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Preface

The theory of graph minors has a rich history starting with Kuratowski’s character-
ization of planar graphs, intertwines with the graph coloring through Hadwiger’s
conjecture, and plays an important role in algorithmic graph theory. The devel-
opment of the structural characterization of graphs avoiding a fixed minor by
Robertson and Seymour is arguably the most important foundational result in
structural graph theory. And, if any of this is news to you, this book is probably
not for you.

There are quite a few books that present the basic concepts of the theory. They
will explain to you the importance of forbidden minors in relation to graphs on
surfaces and other proper minor-closed classes, the notion of treewidth and its
applications in design of efficient algorithms, and Hadwiger’s conjecture and its
relationship to the Four Color Theorem. They will speak about well-quasi-ordering,
Wagner’s conjecture, and the amazing fact that every minor-monotone property is
characterized by only finitely many forbidden minors. They will maybe state the
Minor Structure Theorem with all its technical and slightly mysterious ingredients,
and if you are lucky, actually explain to you why the ingredients are needed and how
the theorem can be used. And they will let you hanging there, aware that there is a
lot to the theory that you do not see.

Admittedly, this is already enough for you to appreciate many of the applications
of the theory, or even to use it in your research. But if you want to learn more,
there are not that many options available. You can go hardcore and actually read the
series of papers by Robertson and Seymour, or some of the newer developments of
the theory. This is indeed possible, but of course journal papers need to show all
the details of every argument, no matter how distracting from the important ideas.
Adding to the difficulty, it needs to be admitted that many of the papers on graph
minors theory are not written in an especially reader-friendly way. And, in the end,
you may end up knowing a lot of theory without actually being able to use it.

So perhaps you could go the other way, start by studying various applications of
the theory, gain an understanding of what is important in this way, and gradually
learn the details as needed. This seems to be the most popular avenue, usually with
the help of a mentor who can point you to the right materials on each particular
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aspect. Unsurprisingly, this top-down approach leaves you with a great overall
understanding, but somewhat shaky foundations.

Or, you could give this book a try. As far as I am aware, this is the first book to
offer a somewhat comprehensive treatment of the intermediate and advanced aspects
of the theory of graph minors. The book is split into three parts:

* Part I discusses in detail the ideas and notions that are used in the proof of the
Minor Structure Theorem and its applications. It starts with the development
of the theory of tree decompositions and dual objects such as tangles and
brambles. A significant attention is given to graphs drawn on surfaces, especially
in connection the metric arising from tangles that respect the drawings and
the corresponding sufficient conditions for the presence of minors. Building on
these results, we prove the Flat Wall Theorem and explain how it is used in the
algorithm to test whether the input graph contains a fixed minor. Finally, we give
a detailed outline of the proof of the Minor Structure Theorem.

* Part II showcases applications of the Minor Structure Theorem of various com-
plexity. We take this as an opportunity to introduce several important properties
of graphs from proper minor-closed classes (existence of low-treewidth colorings
and large grid minors), and to talk about recent progress on the structural
theory of topological minors. This part also introduces and motivates several
strengthenings of the Theorem that simplify handling of apices and vortices, the
main technical ingredients.

e Part III is devoted to results on graph minors that avoid the Structure Theorem,
on topics such as sublinear separators, density, isomorphism testing, ...

My hope is that this book can help you to learn the more advanced aspects of
theory of graph minors. Still, it is not strictly speaking a textbook. I make an effort
to explain overall ideas, but the theory is somewhat infamous for its technicality and
I do not think I can provide a detailed guidance for every single argument. Moreover,
given the intended audience, the text assumes a lot of maturity of the reader.

Let me acknowledge that there are important topics that are not covered in the
book. Given the richness of the theory, it is of course not possible to talk about
everything, and while the book can be useful as a reference, it is not its intended
purpose. A significant omission I would like to mention is the theory of well-quasi-
ordering. This may seem rather strange; after all, the proof of Wagner’s conjecture
on minor well-quasi-ordering was the guiding force behind the ultimate goal of the
development of the Minor Structure Theorem. However, I feel the subject is covered
elsewhere (e.g., in [1]) to a satisfactory depth, and that it is difficult to go beyond
the basic ideas showcased on trees and graphs on surfaces without getting bogged
down in technical details. And admittedly, this is one of the parts of the theory which
my own research did not touch and consequently I lack the depth of understanding
needed to give it justice.

Finally, let me note that although I try to mention many of the more recent
developments in the structural theory of graph minors, including the new improved
proof of the Minor Structure Theorem by Kawarabayashi, Thomas, and Wollan [2],
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the presentation mostly follows the “classical” development of the theory in the
series of papers by Robertson and Seymour, which I find more instructive.

Kladno, Czech Republic Zden€k Dvorak
January 2025
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Chapter 1 ®)
Introduction Check for

The goal of this book is to give the reader a solid foundation in advanced aspects of
graph minor theory, and studying it “cover to cover” should achieve that. However,
not everyone has the time to study the whole book in detail. Since the book focuses
on the development of a theory, the later chapters in general rely on the material
presented so far. Still, it is sometimes possible to skip some parts or even to jump
directly to a section one is interested in.

For a reader interested in the proof of the Minor Structure Theorem, I would
recommend to simply read Part I in full; it gradually builds the tools and intuitions
necessary for this task. On the other hand, if one is interested only in the applications
of the Theorem that we give in Part II, much of this first part can be skipped. My
recommendation would be to:

e Skim over Chap.2. This chapter introduces important notions concering tree
decompositions and the dual concepts (in particular, tangles) which are then used
throughout the book. The reader should already be familiar with many of them,
but I would recommend to pay attention to Sect.2.13, which studies tangles in
embedded graphs.

* Read Chap. 3; the connectivity notions and the methods introduced in this chapter
are often useful in the applications.

¢ Chapter 4 is only needed for the applications in Chaps. 9 and 10.

e From Chap.5, only the Sect.5.5 introducing the local forms of the Minor
Structure Theorem should be needed.

The applications showcased in Part II are independent and each chapter can be read
separately. Finally, Part III is almost entirely independent on the first two parts, with
the exception of the basic concepts introduced in Chap.2 and a few motivational
references.

The structural theory of graph minors is somewhat infamous for being quite
technical. I generally try to avoid technical arguments that in my opinion do not
contribute much in terms of exposition or interesting proof ideas, and refer the
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2 1 Introduction

reader to the relevant papers if needed. However, occasionally I felt it suitable to
include them, usually because of the importance of the overall result or discussed
concept. As an example, I give a proof of the Grid Theorem in Sect.2.10, even
though its ideas are not needed anywhere in the book and to my knowledge do not
have many applications elsewhere, either. To make it clear that a certain section or
proof is optional and safe to skip, I mark them by the (3-) symbol.

The sources on which the presentation is based are listed at the end of each part.
The notation used throughout the book is fairly standard, familiar to anyone with
interest in modern graph theory. Nevertheless, there are many slight variations used
by different authors, and thus we prefer to go over the fundamentals anyway.

1.1 Notation

Graphs are generally allowed to have parallel edges and loops, unless they are
explicitly specified to be simple. When we contract an edge, the edge that we
contracted is eliminated, but we only suppress parallel edges or loops when we work
with simple graphs. In particular, if there are k > 2 edges between two vertices and
we contract one of them, this results in k — 1 new loops. The graph obtained from
a graph G by contracting an edge e is denoted by G/e. We say that a graph H is a
minor of G if a graph isomorphic to H can be obtained from a subgraph of G by
contracting edges. A graph is H-minor-free if G does not contain H as a minor. If P
is a partition of V(G), then G /P denotes the graph obtained by contracting each of
the parts to a single vertex; in this case, the loops are always eliminated and parallel
edges suppressed.

For a graph G and a vertex v € V(G), N (v) is the set of vertices of G adjacent
to v (excluding v when there is a loop on v); the vertices in Ng (v) are the neighbors
of v. We let Ng[v] = Ng(v) U {v}. For X C V(G), we let Ng(X) be the set of
the vertices in V(G) \ X with a neighbor in X. When the graph G is clear from the
context, we drop the subscript and use N (v), N[v], and N (X) for brevity. We use
|G| and |G| to refer to the number of vertices and edges of G, respectively. For
graphs G| and G, by G| N G> we mean the graph with vertex set V(G1) N V(G?7)
and the edge set E(G1) N E(G2), and similarly, the graph G| U G; has vertex set
V(G1) U V(Gy) and edge set E(G1) U E(G2).

A vertex separation of a graph G is a pair (A, B) of subsets of V(G) such that
V(G) = AU B and G has no edge with one end in A \ B and the other end in B\ A;
i.e.,both A\ B and B\ A induce unions of connected components of G — (A N B).
The size of the set A N B is the order of the vertex separation (A, B). The vertex
separation is non-trivial if A B and B € A. Note that a graph is k-connected if
and only if it has no non-trivial vertex separation of order less than k.

A separation of a graph G is a pair (A, B) of edge-disjoint subgraphs of G
such that G = A U B, and the order of the separation is |A N B|. Note that
(V(A), V(B)) is a vertex separation of G of the same order. Separations provide a
finer decomposition of G into two parts on a vertex cut than vertex separations, since
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they explicitly specify how the edges with both ends in the cut are partitioned. This
is occasionally useful in applications, though also somewhat more cumbersome.

For any (vertex) separations (A, B) and (C, D) of the same graph, (ANC, BUD)
and (AUC, BN D) are also (vertex) separations of the same graph, and their orders
satisfy the following equality:

IJANB|4+|CND|=|ANCN(BUD)|+|(AUC)N BN D| (1.1)

A tree is a connected graph without cycles. A rooted tree is a tree T with a
specified vertex r € V(T) called the root of T. Note that for each vertex v € V(T),
there exists a unique path P, in T from v tor. If u € V(P,) \ {v}, we say that u is
an ancestor of v, and v is a descendant of u. The descendants of v that are adjacent
to it are the children of v, and for v # r, the unique ancestor of v that is adjacent to
it is the parent of v. The subtree of T rooted in v is the subtree T’ of T induced by
v and its descendants, with v being the root of T’. The depth of a rooted tree T is
the maximum number of vertices of a path in T starting in the root.

We often work with graphs drawn on surfaces. A surface is a compact 2-
dimensional manifold, without boundary unless explicitly specified otherwise. It
is well known that every surface is homeomorphic to one obtained from the sphere
by adding finitely many handles and crosscaps. Sometimes, it is also convenient
to allow the usage of crosshandles, though these are equivalent to adding two
crosscaps. Surfaces with boundary additionally contain finitely many holes. The
Euler genus g of the surface is twice the number of handles plus the number of
crosscaps used to obtain it. For a surface ¥ with boundary, we use bd(X) to denote
the boundary. The basic surfaces are the sphere, the projective plane (the sphere
with one crosscap), the forus (the sphere with a handle), and the Klein bottle (the
sphere with a crosshandle or two crosscaps). The basic surfaces with boundary are
the disk (sphere with one hole) and the cylinder (sphere with two holes). The open
disk is the interior of the disk; in contrast, we sometimes use the term closed disk to
refer to the disk.

A drawing of a graph G on a surface ¥ assigns to each vertex v € V(G) a
distinct point p(v) € X and to each edge e = uv € E(G) a simple curve p(e) in X
with ends p(u) and p(v) such that

(i) p(e) intersects p(V (G)) only in its endpoints, and
(ii) for any other edge ¢ € E(G), p(e) intersects p(e’) only in their shared
endpoints (if any).

In case that e is a loop, p(e) is a simple closed curve, instead. Sometimes, we are
going do need to consider drawings with crossings; in that case, (ii) is replaced
by the condition that p(e) N p(¢’) is finite and no point in £ \ p(V(G)) is
contained in more than two curves representing edges. The crossings are the points
in £ \ p(V(G)) contained in two curves representing edges. Throughout the book,
drawings are only allowed to contains crossings if this is explicitly specified.

We generally only consider one fixed drawing of the graph on a surface; thus,
to simplify the notation, we are not going to distinguish between the graph G or
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its parts (vertices, edges, ...) and the subsets of X representing them. Thus, for
instance, if A is a subset of X, we are going to write v € A instead of p(v) € A,
e C A instead of saying that all the points of the curve p(e) are contained in A, etc.
Conversely, in case that every edge e € E(G) satisfies e € A or is disjoint from A
except possibly for its endpoints, by G N A we mean the subgraph of G consisting
of vertices and edges whose drawings are contained in A, as well as the drawing of
this subgraph in A.

The faces of the drawing of G on a surface ¥ are the maximal arcwise-
connected subsets of ¥ \ G. A face of a graph drawn on a surface is cellular if
it is homeomorphic to an open disk (and in particular, its boundary is connected). A
drawing of a graph is cellular if all its faces are cellular. Note that a plane drawing
of a graph G is cellular if and only if G is connected. If g is the Euler genus of ¥
and f is the number of faces of G, then the generalized Euler’s formula states that

Gl <IGI+f+g—2

with equality exactly if the drawing of G is cellular. A well-known consequence that
we often use is that

IGIl =3|G[+3(g —2)

if G is simple and |G| > 3.

A cycle C in G is contractible if the closed curve created by composing
the curves representing the edges of C is contractible, i.e., can be continuously
deformed to a single point. A curve in a surface is G-normal if it only intersects the
drawing of G in the points representing vertices. The representativity of a drawing
of G on a surface other than the sphere is the minimum number of intersections of G
with a non-contractible closed curve; clearly, this minimum number of intersections
is achieved by a G-normal closed curve. The edgewidth of the drawing of G is
the length of the shortest non-contractible cycle in G. As our focus is not on the
topological aspects of graphs on surfaces, we are going to treat topology on a
somewhat “intuitive” level; e.g., we are going to use claims such as the following
ones without worrying about their proofs.

e If G is a graph drawn on a surface ¥ and every cycle in G is contractible, then
there exists an open disk A € ¥ with G C A.

e If C is a contractible cycle drawn on X, then C has exactly two faces, at least one
of which is an open disk.

We let N denote the set of all non-negative integers, i.e., 0 € N. For n € N, we
let [n] denote the set {1, ..., n}; i.e., [0] = @. For a function f : A — B, we let
dom(f) = A and img(f) = {f(a) : a € A}; the latter is taken as a set, not as a
multiset.

In some of the proofs, we adopt the following convention to ensure that the ideas
are not obscured by technical computations: By a < b <« ¢, we mean that b should
be chosen large enough compared to a so that any of the inequalities arising in the
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proof involving only a and b are satisfied; and then ¢ should be chosen large enough
so that any of the inequalities involving a, b, and c are satisfied.

1.2 Minors: Definitions and Basic Results

There may be several non-equivalent ways how to obtain a graph H as a minor of
another graph G, and it is often needed to specify one. A model (1 of a graph H in
a graph G is a function that

(1) maps vertices of H to pairwise vertex-disjoint connected subgraphs of G,
(i) maps edges of H to pairwise different edges of G not contained in the subgraphs
assigned to vertices of H, and such that
(iii) for each edge e = uv € E(H), the edge 1(e) has one end in p(u) and the other
end in u(v).

Clearly H is a minor of G if and only if there exists a model of H in G. Note that
the definition becomes slightly simpler when H is a simple graph, as then there is
no need to say in (ii) that u cannot assign the same edge of G to distinct edges of
H, and that edges belonging to subgraphs assigned to vertices cannot be assigned to
edges of H, as (iii) implies that the former is only a concern for parallel edges and
the latter only for loops.

The Hadwiger number Had(G) of a graph G is the maximum integer k£ such
that the clique Ky is a minor of G. Famous conjecture of Hadwiger [3] states that
the chromatic number x (G) of a graph G is always at most its Hadwiger number.

Conjecture 1.1 For every positive integer ¢, every K;ii-minor-free graph is #-
colorable.

It is known that K;-minor-free graphs have bounded average degree. Indeed, we
have the following asymptotically tight result.

Theorem 1.2 (Thomason [S]) For every positive integer k, let f (k) be the mini-
mum integer such that every simple graph of average degree at least f (k) contains
K. as a minor. Then

f(k) =(0.638...+ o(1))ky/logk.

Here, the constant 0.638. .. is the solution to a specific equation. Consequently,
every Kj-minor-free graph has a vertex with most O (k+/log k) neighbors, and thus
the greedy algorithm shows that the chromatic number of a K;-minor-free graph
is O(k+/Togk). For more than 30 years, this was the best partial result towards
Hadwiger’s conjecture; only recently, Delcourt and Postle [2] improved the bound
to O(kloglogk). Although many people (including myself) doubt the validity of
Hadwiger’s conjecture, it undeniably is one of the most influential questions in both
structural and chromatic graph theory, and we discuss it in more detail in Chap. 14.
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We say that a graph H is a topological minor of G if a subdivision of H is a
subgraph of G. More precisely, there exists a function 7 mapping vertices of H to
pairwise different vertices of G (the branch vertices of the topological minor) and
each edge e = uv of H to a path w(e) of G with ends 7w (x) and 7 (v) and with
at least one edge such that for distinct edges e and €', the paths 7 (e) and 7 (¢’)
intersect exactly in their common endpoints (if any). Note that the condition that
E(m(e)) # ¥ is only relevant when e is a loop. We say that r is a fopological model
of H in G, and we let 7(H) = n(V(H)) U |J#(E(H)) be the corresponding
subgraph of G forming a subdivision of H. Note that if H is a topological minor of
G, then it is also a minor of G (obtained by contracting all but one edge of each of
the paths forming the topological minor), but the converse is false; for example, note
that a graph of maximum degree A can only contain graphs of maximum degree at
most A as topological minors, but no such restriction holds for ordinary minors
when A > 3. However, let us note the following important special case.

Observation 1.3 If H is a graph of maximum degree at most three and G contains
H as a minor, then it contains H as a topological minor as well.

For an injective function p from a set dom(p) € V(H) to V(G), we say that a
model u of H in G is p-rooted if p(v) € V(u(v)) for each v € dom(p). When H
has a p-rooted model in G, we say that H is a p-rooted minor of G. Informally, we
can obtain H from a subgraph of G by contracting edges so that the vertex p(v) is
contracted into v for every root v € dom(p). To simplify the notation, in case that
the vertices of M = dom(p) are shared by H and G and p is the identity function,
we say that H is an M-rooted minor of G. As an important example, if H is a
matching and dom(p) = V(H), then H is a p-rooted minor of a graph G if and
only if G contains || H || pairwise vertex-disjoint paths {P, : e € E(H)}, where for
e = uv € V(H), the path P, connects p(u) to p(v). Let us remark that p-rooted
topological models (and p-rooted topological minors) are defined analogously, as
topological models 7 such that 7 restricted to dom(p) is equal to p.

For aset S € V(G), we say that a graph G is (S, k)-connected if G has no non-
trivial vertex separation (A, B) of order less than k with § € A. As another basic
result, let us note the following sufficient condition for the presence of a rooted
triangle minor.

Lemma 1.4 Suppose p is a function mapping vertices of a triangle K3 to distinct
vertices of a simple graph G. If G is (img(p), 3)-connected, then

* V(G) =img(p) and |G| <2, or

* V(G) \ img(p) consists of exactly one vertex v and E(G) consists exactly of the
three edges between v and img(p), or

* Ksis a p-rooted minor of G.

Proof The claim is clear if V(G) = img(p), and thus suppose that there exists a
vertex v € V(G) \ img(p). Since G is (img(p), 3)-connected, Menger’s theorem
implies that there exist three paths P;, P, and P3; from v to img(p) pairwise
intersecting exactly in v. If each vertex of img(p) is in a different component
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of G — v, then since G is (img(p), 3)-connected, we conclude that each of the
components consists of a single vertex and that the second outcome of the lemma
holds. Hence, suppose that G — v contains a path R between P; — v and P, — v.
Contracting all edges of Ps, all edges of P; and P, except for those incident with v,
and all but one edge of R gives K3 as a p-rooted minor of G.

A class G of graphs is minor-closed if for every G € @G, all minors of G also
belong to G. A forbidden minor for G is a graph F' ¢ G such that all proper minors
of F (i.e., all minors of F except for F itself) belong to G. For a set F of graphs, we
say that a graph G is F-minor-free if G does not contain any graph in # as a minor.

Observation 1.5 Let G be a minor-closed class of graphs and let F be the set of
forbidden minors for G. Then a graph belongs to G if and only if it is F-minor-free.

For example, as shown by Wagner [6], the forbidden minors for planar graphs are
Ks and K3 3. Perhaps the most important application of the graph minors theory of
Robertson and Seymour (as well as the motivation for its development) is the proof
of Wagner’s conjecture on well-quasi-ordering property of the minor relation, stated
in an equivalent form in the following theorem.

Theorem 1.6 (Robertson and Seymour [4]) The set of forbidden minors for every
minor-closed class of graphs is finite.

As an example, consider any fixed surface 2. Since the class of graphs drawn on
¥ is minor-closed, there exists a finite set ¥ such that a graph can be drawn on X
if and only if it is ¥-minor-free. Remarkably, there is only one non-trivial surface
(projective plane) for which we know exactly what the forbidden minors are [1].
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Part I
Understanding the Structure Theorem

In order to prove Theorem 1.6, Robertson and Seymour developed a rich theory of
graph minors. The most prominent and best known part of this theory is the Minor
Structure Theorem giving an approximate characterization of graphs avoiding a
fixed minor. However, it also includes important arguments on topics such as graph
decompositions, the existence of minors in graphs on surfaces, finding vertex-
disjoint paths with prescribed ends, and many others. The goal of this part is to
give you an understanding of all these ingredients and to show how they combine in
the proof of the Minor Structure Theorem.

We start by developing the theory of tree decompositions, showing how they
naturally arise (twice) in the context of the Minor Structure Theorem. We study
treewidth and prove the famous Grid Theorem. We then give tools for showing the
existence of minors in well-connected graphs and in graphs on surfaces, and use
them to prove a weak version of the structure theorem, the Flat Wall Theorem. We
study the algorithmic implications of this result, most importantly the polynomial-
time algorithm to test the presence of a fixed minor. We describe the structural
results about “highly non-planar” parts of a graph, which are needed to turn the
proof of the Flat Wall Theorem into the proof of the Minor Structure Theorem.
Finally, we describe the stronger “local” form of the Minor Structure Theorem and
show how the results obtained so far combine in its proof.



Chapter 2
Tree Decompositions and Treewidth Qe

Tree decompositions and related notions (brambles, tangles, grid minors, ...) play
a key role in the formulation of the Minor Structure Theorem, its proof and
applications, and in structural graph theory in general. In this chapter, we develop
the theory of these concepts.

We expect the reader to be already somewhat familiar with graphs of bounded
treewidth, especially from the algorithmic perspective; and in particular, to know
the celebrated theorem of Courcelle showing that all problems expressible in the
Monadic Second Order Logic can be solved efficiently on graphs of bounded
treewidth. However, our focus will be on the structural properties of treewidth.

The Minor Structure Theorem takes the form of stating that every graph avoiding
a fixed minor has a tree decomposition into “nice” pieces, which are either small or
nearly drawn on a surface. It is important to understand what forces the presence of
the large pieces, and how to determine which parts of the graph should belong to a
particular piece. Thus, we are going to study various obstructions to small treewidth;
the most important for us will be the notion of tangles—informally, a tangle is an
orientation of small cuts towards one of such large, well connected pieces.

Next, we need to “nearly draw” these large pieces on a surface. Chapters 4
and 5 are largely devoted to this goal, but we are going to take first steps in this
direction. We prove the well-known Grid Theorem, showing that a tangle of large
order (equivalent to high treewidth) gives rise to a minor of a large grid. Such a grid
minor can be seen as a drawing of a substantial part of the graph on the sphere.
We also study the notion of respectful tangles arising from drawings of graphs on
surfaces, which is very important when we consider which minors appear in these
graphs.

Finally, we are going to give a brief overview of other relevant width parameters
and their applications in the theory of graph minors.
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12 2 Tree Decompositions and Treewidth
2.1 The Basic Concepts

Let us start by recalling basic concepts and results about graph decompositions
which the reader may be already familiar with, in part to fix notation. Although we
are mostly going to use tree decompositions, it is occasionally useful to use graphs
other than trees to describe the global structure. Hence, for a graph G, we are going
to define a more general notion of a decomposition consisting of another graph B
and a function 8 from the vertices of B to subsets of V(G). To decrease the chance
of confusion, we call the elements of V (B) nodes, while we refer to the elements of
V (G) as vertices.

A general decomposition of a graph G is a pair (B, ), where B is a graph and
B assigns a subset of V (G) (called a bag) to each node of B so that

(D1) for every edge uv € E(G), there exists a node x € V(B) such that {u, v} C
B(x), and

(D2) for every vertex v € V(G), the set {x € V(B) : v € B(x)} of nodes whose
bags contain v is non-empty and induces a connected subgraph of B.

For a subgraph F of B, let us define B(F) = Uvev(,,-) B(v). Slightly abusing the
notation, for a set Z C V(G) we let ,8_1(Z) ={x € V(B) : ZN Bx) # 0};
hence, (D2) says that for each v € V(G), B -1 ({v}) induces a non-empty connected
subgraph of B. The most important special cases of this general concept are

* tree decompositions, where B is a tree,

e path decompositions, where B is a path,

* star decompositions, where B is a star, and
* cycle decompositions, where B is a cycle.

We define the width width(B, 8) of a general decomposition (B, 8) as the
maximum of |8(x)| — 1 over the nodes x € V(B). Let us remark that the somewhat
unfortunate minus one in this definition is forced on us by historical circumstances:
It was considered to be desirable for trees to have a tree decomposition of width
one rather than two. The freewidth tw(G) of a graph G is the minimum possible
width of a tree decomposition of G, and the pathwidth pw(G) is the minimum
possible width of a path decomposition of G. Clearly, tw(G) < pw(G). For an edge
e = xy of B, let B(e) = B(x) N B(y). The adhesion of a general decomposition
(B, B) is the maximum of |B(e)| over all edges e € E(B). Importantly, edges of
tree decompositions correspond to vertex cuts in the original graph.

Observation 2.1 If (T, B) is a tree decomposition of a graph G, e is an edge of
T, and T\ and T, are the components of T — e, then (B(T1), B(T2)) is a vertex
separation of G of order |(e)|.

In some instances it may be useful to define bags of a general decomposition
(B, B) of a graph G not as vertex sets, but as pairwise edge-disjoint subgraphs of
G, with property (D1) from the definition replaced by (B) = G. In that case,
Observation 2.1 gives a separation of G rather than a vertex separation.
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General decompositions behave well with respect to minors, because of the
following observation generalizing the condition (D2).

Lemma 2.2 If (B, B) is a general decomposition of G and F is a connected
subgraph of G, then B~ (V (F)) induces a connected subgraph of B.

Proof By induction on the number of vertices of F. The basic case |F| = 1 is the
condition (D2) from the definition of a general decomposition. If |F| > 1, let v
be a vertex of F such that F' — v is connected, i.e., a leaf of a spanning tree of F.
By the induction hypothesis both ,3_1 (V(F —v)) and ﬁ_l({v}) induce connected
subgraphs of B. Moreover, by (D1) applied to an edge incident with v, the subgraphs
intersect. Therefore, ,3’1 (V(F)) = ,3’1 (V(F —v)) Uﬂ’l ({v}) induces a connected
subgraph of B. O

Let (B, B) be a general decomposition of a graph G and let i be a model of
H in G. Based on Lemma 2.2, we can turn (B, ) into a general decomposition
(B, By) of the minor H of G: For each node x € V(B), let B,(x) = {v €
V(H) : V(u(v)) N B(x) # @}. Observe that for each v € V(H), we have
,B;l({v}) = B~ 1(V(n(v))), and thus ,3/:1({1)}) induces a connected subgraph
of B by Lemma 2.2. Hence, (B, ) satisfies the condition (D2), and it is also
straightforward to check that it satisfies (D1). We say (B, B,,) is the decomposition
of H induced by (B, B) and . Observe that the width of (B, B,,) is at most as large
as the width of (B, B).

Let us also note the following important property of tree decompositions.

Lemma 23 If K < V(G) forms a clique in a graph G and (T, B) is a tree
decomposition of G, then there exists a node x € V(T) such that K C B(x).

We postpone the proof till Sect.2.6, where we show a more general statement of
this form (see Lemma 2.26 and the discussion following it).

A tree decomposition of a graph can be viewed as a description of its construction
from smaller graphs through clique-sums. A graph G is a clique-sum of graphs
G1 and G» if G has a vertex separation (Aj, Az) such that for i € [2], G; is
isomorphic to the graph obtained from G[A;] by adding all edges with both ends in
A1 NAj that are not already present in G[A;]. Informally, G is obtained by selecting
cliques of the same size in G and G», gluing them on these cliques, and possibly
deleting some edges of the resulting clique. The forso of anode x € V(T) in a tree
decomposition (7', B) of a graph G is the graph obtained from G[B(x)] by, for each
edge xy € E(T) incident with x, adding all edges with both ends in 8(x) N B(y)
that are not already present in G. Lemma 2.3 has the following key consequence.

Lemma 2.4 A graph G is obtained by clique-sums (in any order) from graphs G1,
..., Gy if and only if G has a tree decomposition whose torsos are Gy, ..., Gy,.

Proof 1t is easy to see that the backward implication holds. We prove the forward
one by induction on n, with the basic case n = 1 being trivial. Suppose that G is
obtained by clique-sums from graphs G1, ..., G,. As the last step of the process, G
is a clique-sum of graphs H; and H, on cliques Z; and Z,, where H; is obtained
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by clique-sums say from graphs Gy, ..., Gy and H, from graphs Gi41, ..., G,.
By the induction hypothesis, H; has a tree decomposition (77, 1) with torsos G,
..., Gy and Hj has a tree decomposition (7>, f2) with torsos Gi41, ..., G,. By
Lemma 2.3, there exist nodes x| € V(T1) and x, € V(T») such that Z; C B(x1)
and Zy C B(x2). Let T be the tree obtained from 77 U T by adding the edge x1x;
and let B be obtained from 81 U B> by replacing the vertices of Z; and Z; by the
corresponding vertices of G. Then (7, B) is a tree decomposition of G with torsos
Gi,...,Gy. O

By Lemma 2.4, a graph has treewidth at most k if and only if it can be obtained
by clique-sums from graphs with at most k£ 4 1 vertices. Using this characterization,
it is easy to see that a clique-sum of graphs G| and G, has treewidth at most
max(tw(G1), tw(G3)). Similarly, it is easy to see that clique-sums do not increase
the chromatic number and the Hadwiger number.

Observation 2.5 If G is a clique-sum of graphs G and G, then

x(G) < max(x(G1), x(G2)),
tw(G) < max(tw(G1), tw(G»p)), and
Had(G) < max(Had(G1), Had(G»)).

By Lemma 2.4, this has the following consequence.

Observation 2.6 If G has a tree decomposition in which each torso has Hadwiger
number at most k, then Had(G) < k.

However, let us remark that because of the edges added when forming torsos, the
clique-sum perspective loses some of the information contained in G. In particular,
is sometimes problematic that the torsos are not necessarily minors of G. In other
words, if G is an H-minor-free graph, its tree decomposition does not necessarily
give a way to express it as a clique-sum of smaller H-minor-free graphs. Even in
the special case that H is a clique, the converse to Observation 2.6 does not hold.
However, let us note the following useful partial converse. A graph G is essentially
4-connected if it is 3-connected and for every 3-cut S in G, S is an independent set
and G — S has exactly two components, one of which consists of a single vertex.
Note that we define all cliques to be essentially 4-connected.

Lemma 2.7 Every simple graph G has a tree decomposition whose torsos are
essentially 4-connected minors of G.

Proof 1t suffices to prove that if G is not essentially 4-connected, then it is a clique-
sum of minors G| and G, of G with fewer vertices. The claim then follows by
induction and Lemma 2.4.

Let (A, B) be a non-trivial vertex separation of G of smallest order and let
ANB = {vy,...,v}. If (A, B) has order at most one, then G is a clique-sum
of G[A] and G[B], and thus the claim holds. Hence, suppose that G is 2-connected.
If (A, B) has order two, then since G is 2-connected, the graphs G[A] and G[B] are
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connected. By contracting G[B] to a single edge, we conclude that G[A]+vivyisa
minor of G, and similarly G[B] 4+ vjv; is a minor of G. Note that G is a clique-sum
of G[A] 4+ vivy and G[B] + vivy. Hence, we can assume that G is 3-connected.

Since G is not essentially 4-connected, it follows that (A, B) has order three.
Let p be a bijection between the vertices of a triangle K3 and {v1, vz, v3}, and let
K = {vivy, vov3, vivs}. If K3 is a p-rooted minor of G[B], then G[A] + K is a
minor of G. If additionally K3 is a p-rooted minor of G[A], then G[B] + K is
a minor of G and G is a clique-sum of G[A] + K and G[B] + K. Suppose that
K3 is not a p-rooted minor of G[A]. Since G is 3-connected, G[A] is (A N B, 3)-
connected, and by Lemma 1.4, we conclude that V(A N B) is an independent set
and A \ B consists of a single vertex adjacent to all three vertices of V(A N B).

If G is not a clique-sum of minors with fewer vertices, then this conclusion holds
for any non-trivial vertex separation of G of order three. Note that this implies that
for every 3-cut S in G,

e the set S is independent in G,

e the graph G — $ has at most three components,

* if G — S has two components then one of them is a single vertex, and
e if G — S has three components then each of them is a single vertex.

Since we assumed that G is not essentially 4-connected, the last possibility holds,
and thus G = K3 3. In this case we observe that K4 is a minor of G and that G is a
clique-sum of three copies of K. O

Tree decompositions are also important from the algorithmic perspective; assum-
ing that we can solve a problem efficiently for the torsos of the decomposition, it is
often possible to extend the solution to the whole graph by dynamic programming.
Consequently, many algorithmic problems which are hard in general graphs admit
efficient algorithms when restricted to graphs of bounded treewidth. In particular,
the famous meta-algorithmic result of Courcelle [8] shows this is the case for all
problems expressible in the Monadic Second Order Logic.

Theorem 2.8 For every graph property P expressible in the Monadic Second Order
Logic and every integer t, there exists an algorithm that, given a graph G of
treewidth at most t, decides in time O (|G|) whether G satisfies the property P.

Recall that a property is expressible in the Monadic Second Order Logic if it is
described by a logic formula with variables for vertices, edges, sets of vertices,
and sets of edges, quantification over such variables, and predicates for adjacency,
incidence of vertices and edges, and set membership. For example, the property that
a graph G is 3-colorable can be expressed as
(A1, A2, A CV(G)) (Mv)ve Ay vve Ay Vv e Az)

A NVu,v e Ay) uv € E(G)

A Vu,v € A2) uv € E(G)

A (Vu,v € A3) uv € E(G).
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Thus, we can decide whether a graph of bounded treewidth is 3-colorable in
linear time. In contrast, even determining if a planar graph is 3-colorable is NP-
complete [15]. Note that Theorem 2.8 has many variations; e.g., if  is a property
of subgraphs of G, the algorithm can return a largest subgraph satisfying the
property or count the number of such subgraphs; we will somewhat loosely refer
to Theorem 2.8 even for such generalizations.

2.2 Statement of the Minor Structure Theorem

Tree decompositions feature heavily in the Minor Structure Theorem. They appear
on the global level, dividing the graph on small cuts to more complex, well
connected pieces; this is justified by Observation 2.6. They also appear once more
in the description of the pieces of decomposition, in the definition of vortices.

A bordered graph is a graph F with a subset d F of its vertices specified as the
boundary of F. A society is a bordered graph where a cyclic ordering is specified
for 0F. A vortical decomposition of F is a cycle decomposition (3 F, 8) of F,
where we slightly abuse the notation and view d F as a cycle rather than as a cyclic
sequence of vertices, such that

(V) vepB)foreveryv € dF.
For example, consider the following societies:

e Hj is the society such that 0 H) = vy ...v4, V(H;) = 0H], and H; has edges
V4 —3V4i—1 and vg; _ovy; fori € [k]; that is, H; consists of k consecutive crosses.

e H; is the society such that 0 Hy = vy ...v4, V(H2) = 0H>, and H, has edges
v; Vj42k for i € [2k]; that is, H> is a “crosscap”.

Then H; has a vortical decomposition of width three, obtained by repeating the bag
{v4i_3, ..., v4;} four times for each i € [k]. On the other hand, although H; has a
cycle (or even path) decomposition of width one, it is easy to see that the condition
(V) prevents us from obtaining a vortical decomposition of H, of bounded width.

In the Minor Structure Theorem, vortices (societies with a vortical decomposition
of bounded width) attach to a graph drawn on a surface through their boundaries.
More precisely, let Go be a graph, and for i € [m], let F; be a society obtained from
a subgraph of G by choosing a cyclically ordered boundary o F; such that

 all neighbors (in Gg) of every vertex of V (F;) \ 0 F; belong to F;, and
 fordistinct i, j € [m], the societies F; and F; are vertex-disjoint.

Let G be the subgraph of G( with the vertex set

V(G) = V(G \ | JWV(F) \9F)

i=1
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and the edge set E(G) = E(Go) \ Uj~, E(F;). We say that G is drawn on < up
to outgrowths F1, ..., Fy, if there exists a drawing of G on X and pairwise disjoint
disks Ay, ..., A, C X such that for i € [m],

* the interior of A; is disjoint from G, and

 the boundary bd(A;) of A; intersects G exactly in the vertices of d F;, and the
cyclic ordering in which these vertices appear on bd(A;) matches the fixed cyclic
ordering of d F; (up to reversal).

We say that G is the surface part of Go. We say that G is drawn on X up to m
vortices of width at most d if each of Fi, ..., F,, has a vortical decomposition of
width at most d.

For every surface ¥ and integers m and d, there exists k such that Ky is not a
minor of any graph drawn on ¥ up to m vortices of width at most d.! Moreover,
consider the society H; discussed above, consisting of many crossings, and suppose
that it appears as one of the vortices. It should be clear that the crossings cannot in
general be eliminated by drawing the graph on a surface of slightly larger genus. It
also may not be possible to cut H; off from the rest of G by a small separation, and
thus we cannot get rid of H; using the global tree decomposition. This indicates that
any structure theorem for Ky-minor-free graphs must necessarily deal with vortices
of bounded width.

The last ingredient of the Minor Structure Theorem arises from the following
observation: If a graph G if Kj-minor-free and a graph G’ is obtained from G by
adding a single vertex v adjacent to an arbitrary subset of V(G), then G’ is Kj-
minor-free. As we have no control over the neighborhood of v, the structure theorem
must necessarily allow for a bounded number of exceptional vertices, called apex
vertices or apices.

With these observations in mind, we say that a graph G can be (a, m, d)-nearly
drawn on X if there exists a set A C V(G) of size at most a such that G| — A can
be drawn on X up to at most m vortices of width at most d. Also, let us say a surface
is H-avoiding if the graph H cannot be drawn on it. We now have all the ingredients
necessary to state the best-known version of the Minor Structure Theorem.

Theorem 2.9 (Robertson and Seymour [24]) For every graph H, there exist con-
stants a, m, and d such that every H-minor-free graph G has a tree decomposition
in which each torso with more than a vertices can be (a, m, d)-nearly drawn on an
H-avoiding surface.

By Lemma 2.4, this is equivalent to G being obtained by clique-sums from graphs
with at most a vertices and (a, m, d)-nearly drawn graphs. Let us remark that we
chose to specifically emphasize the case of the pieces of the decomposition having
size at most a. This does not matter when H is non-planar, as in that case any

!'Intuitively, a vortex of bounded width only enables us to incorporate crossings in a drawing of Ky
on X that appear close to a face of the drawing, and it is not possible to draw K with all crossings
close to just a few of its faces; for a less handwavy argument, see Corollary 7.6.
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such piece is (a, 0, 0)-nearly drawn on the sphere, and the sphere is H-avoiding.
However, if H is planar, then no surface is H-avoiding, and thus Theorem 2.9
in this case just states that tw(G) < a. This is a result of separate interest and
with substantially simpler (though still very much non-trivial) proof, see Sects. 2.7
and 2.10 for more details. Many other sources choose to make the statement of
Theorem 2.9 more elegant by dropping the part concerning the torsos of size at
most a; this is possible by either restricting the statement to non-planar graphs H,
or by allowing for a null surface in which only the graph with no vertices can be
drawn.

2.3 Treewidth

Let us now explore some basic properties of treewidth. Lemma 2.3 implies that
tw(G) > w(G) — 1. Another way to show this is by observing that the treewidth
is an upper bound on the degeneracy of the graph. For a non-negative integer d, we
say that a graph G is d-degenerate if every subgraph of G has a vertex of degree
at most d. Equivalently, the vertices of G can be ordered in such a way that each
vertex has at most d neighbors that appear after it in the ordering.

Lemma 2.10 Every simple graph G is tw(G)-degenerate.

Proof If H is a subgraph of G, then tw(H) < tw(G). Hence, it suffices to show
that every graph G contains a vertex of degree at most tw(G). Let (T, ) be a tree
decomposition of G of width tw(G) with the smallest number of nodes, and let x
be a leaf of T. If |T| > 1 and y is the neighbor of x in T, then B(x) £ B(y), as
otherwise (T —x, 8 | V(T —x)) is a tree decomposition of G of width tw(G) with
fewer nodes. Hence, by (D2) there exists a vertex v € B(x) that does not appear in
any other bag of the decomposition. By (D1), all edges incident with v have both
ends in B(x), and thus degv < |B(x)| — 1 < tw(G). |

Recall that if u is a model of H in G, then the induced tree decomposition
(T, By) of H has at most as large width as (T, B), giving the following key
observation.

Observation 2.11 If H is a minor of G, then tw(H) < tw(G). In particular,
tw(G) > Had(G) — 1.

That is, having a large clique minor forces the treewidth to be large. Interestingly,
clique minors are the only obstructions to treewidth at most three.

Lemma 2.12 For any k < 2, a graph has treewidth at most k if and only if it does
not contain Ky4» as a minor.

Proof Without loss of generality, we can assume that G is a simple graph. If
tw(G) < k, then Kiyy is not a minor of G by Observation 2.11. Conversely,
suppose that Ky4o is not a minor of G. By Lemma 2.7, there exists a tree
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decomposition (7', B) such that each torso H is 3-connected and a minor of G,
and in particular Ky, is not a minor of H. We claim that |H| < k + 1 for every
torso H, and thus the width of (7, B) is at most k.

If K = 0, then since H is connected and K,-minor-free (i.e., edgeless), we have
|H| = 1.If k = 1, then since H is K3-minor-free, H does not contain a cycle, and
since H is 2-connected, we have |H| < 2. Finally, consider the case k = 2 and
suppose for a contradiction that |H| > 4. Let C be a shortest (and thus necessarily
induced) cycle in H. Since H is 3-connected, we have H # C, and thus there exists
avertex v € V(H) \ V(C). However, then Menger’s theorem implies that there are
three paths from v to C intersecting only in C, and these paths together with C give
K4 as a minor in H, which is a contradiction. m]

Hence, for k < 2, Ky, is the only forbidden minor for having treewidth at most
k. However, this stops being true for k = 3. Indeed, there are planar graphs
of arbitrarily large treewidth, but planar graphs are Ks-minor-free. The exact set
of forbidden minors for treewidth at most three is known [1, 26], but for larger
treewidth the number of forbidden minors grows fast. Moreover, it is unclear
whether their knowledge would give any significant insights. Less precise but
better structured obstructions to small treewidth turn out to be much more useful.
We devote the following sections to describing the most important ones and the
relationships between them.

2.4 Balanced Separators and Unbreakable Sets

Let w be an assignment of non-negative weights to vertices of a graph G. For a
subgraph D C G, we let w(D) = ZveV(D) w(v). Similarly, the weight w(A) of a
set AC V(G)is ), w(v). Aset S C V(G) is a w-balanced cut in a graph G if
every component C of G — S satisfies w(C) < %w(G). A vertex separation (A, B)
of a graph G is w-balanced if w(A \ B) < 3w(G) and w(B \ A) < 3w(G).

The constant % in these definitions is a bit arbitrary; any positive number smaller

than 1 would work, and often % is a more natural choice. A motivation for the value

% comes from the following observation, which does not hold as an equivalence

with other values.

Observation 2.13 Let w be an assignment of non-negative weights to vertices of a
graph G. A set S € V(G) is a w-balanced cut if and only if G has a w-balanced
vertex separation (A, B) such that S = AN B.

Proof 1f (A, B) is a vertex separation, then every component of G — (A N B) is
contained in A\ B or B\ A; hence, if (A, B) is a w-balanced vertex separation, then
A N B is a w-balanced cut.

Conversely, suppose S is a w-balanced cut and let C be the vertex set of a
component of G — S of maximum weight. If w(C) > %w(G), then (SUC, V(G)\C)
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is the desired w-balanced vertex separation. If w(C) < %w(G), then let Ay be an
inclusionwise-minimal union of components of G — § such that w(Agp) > %w(G).
Since each component has weight less than %w(G) and deleting any component
from Ag would decrease the weight of Ag to less than %w(G), we have w(Ag) <

%w(G). Hence, (V(Ap) U S, V(G) \ V(Ap)) is the desired w-balanced vertex
separation. O

A key property of trees is that they have balanced cuts of size one.

Observation 2.14 A tree T has a w-balanced cut of size one for every assignment
w of non-negative weights.

Proof Note that each edge e splits T to two subtrees 77 and 7»; we direct e towards
Ty if w(T;) > w(T>) and towards T, otherwise. Since |T|| < |T|, there exists a
vertex v of outdegree 0 in this orientation. The choice of the orientation implies that
each component C of T — v has weight at most %w(T). O

And importantly, graphs of bounded treewidth have a similar property.

Lemma 2.15 Let G be a graph of treewidth at most k. Then G has a w-balanced
cut of size at most k + 1 for every assignment w of non-negative weights.

Proof Let (T, B) be a tree decomposition of G of width at most k. For each vertex
v € V(G), choose a node o(v) € V(T) such that v € B(o(v)) arbitrarily. Let
us assign weight w’(x) = w(o~!(x)) to each node x € V(T), and observe that
w'(T) = w(G). By Observation 2.14, there exists a node x € V(T) such that {x} is
a w'-balanced cut in 7. By Lemma 2.2, for any component C of G — B(x), the set
,B_l (V(C)) induces a connected subtree T¢ of T', and clearly x ¢ V (T¢). Hence, T¢
is contained in a single component of T — x, and thus w’(T¢) < %w’ (T). Moreover,

o (V(C)) C V(T¢), and thus
w(C) < w'(Te) < 3w/ (T) = 3w(G).

It follows that B(x) is a w-balanced cut in G. |

Hence, if there exists an assignment w of non-negative weights such that G has
no small w-balanced cut, then G has large treewidth. And indeed, large treewidth
can be always certified in this way, even using a more explicit version of the notion.
For a set X € V(G), we say that a cut or a vertex separation is X-balanced if
it is w-balanced for the characteristic function w of X, i.e., the function such that
w(v) = 1forv e X and w(v) = 0forv € V(G)\ X. We say X is k-unbreakable if
G has no X-balanced cut of size less than k; that is, for every set S € V(G) of size
less than k, there exists a component of G — S containing more than _%|X | vertices
of X.

Lemma 2.16 Let k be a positive integer. If G is a graph of treewidth at least 4k — 3,
then there exists a k-unbreakable set of size at most 3k — 2 in G.
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Proof Suppose for a contradiction that G has an X-balanced cut of size less than
k for every set X € V(G) of size at most 3k — 2. Let us remark that this property
is hereditary, i.e., it holds also for every induced subgraph G’ of G, since for every
set X C V(G’), if a set S is an X-balanced cut in G, then the set § N V(G’) is an
X-balanced cut in G’.

We are going to prove the following claim:

(x) For every induced subgraph G’ of G and for every set R C V(G’) of size at
most 3k — 2, the graph G’ has a tree decomposition (7, 8) of width less than
4k — 3 such that R C B(x) for anode x € V(T).

For G’ = G, this contradicts the assumption that the treewidth of G is at least 4k — 3.
We prove (%) by induction on the number of vertices of G.

If |G’| < 4k—3, then we can simply let T be the single-node tree with bag V (G’).
Hence, suppose that |G| > 4k — 3. We can without loss of generality assume that
|R| = 3k — 2, as otherwise we can add vertices to R, only making the problem
harder. By the assumptions and Observation 2.13, there exists an R-balanced vertex
separation (A, B) of G’ of order less than k. Let R4 = AN (RUB) and R =
B N (R U A). Note that

Ry<3IRl+k—1=3Ck-2)+k—1<3k-2,

and similarly |Rp| < 3k — 2. In particular, A # V(G’) # B, since neither A nor B
contains all vertices of R.

For Y € {A, B}, we apply the induction hypothesis to G’'[Y] with Ry playing the
role of R; this gives us a tree decomposition (Ty, By) of G’[Y] of width less than
4k — 3 and anode xy € V(Ty) such that Ry C By(xy). Let T be the tree obtained
from T4 U Tp by adding a new node x adjacent to x4 and xp. Let 8 match 84 on T4
and B8p on T, and let B(x) = RU(ANB). Note that |8(x)| < 3k—2+k—1 = 4k—3,
and thus the resulting tree decomposition (7', 8) of G’ has width less than 4k — 3.

O

Let us remark that the proof method of Lemma 2.16 is quite important and
appears in many arguments where we want to obtain a tree decomposition into (not
necessarily small) parts with some property $; an example is the Minor Structure
Theorem, where $ = nearly drawn on a surface. In this setting, the argument can
get “stuck” if at an inductive step it reaches a k-unbreakable set R of size 3k — 2.
To deal with this case, we need a separate result that gives a decomposition relative
to this unbreakable set, of the following form: There exists a star decomposition
(Ty, Bo) of G such that

* the torso of the center c of the star T has the property #, and
e for each ray r of Ty, |8(r) N (R U B(c))| < 3k — 3.

We then use So(c) U R as a bag of the resulting decomposition and process the
subgraphs G[B(r)] inductively, with 8(r) N (R U B(c)) playing the role of R. This
results in a tree decomposition (7', 8) where for each node x € V(T), either
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* B =4k —3,0r
* we can delete at most 3k — 2 vertices from the torso of x to obtain a graph with
property .

Lemma 2.16 shows that the property of having large treewidth can be certified
by providing an unbreakable set, or equivalently, giving an assignment of weights
with no small balanced cut. It is natural to ask whether it is necessary to consider
weighted balance in order to capture the notion of treewidth: Let us say that a cut
or a vertex separation in a graph G 1is balanced if it is V (G)-balanced, i.e., it splits
the graph into parts with at most %|G| vertices. Lemma 2.15 implies that a graph
of treewidth at most k has a balanced cut of size at most k + 1. The converse is
clearly false (consider e.g. a union of two large cliques of the same size, a graph of
large treewidth but with a balanced cut of size zero). However, would it be enough
to assume the existence of small balanced cuts for all induced subgraphs of G? Note
that this is different from assuming that there is a small X-balanced cut for every
X C V(G), since G[X] may have a balanced cut of size at most k even if X is
k-unbreakable in G. However, Dvotdk and Norin [11] proved that even this weaker
assumption suffices.

Theorem 2.17 If every induced subgraph of G has a balanced cut of size at most
k, then tw(G) < 15k.

2.5 Tangles

Another way to phrase the definition of k-unbreakability of a set X is as follows:
For every vertex separation (A, B) of G of order less than £, either | X \ A| > %|X [,
or | X\ B| > %lX |. Clearly exactly one of these two options happens, and thus this
uniquely defines an orientation of small vertex separations “towards” the set X.

More precisely, for a graph G, we say that a system 7 of (vertex) separations of
G of order less than k is an orientation of (vertex) (< k)-separations if for each
(vertex) separation (A, B) of G of order less than k, exactly one of (A, B) € 7 or
(B, A) € 7 holds. For a k-unbreakable set X, the system

Tx ={(A, B) : (A, B) is a vertex separation, |AN B| <k, |X \ A| > %|X|}

is clearly an orientation of vertex (< k)-separations.

Note that it is possible to have distinct k-unbreakable sets X1 and X5 such that the
orientations 7 x, and 7y, are the same. Consider e.g. the case that | X | = | X»| > 3k
and there are | X | pairwise vertex-disjoint paths from X; to X». If (A, B) € Tx,,
then | X \ A| > %|X1|, and since at most |[A N B| < k of the paths from X; \ A
to X, may intersect the cut A N B, it follows that | X, \ A| > %|X1| —k > %|X2|.
Hence, | X2\ B| < |X2NA| < %|X2|, and since X» is k-unbreakable, we must have
|X2\ Al > |X2| and (A, B) € Ty, as well.
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This suggests that “consistent enough” orientations of vertex separations might
be a more fundamental object than k-unbreakable sets, and motivates the important
notion of rangles. A (vertex) tangle of order 6 in a graph G is an orientation of
(vertex) (< @)-separations satisfying the following properties:

(T1) If (Ay, By), (A2, By), (A3, B3) € 7,then G # A| U Ay U Aj for tangles and
G # G[A1]U G[A2] U G[A3] for vertex tangles.
(T2) For tangles, if (A, B) € 7, then V(A) # V(G).

Note that the analogue of (T2) for vertex tangles follows from (T1) applied to
(A, B), (A, B), (A, B), and thus we can refer to this property even for vertex
tangles. On the other hand, for tangles the condition (T2) is important to forbid
the following degenerate case: Fix any edge eg of G, and let 7, consist of all
separations (A, B) of order less than 6 such that ey € E(B). The orientation 7, of
(< @)-separations of G satisfies (T1) and exists regardless of the treewidth of G.

Occasionally, it is useful to work with orientations of (< 6)-separations satis-
fying only the property (T1), but not necessarily (T2); we call such orientations
pretangles. Since the condition (T2) does not play any role for vertex tangles, vertex
tangles and pretangles coincide. As an example, only (T1) is needed to prove the
monotonicity of the orientation of (< #)-separations.

Observation 2.18 Let T be a (vertex) pretangle of order 6 ina graph G. If (A, B) €
T and (A’, B') is a (vertex) separation of G of order less than 0 with A’ C A, then
(A',B) eT.

Proof Since A’ C Aand A’UB’ = G (or G[A'JUG[B’] = G), wehave AUB" = G
(or G[A]JUG[B’] = G). Hence, (T1) applied to (A, B), (A, B),and (B’, A") implies
(B',A) & T. o

It may seem that the notion of tangles as opposed to vertex tangles offers a finer
gradation, allowing us to take the edges with both ends in V(A N B) into account
when deciding the orientation of the separation (A, B). However, this is not actually
the case.

Lemma 2.19 Let 7 be a tangle of order 0 in a graph G. If (A1, By) € T and
(A2, Bp) is a separation of G such that V(A;) = V(A1) and V(By) = V(B)), then
(A2, B2) € 7.

Proof 1t suffices to consider the case that E(Ay) = E(A;) U {e} and E(By) =
E(B)) \ {e} for a single edge e with both ends in V(A N By) = V(42 N By):
Repeatedly applying this special case, we can show that (A’, B’) € 7 for the
separation (A’, B") such that V(A") = V (A1), V(B’) = V(B;) and all the edges
with both ends in V(A; N Bjp) belong to A’, and the lemma then follows from
Observation 2.18.

Note that 6 is necessarily greater than the number of ends of e (1 if e is a loop
and 2 otherwise), since (A1, By) and (A3, B) are separations of order less than 8.
Let S be the subgraph of G consisting of e and the vertices incident with e. By (T2),
we have (S, G —e) € 7. Note that Ay U S = Aj, and thus A; US U By = G. Then
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(T1) applied to (A1, By), (S, G — e), and (B2, A>) implies that (B3, Ay) € 7, and
thus (A2, By) € 7. |

Hence, the notions of tangles and vertex tangles are equivalent.

Corollary 2.20 Let G be a graph and 0 a positive integer, let T be an orientation
of (< 0)-separations and T an orientation of vertex (< 0)-separations of G.

e T isatangle if and only if {(V(A), V(B)) : (A, B) € T} is a vertex tangle.
* T is a vertex tangle if and only if

{(A, B) : (A, B) is a separation of G, (V(A), V(B)) € T'}

is a tangle.

Therefore, we can use tangles and vertex tangles interchangeably, depending on
what is notationally more convenient. Let us remark that the graph minors series of
Robertson and Seymour only uses tangles, not vertex tangles.

Going back to the beginning of the section, it is easy to see that if X is a k-
unbreakable set, then 7y is a vertex tangle of order k; indeed, if (A;, B;) € 7x for
i €3], then | X N A;| < %|X|, and thus X € A} U Ay U Az, implying (T1). Hence,
Lemma 2.16 gives the following claim.

Corollary 2.21 For any positive integer 0, if tw(G) > 46 — 3, then there exists a
tangle of order 0 in G.

On the other hand, the presence of a tangle of large order implies large treewidth,
showing that treewidth can be approximately characterized in terms of tangles. To
see that, we need the following consequence of the property (T1).

Lemma 2.22 Suppose T is a (vertex) pretangle of order 0, n is a positive integer,
and (A, Bj) € Tfori € [n]. Let A =\J;_, Ai, B=(\/_, Bi, and C = |J]_,(A;N
B;). If |C| < 0, then (A, B) € 7.

Proof By induction on n. The case n = 1 is trivial, and thus suppose that n > 2.
Letting A’ = J'=| A; and B = (/] B;, we have (A’, B') € 7 by the induction
hypothesis. Since |C| < 6, (A, B) is a (vertex) separation of order less than 6, and
thus either (A, B) € 7 or (B, A) € 7. However, we cannot have (B, A) € 7 by
(T1), since G[A'JUG[A,JUG[B] = G if T is a vertex pretangle and A’UA,UB =
G if 7 is a pretangle. O

Let us now give a lower bound on treewidth in terms of the order of a tangle.

Lemma 2.23 For a positive integer 0, if G contains a vertex tangle of order 0, then
tw(G) =0 — 1.

Proof Let 7 be a vertex tangle of order 6 in G. Suppose for a contradiction that
G has a tree decomposition (7', 8) of width less than & — 1. Each edge e splits
T to two subtrees 77 and 7>, and by Observation 2.1, (8(T1), B(T>)) is a vertex
separation of G of order less than 6. We orient e towards T3 if (8(T1), B(T»2)) € T
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and towards 77 otherwise. Since || T'|| < |T|, there exists a node x of outdegree
0 in this orientation. The choice of the orientation implies that for each edge e =
xy, letting T, and Te/ be the components of 7 — e labeled so that y € V(T,), we
have (B(T.), B(T))) € 7. Note that for each of these vertex separations, we have
B(T.) N B(T)) = B(x) N B(y) € B(x). Moreover, we have (B(x), V(G)) € T by
(T2). Lemma 2.22 (where C = B(x) has size less than 6) then implies that

(v U sa. () Bah)eT

e=xyeE(T) e=xyeE(T)

However, B(x) U Ue:x},eE(T) B(T,) = V(G), contradicting (T2). O

Let us remark that Lemma 2.23 is almost tight, as can be seen by considering
grids. The n x m grid is the Cartesian product of an n-vertex and an m-vertex path,
i.e., the graph with vertex set {(7, j) : i € [n], j € [m]}, with two vertices (i1, ji)
and (ip, j») adjacent if and only if |i; — i2| + |j1 — j2| = 1. For any i € [n],
the set R; = {(i, j) : j € [m]} is the i-th row of the grid. For any j € [m], the
set C; = {(i, j) : i € [n]}is the j-th column of the grid. Let 7, consist of vertex
separations (A, B) of the n x n grid of order less than n such that A does not contain
any row of the grid.

Observation 2.24 For any positive integer n, T, is an orientation of vertex (<n)-
separations of the n x n grid.

Proof Let (A, B) be a vertex separation of the n x n grid of order less than . Since
the grid has n pairwise vertex-disjoint rows, there exists a row R; disjoint from
A N B, and since R; induces a connected subgraph, it follows that R; € A \ B or
R; € B\ A. By symmetry, suppose that R; C B \ A; it follows that (B, A) & 7.
Similarly, there exists a column C; of the grid disjoint from AN B. Since C; induces
a connected subgraph and intersects R;, we conclude that C; € B \ A. Since every
row of the grid intersects C;, no row is contained in A, and thus (A, B) € 7.
Therefore, 77, is indeed an orientation of vertex (< n)-separations of the n x n grid.

O

A technical argument given in [22] shows that 7, satisfies (T1) and thus it is
actually a vertex tangle of order n; we say that 7, is the canonical vertex tangle of
the n x n grid. Moreover, it is easy to show (see the next section) that the n x n grid
has treewidth exactly n.

On the other hand, Corollary 2.21 is far from best possible. A tight bound was
given in [22].

Theorem 2.25 (Robertson and Seymour [22]) Every graph G has a tangle of
order [3(tw(G) + D).

The tightness follows by considering complete graphs. The complete graph K, has
treewidth n — 1 by Lemma 2.3. The only vertex separations in K, are of form
(A, V(Ky)) and (V(K,),A) for A € V(K,). Hence, for a positive integer 6,
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the only orientation of vertex (< 6)-separations of K, satisfying (T2) is 79 =
{(A,V(K,)) : A C V(K,),|A| < 6}.1If 0 > (%nl, then 7 is not a vertex
tangle, since it does not satisfy (T1); to see that, observe that there exist sets
Ay, Ay, A3 C V(K,) of size (%nl such that every pair of vertices belongs to one of
them.

Let us remark that 7y for 6 < (%nl is a vertex tangle in K,: Indeed, if
|A1], Az, |A3] < %n then there exists a vertex v which belongs to at most one of
A1, Ay, and A3, say to Ay, and thus the edges from v to V (K,,)\ A} are not contained
in K,[A1]U K, [A2] U K,,[A3]. This implies that 7 satisfies the property (T1).

2.6 Brambles

Tangles have the nice interpretation of “pointing towards a part of the graph that
forces high treewidth”, but as we have seen in the previous section, they fail to
characterize treewidth exactly. Seymour and Thomas [27] developed the theory of
exact obstructions to treewidth, which they referred to as screens but nowadays are
called brambles. A system B of subsets of vertices of a graph G is a bramble if

(B1) each set B € B is non-empty and induces a connected subgraph of G, and
(B2) for distinct By, By € B, either B; N By # (¥ or G contains an edge with one
end in B and the other end in B;.

Equivalently, 8 is a bramble if all its elements are non-empty and for any (not
necessarily distinct) By, B € B, the graph G[B; U B;] is connected. A hitting
set for B is a subset of vertices of G intersecting all elements of B, and the order of
8 is the size of the smallest hitting set for 8.

Let us give three important examples of brambles.

e If K isaclique in a graph G, then Bg = {{v} : v € K} is a bramble of order |K|.

e Forn > 2,let G, be the n x n grid with rows R; and columns C; for i € [n].
Let R} = R; \ C, and C; = C; \ R, be the rows and columns truncated by
removing their last vertex, and let 8, = {R; U C} ti,j €= 11} U{R,, C}.
That is, B, consists of (n — 1) “truncated crosses”, the full last row, and the
truncated last column. Note that $B,, is a bramble: The truncated cross le ucC ;
with i, j € [n — 1] intersects all other truncated crosses and there is an edge from
it to R, and an edge from it to C},, and there is an edge between R, and C,.

We claim that the order of this bramble is n + 1. Indeed, any hitting set X must
intersect either every row or every column of the (n — 1) x (n — 1) subgrid G,, —
(R, U Cp), as otherwise there would be a truncated cross avoiding it. Moreover,
X needs to have a vertex in R, and a vertex in C,. We conclude that |X| >
m—1)+2=n+1.

* If Z is a k-unbreakable set of vertices of G, then let 87 consist of non-empty
sets B C V(G) such that G[B] is connected and |B N Z| > %|Z|. Clearly any
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two sets in Bz intersect in a vertex belonging to Z, and thus Bz is a tangle.
If X is a hitting set for 87, then G — X does not have any component containing
more than half of the vertices of Z, and thus X is a Z-balanced cut. Since Z is
k-unbreakable, it follows that | X| > k, and thus 8B has order at least k.

Tangles have the following key property of duality to tree decompositions.

Lemma 2.26 If B is a bramble and (T, B) is a tree decomposition of a graph G,
then there exists a node x € V(T) such that B(x) is a hitting set for B.

Proof For contradiction, suppose that this is not the case. Hence, for every node
x € V(T) there exists a set B, € B disjoint from B(x). Since the graph G[By]
is connected, Lemma 2.2 implies that 8 —1(B,) induces a connected subtree of T.
Since x & /3_1 (By), there exists a unique neighbor y of x such that ,3_1 (By)is a
subset of vertices of the connected component T, of T — xy that does not contain
x. Let us define f(x) as the edge xy.

Since ||T|| < |T|, there exists an edge xy of T such that f(x) = xy = f(y).
Thatis, 8~ (B,) C V(Tyy) and B! (By) € V(Tyyx), where Ty and Ty, are the two
components of 7 — xy. But then there is no node z € V(T) containing a vertex of
By as well as a vertex of By. It follows that B, N B, = @, and moreover, the property
(D1) from the definition of tree decomposition implies that there is no edge with one
end in B, and the other end in By. This is a contradiction, since 8 is a bramble. O

Let us remark that if K is a clique in a graph G, Lemma 2.26 applied to the
bramble B implies that every tree decomposition has a bag containing K, giving us
the proof of Lemma 2.3 which we promised earlier. More importantly, Lemma 2.26
implies that every tree decomposition has a bag whose size is at least the order of 8.

Corollary 2.27 If a graph G contains a bramble of order at least k, then tw(G) >
k—1.

In particular, the tangle 7, constructed above shows that the n x n grid G, has
treewidth at least n. Let us remark that this bound is tight; in fact, tw(G,) =
pw(G,) = n since the n x n grid has the following natural “row by row and cell
by cell” path decomposition: Let vy, ..., v,2 be the vertices of G, labeled row by
row with the indices increasing from left to right in each row. Let P be the path with
vertices X1, ..., x,2_,, and fori € [n? = n], let Bxj))={i,i+1,...,i +n}. Then
(P, B) is a path decomposition of G, of width n.

Conversely, since a k-unbreakable set Z corresponds to a bramble Bz of order
at least k, Lemma 2.16 shows that a graph of treewidth at least 4k — 3 contains
a bramble of order at least k, showing that brambles give another approximate
characterization of treewidth. However, the connection between treewidth and
brambles is actually precise!

Theorem 2.28 (Seymour and Thomas [27]) A graph has treewidth at least k — 1
if and only if it contains a bramble of order at least k.
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2.7 Grid Minors and Walls

The obstructions that we considered so far are somewhat nebulous. A tangle points
towards a reason for large treewidth, but it is not clear what this reason actually is.
An unbreakable set is an explicit set of vertices, but the property of unbreakability
relies on connectivity of this set ensured by parts of the graph external to the set.
Brambles remedy this by fully capturing all the connections, but their elements are
only loosely constrained, allowing them to have quite complicated structure.

A much more explicit obstruction to small treewidth is provided by grid minors.
Combining the observation on the treewidth of the n x n grid from the previous
section with Observation 2.11, we obtain the following lower bound.

Observation 2.29 Ifa graph G contains the n X n grid as a minor, then tw(G) > n.

One of the cornerstones of the graph minors theory is that a weak converse to this
statement holds.

Theorem 2.30 (Grid Theorem, Robertson and Seymour [21]) There exists a
Sunction fp 30 : N — N such that for every positive integer n, every graph of
treewidth at least f> 30(n) contains the n x n grid as a minor.

Note that the Grid Theorem cannot be precise, or even give a linear approxima-
tion the way unbreakable sets or tangles do. Indeed, K> has treewidth n? — 1,
but clearly cannot contain a grid larger than the n x n one as a minor. Hence,
fr30m) = Q(n?). By considering random graphs, this lower bound can be
improved to fp39(n) = Q (n*logn). The original proof of Robertson and
Seymour [21] gives a very loose upper bound on f5 3(), so bad that they do not
even bother to compute it. This was substantially improved by Robertson, Seymour,
and Thomas [25], who proved f> 30(n) < 2027 Despite several subsequent
improvements, the question of whether the Grid Theorem holds for a polynomial
function f5 3() was open for more than 20 years, until it was eventually answered in
positive by Chekuri and Chuzhoy [6]. The best bound at the time of the writing is
fr30(0) = owmn’® polylog n) given by Chuzhoy and Tan [7].

If we do not care about the magnitude of the dependency, the proof of
Theorem 2.30 is not particularly difficult and it is somewhat instructive. However, it
is not very short, and as there is more to say on the topic of obstructions to bounded
treewidth, we prefer to postpone it till Sect. 2.10.

One important observation is that grids contain all planar graphs as minors. This
should be intuitively obvious (imagine drawing the graph on a very fine grid paper,
then slightly altering the edges to follow the lines of the grid). Making this argument
rigorous is a simple though tedious exercise. We prefer to give the elegant argument
from [25], which starts with the following special case.

Lemma 2.31 If G is a simple planar graph with n vertices, G has a Hamiltonian
cycle C, and e is an edge of C, then G — eq is a minor of the n x n grid.
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Proof Without loss of generality, we can assume that G is a triangulation of the
plane, as otherwise we can add edges to G to triangulate it. Let us label the vertices
of G by integers 1, ..., n in order along C so that e9 = 1n. Note that the drawing
of the cycle C splits the plane into two regions; let A and B be the subgraphs of G
drawn in the closure of these regions. Hence, A and B can be viewed as outerplanar
graphs with the outer face bounded by the cycle C. For 2 < v < n, let apin (v) be the
minimum positive integer such that the vertices labeled v and api,(v) are adjacent
in A; note that apmin (v) < v — 1, since v — 1 is adjacent to v in C. Let us also define
Aamin(1) = 0. For 1 < v < n — 1, let amax(v) be maximum such that the vertices
labeled v and amax (v) are adjacent in A, and let apmax (1) = n + 1. Let byjp and byax
be defined for the subgraph B analogously.

Recall that the vertices of the n x n grid are the pairs (i, j) with 1 < i, j < n,
with two vertices adjacent if they differ in exactly one coordinate and the difference
is =+ 1. For a vertex v € V(G), let

Ry = {(v,1) : amin(v) < i < byax(v)}

Cy ={(J, V) : binin(v) < j < Amax(v)}.

Since amin(v) < v < amax(v) and bpin(v) < v < bmax(v), we have (v, v) €
R, N C,, and thus the subgraph w(v) of the n x n grid induced by R, U C, is
connected. We claim that for any vertices u # v, the subgraphs @ (u) and u(v) are
vertex-disjoint. Note that R, N R, = ¥ and C,, N C,, = ¥ trivially. Suppose that say
R, intersects Cy, i.e., that (u, v) € R, N C,, and thus

Amin(U) < v < byax (1)

bin(V) < U < Amax (V).

If u < v, then this would imply that B has edges ubmax(#) and byin(v)v such that
bmin(v) < u < v < byax(u), and since C bounds the outer face of B, these edges
would cross. Similarly, if v < u, then the edges amin (#)u and vamax (v) would cross
in A. This is a contradiction, implying that indeed V (u(u) N pn(v)) = @.

Consider now an edge uv € E(G) distinct from e, where say uv € E(A) and
u < v. Then apin (v) < u and v < apax (). Observe that since G is a triangulation,
uv # ep, and A is outerplanar, there exists a triangular face uvx of A such that
X < uorx > v. By symmetry, we can assume x < u, and since xv € E(G), we
have anin(v) < x < u. Therefore, (v, u) € Ry, since amin(v) < u < v < bmax (V),
and (v — 1,u) € Cy since bpin(u) < u < v — 1 < amax (). It follows that the
n x n grid has an edge between w(u#) and w(v). Since this holds for every edge
uv € E(G — ep), we conclude that u gives a model of G —eg inthe n x n grid. O

To get the result for planar graphs in general, we need the following observation.

Observation 2.32 Every simple planar graph G with n > 3 vertices is a minor of
a simple Hamiltonian planar graph with at most 2n — 3 vertices.
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Fig. 2.1 Prolonging a cycle

Proof Without loss of generality, we can assume that G is a triangulation. Let C be
an arbitrary cycle in G. We gradually modify the graph G and the cycle C, in each
step decreasing the number of vertices in V(G) \ V(C) at the expense of increasing
the number of vertices by one, see Fig. 2.1: Choose a vertex v; € V(G)\ V(C) with
aneighbor u in C, and let vy, ..., v, be the neighbors of u in the counter-clockwise
order in the drawing. Let a < b be the indices such that v,u, uvy, € E(C). Let us
split & into two vertices #1 and uy, with u1 having neighbors vy, ..., vp, u> and us
having neighbors u1, vp, ..., vy, v1. The resulting graph is planar and contains G
as a minor. Moreover, we can turn C into a cycle in the modified graph containing
v1 by replacing its subpath v,uvp by the path v ujviuavp.

After repeating this transformation at most n — 3 times, the cycle C contains all
vertices of the graph, while the number of vertices have not increased to more than
2n — 3. O

Given a simple planar graph G with n vertices, we apply Observation 2.32 to get
a simple Hamiltonian planar graph G with at most 2n — 3 vertices containing G as
a minor. Next, we add a vertex z of degree two adjacent to both ends of an edge of a
Hamiltonian cycle of G and let eg be one of the edges incident with z, obtaining a
simple planar graph G, with a Hamiltonian cycle containing an edge eq such that G
is a minor of G, — eg and |G7| < 2n. Finally, we apply Lemma 2.31. Note also that
every planar graph with n vertices and m edges is a minor of a simple planar graph
with at most n 4 2m vertices, obtained by subdividing each loop twice and each
parallel edge once. Putting all these observations together, we obtain the following
conclusion.

Corollary 2.33 Every planar graph G with n vertices and m edges is a minor of
the 2n 4+ 4m) x (2n + 4m) grid. The bound on the size of the grid can be improved
to 2n x 2n if G is simple.

Together with Theorem 2.30, this has the following useful consequence.

Corollary 2.34 For every planar graph H, there exists a constant ty such that
every H-minor-free graph has treewidth at most ty.
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Fig. 2.2 A5 x5 wall

This fact can be nicely restated as follows.

Corollary 2.35 A minor-closed class of graphs has unbounded treewidth if and
only if it contains all planar graphs.

A model of a grid minor is a quite explicit obstruction to small treewidth, but
there is still is a little amount of uncertainty in how the connected subgraphs that
model its vertices look like, which may cause difficulties in some applications. This
can be avoided by using walls instead of grids. The n x n wall is the subgraph of the
n x n grid of maximum degree at most three obtained by alternatingly deleting the
upwards and downwards vertical edges incident with the vertices in each row. More
precisely, the vertex set of the n x n wall is {(i, j) : i, j € [n]} and vertices (i1, j;)
and (i2, j») are adjacent if |i{ — i2| 4+ |j1 — j2| = 1 and

e [ =iy, 0r
* j1 = jp and min(iy, i) = j; (mod 2).

See Fig. 2.2 for an illustration.

Note that contracting every second edge in each row of an n x n wall shows
that it contains a [ 5] x | 5] grid as a minor, and thus the treewidth of the n x n
wall is at least | 5]. Hence, a graph has large treewidth if and only if it contains
a large wall as a minor. Moreover, a wall has maximum degree at most three, and
thus by Observation 1.3, a wall is present as a minor if and only if it is present as a
topological minor. Thus, we obtain a completely explicit subgraph certifying large
treewidth, with the only uncertainty being the number of times each edge of the wall
is subdivided. In summary:

Corollary 2.36 Let G be a class of graphs. Then the following claims are equiva-
lent:

* G contains graphs of arbitrarily large treewidth.

* Every planar graph is a minor of a graph from G.

» Forevery n, the n x n grid is a minor of a graph from G.

» Foreveryn, the n x n wall is a topological minor of a graph from G.

Let us note that one might still want more. As we have seen, any graph G of
large treewidth has a subgraph W which is a subdivision of a large wall. However,
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G can contain additional edges between vertices of W not contained in E£(W). Can
treewidth be characterized by a nice explicit set of obstructions in terms of induced
subgraphs? After thinking about the problem for a bit, it becomes clear that one
needs to forbid at least the following types of induced subgraphs for some n in
order to force bounded treewidth:

* The clique K, and biclique K, ,,

¢ subdivisions of the n x n wall, and

* the graphs obtained from subdivisions of the n x n wall by replacing the vertices
of degree three by triangles.

This is indeed enough in graphs of bounded maximum degree [16] (where the last
two obstructions suffice), but not in general. Several intriguing families of graphs
of large treewidth that do not contain any of the induced obstructions from the
list above are known [10, 29], and it is unclear whether a nice characterization of
treewidth in terms of forbidden induced subgraphs is possible.

2.8  Which Obstruction Is the Best One?

All the obstructions that we introduced (unbreakable sets, brambles, tangles, grid
minors) are qualitatively equivalent—given any of them, we can construct the rest,
though in general only certifying slightly smaller treewidth. Indeed, we have seen a
transformation from unbreakable sets to brambles and tangles in our exposition, and
we will see a transformation from tangles to a grid minor in Sect. 2.10. We leave the
other transformations as an exercise to the reader.

Moreover, note that the transformations can be done so that the constructed
objects correspond to the original ones, in the following sense. Suppose e.g. that
we start with a vertex tangle 7 of order 6. Let (Ao, Bop) € 7 be chosen so that
By is inclusionwise minimal, and subject to that Ag is inclusionwise maximal, let
X = Ap N By, and let k = [6/3]. Then X is a k-unbreakable set.Z Let Tx be the
corresponding tangle of order k constructed in Sect. 2.5. Then 7y is consistent with

2 Note that | X| = 6 — 1, since otherwise (T1) applied to (Ag, By) and ({v}, V(G)) for an arbitrary
vertex v € By \ Ag shows that (AgU{v}, By) € 7T, contradicting the maximality of A¢y. Suppose for
a contradiction that X is not k-unbreakable, and thus there exists an X-balanced vertex separation
(C, D) of G of order less than k. Consider the vertex separations (A9 U C, Bo N D) and (Ay U
D, Bo N C). Note that [(AgUC)NByND| < |XND|+|CNDJ| < %le + k < 6. It follows
that the vertex separation (Ao U C, Bp N D) has order less than 0, and by a symmetric argument, so
does the vertex separation (Ao U D, Bo N C). Since 7 is an orientation of vertex (< 6)-separations,
the minimality of By implies that (Bo N D, Ag U C), (Bp N C, Ag U D) € 7. However, G =
G[Ap] U G[By N D]U G[By N C], contradicting (T1).
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7 in the sense that both orient the separations of order less than & in the same way,
ie.,Tx C 723

Hence, it is in principle possible to execute any argument with any of the
obstructions and obtain qualitatively the same conclusions. Of course, the argument
is not always equally easy, and there are upsides and downsides to each of the
obstructions.

* Unbreakable sets are easy to represent explicitly, but are defined in terms of
the connectivity in the wider graph and thus give relatively little in terms of
the structure to work with. They are most often a technical tool that arises in
the arguments, especially in connection to the recursive algorithm shown in
Lemma 2.16.

» Tangles are the most canonical of the obstructions. This is not at all obvious, but
as shown in [22], in each graph G there are at most |G| maximal tangles such
that every other tangle is the truncation of one of them to separations of certain
size. In other words, there are at most |G| distinct parts of G that force large
treewidth, and each maximal tangle points to exactly one of them. In comparison,
each such part might contain several different brambles or grid minors (of course,
well connected to one another). On the other hand, since tangles operate on a
rather abstract level, only speaking about orientations of separations rather than
concrete objects in the graph, it is often difficult to obtain structural results based
on them.

* Brambles have the unique advantage of precisely characterizing treewidth, and
thus in comparison to other obstructions, we do not lose anything at all by
using them. Moreover, they are substantially more explicit than unbreakable sets,
though potentially harder to represent, since they can have exponentially many
elements.

* Grid minors and especially wall topological minors are the most explicit of the
obstructions, directly giving a structural reason for large treewidth. When we
need to show properties of the underlying graph, they are usually the easiest
obstructions to start from. On the negative side, we lose quite a bit on the
treewidth when using them, unlike the other obstructions which approximate the
treewidth at least up to a constant factor.

Throughout the book, we mostly work with (vertex) tangles, partly due to their
useful canonicality property and partly because they are used in most of the papers
in the field, including the graph minors series of Robertson and Seymour.

3 Consider any vertex separation (C, D) of order less than k belonging to T, i.e., satisfying | X \
C| > %le. Suppose for a contradiction that (D, C) € 7. Note that |(Ag U D) N By N C| <
|XNC|+k < 6, and since G[Ag]UG[D]JUG[ByNC] = G, (T1) implies that (AgpUD, BoyNC) € 7.
However, BoNC does not contain all vertices of X, and thus BoNC C By and this vertex separation
contradicts the minimality of By.
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2.9 Operations on Tangles, Rank, and Freedom

As we are going to use tangles quite often, we need to study their properties in more
detail. First, let us introduce several operations to obtain new tangles from existing
ones. Let 7 be a vertex tangle of order 6 in a graph H.

* For any positive integer ' < 6, the set of vertex separations in 7~ of order less
than 6’ clearly forms a vertex tangle of order 6’, the truncation of 7 to order 6’.

* Consider any set Z C V(H) of size less than 6. Let 7 — Z be the set of vertex
separations (A, B) of H— Z of order less than 6 — | Z| such that (AUZ, BUZ) €
7. Itis easy to see that 7 — Z is a tangle of order 8 — |Z| in H — Z.

* Suppose that H is a minor of another graph G, and let u be a model of H in G.
For a set C of vertices of G, let u,_l (C) denote the set of vertices v € V (H) such
that V(u(v)) N C # @. Let 7,, be the set of vertex separations (A, B) of G of
order less than 6 such that (u~'(A), u='(B)) € 7. Note that (u~'(4), u=1(B))
is indeed a vertex separation of H, since if H had an edge e = uv with u €
p A\ wi(B) and v € u~(B) \ u!(A), then V(u(w)) € A\ B and
V(u(v)) € B\ A, and thus u(e) would be an edge of G with one endin A \ B
and the other end in B \ A.

Moreover, ifv € u~ ' (A)Nu=1(B), then V (1 (v))NA # Fand V (u(v))NB #
(), and since the subgraph u(v) is connected, we have V(u(v)) N AN B # .
Since the subgraphs that u assigns to vertices of H are pairwise vertex-disjoint,
it follows that the order of the vertex separation (y,_l (A), u_l (B)) is at most as
large as the order of (A, B). Hence, if (A, B) has order less than 6, then so does
(™ '(A), w='(B)), and thus (™' (A), u'(B)) € Tor (u™'(B), n ™' (A) € T,
and (A, B) € 7, or (B, A) € 7,. Consequently, 7, is an orientation of vertex
(< 6)-separations of G.

And 7, is in fact a vertex tangle in G, since G = G[A1] U G[A2] U G[A3]
implies H = H[pu~'(A1)]U H[u "' (A2)]1U H[ "' (A3)]. We say that 7, is the
vertex tangle in G u-induced by 7.

The last construction shows that a tangle in a minor H of G gives rise to a tangle
in G. We are often going to need to view the relationship in the opposite direction:
Suppose that 7 is a tangle in G of order 6y > 6, 7 is a tangle in H of order 8, and
w1 is amodel of H in G. When the p-induced tangle 7, is equal to the truncation of
T to order 6, we say that 7 is u-conformal with Ty. In case that H is a subgraph
of G and p is the trivial model of H in G (such that for each v € V(H), u(v) is the
subgraph of G consisting of v, and i (e) = e for each edge e of H), we simply say
that 7" is conformal with 7.
In particular, the following strengthening of the Grid Theorem holds.

Theorem 2.37 There exists a function fp 37 : N — N such that the following
claim holds for every positive integer n. Let G, be the n x n grid and let T,, be the
canonical vertex tangle of order n in G,. If T is a vertex tangle of order at least
f2.37(n) in a graph G, then there exists a model w of G, in G such that T, is
u-conformal with T
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Thus, in one direction, every model of a large grid in G induces a tangle of large
order in G, and conversely, any tangle of large order is derived from some grid
minor. It is easy to see that this implies the analogous result for wall subdivisions.
Suppose W is a subdivision of the n x n wall, and let 7 be the set of vertex
separations (A, B) of W of order less than |5 | such that A does not contain any
row of the wall; it is easy to see that 7 is a vertex tangle (induced by the canonical
vertex tangle in an | 5| x |5 | grid which it contains as a minor); we say that 7" is a
canonical vertex tangle of the wall subdivision.

Corollary 2.38 There exists a function fp 38 : N — N such that the following
claim holds for every positive integer n. If T is a vertex tangle of order at least
f2.38(n) in a graph G, then there exists a subgraph W of G isomorphic to a
subdivision of the n x n wall such that the canonical vertex tangle of W is conformal
with T

Let us now introduce an important notion of the tangle rank function, which is in
particular useful in showing that two tangles are conformal. Given a vertex tangle
7 of order 6 in a graph G, the rank tkq (Z) of a set Z C V(G) is defined as
follows:

* If there exists a vertex separation (A, B) € 7 such that Z C A, then let rkq- (Z)
be the minimum order of such a vertex separation.
* Otherwise, let tkq-(Z) = 6.

Note that rkq (#) = 0 by (T2), and clearly the rank function is monotone, i.e., if
Z' C Z, then tkq-(Z') < rkq- (Z). Furthermore, the rank function is submodular:

Lemma 2.39 Let T be a vertex tangle of order 0 in a graph G. All sets Z1, Zy C
V(G) satisfy

kg (Z1) + kg~ (Z2) = tkq=(Z1 U Z3) + 1k (Z1 N Z3).

Proof The claim follows from the monotonicity if say rkq (Z;) = 6, since then
tkq (Z1) = 0 > tkq- (Z1 U Z3) and kg~ (Z3) > rkq- (Z1 N Z3). Hence, suppose
that there exist vertex separations (A1, By), (A2, By) € 7 such that Z; € A; and
the order of (A;, B;) is rkq-(Z;) < 6 fori € [2].

Let 01 be the order of the vertex separation (A; U Az, B1 N By). If 01 < 6, then
the vertex separation belongs to 7 by (T1), and since Z; U Z, € A; U A, we have
tkq(Z1 U Z3) < o01. If 01 > 0, then this inequality holds trivially.

Let 0; be the order of the vertex separation (A; N Az, B1 U By). If 05 < 6, then
the vertex separation belongs to 7 by (T1), and since Z; N Z, € A N Ay, we have
rk7- (Z1 N Zy) < 03.If 0o > 0, then this inequality holds trivially. Therefore,
by (1.1), we have

tkq=(Z1) + tkq= (Z2) = |A1 N Bi| + |A2 N By
=[(A1 UA) N BN By + A1 N Ay N (B U By)|
=01 + 02 2 tkg (Z1 U Z) + tkg- (Z1 N Z3).
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Note that submodularity implies subadditivity, i.e., if Z1 and Z, are disjoint, then
rk7- (Z1) + I'k7' (Zy) > I‘kT (Z1 U Zp) + I‘k7' @ = I‘kr]’ (Z1 U Z3). Since
rk7-is monotone, submodular, and bounded by the size of the argument, it is a rank
function of a matroid. We say that a set Z C V(G) is 7-free if it is an independent
set of this matroid, i.e., |Z| = tkq~ (Z), or in other words, |Z| < ¢ and there is no
vertex separation (A, B) € 7 of order less than |Z| with Z C A. Clearly, any subset
of a 7-free sets is also 7-free. Moreover, from the matroid connection, it is easy to
see the following claim.

Observation 2.40 [If 7 is a vertex tangle in a graph G, then any set Zy C V(G)
contains a T-free subset Z such that |Z| = tkq (Zo).

Proof 1t clearly suffices to argue that if Zg is not 7-free, then there exists z € Zg
such that rkq (Zp \ {z}) = rkqg~ (Zo). Let Z' be a minimal subset of Z that is not
T-free; we are going to show that every vertex z € Z’ has this property.

Since Z’ is not 7-free but Z’ \ {z} is and the rank function is monotone, we have
tkq (Z') = |Z'| — 1 =1kq (Z'\ {z}). The submodularity then gives

tkq= (Zo \ {z}) + tkg (Z') = tkq= (Zo) + tkg= (Z"\ {2}),

and thus kg (Zo \ {z}) = kg~ (Zp). The equality follows by the monotonicity of
the rank function. |

In particular, since kg (V(G)) is equal to the order 6 of the vertex tangle 7 by
(T2), there exists a 7-free set of order 6. Next, let us make a useful observation on
vertex separations.

Lemma 2.41 Let T be a vertex tangle of order 6 in a graph G. If (A, B) € T, then
kg~ (A) = rkq- (AN B).

Proof Since (A, B) € 7, we have rkq- (AN B) < |AN B| < 6. Hence, there exists
(C,D) € Tsuchthat AN B C C and |C N D| = rkg- (A N B). Note that since
AN B\ C ={, we have

[(AUC)NBND|=|CN(BND)|+[(A\C)NBND|
=|CNBND)|=<|CND|<8H,
and by (T1), it follows that (A U C, B N D) € 7. The order of this separation is

[(AUC)N BN D| <|CND|=rkq (AN B), and thus rkq (A) < kg~ (A N B).
The equality follows by the monotonicity of the rank function. O

From this, it is easy to see that the tangle is determined by its rank function.

Observation 2.42 If T # T, are vertex tangles of the same order 0 in a graph G,
then I‘krf1 * rk7~2 .

Proof Suppose for a contradiction that kg = rkgy = rk. Since 77 and 7>
are different orientations of vertex (< 6)-separations of G, there exists a vertex
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separation (A, B) of G of order less than 8 such that (A, B) € 71 and (B, A) € 7.
By Lemma 2.41 applied to 77 and 7>, we have rk(A) = rk(A N B) = 1k(B).
However, then submodularity gives

21k(A N B) = rk(A) + tk(B) > tk(V(G)) + k(A N B) = 6 + k(A N B),

which is a contradiction since k(A N B) < |AN B| < 6. m|

It is tempting to suggest that a tangle is determined by a single basis of its rank
matroid, i.e., by a single 7-free set of size 6, but this is false. Consider e.g. a graph
G consisting of two cliques L and R of size 3k intersecting in k vertices. Then G has
two natural vertex tangles 77 and 7 of order 2k induced by the cliques: Consider
any vertex separation (A, B) of order less than 2k. Note that each of the two cliques
is fully contained in exactly one part of the separation. We define (A, B) € 7 if
and only if L € B and (A, B) € T if and only if R C B; see the discussion at
the end of Sect. 2.5 to see why the defined objects are vertex tangles. Note that these
are indeed different tangles, since (R, L) € 7 but (L, R) € 7T g; however, the set
Z consisting of k vertices of L \ R and k vertices of R \ L is free in both of them.
Nevertheless, a bit weaker claim holds.

Observation 2.43 Let T be a vertex tangle of order 6 in a graph G and let Z C
V(G) be a T-free set of size 6. Then a vertex separation (A, B) of order less than
0/2 belongs to T if and only if | AN Z| < |AN B].

Proof Since Z is T-free, the set A N Z is also T-free. If (A, B) € 7T, it follows that
[ANZ| <|ANB|.

Conversely, suppose that |A N Z| < |AN B|. If (A, B) &€ T, then (B, A) € 7,
and since Z is 7-free, we have |[BN Z| < |A N B|. However, then |Z| < |[AN Z| +
|BN Z| <2|AN B| < 6, which is a contradiction. |

Observation 2.43 can be quite useful in algorithmic design; it shows that if we
are willing to sacrifice a bit from the order of the tangle, then we can represent it
concisely just by storing a single set of vertices which enables us to easily determine
whether a separation belongs to the tangle.

Another important property of free sets is that they are hard to separate.

Lemma 2.44 Let T be a vertex tangle of order 6 in a graph G and let Z| and Z;
be subsets of V(G) of the same size k < 0. If Z| and Z, are T-free, then G contains
k pairwise vertex-disjoint paths from Z to Z,.

Proof Consider any vertex separation (A, B) of G with Z; € Aand Z, C B. If
(A,B) e Tor (B, A) € T,thensince Z; C A and Z, C B are 7-free, the order of
the vertex separation must be at least k. If neither of the vertex separations belongs
to 7, then their order is at least & > k. Therefore, any cut separating A from B in G
has size at least k, and the conclusion follows from Menger’s theorem. O

On a related note, any set that is well-linked to a free set must have large rank.
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Lemma 2.45 Let T be a vertex tangle of order 6 in a graph G and let Z| and Z;
be subsets of V(G). If Z1 is T-free and G contains k pairwise vertex-disjoint paths
Sfrom Zy to Z5, then tkq-(Z2) > k/2.

Proof Consider (A, B) € 7 with Z, € A. The graph G contains k pairwise vertex-
disjoint paths from Z; to Z; and at most |A N B| of them intersect |A N B|, and thus
|Z1 N Al >k —|AN BJ. Since Z; is T-free, the set Z1 N A is also 7-free, and thus
|Z1 N A| < |A N B|. A combination of these inequalities gives |A N B| > k/2. We
conclude that rkq-(Z2) > k/2. O

As we have mentioned, rank can be useful in showing that two tangles are
conformal. The example given before Observation 2.43 shows that unfortunately
the condition cannot be entirely straightforward; however, the usefulness of the
following technical statement can be seen in the following section.

Lemma 2.46 ( ) Let Ty be a vertex tangle in a graph H of order Oy > 2 and let
TG be avertex tangle in a graph G of order g > 20y. Let u be a model of H in G
and let Z be a T g-free set. If there exist pairwise vertex-disjoint trees Ry, ..., Rg,,
G such that for i € [0y, all leaves of R; belong to Z and rk7-H (pL_l (V(R})))
On, then Ty is pu-conformal with 7.

I

Proof We need to show that the vertex tangle 7, u-induced by 75 in G is the
truncation of 7 to order 6. That is, for every vertex separation (A, B) € 7¢ of
order less than 0y, we need to show that (A, B) € 7.

Let L =ANZUB) = (AN B)U (Z\ B). Since Z is Tg-free, its subset
Z\ B C Aisalso7g-free,and thus |[Z \ B| < |ANB| <6y and |L| < 20y.

Consider now any i € [fy] such that V(R;) € B, and let u be a vertex in
V(R;)\ B. Since u~'(V(R;)) has rank Oy > 2, the tree R; has at least two vertices,
and thus u lies on a path P C R; joining distinct leaves of R;. Let k € {0, 1, 2}
be the number of ends of P in B. Since u ¢ B, observe that P contains at least
k vertices in A N B. Moreover, since all leaves of R; belong to Z, the path P also
contains at least 2 — k vertices of Z \ B. We conclude that P C R; contains at least
two vertices in L.

Since Ry, ..., Ry, are vertex-disjoint, it follows that there are at most |L|/2 <
Oy indices i such that V(R;) & B. Hence, there exists i € [fy] such that
V(R) € B.Then tky (u '(B)) > tkq (u '(V(R;))) = 6n, and thus
(w~Y(B), u~1(A)) & Ty. Consequently, (u~'(A), u~'(B)) € Ty and (A, B) €
T u» as required. m]

Let us note that if we are willing to sacrifice a bit on the order of 7, a simpler
and more natural condition that the reader might expect suffices.

Lemma 2.47 ( &) Let Ty be a vertex tangle in a graph H of order 20y, let Zy
be a Tg-free subset of V(H) of size 20y and let TG be a vertex tangle in a graph
G of order 8 > 20y. Let L be a model of H in G and let Zg be a subset of V (G)
of size | Zy| such that |V (u(2)) N Zg| = 1 forevery z € Zy. If Zg is Tg-free, then
the truncation T’y of Ty to order 6y is p-conformal with T¢.
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Proof We need to show that the vertex tangle 7, pu-induced by 7% in G is the
truncation of 7 to order 6. That is, for every vertex separation (A, B) € 7 of
order less than 6y, we need to show that (A, B) € 7.

Since Zg is Tg-free, the set A N Z is also 7 g-free and we have |[A N Zg| <
|A N B| < 6y. Since |Zg| = |Zy| = 260y, it follows that |[B N Zg| > Oy. By
the assumptions, for each v € Zg, there exists a distinct vertex z € Zg such that
z € n~({v}). Hence,

" BYNZyl = BN Zgl > 0 > |ANB| > | (A) N (B)I.

Since the set Zg is 7 y-free, we have (p,_l (B), u_l (A)) &€ T, and consequently
(w~N(B), n1(A) & T%. We conclude that (= '(A), u"'(B)) € 77 and
(A, B) € T, as required. m]

Let us make a final simple observation on the freeness in conformal tangles.

Lemma 2.48 Let H and G be graphs, let p be an injective function from a set
dom(p) € V(H) to V(G), and let ;1 be a p-rooted model of H in G. Let Ty be a
vertex tangle in H which is p-conformal with a vertex tangle T in G. If dom(p)
is T H-free, then img(p) is T g-free.

Proof Suppose for a contradiction that (A, B) € 7 for a vertex separation (A, B)
of G of order less than | img(p)| such that img(p) € A. Note that since dom(p) is
T 1 -free, the order of 7 is at least | dom(p)| = | img(p)|. Since Ty is pu-conformal
with 7, we have (u~'(A), u= ' (B)) € Tx. However, (u~'(A), =1 (B)) is a
vertex separation of H of order at most |[A N B| < |img(p)| = |dom(p)| and
dom(p) C M_l(img(p)) - /L_I(A), contradicting the assumption that dom(p) is
T n-free. O

2.10 Proof of the Grid Theorem ()

We have now gathered all the ingredients needed for the proof of the Grid Theorem.
We make no effort to optimize the bounds in the proof, though if we did, we would
obtain a fairly reasonable exponential bound on the treewidth of graphs avoiding a
fixed grid minor.

2.10.1 Pregrids

First, let us show how to get a grid minor from a slightly simpler object; see Fig. 2.3
for an illustration. For integers r, ¢, and m, an m-thick r x c pregrid in a graph G
consists of a set R of r pairwise vertex-disjoint paths (the rows of the pregrid) with
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Fig. 2.3 A 4-thick 5 x 3 pregrid. The spines of the columns are emphasized

specified beginning vertices and a sequence C = Cfq, ..., C. of pairwise vertex-
disjoint connected subgraphs of G (the columns of the pregrid) such that

¢ each column intersects at least m rows, and
* forl <i < j < ¢, if C; and C; both intersect the row P, then all vertices of
C; N P are closer to the beginning of P than all vertices of C; N P.

For each column C and row P, let the C-rib of P be the minimal subpath of P
containing all intersections of C with P; the C-rib is empty if C is disjoint from P.
By the second condition, for any i < j such that C; and C; both intersect P, the
C;-rib of P is disjoint from and appears closer to the beginning of P than the C;-rib
of P. Let the C-spine be the union of C with the C-ribs of all rows of the pregrid,;
for distinct columns C and C’, the C-spine is vertex-disjoint from the C’-spine.

For a column C, a sequence R, ..., R, of rows of the pregrid is C-path-like if
for every i € [n — 1], there exists a path Q in the C-spine such that Q starts on R;,
ends on R;41, and Q is vertex-disjoint from Ry, ..., Ri—1, Ri12, ..., Ry.

Observation 2.49 [f (R, C) is an m-thick pregrid and n < m, then for each column
C € C, there exists a C-path-like sequence of n rows of the pregrid.

Proof Let F be the auxiliary graph with vertex set consisting of the rows of R
intersected by C and with two rows adjacent if and only if there exists a path in C
between them that does not intersect any other row. If F has diameter at leastn — 1,
then we can choose Ry, ..., R, along a path of length n — 1 in F. Otherwise, since
|F| > m > n and F has diameter less than n — 1, there exists a vertex R € V(F) of
degree at least n. Then any two rows adjacent to R in F are connected by a path in
the C-spine that intersects no other rows except possibly for R, and thus n neighbors
of R taken in any order form a C-path-like sequence. O

A model p of the n x n grid in G is strung on a system R of paths if there exists
an injective function s from the rows of the grid to R such that each row R of the
grid satisfies R € =1 (V(s(R))).

Lemma 2.50 [fa graph G contains an m-thick r x ¢ pregrid (R, C) andn < m <
r KL ¢, then G contains a model of the n x n grid strung on the rows of the pregrid.
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Proof For each column C € C, Observation 2.49 gives a C-path-like sequence R¢
of n rows of R. Since there are only r" sequences of n rows of R and r,n < c,

there exist columns Cj, ..., Cyz—1) of the pregrid in order (but not necessarily
consecutive) and distinct rows Ry, ..., R, € Rsuch that Re, = ... = R¢,(,_;, =
Ri,...,R,.

The n x n grid minor in G is obtained as follows: For each i € [n], we partition
R; into n pairwise vertex-disjoint subpaths, the j-th one of them containing the
C(n_l)(j_1)+1-rib, the C(n_l)(j_1)+2-rib, ..., and the C(n_l)(j_l)+n_1-rib of R;,
and we contract each of the subpaths to a single vertex. This turns R; into a path
with n vertices, which will form the i-th row of the grid minor.

For j € [n], we then form the j-th column by, for i € [n — 1], choosing a path
Q;,; in the spine of C,_1)(j—1)4+i between R; and R;4 and vertex-disjoint from
Ri,...,Ri_1, Riy2, ..., R, and contracting Q; ; to a single edge. Observe that the
model of the n x n grid corresponding to this construction is strung on the rows of
the pregrid via the injection mapping the i-th row of the grid to R; fori € [n]. O

2.10.2 Cleaning Up Path Systems

For two sets A and B of vertices of a graph G, an (A, B)-linkage is a system
of pairwise vertex-disjoint paths with one end in A and the other end in B. For
a subgraph F of G, an (A, B)-linkage L in G is F-minimal if for each edge
e € E(|UL)\ E(F), the graph F U J L — e does not contain any (A, B)-linkage
of size |L].

Observation 2.51 Let A and B be disjoint sets of vertices in a graph G, let L be
an (A, B)-linkage in G, and let F be a subgraph of G. There exists an F-minimal
(A, B)-linkage L in G of size | L] such that | J£ € FUlJ L.

Proof ltsuffices to choose £ as an (A, B)-linkage of size | £| in F U[J £ such that
the set E ( U L’) \ E(F) is smallest possible. |

Note that if # is the set of paths forming the columns of a grid, and the leftmost
and the rightmost columns of the grid are A and B, then every (A, B)-linkage in the
grid intersects all paths from #. The following key lemma shows that if the graph
does not contain a large grid minor, then such a situation cannot occur and we can
“disentangle” sufficiently large linkages.

Lemma 2.52 Let A and B be disjoint sets of vertices in a graph G, let L be an
(A, B)-linkage in G, and let F be a set of pairwise vertex-disjoint paths in G. If
fil,n <L < |F|, then either

* there exists a model of the n x n grid strung on L, or
e there exists a set F' C F of size f and an (A, B)-linkage L' of size l in G such
that | JF' and \J L are vertex-disjoint and | J L < | JLUUF.
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Proof Let F = [ JF; by Observation 2.51, we can assume that the linkage £ is
F-minimal. Choose integers m and ¢ so that f,[,n < m < |[L] € ¢ K |F|. If
F contains a set ' of f paths such that each of them intersects at most m of the
paths from .£, then since |.£] > fm + [, there exists a set £’ C L of size [ of paths
vertex-disjoint from those in F’, as required.

Hence, suppose that this is not the case, and thus there is a set Fo S ¥ of size
more than || — f such that each path in ¥ intersects more than m of the paths
from L. Letr = | L] — 1. Since |F| > f, r, ¢, | L], the number of pairs (C, Q) such
that C € o, Q € L, and C and Q intersect is more than

Flm Flm
[Folm > % = %ILI > rc?| L],

and thus we can fix a path Q € £ intersecting at least ¢ paths from 7.

We now divide Q into segments such that each of them intersects many distinct
paths from ¥, and use this division to obtain cuts that similarly partition the rest of
the paths of L. More precisely, let us partition Q into vertex-disjoint paths Q1, ...,
Q. such that for i € [c — 1], there is a set F; C Fo of size exactly rc of paths that
intersect Q; butnot Q; U...U Q;_1, and Q; cannot be extended towards the end of
Q while preserving this property. Note that since at least r¢? paths of Fy intersect
0, the set 7. of paths from ¥ intersect Q. butnot Q1 U...U Q._1 has size at least
rc. For each i € [c¢ — 1], since Q; cannot be extended, the first vertex v; of Q1
is contained in a path from ¥ that does not intersect Q;, and thus the edge ¢; of Q
from the last vertex of Q; to v; is not contained in |J#. By the F-minimality of
L, there exists no (A, B)-linkage of size r + 1 in F U |J £ — e, and by Menger’s
theorem, there exists a set S; C V(G) of size at most r such that every path in
F U L from A to B intersects S; U {e;}. Because of the (A, B)-linkage £\ {Q} of
size r, the set S; necessarily contains exactly one vertex from each path in £\ {Q}.

Let § = Uf;ll S;. Since |S| < rc, for each i € [c] there exists a path C; € F;
disjoint from S; recall that such a path C; intersects Q; butnot Q1 U...U Q;_;. We
claim that R = £\ {Q} and C = Cy, ..., C. forms an m-thick r x ¢ pregrid; and
sincen <« m K r < ¢, Lemma 2.50 then implies that G contains a model of the
n x n grid strung on R C L, as desired.

Since each path from %y intersects at least m paths from R, it suffices to verify
that for every P € Rand 1 < i < j < ¢, if C; and C; both intersect P, then
all vertices of C; N P are closer to the beginning of P than all vertices of C; N P.
Indeed, let s be the vertex of S; on P. Since the set S; U {e;} separates A from B
and is disjoint from C;, and additionally C; has an intersection with Q in Q;, that
is, before e;, all the intersections of C; with P must precede s. On the other hand,
since C; has an intersection with Q in Q, that is, after ¢;, all its intersections with
P must be after s. O

We can now apply Lemma 2.52 repeatedly to disentangle several linkages.

Lemma 2.53 Let Ay, ..., Ak, By, ..., By be pairwise disjoint sets of vertices in a
graph G, and let Z be a set of vertices of G such that Z 2 Uf;l A; U B;. Let s be
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an integer, and for i € [k], let L; be an (A;, B;)-linkage in G of size s intersecting
Z only in its endpoints. If k, n < s, then either

* there exists i € [k] and a model of the n x n grid in G strung on a linkage from
A; to B;, or

* there exist pairwise vertex-disjoint paths Py, ..., Py such that for i € [k], P;
starts in A;, ends in B;, and is otherwise disjoint from Z.

Proof Letly = 1.Fori =k —1,k—2,...,1, choose integers l;, fiit1, ..., fi.k
so that

liv1 € fik K fik—1 €+ KL fiiy1 < 1.

Since k « s, we can assume that /1 = s. Let us also define f;; = [; for each
ielk—1].

We are going to alter the linkages in k — 1 phases so that at the end of the i-phase,
the linkages L, ..., £; will be pairwise vertex-disjoint as well as vertex-disjoint
from the linkages L;11, ..., L. In the i-th phase, we are going to repeatedly apply
Lemma 2.52 to disentangle £; from L;1, ..., Lk in turn, modifying these linkages

in the process. In these applications, £; will play the role of 7, i.e., we are only
going to remove paths from £;. For j € {i +1, ..., k}, the linkage .£; will play the
role of £, and so it can be rerouted, but only within ( J £; U (J £;, and thus it will

stay vertex-disjoint from the linkages L1, ..., £;_1.
We are going to preserve the invariant that at the beginning of the i-th phase, we
are going to have | L;| = |Liy1| = ... = |Lx| =l,and for j =i + 1, ..., k, after

disentangling .£; from .L;, we are going to have | ;| = f; ;. To do the disentangling,
we first choose an integer A so that /; 11 < A < f; j—1 and delete all but A paths
from £;. Then we apply Lemma 2.52 with L = L;, F = L;, f = fijand] = l; 1,
either obtaining a model of the n x n grid strung on £}, or vertex-disjoint linkages
L' of size ;41 and ' of size f; ;. In the latter case, we replace £L; by £ and L; by
¥, and continue the process.

In the end, the paths in Ly, ..., L} are pairwise vertex-disjoint, and we can
choose one path from each of these linkages. Note that the resulting paths only
intersect Z in their endpoints: This was true initially for all paths in the linkages,
and thus it suffices to argue that this condition is preserved whenever we reroute
a linkage. However, the rerouting is done in the subgraph H = | J.£; U [J £; for
some distinct i, j € [k], and since the linkages are between disjoint subsets of Z,
every vertex in Z N V(H) has degree one in H. Therefore, the vertices of Z cannot
end up as internal vertices of the rerouted paths. O

2.10.3 Building the Base

We are going to use the disjoint paths obtained in Lemma 2.53 to connect fixed
connected subgraphs in order to form the grid minor. We need to be careful and
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keep the rerouted paths disjoint from the fixed subgraphs. To ensure that, we are
going to find a suitable separation (A, B) of our graph and look for the connected
subgraphs in A and for the linkages in B. Let 7 be a vertex tangle in a graph G of
order at least 2. A vertex separation (A, B) € 7 is a base if theset Z = AN B
is T-free and there exists a model p of the |Z|-vertex path P in G[A] such that for
each x € V(P), u(x) intersects Z in exactly one vertex; i.e., w(Z) = V(P).Note
that there always exists a vertex v such that rkg({v}) = 1, and thus ({v}, V(G)) is
a base.

Lemma 2.54 Let T be a vertex tangle of order @ > 2 in a graph G, and let (A, B) €
T be a base of largest order with A inclusionwise-maximal. Then the set Z = AN B
has size 0 — 1 and the subgraph G[B] has no vertex separation (C, D) such that
ICNZ|>|CNDland |DNZ| > |C N D].

Proof Let i be a model of the |Z|-vertex path P in G[A] such that ' (Z) =
V (P). We are going to need the following observation.

(%) Every vertex separation (A’, B’) € 7 such that A C A’ has order more than | Z|.

Indeed, without loss of generality, we can assume that B’ C B, as otherwise we can
instead consider the vertex separation (AU A’, BN B’) = (A’, BN B’) whose order
is|A"N BN B’| <|A’N B’| and which belongs to 7 by (T1). Let Z' = A’ N B’. By
Lemma 2.41 and since Z is 7-free, we have rkq- (Z') = rkq- (A) > kg (Z) =
|Z|, and thus |Z’| > |Z|. Moreover, if |Z’'| = |Z|, then Z' would be T-free, and
by Lemma 2.44, there would exist a (Z, Z’)-linkage L of size |Z| = |Z’| in G,
necessarily contained in G[A’'] — (A \ Z) — E(G[Z]). Then u would combine with
L to a model ug of P in G[A’] such that ,ual (Z") = V(P),and (A’, B) would be
a base of the same order as (A, B). This contradicts the maximality of A, and thus
|Z'| > |Z].

Suppose now for a contradiction that |Z| < 6 — 1. Let x be an end of P and
let v be the vertex in Z N V(u(x)). If v had no neighbor in B \ Z, then by (T1)
the vertex separation (A, B \ {v}) of order less than |Z| would belong to 7, and
since Z C A, this would contradict the assumption that Z is 7-free. Hence, v has
aneighboru € B\ Z.Let Ay = AU {u} and Z; = Z U {u}. Note that (A1, B)
is a vertex separation of G of order |Z| > |Z]|. Moreover, adding u to u gives
a model w; of the |Z;|-vertex path P; with ul_l(Zl) = V(P1) in G[A]. Since
|Z1| =|Z|+ 1 < 6, (T1) shows that (A1, B) € 7.

By (x), every vertex separation (A’, B’) € 7 with A| C A’ has size at least |Z| +
1 = |Z], and thus rkq- (A1) > |Zi|. Therefore, Lemma 2.41 gives tkq (Z1) =
tkq- (A1) > |Zy], and thus Z; is 7-free. It follows that (A1, B) is a base of order
greater than |A N B|, contradicting the choice of the base (A, B). We conclude that
|Z| =6 — 1.

Finally, suppose for a contradiction there exists a vertex separation (C, D) of
G|[B] of order less than min(|CNZ|, |[DNZ]). Note that (AUC, D) and (AU D, C)
are vertex separations of G. We have
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(AUC)ND|=|CND|+|(A\C)ND|=|CND|+|(ANB)\C|
—|ICND|+|Z|-|CNZ| <|Z| <6 —1,

and similarly [(AU D) N C| < 6 — 1. Since G = G[A] U G[C] U G[D], (T1)
implies that (D, AU C) & 7 or (C, AU D) ¢ 7. By symmetry, we can assume
that (D, AU C) & 7, and thus (A U C, D) € 7. However, this vertex separation
has order less than | Z|, contradicting (). Therefore, G[ B] has no vertex separation
(C,D)suchthat |CNZ|>|CNDJ|and |DNZ| > |CND|. O

Let us remark that the proof method from Lemma 2.54—building up a structure
in the small side A of a vertex separation (A, B) € 7 while keeping A N B free, so
that the structure is still well-connected to everything in B—is quite useful and its
variations appear in many arguments.

2.10.4 Constructing the Grid

We are now ready to prove the Grid Theorem, in the stronger form of finding a grid
minor pointed to by a specified tangle; we restate the theorem for convenience.

Theorem 2.55 There exists a function f 37 : N — N such that the following
claim holds for every positive integer n. Let G,, be the n x n grid and let T, be the
canonical vertex tangle of order n in G,. If T is a vertex tangle of order at least
f2.37(n) in a graph G, then there exists a model w of G, in G such that T, is
u-conformal with T

Proof Without loss of generality, we can assume thatn > 2. Let0 > fp 37(n) > n
be the order of the vertex tangle 7. Let (A, B) € 7 be a base of largest order with
A inclusionwise-maximal, let Z = A N B, and let g be a model of the | Z|-vertex
path P in G[A] such that ual (Z) = V(P). By Lemma 2.54, we have |Z| =60 — 1.
Let k = 2n(n — 1) be the number of edges of the n x n grid G,. Let us choose an
integer s so that k, n < s < 6, and assign to each vertex v € V(G,) a subpath P,
of P with 4s vertices so that the subpaths for distinct vertices are vertex-disjoint and
no edge of P joins two of them. For each edge ¢ = uv € E(G,), choose subsets
A,., B, C Z of size s such that ua] (Ae) C Py, N«al (B,) C Py, and the sets chosen
for distinct edges e are pairwise disjoint.

Consider any edge e = uv € E(G,) andlet R, = Z \ (A, U B,). Lemma 2.54
implies that there is no vertex separation (C’, D) of G[B] — R, such that A, C C’,
B. € D', and |C' N D'| < s; indeed, otherwise (C, D) = (C’UR,, D' UR,) would
be a separation of G[B] of order |C’' N D'| + |R.| < s + |R.| with |C N Z| >
|Ael + |Re| = 5 + |R.| > |C N D| and similarly |D N Z| > |C N D|. Therefore,
Menger’s theorem implies that there is an (A,, B.)-linkage £, in G[B] of size s
intersecting Z only in endpoints. Moreover, since P does not have an edge between
P, and P,, the linkage L, is actually contained in H = G[B] — uo(E(P)).
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Let us now apply Lemma 2.53 to the linkages L, for e € E(G,), and let us
discuss the two possible outcomes.

* Suppose first that there exists a model p of the n x n grid G, in G strung on
a linkage £ of size n from A, to B, for an edge e € E(G,). Recall that 7,
is the canonical vertex tangle of order n in G,. Since the model is strung on £
and |L| = n, for each path L € L, there exists a row R of G, such that R C
u~'(V(L)). Consequently, tkq~ (u~'(V(L))) > kg (R) = n. Moreover,
both ends of L belong to Z. Since Z is 7-free, Lemma 2.46 implies that 7, is
u-conformal with 7.

* Next, suppose that there exists a system {P, : e € E(G,)} of pairwise vertex-
disjoint paths in H, where for every edge e € E(G,), the path P, starts in A,,
ends in B,, and intersects Z only in its endpoints. Let u be the model of G, in
G corresponding to the following way of obtaining the n x n grid: We contract
G[A] according to the model 1o to form a path P’ on Z. For each v € V(G,),
we contract the subpath of P’ corresponding to P, to a single vertex. Finally, for
each e € E(G,), we contract the path P, to a single edge.

Note that the model u has the property that for each vertex v € V(G,), the
subgraph w(v) contains a vertex of Z. For i € [n], let R; be the i-th row of G,,,
let M; = UveR; V(u(v)), and let R; be a minimal connected subgraph of G[M;]
containing all \l/ertices of Z N M;. Then R; is a tree with all leaves in Z, and
rk7~n (W N (V(R))) = rk7~}1 (Rl() = n. Lemma 2.46 applied for Ry, ..., R, thus
implies that 77, is p-conformal with 7~

O

2.11 Erdos—-Pésa for Planar Minors

How can one certify that a graph G does not contain more than k pairwise
vertex-disjoint copies of another graph H in some prescribed containment relation
(subgraph, induced subgraph, minor, ...)? An easy way to do so is to find a set X of
at most k vertices of G such that G — X does not contain any copy of H. However,
does there always exist such a set X? Or at least a slightly larger set of vertices
intersecting all copies of H? Erd6s—Pdsa theory (named after the seminal result of
Erdés and Pésa [12] on disjoint cycles) is devoted to the study of this question. As
we are going to discuss in this section, the Grid Theorem plays an important role in
Erd6s—Pésa theory.

Let us now define the notion more precisely. Let H be a set of graphs and for a
graph G, let C7_{(G) be the system of sets C € V (G) such that the induced subgraph
G[C] is isomorphic to a graph in H. An H-hitting set in G is a set X C V(G)
intersecting all sets in C7_[(G); we let yq_{(G) be the smallest size of an H-hitting
setin G. An H-packing in G is a set of pairwise disjoint elements of Cq((G); we let
aq((G) be the maximum size of an H-packing in G. We say that H has Erdés—-Pésa
property (in a graph class G) if there exists a non-decreasing function f : N — N
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such that for every integer k > 0, every graph G (or every graph G € &) contains
either

¢ an H-packing of size more than k, or
* an H-hitting set of size at most f (k).

Thus, we can either find more than k pairwise vertex-disjoint induced subgraphs of
G belonging to H, or a certificate that it is not possible to find more than f (k) such
pairwise vertex-disjoint induced subgraphs. Equivalently, yg/(G) < f(aq(G)) for
every G € G. We say that f is an EP-function for H. Let us give a few examples:

¢ FErd6s and Pésa [12] proved that the minimum size of a feedback vertex set (a
set of vertices intersecting all cycles, i.e., whose removal turns the graph into a
forest) in a graph G is O(klogk), where k is the maximum number of pairwise
vertex-disjoint cycles in G. That is, if H consists of all cycles, then H has ErdGs—
Pésa property with EP-function f(k) = O(klogk).

e Let H be the set of all graphs that have K5 as a minor, and let G be the class of
graphs that can be drawn in the projective plane. Then H does not have Erd&s—
Pésa property on G: The graph 2K5 consisting of two disjoint copies of K5
cannot be drawn in the projective plane without crossings, and thus ag(G) < 1
for every graph G € G. On the other hand, any graph drawn in the projective
plane with sufficiently large representativity r( contains K5 as a minor (as we are
going to see in Chap.4), and thus if the drawing of a graph G in the projective
plane has representativity at least r > ro, then it is not possible to eliminate all
minors of K5 in G by deleting at most r — rq vertices.

* A well-known theorem of K&énig states that the maximum size of a matching in a
bipartite graph is equal to the size of the vertex cover. Thus, letting G be the class
of all bipartite graphs and letting H = { K>}, we conclude that #{ has ErdGs—Pdsa
property on G, with the identity function being an EP-function.

* This tight connection does not hold in general graphs. However, deletion of the
set X of vertices incident with the edges of a maximal matching results in an
edgeless graph, and the size of X is at most twice the size of the matching. Hence,
{K»>} actually has Erd6s—Pdsa property on all graphs, with EP-function f (k) =
2k.

The last example has an obvious generalization.

Observation 2.56 Let G and H be classes of graphs. If there exists a constant ¢
such that for every G € G, every set C C V(G) such that G[C] is isomorphic
to a graph in H has size at most ¢, then H has Erdés—Pdsa property on G with
EP-function f (k) = ck.

Proof Let C be alargest H-packing in G, and let X = | JC. Then X is an H-hitting
set and if |C| < k, then |X| < ¢ - |C| < ck. O

Hence, Erd6s—P6sa property is interesting only when the considered objects
can be arbitrarily large. Importantly, Erd6s—Pésa property holds in very general
circumstances on graphs of bounded treewidth.
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Lemma 2.57 Let H be a class of connected graphs. For every positive integer t, the
class H has Erdds—Pdsa property on the class G of graphs of treewidth at most t.

