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Preface

This book, based on the fourth Italian edition, comes from the collaboration between
two experimental physicists and one statistician. Among non-statisticians, physicists
are perhaps the ones who most appreciate and use probability and statistics, but most
of the time in a pragmatic and manual way, having in mind the solution of specific
problems or technical applications. On the other hand, in the crucial comparison
between theory and experiment, it is sometimes necessary to use sophisticated
methods which require knowledge of the fundamental logical and mathematical
principles at the basis of the study of random phenomena. More generally, even
those who are not statisticians have often to face, in any research field, problems
that require particular attention and expertise for the treatment of random or aleatory
aspects. These skills are naturally mastered by the statistician, whose research
interests are the laws of chance.

This text has been prepared with the aim to seek a synthesis between these
different approaches, to provide the reader not only with tools useful to address
problems, but also with a guide to the correct methodologies needed to understand
the complicated and fascinating world of random phenomena.

Such an objective obviously involved choices, sometimes even painful, both of
content type and style. As for style, we tried not to give up the precision needed
to properly teach the important concepts. When treating applications, we privileged
the methods that do not require excessive preliminary conceptual elaborations.

As an example, we have tried to use, whenever possible, approximate methods
for interval estimation, with Gaussian approximations for the estimator distribu-
tions. Similarly, in the case of least squares, we have extensively adopted the
approximation based on the x? distribution to verify the fitting of a model to the
data.

We also avoided insisting on the formal treatment of complicated problems in
cases where a solution using computer and simple simulation programs could be
easily found.

In our book, simulation plays an important role in the presentation of many topics
and in the verification of the accuracy of many techniques and approximations. This
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feature, already present in the first Italian edition, is now common to many data
science texts and, in our opinion, confirms the validity of our initial choice.

This book is aimed primarily at students of scientific undergraduate courses, such
as engineering, computer science, and physics. However, we think that it can also
be useful to all those scientific researchers who have to solve practical problems
involving probabilistic, statistical, and simulation aspects. For this reason, we have
given space to some topics, such as Monte Carlo methods and their applications,
minimization techniques, and data analysis methods, which, usually, are only briefly
mentioned in introductory texts.

The mathematical knowledge required by the reader is that which is normally
given in the teaching of the basic calculus course in the scientific degrees, with the
addition of minimum notions of linear algebra and advanced calculus, such as the
elementary concepts of the derivation and integration of multidimensional functions.

The structure of the text allows different learning paths and reading levels. The
first seven chapters deal with all the topics usually developed in a standard, basic
statistical course. At the choice of the teacher, this program can be integrated with
some more advanced topics from the other chapters. For example, Chap. 8 should
certainly be included in a simulation-oriented course.

The notions of probability and statistics usually taught to physics students in
undergraduate laboratory courses are enclosed in the first three chapters, in Chaps. 6
and 7 (basic statistics) and in Chap. 12, written explicitly for physicists and for all
those who need to process data from laboratory experiments.

Many pages are devoted to the complete resolution of several exercises inserted
directly inside the chapters to better explain the covered topics. We also recommend
to the reader the problems (all with solutions) reported at the end of each chapter.

This book makes use of the statistical software R, which has now become the
world standard for solving statistical problems. The 2019 ranking of the Institute
of American Electrical and Electronic Engineers (IEEE) places R in fourth position
among the most popular programming languages, after Python, Java, and C. Many
R routines have been written by us, to guide the reader while going through the text.
These routines can be easily downloaded from the link specified below. We therefore
recommend an interactive reading, in which the study of a topic is followed by the
use of R routines in the way showed both in the text and in the technical instructions
included in the indicated Web pages.

We thank again the readers who reported errors or inaccuracies present in the
previous Italian editions, and the publisher, Springer, for the continued trust in our
work.

Pavia, Italy Alberto Rotondi
Pavia, Italy Paolo Pedroni
Milano, Italy Antonio Pievatolo

March 2022



How to Use the Text

Figures, equations, definitions, theorems, Tables, and exercises are numbered
progressively.

The abbreviations of quotations (e.g., [57]) refer to the bibliographic list at the
end of the book.

Solutions of the problems are given in Appendix D. The table of symbols
reported in Appendix A may also be useful.

Calculation codes as hist are marked with a different text style. Routines
starting with a lowercase letter are (with some exceptions) the original R codes,
which can be freely copied from the CRAN (Comprehensive R Archive Network)
website, while those starting with an uppercase letter are written by the authors and
are in:

https://tinyurl.com/ProbStatSimul

In this site, you will also find all the information for the installation and the use of
R, a guide to the use of routines written by the authors and complementary teaching
materials.
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Chapter 1 )
Probability ot o

There seems to be no alternative to accepting some sort of
incomprehensible quality to existence. Take your pick. We all
fluctuate delicately between subjective view and objective view
of the world, and this quandary is central to human nature.

Douglas R. Hofstadter, “THE MIND’S I”.

1.1 Chance, Chaos and Determinism

In this introduction, before looking into the phenomena known as casual, stochastic
or random, we will briefly analyse the importance and the role of these physical
processes into our reality.

At the beginning of a scientific measurement or observation of a natural
phenomenon, one usually tries to identify all the causes, conditions and external
factors that determine its evolution. Subsequently, one operates in order to keep
these external causes fixed or, as much as possible, under control, and then one
proceeds to record the results of the observations.

When repeating the observations, two situations can occur:

* One always gets the same result. As an example, think of the measurement of a
table with a commercial meter tape.

* One gets a different result each time. Think of a very simple natural phenomenon:
the toss of a coin.

While, for the moment, in the first case there is not much to say, in the second case,
we could ask ourselves what causes the observed variations of the results. Possible
reasons are not having checked all the conditions that influence the phenomenon or
having incorrectly defined the quantity to be observed. Once these corrections have
been applied, the phenomenon can become stable or continue to show fluctuations.

Let’s explain with an example: suppose we want to measure the time of sunrise
on the horizon at a given location. We will observe that repeated measurements
in successive days give different results. Obviously, in this case the variation of
the results is due to a bad definition of the measure. The time of sunrise must be

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 1
A. Rotondi et al., Probability, Statistics and Simulation, La Matematica per il 3+2
139, https://doi.org/10.1007/978-3-031-09429-3_1
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measured in a certain place and for a certain day of the year and must be repeated
one year later in the same day and place. Redefining the observation in this way,
the results of repeated measurements coincide. As it is well known, the laws of
planet motion provide in this case a model that allows to predict (apart from small
corrections that we don’t want to discuss) the times of dawn for every day of the
year.!

Let us now consider the measurement of another quantity, the temperature at
a certain time of a day. In this case, even considering a certain day of the year
and repeating the measurements from year to year, different results are observed.
Unlike the time of sunrise, we are not in possession of a model that allows us to
accurately predict the result. Why does the temperature, unlike dawn, seem to have
an inherently random behaviour? The reason is that, while the time of dawn depends
on a few body interactions (the sun and the planets), the temperature depends not
only on astronomical conditions but also on the state of the atmosphere, which is
the result of the interaction of countless factors, which not even in principle can be
determined with absolute precision or, in any case, kept under control.

This distinction is crucial and is the key to establish the difference between quan-
tities that fluctuate and those that appear to be fixed or are accurately predictable
based on deterministic models.

Historically, deterministic systems have been considered, for a long time, free
of fluctuations, and their study, in the context of classical physics, is continued in
parallel to that of the systems called stochastic, casual or random, born with the
study of gambling: toss of dices, card games, roulette, slot machines, lotto games
and so on. The latter systems are specifically designed and built to ensure the
randomness of the results. There were therefore two separate physics domains: the
one of deterministic phenomena, without fluctuations, governed by the fundamental
laws of classical physics, usually consisting of simple systems (generally few bodies
systems), and the world of the random phenomena, subject to fluctuations, often
related to complex systems (usually consisting of many bodies).

However, already at the beginning of the last century, the French mathematician-
physicist H. Poincaré noticed that, in some cases, the knowledge of the deterministic
laws was not enough to make exact predictions on the dynamics of some systems
starting from known initial conditions. The problem, which today is called the study
of chaos, was thoroughly investigated only much later, starting from the 1970s,
thanks to the help of computers. Today, we know that, in macroscopic systems,
the origin of the fluctuations can be twofold, that is, due to deterministic laws which
present high sensitivity regarding the initial conditions (chaotic systems) and due to
the impossibility of defining in a deterministic way all the variables of the system
(stochastic systems). One of the best paradigms for explaining chaos is the logistic
map, proposed since 1838 by the Belgian mathematician P.F. Verhulst and studied

! Actually we do not know exactly how stable the solar system is. Some models indicate that
forecasts cannot be extended beyond a time interval of the order of one hundred million years
[AANTO7].
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in detail by the biologist R. May in 1976 and by the physicist M. Feigenbaum in
1978:

xk+1) =rx®)[1—xk)], (1.1)

where k is the population growth cycle, A is related to the growth rate and 0 <
x(k) < 1 is a state variable proportional to the number of individuals in the
population. The condition 0 < A < 4 assures that x remains within the fixed limits.
The logistic law well describes the dynamics of evolution of populations where there
is an increase per cycle proportional to A x (k) with a negative feedback —A x2(k)
proportional to the square of the size already reached by the population.

Without going too far into the study of the logistic map, we notice that the
behaviour of the population evolves with the number of cycles according to the
following characteristics (also shown in Fig. 1.1):

* When A < 1 the model always leads to the extinction of population.

* When I < A < 3 the system reaches a stable level, which depends on A but is
independent of the initial condition x (0).

* When3 < A <3.56994 . .. the system oscillates between some fixed values. For
example, as shown in Fig. 1.1 for A = 3.5, there are four possible values (in the

=2.5
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Fig. 1.1 x values from logistic equation (1.1) having as initial starting value x = 0.3 for different
A values
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figure a continuous line joins the discrete x values). Also in this case the states
reached by the system do not depend on the initial condition.

e When A > 3.56994 ... the system is chaotic: the fluctuations seem regular, but,
as can be seen by looking carefully at Fig. 1.1 for A = 3.8, they are neither
periodic nor do they seem entirely random. A thorough study also shows that
the fluctuations are not even predictable precisely, because the initial condition
values x(0) very close to each other lead to completely different evolutions.
This phenomenon, which is called sensitive dependence on initial conditions
or butterfly effect,® is one of the main characteristics of chaos. Note that the
fluctuations in chaotic systems are objective, intrinsic or essential, since the
reproducibility of the results would require initial conditions at an accuracy
level comparable to that of the atomic scale, which is not possible, not even in
principle.

You can gain numerical experience with the logistic map and check the butterfly
effect using our R Logist and LogiPlot routines® with which we produced
(Fig. 1.1).

The methods for distinguishing the chaotic systems from the stochastic ones
are based essentially on the study of dispersions, that is, the difference between
the values of the same state variable in subsequent evolutions of the system, as a
function of the whole number of the state variables.

In a chaotic system, once a certain number of variables have been identified,
the deviations stabilize or tend to decrease. This behaviour indicates that a number
of state variables adequate to describe the system have been reached and that the
deterministic law that regulates its dynamics can be obtained. The fluctuations in
the results of repeated experiments in this case are attributed, as we have seen, to
the sensitivity of the system with respect to the initial conditions.

In a stochastic system, conversely, the number of state variables needed for the
complete description of the system is never reached, and the sum of the deviations,
or the quantities connected to them, continues to grow with the number of state
variables considered [AANT07]. The fluctuations of the system variables appear
random and follow the distributions of probability theory.

The study of chaos and of the transitions from chaotic to stochastic states (and
vice versa) is a very recent and still open research area, where many problems still
remain unsolved. The interested reader can enter into this fascinating topic through
the introductory readings [AAN107, Rue96, Ste97].

In the remainder of the book, we will not deal with chaos, but we will instead
devote ourselves to the study of random or stochastic systems, that is, of all the
systems in which, as we have previously noted, there are variables following, in
principle, the statement:*

2 Referring to chaos in meteorological systems, it is often said: “a flap of butterfly wings in the
tropics can trigger a hurricane in Florida”.

3 Most of the original R routines start with a lowercase letter, ours with a capital letter.
41n the following the non-mathematical operational definitions will be called “statements”.
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Statement 1.1 (Random Variable in a Broad Sense) A stochastic, random or
aleatory variable is the result of the interaction of many factors, each of which
is not dominant over the others. These factors (and their dynamic laws) cannot be
completely identified, fixed and in any case kept under control, not even in principle.

In the present book, we will mainly use the term “random variable”. Let us now try
to identify some stochastic systems or processes which in nature produce random
variables. All many-body systems have a very high degree of randomness: the
dynamic observables of molecular systems, ideal gases and thermodynamic systems
generally follow Statement 1.1 very well. These are systems studied by statistical
physics.

At this point we can specify the meaning of the term “factors and dynamic laws
impossible to determine, not even in principle” we used in Statement 1.1. Suppose
we roll a dice 100 times. To build a deterministic model that can predict the outcome
of the experiment, it would be necessary to introduce in the dice equations of motion
all the initial conditions of the toss, the constraints given by the surfaces of the
hands or the cup in which the dice is shaken before throwing, the constraints given
by the table where the dice falls down and perhaps more. We would thus have a
huge set of numbers, describing the initial conditions and constraints for each one
of the hundred tosses, enormously larger than the one hundred numbers giving the
final result of the experiment. Clearly, the predictive power of such a theory and its
practical applicability are totally absent. A deterministic model, to be such, must
be based on a compact set of equations and initial conditions and must be able to
predict a vast set of phenomena.

For example, this is the case of the logistic law (1.1) or of the simple law of the
fall of the bodies, which connects the path space s to the gravitational acceleration g
and to the fall time 7 through the formula s = gr2/2. This formula alone allows you
to predict, assigning s or ¢ as the initial conditions, the results of any experiment.

We can summarize the above considerations by saying that a deterministic model
becomes meaningless when it generates algorithms requiring a numerical set of
initial conditions, constraints and equations enormously larger than the set of results
that one intends to predict. Alternatively, one should use the statistical approach
which, based on the a posteriori study of the results obtained, try to quantify the
extent of the fluctuations and extract global regularities that can be useful for the
prediction of future results.

This line of thinking, developed during the last three centuries, arrived, by
studying the pure stochastic systems, at identifying the fundamental mathematical
laws for the description of random phenomena. The set of these laws is now known
as the probability theory.

All the books dealing with probability theory, including the present one, make
extensive use of examples taken from the games of chance, such as dice throwing.
These examples well delineate the essence of the problem, because only by
studying pure stochastic systems it is possible to discover the laws of chance. Great
mathematicians and statisticians, like P. Fermat (1601-1665), P.S. Laplace (1749—
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1827) and J. Bernoulli (1654—1705), often discuss experiments they performed with
dices, cards or other devices taken from games. One of their goals was precisely
to provide winning strategies for gambling games, which were already widespread
at that time and that they played too. In this way they set the foundation of the
probability calculus and statistics, based exclusively on experimental facts, as the
scientific method requires.

In addition to traditional games, today there is another “artificial” laboratory,
consisting of computer-generated random processes. As we will see, it is indeed
possible to simulate pure stochastic systems of any kind and complexity using a
uniform random number generator (a kind of electronic roulette): rolls of the dice,
card games, many-body physical systems, and more.

These techniques, named Monte Carlo (recalling the homeland of the games of
chance) or simulation methods, are very practical and effective, because they allow
to obtain artificial datasets in a few seconds, whereas a real experiment in some cases
would take years. However, it is important to note that, conceptually, these methods
do not introduce new elements. The aim is always to obtain random variables
from models consisting of stochastic systems also including, when necessary,
deterministic components. These data are then used to develop and optimize the
logical-mathematical tools to be applied to the study of real systems.

And now let’s start to examine real systems in general. For example, consider
Fig. 1.2, which represents the average temperature of the earth’s surface over the
past 142 years. As you can well imagine, our future depends on the trend of
this curve in the next years. Comparing “by eye” this curve with that of Fig. 1.3,
representing a pure stochastic process, it seems that, starting from the beginning of
the last century, an increasing trend is superimposed to a random behaviour. We do

1+ °C

-0.5E . ! . ! . ! . ! . ! . | , |
1880 1900 1920 1940 1960 1980 2000 2020
year

Fig. 1.2 Average global terrestrial surface temperature for the period 1880-2021. The line at zero
represents the average of the years 1951-1980 [Tea22, LSH*90]



1.1 Chance, Chaos and Determinism 7

10

heads

| nﬂ% 0 T
T OrTT Or ey i

25

0 L | L | L | L | L | L
0 20 40 60 80 100 120

toss

Fig. 1.3 Computer simulation of the number of heads obtained by throwing 10 coins in 120 tosses.
The progressive number of tosses is reported on the abscissas, the number of heads in ordinates.
The continuous line is the expected mean value (five heads). Compare this figure with Fig. 1.1 for
A = 3.8, which displays chaotic fluctuations

not go further into this rather alarming example that just served us to show that, in
real cases, the simultaneous presence of both stochastic and deterministic effects is
very common.

To account for these possible complications, the study of a real system is
performed with a gradual approach, according to the following steps:

(a) To identify the purely stochastic processes of the system and deduce, based on
the rules of probability and statistics, their evolution laws.

(b) To separate stochastic from non-stochastic components (sometimes called
systematic), if any. This step is generally performed using statistical methods.

(c) If the problem is particularly difficult, to perform a computer simulation of the
system on the computer and compare the simulated data with the real ones.

It is often necessary to repeat steps (a) to (c) until the simulated data are in a
satisfactory agreement with the real ones. This recursive technique is a powerful
method of analysis and is now applied in many fields of scientific research, from
physics to economics.

Before closing this introduction, we would like to mention what happens in the
microscopic world. Let us consider, for simplicity, a system consisting of a single
subatomic particle as an electron. In this case the fundamental equations of physics
provide a complex state function 1 (r) whose square modulus gives the localization
probability of a particle in space: P(r) = |y (r)|>. The probability thus defined
obeys the general laws of probability which will be described in the following.
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Since the fundamental laws of the microscopic world contain a probability

function and so far no one has been able to find more basic fundamental laws
based on different quantities, one deduces that probability is a fundamental quantity
of nature. Indeterminism, being present in the fundamental laws that govern the
dynamics of the microscopic world, assumes in this case an objective character
(called non-epistemic), not linked to ignorance or limited abilities of the observer.

1.2 Some Basic Terms

Here we informally introduce some fundamental definitions of current use in the
study of stochastic phenomena. In the following, these terms will gradually be
redefined in a mathematically rigorous way.

Sample space: it is the set of all possible different values (cases) that a random
variable can assume. For example, the random variable card of a playing deck
gives rise to a sample space of 52 elements. The structure of the space depends
on the way used to define the random variable. In fact the space relative to the
random variable card of a playing deck is consisting of 52 cards, or 52 integer
numbers if we create a correspondence between cards and numbers.

Event: it is a particular combination or a particular subset of cases. For example,
in the case of playing cards, if you define an event as an odd card, the set of cases
obtained is 1, 3, 5, 7, and 9, for each of the four colours. This event gives rise to
a subset of 20 elements selected among the 52 elements of the sample space (all
the cards in the deck).

Spectrum: it is the set of all the different elements of the subset of cases defining
the single event. For odd playing cards, the spectrum is given by 1,3, 5,7, and 9.
Obviously, the spectrum can coincide with the entire space of the random variable
under study (if, e.g. the event is defined as any card of a deck).

Probability: is the quantitative evaluation of the possibility of obtaining a certain
event. It is evaluated based on experience, using mathematical models or even
on a purely subjective basis. For example, the probability that, at this point, you
continue reading our book is, in our opinion, 95% . . .

Trial: it is the set of operations that realize the event.

Experiment, measurement, sampling: it is a collection of trials. The term
familiar to statisticians is sampling, whereas the physicists usually use the term
experiment or measurement. In physics an experiment can be a sampling, but not
necessarily.

Sample: it is the result of an experiment or sampling.

Population: it is the result of that number of trials, finite or infinite, which run
through all the possible events. For example, in the lottery game, the population
can be the finite set of all possible combinations of 5 numbers drawn from an
urn of 90 numbers; in the case of the height of the Italians, we can imagine the
set of measurements of the heights of each individual. When the population is
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thought as a sample of an infinite number of elements, it should be considered as
a mathematical abstraction not achievable in practice.

These ideas can be summarized as in Fig. 1.4. Once the elementary probabilities
have been assigned to the elements of the sample space (inductive step), using
probability theory one can calculate the probability of all events, thus deducing
mathematical models for the population (deductive step). Instead, by running a
series of measurements, one can get a sample of events (experimental spectrum)
representative of the population under consideration. Then, using the statistical data
analysis (inductive/deductive step), one tries to identify, from a detailed examination
of the sample, the properties of the parent population. These techniques are called
statistical inference. Once a model has been assumed, it is possible to verify
its congruence with the collected data samples. This method is called hypothesis
testing.

In this text, the fundamentals of probability calculus will be at first explained with
particular regard to the assignment of elementary probabilities to the components of
the sample space. Then, calculus and combinatorial analysis will be used to obtain
some fundamental mathematical models of populations. Afterwards, the methods of
statistical analysis will be explained. They allow to estimate, starting from measured

Sample Event

space (ensemble of cases)

/

probability

\calculus

Population

measurement

‘ /
G >

Fig. 1.4 The relationships between probability calculus, statistics and measurement

statistics
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quantities, the “true” values of physical parameters or to verify the congruity of
experimental samples with mathematical models of population. The elements of
probability and statistics previously acquired will then be extensively applied to
simulation techniques.

1.3 The Concept of Probability

Experience shows that, when a stochastic or random phenomenon is stable over
time, some values of the spectrum occur more frequently than others. If we flip ten
coins and count the number of heads, we see that the outcome of five heads occurs
more frequently than eight, while ten heads is a really rare, almost impossible, event.
If we consider an experiment consisting of 100 trials (where each trial is the toss of
10 coins), we observe that the number of times one gets 5, 8 and 10 heads is quite
regular, even if with little variations from experiment to experiment, because the
values 5, 8 and 10 always (or almost always) show up with decreasing frequency.
If we imagine all the possible alignments of 10 coins, we can have an intuitive
explanation of this fact: the event 10 heads (or 10 crosses) corresponds to only one
alignment, while for the event 5 crosses (or 5 heads) many possible alignments
are possible. (5 tails and then 5 heads, tails-to-heads alternately, and so on up to
252 different alignments). When tossing ten coins, we then choose at random, on
the same footing, one of the possible alignments, and it is intuitive that almost
always we will get balanced results (more or less five heads) and almost never the
extreme cases. A reasoning of this type, common to everyone’s daily experience,
leads instinctively to think that this regularity of the stochastic phenomena is due
to the existence of fixed quantities, called probabilities, that one can define, for
example, as the ratio between favourable and possible cases (alignments). These
considerations led J. Bernoulli to the formulation of the first mathematical law able
to predict the trend of the results in experiments such as the coin toss, taking also
into account the random fluctuations.

In the case of coins, the probability is introduced to account for the variability
of experimental results; however, each of us uses probability also to manage the
uncertainty of many non-repeatable situations that occur in real life, quantifying
subjectively the realistic possibilities and choosing those with the highest probabil-
ity, taking into account the resulting costs or benefits.

For example, when we are driving the car and we meet a red traffic light, we
have two options: stop or continue. If, around noon, we are crossing in a high traffic
road, we surely stop, because we know, based on our experience, that the collision
probability with other vehicles is very high. Instead, if we are in a low traffic road
in the middle of the night, we are tempted to continue, because we know that the
probability of a collision is very low.

Another example of a subjective and discrete probability is given by the
judgement of a defendant in a trial by a jury. In in this case, the probability can be
expressed with two values, O or 1, i.e. guilty or innocent. In general, current jurispru-
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dence formulates the final judgement combining subjective individual probabilities
expressed by the individual jurors.

Given these observations, the approach currently considered more appropriate,
effective and ultimately cheaper for the study of random phenomena is to consider
the choice of probability as a subjective act, based on experience. A first possible
effective definition of probability is:

Statement 1.2 (Subjective or Bayesian Probability) The probability is the sub-
Jective degree of belief about the occurrence of an event.

The subjective probability is free, but it is generally assumed that it must be
consistent, that is, expressed as a real number 0 < p < 1, p = 1 for a known
event and p = 0 for an impossible event. Then, considering two or more exclusive
events (like the faces 2 or 4 on a die roll), consistency requires their probabilities
to be additive. These assumptions are sufficient for the axiomatization according to
the Kolmogorov scheme, which will be presented shortly.

The subjective probability is widely used in soft sciences such as jurisprudence,
economics, part of medicine, etc. In hard sciences as physics (we will specify better
later, in Chap. 12, the meaning of the term “hard science”), the subjective probability
is generally avoided and the definitions of a priori and frequentist probabilities are
used (Laplace, 1749—-1827) (Von Mises, 1883—-1953).

Definition 1.3 (Classical or a Priori Probability) If NV is the total number of cases
of the sample space of a random variable and » is the number cases with outcome
A, the classical or a priori probability of A is given by:

n
P(A)= . (1.2)

For example, the a priori probability of a given face when throwing a fair die is:

P(A) = no_ number of favorable cases _ 1
~ N number of possible cases 6

while the probability of drawing the ace of diamonds from a deck of cards is 1/52,
the probability of extracting a suit of diamonds is 1/4 and so on.

Definition 1.4 (Frequentist Probability) If m is the number of occurrences of
outcome A over a total of M trials, the probability of A is given by:

m
P(A) = 1li . 1.3
=iy a3
The limit appearing in this definition has an experimental meaning rather than a
mathematical one, because the true probability should be found only by carrying
out an infinite number of trials. In the following, we will call this operation, with
the limit written in italics, as frequentist limit.
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The choice of the elementary probabilities to be assigned to the different events
is therefore inductive and arbitrary. The probability calculus applied to complex
events starts from arbitrarily assigned elementary probabilities and then proceeds
deductively, as we shall see, without departing from mathematical rigor. The use of
subjective probabilities is also called Bayesian approach, because in this case the
initial probabilities are often readjusted according to the results obtained using the
famous Bayes’ formula, which we will soon deduce in Sect. 1.7.

The frequentist approach is the one prevalent in physical and technical frame-
works. Based on our experience, we believe that in experimental physics the
frequentist approach is followed in 99% of cases, and this is a ... subjective
evaluation! Within this framework, it is believed that Eq. (1.3) allows the “objective”
evaluation of probability for those natural phenomena that can be easily sampled
or easily repeated in the laboratory. In many cases, experience shows that the
frequentist probability tends to coincide with the a priori one:

m n .
A;Znoo u =N (from the experience!) . (1.4)
When this condition holds, one says that the cases are equiprobable and mutually
exclusive. Consider, for example, the roll of a dice: if you are sure that it is not
rigged, it is intuitive to assume that the probability of getting a certain face (let’s say,
the number 3) in a throw is equal to 1/6. Experience shows that, after several throws,
the frequentist probability (also called frequency limit, Eq. (1.3)) tends actually to
1/6, according to (1.4). If the die is not balanced, the probability of obtaining face
number 3 can only be evaluated by running many trials. Since the limit for an infinite
number of trials is not practically reachable, one usually stops to a high but finite
number n of trials and the true probability is estimated by the confidence interval
method (see Chap. 6).

The frequentist definition (1.3) would therefore seem the most general and
reliable; however, this is not true:

* Since an experiment cannot be repeated an infinite number of times, the
probability (1.3) will never be determined.

» The experiment must be repeatable, and the limit appearing in (1.3) does not
have a precise mathematical sense. This leads to insurmountable mathematical
inconsistencies in proving the validity of the empirical case law (1.4).

The statistician B. de Finetti, in one of his famous articles [DF33], comments on this
last point as follows: “... for a large category of the problems for probability theory
(but not for all, as it is shown by the absurdities found and by the ones which could
easily be found), by imagining an infinite sequence of similar experiences, one can
build up an example of a possible course of results in a way as to obtain a limit
[frequency equal to probability, for each sequence of similar events.”

The decision on the best approach to use (subjective-Bayesian, a priori-classical
or frequentist), based on the type of problem to be addressed (uncertainty in a broad
sense or variability of the results of repeatable experiments), is still an open question
and is a continuous source of disputes.
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To definitively get out of this confused situation, the modern probability theory
resorts to axiomatization. In the next paragraph, we will see in fact that, after
defining the probability in an abstract mathematical way, it is possible to outline a
consistent mathematical theory for the study of random phenomena. The inductive
and arbitrary approach is limited to the initial decision about what probability
to adopt: once the choice of a probability that obeys the required axioms is
made, this theory can be applied correctly. Then, if the obtained results are in
disagreement with the experimental outcomes, it will be necessary to change the
type of probability to be used for that problem. For example, it is perfectly possible
to invent a probability that, in a lottery, assigns a higher probability to the delayed
numbers. If this probability obeys the axioms, the approach is mathematically
correct. However, in this case you will always get results totally different from those
observed. Therefore, in fair games, as well as in statistical physics, the assumed
probabilities are classic and frequentist, which leads to results in accordance with
experience.

This book, which is dedicated to students and researchers in technical-scientific
fields, is based on the frequentist approach. However, we will mention in some cases
even the Bayesian point of view, referring the reader to more specific texts, such as
[Gre06].

1.4 Axiomatic Probability

To formalize in a mathematically correct way the concept of probability, it is
necessary to apply the set theory to the fundamental notions introduced so far. If
S is the sample space of a random variable, we consider the family F of subsets of
S according to the

Definition 1.5 (o -algebra) Any collection F of subsets of S having the properties:

(a) the empty subset belongs to F: ¥ € F;
(b) if a countable collection of subsets Ay, A3, ... € F, then

00
UA,' G]'—;
i=1

(c) if A € F, the same holds for the complement: A € F;
is named o -algebra.

Using the well-known properties:

AUB=ANBAE,
ANB=A-B,
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itis easy to show that also the intersection of a countable collection of sets belonging
to F and the difference A — B of two subsets of F are included in F:

oo
(4ieF. (1.5)
A-BeF. (1.6)

The correspondence between probability and set theories is summarized in
Table 1.1. If, to fix ideas, we consider a deck of cards and we define the draw
of an ace as event A and the extraction of a diamonds suit (Fig. 1.5) as event B, we
get the following correspondence between sets (events) and elements of S:

S: all the 52 playing cards;

a: 1 of the 52 playing cards;

— AU B: diamonds suit or heart, clubs, aces of spades;
A N B: diamonds suit;

— A — B: hearts, clubs or aces of spades;

— A: any card except aces;

B: a non-diamonds suit

Table 1.1 Correspondence between probability and set theories

Symbol Set theory Probability theory

S Total set Sample space

a An element of S Result of a trial

A Subset of S If a € A the event A occurs
@ Empty set No events occur

A Collection of elements of S The event A does not occur

not belonging to A

AUB Elements belonging either to A or to B The events A or B occur
ANB Elements that belong to both A and B The events A and B occur
A—B Elements of A not The event A occurs, but

Belonging to B The event B does not
ACB The elements of A belong If A occurs

alsoto B

B also occurs

Fig. 1.5 The random
variable “playing card” and
the events “extraction of an 52 cards
ace” and “extraction of a
diamonds suit” according to
set theory
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Let us now consider a function P(A), for A belonging to a o-algebra F, that brings
the set A to a real number in the range [0.1]. In symbols,

P:F—[0,1]. 1.7)

According to the Kolmogorov approach, the probability follows the

Definition 1.6 (Kolmogorov Axiomatic Probability) A function P(A) satisfying
(1.7) and the properties:

P(A)=0; (1.8)
P(S)=1; (1.9)
and,
o0 o
P(UA,~> =ZP(A,~) ifANA =0 Vi], (1.10)
i=1 i=1
for any countable collection A1, Az, ... of mutually disjoint subsets included in F,

is called probability.
Definition 1.7 (Probability Space) The probability triplet:
E= (S, F,P), (1.11)

composed by the sample space, a o-algebra F and P is named probability space.

The Kolmogorov probability satisfies the following important properties:

P(A)=1-P(A), (1.12)
PW) =0, (1.13)
P(A)<P(B) if ACB. (1.14)

Equation (1.12)is valid since the complement A is such that by definition AUA = §;
therefore, P(A) + P(A) = P(S) = 1 from (1.9, 1.10), since A and A are disjoint.
Moreover:

P(SUM) = P(S)=1  from(1.9), (1.15)
P(SUP)=P(S)+PW =1  from(1.10), (1.16)

from which Eq. (1.13) follows: P(J) = 1 — P(S) = 1 — 1 = 0. Finally, when
A C B onecan write B = (B — A) U A, where B — A is the set of the elements of
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B notin A. Then:
P(B) = P[(B—A)UA]l=P(B—A)+ P(A)

and, since P(B — A) > 0, the property (1.14) is also proved.
Another important proposition is:

Theorem 1.1 (of Addition) The probability of the event given by the occurrence
of the events A or B, when AN B # (, is given by:

P(AUB)=P(A)+ P(B)— P(ANB). 1.17)
Proof 1t easy to show that (you can draw the sets):
AUB=AU[B—-(ANB)],
B=[B-—(ANB)JU(ANB);
since A U B and B are disjoint sets, it is possible to apply Eq. (1.10) to obtain:
P(AUB)=P(A)+ P[B—(ANB)],
P(B)=P[B-(ANB)]+ P(ANB).
Then, one gets, by subtraction:
P(AUB) =P(A)+ P(B)— P(ANB).

O

Both classical and frequentist probabilities follow the axioms (1.8—1.10). In fact, for
the classical probability, we have:

P(A) = (ng/N) =0 always, because n, N >0,
P(S)=N/N=1,
ng+np ng  np
P(AUB) = = =P(A P(B).
( ) N N + N (A)+ P(B)

Similarly, the validity of the axioms can also be proved for the frequentist
probability, since its limit can be considered as a linear operator.

The classical and frequentist probabilities previously defined satisfy therefore to
the properties (1.8—1.17). For example, the classical probability to draw an ace or a
red card from a deck of cards, based on (1.17), is given by:

A = ace of hearts, ace of diamonds, ace of clubs, ace of spades,
B = 13 diamonds cards, 13 hearts cards,
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P(A N B) = ace of hearts, ace of diamonds ,
P(AUB)=P(A)+ P(B)— P(ANB)=4/52+1/2—-2/52="17/13.

The probability associated with the set AN B covers, as we will see, a particularly
important role in the algebra of the probability. It is called compound probability:

Definition 1.8 (Compound Probability) The compound probability
P(ANB) or P(AB)

is the probability that events A and B both occur.

Now we introduce a new kind of probability. Suppose we are interested in the
probability that, after extracting a suit of diamonds, the card is an ace or that, when
an ace is drawn, the suit is diamonds. We denote by A the set of aces, with B that of
the diamond cards and with P(A|B) the probability of A occurring after B, that is,
once a suit of diamonds is drawn, the card is an ace. Obviously, we have:

P(A|B) = #(outcomes of the diamonds ace )
" #(outcomes of the diamonds suit )

1 1 /13 P(ANB)

13 52/52" P®B (1.18)

Similarly, the probability of getting a suit of diamonds if an ace is drawn is given
by:

#(outcomes of the diamonds ace) _ 1 _ 1 / 4 _ P(BNA)
- 52/ 52

P(B|A) = P(A)

#(outcomes of an ace) T4

In the example just seen, the conditional probability P(A|B) to get an ace once a
suit of diamonds is drawn is equal to the unconditional probability P(A) of hitting
an ace; indeed:

1 4
P(A|B) = = P(A) = .
(A|B) 13 (A) 5
In this case, we say that the events A and B are independent. However, if A is the
set [ace of diamonds, aces of spades] and B is, as before, the set of diamonds cards,
we have:

1 2 1
P(AIB)= , #P(A)= o = .
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We see that events A and B are now dependent, because, if one draws a diamonds
suit, the probability of A is modified. However, Eq. (1.18) is also valid in this case:

P(ANB) 152 1

PAB =" by “s2137 13"

These examples suggest the following.

Definition 1.9 (Conditional Probability) The conditional probability of B given
A is the quotient of the probability of the occurrence of A and B and the probability
of A:

P(ANB)

P(B|A) = POA) if P(A)>0. (1.19)

It is easy to show (this is left as an exercise) that the definition of conditional
probability (1.19) is in agreement with the general axioms of Kolmogorov (1.8—
1.10). It is also important to note that

P(A|B) # P(B|A), (1.20)

a fact that appears obvious from the examples just made but that often does not
appear obvious to our logical-intuitive abilities. Failure to comply with Eq. (1.20)
is perhaps the source of most of the errors which are done by dealing with
probabilities. The crucial point is that the correct connection between the two
probabilities is possible only through Bayes’ theorem, as we will see shortly. On
this point we recommend Problems 1.16 and 1.17 and also to read about the so-
called Sally Clark case (see, e.g. [Wik22]).

We also note that the conditional probability has been introduced as a definition.
However, for the probabilities we are dealing with, the following property holds.

Theorem 1.2 (Product of Probabilities) In the classical and frequentist frame-
works, the probability of the event formed by the occurrence of both A and B is:

P(ANB) = P(A|B)P(B) = P(B|A)P(A) . (1.21)

Proof For the classical probability, if N is the total number of cases and n4p that
of the favourable ones to both A and B, we have:

AB _ NABNB

n
P(ANB) = N " ong N

= P(A|B)P(B) ,

since, by definition, n4p/np = P(A|B). This property obviously continues to hold
by exchanging A and B, hence Eq. (1.21).

For the frequentist probability, the proof is analogous if one replaces the number of
cases with that of trials. O
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In the previous examples, we have introduced the notion of independent events; in
a general way, we can adopt the

Definition 1.10 (Independent Events) Two events A and B are independent if
P(ANB)=P(A)P(B) .
More generally, the events of a family (A;, i = 1,2..., n) are independent if
P (ﬂ A,-) =[P, (1.22)
ieJ ieJ
for any subset J of different indices of the family.

From Eq. (1.19) it follows that for independent events P(A|B) = P(A) and
P(B|A) = P(B). Another useful definition is:

Definition 1.11 (Incompatible Events) Two events are incompatible or disjoint
when the condition

ANB=90
holds. From Egs. (1.13) and (1.19) we then have:
P(ANB)=0, P(A|B) = P(B|A) =0.
For example, if A is the ace of spades and B the suit of diamonds, A and B are

incompatible events. According to these definitions, the essence of the probability
calculus can be summarized in the following formulae:

* For incompatible events:
P(AorB)=P(AUB)=P(A)+ P(B) . (1.23)
* For independent events:

P(Aand B) = P(ANB) = P(AB) = P(A) - P(B) . (1.24)

1.5 Repeated Trials

Up to now we have considered experiments performed with one single trial.
However, often one has to deal with experiments consisting of many trials: two
cards drawn from a deck, the score obtained rolling five dices and so on. We address
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this problem by considering two repeated trials because the generalization to any
finite number of trials is obvious, as we shall see later.

Two repeated trials can be considered as the realization of two events related to
two experiments (51, F1, P1) and (52, F2, P») which satisfy Definitions 1.6 and 1.7.
It is therefore natural to define a new sample space S = S; x $ as a Cartesian
product of the two initial sample spaces, in which a single event is constituted by the
ordered pair (x1, x2), where x; € S; and x» € S and the new space S contains n1 ny
elements, if 71 and n, are the elements of S; and Sy, respectively. For example, [ace
of hearts, queen of clubs] is an element of the set S of the probability space relative
to the extraction of two cards from a deck. Note that the Cartesian product can also
be defined when S7 and S, are the same sample space.

Using definition of events, and since A1 € S7 and Ay C S, it is easy to realize
that:

Al X Ay = (A1 X $)N(S1 x Ay) . (1.25)

The next step is now to define a probability P in S; x Sp, which satisfies the axioms
of Kolmogorov (1.8—1.10) and can be associated in a unique way with experiments
consisting of repeated trials. Equation (1.24), which is valid for independent events,
and Eq. (1.25) allow to write:

P(A1 x A2) = P[(A1 x $2) N (81 x A2)]

= P(A1 X 82|81 x A2) P(S1 x Ap)

= P(A1 x 82) P(S1 x Az) (1.26)

= P(ADP(A2) AreFi, Aze Py,
where the last equality is valid because the probability of the set of pairs A x §; in
the sample space Sy x S; obviously has the same probability as the Ay event in the
Sk sample space. The probabilities of the events A1 € S1 and A, € Sy can therefore
be computed in the space S using the equalities:

P(A1 x $2) = P1(A1) P2(S52) = Pi(A1) ,

P(S1 x Az) = Pi1(S1) P2(A2) = P2(A2) , (1.27)
which are obvious both for classical and frequentist probabilities. For example, in
the drawing of two playing cards, the probabilities of the events A; = [draw an
ace the first time] and A1 x S» =[ace, any card] are equal, like those of the events

Aj = [extraction of a diamonds suit the second time] and S; x Ay =[any card, suit
of diamonds].
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As we said, Eq. (1.26) is only considered valid for independent events, for which,
based on (1.24), the occurrence of any event does not alter the probability of the
others.

To better fix ideas with an example, suppose we pull out two cards from a playing
deck (with replacement into the deck of the first card after the first draw) and let be
A1 the set of aces and A the set of diamonds suits. Equation (1.27) becomes:

PiAD = F =P x sy = F 2
52 52 52

PrAn) = D = psix Ay = 2 13
52 52 52

whereas Eq. (1.26) gives:

4 13

P(A; x Ap) = 5250

according to the ratio between the number of favourable cases (4 - 13) and the
possible ones (52 - 52) in the sample space S; x S».

The family of sets F| x > = {A] x Ay : A| € F1, Ay € F>} is notin general
a o-algebra, but it is possible to show that a single o-algebra | ® JF; of subsets
of §1 x §; exists containing F; x JF, and that Eq. (1.26) allows the extension, in
a unique way, of the probability of each event A C §; x S from the family set
F1 x JF; to the product o-algebra F1 ® F» [GS92]. Therefore, we can write the
product probability space as:

E=61Q6& =1 x5 FiQF, P).

An extension of (1.26) is used when the space S, cannot be defined in advance but
depends from the results of the previous experiment £;. A good example is given by
the Italian lottery, in which five numbers are drawn, without replacing them in the
box.

In the case of two trials, we can imagine the extraction of two playing cards: if
you reinsert the first card drawn into the deck, S> consists of 52 elements and 51
otherwise. Given these conditions, you need to define the space § = S; x $2 not as
a Cartesian product but as the set of all possible ordered pairs of the two initial sets,
as they result from each particular experiment. We can say that, in this situation,
event Ay depends on event A; and generalize Eq. (1.26) as:

P(A x B) = P,(BJ|A) Pi(A), (1.28)
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resulting in an extension of the product Theorem 1.2 (see also Eq.1.21). It is
immediate to show that the a priori and frequentist probabilities match Eq. (1.28).
The proof for the frequentist probability is identical to that of Theorem 1.2, whereas,
for the classical probability, it is required to redefine N as the set of possible pairs,
nap as the set of favourable pairs and n4 as the set of pairs in which, at the first
extraction, event A occurred.

At this point, to avoid confusion, it is important to distinguish between inde-
pendent experiments and independent events. The hypothesis of independent exper-
iments, which we will use throughout the text, is completely general and implies
that the experimental procedures that lead to the occurrence of any event are
independent of those which lead to the occurrence of all the other events. This
hypothesis has no connection with the number of elements of the sample space.

On the contrary, in the repeated trial scheme the events will be considered
dependent when the size of the i-th space S; depends on the (i — 1) trials carried
out previously. This is the only kind of dependency that one assumes, considering
repeated trials, when writing the conditional probability P(A|B). Let us consider
a simple example, where (W x Bj) is the event which consists in the extraction,
from an urn containing two white and three black marbles, of one white marble and
one black marble in this order (without replacing the marble into the urn after the
drawing). In this case we have (with obvious meaning of the symbols):

S1 =[W1,W2, Bl, B2, B3],

S> = [set formed by 4 marbles, 2 white and 2 black ones

or 1 white and 3 black ones] ,

W1iw2, W2w1l, B1W1, B2W1, B3W1
WI1B1, W2B1, B1W2, B2W2, B3W2
WI1B2, W2B2, BIN2, B2B1, B3Bl
W1B3, W2B3, BIN3, B2B3, B3B2

St X S = 5 x 4 = 20 elements.

Since the marbles are not reinserted after the drawing, the events as W1W1, B2B2,
etc. are excluded. Now we define:

W1 x S» = [white marble, any marble] ,

S1 x By = [any marble, black marble] ,

W1B1, W2BI1
W1 x B, = [white marble, black marble] =| W1B2, W2B2 |=6 elements .
W1B3, W2B3
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In the situation of equally probable cases, the classical probability gives:

six favorable cases 6 3
P(W) x By) =

twenty possible pairs ~2 10

So far we have used in a general way the definition of classical or a priori probability.
Now we note that the probabilities (1.27) of the events W and B; are given by:

P (W) =2/5, Py(B|Wy) =3/4,

because initially we have in the urn W1, W2, B1, B2, B3, (i.e. two white marbles
over a total number of five) and, in the second drawing, we have three black marbles
and one white marble in the urn if the first extracted marble was white, so there are
three black marbles over four. Now we apply Eq. (1.28) and obtain again:

P(W) x By) = Pr(Bo| W) P (W) = 3/4 x 2/5 = 6/20 = 3/10,

according to the direct calculation of the favourable cases over the total ones.
If we neglect the order of extraction and define as event the extraction of a white
and a black marble or vice versa, we must define the sets:

Wi x S, = [white marble, any marble] ,
B x $> = [black marble, any marble] ,
S1 X By = [any marble, black marble] ,
[

S1 x W> = [any marble, white marble] ,

and apply Eq. (1.28):

3
PI(B1 x W2) U (W x By)] = P2(W2|B1) P1(B1) + P2(B2|Wi) Pr (W) = 5
The result agrees with the ratio between favourable (12) and possible pairs (20).
The generalization of this scheme for a higher number of repeated trials requires
the natural extension of the equations discussed here for two trials only and does not
present any relevant difficulty.

1.6 Elements of Combinatorial Analysis

Assuming you are already familiar with the topic, we briefly summarize here the
basic formulae of combinatorial analysis, which are often helpful in calculating
probabilities by counting the number of possible or favourable cases.
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To count well, it must be kept in mind that the number of possible pairs (matches)
A x B between two sets A of a elements and B of b elements is given by the product
ab and that the number of possible permutations of n objects is given by the factorial
n!. A selection or arrangement in which order is important is called a permutation;
a selection in which order is neglected is called a combination.

Based on these properties, four fundamental formulae can be easily demon-
strated, which refer to arrangements without repetition D(n, k) of n objects in
groups of k (using k of the objects at a time), to those with repetition D*(n, k)
and to combinations without and with repetition C (n, k) and C*(n, k), in which the
order of the k elements does not matter.

The formulae, as perhaps you already know, are:

Dn,k)=nn—1---n—k+1), (1.29)
D*(n, k) = nk, (1.30)
_n(n—1)~--(n—k~|—1)_ n! _(n
Cln, by = k! TR =k (k) (13D
C*(n, k) = (”"‘k_l)(”k'-i-k—Z)---n
C(mtk=1D!  (ntk—1
T kl(n—1)! =< k ) (1.32)

where the binomial coefficient formula has been used.

To understand these formulae, just imagine the group of k objects such as the
Cartesian product of k sets. In D(n, k) the first set contains n elements; the second
set contains n— 1 elements because the first element is excluded, until you get, after k
times, a set of (n —k+1) elements. Instead, if the repetitions in the group of k objects
are allowed, all the sets will contain n elements each; hence, we obtain Eq. (1.30).
The base n number system is just a D*(n, k) arrangement: if, for instance, n =
10, k = 6, we have 10° numbers, from 000,000 to 999,999.

In Eq. (1.31), where C(n, k) = D(n, k)/ k!, the number of groups containing the
same k objects is not counted, because in this case the order does not matter.

Finally, to obtain Eq. (1.32) one has to imagine to write, for instance, a
combination C*(n, 5) as ajazazaza7 in a new way: aj % a * * x a3asasdaed7*, where
any element is followed by a number of asterisks equal to the number of times of
its occurrence; it is easy to verify that there is a one-to-one correspondence between
the original combinations and all possible permutations in the alignment of letters
and asterisks in the alternative representation. Since each alignment starts with ay,
it is possible to permute in total n — 1 4 k objects, that is, k asterisks and n — 1
elements (a; withi = 2, ..., n) equal to each other, obtaining Eq. (1.32).

In R, it is possible to calculate n! with the routine factorial (n) and
the binomial coefficients (1.31) with the routine choose (n, k) . Moreover, the
routine combn (n, k) prints the combinations (1.31) by columns, but a routine for
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the calculation of the permutations is not available. For this purpose our routines
Perm, Combn and Dispn are available to print permutations and combinations
by rows.

A particularly useful formula is the hypergeometric law, which allows the
calculation of the probability to extract k marbles of type A having extracted
n < a + b marbles without replacement from an urn containing a marbles of type
A and b marbles of type B. Assuming that all marbles have the same probability of
being extracted and that extractions are independent, adopting the a priori definition
(1.2) and using the binomial coefficients, we have:

a b
k n—k
a+b ’
n

In fact, the number of possible cases in the denominator is given by the binomial
coefficient, while in the numerator we have the number of favourable cases, given
by the number of elements of the Cartesian product of the two sets consisting of
C(a, k) and C(b, n — k) elements, respectively.

In R, the hypergeometrical law probabilities are calculated by the routine
dhyper(k,a,b,n) .

P(k:a,b,n) = max(0,n — b) < k < min(n,a) .  (1.33)

Exercise 1.1

Find the probability, in a lottery, of a combination of two (pair) or three
(triplet) numbers out of five numbers between 1 and 90 drawn from an urn
(Italian lottery).

Answer The solution, if the game is not rigged, is given by the hypergeomet-
ric law (1.33) witha = k and b = 90 — k:

88
(%) .
P(2;2,88,5) = ( O) 200 (pair) ,
87
(7).
P@3;3,87,5) = (90) = 11748 (triplet) .
5

(continued)
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Exercise 1.1 (continued)

The same results are obtained by calling dhyper(2,2,88,5) and
dyper (3,3, 87,5) . The pair probability is about 1 over 400 and that
of the triplet is about 1 over 12,000. A game is fair if the payout equals the
inverse of the probability of the bet; in the Italian lottery, the pair is paid 250
times and the triplet 4250 times . . .

1.7 Bayes’ Theorem

In principle, any problem involving the use of probability can be solved with
the two fundamental laws of additivity and product. However, the algebra of
probability leads quickly to complicated formulae, even in the case of relatively
simple situations. In these cases two basic formulae are of great help, those of total
probabilities and the Bayes’ theorem, as we will show. If the sets B; (i = 1,2, ..n)
are pairwise disjoint and collectively exhaustive:

n
UB,- =S, BiNBi =0 Vi, k, (1.34)
i=1

by means of Eq. (1.21), it is easy to show that, for every set A in S:
P(A) = P[AN(B1UByU.--UBy)]
=P[(ANB)UANB)U---U(AN By)]
= P(A|B1)P(B1) + P(A|B2) P(B2) + - - - + P(A|By) P(Bn)
n
= ZP(A|B,-)P(B,-). (1.35)
i=1

Equation (1.35) is called partition theorem or law of total probability. When B; = B
e By = B, the theorem gives:

P(A) = P(A|B)P(B) + P(A|B)P(B) . (1.36)

With these formulae, you can solve problems that happen frequently, such as those
shown in the following two examples.
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Exercise 1.2

A disease H affects 10% of men and 5% of women per year. Knowing that
the population is composed by 45% men and 55% women, find the expected
number N of sick persons in a population of 10,000 people.

Answer The probability of getting sick for each man or woman of the
population is given by the probability that the individual is a woman times the
probability that a woman has to get sick plus the probability that the individual
is a man times of the probability a man has of getting sick. This situation is
summarized into Eqgs. (1.35, 1.36). Therefore, we have:

P(H)=0.45-0.1040.55-0.05=0.0725.

The expected number of sick persons is obtained by multiplication of the
number of trials (individuals) times the probability P(H) we have just found.
We then have:

N =10,000-0.0725 =725 .

Exercise 1.3
A box contains six white and four black marbles. After two extractions
without replacement, what is the probability to get a white marble at the
second draw?

Answer By indicating with A and B the outcome of a white marble at the first
and second extraction, respectively, from Eq. (1.36) one obtains, with obvious
meaning of symbols:

56 64
P(B) = P(B|A)P(A) + P(B|A)P(A) = +

=0.60.
910 910

If we now use Eq. (1.35) to express the probability P(A) that appears in (1.21),
we get the famous Bayes’ theorem.
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Theorem 1.3 (Bayes) When the sets By follow Eq. (1.34), the conditional proba-
bility P(Bi|A) can be written as:

P(A|By) P (By)

Y P(A|B)P(Bi)

i=1

P(B|A) = P(A)>0. (1.37)

This theorem is perhaps the most relevant result of the elementary algebra of
probability, because it allows us to reverse the conditional probabilities, avoiding
the errors resulting from the violation of Eq. (1.20). It is often used to “readjust”,
based on a real data set Ay, the probabilities P(By) arbitrarily assigned a priori.
The procedure to be used is shown in the following examples: we also recommend
physics students to solve the Problem 1.8 at the end of the chapter.

Exercise 1.4

A test for the diagnosis of a disease is 100% sensitive for sick people but is
also positive in 5% of the healthy people. Knowing that the illness is present
on average in 1% of the population, what is the probability of being really
sick if your test is positive?

Answer Since the diagnostic testing is an important medical problem, let’s
deal with the topic in a general way. We can define the following conditional

probabilities:

P(P|H) = 0.05 False Positive (FP): probability to be positive when healthy,
P(N|H) = 0.95 True Negative (TN): probability to be negative when healthy,
P(P|S) =1. True Positive (TP):  probability to be positive when sick,
P(N|S) =0. False Negative (FN): probability to be negative when sick.

P(P|S) and P(N|H) are known as sensitivity and specificity, respectively.
From the probability laws one obviously has:

P(P|H)+ P(N|H) = 1.
P(P|S) + P(N|S) =1.
A test is ideal when the following conditions hold:
P(PIH) =0, P(N|H) =1,
P(PIS) =1, P(N|S)=0.

(continued)
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Exercise 1.4 (continued)

Now we have to find the probability P(S|P) of being sick conditioned by the
positivity of the test. Applying Bayes’ theorem (1.37) and bearing in mind
that from the data we know that the probabilities to be healthy or sick are,
respectively, P(H) = 0.99 and P(S) = 0.01, we obtain:

P(PIS)P(S) 1 x0.01

= =0.168,
P(P|S)P(S)+ P(PIH)P(H) 1x0.01+0.05x0.99

P(S|P)=

that is, a probability of about 17%.

The result (a low probability with the positive test) seems paradoxical at first
sight. To help your intuition, we invite you to examine Fig. 1.6, which shows
the graphical representation of Bayes’ theorem. If 100 people are subjected to
the test, on average 99 will be healthy and only 1 will be sick; the test, applied
to the 99 healthy, will fail in 5% of cases, corresponding to 0.05 x 99 =
4.95 ~ 5 positive cases; to these the correctly diagnosed case of disease must
be added. Eventually, we will have only one really sick person of a total six
positive tests:

1
6= 16.67%

where the small difference with the exact calculation is due only to rounding
effects.

The test is then repeated for the positive persons. If the result is negative, then
the person is healthy, because the test here considered can never go wrong
on sick people. If the test results were still positive, then it is necessary to
calculate, based on Eq. (1.24), the probability of a doubly positive test on a
healthy person:

P(PP|H) = P(P|H) P(P|H) = (0.05)> = 0.0025 ,

which is about 2.5 per thousand and that of a doubly positive test on a sick
(which obviously gives again P(P P|S) = 1) and reapply the Bayes’ theorem:

P(S|PP) = P(PP|S)P(S)
| " P(PP|S)P(S)+ P(PP|H)P(H)
1 x 0.01

= =0.802 ~ 80% .
1 x 0.01 +0.0025 x 0.99

(continued)
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Exercise 1.4 (continued)

The same result is obtained if one uses the initial probabilities P(P|S) and
P(P|H) to people who have already undergone a test, for which P(S) =
0.168 and P(H) = 0.802.

As you can see, not even two positive tests are enough for the certainty of the
disease. You can calculate by yourself that, in these conditions, the certainty
comes only after three consecutive tests (about 99%).

The example shows how careful you need to be with testing which may
result positive even on healthy people. The opposite is true with the tests that
are always negative on the healthy persons but not always positive on the
sick ones. In this case a positive test assures the disease, whereas a negative
test leaves some uncertainty. There are also cases where the tests have an
efficiency limited to both the healthy and sick persons. In all these situations,
Bayes’ theorem allows you to exactly calculate the probabilities of interest.

100
HEALTHY SICK
/ . / |
NEGATIVE NEGATIVE
94 0
POSITIVE
POSITIVE 1
5
sick/positive = 1/6 =17 %

Fig. 1.6 Graphical illustration of Bayes’ theorem for a test which gives 5% of false positives for
a disease affecting 1% of the population
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Exercise 1.5

A group of symptoms A1, Az, A3, A4 can be due to three diseases Hj, Ha,
Hj3, which, based on epidemiological data, have a relative frequency of 10%,
30% and 60%, respectively. The relative probabilities are therefore:

P(H)=0.1, P(H)=03, P(H;3)=06. (1.38)

According to epidemiological data, the occurrence of the symptoms above in
the three diseases are as follows:

Al Ay A3 Ay
H, 9 .8 2 5

H 7 5 9 9
H 9 9 4 7

from which it results, for example, that the symptom A; occurs in 80% of
cases in the Hj disease, the symptom A4 occurs in 70% of cases in the H3
disease and so on.

