 + gI(V) I

Proof As in the proof of Proposition 5.4, and since §(x) > m for every x € [1, r],
there exists a constant ¢; > 0, not depending on N, 1 and r, such that

—~ C .
E(lby 5 — bolF1.,) < m%@(ll(?n,(o,l) — b1 1. 1lP) + 2B Gy 1.0) — NI 1. 1ID)

< ZL AR 0.1y — bo /1D + B 1 0) — £12)
S8 7,(0,1) 0/ lls h,(1,00 — Jlls))-

Moreover, by Theorem 5.3 and Proposition 5.5, there exists a constant ¢; > 0, not
depending on N, 1 and =, such that
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E(lIS. 0.1y = bof113) < a1V [18]10) (min E(ISh,0.1 — bo f 11

he'}{[\]
log(N)?
HIBFny — bofIP + g—)
N
and
E(I55.0.0 — f1I3) < 21V [18llo0) ( min E(|[5. .0 — £
heHy
log(N)?
i = 12+ 22 > .

Therefore, there exists a constant ¢3 > 0, not depending on N, 1 and r, such that

E(|by 5 — bol%. 1. o) < S[min, mer Bk, 0.1) = bo f11%) + E(llSh..0) — f1)}
3
HI®B g = bof 12 + g — f1I? + 1.
Let us conclude this section with some remarks about Corollary 5.1:
e By Corollary 5.1, the risk of Egg is controlled by the sum of the minimal risks of
S =bf, and Sha0 = fus (h,h) € Hy,

up to a multiplicative constant.
e A suitable choice for ¢ is the standard normal density function:

x2
d(x) = e 7;V¥x e R.

21

First, as already mentioned, § fulfills Assumption 5.4. Moreover, assume that
f(x) > m, for every x € [1,r] (m; € (0, 1], and 1, r € R satisfying 1 < r).
Since § € C*(R; (0, 00)), there exists m, > 0 such that §(x) > m, for every
x € [1, r], and then

f(x),6(x) >m=m; Amp >0;Vx €[1,r]

5.3.2.1 Controlof U,V and W

This section deals with the control of the maps U, V and W introduced in the proof
of Theorem 5.3 (see Lemmas 5.1, 5.2 and 5.3 respectively). The proof of Lemma
5.1 relies on the concentration inequality for U-statistics stated in Theorem 5.2, and



5.3 Bandwidth Selection via the PCO Method 171

the proofs of Lemmas 5.2 and 5.3 rely on Bernstein’s inequality (see Theorem 5.1).
Note that the properties of

Ky =1{(g,x) = (@, x); h € Hy)

provided in Proposition 5.6 are crucial throughout this section.

Lemma 5.1 Forevery h, h e Hy, consider

Un n=Y_ g n(X', X
ik

where, for every ¢, Y € coqo, T,
gh, h(gov W) = (th((/)v ) — Sh, q)h(wa ) - sh)é"
Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant ¢s; > 0,

not depending on N, such that for every 6 € (0, 1) and o > 0, with probability larger
than 1 — 5.4|Hy|e™,

sup

{'Uh,ho| 0 _ } < esi(1+a)

h
e | N2TN oN
U, 0 1 3
and  sup | h,h|__§h < ¢s.1(1 +a) .
e | N2 TN ON

Proof First of all, note that for any &, h € Hy,
Unn =)@ n(X', X = 20 0(X) = Zun(X") + E@,n(X, X)) (5.7)
i#k

where, for every ¢, Y € co(o, T,

gh,h((p’ 1”) = <<Dh(¢’ ), (Dh(l/f’ )>5
and  gun(p) = (Pu(@, ), sn)s = E(g)n (e, X)).

Since E(gp, n(p, X)) = O0forevery ¢ € C([0, T]), by Theorem 5.2, there exists
a universal constant m > 1, such that for any « > 0, with probability larger than
1 —54e7°,

|Upnl m 1 3 5
N2 < m(ch,haz + 04, nat + by, naz +a, no),

where the constants a; n, by ., ¢4 n and 0, 1, are defined and controlled as follows:
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e The constant a; . Consider

apn = sup [gnn(e, ¥)I.
@, yeCt

Since

sup |8hn(@)| = sup (Ps(p, ), E(Pn(X, )))s]

peC? @eC?
g sup E('(q)h((pv ')a th(Xa ))5') < sup |(<Dh(§0’ ')a (Dh(w7 ))5'
peC? @.peC?

and, in the same way,

sup [gna(¥)l < sup (@n(g, ), Pul¥, ))sls
YeCo 0, peC

by Equality (5.7) and Cauchy-Schwarz’s inequality,

apn <4 sup [(Pu(e, ), Pu(¥, )l
@, peC?

<4 (Sup |Px (@, ')||a> (SUP | Pn (3, ')||a> .
peC? Y eCo

Then, by Proposition 5.6.(1),
1

me Mo \:2 C1 .

a <4(_._> < —  with ¢ =4mg.

h, h h3 h3 hg 1 P

So, since hy € [N~1/3, 1],

2 2 2

ap, no (W3 o
N2 T N2K} S N’
0

e The constant b, ,,. Consider

b7 . = N sup E(gnn(p, X)?).
@eC?

