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Preface

I had four books on Petri nets published before this writing. All four books were in
Chinese.

One book would be sufficient, why four?

The first book, Petri Nets, was published by Southeast University Press in the
year 1989. Petri nets were new in China at that time and I had just returned from
visiting Petri’s institute in Bonn. It was Prof. Gu Guanqun, president of Southeast
University, who invited me to give a talk on Petri nets in his lab, and then there was
the first book.

The second book, Principles of Petri Nets, was published by Publishing House of
Electronics Industry in 1998. A national plan to publish a set of textbooks on
computer science and technology was just in progress. It was Prof. Yang Wenlong
who recommended me. There was the second book.

The first book contains definitions of basic concepts and analysis methods. The
second book is just an enrichment of the first one with examples given at my classes
on Petri nets for master students at School of Computer Science and Technology,
Peking University.

Seven years later in 2005, after teaching practice, the set of textbooks on
computer science and technology had its second version. There was the third book
Principles and Applications of Petri Nets. This book puts its emphasis on applica-
tions. A solution to the N-lift problem was proposed and the three-layer model of
business process management made a big difference from the most widely accepted
BPM model at that time, i.e., WF-net by Prof. Aalst from Holland. With local
determination principle, the complexity of N-lift problem was reduced from (M,
N,2) to (1,1,1), i.e., M-floor, N-lift, and up-and-down directions to one floor, one lift
and one direction. The three-layer model distinguishes management from business
itself and distinguishes process model for all cases from process model for individual
cases.

A BPM model for individual cases requires, in addition to tokens for control flow,
variables for message passing. Unfortunately, places in Petri nets are not qualified as
a complete integer type, let along other data types. The only operations on places are
plus and minus on positive integers.
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viii Preface

C-net and C-net systems were proposed to amend the lack of variables in Petri
nets. Without C-net systems, the business process model for individual cases, called
case semantics, would not be possible. Different values of the same variable(s) carry
different information to require different traveling routes.

In the year 2010, beloved Carl Adam Petri left us. To pay my last respect to him, I
started the writing of the fourth book, Petri Nets Application. “Without application,
there is no reason for nets to exist” was his words in my heart. For personal reasons,
the writing lasted a long time, and the book was published in 2013.

My sincere thanks to all friends mentioned above. In addition, two of my
students, Yan Xiongliang and Shen Xiaoming had helped me a lot to format my
draft. Thanks to them. Mr. Zhang Hang, a master student at that time, had done all
figures in the book Principle of Petri Nets, from which many figures in this book are
taken. Thanks to him.

Thanks to Mr. Zhu Wei and thanks to Springer, it is their kind help, I had this
chance to write this book on Petri nets in English. Thanks to Yan Xiongliang for his
help. It was him who made my draft comply with the requirement of Springer. I must
admit that tiny detailed revision is annoying in deed.

This book contains my contributions to Petri nets. This is a good opportunity for
me to listen to criticisms from foreign friends.

Beijing, China Yuan Chongyi
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Chapter 1 ®)
Introduction Check or

Abstract As a member in the family of system madels, Petri nets is different from
all others. This chapter tells what makes Petri nets different.

Prof. Carl Adam Petri had left us for 15 years. His smile and his words are still vivid
in my mind. He talked about fishing with his hand. A hand worked like a net.

Petri nets, as a graphical system model, have been widely used for long. It is a
system model suitable for asynchronous concurrent systems. It consists of two parts:
special net theory and general net theory. Special net theory defines various systems
in a hierarchy with net as their shared structure, while general net theory introduces
natural laws explored by net systems.

Prof. Carl Adam Petri used to say that without general net theory, there is no need
to have special net theory, and without application, there is no need to have nets
(“nets” is Prof. Petri’s word for Petri nets). In other words, nets is system + the-
ory + application. This book tries to give readers a 3-in-1 overall picture of nets.

Different from internet, Petri net is a system model, supported by theory, for
system design and system analysis. More importantly, a net system is comparable to
a blueprint: A net on paper can be implemented in reality (see attachment: Prof.
Petri’s preface Status Report on net Theory for my Chinese book on nets in 1989).

The author had spent almost 4 years visiting the institute in Bonn, Fed. Rep.
Germany at that time, of which Prof. Petri was the director. For many work-days in
those years, from 10.00 a.m. to 15.00 p.m. (by the way, Prof. Petri used to take no
lunch) I listened to him in his office, talking about his ideas. What listed in Part 1 is
my understanding of his words. Readers may skip it for the first reading at your
own will.

In what follows, “Nets” (instead of nets) is used as synonym of Petri nets.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 1
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2 1 Introduction

1.1 What Makes Nets Special

Some concepts on Nets in the literature were invented just for paper writings. They
appear only in research papers and/or books. What listed below may help to figure
out such concepts.

1. Observation
Objective observation is the basis for Nets. By “objective” we mean that the
observed changes (causes and effects) must be independent of the observer, the
time and place to observe and any other factors in relation. Besides, the
observation concerns of neither physics nor chemistry, i.e., what Nets care is
not the academic reasons behind changes. Instead, observable changes, includ-
ing quantities and properties, are the focus of Nets. Such a change is called a
transition.
2. Global state and local determination
There exists a changing global state for every system that is often used, by
many, as a means for system analysis and system control. But, existence is one
thing and being observable is another. When system size is great enough, it
becomes impossible to observe the instant global state. For example, there is no
way to count the world human population, even if the population is frozen at a
given time point. Thus, Nets do not make use of global state for system analysis
or system control. In Nets, every transition has its own extension that would
decide whether it is enabled to occur, and if it occurs, the effect would be limited
within this extension. The existense of extension is a natrual law, i.e. the local
determination law, as given by the lemma below. It is of course possible that the
extension of a single change contains too many elements to observe. Such
changes are not considered as transitions, i.e., not suitable for Nets to describe.
For example, the broken of glass, from a tea cup into pieces, is not a transition.
Lemma: There exists an extension for every transition that decides whether it
may occur and what is the exact effect if it occurs.
3. Time and global time
Time appears as real numbers in some disciplines of sciences, and as such, it
is not only global, full ordered, but also continuous, evenly distributed, etc. Petri
Nets do not consider to have such a pure theoretical concept of time for
application.
Global time by clock, as a concept in applications, is often used for system
control. For example, time-tables for trains and flights are based on clock.
Though global time by clock is already well accepted in daily life, and its
inaccuracy is also well tolerated, but, global time is just a virtual existence. TV
programs may tell you a “standard time” by astronomical clock, but the voice
would be heard only when it reaches you, i.e., some seconds (milliseconds?)
later. Furthermore, you may hear the same voice more than once if you switch,
from station to station, quick enough. So, astronomical clock does not yield an
accurate time. Very often is the case that different clocks may tell different time
a bit later after time calibration.
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Real “global” time exists only for systems in which a single timer is shared.
Such a time is better called system time, rather than global time. In case a timer
has to be used, users must be aware that there is nothing to be precisely punctual.
A physical timer may stop running, and its error may accumulate to demand
correction. Besides, time is not a decisive factor: trains and flights may be
delayed or even canceled for various reasons. School classes are scheduled by
minutes, but “on time” is only a good wish.

Petri Nets do not take global time as a consisting feature on the one hand, and
on the other hand, they allow a real timer (clock, watch, or any other means for
timing) to appear in a net application.

Instead of time, Nets make use of casual dependence to keep trace of
happenings. Casual dependence is of branching nature. When a system is turned
on, every object has its own route to travel. Things on one route are naturally
ordered while things on different routes are concurrent. In case two things meet
with each other, then they are “at the same time” at this crossing point.

The concepts of time/timed Petri Nets exist in the literature, in which time
plays a decisive role. As said above, time could not be a decisive factor. So,
time/timed Petri Nets are not included in this book.

. Global control

Global control relies on global states or global time, and as thus it is not a
consisting feature of Nets. The concept of logic time was proposed for global
control. But, such a never-stop and error-free logic time exists only in research
papers.

. Probability

The concept of probability tells regularity displayed in repetitive activities.
As such, it is not a means to predict what to occur next, or whether something is
to occur. Probability once was used by CCTV for rain forecast as an improve-
ment, but such “improved” forecast didn’t last long.

To say “the rain probability for tomorrow is 0.7” is the same as to say “for
100 days like tomorrow, there would be 70 rain days.” It said a lot, but not even
one word about rain or not tomorrow.

Probability belongs to statistics, does not belong to Nets.

. Continuity and discrete

The concept of continuity in mathematics is always connected to real
numbers.

Our body consists of cells. No matter how great the number of cells is, it is
finite. Does that mean our body is not continuous?

A rabbit tries to catch a turtle that is xy meters ahead. The turtle is x; meters
ahead when the rabbit completes x, meters, the turtle is x, meters ahead when the
rabbit completes x; meters, and so on and so forth. Mathematics concludes that
the rabbit will catch the turtle since xo + x| + X, + *** is a convergence sequence,
ie., > oxi < oo. Isn’t it nice? But the reality is, the rabbit will catch the turtle
when x; is smaller than the jump distance of the rabbit.
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Both the body cells and the rabbit and turtle story tells a truth that pure math
is sometimes just approximation of reality.

Net topology will define the concept of continuity so that a finite set becomes
a continuous space, and a mapping between two finite Nets becomes continuous.
The merit of a continuous mapping will be introduced in the chapter on net
topology.

. Measurement

A ruler is for measuring the length (or height) of something. A mark on a
ruler is just a point, occupying no length. Different observer may read a ruler
differently for the same object, since, often is the case that no mark on the ruler
matches the object length precisely. Instead of a ruler, Nets take a “rope” (to be
defined) as measuring means. Intuitively, a rope is twisted from more than one
line. A rope uses a tiny range as a “mark” in the way that boundary point
between two neighboring ranges on this line is covered by a tiny range on that
line, so that a length falls into one unique range to give a unique measure.

. Infinity

Nets respect the fact that quantities of all resources in reality are finite while a
net is allowed to have infinitely many nodes. For example, the alternating of four
seasons has neither a start, nor an end. As such, the net to record alternating
occurrences of seasons is infinite in size. A net may have its element set with
cardinality R (the number of integers), or even X (the number of real numbers).

. Concurrency and sequence

These two concepts refer to two transitions and one state in a system. Two
transitions may be found being concurrent or being ordered at a given system
state. Two transitions are concurrent at a state if both of them are enabled at that
state and their occurrences do not interfere with each other. Two transitions are
ordered at a state if they have to occur one after another. Concurrent transitions
used to be understood and even defined as “to occur at the same time.” This is
not a correct understanding. Concurrent transitions may be observed to occur at
the same time this moment, but may also be observed to occur one after another
some other time. Besides, at the same time by clock is transitive while concur-
rency is not. This in-transitivity fact will be explained later in this book.
Stochastic Petri Nets

Stochastic Petri Nets might be useful in reality, and it has already been
included in Terminology of Computer Science and Technology. The author
understand this as a trade-off: a way is better than no way. But, stochastic Petri
Nets do not belong to Petri Nets since time is a decisive factor for it while the
concept of time does not belong to Petri Nets.

From theory to practice, trade-off seems unavoidable. We cannot live without
a timer on the one hand, and on the other hand, when time is up, the expected
may disappoint you. This is similar to a computer. A computer has become a
must for our work and in our daily life ever since long. But, where there is a
computer, there may exist a software bug. We have to live with it.



Part I
Special Net Theory: System Hierarchy

This part defines the hierarchy of net systems and introduces their properties and
analysis methods. Chapter 2 presents formal definitions of concepts shared by net
systems to prepare for detailed presentations in separate chapters that follow.



Chapter 2 ®)
Concepts Shared by Net Systems e

Abstract A net consists of three kinds of elements,namely transitions, places and
arrows. resources are represented with tokens that reside in places to give a resourse
distruibusion on net. These concepts are shared by all net systems.

2.1 Net
2.1.1 What Is Around Us: Nets

There are two kinds of elements around us, static elements and dynamic elements.
These elements relate with each other to form invisible nets and to make our
surroundings alive. Petri nets are an abstraction of reality in which static elements
are called tokens and dynamic elements are called transitions. Tokens are classified
according to the roles they play and reside in places they belong to. Here “place” is a
term in Nets, irrelevant to geographic position. Transitions and places are connected
by arrows along which tokens flow from place to place when a transition fires
(occurs). Thus, arrows are called a flow relation. Tokens may be consumed
(to vanish) or produced (to appear) in the course of transition firings.

It must be made clear that a transition in Nets is of an atomic nature. It either
occurs completely or does not occur at all. In other words, once it starts, it would not
be interrupted, unless the system crashes.

Before approaching to formal definition, let’s have an example first. Figure 2.1
below is a graphically presented directed net Ny and a net system with N, as its
underlying structure.

The transition set of Ny is T(N;), or simply 7,

T={t,t2,t3,14,15}

The place set of Ny is S(N;), or simply S,

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 7
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8 2 Concepts Shared by Net Systems

Fig. 2.1 A system and its
underlying directed net N,

S= {SO, §1,82,83,54, SS}

The flow relation F(Vy) is the set of arrows, or simply F,

F = {(S(), tl), (S], h ), (l‘], 52), (Sz, 1‘2), (2‘2, S3), (lz, S5), (S5, 2‘3), (l3, S()), (53, 2‘4),

(14, 54), (54,15), (15, sl)}.

(S, T, F) is called a directed net since tokens must flow along arrows in F. An
arrow is also called an arc.

As indicated by the above example, directed net is a triple constructed from a
place set and a transition set. The semicolon before F indicates that F'is defined from
Sand T.

Every place s; in S has a capacity to hold a certain number of tokens. The function
to map a place to its capacity is called capacity function and denoted with K, K : § — [
where I = {1,2,. ..} is the set of non-zero positive integers. In case the capacity K(s;)
allows it to receive tokens freely, then the capacity of s; is w (infinite), i.e., K(s;) = w.
For directed net N; in Fig. 2.1, capacities of all places are w, and w is the default
value for capacity function. All arc weights (numbers of tokens to be consumed or
produced by transition firings) are 1 by default, except w(ss, ;) = w(ts,54) = 2.
W : F — [ is the weight function on F.

The initial token distribution M, on S is given by My(sg) = 1, My(s;) = 2, and
M(s;) = 0 for all places s; other than sy, 1.

Note that a token distribution is called a marking on S. A marking is a global state,
based on which transition rules (dynamics of a net system) will be defined.

What are the definitions based on global states? Does this contradict the claims
given in Part 1 above? Readers may doubt it since it seems inconsistent with the local
determination lemma.
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The extension of a transition is a part of a marking. Transition rules are just referring
to the extension of a transition via marking. A transition may be enabled by an
incomplete marking as long as the given part of this marking includes its extension.

2.1.2 Formal Definitions and Basic Terms

Definition 2.1 Directed Net A triple (S, T; F) is called a directed net if

SUT+#Q
NNT=D
AFC(SXT)U(TxS)
Ndom(F)U cod(F)=SUT

An S-element is called a “place” and a T-element is called a “transition.”

This is not a pure formal definition. Pure formal definitions serve the need of
automatic treatment. A pure formal version of the above definition may be given
with predicate dnet(S, T; F) defined as below.

dnet(S,T;F) =SUT£D ASNT=0Q
AF S (SxT)U(TxS)
Ndom(F)U cod(F)=SUT

dnet(S, T; F) is equal to “(S, T; F) is a directed net.” The weak point of pure formal
definitions is a bit harder for some readers to understand.
What this definition tells is:

SU T # O: anet contains at least one element, non-empty.
SN T = : S-elements and T-elements are different.

FC(SxT)u(TxS):

F is a binary relation defined on S and 7. It is asymmetric: (s, #) and (z, s) are different
elements in F.
dom(F) U cod(F) = S U T: No isolated element in (S, T; F).

Note F is constructed from S and T with dom(F) as its domain and cod(F) as its
co-domain:

dom(F) = {xl (x,y) € F}, the starting elements of pairs in F, and cod(F) = {yl (x,
y) € F}, the end elements of pairs in F. So, dom(F) U cod(F) = S U T requires all
elements to be either a starting element and/or an end element.

As conventional graphical presentation, a circle is used for a place, a box for a
transition, and for (x, y) € F, apairin F, (x, y) is an arrow from x to y. An arrow is also
called an arc.



10 2 Concepts Shared by Net Systems

Fig. 2.2 (a) A directed net.
(b) Bicycle assembly

wheel
2
bicycle
frame
(b)
Table 2.1 Possible explanations of net elements
S-elements T-elements S-elements T-elements
States Change Resources Resource production
Place Transition Open set Close set
Condition Event Role Activity
Language Translator Chemicals Chemical reaction
Structure Construction Country Board
Logic statement Calculus, prove, relate Condition Facts
Unit data Managing unit data

In Fig. 2.2 below, (a) is an example of directed nets presented graphically with
unnamed elements. Figure 2.2b presents a bicycle assembling transition in which
elements are named as they are called in daily life.

Figure 2.2b may also be explained as a chemical reaction. Two atoms of hydro-
gen and one atom of oxygen are combined to form a water molecule.

As Fig. 2.2b suggests, a net may be understood differently in different areas.
Thus, as a common practice, net elements are named with meaningless identifiers.
Net elements must be connected to physical objects only for real applications. It is in
this sense that net is said to be an unexplained system model. Possible explanations
of S-elements and T-elements are as shown in Table 2.1 below.
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(a) (b)

Fig. 2.3 A disconnected net N = (a) + (b)

S1 Sy S3 Sq Ss

[]

el V1 y2 V3 \L fs
[ ]
S'1

1 [l ' ]

S2 S3 Sy S5

Fig. 2.4 A line to transfer water buckets

Items in this table may be understood differently. Anyway, it is just for readers’
reference.

System design is a purposeful task. A net with freely named elements may gain
generality, i.e., to be applied in different areas.

Definition 2.1 contains only necessary requirements for a triple to be a directed
net. As a tradition, fundamental concepts are always defined as simple as possible to
leave room for later enrichment. For example, a net is not necessary to be connected
as shown in Fig. 2.3 below, in which (a), (b) and N = (a) + (b) are all directed nets by
definition. Elements of N are named with meaningless symbols, since N is not
connected with reality.

People may line up to transfer water buckets to fight a fire. In the course of doing
so, some weak or aged persons may become too tired to continue. A net modelling
such a scene has a variable size since people may quit or join. The net in Fig. 2.4
below describes such a line consisting of 5 persons. Place s; and s,~/ are states of the i,
person to hold a full bucket or an empty bucket, depending on where the token is.
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S1

(@) (b)

Fig. 2.5 Join and quit

Figure 2.5a consists of two transitions participated by s; while (Fig. 2.5b) presents
how s; and s; , | exchange bucket. Another way to read Fig. 2.5 is: from (a) to (b), a
new face has joined the line, while from (b) to (a), a weak or aged one quits.

Figure 2.6 is an occurrence net describing happenings in a duration of time. It is
clear that occurrence nets are capable of self-healing.

Definition 2.2 Basic Terms For directed net N=(S,T: F)andre T,s € S,

= {sl (s, ) € F}: the set of input places of ¢,

t = {sl(t,s) € F): the set of output places of 7,

't is called the preset of 7, and ¢ is the post-set of ,

‘tUt is called the extension of transition 7,

5= {1l (t,s) € F}: the set of input transitions of s,

s = {tl(s,7) € F} : the set of output transitions of s,

'sUs is called the scope of place s.

Based on this definition, for a subset A of S U T,

A= {x3JycA:(x,y) € F}, the preset of A,

A = {ylTx € A: (x,y) € F}, the post set of A.

A transition has a fixed extension; this is the certainty of nets. Certainty and
atomicity are the very fundamental properties of Nets. These are good points as well
as weak points. The good point is, a net system as defined below has a fixed
underlying structure and stable properties. The weak point is, it leads to less
flexibility and too detailed descriptions. Example 2.1 below explains this.

Example 2.1 A Bag and n Balls To represent, in terms of Petri nets, how to take
out, with just one grasp, all n balls from a bag, regardless of what the concrete value
of n is. It is easy to do so in reality for human beings, as long as balls are not too
many to hold. For nets, it seems that a single transition with n as the weight on its
input arc will do. But # is an unknown integer and the arc weight of a transition must
be a constant; a single transition is not feasible. There must be many transitions to
fulfil the request of that input arc; its weights are from 1 to m, where m is an integer
no less than n. Among these m transitions, there must be one that matches n, since the
concrete value of # is in the set {1, 2, -*-, m}. Human hands are flexible enough for
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()

Fig. 2.6 A recording of the firefighting line

balls of an unknown number, but nets are not so. This is shown in Fig. 2.7a below
where n = 3 is assumed for simplicity.

For no more than three balls, three transitions with input weights 1, 2, 3 respec-
tively are sufficient. All three transitions in Fig. 2.7a are enabled and in conflict.
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bag

t t2 D t3

bag complement

@ (b) ©

Fig. 2.7 To take out balls from a bag

Since 3 is not given, it is not known which one of the three transitions would take out
all balls.

Fig. 2.7b is a net solution for no more than 3 balls in which place p’ contains
3 + 1 = 4 tokens. Only one of the three transitions in (Fig. 2.7b) is enabled, and its
firing will take out all balls in place p.

The complexity in this ball-out problem comes from fixed arc weights. This
inflexibility is improved by self-control nets as shown in Fig. 2.7c in which W(p,
?) is p, the name of a place. W(p, ) = M(p) when transition ¢ fires at marking M.
Different markings give different weights. Graphically, there are two ways to
represent W(p, ?) is p. One way is to connect the place (to be taken as arc weight)
to the arc as shown in (Fig. 2.7¢); another way is to write the name of the place (to be
taken as arc weight) on the arc.

To apply Petri net with success, the first thing is to correctly recognize T-elements
and S-elements. On the one hand, you are forced to do so, on the other hand, you
would better understand things by doing so.

Two pupils, sitting at the same desk, would like to draw a line in the middle of the
desk to claim their respective “territories.” What would happen if they argue about
whom the line segment in the middle belongs to? No matter which one of the two the
segment belongs to, this question suggests that this segment is a resource, or a token.
But, with the help of Petri nets, you would think differently. If your elbow moves
across the middle line, its state changes from “at home” to “visiting neighbor.” So,
the middle line is a transition, a transition with one input arc from “at home” and an
output arc to “neighbor’s home.”

Example 2.2 File Transfer on Internet This example illustrates further how to
distinguish T-elements and S-elements.

Fig. 2.8 below contains two tables: the one on top shows 5 network nodes and
their respective power of parallel transfer; the one below gives the start nodes and the
target nodes for each of the files to be transferred. In addition, the duration of time
needed by each of the files is also included.
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Node 12 v, V3 Vy Vs
power of parallel transfer 1 1 2 1 3
file e e, e; e, es €g e;

start and target
Vi, V3 | V1, Vy |V, U3 | U3, Uy | VU3, Vs | Uy, Vs | Uy, Vs
node

duration 5 3 2 2 6 4 3

Fig. 2.8 Network nodes and files to be transferred

Fig. 2.9 Files and network V,(1) e,3) V(3)
nodes: a graph
grap e,3)
€(6)
v,(1) €2 e,(4)
€,(5)
V,(2) e,2) v,(1)

Without careful thinking, people would draw a graph, as shown in Fig. 2.9 in
which file names are written on indirected arcs. The fact that the i,, file consumes
n unit time for transfer is denoted with e;(n).

To build a net for file transfer, what is the transition: network nodes or files?
Normally, a node would be considered as a transition since it is nodes that carry out
the transfer, while files are what are to be transferred.

On the contrary, it is a file that requires two nodes to have it transferred. Thus,
nodes are resources and files are transitions. Readers are suggested to think about it
and keep it in mind. For a better understanding, this problem will be discussed again
later when place/transition systems are presented.

2.2 Net Systems

A given initial state, a capacity function on S, and a weight function on arcs in F are
needed for a net to become a system.

Definition 2.3 Capacity and Markingon S K:S — {1,2, -} is called a capacity
function on S, where {1,2, ---} is the set of non-zero positive integers.
M:S— {0,1,2,---} is called a marking on S, if Vs € S : M(s) < K(s).
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K(s) is the maximum number of tokens place s may hold, while M(s) is the
number of tokens place s is holding at marking M. So, “marking” is synonymous
with “state.” A given marking serves as initial state. Graphically, M(s) = n is
represented with n black dots inside circle s, i.e., tokens are represented by black
dots. K(s) = m will be written beside circle s, if necessary. The default capacity is w.

K(s) = w is not allowed by definition since the capacity of place s is bound to be
finite by nature. But, K(s) = @ may appear, by default, in a graphically presented
system. This means that the real value of K(s) is not known and it is for sure that the
real load on place s would never exceed the unknown K(s).

Definition 2.4 Weight Function W : F — {1,2,---} is called a weight function
on F.

For (x,y) € F, W(x,y) is the weight on arc (x, y), indicating the number of tokens
to be consumed/produced in case the transition (y or x) fires.

As graphical representation, w(x,y) would be written on arc (x,y). The default
weight is 1. Note that W(s, r) < K(s) is not required. In case W(s, f) > K(s), transition
t is “dead” (can never be enabled for firing) as per the transition rule given below.
The concept of dead transitions plays an important role in a general net theory (GNT
for short). In fact, it leads to Enlogy, a branch of GNT for logical reasoning. A dead
transition is not meaningless, but rather, it is a property of the net system. It is just
like the activities prohibited by law in a society that is supposed to reflect people’s
moral trend.

Definition 2.5 Net System > = (S,T; F, K, W, M) is a net system if

(S, T, F) is a directed net,

K, W are respectively a capacity function on S and a weight function on F,

M, is the initial marking on S.

Figure 2.10 contains two graphically represented net systems that share the same
structure given in Fig. 2.2a, with the only difference being weights on arcs (¢, s3)
and (s3,73). As we will see, when system dynamics are defined later, Figs. 2.10a, b
share the same set of transition sequences, i.e., their behaviors are equivalent, though
(a) is a P/T system and (b) is an EN-system as defined later in Chap. 3.

A net may be unconnected, but a net system must be connected, since separation
leads to independent behavior.

2.3 Transition Rules

Transition rules given below define dynamics of Y. = (S, T; F, K, W, M), i.e., what
would enable a transition to fire (to occur), and what would be the effect when it fires
(occurs).

“M[t>" is a binary predicate defined on marking set and transition set; M[¢> is
true if 7 is enabled to fire by M.
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Fig. 2.10 Net systems (a) and (b)

Definition 2.6 Enabled Transition
Mt> =Vs€ t:M(s)>W(s,t) AVs €t : W(t,s) + M(s) <K(s)

The formula in this definition tells the following:

Vs € t:M(s) > W(s, f): there are enough tokens to be consumed in all input places of
t’

Vs et : Wi, s) + M(s) < K(s): there is enough room for every s in ¢ to receive tokens
produced by z.

The definition of M[t> requires W(¢, s) + M(s) < K(s) for s € tnt, though the
token number is M(s) + (W(¢, s) — W(s, 1)) after the firing of 7. There is no reason to
assume any order between “+ W(z, s)” and “— W(z, s5).”

It is not assumed that # N ¢ = &. A shared tool must be released after use. A
catalyst remains unconsumed after a chemical reaction, etc. The formula Nt +Q
captures the function of a tool and a catalyst.

Similarto t Nt # D or Nt = O, there are other structure properties. In the
definition below, dnet(S, T; F), a triple predicate, is assumed true. dnet(S, T; F) is
synonymous with “being a directed net.”

Definition 2.7 Structure Properties

(@ N = (S,T;F) is said to be pure if V¢ € T: t Nt = @. N is simple if
Vr,yeESUT:x =y Ax=y—>x=y.

(b) N = (S, T; F ') is the reverse net of N, in which F~' = {(x, y)| (v,x) € F}.

(c) Nis a finite net if IS U 71 < w, i.e., S U T is a finite set.
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(d) Net N =(S,T;F)isasubnetof Nif S SSAT CTAF CF.

(e) Let P = {(x,y)l(x,y) € F V (y,x) € F} be the set of undirected node pairs
obtained from N. (§ U T, P) is the undirected net corresponding to N. N is a
connected net if P is a connected graph.

Above defined are properties of a net as a whole. There are local properties like a
siphon or a trap. A set of places S| € S is a siphon if $;CS,,andforS, C S, S,isa
trap if S, 2 S, . Trap and siphon are structure properties. A trap was once called a
“deadlock,” but deadlock is a semantic property, i.e., two sides in the same system
keep waiting for each other. Siphon and trap may find their use, but not yet so far.

By the way, Definition 2.7 is semi-formal, while Definitions 2.6 and 2.8 below
are formal. A semi-formal definition serves human readers, while a formal definition
is for Al tools. A formal definition requires that which is to be defined is a predicate
like dnet(S, T; F) in Definition 2.1 above.

Back to enabled transition. If M[#>, ¢ may fire to produce a successor marking M ,
denoted with triple predicate M| [>M.

Definition 2.8 Successor Marking
Mt>M = M|t >

AVs € t—t : M'(s)=M(s) — W(s,1)
AYs €t — t: M (s)=M(s) + W(s,1)
AYs € tNt : M (s)=M(s) + W(t,s) — W(s,1)
AVs € (S—tUt) : M (s)=M(s)

It is easy to prove that M satisfies the definition of marking.

To simplify the above formula, the concept of weight function may be extended.
Definition 2.9 Extended Weight Function W :(SxT)U(TxS)— {0,1,2,---}is
the weight function extended from W, if

W (x,y) =W(x,y) if (x,y) € F ~ 0if (x,y)¢F

With extended weight function W, the successor marking M is redefined by

Definition 2.10.

Definition 2.10 Successor Marking By Extended Weights
Mt> =VseS:M(s)>W(s,t) AM(s) + W(s,1) <K(s)

Mt>M =M[t> AVs € S: M(s)=M(s) + W (t,s) — W(s,1)

Professor Petri used to call a net system a “token game.” The game, to be played
by one or more persons, allows tokens to be moved according to transition rules
only. There is no restriction on number of tokens to be moved in one step. The goal
of this game is not to produce a winner, but just to let players get familiar with
transition rules and to find out all possibilities in the course of token move. Interested
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readers may try it by hand simulation on the system in Fig. 2.2a. Please figure out
phenomena between transition firings, including conflict (choice), sequence, and
concurrency. Notice that concurrency is not transitive. All these phenomena will be
formally defined when EN-system is introduced.

Readers may doubt that a marking is a global state, and it is used here to define the
concepts of M[t> and M| [r>M . Does this contradict the principle of local determi-
nation? The answer is no. The only part of S that plays a role in M[¢> and M| [t>M is
the extension of 7, i.e., 7 Ut. It is just for wording convenience, the whole marking
M is mentioned.

For system Y = (S, T; F, K, W, M), the set of reachable markings, denoted by
[My > y or simply by [My>, consists of all markings obtained by consecutive
transition firings, starting from M,. [M,> is given constructively by the next
definition.

Definition 2.11 [M,>, Set of Reachable Markings [M,> is the marking set
consisting of all markings given by the next two formulas:

M, € [M()>,
MeMy>NFteT :Mit>M)->M € [My>

Note that [M> “is given by the next two formulas” is different from [M,> “is the
marking set that satisfies the next two conditions.” The former is a draft for an
algorithm, while the latter is a definition. As a definition, it must be precise. There are
more than one marking set that satisfies the above two conditions. For example, the
set of all conceivable markings is the biggest one. [My> is the smallest.

The above two formulas may serve as the basis of an algorithm to compute [M>.
An algorithm needs operation details and a termination condition. Details will be
provided together with termination condition later in Sect. 5.2, Chap. 5. Note that
[My> may be an infinite set for a finite net system.

By the above two formulas, every reachable marking M corresponds to at least
one transition sequence o, 6 = 7|7,""'T,, such that the consecutive firings of
transitions in o lead to M, i.e., Mylt; > Mi[t; > My M, _ ([t,>M,, and
M,, = M. This fact is denoted by My[oc > M. From now on, o is called a transition
sequence only if My[o>. An infinite sequence of transitions is a transition sequence
if every prefix of it is a transition sequence.

Note that, for a given marking in [M,>, there might be more than one transition
sequence leading to it.

Would Definition 2.11 lead to missing, from [My>, of markings reachable by
concurrent transition firings? The answer is no. All arc weights are constants, so the
effect of concurrent transition firings is the same as sequential firings of the same set
of transitions.

For net system Y, = (S, T; F, K, W, M,)), several concepts are given below.

Definition 2.12 Live System, Fair System, and Bounded System
1. Transition # is live if VM € [Mo> A M € [M > : M[>;
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2 is live if all transitions are live.

2. X is fair to transitions  and ¢ if for any infinite transitionsequence o(if exists), #
(t,0) and #(t/, o) are either both infinite or both finite, where #(¢, 6) and #(t/, o) are
respectively the number of occurrences of 7 and ¢ in o; X is fair if it is fair to all
pairs of two transitions of it.

3. If for positive integer k,YM € [My > Vs € S : M(s)<k, then X is a k-bounded
system. In case the concrete value of k is not known while it does exist, then X is
bounded.

Note that [M> above is the set of markings reachable from marking M.

The concepts of both a live system and a fair system refer to infinity. But infinity
for human lives is not reachable at all. If people agree on such concepts of being live
or being fair, then all societies in the world, including societies in history, are fair and
not live, since nothing would live forever, i.e., #(t, o) and #(t', o) are always finite. Is
it possible to redefine them without infinity? This question will be discussed when
the problem of dining philosophers is discussed.

A net system has been defined as a 6-tuple, and the 6-tuple can be graphically
represented for visual study and to make face-to-face discussions easy to
go. Besides, it leads to the study of net topology, another branch of General Net
Theory. In this topology, the operation “folding” is a continuous mapping between
nets as well as net systems. The system hierarchy, to be introduced in Chap. 3, is an
example of folding from EN-system to high level systems.

For system analysis, algebraic representation is better if X is finite.

Letbe > = (S, T; F,K,W,My), S = {s1,82, ", 8} and T = {t1,t5, """, t,}. The
structure of X~ may be represented with a matrix with S and § as its raw and column
index sets respectively.

Definition 2.13 Incidence Matrix The m x n matrix A = (a;;) is the incidence
matrix of X if

=W (ti, ;) if 5 € 1; = 1 ~
~W(st;) if 5, € ti—1; ~
W(tis;) = W(s,tiif s; € 1,0 t; ~)
0if sitr, Uty

where ~ is the separator. Note that a;; is the number of tokens received/lost by/from
place s; when transition ¢; fires once.
With the extended weight function W, the above formula is reduced to:

;=W (ti,57) = W' (s, )

Now, Myle > M is equivalent to the equation below:
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A-o(T)+My=M
in which “-” is the operator for matrix multiplication (“-” may be omitted if there is
no possibility of confusion), M, M are both S-indexed column vectors respectively
for the initial marking and the successor marking, while ¢(7) is a T-indexed column
vector, of which the i-th element o(¢;) is the appearing number of ¢; in o.

Example 2.3 Incidence Matrix Below is the incidence matrix of the system in
Fig. 2.2a:

to 1 153 13 7 ts te 17
ss |1 -1 -1 o 0o 0 0 0
51 0o -1 0 o0 0 0 0 1
5 o 0 -1 0 0 o0 1 0
53 0 2 0 -2 0 0 0 0
s 0o 0 2 0 -2 0 0 0
55 0o 0 o0 1 0 -1 0 o0
56 0o 0 0 0 1 -1 0 o0
5 o 0o o0 0 0 1 0 -1
58 o 0 0 0 0 1 -1 0
s -1 0 0o 1 10 0 o0 |

Let o(T) = (2,1,1,1,1,0,0,0)", where letter ¢ at the upright corner denotes a
transpose operation. We have

A-6(T)=(0, -1, —1,0,0,1,1,0,0,0)".
Since M, = (1, 1,1,0,0,0,0,0,0,0),
A-o(T) 4+ My=(1,0,0,0,0,1,1,0,0,0)".