A patient presents only Aj and A, symptoms. Which of the three considered
diseases is the most likely?

Answer First of all, to apply Bayes’ theorem, it is necessary to define the
patient as an event A such that:

A=AINANA3NAy,

and to calculate the probabilities of this event, conditional on the three
diseases (hypotheses) Hy, Hy, H3:

P(A|H;) = P(A1|H;) P(Az|H;) P(A3|H;) P(A4lH;) i=123).
From the table, we also obtain:
P(A|Hy) =.9%x .8x.8x.5=0.288,

P(A|Hy) =.7 x .5 x .1 x .01 =0.00035,
P(A|H3) = .9%x .9x.6x.3=0.1458.

The most likely disease seems to be Hj, but we have not yet taken into account
the epidemiological frequencies (1.38); to deal with this crucial point, it is
necessary to use Bayes’ theorem!

We therefore apply Eq. (1.37) and finally get the probabilities for each of the
three diseases (note that the sum gives 1, thanks to the denominator of Bayes’

(continued)
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Exercise 1.5 (continued)
formula, which is just the normalization factor):

0.288 x 0.1
P(H)|A) = — 0.2455 .
0.288 x 0.1 +0.00035 x 0.3 +0.1458 x 0.6
0.00035 x 0.3
P(H>|A) = = 0.0009 ,
(H2]4) 0.288 x 0.1 +0.00035 x 0.3 +0.1458 x 0.6
0.1458 x 0.6
P(H3|A) = x — 0.7456 .

0.288 x 0.1 4 0.00035 x 0.3 +0.1458 x 0.6

The final result shows that H3 is the most likely disease, with a probability of
about 75%.

The solution to the problem can also be found graphically, as shown in
Fig. 1.7: since there are small probabilities, in the figure we consider 100,000
subjects, who are divided according to the three diseases weighted with the
epidemiological frequencies 0.1, 0.3, 0.6; applying to these three groups the
probabilities of the set of symptoms A (0.288, 0.00035, 0.1458), one gets
the final numbers 2880, 10, 8748. Also in this way we obtain the results
provided by Bayes’ formula.

SICK
100 000
DISEASE 1 DISEASE 2 DISEASE 3
10 000 30 000 60 000
OTHER OTHER OTHER
SYMPTOMS SYMPTOMS SYMPTOMS
2 880 10 8748
2880/ 11 638 =25% 10/11 638 =0.09% 8748/ 11 638 =75%

Fig. 1.7 Graphic illustration of Bayes’ theorem in
in common

the case of three diseases with some symptoms
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1.8 Learning Algorithms

Bayes’ formula is the basis of many machine learning codes and artificial intel-
ligence algorithms, from spam mail recognition to the proper function of electric
appliances and to the learning of neural networks. The topic is very broad and we
just want to give you a general idea with a simple example. Suppose Bob is attracted
to Alice (the example also applies to parts inverted) and that he wants to test if the
interest is mutual by inviting Alice to have a coffee. Having no information, Bob
assumes the following probabilities:

P(OK) = 0.5, attraction,

P(OK)=1—- P(OK) = 0.5, indifference,
P(YES|OK) = 0.9, positive answer with attraction,
P(NO|OK)=1—- P(YES|OK) = 0.1, negative answer with attraction,
P(YES|OK) = 0.5, positive answer and indifference,
P(NO|OK)=1—-P(YES|OK) = 0.5, negative answer and indifference,

which give 50% probability to the possible existence of attraction by Alice. In the
case of Alice’s first affirmative answer, the probability of mutual attraction becomes,
by using the initial data:

P(OK|YES) = PYES|OK)P(OK) (1.39)
P(YES|OK)P(OK) + P(YES|OK)P(OK)

0.9-0.5

= =0.643.
09-05+05-05

Instead, in the case of a first negative answer, one has:

P(OK|NO) = P(NOIOK)P(OK) (1.40)
P(NO|OK)P(OK)+ P(NO|OK)P(OK)

0.1-0.5

= =0.167.
0.1-05+0.5-0.5

Now the crucial step for learning takes place: in evaluating the probability after
a second answer, the substitution P(OK|YES) — P(OK) is performed (and
consequently (P(OK) = 1 — P(OK) ) in Eq. (1.39) in the case of affirmative
answer or P(OK|NO) — P(OK) in Eq. (1.40) in case of a first negative answer.
In this way, basic learning is achieved based on the data accumulation, so that the
probability P(OK), assumed initially to be 50% in lack of initial information, is
continuously updated and made more reliable. With our routine BayesBobAl, you
can interactively check how the probabilities evolve as a function of the answers.
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It turns out, for example, that if there are three consecutive negative answers,
the chance of Alice’s attraction to Bob assumes gradually the decreasing values
0.167,0.038, 0.008, confirming the advice given by a friend: “Bob, after three
refusals, it is better to give up...”

In the previous example, we showed how learning algorithms extend the applica-
tion of Bayes’ formula also to the cases where, at the beginning, the probabilities are
not known with reasonable certainty. In these situations, Eq. (1.37) can be also used
to modify, during the data collection, the initial probabilities of hypotheses P (H;)
subjectively evaluated according to statement 1.2.

Following the method we have outlined above, if we indicate with the generic
event “data” the result of one or more trials (experiments), in the Bayesian approach
one applies Eq. (1.37) as follows:

P(Hy|data) = np(datalH")P(H") . (1.41)

" P(data| H;) P(H;)
i=1

The probabilities P (Hj|data) thus obtained are then substituted for P (Hy) in the
term to the right of Eq. (1.41) and the calculation can be repeated iteratively:

P(Ey|Hy) Py—1(Hy)

n )

> P(En|Hy) Pyo1 (Hy)

i=1

Py (Hi|E) = (1.42)

where E, is the n-th event. In the following example, the probabilities P(E,|Hy)
remain constant.

Exercise 1.6

An urn contains five black and white marbles in an unknown proportion.
Assuming the same probability P(H;) = 1/6 for the six possible starting
hypotheses, written with obvious notation as:

Hy =(5,0), =4, 1), H3=(3,2),

Hi = (ba I’l) = {H4 — (2’ 3)’ HS = (1,4), H6 = (0’ 5)

calculate the six probabilities P(H;|data) when, with replacement into the
urn, n = 1, 5, 10 black marbles are extracted consecutively.

Answer The exercise is easily solved by defining the event “data”= E =
E, as the extraction of a black marble, using, for the a priori probabilities
P(E|Hy) = P(E,|Hg), the values:

(continued)
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Exercise 1.6 (continued)
P(black|H;) =0, P(black|H,) = 1/5, P(black|H3) = 2/5,
P (black|H4) = 3/5, P(black|Hs) = 4/5, P(black|Hg) = 1

and applying iteratively Eq. (1.42). One gets Table 1.2, from which we see
that, when increasing the number of black marbles drawn consecutively,
hypothesis Hg (5 black marbles) becomes more and more probable.

It is important to note that this problem has not been solved with a pure
frequentist approach, because for the initial hypotheses the a priori probabilities
PH; = 1/6 (i = 1,2,...,6) were used, which are subjective and arbitrary.
However, this increased flexibility is paid with a certain amount of ambiguity,
because with different initial hypotheses, different results would have been obtained,
as in Problems 1.12 and 1.13. The dilemma “greater flexibility of application in spite
of some ambiguity of the results” often gives rise to heated debates, as in [JLPe0O].

The example just seen is therefore fundamental to understand the difference
between the frequentist and the Bayesian approach:

* Frequentist approach (followed in this book): no arbitrary subjective probabilities
are assumed for the hypotheses. Therefore, probabilities of hypotheses of the
type P(H|data) = P (hypothesis|data) are never determined. For a frequentist
solution of the exercise just seen, you can see later Exercise 6.1.

* Bayesian approach: probabilities as P (hypothesis|data) are determined. They
depend, via Eq. (1.41), on the initial probabilities arbitrarily assumed for the
hypotheses and from the data obtained during the trials.

Table 1.2 Calculation of the a posteriori probabilities P,(H |n e) starting from equal a priori
probabilities in the case of consecutive extractions with replacement of n black marbles from an
urn containing five black and white marbles

Hypothesis H, H> Hj Hy Hs Hg

Urn content 0oo0o0o0 ooooe cocoee coceee ceeee eecee
P (H;) a priori 1/6 1/6 1/6 1/6 1/6 1/6
P,(Hiln = 1e) 0 0.07 0.13 0.20 0.27 0.33
P,(Hiln =5e) 0. 0.00 0.01 0.05 0.23 0.71

P,(Hiln =10e) 0. 0.00 0.00 0.00 0.11 0.89
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1.9 Problems

1.1 Monty Hall’s game is named after the host of a television game that in 1990
made a lot of Americans discuss about probabilities. The competitor is placed in
front of three doors: behind one door there is a car, and behind the others, there
are goats. He picks a door, say n. 1, and Monty, who knows what’s behind the
doors, opens another door, say n. 3, which has a goat. He then says to you, “Do you
want to pick door number 2?” Is it better to change, not to change or the choice is
indifferent?

1.2 In the game of bridge, a deck of 52 cards is divided into 4 groups of 13 cards
and dealt to 4 players. Calculate the probability that 4 players who play 100 games
a day for 15 billion years (the age of the universe) can repeat the same game.

1.3 A device is made up of three elements, which can fail independently of each
other. The probabilities of operation of the three elements during a fixed time 7 are
p1 = 0.8, p» =0.9, p3 = 0.7. The machine stops due to a fault in the first element
or for failure of the second and third elements. Calculate the probability P for the
device to work within 7.

1.4 A device is made up of four elements all having the same probability p = 0.8
of operation within the time 7. The device stops for a simultaneous failure of the
elements 1 and 2 or for a simultaneous failure of elements 3 and 4. (a) Draw the
device operating flow and (b) calculate the probability P of working within 7.

1.5 Calculate the probability of getting at least a face with 6 by rolling three dices.

1.6 A quality check of a batch containing ten pieces accepts the whole lot if all
three pieces chosen at random are good. Calculate the probability P that the lot will
be discarded in case of (a) one defective piece or (b) four defective pieces.

1.7 The famous “encounter problem”: two friends X and Y decide to meet in a
certain place at an hour between 12 and 13, randomly choosing the arrival time. X
arrives, waits for 10 minutes, and then leaves. Y behaves like X but waits for 12
minutes. What is the probability P that X and Y meet each other?

1.8 The trigger problem, common in physics: a physical system randomly produces
the events A and B with probability 90% and 10%, respectively. A device, designed
to select the good B events, enables (triggers) the recording of the events A and
B in 5% and 95% of cases, respectively. Calculate the percentage P(T') of events
accepted by the trigger and the percentage P(B|T) of B type events among those
accepted.
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1.9 Evaluate the probability P{X < Y} that in a test, in which two coordinates
0 < X, Y <1 are randomly extracted in a uniform way, one gets the values x < y.

1.10 Three electronic firms, A, B and C, supply identical components to a
laboratory. The supply percentages are 20% for A, 30% for B and 50% for C. The
percentage of defective components of the three suppliers is 10% for A, 15% for B
and 20% for C. What is the probability that a component chosen at random will turn
out to be defective?

1.11 A certain type of pillar has the breaking load R uniformly distributed between
150 and 170 kN. Knowing that it is subjected to a random load C evenly distributed
between 140 and 155 kN, calculate the probability of the pillar failure.

1.12 Solve Exercise 1.6 in the case of consecutive extraction of n = 5 black
marbles, assuming the following initial probabilities (of binomial type): P(H;) =
0.034, P(H;) = 0.156, P(H3) = 0.310, P(Hs) = 0.310, P(Hs) =
0.156, P(Hg) = 0.034.

1.13 If you assume that your friend is 50% honest and 50% cheating, find the final
probability that the friend is a cheater after n = 5, 10, 15 consecutive wins.

1.14 The probability of the three events A, B and C is different from zero. State
whether the following statements are true or false:

1) P(ABC) = P(A|BC)P(B|C)P(C); 2) P(AB) = P(A)P(B); 3) P(A) =
P(AB)+ P(AB);4) P(A|BC) = P(AB|C)P(B|C).

1.15 A randomly chosen thermometer from a sample marks 21° Celsius. From
the production standards, you know that the probabilities that the thermometer
shows the temperature decreased by one degree, the right one and that increased
by one degree are 0.2, 0.6, 0.2, respectively. The subjective a priori probabilities
about the temperature of the environment, according to a survey, are: P(19°) =
0.1, P(20°) = 0.4, P(21°) = 0.4, P(22°) = 0.1 . Calculate the a posteriori
probabilities of the measured temperature.

(Hint: indicate the temperatures to be evaluated as P(truelmeasured) =
P(true|21°)).

1.16 The probability of honestly winning a lottery is estimated at one over a million
(107°). Prove that the probability for a winner to be honest is not 107!

1.17 The likelihood of a DNA test making a wrong association is evaluated in one
case over 10,000. In a town of 20,000 inhabitants, in which it is certain that the
responsible for a serious crime is present, all the inhabitants are tested for DNA.
What is the probability that a positive tested person is guilty?

1.18 Find the probability of the event depicted on the book cover.



Chapter 2 )
Representation of Random Phenomena Shethie

Science is predicated upon the belief that the Universe is
algorithmically compressible and the modern search for a
Theory of Everything is the ultimate expression of that belief, a
belief that there is an abbreviated representation of the logic
behind the Universe’s properties that can be written down in
finite form by human beings.

John D. Barrow, “THEORIES OF EVERYTHING: THE QUEST
FOR ULTIMATE EXPLANATION”.

2.1 Introduction

We will begin this chapter by better defining the formalism, notation and termi-
nology that will accompany us throughout the rest of the book. Without this very
important step, the reader would risk to misunderstand the meaning of most of the
basic equations of probability and statistics.

We will continue by describing the representation of events in histograms,
which is the most convenient for the correct development of both probabilistic and
statistical theories and the one closest to applications. This choice will lead us to
immediately define the first probability distribution, the binomial, while the other
distributions will be studied later, in Chap. 3.

From now on we begin the systematic use of the R software to explain all the
new concept and topics that will be presented. We therefore recommend the reader
to install R on her/his computer before reading this chapter, and to get some practice
through the online instructions and the good manuals that can be downloaded online.
In addition, Appendix B should also be read in parallel with this chapter.
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2.2 Random Variables

Given the Definitions 1.5, 1.6 and 1.7 from the previous chapter, we consider a
probability space £ = (S, F, P): leta € A C S be the results of an experiment
realizing the event A of the o-algebra . We associate to each element a a real
number using the function:

X:S8S— (—o00,400), thatis, X(a)=x. 2.1

Then we have the following definition.

Definition 2.1 (Random Variable) A random variable X (@) is a function having
the space S as domain, the real axis as codomain and such that the set of elements a
for which the relation

X(a) <x (2.2)

holds is an event for any x € R.

Be careful because this is an important conceptual step: the random variable is
defined as a correspondence or function leading from the sample space to the real
axis. Obviously, it would be more appropriate to speak about a random function
instead of a random variable, but this terminology is the standard one. If a; € A
and a; € Aj are elements of two sets (events) of F, based on Eq. (1.6), the element
a € (Ax — Ay) will also belong to a set (event) of the field. If now X (a1) < x1 and
X (az) < x2, (A2 — Ay) will be the event corresponding to the numerical set:

x1 < X(a) <xp thatis x; < X <xj. 2.3)

Since a random variable establishes a correspondence between events and real
numbers, from Definition 2.1 and from Eq. (1.5), it follows that also the set:

ﬂ{a:xo—i <X@) <xpl={a:X@ =xo)={a:X=x0}, (2.4)

n=1

where xq is a real number, is an event. Let us take, as an example, the experiment
consisting in the extraction of a numbered marble in the lottery. According to the
formalism just introduced, Eq. (2.2) becomes:

EXTRACT AND READ (marble) < integer number .
The domain of this law is the set of marbles, the codomain is a subset of the real

axis and the random variable is defined as “random extraction of a marble and read
out of the number”. In general, if R is any subset of the real axis, representable as
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union (sum), intersection (product) or difference of intervals, it is easy to show that
also the numerical set:

{a : X(a) € Ro}

can be referred to a o-algebra F and defines an event.
To summarize, in this book we will use the notation:

(X >x0}, (X =<x0}, {x1 =X <x2}, {XeRyp}, (2.5)

to indicate a set A € F of a elements obtained experimentally (not a set of real
numbers!) for which the function X (a) satisfies the numerical condition within
braces. The probability:

P(A) = P{X(a) € Ry} (2.6)

is named distribution of X. It is an application Ry — P{X(a) € Rp} which
associates the probability of X to assume values in Rg for any subset Ry € R.
The distribution is a function defined on a set. It can be put in correspondence with
linear combinations of sums or integrals of functions, which are easier to handle.
These are the cumulative and density functions, which we will define shortly. We
consider probabilities for which the condition:

P{X = +00} =0

holds. Note that this property does not exclude the variable from assuming the
infinity as a value; however, the probability of these events is zero. In other books
you can find the notation:

x(a) <x

or other equivalent forms instead of Eq. (2.2).

We will use uppercase letters (usually the latter ones) to indicate the random
variables, and we will reserve the lowercase letters to represent the occurrences
(sometimes called random variates), that is, particular numerical values obtained in
an experiment; when we have conflicts of notation, we use uppercase bold letters
such as X for random variables.

A random variate is sometimes called deviate when it’s different from the
mean or other central parameters (often divided by the standard deviation of the
distribution). Moreover, to understand what we indicate, you will have to pay
attention to the brackets: the expression {...} will always represent a set of the
sample space, corresponding to the set of real values indicated inside the curly
brackets.
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Table 2.1 Comparison between the present notation and other current notations

Meaning Book notation Other notations
Result of a trial a a

The result is an event aeA aeA
Random variable X(a) =x x(a) =x
Ifae A, X eRy {X € Ry} {x € Ro}
Probability P(A) P{X € Ry} P{x € Ry}
Real codomain of X (a) Spectrum or support Codomain, support
Operator on

random variable o[X] Ol[x], O(X)
Expected value E[X], (X) E(x), E(X)
Variance Var[X] Var[x], 02(X)

The notations we use are given in Table 2.1. We stress the difference between
capital and lowercase notation:

e X is the random variable that can take on a finite or infinite set of possible
numerical values, before one or more trials.

e x is a number, that is, a specific numerical value of X affer a specific trial. The
n-tuple of values (x1, x2, ..., x,) is the result of a sampling.

It is important to note that the random variable must be defined on all elements of
the sample space S. As an example, consider a space (S, F, P) and an event A with
probability p, so that P(A) = p. It is natural then to define the function X, called
dummy function or variable, such that:

X@ =1ifacA, X@=0ifacA. 2.7)

It is easy to see that X is a random variable:

¢ Ifx <Othento X < x corresponds the empty set {.
e If0 <x < 1thento X < x corresponds the set A. B
e If x > I thento X < x corresponds the sample space A U A = S.

From the properties of the o-algebra F, if A is an event also the sets ¥, A and S are
events; hence X satisfies Definition 2.1 and is therefore a random variable. Several
random variables can be defined on the same probability space. For example, if
the sample space consists of a set of persons, the random variable X (a) can be the
weight of a person and the variable Y (a) its height. We will also often have to deal
with functions of one, two or more random variables, such as:

Z=f(X7Y). (2.8)

The Z domain is formed by the elements of the sample space S, since by definition
X =X(a)and Y = Y(b) witha,b € S, so that also Z = f(X(a), Y (b)) holds.
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Since X (a) = x and Y (b) = y, it is possible to associate to Z also a “traditional”
function with real domain and codomain:

z=f(x,y).

So far, the discussion shows that the random variable creates a correspondence
between countable unions, intersections, differences and complements of sets of
S and intervals of real numbers. It is then possible to prove (but it is quite
intuitive) that, for every real z, if the inequality f(x,y) < z is satisfied by unions,
countable intersections or differences of real intervals of the variables x and y,
then the variable Z of Eq. (2.8) is also a random variable obeying Definition 2.1
[Cra51, PUPO2]. If X and Y are random variables defined on the same probability
space, the same happens for all the functions f(X, Y, ...) that will be considered
later, so we will always assume, from now on, that the functions of random variables
are also random variables.

Following our notation, the difference between Z = f(X,Y) and z = f(x,y)
can be explained with the following example. Consider the sum:

Z=X+Y
and the experimental results:
z1=x1+y1 and zZ2=x2+y2.

The random variable Z indicates a possible set of results (z1, z2, . . .), which are the
outcomes of Z in an experiment consisting of a series of trials where X and Y occur
and results are added together. Instead, z; represents the value of Z obtained in the
first test, zp the one obtained in the second test, and similar for x; and y;.

The independence between events also defines the one between random vari-
ables:

Definition 2.2 (Independent Random Variables) If the random variables
X;, (i = 1,2,...,n) are defined on the same probability space and the events
{X; € A;}, (i =1,2,...,n) are independent, according to Definition 1.10, for any
possible choice of the intervals A; € Ry, from Eq. (1.22), it results:

P{X1eAl,XzeAz,...,X,,eA,,}:l—[P{X,-eA,-}. (2.9)
i

In this case one says that variables X; are stochastically independent.

In the following, we will simply state that variables are independent, but, when
necessary, we will distinguish independence from a specific type of mathematical
dependence, such as linear dependence (or independence), which implies the
existence (or not) of linear equations between variables.

Finally, one last definition.
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Definition 2.3 (Spectrum or Support) The spectrum or support is the real
codomain of the random variable X (a). The spectrum is called discrete when
the codomain is a countable set and is called continuous when the possible values
are in R or in subsets of R.

A variable X with discrete spectrum is named discrete random variable, while
a variable with a continuous spectrum is named continuous random variable.
In mathematics the name spectrum is used in other contexts, as in the theory of
transforms. For this reason, the term support is generally used in mathematical
statistics. However, among physicists and engineers, during research or laboratory
activities, it is quite usual to speak about “the spectrum” rather than about the range
or support of the random variable being examined. There are also fields of physics,
as atomic or nuclear spectroscopy, where the probabilities of discrete or continuous
energy states assumed by a physical system are studied. However, since in the
following the use of the term spectrum will not cause any conflict, we decided to
maintain this term, beside to the support one. The law or distribution (2.6) therefore
associates a probability to values (or sets of values) of the spectrum.

2.3 Cumulative or Distribution Function

The law or distribution of a random variable is usually expressed in terms of the
cumulative or distribution function, which gives the probability that the random
variable assumes values less than or equal to a certain assigned value x.

Definition 2.4 (Cumulative or Distribution Function) If X is a continuous or
discrete random variable, the cumulative or distribution function:

F(x) = P{X < x} (2.10)

represents the probability that X assumes a value not greater than an assigned value
x. Cumulative functions will usually be indicated by uppercase letters.

Notice that x does not have to be part of the spectrum of X; for example, in the case
of a die roll, where X =1,2,3,4,5,6:

F(3.4)=P{X <34)=P{X<3}=F(@3).

If x1 < xp, the events {X < x1} and {x; < X < xp} are incompatible and the
total probability of the event {X < x»} is given by Eq. (1.10):

P{X <x2}=P{X <x1}+ P{x1 < X <x2},
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from which, according to Eq. (2.10):
P{xi <X =x}=F(x2) — F(x1) . (2.11)
Since the probability is non-negative, we have:
F(x2) = F(xp) .

If xmax and xpmip are the maximal and minimal X values, respectively, from
Eq. (1.13) and from Definition (1.9), it follows:

F(x) =0 for x < Xmin , (2.12)

F(x) = Zp(x,-) =1 for X > Xmax . (2.13)

i=1

It also turns out, by construction, that F(x) is continuous at each point x if
approached from the right. This fact depends on the position of the equal sign
appearing in Eq. (2.11):

lim [F(x2) — F(x1)] = P{X = x2}, (2.14)
X1—>X2

lim [F(x2) — F(x1)] =0 (continuity to the right) . (2.15)
X2—>X|

It can be shown that any cumulative or distribution function fulfilling the properties:

X—>—00

lim F(x) =0, lim F(x)=1, (2.16)
xX—>+00

is non-decreasing and continuous to the right. Conversely, if a function satisfies
these properties, it represents the cumulative function of a random variable. For
mathematical details on the proof, you can see [Cra51].

We also note that from (2.10) it is easy to calculate the probability of obtaining
values greater than an assigned limit x:

P(X>x)=1-F(x). (2.17)

The cumulative F (x) allows the definition of a very useful quantity:

Definition 2.5 (Quantile) The o quantile is the smallest x,, value that obeys to the
inequality:

P{X <x4} =F(xo) > . (2.18)
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The inequality > in Eq. (2.18) takes into account that, for discrete variables, F (xy)
may not coincide with o when this value is assigned a priori. For continuous
variables, F(xy) = « and the quantile is the value x = F ().

For example, if P{X < x,} = F(xy,) = 0.25, it means that xp 5 is the 0.25
quantile; if the o values are given as percentages, one says that x is the 25-th
percentile or that x is between the second and third decile, or between 20% and
30%. Table B.2 of Appendix E indicates how to use R to get the quantiles of the main
probability distributions. In R, the quant ile routine estimates quantile values by
interpolating from a set of random data. For example, if we generate a vector of
10 uniform random variates in [0, 1] with the instruction x<-runif (10), we can
estimate the 20% and 40% quantiles with the call:
quantile(x,c(0.20,0.40),names=FALSE) ,

where the variable names inhibits the complete output and produces a numerical
vector containing the quantiles. In this case, we will see that the two output values,
interpolated between the data of the ordered vector in ascending order, have 2 and 4
values to the left, respectively.

2.4 Data Representation

The most used representation to analyse data samples coming from an experiment
is called histogram. In the case of a discrete random variable, the histogram is built
as follows:

» The x axis represents the spectrum of X.
* On the y axis the number of times that each spectrum value appeared in the
sample is recorded.

Consider an experiment formed by 100 trials, each trial consisting of tossing 10
coins. We define the event as the number X of heads in a toss; the spectrum of X is
given by the 11 integers 0, 1, 2, ..., 10. Every value is labelled with the number of
times that number of heads occurred in those 100 trials.

If we report in abscissa the spectrum of the event (shown also in the first column
of Table 2.2), and in ordinate the results obtained in a real experiment (shown in the
second column of Table 2.2), we obtain the histogram of Fig.2.1. The number of
events having x; heads is denoted by n(x;), which is called the number n of events
or trials fallen into the i-th bin of the histogram. Obviously, one has:

C

> nGxi)=N, (2.19)

i=1

where C is the number of bins of the discrete spectrum and N the total number
of events of the trials made in the experiments. One can also say that the
histogram represents a sample of N events. The histogram thus constructed has



2.4 Data Representation 47

Table 2.2 Results of a real
experiment made of 100
observations, each consisting

Spectrum Number of Frequency Cumulative
(number of heads) trials

in the tossing of 10 coins. The 0 0 0.00 0.00
second column reports the 1 0 0.00 0.00
number of observations in 2 3 0.05 0.05
which tht? number of heads 3 13 0.13 0.18
reported in the first column
was obtained. The third 4 12 0.12 0.30
column reports the empirical 5 25 0.25 0.55
frequencies obtained simply 6 24 0.24 0.79
by dividing the values of the 7 14 0.14 0.93
second column by 100, the 3 6 0.06 0.99
fourth column reports the ] ] ]
cumulative frequencies 9 0.0 00
10 0 0.00 1.00
25 n(x) ° a) 25 n(x) b)
20 20-
151 .. ° 151
101 101
5k e ¢ 5
0 1 1 L ® ou 1 1
0 2.5 5 754 10 0 5 x 10

Fig. 2.1 Two ways to build a histogram of an experiment where x heads are counted after the toss
of 10 coins: the values 0 < x < 10 of the spectrum are reported in abscissa; the number of events
n(x), for each value x of the spectrum, is reported on the ordinate, as a point with abscissa x; (a)
or as a bar as wide as the distance between two spectrum values (b). These data, reported also in
Table 2.2, refer to an experiment of 100 trials

the disadvantage of having the ordinates diverging with the number of trials, since
n(x;) — oo for N — oo. This drawback is corrected by representing the sample
as a normalized histogram where the number of events n(x;) is replaced by the
frequency:

n(x)

fxi) = N‘ : (2.20)
The frequencies of the example of Fig.2.1 are shown in the third column of
Table 2.2. In this way, when N — oo, the contents of the bins remain finite and,
based on Eq. (1.3), f(x;) tends to the probability p(x;) to fall into the i-th bin of
the spectrum. Equation (2.19) then becomes:

C
Y fay=1, .21
i=1
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Fig. 2.2 Histogram of the Q ]
cumulative frequencies of the \
data shown in Fig. 2.1
«© ]
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© |
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which is the normalization condition.

The frequencies of the histogram can also be represented as cumulative frequen-
cies, usually denoted by capital letters: for the k-th bin they are obtained, as in
Fig. 2.2, by adding its content to those of all the bins to the left and dividing by the
total number of events:

Fi = =) S, (2.22)

The cumulative frequency F; = F(xy) gives the percentage of sample values x <
xi. It is the “experimental” estimate of the cumulative function (2.10).

Now we show how it is possible to extend the representation by histograms also
to the case of continuous variables that can assume values over any range [a, b]
of the real number field R. Let x be the values of the continuous spectrum under
consideration, belonging to the interval [a, b]. We divide this interval into equal
parts [x1, x2), [x2, X3), ..., [Xm—1, Xn] of width Ax, and assign to each new interval
(channel or bin) a value given by the the number of events having the value of the
spectrum contained in that interval. If we divide for the total number of events, we
obtain the analogue of Eq. (2.20):

n(Axg)

f(Axp) = N

(2.23)
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For N — oo, based on Eq. (1.3), f(Axx) — p(Axk), which is the probability
to obtain spectrum values in [xx_1, xi] that is in the k-th bin. The graphical
representation of continuous variables is typically that of the histogram of Fig. 2.1b,
which indicates that values are distributed within the whole bin; if you want to
use the representation of Fig.2.1a, the abscissa of the point is the central value
of the bin. Histograms can be obtained using the R routine hist (x), which
plots the histogram of a vector x of raw data. The graphical style can be changed
with the options listed in the online R manual. Alternatively, you can use our
HistoBar (x, fre) routine which, in addition to the raw data, allows you also
to draw histogram of data collected in two vectors: x containing the bin values and
fre containing the frequencies n(x)/N or the number of events n(x). If fre and x
have the same size, x is interpreted as the average value of the bin or as the spectrum
of a discrete variable; if x has one position more than fre, it is interpreted as the
vector of the bin breakpoints of a continuous variable.
For example, Fig. 2.2 has been obtained with the following lines:

fre <- ¢(0,0,0.05,0.18,0.30,0.55,0.79,0.93,0.99,1.)
x <- ¢(0,1,2,3,4,5,6,7,8,9,10)
HistoBar (x, fre,xex="x',yex="F(x)"')

where the calling sequence is explained in the comments of Hi stoBar.

2.5 Discrete Random Variables

As we saw in Definition 2.3, a discrete random variable X takes at most a countable
infinity of values (x1,x2,...,x,). We also know, from Eq. (2.4), that the sets
{X = x;} are events. We can then define the probabilistic analogue of frequency
histograms, as follows:

Definition 2.6 (Probability Density Function for Discrete Variables) Given a
discrete variable X, the function p(x), given by:

p(xi) = P{X = x;} (2.24)
for the discrete values of X and p(x) = O outside, is called probability density
function (sometimes abbreviated as p.d.f.) or, more simply, density.

Physicists usually call a p.d.f. a distribution. Statisticians reserve the name distri-
bution for the cumulative function. In the following we will use mainly the term
cumulative function.

This density satisfies the important normalization condition:

Y pai)=) P(X=x}=P (U{sz,-}) =P =1. (2.25)
i=1 i=1 i=1
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The knowledge of the density allows the calculation of laws or statistical distribu-
tions as in Eq. (2.6):

P(A)=P{X(@)eRo}= ) PX=xi}= ) px). (2.26)

xiERo xiERo

The cumulative or distribution function (2.10) can then be expressed as:

k
PIX <xi}=Fl) =) px) . 2.27)
i=1

This function can be seen as the probabilistic correspondent of the cumulative
frequency histogram (2.22). An example of density and cumulative functions is
shown in Fig.2.3. As we know, the cumulative function is defined for every x, not
just for discrete values assumed by the variable X. Hence, in the case of Fig. 2.3 and
Table 2.3 we have, for example:

F(6.4)=P{X<64}=P{X=0,1,2,3,4,50r 6} =0.625.
F(x) shows jumps of heights P{X = x;} for discrete X values and remains constant

within [xk, xx+1). Continuity on the right is shown graphically in Fig. 2.3 with dots
in bold to the left of the constant values in the ordinate. The important Eq. (2.11)

Fig. 2.3 Bar representation
of the binomial I[))robability 0257 p(x) ]
density p(x) = b(x; 10, 1/2) 0.2
and corresponding cumulative
function F'(x). This 0.15[
distribution is the population

model for the 10 coin 0.1
experiment of Table 2.2. The ¢ o5
data are also reported in

Table 2.3 0
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o
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can be written using the density function as follows:
P{X =Xk} = P{xk—1 < X = xi} = F(xi) — Fx—1) = p(xi) (2.28)

which allows one to perform calculations in terms of density function or cumulative
function, as it turns out easier.

There is a distribution, called binomial or Bernoulli, able to predict the results of
experiments like those of Fig. 2.1 and Table 2.2. This is one of the most important
results of probability theory.

2.6 Binomial Distribution

Consider an experiment consisting of n attempts and let p be the a priori probability
to obtain the aimed event (success) in each attempt. We want to find the probability
of the event consisting of x successes and n — x failures in the considered
experiment. The problem therefore requires the determination of a probability
function b(x; n, p) where (be careful!) n and p are assigned parameters and
b(x; n, p) is the probability of the event consisting of x successes.

Consider now a series of results consisting of x successes and n — x failures,
denoted by the symbols X and O, respectively:

XX000X...XO0
X00X00...0X

XX000X...XX

According to the law of compound probabilities (1.24), if the events are indepen-
dent, the probability of each configuration (row) is the same and is given by the
product of the probabilities of obtaining x successes and (n — x) failures, that is:

pp-=p)-A=p)-(I=p)=p*1A-p" .

The possible alignments are as many as the combinations of n elements of which
x and n — x equal to each other. We know from combinatorial analysis that this
number is given by the binomial coefficient (1.31):

n! _(n
xl(n—x)! (x) ’

Since an attempt realizing the requested event gives any one of the previous lines,
according to the law (1.17), the probabilities of the rows must all be added up to
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obtain the final probability of the event. We therefore have the final expression of
the binomial density function:

'
P{X = x favorable outcomes} = b(x;n, p) = " pr(1—ph
x!(n — x)!

- (”) p (- p)r. (2.29)
X

It is important to always remember that this distribution is valid if and only if the
n attempts are independent and the probability of success in an attempt is always
constant and equal to p. The binomial distribution, when n = 1, is also called
Bernoulli distribution, in memory of the Swiss mathematician Jacques Bernoulli,
who first introduced it in the end of the seventeenth century. It has numerous
applications, as the following examples show.

Exercise 2.1
Calculate the probability to obtain five successes in 10 attempts having each
a 20% success probability.

Answer From Eq. (2.29) one immediately has:

10!
b(5;10,0.2) = 515, (0.2)°(0.8)° = 0.0264 ~ 2.6% .

Repeating this calculation for 0 < x < 10 and plotting the corresponding prob-
abilities, the representation of the binomial distribution of Fig. 2.4 is obtained. The
binomial probabilities can be also obtained with the R routine dbinom (x,n, p)
(see also Table B.2). For example, to obtain Fig. 2.4, one can write:

X <- c(0,1,2,3,4,5,6,7,8,9,10)

y <- dbinom(x,10,0.2)
plot (x,y,type='p’,pch="+’) # points are drawn as small +

Exercise 2.2
10% of the parts produced on an assembly line are defective. Calculate the
probability to have 2 defective pieces over a total of 40.

Answer Sincen =40, p =0.1 and x = 2:

b(2;10,0.1) = (420) 0.1)%(0.9)° = 0.142 .
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Fig. 2.4 Bar plot of the
binomial distribution 03k _ b(x;10,0.2)
b(x;10,0.2) ’
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Exercise 2.3
Assuming that the probability of having both male and female children is the
same, calculate the probability of having five daughters.

Answer Since p = (1 —p) =1/2,n =5, x = 5, one has:

b(5:5,0.5) = (g) 273 =3.12-10"2.

Exercise 2.4

The likelihood that a child will contract scarlet fever in preschool age is 35%.
Calculate the probability that, in a classroom of 25 pupils, 10 pupils already
had scarlet fever.

Answer Since p = 0.35,n = 25, x = 10, one has:

25

b(10; 25,0.35) = <10

) 0.35)1°00.65)"° = 0.141 .

We can now compare Table 2.2 and Fig. 2.1 with the predictions of the probability
theory. To do this, we just calculate the probabilities b(x; 10, 0.5) for 0 < x < 10.
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Table 2.3 Results of the experiment of Table 2.2 compared with the predictions of the binomial
law. The theoretical values, obtained by inserting n = 10 and p = 1/2 in Eq. (2.29), are reported
in the third column, whereas the fourth and the fifth columns contain the cumulative frequencies
and the probabilities calculated by inserting the probabilities of the third column in Eq. (2.27)

Spectrum Cumulative Probability
(heads) Frequency Cumulative probability frequency
0 0.00 0.001 0.00 0.001
1 0.00 0.010 0.00 0.011
2 0.05 0.044 0.05 0.055
3 0.13 0.117 0.18 0.172
4 0.12 0.205 0.30 0.377
5 0.25 0.246 0.55 0.623
6 0.24 0.205 0.79 0.828
7 0.14 0.117 0.93 0.945
8 0.06 0.044 0.99 0.989
9 0.01 0.010 1.00 0.999
10 0.00 0.001 1.00 1.000

Obviously, we assume that coins are not rigged and that the probability of having
head (or tail) is constant and equal to 1/2. Results are shown in Fig.2.3 and in
Table 2.3. Notice that there are significant differences between the experimental
frequencies and the theoretical probabilities. If they were only due to the limited
size of the sample (100 tosses), we could be confident that, in the limit of an infinite
number of tosses, we would obtain the values given by the binomial distribution. In
such a situation, one says that theory and experiment are in agreement each other
within the statistical fluctuations. If the differences were instead due to a wrong
probabilistic model (which would happen in the case of correlated coin tosses,
rigged coins or coins with memory, etc.), we should talk about systematic or non-
statistical differences between theory and model. Only statistics can tell us whether
the fluctuations under discussion are statistical or systematic. Without statistical
notions, which are not intuitive at all, even a truly trivial experiment like coin tossing
cannot be correctly interpreted! If you take our word for it, we can tell you that
the differences between the binomial distribution predictions and the results of our
10 coin experiment are only due to statistical fluctuations and that the agreement
between theory and experiment is good.

2.7 Continuous Random Variables

When a random variable can vary continuously inside a real interval, finite or
infinite, the definition of the density function must be done with caution and by
successive steps. The procedure is similar to that often done in physics, when,
for example, one moves from a set of point electric charges within a volume to a
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charge density, which gives the effective charge in a region of space only when it is
integrated on the corresponding volume.

Functions or distributions of continuous random variables with points of disconti-
nuity can be sometimes encountered. However, in practice, continuous distributions
are much more frequent and we will then only analyse this type of function.
Therefore, if we want to calculate the probability of a certain value of X, since
{(X=x}C{x—e< X <x}foralle > 0, from (1.14,2.11) we get:

P X=x}<Px—e<X=<x}=Fx)—F(x—e¢)
for all ¢ > 0. Hence:

lim[F(x) = F(x = )] = 0.

from the continuity of F'(x). As a consequence, the probability of an assigned x
value is always zero. This result is intuitively compatible with the concept of classi-
cal and frequentist probability: the continuous spectrum includes an uncountable
infinity of values and the probability to get in one trial exactly that x value on
an infinite set of possible cases (a priori probability) or over an infinite number
of occurrences (frequentist probability) must be zero. Therefore, for a continuous
variable X, only the probabilities to fall within a finite interval are meaningful. The
following equalities then hold:

Pla<X<b}=Pla<X <b)=Pla<X<b)=Pla<X<b},

which also show that the inclusion of the extremes of the interval is insignificant.
Consider now a continuous variable X assuming values in [a, b]. Let us divide this
interval into sub-intervals [a = x1, x2], [x2, x3], ..., [xn—1, X, = b] of amplitude
Axy and define a discrete random variable X’ which takes values only in the mean
points x; of these intervals and let

px(Axp) = px(xp) = Plxg < X < x4}

be the density function of X’, giving the probability of X to fall into the k-th interval.
Since the density px/(Axy) is a function of the bin amplitude, it depends on the
arbitrary choice of Ax, because the spectrum is continuous. However, it is possible
to define a function p(x) as:

px (Axk) = p(xi) Axi (2.30)
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where xy is a point internal to the k-th bin (for instance, the middle point). According
to the Riemann integral, we can write Eq. (2.25) as:

lim pr/(Axk)z lim Zp(xk)Axk=/p(x)dx= 1. (2.31)
Ax—>0 f Ax—0 [
k—o00 k—00

The function p(x) so defined is the probability density function of the continuous
random variable X.

Definition 2.7 (Probability Density Function (p.d.f.) for Continuous Variables)
The probability density of a continuous variable X € R is a function p(x) > 0
satisfying, for any x, the equation:

F(x) = f p(t)dt . (2.32)

The probability to obtain values into the interval [xx, xx+1] of width Ax is given by
(see also Fig.2.5):

Xk+1
Plxy = X < xiq1} = F(xiq1) — F) = / px)dx, (2.33)
Xk
and the normalization property (2.25) in this case is written as:

400
/ px)dx =1. (2.34)

—00
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Fig. 2.6 Assignment of a

probability P(A) to an event real axis

A of the sample space S. The sample

random variable X (a) = x space S spectrum

transforms the experimental x€ Ry sums or integrals
result a € A to a codomain of of flen§1t1e§ and
the real axis x € Ry, called distributions
spectrum or support. The zp
density and cumulative

functions allow the X(a)=x 0 \ 1
calculation of P (A) starting random variable |—e—|
from the spectrum values P(A)=P{x€ Ro}

If the interval is small compared to the range of the function variations, we can
approximate p(x) with a straight line within each Ax (linear approximation) and
Eq. (2.33) is replaced by Eq. (2.30), where x is the bin midpoint.

We can therefore symbolically indicate the transition from the discrete spectrum
to the continuous one as:

> pGa) — / px)dx,  pG) — plxe)dx,
k

from which we see that we move from a function with discrete values to the product
of a continuous-valued function and a differential. The differential quantity p(x) dx
gives the probability to obtain X values within [x, x + dx].

In the points where F(x) is differentiable, from Eq. (2.32) one also obtains the
important relation:

_dF ()

p(x) d

(2.35)
Density and cumulative functions have as domain the spectrum of the random
variable and as codomain a set of real values. They can be put in correspondence
with laws or distributions of Eq. (2.6), as shown in Fig. 2.6.

2.8 Mean, Sum of Squares, Variance, Standard Deviation
and Quantiles

The description of a random phenomenon in terms of mean and variance is less
complete than the characterization of its density function, but it has the advantage of
being simpler and often adequate enough for many practical applications. Basically,
the mean identifies where the centre of gravity of values of the X variable is
localized, while the standard deviation, which is the square root of the variance,
gives an estimate of the dispersion (spread) of values around the mean.
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To help your intuition, we first consider mean and variance of a set of data
(although this topic will be explored further on, in statistics) and then mean and
variance of distributions. We start by introducing a notation that will accompany us
throughout the text.

Definition 2.8 (True and Sample Parameters) Mean, variance and standard devi-
ation of a random variable X will be indicated in Greek letters; sample and
experimental parameters, coming from finite experimental samples, will be indi-
cated in Latin letters. The probability is an exception, because its true value will
be always indicated with p, whereas for the relative frequency we will use the f
symbol, which is used by most statistics book and avoids conflicts of notation.

We now define mean and variance of a set of experimental data:

Definition 2.9 (Mean, Sum of Squares and Variance of a Data Sample) If
x; (i =1,2...N) are N occurrences of a random variable, mean, sum of squares
(8S) and variance are defined as:

1 N
m= ;xi : (2.36)
N
$§ = (xi—w?, (2.37)
i=1
1 N
Sp =y 20— (2.38)
i=1

where  is the true mean assigned a priori. When the sample mean m of Eq. (2.36)
is considered, the variance is given by:

N N
> (i —m)? > i —m)?
i=1 N o

2 =" - ' . (2.39)
(N —1) N1 N

You may have noticed that in the denominator of the variance about the sample

mean the term N — 1 appears instead of N: the reason, conceptually non-trivial, is

statistical by nature and will be explained later on, in Chap. 6. From a practical point

of view, the N/(N — 1) factor is relevant for very small samples only. When this
2 2

difference is neglected, we will write s = S X8,
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Later on, we will use the following property of the sum of squares:

$§ =) (i—w? =) (xi—m+m—u)?

i i

=) (i —m)? + Nm = p)> +2 ) (xi = m)(m — o)

= Z(x,- —m)>+ N@m — > =SS, + SS; , (2.40)

1

since: ), (xj—m) =) ;xi—my ; =y ; xi—Nm = 0. Therefore, the total sum of
squares is the sum over the sample S5, (sometimes called residual sum of squares
SS; or RSS) and of N times the squared deviation of the sample mean from the true
one (sometimes called explained sum of squares SSs or ESS).

The square root s = V52 is the sample standard deviation or root mean square.
This operation is needed to measure dispersion with the same units of the mean.
Also variance can be considered as the average of the squared deviations (x; — ).

When the values of a discrete random variable X are collected in histograms,
mean and variance can be calculated as:

c
> ek c
k=1
m = N — ;xkfk , 2.41)
c
> i — )’ c
N R 24

k=1

where C is the number of histogram bins and ng, f; and e x; are the bin content,
relative bin frequency and bin midpoint, respectively.

In Egs. (2.36-2.38) the sum is the overall raw data, for example, (3 + 3 + 4 +
2+4+...), whereas in Egs. (2.41, 2.42) the same sum is evaluated in the compact
way (2+4+2-3+2-4+...). Therefore, the two estimates give exactly the same
result for a discrete spectrum. Instead, when spectrum is continuous, Egs. (2.41-
2.42) can still be used by assigning the bin midpoints to xi; in this case the values
of the continuous distribution are approximated in a discrete way.

We now define mean, variance and standard deviation when we know a priori the
probability density of a variable X. The formulae, for a discrete random variable,
are nothing more than the generalization of (2.41, 2.42), where the measured
frequencies f; are replaced by the a priori probabilities py of the density function.
For a continuous random variable, the formulae are derived with the same limit
operation of Eq. (2.31). We therefore obtain the following:
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Definition 2.10 (Mean and Variance of a Random Variable) The mean (or
expected value) i and the variance o' of a random variable X are given by:

o0
w= Zxk pr (for discrete variables) ,
k=1

—+00
= / xp(x)dx (for continuous variables) , (2.43)

—00

[o/0]
o’ = Z(xk — ,u)2 pr (for discrete variables),
k=1

+00
= / (x — ,u)2 p(x)dx (for continuous variables) . (2.44)

—00

As in the sample case, the standard deviation is given by o = Vo2,

The definition (2.43) is assumed to be valid only if there exists the limit of the
series or integral of absolute values. Since px, p(x) > 0, this condition is equivalent
to write:

s +oo
> ikl pr < 00, / x| p(x)dx < 00 (2.45)
k=1

—00

Equations (2.45) obviously imply the convergence of Eqgs. (2.43). Here, also the
inverse property is requested because in probability theory one always assumes that
the order of summation of terms in infinite series is indifferent and equalities as
Yo X f O D vig(yi) = D i xkyi f (xx)g(yi) are verified. These properties then
require the absolute convergence of series, and the same holds also for integrals. In
the following, the existence of mean values will always imply also the existence of
absolute mean values.

As for the variance, the definition is obviously valid if the series or the integrals
(2.44) (which have always positive values) are not divergent. There are, however,
some cases of random variables with an undefined variance; in this situation,
variance cannot characterize the data dispersion and the density or cumulative
functions must be used.

It can be shown that the sequence of moments (see Appendix C):

Z(xi)kp,' , /xkp(x) dx (k=1,2...00)

allows the unique determination of the distribution function of a generic random
variable X [Cra51]. The k = 1 moment is the mean, and hence, once the other
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moments are known, also the central moments about the mean can be found:

A = Z(x,' —wkpi, /(x —wrp)ydx  (k=1,2...00). (2.46)

i

Notice that Ay = o2 and that the first moment A; is always zero:

A=Y (i —wpi=y xipi—pu=0.
l 1
The first two more significant moments are just the mean and the variance. As we
will see, they are sufficient to study univocally or, at least, in an acceptable way the
statistical distributions describing almost all of the practical applications commonly
considered. In the following, we will rarely use moments beyond the second order.
The mean is perhaps the most effective parameter for evaluating the centre of
a distribution, since the second order moment, if calculated about the mean, is
minimal. Indeed:

= (Xk — )" pr = -2 XkPk — M| (2.47)
= o S =2

and this derivative is zero only when  is the mean (2.43), so that A = o2.

If one calculates the squares in Eqgs. (2.39, 2.44), the variance can be expressed
as the difference between the mean of squares and the square of the mean:

C
S0 =D _(fix) — 12 (248)
k=1
N 2
52 = N]il [Zi; N m2:| (2.49)
N [ZC:
= (fix?) — m2:| , (2.50)
N-1|&=
C 400
o? = Z(pkx,f) —ut > / x2p(x)dx — p?. (2.51)
k=1 -

These equations are sometimes useful in practical calculations, as shown in
Exercise 2.6.

The moments of a density function, including variance, are independent of the
position of the mean, that is, invariants under translations along the x axis. This
property is obvious (but important), since the intrinsic width of a function cannot
depend on its position along the axis of abscissas. This can be demonstrated in a
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formal way, by defining a generic translation:

X'=x4+a, pY=pu+a,
dx' =dx, pkx)— px' —a)=p'x),
and by verifying that:
Ap(x) = /(X —W'px)dx = /(x’ — )" p(x’ —a)dx’
= /(x’ —u)'p(xYdx' = A, (x) . (2.52)

In summary, mean, variance and moments of Eq. (2.46) for histograms of experi-
mental samples or for random variables are given by:

C

m=" fix . (2.53)
k=1
s +oo

=y pux — / xp(x)dx , (2.54)
k=1 -
C

spo= D felba—w? (2.55)
k=1

2 N zC: 2

Sy = S —m)”, (2.56)
N-1 &
e +oo

o? =Y prla— )’ — f (x — w?p(x)dx 2.57)
k=1 -0
C

Dy=) frlk — )", (2.58)
k=1
s +00

A=Y pn -~ [ -, 259
k=1 -

where arrows denote the transition from a discrete to a continuous variable.
In R, the calculation of mean and variance from a set x of raw data
according to Egs. (2.36, 2.39) can be done with the functions mean (x) and
var (x). If, instead, data are in the form of histograms, the calculation can be
performed with Eqgs. (2.54, 2.57) and our routines MeanHisto (x, fre) and
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VarHisto (x, fre), where x is the spectrum of the considered random variable
and fre is the corresponding vector of frequencies or number of occurrences.

In data analysis, the so-called Q-Q, quantile-quantile, plot (see Definition 2.5) is
often used to compare two probability distributions. If x; and y; are the elements
of two vectors containing the values of two random variables X and Y sorted in
ascending order, the position of these elements, divided by the length of the vector,
is close to the theoretical quantile of the parent distribution function. For example,
in a vector of 100 sorted variates, x(40) will be the quantile value close to 0.4,
because it has 40 out of 100 values to its left, and so on. Using R, we can generate
two random vectors from the uniform distribution (defined later; see Eq.3.79),
which returns values between O and 1 with constant probability, through the
commands: x<-sort (runif (100)) and y<-sort (runif (100)), which
sort the values of the two vectors in ascending order. If we now represent, on the
two cartesian axes x and y, the points corresponding to the pairs of the values of
these two vectors having the same position, i.e. (x1, y1), (x2, ¥2), ..., we obtain
the Q-Q plot for the two samples shown in Fig.2.7. This plot has been generated
with the simple R command ggplot (x,y), followed by the inline commands
grid()and abline (0, 1). As clearly shown by this figure, data tend to cluster
in the plane around the diagonal y = x. Indeed the Q-Q plot is used to check
whether data from two samples come from the same parent population: the more
the homogeneity hypothesis is true, the closer the quantiles of the two variables are
and, hence, the more they cluster around the diagonal. It is also possible to compare
data sample with a theoretical population: just place these data, sorted in ascending
order on an axis, calculate the sample quantile probabilities and place the corre-
sponding theoretical quantile values on the other axis. In our example with uniform
variates, this can be performed by sorting x with the command x<-sort (x),
by calculating the probabilities and the theoretical quantiles of the experimental
sample with pth<-seqg(0,1,by=1/length(x)) and gth<-qunif (pth)

Fig. 2.7 Q-Q plot of 1
quantiles between two y o
uniform variates x and y g§®
generated with R. The 0.8 &
continuous line is the straight g°
liney = x @6)

0.6

0.4 §-°

o0
00,
0.2 &
&
X
o<
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(note that pth=qgth for uniform variates), and, finally, by plotting the result with
gaplot (gth, x) . You will see that these pairs of data cluster around the diagonal.

In R, the ggnorm routine generates the Q-Q plot between a sample and the
normal distribution, as we will see shortly. If random variables are discrete, the
ordering no longer ensures the correct determination of the quantile, due to repeated
values. This situation is discussed in Problem 2.11

2.9 Operators

As we have seen, the formulae for the calculation of mean and variance assume
different forms, depending whether we have finite or infinite datasets, discrete or
continuous random variables, raw data or histograms.

For this reason, it is convenient to consider mean and variance not just as numbers
but also as operators on random variables or sets of data, in which the type of
operation that is being carried out is given regardless of the particular representation
used for data or variables.

In the following, we will indicate in italics and lowercased letters:

me, m(x), (x), s2, s2(x), s, s(x),

means, variances and standard deviations of variates of X obtained in a particular
trial or sampling. Notice the symbol (x) for the mean, a very common notation
among physicists and engineers.

The operators (...) or E[...] refer to the mean, whereas Var[. . .] indicates the
variance. The random variables on which the operators act will be always indicated
in capital letters:

(X), E[X], Var[X]. (2.60)

We will use mainly the notation (X), Var[X]. The standard deviation in operator
form will be indicated as v/Var[X] = o[ X].

At this point, we see from Table 2.1 that the functions that operate on random
variables are probabilities and operators: the random variable is therefore always
enclosed in curly or square brackets. We will use this convention throughout the
rest of the book.

To ease the notation, we will sometimes indicate mean, variance and standard
deviation as:

(X)=py=pn, Va[X]=o0’=0?, o[X]=0oy=0 (2.61)

(note the subscripts written in lowercase letters). The writing p and o2 (or juy and

2

o if you need to specify the variable type) is intended as the numerical result

of the correspondent statistical operator. Anyhow, the notation with Greek letters
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(true values) uniquely defines the type of operation performed, avoiding possible
confusions.

It is easy to verify, from Eqs. (2.53-2.57), that mean and variance operators have
the following properties:

Var[X] = ((x - (X))2> : (2.62)
(@X) = a(X) (2.63)
Var[a X] = a?Var[X] , (2.64)
X+a)=(X)+a, (2.65)

Var[X + o] = ((X foa—(X+ a))2>
= ((x fa—(X)— a)2> = Var[X], (2.66)

where « is a constant. The last two equations show, of course, that the average of
one constant coincides with the constant itself and that there is no dispersion for a
constant. Using Eqgs. (2.62, 2.63), we can rewrite in operatorial notation Eq. (2.51),
which defines variance as the mean of squares minus the square of the mean:

Varl X] = (X — w?)
= (= x7?)
= (X2} =200 (X) + (x)?
= (x*) -7 . (2.67)

The mean operator allows the definition of the true mean value of any function of
random variable (2.8):

Definition 2.11 (Expected Value) If f(X) is a function of a random variable X
with p.d.f. p(x), the expected value of f(X) is the quantity:

(f(X)) = ELF(X)] =) f(x) px) — /f(X)p(X)dx . (2.68)
k

where the arrow indicates the transition from a discrete to a continuous variable.

Functions of random variables will be treated in detail later, in Chap. 5. According
to this definition, the true mean p can be considered as the expected value of X. The
expected value is also known as the expectation, mathematical expectation, mean,
average or first moment.
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As in the case of Definition 2.10, the existence of the sum ), | f(xx)|p(xx)
or of the integral f | f(x)|p(x)dx is implied in the definition of the expected
value of f(X). Therefore, one always assumes that a variable or function of
variable, for which one defines the expected value (2.68), is absolutely summable or
integrable on the corresponding p.d.f. This implies, for a continuous variable, that
the probability density tends to zero for x — o0 at least like 1/|x|* with o > 2.
All densities which we will consider later have this property.