Let us give two proofs of this result: A direct one and one through a construction
of a tangle. The latter proof is more complicated, but it is the starting point for many
arguments about Erdés—Pdsa property in more general graph classes. The first proof
follows from the tight Erd&s-Pdsa property of trees:

Observation 2.58 Let T be a set of non-empty subtrees of a tree T. The maximum
number d of pairwise vertex-disjoint trees in T is equal to the minimum size of a
subset of V(T) intersecting all trees in 7.

Proof We prove the claim by induction on V(7). If |T| = 1, then the claim is
trivial. Suppose that |T| > 1, and let v be a leaf of T'. If 7 contains a single-vertex
tree Ty with vertex set {v}, thenlet 7/ = {T' € 7 : v ¢ V(T')}. Note that 7°
contains only d — 1 pairwise vertex-disjoint trees, since we can add 7y to them to
get d pairwise vertex-disjoint trees in 7. By the induction hypothesis for 77 and
T — v, we can intersect all trees in 7' by d — 1 vertices, and adding v gives a set of
d vertices intersecting all trees in 7.

Suppose now that 7~ does not contain such a tree Ty, and let 77" = {T' —v : T’ €
77}. Note that trees in 7 are vertex-disjoint if and only if the corresponding trees
in 77 are vertex-disjoint, since if a tree contains v, then it also contains the unique
neighbor of v in T'. Consequently, the maximum number of pairwise vertex-disjoint
trees in 77 is d, and by the induction hypothesis for 7" and T — v, we can intersect
all trees in 77 by a set D of d vertices. Observe that D also intersects all trees in 7~

O

Proof 1 of Lemma 2.57 Consider any graph G € G with a tree decomposition
(T, B) of width at most ¢, and let k be a non-negative integer. Since G[C] is
connected for every C € Cqy(G), Lemma 2.2 implies that B~1(C) induces a
connected subtree of 7. Let 7 = {T[B~1(C)] : C € Cq((G)}, and let d be the
maximum number of pairwise vertex-disjoint trees in 7. If d > k, then observe that
the corresponding subsets of V(G) form an H-packing of size d > k. If d < k,
then by Observation 2.58, there exists a set X € V(T') of size d < k that intersects
all trees in 7. Then the set |,y B(x) of size at most (¢ + 1)k intersects all sets in
Cq4(G). Hence, H has Erdds-Pésa property on G, with EP-function f (k) = (t+1)k.

O

Let us now give the second proof based on tangles.

Proof 2 of Lemma 2.57 Let us define f(0) = 0 and f(k) = (r+ + 1)(4k — 1) for
k > 1. We are going to show that #{ has ErdGs-Pésa property on G with EP-function
f; i.e., that every graph G € G has an H-hitting set of size at most f(k), where
k= aﬂ(G). We prove the claim by induction on k. The case k = 0 is trivial, and
thus assume that k > 1.

Suppose first that there exists a set Xo € V(G) of size at most ¢ + 1 such that
aq((G — Xo) < k. By the induction hypothesis, there exists an H-hitting set X in
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G — Xy of size at most f(k — 1). Then X U X is an H-hitting set in G — X of
size at most f(k—1)+t+1 < f(k). Hence, we can assume that a.H(G —Xo) =k
for every set Xo C V(G) of size at most ¢ + 1.

Next, suppose that there exists a vertex separation (A, B) of G of order at most
t + 1 such that k4 = aq((G[A \ B]) < k and kg = aq(G[B \ A]) < k. Since
H-packings in G[A\ B] and G[B \ A] combine to an H-packing in G and all graphs
in H are connected, we have k4 + kp = aq((G — (AN B)) = k, where the last
equality follows by considering the set Xo = A N B. Since k4, kp < k, we have
ka, kp > 1. By the induction hypothesis, there exist H-hitting sets X4 and Xp in
G[A\ B] and G[B \ A] such that | X4| < f(k4) and |Xp| < f(kp). Observe that
since H only consists of connected graphs, X4 U Xp U (A N B) is an H-hitting set
in G of size at most

fla)+ flkp)+t+1=0C+D@ksa— D+ ¢+ D@kp -1 +1+1
= (t + 1)(dka + dkp — 1) = f(k).

Hence, we can assume that for every vertex separation (A, B) of G of order at most
t+1, we have either aW(G[A\B]) =k (and ouH(G[B]) = 0), or aﬂ(G[B\A]) =k
(and aq((G[A]) = 0).

Let 7 be the set of vertex separations (A, B) of G of order at most ¢ 4 1 such that
a«H(G[A]) = 0. Since tw(G) < t, Lemma 2.23 implies that 7 is not a vertex tangle
of order 42, and thus (T1) is false. Let (A1, By), (A2, B2), (A3, B3) € 7 be vertex
separations such that G = G[A1]U G[A2]U G[A3], and consider any C € C«H(G).
There exists i € [3] such that C N A; # ¢. However, since aﬂ(G[Ai]) =0, we
have C € A;, and thus C N B; # @. Since G[C] is connected, this implies that
C N (A; N B;) # @. We conclude that U?:l A; U B; is an H-hitting set of size at
most 3(t + 1) = f(1) < f(k). O

The second proof is of course much less elegant and gives a worse EP-function.
However, in case we apply it for a graph G of large treewidth, it gives us a vertex
tangle 7~ which points towards all appearances of the graphs from # in G. We can
then study the structure of the part of G pointed towards by 77, giving us a common
starting point for more involved arguments in Erds-Pésa theory.

The assumption in Lemma 2.57 that the graphs in H are connected can be
relaxed to having a bounded number of components subject to an additional
technical condition on H. To see that, let us start with the following observation
on independent transversals in chordal graphs.

Lemma 2.59 Let F be a chordal graph and let Z1, ..., Zg be independent sets in
F, each of size at least d. Then there exists an independent set Z = {z1,...,z4} in
F such that z; € Z; for each i € [d].

Proof We prove the claim by induction on d, with the basic case d = 1 being
trivial. Suppose that d > 1. Without loss of generality, we can assume V (F) =
Z1U...UZ,, as otherwise we can delete the vertices not belonging to Z1U...UZ,.
Since F is chordal, it has a simplicial vertex v (i.e., a vertex whose neighborhood
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forms a clique in F'), where say v € Z;. Since the closed neighborhood N[v] of v is
a clique, it intersects each of the sets Zj, ..., Z;_1 in at most one vertex, and thus
the set Zlf = Z; \ N[v] has size at least d — 1 for each i € [d — 1]. By the induction
hypothesis for Z}, ..., Z/,_,, there exists an independent set Z" = {z1, ..., z4—1}in
F — N[v] with z; € Zlf for i € [d — 1]. The claim of the lemma follows by letting
Zd = V. O

This implies the following variation on Observation 2.58.

Lemma 2.60 Let T be a tree, let d be a positive integer and for i € [d], let T; be a
set of non-empty subtrees of T. Then for every integer k > 0, either

* there exist a system {T;; : i € [d], j € [k + 1]} of pairwise vertex-disjoint trees
such that T;; € T; for everyi € [d] and j € [k + 1], or

* there exists i € [d] and a set of at most d(k + 1) — 1 vertices of T intersecting
all trees in T;.

Proof Let G be the intersection graph of subtrees of T, i.e., the vertices of G are
the subtrees of 7' and distinct subtrees are adjacent in G if and only if they intersect.
Observe that the graph G is chordal.

Suppose that for every i € [d], the trees in 7; cannot be intersected by less than
(d + 1)k vertices. By Observation 2.58, there exists a set Z; of d(k + 1) pairwise
vertex-disjoint trees from 77;; equivalently, Z; is an independent setin G. For i € [d]
and j € [k + 1], let Z; ; = Z;. Lemma 2.59 applied for the system {Z; ; : i €
[d]l,j € [k + 1]} of d(k + 1) independent sets of size at least d(k + 1) gives a
system {T;; : i € [d],j € [k + 1]} of pairwise vertex-disjoint trees such that
TijeZij=2; CT;foreveryi € [d]and j € [k + 1]. O

By using Lemma 2.60 instead of Observation 2.58 in the first proof of
Lemma 2.57, we obtain the following strengthening of Lemma 2.57.

Lemma 2.61 Let d and t be positive integers, and for i € [d], let H; be a set
of connected graphs. Let H be the set of all graphs H whose vertex set can be
partitioned into parts Ly, ..., Lg such that H[L;] € H; fori € [d]. Then H has
Erdés-Posa property on graphs of treewidth at most t, with EP-function f(k) =
(t+Dd-(k+1)—1).

Corollary 2.34 together with Lemma 2.61 show that minors of planar graphs have
the Erdds-Posa property.

Corollary 2.62 Let H be a planar graph and let H be the set of all graphs that
contain H as a minor. Then H has Erdds-Pdsa property.

Proof Let Hy, ..., Hy be the components of H. For i € [d], let H; be the set of
connected graphs containing H; as a minor. Let ' be the set of graphs whose vertex
set can be partitioned into parts Ly, ..., Ly such that H[L;] € H; fori € [d].
Note that every graph in ' contains H as a minor, and conversely, every graph
containing H as a minor has an induced subgraph belonging to #'. It follows that
aq_((G) = aq(G) and Yol (G) = y¢(G) for every graph G, and thus it suffices to
prove that ' has the Erd8s-Pésa property.
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For every positive integer k, the graph kH consisting of the disjoint union of k
copies of H is planar, and thus by Corollary 2.34, there exists an integer #; such
that every kH-minor-free graph has treewidth at most #;. Let us define f(k) =
(tx+1 + D( - (k + 1) — 1). Consider any graph G with a.H(G) = k. Since G
does not contain k + 1 disjoint models of H, it is (k + 1) H-minor-free, and thus
tw(G) < ti41. Therefore, there exists an H’ -hitting set in G of size at most (fx4+1 +
(- (k+1)—1) = f(k) by Lemma 2.61. O

This is a qualitative strengthening of the aforementioned theorem of Erd6s and
Pésa [12] on disjoint cycles—Corollary 2.62 with H = Cz implies that cycles
have Erd6s-Pésa property (though this argument gives a suboptimal EP-function).
As we have seen on the example of Ks, the analogue of Corollary 2.62 does not
necessarily hold for non-planar graphs H. In fact, a straightforward modification of
the argument for K5 shows that it does not hold for any non-planar graph.

Theorem 2.63 (Robertson and Seymour [21]) Let H be a graph and let H be the
set of all graphs that contain H as a minor. Then H has Erdds-Pésa property if and
only if H is planar.

2.12 Treewidth in Graphs on Surfaces

While the proof of the Grid Theorem in general (especially in its tighter forms)
is involved, it is quite easy to prove a strong form of the Grid Theorem in planar
graphs. A key ingredient is an argument to cleanup a system of intersecting paths,
which is also useful in other proofs. Let us first present the argument in the
cylindrical setting, which is not quite what we need at the moment but will come
handy later.

Let G be a plane graph. For positive integers r and p, an r X p sieve in G consists
of

* asequence R of pairwise vertex-disjoint cycles Cy, ..., C, € G whose drawings
are “nested”, i.e.,for1 <i < j < r, the disk in the plane bounded by C; contains
C;, and

* aset P of pairwise vertex-disjoint paths Py, ..., P, € G, each intersecting all
the cycles in R.

We call the elements of R rows and the elements of P pillars. Note that because of
the nested way the row cycles are drawn in the plane, it suffices to require that the
pillars intersect C; and C,, and this forces them to intersect all other rows.

We say that the sieve is orderly if foreachi € [r] and j € [p], the intersection of
C; and P; is connected (i.e., a common subpath of C; and P;). Note that in that case,
contracting each of the intersections to a single vertex and contracting the subpaths
of the rows and pillars between them to single edges gives us a cylindrical grid as a
minor of G. The following lemma shows that rows and pillars of every sieve can be
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rerouted to make the sieve orderly; and moreover, that we have quite a bit of control
over the resulting sieve.

Lemma 2.64 Let G be a plane graph and let r and p be positive integers. If G
contains anr x p sieve (R, P), then it also contains an orderly r x p sieve (R, P’)
such that | JR U JP € URUUP. Moreover, the first and last rows of R and
R coincide, and for j € [r], the disk in the plane bounded by the j-th row of R’
contains the j-th row of R.

Proof Let R = Cy,...,C, and P = {Py, ..., P,}. Without loss of generality,
we can assume that the pillars intersect C; and C, exactly in their endpoints, as
otherwise we can replace each pillar by its shortest subpath between C; and C,.. We
are going to gradually modify the sieve, cleaning it up row by row starting from row
r (the outermost one). To ensure that the process terminates, each transformation
will decrease the size of the sieve, defined as the number of edges in E(JRU P);
note that edges that belongs both to rows and pillars are counted only once. For an
integer a € [r], we say that the sieve is orderly up to row a if for each j € [p],
the pillar P; intersects each of the rows C,, ..., C, in a connected subpath. Since
each pillar intersects C, in a single vertex, the sieve is orderly up to row r initially.
Moreover, since each pillar intersects C1 in a single vertex, a sieve orderly up to row
2 is orderly.

Suppose we have already made the sieve orderly up to row a + 1 > 3, and let
us describe how to make it orderly up to row a. Let A be the open region of the
plane between C, and C,1. Consider any pillar P, and suppose first that P N A is
disconnected (i.e., after P dives down to or below Cg, it comes back up above it at
least once). The first component of P N A joins C,41 to C,. Any other component
has both ends in C,, since the intersection of P with C,4 is connected; let Q be
the subpath of P whose drawing is the closure of such a component. Note that C, is
the only row intersected by Q, and C, N Q consists of the ends of the path Q. Let g
be a point in the open disk bounded by Cy. The graph C, U Q contains exactly three
cycles, and for two of them, the open disk bounded by the cycle contains g. One of
the two cycles is Cg; let C), denote the other one. We modify the sieve by replacing
C, by C), (i.e., we redirect C, over Q between the endpoints of Q). Note that the
resulting sieve is still orderly up to row a + 1, and that the transformation decreases
the size of the sieve, since the edges in E(C,) \ E(C}) are removed from the sieve.

Suppose now that P; N A is connected (i.e., consists only of a path from C,4 to
C,) forevery j € [p], but there is a pillar P such that P NC, is disconnected. Let O
be a subpath of P with both ends in C, and otherwise disjoint from C,, necessarily
drawn in the disk bounded by C,. Let A’ be the unique face of the graph C, U Q
not bounded by C, and not containing the point g, and let Q' be the subpath of C,
contained in the boundary of A’. Since P intersects C only in its last vertex, the
path Q is disjoint from Cy, and since ¢ € A’, we conclude that C; is disjoint from
the closure of A’. Consequently, the closure of A’ does not contain an endpoint of
any pillar. It follows that every pillar P’ # P is disjoint from Q’: Otherwise, since
the endpoints of P’ are outside of the closure of A’, P’ would have to enter and
leave the closure of A’ through A, implying that P’ N A is disconnected. Let us
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modify the sieve by replacing the subpath Q of the pillar P by Q’. Since Q' C Cy,
this decreases the size of the sieve.

Since each of the transformations described above decreases the size of the sieve,
after finitely many iterations the sieve becomes orderly up to row a + 1. Repeating
this procedure, we eventually reach an orderly sieve. Since all transformations
were performed within the sieve, the resulting sieve only uses vertices and edges
contained in the original one. Moreover, observe that the transformations do not
alter the first and the last row, and that we only increase the disks bounded by the
other rows. O

We are also going to need a normal grid version of this statement. Let G be a
plane graph and let A be a closed disk in the plane with G-normal boundary. Let A
and B be disjoint sets of vertices of G drawn in order in the boundary of A, with
|A| = |B| = r. Recall that an (A, B)-linkage is a system of pairwise vertex-disjoint
paths with one end in A and the other end in B. An r x p grill across A with ends
A and B consists of an (A, B)-linkage R of size r in G drawn in A and of a system
P of p pairwise vertex-disjoint paths in G drawn in A such that every path in P
intersects every path in R. The grill is orderly if the intersection of every path from
R with every path in P is connected.

Lemma 2.65 Let G be a plane graph and let A be a closed disk in the plane with
G-normal boundary. Let v and p be positive integers. If there exists an r x p grill
(R, P) across A with ends A and B, then there also exists an orderly one.

The proof is exactly the same as the one of Lemma 2.64—it suffices to turn the
grill into a sieve by drawing auxiliary edges outside of A between the corresponding
vertices of A and B, then verifying that the argument from the proof never causes
these auxiliary edges to be added to pillars or removed from rows. Note also that an
orderly r x p grill can be contracted to an r x p grid minor.

To apply this result, we need a planar version of Menger’s theorem.

Lemma 2.66 Let G be a plane graph and let u and v be non-adjacent vertices of
G. For every integer k, exactly one of the following claims holds:

* There exist k paths in G from u to v intersecting only in their endpoints.
* There exists a G-normal simple closed curve in the plane separating u from v
and intersecting G in less than k vertices.

This statement is easiest to prove in terms of an important auxiliary graph, the
radial graph of G, which is the natural drawing of the vertex-face incidence graph
of G. More precisely, let G be a connected plane graph, and let F(G) denote the
set of faces of G. The radial graph Rg of G is the bipartite graph with vertex set
V(G)U {xy : f € F(G)}, where for a face f € F(G) bounded by the closed walk
vy, €1, V2, ..., Un, €y in G, the vertex xy is drawn inside f and joined to vertices
v, ..., Uy by edges drawn inside f. See Fig.2.4 for an illustration. Note that if a
vertex appears multiple times in the boundary of f (i.e., the vertex forms a 1-cut),
it is joined to x y by multiple edges. This way, every edge e € E(G) corresponds to
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Fig. 2.4 A plane graph and
its radial graph (in gray)

a unique face f, of Rg of length four in which e is drawn. Hence, the radial graph
R is accompanied by the function pg such that

e forv € V(G), pg(v) = v is the same vertex in Rg,
» for f € F(G), pc(f) = xy is the corresponding vertex in R¢, and
e fore € E(G), pg(e) = f. is the corresponding face of Rg.

Observe that a cycle of length 2¢ in Rg corresponds to a G-normal simple closed
curve intersecting G in ¢ vertices. Hence, Lemma 2.66 is implied by the following
slightly stronger claim.

Lemma 2.67 Let G be a connected plane graph and let u and v be non-adjacent
vertices of G. For every integer k, exactly one of the following claims holds:

(i) There exist k paths in G from u to v intersecting only in their endpoints.
(ii) There exists a cycle of length less than 2k in the radial graph Rg separating u
from v.

Proof Suppose that (i) is false. By Menger’s theorem, there exists a separation
(A, B) of G of order less than k such thatu € V(A) \ V(B)and v € V(B) \ V(A).
Note that {pG(E(A)), pc(E(B))} is a partition of the faces of Rg. Let S be the
subgraph of Rg consisting of the edges separating a face in pg(E(A)) from a
face in pg(E(B)), and of the vertices incident with such edges. Each vertex in
V(S) N V(G) is incident both with an edge of A and an edge of B, and thus
V(S)NV(G) € V(AN B). In particular, u, v ¢ V(S). Moreover, observe that the
definition of S ensures that if f; and f;, are faces of Rg contained inside the same
face of S, then either p;'(f1), pg' (f2) € E(A) or pg'(f1), pg'(f2) € E(B).
Since all edges incident with u belong to A and all edges incident with v belong
to B, u and v are drawn inside different faces of S. Therefore, there exists a cycle
K C S separating u from v, and since |[K NG| < |SNG| < |AN B| < k and every
second vertex of K belongs to G, the cycle K has length less than 2k.
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Conversely, if (i) is true, then (ii) clearly cannot hold, since each of the paths from
u to v must intersect every cycle in the radial graph R separating u from v. O

We can now combine Lemmas 2.65 and 2.67 to get a sufficient condition for the
existence of a grid minor in a plane graph.

Lemma 2.68 Let G be a graph drawn without crossings in a closed disk A in the
plane, such that G intersects the boundary of A exactly in a set Z of vertices, and let
n be an integer such that 4n < |Z|. If G does not contain an n x n grid as a minor,
then there exists a simple G-normal curve y with ends in bd(A) and otherwise
contained in the interior of A dividing A into two closed disks A1 and A, such that
IZN A > |GNyland |Z N Az| > |G Nyl

Proof Let Ay, Ay, By, and B; be pairwise disjoint subsets of Z of size n, appearing
in the boundary of A in order. If G contains n pairwise vertex-disjoint paths from
A; to B; for both i € [2], then the two systems of paths form an n x n grill across
A. By Lemma 2.65, it follows that G contains an orderly n x n grill, which can be
contracted into an n x n grid minor, and the second outcome holds.

Otherwise, we can assume that G does not contain n pairwise vertex-disjoint
paths from say A; to B;. To simplify the presentation, we assume that G contains at
least one path from A; to By; we leave the details of the case that there are no paths
between A and B for the reader to work out.

Let G’ be a plane graph obtained from G as follows. If there exists a component
K disjoint from Ay U B, we connect K to another component incident with a
common face by a single edge drawn inside that face (and inside A); note that
this does not change the number of pairwise vertex-disjoint paths from A to Bj.
We repeat this step as long as such a component K exists. Finally, we add a vertex
u with neighborhood A; and a vertex v with neighborhood Bj, both drawn outside
of A so that they are both incident with the outer face f of G’. Note that G’ is
connected and does not contain n paths from u to v intersecting only in endpoints.

Next, consider the radial graph R, and observe that its drawing can be chosen
so that

» the vertex pg/(f) is drawn outside of A and all other vertices corresponding to
faces of G’ are drawn inside A, and

* the drawing of any edge e of Ry intersects bd(A) in a point different from the
ends of e only if exactly one of the ends of e is in the interior of A and the other
end of e is outside of A, and in that case the drawing of e intersects bd(A) in a
single point.

Since G’ does not contain n paths from u to v intersecting only in endpoints,
Lemma 2.67 implies that there exists a cycle K in Rg of length less than 2n
separating u from v.

Since u and v are both incident with the outer face f, the cycle K necessarily
contains the vertex pg’(f). Let z1 and z; be the neighbors of pg/ (f) in K. Without
loss of generality, we can assume that K is an induced cycle, since if e were a
chord of K, then one of the shorter cycles in K 4 e would also separate u from v.
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Consequently, V(K)Nbd(A) C {z1, z2}. It follows that the drawing of K intersects
bd(A) in exactly two points. We can choose y as the intersection of the drawing of
K with A. Then |G Ny| = |G’ N K| < n, but the two closed disks to which y splits
A contain the sets A1, By C Z, respectively, of size n. m]

To finish the proof of the Grid Theorem in a plane graph, we use tangles to obtain
a suitable disk.

Lemma 2.69 Let G be a plane graph and let n be a positive integer. If there exists
a tangle T in G of order 0 > 4n, then G contains the n x n grid as a minor.

Proof For a closed disk A in the plane with G-normal boundary, let Bo be the
subgraph of G consisting of vertices and edges drawn in A and let Ax be the
subgraph of G consisting of vertices and edges of G drawn in the closure of the
complement of A. Hence, (Aa, Ba) is a separation of G whose order is equal to
|G Nbd(A)|. Let us fix a disk A with G-normal boundary such that (Aa, Ba) € 7,
A, is maximal among all disks A with this property, and subject to that Ba is
minimal. Note that such a disk A exists, since for a disk containing the whole graph
G, the corresponding separation belongs to 7 by (T2).

Observe that since 7 is a tangle of order more than two, (Aa, Ba) € 7 implies
that E(Ba) # (. Let e be an arbitrary edge incident with the outer face of Ba. If
both ends of e are in bd(A), then let A’ be obtained from A by shifting its boundary
across e, so that Bo» = Bao — e and Axr = A + e. Letting K, be the subgraph of
G with edge set e and the vertex set consisting of the ends of e, (T2) implies that
(K¢, G —e) € T, and thus by (T1), we have (Aa/, Bar) € 7. This would contradict
the maximality of Aa. Hence, the edge e is incident with a vertex z & bd(A).

If the order of the separation (A, Ba) is less than 4n, then consider the disk A’
obtained from A by shifting a part of its boundary to touch z. Then Axr = Ap + 2
and Bns = Ba. Note that (T1) and (T2) imply that (Aa’, Bar) € 7, contradicting
the maximality of Ax. Hence, Z = V(G) Nbd(A) has size at least 4n.

Consider any simple G-normal curve y with ends in bd(A) and otherwise
contained in the interior of A. Let Ay and A be the closed disks to which y
divides A, and suppose that |Z N Aq{| > |G Ny|and |Z N Ay| > |G N y|. Then
(Aa,, Ba;) and (An,, Ba,) are separations of G of order less than |Z] < 6. Since
G = Ap U B, UBa,, by (T1) and symmetry we can assume that (Ba,, Aa,) € 7,
and thus (Aa,, Ba,) € 7. Note that Ax;, 2 Aa and Ba, & Ba, since Ba, does
not contain all vertices of |Z N A»|. This contradicts the minimality of A or, when
A, = Ax, the maximality of Ba.

We conclude that |ZNA1| < |GNy|or |ZNA3| < |GNy| for any such curve y.
By Lemma 2.68 applied to G N A, it follows that G contains the n x n grid as a
minor. |

By Theorem 2.25, we obtain the following strong form of the Grid Theorem for
planar graphs.

Corollary 2.70 Let n be a positive integer. If G is a planar graph of treewidth at
least 6n, then G contains the n x n grid as a minor.
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Hence, in contrast to the general graphs, the grid minor size in planar graphs
approximates treewidth up to a constant multiplicative factor. Let us remark that
using a slight variation of the idea, an analogous linear bound can be proved for
graphs drawn on any fixed surface; see Lemma 8.1 for details.

Corollary 2.70 has several interesting consequences. Clearly, if |G| < n?, then
G does not contain the n x n grid minor; hence, we obtain a sublinear bound on the
maximum treewidth of a planar graph.

Corollary 2.71 Every planar graph G has treewidth less than 6/|G| + 1.

Together with Lemma 2.15, this gives a proof of famous planar separator theorem
of Lipton and Tarjan [18].

Corollary 2.72 Every planar graph G has a balanced cut of size at most
[64/1G| +17.

Observe also that if the n x n grid is a minor of a planar graph G, then every path
in G from the boundary of the grid to the center of the grid has at least n/2 vertices.
If G has radius r, this implies that n/2 < 2r 4+ 1. By Corollary 2.70, we conclude
that every planar graph of radius » has treewidth O (r). This important result has an
even simpler proof, based on the useful concept of interdigitating trees. Let us give
the argument in the setting of graphs on surfaces.

Consider a triangulation G of a surface X, and let T be a spanning tree of G.
Let us cut the surface along the edges of T, resulting in a graph G drawn on a
surface X obtained from X by drilling a hole (the cycle in G bounding this hole
corresponds to a closed walk in 7" passing through every edge twice). Let G} be
the dual graph to this drawing; i.e., the vertices of G‘I are faces of G and they are
adjacent if and only if the faces share an edge not belonging to 7. Since X is a
connected surface, the graph G‘I is connected, and thus it has a spanning tree 7.
We say that T is an interdigitating tree for T in G. See Fig. 2.5 for an illustration.
If ¥ is the sphere, then it is easy to see that E(7T7) consists exactly of the duals of
the edges in E(G) \ E(T), and thus the interdigitating tree is uniquely determined
by T'; this is not the case for other surfaces.

Fig. 2.5 A plane
triangulation and the
interdigitating tree (in gray)
to its spanning tree (in bold)
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Theorem 2.73 Let G be a graph with a drawing on a surface ¥ of Euler genus g.
If G has radius r, then tw(G) < (2g + 3)r.

Proof Without loss of generality, we can assume that G is a triangulation of X,
since adding edges to G neither increases its radius nor decreases its treewidth. Let
vo be a vertex of G such that any other vertex of G is at distance at most r from vy,
and let 7 be a breadth-first search spanning tree from vg. For each v € V(G), let
P (v) be the set of vertices on the path from v to vy in T, including v but excluding
vo; we have |[P(v)| <r.

Let 77 be an interdigitating tree for 7', and let E be the set of edges of G whose
duals are the edges of 77. Note that |T'| is the number n of vertices of G, ||[T| =
n — 1, |T1| is the number s of faces of G, and |E1| = ||T1]| = s — 1. Using the
generalized Euler’s formula, there are

IGI =TI —Eil=(n+s+g—-2)—(n-D—-(G-1=g

edges of G that belong neither to E(T) nor to Eq. Let By € V(G) consist of the
vertices of G incident with an edge in X = E(G) \ (E(T) U Ej), and note that
|Bo| <2|X| =2g.Let B = {vp}U UveBo P(v); we have |B| < 2gr + 1.

For each face f € V (T1), bounded by the triangle vjvv3 in G, we define B(f) =
B U P(v1)U P(v2) U P(v3). We claim that (77, B) is a tree decomposition of G. To
see that (D1) holds, note that each edge e = uv of G is incident with a face f, and
{u, v} S {vo} U P(u) U P(v) € B(f).

Hence, we only need to prove that (77, 8) satisfies (D2). For a vertex v € B,
,3_1 (v) is the vertex set of the whole tree T7. Suppose now that v € V(G) \ B. We
view T asrooted in vg and let 7, be the subtree of T rooted in v. Observe that ,3_1 (v)
consists of faces f incident with a vertex v/ € V(G) such that v € P(v), i.e.,
exactly with the vertices of T;,. Moreover, since v ¢ B, no vertex of T), is incident
with an edge of X. Consider a simple closed curve y going around 7, infinitesimally
close to it, so that the faces intersected by y are exactly those belonging to 871 (v).
Let e, be the edge of T from v to its parent. Let K = fi, ..., f,; be the sequence
of faces intersected by y in order when y is traversed starting from its intersection
with e, ; as we have observed, ﬂ_l W) ={f1,..., fm}. Note that K forms a walk in
the dual of G, and since no edge crossed by y except for e, belongs to E(T)UX, the
walk K actually is in the subtree 77 of the dual. We conclude that ,3_1 (v) induces a
connected subtree of 7.

Note that each bag of the tree decomposition (77, ) has size at most |B| 4 3r =
(2g+3)r+ 1. We conclude that the width of this decomposition is at most (2g +3)r.

O

This elegant result has the following simple but useful strengthening.

Corollary 2.74 Let 0 < ro < ry be integers. Let G be a graph of Euler genus at
most g, let vg be a vertex of G, and let L be a set of vertices of G whose distance from
vo is at least ro and at most r1. Then G[L] has treewidth at most (2g+3)(r1 —ro+1).
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Proof Let G’ be obtained from G by deleting all vertices at distance greater than ry
from vg and then contracting to vg all vertices at distance less than ry from vg. The
contracted vertices induce a connected subgraph of G, since they form a subtree of
a breadth-first search tree from vg, and thus G’ is a minor of G. Consequently, the
Euler genus of G’ is at most g. Note that G[L] is a subgraph of G’, and that every
vertex in G’ is at distance at most r; — ro + 1 from vg. Hence, by Theorem 2.73, we
have

tw(G[L]) < tw(G') < (2g +3)(r1 —ro + 1). -

This observation forms the basis for Baker’s technique [2], an argument used
especially in design of approximation algorithms: A graph on a surface is decom-
posed into layers based on the distance from an arbitrary vertex vy, i.e., so that
the distances from v to distinct vertices of a single layer differ at most by a fixed
constant £. By Corollary 2.74, each layer induces a subgraph of treewidth O (),
which makes it possible to solve the problem exactly in this subgraph. Finally, the
individual solutions for the layers are stitched together with a small additional loss.
We are going to discuss this technique in more detail in Sects.7.2 and 16.2, but
for now, let us demonstrate it by giving another proof of Lipton-Tarjan separator
theorem. The following lemma is based on a choice of narrow layers covering
almost the whole graph.

Lemma 2.75 Let G be a graph of Euler genus at most g and let £ be a positive
integer. For any assignment w of non-negative weights to vertices of G, there exists
aset S C V(G) such that w(S) < %w(G) and tw(G — S) < 2g+3)(£ —1).

Proof Without loss of generality, we can assume that G is connected, as otherwise
we can consider each component of G separately. Let vy be an arbitrary vertex of
G, and for any non-negative integer i, let L; be the set of vertices of G at distance
exactly i from vg. Form € {0, ..., ¢ — 1}, let

sn= |J L

i=m(mod ¢)

Note that each component of G —S,,, consists of vertices at distance at least c€+m-+-1
but at most (¢ + 1)£ + m — 1 from vg for some integer c, and thus its treewidth is at
most (2g + 3)(¢ — 1) by Corollary 2.74. Hence, tw(G — S,;) < 2g+3)(£ — 1) for
each m.

Moreover, the sets So, ..., S¢—1 are pairwise disjoint, and thus

-1

> w(Sn) < w(G).

m=0

Therefore, there exists m € {0, ..., £ — 1} such that w(S,,) < %w(G), and we can
choose S = §,,,. |
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Balancing the size of the removed part with the treewidth of the rest of the
graph gives us the following strengthening of Corollary 2.71. By Lemma 2.15, this
strengthening implies that every n-vertex graph of Euler genus g has a balanced cut

of size O (y/(g + Dn).

Corollary 2.76 Every graph G of Euler genus at most g has treewidth at most

2V (2g +3)IGI.
Proof Let £ = { 161 —‘ We give each vertex weight 1 and apply Lemma 2.75,

2g+3
obtaining a set S € V (G) of size at most %|G| such that tw(G —§) < 2g+3)(¢ —
1). Adding S to all bags of an optimal tree decomposition of G — § gives a tree
decomposition of G of width at most

tw(G — $) + S| < 2g +3)(€ — 1) + |G| <2//(2g +3)IG|.

For future use, let us also note the following variation on Theorem 2.73.

Corollary 2.77 Let G be a graph with a drawing on a surface ¥ of Euler genus g,
let f1, ..., fm be faces of G (where m > 1), and let U be the set of vertices of G
incident with these faces. If every vertex of G is at distance at most r from U, then
tw(G) < 2g +4m — 1)(r + 1).

Proof By adding m — 1 handles to X, we can join f1, ..., f, into a single face of
a drawing of G on a surface of Euler genus g + 2m — 2. Let G’ be obtained from G
by adding a vertex u drawn inside this face and adjacent to all vertices of U. Then
G’ has radius at most r + 1, and thus tw(G) < tw(G’) < 2g +4m — 1)(r + 1) by
Theorem 2.73. O

2.13 Respectful Tangles

Let us now introduce the notion of respectful tangles in graphs on surfaces, which
turns out to be extremely important in understanding the minors of these graphs. To
motivate this notion, consider a graph G drawn on a surface X other than the sphere
and a G-normal contractible simple closed curve y. This curve naturally defines a
separation of G into the subgraph A drawn in the closed disk A in ¥ bounded by
y and the subgraph B drawn in the closure of ¥ \ A. Recall that a tangle 7 can be
viewed as orienting all small separations towards the part of the graph that is more
“substantial”, and in this case it would be pleasing if the tangle pointed towards the
part B which is drawn in the part of ¥ — y of non-zero genus. Naturally, not every
tangle has this property; it is of course possible that 7" is derived from a grid minor
contained in A. Nevertheless, it is easy to imagine that a tangle with this pleasing
“surface respecting” property could be useful in study of treewidth in graphs on
surfaces.
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Can we actually use this property to construct a tangle in a drawing? An issue
with this in general is that not all separations in a graph drawn on a surface can be
defined in terms of such contractible curves. E.g., in a graph on the torus, another
natural separation is obtained by taking two disjoint homotopically equivalent non-
contractible simple closed curves, which split the torus into two cylinders and thus
do not offer a natural choice for the more substantial part. To avoid this issue, we
restrict our attention to graphs of large representativity, so that all small separations
correspond to combinations of contractible G-normal closed curves. And indeed,
as one of the results that we are going to present in this section, a connected graph
drawn on a surface other than the sphere with representativity 6 admits a unique
respectful tangle of order 6 defined by the discussed property.

For another source of motivation, consider a graph G drawn on the sphere and
a tangle 7 in G of order 6. A G-normal simple closed curve y intersecting G in
less than 6 vertices again naturally defines a separation (A, B) of G. Now both
parts are drawn in disks and thus cannot be distinguished based by the properties
of a drawing. Nevertheless, 7~ gives an orientation to each such separation, and we
can use this orientation to select one of the disks as the interior of y. This puts
us on the same footing as in the non-sphere case: The (respectful) tangle shows a
disk bounded by y that contains the “small” part of the graph. Respectful tangles
thus give a way to treat the spherical and non-spherical cases uniformly, avoiding
the need to overcome the ambiguity in the choice of the disks bounded by simple
closed curves in the spherical case.

Let us now give the necessary definitions. To avoid dealing with general simple
closed curves, it is more convenient to work in the radial graph setting. For a graph
G with a cellular drawing on any surface, the radial graph Rg and the associated
function pg is defined in the same way as we did in the plane case—to form Rg,
a new vertex is put in each face f of G and joined to all vertices incident with
f by edges (if a vertex is incident with f multiple times, an edge is added for
each incidence), and the original edges of G are deleted. The function pg maps
vertices and faces of G to corresponding vertices of Rg, and edges of G to the faces
of R that contain them. Paths (and cycles) in Rg naturally correspond to simple
(closed) G-normal curves. Conversely, any closed G-normal curve can be shifted
to a homotopically equivalent closed walk in Rg. Observe that consequently, the
edgewidth of R¢ is twice the representativity of G.

Let 7 be an orientation of (< 6)-separations in a graph G with cellular drawing
on a surface X. We say that 7" is respectful if for every cycle C in R of length less
than 260, there exists a closed disk A C X bounded by C such that

(GNA,GNX\A)eT.
In that case, we define insq- (C) = A. Let us remark that if 3 is not the sphere,

respectfulness implies that every such cycle C is contractible, and thus G has
representativity at least ; and in this case, the disk A is uniquely determined by C.
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In case that ¥ is the sphere, the respectfulness condition is automatically satisfied
(i.e., every orientation of separations in a connected graph drawn on the sphere is
respectful), but it serves as a definition of the interior insq- (C) of the cycle C
relative to 7.

Let us remark that although we generally prefer to work with the cycles in the
radial graph, a general simple closed curve perspective is sometimes necessary (e.g.,
when we compare tangles in two different graphs drawn on the same surface), and
equivalent according to the following lemma.

Lemma 2.78 Let T be a pretangle of order 6 in a graph G with cellular drawing
on a surface X. The pretangle T is respectful if and only if for every simple closed
G-normal curve y in X intersecting G in less than 0 vertices, there exists a closed
disk A C X bounded by y such that

(GNA,GNZ\A)eT.

Proof Since cycles in Rg define simple closed G-normal curves, only the forward
implication is non-trivial. We prove that the conclusion of the lemma holds by
induction on |y N G|. Suppose first that there exists a face f of G such that y N f
is not connected. Let y’ be a simple curve inside f joining two components of
y N f and disjoint from y except for its ends, and let y; and y» be the two simple
closed curves formed by y’ and the parts of y between the ends of y’. Clearly
IGNy|+|GNy| =|GNy|land GNy; # @ fori € [2]. Hence, for i € [2], we
have |GNy;| < |GNy|, and by the induction hypothesis, there exists adisk A; C ¥
bounded by y; such that (GNA;, GNX\ A;) e T.If Ay € Ay and Ay € Ay, then
note that A = A1 U A, is aclosed disk bounded by y,and (GNA,GNX\ A) e T
by (T1). Otherwise, if say A1 € Ay, then y bounds the closed disk A = Ay \ A
and (GNA,GN X\ A) € 7 by Observation 2.18.

Hence, suppose that y N f is connected for every face f of G. Then there exists
acycle C in R¢ obtained by continuously deforming y inside each face. Since the
pretangle 7 is respectful, there exists a closed disk Ac C X bounded by C such
that (GNAc,GN X\ Ac) € 7. We can deform A inside faces of G back into a
closed disk A bounded by y sothat (GNA,GNEX\ A)=(GNAc,GNXE\ A¢),
and thus the conclusion of the lemma holds. O

As the first step in the study of respectful tangles, we aim to show that prescribing
the interior for each short cycle in the radial graph is enough to uniquely determine
the respectful tangle (this is not completely obvious, since not all small separations
are defined by a single cycle—e.g., they may arise from several vertex-disjoint
cycles in the radial graph). More precisely, we show this for prescriptions called
slopes satisfying additional consistency conditions which are easily seen to hold
when the prescription corresponds to a tangle.
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2.13.1 Slopes

Consider a graph H with a cellular drawing on a surface ¥ (you should imagine
that H is the radial graph of another graph drawn on X). A slope of order 6 in H
is a function ins that to every cycle C € H of length less than 26 in H assigns a
closed disk ins(C) C X bounded by C, such that

(S1) if Cy and C; are cycles of length less than 20 in H and C; < ins(C»), then
ins(C1) C ins(C>); and,

(S82) if F C H is a theta graph and all three cycles in F have length less than 260,
then there exists a cycle C C F such that every other cycle C’ C F satisfies
ins(C’) C ins(C).

Here, a theta graph is a graph consisting of the union of three paths intersecting
exactly in their common endpoints.

Observation 2.79 Let H be a graph with a cellular drawing on a surface ¥ other
than the sphere and let 0 be a positive integer. There exists a slope in H of order 6
if and only if H has edgewidth at least 26, and such a slope is unique.

Proof The existence of the disk ins(C) for every cycle C of length less than 26
implies that each such cycle is contractible, and thus H has edgewidth at least 26.
Conversely, if H has edgewidth at least 26, then every cycle C of length less than
26 bounds a unique disk A in X, and we necessarily have to define ins(C) = A. It
is easy to see that this defines a slope: For (S1), if C; C ins(C3), then C; bounds a
subdisk of ins(C>), and since it only bounds one disk, we have ins(C;) C ins(C3).
For (S2), since all cycles in F are contractible, there exists a disk A C X containing
F. Let C be the cycle in F bounding the face that contains the boundary of A; then
F is contained in the subdisk ins(C) of A, and (S2) follows from (S1). m|

In case that ¥ is the sphere, there are more ways how to choose ins. One is to
drill a hole into one of the faces, transforming the sphere into an open disk (or, up
to a homeomorphism, the plane), in which case each cycle encloses a unique closed
disk. However, this construction gives slopes which are “degenerate” and clearly do
not relate to any tangle, and we are going to exclude them from our consideration
later. Before that, let us establish basic properties of slopes.

We can naturally extend a slope from cycles to more general subgraphs. Let ins
be a slope of order € in a graph H. We say that a subgraph F' of H is confined if
every cycle in F has length less than 26. For a confined subgraph, we define ins(F’)
as the union of F and the disks ins(C) for every cycle C in F. Thus, (S2) can be
restated as saying that every confined theta-subgraph F satisfies ins(F) = ins(C)
foracycle Cin F.

As we are going to see in Lemma 2.81, ins(F) is always the complement of a
face f of F, and coincides with ins(F’) for the subgraph F’ of F consisting of
vertices and edges incident with f. To prove that, we need a description of such
graphs with all vertices and edges incident with a single face. More precisely, we
say that a graph H drawn on a surface ¥ is strictly outerplanar if there exists an
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open disk A C X containing H and the face f of H containing the boundary of A
is incident with all vertices and edges of H; we say that f is an outer face of H (if
¥ is the sphere and H is the cycle, then both faces of H are outer). A cactus is a
graph in which any two cycles intersect in at most one vertex, or equivalently, every
2-connected block is a vertex, an edge or a cycle.

Observation 2.80 If H is a strictly outerplanar graph drawn on a surface ¥ with
outer face f, then H is a cactus and every cycle in H bounds a cellular face different

from f.

Proof Since H is strictly outerplanar with outer face f, there exists an open disk
A C ¥ containing H such that bd(A) C f. Consider any cycle K € H. Note that
the open disk f/ C A bounded by K cannot contain any vertex or edge of G, since
such a vertex or edge would not be incident with the outer face f. It follows that
f' # f is a cellular face of G bounded by K.

Consider now a 2-connected block B of H such that B is neither a vertex nor an
edge, and thus there exists a cycle K’ in B. If B # K’, then B would contain a path
P intersecting K’ exactly in its ends; but then a cycle in K/ U P separates an edge
of K from f, contradicting the assumption that H is outerplanar with outer face f.
Therefore, B = K’ is a cycle. We conclude that H is indeed a cactus. O

Note in particular that the outer face of a strictly outerplanar graph H drawn on X is
uniquely determined by the drawing of H, unless H is a cycle and ¥ is the sphere.
We are now ready to give a description of ins(F’) for a general subgraph F.

Lemma 2.81 Let H be a graph with a cellular drawing on a surface ¥ and let 0 be
a positive integer. Let ins be a slope of order 6 in G. For every confined subgraph
F of H, there exists a face f of F and a strictly outerplanar graph F' C F with
outer face f such that ins(F) = ins(F') = X\ f.

Proof Let C be the set of cycles C € F such that ins(C) is inclusionwise-maximal,
i.e., ins(C) & ins(C’) for any other cycle C’ € F. Consider any cycle C' C F,
since C' C ins(C’), there exists a cycle C with C’ C ins(C) and with ins(C)
inclusionwise-maximal, i.e., with C € C. By (S1), it follows that ins(C’) C ins(C).
Therefore, ins(F') is the union of F and UCeC ins(C).

We claim that for distinct cycles Cq, C2 € C, the disks ins(Cp) and ins(C>)
intersect in at most one point. Indeed, consider a point p € ins(Cp) N ins(C3).
We can move p inside the intersection until it hits C; or Cy; we can by symmetry
assume that it hits C1, and thus C intersects ins(C3). By (S1) and the maximality of
ins(Cy), we have C; & ins(C3), and thus C and C; must intersect. Observe that C
and C» intersect only in a single vertex, and thus the intersection ins(Cp) Nins(C2)
consists only of this single vertex. Indeed, otherwise there would exist a path P in
C1 with both ends in C, and otherwise drawn outside of ins(C3), and by (S2), a
cycle in the theta graph C, U P would contradict the inclusionwise-maximality of
ins(C»).

Let F’ be the subgraph of F obtained by deleting the vertices and edges contained
in the interiors of the disks ins(C) for C € C. By the previous paragraph, each cycle
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in C is a subgraph of F’. Moreover, since every cycle in F is contained in ins(C)
for some C € C, the subgraph F’ only contains the cycles belonging to C, and thus
F’ is a cactus. Furthermore, we have

ins(F') = F'U U ins(C) = FU U ins(C) = ins(F).
ceC ceC

The cactus F’ has exactly one face f different from the interiors of all disks ins(C)
for C € C, and the drawing of F’ is strictly outerplanar with outer face f. Since F’
is obtained from F by deleting the interiors of the disks ins(C) for C € C, f is also
a face of F. Moreover, ins(F) = ins(F') = T\ f. O

This has the following consequence, generalizing (S1).

Corollary 2.82 Let H be a graph with a cellular drawing on a surface ¥ and let
0 be a positive integer. Let ins be a slope of order 6 in H and let F| and F» be
confined subgraphs of H. If F1 C ins(F3), then ins(F1) C ins(F3).

Proof 1t suffices to prove this in the case that F is a cycle. By Lemma 2.81, we can
assume that F; is a strictly outerplanar cactus with outer face f such that ins(F) =
3\ f. Since Fj is 2-connected, it follows that there exists a cycle C in the cactus
F> such that 1 C ins(C). The claim then follows by (S1). m|

Let G be a graph with a cellular drawing on a surface and let ins be a slope
of order 6 in the radial graph R of G. We would like to use ins to define an
orientation of (< #)-separations of G. Note that for any separation (A, B) of G,
{pG(E(A)), pg(E(B))} is a partition of the set of faces of Rg. This motivates the
following definition, which we use for H = Rg and X = V(G).

Suppose that H is a bipartite graph with a cellular drawing on a surface, and let
X be one of the parts of its bipartition. For a set Z of faces of H, let Z be the set of
faces of H not in Z and let N(Z) denote the subgraph of H consisting of vertices
and edges incident both with a face in Z and in Z. For a slope ins of order # in
H, we say that Z is X-small if |V(N(Z)) N X| < 6 and Z C ins(N(Z)). Let us
remark that the former condition implies that N (Z) is confined, since every second
vertex of each cycle in H belongs to X. Since N(Z) = N (Z), Lemma 2.81 has the
following consequence.

Observation 2.83 Let H be a bipartite graph with a cellular drawing on a surface,
and let X be one of the parts of its bipartition. Let ins be a slope of order 0 in H.
If Z is a set of faces of H with |V (N(Z)) N X| < 6, then exactly one of the sets Z
and Z is X-small.

We are going to need a property of slopes analogous to the condition (T1) from the
definition of a tangle; the proof of this property is rather technical and we omit it
here.

Lemma 2.84 (Roberson and Seymour [23, (5.5)]) Let H be a bipartite graph
with a cellular drawing on a surface, and let X be one of the parts of its bipartition.
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Let ins be a slope of order 0 in H. If sets Z1, Z», and Z3 of faces of H are X-small,
then there exists a face of H not contained in Z1 U Z U Z3.

This has the following consequence.

Corollary 2.85 Let G be a graph with a cellular drawing on a surface ¥ and let ins
be a slope of order 0 in Rg. If F1, Fa, and F3 are subgraphs of Rg with |FiNG| < 0
for i € [3], then there exists a face of Rg not contained in ins(Fp) U ins(Fp) U
ins(F3).

Proof For i € [3], let Z; be the set of faces of Rg contained in ins(F;). By
Lemma 2.81, there exists a face f; of F; and a strictly outerplanar graph F/ C F;
with outer face f; such that ins(F;) = ins(Fi’) = X\ fi. Observe that N(Z;) is
exactly the union of cycles of F/, and thus ins(F;) = ins(F}) = F/ Uins(N(Z;)).
We conclude that Z; is exactly the set of faces of Rg contained in ins(N(Z;)), and
thus the set Z; is V(G)-small. The claim then follows from Lemma 2.84. O

2.13.2 Pretangles and Slopes

As we have discussed, there exist “degenerate” slopes that cannot correspond to any
tangle. However, as we show next, slopes correspond to respectful pretangles, i.e.,
orientations of separations that satisfy the condition (T1) from the definition of a
tangle. Let us start with the direction from pretangles to slopes.

Lemma 2.86 Let G be a graph with a cellular drawing on a surface X. If T is a
respectful pretangle of order 9 in G, then insq-is a slope of order 0 in Rg.

Proof 1f X is not the sphere, then the existence of the respectful pretangle 7 implies
that G has representativity at least 8, and thus R has edgewidth at least 26. In that
case, insq-clearly matches the unique slope in R that exists by Observation 2.79.

Therefore, suppose that ¥ is the sphere. We need to verify that insq- satisfies
the slope axioms (S1) and (S2). For any cycle C; in Rg of length less than 26, let
(A;, B;) = (GNinsg(C;), GNX \ ins¢- (C;)) denote the corresponding separation
belonging to 7.

(S1) Let C; and C3 be cycles of length less than 26 in Rg such that Cy is drawn in
the disk insq (C2). If insq (Cy) & insq- (C7), then the union of the disks
insq~ (Cy) and insq~ (C3) is the whole sphere, and thus A} U A, = G. But
this contradicts (T1).

(S2) Let F be a confined theta-subgraph of R and let Cy, Cy, and C3 be the
distinct cycles in F. If there exists i € [3] such that F C insq (C;), then (S2)
holds by (S1). Otherwise, observe that ins¢ (C1), insq (C2), and insg (C3)
are the closures of the faces of F bounded by Ci, C,, and C3, respectively.
Consequently, insq (Cy) U insq- (C2) U insq- (C3) is the whole sphere and
A1 U Ay U Az = G, contradicting (T1).

O
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We say that the slope insq-is derived from the pretangle 7. Next, let us describe
the converse construction of a pretangle from a slope ins. Let G be a graph with a
cellular drawing on a surface. For a separation (A, B) of G of order less than 6, let
Z4 = pc(E(A)) be the set of faces of Rg corresponding to the edges of A. Note
that a vertex v of G belongs to N(Z4) only if v is incident with edges of both A
and B, and thus v € V(A N B); hence, |V(N(Z4)) N V(G)| < |[ANB| < 6. We
define 7ips as the set of all separations (A, B) of G of order less than 6 such that
Zais V(G)-small,i.e., Z4 C ins(N(Z4)).

Lemma 2.87 Let G be a graph with a cellular drawing on a surface X, and let ins
be a slope in Rg of order 6. Then Ty is a respectful pretangle in G of order 0, and
ins is the slope derived from Tips.

Proof By Observation 2.83, T, is an orientation of (< 6)-separations of G.
Consider any separations (Aj, By), (A2, B2), (A3, B3) € Tins, meaning that Z,4,
Zp,, Zay are V(G)-small. By Lemma 2.84, R has a face f not belonging to
Zp, UZa,UZy,, and thus the edge pgl(f) of G does not belong to A1 U Ay U Az.
Therefore, Ty satisfies (T1), and thus it is a pretangle of order 9.

Next, let us argue that 75p is respectful and ins is derived from it. Consider any
cycle C in R of length less than 26, and let (A, B) = (GNins(C), GNX \ ins(C))
be the corresponding separation of G. It suffices to argue that (A, B) € Tins. This
is clearly the case, since N(Z4) = C and Z4 C ins(C), implying that Z4 is V(G)-
small. |

We say that 7ip is the pretangle induced by the slope. So far, we have shown that
if 7 is the respectful pretangle induced by the slope ins, then ins is derived from
7. We want to establish a (1 : 1)-correspondence between respectful pretangles and
slopes in the radial graph, and thus we also need the converse.

Lemma 2.88 Let G be a graph with a cellular drawing on a surface X, and let T
be a respectful pretangle in G of order 0. Let ins = insq-be the slope derived from
T. Then T is the pretangle induced by ins.

Proof Consider any separation (A, B) € Tis, of order less than 6. We need to argue
that 7 agrees with 75 on this separation, i.e., that (A, B) € 7. Since (A, B) € Tins,
Z 4 is V(G)-small, and thus Z4 C ins(N(Z4)). Therefore, for each edge e € E(A),
there exists a cycle C, € N(Z4) such that the face pg(e) is a subset of ins(C,),
and thus e is drawn in ins(C,). Let (A., B.) = (G Nins(C,), GN X \ ins(C,)). We
have e € E(A,), and since ins = insq-is derived from 7, we have (A., B,) € 7.
Moreover, V(A, N B,) = V(C,NG) C V(N(Z4)) € V(AN B). Let (Ag, G) be
the separation of G with V(Ap) = V(A N B) and E(Ag) = @; by (T1), we have
(Ao, G) € 7. By Lemma 2.22, we have

(A.B) = (AOU U 4eG6n N Be) €T,
ccE(A) ceE(4)

as required. O
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As a consequence, we get the following description of separations forming
respectful pretangles.

Lemma 2.89 Let T be a respectful pretangle of order 0 in a graph G with a cellular
drawing on a surface X, and let (A, B) be a separation of G of order less than 6.
Then the following claims are equivalent:

(i) (A,B) 7.
(ii) There exists a strictly outerplanar cactus F C Rg with outer face f such that
V(F)NV(G) S V(AN B) and pG(V(A)U E(A)) Cinsqg (F) = X\ f.
(iii) There exists a confined subgraph F C Rg such that pG(E(A)) C insq (F).

Proof Suppose first that (A, B) € 7. Let Zy = pg(E(A)), let Fyp = N(Z4)
and note that V(Fp) N V(G) € V(A N B). Since 7 is induced by insq-, we have
Za C insg- (Fp). Since the drawing of G is cellular and A # G, each vertex
v € V(A) \ V(B) is incident with an edge of A, and thus pG(v) € insq (Fp). Let
Fi = FoUV (AN B), sothat pg(V(A) U E(A)) C insq- (F1). The existence of the
cactus F then follows from Lemma 2.81. Therefore, (i) implies (ii).

Note that (ii) implies (iii), since the cactus F from (ii) is clearly confined.

Finally, suppose that there exists a confined subgraph FF C R such that
Zs = pG(E(A)) C insqg- (F). This implies that N(Z4) € insq- (F), and by
Corollary 2.82, insq~ (N(Z4)) C insq- (F). By Lemma 2.81, insq- (F) = X\ f
for a face f of F, and thus there exists a face f' € f of Rg such that f/ &
insq- (F). Since Z4 C insq~ (F), the face f/ belongs to Zg = pg(E(B)), and
thus Zp & insq- (F), which implies that Zp Z insq- (N(Z4)). Since Zp = ZaA,
Observation 2.83 implies that Z4 is V(G)-small, i.e., Z4 C insq~ (N(Z4)). Since
the pretangle 7 is induced by the slope insq-, we conclude that (A, B) € 7.
Consequently, (iii) implies (i). |

2.13.3 Tangles and Slopes

As we have seen, on the sphere there are slopes which have nothing to do with
tangles, namely those where we choose any face f of Rg and for every cycle C
in Rg define ins(C) to be the disk bounded by C that does not contain f. These
are actually the only “degenerate” slopes irrelevant with respect to tangles: The
following lemma shows that if every face of Rg is contained in ins(C) for some
cycle C, then Ty is a tangle.

Lemma 2.90 Let G be a graph with a cellular drawing on a surface X, and let ins
be a slope in Rg of order 6 > 3. For an edge e € E(G), let C, be the subgraph of
R¢ consisting of the vertices and edges drawn in the boundary of the face pg(e).
The pretangle Tins induced by the slope ins is a tangle if and only if pg(e) C
ins(C,) for every e € E(G).



2.13 Respectful Tangles 69

Proof Suppose first that there exists an edge e € E(G) such that pg(e) ¢ ins(C,).
By Lemma 2.81, we have ins(C,) = X \ pg(e), and thus (G — e, e) € Tiys by the
definition of 75,s. Since V(G — e) = V(G), this means that 7j,s does not satisfy
(T2), and thus it is not a tangle.

Conversely, suppose that pg(e) C ins(C,) for every edge e € E(G). It suffices
to argue that 77y satisfies (T2). Suppose for a contradiction there exists a separation
(A, B) € Tins such that V(A) = V(G), and thus V(B) = V(A N B). For any edge
e € E(B), we have pg(e) C ins(C,), and thus there exists a separation (A., B,) €
Tins Withe € E(A,) and V(A, N B,) € V(C,) N V(G) C V(B). By Lemma 2.22,
we have

(G,V(B)):(AU U 4.8n N Be>e‘7’ins,

ecE(A) ecE(B)

which contradicts (T1) for the pretangle 7ips. O

As a consequence, we obtain the promised result concerning the existence and
uniqueness of respectful tangles in graphs on surfaces other than the sphere.

Theorem 2.91 Let G be a graph with a cellular drawing on a surface ¥ other than
the sphere. Then G contains a respectful tangle of order 0 > 3 if and only if the
representativity of G is at least 6. Moreover, this respectful tangle is unique.

Proof As we argued before, representativity at least 6 is a necessary condition for
the existence of a respectful tangle of order . Conversely, suppose that the drawing
of G has representativity at least 6. Then there exists a unique slope ins of order 6
in Rg. We have established a (1 : 1)-correspondence between slopes and respectful
pretangles, and thus G contains a unique respectful pretangle 7, specifically the one
induced by ins. Consider any edge e € E(G), and let C, be the subgraph of Rg
consisting of the vertices and edges drawn in the boundary of the face pg(e). By
Lemma 2.81, C, has a non-cellular face f such that ins(C,) = X \ f, and since
the face pg (e) of C, is cellular, we have pg(e) C ins(C,). Therefore, Lemma 2.90
implies that 7" is a tangle. O

On the other hand, recall that for graphs drawn on the sphere, every tangle is
respectful. This has the following interesting corollary.

Theorem 2.92 Let G be a connected plane graph and let G* be its dual. Then
there is a (1 : 1)-correspondence between tangles in G and G*, and in particular
the largest orders of tangles in G and G* are the same.

Proof Tangles in G are in (1 : 1)-correspondence with slopes in R that satisfy the
condition of Lemma 2.90, and the same is true for the tangles in G*. The claim of
the theorem thus follows from the fact that RG = Rg-. m|

In particular, together with Lemma 2.23 and Theorem 2.25, this implies that for a
connected plane graph G, the treewidth of its dual is at most [% tw(G)]. In fact,
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a much stronger connection holds, see [5, 17]: The treewidth of a connected plane
graph and its dual differs by at most one.

2.14 Related Notions ()

The notions of treewidth and tree decompositions inspired many related graph
parameters. While we certainly cannot speak about all of them, much less explore
their theory in depth, let us go on a brief detour surveying at least the most
important ones. Even then, we can only scratch the surface and mention just a few
interesting results, generally focusing on relationships between the parameters and
on approximate structural characterizations.

2.14.1 Branch Decompositions and Related Parameters

Branch decompositions are an important alternative to tree decompositions. A
branch decomposition of a set U is a pair (T, o), where T is a subcubic tree (i.e.,
A(T) < 3)and o : U — V(T) injectively maps U to leaves of T. Each edge e
of T then naturally defines a partition {A, B} of U, where A = o~ (V(T})) and
B = o~ (V(I»)) for the two components T} and T> of T — e; let this partition be
denoted by o ~!(T — ¢). Let p be a function from partitions of U to non-negative
integers, called a connectivity function, with the property that p({¢J, U}) = 0. Then
the p-width of the branch decomposition is defined to be max.cg(r) o (e~ (T —¢))
if |U| > 2 and 0 otherwise. The p-width of U is the minimum of the p-widths of its
branch decompositions.

The specific graph parameters are obtained by choosing U as either the set of
vertices or the set of edges of the graph and by choosing a particular connectivity
function. Before we give specific examples, let us note that we can without loss
of generality assume that the tree T of the branch decomposition is cubic (i.e., all
non-leaf vertices have degree exactly three) and an element of U is assigned by o
to every leaf of T, since we can delete leaves to which no element is assigned and
suppress vertices of degree two without affecting the p-width.

The most important graph parameter defined in terms of branch decompositions
is the branchwidth. The branchwidth bw(G) of a graph G is defined as the ppranch-
width of E(G), with the connectivity function ppranch ({A, B}) defined as the number
of vertices v € V(G) such that v is incident both with an edge in A and in an edge
in B; that iS, ppranch({A, B}) is the minimum order of a separation (A’, B") of G
with E(A’) = A and E(B’) = B.

Branchwidth is closely related (but not equal) to treewidth. On one hand, consider
a tree decomposition (7, B) of G of width k > 1. We can easily transform the
decomposition without increasing its width so that for each edge ¢ = uv € E(G),
there is a distinct leaf o(g) of T with B(o(g)) = {u, v}, by adding such a leaf
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adjacent to a bag containing {u, v} which exists by (D1). Furthermore, T can be
made subcubic by splitting vertices of larger degree, with all the resulting vertices
having the same bag. We end up with (7', o) being a branch decomposition of E (G).
Consider an edge e € E(T), let T1 and 7> be the components of T — e, and let
{E1,E2) = o (T —e). By Observation 2.1, (8(T1), B(T3)) is a vertex separation
of G of order at most k + 1. If gy € E| and g» € E; are incident with the same
vertex v € V(G), then v € B(o(g1)) N B(o(g2)), and thus v € B(Ty) N B(Ty).
It follows that pbranch(a’l(T —e)) < |B(T1) N B(TL)| < k + 1, and thus G has
branchwidth at most k + 1.

Conversely, let G be a graph without isolated vertices (deleting isolated vertices
affects neither treewidth nor branchwidth) and consider a branch decomposition
(T, 0) of E(G) of ppranch-width b, where without loss of generality, T is cubic and
an edge is assigned by o to every leaf of T'. For a leaf x € V(T), let S(x) consists
of the ends of the edge o~ (x). For a non-leaf vertex x € V(T), let B(x) consist
of vertices v € V(G) such that there exist edges g1, g2 € E(G) incident with v
and mapped by o to leaves of different components of T — v. Then (7, B) is a tree
decomposition of G. Consider a non-leaf node x € V(T') incident with edges ey, e2,
and e3. Observe that every vertex v € S(x) contributes 1 to ,obranch(cr’1 (T — ei))
for at least two indices i € [3], and thus

3
1
BOOL< 5 ) Poranen (0™ (T =€) < 3b.
i=1

If b >2,then |B(x)] <2 < L%bj holds for each leaf x of T as well.
In summary, we get the following relationship between the treewidth and the
branchwidth.

Lemma 2.93 If G is a graph of branchwidth b > 2, then
b—1=<tw(G) <|3b| -1

The importance of branchwidth stems from the fact that tangles are the exact
obstructions for it. Let the tangle number 6(G) of a graph G be the maximum
positive integer 6 such that G has a tangle of order 9.

Theorem 2.94 (Robertson and Seymour [22]) If G is a graph of branchwidth
b > 2, then 6(G) = b.

Let us remark that Theorem 2.25 follows by combining Theorem 2.94 with
Lemma 2.93. Moreover, by Theorem 2.92, the branchwidth of a connected plane
graph is equal to the branchwidth of its dual.

Branch decompositions are in general less convenient in applications than tree
decompositions. However, an advantage of branchwidth is that it is defined in terms
of a decomposition on the edge set of the graph (with vertices only playing a role
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in the connectivity function). This makes it possible to generalize branchwidth to
“vertex-free” settings, such as to matroids.

Let us now briefly discuss two graph parameters defined in terms of branch
decompositions on the vertex set of a graph G:

* Carvingwidth carw(G) is defined as the pcarving-width of V(G), where
Pearving({V1, V2}) is the number of edges of G between V; and V2,

e Rankwidth rw(G) is defined by the connectivity function opnk({Vi, V2}) equal
to the linear-algebraic rank of the bipartite adjacency matrix of V| and V, over
Zy, i.e., of the matrix A with rows indexed by V| and columns by V, and with
Ay v, = 1lifviva € E(G) and Ay, ,, = 0 otherwise.

One of the motivations for the notion of carvingwidth is that for a connected plane
graph G, the branchwidth of G is exactly equal to half the carvingwidth of the
medial graph of G (the medial graph of a plane graph is obtained by replacing
each vertex by a cycle on the midpoints of the incident edges). Moreover, the
carvingwidth of a plane graph can be computed in polynomial time. This gives
a polynomial-time algorithm to exactly determine the branchwidth of a planar
graph; see [28]. Let us remark that it is open whether it is possible to determine
the treewidth of a planar graph exactly in polynomial time (though of course, by
Lemma 2.93, we can approximate it within the factor of 3/2).

Unlike treewidth and branchwidth, carvingwidth can only be bounded on graphs
of bounded maximum degree. Indeed, in any branch decomposition (7', o) of the
vertex set of a graph G and any vertex v € V(G), the pcarving-width of the edge of
T incident with the leaf o (v) is degv, and thus carw(G) > A(G).

Moreover, carvingwidth is lower-bounded by branchwidth. More precisely, a
branch decomposition (7, o) of V(G) can be turned into a branch decomposition
of E(G) as follows. We choose an arbitrary map « : E(G) — V(G) assigning to
each edge one of its incident vertices. For each v € V(G), we attach a binary tree
with |a =1 (v)| leaves below the leaf o (v) of T, and we assign each edge of ! (v)
to one of these leaves. Let (Tp, op) be the resulting branch decomposition of E(G).
Let us analyze the branchwidth of the decomposition (7, op). Consider any edge
e € E(Ty):

e Ife € E(Ty)\ E(T), then all edges in one part of a(;] (To — e) are incident with a
single vertex v € V(G). Therefore, only v and its at most A(G) neighbors can be
incident with edges in both parts of o, ! (To —e). It follows that pbranch (0, ! (To—
e) < AG)+1 <carw(G) + 1.

e Ife € E(T), consider any vertex v € V(G) incident with edges g1 = vu; and
&2 = vuy contained in different parts of the partition o, ! (To —e). Then x(gy) €
{v,u1} and a(g2) € {v,us} are in different parts of the partition o U(T = e).
Hence, there exists i € [2] such that u; is in different part of o1 (T —e) from v
and o (g;) = u;, and thus g; contributes 1 towards pcmingo_l (T —e). Therefore,

pbranch(o'()_1 (To —e)) < pcarvingo'_l(T —e).

We conclude that
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bw(G) < carw(G) + 1

for every graph G.

On the other hand, rankwidth is at most as large as branchwidth (and indeed,
unlike branchwidth and treewidth, it can be small even on very dense graphs—e.g.,
the rankwidth of a clique is 1). To see that this is the case, consider any branch
decompositon (7, o) of the edge set E(G) of a graph G without isolated vertices.
We can turn (7, o) into a branch decomposition (7, ap) of V(G) as follows. For
each vertex v € V(G), choose an incident edge «(v). For each edge e € E(G), we
attach |oF1 (e)| leaves below the leaf o (e¢) of T, thus obtaining the tree Ty. Finally,
for each vertex v € V(G), we let oy (v) be a distinct leaf attached below o (xx(e)).

Let us analyze the rankwidth of (T, o¢). The prank-width of each edge of E (Tp) \
E(T) is one. For any edge e € E(T), consider the partition {V], V>} = a(;] (To—e),
and let M be the set of Ppranch (0 —1(T —¢)) vertices incident with edges in both parts
of o ~H(T —e). Suppose g = vjv; is an edge of G with vy € V| and vy € V5. Since
a(vy) and a(vy) are in different parts of o ~!(T — e), there is i € [2] such that g
and «(v;) are in different parts of o (T — ¢), and thus v; € M. Consequently, all
edges of G between V; and V; are incident with M. Let A be the bipartite adjacency
matrix of Vi and V»; we conclude that for every v € V| \ M, all non-zero entries
of the row of A indexed by v are in the columns indexed by V> N M, and thus the
submatrix of A formed by these rows has rank at most | VN M. Since A has exactly
| Vi N M| additional rows, we have

Prank (0 (To — €)) = tk(A) < [Vi N M|+ [VaNM| = [M| < poranch(c (T —e)).
Therefore,
w(G) < bw(G).

The notion of rankwidth may be easier to grasp intuitively in terms of the
neighborhood complexity. The neighborhood complexity ncs(Vy, V») of the vertex
partition (Vi, V,), is the number of vertices in V; with pairwise different sets of
neighbors in V, (note that ncg(Va, Vi) may be different from ncg(Vi, V2)). In
other words, the neighborhood complexity of (Vi, V3) is the number of different
rows of the bipartite adjacency matrix A of Vj and V>, and thus the rank of A
is at most nc(Vi, V). On the other hand, since there are only 2k different linear
combinations of k vectors over Z,, if A has rank k, then it has at most 2k different
rows. Therefore, a branch decomposition of V (G) has small prank-width if and only
if each of the corresponding partitions of the vertex set has small neighborhood
complexity.

Rankwidth is especially important in the theory of vertex-minors (graphs
obtained by a sequence of vertex deletions and neighborhood complementations,
i.e., exchanging edges with non-edges on the neighborhood of a vertex), since the
neighborhood complementation does not affect the value of prank. The following
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analogue of the Grid Theorem (see Corollary 2.35 for a comparison) was shown
recently.

Theorem 2.95 (Geelenet al. [13]) A graph class closed under vertex-minors has
unbounded rankwidth if and only if it contains all circle graphs.

Rankwidth is related to another well-known width parameter, cliguewidth, which
is defined in terms of a construction using a bounded number of colors. We say
that a graph G with vertices colored (not necessarily properly) by k colors is k-
constructible if G can be obtained from k-colored single-vertex graphs by finite
number of the following operations:

* Disjoint union of two smaller k-constructible graphs.
» For distinct i, j € [k], changing the color of all vertices of colori to j.
» For distinct i, j € [k], adding all edges between vertices colored i and j.

The cliquewidth cw(G) is the minimum k such that G with some k-coloring is k-
constructible. For example, cliques have cliquewidth two: To obtain a clique with
all vertices of color 1, we can repeatedly do the disjoint union with a single vertex of
color 2, add all edges between colors 1 and 2, and recolor 2 to 1. A similar argument
shows that all cographs, i.e., graphs obtained from single-vertex graphs by disjoint
unions and complete joins (or equivalently, complementations), have cliquewidth
two. As shown in [20], cliquewidth and rankwidth are qualitatively equivalent; every
graph G satisfies

w(G) < cw(G) < 2O+

The notion of cliquewidth is often easier to use in algorithmic applications than the
notion of rankwidth. On the other hand, rankwidth can be approximated up to a
constant ratio in polynomial time, and for any fixed %, it is possible to determine in
polynomial time whether the graph has rankwidth at most & in polynomial time [20];
it is open whether either of these is possible for cliquewidth.

Let us mention one more result on relationship between branchwidth (or
treewidth) and rankwidth (or cliquewidth): They qualitatively coincide on graphs
without 4-cycles. Indeed, more is true, showing that in a sense, the extra power of
bounded cliquewidth compared to treewidth is only in allowing complete bipartite
subgraphs:

Theorem 2.96 (Gurski and Wanke [14]) Let G be a graph and let k > 2 be an
integer. If Ky i is not a subgraph of G, then

tw(G) < 3k — 1) ew(G) — 1.

Let us note that it is possible to define parameters stronger than cliquewidth
(yet still useful). One interesting example is the notion of twinwidth developed
recently [4], which is bounded on all graph classes with bounded cliquewidth,
but also on all proper minor-closed classes. This generality of course comes with
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some drawbacks. For example, the meta-algorithm of Theorem 2.8 on testing the
properties expressible in the Monadic Second Order Logic in graphs with bounded
treewidth extends to graphs with bounded cliquewidth [9], up to the restriction that
it is not possible to quantify over sets of edges. However, since many problems
expressible in the Monadic Second Order Logic (e.g., 3-colorability) are NP-hard on
planar graphs, such a meta-algorithm is unlikely for graphs of bounded twinwidth;
instead, only a much weaker result on testing the properties expressible in the First
Order Logic holds in this setting [4].

2.14.2 Pathwidth

Recall that a path decomposition (P, ) is a special case of a tree decomposition
where P is required to be a path, and the pathwidth pw(G) of a graph G is the
minimum possible width of a path decomposition of G. Hence, we trivially have
tw(G) < pw(G). Initially, one might suspect that conversely, pathwidth might be
bounded by a function of treewidth. Perhaps supporting this idea, for the n x n grid
G, the tree decomposition described in Sect. 2.6 is actually a path decomposition,
showing that pw(G,,) = tw(G,,) = n. However, this intuition is false.

Lemma 2.97 The complete rooted ternary tree T, of depth n has pathwidth at least
n— 1.

Proof Let us prove this by induction on n. The claim is trivial for n = 1, and
thus suppose that n > 2. Let r be the root of 7,, and let G|, G, and G3 be the
components of 7,, —r; each of them is a complete rooted ternary tree of depth n — 1,
and thus pw(G;) > n —2fori € [3].

Consider any path decomposition (P, 8) of G, and let x and y be the ends of
the path P. Clearly, we can assume that (x) # ¥ # B(y), as otherwise we can
shorten P. Letu € B(x) and v € B(y) be chosen arbitrarily, and let Q be the path
between u and v in T;,. By symmetry, we can assume that u € {r} U V(G) and
v € {r}UV(Gy) U V(G2), and thus G3 € T, — V(Q). By Lemma 2.2, we have
BN (V(Q)) = V(P); ie., letting /(z) = B(z) \ V(Q) for each z € V(P), we
have |8(z)] < |B(z)|. Note that (P, B’) is a path decomposition of 7,, — V(Q).
Consequently,

width(P, B) > width(P, 8/) +1 > pw(T, — V(Q) +1>pw(G3) +1>n — 1.

Therefore, T,, indeed has pathwidth at least n — 1. O

Hence, there exist graphs of treewidth one and arbitrarily large pathwidth. Let
us remark that the fact that we did the argument for complete ternary trees is just
for convenience; a complete rooted binary tree of depth 2n contains a complete
rooted ternary (even quaternary) tree of depth n as a minor, obtained by contracting
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the edges between every other level, and thus its pathwidth is also at least n — 1.
Conversely, Bienstock et al. [3] gave the following elegant result.

Theorem 2.98 If F is a tree with k vertices, then every F-minor-free graph has
pathwidth at most k — 2.

To prove this theorem, let us start with an auxiliary result. Let G be a graph and
let X be a subset of its vertices. We define dg X to be the subset X formed by the
vertices that have neighbors outside of X. We say that X an n-tail of G if there exists
a path decomposition (P, 8) of G[X] of width less than n such that ¢ X C B(x)
for an end x of the path P. Note that if Y is a subset of X, then Y also has a path
decomposition of width less than n, but it is not necessarily an n-tail, since we do
not have control over dg Y. However, the following technical statement holds.

Lemma 2.99 Let G be a graph, n a positive integer and let X C V(G) be an n-tail
of G. Let Y be a subset of X such that G contains a system of pairwise vertex-
disjoint paths {Q, : v € dgY}, where for v € dgY, Qy joins v to a vertex of dg X.
Then Y is an n-tail of G.

Proof By taking the paths Q, for v € dgY as short as possible, we can assume that
they intersect dg X exactly in their endpoints, and thus Q, is a path in G[X]. Note
also that since the paths are pairwise vertex-disjoint and cover dgY, they cannot
pass through any vertex in ¥ \ dgY. Let u be the model of G[Y] in G[X] such
that u(v) = Q, for v € dgY, u(v) is the single-vertex graph consisting of v for
veY\dgY,and u(e) = efore € E(G[Y]).

Let (P, B) be a path decomposition of G[X] of width less than n such that dg X <
B(x) for an end x of the path P. Then the path decomposition (P, B,) of G[Y]
induced by (P, B) and p has width less than n, and v € B, (x) for every v € g7,
since Q, intersects dg X € B(x). Therefore, Y is an n-tail. O

We are now ready to prove the forbidden tree theorem.

Proof of Theorem 2.98 Let n = k — 1. It suffices to prove that every connected
graph G of pathwidth at least n has a minor isomorphic to F. This is trivial for
n = 0, since then F has only one vertex, and thus assume that n > 1. Let vy,

V2, ..., Up+1 be the vertices of F listed in an order such that the induced subgraph
F; = F[{v1, ..., v;}] is connected for every i € [n + 1]; equivalently, for i € [n],
vi+1 1s a vertex with exactly one neighbor in V (F;). Fori = 1, ..., n in order, we

are going to construct a model p; of F; in an induced subgraph G[X;] of G such
that

(i) |9¢X;| =i, and for each v € V (F;), the subgraph w; (v) intersects dg X; in a
single vertex,
(i) X; is an n-tail of G, and
(iii) every n-tail X € V(G) of G such that X; C X satisfies |dg X;| > i.

Note that since G has pathwidth at least n, the set V (G) is not an n-tail. Since G is
connected, it follows that every non-empty n-tail X satisfies |0GX| > 1. Moreover,
since n > 1, the single-vertex subsets of V(G) are n-tails of G. Therefore, for
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i = 1,wecanlet X; € V(G) be a maximal n-tail of G with |dgX| = 1, with
w1(vy) consisting of the single-vertex subgraph with the vertex set 9 X .

Suppose now that 2 < i < n + 1 and we have already constructed X;_; and
mi—1. For j € [i — 1], let z; be the unique vertex in dgX;_1 NV (p;—1(v;)). Let
i’ € [i — 1] be the index such that v;v;; € E(F), andletz; € V(G) \ X;_| be a
neighbor of z;/, which exists since z;; € 96 X;_1.Let X] = X;_1U{z;} and let u} be
the model of F; in G[X] obtained from j;_; by letting 1} (v;) be the single-vertex
subgraph formed by z; and letting w; (vivy) = zizi. If i = n+ 1, then ) isa
model of F in G, and the proof is finished.

Ifi < n, we need to show how to construct the model u; and the set X; satisfying
(i), (ii), and (iii). Note that the set X an n-tail, since X;_; is an n-tail and we can
extend the corresponding path decomposition to a path decomposition of G[X/] of
width less than n by adding the bag {z;} U dgX;—1 2 9gX| of size i < n at its
end. By the condition (iii) for i — 1, we have [0 X/| > i — 1, and thus 9 X| =
{zi} U 06 X;—1 has size exactly i. Also, ,ug satisfies the condition (i). However, (iii)
could be violated for X;.

Let X; € V(G) be a maximal n-tail of G such that Xl/ C X, and |0 X;| = i.
Then X; clearly satisfies (ii) and (iii). By Menger’s theorem, the number of pairwise
vertex-disjoint paths from X! to dgX; is equal to the size of the smallest cut
separating these sets; i.e., there exists a vertex separation (A, B) of G[X;] such that
Xl’ C A and dgX; € B, and a system {Q, : v € A N B} of pairwise vertex-disjoint
paths from Xl’ to g X;. By Lemma 2.99 applied with {Q, N G[B] : v € AN B},
X = X; and Y = A, we conclude that A is an n-tail of G. Since dgX; € B
and (A, B) is a vertex separation of G[X;], we have dgA < A N B. Since
Xi—1 C X} C A, the condition (iii) for i — 1 implies |A N B| > [dgA| > i — 1.
Consequently, |A N B| =i = |3 X|, and the system {Q, : v € A N B} joins each
vertex of dg X| to a vertex in dGX;. Let u; be obtained from w by, for j € [i],
letting f4; (v;) consist of u(v;) and the path of the system that contains z;. The
resulting model of F; in G[X;] clearly satisfies (i), finishing the construction. O

Thus, we obtain the following analogue of Corollary 2.35 for pathwidth.

Corollary 2.100 A minor-closed class of graphs has unbounded pathwidth if and
only if it contains all trees.

2.14.3 More Restrictive Parameters

Let us now discuss several graph parameters that are more restrictive than treewidth.
The first of these parameters is treedepth. A rooted forest F is a forest where each
component has one special vertex, a root. We can naturally extend the terminology
for rooted trees to rooted forests: The depth of F is the maximum number of vertices
of a path in F starting in a root. A vertex u is an ancestor of a vertex v if u lies on
the path from u to the root of the component containing . We say that two vertices
are comparable if one is an ancestor of the other one. An elimination forest of a



78 2 Tree Decompositions and Treewidth

graph G is a rooted forest F with V(F) = V(G) such that adjacent vertices of G
are comparable in F. Equivalently, G is a spanning subgraph of the closure of F,
i.e., the graph obtained from F by adding edges between all comparable vertices.
The treedepth td(G) is then defined as the minimum depth of an elimination forest
of G. For example, graphs of treedepth one are exactly those without edges, while
graphs of treedepth two are star forests, i.e., forests where every component is a star.

Observe that if G is connected, then every elimination forest of G is connected,
i.e., a tree. Moreover, if T is a connected elimination forest of G of depth td(G) and
r is the root of T, then T — r is an elimination forest of G — r of depth td(G) — 1.
Based on this, it is easy to see that the following observation holds.

Observation 2.101 Let G be a graph with more than one vertex. If G is dis-
connected, then td(G) is the maximum of treedepths of its components. If G is
connected, then td(G) = 1 4+ maxyey(c) td(G — v).

For a fixed integer k, this gives a recursive algorithm to decide whether G has
treedepth at most k in time O (|G|¥).

Another characterization of treedepth is in terms of centered colorings. A
coloring ¢ of a graph G is centered if for every connected subgraph H of G, there
exists a color assigned by ¢ to exactly one vertex of H. If F is an elimination forest
of G of depth td(G), for each v € V(G) we can define 1/ (v) as the distance in F
from v to the root of the component containing v. Then i is a centered coloring of
G using td(G) colors. Conversely, it is easy to turn a centered coloring of G using
d colors into an elimination forest of G of depth d.

Note that treedepth is minor-monotone, i.e., if H is a minor of G, then td(H) <
td(G). Indeed:

* For any edge e € E(G), an elimination forest of G is also an elimination forest
of G —e.

e For a vertex v € V(G), an elimination forest F of G can be turned into an
elimination forest of G — v by deleting v if v is a root and by contracting the
edge between v and its parent in F otherwise.

e For an edge ¢ = uv € E(G), an elimination forest F of G where say v is an
ancestor of u can be turned into an elimination forest of G /e by contracting the
edge between u and its parent in F.

Hence, treedepth can be characterized by forbidden minors. For example, a graph
is a star forest (i.e., has treedepth at most two) if and only if it avoids C3 and
P, as minors. Interestingly, for every positive integer k, even the set of forbidden
subgraphs for having treedepth at most k is finite [19].

For an approximate characterization by forbidden subgraphs, note that a path
with 2" vertices has treedepth more than n. This can be easily seen by induction
using Observation 2.101, since deleting a vertex from a path with 2" vertices results
in a graph containing a path with 2"~! vertices. Conversely, note that a depth-first
search spanning tree F of a graph G only contains tree edges (contained in F) and
back edges (joining a vertex to its predecessor in F), and thus F is an elimination
forest of G. This gives us the following nice result.
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Observation 2.102 [f every path in a graph G has at most n vertices, then there
exists an elimination forest F of G of depth at most n such that F C G.

Combining these two argument, we obtain an analogue of Corollary 2.35 for
treedepth.

Corollary 2.103 A subgraph-closed class of graphs has unbounded treedepth if
and only if it contains all paths.

Note also that pw(G) < td(G) — 1 for every graph G. Clearly, it suffices to prove
this for connected graphs. Let T be an optimal elimination forest of G. There exists
aclosed walk W = wjw, ... wy, in T starting and ending in the root and traversing
each edge exactly twice (an Euler tour in the graph obtained from 7 by doubling
each edge). Let P = x1...x, be a path and for i € [m], let B(x;) be the set of
ancestors of w; in T (including w; itself). Consider a vertex v € V(G), and let a
be the minimum and » the maximum index such that w, = v = wjp. Observe that
v € B(x;) if and only if a < i < b. Moreover, if uv is an edge of G, where u is an
ancestor of v in T, then {u, v} € B(x,). Hence, (P, B) is a path decomposition of
G of width td(G) — 1.

Even more restrictive parameter is the vertex cover size vcs(G), i.e., the mini-
mum size of a set S C V(G) intersecting all edges of G. Note that a tree consisting
of a path on § and with all vertices in V(G) \ § attached as leaves below the last
vertex of S is an elimination forest of G, and thus td(G) < vecs(G)—+ 1. Vertex cover
size is closely related to the maximum size ©(G) of a matching in G. Indeed, a
vertex cover must intersect all edges of such a matching, and thus vcs(G) > u(G).
By Kénig’s theorem, if G is bipartite, then actually ves(G) = w(G). This is not
true in general graphs; e.g., vcs(Kop+1) = 2n and u(Kp,4+1) = n. However, the
set of vertices incident with an inclusionwise maximal matching is a vertex cover,
implying that ves(G) < 2u(G) in general.

Corollary 2.104 A subgraph-closed class of graphs has unbounded vertex cover
size if and only if it contains all matchings.

Finally, let us mention another parameter that is less restrictive than vertex cover
size but more restrictive than treewidth, namely the minimum size fvs(G) of a
Jfeedback vertex setin G,i.e.,aset S C V(G) intersecting all cycles (or equivalently,
such that G — § is a forest). A vertex cover is a feedback vertex set, implying
fvs(G) < ves(G). On the other hand, the forest G — S has a tree decomposition of
width one, and adding S to all its bags gives a tree decomposition of G showing that
tw(G) < fvs(G) + 1. For the relation to treedepth and pathwidth, note that there are
trees (graphs with feedback vertex set of size 0) of arbitrarily large pathwidth, and
that the disjoint union 7 of k triangles (a graph of treedepth 3) has fvs(7;) = k;
i.e., these parameters are incomparable with fvs(G). Erd6s-Pésa theorem on disjoint
cycles [12] whose proof we saw in Sect. 2.11 can be restated as follows.

Corollary 2.105 A minor-closed class of simple graphs has unbounded feedback
vertex set size if and only if it contains all disjoint unions of triangles.
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Chapter 3 m)
Linkedness Check for

In this chapter, we study several topics vaguely linked by the fact that they concern
the existence of disjoint paths with prescribed ends. It is clear that this issue often
arises when we are trying to construct minors by connecting their small fragments,
and this chapter will provide us with several useful tools for such situations.

The basic problem that we are about to consider is as follows: Suppose that
(s1511)s «-., (S, ty) are pairs of vertices of a graph G. An {(s;,#;) : i € [m]}-
linkage is a system {P; : i € [m]} of pairwise vertex-disjoint paths in G such that
for i € [m], the path P; has ends s; and #;. What can we say about the existence
of an {(s;,#;) : i € [m]}-linkage in G, in terms of sufficient conditions, structural
constraints, and algorithms?

If |G| = 2m and an {(s;, #;) : i € [m]}-linkage exists for every choice of distinct
vertices §1, ..., Sy, 1, ..., tm, We say that the graph G is m-linked. Let us remark
that although the definition requires the vertices to be distinct, we can at no extra
cost allow s; = #; for some indices i € [m]: In this situation, we can replace #; by
an arbitrary vertex in V(G) \ {sj, t; : j € [m]}, find the linkage with these modified
ends, and truncate the i-th path to consist just of s;.

Finding an {(s;, ;) : i € [m]}-linkage is a substantially more difficult problem
than deciding whether there are m pairwise vertex-disjoint paths from {s; : i € [m]}
to {; : i € [m]}, and not one that can be answered purely in terms of connectivity.
E.g., consider a plane graph G drawn with vertices sy, s2, 1, f> in the boundary of
the outer face in order. By planarity, any path from s; to #; intersects every path
from s, to 7, and thus G is not 2-linked. Yet, G can be up to 5-connected. This
is in contrast to Menger’s theorem, which shows that 2-connectivity is sufficient to
ensure the existence of an ({s1, 52}, {f1, ©2})-linkage of size two. This example also
indicates that there are topological aspects to the linkage problem; we postpone their
more detailed discussion till Chap. 4.

Note that the linkage problem is a special case of finding a rooted minor. Indeed,
suppose that H is a matching with m edges and for i € [m], the function p maps the
ends of the i-th edge to s; and #;. Then H is a p-rooted minor of G if and only if G
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contains an {(s;, #;) : i € [m]}-linkage. Some of the tools we develop in this chapter
will also be useful in the context of this more general problem.

3.1 Exploiting a Clique Minor

For any fixed graph H, if a graph G contains a sufficiently large clique minor, then
it clearly also contains H as a minor. What about rooted minors? Of course, we need
to avoid the situation where the clique minor is separated from the roots by a small
cut, but other than that, it seems intuitively clear that we will be able to route the
model of H through the clique as desired.

Before giving the details of an argument confirming this intuition, let us first
discuss its general idea, which is quite useful in similar circumstances. Suppose we
have k roots R; to ensure that the clique minor is useful, we are going to assume that
there is no vertex separation (A, B) of order less than k separating the roots from
the minor. If there is no such separation of order exactly k (except for the trivial
one with A consisting exactly of the roots and B = V(G)), this gives us freedom to
perform various reductions (deleting a vertex, contracting an edge) without violating
the connectivity assumption. If there is such a vertex separation (A, B) of order «,
then by Menger’s theorem, we can connect the roots to A N B by an (R, AN B)-
linkage £. We can now apply induction to G[B] with A N B playing the role of
the roots, and connect the resulting minor of H to the original roots through the
linkage L.

A technical detail with the last step is that we cannot guarantee that the whole
clique minor is contained in G[B]. More precisely, consider a connected subgraph
v(v) of G representing a vertex v of the clique. If v(v) extends into A, then the
intersection v(v) N G[B] is not necessarily connected. However, each component
of v(v) N G[B] must then intersect the root set A N B. Similarly, if v(u) represents
another vertex u of the clique, and the edge v(e) of G representing the edge e = uv
of the clique is in G[A], then G[B] does not necessarily have to contain an edge
between v(#) N G[B] and v(v) N G[B]. However, this is again only possible if
both v(u) N G[B] and v(v) N G[B] intersect the root set A N B. This motivates the
following definition.

Let R be a set of vertices of a graph G and let K be a complete graph. An R-
partial model of K in G is a function v assigning pairwise vertex-disjoint non-empty
subgraphs of G to vertices of K such that

(P1) For every vertex v € V(K), if the subgraph v(v) is not connected, then every
component of v(v) intersects R.

(P2) For distinct u, v € V(K), if G does not have an edge with one end in v(«) and
the other end in v(v), then v(u) and v(v) both intersect R.

A vertex separation (A, B) of G separates v from the roots if R C A and there
exists v € V(K) such that V(v(v)) € B \ A. We say that v is linked to the roots if
every vertex separation that separates v from the roots has order at least | R|.



3.1 Exploiting a Clique Minor 85

Theorem 3.1 Let H be a simple graph and let p be a bijection between a subset
dom(p) of V(H) and a set R of vertices of a graph G. If G contains an R-partial
model v of a complete graph K with at least |R| + | H| vertices linked to the roots,
then H is a p-rooted minor of G.

Proof We prove the claim by induction on |G| + ||G||. Suppose first that a vertex
separation (A, B) of order |R| with B # V(G) separates v from the roots, and let
ug be a vertex of K such that V (v(ug)) € B\ A.Let R = AN B and let us define
V() = v(u) N G[B] foreachu € V(K).

We claim that V' is an R’-partial model of K in G[B]. First, note that since
v(ug) € G[B] — A is disjoint from R, the condition (P2) for v implies that G
contains an edge between v(up) and v(u) for any other vertex u € V(K), and
thus so does G[B]. Consequently, v/(«) is non-empty. If v'(u) has a component C
disjoint from R’, then C is also a component of v(u) disjoint from R, and by (P1) for
v, we have v(u) = C. Consequently, v'(«) = C is connected, and thus (P1) holds
for v'. Similarly, consider distinct u, u, € V(K) such that say v'(u;) is disjoint
from R’. As we have just argued, this implies that v(x1) = v'(u1), and thus v(u) is
disjoint from R. By (P2) for v, G has an edge e between v(u1) and v(u3), and since
V(1) = v(uy) is contained in G[B] — A, we have e € E(G[B]). Therefore, e is
also an edge between v’ (u1) and v/ (u7). This implies that (P2) holds for v as well.

Furthermore, the R’-partial model v’ is linked to the roots in G[B]. Indeed,
consider a vertex separation (A’, B") of G[B] separating v’ from the roots, i.e., there
exists u; € V(K) such that v'(u;) € G[B’] — A’. In particular, v'(u) is disjoint
from R’, and thus v(u;) = v'(u). Hence, the vertex separation (A U A’, B") of G
separates the R-partial model v from the roots. Since v is linked to the roots, we
have [A’N B’| = |[(AU A’)N B’| > |R| = |R’|, as required.

Note also that G[A] does not have a vertex separation (A’, B’) of order less than
|R| with R C A’ and R’ C B/, since otherwise the vertex separation (A’, B’ U B)
of G of order less than |R| would contradict the assumption that v is linked to the
roots. By Menger’s theorem, there exists an (R, R')-linkage # = {P, : v € R} in
G[A], where P, starts in v for each v € R. Let o’ : dom(p) — R’ be the bijection
defined by letting p’(x) be the end of the path P,(,) in R’ for every x € dom(p).
Since the R’-partial model v’ of K is linked to the roots in G[B] and B # V(G), by
the induction hypothesis it follows that H has a p’-rooted model p’ in G[B]. The
combination of this model w’ with the linkage P gives us a p-rooted model of H in
G, as desired.

Therefore, we can assume that the following condition holds:

(x) Every vertex separation (A, B) of G with B # V(G) separating v from the
roots has order greater than |R|.

Let Ky C K be the clique of size at least | K| — |R| > | H| consisting of the vertices
u € V(K) such that V(v(u)) N R = (. Suppose next that there exists u € V(Ko)
such that v(u) is not a single vertex, and let e be any edge of v(u). Consider the
graph G /e obtained by contracting the ends of the edge e to a vertex z, with the R-
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partial model v/e of K obtained by replacing v(u) by v(u)/e. Note that if (A’, B') is
a vertex separation of G /e separating v/e from the roots, then the vertex separation
(A, B) obtained by replacing z by x and y both in A’ and in B’ separates v from
the roots. By (x), we have |A' N B’| > |ANB|—1 > |R|if B’ # V(G/e), and
|A’ N B’| > |A’| > |R| otherwise. Consequently, v/e is linked to the roots in G /e,
and by the induction hypothesis, there exists a p-rooted model of H in G/e; and
decontracting the edge e turns it to a p-rooted model of H in G.

Hence, we can assume that v(u) is a single vertex of every u € V(Kp). By (P2),
the set M = Uuev(KO) V(v(u)) induces a clique in G. Moreover, since v is linked
to the roots, Menger’s theorem imples that there exists an (R, M)-linkage # in G
of size |R|. We can use the paths of P as the subgraphs representing the vertices
of dom(p) in the model of H in G, and vertices of the clique G[M]\ V(IU?P) to
represent the rest of the vertices of H. O

Theorem 3.1 is a key ingredient in the polynomial-time algorithm of Robertson
and Seymour [6] to test the presence of an {(s;,#;) : i € [m]}-linkage (with m
fixed, not part of an input) or more generally, of a rooted minor of a fixed graph H
in an input graph G. The main idea of the algorithm is that either G has bounded
treewidth, or we can efficiently locate an irrelevant vertex in G whose removal
does not change the outcome. We can then delete such irrelevant vertices until the
treewidth becomes bounded, and then conclude testing the presence of a rooted
minor of H using Theorem 2.8.

More precisely, let p be an injective function from dom(p) € V(H) to V(G).
We say that a vertex v € V(G) \ img(H) is (H, p)-irrelevant if G contains a p-
rooted model of H if and only if G — v does. That is, either G does not contain
a p-rooted model of H, or G contains one avoiding v. Assuming we are given a
model of a large clique minor in G, locating such an irrelevant vertex is easy.

Corollary 3.2 Let H be a simple graph and let p be a bijection between a subset
dom(p) of V(H) and a set R of vertices of a graph G. Let v be a model of a
complete graph K with at least 2|R| 4+ |H| + 1 vertices in G. Let (A, B) be a
vertex separation of G that separates v (viewed as an R-partial model) from the
roots, chosen so that |A N B| is smallest possible and subject to that | B| is smallest
possible. Then every vertex v € B\ A is (H, p)-irrelevant.

Proof The claim is trivial if H is not a p-rooted minor of G. Hence, suppose that
is a p-rooted model of H in G; we need to show that G — v also contains a p-rooted
model of H.

Let H' be the complete graph whose vertex set consists of R” = A N B and the
vertices of H such that V(u(x)) € B\ A; clearly, we have |H'| < |H| + |R/| <
|H| 4+ |R|. Let p’ be the identity function on R’. Observe that it suffices to show that
H' has a p’-rooted model 1/ in G[B] — v. Indeed, let 1 be defined as follows: For
x € V(H), we let
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w(x) ifV(ux)NB=40¢
u1(x) = 9w (x) ifV(ux)NA=9
(@) NGIAD U G[U,ev (uiynr V' ()] otherwise.

For an edge e = x1x2 € E(H), we define uj(e) as follows: If u(e) € E(G[A)),
then let 1 (e) = u(e). Otherwise, for i € [2], the subgraph . (x;) intersects G[B];
we let x; = x; if V(u(x;)) € B\ A and we let x] be a vertex of R’ contained in
u(x;) otherwise, and we define 111(e) = p'(x]x}). Observe that 11 is a model of H
in G —v.

The existence of ' can be shown using Theorem 3.1 as follows. There is at
most one vertex ug € V(K) such that v € v(ug). For every u € V(K — ugp),
let v'(u) = v(u) N G[B]. Since (A, B) separates v from the roots, there exists
a vertex u; € V(K) such that V(v(u1)) € B\ A. Observe that for each edge
e = uiu € E(K), v(e) has both ends in G[B], and thus if u = ug, then V' () is a
non-empty subgraph of G[B] — v. It is easy to see that v’ is an R’-partial model of
K — ug in G[B] — v.

Consider any vertex separation (A’, B) of G[B]— v separating v’ from the roots.
Then (A”, B”) = (AU A’ U {v}, B’ U {v}) is a vertex separation of G of order
|A” N B’| + 1 separating v from the roots. Recall that the vertex separation (A, B)
was chosen with | AN B| minimum and subject to that with | B| minimum. If B” # B,
this implies that |A” N B”| > |ANB|+1=|R'|+ 1.If B” = B, then |A" N B"| >
[(AN B)U{v}| > |R'| + 1. In either case, we conclude that (A’, B’) has order at
least | R’|. Therefore, the R’-partial model v’ is linked to the roots.

Since |K — ug| > 2|R| + |H| > |R’| + |H'|, Theorem 3.1 implies that H' is a
p’-rooted minor of G[B] — v, as desired. O

3.2 Linkedness in Graphs of High Connectivity

Note that a k-linked graph G must be (2k — 1)-connected: Indeed, otherwise it has
a vertex separation (A, B) of order 2k — 2 with A\ B # @} # B \ A, and letting
ANB ={sy,...,Sk—1,1,...,t%—1} and choosing sy € A\ Band# € B\ A, it
is clear that G does not have an {(s;, #;) : i € [k]}-linkage. The converse is false;
as we have seen at the beginning of the chapter, even 5-connectivity does not imply
2-linkedness. However, a combination of Theorem 3.1 with Theorem 1.2 shows
that a near-converse holds in graphs with high maximum average degree. For every
positive integer k, let djink (k) be the minimum integer such that every 2k-connected
simple graph of maximum average degree at least djink (k) is k-linked.

Corollary 3.3 The function dyink (k) satisfies diink (k) = O (k+/logk).

Proof Let f(k) = O(k/logk) be the function from the statement of Theorem 1.2.
We claim that djink (k) < f(4k). Indeed, consider any 2k-connected simple graph G
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of maximum average degree at least f(4k). By Theorem 1.2, there exists a model v
of K4 in G.

We need to show that G has an {(s;,#;) : i € [k]}-linkage for any set R =
{s1, ..., Sk, t1, ..., tx} of 2k distinct vertices of G. Let H be the matching with k
edges and let p : V(H) — R be a function mapping the ends of the i-th edge of
H to s; and t; for each i € [k]. Since G is 2k-connected, v is an R-partial model of
K41 linked to the roots, and since 4k = |R| 4 |H|, Theorem 3.1 implies that H is a
p-rooted minor of G. This minor clearly gives the desired {(s;, #;) : i € [k]}-linkage
in G. O

Let us remark that since the minimum degree is greater or equal to the
connectivity of the graph, djink (k)-connectivity implies k-linkedness. In Sect. 5.1,
we are going to see that djink(2) = 6; this is tight, as the example of 5-connected
non-2-linked planar graphs with average degree arbitrarily close to 6 shows. Thomas
and Wollan [10] proved that djink(3) = 10. Furthermore, the bound on djink (k) can
be improved to O (k); the basic idea of the improvement is that instead of linking
through a clique minor, it suffices to link through a minor of a sufficiently dense
graph.

Theorem 3.4 (Thomas and Wollan [9]) For every positive integer k, the function
diink (k) satisfies djink (k) < 10k.

Sometimes, we only need to find a subgraph that is highly linked. By the results
of this chapter, to do so, it suffices to find a highly connected subgraph. And, by the
following observation of Mader, this can always be done in graphs of large average
degree.

Lemma 3.5 For any positive integer ¢ and real number b > c, if a simple graph G
has at least (b+c)|G| edges, then G contains a (c+ 1)-connected induced subgraph
H with |H|| > b|H| and of minimum degree more than b + c.

Proof Since G has average degree at least 2(b + c¢), it has more than 2(b + ¢)
vertices. Let H be an induced subgraph of G such thatn = |H| > 2c and | H|| >
(b + ¢)(n — ¢), chosen with n minimum. If n < b + ¢, then

IH > (b+o)n—c)>n-= > (")
2 2

which is a contradiction. Therefore, n > b + c. By the minimality of n, for every
vertex v € V(H) we have

IH—-vll<@+)(H—-v|—c)=0b+c)n—c)—(b+c)<|H|—-(b+0),
and thus H has minimum degree more than b + c. Moreover,

|H|| > b+c)(n—c) =bn+cn— (b+c)) > bn.
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Consider any vertex separation (A, B) of H with A\ B # (} # B\ A. Any vertex
v € A\ B has all its neighbors in A, and thus |A| > degyv+1>b+c+1 > 2c,
and similarly | B| > 2c. By the minimality of H, we have || H[A]|| < (b+c¢)(|A|—c¢)
and | H[B]|| < (b + ¢)(|B| — ¢). Consequently,

IHI < IH[ANl + IH[B]Il = (b+ o)Al + |B] — 2c¢)
=b+c)(n+|ANB|—2c).
Since ||H|| > (b + c¢)(n — c), it follows that |A N B| > c. Therefore, H has no cut
of size at most ¢, and so it is (¢ + 1)-connected. a
Hence, we get the following consequence.

Corollary 3.6 For any positive integer k, any simple graph G of average degree
d > max(8k, diink (k) + 4k) has a k-linked induced subgraph of minimum degree
more than d /2.

Proof Note that |G| = %|G|, and thus by Lemma 3.5 with ¢ = 2k and b = %l —c,
G has a (2k 4 1)-connected induced subgraph A of minimum degree more than d /2
and with average degree

M > 2b =d — 2c¢ > dyjink(k),
|H | -
which is k-linked by the definition of djjnk (k). O

In particular, combining these results, we can get a quite good average degree
bound forcing the existence of a clique as a topological minor.

Lemma 3.7 For every positive integer k, if a simple graph G has average degree
at least 14(’5), then it contains Ky as a topological minor.

Proof We can assume k > 2. By Corollary 3.6 and Theorem 3.4, G has a (g)—

linked subgraph H of minimum degree more than k. For each i € [k], choose ¢;
as an arbitrary element of [k] \ {i}. For each i € [k] and j € [k] \ {i}, choose a
distinct vertex v; ; of H, so that the vertex v; ., is adjacent to all vertices v; ; for
J € [k]1\ {i, ¢c;}. Such a choice is possible, since we are selecting k(k — 1) < K <
8(H) vertices in total. Since H is (g)-linked, it contains an {(v; j,vj;) : 1 <i <
J =< k}-linkage L. The paths of L together with the edges v; v; ; fori € [k] and
J € [kI\{i, ¢;} form a subdivision of K in G, with branch vertices v; ., fori € [k].

O

The quadratic dependence on k is optimal, as can be seen by considering the
biclique K, , of minimum degree n: Suppose Kj is a topological minor of K, ,,
with a > k/2 of the branch vertices contained in one of the parts of K, ,. Then the
paths representing the edges between these branch vertices intersect the other part,
and thus
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a a’>—3a+2%k k2
n> +k—-a=——"6#—43>—.
2 2 8

3.3 Unique Linkage Theorem

Let S = {(sj, t;) : i € [k]} be a set of pairs of distinct vertices of a graph G. As we
have seen in Sect. 3.1, one approach to deciding whether G has an S-linkage is to
locate an S-linkage irrelevant vertex, i.e.,avertex v € V(G)\{s1, ..., Sk, t1, ..., tx}
such that if G has an S-linkage, then so does G —v. We can then delete v to decrease
the size of the instance. It is natural to ask when this process stops; what can we say
about a graph G with an S-linkage such that deletion of any vertex disrupts all
S-linkages?

Let us first consider a simpler problem, the analogous question for linkages
between sets. Let A and B be sets of vertices of a graph G of size k. We say that
G is (A, B)-linkage critical if G has an (A, B)-linkage of size k, but for every
v € V(G)\ (AU B), the graph G — v does not have such an (A, B)-linkage.

Lemma 3.8 Let A and B be sets of vertices of a graph G of size k. The graph
G is (A, B)-linkage critical if and only if it has a path decomposition (P, B) of
adhesion k such that, letting P = xoX1 ...Xm, we have 8(xg) = A, B(xm) = B,
and B(x;) = B(xixi—1) U B(xixi41) fori € [m — 1].

Proof Suppose first that G has such a path decomposition, and consider any vertex
v e V(G)\ (AU B). Leti € [m — 1] be an index such that v € S(x;). Since
B(x;) = B(xjxi—1) U B(xix;+1), by symmetry we can assume that v € B(x;x;_1).
By Observation 2.1, we conclude that S(x;x;—1) \ {v} is a cut of size k — 1 separating
A from B in G —v, and thus there is no (A, B)-linkage of size k in G —v. Therefore,
G is (A, B)-linkage critical.

Let us now prove the converse, by induction on the number of vertices of the
(A, B)-linkage critical graph G. If V(G) = A U B, then we can let m = 2 and
B(x1) = A U B. Hence, suppose that there exists a vertex v € V(G) \ (A U B).

Since G is (A, B)-linkage critical, G — v does not have an (A, B)-linkage of size
k, and by Menger’s theorem, there exists a vertex separation (C, D) of size at most
kwith A € C, B C D,and v € C N D. Note that since G has an (A, B)-linkage of
size k, we have CND = k. Since |A| = kand v ¢ A, there exists a vertex in A\ (CN
D) € C\ D, and thus D # V(G); and similarly, C # V(G). Since G is (A, B)-
linkage-critical, clearly G[C] is (A, CN D)-linkage-critical and G[D]is (CND, B)-
linkage-critical. Let (Py, 81) and (P2, B2) be the path decompositions of G[C] and
G|[D], respectively, obtained by the induction hypothesis. Let P1 = apaj ... ap,
and P, = bob; ...by,. Let m = m + my, and for a path P = xox; ... xp,, define
B(xi) = Bi(a;) for 0 <i < my and B(x;) = Bo(b; — my) form; < i < m. Note
that By (an,) = P2(bp) = C N D, and thus (P, B) is a path decomposition of G.
Moreover, we have 8(x9) = A and B(x,,) = B.
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We need to show that 8(x;) = B(x;x;—1)UB(x;x;i+1) holds for every i € [m—1].
This follows from the same property of (Py, B1) and (P2, B>) for every i # mj.
Hence, suppose that i = m, and thus B(x;) = C N D. Consider any vertex z €
C N D, and suppose for a contradiction that z & B(x;—1) U B(x;+1). By (D2), B(x;)
is the only bag containing z, and in particular z ¢ A U B. Moreover, by (D1), it
follows that all neighbors of z belong to C N D. However, then C N D \ {z} is a cut
of size k — 1 separating A from B, contradicting the assumption that G contains an
(A, B)-linkage of size k. m]

Lemma 3.8 implies that if |A| = |B| = k and G is (A, B)-linkage critical, then
pw(G) <2k — 1.

Let us now consider the analogous problem for linkages where each path has
prescribed ends. For a system S = {(s;,#;) : i € [k]} of pairs of distinct vertices
of a graph G, we say that G is S-linkage critical if G has an S-linkage and no
vertex of G is S-linkage irrelevant. The situation is much more complicated, since
there is no characterization of existence of an S-linkage as convenient as Menger’s
theorem. Mayhew et al. [4] gave an exact description for the case k = 2, and it
might be possible to give such a description for other small values of k. However,
there likely does not exist a succinct exact characterization in general, since the
S-linkage problem for unbounded & (i.e., with k being a part of the input) is NP-
complete [2]. On the other hand, Robertson and Seymour [7] proved that at least
qualitatively, Lemma 3.8 extends to this setting.

Theorem 3.9 There exists a function f3 9 : N — N such that if S = {(s;, ;) :
i € [k]} is a system of pairs of distinct vertices of a graph G and the graph G is
S-linkage critical, then pw(G) < f3 g(k).

They show that this result is a fairly simple consequence of a weaker one, only
bounding the treewidth.

Theorem 3.10 (Unique Linkage Theorem) There exists a function f3 1o : N —
N such that if S = {(si, t;) : i € [k]} is a system of pairs of distinct vertices of a
graph G and the graph G is S-linkage critical, then tw(G) < f3 jo(k).

Although Theorem 3.10 is weaker than Theorem 3.9, it is sufficient for most
applications and generally easier to use. The proof of Theorem 3.10 given in [7]
is surprisingly involved, using the Minor Structure Theorem (by Corollary 3.2, it
suffices to prove it for Kaj41-minor-free graphs). A much simpler (though still
complicated) direct proof was given by Kawarabayashi and Wollan [3].

By Theorem 3.10, every graph of large treewidth has a vertex that is irrelevant
for the existence of an S-linkage. However, to use this result algorithmically, we
also need to be able to locate such a vertex, and it is not at all obvious how to do
that. We are going to discuss a polynomial-time algorithm in Sect. 5.3. For now, let
us showcase how the Unique Linkage Theorem is used in this algorithm (and other
applications) on a simpler example.

In this example application, we are going to need a lemma dealing with a special
case. Consider a plane graph G. A nest of depth d is a sequence Cq, ..., Cq4 of
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pairwise vertex-disjoint cycles in G such that, denoting by A; for i € [d] the open
disk in the plane bounded by C;, the cycle C; is drawn in A; for every j < i. The
egg of the nest is the set of vertices of G drawn in Aj.

Lemma 3.11 Let G be a plane graph, let S = {(s;,t;) : i € [k]} be a system
of pairs of distinct vertices of G incident with the outer face of G, and let C =
Ci, ..., Cy be a nest of depth k in G. If G has an S-linkage, then it also has one
disjoint from the egg of C. In particular, all vertices of the egg of C are S-linkage
irrelevant.

Proof We prove the claim by induction on k, with the basic case k = 0 being trivial.
Consider any S-linkage # in G and a path P € . We can draw a simple closed
curve yp along P and then through the outer face of G between the ends of P; this
curve divides G into two subgraphs G| and G» intersecting in P. Choose the path
P € P and the labels of G| and G, so that G is inclusionwise-minimal. Observe
that G then intersects  only in P: If a path P’ € P different from P intersected
G1, then since the paths P and P’ are vertex-disjoint, the planarity would imply
P’ C G. But then the simple closed curve yps could be chosen to be disjoint from
yp and one of the subgraphs to which yp/ splits G would be a proper subgraph of
G, contradicting the choice of P.

We can assume that the ends of P are s; and #;. Let A be the open disk bounded
by Cy, and let Q be the subgraph of G| consisting of G| N Ci and the part of P
drawn in the complement of Aj. Let us double the edges of Q belonging both to C
and P and observe that with this change, the vertices s; and 7; have odd degree in Q
and all other vertices of Q have even degree (e.g., if v € V(P) \ {sk, ¢} is incident
with exactly one edge of P drawn in the complement of Ay, then the curve yp atv
enters Ay and exactly one of the incident edges of C belongs to G1). Consequently,
there exists a path Py between s; and 7 in Q € Gy, and in particular, this path Py
is disjoint from Ag.

The claim then follows by the induction hypothesis applied to S = {(s;, #;) :
i € [k — 1]} in the graph G — V (P) with the nest C1, ..., Cx_1, by combining an
S’-linkage disjoint from the egg with the path P. O

Thus, if G is a plane graph, all vertices forming S are incident with its outer
face, and G is S-linkage critical, then G does not have any nest of depth d. This
implies that the auxiliary graph G’ obtained from G by adding a vertex into each
face and joining it by edges to all incident vertices has radius less than 2d, and
by Theorem 2.73, tw(G) < tw(G’) < 6d. Let us remark that this gives a proof
of Theorem 3.10 in this very special case. We can combine Lemma 3.11 with
Theorem 3.10 to obtain the following useful result, which may seem as just a small
modification of Lemma 3.11, but it is actually much deeper.

Lemma 3.12 Ler H be a graph with separation (H', G) and let S = {(s;, ;) : i €
[k1} be a system of pairs of distinct vertices of H'. Suppose that G is a plane graph
and all vertices of V(G N H') are drawn in the boundary of the outer face of G. Let
d=2f310k)+2andletC = Cy,...,Cq be anest of depth d in G. If the graph
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H has an S-linkage, then it also has one disjoint from the egg of C. In particular,
all vertices of the egg of C are S-linkage irrelevant.

Proof We prove the claim by induction on the number of vertices of H. Suppose
first that H has an S-linkage irrelevant vertex v. If v is not contained in any of the
cycles of the nest C, then the claim follows by the induction hypothesis applied to
H —v. If v € V(C;) for some i € [d], then the claim follows by the induction
hypothesis applied to H/e for an edge e € E(C;) incident with v (unless v is the
only vertex of C;, i.e., C; is a loop, in which case v separates the vertices of S from
the egg of C and the conclusion of the lemma holds trivially). Therefore, we can
assume that H is S-linkage critical, and thus tw(H) < f3 1(k).

Let A be the closed disk in the plane bounded by Cy. Let G be the subgraph
of G obtained from the one drawn in A by deleting the edges of C,. Let £ be an
S-linkage in H, and let Py be the set of components of Gy N |_JP. Then Py is a set
of pairwise vertex-disjoint paths in Gy with ends in V (Cy). Note that it may be the
case that |Pp| is much larger than &, since each path of £ may enter and leave A
multiple times; thus, at this point, we cannot simply apply Lemma 3.11 to Gy.

Letm = f3 10 (k)+2 and let P; be the set of paths from Py that intersect Cq 11
(and thus also all the cycles Cy—;;42, - .., Cgq). Observe that B = {PUCy_p,4; : P €
P1,i € [m]} is a bramble. A hitting set for 8 must intersect all paths in £ or all
the cycles Cg_+1, - .., Cq, and thus the order of B is min(m, |P1]). Corollary 2.27
implies that

min(m, |P1]) — 1 < tw(H) < f3 10(k),

and thus |P(| < f3 19k) + 1.

Let C; be the nest Cy, ..., Cg—_y41 of depthd —m + 1 > |Pq], let G| =
UP1 UUCI, and let S; be the set of the pairs of ends of the paths in ;. Then
by Lemma 3.11, G contains an Si-linkage #] disjoint from the egg of C;, which
is the same as the egg of C. An S-linkage in H disjoint from the egg of C is then
obtained by replacing the subpaths of # belonging to P by those in £]. O

Hence, in case that we can locate a planar part of the graph containing a deep
nest, we can also locate an irrelevant vertex. Lemma 3.12 and its variants are also
useful in constructions of minors in graphs (partially) drawn on a surface when we
need to show that pieces of the minor obtained in different parts of the drawing do
not interfere.

3.4 Linked Tree Decompositions

Let us now turn our attention to a quite different notion of linkedness in the context
of tree decompositions. Let G be a graph and consider a tree decomposition (7, 8)
of G of optimal width tw(G). Observation 2.1 states that edges of T correspond
to vertex separations of G. It would be convenient if all small separations were
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displayed in the tree decomposition, at least to the extent that we can say whether
two bags of the tree decomposition are joined by many pairwise vertex-disjoint
paths in G just by looking on the size of the bags that separate them in 7'. This
is not necessarily true for every optimal tree decomposition; e.g., suppose that G is
a disjoint union of a clique K of size n and an n-vertex tree H. Then tw(G) =n—1
and we have many options for the part of the tree decomposition containing H, but
very few of them will correctly reflect the lack of connectivity in H. However, it
turns out it is possible to always rearrange an optimal tree decomposition so that it
has the desired property.

We say that a tree decomposition (7, ) of a graph G is lean if it has the
following additional property.

(D3) For all (not necessarily distinct) nodes x1, xo € V(T) and sets X1 C B(x1)
and X, C B(x») of the same size k, either

e (G contains an (X1, X3)-linkage of size k, or
e there exists a node x on the path between x; and x> in T such that

1B(X)| < k.

Note that this condition is quite interesting even in the case x; = x», as then it
shows that the bags of the decomposition must be formed by sets that are very well
connected inside G.

Theorem 3.13 (Thomas [8]) Every graph G has a lean tree decomposition of
width tw(G).

The proof of Theorem 3.13 is based on splitting and rearranging the bags of
the tree decomposition based on the cuts between sets violating the condition (D3).
The main issue is to ensure that the process actually terminates, which is achieved
by showing that a technical measure of the complexity of the tree decomposition
decreases with each rearrangement.

Instead of going into the details of the (rather technical) proof, let us consider
a related concept in the setting of path decompositions and let us show its typical
application. Let (P, 8) be a path decomposition of a graph G, not necessarily of
bounded width. For a positive integer k, we say that the path decomposition is k-
linked if |B(e)| = k for every e € E(P) and for every node x € V (P) incident with
distinct edges e; and e, the graph G[B(x)] contains a (8(e1), B(e2))-linkage of
size k, which we call a boundary linkage of x. Note that this condition does not say
anything about the end nodes y; and y; of P, which are only incident with one edge.
Let f1 and f> be the first and the last edge of P. Observe that the boundary linkages
for the nodes in V(P) \ {y1, y2} can be combined to a (8(f1), B(f2))-linkage L of
size k in G, such that for every node x € V(P) \ {y1, y2}, the intersection of £ with
G[B(x)] is a boundary linkage of x. We say that L is a boundary linkage of the
path decomposition.