Note that as long as ¢(T') is a T-indexed column vector with positive integers as
its elements, A - o(T) would always compute to a marking, though not necessarily
reachable from M,

Similarly, let 6(S) be a S-indexed column vector with positive integers as its
elements, then A" - §(S) would always compute to a T-indexed column vector, in
which A’ is the transpose matrix of A. The i-th element of this vector is %a;i6(s)),
which is the weighted variant of token numbers when ¢#; occurs, in which 6(s)) is the
weight of aj;.

Definition 2.14 Invariant o(7) is called a T-invariant if A - 6(T) = 6, in which 8¢
is the S-indexed zero column vector.

8(S) is called a S-invariant if A’ - 8(S) = @, in which 67 is the T-indexed zero
column vector.
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Example 2.4 Invariant of the Systems in Fig. 2.10 For the system in Fig. 2.10a,
2,1,1,1,1,1,1,1) is a T-invariant. (1,1,1,1,1,1,1,1,1,1)" is a S-invariant.

The net in (Fig. 2.10b) shares the above invariants with the net in (Fig. 2.10a).

Note that, both T-invariant and S-invariant are structure properties, having
nothing to do with initial marking.

There are semantic invariant as well. For example, the number of tokens held by
places sy, s3, 55 and s7 is a constant for the system in Fig. 2.10b. As given by the
initial marking, this constant is 1. This is, in fact, the trace of the bride if the net
system is explained as a church wedding. The bride is always in one of these places,
and every place has a chance to hold the bride.



Chapter 3 )
The System Hierarchy s

Abstract Net systems form a hierarchy according to the functions S-elements play.
At the bottom is EN-system in that a S-element is a condition; above it is P/T-system
in that a S-element may hold more than one resource of the same kind, still above are
predict/transition systems and color net system, in which a S-element may hold
resources of different kind that play the same role. C-net system does not belong to
this hierarchy, since it has variables as its consisting feature.

This chapter aims to leave an overall impression on readers about net systems and
the way they are related.

3.1 Informal Description

The hierarchy of net systems reflects the process of observation. What is observed
first is concrete happenings that consume and produce particular resources, including
materials, spaces, and human beings (to be occupied/released). Since a piece of
resource (including a parking space) is called a token in Nets, the word “token” will
be used next instead of “resource.” Occurrence nets are proposed for recording
observed concrete happenings (similar to a video recording with irrelevant stuff
filtered). To fold different occurrences of the same element into one, a system named
elementary system, EN-system for short, is obtained. For example, recording the
coming and going of the four seasons in the past years, for which an occurrence net is
obtained. Human experience would lead us to extend this occurrence net to the
infinite past and the infinite future. Folding all respective occurrences of Spring,
Summer, Autumn, and Winter into one place each, a net consisting of 4 places and
4 transitions to describe the alternating seasons is obtained. This is a 4-season system
in which the unique token notifies the current season. The alternating season belongs
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to nature, and it does not have an initial state. In contrast to abstraction from nature, a
man-designed system has an initial state.

By the way, axioms on concurrency will tell you that the above-mentioned
occurrence net and the 4-season system do not completely describe the alternating
seasons. The General Net Theory will suggest a different 4-season system.

The EN-system describes how individual tokens flow from place to place. Places
in an EN-system are in fact conditions since each place may hold a token, or no
token, i.e., being true or false.

Above the EN-system in the hierarchy is place/transition system, P/T-system for
short, in which a place is a “warehouse” for tokens of the same kind (playing the
same role). Thus, a place is obtained by folding conditions if tokens in these
conditions belong to the same type. A place has a fixed capacity, i.e., the maximum
token allowance. Here, “place” has nothing to do with a geographic position.

The application of P/T-systems is limited by constant arc weights. An improved
version called self-modifying net system is proposed that allows arc weight to be a
place name, and the number of tokens held by this place at marking M is the instant
arc weight at M.

Still above in the hierarchy are high level net systems, including predicate/
transition system and color net system. A place in a high-level net system may
hold tokens of different kinds. The difference between predicate/transition systems
and color net systems is the way how markings and arc weights are represented and
how transition rules are specified. Figure 3.1 below shows one system represented
respectively with an EN-system, a P/T-system, and a high-level system obtained
respectively by folding. The way to do folding is informally illustrated by Fig. 3.1.
Note that the folding from the EN-system to the P/T-system is a syntax operation on
structure, while the folding from the P/T-system to high-level net systems is an
operation related to token semantics. Note that the predicate/transition system, Pr/T-
system for short, and the color-system in Fig. 3.1 share the same structure. There is
no need to understand the detailed semantics now before these systems are formally
defined. Just note that both places and transitions are predicates in Pr/T-systems,
while places and transitions in color-systems are dyed with color. For color-systems,
a place has a set of token color, while a transition has a set of occurrence color.

The Pr/T-system and the color net system in Fig. 3.1 are informally explained
below. They will be formally defined in respective chapters.

In a Pr/T-system, a place is a predicate that specifies an incomplete proposition
like “ready (to do something),” “rest (for some action),” etc. The Pr/T-system in
Fig. 3.1 explains related concepts in which all tokens are freely named. It may be
understood as a church wedding: a wedding host (named <w>), and the wedding
couple (named <a> and <b>). To start with, <w>, <a> and <b> are all held by
predicate “ready” (for the ceremony), i.e., My(ready) = <w> + <a> + <b>. The
formula <w> + <a> + <b> is a symbolic sum, another way to write a set. There is
a fixed set D of tokens for a Pr/T-system, and the predicates must be complete and
mutually exclusive so that each token would belong to exactly one predicate at any
marking. So, Pr/T-systems are token conservative. For a system to be conservative,
every transition must also be conservative. The weight on an arc is also a symbolic
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—_—
folding
2
EN-system P/T-system
folding folding
{<w>,<r>}
id
<x>
id <W>H<x>
<w,r> <w>,<r>
XFW true
id
<w>+<x>
{<w,r>} id
id <W>+<x>
g Prl {<w>,<r>}
XFW

<x>

<a>+<b>

{<r>} <a>+<b

true

colour-system Pr/T-system

Fig. 3.1 Net system hierarchy by folding

sum in which variable names like x or y may appear to require a substitution with
concrete tokens. A transition may be marked with a static predicate to specify
restrictions on variable substitution. Note the scope of a variable like x is limited
to a single transition: the same variable on the input/output arcs of one transition
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represents the same token, while the appearances of the same variable on arcs of
different transitions have nothing to do with each other. So, x doesn’t play the role of
carrying a value from one transition to another. It is thus not qualified as a math
variable, though it is called a “variable” here. In case a transition does not set a
restriction on variables (if any) connected to it, it is the O-ary predicate “true.”

In a color net system, all tokens are dyed, one color for one kind. For example,
<w> is a token dyed “white,” and <w, r> is composed from a white token and a red
token. A place is associated with a set of token color. Quantities of tokens are given
by positive integers, say 2 <r> for two red tokens. In color nets, every transition has
also a given set of occurrence color to specitfy its firing patterns. The weight on an arc
between s and ¢ is a function to map a given pattern on ¢ to the color set of s. The set
of token color and the set of occurrence color are written inside transition boxes or
aside the related place elements.

The author proposed a different class of net systems called C-net for program-
ming (letter C is the initial of Computing and Communication, that is what a
program does). To amend the lack of data types in all net systems, the concept of
variables is adopted as a new kind of S-elements. A transition may write and/or read
a variable. Graphically, a variable is denoted by a double circle [, a write operation is
denoted by ‘T ,” from transition to variable (@ is an arrow with small circle as its
head), while a read operation is denoted with ‘@[ [,” which is from a variable to a
transition. C-net is based on Nets, but no folding operation is involved. Thus, it does
not belong to the hierarchy. A brief introduction on C-net here aims to leave a
preliminary impression on readers. Its detailed introduction is to be given later in
Chap. 9.

3.2 Formal Definitions of the 3-Bottom Layers
of the Hierarchy

An occurrence net is itself not a system; it is just a trace left by system activities. It is
included here since it is considered as the foundation of the system hierarchy. All
systems have inherited a net structure from occurrence net.

Definitions of occurrence nets, EN-systems, and P/T-systems are given next in
this section. They are the three low layers of the hierarchy. Properties and analysis
methods of net systems in the hierarchy will be introduced in respective chapters for
each of them.

Definition 3.1 Occurrence Nets A directed net (S, T; F) is an occurrence net iff

VseS:|s|<IAls|<1

ANFTN(F) =0
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This definition is based on Definition 1.1: The concept of directed net is
enriched:“Vs € § : I'sl <1 A ls| < 1” indicates the fact that a token is produced
(if not available initially) and/or consumed by at most one transition, while
F* N (F )" = & denotes that there is no loop in (S, T; F), i.e., rebirth of the same
token is impossible. Note that

Fr=F'UFPUFUF*-
(F)'=F '"UF?UF3UF™*-

where

F'=F;

Fi:{(x,y)ﬁlz c(xnz) EFTA(zy) € F} fori>1
and

F'={(xy)|(y.x) € F};

F_i:{(x,y)|5|z: (x,2) € F7U=U A (z,y) EF_]} fori>1

Occurrence nets are means to record processes in a net system and it is in this
sense that occurrence nets are said to be the semantics of net systems. It will be
mentioned again when system processes are defined. Axioms on concurrency are
proposed based on occurrence nets.

Definition 3.2 EN-System Net system ). = (S, T; F, K, W, M) is an EN-system if
VseS:K(s)=1AVY(x,y) € F: W(x,y)=1

K(s) = 1 implies that s is a condition. A transition is called an event if its
extension consists of conditions only. Thus, the underlying net for an EN-system
is conventionally denoted with (B, E; F) since the German (Prof. Petri’s mother
tongue) word for condition is “Bedingung.” The initial marking is now a subset c;,
of B, consisting of conditions that are initially true. Thus, an EN-system is a 4-tuple
(B, E; F, c;,) and capacities and arc weights all are the constant integer 1 by default.
An EN-system is the elementary layer in the net system hierarchy.

Definition 3.3 P/T-System Net system > = (S, T; F, K, W, M) is a P/T-system if
dnet(S,T; F), and K, W, M, are respectively a capacity function on S, a weight
function on F, and a marking on S.
P/T-system is considered in the literature as the general form of a net system with
EN-system being a special kind of it. But to the author, a better understanding is that
a P/T-system is folded from an EN-system.
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EN-System s

Abstract An EN-system describes how individual resources are consumed and
produced.

The EN-system (B, E; F, c;,) is at the very bottom of the net system hierarchy and
describes the individuals’ behavior. It is not suitable for real use since its degree of
abstraction is low. But on the other hand, it is suitable for studying fundamentals in
nature. The net structure for EN-systems is assumed to be pure, i.e., the preset and
post-set of every event shares no element.

4.1 Completeness

A man-designed system is complete if it contains all elements necessary for the
intended purpose. As part of nature, an EN-system is complete if and only if every
element of it has its individuality to distinguish itself from others. Figure 4.1 below
explains this.

The alternating of seasons has been mentioned above. As per our understanding
of daily life, Fig. 4.1a seems correct. But it is just a rough model in people’s mind.
The reality is, there exist hot days in Spring and nice days in Summer. People have
tolerated such inaccuracy since it well serves the daily needs including farming.

This model is not qualified as a theoretical one. A critical question on Fig. 4.1a is:
does the event of a season change take time? If it does, which season that time
belongs to? If not, at which moment such a change takes place? There is no answer to
these questions based on Fig. 4.1a. Figure 4.1b answers above question well. Instead
of a single condition for one season in (Fig. 4.1a), there are three conditions in
(Fig. 4.1b), among them, an accompanying condition d; for every event ¢; is
observed. The time taken by event #; may be long or short, its accompanying
condition d; tells that it is in progress. The other two conditions d; _ ; and d; , {
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summer t autumn
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spring winter

spring t winter
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Fig. 4.1 Four seasons

coe (O PO PO (O oo

(b)

Fig. 4.2 (a) A line and (b) A rope

(as subscript, 4 + 1 = 1 and 1 — 1 = 4)indicate the remaining part of the previous
season and the beginning of the next season. The three tokens in Fig. 4.1b tell the fact
that the three accompanied events are all in progress. There is no clear-cut line
between adjacent seasons. This is the way Nets deals with time: things are going on
in harmony with no need of a timer. A calendar may tell you an accurate time
(month, day, hour, and minute) for the next season to come, but it seems no one cares
about it. Such a calculated prediction is based on the belief that time is linear like the
axis of a real number.

Note that the tokens in Fig. 4.1a, b specify a current state instead of an initial one.
No one knows how the alternating of seasons was started.
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The difference between Fig. 4.1a, b is reflected by their respective occurrence nets
shown in Fig. 4.2a, b.

Figure 4.2b has a rope structure, and each of its elements, say x, has a set c(x) and
a set r(x) defined as below:

()= Pl y)gFTu(FT)"}

rx)={lxy) e FFU(F)"}

c(x) consists of all elements that are not on the same line with x, i.e., not ordered
with x while r(x) consists of all elements each of which is ordered with x. Now,
x#y— clx) #c(y) A r(x) # r(y) for all elements x and y in (Fig. 4.2b). Every
element in (Fig. 4.2b) distinguishes itself with structural individuality.

Now back to Fig. 4.2a. In contrast to (Fig. 4.2b), all elements in (Fig. 4.2a), share
the above defined c(x) and r(x), i.e., c(x) = r(x) = c(y) = r(y) = {zlz € R}, where
R is the set of all net elements in (Fig. 4.2a). Thus, elements in Fig. 4.2a would shrink
to one point, since they are not structurally distinguishable.

Accompanying condition for an event, as mentioned above, is obtained, not by
chance, but by an operation on nets called S-completion. There are two kinds of
operations on nets, namely S/T-completion and S/T-complementation. These oper-
ations will be introduced in Part III.

4.2 Fundamental Phenomena

The concepts of fundamental phenomena specify how individual transitions are
related with each other. Definitions of these concepts for EN-systems will provide
a sound foundation for understanding them in other systems, since EN-systems are at
the lowest layer of the net system hierarchy.

Instead of “marking,” a “case” has been used for the EN-system. A subset of B
used to be called a constellation of B in the literature. If it is reachable from the initial
case c;,, it is called a case; otherwise, it is a non-case. Besides, all definitions in this
section are to be given in terms of predicates.

Case or non-case, they are all subsets of B. For simplicity, c¢ is called a case in
definitions below. Let ¢;, e, be two events of (B, E; F, ¢;,,).

Definition 4.1 Enabled Event and Successor Event e is enabled by case c, if c[e>,
cle>=eSchnenNc=0
and if e occurs at ¢ and ¢ is the successor, then c[e > c’,

cle>cd =cle> ANd=(c—e)Ue
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Fig. 4.3 cle > ¢

(a) (b)
Fig. 4.4 Concurrent pair ¢ by e bs
e (1O
€9
€
b
bo bz
€3
bs

Here c[e> is a binary predicate and c[e > cisa triple predicate. Such definitions
are suitable for future automatic checking (Fig. 4.3).

Definition 4.2 Concurrency Events e; and e, are concurrent at c, if c[e; || e2>,
cle || ex> =cley> Ae[ea> AN etNea=D Ney Ney =D

The symbol between e; and e, denotes “in parallel.” In fact, e; and e, are
structurally independent if they are in parallel. It is impossible to have e, N e, # &,
since otherwise c[e; > A c[e,> is impossible.

Let be ¢ = {by, b,}, c is reachable from initial case c;, = {by} in Fig. 4.4. Now ¢
[e; || ex> and cle; || e3>, but —c[e, || e3>, which means, concurrency is not
transitive.

In all figures from Fig. 4.4 on, only those elements, that are related to figure titles,
are named. This is to keep figures easier to read.

“””

Definition 4.3 Ordered Event ¢; is before e,, or ¢; and e, are ordered at c, if ¢
[el - 62>a

c[el —e,> =cler >c1 Acilea > A—cler >

So, e, is enabled by the firing of e, either e produces a token needed by e, or e,
removes a token from a condition in e, (Fig. 4.5).

This ordered relation is better called “immediate before” or “immediate after.”
The complete ordering relation among events can be derived since ordering relation
is transitive.



4.2 Fundamental Phenomena 33

Fig. 4.5 Ordered pair ¢ eq e,

e O—F—0O—{}—0O

e €1
Fig. 4.6 A pair in conflict ¢ er by
[eile;> and the dual of
the net I:I
(S bz

Definition 4.4 Conflict Events ¢; and e, are in conflict at ¢, if c[e;l e;>,

clerlea > =cler1 > Aclea> N—cley || e2>
So, only one of the conflicting events can fire at ¢, and that is what the symbol ““|”
means. The reason for —c[e; || e;> is either e; N e, # D, ore; Ne, # D.

Two nets are dual with each other if there is a correspondence f between their
elements such that x is a T-element in this net, f{x) is a S-element in the other net, and
vice versa; besides, if (x,y) is an arc in this net, (f{x),f(y)) is an arc in the other net,
and vice versa.

The nets in Fig. 4.6 are dual with each other, and as such conflict is dual to
concurrency.

Definition 4.5 Contact Event e would lead to contact with condition b at case c, if ¢
[e ~ b>,

cle~b>=eScAbeenc

The symbol “~~ " between e and b denotes that the arrow has been curved since
the target condition b is true and it is, if e occurred, too “hard” to touch.

A contact situation is compared to a vehicle (e) with an obstacle (b) ahead
(beenc)ofit.

Definition 4.6 Potential Contact Event e is in potential contact with condition b at
case ¢, if c[e > b>,

cle—b> E‘eﬂcqé@/\—'('egc)/\beéﬂc

This is comparable to a vehicle stopped by a red light (—(e € ¢)) and an obstacle
ahead (b € e N ¢). The symbol “->” implies possible forward (irrational firing of e)
(Fig. 4.7).
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Fig.4.7 Contactc[e ~> b> b, b’ b, b’
and potential contact ¢
[e > b>
b, e b b, b
€)) (b)
b3 b3
€2 €2
€1 €3 €1 €3
bs bs bs bs
(a) (b)

Fig. 4.8 A confusion triple cle; 3 e, >

Let events e; and e, be concurrent at case ¢. Then there are 3 situations possible,
i.e., e; and e, occur in parallel, or e; before e,, or e, before e;. Different firing ways
of e; and e, may lead to different conflicts. Confusion is a mixture of parallel and
conflict.

Definition 4.7 Confusion The triple (c, ey, ¢,) is in confusion if the above 3 situa-
tions lead to different conflicts: either the number of conflict pairs is increased/
decreased, or conflict pairs are different. A confusion triple is denoted with c[e; 3
ey > orcle; 3 e; >. It is too complicated to formalize a confusion situation, and
thus, cle; 3 e2> or cle; 3 e > is not a formally defined predicate. Figure 4.8
below explains it better.

4.3 Application Examples

As said earlier, EN-systems would involve too many elements and too detailed
descriptions in real applications. Examples given below are only toy applications.
Though toys only, they serve to put together concepts defined separately into one
system to show how they work in harmony.

Example 4.1 Dining Philosophers This example had long been taken to illustrate
deadlock, and to explore ways to remove deadlock. But the real purpose is to study
how to control (or manage) shared resources. Deadlock is but the result of no control.
We have it here since it involves sequential events, concurrent events, and events in
conflict.
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Fig. 4.9 Dining philosophers

Five philosophers are sitting at a round table thinking about human life. The
sequential behavior of an individual philosopher is thinking — hungry — eating —
thinking again. There on the table are 5 forks, each of which is in between two
neighboring philosophers and ready for them to use. A hungry philosopher needs
two forks on both his sides to start eating (Why two forks? Two chopsticks sound
better). He would put back forks when he is satisfied. Figure 4.9 is a net describing
the scene. In case forks are not controlled, every philosopher may pick up a fork at
his own will. It is possible that every philosopher has a fork in his left hand, waiting
for the one on his right. As such, all philosophers are deadlocked, and the whole
system is dead.

Generally speaking, a deadlock is a mutually exclusive local property between
two processes. A “hemiplegia” system (partly deadlocked) may still be alive. Formal
definition of a deadlock is given below by Definition 4.8 after the discussion on fork
control. Chained deadlock like philosophers is a special case.

A fair fork control aims mainly at efficiency of fork usage. Deadlock free is the
minimum requirement for high efficiency. To be fair, to be deadlock free, etc., all



36 4 EN-System

these properties are related to an initial state, since they are semantic properties of a
system.

As a start, the 5 tokens as shown in Fig. 4.9 indicate that all philosophers are
thinking. Such an initial state does not lead to deadlock free or high efficiency of fork
usage. A possibility is that two neighboring philosophers become hungry and try to
pick up the shared fork at the same time. So a conflict appears. To avoid conflict,
forks must be controlled. A straightforward way is to let forks be available in turn for
neighboring philosophers as shown by Fig. 4.10 below. The problem is, which one
of the two neighbors would be the first user? There are two directed circles in
Fig. 4.10 consisting of arrows along that forks are to be passed. One circle includes
fi, and the other circle involves f,~’, i=1,2,3,4,5. A token in f; denotes that the
shared fork is for p; to use, while a token in f,~/ indicates that the same fork is available
to p; _ 1. There are 3 possible distributions of the 5 tokens on the two circles, i.e., 5:0,
4:1 and 3:2.

5:0 leads to deadlock: every philosopher has one fork available, while the other
fork is available to his neighbor. They are all waiting, and no one would give up.

4:1 is a sequential solution; there is exactly one philosopher who has both forks
available.

3:2 allows concurrency; two philosophers may be eating at the same time.

The net system in Fig. 4.10 gives the 3:2 solution. There are 3 tokens on the first
circle and 2 tokens on the second one. Figure 4.10a is a complete description and
(Fig. 4.10b) is a simplified version.

Definition 4.8 Deadlock, A Local Property Between Two Events Event ¢; and e,
are deadlocked with each other, if c[e; < e>>,

cley = ey> =

db1,br € B : (b1 S '6‘1 ﬂeg' Nby € 61' ﬁ'ez) ANby=b;

Figure 4.11 illustrates deadlock situations. It seems unreasonable to require
by = by in the definition. But this does not require b; = b, to be always true. In
case b; = b, becomes true, a deadlock is raised.

Deadlock is defined here as a fundamental phenomenon between two events. It
does not include those deadlocks that involve more events, e.g., all 5 hungry
philosophers may be deadlocked together.

Having introduced fundamental phenomena found in the example of dining
philosophers, efficiency of fork usage should be studied to have a complete answer
to satisfy philosophers. The question is, if a philosopher keeps thinking for a long
time while forks are granted to him for use, then the fork would be idle before he
becomes hungry. What could be done to keep the efficiency of fork usage? Fig-
ure 4.12 suggests an answer: to take back the idle fork for his neighbor to use. The
net in Fig. 4.12 has an arrow with small circle as its head (&). This arrow is called an
“inhibit arc.” An inhibit arc requires the related condition to have no token (being
false). So, in case a philosopher p; remains not hungry for a certain time (agreed by
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Fig. 4.10 The first users
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Fig. 4.11 Deadlock:
bl = bz

Fig. 4.12 Event u;

all philosophers) and both forks are waiting for him to use, event u; would re-assign
the forks to his neighbors.

The concept of inhibit arcs enriches the net definition by allowing an input
condition to have a side effect. To formally include an inhibit arc as consisting
part of a directed net, the only thing to do is just to extend the flow relation F and to
modify the definition of c[e> and c[e>c/.

Definition 4.9 Inhibit Arc: Enabled and Successor An arc (b, ¢) in F is called an
inhibit arc and e is enabled at c, if c|e>,

cle>=(be enbgc)AN(e—{b})Schenc=0
¢ is the successor case, if c|e > c',

cle>cd =cle> Ad'=(c—e)Ue.
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Fig. 4.13 Church wedding

Note that as the difference between c¢|e> and c[e>, two points are important for
c|e>: firstly, b is in the preset of e, but b ¢ ¢, secondly, b remains to be false after the
fire of e, i.e., b ¢ ¢. Formally, we have b € e A (cle >¢c —b¢ cAb¢c).

Interested readers are encouraged to assemble transition ; in Fig. 4.12 into the net
system in Fig. 4.9 and to figure out how an inhibit arc functions.

Example 4.2 Wedding Ceremony Figure 4.13 below is a net system for church
wedding. The token in conditions by, b, and b, are respectively the ready states of
the wedding host, the bride, and groom. Events ey, and e, are respectively the talking
between host and bride/groom, e3 and e4 are respectively waiting for groom/bride, e,
is the return of the host to ready state. Event es is a combined event to keep the net
simple. It includes the ring-exchange event, the leaving of the bride&groom, and the
show up of next pair of bride&groom. Finally, the new comers step up (e and e7) to
meet the host.

For those readers who has played “token game” based on the net system in
Fig. 2.2 (a), this system is not new. With definitions of concepts for fundamental
phenomena, the meanings of fundamental phenomena like conflict, non-transitivity
of concurrency, etc., become concrete and clearer now. Event eg is concurrent with
es, and also concurrent with eg, 5 (in case es fires before eg), but es must fire before
€e, €7.

Example 4.3 Stack for Data Management A memory cell is compared to a
condition since it is either holding a data or no data (a meaningful value). It seems
proper to use the EN-system.

There are two kinds of stacks, namely, FIFO and FILO, i.e., first-in first-out and
first-in last-out. Furthermore, a stack may have a fixed or flexible capacity. It is easy
to implement a FIFO/FILO with fixed capacity as shown in Fig. 4.14.
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%

(a) FIFO

in_data

AN

(b) FILO

Fig. 4.14 Stack: FIFO (a) and FILO (b)

Here to be discussed is flexible capacity. This is, perhaps, a nice topic for a
research paper, but not a good idea in practice. To implement a stack, certain
memory locations must be assigned to it. The size of the assigned locations may
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Mo = (0,0,0,0) //initial state of s1,52,53,54//

t
.
L (1,0,0,00) —» M,
t2 o &
I: (1,1,0,0) — (0,1,0,0) —» M,
t3 t3 Rk )
tl‘ t t3
Is: (1,1,1,00 —>» (0,1,1,00 —> (0,0,1,00 —> M,
ty Y ty ) ty t ty
I: 1,11,1) — (0,1,1,1) —>» (0,0,1,1) —> (0,0,0,1) —» M,

Fig. 4.15 Data in and out for FIFO

be great enough so the stack acts as if it is infinitely big, or in more attractive
wording, it has a flexible capacity. It is in this sense that the above FIFO and FILO
may have flexible capacity as well. So, “flexible” is meaningful to scholars only, not
for software engineers.

The graphically presented FIFO stack in Fig. 4.14a corresponds to the triple (S, T;
F) as given below:

S = {in — data, out — request, s, 52,53, 51,1, C2, C3,C4, 1, €2’y ¢3', ¢4’}
T={t,trts, 12,11, 12", 13", 14}
F=/{(in—data,t;)|i=1,2,3,4} U {(out — request,t/')|i=1,2,3,4}
U{(t:, 8:), (si,2)]i=1,2,3,4}
U{(ci, ti), (ticipr)i=1,2,3,4} U {(ca, ta), (ta, c1) }
U{(c/, t), (t/, C;H) li=1,2, 3,4} U{(cs',t4"), (ta', 1)}

S-elements in-data and out-request are interfaces between stack users and stack. It
is assumed that their capacity is 1. The stack does not care how to keep order in case
there are more than one data waiting to get into the stack, or there are more users
waiting to get a date from the stack. Note that it is not included in this FIFO stack
structure where the out data is gone, since it varies from requester to requester.

To see how FIFO works, let’s assume that data-in and data-out requests come one
after another. Our attention concentrates on sy, $», S3, 54, since these are where data
are stored. M(s;) = 1 and M(s;) = O indicate that s; is holding a data or no data
respectively. Data-in will enable ¢y, 1,, 3, t4 to occur one after another while the stack
is not full. In case data-out is requested, then tl/, tz/, t3/, t4/ would fire one by one
while the stack is not empty. Figure 4.15 below tells the dynamics of inside FIFO.

The order for in data is

(0,0,0,0)— (1,0,0,0)—(1,1,0,0) — (1,1,1,0) > (1,1, 1, 1)

The order for out data is
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(1,1,1,1)—>(0,1,1,1) > (0,0,1,1) — (0,0,0, 1) — (0,0, 0, 0)

It is clear that data are first in first out.

Figure 4.15 is another way to draw an occurrence net. It is also a reachable tree. A
stack is a reactive system to provide storage service. Such a system does not have a
complete initial state. With possible service requests in the future, the initial state
would become complete. Figure 4.15 exposes the dynamics of it.

It must be admitted that Fig. 4.14 is just a reference for implementing FIFO and
FILO. Dynamic management of memory locations is complicated. Nets may not be a
proper means for this. But for teaching, Figs. 4.14 and 4.15 may be helpful to
students.
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Place/Transition Net Systems e

Abstract A Selement may hold resourses of the same kind that play the same role.
Drinking water is different from water in rivers, and should be held by different places.

As defined earlier, a Place/Transition system, P/T-system for short, is a 6-tuple
> =(P,T;F,K, W, M,), in which, (P, T; F) is a directed net, K is a capacity function
on P, Wis a weight function on F, and M, is an initial marking, i.e., initial resource
distribution.

For EN-systems, fundamental phenomena reflect mainly in structural properties,
while for P/T-systems, fundamental phenomena tell semantic relations between
transitions.

5.1 Fundamental Phenomena

Let M, ¢, and t, be respectively a marking and two transitions of .

Definition 5.1 Concurrency Transitions ¢, and #, are concurrent at M, if M[t, || 1>,

Mt | o> =M[t;> ANMt, >
AYp € 11Nty : M(p)>w(p,t1) +w(p, ta)
AVp €11 Nty : M(p) +w(tr.p) +w(t2.p) <K(p)
Note that M[t || , > = MIt, || t;> by definition, i.e., || is commutative. Besides,
a place is different from a variable, no read/write conflict for places.

Definition 5.2 Sequence Transitions #; and #, are sequentially related at M, if M
[t —=t6> =Mty >M AM[t, > AN =Mt > .
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Fig. 5.1 Concurrency
Molt, || ,> and sequence
Mtz — 14>

M, = (1,2,0,1,0,0,0)
M, = (0,1,2,1,0,0,0)

M, = (0,1,2,0,0,0,1)

Fig. 5.2 Conflicts t
2

32

(@)

That is, if the firing of #; enables #,, the firing of #, must follow the firing of #;.

The markings for the net in Fig. 5.1 are M, = (1,2,0,1,0,0,0),
M, =(,1,2,1,0,0,0), M, =(0,1,2,0,0,0, 1).

Note that My[t; — t,> and My[t; — 14> are not true, though 7, and ¢, must fire
after #,. So, “—” implies “immediately follow.”

Definition 5.3 Conflict Transitions #; and 7, are in conflict at marking M, if M
[t | &>,

Mt, |ta> =M[t, > AM[t,> AN=M(t, || 12>

There are two cases that cause a conflict, either #; and #, are “fighting” for a shared
token, or “fighting” for shared space. Figure 5.2 exhibits conflicts: fighting for token
(a) and fighting for space (b).

Definition 5.4 Contact Transition ¢ is in contact with place s at marking M, if M
[t ~ s>,
Mt~s> =Vp € t: M(p)>w(p,t)
As €t AM(s) +w(t,s) >K(s)
The firing of ¢ is disabled by the lack of space at place s. In other words, should
t fire, place s would have a token over flow.

Definition 5.5 Potential Contact Transition ¢ is in potential contact with place s, at
marking M, if M[t - s>,
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Fig. 5.'3 Contact and by b by b’
potential contact

b € b b, b

(a) (b)

Mlt->s> =s €t ANM(s) +w(t,s) >K(s)

ATs' €t M(s") <w(s,1)

The lack of tokens at the preset of ¢ (M(s)) < w(s , 1)) has disabled transition 7, so
contact situation at place s (M(s) + w(t, s) > K(s)) is avoided. Though contact is only
potential, it implies possible harm in practice, since rules are not always well
followed.

Figure 5.3 includes both contact and potential contact in P/T-systems.

Confusion is one of the fundamental phenomena for EN-systems. It is possible, at
least theoretically speaking, to define it for P/T-systems as well. But it would be too
complicated to do so. As such, confusion in P/T-systems is not included in this book.
Just remember that confusion is a mixture of concurrency and conflict. The conflict
situation would be different due to the different ways of concurrent transition firings.

5.2 Properties and Analysis Methods

As a preparation, properties shared by net systems have been defined in Chap. 2.
Respective application areas have their own requirements on system properties. For
example, a fire extinguisher system in a city is required to respond as quickly as
possible, a tall building needs a lift system to provide in-time service, the discipline
of software engineering needs a system model for program analysis, etc. As an
application example, a lift system will be discussed in Sect. 5.3 next. As for software
engineering, a new system model called C-net has been proposed as mentioned
earlier.

There are three different ways to understand a net system: focusing on system
states, focusing on transition sequences, or focusing on both states and transition
sequences.

With transition sequences, we have defined live and fair net systems. Both of
them seem to be logically reasonable, but they rely on infinite transition sequences.
We will redefine them, when synchrony is introduced.

With system states, the set of reachable markings, i.e., [My>, has been construc-
tively defined and an algorithm to compute [M,> for finite net systems is given
below. System properties will be discussed based on [My>.
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The concept of system processes contains both transitions and markings. It is the
main means to understand net systems. Before talking about processes, an algorithm
for computing [M,> is given below.

Definition 5.6 Partial Ordering of Markings Marking M is greater than or equal
to marking M/, or M is covered by marking M, denoted with M > M’, ifVs € S:
M(s) > M (s). For place p € S, M > M is true at p, it M > M A M(p) > M (p).

Next is an algorithm to compute a reachable tree T(D)) so that every marking in
[My> is covered by a node of 7(3)). As defined before, a marking does not allow
infinity (@ or co) to be its element. In order to cover an infinite [My> with a finite
tree, the concept of marking is now extended to allow w as its element.

Algorithm 5.1 To Compute 7(Y) Every node u of T(X) has a marking M,, attached
to it.

1. To start with, 7(X) has only a root node r, M, = M,,, Node r is now also a leaf of
).

2. Select a leaf node x from 7(Y), if it exists. If M, enables no transition, then x is an
end node. An end node is no longer counted as a leaf from the time it becomes an
end leaf. Next, if there exists a node z on the route from r to x such that M, = M.,
then x is also an end node. If 7(X) has no more leaf node, terminate. Otherwise, go
to step 3).

3. If x is not an end node, for transition 7 enabled by M, and MX[T>M’, add a son
node y to x on T(X) with M, = M. On the arc from M, to M is transition 7. If there
is a marking M on the route from r to y, such that M > M at p, then change M (p)
to w. Do the same for every place like p. Do the same with every transition
enabled by M,. Back to step (2).

To prove the correctness of the above algorithm, termination is of primary
importance. Then, it must be proved that every reachable marking is covered by a
node on 7T(X).

Theorem 5.1 Termination of Algorithm 5.1 Algorithm 5.1 terminates and every
marking in [My> is covered by a node of 7(X).

Proof

1. Treat M, as a positive integer (n digits integer), the number of positive integers
smaller than M, is finite. Thus, sooner or later in the algorithm execution, some
marking (as an integer) will reappear to end a subtree, or increasing number to
have a @ invoked. Since r is just a positive integer, @ may appear at most n times.
All subtrees and the whole algorithm will terminate.

2. Every marking M in [My> corresponds to a transition sequence, and this
sequence would be encountered in the process of algorithm execution to produce
T(2). The node on 7(X) reached by the transition sequence is either exactly M or a
marking which contains w that covers M.

Figure 5.4 contains two P/T-systems and their shared reachable tree.
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Fig. 5.4 P/T-system X, ¥, and their reachable tree

It is nice to have a finite tree to cover all reachable markings. But there are weak
points of 7(X). The first problem is, as suggested by Fig. 5.4, two different systems
share the same tree while they have different properties. For X, once transition c is
enabled, it will be repeatedly enabled regardless of whether transition « fires again or
not. For X,, transition ¢ has to wait for tokens from transition a. But we have
T(Z,) = T(X,). The second problem is that the way how son nodes of the same
father are related is not clear: they may be concurrent or in conflict. The third and
more important problem is 7(X) does not make a difference among its leaf nodes. A
leaf node may be a dead marking (enables no transition), or a repeatable marking.
Next algorithm constructs a reachable graph G(X) from 7(X), and G(X) removes the
last problem.