Since

sup g.n(@)* = sup (P (g, ), E(@n(X, )3
peCO @eCo

< sup E((@4 (g, ), Pu(X, ))3)
@eC?
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and
E(@nn(X)?) = EE(Pn(X", ), Pu(X?, ))s1XH?)

<E(@n(X', ), @p(X%, NH <E (sup (@u(p, ), Pu(X, ~>>§) :
peC?

by Equality (5.7), Cauchy-Schwarz’s inequality and Proposition 5.6.(1),

bﬁ,h < 16NE (sup (Pr(yp, ), Pu(X, ')>§>
peC?

C2N_

< I6NE(| @ (X, )[5) sup [ ®4(e, )5 < =55
0eCo h

with ¢, = 16me.

So, for any 0 € (0, 1), since hy € [N~'/3, 1],

bune® (0 \T(Sa \P o (3m) (ea)!
<2 =) l=5) x> ) |
N2 am) \ N2 o N

0 3C2m063

<
S3mN T TN

N1

e The constant c; ;,. Consider
c%,h = NZE(gh,h(X17 X3?%).

As already established,

E@hn(X)?) VE@ni (X)) < E(®,(X, 1), Pu(X?, ))3). (5.8)

Then, by Equality (5.7) and Proposition 5.6.(2),
LONZE((@4(X", ), Du(X?, ))3)

c3sN%5, with ¢ = 16me.

2
Cin S
<

So, since hy € [N~1/3, 1],
chyh(xl/z 0 _ 3c3ma

<
N2 3N 2T TN

e The constant 9, ;,. Consider

Opn = sup E(Zai(xf)bk(xk)gh,mxﬂxk)),

@b \i=¢
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where

N-—1 N
A= {(a,b) : ZE(ai(Xi)z) < 1and Z]E(bk(X")z) < 1}.
i=1

i= k=2

Since X', ..., XV are independent copies of X,

On < E@rn(X', XH2)3 Jup 3 B (X)) Ebu (X))
a.b)eA i<k
ANE(@p(X", ), Pn(X2, )32

N—-1 2 N %
X sup (ZE(m(X")%) (ZE(bk(X")z)> :
k=2

@her \'i5

<1 <1

Then, by Inequality (5.8),
Opn SANE(@4(X', 1), @n(X%, )37 < ¢ N5
So, since kg € [N~'/3, 1],

% 3 2
0 no < + c3mo .

N2 S3mnN T TN

Therefore, there exists a deterministic constant ¢4 > 0, not depending on N, h
and h, such that with probability larger than 1 — 5.4e7¢,

Unil _ 0 el +a)’
N? '

Syt TN

—a

In conclusion, with probability larger than 1 — 5.4|Hy|e™,

{|Uh,ho| 0 _ } a(l + o)’
SUp \ =5 — oSh (SN T
herty L N N ON
U 0 1 3
and sup {' h’zhl — —Eh} < —c4( + o) .
heHy N N 6N

Lemma 5.2 For every h € Hy, consider

1 N
Vi = — X'
h Nl;:gh( )
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where, for every ¢ € coqo, 1),
2n(@) = 104(¢, ) — sull3.
Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant ¢s.1 > 0,

not depending on N, such that for every 6 € (0, 1) and a > 0, with probability larger
than 1 — 2|Hyle™®,

1 (2] 1
sup {_|Vh —Snl — _Eh} < tallte) +a)-
heHy N N 6N

Proof First of all, for any i € Hy, note that

2 2
salls < N8llooll Kn s

1810l K 12115113
< 8l Kl s NIT < % (5.9)
and
E(Vi) = E(|®n(X, ) — si 1)
=E(|®n(X, )3 + lIsall} = 2(sn, E(®(X, )))s
=E( D (X, D — Isnll} =54 — Isll3- (5.10)

Now, consider

v, = Vi —E(Vp)

1 & . .
5 2@ (XD = B (X))

i=1

By Bernstein’s inequality (see Theorem 5.1), for any « > 0, with probability
larger than 1 — 27,

200 Cho

N N

[up| <

3

where

and v;, = E(g,(X)?).

o el
g 3
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By Inequality (5.9) and Proposition 5.6.(1),

2 2 2 C1
o < 3| s IPrle, s + llsnlly | < e
peC? )

: 2 2 2
with ¢ = §(m¢ + 1181l 1K Is 117,

and by Equality (5.10),

on < 18 lloc (Vi)

3C1 _ € _ .
< 53 G = lsnlly) < 255 with & =3¢,

So, for any 6 € (0, 1), since hy € [N~13 1], with probability larger than
1—2e7%,

o _ o
<2 —= —
lvnl FTERRETE
- (gt o (ag+o)o
<6 —— <0 _—
St TN Sty
Therefore, with probability larger than 1 — 2|Hy|e™,
< (1 + )

sup { [vil 0 K }
vEEVELE

netty | N N ON

and then, by Equality (5.10),

1 0 I . 0
sup NIVh—ShI—NSh = sup | —=|vp — lIsklls] — =3

th]—{N hE(l‘{N N N
< sup {M - EE;L + lIIKh *S||2}
= /’LE(]‘{N N N N ?
(1l + o) .
<=y Wit a=cto+ I81lse I K 15115117

