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Preface

Present book can be considered as a standard university course in complex analysis and
special functions (including orthogonal polynomials and basic material of special func-
tions such as Euler’s Gamma and Beta functions, Bessel’s functions, Weierstrass and Ja-
cobi elliptic functions and some others) for mathematics and physics students. However,
some subjects of the book, such as the stationary phase method and Laplace’s method,
Weierstrass elliptic functions and their applications to nonlinear ordinary differential
equations are usually very advanced and often are outside of such type of courses in
Complex Analysis. This allows this book to be considered more than just a university
textbook, as it has many possible applications in applied mathematics and physics.

This book is mainly based on the courses given by the authors at the University of
Oulu in recent years, and given by the first author at Lomonosov Moscow State Univer-
sity in the end of 1990s and the beginning of 2000s.

The book consists of three parts divided with respect to the usual content of complex
analysis, orthogonal polynomials, and special functions. The first part includes complex
numbers, analytic functions and Cauchy theorem. The second part concerns to the max-
imum modulus of analytic functions, Phragmen-Lindel6f principle, Liouville’s theorem,
Taylor’s and Laurent’s expansions, entire functions, and evaluation of several types of
integrals and number series using the residue theory. The third and biggest part includes
conformal mappings, Laplace transform, and special functions. We remark that special
functions is based on the classical method of Frobenius and includes (as an application)
Bessel’s functions, orthogonal polynomials, and also Laplace’s method. Moreover, the
theory of Weierstrass and Jacobi functions and their application to nonlinear ordinary
differential equations are considered very carefully together with famous Weierstrass’
formula.

This book contains about 500 exercises that are integral part of the text, and more
than 150 examples. Each part ends in a selection of exercises that an instructor can use
for the exams. They are not only an integral part of the book, but also indispensable for
the understanding each part of the book. It might be mentioned here that many exercises
were borrowed and reworked from the excellent monographs of Titchmarsh [1] and
Whittaker and Watson [2]. Within the text, the reader will also find problems, which
range from very easy to somewhat difficult. It can be expected that a careful reader will
complete all these exercises.

This book is intended for undergraduate level students majoring in pure and ap-
plied mathematics (also in physics), but even graduate students can find here very useful
information, which previously could only be detected in scientific monographs.

Despite the fact that this text is standard for universities, however, there are some
things that distinguish it from well-known texts in this subject. One difference in this text
is the discussion of extended complex plane and the concept of complex infinity includ-
ing Taylor’s and Laurent’s expansions at infinity. Another key aspect is the evaluation of
improper integrals for multivalued functions of certain special form, and calculation of

https://doi.org/10.1515/9783111632278-201



VI — Preface

number series by residue theory. In regard to orthogonal polynomials (Legendre, Her-
mite, Chebyshev, trigonometric) and Bessel’s functions, they are considered here to a
sufficient degree of generality and their asymptotic behavior with respect to different
parameters are proved. In addition, we prove theorems on expanding continuous func-
tions that have piecewise continuous derivative associated with an orthogonal system
of eigenfunctions that correspond to given polynomials. But the major difference in this
text (compared with known books) is in consideration of the method of stationary phase
for real integrals and of the Laplace’s method (saddle point method) for the complex
curve integrals. It can be also mentioned here that the Cardano’s formulae are consid-
ered in their general form for polynomials of degree three.

The systematic and careful consideration of the Weierstrass and Jacobi elliptic func-
tions, and their many applications, can be considered as one of the most important fea-
tures of this book. We have partly used here the approach of Whittaker and Watson [2].

Last but not least, we want to say that when writing the Laplace’s method we were
greatly influenced by the excellent book by Sveshnikov and Tikhonov [3] and when writ-
ing the part of special functions (especially some orthogonal polynomials and their prop-
erties) we were inspired by very advanced book by Nikiforov and Uvarov [4].

September 2024 Valery Serov, Lahti
Markus Harju, Oulu
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1 Complex numbers and their properties

Definition 1.1. The ordered pair (x, y) of real numbers x and y is called a complex num-

ber z = (x,y) if the following properties are satisfied:

1.z, =z,ifand only if x; = x; and y; = y,. In particular, z = (x,y) = 0 if and only if
x=y=0.

2. z1£2y = (X £ X, )1 £ Y9).

3. 2y 2y = (X4Xp = Y1Y2, X1V + XpV1)-

We denote x = Rez, y = Imz and call them real and imaginary parts, respectively.

The complex number z = (x, 0) is identified with real number x, and complex num-
ber z = (0, y) is called purely imaginary.

Definition 1.2. The complex numbers (0,0), (1,0), and (0,1) are called zero, unit, and
imaginary unit and are identified with 0, 1, and i, respectively.

It is easy to check that

i* = (-1,0), i(b,0) = (0,b). (1.1
Indeed,
i* = (0,1)- (0,1) = (-1,0)
and
i(b,0) = (0,1) - (b, 0) = (0, b)
by Definition 1.1.
Since

z=(Y) =(x,0)+(0,y)
using (1.1), we obtain that
z=(x0)+(0,1)-(y,0) =x+1iy
such that
Zy+ 2y = X+ Iy + X0 + 1y = 0 + Xp) +1(y; +,)
and

212y = 0 + D)0 + 1) = XyX + iy1Xg + DXy, + 0y,
= XXy = Y1Y2) +i(y1Xg + X1Y5),

https://doi.org/10.1515/9783111632278-001



4 —— 1 Complex numbers and their properties

i. e, these operations (addition and multiplication) are performed as in the usual analy-
sis.

We denote the set of all complex numbers by C.

The division is defined as the operation, which is inverse to multiplication. Namely,
ifz, # 0(i.e, x, # 0 ory, # 0,50 X5 +y3 > 0) then

2—1 =a+ib ifandonlyif z; = (a+1ib)z,.
2

It means that
Xy +1y; = (a+1ib)(xy +1y,)
or

Xq = Xy — by,,

1 = sz + ayz.
Solving this for a and b gives

q= XXty ViXe m XYy

2,2 )
X+, X5+,
Hence,
2 _XXotyDs | Ko — XY (1.2)
2, 2 2,2 " .
Zy X5 +Y; X5 + Y5

Definition 1.3. For given complex number z = x + iy:
1. The number z := x — iy is called the complex conjugate to z.

2. The nonnegative (real) number |z| := /x* + y? is called the modulus of z.

The following properties can be checked straightforwardly:

zZ-Z
27
|zl=0 ifandonlyif z=0,

Rez = Z—erz, Imz =

2 — —,
1z|"=2z-2, |zl =1z|, |21-25| = |z¢] - |2y,

_lal
|2,

Z
Z

but
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llz4] = |23]] < 121 + 23] < 14| + |2,], 1.3)

|Rez| <|z|, |Imz|<|z|.

Problem 1.4.
1. Prove that

Compare with (1.2).
2. Prove that

2 2 2
121 £ 251" = |24]" + |25]" £ 2|24] - |2, cos @,

where a is the angle between the two vectors z; = (x1,y7) and z, = (x,y,) on the
plane R%; see Figure 1.1
3. Prove the inequalities (1.3).

=

(1‘1,y1) (7* Z/)

(72,92)

Figure 1.1: Angle between vectors and argument of a complex number.

Definition 1.5. The angle ¢ formed by the vector z = (x,y), z # 0, and the positive real
line R, is said to be an argument of z and denoted by ¢ = Arg z, z + 0; see Figure 1.1. The
argument of z = 0 is not defined.

Remark. It is clear that Arg z is not defined uniquely. More precisely, it is defined up to
2mn,n=0,+1,+2,...,1.¢e.,

Argz = ¢ + 27n,

where ¢ € (0,27] or ¢ € (—m,]. This value of ¢ is called the main argument and it is
denoted as

argz = @.
Let us assume in the future that

argz=¢ with ¢ € (-m,mn].
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In this case, the Pythagorian theorem says that
Rez=|z|cosp and Imz=|z|sing,
ie,
z=|z|(cos@ +ising), z#0. 14

Problem 1.6. Prove that:
1. z;=2z,ifand only if |z;| = |z,| and @, = @,.
2.

¢ € (0,m) ifandonlyif Imz>0,
¢ € (-m,0) ifandonlyif Imz<0,
=0 ifandonlyif Imz=0,Rez>0,

¢=mn ifandonlyif Imz=0,Rez<0.

Problem 1.7. Prove the following statements:
1. argz=-argz.
2.

Imz
arctan Rez’ Rez >0,

arctang“Tj +7, Rez<0,Imz>0,

argz = - arctang“Tj -1, Rez<0,Imz<0,

NS

I

Rez=0,Imz >0,

R Rez=0,Imz<0.

Problem 1.8. Prove the following properties:

1 zy-2y = 1z4] - |25](cos(@y + @3) +1sin(@; + 9y)).

2. 71/z5 = |z1/1Z;|(cos(@q — @y) +1Sin(Qy — @y)).

3. Z" = |z|"(cos(ny) + isin(ng)) (De Moivre formula).

We will use the shorthand notation (which will be proved later)
el .= cos ¢ +isin g.

Then (1.4) can be written as

z = |z]e". (1.5)

Definition 1.9. The form (1.5) is called the trigonometric representation of complex num-
bers.
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The equality (1.5) is also called Euler’s formula. Using (1.5), we may rewrite the above
formulas in a shorter way:

i(p+
2,2y = |79 - 12, P79,
24/, = |241/12, )" %72,

7t = |Z|ne1nqo.

Definition 1.10. The complex number z, is said to be the root of nth degree of the com-
plex number z if

n_
zy = Z.

We denote this by z, = {/z. There are n solutions of the above equation and they are
given by

(o) = |Z|1/nei(¢/n+2nk/n)’ k=0,1,...,n—-1. (1.6)

Problem 1.11. Prove (1.6) using the De Moivre formula.

Let us consider in the Euclidean space R® the sphere S with center (0,0,1/2) and
radius 1/2 in the coordinate system (&, 1, {), i.e.,

Evnt+((-1/2"=1/4
or
v+ (=0 L7

Let us draw a ray from the point P = (0, 0, 1), which intersects the sphere S at the point
M = (¢,n, ) and complex plane C at the point z = x + iy.

The point M is called stereographic projection of the complex number z on the
sphere S (Figure 1.2). Since the vectors DM and Pz are colinear, we have

g_n_1-¢
x y 1

Thus, using (1.7), we have
_ ¢ _n
e YT
so that

X y JzI*
_ o= (- , 18
d 1+ |z|2 1 1+ |z)? ¢ 1+ |z)? (18
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(0,0,1/2)

Y
O \
x z

Figure 1.2: Stereographic projection.

Definition 1.12. The formulas (1.8) are called the formulas of the stereographic projec-
tion.

The formulas (1.8) allow us to introduce the notion of infinity, i. e., complex number
z = oo as follows. Since there is one-to-one correspondence between C and S \ P, then
we may supplement this correspondence by one more, namely

P(0,0,1) «— oo0.
In this case,

S« C:=CUf{oo}

and, by (1.8),
1 1 z
— =0, —==00, Zz-00=00, 2#0, Z+oc0o=00, — =0, 2z+o00. 1.9)
00 00

Remark. The set C is called the extended complex plane.

Problem 1.13. Prove that the spherical distance between z;, z, € C can be calculated as
1z1 — 2y
1+ |21 21+ |22

The neighborhood of z;, € C is defined as

Ps(z1,2y) =

Us(zg) ={z € C: |z -2y < &}
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and the neighborhood of z;, = co is defined as
Ug(co) ={z € C:|z| > R}.

Definition 1.14.
1. The complex number z, ¢ C is called the limiting point of a set M c C if for any
6 > 0itis true that

(Uszp)\zg)NM # 0

(or for any R > 0 it holds that (Ug(co) \ c0) N M # 0).
2. Theset M c Cis called closed if it contains all its limiting points.
3. Denoting all limiting points of M ¢ C by M’ we define the closure of M as

M=MuM'
4. The boundary oM of the set M ¢ C is defined as
oM =Mn(C\M).

5. Thepoint z; € C is called interior of a set M if there exists Us(zy) (or Ur(c0)) such
that Ug(zy) ¢ M (or Ug(co) c M). If all points of M are interior, then M is called an
open set.

Problem 1.15. Prove that M c C is open if and only if C \ M is closed.

Definition 1.16. The complex number z; € C is said to be the limit of sequence {z,};2, c
C, denoted by z, = lim,,_,, z,, if for any € > 0 there is ny = ny(¢,zy) € N such that

2, ~ 2] < £

for all n > n,.
We say that co = lim,,_,, z, if for any R > 0 there is n; = ny(R) € N such that
|z,| > R for all n > n,.

Proposition 1.17.
1 zg =lim,_, zp, Zy # oo ifand only if
Rez, = HILIBO Rez, and Imz,= nlggo Im z,,.

2. oo= hrnn—»oo Zn ifand Only ifhmn—>oo |Zn| = 0.

Proof. 1. Ifzy=lim z,,, then for any € > 0 there exists n(g) € N such that

n—oo0

2 _ 2
|z, — zp|" < &, n=ny,.
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It means that
(Rez, - Rezo)2 +(Imz, - Imzo)2 <&, n> ny.
It follows that
|[Rez, —Rezy| <&, |Imz,-Imzyl<e nz=ng
or
Rez, = nlLIElo Rez,, Imz,= nlLIEo Imz,.

Conversely, if a = lim,,_,, Rez, and b = lim,,_, ., Im z, then for any € > 0 there exist
n,(€), ny(¢) € N such that

|Rez, -al <¢e/2, n=z=ny,

[Imz, - b| < €/2, n=z=n,.
Denoting n, = max(ny, n,), we obtain for all n > n, that
|z, - (a+ib)| < |Rez, —al + |Imz, - b| < /2 + £/2 = €.
2. It follows immediately from Definition 1.16. O

Remark. In part (2) of Proposition 1.17, we cannot say anything more. Indeed, let z,, be
defined as follows:

_ n+i/n, n=2k,
1/n+in, n=2k+1

Then |z,| = Vn? + 1/n? — co as n — oo but Re z,, + oo and Im z,, # oo.

The Bolzano-Weierstrass principle
If the sequence of complex numbers {z,},2; is bounded, i.e., there exists M > 0 such
that

|z, <M, n=12,...
then there is a subsequence z; , which converges to some point z, € C, i.e,
nlLrQO Zy, = 2o

Indeed, since |z,| < M then |Re z,| < M and | Im z,,| < M. Using the Bolzano-Weierstrass
principle to the real sequence Re z,, we find Re z;such that there exists a € R with
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a= lim Rez, .
n—oo n

If we consider now Im Zy,» thenitis also bounded, and hence there exists a subsequence,
say Im zl(j), which has a limit

b= lim Imz{".
n—-oo n
Thus,
Jlim (Re zg) +ilmz
—00 n

My _ 1; (VNN M _ i
kn) = lim Rez, '+i lim Imz,* = a + ib.

Suppose the sequence of complex numbers {z,}°, is not bounded, i. e., for any M > 0
there exists ny, € N such that |z, | > M. Then there is a subsequence z; such that

nlggo |zk"| = 00.

The proof of this fact is the same as in real analysis.
There is one more useful property:

Zy, — 00
(i.e., |z,| — oo) if and only if

lim — =0.
n—oo z,

Cauchy criterion
The sequence of complex numbers {z,}72, converges if and only if it is a Cauchy se-
quence, i.e., for any € > 0 there exists ny(¢) such that

|z, —zyl <& n,m>=n,.

The proof follows from the Cauchy criterion of real analysis.

Arithmetic operations with convergent sequences
If

lim z, =z,, lim w, =w
oo <N 0 oo 1 0

then

lim (z, £ w,) = z, + w,,
n—>oo(" n) 0 0
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lim z, - w, =z - Wy,

n—oo
z
lim % = 20w, #0
n—oo Wn 0
If
lim z, =co, lim w, =00
n—oo n—oo
then
nli_)rgg Zy - Wy = 00.
Problem 1.18.
1. Letlim,_, z, = 2y, 2y # 0, zy # co and lim,,_, ., w,, = co. Prove that

lim z, -w, =00, lim(z,+w,)=0c0, limz,/w,=0.
n_)oon n n_)oo(n n) =00 n/n

2. Letlim,_, z, = co and lim,_, ., w, = co. Prove that the limits

. N .
nll)rgo (z; +w,) and nlggo Zy /Wy,

may or may not exist.

Series
The series of the complex numbers

(o)

2. K

k=1
is said to be convergent if the limit

n
Jlim > 2
k=1

exists. Then this limit is denoted by

(o)

Z Zg.

k=1

It is equivalent to the convergence of the real series

(9] 00
z Rez, and Z Im z,,
k=1 k=1
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and in that case

(o) (o) (o)
Yz =) Rez +i) Imz,.
=l ke i1

The series Y 1 zy is said to be absolutely convergent if

o0
Y 17l < 00
k=1

or

(oo} (o]
Y IRezl<co and ) [Imz < co.
k=1 k=1

The latter conditions follow from
|z] <|Rez|+|Imz| and |Rez|,|Imz| < |z|.

The absolute convergence implies convergence but not vice versa.

Example 1.19 (Geometric series). Since

then the limit

<k
lim z
n—.oo
k=0

—_ 13

exists if and only if lim,,_, ., z"*! exists and z # 1. But the latter limit exists if and only if

|z] < 1and in that case it equals 0. Thus, the series

converges if and only if |z| < 1 and

kZ:;)Z ZE.

(1.10)

Example 1.20 (Exponential function). The exponential function €%,z € C can be defined

as the following series:

o0 Zn
eZ = ZOF

=

(1.11)
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From real analysis, we know that

Therefore, the series (1.11) is well-defined for all z € C. Even more is true. Forz = x € R,
we know that

(D><
I
18
2

i
o

Using (1.11), we obtain for purely imaginary z = iy that

(iy)" (iy)* (iy) %+
,;) Z (2k)! Z ¢ (2k +1)!
B ( k Zk ( l)k 2k+1 B o
Z (Zk)' Z 2k + 1] =COoSy+1siny.

This proves formula (1.5).

Now we would like to show that actually the function (1.11) can be represented (or
understood) as

e’ = e*(cosy +isiny),

where €*, cosy, and sin y are from real analysis. Indeed, by the binomial formula,

(o) : n (oe) n
z _ _X+y _ (x+iy)” _ l <n>k- n-k
e=e _HZ:;) n! _Zn!kz_;)kx(ly)
(o) 1 n n! X (D})n k [e el ee) Xk (D))m
:zﬁzk'(n—k)v zzk'(n k! =22 W m
n=0 ¥ k=0 K* k=0 n=k k=0m=0 <+ Tt
(e8] Xk (o) (1 )m o
= Z o z ?}n' = e*(cosy +isiny),
k=0 m=0
in particular,
e? = e (cosx +1isinx)
and
iz —iz iz —iz
cosz= o *&  sinz=S "% (112)
2 21

if cos z and sin z for z € C are defined as
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( 1) n_2n+l

Z @2n+1)! -

0 ¢ 4\n,2n
cosz::z( )z ,
= (@2n)!

These formulas are justified in Example 3.16 and remark after it.

Problem 1.21. Show that:

1 ell eZZ — eZ1+ZZ.

2: MK _ oZ ke 7.
3. eZ=1/eore*=1/e*
4, @) "=e" nez.
5 lef|=e¥<e z=x+iy.
6 1 e, ifandonlyif Rez > 0,Imz =0,
. lef| =
e™?, ifand onlyif Rez < 0,Imz = 0.
7. |cosz|<eere ,Isinz| < ey+e ,Z=X+iy.
Products

An infinite product of complex numbers

18

Pk =D1D2"""Dx "

T
N

is said to be convergent if there exists a finite limit

n
Jm, [Tpe=

otherwise, it diverges.

Remark. If one of the terms p, is zero, then trivially

>

18
=

That is why we will assume that p; # 0 for all k € N.

If the product

pr =P

—18

P
Il

1

converges, i.e., P # co and P # 0, then lim;_,, px = 1. Indeed, since

n+1

Hmwmﬂw

we have

- 15

(1.13)
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1
Dot = HZL Dk
1 - .
" szl Dk
Therefore,
lim g = o [lict Pe [Misipe P _
n—co el liInn—>oo l_[;(lzl Dk P

This is the necessary condition of convergence of product.
There is one simple case.

Example 1.22. Ifallp; > 1, then the product [Ty2, p and the series Y 2, (p,—1) converge
or diverge simultaneously. Indeed, for such values of p; one can show using induction
that the following double inequality holds:

n n
Y- < []py < 2@,
k=1 k=1

This proves the result due to the monotonicity of the corresponding terms.

The product [Ty2, py is said to be convergent absolutely if the product [ ]2, |px| con-
verges.

Proposition 1.23. The product [];2, px converges absolutely if and only if the series
Y rq log [py| converges, where log(-) is the usual real logarithm.

Proof. We use the following inequality for usual real logarithm:

p-1 p-1
p-1 <logp < 2-p’ l<p<2
Letnow P := [];2; |pkl. Then
ke 1o

}Lrgogn =1 forg,:= P

where without loss of generality we may assume that g,, > 1for all n € N. Further,

[Tt 1Pk

1Oggn = log P

n
= > log|py| - logP.
k=1

Applying the inequality for the logarithm from above, we obtain

gn_l
2g, -1

n

gn_l
<> lo —logP < 22—,
k;glpkl gp <3t

n

This inequality immediately implies that
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n
Jlim kgllog | = log P.

Conversely, if Y2, log |p, | converges, then lim,,_,., g, = 1,1.e., [T5o4 [Pkl converges. O

Example 1.24. We show that the product [T, Sm/;,fk) converges absolutely for any fixed

complex z # 0. Based on Proposition 1.23, we consider the series

S sin(z/k)
log| ———=|.
kz_l o8 zlk

Since z is fixed then using Example 1.20, we have for k large enough that

A,
-2

sin(z/k)

log 2/K

=log 1A, <C,

where a constant C is independent on k > 1 and depends only on z, which is fixed. Using
now the asymptotic behavior of usual real logarithm log(1 + u) for small u, we obtain
that the convergence of the series Y -, log smz/z,fk | is equivalent to the convergence of
the number series Yy, % Hence, we obtained what is needed.

Problem 1.25. Show that the product

=
B\ Gk -DF

converges absolutely for |z| > 1.
Problem 1.26. Using the fact that (see Example 15.14) for any z € C,

sinz ﬁ( >
i kznz

show that for any m ¢ N

mn :
. z sinz
Jlim [ <1+ k—)zmz/”—.
—00
k=-n,k+0 T z

Example 1.27. We show that the product [];2,(1 - %)ez/ ¥ converges absolutely for any
z € C. Based on Proposition 1.23, we consider the series

Zlog( > 2k Z(logl—

k=1

S X+y*\ X .
z< lg(l—— T>+%>, zZ=Xx+1iy.

k=1

% + log|ez/k|>
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Using now the asymptotic behavior of usual real logarithm log(1 + u) for small u, we
obtain that the convergence of the latter series is equivalent to the convergence of the

S o(d) 1) Soli)

which is absolutely convergent. Thus, we obtained what is needed. Here f = O(g) means
that

If @) < Clg(2)|

with some constant C > 0.

Problem 1.28. Show that

<1_ 5)(1_ i><1+ 5)(1_ i><1_ i><1+ i) _SINZ  —z/riog2.
I 21 T 7 A o o

Problem 1.29. Show that the product [T, [1+ }(l converges but the product [Tz2,(1+ %)
does not converge. Explain this phenomena.



2 Functions of complex variable

The complex-valued function of one real variable is the mapping
f:(ab)—C or f:[a,b]—>C
such that

z =f(t) = f1(6) + if5(0),

wheret € (a,b)ort € [a, b]. Here, the open interval (a, b) might be infinite but the closed
interval [a, b] is considered only for finite a and b.

The notions of limit, continuity, differentiability, and integrability are defined coor-
dinatewise, i. e., for two real-valued functions f;(t) and f; () of one real variable t.

Definition 2.1.

1. The continuous mapping f : [a,b] — C, z = f(¢) is called the Jordan curve if z(t;) +
z(t,) for t; # t,. If in addition z(a) = z(b), then this curve is called closed.

2. The Jordan curve is called piecewise smooth if there are points

a=ty<ty<---<t,=b

such that z = f(t) is continuously differentiable on the intervals [¢;_, ¢;] for j =
1,2,...,nand f'(t) # 0.
3. Ifn =1above, then the Jordan curve is called smooth.

We will use the following statement proved by Jordan (we accept it like axiom, without
proof).

Any closed Jordan curve y divides C into two domains (regions): internal (not con-
taining z = oo) and external (containing z = co). They are denoted as inty and exty,
respectively, so that

C=intyuyuexty.

Definition 2.2.

1. AsetD c Cis called connected if for any points z;,z, € D there is a Jordan curve
connecting these points and lying in D.

2. AsetD c Cis called a domain if it is connected and open.

We consider a complex-valued function w of one complex variable z as follows. Let us
have two copies of the complex plane, one in z and one in w. Let D be a domain in z and
G a domain in w. Then a function w = f(z) is the mapping

f:D->G

https://doi.org/10.1515/9783111632278-002
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such that
w=u+iv={(z) = i(xy) +ifz,(x,y),

see Figure 2.1. This is equivalent to the definition of two real-valued functions u and v of
two real variables x and y such that w = f(z) if and only if

u(x,y)=Rew and v(x,y)=Imw.

Figure 2.1: Mapping f : D — G between two copies of the complex plane.

In particular, we have that (z, # co)

b=1lim f(z), b+ o0 2.1
z—Z,
if and only if
Reb= lim Ref(z) and Imb= Ilim Imf(z).
(6= (X0.0) (6Y)—(X0,Y0)
Also,
Zlgglo f(z) =00
if and only if

Jg (@) = oo,

i.e., for any R > 0 there exists §(R) > 0 such that |[f(z)| > R whenever |z — z;| < 6.
Here, (2.1) means that for any € > 0 there is § = §(¢, zy) > 0 such that

If(z) - bl < &

whenever |z-zy| < §,1. e, |(X,y)—(Xg,Yo)|g2 < 8. Therefore, the arithmetic operations for
complex-valued functions of one complex variable are satisfied. Namely, let us assume
that

ZILHZ]O f(z)=a and ZILIEIO g(z) =D.
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Then:
1.
lim (f(z) +g(z)) =a+b,
z—-2z,
ie,
lim (Ref+Reg)=Rea+Reb
(6Y)—(Xo,Y0)
and
lim (Imf+Img)=Ima+Imb.
(xX.y)—(X0:Y0)
2.
lim f(z)-g(z) =a-b,
z—1Z
ie,
lim Re(f-g)=Re(a-b)
(x.y)—(x0:¥0)
and
lim Im(f-g)=1Im(a-b).
()= (X0Y0)
3.
Zlinzl f(2)/g(z) =a/b, ifb+0,
—Zy
ie,
lim  Re(f/g) = Re(a/b)
6Y)—(Xg,Y0)
and

lim Im(f/g) = Im(a/b).
()= (X:Y0)

Definition 2.3. A function w = f(z) is called univalent if f : D — G onto (is surjective)
and if for any zy,z, € D, z; # z,,

wy = f(z) # w, = f(z,) (injectivity).

In this case, there is an inverse function f ', which maps as
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f_1 :G—D
onto (surjectively) such that f\(w) = zif w = f(2), i.e.,
z=fYf@), w=f(f"w), zeDweG.

This inverse function ! is also univalent (bijective).

Summarizing, we have
z=ff(z)) forallzeD
and
w=f(fw)) forallweG.

Definition 2.4. A function w = f(z) is:
1. Continuous at z = z, + oo if f(z) is well-defined in a neighborhood Ug(z,) and if for
any ¢ > 0 there exists §(¢, zy) > 0 such that

If (2) - f(z0)| < €

whenever |z - zy| < 6.
2. Continuous at z = oo if f(z) is well-defined for |z| > A and there exists b € C such
that for any € > 0 there is R(¢, b) > 0 such that

If(z)-b| < e

for any |z| > R. In that case, f(co) = b.

3. Continuous on the set A ¢ C if it is continuous at any point z, € A.
Uniformly continuous on the set A ¢ C if for any £ > 0 there exists §(¢) > 0 such
that

[f(z) - f(z;)| < €
whenever |z, - z,| < § and 24,2, € A.
Remark. Since (z; # o)
|z -2zylc < 6
if and only if

|06Y) = (X0, Yo)|ge < 8
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and

If (2) ~f(20)| < &

if and only if

[u(x,y) —u(xp,yp)| <& and |v(x,y) - v(xp,¥o)| < &

then the continuity of f(z) is equivalent to the continuity of Re f(z) and Im f(z) as the
functions of two variables (x, y).

Problem 2.5. Show that e* # 0 for any z € C and the limit lim,_, . ¢* does not exist

(finite or infinite).

Z—00

Problem 2.6. Investigate the continuity of the functions
2
22, (zRez)/lzl, (mz)/z, e

at 0.

Example 2.7. A linear-fractional (bilinear) function is defined for z € C as

we az+b
cz+d’

ad —bc +0,c #0. 2.2)

It is well-defined for z + —d/c. Since

_az+b az+b _(ad-bc)(z, - zy)

Wi-We= czy+d czy+d  (czy+d)(czy +d)’

then this function is univalent in the domain C \ {-d/c}. The inverse function z = z(w)
is also bilinear and defined by

dw-b
7=
a-—cw

and it is well-defined (and univalent) in the domain C \ {a/c}. If we define
w(-d/c) =co and w(o0) =a/c

then the bilinear function maps C onto C bijectively. The same is true for the inverse
function.

Let us show that the bilinear function (2.2) is continuous everywhere in C \ {~d/c}.
Indeed, if first z;, # —d/c, z, # oo, then

(ad - bo)(z - zy)| _ lad - bcl|z - zg|
(cz+d)(czg+d)| |czg+d+c(z—-zp)llczg +d|

|w(z) - w(zy)| =
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|czo+d|

TR In this case,

Since |cz, + d| > 0, then we may choose |z — z5| < § and |z — zy| <

|CZ + d| = |CZ0 +d+ C(Z _ZO)l > |CZ0 + d| _ |C||Z _Z()| > |CZ()2+ d|
and
|ad - bc|S
wie) - Wizl <« S g <

2

If for arbitrary € > 0, we will define

. (lczg +d| elczy +dJ? }
6= , ,
mm{ 2lcl* 2lad - be|

then the condition |z - z,4| < 6 implies [w(z) — w(zy)| < &, i.e., the bilinear function is
continuous at any such point z,.
In the case z; = co, we may choose |z| > 2|d/c| and obtain

|W(z)—W(oo)|— az+b_g _lad-bc|  |ad - bc|
lez+d | cllez+d|  |clz + dc]
|ad - bc| 2|lad - bc|
S = 2
P12l - 1d/cD) ~  IcPlzl

Hence, if for arbitrary ¢ > 0 we will choose

_ 2|ad - bc|
e

then the condition |z| > R implies |w(z) - w(co)| < &, i. e., the bilinear function is contin-
uous also at co.

Remark. For ¢ = 0, the bilinear function reduces to the linear function

a b
W(Z)_E“E’ d+0.

It is easy to check that this is continuous on C (but not at co) and univalent on C.

Example 2.8. The squared function is defined for z € C as
w=w() =2, w(co)=oco. 2.3)
Since

2 2
Wy — Wy =2y — 2y = (2 — 25)(21 + 2),
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then wy = w, if and only if z; = z, or z; = -z,. Thus, the squared function (2.3) is not
univalent on C.
But if we consider two subdomains,

D, ={zeC:Imz > 0}
and
D_={zeC:Imz< 0},

then in each of these two subdomains the squared function (2.3) is univalent. It is very
easy to check that in both domains z; # —z,.Indeed, z; = -z, ifand onlyifRez; = —-Re z,
and Imz; = —Im z,, i. e,, these equalities are impossible in D, orin D_.

In order to define the inverse of w = z* in D,, we proceed as follows:

W1+iw2:22:x2—y2+21xy

if and only if
wy=x* -y, x= l;/—;
So,
2
w 2
Wy = 4—22 -
ty
or
4y4 + 4y2W1 - W% =0.
Hence,
[2 w2
, W1+ AW+ W
y = 9 .
It yields
W2 + Wi —wy
y= — inD,
and
W2+ wk —wy
y=-\——— inD_.
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Consequently,
X = e inD,
V24 W + w2 - wy
and
X=- W2 inD_.

\@\/\/W% + Wi - wy

Remark. As we can see, in D,, w, = 0 ifand only if x = 0,i.e,, Imw = 0 if and only if
Re z = 0 and in this case Rew = —(Im z)z, iLe,w = —y2 < 0.

So, finally we have

2. 2
W, .\/w1+w2—w1
OB V2
V2 W2 + Wi - wy

We may simplify these formulas to obtain

o wytw| W,

Z_=-2Z,. (2.4)

V4 +1 s _
" 2 V2(wy + wl) ’

In these formulas, z, is called (vw), with Imz, > 0 and z_ is called (vw)_ with
Imz, < 0so that we have two branches for inverse function.
For the case x = 0, we obtain easily from the remark above that

z, =iy/-w; and z_=-i/-w;. 2.5

For the case Imz = 0, we have a real-valued (and nonnegative) function of one real
variable x, i. e.,

X, =Wy, X_=-yw;, w;>0. (2.6)
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The formulas (2.4)-(2.6) can be written shortly (compare with (1.6)) as
zZ, = /_|W|eiargw/2 and Z; = /_|W|ei(argw/2+n) __ /_|W|eiargw/2) @7

where argw € (-, ). Here, + depend on arg w. More precisely, if argw € (0, 7), then
z,eD,andz_eD_, butifargw € (-m,0),thenz, ¢ D_andz_ € D,.

Problem 2.9. Show that (2.4)-(2.6) and (2.7) are equivalent.

The squared function (2.3) is continuous at any point z; € C since
|w(z) - w(zy)| = |z2 —2(2)| =z -2zy|1z + zg| < 8|z + zo| < 5(8 +2|2]) = €.

So, if for arbitrary € > 0, we choose

§=—|zol + Izol2 + £ > 0,

then the condition |z - zy| < § implies [w(z) — w(zy)| < €. So, w = 7% is continuous at
Zy # 00. At z; = 00, this function is not continuous since w(co) = co.

Cardano’s formulae
We consider the depressed cubic equation:

23+pz+q:0, p.q € C, (2.8)

and we solve it as follows. Assuming that z = u + v, we obtain (for particular solution)
the system

3 . 3_.p°
w-v= -5,
v =—q

The solutions of this system are given by

usz—gi\/ﬂ, vgz—gi\/ﬂ,

2 3
where A = qz + 5’—7 and is called the discriminant of equation (2.8). It must be mentioned
here that the value for the square roots is chosen with respect to Definition 1.10 (see also
Example 2.8). One root is then equal to

21=<—g+\/z>g+<—g—\/z>§. 2.9

When the first root of (2.8) is defined, then this equation can be rewritten as
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(z-2)(F+2z2+p+125) =0,
Therefore, two other roots of (2.8) are given by

z 372
Zys = -51 + 'Tl -p. (2.10)

Problem 2.10. Show that the formulae (2.9) and (2.10) are the same as
1 1
_ q P oo q -
z; = ej<—E + \/Z) +€ <_E - x/Z) . j=123 2.11)

where ¢; are three different roots of equation z* = 1with ¢, = 1. These formulae are
known as the Cardano’s formulae for the depressed cubic equation.

Remark. The general cubic equation (and its roots)
az’ +bz*+cz+d=0, a+0,abcdeC

can be reduced to the depressed cubic equation (2.8) (and its roots) if one uses a new
: b

variable ¢ =z + 4.

Remark. Based on Cardano’s formulae, the general equation of degree 4 can be also

solved as follows. First, the equation of degree 4 reads as

A alz3 + a222 +0a3z+a, =0,

and using a new variable { = z + %, it can be reduced to the following equation of
degree 4:

(4+a(2+b(+c:O,

3, 4 2 .
a4 4% _ 4% 4 g Second, using the

3a a
wherea =a, - 5, b= - 42 +az,and ¢ = - + 92 -

8 8 2
representation

¢t rag® + b+ e= (v ag + By)(¢F - al + By),
and considering the cubic equation
w® + 2aw’ + (a* - 4c)w - b* = 0,

and its roots (by Cardano’s formulae) a4, a,, as, one can easily show that the roots ;, {,,
(3, ¢4 of the equation of degree 4 from above are given by

1 1
(1=E(\/a—1+\/a_2+\/a_3), G = z(\/a_l_\/a_z_\/a_s)’
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1 1
(3= 5 (Ve + Vi, - ag), (4= E(—\/a_—\/a_2+ Vas).
Problem 2.11. Investigate the function w = z° by the same manner as in Example 2.8.
Hint: Use Cardano’s formulae for the depressed cubic equation.

Problem 2.12. Assume that p, q from equation (2.8) are real. Show that:

1. If the discriminant A < 0, then equation (2.8) has three different real roots.

2. If the discriminant A > 0, then equation (2.8) has one real root and two complex
conjugate roots.

3. Ifthe discriminant A = 0, then equation (2.8) has three real roots and at least one is
double.

4. If the discriminant A < 0, then three different real roots of equation (2.8) can be

expressed as
Zj = 24 _b cos<1arccos<3—q —§>—2ﬂ> j=0,1,2,
3 3 2p\ p 3

where cos and arccos are well-known real-valued functions. These formulae are
called the Viete formulae for the depressed cubic equation.

Example 2.13. The Zhukovski function is defined for any z + 0 and z # oo as
w(z) = 1(2 + 1) (2.12)
2 z

or z2 - 2zw + 1 = 0. We define
w(oo) = w(0) = co.

Since
1 1
w(zy) - w(z,) = 5(21 - Zz)<1 - E>’
then w(z,) # w(z,) if and only if z; # z, and z;z, + 1. Thus, the Zhukovski function (2.12)
is univalent if and only if z;z, + 1, e. g., if either |z| < 1 or |z| > 1, i. e., in the domains

Di={zeC:|z|<1}, Dy={zeC:lz|>1}.

On the unit circle |z| = 1, there are always two different points z; and z, such that
Z1Z5 = 1. Indeed, if z; = el @, € (-m, 1), then if we consider z, = e% and we have
Z4Zy = 1, but z; # z,. In this consideration, the case z; = e = _1is excluded.

For any z = re'?, we have that

w(z) = %(rei"’ + %e"i"’> = %<r+ %) CosSQ + %(r— %)singo.
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It implies

2
-1
lwf? = %<r+ %) + M,

and hence,
2 2

1 1 1 1
|W|2S1<r+;>, |W|ZZZ<T‘+F> -1

Using (2.12), we obtain that the inverse function is given by
z=w-Vw?-1 in Dy
and by
Z=w+Vw? -1 inD,

depending on the choice of Vw2 —1.
The Zhukovski function is continuous at any point z, # 0, co. Indeed, for such z, we
have

1
" ((z-29) +20)2,

e, 1)
2 [(z - zp) + zgl|2o]

1z — zy|

1
1
=2 ('W%vaw—%n>

< |Z_ZO|<1+ 1 )
2 |Z()||Z()|/2

if |z — zg| < |zp|/2. Thus, for any € > 0 and |z — z,| < min(6, |zy|/2), we have

|mn—qu=%u—%| 1

1 1
1-—|=-lz-2
HJ -2

6 2
|w(z) - w(zy)| < §<1 + W> =€

So, choosing

5=mm<2—‘9,@),
1+2/|zo)* 2

the condition |z — zy| < & implies [w(z) — w(zy)| < €. Atz = 0 or z = oo, the Zhukovski
function is not continuous since w(0) = w(oo) = oo.

Problem 2.14. Show that the Zhukovski function maps real numbers into real numbers
and purely imaginary numbers to purely imaginary numbers.
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Problem 2.15. Show that the Zhukovski function maps the unit circle |z] = 1 into
cos(arg z).

Example 2.16. Consider the exponential function w(z) = e’ (see Example 1.20). Since

w(zy) - w(zy) = e2(e”7% — 1)
and since (see Problem 1.21(2)) elk _ 1, k € Z, and ¢’ is never equal to zero, then the
exponential function is univalent if and only if z € Dy = {z : 2nk < Imz < 27(k + 1)},
keZ.
For z = x + iy and w = wy + iw,, we obtain that

wy = e*cosy, w,=e"siny

and this implies that

Kj = tany.

2, 2 _ ol
{w1+wz—e ,
w

It is equivalent to

x = log |w|,
= arctan % +1k, keZ,
where log and arctan are real-valued functions of a real variable. These formulae give
us the inverse function z(w).
The exponential function is continuous at any point z, # co. Indeed, we have
[w(z) - w(zy)| < |e* - e*| + e*(| cosy — cos y,| + | siny — siny,|)

< (el —1) + 26"y - yy| < 4e™|z - zg.

Thus, for any € > 0 and |z — z,| < § we have

€
4e%0”

|w(z) - w(zg)| <48 =¢, &=

This establishes the continuity of the exponential function. At z = co, the exponential
function cannot be defined.

Remark. It can be mentioned here that the exponential function maps real numbers
into positive real numbers and pure imaginary numbers to the unit circle [w| = 1.

2

Example 2.17. Consider the function w(z) = yz +1x%, z = x + iy. Since

W(zy) = W(zy) = (1 — Y2) 1 + o) + 10X — X)(Xg + Xy),
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then w(z;) + w(z,) if and only if z; # z,, or z; + —z,, Or z; # Z,, Or Z; # —Z,. Thus, this
function is univalent if and only if z belongs to one of the four quadrants on the complex
plane C. Since for this function Re w > 0 and Imw > 0, then the inverse function is given
for each of these four quadrants by

Wy +iywy,  for Dy,
—\W, +1iywy, forD,,
—\W, —iywy, for Ds,
Wy —iywy,  for Dy,

where w = w; + iw, and where D;,j = 1,2,3,4 denote the corresponding quadrant on
the complex plane C with respect to z.

This “quasiquadratic” function is continuous at any point z, # co. Indeed, for such
z, and for any € > 0, we have (|z - zy| < §),

[w(z) - w(zg)| = [y* ~y5 +1(x* - x})|
<y = Yol(ly = Yol + 2[yol) + Ix = Xol(Ix = Xo + 2Ix,1)
< 28% +48|zy| = €.

So, choosing

8 = ~lzol + Izl + g >0,

we obtain continuity of w(z) at z;. At z = oo, this function is not continuous since
w(oo) = co.

Remark. The latter “quasiquadratic” function can be written in terms of variable z as

As a consequence of the notion of limit, we may formulate and prove (as in real
analysis) the following general statements.

Proposition 2.18. Assume that f and g are continuous at some point z, (or on a set A).
Then:

1. fzxg

2' f 'g:

3. g ifg(zy) # 0 (or g(z) # 0 for all z € A),
4. Ifl

are continuous at z;, (or on the set A).



2 Functions of complex variable =—— 33

Proposition 2.19. Let w = f(z) be continuous on a set A and g(w) continuous on the set
f(A). Then the composite function

n=8(f(2)=(-f)2)

is continuous on the set A.

Corollary 2.20. Ifw = f(z) is univalent and continuous on a domain D, then the inverse
functionz =f ~Y(w) is continuous on the domain G = f(D).

Proof. Since for any z € D, we have

z=f"(f(2)

and f is continuous on D, then f ’1(w) is continuous on G = f(D) because z is continuous.
O

Weierstrass theorems

1. If D c Cis compact (i. e., closed and bounded) and f is continuous on D, then f is
bounded and uniformly continuous on D.

2. The previous statement holds also for compact D ¢ C (see stereographic projection).

3. IfD c Cis compact and f is continuous on D, then |f| achieves maximum and
minimum on D.



3 Analytic functions (differentiability)

Definition 3.1. Let w = f(z) be well-defined on a domain D c C and z, € D. If the limit

m f(2) - f(zy)

D>z—z, Z-2

exists, then this limit is called the derivative of f(z) at the point z; and it is denoted as

f'(zo). In this case, f is called differentiable at z, with

hm f(Z) f(ZO)

D>z—z, Z—

f’(Zo)~

We say that f’(co) exists if f is continuous at z = co and there is g’ (0) for g(z)

This is equivalent to
g'0) = zlirgoflf(() ~f(c0)] =:f'(c0).

This definition is equivalent to the existence of the limit

lim u(x,y) — u(xp,yo) +i(v(x,y) — v(xo,yo)).

) (X —Xp) +1(y —yg)

In particulay, if x = x; and y — y,, y # Y, the latter limit equals

lim u(xp,y) — u(xg,yo) + i(v(xg,y) — v(xg,Yp))
Y=Y i(y )

ov .ou
i ay( 0:Yo) + (Xo,)’o) = @(Xod’o) —15()(0»)’0)

In the case y =y, and x — X, X # Xg, the limit equals

lim u(x,yo) — u(Xg,yo) +i(v(x,yq) — v(xg,¥o))
X—>X0 X — XO

_ou
= 5% = (Xg,Y0) + 1 (Xo’)’o)

BD

=f1/2).

(3.2)

(3.3)

Since the limit (3.1) is unique, we obtain from (3.2) and (3.3) that we must necessarily

have

M yo) =
ax 0o ~dy

ov ou ov
—(Xp,¥9) and @(Xo))’o)=—a—x()‘0>)’0)'

(3.4)

The equalities (3.4) are called the Cauchy—Riemann conditions. We have proved that they
are necessary for existence of f'(z). Actually they are in some sense also sufficient. More

https://doi.org/10.1515/9783111632278-003
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precisely, let u(x,y) and v(x, y) be differentiable at the point (x;, y,). If the conditions (3.4)
are satisfied, then f ! (z,) exists. Indeed, we have

ux,y) — u(xo,¥o)

0 )
= a—z(Xo»)’o)(X - XO) + a_;l(X(pyo)(y —yo) + 0( \/(X — XO)Z + (y _yo)z)
and

v(x,y) = v(Xp,Yo)

15} 0
= S (0,00 = X0) + 5 (X0, Y)Y = Y0) + 0(\ (X = x0)? + (7 = 3p)?),
X ay
where o(-) means that o(s)/s — 0 as s — 0. Therefore, we have using (3.4),
u(x,y) - u(xg,yo) +i(v(x.y) - v(xo,y))

ou

0
= &(Xod’o)(x - Xp) + %(Xod’o)(y =Yo)

(9 0
+ 1<5‘;(X0,y0)(x - Xo) + a—;(Xo»)’o)O’ —)’o)>

+0(y(x =X + 7 - )?)

0 0 .
= [%(Xo’)’o) + 1%(){0,)’0) [(x = Xo) +i(y = yp)]

+o(\(x =X + 7 - )?)

or
f(@2)-f(zy) of o1z - zy|)
z-2y ox YorYo) z-2z5
This representation implies that the limit
. f@)-f(z) _of _
Zh_{Tzlo Tz, a—x(xo’yo) =f(zp) (3.5)
exists. In a similar manner, we obtain
. f@2)-f(z) _ .of g
zlgyg ﬁ = —15()(0,)’0) = f(zp). (3.6)

Thus, we have proved the following fundamental result.

Theorem 3.2. The function w = f(z) is differentiable at the point z, if and only if Re f(z)
and Im f (z) are differentiable at the point (x,,y,) as real-valued functions of two real vari-
ables x and y and the Cauchy—Riemann conditions (3.4) are satisfied.
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Remark. Formulas (3.5) and (3.6) imply that

vy (o _of\_ o
f(z‘))‘z(ax lay>_' oz’

(3.7
0- 1L iZ) -2
“2\ox oy) oz
Hence, the Cauchy-Riemann conditions are equivalent to
0 %)
L =r'e ad Lay=o (38)

Example 3.3. Consider the function

f(z)=z.
Then u(x,y) = x and v(x,y) = —y. The partial derivatives in this case are

ou ou ov ov
= = 1) - = 0> - = 0> =
ox ay ox ay

so that

_ou , v _ 1 O_au_ o

1=—#—=-], =—=-—=0.
ox oy ay ox

Thus, Cauchy-Riemann conditions are not satisfied and, therefore, f(z) = z has no
derivative.

Example 3.4. Let us consider the function (see the remark after Example 2.17)
f(z) =y2+ix2, Z=X+1y.

Then

ou ou ov ov
— =0, —=2y, —=2, —=0.
o0x ay 4 ox X ay

Hence, the Cauchy-Riemann conditions are

i.e., x = —y. Thus, (3.4) are satisfied at any point z, = x; — ixy, X; € R, and the limit (at
any such point)

].lm f(Z) _f(ZO)

Z—Z Z — ZO
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exists and equals to 2ix, 1. e., (see also (3.7) and (3.8)),
f’(Zo) :ZiReZO, ZO :XO—iX().

Compared with the latter function, the function f(z) = zz = |z|2 is differentiable only at
the point z, = 0 and f'(0) = 0. This can be checked straightforwardly using (3.7) or (3.8).

Problem 3.5. Show that function f(z) is not differentiable at z = 0 but the Cauchy-
Riemann conditions are satisfied at this point, when:

L f@ =l
2' f(Z) = Xz)gl_+;1)

where z = x + iy.

Problem 3.6. Let
£(@) = R(x,y)e™Y),

where R and 6 are real-valued. Prove that Cauchy—Riemann conditions can be written
in this case as

oR 00 OoR 00
—~ —_R= d = =_-R—. 3.9
ox ay an ay ox (39
Problem 3.7. Let
W=az+b) ad # bc,c +0
cz+d

be a bilinear function. Show that

' bc - ad
W j—
@ (cz + d)?
foranyz + -d/c.
Problem 3.8. Let
z_az+b’ ad + bc,c # 0.
cz+d

Show that w'(co) = (bc — ad)/c?.

Problem 3.9. Let
w = e’ = e¥(cosy +isiny).

Show that
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(¢F) = ¢
at any point z # co.

Problem 3.10. Let us consider the Zhukovski function

Show that

w'(z) = 1(1— l) 240,z + co.
2 z2

Show also that w'(co) does not exist but
limw'(z) = co, lim w'(z) = 1/2.
z—0 Z—00
Proposition 3.11. Ifw = f(z) is differentiable at z = z,, then f(z) is also continuous at z,

but not vice versa.

Proof. Since the limit

:fl(Zo)

Z—2Zy VA

i [@ =1 @)

exists, then

f(@) ~f(20) = f'(20)(z - 29) + 0(z - ).
This implies that
lim f(z) = f (o).
The function f(z) = z provides an example of a function, which is continuous but not

differentiable. O

1
Problem 3.12. Let f(z) = e #, f(0) = 0. Show that f(z) is differentiable everywhere
(including z = co0) except z = 0, but the Cauchy—Riemann conditions are satisfied every-
where in C.

Proposition 3.13. Let n(z) = g(f(z)) be the composition of functions w = f(z) and =
gw). If f(2) is differentiable at z = z, and g(w) is differentiable at w, = f(z,), then n(z) is
differentiable at z = z, and

n'(z0) = &' Wo)f'(z0) = &' (f(20))f' (o). (3.10)
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Proof. By definition, we have

1@ - nzy) _ (@) -8(f(z0) _ gw)-gwy) f(2)-f(zy)

z-12 7Z-12; w - w, z-2z5

where w = f(z) and wy = f(z,). If z — z,, then w — w, by Proposition 3.11. Then due to
conditions of this proposition, we have

fim 12 =1C0) _ yyp W =8000) yy J@ =S @0) _ g1y vy
Z—1Z zZ— ZO W—Wy w — WO Z—Z zZ— ZO
or ’7’(20) = g,(Wo)f,(Zo)' O

Corollary 3.14. Let w = f(z) be univalent on a domain D. Then f is differentiable on D if
and only if the inverse function z = f~X(w) is differentiable on G = f (D) and

fl(z) = m w = f(2). (3.11)

In particular, both derivatives are not equal to zero.

Proof. The claim follows from the representations
z=ff@), zeD and w=f(f"w), wegG,
and Proposition 3.13. Indeed,
1= = () wf' @,

where w = f(z) and both derivatives are not equal to zero necessarily. O

Example 3.15. Consider the Zhukovski function

Then (3.11) leads to

(f’l)'(w)z 2 _ 2 _2wz-1 w

= = +—’
1-1/z22 1-1/Cwz-1) wz-1 w-1/z

where z = w + Yw? - 1. So,

w

FY w)y=1=

depending on the domains D; and D,; see Example 2.13. In the domains D; and D,, we
have w # +1 and, therefore, the latter formula is well-defined.
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Example 3.16. Let us introduce some new functions (compare with (1.12) and (1.13)):

: e — 7% e e
sinz := — COSZ := —
, 2 L c (3.12)
. e‘—e e“+e
sinhz := 7 coshz := OB

These functions are compositions of e and e, That is why we have

%) - (e7%)  ie” +ie ™ B e? + e

. '
sinz)' = = = = C0s Z,
( ) 2i 2i 2
(COSZ)’ _ (elZ)l +2(e—12)l _ ielZ _Zie—lz _ _elZ ;ie—lz _ _Sinz’
N =z Z .z
(sinhz) = ) -(7) e+e” cosh z,
2 2
zy/ —zy\/ z_ .-z
(coshz)' = ) +(7) _e-e” sinh z.

2 2

There are also some useful equalities:

e 424 etz Qlz_9 o722

cos’z +sinz = - =1
4 4
and
) ef + 2 2 of _ g7z 2
cosh®z - sinh®z = € +e’) —( ) =1
4 4
Also, we obtain the equalities
cos(-z) = cosz, sin(-z) = -sin(z),
e = cosz +isinz, (3.13)

e ? =cosz-1isinz.

Remark. Since

then

So, using (3.12), we obtain
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frar n!
_ 1 (o] iZk + (_i)Zk % o0 iZk+1 + (_i)2k+1 sz+1
2\ & (2k)! = 2k +1)!
-5 (¥
ar (2k)!
because
P4 (D% = (-1 + (D) = 2(-D)F
and
12k+1 + (—i)2k+1 _ i(_l)k _ i(—l)k — 0.
So,
(o) k
(-1)" o
oSz = 1;) mz , z€eC. (3.14)
In a similar fashion, we obtain
sinz = i izﬂ{+1 zeC (3.15)
& 2k +1)!
Problem 3.17. Show that
00 ZZk 0 2k+1
coshz = ——, sinhz= , z2€C. (3.16)
,Zo (2K)! kzo 2k + 1)!

Problem 3.18. Show that:
cos z = cosh(iz) and sin z = —-isinh(iz),
le?| = e* and (e?) = e” for z = x +1y,

1

2.

3. |cosz| = Vcoshzy — sin? X,

4. |sinz| = \/sinhzy +sin®x,

5. |cosz|® +|sinz|? = coshzy + sinhzy =1+2 sinhzy,

6. |sinz| < coshy,|cosz| < coshy.

Problem 3.19. Calculate the derivative of the function f(z) = e using (3.10).

Problem 3.20. Calculate the derivative of the inverse function for w = z" using (3.11).

Definition 3.21. A function f(z) is said to be:
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1. Analytic in a domain D ¢ C if for each z € D the derivative f'(z) exists and is
continuous in D. The set of all analytic functions in D will be denoted by H(D).

2. Analytic at the point z, € D c Cif f(z) is analytic in some neighborhood Ug(z,) c D
of z,.

3. Analytic at z = oo if g(z) = f(1/z) is analytic at the point z = 0.

From this definition and the definition of the derivative, it follows that:
1. Iffi.f, € HD), then

hefofi-fl e HO),
f
too. In the last case, we assume f;, # 0.
2. Iff e H(D)and g € H(G), where G = f(D), then g - f € H(D).
Example 3.22. The function

Py(2)=ay+az+--+ayz",

where ay,a,...,a, € C, a, # 0 is called the polynomial of degree n. It is clear that
P,(z) € H(C) butitis not analyticat z = coifn > 1.

If P,(zy) = 0, then z; is called the root of this polynomial and in that case P,(z) =
(z - zy)P,_1(2), where P,_; is a polynomial of degree n — 1.

Problem 3.23. Let

P, (2) = ay+ @z + -+ a,z"

be a polynomial with the coefficients ay, a;, . . ., a, that satisfy the conditions
AQy=2a;>---20a,>0.

Prove that if P,,(z) is not identically equal to 0 then all its roots z, satisfy the inequality
[zo| > 1.

Example 3.24. The function

P,(2)
Qn(2)’

where P, and Q,, are polynomials of degree n and m, respectively, is called the rational
function. It follows that R(z) is analytic everywhere in

R(z) = Qm(z) #0,

C\{zf]l),...,zék)},

where
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Pn(zg)) #0 and Qm(zg)) =0.

Example 3.25. The tangent function is defined by

sinz
tanz:= ——, cosz # 0.
coSZ

The zeros of cos z satisfy e + e = 0. So, e%? = —1 or

™ = —e¥,

Comparing real and imaginary parts, we see that

or

So,

or

Thus,

We denote

cos2x = —e¥, sin2x =0,

2x =71k, keZ cos(k)=—e?.

x=nkj2, (-D=-€¢¥, kez,

x=nk/2, 1=¢€¥, k=+14+3,....

y=0, x:g(2m+1), meZ.

/s .
zm:—5+mn+10, meZ.

43

Sincesin z,, = +1 # 0, then tan z is analytic everywhere in C except at z,,,. In this domain,

(tanz)' =

(sinz)’ cosz - sinz(cosz)’ cos? z + sin? 1

cosz  cos’z

Problem 3.26. Show thatsinz = 0 if and only if z = 7k + 10, k € Z.

Example 3.27. The function

sinh z

tanhz .= ——,
oshz

coshz+#0
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is called a hyperbolic tangent function. The zeros of cosh z satisfy
e2x _ _e—iZy

(e
m=-00’

orx =0,y =m/2+mm, m e Z. Hence, tanh z is analytic everywhere in C \ {z,,}
where

Zp=0+i(7/2+1mM), meZ,

and

1
cosh?z’

(tanhz)' =

Problem 3.28. Show that sinhz = 0 ifand only if z = 0 + intk, k € Z.

Example 3.29. Let us consider again (see Chapter 2) the exponential function
w=e’

and let us try to find its inverse. Since

w= |W|eiargw’

w# 0,argw e (-, 7],
and e? = e¥e?, then
lw=¢* and argw=y+27k, keZ.
So, € is never equal to zero, and thus
x=log|lw| and y=argw+2nk, keZ.
That is why

z=log|w| +iargw +i2nk, ke Z.

We see that the inverse of the function w = e’ is not single-valued, namely we have
infinitely many branches

z, =log|w| +iargw +i2nk, ke Z.
The multivalued function is
z=Logw :=log|w| +iargw +i2nk, ke Z.

Its main branch is
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z=logw :=log|w| +iargw, argw € (-m,m].

The logarithmic function w = Logz, z # 0 is analytic everywhere in C \ R_ since argz
has a jump over negative real axis. Moreover,

1
1 _ _ - =
(Logz) - (ew)! Tew  z°

Therefore, it is also continuous in C \ R_ (compare with Corollary 3.14).
Remark. Since

Logz =logz +i2nk, keZ,

then the derivative of Log z is the same ((Log z)’ = 1/z) for all branches of the multival-
ued logarithmic function.

Example 3.30. The function

is called the rational power function. Since
Logz =log|z| +iargz +i2nk, ke Z,

then

2rkm
n .

m . . m - .
Zm/n —en (log |z|+1 arg z+i2mk) —en log |z|61,l argz+i

The expression

i 2rkm

has different values only for k = 0,1,...,n — 1 (we have assumed that m/n is an irre-
ducible fraction). That is why we have n different branches of

m som 2mkm
2V = g n G AT k= 0,1,...,n-1.
Its derivative is
! m ! m m m _
(Zm/n) _ (E‘" LogZ) —en LogZE(Lng)I _ zzm/n 1.