Algorithm 5.2 From Tree 7(X) to Graph G(X) Check every leaf node of T(X), if
there is a node y on the route from root r of 7(X) to leaf node x such that M, < M, (w
may appear in M,), then overlay x on y.

This algorithm would terminate since 7(X) has only a finite number of leaf nodes.

The circle obtained by overlay x and y is called a “basic circle” and y is its start
point. Transitions on arrows of a basic circle form a transition sequence called a
basic sequence, y is also the starting point of this sequence. Here, a transition
sequence is slightly different from a normal transition sequence since M, # M.

To apply Algorithm 5.2 to %, in Fig. 5.2, some modification is required.
Transition ¢ of X, may fire many times before the firing of transition b. To express
this “arbitrarily great, but not infinite” property @ — 1 is used instead of w. Thus, as
T(Z,), the node marking (0, w, 1) after transition ¢ should be (0,w — 1,1). Node
(0, w, 1) and node (0, w — 1, 1) do not form a basic circle and transition ¢ does not
belong to a basic sequence.

With this fine change, Fig. 5.5 contains two reachable graphs obtained by
Algorithm 5.2 from 7(X;) in Fig. 5.4(c) and from modified 7(Z,).

Theorem 5.2 Properties Based on G(2)

1. If G(2) has a leaf node, X is dead.

2. In case G(X) has no leaf node, then transitions shared by all basic sequences are
all live. Transitions not belonging to all basic sequences are dead.

. Every live transition of X belongs to all basic sequences (circles).

4. If X is live, then every transition belongs to all basic circles of G(X).

(O8]
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Fig. 5.5 G(2)) and G(X2) (1,0,0) (1,0,0)
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5. In case G(X) contains a w, then X is unbounded.

6. Every transition sequence (finite or infinite) must be a sequence of transitions
attached to a route of G(X), including repeatable basic circles. The reverse is also
true since the use of ® — 1 has removed false basic circles.

7. X is fair to transitions #; and #,, if they belong to the same basic circles.

All properties listed above do not need a proof since a basic sequence is
repeatable. Now, being live and being fair are no longer defined with infinite
transition sequences.

More important properties for a real application are related with problems that
demand a solution. The example of n-lift control will serve to illustrate it.

5.3 N-Lift Control

This is a conventional problem, involving concurrency, conflict, etc. To include this
example here, do not tell readers how good Nets is, but rather, let readers get to know
the dual character of Nets.

Given A M-floor building that has N lifts for service.
Buttons to request services are respectively:

Fu(i):i=1,2, -, M, floor up buttons;
Fd(j):j=1,2,3, -, M, floor down buttons;
L(k) : k=1,2,--, M, lift buttons inside a lift.

The two button Fu(M) and Fd(1) do not exist in reality. They are included above,
just for simplicity. Anyway, they will never be pushed since they do not exist.

Floor button Fu(i) requests a lift to come to a stop at floor i in up direction; Fd(j)
requests a lift to come to stop at floor j in the down direction; £(k) requests the lift to
go to floor k and to stop. Whenever a lift stops, it will always open the door and then
close it. For simplicity, this process of open and close will not be repeated next.

It is of dual nature with Nets as system model for a lift system. It gains simplicity
while it loses flexibility.

First, it gains simplicity.
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u_close(i)

Fig. 5.6 Transitions at floor i

For global control, the complexity of N-lift problem is (M, N, 2), M floors, N lifts,
and 2 directions.

The author was told years ago that N < 6 is a must in practice. It is noticeable that
6 lifts are the general case for many of a tall building. The global states of 7 or more
lifts may be too complicated to manage, or a group of 6 lifts can provide good service
for a hotel or office building in general, including rush hours. The fact is that
complaints are not rare. Experience in the past is: a lift in your direction might be
passing by you without stopping since the lift was either full or dispatched before
your push.

The wanted lift service should not disappoint passengers, i.e., whenever a lift
passes by a floor, it responds to a floor button push by stopping unless “full” is
displayed. So, passengers would not be complaining. But global dispatch is not
flexible enough to do so, for service requests are not predictable. A simplest way to
avoid “passing by without stopping” is to have no control. Let every lift go up from
the bottom to top and then return to the bottom. Lifts stop at every floor to release/
receive passengers. But low efficiency does not allow this way of “control by no
control.”

For Nets, the principle of local determination allows us to focus on one lift only.
So, N is reduced to 1. Floor buttons are shared by all lifts in the way of “first arrive,
first serve.” As such, the complexity may be reduced from (M, N, 2) to (1, 1, 1), 1 lift,
1 floor, and 1 direction, since actions of a lift at every floor are the same (we have
buttons Fu(M) and Fd(1)) and up direction and down direction are anti-symmetric.
Local determination is the merit of Nets.

Figure 5.6 includes transitions at floor i. This net is clear and easy to understand,
except that element U _ req(i + 1) and U _ halt(i) are explained below.

On the other hand, however, fixed extension of transitions in nets has made
flexibility low. A lift in reality may go up/down from one floor to any other floor
and stop in between as requested. But in Nets, atomicity of transitions allows only
actions to go up/down one floor, since only these moves are atomic actions. As such,
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Fig. 5.7 To stop at floor i in
up direction

many details have to be included to model lift control. This seems a draw back from
practice. But, as far as system modeling is concerned, nets uses fewer achieve
elements to represent lift moves. For example, only four moves are needed in up
direction for a 5-floor lift, while there are possible Cg =10 floor combination lift
moves.

Note that we have simplified the lift problem from (M,N,2) to (1,1,1) and
concentrate now on a single lift.

Figure 5.7 is a net for just one action, i.e., to stop at floor i in up direction. In
Fig. 5.7, place U _ at(i) is a lift state: having arrived (but not necessarily stops) at
floor i. Place U _ open(i) is also a lift state: having its door opened. State U _ at(i)
may enable two transitions: it enables U _ stop(i) if required; otherwise (inhibit arc
and U _ halt(i) has no token), it goes on up to U _ at(i + 1).

Note that Fu(i) V Fu' (i) V £(i) = Halt(i), where Fu'(i) is obtained when Fu(i)
has been read by some lift (becoming the responsible lift) and waiting to be served.
Fu (i) requires just a pass-by service before the responsible lift arrives. The function
of F u’(i ) is to avoid the second lift to read Fu(i) and to take the same responsibility.

The atomicity of transitions requires button pushes to be decomposed into atomic
requests. U _ req(i) is obtained from the decomposition of a floor up button or a lift
button. In case the lift is at floor i. For j, j > i, the decomposition is as below:

U_at(i) Ni<j—
Fu(j) =2 U_req(i) + U_req(i + 1) + - + u_stop(j)
L(j) 2 U_req(i) + U_req(i + 1) + - + u_stop(j)

“=2” is used instead of “=", since u _ stop(j) is a transition, rather than a place.

Note that u _ stop(j) is a transition for the lift to stop. Up transitions are prefixed
with “u_" and places in up direction is prefixed with “U_". All U _ regs are ended by
a u _ stop to ensure safety.

Above decomposition is illustrated by transition u _ readFu(i,j). In Fig. 5.8, the
lift is at floor i to read button Fu(j). U _req(i + 1,j) is abbreviation of U _ req(i + 1),
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Fig. 5.8 Transition u _ readFu(i, )

U _req(i + 2),7-,U _req(j). A lift would read its own button first. Only if no lift
button is pushed, a pushed floor button would be read. That is why transition
u _ readFu(i,j) has inhibit arcs from £(i+ 1,j), an abbreviation of L(i+ 1),
L(3i+2), -, L()).

Figure 5.9 includes almost all transitions at floor j in both directions. It is very
complicated to understand. Human readers are very likely giving up reading. But for
people working in the lift profession, nets may be of help in design stage.

To make clear the merit and the drawback of nets in modelling lifts, Fig. 5.6 is the
net for one lift at one floor. The net seems simple and clear. But it requires
explanation. When the lift reaches floor i, it may stop at request U _ halt(i),
otherwise it would go up to floor i + 1 if required by U _ req(i + 1). In case of no
stop request and no up request, the lift would change to down direction.

Atomicity of transitions has led to a complicated solution of N-lift problem. The
algebraic presentation of this solution is also complicated since atomicity is the
same, no matter what means to use for transition presentation.

We will return to this example when color net systems are discussed.

5.4 Toy Examples

Example 5.1 To Free a Prisoner This story came to me about 40 years ago when I
was a visiting scholar abroad.

A prison cell has two openings, a and b. One opens to outside and leads to
freedom, and the other one opens to the execution ground. Two guards, A and B, are
standing outside a and b respectively, say A is guarding a, and B is guarding b. One
of the guards is a truth teller while the other one is a liar. The prisoner is told that he
may ask A or B one yes/no question, and based on the answer, he can choose a or b to
go out and be freed or executed. Assuming that the prisoner asks guard A. The
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Fig. 5.9 Transitions at one floor in both directions

question should be in the form: “a complete statement plus yes or no,” and it should
be answered directly by the guard to be asked. This is because the answer from B to
A (aliar and a truth teller) to the prisoner is always the opposite of truth. Now, if you
were the prisoner, what question would you ask to ensure freedom? This problem
has puzzled many. Readers may try it first, then go on reading.

Your question would be targeting at a or b, and be answered by A or B.

For the EN-system, a condition is just a single S-element; it is similar to a Boolean
variable. But for our application, a condition is not the right means to describe states
of a, b or A, B. Generally speaking, the state of an object like the openings and
guards must be described by a bit of information. A condition is either true, or false.
But a bit of information has three possibilities: being true, false, or unknown. It is
also possible that an information is a constant. Figure 5.10 below illustrates
it. Figure 5.10a is called an information station and Fig. 5.10b is a constant
information. The box with a lying capital letter T represents a dead transition (not
enabled by any reachable marking). A dead transition specifies a property of the
related system, i.e., its precondition and postcondition at any case (i.e., marking
consisting conditions) cannot enable it. The dead transition inside the big circle
denotes a fact: —~(a = 1 A a = 0), while the big circle itself represents information a.
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Fig. 5.11 Interaction of two v=0 v=1 u=0 u=1
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Figure 5.10b specifies a constant information: a = 1. Note that —-(a =1 A a = 0)
allows a to be unknown.

We will discuss information station and dead transition later when Enlogy is
introduced.

Let us return to the above example of the prisoner. A single opening and a single
guard must be modeled respectively with one bit information. Figure 5.11 below
suggests a solution for the yes/no question. This is a simple net in which one bit
information u and one bit information v represents the states of opening a and guard
A respectively. Transitions #, #,, 3 and #, are interactions to the 4 possible combi-
nations of # and v. Information c is the same as u, since they are the same information
about opening a. Information d is the information, which is the answer. In case a
yes/no question leads to the occurrence of some ¢, then the prisoner would be freed;
otherwise, there is no solution to save him. This is because each of ¢, t,, t; and 14
corresponds to a different combination of the truth value of the opening and the truth
value of the guard, as explained below.

Solutions are found by a careful study on the net in Fig. 5.11. More than one
question can be asked: (T, L)? (T, D)? (F, L)? or (F, D)? where T = truth teller,
F =liar, L =live and D = death. (T, L) = “The truth teller is guarding the opening to
live, yes or no?”. To go out from behind the guard if he answers “yes,” otherwise to
go out from the other opening. Readers are suggested to try it.
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ex;: waiting execution the next day

ex; an;: the judge setting the next day for execution
at;: waiting nervously

pre:: the prisoner predicting the next day be the day
of execution
free;: guessing correctly and be free

an;

A
at; ( 4” )

4

pre;

é free;

Fig. 5.12 One day in prison

Example 5.2 To Get Released This is also a story I heard when I was lined up in a
cafeteria at Toronto University, Canada, in the late 1970s.

A prisoner is told that he would be released 1 day next week from Monday to
Sunday. He has one chance to be freed if he predicts the execution day correctly
1 day prior. The judge is coming every day to listen to a possible prediction from the
prisoner or to announce the execution decision the next day.

The prisoner thought that the execution day could not be Sunday, since otherwise
he could make the right prediction on Saturday to make the execution impossible.
So, Saturday is the last day for execution. But he continued with his logical
reasoning and he could predict it on Friday to make Saturday’s execution impossi-
ble. Finally, the prisoner slept sound with a smile, waiting to be freed.

Unfortunately, the prisoner was executed. The question is: what’s wrong in his
logic?

The author got to know this story 45 years ago. There was no answer to this
question at that time. I had an idea about it many years later after I visited Petri’s
institute. It is Petri net that provides a hint to me.

Put the story in Petri nets, there are three transitions for the prisoner to participate
in every day: one transition is from at(someday) to at(next-day); second transition is
waiting to be executed next day and the last transition is waiting to be released next
day. The kind judge lets the prisoner to make a prediction before he announces the
decision. Figure 5.12 is the Petri net system for this story. Figure 5.12 shows
transitions for 1 day and Fig. 5.13 includes transitions for all day.
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Fig. 5.13 More days in prison

The net in Fig. 5.13 shows more days in cell. It may be viewed as an unfolding
from Fig. 5.12. There is but one token in all conditions a;, i = 1, 2, 3, **, since the
token indicates that the execution time is the next day, and this “next day” is unique.
There is but one token in all conditions pre;, i = 1, 2, 3, -, since the prisoner may
make only one prediction. Condition at, has one token as well for the prisoner is
alive at the beginning. The net contains 7 days of next week. It is clear by the net
system that both being executed and being freed are possible. The logic of the
prisoner is: he would be freed since he would not be freed. What a paradox.

Why these two small examples are difficult to answer at the beginning, and
become simple when nets come into being? It is the graphical appearance of nets
that provide a visual picture.
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High Level Net Systems: Pr/T-system e

Abstract S-elements of Pr/T-systems are connected with predicates. A token held
by an S-element makes the predicate true.

High level net systems include predicate/transition-system (Pr/T-system for short)
and color net systems. They are folded from P/T-systems, as shown in Fig. 3.1.

The inflexibility of Nets leads to complicated systems while high level nets
provide a way to reduce the degree of complexity by promoting a degree of
abstraction. For example, the net system in Fig. 4.9 may be simplified to a Pr/T-
system with 6 elements. The 6 elements in Fig. 6.1 are obtained by omitting the
5 transitions from “thinking” to “hungry.” These 5 transitions are not deleted, but
rather, they have all been made implicit, since philosophers cannot be thinking for
too long, and sooner or later the transitions would occur to let tokens flow from
“thinking” to “hungry.” Similar to net folding, the action of hiding details is also a
net morphism, a continuous mapping from nets to nets in net topology.

High level net systems are mainly for real applications, rather than for theoretical
exploration. Thus, it is assumed that there is a fixed set D of individual objects to
flow in the net. There, of course, may be objects that join or quit in the middle of the
execution, i.e., D seems not a fixed set. To keep D fixed, special predicates may be
included to shelter those that join or quit later.

Tokens to pass control from transition to transition are not counted as elements of
D. Capacity of every place is assumed to be infinite (putting no restriction on token
flow). Besides, the effect of a transition firing is conservative, i.e., it is just a
redistribution of individuals among places in the extension. This is the basis to
understand high level nets, say, understand the system )", in Fig. 6.1 below, of which
some details are listed below to prepare for a formal definition.

The initial marking is given with symbolic sum: MyA) = < p; > +
<Pp2>+<p3>+<ps>+<ps> Myl) = < fi >+ < f3>+ <[>,
MyR) = < fo > + < f4>, My(C) = < >, and D = {p,fli,j = 1,2,3,4,5}, ie.,
5 philosophers p; and 5 forks f;. Predicates A, C, L, R are respectively “x is a hungry
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My(A)=<p;>+<p>

L - T R +<p3>+<py>+<ps>
My(L)=<f;>+<f3>+<fs>
My(R)=<f>+<f4>
My (C)=<>

Fig. 6.1 System } ,: dining philosophers

philosopher,” “x is eating with forks y (left hand) and z(right hand),” “y is ready for
use” and “z is ready for use.” Transitions 7,, and 73 (7, is implicit) are 3-ary static
predicate match(x, y, z). Weights on arcs are as below:

AF(A,TQ):AF(T3,A): <xX>,
AF(L, 12) = <y>,AF(R,T2) =<z>,
AF(Tz,C) :AF(C,T?,): <XxX,y,2>,

Ap(t3,L) = <z>,Ap(73,R) = <y >,

Values that make match(x,y, z) true are {(p,.f; - ,.f)li = 1,2,3,4,5}, in which
1 — 1 = 5. Substitution (x «— dy, y «— d,, 7 < d5) is feasible at marking M, if d; is a
hungry philosopher (<d; > € M(A)), and forks d, and d5 are ready to be used
(<dr, > € M(L) and <d; > € M(R)) and match(d,, d», d3) is true. Feasible substi-
tution (x «— dy, y < d,, z < d3) enables 7, and then, after the firing of 7,, 73 is
enabled to fire, leading to a different fork distribution. Note that philosophers p, and
P4 may start eating concurrently at the given initial marking.

As said above, tokens are not counted as elements of D, but they still play a role in
high level systems for system control, i.e., to force certain order beyond casual
dependence. Besides, tokens may also be used to gain higher efficiency of resource
usage by changing resource distribution from average score to distribution on demand.

To keep concepts as simple as possible, tokens would not be explicitly included in
definitions next. Figure 6.2 illustrates token functions. The relation between transitions
a and b have been changed, by extra places ¢, and ¢,, from My[a || b> to Mola — b>,
and then to Myla — a || b>. Note that a transition of P/T-systems or high-level net
systems may be concurrent with itself like b || b. Tokens in places other than ¢; and ¢,
represent resources that flow on the net. Besides, tokens may also change My[a ~~ b>
(contact) to My[a > b> (potential contact), so safety is further ensured. To change
Molal b> (conflict) to Myla — b> or My[b — a> may resolve the confusion situation.

6.1 Pr/T-system

The term “predicate” has been used above. Next is a more precise explanation of it.
A predicate is an incomplete proposition with the missing parts represented by
variable names. Values of these variables belong to a domain called the definition
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Fig. 6.2 How tokens in ¢; and ¢, work

domain of this predicate. Some values of this definition domain make the predicate
true while other values make it false. This true-or-false divides the definition domain
into two subsets. In case these two subsets are fixed, the predicate is a static one.
Otherwise, it is dynamic. For example, in the domain {(p;,f)li = 1,2,3,4,5}, “x is
hungry” is a dynamic predicate, while “x is a philosopher” is a static predicate, since
a hungry philosopher is no longer hungry after eating while a philosopher is a
philosopher all the time.
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Definition 6.1 Predicate/Transition-system ) = (P,T;F,D,V,A,,Ap,Ap, M) is a
predicate/transition system, Pr/T-system for short, if

(P, T; F) is a directed net,

D is a nonempty set,

V is a set of variables on D,

Ap: P — 7y, my is the set of dynamic predicates on D.

Ar: T — 75, 7, is the set of static predicates on D.

Ag: F — f, f, is the set of symbolic sums on D U V,

Moy: P—f%, f is the set of symbolic sums on D, and for p € P, My(p) is in the
definition domain of A,(p).

Remarks

1. If A,(p) is a n-ary dynamic predicate defined on D", the n-dimensional Cartesian
product of D, then p is itself called a n-ary predicate as well. Besides, on all arcs
from p or to p, the symbolic sums must be n-ary.

2. For 7 € T, if static predicate A7(7) contains variables on D, then these variables
must appear on input arcs to z. The set of these variables is called the variable set
of 7, denoted with V(7). A combination of these variables required by Az(7) is
called a pattern.

. In case V(r) = @, the static predicate on 7 is “true.”

4. M, is a distribution of all objects of D.

(O8]

To facilitate the understanding, let’s go back to Fig. 6.1. Compared to above
definition, A7: T — m, requires an explanation. A7(7,) and A7(z3) are both the static
predicate match(x, y, z), of which the value setis {(p;,f; — 1,f)li=1,2,3,4,5},1 —
1 = 5. As said before, each of these values is a pattern for 7, and 75 to fire.

Place C is a triple predicate. As its initial value, <> is used: M(C) = < >. <> is
an empty symbolic sum. For C, <> is 3-ary sum.

It is easy to check whether the set of predicates is “complete and mutually
exclusive”: a philosopher is either “hungry” (predicate A) or “eating” (predicate
O), or “thinking” (implicit); a fork is either “ready for use” (predicate L or R) or
“being used” (predicate C).

To assign an object of D to every variable in V(r), obtained is a substitution of
V(7). It is denoted with {x « dlx € V() A d € D}.

The substitution (z, x, y) < (p3, f>,f3) for 7, is a feasible (enabled) one at M, since
<p3 > € My(A), <fo > € My(L), <fs > € My(R) and match(x,y,z) = true. The
substitution (z,x,y) < (ps,fs,fs) for 7, is also feasible, and these two feasible
substitutions are concurrent.

It is important to note that variable name y appears on both arcs (L, 7,) and (z3, L),
but it represents different forks. Philosopher p3 picks up fork f; from L, but returns
fork f; to L after eating. Though y is called a variable here, it is not a math variable to
carry a value from one transition (statement) to another transition.

It is clear that with Pr/T-system as the means, a net structure is greatly reduced
while markings on places (predicates) become complicated, so are the weights on
arcs. Besides, transitions have to be marked with firing patterns. This is a trade-off.
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For toy examples like dining philosophers, the merit of high-level net systems is not
so obvious. Only in real applications, when the net structure looks like a net made by
a spider, a simplified structure makes sense. It seems easier for an automatic tool to
deal with a one-dimensional formula (predicates, symbolic sums etc.) than two or
more dimensional graphic structures. It is not always possible to draw a net on a
piece of paper without crossing arcs. Thus, a net is not always a two-dimensional
graph (if arrow heads are removed).

In what follows, f/ is the set of symbolic sums on D. A symbolic sum may be
viewed as another way to write a set. In what follows, operators on sets are used on
symbolic sums.

Definition 6.2 Marking of Pr/T-system A map M : P—f" is a marking on P, if
VdeD3peP:de Mp).

The symbol “3 !~ requires not only “exists”, but is also “unique.” So, a marking
is a distribution of objects in D on places of P, in the form of a symbolic sum. X is
resource conservative since every marking is a distribution of resources in D. A
resource conservative system requires every transition of it to be resource
conservative.

Formal definitions for transition rules are complicated to write and to read. They
will be given half-formally next.

Definition 6.3 Feasible Substitution For transition z of Pr/T-system X, the substi-
tution § = {x < dlx € V(1) A d € D} for its variable set V() is feasible at marking M,
if

1. D(d) is in the value domain of Ax{(7), where D(6) consists of all objects used in
substitution 6, i.e. D(6) makes A(7) true.

2.Vp € ©:8(p,7) S M(p), where 8(p,7) is the symbolic sum A(p,7) under
substitution &. So, é(p, 7) is a subsets of M(p). Remember that a symbolic sum is
treated as a set

Definition 6.4 Transition Rules for Pr/T-systems

1. For Pr/T-system ) = (P,T;F,D,V,A,,Ar,Ap, M), transition 7 is enabled by
substitution § at marking M, denoted by M[(z,5)> or simply M[z,d>, if J is
feasible at M.

2. The successor marking M for M[(z,5)> is given by

M (p) = M(p) + 8(z,p) — 8(p,7) forall p,p € TN 7,
M (p)=M(p) + 5(r,p) forallp,p € 7,

M’(p) =M(p) — 8(p,7) forall p, p € T,

M (p)=M(p)forallp,p¢ tUr,

This successor relation is denoted as M[(z, 5)>M'.

Definition 6.5 [M,>, The Set of All Reachable Markings [M,> is the smallest set
of markings that satisfies the two conditions:
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My € [M()>,
M e [My> A3(z,8) : M[(z,8) >M —M € [My>.

As said before for P/T-systems, [My> must be the smallest.

6.2 Properties of Pr/T-systems

The pair (z, 0) in Pr/T-systems plays the role of a transition ¢ in P/T-systems, where 7
is a transition name, ¢ is a feasible substitution. In what follows, ¢ represents (z, 8),
so M[(z,6)>M would be written as M[p>M .

Definition 6.6 Firing Sequence Sequence o = ¢ ¢, "¢, is a firing sequence of Pr/
T—system Z = (P, T, F, D, V,Ap,AT,AF, M()) if n >1 and M0[§01>M1 [¢2>M2
[pn>M,,.

An infinite sequence 6 =@y is a firing sequence if every prefix of o isa
firing sequence.

Definition 6.7 Live System Transition 7 is potentially enabled by marking M, if
there exists a substitution &, such that M[(z, §)> or IM e (M > :M/[r, o>.

A transition 7 is live if for every reachable marking M in [My>, there is a
substitution 6, such that (z, d) is potentially enabled by M.

> is live if every 7 is live.

Fairness for Pr/T-systems will not be defined here. It is sufficient for readers to
have it defined for P/T-systems. Fairness relies on infinity. It is meaningless to hunt
for fair from infinity. Such fairness is meaningless for human beings, since no one
could live forever. Such fairness is meaningless for application systems, since no
parts of an application system would complain of being treated unfairly. So, fairness
is a pure academic concept, not applicable in reality.

Fair or unfair, it mainly refers to human society. There is nothing in human
society that could last forever. In other words, human society is always fair
according to this definition. This is certainly untrue. As for wealth accumulation,
no matter how great the distance between the rich and the poor, no one would have
infinite wealth. So, wealth accumulation is always fair. This is not true either.

A concept called synchronic distance will be defined later, with which, the
abovementioned distance between rich and poor will be quantified. So, instead of
a clear cut between fair and unfair, a quantified measure for fairness will be
suggested.

As means for system analysis, reachable tree 7[M,> and reachable graph G[M,>
can be constructed with algorithms similar to that for P/T-systems. Figure 6.3 is a
simplified 7{M,> for the dining philosophers, in which M; is p; eating and M;; is p;
and p; eating in parallel. Feasible substitutions on arcs from father node to son node
are simplified to p; (the eating philosopher) or —p;, (p; stops eating). Besides, all
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My
P1 P2 P3 P4 Ps
M, M; M, Ms
DY LN
Mo My, Mys M, My M,y
-pf X-‘m -pf \-‘ps -p/ X—{m -pj \-‘m
M, M, Ms M, My M; M, M,

Fig. 6.3 T[M,> for dining philosophers

Fig. 6.4 Incident matrix for q, =<p; > +<fy>+<fi>a,=<p, >+<fi>+<f, >
2
A3 =<p3>+< fLr>+<fy>a,=<p,>+<f3>+<f, >

a5 =<ps > +< f, > +< f5 >

a; a; az ag Gas
~P1 —P2 —P3 —Ps ~Ps
—fs —h —f —fi —h
—Hh —f s i —fs

a, a, az a, Qas

O™~

offspring of the second generation share the same sub tree. Only two of these sub
trees are explicit in Fig. 6.3.

A simple net (Fig. 6.1) and a complicated tree (Fig. 6.3), as the author has
repeatedly stated, are situations that may be good for automatic treatment. Leave
the simple for man and the complicated for AL

The incidence matrix for the whole system is bound to be complicated. Fig. 6.4
below is a matrix for 7, in Fig. 6.1, in which

From each of the columns we see the conservative property of 7,, and as such, 7,
as a whole is conservative. The firing of 7, leads to a redistribution of individuals.

The incident matrix for transition 73 is similar.

6.3 Process

As means of analysis, we have defined firing sequences, [My>, T(}))and G(})). The
concept of system processes was originally defined for special P/T-systems in which
the capacity of every place is 0o, and all arc weights are 1 (by the way, this is the
original net model used by Prof. Petri himself) since otherwise the definition of
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A(ps)

Cl<pa,f1,f2>)

C(<ps,f2f3>)

C(<pa,fs,fs>)

C(<pufs,f1>)

Fig. 6.5 A process of ),

process would be too complicated to formalize. The most important thing is concept,
not tiny details (i.e., various capacities and various arc weights). To involve com-
plicated things to confuse oneself is not among the purpose of this writing.

The concept of processes is applicable to Pr/T-systems and color systems. A
process is an unfolding from a system to occurrence net. So, informally speaking, a
process of a net system is a pair consisting of an occurrence net and a mapping from
this occurrence net to the net system. Figure 6.5 below is a process of the Pr/T-
system Y, for dining philosophers. The naming of the elements reflects the mapping
from the occurrence net to ) ,.

A system usually has more than one process and some processes may be infinite
in size. The structure of such an infinite process would have certain regularities like a
rational number, i.e., it is a repetition of one or more finite occurrence nets. Such a
finite portion of an occurrence net is called an occurrence period. It is easy to find
occurrence periods from G(}’). Every basic circle on G(})corresponds to a period.
Take every basic circle away from G(3)so that G(}))is divided into parts, then every
connected part of the divided G[My> corresponds to a period as well. This way, to
obtain process periods from G(}))is already very close to an algorithm, so, it is left
for readers to add details. The following theorem is obviously true since G(})is
finite.

Theorem 6.1 Process Periods Every finite net system has a finite number of finite
periods.
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Color Net Systems e

Abstract Tokens in color net systems are dyed with different colors to make a
distincton.

A Pr/T-system names every individual and color net systems colors individually to
make a distinction. A color system is simpler than a Pr/T-system since individuals of
the same kind share the same color. As such, a color system is introduced with more
details.

For color systems, every place has a set of token color and every transition has a
set of occurrence color. Arc weights are mappings from occurrence color to token
color. Let D be the set of available solid color. In addition to transition firing one
after another, next definition includes various concurrent firings. Note that an
occurrence color of the same transition may be concurrent with itself, i.e., a transition
may fire concurrently more than once with the same color.

Definition 7.1 Color Net System ) = (P,T;F,C,I.,1_,M,) is a color system, if

1. (P, T; F) is a directed net, the foundation of ),

2. C:PUT— $ (D), (D) is the power set of D, i. e., the set of all subsets of D.
C(p) is the set of token color of place p, and C(¥) is the set of occurrence color of 7.

3. 1, is the weight function for producing. For arc (p, ), I,(p,?) is a linear function
from C(t),,s to C(p),.s- I_ is a weight function for consuming. For arc (¢, p), I_(p,
?) is a linear function from C(¢),,,; to C(p),,.s-

4. My : P — D, is the initial marking such that My(p) € C(p),.ss. For every p in P.

Remarks
* A triple (P,T;F) is often used to denote a directed net when P/T-systems and

high-level net systems are discussed, though (S, T; F') was used in the definition of
directed nets.
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Fig. 7.1 A color system of A
church wedding
tc(A)={<w><r>} @
id
id
te(t)={<w,r>} <W,r> ¢, <w>,<r>|  te(ty)={<w>,<r>}
T
id

tc(B)={<w,r>}

te(ty)={<w,r>} tc(D)={<w>,<r>}

tc(C)={<r>} te(ts)={<r>}

T3

» The subscript “ms” is an abbreviation of “multiset”. For example, D, is the
multiset of D. Elements of a multiset are written as a symbolic sum. So,
2<r>+ <w> €D, ifrand win D.

* C(?),s and C(p),,, are respectively the multiset of occurrence color of t and the
multiset of token color of p.

» A concurrent firing of occurrence color of ¢ is an element in C(¢),,,, represented as
a linear combination of occurrence color like 2a + 3b + ¢, where a, b and ¢ are
occurrence color of ¢. A linear function from C(%),,,, to C(p),,, computes effects of
a concurrent firing: what is consumed and what is produced.

* Function f from C(?),,, to C(p),.s 18 linear if f(2a + 3b + ¢) = 2f(a) + 3f(b) + flc).

» I, and [ _ are both linear functions from C(f),,; to C(p),,s,» computing respectively
what a (concurrent) firing would produce or consume.

+ Itis the use of a multiset of color set that makes a color system better than a Pr/T-
system.

An occurrence color is usually a composed color, represented as a vector like (7,
w) or (<r>,<w>). Thus, both functions I, and /_ are linear combinations of
projection prl, pr2, ..., prn and the identity function id. For example, pr2(x, y,
7) =y, id(x,y) = (x,y) and id(x) = x. These math functions are not redefined here.

The problem of dinning philosophers is not a good example to exhibit the
advantage of color net systems since all philosophers and forks must be dyed
differently. To dye them and to name them makes no difference. The church
wedding is a bit better, since the wedding couple shares the same color as shown
in Figure 7.1 given below.
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Fig. 7.2 Inhibit arcs (a) and f f
(b) [ —0O C)O—D

t p p t
(@ (b)
Fig. 7.3 Flexible arcs O] M
3 t t p
(@) (b)

No good example of color system found that fits this book. A real application is
expected.

To make better use of a color system, the following 4 kinds of directed arcs were
proposed when the author tried to build a net for the lifts. These arcs may reduce
structure complexity.

First kind: enriched inhibit arc

1. The arc (p, t) as shown in Fig. 7.2a is the first class of inhibit arc, if
Mlt(a) > >M(p) Nf(a) =D
and
Mit(a) > M — M (p) = M(p)
In which, a € C(¢),,s, and fis the weight on (p,?), i.e., a linear function from

C(®)ns t0 C(P)ns-
2. The arc (p, f) as shown in Fig. 7.2b is the second class of inhibit arc, if

Mlt(a) > —>M(p) Nf(a) =f(a)
and
Mlt(a)>M' — M (p) =M (p)

In which, a € C(¢),,s, and fis the weight on (p,?), i.e., a linear function from
C(O)ns 10 C(P)yns-

Second kind: flexible arc

1. The arc (p, f) as shown in Fig. 7.3a is the first class of flexible arc, if

M[t(a) > —M(p) Nf(a) =DV M(p) Nf(a) =f(a)

and
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Mit(a) > M — M (p) = M(p) — f(a)

So, fla) may have no common elements with M(p), or be completely contained
by M(p), and the firing of ¢ makes M(p) N fla) = O.
2. The arc (z, p) as shown in Fig. 7.3b is the second class of flexible arc, if

Mlt(a) > —>M(p) Nf(a)=2D Vv M(p)Nf(a)=f(a)
and
Mlt(a) >M —M'(p) =M(p) Uf(a)

So, fla) may have no common elements with M(p), or be completely contained
by M(p), and the firing of t makes M(p) N fla) = fla).

Note that it is possible that M(p) — fla) # O, i.e., M(p) contains elements
other than f(a).

Third kind: combined arc

1. {p1,p2,---,Pn}, b is the first class of combined arc, if

Mit(a)> - Vi: 1<i<n:M(p;) Nfi(a)=D VM@, Nfi(a)=f;(a) A i
t1<i<n:M(p;) N fi(a)=fi(a)

and

Mlt(a) >M' —Vi:1<i<n: M (p;)=M(p;) —fi(a)

2. (t,{p1,p2, - - -»Pn}) 1s the second class of combined arc, if

Mit(a) > ->Vi: 1<i<n:M(p;,) Nfi(a)=D VvV M(p;) Nf;(a)=f;(a) A i
1<i<n:M(p;)Nfila) =<

and
Mt(a)>M —Vi:1<i<n: M (p,)"f(a) =f(a).