Of course, not all path decompositions are linked. Making a path decomposition
linked involves splitting and combining its bags, and it is important to ensure that
we do not end up collapsing it into a trivial one. So, if we start with a decomposition
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with many bags, we would like to end up with one which still has many bag.
However, we need to avoid the triviality of a single bag being repeated many
times. We say that a general decomposition (B, 8) is proper if for every edge
xy € E(B), we have B(x) € B(y) and B8(y) € (x). A path decomposition (P’, B)
is a coarsening of a path decomposition (P, B) if it is obtained from (P, 8) by
combining some of the consecutive bags; that is, there exists a model w of P’ in P
with V(P) = Uer(P/) V (u(x)) such that 8’(x) = B(u(x)) for every x € V(P).
Note that a coarsening of a proper path decomposition is again proper, since if
B(x) € B(y) for an edge xy € E(P), then (D2) implies that S(x) £ B(Q) for
any subpath Q of P containing y but not x.

Lemma 3.14 [f a graph G has a proper path decomposition (P, B) of adhesion at
most k and with at least n"*T' nodes, then G also has a proper path decomposition
with at least n nodes that is k'-linked for some k' < k.

Proof We prove the claim by the induction on k. If k = 0, then (P, ) is already
0-linked and we are done; hence, suppose that k > 1.

If there exist at least n* — 1 edges e € E(P) such that |B(e)] < k — 1, then
combining the bags between these edges gives us a coarsening (P’, ') of (P, B)
with adhesion at most k — 1 and with at least n* nodes. The claim then follows by
the induction hypothesis. Hence, assume that there are at most n¥ — 2 such edges.
Combining the bags joined by these edges gives us a coarsening (P, B1) of (P, B)
with at least n+! — n¥ 4+ 2 nodes such that | (e)| = k for every e € E(P}).

Let R C V(P;) consist of the nodes x € V(P;) such that x is not an end of P;
and, letting e; and e, be the edges of P; incident with x, the graph G[B;(x)] does
not contain a (81 (e1), B1(e2))-linkage of size k. By Menger’s theorem, for each such
node x € R there exists a vertex separation (A, By) of G[B1(x)] of order at most
k — 1 with B1(e;) C Ay and Bi(e2) C By. For the first vertex x; of Pp, let us
define By, = B1(x1), and for the last vertex xp, let Ay, = Bi(x2). Let us partition

Py into |R| + 1 pairwise edge-disjoint subpaths Hy, ..., H|g| intersecting exactly
in the vertices of R. For i € [m], let s; and ¢; be the first and the last node of the
subpath H;.

Suppose next that |R| > nk — 1. Let (P, B2) be the path decomposition of G
where P> = yoy1 ...y and Ba(yi) = By, U A, U B1(H; — {s;,;}) foreachi e
{0, ..., |R|}. This path decomposition has |R| 4+ 1 > n* nodes and adhesion at most
k — 1. Moreover, note that for i € [|R]|], we have A;, € By, and By; € Ay, and thus
B2(yi—1) € B2(yi) and B2(y;) € B2(yi—1). Consequently, the path decomposition
(P,, B2) is proper. The conclusion of the lemma then follows from the induction
hypothesis.

Therefore, suppose that |[R| < n* — 2, and thus there exists i € {0, ..., |R|} such
that the path H; has at least

| P1]] - nftl —pk 4
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nodes. Combining the bags not in H; with the bags of the first and last node of H;
gives us a coarsening (H;, B3) of (P1, B1) with at least n nodes. Moreover, for each
internal node x of H;, we have 83(x) = B1(x) and x € R, and thus if e and e, are
the incident edges of H;, the graph G[B3(x)] contains a (B3(e1), B3(ez))-linkage of
size k. Therefore, (H;, B3) is a proper k-linked path decomposition of G with at
least n nodes. |

Just having a proper path decomposition is typically not good enough for
applications; instead, we need a decomposition where each bag contains some
“private” vertices not belonging to any other bag. We can achieve this by further
coarsening the path decomposition (observe that this preserves k-linkedness). For a
node x of a general decomposition (B, §) of a graph G, let §°(x) denote the set of
vertices of G that belong to 8(x) and no other bag of the decomposition; note that

=\ |J B

xyeE(B)

We say that a path decomposition (P, 8) of a graph G has non-empty interiors if
B°(x) # ) for every node x € V(P) different from the ends of P.

Lemma 3.15 Letn > 2 and k > 0 be integers, let G be a graph, and let (P, B)
be a path decomposition of adhesion at most k of G with at least (k 4+ 1)n nodes.
If the path decomposition (P, B) is proper, then it has a coarsening with non-empty
interiors and at least n nodes.

Proof For each subpath Q of P that does not contain either of the ends of P, let
us define e1(Q) and e>(Q) to be the edges of E(P) \ E(Q) incident with the ends
of Q. Let us partition P into pairwise vertex-disjoint subpaths Q1, Q», ..., Q; so
that

e ()1 consists of the first vertex of P,
e fori =2,...,t— 1, the path Q; is the shortest initial segment of P — V(Q1 U
..U Q;_1) such that B(Q;) & B(e1(Qi)) U B(e2(Q;)), and

* (O, does not have such an initial segment.

Consideri € {2,...,t — 1} and let Q; = x1...Xxp,. Since the path decomposition
(P, B) is proper, there exists a vertex v; € B(x1)\B(e1(Q;))andfor j € {2,...,m},
there exists a vertex v; € B(x;) \ B(x;—1). The vertices v1, ..., v, are pairwise
different and do not belong to B(e1(Q;)) by the property (D2). Recall that Q; is the
shortest initial segment of P — V(Q1U...U Q;_1) such that 8(Q;) € B(e1(Q))U
B(e2(Q)), and thus B(Q; — x) € B(e1(Qi)) U B(xm—1xm). Hence, the vertices
V1, ..., Uy—1 belong to B(Q; — xm) \ B(e1(Qi)) € B(xm—1xm). Since the path
decomposition (P, ) has adhesion at most k, it follows that m < k + 1. Similarly,
|O¢| < k+ 1. Therefore, t > 1+ % > n. Contracting each of the paths Q1, ...,
Q; results in a coarsening of (P, 8) with non-empty interiors. O

We now have all the tools we need to demonstrate how linkedness can be
used to construct minors. For a motivation, note that examples based on random
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graphs prove that there are K;-minor-free graphs of minimum degree €2 (¢+/Iog?).
However, these graphs are themselves relatively small, with @ (¢./log?) vertices.
Can there be arbitrarily large K;-minor-free graphs with superlinear minimum
degree? Of course, we can cheat and take a disjoint union of small dense K,-minor-
free graphs; but are there such graphs that additionally are say ¢-connected? Norin
and Thomas [5] proved that this is not the case: Every sufficiently large -connected
graph of minimum degree at least t + 1 contains K; as a minor. In fact, they proved
an even stronger statement, which we discuss in more detail in Chap. 10.

The proof of this result of Norin and Thomas has not yet been fully published
and in any case is too complicated for us to present. Instead, we prove a related
claim restricted to graphs of bounded treewidth, postulating the existence of a K,
minor for any fixed n, but assuming 2¢-connectivity and large minimum degree. This
special case will form a basis for the proof of a similar result for graphs without the
treewidth restriction, which we give in Chap. 10. To facilitate this strengthening, we
need to prove a slightly more technical version of the following lemma than what
we would strictly need for the application to graphs of bounded treewidth. On the
first reading, I suggest to only consider the following lemma with the additional
restrictions that X = ¢ and the set U consists of all nodes of the path P except for
its ends.

Lemma 3.16 For any integers t,n > 1 and k > t, there exists an integer ng such
that the following claim holds. Let G be a graph, let (P, B) be a k-linked path
decomposition of G, and let X be a set of vertices of G of degree at least 2t + 1. Let
U be the set of nodes x € V (P) different from the ends of P such that

* B°(x) #Dand |B°(x)NX| <1,

e allvertices in B°(x) \ X have degree at least 30t + 1, and

* there is no vertex separation (R, S) of G[B(x)] of order less than 2t with (8(x)N
X)U (Bx)\ B°(x)) S Rand S € R.

If|U| = no, then K, ,, is a minor of G.

Proof We choose ng = (¥)n.

Let L = {Ly,..., Ly} be a boundary linkage of (P, 8), Consider any node
x € U, let e; and e; be the incident edges of P, and let B = B(e1) U B(e2) and
K = G[B(x) \ B] = G[B°(x)]. For i € [k], let s; and ¢; be the vertices of L; in
B(er) and B(e2), respectively. We are going to define

(i) the type D of x, a subset of ¢ indices in [k],
(ii) the focus f of x, a vertex of 8°(x),
(iii) the realization of x, a subgraph of G[B(x)] containing the focus and the
vertices s; and #; for i € D and otherwise disjoint from B, and
(iv) the routing of x, an {(s;, t;) : i € D}-linkage L, in the realization disjoint from
the focus such that for each P € L, the realization contains a path from the
focus f to P disjoint from all other paths of £,.
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Suppose we succeed in this for every node x € U. Since there are only (’t‘) possible
types and |U| > nyg, there exists a set A C U of n nodes of the same type D. Let £
be the union of the routings of the nodes in A and of the paths in {L; N G[B(x)] :
i € D}forx € V(P)\ A. Then £ is formed by ¢ pairwise vertex-disjoint paths. Let
T be the set of vertices obtained by contracting each of the paths of £’ to a single
vertex. For each x € A, the condition (iv) implies that the realization of x contains
paths from the focus f of x to all vertices of T intersecting only in f. Contracting
all but the last edge of each of the paths gives us the desired minor of K; , in G.

It remains to show how to obtain the type, focus, realization, and routing for
each node x € U. Let us first consider the simpler case that there exists a vertex
f € V(K) with at least 2¢ + 1 neighbors in B. Since each path of L intersects B in
at most two vertices, there exists a set D C [k] of size ¢ such that for every i € D,
the vertex f does not lie on the path L;, but has a neighbor in V(L;) N B. In this
case, let us define the fype of x to be D and the focus of x to be the vertex f. Let
the routing of x consist of the paths L; N G[B(x)] fori € D, and let the realization
of x consist of the union of the paths of the routing, the vertex of f, and the edges
of G from f to these paths.

Let us now consider the more involved case that no vertex of K has more than
2t neighbors in B. In particular, if there exists a vertex z € V(K) N X, then since
degz > 2t + 1, it follows that z has a neighbor in K. Since |8°(x) N X| < 1, this
neighbor does not belong to X, and thus K — X is non-empty. Since each vertex of
V(K)\ X has degree at least 30741 in G and at most 2¢ neighbors in B, we conclude
that K — X has minimum degree at least 28¢. By Theorem 3.4 and Corollary 3.6,
K — X has a 2¢t-linked induced subgraph M of minimum degree more than 14¢. By
the assumptions, G[B(x)] has no vertex separation (R, S) of order less than 2¢ with
BU(B(x)NX) € Rand V(M) C S, and thus by Menger’s theorem, there exists
an (V(M), BU (B(x) N X))-linkage Q of size 2¢ in G[B(x)]. We can assume that
the paths of Q intersect M only in their ends.

Choose Q so that none of its paths end in V(K) N X if possible, and subject to
that with as few edges outside of L as possible. Consider a path L; € L. If L; is
intersected by more than one path of @, then we claim that both s; and #; are ends
of paths of Q: If say s; is not, we could choose the path Q € Q with the nearest
intersection with L; to s; and reroute Q along L; to s;, thus decreasing the number
of edges of Q outside of L or making Q not end in V(K) N X. Similarly, if L; is
intersected by exactly one path Q € Q, then Q ends in s; or f;.

Let D be the set of indices i such that L; is intersected by exactly one path Q €
Q (ending in s; or #;, where possibly s; = #;), and let D; be the set of indices i such
that L; is intersected by more than one path from Q (and thus s; # #; and both s; and
t; is an end of a path from Q). Since at most one of the paths of Q ends in V(K) N X
and all other intersect £ at least in their ends, we have |D1| 4+ 2|D;| > 2t — 1, and
thus |Dy| + |D2| > t.

Let D be a subset of D1 U D; of size t; we define the fype of x to be D. For
i € D, choose vertices a;, b; € V(M) as follows:
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e Ifi € Dy, then let g; and b; be the first vertices of the paths of Q ending in s; and
t;.

e Ifi € Dy and L; intersects M, then let a; and b; be the first and the last vertex of
MonlL;.

e Ifi € D and L; does not intersect M, then let a; = b; be the first vertex of the
path of Q ending on L;.

For eachi € D, choose a neighbor c¢; of a; in M different from all vertices chosen so
far. Choose ip € D arbitrarily and a vertex d;, in M different from already chosen
vertices, and for i € D \ {io} select a neighbor d; of d;, in M different from all
vertices chosen so far. Note that this is possible, since M has minimum degree more
than 14¢. Since M is 2¢-linked, it contains an {(a;, b;), (c;, d;) : i € D}-linkage R.
We define the focus of x to be the vertex d;,, and the realization of x to consist of

* the paths of R, the edges a;c; fori € D and d;d;, fori € D \ {ip},

* the paths of Q from ¢; to s; and b; to ; foreachi € D N D»,

e L; N G[B(x)] and the path of Q from a; = b; to L; for eachi € D N D; such
that L; is disjoint from M, and

* the subpaths of L; from s; to a; and from b; to ; for eachi € D N Dy such that
L; intersects M.

Finally, the routing of x is defined to consist of

¢ the path of R from ¢; to b; and the paths of Q from a; to s; and b; to t; for each
i€ DN Dy,

e L;iNG[B(x)] foreachi € DN D such that L; is disjoint from M, and

 the path of R from a; to b; and the subpaths of L; from s; to a; and from b; to t;
foreach i € D N Dj such that L; intersects M.

Observe that these choices satisfy the conditions (i)—(iv), concluding the argument.
O

For now, we are only going to need the following consequence.

Corollary 3.17 For any integerst,n > 1 and k > t, there exists an integer ny such
that the following claim holds. Let G be a 2t-connected graph of minimum degree
at least 30t + 1 and let (P, B) be a proper path decomposition of G of adhesion at
most k. If | P| > ny, then K, ; is a minor of G.

Proof Let ng be the maximum of the constants from Lemma 3.16 for ¢, n, and
k' < k, and choose n] > ng, k. By Lemmas 3.14 and 3.15, for some k' < k we
obtain a k’-linked path decomposition (P’, 8’) of G with non-empty interiors such
that |P’| > ng + 2. The claim now follows by Lemma 3.16 with X = @ and U
consisting of all nodes of the path P’ except for its ends. O

Using this corollary, it is now quite easy to prove the promised result for
graphs of bounded treewidth. The proof showcases a useful trick for turning a tree
decomposition into a long path decomposition.
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Theorem 3.18 For any integers t,n > 1 and k > t, there exists an integer ny such
that the following claim holds. If a 2t-connected graph G of minimum degree at
least 30t 4 1 and treewidth at most k has at least ny vertices, then it contains K;
as a minor.

Proof Let n| be the constant from Corollary 3.17 for ¢, n, and k + 1, and choose
ny > np, k. Let n > ny be the number of vertices of G. Let (T, By) be a tree
decomposition of G of width at most k. Without loss of generality, we can assume
that the tree decomposition is proper, as otherwise we can contract edges xy of T
such that Bo(x) C Bo(y), preserving only the larger bag So(y). Note that |T| >
n/(k 4+ 1) > nj. Since a tree of maximum degree A > 2 and radius r has at most
2A" vertices, we conclude that T either contains a path P with at least n| nodes, or
has a node x( of degree at least ny,

In the former case, for each y € P, let T, be the component of 7 — E(P)
containing y, and let B(y) = Bo(Ty); observe that |B(e)| = |Bo(e)| < k for every
edge e € E(P). Inthe latter case, let P a path with degxy > n nodes, let each node
y € V(P) correspond to a component Ty, of T — xo, and let B(y) = Bo(Ty) U Bo(¥);
we have |B(e)| = |Bo(x0)| < k + 1 for every edge e € E(P).

In either case, (P, B) is a proper path decomposition of G of adhesion at most
k + 1, and thus the claim follows by Corollary 3.17. O

Let us remark that the large minimum degree assumption in this result is
necessary (though the bound 307 + 1 clearly is not the best possible): As proved
in [1], the strong product of K; with an arbitrarily long cycle (which is 2¢-connected
and (3¢ — 1)-regular) does not contain K; , as a minor for any n > 2¢ + 1.
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Chapter 4 ®)
Graphs on Surfaces ST

Both in the proof of the Minor Structure Theorem and in its applications, we often
need to to show that a fixed graph H appears in a given graph G drawn on a surface
3 as a (possibly rooted) minor. There are two kinds of obstructions that can prevent
this:

e Topological: If H cannot be drawn on X, then it clearly cannot be a minor of G.

* Connectivity: If there is a linkage of size k between subsets of roots in H and the
corresponding subsets of vertices are separated in G by a cut of size less than &,
then H cannot be a rooted minor of G.

Furthermore, we can “mix” the two kinds of obstructions; e.g., if G and H have the
same genus and the genus of G can be decreased by deleting a few vertices, but this
is not the case for H, then H cannot be a minor of G. The goal of this chapter is to
present results showing that if H satisfies the topological constraints and G satisfies
the connectivity constraints with a wide margin, then H is a minor of G.

Rather than directly considering rooted minors, it turns out to be convenient to
start with a simpler problem (which nevertheless generalizes the problem of finding
a linkage between prescribed pairs of vertices). Let S = {Sy, ..., Si} be a system
of non-empty pairwise disjoint sets of vertices of a graph G; we call such a system
a root partition, and the elements of | J S are roots. An S-linkage in G is a system
{T1, ..., Ty} of pairwise vertex-disjoint connected subgraphs of G such that S; C
V(T;) for each i € [k]. The incidence graph Is of S is the bipartite graph with
vertex set {vg : § € S}UJ S, where for S € S, the vertex vy is adjacent exactly to
the elements of S. Note that /g is a star forest. In case that G is drawn in a subset IT
of a surface, we say that S is topologically feasible in T1 if Is has a drawing in I1
with the vertices of | S represented by the same points as in the drawing of G. We
say that such a drawing is a topological realization of S, and for each S € S, we
say that the component of /s containing vg represents S and that vy is its center.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 101
Z. Dvorak, Graph Minors, Springer Monographs in Mathematics,
https://doi.org/10.1007/978-3-031-87469-7_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-87469-7protect T1	extunderscore 4&domain=pdf
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4
https://doi.org/10.1007/978-3-031-87469-7_4

102 4 Graphs on Surfaces

Observation 4.1 Let G be a graph drawn on a surface T1 (possibly with boundary),
and let S be a root partition of a subset of V(G). If G contains an S-linkage, then
S is topologically feasible in T1.

Proof Without loss of generality, we can assume that each vertex v € | S that does
not form a part of S by itself has degree exactly one in G and its neighbor in G does
not belong to | JS: Otherwise, we can shift the drawing of G slightly away from
the point p representing v, add a new vertex v’ drawn at p and adjacent only to v,
and replace v by v’ in S to form a root partition S’ of vertices of the modified graph
G’. An S-linkage in G clearly can be turned into an S'-linkage in G’. Conversely,
since v does not form a part of S by itself, any S'-linkage in G’ contains v and v’ in
the same connected subgraph, and thus corresponds to an S-linkage in G.

Let S = {Sj,..., S}, and consider now an S-linkage {77, ..., Tx} in G. For
each i € [k] with |S;| > 1, contract 7; — S; to a single vertex, and let T/ be the
resulting star. For i € [k] with |S;| = 1, let T/ be the single-vertex graph with vertex
set S;. The resulting star forest T = (J;c(;) 7/ is a minor of G with the roots of
S fixed, and thus drawn on the surface IT with vertices of | S represented by the
same points as in G. We can turn T to a topological realization of S by, for each
part S; = {v;} of size one, adding a neighbor vg, of v; representing S;. O

Therefore, topological feasibility is a necessary condition for the existence of an
S-linkage. Let us now look for sufficient conditions subject to various additional
restrictions on G and S.

4.1 Linkage Across a Disk or Cylinder

Many arguments about graphs on surfaces start by first solving the special case
of the restriction of the problem to the disk. Hence, let us consider the S-linkage
problem in the following setting: Let G be a graph drawn in the closed disk A with
G-normal boundary bd(A), and let S be a root partition of the vertices of G drawn
in bd(A). Note that in this case, S is topologically feasible in A exactly if no two
parts of S “cross”; i.e., S is not topologically feasible exactly if there exist roots sj,
§2, 11, tp drawn in bd(A) in order such that s, #; € S1 and 52, 1, € §; for distinct
parts S1, 2 € S.

The main result of this section is that in this special case, the following simple
connectivity condition together with the topological feasibility is sufficient to ensure
the existence of an S-linkage: For a separation (A, B) of G, we say that § € S is
split by (A, B) it SN V(A) # @ # SN V(B). Note that this implies that every
connected subgraph 7" with S € V(T') necessarily intersects A N B. Let t5(A, B)
denote the number of elements of S that are split by (A, B). We say that G satisfies
the basic S-connectivity condition if the order of every separation (A, B) of G is at
least ts(A, B). Clearly, if G has an S-linkage, then it has this property.

Actually, in the disk case it even suffices to consider only a special kind of
separations. An I-arc in A is a simple curve with ends in bd(A) and otherwise
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drawn in the interior of A. A G-normal I-arc y splits A into two closed disks A 4
and Ap (intersecting exactly in y). Let A and B be the subgraphs of G drawn in
A4 and Ap;then (A, B) is a separation of G, whose order is equal to the number of
intersections of y with G. We call any separation of G that can be obtained in this
way an [-arc separation. It turns out that it suffices to enforce the S-connectivity
condition for I-arc separations. Note that (A, B) splits a set S € S if and only if S
intersects both A 4 and A, i.e., S has vertices in both closed arcs of bd(A) between
the ends of y.

Theorem 4.2 Let G be a graph drawn in the closed disk A with G-normal
boundary bd(A), and let S be a root partition of the vertices of G drawn in bd(A).
If S is topologically feasible in A, then the following claims are equivalent:

(i) G satisfies the basic S-connectivity condition.
(ii) Every I-arc separation (A, B) of G has order at least ts(A, B).
(iii) G contains an S-linkage.

Proof The implications (iii) = (i) = (ii) are clear, and thus it suffices to prove the
implication (ii) = (iii). We prove this implication by induction on |G| + ||G]||.

Suppose first that there exists an [-arc separation (A, B) of G such that |ANB| =
75(A, B) and A # G # B. Let y be the corresponding I-arc splitting the disk A into
subdisks A 4 and A g intersecting G in A and B, respectively. Let s and ¢ be the ends
of y and let o4 and op be the closed arcs of bd(A) fromstoz. Let Sy,..., S, €S
be the sets split by (A, B), listed in order in which o4 first encounters them. Note
that o first encounters all vertices of S| N o, then all vertices of S Nop, ..., and
finally all vertices of S,, N op, as otherwise S would not be topologically feasible
in A. In particular, if s is a vertex of G, then s € Sy, and if ¢ is a vertex of G, then
t € Sy. Letvy, ..., v, be the vertices of G encountered by the I-arc y in order. For
i €[ml,letS;a = (SiNoa)U{v;}and S; p = (SiNop)U{v;}. Let S4 consist of the
sets S; 4 fori € [m] and of the sets S € S not split by (A, B) and contained in o4.
Let Sp consist of the sets S; p for i € [m] and of the sets S € S not split by (A, B)
and contained in op. If A contains an S4-linkage and B contains an Spg-linkage,
then their combination gives an S-linkage in G.

Suppose for a contradiction that say A does not contain an S 4-linkage. Note that
S 4 is topologically feasible in A 4, since the sets of S, intersect y in the same order
as the corresponding sets of S intersect 0. By the induction hypothesis, it follows
that there exists an I-arc separation (C, D) of A of order less than zs,(C, D). Let
y’ be the corresponding I-arc of A 4 splitting A 4 into disks A¢ and A p containing
C and D, respectively. We can assume that the labels of C and D are chosen so that
Ac¢ Ny is non-empty and connected. If both ends of 3’ are in o4, then (C, D U B)
is an I-arc separation of G of order |C N D| < t5,(C, D) = ts(C, D U B), which
is a contradiction. If both ends of y’ are in y, then rerouting y along y’ gives us an
I-arc separation (C, D U B) of G which splits the sets Sy, ..., S;; but has order less
than m, again a contradiction.

Finally, consider the case that ¢’ has one end in the interior of o4 and the other
end in the interior of y. Letc = |V(C)N{vy, ..., vu}l,d = |[V(D)N{v1, ..., vy},
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let ¢’ be the number of sets in {S; : i € [m]} intersecting C, and let d’ be the number
of such sets intersecting D. Note thatm < c+d <m+1landm < ' +d <m+1,
since at most one vertex may belong to C N D N B and at most one set S; may
intersect both C and D. By symmetry between C and D, we can assume that

(*) ¢/ >c,andifc+d=mandc +d =m +1,thenc’ > c.

We can choose the labels so that V(C) N {v1, ..., vy} = {v1, ..., v.} and the sets
Si, ..., S intersect C. The I-arc formed by y’ and the part of y between the point
y Ny’ and s shows that (C, D U B) is an I-arc separation of G. Since ¢/ > ¢, the
sets S, ..., Sc—1 are split by (C, D U B), but the sets S;,4, ..., Sc—1,4 are not split
by (C, D). Moreover, consider any set S € Sy split by (C, D).

o IfS=S;aforie[m]\[c],thensince v; ¢ V(C), we have S§; N V(C) # @, and
thus S; is split by (C, D U B).

o If S = S 4,then S, N V(C) # @ since ¢’ > ¢, and again, it follows that S, is
split by (C, D U B).

e IfS e€S4\({Sia:i € [m]},then S belongs to S and intersects both C and D,
and thus it is split by (C, D U B) as well.

We conclude that the number of sets of S split by (C, D U B) is by at least ¢ — 1
larger than the number of sets of S4 split by (C, D), and thus 75(C, D U B) >
¢ —1+41s,(C, D). Recall that 75, (C, D) > |C N DJ; it follows that

t5(C,DUB)>c—1+715,(C.D) > c+|CND|>|CN(DUB). (4.1)

By the assumptions, the order of (C, D U B) is at least t5(C, D U B), and thus all
the inequalities in (4.1) have to hold with equality. In particular |C N (D U B)| =
¢+|CN D|, and thus v, & V(D); this implies that ¢ +d = m. Moreover, ts(C, DU
B) = c¢—1+15,(C, D), and thus S. 4 must be split by (C, D), as otherwise S¢
contributes to ts(C, D U B) butnot to tg, (C, D). Since v. ¢ V (D), it follows that
S, intersects D in addition to C, and thus ¢/ = c and ¢’ +d’ = m + 1. However, this
contradicts (x).
Therefore, we can assume that

(x%) 7s(A, B) < |A N B| holds for every I-arc separation (A, B) of G such that
A#G # B.

Suppose now that G has a vertex v distinct from the roots. We claim that G — v
satisfies the condition (ii). Indeed, consider an I-arc separation (A’, B’) of G — v,
given by a (G — v)-normal I-arc y’. In case that A” # G — v # B’, we modify
y’ as follows: Whenever y’ enters the face of G — v containing v, we redirect it
to pass through v without intersecting any edges of G. Afterwards, we simplify the
resulting curve by eliminating the parts between its self-intersections, and denote
the resulting G-normal I-arc by y. Note that y intersects G only in v and vertices in
which y’ intersects G — v, and thus for the I-arc separation (A, B) of G defined by
y, the condition ( x ) gives
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ts(A',B') = 15(A, B) < |[ANB| -1 < |A'nB.

In case that A = G — v, we have t5(A’, B’) < |B’| = |A’ N B’|. Similarly
7s(A’, B') < |A'NB’| holds if B’ = G — v. We conclude that every I-arc separation
(A’, B’) of G — v has order at least t5(A’, B"), and thus the induction hypothesis
implies that there exists an S-linkage in G — v, and also in G. Hence, we can assume
that all vertices of G are roots.

If G is not connected, then there exists an I-arc y disjoint from G such that
each part of A — y contains a non-empty subgraph of G. Then the corresponding
I-arc separation (A, B) of G has order 0 and ts(A, B) > 0, contradicting ( » %).
Therefore, G is connected. If |S| = 1, this implies that G itself forms an S-linkage,
and thus suppose that |S| > 2. Then there exists an edge ¢ = uv with u € V(S)
and v € V(8) for distinct S;, S» € S. In this case, an I-arc intersecting bd(A)
in # and v and drawn next to e gives an I-arc separation (A, B) with |[A N B| =
{u, v}| = 2 < t5(A, B), since both S7 and S, are split by (A, B). Since we can
freely decide which part of the separation contains the edge e, this contradicts ( * x)
unless V(G) = {u, v} and E(G) = {e}, in which case we cannot choose A and B
so that A # G # B. However, in that case S = {51, S}, S1 = {u}, $» = {v}, and
an S-linkage trivially exists. O

Note that it is possible to obtain a polynomial-time algorithm for the S-linkage
problem across a disk based on the presented proof of Theorem 4.2; e.g., to verify
the condition ( * x) or to find an I-arc separation violating it, we just need to find
I-arcs with prescribed ends (with O (k?) choices of the ends, where k is the number
of roots) and intersecting G in as few vertices as possible, which easily translates to
finding shortest paths in the radial graph of G. However, there is a simpler and more
efficient algorithm for the problem, see [5] for details.

The basic S-connectivity condition is no longer sufficient when we consider
graphs drawn in the cylinder. To see that, consider e.g. a cylindrical grid with
boundary cycles sy...s; and t1...#, where for i € [k], s; and #; are in the
same column, and let S = {{s;,%; 11} : i € [k]}, where tx41 = #. The
graph does not contain an S-linkage, even though it is topologically feasible and
basic S-connectivity holds. However, a somewhat more complicated necessary-
and-sufficient condition combining connectivity and topological considerations was
found in [5]. Rather than formulating it, let us just note that it gives a way to test the
existence of an S-linkage in this case.

Theorem 4.3 (Robertson and Seymour [5]) There exists a polynomial-time algo-
rithm that, given a graph G drawn in the disk or the cylinder and a root partition S
of the vertices of G drawn in the boundary of the surface, finds an S-linkage in G
or correctly decides that no S-linkage in G exists.

For other surfaces, the situation is less clear, partly because the cuts in them
have more complicated structure. It seems plausible that a more elaborate condition
similar to the one of Theorem 4.2 is also necessary and sufficient on any fixed
surface; e.g., Schrijver [9] got a quite strong result of similar flavor. Nevertheless,
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for our purposes, we do not need a precise answer; rather, we prefer a sufficient
(but not necessary) condition that is convenient to use. The condition can be most
concisely stated in terms of a metric deriving from respectful tangles, defined in the
next section.

4.2 Metric from Respectful Tangles

To give a bit of a motivation, let us first formulate a version of Theorem 4.2 in terms
of tangles.

Corollary 4.4 Let G be a graph with cellular drawing on the sphere %, let f be a
face of G, and let S be a root partition of a subset Z of vertices of G incident with
f. Let T be a tangle in G of order at least |S|. If S is topologically feasible in X\ f
and Z is T-free, then G contains an S-linkage.

Proof Consider any separation (A, B) of G of order less than |S|. Without loss of
generality, we can assume (A, B) € 7. Since Z is T-free, every subset of Z is also
T-free, and thus 75(A, B) < |[V(A)NZ| < |AN B|. Therefore, G satisfies the basic
S-connectivity condition, and the claim follows from Theorem 4.2. O

Although Corollary 4.4 is not an exact characterization, its assumptions are com-
pact and convenient to verify. When applying Corollary 4.4 and its generalizations,
the following description of free sets for respectful tangles is often useful.

Lemma 4.5 Let 7 be a respectful tangle of order 6 in a graph G with a cellular
drawing on a surface X, and let Z be a set of vertices of G of size at most 0. Then
the following claims are equivalent:

(i) The set Z is not T-free.
(ii) There exists a confined subgraph F C Rg with Z C insq (F) and |Z| >
|F NGl
(iii) There exists a 2-edge-connected confined strictly outerplanar cactus F C Rg
with outer face f such that insq (F) = X\ fand |Z Ninsq (F)| > |[F N
G|, and moreover, for every cycle K in F, the interior of the disk insq (K)
contains a vertex of Z,

Proof 1f Z is not T-free, then there exists a separation (A, B) € 7 of order less
than |Z| such that Z € V(A). By Lemma 2.89, there exists a confined strictly
outerplanar cactus Fy with outer face f such that |Fo NG| < |[A N B| < |Z| and
Z C V(A) Cinsgq (Fp) = X\ f. Hence, (i) implies (ii). Moreover, without loss
of generality, we can assume that for every cycle K in Fp, the interior of inss (K)
contains a vertex of Z, as otherwise we can delete an edge of K from Fj while
preserving the described conditions. Observe that for distinct 2-edge-connectivity
components F and F’ of Fy, the sets insg- (F) and ins¢ (F’) are disjoint. Since
|Z| > |Fo N G| and Z C insq (Fp), there exists a 2-edge-connectivity component
F of Fysuchthat |Z Ninsg (F)| > |F N G|. Hence, (i) also implies (iii).
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Let us now argue that the conditions (ii) and (iii) imply (i). To show that the
set Z is not 7-free, it suffices to show that a subset of Z is not 7-free. Hence,
in the situation of (iii), we can consider the set Z N ins4 (F) instead of Z, and
thus it suffices to show that (ii) implies (i). Let (A, B) be the separation of G with
V(A) ={v e V(G) : v einsg (F)}, E(A) = {e € E(G) : pg(e) C insq (F)},
and V(AN B) = V(F)N V(G). By Lemma 2.89, we have (A, B) € 7, and thus Z
is not 7-free. m|

Let us remark that in (iii), F' is not necessarily a cycle; e.g., consider the case that
F is the union of two cycles K1 and K> intersecting in a single vertex of G, Z is
disjoint from F, and |Z Ninss (K;)| = |K; N G| fori € [2].

Let us now consider the general case of the S-linkage problem in a graph G
drawn on a surface (and without the restriction that the roots are incident with
only one face). It is easy to see that assuming the freeness of the set of roots is
no longer sufficient. It is natural to additionally assume that the tangle is respectful
and has large order. This forces large representativity in the non-sphere case, and
the existence of a large grid minor in the sphere case, which should give us
enough freedom to route the linkage paths according to their topological realization.
However, this is still not sufficient—the topological realization may force us to route
many disjoint paths so that they pass between two faces of G incident with distinct
roots, and this may not be possible if the faces are not “far apart”. In this section,
we develop the theory necessary to state this distance condition precisely.

4.2.1 The Definition of the Metric

For a graph with a cellular drawing on a surface, let its atoms be its vertices, edges,
and faces. Let G be a graph with a cellular drawing on a surface and let 7 be a
respectful tangle in G of order 6. Consider a closed walk W in R and let U be
the subgraph of Rg formed by vertices and edges traversed by W. Note that U may
have fewer edges than the length |W| of the walk W in case that W traverses an
edge several times. If the subgraph U is confined, we define insq (W) = ins4 (U).
Note that if |W| < 26, then |[U N G| < 6 and U is confined. For atoms a and b of
R, let us define the distance dg(a, b) between a and b as follows:

e Ifa = b, then dg (a, b) = 0; otherwise,

* if there exists a closed walk W in Rg of length less than 260 such thata U b C
ins7 (W) and ¢ is the minimum length of such a walk, then dg (a, b) = £/2;

e otherwise, dg(a, b) = 0.

For atoms a’ and b’ of G, we define d (a’, ') = d7(pg(a), pc (b)).

Lemma 4.6 Let G be a graph with a cellular drawing on a surface and let T be a
respectful tangle in G of order 0. The function dg is a metric on the atoms of Rg,
and thus also on the atoms of G.
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Proof Clearly dg is symmetric and dg(a, b) = 0 if and only if ¢ = b, and thus it
suffices to show that d 4 satisfies the triangle inequality. Consider atoms a, b, and ¢
of Rg; we aim to show that

dy(a,c) <dg(a,b) +ds(b,c).

This is clearly true if a, b, and ¢ are not pairwise different, or if ds(a, b) +
dgq(b,c) > 6. Hence, we can assume that there exist closed walks W; and W,
in Rg of lengths £1 = 2d 4 (a, b) and £> = 2d 4 (b, ¢) such thata U b C insq(Wy),
bUc Cinsg(W5), and £1 + £» < 26.

The intersection insq(W7) N insg(W3) is non-empty, since it contains b. We can
move continuously from a point in this intersection to a point in its complement until
we hit a point in W1 U W,. Hence, by symmetry, we can assume that there exists
a vertex v € V(W) with v € insg(W»). If W C insq(W>), then Corollary 2.82
implies a C insg(W1) C insg(W3), and thus dg(a,c) < £2/2 < ({1 + £2)/2.
Otherwise, we can walk around W; from v until we would leave W>, i.e., till we
encounter a vertex z € V(Wp) N V(W,). Let W be the closed walk in G of length
£1 + ¢, obtained by concatenating Wi and W3 in z. Then a U ¢ C insq(W7) U
insg(W2) C insq«(W), and dg(a,c) < (1 +£2)/2 =dg(a,b) +ds (b, c). O

Let us remark that if v is a vertex incident with a face f, then ds(v, f) =
1. Moreover, if a and b are vertices or faces incident with the same edge e, then
dg(a,b) < 2, as seen by considering insq(W) for the closed walk W bounding
the 4-face pg(e). By triangle inequality, it follows that the tangle metric is (up to
a constant factor) bounded by the graph distance; i.e., if u and v are vertices of G
joined by a path of length ¢, then d4 (1, v) < 2¢. On the other hand, vertices may be
far in the graph distance yet close in the tangle metric, e.g., if they are contained in
the disk bounded by a short cycle. Let us also note the following simple observation.

Observation 4.7 Let G be a graph with a cellular drawing on a surface and let T~
be a respectful tangle in G of order 0. If T' is the truncation of T to order 8’ < 6,
then

dg (a, b) = min(dg(a, b),0")

for all atoms a and b of G.

Lemma 2.81 implies that the distance is actually determined by quite special
types of walks. Let 7 be a respectful tangle in a graph G with a cellular drawing on
a surface X. For distinct atoms a and b of G or Rg, we say that a and b are nearby
if dg(a, b) < 6. Suppose now that a and b are atoms of Rg. An (a, b)-restraint is a
connected confined strictly outerplanar cactus FF € Rg with outer face f such that
aUb Cinsg(F) = X\ f. The perimeter of F is the boundary walk W of f; note
that insg(W) = ins¢ (F). An (a, b)-restraint is optimal if its perimeter has length
dg(a,b). We say that an (a, b)-restraint F is an (a, b)-tie if
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* a and b are vertices and F' is a path with ends a and b, or

e Fisacyclewith |{a,b} NV (F)| < 1,o0r

e F is the union of a path P with distinct ends x and y and a cycle C intersecting
P only in y, with {a, b} N V(F) = {x}, or

e F is the union of two cycles intersecting in a single vertex, or of two vertex-
disjoint cycles and a path connecting them, and a, b &€ V (F).

Lemma 4.8 Let G be a graph with a cellular drawing on a surface and let T be a
respectful tangle in G of order 6. If a and b are distinct nearby atoms of G, then
there exists an optimal (pg(a), pc (b))-restraint which is a (pg(a), pc (b))-tie.

Proof Let Wy be a closed walk in Rg of length 2d ¢ (a, b) such that pg(a) U
pc(b) C insg (Wp). By Lemma 2.81, there exists a (oG (a), pg(b))-restraint Fy
with insq (Wy) = insq (Fp). Note that W traverses each edge of Fy, and traverses
each bridge of Fj at least twice, and thus Wy is at least as long as the perimeter of
Fy; hence, without loss of generality, we can assume that Wy is the perimeter of Fj.

If pg(a) € V(Fy), then let C, = pg(a), otherwise let C, be the cycle in Fy such
that pg(a) C insq (C,). Let Cp, be defined analogously. If C, = Cp, then let F =
C,, otherwise let F consist of C, U C}, together with a shortest path P in Fj between
C, and Cp. Then F is a (pg(a), pg(b))-tie. Let W be the perimeter of F. Note that
Wy traverses all edges of C, and Cjp, and that it contains two subwalks disjoint from
E(C,UC)) between the ends of P. We conclude that |W| = ||C, ||+ |Cp | +2[| P|| <
[Wo| = 2d 4 (a, b). Since pg(a) U pg(b) C insq (C, U Cp) C insq (F), it follows
that F is an optimal (pg (a), pg (b))-restraint. |

4.2.2 The Structure of Balls

An important insight into the behavior of the metric defined by a respectful tangle
is that every ball of radius k < 6 (the union of the atoms at distance at most k
from a fixed atom) forms a simply connected subset of the surface. We give a proof
of this result (Theorem 4.13), as the ideas used in the argument (Lemma 4.9 and
Corollaries 4.11 and 4.12) perhaps provide a better understanding of the metric;
nevertheless, the proof is rather technical and the reader should feel free to skip it.

An optimal (a, b)-restraint F is extremal if insq (F) is inclusionwise-maximal
among all optimal (a, b)-restraints. Note that optimal restraints are not necessarily
ties; e.g., in the construction described in the proof of Lemma 4.8, P can be replaced
by two paths of length || P|| between the ends of P. Extremal restraints have the
following no-shortcut property.

Lemma 4.9 ( &) Let G be a graph with a cellular drawing on a surface %, let T
be a respectful tangle in G of order 0, and let a and b be distinct nearby atoms of
Rg. Let F be an extremal (a, b)-restraint with perimeter walk W, let P be a path
in R intersecting insq (F) exactly in its endpoints u and v, and let Wi and W, be
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subwalks of W between u and v such that W is the concatenation of W1 and W.
Then at least one of W1 and W5 is strictly shorter than P.

Proof Suppose for a contradiction that [W1|, |W2| > | P|. Fori € [2], let W/ be the
closed walk formed by the concatenation of W; with P, and note that |W/| < [W| <
26. Let f be the face of F such that insq (F) = X \ f. Note that the path P is
drawn in f (except for its endpoints), and it splits f into two parts f; and f>, where
W! forms the boundary of f; for i € [2]. By Corollary 2.85, there exists a face fo
of Rg such that fy is not contained in ins¢ (W) U insq (W3) Uinss (F). By
symmetry, we can assume fo C fi. Lemma 2.81 implies that ins¢+ (W]) = X\ fi,
and that there exists a strictly outerplanar cactus Fj with outer face f] such that
insg (F) = insq (W/]). Note that the perimeter of Fy has length at most [W{| <
|[W|, and that inss (F1) = £\ f1 2 £\ f = insg (F). Therefore, F; is an
(a, b)-restraint contradicting the extremality of F'. O

Given a graph H drawn on a surface X, a set X is H-nice if it is a union of
vertices, edges, and faces of H. We need the following topological facts (which are
less obvious than they might seem, and rely on the niceness of the sets; see [2, 3]).
Recall that a space X is simply connected if it is arcwise-connected and every closed
curve in X is contractible.

Lemma 4.10 ( &) Let H be a graph with a cellular drawing on a surface X, and
let X and Y be closed H-nice simply connected subsets of X such that X N'Y is
arcwise-connected. Then X UY is simply connected. Moreover, if X UY # %, then
X NY is simply connected.

We get the following consequence for extremal restraints.

Corollary 4.11 ( &) Let G be a graph with a cellular drawing on a surface %, let
T be a respectful tangle in G of order 0, and for i € [2], let a; and b; be distinct
nearby atoms of Rg and let F; be an extremal (a;, b;)-restraint. If insq (F1) N
insg (F2) # 0, then both the union and the intersection of ins¢ (F1) and insq (F3)
is simply connected.

Proof We have insg (F1) Uinsg (F2) # X by Corollary 2.85. By Lemma 4.10, it
suffices to argue that Z = ins¢ (F1) Ninss (F>) is arcwise-connected.

Consider any component X of arcwise-connectivity of Z. We can assume that
insg (F1) # X # insq (F>), as otherwise X = Z and the claim clearly holds. For
i € [2], consider a curve in insq (F;) from a point in X to a point in insg (F;) \ X;
this curve necessarily intersects the boundary of X in a point of ins¢ (F3—;). We
conclude that every component of Z is incident with a vertex of F and a vertex
of F».

Suppose for a contradiction that Z is not arcwise-connected, and for i € [2],
let P; be a shortest path in F; joining vertices u; and v; incident with different
components of Z. Clearly P; has no internal vertices in insq (F3_;), as otherwise
these vertices would belong to F; Ninss (F3—;) € Z and P; would have a proper
subpath joining different components of Z. Since u; € Z but the first edge of P is
not contained in Z, it follows that u; € V(F3_;), and analogously v; € V (F3_;).
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Therefore, P; is a path joining distinct vertices of V (F3_;) and otherwise disjoint
from insg (F3_;), and Lemma 4.9 implies that there is a path between u; and v; in
F5_; shorter than P;. Since P3_; was chosen to be a shortest path in F3_; with ends
in different components of Z, this implies | P3_;| < | P;|. However, this cannot hold
for both i € [2], giving a contradiction. O

This gives us the following laminarity property for extremal restraints.

Corollary 4.12 ( &) Let G be a graph with a cellular drawing on a surface X,
let T be a respectful tangle in G of order 0, and for i € [2], let a; and b; be
distinct nearby atoms of Rg and let F; be an extremal (a;, b;)-restraint. If ap Uby C
insg (Fy), then insq (F>) C insq (F).

Proof Let Q1 and Q; be the perimeters of F; and F. Let Z; = insq (F1) N
insg (F2) and Z, = insq (F)) Uinsq (F3). Since ap U by C Z;, Z; is non-
empty, and thus by Corollary 4.11, both Z; and Z are simply connected. Moreover,
Z> # X by Corollary 2.85. For i € [2], let H; be the subgraph of Rs formed
by vertices and edges contained in the boundary of Z;, and observe that H; is a
connected strictly outerplanar graph with outer face f; = X \ Z;. Let W; be the
boundary walk of f;.

We claim that |W;| > |Q>|. This is clearly true if |W;| > 20, since a> and
by are nearby. Hence, suppose that |Wj| < 26. Since Hy € Z; C insq (F1),
Corollary 2.82 implies insq (W) = insq (Hy) C insq (F1), and since Z1 U f] =
Y and insq (F1) # X, it follows that f; € insq (W;). By Lemma 2.81, we
conclude that insq (W;) = Zj. Since ap, U by C Zi, it follows that W is an
(az, by)-restraint. Since F; is an optimal (ay, by)-restraint, we obtain the inequality
[W1| = |Q2|, as desired.

Consider now any edge ¢ € E(Rg) and let k be the number of times e is traversed
by Wi and W,. We claim that Q1 and Q5 traverses e at least k times:

e If k = 4, then e is bridge in H; as well as H», and thus neither of the faces
incident with e belongs to insg (F7) Uinsq (F3). Consequently, e is a bridge of
F1 and F,, and thus Q; and Q also traverse e four times.

e If k = 3, then ¢ a bridge in H; and exactly one face g of R incident with e
belongs to Z,. Then for some i € [2], e is a bridge of F; and an edge of F3_;,
and g € insq (F3_;). Then Q; traverses e twice and Q3_; once.

e Ifk =2andeisabridge in Hy, but not an edge of H,, then one face incident with
e belongs to ins¢ (F7) \ insg (F2) and the other one to insq (F3) \ insq (Fi)
and each of O and Q5 traverses e once.

e Ifk =2andeisabridge in Hy, but not an edge of Hj, then neither of the incident
faces belongs to insg (F1) Uinsg (F3) and e is a bridge in one of F; and F3,
and thus Q| or Q traverses e twice.

e Ifk = 2 and e is a non-bridge edge of both H; and H>, then one face incident
with e belongs to both insg (F7) and ins¢ (F>) and the other one to neither, and
thus each of Q| and Q5 traverses e once.

e If k£ = 1, then observe that e is necessarily an edge of F or F», and thus Q1 or
Q» traverses e.



112 4 Graphs on Surfaces

Consequently, |Q2| + [W2| < [Wi| + [W2| < [Q1] + |Q2], and thus [W2| < [Q1].
Since insq (F1) Uinsg (F2) U fo = Zo U f, = %, Corollary 2.85 implies that
f» & insq (W); by Lemma 2.81, it follows that insq+ (W2) = Z> D a; U by.
Therefore, H; is an (aj, by)-restraint, and since F] is an extremal (aj, by)-restraint
and insy (F1) € Z, = insq (W>), we conclude that insq (F1) = Z,. This implies
that insq (F,) C insq (F1). |

And finally, this gives us the aforementioned key result.

Theorem 4.13 Let G be a graph with a cellular drawing on a surface X, let T be a
respectful tangle in G of order 0, let a be an atom of Rg, and let k < 0 be a positive
integer. Let Z be the union of the atoms b of Rg such that dg(a, b) < k. Then Z is
simply connected.

Proof () For every atom b distinct from a such that dg(a, b) < k, let Fj be
an extremal (a, b)-restraint, which exists by Lemma 2.81. Note that d4(a, b’) <
dg(a,b) < k for every atom b’ C insq (Fp), and thus ins¢ (Fp) € Z, and
moreover, either Z = a (in which case the conclusion of the theorem holds), or

Z = U insq (Fp).

b+#a:dg(a,b)<k

This implies that Z is arcwise-connected. Hence, it suffices to show that every cycle
C of Rg N Z is contractible inside Z. Let vy, eq, v2, €2, ..., Uy, e, be the vertices
of C in order, and let v,+1 = wv;. Fix a point p of a, and for i € [m], let y;
be a curve from p to v; contained in insg (Fy,), with y,,41 = yi. Let yi' be
the concatenation of the reversal of y; with y;11. Since a, v;, v;i11 € insq (Fy,),
Corollary 4.12 implies that ins¢ (Fy,) U insq (Fy, ) C insq (F,), and thus
yl/ C insq (Fg;). Since insq (F;) is simply connected, the closed curve consisting
of yl-’ and e; is contractible in insq (F,;) € Z, and thus the curve tracing e; is
homotopically equivalent to y/ in Z. It follows that the concatenation y of y/, ...,
y,, is homotopically equivalent to the cycle C (viewed as the concatenation of curves
tracing the edges of C). The closed curve y is trivially contractible in Z, and thus C
is contractible in Z as well. O

In case that ¥ is not the sphere, Theorem 4.13 implies that there is a face of
R¢ not contained in Z. This is also true if X is the sphere, but the proof is rather
lengthy and we omit it in our exposition. Let us state this result in an equivalent
form speaking about the atoms of G, which will be more useful for us.

Theorem 4.14 (Robertson and Seymour [7, 8]) Let G be a graph with a cellular
drawing on a surface ¥ and let T be a respectful tangle in G of order 6 > 2. For
every atom a of G, there exists an edge e of G such that dg(a,e) = 0.

We are actually going to need a more refined version of Theorem 4.13, showing
that for every atom a and every positive integer k < 6, there exists a disk in the
surface containing exactly the part of R at distance at most k from a, except for a
bit of fuzziness concerning the atoms at distance exactly k.
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Corollary 4.15 Let G be a graph with a cellular drawing on a surface ¥ and let
T be a respectful tangle in G of order 6. For every atom a of G and an integer k
such that 2 < k < 0, there exists a cycle C in Rg bounding a disk A C X such that
pG(a) C A,

(i) every atom b of Rg such that b C A satisfies dg(pg(a), b) <k,
(ii) every atom b of Rg with dg-(pg(a), b) < k — 1 satisfies b C A, and
(iii) for every vertex u € V(C), there exists a face q of Rg incident with u such
that d(pg(a), q) = k + 1, and in particular, d7(pg(a), u) > k — 1.

Proof Let Z be the union of the atoms b of Rg such that ds(pg(a), b) < k. By
Theorems 4.13 and 4.14, Z is simply connected and does not contain all faces of
Rg. Let H be the subgraph of Rg contained in the boundary of Z; then H has a
face f such that Z = X \ f, and H is a strictly outerplanar cactus with the outer
face f. Since k > 2 and all faces of Rg have length four, if a is a vertex or a face
of G, then Z contains all faces of Rg incident with pg (a); and if a is an edge of G,
then the face pg(a) is contained in Z. We conclude that there exists a cellular face
fo # f of H bounded by a cycle C such that pg(a) C fo. Let A be the closure of
fo- Then A C Z, and thus (i) holds.

Note that if u € V(H), then u is incident with a face g of Rg not in Z, and thus
dy(pg(a),u) > dy(pg(a),q) —dg(q,u) > (k+1) —2 =k — 1, implying that
(iii) holds.

Consider now any atom b of Z not contained in A, let F be an optimal
(pg(a), b)-restraint, and let W be the perimeter of F. Since b is not contained in
A and insg (F) C Z, observe that there exists a cutvertex u of H contained in C
such that u is also a cutvertex of F. Let W' be the closed walk obtained from W by
removing the part of W outside of A between two appearances of u in W, and let
£ > 2 be the length of the removed part. Since pg(a) Uu C insq (W’), we have
|W'| > 2d7(pg(a), u). Consequently,

k>d7(pga),b) = |W|/2=(W'|+0/2=dr(pc(a),u)+£/2 > k—1+¢/2.

It follows that £ = 2 and dg(pg(a), b) = k, and thus (ii) holds. |

As we will see in the next section, it is convenient to get a similar disk bounded
by a cycle in G rather than Rg. We say that a disk A in the surface is a zone if A is
bounded by a cycle in G. It is a zone around an atom a of G if a C A, and a k-zone
around a if additionally d7(a, b) < k for every atom b of G contained in A.

Corollary 4.16 Let G be a graph with a cellular drawing on a surface ¥ and let T~
be a respectful tangle in G of order 6. For every atom a of G and an integer k such
that 4 < k < 0, there exists a cycle C in G bounding a k-zone A around a such
that

e every atom b of G with dg(a, b) < k — 3 satisfies b C A, and
o for every vertex v € V(C), there exists a face g incident with v and an edge e
incident with g such that dg(a, e) > k + 1, and in particular dg(a, v) > k — 2.
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Proof Let Cy be the cycle in Rg and Ag the disk bounded by Cy with pg(a) C Ag
obtained in Corollary 4.15. Consider any face f of G with pg(f) € V(Cp). Let
V1, &1, V2, 82, ---» 8m—1, Uy be the neighbors of pg (f) and the faces incident with
pG (f) contained in Rg N Ay, in order around pg(f) according to the drawing of
Rg; in particular, vy and vy, are the neighbors of pg(f) in Co. Let ¢; = pg; 1(g,-)
fori € [m — 1] and note that Wy = vy, e1, v2, ..., ep—1, Uy isa walk in G. Let yy
be the curve tracing the subpath v pg (f)vy, of Cp. Cutting the face f of G along
the curve y; splits f into two parts homeomorphic to open disks, and W together
with yy forms the boundary of the one contained in A; let this part be denoted by
A 7. Corollary 4.15(iii) implies that dg(pg(a), pc(f)) = k — 1. Therefore, for
every i € [m] we have dg(a,v;) > d7(pg(a), pc(f)) —1 = k — 2. Moreover,
dr(pg(a), g) >ds(a,v;)—1>k—3 > 0fori € [m — 1], and thus pg(a) is not
contained in the closure of A r. Let A" be the space obtained from the disk Ag by
deleting a point in pg (a). Then Wy is homotopically equivalent to y 7 in A’.

Let W be the closed walk in G formed by the concatenation of the walks Wy
for all faces f of G with pg(f) € V(Cp). We conclude that W is homotopically
equivalent to the cycle Cy in the space A’, and consequently W is non-contractible in
A’. Therefore, there also exists a cycle C consisting of vertices and edges traversed
by W that is non-contractible in A’; such a cycle C clearly bounds a disk A C Ag
containing pg(a). By the property (i) of Corollary 4.15, the disk A is a k-zone
around a.

Consider now any atom b of G such that dq(a,b) < k — 3, and let F be an
optimal (pg(a), pg(b))-restraint. Since dg(a,v) > k — 2 for every vertex v €
V(C), the set insq (F) is disjoint from C, and since pg(a) C insg (F) N A, we
conclude that insq (F) C A. It follows that pg(b) € A, and since b is an atom of
G and A is bounded by a cycle in G, it follows that b € A.

Finally, for every v € V(C), there exists a face g with pg(g) € V(Cop) such that
v € W, and thus v is incident with g in G. By the property (iii) of Corollary 4.15,
there exists a face g of Rg incident with pg(g) such that dq(pg(a), q) = k + 1.
The edge e = p;' (¢) is incident with g and d7(a, €) = d7(pG(a), ) > k+1. O

Next, let us show that the slope derived from the tangle behaves as expected with
respect to zones.

Lemma 4.17 Let G be a graph with a cellular drawing on a surface X, let T be
a respectful tangle in G of order 9, and let A be a k-zone around an atom a of
G. If W is a closed walk in Rg of length less than 2(6 — k) contained in A, then
insg (W) C A.

Proof By Lemma 2.81, insq (W) = X \ f for a face f of the subgraph F of
R formed by the vertices and edges traversed by W. Let e be an edge of G such
that d7(a, e) = 0, which exists by Theorem 4.14. Note that ¢ Z insq (F), since
otherwise for any vertex v of F, we would have dg(a, v) > ds(a,e) —ds(v,e) >
0 — (@ — k) > k, contradicting the assumption that W is contained in the k-zone A
around a. Consequently, e C f. Since X \ A is arcwise-connected, disjoint from F,
and contains e, we conclude that X\ A C f,and thus insg (W) =X\ f C A. O
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From this, we can easily conclude that boundaries of sufficiently large zones
around the same atom are well connected to each other.

Lemma 4.18 Let G be a graph with a cellular drawing on a surface, let T be a
respectful tangle in G of order 0, let a be an atom of G, and let k| and ky be
positive integers such that ki + ky < 6. Let A1 C Aj be zones around a, where
A» is a ky-zone, such that the cycles C1 and Co bounding A1 and A, are vertex-
disjoint. If there exists a vertex z € V(C1) such that dg(a, z) > ki, then G contains
a (V(Cy), V(Cy))-linkage of size k.

Proof Let G| be the subgraph of G drawn in the annulus between C; and C», and
consider the auxiliary plane graph G| obtained from G| — E(C; U C3) by adding
vertices u and v adjacent to all vertices of C; and C,, respectively. If G| contains
k1 paths from u to v intersecting only in their endpoints, then the restriction of these
paths to G| forms the desired linkage. Otherwise, by Lemma 2.67, there exists a
cycle Q of length less than 2k; in the radial graph of G/ separating u from v. We
can naturally interpret Q as a cycle in R separating C| from C;. Since Q C A;
and |Q| < 2k; < 2(@ — k2), Lemma 4.17 implies that inss+ (Q) < A,, and
thus A1 C insq (Q). However, this implies that dg(a, z) < ki for every vertex
z € V(Cy), which is a contradiction. |

4.2.3 Clearing a Zone

In many constructions, we “use up” a part of a graph G contained inside a k-zone A
around an atom, and to ensure that the rest of the construction is independent from
this part, we delete all vertices and edges of G drawn in the interior of A. We say
that the resulting subgraph G’ is obtained by clearing the zone A. The drawing of
G’ on X is clearly cellular, and since we obtained it from G by deleting a region of
bounded radius k, we would intuitively expect the distances in G’ to be smaller by
at most O (k) than the distances in G. Of course, this implicitly assumes that we can
actually define distances in G’ somewhat consistently to the distances in G, which
is not completely obvious—there is no general procedure to turn a tangle 7 in a
graph G into a consistent tangle 77 in a subgraph G’ of G. The following lemma
formalizes the described intuition; its proof is straightforward but technical and the
reader should feel free to skip it.

Lemma 4.19 Let G be a graph with a cellular drawing on a surface ¥ and let T
be a respectful tangle in G of order 6. Let ag be an atom of G and let A be a k-zone
around ay for a positive integer k such that 2k < 0. Let G' C G be obtained from G
by clearing A and let fy be the resulting face of G'. There exists a respectful tangle
T in G’ of order 9’ = 0 — 2k conformal with T, such that

(i) dg(a,b) — 4k < dg(a,b) < dg(a,Db) for all atoms a and b of G’ different
from fo, and
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(ii) every atom b of G’ different from fy satisfies dg(ap, b) — 2k < dg (fo, b) <
d(ao, b).

Moreover, every T-free set Z consisting of vertices of G at distance at least |Z|+ 2k
from ag is also T -free.

Proof (3») Let C be the cycle in G bounding A. Let eg be an edge of G such that
dg(ap, eop) = 6, which exists by Theorem 4.14, and let go be the corresponding
face of Rg; clearly, go is also a face of Rgr. Let &/ = X\ go. Let vog = pg'(fo)
and without loss of generality assume that v is drawn at a point belonging to the
drawing of pg(ap). Note that by Corollary 4.15 applied for k + 1, there exists a
disk Ag 2 A in ¥’ bounded by a cycle in Rg, such that Ag contains all atoms of
R¢ at distance at most k from pg(ag), but no atoms at distance more than k + 1.
Since every vertex v € V(C) satisfies dg(ap, v) < k, there exists a (pg(ap), v)-
restraint F,, with perimeter of length at most 2k. Note that F), intersects V(G) in
at most k vertices. Let y,, be a simple curve in insq (F,) € Ag joining the points
representing vp and v; since y, and the edge vov of Ry’ are both drawn inside Ay,
they are homotopically equivalent in X',
For a cycle K in Rg of length less than 26, let us define ins’(K) as follows.

o Ifvg & V(K), then let ins’(K) = insq (K).

* Otherwise, let v1, v2 € V(K) be the neighbors of vy in K. Note that the subgraph
F = F,, UF,, U (K — vg) of Rg has less than 6’ + 2k < 6 vertices in V (G),
and thus it is confined. By Lemma 2.81, insq (F) = X \ f for a face f of F.
The boundary of f traverses each edge of K — vp at most once, and otherwise
consists of subwalks of the perimeters of ins¢ (Fy,) and insq (Fy,), and thus
the closed walk W bounding f has length less than 260" + 4k < 20; it follows that
go C f.Note that the closed curve y formed by K — vy, yy,, and y,, is contained
in insg (F), and thus it is contractible in X'. It follows that the homotopically
equivalent cycle K is also contractible in X', and thus it bounds a unique disk
Ak C Y. Let us define ins’(K) = Ag. Note that equivalently, ins’'(K) is the
face of K in X that does not contain go.

We claim that ins’ is a slope of order 8’ in G’. The verification of the properties
(S1) and (S2) is mostly straightforward; let us explain the argument for the most
complicated subcase of (S2): Let Py, P», and P3 be paths in R/ forming a confined
theta graph T, where v is an internal vertex of P3. Let K1 = P{UP3, Ko = P,UP;,
and K = P; U P,. Suppose for a contradiction that (S2) is false, and thus 7" has
three 2-cell faces whose closures ins'(K1), ins’(K>3), and ins’(K) cover the whole
surface . For i € [2], the vertex vy belongs to K;, and thus by the definition of
ins’(K;), it follows that go & ins’(K;). Therefore, gg € ins’(K) = ins4 (K), and
thus d7(go, u) < 0’ for every vertex u € V(K). Consequently, dg(pg(ag), u) >
dg(pc(ag), go) — dg(go, u) > 6 — 6’ = 2k. For the neighbors v and v, of vy in
Ps, this implies that ins¢ (Fy,) and ins¢ (F,) are disjoint from K. Let P3/ and
P3” be the shortest subpaths of P3 from its ends to insq (Fy, U F),), let Q' be a
path joining the ends of P; and Py in Rg Ninsg (Fy, U F,,), and let Q be the
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concatenation of P, Q’, and P;; then Py, P, and Q form a theta graph in Rg.
For i € [2], let F; = F,, U Fy,, U P; U P{ U P;. Note that each cycle in F; has
length at most |P3 U P;| + | Fy, | + | Fu,| < 20" + 4k = 26, and thus F; is confined.
Since pg(ap) € insg (Fy,) € insg (Q;), every atom contained in insq (F;) is
at dg-distance less than 6 from pg(ap), and thus we have gg € insq (F;). By
Lemma 2.81, it follows that insq (F;) = X \ g; for the face g; of F; that contains
go- Let f; be the face of the theta graph P; U P, U Q bounded by the cycle P; U Q.
Since g is contained in the face bounded by P; U P, = K, we have go € f;. Since
the cycle P; U Q is contained in inss (F;) = X \ g;, we have f; C ins+ (F;). But
then ¥ = f{ U o Uinsg (K) = inss (F}) Uinss (F2) U inss (K), contradicting
Corollary 2.85.

It is also easy to check that the assumptions of Lemma 2.90 hold, and thus the
respectful pretangle 7~ of order 6’ induced by ins’ is a tangle in G’. We now need to
show that this tangle and the metric derived from it satisfy the properties described
in the statement of the lemma.

First, let us show that 7 is conformal with 7~ Let id be the trivial model of G’ in
G and let 74 be the tangle of order 6’ in G id-induced by 7~'. Consider any cycle
K in Rg of length less than 20’, let Ax = insg (K), and let (A, B) € 7 be the
separation of G with A =GNAgand B=GN X\ Ag.

e If K does not contain any vertex or edge drawn in the interior of A, then K is
also a cycle in R/, and the definition of the slope ins’ implies that ins'(K) =
insg- (K). Since the tangle 7 is induced by the slope ins’, we have (ANG’, BN
G)= (G NAk,G'NZ\ Ag) e T".

e Suppose that K intersects the interior of A. Then note that ds(ap, b) < k +
|K|/2 < 6 for every atom b of Rg with pg(b) C Ak, and thus eg € Ak.

— If K C A, then this implies that Ak C A, and thus (AN G, BNG) =
(ANC,G) € 7' by (T2).

— Otherwise, let W be the closed walk in R’ obtained from K by replacing each
subpath P of K intersecting the interior of A by the 2-edge path P’ in Rg/
with the same ends passing through vg. Consider any edge e € E(ANG’), and
let A, be the space obtained from A’ by drilling a hole in e. Since e is disjoint
from the interior of A, the paths P and P’ are homotopically equivalent in
Y., and thus the closed walk W is homotopically equivalent to K in X,. Since
e € E(A) C Ak, the cycle K is non-contractible in X, and thus so is W.
The definition of ins’ for cycles passing through vy consequently implies that
pc(e) C ins'(W). Since this holds for every edge e € E(ANG’), we conclude
using Lemma 2.89 that (AN G', BNG’) € 7.

In all cases, we concluded that (A N G’, BN G') € 7', and thus (A, B) € T,.
Therefore, 77, is a respectful tangle whose derived slope is equal to insy,, where
71 is the truncation of 7 to order 6. By Lemma 2.88, we conclude that 7, = 77,
and thus 7 is conformal with 7.
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Next, let us consider the condition (ii) on the ds-distance from fy. Consider any
atom b of G’ different from f, and let us first give a lower bound on the dqg-distance
of b from fy.

o Ifdy (fo,b) = 0/, then clearly
dy(ag, b) — 2k < 6 — 2k = 6’ = dy(fo, b).

* Hence, suppose that dy(fo,b) < 6’, and let F’ be an optimal (vg, pg(b))-
restraint in Rg/. By Lemma 4.8, we can assume that F' is a (v, pg (b))-tie.

— Ifvg & V(F'), then pg(ag) € A C ins'(F’) = ins¢ (F’), and thus F’ is also
a (pg(ao), pg (b))-restraint in G. This implies that dg(ag, b) < dg(fo, D).

— If vg € V(F') has degree one in F’, then let v; be the neighbor of vy in F’
and note that F' — vq is (v1, pg (b))-restraint in G, implying that

dg(ap, b) < dg(ap, v1) +dg(fo.b) — 1 < dg(fo,b) +k—1.

— Ifvg € V(F’) has degree more than one in F’, then since F’ is a (vg, pg (b))-
tie, we conclude that F” is a cycle. If pg/(b) C Ao, then dg(ag, b) <k+1 <
ds(fo, b) + k + 1. Otherwise, letting v; and v, be the neighbors of vy in F’,
the definition of ins” implies pg (ap) U pg (b) C insg (Fy, U Fy, U(F' —vp)),
and thus

In all cases, we conclude that dg-(ag, b) — 2k < dg( fo, b).

Let us now upper-bound the dy-distance of b from fy. If d7(ag, b) > ¢’, then
clearly d7(ao, b) > ds (fo, b). Hence, suppose that d(ag, b) < 6’, and let W be
a closed walk in Rg of length 2d g (ag, b) with pg(ag) U pg(b) C insg (W). Note
that in particular eg ¢ insg (W). Let W’ be the closed walk in Ré; obtained from
W by replacing all vertices drawn in the interior of A by vg and eliminating loops
at vg. Note that vy € ins’(W'); this is clear if vy € V(W’), and otherwise we have
W = W’ and ins’(W’) = ins¢ (W) contains pg (ag) 2 vo. Moreover, ey is disjoint
from ins’(W’) by the definition of ins’, and W’ is obtained from W by replacing
subwalks inside A by homotopically equivalent subwalks. If pg(b) € V (W), then
pc'(b) € V(W) as well. Otherwise, W is contractible in £’ but non-contractible
in the space obtained from X’ by drilling a hole in p¢ (b), and thus the same is the
case for W’. Since ins’(W’) is by Lemma 2.81 equal to the complement of the face
containing ey, we conclude that pg () € ins’(W’). Clearly |W’| < |W]|, and thus
dg(fo, b) < dg(ag, b). Therefore, (ii) holds.

Let us turn our attention to the condition (i). Consider distinct atoms a and b of
G’ different from fy, and let us first give the lower bound on their ds-distance.

o Ifds(a,b) =6, then

dy(a,b) —2k <0 —2k =0’ = dy(a,b).
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* Hence, we can assume that dr(a,b) < 6’. In this case, let F’ be an optimal
(pg' (@), pg' (b))-restraint in Rg/. By Lemma 4.8, we can assume that F’ is a
(pgr(a), pg' (b))-tie.

- If vg ¢ V(F'), then ins¢ (F') = ins/(F’), and thus F’ is also a
(pG(a), pg (b))-restraint in Rg, implying that dg (a, b) > ds(a, b).

— Ifvg is a cutvertex of F’, then F’ decomposes into a (pg’(a), vo)-restraint and
a (pg' (b), vo)-restraint, showing by (ii) that

dT(Cl, b) S d‘]‘(ﬁl, Cl()) + dT(a07 b) S dT/(ai fo) + d‘T’(bv fo) + 4k
< dy(a, b) + 4k.

— Ifdg(ap, b) < k + 1, then by (ii),

dg(a,b) <dg(a,ap) +dg(ap, b) < dg (a, fo) +3k+1
<dp(a,b)+3k+ 1.

— Hence, we can assume that dg(ap,b) > k 4+ 1 and pg/(b) € Ao, and
symmetrically, that pg/(a) € Ag. Moreover, we can assume that vy € V(F')
is not a cutvertex of F’, and thus it is a vertex of degree two of a cycle
of F’. Letting v; and vy be the neighbors of vy in F’, the definition of
ins’ implies pg(a) U pg(b) C insq (Fy, U F,, U (F' — vp)), and thus
dy(a,b) <dg(a,b)+2k.

In all cases, we conclude that dg(a, b) — 4k < d¢ (a, b).

It remains to upper-bound dy (a, b). If d7(a, b) > ¢’, then clearly d7(a, b) >
ds(a, b). Hence, suppose that d(a, b) < 6’, and let W be closed walk in Rg of
length 2d s (a, b) with pg(a) U pg(b) C insq (W). Let W’ be the closed walk in
R(; obtained from W by replacing all vertices drawn in the interior of A by vg and
eliminating loops at vg. If vg & V(W’), then ins'(W’) = ins¢ (W), showing that
dyi(a, b) < d7(a,b). Otherwise, the same argument as in the case (ii) shows that
pg'(a), pgr(b) C ins'(W'), and thus dg(a,b) < |W'|/2 < |W|/2 = dg(a,b).
Therefore, (i) holds.

Finally, let us relate the 7-freeness to 7V'-freeness. Consider a 7-free set Z of
vertices of G at distance at least |Z| + 2k from ag. If Z were not 7”'-free, then by
Lemma 4.5(iii), there would exist a 2-edge-connected confined cactus F € Ry
such that

 the set Z’ = Z Nins/(F) has size greater than |F N G’|, and
« forevery cycle K C F, the interior of ins’(K) contains a vertex of Z'.

Since F is 2-edge-connected and has more than one vertex, every vertex v € V(F)
is incident with a cycle K of F; letting z € Z’ be a vertex in ins'(K), we have
dy(v,2) < |K|/2 < |F NG'| < |Z'|, and thus using (ii),

dy(v0, v) = dg(v0, 2) — dg (v, 2) > (d7(ao, 2) — 2k) —1Z'| = 0.
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Therefore, vg ¢ V (F), and thus insg (F) = ins’(F) 2 Z'and |FNG| = |[FNG'| <
|Z’|. By Lemma 4.5(ii), this implies that Z’ is not 7-free, and thus its superset Z also
is not 7-free. This is a contradiction, and thus Z is 7~'-free. O

We say that a tangle 7 satisfying the conclusions of Lemma 4.19 is obtained
from T by clearing the zone A. Let us remark that such a tangle 7~ is actually
uniquely determined, see [8] for more details. Later, we are also going to need a
statement complementary to Lemma 4.19: If the zone A is sufficiently broad, then
we can also obtain a respectful tangle inside A consistent with 7.

Lemma 4.20 ( &) Let G be a graph with a cellular drawing on a surface ¥ and
let T be a respectful tangle in G of order 0. Let k and 6’ be positive integers such
that 360" + k < 0. Let vg be a vertex of G and let A C X be a k-zone around vy
bounded by a cycle K € G such that dg-(vg, V(K)) > %«9’. Let G’ be the subgraph
of G drawn in A. Let ¥ be the sphere obtained from A by patching the hole with
the open disk fo, and let us view G’ as drawn on Xy (in particular, fy is a face of
G’ bounded by K ). There exists a respectful tangle T' in G’ of order 6 such that

dg(vo, fo) =6,

* each atom a of G' distinct from fo satisfies dg(vo, a) = min(d(vo, a), 0), and
o for all atoms a and a’ of G', if dy(vo, a), dg(vo, a’) < 0', then dy(a,a’) =
dy(a,a).

Suppose moreover that for a positive integer m < 0', there exist m pairwise vertex-
disjoint cycles K1, ..., K,, C G’ such that for each i € [m], vg is contained in
the open subdisk of A bounded by K;, and that there exist m vertex-disjoint paths
Ot,..., Qm C G, where fori € [m), the path Q; starts in a vertex z; € V(K) and
intersects all cycles K1, ..., Ky,. Then the set Z = {z1, ..., Zm} is T -free.

Proof Consider a cycle C in Rg of length less than 66’. Since dg(vg, V(K)) >
30/, note that C cannot contain both pg' ( fo) and vy.

o If pgr(fo) € V(C), then let ins(C) be the disk in g not containing pg (fo)-
o If pg'(fo) € V(C), then let ins(C) be the disk in X not containing vy.

We claim that ins is a slope of order 30" in Rg/. Indeed, (S1) is easy to verify, and
for (S2), the only problematic case is the one when the theta-subgraph of R/ consist
of paths Py, P>, and P3 and pg/(fo) is an internal vertex of one of them, say of P;.
Suppose for a contradiction that (S2) is false, and thus ins(P; U P>) Uins(P1 U P3) U
ins(P,UP3) = X. By the definition of ins, we have vy ¢ ins(P;UP,)Uins(P1UP3),
and thus vy € ins(P» U P3). Moreover, the definition of ins implies that pg/ (fo) &
ins(P>U P3), and thus ins(P,U P3) C A. We have | U P;|| < 68’ < 2(8 —k), and
thus by Lemma 4.17, we conclude that ins¢ (P> U P3) = ins(P> U P3). Therefore,
there exists a closed walk W in (P; — pg/(fo)) U P, U P3 of length at most || P} U
P> U P3| such that insq (W) contains both vy and a vertex of K. Consequently,
|P1U P, U P3| > 2d4(vo, V(K)) > 96’. This implies that P} U P, U P3 contains
a cycle of length at least 60, contradicting the assumptions of (S2). Therefore, (S2)
holds as well, and ins is indeed a slope.
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It is easy to see that the slope ins satisfies the assumptions of Lemma 2.90,
and thus it induces a respectful tangle 7 in G’ of order 36’. Let us now argue
that dr, (vo, fo) = 36’. Indeed, if d7,(vo, fo) < 36, then by Lemma 4.8, there
would exist a (vg, pg(fo))-tie F’ with perimeter of length less than 60’ such that
v0, g’ (fo) € ins(F’). The definition of ins implies that pg/(fo) € V(F’), and by
the definition of ins and Lemma 4.17, we have vy € ins(F'— pg/(fo)) = ins¢ (F'—
06’ (fo)). We conclude that the perimeter of F” has length at least 2d (v, V(K)) >
36’, which is a contradiction.

Consider now an atom a ¢ {vg, fo} of G’; we aim to show that dy, (v, a) =
min(ds (v, a), 39).

* The inequality min(dg(vo, a), 36") < dg,(vo, @) is trivial when dg (vo, @) =
36’, and thus suppose that dy,(vo,a) < 36'. Let F’ be a (vo, pg (a))-tie
with vg, pgr(a) C ins(F’) and perimeter of length 2dy; (vo, @), which exists
by Lemma 4.8. By the previous paragraph, we have pg/(fo) € V(F’), and
thus Lemma 4.17 and the definition of ins implies insq (F’) = ins(F’).
Consequently, d7(vo, a) < d7,(vo, a).

* The inequality dy,(vo, a) < min(dg(vo, a),36’) is trivial when dg(vo, a) >
30’, and thus suppose that ds(vg,a) < 30'. Let F be a (vo, pg(a))-tie with
vo, pg(a) C insq (F) and perimeter of length 2ds (vo, @), which exists by
Lemma 4.8. Since d(vg, V(K)) > 368', no vertex of K is contained in
insg (F), and since vy € insg (F), we conclude that F is contained in the
interior of A. By Lemma 4.17 and the definition of ins, we have ins(F) =
insg (F), and thus dy;, (vo, a) < dg(vo, a).

Consider now distinct atoms a # vg # a’ of G’ such that dy,(vp, a) < 6’ and
dr, (vo, a’) < 0’; we aim to show that dy (a, a’) = d(a, da’).

* By the triangle inequality, we have dy (a, a’) < 26’. By Lemma 4.8, there exists
a(pg (a), pg (a))-tie F" with pg(a), pg'(a’) C ins(F’) and perimeter of length
2dg,(a, a’). Note that pg'(fo) & V (F'), as otherwise the tie F” would show that
d7, (v, fo) < d7,(vo, a)+dry(a, fo) < 0'+20" = 30’. By Lemma 4.17 and the
definition of ins, we have ins¢ (F’) = ins(F’), and thus d7(a, a’) < dy(a, a’).

* Let us now prove the converse inequality. We have d¢(vo, a) = dg(vg, a) <
0" and dg(vo,a’) = dy,(vo,a’) < 6'. By the triangle inequality, we have
dy(a,a’) <20';let F be a (pg(a), pg(a’))-tie with pg (a), pg(a’) C insq (F)
and perimeter of length 2ds(a, a’), which exists by Lemma 4.8. Note that
dg(a,V(K)) > dq(vg, V(K)) — dg7(vg,a) > 20’, and thus no vertex of K
is contained in ins¢ (F). Since pg(a), pg(a’) C ins¢ (F), we conclude that F
is contained in the interior of A. By Lemma 4.17 and the definition of ins, we
have ins(F) = ins¢ (F), and thus dy (a, a’) < dy(a, d’).

Finally, let K1, ..., K, Q1, ..., Om, and Z be as in the statement of the lemma,
and suppose for a contradiction that Z is not 7o-free. By Lemma 4.5, there exists
a 2-edge-connected cactus F' € R such that for every cycle C in F, the interior
of ins(C) contains a vertex of Z, and |Z Nins(F)| > |F N G'|. Since Z C K, the
definition of ins implies that F is a union of cycles intersecting only in pg/ ( fo), and
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that vy & ins(F'). In particular, there exists a cycle C C F such that |Z Nins(C)| >
|C N G’|. Since the paths Q1, ..., Q,, are pairwise vertex-disjoint, there exists
i € [m] such that z; € Z Nins(C) and V(Q; N C) = @, and thus Q; C ins(C).
Moreover, since m > |Z Nins(C)| > |C N G’|, there exists j € [m] such that
V(K;j N C) = ¥, and since K; intersects Q;, we have K; C ins(C). However, by
the definition of ins, the disk ins(C) does not contain vy, while the subdisk of A
bounded by K ; does, which is a contradiction. Therefore, the set Z is 7o-free.

The conclusions of the lemma now follow by letting 7 be the truncation of 7
to order 6’. |

4.3 Linking Through a Cylindrical Grid

Corollary 4.16 enables us to build a nest of cycles around a given atom ag. As we
have seen in Sect.3.3, such nests are useful in redirecting linkages to avoid the
atom ag. Lemma 4.18 moreover gives us an additional property for this nest: There
exists a large linkage between the innermost and the outermost cycle of the nest; we
have seen an application of such a linkage at the end of the proof of Lemma 4.20.
Using Lemma 2.64, we can furthermore assume that the nest and the linkage form
a cylindrical grid minor around ap. We are going to use such a cylindrical grid
(which we call a battlefield around ap) many times throughout the book to connect
parts of constructions near ag to those far from ag. In particular, after describing the
construction of the battlefield in more detail (and with additional properties which
will be useful in later applications), we are going use it to generalize Corollary 4.4
to graphs drawn on the cylinder.

Recall that an (A, B)-linkage is a system of pairwise vertex-disjoint paths with
one end in A and the other end in B. The linkage is strict if only the first vertex of
each of the paths belongs to A and only the last vertex belongs to B. Let G be a
graph with a cellular drawing on a surface X, let 7" be a respectful tangle in G of
order 6, and let ap be an atom of G. For integers r > 2 and p > 1, anr X p battlefield
around ag in G consists of a sequence R = Cy, ..., C, of pairwise vertex-disjoint
cycles of G and of a strict (V(Cy), V(C,))-linkage # of size p in G such that

(F1) fori € [r], the cycle C; bounds adisk A; C ¥ suchthatag C A; C ... C A,
and
(F2) the linkage P is contained in A, and (R, P) is an orderly sieve.

For a positive integer k, the battlefield is k-local if additionally
(F3) A, is a k-zone around ag,
and graded if

(F4) for1 <i < j <r,all atoms a; C A; and ax € A satisty dy(ay, az) >
2(j —i0).
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The battlefield is free if

(F5) the set Z of ends of P in C, is 7 '-free in the tangle 7 obtained from 7~ by
clearing the zone A,, as well as T-free.

The egg of the battlefield is Aj.

Theorem 4.21 Let G be a graph with a cellular drawing on a surface X, let T be
a respectful tangle in G of order 0, and let ay be an atom of G. Letr > 2, p > 1,
and k > p?> + 3p + 5r be integers. If 2k < 0, then there exists a free k-local
graded r x p battlefield around ay whose egg contains all atoms a of G such that
dg(ag,a) <k -3 + p).

Proof Letr; =r+pand p; = p>. Fori € [r1],letk; = k—3(r;—i). Corollary 4.16
implies that there exists a cycle C l’ bounding a k;-zone A; around ag such that k; —
2 < dg(ap,v) < k; for every v € V(C}). In particular, the cycles C1, ..., C,, are
pairwise vertex-disjoint, and ap C A} C ... C A}, . Moreover, Corollary 4.16 also
implies that every atom a of G such that dq(ap,a) < kf —3 =k —3(r + p) is
contained in A.

Each vertex z € V(C)) satisfies dy(ap,z) > ky =2 =k = 3(r + p) +1 > p1,
and thus by Lemma 4.18, there exists a (V(Ci), V(C;l))-linkage in G of size pj.
By Lemma 2.64, we conclude that there exists a sequence R; = Cq, ..., C, of
pairwise vertex-disjoint cycles and a strict (V(Cy), V(C;,))-linkage P of size pi
in G such that C; = C{, C, = C;l, there exist disks A; C X bounded by C; for
i €[ri]suchthatay C Ay C ... C A,, and (Ry, P1) forms an orderly sieve. Let P
be the strict (V(C1), V(C;))-linkage of size p obtained from 7 by taking every p-
th path in order of their ends along C; and truncating them at their first intersection
with C,. Let R be the sequence Cq, ..., C,.

We claim that (R, P) is a free k-local graded r x p battlefield around ag. The
conditions (F1) and (F2) are clearly satisfied, and (F3) holds since A, is a subset of
the k-zone A, = A;l.

For (F4), consider atoms a; C A; and ap € Aj, where 1 < i < j < r,
and suppose for a contradiction that dg(ay, a2) < 2(j — i). Let F be an optimal
(pG(a1), pg(az))-restraint. Since a; € Aj, we have insq (F) € Aj, and thus
F ¢ Aj by Lemma 4.17. Consequently, F N A; = §, since if F N A; # 0,
then F" would have to intersect C;, Ci41, ..., Cj, and thus its perimeter would have
length at least 4(j — i). Since a; C A; is contained in insg (F), it follows that
A; C ins¢ (F). Since the disk A; € A; is bounded by C7, the restraint F shows
that d(ag, z) < 2(j —i) < 2r < k; — 2 for every z € V(C}). This contradicts the
choice of Cj.

Finally, let Z be the set of ends of the paths of # in C,, and let us argue that (F5)
holds. Let G’ be the graph obtained from G by clearing the zone A, let fy be the
resulting face, and let vg = pg/(fo). If Z is not 7'-free, then by Lemma 4.5, there
exists a 2-edge-connected confined strictly outerplanar cactus F C Ry with outer
face f such that insq (F) = X\ f, for every cycle K in F, the interior of insg(K)
contains a vertex of Z, and |Z Ninsq (F)| > |F N G'|.
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If a cycle K in F does not contain vy, then since a vertex of Z is contained in
the interior of insq(K), we conclude that A, C insq(K) = insg (K). However,
this implies that ds(ao, z) < |K|/2 < |[FNG'| < |Z| = p < k1 — 2 for every
z € V(CY}), contradicting the choice of Cj.

Therefore, all cycles in F intersect in vg. This implies that the sets Z N insq(K)
and V(K) N V(G’) are disjoint for distinct cycles K of F, and thus there exists
acycle K in F such that p > |Z Ninsg(K)| > |K N G'| = |K|/2. Note that
K C A,;,, since K cannot intersect all cycles C,, Cy41, ..., Cr4p = Cp,. But since
|Z Ninsq (K )| > 2 and we have taken every p-th path of £ to P, we conclude that
K must intersect at least p > |Z| paths of #1, which is a contradiction. Therefore,
Z is T'-free, and since 7 is conformal with 7, Lemma 2.48 implies that Z is also
T-free. We conclude that (F5) is also satisfied.

Therefore, (R, P) is indeed a free k-local graded r x p battlefield around ag.
Moreover, the egg A contains all atoms a of G such that d(ap, a) < k—3(r + p)
since Aj = A. O

Let us remark that because the construction of the battlefield is performed within
a k-zone and Lemma 4.19 gives us control over what happens after we clear the
zone, we can build a battlefield around many distant faces independently. Such
battlefields are often used in a fashion similar to Lemma 3.12 in the following
situation: Let G be an induced subgraph of a larger graph Gy, and suppose that G is
drawn in a surface so that for with each component H of Gy — V (G), there exists a
face fg of G such that all neighbors of H in G are contained in the boundary of fx.
We are able to argue that such a component H (possibly together with some nearby
parts of G) contains a substructure S we want to use in some construction. An issue
is that we need S to be linked to the rest of the construction in other parts of G, and
the process used to find S does not give us any control over the connectivity to the
rest of G¢. Performing the construction inside a battlefield around fy often gives us
a way to overcome this issue.

Let us give a specific example. Given a cyclic sequence sy, ..., s, and distinct
indices i1 < ip and i3 < i4 in [m], we say that the sets {s;, s;,} and {s;;, 5;,} are
interlaced in the sequence if i1 < j < ip holds for exactly one j € {i3, i4}. Given
a graph H and a cyclic sequence S of vertices of H, an S-cross in H consists of
two vertex-disjoint paths Q1 and Q; with ends in S such that the ends of Q; are
interlaced with the ends of Q5.

Lemma 4.22 Let (G, H) be a separation of a graph Go, where G has a cellular
drawing on a surface X with the vertices of V(G N H) drawn in the boundary of
a face ag of G. Suppose that (R, P) is a 3 x 4 battlefield around ag in G, where
R = C1,Co,C3. Let Az C X be the disk bounded by C3 containing ay and let
Gz = (G N A3)U H. Let Z be the sequence of the ends of the paths of P on C3 in
cyclic order around C3. If G3 contains a V (C3)-cross, then Gz — (V(C3) \ V(2Z))
contains a Z-cross.

Let us remark that using Theorem 4.21, the battlefield can be chosen to be free
and 43-local. The original V (C3)-cross (which may be separated from the rest of
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Go — (V(G3) \ V(C3)) by a small cut, e.g., it can attach to a subpath of C3 with
no neighbors outside of A3) thus can be “upgraded” to one with ends in the set Z

which is free even after clearing the zone A3, and thus well-linked to other parts
of G.

Proof of Lemma 4.22 Consider a V (C3)-cross (Q1, Q2) in G3 with as few vertices
in V(C3)\Z as possible. Let Z' = ZU(V(Q1UQ2)NV (C3)); we claim that Z' = Z,
which implies the conclusion of the lemma. We can assume that the paths Q1 and
Q> only intersect Z’ in their ends, since if an interior vertex z of say Q; belonged
to Z’, then Q; together with one of the subpaths of Q; from z to an end of Q
would also form a Z’-cross, contradicting the choice of (Q1, Q). Suppose for a
contradiction that there exists a vertex z € Z' \ Z, say an end of Q.

Let Z = {z1, ..., z4}, where the labels are chosen so that z;, z2, z, 23, and z4
appear on C3 in order. For i € [2], let B; be the path consisting of

* the segments of the paths of  from z; and z5—; to their first intersections u; and
v; with Cj, respectively, and
* asegment of C; between u; and v; chosen so that B; separates z from ag in Aj3.

Note that since the sieve (R, ) is orderly, the paths B; and B, are vertex-disjoint.
The path Q1 must intersect H, since otherwise it would be drawn in A3z and the
vertex-disjoint path Q, would not be able to cross it. Consequently, the subgraph
Q1 U Q> (in fact, Q1) intersects both B; and B;.

Since Z' # Z and the paths Q| and Q; intersect C3 only in their ends, there
exists i € [2] and an end u of B; suchthatu ¢ V(Q1U Q»). Let B be the subpath of
B; from u to the first intersection v with Q1 U Q», and let j € [2] be the index such
that v € V(Q;). Let Q’j and Q’j’ be the two paths consisting of B and a subpath of
Q; from v to an end of Q. Observe that Q3_; together with one of the paths Q’/.
and Q’j’ forms a Z'-cross in G3 with fewer vertices in V(C3) \ Z than (Q1, Q»),
which is a contradiction. O

The next application of battlefields will be useful when considering the linkage
problem on general surfaces, and it will directly give us a generalization of
Corollary 4.4 from the disk to the cylinder. Consider a graph G¢ with a cellular
drawing on the sphere Xy with a respectful tangle 7. Let S; and S> be sets of
vertices incident with distinct faces f; and f> of Gy, and let S be a root partition
of S; U Sy such that each part T € S consists of a vertex of S; and a vertex of
S>. Suppose that S is topologically feasible in Xg \ (f1 U f2), i.e., the pairs of S
intersect the boundaries of f; and f> in the same cyclic order. If the sets S and $>
are 7-free, then by Lemma 2.44, there exists an (S, S2)-linkage £ in 7. Clearly,
L is not necessarily an S-linkage, since its paths may not connect the right pairs of
vertices of S7 and S,. However, if there exists a large battlefield separating f; and
/>, it should be intuitively clear that we can reroute the paths inside the battlefield
to turn £ into an S-linkage. Let us now make this intuition precise, strengthening
the claim a bit at the same time.
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Let H be a graph drawn on the cylinder IT, let 81 and B, be the two components
of the boundary of TII, let So be a set of vertices of H incident with 81 and let
Z be a set of vertices of H incident with B,. We say that a root partition S with
US € So U Z is (So, Z)-simple if each part T € S satisfies T N Sy # ¥ and
[T NZ]| < 1. We say that the set Z is So-linkage-universal in H if for every (So, Z)-
simple root partition S topologically feasible in I, there exists an S-linkage in H
intersecting B, only in the vertices of Z N |J S.

Lemma 4.23 For all positive integers m < m’, there exists an integer k such that
the following claim holds. Let G be a graph with a cellular drawing on a surface
X, let T be a respectful tangle of order 0 > 2k, let ay be a face of G, and let Sy be
a T-free set of m vertices incident with ag. Then there exists a cycle C bounding a
k-zone A C T around ag and a set Z C V(C) of size m’ such that Z is

o So-linkage-universal in the subgraph of G drawn in the cylinder A \ ag, and
o T '-free in the tangle T obtained from T by clearing A.

Proof Letr = 3m+ 3. Without loss of generality, we can assume that m’ > 2m. By
Theorem 4.21, for sufficiently large k, there exists a free k-local r x m' battlefield
formed by a sequence of cycles R = Cy, ..., C, and a (V(Cy), V(C,))-linkage P
of sizem’. Fori € [r],let A; C X be the closed disk bounded by C; and containing
ap. Let Z be the set of ends of paths of # in C,, and let A = A, and C = C,. We
claim that Z is Sop-linkage-universal in G N (A \ ap) = G N A. Indeed, consider any
(So, Z)-simple root partition S topologically feasible in A\ ag. Let Z' = ZNJS.
We need to show that there exists an S-linkage in G N A intersecting C only in Z'.

Let B be the set of the first points of the paths of £ in C;,41. We claim that there
exists an (Sp, B)-linkage P of size m in G,,+1 = G N Ay, such that Py intersects
Cn+1 only in the ends of its paths: By Menger’s theorem, it suffices to verify that
for every set X C V (G,+1) of size less than m, there exists a path in G, from Sp
to B disjoint from X U (V (C,,+1) \ B). Since both Sy and Z are 7-free, Lemma 2.44
implies that G — X contains a path Q; from Sy to Z, and the initial segment Q' of
this path till C,, is disjoint from C,,41. There exists i € [m] such that C; is disjoint
from X. Finally, since | B| = m’ > m, there exists a vertex v € B such that the initial
segment Q of the path of ¥ ending in v is disjoint from X. Then Q) U C; U Q2
connects a vertex of Sy to a vertex of B in G+1 — (X U (V(Cpy41) \ B)).

Let B; be the set of ends of paths of P in B, and let S| be obtained from S’ by
replacing each vertex of Sp by the vertex in B; to which it is joined by a path in P.
Observe that a topological realization of S in A \ @g can be continuously deformed
into a topological realization I of S; in the cylinder I' = A \ A,,+1. It suffices to
show that there exists an Sj-linkage in G N T intersecting C only in Z’, since such
a linkage can be combined with P; to an S-linkage in G N A.

Such an S;-linkage in GNT is easy to construct, since its roots are ends of pillars
of an orderly (2m+3) xm’ sleeve and m’ > 2m. In case that Z' = (), we can directly
apply Theorem 4.2 in the disk obtained from I" by patching the hole bounded by C.
Otherwise, fix any simple curve y in I; from a vertex z € Z' to a vertex s € Sp and
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otherwise disjoint from the boundary of I'. Let P; be the segment of a pillar of
from z to Cp,42, and let P, be the segment of a pillar of P from s to Cpp42. Let 7/
and s’ be the ends of P; and P; in Cy,,12, and let Q be an arc of Cy,, 5 between 7’
and s’ intersecting at most (m’ — 2)/2 pillars different from those containing P and
P>. We cut G NT along the path P; U Q U P, and observe that Theorem 4.2 applies
to the resulting linkage problem in the disk obtained by cutting I" along y, with the
topological realization obtained by cutting /; along y .

Another possibility is to construct an S;-linkage directly in the cylindrical grid
obtained as a minor of the sleeve. We leave the details up to the reader. O

Let us note the following observation on topological feasibility in the cylinder.

Observation 4.24 Let S be a root partition of vertices drawn in the boundary of
the cylinder T1, and let y be a simple closed curve drawn in the interior of T1 so that
y separates the two components of the boundary of T1. If S is topologically feasible
in T, then there exists a topological realization I of S such that for each T € S, if
T intersects both components of the boundary of 11, then the star of I representing
T intersects y exactly in its center, and otherwise it is disjoint from y .

Proof Let y| and y» be the components of the boundary of IT, let Sp consist of
the sets of S intersecting both y; and y», and let us fix a topological realization I’
of S.

o If Sgp = @, then the graph I’ in its drawing on IT has a unique face f intersecting
both y; and y», and this face separates y; from y». Hence, there exists a simple
closed curve y’ C f separating y; from y;.

o If Sy # 0, then let f1, ..., fn be the faces of I’ intersecting both y; and y».
Observe that for each i € [m], the face f; has exactly two incidences with
the centers of the stars of I representing sets from Sp, and let y/ be a simple
curve in f; joining these incidences. Let ¥’ be the concatenation of the curves
Y1, ---» Ym- Observe that y’ is a simple closed curve separating y; from y, and
that y’ intersects I’ exactly in the centers of the stars representing the sets of S
intersecting both components of the boundary of IT.

There exists a homeomorphism of IT fixing y; and y, and mapping y’ to y. This
homeomorphism maps I’ to the desired topological realization 1. O

We can now generalize Corollary 4.4 to the cylinder: We only need to add the
assumption that the boundaries of the cylinder are far apart in the metric derived
from the tangle!

Corollary 4.25 For every positive integer m, there exists an integer 0 such that the
following claim holds. Let G be a graph with cellular drawing on the sphere %,
let T be a respectful tangle in G of order at least 0, let fi and f> be a faces of
G, and let S be a root partition of a subset Z of at most m vertices of G incident
with fi1 U fo. If S is topologically feasible in X \ (f1 U f2), the set Z is T-free, and
d7(f1, f2) = 0, then G contains an S-linkage.
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Proof For i € [2], let S; be the set of vertices of Z incident with f; and apply
Lemma 4.23 at f; with m’ = m, obtaining a cycle C; bounding a k-zone A; C
¥ around f; and a set Z; € V/(C;) of size m which is S;-linkage-universal in
G N (A; \ fi) and free in the tangle obtained by clearing the zone A;. Let G’ and
7~ be obtained from G and 7 by clearing both A; and A;. Note that since f and
f> are far apart, the disks A; and A; are disjoint and the last part of Lemma 4.19
implies that the sets Z; and Z; are both 7”'-free.

Let S be the subset of S consisting of the sets intersecting boundaries of both f;
and f>, and let mg = |Sp|. Let y be the boundary of Aj and let I be the topological
realization of Sin X\ (f1U f>) obtained using Observation 4.24. Thus, I intersects y
in mq points. By applying a homeomorphism to X \ (f1 U f2) (fixing the boundary
of the cylinder and mapping y to itself), we can assume that these points form a
subset Zg of Z1. For each T € Sy, let z7 be the vertex of Z{ corresponding to the
center of the star of / representing 7. Let S; be the root partition consisting of the
parts T € S with T C S} and of the parts (T \ S2) U {z7} for T € Sp. Note that S|
is (S1, Z1)-simple, and I N A shows that Sj is topologically feasible in Ay \ fi.
Since Z; is Sy-linkage-universal in G N (A \ f1), there exists an S;-linkage 1 in
G N Ay intersecting Cy only in Z].

Let Z} be a subset of Z, of size mo. The sets Z| and Z), are both 7'-free, and
thus by Lemma 2.44, there exists a (Z], Z})-linkage Po in G of size mq. Let y’
be the boundary of A and let I’ be the topological realization of S'in X \ (fj U
f2) obtained using Observation 4.24 with y’ playing the role of y. By applying a
homeomorphism to X \ (f1 U f2) (fixing the boundary of the cylinder and mapping
y’ to itself), we can assume that for each T € Sy, the center of the star of I’
representing 7 is the vertex z7. € ZJ joined to z7 by a path of .

Let Sy be the root partition consisting of the parts 7 € S with T C S and of
the parts (T \ 1) U {z}} for T € Sp. Note that S is (52, Z2)-simple, and I’ N A,
shows that S» is topologically feasible in A, \ f>. Since Z; is S,-linkage-universal
in GN(A3\ f2), there exists an Sp-linkage P, in G N A intersecting C; only in Zé.
Finally, observe that 1, Py, and £, combine to an S-linkage in G. m|

Let us remark that the assumption that Z is 7-free can be checked at each face
separately, as easily follows from Lemma 4.5.

Observation 4.26 Let 7 be a respectful tangle of order 6 in a graph G with a
cellular drawing on a surface X, and let Z| and Z> be non-empty sets of vertices of
G such that dg(z1, 22) = 2(|1Z1| + | Z2|) for every z1 € Z1 and zo € Zy. If Z1 and
Z> are T-free, then Z1 U Z; is T-free.

Proof Let Z = Z1UZ;, and note that | Z| < %d¢(zl, 72) < O foreveryz; € Zj and
z2 € Z3. Suppose for a contradiction that Z is not 7-free, and thus by Lemma 4.5,
there exists a 2-edge-connected confined strictly outerplanar cactus F C R such
that |[Z Ninsq (F)| > |F N G|. Since the sets Z; and Z, (and thus also all their
subsets) are 7-free, we have ZNins¢ (F) € Z1 and ZNinsg (F) € Z,. Therefore,
there exist vertices z; € Z; and z» € Z, with {z1, 22} C ins¢ (F). Let F' C F be
a strictly outerplanar cactus consisting of cycles K; C F with z; € insq (K;) for
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i € [2] and of a shortest path between K| and K3 in F. Note that the perimeter of F’
traverses each vertex of F’ at most twice, and thus it has length at most 4| F' NG| <
4|F N G| < 4|Z|. Therefore, d7(z1, z2) < 2|Z|, which is a contradiction. O

4.4 Linking Across a Surface

Finally, let us turn our attention to the linkage problem in graphs drawn on an
arbitrary (fixed) surface. The statement of the main result in this setting is a
straightforward generalization of Corollary 4.25.

Theorem 4.27 For every positive integer m and surface X, there exists an integer
0 such that the following claim holds. Let G be a graph with cellular drawing on
Y, let T be a respectful tangle in G of order at least 0, let F be a set of faces of G,
let Z be a set of at most m vertices of G incident with faces in F, and let S be a
root partition of Z. If S is topologically feasible in £\ | J F, the set Z is T-free, and
dg(f, f") = 0 for all distinct f, f' € F, then G contains an S-linkage.

Theorem 4.27 is proved in [6, 8]. The proof is quite long and technical; let us
give only a basic outline: Without loss of generality, we can assume that each face
in Fis incident with a vertex of Z, and thus |F| < m.

 First, we use a variant of Lemma 4.23 to gain a lot of freedom in the placement
of roots at each of the faces in ¥, as well as to ensure that all these faces are
bounded by cycles. More precisely, we fix m’ > m, and for each f € F, we
find an O ((m’)?)-zone A  around f bounded by a cycle K s and a set Z ¢ of m’
vertices of K s so that the following conditions are satisfied. Let G’ and 7~ be
obtained from G and 7 by clearing the zones A ¢ for f € F:

— Foreach f € F, the set Z is 7'-free.

— Let S’ be any root partition obtained from S by, for each f € F, replacing the
vertices incident with f by any vertices of Z ; that appear in Ky in the same
cyclic order. Then any S'-linkage in G’ can be turned to an S-linkage in G.

Let us remark that we cannot quite use Lemma 4.23 directly, since S can contain
parts 71 and 7, consisting only of vertices incident with a single face f € ¥ such
that 77 and 7> cannot be realized within a disk surrounding f at the same time
(i.e., the vertices of 71 and 7> are interlaced in the cyclic order around f, and
thus one needs to use the handles or crosscaps of the surface to realize them).
Thus, in contrast to the proof of Corollary 4.25, we cannot completely get rid of
parts of S incident with only one face of F.

* Let K = Ujer Ky and let 7 " be the set of the faces of G’ bounded by the
cycles K¢ for f € . Let T be a subgraph of K U Rg' — pg/(F') such that the
drawing of T is cellular, K € T, and T has exactly one face in addition to those
in . Such a subgraph exists, since we can keep deleting edges between distinct
faces not belonging to F' from the graph K U Rg' — pg/(F') until it has only
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one such face, and observe that deleting an edge that separates two distinct faces

preserves the cellularity of the drawing. Let us furthermore choose the graph T

with the described properties so that | E(7')| is minimum possible. In particular,

this implies that 7' does not have vertices of degree one.

Let T’ be the graph obtained from T by suppressing the vertices of degree two,

and let the lengrh of each edge of T’ be the length of the corresponding path

in T. Since all vertices of T’ have degree at least three (or 7’ is just a loop),

generalized Euler’s formula shows that |T'| = O(|F| + g) = O(m + g) and

IT'| = O@m + g), where g is the Euler genus of X. For f € F, let K/f be the

cycle in T’ corresponding to K 7, and let K’ = Uf€¢K}. .

¢ Choose an integer u such that m, g < u <« m’ <« 0. For each f € F, let us
say that an edge of K } is flexible if it contains at least p vertices of Zy. Since
|Z¢] =m"and |T'| = O(m +g), observe that at least one edge of K} is flexible.
We say that an edge of T’ not contained in K’ is long if it has length more than
w. Note that since G has a respectful tangle of order 6, it has representativity
at least 6, and thus every non-contractible cycle in Rg has length at least 26.
Since T has only one face not in 7, every cycle in T distinct from those in K is
non-contractible, and since || 7| < 1 < 6, we conclude that every cycle in T’
not contained in K’ contains a long edge. Similarly, since d4(f, f') = 6 for all
distinct f, f' € F, observe that every path in 7’ between different components
of K’ contains a long edge. Let T” be the graph obtained from 7’ be deleting
the long edges; we observe that every cycle in T” belongs to K’ and that each
component of 7" contains at most one cycle.

 Let I be a topological realization of Sin X \ | J . Observe that I can be chosen
so that the number of its intersections with 7’ is bounded by a function of m and
g (since the number of combinatorially different choices for 7’ and S is bounded
by a function of m and g).
Imagine cutting the surface = \ | JF’ along T”, and observe that the resulting
surface is homeomorphic to a surface obtained from X \ | # by possibly drilling
additional holes (corresponding to the components of T” disjoint from K'). The
topological realization / of S in X \ |J ¥ can be shifted so that it avoids these
holes, and thus it intersects T/ — E(K’) only in the long edges. Moreover, since
the number of intersections of I with T is bounded by a function of m and g and
since m, g < u, we can additionally shift I so that it intersects 7/ — E(K’) only
in the vertices of G drawn in the central part of each long edge. Finally, we can
shift I so that for each f € ¥, it intersects A ¢ only in simple curves joining the
roots incident with f to vertices of Z ; contained in a single flexible edge of K }
See Fig. 4.1 for the illustration of the current state of the construction.
Let I’ be the intersection of 7 with ¥\ [ J ', which we can view as a topological
realization of a root partition S’ of a subset of |_J reFZy- As we have seen at
the beginning of the argument, it suffices to show that G’ contains an S’-linkage,
since such a linkage extends to an S-linkage in G.

* Letus cut the surface X \ | JF’ along T. Since the drawing of T is cellular and
it has only one face not belonging to F”, the resulting surface is a disk A. Let
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Fig. 4.1 An illustration of the proof of Theorem 4.27. The graph G (in gray) is drawn on the torus
obtained by identifying the opposite edges of the rectangle, the two faces of ¥ are emphasized.
The graph T is shown in blue with the central parts of long edges shown in red. The topological
realization / is shown in green. The corresponding linkage problem in the disk is depicted at the

bottom

us also cut the graph G’ and the topological realization I’ along T, obtaining a
graph G” drawn in A and a topological realization I” of a root partition S” of
a subset of vertices of G” drawn in the boundary of A. This linkage problem in

the disk A is illustrated in the bottom part of Fig. 4.1.

Using the fact that 7 was chosen with minimum number of edges and based on
the choice of I, it is possible to argue that the assumptions of Theorem 4.2 are
satisfied by G” and S”. Therefore, there exists an S”-linkage in G”, and gluing
back the vertices of T, this gives us the desired S'-linkage in G'.

A basic consequence of Theorem 4.27 is that we can test the presence of an

S-linkage in a graph drawn on a fixed surface in polynomial time.

Theorem 4.28 For every surface ¥ and every positive integer m, there exists a
polynomial-time algorithm that given a graph G with a cellular drawing on ¥ and
a root partition S of m of its vertices, finds an S-linkage in G or correctly decides

that it does not exist.
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The idea of the algorithm is as follows: Let # be a smallest set of faces of G
such that each vertex of S is incident with a face of . We say that the complexity
of the instance is the triple (g, k, m), where g is the Euler genus of ¥ and k = |7].
By induction, we can assume that an algorithm from Theorem 4.28 exists for all
instances of lexicographically smaller complexity. Note that if g = 0 and k < 2,
then we can use the algorithm from Theorem 4.3, and thus assume that g > 0 or
k> 3.

e The basic operation we are going to use is that of splitting a vertex v of the
instance along a simple curve y passing through v: We replace v by two new
vertices v and v, with the edges to v on one side of y redirected to v; and those
on the other side to vy; let G’ be the resulting graph. Note that any S-linkage £
in G corresponds to an S'-linkage in G’, where

— &' is obtained from S by splitting a set S € S into two (not necessarily non-
empty) parts S1 and S and replacing S by (S1\{v})U{v1} and (S2\{v})U{vz},
in case that £ passes through v, or

— &8 is obtained from S by adding parts {v;} and {v}, in case that £ is disjoint
from v.

Note that the number of root partitions S’ that can be obtained in these ways is
bounded by a function of m. Hence, splitting v gives us a bounded number of
new instances (G’, S'), with the property that G has an S-linkage if and only if
there exists an S'-linkage in G’ for at least one of these instances (and such an
S'-linkage in G’ can be easily turned into an S-linkage in G by gluing v; and v,
back into v). Thus, splitting a vertex leads to the natural approach where we try to
solve each of the resulting instances recursively. Of course, we need to be careful
in the choice of the split vertices to ensure that the total number of recursive calls
is bounded.

e Let 6 be the constant from Theorem 4.27 for the given ¥ and m. Let us first
consider the case that Rg contains a non-contractible cycle K of length less than
26. We split the vertices of V(G) N V(K) one by one along the curve tracing
K. As described above, this leads to several new instances; the number of these
instances is bounded by a function of m and 6, and 6 is in turn bounded by a
function of m and g. Consider any of the resulting instances (G, S'). We cut
% along the cycle K and patch the resulting hole(s), obtaining a surface or a
union of two surfaces ' of Euler genus smaller than g. The instance (G’, S")
considered with its drawing on X’ has lexicographically smaller complexity than
the instance (G, S), since the Euler genus of ¥’ (or both surfaces forming X’)
is less than g. Moreover, the number of roots of S’ is at most k + 26, and thus
the increase in the number of roots is also bounded. Hence, each of the new
instances can be solved in polynomial time by the induction hypothesis, giving
us the desired polynomial-time algorithm.

Therefore, we can assume that no such cycle K exists; i.e., if X is not the sphere,
then R has edgewidth at least 260, and thus Theorem 2.91 gives us a respectful
tangle 7 in G of order . From now on, we are going to describe the cutting
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arguments in less detail, focusing only on arguing that the instances that we
obtain have lexicographically smaller complexity than (g, k, m).

e If ¥ is the sphere, then recall that k > 3. If there exists a cycle K in Rg of length
less than 26 such that either each of the open disks of ¥ — K contains at most
one vertex of pg(F), or each of them contains more than one vertex of pg (F),
then we can split and cut the instance along K, resulting in a bounded number
of simpler instances (with roots incident with less than k faces). Similarly, if
there exists a confined theta graph F such that each face of F' contains at most
one vertex of pg (F), then splitting and cutting the instance along F reduces the
problem to simpler instances (with roots incident with at most 2 faces).
Otherwise, for each cycle K in Rg of length less than 26, let us define ins(K) to
be the disk bounded by K whose interior contains at most one vertex of pg (¥),
and observe that ins is a slope of order 8. By Lemma 2.87, we obtain a respectful
pretangle 7 of order 6 in G, which is easily seen to be a tangle by Lemma 2.90.

 If there exist distinct faces f, f’ € F with do(f, /') < 0, then note that
by Lemma 4.8, there exists an optimal (oG (f), pc(f’))-restraint F which is
a (oG (f), pc(f"))-tie. Observe that splitting and cutting the instance along F
results in instances in the same surface but with roots incident with less than k&
faces (corresponding to the outer face of F'), and in instances in the sphere with
the roots incident with at most k faces. In case that g > 0, the latter instances are
simpler than (G, S). Otherwise the surface X is the sphere, and observe that the
definition of 7 in this case implies that in these instances the roots are incident
with 2 < k faces, and thus the instances are again simpler than (G, S).
Therefore, we can assume that do( f, f') = 0 for all distinct f, /' € F.

» If the set Z of roots is not free, then observe that splitting and cutting along the
subgraph F from Lemma 4.5 results in instances in the sphere with all roots
incident with at most two faces, and in instances (corresponding to the outer face
of F)in X with roots incident with k faces, but with fewer than m roots. All of
these instances are simpler than the original instance (G, S).

In the end, we end up with an instance satisfying the assumptions of Theorem 4.27,
and thus (subject to topological feasibility) having an S-linkage. It is possible
(though relatively complicated) to extract an algorithm to find the S-linkage from
the proof of Theorem 4.27. A simpler approach is to perform the reductions
described above with a slightly larger value of 8, and then observe that we can use
Lemma 4.19 to clear a zone far apart from ¥ to decrease the number of vertices while
preserving the existence of an S-linkage. We can then repeat the process, iteratively
removing such irrelevant parts until one of the reductions described above becomes
possible.

Note that this sketch glances over a number of issues that need to be resolved.
We need to be able to decide whether the instance is topologically feasible (once X
and m are fixed, there are only finitely many types of instances that the algorithm
can encounter, and thus a list of topologically feasible root partitions can be hard-
coded in the algorithm). We need to be able to find a short non-contractible cycle,
or a small restraint, or the subgraph certifying that the roots are not 7-free (some
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ideas can be found in [1]). There is also a number of technical details in how we
represent the tangles. Overall, the described algorithm is quite complicated and hard
to implement with a good time complexity. A simpler (though also not practically
useful) algorithm for a more general problem will be described in Sect. 5.3.

4.5 Constructions of Minors

The main application of Theorem 4.27 is in finding (rooted) minors in graphs that
are (partially) embedded on a surface with a respectful tangle 7 of large order. In
this section, we give several useful examples of such constructions that we are going
to need throughout the rest of the book.

It is sometimes important to know that 7 “points towards” the constructed minor
(i.e., that we do not accidentally obtain the minor in an unrelated part of the graph),
in the following sense. We say that a tangle 7" in a graph G controls a model p of
a graph H in G if for every separation (A, B) € 7 of order at most |H|, we have
w) € A forevery v € V(H). We say that G contains H as a minor controlled by
7 if there exists a model of H in G controlled by 7. As an example, let us give a
version of Corollary 3.2 using this concept.

Lemma 4.29 Let H be a simple graph and let p be a bijection between a subset
dom(p) of V(H) and a set R of vertices of a graph G. Let T be a tangle in G of
order more than |R|, and let v be a model of a clique K with at least 2|R|+ |H |+ 1
vertices in G controlled by T. Let (A, B) € T be a separation with R C V(A)
of smallest possible order and subject to that with | B| minimum. Then every vertex
v e B\ Ais (H, p)-irrelevant.

Proof Consider any separation (C, D) € 7 of order at most |R| with R € V(C).
There exists v € V(K) such that V (v(v)) N V(C N D) = &, and since 7 controls v,
it follows that v(v) € D — V(C). Consequently, (C, D) separates v from the roots.
Conversely, suppose that a separation (C, D) of order at most |R| separates v from
the roots, i.e., that R € V(C) and there exists u € V(K) such that v(u) € D —
V(C). Since 7 controls v, it follows that (D, C) & 7, and thus (C, D) € 7.
Therefore, a separation (C, D) of G of order at most |R| separates v from the
roots if and only if R € V(C) and (C, D) € 7. Consequently, (A, B) is a separation
of G that separates v from the roots, with |A N B| smallest possible and subject to
that with | B| smallest possible. The claim then follows from Corollary 3.2. O

Let us remark that to apply Lemma 4.29, we only need to deal with the tangle 7,
without having to construct the model v (it suffices to be able to prove that one
exists). For example, Theorem 4.27 shows the existence of a minor, but as we have
seen in the previous section, turning the proof of this theorem into a polynomial-time
algorithm to find the minor is rather non-trivial, especially if we want to obtain a
good bound on the time complexity. Lemma 4.29 and similar arguments sometimes
enable us to sidestep this issue.
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The following lemma enables us to easily show that the minors we are about to
construct are controlled.

Lemma 4.30 Let G be a graph and let G be a subgraph of Gy with a cellular
drawing on a surface X, and let u be a model of a graph H in Gg. Let T be a
respectful tangle in G of order more than 2| H| conformal with a tangle T in Go.
Suppose that for every v € V (H), there exist vertices x and y in the same component
of w(v) N G such that dg(x,y) > 2|H|. Then T controls L.

Proof Suppose for a contradiction that 7 does not control p, and thus there exists
a separation (Ag, Byg) € To of order at most |H| and a vertex v € V(H) such that
u(v) € Ag.Let A = AgNG and B = ByN B; since 7 is conformal with 7, we have
(A, B) € 7. By Lemma 2.89, there exists a strictly outerplanar cactus F € R such
that [FNG| < |[ANB| < |AgNBy| < |H| and w(v)NG < A C inss (F). Consider
any vertices x and y in the same component Q of x(v) N G. Observe that F has a
component Fyp such that O C insg (Fgp). Let F’ be a minimal connected subgraph
of Fp such that x, y € insq (F’). Observe that F' is a tie, and thus the perimeter
of F’ visits each vertex of F’ at most twice. Consequently, the perimeter of F’ has
length at most 4|F’ N G| < 4|H|, and thus d4(x, y) < 2|H|. This contradicts the
assumptions. O

Our aim now will be to use Theorem 4.27 to obtain a sufficient condition for the
existence of a fixed graph H as a minor in a graph G drawn on a surface. We are
going to achieve this by first picking the edges of G representing the edges of H,
then connecting them using the theorem. In order to succeed, the ends of the chosen
edges must be free and far apart; such a choice is possible according to the following
simple observation.

Lemma 4.31 Let G be a graph with a cellular drawing on a surface ¥ and let T
be a respectful tangle of order 0 in G. Let m and 0’ be positive integers such that
(m — 1)@ +7) + 11 < 0. Then there exists a set F of m faces of G such that

e dg(f, f') = 0 fordistinct f, f' € F, and
e foreach f € F, there exist distinct vertices u and v joined by an edge incident
with f such that the set {u, v} is T-free.

Proof Let e be any edge of G, and let ¢’ be an edge of G such that d¢(e, ¢’) = 6
which exists by Theorem 4.14. Let P be a shortest path between e and ¢’ in G (the
graph G is connected, since its drawing is cellular). For i € [6], let ¢; be the first
edge of P with dg (e, e;) > i, and let ¢, be the preceding edge of P. Note that for
1 <i < j < 0, the triangle inequality gives d7 (e, e;) < dy (e, e}) +dg (e}, e;) +
dg(e;, ej), and thus

dy(ei,ej) >dr(e,ej) —dy(e.e)) —dy(ej,e)>j—(i—1)—4=j—i—3.
Hence, letting f; be a face of G incident with e;, we have

dr(fi, fj) Z dy(ei,ej) —dy(ei, fi) —dg(ej, fj) = j—i—T.
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Moreover, suppose that e; = u;v; and the set Z; = {u;, v;} is not 7-free. By
Lemma 4.5, we conclude that there exists a cycle K in Rg of length two with
a vertex of Z; contained in the interior of insq (K), and thus with pg(e;) C
insy (K). Consider j € {1,6}, and observe that if pg(e;) € insg (K), then
V(K)NV(G) contains a vertex of the part of P between e; and e;. Since |[K NG| =
1, we conclude that there exists j € {1, 6} such that pg(e;) C inss (K), and thus
1>dg(ej,ej) > |j—i| — 3. Itfollows thatif 6 <i < 6 — 5, then Z; is 7-free.
Therefore, we can let ¥ = { fe, f13+6/, - -+ fo+m—1)6"+7)}- O

We are now ready to extend Theorem 4.27 to arbitrary rooted minors.