Example 3.31. The function

7% =e"82 7100 R\Q
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is called the irrational power function. It is actually equal to

a _ eoz(log |z|+iarg z+i27k) |Z|a 1aargz+1a2nk’ ke 7z,

Z

e
and we have infinitely many branches since « is not a rational number. Its derivative is
! ! —
(Za) _ (eaLogZ) _ aeaLogZ(Logz)l _ aZa 1.

The definition of irrational power can be easily generalized for any complex power
a = aq + ia,. Namely the function

7% =e%%82 710 aqeC

is called the general power function. As before, it is equal to
Za _ eaLogz _ ea(log |z|+i arg z+i2mk) _ e(a1+1a2)(10g |z|+i arg z+i27k)
_ eot1 log |z|-a,(arg z+2mk) ei(az log |z|+ay (arg z+27tk))

and we have infinitely many branches. The derivative is again (%)’ = az*%.

Example 3.32. Let us find the inverse of w = sin z. From

el — g2
W = . bl
21
we obtain
. i 1
2iw = e - —
elZ
or (%)% - 2iwe? — 1= 0.1t implies

e = iw + V1-u.
So,
iz = Log(iw + V1 - w?)
or
z = —iLog(iw + V1 - w?),
where Log denotes the multivalued function. The inverse of sin z is hence

z = z(w) = -iLog(iw + V1 - w?) =: arcsin w,
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and it has infinitely many branches. Its derivative is

iarcsinw: i1Log(iw+ V1-w?) = 1 ! <i— W >
dw dw i Liw + Vu? -1 V1-w?
1 1 ivi-w?-w 1

_iiw+ Vw2 -1 V1-w? - Vicw?

Problem 3.33. Show that:

1. sin(zy + z,) = sin z; COS Z, + COS 24 Sin Z,,

2. €0S(zq + Z5) = COS Z1 COS Z, — Sin z; Sin z,,

3. sinh(z; + z,) = sinh z; cosh z, + cosh z; sinh z,,
4. cosh(z; + zy) = cosh z; cosh z, + sinh z; sinh z,.

w # +1.

Example 3.34. Consider the following function:
—, Z=X+Iy.

Based on Problems 3.18 and 3.33, we obtain that
f(z) =sinx +icosxtanhy =: u(x,y) + iv(x,y).

This representation shows that f(z), as a function of two variables x and y, is infinitely
many times differentiable since u(x,y) and v(x, y) are. However, this function is not an-
alytic on the complex plane because Cauchy-Riemann conditions are not satisfied. In-
deed,

ou(x,y) ov(x,y)  cosx
ox ’ 9y cosh?y’
ou(x,y) ov(x,y) o
y 0, > sinx tanhy.

The same is true about the function

z .
, Z=Xx+1y,y#0.

Problem 3.35. Show that, as sets,
Log(z; - z,) = Logz; + Log z,

foranyz; # 0 and z, # 0.
Problem 3.36. Let function f(z) be defined as follows:
00 i2mtnz

f(z) = z(;:—n)s, a>0,seC,

n=0
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where (a+n)® is understood as e¥1%6(**" with a real logarithm. Prove that f(z) is analytic
in{z:Imz > 0}.

We will finish this chapter by the following a very useful rule, which is called L’Hépi-
tal’s rule.

Proposition 3.37. Suppose f and g are analytic at z,. If f (z,) = g(z,) = 0 but g'(z,) # 0,
then

. f@  f(zy)
lim —= = .
% g) gz

Proof. Because g'(z;) # 0, then g is not identically equal to zero and there is a neigh-
borhood Ug(z,) in which g’(z) # 0. Therefore, the quotient

f@) _ f@2)-f(z)
8(2) g(z)-g(z)
is defined for all z € Ug(z,) and

[ (z)
- f@ _ . f@)-flz) . 2, _ ['(20)
M 6@ P g0) - glzo) Aok B T gizy)

z-2,

Problem 3.38. Use L’Hopital’s rule to evaluate the limits

2
lim 28 U*D apg iy 16052

z—0 z—0 gin“z '

Example 3.39. Let us show that
limzfLogz =0, €>0,
z—0

where we consider any fixed branches of multivalued functions z¢ and Log z (see Exam-
ples 3.31and 3.29, respectively), but it cannot be calculated using L’H6pital’s rule. Indeed,
since we have (r = |z|),

ee(log r+iArgz

z°Llogz = J(logr +iArgz),

wherer > 0, Argz € (- + 2k, m + 21tk], k € Z, then using the fact that for the real
logarithm we have

lim rélogr=0, €>0,
r—+0

and the fact that Arg z is bounded, we obtain the needed limit for complex z — 0. If we
will try to use the L'Hopital’s rule, we would proceed as
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€ Ze ez €

. . Z . . Z
lim z€log z = lim —— = —¢lim = —lim =
z—0 70 _1_ z—0 _1 2250 1

logz log’z log*z

and (as we can see) this procedure does not give us the needed result. It means that
L’Hopital’s rule is only sufficient but not necessary for the existence of the limit.
By the same manner, we can obtain that

. Logz
lim 8z _
z—co  z€

0, €>0.

Problem 3.40. Let function F(z),z € C be formally defined by the integral

[ee]
1
F(Z):ijdx, -1<a<0.
0

Prove that:

1. F(z)is analytic in an open unit disk {z : |z| < 1}.

2. F(z)isdifferentiable forall z,|z| =1,z # 1.

3. F(z) is not differentiable for z = 1; however, the integral is convergent, i. e., F(1) is
well-defined.



4 Integration of functions of complex variable (curve
integration)

Let y be a smooth Jordan curve, i.e.,
y:z=1z(t), telab]

Assuming that f(z) is a continuous function, we may define two types of curve integrals
along y as

f(z(t)Z'(t)dt

1]
—

Jf(z)dz :
y

(u(z@®) +iv(z(t)))(x' () + iy’ (t))dt

[t—— = R — > o

[u(x(®),y(0)x" () = v(x(®),y(®)y' (t)]de

b

+1 [ MO 3O @ + (x5O ©O]de

a

= J(u(x,y)dx -v(x,y)dy) +1i J(v(x,y)dx +Uux,y)dy) 4.1
y y

and

b b
jf(z)|dz| [reonwoy s oy - [reoz o
b
- [utxo.yO)ee ) + (o) d
Jv(x(t),y(t)) ')+ (y'(6)) dt. 4.2)

The first integral (4.1) is called a curve integral of the second kind, and the second inte-
gral (4.2) is called the curve integral of the first kind.

Example 4.1. Letf(z) = z.

https://doi.org/10.1515/9783111632278-004
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1. Lety:z(t)=t+ it* fort € [0,1]. Then

1 1
Jf(z)dz = szz = J(t +it?)(1 + 2it)dt = J(t +3it? — 26%)de
y V 0 0

2. Lety:z(t) =a+itfort € [0,1]. Then

1
jf(z)dz - szz - J(a +it)idt = ia - %
y y 0
3. Lety:z(t) = t? +if for ¢ € [0,1]. Then

1

Jf(z)dz - szz - J(tz +i)2edt = <z§ " iﬁt2> :

Y 0

1,
= - +if.
AR

Remark. It can be easily checked that in all integrations in Example 4.1 the final result
depends only on the value of the function z%/2 at the ends of the curve y. Namely the
result is

) (2(0))

2 2

We will make this more precise later.

Example 4.2. Letf(z) = z.
1. Lety:z(t) =a+itfort € [0,1]. Then

1

jf(z)ldzl - ledzl - j(a vinde=a+ %

y y 0
2. Lety:z(t) = ¢ +if for t € [0,1]. Then

Jf(z)|dz| - ledzl _ Jl(t2 +i)2tde = <2§ +iﬁt2> :

y Y 0

1
== +iB.
o TP

Example 4.3. Lety: z(t) = a + re'', t € (-7, 7). Then
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Vs
J(z —a)'dz = J (rcost + risint)"r(-sint +icos t)dt
y B

i (cos(nt) +isin(nt))(-sint +icost)dt

n+1

=r [ cos(nt) sin t — sin(nt) cos t]dt

T
+1irt J [cos(nt) cos t — sin(nt) sin t]dt
-7

Vs Vi
= J sin(n + Dedt + ir**! J cos(n + 1)tdt
-7

s
v

_ r"”( cos(n + 1)t . ism(n + 1)t>
n+1 n+1

-7

_ 0, n+-1,
2rmi, n=-1

n
J(z— a)'|dz| = J rterdt
y “n

n n
r'”l( J cos(nt)dt + i J sin(nt)dt)
- -

B 0, n#+0,
2nr, n=0.

Problem 4.4. Let f(z) = z. Evaluate

j zdz,
y

where:

1L y:z(t) =t+it% t € [0,1],

y:z(t) =a+itt €[0,1],

y:z(t) =t +iB, t € [0,1],

Y =Y1UYyy, Wherey, : z(t) =t + it* and Vo:z(t)=(1-t)+i(1-¢t) fort € [0,1].

FNIN
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If y is a piecewise smooth Jordan curve (see Definition 2.1, part (2)), then the integrals
along this curve are defined as

~

n-1 J+1

[r@dz = [ reop @
y J=0 ¢
4.3)

n-1
[r@naz =y [ e o
4

rd
J 4

Using the properties of the Riemann integral, we obtain that:

1.
J(clfl(z) +6f5(2))dz = ¢ Jfl(z)dz +¢ sz(z)dz.
y y y
2.
J F(2)dz = J F(2)dz + J F(2)dz.
V1YY, N1 V2
3.
J(clfl(z) +6f5(2))dz] = ¢ Jfl(z)ldz| +¢ J]}(z)ldzl.
y y y
4,

| rnaz= [ ez + [ ranal

1YYz )21 V2

Ify : z(¢), t € [a, b] is a piecewise smooth Jordan curve, we can run the curve backwards
as follows. Let us consider the curve

Vi:Z2=2Z()=z(a+b-5), selab]

The curve y; is denoted by -y, i.e, y; = -y and

b b
Jf(Z)dZ = Jf(z(s) 7'(s)ds = jf(z(a +b-9))Z' (a+b-s)ds
)21 a

a b
Jf(z(t )z (t)dt = Jf z(t)Z' (tdt = - Jf(z)dz,
b a

y



54 —— 4 Integration of functions of complex variable (curve integration)

ie,
qumz:—qumz
-y y

Definition 4.5. A function f(z) is said to have a primitive F(z) on D c C if F(z) is differ-
entiable on D and F'(z) = f(z) everywhere on D.

Theorem 4.6. If a continuous function f(z) has a primitive F(z) on D c C, then for any
smooth Jordan curve y : z(t),t € [a,b] in D, it holds that
Jf(z)dz =F(z(b)) - F(z(a)). (4.4
y
Thus, this integral does not depend on y, but on the endpoints of y. In particular; if y is
closed and f has a primitive, then
Jﬂﬂw=a (4.5)
y

Proof. Lety : z(t),t € [a, b] be a smooth Jordan curve. Then for any continuous function
f(2), the composition f(z(t)) and the product f(z(t))z' (t) are continuous and

b
Jﬂ@mzjﬂamimm.
4 a

But f(z(t))z' (t) = (F(z(t)))', where F is a primitive of f. Hence,

b b
J Flz)2 (Ode = j(F(zm))’dt = F(z(t)|| = F(z(b)) - F(z(@)).

a
This proves the theorem. O

Corollary 4.7. Ify : z(t), t € [a, b] is a piecewise smooth Jordan curve, then

[ £z = B - Fe@).
)4

too, where F is a primitive of f in the domain D.

Proof. By (4.3), we have
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nt1 1 n-1
Jf(Z)dZ =) Jf(l(t))l'(t)dt = Y (F(z(t,0)) - F(2(t))))
y Jj=0 7 j=0

= F(z(t,)) — F(z(ty)) = F(z(b)) — F(z(a))

and this proves the claim. O

Theorem 4.8. Lety : z(t),t € [a,b] be a piecewise smooth Jordan curve and let f be a
continuous function. Then

Uf(z)dz < J[f(z)||dz| < Irzléayx[f(z)|L(V)> (4.6)
y y
where L(y) = fy |dz| denotes the length of .

Proof. We have

b
jf(z)dz - j Fze)Z (ot

y
Since this Riemann integral can be understood as limit of integral sums, then we obtain

b

j f(z(®)Z'(t)dt

a

n
Jim Y fa(t))2 (t)g
— ia
At—0

< lim S I ()l
Jj=1

b
- [Ireellz @lat = [ir@liaz
a Y

O

< rglgyxlf(z)| Jlldz| = rgleayxlf(z)|L(y).
y

Theorem 4.9 (Change of variable). Let g(z) be analytic in the domain D ¢ C and f(D) c
D'. Suppose that y : z(t), t € [a,b] is a piecewise smooth Jordan curve in D and y' = g(y),
Z(t) = g(z(t)), t € [a,b] is the transformed curve in D'. Then for all continuous functions
f on D, we have

Jf (8(2)g' (z)dz = J f(w)dw. ()
4 Y

Proof. We know that
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b
| rle@)g'@az - | rlgao))g' () wae - [ fletzo) law) et
Y a

- [ re®)? @ae = [ ronaw. -
Vl

Example 4.10. Lety:z(t) =t + it t e [0,1]. Using g(z) = 7%, we get

1 w(1)
J sin(z?)zdz = = J sinwdw = —= cosw
2 w(0)
y Y
2
-1 cosw| = 1(1 - cos(2i)) = 1(1 - cosh?2).
2 0 2 2

Here, we have used the notation w(t) = g(z(t)).

Problem 4.11. Lety: z(t) =a+ it t e [0,1]. Evaluate

J e*"? cos zdz.
y

Problem 4.12. Lety: z(t) =1+1it, t € [0,1]. Evaluate

J logz,y,
Z
4

Problem 4.13. Let function f(x) be continuous on the interval [a, b]. Show that the func-
tions

b

b
F(z) = Jf(t) sin(zt)dt, G(z) := Jf(t) cos(zt)dt

a
are analytic for allz € C.
Problem 4.14. Let function f(x) be continuous on the interval [a, b]. Show that the func-

tion

b
H(z) = j {(_—t)zdt

a

is analytic for all z € C \ [a, b] and find H'(z) for all such z.
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Definition 5.1. A bounded domain D ¢ C is called simply connected if for any closed
Jordan curve y c D the internal domain (int y) belongs to D. Otherwise, D is called mul-
tiply connected. The number of connected components of the boundary is said to be the
connected order of D.

Theorem 5.2 (Cauchy theorem). Let D be a bounded simply connected domain with the
boundary oD, which is a piecewise smooth closed Jordan curve y. Then for any function
f € H(D), which is continuous in D, we have

Jf(z)dz =0.

y

Proof. Since f € C(D), then jy f(2)dz is well-defined and it is equal to

Jf(z)dz = J(u+iv)(dx+idy) = Judx—vdy+ijvdx+ udy.
y y y y

Using now Green’s theorem (or Stokes’s theorem), we obtain that the integrals on the
right-hand side are equal to

ov  Ju . ou ov
JI;J,<—a—X - @)dXdy+1J;J<a_X - @)dxdy =0

because of Cauchy—Riemann conditions. Thus, the theorem is proved. O

Remark. If the domain D is simply connected, then the Cauchy theorem holds not only
for the boundary oD, but also for any closed piecewise smooth Jordan curve y such that
y ¢ D.

Corollary 5.3. Let D be a bounded (n+1)-connected domain such that oD = U]’-':() yj» where
y; are closed piecewise smooth Jordan curves, inty; ninty, = 0, k # j, and yy,...,y, €
inty,. Iff € H(D) n C(D), then

n

| r@az= [r@az-Y [ r@az =0

D Yo =y,

Proof. By the conditions of this corollary, domain D has the form depicted in Figure 5.1.
Let us join y;, j = 1,2,...,n with y, by the smooth Jordan curves I; such that any
I;,j = 1,2,...,nis passed twice in opposite directions. In this case, we obtain simply

https://doi.org/10.1515/9783111632278-005
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Figure 5.1: Domain D.

connected domain D; with the boundary

oD, = (Q)y,-) u <}Qrf)

Thus, applying the Cauchy theorem to domain D;, we obtain

0= [ r@az = [ rz+ 5y [ r@az+ y [ raae

D, D Jg I
= Jf(z)dz - Z Jf(z)dz.
y =1y,

Here, we have used the fact that

Jf(z)dz + jf(z)dz =0
o

Iy

and that the positive direction of integration is the direction in which the internal do-

main is on the left.

If domain D is multiply connected, then the Cauchy theorem does not hold for ar-
bitrary closed piecewise smooth Jordan curve. In this case, it is necessary to integrate

over the whole boundary of D. Indeed, let
D={z:1<|z| <3}

andy = {z: |z| = 2}. Then y c D but

j Laz = o
Z

However, the integral over the whole boundary oD is equal to zero. Indeed,
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‘[ldz: 1dz— I ldz:27'ri—2ni:0.
z z z
oD |1z|=3 |z|=1

Corollary 5.4. Let D be a domain, which satisfies either the conditions of Theorem 5.2 or
Corollary 5.3. Iff € H(D) n C(D) except the points z,, ..., z,, € D with

lim(z-2z)f(z) =0, k=12,...,m,
Z—Zy
then

J f(2)dz = 0.

oD

Proof. For simplicity and without loss of generality, we assume that m = 1. Then for any
€ > 0, there is §(z, €) > 0 such that for all z with 0 < |z - z,| < § it follows that

lz-z|f(2)| < e.

LetD; := D\ {z : |z - z;| < &} assuming that § > 0 is so small that {z : |z - z;| < 6} c D.
Then for the domain D, the Cauchy theorem holds and, therefore,

0= J f(2)dz = j F(2)dz - J f(2)dz.

0D, oD |z—z(|=6

But

| f(z)dz‘s |yl

|z—zy|=6 |z—z,|=6
|dz| 1 J’
= z-z|f(z <€e= dz| = 2me.
| ealf@ <o | 10
|z-2|=6 |z—2|=6

Since € > 0 is arbitrary, then we may let ¢ — 0 and obtain

0= lim j F(2)dz = m( j F(2)dz - j f(z)dz>

oD, oD |z—z4|=6

- j f@)dz - lim j F(2)dz = J f(2)dz. O

oD |z—z4|=6 oD

Example 5.5. Let us evaluate J-|Z|:1 log zdz. Using the parametrization z = e 0 ¢
[-m, ], and integration by parts, we obtain
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Figure 5.2: Domain D,.

T n
j log zdz = J(log 12] +10)ie®df = i2 J 6e%do
|z|=1 - -
T T Vs
- J 6 cos 00 - i J 05in 0d0 = —Zijesinede
“n “n 0
/e
= Zi(ecos 0l - J cos 9d9> = -2mi.
0

It shows that the Cauchy theorem does not hold in this case. But we know that log z is
analytic and has a removable singularity at z = 0 (see Definition 10.9). This phenomenon
can be explained as follows: log z has a jump 271 over the negative real line, i. e, it is
not continuous in the unit disk and, therefore, it is not analytic. Even more is true, it is
not univalent there. In order to eliminate this problem, we proceed as follows. Let us
consider the domain D, shown in Figure 5.2 for € > 0 small enough.

In this domain D,, the function log z is not only analytic but also univalent. Applying
the Cauchy theorem (see Theorem 5.2), we obtain

0= J log zdz
aD,
n &
- J(logl +i0)ie%do + J(log x| + i) dx
J ’

b4 -1
_ j (log & + 10)iee’d0 + J(log Ix] - i) dx
=T

-&
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—-€
= -2mi + J log |x|dx + im(1 - €) + 2mie
)
-1

+ Jlog [x|dx —imr(-1+€&) =0

—£

for any € > 0. Taking € — +0, we obtain that

Jlogzdz = lim J logzdz = 0,
£—-+0
oD oD,

where 0D is the unit circle with a cut along the negative real line.

Example 5.6. Let y be a piecewise smooth closed Jordan curve and z; € inty. Then

1 .
J dz = 27mi.
) zZ-12

Indeed, if we consider the domain (see Figure 5.3)

Dy =inty\{z:|z - zy| < &},

then by Corollary 5.3, we have

|z—z,|=6
But
Vs .
dz J ise’de .
= — =27
Z -1, Self
|z-2o|=6 -

This example can be generalized to the multiply connected domain D also, i.e.,if z, € D

then
&

~y

Figure 5.3: Domain D;.
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There is a similar but more delicate example of application of the Cauchy theorem.

Example 5.7. Let y be a piecewise smooth closed Jordan curve such that 0 € inty and
inty c {z: |z| < 2;}. Then

J 1 dz = 2mi.
e?-1
y

Indeed, if we consider for small enough € > 0, the domain
D:=inty\{z:|z| < €}

then the function ﬁ will be analytic in D since all its singular points z;, = i2rk, k € Z
are located outside of D. Applying now the Cauchy theorem (see Corollary 5.3), we obtain

0= [
T )er-1 Y

Y |z|=€

But

dz i ieel?
J eZ _ 1 = J eeiG de
e — 1

Using the asymptotic of the real exponential function for small argument and Euler’s
formula, we have

0

e —1=(1+ecosf+0(e*)(1+iesinf+ 0(e*)) -1 = ee + 0(e?)

uniformly in 8 € [-, 7). Thus, the latter integral will be equal to

T e T e
iee iee .
J ——do = J — .40 - 21, € 0.
eee’ _ 1 eel? + 0(e?)
-t -t
Since the integral over the curve y from above is independent on ¢, then we obtain the
desired result.

Theorem 5.8 (Cauchy integral formula). Let D c C be a bounded domain with the bound-
ary oD, which satisfies all conditions of Corollary 5.3. Then for any functionf € H(D)nC(D)
and any z, € C, we have
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0, zy ¢ D,
_J /@ —dz=1f(z,), 2zy¢€D,

2mi ) z -2z, )
oD 3f(zg), zy € aD.

Proof. 1f z; ¢ D, then the function

is analytic in D and continuous in D. Then Corollary 5.3 leads to

O:Jh(z)dz:J 1@ 4

—Z
oD oD O

If z, € D, then we consider the function

1@ - f(z5)

z-2y

h(z) =

Itisclearthath € H (D\zo)nC(l_)\zo) and limHZO (z-zg)h(z) = 0. Thus, using Corollary 5.4,

we obtain
_1 1 f@ . fz) 4,
O_Z_Hijh(z)dz_zmjz zod ijz z0
aD aD aD
or
1 (f@ 4, 1
ﬁi} z—zo - sz(zo) J

But Example 5.6 implies that
f(2)
d
2 J z = f(zp).
aD

If z, € oD, then the integral on the left-hand side must be understood as the principal
value integral,

vjf()dz lim J 1@ 4

VA ZO e—+0 zZ— ZO
D 0D\{z:|z—z,|<¢€}

if this limit exists. For z;, € oD, we consider the domain (see Figure 5.4)

D, =D\(Dn{z:|z-z < &}).
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Figure 5.4: Domain D,.

It is clear that the function

I (R ()
zZ-12

isanalytic in D, and continuous up to the boundary of D,. Thus, using again Corollary 5.4
we obtain

1
0=+ j h(z)dz

oD,
= f@ 4y, L | f@ 4,
2 ) z -2z 271 Z-1,
oD, 0D\{z:|z-z,|<€}
+i_ j j‘(—Z)dZHp.V.jﬂ—Z)dZ—fE
2mi Z-12 Z-12 2
Dn{z:|z—z,|=¢€} D

as € — +0 since only half of the circle is presented (in the negative direction of integra-
tion). O

Example 5.9. Let us evaluate the integral

ZZ
J- e—dz’
z(z%2 +4)
y
wherey = {z : |z| = 3}. We parametrize this smooth closed Jordan curve asy : z(t) = 3ell,
t € [-m, m]. Next,

1 1 11 1 1 1 1

Hence, applying the Cauchy integral formula,
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2 2 2 2

Example 5.10. Let us evaluate the integral

n
J e?“t cos(asin t)dt.
0

Since the integrand is even and sine is odd, we have

N =

. n
J @ cost cos(asin t)dt = J gacost cos(asin t)dt
0 “n

| =

acost(

e cos(asint) +isin(asin t))d¢

2

1
2

ea cos tela sin fdt

I
I

For z(t) = ei‘, t € [-m, ], we have dt = ?Z—Z. Then the latter integral can be interpreted as
the curve integral over the closed Jordan curve y : z(t) = ", t € [, 7). That is why it is
equal to

n

J‘ ea(e“+e‘“)/2eia(e"—e_it)/21dt _ % J eg(z+1/z)e%(z—1/2)g

N =

1Z
-

~<

by the Cauchy integral formula.

Example 5.11. Let us evaluate the integral

2
J—Z dz,
72 +2

y

where y = {z : |z - i| = 1}. First, we have

2 11
242 z-iV2 z+iV2

and, therefore,
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2z 1 1
dz:J dz+J dz = 2mi
Jzz+2 Vz—i\/E yz+i\/§

since iV2 € inty but -iv2 ¢ inty.

Let us consider now a piecewise smooth Jordan curve (not necessarily closed) y and
continuous function f(z) on this curve. If z ¢ y, then the function

i)
F@) = o VJ Fod 5.1)

is well-defined on C \ y. This function F(z) is called a Cauchy type integral.

Theorem 5.12. The Cauchy type integral (5.1) is an analytic function in C\y. It has deriva-
tives of any order n € N and the formula

M _ N f)
FUG) = o VJ Tt (52)

holds.

Proof. Letz ¢ yandz + Az ¢ y, too. Then

F(Z+AZ)_F(Z):LJ f()
Az 27l ) ((-2)((-2z-1A2)

.

Sincez ¢ yand z + Az ¢ y, then thereis § > 0 and d > 0 such that z + Az € Ug(z),
Us(z)ny =0, and | —z| >d > 0,|( —z—-Az] > d > 0for any { € y. Actually
d = dist(y, |¢ — z| = 6), see Figure 5.5.

Figure 5.5: Distance from y to circle around z.
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In that case, we have

Fz+Az)-F(@z) 1 J f©) d(‘zij([ Azf ($) d(‘

Az omi J (- 2)? -2)2((-z-1Az)

FONIAC]
< E'AZ'VJ T 2P0 -2

1 1 |Az| ML
< —|nzIM= | |dg) = 2222
IAz] j| (-

s

where L is the length of y and M = max,, |[f({)| < co. Letting Az — 0, this estimate shows
that

. F(z+02)-F@z) _ 1 1 f@©)
Alleo Az  2mi J (¢ -2)? a¢

or

f({)
F'(z) = ij({ )Zd('

After this, (5.2) can be proved by induction. Indeed,

F"Yz+82)-F" V) I f©)d¢

Az 2t | -2y
_1 (n-1)! 1 1 B n!
_Zﬂijf(o[ (T o) )%
(n 1)' - ({-z-A2)" n

[ro] o~ e [

(n 1)'

Yra (D ®)@Az) (¢ - 2" n
/ (O[ 2 —2- 82 — 2" _(c—z>"+1]d(

4

|

Y
- r@

4

-

2mi

Y1 (1)B2) (€ - 2)"T ~ n YLy (-1Y (M)(8z) (¢ - 2" ;
[ ((-z-Az)"( - 2™ ](
_(n-1)!
- Jf(()

YA Y @2V € - 2" (1) - n(?) + n(-1" (82)"
* [ (- z- D) 2™
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This representation implies that

F"Vz+02)-F" Pz J f(©d¢
(( _ Z)YH—l

Az 2mti
y

(n-1)! [f(OIIA]]
O(lA
2 Ol Z')J (-2 D2([({ - 2]

ML
d2n+1 '

<

< (n-1)!

5 0(lAz])

This estimate completes the proof of (5.2) by induction. O

Corollary 5.13 (Cauchy integral formula). Let D c C be a domain (not necessarily simply
connected) and f € H(D). Then f is infinitely many times differentiable in D and

m :n_'J fO 4 53
@ i | T e (5.3)
foranyn = 1,2,..., where y is an arbitrary piecewise smooth closed Jordan curve such

thatinty c Dandz € inty.

Proof. Let z € D. Let also y be an arbitrary piecewise smooth closed Jordan curve such
thatinty c D and z € inty. Then by the Cauchy integral formula (see Theorem 5.8), we
have

_ 1 (f(©d¢
f(z)_ZHiJ (-z°

y

But the right-hand side is a Cauchy type integral since f is continuous on y. Applying
Theorem 5.12, we obtain that for any n = 1,2,... we have

W, _ J f(Q)d¢
S 2mi ) (¢ -z)mt
and f is infinitely many times differentiable in D. O

Remark. Formula (5.3) holds also for the boundary oD of a domain that satisfies all con-
ditions of Corollary 5.3 if we assume that f € H(D) n C(D). Moreover, as the simplest
case, formula (5.3) holds and is very applicable for y = {{ : | - z| = 6} with § > 0 small
enough, i.e,,

n J QU n jf f@+ 88

27 (¢ —z)mt " omi Sn+leib(n+1)

|{-z|=6 -

@ =

Vs
n 0y . ~i0n
_ g Jf(z+6e1 Je o,
21 A
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Problem 5.14. Evaluate the derivative of F(z) from (5.1) at z = oo. Show first that F(z)
is continuous at z = co and F(oo) = 0. Show then that

Fl(co) =5 jf(()dc.
Yy

There is some generalization of the formulas (5.1) and (5.2).

Problem 5.15. Let function f(z, {) (the variable ¢ might be considered as a complex pa-
rameter) be continuous for all zin the domain D ¢ Candforall{ € y, where yisa]Jordan
curve on the complex plane C. Prove that if f(z, {) is analytic for each fixed { € y, then
the function

F@) = [ f@.0d
y
is analytic with respect to z on D and
F'@) - [f@od.

y

Similar formulas are valid for all derivatives of F(z).
Example 5.16. Let us evaluate the integral

J sinz dz.
) (z-m/6)

where y = {z : |z| = 1}. Since |r/6] < 1, then applying (5.3) we obtain
sin zdz 2mi L . . i
J PR ?(smz)”|zzﬂ/6 = (- sinz)|,_ ¢ = —misin(/6) = -5
y
Example 5.17. Let us evaluate the integral
j dz
) (z-a)*(z-b)’

wherey = {z : |z| = r} and |a| < r < |b|. Since z + b for all |z| < r, then this integral is
equal to

n .
2mi

z:a__(a_b)4.

[ -5
V(z—a)4_ 3'\z-b
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Example 5.18. Let f be analytic in a simply connected domain D and z,,z, € D, z; # z,.
Then for any piecewise smooth closed Jordan curve y such that z;, z, € inty, we have

f@)-flz) 1 J f(Odg

n-zn ) C-n)C-2z)
Indeed, since
_ 1 (f@d¢ .
fir =g | A2, -1

then

1 1 1
fe) -l = o Jf(()( )X

:ZZ—Z1J' f(OHd¢
27 ((-2)(( -2y

Y

Problem 5.19. Let z; # z, be two arbitrary complex numbers. Evaluate the integral

2
z

I —

J (z-2))(z-2,) z

over the circle y : |z| = r for three different cases: |z],1z,] < 1, |z4] < 1, |Z5] > 1, and
1211, 125 > 1.

Problem 5.20. Show thatif Rez > 0, then
J(e"t - e_tz)% =logz.
0

Hint: Integrate over the quadrilateral with vertices § > 0, p > 1 on the real line and
—t -tz

8z, pz in the right half-plane, and use the fact that the function & ;e is analytic in

{z:Rez > 0}.

Problem 5.21. Using the Cauchy theorem, prove that

1 [

_at? s
e dt==q—
J 2\z

0

for Re z > 0. In particular, for x > 0 we have

o

€ cos(y)dt = — VT cos( X X)
J e cos(yt”)dt = 20 + O cos( > arctan *
0
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and

h —xt* . 2 \Vr . (1 y
J e sin(yt“)dt = 207 + BT sm(z arctan )—().
0

—1+4/1+tan®(a)

Hint: Use the trigonometric formula tan ‘2—’ =

tan(a)
Example 5.22. Let us show that
J edz = -27i
|z|=1
or
e?dz = 27i.
|z|=1
We have
e’dz e'/%dz
|z|=1 |z|=1
¢ 1 e{ e .
=- J e d<z> = J ?d(:Zm(e ) =0 = 271,
I¢1=1 1¢1=1

where we have also changed the direction of integration when changing variables.
Problem 5.23. Using the same ideas as in Example 5.22, show that
1 sinz i
228 \qz= -2
,[ (z Ta ) 3
|z|=1
or
1 sinz\— i
-+ ——Jdz=—.
.[ <Z z2 > 3
|z|=1

Remark. The latter integrals lead to the following considerations. Let f(z) = u(x,y) +
iv(x,y) be an arbitrary function and let y be an arbitrary curve (not necessary closed).
Then, assuming that f(z) is integrable along this curve, we obtain that

J]ﬁdz + Jf(z)& =2 J u(x, y)dx + v(x, y)dy.
y y y

Concerning the function f(z) = % + S‘Z# from Problem 5.23, we conclude that
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X 2xy cos x sinhy + (x* — y?) sin x coshy
u(x.y) = X2+ y? + 02 + Y22

and

y . (x* - y*) cos x sinh y — 2xy sin x cosh y
X2 +y2 (X2 +y2)2

V(XJ) ==
and, therefore,

j 10, y)dx + v(x, y)dy = 0
Izl=1

for these concrete u(x,y) and v(x,y). It might be mentioned also here that due to the

Cauchy-Riemann conditions for the function f(z) = % + S‘Z# we have that

oulx,y) _ov(x,y) ou(x,y) = ov(x,y)
ox oy ay  ox

and thus the differential form
u(x,y)dx + v(x, y)dy

is not an exact form (meaning that this differential form is not equal to differential of
some function F(x, y)).



Exercises

10.
11.
12.

13.

14.

15.

16.

17.

Evaluate

a) ik, b i*

fork=0,1,2,....

Find Re z and Im z, when

a) z=Q+30)(-3+2), b) z=24 o z=@1+) 5
Solve z from the equation

a) (B+4i)z=1-2i,

b) iz+2z=3-1i,

¢ z'=-5+12i

Prove that

|Rez| < |z|, |Imz| < |z|.

Show also that the equalities hold if and only if z is real or pure imaginary, respec-
tively.

Prove that |z; — z,| = |1 — Z12,|, where z;,z, € C,and |z;| =1 or |z,| = 1.

Express z € C in trigonometric form when

a) z=-3, b) z=V3-i, © z=2-iVi2

WS 11 A+’
Evaluate (1 -iv3)", @ + )", and Rl

Letz € C, |z| = 1, z # —1. Prove that z can be written in the form z = % for some
teR.

Solve the equations

a) zt=-1 b) =1 o Z£=-i

Prove that the set {z € C | |z — 24| > r} is open (zy € C, r > 0 are given).

LetA={i i ..} ¢ C. Determine if A is bounded, closed, or open. Find A" and A.

> z) §> .
Find the following limits (if they exist):
. it : n : (1+i)" . 2n—in®
a) hm,Hoo T b) hm,HOO 1, C) hm,HOO o d) hm,Hoo m

Let the sequence (z,) ¢ C be defined aszy = 3and z,,; = %zn + 2i. Show that (z,)
converges and find its limit.

Determine which of the following functions are bijective D — G and find f ™ : G —
D whenever it is possible.

a) f(z)=z+i,z¢€C, b) f(z):%,ze(C\{O},

) f( =zZ+izeC, d) f(z) :zz+i,0sargz<ﬂ.

Letf : D — C be a function such that f(z) = 22+1,0< argz < 2m/3. Determine if f
is bijective D — C. Find f~1(1).

Express the function f(z) = f(x +1iy) in the form f(z) = u(x,y) +iv(x,y), z € D, when
a) f(@ =2%7¢C, h) f(z) = %,z #0, o f(2)= eiz,z eC.

Investigate the existence of the limit of f(z) at the point z = 0, when

a) f@="% b f@=¢ o f@)=45"

z’ lz| *

https://doi.org/10.1515/9783111632278-006
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18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

- Exercises

2242tz

Ty when

Find the limit lim,_,,

a) zp=-1, b) zy=i, ¢ z,=-1 d) Find thelimitlim, ; %

Prove using the definition of continuity that the function f(z) = z* + 2z,z € C s
continuous for all z, € C but it is not continuous at z, = co

Show that the function f(z) = 7% s uniformly continuous on the set |z - i < 2.Is f
uniformly continuous on C?

Study the uniform continuity of f(z) = >,z # O on the set |z]| <1,z # 0.

Investigate if the function f(z) = z|z|, z e C has a derivative at any z, € C.

Find the derlvatlves of the following functlons (if they exist):

2 f@)= 5z, b) f@)=¢lzeC,

c) f(z)=Imzze€C, d) f(z)=zImz,ze€C.

Consider f(z) = 2", 0 < argz < 2n/n,n = 2. Find f'(2),z € C, and (f’l)(w), w €
f(D)\{0}.

Let f(z) = z°,27/3 < argz < 4m/3. Then f! : C — D exists. Find (f1)(i) and
' -D.

Let us assume that g is analytic in all of C. Define the function f : C — C by setting
a) f(z)=g2),z€C, b) f(z)= ) z € C.

Investigate if f is analytic on C.

Letf(z) = f(x +iy) = x> - 3xy? +i(3x*y —¥®), z = x + iy € C. Show that f satisfies the
Cauchy-Riemann conditions. Find f’(z).

Solve

ef =2+1.

Show that the function f(z) =
tions.
Show that the function

z+1’ z € C)\ {-i} satisfies the Cauchy-Riemann condi-

f(z) =sinz

satisfies the Cauchy-Riemann conditions.

Prove that

a) e=¢?, b) sinz=sinz, ¢ |e¢|=¢, d) |cosz|’+|sinz|*=1+2sinh?y
whenever z € C.

Find

a) log(-4), b) log3i, ¢ log(V3-i).

Find

a) 4, b (), o il

Express the function f(z) = Logz, z # 0, in the form f = u + iv. Determine if it
satisfies the Cauchy-Riemann conditions.

Find the hmlts

cos2z-1

b) lim COS,,Z, ¢ lim, =, d) lim,

log (142z)
24»5 7- -

-1
a) hmZﬁO zZ +2z°



36.

37.

38.
39.

40.

41.
42.

43.

44.

45.

Exercises = 75

Let f be analytic in a domain A c C.

a) Let us assume that f’'(z) = 0 for all z € A. Show that f is a constant function on
A.

b) Let us assume that f = u + iv and u is a constant function on A. Show that f is
constant on A.

Find IV zdz, where

a) yizt)=t+itt, te[0,1], b) y:z(t) =t +ith te[0,1].

Find j z*dz, where y is the line segment from i to 1 + 2i.

Evaluate the integral

dz
—_— =23,...,
J(z—zo)” "

where y is closed Jordan curve and a) z, is in the interior of y, b) z; is in the exterior
of y.
Prove that

21 21
J et cos(t + sin t)dt = J et sin(t + sin ¢)dt = 0.
0 0

Evaluate the integral jy sin” zdz, where y is the line segment from 0 to i.
Evaluate the integrals
a) jy SMZ 4z, where y : z(t) = 2e", t € [0,27],

z-1

b) jy SZ”_‘II‘HZ dz, where y : z(t) = i + 2e', t € [0, 27].

Evaluate

eZ
J z(z — 2i) az,
y

where a) y: z(t) = €', t € [0,271], b) y : z(t) = 3e', t € [0, 27].
Evaluate

1 az
— J ¢ dz,
2711

4

where y : z(t) = 3, t € [0,271],and a > 0.
Evaluate

eaz

1
— | =z
27 VJ @21t

where y and a are as in Exercise 44.
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46. Evaluate
a) fy $rdz, where y : z(t) = 2!t € [0,27],

b) IV (Zf(;:/i)g dz, where y : z(t) = €', t € [0, 271].

47. Evaluate

kz :

e sin z

dz and —dz,
Zn+1 Zn+1

where y : z(t) = €', t € [0,277] and k € N.



Part II






6 Fundamental theorem of integration

The Cauchy theorem (as well as the Cauchy integral formula) allows us to prove the
fundamental theorem of integration. Let f be analytic in the simply connected domain D.
Then the integral

[,

y

is independent on the piecewise smooth Jordan curve y ¢ D connecting two points
Zy,z € D. The reason is: if we consider two different such curves y; and y, (both from
Zy to z), then the curve y := y; U y, will be closed and due to the Cauchy theorem (Theo-
rem 5.2), we have

0= [0 = [ F©ac- [
N

4 V2

or
| r@ac = [roac.
N V2
That is why the function
F(z) = j FOA 6.1)

Zy

is well-defined since its value is independent on the curve connecting z, and z. Even
more is true. The function (6.1) is analytic in D and F'(z) = f(z) everywhere in D. Indeed,

z+Az

F(z+Az)-F(z) B 1

¢ f(z)=E< | fmdc—jf(od() -/

Zo

Z+0Az

1
-+ | rou-r@

z
Z+0Az

- [ ro-rena

V4

Using the line segment from z to z + Az (see Figure 6.1), we obtain

https://doi.org/10.1515/9783111632278-007
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71

Figure 6.1: Curves connecting z; to z.

z+Az
F(z+Az) - F(2) 1
B —f(Z)‘ < ] Zj lf(()—f(Z)IIdCI‘
< sup () -f(2)] -0
(€[z,z+Az]

as Az — 0. Hence, F(z) is analytic in D and F'(z) = f(z) everywhere in D. This fact
justifies the following definition.

Definition 6.1. The function ®(z) is called the primitive for f(z) in D if ®(z) € H(D) and
@' (z) = f(2).

So, if D is simply connected and f is analytic in D, then

V4

F(2) = j F(O)dC

Zy
is a primitive for f in D. For instance, f(z) = Z has no primitive.

Problem 6.2. Show that if ®; and @, are primitives for f in simply connected D, then
®,(z) - d5(z) = constant in D.

As a consequence, we have the fundamental fact: if D is simply connected, then

Zy

|18 = @) - e,

Z

where F is any primitive for f. This fact is called the fundamental theorem of complex
integration analogously to the Newton’s formula for real integration.

Example 6.3. Let D c C be a simply connected domain such that 0 ¢ D and 1 € D. Then
f(z) = % is analytic in D and

o~ =
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is a primitive for f in D, where D is such that any curve connecting 1 and z € D does not
pass across 0. For example, D can be chosen as

D=C\{Imz=0,Rez<0}.

In this domain, we can take the line segment connecting 1 and z. This function F(z) is
said to be logarithmic function (or logarithm), i. e.,

VA
logz = j la. 6.2)
¢
1
Problem 6.4. Show that
logz =log|z| +iargz, zeD, (6.3
where D is as above, i.e., -7 < argz < 7.
Problem 6.5. Let
1
7) =
J@ 1+ 22

and let D be simply connected such that +i ¢ D. Let

d¢
1+¢%

arctanz :=

—

0

where D is chosen such that any curve connecting 0 and z does not pass across +i. Show
that

1+iz
1-iz’

arctanz = 1 lo
T2 %

The converse statement to Cauchy theorem is also true.

Theorem 6.6 (Morera’s theorem). Let f be a continuous function in a simply connected
domain D c C. If jy f({)A{ = 0 for every piecewise smooth closed Jordan curve in D, then
f is analytic in D.

Proof. We select a point z; € D and define F(z) by

F() = j £,

Zy

which is well-defined in D since the result of integration is independent on curve con-
necting z; and z in D. Since f is continuous in D, we have (choosing line segment to
connect z and z + Az)
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Z+Az

j lf(()—f(z)lldfl‘

V4

< - -0
< {er[ggﬁz]lf(( ) -f(2)]

F(z+Az) - F(2)
Az

1
<

-f(2)| < ]

as Az — 0. Thus, F'(z) = f(2), i.e., F is analytic. But since any analytic function is in-
finitely many times differentiable then so is f. O



7 Harmonic functions and mean value formulae

Let u(x, y) be areal-valued function of two real variables x and y defined on a domain D.

Definition 7.1. If function u(x,y) is twice continuously differentiable in D and satisfies
the Laplace equation,

A = B2u(x,y) + Ku(x,y) = 0

in D, then u is said to be harmonic in D.

There is a close connection between harmonic and analytic functions. Indeed, if f =
u +iv is analytic in D, then (as we have proved) f is infinitely many times differentiable
in D. So the functions u and v satisfy the Cauchy-Riemann conditions o,u = d,v and
dyu = —oyv. It follows that

2. 2 2 2
O =0V,  O,U= -0V,
and hence,
2 202 a2
O U+ 0U = O,V — Oy, V = 0,
i. e, uis harmonic. Similarly,
2 20 2 2
OV + 0V = —0g U+ 0y, u = 0.

Thus, if f € H(D), then Re f and Im f are harmonic in D.

It turns out that the converse is also true. Namely, any harmonic function is the real
(or imaginary) part of some analytic function and this connection is unique up to an
arbitrary constant. Let u be harmonic in a simply connected domain D. Then we may
consider the differential form

l:= —0yudx + o udy.

This form is complete differential of some function v since dy(—0yu) = d(0xu) or Au = 0,
ie,

dv = —dyudx + o,udy. (7.1

This fact allows us to introduce function v(x, y) as

(x.y)
v(x,y) = j —ayudx + O,udy + constant (7.2)
(XoY0)

https://doi.org/10.1515/9783111632278-008
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and this function is well-defined since the latter integral does not depend on the curve
in D connecting the points (xg,y,) and (x,y). Even more is true, due to (7.1) and (7.2), we
have

OV = -0y, )V = Oy,

i.e,, the Cauchy-Riemann conditions are satisfied for function f = u + iv. But u and v
are twice continuously differentiable in D with Cauchy-Riemann conditions fulfilled.
Thus, f € H(D) and u = Ref. Similarly, we may construct uniquely (up to an arbitrary
constant) analytic function f such that given harmonic function u is equal to Im f.

Simultaneously, we obtained the following important result. By Corollary 5.13, we
know that any analytic function is infinitely many times differentiable. Since any har-
monic function is the real (or imaginary) part of some analytic function, then any har-
monic function is infinitely many times differentiable.

Problem 7.2. Letf € H(D) and f # 0 everywhere in D. Prove that log f(z) is analytic in
in a domain D, and log |f(z)| is harmonic in D.

Let f be analytic in a domain D containing the disk {z : |z—z,| < R}. Then the Cauchy
integral formula yields

_ 1 f(Od¢
flzo) = 27i {2y’

I{~zo|=R

If we parametrize the circle by {(t) = z;, + Reit, t € [-m,m], thend{ = Rie'!d and the
latter integral becomes
17 f(zo + ReO)Riedt 1 i it
== |—=— Re')dt. 7.3
f(@) 2mti I Relt 2 Jf(Zo +Re’) 73
“n -7
This formula is called the mean-value formula for analytic functions. Since any har-
monic function is the real (or imaginary) part of some analytic function, then we obtain

the mean-value formula also for harmonic function u as
1 Vs
u(xo,Yo) = Ref(zy) = Re o Jf(lo + Re'")dt
-7
1 [ 1 [
= o J Ref(zy + Re'")dt = 7 J u(xg + Rcost,yo + Rsint)dt. (7.4)
-7t =7

Remark. Due to periodicity, we may replace the integration from — to 7 by integration
from 0 to 27.
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There is an analogue of the Cauchy formula for harmonic functions. The following
theorem is valid.

Theorem 7.3 (Poisson formula). Let real-valued function u(reie), 0 € [0, 271], be harmonic
in the disk {z : |z| < R}. Then for any 0 < r < R, we have

2n

ioy_ 1
u(re )_ZH,[RZ
0

R? - r?
— 2Rr cos(0 — ¢) + r?

u(Re'?)dg.

This formula is known as the Poisson integral for the disk.

Proof. Aswe know from this chapter, any real-valued harmonic function is the real part
of some uniquely (up to constant) determined analytic function. So, in this case u(rel?) =
Ref(z), where f(z) is analytic in the disk {z : |z| < R}. Moreover, we may assume without

loss of generality that in this case f(z) = f(z). This fact can be rewritten as f(re
u-iv,iff (re'®) = u + iv. Applying the Cauchy formula, we have

-i0y _

U i paid
1@ =f0e%) zusiv= ot [ [ ar- o [LEDRE

-z 21 ) Rel® — relf
0

do,

where 0 < r < R. Since the point r% lies outside of the disk {z : |z| < R}, then another
application of the Cauchy formula leads to

R 1]” f(Re)Re?

n d = 1L —a 1 :n .
2mi { - R?r-1e-16 ¢ 21 ) Rel¢ — R2r-le-i0
[{1=R 0

Changing here ¢ to —¢ and using periodicity with respect to ¢ (and our assumption about
f(2)), we obtain

1 TT f(Rei®)reld

0= reif — Rel¢
0

dg.

21

Taking the difference between these two formulas, we can easily obtain that

21 . .
oy 1 i¢ Rel? 1 rel? i¢ )
f(re”) = 7 J(Ref(Re )R—ei‘f’—rei@ +ilmf(Re?) )dg.

Considering now the real parts, we obtain the Poisson formula. Moreover, consideration
of the imaginary parts gives the following formula:
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2m

v(rel?) = % J(v(Rei¢) t o

0

2Rrsin(0 - @)
2 — 2Rr cos(0 — @) + r?

u(Rei¢)>d¢.

The theorem is proved. O

Remark. An analogue of the Poisson integral for the real part of the analytic function is
also valid for the imaginary part of the same analytic function (compare with the latter
formula in the proof of the theorem).

There is even more a general formula than Poisson integral, which is called Jensen’s
formula. It establishes a connection between the modulus of the zeros of the analytic
function inside the disk and the average of log for this function at the boundary. More
precisely, the following theorem holds.

Theorem 7.4 (Jensen’s formula). Let function f(z) be analytic in the disk {z : |z| < R}. Sup-
pose that a, ay, . . ., a, are the zeros of f (z) in the interior of this disk (repeated according
to their respective multiplicities), and let f(0) # 0. Then the Jensen’s formula states

2

log|f (0)] = IiIOg(%’J) + % J log|f (Re'?)|d.
- 0

Proof. Let us assume first that f(z) has no zeros in the disk {z : |z| < R}, then since
log f(z) is analytic there (see Problem 7.2) we have by the Cauchy formula that

2n

10gf(0) = —— j 10§/ @) g, % Jlogf(Rei¢)d¢.
0

2mi z
|z|=R
Considering the real part of the latter equality, we obtain the Jensen’s formula in this
case, i.e.,

21
1 i
loglf (0)] = .- | loglr(Re)lds.
0

Since log |[f(z)| is harmonic (see Problem 7.2), then the latter formula can be seen as the
generalization of the mean value property of harmonic functions.

Assume now that f(z) has only one zero a; = re r < R, in this disk. Then applying
the Cauchy formula to the function log(1 - zre %), we obtain

L aif
0o J log(1 ere ) dz.

_1
lz=1
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where we have used the main value of log. This equality implies that

1 J log<1;::w> 1 J log(—- mdz
2mi z o z
lzl=7 lzl=7
1 J log(= _19) 1 J logz
"~ omi z 2mi z
|zl=% |z|
arg z=2m

21
7

Considering the real part of the left and right sides of this equality, we easily obtain

. 2
ZnJIOg
0

10 ¢)‘d¢ log—

This is the Jensen’s formula for the function f(z) =1 - ail
Now the general case can be obtained from the previous two particular cases if we
represent the given function f(z) with zeros a;, ay, . .., a, as

f@=(1- 2 )(1-2 ) (1- £ Jow

such that ¢(z) is analytic in the disk {z : |z| < R}, has no zeros there and ¢(0) = f(0).
Using this representation, the Jensen’s formula is obtained now simply by adding. The
theorem is completely proved. O

Corollary 7.5. Under the conditions of the theorem above, assume in addition that besides
the zeros ay, a,, ..., a, the function f(z) has also the poles by, b, ...,b,, (repeated also
according to their respective multiplicities). Then

27
b 1 i
log|f(0)| = Zlog(l k') 21 <' k'>+ o Jlog[]‘(Re‘¢)|d¢.
0
Proof. The proof follows if we represent f(z) as

f()—ig; whereh(z):(1—%)(1—%)-(1—&). O

Problem 7.6. Under the conditions of Theorem 7.4, let us denote by n(t) the number of
zeros of f(z) in the disk {z : |z| < t}. Prove that
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R 2

loglf (0)] + j @dt - % Jlogy(Rei¢)|d¢.
0 0
We now prove a very important result concerning the modulus of an analytic func-

tion.

Theorem 7.7 (Maximum modulus principle). Let f be analytic and non-constant in a con-
nected domain D (which is not necessarily bounded). If M := supy, |f(z)|, thenforanyz € D
we have [f(z)| < M, i. e., |f(z)| does not attain its supremum at any point z, € D.

Proof. The value M cannot be equal to zero since in this case f = 0. It contradicts with
the conditions of this theorem. If M = oo, then due to analyticity of f in D, we have
If(z)| < oo for every z € D, i.e. |[f(z)| < M. That is why we assume now that 0 < M < co.

We will assume on the contrary that there is z, € D such that M = |f(zy)|. The
mean-value formula (7.3) leads to

T

j F(zo + Rel)dt

—TT

1
M= If(Zo)| = m

s
1 .
<o J[f(zo +Re")|de
-7

forany 0 < R < Rysuchthat{z : |z—z;| < R} c D. Using this, we will prove that |f(z)| = M
forallz € {z : |z - zy| < R}, 0 < R < R;. Assume again on the contrary that thereisR > 0
with 0 < R < Ry and ¢ € [-m, ] such that |f(z, + Reit°)| < M. Since |f(z)| is continuous,
there is § > 0 such that |f(zy + Re'")| < M for any t € (t, — 8, t, + &). If t, = =7, then we
will consider only either (t,, t;+6) or (t;—6, ty). These assumptions lead to the following
inequalities:

T to—6
M< % j[f(zo + Relt)|dt = % J If(zo + Re")|dt
- -
ty+6 n
1 it 1 J' it
- J If (zo + Re™)|dt + o If (zo + Re™)|dt
t,—6 ty+6

< %[M(tO—SHT)+2M6+M(n—t0—6)] =M.

This contradiction shows that |[f(z)| = M in every disk {z : |z —zy| < R}, 0 < R < R,.
Let us show that this equality |f(z)| = M holds in any point z € D. In order to prove it,
we join z; and z by a piecewise smooth Jordan curve y ¢ D and denote by d > 0 the
minimum distance from y to 0D. Next, we find consecutive points z, z;, ..., z, = z along
y with |z;,1 — z| < d/2 such that the disks D, = {z:|z-z;| <d/2},k=0,1,...,n—-1are
contained in D and cover y, see Figure 7.1. Each disk D, contains the center z; 4 of the
next disk Dy,4.
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Figure 7.1: Sequence of disks Dy.

That is why it follows |f(z)| = M for all z € Dy, and inductively, |[f(z)] = M for all
z € D,,. Thus, |f(z)| = M everywhere in D.
The last step is to show that f(z) = constant. Indeed, since u? + v* = M? then

{uux +vv, =0,
uuy, +vvy, = 0.

By the Cauchy-Riemann conditions, we get

{uux -vuy, =0,
uty, +vuy = 0.

Hence, u,M* = 0 and uyM2 = 0. Since 0 < M < oo, it follows that u, = u, = 0 in D.
These two facts imply immediately that u = constant. Similarly, we may obtain that
v = constant, i. e,, f = constant. This contradiction proves the theorem completely. O

Corollary 7.8. Let D be a bounded connected domain and let f be analytic in D and con-
tinuous in D. Then either f = constant or maxy |f(z)| achieves at the boundary oD.

Proof. Sincef ¢ C(D)and Dis compact set in C, then |f(z)| is continuous there, too, and
by Weierstrass theorems there is max, 5 |f(2)|, which is achieved at some point z, € D,
ie,

max(f (z)] = [f(zo)].
zeD

If f # constant, then Theorem 7.7 implies that for every z € D we have
max|f (2)| > |f(2)|.
zeD

Thus, z, € 9D, i. e., |f| achieves its maximum at the boundary. O

Corollary 7.9. Let f, and f, be analytic in D and continuous in D, where D is bounded. If
fi(2) = fo(z) for all z € oD, then f;(z) = f,(z) everywhere in D.
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Proof. Let us consider f(z) := fi(z) - f,(z). Then Corollary 7.8 implies that max, 5 [f(2)|
is achieved at the boundary or f = constant. But f(z) = 0 at the boundary. That is why
in both cases f(z) = 0. O

Corollary 7.10. Let f be analytic in D. Let us assume in addition that f (z) + 0 everywhere
in D. Then either f = constant in D or infy, |[f(z)| < |f(2)| for all z € D.

Proof. Since f(z) # 0 and analytic in D, then g(z) := 1/f(z) is well-defined and analytic
in D. Theorem 7.7 implies that either g = constant (so is f) or for every z € D it follows
that

1
lg(2)| < suplg(2)] = L, @

This means that inf}, |[f(z)| < |f(2)]. O

As a straightforward application of maximum modulus principle, we obtain the fa-
mous Schwarz’s lemma.

Corollary 7.11 (Schwarz’s lemma). LetD = {z : |z| < 1} be the open unit disk in the complex
plane C centered at the origin, and let f : D — C be analytic such that f(0) = 0 and
If(2)| <1onD. Then |f(z)| < |z| for all z € D and |f'(0)| < 1. Moreover, if |f (z)| = |z| for
some nonzero z or |f'(0)| = 1, then f(z) = az for some a € C with |a| = 1.

Since the mean value formula holds also for harmonic functions (see (7.4)), we ob-
tain maximum principle for harmonic functions.

Theorem 7.12. Let u(x,y) be real-valued, harmonic, and nonconstant in the domain D
(not necessarily bounded). If M = supp, u(x,y) and m = infy, u(x,y), then

m<u(x,y) <M (7.5)

for any (x,y) € D.
Proof. The proof literally repeats the proof of Theorem 7.7. O
Remark. In (7.5), it might be that m = —co or M = co.

Corollary 7.13. Let u(x,y) be real-valued and harmonic in D and continuous in D, where
D is a bounded domain. Then either u = constant or for any (x,y) € D, we have

min u(x,y) < u(x,y) < maxu(x,y),
D D

i. e, min u(x,y) and max u(x, y) are achieved at the boundary oD.

Problem 7.14. Letf(z) =az+band D = {z : |z| < 1}. Prove that
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and maxy, . |f(2)| = If (!%)] for some real 6. Show also that 6, = arg b — arg a.

Problem 7.15. Let f(z) = az + b with [b| > |aland D = {z : |z] < 1}. Prove that
min, . [f(z)| = |b| - |al and min, . [f(z)| = |f(ei‘9°)| with 0, = argb — arga + .

Problem 7.16. Prove Corollary 7.11. Hint: Consider the function g(z) := @ ifz # 0 and
£(0) := f'(0) by continuity and then apply maximum modulus principle to function g(z).

Phragmen-Lindel6f principle

This principle is the extension of the maximum modulus principle for analytic functions
to the case when the domain of analyticity is not bounded or when there is a singular
point at the boundary of bounded domain. For the first case, the singular point is co and
we consider mostly this case. The main result is the following theorem.