Figure 7.4 illustrates combined arcs, in which n = 2, and f; # f> in Fig. 7.5a,
and f = f| = f> in Fig. 7.5b (Fig. 7.5).
Fourth kind: Causal arcs

1. (p1, 1) and (2, p,) are a pair of first class of causal arcs if
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P1 P1 p1 P1
fi
fy
f f
f, t t t f
P2 b2 p2 P2
(a) (b) ©

Fig. 7.4 Combined arcs

P1 f, £, P2 £, 6

t p1 t p2
(@) (b)

Mt(a) > = M(py) Nf1(a) =DV M(p,) Nfi(a) =fi(a)

and

Mlt(a)>M' —M'(p,) =M(p,) —f1(a) AM'(p,)

% {M(Pz) it M(p,) Nfi(a)=2
M(p,) +f>(a) if M(py) Nfi(a)=F(a)

Or, with ~ as the separator,

M'(py) =M(p,) if M(p;) Nf1(a) =D ~ M(p,) +f>(a) if M(p,) Nfi(a)=f(a)

2. (p1, 1) and (¢, p,) are a pair of second class of causal arcs if

Mlt(a) > — (M(p,) Nf1(a) =DV M(p;) Nfi(a)=f(a))
AN (M(py) Nfr(a) =DV M(p,y) Nfr(a) =f>(a))

and

Mlt(a) >M —M'(p)) =M(p,) —f1(a) AM'(py) =M(p,) if M(py) Nf1(a) =D
~ M(p,) Uf>(a)if M(p,) Nfi(a) =f(a)

The detailed net system for lifts is not included here since what interests us is
not the lift system itself, but rather features of nets. Figure 7.6 is a net for lift
button push, in which Fig. 7.6a is a P/T-system and Fig. 7.6b is a color system
with causal arc. It seems that the complexity of Fig. 7.6a and the complexity of
Fig. 7.6b are almost the same. But, Fig. 7.6a is a single push on one floor while
Fig. 7.6b is a push for all M floors.

Place cL(i) in Fig. 7.6a is mainly to keep the token number in £(i) not to
exceed 1, no matter how many times the button is pushed. It is not as simple as it
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Fig. 7.6 (a) P/T transitions 1_push(?)

(b) causal arcs (O Lo

L_push
L) C Id B Id CL
1_push’(i) cL
(@ (b)

seems. An idle lift may read £(i) and comes to serve it. This lift is the candidate
for £(i). It is possible that £(i) is served by a pass-by lift soon after there is a
candidate. The token in £(i) should be removed by the pass-by lift on the one
hand (since it has been served), while there must be a mark left to stop the
candidate when it arrives at floor i. The token in cL(i) serves as the mark.

Place cL in (b) holds token color for floor buttons that are not pushed. A push
(an occurrence color of transition 1-push) would move the token color for due
floor from cL to L. This pair of causal arcs would solve the abovementioned
problem of repeated button push.

So far, we have finished the presentation of a net system hierarchy. A problem
is still in front us: how to make net systems more flexible for use. The limitations
of P/T-systems include:

1. Transition extension is a fixed set of places.

2. Arc weights are invariable positive integers.

3. The only data type is positive integer, and the allowed operators are plus/minus
on positive integers.

To amend these limitations, self-control systems and C-net systems have been
proposed. The former allows variable arc weights, and the latter introduces data
types into nets. These inventions fall into the category of engineering, no impact on
net theory.



Chapter 8 )
Self-Control Systems s

Abstract Weights on arcs of a net system represent the amount of tokens to be
consumed or produced,and weights are usually remain constants. Self-control sys-
tems allow arc weights to vary from system state to states. It is the current amount of
tokens held by a place that is the current weight on a arc if the name of that place is
the weight on that arc.

Self-control systems have flexible arc weights and the flexibility comes from itself
by allowing one or more arc weights being a name of its place, say p. The token
number M(p) at marking M would be taken as the weight on due arc at M.

Definition 8.1 Self-control System > = (P, T; F, W, My) is a self-control net system if

dnet(P,T; F)
AW :F—{1,2,...}UP
AMy: P—{0,1,2, ...}

Here, it is assumed that the capacities of places are all infinite.

In case W(x,y) = p; on arc (x, y), the real weight on (x, y) at marking M is M(p).
So, W(x, y) varies from marking to marking. One way to show the weight graphically
is to write the place name p; on arc (x, y), another way is to draw an arrow from p; to
(x,y). Figure 8.1 illustrates it.

The alternating firing of #; and #, in Fig. 8.1a, b produces a Fibonacci series 0, 1,
1,2,3,5,8, .... The token numbers in place s; is O, 1, 3, 8,..., and the token
numbers in place s, is 1, 2, 5,. . . . By putting them together in the order M(s;), M(s»),
a Fibonacci series is obtained.

The next definition makes the concept of flexible weights more flexible. The arc
weights are extended from simply a constant or a place name to polynomials with
place names as variables.
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t

L’Opl t P1

P1

P2 P2 t

t
(@) (b)

Fig. 8.1 Two ways to show flexible arc weight

Fig. 8.2 Self-control n l:'_np_>®
systems for progressions ( )

t p t p

(@) (b)
Fig. 8.3 Nonlinear net S1 t; S3
Sy t, Sy

<> ) 51,()

Definition 8.2 Extended Self-control Net System > = (P,T;F,W,M,) is an
extended self-control net system if

dnet(P, T;F)
AW :F—{l1,2, ..} UE
AMo: P—1{0,1,2, ...},

in which E is a N-ary polynomial of degree one with elements in P as variables and
positive integers as coefficients. In case a polynomial reduces to a constant, it must
be an integer greater than zero. N is the number of elements in P.

Figure 8.2 includes two examples of self-control net systems with extended
flexible weights. Figure 8.2a computes an arithmetic progression, i.e., 0, n, 2n, 3n,
..., and Fig. 8.2b computes a geometric progression, i.e., I, n + 1, (n + 1)2, (n+ 1)3,
....since t(i + D/ti) = n+ 1 fori =1, 2,3, ..., where #(i) is the iy item of this
progression.

Figure 8.3 contains a self-control net system, in which transitions are related with
each other with flexible weights. In this system, My = (3, 2,0,0), and both #, and 7,
are enabled for firing. We know that there are three ways for concurrent transitions to
fire.
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My=(3,2,0,0)7 M, =(1,2,1,0) 7 ;M5 = (1,1,1,1)
Mo=(3,2,0,0)7 .M, =(3,1,0,3) 7 My =(2,1,1,3)

Mo=(3,2,0,0)7 || 7.M;=(1,1,1,3)

The three ways of transition firings end up at different markings. Thus, self-
control net systems are not linear.

Transition #, in Fig. 8.3 may fire concurrently with itself to produce the successor
marking My = (3,0, 6,0). At this marking, the weight M(s,) on arc (s, ;) becomes
zero. M[t;> is true or not? If M[¢,> is true, then #; may fire arbitrarily many times
since the capacity of s3 is assumed to be infinite.

As an abstract transition, and as long as its extension is not empty, its dynamics is
decided by transition rules, no matter how many times it may fire. High level systems
aim at real applications, and as such, endless firing should be considered whether it is
reasonable or not. Endless firing is very likely not realistic. So, as a suggestion, when
all weights on input arcs become zero, the transition is disabled.

Definition 8.3 Transition Rule
1. For arc weight e, e € E, the value of e at marking M, denoted by e,,, is obtained by
taking M(p) as the value of p in e, for all place p, that is,

ey = €|y p» P takes the integer M(p) as its value.

2. The extended weight W (x, y) on arc (x, y)is defined as
W (x,y)=W(x,y) if (x,y) € F~0 if (x,y)¢F,
3. The value of W(x, ¥)a at marking M is computed by
W (xy),=en if Wxy) € E~W(xy) if W(xy)¢E

in which ey, = eIM(},)ﬁpfor W(x,y) = e. , /
4. Mit>= dpeP - W(p,Hhyuz0AN VpeP:W(p,Hy<M(p), Mt>M =M
[>AVper: M(p)=M(p) — Wp,Du A Vpet: M(p)=Mp)+ W,
Pu — W(p,Hu

Definition 8.4 Concurrent Step

1. Letu=3__,ut;be amultiseton 7, T = {1, 1, ....t,y and u;, i = 1,2, ..., n, are
positive integers, Z:’: \u; #0, u is a concurrent step at marking M, denoted with
Mlu>, if

VpeP: u1W/(p,l‘1)M + MzW’(p,tz)M + 4+ unW’(p, l‘n)M <M(p),

2. The successor marking M of u at M, denoted with M[u>M , is given by
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Fig. 8.4 Incidence matrix t1 t,
S1 - Sy 01
S2 0 -1
S3 1 0
Sa 0 S1 |
Fig. 8.5 Successor marking 3 =Sy 0 w17
of let concurrent step , 2 0 -1
u=(1,2) M=1ol" 1 o ] l
0 0 57 wuxllL2]
3 -2 011
_l2l, o -1
0 1 0
0 0 3112
3 [-2 1
2 -2 0
= + =
0 1 1
0 L 6 6
VYpeP

: M/(p) :M(p) — (bt]W/(p, tl)M + qu’(p, lz)M + 4 MnW/(p, t,l)M)
+ (W (t1,p)y + W' (t2,0)p + = + uy W' (0, 0) )

For linear systems, transitions in a concurrent step may fire in an arbitrary
order to end up at the same successor marking. A self-control system is not linear,
and different ways of firing lead to different successors. The incidence matrix
reflects this nonlinear property.

Definition 8.5 Incidence Matrix

1.

For self-control system Y = (P, T; F, W,My), P = {p1,p2,....p,} and T = {1,
tp,...,t,}, the n x m matrix A = [A(i,j)] is the incidence matrix of ), if A(,
J) = Wt pi) — W(pi, t).

. For marking M, let be A(i,j)r = W(t;, pass — W(pi, t)ar, and Ay = [A(T, j)agl, then

A,y is the incidence matrix of Y at M.

. Let u be a concurrent step at M and M [u>M/; the formula M = M + Apu? is called

the successor formula, in which u” = (ug,us,. .., um)T. u” is a column vector.

The incidence matrix of the system A in Fig. 8.3 is given in Fig. 8.4 below:
Note that the addition of M and A,u” is not a normal matrix operation, since Ay,

contains variables (place names) whose concrete values come from M. The successor
formula for the system in Fig. 8.3 is given in Fig. 8.5 below, in which u = (1,2)is a
concurrent step.

According to transition rules of self-control systems, variables s; and s, in

Fig. 8.3 take My(sy), i.e., 3, and My(s,), i.e., 2, as their respective values. It must
carry out a substitution to replace My(s;) with 3, and M(s,) with 2, before the matrix
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addition. This “substitution then addition” operation is proposed just for computing
successor marking in self-control systems. This operation is named subplus, and the
operator is +—. This operation is formally given by next definition.

Definition 8.6 Subplus Operation For n-dimensional column vector a = (a;,
s, ... a,)", all q; are positive integers, and e = (ey, ey, . . ., e,)", all ¢; are polynomials
of degree one that contain variables x;, xy, . . ., X, then b = a +— e is defined by

b=(by,by, ....by)"
in which
bi=a;+eia)fori=1,2,...,n,

where efa) = e/, _, 4, i.e., all x; in ¢; is replaced with a;.
To put subplus operation in vector form, we have

at-oe=a+e|,

in which el, = (e1ly , g eoli  ar- - il - 0"
As an example and for simplicity, letbe n = 3, and a = (1, 2, 3)T, e = (X2, X] + X3,
x1)7, then we have

T
ela = (61 |X_>a,32|x‘,a’ e3|x—>a) = (2’ 1 + 3’ l)T = (2’ 4’ 1)T
a+se=a+e|,=(1,2,3)" +(2,4,1) =(3,6,4)"
Subplus is now a non-commutative operation between two column vectors. It has

a priority, which is higher than matrix plus but lower than matrix multiplication.
The next definition extends subplus to a column vector and a matrix inductively.

Definition 8.7 Extended Subplus For column constant vector a = (a;,as, . . ., a,,)T
of positive integers and n X k matrix E, if all elements of E are polynomial of degree
one that contain variables x;, x5, ..., X, then

a+>E=(a+>e)+>F

where e is the first column vector of E and E  is the n x (k — 1) matrix obtained from
E by deleting its first column.

Lemma 8.1

1. For a concurrent step u at marking M, its successor formula is

M =M +- Au
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Fig. 8.6 A simple self- t,
control system
S1
Sy S2
t2
in which u = (uy,us, . . .,u,)". Au is the product of matrix A times column
vector u.
2. For concurrent step series a;, @y, ..., @, and « is the matrix of which the ith

column is the column vector for «;, then the successor marking for a is given by
the successor formula

M =M +> Aa,

where M’ is the successor: Molay>M[ar>"""M,, _ 1[a,,>M’.

The concepts of 7(3’), G(3)), S-invariant, T-invariant, etc. are all applicable to
self-control net systems. The nonlinear property has made their detailed definitions
much more complicated. With Example 8.1, the concept of T-invariant is illustrated.

Example 8.1 Invariant The self-control net system in Fig. 8.6 has two T-invariants
while no S-invariant.

(i) and (é (1)) are T-invariants while (? (l)) is not.

(1) is the concurrent firing of ¢, and 7,, (1 (1)) is t, before #,. Concurrent firing

1 0
of #; and 1, or ¢; before t,, the successor marking regress to initial marking.

(‘1) (1)) is 1, before #, leading to a marking in which place s; has no token. It is

0
1
Besides, since w(s,, t;) = s, and s, has no token, The weight on the only input arc of
transition #; is 0. The question arises again now: is transition #; enabled or not?
According to transition rule for P/T-systems, #; is enabled and it may fire arbitrarily
often, since K(s;) = oo is assumed. Self-control systems aim at real applications,
arbitrary transition firing should not be allowed. That is why the transition rule for
self-control systems demands that at least one input arc with nonzero weight for a
transition be enabled. So, ¢, is not enabled after 7,.

It is worth repeating that if a T-invariant is enabled at marking M, then its firing
would have the same M as its successor. Such a marking M may exist, but it is not
necessarily reachable from M,,. This is because a T-invariant is a structure property,
irrelevant to initial marking.

impossible now to return to the initial marking. Thus, ( é) is not a T-invariant.
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Computer programming is among the main application areas of Petri nets. Nets,
as it is defined so far, may provide a block diagram at the design stage. But, the lack
of variables has prevented Nets to be applicable to real programming. Next, a new
kind of nets is proposed for asynchronous concurrent programming.



Chapter 9 )
C-net ST

Abstract C-net is for compution and communication. Variables are consisting
features. It is variables that receive and hold information from a transition for later
use. This has greatly extended the areas of net application.

C-net = Nets + variables (data types), aiming at programming. Letter “C” is the
initial of computing and communication, that is what programming is all about.

Nets is a concurrent and asynchronous system model. Programming on top of
Nets results at programs with no extra control on statements, except causal depen-
dence. C-net opens the door for Petri nets to computer programming.

Global control flow is in fact a heavy burden on programmers. They are forced to
think in a sequential way. Programming in C-net would let programmers concentrate
on solutions to an application, rather than considering how to arrange statements into
a sequence.

The example below is to solve a simple problem with Nets. This example shows
the power of Nets in presenting concurrency on the one hand, and on the other hand,
it tells of the limitations of Nets as it is now.

Example 9.1 Chicken and Rabbit Chicken with rabbit in a cage is an ancient
Chinese problem. Given the total numbers of heads (red beans) and legs (green
beans) of chickens and rabbits in the same cage, to compute the respective numbers
of chickens and rabbits. It is assumed that the cage is invisible.

Figure 9.1 is a P/T system with inhibit arcs that computes the answers by counting
beans. The initial marking My is Mo(h) = m, My(l) = n, My(s;) = 0 and My(s,) = 0,
i.e., the numbers of red beans and green beans are m and n respectively. Numbers of
tokens held by places s; and s, at marking M are respectively the number of chickens
and rabbits counted so far when marking M is reached.

This is a simple arithmetic problem of positive integers. There are formulas to
compute answers to this problem. The net system in Fig. 9.1 simulates real human
counting. The merit of Nets, compared with programs, is concurrency. Transitions

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 79
C. Yuan, Principle of Petri Nets, https://doi.org/10.1007/978-981-97-7336-7_9


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-97-7336-7_9&domain=pdf
https://doi.org/10.1007/978-981-97-7336-7_9#DOI

80 9 C-net

Fig. 9.1 Chicken with rabbit cage

Fig. 9.2 Extension of C-net
transition

¢) Q)

and f, are concurrent when A > 2 and / > 6 simulate two persons’ independent
counting. In contrast to conventional programming, there is no read-write conflict
between ?; and 7, according to transition rules. An arithmetic computing of positive
integers may be represented as a process of P/T-systems. It is easy to prove that in
order to have correct answers to this problem, i.e., places s; and s, end up at no
token, m and n must satisfy the formula 2m < n < 4m A even(n). Figure 9.1 will end
up at M(s;) = M(s,) = 0 if the above formula is true.

Disadvantage of nets is the lack of data types. This fact has limited Nets to do only
very simple integer arithmetic. The only data type in a net is “positive integer” (token
number) with limited plus and minus operations. The capacity of a place sets an up
bound on plus operation, and the non-negative nature of token numbers at any
marking sets the low bound.

Targeting at concurrent programming, C-net introduces variables of various types
as a new kind of S-elements, and read/write operations as new kinds of transitions.
Figure 9.2 illustrates graphically represented extension of such a new transition .
The extension of ¢ consists of three places x, y, and z and three variables u, v, and w:
X is input, y is output, and z is both input and output; ¢ reads u, write v, and
read&write w. To distinguish a variable from a place graphically, a variable is
represented by a double-circle, as shown in Fig. 9.2. The extension of a transition
in real applications is certainly not as complete as shown in the figure. It varies from
application to application. Besides, places are not a necessary part of a C-net
transition.
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Fig. 9.3 C-net transition P, /@) X
status:false

guard:x<7
body:

9.1 C-net Transition

As shown in Fig. 9.3, a C-net transition involves too many factors. It would be
complicated to define its transition rules formally. All concepts of C-nets will be first
given informally to prepare for formal definition and to facilitate understanding.

C-net is a two-faced object. It is first a net, and then it is also a program. As a net,
its transition acts according to transition rules. As a program, every single transition
is itself a simple program called transition program. Transition program or program
transition, it depends on which facet of it you mean. Tokens flow from transition to
transition to reflect causal dependence of transition programs. As such, a two-faced
transition requires a two-fold way to be enabled, i.e., token enabled and variable
enabled. It is token enabled, T-enabled for short, if it is enabled as a normal net
transition. It is variable enabled, V-enabled for short, if its program part has
meaningful initial values for all its variables. For variables not initialized, C-net
would let y be their initial value. So, y would disable a program transition.

Figure 9.3 shows an overall look of a C-net transition.

The box representing a C-net transition in Fig. 9.3 is divided into three parts; the
top part provides its status (having been executed with initialized variables or not),
and the middle part indicates a condition called “guard” to decide whether the
statement(s) is conditional and, if yes, what the condition is. The third part is the
statement(s) or the program body, telling what to do. The transition in Fig. 9.3 tells:
“Status: false, guard: x < 7, body: x, y=x+ 1,y — . The body assigns variables
x and y in parallel, i.e., to have expression x + 1 and y — x* evaluated before
assigning them to x and y.

Here expressions x + 1 and y — x* share variable x, the two assignments are
related with each other. Parallel execution requires the evaluation of expressions
x+ 1 and y — x* to be completed before assigning. The difference between “parallel”
and “concurrent” is that the latter requires the respective expressions to share no
variables at all.

There are three key words: status, guard, and body. “Status = false” indicates that
initial values of variables in the program has not been used for execution. Once
initial values are used, false is changed to true. It becomes false again if at least one
of the values of the input variables is renewed. For example, to execute x = x + 1,x
requires a meaningful initial value. Once it is executed, it would assign a new value
to x, status remains false. So, it is executed again for the second time. To stop such
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endless renew — false — renew — false, guard set a condition. In Fig. 9.3, guard is
x < 7. The execution of x := x + 1 (the body) would sooner or later make x < 7 false,
x = x + | stops execution, and x is not renewed, and the program terminates. The set
of all transitions with x as input is called T-extension of x. A new value of x will lead
all transitions in its extension to be V-enabled. In case more than one transition is
V-enabled by x, only one of them should be T-enabled to avoid uncertainty.

A guard is a Boolean expression, it serves as the condition for body execution.
Body is a program by itself.

Token decides whether a transition is T-enabled, and key words “status” and
“guard” decide whether a transition is V-enabled.

The body is written in OE (operation expression) for C-net. It is of course allowed
to write it in any other programming language, but OE has its unique merits. OE is a
completely new programming language. Its syntax and semantic axioms are defined
side by side. And as such, semantics of OE programs can be computed from program
text based on semantic axioms. Next is a brief introduction of OE, to prepare for
transitions program in C-net.

9.2 OE: Operation Expression

To understand why OE is needed and why it is good, conventional programming
languages and conventional formal semantics are briefly recalled first.

9.2.1 Conventional Formal Semantics

Conventional programming languages have inherited the concept of variables from
conventional mathematics. A variable allows a write operation and a limited read
operation. By “limited,” we mean two things: first, a read operation is applicable
only in the course of evaluating a math expression; second, what is obtained from
such a read operation is the current value held by the variable being read. A pure
value does not tell how it relates to the initial state. Such a read operation is helpless
in the study of formal semantics. That is why the concept of variables is of no
importance in conventional formal semantics. Instead, an assignment is the basic
brick for constructing disciplines of formal semantics.

Conventional formal semantics take the assignment sequences of programming
execution as program semantics. Thus, semantics = {possible execution sequences},
i.e., the set of all legal execution sequences. There are different ways to view and to
study an assignment. It is either defined as a mapping (function) from program state
to program state, or as an operation. Thus, an execution sequence is a series of
functions composed one after another like f,,(f,, — 1(-**)), or a series of operations like
D1, P2, - - - Pu- Properties of such sequences include predicates like “x < y is stable,”



9.2 OE: Operation Expression 83

“sooner or later x > y* + 2, etc. The former is a stable property and the latter is a
progress property.

Hoare logic is the most successful algebraic semantics, the Turing award
winner of 1980. The key concept in Hoare logic is assertion. For program
(or program segment) S, {p}S{q} is an assertion on S, where p and ¢ are predicates
on states of S. This assertion is true if the truth of p at the initial state of S leads to
the truth of ¢ at the final state of S. For example, {x > 5}x = x + 1{x > 6}. This
assertion is true at a glance. In order to prove {p }S{q}, the concept of the weakest
precondition wp(S, g) was proposed. By definition, if wp(S, g) is true at the initial
state of S, then ¢ must be true after p. The most fundamental axiom in Hoare logic
is (p — wp(S,q) — {p}S{q}, ie., if p implies wp(S, g), then {p}S{q}. For
assignment x = e, wp(xi=e,q) =q|,, i.e., wp(x = e, q) is obtained by replacing
every appearance of x in g with expression e. In the above example,
wp(x=x+1,x>6) = (x>6)[(,; =(x+1)>6=x>5. S0, {x > 5}x = x + 1
{x > 6} is true.

As a program, S must consist of a series of statements, say S = sy, 55, . . ., §,. For
simplicity, let n = 3, the way to prove {p}S{q} is to prove {p}s, 52, s3{q}, i.e., to
compute wp(ss, q), wp(sz, wp(ss, q)), and wp(sy, wp(s,, wp(ss, q))), and finally to
prove p — wp(sy, wp(s2, wp(ss, q))). For programs of hundreds of statements, such
sequential computing is hard work. This is just to prove one property, namely g of S.

All in all, what is discussed by these formal semantics are program properties.
They have, up till today, failed to give a precise definition of program semantics. The
set of execution sequences is the semantics for computers, telling a computer what to
do, but not the semantics for human users.

9.2.2 What Is Program Semantics for Human Users

Example 9.2 Shared Semantics of Two Programs Below are two programs s
and s,:

S1 a::x;x::y;y::a

§2 X=X A Y, VEX— Y, X=X —Y

It is easy to see that both s, and s, exchange values initially held by x and y. It is
also easy to see that s; and s, have completely different assignments and different
assignment sequences.

All conventional formal semantics would conclude that s; and s, have different
semantics although what they do is the same.

Is such a conclusion curious?

Informally speaking, the semantics of a program is “What” it does, not “How.”
But, all conventional formal semantics have targeted at “How,” instead of “What”

OE aims at a formal description of “What.”
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Such a what/how mistaken is rooted in the misunderstanding of program vari-
ables. As mentioned above, programming languages have copied the concept of
variables from mathematics, and formal semantics have inherited it from program-
ming languages. But, the concept of math variables does not capture the complete
nature of program variables. A program variable is the name of a computer memory
location, a math variable is just the name of a value with no connection to any
hardware object. A memory location may be read any time while a math variable
allows read operation only in the course of evaluating a math expression. OE
recognized this difference and has, based on this recognition for the first time,
formally defined read and write operations on memory locations via their names,
i.e., program variables.

All read and write operations in OE are precisely defined with respect operators
and operands. As such, semantic axioms have been given side by side with operation
definitions. The operator for write is an up bar “~ ”. A complete write operation
(conditional writes, concurrent writes, and loops) is called a program term, including
operator and operand. Program terms form an operation expression (i.e., OE) if they
are connected with a semicolon. A single term is also an operation expression.
Semicolon is not only a connector (or punctuation mark), but also a semantic object
with formally defined semantics. So, x = x + 1 becomes X(x + 1).s; and s, above
become:

s1a(x);x(y):v(a)
52 X(x +);¥(x —y);X(x —y)

The operator for read-after is an under bar “__”, read-before operator is a curved
under bar “~”. A read-before operation and a read after operation are both necessary
for semantic description. It tells how the initial state of S and the final state of S are
related, i.e., tells what program S does.

To see how the semantics of S| and S, are computed from S; and S5, the semantic
axioms for a simple write operation 7(e) and V(e) are given below, where V, is the
set of variables in that OE program p writes.

Semantic axioms for a simple write:

(A0) V, = O, ¢ is the “skip” in OE, it writes no variable.
(AD) u(u(e))=e, u(v(e))=u,foru#v,
(A2) u(v(e)) = u, for all variable u, including v.

Remarks
1. Variable u is not changed by v(e), so u(u(e)) =e.
2. The initial value of any variable before a write operation is itself, so u(v(e)) = u.

By the above axioms, the semantic of X(x + 1) is computed as given below with
newly proposed concepts, including semantic functions, semantic predicate, seman-
tic formula, semantic calculus etc.
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X(x + 1)/assignment/
x(x(x+1)), x(x(x+1))=x+ 1/semantics axioms/

So, x is the initial value (irrelevant to concrete value) and x + 1 is the final value.
This relation may be written as

x=x+1and x=x

in which x and x and are semantic functions defined on programs (not only OE

programs). Assignments in all sorts of program languages share semantic axioms
given above.

To clear up concepts first, let’s consider a simple program consisting of 2 assign-
ments with two variables x and y:

P:  s3;54, where s3is X(x + y) and s4 is y(x — y).

It is not difficult to find that x(P) = x +y and y(P) = x in which x and y are initial
values of P. What to do next is to illustrate how to compute x(P) and y(P) with

semantic axioms to show a way of automatic semantic computation. Semantic
axioms used below will not be mentioned explicitly.

First, an informal description of computing semantics of s3; 54

The initial values before s5 is x and y:

x(s3) =x Ay(s3) =y.

The final value after s5 is

x(s3) =x(s3) +y Ay(s3) =y(s3).

That is x(s3) =x +y A y(s3) =.
The initial values of x and y before s, are the final values of x and y after s3:

x(sa) =x(s3) A y(sa) =y(s3).

That is x(sa) =x +y A y(s4) =.

Thus, the final values after s, are
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x(s4) =x(s4) =x+y

AY(sa) =x(sa) = y(sa) =x +y—y=x.

So, x(P) =x+y and y(P) = x.

To extract concepts and terms from above example, we have:
Semantic proposition: x(P) =x + y and y(P) = x.

By removing subject P from proposition, we obtain predicates:

X=x+Yy, y=ux.

They are semantic predicates, since semantic functions are their consisting
elements.
x=2x1is also a semantic predicate, and it is useful in automatic semantic comput-

ing from program texts consisting of more than one assignment. The way to
automatically compute semantics of s3; 54 is as given below.

First, replace s3; s4 with semantics (s3); semantics (s4) to obtain a semantic
predicate formula:

53384 D X=X+Y; y=Xx—y
Add unassigned variables to it (italic):
$3;84 D X=X+YANYy=y; y=X—yANX=X,

€,

Remove “;” and to replace s3; s4 with sg; sy, Where sg is obtained by replacing
xwith xand ywithy, s} is obtained by replacing xwith xand ywithy:

DX=XFYAX=Yy=x—yAx=x
Remove s; when xandy are passed to xandy:

S y=Xx+y—yAx=x+y

—>X:xA)£:x+y

The above process of computing semantics from a semantic predicate formula to
semantic predicate is formalized as below:
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X =Xx+YyNy=y;y=x—yAx=xNx=xA\y=y

This process of automatic semantics computation is called semantic predicate
calculus.

Now, back to the two small programs s; and s, mentioned earlier above. The
semantics of sy, s, are given, respectively by semantic formulas below, in which each
assignment has been replaced by their respective semantics:

s; and s, are now semantic formulas that may be reduced to a semantic term by
semantic calculus in the way as shown above. For s; and s,, their semantics are given
below:

So, omitting the auxiliary variable a, x=y A y = x is precisely the semantics of s,
and s,.

OE, as a new programming language, is not as important as concepts derived
from it. These concepts include:

Semantic functions like x, y; with semantic axioms, the semantics of assignments, x,
y can be computed for given assignments.

Semantic predicates: a predicate that contains semantic functions.

Semantic term: semantic predicates connected with logic operators.

Semantic formula: a formula consisting of semantic terms and semantic operators
like the sequential operator “;”.

Semantic calculus: to reduce a semantic formula to a semantic term.

A semantic term contains final results evaluated for all semantic functions.

Semantic predicates and semantic calculus may also be used for program spec-
ification and specification refinement. Such specification and refined specification
can be analyzed with semantic calculus.

Interested readers are referred to the author’s book {OESPA: Semantic Oriented
Theory of Programming})(Science Press, Beijing, 2019).
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9.3 Formal Specification with an Example

Requirement: to sort integer array A[0. . n — 1] into ascending order.
Specification in terms of semantic predicate:

Goal :  A[0]<A[l] < <An—-2]<An—1]ANAy=Ay

in which A[i] is the final value of the i(th) element of A after sorting, A is the final
value of the array A as a whole after sorting, A,, is the multi-set of A, and Ay; = Ay,
required to keep the multi-set of A invariant.

Strategy towards goal: hunting for index k such that

0<k<nAA[0.k—1]<AK| <Ak + l.n—1] AAy =Ay

This is a specification for Dijkstra’s quick sorting: hunting for index k as required
above with A, = A, that is to keep the multi set of A invariant all the time.

As the first step, hunting may start from both A[0] and A[n — 1]: keep the head-
segment smaller than or equal to A[0] and the tail segment grater than or equal to A
[0].

The next step is to sort, also with Dijkstra’s quick sorting, A[0..k—1] and
Alk + 1..n— 1] into ascending order, respectively and in parallel.

The algorithm of quick sorting is not included here, since our aim is to introduce
OESPA for C-net. All nice properties of OE and concepts derived from OE will
benefit C-net, since the program for a C-net transition is written in OE.

9.4 Formal Definition of C-net

Definition 9.1 C-net 6-Tuple CN = (P, V, T, F,R, W,) is a C-net, if

PUVUT#DA(PANT=BAPOAV=BAVNT=0)
AN(FS(PxTUTxP)ARSVXTAW,SVxT)
A (dom(F) U cod(F) U cod(R) Ucod(W,)=PUT)
A (dom(R) Udom(W,)=V)

Remarks C-net may have just one segment of program, i.e., just one program
transition. That is why dnet(P, T; F) is not required.
In addition to (P, T; F),

. Vs the set of variables.

. R is a read relation between V and T.

. W, (W is reserved for weights on arcs) is a write relation between V and T.
. A C-net transition is a program transition.

B W=
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From now on, we will make a distinction between C-net and a C-net system. The
former refers to the static structure without initial marking, while the latter empha-
sizes dynamics, i.e., how it acts for a given initial marking, including initial variable
values.

Before defining the concept of a C-net system, some terms are defined below. The
concepts of presets and post-sets of transition and places are applicable to C-net, and
as such, they are not redefined here.

Definition 9.2 Basic Terms For Cnet CN = (P,V,T;F,R, W, and
xeV,teT,peP,

1. r(x) = {fl (x, 1) € R} is the read-set of x, w(x) = {¢#l (x, t) € W,} is the write-set of x.
Read-set of x is also called extension of x.

2. r(t) = {xl (x, 1) € R} is the read-set of 7, w(t) = {xl (x, 1) € W,} is the write-set of ¢.

3. tp(x) is the data type of x, it is also the value domain of this data type. It depends
on the context.

4. Type = U, ¢ vtp(x) is the value domain of all variables.

Definition 9.3 From C-net to C-net System For C-net CN = (P,V,T,F,R,W,),

1. K:P— {1,2,---} U {00} is the capacity function of CN.
2.M,:P—{0,1,2, -} is a flow marking of CN if Vp € P : M,(p) < K(p).
M, : V — Type is a value marking if Vx € V: M, (x) € tp(x),
M = (M,,M,) is a marking of CN, i.e. marking = (place marking, variable
marking).
. W:F— {1,2,...}is the weight function of CN.
4. status : T — {true,false} is the state function of CN,

(O8]

guard : T — E,, is the whistle function of CN, where E}, is a set of Boolean
expressions. For t € T, guard(t) contains only variables in 7(7), the read-set of 7.

body : T — E, is a transition program function of CN, if body(f) is a parallel
assignment in OE for all variables in w(?). E,, is the set of OE expressions such
that body(f) reads all variables in r(f).

5. My = (status, guard, body) is the transition marking of CN.

Note that a guard may have auxiliary variables, and body may assign values
to them.

Definition 9.4 C-net System Y = (P,V,T;F,R,W,, K, W, M,, M) is a C-net system
if CN = (P,V,T;F,R,W,) is a C-net, and K, W, M,, and M, are, respectively, a
capacity function, a weight function, a transition marking, and a marking of CN. As
the initial setting, Vt € T : M(t) = false.

Note that a marking of CN is a pair (M,,, M,), initial state of P and initial state of V.

Definition 9.5 Transition Rule
1. Transition 7 is value-enabled or V-enabled by (M7, My), denoted with (M7, My)
[£>, if —status(f) A ¥V x € V: guard(t,x) = M (x). Note that guard(t, x) is the value
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Fig. 9.4 Program transition T false
x<7 @ x<7 A a-a<1
% (x+1) X X (x+1)a(a+1)

of x in guard(?). So, guard(t,x) = M, (x) requires that the initial value of x given by
M, is still the current value in guard(t).

2. Transition ¢ is token-enabled or P-enabled by M,,, denoted with Mp[t>, if ¢ is
enabled at Mp by transition rules of P/T-system.

3. Transition ¢ is enabled at (M7, M), denoted with (M7, M)[t>, if (M7, My)
[t> A Mpl[t>, or, My, M)[t> = (My, My)[t> N Mp[t>. Note that M = (Mp,
My). So, tis enabled at (M, M) if t is V-enabled at (M, M) and P-enabled at Mp.

4. If (M7, M)[t>, t may occur to produce its successor (M ’T,M ! ) as given below.

For all £ in T,

status(t') if ¢ #t AEUge,r(x)
M (status(¢)) = { true if ¢ =1 AFEU,0r(x)
false if ¢ € Uxew(t)r(x)

in which w(x) and r(x) are, respectively, the write set and read-set of x. For all x in
w(t), the new value M (x) of x is given by x

v

o [H(B) i W)= O
M(X)_{é(Bl) if wit)Nr(t)#@ where B =B"

Note B = body(t), and n is the smallest positive integer such that n times
execution of B would make guard(f) = false.

The successor marking on places, i.e., M), is computed according to transition
rules of P/T-systems.

There are two program transitions 7 and ¢ in Fig. 9.4 below. As a convention, the
key words “status,” “guard,” and “body” are omitted and to be recognized by their
positions in the transition box. They are pure V-transition since they share variable
x but are not connected to any place elements. A V-transition is always considered
P-enabled. If the value of x is not v, then ¢ and { are V-enabled.