Theorem 4.32 For every graph H and surface X, there exists an integer 0 such
that the following claim holds. Let G be a graph with cellular drawing on %, let T
be a respectful tangle in G of order at least 0, let T be a set of faces of G, and let p
be a bijection from a set dom(p) C V(H) to a set Z of vertices of G incident with
the faces in F. If

o there exists a drawing of H on £\ |J F with each vertex v € dom(p) represented
by the point at which p (v) is drawn in G,

* the set Z is T-free, and

o dg(f, f') = 0 forall distinct f, f' € F,

then H is a p-rooted minor of G controlled by T.
Proof Without loss of generality, we can assume that

(a) the vertices of dom(p) have degree one and are pairwise non-adjacent in H (as
we can shift each vertex of dom(p) slightly from its original position in the
drawing of H on X \ | ¥ and replace it by an adjacent vertex of degree one
drawn at the original position), and

(b) the vertices v € V(H) \ dom(p) have degree at least two (as we can add a loop
at v drawn in the neighborhood of v on T \ | F).

Let g be the Euler genus of X. We choose the parameters 6’ and 6 so that
g, |H|, ||H|| €0 <« 6. We can assume that |F| < |H|.

Let H' be the graph obtained from H by subdividing each edge twice and let
M be the set of the middle edges of the resulting 3-edge paths. Note that H' — M
is a union of stars and each vertex of dom(p) belongs to a different component of
H’' — M. By Lemma 4.31, there exists a set 7—"1 of |M| + |F| faces of G such that
dg(f, f') = 20’ for distinct f, f’ € ¥} and for each f € ¥, there exist distinct
adjacent vertices u s and vy incident with f such that {u 7, v} is 7-free. Since the
d-distance between different faces of F is at least & > 20’, each face of ¥ is
at dg-distance less than 6’ from at most one face of 7—"1 Therefore, there exists a
subset ¥ of ¥} of size |F}| — |F| = |M| such that dg-(f, f') > ¢’ for all distinct
5 fl e FUFL.

For each edge uv € M, choose a distinct face f € ¥ and define n(u) = uy
and n(v) = vy. Foreachz € Z, let n(z) = z. Let Z1 = {uy,vy : f € F1} U
Z; Observation 4.26 implies that Z; is 7-free. Let S be the root partition of Z;
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containing for each component C of H' — M the part n(V (C)). Observe that we
can continuously deform the drawing of H' so that Z is fixed, the resulting drawing
of H' is disjoint from | J(FU #1), and every edge uv € M is drawn in the same
way as n(u)n(v) in G (by “dragging” the middle part of each edge over = \ |J F,
“sweeping” the interfering parts of H' in front of the edge). The drawing of the
graph H' — M then shows that S is topologically feasible in  \ |J(FU #7).
Therefore, Theorem 4.27 implies that G contains an S-linkage. This S-linkage
together with the edges u fvy for f € #; forms a p-rooted model p of the graph
obtained from H' — M by contracting each component to a single vertex, and this
graph is isomorphic to H. Moreover, note that the conditions (a) and (b) from the
beginning of the proof imply that each set S € S contains vertices x, y € S such
that dg(x, y) > 0’ —2 > 2|H|, and thus by Lemma 4.30, the model y is controlled
by 7. O

In particular, we have the following easy consequence, generalizing Corol-
lary 2.34 to non-planar graphs.

Corollary 4.33 For every graph H which can be drawn on a surface X, there exists
an integer 0 such that if G is a graph with a cellular drawing on ¥ and G has a
respectful tangle T of order 0, then H is a minor of G controlled by T.

It is natural to combine this result with Theorem 2.91.

Corollary 4.34 For every graph H which can be drawn on a surface X other than
the sphere, there exists an integer 6 such that every H-minor-free graph drawn on
3 has representativity less than 6.

Next, let us consider the case that the graph G drawn on a surface X is a subgraph
of some larger graph Gy, and let us show how parts of G outside of G can be used
to form minors. In the following definitions, let 7 be a respectful tangle in G.

* An eye (in Gg, over G) is the union of two vertex-disjoint paths P; and P, in
G intersecting G exactly in their endpoints u1, vy and u, vy, such that the set
{ur, vi, uz, v2} is T-free and there exists a face f of G along whose boundary the
vertices appear in the cyclic order u1, us, vy, v2. The face f forms the foundation
of the eye.

Eyes can be used to realize graphs that are drawn on X with crossings as minors
in Go. Let us remark that Lemma 4.22 applied with a free battlefield can be useful
in ensuring that {u{, v, us, vz} is 7-free.

* A jump (in Go, over G) is a path in Go intersecting G exactly in its ends u
and v. The foundation of the jump is formed by u and v. The jump is 8-long if
dg(u, v) > 0. Jumps can be used to realize edges of the minor that are not drawn
on X.

e Aspider (in G, over G) is a connected subgraph S of Gg such that V(S)NV (G)
is an independent set in S and the subgraph S — V (G) (the body of the spider) is
connected. The elements of V (S) NV (G) are the legs of the spider and the spider
is 0-wide if d7(u, v) > 6 for any distinct legs u and v of S. Spiders with many
legs can be used to realize vertices of the minor that are not drawn on X.
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The following lemma confirms the intuitive interpretations described in the
definitions.

Lemma 4.35 For every graph H and a surface X, there exist integers t and 0 such
that the following claim holds. Let Gy be a graph and let G be a subgraph of Gy
with a cellular drawing on X. Let T be a respectful tangle in G of order at least 20
conformal with a tangle Tq in Go. Suppose that G contains

* aset A of a eyes over G, such that dq(f1, f2) > 0 for the foundations f| and
f2 of any distinct eyes in A,

* a set B of b 0-long jumps over G such that dq(x,y) > 0 whenever x is a
foundation of a jump in B and y is a foundation of either a different jump in B
oran eye in A, and

e aset C of ¢ 20-wide spiders over G with t legs,

such that the elements of A U B are pairwise vertex-disjoint, and the bodies of the
spiders in C are pairwise vertex-disjoint and vertex-disjoint from the elements of
A U B. If there exists a set Co C V(H) of size at most ¢ and a set By C E(H) of
size at most b such that the graph Hy = H — Co — Bg can be drawn in X with at
most a crossings, then H is a minor of Go controlled by 7.

Proof Without loss of generality, we can assume that Cy is an independent set in
H (otherwise, we can subdivide the edges of H joining the vertices of Cp). Let
to = || H||. Clearly we can assume that a < ||H||?, b < ||H||, and ¢ < |H|, and thus
t can be chosen so that t > a + 2b 4 cty. The value of 9 is chosen large enough for
the application of Theorem 4.32 below.

We process the spiders S € C one by one, reducing the number of their legs to
to as follows: Since the d g -distance between different legs of S is at least 20, any
atom of G is at d g -distance less than 6 from at most one of them. Hence, the spider
S has atleast t —a — 2b — (c — D)ty > ty legs that are at d-distance at least 6
from the foundations of the eyes in A and the jumps in B, as well as from the legs of
the previously processed spiders. We delete all the legs of S except for 7y with this
property.

We modify Hj and its drawing as follows:

* For each crossing g in Hy, choose a distinct eye A; € A. Subdivide the edges
close to the crossing and let u1, u3, vy, v be the resulting vertices in order around
the crossing. Let y be a simple curve in X from g to the foundation f of A, that
avoids the foundations of other eyes. Continuously deform the drawing of Hj,
dragging g along y so that the vertices u1, u2, vy, v2 are mapped to the ends
of the eye as drawn in G in cyclic order around f; let p(u1), p(u2), p(v1), and
p(v2) denote these ends. Moreover, we deform the drawing so that only the two
edges of Hy crossing in g are drawn inside f, and then delete the two edges
from Hy.

» For each edge ¢ = uv € By not incident with a vertex of Cy, add vertices u’
and v’ of degree one adjacent to u and v to Hy and draw them without crossings
next to # and v, also avoiding the foundations of all eyes. Choose a distinct jump
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B, € B and denote the vertices of the foundation of B, by p(u’) and p(v’).
Deform the drawing of Hy so that u’ is mapped to p(x’) and v’ is mapped to
p (V') as drawn in G, by dragging u’ and v’ along simple curves avoiding all eyes
and vertices with previously fixed locations.

* For each vertex v € Cy and each neighbor u of v in H, we add a vertex u’ of
degree one adjacent to u in Hy and draw it without creating new crossings next
to u, also avoiding the foundations of all eyes. Choose a distinct spider C, € C
and deform the drawing of Hy so that for each neighbor u of v, the vertex u’
is mapped to a distinct leg p(u’) of C, as drawn in G. Again, we perform the
deformation carefully so that we avoid eyes and vertices with previously fixed
locations.

Consider the injective mapping o from the set dom(p) < V(Hpy) to V(G)
defined by this construction, and observe that by the definition of an eye and by
Observation 4.26, the set Z = img(p) is 7-free. By Theorem 4.32, we conclude
that G contains the modified graph Hy is a p-rooted minor controlled by 7. We add
to the minor the eye A, for each crossing ¢, the jump B, for each edge e € By not
incident with Cy, and the spiders C,, for each v € Cyp. Then, we contract the added
subgraphs as well as the vertices that we added in the construction of Hy. This gives
us a minor of H in G controlled by 7. |

While finding an eye, a jump, or a spider in isolation is generally not too
demanding, the condition that they must be vertex-disjoint is harder to enforce. In
the rest of this section, let us develop some tools for dealing with this issue, based on
Mader’s H-Wege theorem. For a system S of pairwise disjoint subsets of vertices of
a graph G, an S-path is a path in G with ends in different parts of S and otherwise
disjoint from | S. For disjoint sets U, Uy € V(G), let dy,,sU be the set of vertices
of U that either belong to | J S or have a neighbor in V(G) \ (U U Uy).

Theorem 4.36 (Mader [4]) Let G be a graph and let S be a system of pairwise
disjoint subsets of vertices of a graph G. The maximum number of pairwise vertex-
disjoint S-paths in G is equal to the minimum of

m
Uol + ) _15190,.5Uil) (4.2)

i=1

over all partitions Uy, Uy, ..., U, of V(G) such that every S-path in G — Uy
contains an edge of G[U11U ... U G[U,].

Note that (4.2) is clearly an upper bound on the number of pairwise vertex-
disjoint S-paths, as each S-path P either intersects Uy or contains two vertices
of dy,,sU; for some i € [m]. The converse is harder to prove; a short proof
can be found in [10]. We are only going to need the following Erdds-Pésa style
consequence.

Corollary 4.37 Let G be a graph and let S be a system of pairwise disjoint subsets
of vertices of a graph G. For every positive integer k, either G contains k pairwise
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vertex-disjoint S-paths, or there exists a set X C V(G) of size less than 2k such
that every S-path in G intersects X.

Proof Suppose that G does not contain k pairwise vertex-disjoint S-paths, and thus
by Theorem 4.36, there exists a partition Uy, Uy, ..., U, of V(G) such that every
S-path contains either a vertex of Uy or at least two vertices of 9y, sU; for some
i € [m], and

m
Vol + > _L310uy.sUill < k.

i=1

Let X consist of Uy and all but one vertex of dy, sU; for each i € [m]. Then every
S-path in G intersects X and

m m
1X| = Ul + > _(10uy.sUil = 1) < [Uol + > 2L319u,.sUil] < 2k.

i=1 i=1
O

A spider S is a horn if S is a subdivision of a star and the legs of S are the leaves.
We say that the center of the star is the #ip of the horn. Horns naturally arise as
obstructions to disjointness, as seen e.g. in the proof of the following lemma.

Lemma 4.38 For every graph H with k edges and every surface X, there exists an
integer 0 such that the following claim holds for every positive integer t. Let G
be a graph and let G be a subgraph of Go with a cellular drawing on . Let T
be a respectful tangle in G of order at least 6 conformal with a tangle T in Gy.
Suppose that G contains a set A of more than k* + 14kt eyes over G, such that
d7(f1, f2) = 0 for the foundations fi and f, of any distinct eyes in A. If H is not
a minor of G controlled by T, then G contains a (6 — 4)-wide horn over G with
t legs.

Proof Let 0’ be the constant from Lemma 4.35 for H and X, and let § = 6’ + 4.
For each eye Y € A, let Sy be the set of the four ends of the paths forming Y, and
let S = {Sy : Y € A}. Let G| = Gy — E(G) — (V(G) \ IUS), and observe that
each S-path in G is a (6 — 4)-long jump over G.

Suppose first that there exist a set B’ of 7k pairwise vertex-disjoint S-paths in G.
Let F be an auxiliary graph with vertex set B’ and with two paths of B’ adjacent
if their ends belong to the same eye. Note that F' has maximum degree at most 6,
and thus it is 7-colorable and contains an independent set B of size k = || H||. Since
B is an independent set in H, distinct jumps in B have foundations incident with
foundations of different eyes of A, and thus the ds-distance between them is at
least & — 4 = §’. By Lemma 4.35 applied with By = E(H), we conclude that G
contains H as a minor controlled by 7.

Therefore, we can assume that G| does not contain 7k pairwise vertex-disjoint
S-paths, and by Corollary 4.37, there exists a set X € V(G1) of size less than 14k
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intersecting all S-paths in G . Suppose first that there exists a subset A" of A of size
k? such that the eyes in A’ are disjoint from X. Note that if ¥, ¥’ € A’ are distinct
eyes, then Y is vertex-disjoint from Y’, as otherwise their union would contain an
S-path in G disjoint from X. Note that H has a drawing (in the plane, and thus
also on X)) in which any two edges of H cross at most once, and thus the number of
crossings is at most (];) < |A’|; by Lemma 4.35, we conclude that H is a minor of
Gy controlled by 7.

Hence, we can assume that less than k2 of the eyes in A are disjoint from X. Let
A1 C A consist of the eyes Y € A such that Y intersects X, but the ends of the paths
forming the eye ¥ do not belong to X. Then |A{| > |A| — k% — |X| > | X|(r — 1).
For each eye Y € Aj, let Py be a minimal subpath of Y from an end of Y to a
vertex xy € X. By the pigeonhole principle, there exists x € X and a subset A, of
A of size t such that xy = x for each Y € A,. Note that for distinct Y, Y’ € A,
we have Py N Py: = x, as if Py and Py’ intersected in another vertex, their union
would contain an S-path in G disjoint from X. We conclude that Uy, Py is a
(6 — 4)-wide horn with tip x and with ¢ legs. O

It may not be immediately obvious that getting a horn instead of intersecting
eyes is a progress. However, a key property of horns is that they give rise to minors
even if they are not disjoint. For a graph H and a surface X, let the X-apex number
ay (H) of H be the minimum size of a set Co € V (H) such that H — Cg can be
drawn on X.

Lemma 4.39 For every graph H and every surface X, there exist integers to and 0
such that the following claim holds. Let Gy be a graph and let G be a subgraph of
Go with a cellular drawing on 2. Let T be a respectful tangle in G of order at least
26 conformal with a tangle T in Go. Suppose that G contains a set C of ax (H)
20-wide horns, each with at least ty legs. If the tips of the horns in C are pairwise
different, then G contains H as a minor controlled by 7.

Proof Let t and 6 be the constants from Lemma 4.35 for H and ¥. Letk = ||H],
c =ax(H) = |C|and tyg = c¢(2k + t). Let T be the set of tips of the horns in C.
Since the d-distance among the legs of any horn J € C is at least 20, any atom
of G is at ds-distance less than 6 from at most one of them. Moreover, less than
c of the paths from the tip v of J to a leg contain a vertex of T \ {v}. Hence, as in
the proof of Lemma 4.35, we can delete all but 2k — 1 4 ¢ legs from each horn to
obtain a set C’ of 20-wide horns with the additional property that all legs x and y of
distinct horns from C’ satisfy d¢(x, y) > 6, and each horn in C’ intersects T only
in its tip.

Let S be the system consisting of all single-element sets {u} such that u is a leg
ofahornon C’,and let G| = (U C’) \ T.1If G| contains k = || H|| pairwise vertex-
disjoint S-paths, then observe that these S-paths are 6-long jumps with foundations
at d r-distance at least 6 from one another, and thus Lemma 4.35 applied with By =
E(H) implies that H is a minor of G controlled by 7.

Otherwise, Corollary 4.37 implies that a set X € V(G1) of size at most 2k — 1
intersects all S-paths. For each horn J € C’, delete from J every path from the tip of
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J to aleg of J which is intersected by X, and let C” be the resulting set of 20-wide
horns over G. Observe that each horn in C” has at least ¢ legs, intersects 7 only
in its tip, and is disjoint from X. Distinct horns J, J' € C” are vertex-disjoint, as
otherwise (JUJ")—T C G| — X would contain an S-path. Therefore, Lemma 4.35
applied with C¢ implies that H is a minor of G controlled by 7. O

This suggests the following strategy: We somehow find many eyes (or jumps, or
spiders) with distant foundations, and use Lemma 4.38 (or an analogous statement)
to either get H as a minor, or to obtain a horn. We delete the tip of the horn from the
graph, and repeat the process. Eventually, either the number of horns with distinct
tips is so large that we can apply Lemma 4.39, or we reach the point where the
graph without the deleted tips is “nearly drawn in X in the sense that there are only
few distant eyes or jumps. This should be reminiscent of what happens in the Minor
Structure Theorem: After deleting a bounded number of apex vertices, we reach a
graph that is nearly drawn in a bounded genus surface; and indeed, we will see this
idea applied towards the proof of the Minor Structure Theorem in the following
chapter.

For now, let us show how we can form horns from spiders and jumps. For spiders,
the result is particularly simple, as it suffices to deal with a single spider.

Lemma 4.40 For every graph H with k edges and every surface X, there exists an
integer 0 such that the following claim holds for every positive integer t. Let G be
a graph and let G be a subgraph of Go with a cellular drawing on X. Let T be a
respectful tangle in G of order at least 0 conformal with a tangle T in Go. Suppose
that G contains a 0-wide spider S over G with at least 2k(t + 1) legs. If Gy does
not contain H as a minor controlled by T, then there exists a 0-wide horn J C §
over G with t legs.

Proof Let 6 be the constant from Lemma 4.35 for H and X. If k = 0, then Gy
contains H as a minor controlled by 7¢ by Lemma 4.35 with By = C¢ = ¢, and
thus suppose that k£ > 1.

Let S be the system consisting of all single-element sets {u} such that u is a leg
of S.If S contains k = || H|| pairwise vertex-disjoint S-paths, then note that these S-
paths are 6-long jumps with foundations at d 4 -distance at least 6 from one another,
and thus Lemma 4.35 applied with By = E(H) implies that H is a minor of Gy
controlled by 7.

Hence, suppose that this is not the case, and thus by Corollary 4.37, there exists
aset X C V(S) of size less than 2k intersecting all S-paths. Let L be the set of legs
of S that do not belong to X; we have |L| > 2kt > 2. Since S — V(G) is connected
and X intersects all S-paths in S, it follows that S — V(G) contains at least one
vertex of X. Consequently, for each leg u € L we can choose a shortest path P, in
S from u to X and intersecting V (G) only in u. Note that the paths P, and P, for
distinct u, u’ € L may intersect only in their end in X, as otherwise P, U P,, would
contain an S-path disjoint from X. By the pigeonhole principle, there exists x € X
and a set U C L of size t such that for each u € U, the path P, ends in x. Then
J = U,y Pu S S is af-wide horn over G with 7 legs. O
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For jumps, we could just straightforwardly use (a simpler version of) the
argument from the proof of Lemma 4.38. However, there is an additional issue that
can be dealt with at the same time. In applications, it will generally be possible to
ensure that the starting vertices of the jumps are far apart (by choosing just one jump
starting in each carefully selected area), but we have little control over the ending
vertices (they may end up close to one another, or to other starting vertices). We
show that this is good enough to at least get a horn, though in this case this comes
at the cost of having to sacrifice a bounded-diameter region in the subgraph drawn
in the surface.

Lemma 4.41 For every graph H with k edges and every surface X, there exists an
integer 0y such that the following claim holds for all integers 6 > 0y andt > 1. Let
G be a graph and let G be a subgraph of Gy with a cellular drawing on X. Let T
be a respectful tangle in G of order more than 40 + 18 conformal with a tangle T
in Go. Then at least one of the following claims holds:

(i) H is a minor of Go controlled by T, or

(ii) Go contains a 0-wide horn with t legs over G, or

(iii) there exists a (20 + 9)-zone A around a vertex of G such that Gy contains a 0-
wide horn with t legs over the subgraph of G obtained by clearing A (where the
wideness is measured in the metric of the tangle obtained from T by clearing
A); or

(iv) there exists a set Y of at most 12k%(t + 1)(t + 2) vertices of G such that every
0-long jump in Gy over G has both ends at dg-distance less than 96 + 36 from
Y.

Proof Let 0y be the maximum of the constants 6 from Lemmas 4.35 and 4.40 for
H and X. Let Y be an inclusionwise-maximal set of vertices of G such that each
vertex y € Y is an end of a f-long jump Py in Gg over G and d(y1, y2) > 99 + 36
for distinct y;, y2 € Y. Note that every 6-long jump in Go over G has both ends at
dg-distance less than 99 4 36 from Y, and thus if |Y| < 12k%( + 1)(r + 2), then
(iv) holds. Therefore, suppose that |Y| > 12k2(t + D (¢ + 2).

For y € Y, let t, be the end of P, different from y. Let T = {t;, : y € Y}. Let
Y1 be an inclusionwise-maximal subset of 7" such that d4 (1, ;) > 26 for distinct
t1,tp € Y1. Hence, dy(ty, Y1) < 20 forevery y € Y.

Suppose first that |Y]| < 6k(r + 2). By the pigeonhole principle, there exists
v € Y1 and a subset Y’ of ¥ of size more than 2k(r + 1) such that d¢(z,, v) < 20
holds for every y € Y’. By Theorem 4.21 (applied with 20 + 9 playing the role
of k) there exists a (20 + 9)-local 2 x 1 battlefield around v whose egg contains
{ty : t € Y'}. Let C; and C; be the cycles of the battlefield and let A be the
(26 + 9)-zone bounded by C;. Since the dg-distance between distinct vertices of
Y is at least 90 + 36 > 2(20 + 9), at most one vertex yg € Y is contained in
A. Let G’ and 7 be obtained from G and 7 by clearing A. Note that for distinct
y1,y2 € Y\ {yo}, Lemma 4.19 gives dy(y1, y2) > dq(y1, y2) — 80 — 36 > 6.
Since the drawing of G is cellular, the graph G is connected, and thus the subgraph
G1 of G drawn in the egg the battlefield (including the cycle Cy) is connected. Let
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S = G1 U Uyeyn(y Pys then S is a 6-wide spider over G and the set Y' \ {yo}
of its legs has size at least 2k(¢ 4+ 1). By Lemma 4.40, we conclude that (i) or (iii)
holds.

Therefore, we can assume that |Y;| > 6k(t + 2). Let Y, be a subset of Y
containing for each ¢+ € Y; exactly one vertex y € Y such that 1, = ¢; hence,
|Y2] = |Y1|. Let F be the auxiliary graph with vertex set Y, such that distinct
y1,y2 € Y» are adjacent if dg(y1,ty,) < 6 or dq(y2,ty,) < 6. Note that for
¥ € Y, at most one vertex of Y, is at dq--distance less than 6 from ¢, (since the d -
distance between distinct elements of Y; is at least 20), and similarly at most one
vertex of Y| is at dg-distance less than 6 from y. Hence, F has maximum degree
at most two, and thus it is 3-colorable and contains an independent set Y} of size at
least |Y5|/3 > 2k(t +2). Let R = Y, U {t, : t € Y;} and note that dg(u, v) > 6 for
any distinct u#, v € R.

Let S consist of the single-element sets {u} for u € R and let G2 = Uyeyzf Py. If
G, contains at least k = || H|| pairwise vertex-disjoint S-paths, then note that these
paths are 6-long jumps over G; by Lemma 4.35, we conclude that H is a minor of
G controlled by 7 and (i) holds.

Otherwise, by Corollary 4.37, there exists a set X of less than 2k vertices of G,
intersecting all S-paths in G,. For each y € Y such that neither y nor 7, belongs
to X, let xy be the first vertex of Py belonging to X, and let P)’, be the subpath of
Py from y to xy. By the pigeonhole principle, there exists a vertex x € X and set
Y3 C Y, of size ¢ such that for each y € Y3, neither y nor ¢, belongs to X and
xy = x. Note that for distinct y;, y» € Y3, the paths Py/1 and P;,z intersect only
in x, as otherwise their union would contain an S-path disjoint from X. Therefore,

Uer3 Py is a 6-wide horn over G, and (ii) holds. m|

Let us recall that the general plan is to accumulate horns until either we have
enough horns to use Lemma 4.39 or the graph without the tips of the horns has
simple structure. That is, we would like to iterate Lemma 4.41 to eliminate the
outcomes (ii) and (iii). During the iteration, we need to be a bit careful so that when
we clear the zone in the outcome (iii), we do not destroy the previously found horns.
The following lemma shows that clearing the zone only decreases the width of the
horns a bit.

Lemma 4.42 Let G be a graph and let G be a subgraph of Gy with a cellular
drawing on a surface X. Let 6 be a positive integer, let T be a respectful tangle in G
of order at least 6y > 20, and let G' and T be obtained from G and T by cleaning
a 0-zone A around an atom agy of G. If Gg contains a 6y-wide horn J over G with
t legs, then G also contains a (8y — 40)-wide horn J' over G’ with t legs and the
same tip.

Proof Note that at most one leg of J is contained in A. If J has such a leg u, then
let J’ be obtained from J by adding a shortest path in G from u to a vertex u’ in the
boundary cycle of A; otherwise, let J = J. Then J' is a horn over G’ with r legs
and the same tip as J. Moreover, Lemma 4.19 implies that if v; and v, are distinct
legs of J different from u, then dg (v, v2) > dg(v1, v2) — 46 > 6y — 46. Finally,
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if J hasaleguin A, fy is the face of G’ obtained by clearing A, and v is any leg
of J different from u, then dy (u', v) > dy(fo,v) — 1 > dg(ap,v) —20 — 1 >
dg(u,v) — 30 — 1 > 6y — 46. Therefore, the horn J' is (6y — 40)-wide. O

Hence, we can iterate Lemma 4.41 and combine it with Lemma 4.39 to ensure
that long jumps only occur between several bounded-radius areas.

Lemma 4.43 For every graph H and every surface X, there exist integers 6 and p
such that the following claim holds. Let Gy be a graph and let G be a subgraph of
Go with a cellular drawing on 2. Let T be a respectful tangle in G of order at least
(2ax (H) + 1)0 conformal with a tangle T in Go. If Gy does not contain H as a
minor controlled by T, then there exist

» asubgraph G' of G with a respectful tangle T’ such that G' and T~ are obtained
from G and T by less than ax (H) repetitions of clearing a 0-zone, and
o sets X C V(G \V(G)and Y C V(G') such that |X| < as(H) and |Y| < p,

such that every 6-long jump in Go — X over G’ has both ends at dg-distance less
than 6 from Y.

Proof (3») Let ¢ = ax(H). Choose positive integers ¢, p, 6o, ..., and 6, so that
H|H| € t K p €0 € 0c_1 € ... <K bp,andlet§ = 6. Let G, = G,
To=7,and Xo =@.Fori =1,2,..., we are going to either construct a subgraph
G' with a tangle 7°; and a set X; C V(Go) \ V(G?) such that

* G} and 77 are obtained from G and 7 by at most i repetitions of clearing a
@-zone, and
* each vertex of X; is a tip of a 6;-wide horn over G} with  legs;

orargue that G’ = G,_,, 7' = 7;_,,and X = X;_ satisfy the conclusions of the
lemma. Note that by Lemma 4.19, the order of the tangle 77 is at least (2c+1—2i)6.
If the construction reaches the step i = ¢, then Lemma 4.39 applied to G/. and 7,
with C = X, implies that G contains H as a minor controlled by 7~

Suppose that we have already constructed G;_,, 7_,, and X;_1. Let us apply
Lemma 4.41 to Gy — X;_ and G;fl, with 6; playing the role of 6. The outcome
(i) gives us H as a minor of Gy — X;_1 controlled by 79 — X;_1, and thus also as
a minor of G controlled by 7. In the case (ii), let x be the tip of a 6;-wide horn
with 7 legs over G, _,;welet G} = G,_,, 7, =T ;_;,and X; = X;_1 U {x}. The
invariants are clearly satisfied.

In the case (iii), let A be a (26; +9)-zone in G;fl such that Gy — X;_| contains a
6;-wide horn with ¢ legs over the subgraph G of G;_, obtained by clearing A, and
let x be the tip of the horn. Let 7} be the tangle obtained from 77;_; by clearing A.
Note that 26; +9 < 0, i.e., A is also a 0-zone, and thus G; and ‘7'; are obtained from
G and 7 by at most i repetitions of clearing a 6-zone. Since 6;,_1 > 6;, Lemma 4.42
implies that the elements of X; 1 are tips of §;-wide horns with ¢ legs over G, and
thus we can let X; = X;_1 U {x}, finishing the construction.

Finally, in the case (iv), there exists a set Y of at most p vertices of GL] such
that every 6;-long (and thus also #-long) jump in Go — X;_1 over G;_, has both
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ends at d7—(_l -distance less than 6; < 6 from Y, and the conclusion of the lemma
holds with G’ = G;_,, 7' =7;_;,and X = X;_1. |

Note that the vertices of the set Y can be fairly close to each other, and in
particular, 8-zones around them can overlap. This could cause complications in the
applications of the lemma. To deal with this issue, we use the following standard
clustering lemma, saying that any set (given with a metric) can be divided into
clusters of relatively nearby elements, where the clusters are much farther apart then
their diameter. Given a metric d onaset Y, aset U C Y is a-wide if d(u, v) > a for
every distinct u, v € U, and it b-dominates Y ift d(U, y) < bforevery y € Y.

Lemma 4.44 For every function f : N — N, there exists a function ¥y : N2 > N
such that the following claim holds. Let d be a metric on a set Y. For all positive
integers k and a, either Y contains an a-wide subset of size k, or there exists an
integer Y suchthata < ¢ < {¥y(k,a) and an f(\)-wide -dominating setU C Y
of size less than k.

Proof We can assume that Y is non-empty, as otherwise we can let U = {.
Moreover, we can assume that k > 2, since any single-element subset of Y is a-
wide. For given k > 2 and a, we let Y1 = a,and fori = k —2,...,1, we let
Vi = Yit1 + f(Yig1); and we define ¥/ (k, a) = 1. Let U’ be an inclusionwise-
maximal a-wide subset of Y. If |U’| > k, then Y contains an a-wide subset of
size k.

Hence, suppose that |[U’| < k — 1. The inclusionwise-maximality of U’ implies
that U’ a-dominates Y, and thus it also y/-dominates Y. Let U be a smallest
subset of ¥ which v|y|-dominates Y, and leti = |U| and ¥ = ;. We need to argue
that U is f(i)-wide. Suppose for a contradiction that there exist distinct u, v € U
such that d(u, v) < f(¥). Let Uy = U \ {v}. Note that if y € Y is at distance at

most ¥ from v, then it is at distance at most ¥ + f(¥) = ¥;—1 = Yy,| from u,
and thus U; Yy, |-dominates Y. This contradicts the minimality of |U|. Therefore,
U is an f(¥)-wide ¥-dominating subset of Y of size less than k. O

Thus, Lemma 4.43 has the following corollary.

Corollary 4.45 For every graph H and every surface ¥, there exist integers 6 and
p such that for every function g : N — N, there exists an integer ko such that
the following claim holds. Let Gy be a graph and let G be a subgraph of Gy
with a cellular drawing on X. Let T be a respectful tangle in G of order at least
(2ax (H) + 1)0 conformal with a tangle T in Go. If Gy does not contain H as a
minor controlled by T, then there exist

 asubgraph G’ of G with a respectful tangle T’ such that G’ and T~ are obtained
from G and T by less than ayx, (H) repetitions of clearing a 0-zone,

e aset X CV(Gy) \ V(G') of size less than ax, (H), and

* aninteger k < ko and a g(k)-wide (in the metric dy) set U C V(G') of size at
most p,
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such that every 6-long jump in Go — X over G’ has both ends at dg-distance less
than k from U.

Proof We apply Lemma 4.44 to the set Y from the outcome of Lemma 4.43 with
a=1,k=p+1,and f() = g +0), letting ko = Ys(p +1,1) + 0. Let
Y and U C Y be the integer and the set from the outcome of the Lemma, and let
k = ¥ + 6. Note that U is f(y)-wide, and thus g(x)-wide. Moreover, the set U
¥-dominates Y, and thus every vertex at dy-distance less than 6 from Y is also at
dg-distance less than ¢ + 6 = « from U. |

The outcome of this corollary is still perhaps a bit disappointing, in that we are
not able to intersect all long jumps by the set X. This cannot be avoided; e.g.,
suppose that H cannot be drawn on the torus, G can be drawn on the torus with
large representativity, and G is a cylindrical grid in G wrapped around the torus.
Let us view G as drawn on the sphere, and let 7 be the canonical tangle in G, so that
the two boundary cycles of G are far apart in the ds-distance. Then G can contain
arbitrarily many pairwise vertex-disjoint (long) jumps between the boundary cycles
of G, and yet H is not a minor of Gy. This turns out to be essentially the only issue:
If we cannot intersect all long jumps by few vertices and H is not a minor of Gy,
then G can be transformed into a subgraph of Gy drawn with high representativity
on a surface created from ¥ by adding a handle or a crosshandle. The proof of this
claim is based on the following lemma.

Lemma 4.46 For all integers p > 0 and 0, k, 61 > 1 and for any surface %, there
exist positive integers p’ and 8y such that the following claim holds. Let Gy be a
graph and let G be a subgraph of G with a cellular drawing on a surface X. Let T
be a respectful tangle in G of order at least (4p+1)8y and let U be a (250 +0)-wide
set of at most p vertices of G such that every 0-long jump in Go over G has both
ends at d-distance less than « from U. Let G’ and T be obtained from G and T
by clearing §p-zones {Ay : y € U} around the elements of U. Then either

(i) there exists a set X of less than p' vertices of Gy intersecting all §y-long (in
dg-distance) jumps in Gy over G’, or

(ii) there exist distinct elements y, y» € U, T'-free sets Z1, Zy C V(G') of size
01, where for i € [2], Z; is contained in the boundary of Ay,, and G contains
01 pairwise vertex-disjoint jumps from Zy to Z, over G'.

Proof (3) Let p/ = (‘;)91. Let us choose r and 8¢ so that p, 6,01,k < r K .
For each y € U, use Theorem 4.21 to find a free §p-local graded r x 0; battlefield
(Ry, Py) around y whose egg contains all vertices of G at dy-distance at most «
from y. Let Ry, = Cy1,...,Cy,, let A, be the §p-zone around y bounded by
Cy.r, let fy be the face of G’ obtained by clearing Ay, let A/y C A, be the disk
bounded by Cy 1, and let Z, be the 7-free set of ends of the paths of ) in Cy ;. Let
A = UyEU A;

For any distinct y1, y» € U, if Go contains 0 pairwise vertex-disjoint jumps from
Zy, t0 Zy, over G’, then the second outcome of the lemma holds with Z; = Z,, and
Z, = Zy,. Otherwise, by Menger’s theorem, there exists a set Xy, ,, of less than 0;
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Fig. 4.2 An illustration of the proof of Lemma 4.46. The (initial segment of) the path Q is drawn
in green. The subgraphs added to form Q' are drawn in red

vertices of G intersecting all jumps from Zy, to Z,, over G'. Let X be the union
of the sets Xy, y, for all distinct yy, y» € U; clearly, |X| < r.

We claim that X intersects all §p-long jumps in Go over G’, and thus the first
outcome holds. See Fig. 4.2 for an illustration of this part of the argument. Suppose
for a contradiction that Q is a §p-long jump in G over G’ disjoint from X, with ends
vy, v2 € V(G'). By Lemma 4.19, we have dg (v, v2) > dy (v, v2) > o > 6.
Since every #-long jump in G over G has both ends in G N A’ and Q does not, it
follows that Q cannot be a jump over G, and thus (V(Q) N V(G)) \ {v1, v2} # @.
Fori € [2], let vlf be the intersection of Q — {vy, v} with G nearest to v; in the path
0, and let y; € U be such that vlf € A,,. The subpath of Q between v; and vlf is a
jump over G, and since v; € A’, we conclude that d(v;, vlf ) < 6. Consequently,
dy(vi. fy,) < 6. Since dy (V1. fy)+dy (fyys fyp) +dgr(fyg. v2) = dy (v, v2) >
8o, it follows that y; # yo.

For i € [2], let v]” be the vertex of Q — {v1, v2} nearest to v; belonging to
Uyeun(y) Ay» and let y; € U\ {yi} be the vertex such that v/" € A,/. Note that
such a vertex v " exists, since v37 is contained in A i . Let v/ " be the last vertex
of Q; precedmg v!” which is contained in Ay,. Since y; # y;, U is (280 + 0)-wide,
and Ay, and A v are 8p-zones, we have

"

dT(vl ’ l///) = d‘T()’z» yl) dT(Ul ’ yl) - d‘T(U, ’ yl)
> (200 +0) — 260 =0,

and thus the subpath of Q between v;" and v!” is a 0-long jump over G. Since every
0-long jump over G has both ends in A’ we conclude that v}’ € Af.

Consider the subpath Q; of Q between v; and v;". All the intersections of this
path with G belong to A,,. Moreover, since all #-long jumps over G have both ends
in A/, until this path reaches A’ " the d 4--distance between consecutive intersections
with G is less than 6. Since 6 < 7, v; is outside of A, and the battlefield (Ry,, Py,)
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is graded, Q; must have many intersections with G contained in Ay, \ A/yi' In
particular, since we also have |X| < r, observe that there exist consecutive cycles
C; and C; of R,, different from Cy, , such that Q has an intersection u; with G
contained in the closed annulus A; € Ay, between C; and C; and A; is disjoint
from X.

Let Q' be the connected subgraph of G consisting of Q—{vy, vy} and fori € [2],
apath P; € Py, disjoint from Xy, y, (which exists since |Py,| = 01 > |Xy, y,1), the
cycle C;, and a path of G between u; and C; in A; (which exists, since the drawing
of G is cellular). This subgraph is disjoint from X, ,, and intersects G’ exactly in
the ends of P; and P, which belong to Z,, and Z,,. This is a contradiction, since
Xy, y, intersects all jumps over G’ from Z,, to Zy,. |

In the first outcome of the lemma, note that we can additionally clear small zones
around vertices of X N V(G’) to ensure that X is disjoint from G’. In the second
outcome of the lemma, let Q be the set of 9; pairwise vertex-disjoint jumps from
Z1 to Z, order these jumps according to the order of their ends in bd(A,,), and
consider the order of their ends in bd(Ay,). Erd8s-Szekeres theorem implies that
we can select a subset @ < Q of size at least /8] such that the ends of paths of @
in bd(A,,) are in order; in case that X is orientable, this order can be the same or
the opposite to the order of their ends in bd(Ay,). Hence, G'uy @ can be naturally
drawn on the surface obtained from X by drilling holes in the interiors of Ay and
Ay, and joining the boundaries of the holes by a handle or a crosshandle. Moreover,
since Z| and Z, are 7'-free and far apart, it is easy to see that the resulting drawing
has large representativity, and more precisely, the tangle in G’ U | Q@ induced by
7 is respectful after truncating it to order [+/61]. Hence, we obtain the final form
of Lemma 4.43.

Corollary 4.47 For every graph H, every surface ¥, and every positive integer 6’,
there exist integers 0y, 8§, and po such that the following claim holds. Let Go be a
graph and let G be a subgraph of Go with a cellular drawing on X. Let T be a
respectful tangle in G of order 6 > 6y conformal with a tangle T¢ in Go. If G
does not contain H as a minor controlled by T, then there exists a subgraph G’ of
Go and a tangle T' in G’ conformal with Ty such that either

» T has order at least 6y — & and is respectful for a cellular drawing of G’ on
¥, and there exists a set X C V(Go) \ V(G’) of size at most pg intersecting all
8-long jumps in G over G, or

o T has order at least 0’ and is respectful for a cellular drawing of G’ on a surface
obtained from ¥ by adding a handle or a crosshandle.

Proof (3») Let 6 and p be as in Corollary 4.45 for H and X. For every positive
integer «, let p, and §, be the integers p’ and 8 from Lemma 4.46 applied for p, 6,
Kk, and 0 = (6")%. Let us define g(k) > p, 8¢, p, 0, 0, k and let kg be the integer
from Corollary 4.45 for H, X, and g. We choose 6y > § > ax(H), 0, p, ko, and
g(k) for k < kg, and let py be the maximum of ax (H) + p, for k < kg.

We first apply Corollary 4.45 to Gy and G to obtain
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* asubgraph G| of G with a respectful tangle 77 such that G and 77 are obtained
from G and 7 by less than ax, (H) repetitions of clearing a 6-zone,

e aset X1 C V(Go) \ V(Gy) of size less than ax (H), and

* aninteger k < ko and a g(k)-wide (in the metric d7,) set U € V(Gy) of size at
most p,

such that every 6-long jump in Gg — X over G has both ends at d7, -distance less
than k from U.

Then, we apply Lemma 4.46 to Gp — X and G, and let G, and 75 denote
the graph G’ and the tangle 7 obtained from G| and 7 by clearing the zones as
described in the statement of the lemma.

* In the outcome (i) of Lemma 4.46, let X» denote the set X of at most p, vertices
of Gy — X from the outcome. Let G’ and 7 be obtained from G| and 7
by clearing small zones around the vertices of X, N V(Gy). Since G’ and 7' is
obtained from G and 7 by clearing less than ax (H) 0-zones, at most p §,-zones,
and at most p, O (1)-zones, the choice of § implies that the order of 7 is at least
6’6 — 8. Observe that the first outcome of Corollary 4.47 holds for G’, 7, and the
set X = X1 U X».

* In the outcome (ii) of Lemma 4.46, let G' = G,, 7' = 93, and proceed
as described before the statement of this corollary to conclude that the second
outcome of Corollary 4.47 holds.

O

The tools developed in this section so far enable us to constrain long jumps. We
also need a way to deal with short (but non-trivial) jumps; the following lemma is
useful in turning them into eyes. Given a subgraph M of a graph G, an M-bridge in
G is a subgraph B of G that either

* consists of an edge of G with both ends in M, but not contained in E (M), or
* consists of a component K of G — V(M) together with all vertices of M with a
neighbor in K and the edges from them to K.

The vertices in V(B N M) are called the attachments of the M-bridge.

Lemma 4.48 Let 6 and k be positive integers, let Go be a graph and let G be a
subgraph of Gy with a cellular drawing on a surface X, and let T be a respectful
tangle in G of order at least k. Let v be a vertex of G such that there is no 0-long
jump in Gy over G with an end at dg-distance at most k from v, and let (R, P) be a
free k-local graded (r x p) battlefield around v, where R = Cy,...,Crand p > 4.
Fori € [r], let A; C X be the zone around v bounded by C;. Let G' and T~ be
obtained from G and T by clearing A, and let fy be the resulting face. Let io be
an index such that 2 < igp < r — 60 — 2. If the C;,-bridge of G containing v also
contains Cj,11, then G contains an eye over G' with foundation fo.

Proof Let B be the set of vertices u € V(G) such that there exists a path from
Ciy+1 tou in G disjoint from C;,. By the cellularity of the drawing of G, all vertices
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drawn in X \ A;,+1 belong to B and no vertex in A;, does, and the vertices of | P
in ¥ \ A;, belong to B.

Let A = V(G)\(BUV(C;,)) be the set of vertices of G separated from C;,41 by
Ci,. Let F be the union of G[A] and the subgraphs J — V (C;,) for all G-bridges J
of G with an attachment in A. By the assumptions of the lemma, there exists a path
fromv € V(F) to V(Cj;+1) C B in Gy disjoint from C;, and thus V(F) N B # .
Since no 6-long jump has anendin A C A;;4+1 C A, and the battlefield is graded,
we have V(F) N B C Ajy19+1 € Ar_1.

It follows that there exists a path Q in F U (G N A,_1) from C; to C,_; vertex-
disjoint from C;,. Moreover, such a path Q can be chosen so that the end y of Q on
C,_1 is contained in a path P € £ and Q does not intersect any path of P \ {P}
in a vertex of B. Choose distinct Pj, P>, P3 € P \ {P} so that the cyclic order of
their ends on C, is P1, P>, P3, P. Let Q; be the path consisting of the segments
of the paths Py and P; starting in C, and ending in vertices z; € V(C;, N Pp) and
z3 € V(C;, N P3), together with the segment of C;, between z; and z3 disjoint from
P,. Let Q7 be the path consisting of P, a segment of C; between the ends of P,
and Q, the path Q, and the segment of P from y to C,. Note that the paths Q| and
Q> are vertex-disjoint. Since the battlefield is free, we conclude that Q1 U Q> is an
eye over G’ with foundation fj. O
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Chapter 5 ®)
Towards the Structure Theorem Chock or

In the previous chapter, we have developed a number of tools that will be useful both
in the proof of the Minor Structure Theorem and in its applications. One missing
piece is a way to either find one of the “non-planarities” (an eye or a jump) or to
show that the graph can be nearly drawn on a surface. In this chapter, we are going
to fill in this gap and combine all the pieces to a sketch of the proof of the Minor
Structure Theorem.

5.1 Disjoint Crossed Paths

As our first step, we investigate the conditions that enable us to find an eye. To this
end, we need to understand when there exist two vertex-disjoint paths that attach to
a cyclically ordered boundary of a graph in the interlaced order. Let us give some
definitions needed to state the problem precisely.

Recall that a bordered graph is a graph G with boundary 0G € V(G), and that a
society is a bordered graph where a cyclic ordering is specified for dG. Consider a

society G with 0G = vy, vy, ..., vy,; for distinct i, j € [m], we define
{vi, vig1, ..., v} ifi < j and
a[vi,vj]GZ ! . . .

{vi, vig1, .. O, VL, 0y} 0 <L

We also define dy;,v)G = 0, v,1G \ {vi, vj} and 3y, v)G = ;0,16 \ {v;}.
A cross in a society G is the union of two vertex-disjoint paths P and P, in G,
where for i € [2] the ends u; and v; of P; belong to dG, and one end of P, belongs
t0 d(4;,v;)G and the other end to 9y, 4;)G-

The result that we are aiming for is essentially that if a society G does not contain
a cross, then we can draw G in the disk without crossings and with G drawn in
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order in the boundary of the disk; we call such a society rural. Thus, either the
society is useful in getting an eye, or we obtain its well-behaved drawing on a
surface. However, as stated, the claim is not quite true: If a non-planar piece G’
of G is separated from the boundary of G by a vertex cut of size at most three,
then we cannot use the non-planarity to obtain a cross, since at most one path can
be routed through the interior of G’. To avoid this issue for the moment, let us first
focus on societies that do not have such cuts. A bordered graph G is k-connected if
there exists no vertex separation (A, B) of G of order less than k such that 0G C A
and B\ A # 0. Itis internally k-connected if it is (k — 1)-connected and | B\ A| < 1
for every vertex separation (A, B) of G of order k — 1 with G C A, i.e., the only
reason that G is not k-connected is that it contains vertices of degree k — 1.

To prove the result, we are going to need two important tools. The first of them is
a variant of a lemma of Tutte [14] on the way pieces of a graph attach to a specified
topological minor. Let 7 be a topological model of a graph H in a graph G, and let
M = m(H) be the corresponding subgraph of G isomorphic to a subdivision of H.
We say that an M-bridge B of G is w-edge-local if all its attachments belong to the
path 7 (e) for some edge e € E(H). In many constructions, it is desirable to avoid
having m-edge-local 7 (H)-bridges, and as Tutte observed, this is always possible
in 3-connected graphs.

Lemma 5.1 Let H be a simple graph and let w be a topological model of H in a
simple bordered graph G such that 0G = w(V (H)) is the set of the branch vertices
of . If G is 3-connected, then there exists a topological model ' of H in G with
7w’ | V(H) =7 | V(H) such that no ' (H)-bridge is w’-edge-local. In particular,
for every e € E(H), the path 7’ (e) in G is induced.

Proof () For a topological model =’ of H in G withz’ | V(H) = 7 | V(H),
we say that a vertex v € V(G) \ V(r/(H)) is m’-good if it is contained in a non-7’-
edge-local 7/ (H)-bridge. Let " be chosen so that the number of 7/-good vertices
is maximal. We claim that no 7’ (H)-bridge is 7’-edge-local.

Suppose for a contradiction that there is an edge e € E(H) such that the set L
of 7' (H)-bridges with attachments only in 77/ (e) is non-empty. We say that a bridge
B € L covers a vertex v € V(7/(e)) if B has an attachment both strictly before
and strictly after v in the path 7’(e). In particular, the ends of 7’ (e) are not covered
by any bridge in L. Note that since G is simple and 3-connected, every bridge in L
covers at least one vertex of /(e). Let P be a maximal subpath of 7/(e) formed by
vertices covered by bridges from L, and let u and v be the vertices preceding and
following P in 7/ (e). Let L’ C L consist of the bridges that cover a vertex of P.

Observe that each bridge in L’ has all attachments in V(P) U {u, v} and every
bridge in L \ L’ is disjoint from V(P). Let D = V(P) U {u, v} U Jg., V(B) and
C = V(G)\ (D\ {u,v}). Note that 3G = 7’ (V(H)) € C and C N D = {u, v}.
Since G is 3-connected, (C, D) is not a vertex separation of G, and thus there exists
an edge xy of G withx €e C\ Dandy € D\ C. Since L' consists of 7’ (H)-bridges
with attachments only in V(P) U {u, v}, we conclude that y € V(P) and the edge
xy belongs to a non-7’'-edge-local bridge By.
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Since y € V(P), there exists a bridge B € L’ covering y. Let u” and v’ be the
first and last attachment of B on the path 7'(e). Let 7" be a topological model of
H in G obtained from 7’ by replacing the segment Q of the path ’(e) between u’
and v’ by a path Q’ in B intersecting 7’(¢) exactly in its ends.

We claim that there are more 7r”/-good vertices than 7’-good vertices, giving us a
contradiction with the choice of ’. Indeed, consider any non-7’(H)-local bridge A.
If no attachment of A is an internal vertex of Q, then A is also a non-7”"-edge-local
7" (H)-bridge. If an internal vertex of Q is an attachment of A, then there exists a
7" (H)-bridge A’ such that AU Q C A’, and A’ is not 7" (H)-local (this is clear if
QO # 7'(e), and follows from the fact that H is simple if Q = 7’/(e)). Therefore,
every i’-good vertex is also w”’-good. Moreover, because of By, the non-7’-good
vertex y is 7”-good. O

Another useful fact follows from an inspection of Ford-Fulkerson algorithm used
to find the maximum number of pairwise vertex-disjoint paths between specified
subsets A and B of vertices. The algorithm works by augmenting an arbitrary initial
(A, B)-linkage Py, and the ends of the paths of Py remain to be ends of the paths in
the augmented solution £ (though in P, the paths may join different vertices than in
Po). This gives us the following corollary.

Lemma 5.2 Let G be a (directed or undirected) graph and let A and B be subsets
of vertices of G. Let Py be a strict (A, B)-linkage in G of size ko. If there exists an
(A, B)-linkage in G of size k > ko, then there also exists a strict (A, B)-linkage P
of size k such that every end of a path of Py is also an end of a path of P.

As an application of Lemma 5.2, let us see how a cross can be obtained from
another kind of non-planarity. Let G be a society. A tripod in G consists of a theta-
graph formed by three paths Pi, P>, and P3 in G intersecting exactly in their ends
and a strict (V(P1 U P, U P3), dG)-linkage {Q1, O3, O3}, such that for i € [3],
either the path P; intersects dG in exactly one internal vertex and Q; is formed by
this vertex, or P; is disjoint from dG and Q; ends in an internal vertex of P;.

Lemma 5.3 Let G be a society and let (P, P>, P3, Q1, Q2, Q3) be a tripod in G.
If G is internally 4-connected, then G contains a cross.

Proof For i € [3], let s; be the end of Q; in P;. Since G is internally 4-
connected and V(P; U P, U P3) contains at least two vertices not belonging to
dG (the common ends of the paths), Menger’s theorem implies that there exists a
(V(P1 U P, U P3), dG)-linkage of size four. By Lemma 5.2, there exists such a
linkage {Q}, Q%, Q%, O} which is strict and s; is an end of Q} for i € [3]. By
symmetry, we can assume that Q has an end s in the path P; (where s might be one
of the ends of Py). Let 11, 12, t3, and 7 be the ends of Q, 05, 0%, and Q in 3G,
where by symmetry, we can assume that #; € 9, 1,)G.

Ift € 94,,1,)G, i.e., 1,1, tp, and £3 appear in dG in order, then G has a cross with
one path consisting of Q, the path in Py U P3 from s to s3 disjoint from s1, and Q%;
and the other path consisting of Q/, the path in P; U P, from s to s3 disjoint from
s, and Q’2. The case that t € 9(;,+)G is symmetric. Finally, if ¢ € 9, 1,)G, i.¢, 11,
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1, t, and t3 appear in dG in order, then G has a cross with one path consisting of Q,
the subpath of P; between s and s1, and Q’; and the other path consisting of Q’z,
the path in P, U P; disjoint from s, and Q5. i

Let us now give the first form of the main result of this section.

Lemma 5.4 [f an internally 4-connected society G does not contain a cross, then
G is rural.

Proof We prove the claim by induction on the number of vertices of G. Without loss
of generality, we can assume that G is simple, since suppressing loops and parallel
edges affects neither the existence of a cross nor rurality.

If V(G) = 9G and each edge of G joins consecutive vertices of dG, then G is
rural. If |0G| < 3, then since G is internally 4-connected, we have |G \ G| < 1
and G is rural. Suppose now that G does not fall into either of these special cases.
Thus, if V(G) = dG, then an edge of G joins non-consecutive vertices of dG; let
P’ be the path formed by this edge. Otherwise, since G is 3-connected, it contains
three paths from a vertex x € V(G) \ dG to G intersecting only in x; and since
|0G| > 4, there are two of these paths such that the ends of the path P’ formed by
their union are non-consecutive in 9G.

In conclusion, G contains a path P’ joining non-consecutive vertices u and v of
dG and otherwise disjoint from dG. By Lemma 5.1 applied with H consisting of
dG and the edge uv, it follows that G contains a path P with ends u and v and
otherwise vertex-disjoint from dG such that letting M = dG U P, no M-bridge in
G has attachments only in P. In particular, P is an induced path in G.

If an M-bridge has an attachment both in 9(,,,)G and in 9, )G, then a path in M
together with P forms a cross. Hence, suppose that this is not the case. Let G| be the
union of P and the M-bridges with an attachment in 9, ,)G, with G consisting
of 9,1 G in the same order as in dG and the vertices of P in order starting from
v. Let G be the union of P and the M-bridges with an attachment in 9y, ,) G, with
9G, consisting of 9(y )G in the same order as in dG and the vertices of P in order
starting from u. Note that since G is internally 4-connected, both G| and G, are
internally 4-connected.

Suppose first that both G| and G are rural. For i € [2], consider the drawing
of G; in the disk A; with the vertices of dG; drawn in the boundary of A; in order.
Without loss of generality, we can assume that the whole path P is drawn in the
boundary of A;. Thus, we can obtain a drawing of G in the disk by gluing the
drawings of G| and G along P, implying that G is rural.

Hence, suppose that say G is not rural. By the induction hypothesis, the society
G contains a cross consisting of paths S1 and S;. Without loss of generality, we
can assume that S and S, intersect G only in their ends, as otherwise they have
subpaths with this property forming a cross. Let r be the number of ends of S; and
S in P, and choose the cross so that r is minimal. If » = 0, then S| and S; form a
crossin G. If 1 < r < 2, then we can extend S; or $> or both along P to obtain a
cross in G. See Fig. 5.1 for illustrations of the following cases.
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Fig. 5.1 The cases from the proof of Lemma 5.4

Suppose that r = 3, and thus say S7 has both ends in P and S, has an end s in
P and the other end ¢ in 9,,,)G. The M-bridge containing S; does not attach only
to P, and thus there exists a path Q in G from an internal vertex x of S to ()G
and disjoint from dG except for its end in 9, ,,)G. If Q is disjoint from S5, then G
contains a cross with one path formed by Q, a subpath of Sy, and a subpath of P, and
the other path formed by S, and a subpath of P. If Q intersects Sy, then let Q’ be the
initial segment of Q from x to a vertex y € V(S2) and disjoint from S; U S, except
for its ends; note that Q’ is also disjoint from 981G, except possibly for the vertex y
which can be equal to 7. Observe that the three paths in Q' U S U S, U P between x
and s form a tripod in G (together with the subpaths of S, and P connecting them
tot, u, and v). By Lemma 5.3, G contains a cross.

Finally, suppose that » = 4, and thus both S| and S, have ends in P. Since the
M-bridge(s) containing S and S, do not attach only to P, there exists a path R in
G from 9(,,,)G to S1 U Sy, with only the first vertex in d(,,,)G and only the last
vertex in S1 U 7, say in S». Then S together with R and a subpath of S> forms a
cross in G with only three vertices in P, contradicting the minimality of r. O

Let us remark that Lemma 5.4 has the following interesting consequence.

Corollary 5.5 Every non-planar 4-connected graph G with at least four vertices is
2-linked.

Proof Let s1, t1, 52, and 1, be distinct vertices of G. Let us set 0G = s1, 52,11, 1>
in cyclic order. Then G is an internally 4-connected society, and since G is not
planar, it is not rural. By Lemma 5.4, there exists a cross in G, necessarily consisting
of vertex-disjoint paths from s; to #; and from s, to #>. Therefore, G contains an
{(s1, 11), (52, t2)}-linkage. Since this holds for any 4-tuple (s1, 71, 52, t2) of distinct
vertices of G, we conclude that G is 2-linked. m]

Since every simple planar graph has average degree less than 6, we obtain the
result promised in Sect. 3.2.
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Corollary 5.6
diink (2) = 6.

Next, we would like to generalize Lemma 5.4 to societies that are not internally
4-connected. Here, the cross-free society again has nearly-planar structure, but we
need to allow the parts that are split off by vertex (< 3)-cuts to be arbitrary. This
motivates the following definitions. A segregation of S of a graph G is a system of
societies such that

* G =|Jyes A and the societies in S are pairwise edge-disjoint, and
e V(A1 NAy)=0A; NJA; for any distinct Ay, A € S.

That is, S gives a decomposition of G into pieces that are connected only through
their boundary vertices. In particular, for any element A € S, (A, UGS\ {A})) is
a separation of G of order at most [0A|. If G is a society, we additionally require
that

© 3G C Uy es0A.

Anelement A € Sis acell if |0A| < 3. We say that S is simple if all its elements
are cells. The projection 7w (A) of A € S is the graph which

* isempty if 90A = 0,

 consists just of the vertex of dA if |0A| = 1,

 consists of the vertices of A and an edge between them if |0 A| = 2, and
* is the cycle on vertices of dA in their prescribed cyclic order if [0 A| > 3.

The projection 7 (S) is defined as the union of the projections of elements of S,
preserving parallel edges in this union; if G is a society, 7 (S) is also defined to be
a society, with 97 (S) = 9G.

Our aim now will be to generalize Lemma 5.4 by showing that if a society G does
not contain a cross, then it has a simple segregation with rural projection. Actually,
we are going to show slightly more, finding such a segregation whose projection is
a minor of G; this will be needed in applications of this result and further results
derived from it. More precisely, consider a segregation S of a graph or a society G.
We say that A € S is semi-solid if w(A) is a d A-rooted minor of A. We say that
the segregation S is semi-solid if all its elements are semi-solid. Note that if S is
semi-solid, then gluing together the rooted models of the projections of the elements
of S gives us a model ug of 7(S) in G rooted in V (7 (S)).

On a more technical note, in order to prove the aforementioned generalization of
Lemma 5.4, we need to find a segregation avoiding certain degeneracies. Suppose
for example that F = K3 ,, is a subgraph of a society G and F attaches to the rest
of G only through the set M of three vertices forming one side of the bipartite graph
F.In asimple segregation S of G, it is quite natural for the whole F to form a single
cell with boundary M. It is less natural, but still possible, that S contains more than
one cell, each formed by M and a subset of V(F) \ M of size at least two (so that
the cell is semi-solid); or even that S contains cells formed by single edges of F. It
turns out to be preferable to avoid these cases by requiring S to be “compact” in the
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following sense. We say that a simple segregation S is reduced if for every A € S
with [0A| = 3,

e thereisno A’ € S\ {A} with A’ = 3 A, and
* thereisno vertex v € V((8S)) \ (3AUJG) such thatevery A’ € S withv € 9A’
satisfies A’ C {v} U 9 A.

Lemma 5.7 Every society has a semi-solid reduced simple segregation with inter-
nally 4-connected projection.

Proof Let G be a society. A separation (A, B) of G with dG C V(B) is feasible if
it has order at most three, A is connected, and

e V(AN B) =( and A is non-empty, or

* V(AN B) = {v} and A either consists of v with a single loop, or |A| > 1 and
there is no loop on v in A, or

* V(ANB) = {u, v} and A either consists of u, v, and a single edge between them,
or |A| > 2 and V(A N B) is an independent set in A, or

* |ANB| =3, V(AN B)isanindependent set in A, and A contains as a minor the
triangle rooted in V(A N B).

For a feasible separation (A, B), we view A as a society with boundary V(A N B)
(cyclically ordered arbitrarily). We say that A is a feasible subsociety of G if there
exists a feasible separation (A, B) of G such that 9A = V(A N B). A consolidation
of G is a segregation of G consisting only of feasible subsocieties; note that every
vertex and edge of G belongs to a feasible subsociety of G (consisting of just this
vertex or edge), and thus G has a consolidation. Clearly, any consolidation is a
simple and semi-solid segregation.

Let S be a consolidation of G with |7(S)| + |S| minimum. Observe that S is
reduced, since if A € S with [0A| = 3 violated the condition from the definition
of reducedness, then we could replace A in S either by A U A’ in the first case, or
by AU Ugres.vepar A’ in the second case. Hence, it suffices to argue that 7(S) is
internally 4-connected.

Let (C, D) with 3G < D be a vertex separation of 7 (S) of smallest order, and
suppose that [CN D| < 3 and C € D. Since the projection of each cell is a clique, if
AcSanddAN(C\ D) # ¥, thendA C C.LetS' ={A e S:9dAN(C\ D) # 0}
and let Ag = [ J&'. Let C’ be the subgraph of 7 (S) obtained from the one induced
by C by deleting the edges between vertices of C N D. The minimality of |C N D|
implies that C’ is connected, and in particular each vertex of C N D is incident
with an edge of C’. Note that C’ is a subgraph of 7(S’), and since each element
of &' is connected, we conclude that Ag is connected and C N D C V(Ag). Turn
Ay into a society by letting d Ag be C N D with an arbitrary cyclic ordering. Then
So = (S\ 8) U {Ag} is a segregation of G with V (7(Sp)) = D, and thus by the
minimality of |7 (S)| + |S], it is not a consolidation.

Therefore, Ag is not a feasible subsociety. Note that since Ag is a union of
feasible subsocieties A € S’ with dA & 9Ag, dAg is an independent set in Ay.
Thus, the only way Ag could be infeasible is if |0 Ag| = 3 and Ag does not contain
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the triangle rooted in dA¢ as a minor. In particular, at this point we can conclude
that 77 (S) does not have a vertex separation (C, D) with dG € D of order less than
3 such that C € D, and thus 7 (S) is 3-connected.

Consequently, C’ taken as a bordered graph with 8C’ = C N D is 3-connected.
If |C \ D| > 1, then Lemma 1.4 implies that C" contains as a minor the triangle
rooted in C N D. Since S’ is semi-solid, C’ is a minor of Aq rooted in CN D = 9 Ay,
and thus Ag also contains as a minor the triangle rooted in dAg. It follows that Ag
is feasible, which is a contradiction. Therefore, every vertex separation (C, D) of
7 (S) of order 3 with G C D satisfies |C \ D| < 1, and thus 7(S) is internally
4-connected. O

Note that we can view a graph as a society with empty boundary, and thus
Lemma 5.7 also says that every graph has a semi-solid reduced simple segregation
with essentially 4-connected projection.

We can furthermore slightly improve the connectivity properties of the cells in
the segregation, at the expense of the connectivity of the projection. A cell A is
solid if for every v € 0A, the cell A contains [0A| — 1 paths from v to dA \ {v}
which intersect only in v. Observe that this implies that A is semi-solid. A simple
segregation is solid if all its cells are solid.

Observation 5.8 Every semi-solid cell F has a solid simple segregation Sr with a
3-connected projection. Moreover, the projection can be drawn in the disk with all
vertices of 0 F drawn in the boundary of the disk.

Proof 1f |0F| < 2, then semi-solidity implies solidity, and we can let S = {F}.
Hence, suppose that [0 F| = 3. Since F is semi-solid, there exists a 2-connected
block C of F such that F contains a strict (8 F, V(C))-linkage P of size three. Let
Z be the set of ends of P in C. For each v € 9F, let v' € Z be the end of path of P
starting in v and let C, be the component of F — (V(C) \ {v'}) containing v and v'.
In this case, we let S consist of the cells C,, for v € dF with 9C, = {v, v’} and of
the cell C’ consisting of C and all other parts of F not contained in | J,yp Cy, With
9C’ = {v' : v € 3F}. Note that some of the cells C, may be trivial (consist only of
v = v’), in which case they of course do not have to be included in Sp. O

Let S be a segregation of a graph G. An arrangement of S on a surface X
is a drawing of 7(S) in X such that for each A € S with |0A| > 3, the cycle
7 (A) bounds a distinct face, which we denote by 7 (A). For cells A € S such that
[0A| < 2, we define 7 (A) to be the drawing of 7w (A) induced by 7 (S), excluding the
ends of the edge when |0A| = 2. If G is a society and X is the disk, we additionally
require that the vertices of G are drawn in the boundary of ¥ in the given cyclic
order. Note that because we require the existence of the faces 7w (A), this is a slightly
stronger condition than just requiring that 7 (S) is rural.

We can now easily relax the connectivity assumption of Lemma 5.4. In the proof,
we are going to need the following additional definitions. Let S be a segregation of
a graph G. For a path Q in G with both ends in V (r(S)) and with all edges in
cells of S, let 7 (Q) denote the corresponding path in 77 (S), obtained by contracting
the subpaths of Q inside cells to the edges of the projection. We define 7 (C) for a
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cycle C in G with at least three vertices in V (77 (S)) and with all edges in cells of S
analogously.

Corollary 5.9 Let G be a society. The following claims are equivalent:

(i) G does not contain a cross.
(ii) There exists a semi-solid reduced simple segregation of G with internally 4-
connected projection and an arrangement in the disk.
(iii) There exists a solid simple segregation of G with a 3-connected projection and
an arrangement in the disk.
(iv) There exists a simple segregation of G with an arrangement in the disk.

Proof Consider any simple segregation S of G. Note that any cross Q1 U Q2 in G
corresponds to a cross 7(Q1) Um (Q2) in 7(8S). If S has an arrangement in the disk,
then 7 (S) does not have a cross, and thus G does not have a cross, either. Hence,
(iv) implies ().

Suppose now that G does not have a cross. By Lemma 5.7, there exists a semi-
solid reduced simple segregation S of G such that 7 (S) is internally 4-connected.
If 7 (S) had a cross, then recall that 77 (S) is a minor of G rooted in 3G (since S is
semi-solid) and consequently G would have a cross as well. Therefore, 7 (S) does
not contain a cross. Since 7 (S) is internally 4-connected, Lemma 5.4 implies that
7(8S) has a drawing in a disk A with the vertices of dG drawn in the boundary of
A in the given cyclic order. Consider any cell A € S with |[0A| = 3. No vertex of
7 (S) can be drawn inside the subdisk of A bounded by the cycle 7 (A), since 7 (S)
is internally 4-connected and S is reduced. Moreover, since S is reduced, there is
no other cell A’ € S\ {A} such that 9A” = 9 A. Consequently, we can rearrange the
parallel edges in the drawing of 7 (S) so that each such cycle 7(A) bounds a face,
obtaining an arrangement of S in the disk A. Hence, (i) implies (ii).

In case that S is a semi-solid simple segregation of G with internally 4-connected
projection and an arrangement in the disk, we can split each cell of S as in
Observation 5.8, then merge together any cells S; and S, with |9S51], [052] < 2
intersecting in a vertex belonging neither to G nor to any other cell, thus obtaining
a solid simple segregation S’ with a 3-connected projection. Observe that we can
also turn the arrangement of S in the disk to an arrangement of the segregation S’
in the disk. Hence, (ii) implies (iii). Finally, (iii) implies (iv) trivially. |

Let us remark that the solidity of the segregation is important when relating
substructures of 77 (S) to those in the original graph. The existence of disjoint paths
guaranteed by the solidity has the following obvious consequence.

Observation 5.10 Let H be a simple triangle-free graph and let S be a solid simple
segregation of another graph G. Let p be an injective function from a set dom(p) C
V(H) to V((S)). If H is a p-rooted topological minor of 7w (S), then it is also a
p-rooted topological minor of G.

Proof Let v be a p-rooted topological model of H in 77 (S). By the assumption that
H is simple and triangle-free, for each cell S € S with |S| = 3, the topological
model v uses at most two edges vvy and vvy of 7 (S). The solidity of S guarantees
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that S contains paths from v to v; and v intersecting only in v. By replacing the
edges of v by these paths, we obtain a p-rooted topological model of H in G. O

In view of this observation, it might seem desirable to define the solidity of a cell
S with [0S] = 3 as having a cycle passing through all three vertices of 9.5, so that we
can drop the assumption that H is triangle-free; indeed, this would slightly simplify
some of the applications. However, it is not always possible to further subdivide
cells to achieve this property. More precisely, it is true that if § does not contain a
cycle through 9.5, then it has a non-trivial simple segregation Sy, as follows from a
characterization of graphs without a cycle passing through three prescribed vertices
given in [3, 15]. However, it is not always possible to find such a segregation Sy with
an arrangement in the disk with all vertices of S in the boundary (e.g.,if S = K23
with 0§ formed by the three vertices of degree two), and thus we cannot replace S
in S by Sp while preserving the property that S has an arrangement in the disk.

Let us now give an application of Corollary 5.9 to creating eyes, in a setting
similar to Lemma 4.48.

Lemma 5.11 Let G be a graph and let G be a subgraph of G with a cellular
drawing on a surface X, and let T be a respectful tangle in G of order at least k.
Let (R, P) be a free k-local (r x p) battlefield around a vertex v of G, where R =
Ci,....,Crand p = 4. Fori € [r], let A; C X be the disk bounded by C; and
containing v. Let G' and T be obtained from G and T by clearing A, and let f;
be the resulting face. Let iy be an index such that 2 < iop < r — 1 and the C;,-bridge
M of Gg containing v does not contain Ci 1. Let P’ consist of the segments of
the paths of P between C, and C;,. Let Gy be the society C;y U M with boundary
dG| consisting of the ends of the paths of P in order along Cj,. Then either G
contains an eye over G’ with foundation fy, or G| has a solid simple segregation S
with 3-connected projection and an arrangement in the disk A such that the cycle
w(Ciy) C 7 (S) is drawn along the boundary of A.

Proof Since Cjy+1 € M, the paths of ' intersect C;, U M only in their ends in
Ci,. If G contains a cross, then since the battlefield is free, combining this cross
with paths of #’ gives us an eye of Go over G’ with foundation fy. Otherwise,
Corollary 5.9 implies that G| has a solid simple segregation S with 3-connected
projection and an arrangement in the disk Ag. Let us remark that the boundary of
A contains the vertices of G, but not necessarily all other vertices of V(C;,) N
V(7(S)), and thus the conclusion of the lemma does not immediately follow. Let
A C Ag be the open disk bounded by the cycle 7 (C;,).

For consecutive vertices x, y € dG1, let O y denote the subpath of C;, between
x and y disjoint from 0G| \ {x, y}. For every vertex u € V(M) \ V(C;,), there
exists a path from u to Cy in M — V(C;,), and thus by considering the subpaths of
% contained in G, we conclude that the following claim holds.

(x) For every vertex u € V(M) \ V(C;,) and any consecutive vertices x, y € 3G,
there exists paths in M — V (Qy y) from u to all vertices of G \ {x, y}.
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Consider any consecutive vertices x, y € dGj. Suppose for a contradiction that a
vertex u € V((8S)) \ V(Cj,) is drawn in a connected part A’ of Ag \ 7(Qx,y)
different from the one containing A. Then every path Q' from u to G| in M
satisfies V(7 (Q") N7 (Qx,y)) # ¥, and thus V(Q' N Oy ,) # ¥, contradicting (%).
Hence, no such vertex exists, and since this is the case for all consecutive vertices
x,y € 3Gy, we conclude that all vertices of V((8S)) \ V(C;,) are drawn in A.
Moreover, there is at least one such vertex v, since the part of £ in G gives at least
four pairwise vertex-disjoint paths from C; to G, and thus C cannot be contained
in a single cell of S.

Suppose now that for some consecutive vertices x,y € 9Gj, an edge e €
E((8)) \ E(7(Cjy)) is drawn in a connected part A" of Ag \ 7(Qy,,) different
from the one containing A. Since A’ does not contain any vertex of 7 (S), it follows
that e = wujuy for vertices uy, up € V(w(Cy,)). Let A be the cell of S such that
e € E(m(A)). If there exists another vertex u3 € dA \ {u1, uz}, then observe that
since 7 (A) bounds a face of 7 (S), the vertex u3 has to be drawn in the closure of
A’, and thus uz € V(7 (C;,)) as well; therefore, we have dA C V (r(C;,)). This is
also clearly the case if [0 A| = 2. Since S is solid, A contains a path R between u
and u, intersecting 9 A only in its ends. Since e ¢ E(7(Cj,)), R is not a subpath of
Ci,, and thus R has a subpath R’ connecting distinct vertices of C;, and otherwise
disjoint from Cj,. Note that Cj, is an induced cycle in G, and thus R’ has length
at least two. Therefore, there exists a vertex u € V(A) \ dA, namely an internal
vertex of R’. Every path from u to vp in G| must intersect 34 C V(Cj,), which is a
contradiction, since u and vg are in the same C;,-bridge M.

Therefore, all vertices and edges of 7 (S) are drawn in the closure of A, and we
canlet A = A. O

Let us remark that the claim would be false in the seemingly more natural
formulation, with G having the boundary formed by vertices of C;, in order. An
issue here is that there can exist non-planar pieces of G| involving segments of C;,
and when such pieces are separated from the rest of the graph by cuts of size three,
they do not give rise to an eye. However, such pieces then must be contained inside
cells of the segregation of G, making it impossible for all vertices of C; to be drawn
in the boundary of A.

5.2 Flat Wall Theorem

Using the tools developed so far, we can prove the Flat Wall Theorem (also called
the Weak Minor Structure Theorem): Every H-minor-free graph of large treewidth
contains a part which is “nearly planar” (in the sense of Corollary 5.9), still has
large treewidth and thus contains a large wall as a subgraph, and the interior of
this nearly planar part attaches to the rest of the graph only through a bounded
number of apex vertices. This result can be seen as a “toy version” of the full Minor
Structure Theorem, enabling us to showcase some of the main proof ideas in a
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simpler setting. However, it also has a number of important algorithmic applications,
and in particular it is a key ingredient in the polynomial-time algorithm for testing
the presence of a fixed graph as a minor of the input graph.

Let us now give the most abstract formulation of the Flat Wall Theorem. For a
graph H, we define the apex number a(H) as asphere (H), i.€., the minimum number
of vertices we need to delete from H to make it planar. Let Go be a graph with a
tangle 7, let C be a cycle in Gg, and let M be a C-bridge of Go. A flat region of
order i in Gy is a quadruple (C, F, S, 7), where

e F isasociety with the underlying graph C U M such that 9 F is a subset of V (C)
of size iy ordered along C,

* Sis asolid simple segregation of F with 3-connected projection,

¢ Shas an arrangement in a disk A with 77 (C) drawn along the boundary of A, and

e T is atangle of order ¥ in 7 (S) ps-conformal with 79 such that 3 F is 7-free.

The Flat Wall Theorem basically states that for any H-minor-free graph of large
treewidth, we can delete less than a(H) vertices to obtain a subgraph that contains
a flat region of large order. In some applications, it will be useful to have more than
one flat region, and thus we actually prove the following slightly stronger form of
the claim.

Theorem 5.12 For every graph H and positive integers W > 4 and m, there exists
an integer 6 such that the following claim holds. If Tq is a tangle of order 6 in a
graph G that does not control a minor of H in Gy, then there exists a set A C
V(Gy) of size less than a(H) and m pairwise vertex-disjoint flat regions of order
in Gy — A.

Proof Let us choose parameters p, r, k, 61, ..., 04, and 8 so that
|HI H, ¥om K p,ba,r Kk K03 K0 K0 0.

Since the tangle 7 has order 6 > 61, Corollary 2.38 implies that there exists a
subgraph W of G isomorphic to a subdivision of a wall and a tangle 77 of order 6;
in W conformal with 7. Fix a drawing of W in the sphere; then 77 is automatically
respectful.

By Lemma 4.43, there exists a subgraph G, of W and a respectful tangle 77
of order at least 6, + a(H) obtained from W and 77 by clearing less than a(H)
04-zones and sets A C V(Gop) \ V(Gy) of size less than a(H) and Y C V(G»)
of size at most p such that every 64-long jump in Go — A over G, has both ends
at dq-/z—distance less than 64 from Y. Note that by Lemma 4.19, 7~ /2 is conformal

with 77, and thus also with 7. Let 7> be the truncation of 7~ /2 to order 6,; then the
tangle 7> is conformal with 7o — A.

By Lemma 4.31, we conclude that G, has a set Uy of at least p + IHI|? +m
vertices pairwise at dg,-distance at least 203. Since each vertex of Uy is at dg,-
distance less than 63 from at most one vertex of Y, we can choose a subset U C Uy
of size |H||?> + m such that d7,(y,u) > 03 forevery y € Y and u € U. It follows
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that no 64-long jump in Gy — A over G has an end at dy,-distance at most k from
a vertex of U.

For each u € U, Theorem 4.21 gives a free k-local graded r x r battlefield
(Ry, Py) around u. Let R, = Cy1,...,C, and fori € [r], let A, ; C X be the
closed disk bounded by C, ; containing u, let G, be the subgraph of G, obtained
by clearing A, ,, and let f;, be the resulting face of G, . Since the battlefields are
k-local, for distinct u, u’ € U, we have A, , N Ay, = @.

Suppose first that for at least | H |? vertices u € U, there exists an eyein Go— A
over G, with foundation f,. Note that the eyes for distinct vertices u, u’ € U are
pairwise vertex-disjoint, as otherwise Gy — A would contain a (necessarily 64-long)
jump with ends in A, , and A,/ ,, contradicting the choice of U. By Lemma 4.35,
it follows that Go — A contains H as a minor controlled by 79 — A, and this also
gives a minor of H in Go controlled by 7. This is a contradiction, and thus there
exists a set U’ C U of size m such that foru € U’, Gg — A does not contain an eye
over G, with foundation f.

Let ip = 2 + 1 and consider u € U’. By Lemma 4.48, the C, ;,-bridge M,
of Gp — A containing u is disjoint from C,, ;,+1. By Lemma 5.11, the graph F, =
Cu,ip UM, with 0 F,, consisting of the last vertices of , in C, ;, in order along C,, ;,
has a solid simple segregation S, with 3-connected projection and an arrangement
in the disk A such that w(C,, ;,) is drawn along the boundary of A.

For distinct u, u’ € U’, the graph Gy — A does not contain a jump from A, ,
to A, , and thus the subgraphs F, and F, are pairwise vertex-disjoint. Hence, it
suffices to show that for each u € U’, F, can be turned into a flat region of order .
That is, we need to construct a tangle 7, of order ¥ in 7 (S,)us,-conformal with
70 — A such that dF, has a 7,-free subset B, of size y; then, letting F, be
the society obtained from F,, by restricting its boundary to B,, we conclude that
(Cu.ig» F), Su, Tu) is a flat region of order ¢ in G — A.

Since the battlefield (R, $,) is free, Lemma 2.45 implies that there exists a
T>-free set Z, < dF, of size at least /2 > 2. Lemma 2.48 implies that Z, is
(To— A)-free. Letsy, ..., Sy, ty, ty—1, - . ., 1 be the vertices of Z,, in order. Observe
that F, N (U 2 OU;/;I Cu,,-) contains an {(s;, ;) : i € [V]}-linkage {Ry, ..., Ry}.
Let X be the ¥ x ¢ grid. We can contract subpaths of the paths 7(Ry), ..., m(Ry)
and subpaths of the cycles 7 (Cy y+1), ..., 7(Cy2y) to obtain X as a minor of
7(Sy); let p be the corresponding model of the grid X in 7(S,). Let 77, be the
standard tangle of order ¥ in the grid X, and let 7, be the tangle of order v in
7(Sy) n-induced by 77,. Let i’ be the model of X in G obtained by composing 1
and ps,. Lemma 2.46 implies that 7, is -conformal with 7o — A, and thus 7,

is ps-conformal with 7o — A. Observe that the set B, = {s1,...,sy} C dF, of
the starting vertices of the paths Ry, ..., Ry is T ;-free, and thus also 77,-free by
Lemma 2.48. O

The formulation and proof of Theorem 5.12 that we chose to give somewhat
obfuscates the reason for the name “Flat Wall Theorem”. In a more standard
formulation, one only operates on the subdivided wall W that we used to start the
process, finding a more explicit form of the flat region: By a subwall of W, we
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mean a subdivided wall formed by subpaths of consecutive rows and columns of W,
and the perimeter of the subwall is the cycle bounding it. One can then find a set
A C V(Gy) of size less than a(H) and a large subwall W’ of W with perimeter K
such that the K-bridge M of Gy — A containing W' — V(K) is disjoint from the
rest of W, and such that K U M has a simple segregation with an arrangement in the
disk, with 7 (K) drawn along the boundary of the disk.

Indeed, this is the formulation and argument used by Robertson and Seymour
in [10] (the proof of Theorem 5.12 follows the same idea in a more abstract setting).
However, there is not much gained by explicitly working with subwalls. If we
actually need a wall in a flat region, it is trivial to obtain one using Lemmas 2.44
and 2.65, similarly to the proof of Lemma 2.68. And, in order to prove the Flat Wall
Theorem by only considering (sub)walls, one needs to introduce wall versions of
concepts such as clearing a zone, the respectful tangle metric, and so on. Admittedly,
these wall-specific notions are simpler than their general versions, but nevertheless
somewhat superfluous when we have already developed the general theory.

Let us note the following connection between the tangle of a flat region and the
ambient tangle 7 in the whole graph, which may be useful in case 7 is chosen to
have some specific property (e.g., in Erd6s-Pdsa theory arguments in the style of the
second proof of Lemma 2.57, where the tangle is chosen so that the small parts do
not contain any of the subgraphs we are trying to hit). For notational convenience,
we give the statement in terms of vertex tangles.

Lemma 5.13 Let T be a vertex tangle of order 0 in a graph Gy, let A be a subset
of vertices of Gy, let v < 0 — |A| be a positive integer, and let (C, F,S,T) be a
flat region of order ¥ in Go — A (with T taken as a vertex tangle). For every B € S
with V(B N C) C 9B, the corresponding vertex separation (V(B) U A, V(Go) \
(V(B)\ 9B)) of G belongs to Ty.

Proof Let D = V(Go — A) \ (V(B) \ dB). It suffices to show that the vertex
separation (V(B), D) of Gy — A belongs to 7o — A. Suppose for a contradiction
that (D, V(B)) € 79 — A. Since 7 is ug-conformal with 79 — A, we have
(k5 (D), wg' (V(B))) € T However, ' (D) = V (7(S)), contradicting (T1).

O

As we have already mentioned, the Flat Wall Theorem was developed for an
application in testing the presence of a fixed graph as a (rooted) minor in the input
graph, and we give an outline of this algorithm in the next section. Before that, let
us give two simpler applications.

The first one is a generalization of Theorem 2.73, concerning the fact that the
treewidth of graphs of bounded genus is bounded by a function of their radius.
This is not true for H-minor-free graphs for every graph H; e.g., consider a
graph G consisting of a large grid and a single vertex v adjacent to all vertices
of the grid. Then G has radius one and arbitrarily large treewidth, yet G — v is
planar and consequently G is Ke-minor-free. However, there is the following nice
characterization of which forbidden minors H enforce this property. We say that a
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hereditary graph class G has locally bounded treewidth if there exists a function f
such that every graph G € G of radius r has treewidth at most f(r).

Theorem 5.14 The class of H-minor-free graphs has locally bounded treewidth if
and only if a(H) < 1. Consequently, a minor-closed class G has locally bounded
treewidth if and only if there exists a graph H ¢ G witha(H) = 1.

Proof 1f a(H) > 2, then H is not a minor of the “grid plus one vertex” graphs
discussed above, and thus the class of H-minor-free graphs does not have locally
bounded treewidth.

Suppose now that a(H) < 1. By Theorems 2.25 and 5.12, there exists a function
f such that for every positive integer », every H-minor-free graph of treewidth
more than f(r) contains a flat region of order 4r 4 4 (since a(H) < 1, the set A
of removed vertices must be empty). We claim that every H-minor-free graph G of
radius r has treewidth at most f (), and thus the class of H-minor-free graphs has
locally bounded treewidth.

Suppose for a contradiction that tw(G) > f(r). Hence, there exists a flat region
(C,F,S,7)oforder 4r + 4 in G. Let us view 7 (S) as drawn on the sphere and let
fo be the face of 7 (S) bounded by 7 (C). Then 7 is a respectful tangle in 7 (S), and
by Theorem 4.14, there exists an edge e € E(7(S)) such that ds( fo, e) = 4r + 4.
Let v be a vertex incident with e, let Q¢ be a shortest path in G from v to C, and
let Q = 7w (Qp). Note that Q is a path from v to 7 (C) in 7(S) and that Q is at
most as long as the path Qg. But 4r + 4 = dg (e, fo) < 2||Q| + 3, and thus
1Qoll = |Q]l > 2r. Therefore, G has diameter more than 2r, and thus radius more
than r, which is a contradiction.

Finally, if a minor-closed graph class G contains all graphs H with a(H) = 1,
then it contains all “grid plus one vertex” graphs, and thus it does not have locally
bounded treewidth. Otherwise, there exists a graph H ¢ G with a(H) = 1, and thus
G is a subclass of the class of H-minor-free graphs; and we conclude that G has
locally bounded treewidth. O

Let us remark that the bound on the treewidth of H-minor-free graphs relative to
their radius which follows from the proof of Theorem 5.14 is rather poor (though
polynomial), since the proof of Theorem 5.12 relies on the Grid Theorem. The
bound can be strengthened to linear one [2]; the proof is an application of the Minor
Structure Theorem and we give it in Chap. 8.

We now give the second application of the Flat Wall Theorem, in algorithmic
design. For this, the reader needs to observe that the proof of Theorem 5.12
can be turned into a polynomial-time algorithm to find a flat region. This is
mostly straightforward; one might have doubts about the usage of Mader’s H-Wege
theorem, but it is known that this theorem can be algorithmized, see e.g. [1].

The application we are going to show is a fixed-parameter algorithm for
domination number, i.e., determining the minimum size y (G) of a dominating set
in an input graph G (a set S is dominating if every vertex of V(G)\ S has a neighbor
in S). It is believed not to be possible to determine whether a general n-vertex graph
has a dominating set of size at most k in time f (k) - poly(n), for any function f and
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any polynomial whose degree does not depend on k. However, such an algorithm
exists for H-minor-free graphs, based on the following observation on irrelevance
of certain vertices. Given a set A C V(G), the A-type of a vertex v € V(G) \ A
is the set of neighbors of v in A, and the extended A-type of v is the pair (¢, T),
where 7 is the A-type of v and T is the set (not multiset!) of A-types of neighbors
of vin V(G) \ A. Note that if |A| = a, then there are only 20+2* different extended
A-types.

Lemma 5.15 Let A be a subset of vertices of a graph G and let vy, ..., vx be
vertices in V(G) \ A of the same extended A-type that are pairwise at distance at
least five in G — A. Then y (G) < k if and only if y (G — vp) < k.

Proof Fori € [k] and a positive integer d, let N; 4 be the set of vertices at distance
at most d from v; in G — A.

Suppose first that D € V(G) is a dominating set in G of size y(G) < k. Since
the sets N1 2, ..., Ni 2 are pairwise disjoint, there exists i € [k] such that DNN; > =
(. Therefore, every neighbor of v; in G — A has a neighbor in AN D. Since vg and v;
have the same extended A-type, every neighbor of vg in G — A also has a neighbor
in AN D. Moreover, every neighbor of vg in A is also adjacent to v;. If vy € D, then
let Do = (D \ {vo}) U {v;}, otherwise let Dyg = D. Observe that Dy is a dominating
setin G — v, and thus y (G — vg) < |Dg| = |D| < k.

Conversely, suppose that D’ € V(G — vp) is a dominating set in G — v of size
y(G — vg) < k. Since the sets Ny i, ..., N, 1 are pairwise disjoint, there exists
i € [k] such that D’ N N; | = . Therefore, v; has a neighbor in A N D’. Since vy
and v; have the same A-type, vy also has a neighbor in A N D’. Therefore, D’ is a
dominating set in G, and ¥ (G) < |D’| < k. O

Corollary 5.16 For every graph H, there exists a function f and an algorithm that,
given an H-minor-free n-vertex graph G and a positive integer k, decides in time
f (k) - poly(n) whether y(G) < k.

Proof For given k, choose ¥ (k) and 0 (k) so that k, |H|, |H|| < ¥ (k) < 0(k).
Let f (k) be chosen so that Theorem 2.8 gives an algorithm with time complexity
O(f (k) - n) to determine whether a graph of treewidth at most 6 (k) has domination
number less than k.

If tw(G) > 6(k), then by Theorem 2.25 and using the algorithm underlying the
proof of Theorem 5.12, we find a set A € V(G) of size less than a(H) and a flat
region (C, F, S, 7)) of order ¥(k) in G — A. Let us view 7(S) as drawn on the
sphere and let fy be the face of 7(S) bounded by 7 (C). Then 7 is a respectful
tangle in 7 (S).

Lemma 4.31 can be used to obtain a set U of vertices of 7 (S) of size more than
k2a(H)+2""™ quch that dg-(u, v) > 8 for distinct u, v € U, and do(u, fo) > 8 for
each u € U. This implies that the graph distance in G — A between distinct vertices
of U is at least five. Since the number of extended A-types is at most 2|A|+2‘A|, the
pigeonhole principle implies that there exist k 4 1 distinct vertices vp, ..., vy € U
of the same extended A-type.
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By Lemma 5.15, we have y(G) < k if and only if y (G — vo) < k. Therefore,
we can delete vy from G and repeat the process described above, until we reach an
equivalent subgraph with treewidth at most 6 (k). The desired algorithm then follows
from Theorem 2.8. |

Let us remark that the algorithm from Corollary 5.16 is by far not the simplest
or most efficient way to design a fixed-parameter algorithm for domination number
in proper minor-closed classes. Indeed, there is a substantially simpler and more
general meta-algorithmic result that applies to all nowhere-dense graph classes [6],
where the notion of nowhere-dense graph classes is a far-reaching generalization
of proper minor-closed classes. Nevertheless, the proof of Corollary 5.16 gives a
simple illustration of a way the Flat Wall Theorem can be used in algorithmic design
for more complicated problems, and serves as a warm up for the next section.

5.3 Testing the Presence of a Minor

Perhaps the most important application of the Flat Wall Theorem is in the
polynomial-time algorithm to test the presence of a fixed (rooted) minor. For this
application, we need a variant of the Flat Wall Theorem in which the pieces of
the segregation have bounded treewidth (a reader questioning why we bothered to
obtain m flat regions rather than just one in Theorem 5.12 will find the answer here).

Theorem 5.17 For every graph H and every positive integer v > max(|H]|, 3),
there exists an integer t such that the following claim holds. For every graph G of
treewidth at least t, either

* there exists a tangle in G of order \r controlling a minor of H, or
o there exists aset A C V(Gy) of size less than a(H) and a flat region (C, F, S, T)
of order r in Go — A such that tw(S) < t for every S € S.

Proof Let 0 > i be the constant from Theorem 5.12 for m = a(H) + 3. Let ¢ be
large enough so that Theorem 2.25 implies that every graph of treewidth at least ¢
contains a tangle of order 6.

Let L¢ be the null graph. Fori = 1, 2, ..., we construct a separation (L;, G;) of
Gy of order less than m such that tw(G;) > ¢, as follows: By Theorem 2.25, G;_
contains a tangle 7;_1 of order 6. If 7;_; controls a model u of H in G;_1, then the
tangle in G induced by 7;_1 also controls u as a model of H in G, and the first
outcome of the theorem holds (after truncating the tangle to order ).

Otherwise 7;_; does not control a minor of H in G;_;, and Theorem 5.12
implies that there exists a set A € V(G;—1) of size less than a(H) such that
G;_1 — A contains m pairwise disjoint flat regions of order . At least one of the
regions, denoted by (C, F, S, 7)), is disjoint from V (L;—; N G;_1), and thus it also
is a flat region in Gy — A. If tw(S) < ¢ for every S € S, then the second outcome
of the theorem holds.

Hence, suppose that there exists S € S such that tw(S) > 7. We let G; be
the subgraph of G;_; consisting of S, A, and all the edges of G between S and A;
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observe that there exists a separation (L;, G;) of Gg such that V(L; NG;) = dSUA.
We now repeat the procedure described above to either obtain one of the conclusions
of the theorem or a separation (L;+1, G;+1), and so on. Observe that since G;_1
contains another flat region disjoint from (C, F, S, 7)), we have |G;| < |G;_1|, and
thus this procedure eventually terminates. O

Let us remark that we could have actually set m = a(H) + 4, obtain two
usable disjoint flat regions, and continue with the smaller one of them, decreasing
the number of iterations from O(|Gg|) to O(log|Go|) and improving the time
complexity of the corresponding algorithm. Let us also remark that in comparison
to Theorem 5.12, in this formulation of the Flat Wall Theorem we cannot prescribe
a specific tangle 7 “pointing towards” the flat region. On the flip side, since the
elements of the segregation have bounded treewidth, Theorem 2.8 can be used to
compute their properties efficiently, which is convenient in algorithmic applications.

Furthermore, we could enforce that 77(S) has treewidth bounded by a function
of 6, by restricting F to the interior of a suitably chosen cycle of 7(S) in case the
treewidth is too large initially (we leave the details for the reader to work out). Since
F has a star decomposition with leaves corresponding to the elements of S and with
the torso of the central node isomorphic to 7(S), it follows we could also ensure
that the treewidth of F is bounded. Nevertheless, we do not need this strengthening
for the purposes of this chapter.

Our goal now will be to describe a polynomial-time algorithm for the following
problem. The problem is parameterized by a fixed graph H and a (possibly empty)
subset R of V(H). The input to the problem is a graph G and an injective function
p: R — V(Gy), and our goal is to decide whether H is a p-rooted minor of Gy and
if so, to find a p-rooted model of H in Gy. We call this the R-ROOTED H-MINOR
problem. The time complexity of the algorithm we describe is polynomial, where
the degree of the polynomial is independent on H (a more detailed analysis shows
that the time complexity is cubic [10], though it can be improved to quadratic [8]).

Before we dive into the description of the algorithm, let us note that the problem
has two important special cases. One of course is the case that R = (J, where we
just test whether H is a minor of G¢. The other one concerns the case that H
is the perfect matching on the set R = V(H), where |R| = 2k, in which case
we obtain the k-LINKAGE problem of finding k pairwise vertex-disjoint paths with
prescribed ends. Let us remark that by analogy with Menger’s theorem, the reader
perhaps might consider the latter special case to be substantially simpler than minor
testing in general. This intuition is incorrect; for example, in case that k is not a
fixed parameter, but a part of the input, then the problem becomes NP-complete [7].
Moreover, in directed graphs, even the 2-LINKAGE problem is NP-complete [4]!

Let us also remark that a polynomial-time algorithm for k-LINKAGE implies a
polynomial-time algorithm to decide whether an input graph G contains a fixed
graph H as a topological minor, though in this case the exponent in the time
complexity depends on H: We simply test all possible placements of the branch
vertices of the topological minor and of the first edges of each of its paths inside G
(there are at most |Go|'f! - |Go|/?11 possible choices), and for each of them we
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use the k-LINKAGE algorithm to test whether the disjoint paths with the prescribed
ends forming the topological minor of H actually exist in Ggo. A faster algorithm
with cubic time complexity was found in [5].

Let us now start working on the algorithm for the R-ROOTED H-MINOR problem.
The basic idea of the algorithm is to find a flat region in the input graph G¢ and show
that we can delete a vertex from the middle part of the region without affecting the
existence of the rooted minor of H. An issue with this idea is that if we are not
careful, we might delete or disconnect a part of G containing a rare substructure
that does not appear anywhere else in Gy, thus destroying all rooted models of H in
Gy. Let us now give definitions and results designed to deal with this issue.

The k-folio of a bordered graph G is the set of all (up to isomorphism) pairs
(F, p) where F is a graph such that |F| 4 || F|| < k, p is a bijection between a
subset of V(F) and dG, and F is a p-rooted minor of G. The k-folio contains all
the information about ways how we can use G in constructing small minors, in the
following sense.

Observation 5.18 Suppose (Go, G1) and (Go, G2) are separations of graphs G|
and G’z, where V(Go N G1) = V(Gg N Gy). Fori € [2], let us turn G; into
a bordered graph by setting 0G; = V(Go N G;). Let H be a graph and p an
injective function from dom(p) € V(H) to V(Gy). If G1 and G, have the same
QIH| + 5| H || 4+ 41Go N G1])-folio, then H is a p-rooted minor of G if and only if
it is a p-rooted minor of G.

Proof Let S = V(Go N Gy). Let us consider a p-rooted model w; of H in G,
chosen so that the subgraph M = UUeV(H)(m (H) N G1) is minimal; in particular,
M is a forest. Let F be the graph defined as follows. The vertex set of F consists of
S and of the components of M — S. For each vertex x € SU V(M), let ¢p(x) = x
if x € S and let ¢ (x) € V(F) be the component of M — S containing x otherwise.
The edge set of F consists of the edges ¢ (u)¢ (v) for each edge e = uv such that
either ¢ € E(M) and e is incident with a vertex of S, ore € wi(E(H)) N E(Gy).
Leto : S — § be the identity function. Clearly, F is a o-rooted minor of G.

By the minimality of M, each component C of M — § contains an end of an
edge of w1 (E(H)), or is equal to p1(v) for a vertex v € V(H), or there are at
least two edges from C to S in M. Since M is a forest, this implies that M — S
has less than 2||H || + |H| + | S| components, and thus |F| < 2| H|| + |H| + 2|S]|.
Moreover, since M is a forest, observe that ||F|| < |F| + ||H]|. Therefore, F is
contained in the (2|H| + 5||H|| + 4|Go N G1])-folio of G, and thus also in the
QIH| + 5||H|| + 4|Go N G1])-folio of G».

It follows that F is a o -rooted minor of G,. A combination of a o -rooted model
of F in G and of the part of i contained in G gives us a p-rooted model of H
in Gj. O

For a flat region (C, F, S,7) in a graph Gg — A and any cell S € S, let S + A
denote the bordered graph obtained from the union of S and A by adding all edges
of G between S and A, with the boundary 9(S+ A) = AUJS. Suppose that we are
testing the presence of a fixed rooted minor H in Gq, where the roots are disjoint
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from the flat region. By Observation 5.18, there exists an integer k depending only
on H such that for each cell S € S with § — 9§ disjoint from the roots, only the
k-folio of S + A is important. For distinct S, S’ € S, we say that S and S have the
same A-extended k-folios if there exists a bijection p : d(S+A) — 3(S’+ A) which
is identity on A and preserves the orientation (clockwise or counter-clockwise) of
dS and 85’ as drawn in the arrangement of S, such that p extends to an isomorphism
of the k-folios of S + A and §' + A.

It might seem that we are running into a circularity here: We are going to need to
compute the A-extended folios for the cells of the flat region in order to design the
algorithm for the R-ROOTED H-MINOR problem, but how to do so without having
such an algorithm to start with? Theorem 5.17 allows us to sidestep this issue: We
can assume that the graphs S € S have bounded treewidth, and thus we can compute
their A-extended k-folios using Theorem 2.8.

As usual, let us view 7 (S) as drawn on the sphere, with fy being the face
bounded by 7 (C) and 7 considered as a respectful tangle. Let Ro be a subset of
V(Gy).Foravertex v € V(1 (S)), we say that the 6-neighborhood of v is (k, Ry, k)-
homogeneous if

e dr (v, fo) > 0 +3,

e dy(v,dS) > 0 forevery S € S such that V(S) N Ry # @, and

e for every cell S € S with dy (v, dS) < 6 and every vertex u € V(7(S)) with
dy (v, u) < 60—k, there exists acell S’ € S with d7(u, 3S") < « such that S and
S’ have the same A-extended k-folios.

That is, every A-extended folio that appears in the 8-neighborhood of v at all appears
almost everywhere in the neighborhood. An easy argument shows that in a flat
region of sufficiently large order, we can find a homogeneous neighborhood that
is relatively large compared to k.

Lemma 5.19 Let a and k be positive integers and let f : N — N be a non-
decreasing function. There exists a positive integer \ such that the following claim
holds. Let Go be a graph, let A and Ry be sets of vertices of Gg of size at most
a, and let (C, F,S,T) be a flat region in Gy — A of order . Then there exists
v € V((S)) and a positive integer k such that the f(k)-neighborhood of v is
(k, Ro, k)-homogeneous.

Proof Let m be the number of all possible A-extended k-folios; note that m is a
function of a and k. Let k9 = 1 and for i € [m], let k; = f(kj—1). Choose ¥ >
Km,a, k.

Let us view 7(S) as drawn on the sphere, with fy being the face bounded by
7 (C) and 7 considered as a respectful tangle. By Lemma 4.31, we can find a vertex
vy € V((8)) such that d7 (v, fo) > km + 3 and d7 (v, 0S) > «,; for every
S € S such that V(S§) N Ry # @. Fori = m,..., 1, we proceed as follows. If
the «;-neighborhood of v; is (k, Ry, xi—1)-homogeneous, then we let v = v; and
k = kj—1 and we stop. Otherwise, there exists a cell § € S with d7(v;, 9S5) < «;
and a vertex v;_; € V(7 (S)) withdy (v;, vi—1) < k; —k;—1 suchthatnocell ' € S
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with d7 (v;_1, 3S") < k;_1 has the same A-extended k-folio as S. We continue the
process with i — 1.

Note that the process ensures that fewer distinct A-extended k-folios appear in the
ki—1-neighborhood of v;_; than in the «;-neighborhood of v;, and thus the process
terminates at latest at i = 1. |

It is relatively easy to show that the central vertex of a homogeneous neighbor-
hood is irrelevant for the existence of the rooted minor of a fixed graph H, as long
as there exists a model of H that crosses the boundary of the neighborhood only
a bounded number of times and no “essential” part of the model is close to the
boundary. The argument is somewhat technical and a reader willing to accept this
intuitively clear claim should feel free to skip it.

Let us give definitions needed to state this claim precisely. Consider a p-rooted
model u of a graph H in a graph Gg,aset A C V(G), and a flat region (C, F, S, 7")
in Go — A. We say that u is minimal if for every x € V(H), u(x) is a tree and if
[ (x)| > 1, then every leaf of u(x) belongs to img(p) or is incident with an edge of
W(E(H)); that is, we cannot delete any edge or vertex from p(x) without breaking
the model. Let H' = u(E(H)) U Uer(H) uw(x). We say that a set S| € S covers
nontrivial parts of w if | Sy contains all branching points in H' N F, and thus the
part of H' N F outside of | J S is a linkage; more precisely,

e every edge of u(E(H)) U Uer(H) E(u(x)) between V(F) and A is contained
in USE& (S+ A), and

o letting Y = (Jg, s, 95 and letting Y’ be the set of vertices y € Y belonging to
exactly one cell of Sy, every component of

(rEaE) U U ww)nlJsso

xeV(H)

is a path with both ends in Y’ U V (C) and otherwise disjoint from Y.

Observe that since the model p is minimal, any minimal subset of S covering
nontrivial parts of u has size O(|H| + | H|| + | Al)-

Lemma 5.20 ( &) For every graph H and all positive integers a, m, and k, there
exists an integer Oy such that the following claim holds. Let Gy be a graph, let
A be a set of vertices of Go of size at most a, let 0 > 6y be a positive integer,
and let (C, F,S,T) be a flat region in Gy — A of order at least 46. Let p be an
injective function from dom(p) C V(H) to V(Go). Let k = 2|H| + S||H| +
da + 12. Let vg € V(7 (S)) be a vertex such that the 6-neighborhood of vy is
(k,img(p), k)-homogeneous. Let K be a cycle in w(S) bounding a 6-zone A around
vo such that dy(vo, V(K)) > 6 — 2. Let u be a minimal p-rooted minor of H
in Go and let 81 be a minimal subset of S covering nontrivial parts of u, such
that dg(vg, dS) < 6 — 3(dm + 1) for every cell S € S| with 0S N A # (. Let
U=V(EK)N Uer(H) V(ux)). If lU| < m, then H is also a p-rooted minor of
Gy — vp.
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Proof Let Sy consist of all cells S € S such that 7(S) is drawn in A and let G| =
Uses, S- Let Y = Uges,ns, 9 and let Y' be the set of vertices of ¥ belonging to
exactly one cell of Sj.

By the assumptions, we have U N'Y = @ and each vertex of U is incident with
exactly two edges used by u; let Ug consist of the vertices u € U such that at most
one of these edges is contained in G1. Let Uy = Up U Y'. Let

0=(nEwnu |J nw)nJso\Sn:

xeV(H)

since 81 covers nontrivial parts of u, each component of Q is a path with both ends
in U; and otherwise disjoint from Y. Let By be the set of components of Q with an
end in Uy, and note that each vertex of Uy is contained in at most one path of By.

Choose for each § € 81 NSy a cell S’ of Sy with the same A-extended k-folio,
so that the chosen cells are far apart from one another, v, and K (this is possible
by homogeneity of the 6-neighborhood of vp); let S, = {§’ : § € S}, and for
each S € 8§ NSy and z € 35, let o(z) be the vertex of 3§ corresponding to z.
For each z € Uy, let 0(z) = z. Let P be the partition of U, = Uy U USGSZ oS
such that distinct vertices z1, z2 € U; are in the same part of P if and only if either
0(z1) = 0(z2),0ro(z1) and o (z2) belong to the same component of Q (in this case,
o (z1) and o (z2) are the ends of one of the paths forming Q). Observe that o (P) is
topologically feasible in A, and thus % is topologically feasible in A as well.

The plan is to use Theorem 4.27 to find a $-linkage in 7 (Sp) — vo. Since the
segregation S is solid, this also gives a P-linkage Q' in (U SESH\Ss S) —vp. We now
replace in the model p

* the paths of Q and the vertices shared by cells of S; N Sy by the corresponding
connected subgraphs of Q’, and

» foreach S € 8§ N Sy, the part of & in S + A by an equivalent part in S’ (this is
possible by Observation 5.18, since S and S have the same A-extended k-folio).

In this way, we will obtain a p-rooted model of H in Go — v, as desired.

The only technical issue here is that the set Uy is not necessarily free in the tangle
in (Sp) obtained using Lemma 4.20 (let us remark that the sets 95 for S € S»
are free, since 7(S) is 3-connected and 9SS is chosen to be far from K). To solve
this issue, we use the standard “linking through a cylindrical grid” argument. By
Theorem 4.21, there exists a (§ — 3)-local 3m x m battlefield (R, Q) around vy
in 7(S) whose egg contains all vertices v € V(G1) such that dy(vp,v) < 0 —
3(4m + 1), and in particular all vertices of Uj \ Up. Let R = Cq, ..., C3y. Let
B, = {m(B) : B € By}, let B consist of the paths in B, that do not intersect C,,,
and let B, = B\ Bi.

Note that the paths of $1 cannot have any end in U; \ Uy, and thus they connect
distinct vertices of Up. For each B € B, the drawing of B splits A to two parts, one
of which contains the egg of the battlefield; let Ap be the other part. Observe that
no path in B, can intersect A p, as it needs to reach U \ Up (which is contained in
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the egg of the battlefield), but cannot cross B. Let By, By, ..., B, be an ordering of
By such that j < i whenever Ap ; C A ;. We claim that without loss of generality,
we can assume that for i € [m’], B; does not intersect C3,,—;. Indeed, we can
ensure that this is true by repeating the following operation: Suppose i € [m'] is the
smallest index such that B; intersects C3,,—;, and in particular for each j € [i — 1],
Bj is disjoint from C3,,_;+1. Then we can replace the parts of B; contained in the
interior of the disk bounded by C3,,—; 41 by the subpath of C3,,—; 41 in A g,, making
it disjoint from C3,—;.

Consequently, we can assume that all paths in B are disjoint from Cp,,. Let @
consist of the segments of the paths of Q between C,,, and C,,, each intersecting
C,, in exactly one vertex, and let Z be the set of ends of the paths of @ in C,y,.
Let U(’) consist of the vertices of Uy incident with a path of B;, and let B’z contain
for each vertex in Uy the initial segment of this path till its first intersection with
Cyn. Menger’s theorem applied to the graph |J 8, U | Qu U,zzm 11 Ci shows that
this graph contains a (U}, Z)-linkage Q" of size |U{|. Let 7 be the tangle of order
9 = (%(9 — 3(4m + 1))] in the subgraph of 7 (S) drawn in the disk bounded by
C,, obtained using Lemma 4.20. Moreover, because of the cycles Cq, ..., C,, and
the paths of @, the lemma also implies that Z is 7”'-free. We now perform the plan
described above in the part of Sy arranged inside the disk bounded by C,,, with the
ends of Q" in Z playing the role of Uy, and in the end we add the paths of @ U B
to the resulting model. O

It might seem that this statement easily implies that v is irrelevant for the
existence of the minor of H in G even without the assumption that S; is far from
K . Indeed, using Lemma 5.19, we can find a homogeneous 6)-neighborhood with 6,
much larger than the constant 6y needed in Lemma 5.20, then choose the radius 6 so
that §p < 6 < 6)/4 and the cycle bounding the #-zone found using Corollary 4.16
is far from p-essential vertices. Since H is a fixed graph, its model intuitively must
have bounded complexity, and thus it seems likely that (possibly subject to choosing
0 carefully and adjusting 1), it should be possible to ensure that K intersects u in
at most m vertices, where m depends only on H.

This last part is true, but surprisingly hard to prove. The general idea is to use the
Unique Linkage Theorem in the spirit of Lemma 3.12 (with Lemma 5.20 replacing
Lemma 3.11 in the proof), but the details are quite technical. Thus, we refer the
reader to [13] for the proof of the following theorem.

Theorem 5.21 For every graph H and all positive integers a and k, there exists an
integer 0 such that the following claim holds. Let Gy be a graph, let A be a set of
vertices of Gq of size at most a, and let (C, F, S, T") be a flat region in Go — A of
order at least 0 + 3. Let p be an injective function from dom(p) C V(H) to V(Gy).
Letk = 2|H| + 5||H|| + 4a + 12. If the 6-neighborhood of a vertex vg € V (1 (S))
is (k,img(p), k)-homogeneous, then vy is (H, p)-irrelevant in Gy.

It is now easy to describe the algorithm for the R-ROOTED H-MINOR problem
(subject to the usual caveat that we actually do not go into technical details, and in
particular we use algorithmic versions of several of the results that we only stated in
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an existential form; the reader can easily check that the proofs of these results give
rise to polynomial-time algorithms). Let a = a(Kzg|+|H|+1) — 1, and for every
positive integer «, let f (k) be the value of 6 in Theorem 5.21 for H, a, and k. Let
be the value from Lemma 5.19 applied with max(a, |R|), k =2|H|+5||H| +4a+
12, and f. Let ¢ be the constant from Theorem 5.17 with the clique K3 |gj+|H|+1
playing the role of H. Consider an input instance consisting of a graph G and an
injective function p : R — V(Gy):

e While tw(Gg) > t:

— Apply the algorithm underlying the proof of Theorem 5.17, with the clique
K3 |R|+|H|+1 playing the role of H.

- If the outcome is a tangle 7 in G controlling a minor of the clique
K3 |R|+H|+1, then use Lemma 4.29 to locate a (H, p)-irrelevant vertex vo.

- Otherwise, the outcome is a set A € V(Gy) of size at most a and a flat
region (C, F, S, 7) of order ¢ in Gy — A such that each element of S has
bounded treewidth.

- Compute the A-extended k-folio for each S € S using Theorem 2.8.

- Use Lemma 5.19 to find a vertex v9 € V(7 (S)) and a positive
integer « such that the f(k)-neighborhood of vg is (k, img(p), «)-
homogeneous, and thus vg is (H, p)-irrelevant by Theorem 5.21.

— Delete vg from Gy.

* Find a p-rooted model of H in Go or decide that it does not exists using
Theorem 2.8.

Since all steps in the algorithm can be performed in polynomial time and the number
of iterations of the main cycle is clearly bounded by |G|, the time complexity of
the algorithm is polynomial.

5.4 Structure Around a Crossing

Let us quickly summarize the argument underlying the proof of the Weak Minor
Structure Theorem (Theorem 5.12): Using the assumption that Go has large
treewidth, we find a subgraph W of G¢ drawn on the sphere with a respectful
tangle of large order. By Lemma 4.43, we can assume that (after clearing bounded-
radius zones and removing less than a(H) vertices), all long jumps join vertices
of a few bounded-radius regions. Moreover, Lemmas 4.48 and 5.11 together
with Lemma 4.35 show that non-eliminable short jumps are contained in a few
additional bounded-radius regions. Thus, if we simply look anywhere except for
these exceptional regions, we find the desired flat region.

In the full Minor Structure Theorem, we want to describe the whole H-minor-
free graph G, and thus we cannot ignore the exceptional regions. In Corollary 4.47,
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we demonstrated the idea used to deal with long jumps: Either we can intersect all of
them by a small set of vertices, or we can use them to obtain a high-representativity
drawing of a subgraph of Gy in a surface of larger genus. In the latter case, we can
iterate the argument; the number of iterations is bounded by Corollary 4.34, as H
can be drawn on any surface of sufficiently large genus. Hence, it remains to deal
with the non-planar regions formed by short jumps, and in this section, we develop
the necessary tools.

For an illustration of what we might want to achieve, let us consider two
examples of highly non-planar societies:

* G is the society with 0G| = vy...vap, V(G1) = 9Gy, and the edge set
{vivigom 1 1 € [2m]}; thatis, G is “crosscap-like”.

* (3 is the society with 0G, = vy...v4y, V(G2) = 9Gy, and the edge set
{v4i—3V4i_1, V4i—2v4; : I € [m]}; thatis, G, consists of m consecutive crosses.

Suppose that G is a subgraph of a larger H-minor-free graph Gy, the graph G is
drawn on a surface, and F € {G, G2} is another part of G attaching through
its boundary to a face of G. If F = G, then we can naturally view G U G as
a graph drawn on a surface of higher genus, obtained by adding a crosscap. This
brings us closer towards our ultimate goal of showing that the whole graph G has
a structure which is close to being drawn on a surface—since H is not a minor of
Gy, Theorem 4.32 shows that we can increase the genus of the surface in this way
only a bounded number of times.

On the other hand, F = G, cannot be used in this manner. Indeed, G, is a
prototypical example of a vortex, an unavoidable ingredient of the Minor Structure
Theorem. Hence, in the proof of the Minor Structure Theorem, if we see a non-
planar region (society) F, we need to distinguish whether it looks more like G or
like G». It is useful to be able to do so on a global level, only by looking at the
connectivity of d F across F. The main distinction between G and G, from this
perspective is that there are many pairwise vertex-disjoint paths in G from one side
of 3G to the other one (say from {vy, ..., v2n} to {Vam+1, - - ., Van}, but this is not
the case in G;.

A fransaction in a society I is a (9[y,v)F, O[y,u) F)-linkage for distinct u, v €
o F. A society F is d-vortex-like if it contains no transaction of size more than d. The
following lemma substantiates the intuition that societies without large transactions
behave similarly to vortices.

Lemma 5.22 [f a society F is d-vortex-like, then F has a vortical decomposition
of adhesion at most d.

Proof Let vy, ..., v, be the vertices of dF in order. For i € [m], since F is
d-vortex-like, it does not contain a ({vy, ..., v;j}, {Vi+1, ..., Un})-linkage of size
more than d, and thus it has a vertex separation (A;, B;) of order at most d with
V1,...,0; € A; and vj41,...,V, € B;; we choose such a vertex separation of
smallest order with A; maximal, and subject to that with B; minimal. Consider
indices i and j such that 1 <i < j <m. By (1.1), we have
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[((A;UA)N(B; NBj)|+[(A;NA;)N(B; UBj)| <|A;NB;|+|A; N Bj|.

Note that (A; N Aj, B; U Bj) is a vertex separation with {vy,...,v;} € A; N A;
and {v;y1, ..., vy} € B; U B}, and since we chose (A;, B;) as such a separation of
smallest order, we have [(A;NA;)N(B;NB;)| > |A;NB;|. Therefore, (A;UA;, B;N
Bj) is a separation of F of order at most |A; N Bj|. Since {vy,...,v;} € A; UA;
and {vji1,...,v,} € B; N Bj, the maximality of A; implies A; € A}, and the
minimality of B; implies B; C B;.

We actually show that F has a path (rather than just a cycle) decomposition
(P, B) of F of adhesion at most d, where P = vjv; ... v, and v; € B(v;) for every
i € [m]. Let Ap = @ and By = V(F), and fori € [m], let B(v;) = A; N Bi_1;
clearly, v; € B(v;).

We need to verify that this indeed defines a path decomposition. For any vertex
v € V(F), let i, be the minimum index such that v € A; ; such a index exists,
since A,, = V(F). Since v ¢ A; _1, we have v € B; _j, and thus v € B(v;,).
Moreover, if u is a neighbor of v with i, < i,, then since (A; —1, B;,—1) is a vertex
separation and v € A; 1, we have u € B; _1, and since u € B(v;,) € A;, C A,
we have u € A;, N B;,—1 = B(v;,). We conclude that the condition (D1) is satisfied
by (P, B). Since the sequences A; : i € [m] and B; : i € [m] are inclusionwise-
monotone, the set {i € [m] : v € B(v;)} is an interval, and thus (D2) holds as well.
It follows that (P, B) is a path decomposition of F'.

Moreover, fori € [m — 1], we have

[B) N B+ =1AiNBi—1NA+1NB;| <|A;NBi| <d,

and thus this path decomposition has adhesion at most d. O

Based on the proof of Lemma 5.22, one should wonder why we defined vortical
decompositions as cycle decompositions rather than path decompositions. Indeed,
one can do so and in many contexts it is actually more convenient; however, there
are more refined formulations of the Minor Structure Theorem where working
with cycle decompositions is necessary, see e.g. Sect. 10.2. Moreover, using path
decompositions would suggest that vortices have natural starting and ending points,
which is not the case. Let us remark that a weak converse to Lemma 5.22 also holds.

Lemma 5.23 If a society F has a vortical decomposition (0F, 8) of adhesion at
most d, then F is 2d-vortex-like.

Proof Let u and v be distinct vertices of d F', and let 1 and v; be the vertices that
precede them in the cyclic ordering of 9 F'. By Lemma 2.2, any path from 9y, F to
Opv,uy I must intersect (B(u1) N B(u)) U (B(v1) N B(v)), a set of size at most 2d. It
follows that any transaction in F' has size at most 2d. O

Let us go back to the motivation presented above, considering the case that in the
proof of the Minor Structure Theorem, we see a society F attaching to a subgraph
G of the ambient graph, where G is drawn on a surface. It may be the case that F
consists not only of the vortex, but also of some planar neighborhood (up to non-
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planar parts cut off by vertex cuts of size at most three) around it; in this case, this
neighborhood should be included in the subgraph drawn in the surface. Moreover,
we cannot distinguish between the cases that the central part of F is something like a
crosscap (e.g., the society G1) or a vortex (e.g., the society G») just by looking at the
size of transactions in F, since it can be possible to route a large transaction through
the planar part F'. Hence, we need to look at the structure of the transactions.