Theorem 7.17 (Phragmen-Lindel&f). Let a domain D c C be the region between two half-
lines, which fo_rm angle % a> % with vertex at the origin. Assume that the function f(z)
is analytic on D such that

If(z2)| <M, zeoD,
and
If(2)] < Mlelzlﬁ, zeD
with some § < a. Then
Ifz)|<M, zeD

including z = co.

Proof. We may assume without loss of generality that the domain D is symmetric with
respect to the real line (see Figure 7.2).

We will denote these half-lines as z = |z|eﬂ% , while the part of the circle with radius
Ris denoted z = Re'?, 6] < % Since function z for 8 < y < a is univalent in D, we can
define uniquely a new function F(z) as

F(z):=ef(z), €>0.
It is clear that

F@)] = e ()], 101 <
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Figure 7.2: Symmetric domain D.

and, therefore, on these half-lines, i. e., for |0] = % we have the estimate
IF(z)| < e~ G|r(2)| < |f(2)] < M.
Next, for the part of the circle |z| = R, |0] < % we obtain that
IF(2)] < Mye® ~eF 03,

Since B <y < a and € > 0, then the latter inequality implies that |[F(z)] —» 0asR — +co.
It allows us to conclude that for R > 0 big enough

IF2)| <M, lz2l=R 16] <.
2a

Applying now the maximum modulus principle (see Theorem 7.7) for the bounded do-
main Dy, (see Figure 7.2), we get that for all z € Dy,

IF@)| < M.

Taking into account that this estimate is independent on R > 0, we may conclude that
the latter inequality is valid for all z € D. Hence,

If (2)| < Me? zeD,

where € > 0 and arbitrary small. Letting € — 0 proves the theorem. O

Remark. The proof of the latter theorem shows that the half-lines can be replaced by
the curves going to infinity.



Harmonic functions and mean value formulae == 93

Corollary 7.18. Assume that for any § > 0 there is M5 > 0 such that
If(2)| < Mae‘slzla, zeD,
and assume, as in the theorem, that on the half-lines,
If(2)| <M, zeaD.
Then
[f(z)| <M, zeD

including z = oo.

Proof. Consider again (as in the theorem) the symmetric angle |0] < % and the function
F(z) = e_"af(z), zeD,e>0.
If0<§<eandz e R,,ie,z=x>0,then we have
|F(Z)| _ e—exa lf(X)I < Mae—(e—ﬁ)x“)
and thus
lim |F(z)| = 0.
Z=X—+00
Hence, for z = x > 0 we have that |F(z)| < M;, where M; = sup,_,. |F(2)|. Denoting
by M, = max(M, M;) and applying Theorem 7.17 to each of the angles 0 < 6 < % and
—% < 0 < 0, respectively, we conclude that
|Fz)| <M,, zeD.

But actually M; < M and so M, = M. Indeed, by the definition of M; and continuity of
|F(z)| on the positive real line, we have by the Weierstrass theorem that M; = |F(x)|
at some point x; € R,. Assuming that M; > M, we obtain the contradiction with the
maximum modulus principle. Thus, finally

|Fz)| <M, zeD
and, therefore,
If(2)] < Me?", 7 ¢D.

In virtue of arbitrariness of € > 0, we deduce from here that
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[fz)| <M, zeD.

This completes the proof of corollary. O

Corollary 7.19. Let function f(z) be analytic and bounded in the angle mentioned in the
theorem. If

lim . f(2)=a,
z—>oo,z:|z|eﬂﬁ

then

T
lim z)=a, [|0]<—
z—»oo,z:lzlei"f( ) 1 2a

uniformly.

Proof. We may assume without loss of generality thata = 0 and a > 1, i.e, g < T
Consider the function

z
F(z) = mf(z), ze€D,A>0.

Then evidently

|z|

|z|
F(z)| = < — .
[P vz + 2A|z| cos 6 + A2 vl Viz2 + 22 el

Since |[f(z)| < M in D and lim,_,, f(z) = 0 on the half-lines, then for any € > 0 there
exists R > 0 such that

Ifz)|<e, lzZI>R, z= |zle*i%.
Choosing A = RTM, we have for all |z| < R that
|F(z)| < %M <e€,
and we have for all |z| > R on the half-lines that
IF(2)| < |f(2)] <e.
Hence, due to Theorem 7.17 we have that
|F(z)|<e, zeD,

and thus, for |z| > A,
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If(2)] < <1+ %>|F(z)| < 2e.
This proves the corollary. O

Problem 7.20. Under the conditions of the latter corollary assume that

lim i f(@)=a, lim i f(z)=»b.
z—00,2=|z]e"1 2 Z—00,2=|z]e 122

Prove thata = b.
There are some interesting applications of the Phragmen-Lindeldf principle.

Proposition 7.21. Let function f(z) be analytic for all z withRe z > 0 and
If(2)] < MeK4, Rez >0,

for some k > 0. If
If(2)| < Mye ™, Rez=0

for somea > 0, thenf(z) =0 for allz,Rez > 0.

Proof. Consider the function
F(z) = e K%z Rez > 0.
Then we have
F _ —(k cos G—asine)lzl) 0l < E
[F(2)| = |[f(2)]e 161< 5
The condition of the proposition imply
|ngM,0:a|ngm,9=g
Applying the Phragmen-Lindelof principle to the angle 0 < 6 < % we obtain that
|F(z)| < max(M,M;), 0<6<
and, therefore, for this angle we have

If(Z)l < max(M Ml)e(kcose—alsinel)lzl.

The same is true also for the angle —g <6<0.
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Consider now the function
F(2) = e¥f(z), zeD,
where A > 0 is big enough. The estimates for f(z) from above lead to the estimate
|F,(2)| < max(M, M) (k) cos O-alsinBDiz|
In particular, it yields that if 6 = i% orif 6 =+ arctan(k%A), then
|F1(2)| < max(M, My).

Applying now the Phragmen-Lindeléf principle to each of the angles: —% < 0 <6,

ke we get that the inequality

6y < 0 < 6, 0, < 0 < 7, where 6, = arctan(~;

<7
|F1(2)| < max(M, M)

actually holds for the whole angle -7 < 6 < 7. Consequently,
If(2)| < max(M, My)e 4<%, |0 < g

Letting A — +oco, we can conclude that [f(z)| = 0 for all z,Rez > 0. Proposition is
proved. O

Proposition 7.22. Let function f(z) be analytic for all z,Re z > 0, and
If(2)] < M 0<k<m

Iff(z)=0foreachz=0,1,2,...,thenf(z) =0 forallz,Rez > 0.

Proof. Consider the function

Fy = L9 Rezso.
sin 71z
We note that at the points z = 0,1,2,... this function has removable singularities (see
Definition 10.9) and can be redefined as the analytic function everywhere in Rez > 0.
Next, the function ﬁ is bounded on the circles |z| = n + % n=0,12,.... Hence, we
have that

IF(2)] < Mye, |z =n+ %,n =0,1,2,....

It is also true for all z,Rez = 0 with some constant M; > 0. This implies that for all
Z,n — % <|z| < n+%,n=1,2,...

|F(2)] < My < pppek™, n - % <lzl<n+ %
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Hence, this is true for all z, Rez > 0. Moreover, if Re z = 0 we have that (z = iy)
|IF(z)] < Me®™VI, y) > 1.
The statement of this proposition follows from Proposition 7.21. O
Problem 7.23. Let function f(z) be analytic for allz,Rez > 0, and
@) < My
with e > 0 which is arbitrary small. Assume that
If(2) <M, Rez=0

and f(1) = 0. Prove that

If(2)] < M%, Rez > 0.

Hint: Consider function T_’—j f(z).

Problem 7.24. Assume that function f(z) is analytic in the angle 8; <0 < 6,,0,-6, < %,
p > 1, and satisfies there the conditions

e < If(2)] < e eso.
Assume that there exist the limits

lim |z loglf(2)| = by, j=1.2

z—00,2=|z|e"J

If H(6) = acos pf + b sin pd with real coefficients a, b, and H(6;) = hy, H(0,) = h,, then
prove that actually

H(O) = |lli_m z| P log|f(z)], 6, <0<,
Z|—00



8 Liouville’s theorem and the fundamental theorem
of algebra

Theorem 8.1 (Cauchy’s inequality). Letf be analytic in a bounded domain D (not necessar-
ily simply connected) and continuous in D. Then for any z, € D and for anyn = 0,1,...,
we have

n'M
R’

If™(zg)| < 8.1

where M = maxy |f(z)| and R = dist(zy, oD).

Proof. Let z; € D be arbitrary and let R > 0 be chosen such that we have {z : |z — z;| <
R} ¢ D. Then using the Cauchy integral formula, we obtain

f

((—ZO)”“d(’ n=0,1,....

(n) . n!
f (Zo)—ﬁ J

1{=2o=R

If we parametrize |( — zy| = Ras{ =z, + Reit, t € [-m, ], then

I . . I .
_n J f(zq + Re'")iRe" ao ™ J f(zq + Re'")

= o Rl = OnR" eint
-7 -7

£ (z0) dt.

This representation implies the inequality

4

n! J If (zo + RelY)| .M n'M

(n) _
If'™(zo)| < — 27 =

|eint| = 2mR" RM
-7

and concludes the proof. O

Theorem 8.2 (Liouville’s theorem). Let f be analytic in the whole complex plane C and let
a = 0 be such that

If@)| <M1+ 1z))", zecC
with some positive constant M. Then f is a polynomial of degree at most [a], where [a]
denotes the entire part of a.

Proof. Letn = [a]. Since f is analytic in C, then for every R > 0 and every z € C we have
by the Cauchy integral formula that

(n+ 1! f

27i (¢ — z)m+2
l(—21=R

" = az.

That is why we have the following inequality:

https://doi.org/10.1515/9783111632278-009
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s

(m+D! [ |fz+ReDRAt  (n+1)! M1+ |z| + R)®

[F" ()| < 2

-

=Mn+1DR"™D(1+ 1+ 12))/R)" -0
asR — ocosince n +1 > a. It means that fV(z) = 0 in C. Thus, f is a polynomial of
degree not bigger than n. O

Problem 8.3. Let f be analytic in C and f*)(z) = 0in C for some k = 1,2,.... Prove that
f is a polynomial of degree not bigger than k — 1.

Corollary 8.4. Let f be analytic in C (entire function) and bounded in C. Then f
constant.

Proof. The proof follows from Theorem 8.2 with a = 0. O
Corollary 8.5. Let f be analytic in C. Then f = constant.
Problem 8.6. Show that the function f(z) = cos z is not bounded.

Problem 8.7. Let f be an entire function with the property |f(z)| > 1for all z € C. Show
that f = constant.

Theorem 8.8 (The fundamental theorem of algebra). If P is a polynomial of degree n > 1,
then P has at least one zero.

Proof. Let us assume on the contrary that this polynomial has no roots, i. e., P(z) # 0 for
all z € C. This implies that the function

1
f2) = %

is an entire function, i. e., it is analytic in the whole space C. Let us write
P(z)=az" +a, 12"+ +ag, a,#0

and consider

1 1 1

T : 8.2
|P(Z)| |Z|n |an+an_1/z+...+a0/zn| ( )

IF@@) =

Fork =1,2,...,n,wehave |an,k|/|z|k — 0as|z| — co.Hence, a,+a,_,/z+ --+ay/z" — a,
as |z| — oo. Thus, (8.2) implies |f(z)| — 0 as |z| — oo. In particular, there is R > 0 such
that for all |z| > R we have

If(2)] <1 (8.3)

The next step is: since f is analytic everywhere in C, then f(z) is continuous for all z € C.
In particulay, it is continuous in the closed disk {z : |z| < R} with R as in (8.3). By the
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Weierstrass theorem for continuous functions, |[f(z)| is bounded in this closed disk, i. e.,
there is a positive number M > 0 such that

[f(z)| <M, |z| <R (8.4)
Combining (8.3) and (8.4), we obtain that
If(2)] < max(1, M)

for all z € C. By Liouville’s theorem, f = constant and so is P. This contradiction proves
the theorem. O

Corollary 8.9. Let P be a polynomial of degree n > 1. Then P has exactly n zeros, counted
according to their multiplicities, and it can be represented as

P(z)=a,(z-20)(z-2y) (2 - 2zp),

where a, + 0 and z,2,, .. ., z, are the zeros of P.

Problem 8.10. Prove Corollary 8.9.



9 Representation of analytic functions via the
power series

Recall that the sequence of functions S,(z), in particular, the partial sums
n
2 fi@
j=0
of some series
o0
Y fi(@),
j=0

converges to f(z) uniformly on a set D c C if for every ¢ > 0 there exists an integer
Ny(€) > 0 such that for all n > N, and for all z € D we have

:(2) - f(2)] < &,

in particular,

<E.

Y f@

j=n+1

A useful procedure called the Weierstrass M-test can help determine whether an
infinite series is uniformly convergent.

Theorem 9.1 (Weierstrass’ M-test). Suppose that the series

Y 5@
j=0

has the property that for eachj = 0,1,... it holds that |fj(z)| < M; for all z € D. If Zj‘fo M;
converges, then ZJ‘-’:O J;(2) converges uniformly and absolutely on D.

Proof. Let
n
Su(2) = Y fi(2)
j=0
be the nth partial sum of the series. If n > m, then for all z € D we have

< iM]«s

Jj=m+1

Y f@

j=m+1

|Sn(Z) - Sm(Z)| =

https://doi.org/10.1515/9783111632278-010
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for all n > m > Ny(¢). This means that for all z € D the sequence {S,(2)} is a Cauchy
sequence. Therefore, there is a function f(z) such that

f(2) = lim §,(2) = } f;(2).

j=0
Moreover, this convergence is uniform and absolute on D. O

It is very important to study the particular case of the general series, when f(z) =
cj(z—zo)j, j=0,1,2,...,where ¢; are some complex numbers and z, is a fixed point of the
complex plane. This type of the series is called the power series and they play crucial role
in the theory of analytic functions. The following theorem is essential for determining

the domain of convergence of power series.

Theorem 9.2 (Abel). Ifa power series Z;’:O cj(z—zo)j converges at some point z, # z, then
it converges absolutely at any point z, which satisfies the condition |z — zy| < |z; — Z|.

12—z —
1212

q < 1. By virtue of the necessary condition for convergence of the series Z]‘-fo ¢i(z, - zo)j,
its terms tend to 0 asj — oo. Consequently, there exists a constant M > 0 such that
Icjllzy — 2ol < M. This implies that

Proof. Take an arbitrary point z with the condition |z — zy| < |z; — z,| such that

Z|c||z zl < MZ('Z ZZ°||> Miq’koo.
0 j=0

Thus, the theorem is proved. O

Remark. In view of the latter theorem, if we consider the least upper bound p of the
distances |z - z,| at which the series Z;fo ¢z - zo)i converges, then at all points z' sat-
isfying the condition |z’ - z,| > p (under the condition p < oo), the given power series
clearly diverges. Therefore, assuming that p > 0, the disk |z — zy| < p is the greatest
domain of convergence of this power series. The series diverges everywhere outside of
this disk, and at the boundary points |z — zy| = p it may either converge or diverge (see,
e.g., the series Z]‘-fl i_‘])' Such number p is called the radius of convergence and the disk
{z : 1z — zy| < p} is called the region of convergence of the corresponding power series.

Remark. The radius of convergence p of the power series can be calculated as

1 T
— = limylc;]
j—ooo
or
2o C]+1
p jooo Cj
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if the limit exists. These formulae are the consequences of the d’Alembert and Cauchy
tests for the real number series. The first of these formulae is frequently called the
Cauchy-Hadamard formula.

Problem 9.3. Prove the Cauchy-Hadamard formula.

Theorem 9.4. Suppose that the power series
oo .
> ¢z -zpY
j=0

has a radius of convergence p > 0. Then, for each r,0 < r < p, this series converges
uniformly and absolutely on the closed disk {z : |z—z,| < r} and defines there a continuous
function.

Proof. Given 0 < r < p, choose { € {z : |z — zy| < p} such that |{ — z5| = r. Due to the
properties of the power series, we have that

S8 .
Z ¢j(z -z,
j=0
converges absolutely for any z € {z : |z — zy| < p} (see Theorem 9.2). It follows that
oo . oo .
Yl —2z) =Y Iglr!
J=0 J=0
converges. Moreover, for all z € {z : |z — zy| < r}, we have

|cj(z —zo)i| =lgliz —ZO}j < |cj|rj.

The conclusion now follows from the Weierstrass’ M-test with M; = |cj|rj . O

Problem 9.5. Show that the geometric series
58 .
2.7
j=0

converges uniformly on the closed disk {z : |z| < r} withany 0 <r < 1.

Theorem 9.6. Suppose that the power series
oo .
z G (z- Zo)]
j=0

has a radius of convergence p > 0. Then in the disk D, = {z : |z - z,| < p} this series
defines the function
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f2):=Y ¢z -z, ©.1)
j=0

which is analytic in D, and for each k = 1,2, ... it holds that

fP@ =Y ¢j-1- (G -k+D(z-2) 9.2)

j=k

Proof. Let0 < r < p. Then due to Theorem 9.4 in the closed disler ={z:1z-zy| < r}the
series (9.1) converges uniformly (and absolutely) and defines a continuous function f(z).
That is why we may integrate this series term by term. If y ¢ D, is a piecewise smooth
closed Jordan curve, then

Jf(z)dz Y J(z _z)dz =0
y =0y

since (z - zo)f is analytic for eachj = 0,1,.... Applying now Morera’s theorem, we con-
clude that f is analytic in D,,. Formula (9.2) follows directly by induction and it is based
on the properties of the power series. O

Problem 9.7. Show that
o j
logl-2)=-Y =
=g

forallzeD; ={z:|z| <1} or

00 qyj+l .
ogr=Y Yy, rou<s,

j=1 j
where log is the main branch.

Problem 9.8. Let f and g have the power series representations,
(] . (o0} )
f@ =) ¢z-z)Y, g2)=) di(z-2zyY, (9.3)
j=0 j=0
forz e D,= {z : |1z - zy| < p}. Show that

f(2)8(2) = Y aj(z -2y, zeD,

j=0

_yJ .
where a; = ¥ o Crdj_p
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Problem 9.9. Let f and g have the power series representations (9.3) with d, # 0. Show
that in some neighborhood of z,, the function f(z)/g(z) can be represented as the power
series

f@) < -
== =) a(z-z,),
£(2) ];) A

where a; are uniquely determined from the equations ¢; = ZJI{:O adj_j,j =0,1,....

Theorem 9.10 (Taylor’s expansion). Suppose that f is analytic in a domain D and that
Dp(zg) = {z : |z — zy| < R} is a disk contained in D. Then f is uniquely represented in
Dx(zy) as a power series

f2) = z ¢z - zo)j, z € Dp(zy), 9.4)
j=0
where
f(f)(zo)
j = ]'! .

Furthermore, for anyr,0 < r < R, the convergence is uniformonD,(zy) = {z : |z—zy| < T}.
The power series with such coefficients is called the Taylor series for f centered at z,,.

Proof. Letzy € D and let R = dist(zy, 0D) so that Dp(zy) = {z : |z - z5| < R} c D. Let
z € Dy(zy) ={z : 1z — zg| < r} with 0 < r < R. The Cauchy integral formula gives that

Q. 1 £
2 m |

[{=zol=r [{=zol=r

1
f(Z):2_7Ti

7, %

(€ - 2)(1- £2)

Since z € D,(z,) and |{ — z;| = r, we have that

zZ-2,
(-2

Therefore, we have (by geometric series)

Z—-2
_lz-zl
r

1.

Moreover, for such fixed z the convergence of this series is uniform on the circle {{ :
|¢ - zy| = r}. Hence, we may integrate this series term by term and obtain
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1 f(Q)dg
f@)=— e
o I{~zql=r (€= zo)1- (—zo)
_1 Q) Rfz-2Y
_ z_ﬂiu*zjw (_201;)<(‘ZO> “
— oo L L ~ P 00 f(j)(zo) ) -
_];)< 2mi IZ—ZJOI—r (( - zoy* d()(l z,/ —];) T (z-zp).

Since r with 0 < r < R and z with |z - z,| < r are arbitrary, we may conclude that
the representation (9.4) with the coefficient ¢; = f 0 (zp)/j! holds everywhere in Dp(z).
Even more is true: the radius of convergence of (9.4) is R and the convergence of (9.4) is
uniform in D_,.(zo) ={z:|z-2zy| < r}withanyr,0 < r < R. The latter fact follows from
the properties of the power series. The uniqueness of representation (9.4) follows from
the fact that necessarily ¢; = f 0) (zo)/j". O

Corollary 9.11 (Taylor’s expansion at co). Let f(z) be analytic for |z| > R (including z =
00). Then f(z) is uniquely represented in {z : |z| > R} as the series

[ee]
_ -
ﬂﬂ—%qz,lﬂ>R
]:

) .
where ¢; = g}.—!(o) for g(z) := f(1/z). Moreover, these coefficients are equal to

0)
g =L 95
J!
where 9 (c0) = (FI™)' (co0).
Proof. Let us consider g(z) := f(1/z). Then g is analytic in the domain {z : |z| < 1/R}.
Thus, Taylor’s expansion (9.4) at 0 gives
g2) =Y ¢7,

j=0

where

1 [ g@dz _ g"0)
Cf‘zmj R T
|z|=6

Since f(z) = g(1/z), we obtain for |z| > R that

f2) = Z le_j,
j=0



Representation of analytic functions via the power series = 107

where
820 _ fP(c0)
N T T

and

1 f/zdz 1 g
z—m J Zj+1 = 2_711 J f(Z)Z] 1dZ.
z|=6 |z|=1/6

j =

It can be mentioned here that the definition of the derivative at co leads to the fact

fP(c0) = gP(0) = jig;. O
Remark. The results of Problem 9.7 and Corollary 9.11 allow us to show that

ol ) 31

=8}

is the Taylor’s expansion of log(%) at co.

Problem 9.12. Using Corollary 9.11 show that:

1 f(oo) =lim,_,, f(2) = ¢y,

2. f'(oco0) =lim,_, z[f(2) - f(c0)] = ¢y,

3. f"(c0) = -lim,_ . [Z°f"(2) + zf'(c0)] = 2¢,,

4. f"(co) = lim,_ [2°f"(z) + 22*f" (z) - zf" (c0)] = 63,

where the coefficients ¢;,j = 0,1,2,... are from Corollary 9.11.

Problem 9.13. Show that:

1
n
e=1+z+---+—+
2.
3 2n—1
sinz=z-—+- -1
t= )(Zn 1)'
3.
2 n
V4 Z
cosz=1-— -1 .
2|+ S+ (D" (Zn)'
4,
. Z3 ZZn—l
sinhz=z+—+ -+ —— +---,

3! 2n-1!
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2 2n

z z

coshz=1+—+-+——
Ta Tt T et

and all these Taylor series converge for any |z| < co.

Problem 9.14. Show that:

1
tanhz=§w2"-1=2_2_3+g_,_, Iz < =
e’ (2n)! 3 15 ’ 2’
2.
1 22B 398
cothz——_z £ lmma _Z_Z 2 cq,
(2n)! 3 5 945

where B,, denotes the Bernoulli’s numbers (see Exercise 29 of Part II).

Remark. Using Problem 3.18, we obtain that
tanz = —-itanh(iz), cotz =icoth(iz).

These formulae and the results of Problem 9.14 allow us to obtain immediately the fol-
lowing expansions:

1.
00 n+192n92n 3 5
(-D™27 2™ —= 1By _2n-1 z2 2z by
tanz = Z =Z+—=—4+—+---, zZl < =,
2 @n)! 3t 15 l21< 3
2.
1 —-1)"2?"B 3 95
COtZ———Z( ) 2n ,2n-1 E+Z_+i+..., z| < 7.
(2n)! 3 45 945

Example 9.15 (Inverse trigonometric functions). We consider the inverse functions to
sin z and tan z. As we know (see Example 3.32), the function arcsin z (the inverse to sin)
can be defined by

arcsinz = —iLog(iz + V1-z2),

which is clearly multivalued, and its derivative (for any of infinitely many branches) is
equal to

. 1
(arcsinz)’ = — 2t +1.
1-z
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Considering now the Taylor’s expansion (so-called binomial series) for the main branch

of the function ——, we obtain
F

2n-1n! < (2n)!
Z( ) 2n Z ( ) ZZn) |Z|<1.
2nn! = (2"'n!)?
Due to the derivative of arcsin z, the main branch of arcsin z can be represented (inside
of the unit circle) as

zZ
arcsinz = J d¢, |zl <1

1- 2

Integrating now term by term the binomial series from above, we finally get the Taylor’s
expansion for arcsin z,

arcsinz = i __@mr 17 < 1.
Z (22 (2n +1)

With the inverse function arctan z of the function z = tan w, we proceed as follows. First,
we have

iw —iw

e —e i 1+iz
z=tanw=z=-i——_ =" =2
eiw 4 a-iw 1-iz
and, second,
1+ 1z

w = arctanz = 1 log (log(l +1z) - log(1 - iz)),

21

1-iz

where the main branch for log is considered. Taking now into account Example 9.7, we
obtain

1 )t (iz)" 1 o= (-D)"\ n
arctanz—zi< n;—n +n; ” ) 212<—n )z

The latter series leads finally to the Taylor’s expansion for arctan z as

_ < (_1)n 2n+1
arctanz = Z ~~ 7

, zl < 1.
oan+1

Similar to arcsin z and arctan z, we can obtain that arccos z and arccot z are expressed
as

1 iz-1
arccosz = -iLog(z +iV1-2z2), arccotz= — Lo ( )
g( ) 21 & iz+1



110 —— Representation of analytic functions via the power series

Problem 9.16. Construct Taylor’s expansions for arccos z and arccot z. Hint: Take into
account that

Vs . 1
arccosz = 3 arcsinz, arccotz = arctan —,
z

and hence the Taylor’s expansion for arccot z will be at co.

Example 9.17. Consider function f(z), which is defined by the following power series:

oo k

f@=) 5 =1

k=1

It is clear that this function is analytic for |z| < 1 and is continuous for |z| < 1. This series
is actually the Taylor’s expansion for f(z) at zero. Moreover, this function f(z) is equal
to

log %d{, |z] < 1.

N

z

- |

0

Indeed, using Problem 9.7, we have for |z| < 1,

Zl 1 Zl Zloo
“log——d{=-| zlog1-0)dz = | =} >d
JZO%fC( J(%a 0d¢ Jf;f e

Moreover, this equality can be extended by continuity to all |z| < 1. Next, since
' 1
f(z)= - log(1-2), |z|<1,
then it follows from here that z = 1is a singular point of this analytic function while its
Taylor’s expansion converges uniformly for |z| < 1.
Problem 9.18. Let function f(z) be defined by the series
00 ZZk
f2) = kzl o |z < 1.

Show that f(z) is analytic for |z| < 1 and is continuous for |z| < 1 but every point from
the unit circle |z| = 11is singular for this function in a sense that there is no derivative at
these points (|z| = 1).
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The next example shows that regularity of series does not guarantee the analyticity
of the corresponding function

Example 9.19. Let function f(z) be defined by the series

o) ZZ
Z) = —F—, a#0.
/@ k; a? + k2z2 *

Then this function is well-defined for all z € C except for the points z, = +i%,k = 1,2,...,
since the denominator of some fraction of this series is equal to zero at each of these
points. If we consider z withIm z = 0, i.e., z = x + i0, then

© XZ ® 1
If(2)| = Z‘l—a2+k2x2 < I{Z::lﬁ < 0.

Hence, f(z) is bounded and continuous on the real line by the Weierstrass’ M-test. But
for any neighborhood of z = 0 on the complex plane, this function is equal to infinity
at the points z, that tend to zero. It means that there is no Taylor’s expansion at z = 0.
However, it is not so difficult to see that for |z| > |a| (including z = oo) this function is
analytic and it has a Taylor’s expansion at z = co, which is equal to

2] X 1
o= Z<Hya2} 2. i@ )721

j=0 k=1
Problem 9.20. Let the coefficients of the series X ¢; be real and

n

lim Cj = +00 Or —0o0.
n—o0 4 0
]:

Show that z = 11is a singular point of the function
oo .
f@)=) ¢z.
j=0

Problem 9.21. Prove that if function f(z) := Z;fo cjzj is bounded in the unit disk {z :
|z| <1}, then the series Z]‘fo |c]-|2 converges.

The next problem is actually the formulation of some kind uniqueness theorem for
analytic functions. The main point here is the possibility to expand these functions via
the Taylor’s expansion.

Problem 9.22. Let f and g be analytic in a connected domain D and f(z) = g(z) on the
set E ¢ D, which has a limiting point in D. Show that f(z) = g(z) for all z € D.
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Definition 9.23. Let f be analytic in a domain D. If
f)=0, f'z)=0, ..., f&P)=0

but f (kﬂ)(zo) # 0 for some z, € D and k; > 1, then z; is called the zero of f of order k.

Remark. It is clear thatif f is analytic in a domain D, then any possible zero of f inside
of D can be only of the finite order.

Problem 9.24. Let f be analytic in a domain D and let f # 0. Show that all zeros of f in D
are isolated, i. e., for any bounded domain D, with D; c D there are only at most finitely
many zeros of f in D;. Hint: Use Problem 9.22.

Problem 9.25. Let functions f and g be analytic in a connected domain D. Prove that if
f(z)g(z) = 0in D, then either f(z) = 0 or g(z) = 0in D.

Problem 9.26. Let

sinz 0,
f(z)=~{ 20 27

1, z=0

Show that f is analytic everywhere in C and find its Taylor’s expansion centered at 0.

Problem 9.27. Suppose that
&) .
f@=Y ¢7
j=0

is an entire function. Show that]ﬁ is also entire. When% = f(z)?
Problem 9.28. Let

f(Z):{e

0, z=0.

Show that f is not continuous at 0 and that it has no Taylor’s expansion at 0.

Problem 9.29. Let f be as in Problem 9.28. Define the Taylor’s expansion for f at any
point z # 0.

There is an equivalent formulation of the Cauchy’s inequality (see Theorem 8.1) in
terms of the coefficients of the Taylor’s expansions. Namely, let function f(z) be repre-
sented via its Taylor’s expansion in the neighborhood of some point z, # oo, i. e.,

f(z) = ch(z —zo)j, |z —zy| < R.
j=0
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If M, = sup,_, If(2)|,r < R, then for anyj = 0,1,2,..., we have Cauchy’s inequality
|c]-|rj <M,. 9.6)

Indeed, for the coefficients of the Taylor’s expansion, we have (see the Cauchy formula
and Theorem 9.10)

1 J f2)

(z- Zo)j+l .
|z—zy|=r

Then it follows that

|c]-| < l j M|dz| < %

27 |z - zyP*1 r/
|z—zy|=r

Problem 9.30. Show that Cauchy’s inequality (9.6) is turning to the equality if and only
if f(z) = CZ° with some j, = 0,1,2,....

The Cauchy’s inequality allows us to obtain the efficient estimate for Re f(z) of ana-
Iytic function f(z) (in particular for any harmonic function). More precisely, the follow-
ing proposition holds.

Proposition 9.31. Let function f(z) be analytic in the disk {z : |z — zy| < R} and let A, =
Supy,-, Ref(2),r < R. Then the following inequality holds:
ljlr’ < max(44,,0) - 2Ref(0), j=12,...,

where ¢; are the coefficients of the Taylor’s expansion of f () in the neighborhood of z,.

Proof. Letz =z, + reie, 0 € [0,21], r < R, and let

f2) =Y ci(z-zp) = u(r,0) +iv(r,0).
j=0
Then
Ref(z) = u(r,0) = ozol(aj cosjo - B; sinj@)rj, ¢ =q;+1B;.

J
Jj=0

Since this series converges uniformly in 8, then we can integrate it term by term (after
multiplying by cos j6 and sin j6) and obtain for j = 1,2,..., respectively, that

N
Ne

21 21
ar’ = = [ ut6)cosjods, g’ = - [ ucr6)sinjode,
0 0
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and a, = % jzn u(r,0)de. Thus, we have forj =1,2,...

0

2
cjrj = (aj + iﬁj)ri = % J u(r, 0)e"ij9d0
0

and, therefore,

2
|
<= ,0)|do, j=1,2,....
le;lr < - J|u(r )| j

Taking into account now formula for a,, we obtain forj = 1,2,... that

Y 2
|cj|rj +20qp < 711 J(|u(r, 0)| + u(r,0))do < 711 JZmax(Ar,O)dH.
0
This proves the proposition. O

Corollary 9.32 (Liouville’s theorem for Re f(z)). Let function f(z) be an entire function and
assume that there is a constant M such that Re f(z) < M, then f(z) = constant.

Proof. If we introduce a new function ¢(z) := ¢ @ then lo(z)| = eRef@ < M The
statement follows now from Liouville’s theorem (see Theorem 8.2). O

Problem 9.33. Under the assumptions of Proposition 9.31, assume that

supRef(z) < Mmr*

|z|=r
with some M > 0 and some k € IN,. Prove that f(z) is a polynomial of the degree at
most k.

We return now to the univalent functions in terms of Taylor’s expansion in open unit
disk. This consideration concerns the Taylor coefficients ¢;,j = 0,1,2,... of a univalent
function f(z), 1. e., a one-to-one analytic function that maps the unit disk into the complex
plane, normalized (as is always possible) so that ¢, = 0 and ¢; = 1. It is equivalent that
f(0) = 0, f'(0) = 1. That is, we consider a function f(z) defined on the open unit disk,
which is analytic and injective (univalent) with the Taylor series of the form

(58] .
f@=z+)¢7, lzl<1
j=2

The main statement here is the so-called Bieberbach conjecture (1916), which says that
for such functions the following is true:

gl <j. j=23....
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It was finally proved by Louis de Branges in 1985. It is clear that these conditions of the
Bieberbach conjecture or the Louis de Branges theorem are not sufficient (only neces-
sary). Indeed, consider the following function with parameter a € C:

o8 . .
fu2) =Y jd7d, |zl <1lal < 1.
j=1

This function f,(z) is clearly analytic in the open unit disk and the conditions of the
Bieberbach conjecture are satisfied since |¢;| < j. Moreover, under the conditions for z
and a, we have that actually

z
fu(2) = (1_—

az)?

However, if |a| = 1, then f,(z) is univalent, but if |a| < 1, then this function f,(z) is not
univalent in the disk |z| < 1/|a].

Problem 9.34. Prove the latter statement.

This example shows that the conditions for the coefficients ¢; in the Bieberbach con-
jecture or the Louis de Branges theorem are only necessary.

Consider the same function f,(z) in the open unit disk but for |a| > 1. Evidently, in
this case, f,(z) is not analytic in the unit disk since at the point z = % this function has a
pole of order 2. In addition, this function also is not univalent.

Example 9.35. Assume that a function f(z) is of the form
f@)=z+) =, |z|>1,
27

and it is univalent and analytic in the region |z| > 1 except for z = co, which is a pole of
order 1. We show that

v 2
Yl <1.
=

Indeed, since function f(z) is univalent in the region |z| > 1, then the circle {z : |z| =
r > 1} transfers (under this transformation f(z)) into the simple closed curve y such that
inty has a positive Jordan measure. On this curve, f(z) = u(6) + iv(6), 6 € [0,27n], and
thus this measure is equal to (see classical Green’s formula in 2D case)

21

21
J WO (0)d6 = J

f(6) +f(©)f'6) -1'®) 4
2 2i

YN

0. -6 4® 4 a]-e‘ﬂ
re'? +re % + z I A——
r
0

j=1
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0o ige V0 1 ig.el
‘ » Jae " +jae
x<re‘9+re R Yt AR AT

® 2jla;]*
= %((r +ar )r-ar )+ (r+arr-art) - Z ]szj'| >

j=2

Since this value (measure) is positive, then

. 2
OO]|a]| 2
z—. <r

rd

j=1
Since this inequality holds for any r > 1, then letting r — 1 yields the required result.

Problem 9.36.
1. Let function

f(z) :=z+azzz+agz3+-~-, |z] <1,

be univalent and analytic in the unit disk {z : |z| < 1}. Show that function

F@) = \f(2),

where the square root is chosen to be positive for positive f, is also univalent in the
unit disk {z : |z| < 1}.
2. Let 3% jlaj| < 1. Show that function

f(z)=z+ iajzj
j=2

is univalent in the unit disk {z : |z| < 1}.
3. Show that function f(z) = ﬁ is univalent in the disk {z : |z| < %} but it is not
1

univalent in any disk {z : |z| < r} withr > 3
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If f is analytic in the disk {z : |z -z;| < R}, then we have only the Taylor’s representation

for this function. But if f is analytic in the deleted neighborhood, i. e., the punctured disk

{z:0 < |z - zy| < R}, then what kind of representation we may have for this function?
Let us consider the series (formally for the moment)

[ . -1 ., .
Z ¢(z - z) = Z ci(z - zp) + Z ci(z - zg) =: 5,(2) + 5, (2). (10.1)
j=—00 j=—o0 j=0

The first term s,(z) is called the power series with negative degrees. The second series
in (10.1) defines the analytic function s;(z) in the disk {z : |z — zy| < R}, where

R = Timy/|c;| = sup+/lcil. (10.2)
G jp(/ j

It makes sense to consider the first series for |z—z,| > 0. Thus, if we change the variables
as
1 1
(= , Z=Zp+ >

z-19 ¢

we obtain for s,(z) the representation

$2(2) = 85(20 +1/0) = Y. ¢ ;¢ = 850, (10.3)

A

where { = 0 corresponds to z = co. So, we have the power series with respect to positive
degrees of { with a radius of convergence 1/r, which satisfies (see (10.2))

r= 1im<'/|c_j|
j—oo

such that s; ({) is an analytic function (this series converges) for any |{| < 1/r. Equiva-
lently, s,(z) is analyticin {z : |z — zy| > r}.

If it turns out that r < R, then s(z) = s,(z) + 5;(2) is analytic in the annulus {z : r <
|z - zy| < R} centered at z, with radii r and R. In this case, the series (10.1) is said to be a
Laurent’s expansion for s(z) in the annulus. The opposite statement also holds.

Example 10.1. Let us find three different Laurent’s expansions involving powers of z
for the function

_ 3
2+z-7%

f2) =

This function has singularities at z = -1 and z = 2 and is analytic in the disk {z : |z| < 1}
in the annulus {z : 1 < |z| < 2} and in the region {z : |z| > 2}. We start by writing

https://doi.org/10.1515/9783111632278-011
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3 1 1 1 1 1

f2) =

We have three cases:
1. For |z| <1, we have

and

Hence, we have the Taylor’s expansion

f@) = Z(( e ).

j=0

2. For1<|z| <2, we have

1 1 1 18 1 (-t
— == =Y (==Y =
1+z z 1+1/z o 7 3 7
and
1 1 1°°<z>j i 1
2 = 3(2) =Y 2
21-2/2 2 5\2) " G4
So,

This is a Laurent’s expansion in the annulus 1 < |z| < 2.
3. For |z| > 2, we have

and

1 1 1 12y @
'1—z/2=_2'1—2/z=_2.z<2>=_.Z

DN =

1+2@-2 1+z 2-z 1+z 2 1-2z2°
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Therefore,

(e8]

f2) =Y (" -2z,

j=1
This is a Laurent’s expansion at co, and in fact, it is also a Taylor’s expansion at co.

2
Problem 10.2. Find the Laurent’s expansion for e /?" centered at z, = 0.

Theorem 10.3. Suppose that f is analytic in the annulus {z : r < |z — zy] < R} with
0<r<R Thenforeveryze{z:r <|z-zy| <R}, we have

[.8]

f@)=Y clz-z), (10.4)

j=—co

where the coefficients ¢; are uniquely determined by

_ 1 Jﬂ j=0,41,42,... 105)

] 2mi ) ({ - zpy*V
with a piecewise smooth closed Jordan curvey c {z : r < |z — zy| < R} and z, € inty.
Moreover, the convergence in (10.4) is uniform on any closed subannulus {z : r < ry <
|z—-2zg| <Ry <R}

Proof. Letz € {z : 7 < |z —zy| < R}. Then we can find r; > r and R; < R such that
z € {z: 1y < |z -zy| < Ry}. Using the Cauchy integral formula for the multiply connected
domain, we obtain

1 fQd 1 f@©dg
o | 10 | o

(-z 2mi (-z
[{~zo|=Ry [¢=zol=r
1 f Q) A1 J fQ) d¢
27ri -zy1- %% 27 Z-2p1_ %
[¢~zo|=R; ( 0 -z 1{~zql=1y ol Z-2p
Since
1 ® (z-2zyY
= = ( 0)]_ , |Z - Z0| < Rl
1 - (7Z0 ]:0 (( - ZO)]
and
1 :Z(C_ZO)] |z —zo| > 1y,

1—ﬂ jzo(Z_ZO)j,

z-2,
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we may integrate in these series term by term (since these series converge uniformly on
the circles |{ — zy| = Ry and |{ - z,| = ry, respectively) and obtain

ARG JOde
/@ _};(z 20 2ri . JlR ({ - zyy ™!

v 1 1 J f(9dg

+ — — -
~ (z - zpy*1 2mi ({ - 2z)7
J20 R0 Czalry

s 1 Jitelle
- Z (Z_ZO)]% J (§ - zpy*

[{=2ol=ry

OO i 1 (§)d¢
+Z(z—zo)’— J (;—W

[§=29|=Ry

- S ek [ O

j=—00

= 2 ] (¢ —zoy*V
where the integrals are considered for an arbitrary piecewise smooth closed Jordan
curvey € {z : r < |z - zy| < R} and z; € inty. We have used the fact that these inte-
grals are independent on such curves due to the Cauchy theorem for multiply connected
domains.

Thus, we proved the Laurent’s expansions (10.4)—(10.5). It is evident that this repre-
sentation is unique since we obtain necessarily (10.5). Uniform convergence of (10.4) for
zef{z:r <n <|z-2zg <Ry < R} follows from the arbitrariness of ry and R; in the
preceding considerations. O

Definition 10.4. The series (10.4) with the coefficients (10.5) is called the Laurent’s ex-
pansion (representation) of the analytic function f in the annulus {z : r < |z - zy| < R}
and

filz) = Z ¢z - zo)j, frz) = z c_j(z- ZO)’j
j=0 Jj=1

are called the regular and main parts of this expansion, respectively.

If f is analytic in the annulus {z : 0 < |z - z,| < r} with some r > 0, then z; is said to
be an isolated singular point of f. Then Theorem 10.3 says that in this annulus f(z) can
be represented via the Laurent series

[e0]

f@ =Y c¢z-z),

Jj=—00

where ¢; are calculated by (10.5).
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Example 10.5. Let us find the Laurent’s expansion for

cosz-1
f@) ==
that involves powers of z. Since
2 4 6
cSz—-1=—-——+——-—+
204! 6!

and this representation is valid for all |z| < oo, then

cosz-1 1 1 27 11 Q (-

f& == =@ u % 22 L

This is the Laurent’s expansion in the neighborhood of z = 0 and z = oo both.
Problem 10.6. Find the Laurent’s expansion for

sin 2z
74

f2) =

that involves powers of z.

Problem 10.7. Find three Laurent’s expansions for

f2) =

z2-52+6
centered at z, = 0.
Problem 10.8. Find two Laurent’s expansions for

_
z(4 - )

that involve powers of z.

Definition 10.9. If the number of nonzero coefficients (10.5) forj < 0 is:

1. empty,
2. finite, or
3. infinite,

then z, is called a removable singular point (in short, removable singularity), a pole, and
an essentially singular point (in short, essential singularity) for f, respectively.

Let z, be removable for f. Then its Laurent’s expansion has the form

f(2) =Y ¢i(z-zo),
=0
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where z € {z : 0 < |z - zy| < r}. But this series, as a power series, converges in the whole
disk {z : |z — zy| < r} and it is equal to f(z) for all z + z,. If we define f at the point z; as

(8} .
f(z9) :=¢o = Zli_fgoz(;cj(z - zpY,
j=

then we obtain a new function in the whole disk {z : |z—z;| < r}, which is analytic there.
In particular, f is bounded in the closed disk {z : |z - zy| < ry} with r; < 7. The opposite
property is also true. The following theorem holds.

Theorem 10.10. Let f be analytic in the annulus {z : 0 < |z—z,| < r} for somer > 0. Then
zy s aremovable singular point of f if and only iff is bounded in the deleted neighborhood

of zg.

Proof. We have proved the necessary condition above. It remains to prove this theorem
only in the opposite direction. Let us assume that f is bounded in some deleted neigh-
borhood of z, i. e., there is M > 0 such that

If@)| <M, 0<|z-2zyl<6.

Due to Theorem 10.3, we have that for all z € {z : 0 < |z — zy| < r} it holds that

(e8]

f@) =Y ¢z-z),
Jj=—00
where
1 f©)
6= 5 J' Goyats 0<s<r
0
1§=zo|=6
Thus,
1 - -
1< & j j oo
|c]|szn |(IPZ?|§5V(()|6 2m<M&7, j=0,+1,+2,.... (10.6)

But for j < 0, it follows that ¢ = 0 because we may let § — 0 in these estimates. Hence,
Zy is a removable singular point. O

Remark. The estimate (10.6) has independent interest.

If f is analytic in some domain D ¢ C, then z; € Dis a zero of order m of f if in some
neighborhood Ug(z,) c D the function f admits the representation

f(2) = (z-z9)"p(2), 10.7)

where ¢(z) is analytic in Ug(z,) and ¢(z,) # 0. It is equivalent to
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f29) =0, f'ze)=0, ..., f™ V) =0, f™(z))#0.

Another factis: if f # 0 is analyticin D ¢ C and f(zy) = 0, z, € D, then the order of the
zero is always finite, i. e., there is m € N such that (10.7) holds. Indeed, if we assume on
the contrary that f (k)(zo) =0,k =0,1,..., then by the Taylor’s expansion we have

0 £(j) X
f2) = zf] .(ZO)(Z—ZO)] =0
o

for all z € Ug(zy). Further, using the procedure of continuation (see the proof of Theo-
rem 7.7) for any z; € D, we may obtain f(z;) = 0, i.e., f(z) = 0 in D. This contradiction
proves the fact.

Another consequence is: if f(z,) = 0 and z,, — z,, z, # zo with z;,z,, € D, thenf =0
inD.

Let us assume that z; is a pole of f. Then f has the Laurent’s expansion of the form

f@)=Y ciz-2pY + Y ¢z 20)7, (10.8)
j=0

j=1
where c_,, # 0. Then we say that z, is a pole of order m.

Theorem 10.11. Let f be analytic in the annulus {z : 0 < |z —z,| < r}. Then f has a pole of
some order m at z, if and only iflim,_,, |f(2)| = oco.

Proof. Let us assume first that z;, is a pole of order m € N. Then the following represen-
tation holds:

f@)=Y cz-20Y +Y ¢ j(z-2p)7,
j=

j=0
where c_p, # 0. Then for the function
F(z) = (z - 20)"f (2),
we have
FZ)=C o+ CmuZ—2g)+-+Cq(z-20)"  +coz—20)" +---,
i.e., F(z) has a removable singularity at z,. Moreover, there exists
ZILnZlU Fz)=cp, #0.

This fact implies that there is 0 < § < r such that

|F(2)| > |C_2_m| >0



124 —— Laurent’s expansions

for all 0 < |z — zy| < 6 and, therefore,

@) > Sl g,
i.e,
i |f(@)| = co. 10.9)

Conversely, if (10.9) holds, then
lim L = lim i =
=7 |f(z)| T 25z, f(z) -

This fact can be interpreted as follows: a new function

1
g(z) = m

is analyticin {z : 0 < |z — zy| < &} and the function g can be extended as an analytic
function everywhere in {z : |z — zy| < &} and z; is a zero of analytic function g. But the
zero of a analytic function (if it is not identically zero) is of finite order, say m. That is
why

g(2) = (z-20)"9(2),
where ¢(z) is analytic and ¢(z,) # 0. Hence,

1 1

1@ = o

where 1/¢(z) is analytic in the neighborhood of z, and 1/¢(z,) # 0. This condition allows
us to represent 1/¢(z) via its Taylor’s expansion for |z — zy| < § as

1 < '
@ =};) a;(z - z),

where ay = 1/9(z,) # 0. This implies that the Laurent’s expansion for f is

z am+j (Z ZO),

A (z -

This means that z is a pole of order m for f. O

Corollary 10.12. A point z, is a pole of order m for function f, which is analytic in the
annulus {z : 0 < |z — zy| < 8} ifand only if z, is a zero of 1/f of order m and this function
is analyticin{z : |z — zy| < 8}
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Theorem 10.13. Let f be analytic in the annulus {z : 0 < |z — zy| < r}. Then f has an
essentially singular point at z, if and only if there is no lim,_,, f(z) (finite or infinite).

Proof. 1f we assume on the contrary that there is lim,_,, f(z) finite or infinite, then in
the first case z; is a removable singularity, and in the second case, it is a pole of some
order. This contradiction proves the theorem. O

As the consequence of this fact, we can obtain that there exist two different se-
quences z,, and z, converging to z, such that f(z,) is bounded and lim,,_,, f(z))) = co.
Even more is true.

Theorem 10.14 (Casorati-Sokhotski-Weierstrass). Let z, # co be an essential singularity
of f(2). Let E be the set of all values of f(z) in the deleted neighborhood of z,. Then E is
dense in C, i.e., forany e > 0,6 > 0 (or M > 0) and complex number w, there exists a
complex number z with 0 < |z — zy| < 6 such that |f(z) — w| < € (or |f(2)| > M), in short

{f(U(z9) \ 29)} = C.

Proof. Let a be an arbitrary point of C. Let us assume that for any
ze{zeC:0<|z-2y <6}

we have f(z) + a. Otherwise, there is
7 e{zeC:0<|z-2) <6}

such that f(z') = a and everything is proved.
Then in the deleted neighborhood of z, the function

is well-defined. For this function g(z), the point z, will be also essential singularity. In-
deed, if z; is a pole or removable singularity for g(z), then z, is a zero or removable
singularity for f(z) — a, respectively. In both cases, we have a contradiction with es-
sential singularity at z, for f(z). Thus, g(z) cannot be bounded in this neighborhood
and, therefore, there is a sequence z,, converging to z, such that lim,_,, g(z,) = co or
lim,_,., f(2,) = a. It means that a € E and the theorem is proved. O

Remark. If z, = co is an essential singularity for f(z), then (by definition) zero is the
essential singularity for ¢(z) = f(1/z). Then Theorem 10.14 holds for ¢(z) in the deleted
neighborhood of zero, which is equivalent to the fact that Theorem 10.14 holds for f(z)
in the neighborhood of co.

There is a substantial strengthening of Theorem 10.14, which only guarantees that
the range of f(z) is dense in C. Namely, the following great Picard’s theorem holds. We
give it without proof.
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Theorem 10.15 (Picard). If analytic function f(z) has an essential singularity at z,, then
on any deleted neighborhood of z,, the function f(z) takes on all possible complex values,
with at most a single exception, infinitely often.

Example 10.16.

1. The function f(z) = e'’? has an essential singularity at z = 0 but still never attains
the value 0.

2. The function

1
1-el2

f(2) =

has an essential singularity at z = 0 and attains the value co infinitely often in any
neighborhood of 0 (z,, = i/27n, n = +1, +2,...). However, it does not attain the values
0 or1, since e? % 0. It must be mentioned here that z = 0 is not isolated.

Example 10.17.
1. Consider the function

sinz
Z)= —
f@) ==
Since
sinz 1< 2 7 ) 72 7
- == —_—— t — =i =1l - =+ = =
z z 3! 5! 31 5!

for |z| > 0, then we can remove the singularity at z = 0 if we define f(0) = 1 since
then f will be analytic at z = 0.
2. Consider the function

2(z) = coszz—l‘
Z

Since again for all |z| > 0, we have

cosz—l_l( 7 z4__“> 1 2 7

==+ =
72 22\ 21 4

then defining g(0) = —1/2 we obtain the function that is analytic for all z.

Example 10.18. Consider the function

f(Z)=Siﬂ

A

Since for all |z| > 0, we have
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sinz 1 ARA 11 2
Z_S_Z_B _§+§_... —_— ==,

then c_, =1 # 0. Therefore, f(z) has a pole of order 2 at 0.

Example 10.19. Consider the function
1
_ Ain s
f(z) = z"sin 7
Since for all |z| > 0, we have

zzsinl—zz(l— 1 + 1 )—z— 1 + 1
z “\z 3123 515 % 31z 518 ’

then the Laurent’s expansion has infinitely many negative powers of z. Hence, z = 0 is
essentially singular point for f.

Problem 10.20. Suppose that f has a removable singularity at z,. Show that the function
1/f has either a removable singularity or a pole at z,.

Problem 10.21.

1. Let f be analytic and have a zero of order k at z,. Show that f' has a zero of order
k -1atz,.

2. Let f be analytic and have a zero of order k at z,. Show that f/f has a simple pole
(pole of order 1) at z.

3. Letf have a pole of order k at z;. Show that f’ has a pole of order k + 1 at z;.

Problem 10.22. Find and classify the singularities of

f(2) = Ll
smz

Let f be analytic in the region {z : |z| > R}. Then the function

0(z) =f(1/z)

is analytic in the annulus {z : 0 < |z| < 1/R}. Hence, z = 0 might be an isolated singular
point for ¢. The Laurent’s expansion for ¢ gives

0(z) = Z ¢z, 0<|z| < z
Jj=—00
Thus, we have the following expansion for f:

f@=01/2)="Y c¢z7= Y c;d, lz2I>R (10.10)
Jj=—00 Jj=—0c0
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Definition 10.23. If z = 0 is a removable singularity, a pole, or an essential singularity
for ¢(z) = f(1/z), then z = oo is called a removable singularity, a pole, or an essential
singularity for f(z), respectively.

Remark. This definition implies that if the number of coefficients in (10.10) for j > 0 is
empty, finite, or infinite, then z = co is a removable singularity, a pole, or an essential
singularity, respectively.

Remark. There is even a more general observation. Namely, let z, be an isolated singu-
lar point of the function f(z) in some domain D ¢ C and let the analytic function { = §(z)
establish a reciprocal one-to-one correspondence between D and D', where the inverse
function z = ¢({) is well-defined. Then the point {, = ¥(z;) is an isolated singular point
of the analytic function f(¢({)), and the type of this singularity is the same as that of the
point z,.

Example 10.24.
1. Letf be a polynomial of degree n, i.e.,

f@) =ayz" +a, 2"+ +a, ay#0.

Then z = oo is a pole of order n.
2. Let f be analytic in the whole space C. If z = co is a removable singularity, then
f = constant, and if z = co is a pole of order n, then f is a polynomial of degree n.

Problem 10.25. Consider the function
f(z) = 7% sin %

Show that f has a pole of order 1 at z = co. Compare this result with the second part of
Example 10.24.

Example 10.26. It is clear that the function f(z) = z + % is analytic for all z such that
0 < |z] < oo and f(z) has a pole of order 1 at z = 0 and z = co. What is more, the
expression z + % is the Laurent’s expansion for f(z) at z = 0 and at z = co as well. We
find now the Laurent’s expansions for the functions f(z) = e**¥/# and sin(z + %) atz=0
and z = oo at the same time due to symmetry. Let us consider the first function. Since
we have that

l

Z 1/

z z
-, e -
I k=0

e =

Mg

m, 0<|Z|<OO,

0

then

-k

Y 00 Zl e [e) 1
Z+1/z n
EEL S R
k! k!
Lk=0 Lk! n=-co  [k=0,l-k=n ['k!
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Due to the symmetry of this function with respect to z and % the coefficients in the
Laurent’s expansion in front of z" and z™" are equal. That is why we have

z+1/z_ -n
Z zk'(n+k)' +Z zk'(n+k)' '
n=0 \ k=0 n=1\k=0

Based on Theorem 10.3 (see formula (10.5)), we may calculate the coefficients c,,n € N,
of this expansion. Indeed,

n Vs

1 ef /¢ 1 elcosd 0 1

Cp= — di=— | = e dB:—Jezcosecos nd)de.

" omi .[ gl ¢ ane Vs (no)
|(|=1 -7 -7

In particular, we obtain an equality of independent interest

T

1 2cos0 _ < 1

o J e cos(n6)dd = ,;) K+ k)l
J =

Considering the second function, i. e., f(z) = sin(z+1/z), we obtain similar to the previous
function that (again due to the symmetry)

sin(z+ 1) = icz’%icz‘"
7 n ~ n >
n=0 n=1
where the coefficients ¢,,n € N, are equal to

Ch =

Vs
l J sin(2 cos 6) cos(nB)do.
21

-7

Example 10.27. We want to now find the Laurent’s expansion for the function f(z) =

e?"VZ_ As in the previous example, we can write
00 k -k 0 00 k
z 1/z _ ( _ n (_1)
) l'k' =2 >
Lk=0 n=-co  Lk=0,l-k=n

Due to the symmetrical property of this function if we change z to —%, the coefficients c,
in the Laurent’s expansion in front of z" and z™" are connected to each other as follows:

¢y = (D", nez.
That is why we have

rr QX (D v 1 “n
ozl :z<zk'(n I )z +Z( 1) (zk'(n+k)'>z .

n=0 \ k=0
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As above, we may calculate the coefficients ¢, as

T -
. i J' e(*l/( ~ l J» elean ei9d0
oo (n+1 oo elf(n+1)
I¢1=1 -
T n
L J gl@cos6-19)q9 _ 1 J cos(2sin 6 — no)de.
21 ) 21 )

First of all, we can see that really ¢, = (-1)"c_, and, second, for n € N, we have the
equality

Ve

-1k 1 J .

Z = — | cos(2sin 6 - nB)de,
k'(n +k)!  2rm J

which has independent interest.
Problem 10.28. Find the Laurent’s expansion for the function cos(z + %).

Example 10.29. Consider one more example of the Laurent’s expansion for the function
f(2) = sinz - sin(1/z). Using the Laurent’s expansion for sin(-), we have

Zl+1 o) Zk—l

@+ & z( 2 (2k+1)'

sinz - sin(1/z) = Z( —1)!

_ Z , i (_1)l+k
b kietrken Gl D2k +1)!
Due to the symmetry of this function with respect to z and % the coefficients in the
Laurent’s expansion in front of z*"* and z~%" are equal. That is why we have

1 n
sinz-sin1/2) = 3 (1) (Z (2k+1)v(2n+2k+1)'>z2

n=0

1 -2n
+Z( - (Z (2k+1)'(2n+2k+1)'>z '

Further, since
sin(eie) . sin(e_ig) = %(cosh(z sin @) — cos(2cos ), 6 € [-m, 7],

then we obtain that the coefficients c,,, n € N, are equal to

n
Con = % J(cosh(z sin ) — cos(2 cos 0) )ie'?e > Pqp,
=T
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In particular, we have that (since sine is odd)

"y 1
D kz:O (2k +1)1(2n + 2k +1)!

T
= ﬁ J(COSh(Z sin ) — cos(2 cos 6)) cos(2n8)de.

-

Problem 10.30. Find the Laurent’s expansions at the points z = 0 and z = oo of the
functions

cosz-cos(1/z), sinz-cos(1/z), cosz-sin(1/z).

Problem 10.31. Using the Laurent’s expansions of the functions sin(z + %) and cos(z +
%) (see Example 10.26), find the Laurent’s expansions for the functions sinh(z - %) and
cosh(z - %), respectively.

Example 10.32. Consider the main branch of multivalued function

1
f(2) = ;
V1+ 72
which is equal to the positive square root when z = x +10, x € R.In the annulus 1 < |z| <
00, this function has no singularities. Thus, we will investigate it in the neighborhood of
oo. For this purpose, consider the function

1 z
o(z) =f<2> = N lz| < 1.