The guards of r and { are both x < 7, since @ —a < 1is always true before the first
execution. Note that a is auxiliary. For all initial values of x that is greater than
6 (tp(x) = integer), the guard is false, both ¢ and { are not V-enabled. As a C-net
system, ¢ and { are dead. In case x < 7, say x = 4, both ¢ and { are V-enabled, and
they are in read/write conflict since they share x. Transition / may occur if the
conflict is solved in favor of it. The execution of body(t ), i.e., ¥(x + 1)@(a + 1) will
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leadtoa—a=1, and guard(t/) = false. Auxiliary variable a controls the execution
off.Incased —a=1is replaced witha —a =2, { may be executed more than once.
In contrast to 7, body(t) may be executed repeatedly until x > 7. For initial value
4 of x, 3 times of executing would lead to x > 7. This number “3” is an example of
n in B" for transition rules in above Definition 9.5.
After above informal description of C-net systems, next are some formal defini-
tions. In all these definitions, Y = (P, V, T, F,R, W,, K, W, M,, M) is a C-net system.

Definition 9.6 Basic Relations
1. For transition #; and t, of ), if

W(ll) n (W(lz) @] r(l‘z)) =N W([g) n (W(ll) @] r(tl)) =0,

then ¢, and #, are read/write independent, denoted by WRInd(t,, t,).
2. Transition #; and ¢, are in V-conflict at (M7, M), denoted with WRC(t1, t», (M7,
M), it My, M)[t;> N My, M)[t,> N — WRInd(t,, t>):

WRC(t1,t2, (M7, M)) = (M7, M)[t; > N (M7,M)[t, > N=WRInd(t,1).

3. Transition ¢, and t, are concurrent at (M, M), denoted with (M7, M)[t, || t,>, if
they are both enabled and there is no conflict, i.e.,

Mr. M)t || 2> = (M, M)[ty > N (M7p,M)[t, > A WRInd(t,,t;) N—P
— conflict(1y, 1, M,,).

Example 9.3 Bubble Algorithm as a C-net System Bubble algorithm sorts array A
[0..n — 1] into ascending order. It compares A[0] with array elements from A[1] to A
[n — 1], hunting for the maximum, and moves the maximum (first bubble) to A[n —
1] by swapping. It repeats this “compare and swap” process on A[0. . n — 2] to find
the second bubble, the third bubble, and so on till A[0. . n — 1] becomes an ascending
array. This is a sequential process. Sorting, similar to the lineup of new-face pupils
for a physical education class, is concurrent and asynchronous by nature. It is control
flow that forced programmers to invent a way to bubble up. To capture the concur-
rent and asynchronous nature of hunting for bubbles, C-net is a nice model as shown
by Fig. 9.5. Interested readers are suggested to fill up the blanks in the figure.

This C-net system simulates pupils’ lineup to a great degree. It has no control, and
what transitions do is just to compare and swap concurrently and asynchronously.
The only thing worth mentioning is the read-and-write conflict between the transi-
tion to compare A[i], A[i — 1] and the transition to compare A[i], A[i + 1]. A shared
place does not necessarily lead to conflict, but a shared variable does. To resolve
these conflicts between variables, transitions are divided into two concurrent sets:
those that compare A[i] and A[i + 1] for even indexes i = 0, 2, ..., and those that
compare A[i] and A[i + 1] for odd indexes i = 1, 3, .. .. Written in OE, we have:
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false
A[1]>A[2]
A[1] (A[2])
Al2] (A[1])
A[1] @ A[3 A[5] A[7]
A[0] : )\ A[2] A[4 A[6] ;
false
A[0]>A[1]
A[0] (A1)
A[1] (A[0] )
A[i] Ali+1]
false
Ali]>A[i+1]

A[i] (A[i+1])
ATi+1] (A[i])

Fig. 9.5 Concurrent sorting in C-net

= < ||i:even(i) AO<i<n: (A[i](Afi + 1)A[i + 1))~ >
= < ||i:odd(i) AO<i<n: (A[i](Afi + 1)A[i + 1))~ >

In above OE programs, is the concurrent connector between write-operations,
and A[i](A[i + 1))A[i + 1](A[i]) is also a concurrent writing: it swaps A[i] and A
[ + 1], i.e., to write A[i] and A[i + 1] with expressions A[i + 1] and A[i], respectively
under the condition given by superscript A[i] > A[i + 1].

The semantics of concurrent writing X(e;)y(ez) is X=e; Ay=e,, that is to
evaluate e; and e, first, then to write the obtained results into x and y, respectively.
Above semantic of X(e;)y(e2) is in fact a semantic axiom for OE. This axiom applies
to concurrent writing given by “||”.

It is easy to modify the C-net in Fig. 9.5 so that asynchronous concurrency can be
controlled as given by Sy and S, above. Let one program transition take Sy as its
program body and all elements of array A as its input variables, and another program
transition take S, as its program body with all elements of A as its input as well.

“”97
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Fig. 9.6 Two C-net X
transition program e @O false
y(x) -—-O(:)§c X(y+1)
y
t tZ
X
false /@\ true
——O@\ a-a<1
- — % even(c)
x(0)y(1)c(2) y X(xry)™
y(x+y)odd©@
c(c+1) a(a+1)
t
t
Fig. 9.7 How an auxiliary variable functions
X
O
false c true c=2

even(c) ——@\ 0dd(c) <0
x(x+y)c(c+1) \((};D/ X(x+y)c(c+1) y=1

Fig. 9.8 Alternating computing of Fibonacci series

Another way to implement asynchronous concurrency among transitions in
Fig. 9.5 is to use a synchronizer to be defined in Chap. 11.

Example 9.4 An Endless Loop Figure 9.6 has two C-net program transitions #; and
t,, writing into variables x and y, respectively. As long as y is not the initial value of
x and y, both #; and ¢, are V-enabled since their status is “false” and guard is “true”
(by default). Once this initial conflict is resolved, #; and t, will execute their
transition program in turn without an ending.

To see more on what a C-net may do, Figs. 9.7 and 9.8 show two ways to produce
the Fibonacci series.

The transition #; in Fig. 9.7 is enabled but #, is not (status is true). The execution
of transition program ¢, assigns initial values to x, y, and ¢ and then becomes dead,
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since it reads no variable. The firing of #, leads to status change of #, from true to
false, 1, is enabled. The guard of ¢, in Fig. 9.7 is given with the auxiliary variable a;
a—a<1 is initially true, but will become false after a one-time execution of
a(a + 1). However, the new values of x and y keep the status of #, false. Note that
as an auxiliary variable, the final value a is not remembered after termination of #,,
and as such, a —a < 1 is always true for the first firing of #,. So, auxiliary variable
a ensures that 7, occurs time after time in the way of to occur — terminate — to occur
— terminate *- 1.

The initial values of x and y given by ¢, is the first two numbers in the Fibonacci
series: x=0, y=1, and ¢ =2, which is the index of the next Fibonacci number to be
computed by #,. A one-time execution of f, produces one Fibonacci number. We
have even(c) —y=Fib(c) and odd(c) — x =Fib(c). Transition program #, will not
stop repeating unless extra control is added to guard(t).

In the C-net system in Fig. 9.8, initial values : x=0, y= 1, and ¢ =2 are given
implicitly outside the transition. One of the two transition programs computes even-
indexed Fibonacci numbers, while the other computes odd-indexed Fibonacci num-
bers, and they occur in turn.

The formal definition of C-net systems are seemingly hard to grasp. But it is very
useful, since it builds a bridge between conventional Petri nets and computer
science. Without the C-net system, the study of business process management
(BPM) would not be able to make progress in terms of Nets, since all business
processes need variables to pass data from assignment (transition) to assignment.
BPM modeling will be discussed in Chap. 11. To prepare for BPM modeling, the
concept of synchrony is presented next.



Chapter 10 )
Synchronizer s

Abstract This chapter is a preparation for application in business process manage-
ment (BPM). The key concept “synchronizer” is proposed and precisely defined.

This chapter is a preparation for net application in business process. modeling
(BPM).

Synchronizer is a special kind of S-element. It plays a role in BPM modeling to
make transitions (BPM tasks) in its scope act according to their causal dependence
and guild regulations while maintaining flexibility towards BPM cases. Recall that
scope of a S-element, similar to extension of a transition, is the union of its preset and
its post set. Synchrony, as a branch of general net theory, will be introduced in Part
III. Synchronizer, as a means to implement synchronization, is briefly described
here, since it is the key concept for BPM to be introduced next in Chap. 11.

A synchronizer connects two sets of transitions to force transitions in its preset
and transitions in its post-set to act consistently. To see how a synchronizer
p functions, let p = {t;li = 1,2,.. ,n} and p = {tj = 1,2,...,m}. The weights

on all arcs (t1;,p), i = 1,2, ..., n, are constant a, and the weights on all arcs (p, 1)),
j=1,2, ..., m, are constant a;. In addition, k(p) = a; X a, and 0 < a; < n,
0< a, < m.

Denote p with p = (T, T, , (a;,a,)) and let M be the marking in consideration.
The transition rules around p is: when exactly a; transitions in 7; are concurrently
enabled by M and M(p) = 0, these a, transitions fire. When M’( p) = a; x a, at
successor marking M/, ie., M/( p) = K(p), a, transitions in T, are enabled to fire.
More importantly, no transition in T, may fire more than once for one case, since a
single business case does not need to redo the same task.

Graphically, p is represented as given in Fig. 10.1a.

To put above concepts into definition, we have:

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 95
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(b)

Fig. 10.1 Synchronizer p

Definition 10.1 Synchronizer S-elementp = (T,7,, (a;, a»)) is a synchronizer if
T'=p={nli=12,...n}, T, =p={tlj=1,2,....m}, W(ty;,p) = a, W(p,
h)=arand 0 <a; <n,0<a, <m,and k(p) = a; % a.

Definition 10.2 Transition Rule Around a Synchronizer When a; transitions in
T, are enabled concurrently and M(p) = 0, these a; transitions fire; only if
M(p) = K(p), a, transitions in T, are concurrently enabled to fire. No transition is
allowed to fire twice.

Transition rules given above seem different from the conventional transition
rules. Figure 10.1b is the detailed structure of synchronizer p, in which each of all
transitions in 7' has an extra S-element in its preset, and this extra S-element has a
token when a new case is initiated. It is easy to see that the conventional transition
rules applied on the net in Fig. 10.1b have the same results as given above in
Fig. 10.1a.

A single synchronizer keeps transitions in its scope consistently synchronized as
stated above.

There are different situations for the synchronizer in Fig. 10.1a.
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Fig. 10.2 Two consecutive
synchronizers

Fig. 10.3 From p; and p, to p

m = n = a; = a, = 1: a line synchronizer,

m = a; A\ a; > 1: fork-in concurrently,

m > a; A\ a; > 1: fork-in with case dependent flexibility,
n = a, N\ a, > 1: fork-out concurrently,

n > a, A ap > 1: fork-out with case dependent flexibility.

Fork-in and fork-out may be combined freely to form a complete synchronizer.

A business process in reality has certainly more steps to accomplish a business
case. Thus, it is necessary to prove a process with more synchronizers consistently
synchronized. Figure 10.2 includes two consecutive true synchronizers p; and p,.

In Definition 10.3 below, Ty = {t;li=1,2,...,n},and T, = {tlj = 1,2, ...,m}.

Definition 10.3 Consistent Consecutive Synchronizers Letp, =T, p; =p, =Ty,
p>» = T,. If weights on all input arcs from 7 to p; are a, and weights on all output arcs
from p, to T, are d, then p; and p, are said to be consistent at 7;, with each other if
a=d.

In above definition, synchronizer p, makes a transitions in 7 fire, synchronizer
P> waits for d transitions in 7 to fire. Thus, if and only if a = d, p; and p, agree with
each other at T,

The consistency of p; and p, at T makes it feasible to have 7|, implicit as inner
structure of synchronizer p as shown by Fig. 10.3. In other words, p; and p, are
combined (or simplified) to a new synchronizer p. This is the key to prove correct-
ness of business process by simplification.

There are 7 simplification rules now for proving consistently synchronized
property of a business process. This property is also called unimpeded, since an
initial token may go through to an end.
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P4 p3

o Qr QY
/ f‘ : E‘ /

P1 Y p tz P2 p1 t p2

Fig. 10.4 Rule 2 for simplification

b2

P1

(b)

Fig. 10.5 Rule 3 for simplification

Rule 10.1
Forp, = (T, Ty, (a1,a) and p, = (Ty, T> , (b1, b,)), if a, = by, then p; and p, can
be simplified to p = (T, T» , (a;,br)).

This is the rule presented by Fig. 10.3 above.

Theorem 10.1 Consistency Between Synchronizers If pland paare synchronizers
of business process > = (P,T;F, K WMO) and Z = (P,T:F, K W, M) is
obtained by combining p; and p, top ie, P = {P — {p1,p2}} U {p } T =T-
T,, F is obtained by deleting all input arrows to p;, and out arrows from p,, and
adding arrows from all transitions in 77 to p and adding arrows from p to all
transitions in 7.

This theorem is just a version of Fig. 10.3 in terms of words.

Rule 10.2
Forp = ({t;},{t.},(1, 1)), if t; N, = {p}, then p may be made implicit as shown in
Fig. 10.4. The dotted arrow may or may not exist.

Rule 10.3

For transition ¢ and synchronizers pjand p,, if p; N p, = {¢t}, and W(p,,1) = W(z,
p>) = 1, then  may be made implicit as shown in Fig. 10.5. Dotted arrows represent
possible existences.
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t

t2

t3

ty

t

t3

Fig. 10.6 Rule 4

Transitions 7 and 7 in Fig. 10.5b are both fulfil conditions of Rule 10.3. In case
t and p, are combined into p,, what is obtained is no longer a business process. The
reason is that (b) is not unimpeded, since the two end places would both have a token
at the end of a business process execution.

Rule 10.4
Letbe Ty = {tli=1,2,.. ,a}andp = {t]j=1,2,...,b},If p; = ({1;}, T>, (1, b)) for
i=1,2,...,a,are all synchronizers, then these synchronizers may be combined to a

single synchronizer p = (T, T, (a,b)). If p;= (Tl, {tj’.}, (a, 1)) are all synchro-

nizers for j = 1, 2, ..., b, then these synchronizers may be combined to a single
synchronizer p = (T, T, , (ai, by)).
Figure 10.6 is the graphical representation of Rule 10.4 in whicha =3 and b = 2.
This rule is to remedy possible misdoings. Synchronizers p; fori = 1, 2, .. ., q,
and p]( forj =1, 2, ..., b may be designed as p = (T,,T, , (aj,b,)) at the very
beginning.

Rule 10.5
Synchronizers p; = ({t},{t;},(1,1)),i =1, 2, ..., a may be combined to synchro-
nizer p = ({t}, {t1, 1o, . . ., 1.}, (1, Q)).

Synchronizers p; = ({#;}, {t},(1,1)), i = 1, 2, ..., a may be combined to
synchronizer p = ({t1, 1, . . ., 1.}, {t}, (a, 1)).

Figure 10.7 is the graphical presentation of Rule 10.5.

Rule 10.6
LetT={t\,t,.. . t.}, T; = {ti, tin, .- n tip}, i = 1, 2, ..., a be subsets of transitions,
then synchronizers p; = ({#;}, T;, (1,b)), i = 1, 2, ..., a can be combined to a place
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t

Fig. 10.7 Rule 10.5

p,K(p)=axb,p=T,p=U!_T;, Wt,p)=b,W(p,ty)) =1,i=1,2,..,a,j=1,

i=1
2,...,b.Place p=(T,U’_, T}, (1,b)) with the way the synchronizer is represented,
though p is not qualified as a synchronizer. The capacity of p is not the product of
weights on its in-arcs and its out-arcs as required by a synchronizer.

Similarly, synchronizers p; = (7}, {t;}, (b, 1)),i=1,2, ..., a, can be combined to
place p, K(p)=axb,p' =0 \Ti,p =T, Wty,p) = 1, W(p,t;) =b,i=1,2,...,
a,j=1,2,..., b.Place p/ is not qualified as a synchronizer for the same reason.

Figure 10.8 is the graphical presentation of Rule 10.6.

Places p and p’ are called virtue synchronizers. But they have the main features of
a synchronizer, i.e., transitions in its pose-set are enabled at marking M only if
M(p) = K(p), or M(p’) = K(p’). Besides, the number of concurrently firing
transitions are decided by K(p), K( p)) and the weights on arcs around p and p.

Definition 10.4 Virtue Synchronizer A place p = (T\,T» , (a,b)) is a virtue
synchronizer if

VieT, :W(t,p)=bAVteT,: W(p,t)=aNK(p)#axb,

But, K(p)/b = n and K(p)la = m, in which n,m are respectively the element
numbers in T and T5.

Virtue synchronizers are just intermediate objects by Rule 10.6. They can be
further simplified to synchronizers by modified Rule 10.1.

Rule 10.1°
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Fig. 10.8 Rule 10.6

Let p; = (T}, T, (ay, b)) and p, = (T, T», (az, b)) be synchronizer or virtue
synchronizer. If K(p;)/a; = K(p,)/b,, then p; and p, can be combined to p; = (T},
T, , (a,b)), in which a = K(p1)/b;, b = K(p>)la,,

VieT, :W(t,p)=bAVteT,: W(p,t)=aANK({p)=axb.

Figure 10.9 is an example of simplification from a complete process to a place
with empty scope.

The inner structures of S-element with empty scope are consistent with each
other. Thus, we have

Definition 10.5 Harmony The S-element with empty scope is called harmony.
Figure 10.10 contains a well-synchronized business process; interested readers
may try to simplify it to harmony.
Figure 10.11 below illustrates various situations where synchronizations are not
consistent. In Fig. 10.11a, the token will reach the two end places, the token in
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()
(b)
@
(d)
S rule 9.1, twice
(e) O—{1H-O0—{1—-0
S rule 9.3, twice
® O

Fig. 10.9 Simplification to “harmony”

Fig. 10.11b will not be able to reach the end, and for Fig. 10.11c, the end place e; is
idle, it would never have a token.
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Fig. 10.10 Consistent synchronization

t2
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Fig. 10.11 Three ill-synchronized situations

Note that these ill-synchronized structures may become substructure of consis-
tently synchronized process.

Figure 10.12 shows mixed synchronization, transitions #; and #, would be con-
current, while 73 and ¢4 would be in conflict. This mixed synchronization must be a
part of a greater process.

A synchronizer may have flexible demand on what is to be synchronized. Such a
flexible synchronizer must appear pairwise as shown in Fig. 10.13 in which variable
x plays the role of a positive integer. The value of x varies from case to case.

The concept of synchronizers is the key in business process modeling.
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Fig. 10.12 Mixed
synchronization

Fig. 10.13 Flexible
synchronization
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Chapter 11
Business Process Management (BPM) Qe

Abstract A three-leyer business process model is proposed here for the presenta-
tions of causal dependence among process tasks, individual business case semantics
and finally logical dependence of management tasks.

BPM was called workflow management. About in the year 2002, the Workflow
Management Coalition defined the concept of workflow (the workflow reference
model) as:

The computerized facilitation or automation of a business process, in whole or part.

The concept of workflow management system was defined as:

A system that completely defines, manages and executes “workflow” through the execution
of software whose order of execution is driven by a computer representation of the workflow
logic.

The author tried to make “computerized facilitation or automation of a business
process” true. What is introduced here in this chapter is what the author had done in
this direction.

To understand “computerized facilitation,” it is necessary to know what a com-
puter brings with it to business process management.

Long before the birth of digital computers, there existed business processes.
Where enterprises exist, there is business process, then and now. The difference
comes from what is used to record the progress, a paper form or digital form? A
traveling form must be signed by persons in charge of different duties. As such, a
paper form must travel a well-designed sequential route so as to have all signatures in
the same form, while digital forms may travel in parallel and have all copies of
signed digital forms combined into one. It is digital form that makes parallel
traveling possible to achieve higher efficiency and accuracy.

There are two key words in business process management, i.e., business and
management. As such, there are two kinds of tasks to be distinguished: business

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 105
C. Yuan, Principle of Petri Nets, https://doi.org/10.1007/978-981-97-7336-7_11


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-97-7336-7_11&domain=pdf
https://doi.org/10.1007/978-981-97-7336-7_11#DOI

106 11 Business Process Management (BPM)

tasks and management duties. Instead of task, what management does is called duty.
It is the right of an enterprise to divide its business into tasks, and it is the
responsibility of management to decide how to carry out its duty. A business task
requires professional knowledge and its execution must be explicitly recorded in the
business form. A business task may be in charge of certain dispatch in addition to
business affairs. A management duty requires no professional knowledge, what it
requires to know is management rules. What such a management duty is responsible
for includes:

» To check whether the prior business task has done a good job

» If so, to select someone (person or computer program) to do each of the business
tasks that follow

» If not, to return the form for redo or modification

The criteria for a business task to be well done varies from task to task, but there
are things in common, say which blanks for a business task to fill out and the types of
contents required by these blanks, say words, numbers or charts.

It is not necessary to put what such a management task has done into a business
form. As long as a business is well done, it must have been well managed. There
might be a blank for comments on errors for later improvement. Such a blank is for
all management duties, in case something unexpected occurs.

11.1 What a Business Process Consists of

Every enterprise has its professional business to carry out to make money. Every
enterprise has also to keep its inner affairs in order. Inner or outer management is the
only means to have it well done. In what follows, inner business and outer business
will both be called business, since their managements are the same in the eye of
formal treatment.

It is the foundation for management to ensure what is to be managed is well
organized and formally presented.

Next words may include some repetition of what has been said before this section.
It is for the need of formalization.

To carry out a business in a company, a group of tasks must be designated by that
company. To initiate a business case, a business form, as mentioned above, must be
filled out with case specific data. New data will be added to the initialized form in the
course of the form traveling. Some of the data will be used for selecting successor
tasks from all possible successors, while the rest data are just kept on the form. Thus,
a business is abstracted as a pair (7, D), where T is the set of tasks and D is the set of
variables to hold data for successor selection. In addition to (7, D), a “one way road
map” for the form to travel through tasks in 7 is necessary. This road map comes
from casual dependence among tasks and possible guide regulations (denoted with
O). So, (T,D, C) is the basis for BPM. A one-way road map is in fact a partial
ordering relation < : x < y means that x is earlier than y. To replace C with <, (7, D,
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<).(T,D, <) is obtained, which provides a foundation for constructing a formal
model to serve automatic management in a business.

(T,D, <) for a concrete business, given by a professional company, must be
checked to see whether it satisfies certain requirements to give rise to an executable
procedure.

Definition 11.1 Process Logic (or Business Logic) (7, <) is the process logic of a
business, if < & T x T is a connected asymmetric partial order and
<U>" =TxT.

Note that > is the reverse relation of < and < U >" is the transitive closure of <.
Note also that asymmetric partial order contains no loop.

The transitive closure of binary relation R is defined as below.

Let R be a relation defined on 7 x T, then R = {(r,nlr € R},
RI=R R=RxR={(x,)3zeT:(x,y) ERA(y) €R},R"=RxR" !,

R =RUR'UR* UR"“-U-=Y,c in[egerRi, in which the “integer” is
non-negative.

It is important that a process logic contains no loop. It is more important to
distinguish a process logic and a concrete case.

Loops may be needed in the course of carrying out a task due to shortage of
resources. A document may be returned to its drafter by reviewer, or returned to
reviewer by judge (final reviewer). A loop requires repetition of the same thing. A
returned work requires modification. Modification belongs to case execution; it does
not belong to process logic for all cases.

< must be connected, since it belongs to the same business; < must be a partial
order, since full order is just a special case; < U >" =T x T, since < is connected.

Petri net is the best choice for BPM modeling, since token flow is very much
similar to form flow. In fact pioneers in BPM modeling area had realized the
importance of Petri nets at an early stage. A recall of what they have achieved is
discussed first in Sect. 11.1.1 below.

11.1.1 Conventional BPM and New Trend

(a) WF-net
Figure 11.1 below is an early model for insurance claim. It consists of 5 tasks: ac
(accept), cc (check claim), cp (check policy), pay (claim is agreed), and dn
(claim is denied). Figure 11.1a contains 4 basic node structures to be used in
Fig. 11.1b. The meaning of triangles inside boxes is as given in Fig. 11.1a.
Apparently, this is not a true Petri net. Triangles do not belong to Nets. But it
is called WF-net in the literature and is assumed to be an EN-system consisting
of conditions and events.
Correctness is not defined for WF-net (maybe the inventors have no idea
about it at all). Instead, soundness is the key property of WF-net. The proposed
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Fig. 11.1 Insurance claim—EN-system(?)

analysis method requires an extra event to be added to (b). This extra event is not
included in (b) since it is not part of the process.

A WF-net is sound if the token in the initial place start would, via the extra
event, flow back to start and leave no token behind. Besides, every event should
have a chance to occur in dealing with this or that case. For a cooperative action
with another company, a shadow of a man is attached to the event box (not
shown in (b)). In case an envelope is attached to action box (not shown in (b)),
that means extra data from outside is required.

No wonder that such a model for business processes has not been used in
reality, though many followers of workflow pioneers have written hundreds of
papers about it. The reason for not being used in reality, the author guesses, is not
only because of the complexity (special factors for individual cases and factors
for all cases squished together), but also because it failed to be complete; the
concept of correctness is missing. Correctness requires a different model
for BPM.
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(b) BPMN (business process modeling notation)
It would take too much time and space to give a detailed introduction to
BPMN. Below is a list of its gateways.

Gateways include: exclusive gateway (<><X>), event gateway (),
parallel gateway (<|->), inclusive gateway (<C>), complex gateway (@),
parallel event gateway () and exclusive event gateway ().

Compared with the only binder “synchronizer”, gateway is a complicated
concept. The reason may be traced back to it being informal. The three layer
model, to be introduced in Sect. 11.1.3 below, distinguishes, as said above, a
“one-way road map” (process logic) for all legal cases and one route for a single
case traveling (case semantics). Process logic is the bottom layer, while case
semantics is the second layer. It distinguishes a management task and a man-
agement that is not a task (pure management). So pure management is separated
from process logic and case semantics. This is an example of “divide and
conquer.” BPMN squishes all case-specific situations into one picture, so that
all elements are put in front of people working in this area. It seems they have got
used to it.

Theory development often lags behind practical needs. When practical
methods have been widely used for certain time, theory may still be a “baby.”
A good theory is deeply rooted in professional knowledge as well as accumu-
lated practical experiences. Though there exists a gap between theory and
practice, it is worthy to absorb “nutrition” from theory.

(c) The study of BPM is now closely following new developments in software, like
cloud computing and Al. The author keeps his fingers crossed for these
researches.

(d) Process mining is now becoming a hot topic in BPM study. But, without a
qualified log, process mining would not contribute much.

(e) The importance of BPM correctness is now ignored by many. It will become a
must for complicated applications in the future.

11.1.2 Correctness of BPM

Tasks in the insurance claim example are determined by the insurance company.
Insurance professionals with vast experience would have all their business processes
well designed and well executed in their daily practice. But it is possible that they
have no idea about a formal model; potential errors would be discovered only when
such errors arise, leading to disagreement with customers. So, a formal model is
needed to express procedures for insurance personals to follow. Insurance claim is
but a simplified example.
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The Petri net used in this chapter is a special kind, since it uses special S-elements
called synchronizers, defined in Chap. 10, as binders between adjacent tasks.

The first thing to do in our approach is to construct a net model for (7, <), then try
to simplify this net, with simplification rules given in Chap. 10, to see whether or not
it may be reduced to the special S-element with empty scope. As said above, this
special element is called “harmony.” A so-constructed net is called process logic
(or business logic).

Definition 11.2 Process Logic in Terms of Petri Nets

1. A Petri net is a process logic, if it has exactly one initial place; synchronizers are
the unique binders between transitions. Besides, all its end elements are places.

2. A process logic is correct if and only if it can be simplified to harmony with
simplification rules given in Chap. 10.

11.1.3 Three-Layer Model for Insurance Claim

In our (7, D, <) way of thinking, T consists of all business tasks, and D is a set of
variables to hold data that decides how to select immediate successor transitions
(tasks). < is a partial order to specify causal dependence and possible guild regula-
tions among tasks.

Back to the insurance claim example, we have:

T ={ac, cc, cp, pay, dn},
D={x,y : Boolean},
< ={lac—cc>,jac—cp>,cc || cp >, [cc— pay >, [cc—dn>,

[cp — pay >, [cp—dn>}

The arrow — above denotes immediate follow: cc and cp are immediately
executed in parallel (concurrent) after ac. (T, <) above gives out the process logic
for an insurance claim. Figure 11.2 contains this logic expressed in terms of Petri net.
So,x > ymeans x < yand {zZlx <z <y} = Q.

The dual net of process logic is management logic. Two nets are dual with each
other if there exists a one-to-one correspondence between T-elements of this net and
S-elements of that net, and vice versa. Let’s call the dual element of a synchronizer
“judge,” since its duty is quality testing. Figure 11.2 contains the management logic
as well.

Boolean variables x and y are for task cc and task cp to write (output) their
respective decisions to pay or to deny a claim, and for task pay and task dn to read
(input) these decisions.

Process logic is the bottom layer for a business since it is the “one-way road map”
for all possible cases to travel.
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Fig. 11.3 Case semantics—C-net

Process logic + variables for resolving conflicts are case semantics, since data
held by the variables come from case execution. Case semantics is the second layer
above process logic.

The duality of process logic and management logic is the top layer.

Note that all S-elements in process logic, except the initial one and the end places,
are synchronizers defined in Chap. 10. Transition rules around a synchronizer is also
defined there. Correctness of a process logic and method for correctness of proof are
also included there.

Recall that a net with variables as a new kind of S-elements is a C-net. Figure 11.3
below is the C-net for case semantics of insurance claim. The difference between
C-net and C-net system is that the former is not initialized, while the latter has an
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initial marking. Case semantics is the middle layer in our three-layer model, of which
Fig. 11.3 is an example.

Figure 11.4 gives a graphical proof for correctness of the process logic given in
Fig. 11.2.

Figure 11.5 shows another simplification of process logic. This process logic is a
bit more complicated than the insurance claim and explores a more complicated
simplification. Apparently, process logic is not an EN-system; it is a P/T-system.

The correspondence relation between elements of business logic and elements of
management logic is represented by arrows in Fig. 11.2. Note that the original
arrows in business logic and management logic are replaced by dotted arrows,
since tokens will flow from business logic to management logic and then back to
process logic interactively. The function of case semantics in this interaction is to
resolve conflicts existing in business logic.

Lemma 11.1 A process logic should contain no loop.

Before this lemma is verified, it must be made clear that there are two kinds of
management. The first kind is itself a business task, called B-management, and it
requires knowledge about the business item. The second kind belongs to
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management logic, called M-management, and it requires no knowledge about the
business item. An M-management follows management rules to carry out its duty,
say to check whether the dual task complies with the duty task. If the duty is to draft a
document, but a picture appears, then a wrong action is recorded and reported.
Loops may be needed to accomplish a business task, say to remove a pile of earth
with a truck. It may require the truck to return several times. Such a loop is not
necessary to appear explicitly as part of process logic, since tasks (transitions) are the
smallest consisting objects of process logic, while loop is just the inner behavior of
tasks. The missing of a loop structure from process logic is different. Although it is
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not avoidable that some business tasks must be done a second time if some errors are
found, what the B-management task needs to do is just return the business form for
correction. A loop is to repeat actions, not for correcting errors. Besides, a “return”
action is case specific, while process logic covers all possible cases.

11.1.4 A Comparison Between WF-Net and the Three-Layer
Model

1. WF-net is assumed to be at event/condition level; the three-layer model is at
place/transition level.

2. WF-net does not distinguish a model for all cases and a model for individual
cases. The three-layer model has it well separated.

3. WF-net has no idea how to deal with data for conflict resolution. The three-layer
model has variables for data.

4. The insurance example leads WF-net into contradiction: Event cc (check claim)
has to use two conditions c; and c; as its output for its decision to pay or to deny a
claim. On the one hand, as output conditions of the same event, c; and ¢, would
both receive a token when cc occurs by transition rules, but on the other hand, ¢,
and c, cannot be true at the same time, since they are mutually exclusive.

5. It is a must to have a logic for all cases and a logic to exhibit cases individually.
C-net is now the only net model capable of expressing case individuality. WF-net
is even not a true Petri net.

Insurance claim is a simple example, but it leads to many important concepts.

Synchronizer is invented for constructing a BPM model. It is a key component for
system design to implement a given way of synchronization between tasks.

For system analysis, different concepts are needed to measure the synchronization
degree. This is what synchrony in general net theory is all about.

The universe has existed for hundreds of thousands of years in harmony (tiny
local collisions are not avoidable). Is this another way of synchronization? A
synchronizer specifies how two sets of transitions are synchronized, while the
universe is not divided. It seems that every celestial body is synchronized with
every other celestial body, though their synchronization is not strictly defined for
tasks.

To end part 1, a summery is given below.

1. Visible and invisible nets exist everywhere, in nature, like a spider net, and in
human society, like the internet of things. Petri net is but a human invented means
with the difference being directed net (Petri net) or indirected net (spider net).

2. As adirected net, Petri net distinguishes two kinds of relations between resources
and transitions (actions): consuming (input to transition) or producing (output
from transition). Resources are static while transitions are dynamic. As an
exception, catalyzer is just participating in a transition, but it is neither consumed
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nor produced by the transition. Catalyzer makes a net impure. An impure net
should be included by net theory.

. Only countable resources are suitable for net applications. The unit for counting
resources is abstracted as “token,” and “residence” for tokens of the same kind is
called a “place.” This “place” is different from a geographic place; it does not
have a fixed position and it occupies no area. A swimming pool is a place for
sports while a water tank is a different “place” for storing drinking water. In the
eye of net, these two places are different though water is their shared concrete
resource. Tokens are abstractions of all countable resources that play a role in
nets. A token represents neither concrete positions of resources nor what concrete
objects they are. In case a concrete position of certain resources plays a role in an
application, this position should appear as a place in net, just like a swimming
pool or water tank. Positive integers, including zero, are sufficient for token
counting.

. With directed net as the underlying structure, net systems are invented for system
design and system analysis. On top of a net, static elements, including place
capacity, arc weight function, and marking, are defined. Transition rules define
net dynamics.

. Net systems are classified according to functions of their places. Positive integers,
including zero, are the only allowed data for net systems, except C-net systems.
The table below illustrates differences of S-elements for different net systems.

Pr/T- “olour 1f-control -net
EN-system P/T-system ! _(0 ou Self-contro C ¢
system system system system
. . Same as
Predicat residence
.. Places, Pr/T-
condition residence ) for svstem Places or
(state) of individual multi-set > > Variables
S for tokens with
individual tokens that of . of all data
of the . flexible
token . makes it  coloured types
same kind arc
true tokens .
weights

. Occurrence nets are to record what has happened in a net system. It is comparable
to a video recording. An occurrence net reflects correctly asynchronous concur-
rent behavior. Besides, it records how conflicts are resolved.

. There are different ways to study properties of a net system. With focus being
listed in the table below, together with properties related to the focus.

Transition Transition and | Incidence Reachable | Reachable
sequence Place place matrix tree graph
Recursive or Bounded or | Process Reachable End node Leaf node
not not marking
Fairness Trap Process period | T-invariant Dead

transition
Liveness Siphon S-invariant
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8. Nets are suitable for systems in which resource flow is the main character.
Business process management is a good example. It is a digital business form
that flows to record what has been done, what is to be done, etc. Resources
include materials, human beings, and data.

9. The main contribution of Petri nets in information science is not limited to what is
listed above. It is general net theory that makes a big difference.

Before approaching general net theory, a few words about differences between
system design and system analysis. The three-layer model is an invention,
constructed from scratch. It is also a simple example to exhibit the power of Petri
nets. The first part of Petri nets, i.e., system theory, is mainly about system design.

General net theory is different. It is mainly about system properties and analysis
methods.



Part 11
General Net Theory

General Net Theory (GNT for short) consists of five branches, namely Concurrency
axioms, Synchrony, Net topology, Enlogy (or net logic) and Information systems.
Here in this part, all five branches will be introduced with different details.

Concurrency axioms are defined based on occurrence nets to describe structure
characteristics. There are two kinds of occurrence nets, i.e., natural ones and artificial
ones. The former is a recording of what happens in nature while the latter is a
recording of what happens in a man designed system. For example, the system
model of four seasons in Fig. 4.1a reflects people’s common understanding, of which
the occurrence net is given by Fig. 4.2a; the system model of four seasons in
Fig. 4.1b reflects changes of four seasons in nature, of which occurrence net is
given by Fig. 4.2b. Concurrency axioms are axioms on occurrence nets like
Fig. 4.2b. There are many self-complete systems in nature, Fig. 4.2b is but one
example. Concurrency axioms are applicable to all of such self-complete systems.