Exercise 2.5

Consider the space & where the event (A1) can occur as xj with probability
p1 and the event (A,), independent of the previous one, can occur as x» with
probability p;. Find the mean of the sum (X + X») where X; and X, are
dummy variables defined as X1(A;) = x1, X2(A2) = x3 and Xl(fil) =
0, X2(A2) = 0.

Answer The spectrum of the sum is given by the four values (0+0), (04 x3),
(x1 +0), (x1 + x2), having, from Theorem (1.21), probabilities: (1 — p1)(1 —
p2), (1 — p1)p2, p1(1 — p2) and pj p2, respectively. From Eq. (2.54) one has:

w=>0—-pDA - p)O+0)+ (1 — p1)p2(0+ x2)
+ p1(1 = p2)(x1 + 0) + p1pa(x1 + x2)
= p1x1 + p2x2 .

Since (X1) = (1 — p1) - 0 4+ p1x1 = p1x1, and the same holds for X», one
can write:

(X1 + X2) = (X1) +(X2) ,

that is, the mean of a sum is equal to the sum of the means.

Exercise 2.6
Find mean and standard deviation of the data shown in Table 2.2, and compare
them with the values given by the binomial distribution.

Answer By applying Eq. (2.53) to the data of the first and third columns of
the table, we obtain:

(x)=m=2-0054+3-0.13+---49-0.01) =5.21,

(continued)
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Exercise 2.6 (continued)
for a total of 521 heads over 1000 tosses. The mean of squares is given by:

<x2>=(4-0.05+9-O.13+~--+81-0.01):29.7.

From Eq. (2.50) we then have

2 = N]i | (<x2> - (x)2> - 19090(29.7 —5212) =2.48,

s =+/2.48 = 1.57.

By applying the same procedure to the true probabilities of the fourth column,
we get:

(X) = 5.00, (X2> —27.5.
Var[X] = 02 = <X2> —(X)2=(27.5-25) =25,
o =+25=158.

Notice the absence of the 100/99 factor in the calculation, since here the
variance is evaluated with respect to the true mean. Again, the difference
between the experimental values m = 5.21,s = 1.57 and the theoretical
ones u = 5.00, o = 1.58, will be explained in Chap. 6.

2.10 Simple Random Sample

Consider an experiment involving a random variable X and N independent obser-
vations. The result of this operation is an N-tuple of independent variables
(X1, X2, ..., Xn), for which condition (2.9) applies. We then arrive at the following
definition.

Definition 2.12 (Simple Random Sample) The set of N independent variables
(X1, X2, ..., Xn) coming from the same probability density function p(x) is
called simple random sample of size N, extracted from the parent population of
density p(x). The variables are called independent and identically distributed and
sometimes designated with the iid acronym.

The correct, but somewhat long, definition of “population of density p(x)” is
sometimes abbreviated to “population p(x)”. The concept of population, introduced
on an intuitive basis in Sect. 1.2, here assumes a precise meaning. For a discrete
random variable, the probability to obtain a certain set of random variates is,
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from Eq. (2.9):

N N
PiXi=x,Xo=x,... . Xa=ay) =[[PXi=x) =[] px) . (269
i=1 i=1

To better understand the concept of random sample, we must refer to a situation
where a random variable X is sampled repeatedly, according to the following
scheme:

first sample x|, x), ..., xy — my, s%,
14 14 14 2
second sample x|, x,, ..., Xy —> m2, 55,
(2.70)
. " " " 2
third sample Xps Xy ooey Xy —> M3, 85,
all samples X1, X2, ..., Xn > M, S%;

X is the random variable “occurrence of the first trial” or “first element”, whereas
x, is the random variate resulting from the first trial in the second sample. The
values m; ed sl.2 are the mean and variance of the i-th sample:

mzzx, Szzz(xk;ll)z.

k k

These values, which estimate the corresponding true quantities  and o from a
sample of finite size, are called estimates of mean and variance. If we repeat the
experiment or sampling, we will get different means and variances: the sample
values m and s therefore have to be considered as realizations or variates of the
random variables M and S, indicated in the last line of Eq. (2.70), which are
functions, in the sense of (2.8), of the variables X;:

M:Zi’i, Szzz(x’;“)z. 2.71)

i

The variables M and S are sample functions. In general, any of these quantities is
called a statistic.

Definition 2.13 (Statistic) For a given sample (X1, X2, ..., Xn) from a density
p(x), any function

T =t(X1, X2, ..., Xn) (2.72)
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which does not contain any unknown parameter, is a random variable called statistic
(singular).

Sample mean and variance are two examples of statistic. As we will see in the next
section, they are also estimators of the mean and of the variance.

2.11 Convergence Criteria

At this point, it is necessary to well specify the meaning of the limits and of the
convergence criteria used in the study of random variables.

As we have mentioned before, the frequentist limit of Eq. (1.3) is applied to the
realizations of the random variable: it does not have a precise mathematical meaning
and indicates that trials must be repeated an infinite or finite number of times, until
the population is used up. This is the meaning to be attributed to a limit whenever
it is applied to a sequence or sum of values of a variable (lowercase notation). We
called this operation frequentist limit. However, expressions such as:

Aﬁ)moo ]1] Xk:xknk = A}z_)moo Xk:nkfk = Xk:xkpk =u (wrong!),
should be avoided, because precise mathematical quantities are present on the right
side, whereas we have an undefined limit on the left. We point out, however, that
this limit is justified in the frequentist interpretation (1.3) and that it reproduces
qualitatively what actually happens in many observations. For example, if we
consider the toss of a dice where {X = 1,2,3,4,5,6} and we assign to each
face a probability equal to 1/6, according to Eq. 243) pn = (1 +2 4+ 3 +
4+ 5+ 6)/6 = 3.5. Experience shows that, when rolling a die and averaging
progressively the scores according to Eq. (2.36), the result tends to 3.5 as long
as the number of rolls is increased. For instance, after having arbitrarily assigned
a probability of 1/6 to each face, we simulated a dice roll using a computer and
obtained, for N = 100, 1000, 100,000, 1,000,000, the sample means m =
3.46, 3.505, 3.50327, 3.500184, respectively.

For a mathematically rigorous study of the random phenomena, it is however
necessary to establish, as the sample size increases, the type of convergence that
might occur in sequences of random variables, and the extent of the deviations from
the limit value.

A first rigorous definition states that a succession of variables X converges to a
variable X if, given any € > 0 however small, the probability that X y differs from
X by a quantity > € tends to zero for N — oo:

Nlim P{|Xn(a) — X(a)l =€} =0, or Nlim P{|Xn(a)—X(@)| <€} =1
(2.73)
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This limit, which fulfils the usual properties of the limits of real number sequences,
is called limit in probability or weak convergence.

At this point, we draw your attention to a subtle distinction: the limit of Eq. (2.73)
does not ensure that all the values | Xy (a) — X (a)|, for each element a of the sample
space, will be less than € above a certain N, but only that the set of values exceeding
€ has a vanishing probability to exist.

If one requires that for the most part of the sequences the condition | Xy (a) —
X (a)| < € holds for any a, the almost sure or strong convergence on the set of
elements a of the probability space (S, F, P) must be introduced:

P{ lim |Xy(a) - X(@)| <e}=1. (2.74)

In this case, we are sure that there is a set of elements a, converging to the sample
space S for N — oo, such that the sequence of real numbers Xy (a) tends to
the standard mathematically defined limit. The convergence in probability and the
almost sure convergence are graphically represented in Fig. 2.8.

When Xy is the sample mean estimator and X (a) = u, Egs. (2.73) and (2.74)
are called weak and strong law of large numbers, respectively.

The last type of convergence we consider is the convergence in law or distribu-
tion. A sequence of random variables Xy converges in distribution to a variable X
if:

Jim Fy, (1) = Fy () . (2.75)

N N

Fig. 2.8 (a) Convergence in probability: the set of values | X y (a) — X (a)| higher than an assigned
value € tends to have vanishing probability for N — oco. However, this does not prevent to have
some points outside the limit (denoted by arrows). (b) Almost sure or strong convergence: most of
sequences satisfies the inequality | X y(a) — X (a)| < € except for a set of elements a € S having
null probability
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for any point x where Fy (x) is continuous; here Fx, and Fx are the corresponding
distribution or cumulative functions. This limit is widely used in statistics when
studying the type of distribution followed by statistical estimators. It can be
demonstrated (as, indeed, it is quite intuitive) that the almost sure convergence
implies the convergence both in probability and in distribution and that convergence
in probability implies the one in law, while the opposite is not true. Furthermore,
a fundamental theorem of Kolmogorov, whose proof can be found in [Fel47],
guarantees the almost sure convergence of sequences of independent random
variables if the condition:

3 Var]g’v L (2.76)
N

holds. All statistical estimators considered in this book satisfy this property, so
that, when dealing with statistics, we will not have convergence problems: all the
considered variables will converge almost surely (and, therefore, also in probability)
to the requested limit values. The convergence criteria are sometimes important in
the theory of stochastic functions [PUP02], which will not be considered here.

In summary, we have described four different limits: the frequentist limit (acting
on the “lowercase” variables), the one in probability, and the almost sure one (both
acting on “uppercase” variables) and the one in law, which involves distribution
functions.

The random variables considered as limits in Eqs. (2.73, 2.74) can also simply
be constants, as often happens for the limits of statistical estimators. In fact, a
statistic 7 (X), function of a random sample of size N according to Eq. (2.72), and
converging in probability to a constant:

lim P{|Tv(X)—pu| > €} =0, (2.77)
N—o0

is defined as a consistent estimator of .

The theory of statistical estimators, such as those defined in Eq. (2.71), will be
described in detail later, in Chaps. 6 and 10. However, here we want to explain the
meaning of mean and variance of an estimator. Since from (2.67) it results that the
variance can be written in terms of mean operators, it will be enough to discuss only
the mean of an estimator. For example, let us examine the meaning of the mean of
the variance:

1 N
(Tn (X)) = < v (X = u)2> :

i=1

What is in () brackets is a random variable composed by N observations x; of
X, combined to calculate their variance. The ( ) parenthesis indicates that one has
to repeat the procedure an infinite amount of times and to take the average of the
infinite variances thus obtained. Therefore, in the frequentist view, at first a sample
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N’ samples of N observations

sample of N’
variances

nean for .
P ——

N’ —> infini TR
:m*<zi(xi Hy /N >

Fig. 2.9 The mean of a variance

of the variable »_, (X; — w)?/N is obtained from a series of N’ samples from N
observations of the same variable X, and then this last sample is averaged by N’ —
oo. The procedure is shown in Fig.2.9. From the properties (2.67) of the mean
operator, one obtains:

N N
<Z(Xi - u)2> =Y (X = w?) = No?, (2.78)

that is:

i=1
This last equation can be also written as:
(Tn(X)) = o2 . (2.79)

The consistent estimators which satisfy this property are unbiased. Basically, for
this class of estimators, the true mean of a population consisting of Ty elements
obtained from samples of size N coincides with the limit to infinity (true value) of
the estimator.

As it will be later shown in Sects. 6.10 and 6.11, the sample mean (2.53) satisfies
the properties (2.77) and (2.79), while the variance about the sample mean (2.56),
without the factor N/(N — 1), does not satisfy Eq. (2.79).



2.12  Problems 73

Generally, the study of the asymptotic properties of random variables and their
estimators is simpler if we apply the mean operator to a set of estimators Ty (X),
instead of studying directly the estimator limit (2.73) for N — oo.

2.12 Problems

2.1 Calculate the probability to obtain 2 times the face 6 by tossing three dices.

2.2 If one assigns a probability equal to 1/2 to the event head, calculate the
probability to obtain 3 heads in in 10 tosses.

2.3 A manufacturer knows that the percentage of defective pieces offered for sale
is 10%. In a contract, he agrees to pay a penalty if, in one box of ten pieces, more
than two pieces are defective. Find the probability to pay the penalty.

2.4 One player wagers 60 euros on a roulette by betting 50 euros on red (X strategy)
and 10 euros on the black number 22 (Y strategy). Keeping in mind that the numbers
range from O to 36 and that the dealer wins if the O hits and that the payout is equal to
the bet if the red hits and is 36 times the post if 22 is the winning number, calculate
the average capital value after a bet. What does this result mean?

2.5 A variable X can take the values {X = 2,4, 6, 8, 10} with equal probabilities.
Find mean and standard deviation of the variables X and Y = 2X + 1.

2.6 Three marbles are extracted, without replacement, from an urn containing three
red and seven black marbles. Determine the discrete p.d.f., mean and standard
deviation of the number R of black marbles after three draws.

2.7 Find probability density p(x), cumulative function F(x), mean and standard
deviation of a continuous variable X, defined in [0, 1], and having a linearly
increasing density such that p(0) = 0.

2.8 Find the 25-th percentile of the distribution of the previous problem.
2.9 To cover the round-trip distance between two points A and B, with a distance

of 100 km from each other, a car travels at a speed of 25 km/h one way and 50 km/h
on the way back. Calculate the average speed of the trip.
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2.10 Find the total number of heads over a total of 1000 tosses from the data of
Table 2.2.

2.11 Generate the Q-Q plot between two vectors of size 100 extracted from the
binomial distribution b(x; n = 20, p = 0.3). Then, produce the Q-Q plot of these
generated random numbers versus the expected distribution.



Chapter 3 )
Basic Probability Theory Shethie

The question is not so much whether God plays dice, but how
God plays dice

lan Stewart, “DOES GOD PLAY DICE?”.

3.1 Introduction

In this chapter we start by analysing the properties of the binomial distribution,
and, then, we will gradually derive, using probability theory, all other fundamental
statistical distributions. We will not avoid important mathematical steps, since we
believe that this helps to have a general and consistent vision of the described
topics. This will allow you, while analysing any scientific problem, to immediately
understand its statistical and probabilistic aspects and to find the solution using the
more appropriate statistical distributions.

We will end the chapter with some hints about the use of probability theory in
hypothesis testing. This topic, which will be fully developed later on, in statistics,
will allow you to appreciate better what you have learned and to fully understand
many natural phenomena.

3.2 Properties of the Binomial Distribution

The binomial density, introduced in Sect. 2.6, is the p.d.f. of a random variable X
which represents the number x of successes obtained in # independent trials with
constant success probability. The properties of this density will allow us to develop,
by successive stages, the basic scheme of density functions for one-dimensional
random variables.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 75
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The binomial density is normalized, since from the formula of the Newton
binomial coefficient and from Eq. (2.29), we have:

Z(Z)p’%l—p)"X=[p+(1—p>]"=1. G.1)
x=0

The mean of the binomial distribution is given by Eq. (2.43), where the sum must
be extended to all values 0 < x < n, and the probability py is given by Eq. (2.29):

n

- n! X n—x
H:be(x;n,p)=2xx!(n_x)!p (I-p)

x=0 x=0
B n nn—1)! 1y onex
_lex(x—l)!(n—x)!pp d=p", (3.2)

where in the last row the change of the sum over x has to be noted since, when
x = 0, the term of the sum is zero.
If we set in Eq. (3.2):

X =x-1, n=n-1, n—x'=n—x, 3.3)

we obtain, using Eq. (3.1):

n "
n: ’ -~
Xy=np D oy P =P =np (3:4)
x'=0

a result in agreement with intuition, which considers mean as an expected value,
i.e. the product between the number of attempts (or trials) and the probability of
each attempt. On the contrary, the value of the variance is not at all intuitive and,
as we will see later, extremely important. It can be easily obtained by calculating
the average of the squares, with the same procedure as for (3.2), and again using
Eq. (3.3):

n n' ,
n _ n ’ -
(x2) =2 (x> Pr—p) ™ =np Y (D) (x> pra—p
x=1 x'=0
=npm'p+D=npln—1p+1].
Then, from Eqgs. (2.67) and (3.4), one can write:

VarX]=npl[(n—Dp+11—n’p* =npd—p). (3.5



3.2 Properties of the Binomial Distribution 77

In conclusion, we have obtained the fundamental equations:

w=np, o*=np(l—p), o=ynp(l-p), (3.6)

which are one of the milestones of probability calculus. The value of the mean is
intuitive, while those of variance and standard deviation are not, and it helps if you
memorize them right now.

Exercise 3.1
Find the true mean, variance and standard deviation for the 10 coin experiment
of Table 2.2.

Answer Since the experiment is described by the binomial distribution with
n =10and p = 0.5, from Eqs. (3.6) one has:

w=10-05=5
62=10-05(1—-0.5) =25
o =+25=158

The results are identical to those obtained in Exercise 2.6, where the basic
formulae (2.54,2.51) have been applied to the binomial probabilities reported
in the fourth column of Table 2.2.

Exercise 3.2

The probability of hitting a target is equal to 80%. Find the p.d.f. of the
number n of trials needed to be succesful. Find also the mean and standard
deviation of n.

Answer We have to find the probability distribution of the number n of
independent trials needed to get one success, when the probability of a single
success is p.

In this case the random variable to be considered is no longer consisting
of the number X of successes in n fixed attempts (leading to the binomial
distribution) but is the number of attempts n, when the number of successes is
fixed and equal to x = 1. For the n-th attempt to be successful, we must have
at first x = 0 successes in (n — 1) trials; the probability of this event is given
by the binomial density (2.29):

— 1!
bx =0in =1 p) = (7 D= py ==

(continued)



3 Basic Probability Theory

Exercise 3.2 (continued)
Therefore, the probability to have a success in the n-th trial will be given by
the compound probability:

gn) = p(1 —p)" 1, (3.7)

which is named geometric density. It can therefore be seen as a simple
application of the law of compound probabilities (1.24), where the two
probabilities refer to (n — 1) consecutive failures followed by a success at
the n-th attempt.

The density is normalized, because from the theory of series we have:

1
3= Y= P o<p<t, (3.8)
L—p L—p
n=0 n=1
soonegets:

o0 o 1
Yop=pl=p>a-plt=p =1, O0<p<l.
k=1 k=1 p

Mean and variance can be evaluated from Eqs. (2.43, 2.67) and from the
properties of the geometric series. By differentiating Eq. (3.8) twice, one
easily obtains:

00 1 00 14+ p
> kptt= ,. Y k= 5 (3.9)
= (I-p) P I=p

From these equations one has:

o oo 1
()= kp(l—p*t=pY k(—p'= " (310
k=1 k=1 p
o 2 _
()= kpa-pt=""". 3.11)
p
k=1
The variance is given by:
1 —
o§==<n2>—<nﬁzz pzp. (3.12)

(continued)



3.3 Poisson Distribution 79

Exercise 3.2 (continued)
In this specific exercise, the probability, mean and standard deviation are then:

g(n) =0.8-(0.2)" !,
wn = 1.25,

o =\/(1—p)/p2 =031.

A mean value ¢ = 1.25 means that, in 12—13 runs, one will have, on average,
10 runs in which the first attempt is successful.

3.3 Poisson Distribution

The calculation of the binomial density is not easy, for large n, due to the factorials
appearing in Eq. (2.29). If, in addition to the condition n >> 1, the probability of
the event is small (p < 1), then one will have few successes (x < n) and the
approximation:

. i!x)v -1 —2).. . n—x+1) "y

holds. By writing y = (1 — p)"~" and using logarithms, one has:

Iny =(n —x)In(1 — p) ﬁd —pn —x) =~ —np

y=(1—p)"* =e" - e,

After these transformations, the binomial density, for » > 1 and p < 1, assumes
the form:

lim b(x;n, p) = lim S P =p)
n— 00 n— 090 x!(n —)C)!
p—0 p—0

nt o (np)* _
— pxe np _ P e
x! x!

: (3.13)

from which, on the basis of Eq. (3.6) and of definition u = np, the Poisson density
is obtained:

X
lu’ _H"

plxsp) =" e (3.14)
X
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Fig. 3.1 Poissonian (full
line) and binomial (dashed
line) densities for o)
n=10p=0.1, o ]
n = np = 1. For a better
comparison, the discrete |
values are joined with straight ©
lines
S -
o |
o

0 2 4 6 8 10

It represents the probability to obtain a value x when the mean value is . The
Poissonian is practically considered an acceptable approximation of the binomial
already starting from . > 10 and p < 0.1, as shown in Fig. 3.1. The R code which
reproduces this figure is:

BinPoisTest<- function(n=11) {
X <- seq(0,10,length=n)
y <- dbinom(x,n,0.1)
z <- dpois(x,lambda=1)
plot (x,y,type="1’,1lwd=3,xlab="x"',ylab=" ',
lty='"dashed’, font.lab=2,cex.lab=1.5)
lines(x,z,type="1",col="black’,1lwd=2) # lines adds z curve to plot

Exercise 3.3
In a city of 50,000 inhabitants, an average of five suicides occurs per year.
Calculate the probability of ten suicides.

Answer From the binomial distribution (2.29), we have:

b(10: 50000, ) = (50’00()) (1 _ ) s
50,000 10 50,00010 50,000

Alternatively, from the Poissonian we obtain:

510675
p(10:5) =" ' =0018=1.8%.
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The Poisson density is normalized, since:
o0

w o 11
o eH = Z = e Mt =1. (3.15)
x=0

x=0

The mean and variance of the Poissonian can be found with the same method used
in Egs. (3.2-3.5) for the binomial distribution. We leave the explicit calculation of
the mean as an exercise, which gives, as expected, the o parameter of Eq. (3.14).
For the variance, from Eqgs. (2.67, 3.3), one has:

e¢]

X ,— U
Var[X] = " |:x2'u ‘ } 2
X!
x=0

00 /)LX/eM
=u) |+ o — =t -0t =p
x'=0 :

Therefore, we obtain the result:

w=np, ol=p, o=, (3.16)

which shows that, for a Poissonian, the mean and variance are equal.

3.4 Normal or Gaussian Density

Another important limiting case of the binomial density is the normal or Gauss
density. This approximation is possible when the number of trials is huge: in
this case only the values of the spectrum in the vicinity of the maximum of the
density are important. Think, for example, about 1000 coin flips: the values of the
spectrum for the event head range from 0 to 1000, but the important values will
be concentrated around the expected value 500, which presumably is the value
of higher probability. You will hardly ever get values such as 5, 995 and so on.
Therefore, let us consider cases in which:

n>1, O0<p<l1, x>1, (3.17)

and approximate factorials with the Stirling formula, valid for x > 1:
x! = 2mxx e ¥ et ~ 2rx xte ™, (3.18)
where |ex| < 1/(12x). This is already a very good approximation for x > 10, since
exp[—1/120] = 0.992, corresponding to a relative error of 8 per thousand, as you

can easily verify. Notice also that now x is, as requested, a continuous variable,
which approximates the factorial for integer values.
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Making use of the Stirling formula, the binomial density (2.29) assumes the
form:

b(x;n, p) = TA=p)

xin — )’

1 /nn"

- I—p"*. (319
o rtn = 0w -y P TP (3.19)

Let us now expand the binomial density in the vicinity of its maximum. Turning to
logarithms, we get:

Inb(x;n, p)=Inn! —Inx! —In(n —x)!+xInp+ (@ —x)In(l — p) .

The point of maximum is obtained by setting the derivative of Inb to zero, using
the Stirling formula and then considering x as a continuous variable:

d (Inbd) = — d (Inx!) — d [In(n —x)!]+Inp —In(1 — p) =0. (3.20)
dx dx dx

With these approximations, the derivative of In x!, reads:

d Inx! >~ d ln[(erx)l/zxxe_x] _d 11n27r—|— 1lnx~|—xlnx—x
X " dx dx | 2 2

1 1
=  4l4x—1=_ +Inxinx. (3.21)
2x 2x

Since d(Inx!)/dx >~ Inx, Eq. (3.20) becomes:

d

4 1P —Inx (=) +Inp —In(l = p) =0, (3.22)
X

and hence:

P =X) o pi—x) _

= =l=x=u=np.
x(1—p) x(I—p)

We have obtained a first result: for & > 1, that is, x > 1, the mean value also
becomes the maximum. Let us now perform the Taylor expansion up to second
order around this value. By writing y(x) = In b, we obtain:

1[d? 1
v =)+ ) | dy;f)}x:np w-mrof )

1

1 1
= ymp) + [— — } (x —np)?, (3.23)
X n—X |yopp
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where the second derivative is obtained by deriving Eq. (3.22) and the term in
(1/n?) deriving again the second derivative. After some easy calculations, we get
the equations:

N 1 (x — np)2
y(x) = ynp) - 2ap(l = p)
1 (x— np)2
. — @) ~ Ly(np) _
b(x;n,p)=ce ~e exp|: 2 np(l — P)i| . (3.24)

Since ") is simply the binomial density at the maximum x = np calculated with
the Stirling formula, from Eq. (3.19) we easily obtain:

1 1

b(x =np;n, p) ~ Jar Jap(l— p) , (3.25)
and hence:
b(x;n, p) ~ g(x;n, p) = ! exp [—1 = ”p)z} (3.26)
T T «/27[\/np(1 - D) 2np(1—p)]° .

This is an approximate form of the binomial that holds for values of x around u =
np, as long as the terms of order higher than 1/ in the Taylor expansion (3.23) are
neglected. The density function g(x; n, p), approximating the binomial for integer
x values, can be also viewed as a continuous function of x.Indeed, the factor:

1
= Vnp(1—p)

of Eq. (3.26) is independent of x, — 0 for n — co and has the meaning of
differential of the variable ¢ given by:

A

[ X —np
~ Jnp(1—=p)

By going to the Riemann limit, it is then possible, for large n values, to calculate
the sum of the probabilities of a set of X values as:

X2
lim P{x; <X <xz} = lim Y b(x:n, p)
n—0o0 n—0o0 )

X2 2
1 1(x—
= lim E exp| — (x = np) At
A1>04= /o 2np(l — p)

! /IZ =2 4y (3.27)
= e . .
\/27[ 1
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This fundamental result is known as de Moivre-Laplace theorem. By using p and
o from Egs. (3.6), we then obtain:

1 400 1 1 400 1 _ 2
/ exp [— t2:| dr = / exp [— o z,u) :| dx =1,
V27 Jooo 2 V2ro - 2 o

where the result f exp (—z%)dz = /7 has been used (see Exercise 3.4).
Therefore, the normal or Gaussian density:

N2
M= } (3.28)

1
(x; u,0) = eX[
gx; Joro Pl=y 2

is normalized and, when it is integrated, allows the calculation of the probability that
a value of x be in an interval about the mean z when the variance is 2. This is by far
the most important p.d.f. of probability theory and should therefore be remembered
by heart.

Exercise 3.4
Prove that

+00
/ exp(—x2) dx = /7 . (3.29)

Answer By defining

+o00 5 +00 N
I=/ e dx:/ eV dy,
—00 —00

+0o  p+oo 2. 2
12=/ / e ) dxdy .
—o00 J—o00

By converting to polar coordinates, we get:

+o0  p2m 2 +00 2 700
12=/ / e_ppdpd0=2n/ e_ppdpz—n[e_p] =7,
0 -0 0 0

and hence I = /7. Similarly, it can be shown that

+00 T
/ x2 exp (—x2) dx = \/2 . (3.30)

one has:

The mean and variance of the Gaussian distribution are given by the parameters p
and o, which explicitly appear in Eq. (3.28). Indeed, from the integrals (3.29, 3.30),
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0.25F — g(x; 4,1.55)

«  b(x; 10, 0.40)
0.2

0.15

0.1

0.05

X

Fig. 3.2 Gaussian (full line) and binomial (dotted line) densities for n = 10, p = 0.4

it is possible to show that:

(X) ! /+OO ex [ l(x_")z}d (3.31)
= X —_ X = .
«/27'[0 —00 P 2 o? e

+o00 _ 2
Var[X] = \/217[0 f (x — )% exp [—;(x 62") } dx =02, (3.32)

In statistics, we will have to use the 4-th order moment of the Gaussian; through
integrals of the type (3.29, 3.30), one can demonstrate that:

1 +00 1(X_M)2i|
Ag = x — ) tex [— dx =30*. 3.33
4 Joro /_Oo (x — )" exp ) o2 (3.33)

The Gaussian density approximates the binomial for p >> 1. Thanks to the rapid
convergence of Stirling approximation (3.18), in many cases an error of less than a
few percent is made when © > 10. As a rule of thumb, the Gaussian function can
replace the binomial when the conditions:

w=np=>10, n(l—p)>10 (inpractice!) , (3.34)

hold, so that the approximation (3.23) is valid. If p and 1 — p are not too close to the
extremes of the interval [0, 1], the condition © > 10 is adequate. Otherwise, both
conditions of Eq. (3.34) must be verified. This property is exemplified in Fig. 3.2,
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where the Gaussian approximation of the binomial distribution b(x; 10, 0.4) is
reported. In this case, the mean and variance are givenby u = np = 10-04 =4
and 02 = np(1 — p) = 2.4. Even with the values u = np = 4, n(1—p) =6 < 10,
the approximation is already acceptable.

Exercise 3.5
Calculate the probability to obtain a given number of heads in the 10 coin
experiment of Table 2.2 using the Gaussian distribution.

Answer In the ten-coin experiment, the mean, variance and standard deviation
are given by:

u=np=10-05=5,

o2 =np(1—p)=10-0.5(1 —0.5) =250,

0 =+25=158.

If we insert these values in Eq. (3.28), the requested Gaussian probabilities
are obtained:

(x) = 0.252 I (x -5y (x=0.1,....10)
p(x) =0. exp 5 s , (x=0,1,..., .

If we report the results in a new column of the table, we get the result:

Spectrum Number Binomial = Gaussian

(number of heads) of trials Frequency probability prob
0 0 0.00 0.001 0.002
1 0 0.00 0.010 0.010
2 5 0.05 0.044 0.042
3 13 0.13 0.117 0.113
4 12 0.12 0.205 0.206
5 25 0.25 0.246 0.252
6 24 0.24 0.205 0.206
7 14 0.14 0.117 0.113
8 6 0.06 0.044 0.042
9 1 0.01 0.010 0.010

10 0 0.00 0.001 0.002

(continued)
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Exercise 3.5 (continued)

which shows that, even with a value np = n(1 — p) = 5 < 10, the Gaussian
density gives results already in good agreement with the binomial one. For
this reason, the condition (3.34) is often further extended to:

=5, nl-p)=5.

You can also study the Gaussian and all the other distribution functions by plotting
them with R. For this, you should read Appendix B, where you can find some
suggestions on the use of the R software.

3.5 The Three-Sigma Law and the Standard Gaussian
Density

As we will see in the next section, the Gaussian density, besides being an excellent
approximation of both the binomial and Poisson distributions, is also the limiting
density of linear combinations of several independent random variables. For these
reasons, it certainly represents the most important distribution of probability theory.
Here we want to discuss a fundamental mathematical property of this function,
known as the three-sigma (or 30 ) law:

ntko _ 2
P{|X — p| < ko} \/21 / exp |:—; (x M) :| dx
o Ju—ko o

0.683 fork =1
=1094fork=2 (3.35)
0.997 for k =3

which, in words, means: if X is a Gaussian random variable with mean (X) = 1
and standard deviation o[X] = o, the probability to obtain an x value within an
interval centred on  and of width o is about 68%, whereas if the interval width
is 220, it is about 95%. Moreover, the x values can occur outside an interval of
width £30 with a probability of 3 per thousand.

In many practical cases, it is assumed that the spectrum values are all included
in an interval centred on u and +30 wide (hence the name of the law (3.35)).
The probabilities defined by Eq. (3.35) are also called Gaussian levels or values
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of probability. In practice, the evaluation of the integral (3.35) is difficult because
the primitive E(x) of the Gaussian:

Ex)= | /xex —1<t_“)2 dr (3.36)
= Voo o TP T2\ 6 ‘

is not known analytically (strange, but true!). The integral is usually evaluated with
numerical methods, by series expansion of the exponential and by numerically
calculating the limit of the integrated series. In this way the probability levels
of Eq. (3.35) can then be obtained. At this point, it would seem necessary to
numerically calculate the cumulative probabilities in a given interval, for each
Gaussian having a given mean and standard deviation. However, this complication
can be avoided by resorting to a universal or standard Gaussian, which is obtained
by defining a fundamental variable in statistics, the so-called standard variable:

X—n . xX—p
T = , which takes the values ¢ = , (3.37)
o o

and measures the deviation of a value x from its mean in units of standard deviation.
From Egs. (2.63, 2.65, 2.66) it is immediate to notice that the standard variable has
zero mean and unit variance.

The occurrences ¢ of the random variable 7' are sometimes called deviates.

If we now insert the variable (3.37) in the integral (3.36), we get:

1 [ 12
Ex) = Jon /0 exp <— 2) dr . (3.38)

It is easy to check that this primitive is related to the well-known error function
Erf(x), since:

1 +x 5 1 V2x l2
Erf(x) = Jn exp(—12)dr =2 Jom fo exp (— 2) dt =2 E(V/2x).

(3.39)

This universal function can be calculated once and for all, because it is independent
of u and o. Since the Gaussian is symmetric, the conditions:

E(x) = — E(—x) . (3.40)
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holds. If we now consider the change of variable 1 =+/2z and integrate the
exponential series, we obtain:

Al

g T (3.41)

1 x/V2 5
E(x):\/n/() A-z"+
1 i(—l)"(x/mz"“
WV K+ '

The sum of this series is tabulated in all statistical books (in this one, it can be found
in Table E.1 of Appendix E). The primitive of Eq. (3.38) corresponds to a standard
Gaussian density:

1
g0 = e 2 (3.42)

with zero mean and unit standard deviation. A distribution having Gaussian density
(3.28) is called normal and often denoted by N (i, 02); the corresponding random
variable sometimes is denoted by X ~ N (u, 02),0or T ~ N(0, 1) when it is standard.
The symbol ~ means “distributed as”. In R this function is called dnorm (x).
The cumulative function of the standard Gaussian of Fig. 3.3 is usually indicated
as @ (x):

®(x) = «/;7[ /_Oo e 2 dx (3.43)

The link with the error function (3.38) is given by:
@(x) =0.5+ E(x) , (3.44)

which is valid also for x < 0, thanks to Eq. (3.40). @(x) is present in R with
the function pnorm (x), which can be used as an alternative to Table E.1 using
the call pnorm (x) -0.5, which gives a result accurate up to seven significant
digits. In summary, as shown by the following examples, the calculation of Gaussian
probabilities can always be traced back to the case of the standard Gaussian of zero
mean and unit variance, for which there is a universal table.
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Fig. 3.3 Standard Gaussian g(x; 0, 1) (3.42) and corresponding cumulative function @ (x) (3.43)

Exercise 3.6

Find the probability P{u — o0 < X < u + o} with 4 significant digits.

Answer In the two extremes of the interval to be considered, the standard
variable (3.37) is equal to +1; from Table E.1, given in Appendix E, for t =
1.00 (1.0 reads in the row and the last zero in the column heading) we have
P = 0.3413. Since the table gives the integral between zero and ¢, we have to
double this value. We get therefore P{u —0 < X <u+o0} =2x0.3413 =
0.6826, according to Eq. (3.35). Note that the table only provides values for
0 <t < 0.5, since the standard Gaussian is symmetric about the origin.

Exercise 3.7

Find the probability to obtain values X > 12 or —2 < X < 12 from a
Gaussian N (5, 9), that is, with mean u = 5 and standard deviation o = 3.

Answer In this case the standard variable (3.37) is:

12 —

=

5

=233,

= —-2.33.

(continued)
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Exercise 3.7 (continued)
From the cumulative @ (x) of Fig. 3.3, we see that the probability of occur-
rences x > 2.33 is very small. We can obtain a precise value from Table E.1,
where, for x = 2.33, we find the number 0.4901, which is the probability
to obtain normal deviates between O and 2.33. Therefore, the requested
probabilities are given by:

P{X > 12} = 0.5000 — 0.4901 = 0.0099 ~ 1% ,
P{-2<X <12} =1-2x0.0099 =0.9802 >~ 98% .

Exercise 3.8
Find the extremes of the Gaussian probability interval of 95% centred around
the mean.

Answer We have to evaluate a real number ¢ such that P{u —to < X < u+
t o} = 0.95. As an alternative to Table E.1, we use, in this case, the R routine
gnorm, which gives the Gaussian quantile values. To obtain the solution,
we must enter the command gnorm (0.5+0.5%0.95), which returns the
value 1.9599. In conclusion, the answer is: a 95% probability is obtained by
integration of the Gaussian in an interval of width +1.96 o centred around the
mean. Indeed:

xX—u
o

t =196 =

‘ implies x=u=+x19%0,

and hence:

1 pH1.960 1 (xop)2
/2 / ez<")dx=0.95.
To Ju—1.960

3.6 Central Limit Theorem and Universality of the Gaussian
Curve

The Gaussian density appears, so far, to be only a limiting distribution of the
binomial density for high number of successes. However, a fundamental theorem of
probability theory, proposed by Gauss and Laplace in 1809-1812, and demonstrated
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in a general way in the early 1900s, assigns a crucial role to it, both for continuous
and discrete variables, as follows.

Theorem 3.1 (Central Limit) Consider a random variable Y which is a linear
combination of N random variables X;:

YN = Za,'X,' , (3.45)

where a; are constant coefficients. If:

(a) X; are mutually independent (see Eq. (2.9));
(b) X; have finite variance;
(c) all variances (or standard deviations) have the same order of magnitude:

o[Xi]

olX,] =0() forall i,j; (3.46)

then, for N — 00, the random variable Yy converges in law, according to
Eq. (2.75), towards the Gaussian distribution.
Therefore, we can write, using cumulative functions:

P{YN_<YN> §x} 12; D(x),
ol[¥n]

where @ (x) is the cumulative function of the standard Gaussian (3.43).

Proof The proof of the theorem, for variables having the same distribution, is based
on generating functions and is reported in Appendix C. Also the de Moivre-Laplace
formula (3.27) could be seen as a special case of the theorem for the sum of
Bernoulli variables.

More generally, it can also be shown that this theorem holds for sums of variables,
both discrete and continuous, each having a different distribution [Cra51]. However,
it is essential for the variables X; to be mutually independent (condition (a)) and,
if taken individually, to have a weak influence on the final result (conditions (b)
and (c)). Moreover, a very important and rather astonishing fact, which occurs in
practice, should be immediately noted: the condition N — oo can be replaced, in
most cases, with a good approximation by the condition N > 10. (]

In short, the theorem states that a random variable tends to have Gauss density
if it is the linear superposition of several independent variables which, if taken
individually, have weak influence on the final result.

Speaking somewhat freely, we can say that the theorem assigns to the Gaussian
the role of a universal density function for variables of systems in “high statistical
equilibrium”.



3.6 Central Limit Theorem and Universality of the Gaussian Curve 93

Even more interesting is the fact that practice and computer simulations show
that N does not have to be very big. As already highlighted in the proof of the
theorem, it is often legitimate to use the condition N > 10.

It is often quoted: “experimentalists use the Gaussian because they think that
mathematicians have proved that it is the universal curve; mathematicians use it
because they think experimenters do have in practice demonstrated its universality
...”. This somewhat simplistic statement should be replaced with the following one:
random variables often follow the Gaussian distribution because the conditions of
the central limit theorem are often quite well verified. However, there are several and
important exceptions to this general rule, so that the theorem should be considered
as a fundamental reference point, not to be blindly applied.

Here are some examples of random variables which, according to the theorem,
are Gaussian distributed:

* The height or weight of a population of ethnically homogeneous individuals.

* The weight of the beans contained in a standard can.

* The values of the intelligence quotient (IQ) of a group of people.

e The mean of a sample with a number of events greater than ten: in this case
conditions (a) to (c) of the theorem are certainly satisfied, because these variables
are independent and have the same variance.

* The velocity components of the molecules of an ideal gas.

On the contrary, the following variables are not Gaussian:

* The energy of the molecules of an ideal gas: this quantity is proportional to the
square modulus of the velocity (which is a vector with Gaussian components)
and therefore the linearity condition (3.45) is no longer valid. We will soon
show that the square modulus of a vector of independent Gaussian components
follows a particular distribution, called x> or chi-square. In three dimensions,
this distribution is the famous Maxwell distribution, well known to physicists.

* As we will see shortly, the arrival times of Poissonian events do not follow the
Gaussian distribution.

The central limit theorem can be verified with simulated data with a few lines of R
code:

N=10

for(j in 1:1000) yI[jl=sum(runif (N))
hist (y)

plot (density(y,adj=0.01))

where a vector of 1000 values constructed as the sum of N uniform variables U (0, 1)
is generated. The raw data are then histogrammed with hist and also displayed in
a different way with the density routine, which is described in Appendix B. By
varying N from 1 to larger and larger values, you can check the speed of convergence
of y towards the Gaussian distribution.
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3.7 Poisson Stochastic Processes

In stochastic processes, random variables depend on continuous or discrete param-
eters. In this section, we will deal with a very frequent case, when time ¢ is the
continuous parameter.

Let’s then consider a stochastic process in which a source generates events:

(a) Of discrete type, in such a way that at most one event can be emitted in an
infinitesimal time interval dr.

(b) With constant probability A per unit of time, equal for all the events. This
parameter, of dimension !, represents the emission frequency per unit of time
(e.g. the number of events per second). This property implies that the average
number of events emitted in a given time interval depends only on the width of
the interval, not on its position along the time axis.

(c) Mutually independent. In other words, the numbers of events occurring in
disjoint time intervals are independent random variables.

A stochastic process following conditions (a) to (c) is called stationary Poisson
process.

What is the statistical law of the number of events generated within a measurable
time interval At? The answer becomes easy when the following quantities are
defined:

* the number of attempts N = At/dt. If At is a measurable macroscopic time
interval and dr is a differential, we always have N > 1. Note that the duration
of a useful attempt to generate an event is assumed to be a very small quantity,
that is, the differential dr. This is the crucial hypothesis of all the arguments we
are developing;

* the probability to emit a single event in an attempt of duration dr is p = A dr.
Then, we always have p « 1, if the emission process is discrete and dr is a
differential;

* the average number of events generated within At is u = A A¢.

The event emission process can then be considered as the binomial probability of
having {X = n} hitsin N = (A¢/dt) > 1 trials when the elementary probability of
asuccess is p = A dr <« 1. Keeping in mind the results of Sect. 3.3, it is immediate
to infer that, in a discrete process, the event counting X (At) in an interval Af is a
Poissonian random variable, with © = A At. From Eq. (3.14) we obtain:

(rAn” oAt

PIX(At) =n} = pa(A) = = |

(3.47)
It is easy to show that, if Eq. (3.47) holds, counts in disjoint time intervals are
independent random variables (see Problem 3.13).

Poisson’s law is followed by a truly vast class of phenomena: the number of
fishes caught in 1 h in stable environmental conditions, the number of cars that stop
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at a traffic light on the same day and the same time in, let’s say, 1 month (if there
are no exceptional events), the number of photons emitted by excited atoms, the
number of nuclear particles emitted by a radioactive source, the number of shooting
stars observed in 10 minutes on an August night, the number of traffic accidents in
1 year, if no new security measures are taken on and so on, in short, all those cases
in which a stable source (A constant) emits discrete (A dt < 1) and independent
events.

So far we have considered the properties of the source of events; what is the role
of the observer or of the counting apparatus? The observation of the process does
not alter the Poissonian statistics if the detection or counting apparatus (the eye, an
instrument or a more complicated device) has both a short dead time and a short
resolution time, compared to the average arrival time of the events. The dead time is
the time during which the instrument remains inactive after the detection of an event
(e.g. in a Geiger counter, this time is of the order of a millisecond); the resolution
time is the time below which the apparatus no longer records all emitted event (this
quantity is slightly less than 1 second for the human eye, whereas it ranges from
a fraction to a thousandth of a second in mechanical instruments, and it can reach
a billionth of a second or even less in electronic instruments). Basically, an event
arriving within the dead time is not recorded, while two or more events arriving
within the resolution time are recorded as a single event. It is clear then that the
original Poissonian statistics is not altered if the probability of an event arriving
within the dead time and the probability of arrival of more than one event within the
resolution time are both negligible.

The number of events emitted and/or counted in a finite time A¢ is not the only
important random variable of a stochastic process; the time 7 between events is also
a random variable. This leads us to discuss a further fundamental statistical law of
nature: the negative exponential law of arrival times. Imagine to reset the clock at an
arbitrary time ¢ = O or on the last recorded event: the time T of the next arrival is a
random variable which is determined by the compound probability to have nothing
until ¢ and to have the occurrence of an event within (¢, + dt]. Settingn = 0
in Eq. (3.47), we have po(t) = e while, according to the definition of A, the
probability of arrival in (¢, ¢ + d¢] is simply given by A dz. The p.d.f. of the random
variable T is therefore a negative exponential:

e(t)dt = po(H)rdt = re ™dr, t>0. (3.48)

It is straightforward to prove that this distribution is normalized and that its mean
and variance are given by:

—/ttdt—l 2—/<t—12tdt—l (3.49
p=[remd= . ol= L) ewar= . 49)
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The discrete equivalent of the exponential density is the geometric density (3.7). It
is indeed easy to see that, for p < 1, the logarithm of this equation becomes:

Ing(n) =In[p(1—p)"'I=Inp+@m—1Din(l—p) > Inp—(n—1)p,

and hence:
1
e 'S pe=(=Dp (3.50)

The result obtained so far suggest some interesting considerations. The intuitive
representation that we often have of the arrival times of an event flow (e.g. 10
events per second) is of Gaussian type: events should arrive at intervals of about
1/10 of a second, with small symmetrical fluctuations around this value. This
intuitive representation is completely wrong: the arrival of events is governed by
the exponential law, according to which clusters of events are much more likely than
events separated by long waiting intervals (see also Fig.3.4). This effect is clearly
visible with the particle counters that are often used in a laboratory: events seem to
arrive “in clusters” separated by long waiting intervals, giving, to non-experts, the
impression of instrumental malfunctions. Instead, this apparent temporal correlation
is precisely due to the absolute lack of correlation between events!

Rare events, such as accidents or natural disasters, often occur within short time
periods, generating the (false) belief of mysterious correlations between disasters.
In fact, very often these are just effects due to chance, which have suggested some
popular sayings such as “ good things come in threes, bad things come in threes . ..”
or “it never rains but it pours ...”. Maybe these are among the few proverbs that
have some scientific foundation ... Since the exponential density does not have a
Gaussian-like “bell shape”, the mean does not give much information about the data

Fig. 3.4 In a Poisson —
process, the density of arrival
times is a negative
exponential, as shown by the
dashed curve, which refers to
an average flow of 0.1
event(s) (A = 0.1s71, ie. 1
event every 10 s). The solid
line is a Gaussian with a
mean of 10 s and arbitrary —
standard deviation of 4 s,
which is an example of the
intuitive (but incorrect!) idea

that we 9ften have of 0 10 20 30 40 50
stochastic phenomena
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localization in this case and is more useful to use the cumulative function of the
density (3.48) that is easily obtained from Eq. (2.33):

t
PO<T <t}=F@) = / re Mdr=1—eM. (3.51)
0

This function gives the arrival probability of at least one event into [0, ¢t]. The
probability of not observing events up to a time ¢ is given by:

P{T>t}=1—-F@t)=1—-P{0<T <t}= e M = po(t) , (3.52)

which is the Poisson density (3.47) when n = 0.
Since, from Eq. (3.49), we know that the time mean is 1/X, we can calculate the
percentage of arrivals before and after this value:

PO<T <1/A}=1-—¢"1=0.63, (3.53)
P{1/A<T}=e"'=037. (3.54)

Exercise 3.9

On average, 40 vehicles passed through a certain stretch of road between
23:00 and 23:30. What is the probability of observing a time interval less
than 10 s and one longer than 5 minutes between one vehicle and the next
one?

Answer The mean time between two consecutive vehicles is given by:

60 x 30 1800

=455,
40 40 *
from which a mean arrival frequency of

A= ! =0.0225!
Tys T

is obtained. By applying Eq. (3.51) with # = 10 s, one obtains:
PIO<T <10s}=1—¢202210-0.199 ~ 20% .

Then, the probability to observe time intervals longer than ¢+ = 5 min = 300 s
is given by:

P{T >300s}=1—P{0<T <t}=1-(1—eM)y=¢HM
= ¢ 0022300 = 1271073 ~ 0.13% .
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We now demonstrate that the negative exponential is the only functional form
ensuring the temporal independence of events. Suppose that A = {T > r 4+ At}
and B = {T > t} are the events “there are no arrivals up to r + A¢” and “up to ¢”,
respectively. Obviously one has {T > ¢ + At} C {T > t}, because if A is verified,
the same holds for B, and P(A N B) = P(A) (the intersection of the events does
not correspond to that of the time intervals!). The conditional probability (1.19) is
in this case:

PIT>1+ AT >0 = W= tPJETAi}?}{T > 1)} _ P{;{>Tt>+t}At}

o~ Ma+A1)

vy =€ M =P{T > Ar}. (3.55)
(D)

This result shows that the information on the absence of events up to 7 has
no influence on the arrival probability in subsequent times. The exponential law
remains unchanged, independently of the arbitrary moment ¢ in which the clock
to reset; it therefore describes systems without memory.! The independence among
counts in separate time intervals also implies the independence of events “there is
an arrival at time ¢” and “there are no arrivals in (¢, t + At)”. Therefore, the relation:

P{T >t+ At|T =t} = P{T > At} = e 4!

holds, which shows that the times between arrivals (interarrival times) are indepen-
dent random variables of negative exponential p.d.f.

To describe biological systems or devices with memory, which tend to “age”, a
variant of the exponential function, called Weibull density, is sometimes used:

w(t) =atPle @b 150 a b0, (3.56)

where the parameters a and b are often empirically determined from data analysis.
The Weibull curve, for a = b = 1, is the negative exponential; instead it tends
to assume a bell shape for b > 1. The corresponding cumulative function is
F(t) = [y w(t)dt = 1 —exp(—ar®/b).If, for example, a = 2, b = 2, then w(t) =
2t exp(—t2) and from Eq. (3.55) one has P{T > t + At|t} = exp[—(At)2 — 2t At].
The probability of having no events up to ¢t 4+ At (i.e. the survival probability, if the
event is the system breakdown) decreases when ¢ increases.

We now generalize the exponential law to non-contiguous Poissonian events and
determine the probability distribution of the the waiting time until the arrival of the
k-th event after the clock start (see Fig.3.5).

1If we combine several systems without memory, we can have systems with memory, whose
time probability densities do not satisfy Eq. (3.55); see, for instance, in the next two chapters,
Exercise 4.1 and Problem 5.8.
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} k-1 events |

start
time start
time

Fig. 3.5 Definition of k-th event of the gamma p.d.f., for the arrival times of non-contiguous events
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Fig. 3.6 Gamma density for A = 1 and different k values

After inserting px—1(¢) in Eq. (3.48) instead of po(#), we easily get the Erlangian
density of order k or gamma density of Fig. 3.6:

k—1 k
(A1) —\t A k—1 —xt

ek(t)zk(k_l)!e =F(k)t e , t>0,(k—-1)>0, (3.57)
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where I (k) = (k — 1)! for integer k values (see, further on, Eq. (3.65)). The mean
and variance of this density are given by:

nw=_, o = . (3.58)

For contiguous events, k — 1 = 0 and we again obtain Eqgs. (3.48-3.49). When k
increases, the mean and variance increase and the flux density Ay = 1/u decreases.
The gamma density can also be considered as the distribution of the sum of k
independent negative exponential random variables. This property is evident from
Fig. 3.6 where, thanks to the central limit Theorem 3.1, we see that the curve, for
large k, tends to the Gaussian form. These results can also be derived from the
theory of functions of random variables, which we will develop in Chap.5 (see
Problem 5.5).

In R, the Erlangian family is given by the function dgamma (t, shape,
rate), where shape = k and rate = A; if k = 1 one gets the negative
exponential. As usual, by changing the prefix d to p, g or r, one obtains, the
cumulative, quantile and simulated values of the distributions, respectively.

It is also easy to demonstrate that, between the Poisson and Erlang densities, the
useful relation:

dpr(t)

g =~ e (3.59)

holds.

Up to now, we have demonstrated that conditions (a) to (c), introduced at the
beginning of the paragraph, which define the stationary Poisson process, imply
Eq. (3.47), that is, the negative exponential density of arrival times. We will
now show that the inverse is also true: Eq. (3.47) holds if interarrival times are
independent and follow the negative exponential law. In fact, from the series
expansion of Egs. (3.51, 3.52), it follows that the probability to observe an event
in an infinitesimal interval is A d¢ and that to observe more events is negligible (an
infinitesimal of higher order). Moreover, if k events occur within ¢, it means that ¢
is within T} and T4 arrival times of the k-th and (k + 1)-th events, respectively.
Since P{T; <t} = P{Ty <t < Tx1+1} + P{Tx41 < t}, we can write:

P{X(@) =k} = P{Tx <t < Tit1}
= P{Ti <t} — P{Tj11 <1t}

t
= /O lex(t) — expr1(D)] dt = pr(1) ,

where, in the last step, Eq. (3.59) has been used. In this proof we have used the
property that the Erlang distribution e (¢) can be also obtained as the distribution
of the sum of k exponentially distributed random times, without explicitly invoking
the Poisson distribution (see Problem 5.5 and Appendix C).
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Having thus rediscovered Poisson’s law, which implies the independence of
counts in disjoint time intervals, ultimately we arrive at the following:

Theorem 3.2 (Stochastic independence) A necessary and sufficient condition for
a stationary Poisson process is to have independent interarrival times and a negative
exponential p.d.f.

3.8 x? Density

What is the p.d.f. of the square modulus of a vector with random normal compo-
nents? This problem requires the determination of the p.d.f. of a random variable
which is a function of other random variables, a topic that will be analysed in
detail in Chap. 5. However, here we anticipate a specific result, connected to the x>
density, which plays an important role within the one-dimensional density functions,
which we are describing here.

We then want to determine the p.d.f. of the variable:

0=y X7, (3.60)

which is the sum of squares of » mutually independent standard normal variables.
We immediately note that this discussion is valid, in general, for any independent
Gaussian variables, because a normal variable can always be standardized through
the transformation (3.37).

We indicate with Fp(g) the cumulative of the p.d.f. we are searching for: it gives
the probability P{Q < g} that the variable Q is within a hypersphere of radius
+/q. Since the variables X; come from the standard Gaussian density (3.42) and are
independent, we deduce, from Eqgs. (1.23, 1.24,2.9), that P{Q < ¢} will be given by
the product of the compound probability to obtain a set of values (x1, x2, ..., X,)
summed (or integrated) over the set obeying the rule ) _; xl.z < g. Therefore, we
have:

n x2
P’Z:Xizfc]]EFQ(c]):/Z2 /(\/12n> l_[efﬁ dx;dx;... dx,
xXi<q f

1\ 7
=[ /( ) e 2i 2 dxydxa...dx,, (3.61)
le.zfq \/27'[

where the product in the integrand follows from the compound probabilities theorem
and from Egs. (1.23, 1.24). We also note that the link between Q and the variables
X; shows up only in the definition of the integration domain. If we then pass to

spherical coordinates by setting \/ > )cl.2 = r, the integrand is angle independent
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and the functional link (3.60) gives rise to an integration over the radius of the
hypersphere. By a known result of differential geometry, we know that the element
of a volume integrated over the angles becomes, from a three-dimensional sphere to
a n-dimensional hypersphere:

/ dV:/ r?sin@drd d¢ = 4nr’dr — D" dr,
ds2 ds2

where D is a constant that can be obtained by integration over the angular variables.
The integral of Eq. (3.61) then becomes:

Va2 |
Fo(q) = Fo/ e 27" dr,
0
where F{ includes all the constant factors present in the calculation. If we now

operate the change of variable:

11

r=.q. dr:z\/qdq,

and collect again all constant factors in Fp, we can write Fp(q) as:

q n
Fo(q) = Fo/ e ?q2 " dg, (3.62)
0

which is the primitive of the p.d.f. we are searching for. Therefore, we have, from
Eq. (2.35):

__dFo(q) _a n_y

p(g) = d Fpe 2 q> (3.63)
q

Obviously, this function is defined only for ¢ > 0. The constant Fp is evaluated
from the normalization condition:

(e.¢] q n
Fo / e 2g2ldg=1.
0
The integral can be calculated from the gamma function definition:

o0
I'(p)= / xP7le ™ dx, (3.64)
0
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where I" (p), called gamma function, can be obtained via integration by parts from
Eq. (3.64):

ray =1
ra/2) =Jx
F(p+1)=prp) (3.65)

I'(p+1) =p! for integer p

3

1 )
2) <2> J/m  for half-integer p,

F(P+1)=P(p—1)(p—2)-.-<

and in R is calculated by the routine gamma (x) with x > 0. From Egs. (3.63-3.64),
we finally obtain the function:

1
@ da =y gL g 20, (3.66)
2

which is the p.d.f. of the square modulus of a vector with n independent Gaussian
components. If the linearly independent components were equal to v < n, then in
Eq. (3.60) the sum can be transformed into a linear combination of the squares of v
independent Gaussian variables and the density function is always given by (3.66),
after performing the n — v substitution. The linearly independent variables of a x>
distribution are called degrees of freedom.