Using the binomial series in the neighborhood of zero (see Example 9.15), we obtain

02) =2 i @t oy _ i ROl

= (2nn1)? =0 (22

It means that the Laurent’s expansion for function f(z) in the annulus 1 < |z| < co is
given by

=y a0

= (znn!)Z ZZn+1 :

This representation shows that z = co is a removable singular point for this function.
Moreover, this series can be considered as the Taylor’s expansion of this branch at co. It
also means that this branch of f(z) is analytic at co.

Example 10.33. Let function f(z) be defined by the series (see, for comparison, Exam-
ple 9.19)
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Jc()—zl—1 a>1

0]' 1+a¥z%’

This function is well-defined everywhere on the complex plane C (including z = ©o)
except for the points z; = i%, k =0,1,2,.... These points are clearly singular for this
function and they accumulate to z = 0. That is why there is no Laurent’s expansion
for f(z) in the neighborhood of z = 0. But it is clear that f(z) is analytic in the annulus
{z:1<|z| < co}. Indeed, for |z| > r > 1, we have

f@)| < Z

— <
3t r2a¥ -1

It means that this series converges uniformly for [z] > r > 1 and, therefore, f(z) is
continuous for |z| > 1. Moreover, since for |z| > r > 1, we have

1 2d9r

lf(Zl z]'m<00

then f(z) is analytic there. Next, lim,_,  f(z) = 0 and we can represent this function via
the Laurent’s expansion as follows (f(z) is even):

f2) =
j= 1
where the coefficients ¢,; are equal to
1 I v 1
=gm | X e )
|z|I=R>1 k=
The latter series in the integral can be evaluated as
2 -2k oo

w1 1 (‘a m-2m_-
Zk_ 1+ a2 Z Xl G A

Since this series converges absolutely and uniformly for |{| > r > 1, then we can calcu-
late the coefficients c,; as

(ZJ—Zm—Sa—Zk(mH)

1 [eelmNeel m

The only member of this series that gives a nonzero integral is the member with {
(index m =j - 1), i.e., the term with the coefficient
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. oo _-2kj . L
(WY T = e
k=0 :

Hence,

2 {

1 RN | - —9j
o= g | Ve 2ag = e

|z|=R>1

and, therefore, the Laurent’s expansion for f(z) is equal to

0 ea‘zf
_ _qy1s
f@) =V —
Jj=1
It can be mentioned that actually this series is Taylor’s expansion of f(z) at z = co.
Besides this, z = oo is a zero of order two for this function.

Problem 10.34. Let function f(z) be defined via the following series:

00 Zn—l

f(Z) = z 1-zMQ1- Zn+1)'

n=1

Prove that
1
—_— 1
@ <L
f(Z)—{ ) )
22’ |z| >

and that f(z) is analytic for all |z| # 1 (including z = o0o). Prove also that f'(0) = 1 and

f'(c0) = 0.
Problem 10.35. Let function f(z) be defined via the following series:
(ole)
1
Z)= )y ———.
f0=3 g
Prove that
_1\k
_ Z?LO 1(_2%’ |Z| < 19
f(Z) - . (_1)kzzk+1
koo g 121> 1

and that f(z) is analytic for all |z| # 1 (including z = 0o). Prove also that f'(0) = 1 and
f'(c0) =1,
Problem 10.36. Show that

1/(22 =
o2+ /@22 _ Z ann’
n=—co
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where
1 T
2
¢, = e j 80+ 0 o5 (sin (1 — cos 6) — nh)de.
-7

Hint: Use the same procedure as in Examples 10.26 and 10.27.



11 Residues and their calculus

Recall that if a piecewise smooth closed Jordan curve y : z(t),a < t < b is parametrized
so that inty is kept on the left as z(t) moves around y, then we say that y is oriented
positively. Otherwise, y is said to be oriented negatively (see Figure 11.1).

(a) positive (b) negative

Figure 11.1: Orientation illustrated with circles.

Let z, be an isolated singular point for a function f, i.e., f(z) is analytic in the annu-
lus{z:0 < |z -zy| < r}ifzy # co and in the region {z : |z| > R} if z; = co.

Definition 11.1. The residue of f at the point z, is defined by

Resf = % j FO, (11.1)
4

where z;, € inty,y c {z: 0 < |z - zy| < &}, and y is positively oriented if z, # co and
0 e inty,y c {z : |z|] > R}, and y is negatively oriented if z, = co (but it is positively
oriented with respect to z = co).

Remark. Due to the Cauchy theorem, the integral in (11.1) is independent on the corre-
sponding curve, and thus the residue can be rewritten as

s f=ae [ 1o

Re = —
2=2y#00 27l

1'““':5 (11.2)
R =—— .
Resf=-o— | £
I{|=R
If z; # oo, then the formulas (10.5) show us that
Resf= 5 [ f©i=c (13)
z=z," 27 - ’
1¢~2o=6

https://doi.org/10.1515/9783111632278-012
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where c_; isthe coefficient in front of (z—zo)’1 of the Laurent’s expansion for f.If z, = co
then

Resf = - J £(©4C = —c, (11.4)
IC1=R

where c is the coefficient in front of z™! of the Laurent’s expansion for f.

Example 11.2. Let us find Res,_; g of

@)= —o
£ 2z + 72 - 78
Since
3 32 1
2+722-73  z 1+2z/2-72)2
and
1
Z)= ———
£1(2) 1+2/2- 222

is analytic in the neighborhood of z = 0 and such that g;(0) = 1, then the Laurent’s
expansion for g has the form

g(z) = 32 + ZCij.
z &

Thus,

Resg = 3/2.
z=0

Example 11.3. Iff(z) = €%/, then the Laurent’s expansion of f about the point 0 has the
form

and Res,_ f = 2. At the same time (by definition), Res,_ f = -
Theorem 11.4 (Residues at poles). Iff has a pole of order k at z, + oo, then

k-1

Resf = ——((z-29)f (2)). (11.5)

7=2, (k 1)l z—»zo dz dzk-1
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Proof. Suppose that f has a pole of order k at z; # co. Then f can be written as

f(2) = z f_;o)k + z S‘Z)lk_l . (z P~ +Zc(z zY, ¢ #0.

Multiplying both sides by (z — zo)k give
© .
Z-20) F@) =yt +Cq(z-2p) T+ z ¢z - 2/ k.

If we differentiate both sides k — 1 times, we get

dk—l

=l(c 20 f@) = (k=Dlcy+ Y G+ k) ( +2)(z - zo)*.

Jj=0
Letting z — z, the result is

k-1

A e ~((z-20)"f (@) = (k= Dlcy.

By (11.3), this leads to (11.5). O
Corollary 11.5. Let f = ¢/y be such that

0(2) #0, Y(zo) =0, '(z) #0.
Then f has a pole of order 1 at z, and

0(2p)
R = .
ZzeZ§ V'(zy)

(11.6)

Proof. The conditions for ¢ and y show that z, is a pole of order 1 for f = ¢/i. Hence,

0@\ _ i 2@ _ 9(z)
Bezﬁf_ hm<(z ZO)lp( )) erIle w(z) w(zU) Y (z)

by Theorem 11.4. O
Corollary 11.6. Let f = ¢/ be such that

0(zg) £0, P(zo) = Y'(z9) =0, ¥"(29) # 0.
Then

Resf = 29" (2p) B 20(z)y"" (2o)
z=1, l/)"(ZO) 3(’1[)”(20))2 :
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Corollary 11.7. Iff has a pole of order k at z, = co, then

dk +1

esf=-— lim (Z*ra/2)). (11.7)

Z&oo (k +1)! z—0 dzk+1
Problem 11.8. Prove Corollaries 11.6 and 11.7.

Problem 11.9. Find the residue of

7T cot(mz)

=12

at ZO = 0

Theorem 11.10 (Cauchy’s residue theorem). Let D c C be a simply connected domain and
let y be a piecewise smooth closed Jordan curve, which is positively oriented and lies in D.
Iff is analytic in D except for the points z,, z,, ..., z, € inty, then

J f)4g = 271 Y Resf. (11.8)
j=17

y

Proof. Since there are finitely many singular points in int y, there exists r > 0 such that
the positively oriented circles Y= {z:]z- zjl =r},j =1,2,...,n are mutually disjoint
and all lie in int y. Applying the Cauchy theorem for the multiply connected domain, we
obtain

[+ 5 [ 7 =0

y J=ly,

or

[roac=3

y J

[ g =2y pesy. =
. =17

V)

Corollary 11.11. Let D c C be a multiply connected bounded domain with the bound-
ary oD, which is a combination of finitely many disjoint piecewise smooth closed Jordan
curves. Iff is analytic in D and continuous in D except for the points z,, z,, . . ., z, € D, then

[ 70 =21y pesr.
A

aD
where the integration holds over positively oriented curves.

Corollary 11.12. Let f be analytic in C except for z,, zy, . .., Z,, Zy = 00. Then

n
) Resf = 0. (11.9)

J
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Proof. LetR > 0be chosen so that z;,2,,...,2, € {z : |z| < R}. Theorem 11.10 gives that

o jf(()dc ZResf
[Cl=R

where the circle {¢ : |{| = R} is positively oriented. But

1
— - _R
| r@ag =~ Ress
I{1=R
by (11.2). This clearly proves the corollary. O
Example 11.13. Let us find the isolated singular points and the residues at these points
for
Z

@) =157

-cosz’

Since e” # 0 forall z € C, then the singular points of f may appear only when1-cos z = 0
or e” = 1. So, the singular points are

Zy=2rmn, n=0,+1,+2,....
At the same time, we have

(1-cos z)’|Z:Zn =sinz|,., =0, (1-cosz)” =coszl,., =1

lz:z,l
It means that all these points z,, are zeros of order 2 of the denominator. Therefore, all
these points z,, are poles of order 2 for f(z). From these considerations, it follows also
that z = oo is not an isolated singular point (it is not classified). By Theorem 11.4, we
have that

z {+2mn
Resf = lim %((z—zn)2 ¢ ) = lim i<(z € >

z=z, z 1-cosz (—0d{\” 1-cos(
oA gf+om o d ef
=i o6 (2/2!—54/4!+~--> -e }-‘i‘éd_(<1/2—(2/4!—--~>
_ oZm lim< e _ e((_Z(/4! + 4(3/6! - )> _ 9elm
(~0\1/2— (28 +---  1/2- (2/A1+ (376! -

forn=0,+1,+2,.... This can be proved also using Corollary 11.6.
Problem 11.14. Show thatif n € N is even then

1)7[/2

Res(tan(nz)) p.
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There is one more quite simple but very practical example.

Example 11.15. Let P be a polynomial of degree at most 2. Let us show that if @, b, and ¢
are distinct complex numbers, then

_ P(2) _ A B c
f@) = (z-a)z-b)(z-¢) z-a YZop T zo¢

where

_ P(a) _

“@ha-o =/

_ P(b) _

“b-an-o %/
and

__ P _
= e—ae-n =

Indeed, since

P(z) A B C
(z-a)z-b)(z-c) z-a z-b z-c

thenz = a,z = b, and z = c are singular points of f (if, of course, a, b, and ¢ are not zeros
of P). That is why the terms

A B C
z-a z-b z-c¢

are the main parts of the Laurent’s expansion for f around a, b, and c, respectively. Thus,

A=Ref B=Rgf C=Ref

and
o P(z)(z - a) B P(a)
A= T 0C-D=0  @-Da-0’
B P(z)(z-Db) B P(b)
T b (z-a)z-b)z-¢) (b-a)(b-c)
C - lim P(z)(z-¢) ~ P(c)

zoc(z-a)(z-b)(z-c¢) (c-a)c-b)
Problem 11.16. Show that if P has degree of at most 3, then

__P® A B _C
T (z-a2(z-b) (z-a? z-a z-b

f(2) , a#b,
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where
A=Beplz-a)f). B-Resf, C-Resf.

Problem 11.17. Let y be a piecewise smooth closed Jordan curve and let f be analytic in
inty. Let z; € inty be the only zero of f and of order k. Show that

Q) res!
ijf@fm k=T

A function that is analytic everywhere on the complex plane, except for simple
poles, admits a special type of representation there.

Proposition 11.18. Let function f(z) be analytic on the complex plane C except for the
points z,,2,,...,Z,, ..., which are the poles of order 1 with the residues at these points
ay, 0y, ..., 0y, ..., respectively. Assume that there exists a sequence of closed curves y,, such
that inty,, includes z,,z,, ..., z, and only them, and the following conditions are fulfilled
asn — oo:

Rn = dlSt(O, Vn) — 00, |yn| = O(Rn)s f(Z) = O(Rn)> Z€Yn

Then

f2)= f(0)+zz . 2%,

n=1 n Yl)
Proof. Consider the following integral:
_ 1 f(©) :

I,(z) = i J (((_Z)d(, Z einty,.

Applying Cauchy’s residue theorem (see Theorem 11.10) to the function ({ é‘:)z) ,
1@ =3 Res LE_ 1 res SO e ﬂo

Su (-2 =2 {((-2) ¢=0 (¢~
Sy % J@ [

Zoalz-2) z z

This integral I,,(z) can be estimated as

1 @l 1 max, [f(Olly,l
@) < me 1< SRR 1)
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The latter estimate and the conditions of proposition imply that I,(z) — 0 asn — oo if
Z # Zy,k =1,2,.... This proves the proposition. O

This proposition allows us to get some special representation for the trigonometric
functions.

Example 11.19. Let function f(z) be defined as

It is clear that f(z) has poles of order 1 at the points z,, = n, n = +1,+2,.... The residues
at these points are equal to

. 1 1 . 1 1
%ieﬁf(z) - zllgrln(z - nn)(m - E) - }IH}) (< sin(¢ + mtn) - {+ 7m>

¢ 1"

—lm—> -
&5 Csing

Moreover, the point z = 0 is a removable singularity for this function since due to L'Hopi-
tal’s rule (see Proposition 3.37), we have that

. 1 1 . z-sinz
lim{ — - =) =lim - =0
z—0\sinz z z—0 zsinz

Considering now the closed curves y,, which are equal to the boundary of quadrants
with the vertices at the points (n + 1/2)(+1 + i)7, we can easily obtain that function f(z)
is uniformly bounded on y,,. Application of Proposition 11.18 yields

(o] n oS} n 0 n+l
L=%+z > _D —1+ZZ—(_1) +zy 1

sinz N0 nmn(z -mn) z = nn(z — nn) = nin(z + mn)
1 S )"
=-+2uy %
z = 2% = (mn)

Problem 11.20. Show that:
1 _ [ (-1)"(2n+1)
cosz an z"=0 (2n+1)m)2—42%’
1 _1 1 0 1
-1~ z 2 + 2z Zn:] ZZ+(27-m)21

1

2

3 sirizz = Zﬁz_o" ﬁ’

4. tanz=8z).2, G
5 C0t22%+222221z24+r02’
6 co;hz = 41 Z(7)120 ((;;z?;)(%’
7 &N

1 _1 00
smhz —z 2z zfl=1 Z2+(mmn)?’
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_1 o 1
8. cothz=_+2z)" Z+(m)?’

_ o) 1
9. tanhz=8z} ., v
There is quite close connection (due to the Cauchy’s residue theorem) between some
series and some integrals. We illustrate this by the following example.

Example 11.21. Let us show that for all |z| < 1 and for any number a # n,n € N, the
following is true:

0 _\n a a-1_ ,a-1
_Z(z):nz . z j( z dz.

—n-a sin(ma)  2isin(ma) (-z

Since |z| < 1, then the above integral can be represented as

[ S [ S [ oo

=1 n=0 =0 o= n=0 Ii=1

Both integrals on the right-hand side of the latter equality can be calculated straightfor-
wardly. Indeed,

(=1)"2i sin(7ta)

Vs
a-2-n i6(a-2-n). .i6
dc = Je ie%dp =
¢ ¢ n+l-a
-1

1¢1=1

and this value is well-defined due to the condition on a. The second integral is well
known and it is equal to

2mi, n=0,

J e {o, n=12....

1¢1=1
Combining these two integrals, we obtain

a-1 _ a— 0 n
J ¢ 72 22 dl= Z 21( b sm(na) 2% Yo,
Ii=1 n=0

Multiplying the latter equality by z and rearranging the terms, one can obtain the needed
result.
Based on this formula and using L’Ho6pital’s rule (a — 0), it can be shown that

logl+2) 1 J log ¢ ac.

z o ) {(C-2)



12 The principle of the argument and Rouche’s
theorem

Let Gbe a domain on the complex plane and let D be a bounded subdomain of G such that
D c G.The domain D needs not be simply connected but the boundary aD of this domain
is a combination of finitely many disjoint piecewise smooth closed Jordan curves. Let f
be an analytic function on G. Consequently, f is analytic on the closed domain D.

Proposition 12.1. Let the domains D and G be as above and let f be analytic on G, except
for a finite number of poles z; € D of order u; fork =1,2,...,n. Let us assume in addition
that f(z) + 0 on D except for a finite number of zeros wy, € D of order A, k = 1,2,...,m.
Then the function

f'(2)
f(2)

is analytic on D except for the points {z;};_, and {w; }i-, (which are poles of order 1 for

f'/f) and

1 QI
zmaJl; 7O =N-P, (12.1)

where N = Y Ay and P = Yy _j ly.

Proof. Consider the function f'/f in the neighborhood of a pole z;. Then f(z) can be
represented there as

f@) = (z-z)"f,(2),
where f;(z) is analytic in this neighborhood and f;(z;) # 0. This implies that

f'@) _ -tz-20"f@+ -2 MA@ e A

= s 12.2
f(2) (z - z;) M fi(2) z-z; fi(2) (122)

where the second term fl’ (z)/f1(z) in the latter sum is analytic in this neighborhood of z,
since f;(z;) # 0. The representation (12.2) shows that z, is a pole of order 1 for f'/f and

f'@) _

Z:ZE f(Z) - _Auk' (123)

Consider now the function f’/f in the neighborhood of a zero wy. Then we have that

f@ = @-w) ),
where f,(z) is analytic in this neighborhood and f,(w) # 0. Thus, we have

https://doi.org/10.1515/9783111632278-013
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f'@ _ hz-w)" @) + @-wf @) Ak WA
f@ (z - wYfy(2) " hey

(12.4)

where the second term in the latter sum is analytic in this neighborhood since f, (w; ) # 0.
The representation (12.4) shows also that wy, is a pole of order 1 for f'/f and

f'@

Res = A (12.5)

Since the function f'/f is analytic on D except for the points {z;}}_;, {W}h, (Where it
has the simple poles), then applying the Cauchy’s residue theorem (see Theorem 11.10)
we obtain (see (12.3) and (12.5))

1 <, f@ f (2)
1 Res L - A, =N -P.
2ri a}l; f(() kZ: z—zk f(z) Z 7= Wk f(Z) kgl#k + z k

This completes the proof. O

Corollary 12.2. Suppose that f(z) is analytic on D and f(z) + 0 on D except for the zeros
wy € D of order Ay, k =1,2,...,m. Then

1 f1(d¢
ij bl (12.6)

Let y be a piecewise smooth closed Jordan curve and let f(z) be analytic on inty.

Definition 12.3. Let {, be a point of y and ¢, = Argf(z) at {,,. Let also ¢, = Argf(z) at
after going around once along this curve from ¢ to {; in a positive direction. Then the
value ¢, — @, is called the variation of Arg f(z) along curve y and it is denoted by

@1 - @ = Var Argf.
Theorem 12.4 (The principle of argument). Let f be analytic on inty, where y is a piece-

wise smooth closed Jordan curve, except for the poles {z;};_, c inty of order . Assume
that f(z) #+ 0 oninty except for the zeros {w;};-, c inty of order A,. Then

1 (f@, 1 B
o J %) dz = EVErArgf(z) =N-P, 12.7)

where N = Y3 A and P = ¥y, iy

Proof. Since f(z) # 0 on y, we may consider the multivalued function

Logf(z) = log|f (2)| +1Argf(2).
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Moreover, this function is analytic in the neighborhood of y and

_f'@
(Logf(2)) = 0

Proposition 12.1 says that

~ [wogr@yac=n-»

2
y
It is equivalent to the changes of Log f({) after going around once along y from ¢, to ¢,
ie,

1 =60 1 1 ~%0
NP = L {Logf @152 = o lloglf ()] + 1 ArgO1ZE

Argf(()|© _ Var, Argf(()
2T = 27 ’

O

Theorem 12.5 (Rouche). Assume that G is a simply connected domain, y is a piecewise
smooth closed Jordan curve in G, and f and g are analytic functions on G except for the
finitely many poles, which are located in inty. If |[f ({)| > |g({)| ony, then

Npig = Ppig = Ny - Py, (12.8)
where Nf, Nf g Pf, and Pf g denote the number of zeros or poles (taking into account
their multiplicity) for functions f and f + g, respectively.

Proof. The conditions for f and g on y show that [f({)| > O0Oand |f + gl > |f| - Ig] > 0
ony,i.e,f andf + g are not equal to zero on y. That is why we may apply Theorem 12.4
and obtain

1 1
5 VarAvg(f +g) - - Var Arg(f) = (Ny. g ~ Pr.g) — (N; = Bp).

But the left-hand side of the latter equality is equal to (see the proof of Theorem 12.4)

1 f+reg_1
o VgrArg F T Vﬁerrg(l +g/f).

We will show now that this value is equal to zero. Indeed, since on y we have

lg/f +1-1=1g/fl <1

then the value of g/f + 1 on y changes inside the circle {w : [w — 1] < 1} such that w = 0
does not belong to this set (see Figure 12.1).

Since it does not go around zero along y, then Var, Arg(1 + g/f) = 0. Hence, the
equality (12.8) holds. O
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Figure 12.1: Image of g/f + 1 on y contained in the unit circle.

Corollary 12.6. Suppose that f and g are analytic. Then under the conditions of Theo-
rem 12.5, we have that

Njg = Ny (12.9)

Example 12.7. Let P(z) = z'° -5z +2. The fundamental theorem of algebra says that this
polynomial has exactly 10 roots (taking into account their multiplicities). The question
now is: how many of these roots are located in the unit disk {z : |z| < 1}? Indeed, if we
denote g(z) = 72 + 2 and f(2) = -577, then P(z) = f(2) + g(z). The function f has 7 roots
in this disk and for |z| = 1 we have that

lg@)| = |2° +2| <12/ +2=3<5=|f(2)] = 5lzI.

By Rouche’s theorem, we obtain N, = Ny = 7.
Problem 12.8. Prove the fundamental theorem of algebra using Corollary 12.6.

Problem 12.9. Show that the equation
ay+ a1 COS QP + Ay COS2¢Q + - -+ + a, cosng =0,

where 0 < a; < a; < --- < a, has 2n simple roots on the interval (0, 277).

Problem 12.10. Let y be a closed Jordan curve. If

k+1

x| > |ag + @z + - + @12 + @ 2+ + 0,2

for all z € y, then prove that there are exactly k roots of the polynomial
Ay + QZ + -+ AyZ"

ininty.
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Problem 12.11. Show that for any small € > 0 there exists n € IN such that all zeros of
the function

L1
f(Z)=kZ:;)m

are in the disk {z : |z| < €}.
Problem 12.12. Let a > e. Show that the equation

e’ =az", neNlN,,

has exactly n zeros in the unit disk. Hint: Use Rouche’s theorem with f(z) = e and
g(z) = az".

Problem 12.13. Find the number of roots of the equation
2°+6z+10=0

in each quadrant of the complex plane C.
Problem 12.14. Find the number of roots of the polynomial of degree 8,
Py(z) = 225725 -22+1
inside the unit disk {z : |z| < 1}. Hint: Use Rouche’s theorem for f(z) = -57° + 1 and
g(z) = 8 -2z

Problem 12.15. Show that the roots of the polynomial of degree 4,
Py(z) = 2+ + 42 +22+3

are not real and not purely imaginary, and two of them are in the second quadrant and
other two (complex conjugate) are in the third quadrant. Hint: Show that for R > 0 big
enough the variation of Arg P,(z) along the closed curve y := {z : |z]| = R} n{Rez =
0,Imz > 0} N {Im = 0, Re > 0} in the first quadrant is equal to zero.

Problem 12.16. Show that the polynomial of degree 4,
Py(2) = va®+b, ab>0,

has two (conjugate) roots with a positive real part.

Problem 12.17. Show thatiff(z) is analytic and univalent in the domain D, then f'(z) # 0
for all z € D. Hint: Assuming on the contrary that there is z, € D such that f'(z,) = 0,
obtain the contradiction with the univalent function.



13 Calculation of integrals by residue theory

13.1 Trigonometric integrals

Suppose that we want to evaluate an integral of the form
21
J R(cos t,sin t)dt, (13.1)
0

where R(u, v) is a rational function of two variables u and v, i. e.,

k.l
Dkl Qv
Zm,n bmnunvm

and the summation in both sums is finite. Due to periodicity, (13.1) is equal to

R(u,v) =

T
J R(cost,sin t)dt. (13.2)
-7
Consider the unit circle {z : |z| = 1}, which is parameterized as (positive orientation)
y:z(t) = e, t € [-m, 7). Then

elve ™ z4+1/z Z2+1
cost = = = ,

2 2 2z
. el —e  z-1z z2-1
sint = - = — = —

21 21 2iz

and
dz = d(e') = e''idt

or

ar- 2 _ &

ielt iz

The integral (13.1) transforms to the curve integral

2 2 B
Z+17 1)% - [raaz, 13.3)
2z 2iz )iz

n
j R(cost,sint)dt = JR(
y

where

- 1 (722+1 22-1
R(z)= —R| —, ——
@ iz < 2z 2iz )

https://doi.org/10.1515/9783111632278-014
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is a rational function of only one variable z. This rational function R may have only poles
(zeros of the denominator of R).

Let us consider the poles of R, which are located inside the unit disk {z : |z| < 1} and
denote them as zy, z, .. ., Z,,,. The residue theorem gives

Vs
m
J R(cost,sin t)dt = J R(2)dz = 27i Z Res R (13.4)
=T y j=1 -

Example 13.1. Let us evaluate the integral

2 1
J—,dt
3+2sint

0

Due to (13.3), we have

Yy

1 1 1 dz
J3+Zsintdt:JE szZIJ 243z -1
z-1 7% +3iz -
0 y 3t 2% y
where y is the unit circle. The zeros of the denominator are

-3iFiV5
Z1,2 = T.

It is easy to see that |z;| > 1and |z,| < 1. By (13.4), we get
2

1 1 1
————dt=2niRes ———— =2mi—— =
J3+Zsint =1, 72 + 3iz - 1 2z, +31

SIS

0
after using also (11.6).
Example 13.2. Let us evaluate the integral

2

:=j—1 dt
! 1+ 3cos?t

Repeating the same procedure as above, we obtain

1 1 1 4zdz
I:JE zZ+ldeZijs4 1022 +3°
Jiz143(52) J 3zt 41028 +

The zeros of the denominator are

Zl = 1\/§, Zz = _i\/g, Z3 = l/\/g, Z4 = —1/\/§
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Itis clear that |z4], |z,| > 1, and |z3], |z4] < 1. That is why

I= 27T<Res 4z + Res 4z )
z=23 3z% + 1022 + 3 2=z, 3z% + 1022 + 3

< 4z, 4z, )
=27 3 +—
12z; + 2023 12z, + 20z,

i/V3 i/V3

= 2 —_ =
”( 331/V3)3 +51/V3  3(-i/V3)3 - 5i/V3 ) d
Problem 13.3. Evaluate

21

J cos(2t)
5—-4cost

0

Problem 13.4. Evaluate
2
J sin® ¢
5+4cost
0
Problem 13.5. Show thatifw € C\ {w € R : |[w| > 1}, then

T

J dt _n
J1-weost ViR

Explain the choice of the complex number w.

Problem 13.6. Show thatifa > b > 0, then

1.

2

J dt _ 2ma

! (a+bcost)? \/m
2.

21

J dt _ n(2a+Db)

] (a+bcost)? /(a2+ab)3.

The next example shows that the above technique cannot be used for the evaluation
of the following integral.

Example 13.7. We will show that

jT X sinx dx {%10g(1+a), 0<a<l,

_ 2 T1x
01 24 COS X + @ Elog(1+1/a), a>1
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Let us assume first that 0 < a < 1. Consider the function

iz

ze
aelz -1

f(2) =

, ze€{z:|Rez|<mImz >0}

Since 0 < a < 1, then this function is analytic in the specified region. Applying now the
Cauchy theorem for the rectangle with the vertices at the points —m, 7, 7 +in, —-m +in,n €
IN, we obtain

s

n 0
J FOOdx + j For +iy)idy + j FOx + in)dx + J F(em +iy)idy = 0.
0 e n

v/

-

The third integral tends to zero as n — oo since it is equal to

B jf (x + in)ei"

- dx - 0, n-— oco.
aeX — e

The sum of the second and the fourth integrals is equal to

n . . n . . n
[ (7 +iy)elTD) [ (7 — iy)elTD) o[ dy
II ael™y) — 1 b+ IJ ael-m) 1 b= ij a+e @.
0 0
Letting now n — oo, we get
T ix [ele]
J xe dx+2nij Y g0
A aeX -1 ] a+e

Equating the imaginary part of this equality to zero, we obtain that
n . 00 d

j X sinx dx = 2t J y
1-2acosx + a® a+e

-

But the improper integral on the right-hand side of this equality can be easily evaluated
and itis equal to % log(1+a). Taking into account that the integrand on the left-hand side
is even, we finally obtain the needed result in the case 0 < a < 1. The case a > 1 can be
reduced to the previous case if we change a to % Moreover, the obtained result can be
easily extended (by continuity with respect to parameter a) for all 0 < a < co.

Problem 13.8. Show that for |a| < 1 we have

21
J’ dt 2

) 1-2acost+a®> 1-a?

What can one say about this integral for |a| > 1?
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Problem 13.9. Prove that for n € IN,

21 21

. 21 . .
J e“St cos(nt — sin t)dt = L J e“tsin(nt — sin t)dt = 0.
) !

Hint: Use Euler’s formula.

13.2 Improper integrals of the form J'_ozof(x)dx

Let f(x) be a continuous real-valued function of x € R. The Cauchy principal value of the
integral

| ro0ax
is defined by
) R
p. [ fodx = Jim [ fe0dx
% R

provided the limit exists. By this definition, we obtain

p-v. Tf(x)dx =0

if f is odd and

o0

p-v. Tf(x)dx =2 Jf(x)dx
) 0

if f is even.
Theorem 13.10. Let f be analytic for Imz > 0 and continuous for Imz > 0 except for

the singular points zy,z,, ..., 2z, withImz; > 0 for allj = 1,2,...,n. Iff(z) = o(1/|z|) for
Z — o00,Imz > 0, then

py. j fO0dx = 271y Resf. (13.5)
00 j=1 i

Proof. LetR > 0be chosen such that all points z;, z,, . . ., z, belong to the region {z : |z| <
R,Imz > 0}. Let yg be the union of the line segment [-R, R] and the upper semicircle I';
(see Figure 13.1). The residue theorem gives that
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Zn Z1

Figure 13.1: Semicircle [} containing singularities.

R n
J Foodx + j f(2)dz =271 Y Resf.
_R j=1""

T}

But

f(Re")Rel'idt

Uf(z)dz

Ti

Otm—y

< J[f(Re")|Rdt
0

o(1/R)Rdt = ox(1)7t — 0

Ot—

as R — oo. That is why

R
n

RILrEO Jf(x)dx = 27'[1]; E{:ezjs_f
-R -

and the proof is concluded.

Example 13.11. Let us evaluate the integral

The singular points of

4 +1
are

_ elﬂ/4’ _ 6‘13”/4, ) = e15n/4) Z3 = e17n/4.
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It is clear also that Im zy, Im z; > 0, and Im z,, Im z; < 0. Hence,

o0

1 . 1 1 S 1 1
J dx=m(Res + Res ):m(— + —)
] xt+1 =20 74 +1 z=21 7% +1 4z3 4z}

_ %(e—Bin/él + e—9if[/4)

= E(coss—ﬂ —ising—ﬂ +cosg—ﬂ —ising—ﬂ>
4 4 4 4 4

r[i( . 7T> 7v2
= —(-2isin— )= —.
4 4 4

Example 13.12. Let us evaluate the integral

The singular points of

25 +1

are

zy = SO e 0,1,..,5.

It is clear that only z,, z; and z, belong to the upper half-plane. Thus,

Q4 2 4 4 4 4
z z z
j 6X dx = i R_es GZ :7'[i<_05+_15+_25>
; x®+1 0l z +1 6z) 6z; 623
1 1 1 1 1 s . s
_ E<_+_+_> _ E(e in/6 | o-in/2 o 1571/6)
6\zy z; 2z, 6
= m(cosn isinn i+ cos U isin 5H>
6 6 6 6 6
—m<—2isin”—i>—ﬂ
6 6 -3

Problem 13.13. Evaluate the integral

@ 2
X
—dx.
J (X2 + 4)%

-0
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Problem 13.14. Evaluate the integral

T o1
——dx
J (x* +1)2

Problem 13.15. Evaluate the integral

T
V. | ———dx
pv_J xX(2 +1)

Problem 13.16. Prove that:

1
T dx _ m(2lal + b))
(X2 +a®)(x® + b%)? ~ 2a2|ab|(|a| + |b)*>
2.
T dx _@n-3)n
J @roey VP g TN

under the condition ab > 0. Here, (2n — 3)!! for n = 1 must be substituted by 1.

13.3 Improper integrals of the form f_"; e'™f(x)dx

Theorem 13.17 (Jordan’s lemma). Let us assume that f is continuous in the region {z :
|z] > R,Imz > 0} for someR > 0. If

Zlirgof(z) =0, Imz>0,
then

lim j ()] = 0 (13.6)

R—o0
|{|=R,Jm {>0

forany a > 0.

Proof. Under the conditions for f, we have that for any € > 0 there exists R > 0 such
that

If(2)| <& lzI>RImz>0.

We parametrize the semicircle asy : {(t) = Reit, t € (0,m). In that case, we obtain
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n
< J|ela{|v(()||d(| < 8J|€iaR(COSI+iSint)|Rdt
0
/2

T
=¢R J e ®sItgr _ 9eR J g WRsint gy
0 0

[ e“recrac

y

~

/2
< 2eR J e 2Ty
0

sincesint > 2t/mfor0 < t < m/2and a > 0. The latter integral can be evaluated precisely
and, therefore,

< n—g(l—e"“R) T
a a

[ e

y

Since € > 0 was arbitrary, we obtain (13.6). O

Corollary 13.18. Let us assume that f is continuous in the region {z : |z| > R,Imz < 0}
for someR > 0. If

Zlirgof(z) =0, Imz<0,
then

lim J e F ()T = 0 (137)
|{]=R,Im {<0

foranya < 0.

Corollary 13.19. Let us assume that f is continuous in the regions {z : |z| > R,Rez < 0},
or{z:|z| > R,Rez > 0} for someR > 0. If

lim f(z)=0 or lim f(z)=0,

z—ooRez<0 z—ooRez>0
then
lim J e“F()AC = 0 (13.8)
R—oo
|{]1=R,Re {<0
or
Jim j eF()AC = 0 (13.9)
|{|=R,Re {>0

forany a > 0 or a < 0, respectively.
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Theorem 13.20. Let f be analytic for Imz > 0 and continuous for Imz > 0 except at the
singular points z,z,, ..., z, withImz; > 0 for allj = 1,2,...,n. Iff(z) = o(1) for z — oo,
Imz > 0, then

pv. J e¥F (0)dx = 271 Y’ Res(ef (2)) (13.10)
00 j=1 i

fora > 0.

Proof. LetR > 0be chosen such that all singular points z;, z,, . .., z,, belong to the region
{z : |z] < R,Imz > 0}. Let yp be the union of the line segment [-R, R] with the upper
semicircle I'y. The residue theorem gives that

R

J el™f (x)dx + J ef(z)dz = Zniil}fzs_(ei ).
=

-R Ty

Jordan’s lemma (see (13.6)) implies that for a > 0 the integral over '} tends to zero as
R — o0. Hence, letting R — oo we obtain (13.10). O

Example 13.21. Let us evaluate the integral

o .
stmx
X2 +4
0
Indeed, we have
00xsinx 1 T xsinx 1 T xelX
——dx == .V.J—dx:—lm .V.J dx
jx2+4 2p X2 +4 2 (p xX2+4 >
0 —00 -0

1 . ez 1 _e%oi
= = Im( 2miRes = = Im{( 2mi

2 ( z:ZiZz+4> 2 ( 2-21)

1

2

-2
Im(e—2ﬂi> = Ee_z.
2 2

Example 13.22. Let us evaluate the integral (a > 0),

]’Ocos(ax)dx

x2+1

Indeed, we have using Theorem 13.20 that
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Oocos(ax) 1 T cos(ax) 1 T el
J dx:—p.V.J dx = =Re p.v.J dx
x2+1 2 x2+1 2 x2+1

00

iaz iai
= 1Re(ZniRes ¢ ) = 1Re(Znie—,) =T
2 z=1 z2+1 2 2i 2

This result can be easily generalized for any a € R.

Problem 13.23. Prove that

[ee]

J COSX — COS(ZXdX _ loga

for @ > 0. Hint: Integrate function f(z) = eiz‘zem over the boundary of the quarter part
of the disk with radius R and let then R — oo, and use Problem 5.20.
Generalize this example to the case when A; +A,+---+4,, = 0and a;, a,,...,a, > 0,

to obtain that

(0]

J Ajcosapx + A, co8ax + -+ + Ay cosanxdx
X
0
=-A;loga; - A)loga, —---— A, log a,.
Problem 13.24. Let k > 0. Prove that
R . 2, x>0,
. e —xk
lim —dt=e 1, x=0,
R—+oo ) k+it
-R 0, x<0.

This integral is known as the discontinuous Cauchy multiplier.

Problem 13.25. Assume that x is not an integer and 0 < v < 1. Show that
1 n - gizkny pl2mxv

amin=eo & kX 1- e’

In particular,

elkn T

n
lim =
n—co k;n k-x  sinmx

el(val)ﬂz

Hint: Integrate function f(z) = over the circle with radius R = n + 1/2.

(z—x) sinmz

Definition 13.26. Let f be a continuous real-valued function of x € [a, b] except for
possibly the point ¢ € (a, b). The principal value of the integral
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foodx

R ——

is defined as

£ b

FOOdx + j f(x)dX]

c+e

S 7

b
p.v. Jf(x)dx = SILIBO[

if the limit exists.

Example 13.27. Let us evaluate the principal value integral

b
p.v.Jde, a<c<b.
Jx-c

By definition, we have

X-c X-c
a C+e
. b-c
= lim [log| - €| - log|a - c| + log|b - c| - log |¢|] = log ——.
£—+0 c-a

Example 13.28. Let us evaluate the integral

©0 .

sin x

[ onxa
X

0

We have

where principal value integral is considered with respect to co and 0. We have

S o ix —£ ix R ix
pu. | S¥ax -y, | e_dx:him(je_d“je_ )
X 1 X 1 R—o0 X X
—0o —00 e—0 \_p £

Here, we have used the fact that

3

pPv. J 53Xy = 0.
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Consider the function
oz
zZ)= —.
f@) ==

Ithas only one singular point z = 0. That is why we consider the closed curve (Figure 13.2)

y=I[-R-€]UT, U[&R]UT}.

Figure 13.2: Semicircles I} and I;.

Inside of y, the function f is analytic and continuous up to the curve y. Using the
Cauchy theorem, we have

iz £ iy iz R iy iz

Ozje—dz:Je—dx+Je—dz+Je—dx+Je—dz. (13.11)

z X 7 X z
y R r- E r;

The integral over I'; tends to 0 as R — oo due to Jordan’s lemma. The integral over I';
can be evaluated as

T it

i i ; b4
iz iz ice”: A0t
e e e 1ee . i _esi
J’ d_z:_J’_d_Z _J dt:—IIEIECOSIe esint g
0

z z gelt
Iy Iy

iecost

But the last integral tends to —ixr as € — 0 due to continuity of the functions e and

e ¢S with respect to e and t € [0, 77].
Letting now € — 0 and R — oo in (13.11), we obtain

—-£ . R .
1X 1X
0= lim (J e—dx+Je—dx>—in
R—00,e—0 X X
“R &

or

Ooeix

V. | —dx=im

pVJ X 17T
00
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Therefore,

This integral is called the Dirichlet integral.

Problem 13.29. Show that (see, for comparison, Example 13.28)

Problem 13.30. Show that for any a € R, we have

o0
sin ax 1e+1 1
dx =sgnaf - -—
Jezm‘—l & <4e“—1 2a>
0
where
1, a>0,
sgna =40, a=0,
-1, a<0.

iaz
€

Hint: Integrate function f(z) =
R, R+1, 1

—=— over the rectangle with the vertices at the points 0,

Problem 13.31. Prove that

T sin(xb) dx = msgnb

1 e-lalibly,
] x(x% + a?) 2a? ( )

where a and b are real and a # 0. Hint: Use the same procedure as in Example 13.28.
Problem 13.32. Prove that

T sin(xb)

s Y/
s b<— ~ e 1(p| 4 2/|a|)>,
0

2a*  4a®

where a and b are real and a # 0. Hint: Use the same procedure as in Example 13.28.
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Problem 13.33. Evaluate the integrals
J e cos(ax?)dx, J e sin(ax*)dx
0 0

for real a. Hint: Use Problem 5.21.

13.4 Improper integrals for multivalued functions

In this section, we study improper integrals of the form

[’ 1 )
[xtrooar, [a-n e tooan [ footogxax.
0 0 0

Theorem 13.34. Let f(z) be a single-valued analytic function for z € C except for the
singular points z,, 2, ..., z,, which are not lyingon R, forallj =1,2,...,n.If0 <a <1,
and if f (z) has a removable singularity at z = 0 and f(z) = 0(%) forz — oo, then

Jx“‘lf(x)dx: 12% Res(2 Y/ (2)). (13.12)
~emma 255

0

Proof. Consider the domain D, p, which is a disk with radius R > 0 big enough and
without a disk with radius e > 0 small enough, and with a cut along the positive real
axis from e to R. In this domain, the multivalued (in general) function g(z) := z%"'f (z) is
a single-valued analytic function except for the singular points z;,z,, ..., z,, which are
inside of the domain D, . Thus, by the residue theorem, we have that

ZHiiE{:ezs g(2) = J g(z)dz
e 0D p
R
= Jxa_l 0dx + J 2 (z)dz

€ |z|=R

€
+ Jza"lf(z)dz - J Y@z =L+ L+ I + 1,
R

|z|=€

where the integration over the circles |z| = R and |z| = € are taken in positive direction
with respect to the origin. Consider now each of the terms I;,j = 1,2, 3,4. By hypothesis
in the neighborhood of the infinity, we have
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2
J R ei(a—l)tf( R eit)-lR eltdr
0

IL,| < <2TMR*' -0, R— +oo,

since 0 < a < 1. Similarly, using the conditions in the neighborhood of the origin, we
obtain

2
J ea—lei(a—l)tf( eeit)ieeitdt
0

I, < <2nMe* —» 0, €—0,

since 0 < a < 1. Here, M, M; are some positive constants, which correspond to the
hypotheses of the theorem. The term I; is the integral over the lower lip of the cut where
arg z = 271. Therefore, we have

R
I=- J y@-1gi2n@D) FO0dx = _eiZn(@D) L.

€

Taking now the limits in [;,j = 1,2,3,4 as R — +oco and € — 0, we finally get

N s
a-1 _ a-1
jx f(x)dx = 1 ema 21}:‘32?(2 f(2)).
0 J=
Thus, the theorem is proved. O

Example 13.35. Let us evaluate the integral

0 —-a
JX dx, O<a<l
1+x

The integrand satisfies all conditions of Theorem 13.34 and has only one singular point
z = -1. Thus, (13.12) implies that

i _ = )
1-e2ma  gin(am)

(o) .
—-a : —a —Ja
X 211 z . e m
J dx = — Res =27

1+x 1-e2maz="11+z

Problem 13.36. Show thatfor -1 < a <3,

T X _ n(l-a)
J 1+ xz)zdx " 4dcos(ma/2)’

0

Theorem 13.37. Let f(z) be a single-valued analytic function for z € C except for the
singular points zy, Z,, . . . , Z,, which are not lying on the interval [0,1] for allj = 1,2,...,n.
If0 < a < 1andf(z) has a removable singularity at z = co, then
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1 Cn
jx“"l(l ~ ) p0dx = 20 T Res(z 1 -2 f(2),  (1313)

- + o
sin(arr)  1- el & z=z
0 J=1

where ay =1lim,_,  f(2).

Proof. Consider the domain D, g, which is a disk with radius R > 0 big enough and
without two disks with radius € > 0 small enough around z = 0, z = 1, and with a cut
along the positive real axes from € to 1 — €. In this domain, the multivalued (in general)
function g(z) := z* (1 - 2)"%f(z) is a single-valued analytic function except the singular
points zy, zy, ..., Z,, which are inside of the domain D, . Thus, by the residue theorem,
we have that

n
ZniZR_esg(z) = I g(z)dz
=7 Dep

1-€

_ J X1 - ) F (x)dx
J a-1 -a ( a-1 -a
+ z (1-2)"f(2)dz + J Z (1-2)"f(2)dz
|z|=R 1-e
- j 2Y1- 2% (2)dz -
z|=€ |z-1|=€

2 Y1-2Y(2)dz

::Il +12+13+I4+15,

where the integration over the circles |z| = R and |z| = €, |z — 1| = € are taken in positive
direction with respecttoz = 0 and z = 1, respectively. By hypothesis in the neighborhood
of the infinity, we have that f(z) = aq; + % + --- and, therefore,

21

I, = J R el D(q Reit)_a<a0 +

a o o
L +~~->1Re”dt—>2ma0em
Relt

as R — +oo. We have used here the fact that -1 = e . Next,
2
Iy = - J e 1el@D (1 gel)) f(eelYieedt — 0, € — 0,
0

since 0 < € < 1and f(z) has no singularities at z = 0. Similarly, we get that

21
I =- J(l +ee!) " (—ee) (1 + eeYiee"dt — 0, € 0.
0
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The term I is the integral over the lower lip of the cut where arg z = 27t. Therefore, we
have

€
13 _ J Xa—leiZT[(a—l)(l _ X)ief(X)d_X _ _eiZHall.
1-€

Taking now the limits in [;,j = 1,2,3,4,5as R — +co and € — 0 and combining results
for I;, we finally get (13.13). The theorem is completely proved. O

Example 13.38. Immediate application of Theorem 13.37 with f = 1 yields that

O<ax<l.

1
J X1 - )% = — ,
; sin(arm)

Note that the integral at hand is a particular case of Euler’s beta function (see Theo-
rem 17.27 and Example 13.35).

Theorem 13.39. Let f be analytic for Im z > 0 and continuous for Im z > 0 except for the
singular points z,, z,, ... ., z, withImz; > 0 for allj = 1,2, ..., n. Assume that the restriction
of f(z) to the real line R is even. If f(z) = o(m)forz — 00, Imz > 0, then

J 00 logxdx = ir Y 1}_ezs<f<z)<1ogz - %)) (13.14)
0 ISR

Proof. Consider the domain Dy in the upper half-plane such that its boundary is the
curve consisting of the segments [-R, —€], [€, R] of the real axis and the semicircles FE =
{z:|z| = R, Imz > 0}, and y: ={z : |z| = ¢, Imz > 0} connecting them. The function
g(z) = f(z)logz, which is the branch of the analytic multivalued function, coincides
with f(x) log x on the positive real semiaxis, on the negative real semiaxis, i.e., for z =
—x = xe", x > 0, and takes the value g(—x) = f(-x)log(-x) = f(x)(log x + imr). Moreover,
this function g(z) is analytic in the domain Dy except for the singular points z;,j =
1,2,...n of the function f(z). Hence, by the residue theorem we have that

n
Zﬂizgesg(z): J g(z)dz
AT

aDe,R
R

= Jf(x) log xdx + Jf(z) log zdz
€ T

- Jf(x)(logx + im)dx - If(z) logzdz =L+, + 15+,
R

Ve
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where integration over semicircles are taken in the positive direction with respect to the
origin. By hypothesis in the neighborhood of the infinity, we have that for R big enough

bis
L] < JV(Reit)l(IOgR +m)Rdt - 0, R — +oo.
0

Combining I; and I3, we get

R [}
L+1;= Jf(x)(Zlogx +im)dx — Jf(x)(Zlogx + im)dx
€ 0

asR — oo, € — 0. Similar to I,, we can estimate I, as follows:
s
|L| < J[f(eelt)|(| loge| + m)edt — 0, € — 0,
0

if we take into account that f(z) has no singularity at 0 and lim,_,; vlogv = 0 for real-
valued log. Next, since f(x) is even and satisfies all conditions of Theorem 13.10, then

(o]

[ rooax =i 3 Res/(2).
0 =

Taking now the limits in [;,j = 1,2,3,4 as R — +co and € — 0 and combining results for
Ij, we get

n @ n
. B i N2
27'[1}; gzeg(f(z) logz) =2 Jf(x) log xdx + (i) ];B:ez?f(z).
This rearranges to (13.14). The theorem is finally proved. O

Example 13.40. Let us evaluate the integral

J log x a>0.

(@ +x22
0

Applying Theorem 13.39, we easily get (z = ia is a pole of order 2 in the upper half-plane)

T logz- 2 p(loga-1)
0g X . -3  n(loga-
——=——dx = miRes = .
J (@ + x%)2 z=ia (a® + z%)? 4a3

In particular,
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[6e)

log x
——2——dx =0.
J (€2 + x2)2

Problem 13.41. Evaluate the Fresnel integrals
J cos(x*)dx and J sin(x*)dx.
0 0

Problem 13.42. Prove that

T log x nloga
dx =
.[x2+a2 2a

for any a > 0. In particular,

(o)

j IOngx—O.
0

1+ x2

Problem 13.43. Using the result of Problem 13.42, prove that

T log® x T, 9 e
dx=—1o —.
J’x2+az 2a ga+8a
0
Problem 13.44. Show that
T xet 4 7
dx=24"1———
J X+A sin(as)
0
forO<a<landA > 0.
Problem 13.45. Show that
T 1
J sin(x“)dx = F(a;) sin—, a>1,
a 2a

where T is Euler’s gamma function (see the definition in Chapter 17).

Problem 13.46. Show that

(o)
.n 1 m+1 ; T(m+1)
Jx’"elxdx=—l‘< >e1 m , -l<m<n-1, n>0,
n n
0
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where I' is Euler’s gamma function (see the definition in Chapter 17). In particular, if
a>0and0 < p < 1,then

[e'e) p o0 s 7D
. T'(p) cos =- . I'(p) sin =~
Jtp ! cos atdt = u Jtp lsinatdt = — 2o 2
a? apP
0 0
Problem 13.47.
1. Prove that for 0 < o < 1, we have
T log(1 +x) [ log[1-x]
og(l+x T ogll-x b
dx = , V. dx = .
J xo+1 o sin o v j xo+1 o tan o

0

2. Show thatfor 0 < a < 1, we have

[EN

>

oo Xa—l
p-v. J dx = 7 cot(ar).
0

3. Showthatfor 0 < b <1and -m < a < 71, we have

(oe) .
J. Xb—l ~ ﬂ.ela(b—l)
x+ee sinmb
Problem 13.48. Prove that
00 —_ .
J x® _m sinad
1+2xcosA+x%  sinam sinA

for-1<a<land-m <A<



14 Calculation of series by residue theory

There are two results, which may work in applications to the calculation of number
series by residue theory.

Theorem 14.1. Let f(z) be analytic in C except for the finite number of points {z; }m with
Imz; # 0. Let us assume in addition that f(z) — 0 as |z| — oco. Then

Y 0700 =~ Y Res T (14
j=

s ~ 2=z sinmz’
Proof. For any n € Z large enough and for R > 0, let us consider the curve (rectangle)

Ihr={zeC:x+iRx € [-n-1/2,n+1/2],
x—iR,x € [-n-1/2,n+1/2],-n-1/2 +1iy,y € [-R,R],
n+1/2+1y,y € [-R,R]}

such that all singular points of f(z) belong to int I, ¢. Then the function

7if (z)

sin 7tz

has the singular points
{z; }j b Zx=kk=0+1,%2,...,4n

inside intT, ;. Using now the Cauchy residue theorem for this special domain int I}, p,
we obtain

m
J @ 47 = omi z Res -2 @) +211 ) Res 7@
. SlIUTZ Ken Sn]TZ ]: Z=Zj SanTZ
nR

il 3 T S e T@
- 2m<k;nﬂcosnk +; 7 smnz)

< Y. D+ ) Res es Smm) (14.2)

k=-n ]:1

Now, in order to get (14.1) we need to investigate the curve integral on the left- hand side
of (14.2). This integral can be represented as the sum of the following four integrals:

n+1/2 .
nf (x — iR)dx
Il = J -_— T

sinm(x —iR)’
—n1/2

https://doi.org/10.1515/9783111632278-015
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-n-1/2 ( 1R)dX
TT
L= J if (X +

sinm(x +iR)’
n+1/2

R
I _iJ nf(n+1/2 +iy)dy
377 ) sinm(n+1/2 +1iy)’

i JR af(-n - 1/2 + iy)dy
- ) sinm(-n —1/2 +1y)”

Since
fsinr(o 2 10) = QX o TR Zie—mxeiﬂR R QR _ o~TR R L—lle”R, R0
then for I; and I, we have the following estimate:
n+1/2
TARIARE 4_” J IF(x % iR)|dx < 377; M IfOcE R 2+ ).
-n-1/2

If we choose R > n and take into account that f(z) — 0 as |z| — +oco (actually we need
here only boundedness of f), then when R > n — oo the right-hand side of the latter
inequality tends to zero. Next, since

sin(+7(n +1/2 +1y)) = +(-1)" cos(iny) = +(-1)" cosh(ry)

then we have the following estimates for I3 and I:

R
[f(n+1/2 + iy)|dy
VAR £ o)

R
< ”yern[—%)fR]lf(n +1/2+ 1) ,l[ cosh(rmy)

(ee)

dy
<ny€r}1§ex [f(n+1/2 +1y)| J meo, n— oo

due to the fact that f(z) — 0 as |z] — +oo and

T dy _
cosh(my)

If weletnow R > n — oo in (14.2), we obtain that
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0= zm( i (-1 f(k) + ) Res M)
k=—0c0 j=1

z=z; Sinmz
It implies (14.1) and, therefore, the theorem is completely proved. O
Theorem 14.2. Let f(z) be analytic in C except for the finite number of points {z; ]-":ll with
Imz; # 0. Let us assume in addition that zf(z) — 0 as |z| — co. Then
[oe] m
Z fk) =- Z E{gs(n cot(n2)f (z)). (14.3)
k=—c0 j=177
Proof. Literally the same as for Theorem 14.1. The only difference is
Resm cot(nz)f (z) = M = f(k). O
2=k (sinmz)!| -

Remark. In Theorems 14.1 and Theorem 14.2 some singular points {zj}j'i1 of f(z) may be
located on the real line such that they are not equal to some n € Z.

Example 14.3. Let us show that for real a + 0 we have

(o)
1
Z T I coth(ma).
o ket a a
Indeed, let
1
f(Z) = m, z € C.

This function has two singular points z; = ia and z, = —ia. Then Theorem 14.2 gives that

OZO: 1 <R 7 cot(mz) + Res ncot(nz)>

e e
W k2 +a? z=ia Z2+a* =i 7%+ a?

__ (77 cot.(ma) N ncot('—ma)> _ T coF(ma) _n coth(a).
2ia —2ia ia a

Example 14.4. Let us show that

Indeed, let a = € > 0 and small. Then Example 14.3 implies that

- 1 1 - 1 T
——— =5+2 ) ——— = — coth(rne).
k:Z_:OOkZH?2 e kzzll<2+£2 £ (7e)
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So,
X1 s 1 em(e® +1)-e¥ +1
2Y —— = —coth(te) - = =
k;kzwsz £ (ne) &

82(e28ﬂ _ 1)

Using Taylor’s expansion for e’ near zero, we can easily obtain that the limit of the right-
hand side of the latter equality is equal to 772/3. Thus,

00 1 72.2
2y ==
k:1k2 3

Example 14.5. Let us show that for any a ¢ Z we have

[ee]

1 7
z =

oo (k+ @) sin’(ma)

Indeed, let
1
= —, C.
f@ (z +a)? ze

This function has one singular point z = —a, which is a pole of order 2. Then Theorem 14.2
and the remark after it give that

o0

2
Y % = - Res &(ﬂ? = —n(cot(nz));}a = 727—
oo (k+a) ==t (z+a) sin®(7a)
Problem 14.6. Prove that
i": 1 7° cot(ma)
o kv a)® sin’(ma)
Problem 14.7. Prove that
OZ": 1 71_4 1+ 2 cos®(ma)
o (k+a)t 3 sint(na)
Problem 14.8. Show that
[ee] (_1)k+1 7.[2
& k12
Problem 14.9. Show (using Theorem 14.2) that
°Z°: 1 m_ sinh(72v2) +sin(m2v2) 1

okt +at " 2VZa® cosh(n2v2) - cos(n2vZ)  2a*
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Problem 14.10. Using the result of the previous problem, find the sum

0 kz
kz:lk4+a4'

Problem 14.11. Show that

$ 1«
& 2k +1* 96

Problem 14.12. Using the result of Problem 14.9, prove that

X1 7
250
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This chapter is devoted to the introduction of entire functions.
Asitwas shown (see Corollary 8.4 and the results of Chapter 9), every entire function
f(z) can be represented via power series (its Taylor’s expansion)

f@)=Y¢Z, zec,
j=0

that converges everywhere in C, hence uniformly on compact sets. The radius of con-
vergence is infinite, which implies that

. 1 . . log]cl

lim |¢;|/ =0 orequivalently lim —— =-c0
P00 ] ]

Jjooo

Conversely, any power series satisfying this criterion will represent an entire function. It
can be also mentioned that all entire functions (besides polynomials) have an essential
singularity at z = oo (see Theorem 8.2). In addition, if the entire function (its real or
imaginary part) is known in the neighborhood of, e. g., z = 0, then it is known for the
whole complex plane.

From what has been considered earlier, it follows that an entire function in any
bounded domain of the complex plane may have only finitely many zeros. Consequently,
all zeros of an entire function may accumulate only at infinity and they can be arranged
in order of increasing absolute values.

The simplest entire functions are polynomials. The polynomial f(z) having zeros at
the points z;, 2, . .., z,, which are not equal to 0, can be uniquely represented as

f@ =f(0)<1— Zil)(l- ZZ—2)<1_ Z£>

The zeros of arbitrary entire function (if they exist) play an equally (as for polyno-
mials) important role in the general case. But there can be infinitely many of them
Z{,Zg,...,Zp, ... (# 0), and the product (unlike polynomials)

fi(-)

may diverge. As aresult, the entire function cannot always be composed into such simple
factorsas (1 - Zi) and it is necessary to consider different kinds of factors.

Definition 15.1. If p € NN, then the expression
E(u,p) = (1 - w)e" ™20 B 0):=1-u (15.0)

is said to be primary factor.

https://doi.org/10.1515/9783111632278-016
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It can be easily seen that for |u| < 1 we have

|u|p+1

1-ul’

llog E(u, p)| < [P (1 + Jul +---) (15.2)

Moreover, it can be proved that for |u| < 1, it holds that
|E(w,p) - 1] < [ulP™,

These estimates will define actually the convergence of the product of primary factors.
And we can formulate and prove the first result in this direction, which is a well-known
Weierstrass’ theorem.