Synchrony is important for the understanding of BPM (business process man-
agement). It is the key to building a good system model for business process.
Synchronizer is the only S-element to connect tasks (transitions) and to have tasks
synchronized to form a correct (provable) business process. All concepts on BPM
have been given in Chap. 11.

Net topology helps to extend the concept of continuity from real numbers to finite
nets. Continuity has been defined in mathematics based on real numbers while
nothing in the world conforms with it since things are consisting of articles. No
matter how tiny an article is, the number of articles for any thing is bound to be finite.

Enlogy, or net logic, makes use of dead transitions for reasoning about system
properties. A dead transition in a net system is something that never could occur. It
seems that whenever system property is concerned, it refers to only those things that
could happen. But in fact, both things that may happen and things that have no
chance to happen are system properties. For example, no one in the world could
jump over a horizontal bar 3 m high. This is a property of human beings so far.

Note that “something could never happen” is different from “something should
never happen.” The later might happen and leading to human disaster. A car should
not run into another car, but traffic accident is heard every day.
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The concept of information systems opens a new way to view

computer CPU. An information system represented in terms of Petri nets may be
decomposed into function blocks that are similar to CPU instructions. Reversible
information system may lead to reversible CPU. Currently, CPU is not reversible.

Next is detailed description of the five branches.



Chapter 12 ®)
Synchrony s

Abstract Synchrony is a branch of general net theory. The concept of synchronous
distance provides a quantified way to specify how transitions are synchronized.

We have made a good use of synchronizers when BPM was discussed in Chap. 11.
There, our focus was on application of nets. BPM has benefited from theory. Here,
theory is the topic to be discussed. We must admit that some repetition is not
avoidable.

Does “synchronized” mean “at the same time? Check it on the internet, “yes” is
almost the only answer. This seems a well-accepted common understanding.

When we clap hands, the left hand and the right hand must touch each other to
produce sound. Hands are synchronized. When we walk, both legs step forward one
after another. Are the legs synchronized? The answer should be “no” since both legs
cannot make a move “at the same time”. But on the other hand, legs must be
synchronized to make a normal walk. We have to say that this is another way of
being synchronized, different from “at the same time.”

The concept of synchronization should be cleared up for scientific research. It
refers to the existence of regularity among action occurrences. What the internet tells
is the simplest situation of synchronization.

First, what are synchronized? Hands? Legs? No, it is the actions of hands and legs
that are synchronized. In terms of nets, it is transitions that are synchronized. For the
BPM example introduced in Chap. 11, tasks are synchronized.

Second, “at the same time” is just one form of synchronization. Hand clap and leg
walk are different forms of it.

What is the difference between the two? The former always involves the partic-
ipation of both hands, while, for the latter, one leg step forward must be supported by
the other stationary leg. As a quantified description, hand clap is 0, leg walk is
1, since, if you count the number of action occurrences, actions of the two hands are
in fact inseparable, while one leg may make at the most 1 move more than the other
leg. 0 and 1 are the respective measures of synchronization degree. O or 1, they are
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ds bZ

Task A Task B

Fig. 12.1 Examples of synchronous distance o(a, b)

“synchronous distance” between hand clapping and between leg walking. Fig-
ure 12.1 gives their corresponding net representation. This “ruler” for measuring
the degree of synchronization is called “distance” since, as we will see, it satisfies
distance axioms. Conventionally, synchronous distance between transition sets 7
and T is denoted by o(T, T), in which T} is called the positive side and T, is called
the negative side. In case T, and T, are both singletons, say 7, = {t} and T, = {t/},
o(T), T») is written as (1, ¢) instead of o({t}, {f'}).

The system to be discussed here in this chapter is the EN-system, that is the event/
condition system. In case W(z, p) > 1 in a P/T-system, the token number in p does not
correspond to the number of occurrences of #, and as such, it is much more
complicated to define synchronous distances. It is more important to understand
the concept of such distances than to compute. Letters T and ¢, instead of E and e, are
used to denote a set of events and a single event respectively and the word
“transition” is used instead of event. The reason for this is to emphasize the fact
that concepts proposed here may well be applied for P/T systems and even high-level
systems. The three-layer BPM model is a good example.
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Back to synchronous distance. T is the positive side, since each occurrence of a
transition in 7 is counted as +1; T is the negative side, since each occurrence of a
transition in 7, is counted as —1. So, one move of left leg and one move of the right
leg are respectively +1 and —1. A walk corresponds to a sequence of 1, —1, 1, —1,
---or—1, 1, —1, -+ of which the sum is either 1 or 0. The difference 1 between 1 and
0 is the measure for the synchronization in normal walking.

The net in Fig. 12.1a can also be understand as a telephone call. Talking and
listening are two sides of a call. This is synchronized information transfer. The two
nets in Fig. 12.1b are asynchronized information transfers like the sending (transition
a) and receiving (transition b) of a letter or telegram. The unnamed transition in (b) is
the reply from the receiver.

Transition a and transition b in o(a, b) are treated as a singleton here. In case the
positive side is a set of more than one transition, the occurrence of a represents an
occurrence of any transition in the positive side. So is the negative side b.

Note that synchronous distance is symmetric, i.e., o(a,b) = o(b,a). So, the
adjectives “positive” and “negative” reflect nothing but the way occurrence times
are counted in computing o(a, b).

It is easy to understand o(a, b) = 0 in (a) and o(a,b) = 1 in (b). To understand
o(a,b) = 2 in (c), just notice the fact that transition a (or b) may fire twice
consecutively. There is a virtue place p in (c) denoted with a dotted circle. It is not
a place of the net, but added to the underlying net by S-completion operation as an
observing window. The distance 2 between a and b can be observed from this
window in the same way mentioned above to find o(a,b) = 1 from sequence 1, —
1, 1, —1, .... Possible transition sequences seen on the net system in (c) from this
window are as given below:

abvwu
abvwu
bavwu

u
abvwu

bavwu
bavwu

Taking a as the positive side, b as the negative side, and u, v, w as irrelevant, the
corresponding sequences are:

1, —1,1.—1, ... sum=1orsum=0
1, -1, —1,1, ...sum=1or sum=0 or sum= —1
—1,1,1, =1, ...sum= —l orsum=0or sum=1
—1,1, —1,1, ... sum= —1orsum=0

The difference between maximum and minimum of sums is 2. So, o(a, b) = 2.

It is clear that only the maximum sum is observed from the window by one
observation (first sequence), and only the minimum sum is observed from the
window at another observation (last sequence). So, it requires complete observations
to cover all possible transition sequences to find the maximum and the minimum.
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Fig. 12.2 Conflict and loop

With such observation windows on conflicts and loops as illustrated by Fig. 12.2
below, we have o(a, b) = 2 for Fig. 12.2a and o(a, b) = o for Fig. 12.2b.

It is easy to see that o(a, b) =  in Fig. 12.2b, since transition a or transition b may
fire an arbitrary number of times consecutively.

For a conflicting situation in Fig. 12.2a, transition a or transition b, each of them
can fire just once, how to find o(a,b) = 2? Assume that there are n tokens in the
observation window, it becomes n + 1, if transition a occurs, and it becomes n — 1 if
transition b occurs. So, the difference is (n + 1) — (n — 1) = 2. This is another way to
observe, which is different from the positive side and the negative side. Note that
n+ 1 and n — 1 are reached in two different processes (though the so-called process
consists of just one transition occurrence). This fact tells us, synchronous distance is
a cross-process property of systems. Another way to compute o(a, b) is to make use
of a special kind of transition sequence called deflection sequence. A deflection
transition sequence contains transition firings as well as reverse transition firings like
ab~ ! in Fig. 12.2a. This reflects the cross-process property: a and b~ ' belong to
different process. The deflection transition sequence ab ™' yields o(a,b) = 2, in
which transition a is counted as 1 and transition b~ ' is counted as 1 as well.
Transition b is in the negative side, so the counting is negative, but its reverse
leads to negative again for the second time. So the counting of 5~ ' is 1. The concept
of deflection transition sequence is given by Definition 12.1 below.

It must be made clear that it is information systems that are focused in this
chapter. Information system belongs to the EN-system in the net system hierarchy.
When reverse transition firings are taken into account, an EN-system is extended to
be a C/E-system. An EN-system is denoted as (B, E; F, C;,) and a C/E-system is
denoted with (B, E; F, C) where c;, is the initial case (state) while C is the complete
set of cases reachable by transition firing sequences, including deflection transition
sequences. As a complete set of cases, every case in C is reachable from any other
case in C by a deflection transition sequence.

Definition 12.1 Deflection Transition Sequence Let each of a,, a», ..., a, be an
event firing or event reverse firing in C/E-system ), = (B, E; F, C), and ¢y, ¢3, . . ., Cp,
cp+1becasesof Y. If ¢jla; > ¢; . ;foralli,i=1,2,..., n,then a1a,, ..., a,is a

deflection transition sequence.
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To prepare for formal definition of synchronous distance etc., two kinds of
operations on nets are first introduced below.

12.1 Two Kinds of Operations on Nets

There are two kinds of operations on a net, namely, net completion and net
complementation. Furthermore, completion operations include S-completion opera-
tion and 7-completion, complementation operations include S-complementation and
T-complementation.

First, an informal description on completion and complementation.

Let N = (S, T; F) be a directed net. For two arbitrary subsets of 7, say T} and 7>,
T, U T, # J, an S-element s can be constructed with T as preset and T as post-set,
ie., s=T; As =T, The S-completion operation on N is to construct all such S-
elements from given transition set 7, and to add them into S. Let S’ be the set so
obtained, then N = (S/, T F /) is a S-complete net in which F "is the arc set enriched
from F in the course of S-completion.

Similarly, for two arbitrary subsets of S, say S; and S,, S; U S, # &, a T-element
t can be constructed with S; as preset and S, as post-set, i.e., t=S; At" =S,. The
T-completion on N is to construct all such 7-elements from a given place set S, and to
add them into 7. Let T be the set so obtained. N = (S, T/; F /) is a T-complete net in
which F is the arc set enriched from F in the course of T-completion.

In definitions below, directed net N = (S, T; F) is always assumed to be a simple
net, i.e., every element of N is structurally unique.

Definition 12.2 Net Completion Directed net N = (S', T.F ') is the S-completion of
N = (S, T F), if for any subset pair (7,7,) of T and T; U T, # O, there exists a
unique element s in S/, such that 's = T; A s = = T,. Elements in S are places, and
elements in S — S are called place items.

A place item will be used as an observation window on net systems. An
observation window exposes firing regularity of transitions in its scope.

Directed net N' = (S, T/; F /) is the T-completion of N = (S, T; F), if for any subset
pair (S, 5,) of S and S, U S, # J, there exists unique element ¢ in T, such that
t=8 ANt° =S8, Element in T are transitions, and elements in T — T are called
transition items.

For a given directed net N, S-completion and 7-completion may be repeated to
produce more and more new nets.

A net may be the underlying structure of an EN-system or a P/T-system. S-
completion provides observation windows on both EN-system and P/T-systems
while 7-completion is important for an EN-system (E, B; F, c¢y), where a transition
is called an event and a place is called a condition. When a condition is viewed as a
Boolean variable, net logic is obtained for reasoning about system properties. This
logic will be talked about in Chap. 13.

For EN-system (E, B; F, cg), let §0(B) be the power set of condition set B, i.e., the
set of all subsets of B. §2(B) consists of two subsets C and N. C is the set of all cases
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Fig. 12.3 Logic structure of NN
a net system
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(subsets of B reachable from initial case cg) and N = £ (B) — C. Let (E,B;F)be the
EN-system obtained by T-completion operation on (E, B; F). All elements in E fall
into 4 classes, i.e., CC, CN, NC, and NN according to their respective presets and
post—sets:forainE/,aeCC,if’aE CANa €C,aeCN,if'acCNa” €N,acNC,
if'aeNNa €C,aeNN,if ac NNa  €N.

The picture in Fig. 12.3 is called net logic structure, that is, a detailed classifica-
tion of E elements, since a single transition form in £ may belong to more than one
of the above four classes.

Formal definition of these classes will be given in Chap. 13 on net logic.

Definition 12.3 Net Complementation N = (S/, T, F ’) is the S-complemented net
of directed net N = (S, T; F), if for all S-element s in S, there is a unique s in S such
that's=s * A 's =s".Place s and s are said to be complemented with each other.

N = (S, T/; F /) is the T-complemented net of directed net N = (S, T; F), if for all
T-element ¢ in 7, there is a unique ¢ in 7' such that t=¢ *~ A " { = . Transition ¢
and transition ¢ are reverse with each other.

A token held by s and a token held by its complementation s are resources of
reverse property, like a car and a parking space.

If a net system has a 7-complemented net as its structure, then the token flow
would “miss direction,” since ¢ and its reverse ¢ would make tokens flow in reverse
directions. If “forward” is reachable from u to v, then “backward” is also reachable
from u to v, since M[t > M — M[ft, > M’, in which —7 is the backward firing of ‘.

If a net system has a S-complemented net as its structure, and for every
complemented pair (s, s), Mo(s), + Mo(s) = K(s), then for every reachable marking
M, M(s) + M(s') = K(s). This is the property of a parking lot: the occupied spaces +
the unoccupied spaces = capacity of the lot.
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Lemma 12.1 S-complemented Net System Is Contact Free A contact situation
denotes the possibility of token overflow. M(s) + M(s)) = K(s) implies M(s) < K(s),
overflow is impossible.

The S-completion operation on the underlying net structure of a net system gives
rise to the key concept of synchronous distance.

12.2 Synchronous Distance

Let s be an S-element added by S-completion on P/T-system Y, = (S, T; F, K, W, M)
and s = (T}, T») as shown in Fig. 12.4 in which T} = {#;4, 12, .. ., t1,} and T, = {t,,
tr, . .., 1y ). With s as an observation window, the concept of synchronous distance
is given by Definition 12.4 below.

As said above, the way to observe is: to put a token into s when a transition in 7
occurs, to remove a token from s when a transition in 7, occurs. To ensure the
observation to go on smoothly, assume that many tokens had been put into s before
observation. In case the token number in s has a peak and a valley, the difference
between the peak and the valley is defined as the synchronous distance between T}
and 75. It represents some regularity of transition firings. In case there is no up bound
or no bottom, the synchronous distance is @ (infinity).

An observation window s may happen to be a S-element of the system under
observation. If so, transition rules and the initial marking decide the variance of
token numbers in s. This variance is also understood as the synchronous distance.
Thus, the synchronous distance between the preset and the post-set of a condition in
an EN-system is always 1.

For P/T-system ), = (S, T; F, K, W, M, and a S-completed element (observation
window) s = (T1,T2), Ty = {ti1,t12,---t1,} and Tr, = {t21,t22,...,t2n}. Let
S =SU{s}and F = FU {(t1,8)li = 1,2,...,n} U {(s,12)lj = 1,2,...,m}, and
= (S, T;F,K',W',M}), in which K'(s) = @ and K'(p) = K(p) for all p in S;
Wi(x,s)=1and W(s,y) = 1, where x € T; and y € T»; Mj(p) =My(p) forall pin S.
Mj(s) =L, i.e., s holds L tokens initially that is great enough for the observation.

21 X2 3

Fig. 12.4 Three windows for observation
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(a) (b) (c)

Fig. 12.5 Infinite synchronous distance

Definition 12.4 Synchronous Distance For P/T-system > = (S, T; F, K, W, M),
s =(T),T»),and Y = (S, T; F',K', W', M) is constructed as given above, then Y
is called the synchronous observation system for (7, T5).

The synchronous distance o(77, T5) is the drop height of tokens at s in net system

’

>

Jo IM e [My> :M(s)=
G(TI’TZ)_{maX{M' M’ e [My>}— mm{M’ )M e M >}

Note that “the drop height is infinite” is the same as AM’ € [M{y> : M'(s) =w
Other drop height is given by max{M’(s)|M’ € [M}>} — min{M'(s)|M’ € [M}>}.

Figure 12.5 below are examples of infinite distances, in which Fig. 12.5a consists
of two circles that are not connected. As we have claimed earlier, it makes no sense
to put disconnected nets into one system, since their behaviors are independent. The
infinite synchronous distance is but a quantified description of independent dynam-
ics. Figure 12.5b is another kind of infinite distance. Transitions a and b belong to
the same system and their firings are closely related with regularity, i.e., repetition of
tabat,. Transition a occurs one more time than transition » in one loop. This
difference would accumulate to infinite so that o(a, b) = w.

The infinite distance in Fig. 12.5b comes from a fact that a : b = 2 : 1. This
observation leads to the concept of weighted synchronous distance.

In preparation for defining the concept of synchronous distance above, a net
system Y = (8, T; F',K', W', M{)) was constructed from Y = (S, T; F, K, W, Mp), in
which W/(x, s) =1 and W’(s, y) = 1, where x € T} and y € T». As said above, the
token drop height at s in Y’ gives out o(T, T»).

Though o(T,T;) = w for Fig. 12.5b, there exists some regularity between
transition firings of 7} and 7,. To describe such regularity, we need another net
system Y, > = (8", T;F,K',W",M}), which is almost the same as > except W'
It there exist posmve integers u; and v;, i = 1, 2 ,nandj=1,2, ..., m,such that
w (t15»8) = u; and w (s t1)) = v; would lead Z to have a finite token drop height at



12.2  Synchronous Distance 127

Fig. 12.6 o(a,b) = @ and
o(a,3b) =3

s = (T, T,), then this drop height is the weighted synchronous distance between T}
and T2.

Definition 12.5 Weighted Synchronous Distance For P/T-system ). = (S, T; F, K,
W, Mp), s = (Ty,T»),and >." = (S', T; F',K’, W”, M) is constructed as given above,
then the weighted synchronous distance ¢(77, T5) is the drop height of tokens at s in
net system Z All the positive integers w; and v, i = 1,2, .. ,nandj=1,2, ...,
m are respective weights on due transitions.

Figure 12.6 below is an example of infinite distance and finite weighted distance
where o(a, b) = w and o(a, 3b) = 3. Note that 3 is the weight on b.

Note that o(a,c) = w, 6(2a,3bc) = 6, o(c,b) = w and o(b,2c¢) = 2 and
o(a,3b) = 3 for the net system in Fig. 12.6. In fact, to keep the figure simple and
easy to read, observationa : ¢ : b =3 : 2 : 1 windows for o(a, ¢) and o(c, b) are not
included in the figure.

The general form of weighted synchronous distance is ¢ (7", T ), where T and
T’ are multi sets:

/o — " o
T, =utiy +uztp + - + Mnlln—zizllhtn

T/_ t t cee t — " fr:
2=Vl Vol 0 A Vo= ) Vil

To show that o(a, b) is indeed a distance, we have the lemma below.

Lemma 12.2 6(a, b) Satisfies Distance Axioms
.o0(a,b)=0—a=0>b,

. o(a,b) >0,

. o(a,b) = o(b,a),

. o(a,b) + o(b,c) > o(a,c),

. o(a,b) =0(a — b,b — a),
.o@aUb,cUd)<o(a,c)+ob,d)+olanb,cnd).

NN AW

Proof The first three properties are directed consequences of the definition of o(a,
b). Note that a and b in o(a, b) is not necessarily a singleton. To write it this way is
just to avoid a complicated formula.
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Fig. 12.7 Signal synchronization

To prove o(a, b) + o(b, ¢) > o(a, c), it is assumed that all these distances are finite
since only finite distances are realistic in real applications. Let 7; be the transition
sequence that leads the token number at observation window (a,c) from M, to
maximum, and let 7, be the transition sequence that leads the token number at
observation window (a,c¢) from M, to minimum. Then, 7, 'z, is a deflection
transition sequence that changes the token number at observation window (a,c)
from maximum to minimum. Let /;, l,, I3 be the firing times of transitions a, b and
¢ in 7, 'z,, then we have ,6(a, ¢) = | Iy — L] (absolute value). On the other hand
however, o(a, b) is the drop height at observation window (a, b), o(a,b) > | I} — b|.
Similarly we have o(b,c) > | I, — L|. Now,

o(a,b)+ob,c)> |Li—bL|+|b—5L]|>|L—-5] =0c(ac)

Similarly, the other properties can be proved.

1 . . . .
Note that 7, 7, is reasonable, since synchronous distance is a cross-process
concept, the maximum and the minimum may be reached in different processes.

Example 12.1 Signal Transfer Figure 12.7 below (a) is a mechanism to get signal
A and signal B synchronized by signal splitting (s, and s,) and waiting (w, and wy,).
Once this was a used mechanism, but later it was given up for it was erroneous. The
goal for this synchronization is to keep o(s,, s,) = 1. In case signal A goes much
faster than signal B, then s, may occur twice consecutively to make o(s,, s,) > 1.
Figure 12.7b is the right solution.

Figure 12.8 is the net systems corresponding to Fig. 12.7. It easy to find that
transition s, and transition s, in Fig. 12.7a are concurrent while s, and transition s, in
Fig. 12.7b are sequential, i.e., o(s,, s5) > 1 in Fig. 12.7a and o(s,,s,) = 1 in
Fig. 12.7b.

Example 12.2 Deflection Sequence and Conflict 1t has been made clear above that
o(a,b) = 2 for conflicting a and b. Figure 12.9 below is a net system in which
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Fig. 12.8 Net system for signal synchronization

Fig. 12.9 Transition ¢ and
o(a,b) =2

a transition ¢ is added to conflicting a and b. Now, acb™" is a deflection sequence
and acb 'acb™ ! is also a deflection sequence. Is it reasonable to conclude, from
ach'ach™!, that 6(a, b) = 4 or o(a, b) = @?

This confusing question had raised another question years ago: is synchronous
distance meaningful? Now, the answer is definitely “yes!” There should be no doubt
about it since the concept of synchronizer has played the key role in BPM as
described in Chap. 11.

The regularity of the occurrences of transitions a and b is fully displayed by
deflection sequence acb™', and ach™'ach~" does not tell any more. Thus, it remains
that o(a, b) = 2.

The concepts of synchronous distances and weighted synchronous distances are
useful in system analysis. But for system design, the reverse of computing synchro-
nous distances is even more useful. The way to do this is to list how actions are
synchronized in terms of synchronous distances, and check whether these given
distances satisfy distance axioms. As long as the listed distances comply with



130 12 Synchrony

Fig. 12.10 A program for Y 0=1V 022
church wedding

distance axioms, then add details to implement each of these distances separately.
Figure 12.10 is a program of a church wedding. There are three main actions for it,
namely, interaction between the host and the bride (action A), interaction between
the host and the bridegroom (action B), and interchange of rings between the bride
and the bridegroom (action C). As a blueprint, (A, C) = 1 and 6(B, C) = 1 is a must,
since A and B must be before C and occurring exactly once each. As for A and B,
both 6(A, B) = 1 and o(A, B) = 20 are acceptable according to distance axioms. o(A,
B) =1 tells that first A than B, or first B then A. Once this order is decided, it would
be fixed. o(A, B) = 2 tells that A and B are in conflict since the host is shared by the
wedding couple. The host is free to talk to the bride first or to talk to the bridegroom
first.

Note that synchronous distance is symmetric, and so o(C,A) = ¢(A, C) = 1. For
the above wedding program, equation ¢(C,A) = 1 is not the same as shown by the
dotted circle in Fig. 12.10, since the circle has a given positive side A and a given
negative side C.

It is easy to add details to make Fig. 12.10 a complete design as given in Fig. 1.2a.

12.3 Synchronous Distance and System Property

The S-completion operation on a net will bring many place items into a given net. In
fact, the total number of S-elements and place items for |7'| = n is 2*" — 1 in which
(D, @)is not included. With place items as observation windows, condition items
(synchronous distance 1) would be figured out. Figure 12.11b is the net system
obtained from the simplest four-season system in Figure 12.11a by S-completion in
which all condition items are included. The concept of condition items is relative:
Conditions are given as part of a system, and condition items are found by S-
completion and synchronous distance computing. Different condition sets corre-
spond to different sets of condition items.

The net system in Fig. 12.11b is said to be most complete, since it contains all
conditions related to season alternating. Note that the inner most condition is p; and
the out big circle is p;. All these conditions are pairwise complemented denoted by
p and p. Say, p is “flower blooming” and p is “flower falling”, or “swallow coming”
and “swallow leaving,” etc.
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Fig. 12.11 Four-season system: the simplest and the most complete

Definition 12.6 Basic Set The set of all conditions and all condition items of system
> = (S, T, F,c;,) and system Z’ = (S, T, F,C) is called the basic set of > and Z/
respectively.

Note that Y and Y are respectively an EN-system and a C/E-system.

The basic set for a given system ) is unique, but the same basic set may be shared
by more than one system. For example, the four-season system has four events a, b,
¢, and d that occur in above appearing order, and another system with the same event
set {a, b, c,d} and the firing order is b, d, c, a, they share the same basic set.

The basic set contains too many conditions and condition items to be applicable
in reality. One way to simplify it is to delete one condition item from each
complement pair; another way is to keep only all accompany conditions of transi-
tions. The four-season system with eight conditions is a good example for the latter.

We have gone over a complete process on the four-season net system via S-
completion operation, from the simplest one to the condition complete one, from the
basic set to accompany conditions only. This process may be applied in real
applications to figure out a system model that is most suitable to the problem in
question.

In case the number of elements is important, Figure 12.12 suggests a net system
that has three conditions only.

Lemma synchronous distance between a and b

1. If o(a, b) = 1, then [a — b>,
2. If [a — b>, then o(a,b) > 1,
3. If [al b> or [a || b>, then 6(a, b) > 2.
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Fig. 12.12 Four-season c
system: the simplest one

Fig. 12.13 [a — b> and 6(a,b) > 1

Remarks To put the lemma in words

If 6(a, b) = 1, then a and b must be sequential, but the reverse is not necessarily
true. Figure 12.13 is an anti-example: o(a, b) = 2 while a must before b.

In case a and b are in conflict or parallel, then o(a, b) > 1.

12.4 Computing Synchronous Distance

The concept of synchronous distances is important for system analysis. It is more
important to compute these distances in real application. But synchronous distances
as well as weighted synchronous distances are defined based on the set of reachable
markings, i.e., [My>. [My> might be infinite. Here in this section, we will hunt for
applicable methods for the distance computing.

Theorem 12.1 About Recursive Process Let R be a recursive process of C/E-
system Y. = (S, T; F,C) and T,, T, be subsets of S and T; N T, = O, then
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Fig. 12.14 A system with b, % b, y bs
recursive processes

Occ(T1,R) # Occ(T2,R) > o(T1,T) = w,

in which Occ(T, R) and Occ(T5, R) are respectively the number of transition occur-
rences of T} and 75 in R.

Proof Since Occ(T,,R) # Occ(T,, R), then the difference would accumulate to
infinity to make o(7T, T3) = o.
The rebellious theorem is true:

Theorem 12.2 Recursive Process For recursive process R,
6(T1,T2) <w— Occ(T1,R) = Ocec(T, R).

Remarks o(T,,T,) is meaningful only if T} # @ A T, # @ since synchronous
distance is a ruler measuring the degree of dependence between the positive side and
the negative side.

It is reasonable to have T, N T, = O, since o(T,, T>) = o(T, — T», T, — T).

Theorem 12.3 Recursive Process If Occ(T;, R) = Occ(T,, R) is true for all recur-
sive process R of Y. = (S, T F, C), then the counting of 6(7T, T>) can be carried out on
those processes that do not contain any complete recursive process.

This theorem is true since the counting of the difference between Occ(T, R) and
Occ(T,, R) on any complete recursive process R results in O.

Figure 12.14 below is a net system containing recursive processes. Transition
x may fire at the initial marking to enable transition u. Transitions x, y, z will fire
recursively after x and u.

All processes of the system in Fig. 12.14 may be given by xu(xyz)+. Transition
u fires only once and x, y, z may fire arbitrary many times So, o(u, x) = @, o(u,
y) =w, o(u,7) = o.

There are two ways to deal with the prefix xu of xu(xyz)*. One way is to take
xuxyzxyz. .. as process formula to have o(y,z) = 1, o(x,y) = 2 and o(x,z) = 2.
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Fig. 12.15 (s, e3) = 2

Another way is to ignore xu, so to have o(y,z) = 1, 6(x,y) = 1 and o(x, z) = 1. In fact,
the regularity among occurrences of x, y, and z is reflected by (xyz)*.

The structure and the initial state (marking or case) decide system property,
including synchronous distances between actions (transitions or events). The net
system Y in Fig. 12.15 is an EN-system as well as a C/E-system. With this system as
an example, introduced next is an algebraic method for synchronous distance
computing.

For the C/E-system ) = (B,E;F,C) in Fig. 12.15, E = {ej,es,e3,e4}. The
observation window s may be represented by vector (0,1, —1,0) for its positive
side is {e,} and its negative side is {e3}. In the same way, we have:

by =(1, —1,0,0),b, = (- 1,1,0,0),
by=(1,0, = 1,0),by = (— 1,0,1,0),
b3=(0,1,0, —1),b3=(0, — 1,0, 1),
by=(0,0,1, —1),b4= (0,0, —1,1),

Note that the focus now is o{e», €3}, and conditions by and b5 are irrelevant.

b; above is the reverse vector of b; for i = 1, 2, 3, 4. As S-element, b; is the
complement: b; @ b; is true.

>, as a C/E-system, its complete set of cases is C = {cy, ¢y, €2, €3, C4, €5} in which

co={bo},c1 = {b1, b2}, c2={b1, b4}, c3 = {b2, b3}, c4 = {b3, b4}, c5s = {bs}. To
add complement conditions to these cases, we have:

Cl/ - {b_O’ b17b2’b_3’ H’E}’
2’ ={bo,b1,b2, b3, bs, bs },
3’ ={bo, b1, b2, b3, bs, bs },
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cs' ={bo.b1, b2, b3, b4, bs },

So, maxf:0{|c,-' N {b3,b_4}|} =|ca'N {b3,b_4} | =2,
minf:0{|c,~’ n {b;,a}l} = | C2l N {b3,F4} | =0.

{b3, b4} denotes the firing of e and no e; firing. So max;_{|c/ N {b3,bs}|} =2
indicates that e, may fire twice consecutively.

min;_,{|c/ N {b3,bs}|} =0 indicates that e, may observe no firing. The dif-
ference between the maximum and the minimum leads to o{e,,e3} = 2.

The observation window may take e; as the positive side and e, as the negative
side to obtain o{ez, e} = 2.

The above discussion has focused on a concrete example, in which vectors are the
main means for distance computation. The method is obviously beyond human
ability in case the net system in question is complicated. The only way is to develop
auto tools for it. This example provides a basis for the tool.

12.5 Synchronous Distance Application

Example 12.3 Contract Design Two parties A and B are negotiating over a
cooperation contract. The following conditions are agreed upon by both sides:

. To provide service for each other,

. No one bears the obligation to provide service first,

. Nothing relies on trust, everything must be clearly written on the contract,
. No third party has the right as the judge to rule over them.

B W =

The last condition is necessary since both parties wish to keep it secret. The
contract should be symmetric to A and B, since they should be equally treated.

Let a and b be services provided by party A and party B. o(a, b) is a ruler to
measure the potential price to pay. The smaller o(a, b) is, the better the contract is,
since both A and B want to keep loses as tiny as possible in case one party quits.

o(a,b) = 1 is not acceptable, since either party has to serve the other side first.

To keep the candidate system as tiny as possible, we have the three net systems in
Fig. 12.16. The net in Fig. 12.16a is symmetric, a and b are equally positioned. But,
no matter how to place a token to make it a system, o(a, b) = 1 is true. Figure 12.16b,
c are efforts in order to enrich Fig. 12.16a to make it a contract.

o(a, b) = 2 is the best possible choice. The problem is how to design the contract
to make o(a, b) = 2 true.

If a and b are in conflict, o(a, b) = 2 is true, but the same as o(a, b) = 1. One party
has to serve the other party first.
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Fig. 12.16 Contract to be ruled out

Tal Ta2 Part A
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Fig. 12.17 Acceptable contract

Fig. 12.18 Draft design with synchronous distances

There are different situations, except conflict, that make o(a, b) = 2 true. Fig-
ure 12.17 provides an acceptable contract. It is acceptable since A and B are equal in
the contract and o(a, b) = 2. 6(a, b) = 2 tells that the maximum loss is 2a or 2b, i.e.,
either party may provide service for the second time without being served by the
other side.
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Synchronous distance is a quantified measure to help contract design. System
Figure 12.17a and system Figure 12.17b in the figure are the same system drawn
differently. The dotted circle in Figure 12.17a is an observation window.

Example 12.4 Similar to church wedding, a worker (w) is doing three things: first
a and b, then c. a and b are in conflict since both are carried out by w. With
synchronous distances to specify how a, b, and ¢ are related, we have the draft
design shown in Fig. 12.18a. Figure 12.18b is a primary design in which detailed
implementations of transitions x and y are to be added.

It is the S-complete operation on the underlying pure net structure of a finite C/E-
system that brings to us this branch of general net theory, namely synchrony. The
next chapter introduces net logic (Enlogy).



Chapter 13 )
Net Logic (Enlogy) e

Abstract Enlogy is another branch of general nnet theory, that connects a dead
transition in a net system with system properties. A transition is dead if and only if it
has not even one chance to occur. Dead transitions form a logic system for system
property analysis.

This chapter introduces the way to reason about system properties with dead event items.
To start with, the systems in question are C/E-systems consisting of conditions
and events. An event e has its preset "e and its post-set e”. Let ‘e = {b1,b12, """, b1,}
and e’ = {b21,b22, """, b2y}, then e is enabled if
(bl] AN b]2 VANRRRIVAN bln) A = (bz] V b22 V-V b2m)- SO, e is dead if and Only if

—|((b1| Abpp A /\b]n) /\—\(b2] V by Ve \/me))
E—|(b11 Abip A\ /\bln) \Y <b21 VbyV: \/bzm)
= (b11 ANbpp N - /\b],,)—>b21 V by V Vb,

Definition 13.1 Dead Transition If by Abja A" Aby,,— by V by V-V by, is
true for all cases of C/E-system Y. = (B, E; F, C), then e is dead. A dead event is also
called a dead transition.

The formula byy A b1y A == Aby, — by V bay V -+ V by, is a true proposition or
effective proposition on Y.

Graphically, a true proposition (dead transition) is represented by a box with
“sleeping T” inside, as shown in Fig. 13.1.

As a common practice, dead transitions are, generally speaking, not included by a
system model, no matter real application or scientific research. It is obtained by
T-completion operation applied on the underlying net of a system. The added events
are called event items. These event items may be classified according to their
characteristics specified below.
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Fig. 13.1 Dead transition

.. a1
and proposition
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Fig. 13.2 Examples of CC, CN, NC, NN

13.1 Classification of Event Items

For C/E-system Y = (B, E; F, C), NC is its set of cases. Let N be the set of all those
subsets of conditions that are not cases.

Definition 13.2 Classes of Events and Event Items Events and event items may be
classified into 4 classes, namely CC, CN, NC and NN. Let ¢ be an event or event item,

.CCZ{I|E|C,C/€CZC[I>C/},

.CN={fl3ce CACc EN:c[t >},
.NC={dceNAC EC:c[t>c),
.NN={d3ceNAC eN:c[t>c}.

W N =

Figure 13.2 gives three examples of event items, represented by dotted arrows
and dotted boxes. The system has four conditions and four cases. B = {by, b,, b,
bs}, C= {{b1},{b>}, {b3}, {bs}} and N = § (B) — C, where £(B) is the power set
of B, i.e., the set of all subsets of B.

It is clear that

H e CC N NN-: {bl}[tl > {b3} and {bl,bz}[fl > {b2,b3}

nH e CN N NN: {bz}[lz > {b3, b4} and {b],bz}[lz > {b],b3,b4}.

t3 € NN: {by,by}[t2 > {c3,b4}.