Consider any transaction ¥ in the society F. Observe that in the described
situation, the paths of P passing only through the planar part cannot be crossed
by the other paths of #, and in particular, one of them has all other paths of the
transaction on one side. More precisely, we say that a path P € % with ends
u,v € 9F is peripheral if either 0, ) F or d(y ) F is disjoint from the ends of paths
in . To deal with the issue we just described, we will be interested in transactions
without peripheral paths; such transactions are called crooked. Let us remark that a
society contains a crooked transaction if and only if it contains a cross.

The following claim is the main result of [9]; its proof is related to those of
Sect. 5.1, but substantially more technical. A bisegregation of a graph or society G
is a pair (Sp, S1) such that Sp U S is a segregation of G and all elements of S
are cells. Let us remark that elements of Sp can also be cells (though in general,
they will be non-cell). We say that the bisegregation is solid if S is solid. By an
arrangement of the bisegregation, we mean an arrangement of the segregation So U
8. For non-negative integers m and &, we say that the bisegregation is (m, §)-simple
if |Sp| < m and all elements of Sy are §-vortex-like and pairwise vertex-disjoint.

Theorem 5.24 For every positive integer p, there exists an integer & such that every
society without a crooked transaction of size at least p has a solid (1, §)-simple
bisegregation with an arrangement in the disk.

That is, the only reason why a society does not contain a large crooked transaction
is that it consists of a vortex-like part surrounded by planar neighborhood (up to
non-planar parts cut off by cuts of size at most three). The dependence of § on p
obtained in [9] is fairly reasonable: § = 3p + 9.

We can now provide a bit more detail on the usage of Theorem 5.24 in the
proof of the Minor Structure Theorem. Suppose we are in the following setting:
A subgraph G of the ambient graph G¢ has a cellular drawing on a surface ¥ and
contains a respectful tangle 7~ of large order. Moreover, there are no long jumps in
Go over G (we have already destroyed all long jumps by deleting a bounded number
of vertices, as discussed at the beginning of this section). Thus, the attachments of
every G-bridge of G are close to one another in the dy-distance. We now add the
G-bridges to the drawing of G one by one, and for each G-bridge J we essentially
obtain one of the following conclusions:

(i) We can draw J in a disk up to 3-separations using Corollary 5.9, and thus we
can extend the part of Go drawn on ¥ by adding an arrangement of a simple
segregation of J to it, or



180 5 Towards the Structure Theorem

(i) J gives rise to a cross, and Theorem 5.24 provides a drawing of J in the disk
up to 3-separations and a single vortex, and we can again extend the part of G
drawn in X, now with an additional vortex, or

(iii) J gives rise to a large crooked transaction.

Let us ignore the case (iii) for now. During this procedure, in addition to the
subgraph G, we need to keep track of the subgraph G’ obtained from G by adding
the previously processed G-bridges, and of an arrangement of a segregation S of G’
in X arising from the applications of Corollary 5.9 and Theorem 5.24. It is obviously
desirable (though unfortunately not automatic, see Sect. 5.6 for more details) that the
arrangement of S is consistent with the drawing of G in the following sense:

¢ all vertices in V(G) NV (7 (8S)) are drawn as the same point both in G and 7 (S),
and

e for each element S € S, if E(S) N E(G) # @, then S is a cell and the subgraph
G N S is drawn in the closure of T (S).

With this setting in mind, we define a partial arrangement of Go on X to be a tuple

(G, G, S), where G is a subgraph of Go with a cellular drawing on X, G’ is the

union of G with a set of G-bridges of G, and S is a segregation of G’ with an

arrangement on X consistent with the drawing of G. Note that this implies that any

G'-bridge of Gy is also a G-bridge, i.e., it only intersects G’ in the vertices of G.
There are two further issues we need to take into account:

* Above, we suggested considering each G-bridge J separately. That would not
quite work, as the arrangement of J would not necessarily be consistent with the
already existing arrangement of S. Rather, we need to re-process the part of S
close to J together with the G-bridge J. It is furthermore convenient to process
all other G-bridges with attachments close to the attachments of J at the same
time.

* In the outcomes (ii) and (iii), we need the ends of the paths forming the cross or
the crooked transaction to be 7-free, e.g., so that they are useful in constructions
of minors discussed in Sect. 4.5.

This leads us to the following form of the main result of this section, to be applied
with G| consisting of G’, J, and the G-bridges with attachments close to J, and with
(R, P) being a free battlefield.

Lemma 5.25 For every integer p > 2, there exist integers r > 3, ¢ > max(7, 2p),
and 8 such that the following claim holds. Let (G’, G, S) be a partial arrangement
of a graph G| on a surface X. Let (R, P) be an (r x c)-battlefield around an atom
ain G, where R = Cy, ..., C,, and let Z be the set of the ends of the paths of P
in Cr. Fori € {1,r}, let A; C X be the closed disk bounded by C; and containing
a, and let A; C X be the disk bounded by 7 (C;) and containing a. Suppose that
every G'-bridge of G has all attachments in A1, and that every element S € S with
7T (S)N A, # O is a cell containing at most three vertices of Z. Let Q be the society
obtained from the graph consisting of USeS:ﬁ(S)cA; S and all G'-bridges of G| by
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letting dQ be V (7 (C,)) ordered along the cycle, and let Q' be the society with the
same underlying graph, but with 3 Q' being Z in order around C,. Then one of the
following claims holds:

(i) Q has a solid simple segregation with an arrangement in A, or
(ii) Q' contains a cross and Q has a solid (1, 8)-simple bisegregation with an
arrangement in A, or
(iii) Q' contains a crooked transaction of size at least p.

The proof of Lemma 5.25 is a technical exercise in the “linking through a
cylindrical grid” technique. Let us remark that the condition that |Z N V()| < 3
for each § € S with T(S) N A, # @ is important, since it prevents degeneracies
such as the whole battlefield being contained inside S. In particular, it implies that
[V(C) NV (@(S)| = [1Z]/3] = 3, and thus the cycle 7(C;) and the disk A/ are
actually defined.

While the definition of a crooked transaction is compact, it is also rather abstract.
In order to deal with the outcome (iii) of Lemma 5.25, we are going to need a more
detailed understanding of large crooked transactions. Let # = {Py, ..., P,} be a
transaction of size p > 4 in a society F, let uy, ..., up, vp, Vp—1, ..., v1 be the
ends of the paths of this transaction in order in which they appear in 0 F, and let
7 : [p] — [p] be the permutation such that for i € [p], the ends of the path P; are
u; and vy ;). We say that P is

* acrosscap transaction if (i) = p+ 1 —i fori € [p],

e aleap transaction it (i) =i — 1 fori € [p]\ {1} and 7 (1) = p, and

e adouble-cross transaction it r(1) =2, 7(2) =L, n(p) =p—-1,n(p—1) = p,
and (i) =ifori e [p —2]\ {1, 2};

see Fig.5.2 for an illustration. Observe that each of these transactions is crooked.
Conversely, any crooked transaction contains a large subtransaction of one of these

types.
Lemma 5.26 Let F be a society, let p > 4 be an integer, and let P be a transaction

of size at least 3 p2 in F. If P is crooked, then a subset of P is a crosscap, leap, or
double-cross transaction of size p.

ViV o Up—1 Up V1V o Up-1 Uy Vpvg o Up=1 Up
UL Uy ... Up—1 Up U Uy ... Up—1 Up UL Uy ... Up—1 Up
crosscap leap double-cross

Fig. 5.2 Crooked transaction types
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Proof Letq = |P|, let the paths of Pbe P, ..., Py, letuy, ..., uq, vg, Vg—1,..., V1
be the ends of the paths of P in orderin d ', and let  : [g] — [gq] be the permutation
such that for i € [¢], the ends of the path P; are u; and vy (;). Let {i1, ..., ik} with
i1 < iy < ... < iy be the largest subset of [¢] such that the sequence 7 (iy), ...,
7 (ix) is monotone. Since g > 3 pz, Erdds-Szekeres theorem implies that either the
sequence is decreasing and k > p, or increasing and k > 3 p. In the former case, the
subset {P;,, ..., P; p} of P forms a crosscap transaction of size p.

Suppose now that the sequence (1), ..., 7w (ix) is increasing and k > 3 p. Since
the path P;, is not peripheral in P, there exists a path Q1 € P with an end in
vz ity F. The maximality of the sequence m (i1), ..., w(ix) implies that the other
end of Q1 is contained in aw,.l ,vnal))F . Symmetrically, there exists a path Oy with
one end in d(u;, ,v,,,) F and the other end in 8¢y, .u;,) F-

Observe that

* Qi, Py, ..., P, , is aleap transaction, or
* Ok Py, ..., Py is aleap transaction, or
* O, Fy, P, P P P;., Ok is a double-cross transaction.

p20 t 2p—4>

5.5 Local Form of the Minor Structure Theorem

On the global level, the proof of the Minor Structure Theorem follows the argument
discussed after Lemma 2.16: We need to construct a tree decomposition of the
graph G, with all large torsos nearly drawn on a surface. To do so, we introduce
an auxiliary root set R. If R is breakable, we split the graph on the corresponding
small cut, process both part recursively, and combine their tree decompositions by
introducing the new root node consisting of R and the cut (this is where bounded
size bags in Theorem 2.9 come from). If R is unbreakable, we need a result showing
that G has a star decomposition such that the torso of the center of the star is nearly-
drawn on a surface and consists of the parts of G “well connected” to R.

Given the theory we have developed so far, it is most convenient to state the result
in terms of the large order tangle corresponding to R. Thus, we need a local form of
the Minor Structure Theorem, describing the structure of the large part of the graph
pointed to by a given tangle 7. We say that a bisegregation (S1, S2) of a graph G is
T-central if thereisno S € S; U8, and (A, B) € 7 such that B C S i.e., the large
part of G pointed to by 7 is covered by the global structure of S; U S», rather than
contained in a single piece.

Theorem 5.27 For any graph H, there exist integers o, m,§ > 0 and 0 > « such
that the following claim holds. If T is a tangle of order at least 0 in a graph G and
the tangle T does not control a minor of H in G, then there exists a set A C V(G)
of size at most o and a solid (m, §)-simple (T — A)-central bisegregation of G — A
with an arrangement on an H-avoiding surface.
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We could have stated this result much earlier, but at this point the reader has
gained more insight into the meaning and origin of all its ingredients:

* The apex vertices A come from cutting long jumps, as in Corollary 4.47.

* The (nearly) simple bisegregation on a surface comes from Corollary 5.9 applied
to the parts of G that cannot be used to create eyes.

* The vortex-like parts arise from Lemma 5.25 applied around possible eyes.

It is rather easy to prove the Minor Structure Theorem using Theorem 5.27. At
a point in the proof, we will need to delete a subset of vertices of a graph which
is nearly drawn on a surface X, and argue that it is still nearly drawn on X. This
is mostly clear, with the following exception: If a deleted vertex is contained in the
boundary of a vortex, it is not entirely trivial to keep the structure of the vortex, since
each bag of its vortical decomposition is supposed to be associated with a vertex of
the boundary. Thus, we need the following lemma.

Lemma 5.28 Suppose that G is a graph drawn on a surface X up to outgrowths
Fi, ..., Fy, with the surface part G, and let R be a set of vertices of Gy. Fori € [m],
let (OF;, Bi) be avortical decomposition of F; of width at most d. Then Go — R can
be drawn on ¥ up to outgrowths F|, ..., F, with surface part G' 2 G — R, where
fori € [m], F/ has a vortical decomposition (3 F/, B]) of width at most 2d + 1 such
that for each x € 3 F;, there exists x' € F] with ;(x) S B/(x") UR.

Proof Let Ry = RNJ;L, 9 F;. First, we delete vertices of R \ R from the surface
part G or from the outgrowths that contain them.

Next, we process vertices r € Rp one by one. Let F; be the outgrowth with
r € 0F;. If there exists a vertex r’ € B;(r) \ 9 F;, then we remove r from F;, replace
r by r’ in 0 F; (assigning the bag of r to it in the vortical decomposition), add r’ as
an isolated vertex to the surface part with r’ drawn in the interior of the disk A; in X
representing F;, and shrink A; away from r so that r’ is contained in the boundary
of the resulting disk.

For each i € [m], let R; be the set of vertices of Rg in 0 F; after the modification
described above; i.e., for each r € R;, we have B;(r) C 0F;. Let F/ = F; — R;. If
0F; = R;, then V(Fl./) = UreR, Bi(r)\ 0F; = @, i.e., we have completely deleted
the outgrowth Fj.

Otherwise, E)Fi’ consists of the vertices xi, ..., x; of dF; \ R; in order. We define
ﬂi’(xj) = (Bi(xj))UBi(xj+1))\ R; for j € [t], where x;11 = x;. Consider any vertex
r € R;, and let x; be the nearest vertex of 9 F; that precedes it in d F;. We claim that
Bi(r) C ﬂi’(xj) U R. Indeed, consider any vertex v € 8;(r) \ R. Since §;(r) € dF;,
we have v = x» for some J' € [t], and by (V), we have v € 8; (xj). Since we also
have v € B;(r), (D2) implies that v € B;(x;) or v € B;(xj41).

This also implies that (BFi’, ﬂi’) satisfies the condition (D1), and thus it forms
a vortical decomposition of F/: For any edge uv € E(F/), the condition (D1) for
(0 F;, B;i) implies that there exists a vertex x € d F; suchthatu, v € B;(x).If x & R;,
then u, v € B/(x), since B;(x) \ R; € B/(x). If x € R;, then previous paragraph
implies thatu, v € :31‘/ (x), where x; be the nearest vertex of BFI/ preceding x in 0 F;.
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Finally, observe that each bag of this vortical decomposition (3 F/, B/) has size at
most 2(d + 1), and thus the width of the vortical decomposition is at most 2d + 1.
O

We are now ready to derive the Minor Structure Theorem, which we restate for
convenience, from its local form.

Theorem 2.9 (Robertson and Seymour [12]) For every graph H, there exist con-
stants a, m, and d such that every H-minor-free graph G has a tree decomposition
in which each torso with more than a vertices can be (a, m, d)-nearly drawn on an
H-avoiding surface.

Derivation from Theorem 5.27 Let a, m, 8, and 6 be as in Theorem 5.27. Without
loss of generality, we can assume 6 > o + max(3, 2§ + 1). Let a = max(« + 36 —
2,40 — 3) and d = 45 + 1. We are going to prove the following stronger claim by
induction on the number of vertices of G:

(x) Forevery H-minor-free graph G and every set R € V(G) of size at most 36 —2,
the graph obtained from G by adding a clique on R has a tree decomposition
(T, B) such that for every node x € V(T), either

e |B(x)] <46 —3,0r
e the torso of x is (a, m, d)-nearly drawn on an H-avoiding surface.

If |G| < 46 — 3, then we can simply let 7 be the single-node tree with bag V (G).
Hence, suppose that |G| > 46 — 2. We can without loss of generality assume that
|R| = 36 — 2, as otherwise we can add vertices to R. If there exists an R-balanced
vertex separation (C, D) of G of order less than 6, then let Rc = C N (R U D) and
Rp = DN (RU C). Note that

Re<3RI+60—-1=330-2)+0—1<30-2,

and similarly |Rp| < 36 — 2. In particular, C # V(G) # D, since neither C nor
D contains all vertices of R. Let (T¢, Bc) and (Tp, Bp) be the tree decompositions
obtained by applying the induction hypothesis to G[C] with R¢c and G[D] with
Rp. By Lemma 2.3, there exists nodes xc € V(T¢) and xp € V(Tp) such that
Rc € Be(xc) and Rp € Bp(xp). Let T be the tree obtained from T¢ U Tp by
adding a new node x¢ adjacent to x¢ and xp. Let § match B¢ on T¢, Bp on Tp, and
let B(x0) = R U (C N D). Note that (7, B) is a tree decomposition of G together
with the clique on R and |8 (xg)| < 360 —2+46 — 1 = 46 — 3. Moreover, note that the
torsos of the nodes in V(T') \ {xo} are the same as the torsos of the corresponding
nodes of T¢ and Tp; e.g., the torso of x¢ is the same in 7¢ and in T, since (T¢, Bc)
is a tree decomposition of the graph obtained from G[C] by adding a clique on
Rc = B(xc) N B(x). We conclude that (x) holds for G.
Therefore, we can assume that R is 0-unbreakable, and thus

Tr ={(C, D) : (C, D) is a vertex separation, |C N D| <6, |R\ C| > %|R|}
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is a vertex tangle of order 6 in G. Let 7 be the corresponding tangle in G. By
Theorem 5.27, there exists a set A C V(G) of size at most « and a solid (m, §)-
simple (7" — A)-central bisegregation (S, S1) of G — A with an arrangement on an
H -avoiding surface X.

* For each cell S € Sy, consider the subgraph S + A of G consisting of S, A, and
all edges between A and S, andlet Ry = AUISU(RNV(S)). Note that S+ A is
cut off from the rest of G by the cut AU S of size  +3 < 6, and since (Sp, S1)
is (7 — A)-central, we have

IRl <o +3+ 3R <0—1+130-2)<30-2=R|

In particular, R € V(S 4+ A), and thus we can apply the induction hypothesis to
S + A and Rg, obtaining a tree decomposition (7, Bs) and a node xs € V (Ts)
such that Rg C B(xgs).

e Let Sy = {S1,..., Sy}, where m’ < m, and consider any i € [m']. We can
assume that |0S;| > 3, as otherwise S; would be a cell and we could move it to
S1. Let (3S;, y) be a vortical decomposition of S; of adhesion at most § obtained
using Lemma 5.22. For v € 35;, let v~ and v be the vertices immediately
preceding and succeeding v in the cyclic ordering of 9S;, and let S;, be the
bordered graph with the underlying graph S;[y (v)] and the boundary 4S;, =
{(vJU(y @)N(y (v™)Uy (v1))). Furthermore, let Riy = AUIS; yURNV(S;v)).
Note that S; , + A is cut off from the rest of G by the cut A U 9S; , of size at
most @ + 2d + 1 < 6, and since (Syp, S1) is (7 — A)-central, we have

1 1
Riol <@+2d+1+ 2RI <6—1+2(30-2) <30 -2=|R|

In particular, R € V(S;, + A), and thus we can apply the induction hypothesis
to S;» + A and R; ,, obtaining a tree decomposition (7; ,, Bi ) and a node x; , €
V(T; ) such that R; , € B(x; ). Let F; be the union of cliques with vertex sets
aS; ., forv € 3S; 4, turned into a society by letting d F; = 9.S;. Clearly, F; has a
vortical decomposition (9 F;, B;) of width at most 25.

Let Gy = 7n(S;) U Uzm=/l F;, and note that the graph Gy is drawn on X up to
vortices Fi, ..., F, of width at most 28 and with surface part 7 (S;) (fori € [m’],
the disk representing F; is the closure of 7 (S;)). Let G| = Go— R; by Lemma 5.28,
G is drawn on X up to vortices F, ..., F/, of width at most 46 + 1 = d so that
the surface part G’1 contains 77(S1) — R and so that for each i € [m'], each bag of
the vortical decomposition of F; is contained in the union of R with a bag of the
vortical decomposition of F!. Consequently, for each i € [m'] and v € 35;, there
exists v’ € dF] such that 8; ,(x; ) N V(G1) € B;(v') \ R, which is a clique in G1.
Moreover, for each S € Sy, Bs(xs) N V(G1) € dS \ R, and since 9.5 forms the
clique 7 (S) in 7(S1), 35 \ R forms a clique in G;.

Let A = AU R and note that |A’| < |A|+ |R| < a+39 —2 < a.Let G, be
obtained from G by adding a clique with vertex set A’ and all edges with one end in
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A’ and the other end in V(G). Let (T, B) be the tree decomposition of G (together
with the clique on R) obtained from the tree decompositions (Ts, Bs) for § € S
and (T; v, Biv) fori € [m'] and v € 8S; by adding a node x adjacent to xg for each
S € Sy andto x; , foreachi € [m'] and v € 3S;, and letting B(xo) = V(G2). Note
that G, is a supergraph of the torso of xg, and that G, (and thus also the torso of x¢)
is (a, m, d)-nearly drawn on X. This concludes the proof of (x), and thus also of the
Minor Structure Theorem. |

Let us remark that we have actually proved the following slightly stronger form
of the Minor Structure Theorem, which simplifies some of its applications. A rooted
tree decomposition is a tree decomposition (7, §) with T being a rooted tree. For a
non-root node x € V(T) with parent y in T, the root separator of x is B(x) N B(y).
For the root of T, the root separator is empty. By a contractible clique in a graph
drawn on a surface, we mean a clique whose cycles are contractible.

Theorem 5.29 For every graph H, there exist constants a, m, and d such that the
following claim holds. Every H-minor-free graph G has a rooted tree decomposition
(T, B) such that for each node x € V(T) with |B(x)| > a and with torso G, there
exists a set Ay C B(x) of size at most a containing the root separator of x such
that

* the graph Gy — Ay is (0, m, d)-nearly drawn on an H-avoiding surface,

* the surface part of Gy — Ay is a minor of G, and

* foreach child z of x in T, the set f(x) N B(z) \ Ay either induces a contractible
clique of size at most three in the surface part of Gy — Ay, or forms a subset of
a bag of one of the vortices.

In particular, we can assume that each piece of the decomposition attaches to the
parent piece only through the apex vertices; this is clearly convenient for inductive
arguments. Let us however remark that even so, the local form of the structure
theorem (Theorem 5.27) is stronger than the global form in several aspects:

» It speaks about the structure of the graph G itself, rather than the structure of the
torsos G, of its tree decomposition. The edges added when forming the torso
may cause G, to contain minors or other objects not appearing in G, making
Theorem 5.29 harder (or impossible) to use when trying to prove results of form
“Every large H-minor-free graph contains ...”.

¢ It describes the structure of the graph with respect to the given tangle, which may
be chosen according to a property of interest for an argument (e.g., in Erdés-Pésa
property arguments, so that it points towards the objects that we are trying to hit).

* It can be applied even to graphs that may contain H as a minor, as long as the
given tangle points away from models of H (does not control them).

Although Robertson and Seymour do not state it, their proof of the Local Minor
Structure Theorem actually directly gives the following stronger form. Consider
a solid bisegregation (Sp, S1) of a graph F with an arrangement on a surface.
Recall that since each cell S € S; is solid, there exists a model ug of 7(S) in
S such that u € V(us(u)) for each u € 9S; moreover, (g can be chosen so that
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Uueas V (is(u)) contains all vertices of the component of S containing 9. Letting
n@) = Uses,ueas s) forevery u € Ugcs, 95 gives us a model u of 7(Sy) in
F; we say that u is a natural model of 7 (S)) in F. For each element S € Sy, the
vortex face of S is the face of 7(S) containing 77 (S). For a tangle 7 in F of order at
least 6y, we say that an arrangement of (S, S1) on a surface X is (7, 6y)-spread if

* the drawing of 7 (S1) on the surface X is cellular and has a respectful tangle 79
of order 6y w-conformal with 7, where w is a natural model of 7 (S) in F, and

« for distinct S, S2 € So, the dr,-distance between the vortex faces of Sj and S,
is Bp.

We say that 7 is the surface tangle of the spread arrangement. For a graph H and
a surface X, let cry (H) be the minimum number of crossings in a drawing of H
on X.

Theorem 5.30 For any graph H and any non-decreasing function ¥ : N> — N,
there exist integers o, 8y > 0 and 0 > « such that the following claim holds.
Suppose T is a tangle of order at least 0 in a graph G. If T does not control a minor
H of G, then there exists a set A C V(G) of size at most o such that for some 5 < b,
G — A has a solid (crs (H) — 1, §)-simple bisegregation witha (T — A, ¥ (|Al, 8))-
spread arrangement on an H-avoiding surface X.

Robertson and Seymour further strengthened this result in [11], by post-processing
the outcome of Theorem 5.27; see Chap. 10 for more details. Somewhat unfortu-
nately, they do not show that the surface tangle 7¢ is u-conformal with 7 — A,
which occasionally complicates papers using their result.

Let us remark that the condition that 7 is u-conformal with 7" — A implies that
(8o, S1) is (7 — A)-central: Indeed, consider any separation (C, D) € 7 — A, and
suppose for a contradiction that D C § for some S € Sy U S;. Since 79 is u-
conformal with 7" — A, the vertex separation (u~'(V(C)), =1 (V(D))) belongs to
the vertex tangle corresponding to 7. However, D C S implies V (7 (S1)) € V(C),
and thus u_l (V(C)) = V(7 (S))), which contradicts (T?2).

The quantification structure of Theorem 5.30, with & and 8o depending on the
function ¥, may be a bit confusing at first glance. A more natural first attempt
would seem to be “for every H, there exist & and §p such that for all integers v,
there exists 6 such that...”. However, this does not work. Consider for example
H = Kg and suppose that the constants & and §p independent of i existed. Let i
be large compared to « and &y, and for an arbitrarily large 6, let G be a graph of
treewidth €2 (0) drawn on the torus with representativity ¢ — 1. Since G is drawn
on the torus, it is H-minor-free, and since it has large treewidth, it contains a tangle
of order 6. Because the representativity of G is less than i, the drawing of G on
the torus cannot have a respectful tangle of order ¥r. On the other hand, since the
representativity ¥ — 1 is large compared to g and §y, it is not possible to move
a part of G to a small number of §y-vortex-like parts and delete «g apices and end
up with a graph that can be drawn on the sphere (or other Kg-avoiding surface with
representativity at least ). The quantification in Theorem 5.30 with ¥ being a
function works around this issue: We can let « = (0, 0). If the drawing of G on
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the torus has representativity at least ¥ (0, 0), then it satisfies the conclusion with
A = (). Otherwise, we can move at most « vertices of G to the apex set A and draw
G — A on the sphere. Then the tangle 7 — A is automatically respectful, and if we
choose 0 = o 4+ ¥ (w, 0), it has order at least 6 — |A| > ¥ (]A], 0).

5.6 Arranging a Graph on a Surface

Lemma 5.25 gives us a way to segregate and arrange a region of graph that does
not give rise to a large crooked transaction. In order to get a segregation with an
arrangement on a surface X for the whole graph G as in Theorem 5.30, we are
going to apply this lemma repeatedly around parts of G that were not arranged yet.
An obvious concern is that rearranging a region might introduce inconsistencies
with the arrangement of the rest of the graph. A more technical issue is that we
need to ensure conformality with the prescribed tangle 7 in G, and this is hard to do
directly if a large part of the arrangement can change in a poorly controlled way.

To deal with these issues, Robertson and Seymour introduce the notion of a span,
asubgraph F of G with a fixed drawing on X around which the rest of G is arranged.
The subgraph F is chosen in a way that its drawing is “locally rigid”, in the sense
that for any closed disk A C X with F-normal boundary, there is topologically
only one way to draw F' N A so that the intersection with the boundary of A is fixed.
Thus, any rearrangement within a disk cannot alter the drawing of F, and we can
use cycles in F to delimit the region in such a way that the rearranged part is on
one side of the cycle and the rest of G is on the other one, ensuring that they do
not conflict. Moreover, F' is chosen with a tangle conformal with 77, and this easily
leads to a conformal tangle in the projection of the resulting arrangement.

More precisely, consider a graph F' drawn on a surface X. A disk A C X with
an F-normal boundary is an F-dial if either its interior is disjoint from F, or A
intersects F' in a path with both ends in bd(A). The drawing of F is rigid if for
every F-normal simple closed curve y in ¥ intersecting F' at most twice, there exists
an F'-dial with boundary y. Note that when the drawing of F' has representativity
at least three, this is equivalent to saying that F is a subdivision of a 3-connected
graph. Let us also remark that rigidity implies that the drawing is cellular. Whitney’s
theorem [16] states that a 3-connected planar graph has unique drawing in the plane
up to homeomorphisms. The following variation on Whitney’s result motivates the
notion of rigidity.

Lemma 5.31 Let F be a graph drawn on a surface ¥ and let A C X be an open
disk with F-normal boundary. Let F' be another drawing of the same graph on ¥
whose restriction to ¥ \ A matches the drawing of F. If F is rigid, then there exists
a homeomorphism f of A to itself fixing bd(A) such that, letting f(x) = x for
x € 2\ A, we have f(F) = F'.

Consider a zone A in a rigid drawing of a graph F on a surface ¥, bounded by a
cycle K. In the following arguments, we are going to need to consider the subgraph
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F’ of F obtained by clearing A. An issue is that F’ is not necessarily rigid, since
a pair of vertices of K may form a non-trivial 2-cut in F’. The following definition
describes disks bounded by cycles that avoid this issue: We say that A is rigidity-
preserving if for every face f of F disjoint from A, the boundary of f intersects K
in a connected subgraph.

Lemma 5.32 Let F be a graph with a rigid drawing on a surface ¥ and let A C X
be a zone bounded by a cycle K in F. If A is rigidity-preserving, then the drawing
of the subgraph F' of F obtained by clearing A is rigid.

Proof Consider any F’-normal simple closed curve y in X intersecting F’ at most
twice. If y is disjoint from the interior of A, then note that the F-dial A bounded
by y cannot contain K, and thus A is disjoint from the interior of A and A is also
an F’-dial. If y is contained in A, then the subdisk of A bounded by y has interior
disjoint from F’, and thus it forms an F’-dial.

Hence, suppose that y intersects both the interior and the complement of A.
Since |y N F’| < 2, we conclude that y intersects F’ exactly in two vertices u and
v of K. In particular, the arc of y between u and v and disjoint from the interior of
A is drawn inside the same face f of F’, and thus also of F. Since A is rigidity-
preserving, the closure of f contains a subpath P of K with ends u and v. Then y
bounds an F'-dial A C AU f suchthat F/ N A = P. |

Moreover, every zone can be slightly enlarged to a rigidity-preserving one.

Lemma 5.33 Let F be a graph with a rigid drawing on a surface ¥ and let A1 and
A> be zones in X, where Aq is contained in the interior of Ay. Then there exists
a rigidity-preserving zone A| contained in the interior of Ay such that Ay C A.
Moreover,

e the cycle K i bounding A/l intersects the cycle K| bounding A1 at least twice,
and

e every subpath P of K i intersecting K1 exactly in its ends is contained in the
boundary of a face of F disjoint from A/l.

Proof Note that since the drawing of F is rigid, every face of F drawn inside A; is
bounded by a cycle. We obtain A/ by repeating the following operation as long as
possible: If there exists a face f disjoint from A such that the intersection / of the
boundary of f with K is not connected, then let y be a simple curve such that the
ends of y are vertices u and v of different components of I and y is otherwise drawn
in f. Let Q be the subpath of K| between u and v such that the open subdisk A of
A, bounded by Q Uy is disjoint from Aj. Let Q’ be the subpath of the boundary of
f between u and v drawn in the closure of A. Replace Q by Q’ in K7; this enlarges
the disk bounded by K| from Aj to Ay U A \ f. Note that K| and y separate Q’
from the boundary of A;, and thus the modified disk is still contained in the interior
of Aj.

This procedure clearly finishes after a bounded number of repetitions, resulting
in a rigidity-preserving zone A'; and it is easy to see that K| has the properties
described at the end of the statement of the lemma. ]
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By applying this transformation, it is easy to modify the proof of Theorem 4.21
to obtain the following strengthening.

Corollary 5.34 Let G be a graph with a rigid drawing on a surface X, let T be
a respectful tangle of order 0, and let ag be an atom of G. Letr > 2 and p > 1
be integers and let k > p*> + 3p + 5r. If 2k < 0, then there exists a free k-local
graded r x p battlefield around ay whose egg contains all atoms a of G such that
dg(ap, a) < k—3(r+ p), and such that for each C € R, the zone around a bounded
by C is rigidity-preserving.

We are now ready to define the key technical notion of a span as mentioned
above. Let 7 be a tangle in a graph Fy and let X be a surface. A pair (F,7) is
a X-span of order 0 in (Fy, 7o) if F is a subgraph of Fy with a rigid drawing on
¥ and 7 is a respectful tangle in F of order 6 conformal with 7. We say that an
arrangement of a bisegregation (S, S1) of Fy is consistent with (F, T) if

¢ the corresponding arrangement of So U Sy is consistent with the drawing of F,
o forevery S € Sy, the subgraph F intersects S at most in 9.5, and
» forevery cell S € S;, we have (FNS, FN{JSoUSI \ {S)) € T.

We can now iterate Lemma 5.25 to give us the initial form of the main result of
this section, showing that given a X-span with no long jumps, we can either arrange
the rest of the graph around the span with a bounded number of vortex-like parts
(i.e., obtain the conclusion we desire for the local form of the Minor Structure
Theorem), or find a large crooked transaction attaching to a face of the span obtained
by clearing a zone.

Lemma 5.35 Let H be a graph and let ¥ be an H-avoiding surface, let v and
be positive integers, and let 1 : N — N be a function. There exists integers 0 and
8 such that the following claim holds. Let Fy be a graph and let T be a tangle in
Fy that does not control a minor of H in Fy. Let (F,T") be a X-span of order 0 in
(Fo, To) such that Fy does not contain any v-long jump over F. Then either

(i) there exists a X-span (Fy, T1) of order at least 2 in (Fy, To) and a set Q of ¥
pairwise vertex-disjoint paths in Fy intersecting Fy exactly in their ends such
that the set Z of ends of paths in Q is T1-free, Z is a subset of the vertex set of a
cycle K bounding a face of F\, and ordering Z cyclically along K turns Q into
a crooked transaction; or,

(ii) there exists a X-span (F1, T1) of order at least 1 (8) in (Fo, To) and a solid
(crs (H) — 1, 8)-simple bisegregation (So, S1) of Fo with an arrangement on
X consistent with (Fy, T1) such that for distinct Sy, S» € So, the dr,-distance
between the faces of F containing 7(S1) and 7 (S2) is at least 1 ().

Proof Let r, ¢, and § be as in Lemma 5.25 for p = v ; without loss of generality,
we can assume that ¢ > 20. Let 6y be the constant 6 from Lemma 4.35 for H and
3. Let us choose 8 > 6y, v, ¥, r,c, 8, ¥1(8), |H|, |H]|.

Let J be the set of all F-bridges of Fj. Note that since there is no v-long jump
over F, the ds-distance between any two attachments of an F'-bridge is less than v.
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Let ' be an inclusionwise-maximal subset of J such that F' = F U JJ has a
solid (0, 0)-simple bisegregation (¥, S’) with an arrangement on X consistent with
(F, 7).

For any vertex a of F and integer «, let 7, , be the set of elements of J \ J’
with all attachments at dy-distance at most ¥ from a. Suppose that ¢, r K k¥ K 6
and that J, , # 9. Let k = « + 3(r + ¢). By Corollary 5.34, there exists a free
k-local (r x c)-battlefield (R, $) around @ whose egg contains all atoms of F at d-
distance at most « from a and such that letting R = C1q, ..., C,, fori € [r], the zone
A; C ¥ around a bounded by C; is rigidity-preserving. In particular, A contains
all attachments of the F-bridges belonging to 7, .. Let A). C X be the closed disk
bounded by 7 (C,) containing a, and let Z, , be the set of ends of the paths of
in C,. For every S € 8 we have (FN S, FNJ(S \ {S})) € 7, and since Z,  is
T-free, it follows that |Z, , N V(S)| < |8S] < 3. Let Fy e = F' U(JJ4x. Letus
apply Lemma 5.25 with G| = F, , and with its partial arrangement (F’, F, S'), and
let Q4 and Q; , be the societies from the statement of the lemma. Let us consider
the possible outcomes:

(i) If Q4. has asolid simple segregation S, , with an arrangement in A, then let
S"={Se8:7(S) Z AL} US4« Then 8" is a solid simple segregation of
F'UJ Y4, with an arrangement on X. Moreover, since the drawing of F is
rigid, Lemma 5.31 implies that this arrangement is necessarily consistent with
the drawing of F (possibly after a homeomorphic modification inside A’).
Since each element of S’ contains at most three vertices of Z4., there exists
a set C of at least |Z, |/4 = c¢/4 > 5 pairwise vertex-disjoint subpaths of
C, with ends in Z, , and intersecting d Q, . For each cell S € S, «, we have
V(S)N9Qu € S, and thus there are at most |dS| < 3 paths in C with at
least one end in S. Therefore, |Z,, N V(J(S" \ {S}))| > 4, and since Z, , is
T-free, we have (F N S, FNJS" \ {S)) € T
Therefore, the arrangement of the solid (0, 0)-simple bisegregation (@, S”) is
consistent with (F, T'), and since J, , # @, this contradicts the maximality of
. Hence, this outcome is not possible.

(iii) If Q) , contains a crooked transaction Q of size at least ¥, then letZ C
0 QZMV = Za.« be the set of ends of the paths in Q, and let the X-span (Fi, 771)
be obtained from (F, 7°) by clearing the zone A,. Since the battlefield is free,
we conclude that Z is 77 -free, and thus the outcome (i) holds with K = C,..

Hence, we can assume that the outcome (ii) of Lemma 5.25 holds for any choice
of a and « such that J,, # ¥ and c,r < ¥ < 6. That is, Q;’K contains a
cross with ends contained in Z, , and Q,  has a solid (1, §)-simple bisegregation
(Sa.x,0, Sax,1) with an arrangement in A’.

Let X be the set of attachments of the bridges of J\ I, viewed as a metric space
with the metric d7-. Let 6 = 0y+4(v+3(r+c¢)) crg (H), and suppose first that there
exists a Qé—wide subset X( of X of size cry(H). For v € Xo, let ), = .. Since
Fy does not contain any v-long jumps over F, a bridge of J \ J with attachment
v is contained in ,, and thus J, # @. Moreover, for v’ € X distinct from v, any
bridge J € g, has all attachments at distance at least dy-(v, v') — v > v from v;
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and thus J, N J = @. For all v € X, let us clear the zone around v bounded by
the outer cycle of the battlefield around v in F and 7, obtaining a span (Fi,71),
and let f, denote the face of F created by clearing the zone around v. Since Q7 ,
contains a cross and the battlefields are free, we conclude that Fj contains pairwise
vertex-disjoint eyes with foundations f, for v € Xo. Moreover, by Lemma 4.19, we
have

dr, (fo. fy) = dr(v,v") —4( 4+ 3(r +¢)) ers(H) > 6

for distinct v, v € Xo. By Lemma 4.35 applied with crg(H) eyes, it follows that
T controls a minor of H in Fy, which is a contradiction.

Therefore, X does not contain a Gé-wide subset of size crs(H). Let f(y/) =
Y1(8) +v+4@p +3(r+c¢)) crs (H). By Lemma 4.44, for some /" < 0 there exists
aset U C X of size less than cry (H) which is v/'-dominating and f (y")-wide. For
eachv € U, let J, = J, y'. Consider any bridge J € '\ J. If J had attachments
at dy-distance at most ¥’ from distinct v, v’ € U, then since Fy does not contain
a v-long jump over F, we would have dgy (v, v') < 2¢¥' +v < f(¥'), which is a
contradiction. Since U is v’-dominating the set X containing all attachments of J,
we conclude that there exists a unique vertex v € U such that all attachments of J
are at dy-distance at most ¥’ from v, and thus J € J,. Therefore, {J, : v € U}isa
partition of I\ J.

For all v € U, let us clear the zone around v bounded by the outer cycle of the
battlefield around v in F and 7, obtaining a span (F1,771), and let f; denote the
face of F created by clearing the zone around v. By Lemma 4.19, we have

dry (fos f) = fFP) = 4" +3(r + ) ers(H) = ¢1(5)

for distinct v, v’ € U. Let S; be obtained from S’ by replacing for each v € U the
part contained in the closure of f, by S,y 1, and let So = (J,cyy Sv,y7,0- Then
(S0, S1) is asolid (cry (H) — 1, §)-simple bisegregation F with an arrangement on
3 consistent with (F, 71), which shows that the outcome (ii) holds. |

While the outcome (ii) corresponds to what we want to achieve in Theorem 5.30,
it is not immediately obvious why the outcome (i) is useful for us. By Lemma 5.26,
we can forget a part of Q to turn it into a large crosscap, leap, or double-cross
transaction. In all the cases, we are going to choose a supergraph F of Fj and let
77 be the tangle in F| induced by 77.

* The crosscap case is simplest to deal with: Let F{ = F; U | Q. Using the fact
that Z is 7 -free, it is easy to see that (F;, 7~ /]) is a X'-span of large order, where
3’ is the surface obtained from X by adding a crosscap. This is a significant
improvement, since Corollary 4.33 implies that we can only increase the genus
of the surface in this way a bounded number of times.

* In the double-cross case, let F| be obtained from F; by adding the paths of Q
except for the four crossed ones. Using the fact that Z is 77-free, it is easy to
see that the two faces of F; to which the crossed paths of Q attach are far apart
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in the dT’. -distance. Thus, this transformation turns one non-planar region over
the span (F, 7") into two distant non-planar regions over the span (F;, 7). Of
course, the distance between non-planar regions over (F;, 7)) is much smaller
than over (F, 7°), but if we start with a sufficiently large distance, we can iterate
the argument from the proof of Lemma 5.35 until we accumulate cry (H) distant
eyes in this way, obtaining a minor of H controlled by 7 using Lemma 4.35,
contradicting the assumptions.

* Finally, in the leap case, if F| is obtained from F; by adding the paths of Q
except for the one crossing all others, we conclude that there is a long jump
over F|. Following the idea outlined in Sect. 4.5, the plan is to collect enough
jumps so that they can be turned into a horn, and further collect horns until we
either get one of the other outcomes or a minor of H (and a contradiction) using
Lemma 4.39. We execute this plan in the following section.

In conclusion, we can refine the outcome (i) in Lemma 5.35 as follows. Given X-
spans (F,7) and (F',7”) in (Fy, To), we say that (F’, 7') is a A-rearrangement
of (F,T) if there exists a X-span (F”,7") obtained from (F,7") by clearing a
A-zone A such that

e F” is a subgraph of F’,
* all vertices and edges of V(F')\ V(F") and E(F’) \ E(F") are drawn in A, and
* the tangle 77 is induced by 7.

Note that by Lemma 4.19, this implies that ds--distances between the atoms of F’
belonging to F” are smaller than their dy-distances by at most 4A (but they can
actually be larger, when E(F’) \ E(F") # ).

Lemma 5.36 Let H be a graph and let ¥ be an H-avoiding surface, let v and
be positive integers, and let 1 : N — N be a function. There exists integers A,
0> > 2A, and 81 such that the following claim holds. Let Fy be a graph and let T
be a tangle in Fy that does not control a minor of H in Fy. Let (F,T") be a ¥-span
of order at least 6> in (Fy, 7¢). Then

(i) there exists a T'-span of order yr in (Fy, To), where T’ is the surface obtained
from X by adding a crosscap, or
(ii) there exists a h-rearrangement (F1,71) of (F,7T") such that Fy contains a v-
long jump over Fy, or
(iii) for some § < &1, there exists a X-span (F1,71) of order ¥1(8) in (Fo, To)
and a solid (crx(H) — 1, 6)-simple bisegregation (So, S1) of Fy with an
arrangement on % consistent with (Fy, T1) such that for distinct S, §' € Sy,
the dr -distance between the faces of F\ containing w(S) and 7w (S') is at least

V1(9).

Let us remark that the outcome (ii) subsumes the assumption of Lemma 5.35 that
v-long jumps are absent. It is also worth mentioning (though probably clear from
the proof outline) that the rearrangement radius A can be much larger than the jump
length v.
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A careful reader might suspect that we made a mistake in formulating
Lemma 5.36: Following the proof outline given above, it is certainly possible
that we encounter a double-cross transaction multiple (but less than cry (H)) times,
each time rearranging the span, before we hit a leap transaction. Hence, should the
outcome (ii) of Lemma 5.36 actually say that (F}, 71) is obtained from (F, 7°) by
multiple A-rearrangements? It turns out that this can be avoided and (ii) is correct as
stated: Roughly, we can revert the rearrangements except for at most two rearranged
regions containing the ends of the jump. If these two regions are far apart, we can
observe that after reverting the corresponding rearrangements, there still has to be a
long jump between the reverted regions. On the other hand, if the two regions are
nearby, then we can view them as a part of a single larger rearranged region.

Compared to Theorem 5.30, the conclusion (iii) of Lemma 5.36 only speaks
about the properties of the bisegregation (Sp, S1) with respect to the tangle 77 in
Fy, rather than about a tangle in 77 (S1). This is addressed by the following technical
lemma, complicated by the fact that the minors F' and 7(S;) of Fp are in general
incomparable in the minor relation.

Lemma 5.37 Let Fy be a graph with a tangle To. Let ¥ be a surface and let
(F,T) be a X-span of order 0 in (Fy, To). Let (So, S1) be a solid (c, §)-simple
bisegregation of Fy with an arrangement on % consistent with (F, T") such that for
distinct S, §' € Sy, the dy-distance between the faces of F\ containing 7(S) and
T(S) is 0. Let 0’ < 0/18 be a positive integer. Then there exists a solid (c, 28 + 2)-
simple bisegregation (S, S) of Fo with a (To, 6')-spread arrangement on <.

Proof (3>) First, let us transform (Sp, S1) into a solid (c, 2§ + 2)-simple bisegre-
gation (S, S}) such that the drawing of 7(S)) is cellular. Let C be the component
of 7(8S)) intersecting F. Without loss of generality, we can assume that every
component C’ of 7(S1) other than C intersects the boundary of an element of Sy:
Otherwise, we can combine all elements of S; contributing to C’ to a single society
with empty boundary. Let S| consists of the cells of S; that contribute to C. Since
the drawing of F is cellular and the arrangement of S is consistent with the drawing
of F, we conclude that the drawing of C = 71(8’1) is cellular.

For each element S € Sy, let S’ be the union of S with the cells of S| contributing
to the components of 7 (S;) distinct from C that intersect S, with 8.5’ consisting of
the vertices of dS contained in C, and let S(’) be the set of all such societies S’.
Clearly, (S;, S)) is a solid bisegregation of F with an arrangement on  consistent
with (F, 7). We need to argue that for each S € Sy, the society S’ is (28 + 2)-
vortex-like. Indeed, consider distinct u, v € 35’. By Lemma 5.22, S has a vortical
decomposition of adhesion at most §. Letting A and B be the union of the bags
of this decomposition assigned to vertices in 9|, ,)S and in 9|y ,)S, respectively,
observe that (A, B) is a vertex separation of S of order at most 2§ with 9y, ,)S <
A and 9y,,)S < B. Since the drawing of C is cellular, 7(S) is contained in a
single face of C, and the vertices u# and v belong to C, we conclude that for each
component C’ # C of n(S)) intersecting S, we have V(C' N'S) C dp,,)S or
V(C'N'S) C 0y, S. It follows that S’ has a vertex separation (A’, B) of order at
most 28 +2 with AU {v} C A, BU{u} € B’,and A’ N B = (AN B) U {u, v}.
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Consequently, S’ does not contain any transaction of size greater than 28 + 2 from
Au,v) S’ t0 A,y S’. Since this holds for all distinct u, v € 3.5’, we conclude that S’
is (28 + 2)-vortex-like.

Next, we need to define a tangle 7, in n(S/l) = C. Let Y be a 7-free subset of
V(F) of size 60’. For each y € Y \ V(C), let S, be the element of S| containing
Y and let Py = 39Sy NV (F).Foreachy € Y N V(C), let Sy = y and Py, = {y}.
Since S} C S, the definition of consistency gives (Sy N F, [J(SoUSI\ Sy)NF) €
7 foreach y € Y. Let L = [J;cy(Sy N F) and P = (J,cy Py, and note that
|Py| < 3]Y| = 180’ < 6. By Lemma 2.22, there exists a subgraph R of F such
that V(LN R) = P and (L,R) € 7. Since Y is 7-free, Lemma 2.41 implies
tkqm P = tky«(V (L)) > |Y| = 60’. Hence, by Observation 2.40, there exists a 7-
free set Yo € P € V(C N F) of size 60’. Note that since 7 is conformal with 77,
the set Yy is also 7-free.

Consider any vertex separation (A, B) of C of order less than 20’. Let A" be the
union of cells S € S’l with S C A and let B’ be the union of those with S C B.
Since each S € S’l is a cell, aS induces a clique in C, and consequently 35S € A
or 3S C B. It follows that (A’, B) is a separation of C of order |A N B|, and thus
(A’ N F, B’ N F) is a separation of F of order at most |A N B|. Since Y is 7-free
and |Yyg| > 40’ > 2|A N B|, exactly one of the subgraphs A’ N F and B' N F
contains at most |A N B| vertices of Yy, and thus exactly one of A and B contains
at most |A N B| vertices of Y. Let 77, consist of the vertex separations (A, B) of C
of order less than 26’ such that |[A N Yy| < |A N B|. Then 77, is an orientation of
vertex (< 20")-separations of C, and since |Yy| = 66, the condition (T1) is clearly
satisfied by 775. Hence, 77 is a vertex tangle in C of order 20’. By definition, we
have rk(lw/2 (Yp) = 26/, and thus Y, contains a T’z-free subset Y, of size 26’. Since

Yy is also To-free, Lemma 2.47 implies that the truncation 7, of 7 /2 to order 0’ is
wu-conformal with 7, where u is the natural model of C = JT(S/I) in Fyp.

Consider any simple closed C-normal curve y in X such that [y N C| < 6.
For each S € 8] with [0S| = 3 such that y intersects the face 7 (S), we can shift
y within the face to make it disjoint from F N 7 (S). Hence, we can also assume
that ¥ is F-normal, and |y N F| < |y N C| < @’. Since the tangle 7" is respectful,
Lemma 2.78 implies that y bounds a disk A C X suchthat (FN A, FNX\A) €
7. Since Y; is T-free, we have |Y, N A|] < |y N C|, and thus also (C N A,C N
¥\ A) € 7. Hence, Lemma 2.78 implies that 77 is respectful. An analogous
argument (modifying an optimal restraint for F into a restraint for C') shows that for
distinct Sy, S, € 86, if f1 and f; are the faces of C containing 7 (S1) and 7(S>),
then dy, (f1, f») = 6, and thus the arrangement of (S, S}) is (79, 6')-spread. O

5.7 Finishing the Proof

We are now ready to put all the pieces together and obtain a proof of the Minor
Structure Theorem, by proving its local form given in Theorem 5.30. This final part
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is complicated by the fact that new jumps may arise through a rearrangement in
Lemma 5.36 (without this outcome, the result would follow simply by combining
Corollary 4.47 with Lemma 5.36 and noting that by Corollary 4.33, we can only
increase the genus of the surface a bounded number of times while avoiding H as a
minor). To deal with this issue, we need to keep a more detailed track of long jumps
and horns. Let G be a graph with a tangle 7. For a surface X and integers a, h > 0
ando,0 > 1,a (X, a, h, 0, 0)-animal in (Go, T9) is atuple (G, 7, A, Y), where

* (G,7)isa X-span of order 6 in (Go — A, To — A),

e A C V(Go) \ V(G) consists of exactly a vertices, each of which is a tip of a
6-wide horn over G with o legs, and

e Y is a set of exactly & vertices of G such that each vertex of Y is an end of a
f-long jump in Gy — A over G and dy(y, y') = 0 for distinct y, y’ € Y.

We refer to the elements of Y as the hairs of the animal. Note that the jumps and
the horns are not required to be disjoint, and that both ends of the same 6-long jump
may belong to Y.

The following claim is essentially a restatement of Lemma 4.46 in terms of
animals, with a few minor changes:

e In the second outcome of Lemma 4.46, we apply the comments stated before
Corollary 4.47 to turn the jumps into a handle or a crosshandle, obtaining the
conclusion (i) of the following lemma.

*  We are concluding the existence of X-spans, e.g., we require the drawing of G’
to be rigid rather than just cellular; to this end, the proof of Lemma 4.46 needs to
be adjusted to use Corollary 5.34 instead of Theorem 4.21.

* The outcome (iii) of the following lemma corresponds to the first outcome of
Lemma 4.46, but we additionally extend the long jumps from Y through paths
in the cleared zones to a set of vertices Y’ in the boundaries of the zones. The
claim that vertices of A are also tips of horns over G’ follow similarly, see also
Lemma 4.42.

Let us also remark that the outcome (ii) of the following lemma corresponds to the
case that the assumptions of Lemma 4.46 are not satisfied and there exists a 61-long
jump with an end at dy-distance at least 6 from Y.

Lemma 5.38 For any surface ¥ and integers a,h > 0 and 01 > 1, there
exist integers vy, &, and 6y > vo such that the following claim holds for every
integer o. Let G be a graph with a tangle T¢. If 6 > 6y and (G, To) contains a
(X,a,h,o0,0)-animal (G, 7T, A,Y), then at least one of the following holds:

(i) (Go, 7o) contains a (X + handle)- or (X + crosshandle)-span of order 61, or
(ii) (Go, 7o) contains a (X, a, h + 1, o, 61)-animal, or
(iii) (Go, To) contains a (X, a, h, o, 0 —vg)-animal (G', T, A, Y') and there exists
a set X C V(Go) \ V(G’) of size at most & such that A C X and there is no
vo-long jump over (G',T") in Gy — X.
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Next, we combine this result with Lemma 5.36. In the outcome (ii) of
Lemma 5.36, we gain a new long jump J, and thus it seems that we will easily
obtain an improvement to the number of hairs of the animal as in (ii) of Lemma 5.38.
The situation is actually a bit more complicated, since the A-rearrangement can also
destroy one of the previously existing hairs. However, we are going to observe that
both ends of J can be added as new hairs (recall that the definition of the animal
does not place any constraints on the intersections of the long jumps starting in the
hairs, or even require that they are pairwise different), resulting in a net increase in
the number of hairs.

Lemma 5.39 Let H be a graph, let ¥ be an H-avoiding surface, let a, h > 0 and
01 > 1 be integers, and let v : N> — N be a non-decreasing function. There
exist integers 8o, &, and 0 such that the following claim holds for every o > 0. Let
Go be a graph with a tangle To. If (Go, 7o) contains a (X, a, h, o + &, 0)-animal
(G, 7T, A,Y) and To does not control a minor of H in G, then

(i) (Go, 7o) contains a (X +crosscap)-, (X +handle)- or (X +crosshandle)-span
of order 61, or
(ii) (Go, 7o) contains a (X, a, h + 1, o, 01)-animal, or
(iii) there exists a set X C V(Gy) of size at most & such that for some § < 8o, Go —
X has a solid (crs (H)—1, §)-simple bisegregation with a (To— X, ¥ (|X]|, §))-
spread arrangement on X.

Proof Let vy, &, and 0y be the constants from Lemma 5.38 for the given X, a, h,
and 601. Let A, 6, and §; be the constants from Lemma 5.36 applied with Y = 6,
Y1(8) = max(19y(&,28 + 2),01), and v = max(vg, 01). Let §o = 28; + 2 and
choose 6 > 01, v, A.

Outcomes (i) and (ii) of Lemma 5.38 give the outcomes (i) and (ii) of the current
lemma. Hence, we can assume that the outcome (iii) of Lemma 5.38 holds, and
(Go, 7o) contains a (X, a, h, 0 +&,0 — vg)-animal (G’, 7', A, Y') and there exists
aset X € V(Go) \ V(G’) of size at most & such that A C X and there is no vg-long
jump over (G', 7')in Gy — X.

Let us now apply Lemma 5.36 with (Fp,79) = (Go — X,70 — X) and
(F,T) = (G', 7). The outcome (i) corresponds to the outcome (i) of the current
lemma, and the outcome (iii) together with Lemma 5.37 gives the outcome (iii) of
the current lemma. Hence, suppose that the outcome (ii) holds, i.e., there exists a
A-rearrangement (G}, 7°}) of (G’, 7”) and a v-long jump over G/ in Go — X.

The graph G is obtained from G’ by clearing a A-zone A around an atom X
of G’ and drawing a new subgraph M of Gy — X into this zone. Consider a vertex
a € A and a (0 — vg)-wide horn S with tip a and with o + & legs over G’. Let S’
be obtained from the horn S by removing the paths intersecting X \ {a} as well as
the path to the (at most one) leg at ds-distance at most A 4 vp from xo. We claim
that S’ is disjoint from M indeed, otherwise there would exist a jump over G’ in
(8§’ —a)UM from aleg of S’ to a vertex in A, and such a jump would be vy-long and
disjoint from X, a contradiction since there are no such jumps in Gg — X. Hence, a
isatip of a (0 — vy — 41)-wide (and thus also 6;-wide) horn with o legs over G'.
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Similarly, let Y| be obtained from Y’ by removing the (at most one) vertex at
dy-distance at most A + vg + 6; from xg. Then for each y € Y/, the (8 — vp)-long
jump from y over G’ is disjoint from M, and thus it is a (8 — vyg —4A)-long (and thus
also 0;-long) jump over G'. Let y; and y> be the ends of a v-long jump J over G
in Go — X. If y; were a vertex of G’ at d-distance more than A + v from x, then
we would similarly see that J is disjoint from M and from the subgraph of G’ drawn
in A. Hence, J would be also a jump over G’ in Gy — X, and since no such jump
is vo-long, we would have d (y1, y2) < vo. However, since y; is far from xp in the
dg-distance, it is easy to see that this implies that d7—r] (y1, ¥2) < vo <v,whichisa
contradiction. Therefore, y; either belongs to M or is at dg—-distance at most A + vg
from xo. By symmetry, the same claim holds for y,. Since every vertex y € Y| is at
dgr-distance more than A+vp+6; from xo, observe that d(r/l (v, yi) > 0. Therefore,
(G|, T1, A, Y[ Ufyr,»}) is a (X,a,h + 1,0, 0;)-animal, and the outcome (ii)
holds. O

The rest of the proof of the Local Minor Structure Theorem is straightforward:
We repeatedly apply Lemma 5.39, improving the genus or the number of hairs of
the animal. When the number of hairs is sufficiently large, we turn them into a new
horn using Lemma 4.41. This process eventually stops, since the number of horns
is limited by Lemma 4.39 and the genus by Corollary 4.33. As getting the constants
right is a bit fiddly, we are now going to show the details of this idea, but the reader
should feel free to skip the rest of this section.

First, let us iterate Lemma 5.39 to get as many hairs as needed.

Lemma 5.40 Let H be a graph, let ¥ be an H-avoiding surface, let a, h,oc > 0
and 01 > 1 be integers, and let  : N> — N be a non-decreasing function. There
exist integers 8o, 0o, &, and 0 such that the following claim holds. Let G be a graph
with a tangle 7. If (Go, To) contains a (X, a, 0, 0g, 0)-animal (G, T, A, #) and
To does not control a minor of H in Gy, then at least one of the following holds:

(i) (Go, 7o) contains a (X +crosscap)-, (X +handle)- or (X +crosshandle)-span
of order 61, or
(ii) (Go, 7o) contains a (X, a, h, o, 01)-animal, or
(iii) there exists a set X € V(Gy) of size at most & such that for some § < 8o, Go —
X has a solid (crs (H)—1, §)-simple bisegregation with a (To— X, ¥ (|X]|, §))-
spread arrangement on X.

Proof () We prove the claim by induction on &, with the basic case 2 = 0 being
trivial, since the outcome (ii) holds with o9 = o and 6 = 6. Suppose now that
h > 1.Let§), ', and 6 be the values of 8o, &, and 6 from Lemma 5.39 applied with
the given H, X, a, 61, and v, and with 4 — 1 playing the role of A. Let &/, o9, £,
and 0 be the values of &g, 0p, &, and 6 from the current lemma applied inductively
with 4 — 1 playing the role of 4, the given H, X, a, and ¥, and with o + &’ playing
the role of o and max(f;, 0’) playing the role of #;. Let §¢ = max(§)), 6/0’) and
& = max(§’, £").
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By the induction hypothesis, either the outcomes (i) or (iii) hold, or (Go, 70)
contains a (¥, a,h — 1,0 + &', 6')-animal. By Lemma 5.39 applied to this animal,
one of the outcomes of the current lemma holds. O

Next, we combine many hairs into a new horn.

Lemma 5.41 Let H be a graph, let X be an H-avoiding surface, let a, 0 > 0 and
01 > 1 be integers, and let  : N> — N be a non-decreasing function. There exist
integers 8o, 09, &, and 6 such that the following claim holds. Let Go be a graph
with a tangle 7. If (Go, To) contains a (X, a, 0, og, 0)-animal (G, T, A, ¥) and
To does not control a minor of H in Gy, then at least one of the following holds:

(i) (Go, 7o) contains a (X +crosscap)-, (X +handle)- or (X +crosshandle)-span
of order 61, or
(ii) (Go, 7o) contains a (X,a + 1,0, o, 61)-animal, or
(iii) there exists a set X C V(Gy) of size at most & such that for some § < 8o, Go —
X has a solid (crs (H)—1, §)-simple bisegregation with a (To— X, ¥ (|X]|, §))-
spread arrangement on X.

Proof () Letk = |H| and h = 12k%(c + 1)(c +2) + 1. Let 6y be the value
from Lemma 4.41 applied for H and X. Let §g, 09, &, and 0 be the values from
Lemma 5.40 applied for H, X, a, h, o, and with 91’ = 18 max(6y, 61) + 72 playing
the role of 9.

By Lemma 5.40, either the outcomes (i) or (iii) of the current lemma hold,
or (Go, 7o) contains a (X, a, h, o, 0)-animal (G', 7", A", Y"). Let us now apply
Lemma 4.41 to Gy — A’, G, and 7/ with 8’ = max(6y, 01) playing the role of 0
and with t = o. The outcome (i) of Lemma 4.41 does not hold by the assumptions.
We claim that (iv) does not hold, either: Otherwise, consider the set Y € V(G')
from this outcome. Every vertex of Y’ is an end of a 6’-long jump over G’, and thus
it is at dy-distance less than 96’ + 36 from Y. Since |Y’'| = h > |Y|, there exists
a vertex y € Y and distinct vertices y1, y» € Y’ such that d(y, y;) < 96’ 4+ 36
for i € [2]. However, this implies that dr (y1, y2) < 180’ + 72 = 67, which is a
contradiction. Note that the outcome (ii) of Lemma 4.41 can be seen as a special
case of the outcome (iii) with A being empty, and thus we only need to consider the
outcome (iii).

By using Corollary 5.34 instead of Theorem 4.21 in the proof of Lemma 4.41,
we can also assume that the (20" 4+ 9)-zone A from the outcome (iii) is rigidity-
preserving. Let (G”,7") be the X-span obtained from (G’, 7”’) by clearing the
zone A and leta € V(Gg — A") \ V(G”) be the tip of a 6’-wide horn with o legs
over G”. Note that each 0{-wide horn over G’ with a tip in A’ can be transformed
into a 6’-wide horn over G” by extending the (at most one) leg in A through a
path in G’ N A to end in the boundary of A. Hence, (G”, 7", A’ U {a},?) is a
(X,a+ 1,0, 0, 01)-animal and (ii) holds. a

We can now iterate this lemma to accumulate as many horns as we like.
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Lemma 5.42 Let H be a graph, let X be an H-avoiding surface, let a, o > 0 and
01 > 1 be integers, and let  : N> — N be a non-decreasing function. There exist
integers 8o, &, and 0 such that the following claim holds. Let Go be a graph with a
tangle To. If (Go, To) contains a X-span (G, T°) of order 6 and T does not control
a minor of H in Gy, then at least one of the following holds:

(i) (Go, To) contains a (X +crosscap)-, (X +handle)- or (X +crosshandle)-span
of order 61, or
(ii) (Go, 7o) contains a (X, a, 0, o, 61)-animal, or
(iii) there exists a set X C V(Gy) of size at most & such that for some § < 8y, Go —
X has a solid (crs (H)—1, §)-simple bisegregation with a (To— X, ¥ (| X]|, §))-
spread arrangement on X.

Proof (=) We prove the claim by induction on a, with the basic case a = 0 trivially
leading to the outcome (ii) with & = 6. Suppose now that a > 1. Let 8, 0¢, &', and
0’ be the values of 8y, 0g, &, and 6 from Lemma 5.41 applied with the given H, X,
0,01, and ¥, and with @ — 1 playing the role of a. Let §;, £”, and 6 be the values
of 8o, &, and 6 from the current lemma applied inductively with a — 1 playing the
role of a, the given H, ¥, and v, and with og playing the role of o and max (8, 8")
playing the role of 6;. Let § = max(§)), &) and & = max(&’, £").

By the induction hypothesis, either the outcomes (i) or (iii) hold, or (Gg, 70)
contains a (X, a — 1, @, 09, 8’)-animal. By Lemma 5.41 applied to this animal, one
of the outcomes of the current lemma holds. |

By applying Lemma 4.39, we can eliminate the horns from the outcome.

Lemma 5.43 Let H be a graph, let ¥ be an H-avoiding surface, let 01 > 1 be an
integer; and let  : N*> — N be a non-decreasing function. There exist integers 8,
&, and 0 such that the following claim holds. Let G be a graph with a tangle To. If
(Go, To) contains a X-span (G, T") of order 6 and T does not control a minor of
H in Gy, then at least one of the following holds:

(i) (Go, To) contains a (X + crosscap)-, (X + handle)- or (X + crosshandle)-span
of order 61, or

(ii) there exists a set X C V(Gy) of size at most & such that for some § < &y, Go—X
has a solid (crs(H) — 1, §)-simple bisegregation with a (To — X, ¥ (1X|, §))-
spread arrangement on X.

Proof () Let o and 6 be the values of ¢y and 6 from Lemma 4.39 for H and X,
and let a = ax (H). Let 8, &, and 0 be the values from Lemma 5.42 applied with
a, o, ¥, and with max (61, 26p) playing the role of ;. The outcomes (i) and (iii) of
Lemma 5.42 now correspond to the outcomes (i) and (ii) of the current lemma, while
the outcome (ii) of Lemma 5.42 would by Lemma 4.39 contradict the assumption
that 79 does not control a minor of H in Gy. |

Similarly, iterating this lemma and combining it with Corollary 4.33 enables us
to eliminate the genus increase from the outcome of the lemma.
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Lemma 5.44 For any graph H and any non-decreasing function ¥ : N> — N,
there exist integers 8y, &, and 0 such that the following claim holds. Let G be a
graph with a tangle Ty. If (Go, To) contains a sphere-span (G, T) of order 6 and
To does not control a minor of H in G, then there exists an H-avoiding surface ¥
and a set X C V(Gy) of size at most & such that for some § < &y, Go — X has
a solid (crxy(H) — 1, §)-simple bisegregation with a (Tog — X, ¥ (1X|, 8))-spread
arrangement on X.

Proof (3») If H is planar, then let 6 be the value from Corollary 4.33 for the sphere.
Then Corollary 4.33 implies that 7 controls a minor of H in Gy, contradicting the
assumptions, and thus the claim of the lemma holds vacuously.

Hence, suppose that H is non-planar, and let S be the set of all H-avoiding
surfaces (which includes at least the sphere). Note that S is finite, since H can be
drawn on any surface of Euler genus at least 2||H ||. For each non-H -avoiding sur-
face IT obtained from a surface belonging to S by adding a crosscap, a handle, or a
crosshandle, let 6y be the value of 8 from Corollary 4.33 applied with IT playing the
role of ¥. We next process the surfaces I1 € S in non-increasing order of their Euler
genus, and define 817, £17, and 6q7 to be the values §g, &, and 6 from Lemma 5.43 for
H, I playing the role of X, and 0; = max(9H+crosscapa O +handles O +crosshandle) -
Let 6 = Osphere, § = max{&r : I1 € S} and §p = max{dp : I1 € S}.

Let ¥ € 8 be a surface of largest Euler genus such that (Gg, 7¢) contains a
X-span (G', 7”) of order at least 5, (such a surface exists, since the sphere satisfies
this condition by the assumptions). We apply Lemma 5.43 to (G', 7). The outcome
(ii) corresponds to the outcome of the current lemma. If the outcome (i) holds,
then let IT € {¥ + crosscap, ¥ + handle, ¥ + crosshandle} be a surface such that
(Go, To) contains a I1-span of order 8; > 60ry. The surface I is not H-avoiding by
the maximality of the Euler genus of ¥, and thus Corollary 4.33 implies that 7
controls a minor of H in G, which is a contradiction. |

The Local Minor Structure Theorem (whose statement we restate for conve-
nience) now easily follows.

Theorem 5.30 For any graph H, and any non-decreasing function ¥ : N? —
N, there exist integers a, 8o > 0 and 0 > « such that the following claim holds.
Suppose T is a tangle of order at least 0 in a graph G. If T does not control a minor
H of G, then there exists a set A C V(G) of size at most o such that for some § < &,
G — A has a solid (crs (H) — 1, 8)-simple bisegregation witha (T — A, ¥ (|A], 8))-
spread arrangement on an H-avoiding surface X.

Proof Let §y, o, and 6y be the values of &g, &, and 6 from Lemma 5.44 applied for
H and . Let 0 = f5 38(26p). By Corollary 2.38, there exists a wall subdivision
W C G and a tangle 7w of order 8y in W conformal with 7. Note that the unique
drawing of W in the sphere is rigid, and thus (W, 7w) is a sphere-span of order 6y
in (G, 7). The claim then follows from Lemma 5.44. |
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Chapter 6 ®)
Pointers and Sources Check or

Even with a lot of details omitted, the proof of the Minor Structure Theorem is
lengthy and somewhat hard to grasp, and I expect that on the first reading, it may
be difficult to distinguish important parts from technicalities. To aid the reader, let
me point out what I consider to be the parts that need to be understood in order to
appreciate the Minor Structure Theorem and to be able to apply it efficiently:

e Almost everything in Chap.?2 is a foundational material that should be known
by anyone interested in graph minors theory or even structural graph theory in
general. Essentially the only part that can be safely skipped is the proof of the
Grid Theorem.

e From Chap. 3, Theorem 3.1 on linking through a clique minor and its conse-
quences, including the linkedness in high-connectivity graphs, are frequently
useful. Linked tree decompositions are important in many applications of the
Minor Structure Theorem. The reader should be aware of the Unique Linkage
Theorem and understand its application shown in Lemma 3.12, though one sees
it used much less often.

e From Chap. 4, understanding the metric arising from respectful tangles is a must.
Theorem 4.27 and its applications to obtain minors in (nearly) embedded graphs
are the most important results of this chapter, and are used in the applications
whenever we need to find minors or topological minors in the graphs that
satisfy the outcome of the (Local) Minor Structure Theorem. The trick of linking
through a cylindrical grid is also frequently useful in this context.

The reader does not need to fully understand the proof of Theorem 4.27, but
definitely should be able to use it to obtain the results analogous to those in
Sect. 4.5, of the form “suppose G has a subgraph G drawn on a surface X; if H
is almost drawn on ¥ and the parts of H that are not drawn can be realized by
pieces of the ambient graph G that freely attach to distant locations in G, then H
is a minor of G¢”. Mader’s H-Wege theorem and its applications to disentangle
the non-embedded parts need to be understood to appreciate the proof of the
Minor Structure Theorem, but they are not as often encountered in applications.
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e From Chap.5, Lemma 5.4 and Corollary 5.9 are sometimes useful in applica-
tions, but they are more important as stepping stones towards the Minor Structure
Theorem. The reader should definitely understand the statement of the Flat Wall
Theorem (understanding its proof is much less important) and be able to apply
it similarly to the examples shown in Sect.5.2. They should be aware that it
is possible to test for a fixed graph whether it is a (rooted) minor of an arbitrary
input graph in polynomial time; the details of the algorithm can be safely ignored
most of the time.

Lemma 5.22 and Theorem 5.24 are sometimes important in the applications of
the Minor Structure Theorem in cases where we need to alter the structure of
the vortices. The local forms of the Minor Structure Theorem (Theorems 5.27
and 5.30) are very important and their statements have to be understood by the
reader; they will be needed throughout the next part of the book. One should also
understand how the global Minor Structure Theorem arises from them, and how
they give the form of the Minor Structure Theorem stated in Theorem 5.29.
Sections 5.6 and 5.7 that give the main ideas of the proof of the Local Minor
Structure Theorem can be safely ignored.

6.1 Sources

Many of the results in Chap.?2 are folklore. The presentation of tangles is largely
based on the fundamental paper of Robertson and Seymour [7] (except for my
general preference for vertex tangles); I highly encourage everyone interested in
the topic of graph minors to read the paper in detail, as it introduces important
ideas with many subsequent developments. An excellent overview of the important
concepts and proofs of the basic results can also be found in Diestel’s book [3]. For
more substantial proofs:

e The proof of the Grid Theorem presented in Sect.2.10 combines ideas of the
proofs in [5, 14].

¢ The proof of the Grid Theorem in planar graphs is from [14].

e The radius-based bound on the treewidth of graphs of bounded genus is
essentially taken from the paper Dujmovié et al. [4], whose authors acknowledge
inspiration from previous proofs of the result.

e The proof of the forbidden tree theorem (Theorem 2.98) is an adaptation of the
argument of Diestel [2].

In Chap. 3, the presentation of Theorem 3.1 on linking through a clique minor is
based on [10]. The proof of Lemma 3.16 is inspired by the paper of Bohme et al. [1].
Other arguments are generally extracted from the Graph Minors series of papers by
Robertson and Seymour.

Chapter 4 is largely based on the Graph Minors series [6, 8, 9]. One part where
we deviate is that we skip the intermediate step of proving the “tangle-free” version
of Theorem 4.28 as done in [6], thus avoiding many of the technicalities (although
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since we only provide a vague sketch of the proof of the theorem anyway, this may
not be very clear to the reader). The results on (non)disjoint eyes, jumps, and spiders
loosely mirror those in [10], though we use simpler arguments leveraging Mader’s
H-Wege theorem.

The presentation in Chap. 5 generally follows the Graph Minors series [10-13],

though we chose a quite different formulation of the Flat Wall Theorem.
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Part 11
Using the Structure Theorem

The Minor Structure Theorem is immensely useful in proving properties of graphs
with a fixed forbidden minor and in design of efficient algorithms for such graphs.
In this part, we give several examples that should teach the reader enough to be able
to apply the Theorem by themselves. The development of most of the applications
of the Minor Structure Theorem follows the basic “Five-Step Program™:

1.

Prove the result for graphs of bounded treewidth. While this is essentially a
preparatory step, it gives an insight into the necessary inductive or recursive
argument necessary to deal with small separations. Often, this leads to a
formulation of a stronger induction hypothesis needed for this purpose; e.g., for
coloring problems, postulating that any precoloring of the vertices of the root
separator extends to a proper coloring. Moreover, ideas from this step can be
useful later when we deal with the vortices.

. Prove the result for planar graphs and graphs of bounded genus. In this part,

we may use techniques based on results for graphs on surfaces we have seen
in Sect.2.12 or Chap. 4, or other general techniques for such graphs, such as
discharging arguments.

. Deal with vortices. This is often the most tricky part, forcing us to handle the

interactions between the surface part and the bounded pathwidth part. A common
idea is to find a way to separate the distant vertices of the surface from the
vortices, exploiting the fact that the vortices together with the subgraph of the
surface part near them have bounded treewidth.

. Deal with apex vertices. This part is usually comparatively straightforward,

especially because when adapting the vortex part of the argument, we can often
just pretend that the apex vertices belong to all vortices.

. Finish the proof by an inductive argument dealing with the clique-sums of graphs

nearly drawn on surfaces. The ideas from the first step are often sufficient to
achieve this.

Of course, there are many variations on this scheme, some of which we are going to
demonstrate in this part of the book.
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Let us start with a relatively simple application of the Minor Structure Theorem,
leveraging just its global form stated in Theorem 5.29. A layering of a graph G is
a function A : V(G) — N such that for every edge uv € E(G), we have |A(u) —
A(v)| < 1. That is, A divides V(G) into layers A~1(0), A=1(1), ..., so that the
ends of any edge are either in the same layer or in two consecutive layers. The
most natural example is a BF'S layering, obtained by selecting a vertex arbitrarily
from each component of G and letting A(v) for v € V(G) be the distance of v
from the selected vertices. As our starting point, let us consider a reformulation of
Corollary 2.74 in terms of BFS layerings.

Lemma 7.1 Let G be a graph of Euler genus at most g and let . be a BFS layering
of G. Let £ be a positive integer and suppose that a set L C N does not contain
more than £ consecutive integers. Then tw(G[A~1(L)]) < (2g + 3)L.

That is, the union of any £ consecutive layers induces a graph whose treewidth is
bounded by fg (€) for a function fg depending only on the considered class G of
graphs (in the case of Lemma 7.1, G is the class of graphs of Euler genus at most g).

Not all proper minor-closed graph classes have this property: Observe that if a
graph G contains a universal vertex u adjacent to all other vertices of G, then any
layering of G has at most three non-empty layers, since every vertex must belong
either to the layer of u or to one of the two neighboring layers. In particular, if such a
graph G has the property that the union of any £ consecutive layers induces a graph
whose treewidth is bounded by fg (€), then the treewidth of G must be bounded
by the constant f(3). However, the class of Kg-minor-free graphs contains the
graphs obtained from grids by attaching a universal vertex, and these graphs can
have arbitrarily large treewidth.

Is there some relaxed version of the property that holds for all proper minor-
closed classes? Lemma 7.1 has the following easy corollary, obtained by defining
y(v) = (A(v) mod k) + 1.
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Corollary 7.2 For every graph G of Euler genus at most g and every positive
integer k, there exists a function y : V(G) — [k] such that for every i € [k],

tw(G —y (i) < Qg +3)(k — 1).

We say that a (not necessarily proper) coloring y : V(G) — [k] of a graph G by
k colors is a b-low-treewidth coloring if the deletion of any color class results in a
graph of treewidth at most b. In particular, Corollary 7.2 states that for every positive
integer k, every graph of Euler genus at most g has a (2g + 3) (k — 1)-low-treewidth
coloring by k colors.

We say that a class of graphs G is treewidth-fragile if there exists a bounding
function f : N — N such that for every positive integer k, every graph G € G
has an f (k)-low-treewidth coloring by k colors. For example, Corollary 7.2 shows
that the class of graphs of Euler genus at most g is treewidth-fragile with bounding
function f(k) = 2g 4+ 3)(k — 1).

In contrast to bounding the treewidth of consecutive layers in a layering, addition
of a bounded number a of universal vertices does not cause any issues for treewidth-
fragility: We can color the universal vertices arbitrarily, and this can only increase
the treewidth (after deletion of a color class) by at most a.

Observation 7.3 Suppose G is a treewidth-fragile class of graphs with bounding
function f. Let a be a positive integer and let G’ be the class of graphs G such that
G — A € G for some set A C V(G) of size at most a. Then G’ is treewidth-fragile
with bounding function g(k) = f (k) + a.

Hence, it is reasonable to ask whether all proper minor-closed classes are treewidth-
fragile. Let us show that this is indeed the case.

7.1 Treewidth-Fragility of Minor-Closed Classes

The first step of the Five Step Program, to show treewidth-fragility of graphs
of bounded treewidth, is of course trivial. However, we should mention that a
somewhat stronger version of Corollary 7.2 holds in this case.

Lemma 7.4 Every graph G has a coloring y by tw(G) + 1 colors such that for
every k € [tw(G) + 1], the union of any k color classes induces a subgraph of G of
treewidth at most k — 1.

Proof Let (T, B) be a tree decomposition of G of width tw(G). Let G’ be the
supergraph of G with V(G’) = V(G) and with two vertices adjacent if and only
if they appear in the same bag of (T, f8); i.e., we replace every bag of (T, B) by
a clique. Note that (7', B) is also a tree decomposition of G’, and thus tw(G’) <
tw(G). By Lemma 2.10, G’ is tw(G)-degenerate, and thus it has a proper coloring
y using at most tw(G) + 1 colors.
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Consider the union S of some k color classes of y, and let Bs(x) = B(x) N S for
every x € V(T). Then (T, Bs) is a tree decomposition of G[S]. Moreover, by the
definition of G’ and y, each bag of this decomposition contains at most one vertex
in each of the color classes, and thus it has size at most k. Therefore, the treewidth
of G[S]is at most k — 1. O

Let us remark that the coloring from the statement of Lemma 7.4 y is a proper
coloring of G, since each color class induces a subgraph of treewidth zero, i.e.,
an independent set. Moreover, y is also an acyclic coloring of G, i.e., it does not
contain any bicolored cycle, since the union of any two color classes induces a
subgraph of treewidth at most one.

Let us return from our diversion to considering how the Minor Structure Theorem
can be used to prove treewidth-fragility of proper minor-closed graph classes. The
second step of the Five Step Program, concerning graphs on surfaces, is dealt with
in Corollary 7.2. Its proof via the consideration of BFS layerings gives us a guidance
for the third step, dealing with vortices. We are going to need the following lemma
on integrating the vortices into a tree decomposition of the surface part.

Lemma 7.5 Suppose that a graph G is drawn on a surface up to vortices Fi, ...,
F,, of width at most d. Let G be the surface part of Go and suppose that for each
i € [m], OF; forms a cycle in G. Then tw(Go) < (d + 1) tw(G) +d.

Proof Let (T, B) be a tree decomposition of G of width tw(G). Fori € [m], let
(0 F;, Bi) be a vortical decomposition of F; of width at most d. For v € V(G),
let T(v) = Bi(v) if v € JF; for some (unique) i € [m], and let t(v) = {v}
otherwise. For x € V(T), let Bp(x) = Uueﬂ(x) T(v). We claim that (T, Bg) is a
tree decomposition of Go:

* Consider any edge e = uv of Gg. If e € E(G), then by (D1) for (T, B), there
exists x € V/(T) such that {u,v} € B(x) € Bo(x). Otherwise, there exists
(unique) i € [m] such that e € E(F;), and thus there exists z € 9F; such
that {u, v} € Bi(z) = t(z). Let x be a node of T such that z € B(x); then
{u, v} € t(z) € Bo(x). Hence, (T, Bp) satisfies (D1).

e Consider any vertex v € V(Gy). If v € V(G), then S| = ,B_I(v) induces a
connected subtree of T'; otherwise, let S| = @. If there exists a (unique) i € [m]
such that v € V(F;), then P = ,Bi_l (v) induces a connected subgraph of the
cycle 9 F;, and by the assumptions, P also induces a connected subgraph of G;
by Lemma 2.2, §, = ,8_1 (V(P)) induces a connected subgraph of T'. If no such
i exists, then let S = (. Note that if S7 and S, are both non-empty, then v € 9 F;,
v € P,and §; C §. We conclude that 8, ! (v) = S; U S, induces a connected
subtree of T'. Therefore, (T, Bo) satisfies (D2).

Finally, note that for each node x € V(T'), we have

|Bo(0)] < [BX)|-(d+ 1) = (tw(G) + D(d + 1),
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and consequently the width of the tree decomposition (7', Bo) of Gy is at most (d +
D tw(G) +d. ]

Let us remark that Lemma 7.5 gives a bound on how large clique minors can
appear in nearly drawn graphs.

Corollary 7.6 Suppose that a graph Gy is drawn on a surface ¥ of Euler genus
g up to vortices Fy, ..., F,, of width at most d. If Ky is a minor of G, then k <
(d+1)2g +4m) +d + g + 6. Hence, the class of graphs (a, m, d)-nearly drawn
on surfaces of Euler genus at most g has Hadwiger number at most (d + 1)(2g +
dm)+d+g+a+6.

Proof Let G be the surface part of Gg. Without loss of generality, we can assume
that for i € [m], dF; forms a cycle in G bounding a face f; (otherwise, we can
add such a cycle around the boundary of the disk in ¥ representing F;). Let u be
a model of a clique K in Go. We can delete from G all vertices contained neither
in the model nor in the vortex boundaries. Moreover, suppose that ¢ € E(G) is an
edge of G belonging to E(u(x)) for some x € V(K); if e does not have both ends
in vortex boundaries, then we can without loss of generality contract e. Therefore,
letting Z be the set of vertices of G not contained in the vortex boundaries, we
conclude that for every z € Z, there exists x € V(K) such that V(u(x)) = {z}.
In particular, G[Z] is a clique drawn on X, and thus |Z| < 7+—V224g+1 <g+5by
Heawood’s formula.

Every vertex of G — Z is incident with one of the faces fi, ..., fi, and thus
by Corollary 2.77, we have tw(G — Z) < 2g + 4m (we removed the — 1 from
the bound so that it is correct even if m = 0 and g = 0). Note that Gy — Z is
drawn on ¥ with vortices F1, ..., F,, and with the surface part G — Z, and thus
Lemma 7.5 gives tw(Go—Z) < (d+1)(2g+4m)+d. Hence, tw(Go) < tw(Go—
Z)+1Z] < (d+1)2g +4m)+d+ g+ 5. Since K is a minor of Gg, we have
K| — 1 =tw(K) < tw(Gyp), giving us the required bound. |

In combination with the layering argument for the surface part, Lemma 7.5 easily
implies treewidth-fragility for outgrowths by vortices.

Lemma 7.7 Let g and d be non-negative integers and let G be the class of graphs
drawn on surfaces of Euler genus at most g up to vortices of width at most d. Then
G is treewidth-fragile with bounding function f(k) = (d +1)(2g +3)(5k— 1) +d.

Proof Consider a graph Gg € G, drawn on a surface of Euler genus ¥ at most g up
to vortices F1, ..., Fy,, and let G be the surface part of Go. Let Ay, ..., A, C X be
pairwise disjoint disks such that for i € [m], A; intersects G exactly in the vertices
of 3 F; and these vertices are drawn in the boundary of A; in order. Let G’ be the
graph obtained from G by adding for each i € [m]

* acycle C; with vertices d F; in order, such that C; is drawn along the boundary
of the disk A;, and
e avertex u; drawn in the interior of A; and adjacent to all vertices of 9 F;.
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Let A be a BFS layering of G, and for each i € [m] and v € V(F;) \ 0F;, let
A(v) = A(u;). Since u; is adjacent to all vertices of C; and X is a BFS layering of G’,
we have |A(x) —A(u;)| < 1 forevery x € V(C;)U{u;}, and thus |A(v) — A(u;)| <1
for every v € V(F;). Therefore,

(%) Foreveryi € F; and v, v’ € V(F;), we have |A(v) — A(V)| < 2.

Consider now any positive integer k. For each v € V(Gy), let us define ' (v) =
[A(v)/5] and y(v) = A/(v) mod k. We are going to show that y is an f (k)-low-
treewidth coloring.

Consider any color ¢ € {0,...,k — 1} and let Hy = Go — y ~'(c). We need to
show that tw(Hp) < f (k). To do so, we are actually going to bound a treewidth of a
supergraph of Hy. Let B ={i € [m] : V(F;) € y_l (¢)} be the set of indices of the
vortices that are not colored entirely by the color ¢, let H) = Ho U | J;c5(Ci U F;),
and let H' be obtained from Hy N G (i.e., the surface part of Hy) by adding the
cycles C; fori € B.

Let L be the set of non-negative integers j such that | j/5] mod k # c. Note that
L does not contain more than 5(k — 1) consecutive integers, and any two maximal
segments of consecutive integers in L are separated by a gap of 5 consecutive
integers not belonging to L. Let L’ be the set of non-negative integers ;' such that
there exists j € L satisfying | j’ — j| < 2; then L’ does not contain more than 5k — 1
consecutive integers. Note that a vertex v € V(Gy) belongs to V (Hp) if and only
if A(v) € L. Consider any vertex v € V(H(’)) \ V(Hp). Then v belongs to a vortex
F; for some i € B, i.e., such that F; also contains a vertex v' whose color is not c,
and thus A(v") € L. By (x), we have |[A(v) — A(v')| < 2, and thus A(v) € L'. In
particular, V (H’) € A~'(L’), and Lemma 7.1 implies tw(H') < (2g + 3)(5k — 1).

Note that Hé is drawn on X up to vortices F; fori € B, the surface part of Hé is
H’, and for each i € B, 3 F; forms a cycle C; in H'. By Lemma 7.5, this implies

tw(Ho) < tw(Hy) < (d+ Dtw(H)+d < (d+ 1)(2g+3)(5k — 1) +d = f(k),

as required. O

Altough this is not needed for our application, let us remark that Lemmas 7.5 and 7.7
apply even in the situation where the number of vortices is not bounded. We have
already dealt with apices in Observation 7.3, thus finishing the fourth step of the
Five Step Program. Note that Observation 7.3 together with Lemma 7.7 show that
the basic building blocks of the Minor Structure Theorem are treewidth-fragile.

Corollary 7.8 For all non-negative integers a, m, d, and g, the class of graphs
(a, m, d)-nearly drawn on surfaces of Euler genus at most g is treewidth-fragile
with bounding function f(k) = (d + 1)2g +3)5k—1)+d + a.

For the last step of the Five Step Program, we are going to need to prove a
slight strengthening of treewidth-fragility. We say that a class G of graphs is strongly
treewidth-fragile with bounding function f if for every graph G € G, every clique
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K in G, and every positive integer k, every function yp : V(K) — [k] extends to an
f (k)-low-treewidth coloring of G by k colors.

Observation 7.9 Let G be a class of graphs of maximum clique number w. If G is
treewidth-fragile with bounding function f, then G is also strongly treewidth-fragile
with bounding function f'(k) = f (k) + w.

Proof Consider any clique K in a graph G € G and an f (k)-low-treewidth coloring
y : V(G) — [k] of G. Let y; be obtained from y by recoloring the vertices of K in
any way. For any color ¢ € [k], the graph G — yfl (c) is obtained from a subgraph
of G — y~1(c) by adding at most |K| < w vertices, and thus tw(G — yf] (o)) <
f (k) +w = f'(k). Therefore, y, is an f’(k)-low-treewidth coloring of G. O

Note that the assumption on the maximum clique number is not very restrictive,
because of the following observation.

Observation 7.10 Ifa class G of graphs is treewidth-fragile with bounding function
f, then every graph G € G has clique number at most 2 f (2) + 2.

Proof Consider an f(2)-low-treewidth coloring y : V(G) — [2] of G, and let K
be any clique in G. There exists a color ¢ € [2] such that at most half of the vertices
of K have color ¢, and thus by Lemma 2.3, we have

IKI/2<tw(G—y He)+1<fQ)+1.

Therefore, w(G) < 2f(2) + 2. |

Thus, every treewidth-fragile class of graphs is also strongly treewidth-fragile.
However, unlike treewidth-fragility, strong treewidth-fragility is preserved by
clique-sums with unchanged bounding function.

Lemma 7.11 If G is a strongly treewidth-fragile class of graphs with bounding
function f, then the class of all graphs G’ obtained from those in G by clique-sums
is also strongly treewidth-fragile with bounding function f.

Proof We prove that the condition of strong treewidth-fragility with bounding
function f holds for all graphs G € G’ by induction on the number of vertices of G.

If G € G, then this is true by the assumptions. Otherwise, G is a clique-sum of
smaller graphs G, G, € G on a clique K'. Let K be a clique in the graph G, let
k be a positive integer, and let yy : V(K) — [k] be an arbitrary function. Note that
each clique in G is also a clique in G| or G», and by symmetry, we can assume
that K is a clique in G1. By the induction hypothesis, yp extends to an f (k)-low-
treewidth coloring y; of G1. Let y, be the restriction of y; to K’. By the induction
hypothesis applied to the graph G2, ¥, extends to an f (k)-low-treewidth coloring
y2 of G,. Let y be the union of y; and y». For every color ¢ € [k], observe that
G — y () is a clique-sum of the graphs G| — )/fl(c) and G, — y{l (c), and thus

tw(G — ¥y~ 1(e)) = max(tw(G1 — y; (), tw(G2 — 5 ' (¢))) < f(k).
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Moreover, y extends . O

The Minor Structure Theorem (in its simplest form, Theorem 2.9) and the partial
results we obtained throughout this section now easily combine to show that proper
minor-closed classes are treewidth-fragile.

Theorem 7.12 For every graph H, the class G of H-minor-free graphs is (strongly)
treewidth-fragile with a bounding function f (k) = O (k).

Proof Let g be the largest Euler genus of an H-avoiding surface, or g = 0 if H is
planar. By Theorem 2.9, there exist integers a, d, and m such that every graph in
G is obtained by clique-sums from graphs that can be (a, m, d)-nearly drawn on a
surface of Euler genus at most g. By Corollaries 7.6 and 7.8 and Observation 7.9,
the class of graphs that can be (a, m, d)-nearly drawn on a surface of Euler genus at
most g is strongly treewidth-fragile with bounding function

fl)y =@+ 1)2g+3)5k—1)+(d+1)2g +4m) +2d + g + 2a + 6.

By Lemma 7.11, it follows that G is strongly treewidth-fragile with the same
bounding function. O

7.2 Applications of Treewidth-Fragility

In the rest of this chapter, let us discuss several consequences of Theorem 7.12.
Analogously to Corollary 2.76, Theorem 7.12 implies that for a fixed graph H, every
H-minor-free graph has treewidth O (+/]G]). Indeed, the proof of Corollary 2.76
actually does not use the layering results directly, but rather depends only on
Lemma 2.75, which asserts a condition substantially weaker than treewidth-fragility.
Let us say that a class of graphs G is fractionally treewidth-fragile with bounding
function f if for every graph G € G, every assignment w of non-negative weights
to vertices of G, and every positive integer k, there exists a set S € V(G) such that
w(S) < %w(G) and tw(G — S) < f(k). Clearly, if y : V(G) — [k] is an f(k)-
low-treewidth coloring, then the color class S of smallest weight has this property,
and thus the following claim holds.

Observation 7.13 If a class of graphs is treewidth-fragile, then it is also fraction-
ally treewidth-fragile with the same bounding function.

The argument from the proof of Corollary 2.76 now gives the following bound
on treewidth of fractionally treewidth-fragile graphs.

Lemma 7.14 Suppose the class of graphs G is fractionally treewidth-fragile with
bounding function f, where f(1) = 0 without loss of generality. Suppose that a
graph G € G has n vertices, and let k be the largest positive integer such that
kf (k) < n. Then tw(G) < 2.
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Proof Consider the function w assigning to each vertex the same weight 1. By the
definition of fractional treewidth-fragility, there exists S € V(G) such that |S| =
w(S) <n/kand tw(G — S) < f (k). Consequently,

W(G) < IS|+ (G =) < 7+ k) = 2?”

In particular, when f (k) = O(k) as in Theorem 7.12, we have k = Q(/n).

Corollary 7.15 For a fixed graph H, every H-minor-free graph G has treewidth
O (V/|G)), and in particular G has a balanced cut of size O (/|G)).

Since the multiplicative constants in this corollary depend on the constants arising
from the Minor Structure Theorem applied for H, they are rather large and non-
explicit. Let us remark that, as we are going to see in Chap. 12, a substantially
stronger and more explicit result can be obtained directly.

Treewidth-fragility is quite useful in design of approximation algorithms. Let
us demonstrate this on a simple example of finding the largest triangle matching
number 13(G), i.e., the largest number of pairwise vertex-disjoint triangles in the
input graph G. Of course, for algorithmic applications, we need efficient treewidth-
fragility, where given a graph G from the class and a positive integer k, an
f (k)-low-treewidth coloring of G by k colors can be found in time poly(|G|). It
is easy to see that the proof of Theorem 7.12 gives a polynomial-time algorithm
(the decomposition from the Minor Structure Theorem can be found in quadratic
time [4]).

Lemma 7.16 Let G be an efficiently treewidth-fragile graph class. For every
positive integer k, there exists a polynomial-time algorithm that, given a graph
G € G, returns a triangle matching in G of size at least (1 — 1/k)u3(G).

Proof Let f be the bounding function for the efficient treewidth-fragility of the
class G. Thus, we can find an f (3k)-low-treewidth coloring y : V(G) — [3k] in
polynomial time. For each ¢ € [3k], we use Theorem 2.8 to find a triangle matching
M.in G —y~(c) of optimal size u3(G — y~1(c)). We then return the largest of
these triangle matchings.

Consider now an optimal triangle matching M in G of size u3(G). Let ¢ € [3k]
be a color chosen uniformly at random. Each vertex v € V(G) has probability ﬁ
of having color ¢, and thus the probability that a triangle in G contains at least
one vertex of color ¢ is at most % Hence, the expected number of triangles in M
containing a vertex of color c is at most % u3(G).

Therefore, there exists a color ¢y € [3k] such that G — y‘l (co) contains all but at
most %,u3(G) of the triangles of M, and thus 3(G — y ~(co)) = (1 — 1/k)u3(G).
The triangle matching returned by the algorithm is at least as large as the optimal
triangle matching M., in G — ¥ ~1(co), and thus it has size at least (1 — 1/k)u3(G),
as required. O
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Let us remark that (an efficient version) of fractional treewidth-fragility is also
sufficient to obtain the conclusion of Lemma 7.16; indeed, as shown in [2], every
maximization problem expressible in the first-order logic can be approximated
arbitrarily well in this setting. Neither treewidth-fragility nor fractional treewidth-
fragility seems enough to deal with minimization problems (such as the minimum
dominating set); we are going to discuss a stronger notion overcoming this issue in
Sect. 16.2.

Another application of treewidth-fragility concerns testing the existence of a
fixed graph F as an induced or non-induced subgraph of an input graph G with n

vertices. Without any additional constraints on the graph G, there is an O (n%‘Hl)-
time algorithm for this problem [7], where w is the exponent in the time complexity
of matrix multiplication. Moreover, since determining the clique number is W[1]-
hard [1], it is unlikely that an algorithm with time complexity O (f (H) - n¢) for an
absolute constant ¢ (independent of H) exists, even if we restrict the graphs H to
cliques. However, the situation is different in proper minor-closed classes, or more
generally, in efficiently treewidth-fragile graph classes.

Lemma 7.17 Let G be an efficiently treewidth-fragile graph class with bounding
function f. There exists an algorithm that, given an arbitrary k-vertex graph H and
an n-vertex graph G € G, decides in time (f(k+ 1) + DO® .y 4 poly(n) whether
H is an induced or non-induced subgraph of G.

Proof By the efficient treewidth-fragility, we can in time poly(n) find an f(k + 1)-
low-treewidth coloring y : V(G) — [k + 1] of G. If H is isomorphic to a subgraph
(or induced subgraph) of G, then there exists a color ¢ € [k + 1] that is not used on
the vertices of this subgraph, and thus H also appears as a subgraph or an induced
subgraph of G — y~!(c). Hence, it suffices to solve the problem separately for the
graphs G — ¥ ~!(c) of bounded treewidth for ¢ € [k + 1].

Let G’ be one of these graphs, and let (7, 8) be a rooted tree decomposition of G’
of width ¢. To determine whether a k-vertex graph H is a subgraph (or an induced
subgraph) of G’, we can use a straightforward dynamic programming algorithm with
time complexity (r + 1)2® . |T|: Without loss of generality, we can assume 7 > 1,
as otherwise G’ has no edges and the answer is yes if and only if H has no edges and
k < n.For anode x € V(T) and an injective function i : V(H) — V(G’), the x-
signature of h is the function iy : V(H) — (B(x)U{1, |}) such thatforv € V(H),
hy(v) =h@)if h(v) € B(x), h(v) = | if h(v) &€ B(x) but h(v) € B(Ty), where T
is the subtree of T rooted in x, and &, (v) = 1 otherwise. Starting from the leaves,
for every node x € V(T) and each of at most (¢ + 3)]‘ = (t+ 1)0(1‘) possible
x-signatures o, we determine whether there exists a function 2 : V(H) — V(G’)
with x-signature o mapping H to an isomorphic (induced) subgraph of G’. It is
easy to see that using the information already computed for the children of x, this
can be accomplished in time (z + 1)2® for each node x, giving us the desired time
complexity; see [5] for details. O

Let us however remark that a simpler and more efficient algorithm exists for a
much more general family of graph classes with bounded expansion. To introduce



218 7 Low-Treewidth Colorings

these classes, let us note that treewidth-fragility in combination with Lemma 7.4
has the following consequence. A treewidth-s coloring of a graph G is a coloring
such that for every k € [s], the union of any k color classes induces a subgraph of
treewidth at most k — 1.

Lemma 7.18 For every treewidth-fragile graph class G and every positive integer
s, there exists an integer m such that every graph from G has a treewidth-s coloring
using at most m colors.

Proof Let f be the treewidth-fragility bounding function for G. Let m = (s +
D(fes+ 1 +1)".

Consider a graph G € G. By treewidth-fragility, there exists an f(s + 1)-low-
treewidth coloring yg : V(G) — [s + 1]. For each c, the subgraph G — )/0_1 (c) has
treewidth at most f(s + 1), and thus by Lemma 7.4, it has a treewidth-s coloring
¥c by at most f(s 4+ 1) 4+ 1 colors. We extend y, to the whole graph G arbitrarily.
For each vertex v € V(G), let y (v) = (o (v), y1(v), ..., ¥s+1(v)). This defines a
coloring y of G using at most m colors.

Consider any k < s colors ¢y, ..., ck, where ¢; = (ci0,...,Cig+1) fori €
[k]. Let U = y~'({c1, ..., ck}). Since k < s, there exists a € [s + 1] such that
a # cjg forevery i € [k], and thus U C V(G) \ yo_l(a). Let U = (V(G) \
;/071 (a)) N ya_l ({c1,as - - - ck.a})- Since U’ is the union of at most & color classes of
Ya, it induces a subgraph of treewidth at most k — 1. Moreover, U C U’, and thus
tw(G[U']) < tw(G[U]) < k — 1. Since this holds for the union of any k < s color
classes, it follows that y is a treewidth-s coloring of G. O

Let H be a graph with s vertices, and let y be a treewidth-s coloring of a graph G.
If y uses only a bounded number of colors, we can use it to determine whether H is
a subgraph of G efficiently: For each set S of s = |H| colors, we check whether H
appears in the bounded-treewidth subgraph G[y~!(S)]. This algorithm is correct,
since if H appears as a subgraph of G, then y assigns at most | H | distinct colors to
its vertices, and thus H is also a subgraph of G[)/_1 (8)] for at least one choice of
S. Thus, Lemma 7.18 gives another way to obtain the conclusion of Lemma 7.17.
However, the existence of treewidth-s colorings using a bounded number of
colors is not restricted just to proper minor-closed classes (or even just to treewidth-
fragile classes). We say that a class G of graphs has bounded expansion if for
every positive integer s, there exists an integer m such that every graph from G
has a treewidth-s coloring using at most m colors. It turns out that having bounded
expansion is a much less restrictive property than being (fractionally) treewidth-
fragile. For instance, all proper topological minor-closed classes are known to have
bounded expansion. For every A, this includes the class of graphs of maximum
degree at most A, which (for A > 3) does not have sublinear separators, and thus
by Lemma 7.14 is not fractionally treewidth-fragile. And interestingly, there exists
a simple linear-time algorithm that finds a treewidth-s coloring (indeed, actually
a treedepth-s coloring) using a bounded number of colors for any graph from a
class with bounded expansion. This allows one to test presence of a fixed subgraph
in linear time in a much more general setting than just for proper minor-closed
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classes, and completely avoids the usage of the Minor Structure Theorem. Saying
more about the intriguing theory of bounded expansion classes is beyond the scope
of this book and we refer an interested reader to [6] instead.

7.3 Approximation of the Chromatic Number

As a final application for treewidth-fragility, let us note that it implies a 2-
approximation algorithm for chromatic number.

Lemma 7.19 Let G be an efficiently treewidth-fragile graph class. There exists a
polynomial-time algorithm that for an input graph G € G returns a proper coloring
of G using at most 2y (G) colors.

Proof Let f be the treewidth-fragility bounding function for G. Let y : V(G) —
[2] be an f(2)-low-treewidth coloring of G. For ¢ € [2], we can use Theorem 2.8
to color the subgraph G — Yy~ L(c) optimally using x (G — y~1(¢)) < x(G) colors
in linear time. By using disjoint sets of colors on G — y~1(1) = Gly~'(2)] and
G-y~ 1) = G[y~'(1)], we obtain a proper coloring of G using x (G —y (1)) +
x(G —y~1(2)) <2x(G) colors. O

Can this result be improved, at least for proper minor-closed classes? It is unclear
whether the approximation ratio 2 is best possible, but it cannot be improved
beyond 4/3 (unless P = NP) even for planar graphs: If we had an algorithm with
approximation ratio better than 4/3, it would necessarily use at most three colors
if and only if the input graph is 3-colorable. But, it is NP-hard to decide whether a
planar graph is 3-colorable [3].

One might hope to improve the result to an additive approximation. Because of
the Four Color Theorem, it is easy to design an algorithm that for a planar graph G
returns a number ¢ such that G is c-colorable and ¢ < x(G) + 1: If G is bipartite,
then return 2, otherwise return 4. Could this be true for graphs from any proper
minor-closed class G? Or at least in a weaker form, returning a number ¢ such that
¢ < x(G) 4 « for an absolute constant «? Note that this question is only interesting
if & is not alloved to depend on the class G, since as follows e.g. from Theorem 1.2,
there exists a constant g depending on the class G such that every graph in G is
cg-colorable.

Inspired by the proof of Lemma 7.19, one way to approach this problem would
be to show that the vertex set of any graph G € G can be split into parts A and B
such that x (G[A]) < «a and G[B] has bounded treewidth (the bound on treewidth is
allowed to depend on the class G). And indeed, it is easy to prove the following
promising lemma, completing the first four steps of the Five Step Program for
a="17.

Lemma 7.20 Let a, m, d, and g be non-negative integers. If a graph Gg is
(a, m, d)-nearly drawn on a surface of Euler genus at most g, then there exists
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a partition {A, B} of V(Gyg) such that Go[A] is 6-degenerate and tw(Go[B]) <
d+1)QRg+4m —1)+d+6g +a.

Proof Let X C V(Gy) be a set of size at most a such that Go — X is drawn on a
surface X of Euler genus at most g up to vortices F1, ..., F,, of width at most d, let
G be the surface part of Go — X, and let G’ = G — | J;_, 8 F;. Thus, G’ is drawn on
the surface .

Using generalized Euler’s formula, we see that any subgraph F of G’ has less
than 3(|F| + g) edges, and thus it has average degree less than 6 + 6g/|F]|.
Consequently, every subgraph F' of G with at least 6g vertices has average degree
less than 7, and thus it contains a vertex of degree at most six. By repeatedly deleting
vertices of degree at most six from G’, we conclude that there exists a partition
{A, By} of V(G’) such that G'[A] = Go[A] is 6-degenerate and |B;| < 6g.

Let B, = U;"zl V(F;). The graph Go[B>] consists of the vortices and the
subgraph G[By N V(G)] of the surface part induced by their boundaries. By
Corollary 2.77, G[Bg N V(G)] together with the cycles on dF; for i € [m] has
treewidth at most 2g + 4m — 1, and by Lemma 7.5, it follows that tw(Go[B2]) <
(d+1)(2g+4m—1)+d. The claim of the lemma follows with B = BjUB,UX. O

However, although the last step in the Five Step Program is usually routine, in
this particular case it fails! Indeed, consider the following construction. Let K be a
graph on a linearly ordered set of colors and let G be another graph. By K o G, we
mean the graph with vertices colored by V (K') obtained as follows:

e If K has only one vertex x, then K o G is the graph G with all vertices given
color x.

e Otherwise, let x be the last vertex in the ordering of K, and let G, be a copy
of G with all vertices of color x. For each vertex v € V(G,), we add a copy of
(K — x) o G and join v with the vertices of this copy whose colors are adjacent
toxin K.

See Fig. 7.1 for an example.

Note that K o G is obtained by taking several copies of (K — x) o G, adding an
apex vertex to each of them, and then taking their clique-sum with a copy of G. By
induction, Observation 2.5 gives the following bound on the largest clique minor in
K oG.

Fig. 7.1 The graph K3 0 C3
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Observation 7.21 For any graphs K and G (with the vertex set of K ordered),
Had(K o G) < Had(G) + |K| — 1.

Let Py s be the graph with vertex set [k] and with vertices i, j € [k] adjacent if
and only if [i — j| > §. The main motivation for the definition of the o operation is
the following lemma.

Lemma 7.22 [f G is a graph of chromatic number at most § and m is a positive
integer, then

X (Pps,s 0 G) =m - x(G).

Proof Let k = mé and let A be the coloring of Py s o G by the vertex set [k] of
Py s from the definition of the o operation. For any ¢ € [k — § + 1], the definition
of the o operation implies that the subgraph of Py 5 o G induced by A~ ({c, ¢ +
1,...,c+ 8 — 1}) is a disjoint union of copies of G, and thus it can be colored
using x (G) colors. By using disjoint sets of colors on the subgraphs induced by
A‘l({(i - D6+ 1,G— DS+ 2,...,i8}) for i € [m], we obtain a coloring of
Pys o Gbym - x(G) colors.

On the other hand, let ¢ be any proper coloring of Py s o G. Letb = x(G) < §
andlet S ={aé+j:a€{0,...,m—1}, j €{l,...,b}}. For any positive integer i,
let S; = (SN[i—1])\[io] for the smallest integer ip > O such that |S;| < b; that s, S;

consists of next b — 1 elements of S smaller thani ifi > b,and §; = {1,...,i — 1}
ifi <b.
Fori =1, ..., k, we now choose a vertex v; € A‘l(k — 1 4+ 1) and an induced

subgraph H; of P soG isomorphic to Pi_;+1,50G as follows. Welet H) = Py soG
and let v; be an arbitrary vertex of the “root” copy of G in H;. Fori > 2, we let
H; be the copy of Pr_;+1,5 o G added in the construction of H;_1 = Pr_;j4250 G
for the vertex v;_1. Let G; be the root copy of G in H;, i.e., the one with vertices
of color k — i 4+ 1. Choose v; as a vertex of G; with ¢(v;) different from the colors
@(v;) for j € §;; note that |S;| < b and ¢ uses at least x (G) = b colors on G;, and
thus it is always possible to choose v;.

Consider now any indices i, j € S such that j < i.If j € S;, then the choice of
v; implies that ¢(v;) # ¢(v;). If j & §;, then the choice of the set S implies that
i — j >4, and thus v; is adjacent to v; in Py s o G and again ¢(v;) # ¢(v;). Hence,
the coloring ¢ uses at least | S| = mb = m - x (G) different colors. |

In particular, we get the following consequence.

Corollary 7.23 For any positive integer m and any planar graph G, the graph
G = Pam 4 o G satisfies Had(Gp,) < 4m + 3 and x(G,) = m - x(G).

Consider now any positive integer « and suppose that we were able to design
for every fixed proper minor-closed class G a polynomial-time algorithm that colors
graphs G € G using at most x (G) + « colors. Let G be the class of K444g-minor-
free graphs. By Corollary 7.23, for every planar graph G, the graph G4 belongs
to G. Hence, if G is 3-colorable, then the supposed algorithm returns a coloring of
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Gy+1 by at most x(Gg+1) + o = (@ + 1)x(G) + ¢ < 4a + 3 colors. On the
other hand, if x (G) = 4, then x(Gy+1) = 4« + 4, and thus no such coloring exists.
Therefore, our supposed algorithm would enable us to decide whether a planar graph
G is 3-colorable, which is not possible (unless P = NP).

Let us remark that an argument analogous to the proof of Lemma 7.22 shows that
if {A, B} is a partition of vertices of G = Kjo(n xn grid), then either G[A] contains
a clique of size k or G[B] contains the n x n grid. Consequently, Lemma 7.20
cannot be extended to all proper minor-closed classes, even if we just desired that
x (Go[A]) < « for an absolute constant «.

7.4 Degeneracy-Treewidth Partitioning

There turns out to be a quite natural additional assumption that enables us to avoid
the obstructions presented in the previous section: We can forbid complete bipartite
subgraphs with one side of small size. The argument also showcases a common way
of dealing with the apex vertices.

The proof is based on a variant of Lemma 7.20 suitable for inductive purposes.
For a graph F and a set Co € V (F), we say that F is d-degenerate till Cy if for
every U C V(F) such that Cy C U, there exists a vertex u € U \ Cp with at most
d neighbors in U. That is, we can repeatedly delete from F vertices of degree at
most d not belonging to Co until we reduce F to F[Cy]. Let us remark that in the
following lemma, the reader should view Gg as a torso of a node x from the tree
decomposition from Theorem 5.29, while Fj is the subgraph of the original graph
induced by the bag of x.

Lemma 7.24 For integers a,m,d,g > 0 and s,r > 1, there exists an integer t
such that the following claim holds. Let Gy be a graph and let X be a set of at most
a of its vertices such that Gy — X is (0, m, d)-nearly drawn on a surface of Euler
genus at most g. Let Fy be a spanning subgraph of Go such that K , € Fo. For any
partition {Cy, Do} of X, there exists a partition {C, D} of V(Gy) such that Co C C,
Dy C D, Fyo[C]is (5 + s)-degenerate till Cy and tw(Go[D]) < t.

Proof Lett = (d+1)2g+4m — 1) +d +6g +a+ ({)(r — ).

Let Fi, ..., Fy, be the vortices and G the surface part of Go — X, and let G’ =
G — UL, 0F;.Let M C V(G') consist of the vertices which in Fp have at least s
neighbors in Cy. For each vertex v € M, let C,, € Cy consist of s arbitrarily chosen
neighbors of v in Cy. Since K, € Fy, for every set A € Co of size s, there are at
most r — 1 vertices v € M such that C, = A. It follows that |M| < ('i‘)')(r -1 <
(‘;) (r—1).

As in the proof of Lemma 7.20, observe that every subgraph of G’ with at least
6g vertices contains a vertex of degree at most 6. Let F' = (G’ N Fy) — M. By
repeatedly deleting vertices of degree at most 6 from F’, we conclude that there
exists a partition {C1, D1} of V(F’) such that F'[C|] = Fy[C,] is 6-degenerate and
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|D;| < 6g.Let C = Cy U Cj. Since each vertex of F’ has at most s — 1 neighbors

in Fy belonging to Cy, we conclude that Fp[C] is (5 4 s)-degenerate till C.
Let D, = U;”:l V(F;); as in the proof of Lemma 7.20, tw(Go[D2]) < (d +
1)(2g +4m —1)+d. The claim of the lemma thus holds for D = DoU DU Dy;UM.
O

The result on graphs from proper minor-closed classes now easily follows by
induction.

Theorem 7.25 For every graph H and positive integers s and r, there exists a
positive integer t such that the following claim holds. The vertex set of every H -
minor-free graph G that does not contain K , as a subgraph has a partition {C, D}
such that G[C] is (5 4 s)-degenerate and tw(G[D]) < t.

Proof Let a, m, and d be the constants from Theorem 5.29 for H and let g be the
maximum Euler genus of an H-avoiding surface (or g = 0 if H is planar). Let ¢ be
the value from Lemma 7.24.

Let (T, B) be the rooted tree decomposition of G from Theorem 5.29. We
construct the sets C and D inductively, starting from the root of 7. Consider a node
x € V(T) and suppose that if x is not the root, we have already defined the partition
{Cy, Dy} of the bag B(y) of the parent node y of x. If x is the root, then let C, = ¥,
otherwise let C;, = Cy N B(x). Let G, be the torso of x.

o If|B(x)| < a,thenlet Cy = C; and Dy = B(x)\ C. Note that G[C,] is trivially
(5 + 5)-degenerate till C, and tw(G[Dx]) <a <t.

* Otherwise, let A, be a subset of 8(x) containing the root separator such that
G, — A, is (0, m, d)-nearly drawn on an H-avoiding surface (of Euler genus at
most g). Let D, = A, \ C,. The partition {Cy, D,} of B(x) such that C, C Cy,
D). C Dy, G[Cy]1is (5 + s)-degenerate till C',, and tw(G[Dy]) <t is obtained
using Lemma 7.24.

Let C = Uer(T) Cyand D = Uer(T) D,. Note that G[D] is a clique-sum of the
graphs G, [D,] for x € V(T), and thus tw(G[D]) < t by Observation 2.5.
Moreover, we claim that G[C] is (5 + s)-degenerate. Indeed, consider any non-
empty set B C C, and let x be a node of 7" with the root separator S, such that
BNB(x)\Sy # ¥ and x is as far from the root as possible (such a node x exists, since
Uer(T) (B(x)\Sx) = V(G)). By the maximality of the distance of x from the root,
for every vertex v € BNB(x)\ Sy, all neighbors of v in G[ B] belong to B(x). The set
CNPB(x) = C, was constructed so that G[C,] is (5+s)-degenerate till C)/C = CNSy.
Therefore, G[(B N Cy) U C.] contains a vertex v € BN C, \ C, = BN Cy \ Sy of
degree at most 5 + s. Since all neighbors of v in G[B] belong to B(x), the degree of
v in G[B] is at most as large. Hence, we conclude that every subgraph of G[C] has
a vertex of degree at most 5 + s. O

In particular, there exists a polynomial-time algorithm that for any H-minor-
free graph G not containing K , as a subgraph returns its coloring using at most
x(G) + s + 6 colors. Let us remark that this result applies when G has bounded
maximum degree A (by choosing s = 1 and r = A + 1), and when G has girth at
least five (choosing s = r = 2).
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Chapter 8 ®)
Tighter Grid Theorem ST

By the Grid Theorem, for every positive integer n there exists an integer ¢ such that
every graph of treewidth at least 7 contains the n x n grid as a minor. Let f(n) be
defined as the minimum integer # with this property. It is not clear what the exact
asymptotics of this function is, but as we have discussed in Sect. 2.7, it cannot be
better than ©2(n? logn), as seen by considering random graphs. On the other hand,
in Corollary 2.70, we have seen that treewidth €2 (n) suffices to ensure the existence
of the n x n grid as a minor in a planar graph. Does this result extend to other proper
minor-closed classes?

8.1 Linear-Sized Grid Minors

First, let us see that it extends to graphs on surfaces, completing the step two of
the Five Step Program. It is possible to give a proof along the lines of the one used
to show Corollary 2.70, but a more straightforward one follows from the theory
of respectful tangles. For an application in the next step of the argument, we need
a slight technical strengthening, showing that a large grid exists even if we avoid
using the boundary vertices of several faces.

Lemma 8.1 Let G be a graph drawn on a surface % of Euler genus g and let n
be a positive integer. Let F be a set of at most m faces of G and let R be the set of
vertices of G incident with these faces. If tw(G) > (5¢ + 6)(n 4+ 2m + 2g), then
G — R contains the n x n grid as a minor.

Proof We prove the claim by induction on g. Clearly we can assume that G is
connected (otherwise, we consider just its component of largest treewidth). Let n’ =
n+2m.

If g = 0, then tw(G) > 6n’, and by Corollary 2.70, G contains a model u of
the n’ x n’ grid H. Since the grid H is a subdivision of a 3-connected graph, it
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has a unique drawing in the plane. Note that for each face f of G, there exists a
facial cycle Cy of H such that every vertex of w(V (H)) incident with f belongs
to u(V(Cy)). For f € ¥, if Cy bounds the outer face of the grid H, then delete
Cy from H, obtaining a grid with two fewer rows and columns. If C; bounds an
internal face of H, then delete from H the vertices of Cy and the edges of the two
rows and columns intersecting C s, and suppress the arising vertices of degree two,
again obtaining a grid with two fewer rows and columns with a model in G disjoint
from the boundary of f. In the end, we are left with a grid with at least n rows and
columns, and p gives rise to its model in G — R, as required.

Suppose now that g > 0. If there exists a non-contractible simple closed G-
normal curve y intersecting G in a set X of less than 5n’ vertices, then let X’ be the
surface (or union of two surfaces) obtained by cutting ¥ along y and patching the
resulting holes. Consider the graph G — X drawn on X', and let ' consist of the
faces of # whose closure is disjoint from y (these are also faces of G — X) and in
case that y intersects the closure of at least one face of 7, also of the (at most two)
faces of G — X containing the patches. Note that |F'| < |F|+1 < m+ 1. Moreover,
letting R’ be the set of vertices of G — X incident with the faces in F ', observe that
R C R'U X. The Euler genus g’ of surface(s) ¥’ is smaller than g, and thus

tw(G — X) > tw(G) — 510’ > (5g + 6)(n’ +2g) — 51’
> (5¢' +6)(n' +2¢) = (5¢' +6)(n +2(m +2) +2¢).

By the induction hypothesis, G — (X U R") € G — R contains the n x n grid as a
minor, and thus the claim of the lemma holds.

Finally, suppose that the drawing of G has representativity at least 5n’. By
Theorem 2.91, G contains a respectful tangle 7 of order 5n’. Let a be an arbitrary
atom of G. For 1 <i <n’,letk; = n’ 4 3i. Corollary 4.16 implies that there exists
a cycle C; bounding a k;-zone A; around a and such that k; —2 < dg-(a,v) < k;
for every v € V(C;). In particular, the cycles Cy, ..., C,y are pairwise vertex-
disjoint. By Lemma 4.18, there exists a (V(C}), V(Cy))-linkage in G of size n’. By
Lemma 2.64, we conclude that G contains the n’ x n’ cylindrical grid as a minor
drawn in the annulus between C; and C,;. As in the planar case, we can remove at
most 2m rows and columns of this grid minor to make it disjoint from R. O

The third step of the Five Step Program easily follows from Lemma 7.5, even in
a somewhat stronger form requiring the presence of the minor in the surface part.