In the international physics literature, the notation x2 is almost always used
to indicate the distribution, the random variable and its numerical realizations (!).
Since, for us, this seems to be an excessive ease, to remain (partially) consistent
with our own notation, we will indicate with Q a random variable having x>
density (3.66) and with X2 (and not with ¢) the numerical values of Q obtained
experimentally. We will then write that Q(v) ~ Xz(v) takes values Xz_

With this notation, the density (3.66) of the variable Q with v degrees of freedom
is written as:

1 v_1 _x*
P = pCimdet =, ()2 e dx?, (3.67)
2:1(3)

which, based on Egs. (3.64, 3.65), has mean and variance given by:

1

o
= / x(x)2 e 2 dx = v, (3.68)
221(3) Jo

Var[Q] = vl f x—w?@)2 e 2 dx =2v. (3.69)
221(3) Jo
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Sometimes, the reduced x? distribution of the variable:

Qr(v) = """, (3.70)

is used, which, from Eqgs. (2.63, 2.64, 3.68, 3.69), has mean and variance given by:

2
(Qr() =1, VarlQr(w)l = . (3.71)

In Table E.3 of Appendix E, the values of the integral of the reduced x> density:

) y

P 2 =f S ki ep (=) d 3.72
{Cr( = X} x,%(v)ZzF(E)xz eXP( 2) ' o

are reported (see Fig. 3.7); they are obtained by applying Eq. (3.70) to Eq. (3.67).
This table provides the probability of exceeding an assigned value of XI%, a
parameter which will be extensively used later in statistics.

We can summarize these results, found by Helmert in 1876 and generalized by
Pearson in 1900, with the

2
PV(XR)
— v=
0.8
............. V=
............. v=10
0.6
0.4
0.2
00 1 P 3 4 2 5
XR

Fig. 3.7 Reduced x?2 distribution for some degrees of freedom v
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Theorem 3.3 (of Pearson) The sum of squares of v independent Gaussian vari-
ables is a random variable with density (3.67) with v degrees of freedom, called

x*().
In the following, also this theorem will be useful:

Theorem 3.4 (Additivity of the Variable x2) If Q| and Q> are two independent
random variables, having x> density with vi and vy degrees of freedom, respec-
tively, the variable

0=01+0> (3.73)

has x?(v) density with v = v| +v; degrees of freedom: Q ~ (v +vy). Moreover,
if Q ~ x*(v) and Q1 ~ x>(v), then Q2 ~ x*(v — vy).

Proof The proof of the first part of the theorem is immediate and can be seen as
a lemma of Pearson’s Theorem 3.3: since the sum of squares of v; independent
standard variables is distributed as x 2, if other independent v, variables are added to
them, using Eq. (3.73), the result is a sum of squares of v; + v independent standard
Gaussian variables, hence the statement. The proof of the second part of theorem is
also easy if one uses the generating functions of Appendix C and Eq. (C.12).

It is important to remember that the theorem applies to variables Q ~ x2, not to the
reduced ones Qr ~ XI% of Eq. (3.70). O

In R, the probabilities of the x2 distribution with df degrees of freedom for a
value x are calculated by the dchisqg(x, df) function, whereas the cumulative,
quantile and simulated values are obtained from pchisqg, gchisqg and rchisqg.
In the next exercises, we will realize that the x2 density is of fundamental
importance both in statistics and in physics.

Exercise 3.10
Find the p.d.f. of the modulus R of a three-dimensional vector having

independent Gaussian components (X,Y,Z) of zero mean and variance o2,

Answer Let us assume to have Gaussian standard components with unit
variance. The p.d.f. of the square modulus of this vector is then given by
Eq. (3.66) with n = 3:

q%dq,

[N

1
dg = e
p3(q) dg Jon

since I'(3/2) = I'(1/2 + 1) = /7 /2, from Egs. (3.65). This density gives
the probability that the square modulus is within (g, g + dq). To have the

(continued)



106 3 Basic Probability Theory

Exercise 3.10 (continued)
density of the modulus (not of its square), we must use the transformation:

g=*+y +2H) =r?, V=\/(x2+y2+zz)=Jq, 2rdr = dg

to obtain:
2 -2
m(r)dr = r?e”2 dr. (3.74)
T

So far we have considered the variables (X, Y, Z) as standard Gaussians.
However, we know that R is the modulus of a vector with non-standard
Gaussian components having a finite variance o%. To take into account the
non-unit variance, we operate the transformation:

X y z
X —> , Yy — , 2 s
o o
which redefines r as:
r dr
r— dr —
o o

By inserting this transformation in Eq. (3.74), we obtain:

2

21 _
m(r)dr = \/ 3 r?e 22 dr, (3.75)
o

which is the well-known Maxwell density function.
Since R%/o? is a x2 variable with 3 degrees of freedom (i.e. x2(3)), from
Egs. (2.64, 3.68, 3.69), the mean and variance are given by:

Rr? . R? 1 2
o2 =3; Var o2 204’ Var[R“] =6

so that:

(R2> =302: Var[R?] = 60* . (3.76)
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Exercise 3.11
Find the energy density of the molecules of an ideal gas at the absolute
temperature 7.

Answer In an ideal gas, the velocity components (V, V), V;) of the
molecules are random variables that satisfy the conditions of the central
limit Theorem 3.1. Therefore, the velocity modulus follows the Maxwellian
distribution (3.75). If we consider the relation between kinetic energy and
velocity of a molecule of mass m:

1, 2F
E= mv:, v= , mvdv=dE,
2 m
we can write:

2 11 |E _E
m(E)dE = \/ e mo2 dE .
JradmVm

If we now use the known thermodynamics equation that links variance and
temperature:

) KT
mo“=KT, o= , (3.77)
m

where K is the Boltzmann constant, we finally obtain:

2 1 E _E
m(E)dE = e k1 dE | (3.78)
Ju KT VKT

which is the famous Boltzmann distribution.

From Eqs. (3.76, 3.77), another thermodynamics fundamental result is
obtained, that is, the link between temperature and the molecule mean velocity
(U) at the absolute temperature 7':

1 3 3

(U) = m<V2> = “mo?="KT.
2 2 2

At this point we would like to notice that we have obtained, both in this

exercise and in the previous one, some fundamental results of statistical

physics only using, as physics hypotheses, the central limit theorem and
Egs. (3.77).
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3.9 Uniform Density

A continuous random variable X, assuming values in the finite interval [a, b], is
defined as uniform in [a, b] and is indicated as X ~ U (a, b) when it has a constant
p.d.f., which is called uniform or flat density (see Fig. 3.8), given by:

1
Uy = § pg OTA=X=0 (3.79)

0 forx <a,x>0b

The normalization condition:
b
P{asXsb}=/ u(x)dx = 1
a

is satisfied, and the mean and variance are given by:

1 b b+a
- dx = , 3.80
1z b_a/; x ) (3.80)
1 b b 2 b —a)?
02 = / L R (3.81)
b—al, 2 12

where the last integral is easily calculated, via the substitution y = x — (b 4+ a)/2,
dy = dx, between the limits —(b — a)/2 and (b — a)/2.

a b X

Fig. 3.8 Uniform density #(x) and corresponding cumulative function F'(x) for a random variable
assuming values in [a, b]
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The density is often considered uniform within the interval @ = 0 and b = A; in
this case the mean and variance are given by:

=, = ) 3.82

p=,, 00=, (3.82)

The support of the density is givenby 4 — A/2 < x < u + A/2 and its standard

deviation is 0 = A/\/ 12. For a random variable a < X < b, having uniform

density, the localization probability in (x1, x2) is proportional to the width of the
interval:

X2

1
PlusXsn)= a/ dx =
- X

1

X2 — X1
. 3.83
. (3.83)
Conversely, if a continuous random variable satisfies Eq. (3.83), then it follows the
uniform density.
We now present a very simple, but extremely important and general theorem
related to this distribution.

Theorem 3.5 (Cumulative Random Variables) If X is a random variable with
continuous density p(x), the cumulative random variable C:

X
C(X) = f p(x)dx (3.84)

—00

is uniform in [0, 1], that is, C ~ U(0, 1).

Proof The probability for X to be within [x1, x3] coincides with the probability for
the cumulative random variable C to be in the range [c; = C(x1),c2 = C(x2)].
From Eq. (2.33), we then have:

X2
Plci = C =22} = P{x1 £ X < x2} =[ p(x)dx

X1

= /xz p(x)dx — /XI px)dx =c2 —c1, (3.85)

—0o0 —00

which implies that the cumulative variable C ~ U (0, 1), since it satisfies Eq. (3.83)
with (b —a) = 1. [l

You should fully realize the conceptual and practical importance of the theorem: the
cumulative variable is always uniform, whatever the origin distribution is.

If the integral (3.84) is known analytically, then the values of the cumulative
variable C can be written as ¢ = F(x). If this function is also invertible, then the
variable:

X =F ) (3.86)
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has density p(x). If you have a uniform variable generator in [0, 1], a roulette or a
computer random number generator, continuous variables with any density can be
generated using the equation:

X = F '(random) . (3.87)

The extension of Theorem 3.5 to discrete variables requires a minimum of attention
and the use of Eq. (2.28). If C is a uniform variable, keeping in mind that F(x) is
defined in [0, 1], from (3.83), we obtain:

P{X =x;} = P{xp—1 < X < xi}
= F(xx) — F(xg—1) = P{F(x}—1) < C < F(xx)}. (3.88)

The discrete equivalent of Eq. (3.87), if one has a random generator, then becomes:

{X =x} if {F(xt—1) < random < F(xy)} @Gf k=1, F(x9) =0).
(3.89)

All Monte Carlo simulation methods that will be examined in detail in Chap. 8
are based on Egs. (3.87, 3.89). Equation (3.86) has a convincing graphical inter-
pretation, reported in Fig.3.9. Consider the probabilities P{x; < X < x»} and
P{x3 < X < x4} defined within the values [x1, x2] and [x3, x4]: they are represented
by the areas subtended by the density function p(x) and displayed by the shaded
zones of Fig.3.9. The area between [x1, x2] (corresponding to less probable X
values) is smaller than the area between [x3, x4] (more probable X values). By
construction, these two areas are identical to the length of the intervals [c1, ¢2] and
[c3, c4], obtained from the cumulative function F (x). Let’s now consider a variable
C ~ U (0, 1) on the cumulative ordinate axis: it will fall more frequently in [c3, c4]
rather than in [c1, c2], with probabilities exactly coinciding with the width of these
intervals. Therefore, if, given a value cp assumed by C, we find (graphically or
analytically) the corresponding value x( and repeat this procedure several times, we
will obtain a sample of X values from p(x).

We can easily verify the theorem by generating cumulative variables with R. For
example, we can consider the x 2 density and write:

y <- pchisg(rchisqg(1000,df=10),df=10)
hist (y)

to check that the histogram of y does follow the uniform distribution. It is also
interesting to see that if one writes:

y <- pchisg(rchisqg(1000,df=9),df=10)
hist (y)

a non-uniform distribution is obtained for y, because 1000 variables have been
generated from a x? distribution with 9 degrees of freedom (the value of the upper
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Fig. 3.9 Graphical representation of the cumulative variable theorem. The functions p(x) and
F(x) are a generic p.d.f. and the corresponding cumulative, respectively

limit X in Eq. (3.84)), whereas the cumulative is calculated from a different p.d.f.
p(x) having df=10. Indeed, the theorem is valid if and only if in Eq. (3.84) X is
sampled from p(x). In the following, we often will use this property to check the
parent distribution of some variables.

Exercise 3.12
Assuming to have a computer-generated random value uniformly distributed
in [0, 1], randomly sample arrival times of stochastically independent events.

Answer The arrival time distribution of stochastically independent events is a
negative exponential with cumulative function of an arrival in [0, ¢] given by
Eq. (3.51). Given Theorem 3.5, this function is a uniform random variable.
We then have:

random=1—¢ ™ .
By inverting this equation, we get:

1
t = — In(1 — random) . (3.90)

(continued)
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Exercise 3.12 (continued)
Since, if random ~ U(0, 1), the same also holds for (1-random), this
equation is equivalent to:

1
t = — In(random) . (3.91)

Furthermore, it is easy to see that a vector of 1000 values

y <- rgamma (1000, shape=1)

obtained with the R routine for the generation of exponential variates
with A = 1 has a distribution identical to that of a vector z <-
-log (runif (1000) ), according to Eq. (3.91). Equations (3.90, 3.91) are
an example of the general Eqgs. (3.86, 3.87).

3.10 Chebyshev’s Inequality

The standard deviation, which is an index of the dispersion of a variable around its
mean value, satisfies an important and general property. Let us consider a p.d.f. of
mean U, finite variance o2, and the interval [u— Ko, u+Ko], where K is a positive
real number. Obviously, the points outside this range are defined by the condition
|x — | > Ko. Considering the expression (2.57), of the variance for continuous
variables, we can write:

+00
o = / (x — wW?p(x) dx

—00
n+Ko
= / (x — w)*p(x) dx + / (x — w)?p(x) dx
n—Ko |x—u|>Ko
2 2.2
2/ (x —w)px) dx = Ko f p(x) dx
[x—u|>Ko |x—pu|>Ko

n+Ko
= K?%5? <1 —/ p(x) dx) .
nw—Ko

From the last equality, we obtain:

n+Ko 1
f O = ey (3.92)
n—Ko
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which is known as Chebyshev’s inequality. This relation can be easily proved even
for discrete variables and is quite general, because the only condition that has been
imposed on p(x) is to have a finite variance. Let us now see what information is
present in this general law. Similar to Eq. (3.35), this inequality assumes the form:

ut+Ko 1 0 forK=1
P{|X—,LL|§KO’}=/ px)dx=1—  =10.75for K =2
u—Ka 0.89 for K =3,
(3.93)

which shows that intervals around the mean of width 20 and 3o cover at least T5%
and 90% of the total occurrence probability.

Equation (3.93) sometimes justifies the approximated 3o law, which consists in
considering probabilities outside [ — 30, w4 30] to be negligible for any statistical
distribution. Generally this is a good approximation, because Chebyshev’s inequal-
ity, which predicts no more than a 10% probability outside of 30, is almost always
a significant overestimate of the actual values. For example, the Gauss density has
only 0.3% of the values “outside 30, while, in the case of uniform density, all
values are included within 20 (check as exercise).

Considering only values within 30 is very common, and, generally, this leads,
as previously mentioned, to acceptable results. However, in special cases, if one is
dealing with “very broad” densities, it is good to remember that with this method a
significant error, up to 10%, can occur, as shown by Eq. (3.93).

3.11 How to Use Probability Calculus

Figure 3.10 and Table 3.1 report the fundamental probability distributions that have
been so far obtained. The starting point is the binomial distribution of Eq. (2.29),
for discrete and independent random events generated with constant probability.

The limit for np, n(1 — p) > 1 (in practice np, n(1 — p) > 10), where n is the
number of attempts, leads to the Gaussian density, whereas the limitn > 1, p < 1
(in practice n > 10, p < 0.1) leads to the Poissonian density. This latter density,
when np > 10 (and therefore also n(1 — p) > 10, since p < 1), also evolves
towards the Gaussian density while maintaining always the relation (3.16) . = o2,
typical of Poissonian processes.

We have also seen that the Gaussian and Poissonian densities, far from being
only limiting cases of the binomial density, are the reference distributions of many
important natural phenomena. The Gaussian distribution is the limiting density of
the linear superposition of independent random variables, none of which prevails
over the others. This result comes from the central limit Theorem 3.1. The statistical
distribution of the square modulus of a vector of Gaussian components is the x>
density, which in three dimensions is called Maxwell’s density or Maxwellian.
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np, n(1-p)>>1
BINOMIAL Wractice np, n(1-p)>10)
n>>1, p<< 1
(in practice GAUSSIAN
n>10, p<0.1)

pn>>1
(in practice p > 10)

POISSONIAN <
Gaussian

times between

Poissonian events vectors

NEGATIVE 5
EXPONENTIAL X

times between

k Poissonian events
GAMMA /

cumulative
variables

Central Limit
Theorem

UNIFORM

Fig. 3.10 The fundamental distributions of probability theory and the connections among them

The Poisson distribution is instead the universal distribution of the number
of independent events generated discretely with constant probability over time
(stochastic generation). The arrival times between these events also follow universal
distributions, the negative exponential and the gamma or Erlangian ones.

Finally, the uniform density is also of general importance, because, as shown in
Theorem 3.5, it is the distribution of all the cumulative random variables. As we will
see, this principle is the basis of Monte Carlo simulations.

It should be already clear to the reader, and it will be anyway more and more so in
the following, that the statistical distributions deduced in probability theory provide
a specific and coherent scheme for the interpretation of a remarkable collection of
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Table 3.1 The fundamental p.d.f. of probability theory

Name Density Mean  Standard deviation =~ Comment
n!
Binomial prad—=p"—* np \/np(l -p) Number of
x!(n —x)! .
successes in
independent trials
with constant

probability
279 2
—(x — 2
Gaussian expl=(x = p)7/207] " o Linear
Varo combination of
independent
variables
231 ayn(— X
Chi-square ) N 5( 2) v V2v Modulus of a
2:r (2) Gaussian vector
X
Poissonian M‘ e M m I Counts
x!
Exponential A e 1 1 Arrival times
A A between
Poissonian events
A k k
Gamma " k=l gmat v Sum of k negative
k) A A exponential
variables
e 1 A .
Uniform 0O<x<A4) Cumulative
A4 2 V12 variables

natural phenomena. We will now try to better explain this point, with a series of
examples and some insights.

Intuition alone is not enough to interpret random phenomena: if we toss a coin
1000 times, we guess that on average we will have 500 heads (or tails), but if we get
450 heads and 550 tails how do we know if the result is compatible with chance or
if instead the coin is rigged or the flips were not regular? Using probability calculus,
we can approach these problems in a quantitative way, using continuous or discrete
p.d.f. and solving sums (for discrete variables) or integrals (for continuous variables)
of the type:

b b
Pla<X <b)=) p.— / p(x)dx, (3.94)

which gives the probability level of the result, that is, the probability to obtain the
observed values within the interval [a, b], if the model given by p(x) is valid.

It is therefore possible to judge whether a certain deviation from the expected
value is due to chance or not. As we have already mentioned in Sect.2.6, in the
first case it is said that there is a normal statistical fluctuation and that the model
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Fig. 3.11 Graphical P{(X,SX<Xxgl=B-o
representation of the o B
probability level g — « p(x)

represented by p(x) is valid (or better, that is not falsified by observation); in the
second case, the result is interpreted as a significant deviation and the model is
rejected. In this type of studies, the quantile values (2.18) or the mean and standard
deviation of the model distribution can be used. In this way, analysis is faster
and allows us to acquire useful mental automatisms, easy to remember by heart,
which also permits to evaluate, quickly and correctly, the experimental results. If
the quantile values of the distribution are known, by setting @ = x4, and b = xg, the
probability interval, as also shown in Fig. 3.11, becomes:

Plxg <X <xp}=f—«. (3.95)

If X has a symmetric p.d.f., the following notation:

P {—tl—a/z < o < tl—a/z} =l-a. (3.96)

is often used. In many cases, f, is the standard normal quantile (easily obtained
from Table E.1), or evaluated from Student’s density (which we will discuss in the
following). In several text books, Gaussian quantiles are indicated as zq.

In R, itis easy to calculate Eq. (3.95) using cumulative functions (see Table B.2).
For example, if you want to evaluate the area between the values x, = —1.5
and x, = 2 of the standard Gaussian, just write pnorm (2) -pnorm(-1.5),
obtaining the value 0.91044. Levels commonly used in statistics are 1 — o =
0.90, 0.95, 0.99, 0.999, which correspond to the Gaussian quantile values t;_q/2 =
1.64, 1.96, 2.58, 3.29. Alternatively, as we will often do in this text, one can adopt
the convention, common among physicists, that parameterizes probability intervals
according to the 30 law (3.35). Standard deviation can be considered as the
universal unit of measurement of statistical fluctuations. To calculate its value, one
should not proceed intuitively but use probability calculus. So, does a result of 450
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hits in 1000 flips only represent a statistical fluctuation or a significant deviation
from the expected value of 5007 The answer is in the example below.

Exercise 3.13
A coin was flipped 1000 times and 450 heads were obtained. Is this result
compatible with the hypothesis of random flipping of a non-rigged coin?

Answer The model taken as a reference, which in statistics will be called null
hypothesis, predicts that the a priori probability of obtaining head in a single
roll is p = 0.50 and that the probabilities of the possible values of a thousand
flips, ranging from O to 1000, can be calculated from the binomial distribution
with mean and standard deviation given by Eq. (3.6):

uw=np =500,
o =+/np(1 — p) =+/500-0.5=+/250=15.8.

The observed frequency, that is, the experimental result, is f = 0.45, which
corresponds to a standard value of:

450 — 500

=-3.16.
15.8

The results differ 3.16 standard deviations from the expected value. Since
np = n(l — p) = 1000 - 0.5 = 500 > 10, we can assume the Gaussian
approximation for the standard variable, and use Table E.1 of Appendix E.
From this table we read, in correspondence of + = 3.16, the value 0.4992.
The area of the tail to the left of 7 is given by:

P{T <t =-3.16} = 0.5000 — 0.4992 = 8 - 107*,

which is the probability to obtain by chance, if the model holds, values < 450.
With R, we obtain, using the command pnorm(-3.16), a value of
0.000788.

Now pay attention to this crucial step: if we reject the model when it is true,
the probability to be wrong is not greater than 8 over 10000. It is also said
that the data agrees with the model with a significance level of 8 - 1074,

In conclusion, since the significance level is very small, we can say, with
a small chance of being wrong, that 450 successes on a thousand tosses
represent an event in disagreement with the binomial model with p = 1/2,
which assumes independent flips of a non-rigged coin.
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The hypothesis is generally considered to be falsified when the observed
significance level is below 1-5%. However, this value depends on the type of
problem being considered, and it is (at last partially) subjective, as we will discuss
in more detail in Sect. 7.1. For instance, let’s assume that instead of the fairness of a
coin, we are considering the safety of an airplane. If a certain experiment results in a
significance level of one per thousand with respect to the null hypothesis of a design
flaw, we probably wouldn’t feel like rejecting the hypothesis and concluding that the
aircraft is well designed. In fact, the test indicates that, in this case, one in a thousand
aircraft could crash. Probability theory thus allows us to quantify the possibilities
that are taken into consideration in the study of a problem, but often in the final
decision, it is necessary to make a cost/benefit analysis to take also into account
factors that are not strictly mathematical or statistical by nature. However, there are
cases in which the decision is easy, because a too small significance level is reached
to practically coincide with certainty. For example, if 420 heads are obtained in a
thousand flips of a coin, the standard variable would be 5.1 and the probability of
being wrong by rejecting the true hypothesis of “fair coin” would be basically zero.

In the real experiment as shown in Table 2.2, and by Problem 2.10, 479 heads
per thousand tosses have been obtained. This result corresponds to a value of the
standard variable + = [479 — 500|/15.8 = 1.39, to which Table E.1 assigns a
value of 0.4177, corresponding to a significance level of 8.2%. Here we have a first
defined point in the analysis of the experiment of Table 2.2 (that we will reconsider
many times in the following): the global number of heads obtained is in reasonable
agreement with the binomial model and a priori probability of 1/2.

In the previous exercise, the so-called one-tailed test was used. In the following
example, the two-tailed test will be used, in which values to the left and to the right
of a fixed interval are discarded.

Exercise 3.14
What is the probability to be wrong by adopting as a decision rule to define

a fair coin (i.e. with 1/2 probability) a number of hits in a thousand flips
between 450 and 5507

Answer Using the data from the previous exercise, we immediately obtain the
result:

P{|T| >t = 3.16} = 2(0.5000 — 0.4992) = 1.6 - 107> .
This means that about 2 fair coins are discarded out of 1000 assuming that all

tested coins are fair.

Referring to this last exercise, we could wonder how many bad coins are accepted. In
other words, what is the probability to accept a false hypothesis as true? Generally,
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finding this probability is not easy, because you should know the a priori probability
of all the variables related to the problem. In the previous example, the true
probabilities of all coins used in the test should be known, as explained in the
following problem.

Exercise 3.15

In the coin stock of the previous exercise, there is one coin with a priori
probability p = 0.6 for the face of interest. Which is the probability of
accepting it as fair while still adopting 450 < x < 550 as the decision rule?

Answer We have to calculate P{450 < X < 550} for a Gaussian with mean
and variance given by:

© = 0.6 1000 = 600
o =+/1000-0.6- (1 —0.6) = 15.5.

By considering the two standard values:

450 — 600

t = = —9.

430 15.5 9-68
550 — 600

f550 = =322

530 15.5 322,

from routine pnorm, we obtain the probability:
P{450 < X <550} = pnorm(—3.22) — pnorm(—9.68) = 0.00064

which corresponds to a wrong probability of acceptance of about 6 over
10,000.

In the examples discussed so far, the Gaussian approximation of the binomial
distribution has always been used. Here is a different situation.

Exercise 3.16

In a population of 10,000 inhabitants, historical data on a rare disease give
four cases per year. If there are ten cases in a year, is there an increase in the
disease or is it simply a statistical fluctuation?

(continued)
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Exercise 3.16 (continued)

Answer The most reasonable working hypothesis is to assume a Poisson
distribution with u = 4 as null hypothesis. In this case, we cannot use the
Gaussian approximation, which requires p > 10, and we are forced to use
Eq. (3.94). The probability of observing, by pure chance, at least ten cases of
illness, when the annual average is four, is then:

00 9
4)F 4)F
P{X > 10} = E (x)' et=1—¢* § (x)'
x=10 ’ x=0 :

=1—(0.0183 + 0.0733 + 0.1465 + 0.1954 + 0.1954
+0.1563 + 0.1042 + 0.0595 + 0.0298 + 0.0132)
=1-09919~8.1073.

Alternatively, one can use the R command: x=1-ppois (9, lambda=4)
which gives a result of x=0.0081.

This value represents the observed significance level of the hypothesis, that is,
the probability to discard a true hypothesis. We can therefore reasonably say
that we are in the presence of an increase of the disease, with a probability of
being wrong, if the null hypothesis were correct, of about 8 per thousand.

Finally, let us consider a very instructive example, which can be considered as the
paradigm of the way science operates as regards the possible rejection (falsification)
of a theory.

Exercise 3.17

A committee of astrologers interviews a person, without knowing its personal
details, to try to identify its zodiac sign. At the end of the examination, three
zodiac signs, one correct and the other two incorrect, are submitted to the
committee. If the commission got at least 50 successes on 100 tests, could
astrology be reasonably considered a science?

Answer Let us assume pure chance as the null hypothesis. In this case, the
probability for the committee to give the correct answer just by guessing it is
equal to 1/3, for each examined person. The terms of the problem are then:

* p.d.f.: binomial
* Number of attempts: n = 100
* Success probability at each attempt: p = 1/3

(continued)
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Exercise 3.17 (continued)

* Number of successes: x = 50

* Expected mean of the distribution: © = np = 33.3
* Standard deviation: 0 = /np(1 — p) = 4.7

Since the conditions np > 10, n(1 — p) > 10 are valid, we can use Gaussian
probabilities to evaluate the probability level of the standard value:

50 —33.3
=

=3.55.
4.7

The probability to get at least 50 hits is computable from Table E.1 of
Appendix E:

P{X > 50} = P{T > 3.55} = 0.5000 — 0.4998 ~ 2. 10~* ,

or with the R command: 1-pnorm(3.55)=0.0001926. We can therefore
reject the hypothesis of randomness, with a probability to be wrong of around
2 over 10,000.

If a series of results of this kind would be achieved, astrology would acquire
scientific dignity and could well be taught in schools. However, reality is
quite different: in 1985, the Nature magazine [Car85] reported the results of
this test, conducted by a mixed committee of scientists and astrologers. The
success rate, in 120 trials, was 34%. To date, no significant deviations from
the laws of chance have been published, both for astrology and many other
pseudo-sciences such as telepathy and clairvoyance, in any journal accredited
by the international scientific community. In other words, we can state that,
in this kind of experiments, the hypothesis of pure chance has never been
falsified, that is, that astrology, telepathy and clairvoyance have no scientific
validity.

In these last exercises, we have discussed whether or not to accept an experimental
value, having previously adopted a certain probabilistic model assumed as true.
These topics, which are the subject of statistics, will be discussed in detail later,
starting from Chap. 6. However, we think it was helpful to have a preliminary look
at these interesting problems.
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3.12 Problems

3.1 Solve Problem 1.9 (i.e. to find probability P{X < Y} for two uniform random
variables 0 < X, Y < 1) without using geometrical arguments.

3.2 Random walk: a particle moves in steps and, at each step Ax, it may remain at
rest (Ax = 0) or deviate by Ax = 41 with the same probability. Calculate, after
500 steps, mean value and standard deviation of the path X.

3.3 Unlike the problem above, this time the particle chooses at each step, with equal
probability p = 1/2, the deviations Ax = —1 and Ax = +1.

3.4 The probability to transmit a wrong bit is 1073, Calculate the probability that
(a) a wrong bit is present in a 16-bit number and (b) the mean number of wrong bits.

3.5 The probability that a person has the flu virus in a certain season is 20%. Find
the probability that, in a room with 200 people, the carriers of the flu are between
30 and 50.

3.6 Find, for n — oo, the density function of the variable Y = X1 X5 ... X,,, where
X; are positive random variables satisfying the central limit theorem conditions.

3.7 Sometimes, to describe the width of a density function, the “full width at half
maximum” is used, which is defined as FWHM= |x; — x|, where p(x1) = p(x2) =
Pmax /2. Find the relation between FWHM and o for a Gaussian.

3.8 In a hospital there is, on average, one twin birth every 3 months. Assuming a
negative exponential distribution, determine (a) the probability of not having twin
births for at least 8 months and (b) the probability of not having twin births within
a month if 8§ months have passed without twin births.

3.9 The sum of the squares of 10 standard variables is 7. Find the probability to be
wrong by stating that the variables are not Gaussian and independent.

3.10 Historical data shows 8500 deaths per year from traffic accidents. During the
year following the introduction of seat belts, the deaths drop to 8100. Considering
the historical data as the true average value and the annual data as a random variable,
evaluate whether seat belts have significantly decreased the number of deaths at the
1% level.

3.11 If the average frequency of a Poissonian process is 100 events per second,
calculate the fraction of time intervals between two events less than 1 millisecond.
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3.12 A certain amount of radioactive substance emits a particle every 2 s. During a
test performed on a sample, there were no counts for 10 s and it is concluded that
this substance is absent. What is the probability that the conclusion is wrong?

3.13 Prove that, if Poisson’s law (3.47) holds, the counts in disjoint time intervals
are independent random variables.

3.14 Find the interval, centred on the mean, that contains with 50% probability the
values of a standard Gaussian variable.

3.15 Find the mean and standard deviation of a Gaussian, knowing that the
probability of obtaining values greater than 4.41 is 21% and that of obtaining values
greater than 6.66 is 6%.

3.16 100 events were recorded in 5 days from a Poissonian process. Calculate how
many days, on average, must pass before recording four events in 1 h.

3.17 Using Theorem 3.5, find an algorithm to generate random variables from the
density p(x) =2x — 2,1 <x <2.

3.18 A sample of Gaussian-distributed electrical resistances has a mean value of
100 £2, and a standard deviation of 5 2.

(a) What is the probability that a resistance value deviates by more than 10% from
the expected value? (b) What is the probability that 10 resistances in series have a
value > 1050 £2? (c) What upper limit can be derived, for case (a), abandoning the
Gaussian assumption?

3.19 In a rare decay process, a counter can record from O to 3 counts with the
following probabilities:

X 0 1 2 3
probability 0.1 0.4 0.4 0.1

Considering this to be the true distribution, and using the Gaussian approximation,
calculate the probability that in a month (30 days) a total number of counts greater
than 80 is recorded, assuming independent daily counts.

3.20 An electronic company manufactures a particular component with a 5%
percentage of defective parts. After having sold several batches of 200 items, the
company declares a maximum of 15 defective pieces. Find the percentage of batches
that do not meet the sales specification.



Chapter 4 )
Multivariate Probability Theory Shethie

The non-mathematician is seized by a mysterious shuddering
when he hears of four-dimensional things, by a feeling not
unlike that awakened by thoughts of the occult. And yet there is
no more common-place statement than that the world in which
we live is a four-dimensional space-time continuum.

Albert Einstein, “RELATIVITY, THE SPECIAL AND THE
GENERAL THEORY; A POPULAR EXPOSITION”.

4.1 Introduction

We will now address topics a little more complex than those of the previous chapter.
However, this effort will be repaid by the results we will obtain, which are necessary
for understanding and dealing with problems involving several random variables. In
order not to unnecessarily complicate the mathematical formalism, the problems
will be discussed initially for the case of two random variables. Then, since the
hypothesis of only two variables will never enter into the proofs of theorems and
into the discussion, the obtained results will easily be extended to any number
of variables. They will also be mainly presented in integral form, considering
continuous variables. The transition to the case of discrete variables is immediately
obtained with transformations like:

b b
/(...)p(x)dx = > (.opk), (4.1

X=a

where (...) denotes any expression containing random variables and parameters.
Equation (4.1) is immediately extendable also to the case of several variables.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 125
A. Rotondi et al., Probability, Statistics and Simulation, La Matematica per il 3+2
139, https://doi.org/10.1007/978-3-031-09429-3_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-09429-3_4&domain=pdf

 -10 4612 a -10 4612 a
 
https://doi.org/10.1007/978-3-031-09429-3_4

126 4 Multivariate Probability Theory
4.2 Multivariate Statistical Distributions

If X and Y are two random variables defined on the same probability space, we
define as A the event where x is within two values x; and x3, {x;] < X < x»} and
similarly the event B as {y; < Y < y»}. We write the compound probability P(AB)
as:

P(AB)=P{x1 = X =x2,y1 =Y <y}, 4.2)

which is the probability that the value (x, y) falls into [x1, x2] X [y1, ¥2]. A function
p(x,y) > 0such as:

X2 y2
Plxi <X <x,y1 <Y <y} =/ / p(x,y) dxdy (4.3)
y

X1 1

is called joint probability density of the two variables. It is the bidimensional
extension of the p.d.f. defined in Sect.2.7.

More generally, if A € R2, it can be shown that if p(x, y) satisfies Eq. (4.3), the
probability that (X, Y) € A (e.g. x + y < a, with a constant) is given by [PUP02]:

P{(X,Y) e A} = / p(x,y)dxdy, 4.4)
A

which becomes equivalent to the integral (3.94) and to the cumulative or distribution
function (2.33) when:

P{(X,Y) e A} = P{~co< X <a,—0co <Y <b}.

Both the normalization condition and the variable means and variances are obtained
as the immediate generalization of the corresponding one-dimensional formulae:

J[pa, ydedy =1,
(X)=[[xp&, y)dcdy = pux
(Y)=[[ypx,y)dedy = py, (4.5)
Var[X] = [ [(x — wo)? plx, y)dxdy = o,
Var[Y]= [ [(y — puy)? p(x, y)dxdy = o7,

where the integration is extended to (—oo, +00), that is, to the whole range of exis-
tence of the density function. As in the one-dimensional case (see Definition 2.10),
the absolute integrability or summability is required for the existence of mean
values.
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In the following, multiple integration will be indicated simply with the single
integral symbol. According to Eq.(2.9), if X and Y are stochastically independent,
the compound probability theorem and Eqs. (1.21, 1.24, 2.9) allow us to write, for
each pair (x1, x2) and (y1, y2):

Plxi <X <x,y1 <Y <y}=Px1 =X <x2}P{y1 =Y <y},

X ] X2 2
/ / p(x,y) dxdy =/ px(x)dx/ pr(y) dy.
X1 Y1 X1 Y1

Therefore, the joint density can be defined as:

that is:

px,y) = px(x) py(y) (if X and Y are independent) , 4.6)

where px(x) and py(y) are the p.d.f. of the variables X and Y.
It is also possible to define means and variances of combinations of variables.
For example:

(XY) = [xyp(x,y)dxdy = puyy ,
(X+Y)=[(x+y) plx,y)dxdy = prty,
Var[XY] = [(xy — pxy)? p(x, y)dxdy,

VarlX + Y1 = [(x +y — tey)? px, y) dedy .

.7

It is easy to show, from the second and third of Egs. (4.5) and from the second of
Egs. (4.7), that:

(X+7Y)=(X)+(Y), (4.8)

and that, if X and Y are stochastically independent, from the first of Eqs.(4.7) and
from Eq. (4.6) it follows:

(XY) =(X) (Y) . (4.9)

So far, there does not seem to be anything new, other than the obvious generalization
of one-dimensional formulae. However, multidimensional distributions immedi-
ately reserve surprises, because definitions of at least three important new quantities
between variables, i.e. marginal density, conditional density and covariance, can be
defined.

Definition 4.1 (Marginal Density) If X and Y are two random variables with
density p(x,y) and A is an interval on the real axis, the marginal density px(x)
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is defined as:
400
P{X e A}l = / px(x)dx :/ dx/ p(x,y) dy, (4.10)
A A —o0
from which:
400
px(x) =/ p(x,y) dy. (4.11)
—00

The marginal density py(y) of y is obtained from the previous equation by
substituting x with y.

It is easy to check that marginal densities are normalized:

/PX(X)dX=/p(X,y)dxdy=1.

These marginal densities give the probability of events of the type {X € A} for any
value of Y (and vice versa); they therefore represent the one-dimensional probability
densities of the variables X and Y. The following theorem is useful to establish a
very important property, i.e. whether two or more variables are independent.

Theorem 4.1 (Independence of Variables) Two random variables (X, Y), of joint
density p(x, y), are stochastically independent if and only if there are two functions
g(x) and h(y) such that, for each x,y € R, we have:

plx,y) =g(x) h(y) . (4.12)

Proof 1f (X, Y) are independent, Eq. (4.6) proves the first part of theorem with
g(x) = px(x) and h(y) = py(y). If, instead, Eq. (4.12) holds, one has in general:

+o00 +00
/ gx)dx =G, / h(y)dy =H .

—00 —0o0

Since p(x,y) is a normalized p.d.f., from the first of Egs.(4.5) it results (the
integration limits are implicit):

HG:/g(x) dx/h(y) dy:/p(x,y)dxdy:l.

It is then possible to define two normalized marginal densities:

px(x) = /g(x)h(y) dy = Hg(x), py(x) = /g(x)h(y) dx = Gh(y),
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from which , since HG = 1, Eq. (4.6) is obtained:

px,y) =gx)h(y) =g(x)h(y)HG = px(x) pr(y) .

O

At a fixed value xg, the function p(xg, y) should represent a one-dimensional
p.d.f. of the variable Y. However, since p(xo, y) is not normalized, keeping in mind
Eq. (4.11), we arrive to the following definition.

Definition 4.2 (Conditional Density) If X and Y are two random variables with
joint density p(x, y), the conditional density p(y|xo) of y for every fixed x = xp
such that px(xo) > 0, is given by:

_ plxo,y) p(xo0, )

= = . 4.13
Px (x0) j;: p(xo,y) dy ( )

p(ylxo)

Also in this case, the conditional density p(x|y) of x with respect to y is obtained
by exchanging the two variables in the previous formula.

The conditional densities just defined are normalized. Indeed:

[ pxo,y)dy
[ p(xo, ) dy
It is important to note that the conditional density p(y|x) is only a function of y,

since x is a fixed value (parameter). The same goes for p(x|y) by swapping the two
variables. Therefore, it is wrong to write:

/p(ylxo) dy =

. _// _// p(x, y)
(Y eBlXeA}= p(ylx)dxdy = dxdy (wrong!),
AJB AalJp px(x)

since p(y|x) is a function of y only. To find the correct formula, it is necessary to
refer to the definition of conditional probability given by Eq. (1.19):

P{X € A,Y € B}
P{Y € B|X € A} =
(¥ eBiX e 4) P{X € A}
_ JaJp G, y)dxdy
S dx [ p(x, y)dy

The conditional mean and variance operators can be defined for a given fixed value.
For example, the expected value of Y conditional on a x value is given by:

yp(ylx)dy = , (4.14)

+00 +oo d
(YIx)z/ 72y plx, y)dy
—00 PX(X)

where px(x) = f p(x,y)dy is constant because x is fixed.
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The marginal and conditional densities descend from the compound probability
Theorem 1.2. In fact, by inverting Eq. (4.13), we can write:

p(x,y) = py(y) p(xly) = px(x) p(ylx), (4.15)

which corresponds to the compound probability formula of Eq. (1.21) for continuous
variables, i.e. the density of (X, Y) is given by the density of Y times the density of

X for each fixed Y (or vice versa). When variables are independent, from Egs. (4.6
and 4.13), one obtains:

pxly) = px(x), p@lx)=py(y), (independentX andY). (4.16)

The difference between marginal and conditional densities can be well understood
with the help of Fig. 4.1; the marginal density is obtained by simply projecting the
function in one dimension, while the conditional density is the projection of the
function on the y axis (i.e. the y p.d.f.) for a given x value (or vice versa). We also

note that means and variances defined in (4.5) can be expressed using the marginal
densities:

My = fXPx(X)dx, Wy = /ypy(y) dy. (4.17)

ol = / (x — p)’px()dx, o) = / (v = y)* pr(y)dy. (4.18)

Fig. 4.1 The marginal

density py(y) of y is the [ ‘\ p(x.y)
projection of the density of p.(¥) : :
the (x, y) points on the y axis Y I “
for any x value. Instead, the N

function p(xo, y) is the
projection of the density on
the y axis for a fixed value xo
(dashed line). This function,
after normalization with

p(X,,y) i)
—

[
L]
[}
[
N~y

Eq.(4.13), is the conditional | S /"0 =
density of Y for a selected [
value xq ey

~
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Let us examine now the fourth of Eq. (4.7). Since, from Eq. (4.8), it results that the
mean of a sum is equal to the sum of the means, we obtain:

Var[X + Y] = /[(x — )+ (v — )P plx, y)dxdy

= Var[X] + Var[Y] 4 2 Cov[X, Y], (4.19)

where:
CovIX, Y] = f(x — 1) — ) plr, y) drdy .

Therefore, we introduce the following definition.

Definition 4.3 (Covariance of Two Variables) The covariance of two random
variables X and Y is defined as:

Cov[X,Y] = / /(x — px)(y — py) p(x, y) dxdy = oyy . (4.20)

This parameter is a sort of “crossed” definition between the two possible
variances ax2 and a)% of Egs. (4.5). It is a quadratic quantity, having as dimension
the product of the X and Y dimensions. As an exercise, let us transcribe the general
Definition (4.3) for the various possible cases, similarly to what has been done
for the variance in Eqgs. (2.38, 2.42, 2.67). In the case of a discrete density pyxy,
covariance becomes:

Cov[X, ¥1=) > (x — )y — y) pxy (x, ) , 4.21)

X y

where the sum is extended to the full support of the two variables. Instead, the direct
computation from a dataset must be performed on the sum of all the numerical
realizations of the variables:

1
Sev = D (= ) — i) (4.22)

i

1
S = Z(Xi —my)(yi —my) . (4.23)

Here the sum must be made only over one index, that is on all the observed (x;, y;)
pairs. Notice that the sum of the deviations from the sample means must be divided
by N — 1. The set of these pairs exhausts, for N — o0, the set given by the
pairs (x;, yr), where the indexes i and k select the values of the support of the
two variables. This is a formal but important point that must be kept in mind in
order to perform correct calculations: when covariance is computed through the
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density function, the summation is double and must be done on the probabilities of
all possible values of the two paired variables;, when covariance is calculated from
an experimental set of data, the sum is single and must be done on all the pairs
obtained in the sampling. The R software provides the function cov (x,y) which
calculates the covariance from Eq. (4.23), where x and y are two vectors with the
raw experimental data.

Our routine CovarHisto (x, y, matfre) can be used to calculate covari-
ance, using Egs. (4.21), also from histograms. Here x and y are the vectors of
the measured values and matfre is the matrix containing the frequencies or the
number of events. Finally, we note that we have, in operator notation:

Cov[X, Y] = ((X — u) (Y — y)) - (4.24)
Also the equation:

Cov[X, Y] = ((X — w) (Y — py)) = (XY = pa¥ — py X + pixpty)
= (XY) —ux (Y) — Ky (X) + pxpy
= (XY) — pxpty . (4.25)

which corresponds to Eq.(2.51), is valid. Here we see that covariance is given by
the mean of the product minus the product of the means.

Covariance has particularly interesting properties that will be discussed in the
next section.

Exercise 4.1
An electronic device has an exponential lifetime of mean:

w = 1/A = 1000 hours

(see Eq.3.49). An instrument composed by two devices in parallel works
when at least one of them is operational. How much longer is the average
lifetime of the instrument than that of the single device? What is the
probability that the instrument and the single device are still working after
2000h of functioning?

Answer If t; and t» are the failure times of the two devices, the instrument
will stop working at a time ¢ such that t = max(#1, t2). The probability of
operation up to ¢, that is, of a failure at time #, will be given by the compound
probability that both the first and the second device stop working. Since the
two devices are independent, it is sufficient to integrate over [0, ¢] the joint

(continued)
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Exercise 4.1 (continued)
lifetime density (4.6), according to Eqs. (4.4, 4.12):

t t
P{max(Ty, ) <t} = P{T1 <t, Tzft}:/ el(l‘)dt/ ex(t)dr .
0 0

Since the two exponential distributions e ed e, are identical, from Eq. (3.51)
one immediately has the cumulative function of the failure times of the
instrument:

P{max(T;, T») <t} = P(t) = (1 — e—xt)z .

By differentiating this distribution function, we will obtain the corresponding
p.d.f. e, (7). We therefore have:

ep(t) =20 (1 —e ™),
which is not a simple exponential. The average of the failure times:

R Y 31 3
(T>=2)\f e —e ’)dz:z)\:zu:lsoohours,
0

correspond to a 50% increase in the mean life.

Now we consider the second part of the problem. According to
Egs. (3.51, 3.52), the probability for the single device to be working after
to = 2000 hours is given by:

fo

P{T >t} =1 —/ re M Tdr = e M =72 = 0.135=13.5% .
0

For the instrument with the parallel devices, the same probability is given by:

1o 1o
P{T > 10} =1~ f ep(t)dr =1 — 2)\f (e — e ydr
0 0
=2 M0 _ o720 — 2072 _ o4 = (0252 ~ 25% .

Then, after 2000 h, the improvement in reliability is about 100%.
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4.3 Covariance and Correlation

The covariance of two random variables has the important property of vanishing
when the variables are independent. In fact, in such condition, the density p(x, y)
appearing in Eq.(4.20) can be written, according to Eq.(4.6), as the product
px (x)py(y). Since px(x) and py(y) are normalized, one easily obtains:

Cov[X, Y]=/ /(x — ux)(y — pny) p(x, y)dxdy

=/(x — Mx) px(x)dx/(y — py) py(y)dy

Z[/XPX(x)dX—Mx/ px(x)dx} pry(y)dy—u)f py(y)dy}

=fx — MUx + My —py =0. (4.26)

From Eq. (4.19) it follows that, for mutually independent X;, the variance of a sum
is equal to the sum of variances:

Var [Z X,~j| = Z Var[X;] . (4.27)

Covariance therefore is a statistical indicator of correlation: the more it is different
from zero, the larger is the correlation between variables. But how to evaluate the
maximum degree of correlation? How to make it independent of the dataset you are
examining? This difficulty can be overcome thanks to the following theorem:

Theorem 4.2 (of Cauchy-Schwarz) If the variables X and Y have finite vari-
ances, then the following inequality holds:

|Cov[X,Y]| <o[X]o[Y]. (4.28)

Proof Equation (4.28) can be written as:

(X = w0 = ) = X = w0?) (¥ = 1y)?). (4.29)

If the centred variables Xo = X — u, and Yy = Y — ., are considered, Eq. (4.29)
becomes:

(XoY0)* < <X§> (Y§> . (4.30)
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Let ¢ be any real number and consider the variable (X¢ — Yp). By exploiting the
linearity properties of the mean, we easily obtain:

0< <(tX0 - Y0)2> = (X%> — 2t (XoYo) + (Y02> .

This second degree polynomial in ¢ is always non-negative if and only if the
discriminant remains < 0. We therefore have:

4 (XoYo)? — 4<X(2)><Y02> <0,

which is just Eq. (4.30). Therefore, Eq. (4.28) is verified.
In this equation the equality holds when

<(th—Yo)2>=0 — Yo=tXg = Y=t(X—tu;+u,=aX+b,

that is, when there is a linear dependence between X and Y. O

The definition of covariance and the Cauchy-Schwarz theorem leads intuitively to
define the correlation coefficient between two variables as:

Cov[X, Y]

nyEP[X, Y] = o[X]o[Y] . (4.31)
This coefficient lies between the limits:
-1 <pxy=<1; (4.32)

its values are null if variables are independent—are positive if they are corre-
lated, i.e. when one of them increases (decreases) as the other variable increases
(decreases), or are negative (anticorrelation) if an increase of one variable tends to
be associated with a decrease of the other one. Finally, the p = =1 limits occur
when a linear relation of the type Y = aX + b exists between the two variables. In
this case we basically have a single random variable, written in two mathematically
different ways.

In R, the correlation coefficient between two variables can be calculated with the
simple command cov (x,vy) /sgrt (var (x) xvar (y) ), or more briefly with
cor (x,y), where the vectors x and y contain the values of X and Y.

We must now discuss a very delicate point: the connection between statistical
independence, correlation and causality. According to Definition 1.10, statistical
independence occurs when the probability of the event can be factored into the
product of single probabilities of each variable, as in Eq. (2.9) for discrete variables
or in Eq. (4.6) for continuous ones. For correlation, we use the following definition:
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Definition 4.4 (Correlation Between Variables) Two random variables are said
to be uncorrelated when their correlation coefficient is zero; otherwise, they are said
to be correlated.

Obviously, this definition depends on the correlation coefficient that is used in
data analysis. For now, let us use the correlation coefficient defined in Eq. (4.31);
in the following (see Eq.(11.10)) we will give the more general definition of this
coefficient. We also note that here the meaning of correlation is very technical and
does not necessarily coincide with the meaning that common sense assigns to this
parameter. Let us analyse this problem in detail. We immediately notice that, if
variables are correlated (i.e. if the coefficient py, of Eq.(4.31) is different from
zero), then there exists some degree of dependence between them. However, the
inverse is not true, and a simple counterexample is enough to prove this fact. Let us
consider X = U +VandY = U — V, where U and V are uniform variables in
[0, 1]; X and Y are dependent because Eq. (4.12) does not hold, but their correlation
coefficient is zero because of a vanishing covariance. Indeed, since (U + V) = 1
and (U — V) =0:

Cov[X,Y] = ((X = (X))([¥Y —(Y)))
=((U+V—-{U+V)HU-V—-{U-V)))
=((U+V—1)(U—V)):(UZ—VZ—U+V>=

= ()~ (v3) =) +v) =0,

because U and V have the same distribution. Another key point, as Eq. (4.26) shows,
is that two statistically independent variables are also uncorrelated. We can then
summarize our discussion as in the following:

* A sufficient condition for statistical dependence is the presence of a correlation.
* A necessary condition for statistical independence is the absence of correlation

(pxy =0).

These properties are also recapped in Fig. 4.2.

A final important point relates to the connection between statistical correlation
and causality. The important fact is that a statistical correlation between two
phenomena does not imply a causation relationship between them. In fact, it is
extremely easy to find artifacts and so-called spurious correlations: if you explore
the web, you will easily find statistical correlations between the number of movies
played by a well-known actor and the suicide trend, or between the increase in
the pet sale and that of coffee pods and other similar amenities. Unfortunately,
correlation and causation are often confused, and mistaking a statistical correlation
for a cause-effect relationship is one of the most frequent and dangerous errors made
by analysts.

A cause-effect link can never be obtained with statistical analysis, but only with
the use of specific models.
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Fig. 4.2 Link between Y correlated |:| uncorrelated

correlation and statistical
dependence. For Gaussian
variables, the set of
(un)correlated variables
coincide with the set of
(in)dependent variables

dependent independent

Conversely, the study of statistical dependencies and correlations can instead be
useful to verify models and theories. The approach must therefore be exactly the
opposite: if a model or laboratory experiments suggest a cause-effect relationship
producing a correlation (e.g. between the concentration of carbon dioxide in the
atmosphere and the global Earth’s temperature), from the statistical data analysis it
is possible to compare the expected correlation coefficients with the experimental
ones and falsify or not this model or theory. We will discuss these techniques in
Chap. 7.

Exercise 4.2
If T,U and V ~ U(0, 1), find the linear correlation coefficient between the
variable:

and the variables:
Y=U, Y1=X+V, Yh=—-X+4+V.
Also check the result with computer-simulated data.

Answer On the basis of Eq.(3.82), for a uniform variable U the following
properties hold:

wy=1/2, (U2> —1/3, <(U _ 1/2)2> —1/12,
whereas for a pair of two uniform independent variables, one has:
(uv) = /ru(r)dr/sv(s)ds =1/4.

(continued)
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Exercise 4.2 (continued)
From Eqgs. (4.24, 4.31) one easily obtains:

(T =1/2U - 1/2))

pIX, Y] = -
[(7 = 1/2%) {w - 1/2)2)]'”
(T = 1/2)(T+V — 1)) 1
olX, V1] = = ' ~0.7071.
: (T =122 (T +Vv-12]"? V2
piX.vo) = (IS UDETEVD o1

(T —1/22) (-7 +V))]"* V2

The 2D plots of the three variable pairs are shown in Fig. 4.3, where it is
possible to see clearly the difference between two uncorrelated variables
(X, Y), two positively correlated variables (X, Y1) and two negatively cor-
related variables (X, Y>).

It is possible to test these results with a simulation directly using the
runif, cov and var routines given by R. To generate N = 20,000 uniform
variables X, Y, Y1, Y2 and obtain their correlation coefficients, just use
R in interactive way:

> T= <- runif (20000); U <- runif (2000); V <- runif (20000)
> X=T; Y=U; Y1=X+4V; Y2=-X+V

> cov (X,Y)/sqgrt (var (X) xvar (Y))

> ..., # the result is printed...

> cov(X,Y1l) /sqgrt (var (X) xvar (Y1))

> cov(X,Y2) /sqgrt (var (X) xvar (Y2))

The correlation coefficient p[ X, Y] (and also the coefficients p[ X, Y1] and
p[X, Y>]) are evaluated with Eq. (4.31).
From this simulation, the following values have been obtained:

r(x,y)=0.007, r(x,y1)=0712, r(x,y)=-0.705.

To estimate whether the difference between these “experimental” values and
the theoretical ones (0, 0.7071, —0.7071) is significant or not requires the
concepts that will be developed in Chap. 6.

A more complete calculation is performed in our routine
CorrelEst (X,Y), which gives also the errors on covariances and
correlation coefficients. These last parameters will be evaluated later, in
Chap. 6.
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4.4 Two-Dimensional Gaussian Distribution

Even in the multidimensional case, many problems can be studied, in an exact or
approximate way, assuming normal or Gaussian variables. It is therefore essential,
at this point, to study the two-dimensional (named also bivariate) Gaussian density.
Firstly, we immediately notice that, based on Eqgs. (3.28, 4.6), the density g(x, y) of
two independent Gaussians variables is given by:

1 1 — x2 — )2
x Oy

2 0} oy

(4.33)

With the substitution:
U= , V= , (4.34)

the two-dimensional analogous of the standard Gaussian density (3.42) will then be
given by:

1 1
gu,v;0,1) = exp |:— (u2 + v2)i| . (4.35)
2 2

However, the density we want to derive must refer to two normal variables that, in
general, are mutually dependent and, therefore, with a linear correlation coefficient
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puv = p # 0. The corresponding standard Gaussian density must therefore satisfy
the properties:

* Not to be factorizable into two separate terms depending on u and v only
* To have standard Gaussian marginal distributions

* To satisfy the equation o,,, = p

* To satisfy the normalization requirement

Let us check if there is a functional form of the type:
glu,v;0,1) = cli e_(“”2+h“”+6”2) , (4.36)

which satisfies all these requirements. They correspond to the system of equations:

1= ;//MZ ef(au2+buv+cv2) du dv ,
1= ;//Uz ef(au2+buv+cv2) du dv ,
o= Lli//uv o~ (@ buvter?) 4 dv,

1= ;//e_(“"z"’b””cvz) dudv .

These integrals can be solved by the method of Exercise 3.4. The result is a system
of four equations in the four unknowns a, b, c, d. Since the detailed procedure,
though laborious, is not particularly difficult or instructive, here we report only the
final result. If desired, one can easily check afterwards the correctness of the result,
which, if p # =1, turns out to be:

1 P
a=c= , b=-— , d=2m1—p2. (4.37)
2(1 = p?) (1-p? \/

Equation (4.36) then becomes:

g, v;0,1) = u* = 2puv + vz)} . (4.38)

1 1
exp | —
27y/1 — p? |: 2(1 — p?)

It is easy to see that this density gives rise, as required, to two standard Gaussian
marginal densities for any p # =£1. In fact, by adding and subtracting the term p2u?>
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in the exponent and integrating in v, one obtains:

1

—Lu? _ 2
gum;0,1) = ¢ /exp[ (v = pu) :| dv

2y/1 = p? S 2(1-p?)

E_W/ =22 g e (4.39)
= e y 7= , .

2 V2

where z = (v — pu)/y/1 —p2, dv = /1 — p2dz and the basic integral (3.29)
of Exercise 3.4 has been used. The same result is obtained also for the v marginal
density.

Returning from reduced to normal variables, from Eq. (4.38) we finally get the
density:

1

glx,y) = o2V &) (4.40)
2n0y0y /1 — p?
1 (x — py)? (=) =y (= py)?
)/(x,y)zl_p2|: 0‘2x —2p ;C_O_ Y + O‘2y >
X XYy y

which represents the general form of the two-dimensional Gaussian density.