' € NCNONN: {bs, by}t~ " > {b>} and {by, b3, ba}[tx " > {b1,b>}.
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For event item #, = ({b3}, {b3}), which is not included in Fig. 13.2, it does not
belong to any one of CC, CN, NC, NN.

Definition 13.3

1. Process = {t|r € CC},
2. Violence = {r|r € CN — CC},

3. Fact={1]r € CCUCN},

4. Tautology = {t|t e CCUCN UNCUNN}.

The over bar on top of CC U CN is the complement operation:
CCUCN=T —CCUCN, where T is the set of all events and all event items. So
is CCUCN UNC UNN.

A process consists of the occurrences of one or more event. A violence is the
occurrence of an event item that leads a normal case to a non-case, so the system
might run into chaos. A fact is an event item that never has a chance to occur at all
cases. A tautology is an event item that never has a chance to occur.

13.2 Facts, Proposition, and Reasoning Rules

Facts, or dead event items, are the basis for net logic. As defined by Definition 13.2,
dead eventitem ¢, 't = {by1,b12, ", b1,y and t © = {b31, by, ***, by, }, gives rise to a
true proposition on the underlying C/E-system:

byt Nbig N ANbiy— b Vb V-V by,

as shown graphically by Fig. 13.1 above. Net logic makes it possible to reason about
propositions with graphics.

As a preparation, a graphic presentation of contradiction is needed.

Since

biy Nbia N ANbiy— by Vb V -V by
=true Abyy Abip A" ANby,—false V by Vby V-V by,

If n = 0 A m = 0 in the proposition above:
True — False.

So, the graphic representation of contradiction is a pure box with a sleeping T
inside, since True — False = contradiction. The reasoning method to be used is
proof by contradiction.

First, some reasoning rules with examples below:

Example 13.1 Reduction
Logic reasoning : (a Ab—x) A(x—cVd)—>(aANb—cVd).

Graphic reasoning is presented in Fig. 13.3:
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Fig. 13.3 Logic reasoning

o

Fig. 13.4 Logic reasoning with shared factor

The special situation of above reduction is (@ — b) A (b — a) — (a — a) by
graphic reasoning. Such reasoning is ineffective since
(anbNd—cVe)A(cNd— eV x)—isalwaystrue. Infact(a > D)AN(b—a)=a=D
is a given rule, or given axiom.

Example 13.2 Reduction with Shared Factors Logic reasoning: (d and e are
shared by p and ¢ in p — ¢)
(anbhNd—cVe)AN(chd—eVx)—(aNbANd—eVx)

Graphic reasoning is given in Fig. 13.4:

Rule 13.1 Resolution Rule
For t,, t, € Fact and {a} =t; N1, and 15 is defined by

‘t="tU't,—{a}l,t3 =1, Ut," —{a}

then #; € Fact.
Note thatif {a} C#; " N "t,and {a} #t; ° N ¢, then above defined ‘t3 would
be impure, i.e., a tautology.

Rule 13.2 Extension
For t € Fact and By, B, C B, if ¢, is defined by
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‘Hhh="tUByAt;'=t UBy,

Then ¢, € Fact.
In case B, N B, # &, t, is impure.

The next sections will talk about how facts are related with various logics.

13.3 Net System and Propositional Logic

It is clear now that every dead event item of C/E-system ), is a fact about its
conditions, and a fact is a true proposition. A true proposition is a property of Y.
Is it possible to have every proposition represented by facts? The answer is
definite. The way to do it is in two steps. First to rewrite it into a proposition
consisting of logic operators A and — only; then to represent it with dead event items.
Let p be a proposition composed of conditions and logic operators
A,V , =, — (imply), and < (equivalent).

aV b =-(-aA-b),
a—b=—-aVb=-(aAN-b),
a—b=(a—>b)A(b—a)
= —(a A=b) A=(b A —a).

So, it is possible to represent a proposition with A and —.

Let T be the set of events and event items of ). Event items are obtained by
T-completion operation applied on ) = (B,E;F,C). T = {(By,B)!By,
B, S BAB, UB,# @}. Foragivent,tc T, we write t = (B, ,B,) if 7= By
and r = Bz/.

Theorem 13.1 Facts and Propositions For r = (B \,By), t € Fact is equivalent to

—|((/\x631rx) A (/\_\’EBZ,_'y)) = true.

Proof is not necessary since ¢ € Fact requires that either at least one condition in its
preset Bll is untrue, i.e., —|(/\x€31rx), or at least one condition in its post-set le is
true, i.e., = (Ayep,—y). So, ¢ € Fact and —((Aep, %) A (Ayepy—y)) = true are two
ways to say that t is a dead event item.

Theorem 13.2
1. True proposition of C/E-system ) can be represented with a set of facts.
2. Tautology of C/E-system ) is equivalent to impure event item.

Before the proof of the theorem, next is a concrete example.
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Fig. 13.5 (a) Tautology;

(b) equivalence (( i f

(@) a—>((bva) (b) (anb)<>c

Figure 13.5 below includes net presentations. One is a tautology, and the other is
an equivalent relation between two propositions.

The dead event item ¢ in (a) is equivalent to a — (b V a) = true; it is a tautology.
The net is impure.

The dead event items ¢, #, and ¢; are respectively equivalent to
(a N\ b) — ¢, ¢ — a, c — b. Put them together,

hAthbANt3 =(aAb)—>cAc—alhc—b
=alNbec '

Now, to prove the theorem.

Let p be a proposition consisting of conditions and operators A and —. First, “p is
a given true proposition” is graphically equivalent to [H—®.

1. If p € B, i.e., p is a condition, then [B—® is a fact;

2. Ifp¢ Band p = — g, then [B—®;
3. If p¢ Band p = g1 A ¢, then ¢; and g, are both true propositions.

Above steps (2) and (3) are, respectively, given graphically by Fig. 13.6; (a) is for
(2) and (b) is for (3).

All dotted lines and circles denote the rest part of facts being processed. To verify
that (2) and (3) are effective and correct, two points need to be proved: (3) must
terminate and all converting on A and — should be correct. Correctness is guaranteed
by logical proofs. Termination is definitely true, since every step removes an
operator and p contains a finite number of operators only.

Example 13.3 Fromp =a A b < c to Facts First step: to rewrite a A b < ¢ with A
and —.

ahNb—c==(aNbA=c) AN=(=(aAb) Ac) = =g, N—q,,

inwhichgi=aAbA —c,go= —(@Ab)ANc.So,p= =g N = q>.

Second step:

From [B—® [H- 4}~

Third step: to apply operations shown in Fig. 13.6 until only conditions and facts
are left. Figure 13.7 is what is so obtained from [H- ..

Finally, to denote the same condition with one circle so as to obtain the fact
representation of equivalence relation in Fig. 13.5b.
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Fig. 13.6 From true
proposition to facts -7 N
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Figure 13.8 shows the details of the third step.
It is worthy to mention how to graphically represent propositions a V b — ¢ and
—(a — c). This is given in Fig. 13.9.

Theorem 13.3 Propositional Calculus in Net The reasoning rule and the exten-
sion rule composes a complete consistent propositional calculus in net.

It is complete since all true propositions can be represented with facts, and all new
propositions obtainable by propositional calculus in logic can also be obtained by
reasoning rule and extension rule, i.e., by proposition calculus in net.

The way to prove g from given p is to prove that —g A p leads to contradiction.
For example, to prove —(a — ¢) A ((a A b) — ¢) leads to contradiction in order to
prove a — c (a implies ¢) from (a A b) — c. Next is the proof, but not by graphical
reasoning, since graphical representation of facts and graphical reasoning are not
suitable for automatic treatment (AI). Algebraic formulas are better.



146 13 Net Logic (Enlogy)

H>@®» s

@ v [H—@ = [HeG W
@ :

H—® v O—H=0
&

WHEE—.

s [H /\/\/\»/\/v\/»

Fig. 13.8 Details of the third step
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ﬁﬁ

Assume that proposition p is to be proved.

First step: rewrite p until it contains conditions and operators — and A in the same
way as above.

Second step: Write [ = (p, 1) in which I is a matrix and p is the row index.

Third step: if there is a matrix row index that is not a condition, then name this
row with x and the element in column i is /(x, i).

1. If x = — g, then change —¢g to ¢ and I(x,i) == — 1 x I(x, i) for all i, i.e., for all
columns.

2. If x = q; A g3, then add two rows with g, and g, as their respective row indexes,
and for all i, I(q,7) = 0 and I(g,,i) = 0. If I(x,i) = — 1, then I(x,7) = 0, l(q,,

i):== — land l(gy,0) == — 1;If l(x,i) = 1, then I(x,7) == 0, and add a new column
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Jj that is exactly the same as column i, except /(q;,7) = 0, I(q1,j) = 1 and I(g>,
i) =1, l(g2,j) = 0. In case all elements of row x becomes 0, delete row x.
Repeat step (2) until all indexes are conditions in B.

3. Combine all rows with the same index to one new row y. For column j, if all the
combined rows has 0 as their elements in column j, then I/(y,j) = 0. If all rows
being combined have 1 as its element at column j, then the new row has 1 as its
element at column j. If all rows being combined have —1 as their element at
column j, then the new row has —1 as its element at column j. If both 1 and —1 are
elements at column j of rows being combined, then the initial p is a tautology, and
nothing further is required.

Example 134 Find the Matrix for a —» (b — a) First step:
a—>b—oa)= -(@NbAN —a),

Second step: [ = (—~(@a Ab A = a), 1),

Third step:

I=(=(anbA=a),1)= ((aAbA=a), —1) =

alNb, —1 a, —1 a, —1
= b, —1|=1bh -1
—d, —1 —da, —1 a, 1

If there exist 1 and —1 in the same column, it is a tautology.

Example 13.5 Find the Matrix for a A b <« c. First step:
aNb—c= —-(@NbAN -c)N = (=(@aANb)Ac)
Second step: [ = (—~(@a ADbA —¢c) AN = (=(aNb)Ac),l)

Third step:
= (—.(a/\h/\—‘c‘) 0 l) - aANbAN—c 0 1
—(=(anb)Ac) 10 —(aAb)Ac 10
@ 0 @ 0 b0 o0
b 0 -1 b0 -1 c 0 0 1
= —c 0 -1 = c 0 1 = o1 1 0
c -1 0 c -1 0 e 10 0
—(anb) -1 0 anb 1 0 b0 1 0
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Careful readers may have noticed that the last three columns of matrix I are
exactly the vector representations of the three facts in Fig. 13.5b.
It is not difficult to write a program to do the above steps.

Now, to represent reasoning rules with vectors.

Extension rule:

As afact of system ), column vector (ay, dp, """, a,,)T allows arbitrary substitution
for 0 in a4, ay, ***, a, with 1 or —1 to remain as a fact. Superscript 7 is the transpose
operation.

Resolution rule

For different facts (a1, aa, =, a,,)” and (81, B, -+, Bn)", if there exists a unique k,
1 <k<n,suchthata, = — f#0, then (y1,72, ", y,,)Tis also a fact, in which y, =0,
and for i # k,

o a; if a;=pVp;=0
hi= B if Bi=a;V a;=0

Remarks on resolution rule:

Incase a; #0 A f; £ 0 A i £ k, a; = §; must be true, since ay = — f; # 0 is unique.
S0, (71,72, s 7n)" is well defined and unique. The uniqueness insures (yy,¥>,
-, 7,)" not to be a tautology.

Rules given with vectors are suitable for Al to apply.

Theorem 13.4 Effective Reasoning If zero vector is obtained from p A — g by
above resolution rule and extension rule, then g is a true proposition as long as p is a
true proposition.

Proofis simple, since the zero vector means —(p A = ¢g),and—~(p A —q)=—-p Vg,
SOpA = (pN =aq@)=pAN(E=pV g =q.
As an example, let p =a V b — c and g = a — c. It is not difficult to have

a -1 0 0 1
pA—qg={b 0 -1 0 0
¢, 1 1 -1 0

The matrix from column 2 to column 4 is called the matrix of p A — g, i.e., the
matrix of (@ Vb — ¢) A = (a — ¢). From columns 2 and 4, a new column (—1, 0, 0)”
is obtained by resolution. Add this column to the rear of the matrix as shown below.

o -1 0 0 1
pA—g= |5 0o -1 0 o0 0
e 1 T ) 0

It is easy to notice that the last two columns may be resolved to zero column, and
S0 g = a — c is proved.
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The above vector reasoning is in fact a matrix multiplication, as shown below, to
obtain zero vector, in which matrix (1,0, 1, l)T denotes that columns 1, 3, and 4 are
each used once in the resolution.

-1 0 0 1 (l)
0 -1 0 0 1
1 1 -1 0 1

A straight way to find (1,0, 1, D from the matrix for (a Vb — ¢) A — (a — ¢) is
to solve the quadratic linear equation below:

Theorem 13.5 Solution Zero Zero vector is derivable from p A — g if the linear
equation with the matrix of p A — ¢ as coefficient has positive integer non-zero
solution.

Example 13.6 Fromp =(a —>b) AN (b —>c) AN (b —>d),q=a— c Ndis easy to
prove. Next is the vector way to do so.
Let [, be the matrix for —q, =g = —(@a—>cAd)=a N —(c Nd).

h=(aA=(cAd),1) = (ﬂ&d) ! ?)

a 1 0
a 1 0
= (a0 _1):’<; 0 ;)
Similarly, [, as the matrix of p = (@ > b) A (b — ¢c) A (b — d),

h=((a-=b)AN(b—c)N(b—d),1)=

a -1 0 0
b 1 -1 -1
c 0 0 1
d 0 1 0

To combine /; and [, obtained is the matrix [ for p A — gq.

_ p 0 1
l—(p/\—|q,l):>(ﬁq 1 0);»
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0 -1 0 0
0 1
-1 0 0 1
-1 0

(S ST i =Y
(=R

The second and third columns are the matrix of /; and the last three columns are
the matrix of /. With above matrix (excluding the first column of condition names)
as coefficient, the linear equation system with five unknown variables is given
below, of which the nonzero positive integer solutions suggest how to resolve to
zero vector (contradiction).

U >
(S
|
(SRR
o
co oo

It’s easy to check that x; = x; = 2 and x, = x4 = x5 = 1 is a positive integer
solution. Name the five facts represented by the five columns of the matrix with ¢, t,,
13, t; and ts5, then x; = x3 = 2 and x, = x4, = x5 = 1 denotes times of ¢, 1,, 3, 14 and 5
being used in the resolution. The resolution process is: ¢, and #; resolve to a fact g, #¢
and 1y, t5 resolve to t;, fg, t, and ¢, tg resolve to (0,0, 0, O)T.

Remarks on this section.

1. Every fact corresponds to a nonzero unique vector, as long as it is not a tautology.

2. Every proposition corresponds to one or more facts, as long as it is not a
tautology. These facts correspond to a matrix.

3. The first column of the fact matrix is the index column consisting of conditions.
This column is necessary, since conditions are not formally ordered (conditions
may be named freely to require an explicit ordering).

The concept of dead transitions of C/E-systems may be extended to P/T-systems.
Let) = (S, T; F,K, W,M,) be a P/T-system and ¢ a dead transition item. Assume that
the preset of 7 consists of n places and these places contain ay, a, ", a, tokens
respectively; The post-set of 7 consists of m places and these places contain by, b,
-+, b,, tokens respectively. Besides, the weights on the input arcs of ¢ are uy, u,, **-,

u,, and the weights on the output arcs are vy, v,, ***, vy, The capacities of the output
places are kq, ky, **-, k,,,. As such, “t is a dead transition item” is equivalent to a true
proposition

—((Vi:1<i<n:aizu) A (Vj: 1<j<m:v;+b;j<k;))

Or,
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Fig. 13.10 k(s;) = 2,
k(s2) = 2,
M(s) = a, M(s2) = b

di:1<i<n:(ai<uw;)VIj:1<j<m:vj+bj>k;.

Figure 13.10 has three dead transition items where k(s;) = 2, k(s;) = 2 and
M(s;)=a, M(s,) = b. The three facts tell respectively that#; :a < 2,6, :b< 1Va+2>2
and 13 : a < 1 V b + 1 > 2. These three facts may be reduced to
(@a=b=0)V(@=1Ab=2). This may be reducedto2a =b ANa <2 ANb <2,
since k(s,) = 2, k(sp) = 2.

The true proposition 2a = b A a < 2 A b < 2 corresponds to the three facts in
Fig. 13.10.

In case the capacity function is a constant K — 1, then the token number for every
place is in the set {0, 1, --*, K — 1}. Facts of such a P/T-system form a K-value logic.
Interested readers may try it.

13.4 Nets and First-Order Predicate Logic

Facts in a Pr/T-system correspond closely to predicate logic.

Predicates are incomplete propositions. The default part is usually the subject. For
example, “John is a boy” is a proposition and “is a boy” is a predicate. This predicate
is usually written as “x is a boy,” where x is a variable. The missing subject comes
from a given domain D, so the universal quantifier V and the existence quantifier 3
apply. For example, let D be all students in the same class, thenVx € D : boy(x), or
Vx :x € D — boy(x), Ax € D : boy(x), or dx : x € D — boy(x) are all predicates.

Some predicates may have more than one subject missing, that are binary
predicates, trilogy predicates, etc. The domains for binary and trilogy predicates
are D* and D, respectively.

Let P, Q be unary predicates, R be a binary predicate and a, b be objects in D. For
variables x, y on the domain, transition #; with P, Q as input and R as output is dead,
if proposition —=P(g(x)) V — Q(b) V — R(x, b) is true, where g(x) is a function from
D to D. Dead transition #, with R as input and no output is the fact —R(a,y).
Figure 13.11 is the graphical presentation of instance proposition #; and f,. The
two presentations are easy to understand, but they are not conventional Pr/T-system
facts.
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Fig. 13.11 (a) —P(g(x)) V P(g(x))
- Q) V = R(x,Db), (b)
—R(a,y) R(x,b) R(a,y)
ab)  (a) (b)
Fig. 13.12 Dead transitions P

in terms of Pr/T-system

For a Pr/T-system, a place is a dynamic predicate while a transition is a static one.
The above instance propositions #; and ¢, are represented in terms of Pr/T-system as
shown in Fig. 13.12, where symbolic sums on arcs have been written a bit informally
to avoid “+” and “<>", so as to simplify the figure. Complete formalism is good for
Al not so good for human readers.

The scope of variables on the arcs of a Pr/T-system is in fact the whole domain of
the objects in question, or in other words, they are implicitly confined by universal
quantifier “for all x.”” So the above fact —=P(g(x)) V — Q(b) V — R(x, b) means that

VxeD:(=P(gx)V = OMb)V — R(x, b)) is true at all states of the Pr/T-system in
question.

Example 13.7 Properties Expressed in Facts The relation “<” has two properties:
non-reflexivity and transitivity. The universal quantifier used below is confined to
the domain on which “<” is defined.

LVu: =(u<u),orvx,y: = (x<y)Ax=y
2.V, 3, 2: (x<yAy<z)—x<z

In terms of Pr/T-system facts, Fig. 13.13 (a) expresses non-reflectivity, (b) is
transitivity, and (c) is a combination of (a) and (b).

The universal quantifier is not necessary to appear for graphically represented
facts since variables on arcs are conventionally understood as “for all.” The exis-
tence quantifier requires the use of a Skolem function. For example, the density of
“<” is given by

Vavy: (x#y—3Jz: (x<zAz<y)V (y<zAz2<X)).

Its paradigm is
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O— ]

(a) (b) Q)]

Fig. 13.13 (a) Non-reflectivity, (b) Transitivity, (¢) A combination

Fig. 13.14 Density of “<”
and z="z(x,y)

VaVyVz: (x=yVx<zVy<z) Alx=yVz<xVz<y)).

With Skolem function to remove “3”:
VaVy ((x=yVx<Tz(xy) Vy<z(x,y))
Ax=yVz(x,y) <xVz(x,y) <y), in which “z(x,y) is the Skolem function of z.
Figure 13.14 is the density of “<” expressed with Pr/T-system facts. So, facts may be
used to express knowledge. With rules given below for Pr/T-systems, reasoning
about knowledge is feasible.

The resolution rule and extension rule applies to Pr/T-system facts for reasoning.

Extension rule:

An arbitrary predicate may be added to a given Pr/T-system fact as input or
output. So obtained is also a fact.

Resolution rule:

Two given facts may be resolved to a new fact if they are respectively in the preset
and in the post-set of a unique predicate, and the arc weights are the same.

The same as for proposition logic, if the uniqueness is not true, then the two facts
would be resolved to tautology.

Arc weights may require some changes in order to see whether they are the same
as required by the resolution rule. Thus, substitution rule is needed.

Substitution rule:

For individuals on an object domain, variables xj, x,, **-, x,, on an arc may be
substituted with objects ey, e, -, ¢, at the same time to gain an equivalent fact.

This substitution rule is feasible since arc weights are implicitly confined by the
universal quantifier by convention. All appearances of the same name on all input
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Fig. 13.15 Substitution

followed by resolution P g(a)
Q b
Fig. 13.16 Fact and X,y
common sense
,Z
F y B
X,z

and output arcs of the same transition represent either the same object or the same
variable. Substitution rule must respect this principle.

Substitution must be applied on weights of all arcs of the same fact, for example,
variable x on arcs of fact ¢, in Fig. 13.12 may be substituted with object a. If variable
y is on the input arc of fact 7, in the same figure, then #; and #, can be resolved to the
fact in Fig. 13.15.

The next figure is an abstract fact in which predicates F, B and variables x, y,
z may be explained differently. For example, F' may be understood as binary
predicate “father(u,v)” and B as binary predicate “brother(u,v)”. If so, this fact
tells that x is the father of y and z (not father-in-law), then y and z must be brothers
(Fig. 13.16).

Here, if F in the figure is an asymmetric binary relation and B is a symmetric
binary relation, then the fact would tell how these two relations are related. For
example, P/T-systems are at a lower level than Pr/T-systems at the net system
hierarchy, and they are also at a lower level than the color systems, while Pr/T-
systems and color systems are at the same level. That is:

One-level-lower (A, B) A One-level-lower (A, C) — At-same-level (B, C).

Facts, or dead transitions, have led to a whole branch of general net theory, i.e.,
Enlogy. So, it is important not to underestimate things that have no chance to occur.
They have their reasons.

The author is not familiar with the logic to be introduced next starting from Sect.
13.5. The purpose to include them in this book is just to show connections between
Nets and logic. In case errors (even conceptual errors) are found, please let me know.

13.5 Nets and Modal Logic/Deontic Logic

Model logic (ML) is obtained from proposition logic (PL) by adding two modal
prefixes A and []. to it. For proposition p, Ap and []. p denote possible p and inevitable
p, respectively. A and []. follow the next rules:
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1. p— Ap

2. A(p V q) < (Ap V Ag)
3. 2 Ap N = q)
5[p—Ap

The first 4 rules may be considered axioms for modal logic. The fast rule is
implied by the first four as given below.

1 2
—pVv po>IAN—pV p)>A-pVvAp—>
4
——A—pVvAp—>—l- p vAp > ([ p - Ap)

The digits on top of arrows are above rules applied at that step. PL rules are
applied at other steps.

The rule [l. (p — ¢) in modal logic is called “strongly implies”, denoted by
p=(or= > >)g.

Theorem 13.6 For C/E-system Y = (B, E; F, C) and its full reachability relation R
on C x C, then (C, R) is a structure frame that satisfies the above rule.

A true proposition p of )’ is inevitable, i.e., [] p, while for b € B, |] (AbANA=D)is
true.

Relation R divides the power set of B into two parts: C, the set of all reachable cases,
and N, the set of unreachable states. This division brings modal logic to C/E-systems.

Among all cases in C, some are good and some are not so good (bad, or to be
avoided). Such a finer division leads to deontic logic (DL). With two prefix operators
“I” (must) and “0” (allowed), axioms are, in addition to ML axioms, given below:

.OopVo—ap
.0(pVgq)—dpV g
. lp—Ap

[T 2]

*” 1s a deontic constant, denoting a bad case. So, the last axiom tells that a case is
possibly not bad, or that not all cases are bad.
With deontic constant %, “!” and “6” may be defined as below:

op < (Ap A —x)
'p [l (—p—>%)

It’s easy to check that so defined “!” and “§” satisfy DL axioms.

The meaning of “Jp is true at case k, k € C” is that there exists k/, ke C,and kR K
such that p is true at k and k isa good case. The meaning of “!p is true at k” is that for
allk € C, if p is not true at k', then k is not a good case.

The above tells us how nets are related to ML and DL. ML, DL and other logics to
be introduced below are not topics to be discussed in this book.
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13.6 Nets and Temporal Logic (TL)

Temporal logic is also built up from proposition logic. The added operators are
closely related to time progress like “first --- then -~

Note that “first --- then ---” is meaningless for C/E-systems with loop structure.
Thus, it is assumed that every event and every condition appears in system processes
at most once.

Definition 13.4 Information Transfer C/E-system } is an information transfer if it
has the following properties:

1. EIC[EC: TC]: 2R 'C|:®
2. EICQEC: J,sz %] /\C24 = @,

in which Tc; = {#lt € E A <f]c1}, i.e., the set of events that are reversely enabled and
lea = {flt € E A c;[t>1}, i.e., the set of events that are enabled by c,. Note that ¢y is
the preset of ¢; and c," is the post-set of c,. This definition tells that an information
transfer has an initial case c¢; and a final case c¢,. Figure 13.17 contains two examples
of information transfer, where (b) is a transfer with conflict.

aVbVcVdVeV fis atrue proposition of ) ,. With temporal operator */”, their
occurring order may be described as: a/(b/d) V (c/e)/f. There is only one of b and
¢ that may occur no matter how the conflict is resolved. So, (b/d) V (c/e) is different
from p V ¢q in proposition logic, since propositions g and g may both be true. V is
used here in TL as such one-from-two operator:(b/d) V (c/e). Figure 13.17 provides
a visual picture to help understand. / and V are formally defined in TL by the
following axioms.

L.p—>(pVyg
2.9~ (Vg
3. (p V@ — (plg) N (q/p)

Note that p/q does not require g or g to be true. What it says is that if ¢ is true, then
it cannot become untrue before ¢ is true.

There are other axioms for TL. They are not listed here since TL is not among our
focus.

Let a and b be conditions. With A, V and /, many propositions may be constructed
from a and b. Figure 13.18 shows ten equivalent classes of these propositions. In the
figure, symbols “|—” and “q” denote “false” and “true”, p “|="gq tells that p is the
logical consequence.

It is hard to understand (a/b) A (b/a) if a/b means “first a, then b”. “First a, then b”
and “first b, then a” cannot be true at the same time. Is it correct to understand (a/
b) A (bla) as a V b, as suggested by axiom (3) above? Figure 13.19 tells the
difference between the two, where (a/b) A (bl/a) and a V b are both true for the
first two cases, but a V b is not true at the third situation. @ V b does not allow both
a and b to be true at the same time.



13.6 Nets and Temporal Logic (TL) 157

(b)
Fig. 13.17 Information transfers
alb
& b a" b
J_ a (a/b)a(b/a) (alb)" (b/a) —|—
bla

_|:_>

Fig. 13.18 Logical relation of propositions: a lattice

The concept of dual relation is important in Nets. Propositions represent system
properties, of that the atomic (smallest) elements are conditions like a, b, etc. The
dual of conditions are atomic changes or atomic plans (to be used for constructing
greater plans). Figure 13.18 is a lattice of atomic propositions, and Fig. 13.20 is the
dual lattice constructed from atomic plans. Atomic plans a and b are connected with
structure operators /, &, and V to be used by plan designers to tell the plan-executors
their duties and their limits of authorities.

For atomic plans a and b, a/b: first a, then b, probably a V b: a or b, the executor
has the choice a & b: a and b, in parallel p > g: completion of p implies completion
of g |—: a task that can never be done -|: trivial task, easier than any a or b
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Fig. 13.19 Difference 1. a a—>@" b)yn((a/b)yn(b/a))
between (a/b) A (bla) and
avb 2. b b— (a"b)YA((a/b)A(b]a))
a —(a" by~ ((a!/b)A(b]a))
3 {
b —
alb a
J_ (a/b)&(b/a) < >(a/b)”(b/a) a&b< > a'b T
bla b
— D —

Fig. 13.20 Dual lattice of the proposition lattice

@ ©®
Q&b (a/b)v (b/a):

Des1gne_r Designer need
must pr0v1.de - only provide a
a funnel big funnel for a or b
enough for
both a and b

® ®

Fig. 13.21 a & b and (a/b) V (bla)

It would be hard to understand (a/b) & (b/a) if a/b is simply explained as “first a,
then b”. “/” does not only set an order between a and b, it includes certain rights for
executor. For example, the executor should be paid after the completion of plan
a. The resources needed for plan b must be provided, and so on so forth. If “/” is
understood as such, then (a/b) & (b/a) is more difficult than a/b, since (a/b) & (bla)
does not have the above rights for “/”.

The symbol “— D —” in Fig. 13.20 indicates the hardness for the plan executor,
from being difficult to being easy. From impossible |— to very hard (a/b) & (b/a), to
easy a and b, to trivial T. Why (a/b) V (b/a) is more difficult than a & b? The plan
designer need only to provide resources for a or b for (a/b) V (b/a), but resources
needed by a and b must be made available for the executor. As indicated by
Fig. 13.21, (a/b) V (b/a) may run into a deadlock for lack of resources.
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What has been described above belongs to the completion theory, the dual of
temporal logic. For C/E-systems, events and conditions are dual to each other, thus,
the completion theory may be modeled by information transfers (C/E-systems
without repeated conditions or repeated events). With the help of C/E-systems, the
completion theory may be better understood. Fundamental concepts about decisions
and actions might be the basis for pragmatics.



Chapter 14 )
Information Flow Structure Creck o

Abstract A bit of information has three states: being true, false or being absent.
This chapter introduces basic information structures that specify how information
flows in a closed information system, or how to get into/out. The key point is how to
build an information system with basic information structures. Basic structures
include P function, Q function and arrow functions.

Information flow structure does not have rich content yet for the time being, hence
not qualified to be a branch of general net theory.

By information we mean the value held by a Boolean variable, 1 (true) or O (false).

It is assumed that information does not come from nothing and it does not vanish.
It comes from some source and it goes into some sink. Information is conservative. A
system that is globally conservative must be locally conservative. In terms of nets,
every transition or event in an information system must be conservative.

Conflict in a net is an entry point or source since it requires a bit of information
from outside. A reverse conflict is an information sink, since it is where missing
information goes. Let Y, = (B, E; F, C) be a C/E-system, and Env(})) is the environ-
ment of ). Then, information comes from Env(}) to > at a conflict point and goes
out to Env(})) at a reverse conflict point.

Conventionally, there are arrow functions to describe how information interacts
with each other while it is flowing. These functions are called information flow graph.

Figure 14.1 is an example of information flow in which the net provides a flow
structure and an individual token represents a bit of information. In order to make the
tokens in s, and s, flow, conflicts between ¢, and t,, t3 and ¢4, must be resolved. In
case these two conflicts are resolved in favor of transitions #; and #3, then ;¢ and #4
would finally be enabled. At this point, it is still possible to trace back how conflicts
were resolved. In other words, the two bits of information coming through the source
still remain in the net. When conditions s, and s;; receive a token each after the
firings of 7,4 and #,, the two out-coming bits have vanished. It is impossible to trace
back how tokens reached s;o and s1;.
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t1

S3

ts

S7

[

Fig. 14.1 Information flows on a C/E-system

The C/E-system in the figure helps to understand how information flows between

> and Env(}).

14.1 Information Flow Graphs

Information flow graphs tell how information interacts with each other. There are
three kinds of basic flow graphs: the first arrow function P, the second flow function
P, and the condition exchange function Q.

Conventionally, P; is denoted with .—, P, is denoted with . — . —, and Q is
denoted with < @D —. The meaning of these arrow functions are given by Fig. 14.2
below, in which a, b and ¢ are three one-bit information and arrows are flow
directions. Formulas for u compute to the final information after interaction. Infor-
mation a (P,), or a and b (P, and Q), does not change.

Py, P, and Q are also called information transfers. P, has a and b as its input and
a and b @ a as output. P has a, b, and c as input and a, b, and ¢ @ a - b as output.
0 has a, b and c as input and Q(a, b, ¢), b, and Q(c, b, a) as output. Definitions of
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Fig. 14.2 Basic a a
information flow graphs P, I i p1
P>, and Q b u1=b®a

a —e+—> a
I B lpz

c Yy > uz=cPa-b

a > Q(ab,c)=ab@®bc

b —H—>» Q

Y —» Q(c,b,a)=cg®ba

O(a, b, ¢), b, and Q(c, b, a) are given in Fig. 14.2. The operator € is exclusive OR,
defined by

B 1ifazb
“@b_{ 0ifa=b

Proposition 14.1 ID = identity

1. P2=1ID
2. P> =1ID
3.0°=1ID

As an information transfer, ID has its input as output; P> denotes that informa-
tion interaction P, repeats itself. So are P,* and Q°.

The output of P is a and b @ a. This is taken as the input of the second P;. So,
the output of P> isaand b @ a @ a = b.

The output of P; is a, b, and ¢ € a - b where a, b, and ¢ are its inputs. So, the
output of P,” is a, b, and (¢ @ a-b) & a- b= c. The multiplication operator “”
between a and b will be omitted below. Note that aa = a, aa=a and aa =0.

The function of Q is to exchange the values in a and ¢ when b = 1. So, to
exchange twice is the same as no change.

Q(a,b,c)=abV bc,Q(c,b,a) =cb V ba,
Q*(a,b,c)=0Q(0Q(a,b,c),b,Q(c,b,a)) = Q(a,b,c)b V bQ(c, b,a)
= (aE \Y, bc)E Vv b(cB V ba) =abb Vv bbaza(%\/ bb) =a.

Qz(c, b,a)=Q(Q(c,b,a),b,Q(a,b,c))=Q(c,b,a)bV bQ(a,b,c)
= (CE vV ba)B Vv b(aE Vv bc) =c¢bb V bbc = c(% \Y, bb) =c.

Q? = ID is represented as shown in Fig. 14.3.
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Fig. 143 0*=1ID
g Y a i x> 2 a — % a
b b—P>» b = b —>» b
c A » C C — 3 ¢
Q Q ID
Fig. 14.4 Definition for P, Py a N2 > w=a
(n>0)
XN ——eo—p X1
Xy —eo—p X2
Xp———» Xn1
Xn ) Xn n
y Yy w=xix. xn=y@_]'[i(i
=
Fig. 14.5 Constructing P, P, P, P,
P, . from P, and P, Xo A A » Zo
X1 » 71
X2 » Z3
Xn T T » z,
Xn+1 » Zni1
y \4 > u

For any positive integer n, n > 0, the n(th) arrow function is defined as given by
Fig. 14.4.

The definition of Py in Fig. 14.4 seems not consistent with P, (n > 0) . But they
are consistent since the output is u=a=a @ 1, in which 1 may be understood as

H?: 1Xi-
The next theorem explains why Py, P,, and Q are said to be the fundamental
information flow graph.

Theorem 14.1 Arrow functions

1.P, '=pP,
2. P, may be constructed from P, and P, for n > 2.
3. All logic functions f: 2" — 2" may be constructed from arrow functions.

Proof
1. P,fl = P, is equal to P,,2 =1ID.
2. Figure 14.5 explains how to construct P, , | from P, and P,,.
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Fig. 14.6 Constructing a x > U
Q with P; and P,
b »b =
c —@ » U,
P, P, Py
Fig. 14.7 Constructing P, a y S S
with Py and Q b & >b
c » u=c@ab
P Q Py

This is a recursive construction. The flow line of x( has been acted upon twice by

P,, and it finally remains unchanged. Lines for x;, i = 1, 2, -, n + 1 remain
unchanged as well since no information has acted on them. So z; = x;, i = 1,
2, -, n + 1. Line y has been acted upon twice by P,. For the first time,

xo @ [1;_ ;x: on line xo and information x,, , ; act on y, so the information on line
y becomes

YGB(XO@H xz)xn+1 Y@Xoxnﬂ@nrjz

After the first-time action, information on line xq has been back to xy. So, it is x,
and x,, , | that act on line y. The output u on line y is

= (.Y@xoxmrl @ Hjlfl] ) @Xoxnﬂ }’@ H:lill

This is exactly the function of P, . ;. The recursive construction of P, , ;| in
Fig. 14.5 is correct.