Lemma 8.2 Suppose that a graph G is drawn on a surface of Euler genus at most
g up to vortices Fy, ..., Fy, of width at most d and let n be a positive integer. If
tw(Go) > (d + 1)(5¢ + 6)(n + 2m + 2g) + d, then the surface part G of Gy
contains the n X n grid as a minor.

Proof Let G’ and Gy, be obtained from G and G by adding the cycles on 9 F; for
i € [m]. By Lemma 7.5, we have tw(Go) < tw(G) < (d+1) tw(G) +d, and thus
tw(G') > (5¢ +6)(n +2m + 2g). By Lemma 8.1, G’ — Uie[m] dF; C G contains
the n x n grid as a minor. O
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Deleting a bounded number of apex vertices only decreases treewidth by a
constant, and thus we get the fourth step of the Five Step Program for free. The
claim for all proper minor-closed classes now easily follows from Theorem 5.29
(Theorem 2.9 does not suffice, as it does not give us a way to relate the grid minors
in the torsos to those in the whole graph).

Theorem 8.3 For every graph H, there exist constants « and k such that for every
positive integer n, every H-minor-free graph G of treewidth at least an+k contains
the n x n grid as a minor.

Proof Let a, m, and d be the constants from Theorem 5.29 for H, and let g be the
maximum Euler genus of an H-avoiding surface (we let g = 0 if H is planar). Let
a=(d+1)Sg+6)andk =(d+ 1)(5¢g +6)2m +2g) +d + a.

Let (T, B) be a rooted tree decomposition of G with properties described in
Theorem 5.29. Let x be the node of T whose torso G has largest treewidth. Note
that tw(Gy) > tw(G) > an + k by Observation 2.5, and in particular |G| > a.
Let A, be a set of at most a vertices of G, such that G, — Ay is (0, m, d)-nearly
drawn on an H-avoiding surface and the surface part G/, of G, — A, is a minor of
G. We have tw(Gy — Ay) > an + k — a, and by Lemma 8.2, G’ (and thus also G)
contains the n x n grid as a minor. O

Clearly, Theorem 8.3 gives us yet another proof that every H-minor-free graph
G has treewidth O(4/]G]), though again with a very bad dependence of the
multiplicative constant in the O-notation on H. More importantly, it has many
applications, and in particular plays a key role in the bidimensionality theory, see
e.g. [1] for an overview. As a simple example, Theorem 8.3 can be used to design
parameterized algorithms with subexponential dependency on the parameter. Recall
that fvs(G) is the minimum size of a feedback vertex set in the graph G, i.e., of a
set of vertices that intersects all cycles in G.

Lemma 8.4 Let H be a fixed graph. There exists an algorithm that, given

an H-minor-free n-vertex graph G and a positive integer k, decides in time
exp(O(«/zlog k)) - n whether tvs(G) < k.

Proof Leta o and « be the constants from Theorem 8.3 for H. Let m = 21k,
and let t = am + k. Using the algorithm of [2], one can in time exp(O(¢)) - n =
exp(O(\/%)) - n either decide that G has treewidth at least ¢, or find a rooted tree
decomposition (7, B) of G of width at most 2¢ — 1. In the former case, Theorem 8.3
implies that G contains an m x m grid as a minor; observe that G contains at least
lm/2)% > k pairwise vertex-disjoint cycles, and thus fvs(G) > k.

In the latter case, we use a standard dynamic programming algorithm to
determine fvs(G) exactly in time exp(O(tlog?)) -n = exp(O(\/Elog k)) - n: For
every node x € T, let Ty be the subtree of T rooted in x. For every set S C S(x) and
every partition P of B(x) \ S, we determine the minimum size of a feedback vertex
set R in G[B(Tx)] such that RN B(x) = S and such that two vertices u, v € B(x)\ S
are in the same component of G[B(Ty)] — R if and only if they are in the same part
of P. Observe that the number of choices for § and P is exp(O(|8(x)|log|B(x)])),
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and that assuming that we have already computed this information for all children
of x, we can compute it for x in time exp(O(|B(x)|log|B(x)I]))- |

8.2 Linear-Sized Grid Contractions

The key property that enables the application in Lemma 8.4 is that minimum
feedback vertex set size in any graph that contains the n x n grid as a minor is € (12).
Unfortunately, many other graph parameters lack this property, even if they initially
may seem promising. E.g., the domination number of the n x n grid is € (n?), but
it can appear as a subgraph in a graph G with y(G) = 1, if G contains a universal
vertex. However, it is easy to see that domination number is monotone under edge
contractions; hence, to enable applications such as subexponential parameterized
algorithm for domination number, it would suffice to be able to obtain a large grid-
like subgraph as a contraction, i.e., by contracting edges and deleting only isolated
vertices.

This is not possible in all graph classes with a forbidden minor: The grid plus
a universal vertex graphs are Kg-minor-free and every contraction of these graphs
still has a universal vertex. To avoid this obstruction, we need to restrict ourselves
to the graph classes whose set of forbidden minors contains an apex graph, i.e., a
graph planar after removal of a single vertex.

Let us now give the corresponding results more precisely. First, let us note that
in the proof of Lemma 8.1, instead of eliminating the rows and columns of the
grid minor which intersect the boundaries of the faces in , we could have instead
chosen a large contiguous subgrid of the grid so that the faces of ¥ are contained
in the outer face of the subgrid. The resulting subgrid is smaller (by a ®(m + g)
factor) than the grid we obtained in Lemma 8.1, but has the pleasing property that it
is “drawn planarly” in the surface in the following sense.

Lemma 8.5 For any non-negative integers g and m, there exists a constant a such
that the following claim holds. Let G be a graph drawn on a surface ¥ of Euler
genus g and let n be a positive integer. Let F be a set of at most m faces of G. If
tw(G) > an, then there exists a disk A C X disjoint from the closures of the faces
in F such that the subgraph of G drawn in A contains the n x n grid as a minor.

We can use this Lemma to prove the analogue of Lemma 8.2, obtaining the grid
minor in a part drawn in a disk disjoint from the vortices. The contraction variant of
Theorem 8.3 now easily follows. A partially triangulated n x n grid is a plane graph
obtained from the n x n grid by adding diagonals to some of its faces (including
the outer one). An a-apex partially triangulated n x n grid is a graph obtained
from a partially triangulated n x n grid by adding at most a vertices with arbitrary
neighborhoods.
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Theorem 8.6 For every graph H, there exists a constant « such that for every
positive integer n, every H-minor-free graph G of treewidth at least an has an
a-apex partially triangulated n x n grid as a contraction.

Proof Without loss of generality, we can assume that G is connected, since
the components other than the one of largest treewidth can be contracted to
isolated vertices and then deleted. We proceed in the same way as in the proof
of Theorem 8.3. Let (T, B) be a rooted tree decomposition of G with properties
described in Theorem 5.29, and let x be the node of T whose torso G has largest
treewidth.

For every component T’ of T — x, since Gy is the torso of x, B(T') N B(x) is
a clique in Gy, and we can contract G[8(T")] in G to a subgraph of this clique.
Let G’ € G, be the resulting contraction of G. We make sure that all edges of
the surface part G| of Gy — Ay are created in these contractions, which is possible
since the surface part of G, — A, is a minor of G. Hence, G’ — A, is also (0, m, d)-
nearly drawn on a surface X, with the surface part G. By Lemma 8.5, we can find
the 2n + 4) x (2n + 4) grid My as a minor of a part of G| contained in a disk
A C X disjoint from the vortices. Let G” and G, be obtained from G’ and G| by
performing the corresponding contractions (but not vertex and edge deletions), so
that My is a subgraph of the surface part G, of G” — A,.

Note that the drawing of My in the disk A is unique, up to choice of the face of
My that contains the boundary of A. We can always choose an (n + 2) x (n + 2)
subgrid M of My whose internal faces do not contain bd(A). Hence, the outer face
fo of M contains the boundary of A.

Consider a face f # fo of M, let C be the cycle in M bounding f, and let G ¢
be the subgraph of G, drawn in the interior of f. For each component K of G,
if K has a neighbor in A, we contract it to this neighbor. Otherwise, since G is
connected, K has a neighbor in C, and we contract it to this neighbor. Note that
since f C A, even if we end up contracting different components of G ; to different
vertices of C, the resulting chords do not cross.

Next, consider the face fp, and let G g, be the subgraph of G, drawn in the closure
of fo (i.e., including the cycle C 7, bounding the outer face of M) and all the vortices
of G” — Ay. Let K be the component of G y, containing C 7,. Since G is connected,
each component of G g, other than K has a neighbor in A, and can be contracted
into it. We contract K into a vertex in the outer face of the subgrid M — Cy,.

Let F be the graph obtained by these contractions. Observe that F — Ay is a
planar graph obtained from the n x n grid M — C, by adding chords to some of its
faces, and thus the conclusion of the theorem holds. m]

Further improving this result, it is easy to additionally contract the apex vertices
into a single one.

Theorem 8.7 For every graph H, there exists a constant aq such that for every
positive integer n, every H-minor-free graph G of treewidth at least aon has a 1-
apex partially triangulated n x n grid as a contraction.
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Proof Let o be the constant from Theorem 8.6 for H, and let y = [+/a + 1] and
oo = ay. By Theorem 8.6, G has a contraction G| containing a set A of at most «
vertices such that M = G| — A is a partial triangulation of the yn x yn grid. We
can assume that A is an independent set, as we can contract edges between vertices
of A otherwise. Moreover, we can assume that each vertex in A has a neighbor in
M, as otherwise it is isolated and we can delete it.

By the choice of y, M has « + 1 pairwise vertex-disjoint (partially triangulated)
n x n subgrids My, ..., Myy1. For each v € Ay, if v has a neighbor in one of
these subgrids, then let i, € [« + 1] be an index such that v has a neighbor in M; ;
otherwise, let i, = 1. Since |A{| < «, there exists iy € [« + 1] such that iy # i,
for every v € Aj. For every v € Aj, since v has a neighbor in M, the choice of
i, implies that v has a neighbor in M — V(M;,). Therefore, the subgraph of G
induced by (V(M) \ V(M,,)) U Ay is connected, and we can contract it to a single
apex vertex over the partially triangulated n x n grid M;,. O

Using the results from Sect. 4.5, it is easy to get rid of the apex vertex in case that
H is an apex graph.

Corollary 8.8 For every apex graph H, there exists a constant oy such that for
every positive integer n, every H-minor-free graph G of treewidth at least on
contains a partially triangulated n x n grid as a contraction.

Proof Let 0 and ¢ be the constants from Lemma 4.35 applied for H and ¥ =
the sphere. Let o9 be the constant from Theorem 8.7, choose y > 6,1, and let
ap = agy.-

By Theorem 8.7, G has a contraction G| containing a vertex z such that G| —z is
a partial triangulation of the yn x yn grid. Let M be the yn x yn grid subgraph of
G1 — z, and let 7 be the canonical tangle of order yn in the grid M. We view M as
drawn on the sphere; in that case, the tangle 7 is automatically respectful. Let S be a
maximal set of neighbors of z such that the vertices in S are pairwise at d q—distance
at least 260. Note that z together with the edges from z to S forms a 26-wide spider
with | S| legs over M in G. Since H is not a minor of G, it also is not a minor of
G1, and since a(H) < 1, Lemma 4.35 implies that | S| < ¢.

By the maximality of §, every neighbor of z is at dq—distance less than 26 from
S. Since y > |S], 0, observe that there exists an n X n subgrid My of M at dq—
distance at least 26 from S. Then z has no neighbors in My. The subgraph of G
induced by (V(M) \ V(Mp)) U {z} is connected (unless z is an isolated vertex, in
which case it can be deleted); we contract this subgraph to a single vertex u, then
contract an edge between u and a vertex in the boundary of the outer face of M.
The resulting contraction is a partial triangulation of the n x n grid Mj. O

As an example application, let us show that domination number has a subexpo-
nential parameterized algorithm in apex-minor-free graph classes.

Lemma 8.9 For every apex graph H, there exists an algorithm that, given an H -
minor-free n-vertex graph G and a positive integer k, decides in time exp (O (ﬁ)) .
n whether G has a dominating set of size less than k.
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Proof Let o be the constant from Corollary 8.8 for H. Let m = 3&/%], and let
t = aym. Using the algorithm of [2], one can in time exp(O(¢))-n = exp(O (\/E)) -n
either decide that G has treewidth at least 7, or find a tree decomposition (7', 8) of
G of width at most 2¢ — 1.

In the former case, Corollary 8.8 implies that G has a contraction M such that M
is a partial triangulation of an m x m grid. We can divide M into [v/k]? > k disjoint
3 x 3 subgrids, and observe that a dominating set of M must contain a vertex of each
of these subgrids, implying that y (M) > k. Moreover, observe that contracting an
edge or deleting an isolated vertex cannot increase the domination number, and thus
y(G) = y(M) = k.

In the latter case, we use a standard dynamic programming algorithm to
determine y (G) exactly in time exp(O(¢)) - n = exp (O(\/E)) - n. |

Recall that in Theorem 5.14, we proved that apex-minor-free graphs have locally
bounded treewidth. Corollary 8.8 enables us to strengthen the dependency of the
treewidth on the radius to a linear one. Let us present this result in the following
form (also including Corollary 2.74).

Theorem 8.10 Ler G be a minor-closed class of graphs. Then the following claims
are equivalent:

(i) G has locally bounded treewidth.
(ii) There exists an apex graph H such that H € G.
(iii) There exists a constant o such that every graph G € G has treewidth at most
ar, where r is the radius of G.
(iv) There exists a constant a such that if A is a BFS layering of a graph G € G
and r is a positive integer, then the union of any r layers induces a subgraph
of treewidth at most ar.

Proof We have argued that (i) = (ii) holds in Theorem 5.14.

Suppose now that H is an apex graph and every graph in G is H-minor-free. Let
a1 be the constant from Corollary 8.8 for H and let « = 4«;. Consider a graph
G € @G of radius at most r, where without loss of generality » > 1. Note that
any contraction of G also has radius at most r, and that every partially triangulated
(2r +2) x (2r + 2) grid has radius more than r, and thus G does not contain such a
grid as a contraction. Therefore, Corollary 8.8 implies tw(G) < o1 (2r +2) < ar.
It follows that (ii) = (iii).

The proof of (iii) = (iv) is the same as the proof of Corollary 2.74, using (iii)
instead of Theorem 2.73. The implication (iv) = (i) is trivial, since any graph of
radius r has a BFS layering with r + 1 layers. O

In particular, Theorem 8.10 implies that the applications of Baker’s technique for
design of approximation algorithms in planar graphs can usually be generalized to
all apex-minor-free graph classes; see Sect. 16.2 for a more detailed discussion.
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Chapter 9 ®)
Topological Minors Qe

What can be said about the structure of graphs avoiding a fixed graph H as a
topological minor, rather than a minor? Clearly we cannot get as nice result as
the Minor Structure Theorem. For one, not every class of graphs closed under
topological minors is characterized by finitely many forbidden topological minors,
i.e., the analogue of Theorem 1.6 is false for topological minors. As an example,
consider the class G of graphs where any two vertices of degree at least five are
separated by an edge cut of size at most one. Clearly, deleting edges and vertices
as well as suppressing vertices of degree two preserves this property, and thus G
is closed under topological minors. For a positive integer k, let Hy be the graph
obtained from the path of length k by doubling its edges and attaching three pendant
vertices at each of its ends. Then Hy ¢ G, but every proper topological minor of Hj
belongs to G. And indeed, G is exactly the class of graphs that avoid all graphs
{Hy : k € N} as topological minors.

Moreover, for every positive integer d, the class G; of graphs of maximum
degree at most d is topological minor-closed. It is known [1] that there exists a
constant ¢ > 1 such that the independence number of a subcubic graph cannot be
approximated up to a factor of ¢ in polynomial time (unless P = NP), and thus we
cannot hope to obtain approximation schemes for proper topological minor-closed
classes analogous to the ones from Chap. 7.

However, it turns out that graphs with bounded maximum degree are in a
sense the most complicated proper topological minor-closed classes, up to a small
generalization. The h-index of a graph G is the largest integer d such that G has
at least d vertices of degree at least d. Clearly, for every positive integer d, the
class of graphs of h-index at most d (i.e., with all but at most d vertices having
degree at most d) is closed under topological minors. Grohe and Marx [3] proved
the following structural theorem for proper topological minor-closed classes.

Theorem 9.1 For every graph H, there exist integers a, m, d, and g such that every
graph G that does not contain H as a topological minor has a tree decomposition
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in which each torso of h-index at least a can be (a, m, d)-nearly drawn on a surface
of Euler genus at most g.

In other words, G is obtained by clique-sums from graphs of h-index less than a and
graphs which can be (a, m, d)-nearly drawn on a surface of Euler genus at most g.

Theorem 9.1 and the ideas used to obtain it have several important applications
in topological minors theory. Grohe and Marx [3] specifically developed it in
order to provide a polynomial-time test for isomorphism of graphs avoiding a
fixed topological minor. Another application concerns testing whether a fixed
graph H is a topological minor of an input graph G. As we have described in
Sect. 5.3, the polynomial-time algorithm for finding linkages leads to an algorithm
for testing the presence of a fixed graph H as a (rooted) topological minor with time
complexity |G|2UHITIHD  However, using ideas similar to those from the proof
of Theorem 9.1, Grohe et al. [4] developed an algorithm for this problem with
cubic time complexity (only the multiplicative constant in the time complexity of
the algorithm depends on H).

Somewhat disappointingly, the surfaces in Theorem 9.1 do not need to be H-
avoiding. As an example, suppose that H is the double wheel, i.e., H is obtained
from a cycle of length ¢ > 5 by adding two vertices adjacent to all vertices of the
cycle. Then H is planar, and so no surface is H-avoiding. Note however that in any
plane drawing of H, the two vertices of degree ¢ cannot be incident with a common
face. Hence, if G is a plane graph with all vertices of degree at least £ incident with
the outer face, then H is not a topological minor of G. Moreover, such a graph G
cannot in general be obtained from graphs of bounded h-index by clique-sums.

Hence, if we want to improve the part of Theorem 9.1 concerning nearly
drawn graphs, we need to take into account the properties of H such as the
minimum number of faces covering all its vertices of degree greater than three. Such
improvements are possible, but their statements in general are rather technical, and
thus we refer an interested reader to the papers where they were developed [2, 8].
Here, we show a proof of an interesting special case. We say that a graph H is large-
degree-outerplanar if H has a drawing in the plane with all vertices of degree at
least four incident with the outer face.

Theorem 9.2 For every large-degree-outerplanar graph H, there exists an integer
a such that every graph G that does not contain H as a topological minor has a tree
decomposition whose torsos have h-index at most a.

As we have mentioned before, the global form of the structure theorem (even in
the stronger version given by Theorem 5.29) is not well suited for arguments such as
the proof of Theorem 9.2 which require one to show that specific topological minors
or other substructures appear in the graph. The local form, especially in the version
given in Theorem 5.30 guaranteeing a respectful tangle of large order, is much more
practical, both because it is directly amenable to tools we developed in Sect. 4.5,
and because it gives us a better control over the way the rest of the graph attaches to
the piece we study.
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As a bonus, we are going to obtain a strong local form of Theorem 9.2. Given a
vertex tangle 7 of order 6 in a graph G and a positive integer A < 6, a vertex v €
V(G) is (T, A)-free if there is no vertex separation (A, B) € 7 of order less than
A such that v € A\ B. Note in particular that if v is (7, A)-free, then degv > A,
since otherwise we could let A = N[v] and B = V(G) \ {v}; we have (A, B) € T
by Observation 2.18, since (A, V(G)) € 7 by (T2).

Theorem 9.3 For every large-degree-outerplanar graph H, there exist integers ay
and 0 > ayg + A(H) such that the following claim holds. Let T be a tangle of order
at least 0 in a graph G. If H is not a topological minor of G, then there exists a set
X C V(G) of size at most agy such that no vertex of G — X is (T — X, A(H))-free.

Thus, we actually get control of vertices of degree at least A(H), rather than
only of those of degree at least a for the larger integer a depending on H as in
Theorem 9.2. This is important in applications such as proving well-quasi-ordering
on special topological minor-closed classes, where one needs to argue that G is
“simpler” than the forbidden topological minor H; see [5—7] for more details.

Let us remark that Theorem 9.2 implies the following degeneracy-like approx-
imate characterization of graphs avoiding a large-degree-outerplanar topological
minor. The oco-admissibility of an ordering vy, ..., v, of vertices of G is the
minimum integer d such that for every i € [n], G contains at most d paths from
v; to {vy, ..., vi_1} which intersect only in v;. The co-admissibility of a graph G is
the minimum of co-admissibilities of all orderings of its vertices.

Corollary 9.4 Let G be a class of graphs closed under topological minors. The
following claims are equivalent:

(a) G does not contain all large-degree-outerplanar graphs.

(b) There exists an integer a such that every graph in G is obtained by clique-sums
from graphs of h-index at most a.

(c) There exists an integer d such that every graph in G has oo-admissibility at
most d.

Proof The implication (a) = (b) clearly follows from Theorem 9.2.

To prove (b) = (c), we show a stronger claim. We say that a graph G has
clique-relative oco-admissibility at most d if for every clique K in G, there exists
an ordering vq, ..., v, of vertices of G of oo-admissibility at most d such that
V(K) = {vi1, ..., vr}. We now prove by induction on the number of vertices that if
G is obtained by clique-sums from graphs of h-index at most a, then it has clique-
relative co-admissibility at most 2a.

Indeed, if G itself has h-index at most a, then clearly every clique K in G has at
most a + 1 vertices. Consider an ordering of vertices of G where we put first V (K),
then all other vertices of G of degree greater than a, then all other vertices of G.
If a vertex v € V(G) has degree at most a, then there are at most a paths from it
intersecting only in v. If v has degree more than a, then there are at most 2a vertices
preceding it in the ordering. Consequently, it follows that G has clique-relative co-
admissibility at most 2a.
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Suppose now that G is a clique-sum of graphs G| and G; on a clique K.
Consider any clique K in G; without loss of generality, we can assume that K is
a clique in G1. By the induction hypothesis, there exists an ordering L of vertices
of G of co-admissibility at most 2a starting with V(K), and an ordering L, of
vertices of G, of oo-admissibility at most 2a starting with V(K’). Let L be the
ordering of V(G) obtained by concatenating L; with L, — V(K'). Since K’ is a
clique in G, any path P in G with both ends in V (G1) can be transformed to a path
P1 in G| with the same ends and with V(P;) € V(P). Moreover, any path in G
starting in a vertex v € V(G») \ V(K’) and ending in a vertex u preceding v in L
can be truncated on the first vertex belonging to K’ (if any) to obtain a path in G,
from v to a vertex preceding it in L. From these observations, we conclude that L
is an ordering of the vertices of G of co-admissibility at most 2a.

Finally, to prove (c) = (a), consider the graph H obtained from a large wall
by choosing (d 4+ 1)(d + 2) edges in the boundary of its outer face that do not
share endpoints, subdividing each of them, and adding d + 2 vertices of degree
d + 1 adjacent to the resulting vertices of degree two in a planar fashion. Then H
is large-degree-outerplanar, but it is easy to see that every ordering of V(H) has
oo-admissibility at least d 4 1: Let v be the last of the vertices of degree d + 1 in the
ordering, and observe that H contains paths from v to all other vertices of degree
d + 1 intersecting only in v. Therefore, H ¢ G. O

9.1 Untangling the Cuts

To prove Theorems 9.2 and 9.3, we are going to need two Erd6s-Pésa type results
developed in [6, 9]. First, let us make an observation on free sets in tangles. Let 7~
be a vertex tangle of order 6 in a graph G, let d be a positive integer, and let W be
a T-free subset of V(G). We say that a set W D W of size less than 0 blocks all
non-free d-extensions of W if for every set Q € V(G) \ W’ of size d, if W U Q
is not 7-free, then Q is not (7 — W’)-free in G — W’. Consider a vertex separation
(A, B) and a vertex v € A N B. We say that a vertex separation (A’, B") gouges off
vfrom (A,B)if AC A’and B’ C B\ {v}.

Lemma 9.5 ( 95) For all positive integers k and d, there exists a positive integer
k" such that the following claim holds. Let T be a vertex tangle of order 0 > k' ina
graph G. For every T-free subset W of V(G) of size k, there exists a set W’ of size
at most k' that blocks all non-free d-extensions of W.

Proof Letk' = Y (k +d)'t".

For any vertex separation (A, B) € 7 and any vertex v € A N B, if there exists
a vertex separation in 7~ which gouges off v from (A, B) of order less than k 4 d,
then let (A,, By) be one of smallest order and subject to that with | B, | minimal; if
no such vertex separation exists, we say that v is fixed in (A, B).

Let Ay = {(W, V(G))}. Fori = 1,...,d 4+ 1, let us construct a set A; C 7 as
follows: For every (A, B) € A;_1 and every v € AN B not fixed in (A, B), include
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(Ay, By) in A;. Since each vertex separation in ‘A;_1 has order less than k 4 d, we
have |A;| < (k + d)|A;_1], and by induction, |A;| < (k + d)'.

Moreover, note that |[A, N B,| > |AN B| in this construction when i > 2. Indeed,
(A, B) itself was chosen as (Cy,, Dy,) for some (C, D) € A;_randw € C N D,
which implies that there is no vertex separation (A’, B") € 7 of order at most |ANB|
with A € A’ and B’ C B. Since W is 7-free, the vertex separations in A; have order
at least k; by induction, every vertex separation in A; has order at least k +i — 1.
In particular, it follows that Ay = @.

Let

d
w=J) | @nn,

i=0(A,B)eA;

and observe that |W'| < k'.

Consider now any set Q C V(G) \ W’ of size d such that W U Q is not 7-free.
Hence, there exists a vertex separation (C, D) € 7 of order less than k 4 d such that
WU Q C C. Let us choose such a vertex separation of smallest order and subject to
that with |D| — |C| minimal. Let i € {0, ..., d} be maximal such that there exists a
separation (A, B) € A; with A € C and D C B; such i exists, since this holds for
(W, V(G)) € Ap. We claim that

* ANBCCND

Indeed, suppose for a contradiction that there exists a vertex v € (AN B) \ (C N D).
Since A € C, we have v ¢ D, and thus (C, D) gouges off v from (A, B). This
implies that v is not fixed in (A, B), and thus (A,, B,) € A;+1. Note that the vertex
separation (A1, By) = (A, N C, B, U D) gouges off v from (A, B);if |[A1 N By| <
|[Ay N By, then (A1, B1) € 7 by Observation 2.18 and (A1, B1) would contradict
the minimality of the order of (A, By). Therefore, we have |A| N By| > |A, N By,
and by (1.1), the vertex separation (A3, By) = (A, U C, B, N D) has order at most
|C N DJ|. By (T1), we have (A3, B2) € 7. Recall we chose (C, D) as a vertex
separation of order less than k + d and with W U Q C C so that | D| — |C| minimal,
and since W U Q C Ay, it follows that |By| — |A2| > |D| — |C]. This implies
that A, € C and D C B,. However, since (A,, By) € A;+1, this contradicts the
maximality of i. Therefore, (x) holds.

Since |[ANB| > kand |CND| < k+d, we have |(CND)\W'| < [(CND)\ (AN
B)| < d. Therefore, (C\ W, D\ W) € 7 — W' is a vertex separation in G — W’
of order less than d and with Q € C \ W', showing that Q is not (7 — W')-free.
Therefore, W’ indeed blocks all non-free d-extensions of W. O

As a consequence, we obtain an Erdds-Pdsa type result on combining free sets.

Corollary 9.6 ( &) For all positive integers m and d, there exists a positive integer
k1 such that the following claim holds. Let T be a vertex tangle of order 6 > ki in
a graph G, and let Q be a system of T-free subsets of V(G) of size d. Then either Q
contains m pairwise vertex-disjoint sets Q1, ..., Qu such that Q1 U ... U Q,, is
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T-free, or there exists a set W' C V(G) of size at most ki such that no set Q € Q
disjoint from W’ is (T — W')-free in G — W'.

Proof Let k; be the maximum of the constants &’ from Lemma 9.5 applied with
k = m'd form’ € [m — 1]. Let m’ < m be maximal such that there exist pairwise
vertex-disjoint sets Q1, ..., O, € Q for which W = Q; U ... U Q,, is T-free. If
m’ = m, then the first outcome holds. Otherwise, by Lemma 9.5, there exists a set
W’ D W of size at most k; that blocks all non-free d-extensions of W. Since m’ is
maximal, for every Q € Q disjoint from W', the set W U Q is not 7-free, and thus
Q isnot (T — W')-freein G — W'. O

Given a graph G and disjoint subsets X and Y of its vertices, a d-cone from X
to Y is the union of d paths between a vertex x € X and the set Y, where the paths
pairwise interesect only in x and they intersect Y only in their ends. We say x is
the tip of the cone, and the ends of the paths in ¥ form the base of the cone. From
Corollary 9.6, it is easy to obtain an Erd6s-Pdsa result for cones.

Corollary 9.7 For all positive integers m and d, there exists a positive integer k;
such that the following claim holds. Let G be a graph and let X, Y < V(G) be
disjoint. Then either G contains m pairwise vertex-disjoint d-cones from X to Y, or
there exists a set Z C V (G) of size at most ky such that G — Z does not contain any
d-conefrom X\ ZtoY \ Z.

Proof ( %) Let k; be the constant from Corollary 9.6 and let ko, = [3k;/2]. Without
loss of generality, we can assume that Y is a clique. Moreover, we can assume that
|Y| > ko, as otherwise we can let Z = Y. Let 7 be the set of vertex separations
(A, B) of G of order at most kj such that Y € B. The argument given at the end of
Sect. 2.5 shows that 7 is a vertex tangle of order k1 + 1.

A d-cone top is a T-free set consisting of a vertex of X and d — 1 of its neighbors.
Let Q consist of all d-cone tops. Let us consider the two possible outcomes of
Corollary 9.6:

* Suppose first that there exist pairwise vertex-disjoint sets Q1, ..., O € Q such
that W = Q1U...UQ,, is T-free. For any vertex separation (A, B) of G of order
at most k; with W € Aand Y € B, we have (A, B) € 7 by the definition of 7~
and |ANB| > |W]| by the 7-freeness of W. Hence, Menger’s theorem implies that
G contains |W| pairwise vertex-disjoint paths from W to Y. For each i € [m],
the star in G[Q;] with center in X together with the paths from Q; to Y gives
rise to a d-cone, and thus G contains m pairwise vertex-disjoint d-cones from X
toY.

e Next, suppose that there exists a set Z € V(G) of size at most k; such that no
set Q € Q disjoint from Z is (7 — Z)-free in G — Z. Suppose that there exists a
d-cone C from X \ Zto Y \ Zin G — Z, and let Q consist of the tip of C and
d — 1 of its neighbors in C. Consider any vertex separation (A, B) € 7 — Z with
Q C A.Since (A, B) e T—Z,wehave Y \ Z C B. Since C contains d pairwise
vertex-disjoint paths from Q to Y \ Z, it follows that |A N B| > d, and thus Q is
(T — Z)-free. Moreover, this implies that Q is 7-free, and thus Q € Q. This is a
contradiction, and thus no such d-cone exists in G — Z.

O



9.2 Structure in Minor-Free Graphs 239
9.2 Structure in Minor-Free Graphs

Our next step will be to prove the Theorem 9.3 under the additional assumption that
G avoids another fixed graph H’ as a minor controlled by the tangle. This enables
us to apply the Local Minor Structure Theorem to G; we are going to need the
stronger form stated in Theorem 5.30. First, let us argue that free vertices must be
fairly localized.

Lemma 9.8 For any planar graph H with A(H) > 4 and any surface X, there
exist integers | and Y such that the following claim holds. Let G be a graph not
containing H as a topological minor and let T be a tangle in G. Let v >
be an integer and let (So, S1) be a solid bisegregation of G with a (T, {)-spread
arrangement on Y and with the surface tangle 7. There exists a set U C V (1 (Sy))
of size less than |H | such that for every (T, A(H))-free vertex v € V(G), either

* there exists S € So withv € V(S) \ V((S1)), or
e veV(m(Sy)) anddr;-O(U, V) < .

Proof Let D = A(H)and k = D?+48D+5. Let Hy be the matching obtained from
H by subdividing all edges twice and deleting the original vertices of H. Let 6 be
the constant from Theorem 4.32 for Hy and X, and choose ¥ > u > 0, |H|, |H]||.

Suppose first that there exists a set R of (7, D)-free vertices of 7 (S;) such that
|R| = |H| and dq-o(u, v) > u for all distinct u, v € R. For each vertex v € R, we
use Theorem 4.21 to find a free k-local (D + 1) x D battlefield (R,, Py) around v in
7 (81), let A, be the k-zone around v bounded by the outer cycle of the battlefield,
and let Z, the set of ends of the paths of the battlefield in bd(A,). Note that the
set Z, is free in the tangle obtained from 7 by clearing the zone A, and thus also
To-free and 7-free. Since v is (7, D)-free and Z, is T-free, there is no separation
(A, B) of G of order less than D with v € V(A) \ V(B) and Z, C B, as neither
(A, B) nor (B, A) could belong to 7. By Menger’s theorem, G contains a system
Q, of D paths from v to Z, intersecting only in v. Since S is solid, the cycles and
paths of R, and £, in the minor 7(S1) of G correspond to cycles and paths in G,
and the standard “linking through a cylindrical grid” argument shows that we can
assume that the paths of Q, intersect 77 (S1) only in their ends in Z,, and in vertices
drawn in the interior of A,.

Let G’ be the graph and 7 the respectful tangle obtained from 7(S;) and
To by clearing the zones A, for all v € R. Let f, denote the face obtained by
clearing A,. Since ¥ > 6, D, for distinct u, v € R, we have d,r/(fu, fv) = 6.
By Observation 4.26, the set | J,.g Zy is 7'-free. Let 0 : R — V(H) be an
arbitrary bijection. Since H is planar, we can draw itin X so that for each v € R, the
vertex o (v) is drawn in A, the edges incident with o (v) intersect A, in their initial
segments ending in vertices of Z,, and all other edges are disjoint from A,. Consider
the corresponding drawing of Hy in X \ (J,cg fv, and let p : V(Ho) = U,cr Zv
be the injective function mapping each vertex of Hy to the vertex of (J,cz Zv
represented by the same point. By Theorem 4.32, there is a p-rooted model of Hy
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in G’, and since S; is solid, this model corresponds to a linkage Q in G joining
for each xy € E(Hp) the vertex p(x) with the vertex p(y). Combining Q with
Uyper Qu gives us H as a topological minor of G, which is a contradiction.
Therefore, no such set R exists. Hence, letting U be a maximal set of (7, D)-
free vertices of (S1) such that d«7-0 (x,y) > p for all distinct x, y € U, we have
|U| < |H|. Consider a (7, A(H))-free vertex v € V(G).If v € V(71(S1)), then the
maximality of U implies that drro (U, v) < u. Otherwise, there exists S € So U S
with v € V(S) \ V((S})). Since v is (7, D)-free and D > 4, it cannot be the case
that § € Sy, asin thatcase v € V(S) \ V(7 (S1)) C V(S)\dS and |9S5| <3 < D.
Therefore, we have S € Sy, and the first outcome of the lemma holds. O

According to the previous lemma, we need to deal with two kinds of (7, A)-free
vertices: Those contained in vortex-like parts, and those in the surface part close to
a fixed vertex. This is something which often happens in applications of the Minor
Structure Theorem. Conveniently, in the latter case, the bounded-radius piece of the
surface part can be encapsulated in a vortex-like piece; and thus we can handle both
cases by the same argument. To prove this, we need a variation on Corollary 4.16.

Lemma 9.9 Let G be a graph with a cellular drawing on a surface ¥ and let T
be a respectful tangle in G of order 6. For every vertex or face a of G and every
positive integer u such that 4y + 3 < 0, there exists a cycle C in G bounding a
QBu 4+ 3)-zone A around a such that

* every atom b of G with dgq-(a, b) < w is contained in the interior of A, and
* forevery vy, vy € V(C), there exists a path in Rg N A from vy to vy of length at
most S + 4.

Proof (3») If there exists a cycle K in Rg of length at most 2u with pg(a) €
ins ~(K), then choose such a cycle K with ins¢-(K) maximal; otherwise, let K =
pc(a). Let X be the set of vertices of G in insq-(K) or at (graph) distance at most
2u from K in the graph Rg. Clearly, we have d7~0 (a,x) < 3u for every x € X.
By Corollary 4.16, there exists a (3 + 3)-zone A’ in G around a bounded by a
cycle C’ whose interior contains all vertices of G at distance at most 3u from a; in
particular, all vertices of X are drawn in the interior of A,

Let Gg be the component of G — X containing C’, and let f be the face of Gg
containing a. Note that all vertices of X are contained in f. Since G¢ is connected
and the face f is contained in the disk A’, f is a cellular face.

Consider any vertex u of G with dg-(a,u) < p, and let F be a (pg(a), u)-
restraint of perimeter at most 2u. If F is contained in the interior of ins4-(K),
then u € insq-(F) C insq(K) and u € X. Otherwise, note that F' contains
either pg(a) or a cycle K’ of length at most 2u with pg(a) € insT(K’), and
by the maximality of ins¢(K), in both cases we conclude that F intersects K.
Consequently, V(F) N V(G) € X,and F C f. Since f is cellular and contained
in A" and since insq-(F) € A’ by Lemma 4.17, we have u € insq-(F) C f.In
conclusion, f contains all vertices of G at dr]-distance at most u from a. Observe
that any other atom b of G at dj—distance at most p from a is incident with such a
vertex, and thus b is also contained in f.
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Note that there exists a cycle C in the boundary of f such that the disk A € A’
bounded by C contains f. The disk A is a (3u + 3)-zone, since it is a subset of A’.
Consider any vertices vy, vo € V(C). Fori € [2], let f; be a face of G incident with
v; and contained in f. Clearly, the face f; is incident with a vertex v; € X, and thus
there exists a path P; in Rg N A from v; to K of length at most 24 + 2. The union
of P1, P>, and a shortest path in K between the ends of P; and P, gives a path of
length at most 5 + 4 between vy and v in Rg N A. O

We are now ready to turn a bounded-diameter region into a vortex-like society.
Given a graph G and its bisegregation (Sp, S1) with an arrangement on a surface
3, we say that a closed disk A C X is (S, S1)-normal if for every S € So U Sy,
either 7(S) € A,or7(S) N A = . Let us remark that if A is a zone in 77 (S}), then
it is (Sp, S)-normal. Let G( So. Sl)[A] denote the society whose underlying graph
consists of

U S

SeSoUS|.T(S)CA

and the vertices of 7(Sg U 81) drawn in bd(A), and whose boundary consists of
these vertices in order in which they are drawn in bd(A).

Lemma 9.10 Let G be a graph, let T be a tangle in G, and let u be a positive
integer. Let (So, S1) be a solid (m, §)-simple bisegregation of G with a (T, V)-
spread arrangement on a surface ¥ with the surface tangle T, where m, §, and
Y > 6 + 7 are non-negative integers. Let a be a vertex or face of w(Sy). There
exists a (3 + 3)-zone A around a in the drawing of w(8S1) such that

e every atom of w(Sy) at d7~0 -distance at most | from a is contained in the interior
of A, and
G (S,.S[Ais G + 8 + 5)-vortex-like.

Proof (3-) Let A be the (3 + 3)-zone obtained using Lemma 9.9, and let C be
the cycle bounding it. If there exists Sy € Sp such that 7(Sp) is contained in A,
then let fy be the face of 7(S;) containing 7 (Sp). Note that such Sy is unique,
since the dr]-o -distance between any two such faces is at least iy > 6 + 7, but the
dr]—O -distance between any atoms in the (3 + 3)-zone A is at most 6 + 6.

Let F = G(SO,SI)[A]' We need to argue that F is (%,u + 8 + 5)-vortex-like.
Consider distinct vy, v2 € F = V(C), and let P be a path of length at most 5« + 4
between them in Rn(Sl) N A.Let R = V(F)N V(P) and note that |R| < %u + 3.
In case that pn(S”(fo) € V(P), let u| and u), be the neighbors of pn(S,)(fO) in
P, and observe that for i € [2], u; is incident with the same face of 7(Sp U Sy)
as a vertex u; of 35p. Let Q be any (9[y,,v,) F, 9[v,,v) F)-linkage in F. Observe that
for each Q € Q, the path Q either intersects R U {uy, up}, or contains a subpath
in So from 9y, uy) S0 t0 duy,uy)So. Since Sy is §-vortex-like, it follows that |Q| <
IRI+24+8=3un+8+5. O
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We now aim to show that unless all (7, A)-free vertices in a single vortex can
be cut off by a small set of vertices, we can find many disjoint cones out of the
vortex, link them out through a battlefield surrounding the vortex to a free set Z in
the boundary of the battlefield, and use Theorem 4.32 to obtain the forbidden large-
degree-outerplanar graph as a minor. An issue is that we do not have much control
over the order of the ends of distinct cones in Z, and to apply Theorem 4.32, we
need them to be consecutive. This is achieved in the next two lemmas. First, let us
argue that if we take a §-vortex-like society Sp (i.e., one without a transaction of
size more than §) and combine it with a planar (up to 3-separations) neighborhood
around it, the resulting society still does not have a large transaction consisting only
of paths intersecting So.

Lemma 9.11 Let G be a society and let ({So}, S1) be a (1, 8)-simple bisegregation
of G with an arrangement in the disk. Let P be a transaction in G. If all paths of P
intersect Sy, then |P| < § + 2.

Proof Let u and v be vertices of 3.5 such that each path in ¥ starts in 9, )G and
ends in 9[y,,)G. Let Py, ..., P, be the initial segments of paths in % till their first
vertex in 9.5y, ordered according to the order of their ends in 9|, .,)G. Let v and v,
be the ends of P; and P,, in 9.Sy. Consider any path P € P whose initial segment is
neither Py nor P,,. Since P ends in 9| ,)G and does not cross P U P,,, observe that
P N Sy must contain a segment from 9y, ,y,,)S0 t0 d(y,,,v;)S50. Since these segments
form a transaction in Sp, there are at most § of them in total, and thus |P| < § + 2.
O

Next, let us apply this lemma to disentangle cones. Let G be a society. We say
that d-cones Cy, ..., C; from V(G)\dG to G are consecutive if there exist vertices
V1, ..., g; in 0G in order such that for i € [¢], the base of C; is {vai—1)+1, ..., Vai}-

Lemma 9.12 Let G be a society and let ({So}, S1) be a (1, §)-simple bisegregation
of G with an arrangement in the disk A, let d > 2 be an integer, and let C be a set
of pairwise vertex-disjoint d-cones from V (Sy) to 0G. For any positive integer t, if
|C| = (8§ + 2)t, then C contains a subset of t consecutive d-cones.

Proof Let us choose a point p € bd(A) not in dG arbitrarily, and for each C € C,
let Ic be a minimal interval of bd(A) \ {p} containing the base of C. Let F be the
auxiliary graph with vertex set C in which distinct d-cones C, C’ € C are adjacent
if and only if I¢c N I #£ (.

Suppose first that F' has a clique K of size § + 3. Hence, there exists a point
g € bd(A) not in dG such that for each C € K, I¢ contains ¢g. In other words,
the base of C has vertices u¢ and vc in different components of bd(A) \ {p, q}.
Note that C contains a path Pc from uc to vc passing through the tip of C in Sp.
However, {Pc : C € K} is a transaction of size |K| = § + 3 in G, contradicting
Lemma 9.11.

Therefore, F has clique number at most § + 2. Since F is an interval graph, its
chromatic number is equal to its clique number, and thus x (F) < § + 2. Therefore,
F contains an independent set Cg of size at least |C|/(§ + 2) > ¢, and the d-cones
in Cp are consecutive. O
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We are now ready to obtain the desired lemma on (7, A)-free vertices in a
bounded radius region.

Lemma 9.13 For all integers 1,t,8 > 1 and d > 2, there exist integers A and
Yo > 2 such that the following claim holds. Let G be a graph, let T be a tangle in
G, and let (So, S1) be a solid (m, §)-simple bisegregation of G with a (T, ¥r)-spread
arrangement on a surface X with the surface tangle T, where m and ¥ >
are non-negative integers. Let a be a vertex or face of w(S1) and let X be a set
of (T, d)-free vertices of G such that for each x € X, either x € V(n(S1)) and
d«7-0 (a,x) < u, or x € V(S) for some S € Sy such that the vortex face f of S
satisfies d7-0 (a, f) < w. Then either

* there exists a set R C V(G) of size at most A such that no vertex of X \ R is
(7"— R,d)-freein G — R, or

* there exists a A-zone A around a in the drawing of w(S1) such that the society
F=G So. Sl)[A] contains t consecutive pairwise vertex-disjoint d-cones from
V(F)\ OF to 3F, and the union Z of their bases is T -free, where T is the
tangle obtained from T by clearing the zone A.

Proof Choose o > L > >« > u,d,t,4.

Since ¢ >> A, there exists at most one Sy € Sp such that the vortex face fj of
So satisfies d7~0 (a, fo) < A If df]—O (a, fo) < pnor dr]-()(a, fo) > B or no such Sy
exists, then let u’ = p and ' = B, otherwise let ' = B and A’ = A. Let A be the
(3’ + 3)-zone around a obtained using Lemma 9.10, let Fy = G(SO,SI)[AO] and
note that X € V (Fp) \ 9 Fy and Fy is §'-vortex-like, where §' = [%,u’ +68+5].

Letr = (8'+2)t. By Theorem 4.21, there exists a free A’-local (dr+1) x (k +dr)
battlefield in 7 (S1) containing A in its egg. Let A be the A’-zone bounded by the
outer cycle C of the battlefield and let Zy be the 7 ,-free set of ends of the paths of
the battlefield. Let F = G g, s,)[Al; by the choice of 41" and X', F has a (1, §')-
simple bisegregation ({Fp}, S}) with an arrangement in A.

Suppose first that F' contains a set C of r pairwise vertex-disjoint d-cones from
X to V(C). By the standard “linking through a cylindrical grid” argument, we can
assume that bases of these d-cones are subsets of Zy. By Lemma 9.12 applied to F,
we can select from C a subset of ¢ consecutive d-cones, implying that the second
conclusion of the lemma holds.

Hence, suppose that F does not contain r pairwise vertex-disjoint d-cones from
X to V(C), and thus by Corollary 9.7, there exists a set R C V (F) of size at most
k < X suchthat F— R does not contain any d-cone from X\ R to V(C)\ R. We claim
that no vertex x € X \ Ris (7 — R, d)-free in G — R, and thus the first conclusion
of the lemma holds: Otherwise, consider a (7 — R, d)-free vertex x € X \ R. Note
that the set Zg \ R of size at least d is (7 — R)-free. It follows that G — R has no
vertex separation (A, B) of order less than d withx € A\ B and Zgp \ R C B, as
neither (A, B) nor (B, A) could belong to 7 — R. By Menger’s theorem, it follows
that G — R contains d paths from x to Zj \ R intersecting only in x. By truncating
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these paths on the first vertices belonging to C, we conclude that F — R contains a
d-cone from X \ R to V(C) \ R, which is a contradiction. O

In combination with Theorem 4.32, we can eliminate the second outcome from
Lemma 9.13 for graphs avoiding a large-degree-outerplanar graph as a topological
minor.

Corollary 9.14 For all positive integers 1 and §, every surface X, and every large-
degree-outerplanar graph H, there exist integers A and Yo > 2\ such that the
following claim holds. Let G be a graph not containing H as a topological minor,
let T be a tangle in G, and let (So, S1) be a solid (m, §)-simple bisegregation of G
with a (T, ¥r)-spread arrangement on % with the surface tangle T¢, where m and
Y > Y are non-negative integers. Let a be a vertex or face of m(S1) and let X be a
set of (T, A(H))-free vertices of G such that for each x € X, either x € V (1(Sy))
and dr;-o (a,x) < u, orx € V(S) for some S € Sy such that the vortex face f of S
satisfies d7—0 (a, f) < . Then there exists a set R € V(G) of size at most A such
that no vertex of X \ R is (T — R, A(H))-free in G — R.

Proof Without loss of generality, we can assume that H is simple and triangle-free,
since subdividing the edges of H preserves the large-degree-outerplanarity. Let Vj
be the set of vertices of H of degree at least four. Let Hy be the graph obtained
from H by, for each vertex v € Vj, subdividing once all edges incident with v and
deleting v (the edges between distinct vertices of Vy are subdivided twice); let T,
be the set of neighbors of v in Hy. Let T = UveVo T,, and note that all vertices
of T have degree one in Hy and all other vertices of Hp have degree at most three.
Moreover, Hy has a drawing in the plane such that the vertices of T are incident

with the outer face of Hy, and there exists an ordering vy, ..., v; of Vp so that in
the facial walk of the outer face of Hp we first encounter all vertices of Ty, then all
vertices of Ty,, ..., and finally all vertices of T,.

Let 6 be the constant from Theorem 4.32 for Hy and X. Let A and v be as in
Lemma 9.13 for u, d = A(H), ¢, and §; without loss of generality, we assume that
Yo > 6, A

The first outcome of Lemma 9.13 matches the desired outcome of this corollary.
Hence, suppose that the second outcome holds, and thus there exists a A-zone A
around a in the drawing of 7 (S1) such that the society F = G So. Sl)[A] contains
t consecutive pairwise vertex-disjoint A(H)-cones Cq, ..., C; from V(F) \ 9F to
0 F, and the union Z of their bases is 7 6—free, where 7~ 6 is the tangle obtained from
7o by clearing the zone A.

Since H has a plane drawing such that all vertices of V{ are incident with the
outer face (in order vy, ..., v;), we can draw H on X so that each vertex of V)
is drawn in the interior of A, for each i € [¢] the initial segment of each edge
incident with v; is drawn in A and intersects bd(A) in a point corresponding to a
vertex of the base of C;, and the drawing is otherwise disjoint from A. Consider
the corresponding drawing of Hy, and let p : T — Z map each vertex of T to the
vertex of Z represented by the same point. Since ¢ >> A, 8, Theorem 4.32 implies
that there is a p-rooted model of Hj in the graph obtained from 7 (S;) by clearing
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the zone A. Let G’ be the union of the cells § € S; such that T(S) & A. Since S
is solid, Observation 5.10 implies that Hy is also a p-rooted minor of G’, and since
Hp has maximum degree at most three and the vertices of T have degree one, Hy is
actually a p-rooted topological minor of G’. In combination with parts of the cones
Ci, ..., C;, this shows that H is a topological minor of G, which is a contradiction.

O

We can now further combine this result with Lemma 9.8, applying Corollary 9.14
separately in the following cases and taking the union of the sets R obtained in each
of them:

e For each vertexa € U.
e Foreach § € Sy, letting a be the vortex face of S.

This gives the following conclusion.

Corollary 9.15 For all integers m > 0 and § > 1, every surface ¥, and every
large-degree-outerplanar graph H with A(H) > 4, there exists an integer )\ such
that the following claim holds. Let G be a graph not containing H as a topological
minor, let T be a tangle in G, and let (So, S1) be a solid (m, §)-simple bisegregation
of G with a (T, r)-spread arrangement on X, where ¥ > A. Then there exists a set
R C V(G) of size at most A such that no vertex of X \ R is (T — R, A(H))-free in
G —R.

Finally, by combining this corollary with the strong form of the Local Minor
Structure Theorem, we show that Theorem 9.3 holds if an additional minor is
forbidden.

Lemma 9.16 For every graph H' and every large-degree-outerplanar graph H,
there exist integers ag and 6y > aog + A(H) such that the following claim holds.
Let T be a tangle of order at least 0y in a graph G, and suppose that T does not
control a minor of H'. If H is not a topological minor of G, then there exists a set
X C V(G) of size at most ay such that no vertex of G — X is (T — X, A(H))-free.

Proof We can assume that H' is non-planar, as otherwise Theorem 2.37 and
Corollary 4.33 imply that if G has a tangle 7 of large order, then 7 controls a minor
of H' in G. Similarly, if G has a tangle of large order, then it contains H as a minor,
and since it does not contain H as a topological minor, we can assume A(H) > 4.

Let . : N — N be the function such that for a positive integer §, A(5) is the
maximum of the constants A from Corollary 9.15 for H’-avoiding surfaces ¥, m =
crg(H') — 1, and the given H and 8. Let ¥ (a, §) = A(8) for every non-negative
integer a. Let a, 8o, and 6 be the constants from Theorem 5.30 for H' and . Let
ap = o + maxs<s, A(8) and 8y = max(6, ap + A(H)).

By Theorem 5.30, there exists a set A € V(G) of size at most « such that for
some § < 8y, G — A has a solid (crg(H’) — 1, §)-simple bisegregation with a
(T— A, 1(8))-spread arrangement on an H’-avoiding surface X. By Corollary 9.15,
there exists a set R C V(G — A) of size at most A(§) < ag — « such that no vertex
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of G—(RUA)is (T —(RUA), A(H))-free. Hence, the claim of the lemma holds
with X = RU A. O

9.3 Dealing with a Clique Minor

The main result in its local form (Theorem 9.3) now easily follows using the linking
through a clique minor technique from Sect. 3.1. First, let us restate Theorem 3.1 in
terms of tangles controlling a clique minor.

Lemma 9.17 For any graph H, there exists a positive integer k > |H| such that
the following claim holds. Let G be a graph with a vertex tangle T of order at least
k that controls a model v of Ky in G. Let p be a bijection between a subset dom(p)
of V(H) and a set R of vertices of G. If R is T-free, then H is a p-rooted minor
of G.

Proof We can assume that H is a simple graph (otherwise, subdivide its edges). Let
k = 2|H|. Suppose that a vertex separation (C, D) of order less than k separates v
from the roots, i.e., that R € V(C) and there exists u € V(Kj) such that v(u) C
D — V(C). Since 7 controls v, it follows that (D, C) ¢ 7, and thus (C, D) € 7.
Since R is T-free, it follows that |C N D| > |R|; i.e., every vertex separation that
separates v from the roots has order at least |R|. By Theorem 3.1, H is a p-rooted
minor of G. O

We also need the following claim about (77, d)-free vertices.

Lemma 9.18 Let d > 2 be an integer and let T be a vertex tangle of order at least
dinagraph G. Ifavertexv € V(G) is (T, d)-free, then there exists a set U C N (v)
of size d — 1 such that U U {v} is T-free.

Proof (%) First, let us show that rkq(N[v]) > d: Otherwise, there would exist a
vertex separation (A, B) € 7 of order less than d with N[v] € A. Without loss
of generality v ¢ B, as otherwise we could remove v from B and the resulting
separation would still belong to 7 by Observation 2.18. But then (A, B) would
show that v is not (7, d)-free, contradicting the assumptions.

By Observation 2.40, there exists a 7-free set C C N[v] of size d. If v € C,
then we can let U = C \ {v}; hence, suppose that v ¢ C. For each u € U, let
Cy = (C\ {u}) U {v}. If tkg(C,) = d, then we can let U = C,. Hence, we can
assume that rkg(Cy,) = d—1, and thus there exists a vertex separation (A, B,) € T
of order d — 1 with C;, € A,. Since 1kq«(C) = d, C cannot be a subset of A, and
thus u € B, \ A,. Hence, the neighbor v of u belongs to A, N By,.

Let us choose a vertex uy € C arbitrarily. By Lemma 2.41, we have d — 1 =
tkg(Cyy \ {v}) =< tkg(Ay,) = kg(Ay; N By,). By Lemma 2.44, G contains a
set P of d — 1 pairwise vertex-disjoint paths from Cy, \ {v} to A,, N B, . Since
|Ay, N Byl =d—1andv € A, N By, a vertex u of C,, is joined by a path
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P € P tov. Note that C \ {uy,uz} = C,, NCy, \ {v} € A,, N Ay, and P\
{P} is a system of d — 2 pairwise vertex-disjoint paths from C \ {u1, uz} to By,
not containing the vertex v € A,, N A,, N (B,, U B,,). Consequently, the vertex
separation (A,, N Ay,, By, U B,,) of G has order at least d — 1. By (1.1), the
separation (A,, UA,,, By, N B,,) has order at most d — 1 and belongs to 7 by (T1).
However, we have C C C,, UCy, € Ay, UA,,, which is a contradiction since C is
T-free. |

We are now ready to finish the proof of the local form of the main result, which
we restate for convenience.

Theorem 9.3 For every large-degree-outerplanar graph H, there exist integers ay
and 0 > ayg + A(H) such that the following claim holds. Let T be a tangle of order
at least 0 in a graph G. If H is not a topological minor of G, then there exists a set
X C V(G) of size at most agy such that no vertex of G — X is (T — X, A(H))-free.

Proof We can assume that A(H) > 4: The existence of a tangle of large order
implies that H is a minor of G by Corollary 2.34, and if A(H) < 3, this would also
imply that H is a topological minor of G. Without loss of generality, we can assume
that H does not contain any isolated vertices, as otherwise we can eliminate them
by adding pendant edges incident with them.

Let Hy be the matching obtained from H by subdividing each edge twice and
deleting the original vertices of H. Let k be the constant from Lemma 9.17 for Hy,
and let H' = K. Let a(, and ) be the constants ag and 6y from Lemma 9.16 for H’
and H. Letd = A(H). Let k1 be the constant from Corollary 9.6 for m = |H| and
d.Let 0 = max (), k1 + 1) and ap = max(a(, k).

We can assume that the tangle 7 controls a minor of H’, as otherwise the claim
follows from Lemma 9.16. Let Q be the set of all 7-free d-element subsets of V (G)
consisting of a vertex and d — 1 of its neighbors. Suppose first that there exists
a system {Q, € Q : v € V(H)} of pairwise vertex-disjoint sets such that the
set R = UUeV(H) Qy is T-free. For each vertex v € V(H), let ¢, € Q, be a
vertex adjacent in G to all other vertices of Q. Let p : V(Hp) — R map for each
v € V(H) the neighbors of v in Hy injectively to vertices of O, so that one of them
is mapped to ¢, (each vertex of H has at least one neighbor in Hy, since H does
not have isolated vertices). By Lemma 9.17, Hj is a p-rooted minor of G, and since
Hy is a matching, we can assume the model of this minor consists exactly of paths
in G between vertices of img(p). These paths combine with stars on G[Q,] for
v € V(H) to a topological minor of H in G, which is a contradiction.

Therefore, the union of any m = |H| pairwise vertex-disjoint sets from Q is not
T-free. By Corollary 9.6, there exists a set X € V(G) of size at most k1 < ay
such that no set @ € Q disjoint from X is (7 — X)-free in G — X. Thus, no set
Q' C V(G — X) consisting of a vertex and d — 1 of its neighbors is (7" — X)-free,
as otherwise Q' would also be 7-free and we would have Q' € Q. By Lemma 9.18,
we conclude that no vertex of G — X is (7 — X, A(H))-free. m|
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9.4 Local to Global

Finally, let us show how Theorem 9.3 implies the global form of the result,
Theorem 9.2. Theorem 9.3 implies that almost all large degree vertices can be cut
off by small cuts, and it might seem that that is all we need to use the standard way to
construct tree decompositions described after the proof of Lemma 2.16. However,
an issue is that the cuts separating different vertices may cross and thus not give
rise to a star decomposition of G. Hence, some postprocessing to avoid this issue is
needed.

Throughout most of this section, we are going to work in the following setting,
which we refer to as (x):

* Gy is agraph and 7 is a vertex tangle of order 8y in Gy.

e A <6 is a positive integer such that no vertex of G is (79, A)-free.

* For every vertex v € V(Go) of degree at least A, (Ay, By) € 79 is a vertex
separation with v € A, \ B, of smallest order, and subject to that with |A,]
minimal; and W, = A, \ B,.

¢ W consists of the sets W, that are inclusionwise-maximal, i.e., such that there is
no vertex v’ of degree at least A with W,y 2 W,,.

* Foreach W € W, vy is a vertex of degree at least A such that W = W,,,, (if there
are several vertices with this property, vy is chosen among them arbitrarily), and
M = {vw : W e W}

Note that the maximality of the sets in ‘W and the fact that for each set we chose
only one representative in M has the following consequence.

Observation 9.19 With the notation as in (x), for distinct vy, vy € M, we have
Wy, € Wy,.

Actually, even stronger claim holds.

Lemma 9.20 Let the notation be as in (%), and suppose that 6y > 2(A — 1). If vy
and vy are distinct vertices of M, then vy &€ Wy,.

Proof Let (A, B) = (Ay, N Ay,, By, U By,) and (A’, B') = (A, U Ay, By, N
B,,). Since 6y > 2(A — 1), Observation 2.18 and Lemma 2.22 imply that
(A, B),(A’, B’y € To. By (1.1), we have either |A’ N B'| < |Ay, N By,|, or
|[ANB| < |Ay, N By,|. Since vz € Ay, \ By, € A"\ B’, the former would contradict
the minimality of the order of (A,,, B,,). Hence, the latter holds.

If vi € A\ B, then the choice of (A,,, By,) implies that |[A N B| = [A,; N By, |
and |A,,| < |A]|. The latter implies A,, € A,,, and thus

|A0 B = [Ay N (By U Byy)| = [Av; O By + Ay N By, \ By, |-
Since |[A N B| = |Ay, N By, |, it follows that A,; N B,, € B,,. Hence,

sz N BUZ g (Avl N sz) U (AUZ \Avl) g Bvl-
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Fig. 9.1 The vertex A

; v B
separations from the proof of - v1
Lemma 9.21

\

Wy, Wy

Wi

We conclude that
WU] = AU] \ Bvl g sz \ (sz N sz) = sz \ sz = szv

which contradicts Observation 9.19.
Therefore, v ¢ A\ B. Since vi € Ay, and vi & By, this is equivalent to
V1 ¢ sz \ sz = WU2~ a

If the sets in ‘W were disjoint, we could simply use them as the rays of the desired
star decomposition. This is not quite true, but their intersections are restricted.

Lemma 9.21 Let the notation be as in (x), and suppose that 8y > 2(A — 1). If v
and vy are distinct vertices of M and Wy, N Wy, # @, then vi € Ay, N By, or
vy € Ay, N By,.

Proof Suppose for a contradiction that neither is the case. By Lemma 9.20, v; ¢
Ay, \ By,, and since vi & Ay, N By,, it follows that v; & A,,. Symmetrically, we
have v, & Ay,.

Fori € [2], let W; = Wy, \ Ay,_;, let B; = V(Go) \ W;, and let A; consist of
W; and the neighbors of W; in B;, so that (A;, B;) is a vertex separation of Gy, see
Fig.9.1 for an illustration. Observe that

|A1 N Bi| 4+ [A2 N Ba| < |Ay; N By, | + Ay, N By,

Indeed, for i € [2], all neighbors of W; in B; belong to (A, N By,) U (Ay, N By,),
and the vertices with neighbors both in Wi and W, belong to A, N By, N Ay, N By,.

By symmetry, we can assume that |A1 N By| < |A,, N By, |. Since W; € W,,, we
have A; € A, and Observation 2.18 implies that (A1, By) € 7. Since v € Wy,
and v; € A,,, we have vi € Wy = Ay \ By. The choice of (A,,, By,) thus implies
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that |[A1 N By| = |Ay, N By,| and |A1| > |Ay,|. This is a contradiction, since
Al C Ay and P # W, NW,, S Ay \ By, €Ay, \ Ay O

This implies that no vertex can be in too many elements of “W.

Corollary 9.22 Let the notation be as in (x), and suppose that 6y > 2(A — 1).
Every vertex of Go belongs to less than 2 A of the sets of ‘W.

Proof Consider a vertex u € V(Go) and let S € M consist of the vertices v € M
such that u € W,,. Let K be the complete graph with vertex set S and with the edge
vi vy directed towards vy if v2 € Ay N By, and towards vy if v € Ay, N By,; by
Lemma 9.21, each edge of K is directed in at least one direction. Moreover, the
outdegree of each vertex v € § is at most [A, N By| < A — 1. It follows that
K has at most (A — 1)|S| edges. Since K is a complete graph, this implies that
(“;‘) < (A —1)|S|, and thus |S| < 2A — 1. Hence, u is contained in at most 2A — 1
of the sets of W. O

Moreover, each element of W is disjoint from almost all others.

Corollary 9.23 Let the notation be as in (x), and suppose that 0y > 2(A — 1).
For every vertex u € M, there exist fewer than 2A* vertices v € M such that
W, N A, #0.

Proof Consider any vertex v € M such that W,, N A, # J. We claim that the set W,
intersects A, N By,. Note that Observation 2.18 implies that Go[ W, ] is connected, as
otherwise we could move from A, to B, the vertex set of a component of Go[W,]
not containing v, thus decreasing the size of A,. Moreover, each vertex of A, N B,
has a neighbor in W, as otherwise we could remove the vertex from A,. If W, were
disjoint from A, N By, then since v € B, by Lemma 9.20, it would follow that
W, € B, \ A, and A, C B,, contrary to the assumption that W, N A, # @.
Therefore, for every v € M such that W,,N A, # @, the set W, intersects A, N B,,.
By Corollary 9.22, there are less than 2A|A, N B,| < 2A? choices for v. O

We are now ready to prove the result on star decompositions. Let 7 be a vertex
tangle in Go. A star decomposition (S, 8) of Gg is To-central if for every ray x of
S, we have (B(x), B(S — x)) € To.

Lemma 9.24 Ler Go be a graph, let A be a positive integer, and let To be a vertex
tangle of order 0y > 2A3 in G. If no vertex of G is (T, A)-free, then G has a
To-central star decomposition (S, B) such that the torso of the center w of S has
maximum degree less than 2A*.

Proof Let the notation be as in (x). Let

c=(viGo\Jw)u Ju.ns)

veM

be the set of vertices of G obtained by excluding those strictly split off by the
vertex separations corresponding to ‘W, but keeping those of them that contribute to
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the boundaries of the separations. Let K1, ..., K,, be the components of Gy — C.
Let S be the star with m rays rq, ..., 1, and center w. Fori € [m], let B(r;) consist
of V(K;) and the neighbors of V(K;) in C, and let B(w) = C. Clearly, (S, B) is a
star decomposition of Gy.

Consider any vertex u € M. If a vertex z belongs to A, NC, then eitherz € A, N
B,,orz € W, and there exists v € M such thatz € A,NB,. By Corollary 9.23, there
are fewer that 2A2 choices for v, each of them contributing at most [A,NB,| < A—1
vertices z to A, N C. We conclude that |A, NC| < |Ay N By| +2A%(A —1) < 2A3
forevery u € M.

Consider any i € [m]. There exists # € M such that V(K;) N W, # {,
and since K; is connected and A, N B, € C is disjoint from K;, it follows that
V(K;j) € W, and B(r;) C A,. Therefore, |8(ri) N C| < |A, N C| < 2A3. Since
B(ri) € A,, Observation 2.18 implies that (8(r;), B(S — ri)) € To, and thus the
star decomposition (S, ) is To-central.

Consider any vertex z € C, and let us bound the degree of z in the torso G’ of w.
Suppose first that z € W, for some u € M, and in particular all neighbors of z in Gg
belong to A,. If z has a neighbor in K; for some i € [m], then since K; is disjoint
from A, N B, € C, this neighbor belongs to W,,. As we have argued in the previous
paragraph, this implies that V(K;) € W,,, and B(r;) N C < A, N C. Therefore, all
neighbors of z in G’ belong to A, N C, and thus deg; z < 2A3.

Suppose now that z ¢ [ ‘W. Every vertex of degree at least A belongs to | W,
and thus degG0 z < A. Hence, there exist less than A indices i € [m] such that z
has a neighbor in K;, and each of them contributes at most |5(r;) NC| < 2A3 to the
degree of z in G'. Therefore, degs z < 2A%,

In conclusion, the maximum degree of G’ is less than 2A%, O

In combination with Theorem 9.3, this gives us the desired star decompositions
of topological minor-free graphs.

Corollary 9.25 For every large-degree-outerplanar graph H, there exist integers
ay and 61 such that the following claim holds. Let T be a tangle of order at least
61 in a graph G. If H is not a topological minor of G, then G has a T-central star
decomposition (S, B) such that the torso of the center w of S has h-index at most ay.

Proof Let ay and 6 be the constants from Theorem 9.3. Let 6; = 6 + 2A3(H) and
ay = ap + 2A%(H).

Let X be a set of at most ag vertices of G such that no vertex of G — X is (7 —
X, A(H))-free. By Lemma 9.24, there exists a (7 — X)-central star decomposition
(S, B)) of G — X such that the torso of the center w of S has maximum degree less
than 2A*(H). For every node x € V(S), let B(x) = B/(x) U X; then (S, B) isa T~
central star decomposition of G. Moreover, only the vertices in X can have degree
at least ag + 2A*(H) in the torso G’ of w in the star decomposition (S, 8), and thus
G’ has h-index at most a. O

The global structure theorem now follows by the standard construction of tree
decompositions.
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Theorem 9.2 For every large-degree-outerplanar graph H, there exists an integer
a such that every graph G that does not contain H as a topological minor has a tree
decomposition whose torsos have h-index at most a.

Proof Let a; and 0; be the constants from Corollary 9.25, and let a = a; + 460;.
We are going to prove a strengthening of the theorem by induction on the number
of vertices:

(t) For every graph G that does not contain H as a topological minor and for
every set R C V(G) of size at most 30; — 2, the graph obtained from G by
adding a clique on R has a tree decomposition (7, ) whose torsos have h-index
at most a.

If |G| < 461 — 3, then we can simply let 7 be the single-node tree with bag V(G).
Hence, suppose that |G| > 461 — 2. We can without loss of generality assume that
|R| = 361 — 2, as otherwise we can add vertices to R. If there exists an R-balanced
vertex separation (C, D) of G of order less than 6y, then let Rc = C N (RU D) and
Rp = DN (R UC). Note that

Re < 3IRI+61 —1=3361 —2) + 61 — 1 <361 -2,

and similarly |Rp| < 3601 — 2. In particular, C # V(G) # D, since neither C nor
D contains all vertices of R. Let (T¢, B¢) and (Tp, Bp) be the tree decompositions
obtained by applying the induction hypothesis to G[C] with R¢c and G[D] with
Rp. By Lemma 2.3, there exist nodes xc € V(TI¢) and xp € V(Tp) such that
Rc € Bc(xc) and Rp € Bp(xp). Let T be the tree obtained from 7T¢ U Tp by
adding a new node x( adjacent to x¢ and xp. Let 8 match B¢ on T¢, Bp on Tp,
and let B(x9) = R U (C N D). Note that (T, g) is a tree decomposition of G and
[B(x0)| < 361 —2+4+60; — 1 = 401 — 3 < a. Moreover, note that the torsos of
the nodes in V(T) \ {xo} are the same as the torsos of the corresponding nodes
of T¢ and Tp; e.g., the torso of x¢ is the same in T¢ and in T, since (¢, B¢)
is a tree decomposition of the graph obtained from G[C] by adding a clique on
Rc = B(xc) N B(x). Hence, (1) holds for G.
Therefore, we can assume that R is 0;-unbreakable, and thus

Tr ={(C, D) : (C, D) is a vertex separation, |C N D| < 61, |R\ C| > %|R|}

is a vertex tangle of order 6; in G. By Corollary 9.25, G has a 7 g-central star
decomposition (S, Bp) such that the torso of the center w of S has h-index at most
ay. For eachray r of S, let R, = Bo(r) N (Bo(w) U R). Since (S, By) is 7 r-central,
we have |Bo(r) N fo(w)| < 6y and |R \ Bo(r)| > |R|, and thus |R,| < [Bo(r) N
Bo(w)| + |Bo(r) N R| < 6; + %|R| < 361 — 2 = |R|. By the induction hypothesis,
G[Bo(r)] together with the clique on R, has a tree decomposition (7, §,) whose
torsos have h-index at most a. By Lemma 2.3, there exists a node x, € V(7}) such
that R, € B(x,).
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Let (T, B) be the tree decomposition of G together with a clique on R obtained
from the disjoint union of the tree decompositions (7}, B,) for the rays r of S by
adding a node x¢ adjacent to x, for each ray r and letting B(x9) = Bo(w) U R.
Note that torsos of all nodes other than x( are the same as in the tree decomposition
for the corresponding ray r, since (7, f,) is a tree decomposition for the graph
together with the clique on R, = B(x,) N B(xg). Moreover, the torso G’ of xg is
obtained from the torso of w (which has h-index at most a) by adding the vertices
of R\ Bo(w) and edges incident with the vertices of R; consequently, G’ has h-index
atmosta; + |R| < a. O

Let us remark that Theorem 9.1 is proved in exactly the same way; in fact,
the proof is a bit simpler, since the subcase considered in Sect.9.2 (there is an
additional forbidden minor H’ depending on the forbidden topological minor H)
directly corresponds to the desired outcome by the Local Minor Structure Theorem.
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Chapter 10 ®)
Minors in Large Connected Graphs Qe

There are aspects of Theorem 5.30 that complicate its applications in more delicate
settings. One issue is that the number of apices is only bounded by some constant,
rather than the more desirable bound ax(H) — 1 which we got e.g. in the Flat
Wall Theorem; this is rather easy to deal with, as we can use the results from
Sect. 4.5 to argue that the attachment points of all but at most ax (H) — 1 apices
must be contained in a bounded number of bounded radius regions. If needed, we
can furthermore use Lemma 9.10 to turn these regions to vortices, leaving us with
only ax (H) — 1 apex vertices attaching to the surface part (losing the fine control
over the number of vortices as a trade-off).

A more substantial issue concerns the connectivity of vortices. In case that we
find desirable substructures in different parts of a vortex, how can we connect them
together? For this, it would be convenient for the vortical decomposition to be linked
in the sense described in Sect. 3.4. While this property is relatively easy to establish
in path decompositions, see Lemma 3.14, in vortices this is complicated by the fact
that we need to keep control over their connection to the surface part. On the other
hand, we can take advantage of the possibility to include pieces of the surface part
in the vortex. The technicalities of this argument were worked out in [9].

An important result whose proof heavily relies on these improvements concerns
minors in large sufficiently connected graphs.

Theorem 10.1 (Norin and Thomas [7]) For every integer t > 5, there exists no
such that every t-connected K;-minor-free graph with at least no vertices is obtained
from a planar graph by adding at most t — 5 apex vertices.

Let us remark that for + = 5, this is straightforward to prove from Wagner’s
characterization of Ks-minor-free graphs [11], but already for + = 6 the proof is
rather involved [5]. For t = 6, Jgrgensen [3] conjectured that the claim holds for
all 6-connected K¢-minor-free graphs, without the assumption of having at least ng
vertices. However, for general 7, this assumption cannot be dropped: Constructions
based on random graphs give examples of ©(t./logt)-connected K,-minor-free
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graphs with © (¢ /Tog f) vertices, while adding at most ¢ — 5 apex vertices to a planar
graph results in a graph of minimum degree at most ¢,

Theorem 10.1 is an exact characterization of large z-connected K;-minor-free
graphs: Because planar graphs are Ks-minor-free, graphs obtained from them by
adding at most r — 5 apex vertices are K,-minor-free. It is also interesting with
respect to Hadwiger’s conjecture: Since every planar graph is 4-colorable, graphs
obtained from them by adding at most # — 5 apex vertices are (+ — 1)-colorable.
Hence, Theorem 10.1 implies that Hadwiger’s conjecture for any given ¢ holds for
sufficiently large 7-connected graphs. Finally, since every planar graph has a vertex
of degree at most five, Theorem 10.1 has the following consequence, which we
previously discussed in Sect. 3.4.

Corollary 10.2 For every integert > 5, there exists ngy such that every t-connected
graph with at least nq vertices and minimum degree at least t + 1 contains K; as a
minor.

In this chapter, we first describe the aforementioned improvements to the Local
Minor Structure Theorem, then demonstrate some of the simplest ideas going to
the proof of Theorem 10.1 by showing the following much easier variation, whose
proof is inspired by [1].

Theorem 10.3 For any integers t,n > 1, there exists an integer no such that the
following claim holds. If a 2t-connected graph G of minimum degree at least 30t 4 1
has at least ny vertices, then it contains K; ,, as a minor.

Let us recall that in Sect. 3.4, we proved this result with the additional assumption
that the graph has bounded treewidth. At the end of the chapter, we are going to
discuss an application of these results in graph coloring.

10.1 Localizing Apices

Let A be a set of vertices of a graph Fy, and let F = Fy — A. Let 7 be a tangle in
the graph F, and let (So, S1) be a solid bisegregation of F' with a (77, ¥)-spread
arrangement on a surface, with the natural model p of 7 (81) in F and the surface
tangle 7. Recall that we chose the model p so that for each S € Sy, all vertices
of the component of S containing 35 belong to | J,cy5 V (1 (u)). Consider a vertex
v € A. The anchors of v are the vertices u € V(7(S1)) such that v has a neighbor
in wu(u). For positive integers ¢ and v, we say that v is (¢, ¥)-global if there exists
a set U of its anchors of size ¢ such that the dTo -distance between distinct vertices
of U, as well as between u and the vortex faces of the elements of Sy, is at least
Y. We say that v is vortex-local if all neighbors of v in V (F) are contained in
USeSo(V(S) \ 05).

We can now state the main result of this section, a version of Theorem 5.30
restricting the number of global apices and forcing all other apices to be vertex-local.
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This is in principle a simple combination of Lemma 4.35 to bound the number of
global apices and Lemma 9.10 to establish vortices at the anchors of non-global
apices, though the process of choosing the centers of newly created vortices is
somewhat complicated by the fact that we want them to be pairwise far apart, and
also that apices that were originally global may cease to be if we introduce new
vortices.

Theorem 10.4 For any graph H, positive integer t, and a non-decreasing function
W : N2 — N, there exist integers o, 8o > 0 and 0 > o such that the following claim
holds. Suppose T is a tangle of order at least 0 in a graph G. If T does not control
a minor H of G, then there exists a set A C V(G) of size at most a such that for
some § < 8gp and m < o, G — A has a solid (m, §)-simple bisegregation with a
(T — A, ¥ (m, S + |A|))-spread arrangement on an H-avoiding surface X, and A
consists only of vertex-local apices except for at most ax (H) — 1 apices that are
(t, ¥ (m, 6 + |Al))-global.

Proof Without loss of generality, we can assume that H is non-planar, as otherwise
every tangle of sufficiently large order controls a minor of H. Let ¢y and 6y be the
maximum of the constants ¢ and 6 in Lemma 4.35 over all H-avoiding surfaces
Y. Without loss of generality, we can assume that ¢t > #y. Let f(m,d,n) =
max(6o, ¥ (m, [3u] +d + 7)) + (12 + 15)m. Let Yo : N> — N be chosen
so that Yo(a,d) > 6p,a,d,t, ||H|, and let o/, &), and & be the constants from
Theorem 5.30 for H and vy playing the role of 1. Let @ = ta’ + crophere(H) and
choose 8o > 6o, o, 8. t, [ H|.

By Theorem 5.30, there exists a set A € V(G) of size at most &’ < « such that
for some 8" < §;, G — A has a solid (crg(H), 8')-simple bisegregation (Sp, S1)
with a (7 — A, ¥o(|A|, §'))-spread arrangement on an H -avoiding surface ¥ with
the surface tangle 7. Without loss of generality, we can assume that there exists
a society So € Sp, as otherwise we can move an element Sy € S; to Sp (Sp is
a cell, and thus 1-vortex-like). Moreover, we can assume that 3§ # ¢ and S is
connected for every S € Sy, as otherwise we can move the components K of S with
V(K)NaS =@ to Sp. Hence,

() ifavertex v € A has a neighbor in S € Sy, then 9§ contains an anchor of v.

Let Uy be the set of vortex faces for the elements of Sy, let A9 = A and g = 0.
We now repeat the following procedure fori = 1,2, ...:

(i) If there exist distinct uq, u» € U;_1 such that d'To (i, u2) < f(Ui—1l,8" +
|Al|, ni—1), with labels of #; and u; chosen so that u» ¢ Uy if possible, then
let Uy = Uiy \ {uz}, Ai = Ai—1,and p; = pi—1 + f((Ui—1], 8" + A, pi—1).

(i) Otherwise, if there exists a vertex v € A;_1 and a (possibly empty) set O,
of less than ¢ anchors of v such that every anchor of v is at d‘To -distance less
than f(|U;_1],8" + |A|, wi—1) from Q, U U;_y, then let U; = U;_; U Q,,
A; = A1\ {v}, and p; = max(ui—1, f(|Ui-1], 8" + |A], ni-1)).

(iii) Otherwise, let r =i — 1 and finish the process.
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Note that » < t[A| + |Up|l < t|A| + cIsphere(H), since in each step we remove
a vertex from A;_; or U;_; and at most t+ — 1 vertices are added for each vertex
of A. Similarly, |U;| < t|A] + crsphere (H) for each i, and in particular |U,| < a.
Note that y; is bounded by a function of w;_1, |Ui—1| < t|A| + Crsphere (H), 8,
and 6, and since Yo (A, 8'), 8o > G, |A|, &, t, Crsphere (), by induction (with at
most r < t|A| 4 crgphere (H) inductive steps), we conclude that ¥o(|Al, 8), 8o >
wi, f(U;il, 8 + |Al, w;) for each i. In particular, since the dr]-o -distance between
distinct faces of Uy is least ¥o(|A|, §’), in (i) we never have u1, uy € Uy, and thus
Up C U,.
Moreover, for each apex vertex v € A \ A,, we claim that

(») each anchor u of v is at d7~0 -distance less than p, from U,.

Indeed, let i, be the index for which v was deleted in (ii); clearly, we have
d«7-0(u, Ui,) < wmi,. We claim that d%(u, Uj) < u; foreachi € {i, +1,...,r}
Indeed, if in the step i we perform the operation (ii), then U; 2 U;_; and
Wi > Mi—1, and thus the inequality is preserved. If we perform the operation
(i), the inequality is also preserved unless u; is the only vertex of U;_; at dTo -
distance less than u;_1 from u; however, in that case d‘i'o (u,U;) < d7-0 (u,up) <
day (u, u2) + do (w1, u2) < pi—1 + f(Ui—1], 8" + 1Al pwiz1) = pi.

Let 6 = [%,uﬂ + 8 +7 < §y. For each u € U,, let A, be the Bu, + 3)-
zone around u in the drawing of 7(S1) obtained in Lemma 9.10. Let S/l consist
of the elements S € S; such that 7 (S) ¢ UueU, Ay, for each u € U, let
Su = (G = A)g, §,)[Aul, and let Sy = {Su : u € U,}. Then (S;, S)) is a solid
bisegregation of G — A. This bisegregation is (m, § — 2)-simple for m = |U,| < «
by Lemma 9.10. Let G| = 7(S;, U S}). The graph G is obtained from 7 (S;) by
clearing the zones A, for u € U,; let 71 be the respectful tangle in G obtained
from 7 by clearing these zones. Since the step (i) does not apply at U,, we have
dTo (u1,uz) > f(m,8 +|A|, u,) for all distinct uy, uy € U,, and thus Lemma 4.19
implies that d7-l (f1, f2) = ¥ (m, §4+|Al|)+3m for the faces f| and f; corresponding
to the interiors of A,, and A,,.

A technical issue that we now need to overcome is that G is not necessarily
equal to 7(S}): Consider any edge e of the cycle C, bounding the zone A, for
u € Uy. If e € E(w(S)) for acell § € S such that 7(S) € A,, then e does
not appear in 7 (S}). Therefore, 7(S)) is obtained from G; by deleting some of
the edges of cycles C, for u € U, and the resulting isolated vertices. Moreover,
n(S/l) can be disconnected, in case that a face f of G different from the interior
fu of A, is incident with several deleted edges of C,,. To deal with these issues, we
proceed as follows: For each u € U,, let A, > A, be a 4-zone around f, in G,
obtained using Corollary 4.16. Observe that 7 (S) has exactly one component G
not contained in any of the zones A/, for u € U,. Let S, consist of cells S € S/l
such that 7(S) € A}, and 7(S) is disjoint from G, and let S| = S| \ U,.cp, Su
so that 7(SY) = G1. Let S, be the society with the graph S, U g.g, S and with
the boundary 95, = 39S, N V(G)). Let S; = {S,, : u € U,}. Since S, is (§ — 2)-
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vortex-like, Lemma 9.11 implies that S,; is §-vortex-like. Moreover, it is easy to
see that G has a respectful tangle 77} conformal with 77 such that d,]—/l (a},ay) =
dq (a1, az) — 3m for any atoms aj and @} of G and the corresponding atoms a;
and ay of G . Therefore, (S, SY) is a solid (m, §)-simple bisegregation of G — A
witha (7 — A, ¥ (m, § + | A]))-spread arrangement in X.

For each apex vertex v € A\ A, the claims () and (%) together with Lemma 9.10
imply that if v has a neighbor x in a cell S € Sj, then there exists # € U, such
that the corresponding anchor in 9§ is contained in the interior of A,, and thus
x € V(Sy) \ 3S, C V(S))\ 35S, Therefore, v is a vortex-local apex vertex over
(8o, SD.

Consider now an apex vertex v € A,, and let Q, be a maximal set of anchors
of v such that dg (z, Uy U Qv \ {z}) = f(m, &', uy) holds for every z € Q,.
Clearly, every anchor of v is at dr]—o -distance less than f(m, 8 + |A|, u,) from
0y U U,, as otherwise we could add it to Q,. Since (ii) does not apply to v, we
have |Q,| > ¢. Lemma 4.19 implies that the anchors in Q, are at dr;-1 -distance
at least max (g, ¥ (m, 8 + |A|)) + 3m from each other and from the faces 7(S,)
for u € U,, and thus also at d‘T’l -distance at least max(6g, ¥ (m,  + |A])) from

each other and from the vortex faces of Sg. Therefore, the apex vertices in A, are
(t, ¥ (m, 8 + |Al]))-global over (S;, S}). Moreover, since H is not a minor of G
controlled by 7, Lemma 4.35 implies that |[A,| < ax(H) — 1. |

Let us remark that the transformation from the proof of Theorem 10.4 is often
quite useful in proofs using the structure theorem: If we show that a certain type of
irregularities can only occur in a bounded number of regions of bounded radius, we
can capture these regions inside vortices and assume that no irregularities appear in
the surface part.

Furthermore, by applying the argument used to prove the Minor Structure
Theorem (Theorem 2.9) from its local version (Theorem 5.27), we can obtain a
version of the Minor Structure Theorem with a constraint on apex vertices. We
say that a graph G| can be (a, o, m, d)-nearly drawn on X if there exists a set
A C V(G)) of size at most a such that G| — A can be drawn on X up to at most m
vortices of width at most d, and at most « of the vertices of A have neighbors in the
surface part of G| — A.

Theorem 10.5 (Dvorak and Thomas [2]) For every graph H, there exist constants
a, m, and d such that every H-minor-free graph G has a tree decomposition in
which each torso with more than a vertices can be (a, a(H)—1, m, d)-nearly drawn
on an H-avoiding surface.

We leave the derivation of this result from Theorem 10.4 as an exercise to the reader;
it suffices to follow the argument given in Sect. 5.5 with the following modification:
When the unbreakable set R is added to the apex set, new vortices need to be
introduced to contain the neighbors of vertices of R in the surface part.
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10.2 Taming Vortices

Next, let us turn our attention to improving the connectivity properties of vortices.
For this more refined version of vortices, it is more convenient to associate bags
of their cycle decomposition with edges rather than nodes. For a technical reason
that we explain later, it will also be necessary to specify the boundaries of the bags,
which are naturally associated with the nodes.

For a society F, let us view d F as a cycle (which does not have to be a subgraph
of F). An open path is either a sequence e, v1, €1, ..., Uy, €, of pairwise distinct
vertices and edges of d F, with v; incident with ¢;_| and e; for i € [m], or the cyclic
sequence of all vertices and edges of d F'. Note in particular that there are |0 F| + 1
open paths containing all edges of dF, depending on the choice of at most one
vertex not belonging to the open path. A strong vortical decomposition of a society
F is a function B assigning

* pairwise edge-disjoint subgraphs of F to edges of d F and
¢ sets of vertices of F to vertices of 0 F,

such that the following conditions are satisfied. For every v € V(F), let 8 “lw) =
{(xedF:veBx)}U{x € EQF):v e V(B(x))}. Then:

(DE)  F =U,erpr) Be)

(DE2) for every vertex v € V(F), the set 8 ~I(v) forms an open path in d F, and

(VE) forevery vertex v € 9 F incident with e1, e € E(dF), the set ,3_1 (v) forms
the open path ejves.

Let us remark that we chose the edge-bags of the strong vertical decomposition
to be subgraphs rather than subsets of vertices (unlike our definition of a cycle
decomposition). Up to this difference, the conditions (DE1) and (DE2) imply that
letting B be the linegraph of the cycle 0 F, (B, 8 | E(dF)) is a cycle decomposition
of F. Moreover, if we let B’ be the cycle of length 2|3 F| on vertices and edges of
9 F in order, then (B’, B) is also a cycle decomposition of F.

The adhesion of a strong vortical decomposition is the maximum of |8(z)| over
z € 0F. Consider a vertex z € d F incident with edges e, e> € E(dF). Note that
(DE2) implies that 8(z) € V(B(e1) N B(e2)): For each v € B(z), since ﬂ_l(v) is
an open path, we have v € V(B(e1)) and v € V(B(e2)). The condition (DE2) is
very close to just saying that 8(z) = V(B(e1) N B(e2)), but there is an exception:
If a vertex v € V(F) belongs to B(e) for every e € E(JF), then there can exist a
single vertex z € d F such that v € B(z). The main reason for this exception is that
we want to be able to suppress vertices of d F: Consider an open subpath epz’e; zes
of dF, and suppose that there exists a vertex u € V(F) contained in the bags of
all edges of 0 F except for S(e;). We want to be able to replace the open subpath
e1zez by an edge e with bag B(e) = f(e1) U B(ez). After this replacement, we have
V(B(e) N B(eo)) 2 V(B(e1) N Bleo)) U {u}, rather than equal to V(B(e1) N B(eo))
as one would expect. Thus, requiring 8(z’) to be specified explicitly and allowing
B~ (u) to be an open path containing all edges but not z’ after the contraction avoids
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having to increase the adhesion of the strong vortical decomposition during this
operation. For a specific usage, see the definition of 8’ in Lemma 10.7, which would
run into the same problem of potentially increasing adhesion in a hard-to-control
manner.

10.2.1 From Vortical Decompositions to Strong Vortical
Decompositions

The property (VE) is analogous to the property (V) of vortical decompositions, but
additionally requires that each vertex v € 9 F belongs only to the bags of incident
edges e and e;. Because of the property (VE), there exist societies that have vortical
decompositions of small adhesion but not strong vortical decompositions of small
adhesion. We say that 8 is a semi-strong vortical decomposition of F if it satisfies
(DE1), (DE2), and (V).

Observation 10.6 If a society F has a vortical decomposition (0 F, Bo) of adhesion
at most &, then it also has a semi-strong vortical decomposition B of adhesion at
most § 4 2.

Proof Let vy, e1, v2, €2, ..., Uy, €m, Umt1 = V1 be the vertices and edges of d F in
order. Let e,,,+1 = e1 and vy, 42 = vy. For each edge e of G, leti, € [m] an arbitrary
index such that both ends of e are contained in B(v;,), which exists by (D1). For
i € [m], we define B(e;) to be the subgraph of G with vertex set Bo(v;) U {vi+1}
and edge set {¢ € E(G) : i, = i}, and we define S(vi+1) = B(ei) N B(ei+1)-
By the construction, g satisfies the condition (DE1). By (V) for (9 F, Bp), we have
vit1 € Bo(vi+1) € V(B(ei+1)), and since v;y1 € B(e;) by definition, we have
vi+1 € B(vit1); hence, B satisfies (V). The condition (D2) for (3 F, Bo) implies
(DE2). Moreover, |B(vi+1)| < [(Bo(vi) N Bo(vi+1)) U {vig1, vigo}l <8+ 2. O

We address the lack of property (VE) by incorporating a neighborhood from the
surface part in the vortex. To simplify the presentation, we are going to perform all
transformations in a bisegregation with only one vortex arranged in a disk, but of
course the same arguments can be applied within zones around separate vortices
from Theorem 5.30 or 10.4. Given a society G’ drawn in the disk A with vertices of
9G’ drawn in the boundary, the boundary distance for a face f of G’ is the minimum
number of intersections of a simple curve from f to bd(A) with G’.

Lemma 10.7 Let G be a society and let ({F}, S1) be a solid bisegregation of G with
an arrangement in the disk A such that F has a semi-strong vortical decomposition
of adhesion § and the vortex face f of F has boundary distance d > 2 in
7(S1). Then there exists S} C Si and a society F' such that ({F'},S)) is a
solid bisegregation of G with an arrangement in A, F' has a strong vortical
decomposition of adhesion 8 + 1, and the vortex face of F' has boundary distance
at leastd — 2.
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Fig. 10.1 The definitions
from the proof of

Lemma 10.7. The green faces
and edges correspond to the
cells in S/. The elements of
M and the paths P, for

v € dF’ are drawn in red

Proof Let G’ = n(S)) — 0F and let fj be the face of G’ containing f. Since f has
boundary distance d > 2 in 7 (S1), fo has boundary distance at leastd — 1 > 0 in
G’, and thus there exists a cycle K in the boundary of fj separating fp from bd(A).
Let A C A be the disk bounded by K, let S| consist of the cells S € S; with
7T(S) C A letS) =81\ S/, and let F/ = G (r).S,[Al Clearly ({F'}, S)isa
solid bisegregation of G with an arrangement in A and the vortex face of F’ has
boundary distance at least d — 2. Moreover, note that we can identify K with the
cycle dF'.

See Fig. 10.1 for an illustration of the following definitions. Let H = 7 ({ F}US1)
and let M be the set of vertices of Ry corresponding to the faces 4 of H such that &
is incident with a vertex of 0 F' and a vertex of K, and there isno S € S’l’ such that
h = 7(S). For each m € M, choose a neighbor u,, € dF of m in Ry arbitrarily.
Observe that every vertex v € V(K) is incident with a face corresponding to a
vertex m € M, let P, be the path vmu,, in Ry. For e = vjvy; € EQF'), let f,
be the face of K U 7 (F) U P, U P,, drawn inside A and incident with e. Let the
labels be chosen so that vj is the successor of v in the cyclic ordering of 3 F’. Let
A, consist of f,, the edge e, the vertices and edges of P,, that do not belong to P,,,
and the path P, in 0 F' from the end of P,, to the end u; of P,,, excluding the vertex
uy. This construction ensures that A \ 7 (F) is the disjoint union of the sets A, for
ec E(OF).

Let B be a semi-strong vortical decomposition of F' of adhesion §. For every
e=viv2 € E(OF), let

piey=w,vyu  J su  J Bw.

SES,{:ﬁ(S)gAg xeE(P,)UV(P,)
For every z € 0F’, let u, be the end of the path P, in  F and let

B1(2) = {z} U B(uy).

We claim that 8y is a strong vortical decomposition of F’. Clearly, (VE) is ensured
by the definition of B;. Observe that B satisfies (DE1), since each edge of F’ is
contained either in F or in some cell of S’l/, F satisfies (DE1), each S € S/1 satisfies
T(S) C A, for exactly one edge es € E(dF’), and each ¢’ € E(dF) satisfies
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e € E(P,) for exactly one edge e € E(dF’). The condition (DE2) is clear for
vertices v € 9F’, which appear in B(v) and the bags of incident edges, and for
vertices in v € V(S) \ (0F U dF’) for each S € S/, which appear only in the bag
of eg. Consider now a vertex v € V(F). Note that v € V(B1(e)) exactly if ,3’1 (v)
intersects P,, and v € B1(z) exactly if 87! (v) contains u.. From this, it is easy to
see that ,3’1 (v) is an open path in d F’, and thus (DE2) holds.

Finally, the definition of 8’ on vertices of 3 F’ implies that the adhesion of 8’ is
s+ 1. |

Conversely, observe that if 8 is a semi-strong vortical decomposition of a society
F, then for any distinct u, v € d F, if P; and P, are the two subpaths of d F between
u and v, then B(u) U B(v) is a cut in F separating B(E(Py)) from B(E(P>)). From
this, we get the following conclusion.

Observation 10.8 If a society F has a semi-strong vortical decomposition of
adhesion §, then F is 25-vortex-like.

10.2.2 Guardrails Around a Vortex

We are now going to incorporate further pieces of the surface part to the vortex. A
natural concern is that doing so repeatedly would end up with the vortex “breaking
out”, reaching the boundary of the disk in which we operate. This is addressed by
the following easy observation.

Lemma 109 Let G be a society and let ({F},S1) be a solid (1,8)-simple
bisegregation of G with an arrangement in the disk A. Let f be the vortex face
of F in w(8S1). Suppose that there exists a k x (28 + 6)-battlefield (R, P) in 7 (S1)
around f for somek > §+3,let R=Cy, ..., Ck, and let A be the disk bounded by
Csy3. Let A C A be an ({F}, S1)-normal disk containing f. If F' = G({F},Sl)[A]
is 8-vortex-like and disjoint from Cy, then A is contained in the interior of A'.

Proof Suppose for a contradiction that A is not contained in the interior of A’,
and thus there exists a simple curve y in A starting in f and ending at a point
p in the boundary of A’. Let Py, ..., Pasi¢ be the paths of P ordered according
to their intersections with Cs. 3 so that p appears in the closed interval of bd(A’)
between the intersections with Ps3 and Psy4. Fori € [6 4 3], we can choose a path
Q; C P;UC;U Prs17_; with ends in Cy so that the paths Q1, ..., Qs3 are pairwise
vertex-disjoint and separate p from f inside A’. This implies that they intersect y,
and thus also F’. Let u and v be the first vertices of Q] and Qs 3 belonging to d F”.
Observe that for i € [8+2]\ {1}, Q; N F’ contains a segment starting in 9, ) F’ and
ending in 9, ,) F’. This is a contradiction, since we assumed that F” is §-vortex-like,
and thus does not contain a transaction of size § + 1. O

Together with Observation 10.8, Lemma 10.9 implies that we are free to
incorporate pieces of the surface part to the vortex without having to worry about
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breaking out of the battlefield (and potentially decreasing the distance between
distinct vortices too much), as long as we are careful not to increase the adhesion
and not to include a large part of the battlefield at once. To simplify the statements of
the following lemmas, we are not going to include the presence of the surrounding
battlefield in their assumptions.

A somewhat related concern is that the vortex F' that we consider could be cut
off from the rest of the graph by a small cut (say of size at most three) in the surface
part. As we incorporate pieces of the surface part into F', we could eventually reach
this cut, resulting in a cell F/ O F. While this is not a problem in principle (nothing
forbids us from still considering these cells to be vortices), some of the arguments
that we are about to show would need to deal with these degenerate cases separately,
complicating the presentation. However, this is easy to avoid. Let G be a society and
let ({F}, S1) be a solid bisegregation of G with an arrangement in the disk A. For
aset Z € 0G, we say that F is Z-glued if there exists a (V(F), Z)-linkage in G
of size |Z|. Let us fix a constant y > 4. At the beginning of the process (before
applying Lemma 10.7), we can proceed as follows at each vortex Fp:

e As in Theorem 4.21, find a free graded (r x y)-battlefield in the surface part
around Fy for sufficiently large », let A be the zone bounded by the outer cycle
of the battlefield and let Z be the set of y ends of the paths of the battlefield in
bd(A).

* Use Lemma 9.10 to incorporate the egg of this battlefield (but not its outer cycle)
in the vortex.

The paths of the battlefield imply that the resulting vortex is Z-glued to the
free set Z. Enlarging the vortex using Lemma 10.7 (or similar arguments we are
about to describe) clearly preserves Z-gluedness. Similarly to the existence of the
surrounding battlefield, we are going to refer to the Z-gluedness property only when
useful.

10.2.3 Enlarging a Vortex

Our plan is to add pieces of the surface part to the initial vortex F' to make the vortex
linked. This is very nearly achieved by simply adding as much to F as possible while
preserving the fact that it has a strong vortical decomposition of adhesion §, but there
is a technical issue that forces us to actually consider a slightly different measure of
the width of the decomposition. The warp of a (semi-)strong vortical decomposition
B of F is the minimum integer p such that

(1) |B()| < pforevery v € dF, and
(ii) for each e = uv € E(9F), if B(e) contains a (B(u), B(v))-linkage of size p,
then every such linkage contains a path from u to v.

The warp of the decomposition is very close to its adhesion a, specifically either a
or a + 1; the latter is the case if (ii) would be violated for some edge e with p = a.
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The definition of the warp is chosen to deal with the following issue: We are going
to pad the decomposition so that |8(v)| = p for every v € dF. In this situation,
ideally we would like that S(e) contains a (8(u«), B(v))-linkage of size p for every
e = uv € E(0F). However, this is not always possible and there will turn out to
be edges where we only find a (B(u) \ {u}, B(v) \ {v})-linkage of size p — 1. The
condition (ii) ensures that on the “good” edges with a linkage of size p, we can
restrict the linkage to a (8(u) \ {u}, B(v) \ {v})-linkage of size p — 1 in order to
ensure global consistency around the vortex.

Let G be a society and let ({F}, S1) be a solid bisegregation of G with an
arrangement in the disk A such that F has a strong vortical decomposition of warp
p and the vortex face f of F has boundary distance at least two in 7(S1). We say
that F is warp- p-maximal if there is no ({F'}, S1)-normal disk A C A containing f
such that the society F' = G (r.SplAl satisfies one of the following conditions:

(a) F’isnotequal to F and has a strong vortical decomposition of warp at most p,
or

(b) there exists aset A € V(F’) \ 9F’ of size at most two such that F/ — A has a
strong vortical decomposition of warp less than p.

We can easily restrict our attention to warp-p-maximal vortices: We incorporate as
much of S into the vortex F as possible while not increasing its warp, ensuring
that there is no F’ satisfying (a). If some F’ satisfies (b), we delete the vertices of
A and repeat the process with the society F/ — A of smaller warp. After at most
p iterations, we arrive at a warp-maximal society. In what follows, we show that
warp-maximal societies have the linkedness properties that we desire. At the end of
the process, we add the deleted vertices of A back to all bags of the strong vortical
decomposition. Let us remark that since the vertices of A are not contained in 3 F”,
deleting them does not affect the Z-gluedness of the vortex to a set Z of vertices
outside of F’.

The possibility to delete vertices in (b) is needed to avoid increasing the warp in
certain “degenerate” cases, which give rise to the situation described in the following
observation.

Observation 10.10 Ler 8 be a strong vortical decomposition of a society F, and
suppose that |B(v)| < pforeveryv € dF. Let eg be an edge of 0 F, and suppose that
the condition (ii) from the definition of warp p holds for all edges in E(0F) \ {eo},
but not for ey. If (yeqr(BW) \ {v}) # 0, then there exists a set A C V(F)\ 9F of
size at most two such that F — A has a strong vortical decomposition of warp less
than p.

Proof Let x be a vertex contained in 8(v) \ {v} for every v € d F. The existence of
x implies that |(v)| > 2, and thus p > 2. Let 81 be obtained from g by deleting
x from every bag. If p = 2, then |81 (v)| = 1 for every v € 9F, and B trivially
satisfies the condition (ii) for warp 1; hence, we can let A = {x}.

Suppose now that p > 3. Let vg € dF be a vertex incident with eq. Since e fails
(ii) for warp p, we have |8(vg)| = p > 3, and thus there exists x” € B(vo) \ {vo, x}.



266 10 Minors in Large Connected Graphs

Let A = {x, x'} and let B, be the strong vortical decomposition of F — A obtained
from S by deleting A from every bag. We claim that 8, has warp at most p — 1.
Indeed, the condition (i) clearly holds, since we deleted x from all bags. For the
condition (i), consider any edge e = uv of dF with |Bo(u)| = |B2(v)| = p — 1.
Note that ey # ep, since | B2(vo)| = [B(vo)|—2 < p—2. Any (B2(u), B2(v))-linkage
in B> (e) extends to a (B(u), B(v))-linkage in B(e) by adding the path consisting only
of x. Therefore, since (ii) holds for 8 at e, it also holds for 5, at e. O

Let us now show that the maximality of F implies that all components of 7 (Sy)
intersect bd(A), and thus the technical issue that we ran into in Theorem 10.4 (see
the paragraph defining (S, S)) does not arise. To prove this, it is convenient to
assume that G’ = 7 ({F} U S)) is 2-connected as a society, i.e., that it has no vertex
separation (A, B) of order at most one such that 3G’ € A and B \ A # @. This is
without loss of generality: Otherwise, there exists an ({ F'}, Sy)-normal disk A C A
with bd(A) NG’ consisting of at most one vertex v and with G’ having a non-empty
intersection with the interior of A. In this case, we could replace all S € {F}U S
with 7(S) € A by the society G( F. Sl)[A] with the boundary v, taken as 0-vortex-
like if it contains F and as a cell otherwise.

We say that a disk A C A is 2-separating if it is ({F}, S;)-normal, bd(A)
intersects V (7 ({ F}US1)) in exactly two vertices belonging to d F', one arc of bd(A)
between these two vertices is drawn inside the face 77 (F) and the other one outside,
and either R = G(@’ Sl)[A] is non-empty or a vertex of dF is contained in the
interior of A.

Observation 10.11 Let G be a society and let ({F}, S1) be a solid bisegregation of
G with an arrangement in the disk A, such that 7 (F) is contained in the interior of
A and the society w ({F} U 81) is 2-connected. If there is no 2-separating disk, then
the society w(S1) is 1-connected.

Let us remark that the absence of 2-separating disks is actually a stronger
condition, since it implies that the boundary of every face of 7w({F} U S1) other
than 7 (F) shares either at most one vertex or an edge and its ends with the cycle
n(F).

Lemma 10.12 Let G be a society and let ({F}, S1) be a solid bisegregation of G
with an arrangement in the disk A, such that 7w (F') is contained in the interior of A
and F has a strong vortical decomposition of warp p. If F is warp- p-maximal, then
there is no 2-separating disk.

Proof Let f = 7 (F) and let B be a strong vortical decomposition of F of warp p.
Suppose for a contradiction that A is a 2-separating disk, and let # and v be the
vertices forming the intersection of bd(A) with 9F.Let R = G @ Sl)[A] and let Q
be the subpath of d F with ends u and v contained in A.

Let F/ = G({F},Sl)[? U A], with 9 F’ consisting of the part of 3 F not contained
in the interior of A. Note that R € F’, and thus if R is non-empty, then F' # F.
If R is empty, then the definition of a 2-separating disk implies that the interior of
A contains a vertex of 3 F, and thus 3 F’ # 9 F, and consequently we have F’' # F
again.
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Let eg be the edge uv of 9 F'. Forx € V(3F)U(E(0F)\{ep}), let B'(x) = B(x).
Let 8'(ep) = R U B(E(Q)). Clearly, 8’ is a strong vortical decomposition of F’. If
B’ has warp p, we obtain a contradiction with the warp- p-maximality of F. Hence,
suppose that F’ does not have warp p; hence, p > 2 and e violates (ii).

Therefore, there exists a (8(u), B(v))-linkage P in B’ (e) of size p such that the
path P € P starting in u does not end in v. Note that the parts of paths of P contained
in R can be viewed as drawn in Ag = (A \ f) U V(Q) without crossings. Let  be
the arc of bd(A) contained in Agy. We say that a vertex or edge x of Q is exposed if
there exists a simple curve in A starting in y and ending in x and disjoint from the
paths of P except for its end in x. Let u’ be the last exposed vertex of Q belonging
to P. Note that u’ # v, since P does not end in v. Let v’ be successor of u’ in Q.
The edge e = u'v’ of Q is exposed: Since u’ is exposed and belongs to P, the only
path of P that can separate e from yg is P. Hence, if ¢ were not exposed, then P
would have a segment drawn in A¢ starting in u’ and ending in a farther vertex u”
in Q; but then this vertex u” would be exposed and contradicting the choice of u’.

Let Q, and Q, be the components of Q — e containing u and v, respectively.
Consider any path P’ € #, and let xp/ be its last vertex in S(E(Q,)). Let Pj be
the segment of P’ between xp/ and the nearest following vertex yps belonging to
B(E(Qy)). Note that Pj cannot be contained in R, since the edge e is exposed. It
follows that all edges of P belong to B(e). If Pj has at least one edge, or if Pj only
consists of the vertex xpr and xpr € B(u’) N B(v'), then Py is a path between B(u’)
and B(v') in B(e). If this is the case for every P’ € P, then P’ = {Pj: P’ € P} is
a (B(u), B(v')-linkage in B(e) of size p, and since B has warp p, the path Py C P
of P’ joins u’ with v’. However, this implies that v’ is an exposed vertex belonging
to P, contradicting the choice of u’.

We conclude that there exists a path P’ € # such that P only consists of the
vertex x = xps and x ¢ B(u’) N B(V). Since x € B(E(Q,)) N B(E(Qy)), we
conclude that 87! (x) is an open path not containing e, but containing both u and v.
Therefore, x € B'(z) \ {z} for every z € dF’. By Observation 10.10 for F’ and e,
there exists aset A C V(F’)\ 9 F’ of size at most two such that F’ — A has a strong
vortical decomposition of warp less than p. This contradicts the warp- p-maximality
of F. |

Next, let us make the adhesion of the strong vortical decomposition uniform.
The proof is analogous to Lemma 10.7, but instead of adding a full cycle of
vertices surrounding the vortex, we only add arcs over boundary vertices of small
adhesion. We are actually going to prove a stronger claim for semi-strong vortical
decompositions, which we are going to need soon.

Lemma 10.13 Let G be a society and let ({F}, S1) be a solid bisegregation of G
with an arrangement in the disk A, such that the vortex face of F has boundary
distance at least two in 7w (8y), the society t({F} U 8y) is 2-connected, and F
has a strong vortical decomposition of warp p. Let B be a semi-strong vortical
decomposition of F of warp at most p and let Q be a subpath of O F of length at least
two with ends uy and uy such that (VE) holds for all vertices in d F\V (Q —{u1, uz}).
If |B(w)| < p foreveryu € V(Q — {uy, us}), then F is not warp- p-maximal.
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Proof ( %) Suppose for a contradiction that |8(u)| < p for every u € V(Q —
{u1, uz}), but F is warp- p-maximal. Let G be the graph obtained from 7 ({ F}US)
by deleting the edges incident with the internal vertices of Q and not belonging
to E(Q), and let fy be the face of Gy incident with Q different from the face
f = ®(F). Since F is warp-p-maximal, the arrangement of the bisegregation
({F}, S1) has no 2-separating disk by Lemma 10.12. Observe that this implies that
the boundaries of fp and f intersect exactly in the path Q. Moreover, since the
boundary distance of f is at least two, there exists a cycle K¢ in the boundary
of fo such that the disk A bounded by Ky contains fp. Let P be the path
Ko — V(Q — {u1,uz}) with ends u; and up. Let A = f U A; then A is an
({F}, S1)-normal disk. Let F/ = G (F).S,) (D). Note that dF’ is obtained from
o F by replacing Q by P.

Let H = n({F} U S)) and let M be the set of vertices of Ry corresponding to
the faces i # f of H such that & is incident with a vertex of V(Q) \ {u1, u2} and
a vertex of V(P) \ {uy, uz}, and there is no S € Sy such that & = 7(S). For each
m € M, let u,, be the neighbor of m in Q — uy closest to u,. Observe that every
vertex v € V(P)\ {u1, uz} is incident with a face corresponding to a vertex m € M,
choose such a vertex m so that u,, is as close to uy as possible, and let P, be the
path vmu,, in Ry. Let P,, = uj and P, = up. Fore = vjvy € E(P), let f, be
the face of P Un (F)U Py, U Py, drawn inside A and incident with e. Let the labels
v1 and vy be chosen so that v; is the successor of v; in the cyclic ordering of 3 F’.
Let A, consist of f, the edge e, the vertices and edges of P,, that do not belong to
P,,, and the path P, in 9 F from the end of P,, to the end z of P,,, excluding the
vertex z. This construction ensures that A \ {u;} is the disjoint union of the sets A,
fore € E(3F’).

For edges and vertices x of the path 9 F — (V(Q) \ {u1, ua}), let B1(x) = B(x).
For every edge e = vivy € E(P), let

B ={v,wiu  J su  |J B

SeS|T(S)CA, x€E(P,)UV(P,)

For every v € V(P) \ {u1, uz}, let z be the end of the path P, in V(Q) \ {u1, uz}
and let

B1(v) = {v} U B(z).

Observe that B is a strong vortical decomposition of F’.

Since we assumed that F is warp-p-maximal and F’ # F, B cannot have warp
at most p. Since |S(u)| < p forevery u € V(Q — {uy, uz}), we have |1 (v)| < p
for every v € dF’. The condition (ii) of the definition of warp p clearly holds for
B1 at every edge e € E(3F’) \ E(P), since it holds for 8. Therefore, there exists
e =vivy € E(P) such that |8 (v1)| = [B1(v2)| = p and a (Bi(v1), B1(v2))-linkage
P in B1(e) of size p such that the path P’ € P starting in v; does not end in vy. Let
u’; and u), be the ends of P, and P,, in Q.
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Suppose first that v; # uy. Let f be the face of H incident with e and drawn in
A. Since P is contained in the boundary of fy, f’ is also incident with a vertex of
0. Recall that u’l was chosen to be as close to u; as possible; we conclude that u’l
is contained in the boundary of f’. Because of the face f’, the set {u], v2} forms a
cut in B (e) separating vy from B (v2). Since the path P’ cannot pass through u/,
we conclude that it ends in vy, which is a contradiction.

Therefore, we have v = u1, and in particular the edge ¢ = uv; is the only edge
of dF’ for which (ii) is violated. Since F is warp-p-maximal, Observation 10.10
implies that (), g (B1(x) \ {x}) = 0.

Consider any vertex z € B(u1) N B(u}). Note that z ¢ dF’, and thus there must
exist a vertex x € dF" \ {uy, u}} such that z & B (x). Note that B~ (z) is an open
path by (DE2) for g, and this open path does not contain x or the end of the path
P,. Therefore, letting Q' be the segment of Q between u; and u’z, we conclude that
Q' C B~(2). In particular, it follows that z € B(y) for every y € V(Q").

Since this holds for all z € B(u1) N B(u}), we conclude that for every y € V(Q),
the set B(y) separates B(u1) from B(uj) in B(E(Q")). If the path P’ starts by a
segment P(; drawn in A, then let u € V(Q’) \ {u;} be the end of this segment;
otherwise, let Pj = u; and let u be the neighbor of u; in Q’. In either case, P’
intersects B(u), and Pé together with B(u) separates B(u;) from Si(v2) in Bj(e).
Consequently, all paths P \ {P’} intersect the set B(u) \ V(P’) of size less than
|B(u)| < p — 1. This is a contradiction, since [P\ {P'}| = p — 1. m|

In particular, Lemma 10.13 applied to a warp-p-maximal vortex gives the
following.

Corollary 10.14 Let G be a society and let ({F}, S1) be a solid bisegregation of G
with an arrangement in the disk A, such that the vortex face [ of F has boundary
distance at least two in w(S1) and the society m({F} U Sy) is 2-connected. Let B
be a strong vortical decomposition of F of warp p. If F is warp- p-maximal, then

|B(u)| = p foreveryu € dF.

10.2.4 Establishing a Linkage

Let us now apply Lemma 10.13 to show that a warp-p-maximal vortex must be
quite well connected. We say that a strong vortical decomposition 8 of a society
F of warp p is internally linked if for every e = uv € E(dF), there exists a

(Bw) \ {u}, B(v) \ {v})-linkage in B(e) — {u, v} of size p — 1.

Lemma 10.15 Let G be a society and let ({F}, S1) be a solid bisegregation of G
with an arrangement in the disk A, such that the vortex face f of F has boundary
distance at least two in w(S1) and the society w({F} U Sy) is 2-connected. Let
Z C 9G have size at least four and suppose that F is Z-glued. If F is warp-p-
maximal, then every strong vortical decomposition B of F of warp at most p is
internally linked.



270 10 Minors in Large Connected Graphs

Proof Since F is Z-glued, we have |0 F| > 4. Consider any open subpath e,ueve,
of 9 F. By Corollary 10.14, we have |B(u)| = |B(v)| = p. We need to show that
there exists a (B(u) \ {¢#}, B(v) \ {v})-linkage in B(e) — {u, v} of size p — 1.

Suppose first that there exists a separation (A, B) of B(e) of order less than p
such that B(u) € V(A), B(v) € V(B), and u,v € V(AN B). Let Bi(ey) =
Blew) U A, Bi(ey) = Bley) U B, Bi(e) = AN B, Bi(u) = i(v) = V(AN B),
and B1(x) = B(x) forx € (EQF) \ {e, ey, ey}) U (OF \ {u,v}). Then B is a
semi-strong vortical decomposition of F. Note that the warp of B is at most p; the
modified bags satisfy the condition (ii) trivially, since we have |81 (1)|, |B1(v)| < p.
However, this gives a contradiction with Lemma 10.13 for the subpath Q of d F with
internal vertices # and v. Hence, no such separation exists.

Suppose now that there exists a separation (A, B) of S(e) of order less than
p such that B(u) € V(A), B(v) € V(B),and u € V(A N B). By the previous
paragraph, we have v &€ V(A). Let Ba(e,) = Bley) U A, Ba(e) = B, Ba(u) =
V(AN B),and Ba(x) = B(x) forx € (E(OF) \ {e,e,}) U (F \ {u}). Then B, is
a strong vortical decomposition of F of warp p, and since |B2(u)| < p, this gives
a contradiction with Lemma 10.13 for the subpath Q of 9 F with internal vertex u.
Hence, no such separation exists.

By symmetry between u and v, we conclude that if (C, D) is a vertex separation
of B(e) of order less than p such that S(u) € C and B(v) € D, thenu € C\ D
and v € D\ C. It follows that every vertex separation (C,, D,) of B(e) — u with
Bw) \ {u} € C, and B(v) € D, has order at least p — 1, as otherwise (C, U
{u}, D, U {u}) would be a vertex separation of S(e) of order less than p with u
in both parts. Symmetrically, every vertex separation (C,, D,) of f(e) — v with
B(u) € C, and B(v) € Dy \ {v} has order at least p — 1. By Menger’s theorem, we
conclude that there exists a (8(u) \ {¢#}, B(v))-linkage ,, in B(e) — u of size p — 1
and a (B(u), B(v) \ {v})-linkage P, in B(e) — v of size p — 1.

Suppose that there exists a vertex separation (C, D) of B(e) with B(u) € C and
B() € D of size at most p — 1. Clearly both £, and P, pass through C N D, and
thus |[C N D| = p — 1. In this case, B(e) — {u, v} contains a (B(u) \ {u}, B(v) \ {v})-
linkage of size p — 1 consisting of the initial segments of the paths of P, till C N D
and the final segments of the paths of #, from C N D, as desired.

Finally, let us consider the case that every vertex separation (C, D) of S(e) with
B(u) € C and B(v) C D has size at least p. By Menger’s theorem, there exists a
(B(u), B(v))-linkage P in B(e) of size p. By the condition (ii) of warp, a path P of
this linkage joins u with v. Hence, P \ {P}is a (B(u) \ {u}, B(v) \ {v})-linkage of
size p — 11in B(e) — {u, v}. |

Similarly to the linked path decompositions discussed in Sect.3.4, we can
consider the union £ of the linkages in S(e) for all ¢ € E(dF). Note that L
is a disjoint union of cycles (or possibly singleton vertices) in F — dF, and that
{PNB(e): P e L}isa(Bu)\{u}, B(v)\{v})-linkage of size p—1 in B(e) —{u, v}
for every edge e = uv € 90F. Note however that £ can have fewer than p — 1
components: It may happen that if we start in a vertex x of B(u) \ {u} for some
u € oF and trace the linkage paths around the vortex until we reach f(u) again, we
end up in a vertex different from x.
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It would be convenient to get a full (8(u), B(v))-linkage of size p for every
e = uv € E(dF). This may not be always possible, but we can complete such a
linkage using the paths in the surface part. Let G be a graph or a society and let
(So, S1) be a solid bisegregation of G with an arrangement on a surface A (a disk
when G is a society). Suppose B is a strong vortical decomposition of F' € Sy of
warp p. We say that B is linked in this bisegregation if it is internally linked and
for every e = uv € E(JF), either there exists a (B(u), B(v))-linkage in B(e) of
size p (necessarily connecting u# with v), or # and v are adjacent in 7(S7). Since
the bisegregation is solid, note that this implies that there exists a cycle C in G
containing vertices of d F' in order such that for every e = uv € E(dF), there exists
a(B)\ {u}, B(v) \ {v})-linkage in B(e) — V(C) of size p — 1. Thus, the cycle C
can be added to the overall linkage £ we discussed in the previous paragraph.