Theorem 15.2 (Weierstrass). Let {z,}n>, be a sequence of complex numbers such that

lim,_,, z,, = co. Then there exists an entire function having the zeros only at these points
Z1,Zg, .. ..

Proof. Let the points z;, z,, ... be enumerated so that 0 < |z;| < |z,| < .... Then for any

fixed z the series
i( |Z| >pn
— < 00
|z,

n=1

converges if the sequence p, is chosen appropriately. Indeed, since lim,_,, z,, = co we
can choose n, so large that for all n > n, we will have |z,| > 2|z|. So, e. g., if p,, = n, then

(ﬂ)“ L
|z, 2n

and, therefore, the series converges. Let us now define the function f(z) as follows:

f(z) = lj}i'(zi,n—l)

n

Then we prove that this function satisfies all required properties. Indeed, if |z| < @
then we have that

This estimate yields that for |z| < R the series

D logE<£,n - 1)

Iz, [>2R Zn

converges uniformly and, therefore, the product
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I E(i,n—1>
lzal>2R N Zn

converges uniformly for |z| < R, too. This means that f(z) is analytic for |z| < R and its
only zeros in {z : |z| < R} are the zeros of the function

fr(@) = l_[ E(i,n—1>,

lz,l<2R N Zn

i.e., the points z;,z,, ... Since R can be chosen arbitrary large, then theorem is proved.
O

Corollary 15.3 (Weierstrass’ factorization theorem). Let function f(z) be entire and f(0) #
0. Then it can be represented as

f(2) = f(0)P(z)e5®

where P(z) is some product of primary factors (if f (z) has zeros) and g(z) is some entire
function.

Proof. Let function P(z) be some product of primary factors. Let us define a function
©(z) as follows:

f'@ P2

f@) P2

0(z) =

It is not difficult to check that ¢(z) is an entire function since the poles of order 1 of ff

are eliminated by the corresponding poles of order 1 of 5~ P Z) . Consequently, if we deﬁne
g(z) as

§(2) = | 9O = Logf(2) - 10gf(0) ~ log P(2) + log P0),  P(0) =1,
0

then g(z) is entire function and

0 _ @
P(2)f (0)

This completes the proof. O

Remark. It should be mentioned here that the latter representation is not unique. In
addition, if z = 0 is a zero for f(z) of order m € N, then f(0) must be replaced by z™, i
the corresponding representation will be

f(2) = 2"P(2)e5?.
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The Weierstrass’ factorization theorem is too general and not so specified in view of
applications since p, tends to infinity and there is not enough information about entire
function g(z). There is however a subclass of all entire functions when this representa-
tion will be quite specific.

Definition 15.4. An entire function f(z) is said to be of finite order if there is a number
A > 0 such that

If(2)] < CAelzlA, Cy>0,zeC.
The infimum of such numbers A or
p:=infA

is called the order of entire function or just order in short.

Remark. If p is the order of entire function f(z), then for any € > 0 (arbitrarily small)
there is a number A, such that

F(2)] < A
Moreover, this number p can be calculated as

—— loglog(sup,<g If (2)])
= lim .
R—00 logR

Problem 15.5. Prove the latter remark.

Example 15.6. Itisclear that the order of any polynomial P, (z) is equal to zero. It follows
from the fact that for any € > 0 we have
n
',
lzl—c0 el

It is also clear that the entire functions e?, cos z, sin z, sinh z, cosh z have order 1 but the
entire functions eYZ, cos vz, sin vz, cosh vz, sinh vz have order 1/2. This fact follows
from the elementary estimate:

le?| <e”, zec.
k z
Problem 15.7. Prove that the order of functions e* ,k € N, and e® are equal to k and
0o, respectively.

Definition 15.8. Let function f(z) be of order p,0 < p < co. The type g > 0 of f(2) is
defined as

— log(sup, ¢ If (2)])
lim —————.

0 :=
R—o0 RP
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k
It is easy to check that the types of functions e” ,k € N, cosaz,sinaz, a € C are
equal to |a|. These new concepts—order and type—can be characterized by the follow-
ing statements.

Proposition 15.9. The function
(e8]
f(z):= z az"
n=0

is an entire function of order p and type o if and only if

1 iy losWian) - Timy o nla, "

p n>o nlogn ep
Proof. Denote by 11,0 < p < co, the number

a log(1/]ay|)
=l nlogn

If u # oo, then for any € > 0 there exists n, € N such that for all n > n, it holds that

log 1 > (u-e€)nlogn,
|an|

or equivalently,

|a,| < n"W,

If, in addition, u > 0 then it follows that the series Y > a,z" converges for all z since

) ) |Z| n
<y n O g < > <n#*€> < 0.

n=n, n=n,

(o)
Y a2

n=n,

Hence, function f(z) is entire. Next, for |z| > 1 we have

[ee]
If@)] <Alz™+ Y n"¢Op"

n=ny+1
[}
<Alz*+ Y "Dt Y p e
nS(ZIZI)l/(“’e) n>(2|z|)1/(“’5)
e 0
1/(u=€) n(y— 1
< AJz]" + @0 0Bkl 3 g0 2
on
n=ny n=1

1 (p-e) 1/ (u-€)
< Alz]" + Ce@HV O loglal | g _ ggl@leh O logla

1/(u—€1)
< K;el

>
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where ¢; > 0 is arbitrarily small. This means that p < 1/u. For the case y = co, we can
easily obtain from here that p = 0.

On the other hand, for any e > 0 (arbitrarily small), there exists a sequence k, —
+0o such that

log —— < (u + )k, logk,.
|a, |

It leads us to the inequality
ky —(ure)\kn
lag 121" > (1zlk, #+9)".
For |z| = (2k,)**¢, we obtain from here that
Ja llzn > 2k o(1/2l0g2) )iz

since k,, = w Now the Cauchy’s inequality (9.6) or

M, > |a,Ir", 1=z,
implies that for |z| large enough
A 1/(u+e)
M, > =z

Hence, p > ﬁ and due to arbitrariness of € > 0 we get that p > i Thus, p = % (the
case u = 0 is included here as well). This proves the first statement of the proposition.
A similar proof gives the second statement of the proposition. O

Problem 15.10. Prove that the order and type of functions:
1 f2) =Y 227 are equal to 0.
00 " :
2. f@=3,2 W are equal to 1 and 0, respectively.
3. f@=Yy2 (Ifw a > 0 are equal to % and a, respectively.
4. f(z) = Xp21(%22")" are equal to p and o, respectively.
5. f(2) =32 rf—:n are equal to (—11 and % respectively.
Further, we may assume for convenience but without loss of generality that £(0) # 0.
There is a deep connection between the number of zeros of an entire function in

the disk {z : |z| < R}, denoted as n(R), and the function f(z) itself. More precisely, if f(z)
is an entire function of order p, then for any € > 0 there is a constant A, > 0 such that

n(R) < A.RP*¢,

i. e, roughly speaking, the number of zeros is aslarge asR > 0.Indeed, due to the Jensen’s
formula (see Theorem 7.4)
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R 2

t 1 i
J ?dt - jloglf(Re ")/d0 ~ log|f (0)

0 0

and this formula holds for all R > 0. If function f(z) is of order p < oo, then the latter
formula implies that

[ M0 < a e
0

Next, since function n(R) is not decreasing, then

2R 2R
Jn(t)dt>n(R)J R log2.
R R

Consequently, we obtain

2R 2R
1 T 1 jn(t) pre
) < o J s s | dt < AR

which is what is needed to be shown. Moreover, this estimate shows that the series

(00)
at 12l

converges for any a > p, where z;, z,, . .. are the zeros of entire function f(z). To observe
this fact, we note that for p < f < a one can see that n(R) < ARP and then setting R = |z,
we obtain that n < Alznlﬁ, and consequently, |z,|™* < An~%B_This completes the proof
of this fact. The latter property justifies the following definition.

Definition 15.11. Let f(z) be an entire function of order p with the zeros z;,z,,.... De-
note

py:=infa,

where infimum is taken over all @ > p > 0 for which the series
[0

5 e

converges. Then this value p, is said to be the zero convergence index.

It is clear (due to the latter definition) that p; < p and p; = 0 in the case when given
entire function has finitely many zeros. Thus, if p; > 0 then the number of zeros of given
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entire function is infinite. The importance of this notation leads to the canonical product
and the famous Hadamard’s theorem.

Proposition 15.12. Let f(z) be an entire function of order p with the zeros z,, z,, . ... Then
there is an integer number p, which is independent on n such that the product

= [z < z s 1P
per [18(2.0) - F{(1- 2 et
n=1 n n=1 n

converges for all z € C. This product with the smallest integer p for which this product
converges is called canonical, and this integer p is called canonical product order.

Proof. Since function f(z) is of order p, then the series

= 1
Y —— <o
a1 |ZalP*

converges for p + 1 > p;. Thus, for any fixed z € C, the series

p+1

I M8

|p+1

converges also. It implies due to Weierstrass’ theorem (see Theorem 15.2) that the prod-
uct

= z
E( —,

converges, too. If p; is not integer, then for the canonical product p can be chosen as

= [p4]. If p; is integer then p can be chosen as p = p; — 1in the case when the series
Yo Izn% converges and p = p; when this series diverges. Hence, the proposition is
proved. O

Theorem 15.13 (Hadamard). Let f(z) be an entire function of order p with the zeros
21,29, ..., and with f(0) # 0. Then the following representation holds:

f(z) = P(2)e5?, zecC,

where P(z) is the canonical product and g(z) is a polynomial of degree at most p.

Proof. Using the Weierstrass’ factorization theorem (see Corollary 15.3), we can take in-
stead of P(z) there the canonical product constructed with respect to the zeros of f(z).
It remains to show that g(z) is a polynomial of degree not bigger than p. Let v = [p].
Then p from the canonical product satisfies p < v. Differentiating now the logarithmic
derivative of f(z) to order v, we obtain
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i v) oo
<&> _ g(V+1)(Z) — ! ; Z+2z,.

f(2) = (2 -2

Consider now the function

-1

A= 110-2)

|z,I<R

Then for |z| = 2R and |z,| < R, we will have that |1 - Zil > 1, and consequently,

IF@)|
IFo) =

Using the maximum modulus principle of analytic function, we can extend this inequal-
ity for all |z| < 2R. Considering function hg(z) := log Fp(z) with hp(0) = 0, we may
conclude that hp(z) is analytic and for |z| < R it holds that

|Fr(2)| < <A@

Re hy(z) < ALRP*S.

Therefore the Cauchy formula yields for |z| = r < R that

2
|h(V+1) (Z)l < A[R2V+ (V + 1)!Rp+e
R =€ (R _ I”)V+2
That is why for |z| = R/2 we obtain
|h}(ev+l)(z)| SAélRp+e—v—1.

This implies that for |z| = R/2 we have

1

D)\ — p(v+D)
gV+ (Z)—hv+ (Z)+V! Z m

|z, >R

—v-1 1
~ow o ¥ o)
n

|z, [>R

This estimate is also valid for all |z| < R/2. Since v+ 1 > p and € > 0 is arbitrary (small),
then letting R — co we obtain that gV = 0 for all z € C. This proves the theorem. [J

Remark. Under the conditions of the latter theorem, if z = 0 is a zero of f(z) of order
m € N then the Hadamard representation has the form

f(2) = 2"P(2)e5?.
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Example 15.14.
1. Consider the entire function f(z) = sinz of order 1. The zeros of this function are
z, = nmt, n € Z. Then due to the Hadamard’s theorem

T zZ\ 2
: az+ Z/nm
sinz = ze 1-— e
[ ( ,m)

n=-o0,n+0

o0
az+b Z \ z/nn Z \,-zinn
ze H(l—E>e <1+E>e
az+b H( >
n=1
sinz

750 = 1, then necessarily we have that e? = 1. Moreover, since
is even, then we must have that

&Zi< owﬂ> _MTK mmJ

n=1

But since lim

function S22

This implies that a = 0, and we obtain finally that

we-affo- 25)

n=1

2. Similarly, we easily obtain that

00 ZZ
COSZ = H(l - m)

n=1

3. The entire functions sinh z and cosh z of order 1 have the zeros z, = inm, n € Z, and
z, = i(m/2 + nm), n € Z, respectively. The application of the Hadamard’s theorem
leads to the representations

2

. - Z i Z2
sinhz = an_[—1<l + () ) coshz = n<l + m)

n=1

The Hadamard’s theorem can be effectively applied for the investigation of the number
of zeros for concrete entire functions.

Example 15 15. Suppose A # 0 and Q(z) # 0 is a polynomial. Then the entire function
f(z) = e” - Q(2) has infinitely many zeros. The order of f(z) is equal to 1. Assuming
now on the contrary that f(z) has finitely many zeros we conclude (using Hadamard’s
theorem) that

M _ Q(z) = eP(2),
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where P(z) is a polynomial, too. It is clear (from the behavior of f(z) at the infinity) that
a = A, and hence,

2z Q)
€ 1P

ie, e’ is rational. This contradiction proves the statement.

Problem 15.16.

1. Prove that each of the equations sinz = z%, logz = z°, tan z = az + b have infinitely
many solutions.

2. Find all zeros of function e® —1and show that the zero convergence index is infinite.

Problem 15.17. Let an entire function f(z) have the form

f(z) = IO—OI<1+ ;) r, >0,

n=1 n

and assume it is of order p,0 < p < 1. Show that for g, p < 0 < 1 we have

log f( x) o 1 J log |f (—x)| |
— dx = —.
J xo+1 " gsinng Z:: rg’ xo+ o tan 7o z rg

Hint: Use the integrals from Problem 13.47.

If £ (z) is an entire function of order p, then its derivative f’(z) is also an entire func-
tion having the same order p. Indeed, let us denote by M, = Max, -, If' (2)|. Then

f@) = jf’(()dc +F(0),

0

where the integral is taken over the line connecting 0 and z. Consequently, using the
maximum modulus principle, we have

M, = rlnlz}x[f(z)| < +]f(0)]

Jlf’(()lld(l
0

<Mlz| +|f(0)] = M/r +|f(0)], =zl

On the other hand, using the Cauchy formula, we have

o1 f©)
f(z)_2ﬂi|( Jl_ -2 %

and this implies the estimate
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1 If(( )]
M <= J
I{~z|=r
Combining the latter estimates, we obtain that
M= O _ e Mo
r

This double inequality proves the needed statement (see the proof of Proposition 15.9).
More deeper statement is contained in the following theorem, which is the generaliza-
tion of the corresponding fact for polynomials.

Theorem 15.18 (Laguerre). Let f(z) be an entire function of order p < 2. Assume that f(z)
is real-valued for real z and has only real zeros. Then the zeros of f'(z) are also real and
they are separated from each other by the zeros of f (z).

Proof. Since p < 2, then using the Hadamard’s theorem we have the representation
f(z) = cz"e® (1 - —)ez z

where z;,2,...,Z,,... are real zeros of f(z) and C,a, m € N, some real numbers (m is
the order of the zero z = 0). It follows that

fl@) _m °°< 1 l)
f2)  z ) z-z, 2,

n=1

and

@y my y
Im(f(l)>_ X%+ y? Z

S (x—zp)?+ Y2

Since the right-hand side is equal to zero if and only if y = 0, then f’(z) may have only

real zeros. Further, since
(fay. . m_§ 1
f(2) 2 (z-z,)?

n=1

we can observe that this derivative for real z is real and negative for z # z,. This means
that L2 s decreasing for real z. Moreover, for z, < z < z,,4 this function has only one

f@)
zero (even of order 1 due to the monotonicity) since it changes the sign there. This proves
the theorem. O

Remark. The proof of this theorem evidently shows that the series

Yo Y
AP

where z, denotes the zeros of f'(z) converge or diverge simultaneously.
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Remark. Thezfollowing examples:
1 f(z) = ze?, f’(z)Z: (27% + 1)e? 2
2 f@)=E-0e"P fl2) = 2(Z -1e"

show that for p = 2 the Laguerre’s theorem does not hold; in the first case, the zeros of
f'(z) are not real, and in the second case the zeros of f(z) and f’(z) are not separated by
each other.

The zero convergence index p, (see Definition 15.11) is actually equal to the order of
canonical product of entire function constructed by the zeros z;,z,, ...z, .... We know
from above that p; < p, where p hereis an order of the canonical product P(z). It remains
to check that p < p;. In order to show this consider log P(z) and estimate it as follows:

z z
D logE(Z—,p> + Y logE<—,p>|_.Il+Iz,

|z, |<klz| n |z,|>k|z| n

[log P(z)| <

where E(Zi, p) is defined in (15.1) and constant k > 1. From inequality (15.2), it follows
that

(Ilzzn| )P+1 p+1 < Clglf
b |Zn|;(|l| - lzl/1z, | clz z |z n|p+1 < Clz|™,
ifp+1=pyor
L < Ce|Z|p1+€,

if p+1 > p; + € (see the definition of p; in the proof of Proposition 15.12). The term [; can

be estimated as follows:
z
logE( —, 2
o8 <Zn p) <Zn ) i ﬂ)

L= Y
p
<C Z <<ﬂ> +2ﬂ>sC|z|p Z < ! +2—ﬂ>
|z, iz N 1ZalP o 12IP

|z,1<klz|
|zp|<klz]
p1t€-p
) ) |Z,,|
<ClzfP ) <ClzlP Y ST

|z, 1<klz| 12| |z,|<klz| 1z

< ) <log

|z, |<klz|

< Clz|Pr*e.

Combining the estimates for I, and I;, we obtain finally that p < p;. This proves the
statement. It follows from these considerations that an entire function of not integer
order must have infinitely many zeros.

Example 15.19. Let f(z) be an entire function of order p < 1. Assume that all its zeros
are real and negative. Using the Hadamard’s theorem, we obtain for f(z) the following
representation:



188 —— Entire functions

£(2) = £(0) ﬁ(l . Zi) £(0)#0,2, >0,

where -z, < 0 are the zeros of f(z). We may assume without loss of generality that
f(0) = 1. Consequently, for z € R we have that

logf(z)=Zlog<1+£)=Zn<10g<1+£>—log<1+ z >>
n=1 Zn n=1 Zn Zn+1
Zns

B T n(dt
Z It(z+t) Z(Jt(z+t)’

where n(t) denotes (as above) the number of zeros of f(z) not bigger than ¢. This repre-
sentation leads to the equality

B T n(odt
f) = exp(z 6[ (0 )

which gives the estimates of f(z) in this concrete case.

The distribution of the zeros of entire function and the canonical product also allow
us to estimate the function

m, = |irll_fr[f(z)l.

Proposition 15.20. Letf(z) be an entire function of order p. Then for any € > 0 (arbitrarily
small) there exists Ry > 0 such that for all |z| > R, it holds that

+€
m.>e , r=]|z|.

Proof. Using the canonical product for f(z) (see Proposition 15.12), we have that

Q| z 1/z\
log|P(2)| = < )‘ log|1 - _+...+_(_> ‘
| z nZ:;Zn P\Z,
VA
z log|l - 2| - Y [logjt- =
|z, I<klz] Znl 1 15kiz] Zn
_Z<|Z|+'+ <|z|>>_ <|Z|+.+ <|z|>>
iz,ikiz  V2nl Iz, 12, o1z N 12l A

> ) log|l-

|z, |<klz|

-G Z <%>p+

|2, ]>klz|

7 |Z| p+1
~l-c =) -c
) <|zn|> 2

Zn Iz, >klz]

()

|z, |<klz|
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if we choose constant k > 1. Thus, for any € > 0 we have that

1- Z|-c.lz1P*e.

loglP(z)] = ) log

|zy|<klz|

z

Zn
Next, consider h > p such that

-h

|Z_Zn| < |Zn| .

It means that the sequence of radii ‘{lznl‘h}ﬁ‘;1 for these disks tend to zero as n — oo.
Moreover, since h > p then the series

1
|z, "

D18

< 0
n=1

converges. Due to this property of these radii, there is R, so large that for all |z| > R,
the union of all these disks belongs to the disk {z : |z| < Ry}. If now |z| > Ry, then for
|z| > %|zn| we have that

Z _1- -1-h
11-2— > 1z, > (ki)

n

and consequently,

loglP(2)] = Y log[l— =|-C,lzP*
\za|<klz] Zn
>-(1+hlog(klzl) Y 1-Clzf*® > ~CllzlP* > —jz1P*¢
|z, |<klz|

if e’ > € and |z| is sufficiently large. Further, due to the Hadamard’s representation
f@ = P(2)ef®?,
where g(z) is a polynomial of degree not bigger than p, and thus we have that
5@ > e X K5 0,12) <Ry,

Combining the estimates for P(z) and e® (Z), we obtain the needed estimate for m,.. Hence,
the proposition is proved. O

The latter estimate of m, does not show possible behavior of this function at the
infinity with respect to r. However, there are some situations when it is possible to char-
acterize more precisely this behavior at the infinity. The following proposition holds.
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Proposition 15.21. Let f(z) be a nonconstant entire function of order p < 1/2. Then there
exists infinitely large sequence {rj}]‘-fl such that

lim m,, = +oo.

jooo
Proof. First, we note that there is no half-line arg z = constant such that f(z) is bounded
onit. Indeed, a plane cut along such half-line represents an angle of magnitude 27. Since
2r < ;t/p for p < 1/2, then f(z) being bounded on this half-line will be bounded every-

where (see Theorem 7.17). Thus, the Liouville’s theorem implies that f(z) = constant.
Next, the Hadamard’s theorem yields the representation

f(z) =cz™ 10__1(1 - Z£>

n

Let us define now a new function

Since for each n € IN, we have

z z
ll__ 2I |z|
z, |z,

then
m, = minlf (2)| = [p(-r)].
But the function ¢(-r) is not bounded since ¢(z) is entire function of the same order p

as f(z). This proves the proposition. O

Remark. The entire functions may grow up as fast as any increasing function. More
precisely, for any positive and increasing function g(¢t),t € R,, there exists an entire
function f(z) such that f(x) > g(|x]) for all real x. Such a function f(z) may have the
form

fo=c:3(2)"

for some constant C and a strictly increasing sequence of even k,, € IN. This sequence k,
can be chosen as follows:

k,

1 n
<1+E> >gn+2).

The constant C is chosen as C = g(2).
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Problem 15.22.
1. Show that for a > 1 the function

F,(z) = J et cos(zt)dt
0

is entire of order _%;.
2. Let]|q| <1and k > 1. Prove that the function

f(Z) — z aneinz

is entire and find its order.
3. Leto > 1. Prove that the function

fo(2) = Q(u ni)

is entire of order 1/o.
4. Show that the functions

fm:ﬁQ+§>fm:ﬁ@+j> a0,

are entire of order 0 and 1 + 1/q, respectively.
5. Assume that f(z) is an entire function with the zeros z;,z,,...,Zz,,... such that the
series

v 1
Y <o
nzllznl

converges. Show that for any € > 0 there exists C, > 0 so that
e "l < |f(z)| < C.e

for |z| large enough.
6. Show that if the function

f(2) := Z a,z"

n=0

is an entire of order p < 1then

F™)|<ce?, €>0A4>0n=0,12,....
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7. Assume that f(z) is an entire function of order 0, i. e., for any € > 0 there is C, > 0
such that [f(z)| < C.e. Prove that

[F™0) < Cle™, n=0,12,....

8. Show that the function

[o] Zn
f(Z)IZr;)m, a>0,

is entire of order p = 1forany s € C.
9. Show that the function

F2) = Z cosh \/ﬁz”,

|
=0 n

is entire of order p = 1. Show also that all its zeros are real and negative.
10. Prove that if the function

(]
f(2) = z a,z"
n=0
is entire of order p then the order of an entire function

F(z) := Z la,lPZ", p >0,
n=0

is p/p.



Exercises

9.

10.
11.
12.

Find the primitives of the following functions:
a) f(z) =sinzcosz, b) f(z) = cos’z, 0 f(z) = ze%,
d) f(z)= Z*sinz, e) f(z)=zsin z, f) f(z)=¢€’sinz.

Let f be analytic in the whole C such that

z+1
z-1

@) <

for all z € C. Prove that f is constant function.
Let f be analytic in the disk {z : |z| < R}. Assume that f is nonconstant. Let us define
the function

gr) = Ilnlax[f(z)|, 0<r<R.

Prove that g(ry) < g(r,) whenever 0 <r; <r, <R.
Let f(z) = cosz, z € C. Find max; . [f (2)].
Define all values of z € C where the following functions are analytic:

0 [CJ ¢ 0 ¢
_ 2 Sin Ccos
J e 2 dt, J dt, J = dt
t t2
0 0 0

and define their derivatives.

Investigate the convergence of the function sequence f,,n=1,2,...inthesetE c C
when

a) fy2)= 2 E={z:|z1 <1},

b) fu2) = 5, E={z: 1zl > 1}

Is the convergence uniform in E?

Find the radius of convergence and disk of convergence for the following series:

) YR b TR LN o IR K a3, KA

Find the radius of convergence for the series

k+1

S 1 .ok
Z<1—1/2> (z-i/2)".

k=0

Find also the sum of the series.

Find the function f(z) = Y32, kz* for |z| < 1.

Find the Taylor series for f(z) = sin z around the point z = /4.
Find the Taylor series for f(z) = (z - 1)’2 around the point z = 2.
Find the order of the zero z = 0 of f(z) = * -1 -sin z.

https://doi.org/10.1515/9783111632278-017
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13.

14.

15.
16.

17.
18.

19.

20.

21.

22.

Problem 9.22. Apply this problem to prove that if f is an analytic function in the unit

disk such that
n n .
f<2n+1> _f<2n+11>’ n=23...

then f19(0) = 0.
Find the Laurent series for f at z, = 0 and investigate the type of singular point 0
and evaluate the residue, when

D f@=82 1) f@)=%

Find the Laurent series for f(z) = atz, =0.

1
z(z+1)(z+2)

. 2
Evaluate the integral jon —L_dta>1

Evaluate the integral [;° —dx.
Evaluate the integrals

[ xsinb [ cosh
X sin bx cos bx
| Soma [ Fnax abso
x% + a? x% + a
=00 =00
Evaluate the integral
o .
xsin x
V. dx.
P J X2 -
—00
Evaluate the integrals
(o) . [oe)
sinx COS X
1[ dx’ j dx,
X-w X-w
—00 —00

where Imw # 0.
Show that for a > 0 and b € R we have

J 4P gin(a sin bx)% = gﬂ(e“ -1).
0

Prove that for A > 0 it holds that

J e cos(2Aax)dx = \jg e
(o)

AZ

2
Hint: Integrate the function f(z) = e™* over the rectangle with the vertices at the
points —R, R, R + ia, -R + ia and let R — co.
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23. Show thatfora>0,b>0
T cos2 2b
j cos axx—zcos de _ b —a).
0
24. Provethatforb>0and0<a<3
T x*sin(rra/2 - bx) s
j dx = _ra—Ze—br'
X2 +r2 2
25. Evaluate the series
i (-D¥
k=1 K
26. Evaluate the series
S 1
z X+ia’ a € R\ {0}
W k+ia
27. Based on Example 14.5 show that
§ 1 g1 w
o k-12 8 &~k 6
28. Prove that:
a)
(o)
Y ;:L keZz+kn.
oo @ =k sinz
b)
o0
z 1 :zcotz 1) 4k keN.
o 2 - Kot 272

29. Show that

z
eZ-1

Mg

k

0

By
T

where By, = (ﬁ)(k)(O) are called Bernoulli’s numbers.

— 195
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30. Prove that

OZO: 1 _ (_1)m—1 Bym 22m—1H2m

— , meN,
& kam @m)!

where B,,, are Bernoulli’s numbers (see previous exercise).
31. Prove that for any a, b € C, and for all complex z,
6% _ e _ (q - p)ze @D ﬁ(l G b)zlz)
- Yot ak’n? )
Hint: Use Example 15.14.
32. Show that if the series Y32, |pk|2 converges then the product [, (1 — py)eP* con-

verges also. Hint: Use the fact that p, — 0 implies (1 - p;)ePx =1+ O(pi).
33. Let function g(t) of the real variable t > 0 be defined as

@ e—(x—i)zt @ e—(x+i)zt
8(t) = J ezt _q J ei2n(+) _q
0
Show that
a)
g(t) = Z e_nzm.
n=—co
b)
1 1
t=—gl>)
0= Lo(1)
c)

gt)=0(1) ast—oo, gt)=o(t™?) ast— 0.

Hint: Consider the integral

2
e—z it
J el2nz _ 1dZ
over the rectangle with the vertices at the points +(N + 1/2) + i, N € IN and let
N — oo.
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16 Conformal mappings

We return now to the geometric properties of nonzero derivative. Let f be analytic in a
domain D and let z; € D be an arbitrary point. If f'(z,) # 0, then this is equivalent to
(see Cauchy-Riemann conditions)

2 2
ol (2 4 (2) 22
o)l _<ax> +<ax ~ Oxdy ayax>0'

It means that the Jacobian of the transformation from (x, y) to (u, v) isnon-zero at (xg, yg),
and thus in the neighborhood of (ugy, vy) = (u(xg,yg), V(Xy,Y,)) there exists an inverse
function z = x + iy = f1(w), w = u + iv such that z = f~}(w) is analytic at w, = u, + iv,
and

= ’ 1
R
This fact can be interpreted as follows: in the neighborhood of z;, the function w = f(z)
is univalent and analytic. The same is true in the neighborhood of the point w, = f(z)
for the inverse function z = £~ (w). So, this property is local.

Another geometric property of analytic function with nonzero derivative is the fol-
lowing. Let f be analytic in the domain D and f'(z,) # 0 for z, € D. Consider two arbi-
trary curves y; and y, on the z-plane, which intersect at the point z,. Assume that the
angle between y,; and y, at z; is ¢, — ¢, and the angle between I'; and I, at wy = f(z;)
in the w-plane is equal to ¢, — ¢;, where T} is the image of y; under the mapping f for
Jj=1,2;seeFigure16.1.If z; = z,+Az; € y;and z, = zy+Az, € y,, thenf(zy) = f(zy+Azy) =
f(zp) + Af; = wy + Awy € Ty and f(zy) = f(zg + Azy) = f(2y) + Af; = Wy + Aw, € Ty,

¥1
w= f(z)
% ¥2 2N "

7

Figure 16.1: Mapping preserving angles.

Moreover,

. Aw. .
Jim, arg El = Jim,larg Aw, —arg Az,] = ¢y - ¢y

and

https://doi.org/10.1515/9783111632278-018
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A
lim arg it}

- 1 Aw, — argAz,] = ¢y — 0.
m, A, Azlzfllo[al“g Wy — argAzy] = ¢, - ¢,

By the existence of f'(z;) # 0 and due to the independence of this derivative with respect
to direction, we obtain

O1— 01 = 0, — 0, = argf' (z). (16.1)

So, we may conclude that the transformation w = f(z) preserves the angles with respect
to orientation and magnitude. In addition, since f'(z,) # 0 then

|Aw| = k|Az| + o(|Az]), k= |f'(zy)], (16.2)

i.e., there is the factor of stretching in all directions.

It is also proved earlier (see Problem 12.17) that if f is analytic in the domain D and
univalent there, then f’(z) # 0 for all z € D.

These properties justify the following definition.

Definition 16.1. The mapping f : D — C s called conformal at z, € D if it preserves the
angles and the factor of stretching at this point. If f is conformal at each point in D, then
f is called conformal in D.

There is a very deep connection between analytic functions and conformal map-
pings.

Theorem 16.2. The mapping f : D — C is conformal in D if and only if f is analytic and
univalent in D.

Proof. Let f be analytic and univalent in the domain D. Then applying Problem 12.17 we
conclude that f'(z) # 0 everywhere in D. Hence, by (16.1) and (16.2), f is conformal at
each point z € D and, therefore, it is conformal in D.

Conversely, let z, be an arbitrary point in D and let w, = f(z,). By the conditions of
this theorem, we have

arg(w, — wy) — arg(wy — wy) = a + o(max(|lw; — wy|, [wy — wy|))
and
arg(z, — zg) — arg(z; — zy) = a + o(max(|z; — zyl, 125 — zg1)),
where a = ¢, — 91 = ¢, — ¢y; see Figure 16.1. Moreover,

[wy — wpl —k+o(1), [wy —wy|

=k +o(1)
|z, -z |z — 2y

as |z, — zyl, |21 — zy| — 0. These equalities imply that
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Wy — W, ; w, —w ;
=20 _kel? +0(1), ——2C =ke +o0(1),
23— 2y Z1 -2y

where (since a is the same in both equalities)

Wy —w Wy —w,
argﬁ =9 +o0(1), arg% =9 +0(1)

2~ 2o 1= 2o
as |z, — zgl,1z; — zg| — 0. Since y; and y, are arbitrary then z, and z; are arbitrary, too.
Hence, we may conclude that there exists

DS o
Jimg 5= 5 = ke ='y),

and f'(z,) # 0 (or k # 0), i. e., f is analytic and univalent in D. O

Remark. Theorem 16.2 says that univalent functions and only they realize conformal
mappings.

The next important property of conformal mappings is contained in the following
theorem.

Theorem 16.3 (Boundary correspondence principle). Let D be a simply connected domain
with the boundary oD, which is a closed curve y. Let also f € H(D) n C(D). Assume that f
maps y to the closed curve T := f(y) bijectively with the same direction of orientation as
fory. Thenf : D — intT is surjective and conformal.

Proof. Due to Theorem 16.2, it suffices to show that f is univalent in D and f maps D onto
intT. Let us consider two different points w; € intT' and w, € C\ intI and two different
functions

Fi(2)=f(2)-wy;, Fy(2)=f(2)-w,, zeD.

If z goes over y, then w = f(z) goes over I and the direction of orientation over these
curves are the same. Thus, using the principle of argument (see Theorem 12.4), we obtain
that

1 1
7 V}:ierrgFl(z) =N(F) =1, 7 V}z}arArng(z) =N(F,) =0,

where N(F,) and N(F,) denote the number of zeros of F; and F,, respectively. It means
that for any w; € intT there is only one point z; € D such that w; = f(z;) and for any
w, € C\ intT there are no points z € D such that w, = f(z), 1. e., f maps D onto int I and
it is univalent in D. O

There is one more important property of conformal mappings: Schwarz reflection
principle (or Schwarz symmetry principle).



202 — Conformal mappings

Definition 16.4. Let D c C be a domain. The set
JD)={{eC:{=2%zeD} (16.3)

is called the conjugate domain.

This definition implies that J(D) is a domain and that if f(z) is analytic in D then
g(2) := f(z) is analytic in (D). Indeed, since f(z) is analytic in D then for each z, € D the
Taylor’s expansion holds, i. e.,

_ f(j)(zo)

f@ =Y az-2), a="—
j=0 J:

for |z - zy| < R with R = dist(z, 0D). Thus, if , {; € J(D), then Z,(_O e Dand
fQ =Y aq@ -4
j=0
or
g0 =fO = T -G,
j=0

i.e, g({) is analytic, too, with {; = z, from above.

Theorem 16.5 (Schwarz reflection principle). Let D be a domain in the upper half of the
complex plane whose boundary includes an interval I := (a,b) of the real axis. Let f ¢
H(D) n C(D). Suppose that f(x + i0) is real for all x € I and define the function

F(z) = {];ﬁ_) ZeDul (16.4)
(), ze]JD).

Then F is analyticon DU I U J(D).

Proof. Sincef(z) € H(D) andﬁ € H(J(D)), then it remains to show that F(z) is analytic
at each point x, € I. First, we check that F(z) is continuous everywhere in D U I U J(D).
Continuity of F in D u I follows from the conditions of the theorem. The definition (16.4)
of F and the real-valuedness of f(x + i0) imply that

F(x -1i0) = f(x —10) = f(x +10) = F(x +i0).
This proves that F is continuous. Next, we introduce the closed curves (see Figure 16.2)

"= {C: 10— Xl =8, Im{ > 0} U [x3,X,]
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and

I™:={{:1{ —xol =8, Im{ < 0} U [x, X,].

Figure 16.2: Curves I'*.

By Theorem 5.8, we obtain

L[ RO L [ROU, L (RO

2mi {-x, 2mi C-xp 27 ) {-xp
1¢=Xo|=6 r -

= %F(XO +1i0) + %F(xo —10) = F(xg).

Hence, the Cauchy integral formula yields that F is analytic also at x,. O

Problem 16.6. Suppose that f(z) = Z]‘-fo ajzj and this series converges for |z| < r and f
is real for x € (-r,r). Show that all a; are real and f(z) =1ﬁ forall|z| <.

There is a key question at this point: Is there, in fact, a conformal mapping from
a given domain D to some other domain, e. g., unit disk? The theoretical answer is the
celebrated Riemann mapping theorem, which we give without a proof.

Theorem 16.7 (Riemann). If D is any simply-connected domain, not equal to the whole
complex plane C, then there exists a conformal mapping of D onto {w : |w| < 1}. This
mapping is uniquely determined by the value f(z,) and argf'(z,) at one arbitrary point
zy € D, e. g, by the values f(zy) = 0 and f'(z;) > 0.

Remark. The assumption that the domain D is not equal to the entire complex plane Cis
essential. Indeed, if we assume that there exists a conformal mapping f(z) of the complex
plane C onto the unit disk {w : |w| < 1}, then f(z) is bounded entire function. Hence, due
to Liouville theorem f = constant and f’(z) = 0. The same is true if D = C \ {z,} with
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some fixed point z, € C since z, is a removable singularity for f(z) therefore again
f(z) = constant and f'(z) = 0. That is why the equivalent formulation of the Riemann
mapping theorem includes the assumption that the boundary of D ¢ C has more than
two points.

Example16.8. Let w = f(z) = z",n € N, n > 1be a power function. Then this func-
tion carries out one-to-one mapping of the domain of its univalence, i.e., the sector
p<argz< o+ 27” (¢ is fixed), onto the extended w-plane cut along the ray arg z = n¢. Its
derivative f'(z) = nz"! is nonzero and is bounded everywhere within the given sector
with the exception of z = 0 and z = co. Thus, this function establishes the conformal
mapping.

The general power function w = f(z) = z% a € R, maps the sector
w, k € Z ofits many branches (infinitely many for irrational a and finitely many for
rational a) onto the extended w-plane (the ray argz = % is mapped onto the positive
real semiaxis). Moreover, this function maps the given sector conformally onto the cut

w-plane.

2tk
e <argz <

Example 16.9. Let us show that the logarithm function w = f(z) = logz maps confor-
mally the sector ¢, < argz < ¢, onto infinite strip ¢; < Imw < ¢,. Indeed, if z = '*#%,
then the value of the main branch of w is equal to

f(z) =logr+iargz, Rew=logr, Imw=argz.

When r changes from 0 to +co, then Re w = log r changes from —co to +co. Hence, the
given sector is transformed onto the infinite strip conformally if we use the main branch
of Logz.

Example 16.10. Letf(z) = eigz, a>0.Thenf maps{z:0 < Rez < a}onto {w: Imw > 0}
conformally. Indeed, if z = x + iy, 0 < x < a then

i (x+i _Ty iZ _r T .. T
ela ) g aVelaX — o ay<cos Zx +isin —x)
a a

so that |f(z)| = e e (0,+00) ify € Rand argf(z) = %x € (0,m) if 0 < x < 7. Since
in addition f'(z) = i%eigl # 0 for all z and f is one-to-one transformation, then f is
conformal.

Example 16.11. Consider a linear-fractional transformation

az+b
cz+d

w=f(z)= ad —bc #0,c # 0.

We call it a nondegenerate (or regular) linear-fractional transformation. This transfor-
mation is well-defined and analytic everywhere on C \ {~d/c}. Its derivative is equal
to
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24 -dje, f'(c0) = bcc‘z"d

and it is not equal to zero everywhere on C \ {-d/c}. We know that f maps C onto C
bijectively (see Example 2.7). So, f is conformal. Let us represent it in the form

AL a0,

fz)=4 P (16.5)
AL, a=0
B+z’ >

where A = a/c,a = b/a,and § = d/cifa # 0and A = b, § = d/c if a = 0. The following
theorem holds.

Theorem 16.12. If z; # Zy, Zy # Z3, 21 # Z3, and Wy # Wy, Wy # W3, Wy # Wy then the
correspondence

Z.

i~ W

=123

defines uniquely a nondegenerate linear-fractional transformation (16.5), where a + 0.
Moreover;

_ Aw, — Bw, _ Bwzy — Aw,zq Bz, - Az,

A= —2 2 , = , 16.6
A-B Aw, — Bw, F==a"3 o
where
AW p A%
Wy — W3 Zy =23

Proof. Using (16.5) for a + 0, we have

W A(Zl -Z3)(a-p) :A(Zz -z3)(a-P)
3TN B z)(B+23) 3B zy)Bzg)

Here,  # a since ad # bc. These equalities imply that

Wy — Wy —

Wi—Ws  21-Z3B+2y
Wy—Ws  Zy-Z3f+2z

or
W1—W3 23—23 A
Zy — 74— “—> .
B - 27 “Tw,—w, 2,24 _ Z;— 34 _ Bz, - Azq
WimWs 23723 _ q 4 _4q A-B
Wy—Ws3 Zy—Z3 B

It proves (16.6) for 5. Next,

imply that
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W, a+zf+1z
w, PB+zia+2z

or

_ Wy (B+2y) —wizp(B+2y) _ Bwizy — Awyzy  Aw,zi — Bw,z,
 wy(B+z)-wy(B+z)  Aw,—Bw;  Bw,—Aw,

This proves (16.6) for a. Finally,

Bz,-Az, B(z,-z,)
A= Wl(ﬁ+Z1) _ Wl( A-B +Zl) _ wq A-B _ AWZ —BWl
a+2z Aw,z,—Bw;z, +z Bw,z,-Bw;z, A-B
Bw,—Aw, 1 Bw,—Aw,

proving the claim for A. The formulae (16.6) show that a, , and A are uniquely deter-

mined by the correspondence z; — w;, j = 1,2,3 if z; and w; are mutually distinct

points. O
Corollary 16.13. If we denote

w = f(2) =A%, a0,

then Theorem 16.12 says that

Wi-Ws W -W  Z—Z3 Z;—Z

: = : . (16.7)
Wy—Ws Wy—W Zy—Z3 Zy—2
Proof. Asitis proved in Theorem 16.12,
wi-wy 1 -23B+2
Wy—Wwy  Zy—z3f+2;
Similarly, if w + wy, w # w, and z # z,, Z + z,, we obtain
wy-w  z-ZB+2
Wy—-W  Z,-zZB+z
Hence, (16.7) follows straightforwardly from the latter equalities. O

Corollary 16.14. For the case a = 0 (b + 0 necessarily) instead of three correspondences
it is enough to have only two different points z, + z, and wy # w,, respectively, withw; + 0
and w, # 0. In that case (see (16.5)),
po WA =WeZy 5 WiW,(2; - 2)
wy—wy Wy —wy

(16.8)

Problem 16.15. Show (16.8) for the case a = 0, b # 0, ¢ # 0 in the non-degenerate linear-
fractional transformation.
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Example 16.16. Let us find w = f(z), which is a conformal mapping of the unit disk
{z : |z| < 1} onto the domain {w : Imw > 0}. Let z; and w; be as in the Figure 16.3. By

wy Ws

Figure 16.3: Domains in Example 16.16.

Theorem 16.12 and Theorem 16.3, we have

O—O0.0—W_1+1'1—Z
1-0c0 1-w i+1 i-z
So
w-1 2 z-i
w o i+1z-1
or
izz-1
w=e 2
zZ+1

Problem 16.17. Using Example 16.16, show that

_Z+ g i/

el g

maps conformally the domain {z : Imz > 0} onto the unit disk {w : |w| < 1}. Find all
linear-fractional transformations, which map the domain {z : Imz > 0} onto the unit
disk {w : |w| < 1}.

Problem 16.18.
1. Investigate the conformal properties of the function w = tan z. Hint: Represent tan z
in the form

B 16212_1
iez+1

2. Prove that the function w = tan® z maps conformally infinite strip {z : 0 < Re < g}
onto the unit disk {w : |[w| < 1} with the cut along the real axis fromw = -1tow =0
(twice in different directions).



208 —— Conformal mappings

3. Prove that the function

Y <1 +z >2
\1-z
maps conformally the upper half of the disk {z : |z| < 1,Imz > 0} onto the upper
half-plane {w : Imw > 0}.

Problem 16.19. Show that

ia Z— 2y
w=jJz)=¢ ——
R

maps conformally the unit disk {z : |z| < 1} onto the unit disk {w : |w| < 1} such that an
arbitrary point z, |z,| < 1is transferred to wy = 0 and a is an arbitrary real parameter.
Show that if arg f'(z,) is prescribed then a is uniquely determined.

Example 16.20. Assume that the function w = f(z) is univalent and analytic, and maps
unit disk {z : |z| < 1} onto unit disk {w : |w| < 1} such that z, = 0 transfers to w, = 0 and
f'(0) = 1. Then necessarily f(z) = z. Indeed, since |f(z)| < 1for |z| = 1and f(0) = 0, then
the Schwarz’s lemma (see Corollary 7.11) says that

wl=|f(2)| <lzl, Izl <1
Applying this lemma to the inverse function z = f(w), we obtain that
2l = [f'w)| < wl,  wl < 1.
It means that actually
f@)|=lzl, lzI<1,
and thus
fz)=az, lal=1

But since f’(0) = 1, we obtain that a = 1. It might be noted here that we did not assume
from the beginning that f(z) is a linear-fractional transformation. However, it is not so
difficult to show that any univalent and analytic function, which maps the unit disk onto
the unit disk is necessarily a linear-fractional transformation.

Problem 16.21. Prove the latter assertion.

Problem 16.22. Show that a nondegenerate linear-fractional transformation maps lines
and circles on the extended complex plane onto lines or circles.
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Problem 16.23. Find the conditionson 0 < r; < ryand 0 < R; < R,, which guarantee the
existence of the conformal mapping of the annulus {z : r; < |z| < ry} onto the annulus
{w: Ry < |W| <Ry}

Example 16.24. Consider a nonconcentric ring (annulus), i. e., the set which is formed
by two circles {z : |z - a;| = Ry} and {z : |z — ay| = R,} such that 0 < R, < R; and the first
circle is located inside of the second one. We assume without loss of generality that a;
and a, are real; see Figure 16.4.

Figure 16.4: Two nonconcentric circles in Example 16.24.

The task is to map conformally this annulus onto the domain {w : Imw > 0}. Let
now a and b be two real numbers such that they are symmetric with respect to the first
and second circle at the same time, i. e., they satisfy the equations

(@a-a)b-a) =R, (a-a)b-a)=R5 (16.9)

Solving these equations, we can easily obtain a and b uniquely (a < b). Then the map

Z—-Qa
W1:_

N
S

transfers conformally the given nonconcentric ring to the concentric one centered at 0.
Indeed, if z — a; = R;e'?, then

Wy z-a)-(a-a) Re?-(a-a)

z-b (z-a)-(b-a) pap_ K
1 a-a,

_a-a Re¥-(a-ay) o0
Ry (a-a)-Re™

This equality implies that
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| _|e-a|_a-a4 _
Uliz-a|=r, R, R, V
Similarly, we obtain that
a-a,| a-a
|W1|| 2 =|l—|= =Ty,
—a,|=R 2
|z—a;|=R, R, R,

Let us note that for 0 < R, < R, it follows that r, < ry since b > a. The next step is: We
consider

wy = log wy

with the main branch of logarithm. Under this transformation, this symmetric (or con-
centric) annulus is transferred conformally to the set

{w, :logr, < Rew, < logr}.

Using now Example 16.10, we may conclude that the required conformal mapping is
given by

n

i Z—-a
w = e o <log 2~ _log r2>,
z-b

where a and b are from (16.9).

Example 16.25. Let us find the conformal mapping of the crescent shape (lune) formed
by two arcs of two different circles shown in Figure 16.5.

b 71-)(—

7&
Figure 16.5: Mapping a lune.

We consider first

N
|
Q

Wy

N
|
S
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where a and b are the two intersecting points of these circles. Then this conformal map-
ping transfers this lune to the angle of span «a (this angle is the same as for the lune due
to conformality), with the vertex in the origin (Figure 16.6).

vy

Figure 16.6: Sector given by angles a and 3.

Indeed, if z = pye'?, g, < ¢ < @, for the part of the first circle in the boundary of
the lune and z = p.e'?, ¢; < ¢ < ¢} for the second circle, then

z-a _ po€? —ppe?  e? —e%
Z=blopyev  poel¥ —poel®  el? —el%

O o _
_ oilorgp €0 ORI gty SIN(Q — 90)/2

el(0-0p)/2 _ o-i(p-0p)/2 sin(¢p - (p(’))/z'
Similarly,
z-a _ o019 SINQ — ¢1)/2
Z—=Dbl,—pe sin(g - ¢1)/2

These formulae show that the arcs are mapped to the rays starting from the origin be-
cause

V. V.
-1 = tan(gy - ), -+ =tan(g; - }),
Uy Uy

respectively, for these two arcs. Next,
Wy = e wy

maps conformally the sector {w, : B < arg w; < a+ B} to the sector {w, : 0 < argw, < a},
see Figure 16.7.
Finally,

Z—-Qa afa
— e _ [ oL
w= WZ = <e Tb)

N
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Vo

Uz
Figure 16.7: Sector given by angle a.

maps conformally the latter sector onto the domain {w : Imw > 0}. Indeed,

W= W;T/a _ e%(loglwzlﬂarng) _ ei% arngegloglwz\.
This is equivalent that argw = g argw, € (0,7), and Rew € (—0c0,00), Imw > 0. Here,
we have used the boundary correspondence principle.

Example 16.26. Consider the Zhukovski function (see Example 2.13) w = %(z + %). Then
any circle {z : |z| = ry}, ry # 11is transformed to the value w = u + iv such that

u(re, ¢) = %(’"o + r_10> cosp, Vv(ry,¢) = %(ro - %) sin ¢.

Eliminating the angle ¢, we obtain

u V2

ot T3 =1
1/4(’”o+%) 1/4(7"0—a)

Thus, the Zhukovski function maps the family of the concentric circles onto the family
of confocal ellipses, and this map is conformal.

Let us now find the image of the rays {z : argz = ¢} under the mapping defined by
the Zhukovski function. To do this, eliminate from the previous relations for u and v the
parameter ry and put ¢ = ¢,. Then

2 2

u v T
——--——=1, ¢y#0,-,7,
cos? ¢y sinzd)o 0 2

3n
5

This relation shows that the Zhukovski function transforms segments of these rays into
branches of the hyperbola. To sum up, this function defines a transformation of the or-
thogonal system of polar coordinates in the z-plane into an orthogonal curvilinear sys-
tem of coordinates in the w-plane whose coordinate lines are the confocal families of
ellipses and hyperbolas.

Problem 16.27. Find the curve in w-plane, which is the image of the line {z : Rez = 1}
in z-plane under the mapping defined by the Zhukovski function.

Problem 16.28. Show that the Zhukovski function maps conformally:
1. {z:|z] <1}onto C\ [-1,1],
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2. {z:]z] <1,Imz < 0} onto {w: Imw > 0} and
3. {z:]z| >1}onto C\ [-1,1].

Example 16.29. Let function w = f(z) be defined using the Cauchy type integral

f(Z):=f a¢ ,

o V1-¢2

where the integration goes from 0 to z (independently on the curve) if { # +1 do not
belong to this curve. This function (in general) is multivalued due to the square root. If
we consider the first quadrant of the z-plane, then this function is univalent there and
let us consider the image of this part of z-plane under the mapping of f(z). If { = is,
z =iy with s,y € R,, then we have that

W= i

Vitst

[
S
o
(%]

is pure imaginary, and for y — +oco we have that Imw — +c0.Ifz = x +10, x € (0,1),
then w is also real and changes from 0 to

1
J a =«
Ivi-g 2

so that v — +oc0. Using now the boundary correspondence principle (see Theorem 16.3),
we may conclude that this function f(z) maps conformally the first quadrant of z-plane
onto the infinite strip {w : 0 < Rew < Z,Imw > 0}.

Schwarz-Christoffel integral

In the complex w-plane, let us consider a polygon (n-gon) with vertices at the points
Ay, A, ..., A, and with interior angles at these vertices a7, a,7, ..., a, 7, respectively.
Obviously,
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We assume that 0 < @; < 2 (for 0 < @; < 1 this polygon is convex). We want to construct
a conformal mapping of the upper half-plane onto the interior of such polygon. This
problem is solved by means of the so-called Schwarz—Christoffel integral, i.e., by the
integral of the form

zZ

f@):=C j(( Ca) N a) (- a)® Nl + €y

Zy

where z,z; € {z: Imz > 0}, C, C; are given complex constants and ay, a,, . . ., a, are real
numbers arranged in the increasing order. In the integrand, we choose those branches
of functions (¢ - aj)af‘l, which are equal to (x — aj)“f‘1 with real variable x > g;. In that
case, this function f(z) is a single-valued analytic function in the upper half-plane. We
will show that if a; are chosen appropriately then w = f(z) defines a conformal mapping
of the upper half-plane {z : Im z > 0} onto the interior of this polygon.

First, we show that f(z) is bounded for all z,Imz > 0. Since a > 0, the integral
that defines f(z) is bounded in the neighborhood of the singularities a;. Moreover, for
|{| — oo we can write the integrand in the form

an
(-%)

S0-9)76-%)
A 7
From this expression, it follows that the integral is convergent asz — oo, Im z > 0. Thus,

function w = f(z) defines a mapping of this half-plane onto some bounded domain D.
Next, we have

a-1 a1 a,-1

f,(Z) = C(Z - al)al_l(z - az)az_l . (Z - an)a"_l,

It means that f'(z) # 0 everywhere in the upper half-plane except at the points z = aj,
Jj=12,...,n.1fz = x + 10 is real and varies on every one of the intervals a; < x < @j,4,
Jj =12,...,n-1of the real axis, then the argument of the derivative does not change
because

0, X > a,

n(aj -1, x<a,.

arg(x — a]-)"‘f"l = «{
j

In view of the geometric meaning of the argument of derivative (see, e.g., (16.1)), this
equality shows that the segments @; < x < a;,, are mapped by f(z) onto rectilinear
segments. The points a; are transformed by f(z) into points A;—the ends of the corre-
sponding straight-line segments A4;4;,, into which the function f(z) maps [a;, a;,] of the
real axis. Moreover, when the point z traverses the entire real axis in the positive di-
rection, the point w = f(z) corresponding to it makes a complete circuit of the closed

polygonal line 4,4, - - - A,,. Now let us determine the size of the angles between adjacent
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segments of the polygonal line obtained. Considering the variation of arg f(z) as z passes
through the points a; along the real axis in the positive direction (during which the sin-
gular point g; is taken around an arc of infinitesimal radius in the upper half-plane) the

argument changes its value 77(1 - a;). It means that the angle between the vectors 4;_;A;
and A;A;,, is equal to 71(1 — @;), @; < 1. It corresponds to the angle 7a; of this polygon.
Taking into account the behavior of the integrand as { — co, we may conclude finally
that if z goes through the real axis, function w = f(z) describes a closed curve, which is
a polygon with the angles a;7, a,7, . . ., a,7, and the upper half-plane transforms to the
interior of this polygon. Moreover, this map is conformal due to the fact that f’(z) # 0.
These considerations can be extended to the case when one (or several) of the points
is infinite.
Consider some examples.

Example 16.30. Let us find a function that conformally maps the upper half-plane {z :
Imz > 0} onto the sector {w : 0 < argw < am,0 < a < 2}. Since the given sector is a
polygon with vertices A;(w = 0) and A,(w = o), the Schwarz—Christoffel integral takes
the form

w=f(z)=C J e+ cp

Zy

Putting z, = 0, we find that C; = 0 and, therefore,

Requiring now, e. g, that in addition to two points z = 0 and z = oo there occurs a
supplementary correspondence of boundary points as follows:

z=1-w=1,

we determine that C = a and, finally, w = z°

Example 16.31. Let us find a function that conformally maps the upper half-plane {z :
Imz > 0} onto the rectangle with vertices A;(w = a), A,(w = a + ib), A;(w = —a + ib)
and A,(w = -a). Consider now only one part of the interior of this rectangle, which
is located in the first quadrant of the complex w-plane, i. e., rectangle with the vertices
O(w = 0), 0'(w = ib) and A, A, from above. Therefore, we can establish the following
correspondence of the points (boundary points):

1 .
z=1-w=a z=0->w=0, z:E—>w=a+1b,
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where the parameter 0 < k < 1is to be determined. Then on the basis of the Schwarz
reflection principle (see Theorem 16.5) the function, which defines a conformal mapping
of the upper half-plane onto a given rectangle may be represented as follows:

z -1

w=f(z) = CJ((_D—m((_ %)

-1/2

/1(+n*ﬂ<c+%) a

:UJZ d¢

3 V- a-key

It remains to determine the constants C’ and k’. First, we have that (see the correspon-
dence of the boundary points)

1
0= CIJ a¢ )
0 VA-0AHA-KP)

Second, we have similarly that

{ eR.

1 1/k
a+ib:C'<J a¢ +1J a¢ ) [eR
0 \/(1—(2)(1—’(2(2) 1 V(@ -DA-K2?)

Solving this transcendental system with respect to C' and k, we obtain the needed result.
The integrals from above are called elliptic integrals of the first kind.

Problem 16.32.
1. Show that the function

w=f(z)=C J(l + ()*5/6(—1/2(1 B ()*2/3d(,
0

where

1

- [ar o - g cew

0

alr

maps conformally the upper half-plane onto the triangle with the vertices w = i3,
w=0w=1.
2. Prove that the function

d¢

M e

0

maps conformally the upper half-plane onto a triangle and find the triangle.
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3. Prove that the function

W=f(Z)=J a¢
o V1-¢*

maps conformally the unit disk onto a quadrant and find the quadrant.

Problem 16.33.
1. Let function f(z) be analytic on the closed unit disk {z : |z| < 1}. Prove that if

If@)| <M, l|zI=1 and f(a)=0, lal<1,

then

|z - al

@l =Mz

, lzl <L

2. Let function f(z) be analytic on the closed unit disk {z : |z| < 1}. Prove that if
If@|<M, |z1=1, and f(0)=a, O<a<M,

then

M|zl +a

If(Z)| = Malzl +M

, lzl <1

There is an application of conformal mappings also in the theory of partial differential
equations.
Let D be a simply-connected and bounded domain on the complex plane C.

Definition 16.34. A function G(z, {) is said to be Green’s function for the Laplace opera-
tor A in the domain D if the following conditions are satisfied:

1 G(z,():%log|z—(|+g(z,()forz,(eD,

2. A,g(z,{)=0forz{ €D,

3. g(z,():—%loglz—aforzeaD,(eD.

Remark. This definition implies (in particular) that G(z,{) = 0 for z € oD and ¢ € D.

With the Green’s function in hand, the solution of the inhomogeneous boundary
value problem

{Au(z) =Fz), zeD,
u(z) =uy(z), zeoD

is given by the superposition principle as
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u@ = [ 6@ OF@azdn + [ 2, 6.OdaEm.

D oD

where z = x +1y, { = ¢ +in, and 9, is the outward normal derivative with respect to ¢
on the boundary oD.