At this point we note a remarkable property of Gaussian variables: when the
linear correlation coefficient is null, they are independent. In fact, setting p = 0
in Eq. (4.40), a density corresponding to the product of two Gaussians in x and
y is obtained. According to Theorem 4.1, this is the density of two independent
random variables. The condition p = 0, which in general is only necessary for the
independence, in this case also becomes sufficient. Therefore, we have the following
theorem.

Theorem 4.3 (On the Independence of Gaussian Variables) The necessary and
sufficient condition for the independence of two jointly Gaussian random variables
is that their linear correlation coefficient is zero.

We therefore see that the presence of a null covariance (which implies p = 0)
between Gaussian variables ensures the statistical independence between them (see
Fig.4.2).

Reconsidering the marginal distributions (4.39), we note that, passing from
standard to normal variables, two one-dimensional Gaussian distributions (3.28) in
x and y are obtained, in which the correlation coefficient does not appear. Another
important fact comes up here: the knowledge of two marginal distributions, that
is, of the projections of the Gaussian on the x and y axes, is not enough for a
complete knowledge of the two-dimensional density, because both correlated and
uncorrelated variables have Gaussian projections. The knowledge of the covariance



142 4 Multivariate Probability Theory

(¢
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Fig. 4.4 Two-dimensional Gaussian for uncorrelated variables (a), partially correlated variables
(b), totally correlated variables (c). Also the marginal distributions for a given x( value, the
regression line (Y |x) and the corresponding dispersion o [Y|x] are shown

or of the correlation coefficients is therefore essential for the complete determination
of the statistical distribution of variables.

Let us now make some further considerations on the shape of the two-
dimensional Gaussian. Figure 4.4 reports three cases: uncorrelated, partially
correlated and totally correlated variables. If we imagine cutting the curve with
planes of constant height, the intersection gives rise to a curve of equation:

u> — 2puv + v? = constant 4.41)

for standard variables and to a curve:

(x l;x) 2 (x — )y — py) 4 O "; ») = constant (4.42)
GX GXG)7 O—y

for normal variables. These curves are named concentration ellipses, centred on the
point (ty, py). If p = 0, the ellipse has the principal axes parallel to the reference
axes, and it degenerates to a circumference when o = oy. Finally, if p = *£1, the
variables are completely correlated and the ellipse degenerates into a straight line of
equation:

(x — uy) " (y — ny)
Oy oy

= constant . (4.43)
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In this case the normal density is completely flattened on a plane, as shown in
Fig.4.4c). We then have to do with a single random variable (X or Y), which is
completely dependent on the other through an analytical equation.

At this point it is necessary to focus on an important property of the two-
dimensional Gaussian: when the principal axes of the ellipse are parallel to the
reference axes, then p = O, the variables are uncorrelated and therefore, by
Theorem 4.3, independent. It is then always possible, by operating an axis rotation,
to transform a pair of dependent Gaussian variables into independent Gaussians
variables. This property, which, as we will see, can be generalized to any number
of dimensions, is the basis of the x2 test applied to hypothesis testing in statistics.
The rotation formula can be found, quite simply, by operating a generic rotation by
an angle « of the reference axes on the standard variables (4.34):

A= chsa—i—Vsma (4.44)
B =—-Usina + Vcosa
These simple equations can be found in any basic textbook of physics or geometry.
To be uncorrelated and independent, the new variables A and B must have their
covariance (and, therefore, their correlation coefficient) equal to zero. We then
impose:

(AB) = ((U cosa + Vsina)(—U sina + V cosa))

—sina cos o ((U2> — (V2>) + (coszo( — sin? a) (UV)

1
— sin2« ((U2> — <V2>) +cos2a (UV)=0.
2
Since, for standard variables, (U 2) = (V2> = o2 = 1, one obtains the condition:
7 7
cos2a (UV)=0 = cos2a =0 = 2a=:t2 — ::t4 . (445)

For this value of «, the system of Egs. (4.44) becomes:

1

A J

1
= Uu+Vv), B
\/2(~I—)

Also the inverse equations hold:

LU+ (4.46)

U= 12(A—B), V= 12(A~|—B), (4.47)

Vv Vv

together with the norm conservation in a rotation:

A2+ BX=U?+V2. (4.48)
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By substituting Eqs. (4.46—4.48) in Eq. (4.41) we obtain:
U?=2pUV +V2=(1—-p)A>+(1+p)B>. (4.49)

With these transformations, the exponent of the standard Gaussian (4.38) assumes,
in lowercase notation, the following form:

a? b? i|

1
2 2
u” —2puv 4+v°) = — +
( P ) 2|:1+,0 1—p

20— p?)
Since the Jacobian determinant of the transformation' (4.47) has the value:

ou Ju 1 _ 1
da db V2oV

dv v 11 22
da 0b J2 2

one obtains:

g(u,v;0, 1)du dv = (u* = 2puv + vz)i|

1
exp | —
271 = p?2 [ 201 = p?)

1e 1/ a2 N b? da db
g X _—
2 P2ty Ti=p )] 1o 2

= o [—2 (ap ~|—bp>} da, db, , (4.50)
where:
a b
a, = . b, = . 4.51
P 1+ P V1-p )

Egs. (4.50, 4.51) contain two important results.

The first one is that, given two Gaussian variables with p # =1, it is always
possible to define two new uncorrelated variables (A, B) by passing to the standard
variables and rotating of an angle @ = £45°. This angle corresponds to a rotation
that brings the main axes of the concentration ellipse parallel to the reference axes.
The angle double sign simply indicates that the rotation can consist of bringing an
axis of the ellipse parallel either to the x axis or to the y axis of the reference system.

1 This quantity, which will be formally introduced in Eq. (5.21), gives the variation of the unit area
or volume element during the transformation from one reference system to another one.
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The second important fact is that, from the uncorrelated variables (A, B),
it is possible to obtain two variables (A,, B,) which are independent standard
Gaussians. Since the sum of the squares of independent standard Gaussian variables,
according to Pearson’s Theorem 3.3, is x? distributed, the variable given by the
exponent of the two-dimensional Gaussian (4.40):

0=v(X,Y), (4.52)

when the X, Y correlation coefficient p # =1, follows the x2(2) distribution.

If p = %1, there is a deterministic relation between A and B and the degrees
of freedom decrease to one. We will also show later that the fundamental Eq. (4.52)
holds for any number of dimensions. The fact that Eq. (4.52) represents a x> variable
does not require the knowledge of the explicit form of the independent Gaussian
variables: it is enough to know that they can always be found, if p # 1. Therefore,
the x? calculation is usually performed with the original variables of the problem,
even if they are correlated.

Finally, we analyse Gaussian conditional densities. The density g(y|x), for a
fixed x, is easily derived by applying Definition (4.13). In our case this requires
to divide the density (4.40) by the marginal density gx (x), which is nothing more
than the one-dimensional Gaussian density g(x; iy, o) given by Eq. (3.28). After
an easy rearrangement, one obtains:

gylx) = ! exp | — ! (y—lty _px—ux>2
oy2n(1—p2) | 20=pH \ oy ox

_ . 5
1 [y—uy — P, (x—ux)]

exp | — . (4.53)
oy 21 (1 = p?) P 203(1 — p?)

Since x is constant, this curve corresponds to a one-dimensional Gaussian with
mean and variance given by:

Oy
(Yix) = py +,00 (x — px), (4.54)

X

Var[Y [x] = o7 (1 = p) . (4.55)

These last formulae show that the mean of ¥ conditioned on x varies with x along a
line, called regression line. On the contrary, the variance of ¥ remains constant and
depends on x only through the correlation coefficient.

An experimenter who conducts a series of measurements consisting in sampling
Y for different values of x kept constant observes a mean moving along the line
(4.54) and a constant variance (4.55). The conditional variance Var[Y |x] measures
the dispersion of the data around the regression line and is never larger than the
projected variance o2. Its value depends on the angle that the principal axes of
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Fig. 4.5 Difference between y principal
regression line and principal axis
axis of the concentration
ellipse

regression
line

the concentration ellipse form with the reference axes. If p = 0 the two sets of
axes are parallel, the regression lines coincide with the axes of the ellipse, there
is no correlation and the two variances are equal; if p = 1, Var[Y|x] = 0 and
no dispersion is observed along the regression line (see Fig.4.4). The conditional
density g(x|y), for a predetermined value of y, and the corresponding mean,
variance and regression line are obtained from the previous formulae by exchanging
y with x. Is a non-linear correlation possible between Gaussian variables? The
calculations just carried out show that, if the (projected) marginal densities are both
Gaussian, the relation must be linear. A non-linear relation distorts the Gaussian
form on at least one of the two axes. We also anticipate that nonlinear dependence
will be addressed in detail later, in Chap. 11. Finally, we note that the regression
lines are, by construction, the locus of the points of tangency to the ellipse of the
lines parallel to the axes and therefore do not coincide with the principal axes of the
ellipse (see Fig.4.5).

In R, there are different ways to study and represent joint distributions. For

example, to generate 1000 pairs of normal variables with means p©, = 5 and
fty = 10 and covariance matrix with o> = ay2 = 3 and o,y = —2, one can write:
> require (mvtnorm) # load library

> Xy <- rmvnorm(1000,c(5,10),sigma=rbind(c(3,-2),c(-2,3)))

To easily obtain two-dimensional density graphs in R, we need to construct two
vectors containing bins and frequency matrix. These operations are performed by
our routine Hi stoBar3D, which can elaborate both raw data and histograms. The
lines of code of HistoBar3D used to create vectors and matrices, starting from a
matrix of raw data consisting of x;, y; pairs ordered by columns, can be of general
interests and are detailed here:

# create x and y bins in x.bin and y.bin

x.bin <- seq(0.98* (min(xy[,1])), 1.02%(max(xyl[,1])), length=nbinsx)

y.bin <- seqg(0.98% (min(xy[,2])), 1.02+(max(xyl[,2])), length=nbinsy)
# fill x.bin and y.bin cells with the number of events

freq <- as.data.frame(table(findInterval (xy[,1], x.bin),

findInterval (xy[,2], y.bin)))
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freql[,1] <- as.numeric(freql[,1])
freql[,2] <- as.numeric(freql[,2])
freql[,3] <- as.numeric(freql[,3])

# freg2D is the matrix with bin x, bin y, fregxy
freg2D <- matrix(0:0,nrow=nbinsx,ncol=nbinsy)
freg2D[cbind (freql[, 1], freql,2])] <- freql, 3]

# marginal distributions
xmarg <- apply(freg2D,1,sum) # row sum (x contents)
ymarg <- apply(freg2D,2,sum) # column sum (y contents)

The best way to understand these complex instructions is to open the window
of R, generate xy, for example, with rmvnorm, and then interactively study how
the above-described £ reqg2D matrix is built up. If the input raw data are contained
in two separate vectors x and y, Hi stoBar3D creates the two-column matrix xy
with the instruction:

Xy <- matrix(c(x,y),ncol=2,byrow=FALSE)

For further details, you can directly examine the Hi st oBar3D routine. Notice also
that this code uses the R routine bkde 2D, which requires raw data and is described
in Appendix B.

Exercise 4.3
There are two Gaussian variables, X and Y, where X has mean ¢ = 25 and
standard deviation o, = 6 and
Y=10+ X +Yg, (4.56)
while Yg is normal with parameters jty, = 0 and oy, = 6.
Find covariance and correlation coefficient between these two variables.

Check the obtained results with simulated data.

Answer The mean and standard deviation of Y are given by:
(Y)=py=10+(X) =35, o[Yl=0y=,/02+02 =848.

By defining AX = X — uy, AY =Y — u,, from Eq. (4.24) the covariance
between variables can be calculated as:

Cov[X, Y] = (AX AY) = (AX(AX + AYg)) = <A2X> — 02 =36,
(4.57)

(continued)
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Exercise 4.3 (continued)
where the condition (AX AYg) = 0 has been used, since the variables X and
Y are uncorrelated by construction. The correlation coefficient is given by:

_ Cov[X, Y] _ 36

= = =0.707.
o[X]o[Y] 6-8.48

Notice that Eq. (4.55) gives: Var[Y |x] = o (1 — p?) = 8.48%(1 — 0.707?) =
6% = ay2R. Now we can check these results with a simulation.
Opening the R console and proceeding interactively, we can write:

> X <- rnorm(20000,mean=25, sd=6)

> Y <- 10+X+rnorm(20000)

> mean (Y) # the result appears in the console
> mean (X)

> cov (X,Y)

> cov(X,Y) /sqgrt (var (X) «var (Y))

> HistoBar3D (X, Y)

The results appear in the R console, while after the call to HistoBar3D the
results of Fig. 4.6 are displayed in the graphics window. Since the correlation
between X and Y is linear, the marginal histograms g(x) and g(y) have a
Gaussian shape, as can be easily noticed from the graphs of Fig.4.6. The
means and standard deviations of these histograms are an estimate of the
corresponding true parameters of the densities gx(x) and gy (y). They can
be calculated with Egs. (2.36, 2.39, 4.23). From 20000 simulated pairs, we
have obtained: m, = 24.96, my = 34.95, s, = 6.02, 5, = 8.48, 5y =
35.73, r = 0.700. These quantities are indicated in Latin letters because they
are sample estimates of the true values (4.17, 4.18).

Since the simulated sample contains a large number of events, all the values
we got from the data coincide, within “a few per thousand”, with the real
ones. The analytical characteristics of this convergence will be considered in
Chap. 6.

4.5 The General Multidimensional Case

The generalization of the equations above to the case of more than two variables is
quite immediate and not particularly difficult. The joint p.d.f. of n random variables
is given by a non-negative function:

p(x1, X2, ..., Xn) , (4.58)
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Fig. 4.6 A sample of 20000 events, computer simulated from the two-dimensional Gaussian
population considered in the Exercise 4.3. Two-dimensional histogram of g(x, y), marginal
distributions g(x) and g(y) and top view with the density curves (bottom right)

such that, if A C R",
P{(x1,x2,...,xy) € A} = / px1,x2, ..., xp)dxydxo ... dx, .
A

For independent variables, one has:

px1,x2, ..., xp) = p1(x) p2(x2) ... pn(xn) . (4.59)
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The mean and variance of X; (with 1 < k < n) are obtained by generalizing
Eq.(4.5):

(X)) = [xepxi,x2, ..., x0)dxpdxa. .. dxy, = pg s
(4.60)

Var[Xi] = [ — wi)? p(xi, x2, ..., xp) dxrdxz ... dxy,

In the case of several variables, the covariance can be calculated with Eq. (4.20) for
any pair of variables (x;, xx):

Cov[X7, Xe] = / (61— 1) (¥ — 1) POL, oo oo ) i1 s e . (461)

Therefore, one has n(n — 1)/2 different covariances and n variances. They are
gathered in a symmetric matrix V, called covariance matrix:

Var[X1] Cov[X1, X»] ... Cov[X1, X,]
V= - Var[X,] ... Cov[X>3, X,] ’ (4.62)
Va.r[.).(n]
where the diagonal elements are the n variances and the non-diagonal ones are
the n(n — 1)/2 covariances. The matrix is symmetric, since Cov[X;, X;x] =

Cov[ Xy, X;]; for this reason it is explicitly written only above the diagonal. The
number of different elements of the matrix is:

nin—1) nin+1)
5 +n= ’ .
Often the correlation coefficients p[X;, X\ ], obtained by generalizing Eq. (4.31),
are used. The covariance matrix is then also written as:

Var[X1] p[X1, X2lo[X1lo[X2] ... p[X1, Xplo[X1]o[X,]
Var[X»] .. plXo, Xplo[X2]o[Xy] (4.63)

Var[ X,
If variables are uncorrelated, all the off-diagonal terms are zero, and the diagonal

terms coincide with the variances of the individual variables. Sometimes, instead of
the covariance matrix, the correlation matrix is used:

1 p[X1, X2l ... p[X1, Xi]

co | 1 e X | 4.64)

which is still symmetric.
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Generalizing Eq.(4.24) in several dimensions, the covariance matrix can be
expressed as:

(X -wx-w)=v, (4.65)

where (X — p) is a column vector and the symbol  represents the transposition
operation. In this way, the product between a column vector and a row vector gives
the symmetric square matrix (4.62).

In R, the calculation of the covariance matrix starting from a set of raw data
collected in a matrix M and sorted by columns can be done with the routine cov (M)
or var (M), while the function cor (M) must be used for the correlation matrix.
Let us open the R console and explore these functions generating 100 triples of three
correlated Gaussian variables:

> a <- rnorm(100)
> b <- a + rnorm(100)
> C <- a - 2xb + rnorm(100)
> M <- cbind(a,b,c) # matrix 100 x 3
> cor (M)
a b c

a 1.000000 0.6725680 -0.3832170
b 0.672568 1.0000000 -0.8875424
c - 0.383217 -0.8875424 1.0000000

The covariance matrix is immediately obtained by typing one of the two
equivalent commands var (M) and cov (M) . The matrices V and C often appear
in multivariate probability calculus. It can be shown that they have the fundamental
property of being positive semidefinite:

xfvx>o0, (4.66)

where the equality holds when all the n elements of the vector x are null. Notice that
in the quadratic form of Eq. (4.66) a row vector x| appears to the left and a column
vector x appears to the right, so as to obtain a number (not a matrix) which, if V is
diagonal, is a sum of squares of the type inz‘/i,-. Since VI =V, (v HT = v,
if x = V~!y one obtains the equation:

yvily=yvilvvily=xfvx>o, (4.67)

which shows that also the inverse matrix is positive definite. Another useful property
is that, for any positive definite matrix V, there exists a matrix H such that:

HH'=V = HH'V'H=H — H'v'H=1, (4.68)

where [ is the unit matrix. All these properties are proved in detail in Cramer’s
classic textbook [Cra51].
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It is also possible to generalize Eqgs. (4.11, 4.13) to obtain different marginal and
conditional distributions of one or more variables by integrating over the remaining
ones. This generalization is obvious and is not reported here.

When the X variables are Gaussian, they have a p.d.f. given by the multivariate
generalization of the two-dimensional Gaussian (4.40):

1 1,2 1 Ty-1 . —
g(x) = (2n)"/2lvl exp —2(x—u) V7> —p) |5 VI =det|V] #0
(4.69)

where V is the covariance matrix of Eq. (4.62).

The density (4.69) is called multivariate Gaussian and can be obtained by
extending the procedure which led to the bivariate Gaussian. Obviously, it is easy to
verify that the multivariate Gaussian contains the bivariate distribution as a special
case. In fact, if p # £1:

—1
vl — 07 Oxy _ 1 oy —oxy
= 2 = 5202(1 — o2 2 )
Oxy O, o; ay( p?) \ —oxy Of

and Eq. (4.40) follows.
If H is a matrix satisfying Eq. (4.68), with the transformation:

HZ=X —p, (4.70)

the semidefinite form appearing in the exponent of the Gaussian becomes:

n
yX =X - vIiX-w=2HVv'HZ=2"7= Zz} . 4T

i=1

where the third of Eqgs. (4.68) has been used. Equation (4.70) is therefore the equiv-
alent of the two-dimensional rotation (4.44). The new variables Z are still Gaussian
because they are linear combinations of Gaussian variables (see Exercise 5.3 in
the next chapter); moreover, it is easy to verify that they have null mean and that,
according to Egs. (4.65, 4.70) and the third of Egs. (4.68), are also uncorrelated
standard variables:

(227) = B~ (X — X — ) (!
=H'vHHY '=@H VI =1. 4.72)
From Theorem 4.3, it follows that the Z; variables are mutually independent and

that Eq. (4.71) represents a variable Q ~ x2(n). Therefore, Eq. (4.52) also holds for
the n-dimensional case.
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If |[V| = 0, there is at least one linear relation between the n variables; it is
then necessary to identify a number r < n of linear independent variables and
modify Eq.(4.69) accordingly. We think it is useful to remind that two variables
are stochastically independent (or dependent) if Eq. (4.12) holds (or not); instead,
the linear mathematical dependence implies the existence of well-defined constraint
equations among the variables. Two linearly dependent or constrained random
variables correspond, statistically, to a single random variable. If the equation is
linear, the Cauchy-Schwarz theorem 4.2 gives p = =*1. Therefore, when dealing
with random variables described by positive semidefinite quadratic forms of the

type:
X -w'W&X-p,

where X are Gaussian variables and W is a symmetric matrix; it is always necessary
to verify if |W| = 0. In such condition, it is necessary to reduce the number of
variables by determining, if there are p linear equations among the variables, (n— p)
new linearly independent variables. Linear systems theory assures that it is always
possible to determine these new variables in such a way to obtain a positive definite
quadratic form of dimension (n — p), for which Egs. (4.71, 4.72) still hold. It is
therefore possible to express the quadratic form as a sum of (n — p) independent
standard Gaussian variables 7;:

n—p
X-wW'WX-—py=) 17 (4.73)
i=l

At this point, we can generalize the Pearson’s Theorem 3.3 as follows:

Theorem 4.4 (Quadratic Forms) A random variable Q ~ x2(v) is given by the
sum of the squares of v stochastically independent standard Gaussian variables or
by the positive definite quadratic form (4.73) of Gaussian variables. The degrees of
freedom are given in this case by the number of variables minus the number of the
linear relations existing between them.

Multidimensional random variables can be treated as vectors in r-dimensional
spaces, thus exploiting many of the results of the theory of n-dimensional R” vector
spaces. Among these, we recall the scalar product of two variables (vectors) x and

y:
x.y) =) xiyi. (4.74)
i=1

which is simply the generalization of the scalar product between three-dimensional
vectors. In a similar way as two vectors are defined to be orthogonal if their scalar
product is zero, two sub-spaces A and A’ are then defined as orthogonal if each
vector of A is orthogonal to each vector of AL. The sub-space A has dimension



154 4 Multivariate Probability Theory

equal to n — k, if k is the dimension of A. Moreover, we recall that each vector can
be written in the form x = x| +x» where x| € A and x, € AL Arrays, considered
as operators, act on the elements of the vector space. The orthogonal projection
operators P(A) : x — x1, which associates to any x € R" its component on A, are
very useful. Projectors have many properties which recall those of the projections
of vectors on the three Cartesian axes. For example, P(A)x is the vector of A at the
minimum distance from x and the following equations hold:

P(A)P(A) = P(A), P(AHPA) =0, I—P(A) =PAY. (4.75)

The first property, called idempotence, is obvious, because P(A)x = x if x €
A, whereas the second one reflects the fact that the projection vector has zero
components in the orthogonal subspace. The third property, where [ is the identity
or unit matrix, holds because P(A)(I — P(A)) = 0 for idempotence. The simplest
orthogonal projection operator is perhaps the one reducing the non-zero components
of the vector:

P(A)x = (x1,%2, ..., x,0,...,0), (4.76)

P(AJ_)x = (05 07 .. -aoaxk+laxk+25 s 7-xn) .

Cochran’s theorem is based on this decomposition. We will use it several times in
the following for Gaussian variables.

Theorem 4.5 (of Cochran) Let X ~ N (0, I) be a n-dimensional standard Gaus-
sian random variable and let Ay, Az, ..., Ay be mutually orthogonal vectorial
sub-spaces in R". Let n; be the dimension of A; and P(A;) be the orthogonal pro-
Jjectors on A;. Then, the random variables P(A;)X,i = 1,2, ...k are statistically
independent and the variable |P(A;))X|* = (P(A)X, P(A)X) follows the x*(n;)
distribution.

Proof In essence, the theorem affirms the statistical independence and stability of
independent Gaussian variables projected onto orthogonal subspaces. We prove the
theorem in the simple case of two subspaces of the type:

P(ANX = (X4,....X,,,0,...,0)

P(ADX =(0,...,0, Xpn,41, -, Xnj4ny) -
IfY = P(A))(X) and Z = P(A2)(X), we have Cov[Y;, Z;] = 0 Vi, j =
1,2, ..., n by construction. Since, by assumption, the variables X are independent
standard Gaussians, from Theorem 4.3 it also results that ¥ and Z are independent
and that, from Pearson’s Theorem 3.3, the variables:

IPAADXI? = X7+ ...+ X7, ~ x2(n1)

|P(ADXP = X7 1+ + Xy, ~ X (n2)

ni+ny
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follow the x2 distribution. It can be shown that one can always be led back to this
particular case, through orthogonal transformations that lead subspaces generated
respectively by the first n1 coordinates and by the remaining n,. In addition, the
property (P(A;)X, P(A)X) =X "B; X holds, where B; is a positive semidefinite
matrix, so that the theorem can also be formulated in terms of matrices whose rank
sum is equal to the dimension of the space. These matrices can be diagonalized
according to Eq. (4.71). O

An important application of Cochran’s theorem will be described later on, as in
Theorem 6.1.

4.6 Multivariate Probability Regions

We now consider multidimensional probability levels. The two-dimensional analo-
gous of the integral (3.94) is given by:

b pd
P{asXsb,chsd}zf / px,y) dxdy, @.77)
a C

which gives the probability that, in an experiment, the numerical realizations
of the two random variables lie within fixed limits. In this case, the probability
interval turns into a rectangle, as shown in Fig.4.7a. When the lower bounds
are a = —o0o,c = —o00, Eq.(4.77) gives the two-dimensional analogous of the
distribution function (2.33). Equation (4.77) can be extended in more dimensions by
considering a variable X = (X1, X2, ..., X;;) and a region D in the n-dimensional
space. The probability that an observation gives a vector in the set D is given by:

P{X € D} = / p(x1,x2,...,x,) dxydxo ... dx, . 4.78)
D

Fig. 4.7 Region of the
7 y )
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For independent Gaussian variables, Eq. (4.77) results in the product of two integrals
of one-dimensional Gaussian densities. When the probability intervals of X and Y
are symmetrical and centred on their respective means, the probability levels can be
obtained as the product of the functions (3.38):

Wy +a 1 ! (x—px)?
P{|X—ux|sa,|Y—uy|sb}=2/ et dr x
Hx \/2770‘)6
,LLy+h 1 75 (.V*sz)z
X 2/ e % dy =[2E(a/oy)]- [2 E(b/oy)] . 4.79)
by \/27'roy

The probability levels corresponding to the one-dimensional 30 law are therefore
obtained as product of the one-dimensional probability levels (3.35). For example,
the probability for both variables to be within £o, i.e. within one standard deviation,
is given by:

P{IX — sl <0, |Y — py] < 0y} = 0.683 - 0.683 = 0.466 . (4.80)

Let us now consider the standard bivariate Gaussian for the case of uncorrelated
variables (4.35) written in polar coordinates:

u=rcosf v=rsinb .

Since the surface element du dv turns into » dr d6 (the Jacobian of the transforma-
tion is r), the function (4.35) becomes:

1.2

1
g(r,0;0,1) = ) re 2", 0<2m, 0<r<oo. (4.81)
b

This equation shows that, in the case of standard variables, the concentration ellipse
of Fig.4.7a transforms into a circle centred at the origin (see Fig.4.7b). From
here, it is then easy to derive the probabilities of falling within the concentration
ellipse having the principal axes equal to k times the standard deviations of the two
variables:

2 2
(X — ) +(Y_My) <

P{U2+V2§k2}=P{ ) , <k =
Oy Uy

1 ok, _12
=, / / re 2" drdd =1—-e2 . (4.82)
T J-n 0
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From this equation, a “3¢ law” in the plane is obtained:

0.393 for k = 1
X —u)? (Y —py)? 2
P!( f)‘) 4+ ¢ fy) <2l —1-¢ % =10865fork =2
% %y 0.989 for k = 3 .
(4.83)

Notice that the rectangular interval &0 of Eq. (4.80) has a greater probability (0.466
versus 0.393) than that of the corresponding ellipse (4.83), which for £k = 1 has
the sides of the rectangle as principal axes. This fact is also shown in Fig.4.7,
where we see that probability rectangle (or square) contains the ellipse (or circle) of
concentration.

Let’s now consider, instead of two standard variables (U, V), two Gaussian
variables (X, Y) of zero mean and having the same variance o2, If, we substitute
r — r/o in the integral (4.82) and integrate in 6, we get the function:

_ T (_ r? ) 2, .2_,2

p(r) = _,exp , ) XY =07, (4.84)
o 20

which, after integration in dr, gives the bidimensional p.d.f. for two independent

Gaussian variables (X, Y) of equal variance. This function is named as Rayleigh

density and is the two-dimensional analogue of the Maxwell density (3.75), which

is valid in space.

In R, this function is calculated with the routine rayleigh (scale) of the
library bayesmeta, where scale =0, to which the usual prefixes d, p, g,
r must be added to have the function, cumulative, quantile or random values (see
Table B.2).

You will have noticed that the probability intervals of a certain variable are
different depending on the global number of variables and on the type of domain
D that is considered in Eq. (4.78). Fixing ideas to the situation of two variables
(X,7Y), for a certain given probability level (e.g. 68.3%), we can define as many
as five probability intervals: an interval (x & o) for 68.3% probability of finding
a value of X for any value of ¥ and the same by changing X with Y (so that we
have two intervals), or the interval ((¥|x) & /Var[Y|x]) of Egs.(4.54, 4.55) for
the 68.3% probability to find an Y value for a fixed value x¢ and similarly for X
for a fixed value yp (now we have a total of four intervals). Finally, we can also
define a two-dimensional region D which includes 68.3% for the (X, Y) pairs. The
densities involved in these five cases are the marginal densities px (x), py(y); the
conditional densities p(y|xo), p(x|yo); and the joint density p(x, y), respectively.
The region D of the plane where the multidimensional estimates are calculated is
often the concentration ellipse:

n X _ X 2
QO=constant= X —p)'vI9iX—-p - Z (Xi 2“’) , (4.85)
i=1 9
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where the expression to the right of the arrow obviously applies in case of
uncorrelated variables. This region has some important properties which we will
briefly examine. In the case of n Gaussian variables, according to Theorem 4.4,
the variable Q is distributed as x2(n). This allows us to use, in the calculation
of the probability levels associated with the multidimensional concentration ellipse
(4.85), the significance levels of x? density reported in the Tables E.3 and E.4 of
Appendix E. Since the marginal density of each variable is Gaussian, the variable:

Xi — wi)?
g, =M1 (4.86)
o

1

follows the x2(1) density. The probability levels associated with {Q; = 1,4, 9}
are the 68.3%, 95.4% and 99.7% Gaussian probability levels corresponding to the
{(/ Qi = 1,2, 3} values of the T; variable, since P{Q; < x°} = P{T; < \/XZ}.

Tables E.3 and E.4 give two different ways of calculating the probabilities for the
x? distribution: to obtain the values shown in Table E.4 for a given probability level
o, just find the corresponding level 1 — « in Table E.3 and multiply the reduced chi
square XI% (v) of the table by the v degrees of freedom required by the problem (note,
in fact, that Table E.4 reports the values of the total Xz, not of the reduced one). The
difference between the probability levels of each single variable and the joint ones
is shown, for the two-dimensional case, in Fig. 4.8, where the value X2 = 2.30is
taken from Table E.4 for v = 2. Observing the figure, one should pay attention to
an important property, which we will apply later: the projections on the axes of the
curve corresponding to x> = 1 define the 1 — o intervals of the variables, referred
to the respective marginal densities. This property, obvious in one dimension, also
holds for two variables. This can be demonstrated by equating the x> function (4.52)
to 1:

1
0=yX,Y)= L u? = 2puv+v*) =1; (4.87)

and evaluating the intersection points of this curve with the regression line of
Eq.(4.54) v = pu. The obtained result, i.e. # = =+1, corresponds to an interval
(ux £ 0y) and the same, obviously, holds for the projection on the y axis. It can be
shown that this property is in general valid also for the n-dimensional case [BR92].

Similar to the one-dimensional case, the Gaussian model is often reasonably
valid for a relevant part of multidimensional random phenomena. The use of the
concentration ellipse and the x> density then provide a very powerful tool for
predicting the probability of an experimental result consisting of a n-tuple of values
(x1,x2, ..., x,). If, on the other hand, the problem does not allow the use of the
Gaussian model, it is necessary to resort to the solution of the integrals (4.78) by
defining suitable probability regions, usually hypercubic or elliptical, and taking
care of the correlations between variables. Often, to achieve this difficult objective,
the Monte Carlo simulation methods described in Chap. 8 are used.
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P V/——‘—this band contains

68.3 % of x values

o =10

| w A |

; | |
* ! i this band contains
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2 530 68.3 % of'y values
X =2

the ellipse contains
68.3 % of (x,y) points

Fig. 4.8 One- and two-dimensional probability regions. The curve corresponding to the value
x? = 2.30 contains 68.3% of the variable pairs. The projection on the axes of the curve x2 = 1
gives the 1-o probability intervals for each variable

4.7 Multinomial Distribution

The binomial density (2.29) describes the probability distribution of the variable
I = (11, I), defined as an experimental histogram with N events split into two bins
with counts /1 and I, respectively, when the true probabilities of an observation
falling into bins 1 and 2 are, respectively, p = p; and (1 — p) = p2:

! N
P{] = S :b ’N7 — nll_ N*nl: ni "2,
{I =ni,n2} =b(x; N, p) nl!(N—nl)!p (1-p) nl!nz!pl D5
(4.88)

with (p; + p2) = 1 and (n1 + n2) = N. This equation leads to an immediate
generalization to the case of a generic histogram with k bins. The resulting
density, called multinomial, represents the probability that the random variable
I = (1, I, ..., Iy) provides an experimental histogram with n; events in the i-
th bin, when all the a priori probabilities p; are known:

N!
P{I =ni,ny,...,n g} =bm; N, p) = prl”pgz...pzk , (4.89)
nilna!. .. ng!
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(pr+p2+--+p)=1, (ny+ny+---+n)=N. (4.90)

Since each variable, compared to all others, meets the binomial density require-
ments, the following relations hold:

(I;) = Npi; Var[l;] = Np; (1 — p;) . (4.91)

The variables (11, I2, ..., Iy) are dependent because of the second of Eqgs. (4.90).
Their covariance can be directly calculated with Eq.(4.61) or, in a much more
simple way, by using the law of transformation of the variance. The calculation
will be performed in the next chapter, in Exercise 5.11. The result is the formula
(5.86), which we anticipate here:

Cov[l;, Ij]1=0i;j = —Npipj , @ #J). (4.92)

Covariance is negative, because more events in one bin imply less events in the
other ones. In the one-dimensional case, the binomial density rapidly tends to
the Gaussian density. The same property also applies to the multinomial density,
which is a property of great importance for the statistical study of the histograms.
Equation (3.24), which is valid for Np, N(1 — p) > 10, can then also be written
as:

. 1(n—Np)?7 _ 1 ((n1—Np1)* | (n2— Npa)?
b("’N’p)“eXp[_ZNp(l—p>}_exp[_2( o T Nm )}

(4.93)

where the last equality is obtained by setting p = p1, (1 — p) = p2, n = ny,
(N —n) = ny. This suggests a symmetric form which can be generalized to the case
of n variables (a trace of the proof can be found in [Gne76]). We can therefore write
the fundamental result:

1 k (n - N .)2
b(n; N, p) x exp [—2 3o Np'p’ ] (Npi > 10 Vi), (4.94)
i=1 !

where the sum must be extended fo all the k variables appearing in the sums (4.90).
Therefore, we have approximated the multinomial density with a multidimensional
Gaussian density, where the sum of the squares of the variables appears in the
exponential. However, these variables are correlated through Eq.(4.90) and thus
the degrees of freedom are really only kK — 1. If we now combine this result with
Theorem 4.4, we arrive at the important conclusion that we can state as follows.
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Theorem 4.6 (Pearson’s Sum) Consider a histogram having k bins and represent-
ing a random sample of size N. If p; is the true probability to observe an event in
the i-th bin, the variable:

(I'—Np')z
0= ", HhEHI =N, (4.95)
i=1

where 1I; is the number of observed events in any bin, for N — oo tends to the x>
density with k — 1 degrees of freedom.

This theorem is the key for using x 2 test in statistics and can already be applied with
good approximation if Np; > 10.

We also note that Eq.(4.95) does not give the sum of squares of standard
variables, since the variance of the I; variables is given by (4.91) and the vari-
ables are correlated. Therefore the theorem non-trivially generalizes the results of
Theorem 3.3, which refers to the sums of squares of independent standard Gaussian
variables.

4.8 Problems

4.1 If X and Y are two independent uniform random variables, in the intervals
[0, a] and [0, b] respectively, find the joint density p(x, y).

42 If X;,i = 1,2,3 are three independent Gaussian variables with mean pu;
and variance al.z, find (a) the band containing 90% of values of X1, (b) the ellipse
containing 90% of values of the (X1, X2) pair and (c) the ellipsoid containing 90%
of the n-tuples (X1, X2, X3).

4.3 If X and Y are independent random variables, does the equality (Y|x) = (Y)
hold?

4.4 Calculate graphically, in an approximated way, the correlation coefficient from
the concentration ellipse of Fig. 4.6 (top right).

45 f Z=aX +band U = cY + d with ac # 0, calculate p[Z, U].

4.6 The height of a homogeneous population is a Gaussian variable equal to (X) £
o[X] =175+ 8 cm formen and (Y) £ o[Y] = 165 & 6 cm for women. Assuming
there is no correlation, find the percentage of couples with men and women higher
than 180 and 170 cm, respectively.
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4.7 In principle, how would you solve the previous problem in the most realistic
case (couples tend to have homogeneous stature) of a correlation coefficient p = 0.5
between the height of the husband and that of the wife?

4.8 In the independent roll of two dice, the value of the second die is accepted only
if the number is odd; otherwise, the value of the first die is assumed as the second
value. By indicating with X and Y the pair of values obtained in each test, find
the probability density p(x, y), the marginal densities of X and Y, the mean and
standard deviations of X and Y and their covariance.



Chapter 5 )
Functions of Random Variables Chack for

Your textbooks fill with triumphs of linear analysis, its failures
buried so deep that the graves go unmarked and the existence of
the graves goes unremarked.

lan Stewart, “DOES GOD PLAY DICE? THE NEW
MATHEMATICS OF CHAOS "

5.1 Introduction

Before moving on to statistics we still need to deal with the following problem: if we
consider several random variables X, Y, ... defined on the same probability space
and combine them into an analytic function Z = f(X, Y, ...) (see Eq.(2.8)), we get
a new random variable Z. If we know the joint probability density pxy. (x,y,...)
of the original random variables, what is the density pz(z) of the Z variable?

To fix ideas, let us consider the case of two variables X and Y. Two probability
densities pyy and pz and a function f(x, y) are then involved, according to the
following scheme:

X, Y ~pxy(x,y) = Z=f(X,Y)~ pz(z) .

The density pxy is known, f(x, y) represents an assigned functional relation (sum,
product, exponential or others), and our goal is to determine the density pz of the
new random variable Z. This scheme, which can obviously be extended to any
number of variables, represents the core of the problem we want to solve.

Probability densities will always be indicated with the letter p(...), functional
relations with the letter f(...). The random variable Z is defined according to the
realizations a and b of the random variables X and Y, according to the scheme of
Fig.5.1:

Z=2Z(a,b)= f(X(),Y(}), acA, beB.
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real numbers real numbers

y(b)=y~ & g
z=f(x,y)7

/

X(a)=x 3 P{XY}= 2P (2)

0 /o

Fig. 5.1 Definition of the random variable Z = f (X, Y)

For discrete variables, the probability that Z belongs to a particular numerical set Rz
is then given, according to Theorem 1.1, by the probability of obtaining {X € Ry}
and {Y € Ry} (i.e. @ € A and b € B) added over all cases satisfying the condition
Z € Rzi

P{Z e Rz} = > pla,b) = > pxy(x.y).
lacA,beB): f(x,y)eRz] [(xeRx,yeRy):f(x,y)eRZ]
(5.1)

If X and Y are independent, one has, from the compound probability Theorem 1.2:

P{z e Rz} = > PxX)py(y) . (5.2)
[(xeRx,yeRy): f(x,y)eRZ]

Figure 5.1 visually shows the meaning of Egs. (5.1, 5.2).

Let us now consider a simple example: let X and Y be the scores obtained by
rolling a dice twice (1 < X, Y <6),andlet Z = f(X,Y) = X + Y the sum of the
two scores. Define Rz as the set of the results smaller than 5 (Z = X + Y < 5),
and calculate the probability P{Z € Rz}. If the two trials are independent, Eq. (5.2)
holds and the probability to obtain a generic pair (x,y) is 1/6 x 1/6 = 1/36.
Eq. (5.1) requires of summing up the probabilities for which Z < 5: (1,1), (1,2),
(1,3), (2,1), (2,2), (3,1). Since there are six pairs, P{Z < 5} = 6/36 =1/6.

The calculation of densities which are functions of random variables, distributed
according to the fundamental densities that we have studied so far, is often a
very complicated task from the analytic point of view. Sometimes calculations
appear to be unsolvable. However, a great help often comes from simple simulation
techniques. Suppose, for instance, that we want to determine the distribution of the
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variable Z = In(5+ X) -sinh(X), where X ~ N(0, 1). If we can’t find the analytical
solution, we can at least know the shape of the distribution with this simple code,
which uses the density function described in Appendix B:

> X <- rnorm(10000)
> z <- log(5+x) xsinh (x)
> plot (density(z,adj=0.01))

The curve appearing in the R window shows the behaviour of the solution; we do
not have the analytical form, but we can see its trend and calculate its fundamental
parameters. For instance, we find that mean (z) ~ 0.314 and that var (z) ~ 7.15,
with an uncertainty that will be calculated in the next chapter, and due to the fact
that we have a sample of 10,000 data, but not the parent population. The statistical
uncertainty or error can often be made negligible by increasing the sample of
simulated data while remaining within reasonable calculation times.

In the following, we will proceed by successive steps, first considering one
variable, and then two variables, and finally indicating how to extend the procedure
to n variables. We will also show how it is possible, considering only the transfor-
mation of the mean and the variance through the function f, to obtain a simple and
general solution, although approximate, of the problem. In the most difficult cases,
simulation techniques can be used, and they must be part of the basic knowledge of
any statistician.

5.2 Functions of a Random Variable

Let X be a continuous random variable with p.d.f. px(x), and let Z be a random
variable depending on X through the functional relation:

Z=f(X). (5.3)

To determine the density pz(z), the known rules on the change of variable inside
a function can be applied. However, attention has to be paid on how probability
intervals are transformed. It is therefore appropriate to use probability integrals
defined by the cumulative functions and use the key Eqs. (2.28, 2.35). In addition, we
will also exploit the Leibnitz theorem about the derivation of an integral, the proof
of which can be found in many math calculus books. Given a function z = f(x), if
x=f —1(2) exists and is differentiable in [x1, x7], the equation:

d /xz dffl dffl
px)dx = ( ) p(x2) — ( ) p(x1)
dz Jy, dz /e dz J—pen

_ plx2)  plx)

= , 5.4
ffx2)  f(xp)

holds, where the prime symbol indicates the derivative operation.
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Fig. 5.2 The transformation

z= f(x)

' ' ' ' ' '
— . —

A] AZ AS X

Let us now consider a generic continuous function f(X), as in Fig.5.2, and
determine the probability that Z is less than a given zo value. Basically, we
have to find the probability that Z lies below the line z = zo of Fig.5.2. From
Egs. (2.28, 5.1) and from the figure above, we obtain:

P{Z <20} = Fz(z0) = ) /A px(x)dx , (5.5)

where Fz is the cumulative function of Z and the intervals A; are those of Fig.5.2.
These intervals, except for the first and the last one, have as extremes the real roots
X1, X2, ...,%, of Eq.(5.3):

0= fx)=f)="-=[f(x). (5.6)

Equation (2.35) shows that, by deriving Eq. (5.5), the required p.d.f. is found. Since
from Fig. 5.2 we see that the lower bound of each interval A; does not depend on z
(and therefore has a null derivative) or, when it depends on z, always has a negative
derivative (the function decreases), applying the Leibnitz formula (5.4) to Eq. (5.5),
we can write the density pz(z) as the sum of all positive terms, taking the absolute
value of the derivatives calculated at the real roots (5.6):

dFz(z) _
dz

_ x| opx(2) o px(xm)
el T e T el

where the right-hand side is a function of zg = z through the inverse of Eq. (5.6).
The result is always positive, as required for a probability density. When there is
only one real root of Eq. (5.3) and p(x) > 0, this formula coincides with the usual

pz(2) (5.7)
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method of substituting a variable in an integral. This method has already been tacitly
applied in the Exercises 3.10 and 3.11 on the Maxwell and Boltzmann distributions.

Let us now apply the fundamental Eq. (5.7) to some other significant case. When
Eq. (5.3) is given by:

Z=f(X)=aX+0b, (5.8)
Equation (5.6) allows only one solution:

z—b
.

x| =
Since f’(x) = a, from Eq. (5.7) one obtains:

1 z—b
pz(z) = | px . (5.9)
|al a
If, on the other hand, we consider the functional link:
Z=f(X)=aX?, (5.10)

Equation (5.6) admits the solutions:

x1=—JZ,xa=+JZ, (5.11)
a a

which give rise to the derivatives:

If'Gol =1 ()| = Za\/ =2Jaz.

Z
a

These results, inserted in Eq. (5.7), allow the determination of the required p.d.f.:

1 V4 z
pZ(Z)ZZ\/az |:[7X (—\/a)+17x <\/a>i| , z2>0. (5.12)

If the density px (x) is the Gaussian of Eq. (3.28) and Eq. (5.8) is applied, Eq. (5.9)
becomes:

k—@u+wf}

1
= — 5.13
pZ(Z) |a|a\/271 exXp |: 26120'2 ( )

which is a Gaussian of mean and variance given by:

U, =aun+b, ozzzazoz. (5.14)
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We note that, since the transformation (5.8) is linear, Eq. (5.14) can also be deduced
directly from Eqgs. (2.63, 2.64). In the case of the quadratic transformation (5.10) of
a Gaussian variable with zero mean, Eq. (5.12) becomes:

1 Z
= — , 0, 5.15
pr@= o eb(ya) s 2> (5.15)

which is the gamma density (3.57) with k = 1/2. Mean and variance can be obtained
from Eq. (3.58), or by integration by parts of Eqgs. (2.54, 2.57), and are:

Uy = ao? , 022 =2a%c". (5.16)

5.3 Functions of Several Random Variables

We now generalize the results of the previous paragraph to the case of functions of
several random variables. Let us first consider the simple case of a single Z function
of n random variables:

Z=fX1,X2,....X») = f(X). (5.17)

The analogous of the cumulative function (5.5) is now given by:

P{Zfzo}ze(Z)zf.../(X D)pX(xl,xz,...,xn) dx;dxy...dx,,
€

(5.18)

where pyx(x1, x2,...,X,) is the p.d.f. of the n variables and D is the set of the
n-tuples X = (x1,x2,...,x,) such as P{Z < zp}, according to Eq. (5.1).

It should be noted that the probability density of the variables X appears only as
an argument of the integral, while the functional link Z = f(X) appears exclusively
in the determination of the integration domain D.

In many cases, the derivation of the cumulative (5.18) solves the problem of
determining the density of p,. This method is the generalization of the one used in
Sect. 3.8, where we derived Eq. (3.61) to obtain the x? density. As an alternative,
to deal with the more general case of n variables Z which are functions of n
parent random variables X, one can use a well-known formula based on the general
theorem of the change of variable in an integrand function. Since this theorem is
proved in many mathematical analysis texts, here we report only its statement:

Theorem 5.1 (Change of Variable in Density Functions) Ler X = (X1, X», ...,
X,) be n random variables with joint density px (x), andlet Z = (21, Z2, ..., Zy)
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be n variables related to X by n the functional relationships:

Zy = filX)
Z; = f,(X) (5.19)
Zn = fn(X) P

which are all invertible and differentiable with continuous derivatives with respect
to all arguments (there is a one-to-one correspondence between the two domains of
X and Z, for which X1 = f; '(2), etc.).

The p.d.f. pz is then given by:

pz(21,22, ..., 2n) = px (X1, X2, ..., Xp) |J|

=px (7@ '@, T @) L (520)
where |J | is the Jacobian, defined as the absolute value of the determinant:
af " /0z1 af 7 /2o ... 3f T /0za

afy ' /8z1 8fy " /02 ... Bfy [0z
17| = . (5.21)

af, oz af; aza ... 9f 7 9z

Obviously, the transformation is possible if all the derivatives are continuous and
|J| # O. When there is not a unique invertible transformation f; (i = 1,2,...,n),
it is necessary to subdivide the domains of X and Z into m disjoint subsets between
which there is a one-to-one correspondence and then to sum Eq.(5.20) on these
domains:

Pz .z =y px (f @ 15 @, L @) . 522)
L=1

The theorem can also be applied to the case of the particular transformation (5.17).
In fact, let us consider a bivariate Z function:

Z = (X1, X2). (5.23)
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To apply the Jacobian determinant method, we define Z; = Z and an auxiliary
variable Z; = X». Equation (5.19) then becomes:

Z1=f(X1,X2), Zx=X>. (5.24)

The density of Z = Z; can then be found by applying Eq. (5.20) and then integrating
on the auxiliary variable Z, = X»5. Since the Jacobian is:

aflfl Bffl
dz1  0z2

e =
0 1

af!

az1

from Eq. (5.20) one obtains:

af !

5.25
071 ( )

pz(z1,22) = px(x1, x2)

The Z p.d.f. is obtained by integration on the auxiliary variable Z5:

pz,(z21) =/PZ(Z1,Z2)dzz. (5.26)
Recalling that Z1 = Z, X, = Z; and that:

af ! _ af !

= . X =Nz, x0) = 1749 Z, X)),
321 3z 1 f} (Zy 2) f} ( 2)

pz(2) = pz,(21) ,

we can write Eq. (5.26) as:

-1

d
pz(2) = /px(xl,xz) J; dxo
z
g1
=/pX (ffl(z,m),n) J;IZ dxs , (5.27)

which represents the requested p.d.f.. This formula provides an alternative to
Eq. (5.18) to find the density pz(z) when the functional relationship is of the type
Z = f(X1,X>2). If the variables X; and X, are independent, the density px
factorizes according to Eq. (4.6), and Eq. (5.27) becomes:

af!
pz(x) = / pxi (7@ x) () QZ dx; . (5.28)
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When the variable Z is given by the sum:
Z=X1+ Xy, (5.29)

the inverse function ! and its derivative to be inserted in Eq. (5.27) are given by:

—1 affl
Xi1=f] (Z,X2)=Z—- X2, 5 =1, (5.30)
Z
and the following result:
+00
rz(2) =/ px(z — x2, x2) dx2 (5.31)
—00

is obtained.
If the two variables X and X, are also independent, then the p.d.f. of Eq. (4.3)
factorizes in Eq. (4.6), and the previous integral becomes:

+00
pz(2) = / Px,(z = x2) px,(x2) dxz . (5.32)

—00

This is called the convolution integral. It is often met, both in statistics and in
experimental physics, during the analysis of laboratory measurements. In these
cases, pz is an observed random signal (for instance, an image), px, is the
true signal (the true image) and pyx, is a blurring or apparatus function. In such
conditions, it is necessary to determine px, when pz is observed and pyx, is known.
This is achieved by integral inversion using deconvolution algorithms. You can
easily imagine the importance and the widespread use of these techniques, from
medical diagnostics to astrophysics. We will return to this issue in Sect. 12.15.

After so much mathematics, we also note that this last integral has a simple
intuitive explanation: the probability of observing a value Z = z is given by
the probability of obtaining a value x, times the probability of having a value
X1 = z — X3, so as to satisfy the equality z = x; + x». This probability must be
added for all the possible values of X». The convolution integral thus appears as a
further application of fundamental laws (1.23, 1.24) for continuous variables. We
also note that Eq. (5.31) can be derived from the cumulative function (5.18). Indeed,
since:

P{(X+Y§Z)}=FZ(Z)=/ px (x1, x2) dxy dxz
(X+Y<z)

+00 7—x2
=/ dX2/ px (x1, x2) dx1 ,

—0o0 —0o0
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Equation (5.31) can be obtained again by deriving with respect to z and applying
Eq.(5.4).

In R there are many possible ways to perform convolution integrals. Our routine
ConvFun solves Exercise 5.1 and, with few modifications, also the other exercises
and in general many simple convolution problems. If we denote by funl (x) and
fun2 (x) two R oruser functions which deliver a value according to the input value
%, the lines of code of ConvFun that calculate the convolution integral between
funl and fun2 are given by:

£.
£.

> <- function(x) funl (x)

> <- function(x) fun2(x)

> Svalue extracts from integrate the value of the integral

> <- function (z)

> integrate (function(x,z) f.X(z-x)*f.X(x),-Inf,+Inf,z)svalue
> £.Z <- Vectorize(f.Z)
>

>

>

>

NOH

# as an example,

# the z vector has limits [-4,+4] in steps of 0.02
z <- seqg(-4,+4,0.02)
plot(z,f.Z(z),type='1")

The first statements formally define the two functions £.X and £.Y, and then a
third function £ .Z containing the routine integrate that performs the convo-
lution. These lines of interactive code are all variables that contain R statements.
The Vectorize statement is important because it assigns the £ . Z function to the
vector class, so that all R vector functions can be applied to it. After this assignment,
if z is a vector, the same holds for £.Z (z), which allows it to be used as an
argument to plot in the next statement. The actual convolution computation occurs
within the plot call, when you assign the z argument to the function £.Z (z) . The
R online manual contains additional useful information to understand these lines of
code.

Exercise 5.1
Find the density of the random variable:

Z=X+Y,

where X ~ N(u,02) and Y ~ Ul(a, b) are independent.

(continued)
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Exercise 5.1 (continued)
Answer From Egs. (3.28, 3.79, 5.32), one has:

o= '/h L [ @=y=m]
pzi2) = b—a a (7\/27[ p 202 Y

1 b [y — (z— w7
b—a /a /2 exp |:— 22 i| dy. (5.33)

This density is nothing more than a Gaussian with mean (z — 1) and variance
o2 integrated within the limits of the uniform density. Using the cumulative
Gaussian (3.43), one can rewrite it as:

1 [(p (b—(z—u)>_¢<a—(z—u)>} ‘ (5.34)
b—a o o

The instrument used to measure physical quantities is often associated with
a random uniform dispersion, while the measurement operations are usually
associated with a random Gaussian dispersion (see Chapt. 12). In these cases,
Eq. (5.34) gives the total smearing of the measure and is therefore important
in the study of error propagation, which will be discussed in Sect. 12.9.

The R code lines needed to obtain Fig. 5.3 are:

pz(2) =

> £.X <- function(x) dnorm(x)

> £.Y <- function(x) dunif (x,min=-2,max=+2)

> # $value estracts from integrate the value of the integral

> £f.Z <- function(z)

> integrate (function(x,z) f.X(z-x)*f.X(x),-Inf,+Inf,z)$value
> £.Z <- Vectorize(f.Zz)

> z <- seq(-4,+4,0.02)

> plot(z,f.X(z),type="1",1lty=2)

> lines(z,£.Y(z),type="1",1ty=3)

> lines(z,f.Z(z),type="1",1ty=1)

This figure shows that the shape of the resulting density is rather similar to a
Gaussian. An equivalent result is obtained with a call to our routine
ConvFun(f.X,f.Y,zl=-4,22=+4).
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0.4f

0.3

»"' | -
0= 2 0 2 4

Fig. 5.3 Convolution of a standard Gaussian having 4 = 0 and ¢ = 1 (dashed line) with an
uniform density over [—2, 2] (dash-dotted line). The full curve is the resulting distribution

Exercise 5.2
Find the density of the variable:

Z=X+4+Y,

where X ~ U (0, 1) and Y ~ U (0, 1) are independent.

Answer Since 0 < X,Y < 1,one has 0 < Z < 2. Also in this case, from
Egs. (3.79, 5.32) one immediately obtains:

pz(z) = f uy(z —x)ux(x) dx,
where u(x) is the uniform density:

1if 0<x<1
u(x) = )
0 otherwise .

(continued)
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Exercise 5.2 (continued)
The uniform density arguments, which are the variables (z —x) and (x), must
therefore lie between 0 and 1. The integral is then composed of two terms:

b4 1
pz(2) = [/ dxi| + [/ dX} ,
0 0<z<l z—1 1<z=<2

and gives the result:
Z if 0<z<l
pz(z) =12—zif 1<z<2 . (5.35)
0 otherwise
This density is normalized between 0 and 2, triangular and with a maximum
in z = 1. Also this function will be extensively discussed during the study

of the error propagation of two measurements affected by instrumental errors,
which will be carried out in Sect. 12.9.

Exercise 5.3
Find the density of the variable:

Z=X+4+7Y,
where X, Y ~ N(u, o?) are two independent Gaussian variables.

Answer Also in this case, from Egs. (3.28, 5.32), one immediately obtains:

©=, ! /+Ooex St Gmx o)t
pzie) = 2nov0y J oo P 202 202 ’

The integral appearing in this formula can be solved with the method
discussed in Exercise 3.4. It is of the type:

+00 2
—Ax2 _ JT _ AC-B
e Ax“+2Bx—C dx = \/ e A ,
—00 A

(continued)
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Exercise 5.3 (continued)

where:
2 2 2 2
10'x+0—y Mx Z_/fLy 128 (Z_'u“y)
= , B= , C= " . 5.36
2 O'XZ o2 20'x2 + 20')% 20)52 + 20')% ( )
One then obtains the density:
1 [z = (x + 1)
pz(2) = exp | — S I (5.37)
\/27'[\/0')(24—0)% 2(o¢ +0y)
which is a Gaussian with mean and standard deviation given by:
Mz =px + Ry, 07= U;cz +0§ . (5.38)

Since the transformation is linear and the variables are independent, Eq. (5.38)
is in agreement with Egs. (4.8, 4.19). However, this exercise tells us a new
and very important fact: the linear composition of Gaussian variables again
generates Gaussian densities.