O

Lemma 5.3 Consider

Wi, v = (Sh — Sh, sn — 8)s; Yh, h e Hy.
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Under Assumptions 5.1, 5.2 and 5.4, there exists a deterministic constant ¢s > 0,
not depending on N, such that for every 6 € (0, 1) and a > 0, with probability larger
than 1 — 2|Hyle ™,

¢s3(1 +a)?
sup {| Wil — 0lls, — sli3} < N
heHy

es3(1 +a)?
sup {|Wionl — 0llsi — sl3} < N
heHy N

¢s3(1 +a)?
and  sup (Wil = Ollsn — s[5} < =—~——
heHy N

Proof For any h,h € Hy,
| X
Win =5 D (@n(X) = E(@,n(X)))
i=1
where, for every ¢ € C°([0, T]),
gh,h((p) = <(Dh((ps ')7 Sh — S>5.

Then, by Bernstein’s inequality (see Theorem 5.1), forany o > 0, with probability
larger than 1 — 2¢7¢,

ZDh.hO{ Chn

W < b
(Wil N + N
where | i
g
= % and v, = E(g;»(X)%).

By Proposition 5.6.(1),

1
c}’L,h =7 Sup |(q>h(§09 ')’ Sn — s)(Sl
3 peco

C] 1 1

1 . )
< §”Sh —slls sup | @n(e, Hlls < m”sh —s|ls with ¢ = §m§>,

peC?

and by Proposition 5.6.(3),

opn < E(@(X, ), sn — 5)3) < mallsn — s[5
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So, for any 6 € (0, 1), since ho € [N~'/3, 1], with probability larger than
1—2e7¢,

Mo« o
Whnl <2/ ——lisn — sl + Va2 150 = slls

2 (mea 2o
<9||sh—s||§+5< v leh3>
(1 +0£)2

< 0O|sp — s||§ + with ¢ =2(mg + c%).

ON

Therefore, with probability larger than 1 — 2|Hy|e™,

(1 + a)?
S "% —0 —s|)? < -/,
hel(ll—I()N“ .o | s, — sli5} N
C2(1+Ol)2
sup {|Wyo nl — Ollsn — 52} < ———
he{}{DNH ho.h llsn — sli5} oN
C2(1+O{)2
and sup {|[Wy il — Ollsy — sllj} < ———.
heHy ON

5.3.3 Basic Numerical Experiments

In this section, some numerical experiments on the adaptive 2-bandwidths Nadaraya-
Watson of b are presented for the three following models:

1
A X, =05- / X,ds + W,
0

t
B) X =0.5+/ V14 X2ds +2W,,
t o r S t t
(C) and X :0.5+/ ,/1+X§ds+/ (1 + cos(X,)®)dW;.
' 0 ’ 0

For each model,
—~ bf7()
brp() = =—"1z).
b 7y o0

is computed on / = [—1.5,1.5] from N = 300 paths of the process X observed
along the dissection {{T/n;£ =0, ...,n} of [0, T], where n = 100, T =5, K is
the standard normal density function, § = 3-'1,, and both 7 and h are selected
in {0.05¢; ¢ =1, ..., 6} thanks to the PCO method (see (5.2) with v = (0, 1) and
v = (1, 0) respectively). This experiment is repeated 100 times, and 5 adaptive PCO
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Nadaraya-Watson estimations of by are plotted on Fig.5.1 for Model (A) and on
Fig.5.2 for Models (B) and (C). On average, as for the adaptive projection least
squares estimator of b (see Sect. 4.1.4), the MISE of Eg’g is slightly increasing with
the complexity of the model: 0.1567 (Model (A)) < 0.1786 (Model (B)) < 0.2666
(Model (C)). The same comment holds for its standard deviation: 0.0759 (Model
(A)) < 0.1531 (Model (B)) < 0.2271 (Model (C)). This means that the more the
model is complex, the more the quality of the estimation degrades, and it’s visible
on Figs.5.1 and 5.2. However, for each model, the MISE of ?7\53 remains small.

Note that Marie and Rosier [7], Sect. 5.3 deals with some numerical experiments
on the leave-one-out cross-validation (looCV) method for the 1-bandwidth Nadaraya-
Watson estimator. As in the nonparametric regression framework (see Comte and
Marie [4], Sect.5), the 1ooCV method seems numerically more effective than to
select both & and h via the PCO method, but there is no theoretical guaranties on
the associated adaptive Nadaraya-Watson estimator.

Fig. 5.1 Plots of 5 adaptive PCO Nadaraya-Watson estimations (black dashed lines) of bgy (red
line) for Model (A)

-15 -1 -0.5 0 05 1 15 -15 -1 -0.5 0 05 1 15

Fig. 5.2 Plots of 5 adaptive PCO Nadaraya-Watson estimations (black dashed lines) of by (red
line) for Model (B) (left) and Model (C) (right)
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