Using the principles of conformal mappings, we may construct the Green’s function
for arbitrary simply-connected bounded domain D. Indeed, let { be an arbitrary fixed
point from D. Let h(z, {) be a function, which maps conformally D onto the unit disk {w :
|[w| < 1} such that h({, {) = 0. This function exists due to Riemann mapping theorem (see
Theorem 16.7). Moreover, h.,(z,{) # 0 for all z € D (see Problem 12.17 and Theorem 16.2).
Hence, h(z, {) has a zero of order 1 at z = {. This fact allows us to represent h(z, {) in the
form

h(z,{) = (z-Oy(z.{), (. {) +0.

It implies that

L loglh(z,0)] = -~ loglz - ¢l + g(2.0)

21 ’ 27 7
where g(z,({) = % log |Y(z, {)|. We prove that

G(z,0) = l10 |h(z, {)|
> e Zﬂ' g >

is the Green’s function for A in D. Indeed, since h(z,{) € H(D) ({ is a parameter) and
h.(z,{) # 0 for all z € D, then ¥(z, {) # 0 for all z € D and analytic there. Thus, g(z,{) =

% log |¥(z, {)| is harmonic in D (see Problem 7.2). Next, since |h(z,{)| = 1for all z € oD
and for all { € D (see Theorem 16.7) then

1
gz,0) ——Eloglz—fl, z€dD,( eD.

This proves that G(z, {) is the needed Green’s function.

Problem 16.35. Show that the Green’s function for the unit disk is given by

1
G(Z> () = E log

z-¢ ‘
zz -1l
Hint: Use the fact that a nondegenerate linear-fractional transformation

Z_
w=_—(, 2], 12 < 1
z( -1

maps conformally unit disk onto itself such that w = 0 for z = ¢.
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Problem 16.36. Using Problem 16.35 show that the Green’s function for simply-connect-
ed bounded domain D can be written as

1. |8 -g@)
G 5 = — 1 R —
(00 = 3 108 g@2)g(0) -1

>

where g maps conformally D onto the unit disk.



17 Laplace transform

Let f be a function (possibly complex-valued) of one real variable ¢t. We denote by F*
the class of functions (and write f € F*), which satisfy the conditions:

1. f(t)=0,t<0,

2. f(t)is continuous for ¢t > 0,

3. thereexist M > 0 and a > 0 such that |f(¢)] < M e% for anyt > 0.

The value s := infa is called the growth index of f.

Problem 17.1. Show that if the growth index of f € F* is equal to s > 0 then the growth
index of t*f(t) for any u > 0 is also equal to s. In particular, the growth index of ¢* for
any u > 0is equal to zero.

Definition 17.2. Let f be a function from the class 7*. The Laplace transform of f, de-
noted by L(f)(p) is defined by

L)) = J e P'f(t)dt, pecC. 17.1)
0

Theorem 17.3 (Existence). Suppose f € F* with growth index s > 0. Then the Laplace
transform L(f)(p) is well-defined analytic function in the domain {p € C : Rep > s}.
Moreover,

lim £(f)(p) =0 (17.2)

Rep—+co

uniformly with respect to Imp € R.

Proof. Letp = x +iy and f € F* with growth index s > 0. Then for any € > 0 there is
M, > 0 such that |f(t)] < M,e®*®", ¢ > 0. It implies for any fixed x = Rep > s that

IL®)| < j e (] < j e X|f()dt
0 0
<M, J etsargy - Me 17.3)
X—-S-€¢

0

if € is chosen such that 0 < € < x — s. This proves well-posedness of (17.1) for Rep > s.
In addition, (17.3) shows that the integral in (17.1) converges uniformly for all x = Rep >
Sp > S. Let us prove now that £(f)(p) is analytic in the domain {p € C : Rep > s}. If p,
and Ap are chosen so that Re py, Re(pg + Ap) > s, then

https://doi.org/10.1515/9783111632278-019
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_ ° —thp _
L)y + Ap) — L(F)(po) _ J e*Poff(t)e — -1 dt.
Ap Ap
0
But it is known that
e*tAp _ 1
im = —t.
Ap—0  Ap

Due to this fact, Problem 17.1 and the fact that the integral in (17.1) converges uniformly
for Rep = s, > s, we may consider the limit Ap — 0 under the integral sign. Hence, we
obtain the existence of the limit

lim £ @0 +8p) - LI (Py) e
Ap—0 Ap

~Lae

_ —Dpot . e
[ erro fm,

0

- [ et = 2o
0

The latter formula proves the analyticity of £(f)(p) for all Re p > s and also the equality

LHP) = ~(£()) (). 17.4)

Finally, (17.2) follows from (17.3) straightforwardly. O
Corollary 17.4. Formula (17.4) can be generalized as

(@) = D)@, n=12,.... 75)

Proof. 1t follows from (17.4) by induction using the fact that any analytic function is
infinitely many times differentiable. O

Example 17.5. Let us show that
L(t")(p) = ,Hl, Rep >0 (17.6)

foranyn =0,1,2,.... Indeed, Problem 17.1 gives that for each n = 0,1,2, ... the growth
index of t" € F* is equal to zero. Formula (17.5) yields

[ee]

£ = (@) @) = (V' i | eTat= d
5 dp™ p
n(= l)n n!
=D n+1 - pn+1

forRep>0andn=0,12,....
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Example 17.6. Letf € F" and f(t) = ™, t > 0 with Re a > 0. Then, by definition,

(o]
£(e")p) = J erog 1 pe p>Rea 17.7)
0

is well-defined in the domain {p : Re p > Re a}. In particular, for real w we have

ﬂ(eiwt) _ 1. ,  L(sinwt) = L) L(cos wt) = p (17.8)
p-iw P* + w? P*+w?

for Rep > 0.

Remark. For Rea < 0, we have |e®| < 1for t > 0 and, therefore, the growth index is
s = 0. In that case, (17.7) holds for Re p > 0 (even for Rep > 0).

Problem 17.7.
1. Show thatif f € F* is periodic with period T > 0 then

T

Je’ptf(t)dt, Rep > 0.
0

1
1-e?T

L)) =

2. Show thatif a > 0 then

. a
L(sinh(at)) = o

p
,  L(cosh(at)) = ———
p (cosh(at)) 7

— a>

forRep > a.
3. Show thatifa > 0 then

L‘,< sin};(at) ) _ 110g p+a
forRep > a.
4. Show thatiff,g € 7" and tf(t) = g'(t) then
LHE) = | 2L@@0
p

where the integral on the right-hand side is a primitive (with minus sign) for the
analytic function z£(g)(z). In particular,

L P) = L)) = ~(L() ) = PLE) D).

5. Show thatiff,g € ¥, and f(t) = LOO g(t)dr then

L({)p) = —;)L(g)(p), Rep > 0.
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Definition 17.8. Letf,,f, € 7. The convolution g := f; = f, = f, = f; of f; and f, is defined
by
t

t
g(t) = J FOf(t - 1)de = J FOf(t - e, (17.9)
0

0

Remark. The growth index of g = f; * f; is max(s;, s,), where s; and s, are the growth
indices of f; and f,, respectively.

We collect some properties of the Laplace transform in class 7* in the following
theorem.

Theorem 17.9.

1. Suppose f, € F* with growth indices s, > 0 for k = 1,2,...,m. Then f(t) =
Yheq Cifi(0), ¢ € C belongs to the class F* with the growth index s = max(sy, ..., ;)
and

LE)P) =Y Lfi)(p), Rep>s.
k=1

2. Letf; andf, have growth indices s, and s,, respectively. Then g = f, = f, € F* with the
growth index s = max(sy, S;) and

L)) = LS = L)) = LE)DLE)(P), Rep>s. (17.10)
3. Letf e F* with the growth index s and let f € C™ 1[0, c0). Then L(f™)(p) exists for
Rep > sand
(n-1)
£ p) =p"| £¢)(p) —]% ————— % . 7.1

4. Iff € F* with the growth index s > 0 and A € C, then
£(e™f)p) = L¢)P+A), Rep>max(0,s-ReA). (17.12)
Proof. 1. Follows from the linearity of integral and from the fact that for two functions

f1 and f; with growth indices s; and s, the growth index of the sum f; + f; is max(s;, s,).
2. By the definition of convolution, we have for € > 0 small enough that

t
|g(t)| < Mél)Méz) J (51T (S +8)(-D) g
0

t
= MOMDelror J G
0
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(81-85)t
e -1
_ Mél) Méz) (520t

$1—95
_ MS(I)MQZ)(e(Sﬁe)t B e(sz+£)t) 1
$1—5

(s;+e)t (sy+e)t
<Oy e
- € € |31 _ 32|

for s; # s,. This shows that the growth index s for g is equal to max(s;, s,). Next, for
Rep > s we have that
ept<

L(g)(p)

Ct—~

fiOfp(t - T)dT)dt

Il
g o ——3g

e Py (t - )dtdr

1l
—
=
=2
r\‘
2

fir) | e PEOfE)dédr

I
—g °
Ot g "——3g

(00

ey (1) j e PR (E)dEdT = L) (P)LE)(P).

0

I
Se——g ©

We have used here Fubini’s theorem and the fact that Rep > s = max(s;, s,). For the
case s; = Sy, the proof is similar.

3. We proceed by induction with respect to n. For n = 1, we assume that f € F* with
growth index s and f’ € C[0, co). Then for Re p > s we obtain formally by integration by
parts that

L(f")p) =

o3

e P'f'(tydt = e P'F(t)|, +p j e P'f(t)dt = —f(0) + pL()(P).
0

The right-hand side exists and is finite due to the fact that f ¢ F* with growth index
s > 0 and Rep > s. This proves (17.11) for n = 1. Let us assume that (17.11) holds for any
n > 1. Then by induction hypothesis we may write

LE™)@) = £((F™))@) = ") + pL(F ™))

gy ol o iy L@ 1O
—f (0)+p<p [Lf(f)(p) ; - ])
_ fo ™)

=0 e - S J

This proves (17.11) by induction.
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4.1f f € F* with growth index s, then for any € > 0 there is M, > 0 such that

|e—ﬁtf(t)l _ e—tRe)Llf(t)l

e(s+s—ReA)t, s> Re)l,

&t

< Mge(s+8)t—tRe/1 < Me
e, s <ReA

This means that the growth index for e‘“f (t) is equal to s; := max(0, s — Re ). Next,
L O)®) = [ P od = £FO)p+ D)
0

forRep > s;. O

The next result shows how we can recover the original function f € F* ifits Laplace
transform is known.

Theorem 17.10 (Mellin’s formula). Let £(f)(p) be the Laplace transform of f € F* with
growth index s > 0. Then

1 Rep+iA
T 1 nt
Rep-iA
Re p+ico
_ 1 pt =1
o= | epm = e, (17.13)
Re p—ico

where the integration is carried out over the line for fixed Re p such that Rep > s and
where £! denotes the inverse Laplace transform.

Proof. Let us define
o@t) =e Xf(t), x>s.
Since x > s, then for any 0 < € < x — s we have
lo(6)] < Mye 79",

It means that ¢ tends to zero as t — +oo exponentially and ¢(t) = 0 for ¢ < 0. Using now
the Fourier inversion formula,

1

o) =

J J o(et“Pdnde

we obtain
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e Mf(t) = e M (n)e P dnds

8=
g—8 §—¢
St——g o——3g

Sk

e e ands = o [ £g)0c e

So,

ft) = % j L) (x +iE)e™9tdg = % j L(F)(x +18)e™ 4 (ig),

—00 Xx—ico

where the integral is understood in the sense of principal value at infinity (as in Fourier
inversion formula). This proves (17.13). O

Remark. Formula (17.13) shows that the result of inversion is actually independent on
RepifRep > s.

Example 17.11. Let us evaluate the inverse Laplace transform of the function

1

—— R 0.
Pein P

Using (17.10) and Examples 17.5 and 17.6, we have

1 1 1 t ) {2 .
PEE+D) lﬁpz 1 £<5>£(8mt) = L(E * smt).

Therefore,

S

51(#)—f_zsin(t—r)dr—ﬁ+cost—1
Peren) )2 2 '

Example 17.12. Let us evaluate the inverse Laplace transform of the function

p

———, a,beC.
(p+a)p+Db)

Let us first assume that a # b. Then the Mellin’s formula reads as

1 Re p+ioco

- O

J© 27i J ¢ p+a)p+ b)dp'
Re p—ico

Using now Jordan’s lemma in the left half-plane (see Corollary 13.19), where Rep >
—Rea,Rep > —Reb and Rep > 0, we obtain (Figure 17.1)
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~ pept pept ~ be—bt _qe ™
SO e o am h) R ap il b-a
Imp
L
Rep
Qe
Rep
—be

Figure 17.1: Enclosing the poles inside closed curve of integration.

For the second case a = b, we may proceed by the same manner or use limiting
process b — a in the latter formula to obtain that

ft)=e " —ate™.

In particular, for a = b = 0 we have that f(¢t) = 1.

Problem 17.13. Show that for ¢ > 0 the following is true:

1.
Cc+ico
1 J apd 1, a>1,
—_— — p -
2mi ) p 0, 0<a<1
Cc—-100
2.
1 CTOan _ |loga, a=x=1,
i | 2P o, O<a<1l
Cc—-100
3.
c+ico
a’?
— - dp = , c<1l,0<acx<l
2 ) singp n(l+a)
C—100

Problem 17.14. Using Mellin’s formula find the inverse Laplace transforms of the fol-
lowing functions:
1. F@p) = Iﬁ,Rep > 1
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2. F(p)= o 1)2, Rep>1

3. F(p)=°2 ,0§a<b,Rep>0.

4. F(p) =% ‘efp ,0<a<bRep>0.

5. F(p)—logZ:Z,a;éb Rep > max(0, - Rea, - Reb).
6. F(p) = plo

7. F(p) = p a)m, Rep > Rea.

8. F(p) = p +¢u2 ,Rep>|Imw|.

9. F(p) = (p +¢u2 ,Rep>|Imw|.

10. F(p) =7 —arctan £, Rep > |Im w|.

1. F(p) = p2+w2 coth Zw, Rep > |Imw|.

Problem 17.15. Show that
£NEG) = £7XF) + £746),

where F and G satisfy all conditions of Theorem 17.10.

The next theorem characterizes (gives certain sufficient conditions) the set of ana-
lytic functions that are Laplace transforms of some function from the class 7.

Theorem 17.16. Let F(p) be a function of complex variable p, which satisfies the condi-
tions:

1. F(p) is analytic forRep > s > 0,

2. limy, ., F(p) = 0 uniformly in argp withRep > s,

3. foranyx > s, we have

J |F(x +iy)|dy < M,

where M does not depend on x > s.

Then for any fixed Re p > s there exists the limit

1 Re p+iA
i il pt .
ALHPOO 2mi J e Fp)dp = /(1)
Rep-iA

such that F(p) = L(f)(p).

Proof. We first prove that the Mellin’s transform of F(p) (the limit from above) is well-
defined and independent on Rep > s, i. e, this limit depends only on single variable ¢.
Indeed, for p = x + iy and any A > 0, we have the estimate
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Rep+iA

i pt l ]9 (x+iy)t . % Xt
‘Zni J e’ F(p)dp| < o e F(x +1y)|dy < e (17.14)
Rep-iA —00

This implies (by the Cauchy criterion) the existence of the limit above. Next, we will show
that this integral is independent on x and defines the function f(¢) of only the variable .
In the domain Re p > s, consider a closed curve I' consisting of segments of straight lines
[x; —14,x; +1A4] and [x, — 14, x, + 1A] parallel to the imaginary axis, and of the straight
lines connecting them [x; — i4, x, — i4], [x + 14, X, + iA], which are parallel to the real
axis. Here, x; > s, X, > s are arbitrary and fixed; see Figure 17.2.

Im p

Rep

Figure 17.2: The curve of integration in the proof of Theorem 17.16.

Due to hypothesis of the theorem, the function e’'F(p) is analytic in the domain
Rep > s. That is why by the Cauchy theorem we have

X +A X, +iA
0= JeptF(P)dp = J e F(p)dp - J e’ F(p)dp.
T Xl—iA Xz—iA

Since A > 0 is arbitrary, then this yields that the integral

Re p+ico

J e’ F(p)dp

Re p—ico

is independent on Rep > s. Thus, the integral from the formulation of this theorem
is a function f of only the single variable ¢. Furthermore (due to the independence on
Rep > ), it follows from the evaluation of the integral in (17.14) that the function f is a
function with the growth index s. Now we show that f(t) = 0 for ¢ < 0. Assuming that
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t < 0, consider in the domain Rep > s a closed curve I'p consisting of the straight-line
segment [x —iR, x +iR] and of the arc of the semicircle |p—x| = R completing it. Applying,
first the Cauchy theorem for I'y, and then the Jordan’s lemma (see Theorem 13.17), we
can easily obtain that

X+iR
0= j e F(p)dp = J e’ F(p)dp - J e’ F(p)dp — 27if (t)
Iy Xx—iR |[p—x|=R

as R — oo. This proves that f € F*. Construct now the Laplace transform of f(t) and
consider its value for some arbitrary point p, with Re p, > s:

oY 0 Re p+ico

Je"”"‘f(t)dt = % J e‘p"t< J eptF(p)dp>dt.

0 0 Re p—ico

Since the inner integral is independent on Re p, we can choose a value s < Rep < Rep,
and change then the order of integration (due to Condition 3 of theorem). Hence, we
obtain

00 1 Re p+ico 00
~Dot - —(po-p)t
J e P f(tdt = i J F(p)(J e dt)dp
0 Re p—ico 0
1 Re p+ico Fp)
— %)
2mi J Po-D ap-

Re p—ico

The latter integral can be computed with the aid of residue theorem. Indeed, using the
fact (see Condition 2 of the theorem) that 1% = 0(%) asp — oo, we obtain (see the same
closed curve I'y from above), letting R — oo, that

F(po) — _Resﬂ — i J ﬂdp

P=po py —p Znir Po-D
R

1 T Rp) 1 F(p)
L J 20 gy L J 20 4

p .
_ 2 -
RepiR Do—D Tl IP-XI=R Do—D

Re p+ico

Thus, due to arbitrariness of p, we have F(p) = £(f)(p). This completes the proof. [
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Example 17.17. Let us find (using Theorem 17.16) the original function f (¢) if its Laplace
transform F(p) is analytic function in the domain Rep > s > 0 and such that z = co is a
regular point. Thus, first we have that a Laurent’s expansion of F(p) has the form

G

=12

Mg

F(p) =

—.
Il

and second, we assume (in order to apply Theorem 17.16) that ¢, = 0. Applying now the
Mellin’s formula (17.13) and (equivalently) Theorem 17.16, we have

Re p+id Rep+iA
¢ eP . 1f 1
p _
) e Z;ﬂdp me | Sa-yac(s)
Rep-id J=1 Rep-iA J=1

asA — oo for t > 0. Since L‘l(%) = (].f:)!, j =1,2,... (see (17.6)), then we have finally
that the original function f is equal to

Euler’s gamma and beta functions
Letp =x+iywithx =Rep > 0.

Definition 17.18. Euler’s gamma function T is defined as
oo (o)
I(p) := J tPetdt = j eV 8lelqr pe x>0, (17.15)
0 0

in particular, I'(1) = 1.

Remark. It can be written (formally) as
I(p) = £(tP)(1), Rep>0.

Theorem 17.19. IfRep > 0, then integral (17.15) converges (even absolutely) and the fol-
lowing properties are satisfied:

1. Tp+n)=@+n-D(p+n-2)---pI'(p),n=12,...,inparticulay T(n+1) = nl,

2. lim, , (@+nIp) =Y n=012,.

3. l"()—\/_l"(n+2)—\/_2”1)”n 12
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Proof. 1. Consider I'(p + 1) with Re p > 0. Then integration by parts in (17.15) yields
o0
T(p+1) = -tPe| + jpt”_le‘[dt =pl(p)
0

since Rep > 0. Further, using induction with respect to n and integration by parts we
obtain equality (1) of this theorem.
2. Using (1) from above, we have that forn = 0,1,2,...

I'p+n+1)
p+n-Dp+n-2)---p’

(p+n)I(p) =

Taking the limit as p — —n, we easily obtain (2) of this theorem.
3. Using the new coordinate r = v/t in (17.15) and polar coordinates, we have that

2 00 00 0 ©o
<1‘<%>> =4 J J e S drds = 21 J pePdp=n J etdé =
00 0 0

This proves the first equality in (3) of this theorem. The second equality in (3) now follows
immediately from (1). Thus, the theorem is completely proved. O

Corollary 17.20. Euler’s gamma function I'(p) is well-defined for allp € C\ {0,-1,-2,...}.
Moreover, it is analytic there and

- D"
(p+n)n!’

I'(p)

p—-n,

i.e., I'(p) has a pole of order 1 at any point p = 0,-1,-2,... and

"
gi(i?l F(p) = n! :

Proof. The gamma function I'(p) for any p € C\ {0,-1,-2,...} can be defined by

_ I'(p+n)
pp+1)---(p+n-1)

I'(p): Rep > -n, (17.16)

where due to arbitrarily chosen n € IN; and due to Re(p + n) > 0, the value I'(p + n)
is well-defined by the corresponding integral (17.16) with p + n instead of p. Next, for
Rep > 0 the formal derivative of I'(p) is equal to

r'(p) = J "\ (log )etdt.
0
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Since this integral converges absolutely, then I'(p) is analytic for all p € C, Rep > 0.
Hence, formula (17.16) leads to the analyticity of I'(p) in the required domain. The fact
that Res,__, I'(p) = % is a direct consequence of (2) from Theorem 17.19. O

Example 17.21. Let us show that
2P IT(p)T(p +1/2) = VAT(2p), Rep > 0. 17.17)

By the definition of the Euler’s gamma function, the left-hand side of (17.17) can be
rewritten as

OS2

o0
J e S0 2Vst)? 1 V2asdt = 4
0

O3

J e_(“2+52)(2aﬁ)2p_1adadﬁ
0

using also the new variables a := +/s, 8 := V. Due to the symmetricity of the right-hand
side with respect to @ and B, it can be represented as

e @) (208 PV (q + B)dadp

no
Se—3
St—3

4 j dB J e @B 208\ (q + B)da
.

if we consider two symmetric cases a < f and § < a. Applying now the new variables

(again) u := a® + B2, v := 2ap with the Jacobian of transformation 4\/%, we obtain that
us-v

the latter integral will be equal

(oe) o0 (o) o0 _n
J dv J e 1 ! du = j v e Vdy J e—dr) =T(1/2)T(2p).
0 v w-v 0 0 v

Combining all together, we obtain (17.17). In particular, if p = n, n € N then we obtain
very useful result

vr(2n)!

M +1/2) = S5 -

Problem 17.22. Prove that for any p € C, Rep > 0 it holds that
pr'(p) +IT(p) =T'(p +1).

Problem 17.23. Generalize (17.6) and show that, for v > 0,

_Tw+1)
- pv+1

L(t")(p) , Rep>0,
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where p”*! is the multi-valued analytic function given by

vil _ v vlegp _ . _v[log|p|l+iArgp] _ v_ivArgp
p  =pp =pe =pe =plpl’e .

Problem 17.24. Show that gamma function I'(p) has no zeros on the complex plane C

and, therefore %p) is an entire function.

Problem 17.25. Let ¢ := ') 7,p € C\ Z. Show that:

T()
1 ww+n—wm—
2. ¥(p)-yv1-p) = tan(ﬂp)

Definition 17.26. Euler’s beta function B is defined as (see, for clarification, Defini-
tion 17.18)

1
B(p,q) = j tP11-0)7dt, p,qe C,Rep,Req > 0. (17.18)
0

Theorem 17.27. IfRep > 0 and Re q > 0, the integral (17.18) converges absolutely and the
following properties are fulfilled:
]-' B(p’ q) IO (1+t)p+q dt)

I(pI(g)
Bp. @) = Torp

2
3. Bp.=0-a'P [ t-afb-0"d b > q,
4 B(p,l—p):sirl’(r—nmforallpeC\Z.

Proof. Using Definition 17.26 and changing the variable ¢ := )1( -1, we obtain

P . ; 1\ de
N I DO o T -p(q__*1_ __uat
B(p,q) 6[)( 1-x)""dx &[(1+t) <1 1+t> < (1+t)2>
o0 tq_l
_Ja+mwm
0
This proves (1).

To prove (2) we use first the identity (see Definition 17.18)

Tp) _ jxp_le_txdx, t>0.
0
0

Similarly, we obtain
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T(P + (Z) _ J Xp+q—1e—(1+t)xdx.
A+0p

Using (1) and the latter equality, we have

o . J‘OOO Xp+q—1e—(1+t)xdx
T(p+q)B@p.q) =T+ th‘
(P+qQB(p,q) =T +q) ) T(p+9)

oo
tq—l J’ Xp+q—1 e—x—xt dxdt
0

(@)

x’”q"le_"( J et dt)dx.

0

St—g o ——3

Changing the variable v = xt in the inner integral, we obtain

()

T(p +q)B(p.q) = jx‘”eX< v“e“dv)dx =T(p)I(Q).
0 0

Thus, (2) is proved.

Part (3) in this theorem follows immediately if we introduce a new variable v := IZ_TZ
in the corresponding integral.

To prove (4), we first assume that 0 < Rep < 1 and use (1). Then we have

[e3)
t P
0

Next, consider now any branch of multivalued complex-valued function of complex
variable z of the form

1 1
P(1+z) exlogzeiylogz(q 4 7)’

f@) =

p=x+iy.

This function is analytic in the domain Qg . with a cut along the positive axis and a cut
around the origin of radius € > 0 small enough inside of the circle of radius R > 0 big
enough, except one point z = 1. Thus, by the residue theorem

J f(@)dz = 2mi Res f(z) = 2i(=1)P = 2rriePT.
z=—
e

At the same time, the integral over the boundary 0Qp . is equal to
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J f(z)dz = j f(2)dz + ff(z)dz + j f(2)dz + Jgf(z)dz
0. lzI=R € |z|=€ R

::11+IZ +13+I4.

Integral I; tends to 0 as R — +oo due to Jordan’s lemma (see Theorem 13.17). Integral I
can be rewritten as

n ol
L =ie"? J — 460

] eP9(1 + eelf)

ase€ — 0since 0 < Rep < 1. Letting now R — +co and € — 0, we obtain from (17.18) that

S
— dt-e™P J —dt.
1
0

o0
27rie T = J
1+t +t

0

This equality implies that

2mi 3
el’p — e~ gsin(prr)’

T r
B(p,1—p):J%dt: 0<Rep<1l
0

Using (2) of this theorem, we obtain also that for these values p,

L(p)T(1-p) = 0<Rep<l (17.19)

sin(prr)’

Taking into account now Corollary 17.20 (see (17.16)), we can extend equality (17.19) for
all p € C\ Z. This proves (4). O

Example 17.28. Let us show that function ¥(p) = %ﬁ’)’ (see Problem 17.25) is actually
equal to

1 3/1 1
Yp)=-—+ <—— >—V,
p k; k k+p
where y is the Euler’s constant, i. e.,
y= nlLr([)lo(1+1/2+~--+1/n—logn).

Indeed, using Parts (2) and (4) of Theorem 17.27, we see that
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1
- Bp-hh) = [(@-0" g

0

I(p - WI(h)
I'(p)

dt
t)h t

+B(h,1-h)

1
+ J((l L 1)% +0p(1).

0

==

At the same time, the left-hand side of the latter equality (putting the value % to the
left-hand side) can be represented as

I'(p - WT(h)

1 T@-W -T@) | T+ D)~
T R I T n

Letting now h — 0 in both sides, we obtain

1
PP (g g ppydl,
l“(p)_(!(l A==+ T,

Using the representation,
1 (e8]
i Z(l—t)”, 0<t<1,

we calculate the right-hand side of the latter equality as follows:

0
D18

F(p) =

L D )+I‘(1)

n

1

n+p-1
J ~(1-0™PNde +T'(1)
(

I
’UIH i ygk

+1 n+p

(oo}

Z( ) <L—1>+1+r’(1).
= n+p n+l n

): 0, we obtain that

e 1 Q1 1\
I(p) p+z<n >+r(1).

= n+p

Since 1+ Y02, (-1

n+l

It remains only to show that I'(1) = —y. Indeed, integrating the latter equality from 1 to
D, we obtain

log[(p) = —logp + Z J

n=1

(z- —)dp+r Wi -1,

n n+
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ie,
I(p) = wez,;“;l(”—;l—log(n+p)+1og(n+1)).
It implies, if we put p = 2, that
o'

1= ezggl(%—log(n+2)+1og(n+1))
5 .

Thus, I'(1) = —limN_,oo(Zf[:l % —log(N +2)) = —y. This completes the proof.

Problem 17.29. Prove that forp — 0,

1
rp=-t-—.
PR
Remark. Analogously, to the gamma function I' beta function B can be extended for all
p.q € C\ Z (see (17.16) and (2) of Theorem 17.27).

Problem 17.30. Define the regions of complex variable p where the following integrals
represent analytic functions:

1
o0
2
J e Pl dt,
0
2.
T si t T t
sSin CoS
| S | e
0 0
3.
(o) . t
sin
j s

0

Problem 17.31. Prove that (Rep,Req > 0):
L B(p.q)=Bp.q+1) +B(p+14q),

2. Bp+1,9 =Bp.@5,

3. lim, ,pB(p.q) = %
Problem 17.32. Prove that

1
|
1-x)'ax =" N.
J( x) s "€
-1
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Problem 17.33. Evaluate the integrals

7 1
ﬁmwﬂmmm%a Ja+&a-o%a
0 -1

Problem 17.34. Evaluate the integral

@ a/5-1
et
1+x%7
0
Problem 17.35. Prove thatforc > 0anda > 0,
1.
1 c+ico
— T(p)aPdp = e,
- j (paPdp
C—100
2.

1 c+ioco 1
— I(prd-paPdp=—, c<la<l
- j (PN -pladp = ——
c—-100
We have one more instructive example of the use of Euler’s gamma function. Namely,
the following result holds:

(o)

1 a2 T(P))
(J)- (cosh t)Zp dt =2 T(2p) , Rep>0. (17.20)

To show (17.20), let us rewrite the integral in the left-hand side as

22p T eZpt dt = 22p—1 T p—l(1 )—Zpd
(eZ‘ + 1)2p - I’] + ’] '7
0 1

In this equality, we have used a new variable  := e*. Introducing one more new vari-

ablev = ﬁ the latter integral can be transformed to the integral

1
J(Zv - vz)pfldv
0

or, with v = 1 - +/, to the integral

1

g1z _gpige= 1 -
2!5 (1- £ = JBU/2.p) =

1T(1/2)T(p)
2T(p +1/2)
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and using (17.17) we finally obtain (17.20). In particular,

[ee]

1 b
———dt=~.
J (cosh t)3 4
We consider now applications of Laplace transform to differential equations with
constant coefficients and to some class of integral equations. Let us consider the initial
value problem (or Cauchy problem) of the form

aoy(n)(t) + a]y(n’l)(t) doeee 4 any(t) :f(t), t>0,

) o ety o 17.21)
YO =yp, yO) =y, ... ¥y (0)=Yp

where a;, y; are given complex constants (a, # 0) and f is a given function. The task is to
determine y(t). Due to linearity of (17.21), this problem can be represented as the sum of
two separate problems: (a) homogeneous equation (f = 0) and (b) homogeneous initial
conditions (y; = 0). Next, in order to solve problem (a) it suffices to find the fundamental
system of solutions, i. e., the system {qoj(t)}}‘:’ol such that

aofp;")(t) + al(p]("*l)(t) +o+ @) =0, j=01,...,n-1

with

1, k=j,
(k)
“0) = (17.22)
% {&kﬂ

for k =1,2,...,n -1 In that case, the solution of (a) is given by

n-1

u(t) =y y;0;(t), (17.23)
j=0

where the constants y; are from (17.21). Since we know that (see (17.11))

(k-1)
;(0) ¢ (0)
-t pk > F}:‘c((p]))

£@%@=M@@—
then (17.23) implies

P*Ei(p), k<j,

, (17.24)
PIE®) ~ 5l k>

£(9/)p) = {

Using (17.24) and applying the Laplace transform to the homogeneous equation from
(17.21), we obtain
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aop”[Fj(p) p,+1]+a1p [F(p) p,+1]

+ an—j—lpjﬂ[Fj(p) -—alt anijij(P) +-+ apFi(p) =0

This equation can be rewritten as

2

, j=012..,n-1 (17.25)
Py(p)

Fi(p) =

where P, (p) = app" + ap* i+ a, is the characteristic polynomial of the differential
operator from (17.21) and

Q(p) = app" T M ap It G j1s j=01...,n-1 (17.26)

To solve (17.25) with respect to £ (F;(p))(t), we apply Mellin’s formula for fixed Re p > s,
where s > 0 is to the right of all singular points of Q;(p)/P,(p). We obtain

1 Re p+ioco Q (p
P P Pt
00 =L EO -5 | e p o
Re p—ico
Jordan’s lemma in the left half-plane gives
< Q;i(p)
() = Y Res( e L= ) 17.27
10) z-1”£p31<e () 17.27)

where p;,1 = 1,2,...,m are the singular points of Q;(p)/P,(p). Now the problem (a) is
solved by (17.23) and (17.27).

For solving the problem (b), i. e., the problem (17.21) with nonhomogeneous equation
(f # 0) and with homogeneous initial conditions (y; = 0) we use (17.11) and easily obtain

Pp(P)LW)(P) = L)),

where P, is a characteristic polynomial and v is the solution of the problem. Applying
Mellin’s formula gives

Re p+ico
1 P LOP) 4
V() = o Repji ) dp, (17.28)

where fixed Rep > s > 0 is to the right of all singular points of £(f)(p)/P,(p). For-
mula (17.28) can be simplified as follows. Since a; # 0, then by (17.26) we have
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LE)P) = aiol%op)ﬁ(f)(p) - alOQPn—_zl()l)’)

= L L0 DL D) = L@ * PP,
ay ay

L))

where ¢,,_, is defined in (17.27). The inverse Laplace transform yields

t
1
v(t) = @ j P (Df (t - D)7,

Combining (17.23) and (17.29), we see that the solution of (17.21) is given by

n-1 t
YO = U0+ = Y 300+ - [ 01O (¢~ .
=0 0

Example 17.36. Let us solve the initial value problem,
YO +2"O+y0 =0, y0)=y©=y"©0=0, y"0=1

Formula (17.30) leads in this case to the solution y(t) = @5(t). But ¢5(t) equals

pt Pt
Res — 5
p=-ip* +2p~ +1

!

=R
#5(0 iy p*+2p? +1 *

(1 ' o 1 )
<e (p+i)2> p_f(e P-17

= tept—. _ ep[_. + pt_.
(P +1)?p=i (@ +1)3 =i (p-17
tell el el e7Ht
= —_ + —
(i)2 @3  (-20)? (-2i)3
teit eit te—it e—it

1 .
__T+E—T—E——ECOSI+ESIIII.

p=-i
2
[

Example 17.37. Let us solve the initial value problem,

Y'(®) +y(6) =sint,  y(0) =y'(0) = 0.

Formula (17.30) leads to the solution

t
Y(O) = j 0,(0) sin(t - D),
0

pei (D -1 lpesi

(17.29)

(17.30)
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where

pt ept eit —it )
+ Res = — - — =3sint.
+1 p=ip*+1 20 2

€
t) =R
¢,(0) Res 7

Thus,

t
() = J sin 7 sin(t - 7)dr = -
0

DN =

t
j(cos t —cos(27 - t))dr
0

1sin(2r -t ‘

2 2

1. t
= —smt—icost.

t
=—_cost+
2 0 2

Example 17.38. Let us solve the initial value problem,
V'(t) + wiy(t) = cos(vt), y(0)=0, y'(0)=1, v,weC.

Let first v # w. Then (17.30) gives the solution as

t
() = @q(t) + jgol(r) cos(v(t - 7))dz,
0

where ¢, (t) is defined as

pt pt iwt —iwt :

e e e e sin(wt

() =Res 5—— + Res —— = —+ —— = C)
p=iw p* + @*  p=-iw p* + w* 2w -2iw w

For w = 0, we have @,(t) = t. So, for w + 0 we get

) t
sin@p) | 1 Jsin(wf) cos(v(t - 7))dz.

0

() =

e

Since v # +w, then the latter integral equals

i ﬂ( cos((w — V)T + vt) )' _ <cos((w + V)T — vt) >’]dr

20 V-—w V+w
0

2l v-w V-w V+w V+w v — @?

Therefore, the solution is (v # +w # 0),

sin(wt) . cos(wt) — cos(vt)

Y = o

Ifw=0andv # +w, then

_ l[cos(wt) B cos(vt) B cos(wt) . cos(vt)] _ cos(wt) — cos(vt)

—_ 243
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1 - cos(vt)
yit)=t+ —Vz

In the case v = +w, we may use the limiting process to obtain

sin(wt) . t sin(wt)
w 2w

Y0 =

Problem 17.39. Solve the problems:

Y'(©) +by(t) = €', y(0) = yq,

V') +y(t) =1,y(0) =y'(0) =y"(0) = 0,

V') +y(t) = sin(wt), y(0) = 0,y'(0) =1,

YO (t) +4y(6) = sint, y(0) = y'(0) = y"(0) =y (0) = 0,
Y'(t) +4y' () + 8y =1,y(0) = y'(0) =

Y'(®) - y(t) = -2t(e™ +1), y(0) = 0,y'(0) =y,

S

Example 17.40. Let us solve the integral equation
t
2() = f(1) + A J K(t - Dg(0)dr,
0

where g,f, K € F* with the corresponding growth indices. Applying the Laplace trans-
form, we obtain

L(©)p) = LI)(p) + ALEK)(P)L()(D).

So, we have (formally)

_ ot Lf)>
N

This formula can be simplified as follows (see Problem 17.15). We have

L(K)
1-AL(K)

L(K)
1- AE(K)C(f)>(t)

R R )

=f(t) + A£'1<

t
_ e LK)
—F()+ A J Ft-1)L <—1 S TaTe )(r)dr.

This formula gives the solution with any kernel K(¢) of the integral equation. For exam-
ple, if K(¢t) = e!, then for Re p > 1we have

1

C(K)zp_1
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and so we may conclude that

M Zzm)0 - < (o) 0 -

Therefore, for this particular case the solution of the integral equation
t
£(0) = f(0) + A J e g (7)dr
0

is equal to

t

t
£(6) = (1) + A j £t - 1e% D4z = F(t) + A j F()e®ED g,
0 0

Problem 17.41. Solve the equations:
L f(@) =, e gadr

2. gt =1- [ (t-1g(r)de

3. f(0) = [, sin’(t - D)g(v)dr

Problem 17.42.
1. Generalize Problem 17.23 for the case v > —1. Namely, show that

£(t")(p) = r([‘::ll), v> -1,

where £(t¥)(p) is understood as the limit

(o)

L(t")(p) = 51330 J t'eP'dt

which exists.
2. Using Part (1), solve the integral equation

t

ga>=fa>+Aj

0

g(1)
(t-1)

dr, O0O<a<l

Problem 17.43 (Abel’s equation). Let 0 < a < 1and

t

_[ &
£(b) = oj B

— 245
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Show that

. { !
g(t) = sin(asm) <f(0) +j f(t)dr >

g t-a ] (t-7)l@

is a solution of this equation. Hint: Use the first part of Problem 17.42 and the formula

TaIdl-a) = O<a<l

sin(ar)’



18 Special functions

18.1 Method of Frobenius

This method concerns the solving of the second-order differential equations of the form
(and it has some connections with the complex analysis and special functions)

x3y" (x) + xp(x)y' (x) + qOO)y(x) = 0 (18.1)

under the assumption that all quantities in (18.1) are real-valued and the functions p(x)
and q(x) are real analytic in the vicinity of x = 0. In that case, equation (18.1) can be
solved by setting an ansatz

[ee)
Y = Y X', seCe#0, (18.2)
k=0

where s and c; are to be determined, so that equation (18.1) is satisfied. Further, we may
assume without loss of generality that ¢, = 1.
Next, let

pe) =Y prd, q0) =) g, (18.3)
j=0 j=0

then substituting (18.2) and (18.3) into equation (18.1) we obtain

> ok +s)(k+s - xS & ijxj > ek + $)XK*S 4 > quj Y xS = 0.
k=0 =0 k=0 =0 k=0

This is equivalent to

o0 0 .
Z ek +8)(k +s—1)xK*s 4 Z cr((k +5)p; + qj)xk+s+] o
k=0 k,j=0

Introducing a new index of summation k' := k + j and using then again index k instead
of k', we obtain

[ 00 k
Y ok +s)(k+s- x4 D (Z Cpj((k =+ s)p; + qj)>xk+s = 0.

k=0 k=0 \j=0
Equating now the coefficients in front of x**, we obtain equations for each k = 0,1,2, ...
as
k
e((k +8)(k +5=1) + (k+5)pg + qo) + Y. Cj((k = + 5)p; + ;) =0, (18.4)
j=1

https://doi.org/10.1515/9783111632278-020



248 — Special functions

where the second term in this sum is excluded if k = 0. Since we assumed that ¢, = 1,
we obtain (necessarily) the first equation from (18.4) in the form

S(s=1)+spg+qy=0. (18.5)

This quadratic equation is said to be the indicial equation and it determines possible
values for s. There are three possibilities:
1. Theroots sy, s, are real and (s; > s,)
(@) s;— s, does not belong to Ny,
(b) s; -5, =ng € Ny.
2. Theroots s;, s, are complex (complex conjugate since p, and g, are real).

Consider now first the case 1(a). Equations (18.4) (together with (18.5)) for the determi-
nation of coefficients ¢, are recursive. Indeed, starting with (18.5), we rewrite (18.4) for
k=12,...as(l:=k-})),

k-1
((k+8)(k+s=1)+(c+k)pg+qo) = — Y L+ )Py + Gy)s kK =1,2,.... (18.6)
1=0
Since s satisfies (18.5) and for k = 1,2,... the factor (k + s)(k + s — 1) + (kK + $)py + ¢y
is not equal to 0, the coefficients c; are uniquely determined by (18.6) (separately with
respect to s; and s,). Hence, in case 1(a) the fundamental system of solutions (two linear
independent solutions) for equation (18.1) is given by

[ee] o0
»x) =xy ce(s)X, y, (0 = x% D c(sxk. (18.7)
k=0 k=0
Consider now the case 1(b). Let s; — s, = ny € N,. In that case, the first linearly
independent solution y; (x), which corresponds to s; can be defined as above (see (18.7))
since s; + k,k = 1,2,... is not the root of the indicial equation (18.5). But the second
solution y,(x) can be of the form

(e8]
Yo(X) = Ayy(x) logx +x* ) bx¥, (18.8)
k=0
where coefficients A and by, are to be determined. Substituting ansatz (18.8) into equa-
tion (18.1) finally leads to the equality
Alog x(x’yy (0 + xpOX)y; (0qOOY; (0) + 24%94(x) = Ay; () + ApOX)Y; ()

+ i bi((k + 55)(Kk + 55 — 1) + pOO)(Kk + 5) + (x))x* ™ = 0.
k=0

Taking now into account that y;(x) satisfies equation (18.1) and using assumptions (18.2)
(see also (18.7)), we obtain
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A( OZO: ck(sl)(Z(k +5) -1+ OZO:pjxj >xk+sl)

k=0 j=0

0 00 . .
+) bk((k +5)(k+8, 1)+ (k+5) Y pix) + ) qx! >xk+52 =0.

k=0

Jj=0 Jj=0

Since s; = s, + ny, then changing the indexes of summation several times we obtain

o0 0 k—no
A Y Gn sk +59) ~ DX+ A Y ( > q(sl)pk_no_l)x"”z

k=n, k=ny \ =0

00 o [ k
+ Y bk +sp)(k + 5, - x* 4 > (Z by((L+ 8Py + qk—l)))(hs2 =0.
k=0 k=0\1=0

Equating now the coefficients in front of x¥*%: we obtain

k-n,
A<ckn0 (s1)(2(k +55) = 1) + z 01(31)Pkn01>

=0

k
+by(k+8,)(k +5, = 1)+ Y by((L+ )Py + G y) = 0. (18.9)
=0

Next, we consider two cases: n, = 0,i.e,s; = sy, and n; € N. In the first case, due
to (18.6), the coefficient in front of A in (18.9) for k = 0 is equal to 0, i. e., A is arbitrary
(e.g., we may put A = 1), and for the coefficients by, k = 1,2,... (further we also assume
without loss of generality that b, = 1), we have the recursive equations

by((k +s))(k +8;—1) + (k +5)py + qp)

k-1

k
= = " Dy((U+ S)Prg + Q) = C(S) K +57) = 1) = Y sy (18.10)
=0 =0

Since k = 1,2,... the coefficient in front of b, in (18.10) is not equal to 0 (see (18.5)), so
the recursive equations (18.10) are uniquely solvable and, therefore, the first case when
ny, = 0is completed. If now ny € N, then for k = 0.1,2,...,n, — 1 we have (see (18.9))
(only) the following recursive equations:

k-1
bie((k +sp)(k + 51 = 1) + (k + 5)po + o) = = Y. by((L+ $)Pye—y + Q). (18.11)
=0

For k = ny, we have actually an equation for A (¢ = 1),
ny-1

A2y + ) =1+pg)) + Y B((1+ )P, + Gngt) = 0s (18.12)
=0
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where the coefficients b;,1 = 0,1,2,...,ny — 1 are determined uniquely from the equa-
tions (18.11). Since 2ny +2s, + py—1 = ny # 0(s; = S5 +ny), then A is uniquely determined.
It can be mentioned here that A might be equal to 0.

Fork = ng+1,ny+2,...,wehave the following recursive equations (4 is determined
already):

k-n,
A(ckno(s1>(2(k+sz>—1)+ Y cl(snpknoz)
=0
k-1
+ by ((k+$5)(k + 5, = 1) + (K +8)pg + o) + Y. by((1+ Sp)py + @) = 0. (18.13)

=0

Equations (18.9)-(18.13) show that case 1 is completely considered.

In case 2, the roots of the indicial equation are complex conjugates, i.e., s; = a + i,
s, = a —if, B > 0. Operating as in the case 1(a), we are looking for the solution of
equation (18.1) in the form (18.2) with assumptions (18.3) such that

.00
Y =x"P N e, =1, (18.14)
k=0

where, as before, the coefficients c,(s;) are uniquely determined from the following
recursive equations:

k-1
e((k+8)(k+5-1))+(c+k)pg + o) == Y (I +9)Pyg+qry)s k=12,.... (1815)
=0

The coefficients ¢, here might be complex since s is complex in this case. It can be men-
tioned also that ¢ (s;) = cx(sy) due to real p, and q,. Denoting now ¢,k = 1,2,...
from (18.15) as ¢, = a; + if; we have that

yy(x) := Rey(x) = cos(Blog x) z @ x** — sin(Blog x) Z a X<t (18.16)
k=0 k=0
and
¥,(x) := Imy(x) = cos(Blogx) Y Bx*** + sin(Blogx) Y Byx** (18.17)
k=0 k=0

are linearly independent and, therefore, solutions (18.16) and (18.17) form the fundamen-
tal system of solutions for equation (18.1). It completes case 2.
Next, we consider some examples.

Example 18.1. Let us solve by the method of Frobenius the differential equation

X" 00 = xy' () + (1= x)y(x) = 0.
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Since p(x) = -1and q(x) = 1 - x, we have that (see 18.3)) py = -1, py =py, =--- =0,
4o =19, =-1,q, = q3 = --- = 0. Hence, the indicial equation is equal to
s(s=1)-s+1=0=(s-1)?%=0,

i.e., s; = 8, = 1and we are in the case 1(b) with ny = 0. That is why the first independent
solution is given by

»(x) =x z axt, ¢ =

and (see (18.6)) for k = 1,2,... we have

(k +k-k- 1+1 Z (l+1)pkl+qk Z)

It is equivalent in this case to

Ck1
ke =cr1=cp = K2
_ _1 . _ 1
sothate; =1,¢, = 4,¢3 = 3,...and
y(x)—x+x2+X3+X4+
! 4 36

whereas the second linearly independent solution is equal to

Y20 = y1(0logx +x Y b,
k=0

where by =1and for k = 1,2,... we have that (see (18.9), (18.10) with A = 1)

ck(2k+1)—ck+kzbk—bk_1=Ozbk=%—2%, k=12,....
These formulae yield that
1 2
by=1 by=-1, by=-=, by=-—,
0 1 2573 3= 797
so that
x)=1o x<x+xz+x—3+x—4+ >+x—x2—x—3—2‘i4
720 =108 36 2 7
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Example 18.2. Let us solve the differential equation

24" () = xy' () + (1= x)y(x) = 0.

Since p(x) = —% and q(x) = 1’7", we have that (see (18.3)) p, = —%, pr=py,=--=0,
Qo = % q = —%, Q> = q3 = --- = 0. Hence, the indicial equation is equal to
s(s—1)—§+1:0532—§s+1:0,
2 2 22

ie,s1 =158, = % and we are in the case 1(a). That is why two linearly independent
solutions are given by (x > 0),

Y100 =x Y cls)x’, =1
k=0

and
v k
Yo%) = VX ) clsy)x", o =1
k=0

For s;, we have the following recursive equations (see (18.9), (18.10) with A = 1):

k C C
¢ k2+_>:ﬂ = —1 | k=12....
"( 2 KT a2+ k

For s,, we have, respectively,

2 kY o Cr—1
Ck<k—§ -z g k=12

Problem 18.3. Solve the following differential equations by the method of Frobenius:
L A" (0 +x' (0 + (= Dy =0,

2. X" 00+ 3y () + 5y =0,

3. XY () +xy'(x) + (1-x)y(x) = 0.

18.2 Bessel functions

The following differential equation is said to be Bessel’s equation:

X" 00 +x9" () + (F =V )y(x) =0, veR (18.18)
and the solutions of this equation are called Bessel’s functions of order +v.
Using the method of Frobenius (see Section 18.1), we may conclude that the indicial
equation (see (18.5)) has the roots s; = v, s, = —=v, v > 0, and we have the following
possibilities:
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(@) s; - Sy = 2v does not belong to IN;,.
(d) s;-5;,=2v e Ny, i.e,v= g,n € Ny.

Considering first the case (a), we obtain the recursive equations for the coefficients c;
(see (18.6)),
. k-1
(v +k)* =v) ==Y T+ V)P + Qer)s G #0,
1=0
wherep; =p; =---=0,¢;,=0,q, =1,q43 = q4 = --- = 0 (see (18.18)). This is equivalent to
the equations

Crk—2
01:03:---:0,ck:—k2+2kv, k=24,.... (18.19)

Solving by induction the second equation in (18.19), we obtain

-1)™coT(v +1
sz:M) mzl’z’._.’
22MmIT(v + m + 1)
where I'is Euler’s gamma function. Choosing now ¢, := 2V1“(1v 5 We obtain the following
two linearly independent solutions (Bessel functions) of Bessel’s equation (18.18):

2k+v 2k-v

¥ (x ¥ (x
Jyx) = Zk,r(k+v+1)(> ;) = kak V+1)<> . (1820)

where x > 0and v # n,n = 1,2,.... For the particular case v = 0, formulae (18.20) are
valid and give us only one independent solution of Bessel’s equation (18.18). Moreover,
if v > 0 then the first formula in (18.20) is still valid, but it gives us only the first inde-
pendent solution of (18.18) if v = 1,2, ... and another one will be introduced for this case
later.

Proposition 18.4.
1. Letv >0.Thenasx — 0, we have
Y1 vix\" 1
0 vﬂ’ ! :_<_> 0 vﬂ'
10 =(3) torp +00 . R0=5(3) oy oW

2. Letv>0,v+1,2,.... Then as x — 0, we have

10 = (5) g #0067

I'(-v+1)
-v-1

! __z )_( 1 -v+l
T = 2(2) T HOL,

Proof. It follows immediately from representation (18.20) and possibility of the differ-
entiation of the power series term by term. O
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Proposition 18.5. Letv > 0,v # 1,2,.... The Wronskian of ], and J_,, is equal to

W(,J) = —28%)(("”), X>0.

Proof. By the definition of the Wronskian, we have
Wy J ) = Jy0OT, (0 = T, 00T, ().
Next, since
T 00 + X500 + (6 = V)], () =
and
KT 00) + X7, (0 + (X = V), (x) =

then multiplying the first equation by J_, and the second by J,, and considering their
difference we obtain

U OOT 00 =[], (0) = XW (T, ]y) = 0.
Hence, we obtain the differential equation for W as
!
W exw=0 or -1 o W) = <
w X

where constant C is to be determined. Indeed, using Proposition 18.4 we have as x — 0
that

X X
W) ~ ( >r(v+1)§<§> r( v+1)

X v(x
_<§> r( v+1 E(E) v+1)
_ _ 2sin(vmr)
_xl"(v+1)1"(—v+1) xl"(v)l"(—v+1)__ x

In the latter calculations, we have used the properties of Euler’s gamma function (see
Theorem 17.19 and Theorem 17.27). Thus, we may conclude that the required constant is
C= —% sin(vrr) and this proves the proposition. O

Corollary 18.6. Ifv > 0,v # 1,2,..., then Bessel’s functions ] ,, ], from (18.20) are linearly
independent.

Consider now v = n € N, and Bessel’s functions J,, and J_,, i. e.,

2k+n

N (-Dk e RS (-D* X
JAOED) m(z) - 0=, m(i)

k=0 k=0

2k-n
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Sincefor k =0,1,2,...,n-1,we have I'(k —n+1) = co (see Corollary 17.20) then actually

~ (-)* X
Jn0 = Z < KIT(k - n+1)< >
2k’ +n

B ( 1)]{ +n % B .
Z m( ) = (D) JpX). (18.21)

2k-n

Hence, J, andJ_, are linearly dependent and, therefore, we need to find the second solu-
tion of (18.18) (which is linearly independent to J,,n = 0,1,2,...). To do it, we introduce
forv #0,1,2,... anew function Y, (x) as

cos(vr)J, (x) — J_,,(x) Jv(X) - cos(vm)]_,,(x)

Yy = sin(vrm) 00 = sin(vrm)

YV, ):= lim Y,(x), neNy x>0. (18.22)

Voin,VERn

This function Y,,(x) is said to be Neumann’s function.
It can be checked that for any v € R the Wronskian of J, and Y, is equal to

2
W, Y,) =~ x>0, (18.23)

Problem 18.7. Prove the equality (18.23).

The equality (18.23) shows that for any v € R the functions J,(x) and Y, (x) are lin-
early independent.

Proposition 18.8. Foranyn =0,1,2,..., Neumann’s function Y, (x) can be calculated as

o), (18.24)

v=n v=-n

1,00 = = (,00)'

where the derivatives are taken with respect to v.

Proof. Equation (18.22) and equality (18.21) lead to the equality

m COS(WT)]V(X) - (_1)n]n(x) +]—n(x) _]—V(X)

Yn(0 =i sin(vrm)

(COS(TH)]TM(X) _]n(x) + (_1)n]—n(x) _]—r—n(x) )

sin(m) sin(vrm)

1’%(»

v=n =—n

= lim

7—0

- 20,00)

cos(tm)—-1
70 “sin(zn)

since lim,_, &Tm) = and lim = 0. The proposition is proved. O
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Corollary 18.9. Forn=0,1,2,..., the following equality holds:

Y_,(x) = (D)"Y, (x).

Proof. It follows immediately from the latter proposition, the definition of ¥,(x) from
(18.22), and identity (18.21). O

Example 18.10. Returning to the Laplace transform, we show that (Rep > 0)

c‘1< ! ):]O(t), t>0.

Indeed, the single-valued function F(p) = LZ for |p| > 1 and with Rep > 0 has the
Laurent’s expansion VI+P

z( )k @2 1

1
1_7 T 22K (Je1)2 p2k+1
\/p2+ p

Applying now Example 17.17, we obtain that

F(p) =

2k

0 2k k
LYEE)D = Y (-D* 2kt Z( D < > =Jo(0).
k=0

ZZk(k')Z (2k)! (kl)z

The latter equality follows from the definition of Bessel function J, (see, e. g., (18.20)). As
an immediate consequence of this fact, we can get the very useful identity

t
J]o(T)]O(t —-7)d7r =sint, t>0.
0

To show this, we use first (17.10) and then (17.8), and obtain

t
1 .
E(J’]o(f)]o(t - T)dT) = EZ(IO) =1 2 = L(sint).

Similar to the latter example, we can get that (compare with Problem 17.23)

1 e—ia
ﬁ( > = , t>0,aeC,
Vp+a it

and

c(%ﬁ) — o2V
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Proposition 18.11. Let v € R and x > 0. Then the following recursive formulae hold:
KT 0) = XV 4 (),

X0 = =x7V],;1 (%), in particular, J§(x) = —J;(X),

Xy (X) = VI, (X) = ~Xy.1 (),

XJy00) + VI, (x) = X, 4 (x),

Xy (0 + X[, (x) = 2v],(X),

Jo-1(0) = Joaa () = 25(x),

IS

where derivatives are taken with respect to x.

Proof. We will prove (1) and (2) and all other equalities can be proved similar to (1) and
(2). Indeed, using (18.20) and differentiating the corresponding series term by term, we
obtain

O DRk +v) (x\FT,
X]vX) ka'l“(k+v+1)< ) X
2k+v-1
=x" L )_( _ vV
- ,g)klr(k+1+v—1)<z> =X Jy1 (0.

This proves (1). To prove (2), we first write (see (18.20))
(JV ) ) Z (-Df2k !
 kIT(k +v+1) 22k+v

o Z (_l)k (kl + 1) X2k’+1
- (k" + DIT(k" + v + 2) 22K +1+v

© 1k 2k' +1+v
T S VA
Ko KNT(k' + 1+ v +1) 22k +1+v

—X —v] v+l (X )

This proves (2). It can be mentioned here that (6) is obtained from (3) and (4). The propo-
sition is proved. O

Remark. Since for n € N, (see (5) from Proposition 18.11),

Jraa) = 20 = a0,

and since J;(x) = —jé(x), then any Bessel’s function J,(x) of the integer order can be
expressed via Jy(x) and its derivative only. This explains the importance of the zero-
order Bessel function J,(x).

Example 18.12 (Bessel’s functions of the half-integer order). Let us first calculate Bessel’s

and Neumann’s functions J: (x) and Y1 (x). By (18.20), we have (using the properties of
2 2

gamma function I', see Theorem 17.19)
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1

Ji- § " (z)”‘“ 1 (Dt 2
2 kT2 X (5 Ki2K +1)(2k - 1) ---10() 22K+
~ \jzozoz ( 1)k 2k+1 1
T \Vmx & kIQk+1)(2k—1)---12k+1

WZ @Ok + ! 2k+1)” = Vo S

Similarly, we obtain

Mg

2
]_%(x) = \/;cosx.

Using now (18.22), we obtain

cos 5J1(x) = J_1(x) 2
H = — | S o

s T
s 7

We may prove even more. Namely, for any n € N, the following is true:

n

2 o 1d
]n_%(x) = \/;x <—)—(&> COS X. (18.25)

To prove this equality, we use induction with respect to n. Indeed, for n = 1, this is true

(see formula for Ji (x) from above). Let us assume that for any n € IN formula (18.25)
2

holds. Then our task is to show that

1
_ 2 n+1 1d "
Jne1 @) = \/HX <—)—(&> COS X.