Equation (5.37) can also be easily proved using the property (C.4) of the
generating functions of Appendix C.

When a density retains its functional form by linear composition of several
variables, it is said to be stable. Notice that according to the Central Limit
Theorem 3.1, the sum of N random variables tends to follow the Gaussian
distribution for N large enough, in practice for N > 10. Well, if the starting
variables are already Gaussian, this condition can be removed and the property
holds for any N.

The set of these properties is the basis of the central role that the Gaussian
or normal density assumes both in probability theory and in statistics.

Exercise 5.4
Find the density of the variable:

Z=X+4+Y,

where X and Y are two independent Poissonian variables, with means w1 and
W2, respectively.

(continued)
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Exercise 5.4 (continued)
Answer Equation (5.32), for integer variables X, ¥ > 0, must be rewritten as:

Z
pz() =) px(x) pr(z—x), (5.39)
x=0

where both the densities px and py are given by the Poisson distribu-
tion (3.14). Therefore, one has:

Z X,,2—X

Kk —(1+12)

z) = e .
pz() ;)x!(z—x)!

Multiplying and dividing by z! and remembering Newton’s binomial formula:

Z

(1 +p2)* =y

k=0

z! k, z—k
Kz — ko H1H2

one obtains:
1< z! _ + p2)?
—(u1+12) § : Wi = (1 + 12) e~ itn)

pz(@)=e 2 2 x1(z — x)! 2!

x=0
(5.40)

from which it results that the required density is a Poissonian with mean (p¢1+
H2)-

We can get the graph and the values of Poissonian convolutions again
using the call to our routine ConvFun (f.X, £.Y, cont=FALSE), which
can also deal with discrete distributions by applying Eq. (5.39).

We note that, unlike the Gaussian case, only the sum, but not the difference
of Poissonian variables, is Poissonian. In fact, if Z = Y — X, it is possible to
have Z < 0, and in Eq. (5.40) the term (z 4 x)! appears instead of (z — x)!.
It is clear then that the p.d.f. of the difference is not Poisson distributed. This
distribution can be studied by changing the sign in Eq. (5.39) or again with
the call ConvFun (£.X, f£.Y, cont=FALSE, sign=FALSE)

In the following two exercises, we will determine the Student and Snedecor’s
densities, which will be used later in statistics. So, don’t skip the exercises (at least
read the sentence and the solution), and pay attention.
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Exercise 5.5

Find the probability density of a variable Z defined as the ratio between a
standard Gaussian variable and the square root of a Qg variable following
the reduced x2 density with v degrees of freedom. These variables are also
mutually independent.

Answer Letusdenote by X the standard Gaussian variable with density (3.42)
and by Y the x2 variable with density (3.67). We must then evaluate the
density of the variable:

V4 X v X (5.41)
= = V . .
VY /v VY
Since X and Y are independent, we can apply Eq. (5.28), with:
- 1 of Tt _
— 1 — — .
X = f (Z1 y) \/V Z\/y ’ 3Z \/V

We then have, by using the product of the densities (3.42, 3.67):

@ 1 /00 -t 1 (22 1) 4
= (&) — .
pz(z S22 (3) y xp| =,y ( y

Now let us change the variable of integration as:
1 z? 2 2
q=2y( +1>, y=,, q, dy= | dqg ,
T e
which results in:

1 /2 1 )
Q) V(2 0) (3 )

%
o0 v—1
x/ g2 edg.
0

If we recall the definition (3.64) of the gamma function, a direct calculation
gives:

pz(2) =

pz(2) =

v+1 _wzrl
rF é)i?r ¢1 (Zz“) '

(continued)
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Exercise 5.5 (continued)
This is the well-known Student’s density, which takes its name from the
pseudonym used by the English statistician W.S. Gosset, who derived it at
the beginning of the twentieth century. It is usually written as the density of
a variable ¢, where the identity /7 = I"(1/2), shown in Eq.(3.65), is also
applied.

Therefore, the distribution of a variable ¢, defined as the ratio between a
standard Gaussian variable and the square root of a XI% (v) variable, is:

5, (1) = F<v;1) 1 <t2+1>_v;l, (5.42)
r(3)ri) vy

The integral values of the Student’s density are shown in Table E.2 in
Appendix E. Both from this table and from Fig. 5.4, one can easily verify
that this density is very similar to a Gaussian when the number of degrees of
freedom is greater than 20-30. The values of the mean and variance can be
obtained, as usual, using Eqs. (2.54, 2.57), and are given by:

u=0, o°= . (5.43)

The variance is then defined only for v > 2. For v < 2 the function s, (¢) is
an example, rather unusual but possible, of a density without variance. In this
case, the parametrization of the probability interval (3.94) in terms of standard
deviation is no longer possible, and to obtain a given probability level, it is
necessary to directly calculate the integral of the density within the assigned
limits. These probabilities can also be obtained from Tab. E.2.
In R the function t ( ,df, ) computes the Student’s distribution with

df degrees of freedom. The call sequences use standard R prefixes:

dt (x,df) # function value in x

pt(g,df) # cumulative value of the quantile g

gt (p,df) # quantile value of index p

rt(n,df) # vector of n random variates of ¢
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0.4

0.3 \

0.2

Fig. 5.4 Student’s density for 1, 5 and 20 degrees of freedom. The dashed line represents the
standard Gaussian

Exercise 5.6

Find the p.d.f of a random variable F given by the ratio of two independent
random variables following the reduced x? distribution, with respective
degrees of freedom p and v:

_ Or()
Or(v)

According to the statistical practice, the ratio (5.44) should be written in
capital letters. We will then denote with F the values assumed by the
Snedecor’s variable F.

F (5.44)

Answer We define:

Fo Or(w) _ Y

= oy~ x XD

(continued)
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Exercise 5.6 (continued)
af !

Y=FfYF,X)=FX,
f( ) OF

=X.

The reduced x? density with v degrees of freedom is given by the integrand
of Eq. (3.72):

1 1
po(x) = ayx2V D T2V (x|

where:

v
v2

a= , (5.45)
221 (%)

In this case, Eq. (5.28) becomes:

f—l
oF

0 a
Pty = [ pu (£ F0) o)’
0

_ auav/F/L/271xu/2flef,u.Fx/2xv/27lefvx/2x dx

1 1
— apay PP / o hv-2) - wFox g,

After the change of variable:

2

X
= F s dx =
w 2(# +v) Y= P

do ,

one finally obtains:

1
ana, Fr/2=1 2, (utv) .
puv(F) = wy /w2(“+”)_1e_“’ do .

(WF + )20+

Recalling Eq. (5.45) and the integral form of the gamma function I'[(1 +
v)/2] of Eq. (3.65), we can write:

Puv(F) = ¢y F2072 (uF 4 1)~ 2000 (5.46)
+
. “2”)

N
= IE p ey ()

(continued)
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Exercise 5.6 (continued)

This result represents the well-known Snedecor’s density F of the variable F.
It is displayed in Fig.5.5 and is extensively used in the analysis of variance
(ANOVA) method, which will be discussed later in Sect.7.9. Mean and
variance are as usual calculated from Eqs. (2.54,2.57) and are given by:

" 2035 (4 v —2)

(F) = Var[F] = o2 (0 (5.47)

These equation are valid for v > 2 and v > 4, respectively. When the degrees
of freedom w,v — oo, the F density tends to a Gaussian distribution;
however, as the figure shows, the convergence toward this function is rather
slow.

The values of the ratio F' = F, (u, v) corresponding to the 95th percentile
(u = 0.95) and to 99th percentile (« = 0.99) and, therefore, at the significance
levels of 5% and 1% to the right of the mean, are given by:

Fu(,v)
U= f puv(F) dF (5.48)
0

are the most frequently used in ANOVA. They are reported in Tabs.E.5
and E.6 of Appendix E. The percentiles (v =5%) and (u = 1%), correspond-
ing to the significance levels of the tails to the left of the mean, are generally
not given, because of the following crossing property between quantiles:

1

Pl v = Fiou(w, )’

(5.49)

This equation can be proved by observing that, by definition:

Fi—y(u,v) o0
1—u=/ Puv(F) dF:/ puv(F) dF,
0 Fy(w,v)
and that, since F is a ratio:
. 1
it ' ~ p,v(F) then F ~ pyu(F).
Therefore, one can write:

u= PF < Fy(u, v)) = P{; < Fu, u)}

(continued)
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Exercise 5.6 (continued)

| 1
— P {F > Fiy(v, M)} =P {F = Frou(v, “)} ’

and Eq. (5.49) follows.
In R, the function £ ( , df1l, df2, ) evaluates the F density with
df1 and df2 degrees of freedom, with the calling sequences:
df (x,df1,df2) # function value in x
pf(g,dfl,df2) # cumulative value of the quantile g
gf (p,df1,df2) # quantile value of index p
rf(n,dfl1,df2) # vector of r variates of F
To numerically verify Eq.(5.49), it is enough to check the equality

of quantile values such as gf (0.3,df1=3,df2=4) and 1/gf (0.7,
df1=4,df2=3);in both cases the obtained value is 0.5038967.

1.0

0.8

0.6
I~

P(F)

1 f \

'.
L]
' -

]
1
'
]

1

T

0.2

2t =
_________ N = e o o

T T T T
0 2 4 6 8

F

Fig. 5.5 Distribution of the Snedecor’s F density with respective degrees of freedom v and v.
Full curve: u, v = 2; dashed curve: u, v = 5; dash-dotted curve: u, v = 10
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One could write some books about functions of random variables (and, as a matter
of fact, they have been written . ..). If you like mathematical analysis and wish to
learn more about this subject, you can refer to the classic text of Papoulis [PUP02].

5.4 Mean and Variance Transformation

As you have seen, the determination of the probability density of a variable
expressed as a function of other random variables is a rather complex subject. In
the examples developed so far, we have already met some non-trivial mathematical
complications, even though we have limited ourselves to the simple case of only
two independent variables.

Fortunately, as in the calculation of elementary probabilities, an approximate but
satisfactory solution of the problem can almost always be obtained by determining,
instead of the complete functional forms, only the central (mean) value and the
dispersion (standard deviation) of the density functions under study. This is what
we now intend to develop now.

Let us start with the case of a single variable Z which is function of a single
random variable X following the known density px(x),i.e.:

Z=f(X). (5.50)

Assuming f to be invertible, X = f ’1(Z), and the average of Z is obtained from
Eqgs. (2.54), (5.7) and differentiating Eq. (5.50):

dz
[f/(0)]

_ / FEOpx(x) dx . (5.51)

(z) = / p2(2)dz = / FOpx()

It turns then out that the mean of Z is given by the mean of f(X) with respect
to the density px(x), according to Eq.(2.68), which is the definition of expected
value. This result, also valid in a multidimensional space under the conditions of
Theorem 5.1, allows to obtain the central value of the density of Z in a correct and
quite simple way. In many cases, however, an approximate formula is used, which
is obtained by the second-order Taylor expansion of the function f(x) about u, the
mean of the original variable X:

1
fO) = f(w) + (W — )+ 2f”(M)(x — w3 (5.52)
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By inserting this expansion into Eq.(5.51), it is easy to verify that the term
containing the first derivative vanishes and that, therefore, the approximate relation:

1
(Z) = fa+, () o? (5.53)

holds, where o is the standard deviation of X.

This important equation shows that the mean of the function f (i.e. of Z) is equal
to the function of the mean plus a corrective term that depends on the concavity of
the function around the mean of X. If Eq. (5.50) is linear,

Z=aX+b,

then the second derivative in Eq. (5.53) vanishes and one obtains:
(Z) = X)) . (5.54)

In the non-linear case, it is possible to show that (Z) > f ((X)) if f” ((X)) > 0,
whereas (Z) < f (X)) if f” ((X)) < 0.

We now come to the transformation of the variance. As in Eq.(5.51), one can
write:

Var[Z] = / [f(x) = (FOXN] px(x)dx. (5.55)

By recalling the approximate result of Eq.(5.53) and using the second-order
expansion of Eq. (5.52), one obtains:

1

2
zf”(u)az} px(x) dx

Var[Z] :/[f(X)—f(u)—

1 1 2
= f [f’(u)(x — Wt e = ) — zf”(u)az} px(x)dx .

Carrying out the square in the integrand and remembering definition (2.59) of the
moments of a distribution, after a somewhat long but easy reworking, one obtains:

1
Var[Z] =~ [f'(W)]%0? + A L)1 (As — o) + £1G0 f7(1) A3, (5.56)

where A; are the moments defined in Eq. (2.59). Since this is still an approximate
relation, to have an acceptable estimate of the variance of Z, it is often sufficient to
know only the order of magnitude of the moments. If the density of X is symmetrical
around the mean, we have A3 = 0. If, in addition to being symmetric, the density is
also Gaussian, then, based on Eq. (3.33), A4 =3 o and Eq. (5.56) becomes:

1
Var[Z] ~ [f'(W)]%0? + ) L (1ot (5.57)
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If the density px(x) is symmetric but not Gaussian, using Eq. (5.57) usually does
not introduce large errors.

When the standard deviation of pyx(x) is small, that is, when o2 > o, the
additional approximation

Var[Z] = [f'(w)]%0> (5.58)

holds. This equation becomes exact when between Z and X there exists a linear
relation. In this last case, Egs. (5.54, 5.58) coincide with Eqs. (2.63, 2.64).

It is also useful to verify that, when Z = a X? and X follow the Gaussian density,
Egs. (5.53, 5.57) give the correct result (5.16).

Let us now deal with the more general situation, consisting of one variable Z
which is function of n variables X;:

Z=f(X1,X2,....Xp) = f(X). (5.59)

This case can be easily handled if one uses the linear approximation of Egs. (5.54,
5.58). In other words, we assume that the mean of the function f coincides with the
Sfunction of the means and that the variance of Z depends only on the first derivatives
of f and on the variances of the distributions of X.

We begin with the simplest situation of two random variables:

Z = f(X1,X2).

If the function f is linearized around the means (1, ;7 of the two original variables
X1, X7, one obtains:

0 d
Zlf(ltl,ltz)+af(X1—M1)+ f(Xz—Mz)
X1 0x2

a d
= f(n1, n2) + f Axy + f Axy, (5.60)
dx1 0x7

where the derivatives are calculated in x| = w1, x2 = u3.
The mean of Z is obtained by extending Eq. (5.51) to two variables:

(Z) = / f(x1, x2) px (x1, x2) dxy dxo , (5.61)

and by substituting the expansion (5.60) for f(x1, x2). Since the terms of the type
(xi — i) px(x1, x2) are cancelled by the integration, the final result is simply, as
always in linear approximation, that the mean of the function coincides with the
function of the means:

(Z) = f(u1, u2) . (5.62)
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The generalization to the case of n variables obviously gives:

(Z) = fur, w2, - ooy pn) - (5.63)

The variance of Z is evaluated by considering the generalization of Eq. (5.55):

Var[Z] = /[f(mmcz) — f(u, u2)P px(x1, x2) dxi dx (5.64)

after substituting f(x1, x2) — f (11, n2) with the expansion (5.60). We then obtain:

2 8f 2 2
o, =~ ox1 /(Axl) px (x1, x2) dx dx2

9 2
+[ af } / (Ax2)?px (x1, x2) dxy ds
x2

2[3f af

dx1 dx2

TV o ) o S [0F of
_[am} 61+[8x2:| o} +2[ax1 8x2:|012. (5.65)

This result contains some interesting new features: in linear approximation, the
variance of z is a function of the variances al.z of the single variables, of their
covariance o1 and of the derivatives in the points x; = w1, x2 = up. This law
generalizes Eq. (4.19).

If the two variables are independent, they have zero covariance and one obtains:

ar 1? af 1?
opn=0 — 022:[8){1} of+[a){2} o5 . (5.66)

When Z = X + X» is given by the sum of two independent variables, the resulting
density is given by the convolution integral (5.32), and the explicit calculation of .
and 612 could be rather cumbersome, depending on the complexity of the involved
densities. However, in this case Egs. (5.62) and (5.66) are exact and give the result:

:|/ Ax1Axy px(x1, x2) dx1 dx;

pe=pi+p2, ol =of+o;5. (5.67)

Therefore, the mean and variance of Z are known exactly, even if the explicit form
of the final density remains unknown or is too complicated to calculate. Therefore,
linear transformations allow to evaluate in an approximate, but simple, way the
dispersion of the z values around their mean, by using the criteria of the probability
intervals and the 30 law described in Sects 3.5 and 3.10. In general, this turns out
to be an appropriate procedure to solve the problem. Equations (5.62, 5.66) usually
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give good (although approximate!) results also when Z is the product or the ratio
of independent variables. In this case, Eq. (5.66) gives, both for the product and the
ratio, the result:

X1 X Var[Z] Var[X1] Var[X;]
Z=X1X>2, Z= , L = - , = 5 5
X2 X1 (Z) (X1) (X2)

(5.68)

which shows that the relative variance of Z (sometime called the square of the
coefficient of variation, CV = o/u) is the sum of the relative variances of the
input variables. However, this is an approximate result, as shown by the following
exercise.

Exercise 5.7

Find the exact formula for the variance of the product XY of two independent
random variables.
Answer If the two variables are independent, we know, from Eq. (4.9), that

the mean of a product is the product of the means. The variance of a product
is then given by:

Var[XY] = /(xy — xiy)? px () px (y) dx dy
= /(x2y2 + UGG — 2pxpyxy) px (x) py (y) dx dy
= (x2> <y2> +urus —2uipd = <x2> <y2> — 13
Recalling Eq. (2.67), we can write:

Var[XY]

(0F + ud) (o) + u3) — uau

= axzo)% + Miayz + ,uf,axz , (5.69)

which is the required solution.
We can compare this equation with Eq. (5.68) if we divide both sides by
the product of the squared means:

2 2 2 2 2
(o2 o g 0.0
MZ l’l/_)( I'Ly l’L_XMy

(continued)
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Exercise 5.7 (continued)
This last result shows that Eq. (5.68) holds only if the condition:

2 2 2.2
o o oco
T S>> L) (5.71)

is verified. This happens when the relative variances are small.

Let us now return to Eq. (5.65), and note that it can be expressed in the matrix form:

of o af/dx
o =~ (9f/dx1 8f/dx2) =TVT', (5.72)
o112 0'22 af/axz

where V is the symmetric covariance matrix (4.62) written for the bidimensional
case; T is the derivative matrix, also named gradient or transport matrix ; and
indicates the matrix transposition.

This equation can be interpreted by stating that the variances and covariances
of the initial variables are transformed or “transported”, by the matrices of the
derivatives, through the function f, to obtain the dispersion of the variable Z. Equa-
tion (5.72) can be immediately extended to the n-dimensional case of Eq. (5.59):

of o2 ..o\ [9f/dx)
021 0‘22 ... 02 af/dx2
o2 = (3f/dx1 8f/dx2 ... 3f/dxn)
Onl On2 ... anz af/0xy
=TVT'. (5.73)

If all the variables are independent, the covariances are zero, and the previous
equation directly gives the generalization of Eq. (5.66):

n 2
af
S <8x,~> o2 (5.74)
i=1

Xi=[Li

where the derivatives are calculated, as usual, at the mean values of X;.
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Recall that Eqs.(5.60-5.74) are correct only for linear transformations of the
type Z = b+ ) _a;X; with a and b constant coefficients. However, they provide
fairly accurate results even in non-linear cases, when the densities involved are fairly
symmetrical, the number of initial variables is large and their relative variances are
small.

Fortunately, for complicated cases there is a method, based on simulation
techniques, which allows the calculation of the variances of any multivariate
function in a very simple and effective way. It will be described in detail in Sect. 8.9.

5.5 Means and Variances for n Variables

Let us now deal with the more general case of m variables Z; that are functions of
n variables X;:
Zy = filX1, X2, ..., Xp)
Zy = fo(X1, X2, ..., Xp)
B T (5.75)
Zm = fm(X1, X2, ..., Xn) .

If we remain within the linear approximation, the m means of the Z variables are
obviously given by:

(Z1) = fi(ur, p2, ..., o)
(Z2> = f2(,bL1, :u“27-"1/1/n)
e (5.76)

(Zm> = fm(lu’la I’LZa A Mﬂ) .

To determine the variances (and the covariances!) of the variables Z;, we need to
generalize Eq. (5.73). The procedure does not present conceptual difficulties: it is
necessary to start from the covariance matrix (4.62) of the variables X, to perform
the product row by column with the transport matrices 7 and 7" and to obtain the
covariance matrix of the variables Z:

Vz) ~TvX)T',
(5.77)
Cov[Zi, Zil = Yi_y Yy Tijou T . Gok=1.2,....m).
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The covariances V (X) and V (Z) are square and symmetric matrices with dimension
n x n and m x m, respectively, whereas T is a transport matrix m X n given by:

0f1/0x1 0f1/9x2 ... 3f1/0x,

0f2/0x1 0f2/0x2 ... 3f2/0x,
T = , (5.78)

0fm/0x1 0fm/0x2 ... Ofm/0xn

and TT isthe n x m transposed matrix of T. We recall that, from Definition 4.3,
Cov[X;, X;] = Var[X;] = oy, Cov[X;, X;] = o;;. If we introduce the compact
notation:

afi
af = (0 fi) (5.79)
Xk
we can write Eq. (5.77) as:
CoviZi, Zil = Y 0 fi) oji (i fi) - (5.80)

Jl=1

This equation allows to calculate, in a fairly simple way, the dispersions of the
variables Z and their possible covariances and correlations. For example, when the
input variables are independent, all covariances are zero, that is, o;; = 0 fori # j
and Eq. (5.80) becomes:

Cov[Z;, Z;] EZ(ajfi)Ujj 0 fr) - (5.81)
=1

Since it is often necessary to calculate covariances of functions of random variables,
we want to show you in detail how to do it. We will describe the case of two variables
Z1, Z> and X1, X7, because the generalization to functions containing a greater
number of variables is obvious.

The problem consists, once the variances and covariances of X1, X, have been
obtained from the data, in determining the variances and covariances of the variables
Z1, Z>. As a matter of fact, everything is implicitly contained in Eq. (5.80). The
covariance Cov[Z1, Z;] is then given by:

Cov[Zy, Z3]

[

2
> @A) o (3f)

Jii=1

&1 f)of @1 )+
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@1 /1) 012 (32 /2) +
(02 f1) 021 (01 2) +
B2f1) 07 (322)
= 01f1) B1f) of + (0f1) (2f2) o5 + (5.82)
[(31 /1) (B2/2) + (92.f1) (81 f2)] 012,

where the equality 012 = o2 has been used in the last row.

Matrix notation is convenient and compact, but we remind you that Eq. (5.82) can
also be directy demonstrated, from the covariance definition (4.24), by expanding
the z variables around their mean as Taylor series up to the first order. In this way,
one has:

CovlZy, Z2] = ((Z1 — (Z1)) (Z2 — (Z2))) (5.83)
>~ ([@1/1))AX1 + B2 f1))AX2][(012)AX1 + (02 2)AX2]) .

Going on with the calculation and taking into account that:

(ax1?) = ot
((ax22) =0,

((AX1)(AX2)) =012 =021,

Equation (5.82) is again obtained.

Exercise 5.8
Two random variables Z; and Z; depend on two standard independent
Gaussian variables X and Y according to the functions:

Zy=X+3Y,
Zr=5X+4+7Y.

Find the linear correlation coefficient between Z; and Z,.

Answer Even if X and Y are independent, the functional link creates a
dependence between Z; and Z,.

(continued)
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Exercise 5.8 (continued)
Defining X; = X and X, = Y and using the notation of Eq. (5.79), one
easily finds:

(G f)=1, (32/1) =3,

01/2) =5, (f2)=1.

To determine the linear correlation coefficient of Eq.(4.31), it is, at first,
necessary to find the variances and the covariance of Z; and Z5.

Since the input variables are independent, to evaluate the variances of Z,
we just need to apply Eq. (5.81) and keep in mind that the standard variables
have unit variance:

Var[Z1] = (1)? o} + 3)*0f = 10,

Var[Zs] = (5)% o + (1)? 0f = 26.

Since X and Y are independent standard random variables, the covariance
between the Z variables is evaluated through Eq. (5.82), with 012 = 022 =1
and o012 = 0:

CoviZi,Z2l=(5-Dof +(B-Dof +(1-1+3-50=5+3=8.

From Eq. (4.31), one finally obtains:

8
Z1,Z7] = = 0.496 .
plZy, 23] J10v26

Exercise 5.9

Two random variables X and Y have known mean, variance and covariance:
2 2 P

Mx, Ky, 05, Oy, Oxy. The transformation:

Z1=5X+4+7Y,
Zr=X-Y.

is applied to them. Find the covariance Cov[Z1, Z>] between Z; and Z».

(continued)
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Exercise 5.9 (continued)

Answer Let w1 and po be the means of Z; and Zj, respectively. Using
Eq. (5.83) and from a series expansion of the two new variables as a function
of the old ones, we obtain:

CovlZy, Z2] = ((Z1 — 1) (Z2 — p2))

07 07 07> 072>
AX + AY AX + AY

9X 3% X 34
3Z) 37 3Z1 97
= ooroe <(AX)2> 1922 Ax AY)
X 93X X 9y
YARY/ VAR Y/
LO%2 Ax Ayy 4 001 072 <(AY)2>
Y X Y oy

= 5Y Var[X]+ X Var[Y]+ (5X + Y) Cov[X, Y]. (5.84)

Since this expansion is made around the mean values, the variables X and Y
appearing in the derivatives are the mean values of u, and . Since these
values are known, the problem is solved.

Exercise 5.10

The measured coordinates of a point in the x-y plane are considered to be
random variables with standard deviations equal to 0.2 cm (for x) and 0.4 cm
(for y). These variables are uncorrelated. Determine the covariance matrix in
polar coordinates at the point (x, y) = (1, 1).

Answer Since the coordinates are uncorrelated, the covariance matrix of the
original variables is:

0.04 0
Viy =
0 0.16

The transformation to polar coordinates is given by:

r=.x2+y2, <p=arctany.
X

(continued)
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Exercise 5.10 (continued)
The transport matrix of this transformation is:

Xy
’
T = ,
y X
T2 2
which, at the (x,y) = (1, 1) point, corresponding in polar coordinates to
(r, ¢) = (V/2, /4), becomes:
1 1
V2 V2
T = ,
11
2 2

The problem is now solved with Eq. (5.77):

1 1 1 _1
) Jr ) (004 0 S T2 0.100 0.042
re — =
1 1 1 1
-3 0 0.16 S 2 0.042 0.050

The square root of the non-diagonal elements of V, , gives the standard
deviations of the variables r, ¢. Therefore, given the measurement:

x=1£02cm, y=1+£04cm,

the transformation to polar coordinates provides the values:
r=+2+£+/0.100 = 1.41£032cm, ¢ = Z ++/0.050 = 0.78+£0.22rad .

In addition, the non-zero off-diagonal elements of the matrix signify that the
variable transformation has introduced a positive correlation between r and
@.

The problem can also be solved with the following R commands:

> x=1; v=1;

> r=sqgrt (x*2+y"2);

> Vxy <- matrix(c(0.04,0.,0.,0.16) .byrow=T,ncol=2)

> T <- matrix(c(x/r,y/r,-y/r*2,x/r"2) ,byrow=T,ncol=2)
> TD <- t(T) # TD is the transpose

> Vrphi <- T %x% VXy %x% TD # %x% is the row/column multiplication
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Exercise 5.11
Prove that the covariance between the variables (/;, ;) of the multinomial
distribution is given by Eq. (4.92).

Answer In a multinomial distribution, there exists a correlation between the
bin contents {I; = n;}:

fm)=mi+n+---+n)=N. (5.85)

Since N is fixed, Var[N] = 0. If one applies transformation (5.80) to
Eq. (5.85), the result:

Var[N] = Z(a Hoij @)
= Zo,] = Zo +ZO‘,] =0,
i#]

is obtained. From the last line of this equation, and from Eqs. (4.91), one then
gets:

ZU’/_ ZU ZNPz(l_Pt)— ZNPzP/,

i#] i#]

where the condition:

A=p)=Y pj, G#)
J

has been taken into account. The result of Eq. (4.92) is thus derived:

Cov[l;,Ij] =0;j = —=Npip; . (5.86)

Finally, remember that all the limitations of the linear approximation discussed
above apply to the results of this section.
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5.6 Problems

5.1 Find the p.d.f. of the variable Y = —21n X where X ~ U(0, 1) is uniform.

5.2 Find the p.d.f. of Z = X2, where the density of X is px(x) = 2(1 —x), 0 <
x <1.

5.3 Find the density pz(z) of the variable Z = X /Y from the known joint density
pxy(x,y).

5.4 The densities of the indipendent variables X and Y are px(x) = exp[—x], x >
0 and py(y) = exp[—y], y > 0, respectively. Determine the density of Z = X +7Y.

5.5 Find the density of X = Y ", T;, where the variables 7; are independent
random times with negative exponential p.d.f..

5.6 The independent variables X and Y have densities px(x) = exp[—x], x > 0
and py(y) = exp[—yl, y > 0, respectively. Determine the density pzw(z, w) of
the variables Z = X/(X + Y), W = X + Y. Try to comment on the result.

5.7 Find the density of Z = XY, where X and Y are two independent uniform
variables ~ U (0, 1), and calculate (Z) and Var[Z].

5.8 Two devices 71 and 7>, both having a mean life 1/, work in parallel. The
second device comes into operation only after the failure of the first. If the operating
time of the two devices follows the exponential law, find the p.d.f of the operating
time T of the system and its mean life.

5.9 Two random variables Z; = 3X + 2Y and Z, = XY are given, where X
and Y are independent random variables. Find the mean, variance, covariance and
correlation of Z; and Z», when (a) X and Y are standardized and when (b) X and Y
have unit mean and variance.

5.10 A company produces both shafts, whose diameter is a Gaussian variable with
parameters (X) = 5.450 and o[X] = 0.020 mm, and bearings, whose internal
diameter is also a Gaussian variable with parameters (Y) = 5.550 and o [Y] = 0.020
mm. The shaft must be seated within the bearing and the coupling is acceptable
when the shaft/bearing clearance is between 0.050 and 0.150 mm. Determine the
percentage of discarded assemblies.

5.11 On average, v vehicles transit from A to B in a given time unit, and A vehicles
do the same in the opposite sense, from B to A. Find the p.d.f. of the total number N

of vehicles and the probability to observe k vehicles from A to B over a total of n.

5.12 Verify the numerical values obtained in Exercise 5.8 with simulated data.



Chapter 6 )
Basic Statistics: Parameter Estimation Chack for

In which Alinardo seems to give valuable information, and
William reveals his method of arriving at a probable truth
through a series of unquestionable errors.

Umberto Eco, “THE NAME OF THE ROSE”.

6.1 Introduction

In the previous chapters, we have introduced the main results of probability theory.

Let us now enter the fascinating world of statistics by starting with the funda-
mental question: what is statistics and how does it differ from probability theory? A
first answer can be obtained by carefully considering the following two points:

* A probability problem: if we attribute to a coin a true probability equal to 1/2
of getting head in a flip, what is the probability of getting less than 450 heads in
1000 flips? This problem has been solved in Exercise 3.13.

o The same problem in statistics: if 450 heads are obtained in 1000 coin flips, what
is the estimate that can be given of the true probability of getting heads, that is,
the one that would be obtained in an infinite number of flips?

As can be seen, in the probabilistic approach, a model distribution is assumed to
be the true one describing the studied process. Then the probability of obtaining
a certain experimental result is estimated on the basis of this premise. In the
statistical approach, instead, starting from the experimental value, an interval must
be evaluated to determine the true value of the probability.

At this point we realize that this estimate lacks of an essential ingredient: the
statistical equivalent of the standard deviation. Here we anticipate an approximate
result that will be discussed in the next sections: often in statistics the estimation
of the standard deviations can be performed by substituting the true parameters
with the measured ones: o =~ s. This procedure is sometimes called error plug-
in. The estimated standard deviation s thus defined is often called, by physicists and
engineers (and generally by all who regularly perform laboratory measurements),
as statistical error. At an international level [fSI93], the recommended term for
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Table 6.1 Difference between probability theory and statistics in the simple case of x = 450
successes in n = 1000 coin tosses

Probability theory Statistics

Probability of spectrum values Parameter estimate (p)

True probability: p = 0.5 Frequency: f = x/n = 0.45
Expected value: (X) =500 Measured value: x = 450
Standard deviation: Statistical error or uncertainty:
o[X]=+/np(1 —p) =158 s =A/nf(1 — f) =157

measurement results is statistical uncertainty. We therefore have three synonyms:
estimated standard deviation (mathematical term), statistical error (language of
physicists) and statistical uncertainty (term recommended internationally). In the
following, we will mainly use statistical error.

Using the formulae of Exercise 3.13, we get Table 6.1, which provides the
intervals:

o =500.0%£15.8~500+ 16 =[484,516] (probability theory),
x x5 =450.0+£15.7 = 450 & 16 = [434, 466] (statistics) .

Despite the apparent analogy, these two intervals have a very different meaning: the
first, assuming u and o to be known, assigns a probability to a set of values of X,
while the second provides an estimate for the value of .

The above example refers to the estimation of a true unknown parameter starting
from the data. As we will see, this operation is performed using the consistent
estimators, defined in Eq. (2.77) as random variables Ty (X). They are functions
of a random sample of size N and converge in probability to a given value. We
remind you the Definition 2.12 of random sample.

Hypothesis testing, the other field of application of statistics, tries instead to
answer questions like the following: if the experiment consisting of a thousand
coin tosses is repeated twice and 450 and 600 heads are obtained, how likely
is it that the same coin was used in both experiments? In the next chapter, this
topic is described in the simplest case, of rejection or acceptance of a single initial
hypothesis. Further on, in Chap. 10, we will explain how to optimize the choice
among several alternative hypotheses. The concepts so far exemplified with the
coin toss can be precisely defined by using, with a slightly different notation, the
probability space of Eq. (1.11):

EO)= (S, F, Py), 6.1)

where the probability Py depends on a parameter 6. Then, the random sampling
(X1, X2, ..., Xy) follows the law:

P{X € A} = / p(x; 6)dx . 6.2)
A
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In the case of a coin toss, the probability is discrete and p(x; 8) = b(x; 1000, p),
with & = p. Therefore, we will look for an estimate of 8, and we will see how to
perform the hypothesis test on the 6 parameter, formalizing what has been intuitively
explained Exercises 3.13-3.17.

6.2 Confidence Intervals

In the introductory example of Table 6.1, we have intuitively defined an interval
of size 2s to estimate, on the basis of the result of a thousand tosses, the expected
number of heads as:

n+/nf(l—f)~450+16.

Now imagine repeating the same experiment to obtain a new interval, which, before
performing the coin tosses, is clearly a random interval that we could define as:

X£S.

In statistics, the probability for this interval to include the true probability p of
getting heads is called confidence level and denoted by CL = (1 — «), while « is
called significance level. In the ideal case, a satisfactory interval should both have
a high confidence level and a small width. To meet these requirements, let us try to
define a criterion for choosing an interval with the desired CL following the so-
called frequentist interpretation, adopted in the experimental sciences on the basis
of a famous work published by the statistician J. Neyman in 1937 [Ney37].

Let us consider the density p(x; 6) of known functional form, and suppose we
want to determine the unknown value of the parameter 8. If 6 is a position parameter
such as the mean, for different values of 6, the density will shift along the x axis, as
shown in Fig. 6.1. The unshaded areas of the densities in Fig. 6.1 correspond to the
probability levels:

x2
P{xlefxz;Q}zl—oezf p(x; 0)dx, (6.3)

X1

where « is the sum of the areas of the two shaded tails. The union of all the intervals
[x1, x2] of Fig. 6.1 creates a region, in the (x, 0) plane, called confidence band with
confidence level CL = 1 —a. This band, looking at Fig. 6.1 from above, shows up as
in Fig. 6.2. The two curves delimiting it are increasing monotone functions 61 (x) and
02 (x). In general, this property is not true, but it can be restored by reparametrizing
the problem (e.g., by using, as parameter 6, the mean instead of the probability per
unit of time when dealing with negative exponential distributions).

Always keeping in mind Figs. 6.1 and 6.2, suppose now to have measured X and
obtained a value x. By tracing the line passing from this point and parallel to the
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Fig. 6.1 Confidence interval of level CL for the central parameter 6. Unshaded light areas of
p(x; 0) are equal to CL. A variation of the 6 value changes the position of p(x; 0) along the axis
of the measured values x. Taking into account the variation of the 6 parameter along the vertical
axis, one obtains the displayed pattern, where the horizontal width of the Neyman confidence band
[61(x), 6> (x)] corresponds to an area equal to C L under p(x; €). When an experimental value x is
obtained, the points of intersection between the confidence band and the line passing through x and
parallel to the 6 axis determine the interval [0}, 6;] containing the true value of 6 with a confidence
level CL = 1 — «, where @ = ¢] + ¢ is the sum of the two shaded areas

Xl X x2

Fig. 6.2 Looking at Fig. 6.1 from above, the Neyman’s confidence band for a fixed C L shows up,
which allows to determine the confidence interval 6 € [0}, 6,] starting from a measured value x
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parameter (vertical) axis, the intersection interval [0;, 62] with the confidence band
is obtained. This is the required confidence interval. We note that this is a random
interval, since the measured value x varies with each observation. Therefore, we
will denote it as [@1, ®]. If the true value of the unknown parameter is 6, the
previous figures show that this procedure leads to the interval [x1, x2] on the axis
of the measured values. By construction, we then have P{x; < X < x} = CL.
Given that when x = x; on the parameter axis 6 = 6, and when x = x, the
condition & = 67 holds, we have x € [x1, x2] if and only if 6 € [61, 62]. From
these considerations, we finally arrive at the fundamental property of the Neyman
confidence interval [®1, @, ] with confidence level CL = 1 — «:

Plxi <X <x} =P <0<6}=CL. (6.4)

We can summarize the previous discussion with the

Definition 6.1 (Confidence Interval) Given two statistics ® and @, (in the sense
of Definition 2.13) with ®; and &; continuous variables and ®; < ©&; with
probability 1, I = [O1, ©,] is called a confidence interval for a 6 parameter, of
confidence level 0 < CL < 1, if, for each 8 belonging to the parameter space, the
probability that I contains 6 is CL:

P{O®; <0 <6} =CL. (6.5)

If ®; and ®, are discrete variables, the confidence interval is the smallest interval
satisfying the condition:

P{® <0 <O} >CL. (6.6)

To better highlight the concept of interval “covering” the parameter 6 with a certain
probability, the confidence level is associated with the terms “coverage” or coverage
probability [CB90]. The condition (6.6) is said to be minimum over-coverage. The
confidence level therefore coincides with the coverage only for continuous variables,
and the equal sign in Eq. (6.6) refers to this situation. On the other hand, for discrete
variables, the minimum interval ensuring a coverage greater than the requested one
must be determined.

Another important feature to be noticed is that the extremes of the confidence
interval (6.5) are random variables, while the 6 parameter is fixed. Consequently,
the confidence level refers to the interval I = [®], ®,] and indicates the fraction
of experiments that correctly include the true value, in an infinite set of repeated
experiments, each of which finds a different confidence interval. This is equivalent
to stating that each particular interval [61, 6>] is obtained with a method that gives
the correct result in a fraction C L of the performed experiments.

This frequentist interpretation of the statistical results has a clear operational
meaning, very close to what practically happens in laboratory measurements and
generally in repeated experiments, and is prevalent in applied sciences. In statistics,
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it is legitimate to denote as confidence interval both the random interval I =
[®1, ©®>] and its numerical realizations [01, 6>]. It is sometimes stated that the C L is
the probability that the true value of 6 is contained in [61, 67], but one must always
be aware that, in the frequentist interpretation, this phrasing is incorrect, because 6
is not a random variable [Cou95].

Let us now assume that 6 is a position parameter such as the mean. If a value x
of a continuous variable X has been obtained and the density p(x; ) of Eq. (6.2) is
known, the values [61, 6>] of the random interval [@1, ©&;], for a given CL, can be
evaluated with the relations (pay attention to the position of 6 and 6,):

o0 X
f p(z;01)dz = ¢y, / p(z;6)dz =2, (6.7)
X

—00

where CL = 1 — ¢ — ¢;. The procedure is also shown in Fig. 6.1. If X is a discrete
variable, the integrals must be replaced by the sums over the corresponding spectrum
values, as we will shortly see. If a symmetric interval is chosen, then the conditions
c1 = ¢ = (1—CL)/2 are valid. The choice of a symmetric interval is obviously not
the only possible one, but it is the most common, since it gives the minimum width
interval for a symmetric and bell-shaped p.d.f. Sometimes one wants to determine,
for a certain CL, only the upper limit of 6, i.e. the interval (—oo, 6]; in this case,
only the second of Eq. (6.7) is used, where 6, = 6y and ¢ = 1 — CL. For the
lower bound, i.e. for the interval [6, +00), the first of Eq. (6.7) must be used with
the conditions #; = 6; and c; = 1 — CL. The three main types of estimate just
described are displayed in Fig. 6.3.

The choice of the interval type is usually determined by the nature of the specific
analysed problem. It is however important to keep in mind that this choice must be
made before performing the measurement. To decide, for example, in the case of
rare events, if to determine a symmetrical interval or an upper limit depending on
whether the measurement provides results or not (a technique called “flip-flop™)
leads to an incorrect determination of the levels associated with the confidence
intervals [FC98].

Notice that Eq. (6.7) has a general validity since, quite often, the evaluation of a
confidence interval requires a consistent estimator 7y satisfying Eq. (2.77) (where
© = 0). The density of Ty usually depends on the parameter to be estimated and can
be denoted as p(¢; 6), with 6 considered as a position parameter. Indeed, (Txy) =
f t p(t; 0)dr = ©(0), with t(0) = 0, for unbiased estimators (these concepts will
be explored further on, in Chap. 10). If this density is found, the estimate of 6 can
be performed through Eq. (6.7).

6.3 Confidence Intervals with Pivotal Variables

So far, we have described two ways to determine the confidence interval: the
simple graphical method of Fig. 6.1, which however requires the construction of
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a) 0, 07
B
b) Oy
/x \
c) ieL

Fig. 6.3 Determination, using the Neyman method, of the bilateral (two-tailed) confidence
interval given by Egs. (6.7) (a), of the upper bound 6y (b) and of the lower bound 6;, (c) at a
measured value x. The sum of the areas of the two shaded tails in (a) is 1 — C L, while each tail in
(b) and (c) has a value 1 — CL. Therefore, using the same confidence level, one has the situation
shown in the figure, with 6, > 0y and 6; < 6

the Neyman confidence band, and the calculation of the integrals (6.7). In general,
both of them are computationally demanding. Fortunately, if the shape of the
density function has some invariance properties with respect to the parameters to
be estimated, a particularly simple method can be used. Consider the case where
the parameter 6 of Fig. 6.1 is the mean of a Gaussian, 8 = p. Then, the shape of
p(x; w) is invariant by translation, and the functions 61 (x) and 6, (x) of Fig. 6.2 are
two parallel straight lines. From Fig. 6.4 the following property results:

ntto xX+to
f plx; ) dx =/ p(u; x) du, (6.8)
n—to x—to
that can be written as:

Plu—to<X<pu+to}=P{—tc<X—-—pu<to}=PX—tc <pu<X+to}.
(6.9)
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Fig. 6.4 When the shape of CL
the density is invariant for
translation of the u
parameter, the confidence
interval can be determined
with the simple formula (6.9)

CL ’\

—to to

In other words, the probability levels of the interval centred about | coincide
with the confidence levels of the random interval centred about X. The value of
X changes at each measurement, but the coverage probability of u is equal to that
of the interval u & to (see Fig. 6.4). Using the cumulative function F(z; 6) (when
0 and z are scalar quantities), this property can be written as:

F(z;0)=1—-F(9;2). (6.10)

We therefore have found the following rule of thumb: in the Gaussian case, or in
all cases when Eq. (6.10) holds, it is sufficient to centre on the measured value and
assume, as confidence levels, the probability levels corresponding to the width of
the interval centred on the mean.

For example, we know, considering Table 6.1, that the number x of successes in
n = 1000 coin flips is a Gaussian variable (because np, n(1 — p) > 10). Then, we
can estimate the true or expected value of successes as:

x£/nf(l—f)=450+16 (CL = 68.3%)
x+2/nf(1—f)=4504+32 (CL =95.4%)
x+3/nf(1—f)=450+48 (CL =99.7%) .

As we have just seen, the random variable Q = (X — u) includes the parameter
w but has a distribution N (0, o'2), independent of 1. The random variables whose
distribution does not depend on the parameter to be estimated are called pivotal
quantities. Another example occurs when 6 is a scale parameter, that is, p(x; 0) =
h(x/60)/0;in this case Q = X /6 is a pivotal quantity for 6.
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Generalizing this argument, we can state that, if Q(X, 6) is a pivotal quantity, the
probability P{Q € A} does not depend on 6 for each A € R. If this distribution has
a known density (standard Gaussian, Student, xz, ...), the quantiles g1 and g» can
be easily determined at a given CL as:

Plg1 = 0(X,0) <q2} =CL . (6.11)

If the condition g1 < Q(X,0) < g2 can be solved for 6, one can write, as in
Eq. (6.9):

Plg1 < O(X,0) < g2} = P{01(X) <0 <0h,(X)} = P{®] <0 < Oy},
6.12)

obtaining Eq. (6.5). Therefore, if a pivotal quantity is found which is solvable with
respect to 6, according to Eq. (6.12), the confidence interval can be determined
without resorting to integrals (6.7). This simple procedure is often the only one
reported in elementary texts.

6.4 Mention of the Bayesian Approach

We have just described the basic frequentist method for parameter estimation.

In the Bayesian approach, briefly described in Sect. 1.3, the parameter to be
estimated is considered as a random variable and the confidence interval represents
the knowledge obtained, after the measurement, on the value of this parameter. Let
us again assume that 450 heads are obtained in a thousand coin flips. Under the
normal approximation and assigning a constant a priori probability to the expected
value, it turns out, after the experiment, that the expected value is 450 + 16 with a
degree of credibility (probability or belief) of 68%.

In this case the Bayesian approach provides a numerical result equal to the
frequentist one but interpreted in a different way, since the Bayesian interval
depends on a priori information. In the case of a fair coin (p = 0.5), with an
uncertainty on the Gaussian balance of, say, o,/p = 0.1%, we could replace the
uniform a priori distribution (constant probability) with the Gaussian distribution
N(p, a[%), obtaining a result that is numerically different from the frequentist one.
We will not elaborate more on these aspects that are treated in detail, from a
statistical point of view, in [CB90] and [Gre06].

Finally, we recall that Bayesian analyses have been proposed in physics when it
is not easy to find pivotal quantities, as in the case of small counting experiments
with background or of samples from Gaussian populations with physical constraints
on the measured variables (e.g. if X is a mass, the a priori condition {X > 0} holds)
[Cou95, D’ A99]. However, even for these situations, a frequentist approach has been
proposed [FC98], which does not require a priori assumptions on the parameter
distribution and which has met with the favour of experimental physicists [JLPe0O,
LW18].
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6.5 Some Notations

In the following it will be important to keep in mind the notations used for point and
confidence interval estimations. The point estimation of a true value of statistical
parameters is obtained using estimator values; for example, the sample mean is a
possible estimate of the true mean. The notation we will use is: m = . We will
extensively describe point estimation in Chaps. 10 and 11, while in this chapter we
analyze in detail interval estimation. In the Gaussian case, the value 6 is contained,
with confidence level 1 —a = CL, in a symmetric interval centred around x when:

0 €lx —t1—op28, X +tqps], (6.13)

where s >~ o and #y/2 = —11—o/2 are the standard Gaussian quantiles. It is easy to
verify that the quantile indices can be written in terms of CL as:

1-CL 1+CL
*_ vt (6.14)
2 2 2 2
In statistics, the 1o interval is often written as:
felx—s,x+s]l=x=xs. (6.15)

The first notation is preferred by mathematicians, the second one by physicists and
engineers, who often replace the set membership symbol with that of equality:

physicists and engineers

ex=xs — f=x=xs. (6.16)

If the errors to the right and left of the central value are different, the notation of
mathematicians obviously does not change, while the other one becomes:

0 €lx—si,x+s]=x. (6.17)
It is usually considered improper to assign more than two significant digits to s. For
example, if the first significant digit of the error s corresponds to a metre, it makes

no sense to give the result with millimetre precision. The following rule of thumb
applies, which we report here as:

Statement 6.2 (Significant Digits of the Statistical Error) Final results of the
type x £ s must be presented with the uncertainty (statistical error) s given with
no more than two significant digits and x rounded in the same way. Deviations from
this rule must be justified.

Notice that, in intermediate calculations, more digits can be used to reduce round-
off errors; however, in the final results, the rule 6.2 should be always followed.
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Therefore, the following results are wrong:
35923 £1.407, 35923+14, 35941407,

because the first result has too many significant digits, the second and the third ones
exhibit a mismatch between result and error. On the contrary, it is correct to write:

359+14 or 36+1.

6.6 Probability Estimation

Here we consider the following problem: if a Bernoulli test with n trials and x
successes is performed and a frequency f = x/n is obtained, what is the estimate of
the true probability? From probability theory we know that, after » trials on a system
that generates events with constant probability p, we can obtain a number x of
successes (spectrum) between 0 and n. However, these results are not equiprobable
but are distributed according to the binomial density (2.29).

We should use Eq. (6.7) to solve this problem for discrete binomial random
variable. If CL is the required confidence level, the values p; and py of the
corresponding confidence interval are determined by using the two distributions of
Fig. 6.3 a) (where 81 = np; and 6, = npy). These values can be determined with
the so-called Clopper-Pearson equations:

n

Z(Z)p’f(l —p)"F=ecr, (6.18)

k=x

X

> (',:) Pia—p)' =0 (6.19)

k=0

The presence of x in both sum assures the over-coverage condition of Eq. (6.6) for
discrete variables. One common choice is the symmetric interval, where ¢y = ¢ =
(1 = CL)/2 = a/2. The solution of these two equations with respect to p; and p»
gives the correct probability estimate from small samples.

The general scheme shown in Fig. 6.3 applies to the determination of the upper
and lower limits for a predefined C L. In the case of a discrete binomial distribution,
it becomes the one shown in Fig. 6.5.

When x = 0 and x = n Egs. (6.18, 6.19), with ¢y = ¢ = 1 — CL, give two
important limiting cases:

x=n=— p} =1-CL, (6.20)
x=0=— (—p)"=1-CL. (6.21)
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CL 1=CLY epl oL
o ‘ A
n
n (l_pZ)
p1 .
! | | 1 | ? |
np] X X np 5
lower limit pl <p upper limit p < p2

Fig. 6.5 Probability estimation of lower and upper bounds for a predefined CL. In the limiting
cases where x = 0 and x = n, one has (1 — p2)" =1 — CL and p| = 1 — CL, respectively

From these equations one obtains, for a fixed C L, the lower bound of a probability
when all attempts have been successful:

1

Pl = Y1—CL= e; In(1=CL) _ 1(, log(1=CL) (6.22)
and the upper limit when no success has been recorded:
pr=1—31—CL=1-exM1=CL) _ 1 _(,loe1=CL) (6.23)
where the use of base-10 or base-e logarithms is useful for large n.

The frequentist interpretation of these limits is that, if the true value were greater
(less) than the upper (lower) limit, we would obtain values < (>) than those
observed in a fraction of experiments < CL.

When 7 is large and no successes have occurred, p; is small. Expanding to the

first order the exponential in Eq. (6.23) around the starting point p» = 0, we obtain
the approximation:

1
p2~— In(1-CL), (6.24)
n

corresponding to the equation:

e =(1-CL) =a, (6.25)
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which gives the Poissonian probability of getting no events when the mean is u =
npa.

The formulae just obtained are implemented in the R routine binom. test
(x,n,conf,alt),where x, n, conf and alt are the number of successes,
the number of trials, the required confidence level (default value conf= 0.95) and
the type of interval, respectively. For example, prop . test (5.20, conf=0.90)
returns the values [0.104, 0.455] in the last four lines of the output message. Further
messages (not shown here) refer to the test with a binomial having p = 0.5 and
should be ignored for the moment. This routine normally provides the Clopper-
Pearson bilateral interval (6.18, 6.19), because the variable alt is initialized
as alt = ”"two.sided”. To obtain the upper limit, one has to set alt =
"less”, while to get the lower limit the command is alt = “greater”. It
is instructive, for a given CL, to obtain the values for alt = “two.sided”,
"less” and "greater” and check the situation described in Fig. 6.3.

Exercise 6.1

From an urn containing five black and white marbles in unknown proportions,
ten extractions are performed (with replacement), and ten black marbles are
extracted. Find the lower limit of the number of black marbles in the urn for
CL = 0.90. Compare the results with those of Exercise 1.6.

Answer From Eq. (6.22), we get p = (0.10)1/19 = 0.794. The lower

limit for the number of black marbles is 0.794 - 5 = 3.97. There-
fore, we can state that the urn contains at least four marbles with
CL = 0.90. This result can be obtained also with the R command

binom.test (10,10,conf=0.90,alt="greater”). An urn with
fewer than four black marbles can result in ten consecutive draws of 10 black
marbles, but this happens in less than 10% of the experiments.

It is interesting to compare this frequentist solution with the Bayesian
result given in Table 1.2: the frequentist estimate is independent of any a priori
subjective hypothesis about the initial marble content. Subjective hypotheses
usually affect the final results, as shown by the results of Exercise 1.6 and
Problem 1.12.

Equations (6.22, 6.23) are important in many reliability problems, as the
following examples show.
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Exercise 6.2

An emergency pump undergoes a reliability test consisting in 500 “cold
starts”. If the pump passes the test, what is the probability that it will not
start in an emergency situation with a confidence level of 95%?

Answer From Eq. (6.23), one immediately obtains the upper limit:
p=1-"Y1-cL=1- "Y0.05=0.00597,

that is about 0.6%. The same result can be obtained with the R command
binom.test (0,500, conf=0.90,alt="1ess”). Neyman’s interpre-
tation of the result is as follows: a pump with a probability of failure greater
than 6 per thousand can start 500 consecutive times, but this happens in less
than 5% of tests. Note that this result holds true in the independent tests
scheme.

Exercise 6.3
How many consecutive non-failure tests are required to affirm, with CL =
95%, that a device will fail in less than 3% of times?

Answer From Eq. (6.23) using decimal logarithms, one obtains:

_log(1—CL) _log(l1—0.95)

= =984, (6.26)
log(1 — p) log(1 — 0.03)

that is about 100 tests. A device with a probability failure > 3% can
successfully pass 100 tests, but this happens in less than 5% of the times.

6.7 Probability Estimation from Large Samples

The Clopper-Pearson formulae (6.18, 6.19), derived in the previous section, are
completely general and are valid for both small and large samples. However, they
are mathematically laborious to solve in the unknowns p; and p» and require the
use of the R software, so that often approximate formulae are used.

Indeed, we know that the binomial distribution, for np, n(1 — p) > 10, rapidly
assumes the Gaussian form of mean value np and variance 62 = np(1 — p). It
is therefore extremely important and useful to have simple formulae in Gaussian
approximation, which provide practically exact results for large samples.
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Consider the frequency f = x/n as the occurrence of the random variable F =
X /n, which, from Eqgs. (2.64, 3.4, 3.6), has mean and variance:

(X) n
(Fy="2="P_ (6.27)
n n
Var[ X 1-— 1-—
Var[F] = ar[2 1 _ np( ; p) _p=p) 6.28)
n n n
and define the standard variable (3.37):
F — —
T = p ., which assumes the values ¢ = f-r . (6.29)
olF] \/p(l -p)
n

Under the Gaussian approximation, 7 can be considered pivotal, and we can thus
apply the method described in Sect. 6.3. Since f is known and p is unknown, using
the statistical approach, we can then determine the values of p for which the value
assumed by the standard variable is less than a certain assigned quantile ¢:

IF=rl (6.30)
\/p(l -p)
n

We eliminate the absolute values by squaring both sides and solve, with respect to
the unknown p, the resulting second degree equation:

t2 . (f_P)2
~ p(l=p)/n
> +n)p>— @ +2fn)p+nf?<0.