Lemma 10.16 Let G be a society and let ({F}, S1) be a solid bisegregation of G
with an arrangement in the disk A, such that the vortex face [ of F has boundary
distance at least two in w(S1) and the society w({F} U Sy) is 2-connected. Let
Z C 90G have size at least four and suppose that F is Z-glued. If F is warp-p-
maximal, then every strong vortical decomposition B of F of warp at most p is
linked in the bisegregation.

Proof By Lemma 10.15, g is internally linked. Consider any edge ¢ = uv € E(3F)
such that B(e) does not contain a (B(u), B(v))-linkage of size p. By Menger’s
theorem, there exists a separation (A, B) of (e) of order at most p — 1 with S(u) C
V(A) and B(v) C V(B). Since B(e) — {u, v} contains a (B(u) \ {u}, B(v) \ {v})-
linkage of size p — 1, we have u, v € V(A N B).

Suppose for a contradiction that # and v are not adjacent in 7 (Sy). Let fy be
the face of m({F} U 8y) incident with e and different from 7 (F). Since there is
no 2-separating disk by Lemma 10.12, the boundary of fj shares only the edge e
and its ends with the cycle 7w (F). Hence, there exists a vertex w incident with fy
but not contained in dF. Let F’ be obtained from F by adding w and placing it
between u and v in  F’. Note that F’ = G .S, (A) foran ({F}, S1)-normal disk
A obtained from the closure of 7 (F) by adding w and a part of fy. Let 81 (uw) =
A+ w, B1(wv) = B+ w, Bi(w) = {w} UV(AN B), and B1(x) = B(x) for
x € (E(0F)\{e})UAF.Then B is a strong vortical decomposition of F’. Moreover,
B1 clearly has warp p, since |81(w)| < p and w is an isolated vertex in B (uw) and
B1(wv). Since F’ # F, this contradicts the assumption that F is warp-p-maximal.

We conclude that e € E(7(S;)) for every such edge e € E(dF), and thus S is
linked in the bisegregation ({F}, Sy). O

10.3 Improved Structure Theorem

Let us now put together what we have achieved in this chapter so far. Let y > 4 be
a fixed integer.
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* We use Theorem 10.4 to get a solid (m, §)-simple bisegregation with a (7 —
A,y (m,8 + |Al|))-spread arrangement (S, S1), with A consisting only of
vertex-local apices and at most ax (H) — 1 global apices. Let 7 be the surface
tangle.

» Then, we process each vortex F' € Sp, enlarging it within an O(§ + y)-zone Af
bounding a battlefield around it:

— We use Lemma 9.10 to make F Z-glued for a 7¢-free set Z of 2y vertices of
7(81) drawn in the boundary of Af.

— We use Observation 10.6 and Lemma 10.7 to ensure that F has a strong
vortical decomposition of warp O(§ + y).

— We then enlarge F and remove a set Ar of O(8+ y) vertices from V(F)\d0F
to make F warp-p-maximal for some p = O(8 + y).

— By Lemma 10.16, this implies that the strong vortical decomposition 8 of F
is linked in the resulting bisegregation.

— We can now add Afr back to all bags of B; the resulting strong vortical
decomposition is still linked, since the vertices of Ar form trivial linkage
paths by themselves.

— Moreover, F is still Z-glued, and Lemma 4.19 implies that (if we were careful
to choose the boundary of A r to be far enough in the d7-0 -distance), the set Z
isT 6—free for the tangle 7~ (’) obtained from 7 by clearing all the bits of 7(S7)
added to F. By Lemma 2.45, we conclude that fk'rg (0F) > y.

Since the warp of each resulting vortex is p = O(§ + y), by starting the process
with function ' (m, d) = Y (m, O(d+y))+ O(m(d+y)), the construction ensures
that the vortex faces in the result are at do—-distance at least 7w (m, p + |A|) from
one another.

In conclusion, we get the following claim. Let us say that a bisegregation
(8o, S1) with an arrangement on a surface is (m, p)-strongly-simple if |So| < m
and each F € Sy has a strong vortical decomposition of warp at most p which is
linked in the bisegregation. It is y-free if kg~ (3F) = y forevery F € So, where
T is the surface tangle of the arrangement.

Theorem 10.17 For any graph H, any positive integers t and y, and any non-
decreasing function W : N*> — N, there exist integers «, po > 0 and 6 > « such
that the following claim holds. Suppose T is a tangle of order at least 0 in a graph G.
If T does not control a minor H of G, then there exists a set A C V(G) of size at
most o« such that for some p < poand m < a, G — A has a solid (m, p)-strongly-
simple y -free bisegregation with a (T — A, ¥ (m, p + |Al))-spread arrangement on
an H-avoiding surface X, and A consists only of vertex-local apices except for at
most ax (H) — 1 apices that are (t, Y (m, 5 + |A|))-global.
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Let us now show the application of Theorem 10.17 in the proof of Theorem 10.3.
Vortices are dealt with using Lemma 3.16 in which we considered graphs with a long
path decomposition. Let 8 be a strong vortical decomposition of a society F. The
fact that 8 is fundamentally a cycle decomposition rather than a path decomposition
would cause difficulties; to overcome this, we are going to only consider the
subgraph F’ = B(P) of F for a long subpath P of 9F. Let u and v be the ends
of P. There is a small complication: The restriction 81 of B to P is not necessarily
a path decomposition of F’, since for a vertex x € B(u) N B(v), (DE2) allows the
open path 871 (x) to wrap around F in the arc opposite to P, and thus ﬂf] (x) can
consist of two paths, one containing « and one containing v. This can be avoided by
choosing the path P carefully.

Lemma 10.18 Let S be a strong vortical decomposition of a society F with |0F| >
2, let a > 1 be the adhesion of B, and let w be an assignment of non-negative
weights to vertices of 0 F. There exists a path P C O F such that 8 | E(P) is a path

decomposition of B(P) and w(V (P)) > mw(aF).

Proof Let vy be an arbitrary vertex of 3 F. For each x € B(vo), if B~ (x) # F,
then let u, and v, be the first and the last vertex on the open path ﬂ_l (x); otherwise,
let uy = vy = vg. Let So = Uxeﬁ(vo){ux’v)f}' If |So| > 2, then let § = Sp,
otherwise let S be obtained from Sy by adding an arbitrary vertex of o F different
from vg. Since S(vg) contains at most a — 1 vertices different from vg and since
Uy, = Uy, = Vg by (VE), we have vgp € S and |S| < max(2, 2a — 1). Therefore,
there exists a subpath P of d F with one end in S and otherwise disjoint from S such
that w(V (P)) > mw(BF).

Let u and v be the ends of P. Let F’' = B(P) and let B; be the restriction of 8
to the edges of P. We claim that 8 is a path decomposition of F’. Indeed, consider
any vertex x € V(F’). We have ;' (x) = B~ (x) N E(P). By (DE2), 87! (x) is an
open path. If ,Bfl (x) were disconnected, this would imply that 8~!(x) contains u,
v, and the arc of d F between u and v different from P. Since internal vertices of P
do not belong to S, we have § C V(,B_l(x)). Since vg € S, this implies x € B(vp).
But then P would contain both u, and v,, which is a contradiction, since P was
chosen so that it contains only one vertex of S. O

Note that the weights can be used to ensure that “interesting” parts of the vortex are
covered by P. We are also going to need the following easy observation.

Observation 10.19 Let G be a graph with a cellular drawing on a surface ¥ and
let n be a positive integer. If G contains a respectful tangle T of order 0 > 2n + 3,
then |G| > n.

Proof By Theorem 4.14, there exist edges e and e, with dg(e1,e) = 6. Let P
be a path in G starting with e; and ending with e;. The last vertex v of P satisfies
d7~(e2, v) < 2, and thus d7~(el, v) >0 —2.For3 <i <6 —2,letv; be the first
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vertex of P such that d7-(e1, v;) > i, and let vlf be the preceding vertex of P. For
3<i<j<6-—2, wehave

dg(vi,v;) = dg(er, vj) —dq(er, v;) = dg(e1, vj) —dqg(er, v)) =2 > j—i—1.

Hence, the vertices vs, vs, ..., V2,41 are pairwise distinct. m]

Of course, if the surface ¥ is fixed, then |G| = $(6%), as we have seen
in Lemma 8.1; however, the bound from Observation 10.19 makes for simpler
calculations. We are now ready to prove the main result of this chapter.

Theorem 10.3 For any integers t,n > 1, there exists an integer ny such that the
following claim holds. If a 2t-connected graph G of minimum degree at least 30t 4- 1
has at least ny vertices, then it contains K; ,, as a minor.

Proof Let ng : N — N be a non-decreasing function such that for every k > ¢,
ng(k) is at least the constant no from Lemma 3.16 applied with ¢, n, and k. Let
N(d) = 2d - (2no(d) 4 3). Let 0 be the constant from Theorem 10.17 for H = K; ,,
t =y = 1,and ¥ (m,d) = 14(mN(d) + 6tn) + 3. Let ny be the constant from
Theorem 3.18 for ¢, n, and k = [36].

If G has treewidth at most k, then the claim follows from Theorem 3.18. Hence,
suppose that tw(G) > k, and by Theorem 2.25, G has a tangle 7 of order 6. Note
that ax(K;,) < t — 2 for every surface X, since we can delete ¢+ — 2 vertices
from K, , to turn it into the planar graph K, ,. If H = K; , is not a minor of G,
then Theorem 10.17 implies that there exists a set A € V(G) and integers p and
m such that G — A has a solid (m, p)-strongly-simple 1-free bisegregation with a
(T — A,y (m, p + |Al))-spread arrangement on a K; ,-avoiding surface X, and A
consists only of vertex-local apices except for a subset A9 € A of at most ¢ — 3
apices that are (1, ¥ (m, p + |Al]))-global. Let g < tn be the Euler genus of X.

Foreachcell S € Sy, note that dSUA( separates S —a.S from the rest of the graph
G. Since |[0SUAg| < 34+t—3 < 2t and G is 2¢-connected, we conclude that V (S) =
aS for every S € Sj. Since the bisegregation is solid, we conclude that S = 7 (S)
for every S € Sy, and thus G’ = 7(8S)) is a subgraph of G — A. Let W be the set
of vertices of G’ of degree at most 6. Each vertex v € V(G’) \ UFES() oF hasin G
neighbors only in V(G’) and Ao, and thus deg v > deg; v — |Ag| > 29 +4 > 6.
Therefore, W C |J 5. S, OF . Generalized Euler’s formula gives G’ < 3|G'| +
3g < 3|G’| + 3tn. On the other hand, we clearly have |G| > %(|G’| — |W]), and
thus |W| > %(|G’| — 61n). Since G’ has a respectful tangle of order ¥ (m, p + |A|),
Observation 10.19 implies that |G’| > 7(mN(p + |A|) + 6tn), and thus |W| >
mN(p + |A]).

Therefore, there exists F € Sp such that [0F N W| > N(p + |A]). Let 8
be a strong vortical decomposition of F of warp p’ < p which is linked in the
bisegregation (Sp, S1). Let F| be obtained from F by, for each ¢ = uv € 9F
such that uv € E(G’), adding the edge uv to Fy, and let By be the strong
vortical decomposition of F| obtained by adding these edges to the corresponding
bags of 8. Since F is linked in the bisegregation (Sp, S1), observe that for every
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e = uv € dFy, the bag B1(e) contains a (81 (u), B1(v))-linkage of size p’ such that
a path of this linkage joins u with v. Let F; be obtained from F; by adding G[A] and
all edges of G between A and Fi, and let B, be a strong vortical decomposition of
F; of adhesion p” = p’+|A| obtained by adding A to all bags of 8; and distributing
the edges incident with A among the edge bags containing their ends arbitrarily. The
vertices of A can be added to the linkage as single-vertex paths.

By Lemma 10.18, there exists a path P C 9 F» such that [ WNV (P)| > ﬁlW N
9F| > 2no(p”)+3 and the restriction ﬂé of B to the path Q formed by the edges of
P is a path decomposition of F; = B(P). Clearly, the path decomposition (Q, )
is p”-linked. Since |W NV (P)| > 2n¢(p”) + 3, there existsaset U C W NV (P) of
size no(p”) such that vertices of U are non-adjacent in P and have distance at least
two from the ends of P. Foreachu € U, let ¢, 1 and e, > be the edges of P incident
with u. Note that e, | and e, > are vertices of Q, different from the vertices e,/ ; and
ey » for any other vertex u’ € U. Let (Q3, 83) be the path decomposition obtained
from (Q, B}) by, for each vertex u € U, contracting the edge of Q between ¢, 1 and
ey,2. Slightly abusing the notation, let us denote the resulting vertex of Q3 with the
bag ﬂé(eu,l) U ﬂé(eu@) by u.

Consider any u € U:

* Note that 85 (u) N U = {u}, and in particular 83 (u) # @.

* For each vertex v € 5 (u) \ {u}, all neighbors of v in G are contained in 3 (u),
and thus degF/ v =degs v > 30¢ + 1. Moreover, degF/ u >degsu—degg u >
degGu—6>30t—5>2t+1

* Since G is 2¢-connected, there is no vertex separation (R, S) of Fz/[ﬂ (u)] of order
less than 2¢ with {u} U (B(u) \ B°(u)) C Rand S € R.

Therefore, (Q3, B3) with X = U satisfies the assumptions of Lemma 3.16, and we
conclude that K, , is a minor of Fz’ cG. O

Let us now quickly discuss the main ideas of the proof of Theorem 10.1. Consider
at-connected K;-minor-free graph G. If G has large treewidth, Theorem 10.17 gives
us its bisegregation (Sp, S1) and arrangement on a surface ¥ with a set Ag of at most
ax(K;) — 1 <t — 5 global apex vertices. Since G is f-connected and at most t — 5
apex vertices have neighbors in | J Sy, we have V(S) = 3§ for every cell S € Sy,
and thus 7 (S1) is a subgraph of G.

e If [Ag|] = t — 5, then since K; is not a minor of G and K, — Ag = K5 can
be drawn on any surface of positive genus, Lemma 4.35 implies that ¥ is the
sphere. Moreover, since K5 can be drawn on the sphere with only one crossing,
Lemma 4.35 implies that G — Ao contains no long jump over 7 (S1), and thus no
vortex-local apex vertex can have attachments in two different vortices. Hence,
we can incorporate non-global apex vertices into vortices. Similarly, there is no
eye over 7(S1), and we can use Corollary 5.9 to show that there actually are no
vortices. It follows that G can be obtained from a planar graph by adding r — 5
apex vertices, as desired.
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e If|Ag| =t — 6, then X again is the sphere, since K; — Ap = K¢ can be drawn on
any surface of positive genus. The argument here is overall similar to the previous
case, but substantially more difficult, since the drawings of K¢ in the sphere have
multiple crossings. It is important that K¢ has a drawing where all the crossings
are incident with a single face, which can be used to restrict the structure of
each vortex. Eventually, one shows that all vortices and non-global apex vertices
can be eliminated after removing at most one vertex, again obtaining the desired
conclusion.

 Finally, suppose that |Ag| < ¢t —7. Since G is t-connected, G — A has minimum
degree at least 7. Since the surface part has average degree close to six or smaller,
similarly to the proof of Theorem 10.3 it follows that the vortices of G — A have
relatively long boundaries. The most technical part of the proof then is an analysis
of vortices similar in spirit to Lemma 3.16, though much more complicated, since
the setting does not make it possible to find a well-linked subgraph in each piece.

The case of bounded treewidth is handled together with the long vortex case, using
the transformation of a tree decomposition to a long path decomposition shown in
the proof of Theorem 3.18.

10.5 Coloring K;-Minor-Free Graphs

Linear Hadwiger’s conjecture is a weakening of Hadwiger’s conjecture that states
that there exists a constant ¢ such that for every positive integer ¢, every K,-minor-
free graph has chromatic number at most cf. Even this weaker version remains
open. However, Theorem 10.3 can be used to show that for sufficiently large c,
the conjecture could for any fixed ¢ be in principle proved just by investigation of
finitely many graphs.

We say that a graph G is minor- x -critical if every proper minor of G has chro-
matic number less than x (G). Clearly, if counterexamples to (linear) Hadwiger’s
conjecture for any given ¢ exists, then the smallest ones are minor- -critical. The
linkedness results from Sect. 3.2 can be used to show that minor-y-critical graphs
have large connectivity.

Lemma 10.20 Let k be a positive integer and let G be a graph of chromatic number
greater than 15k. If G is minor-y -critical, then G is k-connected.

Proof Letd = x(G) — 1 > 15k. Since G is minor-y-critical, G has minimum
degree at least d: Indeed, if G contained a vertex v of degree less than d, then a
d-coloring of G — v (which exists by the minor-y -criticality of G) would greedily
extend to a d-coloring of G.

Let (A, B) be a vertex separation of G such that A € B and B € A of the
smallest possible order. Suppose for a contradiction that m = |A N B| < k. We
claim that
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(x) for X € {A, B} and any ordering vy, ..., v, of the vertices of A N B, the path
Vl...Uy 18 a{vy, ..., vy}-rooted minor of G[X].

Indeed, suppose that say X = A. The graph G[A] — B has minimum degree at least
d — k > 14k > dyjink (k) + 4k by Theorem 3.4. By Corollary 3.6, G[A] — B has a
k-linked subgraph H of minimum degree more than 7k. Since (A, B) is a separation
of smallest order, Menger’s theorem implies that G[A] contains an (AN B, V(H))-
linkage P of size m. For i € [m], let P; € P be the path starting in v; and let u; be
the end of P; in H; without loss of generality, we can assume that P; intersects H
only in u;. Since H has minimum degree more than 2m, we can fori € [m — 1]
select a neighbor z; of #; in H so that the selected vertices are pairwise distinct and
also distinct from u, ..., u,,. Since H is k-linked, it contains an {(z;, #;j+1) : i €
[m — 11} U {(u1, uy)}-linkage Q. Contracting the paths of £ U Q gives us the path
V1 ...y as the desired minor of G[A].

Let ¢ be a coloring of G[A N B] using the smallest possible number ¢ < d
of colors. For X € {A, B}, let Gx be the graph obtained from G[X] by, for each
i € [c], contracting the vertices of w_l(i) to a single vertex x;. Since G[A N B]
cannot be colored using fewer than c colors, W = {x1, ..., x.} is aclique in Gx.

We claim that G x is a minor of G: Indeed, suppose that say X = B. Let vy, ...,
vy, be an ordering of the vertices A N B such that ¢ (v;) < ¥ (v;) forall 1 <i <
Jj < m. By (%), we can contract G[A] to (a supergraph of) the path vy ...v,. By
further contracting disjoint monochromatic segments of this path, we obtain Gx as
a minor of G.

Since G is minor-x -critical, G 4 and G p are d-colorable. By permuting the colors
if necessary, we can assume that the colorings ¢4 of G4 and ¢p of Gp assign the
same colors to the vertices of the clique W. Thus, we can combine ¢4 and ¢p to a
d-coloring of G: Color the vertices of A \ B according to ¢4, the vertices of B \ A
according to ¢p, and for i € [c], give all vertices of the independent set Iﬂ_l (i) the
color g4 (x;) = ¢p(x;). This is a contradiction, since x (G) > d. |

In combination with Theorem 10.3, this has the following consequence.

Corollary 10.21 There exists a function ny : N — N such that the following claim
holds for every ¢ > 31 and every positive integer t. If every K;-minor-free graph
with at most ny(t) vertices is ct-colorable, then every K,-minor-free graph is ct-
colorable.

Proof Let ny(t) be the value of ny from Theorem 10.3 for n = ¢. Suppose that
for positive integers ¢ and ¢ > 31, there exists a K;-minor-free graph that is not
ct-colorable, and let G be the smallest such graph. Clearly, G is minor- x -critical,
and G is 2¢-connected by Lemma 10.20 applied with k& = 2¢. Moreover, as in the
proof of Lemma 10.20, we see that G has minimum degree at least ¢t > 30¢ + 1.
Since K; is a minor of K; ; (obtained by contracting a perfect matching in K, ;), the
graph G is K, ;-minor free. By Theorem 10.3, it follows that G has at most n2(z)
vertices. O
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Let us remark that by using Theorem 10.1 instead of Theorem 10.3, we could
decrease the lower bound on ¢ to 15. Kawarabayashi and Reed [4] showed that
the result is actually true also for Hadwiger’s conjecture. That is, for every positive
integer ¢ there exists n¢ such that if there exists a K;-minor-free non-(¢ —1)-colorable
graph, then there exists one with at most n¢ vertices.

Note that the proof of Corollary 10.21 has the following (conditional) algorithmic
consequence.

Corollary 10.22 For every ¢ > 31 and every positive integer t, there exists a
polynomial-time algorithm that, given a K;-minor-free graph G, either finds a
proper ct-coloring of G, or finds a minor of G that is not ct-colorable.

Proof If G contains a vertex of degree at most ¢t — 1, then we delete it, solve
the smaller instance G — v recursively, and either return the same non-cz-colorable
minor, or extend the returned ct-coloring of G — v to G greedily.

If G is not 2¢-connected, then we consider a vertex separation (A, B) of G such
that A € B and B € A of the smallest possible order, construct minors G4 and G p
of G as in the proof of Lemma 10.20, and apply the algorithm to them recursively.
If one of the recursive calls returns a non-ct-colorable minor of G 4 or G g, then we
return the same minor. Otherwise we obtain ct-colorings of G4 and G, and we
follow the proof of Lemma 10.20 to combine them to a cz-coloring of G.

Finally, if G is 2¢t-connected and has minimum degree at least ct, then Theo-
rem 10.3 implies that G has at most ny(¢) vertices, and we can find its ct-coloring
(or decide that G is not ct-colorable) by brute force. O

Kawarabayashi and Reed [4] proved the analogous conditional result for (z — 1)-
colorability. It seems difficult to get an unconditional algorithm, i.e., one which
would in the negative case show that the graph G (rather than a minor of G) is not
colorable by the given number of colors: Let us say that a graph H is nearly-k-apex
if we can remove k vertices from H so that the resulting graph can be drawn in the
plane with only one crossing. Consider any integer ¢ > 5.

* The clique K; is nearly-(t — 5)-apex.

» For ¢ > 2, let H be a graph obtained from a 4-connected planar graph with at
least ¢ + 8 vertices by adding an edge joining vertices not incident with the same
face and crossing only one other edge. Let H; . be the graph consisting of H/
together with a clique of + — 5 vertices completely joined to H/. Then H; . is
nearly-(t — 5)-apex.

Dvordk and Thomas [2] proved that for every t+ > 5 and ¢ > 2, it is NP-
complete to decide whether an H; .-minor-free graph is (t + ¢ — 4)-colorable.
From the perspective of the Minor Structure Theorem (even in its strong form,
Theorem 10.17), any nearly-(+ — 5)-apex graph behaves rather similarly to K;.
Hence, an unconditional algorithm to decide (¢ — 1)-colorability of K;-minor-free
graphs would have to distinguish between H; 3 and K; somewhere in the fine details.
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Let us remark that a conditional algorithmic result can also be obtained fairly
easily without any substantial vortex analysis. Let us note the following easy
observation.

Observation 10.23 Let G be a connected graph drawn on a surface of Euler genus
g, and let X be a non-empty set of vertices of G such that degv > 7 for every vertex
v € V(G) \ X. Then every vertex of G is at distance at most 10g + 13 + log; | n
from X.

Proof Consider any vertex v € V(G). Let Sp be the set of vertices of G at distance
at most 10g from v. If X N Sp # @, then the claim clearly holds. Otherwise, since
G is connected and X # 0, we have |Sp| > 10g. For i € N, let S; be the set of
vertices of G at distance at most i from Sy, and let d be the smallest index such that
SaNX #0@.

Consider any i € [d]. Since |S;—1] > |So| > 10g, the generalized Euler’s formula
implies that |G[S;—1]]l < 3|Si—1] 4+ 3g < 3.3|S;-1]. The number of edges between
Si—1and S; \ S;—1 s

0.4
(X2 degu) = 20GISi-1l = TISi-1] = 6.61S;-1] = 0411 = 351 GISi-1 1l

uesS;_1

Therefore, we have
0.4
IGLS:III = IGLSi-1]ll + EHG[Si—l]” > L1|G[Si-1]ll.
Since ||G[So]|| = 1, we have

119 < |G[S41 < G|l < 3n+3g <3.3n,

and thus d < log;(3.3n) < 13 + log; | n. Therefore, v is at distance at most
10g + 13 + log; | n from X. |

The algorithm then follows from the following lemma, partially inspired by [4].

Lemma 10.24 Let t > 5 be an integer and let H be a nearly-(t — 5)-apex graph.
There exists a constant y such that if G is an n-vertex H-minor-free graph, then

(a) G has apex number at mostt — 5; or,

(b) G contains a vertex v such that degv < t — 2, or degv = t — 1 and the
neighborhood of v is not a clique, or degv = t and the neighborhood of v
contains three pairwise non-adjacent vertices; or,

(¢) G has avertex separation (A, B) of order at most t —2 such that G[ B] contains
a clique on A N B as a rooted minor; or,

(d) tw(G) < ylogn.

Proof We give just a quick outline of the proof and we leave the details up to the
reader. Choose y > 6 > ¥ > [ > |H|. Consider any tangle 7 in G of order at
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least 6 and apply Theorem 10.4; let A € V(G) be a set of size at most « such that
G — A has a solid (m, §)-simple bisegregation (So, S1) with a (7 — A, y)-spread
arrangement on an H-avoiding surface X, and A consists only of vertex-local apices
except for a set Ag € A of at most ax (H) — 1 apices that are (I, ¥)-global. Let 79
be the surface tangle of the arrangement.

Note that since H is nearly-(+ — 5)-apex, we have ax(H) < t — 4, and thus
|Ag| <t — 5. Suppose first that there exists an (Sp, S1)-normal disk A € ¥ whose
boundary intersects 7 (S1) in a set ¥ of most three vertices, such that A, = V((G —
A)(SO,SI)[A]) # Y and a vertex of A, N V(7 (S))) is at d7-0-distance more than
three from the vortex faces of 7 (S1). Choose A as a maximal such disk; then it is
easy to see that Y is 7o-free. Let Ap = A’A U Agand By = (V(G) \ Ap) U (Y U
Ap). Then (A, Ba) is a vertex separation of G of order at most # — 2, and using
Lemma 4.35, it is easy to check that G[B] contains a clique on Y U Ag = Ax N B
as a rooted minor. We conclude that (c) holds in this case.

Hence, suppose there is no such disk. Note that this implies that for each cell
S € 8;,if S is at d.7-0 -distance more than three from the vortex faces of 7(Sy),
then V (S) = aS. Suppose now that |[Ag| = ¢ — 5. Since H is nearly-(+ — 5)-apex,
we have aj(H) < t — 5 for any surface IT other than the sphere, and thus in this
case X must be the sphere. Moreover, if a vortex-local apex gave rise to a long jump
or if a vortex could be used to create an eye, Lemma 4.35 would imply that H is
a minor of G. Hence, using Corollary 5.9, it is easy to eliminate all vortices (and
vortex-local apices), and thus without loss of generality, we can assume that Sp = ¢
and A = Ap. Moreover, since there are no vortex faces, we have V(S) = 9.5 for
every S € Sy, and thus 7(S1) = G — A. We conclude that (a) holds.

Therefore, suppose that |Ag| < ¢ — 6. Suppose now that 7(S1) has a vertex
v of degree at most 6 at dg -distance at least three from vortex faces. Note that
V(S) = 9S for every cell S € S; with v € 95, and thus the neighbors of v in
G — Ap are exactly its neighbors in 7(S1). Moreover, note that v is not contained
in a separating (or a non-contractible) triangle in 7 (S1), and thus the neighbors of
v that are non-consecutive in the cyclic ordering around v according to the drawing
of 7 (8S1) are non-adjacent. If degn(Sl) v < 4, then deggv < |Ag| +4 <t —2.
It degn(Sl) v =5, then deg; v <t — 1 and v has two non-adjacent neighbors. If
degn( SHV = 6, then deg; v < t and v has three pairwise non-adjacent neighbors.
In either case, (b) holds.

Finally, suppose that every vertex at dg -distance at least three from vortex faces
has degree at least 7 in 7(S1). Let X be the set of vertices at d7—0 -distance at most
three from the vortex faces (if there are no vortex faces, then let X consist of any
single vertex). Let g < ||H|| be the Euler genus of ¥; by Lemma 10.23, every
vertex of 7(S1) is at the graph distance at most 10g + 13 +-1og; ; n from X. We can
now use Lemma 9.10 to incorporate all vertices at dg -distance at most three from
vortex faces (and thus also non-trivial elements of S1) into vortices. Then, for each
F € 8y, we use Lemma 5.22 to find a vortical decomposition 8¢ of F of bounded
adhesion, and for each v € d F with neighbors vy and v, in 9 F, we split off Sr(v)
and replace it by a clique on the set B(v) N (B(v1) U B(v2)) U {v}. Finally, we add
the vertices of A back to the graph. By Theorem 2.73 and Lemma 7.5, we conclude
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that the resulting graph has treewidth O (logn). In conclusion, we get the following
claim.

(x)  Suppose that G does not satisfy (a), (b), and (c). For every tangle 7 in G of
order at least 8, there exists a 7-central star decomposition (S, 8) of G such that
the torso of the center of S has treewidth O (logn).

A standard argument (the proof method discussed after Lemma 2.16) then shows
that tw(G) = O(logn), and thus (d) holds. O

From this, it is easy to get the following conditional algorithmic result.

Corollary 10.25 Lett > 5and c >t — 1 be integers and let H be a nearly-(t —5)-
apex graph. There exists a polynomial-time algorithm that, given an H-minor-free
graph G, either returns a c-coloring of G, or a minor of G that is not c-colorable.

Proof First, go over all (t — 5)-vertex sets A C V(G) and check whether G — A is
planar. If so, then G — A is 4-colorable by the Four Color Theorem, and a 4-coloring
of G can be found in quadratic time using the algorithm described in [10]. Giving
each vertex of A a new color results in a (t — 1)-coloring of G.

Next, suppose that G contains a vertex v such that degv < ¢ and the
neighborhood of v contains an independent set S of size at least degv —¢ 4 3 (such
a vertex can clearly be found in linear time). Let G’ be the minor of G obtained
by contracting the edges between v and S (and deleting v if S = @), and let s be
the vertex resulting from the contraction. We recurse on G'; if the result is a non-c-
colorable minor F of G’, then we return F, which is also a minor of G. Otherwise,
we obtain a c-coloring ¢" of G’. Color all vertices of S by the color ¢’(s), then
choose a color for v; this is possible, since at most degv — (|S| — 1) <t —2 < ¢
different colors are used on the neighborhood of v. Hence, we obtain a c-coloring
of G.

Next, we go over all sets Z C V(G) of size at most t — 2 and check whether they
form a cut. If so, we also check whether there exists a component K of G — Z such
that G; = G — K contains the clique on Z as a Z-rooted minor, using the algorithm
of [8]. If so, we recurse on the subgraph G. If the result is a non-c-colorable minor
F of G1, then we return F. Otherwise, we obtain a c-coloring ¢; of G1. Contract
G to the clique on Z, then contract all edges of Z joining the vertices assigned the
same color by ¢1, and let G, denote the resulting minor of G and Z; the resulting
clique in G». Note that ¢ assigns distinct colors to vertices of Z>. We recurse on
the subgraph G, either obtaining a non-c-colorable minor of G (and thus also of
G), or a c-coloring ¢y of G;. By renaming the colors if necessary, we can assume
that ¢ matches ¢ on the clique Z,. Hence, using ¢ on G| and ¢ on K gives us a
c-coloring of G.

Hence, we can assume that the graph G does not satisfy (a), (b), and (c) of
Lemma 10.24, and thus tw(G) < ylogn, where n = |G|. We can now use the
algorithm of [6] to find a tree decomposition of G of width at most 2y logn, then a
standard dynamic programming algorithm to find a c-coloring of G or decide that it
is not c-colorable, in time exp(O (tw(G))) = exp(O(y logn)) = now, |
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Of course, a cost for the relative simplicity of this algorithm is its truly horrifying
time complexity 79, where y is a constant derived from the Minor Structure
Theorem. For context, the algorithm of Kawarabayashi and Reed [4] has quadratic
time complexity, though of course the multiplicative constant in the complexity is
also derived from the Minor Structure Theorem, making it impractically large.
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Chapter 11 ®)
Sources Check or

The proof of treewidth-fragility of proper minor-closed classes from Chap.7 is
essentially the one given by DeVos et al. [3]; the construction showing the additive
non-approximability of chromatic number in proper minor-closed classes is taken
from [4].

The proof of linear grid minor theorem in Chap. 8 is a rather easy exercise thanks
to Theorem 5.29 which guarantees that the surface part is actually a minor of
the whole graph; though a (not much more complicated) proof without using this
strengthening is also possible [2].

Chapter 9 on topological minors draws from [6] for the derivation of the global
form of the structure theorem and from [8] for the proof of the local form.

For Chap. 10, the fact that attachments of non-global apices can be captured in
vortices can be found in [5], though it has been widely known in the community
before. The treatment of vortices is inspired by [9]; we choose to work with strong
vortical decompositions from the beginning, whereas the setting of [9] more closely
matches semi-strong vortical decomposition setting (with some additional features,
such as “empty” nodes that do not correspond to any vertices), and concludes
that the vortical decomposition is strong by proving its linkedness. The proof
of Theorem 10.3 is based on the ideas from [1]; they prove a somewhat more
complicated result postulating the existence of many disjoint copies of K;, or
of a subdivision of K ,, which requires them to assume larger connectivity. The
argument from Sect. 10.5 is inspired by [7].

Let me remark that two of the results that we discuss in Chap. 10 have somewhat
dubious publication status.

e Theorem 10.1 of Norin and Thomas was announced in 2009, but the paper has
not appeared yet. I have been shown a substantial partial manuscript, but while I
understand the overall ideas of the argument, I have not verified the details and I
cannot vouch for their correctness.

* The result of Kawarabayashi and Reed on decidability and conditional algorithm
for (t+ — 1)-coloring of K,-minor-free graphs appeared as an extended abstract
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in the proceedings of STOC’09, but full version is also not available. On
the first reading, it seems like the details of the proof should be reasonably
easy to work out (the argument described in the paper only refers to the Flat
Wall Theorem and Thomassen’s famous result on 5-list-colorability of planar
graphs [10]). However, upon closer inspection, it becomes obvious (and was
confirmed by Kawarabayashi in private communication) that the proof requires
deeper consideration of vortices and consequently it probably also is rather more
technical than the extended abstract makes it appear.

Since neither of the groups of authors seems to have any doubts about the
correctness of their arguments, I have chosen to present the results as proven; but,
it needs to be acknowledged that they have not passed the same level of scrutiny as
other results presented in this book.
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Part 111
Avoiding the Structure Theorem

As we have seen, the Minor Structure Theorem is an extremely powerful tool with
many applications. However, it should also be clear that it is not the best tool for
every circumstance. Firstly, it is not very useful if we are interested in quantitative
bounds. E.g., consider Theorem 2.9 for H = K, and let a(¢) be the function giving
the dependence of the parameter a on ¢. The proof we presented involves multiple
iterations of steps that each lead to an exponential increase, showing that a(¢) is at
best a tower function of height depending on ¢. Even worse, some of the steps of
the proof, e.g., Theorem 4.27, do not directly come with explicit bounds, and thus
deriving any bound on a(¢) is a non-trivial problem. This issue has been largely
mitigated in a recent proof of the structure theorem by Kawarabayashi, Thomas and
Wollan [2], who proved a slightly weaker version of the Minor Structure Theorem
with a(t) = exp(O(t26 logt)). Still, even with this bound, the minor structure
theorem is not applicable e.g. in relation to Hadwiger’s conjecture: The current best
result [1] states that a K;-minor-free graph has chromatic number O (¢ loglog?). It
is clear that any attempt to improve this bound using the Minor Structure Theorem
is doomed from the beginning, since the Theorem does not say anything at all for
graphs with less than a(t) vertices.

Secondly, there are many cases where we can actually obtain a result using
the Minor Structure Theorem, but the dependence on the excluded minor is so
bad that the result does not have any uses in practice. E.g., we have already seen
several proofs that every n-vertex K;-minor-free graph has a balanced cut of size at
most ¢(t) - «/n. This is a rather interesting result from algorithmic perspective; for
example, as we are going to see in Chap. 12, it implies that many NP-hard problems
on K;-minor-free graphs can be solved in subexponential time. However, since
the time complexity involves the constant c(¢) arising from the Minor Structure
Theorem, it is clear that the algorithm is too slow for practical use. Moreover, to
find the balanced cut, one would need to algorithmize the whole proof of the Minor
Structure Theorem, which is not too hard theoretically, but certainly not feasible in
practice. Fortunately, much simpler proofs of the existence of sublinear separators
leading to much better bounds exist, as we are going to see shortly.
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Finally, while the Minor Structure Theorem is powerful, it is also rather
cumbersome; even conceptually trivial applications may take multiple pages to
execute in order to deal with all the technicalities. Moreover, even stating the
Theorem requires a non-trivial amount of definitions, if that is needed in the context.
Hence, direct arguments avoiding the Structure Theorem are often much simpler and
more elegant (though harder to devise).
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Chapter 12 ®)
Sublinear Separators ST

We have already seen several proofs of the following fact: For every H, every
H-minor-free n-vertex graph has a balanced cut of size O(\/n). As the proofs
were based on the Minor Structure Theorem, they do not give good bounds on
the multiplicative constant of the O-notation. Kawarabayashi and Reed [3] gave
a substantially more involved proof, also based on the Structure Theorem, of the
following quantitatively stronger claim.

Theorem 12.1 For every positive integer t, there exists an integer o such that every
K;-minor-free n-vertex graph has a balanced cut of order at most

o+ (41 +7/2)/n.

That is, they managed to move the dependence on the Minor Structure Theorem
constants to the additive term, though of course from the practical perspective,
this is not much of a difference. However, Alon et al. [1] proved a result that
is asymptotically slightly weaker, but avoids the Minor Structure Theorem and
consequently is much more practical.

Theorem 12.2 Let t be a positive integer, let G be a graph, and let w be an
assignment of non-negative weights to vertices of G. If G is K;-minor-free, then
it has a w-balanced cut of size less than ~/t3n.

Let us remark that Alon et al. [1] actually proved that K;-minor-free graphs have
treewidth less than +/73n, which is a slightly stronger claim by Lemma 2.15 (though
only by a constant factor, as seen from Lemma 2.16). They also conjectured that the
bound from Theorem 12.2 can be improved to O (t4/n). This would be best possible
for n-vertex 3-regular expanders, which do not have any separator of size o(n), but
also do not have enough edges to contain K, as a minor for t = 2[/n]. Moreover, it
would match the bound O(,/gn) on the size of balanced cuts in n-vertex graphs of
genus g (see Corollary 2.76 or [2]), since K; has genus more than g fort = ®(g!/?),
and thus these graphs are K ,1/2)-minor-free. Theorem 12.1 proves this bound for
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any fixed ¢, but not for ¢ depending on n (such as in the expander example), since o
from the statement of the theorem depends on 7.

12.1 Existence of Small Separators

Let us now show a proof of Theorem 12.2. The key ingredient is the following
lemma on separating multiple sets of vertices.

Lemma 12.3 Let r be a real number, let G be a graph with n vertices, and let Ay,
..., Ay be subsets of vertices of G. If no connected subgraph of G with at most r
vertices intersects all of Ay, ..., Ay, then there exists a set Z C V(G) of size at
most (k — 1)n/r such that no component of G — Z intersects all of Ay, ..., Ag.

Proof Let F be the graph obtained from k — 1 copies Gy, ..., Gx—1 of G by, for
i € [k — 2], adding the matching between the two copies of vertices of A;1 in G;
and G, 1. Let A) be the copy of Ay in G and A; the copy of Ay in Gx_1.

If there exists a path P in F between A’1 and A}( with at most r vertices, then

note that P corresponds to a walk in G starting in Ay, visiting A», ..., Ax—1, and
ending in A with at most |P| < r vertices. Consequently, G contains a connected
subgraph with at most r vertices intersecting all of Ay, ..., Ax.

Hence, suppose that this is not the case, and thus the distance between A/1 and
A, in F is at least |[r|. For 0 < i < [r], let Z] be the set of vertices of F at
distance exactly i from A/, and note that Z| separates A from A;. Let Z; be the
corresponding set of at most | Z!| vertices of G. Observe that no component of G—Z;
intersects all of Ay, ..., Ag: Otherwise, let W be a walk in G — Z; containing in
order a vertex of Ay, a vertex of A», ..., and a vertex of A; (between these vertices,
W may pass through A U. ..U Aj any number of times). Then W would correspond
to a walk in F — Z] from A to A} .

Since the sets Z are pairwise disjoint, there exists i € {0, ..., ||} such that
F k—1
1z <1z < L &= Dn
lr]+1 r
Hence, we can let Z = Z;. m]

Let G be an n-vertex K;-minor-free graph and let w be an assignment of non-
negative weights to vertices of G. Let r = +/tn. We now build a w-balanced cut by
gradually refining a partition of V (G) to parts A, C, and B satisfying the following
invariants:

(a) There are no edges between A and B.

(b) w(A) <w(G)/2.

(c) For some k < t, there exists a model u of K; in G[A U C] such that C C
Uvev(,(k) V(u(v)) and |C NV (u(v))| <r forevery v e V(Ky).
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Since G is K;-minor-free, we must actually have £ < ¢ — 1 in (c). Moreover,
without loss of generality, we can assume that C N V(u(v)) # @ for every
v € V(Ky), as otherwise we can remove v from the model and decrease k without
affecting the validity of the invariants.

For every v € V(K}), let N, be the set of neighbors of i (v) in B. The refinement
procedure proceeds as follows:

(i) If G[B] contains a connected subgraph D with at most r vertices intersecting
all sets N, for v € V(K), then we replace B by B \ V(D), C by C U V (D),
add D to u to obtain a model of Kj 1, and increase k. Repeat the procedure.

(ii) Otherwise, by Lemma 12.3, there exists a set Z C B of size at most |B|(k —
1)/r < nt/r = r such that no component of G[B] — Z intersects all sets N,
for v € V(Ky).

(ii-a) If w(K) < w(G)/2 for every component K of G[B] — Z, then by (a)
and (b), C U Z is a w-balanced cut. Moreover, by (c¢) we have |C U Z| <
(t—Dr+r=tr= \/E, as desired; the procedure stops.

(ii-b)  Otherwise, G[B] — Z has a (unique) component By with w(Bg) >
w(G)/2. Let v € V(K}) be a vertex such that Ny, N V(By) = 0.

(ii-bl) If N, = @, then we replace A by AU V (u(v)), C by C \ V(1 (v)),
remove v from the model u, and decrease k. Note that the weight of A
does not increase beyond w(G)/2, since w(G — By) < w(G)/2. Repeat
the procedure.

(ii-b2)  Otherwise, let Zg € Z be minimal such that Zg separates N, from

By, and let By be the component of G[B] — Zj containing By. By the
minimality of Z, for each u € Z there exists a path P, in G[B \ V(By)]
from u to N,. Let M consist of n(v), vertices of N, and edges of G from
Ny to V(e (v)), and UueZO P,. Wereplace A by AU(B\ (ZoUV (B})))U
V(n()), C by (C\ V(u(v)))UZy, Bby V(B1), and replace u(v) by M
in u.
Note that weight of A does not increase beyond w(G)/2, since w(G —
B1) < w(G — Bg) < w(G)/2. The set Zg we added to C separates B
from all vertices added to A, and thus (a) is preserved. Moreover, M is
connected and its intersection with the new set C is Z, and thus has size
at most |Z| < r, showing that (c) holds. Therefore, we can iterate the
procedure.

The sublinear separator theorem now follows by a straightforward analysis of
this procedure.

Proof of Theorem 12.2 Without loss of generality, we can assume that G is
connected. Let vy be an arbitrary vertex of G and let A = @, C = {vp}, and
B = V(G) \ {vo}; the invariants (a), (b), and (c) are clearly satisfied with k = 1. We
run the procedure described above. Note that since G is connected, we have C # ¢
throughout the run, and in particular in (i) the subgraph D must be non-empty.
Hence, in each iteration we decrease size of B in (i) or (ii-b2), keep B unchanged
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but decrease k in (ii-bl), or stop in (ii-a). Since in each iteration we also increase k
by at most one, we conclude that we can iterate the procedure at most 2|G| times.
When the procedure ends in (ii-a), we obtain the desired w-balanced cut of size at

most v/ 13n. ]

Let us remark that the described procedure obviously gives a polynomial-time
algorithm to obtain the w-balanced cut.

12.2 Applications

A key application of small separators is in design of subexponential-time algorithms
and approximation schemes. Although we are mostly motivated by considering
proper minor-closed classes, let us present the results in a more general setting of
graphs with sublinear separators. For a function s : N — N, we say that a graph
G has s-separators if every induced subgraph G’ of G has a balanced separator of
size at most s(|G’|). A class G of graphs has efficient s-separators if there exists
a polynomial-time algorithm that for an induced subgraph G’ of a graph G € G
returns a balanced separator of size at most s(|G’|). Thus, Theorem 12.2 says
that the class of K;-minor-free graphs has efficient s-separators for the function
s(n) = V3n.

Sublinear separators can be used to solve problems in subexponential time via
the natural divide-and-conquer algorithm. Although the idea can be applied more
generally, let us describe it in the setting of constraint satisfaction problems (CSPs):
The instance of the problem is a quadruple (G, D, wy, wg), where G is a directed
graph, D is a finite set, and wy : V(G) x D — R U {oo} and wg : E(G) x D?> —
R U {oo} are cost functions. The task is to find an assignment f : V(G) — D of
values from D to vertices of G that minimizes the sum of the costs of vertices and
edges, i.e.,

DT owv@ fe)+ D wele, fu), f)).

veV(G) e=uveE(G)

Examples of problems expressible in this setting are:

* k-colorability of a graph G: Let G be any orientation of G, let D = [k], for every
v € V(G) and ¢ € D let wy(v,c) = 0, and for every e = uv € E(G), let
wg(e, c1,cy) = oo if ¢; = ¢p and wg(e, c1, ¢p) = 0 otherwise. Then the CSP
(G, D, wy, wg) has solution 0 if G is k-colorable and oo otherwise.

» Largest independent set in a graph G: Let G be any orientation of G, let D =
[2], for v € V(G) let wy(v,1) = 0 and wy(v,2) = —1, and for every edge
e = uv € E(G) let wg(e,2,2) = oo and wg(e,i,j) = 0ifi = lor j = 1.
Consider the CSP instance (G, D, wy, wg). Note that for f : V(G) — [2], the
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weight of f is finite exactly if f~!(2) is an independent set in G, and in that case
the weight of f is | f ~!(2)|. Therefore, the solution to the instance is — a(G).

Lemma 12.4 Let G be a class of graphs with efficient O (n'~¢)-separators for some
positive ¢ < 1 and let D be a set of size k > 2. There exists an algorithm with
time complexity exp(O(nl_g log k)) that solves any CPS instance (G, D, wy, wg),
where G is an orientation of an n-vertex graph G € G.

Proof If V(G) = @, then the claim is trivial. Otherwise, we find a balanced vertex
separation (A, A2) of G of size O(n'=®). Let Z = A; N Ay. We go over all
functions f : Z — D and for each of them, we proceed as follows: For i € [2], let
w% be the restriction of wg to edges of G[A; \ Z], and forv € A; \ Z andc € D,
let

wi ) =wyw.+ Y we fw). o)

e=uveE(G)ueZ

+ Y welec f).

e=vueE(G)uezZ

Thus, w‘j;’i(v, ¢) accounts for the cost incurred by v and edges between v and Z
when the value ¢ is assigned to v and the values on Z are chosen according to f.

Let c,; be the solution to the instance (G[A; \ Z], D, w{;’i, w’é), and let

cr=critemt Y wy@, fON+ Y. wele, f@), f)).

veZ e=uveE(G[Z])

Note that ¢ is the minimum cost of the assignments f’ : V(G) — D for the
instance (G, D, wy, wg) such that f’ extends f.

Therefore, the solution to this instance is the minimum of cy over all func-
tions f : Z — D. We obtain this solution by recursively solving each of
the exp(O(nl_E logk)) pairs of instances described in the previous paragraph,
each with at most %n vertices. An easy calculation shows that this results in
exp(0(n'~¢ logk)) time complexity. O

Thus, k-colorability of n-vertex K;-minor-free graphs can be decided in time
exp(0(t3?n'/? logk)) and largest independent set in such graphs can be found
in time exp(O(¢3/?n'/?)). Another important property of graphs with sublinear
separators is that they can be broken into constant-size components by removal of a
small fraction of vertices; this lends itself to design of approximation algorithms, as
well as further applications (see e.g. Sect. 14.3).

Lemma 12.5 Let G be a class of graphs with efficient O (n'~¢)-separators for some
positive ¢ < 1. There exists a polynomial-time algorithm that for any graph G € G
and any positive integer k returns a set S C V(G) of size at most %|G| such that

every component of G — S has size O (k'/%).
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Actually, for many applications the following stronger form is needed. A cover
for a graph G is a system C of induced subgraphs of G such that G = | JC. For
C € C, let aC consist of the vertices of C that belong to another element of C, and
let 3C = |J ¢ dC. Thus, each component of G—dC is a subgraph of an element of
C. It follows that Lemma 12.5 is implied by the following stronger result by taking
S =0C.

Lemma 12.6 Let G be a class of graphs with efficient O (n'~¢)-separators for some
positive ¢ < 1. There exists a polynomial-time algorithm that for any graph G € G
and any positive integer k returns a cover C of G such that each graph in C has
O (k') vertices and

> 19C| < £IGI.
ceC

Proof Let y > 1 be a constant such that G has efficient yn'~¢-separators, and let

_ 3y
G-

c

Let M (k) = max((12y)"/%,3(ck)!/¢) = O(k'/¥). We are actually going to prove a
stronger claim: If |G| > (ck)l/ ¢, then there exists a cover C such that each graph in
C has at most M (k) vertices and

> 19C| < 11G| —clGI'.
ceC

The algorithm is as follows. Let n = |G|:

e Ifn < M(k), then return C = {G}.

e Otherwise, let (A1, A>) be a balanced vertex separation of G of order at most
ynl_g , fori € [2], let C; be the cover of G[A;] returned by a recursive call, and
return C = C; U Cy.

In the former case, note that ZCEC|8C| =0 < %|G| — ¢|G|'7¢, since |G| >

(ck)1/¢. In the latter case, we have

|Ail =n — Az \ Ail = tn > sM(K) = (ck)'/*,

and thus the assumption on the minimum size of the considered graph is satisfied in
the recursive call. Moreover,

|Ail = [Ai \ As—il + A1 N Ao| < Sn+yn' ™" < 3n,
since n > M(k) implies nlg < % Consequently, the recursion is finite, and

clearly the returned set C contains only graphs with at most M (k) vertices. We have
|A1], |A2] < %n and |A1| + |Az| > n; observe that this implies that
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AL+ 1A > (3 + (/) e

Consider any subgraph C € C;. Note that if v € dC in C but not in C;, then C is the
only element of C; containing v and v € A} N A,. Therefore,

2
Y 19cCl < 21A1N Azl + ) > 3¢, Cl

ceC i=1 ceC;
_ All+ A _ _
< 2ynt=e 4 BIEIRL a1 4 aol0)
R (C T B (Y f Vi
— z —Cnl s’
k
where the last equality holds by the choice of c. O

Lemma 12.5 lends itself naturally to obtaining efficient approximation algo-
rithms: Just ignore what happens on S, and solve the problem on each component
of G — S by brute force. For example, we immediately get the following result.

Corollary 12.7 Let G be a class of graphs with efficient O (n'~%)-separators for
some positive ¢ < 1. There exists an algorithm that for any n-vertex graph
G € @G and any positive integer k returns in time O(poly(n)) + exp(O(k'/*))n
an independent set of G of size at least «(G) — n/k.

Proof By Lemma 12.5, we can find a set S € V(G) such that |S| < n/k and each
component of G — S has size O (k'/¢). By a brute-force algorithm, we can in time
exp(O (k'/#))n find a largest independent set in each component of G — S and let
A be their union. Then A is an independent set in G and

Al = (G — §) = a(G) — |S| = a(G) — 2. ]

Let us remark that Lemma 12.6 implies that graphs with sublinear separators
have bounded average degree.

Corollary 12.8 Let G be a class of graphs with O(n'~%)-separators for some
positive ¢ < 1. Then there exists a constant d such that every graph G € G has
average degree at most d.

Proof By Lemma 12.6 with k = 1, there exists an integer dy such that every graph
G € G has a cover C by subgraphs of size at most dp satisfying

Y 19CI < IGI.

ceC
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Note that

Y ICI= Y IVO\ICI+ Y 1aC| < 2(Gl,

ceC ceC ceC

since the sets V(C) \ dC for distinct C € C are pairwise disjoint. Hence,

C| do|C|
IGI <Y lch< Y, ( ) ) <) —, =Gl

ceC ceC ceC

Consequently, each graph G € G has average degree 2||G||/|G| < 2dp, and thus we
can let d = 2dy. |

Corollary 12.8 implies that every n-vertex graph G € G has independence
number at least d"?, and thus Corollary 12.7 gives an independent set A such that
Ay ok dtl

a(G) n/(d+1) k

i.e., by choosing k large enough, we can make the relative error arbitrarily small.

Lemma 12.5 cannot be used to obtain approximation algorithms for problems
where the optimal solution has sublinear size, as there it is possible that e.g. the
whole optimal solution is contained in the deleted set S. Moreover, the approaches
that use deletion of sublinear separators in general run into difficulties when dealing
with problems with constraints on non-adjacent vertices (for example, finding a
maximum-size distance-r independent set, i.e., a set of vertices pairwise at distance
greater than r), since then the solutions in different components of G — § are not
independent. We are going to see techniques without such limitations in Chap. 16.

Let us remark that for y = /2 and ¢ = 1/2 corresponding to Theorem 12.2, the
proof of Lemma 12.6 gives M (k) = O(t3k?), and thus Corollary 12.8 implies that
every K,-minor-free graph has average degree O (3). This is of course far from the
optimal bound given in Theorem 1.2.
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Chapter 13 m)
Chordal Partitions Chock or

A chordal partition of a graph G is a sequence P = Py, ..., Py of pairwise disjoint
subsets of V(G) such that V(G) = J/L, P;,

(i) each part of P is non-empty and induces a connected subgraph of G, and
(i) for1 <i < j < k < m, if G has an edge between P; and P; and an edge
between P; and Py, then it also has an edge between P; and P;.

A part P; is a leaf of the partition if there is no j > i such that G contains an
edge between P; and P;. By (i), G/# is a minor of G. Hence, if G is K;-minor-
free, then G /P has clique number at most t+ — 1. By (ii), the graph G /% obtained
by contracting each of the parts is chordal, and consequently, it has treewidth at
most ¢+ — 2. This property makes chordal partitions an important tool in lifting the
properties of graphs of bounded treewidth to all proper minor-closed classes.

Of course, every graph has a chordal partition: Just take # to be the partition
of V(G) to vertex sets of the components of G. Clearly, such a trivial partition is
useless in the study of the properties of G. Hence, a key point is to be able to choose
the partition so that each of the parts has an additional application-specific property
7. In general, this is achieved using the following algorithm.

We start with the trivial chordal partition into components, and refine it while
preserving the following invariant: Every non-leaf part satisfies the property .
Suppose that P = Py, ..., P, is the currently considered partition and there exists
i € [m] such that the part P; (necessarily a leaf) does not satisfy the property 7. Let
i1 < iy < ... < ig < ibethe indices such that G contains an edge between P,-j
and P; for j € [d]; by (ii), G contains an edge between Pl-j and P;, for all distinct
J.k € [d]. For j € [d],let A; C P; consist of the vertices incident with an edge
with the other end in P;;. We choose a non-empty set Q C P; so that

(»)  G[Q]is connected, Q intersects A1, ..., Ay, and Q satisfies the property 7.

Note that the last condition implies that Q # P;. We replace P; in P by Q followed
by the vertex sets of the components of G[P;] — Q in any order.
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This gives a chordal partition: Q was chosen to satisfy (i). If K is the vertex set of
a component of G[P;] — Q, then the edges of G from K may only end in Q and the
sets P;; for (not necessarily all) j € [d], and since Q intersects A ;, the graph G also
has an edge between Q and P;;; it follows that (ii) holds. Finally, the components of
G[P;] — Q form leaves in the new version of the partition #, and thus the invariant
that 7 holds for all non-leaf parts is preserved.

Since each iteration of the described procedure increases the number of parts of
P, after at most |G| iterations we end up with a chordal partition where each part
satisfies the property 7. Of course, this assumes that for the property , the choice
of the subset Q satisfying (%) is always possible. Let us remark that 7 does not need
to depend only on Q, but also on the parts Pj,, ..., Pj, and the set Uk>i Py, since
these sets do not change by further iterations of the refinement procedure. Of course,
the procedure will not succeed for every property 7; we discuss this in more detail
at the end of the following section.

Note that the described algorithm can be executed on any graph, not necessarily
forbidding any minor. The only place where the applications exploit the fact that
G is K;-minor-free is in concluding that G/ has treewidth at most t — 2. This
separation results in rather clear and simple arguments.

Let us now describe two applications of chordal partitions arising from particular
choices of 7.

13.1 Fractional Chromatic Number

A fractional coloring of a graph G is a function ¢ that to each vertex assigns a set
of colors of measure one (from some measure space, say R with Lebesgue measure)
such that ¢ (1) N @(v) = ¥ for every edge uv of G. The span of ¢ is the measure of
U, ev(c) ¢(v). The JSractional chromatic number x y(G) of G is the infimum of the
spans of fractional colorings of G. Clearly, one way to obtain a fractional coloring
is to start with an ordinary proper coloring v using k = x (G) colors, then assign
to each vertex v the interval [¢ (v), ¥ (v) + 1). The span of the resulting fractional
coloring is equal to k. It follows that x s (G) < x(G).

The fractional chromatic number is one of the best studied variants of the chro-
matic number; see e.g. [6] for a development of its theory. Reed and Seymour [5]
used chordal partitions to show that Hadwiger’s conjecture holds for fractional
chromatic number up to a factor of two.

Theorem 13.1 For every positive integer t, every K;ii-minor-free graph has
fractional chromatic number at most 2t.

In contrast, the current best bound [1] for the ordinary chromatic number is
O (tloglogt), via a significantly more involved argument.

To prove Theorem 13.1, we need a reformulation of the definition of the
fractional chromatic number. Let 7 (G) be the set of all non-empty independent sets
of graph G. Given a fractional coloring ¢ of a graph G, for each I € I(G), define
x7 to be the measure of the set
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New\ | e,

vel veV(G)\I

i.e., of the set of colors that appear in G exactly on 7; note that the condition ¢(u) N
¢(v) = @ for every edge uv implies that each color appears on an independent set.
Observe that the values {x; : I € I(G)} determine the fractional coloring ¢ up to
a measure-preserving transformation of colors. In particular, a fractional coloring
¢’ can be recovered from {x; : I € I(G)} as follows: To each independent set
I € I(G), assign an interval S; of measure x; so that the assigned intervals are
pairwise disjoint. For each v € V(G), let

yo= U s

11 (G)wel

This correspondence shows that the fractional chromatic number is equal to the
solution of the following linear program (P).

x>0 for I € 7(G)
Z x> 1 forv € V(G)
1€ (G)wel
minimize Z Xy.
11 (G)

Let us remark that this in particular implies that we can replace “infimum” by
“minimum” in the definition of the fractional chromatic number, and that x (G)
is a rational number. By linear programming duality, we can equivalently solve the
following program (D).

vy >0 for v € V(G)

> ow=l for I € 7(G)

vel

maximize Z Vy-
veV(G)

The assignment {y, : v € V(G)} such that ) _; v, < 1 for every independent
set I can be viewed as a fractional relaxation of a clique; indeed, if K is a clique in
G, then the characteristic function of K satisfies these constraints. Thus, the duality
states that the fractional number of G is equal to the size of the largest fractional
clique in G.
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Another interpretation is in terms of the weighted independence number. Given
an assignment w : V(G) — R(J)r of non-negative weights to vertices of G, let oy, (G)
be the maximum of w(/) over all independent sets / in G.

Lemma 13.2 Let G be a graph and let r be a positive real number. The fractional
chromatic number of G is at most r if and only if for every assignment w : V(G) —
Rg of non-negative weights to vertices of G,

aw(G) = W),
.

Proof 1If xy(G) < r, then there exists a solution {x; : I € 71(G)} of (P) with
ZIGI(G) x7 < r. Using the constraints of (P), we get

oy (G) = max w(l) > max w(l) - Z Xy
1e1(G) 11 (G)
IeI(G)

% > x1w(1)=% >0 xw)

1€1(G) 11 (G) vel
LY wm ¥ owmz ¥ ww)
r T r
veV(G) Ief(G):vel veV(G)

w(G)
P

v

Conversely, suppose that x (G) > r, and thus there exists a solution {y, : v €
V(G)} of (D) with Zvev(G) vy > r. Let w(v) = y, for every v € V(G), so that
w(G) > r. Using the constraints of (D), we have

G
=Yy =1 <2
vel
for every I € 7(G), and thus o, (G) < @ |

Consequently, Theorem 13.1 is equivalent to the following claim.

Theorem 13.3 For every positive integer t, every K;i1-minor-free graph G, and
every assignment w : V(G) — Ra' of non-negative weights to vertices of G,

00 (G) = ?

Given an assignment w : V(G) — R(J{ of non-negative weights to vertices of a
graph G, a w-egg is a non-empty set S € V(G) containing a subset Y such that Y is
an independent set in G and w(Y) > @; the set Y is called a yolk of S. We apply
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the chordal partition construction algorithm from the beginning of the chapter for
the following property of a set P; in the chordal partition P = Py, ..., P, of G:

Tegg: Pj is a w-egg, and there is no w-egg § C Ukzj Py such that G[S] is
connected and P; C S.

Thus, we need to prove the following lemma, asserting that in the step (x) of the
algorithm, we can choose a set Q C P; satisfying the property mege. The lemma
only asserts that Q can be chosen to be a w-egg; the condition that there is no larger
w-egg is ensured by taking a maximal superset of Q that induces a connected w-egg
(since the part P; in the statement of the lemma is a leaf, every subset of Uk>i Py
inducing a connected subgraph and containing Q C P; is contained in P;). -

Lemma 13.4 Let w be an assignment of non-negative weights to vertices of a graph
G.LetP = Py, ..., Py beachordal partition of G such that the property g, holds
for every j € [m] such that P; is not a leaf. Let i € [m] be an index such that P;
is aleaf. Leti) < iy < ... < ig < i be the indices such that G contains an edge
between P; and P; for k € [d]. For k € [d], let Ax C P; consist of the vertices
incident with an edge with the other end in P;,. There exists a w-egg Q C P; such
that G Q] is connected and Q intersects Ay, ..., Ag.

Proof Let Q be a minimal non-empty subset of P; such that G[ Q] is connected and
Q intersects Ay, ..., Ag (such a set exists, since G[P;] is connected). We claim
that G[Q] is bipartite; then the heavier part Y of the bipartition of G[Q] is an
independent set satisfying w(Y) > @, and thus Q is a w-egg, as desired.

Hence, suppose for a contradiction that G[ Q] is not bipartite, and thus it contains
an odd cycle K. Consider any vertex v € V(K), and let Q, be the vertex set of the
component of G[Q] — v containing K — v. By the minimality of Q, there exists
ky € [d] such that Ay, does not intersect Q,. Let P, be a shortest path from Ay,
to v in G[Q]. Note that P, is an induced path only intersecting K in v, G has no
edge between P, — v and K — v, and P, intersects Ay, exactly in its starting vertex.
Let us remark that it is possible that P, consists of only of the vertex v, in case that
Ve Akv-

Since K is an odd cycle, there exists an edge vv’ € E(K) such that the lengths of
the paths P, and P, have the same parity. Since there is no path in G[Q] — v from
Ag, tov' € V(K — v), we conclude that k,» # k,, the paths P, and P, are disjoint,
and G contains no edge between P, — v and P,y — v’. Therefore, the concatenation
P of P,, the edge vv/, and the reversal of Py is an induced path in G[Q] starting
in Ay, , ending in Akw and otherwise disjoint from Ag, U Akv,. Moreover, since the
lengths of P, and P, have the same parity, the path P has odd length.

Let P = vjv2...vp,, where vy € Ag,. Let Y1 = {vy,v3,...,v2,—1} and
Y2 = {va, v4, ..., v2,}. By symmetry, we can assume that w(Y,) > w(Y7), and
thus w(Y,) > @. Let Y, be the yolk of the part P, . Since P only intersects
A, in vy and P is an induced path in G, ¥, U Y7 is an independent set in G.

Moreover, w(Y, U Y) > w + @ = w. Thus G[ P, U V(P)]is a
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connected w-egg. This contradicts the maximality in the property 7egg for &, since
P, UV (P) C Pi, U P; € Ui, Pr- ]

Consequently, the algorithm from the beginning of the chapter gives us a chordal
partition such that each part is a w-egg.

Corollary 13.5 Let G be a graph. For every assignment w of non-negative weights
to vertices of G, there exists a chordal partition P = Py, ..., Py of G such that P;
is a w-egg for every i € [m].

The proof of the factor-2 fractional Hadwiger’s conjecture now easily follows.
Proof of Theorem 13.3 LetP = Py, ..., P, be a chordal partition of G such that
P; is a w-egg for every i € [m], which exists by Corollary 13.5. The graph G/P
is chordal and has clique number at most #, and thus it is z-colorable; that is, there

exists a function ¢ : [m] — [¢] such that ¢(i) # ¢(j) whenever G contains an edge
between P; and P;. There exists a color ¢ € [¢] such that

(U 7)-me.

icp~l(c)

For i € [m], let Y; be the yolk of P;; then

w( U K)z%w( U Pi)Ew;tG),

icp~1(c) icp=1(c)

and J;c,-1(, Yi is an independent set in G. |

Given the simplicity of the proof, one might hope to get more from the argument.
If we actually got a chordal partition where each part induces a bipartite subgraph,
this would show that K;ii-minor-free graphs have ordinary chromatic number
at most 2¢, a major breakthrough towards Hadwiger’s conjecture. This seems
promising, as in Lemma 13.4, the set Q indeed turns out to induce a bipartite
subgraph. However, this crucially uses the assumption that the adjacent parts of
the decomposition are maximal w-eggs, and taking the maximal superegg of Q to
preserve this property may result in a set inducing a non-bipartite subgraph. We can
restrict ourselves to the type of maximization actually needed in the proof, repeated
addition of an odd-length path P with only the first vertex v; having neighbors in
0, but this does not fix the issue, since we have no constraints on the neighborhood
of vy in 0. And indeed, Scott et al. [7] quashed the hopes in this direction rather
thoroughly.

Theorem 13.6 (Scott et al. [7]) There exists a constant y > 0 such that for every
integert > 6, there exists a graph G; with the following properties: The treewidth of
G is at most t — 1 and for any partition P of V (G,) into connected non-empty parts
such that G, /P is perfect, there exists a part P € P such that w(G,[P]) > yt'/3.
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Since chordal graphs are perfect, this excludes the possibility of K;ii-minor-free
graphs having a chordal partition with all parts inducing subgraphs of chromatic
number o(¢!/3). Hence, this approach cannot give a bound better than O (*/3) for
the chromatic number of K, |-minor-free graphs. This is rather far from the current
best bound of O (t loglogt).

13.2 Degeneracy and Its Generalizations

A path Q in a graph G is geodesic if it is a shortest path between its ends. Let
Y = Py,..., Py be a chordal partition of G. Consider i € [m], let J; C [i — 1]
consist of the indices j < 7 such that G contains an edge between P; and P;, and
for j € Ji, let A; ; C P; consist of the vertices incident with edges with the other
endin P;. A predecessor transversal of P; is any inclusionwise-minimal set S C P;
such that § intersects A; ; for every j € J;. A chordal partition P = Py, ..., Py is
geodesic if the following condition holds for every i € [m]:

Tgeo: There exist a vertex v; € P;, a predecessor transversal S; of P;, and a system
{Q, : u € S;} of paths in G[P;] such that

Pi={iu Vv

uesS;

and for every u € S;, the ends of the path Q, are v; and u, and Q,, is geodesic in
G[Uk=i Px]-

Recall that if G is K;-minor-free, then |J;| < t — 2, and thus P; is covered by at
most ¢ — 2 geodesic paths.

Using the algorithm from the beginning of the chapter, it is easy to see that
geodesic chordal partitions exist: In the step (x), choose v; € P; and a predecessor
transversal S; € P; arbitrarily, and let Q be the union of {v;} and the vertex sets of
shortest paths from v; to vertices of S; in G[P;].

Geodesic chordal partitions turn out to be especially useful in bounding various
degeneracy-type parameters of K;-minor-free graphs. First, let us note that they
imply the following relaxation of Theorem 1.2.

Lemma 13.7 Every K,-minor-free graph is 3t>-degenerate, and thus has average
degree at most 61>.

Proof 1t suffices to show that every K;-minor-free graph G has a vertex of degree at
most 3t2. LetP = Py,..., P, bea geodesic chordal partition of G. For i € [m], let
vi, Si, and {Q, : u € §;} be as in mgeo, and note that since G /P has clique number
atmost r — 1, we have |§;| <t — 2 for every i € [m]. We claim that the vertex v,,
has degree at most 372

Since the paths Q, for u € S, are geodesic in G[ P,,] and start in v,,, it follows
that v,,, has only one neighbor in each of them; i.e., v, has at most |S,,| neighbors
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in G[P,,]. Let J be the set of at most + — 2 indices i € [m — 1] such that v,, has a
neighbor in P;. For any i € J and u € §;, the path Q,, is geodesic in G[P; U P,],
and thus vy, has at most three neighbors in Q,, as otherwise we could shortcut Q,
through v,,,. Consequently, v, has at most

1Sl + D 311 <t =243 —2)> <31

ieJ
neighbors in total. O

The quadratic bound is not too bad for a rather simple argument. More importantly,
the geodesic partition argument gives the best available bounds for many general-
izations of degeneracy.

Consider a linear ordering < of vertices of a graph G and let r be a positive
integer. A vertex u is r-reachable from a vertex v if ¥ < v and there exists a
path Q in G from v to u of length at most r such that all internal vertices of Q
appear after v in the ordering <; let R« ,(v) be the set of vertices that are r-
reachable from v in the ordering. The vertex u is weakly r-reachable from v if the
internal vertices of Q appear after u in the ordering <; let W< ,(v) be the set of
vertices that are weakly r-reachable from v. The r-coloring number col. ,(G) and
the weak r-coloring number wcol. ,(G) of the ordering are max,cv (G) |R<, (V)]
and maxyecv(G) |W<,r(v)|, respectively. The r-coloring number col,(G) (resp. the
weak r-coloring number wcol,(G)) of G is the minimum of the r-coloring numbers
(resp. the weak r-coloring numbers) over all orderings < of V(G).

Note that col;(G) = wcol;(G) is equal to the degeneracy of G plus one, while
col(G) < wcol, (G) in general. These generalized coloring numbers have various
applications in algorithmic design, see e.g. [2]. They are also related to various other
graph parameters:

* Coloring vertices of a graph in the optimal order vy, ..., v, for the 2-coloring
number, greedily assigning the smallest color not used on Ry (v;) \ {v;} when v;
is colored, gives an acyclic coloring of G using at most coly(G) colors, i.e., a
proper coloring such that the union of any two color classes induces a forest.

* Coloring vertices of a graph in the optimal order vy, ..., v, for the weak 2-
coloring number, greedily assigning the smallest color not used on W» (v;) \ {v;}
when v; is colored, gives a star coloring of G using at most wcol, (G) colors, i.e.,
a proper coloring such that the union of any two color classes induces a disjoint
union of stars.

e Itis easy to see that col,(G) = tw(G) + 1 and wcol,(G) = td(G).

Moreover, generalized coloring numbers play an important role in the theory of
graph classes with bounded expansion [4].

Van den Heuvel et al. [8] used chordal partition to obtain good bounds on the
generalized coloring numbers of K,;-minor-free graphs. First, let us give bounds for
chordal graphs shown in [3]. A linear ordering < of the vertex set of a graph G is an
elimination ordering if forevery v € V(G), theset{u : u < v, uv € E(G)} induces
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a clique. It is well known that a graph is chordal if and only if it has an elimination
ordering. Moreover, elimination orderings have the following key property.

Observation 13.8 Let G be a chordal graph with elimination ordering <. For
avertex v € V(G), let BLy, = {u : u < v,uv € E(G)} and let K~ , be the
component of G — B , containing v. Then v < x for every x € V(K< )

Proof Suppose for a contradiction that G — B ,, contains a path from v to a vertex
x < v, and let Q be a shortest such path. Since x < v and x & B ,, the vertex x
is not a neighbor of v, and thus Q has length at least two. Since Q is shortest, every
internal vertex of Q is larger than v in <. Let y be the maximum internal vertex of
Q in the ordering <, and let # and u; be the neighbors of y in Q. Then u1, us < y,
and since < is an elimination ordering, u1u € E(G). However, then Q — y+uju;
is a shorter path from v to x, which is a contradiction. m]

We are now ready to give the bounds on the generalized coloring numbers of
elimination orderings.

Lemma 13.9 Let G be a chordal graph with elimination ordering <. If G has
clique number at most k + 1, then for every positive integer r, col< ,(G) < k + 1
and weol< ,(G) < (")

Proof Let Q be a path in G from a vertex v € V(G) to a vertex u < v such that
v < x for every internal vertex x of Q. Then Q — u is disjoint from B ,, and thus
it is a path in K ,. Since u < v, Observation 13.8 implies that u is not in K. ,,
and since K< , is a component of G — B ,, it follows that u € B ,. Therefore, for
every positive integer r, we have R ,(v) € B« , U {v}. Since < is an elimination
ordering, B, U {v} forms a clique in G, and thus |R< ,(v)| < k 4+ 1. We conclude
that col< ,(G) <k + 1.

Consider now any vertex u € W< ,(v), that is, # < v and there exists a path
O = vov1...vp in G, where vo = v, vp =u, p <r,andu < v; fori € [p —1].
Choose a shortest such path Q; then Q is induced. Moreover, observe that vg > vy >
... > vp: Indeed, otherwise we would have v; 1, v;y| < v; forsomei € [p—1] and
vi_1v;+1 would be an edge, since < is an elimination ordering. Let us furthermore
choose such a path Q so that the tuple (vy, ..., vp—1) is lexicographically minimal,
where the comparison in each coordinate is according to <. We claim that the
following condition holds:

(x) Foreveryi € {0,1,..., p— 1} and every vertex x € B ,,, either

* Viy] X x,0r
e Xx¢€ B<,vj forevery je{i+1,..., p}.

Indeed, suppose that x < v;4+1, and letk € {i + 1, ..., p} be maximal such that
X < vg. Since < is an elimination ordering and x is adjacent to v;, we conclude
that x is adjacent to v; 1. Repeating this observation, x is also adjacent to v; 4, ...,
V. Therefore, we have x € B<,v]. forevery j € {i +1,...,k}. If k < p, then
since Q is an induced path, we have x # viy1. Since < is an elimination ordering
and x, vky1 < vg, we have xviy1 € E(G). But then we can replace Q by the path



304 13 Chordal Partitions

V0 ...VjXUk41 ... Vp, Which is either shorter than Q, or (when k = i + 1) has the
same length as Q but is lexicographically smaller. This is a contradiction, and thus
k = p and the second outcome of (x) holds.

For a vertex v € V(G) and integers £ and m, let ng , (v) be the number of paths
Q = vovy...vp such that vg = v, v9 > v1 > ... > vp, p < ¢, there exist at least
m distinct vertices y € B , such that y < v, and Q satisfies (x). If |B< | < m,
this is only possible if p = 0, and thus n; ,,(v) < 1; in particular, this is always the
case if m = k. Hence, suppose that |B. ,| > m. Then the paths QO = vov;...vp
satisfying the conditions described above fall into one of the following cases:

 There are at least m + 1 distinct vertices y € B« , such that y < v,.

* The (m + 1)-th smallest vertex w in B , satisfies v, < w. In this case, (x)
implies v; < w. Since all m elements of B, smaller than w are also smaller
than v, and thus distinct from vy, it follows that w = vy. Since B , is a clique,
the m distinct vertices u € B~ , such thatu < v, also belong to B< y, = B« v,
and the path Q — v starting in w satisfies the conditions described above for £ — 1.

Therefore, we have

nem(V) < g1 (V) + g m(w).

Since ng x(v) < 1 and ng , (v) < 1forevery v € V(G), £, and m, a straightforward
inductive argument shows that

nem (V) < (e k- ’")

k—m

for every v € V(G), £ and m. Therefore,

War )] < o) < (’:k)

for every v € V(G), and thus wcol, (G) < (rzk). O
In particular, this has the following consequence.

Corollary 13.10 Let G be a graph. For every positive integer r, col.(G) <

tW(G) + 1 and WCOl<,r(G) = (r:»\;‘sz(?))

Proof Let k = tw(G) and let (T, ) be a tree decomposition of G of width k. Let
G’ be the graph obtained from G by adding edges between all vertices in B(x) for
every x € V(T). Then (T, B) is a tree decomposition of G’ such that every bag
induces a clique, and thus G’ is chordal. Moreover, G’ has treewidth k, and thus
w(G") < k + 1. By Lemma 13.9, we have col,(G) < col,(G’) < k + 1 and
weol, (G) < weol,(G') < ("15). O

The bounds from Lemma 13.9 can be lifted to proper minor-closed classes using
the following property of geodesic chordal partitions.
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Observation 13.11 Let P = Py, ..., Py be a geodesic chordal partition of a K;-
minor-free graph G. Suppose that 1 <i < j < m and v is a vertex of P;. Then at
most (t —2)(2r + 1) vertices of P; are at distance at most r from v in G [Ukzi Pk].

Proof Since the partition is geodesic and G is K;-minor-free, P; is covered by the
vertex sets of at most ¢+ — 2 paths which are geodesic in G [U k> Pk]. The vertex
v can be at distance at most » from at most 2r + 1 vertices of each of the paths, as
otherwise we could shortcut the path through v. O

We are now ready to give the bound on the generalized coloring numbers.

Lemma 13.12 For every positive integer r, every K;-minor-free graph G has r-
coloring number at most 22r + 1) and weak r-coloring number at most 2(r +1)".

Proof LetP = Py, ..., Py, be a geodesic chordal partition of G. Fori € [m], let p;
be the vertex of G /P corresponding to P;. Then the ordering < such that p; < p;
if and only if i < j is an elimination ordering of G/P. Moreover, since G is K;-
minor-free, we have w(G/P) < t — 1. For every i € [m] and every vertex v € P;,
let us define 7w (v) = p;. For a path O = viv2...v, in G, the projection of Q is
the walk in G/# obtained from 7 (vy)m(v2)...w(v,) by suppressing consecutive
appearances of the same vertex.

Let < be a linear ordering of V(G) such that for 1 <i < j < m, all vertices
u € P, and v € P; satisfy u < v. The relative ordering of vertices belonging to
the same part of P is arbitrary. Consider vertices u, v € V(G) such that u € P; and
ve Pjforsomei < j.Ifu € R, ,(v), then there exists a path Q of length at most
r in G such that v < x for every internal vertex x of Q; observe that the projection
of O shows that p; € R, ,(p;). Similarly, if u € W, ,(v), then p; € W, ,(p;).

Lemma 13.9 and Observation 13.11 then imply that

col. ,(G) = (t—2)Q2r+1Decoly, ,(G/P) =t —-2)2r+1D(—-1) < 2Q2r+1),

and

r4+t—2
weol r(G) = (1 —2)(2r + I) weol - (G/P) = (1 = 2)(2r + 1)( f_o >

t
<2(r+1t). -

Let us remark that the bounds on the generalized chromatic numbers can be
improved by a better analysis of the same argument; see [8] for details. We are going
to see more applications of geodesic chordal partitions in Sects. 14.3 and 16.2.
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Chapter 14 ®
Chromatic Number Chock or

Indisputably, Hadwiger’s conjecture (that every K,,i-minor-free graph is ¢-
colorable) has been one of the most influential problems shaping the graph minors
theory. For any ¢ > 4, it is stronger than the Four Color Theorem: For any planar
graph G, observe that K, is not a minor of the graph obtained from G by adding
t — 4 universal vertices, and any ¢-coloring of this graph restricts to a 4-coloring
of G. And indeed, Hadwiger’s conjecture for + € {4,5} has been shown to be
equivalent to the Four Color Theorem.

The case + = 4 follows from Wagner’s characterization of Ks-minor-free
graphs [19]: Such graphs are obtained by clique-sums from planar graphs and copies
of the Wagner graph Wg, the 8-vertex Mobius ladder. Since Wy is 3-colorable and
clique-sums cannot increase the chromatic number, the claim easily follows. For
t = 5, a much more involved argument by Robertson et al. [14] shows that a
minimum counterexample is necessarily obtained from a planar graph by adding
a single apex vertex, again reducing the problem to the Four Color Theorem.
Hadwiger’s conjecture is widely open for all other values of ¢; indeed, we do not
even know whether K7-minor-free graphs are 7-colorable, much less 6-colorable!

For the reasons we discussed in the introduction to this part of the book, the
chromatic number of proper minor-closed classes is an area where the Minor
Structure Theorem is largely irrelevant. For a long time, the only general bound
on the chromatic number of K;-minor-free graphs was based on the tight bound
O(t+/Togt) on their density. This bound dates back to the works of Kostochka [8]
and Thomason [16], though a much simpler argument was found recently by Alon
et al. [1]. Given the form of the bound, it should be unsurprising that the proofs are
probabilistic in nature.

In 2019, the density barrier was broken by Norin et al. [13], starting a period
of quick progress on this problem, culminating in the current best bound of
O (tloglogt) given by Delcourt and Postle [3]. It does not seem to be possible to
improve the bound further without significant new ideas, as we discuss in Sect. 14.2;
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we would need a much better understanding of the chromatic number of small K;-
minor-free graphs, say with O (¢ polylog ¢) vertices.

14.1 Density

Before that, let us talk about the density argument in more detail. Let f (k) be the
minimum integer such that every simple graph of average degree at least f (k)
contains Kj as a minor. Mader [11] proved that f(k) = O(klogk) and that a
random-graph based construction shows that f(k) = Q(k+/logk). To get some
intuition for why this is the case, consider the random graph G = G (n, 1/2) with n
vertices and with each pair of vertices being joined by an edge independently with
probability 1/2; the average degree of this graph is with high probability close to
n/2. For any partition of V(G) to parts X1, ..., Xk, the expected number of pairs of
these parts with no edge between them is

1/(5)

— LS xx;
v ol (K) (] o (R @ e
=2 2

I<i<j<k i<j

= (K\p-wrm?
=2

Thus, if n = e¢k,/log, k, then the expected number of non-adjacent pairs is

Q (kz’*’z), i.e., rather large. A more complicated concentration argument shows that
with high probability, it is not possible to partition V (G) into k parts such that there
is an edge between any two of them, implying that K is not a minor of G (the
random graph G is almost surely connected, and thus a model of Kj in G could be
extended to cover the whole graph).

Kostochka [8] and Thomason [16] independently strengthened Mader’s upper
bound, showing that f(k) = ©(k+/logk). Finishing this progression of results,
Thomason [17] determined the exact value of the multiplicative constant o such
that (k) = (o + o(1))k+/logk (see Theorem 1.2). To showcase some of the ideas
of these arguments, let us give a relatively short proof that f(k) = O (k+/logk)
based on [1]. First, let us note that every graph contains a dense minor with roughly
the same average degree.

Lemma 14.1 Let d be a positive integer. If a simple graph G has average degree at
least 2d, then G has

e aminor F1 of minimum degree at least d with at most 2d vertices, and
* aminor F» of minimum degree at least %d, connectivity more than %d, and with
at most 2d vertices.
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Proof Let H be a smallest non-null minor of G of average degree at least 2d, i.e.,
such that | H|| > d|H|. Note that this implies that E(H) # @, and thus |H| > 2.

If an edge e of H is contained in ¢ triangles, then ||H /e|| = ||H|| — ¢t — 1. By the
minimality of H, we have

IHI|—r—1=|H/e| <d|H/e| -1 =d|H|-d—-1=<|H|-d—-1

Therefore, t > d, i.e., every edge of H is in at least d triangles.

By the minimality of H, we cannot delete any edge from H without violating
the inequality |H|| > d|H|, and thus ||H| = d|H|. Hence, H has average degree
exactly 2d, and thus it contains a vertex v of degree at most 2d. Let F; be the
subgraph of H induced by the neighbors of v. Clearly |F1| < 2d. Moreover, for
every u € V(F1), the edge vu is contained in at least d triangles, and thus u has
degree at least d in F7.

If F; has connectivity more than %d, then we can let F, = F). Otherwise,
consider a vertex separation (A, B) of F1 of order at most %d such that A € B
and B € A. By symmetry, we can assume |B| > |A|. Let F, = F1 — B; we have

|Fo| = A\ B| < 5(IFi|—|ANB|) <d — 5|ANB|.
On the other hand, F, has minimum degree
8(F2) = 8(F1) —|ANB| =d —|ANB| = 3d.
If S € V(F,) is acutin F3, then a vertex of the smallest component C of F» — S

has less than |C| + |S| < %(|F2| —|Sh +|S| = %(|F2| + |S]) neighbors in F>, and
thus

2(d —|ANB|) <28(F) < |F>|+ S| <d — 5|AN B + S|,
and
IS|>d—3|ANB|>d—3 2d = 2d.

Therefore, F> has connectivity more than %d . O

We are also going to need the following easy observation on diameter of graphs
of large minimum degree.

Observation 14.2 Let ¢ be a positive integer and let G be a connected graph with
n vertices and with minimum degree 6. If c(6 + 1) > n, then G has diameter less
than 3(c — 1).

Proof Suppose for a contradiction that P = wgvy...v3(—1) is a shortest path
between vertices vg and v3—1) of G. The closed neighborhoods of vy, v3, ...,
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v3(c—1) are pairwise disjoint and each of them consists of at least § + 1 vertices.
Hence, we have n > (8 4+ 1)c, which is a contradiction. m]

Finally, we are going to need the following lemma with an easy probabilistic
proof.

Lemma 14.3 Letc > 4, k > 5, and n be integers and let G be a graph with at most
n vertices and with minimum degree § > n/c. Let Ay, ..., Ay be subsets of V(G) of
size at most ne=V°2K Then there exists a non-empty set B C V(G) of size at most
2c/Togk such that B € A; fori € [k] and all but at most ne=vV°k vertices of G
have a neighbor in B.

Proof Lets = [c(y/logk 4+ 1)]; note that s < c/logk + ¢ + 1 < 2c+/logk, since
¢ > 4 and k > 5. Choose vertices vy, ..., vs € V(G) independently uniformly at
random with repetitions allowed, and let B be the set of these vertices. For a vertex
v € V(G), the probability that none of the chosen vertices is in the neighborhood
of v is at most

(1 _ 8/’1)5 < (1 _ l/c)c‘(«/logk-i-l) < g—a/logk—l < %e—axlogk_

Let A be the set of vertices with no neighbor in Bj; the expected size of A is less
than %ne_“/ logk "and by Markov’s inequality,

Pr(|A| > ne~V'oek] < %

Now, for i € [k], the probability that B C A; is

1

(M)S < pslogk _ —clogh _
- 5k

1

n - - ke

Hence, by the union bound, the probability that B satisfies all the conditions from
the statement of the lemma is at least 1 — % —k- % > 0. O

We are now ready to prove the following weaker version of Theorem 1.2.

Theorem 14.4 Let k > 5 be an integer. Every graph G of average degree at least
2700[k+/log k]| contains Ky as a minor.

Proof Let m = [k+/Togk]. By Lemma 14.1, G has a minor F of minimum degree
at least 810m, connectivity more than 540m, and with n < 2700m vertices. We are
going to choose pairwise disjoint sets Cy, ..., Cx € V(F) forming a model of Ky
in F such that the following conditions are satisfied for each i € [k]:

* F[C;] is connected and there is an edge between C; and C; in F for every j €
(i —1],

* |Ci| < 5404/logk, and .

» the set A; of vertices of V(F) \ Ul]_:ll C; with no neighbor in C; has size at most
ne—vlogk,
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Suppose that we have already selected such sets Cy, ..., C,_1 for some p € [k] and
let Ay, ..., Ap_1 be the corresponding sets. Let us finish the argument by showing
how to choose Cp,.

Let Z = C; U...U C,_; and note that |Z| < 540k./Togk < 540m. Hence,
F — Z is a connected graph with at most n vertices and with minimum degree at
least 270m > n/10. By Lemma 14.3 with ¢ = 10 and the sets A{\ Z, ..., Ap_1\ Z,
@, ..., 4, there exists a non-empty set B C V (F — Z) of size at most 20./Iog k such
that

* B ¢ Aj; (and thus there exists an edge between C; and B) foreach j € [p — 1],
and
e the set A;, of vertices of V(F — Z) with no neighbor in B has size at most

ne—./logk.

By Observation 14.2, F — Z has diameter less than 27. Let vy be an arbitrary vertex
of B, and let C), be the union of the vertex sets of shortest paths from vy to all
vertices of B in F — Z. We have

IC,| < 27|B| < 540,/logk.

Adding the shortest paths ensures that F[C,] is connected. Since A, C A/p, it
follows that the set C), satisfies the required invariants. O

Let us remark that the constant 2700 from Theorem 14.4 can be significantly
improved by a tighter analysis (see [1] for details) and by proving the bound only
for large values of k.

Of course, for small values of k, the general bounds (even the asymptotically
tight one from Theorem 1.2) are far from the best possible. One way to construct
relatively dense Kji-minor-free graphs is to add n — k + 2 pairwise non-adjacent
apex vertices to Kj_»; this graph has n vertices and

k—2 k—1
(k—2)(n—k+2)+< 5 ):(k—Z)n—( R ) (14.1)

edges. Thus, the average degree of these graphs is 2(k — 2) — O(1/n).

e For k < 4, the Ky-minor-free graphs are exactly the graphs of treewidth at most
k — 2. This easily implies that the maximum number of edges of such Ki-minor-
free n-vertex graphs is given by (14.1). Moreover, every Kj-minor-free graph
with £ < 4 has minimum degree is at most k — 2, roughly half of this bound on
their average degree.

e By Wagner’s theorem [19], K5-minor-free graphs are obtained by clique-sums
from planar graphs and from the 3-regular Wagner graph. From this, an easy
inductive argument shows that Ks5-minor-free n-vertex graph has at most 3n — 6
edges, matching the bound from (14.1). Here, the minimum degree of K5-minor-
free graphs “catches up” to the average degree, since there are planar graphs of
minimum degree 5.
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A direct way to show this bound is as follows: Suppose for a contradiction
that there exists a Ks-minor-free graph with n > 5 vertices and at least 3n — 5
edges, and let G be such a graph with |G| 4 ||G|| minimum. Since G # Ks and
3.5-5= (g), we have n > 6. Every edge of G is in at least three triangles, as
contraction of an edge in t < 2 triangles would result in a Ks-minor-free graph
G’ with |G| = |G| —t—1 > 3(n — 1) — 5 = 3|G’| — 5. Consequently,
the neighbors of every vertex induce a subgraph of minimum degree at least
three, and in particular G has minimum degree at least four. Furthermore, we can
assume that G has exactly 3n — 5 edges, as otherwise we can delete an edge from
G. Hence, the average (and minimum) degree of G is less than six. If a vertex
v € V(G) has degree four, then its neighborhood is a clique and K5 C G. If
v has degree five, then its neighborhood induces a complement of a matching.
Thus, there exist distinct neighbors x1, x2, y1, and y, such that all neighbors
of v except possibly for x; and y; for i € [2] are pairwise adjacent. Then the
contraction of the edge x1.x; turns the closed neighborhood of v to the clique K.
In either case, we obtain a contradiction.

e The lower bound from (14.1) also matches the upper bound for k € {6, 7},
as shown by Mader [11] through more complicated versions of the preceding
argument for Ks.

* This is no longer the case for k = 8, as was again pointed out by Mader: The
graph K2 2222 (the complement of a matching of size five) is Kg-minor-free,
since we cannot perform more than two contractions to keep the number of
vertices at least 8, but that leaves a pair of non-adjacent vertices. However, it has
40 = 6-10— (;)—H edges. Moreover, any n-vertex graph obtained from the copies
of K2,2,2.2.2 by gluing them on cliques of size five has 6n — 20 = 6n — (;) +1
edges. Jorgensen [7] proved that every Kg-minor-free n-vertex graph is either one
of these graphs (called (K22.2,2.2, 5)-cockades), or has at most 6n — 21 edges.

e For k = 9, Song and Thomas [15] similarly characterized all K9-minor-free
graphs whose density exceeds (14.1). In particular, they show that the maximum
number of edges of a Ko9-minor-free n-vertex graph is 7n — 27 = 7n — (g) + 1.

As there are K;-minor-free graphs of average degree Q (k+/logk) and we can
take their disjoint copies to boost the number of vertices, the analogous bound of
form (k — 2)n + o(n) is false for sufficiently large k; it is not clear what is the
smallest value of k for which this is the case. Seymour and Thomas conjectured that
for every k, every sufficiently large (kK — 2)-connected Kj-minor-free graph has at
most (k —2)n — (kgl) edges, and consequently, that every (k — 2)-connected K-
minor-free graph has at most (k — 2)n + Ok (1) edges. By Theorem 10.1, the claim
holds for k-connected graphs.

14.2 Beyond the Density

Let us now give a high-level overview of the ideas needed to improve the bound on
the chromatic number beyond the one coming from the degeneracy.
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Random graphs do not give (or even come close to giving) counterexamples to
Hadwiger’s conjecture: As we have argued, the random graph G, 1,2 has Hadwiger
number O (n/+/logn), but its chromatic number is known to be @ (n/logn). Still,
they highlight one issue in trying to improve the bounds on the chromatic number
of K;-minor-free graphs: It is hard to draw any structural conclusions from the
assumption that a graph with relatively few vertices does not have a K;-minor. The
best bounds on the chromatic number of such graphs available to us are based on
the bounds on the size of their independent sets. Theorem 13.3 in particular implies
that every n-vertex K, j-minor-free graph has an independent set of size at least 5;
(let us remark that the constant 2 in this claim can be slightly improved, see [2]).
This has the following consequence on the chromatic number of small graphs.

Lemma 14.5 Let t be a positive integer and let G be a graph with yt vertices. If G
is K;y1-minor-free, then x (G) <t + [2tlogy].

Proof Letm = [2tlogy].Let Go = G.Fori = 1,2,...,m, let A; be a largest
independent setin G;_1 and let G; = G;_1 — A;. Note that x (G) < m+|G,|, since
we can color each of the sets Ay, ..., A, by a single distinct color, then assign a
separate color to each vertex of G,,. Hence, it suffices to bound |G, |. Theorem 13.3
implies that for i € [m], we have |A;| > 2-|G;_1], and thus |G;| < (1 — 5 )|G;_1].
Therefore,

1 \m "
Gl < (1 - 5) Gl <e Byt <eo2ry—1.

Therefore, x (G) <t + m, as required. a

Note that the bound from Lemma 14.5 beats the x (G) = O(t+/Togt) bound for
graphs with at most  exp(+/log?) vertices, which gives us some room for structural
arguments.

Kiihn and Osthus [9] proved that a graph of girth at least five and average degree
d contains a minor of minimum degree 2 (d°/?). This implies Hadwiger’s conjecture
for graphs of girth at least five for sufficiently large forbidden minor K,y: If a
graph G is not ¢-colorable, then it contains a subgraph of minimum degree at least
t. Hence, if G has girth at least five, then it has a minor of minimum degree 2 (t3/ 2),
which implies the presence of K;, (and in fact even of substantially larger clique
minors) by Theorem 1.2.

The proof of this “density increment” result is by contracting small subgraphs
chosen carefully so that not too many parallel edges arise. It is natural to try a
similar argument even without the girth restriction; and it turns out that this only
fails when the graph has small dense subgraphs (in which any contraction leads to
many edges being lost).

Theorem 14.6 (Delcourt and Postle [3]) There exists a positive integer ¢ such that
the following claim holds. For all integers k >t > 1, if G is a K;-minor-free graph
of average degree at least ck, then G contains a subgraph H of minimum degree at
least k with at most ¢t log> t vertices.
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Note that using Lemma 3.5, we can even assume that H is k-connected, or, using
Theorem 3.4, k-linked. Together with Lemma 14.5, we can show that if G has
chromatic number 2(loglogt), it actually contains many vertex-disjoint dense
subgraphs.

Corollary 14.7 For any function g(t) = polylog(t), there exists a constant y such
that the following claim holds for every integer t > 16. Let G be a K;-minor-free
graph. If x (G) > ytloglogt, then G contains at least g(t) pairwise vertex-disjoint
Lt loglog t |-linked subgraphs.

Proof Let m be maximum such that G contains m pairwise vertex-disjoint
|7 loglogt|-linked subgraphs Hj, ..., H,, each with O(tlog’ 1) vertices, and
suppose for a contradiction that m < g(¢). Let S = V(H)) U ... U V(Hy);
we have |S| < tpolylog(¢). By Lemma 14.5, x(G[S]) = O(tloglogt), and if
y is sufficiently large, this implies x(G[S]) < x(G)/2. Hence, x(G — S) >
x(G)/2 > L%t loglogt ], and thus G — § has a subgraph of minimum degree at least
L%t loglogt]. By Theorem 14.6 with k = | loglogt] and the following discussion,
we conclude that G contains a | ¢ log log  |-linked subgraph with O (¢ log? ) vertices
disjoint from S, which is a contradiction. m]

Let us now try to argue that every K,-minor-free graph G is tf (¢)-colorable, for
some f(z) = Q(loglogt). Suppose for a contradiction this is not the case, and let G
be a minimum counterexample. Then G is minor- -critical, and by Lemma 10.20
and Theorem 3.4, G is Q(zf(¢))-linked. By Corollary 14.7, G contains pairwise
vertex-disjoint ¢ loglogz-linked subgraphs Hi, ..., H,, where m > polylog(z).
Theorem 1.2 then shows that each of these subgraphs contains as a minor the clique
with Q (¢ loglog?/+/logt) vertices. The argument then can be finished by linking
these smaller minors to form a minor of K; in G, obtaining a contradiction; of
course, achieving this requires further non-trivial ideas.

In any case, we see that Lemma 14.5 is currently a bottleneck: For a K;-minor-
free graph G with say #./logt vertices, there is no hope for gaining anything by the
density increment argument, since there are K;-minor-free graphs of average degree
Q(t+/logt); and Lemma 14.5 only shows that G is O(t loglog t)-colorable. Thus,
to get closer to Hadwiger’s conjecture, we would need to get a better understanding
of such small graphs. As shown in [3], this is actually the only obstruction to proving
Linear Hadwiger’s conjecture.

14.3 Relaxed Colorings

As we are quite far from being able to prove (or disprove) Hadwiger’s conjecture,
it is natural to consider its variants in terms of less restrictive types of coloring.
Two popular options are defective coloring, where each color class is required to
induce a subgraph of bounded maximum degree, and clustered coloring, where each
connected monochromatic subgraph is required to have bounded size.
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More precisely, a (not necessarily proper) coloring ¢ of a graph G has defect at
most d if for every color c, every vertex of color ¢ has at most d neighbors of color
c. It has clustering at most « if for every color ¢, every connected subgraph formed
by vertices of color ¢ has at most « vertices. Note that a coloring is proper if and
only if it has defect 0 and clustering 1. Moreover, a coloring with clustering at most
k clearly has defect at most k — 1.

We say that G is k-colorable with defect d (resp., with clustering «) if G has a
coloring with defect at most d (resp. clustering at most ) using at most k colors.
In general, we want to minimize the number of colors, with the defect or clustering
playing secondary role. Of course, this does not make sense for single finite graphs,
since every graph G is 1-colorable with clustering |G|. However, this is not an issue
for graph classes.

* The defective chromatic number xa(G) of a graph class G is the minimum
integer k such that for some d, every graph from G is k-colorable with defect d.

e The clustered chromatic number x,(G) of a graph class G is the minimum
integer k such that for some «, every graph from G is k-colorable with
clustering «.

Edwards et al. [6] proved that Hadwiger’s conjecture holds in the defective
chromatic number setting. A simpler proof of this result (as well as a quite good
bound on the clustered chromatic number) based on chordal partitions was found
in [18].

Theorem 14.8 For every integer t > 2, the class of K;i1-minor-free graphs has
defective chromatic number at most t and clustered chromatic number at most 2t.

Proof Let G be a K;-minor-free graph and let # = Py, ..., P, be a geodesic
chordal partition of G (see Sect. 13.2). Since G is K;11-minor-free, the graph G /P
has treewidth at most ¢ — 1, and thus it is 7-colorable. Hence, there exists a coloring
Y : [m] — [¢] such that for any distinct i, j € [m], if G contains an edge between
P; and Pj, then ¥ (i) # ¥ (j).

Moreover, by mge, for each i € [m] there exists a vertex v; € P; such that P;
is covered by the vertex sets of at most ¢+ — 1 geodesic paths in G[P;] starting in
v;. Since the paths are geodesic, each vertex of P; has at most three neighbors in
each of them and at most two in the one containing it, and thus G[ P;] has maximum
degree at most 3¢ — 4. Hence, the coloring ¢; that gives for each i € [m] the color
¥ (i) to all vertices of P; is a ¢t-coloring of G with defect 3¢ — 4.

Consider now a coloring ¢, that for each i € [m] gives the color 2/ (i) to vertices
of P; whose distance from v; in G[ P;] is even and the color 2 (i) — 1 to those whose
distance is odd. Note that if two vertices of P; of the same color are adjacent, then
they necessarily have the same distance from v;. Since P; is covered by the vertex
sets of at most ¢+ — 1 geodesic paths, it follows that any monochromatic connected
subgraph has at most ¢ — 1 vertices. Hence, ¢; is a 2¢-coloring of G with clustering
t—1. O
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The bound on the defective chromatic number from Theorem 14.8 is tight: For
a positive integer d, let G 4 = K 4, and for t > 3, let G; 4 be obtained from d
copies of G,_1 4 by adding a universal vertex. By induction on ¢, it is easy to show
that G, 4 is K;4+1-minor-free, since it is obtained from disjoint union of copies of
G;_1.4 (which are K;-minor-free by the induction hypothesis) by adding an apex
vertex. Moreover, every coloring of G; 4 by at most # — 1 colors has defect at least
d: By symmetry, we can assume that the universal vertex u has color r — 1. If every
copy of G;—1 4 contains a vertex of color t — 1, then u has at least d neighbors of
color t — 1. Otherwise, there is a copy of G;_; 4 colored by at most ¢+ — 2 colors,
and the coloring has defect at least d by the induction hypothesis. Since the class of
K:+1-minor-free graphs contains {G; 4 : d > 1}, we conclude that it does not have
defective chromatic number less than ¢.

The clustered chromatic number of K, |-minor-free graphs turns out to be also
t, as was shown recently [4] (another proof was announced a few years earlier [5],
but without full details). Both proofs are based on the Minor Structure Theorem; the
one in [4] uses a simpler product structure version of the theorem which we discuss
in Chap. 15. Here, let us show just one of the ideas going to these proofs.

A k-island in a graph G is a non-empty set S of vertices of G such that each
vertex of S has less than k neighbors outside of S. Islands can be used to bound the
clustered chromatic number, as shown in following observation.

Observation 14.9 Let k and k be positive integers. If every induced subgraph
of a graph G contains a k-island of size at most «, then G is k-colorable with
clustering k.

Proof We prove the claim by induction on the number of vertices of G. If |G| < «,
then we can color all vertices of G by color 1. Otherwise, let S be a k-island in G
of size at most k. By the induction hypothesis, G — S has a coloring ¢ by k colors
with clustering at most x. Extend ¢ to a k-coloring of G by, for each vertex v € §,
assigning to v the smallest color that is not used on its neighbors outside of S. Such
a color exists, since v has less than k neighbors outside of S. Note that any new
monochromatic connected subgraphs are contained in S, and thus they have at most
Kk vertices. Hence, the resulting coloring has clustering at most «. O

An easy way to obtain an island is by reducing a set of vertices incident with few
edges. Foraset S C V(G), let eg(S) be the number of edges of G with at least one
endin S.

Observation 14.10 Let k be a positive integer and let So be a non-empty set of
vertices of a graph G. If eg(So) < k|So|, then G contains a k-island S < Sp.

Proof Let S be a minimal subset of Sy such that eg(S) < k|S|; clearly, S is non-
empty. If § were not a k-island, then there would exist a vertex v € § withd > k
neighbors outside of S. But then

eg(S\ {v}) = ec(S) —d < k|S| —k =k|S\ {v}],
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contradicting the minimality of S. O
From that, we get the following conclusion for classes with sublinear separators.

Theorem 14.11 Let k and nqg be positive integers and let 6 > 0 be a real number.
Let G be a hereditary class of graphs with O (n'~%)-separators for some positive
e < 1. Ifevery graph G € G withn > nq vertices has less than (k — &)n edges, then
Xx(G) < k.

Proof Lett = [k/8]. By Lemma 12.5, there exists kg = O(¢!/%) such that the
following claim holds: For every graph G € G with n vertices, there exists a set
R C V(G) of size at most n/¢ such that every component of G — R has at most xq
vertices. Let k = max(kg, ngp).

Suppose that n > ng, and let Sy, ..., S, be the vertex sets of the components of
G — R. Then

m

Y ec(S) < Gl < k—&)n <k(n—n/1) <kIV(G =R =k-Y_[Sil.

i=1 i=1

Hence, there exists i € [m] such that eg(S;) < k|S;|, and by Observation 14.10, a
subset of §; forms a k-island. Hence, G contains a k-island of size at most xg.
Since G is hereditary, we conclude that every induced subgraph of G with at
least nq vertices contains a k-island of size at most k(. On the other hand, if G’ is an
induced subgraph of G with less than ng vertices, then V(G’) is a k-island in G’ of
size less than ng. Therefore, every induced subgraph of G contains a k-island of size
at most k. By Observation 14.9, we conclude that every graph G € G is k-colorable
with clustering «. O

Let us mention some interesting graph classes for which this theorem applies:

e Every n-vertex graph drawn on a surface ¥ of Euler genus at most g has at
most 3n + O(g) edges. Hence, we can apply Theorem 14.11 with k = 4, § =
1/2, and nop = ©(g) and conclude that the class of graphs drawn on ¥ has
clustered chromatic number at most 4. Thus, in the clustered setting, the Four
Color Theorem extends to all surfaces.

Let us remark this is the best possible even for planar graphs: Let G/z, . be the
path with « vertices, and for k > 3, let G;,K be obtained from x copies of G}c_l’K
by adding a universal vertex. It is easy to see that every (k — 1)-coloring of G;(’ «
has clustering at least x. Moreover, the graph Gﬁk « 18 planar for every « > 1.
Hence, the class of planar graphs does not have clustered chromatic number less
than four.

* Every n-vertex triangle-free graph drawn on a surface ¥ of Euler genus at most
g has at most 2n 4 O (g) edges. Hence, we can apply Theorem 14.11 with k = 3,
6 = 1/2, and nyp = ©(g) and conclude that the class of triangle-free graphs
drawn on X has clustered chromatic number at most 3. Thus, in the clustered
setting, the Grotzsch theorem extends to all surfaces. Again, it is not hard to see
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that three is the right value of the clustered chromatic number even for planar
triangle-free graphs.

* Consider the class of K;ij-minor-free graphs for 1 < 8. As we have seen in
Sect. 14.1, the maximum number of edges of an n-vertex K;1-minor-free graph
for these small values of ¢ is less than (+ — 1)n. Hence, by Theorem 14.11 with
k =t and § = ng = 1, we see that their clustered chromatic number is at most
t, giving us these first few cases of the clustered Hadwiger’s theorem essentially
for free.

Consider a proper minor-closed class G of graphs. The maximum chromatic
number of graphs in G is certainly at least the size of the largest complete graph
in G. This is not the case for defective and clustered chromatic number; e.g., for
any positive integer s, the class of graphs with all components of size at most s
has clustered chromatic number one, but contains K. It is natural to ask whether
there exists a characterization of the defective and clustered chromatic number for
proper minor-closed classes. L.e., for a fixed positive integer k, can we describe a
class Fi (resp. F) of graphs such that every proper minor-closed class G satisfies
Xa(G) = k (resp. x.(G) = k) if and only if Fi € G (resp. F, € G)?

For the defective chromatic number, this was completely answered in [10]: One
can take 7 = {Gk,q : d € N}, for the graphs Gy 4 discussed after Theorem 14.8.
For the clustered chromatic number, the problem seems even more complicated.
Such a characterization would of course imply that K;,|-minor-free graphs have
clustered chromatic number at most ¢, which was only proved recently and the
proofs are not simple. However, see [12] for a partial result. A more detailed
discussion of many other interesting topics relating to the defective and clustered
coloring can be found in a survey by Wood [20].
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Chapter 15 ®)
Product Structure Creck o

The Minor Structure Theorem combines several technical ingredients (graphs on
surfaces, vortices, tree decompositions, ... ), all of which are necessary to obtain an
approximate description of graphs from proper minor-closed classes, in the sense
that for every graph H, there exists a graph H' such that

(i) every H-minor-free graph has the described structure, and
(ii) every graph with this structure is H'-minor-free.

The resulting structure theorem is somewhat unwieldy and difficult to apply.
However, could the result be simplified by sacrificing (ii), obtaining a structure
theorem for a wider family of graphs, yet so that many of the properties (similarity
to graphs on surfaces, sublinear separators, ...) are preserved? In this chapter, we
investigate a recent approach along these lines, via embedding into products of
simple basic graphs. Although the proof of the existence of this product description
uses the Minor Structure Theorem, the resulting structural description is much
simpler. Moreover, the properties exposed by the product structure description
turned out to be crucial in resolving several long-standing problems for proper
minor-closed classes.

The strong product G X H of graphs G and H is the graph with vertex set
V(G) x V(H), with distinct vertices (#1, v1) and (u2, v) adjacent if and only if
uy € Ngluy] and vy € Nglv1], i.e., they are equal or adjacent in both coordinates.
Thus, the strong product of two paths is the grid with all diagonals. A fuzzy idea
about generic planar graphs might be that they are somewhat similar to such grids;
e.g., in Corollary 2.34, we have seen that every planar graph is a minor of a
sufficiently large grid. There are a number of issues with this intuition; for one,
the strong product of two paths has maximum degree 8, while planar graphs can
have unbounded maximum degree. But even if we restrict ourselves to planar graphs
of maximum degree at most three, we run into a problem: Let ng [v] denote the
number of vertices of a graph G at distance at most » from v. In the strong product
Q of paths, we have ng [v] < 2r + 1)2, while the root x of a complete binary
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tree T of depth d satisfies nr ,[x] = 27+l _ 1 for every r < d. Hence, even very
special planar graphs such as trees are not subgraphs of the strong product of two
(or any bounded number of) paths. Interestingly, the superpolynomial growth of the
neighborhoods is the only issue.

Theorem 15.1 (Krauthgamer and Lee [10]) For all positive integers ¢ and d,
there exists an integer t = O.(dlogd) such that the following claim holds. If G
is a graph such that ng [v] < cr? for every vertex v € V(G) and every positive
integer r, then G is a subgraph of the strong product of t paths.

In this theorem, the paths of course have to be sufficiently long, say of length equal
to the diameter of G. Rather surprisingly, Dujmovi¢ et al. [3] demonstrated that
planar graphs also admit product structure; the issue with exponential growth of
neighborhoods is addressed by including a tree-like factor in the product.

Theorem 15.2 (Dujmovié et al. [3]) For every planar graph G, there exists a path
P and a graph H of treewidth at most 8 such that G € P X H.

The bound on the treewidth was subsequently improved to six [14]. Moreover, as
we are going to discuss in the rest of the chapter, similar results were obtained
for other graph classes, generally derived from ones avoiding minors or other
obstructions.

15.1 Product Structure in Graphs on Surfaces

It will be more convenient to obtain the graph G as a subgraph of the strong product
P X F X K, of three graphs, a path P, a graph F of bounded treewidth, and a
clique with a vertices. This implies a result of form given in Theorem 15.2, since
tw(F X K;) = a(tw(F) 4+ 1) — 1. What is needed to show the existence of such a
product representation? Let A : V(G) — N be a layering of vertices of G and let Q
be a partition of vertices of G, where the parts do not necessarily induce connected
subgraphs. The A-width of the partition Q is the maximum of [A~1(i) N Q| over
ieNand Q € Q

Observation 15.3 The following conditions are equivalent for graphs F and G and
a positive integer a:

* G C PXFKXK, where P is a path.
o There exists a layering A and a partition Q of vertices of G of A-width at most a
such that G/Q C F.

Proof Suppose X is a layering of G and Q is a partition of vertices of G of A-width
at most a such that G/Q € F.Let f : V(G) — [a] be an arbitrary function
injective on A~ @) N Q for everyi € Nand Q € Q. Foreach v € V(G), let g(v) be
the vertex of G/Q resulting from the contraction of the part of Q containing v. Let
P = xox1 ...x, be a path such that A ~1(i) = ¥ for everyi > m,andlet yj, ..., y,



15.1 Product Structure in Graphs on Surfaces 323

be the vertices of the clique of size a. Then the mapping of every vertex v € V(G)
0 (Xx(v), g(V), Yf(v)) shows that G is a subgraph of P X FF X K,,.

Conversely, if g : V(G) - V(PX FX K,) is an embedding of G as a subgraph
of P X F X K, then the projection of g to the first coordinate gives a layering A of
G, the partition Q of V(G) according to the second coordinate satisfies G/Q C F,
and because there are only a possible values in the third coordinate, the A-width of
Q is at most a. o

Thus, we aim to reduce the treewidth by contracting subsets which are “orthog-
onal” to a layering X, in the sense that each of them intersects each layer in a small
number of points. In the basic case that A is a BFS layering, this can be ensured
by contracting paths in a BFS spanning tree. A useful property of this choice of the
contracted paths is that they are geodesic. Indeed, such partitions in planar graphs
were first developed by Pilipczuk and Siebertz [12] to achieve this property, and
only later shown in [3] to lead to the product structure. Interestingly, the argument
uses the following well-known result.

Lemma 15.4 (Sperner’s Lemma) Let G be a plane graph with the outer face
bounded by a cycle C and all other faces of length three. Let ¢ : V(G) — [3]
be a (not necessarily proper) coloring of G. If C[¢ ™ (i)] is a non-empty path for
every i € [3], then G contains an internal face whose vertices are colored 1, 2,
and 3.

The desired result will be a consequence of the following lemma applied to a
BFS spanning tree. A path in a rooted spanning tree T of a graph G is vertical if it
is a subpath of a path from a leaf of T to the root. A subgraph H of G is a-vertical if
for some a’ < a, there exist pairwise vertex-disjoint vertical paths Py, ..., Py C H
such that V(H) = V(P1)U...UV(P,). Note that if H is a path, then every subpath
of H is also a-vertical. A set of vertices of G is a-vertical if it is the vertex set of an
a-vertical subgraph.

Lemma 15.5 Let G be a simple plane triangulation and let T be a rooted spanning
tree of G. There exists a partition Q of V(G) into 3-vertical parts such that
tw(G/Q) < 3.

Proof Without loss of generality, we can assume that 7 is rooted in a vertex incident
with the outer face of G. For a cycle C in G, let G¢ denote the subgraph of G
drawn in the closed disk bounded by C. We are going to prove the following claim
by induction on the number of vertices of G¢:

(») Let C beacycle of G and let X € E(C) be a non-empty set of size at most
three such that each component of C — X is 2-vertical. Let Q- be the partition
of V(C) to the vertex sets of components of C — X. Then there exists a partition
Q¢ 2 Q- of V(Gc) into 3-vertical parts such that tw(G¢/Qc) < 3.

The claim of the lemma then follows by applying (*) to the triangle C bounding the
outer face of G, with X = E(C).



324 15 Product Structure

The claim is trivial in case that G¢ = C, since then we can let Q¢ = Q- and let
the tree decomposition consist of just a single bag. Hence, suppose that G¢ # C.
Moreover, we can assume that |C2’C| = | X| = 3: Since G is simple, C has length at
least three. In case that | X| < 2, we can add arbitrary edges of C to X to increase
its size to three, prove (x), then merge the parts of Q- back. This does not increase
the treewidth of G¢/Qc, since the merged parts form a clique.

Let P;, P>, and P; be the components of C — X. Consider a vertex v € V(G¢).
Since the root r of T is incident with the outer face of G, the path from v to 7 in
T intersects C; let P, be the vertical path from v to the first intersection with C,
and let ¢(v) € [3] be the index such that the last vertex of P, belongs to Py(y). By
Lemma 15.4, there exists a triangle R = vjvov3 bounding an internal face of G¢
such that ¢(v;) =i fori € [3].

Fori € [3], let C; be the cycle in (CU Py, U Py, Uv;_1v;11) — V (Py,) distinct
from C, where vy = v3 and v4 = vy; in case that v;_v;41 is an edge of C, let C;
denote this edge, instead. Let Q; be the subpath of C; formed by the edges not in C.
Observe that | X N E(C;)| = 1. Let X; consist of the edge of X N E(C;) and of the
first and the last edge of Q; (which can be the same edge). Clearly each component
of C; — X; is 2-vertical, as it is either a subpath of P;, P, or P3, or a subpath of
Py, U Py, Uvi_1viqq. Let Q/C’_ be the partition of V (C;) to the vertex sets of the
components of C; — X;. If C; is a cycle, then by the induction hypothesis, there exists
a partition Qc; 2 Q’Ci of V(Gc;) into 3-vertical parts such that tw(Gc, /Qc;) < 3.
Note that the vertices corresponding to Q/C’, form a clique K; in G¢,;/Qc;. In case
that C; is the edge v;_jvj41, we simply let Qc, = /C,- = {{vi—1}, {vit1}}.

Let Q = (RU Py, U Py, U P,;) — V(C); clearly, the subgraph Q is 3-vertical.
Let

3
Qc = (Vv @}u@-ul J@c \ Q).

i=1

Thus Q¢ is a partition of V (G ¢) to 3-vertical parts. Let K be the clique in G ¢ /Qc¢ of
size four formed by the vertices corresponding to V (Q) and the sets in Q. Observe
that G¢/Qc is obtained from K and the graphs G, /Qc; fori € [3] by clique-sums
on the cliques K;. Therefore,

tw(Gc/Qc) < max(tw(K), tw(G¢, /Qc,), tW(Gc,/Qc,), tW(G ey /Qcy)) = 3,

as required. O

If T is a BFS spanning tree of a connected graph G and A is its BFS layering,
then for each i € N, each vertical path in T intersects 2~L() in at most one vertex,
and thus |Q N A~L(0)| < a for every a-vertical set Q. Hence, Lemma 15.5 together
with Observation15.3 give the following consequence.
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Corollary 15.6 Every simple planar graph G is a subgraph of the product PR F X
K3, where P is a path and F is a graph of treewidth at most three, and thus also of
the product P X H, where H = F X K3 is a graph of treewidth at most 11.

Proof Without loss of generality, we can assume that G is a plane triangulation, as
we can add edges to its faces to triangulate it otherwise. Let Q be the partition of
V(G) obtained by Lemma 15.5 applied with a BFS spanning tree T. Let A be the
layering of G according to the distance from the root of 7. Then F = G/Q has
treewidth at most three, and since each part of Q is 3-vertical, the partition Q has
A-width at most three. The claim then follows from Observation 15.3. O

The bound of 8 rather than 11 in Theorem 15.2 follows by a slightly more careful
analysis of the process to obtain the tree decomposition in Lemma 15.5: Recall that
while Q is 3-vertical, each component of C — X is 2-vertical. Hence, if we consider
the refinement of Q¢ where each part is broken into vertical parts, every bag will
only consist of 3 4+ 2| X| < 9 parts.

Moreover, it is simple to generalize the result to graphs on surfaces.