Using the induction hypothesis, we will have

1
J2 n+1<_11)’” 2z < d ><_11>
7TXX de COSX = ITXX de COS X

due to the recursive formulae (see (2) from Proposition 18.11). This proves (18.25) by the
induction.

Problem 18.13. Prove that for anyn = 0,1,2,... it holds that:
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Yt 00 = (D™ 100, Y100 = (D™ 00,

2 1d Y
Yn_%(X)— P <—)—(&> sinx.

Definition 18.14. Letv € Rand x > 0. The functions
HP 00 = J,00 +1%,00,  HP 00 1= J,00 - i¥, (0
v : v v > v N v v
are called Hankel functions of order v and of the first and of the second kind, respectively.

It is clear that H,Sl)(x) = H,(,Z)(x). Moreover,

Jy00 = e T,00

isin(vrm)

Jy00 — ™, (x)

N HP(x) = -
v ) isin(vm)

HP (x) =
and
HPx) = e™HY ), HP (0 =" H% (%)

and (see Example 18.12 and Problem 18.13)
HM(x) = ix”(—liyeﬂx n=0,1,2
n_% ]TX X dX b bt Y e
respectively.

The Hankel functions admit for x > 0 the following integral representation:

1 +o0+HrT 1 +oo-in
Hf,l)(x) _ E J e—vt+xsmhtdt’ H‘Ez)(X) _ _E j e—vt+xs1nhtdt) (18.26)
—00 —00

where the integration occurs along the curve that can be chosen as follows: from —co
to 0 along the negative real axis, then from 0 to +ix along the imaginary axis, and then
from +irr to +oo + i along a line parallel to the real axis, respectively.

We return now to the asymptotic expansions of Bessel’s, Neumann’s, and Hankel
functions for small argument. Proposition 18.4 yields that when x — 0,

v

X 1
o) = <Z> Tw+1)

and
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-V
X 1
]7v(X)’V<§> m, v>0,v+1,2....

Hence, forany v > 0,v # 1,2,... when x — 0 (see (18.22)),

v

Y(x)~c0t(wr)< )F(v1+1) (%‘) : 1

sinlvm)I'(-v +1)
o <x )” 1 TW) [ x\
~\2

% 1%
sin(vim)T'(-v + 1) - _T<§> ' (18.27)

Problem 18.15. Obtain the analogue of the approximation (18.27) for Neumann’s func-
tions Y_,(x) (see (18.22)) withv > 0,v # 1,2

Let us consider now the expansions when x — 0 for Neumann’s functions Y,,(x),n €
INg. Due to (18.24), we have

({)V >I
Tv+k+1)
2 DT k+1) 2

=~ —1
7L kD) we

2 X (_1)kXZk
YO(X)ZE; 2%kl <

2§ (D logy
n & 2%k T(k+1)

ThlS 1mplies, e. g (Combining With Proposition 18 4) that

o _ L2 X @ _ 2 X
H, (x)~1+1E10g—, H; (x)~1—17—Tlog§, x — 0.

Similar to (18.28) and due to (18.24), we obtain that forn =1,2

1 00 1 k. 2k+n 1
=y o
k_

X
2k+n k!

log =
Tn+k+1) 82
_1§( DT (4 k + 1)
T 22ktnfr T2(n+ k+1)
00 k2kn
L G Z(1

T 22k Nk

lo X
I'(-n+k+1) gZ

(—1)" S (D)X (—n+ k+1)
Com & 2keng

r2(-n+k+1)
SinceI'(-n+k +1)

=oofork=0,1,2
tation that

n -1, then we obtain from the latter represen-

n+1 i -n
Yn(x)z(—l) <)_<> F(—n+1):_(n—1)!<)_<> oo
s 2) T’ -n+1) 2

T

(18.29)
where n = 1,2

.. Since Y_,(x) = (-1)"Y,(x) (see Corollary 18.9), then we obtain
from (18.29) the corresponding asymptotic for Y_,(x) as well
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Problem 18.16. Prove that (see (18.29))

W-n+l)

D 2(-n+1)

I'n), n=1,2,....

Hint: Use Corollary 17.20 and Problem 17.22, and the continuity of the gamma function
I'(v) with respect to v.

Problem 18.17. Based on Proposition 18.4, (18.22), (18.27), and (18.29), construct the
asymptotic approximation for Hankel functions Hf,l’z)(x) asx — 0.

Problem 18.18. Show that two linearly independent solutions j,(x) and k, (x) of the dif-
ferential equation

Xyx) + 20" (0 + (¢ = n(n+1))yx) =0, x>0,n=0,12,...

are given by

. g n
Jax) = \/%]M%(x), k,(x) = \/;Ym%(x). (18.30)

These functions are called the spherical Bessel’s and Neumann’s functions, respectively.
Hint: Use the changes of variable u(x) = x“y(x) and use then Bessel’s equation (18.18) for
u(x).

Problem 18.19. Based on Proposition 18.11(1) and (2), Example 18.12 and (18.30), and us-
ing induction prove the following identities:

n . n
d > sin x CoS X

; n _ (e 4 cosx
) = (%) (de X ) = () (de) X (18.31)

where n € Ny,

Generating functions

Definition 18.20. A complex-valued function G(z, x) of complex variable z (with real
parameter x) is said to be a generating function of the functional sequence {g,, (X)}5>_,
if

Gzx) = ) g,x):z" (18.32)
n=-oo

and this Laurent’s expansion converges in the corresponding region with respect to z.

Theorem 18.21. The function G(z,x) := 3@ isq generating function for the sequence

UnOOIE oo
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Proof. The function ez with respect to z has the following Taylor’s expansion:
0 k

x X
e2? = Z = 75 1zl <0
& 2Kk

x -1
and the function e”2?  with respect to z has the following Laurent’s expansion:

Due to unsymmetrical property of G(z,x) with respect to z, we have that g,(x) =
(-D"g_,(x), n € Z. Then the following expansion holds:

o3z kaoz()k_)]<_> k—j
;(OZO: '((ni)’])'<x>2"+1>z +OZO:( 1) (io: n+})I(X>2n+1>Z_n

j=0

= Z J.(0)Z".

We have used here the fact that J, = (=1)"J_,. This proves the theorem. O
If we consider z = e and z = ie', then we obtain the following useful identities.

Corollary 18.22. We have

1x sing _ Z ]n (X)eme eix cos6 _ z in]n (X)eme, (18.33)

n=—oco
in particular
cos(xsin®) = Y Jy(x)cos(nd), sin(xsin@)= ) J,(x)sin(nf)
n=-00 n=-oco

and

cos(x cos ) = OZO: Jan(x) cos(nB + nm/2), sin(xcos6) = OZO: Jo(X) sin(n@ + nrm/2).

n=—oo n=-—oo
If we consider 6 = % then we have the following.

Corollary 18.23.

cosx = Jo0) +2 Y (-1 T (0),  sinx =2 (=1) Jpppn (). (18.34)
k=1 k=0
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Problem 18.24. Show that

Jo0) +2) Jyx) =1.
k=1
Problem 18.25. Show that
00 1- 2\ k
Jo0 = 3 (155 g,

k=0

Problem 18.26. Show that

sinx = ;00 +2 Y (<D0, cosx =2 (<D 3, (%).
k=1 k=0
Problem 18.27. Prove that:
1. cos(mf - xsin@) = Zn__oo]n(x) cos((m-n)B), m € R.
2. J,x) = Jo cos(nf — x sin 0)df, n € N,
Hint: Integrate (1) with respect to x under the condition that m € Z.

3 Jo00 = 7 Iy SERAESi00 = T [, e

2= =23 Ju(nx), in particular Y72, J,(3) =
W) <1,k € No, n € N.

Jnem X +Y) = X2 Jn 0 mn ), m € No.
Yo(x) = L [ sin(xsin 0)dg - 2 [;7 esinhiqe,
Hint: Use (2) and the definition of Y,(x).

8. Generalize (7) showing that

N o g

Yn(x) = 2

Al

9. Prove the integral representation for the Hankel functions (18.26).
1/ ( 1+p*-p)" _
10. £ (—V\/@) = J(0).
Hint: Use (2) and Mellin’s formula.
1. Jo(x) = 7% j;o sin(x cosh t)dt, Y, (x) = —% IOOO cos(x cosh t)dt.

12. _[(;( tf,(at)],(Bt)dt = ,ﬂ%ﬁz(]\;(ax)(]v(ﬁx)), - (]v(aX))l]v(ﬁx))’ a#pv>-1

Problem 18.28. Prove the orthogonality conditions for Bessel’s functions:
1

2 sin(Z(a - p))

——, a, B >0,
T - B? B

JLWW(%—

0

i @ ant _1\a—nt .
J sin(x sin 6 — n@)d6 — % J ﬂeﬂ sinht g,
0

(18.35)
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in particular,

1
Jt]v(at)]v(ﬁt)dt =0, a#f, J,(=],B)=0 v>-1,
0

1

Jt(]v(at))zdt - %(]M(a))z, Vsl

0

Remark. Based on the latter problem (see (2)), we can consider the so-called Fourier—
Bessel expansion. Namely, let a;,j = 1,2,... be positive roots of the Bessel function
J,(x),v > -1 and let f(x) be integrable on the interval [0,1]. Then f(x) can be repre-
sented as the Fourier—Bessel expansion

f0) =) Ajy(xa),
j=1

where the coefficients are defined

1

2
Aj= m fo(x)]v(xaj)dx

The convergence of this expansion is not discussed here.

Remark. There is not so trivial observation of the Bessel’s function, which is concerned
to the Dirac §-function. Namely, in the sense of distributions (i. e, in the sense of some
integral identities), the following equality holds:

(o]

j]v(tx)]v(ts)tdt -
0

v> -1,

S(x-s) 8(s-x)
s x

where the symbol § denotes a one-dimensional Dirac é-function. As a consequence of
this equality, it can be proved that for any integrable function f(x) on the interval (0, co)
we have

(6] [ee]

f) = J J,(e0dt J f(s)],(ts)sds,
0 0

which can be also understood in the sense of distributions.
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Example 18.29. Returning to the Bessel’s function of order zero, we want to show that

(6e) [ee)

Jfo(x)dx -1, J J00dx =1,
0 0

The second equality follows immediately from the relation J;(x) = —J{(x). To prove the
first equality, we first show that for any € > 0,

[ee]

[ e 0o -

0

1

Viter

Indeed, using part (3) from Problem 18.27, we have that

Z[oe_exjo(x)dx = 7% j & Z[Oe"ex cos(x&)dx

1 )
=Re 2 j ¢ J e e dx
TaN1I-83
1 (o)
_pe 2 d¢ ~x(e-i)
= Rej—TJ - Je dx
0 V1-¢% 9
1 1
2 1 2 €
—ReZ df=2 | —& at
”Jl—éwqa ”JW—8@+8)

Using the change of variable ¢ = sin ¢, the latter integral becomes

/2 b1
2€e J dt dr = £ J dt
™ €2 +sin* ¢t 2m ) e+ sin*t’

The latter integral can be calculated as the trigonometric integral (see Section 13.1) if we
use a new variable z = ', t € [-, 7). In that case, it will be equal to

e _m
74 -222(1+2e?) +1°

The singular points of the integrand function that belong to the unit disk are

zy=Vi+et-¢ 2z,=-V1l+e*+e
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Calculating now the residues of the integrand with respect to these singular points z;
and z, and using the Cauchy’s residue theorem (see Theorem 11.10), we obtain that the
latter value will be equal to

—4e< 4 + % ) = —2€< ! )
473 —4z)(1+2€?) 423 - 4z,(1 + 2€%) 2e\i+e2/)

This proves the needed statement. Finally, we see that

(o]

j Jo00dx := lim j e, (0)dx = lim
0 0

1
€20 /1 4 €2
Problem 18.30. Prove that

%]O(ax)dx = %[ O<acx<l,

<

%jl(ax)dx = 1 a>1
X a

o-—,g 0%8

Bessel’s functions of the complex argument

Bessel’s and Neumann’s functions (see (18.20), (18.22), and (18.24)) can be defined for
complex arguments as well, and an important special case is that of a purely imaginary,
i.e, z = ix. In that case, the solutions to the Bessel’s equation are called modified Bessel’s
and Neumann’s functions and they are defined as

2k+v

v S 1 X
IV(X) =1 ]v(lX) = kgo m(z) , x>0 (18.36)
and
K, = P =000 (18.37)

2 sin(vm)

when v is not an integer. When v is an integer, then the limit (analogue to (18.24)) is
used. These are chosen to be real-valued for real and positive argument x. The modified
Neumann’s function K,,(x) is often called the MacDonald function of order v.

Problem 18.31. Prove that the modified Bessel’s and Neumann’s functions I, (x) and
K, (x) are two linearly independent solutions of the equation

X' +x9' () = (F + v )yx) =0, x> 0.



18.2 Bessel functions == 267

Problem 18.32. Prove that for any n € N, the following are true (modified Bessel’s and
Neumann’s function of the half-integer order)

n n
In_%(x) = \/%X"(}(%) cosh x, Kn_%(x) = \/%X”(—%%) e X,

Remark. We present the Zommerfeld integral representation (very useful for applica-
tions) for the MacDonald function

S MAGVlge x5 0y e R, (18.38)

e

Z
=
|
S
<
o—3

Also useful in applications is the Poisson integral representation for the MacDonald
functions

(o)
V=X
_ Vr@g'e” J e +0) e, x>0v> 1

The Zommerfeld representation of the MacDonald function (18.38) allows us to eval-
uate many useful integrals.

Example 18.33 (Sonine-Gegenbauer-type integral). Let us consider the integral

I:= JKy(ax)]V(bx)xv‘“”dx, a,b>0,v-u>-1.
0

We want to show that

v-u DTV —p+1)

Using (18.38), we get
at @« 00
2
I= ou+l J]v(bX)XV”dXJ e (@0 /4t -1 q,
0 0

Changing the order of integration and using the power series for the Bessel’s function
(see (18.20)), we obtain

a T e*t T vl g-(ax)’ /4t
I= J el J T, (bx e @1t gy
0 0
(o) _ Zk (o)
_ a" J e_t dtOZO: (DK (b) v J e+l e—(ax)2/4tdx
20 ) el S KTk + v+ 1)
0 0
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)

= <changing variable u :=

2k

et & (DK bt
t“"gk'l"(k+v+1)< ) T(k + v+ 1dt

vu_ b
a2v—u+2

bv

B 2,2
g t+bY/a) R ' T(v—p+1)
a2v—u+2

—QVTH = —_—
tu-v ay(az + bZ)v—y+1 :

St——3 O——3g

This proves the claim. In particular, for any v € R we have

(o] bV
! K, (ax)], (bx)xdx = m~

Taking into account the asymptotic of the MacDonald function (see (18.37), (18.27) and

Proposition 184) asz — 0, i.e,,

(21 _Tw(z)”
&m~zg>smmwwuf'z<ﬁ’

we obtain that (letting a — 0)

(o]

J J,(bx)x" " # ¥ dx = 27w —p+ 1)
g -
0

-1l<v<2u- 1
bV_2”+2r([.1) > M U 2’

In particular,

[ee]

1-v
jLﬂMMPWX= 2
0

, V>
b2VI(v) 2

| =

Problem 18.34. Let a,b > 0. Using the same technique as in Example 18.33, prove that:
1

T&WVHWWMMMM_CWLWW“&4Wﬁ+W)
(V1+ X B a '

0

In particular, letting a — 0,

u-1 o
b
Ka®=(3) T [ 2% w5
0

(1+x2)H

o

) bY 3242

e a X]V(bX)XV+1dX _ e b*/Aa )
2v+1a2v+2

0
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In particular,
T 1
—a?x* _ —b?/4d
j e " Jo(bx)xdx = ﬁe .
0
3.
T y @2b)'T(v +1/2)
J’ e ]v(bX)X dx = W
0
In particular,
T 1
e Yo (bx)dx = —.
J ° va? + b?

Returning to the Bessel’s and Neumann’s functions, we can define them not only for a
purely imaginary argument (see (18.36) and (18.37) from above) but also for any com-
plex argument z € C and this extension will lead to the entire functions on the com-
plex plane C. For these purposes, one can use, e. g., the continuation of the power se-
ries (18.20) to the complex variable z € C. But we will do it differently (actually equiv-
alently) as follows. We prove first the following integral representation for the Bessel’s
functions:

1

_1
J(1 —t*) 2 cos(xt)dt, v> —%,x > 0. (18.39)
-1

Indeed, using the Taylor’s expansion for the real-valued function cosine, i. e.,

00 (—1)k(Xt)2k
cos(xt) = ——— XteR,
k;) (2k)!

we obtain that

1
J(l - %)% cos(xt)dt
4

)Y
VAT(v + )

~ (%)V © (—1)kX2k

VAt ) & (@)

1
2 J(1 — ) 2.

The latter integral can be evaluated using the new variable and Part (3) from Theo-
rem 17.19 as
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1 1
233 2k g (g _ syv-lgk-1ag 1 1
zj(1-t) tdt—b[(l £)-ig dE—B<v+2,k+2>
T+ Tk +3) T+ 3)VaRk— 1!
 Tw+k+1)  2kT(v+k+1)

Substituting this integral to the latter sum, we obtain that it is equal to

(%)V oo (_l)kxzk r(V + %)'\/7—'[(21{ - 1)” _ i (_1)k(§)v+2k
VA + G @O HTwek+l) G KT+ k+1)

= J,(0).

This proves the equality (18.39).

Let now the complex variable z € C belong to the complex plane with the cut along
the negative real axis, i. e., z € C, | arg z| < 7. This restriction is necessary for the univa-
lence of multivalued function z” with noninteger v. Now we define the Bessel’s function
J, for such complex z (and for complex v) as (see (18.39))

1

_1
J(1 ~t*)" % cos(zt)dt, Rev > —%,z €C. (18.40)
-1

@) = )"
MO s b
Since Rev > —% and | cos(zt)| < e, |t] < 1, the integral in (18.40) converges uniformly
(together with its derivative with respect to z) for Rev > —% +6,8 > 0and |z| < R. This
implies that the Bessel’s function defined by (18.39) is analytic for each of the arguments
z,largz| < m,and v,Rev > —%. This function can be interpreted as the entire function
of z of order 1.

Using now the Taylor’s expansion for the complex-valued function cos(-) of the com-
plex variable, the integral representation (18.39) can be used (somehow in reverse order)
to show that the series (18.20) for the Bessel’s functions can be extended for the complex
variable z, | arg z| < 7, so that

2k-v

k 2k+v k
=) <Z CD ( e ) , (1841

]"(Z):k;]k!r(k+v+1) E) ’ ]“’(Z):];)kll"(k—v+1) 2

where v # -1,-2,.... It allows us to define the Neumann’s functions (see (18.22)
and (18.24)) also for the complex variable z,|argz| < m, and for allv +# -1,-2,....
For the values v = -1,-2,..., we will use again (see (18.21) and Corollary 18.9) the
following relations (z, | arg z| < m):

J a2 = (“D)",(2), Y ,(2)=(-1)"Y,(2), neN.

Definition 18.14 of the Hankel functions of the real variable can be extended now to the
complex variable z, | arg z| < & such that
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HY (@) =],(2) +iY,(2),

_ Jv(2) - e V" w(2)
a isin(vrr)

, H?(z) = @ -e )@ "(Z), vecC.

@
B@ isin(vrr)

v
It can be also checked that the Bessel’s functions satisfy the differential equation

(see (18.18))

2.1

2y"(2) +2y'(2) + (2 - V)y(2) =0, zeC,veC.

Problem 18.35. Show that for any v € C and z € C the function:
1

y(z) = J cos(vl - z6)do
0

satisfies the differential equation

2" (2) + 2y’ (2) + (z* = v")y(z) = sin(vrr)(z - v)

which reduces to the Bessel’s equation (18.18) if v € Z.

/8
Y(z) = J e"2°%%(4 1 Blog(zsin’® 6))d6
0

satisfies the differential equation
" ! 2
zy (2) +y (2) -v'zy(2) = 0,

where A and B are arbitrary constants, and log(-) is any branch of the logarithmic
function. Hint: Use the symmetricity of the real-valued functions cos(-) and sinz(-)
with respect to 7.

The orthogonality condition (see (2) of Problem 18.28) and the integral representa-
tion (18.40) for the Bessel’s functions allow us to investigate the question of their zeros.
More precisely, we will show that the zeros other than 0 of the Bessel’s function are real
and of the multiplicity 1. If z = x + iy, then the integral representation (18.39) yields
wv>-3)

@Y ;
—2 J(l —t%)""% cos(zt)dt
)4

]v(z) =

Z\V 1 1
= #‘L%[(l — t*)" "2 (cos(xt) cosh(yt) — isin(xt) sinh(yt))dt
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and

Z\V 1 1
J,@) = #@ Jl(l — t%)"72 (cos(xt) cosh(yt) + i sin(xt) sinh(yt))dt.

These equalities (since v is real) lead to the important property J,(z) = J,(2). The latter
equality implies then thatif z, Im z # 0, is a zero of ], (-), then its complex conjugate z # z
is also a zero of J,(-). Therefore, the orthogonality condition (see (2) of Problem 18.28)
reads as

1

1
J t], (z0)], G)dt = j t]f, z6)dt = o.
0

0

But due to the continuity of the Bessel’s functions, it is equivalent to the fact that J,(-) = 0.
This contradiction shows that the zeros cannot be complex, i. e., if the zeros exist then
they are necessarily real. The existence of the zeros of J,(x) with real x and v > —% fol-
lows from the main property of continuous functions, crossing zero. Namely, the integral
representation (18.39) and the oscillatory nature of the function cos(xt) shows that at the
infinitely many points x the right-hand side changes the sign. This implies the existence
of infinitely many zeros of the Bessel’s function J,(x). We may prove even more.

Proposition 18.36. Between any two consecutive real zeros of the function x*J, (x), there
is one and only one zero of the function x™ "], ,1(X).

Proof. Using the recursive relation (2) of Proposition 18.11 above, we have that

X_v]v+1(x) = _(X_v]v(x));'

Thus, the application of the classical Rolle’s theorem gives that between any two con-
secutive real zeros of the function x "], (x) there is at least one zero of the function
x7VJ,.;1(x). Similarly, the recursive relation (1) of Proposition 18.11 gives that between
any two consecutive real zeros of the function x"*'J, ., (x) there is at least one zero of the
function x”*YJ, (x). Next, the functions x~"J,(x) and (x"J,,(x)); have no common zeros
since the first function of these two satisfy the equation

X" () + v+ 1y' () + xy(x) = 0.

If y(x) and y'(x) are equal to 0 at some point x # 0, then by the differentiation of this
equation we obtain by induction that all derivatives y™ (x),n = 0,1,2, ... will be equal
to 0 at this point and it implies that y(x) = 0.

To complete the proof of the proposition, it remains to show that there is no other
zeros between 0 and the minimal zero x;, # 0 of the function x™"J,,1(x). It might be
mentioned here that 0 is a zero for the function x™"J,1(x). Indeed, if we assume that
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there is another zero x; such that 0 < x; < X, then it will contradict the fact that between
0 and x, there are no zeros of the function x"*1J(x). Hence, the proposition is completely
proved. O

Remark. It might be mentioned that the latter proposition can be also obtained by the
Laguerre’s theorem (see Theorem 15.18) if one takes into account that J,(z) is an entire
function of order 1.

Proposition 18.37. Ifv > —%, then the Bessel’s functions J,(z) can be represented as

)Y 7
T(v+1) H<1_ (z;”)Z)’

n=1

_]V(Z) =

where 0 < zi") < zé") < ---are positive real zeros of |,(z), which are accumulating only at
the infinity.
Proof. Together with the positive real zeros zﬁl"), n € NN, there will be the negative real

zeros such that z*) = —z{), n e IN. This fact follows from the equality:
J(-2) = €™, (2).

Next, since for v > —% the Bessel’s function is an entire function of order 1 (see (18.40))
for z, | arg z| < s, then Hadamard’s theorem (see Theorem 15.13) yields

1@ = Cz' e HOO 1- Z ez/z;‘”
v 70 :
n=-o0,n+0 n

(v)
n

J,(2) = Cz"e% 10—0[(1 - (ZETZ))Z>

Using the property of the zeros z,’”’, we obtain
n=1

Now, using the asymptotic of J,(z) as z — 0 (see Proposition 18.4) and its generaliza-
1

tion for complex z (18.40), we first obtain that the constant C = T and, second,
the constant a = 0 in view of the property J,(-z) = ei”"]v(z). Hence, the proposition is
proved. O

18.3 Elliptic functions

Let wy, w, be two arbitrary numbers (complex in general) such that the fraction ZJT; is
not real. Let f(z) be a complex-valued function of the complex variable z such that

fz+2w) =f(2), f(z+2w,)=f(2). (18.42)

This type of function is called the doubly periodic with periods 2w, and 2w,.
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Definition 18.38. Let function f(z) be doubly periodic satisfying (18.42). If this function
f(z) is analytic and all possible singular points are poles and they are finite, then f(z) is
said to be an elliptic function.

Remark. It is clear that if f(z) is doubly periodic, then f’(z) is also doubly periodic with
the same periods as f (z). Consequently, if function f (z) is elliptic, then f (z) is also elliptic.

Consider the parallelogram P shown in Figure 18.1. It is called the basic parallelo-
gram of periods if for any w € P \ {2w;, 2w,, 2w, + 2w,} and for all z, we have

f(z+w)#f(2).

2w1 + 2we
2&)1

2(4}2

Figure 18.1: Basic parallelogram of periods.

It is clear that the whole complex plane C can be covered by the family of the paral-
lelograms, which are congruent to the basic parallelogram P such that each of the points
2mwq + 2nw,, n,m € Z are the vertices of these parallelograms. It is also clear that for
all z € C the points

Z, Z+2W, Z+2Wy Z+2W1+20 ..., Z+2Mw;+2n0,,

have the same positions in the corresponding parallelograms and they are called com-
parable. The comparability of such two points z and z' is denoted as

Z' = z(mod2w, 2w,).

Hence, the elliptic function takes the same values at the comparable points, i. e., its val-
ues at any parallelogram are repeated by the values of this function in the basic paral-
lelogram of the periods P. The interior of these parallelograms is called a cell. We may
assume without loss of generality in the future that all poles are located inside of each
cell. All these facts and the analyticity of elliptic functions yield the following properties.

Proposition 18.39. Let f(z) be elliptic function. Then:

1. The number of poles is finite in each cell.

2. The number of zeros is finite in each cell.

3. The sum of the residues with respect to poles in each cell is equal to 0.
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Assuming that there are no poles in the cell yields f(z) = const.
5. The number of roots of the equation

fz)-C=0, CeC,

in the cell is independent on this constant C and this number is said to be the order of
elliptic function and it is equal to the number of poles in the cell taking into account
their multiplicity.

6. The order of the elliptic functions cannot be less than 2.

7. The sum of the zeros of the elliptic function inside of any cell is comparable with the
sum of its poles there.

Proof. Parts (1) and (2) are quite evident. In the first case, if we assume that there are
infinitely many poles in the cell, then a limiting point will be an essential singularity,
which contradicts the ellipticity of this function. In the second case, the assumption of
an infinite number of zeros leads to the fact that this elliptic function is identically equal
to 0.

Let now P be any cell, then 277i times the sum of the residues there will be equal to

(+20;  (+2w1+20, {+2w, ¢

Jf(z)dz=< J + J + J + J )f(z)dz
oP ¢ {+2w, {+2w1+20w;  (+20;
{+2wy {+2w,
= J f(z)dz + J f(z+2w)dz
¢ ¢
{+2w; {+2w,
- J f(z +2w,)dz - J f(2)dz=0
¢ ¢

due to the doubly periodicity of f(z). This proves (3).

If an elliptic function has no poles in the cell (due to periodicity it has no poles any-
where), then it is analytic and bounded in the whole complex plane. It is implied by the
Liouville’s theorem that f(z) = constant. This proves (4).

To prove (5), we use the principle of argument (see Theorem 12.4). Due to this, the
difference between the zeros and the poles of the function f(z) — C in the cell P is equal
to

!
1 J f@ 4,
2mi ) f(z)-C
R)
But since f'(z) is also doubly periodic (with the same periods as f(z)), then using the
procedure as in the proof of (3), we obtain that the latter integral is equal to 0. Hence,
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the number of zeros of f(z) — C is equal to the number of the poles of f(z) - C, i.e., of
f(z). And this number is independent on C. This proves (5).

The order of elliptic function cannot be less than 2. If it turned out that the order
is equal to 1, then there will be only one (at most) pole of order 1. But in that case the
residue of f(z) at this pole is not equal to 0, which contradicts with (3).

To prove (7), we first prove the formula, which has an independent important in-
terest. Namely, the following is true:

1 (4@, ,
ﬁal f(z) Z Z 72> (18.43)

where r; is the multiplicity of the zero z; and s; is the order of the pole Z; for this function
f(z). Indeed, by the Cauchy’s residue theorem, we have

LF0 3 w{12)

ZZZZ

Next, since near the point z; we have that

of'(2) 242 -2)"" + 0((z-2))")
f@) — Aiz-2z)+o((z-2z)")

z;r;
+ T} + 2T 0(1) z -z,
- Z;

+ Zr; o(l)
) j

then this representation yields that

zf'(2)\ _
Res( @) ) =i

! Z:S:
@ 55 o), 7o

f@) ~z-3 7 4

Similarly, we obtain that

and consequently,

f'2)\ .
Res( %20 ) =57

These two facts prove the required formula (18.43). Further, using the doubly periodicity
of f(z), we have that
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1
— jf(z)dz

oP
{+20,  (+20;+2w, {+2w, 4
_ 1 j + J . j v J 4@,
o f(2)
{ {+2w; (+20+20,  (+204

{+2w; {+2w,
_1( f'@ f@
= 2711( 2w, J 72 dz + 2w, Z[ 72 dz>

= i(—z(uz log f (z)|g+zw1 + 2w, log f (z)|(+2w2)

2mi ¢
= %(—Ziwz(argf(( +2wy) —argf({)) + 2iwy (arg f({ + 2w,) — argf({)))

= -2wyn + 20W0M, Nn,mMmeZ

due to the properties of the multivalued function log(-). Combining all these facts, we
finally obtain that

k 1
Yz - z §iZj = 21 + 20,1,

which is what was needed to be shown. The proposition is completely proved now. [

The simplest elliptic functions are the functions of order 2. They can be divided into
two classes: there is only one pole of order 2 with the residue equaling to 0, and there
are two simple poles with the residues of the opposite sign (with equal modulii). The
functions of the first class are called Weierstrass elliptic functions, and of the second
class are called Jacobi elliptic functions. We will show that any elliptic function can be
expressed through the Weierstrass or Jacobi elliptic functions. We focus our attention
mainly on the Weierstrass elliptic functions.

Weierstrass elliptic function

Definition 18.40. We define the Weierstrass elliptic function g(z) by the equality

1 S 1 1
Z) ==+ - , 18.44
w(2) 72 z < (z - 2mw; - 2nw,)*>  (2Mw; + 2nw,)? ) (18.44)

nm=-o0o
n?+m?>0

where w,; and w, satisfy the conditions (18.42).

It is clear that the series (18.44) converges absolutely and uniformly in z outside of
the points 2mw; + 2nw, and defines therefore an analytic function such that the points
2mwq + 2nw, are the poles of order 2.
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Problem 18.41. Show that

N1 R 1 ® 1
(@:(—-) e — —
i 2w, 3 H_Zoo sin? (2t 2"“’2) . ;MO sin (71”“’2)

2

b 1 S 1 S 1

=<2_> _§+ Z zZ— anz ZZ nw,

Wy n=—oo Sin (71 ) o sin (n )

Hint: Use the representation for the functio

Since (18.44) is the series of analytic functions and the series which is differentiated
term by term converges uniformly outside of the poles, then we obtain

0 (2) = -2 Z

oo (2 - mel 2nw,)3

The latter equality and (18.44) immediately imply that (using the fact that g is even)

p(-2) = p(2), '(-2) = (' (2).
Further, we have

(e8]
1
"z +2wq) = =2
a v n,mZ_oo (z - 2mw; - 2nw, - 2w,)*

=2 ) ! =¢'(2).

o (2 =2m' w; - 2naw,)?

Similarly, we have that

©'(z +2w,) = @' (2),

i.e., p'(z) is doubly periodic with the periods 2w, and 2w,. Integrating now the latter
equalities with respect to z, we get

Pz +2w) = p(2) + A1, p(Z+20,) = p(z) + Ay

with some constants A;, A,. If we put here z = —w; and z = —w,, respectively, we obtain
that A; = 0, A, = 0. This means then that g(z) is doubly periodic with periods 2w; and
2w, having only poles in the complex plane C of order 2. Therefore, the equality (18.44)
defines an elliptic function.

Remark. The doubly periodicity of the Weierstrass function @(z) can be obtained
straightforwardly from definition (18.44).
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We may now obtain the ordinary differential equation satisfied by the Weierstrass
elliptic function. Since p(z) - le is analytic in the neighborhood of the point z = 0 and
since g(z) is even, then the Taylor’s expansion near z = 0 gives the representation

00 - & = 2" + 7" + O°),
and so
@ (2) + 2_23 = 28,2 +45;2° + 0(2°).
It follows that
§(2) =~ + 38 + 35+ 02)
and

@) = ;6 - 8gzzlz 163, + 0(2).

Consequently, we have that

@) -46°@) = —20g2212 — 283, + 0(%).
The latter representation can be rewritten equivalently as

(/@) - 46°(2) = ~208,0(z) - 288, + O(%).
This means that the function

(' @) - 46°(@) + 208,0(2) + 288,

is elliptic and analytic near z = 0, i.e., it is an elliptic function without singular points
(taking into account its periodicity) and, therefore, it is identically equal to the constant

(see Proposition 18.39, Part (4)). Letting z — 0, we obtain that this constant is equal to 0,
and thus g(z) satisfies the nonlinear differential equation

(0'(2)" = 46°(2) - 208,0(2) - 28,
Denoting 208, by g, and 28g; by g5, we get finally that
(€' @) = 4°@) - 892 - g5, (18.45)

where g, and g3 are said to be the invariants of the elliptic function p(z) and defined as
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S 60 S 140
_ _ 0, B — 18.46
& ,w;m (2mw, + 2nw,)* 8 ",,,;m (2mw; + 2nw,)s ( )
n*+m?>0 n*+m?>0

Problem 18.42.
1. Prove the formulas (18.46).
2. Show that near z = 0 the following representation holds:

1 S 2j
p(z) = Z7* Y oz,
=1

g _ 388

_ & —
where ¢, = = 36050 €8 = goys et

2
20° €4 Ce

=&
28°
Conversely to (18.45), if there is a differential equation
2
W @) =4 (@2) - gu() - g

and if it is possible to define the numbers w; and w, such that g, and g; satisfy (18.46),
then the general solution of this differential equation will be the function

uz) = p(+z + a,

where a is a constant of integration. Indeed, introducing a new variable ¢ satisfying
u(z) = p(&), one can see that

W (@) = (0" ©)(E @) = 4°2) - £0(2) - g,

which evidently implies that (' (2))* = 1,ie, &(z) = +lor &z) = +z + a. Since ©(z) is
even, then we obtain the needed statement.

The Weierstrass elliptic function has an integral representation. Let us consider the
equality

T 1
z= J N ST

7 VA -8t - g

where the integration goes over arbitrary curve connecting { and co bypassing the roots
of the polynomial 4> — g,t — g;. Differentiating this integral with respect to z, we obtain

(('@)" = 40°(2) - (@) - g,
and consequently (as was shown earlier),

((2) = p(z + a).
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Butif { — oo, then z — 0, and hence a is a pole of the Weierstrass function p(-), i. e.,
a =2mw; + 2nw,, m,neZ.
It implies that
{(2) = p(z + 2mw, + 2nw,) = p(2)
and, therefore,

[ee]

J 1
Z= | ———
o) VA — 8t = 83

This integral representation might be considered as an equivalent definition of the
Weierstrass elliptic function gp(z) with the invariants g, and g3.

dt. (18.47)

Proposition 18.43 (Addition formula). Let(-) be the Weierstrass elliptic function with pe-
riods 2w, and 2w, and let z,y € C be arbitrary points such that z + y( mod 2w,, 2w,). Then
1(¢'@-¢'0)
(z+y) = —(—

FEI T @ -0

Proof. Since z # y(mod2w,, 2w,), then p(z) # p(y). Consider (under this condition) the
system of equations

2
) - p(2) - p). (18.48)

p'(z) =Ap(z) + B, p'(y) =Ap(y) + B,

where the values A and B (depending on z and y) are to be determined. It is easy to check
that the solutions A and B are equal to

4. 0D o @) -php @)

- p@) - e’ 0@ - p(y)

Next, considering with these A and B, the function

¢'(§) —Ap({) - B,

we may conclude that it is an elliptic function with the pole at { = 0 of order 3. Hence,
by the property (7) of Proposition 18.39, this function has only three zeros whose sum is
comparable with some 2mw; + 2nw,. But { = z and { =y are the zeros of this function,
and then the third zero is comparable with { = -z -y, i.e,,

©(-z-y)=Ap(-z-y)+B

or, equivalently,
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@' (z+y) = Ap(z +y) +B.

Taking now into account that (-) is the Weierstrass elliptic function, we obtain actually
that

(©'©)" = (Ap(() + B)” = 40°(() - gy0({) - B.
This implies that
40%(0) - A%X(() - (g, + 2AB)({) — g5 — B = 0.

This equation as the polynomial equation of degree 3 has exactly three roots p(z), p(y),
and p(z+y), and they are different from each other. Using the property of the coefficients
of the cubic polynomials, we have that

0(2) + () +pz +y) = %Az.

Substituting instead of 4, its expression from above yields (18.48). O

Corollary 18.44 (Doubling formula). Suppose that 2z is not a period of the Weierstrass
function g(-). Then the following is true:

B 1 [@"(z) 2
0(2z) = Z( 7@ ) - 2p(2). (18.49)

Proof. Letting y — z in (18.48) yields (since 2z is not a period)

1. (') —@'W))Z
2z) = —hm<— - 2¢(2).
p(2z) = ; lim 02) = o) ©(2)
Applying I’Hospital’s rule for the limit we will have
(PN "
lim £ -0 0) ¢ @)
y=z p(2) -py)  '(2)

This proves the corollary. O

Proposition 18.45. Let ((z) be the Weierstrass elliptic function with periods 2w, and 2w,.
Then the values

el = p(wl), eZ = p(wz), 83 = p((l)l + (L)z) (1850)
are not equal to each other and they are the roots of the polynomial equation

4:W3 —g2W —g3 = O
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Proof. Consider first the value ' (w,). Then
' (W) = —p'(~wy) = —p' Qw; - wy) = —p' (W),
and consequently, ' (w;) = 0. Similarly, we obtain that
P'(w) =0, (W +w,)=0.

Since p’ (z) is also periodic (as g(z)) with the same periods 2w; and 2w,, then @’ (z) has
three and only three zeros, i. e., these values w,, w,, and w3 = —w; — w, (or the values
which are comparable with them). Considering the function g(z) — e, yields that z = w,
is a double zero (p'(w;) = 0) of this function and all other zeros must be comparable
with w;. The same is true for the functions g(z) — e, and (z) — e; with their zeros w, and
ws, Tespectively. We can obtain now from here that the values e;, e,, and e; are not equal
to each other. Indeed, if we assume, e. g., that e; = e,, and then function p(z) - e; would
have azero at z = w,, 1. e, at the point that is not comparable with w,. This contradiction
shows that the values e;, e,, e; are not equal to each other. In addition, since p'(z) = 0 at
the points w;, w,, w3 and

(@' @) = 46°(2) — gp(2) — g5

then the right-hand side is equal to 0 if and only if p(z) = ey, e, or e;. It means that e,
e,, e; are the roots of the equation

4W3 —gzw—gg = 0

This proves the proposition. O

Remark. The latter proposition implies that
2
(9'(2)" = 4p(2) - e1)(p(2) - €)(p(2) - €3)
and

el + 82 + 83 = 0,
elez + ezeg + 6381 = —}—lgz, (1851)

1
€1€,83 = 3183.

Recalling the Cardano’s formulae (see Chapter 2), we have that the discriminant A
of the Weierstrass elliptic function is equal to

A=gs-27g: (18.52)
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and if g, and g5 are real and A > 0, then (see Problem 2.12) all three zeros e, e,, e; are
real and can be put in the following order: e; > e, > e;. In that case, we can obtain that
(see (18.47))

Sl N e

3_
Virae > (18.53)
- J s
—4t3+g2t+g3
so that w, is real and wj is pure imaginary.
Problem 18.46. Find the formula for w, similar to (18.53).
The addition formula (18.48) and the first equality of (18.51) lead to
2 2
1(¢'(2) - ¢'(w) ) (p'(2))
Z+wy) +p2) + plw) = = =
etz o) roton = 3O ) - CEE
_ (p(@) - e)(p(2) - &)(p(2) - &)
(p(2) - e;)*
_ (p(2) — &)(p(2) - 63)
©(z) - e
It can be rewritten as
(p(2) — e)(p(2) — €3)
Z+w) = -p(z)-e
©(z + w) o) - ©(2) - e
_ 2p(2)es +eze3 e+ (e; —ey)(e; —e3) (1854)
©(2) - ©(2) -

The latter equality is an addition formula for the half-period. Similarly, we have

(e; —e))(e; —e3)

(Z+wy) =e)+
© 2 2 o2) - e,

Problem 18. 47 Using (18.48) and (18.54), show that:
(Z)

1 g 2(z) = +8 <,

2. pz+y)-pz-y) = ——(ﬁ(z(ff%))z

3. () =e £ +(e;—e)le —es).

4. @(wz +5) = e 7 \(e; - ey)(e; — ey).

3. K’, 3= —2(\/(e1 —e)*(e; —e3) + \/(91 —e))(e; — e3)%).
6. pézé?l) (Y

7.

The discriminant A of the equation 4t° — g,t — g5 is equal to

0 (2" (2 + w)p' (2 + W)’ (Z + w3) = 16(e; — e))*(e, — e3)*(e5 — €)) = g5 — 27g%.
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The Weierstrass elliptic functions may help in the integration (not in the elementary
functions) of some specific integrals. Moreover, they help very much in solving of some
nonlinear ordinary differential equations in terms of the Weierstrass functions. More
precisely, let

R(f) = af* + 4Bf> + 6yf* + 46f + €

be a polynomial of degree 4. We are interested in the evaluation of the integral

f@
1
2= | ——dg, (18.55)
fJ Nl

where f; is an arbitrary constant for the moment. Further, we assume that R(f) has no
multiple zeros, otherwise the integral (18.55) can be evaluated in elementary functions
using the Euler’s substitutions. As known from the courses of linear algebra, the invari-
ants of this polynomial R(f) are equal to

g, =ae—4B5 + 3y2, g3 = aye + 2Bys - y3 - as” - ﬁze. (18.56)

We will show that f(z) from (18.55) can be presented as a rational function of the Weier-
strass elliptic function p(z) = p(z; g5, 83)
Proposition 18.48. Let f; from (18.55) be a simple root of R(f). Then

R'(fy)
40(2; 82, 83) -

TIAL (18.57)
6

where ' here denotes the derivative with respect to f. Moreover; this function f(z) solves
nonlinear ordinary differential equation with initial data f,,

(@) =R(), [(0)=f.

Proof. Let f; be a simple root of R(-). Then by the Taylor’s expansion near f;, we have

R = R o)+ S0 (g gty B gy RO e
= a(g - fp)* +4B(g —fo) +6j(g —fo) +48(g - fo),
where
B=afy+B, P=off +2Bfy+y, &=af; +3Bfi +3yfy + 6. (18.58)

Changing now the variable of integration in (18.55) as 7 := ﬁ and denoting by € := ]%fo

we obtain
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T 1
zZ= J = = dr.
F \/46’[3 +6p7% +4BT + @

Let us introduce here a new variable (again) as i := 67 + % And denoting by ¢ := 6 + %
we obtain that

Z:_[ ”1 — —dn.
3\t~ 33— 4 - 2 - 7 - ad?

It must be mentioned that § # 0, otherwise f, will be multiple zero for R(-). Also, it is
easy to check that (due to the fact that f; is a simple root) the coefficients of the integrand
in the latter integral are actually equal to g, and g5 (see (18.56) and (18.58)), respectively,
ie,

3" —4B5 =g, 2BPS -V - ad’ = g,

and consequently, ¢ = g(z; g5, &3). This implies that

£ 1 _pz885)
f-1 5
or, equivalently,
5
f@ =fy+ ————.
0(2:82.83) — 5
and finally
!
f@ = fy v —= )

40(2; 85, 85) - T

which proves (18.57) and the first part of the proposition. To prove the last part, we dif-
ferentiate (18.55) with respect to f (considering z as a function of f) and obtain

z_ 1 y_
T~ VR or o R(f(2)).

This proves the last part of the proposition. O

Problem 18.49 (Weijerstrass formula). Show that if

f@ 1
o |
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where f is an arbitrary constant and the polynomial R(g) has no multiple zeros, then

dgp(z) \/IWO)-F RT(fO)(p(Z) _ Rz(f)) + R(fo)§4 ()

f@) =fy+ % ; , (18.59)
(4p(2) - 2 - aF

where (z) = p(z; 8, 83) with g, and g; from (18.56). Show that this function f(z) solves
the nonlinear ordinary differential equation

ope

with initial data f(0) = f;.

Problem 18.50. Show that under the conditions of Proposition 18.48 the following is
true:
1

dp(2)

R/
N P e - oL
2p(z) - —5,¥

_ Ry R"(fy)
D= -ty 2

where ©(2) = p(2; 85, g3)-

Problem 18.51. Let f and z be connected as

f@ 1
- [
L Vtt 4 6et? + e
Show that
dp(2)
(2)= —%—,
f 2(p(z) + ¢)

where p(z) is the Weierstrass elliptic function constructed by the roots e; = —c, e, = cre

c—e 2
eng.

Quasiperiodic zeta and sigma functions

The zeta function {(z) is defined via the Weierstrass elliptic function as

{'(2) = —p(2)
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with the uniqueness condition

lnf ¢ -3) <o

This definition implies that

1 1
(@)= - J<@(t) - t—2>dt

b 3 o -
z (t -2mw; - 2nw,)*>  (2mw; + 2nw,)?

n,m=-o0o
m2+n?>0

(e8]
1 1 z
=-+ Z < + + 3
z e \z-2mw -2nw,  2mo, +2nw,  (2mwq + 2nw,)
m?+n?>0

). (18.60)

This formula immediately gives that {(-z) = —{(z), i. e., the zeta function is odd and has
a pole of order 1 at any point comparable with 0. It also gives that the residue at the pole
is equal to 1, and thus the zeta function is not elliptic (and also is not doubly periodic).
This function however, is quasiperiodic in the sense that

{((z +2wy) = {(2) + 20 (w), (18.61)

(2 +20,) = {(2) + 2 ().
Indeed, since p(z + 2w;) = g(z) then integrating this equality yields
{(z+2wy) =((z) +C.
Considering now z = —w; and using oddness of {(-), we obtain
{(wy) = ~C(wy) + C.

This proves the first equality from (18.61). Similarly, we obtain the second equality
from (18.61). There is some interesting connection between {(w,) and {(w,). Namely,

7l
{(w)wy — ((wy)wq = 5 (18.62)
To check (18.62), consider the following integral:

| ce

oP

where P is any cell (as for the Weierstrass elliptic function). Since inside of any cell there
is only one pole of order 1 with the residue 1, we have
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J {(z)dz = 2mi.

oP

On the other hand (using (18.61)), we will have that

W+2w, W+2w,
o = J {(2)dz = J (@) - {(z +2w,))dz - J (€(@) = (2 + 2wy))dz
oP w "
= —40(w;)w; + 40 (W) w,,

which is what needed to be shown.

Problem 18.52. Prove that for any x, y, z with x + y + z = 0, the following is true:

)+ (W) + (@) + 00+ ') + ' (2) = 0.

There is another function, which is closely connected with the Weierstrass elliptic
function. The sigma function o(z) is defined as

(loga(@)' = (@
with the uniqueness condition

lim @ =
z—0 Z

1

Integrating here and using (18.60), we obtain

V4

o(z) = Cexp(logz) exp( OZO: J( ! 1

+
t-2mw; - 2nw, 2mwq + 2nw,

n,m=-0o 0
m?+n?>0

o)
+ —  |dt
(2mw; + 2nw,)? )

=2zC exp( z <log(z - 2mw1 - anz) + m

n,m=-00o
m2+n?>0

e
+________>,
22mw; + 2nw,)?

and consequently,

2

a(z) > T A R
—=C l—[ ((Z — zmwl — znwz)e 2y 20wy " 2(2mey +2nwy)? )
z n,m=-—co
m?+n?>0
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a2 _

Since lim,_,, = =1, then the constant of integration C is equal to

= 1
C= -
H < 2mw1+2nw2>

n 50
Hence, we obtain finally that
0(z) =z ]O—O[ <<1 - ;)emimpw ) (18.63)
oo 2mwq + 2nw,
m?+n?>0

This representation shows that g(z) is an entire function with simple zeros at the points
Z = 2mw; + 2nw,,m, n € Z. 1t is also clear that g(z) is odd. The sigma function ag(z) is
quasiperiodic in the sense that

0(z +20y) = —eX@WTNG(z)  g(z + 2w,) = —eX @R g(z),
Indeed, since
((z+2w) =((2) +20(wy), {(z+2w,) = {(2) + 2{(wy)
then the definition of a(z) yields
0(z + 2w;) = Ce¥“%6(2),  o(z + 2w,) = C'e¥@2g(z),

where C, C' are the constants of integration. Putting z = —w; and z = —w,, respectively,
and using that o(z) is odd we get

0(w) = -Ce X @M% gy, o(wy) = —C'e X @)% g(y,)

and further,

C= _ez((wl)wl) C' — _ezf(wz)wz.

Substituting these constants, we obtain the quasiperiodicity of the sigma function o(z).

Problem 18.53.
1. Show that

a(2z)
o*(z)

d(3z)
a°(2)

2 (@ (2)*

-0’ (2), =3p(2)(p' (2))" - 2

>

where p(z) is the Weierstrass elliptic function.
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2. Lete; > ey > e;, where e; = p(wy), €, = p(w,), €3 = p(wW; + W), and g(z) is the Weier-
strass elliptic function with periods 2w, 2w,. What one can say about the values of
the function

2{(wy + wy)
W1 + W,y

¥(2) = {(2) -
when z goes along the parallelogram with vertices —wy, Wy, —w,, —2w; — w,?

Problem 18.54. Show that

J 1 _ 1 o 0(z - zy) i 0(z - izy)
(C—a)-b)VA " 2 Pa(z+zy) 2 °o(z+izy)
where
2 _ 1 2.\
T @ -py TP T saop)

and g(-) is the Weierstrass elliptic function with the invariants

2b

" 3a(a-b)’ 83=0.

&

We are in position now to show that any elliptic function with periods 2w; and 2w,

can be expressed in terms of the Weierstrass elliptic function p(z) and its derivative
g’ (z) with the same periods. Since the following identity holds,

L f@-f (-2))p' (2)

1
@ = 5(@ +f(-2) D

>

and since g’ (z) is odd, then the problem would be solved if we express any even elliptic
function ¥(z) through g(z) and @’ (z).Indeed, if ay, a,, . . ., a; are the zeros of ¥(z) in some
cell, then —ay, —a,, ..., —a; (comparable with a;, a,, . .., a;) are also the zeros in this cell.
Similarly, if by, b,,..., by are the poles, then —b;,-b,,...,-b; are also the poles there.
Considering the function

1 M (@) - p(a)

F(z) :=
Y@ [T (p(2) - p(b)

we conclude that F(z) is an elliptic function with periods 2w, and 2w,. Moreover, this
function has no poles since the zeros of §)(z) are exactly the same as the zeros of the
product in the numerator, and the zeros of the product in the denominator are exactly
the poles of {(z). It means that F(z) is a bounded (in this cell) analytic function, and thus,
by the Liouville’s theorem, F(z) = constant. It implies that
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[T (p(2) - p(a))

Y(iz)=C .
M1 (p(2) - (b))

Applying this procedure to each of the functions,

f@)-f(=2)

f@+fen. =0

we obtain the required result. Moreover, we obtain that this relation is a rational func-
tion of g(z) and @' (2).

Problem 18.55. Show that any elliptic function f(z) with periods 2w; and 2w, can be
represented (in some cell) as

k T (_1)1—1 (1)
f@)=C+ Z—( (e -a),
]=1 =

C;
jl
S (1-1)!

where Cis some constant, {(-) is the zeta function with quasiperiods 2w, 2w, (see (18.61)),
and a;, ay, ..., a; are the poles of f(z) in this cell with the main part of the Laurent’s

expansion near these poles as
Cit Cjz Sr;

+ oot -,
z-q (z—a]-)2 (z—aj)rl

j=12....k

Problem 18.56. Prove that any elliptic function f(z) with periods 2w; and 2w, can be
represented (in some cell) as

k o(z - a;)

ﬂmchlau—qy

j=1

where C is some constant, ay, ay, ..., a; are the zeros of f(z), and by, by, ..., by are the
poles of f(z) such that

G +ay+---+aq,=by+by+---+by
and o(-) is the sigma quasiperiodic function constructed via the Weierstrass elliptic func-
tion with periods 2w, and 2w,.

Problem 18.57.
1. Show that

_0(z+y)o(z-y)

p(2) - () = 22)020)

where g(-) is the Weierstrass elliptic function and o(-) is the corresponding sigma
function.
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2. Differentiating the equality from (1), show that

10'@) -¢'Y)
2 p(2) - p(y)

where ((-) is the corresponding zeta function.

={(z+y)-{(2) - ¢,

Jacobi elliptic functions

As it was mentioned earlier, the Jacobi elliptic functions can be defined as the elliptic
functions of order 2 having (in cell) two simple poles with the residues in them equal in
magnitude but opposite in sign. A more useful definition of the bhasic elliptic functions
sn(-), cn(-), dn(-) is connected with the inversion of elliptic integrals of the first kind, i. e.,
the integrals of the form

1 1
2= j S S
5 VA -t - k%t2)

where the complex k? does not belong to (—c0,0] U [1,00) and y = y(z) is a function of
z everywhere except the singular points, which are simple poles. Specifically, the Jacobi
sn-function, y = sn(z; k) is defined via the integral (18.64). This definition implies imme-
diately that sn(-) is odd. The Jacobi cn(-) and dn(-)-functions might be defined equiva-
lently, using the following identities:

dt, (18.64)

snz(z; k) + cnz(z; k)=1,
k2 sn?(z; k) + dn’(z; k) = 1, (18.65)
cn(0; k) = dn(0; k) = 1.

Problem 18.58.

1. Show that the identities (18.65) define cn(z; k) and dn(z; k) uniquely.
2. Show that cn(z; k) and dn(z; k) are even functions.

3. Show that if

1 1
Z= J 1 dt, z= J 1 dt, (18.66)
3 - )1 - k- ) 3 - ) -1+ k)

then y, = cn(z; k) and y; = dn(z; k), respectively.
4. Show that

(sn(z; k)), = en(z; k) - dn(z; k),
(en(z; k), = —sn(z; k) - dn(z; k),
(dn(z; k))! = ~k*sn(z; k) - cn(z; k).



294 —— Special functions

5. Show that y; = sn(z; k), y, = cn(z; k), and y; = dn(z; k) might be also considered as
the solutions of the following differential equations:

V1(2)* = A-Yi(2)1 - kK3(2), y1(0) =0,
05(2)* = 1-y5@)A - K21 -y52), y,(0) =1, (18.67)
052)* = 1-Y5@)52) -1+ KD, y3(0) =1

6. Show that for k = 0, we have
sn(z;0) =sinz, c¢n(z;0)=cosz, dn(z;0)=1.

7. Prove the addition formula for elliptic functions sn(-), cn(-), dn(-):

sn(z;k) cn(y;k) dn(y;k)+sn(y;k) en(z;k) dn(z;k)

sn(z +y; k) = 1-k? sn?(z;k) sn2(y;k) >

. _cn(z:k) en(y;k)-sn(y;k) sn(y;k) dn(z;k) dn(y;k)
Cl’l(Z +Y; k) = 1-k? sn?(z;k) sn?(y;k) >
dn(z +y; k) = 20&0 dn(ysk)-K* sn(ysk) sn(yk) en(zik) en(yik)

1-k? sn?(z;k) sn?(y;k)

There are some special constants with respect to Jacobi functions, which have indepen-
dent interest. The first one is defined as

1
1

0 V(- (1~ k22)

dt. (18.68)

Consequently,
sn(K;k) =1, cn(K;k) =0, dn(K;k) = V1-Kk2

where a square root is equal to +V1 — k? for 0 < k < 1. These equalities and the addition
formula imply (see Problem 18.58, Part (7)) that

sn(z + K; k) = ;‘r‘l(é’;))

en(z + K3 k) = -1 - k2 2&0

dn(z;k)’
1- 2
dn(z + K; k) = d—Vn(Z’j()

Repeating this process once more and using the latter equalities, one can obtain
sn(z + 2K; k) = —sn(z; k), cn(z+2K;k) = -cn(z; k), dn(z +2K; k) = dn(z; k).
Consequently,

sn(z + 4K; k) = sn(z; k), cn(z +4K;k) = cn(z; k),
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i.e,, the value 4K is the period for elliptic functions sn(z; k) and cn(z; k), and the value
2K is the period for dn(z; k).

Problem 18.59. Show that

sn<%{;k>:%\/1—\/1—k2, cn(%;k>:% kK2 -1+ V1-k2
dn<§;k> = (1-K)".
Another important constant is K ! which is defined as
; 1
K = J dat, (18.69)

0 \A- @)K +1- 1)

where (as before) the complex k? does not belong to (—00, 0] U [1, co). We want to show
that actually this constant K’ is equal to (compare with (18.68))

1/k .
[ [ —
1 VE -1 - K*t?)
Indeed, let us first assume that 0 < k < 1 and consider a new variable

1

V1-(1- k2)t2’

S =

which leads to the equalities

Vi- 1-kH(A -t
e . V1-K TR ( ) ))
V1-(1-k3e \1-(1- k)t

ds -k
dt  (1-(A- kD232

Substituting these equalities into (18.69) yield the required result for the case 0 < k < 1.
For this real value k, we consider now the integral

1k

[ S—
5 (-1 - K2

where the curve of integration from 0 to % goes under the point 1 such that it consists of
the lines on the real axis: 0to1-6,1+ 6 to % with a small positive §; and a semicircle
with radius § centered at 1. Then we have
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1/k 1-§
J 1 4 J N S P
0 V- t2)(1 - k%t2) o V- t2)(1 - k2t2)
1/k
N J ! dc + J S T
ir-11=6am >0 V(1= {HA - k2% 118 V(A - t2)(1 - K2t2)

Letting § — +0, we can see that the integral over semicircle tends to 0, and hence, we
obtain that

1/k 1 1/k

QS PR S PN [ S—
0 VA-)A-K%) 5 (- )1 - K2 1 (-1 - K22
1/k
=K+ij 1 d=k+iK. (18.70)

1 VE -1 - K*t?)

Considering now the analytical continuation of these values as the functions of the com-
plex k into the complex plane with cut of along the real axis from —co to 0 and from 1 to
+00, we conclude that the formula (18.70) holds for all such complex k. Moreover, (18.70)
together with (18.65) lead to

1

© en(K +iK';k) = - 1- L dn(K +iK'; k) = 0.

sn(K +iK'; k) = peR

Problem 18.60. Show that

1
sn(z + 4K + 4iK'; k) = sn(z; k),
cn(z + 2K + 2iK’'; k) = cn(z; k),
dn(z + 4K + 4iK'; k) = dn(z; k),
i. e., the functions sn(-), dn(-) have a period 4K + 4iK’, and the function cn(-) has a
period 2K + 2iK’.
2.

sn(z + 2iK’'; k) = sn(z; k),
cn(z + 4iK'; k) = cn(z; k), (18.71)
dn(z + 4iK'; k) = dn(z; k),

i.e., the values 2iK’ and 4iK’ are the periods of sn(-), cn(-), and dn(-), respectively.