2 2p(l—p)
., (f=pr =t " ,

Since the p? term is always positive, the inequality is satisfied for values of p in the
range:

P20 AP 4] — 4 — dn?
P 212 + n)

s

from which, in a compact form, one obtains the Wilson formula:

2 2 fA=0

t

t

ef+2”:|: \/4n2+ n

Pe p 12 '
+1 +1

n n

6.31)

The ¢ parameter indicates any value of the standard variable T'; the value r = 1
corresponds to one standard deviation. Note that the interval is not centred on the
measured frequency f but at the value (f +12/2n)/(t>/n + 1), which is a function
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of f and of the number of trials performed. This effect is a consequence of the
binomial density asymmetry for small n, as seen in Fig. 2.4. For n >> 1 the interval
tends to be centred around the measured frequency and Eq. (6.31), for CL = 1 — «,
becomes:

1 —
peEfEthaps=f=x tla/z\/f( , 5 , (6.32)

where |f4/2] = t1—q/2 are the standard Gaussian quantile values corresponding to
the extremes of the interval with an area under the curve of CL = 1 — «.
Usually the 1o interval is reported with #_¢ /2 = 1:

pef:ts:f:t\/f(ln_f), (6.33)

which is named Wald interval. This interval can also be obtained directly from
Eq. (6.30) by replacing in the denominator the true error with the estimated one
' f(1 — f)/n, a technique sometimes called error plug-in. By multiplying by the
number of trials n, Eq. (6.33) can easily be expressed as a function of the number
of successes x. The obtained interval is then related to the expected number of
successes [

uexi\/x<l—z). (6.34)

This formula, which is used in practice when nf, n(1 — f) > 20, 30, has been
used in the introductory example of Table 6.1. It is easy to remember, because the
interval is centred at the measured value, the variable T ~ N(0, 1) of Eq. (6.29)
is pivotal, Eq. (6.9) holds, the statistical error is the same as the standard deviation
of the binomial distribution (with the probability p replaced by the frequency f)
and the confidence levels CL are Gaussian. Finally, we note that the accuracy of
Wilson’s formula (6.31) can be improved by applying the continuity correction to
the frequency f = x/n, which generally improves the coverage of the confidence
intervals when the variable is discrete:

x£0.5
fr= . (6.35)
n
In the Gaussian approximation (when [f/2| = f1—4/2), One obtains the following

interval estimation:

p € [max(0, p—); min(1, p4)], (6.36)
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with

a2 \/23/2 S = f1)

12
fet 2 +
2n

2
pe= + 4’;2 " (6.37)
o4 o2 4
n n

This equation provides a good over-coverage and is, on average, smaller than the
interval obtained from Egs. (6.18, 6.19) [Rot10].

The coverage properties of Eqs. (6.18, 6.19, 6.37), as a function of sample size
and confidence levels, will be explored later in the context of simulation techniques,
in Sect. 8.11. Its reading is strongly recommended to those interested in probability
estimation.

In general, we can state that Eq. (6.37) gives correct results for np, n(1—p) > 10,
whereas Eq. (6.32) should be used when np > 100. Equations (6.31, 6.37) are
implemented inside the R routine prop.test (x,n,alt, conf, corr), where
x and n are the successes and the trials, respectively, alt is the type of estimate,
that is “two.sided” (default), “less” o "greater”, whereas conf (default
= 0.90) is the confidence level. Finally, corr (default = TRUE) indicates whether
or not the continuity correction is applied. This routine also prints messages related
to a hypothesis test with p = 0.5 that should be ignored in this context.

Exercise 6.4

During a projection of the election results, 3000 ballots were randomly
sampled from the total population of voting cards and examined. The A party
got 600 votes. Give the final forecast (projection) of the results.
Answer Since n = 3000, f = 600/3000 = 0.20 and nf, n(1 — f) > 10,

Eq. (6.33) can be used, with Gaussian confidence levels. Therefore, one
obtains:

pef+ \/f(ln_f) =10.13,0.27] = (20.0 £ 0.7)% CL = 68.3% ,

1—
pef=+ 2\/f( H =1[0.186,0.214] = 20.0+1.4)% CL =95.4%,
n

1_
pef:l:3\/f( H —=[0.179,0.221] = (20.0 £ 2.1)% CL =99.7% .
n

(continued)
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Exercise 6.4 (continued)
The R routine prop . test can be used with the following lines of code:

prop.test (600,3000,conf=0.683),
prop.test (600,3000,conf=0.954),
prop.test (600,3000,conf=0.997),

which gives three estimates very close to those previously found with the
approximate formula.

Notice the surprising precision obtained even with a limited number of
voting cards. Strictly speaking, since the voter population is very large but
finite (millions of citizens), a correction should be made to these results, as
shown in the next Sect. 6.13, but here it is absolutely negligible. In this type
of prediction, the real difficulty lies in obtaining a truly representative sample
of the total population. In general, a sample is defined as representative or
random when a single individual from any group has a probability of being
chosen proportional to the group’s size in the total population (see also the
Definition 6.4 below). In samples from a natural or physical phenomena, such
as those obtained in a physics laboratory, nature itself provides a random
sample, if no mistakes or systematic errors are made during the measurements
(see also the discussion in Chap. 12). However, the situation is very different
in social or biological sciences, where the methods of sampling from a
population are so important and difficult to form a special branch of statistics.
Those interested in these techniques can consult [Coc77].

Equation (6.32) also allows the determination of the sample size necessary to
keep the statistical error below an a priori fixed value. This result is easily reached if
we square the statistical error present in the equation and exchange f with the true
value p, obtaining the variance:

»  p(l—p)
o = .
n

(6.38)

Incidentally, we note that this equation is identical to (3.5), except for the division
by the factor n2, since here we consider the variable F = X /n. If we now set to
zero the derivative with respect to p, we get:

d |:p(1_p)i|=1(1—2p)=0 —p=.
dp n n 2
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Substituting the maximum value p = 1/2 into Eq. (6.38), we obtain the upper bound
for the true variance, as a function of the number of trials n:

Opax = , - (6.39)

This formula has the remarkable property to give an upper bound for the variance
regardless of the value of the true probability p. It is therefore possible to determine
a universal formula for the number of trials required to keep the interval estimate
£11—a/2 Omax below a certain predetermined value, for a certain confidence level
CL =1 — «. Indeed, from Eq. (6.39) one gets:

a2
n= e (6.40)
4 (tl—oz/Z Omax)

Exercise 6.5
Find the number of samples needed to have an absolute interval less than 4
per thousand with a confidence level of 99%.

Answer Since large samples are now considered, we can use Table E.1, that
gives a quantile #1_g 005 = 2.57 for CL = 99% and a Gaussian tail area of
0.495. The requested interval is £¢1_/2 Omax = £0.002. By inserting these
values in Eq. (6.40) one immediately obtains:

(2.57)2
- — 412 806.
" 4.0.002)2

Exercise 6.6
In 20 independent Bernoulli trials, 5 events were recorded. What is the
probability estimate of the event, with a CL of 90%?

Answer We have now x = 5, n = 20, f = 5/20 = 0.25. We are therefore in
the case of small samples. If we introduce the datax = 5,n =20, CL = 0.90
in the routine binom. test (5,20, conf=0.90) , the following values
are obtained:

p1=0.104, p,=0.455.

(continued)
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Exercise 6.6 (continued)
Therefore, according to Eq. (6.17), the interval estimate is:

p €[0.104,0.455] = 0.251030 . CL = 90% .

We can also solve the problem in an approximate way, by applying Eq. (6.37)
with a value t = 1.645, deduced from the usual Table E.1 of the Gaussian
probabilities, as an intermediate value between the areas 0.4495 and 0.4505.
The approximation consists precisely in this last assumption on the Gaussian
levels of ¢, and not in the use of Eq. (6.37), which is general. From Eq. (6.37)
or from the R routine prop.test (5,20, conf=0.90), one obtains the
interval:

0.21
p €10.110,0.458] = 0.25% )7, .

In an even more approximate way, we can use Eq. (6.32) with the same ¢
value. The result is:

p €[0.09,0.410] =0.25£0.16.

As you can see, the three methods give slightly different results. This fact will
be analysed in detail in Sect. 8.11, using simulation techniques.

6.8 Poissonian Interval Estimation

The determination of confidence intervals can also be extended from the binomial
to the Poisson case. When a number x of counts is observed, the mean u can be
estimated, in analogy with Eqs. (6.18, 6.19):

00 l/«k X l/«k
Yo tep-py=c, Y Texp(—ua) =c2, (6.41)
— k! P k!

where, for x > 0, the first equation is equivalent to:

x—1 /Lk
1 _
1= exp(oun) = 1.
k=0
In the symmetric case, one usually sets c; = ¢ = (1 — CL)/2. Here too, the

over-coverage of the interval, in agreement with Eq. (6.6), is guaranteed by the
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presence, in both sums, of the measured value x. For these estimates we can use the
R routine poisson.test (x, conf,alt), where x is the number of observed
events and conf and alt, as usual, indicate the type of estimate (” two.sided”
is the default value) and the C L (with 0.95 as default value).

Under the Gaussian approximation, since for the Poissonian 0~ = pu, the
confidence interval for the expected value p can be evaluated from the pivotal
quantity:

2

I — p
=< ltas2l (6.42)
N
which is distributed according to the standard normal p.d.f. Also in this case, as
in Eq. (6.37), the values |ty/2| = t1—q/2 are the standard Gaussian quantiles at

the extremes of the interval with an area under the curve equal to CL = 1 — o.
Introducing, as in Eq. (6.37), the continuity correction:

x+ =x=£05 ifx #0, (6.43)

and solving Eq. (6.42) for u one obtains:

2 2
t t
€ xs+ "‘2/2 + |ra/z|\/xi + "‘f . (6.44)

The knowledge gained from experience with simulated data, which we will
discuss later in Sect.8.11, shows that this interval has excellent over-coverage
properties and can be used as an alternative to the correct interval (6.41) for x > 10
[Rot10]. When x > 100 Eq. (6.44) can be replaced by the asymptotic interval:

e x £ |tplvr, (6.45)

that can be obtained directly from Eq. (6.42) with the error plug-in ./u ~ /x. To
better understand the practical use of these formulae, we recommend to take a look
at Problem (6.12).

The interval of Eq. (6.42) can be obtained with our routine PoissApp (x,
conf, alt), where the arguments have the usual meaning. The default value
of CL is conf=0.68, whereas alt="two"”.

In line with the scheme of Fig.6.3, the first of Eq. (6.41), with ¢ =
1 — CL, also allows to solve in a general and not approximate way the
problem of evaluating, for an assigned CL, the Poisson lower bound when
x events have been obtained. The R command, given x observed events, is
poisson.test (x,alt="greater”). Instead, to find the upper bound with
an assigned CL, the second of Eq. (6.41) must be used, with c; = 1 — CL. The
R command is poisson.test (x,alt="1ess”). As in the previous case, if
a CL other than 0.95 is required, the command conf = CL is necessary. For
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w=np

/

1-CL

\\I‘ NN

1234567 891011

Fig. 6.6 Graphical representation, for x = 1, of the second of Egs. (6.41)

x =0, 1,2, defining uy = u, one has (see also Fig. 6.6):

et=1-CL,

e " +ue " =1-CL,
— — W -
e "4 ue —i-ze =1-CL

and so on. Table 6.2 avoids the task of solving the above equations. For example,
the table shows that, when u > 2.3, on average no events will be observed in a
fraction of experiments <10%. Similarly, if 4.74 is the upper limit for x = 1 and
CL = 95%, this means that, when & > 4.74, the values x = 0, 1 can be obtained
in a fraction of experiments <5%, according to Fig. 6.6.

Instead of Table 6.2, the routine poisson.test may be used. For example,
when x = 2 one has:

poisson.test (2,conf=0.90,alt="1ess”)=5.322,
poisson.test (2,conf=0.95,alt="great”)=6.297.

Table 6.2 Poissonian upper
limits u; of the mean number

90% 95% x 90% 95%

of events in correspondence 230 300 6 1053 1184
of x observed events, for 90% 3.89 4.74 7 1177 13.15
and 95% confidence levels 5.32 6.30 8 13.00 14.44

6.68 775 9 1421 1571

799 915 10 1541 16.96
9.27 1051 11 16.61 18.21

N AW = O =
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Approximate upper and lower limits can be also determined from Eq. (6.44):

r 0

UL =x_ + ;{ — ti—aly/x- + ;0‘ (6.46)
12 12

My = x4 + §+|ta| X++Z, (6.47)

where « = 1 — CL. The solutions of Eqs. (6.46, 6.47) are calculated by
Poiss.App, where x_ = x — 0.25 and x4 = x + 0.5. The choice x_ has been
empirically determined by comparison of the results with those of poisson. test
when x < 10.

Exercise 6.7
In an experiment, 23 counts have been recorded. Find the upper limitat CL =
0.95.

Answer From Table E.1, it results that the quantile value corresponding to the
tail of area o = 0.500 — 0.450 = 0.050 is |ty/2| = 1.65. Under the Gaussian
approximation, valid for i > 10, one can write, according to Fig. 6.7:

n—23
VI

This corresponds to the second degree equation in /j:

=1.65.

w—1.65/u—-23=0.

The positive solution of this equation is ,/u = 5.69, therefore the required
value is u = 32.37.
The R routines give the result:

poisson.test (conf=0.95,alt="1ess”) =32.585
and, in an approximate way:

PoissApp (23,conf=0.95,alt="upp”’) =32.410.
Notice the approximate solution of Eq. (6.45)

w=23+41.65+23=309,

which is quite different from the exact result in Gaussian approximation.
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x=23 U=32.4

Fig. 6.7 Determination, using the method of Exercise 6.7, of the upper limit © of a Poissonian
process with 23 recorded counts

6.9 Mean Estimation from Large Samples

The estimation of sample mean and variance for any type of random variable is
a problem that does not have a general solution. However there are fundamental
formulae always valid for large samples, for any variable and when N > 100. On
the contrary, a general solution exists for Gaussian variables, as we will see shortly
in Sect. 6.11. Therefore, the estimation of mean and variance for small non-Gaussian
samples (N < 100) remains undefined. In this case, if the problem requires great
accuracy, Monte Carlo or bootstrap simulation techniques are used, as we will see
later in the sections dedicated to these topics. Now we deal with the estimation of
the mean of large samples in the case of generic variables.

Unlike the true mean p, which is a fixed quantity, the sample mean is a random
variable. In fact, if we produce a random sample of size N from any distribution,
calculate the mean:

1 N
m= XExi , (6.48)
1=

and repeat the experiment many times; a different result is obtained for each sample.
Therefore, the sample mean is an estimator:

according to Egs. (2.8, 2.71). Hence, if the operator is applied to the random variable
M, from Eqgs. (4.19, 5.74) one obtains:

1 & 1
Var[M] = Var [N Zx,} = ZVar[Xi] .

i=1 i=1
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Since all the variables X; belong to the same sample and are independent, Var[ X;] =
o2, where o2 is the variance of the parent population. So we get the important and
simple result:

N 2
1 2 1 y O
Var[M] = N2 ;_1 o= N2 No“ = N (6.49)
Therefore, we obtain the 1o interval:
em+ ° + (6.50)
wEm ~m , .
VN VN

centred on the mean value and of width equal to the statistical error o /+/N. What is
the confidence level of this interval? The Central Limit Theorem 3.1 states that the
density of the sample mean is Gaussian for N >> 1, which in practice becomes N >
10. In the Gaussian case, the required confidence levels are given, from Eq. (6.9),
by the probability levels centred at the mean of the corresponding Gaussian density.
The problem is therefore completely solved, at least for large samples.

To explicitly indicate that, for large N, confidence levels are Gaussian, Eq. (6.50)
is often cast in the form:

... ~ , .
1 N O'«/N

where  and o are the mean and the standard deviation of the N variables X; and
@ is the Gaussian cumulative function (3.43).

Since o is usually unknown, let us now determine for which values of N it
is acceptable to replace it with s, the observed one, in Eq. (6.50). We represent
the sample discussed in the previous section for the probability estimation, with a
histogram where the values zero and one are assigned to the failure and the success,
respectively. Under the approximation N — 1 ~ N, the mean and variance of this
sample are obtained from Eqs. (2.53, 2.55):

N —x X X
m=Yxifi=0-" 4l = 1=

i

2= mi = cm?

1

=fFA-H+A+2=20f=fU-f).
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This result shows that the histogram mean corresponds to the frequency f and the
histogram variance is f (1 — f). From Eq. (6.50), one immediately obtains:

_ s S =15
,u:p_m:I:\/N_f:I:\/ N (6.52)

This result is based on the substitution of the true variance with the measured one
and on the approximation for large samples N >~ N — 1. Moreover, the frequency
given by Eq. (6.33) holds for N > 100. The conclusion is that, in Eq. (6.50), 0 >~ s
is a good approximation for N > 100. Therefore, we can write the mean estimate
for large sample as:

weEmMLt_on (N > 100, Gaussian CL) , (6.53)

s
VN
where 1 — CL = « and t1_4/3 is the positive Gaussian quantile.

The value m can be calculated with the R routine mean (x) for a set of raw data
contained in a vector x and with our routine MeanHisto (x, fre) for a histogram
with support x and frequencies fre. The value s> can be obtained, with the same
notations, from var (x) and VarHisto (x, fre).

The case of small Gaussian samples will be examined in Sect. 6.11.

6.10 Variance Estimation from Large Samples

In statistics we can define two types of variance: one with respect to the true mean,
the other with respect to the sample mean:

N N
1 1
2 _ 2 2 _ L 2
S, = N EI(X, wo, S°= N—1 EI(X, M)~ . (6.54)
1= 1=

These two quantities, for N — oo, tend to the true variance o2 in the sense of
Eq. (2.77). In general, S? denotes the variance with respect to M, which is called
sample variance. In the following, we will distinguish the two variances with the
notation of Eq. (6.54) only if strictly necessary.
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To start, let us account for the N — 1 factor present in Eq. (6.54). The reason lies
in the algebraic relation:

D XKi—w? =) (Xi =M+ M-’ = [(Xi = M)+ M — P

1

=) (Xi =M+ (M — )’ +2(M — ) Yy (X — M)

=D (Xi =M’ + N(M — )’ (6.55)

1

where in the last row the property > ;(X; — M) = 0 has been used. Now take a
careful look at Eq. (6.55): it indicates that the dispersion of the data around the true
mean is equal to the dispersion of the data around the sample mean plus a term that
takes into account the dispersion of the sample mean around the true mean. This sum
of fluctuations is just the reason of the term N — 1. Indeed, by inverting Eq. (6.55),
one has:

1

D Xi=M? =3 (Xi =)’ = NM — ). (6.56)

We now apply the mean operator to all members of this equation, according to the
technique discussed in Sect.2.11. From Egs. (2.62, 4.8, 6.49) one obtains:

<zj:(x,- - M)2> =Y (o = m?) =Y (i - w?) = N = ?)

i i

2
=Zoz—N7V=N02—02=(N—1)02. (6.57)
i

Basically, this is the justification of the second of Eq. (6.54), because we see that the
estimator S is unbiased since it satisfies the property (2.79):

(S2> = <N 1_ | Z,.:(Xi _ M)2> =02, (6.58)

The sample variance:

;] Z(Xi — M)? (6.59)
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is an example of a biased estimator. Indeed, from Eq. (6.57) it results:

N
<;§]X—Mﬁ>=N§102 (6.60)

i=1

We recall from Sect. 2.11 that an estimator is biased when the mean of the estimators
Ty, calculated from samples of size N, differs from the limit for N — oo (2.77)
of the estimator. In this case, the mean differs from value of the parameter under
estimation, that is, the variance, by a factor (N —1)/N = 1—1/N. Theterm 1/N is
called distortion factor or bias; since it vanishes for N = oo, this type of estimators
is defined as asymptotically correct, because for large N their mean is very close to
the limit in probability. All these aspects will be discussed in detail in Chap. 10.

Equation (6.58) can also be interpreted by recalling the concept of degrees of
freedom, first introduced in Sect. 3.8 for the x? distribution. If you estimate the
mean from the experimental data, the sum of the N squares of the deviations is
actually made up of N — 1 independent terms, because the sample mean establishes
a link among the data.

The sample variance is therefore a unique quantity, provided that the sum of the
squares of the differences is divided by the degrees of freedom of the statistic. In a
rather general way, we then arrive to:

Definition 6.3 (Degrees of Freedom) The number of degrees of freedom v of a
statistic T = (X1, X2, ..., Xy, 0A) which depends on a known set of parameters
6 is given by the number N of sample elements minus the number k of parameters
6 obtained from the data:

v=N—k. 6.61)

Let us now find the variance of the sample variance. This is not a paradox, because
the sample variance, like the mean, is a random variable, tending towards the true
variance for N — oo. Similarly to what we did for the mean, we can apply
the variance operator to the quantities Sﬁ and S? of Eq. (6.54) and perform the
transformation (5.74). The operator formalism, defined in Eqgs. (2.60, 2.67) and
already applied in Eq. (6.57), greatly simplifies this calculation, at least for Sﬁ.
Indeed, we have:

Valsil= o, Yo Varl(xi - w?l= 0y Y [((X,- -w*)=(xi —u)ﬂ

1 4 1 4
NZ[NA4—NU ]=N(A4—G),

where the fourth-order moment has been indicated with the notation of Eq. (2.59).
Substituting the true values A4 and o2 by the values estimated from the data, that
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. 2
is, 5, and

1 4
D4=NZ(X1'_M) )
l

one obtains the result:

Dy — s*
Var[$2] ~ 4N " (6.62)

The 1o confidence interval for the variance is then given by:

Dy — s4
o’ es; £o[S;] :si:t\/ v
A similar calculation can be performed for the variance S, but in this case we must
also take into account the variance of the sample mean M around the true mean.
The final result, quite laborious to obtain, shows that, with respect to Eq. (6.62),
corrective terms of order 1/N? appear. Therefore, for large samples, they can be
neglected, and Eq. (6.62) can then also be applied now, taking into account that now
the degrees of freedom are (N — 1) and not N. In the following we will use the
notation:

N
o’e (6.63)

) Dy — 54
K== unknown mean .
N—1

Dy — s4
sﬁ :i:\/ ¥ known mean,

What are the confidence levels of Eq. (6.63)? It can be shown that the sample
variance for any variable tends to the Gaussian density, but a good approximation is
only reached for samples with N > 100. If the sample elements are Gaussian, then,
as we will see better in the next section, the sampling distribution of the variance
is related to the x2 density, which converges to the Gaussian density a little faster,
roughly for N > 30. In general, the random variable “sample variance” tends to a
Gaussian distribution much more slowly than the corresponding sample mean. This
fact is justifiable if we observe that, in the variance, the combination of the sample
variables is quadratic rather than linear.

Once the confidence interval [slz, s%] for the variance is determined, that of the

standard deviation can be found by defining o € [\/ s%, \/ s%]. The approximate non-

linear law (5.56) can be applied, where x = s? and z = 5 = /x = Vs2. Retaining
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only the first term, one has:

- 1 5 Dy — s
Var[S] ~ 452 Var[$°] = AN — D)2 (6.64)

The 1o confidence interval for the standard deviation is then:

\/ Dy — s* .
o €Est , (N > 100, Gaussian CL) . (6.65)
4(N — 1)s2

Our routine VarEst (x, fre, conf,alt) estimates the variance and the
standard deviation of a data sample with the second of Eqgs. (6.63) and (6.65),
respectively. As usual, x is a row data vector if £re is missing, whereas it is the
histogram bin value if the frequency vector £re is given; conf isthe CL and alt
is the estimate type, (“two”, “low”, “upp”). The upper and lower limits for
an assigned CL are calculated with the formulae:

Dy — 54 Dy — 54
2 _ 2 —
oj=s +t1a\/ N_1® OU=S +t1a\/4(N PR (6.66)
Dy — 54 Dy — s*
2 _ 2 —
of =5 — tl_a\/ No1’ oL =8 — tl_a\/4(N RIS (6.67)

where « = 1 — CL and ¢ is the Gaussian quantile.
If the sample elements are Gaussian, then relation (3.33),i.e. A4 = 3 o*, holds,
and Egs. (6.63, 6.65) become respectively:

2 2
o es? :i:az\/ ~ 52 :l:sz\/ , (6.68)
N—1 N—1
o A
s+ ~ s+ , 6.69
RV 0 V) B 1O (069
from which, for CL =1 — «:

s* <o?< s* (6.70)

L4+ ti—gpy2/(N=1) = 7 1—ticgp/2/(N=1)" '
S <o < S 6.71)

=0 = S .

1+ t1—q/24/1/[2(N — 1] 1 — t1—ay2+/1/[2(N — 1]

where t1_4/2 are the Gaussian quantiles. The value N — 1 must be replaced by N
when the dispersions are calculated with respect to the true mean.
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Equations (6.53, 6.63, 6.65, 6.70, 6.71) solve the problem of estimating
mean, variance and standard deviation for large samples. Sometimes, instead of
Egs. (6.70, 6.71), the right sides of Eqs. (6.68, 6.69) are used, where o is replaced
by s in the statistical error formula.

We will shortly give some examples of statistical estimates, after describing the
estimates from Gaussian samples.

6.11 Mean and Variance Estimation for Gaussian Samples

The estimation of mean and variance for small samples (N < 100) gives intervals
and confidence levels that depend on the type of the parent population of the sample.
For this reason, at odds with what we have just discussed, it is not possible to obtain
formulae of general validity. However, by applying the elements of probability
theory so far developed, it is possible to get a simple and complete solution, at least
for the most frequent and important case, that of Gaussian samples. The approach is
based on two fundamental points. The first point is that, as shown in the Exercise 5.3,
the sample mean M is also Gaussian for any N, since it is the sum of N Gaussian
variables. Then, due to Eq. (6.49), also the variable:

M=1yy

o

is a standard Gaussian variable for any N, that is, a pivotal quantity. The second
point can be summarized in two important theorems:

Theorem 6.1 (Independence of M and S?) If (X1, X2,...,Xn) is a random
sample of size N coming from a Gaussian population g(x; u, o), M and S* are
independent random variables.

Proof The sample can be considered as an N-dimensional Gaussian vector belong-
ing to the space of Gaussian samples. Therefore, we can consider the subspace
formed by the N sample means M of N vectors (samples) belonging to the space:
P(M)X = (M, M, ..., M). Since this is also a Gaussian vector, we can build the
orthogonal subspace with the third of Eq. (4.75):

PMHX =T -PMIX=X1-M,Xo—M,.... Xy — M).

Indeed, vectors belonging to these two subspaces have a null scalar product
(4.74), as one can easily verify. From Cochran’s Theorem 4.5, it results that
M and |[P(M)X]?2 = SN (X; — M)? are independent. Since (N — 1)$? =
[P(M1)X|* ~ x2(N — 1) the theorem is proved. |
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Theorem 6.2 (Sample Variance) If (X1, X», ..., Xy) is a random sample coming
from a Gaussian population g(x; (u, o), the variable:

s? 1 (X; — M)?
= = 6.72
Or=,=,_, Z 2 (6.72)
follows the reduced x? density (3.72) with N — 1 degrees of freedom. Therefore, it
is a pivotal quantity with respect to o>

Proof From the previous theorem, we deduce that (N — 1S§? = | P (MHX |2; hence,
we can apply Cochran’s Theorem 4.5 to the vector (X; — M)/o, (i =1,2,..., N),
so that the theorem is proved.

Notice that if the terms of Eq. (6.56) are rearranged and divided by o2, one
obtains:

$? (M= p? (Xi —w)?
N=1 ,+ 2M=Z lzﬂ ’
N o’ /N p o
N-1 T T
N degrees of freedom
according to the additivity Theorem 3.4 for the x? variables. O

The confidence interval for the mean can then be determined using the results of
Exercise 5.5. Indeed, the variable (5.41), which in this case is:

M- 1 M- M-
T="""UN TR YUNT 2T TR UN, (6.73)
o \/QR o S S

turns out to be the ratio between a standard Gaussian variable and the square root
of a reduced yx? variable. Since these two variables are independent each other,
this ratio follows the Student’s distribution with N — 1 degrees of freedom. The
Student’s quantiles are tabulated in Table E.2 (notice that N appears in Eq. (6.73),
but the variable T has N — 1 degrees of freedom).

Equation (6.73) shows that the Student’s variable provides the definition of a
pivotal quantity for the mean p without using the true variance (usually unknown)
o2 for the determination of the confidence interval. Indeed, if #]_ 2 = —lg2 are
the T quantile values corresponding to the fixed confidence level CL = 1 — « as
shown in Fig. 6.8, inverting Eq. (6.73) one obtains:

S S
m—ti_q/ N Spu<m+t_gp IN (6.74)

As it is easy to deduce from Table E.2 and Fig.5.4, for N > 100 the Student’s
density is practically identical to a Gaussian, and Eq. (6.74) coincides with
Eq. (6.53). Recall that generally, in the case of a standard Gaussian variable, ¢ is
not explicitly indicated or is denoted by z4.
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Fig. 6.8 Cpnﬁdence intervals s(t) a) XZ b)
corresponding to the

ta/2 < t1—g/2 quantile values
of the Student’s variable (a)
and of the reduced
chi-squared variable (b) for
the estimates of mean and
variance from small Gaussian
samples

t t 2 2
o/2 1-a/2 XR(a/z) xR (1-0/2)

We postpone the exercises on the use of these formulae to first deal with the
estimation of variance. In this case Eq. (6.72) gives the pivotal quantity S%/o? ~
X12e(N — 1). Following the procedure of Eqs. (6.11, 6.12), we start by defining the
probability interval:

S2
2 2
XR@/2) = g2 = XR(-a/2) > (6.75)

where xl%(a /2 xlsza /o) are the quantile values of Qg corresponding to the
requested confidence level CL, as shown in Fig. 6.8. Therefore, by inverting the
interval (6.75), we obtain the interval for the variance estimation corresponding to
the measured value s

2 2
S S
ol <

IA

, N — 1 degrees of freedom . (6.76)

2 2
XR(1—a/2) XR@/2)

The probability « is connected to the confidence level CL through Eq. (6.14). The
upper and lower limits for « = 1 — CL are given by:

I S (6.77)
Uu— 2 s L— _» s .
XR(a) XR(1-a)
and the confidence interval for the standard deviation is simply given by:
<o (6.78)

S S
<o < .
2 2
\/XR(l—a/z) \/XR(a/z)
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For values N > 30, the x 2 density is close to the symmetric Gaussian shape, centred
around the average (Qg) = 1 and with standard deviation:

2

ovza[QR]=/N_1,

in agreement with Eq. (3.71). In this case the quantile values can be written as:

Xzze(a/z) =1—-ti—apov, x,%(l,a/z) =1+t-gpov,

and the width of the confidence interval with CL = 1 — o becomes:

2 2
N 2 N

<o0o° < , (6.79)
L +t_qpoy 1 —ti_qpoy

which is again the interval (6.70).

Our routine MeanEst (x, fre, conf,alt), where the argument have been
already described before, estimates the mean with Eq. (6.74) using the Student’s
quantiles. They become practically identical to the Gaussian ones of Eq. (6.53) for
(N > 100). Our routine VarEst (x, fre, conf, alt), already described above,
estimates the variance using Egs. (6.76, 6.77).

These routines allow a useful comparison between the formulae for large samples
and those for Gaussian samples

6.12 How to Use the Estimation Theory

In the previous sections, we have deduced the fundamental formulae for the
parameter estimation. They are those commonly used in the analysis of the data that
are usually collected in many different scientific fields, from physics to engineering
and biology. The overall picture is summarized in Table 6.3, which shows that the
formulae derived above solve the estimation problem in a simple and general way
for the case of large samples. It is also evident that the estimation of the mean and of
the dispersion for small non-Gaussian samples remains not well defined. However,
this is a case that occurs quite rarely in practice and for which it is not possible to
give a general solution, because both the intervals and the confidence levels depend
on the specific distribution involved in the problem. As we have already mentioned,
in these cases simulation techniques are often used with success.

From Table 6.3 it also results that, for large samples, all the variances of the
estimators for frequency, mean, variance, etc. are of the form ag /N, where oy is
a constant. Therefore, the Kolmogorov condition (2.76), sufficient for the almost
certain convergence of all these estimates towards the true values, is fully satisfied.
Weak convergence is therefore also verified, as can be directly seen from the
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Table 6.3 1o confidence intervals and corresponding distributions for the determination of the
confidence levels (C L) for parameter estimation. Samples with N > 100 are usually considered
as large samples. The symbol ? indicates the lack of a general solution

Gaussian variables Any variables
Interval CL Interval CL
Probability
Nf <10 - - Equations (6.18, 6.19)  Binomial
Nf > 10 .
N = f) > 10 - Equation (6.37) Gauss
Frequency
x <10 - - Equation (6.41) Poisson
x> 10 - - Equation (6.42) Gauss
Mean
s K
N < 100 m =+ Student ~m+ ?
VN VN
s K
N > 100 m =+ Gauss m =+ Gauss
VN VN
Variance
2 2 4
K K Dy — s
N < 100 L o<et< ) X 2521\/ 47 9
XR1 XR2 N-1
. 2 Dy — s4
N > 100 Equation (6.70) Gauss Kg== N_1 Gauss
Std. Dev.
52 52 Dy — 54
N < 100 , So= ) - ~ 5+ ) ?
Xk Xi2 452(N — 1)
. Dy —s*
N > 100 Equation (6.71) Gauss K== Gauss
452(N — 1)

Tchebychev inequality. Indeed, Eq. (3.93) can be written also in the form:

2

PUX—pl=Koy< ,, PIX—ulzei<’,,
€

KZ
where K = €¢/o. If T = Ty is an estimator given in Table 6.3, Var[Ty] = ag/N
and we obtain:
PUTy =) <
— € .
NTHRI=€= Ne?

Therefore, Eq. (2.73) is verified for N — oo.
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Exercise 6.8

A Gaussian sample with N elements has mean m = 10 and standard deviation
s = 5. Estimate, with a confidence level of 95%, mean, variance and standard
deviation for N = 10 and N = 100.

Answer Since the sample is Gaussian, we can use Eqgs. (6.74, 6.76, 6.78),
which require the determination of the quantiles of the Student’s and x>
distributions for « = 0.025 and 0.975. These distributions are tabulated in
Appendix E.

Since the Student’s density is symmetric, from Table E.2 it results:

2.26 for N = 10 (9 degrees of freedom)

0.025 = 10.975 { 1.98 for N = 100 (99 degrees of freedom)

From Eq. (6.74) we then obtain the mean estimate:

nel10+2.26 =100+3.6 (N =10, CL=95%),

5
V10

n e 10+£1.98 =100+£1.0 (N =100, CL =95%) .(6.80)

5
V100

For the dispersion, we must use the quantiles of the )(12e density. From
Table E.3 one obtains:

2 2 4030, 2.11 for N =10 (9 degrees of freedom)
XR0.025 XR09TS =) 074 | 1.29 for N = 100 (99 degrees of freedom).

From Eq. (6.76) and its square root, the estimates of the variance and of the
standard deviation are obtained:

ote [ B]=119.8331 v =10,CL=95%)

6.81)
o> e[ By, =193, 338 (N =100, CL = 95%)

o e[v11.9,4/83.3]1 = [3.4, 9.1] (N = 10, CL = 95%)

(continued)
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Exercise 6.8 (continued)
As a useful comparison, we apply the approximate formulae, assuming
Gaussian confidence levels. From Exercise 3.8, or directly from Table E.1,
we obtain 1.96 when CL = 0.95.

For the mean estimate we can use Eq. (6.53):

5
wel0+1.96 =10.0+3.1 (N =10),
V10

nel0£1.96 =100+£1.0 (N =100),

5
V100
which gives (within rounding) a result identical to Eq. (6.80) for N = 100,
and a slightly underestimated result for N = 10. In fact, as can be seen from
Fig. 5.4, the Student’s density tails subtend areas slightly larger than those
subtended by the standard Gaussian.

To roughly estimate the dispersion parameters with CL = 95%, we use
Egs. (6.70, 6.71) again with t = 1.96:

) 25 25
€ , =[13.0, 328.7] (N = 10),
1+ 1.96,/2/9° 1 — 1.96./2/9
) 25 25
€ , =[19.5, 34.8] (N = 100),
1+ 1.964/2/99" 1 — 1.96,/2/99

o €[3.6,18.1] (N =10),
o €[44,59] (N =100).

If we compare these results with the correct ones of Egs. (6.81, 6.82), we
notice that the approximate dispersions are only acceptable for N = 100.
It is also possible to use the right sides of Egs. (6.68, 6.69) with s ~ o,
obtaining the intervals 02 € [1.9,47.1],0 € [2.7,7.3] for N = 10 and
= [18.1,31.9], 0 € [4.3,5.7] for N = 100. As you can see, for large
samples, Egs. (6.68, 6.69) can also be used. The problem can also be solved
with our routines MeanEst and VarEst.
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Exercise 6.9

The analysis of a sample of 1000 electrical resistances (resistors) of
1000 £2 has shown that the values are approximately distributed according
to a Gaussian with standard deviation s = 10 £2 (actually the production
processes of dough resistors well verify the conditions of the Central Limit
Theorem 3.1). To keep this production standard constant in time, a quality
control was planned by periodically measuring a sample of five resistors with
a highly accurate multimeter. Define the statistical limits of the quality control
at a 95% confidence level.

Answer We have to assume the nominal value of the resistors as the true
average value of production: © = 1000 2.

The true dispersion of the electrical resistance values around the mean can
be estimated from the data obtained from the sample of 1000 resistors by
applying Eq. (6.69) with s >~ 0:

ces+t —10.0+02,
V2(N —1)

which shows that the sample of 1000 resistors gives an estimate of the
dispersion with a relative uncertainty of 2 %. Therefore, we can assume the
value s = 10 §2 as the true value of the standard deviation.

Since the observed sample is Gaussian, from Table E.1 we can say that the
interval 1000 £ 1.96 o ~ 1000 £ 20 £2 contains 95% of all values. Basically,
only 5 resistors over 100 will fall outside the interval:

9802 < R <1020%2. (6.83)

The problem is now to establish controls on the produced resistors to verify
that these initial conditions remain reasonably constant.

By randomly selecting five resistors, we can set up an adequate quality
control using the sample mean. In fact, assuming as true values:

w = 1000 £2 , o~s=108,

from Eq. (6.50), we obtain that the sample mean of five elements will be
contained in the interval:

o
wE =1000.0+ 4.5, (6.84)
V5

(continued)
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Exercise 6.9 (continued)

with nearly Gaussian probability levels. Student’s distribution should not be
used here, because the true standard deviation value is assumed to be known
from the 1000 resistor measurement. On the contrary, we should deduce it
from the small five-resistor sample; Eq. (6.84) would still hold, but in this
case, instead of o, we would have to use the the standard deviation s of the five
resistors, and the confidence levels would follow the Student’s distribution
with 4 degrees of freedom, since N < 10.

For a first quality control, Eq. (6.84) can be used, with a 95% confidence
level, which, from Table E.1, is associated to an interval of about £1.96 ¢. In
this case, the probability of error by judging as poor a good resistor is 5%.
A first quality check will then indicate a possible bad production when the
sample mean is outside the range:

10
1000£1.96- . =~ (1000+9) £ ,
V5

that is:
991 2 <m(R) <1009 §2 (first quality control, CL = 95%) . (6.85)
The global quality check can be further refined by also verifying that the

sample standard deviation does not exceed the value of 10 2. Indeed, by
inverting Eq. (6.78) and taking its maximum, one has:

s < \/Xlzeaa s (6.86)

where ¢ = 10£2 and xlzm is the value of Qg(4), that is, the reduced x2
variable with 4 degrees of freedom, corresponding to the required confidence
level. For CL =95%, from Table E.3 one gets:

X12e0.95 =2.37,
and hence:
s <10-4/237>158.
The second quality check will then report one possible bad production when
the standard deviation of the sample with five resistors exceeds the limit of

15 £2:

s(R) <1582 (second quality control, CL = 95%) .

(continued)
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Exercise 6.9 (continued)

If these two quality controls are required to be satisfied at the same time,
it is ensured that both the average and the initial dispersion of the electrical
resistances are correctly kept within the arbitrarily chosen confidence level.

With a single common CL = 0.95, we will have at least one of these limits
exceeded with probability 1 —0.95% = 0.0975, that is, in about 10% of checks.

A signal outside the confidence band, but within limits of the expected
statistic, it is called false alarm. The situation is often summarized graphically
in the quality control chart, in which a zone of normality (or control zone) is
chosen; above or below these limits there are two alarm bands and outside
of these the forbidden zone. Figure 6.9 shows a possible control chart for
the resistor mean value of our problem. The control zone corresponds to the
interval (6.85) of width £1.96 o; the alarm zone is from 1.96 to 3.0 o, while
the forbidden zone is outside £3.0 0. A value in the forbidden zone can occur
under normal conditions only 3 times out of 1 000 controls (3¢ law), an event
that can justify the production suspension and the activation of the machine
maintenance processes (warning: this is a subjective decision that can vary
from case to case).

As an exercise, with Eq. (6.86) you can also draw a similar chart (S chart)
also for the dispersion of the data.

In the alarm zone, on average, we should have 5 values for every hundred
checks, corresponding to a priori probability y = 0.05. The quality control
can then be further refined by detecting if an excessive number of false alarms
occur, that is, if there are too many alarms compared to the number of alarms
expected when the production quality remains stable. If #n is the number of
false alarms in N checks, Eq. (6.29) can be applied, since here we assume to
know the true probability y:

—yN —0.05N
m= "TVY 46" . (6.87)
VNy(d—y) VN

Therefore, the production should be suspended, on the basis of 3o law, when
t, > 3.0. For a Gaussian variable, this value corresponds to a probability of
about 2~ 1.5 per thousand to wrongly stop a good production. The Gaussian
approximation is valid for n > 10, which corresponds to Ny > 10, that is,
N > 200 in Eq. (6.87). For N = 200, it turns out that it is reasonable to
proceed with maintenance if n > 19.
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Fig. 6.9 Control chart for the resistor production, as discussed in Exercise 6.9

6.13 Estimates from a Finite Population

In the estimates described so far, we have assumed that the population was made
up of an infinite set of elements. The results obtained are also valid for finite
populations, provided that, after each draw, the extracted element is replaced into
the population (sampling with replacement). However, it is intuitive that there are
some changes to be made in the case of sampling without replacement from a finite
population, since, if the population were used up, the quantities of interest would
become certain and would no longer be statistical estimates. We then begin with the

Definition 6.4 (Random Sample from a Finite Population) A sample S of N
elements drawn from a finite population of N, units is said to be random if it
represents one of the N,!/[N!(N, — N)!] possible sets, each of which has an equal
chance of being chosen.

If X is the random variable contained in the sample S, we can write:

N
1 1
M = N i_gl X = N E xili, (6.88)

i=

where the second sum is over all the N, units of the population and /; a dummy
variable (see Eq.2.7), defined as:'

I = 1 ifx,- es,
" 7] 0 otherwise.

1 In order not to overload the notation, we write x; € S to indicate that the i-th population unit has
been extracted.
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I; is a two-valued binomial variable corresponding to the number of possible
successes of a single trial having a probability N /N . Therefore, we have:

I'—N VI-—N<1 N Vi 6.89
(l>_ ) ar[l]_Np _Np>s L. ( )

1 1
(M)y= Y xi(l)= > xi=(X), (6.90)

i=1

shows that also in this case the sample mean is a correct estimator of the true mean.
To find the variance of the sum of the sampled variables, we can write, using
Eq. (5.65):

Ny
Var [ Y xil; Zx Var[[;]+2) " " xix; Covlli, I;] . 6.91)
i=1

i j<i

The covariance estimation (I;, I;) requires the knowledge of the mean (Ii 1 j>.
Having in mind the general definitions of Sect.2.8 and only considering the non-
zero values, one has:

N-1 N
(I,'Ij> = P{xj € S|lx; € S}P{x; € §} =

N,—1N,
Using Eq. (4.25), we can write the covariance as:

N N—-1 N? N(N, — N)
Cov[l;, Ij] = (L 1;) = (L) (1) = N, Ny—1 N2~ NN, —1)°
p p

Inserting this result into Eq. (6.91), one has:

v
N(N
Var Zx, i = Z 2 _ N2 Ny —1) ZZx,x] (6.92)
i j<i
Since (3", xi)* = Y, x7 +2 ), 2, ; xix), after some easy algebra one gets:
& NN, = N)
Var | S witi | =7 (<x2> - <x>2) , (6.93)

Np—1
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where (X2) = 3" X?/N,, and (X)* = (3 X,-)2/N[2,. Therefore, the variance of the
sample mean results:

Np
Var ]1] ;xﬂi = Var[M] = lelzl\jjp__Nl) (<X2> _ (X>2>

_ Var[X] N, =N _ Var[X] (1 R\

~ ) (6.94)
N N,—1 N N,

This equation represents the fundamental result for the estimates from finite
populations: the comparison with the analogous formulae for infinite populations
(see Table 6.3) shows that the variances of means, frequencies and proportions
calculated from samples extracted from finite populations must be corrected with
the factor (N, — N)/(Np —1) = (1= N/Np). The same factor must be applied if in
Eq. (6.94) the true variance o2 is replaced by the estimated one s2. For example, in
the case of the Exercise 6.4, considering 30 millions of voters, the correction would
be very small and of the order of /1 — 3/30 000. This situation is different from the
extraction without replacement from an urn: if the frequency of marbles of a certain
type were, for example, f = 15/30 = 0.50 and the urn contained 100 marbles, the
frequency error would go from 4/0.5(1 — 0.5)/30 = 0.09 (infinite population) to
the value +/0.5(1 — 0.5)30,/70/99 = 0.08. The variance would vanish if all 100
marbles were drawn.

The sample variance, unlike the mean, must be corrected for finite populations.
In fact, from Egs. (6.57, 6.94) one has:

1 1 N, — N N
<S2> = Z(X,- —M)?) = |:N02 - r O'2i| =02 P
N -1 - N -1 N, —1 N, —1
(6.95)

It turns out then that the unbiased estimator for the variance of a finite population
is:

N,—1 1
§2="7 X; — M)?. 6.96
v, N_llZ(, ) (6.96)

The derivation of the correction for the variance Var[$?] is more complicated and
can be found in [KS73].
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6.14 Histogram Analysis

After the analysis of sample mean and variance, we now move to the analysis of the
overall sample structure (shape), with the aim of obtaining information on its parent
population. Indeed, sample mean and variance are not the only random variables
of interest. Usually the sample is presented in the form of a histogram, subdivided
into K bins, almost always with fixed width Ax, and each containing a number
n; of events. The quantities n; give the overall shape of the sample and are of
crucial importance if one is interested in studying the density structure of the parent
population. These quantities should be considered as random variables I;, because
they vary from sampling to sampling. If the histogram is normalized, instead of
n;, the measured frequencies or probabilities f; = n;/N are given in each bin,
where N is the total number of events in the sample. As an example, in Fig.6.10
and Eq. (6.97) a non-normalized histogram is shown as obtained from a computer-
simulated Gaussian sample of N = 1000 events coming from a parent population of
true parameters £ = 70, o = 10. In Eq. (6.97) x; and n; = n(x;) are the midpoint
and the content of a bin, respectively. The bin width is Ax = 5.

x n(x) x n(x)
37.5 1 725 207
42.5 4 775 153
475 16 82.5 101
52,5 44 875 42
57.5 81 925 7
62.5 152 97.5 6
67.5 186

(6.97)

The R routine hist (x) draws the histogram of a raw data set contained in the
vector x. Without any user input, the bin width and the graphic style of the histogram
are automatically set by the routine. If you have a vector x containing the abscissas
of the bins and a vector f£re containing the frequencies or the number of events of
each bin, you can use our HistoBar (x, fre) routine, which draws the histogram
as in Fig. 6.10 (top).

If p(x) is the p.d.f. of the population, by defining the random variables / and F
related to the events {I; = n;} and {F; = n; /N}, it follows, from Eq. (2.33), that:

(Ii) = i = Np; = N/ p(x) dx = Np(xo) Ax , (6.98)
Ax

(F) = pi = /A p(x) dx = p(xo) Ax | 6.99)

where Ax is the bin width and xg is a generic point in the bin. The rightmost term in
the equations follows from the integral mean value theorem. If the bin width is small
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Fig. 6.10 Two possible
representations of a histogram 200
obtained with a computer

simulation of 1000 events 150
from a Gaussian population

with x = 70 and o = 10 100
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enough and the density is a fairly smooth function, one can assume that it varies
linearly within the bin width; under these conditions, according to the trapezoidal
rule, xo is the bin midpoint.

In the case of discrete random variables, the integral over Ax in Egs. (6.98 6.99)
must be replaced by the sum of the true probabilities of the values contained in Ax.

In Sect.4.7, we have seen that the global probability of having a specific
experimental histogram of a random sample of size N, given the true probabilities
pi, (i = 1,2,...,k) obtained from a p.d.f. p(x) using Eq. (6.99), follows the
multinomial distribution (4.89). We already noted, commenting on Eq. (4.89), that
the number of /; events falling in the i-th bin (x;, , x;4+1) of width Ax follows the
binomial distribution. Indeed:

 If the random process is stationary in time, the probability p; to fall in the i-th
bin remains constant.

* The probability to fall in a bin does not depend on the events previously recorded
or that will be recorded in other bins.

Therefore, we can state that the random variable I; (number of event in a
histogram bin) is given by the occurrence of independent events with a constant
probability. If the total number of events N is a predetermined parameter, then the
probability for the random variable I; to take the value n; will be given by the
binomial law (2.29) with elementary probability p; (see also Eq. (4.89)):

|

° N—n;
nil (N — o) yN-mi (6.100)

P{l; =nij}=bm;; N, p;) = pi(1— pi
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where (1 — p;) is the probability to fall into any histogram bin different from the
i-th one. The standard deviation is:

oi =/Npi (1—pi) . (6.101)

This quantity can be estimated from the data through the uncertainty s; = s(n;). If
the bin contains more than 20-30 events, Eq. (6.34) can be used, with x = »; and

n=N:
5 =\/n,» (1— ;’v) (6.102)

This approximation is often used even for bin contents above five events.
If the histogram is normalized, Eq. (6.102) must be divided by N, thus obtaining
a well-known result, the statistical error (6.33) on the frequency f; = n;/N:

(W)= (=5 ="

The two previous formulae are of fundamental importance in the analysis of
histograms and are called random (or statistical) fluctuations of the bin contents.

If the histogram is not obtained with a fixed total number N of events but is
collected considering other parameters, for example, a certain time interval Az, the
number N turns from a constant into a statistical Poissonian variable N, and the
fluctuations of the bin contents must be calculated in a different way.

We want to explain this rather subtle point with an example. If we look at multiple
histograms, each of which refers to the weight of 100 newborns, the fluctuations in
the number of babies within a certain weight range (or percentile, as doctors say)
will obey Eqgs. (6.102, 6.103). If, on the other hand, we collect the histograms of the
newborn weights monthly, the fluctuations in the number of babies within a certain
weight range will overlap to those of the total number N of babies in a month, which
will be Poissonian with a stable average value (if we assume, to simplify, that the
births are stable from month to month). To treat this case correctly, it is essential the
following:

Theorem 6.3 (On the Binomial and Poissonian Variables) Let X be the number
of successes in N trials. When N is not a fixed parameter but a Poissonian random
variable, X follows the Poisson density.

Proof From the compound probability law, the probability to observe {I; = n;}
events into the i-th bin over a total of N events will be given by the product of the
Poissonian probability (3.14) to observe a total of {N = N} events, when the mean
is A, times the binomial probability (2.29) to get n; events in the considered bin,



6.14 Histogram Analysis 245

over a total of N, when the true probability is p;:

P{l; =n;, N =N} = P{l; =n;|N = N}P{N = N}
e AN
N!

N! n;
= pn;, N) = p;' (1 —pi

— )an,'
ni!(N — n;)!

If one now defines m; = N — n; and uses the identities:

e—)n — E_)Lpi e—)»(l—pi) , )\'N — )\N—n,- )\'n,- — )\mi )\'n,- ,
the probabilities can be written in the form:

e (i)t e 1P [ (1 — i)™
p(ni,m;) = | N ,
n;! m;!
which is the product of two Poissonians, of means Ap; and A(1 — p;), respectively.
From this equation and from Theorem 4.1, one can deduce that the number /; of
events in the i-th channel and the number (N — I;) of the events contained in the
other bins are both independent Poissonian variables. In other words, if N is a
Poissonian variable and /;, for fixed {N = N}, is a binomial variable, then /; and
(N — I;) are independent Poissonian variables. |

Since we know that the standard deviation of the Poissonian is equal to the square
root of the mean, we can immediately change Eq. (6.102) into the form:

ol =0 = /Api = s(n;) = /ni

where the true values have been replaced by the measured ones. The statistical
uncertainty of the bin content is then given by:

n; 1 i
s(ni) = /ni , s(A;): N\/”liZ\/g- (6.104)
Let us now summarize these results in a coherent scheme. The estimate of the true
number of events u; (mathematical hope or expected value) in the i-th bin is given
by Eq. (6.98), and the corresponding approximate 68.3% level confidence interval
is given by:

nj
i € n; :I:\/ni (1 - N) , (6.105)

for histograms with a fixed total number of events N. For histogram where N is a
Poissonian variable, one has instead:

ni €n; £ \/I’l,' . (6.106)
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For normalized histograms, Egs. (6.105 and 6.106) transform respectively as:

MEﬁiJﬁ%;ﬂ, ﬁz%, (6.107)

g [T
meﬁiJN, (6.108)

which are the estimates of the true quantities (6.99).

These formulae are valid for n; > 5, 10, that is, for bins containing at least about
10 events. In this case the Gaussian confidence levels hold.

For bins with less than ten events, Eq. (6.107) should be replaced by Eq. (6.31)
(with N instead of n), and Eq. (6.105) should be replaced by Eq. (6.31) multiplied
by N. The Poissonian formulae (6.106, 6.108) remain unchanged, but, in these
cases, the confidence levels are not Gaussian and must be directly obtained from the
binomial and Poisson distributions, depending on whether N is fixed or variable.

All the previous conclusions also give a satisfying intuitive representation of the
bin content fluctuations. For example, if we consider a two-channel histogram, the
number of events n; and n; in these two channels is completely correlated when
N is constant, since n1 + ny = N. In effect, we are dealing with a single random
variable, and in this case the statistical errors of the two channels are equal, as is
evident from Eq. (6.103), which is symmetric in f and (1 — f), or from Eq. (6.102),
after a little bit of algebra. In general, a fixed N determines a correlation between
channels, given by the covariance (4.92), which statistically, for n;, n; > 10, can
be estimated with a good approximation as:

s(ni,nj) =—=Nfifj. (6.109)

On the other hand, when N is a Poissonian variable, any histogram bin behaves as
an independent Poissonian event counter with fluctuations equal to the square root
of the number of events.

The graphical representation of the histogram, to be complete, must then include
statistical errors. By convention, these errors are evaluated using Eqgs. (6.106, 6.108),
neglecting possible correlation between channels, and are plotted as +s; bars
centred on the n; values. These intervals, called error bars, define a band that
should contain the true values w; or p; of Egs. (6.98, 6.99). However, as always, we
must remember that confidence levels, if n; > 5, 10, follow the 30 law. Therefore,
the total band containing these values with a reasonable certainty is actually three
times larger than the error bars shown in the graphs. The histogram of Fig. 6.10,
completed with the error bars from Eq. (6.102), is shown in Fig. 6.11. This repre-
sentation can be obtained with our routine HistoBar (x, fre,errors="0N").
In the case of a normalized histogram, the vector f£re contains the frequencies,
and the error request must be completed by the number of events, in order
to apply Eq. (6.108). For example, in the case N = 100, the call should be
HistoBar (x, fre,errors="0N",nev=100).
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Fig. 6.11 Histogram of Fig. 6.10 with error bars
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Fig. 6.12 Measured and expected values from a population density model, with the statistical
fluctuation of the bin content. The shaded area should be imagined as projected orthogonally to the

sheet

We have shown that the fluctuations in the number of events contained in a
certain histogram bin follows the binomial or Poissonian probability. This is a
completely general rule, independent of the density p(x) describing the sample
parent population, which can be any. As shown in Fig. 6.12, this density instead
determines the overall structure of the sample, which is described by the mean or
central values of the bin contents.
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On this subject, an important hypothesis testing topic is how to check whether
the shape of the sample is or not in agreement with a density model chosen for the
population. We will discuss this issue in Sect. 7.5.

6.15 Estimation of the Correlation

The sample correlation coefficient obtained from a finite set of data (x;, y;)
generally has a non-zero value, even when the variables are uncorrelated. It is
therefore necessary to verify if the sample correlation coefficient » evaluated from
the data is compatible or not with a null value (hypothesis test) or to estimate
the confidence interval within which the true correlation coefficient p is located
(parameter estimation). The sample estimate of the correlation coefficient (4.31)
for a finite set of N elements requires the preliminary definition of the sample
covariance S(X,Y) = Sxy.