Theorem 15.7 Every simple graph G of Euler genus g is a subgraph of the product
P X F X K,, where P is a path, F is a graph of treewidth at most four, and a =
max(3, 2g). Hence, it is also a subgraph of the product PX H, where H = F X K,
is a graph of treewidth less than S max(3, 2g).

Proof Again, without loss of generality, we can assume that G is a triangulation of
a surface X of Euler genus g (we need to be a bit careful, since just adding edges to
triangulate the faces could result in parallel edges; however, we can also add vertices
to G to deal with this issue). Let Ty be a BES spanning tree of G and A the layering
of G according to the distance from the root of 7.

We use the idea of interdigitating trees that we discussed in Sect.2.12: Let G* be
the dual graph to G and let A be the set of the edges of the dual that correspond to
the edges of Tp. Then G* — A is connected, and thus it has a spanning tree 7. Let
Z be the set of edges e € E(G) \ E(Tp) whose duals do not belong to E(T7), and
recall that |Z| = g. Let Z’ be the set of vertices incident with the edges of Z.

Let us cut the surface ¥ along the edges of the subgraph R = Ty + Z. The
resulting surface A is obtained from the triangular faces of G by gluing them along
the edges whose duals belong to the tree 77, and thus A is a closed disk. The
boundary of A corresponds to a closed walk in G traversing each edge of R twice.
Let us now perform the following reduction: If R has a vertex v of degree one
different from the root of Ty (necessarily v ¢ Z’), then the two appearances of the
incident edge e in the boundary of A are necessarily consecutive and traversed in
opposite directions. We delete v from R and glue the two segments of the boundary
of A corresponding to e. Let us repeat this reduction as long as possible.

In the end, the resulting graph R’ is the union of Z and of the vertical paths in Ty
from Z' to the root, and cutting X along R’ still turns the surface into a disk A’. The
graph G — V(R') is drawn in the disk A’, and thus it can be drawn in the plane so
that all vertices adjacent in G to the vertices of R’ are incident with the outer face
of G — V(R).
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Let T be the tree obtained from Ty by contracting R’ to a single root vertex r.
Let G’ be a simple plane triangulation obtained from G — V(R’) by adding r and
the incident edges of T and then triangulating the non-triangular faces; then T is a
spanning tree of G’. By Lemma 15.5, there exists a partition @ of V(G’) into 3-
vertical (with respect to T) parts such that tw(G'/Q’) < 3. Let Q be obtained from
Q by removing r from the part that contains it; then Q is a partition of V(G)\ V (R’)
to 3-vertical (with respect to Tp) parts such that tw((G — V(R'))/Q) < 3.

Let @ be obtained from Q by adding the part V (R’). Note that To[V[R']] is the
union of |Z’| < 2g vertical paths in Tp, and thus it is 2g-vertical. The graph G/Qy is
obtained from (G — V(R’))/Q by adding a single vertex, and thus tw(G/Q) < 4.

Since A is the BFS-layering of Ty, Qp has A-width at most max (3, 2g). The result
then follows from Observation 15.3. O

15.2 Beyond Embedded Graphs

Going one step further along the lines of the Minor Structure Theorem, it is not hard
to see that adding vortices still preserves the existence of the product structure.

Lemma 15.8 For all non-negative integers g, d, and m, there exists an integer t
such that every graph G drawn on a surface of Euler genus g up to m vortices of
width at most d is a subgraph of the product P X H, where P is a path and H is a
graph of treewidth at most t.

Proof Let us give just a quick outline: Let G be the surface part of G and let F1,
..., F, be the vortices. Without loss of generality, we can assume that 9 F; is a
cycle in Go for i € [m]. Let G| be obtained from G by adding a vertex r adjacent
to the vertices in |J;-, dF;; then G has Euler genus at most g + 2m. Let A be
the BFS layering of G according to the distance from r. The argument from the
proof of Theorem 15.7 gives us a partition Q’l of V(G1) of A-width O(g + m)
such that tw(G1/Q)) < 4. By the argument from the proof of Observation 15.3,
this also implies that there exists a partition Q; of V(G1) of A-width one such that
tw(G1/Qi) = O(g +m).

Let Q) be obtained from Q| by removing » from the part that contains it. Let Q be
obtained from Q by, for each i € [m], adding the vertices of V (F;)\d F; as singleton
parts. We also extend A to G by letting A(v) = O for every v € U;”Z] (V(F))\ 0F;).
Then Q has A-width O (g + m). Moreover, G/Q is obtained from Go/Qp by adding
the vortices. Note that for each i € [m], we have 9F; C A~} (1), and since @y has
A-width one, the cycle d F; can be viewed as a subgraph of Gy/Qp. As in the proof
of Lemma 7.5, we conclude that tw(G/Q) = O(dtw(Gy/Qp)) = O(d(g + m)).
The claim then follows from Observation 15.3. O

Moreover, it is also possible to handle clique-sums, based on the following
lemma.
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Lemma 15.9 Let G and H be graphs such that G € P X H for a path P. Let K
be a clique in G. For any function u : V(K) — {0, 1} and any partition Qg of
V(K), there exists a layering A of G extending u and a partition Q 2 Qg of V(G)
of A-width at most max(4, |K|) such that tw(G/Q) < tw(H) + |K]|.

Proof Since G C P X H, Observation 15.3 implies that there exists a layering Aq
of G and a partition Qp of V (G) of Ag-width one such that G/Qy = H. Since K is
a clique, there exists a non-negative integer k such that V(K) C Ay 1({k, k+1}).
Let

0 ifveu0)
Av) =11 ifverg (k—1,kk+1,k+2)\ 10
i>2 ifver k—ik+1+i}.

Note that A is a layering of G extending u, and since each layer of A is contained in
at most four layers of Ao, the partition Qp has A-width at most four.

Let Q be obtained from Qp by removing the vertices of K from the parts that
contain them and adding Qg . The A-width of Q clearly is at most max(4, |K|).
Moreover, G/Q is obtained from a subgraph of G/Qy = H by adding |Qk| < |K]|
vertices, and thus tw(G/Q) < tw(H) + |K]|. O

We say that a graph G has a clique-friendly (path X twy XK, )-structure if for
every clique K in G, every function u : V(K) — {0, 1} and every partition Qg
of V(K), there exists a layering A of G extending p and a partition Q 2 Qg of
V(G) of A-width at most a such that tw(G/Q) < k. Lemma 15.9 has the following
consequence.

Corollary 15.10 Let G be a graph and t a positive integer such that G € P X H
for a path P and a graph H of treewidth at most t. Then G has clique-friendly
(path X tw3; 42 WK 40)-structure.

Proof For any clique K in G, there exists a vertex v € V(P) such that v X H
contains at least half of the clique K. The subgraph v X H is isomorphic to H, and
thus %|K| <tw(H) 4+ 1 <t + 1. The claim then follows from Lemma 15.9. m|

As usual, the point of introducing such a technical notion is that it is exactly
preserved by clique-sums.

Lemma 15.11 Suppose that G and G, are graphs with a clique-friendly (path X
twix XK )-structure. If G is a clique-sum of G| and G, then G also has a clique-
friendly (path R twy XK ,)-structure.

Proof Let K be any clique in G, and consider any function u : V(K) — {0, 1}
and any partition Qg of V (K). By symmetry, we can assume that K is contained in
G 1. Hence, there exists a layering A of G| extending p and a partition Q; 2 Qg
of V(G1) of A;-width at most a such that tw(G/Q) < k.
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Let K’ be the common clique of G| and G, on which we perform the clique-sum
to obtain G. Let b be the minimum of A on K’, and let /' (v) = A1 (v) — b for every
v € V(K’). Note that p/(v) € {0, 1} for every v € V(K’), since the clique K’ is
necessarily contained in two consecutive layers of the layering A;. Let Qg be the
partition of V (K’) according to Q. There exists a layering A, of G, extending '
and a partition @ 2 Qg of V(G») of Ao-width at most a such that tw(G,/Q,) < k.
Then Q = QU@ \Qk’) 2 Qg is a partition of V (G). Moreover, G/Q is a clique-
sum of G1/Q; and G,/Q; on the clique K'/Qg, and thus tw(G/Q) < k.

Let A(v) = A1 (v) forv € V(G1) and A(v) = Ax(v) + b for v € V(G3); note that
both definitions coincide for v € V(K’). Then A is a layering of G extending i, and
clearly Q has A-width at most a. O

Putting the results together, the existence of the product structure is preserved by
clique-sums.

Corollary 15.12 Let t be a positive integer. Let G be a clique-sum of graphs G,
..., Gy,. Suppose that for i € [m], the graph G; is a subgraph of the product P;X H;,
where P; is a path and H; is a graph of treewidth at most t. Then G € P X H for a
path P and a graph H of treewidth at most 6(t + 1)2.

Proof By Corollary 15.10, G; has a clique-friendly (path X tws3; 2 XKp42)-
structure for each i € [m]. By Lemma 15.11, so does G. By Observation 15.3,
this implies that G € P X F X K9, for a path P and a graph F of treewidth at
most 3¢ 4 2. The claim follows by letting H = F X Ko 4». O

Theorem 10.5 together with Lemma 15.8 and Corollary 15.12 then implies that
apex-minor-free graphs have product structure.

Corollary 15.13 For every apex graph F, there exists an integer t such that every
F-minor-free graph is a subgraph of the product P X H for a path P and a graph
H of treewidth at most t.

Unfortunately, this claim does not extend to F-minor-free graphs for non-apex
graphs F. Note that if G € pathX H and G has a universal vertex, then G € P3XH,
and thus tw(G) < 3tw(H) + 2. Thus, a sufficiently large “grid plus one vertex”
graph G is not a subgraph of path X H for any graph H of bounded treewidth, and
such graphs G are F-minor-free for every graph F with a(F) > 2. Still, we can at
least formulate the relaxation of the Minor Structure Theorem with simplified basic
pieces. We say that a graph G has ((path X tw;) + K,)-structure if there exists a set
A C V(G) of size at most a such that G — A € P X H for a path P and a graph H
of treewidth at most 7.

Theorem 15.14 For every graph H, there exist integers a and t such that every
H -minor-free graph can be expressed as a clique-sum of graphs of ((path X tw;) +
K,)-structure.

Let us remark that while the product structure does not deal well with apex
vertices, it is quite robust otherwise. E.g., graphs that are drawn on a fixed surface
still can be expressed as a product of a path and bounded treewidth graph if we allow
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a bounded number of crossings on each edge [5]. This and many other results follow
from the fact that the product structure is preserved by taking shallow minors.

Theorem 15.15 (Hickingbotham and Wood [9]) Suppose G is a subgraph of the
product P X H X K, for a path P and a graph H. Let G’ be obtained from G by
contracting pairwise vertex-disjoint subgraphs, each of radius at most r. Then G’
is a subgraph of the product P' X H' X K 5, 1y2, where P’ is a path and H' is a
graph of treewidth less than

tw(H) +2r + 1
2r + 1 ’

As an example, consider a graph F' drawn in the plane with at most one crossing on
each edge. Let F be the planar graph obtained from F by replacing the crossings
by vertices of degree four, and let G be obtained from Fy by adding twins of
these vertices of degree four. Then a supergraph of F' can be obtained from G by
contracting stars centered on the vertices of F. Since Fy is planar, it is a subgraph of
P X H X K3 for a path P and a graph H of treewidth at most 11 by Corollary 15.6.
Thus, G € FoX Ky € PX H X K¢, and by Theorem 15.15 applied with r = 1, we
conclude that F' is a subgraph of the strong product of a path, a graph of treewidth
less than (134), and Ksq4.

Moreover, many geometric graph classes (nearest neighbor graphs, bounded
degree string graphs, . ..) admit product structure [5]. Given this, one might wonder
how far can we push this notion, especially in combination with apex vertices and
clique-sums. As we are going to see in the following section, product structure
implies sublinear separators. Could all classes with (sufficiently) sublinear separa-
tors, possibly subject to other natural constraints, admit the kind of decomposition
described in Theorem 15.14? One way to see that the answer is negative and to
reveal further limitations is through the comparable box dimension.

For a graph G, a box representation in R? is a function p mapping vertices of G
to axis-aligned boxes in R? with pairwise disjoint interiors, such that uv € E(G) if
and only if the boxes p(u) and p(v) intersect (in their boundaries, i.e., the boxes just
touch). Let us remark that quite complicated graphs, even ones without sublinear
separators, have a box representation in bounded dimension. For example, if G is
obtained from a bipartite graph by subdividing every edge once, then G has a box
representation in R3: The vertices of one part A of the bipartition are represented by
narrow boxes that are long in the x-axis direction, the vertices of the other part B by
narrow boxes that are long in the y-axis direction and almost touch all the boxes for
A, and the vertices created by subdividing the edges are represented by small cubes
touching the boxes of the adjacent vertices of A and B.

Thus, let us further restrict the representation: We say that two axis-aligned boxes
By and B; are comparable if a translation of one is a subset of the other one, i.e.,
if one of the boxes is at most as wide as the other one in all axis directions. A
box representation p of a graph G is comparable if the boxes p(u) and p(v) are
comparable for every u, v € V(G). The comparable box dimension of a graph G is
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the minimum integer d such that G has a comparable box representation in R¢. As
shown in [7], graphs of comparable box dimension at most d have O (n!~1/2d+4).
separators. Moreover, every graph that can be expressed as a clique-sum of graphs
of ((path X tw;) + K,)-structure for fixed ¢ and a has bounded comparable box
dimension [6]. Finally, Dvofdk et al. [7] gave for every function f(n) = o(n)
an example of a hereditary class of graphs with f(n)-separators but unbounded
comparable box dimension, and thus not admitting product structure, even in the
sense of Theorem 15.14.

15.3 Applications

We obviously lose a lot of information by replacing the condition of being nearly
drawn on a surface by the condition of being a subgraph of the product of a path and
a bounded treewidth graph, as in Theorem 15.14. However, for many applications,
this is actually an advantage, since it makes it possible to focus on the important
properties rather than getting lost in the details.

As a simple example, let us note that product structure easily implies the result of
Chap. 7: Every proper minor-closed class is treewidth-fragile. Indeed, we have the
following simple observation.

Observation 15.16 Let G be a subgraph of the product P X H, where P is a path
and the graph H has treewidth at most t. Then for every positive integer k, the
graph G has a ((t + 1)(k — 1) + 1)-low-treewidth coloring by k colors.

Proof Clearly, it suffices to show that this is the case when G = P X H. Let P =
V1V2 ... Uy, and let y (v;, u) = (i mod k) + 1 for every vertex (v;,u) € V(P X H).
Then for each i € [k], each component of G — y ~1(i) is isomorphic to the product
P’ X H for a path P’ with at most k — 1 vertices, and thus tw(G — y~1(i)) <
(t+1D(k—1)+ 1. It follows that y is a ((# + 1)(k — 1) + 1)-low-treewidth coloring
of G. |

As shown in Sect. 7, treewidth-fragility is preserved by adding a bounded number
of apices and taking clique-sums. Note that a graph with ((path X tw;) + K,)-
structure has clique number at most 2(¢ 4+ 1) 4 a. Using Observations 7.3 and 7.9
and Lemma 7.11, we get the following conclusion.

Corollary 15.17 The class of graphs that can be expressed as a clique-sum of
graphs of (path®tw;) 4+ K )-structure is treewidth-fragile, with bounding function
fBy =@+ Dk+1)+2a+1.

By Theorem 15.14, this is a strengthening of Theorem 7.12. Furthermore, as
we have seen in Sect. 7.2, Corollary 15.17 implies that clique-sums of graphs of
((path X tw,) + K,)-structure have O, ;(y/n)-separators.

More importantly, the product structure was used to prove results for planar
graphs and other minor-closed classes that were not known before. In their paper
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introducing this tool, Dujmovi¢ et al. [3] proved that they have bounded queue
number, solving a long-standing open question of Heath et al. [8]. They also
used them to bound track numbers and volume of 3-dimensional drawings of
such graphs. The product structure tools were later used to obtain space-efficient
representations [4] and to bound nonrepetitive chromatic number [2].

To showcase an application, let us consider the last example: A coloring ¢
of a graph G is nonrepetitive if there is no path vivy...vy, in G such that
©(;) = @(vy4i) for i € [m]. In particular, by considering the case m = 1, this
coloring must be proper. The nonrepetitive chromatic number of G is the minimum
number of colors needed in a nonrepetitive coloring of G. Thue [13] proved a
statement on words that can be rephrased as saying that paths have nonrepetitive
chromatic number at most three. More generally, Alon et al. [1] proved that a graph
of maximum degree A has nonrepetitive chromatic number O (A2). They also asked
whether the nonrepetitive chromatic number of planar graphs is bounded, a natural
question that was resolved almost 20 years later using the product structure.

As we are going to see, it is not too hard to prove that graphs of bounded
treewidth have bounded nonrepetitive chromatic number. An issue that we need to
overcome is that nonrepetitive chromatic number is not preserved by products: Stars
have nonrepetitive chromatic number two, but K; , X K , contains as a subgraph
K n, a graph of nonrepetitive chromatic number n 4 1. As usual, we deal with this
issue by considering more restrictive notions. A walk vg ... vy, in a graph G is a
stroll if v; # vy for every i € [m], and it is relevant if there exists i € [m]
such that v; # vy,4;. Thus, all strolls are relevant. Consider a coloring ¢ of G; a
walk is repetitively colored if ¢(v;) = @(vy4i) for every i € [m]. Clearly, every
irrelevant walk is repetitively colored. A coloring of G is stroll-nonrepetitive if no
stroll is repetitively colored. A coloring is walk-nonrepetitive if no relevant walk is
repetitively colored. The stroll-nonrepetitive (resp. walk-nonrepetitive) chromatic
number of a graph is the minimum number of colors in a stroll-nonrepetitive
(resp. walk-nonrepetitive) coloring. Clearly, stroll-nonrepetitive coloring is also
nonrepetitive. Moreover, walk-nonrepetitivity is a substantially stronger notion than
stroll-nonrepetitivity; e.g., K1 , has stroll-nonrepetitive chromatic number two and
walk-nonrepetitive chromatic number n + 1. Indeed, the two notions relate as
follows.

Observation 15.18 A stroll-nonrepetitive coloring ¢ of a graph G is walk-
nonrepetitive if and only if ¢(u) # @(v) for all distinct vertices u,v € V(G)
with a common neighbor.

Proof Suppose that ¢ is walk-nonrepetitive. If # and v are distinct vertices with a
common neighbor x, then uxvx is a relevant walk, and thus ¢ (1) # ¢(v).
Conversely, suppose that ¢ is stroll-nonrepetitive and ¢ (1) # ¢(v) for all distinct
vertices u, v € V(G) with a common neighbor. Consider any walk W = v ... vy,
colored repetitively by ¢. Since ¢ is stroll-nonrepetitive, W is not a stroll, and thus
there exists i € [m] such that v; = vy,4;. We claim that W is irrelevant: Otherwise,
there exists j € [m] such thatv; # v, ;. By choosing the indices i and j with these
properties so that |i — j| is minimum, we can assume that |[i — j| = 1. However,
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then v; and v,,4; are distinct vertices with a common neighbor v; = v,4; and
;) = ¢(vm4j), which is a contradiction. Hence, ¢ is repetitive only on irrelevant
walks. |

In particular, walk-nonrepetitive chromatic number can be bounded only
for graphs of bounded maximum degree. The definitions of stroll- and walk-
nonrepetitive colorings are motivated by the fact that they behave well with respect
to strong products. To show this, a further technical observation will be useful. A
lazy walk in a graph G is a sequence vy . . . vy of its vertices such that v; 1 € Ng[v;]
fori € [t — 1], i.e., vj4 is either equal or adjacent to v;. The repetitivity of a
coloring and the relevance is defined for lazy walks in the natural way, and a lazy
stroll is a lazy walk vy ... vy, such that v; # v,,4; forevery i € [m].

Observation 15.19 Let ¢ be a coloring of a graph G. If the coloring ¢ is stroll-
nonrepetitive (resp. walk-nonrepetitive), then it is also nonrepetitive on all lazy
strolls (resp. relevant lazy walks).

Proof Assume for now only that ¢ is a proper coloring of G, and let W = vy ... vy,
be any lazy walk in G on which ¢ is repetitive. Suppose that there exists i € [2m—1]
such that v; = vj41.

e Let us first consider the case that i % m, and by symmetry assume that i < m.
Since ¢ is repetitive on W, we have ¢(vi ;) = ¢ (Vi) = ¢(Vi+1) = @Witm+1)-
Since ¢ is a proper coloring, we also have v;1,;, = vi1m+1. Let W be the lazy
walk obtained from W by removing v; and v,,4; (but keeping v;41 and v;441).
Clearly g is repetitive on W/, and W' is relevant or a lazy stroll if and only if W
is.

e Incasethati =m,i.e., v, = vy+1, let Wi be the lazy walk obtained from W by
removing v, and vy, and let W, be the one obtained by removing v; and v;,;41.
Note that ¢ is repetitive on W and W», and if W is a lazy stroll, then so are W
and W». Moreover, if W is relevant, then W, or W, is relevant.

By repeating these reductions, we conclude that if ¢ is repetitive on a lazy stroll or
lazy relevant walk, then it is also repetitive on a non-lazy one. O

We can now show the result on products.

Lemma 15.20 Let ¢ be a walk-nonrepetitive coloring of a graph P and ¢> a stroll-
nonrepetitive coloring of a graph H. For (u,v) € V(P) x V(H), let p(u,v) =
(1 (), @2(v)). Then ¢ is a stroll-nonrepetitive coloring of P X H.

Proof Consider any walk W = (uy, v1) ... (u2m, v2m) in P X H on which ¢ is
repetitive. Then ¢ is repetitive on the lazy walk u ... us,,, and since ¢; is walk-
nonrepetitive, this lazy walk is necessarily irrelevant, i.e., u; = u;y,, for every
i € [m]. Moreover, ¢, is repetitive on the lazy walk vy ... vy, and since @, is
stroll-nonrepetitive, this lazy walk is not a lazy stroll. Hence, there exists i € [m]
such that v; = v;4,,, and consequently (u;, v;) = (Uj+m, Vi+m). Therefore, W is
not a stroll. We conclude that ¢ is stroll-nonrepetitive. O
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Let us note that although the notion of stroll-nonrepetitivity is somewhat convoluted,
it is necessary to make this argument work.

Thus, to obtain results for graphs with product structure, we need to bound
the walk-nonrepetitive chromatic number of paths and the stroll-nonrepetitive
chromatic number of graphs of bounded treewidth. For the former, Kiindgen and
Pelsmajer [11] proved that every path has a walk-nonrepetitive coloring using four
colors, and at least four colors are needed for paths with at least six vertices. For the
latter, let us apply another useful tool, shadow-complete layerings.

Consider a layering A of a graph G, and let Q be a component of G[A~!({j € N :
Jj = i})] for a positive integer i. The shadow of Q is the subgraph of G induced by
the vertices in A1 (i — 1) with a neighbor in Q. We say that A is shadow-complete if
all shadows are cliques. An important example of shadow-complete layerings arises
in the context of chordal graphs.

Lemma 15.21 Let G be a connected chordal graph and let A be a BFS layering of
G. Then A is shadow-complete. Moreover, a)(G[)F] @] < w(G) for every positive
integeri.

Proof Let vg be the vertex of G such that A(v) is the distance between vg and v in
G for every v € V(G).

Let i be a non-negative integer and let K C G[»~1(i)] be a shadow. Therefore,
for all distinct u, v € V(K), there exists a path from u to v in Gt {jeN:j>
i})] intersecting A7) exactly in its ends. Let P; be a shortest such path. Since A is
the BFS layering according to the distance from vo, the subgraph G[A~1({0, ..., i —
1}) is connected and u and v both have neighbors in this subgraph; let P, be a
shortest path from u to v in G ! ({0, ..., i})] intersecting A7) exactly in its
ends. Then Py and P, are induced paths. If # and v were not adjacent, then P; U P>
would be an induced cycle in G of length at least four, contradicting the assumption
that G is chordal. Therefore, K is a clique. It follows that A is shadow-complete.

Suppose now for a contradiction that o(GIAYH)]) = w(G) for a positive
integer i, i.e., the subgraph G[r»~1()] contains a clique K of size w(G). Let
y € A7 — 1) be a vertex with the largest number of neighbors in K. Since
|K| = w(G), there exists a vertex v € V(K) non-adjacent to y. Let z be a neighbor
of vin A7'(i — 1). Since z has at most as many neighbors in K as y, there exists a
neighbor u € V(K) of y non-adjacent to z. Let P be a shortest path between y and
zin G[A 7! ({0, ..., i —1})] intersecting A= only in its ends. Then P 4 yuvz
is an induced cycle in G of length at least four, which is a contradiction. O

Let us now show how shadow-complete layerings can be used to obtain stroll-
nonrepetitive colorings.

Lemma 15.22 Let A be a shadow-complete layering of a graph G such that for
everyi € N, GI»"Yi)] has a stroll-nonrepetitive coloring ¢; using c colors. Then
the stroll-nonrepetitive chromatic number of G is at most 4c.

Proof Let t be the maximum index such that A~!(¢) is non-empty. As we have dis-
cussed above, there exists a walk-nonrepetitive coloring v of the path P = 012...¢
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using four colors. For each v € V(G), let us define ¢ (v) = (Y (A(v)), @r)(v)), sO
that ¢ uses at most 4c¢ colors.

Consider a walk W = vj...vp, in G on which ¢ is repetitive. Then ¢ o
A is repetitive on W, and since i is a walk-nonrepetitive coloring, the walk
A(v1) ... A(v2y,) must be irrelevant. That is, A(v;) = A(Vj4+m) fori € [m]. Let s
be the minimum of A(v;) for i € [2m], and let i; < ... < iy be the indices such
that A(vij) = s for j € [2k]; note that ij 4 = i; + m for every j € [k]. For
Jj € 2k — 11, v; i and v; 4 are connected by a walk in G with internal vertices
contained in A~} ({s+1,...,1}), and thus Vi and v, are contained in the same
shadow. Since A is shadow-complete, W' = v;, ... v;,, is a lazy walk in GA! )1
Since ijyx =ij + m for every j € [k] and ¢ is repetitive on W, it is also repetitive
on W’. Hence, ¢y is repetitive on W’. Since ¢ is stroll-nonrepetitive, W’ is not a
stroll, and thus there exists j € [k] such that Vi; = Vijp = Vij4m- Therefore, W
also is not a stroll, and we conclude that ¢ is stroll-nonrepetitive. m]

Combining Lemmas 15.21 and 15.22, a straightforward inductive argument gives
the following conclusion.

Corollary 15.23 Every chordal graph G has stroll-nonrepetitive chromatic number
at most 4°(@,

Since every graph of treewidth ¢ is a subgraph of a chordal graph of clique number
at most ¢ + 1, this immediately gives the desired claim about graphs of bounded
treewidth.

Corollary 15.24 Every graph G has stroll-nonrepetitive chromatic number at most
4w (G)+1

In combination with Lemma 15.20, this gives the basic fact about graphs with
product structure.

Corollary 15.25 If G is a subgraph of the product PX H for a path P and a graph
H, then G has stroll-nonrepetitive chromatic number at most 4wW(H)+2,

By Corollary 15.6, Theorem 15.7, and Corollary 15.13, this immediately gives
upper bounds on the nonrepetitive chromatic number of planar graphs, graphs on
surfaces, and apex-minor-free graphs. Moreover, adding apex vertices colored by
unique colors preserves stroll-nonrepetitiveness.

Corollary 15.26 Every graph of ((path X tw,) + K,)-structure has stroll-
nonrepetitive chromatic number at most 4'+2 + a.

To deal with clique-sums, we again leverage shadow-complete layerings, through
the following useful lemma. Let (T, 8) be a tree decomposition of a graph G; a tree
decomposition (7', ') of an induced subgraph G’ of G is dominated by (T, B) if
there exists an injective function ¢ : V(T') — V(T) such that 8'(x") = B(t(x")) N
V(G’) for every x’ € V(T’). Note that this implies that the torsos of (77, ') are
subgraphs of the torsos of (7T, B).
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Lemma 15.27 Let G be a connected graph and let (T, B) be a tree decomposition
of G of adhesion b > 1. There exists a layering A of G such that

* for every shadow S, there exist distinct nodes x,y € V(T) such that V(S) C
Bx) N B(y), and

o forevery i € N, G[A~'(i)] has a tree decomposition of adhesion less than b
dominated by (T, B).

Proof Without loss of generality, we can assume that 8(x) € B(y) and B(y) &€
B(x) for every distinct x, y € V(T): Otherwise, there exists an edge xy € E(T)
such that (x) € B(y), and we can instead consider the smaller tree decomposition
of adhesion at most b dominated by (7, ) which is obtained by contracting the
edge xy, keeping only the bag of y.

Let us choose an arbitrary vertex r of T and let us define A(v) = 0 for all vertices
veP@)Fori =1,2,...,let A(v) = i for every vertex v € V(G) for which we
have not yet selected the layer and for which there exists a node x € V (T') such that
v € B(x) and B(x) A li=1) # ). Since G is connected, this procedure assigns a
layer to every vertex of G. Note that each bag of (7, B) is contained in at most two
consecutive layers of A, and since every edge of G has both ends in one of the bags,
it follows that X is indeed a layering of G.

For a non-negative integer i, let 7; be the subgraph of T induced by the nodes
x € V(T) such that max(AL(B(x))) < i.Observe that T; is a subtree of T containing
r, and that )Fl({O, 1,...,i}) = Uxev(mﬂ(x). Consider any component Q of
G — A‘l({O, 1,...,i}). Since Q is connected and disjoint from Uer(T;) B(x),
there exists a component T of T — V(T;) such that V(Q) C Uer(TQ)ﬂ(x)-
Let y € V(Tp) be the unique node of Tp with a neighbor x € V(T;). Then
B(x) N B(y) separates Q from the rest of A~1 ({0, 1, ..., i}), and thus the shadow of
Q is contained in G[B(x) N B(¥)].

Let us also note the following property:

(x)  Letx beanode of T different from r and let x’ be the neighbor of x on the path
to r. For every vertex v € B(x) \ B(x'), there exists a vertex v’ € B(x) N B(x')
such that A(v") < A(v).

Indeed, let Ty be the component of 7 — xx’ containing x (and not containing r) and
let vg be the vertex in Uer(To) B\ B(x") with A(vg) minimum. In particular,
A(vg) < A(v). Since vy & B(x'), all nodes whose bag contains vy belong to Tp. It
follows that A(vg) > 0, as otherwise we would have vg € (r). Thus, the definition
of A implies that there exists a node xo € V(Tp) with vg € B(xg) and a vertex
v/ € B(xp) such that A(v") = A(vg) — 1. By the minimality of A(vg), we conclude
that v’ € B(x’). Since the node x is on the path between x” and xg, v’ € B(x) N B(x")
is a vertex with A(v") < A(vg) < A(v), as desired.

Let us now consider the tree decomposition (7, 8;) of G[2~1()] defined by
letting B;(x) = B(x) N A~L() for each x € V(T). Clearly, (T, B;) is dominated
by (T, B). This tree decomposition does not necessarily have adhesion less than b;
however, as we are going to show next, if |8;(x) N B;(y)| = b for distinct x, y €
V(T), then there exists a node z € V(T) such that 8; (x) U B;(y) € Bi(z). Hence,
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after contracting the edges of the tree decomposition (7, §;) with comparable
bags, no nodes x and y with this property remain, and thus the resulting tree
decomposition has adhesion less than b.

It remains to prove this property. If i = 0, this is clearly the case, since all vertices
of 2~1(0) are contained in 8(r). Hence, suppose that i > 0. Let z be the node of T
nearest to r such that S(x) N B(y) € B(z). Such a node z exists, since all nodes on
the path between x and y in T have this property. Note that z separates the nodes x
and y from r. Suppose for a contradiction that say B;(x) € Bi(z), and thus there
exists a vertex v € B;(x) \ Bi(z). In particular, z # x. Let x’ be the neighbor of x
on the path to r (or equivalently, to z) in 7. Note that 8(x) N B(y) € B(x’). Since
IB)N BN < band |B;(x) N Bi(y)| = b, we have B(x) N B(x") = B;(x) N Bi (),
and thus A(v") = i for every v' € B(x) N B(x’). This contradicts (). ]

A tree decomposition (7', 8) of a graph G is adhesion-complete if G[B(x)NB(¥)]
is a clique for all distinct x, y € V(T). For such a decomposition, the layering
from Lemma 15.27 is shadow-complete. By Lemma 15.22, we obtain the following
consequence.

Corollary 15.28 Let (T, B) be a tree decomposition of a graph G of adhesion
b > 0. If every torso of this tree decomposition has stroll-nonrepetitive chromatic
number at most c, then G has stroll-nonrepetitive chromatic number at most 4°c.

Proof We prove the claim by induction on b. If b = 0, then G is the disjoint union
of graphs G[B(x)] for x € V(T), and each of the graphs has stroll-nonrepetitive
chromatic number at most ¢ by the assumptions. Hence, suppose that b > 0.

We can add to G a clique on B(x) N B(y) for all distinct x, y € V(T), since that
does not change the torsos of the decomposition. Hence, we can assume that (7', 8)
is adhesion-complete. Moreover, we can assume that G is connected, as otherwise
we can consider each component of G separately. By Lemma 15.22, there exists a
shadow-complete layering A of G such that for each i € N, the subgraph G[A ™! (i)]
has a tree decomposition of adhesion at most » — 1 whose torsos are subgraphs of
the torsos of (T, B). By the induction hypothesis, G[»~ ()] has stroll-nonrepetitive
chromatic number at most 4°~!¢. The claim then follows by Lemma 15.22. O

Note that the assumptions of Corollary 15.28 are satisfied whenever G is a clique-
sum of graphs of stroll-nonrepetitive chromatic number at most ¢ and clique number
at most b. Hence, Corollary 15.26 has the following consequence.

Corollary 15.29 Every graph obtained from graphs with ((path ¥ tw;) + K,)-
structure by clique-sums has stroll-nonrepetitive chromatic number at most

42Z+2+a(4t+2 +a)

Theorem 15.14 now gives the desired conclusion for proper minor-closed classes.

Corollary 15.30 For every graph H, there exist a constant cy such that every H -
minor-free graph has (stroll-)nonrepetitive chromatic number at most cy.
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Chapter 16 ®)
Iterated Layerings Qe

We have already seen a number of times that considering a bounded number of
layers in a suitably chosen layering (often simply a BFS layering) of a graph
reveals important properties useful both in theoretical arguments and in design of
algorithms. Of course, a major limitation is that every layering of a graph with a
universal vertex (or more generally, bounded radius) has a small number of layers,
and thus the amount of information that we can gain in this way is limited. In a
sense, as we are going to see in Sect. 16.1, if we iterate BFS layering in a graph
avoiding a fixed minor, we always eventually run into this limitation. However, this
fact by itself turns out to have applications in areas such as graph flows and metric
embeddings.

A way around this limitation is to intersperse the layering actions with removal
of “central” vertices. It is not hard to see that for every graph H and every positive
integer r, any H-minor-free graph G can be reduced to nothing by a bounded
number of vertex removals and restrictions to r consecutive layers of a layering.
An issue reducing the applicability of this result is that the number of iterations
turns out to be substantially larger than r, and thus actually a majority of the graph
may turn out to be thrown away in the layering steps of the process. Somewhat
surprisingly, this can be circumvented by increasing r in each iteration. The resulting
decomposition enables us to generalize Baker’s powerful method for design of
approximation algorithms to all proper minor-closed classes.

16.1 Iterated BFS Layerings

Let G be a connected graph, and for positive integers k and r, let G = Gy, ..., Gi+1
be a sequence of induced subgraphs of G, such that fori € [k], G;+ is a connected
component of a subgraph induced by the union of r consecutive layers in a BFS
layering A; of G;. In this case, we say that G is obtained from G by k-iterated
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r-layering. A key observation of Klein et al. [6] is that in a K ;-minor-free graph,
the diameter of V (G41) in G is bounded. Let us emphasize that the distance is
measured in the whole graph G, rather than in the subgraph G4 1.

Theorem 16.1 If Gy is obtained from a Ky y-minor-free connected graph G by
k-iterated r-layering, then the distance between any vertices of Gy in G is at most
6k>r.

Proof Suppose for a contradiction that G| contains vertices u and v at distance
more than 6k%r in G. Let P be a path between u and v in Gi41, and for j € [k], let
v; be a vertex of P at distance 6(j — 1)kr from u in G. Observe that such vertices
exist, since the distances of consecutive vertices of P differ by at most one. By the
triangle inequality, we have dg (v, , vj,) > 6kr for all distinct ji, j> € [k].

For i € [k], let G; and X; be as in the definition of k-iterated r-layering. Let T;
be a BFS spanning tree of G; corresponding to A;. Let d; be the index such that
G4 is a subgraph of G,-[){l({di, ..,di+r—1})].Fori =k, k—1,...,0, we
are going to construct a model u; of Ky x—; in G such that the following conditions
hold, denoting by X = {x1, ..., x¢} and Y; the two parts of Ky x—;:

(a) Foreachvertex y € Y;, i (y) € Git1.

(b) Ifi > 0, then for each j € [k], wu;(x;) is a subgraph of G; consisting of vertices
at distance (in G;) less than 3r(k + 1 — i) from v;. Moreover, u;(x;) consists
of a subgraph of G, and a vertical path P; ; in T; ending in a vertex b; ; with
Ai(bij) =d;i —2r.

The construction is started for i = k by letting i (x;) for each j € [k] consist
of the vertical path P ; in T} starting in v; and ending in the vertex by ; with
Ak (b, j) = di — 2r. The condition (b) is satisfied, since these paths have length less
than 3r.

Consider now i such that 0 < i < k — 1. The model u; is obtained as
follows, see Fig. 16.1 for an illustration. Let ¥; be obtained from Y;;; by adding
a new vertex y;, and let u;(y) = wi1(y) for every y € Y41 and let u;(y;) =
T [)Li_+11({0, ...,diy1 — 2r — 1})]. By (a) and (b), the vertices of the subgraphs
forming ;4 are contained in V(G;42) < )‘i_+11 ({di+1,.-.,diy1 +r — 1}) orin
)Ll.jrll ({diy1 —2r,di11 —2r + 1, ...}), and thus they are vertex-disjoint from w; (y;).
Moreover, for each j € [k], the vertex b;y1 j € V(uiy1(x;)) has a neighbor in
wi(yi).

If i = 0, the construction is finished by letting po(x;) = p1(x;) foreach j € [k].
If i > 0, for each j € [k], we obtain p;(x;) as follows. Let m; ; be the vertex of
Piyy,j with A;41(m; ;) = diy1 — r. Let p; (x;) consist of p;11(x;) and the vertical
path P; ; in 7; starting in m; ; and ending in the vertex b; ; with A; (b; ;) = d; — 2r.
Note that this path has length less than 37, and since ;41(x;) consist of vertices
at distance less than 3r(k — i) from v;, it follows that u; (x;) consists of vertices
at distance less than 3r(k + 1 — i) from v;. Since dg (v}, vj,) > 6kr for distinct
J1, j2 € [k], this ensures that u; (x ;) and u; (x j,) are vertex-disjoint. Moreover, note
that for each j € [k], the path P; ; intersects ){] (di,....di+r—1}) D V(Git1)
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dip1+
dit1—2r dig1— 1 divi 0

di—l—r—l'

AR
R
A E—

di72r

Fig. 16.1 The construction from the proof of Theorem 16.1, with r = 2 and k = 4. The subgraphs
i+1(Yi41) are shown in red, the subgraphs ;41(X) in blue. The paths added in p; (X) are drawn

in purple

at most in the first r vertices, and thus this intersection is contained in layers of A; 4|
at distance at most r — 1 from m; j, i.e., in ki_Jrll {dig1 —2r +1,...,di41 — 1}).
Hence, w;(x;) is also disjoint from w;(y) forall y € ¥;.

For i = 0, we conclude that Ky ; is a minor of G, which is a contradiction. m]

The fact that the diameter in Theorem 16.1 is linear in r gives us an interesting
result even in the case of graphs with non-uniform edge lengths. Given a graph G
and an assignment £ of non-negative lengths to its edges, let dg ¢(u, v) denote the
¢-distance between the vertices u and v of G, i.e., the minimum of . p) £(e)
over all paths P in G between u and v.

Corollary 16.2 Let k > 3 be an integer, let G be a Ky x-minor-free graph and let
£ : E(G) — N be an assignment of lengths to edges of G. Let L = ZeeE(@ L(e).
For every r > 1, there exists a set X of at most kL /r edges of G such that for every
component K of G — X, all vertices u, v € V(K) satisfy dg ¢(u, v) < 6k2r.

Proof Let G’ be the graph obtained from G by contracting all edges of length 0 and
for every other edge e, subdividing the edge (£(e) — 1) times. Note that |G| = L
and that G’ is also Ky x-minor-free. Clearly, it suffices to find a set X’ at most
k||G’||/r edges of G’ such that for every component K’ of G’ — X', all vertices
u,v € V(K') satisfy dg/(u, v) < 6k2r; then, we can let X consist of the edges of
G such that the corresponding paths in G intersect X’.

Let Go = G'. Fori = 1,...,k, proceed as follows. Choose a function A; :
V(Gi—-1) — N so that the restriction of A; to each component of G;_; is a BFS
layering. Choose an integer b € [r] uniformly at random and let X; be the set of
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edges uv € E(G;_1) such that A\() = b (mod r) and A(v) = b+ 1 (mod r). Let
G, =Gi_1— X;.

Let X = |, X;. Then each component of G’ — X is obtained from G’ by
k-iterated r-layering, and thus by Theorem 16.1, we have dg' (u, v) < 6k2r for any
vertices u and v in the same component. Moreover, for each edge e € E(G’), the
probability that e € X; is at most 1/r for each i, and thus E[|X|] < k||G'||/r.
Consequently, we have |X| < k||G’||/r with non-zero probability. |

A basic example of how this result can be applied comes in the setting of
multicommodity flows. For simplicity of presentation, let us consider the uniform-
demand uniform-capacity case. Let G be a graph and let £(G) be the set of all paths
in G with at least one edge. The paths P € P(G) are directed, i.e., they have a
distinguished starting vertex s(P) and ending vertex ¢ (P). A multicommodity flow
in G is a function f : P(G) — R(J)“ such that for every edge e,

Y. fp=sL

PeP(G),ecE(P)

The interpretation is that over each path P starting in a vertex u and ending in a
vertex v, the amount f(P) of a commodity is transported from u to v, where the
commodities for distinct pairs (u, v) are different, and the amount transported over
each edge cannot exceed its capacity 1. For distinct u, v € V(G), let

flu,v) = > f(P)

PeP(G).s(P)=u,t(P)=v

be the total amount of the commodity transferred from u to v. We aim to maximize
the throughput of f, defined as

min u,v).
u,veV(G),u#v f( )

Le., we want to maximize the amount a that can be transferred between every pair
of vertices simultaneously. Thus, the problem corresponds to the following linear
program:

xp >0 for P € P(G)

> xp <1 fore € E(G)
PeP(G).ecE(P)

Z xXp>a for distinct u, v € V(G)

PeP(G),s(P)=u,t(P)=v

maximize a
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Note that the program has superpolynomial number of variables, and thus we cannot
solve it straightforwardly. Let us instead consider the dual program:

le >0 fore € E(G)
dyy >0 for distinct u, v € V(G)
Y e =dypyup for P e P

ecE(P)

Y =1

distinct u,veV(G)

minimize Z Le
ecE(G)

The last two conditions can be replaced by minimizing

ZeeE(G) Le
Zdistinct u,veV(G) d”sv

That is, over all length assignments ¢ : E(G) — Ra', letting L = ZeeE(G) L(e), we
want to maximize

1
T == Z Z dG,Z(uvv)v

u,veV(G)

and the maximum throughput is then equal to 1/7. Let us remark that in this
dual form, the linear program can be solved in polynomial time using the methods
that only require a separation oracle, rather than an explicit representation of the
program.

We are interested in obstructions to a large-throughput multicommodity flow. A
natural obstruction comes from cuts: For a non-empty set U C V(G), let eg (U, U)
denote the number of edges of G with exactly one end in U, and let the ratio of U
be defined as

()= <
lU1- 110Gl =1UD

Observe that any multicommodity flow in G has throughput at most %t(U ). A
minimum-ratio cut in G is one with #(U) minimum. In the single-commodity
case, the size of a maximum flow and the capacity of a minimum cut coincide.
Analogously, it is natural to ask how far apart the maximum throughput and the
minimum cut ratio can be in the multicommodity case. Leighton and Rao [7] proved
that in general n-vertex graphs, they can differ by a factor of at most O(logn).
This bound cannot be improved: If G is a 3-regular graph, then each vertex is at
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distance 2 (logn) from 2 (n) other vertices and yet G has O(n) edges, implying
that the maximum throughput is O(@). Moreover, if G is an expander, then
t(U) = ©(1/n) for every non-empty U C V(G).

However, Corollary 16.2 enables us to reduce this factor to O (k%) in K k. k-minor-

free graphs.

Theorem 16.3 Let k > 3 be an integer, let G be a Ky i-minor free graph with at
least two vertices, and let a be the maximum throughput of a multicommodity flow
in G. Then there exists a non-empty set U C V(G) such that t (U) < 384k3a.

Proof Let n = |G|. Suppose for a contradiction that #(U) > 384k3a for every
non-empty U C V(G). In particular, if |U| < n/2, then

ec(U,U) = t(U)|\U|(n — |U|) = t(U)|U|n/2 > 192k>an|U|. (16.1)

Let v be a vertex of G of minimum degree; for U = {v}, we have eg (U, ﬁ) =
degv < M, and together with (16.1), this gives

Gl
< YTk (16.2)
Let? : E(G) — R(‘)" be a length assignment such that, letting L = ZeeE(G) L(e),
we have % ZM’UGV(G) dg.e(u,v) = % Without loss of generality, we can assume
that L = ||G||, since we can scale all lengths by the same factor. Let £/'(e) = [£(e)]
for every edge e; then L' = ZeGE(G) t(e) < L+||G||=2||G|| =2L,and L’ > L.
Consequently,

1 1 1
%% = 2L > deuuv) < o > dey(u.v).
u,veV (G) u,veV(G)

Letr’ = m; by (16.2), ¥’ > 2k > 1. Let us apply Corollary 16.2 for £’ and
r = |r’]. Thus, there exists a set X C E(G) of size at most kL’ /r such that each
component of G — X has diameter at most 6k%r < 6k>r’ in the dg.¢ metric. Let U
be the system of the vertex sets of the components of G — X.

Suppose first that |U| < n/2 for every U € U. Using (16.1), we obtain

1 - 3 3 9
Xl =5 > e, U) >96k’an Y |U| = 96k>an’.
veld veld

However, by the choice of 7/, we have

kL’ 2kL’
|X| < < = 96k3an?.

r r’
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This is a contradiction. Hence, there exists a unique set Uy € U of size more than
n/2. Let a vertex vy € Ug be chosen arbitrarily. Note that

> dew.v) < Y (dg.w(vo.u) +dg.y(vo, v))

u,veV(G) u,veV(G)

=2n Z dg ¢ (vo, V),

veV(G)

and thus

/

L
> de.w(vo,v) =
4an

veV(G)

Since Uy has diameter at most 6k%r’ in the dg ¢ metric, we have

/

dan

< Y dr(wo.v) <6k r'n+ Y dgy(Uo.v)
veV(G) veV(G)
L/
8an

+ Y dgeWUo,v),
veV(G)

and thus

Z dg, e (Uo,

veV(G)

For i > 1, let U; be the set of vertices of G at dg ¢ -distance at least i from Up; we
have |U;| < n — |Up| < n/2. Using (16.1), we conclude that

L' —
e = D dorWov) = Zwl 192k3 ;ec(ui,uo.

veV(G)

However, note that an edge e € E(G) has exactly one end in U; for at most £'(e)
values of i, and thus

ZeG(Ui,Ui) < Z ) =L
i=l ¢€E(G)

This is a contradiction. m|

Observe that the proof of Theorem 16.3 can be turned into an algorithm that
in polynomial time returns an O (k>)-approximation of the minimum-ratio cut. An
interesting consequence is that we can approximate the minimum size of a balanced
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edge cut in a Ky x-minor-free graph, subject to an additional relaxation in the
balance of the cut. Let 8 be a real number such that % < B <landletU bea
set of vertices of an n-vertex graph G. If (1 — B)n < |U| < Bn, then the set of edges
of G with exactly one end in U is a B-balanced edge-cut in G. Let becg(G) denote
the minimum size of a -balanced edge-cut in G.

Corollary 16.4 There exists a polynomial-time algorithm that, given a positive
integer k and a Ky x-minor-free graph G, returns a %-balanced edge-cut in G of
size at most O (k3) - becy/3(G).

Proof Letn = |G|, s = becy/3(G), and let U be a set of vertices of G such that % <

U] < %” and e(U, U) = s. Since we can replace U by V(G) \ U, we can assume

that [U| < 7. Consider any induced subgraph G’ of G with n" > %n vertices, and

le}tlU’zV(G')ﬂU.Notethat|U’| >|U|-%=q1andn —|U'| > %—%:%.
Thus,

1o (U') = eq/ (U, U") _ec(U.U) _ 48s
T = u) T 28 T

Hence, the maximum throughput of a multicommodity flow in G’ is at most
%tG/ U < %. Consequently, the algorithm based on Theorem 16.3 returns for any
such induced subgraph G’ an edge-cut of ratio at most ck’s/n?, where ¢ = 9216.

Let us proceed as follows. Let G| = G. Fori =1, 2,...,if |G;| < %’, then stop
and let m = i. Otherwise, let U; C V(G;) be a set with ¢, (U;) < ck3s/n?, which
we can find in polynomial time as described above. Since we could exchange U; for
its complement, we can assume that |U;| < |G;|/2. Let Gj+1 = G; — U;.

At the end of the process, let R = V(G)\V(Gy) = U?;l U;. Since |G| < %’,
we have |R| > %. On the other end, |G,—1| > %” and

IRl = V(G \ V(G| + [Un-1] <1 — 31Gp-1] < ¥

Hence, the edges with exactly one end in R form a %-balanced edge-cut in G.
Moreover,

m—1 m—1
eG(R,R) < Y e, (Ui, Up) < Y 16,(UD|Uiln
i=1 i=1

m—1

as required. O

Let us remark that using similar (though somewhat more involved) ideas, one
can also approximate the minimum size of a balanced vertex cut [4, 5].
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16.2 Baker-amenable Classes

Layerings where the unions of small numbers of consecutive layers have restricted
structure (e.g., bounded treewidth) are useful in design of approximation algorithms
using Baker’s technique [1]. Let us illustrate this technique on the domination
number. Actually, both to showcase the power of this technique and for a later
convenience, let us consider a technical generalization: For an integer s, an instance
of the s-request dominating set problem is a triple (G, M, R), where G is a graph,
M C V(G), and R consists of at most s subsets of V(G). The goal is to find the
minimum size y (G, M, R) of aset S € V(G) such that

» each vertex of M \ § has a neighbor in S, and
e foreachRe R, RNS #.

Thus, the domination number y (G) of a graph G is equal to y (G, V(G), ?).

Lemma 16.5 Let s be an integer and ¢ > 0 a real number, and let G be a class
of graphs such that there exists a polynomial-time (1 + ¢)-approximation algorithm
for s-request dominating set problem for graphs from G. Let r > 3 be an integer
and let A be a layering of a graph G such that the subgraph of G induced by any
r consecutive layers belongs to Gy. Then we can in polynomial time for any s-
request dominating set problem instance (G, M, R) return a solution of size at most

(1+:5)1+2)y(G, M, R).

Proof Letn = |G|, and let m be the largest integer such that A~ (m) # @; clearly,
we can assume that m < rn, since any gap of more than r — 1 empty layers can be
shrunk without affecting the subgraphs induced by r consecutive layers.

Foreachi e N,let Vi = A~ '{i —r +1,....i)and M; = M N A~ ({i —r +
2,...,i —1}), and for each subset R € R, let R} = {RNV; : R € R'}. First,
using the algorithm from the assumptions, we find for each i € N such that V; # ¢
and for each subset R € R a (1 + &)-approximate solution Si,R’ to the instance

(G[V;], M;, R;). In case that the instance does not have solution, i.e., R; contains an
empty set, we let Si,R' = _L. Note that the total number of vertices of these instances
is at most 2°rn, and thus this can be performed in polynomial time.

Now, we stitch these partial solutions together using dynamic programming.
Fori = 1,2,....,m+r —2,let Vo; = A71({0,1,...,i}) and M<; = M N
A71({0,...,i—1}),and foreach R’ C R, let R_, = {RNV<; : R e R}.Ifi <r—2,
then let S<i,7€’ = Si,R/' Ifi > r — 1, then let S<i,R’ be the smallest of the sets

S_i riaR U Sy for Ry Ry SR suchthat Ry URy =R, S_, o # L and

Si,R'z # L; or L if no such choice of R and R), exists. Note that if Ssi,R’ # 1, then
it is a valid solution to the instance (G[V<;], M<;, R;l-); in particular, any vertex
in M<; belongs to M<;_,42 or to M;, and thus it is guaranteed to be dominated.
Moreover, all the sets can be found in time O ((m + r)8n) = O (8 (n + r)?).

The algorithm outputs the smallest of the sets S§m+1,7@ R S§m+r_2’R, all of
which are valid solutions to the instance (G, M, R). Let us now argue about the
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approximation ratio of this algorithm. Let O be an optimal solution and for i € N,
let O; = O NV; andlet R = {R € R: RN O; # 0}; thus, O; is a valid solution
to the instance (G[V;], M;, R}’)), and consequently

[S; rriv| < (1 +8)|0;].

Clearly, there exists t € [r — 2] such that

2
lOoNA~i—1,i:i=m+1t (mod r —2)})| < — 10l
T

Consequently,
2
> o= (1+-=l01).
) r—2
i=m-+t(mod r—2)
Therefore,
Seni®l < D ISgol<d+e Y |0
i=m+t(mod r—2) i=m+t(mod r—2)
2
= (1+-—=5)a+al0l,
r—2
showing that the returned set has size at most (1 + %)(1 +e)y(G, M, R). o

As a basic application, we have seen in Corollary 2.74 that if G is a graph drawn
on a fixed surface, then for any fixed r, the graphs in G, have bounded treewidth,
and thus the s-request dominating set problem for these graphs can be solved exactly
(with ¢ = 0). Hence, since we can choose r to be arbitrarily large, this gives a
polynomial-time approximation scheme for the domination number for graphs of
bounded Euler genus.

As we have already seen, the grid plus universal vertex graphs show that Kg-
minor-free graphs G do not necessarily have a layering such that the union of any
three layers has bounded treewidth. However, the result from the previous section
suggests that having bounded radius, i.e., all vertices of G being close to a single
vertex vg, might be the only issue that needs to be overcome. What if we allowed
deletion of a bounded number of vertices? As illustrated in the following lemma,
this operation can also be handled in the design of approximation algorithms.

Lemma 16.6 Let s be an integer and ¢ > 0 a real number, and let Gy be a class
of graphs such that there exists a polynomial-time (1 + €)-approximation algorithm
for (s + 1)-request dominating set problem for graphs from G. Let vy be a vertex
of a graph G such that G — vy € Gqy. Then we can in polynomial time for any s-
request dominating set problem instance (G, M, R) return a solution of size at most

A +e)y(G, M, R).
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Proof We simply try two possibilities depending on whether vy is in the solution or
not. Let M = M \ N[vpg] andlet R| = {R € R:vg & R}. Let M, = M \ {vp}, and
let Ry = {R\ {vo} : R e R}ifvg &€ M,and R, = {R\ {vo} : R € R} U{N(vo)}
if vg € M. Fori € [2], let S; be the (1 4+ &)-approximate solution to the instance
(G —vg, M;, R;) returned by the algorithm from the assumptions. Observe that both
S1 U {vo} and S (if not equal to L) are solutions to the instance (G, M, R): If vy is
in the dominating set, then we only need to further dominate M; and intersect the
sets of R that do not contain vy. Otherwise, we need to dominate M, and intersect
R\ {vg} for each R € R; and in case that vyo € M, we also need to dominate vy,
forcing us to additionally intersect N (vg) with the solution. We return the smaller
of the sets S U {vp} and S,.

Let O be an optimal solution. If vg € O, then O \ {vp} is a solution to (G —
vo, M1, R1), and thus |S1] < (14&)(]O|—1),and |S;U{vo}| < (1+&)(JO|—1)+1 <
(14 ¢)]0O]. Otherwise, O is a solution to (G — vg, M>, Rp), and |S1| < (1 4+ ¢)|0].
In either case, the returned set has size at most (1 + &)y (G, M, R). |

This motivates the following definition. For a (finite or infinite) sequence r =
r1,72, ..., let head(r) = ry and tail(r) = r;, ... For a finite sequence r of positive
integers, we say that a graph G is r-Baker-amenable if

[empty] V(G) =0, or

[delete] r is non-empty and there exists a vertex vgp € V(G) such that G — vy is
tail(r)-Baker-amenable, or

[layer]  risnon-empty and there exists a layering A of G such that every subgraph
of G induced by the union of head(r) consecutive layers is tail(r)-Baker-
amenable.

Implicitly, we are going to assume that we can also find the vertex vp or the
layering A in polynomial time; this will be the case for graphs from proper minor-
closed classes. Combining Lemmas 16.5 and 16.6, we easily obtain the following
conclusion by induction on m.

Corollary 16.7 For any finite sequence v = ry,...,r, of integers such that
ri > 3 fori € [m], there exists a polynomial-time []/L, (1 + ”L_Z)-approximation
algorithm for domination number in r-Baker-amenable graphs.

We say that a graph class G is Baker-amenable if for every infinite sequence r of
positive integers, there exists a finite prefix ro of r such that every graph from G is

ro-Baker-amenable.

Corollary 16.8 Let G be a Baker-amenable class of graphs. For every ¢ > 0, there
exists a polynomial-time (1 + €)-approximation for domination number in graphs

from G.
Proof Note that
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and thus we can select ¢ > 2 as a sufficiently large integer so that this product is at

most1l +¢e.Letr=ry,rp, ..., wherer; = 2¢i? + 2; then
2
H(l + ) <l+e.
" ri -2
i>1

Let ro be a finite prefix of r such that every graph from G is ro-Baker-amenable.
The claim follows by applying Corollary 16.7 for ry. O

Of course, domination number is not the only graph parameter that can be efficiently
approximated in Baker-amenable graph classes; indeed, every minimization or
maximization problem expressible in the first-order logic has a polynomial-time
approximation scheme in this setting [2].

Why do we need the somewhat technical definition of r-Baker-amenability with
the sequence r, and cannot just work with a fixed integer r giving the number of
layers? The problem we run into here is that the number m of iterations for graphs
from proper minor-closed classes turns out to depend on r, and in fact to be much
larger than r. Thus, e.g., in Corollary 16.7, we would only get a (1 + %)m-

approximation algorithm, with (1 + %)m constant but much larger than 1.

One might wonder whether this could not be fixed by accounting separately for
the [layer] and [delete] steps, but that is not the case, as even the number of [layer]
steps can be too large. Moreover, there are arguments where [delete] steps in a
strategy used to show Baker-amenability of a graph H are turned into a [layer]
step followed by several [delete] steps in a strategy for a related graph G, and such
a separate accounting would make this significantly more complicated.

Another aspect the reader might wonder about is that the base case for Baker-
amenability are graphs with no vertices, rather than those of bounded treewidth.
As we are going to show, bounded treewidth graphs are Baker-amenable, and thus
stopping at bounded treewidth would not make the notion more general. Moreover,
stopping at the null graph potentially makes it possible to use the notion for
algorithmic problems that are not a priori known to be approximable on graphs
of bounded treewidth.

The definition of Baker-amenability of a graph class allows the sequence r to
grow arbitrarily fast, and thus it may seem implausible at first that any nontrivial
graph class is Baker-amenable. To allay this concern at least a bit, let us prove
Baker-amenability of forests.

Observation 16.9 Letr = ry, ...,y be a sequence of positive integers. If m >
2r1, then every forest is r-Baker-amenable. Hence, the class of forests is Baker-
amenable.

Proof Let F be a forest, and choose a root in each component of F arbitrarily. Let
A be the BFS layering according to the distance from the roots, and consider any
subgraph F; of F induced by r; consecutive layers of A. Fori = 1,...,r, we
proceed as follows:
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e Let A; be a layering of F; that puts the vertices of each component to a single
layer, with the layers containing different components at least r»; layers apart.
Consider any subgraph F/ induced by r; consecutive layers, i.e., a component
of F;.

* Let v; be the unique vertex of F; with A(v;) minimum, and let F; | = F/ — v;.

Observe that for each i € [r], the forest F; has depth at mostry — i+1,and Fy 41
has no vertices. Thus, by reverse induction, F; is tail® (r)-Baker-amenable and F;
is tail? ! (r)-Baker-amenable for i € [r1], and F is r-Baker-amenable. |

As can be seen from the proof of this observation, Baker-amenability can be
seen as a kind of a game: In each step, we can either delete a vertex, or choose a
layering. In the latter case, an “enemy” chooses the given number of consecutive
layers, determining the subgraph considered in the next turn. We win if we destroy
the graph in a bounded number of steps, or more precisely, without exhausting the
sequence r.

Moreover, observe that in the proof we deleted only quite specific vertices, those
currently minimum in the ordering according to the distance from the root. It will be
quite important for the proof of Baker-amenability of proper minor-closed classes
to enforce this property. An ordered graph is a pair (G, <), where < is a linear
ordering of vertices of the graph G. For a finite sequence r of positive integers, we
say that the ordered graph (G, <) is r-Baker-amenable if

[empty] V(G) =0, or

[delete] r is non-empty and (G — v, <) is tail(r)-Baker-amenable for the
minimum vertex vy in the ordering <, or

[layer]  ris non-empty and there exists a layering A such that for each i € N, the
ordered graph (GIA™Y({i, ..., i + head(r) — 1})], <) is tail(r)-Baker-
amenable.

A class G of ordered graphs is Baker-amenable if for every infinite sequence r of
positive integers, there exists a finite prefix ro of r such that every ordered graph
(G, <) € G is ro-Baker-amenable. As another simple ingredient, let us note the
following observation.

Observation 16.10 Let r be a finite sequence of positive integers, let (G, <) be
an ordered graph, and let (G, <) be a subgraph of (G, <). If (G, <) is r-Baker-
amenable, then so is (G', <).

Proof We mimic the strategy showing the r-Baker-amenability of (G, <) on (G’, <
). This is possible, since any layering of a graph is also a layering of its subgraphs.
Moreover, in a [delete] step where we remove the minimum vertex vy from G, if vy
is not contained in the subgraph, then we “skip” the step by using a [layer] step with
all vertices contained in a single layer, instead. O

In the following arguments, we are going to focus on destroying a part Q of an
(ordered) graph G by restricting to consecutive layers of carefully chosen layerings
(of the whole graph), and it will be convenient to ignore the deletions from the part
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of the graph outside of Q caused by this process. That is, if the [layer] operation
results in the graph G — L, we instead prefer to work with the graph G — (L N
V(Q)). Observation 16.10 shows that we can do this, as it is sufficient to show
Baker-amenability of the supergraph. Thus, we allow ourselves to use the following
variant of the [layer] operation:

[layer’] r is non-empty and there exists a layering A of G and a set Q C V(G)
such that for each i € N, the ordered graph (G — {v € Q : A(v) < i or A(v) >
i 4+ head(r)}, <) is tail(r)-Baker-amenable.

We can now show a key lemma for inductive arguments. A linear ordering < of
vertices of a graph G extends a layering A of G if for every u, v € V(G), ifu < v,
then A (1) < A(v).

Lemma 16.11 Let G and G be classes of ordered graphs, where G is Baker-
amenable. Suppose that for every ordered graph (G, <) € G, there exists a shadow-
complete layering Lo such that < extends Lo and (G[1, ! )], <) € Gy for each
i € N. Then G is Baker-amenable.

Proof Let us first prove this for a layering Ao with only two layers, i.e., with
img(Ao) = {0, 1}. Consider any infinite sequence r of positive integers, and let
ri be a finite prefix of r such that every ordered graph in G is ri-Baker-amenable.
Let r’ be the suffix of r after ry, and let r; be a finite prefix of r’ such that every
ordered graph in G, is rp-Baker-amenable.

We claim that every ordered graph (G, <) € G is rjrz-Baker-amenable. Indeed,
we first mimic the strategy for the ri-Baker-amenability of the ordered subgraph
(G[rgy 1(0)], <) € Gy. Suppose we have already reduced (G, <) to an induced

subgraph (G’, <), such that G/[kal(l)] = G[Aal(l)]:

 If the [delete] action is used on (G’ (Ao 1(0)], <), then we also use the [delete]
action on (G’, <); this removes the same vertex, since < extends Ag.

* Suppose now that a [layer] action is used on (G'[A; 10)], <) with a layering A.
Since Ag is shadow-complete, each component K of G’ (A ! (1)] has neighbors
only in a clique Cg in G/[)Lg] (0)]. Since A is a layering of G’[Aal(O)], there
exists ix € N such that V(Cg) € A~ '({ig,ix + 1}). We extend A to a layering
of G’ by letting A(v) = ik for each vertex v belonging to a component K of
G’ (A ! (1)]. We then use the [layer’] action on (G’, <) with this extended version
of A and with Q = A;'(0) N V(G").

Once G[A, 1(0)] is reduced to an empty graph, if needed we exhaust the rest of
r; using [layer’] actions with any layering and Q = {. Then, we simply follow
the strategy for the ro-Baker-amenability of the ordered subgraph (G[A, ! (D], <),
which belongs to G.

For a positive integer ¢, let G, consist of G and of the ordered graphs (G, <) €
G which have a shadow-complete layering Ay with the properties described in the
statement of the lemma and with max(img(ig)) — min(img(xg)) < £. That is,
G1 = Gy, and we have just shown that G, is Baker-amenable. We can now show
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by induction on £ that all classes G, are Baker-amenable: Suppose that (G, <) €
Gy for some ¢ > 3. Without loss of generality, we can assume that img(ig) =
{0,1,...,£—1}. Let A1 be defined by setting A1 (v) = 0if Lp(v) = 0and A;(v) =1
otherwise; then A is a shadow-complete layering of G, the ordering < extends A1,
and (G[kl_l(i)], <) € Gy fori € {0, 1}. Since G,_; is Baker-amenable by the
induction hypothesis, the claim follows by the argument for the 2-layer case, with
G¢_1 playing the role of G.

Finally, let us consider the general case that the number of layers of X¢ is not
bounded. Consider any infinite sequence r of positive integers, let £ = head(r), and
let r; be a finite prefix of tail(r) such that every ordered graph from G, is r1-Baker-
amenable. Then clearly every ordered graph (G, <) € G is £ri-Baker-amenable:
We first take the [layer] action with Ag; this reduces (G, <) to its subgraph induced
by £ consecutive layers of Ao, and thus belonging to G,. We then just follow the
strategy showing ri-Baker-amenability of this subgraph. Therefore, G is indeed
Baker-amenable. |

We say that a layering A of a graph G is umbral if it is shadow-complete,
cu(G[)ﬁ1 @] < w(G) for every positive integer i, and 21 (0) is an independent
set. A linear ordering < of V(G) is umbral if either E(G) = @, or < extends an
umbral layering A of G and the ordering < restricted to G[A~!(i)] is umbral for
every i € N.

Lemma 15.21 applied separately to each component shows that every chordal
graph has an umbral layering. It is easy to see that every chordal graph has an umbral
ordering. Indeed, the following stronger claim holds. Given a (not necessarily
umbral) ordering < of V(G) and a vertex v € V(G), let G, denote the connected
component of G[{# € V(G) : u > v}] containing v.

Lemma 16.12 Let G be a chordal graph and let < be an elimination ordering of
G. Then there exists an umbral ordering < of G such that G>, = Gx, for every
v € V(G).

Proof We prove the claim by induction on w (G); the basic case w (G) = 1 is trivial,
as we can let < be <. Hence, suppose that w(G) > 2. Let R be the set consisting
of the minimum vertices of the components of G in the ordering <, and let A be
the BFS layering of G according to the distance from R. By Lemma 15.21, A is an
umbral layering of G. Fori € N, let G' = G[A~'(i)] and let <! be the restriction
of < to A71(i); by the induction hypothesis, there exists an umbral ordering <’ of
G' such that G’ = G’ for each v € A~1(D).

Let us now deﬁne the ordermg <: For dlstmct u,v € V(G), we have u < v if
either A(u) < A(v), or A(u) = A(v) =i and u <' v. Then < extends the umbral
layering A and the restriction <' of < to G[A~ 1(1)] is umbral for every i € N, and
thus < is an umbral ordering.

We claim that < preserves the ordering of adjacent vertices, i.e., if uv € E(G)
and u < v, then u < v. We prove this by induction on the clique number. Let Q
be the component of G containing v and let » € R be the minimum vertex of Q
in the ordering <. Let K be the set of neighbors of v preceding it in the ordering
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<. Since < is an elimination ordering, the set K separates v from r, and thus
A(v) = 1 + min A(K). Moreover, K is a clique, and since u € K, we have A(u) <
14+ minA(K) < A(w). If A(u) < A(v),thenu < v. If A(u) = A(v) =i,thenu < v
by the induction hypothesis for G' and <.

It follows that for each v € V (G), the sets of neighbors of v preceding itin < and
in < coincide, and in particular, < is also an elimination ordering of G. Hence, the
fact that G>, = G, forevery v € V(G) is a consequence of the following claim:
If C is an elimination ordering of G, then x € V(Gg,) if and only if there exists
apath x = xgxy...x, = vin G such that x; C x;_; for i € [m]. The “if” part is
trivial. For the “only if” part, we claim that any induced path from x to v in Go,
has this property. Indeed, since v is the minimum vertex of this component in the
ordering [, if the path did not have this property, then there would existi € [m —1]
such that x;_1, xj+1 T x;; but then x;_1x;4+1 € E(G), since [ is an elimination
ordering. O

The following claim easily follows using Lemma 16.11 by induction on w. In
the basic case w = 1, we simply use one [layer] action to restrict ourselves to
a component of the graph, which is an isolated vertex, then a [delete] action to
remove it.

Corollary 16.13 For every positive integer w, the class of umbrally-ordered
chordal graphs of clique number at most w is Baker-amenable.

Since every graph G is a subgraph of a chordal graph of clique number tw(G) +
1, together with Lemma 16.12 and Observation 16.10 this implies that graphs of
bounded treewidth are Baker-amenable. Using geodesic chordal partitions, this is
easy to generalize to all proper minor-closed classes.

Theorem 16.14 For every positive integer k, the class of Ky-minor-free graphs is
Baker-amenable.

Proof Let G, be the class of umbrally-ordered chordal graphs of clique number less
than k, which is Baker-amenable by Corollary 16.13. Consider any infinite sequence
r of positive integers. Let ro = r, and fori = 1,2,..., let a; = head(r;—1) and
r, = tail Tkai (ri_1). Leta = ay, ay, ..., and let a’ be a finite prefix of a such that
every ordered graph from Gy is a’-Baker-amenable. Let m be the length of a’, and
let r’ be the prefix of r up to (and including) r,.

We claim that every K-minor-free graph G is r’-Baker-amenable. In Sect. 13.2,
we have seen that G has a geodesic chordal partition P = Py, ..., P;. Since G’ =
G /P is a minor of G, it has clique number less than k. Moreover, letting < be the
ordering of V(G’) such that P; < P; if and only if i < j,

* < is an elimination ordering of the chordal graph G’, and
» foreveryi € [t], there exist a vertex v; € P;, a predecessor transversal S; of P;,
and a system @Q; = {Q, : u € S;} such that
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P ={iu [ JVvw

ueS,'

and for every u € S;, Q, is a path in G[P;] from v; to u geodesic in
By Lemma 16.12, we can without loss of generality assume that < is an umbral
ordering. To show r’-Baker-amenability of G, we follow the strategy for a’-Baker-
amenability of G’, preserving the following invariant: For i € [m], when we are
emulating the i-th step of the strategy for G’, we have already consumed the prefix
of r’ till a; (exclusive) in the strategy for G, and we have erased from G exactly
the union of the sets of P corresponding to the erased vertices of G'. The strategy is
emulated as follows:

 If the i-th step of the strategy for G’ is a [layer] step with a layering A’, we
perform a [layer] step on G with the layering A defined by letting A(v) = A'(P)
for every vertex v belonging to a part P of . We then perform ka; [layer’] steps
with an arbitrary layering and Q = @ to skip till ;1| inr’.
* If the i-th step is a [delete] step, then let P; be the erased part, the smallest one in
the ordering <. Let A be the BFS layering of the current subgraph starting from
v; (vertices in the components not containing v; are assigned layer 0). since the
paths in Q; are geodesic and cover P;, the restriction of A to G[P;] is also the
BFS layering from v; in this subgraph. Hence, after performing the [layer’] step
with A and Q = P;, the set P; is reduced to at most g; vertices from each of the
paths of ;. Since |@Q;| < k, at most g;k vertices of P; remain. We erase them by
performing at most a; k [delete] actions, possibly followed by [layer’] steps with
an arbitrary layering and Q = @ to skip till ;41 inr’.
|

Thus, approximation algorithms using Baker’s technique can be naturally applied
to all graphs from proper minor-closed classes. A downside is that the length of
the prefix of r taken in the proof of Theorem 16.14, or even in Corollary 16.13,
is impractically large. This may not be immediately obvious; if r is a constant
sequence with all elements equal to a, then the length of the taken segment is
actually polynomial in a. However, as we have seen, this is not very useful for the
design of approximation algorithms: We need to consider sequences r = ry, rp, . ..
such that [];.;(141/r;) is finite (and close to 1), and in particular, we need r; > i.
For such sequences, it turns out that the length of the prefix taken by the strategy
underlying the proof of Corollary 16.13 for chordal graphs of clique number w is
larger than 2 172 r|, where a 1° b = ab and fori > 1,

aTibzaTi_laTi_l...Ti_la,

b times

associated to the right. It is not clear whether a more reasonable number of steps
suffices.
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Let us remark that as can be seen in the following lemma, Baker-amenability
implies fractional treewidth-fragility, but much better bounds for fractional
treewidth-fragility can be obtained by a direct analysis of the argument underlying
Corollary 16.13; see [3] for details.

Lemma 16.15 For every Baker-amenable class G, there exists a function f such
that the following claim holds. For every graph G € G, every assignment w of non-
negative weights to vertices of G, and every positive integer k, there exists a set
S C V(G) such that w(S) < %w(G) and td(G — S) < f(k).

Proof For a positive integer k, let ¢ be the minimum positive integer such that

1

Za—,Zgl/k.

i>1

Letr = ry, ra, ..., where r; = ci2, and let r’ be a finite prefix of r such that every
graph G € G is r’-Baker-amenable. We define f (k) to be the length of r.

To prove the lemma, it suffices to show the following: If a graph G is a-Baker-
amenable for a finite sequence a = ay, ..., a, of positive integers, then for every
assignment w of non-negative weights to vertices of G, there exists aset S € V(G)

such that w(S) < (Z;.":l %)w(G) and td(G — S) < m. We prove this claim by
induction on m. If m = 0, then V(G) = @ and the claim holds with § = @. Consider
now the case m > 1. Since G is a-Baker-amenable, one of the following possibilities

holds.

e There exists vy € V(G) such that G — vy is tail(a)-Baker-amenable. Hence, by
the induction hypothesis, there exists S € V(G — vg) such that

m m
1 1
w(s) < (Z aT) w(G —v) < (Z a—i) w(G)
i=2 i=1
and td(G — (S U {vo})) <m — 1. Then td(G — S) < m.
e There exists a layering A of G such that the subgraph of G induced by any a;

consecutive layers is tail(a)-Baker-amenable. For b € [a],let S, = {v € V(G) :
A(v) = b(mod aj)}. There exist b € [a;] such that w(Sp) < ailw(G); fix such
avalue b. Lety = > ', ai For any j € Z such that j = b+ 1 (mod ay), let
G;= G[)ﬁl({j, J+1,..., j+a1—2})]; then G| is tail(a)-Baker-amenable, and
by the induction hypothesis, there exists a set §; € V(G;) such that w(S;) <
yw(G;) and td(G; — S;) < m — 1. Let S’ be the union of these sets for all
values of j; then G — (S, U §’) is the disjoint union of the graphs G; — S for
all values of j, and thus it has treedepth at most m — 1. Moreover, w(S, U S) <

%w(G) +yw(G —Sp) < (% + y)w(G), as required.
O
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Chapter 17 ®)
Isomorphism Testing Qe

The complexity of testing whether two graphs are isomorphic is one of the most
important open problems in algorithmic graph theory, as well as complexity theory
in general. There are indications that it is not NP-hard; otherwise, the polynomial
hierarchy collapses to its second level [13], which is widely believed not to be the
case. On the other hand, despite of decades of research, a polynomial-time algorithm
for the problem is not known. In a recent breakthrough, Babai [1] improved the
bound on the complexity of isomorphism testing for general graphs to quasi-
polynomial; more precisely, he gave an algorithm that decides whether two n-vertex
graphs are isomorphic in time exp(O (log® n)). Note that this makes it even more
unlikely that graph isomorphism is NP-hard, as otherwise all problems in NP would
be solvable in quasi-polynomial time.

On the other hand, graph isomorphism is known to be decidable in polynomial
time for graphs restricted to a number of special graph classes, e.g., interval
graphs [2], graphs of bounded maximum degree [9], and most relevantly for us,
graphs avoiding a forbidden minor [12] or a topological minor [5].

It is possible to base the graph isomorphism test for proper minor-closed classes
on the structure theorem, see e.g. [4] for a systematic (though not the simplest
possible) development. Indeed, as a consequence of the structure theorem, Grohe [4]
proved the following interesting result:

Theorem 17.1 For every graph H, there exists a positive integer k such that the
k-dimensional Weisfeiler-Lehman algorithm decides isomorphism of H-minor-free
graphs.

The k-dimensional Weisfeiler-Lehman algorithm is a standard labeling refine-
ment algorithm used as a heuristic for graph isomorphism or a subroutine in more
sophisticated algorithms, and can be implemented in time O (n*t1 logn), see [8].
Thus, testing the isomorphism of H-minor-free graphs can be done by a rather
simple algorithm (agnostic of the Minor Structure Theorem), though as the constant
k derives from the structure theorem, this is not relevant in practice.
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Even before the Minor Structure Theorem was developed, a polynomial-time
algorithm for isomorphism of graphs in proper minor-closed classes was given by
Ponomarenko [12], combining group-theoretic techniques with relatively simple
observations on the structure of graphs avoiding a fixed clique minor. The time
complexity of his algorithm for n-vertex Kj-minor-free graphs is O (nPoY®)),
Using the ideas of Babai’s quasipolynomial algorithm [1], Grohe et al. [7] recently
developed another algorithm avoiding the structure theorem with time complexity
O (nP°Y19e(®)) Tn the rest of this chapter, we outline some of the ideas, giving a
simpler algorithm with time complexity O (nP°Y®). We are actually going to show
that this algorithm works for graphs avoiding K as a topological minor, as this
comes out for free from the argument.

17.1 Weisfeiler-Lehman Algorithm

Weisfeiler-Lehman algorithm is a simple preprocessing routine used in many graph
isomorphism algorithms. It generalizes simple degree-based observations on graph
isomorphism, such as the following: Suppose that G| and G are isomorphic. Then
for every d € N, the graphs G| and G, have the same number of vertices of degree
d. Moreover, foreveryd € Nand my,my, ... € Za', the graphs G1 and G have the
same number of vertices of degree d which have exactly m| neighbors of degree one,
mo neighbors of degree two, etc. And so on, taking larger and larger neighborhoods
into account.

Weisfeiler and Lehman observed that such arguments can be generalized in the
following coloring refinement procedure. Let ¢ : V(G) — Cp be an initial coloring
of vertices of a graph G; often, the trivial coloring assigning to all vertices the same
color is used. We proceed in rounds, refining this coloring. Consider » > 1 and let
¢r—1 : V(G) — C,_1 be the coloring from round r — 1, where the colors ¢y, 3,
..., ¢; of C,_1 have a fixed ordering. For each vertex v € V(G) and each color c,
let n(v, ¢) be the number of neighbors of v of color c¢. As the color ¢, (v), let us
use the tuple (¢(v), n(v, c1), ..., n(v, ¢;)). We order the colors (tuples) used by ¢,
lexicographically.

Since the colorings are defined in terms of the properties of the graph (indepen-
dently of labels of vertices, and not making any arbitrary choices), we obtain the
following easy observation. We say that an isomorphism f : V(G1) — V(G2)
preserves colorings ¢; and ¢ of G| and G» if ¢;(v) = @2(f(v)) for every
v e V(Gy)

Observation 17.2 Let 19 : V(G1) — Co and @20 : V(G2) — Co be colorings
of graphs G and G, and let @1 , and @3, be their refinements after r rounds of the
Weisfeiler-Lehman algorithm. Then every isomorphism of G and G, that preserves
@1,0 and @2,0 also preserves @1, and @2 ;.

The color refinement is typically repeated until the coloring stabilizes, i.e., until
¢-—1 and ¢, partition the vertex set to the same color classes; we say that the
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resulting coloring is stable. Of course, in a practical implementation, we would
not represent the colors by long tuples; rather, each new color is assigned an integer
to represent it. Moreover, it turns out to be easier not to perform the whole round
at once: We just need to locate a pair of colors c¢; and ¢, such that not all vertices
of color ¢; have the same number of neighbors of color ¢, then refine the color
class c1 based on the numbers of such neighbors. With additional optimizations and
careful handling of implementation details, the Weisfeiler-Lehman algorithm can be
implemented in time O ((n 4+ m) logn) for graphs with n vertices and m edges [3].

In a basic application for the isomorphism testing, we start with coloring of
all vertices of G| and G, by the same color. We then run the Weisfeiler-Lehman
algorithm on them, obtaining their colorings ¢; , and ¢y ,. There are two good
outcomes:

e Ifthere exists a color ¢ € C; such that |<p[r1 (o) # |<p27} (¢)[, then no isomorphism
preserves ¢ and ¢2 .. Since every isomorphism preserves the initial coloring,
Observation 17.2 implies that G| and G, are not isomorphic.

» If every color class of the final colorings ¢, and ¢y , is trivial (i.e., has size
exactly one), then the graphs are isomorphic, via the isomorphism mapping each
vertex of G to the vertex of G, of the same color.

If neither of these extremes happens, the outcome may at least restrict the set of
bijections that we need to consider for isomorphism. Of course, there are graphs for
which this approach does not help much or even at all. For example, if G is regular,
then the initial monochromatic coloring is already stable.

A usual way around this issue is through vertex individualization: Suppose that
we have reached stable colorings ¢ and ¢ of G and G; and there still are
non-trivial color classes. Deterministically choose a color ¢ such that |gofl (o =
lo, ! (c)] > 1, say one with |<pf1 (c)| minimum, and subject to that with ¢ smallest.
Let vy € gofl (c) be chosen arbitrarily and let <p51 (c) = {v21, .. v2 ¢}. Let (pi be
obtained from ¢; by giving v; a new color cg, and for i € [¢], let <p2 be obtained
from ¢, by giving vy ; the color cgp. Clearly, an 1somorphlsm f: V(Gl) — V(G»y)
preserving ¢ and ¢» maps v; to a vertex of g02 !(¢), and thus there exists a unique
i € [t] such that f also preserves ¢| and g02 Thus, to decide whether such an
isomorphism exists, it suffices to check for eachi € [¢] whether there exists an
isomorphism of G| and G, preserving ¢ and <p2’ ;-

Hence, this reduces the isomorphism test for (Gi,¢1) and (Gp,¢2) to t
isomorphism tests of (G1, ¢}) and (G2, (pé,l), ..., (G2, (pé,t), which can be handled
recursively. Importantly, coloring a vertex by the unique color ¢y opens up new
possibilities for the color refinement. Although the resulting algorithm does not run
in polynomial time in general, it works rather well as a practical heuristic.

For special graph classes, we may be able to argue that after each specialization
and Weisfeiler-Lehman refinement, the smallest non-trivial color class (if any) of
the current coloring ¢ has bounded size. For example, this is the case for connected
graphs of maximum degree at most d: Because we performed the specialization,
there is a color ¢; whose color class has size one. Suppose that there is a color ¢;
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whose color class has size more than one. Since the graph is connected, we can
choose the colors ¢ and ¢, so that the unique vertex vy of color ¢ has a neighbor
vy of color ¢;. Because the coloring is stable and v, has a neighbor of color ¢y, all
vertices of cp’l(cz) must have a vertex of color cy, i.e., they all must be adjacent
to v;. Therefore, |<p’l (c2)| < degv; < d. In this case, the time complexity of the
described algorithm is at most d” poly(n), since the specialization can of course be
performed at most n times. This already is a bit of an improvement from the naive
n!poly(n) algorithm testing all permutations of vertices.

17.2 Small Cuts from Stable Colorings

Ideally, we would like to obtain a similar bound on the minimum size of a non-trivial
color class in graphs avoiding a fixed (topological) minor. We are not going to be
able to achieve this, but as we are about to show, the only reason why this can fail is
the existence of small vertex cuts.

Theorem 17.3 Let k be a positive integer and let G be a graph which does not
contain Ky as a topological minor. Let ¢ : V(G) — C be a stable coloring of G
and let

x= |J 'O

ceC:lp~1(c)|=1

be the union of the trivial color classes. Then

o there exists a color ¢ € C such that2 < o~ (¢)| < k3, or
e IN(V(K))NX| <k —1forevery component K of G — X.

To prove this claim, suppose for a contradiction that ¢ : V(G) — C is a stable
coloring such that all color classes are either trivial or have size at least k3, and that
there exists a component K of G — X such that |N(V (K))NX| > k. In this situation,
we need to find Ky as a topological minor in G.

Let G /¢ be the graph with vertex set C and with two colors ¢; and ¢, adjacent if
and only if G contains an edge vjv; such that ¢(v]) = ¢; and ¢(v2) = ¢». Let Cg
be the set of colors that appear on K and let Cx be the set of colors appearing on
N(V(K))N X. Note that Cx N Cx = @, since the X is the union of the trivial color
classes. Since K is a connected component of G — X, the graphs (G/¢)[Ck] and
(G/p)[Ck U Cx] are connected, and thus there exists a tree Ty € (G/¢)[Cgx U Cx]
whose leaves are formed by the vertices of Cyx.

Atree T’ C Gis alift of Ty if ¢ | V(T") is an isomorphism from 7" to Ty, i.e.,
the vertex set of T’ contains a single vertex v, € (p_l (c) foreach colorc € Cx UCyx
and no other vertices, and v, ve, € E(T’) if and only if c1cp € E(Tp). We are going
to show that G contains m = (5) lifts 71, ..., T, of Tj intersecting exactly in their
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leaves in N(V (K)) N X. We can then use a path in each of the lifts to represent one
of the edges of the topological minor of Kj in G.

The key property that we are going to use to obtain these lifts is that the subgraph
of G between any two color classes is biregular, which follows from the assumption
that the coloring ¢ is stable (a bipartite graph F' with specified bipartition (A1, A2)
is biregular if there exist integers a; and a, such that degv = a; for every i € [2]
and v € A;). We are first going to deal with the important special case of finding
pairwise vertex-disjoint paths in chains of biregular graphs, in a somewhat more
general setting describing how a set of already existing paths can be enlarged. For
a graph H and disjoint sets A, B C V(H), let H(A, B) be the bipartite subgraph
of H with bipartition (A, B) containing exactly the edges of H between A and B.
Let A = Ay, ..., A, be a sequence of pairwise disjoint sets of vertices of H. We
say that this sequence is a biregular chain if fori € [n — 1], the graph H (A;, Ai+1)
is biregular and has non-empty edge set; the width of the chain is min;¢(,) |A;]. An
A-monotone path in H is a path consisting of a vertex of Ay, a vertex of Aj, ...,
and a vertex of A, in order. We need the following observation on the proportion of
vertices of A, that can be cut off by a small vertex cut.

Lemma 17.4 Let A = Ay, ..., A, be a biregular chain of width d in a graph H.
For any sets Y C A and B C | J A, the number of vertices of A,, reachable from Y

by an A-monotone path disjoint from B is at least |A,| - (% - l%‘)

Proof Let us prove this claim by induction on n. For n = 1, the number of reachable

vertices is at least |Y| — |B| = |A,| - (% — %), since |A1| = |A,| = d. Hence,

suppose thatn > 2. Let A' = Ay, ..., A,—1, let P C A, _1 be the set of vertices of
Ap—1 reachable from Y by an A’-monotone path disjoint from B’ = B\ 4, and let
d’ be the width of A'. By the induction hypothesis,

|P| > |An_i] - i _ 18] > |Au_1] - ALY
= an T ) = A T a )

Let aj,ap > 1 be the integers such that for j € [2], each vertex of A, > has
a; neighbors in A, 11— ;. Note that the number of edges between A, | and A, is
|As—1la1 = |Anlaz, and thus |A,| = %'A"—”' Similarly, by counting the edges
between P and the neighbors of vertices of P in A,,, we have [N(P)NA,| > Z—; |P|.
Therefore, the number of vertices of A, reachable from Y by an A-monotone path
disjoint from B is at least

ai
IN(P) W Ap| = [BN Ayl = Z'Pl —(IBI—1B'])

g (LB -
a |[A1] d

Al - (ﬂ - 'B/'> (B~ 1B')
Al d

v
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Using Lemma 17.4, we can show that an existing system of A-monotone paths
can be enlarged in many different ways. For sets Y € A; and Zy € A,, let
Tq(Y, Zo) be the set of vertices z € A, \ Zp such that H contains | Zo| + 1 pairwise
vertex-disjoint A-monotone paths from Y to Zg U {z}.

Lemma 17.5 Let (A1, ..., A,) be a biregular chain of width d in a graph H. Let
Y be a subset of A1 and Z subset of A,, such that H contains |Zy| pairwise vertex-
disjoint A-monotone paths from Y to Zy. Then

lzaq(Y, Zo)| 2 YL 2ol

lAnl T 1Al d

Proof Let F be the directed graph with vertex set | A and with edge set consisting
exactly of the of edges (u, v) such that uv € E(H) andu € A; and v € A;4 for
some i € [n — 1]. Note that A-monotone paths in H are exactly the directed paths
in F from A to A,,. In particular, F contains a strict (¥, Zp)-linkage Py of size |Zy|
by the assumptions of the lemma.

Let M = Ap \ T7(Y, Zp); note that Zg C M. The graph F does not contain a
(Y, M)-linkage of size | Zo|+ 1, as otherwise by Lemma 5.2, it would contain a strict
(Y, Zo U {z})-linkage of size | Zo| + 1 for some z € M, showing that z € T#(Y, Zo).
By Menger’s theorem, there exists a set B of at most |Zy| vertices such that every
path in F (and thus also every A-monotone path in H) from Y to M intersects B.
That is, every vertex of A, reachable from Y by an A-monotone path disjoint from
B belongs to A, \ M = t#(Y, Zp), and by Lemma 17.4, there are at least

Mym_@>myﬂ_@
Al a )T Al d

such vertices. O

Let us now use this observation to extend a system of lifts of trees. For a rooted
tree T, a vertex v of T is a terminal if it is the root, a leaf of 7', or a vertex of T of
degree at least three. Let b(T) be the number of non-root terminals of 7.

Lemma 17.6 Let d be a positive integer, let ¢ : V(G) — C be a stable coloring of
a graph G and let T € G /¢ be a rooted tree such that |9~ ' (c)| > d for every v €
V(T). Let Ty, ..., Ty, be pairwise vertex-disjoint lifts of T in G. Let ¢ be a terminal
of T, let T€ be the subtree of T rooted in ¢, and let Z. = ¢~ (c) N UL, V(T)). Let
T, consists of Z. and the vertices z € (/fl (c) \ Z. such that G contains pairwise
vertex-disjoint lifts T}, . . ., TY;_H of T¢ intersecting ¢~ (c) exactly in Z.U{z}. Then
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Izl _ mb(T°)
PG d

Proof We prove the claim by induction on the depth of ¢ in T, starting from the
leaves. If c is a leaf, then 7, = go_l(c) and b(T°) = 0, and thus

Tl mb(T)
lp~1(c)] ’
Hence, suppose that c is not a leaf. Let cy, ..., ¢, be the terminals of 7¢ that are
reachable from c by paths Py, ..., P, in T whose internal vertices are not terminals.

Consider any i € [p], and let A; be the biregular chain in G formed by the color
classes of the colors forming the path P;. Consider any vertex

P
z€ m T A, (Te;» Ze).

i=1

We claim that z € 7.: Note that for i € [p], the lifts T, ..., T,, contain m pairwise
vertex-disjoint A;-monotone paths from Z, to Z.. By the definition of TA, there
exists a system $; of m 4+ 1 pairwise vertex-disjoint A;-monotone paths from 7, to
Z.U{z}. By Lemma 5.2, we can assume that the paths of #; startin Z., U {z;} for a
vertex z; € T, \ Z,;. By the definition of t.,, there exist pairwise vertex-disjoint lifts
Ty, ..., T, of T% in G intersecting @~ !(ci) in Z,; U {z;}. The union of the lifts
T;i fori € [p] and j € [m + 1] and of the paths of P; fori € [p] givesus m + 1
pairwise vertex-disjoint lifts of 7¢ in G intersecting ¢~ (c) exactly in Z. U {z}, as
desired.
Hence, we only need to bound the size of the set ﬂf’:l T, (Te;, Z.). By the
I7¢; | > 1— mb(T i
lp=tenl =

induction hypothesis, we have ) Hence, by Lemma 17.5,

|Tﬂi(fc, c)| ITe; | m _ m(b(T) + 1)
i@l lglen] d - d ‘

Note that b(T¢) = Y7 (b(T) + 1). Consequently,

>
d

vl N lng, (. Z0)| i (b(Tff)+1) _ L mb{Te)
Ol T el T

From this, it is easy to conclude the existence of many disjoint lifts.

Corollary 17.7 Let mq be a positive integer, let ¢ : V(G) — C be a stable coloring
of a graph G, let T C G /¢ be a tree with at most k leaves, and let d = 2k + 1)my.
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If lo~Y(c)| = d for every v € V(T), then G contains mq pairwise vertex-disjoint
lifts of T.

Proof Root the tree T in an arbitrary vertex c; then b(T) < 2k. Let m < mg be
maximum integer such that G contains m pairwise vertex-disjoint lifts 77, ..., Tj,
of T, and suppose for a contradiction that m < myg. Let Z, be the set of vertices
in which these lifts intersect ¢~ !(c). With the notation as in Lemma 17.6, the
maximality of m implies that 7. = Z.. However, then Lemma 17.6 implies that

c
mo NZd el omb@TO 2wk
d " e~ el d d
which is a contradiction, since d = 2k + 1)mg > 2k + 1)m. O

We are now ready to prove the bound on the size of cuts arising from stable
colorings with no small non-trivial color classes.

Proof of Theorem 17.3 Suppose for a contradiction that ¢ : V(G) — C is a
stable coloring such that all classes are either trivial or have size at least k3, and
that there exists a component K of G — X and distinct vertices vy, ..., v € X
with neighbors in K. Let Ck be the set of colors that appear on K; since K is
connected, (G/¢)[Ck] is connected. For i € [k], let u; be a neighbor of v; in K and
let ¢; = @(u;) (the colors cq, ..., cx are not necessarily distinct). Since v; € X, the
color class of v; has size one, and since the subgraph of G between v; and (p_l (ci)
is biregular, note that v; is adjacent to all vertices of <p_1 (ci).

Let T be a minimal subtree of (G/¢)[Ck] containing cy, ..., ck; clearly, T has
at most k leaves. Let mg = (S) Since 2k + 1)mg < k3, Corollary 17.7 implies that
G contains pairwise vertex-disjoint lifts 771, ..., Ty, of T. Forevery 1 <i < j <k,
choose a distinct lift 7, and let P; ; be a path in G consisting of an edge from v;
to a vertex vlf of T, of color ¢;, an edge from v; to a vertex v} of T, of color ¢,
and a path in 7, between v; and v’. Then | J;;_ ;< P;.; is a subdivision of K,
contradicting the assumption that G does not contain K as a topological minor. O

17.3 Handling the Small Cuts

Because of the result from the previous section, we need a way to deal with
the bounded-size cuts. We are going to do so through dynamic programming,
precomputing the information about isomorphism between the pieces cut of by
bounded-size cuts starting from the smallest pieces.

More precisely, a linearly bordered graph is a bordered graph G with its
boundary dG having a fixed linear ordering. For two linearly bordered graphs
G and G, a function f : V(G1) — V(G») is their isomorphism if f is the
isomorphism of the underlying graphs and f maps vertices of dG to vertices of
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dG, in order (and in particular, [0G| = |0G2|). A fragment of a graph G is a
linearly bordered graph G’ such that

* the underlying graph of G’ is an induced subgraph of G,
e G’ — 3G’ is connected and every vertex of 3G’ has a neighbor in G’ — dG’, and
* vertices of G’ — 3G’ do not have neighbors in V(G) \ V(G') in G.

That is, G’ is a minimal cut separating G’ — 9G’ from the rest of G. A t-fragment
is a fragment G’ with |0G’| < r. Note that if G is an n-vertex graph, then G has less
than (n 4+ 1)'*! ¢-fragments, since each sequence of at most ¢ vertices of G gives
rise to at most n fragments. For a set X C V(G), an X-fragment of G is a fragment
G’ such that G’ — 3G’ is a component of G — X and dG’ C X.

Instead of just determining whether two graphs G and G, are isomorphic, we
are going to determine for every two (k — 1)-fragments G’1 of G| and G’2 of G,
whether they are isomorphic (when G| and G, are connected, this process also
computes the answer to the original problem of whether G and G, are isomorphic,
since G and G, with empty boundaries are (k — 1)-fragments). Clearly, the number
of such fragment isomorphism tests is at most (n 4 1)2*. Of course, we only need to
test fragments of the same size, i.e., with |G| = |G}, and we are going to compute
this information in order of increasing size of the fragments.

In this way, we divide the fragments into isomorphism classes. In practice, a
more efficient method to achieve this is to produce a canonical encoding of the
fragments, i.e., a way of encoding which is guaranteed to assign the same code to
fragments if and only if they are isomorphic. The codes then directly identify the
isomorphism classes. Hence, we only need to call the canonical encoding procedure
for at most (n+ 1)* fragments of G| and G, rather than test the isomorphism for all
pairs of the fragments. As this adds another layer of complexity, we are not going to
go into the details of how such canonical encodings can be obtained.

We now have all ingredients to obtain an isomorphism test for connected n-vertex
K-topological-minor-free graphs with time complexity k¥ poly(k). As outlined
above, we need to describe how to test the isomorphism of (k — 1)-fragments G|
and G’2 with the same number n; < n of vertices, assuming that we have already
precomputed the isomorphism information for the smaller (k — 1)-fragments. Let
t = 0G| = |dG}|. We can simply use brute force if n; < k — 1. Otherwise, we are

going to go over all (at most n%(k_’)) choices of ways how to extend the boundaries
dG'| and G to length k and for each of them check whether the resulting linearly
bordered graphs G/ and G/, are isomorphic.

Let G| = uy, ..., ux and G5 = vy, ..., vr. We start with the colorings ¢1,o
and ¢ o of G| and G7 that for i € [k] assign to the vertices u; and v; the color
i and assign the color O to all other vertices. We then run the Weisfeiler-Lehman
algorithm. If the resulting stable colorings contain a non-trivial class of size at most
k3, we apply individualization to vertices of this class, branching into at most &°
new instances as described at the end of Sect. 17.1.

Thus, the problem eventually reduces to at most k! poly(n1) instances of
verifying whether there exists an isomorphism of G| and G7 preserving their stable
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colorings ¢ and ¢, with no non-trivial classes of size at most k3. Let X; and X, be
the unions of trivial color classes of ¢ and ¢, and let f be the function mapping
the vertices of X to vertices of X, of the same color. By Theorem 17.3, for i € [2],
every X;-fragment F of G/ is a (k — 1)-fragment. Since 3G, C X;, F is also a
fragment of G;. Moreover, since |X;| > [dG/| = k, we have |F| < |G]| = |G]|.
Therefore, we have already precomputed the isomorphism relation between such
fragments of G| and G. To verify whether f extends to an isomorphism of G| and
G’z/ , it suffices to check whether the following condition holds for each (<k — 1)-
tuple B of distinct vertices of Xi: The number of X;-fragments F; of G/l’ with
0F; = B and the number of X;-fragments F, of G’2/ with 9 F» = f(B) of each
isomorphism class is the same.

17.4 Group Theoretic Ingredients

To improve the time complexity to polynomial, we need tools from the algorithmic
group theory. Specifically, we are going to consider the set-of-strings isomorphism
problem. Given a finite index set / and an alphabet (another set) C, an [-string
is a function s : I — C. For a permutation y of I, s? is the I-string such that
s7 (i) = s(y (i) for each i € I i.e., the character from each position i is moved
to the position y(i). A permutation y of [ is an isomorphism of two multisets
S1 and S, of I-strings if So = {s¥ : s € S1}. The instance of the set-of-strings
isomorphism problem consists of a finite index set 7, a group ® of permutations of
I, and two finite multisets S7 and Sy of I-strings; the output should be the set M of
all isomorphisms of S7 and S, belonging to ®. Note that if M is non-empty, then
it can be expressed as yp9, where yp € ® is an isomorphism of S and S» and the
subgroup $ < ©® consists of all automorphisms of S;.

It might not be immediately clear to the reader how to efficiently represent
the input group ® and the output group $, whose sizes may be up to n!, where
n = |I|. This is done by specifying a set of generators of the group: For a set Q
of permutations of 7, let (Q) be the set of all permutations that can be obtained
from them by repeated compositions. Since [ is finite, this automatically includes
the inverses of all the elements: Composing any permutation with itself repeatedly
eventually results in the identity permutation. Then (Q) is the group generated by
0, and Q is a set of generators of this group. Any group ® has a set of generators,
since we can take O = ®, but minimal sets of generators are of course more
interesting. Recall that the index |®|/|9| of the subgroup $ of a group © is an integer
by Lagrange’s theorem. If Q = {q1, ..., g»} is a minimal set of generators, then
{id} < {q1}) < {q1,q2}) < ... < (Q) = ®, and thus |®| > 2™. Consequently,
every group ® of permutations of I can be represented by a system of at most
log, |®| < log,n! = O(nlogn) generators. See [14] for algorithmic aspects of
performing operations on groups in this representation.
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It is not known whether the set-of-strings isomorphism problem can be solved
in polynomial-time for an arbitrary group ®, or in the most natural case of & =
Sym(7) being the group of all permutations of /. However, this is known to be
the case for a useful family of groups, originally introduced by Luks [9] in order
to solve the isomorphism problem for graphs of bounded maximum degree: For a
positive integer d, let Sym, be the group of all permutations of a d-element set. For
anormal subgroup $ of a group 6, let ®/$ be the corresponding quotient group. Let
'y denote the class of all groups ® with the following property: Every non-trivial
subgroup &’ of ® has a proper normal subgroup $ such that &’/ is isomorphic to a
subgroup of Sym,. Note that every subgroup of a group in Iy clearly also belongs
to I'y.

Theorem 17.8 (Miller [10], Neuen [11]) For every positive integer d, there exists
a polynomial-time algorithm to solve the set-of-strings isomorphism problem when
the input group is in T'y.

Let us remark that the size of the input instance is measured in the size n of
the index set / and the number m of strings; the size of the alphabet can clearly
be assumed to be bounded by nm and the group ® can be given by O (nlogn)
generators. Miller [10] only considers the problem of hypergraph isomorphism, but
there is a simple transformation between the problems (see e.g. [11, Theorem 4.1]).
The time complexity of Miller’s algorithm is O((n + m)?@), while Neuen [11]
improves the complexity to O((n 4+ m)P°Y12@) " A nice exposition of the main
ideas going into these algorithms can be found in [6].

Let us now describe the consequences of Theorem 17.8 that we need. The first
one shows that we win as soon as we can show that there is an isomorphism
belonging to a group in Iy.

Lemma 17.9 For every positive integer d, there exists a polynomial-time algorithm
that given graphs G| and G, on the same set of vertices V and a group ® € Iy of
permutations of V, either decides that no isomorphism of G| and G, belongs to ©®,
or returns a permutation yy € ® and the subgroup $ < ® such that yy$ is the set
of all isomorphisms of G| and G belonging to ©.

Proof Fori € {1,2},lets; : (‘2/) — {0, 1} be the string such that for every {u, v} €
(‘2/), si({u, v}) = lifand only if uv € E(G;). For each permutation y € ®, let y’ be
the permutation of (‘2/) such that y'({u, v}) = {y ), y (v)} for every {u, v} € (‘2/)
Let ' = {y’ : y € 6}. Note that &' is a group isomorphic to & via the isomorphism
y — y’, and thus & € I';. Moreover, y is an isomorphism of G| and Gy if

and only if si/ = s7. Therefore, the answer is obtained by running the algorithm

from Theorem 17.8 for I = (‘2/) ®', {51}, and {s2}, then translating the returned
permutation y and subgroup $" < ®’ to ® via the isomorphism of ® and &'. O

The next result will be used at the end of the argument, when we need to match
up the pieces separated by small cuts.
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Lemma 17.10 For all positive integers k and d, there exists a polynomial-time
algorithm as follows. The input consists of

e graphs G and G,

e sets X1 C V(Gy) and Xy C V(G2) such that fori € 2], all X;-fragments of G;
are k-fragments,

* the partition w of X-fragments of G| and X»-fragments of Gy to isomorphism
classes,

e agroup ® € Iy of permutations of X1, and

e abijectionk : X1 — X».

The output consists of the set M of bijections from k® which extend to an
isomorphism of G| and Gj; if M is non-empty, it is represented as yo$9, where
0 € k®and H < ©.

Proof The proof is analogous to the proof of Lemma 17.9, except that we need
to match up the (< k)-tuples instead of just pairs. To simplify the notation, let us
rename for each x € X the vertex «(x) of X, to x, so that X; = X, = X and
k = id. Using Lemma 17.9, we can additionally restrict the group ® so that it only
contains isomorpisms of G[X1] and G[X3].

Let Z be the set of all (< k)-tuples of distinct vertices of X. For B € Z and
i € [2], let the i-color of B consist of the tuple (n; o : Q € m), where for each
isomorphism class Q of 7, n; ¢ is the number of X-fragments G’ of G; such that
G’ € Q and 3G’ = B. Fori € [2], let s; be the Z-string assigning to each tuple
B € Z the i-color of B. For y € ®, let y’ be the permutation of Z mapping each
tuple (x1, ..., x4) to the tuple (y(x1), ..., ¥ (x4)), and observe that y extends to an
isomorphism of G| and G» if and only if sf/ =s5.Let ® ={y' :y € 6} and
note that ¥ + y’ is an isomorphism of & and ®'. Hence, the result is obtained
by running the algorithm from Theorem 17.8 for I = Z, &, {s1}, and {s,} and
translating it to ® via the isomorphism of the groups. O

Finally, we are going to study the effect of the Weisfeiler-Lehman refinement
applied to colorings that do not necessarily arise directly from the Weisfeiler-
Lehman algorithm, but just respect the isomorphisms in a weaker sense. A coloring
¢ : V(G) — C of a linearly bordered graph is boundary-respecting if for each
v € G, the color ¢(v) is only used on v. Given such a coloring, let G/¢ be
the linearly bordered graph obtained by contracting the color classes and with the
boundary (G /@) = ¢(dG). A bijection f : V(G1) — V(G») is compatible with
boundary-respecting colorings ¢ : V(G1) — Ciand ¢, : V(G,) — C; of linearly
bordered graphs G| and G if for every u, v € V(Gy), ¢2(f (u)) = ¢2(f (v)) if and
only if o1 (u) = @1(v). In that case, we define f;, o, : C1 — C> to be the function
that maps every color ¢ € C| to the common color of the vertices in f ((pf] (c)). We
say that ¢ and @, respect the isomorphisms of G| and G if every isomorphism of
G1 and G is compatible with ¢ and ¢;.

Observation 17.11 Let ¢1 : V(G1) — Ci and @2 : V(G2) — Ca be boundary-
respecting colorings of linearly bordered graphs Gi and Gy respecting their
isomorphisms. Let Y1 and > be obtained from ¢ and ¢ by running one round
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of the Weisfeiler-Lehman algorithm. Then | and yry also respect the isomorphisms
of G| and G».

Proof Consider any isomorphism f : V(G{) — V(G3) and vertices u, v € V(G)
such that ¥ (u) # ¥1(v). If @1 (1) # @1(v), then p2(f (1)) # @2(f (v)), and thus
Va(f (W) # Y2 (f (v)).

Suppose now that @1 (1) = ¢1(v). Since Y1 (1) # V1 (v), by the definition of the
Weisfeiler-Lehman algorithm round, there exists a color ¢ € C such that [N (x) N
gofl(c)l # |IN@w) N gofl(c)|. Since f is compatible with ¢ and ¢;, there exists a
color ¢’ € C, such that f((pfl(c)) = ¢£1(c/). Since f is an isomorphism of G
and G,, we have

INCf @) Ny (D = 1FIN@) N flor @) = IN@) Ne; )]
#IN@W Ny Ol = IN(F@) Ny ()],

and thus Y2(f(u)) # ¥2(f(v)) by the definition of the Weisfeiler-Lehman
algorithm round.

The same argument for f~! shows that if ¥ (f (1)) # ¥ (f(v)), then ¥y (u) #
Y1 (v). O

So far, we have only needed the special case of Theorem 17.8 for a single string.
The final application uses the full power of the theorem. Let ¢; : V(G1) — Cp and
@2 : V(G2) — C> be boundary-respecting colorings of linearly bordered graphs
G and G respecting their isomorphisms. For a positive integer d, an isomorphism
d-enclosure of (G, ¢1, G2, ¢2) is a pair (k, ®), where ¥ : C; — C3 is a bijection
and 6 € [y isa group of permutations of C; such that fy, ,, € «® for every
isomorphism f : V(G1) — V(G2).

Lemma 17.12 For very positive integer d, there exists a polynomial-time algorithm
as follows. The input consists of

* linearly bordered graphs G and G,

* boundary-respecting colorings ¢1 : V(G1) — Ci and ¢3 : V(Gy) — Ca
respecting the isomorphisms of G| and G, and

* an isomorphism d-enclosure (ko, ®¢) of (G1, ¢1, G2, ¢2).

Fori € 2], let ¥r; : V(G;) — Ci/ be obtained from ¢; by running one round of the
Weisfeiler-Lehman algorithm. The algorithm either decides that G and G are not
isomorphic, or returns an isomorphism d-enclosure («, ®) of (G1, ¥1, G2, ¥2).

Proof (3~) By replacing ¢, by /co_l o ¢3, we can assume that C{ = C; = C and
that «g is the identity function.

Fori € [2] and colors a € C l/ and ¢ € C, let n; 4 be the number of neighbors
of each vertex of color a in ¢, ! (c), which is the same for all such vertices by the
definition of the Weisfeiler-Lehman algorithm round. Let §; 5 = 1 if wi_l (a) C
(pi_l(c) and §; ;. = O otherwise. For every i € [2] and every color a € le, let
si.q be the C-string such that s; ,(c) = (8i4.c, ni.a,c) for each color ¢ € C. Let
Si ={sia:acCj).
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Suppose that f : V(G1) — V(G2) is an isomorphism, and let y = fy, 4.
Note that y € 6, since (id, ®¢) is an isomorphism d-enclosure. Consider any
color a € Cj and the color a’ = fy, y,(a) € C}. Let ¢g € C be the color such
that wl_l(a) C <p1_1(co) and let ¢, = y (co). For any vertex v € wz_l(a’), we have
Y1(f~'(v)) = a, and thus @1 (f~1(v)) = co and @2(v) = cf; hence, ¥ ' (@) C
®; ! (c(/)). Thus, for every color ¢ € C, we have

Slac=1l&c=c &y =c) & 8aye =1

Similarly, since f is an isomorphism compatible with ¢ and ¢,, we conclude that
Nla,c = 2.4 y(c)- Therefore, s{a = 5 4. Since fy, y, : C; — Cj} is a bijection,
we conclude that y is an isomorphism of S; and $3.

Let us apply the algorithm from Theorem 17.8 with I = C, ®¢, S1, and S5. If
the output is empty, then by the previous paragraph, we conclude that G| and G,
are not isomorphic. Otherwise, let yp9 with yp € Gp and H < G¢ be the result of
the algorithm. Note that the definition of the Weisfeiler-Lehman algorithm round
implies that for i € [2], the strings in S; are pairwise different. Hence, for every
0 € 9, there exists a unique bijection gg : C i — Cé such that si’f’f = 52,49(a) foOr

every a € C}. Letus define § : C; — Cj as6 = g;jlgg. Note that for 61, 6, €
anda € Cy,

-1 -1 -1
61602 _ v01vy vl b\ vbiyy 1001V,
Sl,a =514 - (sl,a ) - (52,g92(a))
= (55, & )y00| v _ (s )1/001 !
— "2,5i(02(a)) T VL6 (a)

_ v _
=51t — 52.80 B2)Y

Therefore, gg,6, = gglé_g, and consequently 0,0, = 0, 0. It follows that ® = {8 :
0 € 9} is a group isomorphic to £, and since H < B¢ € f‘d, we also have ® € f‘d.

We claim that (gjq, ®) is an isomorphism d-enclosure of (G1, ¥1, G2, ¥2), and
thus we can let k = gjq. Indeed, consider any isomorphism f : V(G1) — V(G»).
As we have argued above, fy, ¢, is an isomorphism of S and S, and thus there
exists 0 € $ such that f,, ,, = yof. For each color a € C{, we have

Jor.0 Y00
Sla = Sla = 52.80@) = 52 k(@(a))"

On the other hand, since f is an isomorphism, the definition of the Weisfeiler-
Lehman algorithm round implies that

Tor.00
Sta ~ = 52, fyyu, @

for every color a € Cj. It follows that fy, y, = k0, and thus fy, y, € k® as
required. o
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Let k be a fixed positive integer. We are now ready to describe a polynomial-
time algorithm to test the isomorphism of two graphs that do not contain K as
a topological minor. As outlined in Sect. 17.3, we are actually going to compute
the isomorphism relation among all (k — 1)-fragments of the input graphs, in the
increasing order of the size of the fragments, thus reducing the problem to the
following one: We are given

¢ linearly bordered graphs G and G, with |0G | = |0G>| = k, not containing Ky
as a topological minor, and
* letting

H={H:iel2], Hisa (k— 1)-fragment of G;,0G; N V(H) C dH},

the partition 7 of H to isomorphism classes.

We need to determine whether G| and G5 are isomorphic. Let d = k3. We are going
to maintain

e Dboundary-respecting colorings ¢ : V(G1) — Cj and ¢ : V(Gy) — C;
respecting the isomorphisms of G and G, and
e an isomorphism d-enclosure (k, ®) of (G1, ¢1, G2, ¢2).

Initially, for i € [2], let ¢; be the coloring that for each j € [k] assigns the color j
to the j-th vertex of dG;, and the color O to all vertices of V(G;) \ dG;. Note
that these colorings respect the isomorphisms of G| and G2, and that f, 4, is the
identity function for every isomorphism f of G| and G». Hence, we can let « = id
and ®& = {id}. We now repeatedly refine the colorings and update the isomorphism
d-enclosure, as follows:

* By replacing ¢; by « !¢, if necessary, we can assume that C; = C; = C and
Kk =1id.

* We can also assume that for every ¢ € C and y € &, we have |¢p, 1(c)| =
loy Y7 (¢))]. Indeed, Jo1,¢, has this property for any isomorphism f of G and
G». Moreover, we can restrict ® to the permutations with this property by using
the algorithm from Theorem 17.8 with I = C, ®, and S| = {s1} and $> = {52}
for the strings 51 and s7 such that s;(c) = |<pl._1(c)| fori € {1,2}and c € C.

 If the colorings ¢ and ¢; are not stable, then let ¥r; and i, be their refinements
obtained by one round of the Weisfeiler-Lehman algorithm. Using Lemma 17.12,
we either decide that G| and G, are not isomorphic, or obtain an isomorphism
d-enclosure («/, &) of (G1, ¥1, G2, ¥2). We replace ¢; by 1, g2 by ¥, and
(k, ®) by (k’, ') and repeat.

* Hence, assume that ¢; and ¢, are stable. Suppose that there exists an integer ¢
such that 2 < t < d and at least one color class of ¢; has size t. Let T C C
consist of the colors ¢ € C such that |¢,° 1(c)| = t. Note that since k = id and
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the permutations in ® preserve the color class sizes, we also have T = {c € C :
loy ! (c)| = t}, and all permutations from ® map T to itself.

For each color ¢ € T, let N. = [t], and for each colorc € C\ T, let N, = {1}.
Let C' = [J.cc(c} x Ne). Fori € [2], let ¢; : V(G;) — C’ be obtained from
@; by, for each ¢ € T, coloring each vertex of ¢, ) by a distinct color from
{c} x N, and for each ¢ € C \ T coloring all vertices of ¢;” 1(c) by the color
(c, 1). Clearly, the colorings v and v, respect the isomorphisms of G| and G>.

For y € ® and a system I' = {I". € Sym(N,) : ¢ € C} of permutations, let
w,.r be the permutation of C” which for each ¢ € C and ¢’ € N, maps (c, ¢’)
to (y(c), [e(c)). Observe that if f is an isomorphism of G| and G, then there
exists such a system I" for which fy, y, = O Moreover, for y1, Y2 € ®

and systems r'! and Fz, we have

@y, 01 Wy, 12 = Dy, T,
where y = y1y» and

I={r,,l2:cecC}.

Therefore, the set

¢ = {a)y,r ye6.Te] Sym(NC)}
ceC

of all permutations of this form is a group (a subgroup of the wreath product of
® and Sym,). Luks [9] proved that since ® € [y and 1 < d, this group &' also
belongs to fd. Hence, we can replace ¢; by ¥1, @2 by 2, and («, ®) by (id, 6')
and repeat.

Note that in this step, the group theory tools in essence allow us to keep track
of all possible individualizations of vertices whose color is in 7" without having
to branch.

Finally, suppose that none of the refinement steps applies, and thus ¢ and ¢; are
stable and every color class of either of them has size 1 or more thand. Let J € C
consist of the colors whose color class (in either of the colorings) has size 1. For
i € [2], let X; be the union of the trivial color classes of ¢; and let ¢; : J — X;
be the function mapping each color ¢ € J to the unique vertex of G; of color c. By
Theorem 17.3, the X;-fragments of G; are (k — 1)-fragments. Let G, be the group
of the restrictions of the permutations in ® to J, and let &g = {Llytfl 1y € Byl
be the corresponding group of permutations of X ;. Let kg = Lgtfl be the bijection
mapping vertices of X to the vertices of X, of the same color. Since (id, ®) is an
isomorphism d-enclosure, observe that for any isomorphism f of G| and G, the
restriction of f to X belongs to ko®o. Hence, to determine whether there exists
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su

ch an isomorphism, it suffices to check whether the output of the algorithm from

Lemma 17.10 for G1, G3, X1, X2, w, ®9, and k¢ is non-empty.

As usual, we are skimming over some of the implementation details; most

importantly, one needs to work out how to implement the necessary permutation
group operations (wreath product, restriction to an orbit, .. .) in polynomial time.
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Sources Check or

The proof of the existence of sublinear separators in graphs with a forbidden minor
from Chap. 12 is almost verbatim taken from [1]. The applications and arguments
from Sect. 12.2 date back to the seminal papers of Lipton and Tarjan [11, 12].

The notion of chordal partitions presented it in Chap.13 comes from the
fractional chromatic number argument of Reed and Seymour [13], though the fact
that it can be applied more generally was highlighted in [15].

Chapter 14 draws on multiple sources. The density bound is a slightly simplified
version of the argument of [2]. The ideas of the presented in Sect. 14.2 are drawn
from [3]. Section 14.3 is based on [14] and [6], as well as Wood’s survey of the
defective and clustered chromatic number [17].

The chapter on product structure is largely based on [4] and other related papers;
see also [7] for a (nowadays slightly outdated) survey. The application for the non-
repetitive chromatic number is based on Wood’s survey [16].

The presentation for the iterated BFS layering and its application to multicom-
modity flows is inspired by [9] and [10]. Results on Baker-amenability are taken
from [5].

The isomorphism algorithm given in Chap. 17 is a simplified version (with
substantially worse time complexity) of the algorithm of Grohe et al. [8].
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