The proof of the third part of the theorem is a bit too complicated to fill in here.
The proof of “all logic functions f : 2" — 2™ may be constructed from arrow
functions” may be done in two steps: first consider n = m, then, for n # m, to insert
finto f ": 2K - 2k k = maximum(n, m). Information split and information merge may
play an important role in doing so. Note that the concept of constant information
(i.e., 1 or 0) is important. Lines of 0 or 1 are information carriers needed for
information flow.

Figures 14.6 and 14.7 are examples of constructing logic functions with arrow
functions. Function Q is constructed in Fig. 14.6 with P; and P,.

Line a in Fig. 14.6 is acted upon twice by P;. The final information after the first
Py is u; = a @ c. Final information on line c is u, and input information to P, is
a @D ¢ from line a and b from line b, respectively. So
w=c@Pa@c)b=c@Pac@chb=c(1+b)Pab=cb@ ab=Q(c,b,a). This is
the final information on line c. This information acts (second time of P;) witha & ¢
on line a to obtain
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ule(c,b,a)@<a@c> = (cE@ab) @(a@c)

=c(b+ 1)@41(1 +b)=cb@a§
=Q(a,b,c)

With u; = Q(a, b, ¢) and u, = Q(c, b, a), Fig. 14.6 is correct. As such, Q may be
excluded from being a fundamental information flow function. But it provides
convenience to keep it as a fundamental function. Besides, P, may be constructed
from P, and Q as shown in Fig. 14.7. So, another choice is to exclude P, from being
fundamental.

The proof of correctness of Fig. 14.7 is similar to the proof of Fig. 14.6. It is not
repeated here. Readers may try it, if interested.

This section talked about functions of P, P, and Q. The next section is about
how to implement them with nets.

14.2 Net Representation of Information Flow Functions

What is needed is to construct P; and Q with nets since P, may be implemented with
them. As Py, it is equivalent to “—”. Since —a = 1 € a, Py may be constructed from
p1 with constant information 1 and information a as inputs.

P is equivalent to modulo two addition. Figure 14.8 is a rough design of Py, just
to notify that P is a transition with « and b as inputs and a € b as the wanted output.

It is critical how a one-bit information is expressed. Is it true that information a is
just a condition in C/E-net: a token denotes value 1, and no token denotes value
0. But this is untrue. A hardware bit is either 1 or O, but an information bit has three
states: apart from being 1 or 0, no value is also a possible state. So, one-bit
information must be expressed with two conditions: a token in one condition denotes
1 and a token in the other condition denotes 0. If there is no token in both of them,
then there is no information. These two conditions as a whole are called an
information station. A station has a fact as its property —(a = 1 A a = 0) for station a.

Now, the inputs to P; are two pairs of conditions:a=1ora=0,b=1o0rb =0.
There 4 possible interactions form these two pairs to decompose P, into 4 transitions.
The complete net structure for P, is given by Fig. 14.9.

The net structure of P; consists of input slice (Z slice) and output slice (Q slice) as
shown in Fig. 14.10. The input slice is the fore half (4 input conditions plus

Fig. 14.8 P is a transition a &
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Fig. 14.9 The net structure
of P,

input slice output slice

Fig. 14.10 Input slice and output slice

Fig. 14.11 One-bit noise channel

4 transition), while the output slice is the post half (4 transitions plus 4 output
conditions).

Another way to decompose the net structure of P is to let each part contain one
input station and one output station as shown by Fig. 14.10. These two parts are
called one-bit noise channel (Fig. 14.11).

Figure 14.12 is the net structure of Q function, in which a, b, c are input, d, e, f are
output, and d = Q(a, b, ¢), f = Q(c, b, a). Condition b and e are two names of the
same condition; they consist of a close ring in the net.
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Fig. 14.12 Net structure of
o

) b0

e’=1

Fig. 14.13 Every saddle is a noise channel
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Fig. 14.14 Information LemT T ~~ STt s
station ‘

(a)information station (b)constant information station

The net structure of Q may be decomposed into 4 one-bit noise channels. In order
to see the decomposition clearly, the net of Q is drawn differently in Fig. 14.13, in
which every saddle shaped part is a noise channel.

The following proposition is true since both P and Q may be constructed from
noise channels.

Proposition 14.2 Noise channel and logic operation

All bit computing (logic operation) may be expressed with noise channels.

This proposition suggests that it is possible to take noise channel as the unique
function unit for building computer systems. For such computer systems, software
migration would be easy, since it is done by net morphism (to be introduced in the
chapter on net topology).

Figure 14.14 shows the inner structure of an information station with the help of
dead transitions.

Nets for information flow graph are called information flow nets. They provide
interface between net theory and other disciplines.

14.3 Examples

Concepts of formation flow and information interaction provide a way of systematic
thinking and to find solutions to some problems that are seemingly difficult.

Example 14.1 Given that prisoner P is detained alone in a room. The room has two
exits guarded by soldier A and soldier B. One of the exit leads to freedom and the
other exit leads to being hanged. One of A and B is a truth teller to yes/no questions
while the other one is a liar. Now, P is allowed to ask A or B just one yes/no question,
and based on the answer from the soldier, he may choose an exit to leave. Certain
questions are not allowed. For example, to ask B the question “if I ask A ‘the exit
behind you leads to freedom, yes or no?’, what would be the answer from A?”

Readers may try it, if interested. Just don’t take it as a puzzle.

There are two bits of information here: the exit and the guard. Let T and F be the
information of the guard to be asked, L and D be the information of the exit behind
this guard. The only possible interaction between these two bits of information has
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Fig. 14.15 The only way of
information interaction
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been analyzed and given in Fig. 14.9. Figure 14.15 is the same net explained
differently. It provides hints to us: condition ¢; comes from (7,L) or (F,D), c,
from (7,D) or (F,L). Thus, conditions c¢; and c, represent only two physical
combinations between exit and guard: either T is guarding exit L and F guarding
D, or, If A is asked whether (F, D) is true, the answer would be:

yes if A=T and (T, D), the free exit is behind him
no if A=F and (T, D), the free exit is behind B

no if A=T and (T, L), the free exit is behind B
yes if A=F and (T, L), the free is exit behind him

So, if the answer is yes, go out from the exit behind him, if the answer is no, go
out from the exit behind B.

There are 4 questions to be asked: (7,D) ? (T,L) ? (F,D) ? (F,L)?

It is the idea of information flow nets that helps.

Example 14.2 Dinning Table Three friends are sitting at a round table in a
restaurant. Given that one of them is a liar, one is a true teller and the last one is a
normal person, sometimes tells the truth, sometimes tells a lie. How to figure out who
is who with three yes/no questions?

This problem seems to have nothing to do with Example 14.1. But they are
closely related. Here is just some hint.

“A is sitting on the left of B” is comparable to “A is guarding t exit B”. An eater
(person) may play the role of an exit.



Chapter 15 )
Net Topology s

Abstract Topology on a set is defined, in conventional mathmetics, with axioms
that require the set to have as many elements as real numbers. Net topology is
defined by modified axioms to let a finite set enjoy continuity. A system model for
real application is often finite.

The topological structure of a space is the basis to distinguish continuity and
discrete. Conventionally, the cardinality of a continuous space must be N, that is
the number of elements in the set {ul 0 < u < 1}. Net systems in real applications are
usually finite. Net topology is a modified topology aiming at introducing the concept
of continuity into nets. And as such, continuous math and discrete math are no longer
so far apart.

As said earlier in this book, all physical objects, including the human body, are,
on the one hand, composed from a finite number of articles or cells, and on the other
hand, continuous. Thus, being finite and being continuous are more reasonable than
continuity = > N.

15.1 Conventional Topology

Let X be a space of points, P(X) be the power set of X. The power set of X consists of
all subsets of X.

Definition 15.1 Axioms of Topological Space The ordered pair (X, ) is a topo-
logical space, if

1. 8 € P(X), i.e., 0 is a set of subsets of X.

2. DehNXED,

3. VA € P(X) : (U, ¢ aa) € 6, that is, the union of an arbitrary number of elements in
0 (A is a subset of 0) is also an element of 0,
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. VA€ PO): (Al < co — (N, e aa) € 0), that is, the intersection of a finite element

in @ is also an element of 4.

An element of @ is called an open set of (X, 8), or simply an open set of X.
Different 6 (set of open sets) of X are different topologies. For example, 0, = {J,

X} and 0, = P(X) are two topologies (assuming |X | > 1). A meaningful topology is
between the two.

In the definition below, a € P(X) anda=X—a.B={blbc O Nanb= D} is

the complementary set of a.

Definition 15.2 Basic Concepts

1.
2.
3.

9]

Set a is an open set if and only if a € 6.

Set a is close set if and only if @ € 6.

clla)=X — Uy, ¢ gb,in which B= {blb € 0 NanN b= D} is the closure of a. It is
the complementary set of the union of all open sets that do not intersect with a. Or
in other words, it is the smallest close set that contains a.

. Ifa € 8 ANa € 6, then a is said to be isolated.
. If y € cl(a), y is an aggregate point of a.
. Denote {x} with X, if y € c/(x), then y at x. Note that “ar” is a binary relation:

at € X x X.

. Points x and y are isotopes if and only if no open set contains x or y alone.
. For topological spaces (X, §) and (X, '), mapping f: X — X is continuous if and

onlyifa € @ — f~'(a) € 0, in which f'(a)) = {xIfix) € '}, that is the set of
reverted images of elements in a.

The above two definitions are based on number axis. As such, the following

properties are implied.

B Lo

. Total order: number axis is a totally ordered set.

. Density: For points x and y on the axis, x #y —» Jz:x <z <y
. The cardinality of number axis is N.

. Every singleton is a close set.

These properties are a bit apart from application. More useful concepts refer to

partial order and finite sets. The following are properties required for real applications.

L SISIN NS}

. Partial order or cyclic partial order, not total order.

. Not dense by Dedekind cut.

. Finite cardinality or countable infinity.

. Not all singletons are close sets; otherwise, there would be no difference between

close sets and open sets.

Net topology must consider the above 4 properties.

15.2 Net Topology

Let X be a set of points, (X, 0) is a net topology if
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1. 6 € P(X),
2.0€0NXe0,

3. VA€ PO): (U, c aa) €06,
4. YA € P©®): (N, < 4a) € 6,
5. vx€eX:x€0Pieo.

The main difference between conventional topology and net topology is the
above fourth property. Net topology allows the union of an arbitrary number of
open sets to be open set. While for conventional topology, only the union of a finite
number of open sets is open set. The last property tells that a singleton x may be
either an open set, or a close set, but not to be open and close at the same time.

By the way, a topology that fulfils conditions 1 to 4 is called an elementary
topology, and a topology that fulfils conditions 1, 2, 3, and 5 is called a primitive
topology.

A net is directed. Remove all arrowheads, and a net becomes an indirect net. The
above-defined topology is named net topology since such a topological structure is
equivalent to the structure of indirect net. Net topology is also called Petri topology.

Definition 15.3 Indirect Net (X, P) is an indirect net if

1. X+ Q,

2. PC XXX,

3. dom(P) U cod(P) = X,
4. dom(P) N cod(P) = O,

In which dom(P) = {xI Ay : (x,y) € P} and cod(P) = {yl Ax : (x,y) € P}.

Proposition 15.1 From Direct Net to Indirect Net For direct net (S, T; F), let be
X=SUTand P = {(x,y)l(x,y) € FU Flaxe S}, then (X, P) is an indirect net.

Proof Since x € S, dom(P) = S and cod(P) = T. The equality comes from the fact
that a net has no isolated element. By definition of net, the last two conditions of
Definition 15.3 are true.

Proposition 15.2 Indirect Net and Net Topology

1. For indirect net (X, P), let be @ = {ala € P(X) Aa = P~ '(a) U a}, then (X, 0) is a
net topology, in which P~'(a) = {xlJy € a : (x,y) € P}.

2. For net topology (X, 0), letbe P={(x,y)|[x €OAy EOANVaE€D:yEa—x € al,
then (X, P) is an indirect net.

Proof First to prove the first conclusion. From the definition of indirect net, dom(-
P) N cod(P) = D. Letbe S = dom (P) and T = cod(P). From the definition of P~",
P~ '(a) contains only S-elements. If all elements in a are S-elements, then P~
1(at) = . If there is T-element ¢, t € a, then P_l(a) contains all T-elements being
connected to z. With these hints, it is easy to conclude that the set € defined with p!
satisfies the definition of net topology.

Next to prove the second conclusion. What is required to be proved is that
dom(P) U cod(P) = X and dom(P) N cod(P) = .
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From the definition of P and condition 5 in the definition of net topology,
dom(P) N cod(P) = @ is a direct conclusion.

Assume that dom(P) U cod(P) = X is not true, then there is x, x¢ dom (P) U cod(P).
From condition 5 of net topology, € € or x € 6.

If x € 0, then for all y € X and y # x, let be

y ify €6
a(y)= T
aify €6

From y € @ and the definition of P, there exists a € @ such that y € a A x ¢ a. This
a is the a in the definition of a(y) above. So, from condition 3 of net topology,
(Uy » xa(y)) € 0. But x ¢ a(y), so X¥=U,z,a(y), thatis X € 6. This contradicts i € 6.

Similarly, contradiction may be derived from x € @ and x ¢ dom (P) U cod(P).

So, dom(P) U cod(P) = X is true by reduction to absurdity.

Proposition 15.2 tells that indirect net and net topology are equivalent. An
indirect net implies a net topology and a net topology leads to a structure of
indirect net.

As said before, a net must have at least two elements. Otherwise, x € 6 @)_c €6
would be impossible.

15.3 Net Morphism

The focus in this section is net topology. Whenever indirect net is mentioned, it is the
indirect net structure constructed from net topology as given by Proposition 15.2.

Lemma 15.1 Continuous Mapping For net topology (X, 6) and (X, 0), mapping
f:X — X is continuous if for any a € P(X), x € X is an aggregate point of a, then f(x)
is the aggregate point of f{x). That is

x € cl(a) = f(x) € cl(f(a)),

in which fla) = {x13x € a : fix) = x'}.

Proof Mapping fis continuous, so Va €6 f ~!(d’) € 0. For x, an aggregate point of
a,if f(x)is notan aggregate point of f{a), then, by definition, Jda'€b:d'n fla)= D Af(-
a€f:an fla) = @ Af(x) e a. Since f is continuous, fﬁl(a’) € 0, and since
f(x)ca,xef (a). Fromf(f !(a))=a, we haveant !(a') = @, since otherwise
f(x) Na # O, contradicting the property of a. Now, X € @), f(a’) €6, and
anf~!(a) = D. These contradict the given condition that X is an aggregate point of
a. So, f(x) must be an aggregate point of f(a).

Proofs will not be given for propositions and theorems below, since this book is
aimed mainly at practitioners. There are simple methods to check, from graphical
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Fig. 151 FUIDis X y
preserved, P U ID is not

£l | f

f(x)=x’ x'é—fbil y' f(y)=f

representations of nets, whether a mapping is continuous. The methods will be given
after necessary definitions.

Lemma 14.2 Closure

Vx € X :cl(x) ={y|(x,y) € P} UX,

in which cl(x) is the closure of X, or, the set of all aggregate points of {x}.

This lemma is the basis for the proof of the next theorem. In what follows, ID is
the identity mapping for all space.

Theorem 15.1 P U ID preserved For continuous mapping f: X — X from (X, 0) to
X.0),

Vay €X:(x=yV(xy) € P (f(x) =f() V (f(x).f () € P))

Theorem 15.2 Necessary and Sufficient Condition The necessary and sufficient
condition for mapping f: X — X to be continuous is that P U ID is preserved by f.

Definition 15.4 Net Morphism For direct nets (S, T; F) and (S/, T,;F /), mapping
f:SUT— S UT is a net morphsim if and only if f is continuous, and P U ID is
preserved. That is, (x,y) € F U ID — (fix),f(y)) € F U ID.

Proposition 15.3 Mapping f: S UT — § U T is a net porphsim if and only if
fpreserves both P U ID and F U ID.

It is true that for direct net, Vx :x € X — IxeX: fx) = x is uniquely defined
by F. But the reverse is not true. Many direct nets may share the same P. Figure 15.1
is an example to show the difference between preserving P U ID and preserving
F U ID. There are two simplest nets with {x,y} and {x,y'} as their respective
element sets, and they are dual with each other. The dotted vertical lines define the
mapping f. It is easy o see that (y,x) € P, (fix),y)) = (x/,y') € P, but (f(y),
fix) = (y’,x') ¢ P.FUIDis preserved while P U ID is not.

Next, the simplest methods to check whether a mapping is a net morphism.

Proposition 15.4 Local Morphsim For direct nets (S, 7; F) and (S, T’; F'), map-
pingf:SUT — S UT is a net morphsim if and only if fhas the dotted arrows as its
consisting part as shown in Fig. 15.2.

To make it more precise, if the solid arrows with “f’ attached are given part of
mapping f, then the dotted arrows with “f” attached must be consisting part of “f”.
Otherwise, f'is not a net morphsim. A net morphsim has three situations (a), (b), and
(c). If only situation (a) is found from mapping f; the f'is called a folding.
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Fig. 15.2 Local situations
of net morphsim

Definition 15.5 Folding Mapping f1is a folding if and only if fhas F and P reserved.
That is, (x,y) € F — (fix),fAy) € F, (x,y) € P — (fix),Ay)) € P.

A folding does not allow the start and the head of the same arrow to be mapped to
the same point. So, (b) and (c) in Fig. 15.2 are not folding.

There are several kinds of net morphisms in net theory. For direct nets (S, T; F)
and (S/, T/; F’), mapping f: SUT — S U T is classified as below:

1. IfVx :x eX > xeX (flx) = X, then fis an onto-morphism,

2. IfVx,y € X: x #y — fix) # f(y), then fis an injection,

3. Va € 0:fla) € 0, then fis an open morphism, Va € 6 : iX — a) €  — (X —
fla)) € 6, then fis a close morphism,

4. EfS)S S, AT) S T, fiF) € F and fiP) C P, then fis an isoporphism. If f is an
onto morphism and is also an injection, then f is an isomophism.

5. If the image of f and (S, T; F) are isomorphic, then f'is a sub-net injection.

The function of Net topology is to have the concept of continuity extended to
finite space, so the gap between pure math and applied math vanishes.

There are still other concepts in net topology. Interested readers may find them in
the literature.
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Concurrency P

Abstract Concurrency is not the same as being at the same time. Concurrency is not
transitive while being at the same time is. Examples are given here to show cases where
two points are concurrent with the same point while they are themselves ordered.

Readers who are not interested in theory are suggested to skip this chapter. The only
important point is: concurrency is not transitive. It is not the same as “at the same
time.”

It is no exaggeration to say that there would be no computer science without
concurrency, let alone billions of computers, high-performance computing, etc.

Concurrency is very important, but many do not really understand it. A widely
accepted saying is “two events, say a and b, are concurrent (or parallel) if their
occurring order does not change the consequence.”

For a black box, the relation between its input and output is considered as
included as part of consequence. For a scientific computation like solving a differ-
ential equation, solution is the consequence. But, for many other applications, the
concept of “consequence” is not so simple and clear.

First, what is an event? Is it an atomic action? If not, and a # b, then there exist
different intermediate states for a and b. Is “consequence” related to these interme-
diate states? Even if a and b are atomic actions, the difference between an event and
event occurrence should be clearly distinguished. The same event may occur more
than once. There are examples earlier in this book that different occurrences of a and
b are ordered as well as in parallel at different times.

Second, concurrency is a relation without transitivity. Examples can also be
found in this book.

Axioms to be presented below was proposed by Prof. Petri in the year 1979 first,
and then revised in the year 1986. Concurrency axioms are axioms on occurrence
nets. Let (B, E; F) be an occurrence net, and X = B U E. Let “<” be the ordering
relation among elements in X. x < y denotes that x and y are connected by arrows.
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Fig. 16.1 co is not
transitive

y

“<” is a strict partial order, transitive but not reflexive. That is
(KSXxX)AN(<NId= Q) A (<*C <)

To better understand axioms on concurrency, just keep in mind a concrete
occurrence net, so all axioms are no longer just formulas.

For strict partial order relation, an unordered relation co is implied as given by
Definition 16.1.

Definition 16.1 Unordered Relation
X coy:=xy€eXNa(x<y) A=(y<x),

or equivalently, co : < U >.
Note that “:<” reads as “defined by” and “:=" reads as “identically equal.” The
over bar is the operator for complement operation: < U > =XxX—(< U >).
Relation co is a reflexive symmetric relation as given by the first three axioms
below.

|X| >1 Nontrivial (16.1)
Id € co Reflexive (16.2)
co=co "' Symmetric (16.3)
where co™ " = {(x,y)| (,x) € co}. co” " is a similarity relation.
Definition 16.2 Order-relation
li=<UldU >

“Ii” is called the order-relation deduced from <. It may be defined by /i = co U Id.
The li defined totally ordered set is called a line. The relation co on a line is transitive
since it is degenerated to Id.

Relation /i is also a similar relation, and

dClijli=1li"linco=1d,1iUco=XxX.

It is not possible that X is a line, since a line would degenerate to a single point. As
said earlier in this book, co is not transitive, that is co® C co is not true. co® —
co+ D .

Let points x and y be on the same line, i.e., (x, y) € li, and z is a point on a different
line. Then it is possible that (x, z) € co and (y, z) € co as shown by Fig. 16.1.
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Relation co is a bit similar to “not distinguishable” in daily life. For example, as
far as height is concerned, students A and B are not distinguishable, and students B
and C are also not distinguishable, but A and C may be apparently different.

There are properties of co that are transitive.

Let be Co(x) = {yl (x,y) € co}. Co is the set of points that are in relation co with x.
If x # y, but Co(x) = Co(y), then x and y are not distinguishable by co. Such a relation
is denoted with “co”, s0, x co y :& Co(x) = Co(y). co is the transitive kernel of co.
In the study of co, all points that are not distinguishable from x are considered as the
same point of x. That is Co(x) = Co(y) — x = y. Put as an axiom, we have

¢o=1d, (16.4)
li=1d, (16.5)
co=1i. (16.6)

This is the axiom of irreducibility.

In which /i is similar to co. Li(x) = {yl(x,y) € li}, x li y:& Li(x)=Li(y).

These axioms ensure |X | > 1. Note that Axioms (16.4) and (16.5) are implied by
(16.6). Axioms are not Independent with each other, so that axioms can be better
understood. If X consists of lines that do not intersect, then each of the lines would
degenerate to a point each by (16.4), these points then would degenerate to one point
by (16.5). So, X must be lines that intersect.

Let be co* = co® Uco' Uco? U =U_co", where co® = Id.

Similarly, /i* = 1° U li' Ul U -+ = U li", where Ii° = Id.

co*=XxX, (16.7)
li* =X xX, (16.8)
co" =1Ii", (16.9)

This is the coherent axiom.

For an arbitrary pair (x,y) € X x X, one of x co™ y and x li* y must be true. From
(16.9), the other must also be true. (16.7) tells that (X, co) is continuous: any two
points are “connected” by invisible “co” lines.

Figure 16.2 shows the smallest structure that fulfils axioms (16.1) to (16.9).

The structure in Fig. 16.2 cannot be further simplified. Besides, the order relation
from i to < is decided by the order between just one pair. For example, from x < y, it
must be that v < y and v < u, since otherwise relation /i and co would be altered.
Such an order relation is called natural order, and the corresponding co is called
natural disorder.

(X, co)is a natural disorder. (16.10)
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Fig. 16.2 Smallest
structure for (16.1) to (16.9)

The order relation co is uniquely decided by the order of any two different points.
Thus, co is very fundamental.
Let r be a binary relation on X, thatis r € X x X, a € X.

Ken(a,r) = (Vx,y €a: (x,y) € rur ' UId)
A(Vagady € a: (x,y)grUr ' UId)

So, Ken(a, r) is true if and only if a is the maximum set whose element pairs are in
relation r. Let Kens(r) be the set of all sets whose element pairs are in relation
r: Kens(r) == {al Ken(a,r)}.

To substitute r with co and [i, the concepts cut and line are defined.

Definition 16.3 cut and line
cut(c) :< Ken(c, co),

line(l) + Ken(1, 1i).

If cut(c) is true, c is called a cut on X; If line(l) is true, [ is a line on X. A line is the
trace left by a token (signal or a bit of information) in the process recorded by this
occurrence net, while a cut is a snapshot in the course of the process. Every line and
every cut must intersect, otherwise the snapshot is not complete. So, cut(c) A line(-
[) > cN1# . This a kind of density of (X, co), called K-density, is denoted by K —
dense (X, co).

Definition 16.4 K-dense
K —dense(X, co) :< cut(c) Aline(l) »c NI+ Q.

16.11
K — dense(X, co). ( )
The structure in Fig. 16.2 is not dense(X, co), since {x,u} and {y, v} are respec-
tively a cut and a line, but they do not intersect. To make the structure K-dense, a
point z must be added such that {z,x,u} is a cut and {z,y, v} is a line. This is local
property of X. If all such local structures of X do have a point z each, then (X, co) is
N-dense.



16 Concurrency 181

co co
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Fig. 16.3 N-dense: definition

Definition 16.5 N-dense
N —dense(X, co) & Vx,y,u,v € X :
(AN L)AL u)AN(x cou)N(x cov)A(y co u))
—>(FzeX:(xco )N (zcouyNy li )N (v li 2))
This definition is as shown in Fig. 16.3.

N —dense(X, co). (16.12)

(X, co) is not only globally K-dense but also locally N-dense. K-dense in fact implies
N-dense. When all cuts of X are finite subsets of X, N-dense is equivalent to K-dense.

If all lines that go through x go also through y, then y is a cluster point of x,
denoted by x CI y. Cl is reflective as well as transitive. Let

x Cl y:=x,y € X ALi(x) CLi(y),
Clla)={y|qx € a:x Cl y},

Cl(a) is the set of all cluster points in a. In terms of topology, Cl(a) is the closure
of a, i.e., the smallest close set that contains a. (X, Cl) is called fundamental
topology. It becomes T, topology, if P and G are defined as below.

Definition 16.6 P = Cl —Id,G=PUP"'
The relation x P y denotes that signal x must start or end at a point on a line of y.

P=0, (16.13)
G'=XxX. (16.14)

If any two lines of X have two crossing points, then there must be a splitting point
between the two crossing points, since otherwise the two segments between the two
crossing points would degenerate to just one point. But X cannot be simplified
further. That is to say, x P y — #A z:y P z (such z is a crossing point). Or in
other words, dom(P) N cod(P) = &.

Similarly, it is true that dom(P) U cod(P) = X.
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Note that cod(P) is the set of all points that is a crossing point, and dom(P) is the
set of all points that are not a crossing point. For occurrence nets, all T-elements are
crossing points and all S-elements are not crossing points. Thus, for

S = dom (P) and T = cod(P),

(S, T; P) is an indirect (by (16.13)) and connected (by (16.14)) net. So, P is the
indirect mapping obtained from flow F of a direct net. Two direct nets may be
obtained from (X, co), i.e., (S, T; F) and (S, T; F _1). S and T are as given above from
P, and since co is a natural unordered relation, the whole order relation on X is
decided by the order between two points. Thus, there are just two possible order
relations on X. The directions of these two orders are opposite. These two structures
are occurrence nets with the following properties.

VseS:'s|=|s]| =1
AVEeT: | "t]| >1LA |t | >1 by (16.13)
AVSLSHES:(s1= "9 A8 =8)>s=45 by (16.14).

Since P> = @, if x Py, then x and y are neighbor points. G = P U P 'is a
neighboring relation. Let Vic = {ylx G y} be the set of neighbors of x. x ¢ Vic(x) by
definition of P.

co® C cois true in Vic(x) for allxin X. (16.15)

co’ C co A\ co” # Din Vie(x) for all xin X. (16.16)

There are two neighbor points on every x line (x line is a line of which x is a
point), one before x and one after x. All points before x are pairwise concurrent, and
so are all points after x. A point before x and a point after x are ordered (they are in
relation co). Equation (16.15) is the transitivity of co in Vic(x). So all neighbors of
x are classified into two co equivalent sets: one before x and one after x. (X, co) does
not tell which of these two sets is before x and which is after x. But it needs one point
to be fixed as before or after x, the positions of all others are fixed. Equation (16.15)
tells that points in Vic(x) are locally orientable: there are exactly two possible
directions to choose.

Cl is the corresponding relation of ClI:

x CI' y:& Co(x) S Co(y).
Cl is transitive and reflective. The difference between CI and Cl is: CI C I,

Cl C co.
Similar to P and G, D and H are defined by
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Definition 16.7 D == C[ — Id,H==D U D"

D’=Q, (16.17)
D* =P, (16.18)
H =X xX. (16.19)

It is easy to prove
x D y—>(Ve:cut(c) N\x Ec—y Ec) Ax#y.

Thus, D is a strict “implies” relation inside every cut. Since cod(D) S dom (P),
dom(P) = S, if x D y, then x must be a point for signal interacting, not a state
element. So, “implies” is not a correct saying. The right way is “x is the detail of y.”
Figure 16.4 shows that x and y are in the same cut.

As shown in the figure, x is an interacting point. When it is hard to conclude what
is happening in Vic(x), y is true. That is why y is the detail of x. H* = X x X tells that
every point of X is either itself a detail, or detail of some other point. So, every ¢ in
T has an S-point as its accompany (recall the four-season system and accompany
elements of seasons).

The last three axioms are about continuity (no gap, no jump). To keep it simple,
these axioms are given with (X, <).

Equation (16.20) is cone intersect property (CIP). The set of all points smaller or
equal to x is called front cone, and the set of all points greater or equal to x is called
posterior cone. CIP means that if x and y are not ordered, then x and the front cone of
y intersect, x and the posterior cone of y as well intersect.

Ve, yeEX:x li y—>Juv:iu<x<vAu<y<v. (16.20)

The relation among x, y, u, and v are as shown in Fig. 16.5, in which (b) is the
same co as (a), but (16.20) is not true for u and v. It is difficult to propose (16.20) in
terms (X, co).

The last two axioms can be derived from strict partial order (X, <) that satisfy
(16.1) to (16.20). They are worthy to be given explicitly.

If the front cone of x plus y is the front cone of y, then there is a jump between
x and y, as shown in Fig. 16.6.

Axiom (16.15) does not allow jump. There is no point between x and y in
Fig. 16.6, y is the direct successor of x. Such relation between x and y is denoted
by x < -y,
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Fig. 16.5 (a) CIP property
(b) x Ii y, but not CIP

Fig. 16.6 Jump

Fig. 16.7 (a) Gap of type
Gl1, (b) Gap of type G2

v
(@) (b)

If strict partial order (X, <) satisfies < = < -*, then (X, <) is a combinatorial
order. For combinatorial order <, if x < y, then y can be reached through a finite
number of direct successors.

If (X, <) has an N-shaped structure as given at the time N-dense was defined, but
point z required by N-dense does not exist, then (X, <) contains a gap of type G1.
The gaps shown in Fig. 16.7 are of type G1 in (a) and type G2 in (b).

To remove point z from Fig. 16.4 that explains x D y, obtained is a gap of type
Gl1. If a point is deleted from X, obtained is a gap of type G2.

(X, <)is a strict combinatorial partial order with K
— dense property, no jump, no gap of type G1. (16.21)
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(X, <)is astrict combinatorial partial order with K
— dense property, no jump, no gap of type G2. (16.22)

If (16.21) is true, then (X, <) is G1D continuous. If (16.22) is true, then (X, <) is
G2D continuous.

Though the above 22 axioms contain much repetition, they are not complete yet.
It is not a complete description of concurrency. These axioms aim at important
properties of intransitive concurrency, especially to describe transitive structures and
properties with intransitive concurrency. I hope to describe all implementable signal
structures, discrete (digit type) or continuous (simulation type).



Epilogue

Application is the mere purpose of Petri nets, but it is not applicable everywhere. It is
suitable for the description and analysis of concurrent and distributed systems.
Besides, flow of resources (materials, signals, data or information, etc.) is among
its main characters.

There have existed many research papers in the literature, and many new ele-
ments (figures) have been added in order to promote the power of nets. But in fact,
the power of nets is equivalent to Turing machine. So, new elements may be added,
but not to promote modeling power. Rather, it is to make application easier.

Data types have been added to nets, and C-nets have been proposed and used for
business process management in this book. The author welcomes criticism from
readers.
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Appendix 1

Preface written by C. A. Petri for the “Petri Nets”

Status Report on Net Theory—Foreword

C. A. Petri

Twenty-nine years ago, net theory of communication was initiated by my doctoral
thesis entitled “Communication With Automata.” At the time of this writing, the
plan which was described in that thesis is just carried out; the project approaches
completion.

From its very start, net theory was based on physics; it was, in fact, a physical
theory proposed in the language of computer science. Theoretical computer science,
at the time, consisted of theories of automata and of formal languages (classes of
symbol strings). It was shown that the conceptual framework of computer science
(of 1960) was not suitable to describe a physical system. One important item missing
in computer science was the notion of concurrency, the symmetric relation between
two distinct world-points (space-time points in the sense of relativity theory) which
describes them as unconnected by a causal chain: separated in space, but not
reachable from each other by a light signal because of the bounded velocity of
light. It was exceedingly difficult to persuade scientists of 1960 that concurrency had
anything to do with computer science, and that its non-transitivity which is so
obvious in relativity was part of the very essence of signaling.

Today, every beginner knows at least of the practical importance of concurrency,
for example, in parallel processing. To make this basic concept of concurrency
visible to the eye, I invented and later improved a graphical notation for combina-
torial physical processes and systems, along with a game which could be played with
little pieces, or “tokens,” which mirrored elementary physical symmetries in such a
way that the playing of the game was a simulation of a physical process. Please keep
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in mind that the graphical notation and the rules of the game are not net theory, but
only illustrate some theorems of net theory.

The ambitious plan of 1960 was to formulate all “natural laws” which govern
processes of communication in a language and conceptual framework which
included both physics and computer science. To this end, computer science was
enriched by the notion of concurrency; today, we know of a well-established duality
theorem which asserts, among other things, that concurrency is the precise dual of
choice (e.g., the choice of a program path by executing an if-statement). Today, we
also know that net theory can pay its debt to physics back: just as space and time
cannot be separated in a transformation of motion, in order to comply to Lorentz
invariance—so also space, time, and statespace cannot be separated in a transfor-
mation of process (the process associated with a particle is the history of its life,
namely the history of the position it occupied in statespace and in space, together
with the transitions from one position to another).

In order to apply net theory with success, it is by no means necessary to study
physics, or to remember the physical interpretation of net theory. Rather, a user of
net theory can forget these and can just rely on the fact that every net which we can
specify explicitly (draw on paper) can be connected by a short (<4) chain of net
morphisms to the physical real world; your net is, in a very precise sense, physically
implementable. The four morphisms denote:

1. Aninjection. You don’t want to describe the universe, but a (small) part of it. That
part is—unlike the universe—not a system which is closed with respect to the
flow of matter, energy, and information.

2. A refinement. You don’t want to describe your system in all physical details, the
elementary physical interactions, but very much coarser (factors of 10°° are
typical for hardware).

3. A breaking of physical symmetries. You want to have a definite direction (from
past to future) for the execution of processes, whereas the “perfect net” of the
physical universe is time reversal-invariant.

4. An abstraction from what, in your purposeful activity, belongs together. You
need a concept which ties, for example, the switching events or program steps
which belong to the execution of a computer transaction or of a commercial
transaction between people together to a pragmatic unit. These ties are not just
physical ones; they are a necessity for your mind since you want to conceive of a
large distributed physical (technical) process as a whole as something of which no
physical part can be omitted without destroying the idea of a complete, or
balanced, transaction.

March 23, 1989
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