Without loss of generality, we can consider a pair of centred variables (with zero
true mean), for which the true covariance is:

Cov[X, Y] =((X — n)(Y — py)) = (XY) . (6.110)

To identify possible biases it is necessary, with a procedure similar to that of
Eq. (6.57), to find the true mean value:

N
<Z(X,» — Mx)(Y; — My>> :

i=1

where, in general, Mx — my # 0, My — m, # 0 even when the true values of
the means are zero. By applying the linearity properties of the mean operator and
noting that:

Y MxYi=Mx)y Y= ;ZX,-ZY,»,
i i Jj i

and so on, one has:

N
<Z(X,» — Mx)(Y; — My>>

i=1

= <Z (XiY; — MxY; — My X; + MXMY)>
1
g o)
= N (XY) — ;] <ZX,-ZYJ> ) (6.111)
i J
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The last term of this equation can be rearranged as:
<ZX,’ ZY/> = <ZX1'Y[> + Z(Xin> .
i j i i#]

Now, X; and Y; are independent, because they are coming from different events
sampled independently (remember that the correlation exists for the pair (X;, Y;),
observed in the same event!). From Eq. (4.9) one then can write:

(XiY;)=(X) (¥)=0,

since, by assumption, the true means are zero. Since (Z XY> = N (XY),Eq.(6.111)
becomes:

N
<Z<X,- — Mx)(Yi —My>>=<zxm>— Zlv <me> = (N —1)(XY) .

i=1

(6.112)
This result, recalling Eq. (6.110), implies:
N
Cov[X,Y] = ! Z(X-—M )(Yi — My) (6.113)
s N —1 ¢ : i X i Y . .
1=
In conclusion, the unbiased sample covariance is:
T
s = _le(xi —m) (i —my) . (6.114)
1=

If, instead of raw data, we have a two-dimensional histogram n;; containing the
number of pairs (x;, y;), the covariance is evaluated as:

1
s = D = m) (= mymj (6.115)
ij

The R routine cov (x,y) can be used to calculate s(x, y) from a set of raw data
while our routine CovarHisto (x,y,mat) performs the same operation for data
presented in histograms, where mat is the matrix n;; of Eq. (6.115).
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To estimate the variance of the sample covariance, we can proceed as in the case
of the sample variance:

1
Varfs (x, y)] = N1y > Varl(xi —my)(y; —my)] (6.116)
ij

= (N —1)2 [<(Xi —my)*(yi — my)2> —((xi —=my) (i — my)>2] ,

where the variance properties (2.67) and the additivity formula (5.74) have been
used, since the different terms in the sum of s(x, y) have null covariance. The
last equality in Eq. (6.116) is approximated, because the exact equation should
contain the true means. This inaccuracy can be corrected with some additional
terms, discussed in [KS73], which are in the order of 1 /N with respect to Eq. (6.116)
and, therefore, are generally negligible. We have found that these terms affect the
error given by (6.116) of 10-15% and only for small samples having about ten
events. If x and y are two experimental data sets, the R coding of the last term of
the equation, before the multiplication with N /(N — 1)?, is the following one:

> meanx = mean (x)
> meany = mean(y)
> mean ( ( (x-meanx) « (y-meany) ) *2) - (mean((x-meanx)* (y-meany))) "2

This coding is used in our routines CorrelEst and CovarTest.
Let us now consider the sample linear correlation coefficient, that takes the
compact form:

Sxy Yoixi —my) (i —my) _ > ixiyi)/N — mym,

e \/Zi (ki = my)? 305y —my)? Sx Sy

r =

’

(6.117)

where Eq. (4.25) has been used for the last equality. This value is an occurrence of
the random variable “sample correlation coefficient R”.

The p.d.f. of R when the true correlation coefficient is p = 0 has been derived in
1915 by R.A. Fisher. In the case of N pairs of Gaussian variables, this distribution
(deduced also in [Cra51]), follows a p.d.f. given by:

r(v) (1= 20272 6.118)
r(3)re

where v = N — 2. In the general case where p # 0, the estimation of the true
correlation coefficient starting from the sample data is a difficult problem, the
brilliant solution of which is again due to R.A. Fisher, who proved this theorem
in 1921:

c(r) =
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Theorem 6.4 (Fisher Z Variable) If R is a sample correlation coefficient obtained
from N pairs of Gaussian variables, the variable

z=lm(ITE (6.119)
= n .
2 1-R

follows, for N — 00, a normal distribution with mean and variance given by:

1 /1
Zy= m( T°
2 1—p

) , Var[Z] = (6.120)

N-3"

where p is the true correlation coefficient.

Proof The complete proof of the theorem is rather complicated and most texts refer
to Fisher’s original article or to his famous book [Fis41].

However, we can give a partial proof of the theorem by considering the case
p = 0 and applying the inverse transformation of Eq. (6.119) to the density (6.118):

2Z

¢ annz
= =tanh Z ,
e2Z +1
where tanh is the hyperbolic tangent. Since:
1 d tanh 1
1 —tanh®x = s o = s
cosh” x dx cosh” x

indicating with A all the constant coefficients of Eq. (6.118) and taking into account
that v = N — 2, from the equality c¢(r) dr = f(z) dz, one obtains:

1 1
z) = A (1 — tanh®> 1) V=972 =A .
1@ ( ) cosh? z coshN=2) 7
We can expand the hyperbolic cosine as:
1 22 7 2
— (% 4 ey = e @82
coshz—z(e +e )—1+2!+4!+ ~e ,

where the last approximation holds for z around unity. Due to the presence of the
logarithm, the values of z remain quite limited, except in the extreme case r ~ +1.
We can then, with a good approximation, stop this second order expansion and write:

fz) >~ Ae~WN=2/2
Thus it turns out that the variable Z is approximately normal, with zero mean

and variance Var[Z] = 1/(N — 2). However, the correct result is represented by
Eq. (6.120). |
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Fig. 6.13 Histogram of 50,000 correlation coefficients between 20 pairs of uniform variables
(X, X + V) (a); histogram of the corresponding Fisher Z variable and of the Gaussian (full curve)
fitting the data (b)

In practice, the theorem is very powerful, because it holds for N > 10 and
gives good results even with non-Gaussian variables. To show you the prodigious
properties of the Fisher’s transformation, we have shown in Fig. 6.13 the histogram
of 50,000 sample correlation coefficients r, each obtained with 20 pairs of uniform
variables (X, X + V) of Exercise 4.2, and the corresponding histogram of the
variable Z.

For the estimation of the correlation from a dataset ({R = r}, {Z = z}), one
performs the transformation (6.119), applies the theory of estimation for Gaussian
variables by determining the extremes of the confidence interval and then reverses
these extremes by rising to exponential on both sides of Eq. (6.119):

2z
eZZ_l—l—r et —1

= = . 6.121
1—r " e 41 ( )

A simpler formula for the estimation interval can be obtained by applying to
Eq. (6.121) the error propagation law and Eq. (6.120):

d [ -1 4% 1
S, = o, = .
TTdz \ e 1) YT (B 1?2 JUN-3
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Table 6.4 Height and chest measurement (in cm) of 1665 Italian soldiers of the First World
War (the data are reported in: M. Boldrini, Statistica (Teoria e Metodi), Editor A. Giuffre, Milan
1962 (only in Italian))

Chest circumferences Totals
72 76 80 84 88 92 96 100
Heights 150 1 7 2 2 1 13
154 7 27 39 28 6 2 109
158 3 7 69 118 87 21 5 310
162 9 110 190 126 46 9 2 492
166 4 68 145 114 58 12 5 406
170 1 22 46 69 46 12 2 198
174 1 15 35 22 6 33
178 5 8 11 16 40
182 2 10 2 14
Totals 3 30 312 565 482 218 46 9 1665

Substituting the value of z in Eq. (6.119), one then has:

1—r2 o 1—r2
Z\/N—3 giving per= N =3 CL ~ 68%. (6.122)

Our routine CorrelEst (x,y, conf,alt) evaluates both the covariance from
Eq. (6.114) and the correlation coefficient from Eq. (6.117) between two raw data
vectors x and y. The variables conf and alt define CL and the type of estimation
"two”, "low” and “upp” according to the scheme of Fig.6.3. The error
of the correlation coefficient is estimated by Fisher’s method with Eqgs. (6.120-
6.121). The standard deviation error is found with Eq. (6.65) and the covariance
error with Eq. (6.116) and the bootstrap method, a technique that we will describe
later. If the data are represented as a two-dimensional histogram, the routine
CorrelEstH (x,y,mat,conf,alt) can be used, where x and y are the bin
coordinates and mat the two-dimensional matrix containing the number of events
in the cell (x, y).

Sr

Exercise 6.10
Determine the correlation coefficient between height and chest size from the
data of Table 6.4.

Answer The table, graphically reproduced in Fig.6.14, represents a two-
dimensional histogram. The class sizes can be easily deduced from its
structure: for example, there are 110 soldiers with chest circumference

(continued)
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Exercise 6.10 (continued)
between 78 and 82 cm (central value 80) and height between 160 and 164 cm
(central value 162), and so on.

If #; and s; are the spectral values of the chest and height, the marginal his-
tograms n(#;) and n(s;) have a Gaussian form, as can be easily deduced from
the graphs (check this as an exercise). The means and standard deviations of
the marginal histograms are an estimate of the corresponding true quantities
of the marginal densities of the chest circumference and height. They can be
calculated using Eqs. (2.41, 2.42). With obvious notation, one obtains:

(72-3430-76 +...) =85.71,

nm;

~ 1665

S =

(2= 857023+ (6 - 8570230+ .17 _
1664 =4.40,

1
o 150 13+ 154 - 109 +...) = 163.71
M5 = 1665 ¢ + )

(150 — 163.71)2 - 13 + (154 — 163.71)2- 109 + ... 7"*

The two standard deviations s; ed s; have been calculated dividing by (1665 —
1), since the sample means have been used.
The 1o estimate of the chest and height means is given by Eq. (6.50):

4.46
e € 85.71 & ~85.740.1,

V1665

5.79
us € 163.71 £ ~163.7+£0.1.

V1665

We now come to the study of correlation. The data should be correlated,
because experience shows that short men with huge chests, or vice versa, are
very rare. We therefore calculate the sample covariance (6.115):

1
= 72 —85.71)(158 — 163.71) -
Sst 1664 [( 85.71)(158 — 163.71) - 3 +

(76 — 85.71)(150 — 163.71) - 1 +
(76 — 85.71)(154 — 163.71) - 7+ ...] = 6.876..

(continued)
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Exercise 6.10 (continued)
The sample correlation coefficient (6.117) is then given by:

Sst 6.876

= =0.266 .
ss st 5.79-4.46

st =

We now estimate the height-chest correlation coefficient of the soldiers
with a CL = 95% . First, we calculate the Z variable corresponding to the
sample correlation r = 0.266:

1 I 1+0.266

n =0.272.
2 1-0.266

=

This is an approximate Gaussian variable, with standard deviation given by
the second of Eq. (6.120). Since the data refer to 1665 soldiers, one has:

1 1
“ \/N—3 \/1662 0.0

The 95% confidence limits for a Gaussian variable are given by the standard
variable t = 1.96:

nz €0.272+£1.96-0.024 = 0.272 £ 0.047 = [0.225, 0.319] .

This interval then contains the value p; with CL = 95%. The confidence
interval for the true correlation coefficient p is finally evaluated by inserting
the values (0.225, 0.319) in the second of Eq. (6.121):

p €[0.221,0.309] = 0.26670043,  CL =95%.

Therefore, the height-chest data clearly demonstrate the presence of a cor-
relation. This same interval can also be calculated with the approximate
formula (6.122).

Moreover, all the previous results can be obtained as well by inserting the
data of Table 6.4 into our routine CorrelEstH().

One may ask the question: what chest circumference must a 170 cm tall
soldier have to be considered normal? If we take the histogram of Table 6.4
as a reference sample, we can answer the question by estimating, with

(continued)
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Exercise 6.10 (continued)
Egs. (4.54, 4.55), the mean (on the regression line) and the standard deviation
of the chest ¢ conditional on the height s:

m(tls) = my +ry (s — my) = 85.71 + 0.204 (170 — 163.71) ~ 86.9 cm
Ss
2 2 12 172
s(tls) = [st 1- r”)] — [19.89(1 — 0.071)]"/2 ~ 4.3 cm.

Again, under the assumption of a Gaussian model, we can state that the chest
circumference of a normal soldier must be within the limits 86.9 + 4.3 cm
with a probability given by the 3o law.

Fig. 6.14 Two-dimensional histogram of the data of Table 6.4
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6.16 Problems

6.1 An urn contains 400 red and black marbles in unknown proportions; 30 marbles
are drawn at random, including 5 red marbles. Estimate, with CL = 95%, the
initial number of red marbles R contained in the urn in the case of (a) extraction
with replacement using the approximation for large samples, (b) extraction with
replacement using the code binom. test and (c) extraction without replacement
using the approximation for large samples.

6.2 In an experiment, 20 counts have been obtained. Find the upper bound of the
expected value of the counts, with CL = 90%. Use the Gaussian approximation of
the Poisson distribution.

6.3 The standard deviation of the weight of a population of adults is 0 = 12 kg.
Find the mean (S) and the standard deviation o[S] for a sample of N = 200
individuals.

6.4 By running an unknown number N of tests, each one with a known a priori
success probability p = 0.2, n = 215 successes have been obtained. Estimate N
with CL = 90%.

65 If X; (i =1,2,...,N) is a random sample from a normal population, show
that the covariance between the mean M and the deviation (X; — M) is zero.

6.6 25 Gaussian variables with same mean & (unknown) and o = 1 are summed,
obtaining 245 as result. Find (a) the standard estimation interval for y (CL = 68%)
and (b) the upper limit of  with CL = 95%.

6.7 A sample of 40 Gaussian pairs has a sample correlation coefficient r = 0.15.
Find the interval estimate p with CL =~ 68%.

6.8 A Poissonian count gives x = 167 events in 10s. It is known that the average
of the X counts is a function of both counting efficiency € on the signal and of the
background b according to the equation u = € v 4 b, that is:

X ~ Poisson(ev + b) .

The € efficiency was determined as € £ o = 0.90 & 0.10, while the background is
estimated based on a value of b = 530 counts in 100s. Estimate the frequency value
v of the source with error.

6.9 Calculate the number N of bulbs you need to be 95% sure to have 1000h of
light, knowing that each bulb has a negative exponential life expectancy with mean
7 =100h.
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Assume to use one single bulb until it burns out and then to switch immediately
on the next one, until the limit of 1000h is reached. Also assume the Gaussian
distribution for the sum of the bulb life time.

6.10 The expected background of a counting experiment (accurately measured
during calibration) is 10counts/s. In an experiment (background plus possible
signal) 25 counts are recorded in a second. Using the Gaussian approximation, find
the upper limit of the counts for the signal only with CL = 95%.

6.11 A Gaussian sample of N = 25 elements has a measured variance s> = 18.
Find the upper limit with CL = 95%.

6.12 An electric cable has 30 defects every 20 km. Find the number of defects/km
with its error.

6.13 Having recorded 35 counts, find the lower event limit with CL = 95% using
the routines poisson.test and PoissApp.

6.14 Create three random Gaussian samples of with 50 elements using the R
instructions x=rnorm(50), y=rnorm(50,5,1) and y1l=3*x+y. Find the
covariances and the correlation coefficients between the variables x, y and x, y1,
both analytically and using the routine CorrelEst.

6.15 Create three random samples with 100 elements from the uniform distribution
with the R commands x=runif (100) ,y=runif (100) and y1=2*x+y. Find
the covariances and the correlation coefficients between the variables x, y1, both
analytically and with the routine CorrelEst.

6.16 In a famous experiment on the efficacy of aspirin [ET93], 104 cases of
heart attacks occurred in a sample of 11,037 people who had been taking this
drug for several years. In a control sample of 11,034 people who took a placebo,
189 heart attacks occurred. In this kind of studies, the odds ratio OR is often
considered, i.e. the ratio between the frequencies fi = 104/11037 = 0.00942
and f» = 189/11034 = 0.01713. In this case OR = f1/f> = 0.55, indicating
that aspirin halves the probability of heart attacks. Find the confidence interval at
CL = 90% of this data. (Hint: linearize the problem by applying logarithms.)



Chapter 7 )
Basic Statistics: Hypothesis Testing Shethie

There are two possible outcomes: if the result confirms the
hypothesis, then you’ve made a measurement. If the result is
contrary to the hypothesis, then you’ve made a discovery.

Enrico Fermi, QUOTED IN: T. JEREMOVICH, “NUCLEAR
PRINCIPLES IN ENGINEERING”

No amount of experimentation can ever prove me right; a single
experiment can prove me wrong.

Albert Einstein, QUOTED IN: A. CALAPRICE, “THE ULTIMATE
QUOTABLE EINSTEIN”

7.1 Testing One Hypothesis

In Exercises 3.13 and 3.17, we have already discussed hypothesis testing in the
framework of probability theory. Let us now go deeper into this topic considering
the testing (acceptance or rejection) of one hypothesis, called null hypothesis Hy
or, more simply, hypothesis. The subject will then be completed later, in Chap. 10,
where we will describe the criteria for optimizing the choices among several
alternative hypotheses.

We therefore consider the p.d.f. p(x; 6) of the variable X defined in Eq. (6.2),
depending on an unknown parameter 6 and suppose that, on the basis of a
priori arguments or previous experimental results, the hypothesis Hy is assumed,
corresponding to a value & = 6. If an experimental value {X = x} is obtained,
one needs to decide whether or not to accept the model related to this hypothesis,
on the basis of this result. The scheme used is typically that of Fig. 7.1: as you can
see, the variability interval of X is divided into two regions, a region favourable
to the hypothesis and a complementary region, called critical region. The shape of
these regions strongly depends on the type of problem considered, as detailed in the
following. When the critical region is concentrated in only one of the two tails of
the distribution, its limit is defined by the quantile values x,, (left tail in Fig. 7.1a) or
X1—q (right tail in Fig. 7.1b).

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 259
A. Rotondi et al., Probability, Statistics and Simulation, La Matematica per il 3+2
139, https://doi.org/10.1007/978-3-031-09429-3_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-09429-3_7&domain=pdf

 -10 4612 a -10 4612 a
 
https://doi.org/10.1007/978-3-031-09429-3_7

260 7 Basic Statistics: Hypothesis Testing

one—tailed a) one—tailed b) two—tailed C)
p(x; 6;) p(x;00) p(x; 09)
a=1-C a=1-CL a=1-CL
X X
Xo X1-a - Xa/2 Xl-a/2
reject | accept hypothesis accept hypothesis reject reject accept reject
hypothesis hypothesis hypothesis | hypothesis | hypothesis

Fig. 7.1 One-tailed (a), (b) or two-tailed test (c). The confidence level CL is the value of the
shaded area defined by the quantile values x4, X1_q, Xg/2 and x|_q/2. The test level @ =1 — CL
is the value of the tail area outside the confidence interval

If, on the other hand, the critical region is formed by two disjoint subsets, as, for
example, when one intends to reject a significant deviation from the mean value, its
limits are defined by the quantile values x4 /2 and x1_/2 (see Fig. 7.1c). As we have
already mentioned, the area « of Fig. 7.1 is called significance level, and we will
denote it by SL. The pre-chosen value of the significance level « defines the « level
of the test.

When the event {X = x} is observed, under the hypothesis Hy corresponding to
p(x; 6o), it is then necessary to calculate the conditional probabilities:

P{X < x|Ho} = oy , one-tailed test (to the left) (7.1)
P{X > x|Hp} = ay , one-tailed test (to the right) (7.2)
2min (P{X < x}, P{X > x}) = a,, two-—tailed test (7.3)

In the two-tailed test, the area o, /2 is the smallest area, to the left or to the right of
the abscissa value, according to Fig. 7.1.

The hypothesis is rejected when o, < «, that is when we obtain by chance values
“within the tails”. With this rule, the probability that the decision is wrong when H
is true is always less than «. This is called a type I error (to reject a true Hp), or
also a false-positive case. The other possible error, to accept a false Hy, is known as
type II error or false-negative case. This second case will be detailed described in
the next Chap. 10. The value « is called size of the type I error.

It should be noted immediately that all the previous definitions lose their meaning
if we omit to specify the hypothesis being true, because, to calculate the significance
level, it is necessary to know the p.d.f. corresponding to Hy. Within the frequentist
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framework, this requirement is not a trivial aspect but is the very essence of the
definition! The probabilities given by Eqs. (7.1-7.3) have not to be confused with
the probability that Hy is true for a given SL, which corresponds to P(Hp|X >
x). Previously, in Chap. 1, we have already emphasized the dangers of inverting
conditional probabilities without going through Bayes’ theorem.

The logical approach applied to reject a hypothesis assumed to be true has found
an important field of applicability in modern science. In fact, according to the
philosopher Karl Popper [Pop59], a scientific theory can be differentiated from the
non-scientific ones by the fact that it is falsifiable, that is, it can be verified by an
experiment. In many cases, this procedure passes through the statistical analysis of
experimental data and the frequentist hypothesis test (see also Sect. 12.17). The
quotes of Fermi and Einstein, in the epigraph of the chapter, well represent this
distinctive scientific thinking.

Finally, it is important to emphasize that Hy cannot be chosen subjectively but
must be determined only on the basis of the currently accepted scientific knowledge
(the so-called state of the art). Therefore, before announcing a new discovery, it
is necessary to demonstrate that it is not possible to explain the result obtained
only starting from past experience. We have already implicitly applied this rule in
Exercises 3.13-3.17.

The observed significance level «,, defined in Eqgs.(7.1-7.3), is also called
p-value. The meaning assigned to the terms significance level, test level and p-
value can be slightly different from text to text. Here, we will adopt the following
terminology:

L ~fixed before the experiment — test level
significance level

“observed value from an experiment — p-value

Basically, with this terminology, a hypothesis test can be summarized as follows:
the hypothesis is discarded if the p-value is less than the level of the test «; it is
accepted otherwise.

By performing repeated experiments and calculating the p-value each time, we
obtain a sample of the random variable p-value. In hypothesis testing it is crucial
to know how this variable is distributed: the answer is given by

Theorem 7.1 (On the p-value p.d.f.) The p-value follows the uniform density, that
is, P ~U(0,1).

Proof The proof follows immediately from Theorem 3.5, which states that cumu-
lative variables C(X) are uniform variables. In the one-tailed test, one has P ~
U (0, 1), since the p-valueis P = C(X) ~UO,1)or P =1—-C(X) ~U(,1).
In the two-tailed test, the tail smaller area, to the right or to the left of the measured
value, is always distributed as U (0, 0.5). Since, in Eq.(7.3), we have defined the
p-value to be the double of this value, we get again P ~ U (0, 1). m]

A hypothesis test can be performed also with a statistic T = (X1, X2, ..., Xy)
that estimates the value of the unknown parameter 6, that is, with estimators. In
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this case, the density of the estimator p(¢; 8p) must substitute the sample density
p(x; 6p) and the test procedure remains unchanged.

There are no fixed rules to establish the test level «. Usually small values, about
1-5%, are chosen, given that, as previously discussed, the probability of making a
type I error must, in any case, be kept within an “acceptably low” level. However,
when Hj is based on a theory or physical law that is very well experimentally
verified (as, e.g. is the case of Newton’s law of universal gravitation), the scientific
community requires a very strong contrary evidence to refute it, with a level « which
can also reach ~ 1075, This conservative position essentially serves to avoid a false
discovery even in the presence of possible undetected mistakes both in measurement
and data analysis procedures (see, e.g. [Lyol3, LW18]).

If the experimental p-value is less than o, it is located in the tails of the reference
density. In this situation, it is considered less risky to reject the hypothesis 6 = 6
than to accept it. The opposite is interpreted as a statistical fluctuation, the deviation
is attributed to chance, and the hypothesis is accepted.

Finally, we note that in some cases, the comparison between test level and p-
value is ambiguous:

* For a discrete random variable, the p-values of two adjacent values can straddle
the outcome of the test. For example, in the one-tailed test on the right, it can
happen that:

P{X >x1}=p1 <o < py=P{X > x2},

with x; > x,. In this case the hypothesis is accepted if {X = x;} is rejected if
{X = x1}. Otherwise, if a uniform generator of variables 0 < U < 1 is available
(e.g. a computer routine random), the test can be randomized with a probability
p such that:

a—pi

. (7.4)
P2 —P1

pr+ppp—p)=a = p=

Provided that the value {X = x;} is obtained, the hypothesis is discarded if the
routine random gives a value {U = u < p}; otherwise it is accepted. In this way,
by construction, the experimental p-value exactly coincides with the « level of
the test.

* In the case of the two-tailed test, different critical values can correspond to a
given level «, that is, pairs of tails with different lengths but with the same area
equal to CL = 1 — « are possible. Usually in this case the two left and right
extremes are chosen to subtend the same area «/2. This convention has been
implicitly adopted in Eq. (7.3).

In the following we will describe the three most important test categories: the group
of Student’s tests (¢-test and z-test), the xz-test and the test for the significance of
variation sources, called ANOVA (ANalysis Of VAriance).
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7.2 The Gaussian z-Test

This test is based on the standard Gaussian quantile, which is usually denoted as z:

2\l
I
-

Il

(7.5)

If the standard deviation o is known, then the problem can be solved with the
probability theory, verifying the compatibility of each single value with the values
assumed as true. Examples of this technique were given in Exercises 3.13-3.17, and
the same method can be applied in the case of sample means which, according to the
Central Limit Theorem 3.1, can be considered Gaussian for N >20-30. However,
when some density parameters are unknown, it is often necessary to perform the
test using statistics. For instance, o is usually unknown and is then replaced with
the experimental value s. We know, from Sect.6.11, that for Gaussian samples
the quantile follows the Student’s density that can be basically considered to be
Gaussian when the number N of events is N > 100. In these cases the z-test for
Gaussian samples can be used. This test can also be extended to two values x1, x
when one needs to evaluate the difference ugs = 1 — w2 between two means.

Since the variance of the difference of two independent variables is given by
Egs. (5.66, 5.4), one can write:

Var[ D] = Var[X1] 4 Var[X2] =~ 57 + 53,

where, in the last step, the approximation for large samples was used (see Table 6.3)
by replacing the unknown true variances with the measured ones. We can then define
the standard value:

X1 — X2 —

tp = (7.6)

2 2
Sq —l—s2

and calculate the significance level according to the Gaussian density. The case of
small Gaussian samples where fp is a quantile of the Student’s density will be
discussed in the next section. We also remind that (as shown in Exercise 5.3) the
difference of two independent Gaussian variables is also Gaussian. The quantiles
tp of Eq.(7.6) have to be identified with xy, X1—q, Xa/2, X1—a/2 Of Fig.7.1, and the
evaluation of the corresponding p-value must take into account whether the test is
one-tailed or two-tailed.

In R, the cumulative value corresponding to a (negative or positive) Gaussian
quantile 7 is calculated by the pnorm (t) routine, which gives the area of the tail on
the left of 7. Given the symmetry of the distribution, the corresponding p-values are
given, in the case of the two-tailed test, by p =2* (1- pnorm(abs(t))),while
in the case of the one-tailed test by p =1-pnorm (abs (t) ). Usually Eq.(7.6) is
used, for large samples, to compare two frequencies or two sample means. In the
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first case, we can write the two frequencies as f; = x1/Nj and f> = x3/Na, if Nj
and N; are the number of trials of the two experiments. From Eq. (6.33), valid for
large samples (N1, N2 > 100, x1, xo > 10), one immediately obtains:
= r— oy [ O] a7
f 1 2— D Ny N, ) .
with Gaussian probability levels, when p = p; — p» is the probability difference
under Hy.
When p = 0, that is when under Hp the two samples come from the same
binomial population, the frequency obtained by adding the two homogeneous
samples is often used for the error calculation:

X1+ x2

f = . (7.8
f N1+ N )
By inserting this estimate into Eq. (7.7) with p = 0, we obtain the pooled standard

variable:

R . 1 1 —-1/2
t, = - 1-— . 7.9
p=1—12) [f( f)(N1+N2>} (7.9)
If N1 = N> = N, the comparison can also be done in terms of number of hits x; and
x7 rather than of probabilities, always using Eq. (7.6) with s = 0 and the variance
defined in Eq. (6.34):

o= (x| —x2) [xl (1 - j\}) T x (1 - );)]71/2 . (7.10)

Our routine GdiffProp (x,n,p,pool,alt) performs the test between two
frequencies using Eqs. (7.7, 7.9). The variables x and n are two bidimensional
vectors containing the values xi1, xp and Njp, Na, respectively. If pool=TRUE
(default) Eq. (7.9) is used, which requires p = 0 (default value), otherwise Eq. (7.7)
is used. If alt="two” and alt="one”, the two-tailed and one-tailed test p-
values are calculated, respectively.

To compare the difference between two true means u = p; — o with that of
two means m1 and mj, coming from two different samples, with variances s%, s%
and number of elements Ny, Nj respectively, from (Eq. 6.53), we get the standard

value:

’ ) 1-1/2
= 5 + %2 (7.11)
tm = —my — . :
m = (mp —my — 1) Ny N,
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Often 1 = w2, thatis u = 0, and the true means are unknown, but the compatibility
between the two experimental means is tested. As we know, Gaussian probability
levels can be applied when Ny, N> > 100.

The p-value corresponding to Eq.(7.11) is calculated by our routine
GdiffMean (m,s,mu,alt), where m and s are the two-dimensional vectors
containing m1, my and s1/+/Ny, s2/+/Na, respectively; mu= u (= 0 by default)
and alt are defined as in GdiffProp. When m and s contain a single value,
mu is the true population mean, s is the sample standard deviation, and the test is
performed with Eq. (7.5).

Exercise 7.1
In the measurement of the same physical quantity, two groups of experi-
menters obtained the values:

x1 =123+05,
xp =13.5+0.8,

and reported that both measurements are of Gaussian type, since they have
been obtained from large samples. Check if the results are compatible to each
other.

Answer Since we do not know the size of the samples used by the two groups,
we must assume that the approximation for large samples is valid and apply
the Gaussian test.

The call to GdiffMean (c(12.3,13.5),c(0.5,0.8)) givest, =
—1.27 and a two-tailed p-value p = 0.203. Notice the call to the R function
¢ () used to load the vectors with the experimental results.

Since the probability to be wrong when rejecting the compatibility hypoth-
esis is too high, the two measurements must be considered compatible, i.e.
they cannot be questioned only on the basis of statistics.

Exercise 7.2

In an extrasensory perception experiment (ESP), five boxes, numbered from
1 to 5, were prepared, and a target object was placed inside box number 3.
Two hundred people were asked to guess which box contained the target and
62 of them indicated just the number 3. In a control test with all the empty
boxes, but letting the audience believe that a target was present, 50 persons
pointed to box 3. Determine whether the experiment reveals ESP effects or
not.

(continued)
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Exercise 7.2 (continued)

Answer If we use probability theory, we can proceed as in Exercise 3.17 and
assume as a null hypothesis that each of the five boxes has an equal probability
of 1/5 of being chosen through a purely random guess. Then the expected
theoretical distribution is binomial, of mean and standard deviation given by:

w =40, o = /40 (1 —40/200) = 5.65 .
With 62 successes, the standard variable (3.37) is:

t:x—u _ 62—4023.9’
o 5.65

corresponding, from Table E. 1, to a very low significance level, i.e. < 1-107%.
Therefore, the hypothesis that ESP effects are present seems confirmed by this
test.

However, experimental psychology states that the number 3 is psycholog-
ically favoured (in general all odd numbers are favoured over the even ones).
In other words, in a blank test with boxes numbered from 1 to 5, most of the
choices should be on box number 3, even in the absence of a target, simply
because number 3 is “nicer” than the others.

It is then necessary, in the absence of an a priori model, to abandon
the probabilistic approach and solve the problem in within the statistical
framework, using only the number of hits with target (x; = 62) and the one
without a target (xo = 50). The statistical errors to be associated with these
observations are obtained from Eq. (6.34):

s(50)=\/50 (1— 50):6.12, s(62)=\/62<1— 62):6.54.
200 200

Now, combining the results of the blank test and of the target test in Eq. (7.10),
we have:

162 — 50

1) = =1
4 V(6.12)2 + (6.54)2

corresponding, from Table E.1, to an observed two-tailed significance level
(p-value) of

P{T| > 1.34} =2 (0.5 — 0.4099) = 0.1802 ~ 18% .

(continued)
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Exercise 7.2 (continued)
The routine GdiffProp(c(62,50),c(200,200)) gives the same
result; for the one-tailed test, one has GdiffProp(c(62,50),
c(200,200) ,alt="one”), which gives the result p = 0.091.
Therefore, this analysis shows that in about 18% of times, making guesses
and being psychologically biased in favour of number 3, there may be
deviations of more than 12 units (in excess or in defect) between the blank
test with and the test with the target. The excess occurs in 9% of cases. The
result is therefore compatible with pure chance and reveals no possible ESP
effects at all.

Exercise 7.3
Evaluate the compatibility between the true and simulated values in Exer-
cise 4.2.

Answer This exercise refers to 10,000 simulated data pairs, from which have
been obtained the values:

r1 = 1.308 1072 , 1r»=0.7050, r3;=-0.7131.
The true values are:
p1 =0, pp=0.7071, p3=-0.7071.

We transform both the experimental and the true values using Eq. (6.119) and
the first of Egs. (6.120), respectively:

71 =1.3081072, 7z, =0.8772, z3=—0.8935,
w1 =0, pr=08814, p3=—0.8814.

The z; values refer to a Gaussian variable with mean p; and standard

deviation:
= \/ b \/ b 0.0100
TV N=3 Vo997 ~

‘We then can define the three standard variables:

21 — 2 — 73 —
t1:|1 “”:1.38,@:'2 M2|=O.42,t3=|3 M3I=

o o o

1.21,

(continued)
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Exercise 7.3 (continued)

which all give high significance levels, as you can see from Table E.1.
The data differ by 1.38, 0.42 or 1.21 standard deviations from their mean,
indicating a good agreement between simulation and expected values.

Exercise 7.4

In a work on the harmfulness of radio frequencies used by cell phones [F* 18],
a sample of 1631 rats was irradiated for 2 years with radio frequencies of
intensity comparable with those of base radio antennas. The pooled results,
compared to the control group, were as follows:

Sample Heart tumours Brain tumours
Exposedrats 1631 13 19
Control group 817 2 4

Evaluate whether the data indicate some harmful effect.

Answer In this case, as previously commented, Hp represents the non-
harmfulness of the radio frequencies, that is, the homogeneity of the irradiated
and control samples is assumed. For each tumour type, the data are binomial
distributed. Due to the small values of x1, x», we cannot apply Eqgs. (7.7, 7.9)
nor use the Student’s density. As often happens, small non-Gaussian samples
are generally not analysable with statistical models of general validity.
Fortunately, in these cases there are Monte Carlo simulation methods, and
in fact we will come back to this problem in Chap. 8.

Nevertheless, we can evaluate preliminarily the results under Gaussian
approximation. We use our routine GdiffProp to perform the one-tailed
test. We obtain the following results:
GdiffProp(c(13,2),c(1631,817),alt="one”) : p =0.049,
GdiffProp(c(19,4),c(1631,817),alt="one”) : p =0.051,
indicating a p-value close to the Hy rejection limit that, in this kind of studies,
is usually fixed around 5% or 1%. If we use Eq. (7.10) instead of Eq. (7.9), we
obtain even smaller values:
GdiffProp(c(13,2),c(1631,817),pool=FALSE,alt="one”) :

p = 0.024,
GdiffProp(c(19,4),c(1631,811) ,pool=FALSE,alt="one”) :
p = 0.031,

We will reconsider the analysis of these data in Sect. 8.13.
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7.3 Student’s ¢-Test

From Sect. 6.11, we know that in the case of a Gaussian sample with N events
having mean m and standard deviation s, the value:
m—u
t = (7.12)
s/v'N

is the occurrence of a Student’s variable with N — 1 degrees of freedom, if u is
the true mean of the parent population. The test must then determine the p-value
of the Student’s quantile and judge whether or not it is appropriate to discard the
hypothesis. We notice that (7.12) is a valid test statistics for N > 2, since N = 2
is the smallest sample size that allows us to calculate s. The only possible test for
N = 1is that of Eq. (7.5), which requires the a priori knowledge of 1 and 0.

In addition to the case of Eq. (7.12), where a Gaussian sample mean is compared
to the population true mean value, the 7-test is usually used also in two other
situations:

1. To verify the difference between the means of two independent samples with
respect to an expected one

2. To check the mean of the differences of two dependent or paired samples with
respect to an expected mean difference

Let us now look at the first case.

Given two independent samples with means m1, my, standard deviations s1, s2
and number of events Ny, N, respectively, the difference test considers the variable
t as:

my—my— [

ts =
7
Ni N>

This equation is formally identical to Eq.(7.11), but in this case, to compute the
p-value corresponding to this Student’s quantile, it is essential to know the degrees
of freedom v, which is anything but trivial. The following steps explain how to
proceed, but they are not essential, and those who are not interested can immediately
go to Eq.(7.19).

We know, from Eq. (6.72), that (N —1)s2 /o> follows a x 2 distribution with N —1
degrees of freedom.

Analogously, if:

(7.13)
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we can affirm that vszD /og is a x2 variable with v degrees of freedom. Since, from
Eq. (3.69), we know that Var[xy] = 2N, we can write:

vs2 2 2 | Var[s? Var[s2
Var| VP [ =ov =" Varshl= ', [51] + [;2] . (7.14)
9p 9p 9p Ni N;

To find the variances of s% and s%, we can use again Eq. (3.69):

204
, (7.15)

T
Var[(N 1)s}=2(1v—1) — Var[sz]zN_l

o2
so that:

4 4
20 20,

Var(s3,] = :
wlsp] NX(Ny — 1) N3(Np—1)

(7.16)

From the second and third term of Eqs. (7.14), we then have:

2 1 ZGf 2024
= + , (7.17)

vooop \NJ(Ni— 1) N3N, - 1)
and hence:
b= ) D ) . (7.18)
) p)

2 + 2
NX(N; — 1) NZ(N,—1)

Substituting the unknown quantities o1 and o, with the measured ones, we obtain the
approximate Welch-Satterthwaite equation [Wel47], according to which the degrees
of freedom are given by the integer nearest to:

2
i3
Ni Ny

p o~ . 7.19
. . (7.19)

2 + 2
NX(Ny — 1) N3N, —1)

Equations (7.13, 7.19), known as Welch’s ¢-test, satisfactorily solve the comparison
between the means of two small Gaussian samples having different variances. These
formulae have to be used for Ni, N > 2.

To conclude, we consider now the case where the two means come from samples
whose parent populations have the same mean and variance: 01 = 02 = o. In this
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situation, the standard variable of the difference becomes:

my—my _ mjp—mp
2 ) 1 1
o] ) a\/ +

\/N1 +N2 Ny N

Using Eq.(6.72), in which the variance is calculated with respect to the sample
mean, we define the non-reduced x2:

tg = (7.20)

(N1 —Ds?  (Np—1Ds? 1
W= Ly 2= |l —=Dst+WN2—Ds?| ., (72D
012 022 o?

which, from Theorem 3.4, has N1+ N, — 2 degrees of freedom. Based on the results
of Exercise 5.5, we can state that the variable (5.41), which now becomes:

; mip —my ox/N1 + N, =2
S: =

"\/zél + IV =157+ (V2 = 1) 53]

— Ny —1)s? 4+ (Np — 1) 52
mi M21 ’ 5122\/( 1— D sy + (N2 )52’ (7.22)

\/1 n N1+ Ny —2
s
12 Ni N,

follows the Student’s density with N1 + N — 2 degrees of freedom. Notice that, if
in Eq. (7.18) one sets 01 = o2, the result v >~ N1 + N — 2 is not obtained, because
here the Student’s variables have a different structure. Therefore, as a practical rule,
Egs. (7.13, 7.19) must be used when the variances can be different, whereas it is
better to use Eq. (7.22), which has the correct degrees of freedom, if it is a priori
known that the variances are equal.

The p-value corresponding to the quantile (7.13, 7.19) or to the quantile (7.22)
for different and equal variances, respectively, is computed by our routine
TdiffMean (m,s,n,mu,alt,var), where m, s and n are two-dimensional
vectors containing the mean, the standard deviation and the number of events of the
two samples, respectively. The mean default value mu=p is 0. The two or one-tailed
test type is selected through the variable alt="one” or alt="two”, whereas
var=FALSE uses Egs. (7.13, 7.19) and var=TRUE Eq. (7.22). As in the case of
GdiffMean, when m and s are single-valued parameters, mu is the true mean,
s is the sample standard deviation, and the test is made performed according to
Eq.(7.12).

The R routine t.test (x,y,mu,alt,var) compute the p-values when
the raw data of two samples are contained in the vectors x, y. The variable
alt="two” (default value) computes the p-value for the two-tailed test. If the
value alt="1ess” or alt="greater” is set, the left- or right-tailed value is
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respectively calculated. The variable var is the same as in TdiffMean. This
routine also includes Eq. (7.12) as a subcase when the y array is missing.

Exercise 7.5
Verify Eqs. (7.13, 7.19, 7.22) using the R routine t . test.

Answer We use here Monte Carlo methods that are described in the next
chapter. In R, the rnorm (n, m, s) routine generates a vector of n Gaussian
deviates with mean m and standard deviation s. These two vectors are
passed to the routine t . test, and the variable p.value is read with the
command t.test (...) $p.value (see Appendix B). With the R routine
replicate, two samples of 10,000 simulated p-values are generated and
stored in the vectors tpst and tpsf, corresponding to the cases of equal and
different variances, respectively. From Theorem 7.1, if the method is correct,
the p-value must follow the uniform distribution. These two samples are then
passed to the R routine density which, using numerical methods, finds
the shape of the parent population. These densities are finally plotted in the
graphical window.

This procedure is included in our routine TpTest which is given in the
following:

TpTest<- function(ml:O,mZ:O,sl=l,sz=3,nl=10,n2=5){

#prepare graph
pts = seq(0.,1,length=100) # points of the plot
plot (pts,2.0+pts, type="n’,xlab='p-values’,ylab="d(p) ')

# generate p-values according to the two cases of variances

tpst = replicate(10000,t.test (rnorm(nl,m=ml,s=sl),
rnorm(n2,m=m2, s=s2) ,ml-m2, var=TRUE) $p.value)

tpsf = replicate(10000,t.test (rnorm(nl,m=ml,s=sl),
rnorm(n2,m=m2, s=s2) ,ml-m2, var=FALSE) $Sp.value)

# add the plots of the p.value densities to the initial one
lines(density (tpsf) ,type='1’,1lwd=2)
lines (density (tpst) ,col="red", type='1’,1lwd=2,1lty="dashed’)

}

Using this routine, and systematically changing the arguments (which we
invite you also to do), we have obtained that Welch quantiles were correct
for all considered cases, that is, N1, No > 2, both for different and equal
variances. For small samples (N1, N2> < 5) and in the case of equal variances,
the distribution obtained with the z-test of Eq. (7.22) better follows the
uniform density. Surprisingly enough, the quantile (7.22), which assumes
equal variances, is reliable even with different variances when N;y = N,
while it fails when N1 # N, as shown in Fig. 7.2.
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Fig. 7.2 Distribution of 10,000 p-values for the 7-test between two samples of different size (n] =
10, np = 5) coming from populations with mean u = 0 and different variances (012 =1, 022 = 3).
The continuous line represents the Welch method using the quantile from Egs. (7.13, 7.19); the
dashed curve represents the p-value corresponding to the quantile (7.22). The plot shows that, in
this case, the appropriate distribution is given by the Welch’s method

We conclude this section with the use of ¢-test for paired samples. This procedure
can be applied when all the data of the two original samples x; and x/, having the
same number of events i = 1,2,..., N, are available. Often this happens when
two treatments have been carried out on the same group of objects or individuals.
For example, we might have different blood test samples from people who were
first given a placebo and then one or more (different) drugs. In this situation, the
paired data test analyses the difference in response on a person-by-person basis,
thus minimizing the effects due to discrepancies between individuals. With this
procedure, a new sample of the differences (d; = x; — xlf i =1,2,...,N) is
created, with mean and standard deviation m,4 and sy, respectively.

In general, the null hypothesis to be falsified is that of an ineffective treatment.
This implies the true mean of the paired difference sample to be null: {Hy : ng = 0}.
It is therefore necessary check if the variable:

mq

= 7.23
s/ N (7.23)

Iq

follows the Student’s distribution with N — 1 degrees of freedom. The smaller the
p-value corresponding to #4, the smaller the probability of making a mistake by
discarding Hp when it is true. When Hj predicts true means p; # [2, defining
d = 1 — o the t; variable becomes:

=" (7.24)

"~ sa/vN

and the test procedure remains unchanged.
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In R, the t-test for paired data, when the vectors x and y have the same
dimension, can be performed with the call t . test (x,y, paired=TRUE).

7.4 Chi-Square Test

With both the z and ¢-tests we can only check the compatibility of a single or a pair
of sample values with a parameter of the parent population given under Hy. Using
the xz-test or chi-square test, we can remove this limitation.

The test is based on the Pearson’s Theorem 3.3, which states that the sum of
squares of v independent Gaussian standard variables follows the x? distribution
with v degrees of freedom. In this case, the quantiles XO%, xlz_a used to calculate
the significance levels, unlike the Gaussian and Student quantiles, assume different
values, due to the asymmetry of the x2 distribution. Here, we will also use the
notation of Sect. 3.8 and denote with Q a variable following the x2 distribution and
with the symbol x2 (the same of the density) the numerical occurrences of Q. If
this variable is divided by the degrees of freedom, the resulting reduced chi-square
variable is denoted with Qg and Xlze-

Therefore, the test is based on the value:

n

. )2
XZZZ(XI 2//‘1) 7 (7.25)

i-1 %

where x; are variates coming from Gaussian densities with means p; and variances
al.z. The rationale of the test is that the variable (7.25) is distributed according to x2
only if u; and o; are the correct values, i.e. those assumed under Hy. The Xz-test
is very flexible and adapts to many different situations. For example, the expected
value p; may be a theoretical model ; = f(x;), the expected content of the number
of events in a bin of a histogram of central value x; (as we will see in the next
section), the mean u; = pu of a statistical population from which the values x; were
obtained, and so on.

An important case where the x>-test applies is that of N Poissonian counts n;,
which, as we know, can be considered as Gaussians for n; > 10. In this situation,
oiz = Wi, and the test variable becomes:

N (n _ ,bL')2
=y B v (7.26)
i=1 !

Sometimes, when n; < 10, the continuity correction, also known as Yates correction,
is used:

N 2
— i — 0.5
X2 — Z (ni — i ) . (7.27)
im i
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Frequently, the value #; is used in the denominator, thus obtaining the modified x2:

N o2
XZZZ(nt n/h) . (7.28)

i=1 i

Equation (7.28) is usually applied when n; > 30. This condition guarantees that this
variable is still x2 distributed when p; is the true expected value. The test is valid
also when there is only a single Poissonian sample having u; = u:

N o2
ﬁzzwum. (7.29)
i=1

A further simplification of the test occurs when the true value p, which may be
unknown, is replaced by the value of the sample mean m:

2
%sz,m‘ (7.30)

m

i=1

In this case, the test only verifies that the sample under examination is Poissonian,
without making further assumptions about its true mean. Note that the use of m
creates a linear relation between the data and therefore, according to Theorem 4.4,
the variable (7.30) has N — 1 degrees of freedom. The study of this variable shows
that it tends to follow the x? density for samples with number of events N > 30, as
also shown in the Exercise 7.6 given below.

Exercise 7.6
Verify Eq. (7.30) with simulated data.

Answer We use the same method of Exercise 7.5. With the routine
Chi2Testm (presented below), a set of Poissonian counts is generated
with rpois, and then the p-values pchi and pchif, associated to the x>
variables chi and chf of Egs. (7.29) and (7.30), are evaluated with pchisaq.
Since the true 1ambda and the experimental values mexp are used for the
means, the estimators are correct if the Gaussian approximation holds. Then,
from Theorem 7.1, the p-values are uniformly distributed.

The simulated distributions are obtained with the R routine density,
that evaluates the p.d.f. from raw data with smoothing algorithms tuned by
the parameter adj. With adj=0.5, a moderate smoothing is obtained that
allows us to clearly recognize, in Fig. 7.3, the uniform shape of the obtained
distributions.

(continued)
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Exercise 7.6 (continued)

The results show that, for N = 10, Egs. (7.29) and (7.30) follow the x2
density. This figure clearly demonstrates the importance to assign the correct
number of degrees of freedom in Eq. (7.30), when the sample mean is used
and the variables are thus correlated. We suggest you to vary the number N =
n of generated variables and check when the p-value distribution differs from
the uniform density.

Chi2Testm<- function(n=10,Nsim=1000,denom=FALSE,adj=0.5, lambda=10) {
chi <- seq(0,0,length=Nsim) #clear vectors
chif <- seq(0,0,length=Nsim)
pchi <- seqg(0,0,length=Nsim)
pchif <- seqg(0,0,length=Nsim)
#prepare graph
pts = seq(0.,1,length=100) # points of the plot
plot (pts,1l.5xpts,type="n’,xlab="p-values’,ylab="d(p) ')
# simulate Nsim p-values
for(i in 1:Nsim) {
z <- rpois(n,lambda) # n Poisson data of mean lambda
mexp=mean (z)
sigma2 = lambda
if (denom==FALSE) sigma2=mexp
for(j in 1:length(z)) {

chi[i] = chi[i] + (z[j]-lambda)=*(z[j]-lambda)/lambda
chif[1] = chif[i] + (z[j]-mexp)=*(z[j]-mexp)/sigma2
pchi[i] = pchisg(chi[i], n) # chi2 p-values

pchif [i]= pchisqg(chif[i],n-1) # n-1 degrees of freedom

}

# final plots
lines (density(pchi,adjust=adj),type='1’,col="'red’,lwd=2)
lines (density(pchif,adjust=adj),type='1’,1lwd=2,1="dashed’)

}
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Fig. 7.3 To the left: p-value distribution from a sample with N = 10 Poissonian counts with the
test variables (7.29) (full line) and (7.30) (dashed line). To the right: the same result is shown when
in Eq. (7.30) N degrees of freedoms are wrongly used instead of N — 1. In this case, the obtained
p-value (dashed line) differs from the uniform density
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7.5 Compatibility Check Between Sample and Population

In this section we complete the study of the sample (6.97), already analysed in
Sect. 6.14, by using the x? test. The mean and variance calculated from data are:

10 10

1
Y xing =70.09, s = > i —m)*n; =95.40.
2 Xin; s 999 i:l(x, m)“ n;

1
m —=
1000

The 1o confidence intervals for mean, variance and standard deviation, calculated
from Eqgs. (6.53, 6.68), are:

pem+ © =70.14+03,

VN

o’ eszztsz\/ 2 =954+43,
N—1

1
oEsts =977+0.22.
V2(N = 1)

Since, for N = 1000, Gaussian confidence levels can be applied, we can say that
these results are compatible with the true values . = 70 and o = 10.
Now let us check if the sample comes from a Gaussian density, assuming that the
mean and standard deviation values are the true ones, u = 70, o = 10.
The expected or true number of events per bin are then given by Eq. (6.98), where
p(x) is the Gaussian, N = 1000 and Ax = 5:
I —p)?

1 [ (xi — 70)2} s
exp|— .
10v27 7 200
In columns (1)—(7) of Table 7.1, we have reported the following quantities: the
spectrum value in the bin midpoint (1), the observed number of events (2),

the expected number of events from Eq.(7.31) (3), the statistical error s; from
Eq. (6.102) (4), the standard deviation:

=l =)

of the number of events (5), the values of the standard variable:

~ 1000 (7.31)

lni — il
I = )
Si
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Table 7.1 The data of the 1 2 3 4 5 6 7
histogram of Fig. 6.11 are
compared to the values of the
Gaussian density (7.31) 37.5 1 1 1.0 1.0 0.00 0.00
42.5 4 45 20 21 025 024

475 16 158 40 39 005 005
525 44 431 6.5 64 0.14 0.14
575 81 913 86 9.1 120 1.15
62.5 152 1506 11.3 119 0.12 0.12
675 186 1933 123 125 059 0.58
725 207 1933 128 125 1.10 1.10
775 153 1506 114 113 0.20 0.21
82.5 101 913 95 91 1.02 1.06
87.5 42 431 63 64 017 0.17
92.5 7 158 26 39 338 226
97.5 6 45 24 21 090 0.71

X; n; Wi Si [ef} t t

related to the observed number of events in each bin and calculated with the
statistical error (6), and finally the values:

o= Ini — pil ’

Oi
calculated with the true standard deviation (7). In Fig. 7.4 the histogram of Fig. 6.11
is shown (columns 1, 2 and 5 of Table 7.1) with the addition of the continuous
line that represents the expected (true) values coming from the Gaussian (7.31) and
computed in column 3 of Table 7.1.

A first evaluation of the agreement between data and model can be made by eye:
approximately 68% of the experimental points should “touch”, within an error bar,
the corresponding true value. In our case, from column 7 of Table 7.1 and from
Fig. 7.4, it results that, over a total of 13 points, the agreement with the expected
values is found in 9 points (69%) within +o0;, 12 points (92%) within £2 o; and 13
values (100%) within +3 o;.

As you can see, the fluctuations seem to agree very well with the percentages
given by the 30 law (3.35), indicating that the density assumed as a model gives a
correct representation of the data.

We reach the same conclusions also using the statistical errors, that is, the stan-
dard variables of column 6. The only anomalous channel is the one corresponding
to the value x; = 92.5, which in this case provides an estimated standard value of
3.38, compared to a correct value of 2.26. The disagreement originates from the low
content of the channel, which has only seven events. For this reason, if statistical
errors are used, discrepancies greater than 3 o are generally accepted in channels
having less than ten events.
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Fig. 7.4 Comparison

between the histogram of

Fig. 6.11 and the expected 200
values from a Gaussian with
n=70and o =10

II(X) 1

150 1

—

100

) \
| \

30 40 50 60 70 80 90 100

We now perform the x2-test, (7.26) assuming as null hypothesis the true bin
probabilities p; of Eq. (7.31):

K
(ni — 11i)? X (nj — Np;i)?
S RS s
im1 Hi izl Npi

(7.32)

Equation (7.32) is approximately the sum of squares of K independent standard
Gaussian variables when the total number of events N is variable, and the sum is
made on bins with more than 5-10 events. Since, for a Poisson distribution, oiz =
Wi, from Pearson’s Theorem 3.3, we get that this sum follows the x2 density (3.66),
with K degrees of freedom. The integral values of the reduced x 2 density (3.72) are
reported in Table E.3.

If, on the other hand, the total number N of events is constant, the variables of
the sum (7.32) are correlated, but the Pearson’s Theorem 4.6 still assures us that the
result is a x2 variable, but this time with (K — 1) degrees of freedom.

Note that, when N is constant, it is wrong to write:

. — Np:)?
X2 _ Z (n pi) (wrong!) ,
— N pi(1—pi)

because this is the sum of squares of correlated variables.

In conclusion, it is always necessary to add the square of the differences between
the observed frequencies and the true ones and divide by the true frequencies, taking
care to remember that the degrees of freedom are equal to the number of channels if
N is a Poissonian variable, while they must be decreased by one unit if N is constant.
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All these rules derive from Pearson’s Theorem 4.6 applied to the statistical analysis
of histograms.

Often, with this test, one tries only to identify a deviation towards large values,
i.e. towards the right tail of the expected distribution, when the null hypothesis is
assumed to be true. In this case, the p-value is equal to:

SL = P{Q > x*(v)}. (7.33)

However, as we will discuss below, too small X2 values, where the model fits the
data very well, are often suspect. In this case it is advisable to perform a two-tailed
test (see Eq.7.1), as shown in Fig. 7.5, doubling the smaller area to the right or left
of the quantile value x2 or X12€:

SL =2p iQ(v) > Xz(v)} if P {Q(v) > Xz(v)} <05, (734
SL =2pP iQ(v) < xz(v)} if P {Q(v) > x2(v)} > 05.

We now perform the x2-test on the data of the histogram (6.97). Since the first bin

only contains one event, we group the first two bins and sum over the 11 remaining

ones. The value of the reduced x 2 obtained from the data of Table 7.1 is given by:
13

1 [(m =), 3o = /mz] _ 8.987

=0.82.
11 w1+ w2 = Wi 11

X3(11) =
(7.35)

Since N is fixed, the number of degrees of freedom is the number of the elements
in the sum minus one, thatis 11.

We can then state that, with the calculated x2 value, we have obtained the most
comprehensive synthesis, because the results of Table 7.1 and Fig.7.4, needed
to compare data and model, are squeezed into a single value, in our case 0.82.
Obviously, if we repeated the experiment, we would get a different result, because
the XI% of Eq.(7.35) is the value assumed by a random variable of density given in
Table E.3.

We now finally proceed to the x? test. In Table E.3, in the row corresponding to
11 degrees of freedom, we search for the area corresponding to the value of 0.82:
we find a value of about 60%. From Eq. 7.34, this area corresponds to a p-value for
a two-tailed test of:

SL =2P{Qg < 0.82} ~ 2(1 — 0.60) = 0.80 .

In R, the same result is obtained by requiring the cumulative value with the
command 2xpchisqg(8.987,11)=0.754. If the model holds, )(12e values
smaller than this one are possible in at least 40% of experiments. Since a 80%
significance level makes the type I error highly probable, the hypothesis must be
accepted. In conclusion, we generated an artificial sample of 1000 events from a
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Fig. 7.5 Observed a) b)
significance level for a

two-tailed test (shaded areas)

when the experimental )(12e

value corresponds to a)

P{Or > x3} <05

probability or b)

P{Ogr > x3,} > 0.5. The

shaded areas are equal

- -
xR LR

PQ> %)< 05 PQ> %) > 05

Gaussian distribution with . = 70 and o = 10. Next, we performed statistical tests
with respect to the true density. These tests showed good agreement between data
and model.

As you can see, the logic of the x’-test is exactly the same as that used in
the previous tests. The differences just involve only the variable type and the test
function. The only point to be careful about is that the x? density, unlike the
Gaussian, is not symmetric. It is therefore necessary to take into account both
quantile areas X§ 1 and X12_ /2 Too high or too low x2 values require further
considerations: in both cases the test indicates that the fluctuations of the data
around the values assumed to be true are not purely statistical. When

P{Qr > x3(v)} <0.01,

the reduced x 2 value is in the right tail of its distribution curve and is too high. In this
situation, the inadequacy of the parent population assumed as the model is highly
probable. It may also be that the errors assigned to the data have been miscalculated
and are underestimated. If errors have been correctly evaluated, the result of the test
is the rejection of the hypothesis. Much more rarely, it could happen that the x2
value is too small:

P{Qr < x3(v)} <0.01.

This may be the case when the a priori probabilities p; are evaluated from a density
which tends to interpolate the data due to an excessive number of parameters, or
when experimental errors have been erroneously overestimated. We will learn more
ab