Since (see Problem 18.58, Part (4))

(sn(z; k)); = cn(z; k) dn(z; k),
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and

(sn(z: k), = 4k* sn*(z; k) en(z; k) dn(z; k)
—cn(z; k) dn(z; k)(dnz(z; k) + k* cn’(z; k))

then the Taylor’s expansions near z = 0 (taking into account the oddness of sn(-) and
some similar formulas for the derivative of even functions cn(-) and dn(-)) of these func-
tions are

sn(z; k) =z - 1”‘ 22+ 0(2°),
en(z; k) =1- 1z +0(zh, (18.72)
dn(z; k) = z + O(Z ).
Problem 18.61. Using similar procedure as in (18.72), prove that
: 1, 1k 3
sn(z +iK'sk) = - + g—kz+0(z ),

en(z +iK'sk) = — ¢ + 2I‘le +0(2%), (18.73)

dn(z +iK'; k) = -1 + ﬁlz+0(z ).

Remark. These formulas (18.73) show that the elliptic Jacobi functions sn(-), cn(-), and
dn(-) have a smgularlty at the point z = iK' and this singularity is a simple pole with the

residues 1 o and -1, respectively.

Problem 18.62. Prove that:

1.
iK' i iK' 1 iK'
<2 k) \/F’ cn<7,k>_ 1+E’ dn( k) V1+k,
2.
sn<K+iK,-k>—V1+k+iV1_k
2 bl m bl
o L 214
Cn(K+lK;k>=(1 )(1-k%) )
2 V2k
K+ik' \ Q- KO+ VIZK - iV1- VI_ k)
dn< 9 ;k>: \/E .

There is an important connection between the Jacobi and Weierstrass elliptic functions.
The following proposition holds.

Proposition 18.63. Let e, e,, e be three different numbers (complex, in general) such that
e, +ey+e3=0.Then
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61— €

> (18.74)
sn2(z~/e; — es; 2_2)

0(2:82,83) = €3 +

where the invariants of the Weierstrass elliptic function g(-) are equal to
gz = —4(6'16’2 + 8263 + €1€3), g3 = 4819263.

Proof. Consider the following function:

€1—-€

F(z) = —,
(2) = e+ sn(Az; k)

where sn(-) is the Jacobi elliptic function with the parameters A, k to be determined.
Next,
_2)((61 - e3) cn(Az; k) dn(Az; k)

sn3(Az; k)

Fl(z) =

and, therefore,

(F,(Z))Z _ 4)(2(81 - 93)2 CZIZ()(Z; k) an(AZ; k)
sn°(Az; k)

2 2 1 2 !
= AA%(ey — €3)" (1~ i ) K — otany)
sn?(Az; k)
2 21 ! ?
= 42°(ey — €3) (snz(/lz;k) _1)(sn2(ﬁz;k) —k
sn?(Az; k)
e e3)2<F(z) ~ ey _1)(F(z) e kz)(M),
e —é3 ] G-

Finally, we get

42%
(e — e3)

(F(2)) = (F(2) - &)(F(2) - e5)(F(2) — e5 — K*(e, — €3)).

Choosing A% := e, — e; and k? := 2% we obtain that
€—€3

(F'(2)) = 4F%2) - F(2) - g3,

where g, and g; are the invariants of the Weierstrass elliptic function chosen as above.
This proves the proposition. O

Remark. The equality (18.74) can be rewritten as

€1-6

sn((3k) = (18.75)

@(ﬁ;gmga) - €3

where g, and g, are as in (18.74), and % =k
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The Jacobi elliptic functions sn(-), cn(-), dn(-), and others can be expanded into a
trigonometric Fourier series (see Proposition 18.105 and Theorem 18.106 below). Con-
sider, e. g., the Jacobi function sn(ZKX k) for real x € [-m,m]. This function is odd and
periodic with period 27 (since 4K is a period of sn(-)). So, we have

n
(o]
sn <% k) :j;bj sin(jx), b; = 711 J sn(%;k) sin(jx)dx
- =7

or, equivalently,

T
inb; = J sn<%;k>eijxdx.
s

To evaluate the latter integral, we consider it in the complex plane with respect to the
varlable zinstead of x, along the parallelogram with vertices -, 7, in7, —27 + 1777, where
T==7 under the assumpnon = > 0. By the Cauchy’s residue theorem, this 1ntegral is

equal to the sum of the res1dues of the function sn(= = 2Kz, kyeV” at the points z = —mr = “21?

andz =-m+ ;mr =-T+ zz( ,1 e., this integral is equal to (see (18.73))
1o w1 —m'+@> _Kj
2| = —ex —e 1 x

m(kZK T k2K ( (e

But on the other hand, this integral is equal to

) Tk
J sn( X k) edx + J sn<—z;k>eijzdz
s J T

—2m+int 9K - 9
+ j sn<7z,k>e‘”dz+ J sn( z k) V2 dz
int —27+int

1 crye ) [ on( 2, )i
=(1+(-1e )an<n k) dx

-

since the second and the fourth integrals due to the periodicity cancel each other. We
have used also a new variable in the second integral z' = z — 7 + inr7. Combining these
results all together, we obtain

n i K

. —(1-(-1Y)e =

i = [ on( 285k e = LT
o 7 (1+(-1ye %)

This yields that b; = 0 if j is even and if j is odd, then
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_Kj
2me” &
b] = —,_.
Kj
Kk(1-e )

Thus, the trigonometric Fourier series for the elliptic Jacobi function sn(-) for real x is
equal to

K'j

2K TS eE ;

sn<_x;k> = K_JIZ ¢ ZKK,]_ sin((2j - 1)x).
T JFll-e %

It can be mentioned here that the latter equality can be extended to the complex x in

the region | Im x| < ’%

Problem 18.64. Similar to the trigonometric Fourier series for sn(-) show that:
1.

k' 2j+1)

cn<%;k) _m Z L cos((2j + 1)x),

T Kk 14 e_x’(}z{m)
2.
K'j
2Kx T WM e ¥
dn<—,k> =—+— Z — C0S(2Xj).
2K K =11+ e‘%

18.4 Orthogonal polynomials

Definition 18.65. A function f(x) (possibly complex-valued), defined on a closed inter-
val [a, b], is said to be piecewise continuous if there is partition of [a, b] such that:

1L a=Xy<Xx <Xp<:--<X,=Db

2. f(x)is continuous on each interval (x;_3,X;),j =1,2,...,n.

3. Thereis limx_,xjiof(x),j =0,12,...,n

The space of all such functions is denoted as PC[a, b].

In the frame of Definition 18.65, we say that a function f(x) is piecewise smooth if
instead of (2) and (3), we have that:
1. f'(x) is continuous on each interval Xj_1X),j =12,...,n.
2. Thereis limx_,xjiof’(x),j =0,1,2,...,n

The space of all such functions is denoted as PS[a, b].

Example 18.66. Consider the following two functions:
1. Iff(x) =|x|,x € [-1.1], then f € PS[-1,1].



18.4 Orthogonal polynomials =—— 301

2. Iff(x) = vx,x € [0,1] and f(x) = -x, x € [-1,0], then f(x) is continuous on the
interval [-1,1] but f(x) does not belong to PS[-1,1].

Definition 18.67. A linear space E is said to be a Euclidean space if there is a function

(+-)p : ExE — C (it is called an inner product) such that:

1. Foranyf e E, it follows that (f,f)r > 0 and (f,f)r = 0 if and only if f = 0.

2. Foranyf,g € E,we have that (f,g)r = (&.f)k-

3. Forany a;,a, € C, fi.f,,g € E, the following equality holds: (a;f; + ayf5.8)r =
& (f1. &)k + A(f2: -

Remark. The properties (2) and (3) of Definition 18.67 imply that foranya € C,f, g € E,
we have that (f, ag)r = a(f, )k

Example 18.68. Consider the linear space of functions, defined on an interval (a, b),
which satisfy j: [f(x)lzw(x)dx < 00, where w(x) > 0. We denote this linear space by
Lﬁv(a, b). If the inner product is defined as

b
(> 812 (ap) = Jf(X)@w(x)dx,

then L2 (a, b) becomes a Euclidean space.

Definition 18.69. Let F be a linear space. A mapping | - || : F — R s said to be a norm
and F is said to be a normed space if:

1. Foranyf e F, it follows that |f|l > 0 and |f]lr = 0 if and only if f = 0.

2. Foranya € C,f € F,we have that |af | = |allf]F.

3. Foranyf,g €F,the triangle inequality |If + glr < IIfll¢ + gl holds.

If E is a Euclidean space, then its inner product (-, -); induces a norm by

fllg := N e, feE

and it is called the induced norm.
Problem 18.70. Show that the induced norm satisfies all conditions of Definition 18.69.

Theorem 18.71 (Cauchy-Schwarz-Bunjakovskii inequality). Let E be a Euclidean space
with inner product (-, -)g. Then the following inequality holds:

|(F. )| < IflIclgls  f.g € E, (18.76)

where || - || is the induced norm. This inequality is called the Cauchy-Schwarz—Bunja-
kovskii inequality and the equality here holds if and only if f = ug for some u € C.
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Proof. Due to Definition 18.67 for any f, g € E, A € C, we have that

(f +2g.f +A9)r = APlIgI: + 2Re(A(f, &)r) + IIfI% = 0.

Next,forg # 0 and A = ) (if g = 0, then (18.76) trivially holds), we have

ligl?
f.8) IF.9)1 2 QP I(F.9)P
u|F—ZM{ ( )) >0 or [fI*-2 .
J er®) " e =22 g
Thus, the inequality is proved. O

Problem 18.72. Prove that the equality in (18.76) holds if and only if f = ug for some
uecC.

Hint: Use the formula for inner product (a, b) = |a||b| cos 8, where 0 is angle between a
and b.

Definition 18.73. Let E be a Euclidean space and f, g € E.

1. Thenf is said to be orthogonal to g if (f,g)r = 0.

2. Asystem {f; ]‘?fl, J; € E is said to be an orthogonal system (mutually orthogonal) if
(- fi)e = 0,] # k. If in this case ||f;l; = 1 for all j then the system is called orthonor-
mal system.

Legendre polynomials

Definition 18.74. Legendre polynomials are defined as

Py(x) := znlm((x2 )™ n=012..., (18.77)

where the derivative of order n with respect to x on the right-hand side is considered.

It is clear from (18.77) that P, (x) is really a polynomial of degree n. Moreover, since
by Newton’s binomial formula,

_(=D)°nl 1*n! (22K
Z o ki(n - k)' ’

then we have

[ n-2k ()
P“‘yzwmkﬂﬁﬂ)

1

k
o z k|( -1) (2n 2k)2n-2k-1)-- (n_2k+1)x2n—2k—n’
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where summation goes for 2n -2k - n > 0,i.e,2k < nork < [g], since k is integer.
Hence, we obtained the equivalent form for Legendre polynomial as

[3] k
1Y (ven-m
Pul9= 28 2 —tonn—2ior* (18.78)

Example 18.75. We have

Po(X) = 1,
Pi(x) =

Py(x) = (3x -1),

Py(x) = 1( 5x” - 3X),

Py(x) = (35x - 30x* + 3).
It is easy to see also that

-D*2n)!

P,(1) =1, P,(-x) = (-1)"Py(x), Py,_4(0) =0, PZH(O):W.

Theorem 18.76. The generating function of {P,(X)},2, is

G(t,x) = __r
Ve S+l
where |x] <1, |t| < V2 -1
Proof. Using the Taylor’s expansion,
1 & (-k 2k)'
1+y)2 Z R

which is valid for |y| < 1, we obtain for y := t* — 2xt that

S (Zk)

(1-2xt +t%) kzo Py ~oxt)”
_ N ( ) (Zk) k k! ] k—j
" & Py Z jite—prt

5 t"% (12" 2n - 2j)x" Yoy
n=0 =

22=2j1(n - 2)!(n - j)!
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= i t"P,(x)
n=0

since k = n—j, n = k +j > 2j. This proves the theorem. O
Theorem 18.77 (Orthogonality of Legendre polynomials). If m # n, then

1
an(x)Pm(x)dx =0, mnelNg
-1

but if m = n, then

1
2 =
_[ P, (x)dx

2
—, N. 18.79
2n+1 € No ( )
Proof. Let us prove first (18.79). Indeed,

1 1

2 _ 1 2 MW 2 )
_jlpn<x>dx-—22,,(m)2 _jl<(x 1) (6 - 1)) .

Integration by parts n times (all substitutions at +1 are equal to 0) yield

1 1
(-1)" (2n n
Jpﬁ(x = Py J x* -1)"dx
-1 -1
_@nmt @n)!
22n(n|)2 Jl 22n(n')23< L+ 1)

since ((xZ - 1)”)(2") = (2n)!. Here, B is Euler’s beta function. Due to its properties (see
Theorem 17.27 and Problem 17.32), we have finally that

J Po0dx @en)! 2 2
22"(n')2 @2n+ 1! T+l
-1
This proves relation (18.79).
Letnow n # m. Due to symmetricity, it is enough to consider m < n. Then integrating
by parts n times as above, we obtain that

1 1
[ Paoopmeods = 0 (2 -1 ™ (0 1) ax = 0

2"2Mmln!
-1 -1
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since m+n > 2m and (x*~1)™ is a polynomial of degree 2m. Thus, Theorem is completely
proved. O

Theorem 18.78. The Legendre polynomial P, (x) satisfies the following differential equa-
tion:

(1= x*)PI! (x) = 2xP},(x) + n(n + 1)P,(x) = 0
or; equivalently,
(1= x*)PL) +n(n +1)Py(x) = 0.

Proof. Let us consider a function g(x) := ((1 —xz)P;[ ) +n(n+ 1)P, (x), which is (at least
formally) a polynomial of degree < n. Next, we calculate the coefficient of g(x), which is
in front of x". Indeed, since

(1= x*)PL0) = ~2xP(x) + (1 - X*)P) (%)

X2

2X , on (n+1)
O ee) 2n!

o (o 4

_p;l’(x) _

then the needed coefficient (i. e., coefficient of g(x) in front of x™) is equal to

1
2"n!

(-22n)@2n-1)---(n+Yn-2n2n-1)---n(n-1)

+(+Hn@2n)2n-1)---(n+1))
_2n@2n+1---(n+1))
- 21n!

(-2n-n(n-1) +n(n+1))=0.

Hence, g(x) is a polynomial of degree < (n — 1), and thus we can represent it as

n-1
£00 = ) P,
k=0

where the coefficients ¢;,k = 0,1,2,...,n — 1 are chosen appropriately. Indeed, since
the coefficients of g(x) are known, we can choose ¢,_; such that g(x) — ¢,_1P,,_1(x) will
be a polynomial of degree (n — 2). And this process can be continued to define all other
coefficients c;. This representation for g(x) allows to conclude that forj = 0,1,2,...,n-1
(see Theorem 18.77),

1

n-1 ZC]
Jlg(x)P]-(x)dx = I;)ck [Pk(x)Pj(x)dx =T

Hence, for these values of j the latter equality can be rewritten (see again Theorem 18.77)
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- _Jl (1-x*PLe0) Pi)dx, j=0,1,2,...,n-1
2]+1_1 n J > ]_ sy Ay Ly ey .

Integrating by parts twice on the right-hand side of the latter equality, we obtain

2Cj B : P o) ' .

el J RO((1-x7)Pi(x)) dx, j=0,12,...,n-1
-1

Since the function ((1 - xz)PJf (x)) is a polynomial of degree j < n — 1, then (repeating

the process with g(x)) we may represent this function as Z];n:O b, P, (x) with some coef-

ficients. But then we will have for anyj = 0,1,2,...,n—1that

1

j 1
JPn(x)((l —A)P) dx = Y by, JPn(x)Pm(x)dx - 0.
21 m=0 ]

This implies that g(x) = 0. Hence, the theorem is proved. O

Corollary 18.79. Let P,(-) be a Legendre polynomial. Then the function u(6) := P,(cos 0),
0 € [-m, 1] satisfies the differential equation:

L <sin 0 du(6)

!
sino 0 ) +n(n+1u(d) = 0.

Proof. It follows straightforwardly from Theorem 18.78. O

Now we prove the recursive properties of Legendre polynomials that are called the
Bonnet’s recursion formulae.

Theorem 18.80. The following properties are valid (n = 1,2,...):
1. (n+1)P,1(x) = (2n+1)xP,(x) — nPp_1(X),

2. Pl (X)=xP}(x) = (n+1)P,(x),

3. XP(x) - P)_,(x) = nP,(x),

4. P ,(X)=P;_4(x) = (2n+1)P,(x).

Proof. First, (4) follows immediately from (2) and (3). We will prove only (1) since all
others can be proved by the same manner. Using the generating function for Legendre
polynomials (see Theorem 18.76) and differentiating it with respect to ¢, we obtain

x—t S _
=Y nP, (0",

(1-2xt+ t2)§ n=1

This equality can be rewritten (see again Theorem 18.76) as
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X i P,00t" - f P,00t" = (1-2xt + %) f np, (0t

n=0 n=0 n=1

or
(e8] o0
XY Pt = ) Pyt
n=0 n=0

= Y nP, (0" = 2x Y nP, ()" + Y nP, (x)¢".
n=1 n=0 n=0

We may rewrite this equality as

f x(2n + )P, (x)t" = f np,(Ot" ™ + f(n +1)P, ()",
n=0 n=1 n=0

which is equivalent to

§ x(2n + )P, (x)t" = i(n + )P, 0" + i nP,_,(x)t".
n=0 n=0 n=0

Equating now the coefficients in front of t",n = 1,2,..., we obtain that
X(2n + 1)Pp(x) = (1 + 1)Ppyy (X) + nPy_1(X).

This proves (1). The theorem is proved. O

The orthogonality of the family {P,(x)};2, (see Theorem 18.77) and formula (18.79)
allow us to consider the system %{Pn(x)}g’;o as an orthonormal basis in the Eu-

clidean space L(1,1), and thus we may consider for any f € L?(-1,1) the corresponding
Fourier series (not the trigonometric Fourier series) with respect to Legendre polynomi-
als as

£0) = Z G\ P00, = f() 2P, i

It is clear that this series converges to f in L?(~1,1) (this property is called the complete-
ness of the corresponding system in L?) but the main result here is the pointwise (even
uniform) convergence of this series. The following theorem holds.

Theorem 18.81. If f(x) is continuous, having a piecewise continuous derivative on the
interval [-1,1], then its Fourier series with respect to Legendre polynomials,

Y. | 2R = £
n=0



308 —— Special functions

converges pointwise on the interval (-1,1) and uniformly on any closed subinterval
[X1> XZ] C (_1> 1)

Proof. We first rewrite the Fourier series for f(x) in the form

1

. . 1 2
fx) = ,;JC"PH(X)’ Cy = d_n [f(x)Pn(x)dx, d, = T

and second, prove the Bessel’s inequality

(o)

1
> lel'dy < [lr0f'ax.
1

n=0

Indeed, since

1 N 2
”f(X) ~ Y 6P| dx >0,
|

n=0

then, using the orthogonality of Legendre polynomials (see Theorem 18.77) and the fact
that P, (x) are real, we have

1

2 N ~ 2 J =2
J[f(x)| =23 dyiey + Y dyl,l = 0.

21 n=0 n=0

Due to arbitrariness of N, the latter inequality yields the Bessel’s inequality.

Consider now the first derivative of Legendre polynomials P, (x). It turns out that
this system {P},(x)}2, forms the system of the orthogonal polynomials with some weight.
Prove the following result.

Problem 18.82. If m # n, then
1
jP;(x)P;n(x)(l ~x*)dx=0, mneN
1

but if m = n, then

1
J(P;l(x))z(l -x})dx=d,, neN,
-1

where d), are positive constants.
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These constants d/, can be calculated as follows (using integration by parts and Theo-
rem 18.78):

1 1
d, = J PL ()P, (0)(1 - x*)dx = - JPn(X)(PL(XXl -x')) dx
-1 -1

1
- n(n+1) J P2()dx = n(n + d,.
4

Based on Problem 18.82, we will estimate now the Fourier coefficients C;l of the func-
tion f'(x) with respect to the system {P},(x)},2, and the constants d,. Applying Bessel’s
inequality for the system of {P;l (x)} (see above) and for f'(x), we obtain

1
Yled < [Ir'cof'a-xax.
n=1

-1

Moreover, under the conditions of the theorem, coefficients c;l are equal to ¢, for n =
1,2,....Indeed, by the definition (and due to integration by parts and Theorem 18.78),

1

1
- l ! ! 2 _ _l ' 2y
Cn = a [f (0P, (x)(1-x")dx = ar [f(x)(Pn(x)(l x“)) dx
1
= _n(r;z D Jf(x)Pn(x)dx = n(r;;: b d,é, = ¢,

-1

We can prove now that the series Y > ¢,P,(x) converges uniformly on any closed in-
terval [x, X,] ¢ (-1,1). Using the Cauchy-Schwarz-Bunjakovskii inequality yields (M >

N>1)
M ; M 2 ;
|Pp()I
n=N n

n=N

M
Y EyPa(x)
n=N

since (as we proved above) ¢, = C;l, n=12,....In order to estimate the second sum on
the right-hand side of the latter inequality, let us use the asymptotic behavior (18.117)
(see below Problem 18.118) for large n of Legendre polynomials pointwise in x € (-1,1)
or uniformly in x € [x, X;] ¢ (-1,1). Due to this estimate and taking into account Bessel’s
inequality for f'(x) and the fact that d), ~ n, we obtain that

v, LoMoq\?
sC(Z|cn|dn> (Zﬁ> -0
n=N

n=N

M
> &Py (%)
n=N
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asM > N — co.Itmeans that the series ) 2, ¢, P, (x) converges uniformly on any closed
interval [x3,X;] ¢ (-1,1) and, therefore, defines a continuous function on the interval
(-1,1). It is not so difficult to show now (using the completeness of the orthonormal
system of Legendre polynomials in L?(~1,1)) that the limiting function is just a given
function f(x). O

Remark. The problem of convergence of Fourier series with respect to Legendre poly-
nomials naturally appears in solving the Dirichlet boundary value problem in R® of
Laplace equation by separation of variables in cylindrical coordinates.

Another application of the expansion by Legendre polynomials is the expansions of
spherical and plane waves. Consider the function

]é(R) 2 sinR
=R - 2R

where Ji (-) is the Bessel function of order % and R := \/r? + p% - 2rpu with |y < 1. It is
2
easy to check that with respect to R this function v(R) satisfies the equation

RV"(R) + 2V'(R) + RV(R) = 0.

From this equation, it is easy to obtain a partial differential equation in the variables r
and u for fixed p. This equation has a form

2
r22 + ZrQ +1%+ (1- )

v ov
-2 =0
or? or

Problem 18.83. Show the validity of equation (18.80).

We look for the bounded solution of the equation (18.80), using the separation of
variables, in the form

V(R) = v(r, 1) = ¢(r)P(p).
Consequently, we have

r29" (1) + 2rg' () + PP _ (-1 — 2’ @) _
¢(r) Y

where A is some constant. This yields first that

]

(1) W) + @ = 0.

This equation can be considered as the eigenvalue problem (A is a spectral parameter)
with the homogeneous Dirichlet boundary conditions at the points u = +1 (since y(u) is
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bounded). Hence, the only solutions with respectto A are A, = n(n+1),n = 0,1,2,...,
and the corresponding eigenfunctions are the Legendre polynomials P, (u),n = 0,1,2,...
(see Theorem 18.78). This implies that the corresponding equation for the function ¢(r)
is

r*¢" (r) + 2r¢’ (r) + (r* = n(n + 1))p(r) = 0.

Replacing ¢(r) by r®g(r) with some a to be determined, yields immediately to a = —%
and to the equation for the function g(r),
rig" (r) +rg'(r) + (r* - (n+1/2)*)g(r) = 0.

But this equation has a unique bounded solution (up to the multiplicative constant),
which is equal to the Bessel’s function Jpe1(r) (see (18.18)) of order n + % Hence, the
2

solutions for the function ¢(r) are

T2 ()
=—2— n=0,12,
¢n ) \/F
Therefore, the general solution of (18.80) is equal to
2sink & Jni (™
V(R) = \/j — = —2—P, (), 18.81
® =\ g = L Pl (1881
where the coefficients f,, are to be determined as the Fourier coefficients (together with
T2 (0 . . . .
}ﬁ ) of the expansion with respect to the Legendre polynomials P, (u), i. .,

Juet() 4 1\/7$inR
Ja v :d_nj ;Tpn(u)dﬂ»

r
-1

where d, = j_ll Pﬁ(y)dy = ﬁ (see Theorem 18.77). Since the Legendre polynomials

P,(u) = %((1 - 1H)™™ (see (18.77)), then integrating n times with respect to y in the
latter integral we obtain (all substitutions at +1 will be equal to 0)

]n+%(r) 1 ; 2\ \j?SiDR m
h = = i, J““”( ET)H du

-1

Next, it can be proved by induction that

(o () o
T R H_p RdR m R _pRn+1/2
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J1(®)
if we also take into account that \/— SR _ Z\/ﬁ and Example 18.12. This yields the equal-
ity

Jpa1 @ nol 1 (R)
2 _ p Jl 2

2
nen+l/2 2rnid, U ) Rn+1/2 dg.
|

If we putr — 0, then R — p, and thus we obtain in the latter equality (see Proposi-
tion 18.4 for the asymptotic of Bessel’s functions at zero)

i Tt Jl(l_ 2yigy - Jranlf) _ni
2™12T(n+3/2)  yp2rnid, | ~ yp2rnid, T(n +3/2)’

and finally we obtain that

Tns172(P)
*(p) = Vam(n +1/2) A
fn(p) 7(n +1/2) 7

Substituting this formula for f;,(p) into (18.81) gives us

sinR S Tns172(P) Jnsapo(r )
—— =) n+1/2)——— Py(p).
r;) 7 D
Using a new parameter k > 0, the latter formula can be rewritten as
sm(kR) Tn1/2(KP) Jnsaj2 (k)
(n+1/2) P, (w. (18.82)
Z w o v

This formula (18.82) is said to be the real representation of the spherical wave. The com-
plex version of this formula can be easily obtained from the real one and it has a form
(with the same meaning and name)

eikR — i \ ]n+1/2(kr) +1/2(kp)
® 7 r;(” e S R, (18.83)

where Hr(l1 1 /Z(kp) is the Hankel function of order n + 5 and of the first kind.
We are in the position now to obtain the representatlon for the plane wave. Let in
the formula (18.83) p — +c0. In this case, we have

1
R=p-r +O<—>.
p-ru P

Taking the complex conjugate in the formula (18.83) and using the latter asymptotic for
R, we obtain
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e—lkp elkry

p-ru

]n+1/2(kr) n+1/2( P)

= —in Z(n 1/2) 7 7

P,(u) +0(1), p— +oo.

Further, using the asymptotic for the Hankel function H, @ /Z(kp) for a large argument
(see (18.112) and its complex conjugate), we have

2 o-itko-/2 1 2 1
Kk i(kp-m/2—mn/2) (_) _ an+l |4 —ikp <_>
n+1/2( p) =1|—— nkp +0 P i nkpe +0 p

Substituting this to the previous asymptotic formula yields

g ikpglkru Jniaja(kr) e” ~ikp
C . VI Y i+ 12 MY p () + o).
p-ru ZO vk p ¢
Hence, finally we have that
) © kr
e = Vo Y i'(n + 1/2)Mpn(y), k,r>0,ul <1 (18.84)

n=0 M

This formula is the representation of the plane wave by the Legendre polynomials. It can
be also rewritten in the vector form as

ok _ o Zl(n 1/2)M P,(cos ), (18.85)
7|1k

where k - 7 is an inner product of two vectors k and 7* in some Euclidean space and 6 is
an angle between these two vectors.

Hermite polynomials
Definition 18.84. Hermite polynomials H,(x),n = 0,1,2,... are defined as
Hy00 = (1" (™)™, xeR

where the derivative of order n with respect to x is considered.

This definition yields that Hy(x) = 1, H;(x) = 2x, Hy(X) = 4x* — 2, Hy(x) = 8x° —
12x,.... Moreover, H,(x),n = 0,1,2,... are polynomials of degree n. Let us first prove
the recursive formula

H,.1(x) = 2xH,(x) - 2nH,_1(x), n=0,12,.... (18.86)

Indeed, Definition 18.84 and Leibnitz formula lead to
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Hyq(X) = (_1)n+1ex2(e—xz)(n+1) (- 1)n+1 X( Ixe X )(")

= (-1 n+1 x Z C (- ZX)(k)( —-X )(n k)
k=0

- (- 1)n+1 X (( ZX)( —X) +n(- 2)( )(n—l)))

where symbol C,’f denotes the binomial coefficients. This equality is precisely recursive
formula (18.86). It also proves, by induction, that H,(x) are polynomials of degree n, since
Hy(x) is a polynomial of degree 0.

Problem 18.85. Show that forn =1,2,... we have
Hy(x) = 2xH,,_1(x) - H}_;(x).

There are two more evident properties: H,(—x) = (-1)"H,,(x) and Hy_;(0) = 0. The
first equality follows, e. g., from (18.86) by induction.

Theorem 18.86. Hermite polynomials H,(x) satisfy the differential equation:
V') -2xy' (x) +2ny(x) =0, n=12,.... (18.87)
Proof. Definition 18.84 leads to
H(x) = (_1)n(ex2(e—x2)(n))’ _ (—1)"(2xexz(e_"2)(n) + exz(e—xz)(nﬂ))
= 2XH, (x) + (1" (~20)e™) ™.
Using again the Leibnitz formula (as for proving formula (18.86)), we obtain

Hy(00 = 22, (0 + (-1)"e ((-20(e™) " + ni-2)(e )"
= 2xH,,(x) — 2xH, (X) + 2nH,_{(x) = 2nH,_{(x).

Differentiating the latter equality with respect to x and using Problem 18.85, we obtain
H)'(x) = 2nH, (x) = 2n(2xH,_1(X) — H,(x)).

Hence, substituting these H,'(x) and H, (x) into the corresponding equation (18.87), we
obtain

H)' (x) = 2XH; (x) + 2nH, (x) = 4nxH,,_;(x) — 2nH,(X) — 2x2nH,,_ + 2nH,(X) =

Thus, the theorem is proved. O

Corollary 18.87. The following formula holds:

H) (x) = 2nH,_;(x).



18.4 Orthogonal polynomials =—— 315

Theorem 18.88. The generating function for the sequence { TH, (0012, is equal to
G(z,x) = e¥% Z,xelR,ze(C.

Proof. Due to Taylor’s expansion, we have

-(z=x)*\(m)
e2xz—zZ B exZ i (€ )lz o n
n!
n=0 :
00 —x*\(n) o) x* (o =x*\(n)
X n(€ )" n ne (&7 )
=€t Y (= Y ()
n=0 n=0
o0
— z Hn('x) Zn
= n
This completes the proof of the theorem. O
Theorem 18.89. As the polynomial of degree n, Hermite polynomials have the form
(51 (- 1) -
"% n=012.... (18.88)

Hy,(x) = Z m ,

Proof. We use first the following Taylor’s expansion:

(o0}

sz—z Z ZXZ Z

Next, using the binomial formula, we have

@zy K (-Hk & k(2x>f kZk
Ck— (- 1) C
S ygaiel Sy

Jj=0 k=0

2d L ek w2k
- Z §< Y o=z @

H,(x) »
> B0

o (Z( e Zk)z &

nO

due to Theorem 18.88. This proves (18.88). O

There is an orthogonality of Hermite polynomials H,,(x), which is the following the-

orem.
Theorem 18.90. Ifn + m, then

(o]
j e H,(0H,()dx =0, mneN,
(00
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but if m = n, then

J e HX(x)dx = 2"V, ne N,
Proof. Let n # m. Then we may assume (without loss of generality) that m > n, and
hence we have
(e} o
X _ m —x*\(m
| e Heom0ax = " [ e
(e¢]

-0

dx.

Integrating now the right-hand side by parts m times and using Theorem 18.88 (all sub-
stitutions at +co are equal to 0), we obtain that

I e H,(0H,,()dx = (-1)*" J (H,00) e dx =0

since H,(x) is a polynomial of degree n and m > n. If n = m, we proceed similarly and
obtain

J e H2(0)dx = (-1 J(Hn(x))(")e’xzdx.

-0

Next, formula (18.88) yields that
H,(x) = 2x)" + terms of degree j < n with respect to X

That is why (H,,(x))™ = 2"(x™)™ = 2"n!. Hence,

o0 (o)

2 2
J e H2(x)dx = 2"n! J e dx =2"nIVr
(o) (o)

since the latter integral equals to F(%) = /7 (see Theorem 17.19). The theorem is proved.
O

The orthogonality of the family of Hermite polynomials {H,(x)};2, (see Theo-
rem 18.90) with the weight w(x) = e"‘2 allow us to consider the system Hn(x) =
1
2'nivm
weight, and thus we may consider for any f € Lﬁ,(]R) the corresponding Fourier series
(not the trigonometric Fourier series) with respect to Hermite polynomials as

{H,(x)}2, as an orthonormal basis in the Euclidean space L%V(IR) with this

f0O) =Y cpHy (),
n=0
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where the Fourier coefficients with respect to the system H,(x) are defined by

Cp = jf(x)FIn(x)e’xzdx.

Itis clear that this series converges to f in Lﬁ,(]R) but the main result here is the pointwise
convergence of this series. The following theorem holds.

Theorem 18.91. Iff ¢ Lﬁ,(]R) is continuous, having a piecewise continuous derivative on
the line R, then its Fourier series with respect to Hermite polynomials

Y ey (x) = f(x)
n=0

converges pointwise on the line R and uniformly on any closed interval [x;,X;] C R.

Proof. We can rewrite the Fourier series for f(x) in the form (see the proof of Theo-
rem 18.81)

Fx) = gean(x), ¢, = dln J FOH0e X dx,  d, = 2"V

and obtain then the Bessel’s inequality (analogously to the proof of Theorem 18.81)

Y [6ulPd, < j Fooffe™ dx.

B~
Il
o

Consider now the first derivative of Hermite polynomials H,(x). It turns out that this
system {H; (x)}32, forms the system of the orthogonal polynomials with the same weight
(see Corollary 18.87). That is why we may consider the Fourier coefficients of the function
f'(x) with respect to the system {H, (x)} such that (due to integration by parts and due
to f/ vanishing at the infinity faster than any polynomial)

= j 1 B0 dx = -

n_% n_

J FOOHL00e™) dx,
where

d; = J (Hy00)'e ™ dx = - J H,00(Hj00e™)'dx.

Using Theorem 18.86 (or, equivalently, Corollary 18.87) and the orthogonality condition
(see Theorem 18.90), we obtain that
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2nc,d,
r_ n%n ! o
T d, =2nd,, and c, =¢C,.
n

Moreover, the Bessel’s inequality for f'(x) with respect to the system {H,} has the form

(00

S e
n=1

-0

We can prove now that the series Y 2 ¢,H,(x) converges uniformly on any closed inter-
val [Xq, X;] ¢ R. Using the Cauchy—-Schwarz-Bunjakovskii inequality yields (M > N > 1)

1

Mo >(M IH, (x)|2>%
< | d, !
(,;V' | 2 “ond,

n=N

M
> EHy(x)
n=N

since (as we proved above) ¢, = c,’l, d,’l =2nd,,n =1,2,....Inorder to estimate the second
sum on the right-hand side of the latter inequality let us use the following estimate for

Hermite polynomials:

2
[Ha (001" <Cexz< 1 |x|5/2>
L <

R + U
3 ni/A " pi

It can be obtained by some precise calculations and using induction with respect to n.
Due to this estimate and taking into account the Bessel’s inequality for f'(x), we obtain
that uniformly in x € [x3,X;] ¢ R,

Moo N
SC<Zlcnldn> (Zm) -0
n=N

n=N

M
> EyPy(x)
=N

asM > N — oo.It means that the series Y ¢,H,(x) converges uniformly on any closed
interval [x;, X;] € R and, therefore, defines a continuous function on the line R. It is not
so difficult to show now (using the completeness of the system of Hermite polynomials
in L%V(]R)) that the limiting function is just a given function f(x). This proves the theorem.

O

Chebyshev polynomials
Definition 18.92. Chebyshev polynomials are defined as
T,(x) := cos(narccosx), xe€[-1,1,n=0,1,2,....

One can prove that T,,(x) is a polynomial in x of degree n. Indeed, since for x = cos 6,
0 € [0, ], we have that
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T,(cos 0) = cos(nf) = Re(eino) =Re(z"), |zI=1
then considering z = x + iy = e'% we obtain
n (3]
Re(z") = Re((x +iy)") = Re( Y X"k (iy)k> = Y C-nmEy
k=0

m=0

Recalling (since x + 1y = e%) that x = cos 6, y = sin 6, the latter equality can be rewritten
as

[SIET

]

T,(cos0) = Y C2™(-1)™(cos 6)" " (1 - cos )"

™M

0

=Y ¢2™(-1)"(cos 9)“’"(2 . (-1Y(cos 6)7 >
0

Jj=0

- 3
PNIEE

3

Returning to the previous variable x, the latter equality yields
(3] m ) ) )
T,(x) = Y Y CMC) (-1 X2 (18.89)
m=0;=0

This formula (18.89) shows that T,(x) is really polynomial of degree n and this is an
equivalent definition (compared with Definition 18.92) of Chebyshev polynomials. Fur-
thermore, this formula (18.89) implies immediately that

T (—x) = (=1)"T,(x).
Problem 18.93. Prove that (18.89) is equivalent to
(2]

B n! n-2k; 2 K
T”(X)_I;)(Zk)!(n—Zk)!X 6=1)

Example 18.94. These formulae imply that Tj(x) = 1, Ty (x) = x, T(x) = 2% -1, T;(x) =
4x3 - 3x,...,and Tok_1(0) = 0, T5(0) = (—1)k, in particulay, |T,(x)| < 1.

Proposition 18.95. Foranyn =1,2,..., we have
T () = 2xT,,(x) - T,_1(x), x e [-11].
Proof. Using Definition 18.92, we have

T,.1(x) = cos(narccos X + arccos x) = cos(n arccos x) cos(arccos x)

— sin(narccos x) sin(arccos x) = XT,,(x) — 1 - T2(x) V1 - x2.
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This equality first implies that
XT,(X) = Ty (X), x € [-1,1],
and, in addition,
XETA(X) = 2XT(X) Ty (X) + T2, (X) = (1= x*)(1 = T2(x)).

The latter equality can be rewritten (also after substituting n — 1 instead of n) as two
different equalities

T2 (%) = 2XT (X) Ty () = 1= X* = T2(x),
TA(X) = 2XT, 1 (X)Ty(X) = 1= X* = T2 ,(X).

Considering now their difference, we obtain
T2 (0 = Ty (0) = 2XT 00 (Try1 () = Ty ()
ie,
T 100 + Ty 1 (X) = 2xT, (X).

Hence, the proposition is proved. O

Theorem 18.96. Chebyshev polynomials T,(x),n = 1,2,... satisfy the differential equa-
tion:

1-x*Y' () - xy' (%) + n*y(x) =0, x € [-1,1]. (18.90)

Proof. Using Definition 18.92, we obtain

! . 12 .
T,(x) = —nsin(narccos x)(arccos x)" = nsin(n arccos x) —

Similarly,

T/ (x) = -n* cos(narccos x) + nsin(n arccos x)

X
(1—x2)\/1—x2.

1 - x2

The latter equality can be rewritten as

n2

Tr,ll(x) = __Tn(x) +

X ’
1_X2 an(X)

This is equivalent to (18.90). The theorem is proved. O
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The orthogonality property of Chebyshev polynomials is the following theorem.
Theorem 18.97. Ifn + m,n,m € N, then

1
I LTH(X)Tm(x)dx =0,

N
- V1i-x
butifn =m, n,m € N, then
1 1

1 2 _7T _
J 1_X2T"(X)dx_2’ n=m>0, J

dx = 7. (18.91)

Proof. Due to Definition 18.92 for any n,m € IN;, we have

1

1-x2

1
1
_jl T 0T =

cos(narccos x) cos(m arccos x)dx

cos(nt) cos(mt)dt

Sty L—

N =

<J cos((n - m)t)dt + j cos((n + m)t)dt),
0 0

if we use a new variable ¢ := arccos x. Next, for n # m both integrals on the right-hand
side of the previous equality are equal to 0, while for n = m > 0, the first integral is
equal to 77, and the second one is equal to 0. For the case n = m = 0, the result (18.91)
follows trivially. Hence, the theorem is proved. O

There is one more recursive property of Chebyshev polynomials (compare with
Proposition 18.95).

Proposition 18.98. Foranyn=2,3,...,

Tpiq () _ Ty 4(X)

= 2T .
n+1 n-1 n(X)

Proof. Due to Definition 18.92, we have for n = 2,3,... that

. 1
T ,,(x) = sin((n + 1) arccos X) n+l

1-x

S8}

and similarly,

T)_,(x) = sin((n - 1) arccos x) n-1

1-x%
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Thus, we have

T) 4 (X) ~ T, 1(X) _ sin((n + 1) arccos x) — sin((n — 1) arccos x)

n+1 n-1 V1 - x2
_ 2T,(x)sin(arccosx)  2T,(x)V1-x% 2T ()
V1-x2 V1 - x2 e
The proposition is proved. O

Remark. If n =1, then Proposition 18.98 reads as
Ty(x) = AT} (X).

Theorem 18.97 (orthogonality property) allows us to construct an orthonormal sys-
tem of Chebyshev polynomials in the Euclidean space LZW(—l, 1) with weight w(x) = \/1%7

as
2 ® o1
[Ene}  vLrw.

This yields that for any f € Lﬁ,(—l, 1) we may consider the Fourier series with respect to
this system as

C X 2
fx) = Tjr + ,;C"\ET"(X)’

where the Fourier coefficients ¢,,n = 0,1,2,... are defined by

1 1
_ 1 f _ \/Z FOOT,(x)
“= j 1_X2dx’ n= JTJ N ax.

It is clear that this series converges to f in the sense of the Euclidean space Lﬁ,(—l, 1), but
the main result here is pointwise (even uniform) convergence.

Theorem 18.99. Iff ¢ Lﬁ,(—l, 1) is continuous, having a piecewise continuous derivative
on the interval [-1,1], then its Fourier series with respect to Chebyshev polynomials,

o \jf
=0 zT =
R L\ Tl =/
converges pointwise on the interval [-1, 1] and uniformly on any closed interval [x;, X,] C
-1,1].

Proof. Denoting by d,, = % n=12,...,and d; = 7 (see (18.91), we can rewrite the
Fourier series with respect to Chebyshev polynomials as
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1

N _ 1 [(fOOT(0)
f(x)~r;)chn(x), G = dnj—m dx, neN,.

-1

The next step is to obtain the Bessel’s inequality with respect to this system as

Consider now the first derivative of Chebyshev polynomials T,(x). It turns out that
this system {7, (x)}22, forms the system of the orthogonal polynomials with the weight
V1 - x2. This follows from the following differential equation (which is equivalent
to (18.90)):

(V12T (x)) +n? fln(i =0.

- x2

That is why we may consider the Fourier coefficients of the function f’(x) with respect
to the system {7, (x)} such that (due to integration by parts and due to corresponding
differential equation for T,(x))

1 1
qzz%jfuﬂynwpwmx:—%¢juxﬂunh—ﬂYM;
] n
where
S [ (T,(0)?
d = [ (Th00) V1-x2dx = n* | “ 222 dx = n’d,,.
_jl( iR j e

Further, the definitions of ¢,, c;l, and the latter equalities imply (as above) that ¢, = c;.
Moreover, the Bessel’s inequality for f' (x) with respect to the system {T;,(x)} has the form

1
Sl < [0 Vi~ xax
n=1

-1

We can prove now that the series Y ;> ¢, T, (x) converges uniformly on the closed inter-
val [-1,1]. Using the Cauchy-Schwarz-Bunjakovskii inequality yields (M > N > 1)

M % M 2 %
2 [T, (0l
“(Jpeta) (356
n=N n

n=N

M
> & To(x)
=N

since (as we proved above) ¢, = ¢, d), = n*d,, n = 1,2,....In order to estimate the sec-

ond sum on the right-hand side of the latter inequality, let us use the trivial estimate for
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Chebyshev polynomials (see Definition 18.92), i.e., |T,,(x)| < 1 uniformly in x € [-1,1].
Due to this estimate, due to the Bessel’s inequality for f'(x) with respect to Chebyshev
polynomials and due to the values for d,,, we may conclude that the series ;7 ¢, T;,(x)
converges uniformly on the interval [-1,1] and, therefore, defines a continuous func-
tion on this interval. It is not so difficult to show now that (using the completeness of
Chebyshev polynomials in LZW(—l, 1)) that the limiting function on the interval (-1,1) is
just a given function f(x). This proves the theorem. O

Problem 18.100. Show that the generating function of {T,(x)};2, is

1-tx

G(t,x) = ———,
(&) 1-2tx + t2

where |x| <1, |t] < V2 -1, and the generating function of { T,00}2, 1s
G(t,x) = log( 1 )
’ Vi—otc+ 2/

where |x] <1, [t| < V2-1.

Problem 18.101. Find the Fourier series for function |x| with respect to the orthonormal
system of Chebyshev polynomials.

Problem 18.102. Find the Fourier series for function log(1 + x) with respect to the or-
thonormal system of Chebyshev polynomials.

Problem 18.103. Show that for anyn =1, 2 .. among all polynomials of degree n with
leading coefficient 1, the function f(x) := 2" =1 In(X) is the one whose max1ma1 absolute
value on the interval [-1, 1] is minimal. The maximal absolute value is F and this max-
imum is attained exactly n + 1 times at x = cos(’%”), k=0,1,2,...,n

Trigonometric polynomials

Definition 18.104. Consider the interval [-L, L], L > 0. The system of the trigonometric
polynomials of degree n is given by

X 27X nmx
1, cos—, cos—, ..., COS—, ...,
L L L
X 27X . nmx nnx nnx
sin—, sin——, ..., sin——, ... c0s —, sin — .
L L L L L )0

Remark One can easily check by induction that cos ™ is a polynomial of degree n in
cos Z* and sin *7* is a polynomial of degree n in sin 7%

The orthogonality of this system is the following proposition.
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Proposition 18.105. For any n,m € IN,, we have

L L L

Jcosjzdx=Jsinizdx=0, jcosﬂsdex 0,
L L L L

L L L

andforn=1,2,...,

L L L
de:ZL, Jcosz%dx:L, Jsin2$dx:L.
L L L

Proof. 1t follows straightforwardly from the properties of odd functions on the symmet-
ric intervals and the well-known properties of trigonometric functions. O

Proposition 18.105 allows us to construct orthonormal system of trigonometric poly-
nomials in the Euclidean space Lz(—L, L)as

nix

{ 1 cos™x sm—}
V2L’ \/Z’ VL Jna

(o)

This yields that for any f € L*(~L, L) we may consider the trigonometric Fourier series
with respect to this system as

cos— . sm@>
bl

fx) = Z( b7z

where the Fourier coefficients a,, b,,n = 0,1,2,... are defined by
nr[x nr[x

Adx jf(x) A

L
1 ] c
b= [ FOOdx,  a, = J F00

This trigonometric Fourier series can be rewritten in simpler form as follows:
a o nmx . nix
o) =2+ > (a,cos = +b,sin— ), (18.92)
2 4 L L

where the coefficients a,, b,,n = 0,1,2,... are equal to

L L L
1 1 TIX 1 . X
@G =7 JLf(X)dX Iy =7 [f(X) cos ——dx, b= JLf(x) sin —~dx.

Since the system of normalized trigonometric polynomials is an orthonormal basis in
L*(~L,L), then for any f € L?(~L,L) the trigonometric Fourier series (18.92) converges
in LZ(—L, L)tof,lie,
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L . 2
. a, nmx . nmx ~
]\}I_IBOJ ) +nzl<ancos T +bnsin = ) fO0)| dx = 0.
—L o

This fact is equivalent to the identity

1 L | |2 [e)
2 a
I JV(X)I d ===+ ) (Ia,l” + b, [%), (18.93)
_L n=1

which is called the Parseval equality. We prove these two facts in the following theorem.

Theorem 18.106. For every f € L%(-L,L), its Fourier series (18.92) converges to f in
L*(~L,L) and the Parseval equality (18.93) holds.

Proof. Iff € L*(~L,L) and g(x) := %" + Z],Y:l(cn cos "Lﬂ +d, sin %), N =1,2,...withan
arbitrary coefficient c,,d,,n = 0,1,2,.. ., then using Proposition 18.105 (the orthogonal-
ity condition), we obtain

L L

1
JV(X)Ide tI Jlg (0 dx
L L

L
1 2 1
I JLV(X)—g(X)l dx =+

L
- 2 Re [ fo0igtax
L

1[0 lagf* &
=1 Jlf(x)l dx - (% + (layl* + |bn|2)>

o n=1

|ao—C0|2 v 2 2
e > (1ay = cal* + by = dyl*).

n=1

The latter equality has the following two important consequences:
1. The minimum error of

min
g0= 670 +YN (¢, cos 2 1d, sin

L
- % J F00 - 800 dx
G )

is equal to

L 2 N
% Jlf(x)lzdx - (% + ) (lag* + |b,,|2)> (18.94)
L

n=1

and it is attained when ¢,, = a,, d, =b,,n=0,1,2,....
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2. The following inequality holds (since N is arbitrary in (1) from above):

|ao|

j|f<x|

hIH

+Z|a|+|b|

This inequality is called the Bessel’s inequality.

nrrx nnx

Consider now instead of f(x) the polynomial a°+zn 1(a, cos == +b, sin =) and instead
of g(x) the polynomial % + M (a,cos "X M + by sin ), where an,bn,n =0,1,2,...are
the Fourier coefficients of f e LX(-L,L), We obtain, using the Bessel’s inequality, that

L
3|
L
-L
tends to zero as N > M — oo. It means that
a l nmx nmx
—°+z<ancos +b, sm—>
2 4 L L
is a Cauchy sequence in LZ(—L, L), and thus there is a function F ¢ Lz(—L, L) such that
L
3|
L
-L

Problem 18.107. Prove that function F(x) (from above) is equal to a given function f €
LX(-L,L).

2
N M
nmx nmx nmx _ nax
z<a cos —— + b, sin —)—Z(ancos—+bnsm—> dx
L L L

n=1 n=1

2
N
nmx . MIX
F(X)_,Z;(a"COSTer”SIH I > dx -0, N — oo

Hence, the first part of this theorem is proved. The Parseval equality (18.93) follows from
the first part of the theorem and (18.94) if welet N — oco. Thus, the theorem is completely
proved. O

The main result here is uniform and the absolute convergence of the trigonometric
Fourier series for continuous functions having piecewise continuous derivative.

Theorem 18.108. If f(x) is periodic (i. e, f(-L) = f(L)) with period 2L and continuous,
having piecewise continuous derivative on the interval [-L, L], then uniformly in x € R,

X

0 . ni _
?+Z<a CoOS — +bn81nT>—f(X).
Moreover; this convergence is absolute, i. e.,

lagl . <
TO + Y (lay] + by]) < oo.
n=1
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Proof. It suffices to show that the number series

a o0
% + Y (lay| + by])

n=1

converges because it follows, first, that the series (18.92) converges uniformly on R (due
to periodicity), and, second, it converges to a given function f(x) (see Problem 18.107).

Denoting by a,,8,,n = 0,1,2,..., the Fourier coefficients of the piecewise contin-
uous function f’(x), which is redefined arbitrarily at a finite number of points where
the derivative does not exist. Further integrating by parts (we have to divide the inter-
val [-L, L] to subintervals if the derivative of f(x) does not exist), we obtain (taking into
account the equality f(-L) = f(L)) that

L L
a, =0, a, Jf(x)cosﬁdx_—Jf(x)smﬂdx_—bn,
—L L

and

L L
Bn = % Jf’(x) sin %dx = —rLl—Z Jf(x) cos %dx = —nL—ﬂan,
L L

wheren =1,2,.... These equalities allow us to conclude that
T o a
7 2.l + b0 - Z(MW—"') Z(a )+ Z
= =\n n

The first series on the right-hand side converges due to Proposition 18.105 (see Parseval
equality (18.93)), and the second is a well-known convergent number series. Here, we
have used also the elementary inequality 2|ab| < a+b* Thus, the theorem is proved. [

Summarizing the orthogonal polynomials (including Bessel’s functions and trigono-
metric polynomials), we can interpret (correspondingly) them as solutions of some
boundary value problems for a differential equation of the second order. Namely, let us
consider the following operator of order two in the form

Ly(x) := (p(x)y'(x))' +q)y(x), x e (a,b), (18.95)
with boundary conditions (quite general)
ay(a) + @y’ (@) =0, By(b) + B,y (b) =0, (18.96)

where p(x), q(x) are real-valued functions, and a;, B;,j = 1,2 are real constants with the
conditions
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ara;>0, Br+pi>o0.
The equation
Ly(x) + Ar(x)y(x) = 0 (18.97)

(function r(x) is real-valued, A is spectral parameter) with operator L from (18.95) and
with boundary conditions (18.96) is said to be a Sturm-Liouville boundary value problem
in the self-adjoint form.

Definition 18.109. If there is A € R, such that (18.97) with (18.96) has a non-trivial solu-
tion y(x), then this A is called an eigenvalue and this y(x) is called an eigenfunction of the
Sturm-Liouville boundary value problem, which is said to be in that case an eigenvalue
problem.

We consider some examples.
1. Let (18.97) have the form

(A=Y X)) +y(x) =0, xe(-1,1), y(-1)=y()=0.

Then for eigenvalues A, = n(n+1),n = 0,1,2,..., there exist eigenfunctions y, (x) =
P, (x), which are Legendre polynomials (see Theorem 18.78 and (18.77)).
2. Let (18.97) have the form

€Y 0) +2e Xy =0, xeR e yx) e LXR).

Then for eigenvalues A, = 2n there exist eigenfunctions y,(x) = H,(x), which are
Hermite polynomials (see Theorem 18.86 and Definition 18.84).
3. Let(18.97) have the form (v > 0 is given)

VZ

(' () + </1x - —)y(x) =0, xe(0,1),

X
y(x) isboundedat0, y(1)=0.

Then there exist eigenfunctions y, (x) = J,,(u,x), where J, is Bessel function of order
v, J,(u,) =0and A, = ,ufl are eigenvalues (see (18.18)). The Fourier-Bessel expansion
is valid as in the remark after Problem 18.28.

4. Let (18.97) have the form

V') +yx) =0, xe(0,L), y'(0)=y'(L)=0.

Then there exist eigenvalues A,, = ("L—”)Z, n=20,1,2,...and corresponding eigenfunc-
tions y,, = cos % n=0,1,2,....If we have different boundary conditions, namely

Y'(X)+y(x) =0, xe(0,L), y0)=yL) =0
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then there exist eigenvalues A, = ( \2 n = 1,2,... and corresponding eigenfunc-
tions y, = sin %=, n =1,2,.

Remark. Based on the orthogonality condition of Bessel’s functions (see Problem 18.28),
we may consider the Fourier expansions with respect to the orthogonal system of
Bessel’s functions as follows (see for comparison example (4) from above). Assume that
a function f(x) satisfies the conditions

1 (¢S]
J[f(x)|x"‘1dx < o, J[f(x)|x‘3/2dx < 00.
0 1

Then under the conditions for f(x) from above, and for any fixed v > 0, we may consider
the Fourier expansion as

fx) = Z av,n]v+2n(x)’

n=0

where the Fourier coefficients are given by

(f

a,, =2(v+2n) J — Jyron(X)dx.
0

Problem 18.110. Let function f(x) be defined as
fx)=0, xe[-m0), f(x)=x, xe€][0,m].

Show that pointwise in x € (-, 77),

T 2 & cos(2n-1)x ~ 020: (=)™ sin(nx)

JO =372 an_1p n

n=1 n=1

Show, in particular, that
00 1 ~ 7L2 io: (_1)n
~Z(@n-12 8 & on-

Problem 18.111. Let function f(x) = |x|, x € [-, ). Show that

T 4 & cos(2n-1)x
=72y oA
mi= (2n-1)

uniformly in x € [-, 7].
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Problem 18.112. Show that uniformly in x € [-m, 7],

i (-D"cosnx _ x_Z ~ JLZ
= n? 4 1

Show, in particular, that

7.(_2 ~ i (_1)n+1
2 Z n

Problem 18.113. Show that uniformly in x € [-m, 7],

i sin® nx _ x| -x?
n=1

n? 2

18.5 Laplace’s method

The Laplace’s method or the saddle-point method is widely used for constructing an
asymptotic of certain curve integrals of functions of a complex (and also real) variable.
We examine first the integrals of a real variable of the form

b
W) = J sV O, (18.98)

a

where A > 0 large enough, a function f(¢) is real and ¢(t) might be real or complex (in
the latter case, we consider the asymptotic of the integral for Re ¢ and Im ¢ separately).
Here, one or both of the limits of integration might be infinite. The following result holds
for the integral (18.98).

Theorem 18.114. Suppose a function f (t) attains its absolute maximum at some interior
point ty € (a,b). Let "' (t,) < 0, and assume that there exists §, > 0 such that for |t — ty| <
8y, we have

f(0) = fto) + (=t e, o] <L ito)

B(t) = co + 1t —tg) + O((t - to)?),  u(t) = ¢y(t —to)* + O((t — ty)*). (18.99)

Ly (t- o),

Assume in addition that for |t — ty| > &, f(ty) — f(t) = h > 0, with some constant h, and
for some A, > 0, that

b
J|¢(t)|e%f Ogar <M, M>o0. (18.100)

a
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Then the following asymptotic formula, as A — +oo, holds:

b
MO e _ oMt __2n -3
a[d)(t)e dt=e <¢(t0)1/ iy O )). (18.101)

Proof. Let us split the integral ¥(A) in (18.98) into five terms:

ty—8 t—6) ty+6()
W) = J o0 Ode + J o0V Odr + J a0’ Ode
a ty—5, ty-5()
ty+6 b
+ J ¢(t)e)‘f(t)dt + J ¢(t)eAf(t)dt =L+L+L+I+1
ty+6(A) to+8,

where the function 6(A) is chosen as
A82(A) > 00, A8°A) >0, A — +oo. (18.102)

Sincefora < t < t; - §y and ¢y + 6, < t < b, we have for A > 0 that

Af(ty) - (1) = hA,
then the integrals I; and I; can be estimated for A > A, as (see (18.100))

to—=6o

J p(t)e¥ Odr

a

to-8,
< M J |p(0)]e V@ T O

a

L] <

ty=5o
_ M@ J |p(t)|e” -2 CFO) Aol O o) g
a
< MY W e Wh)e=hf () _ M) g™y ), oo,

and
b b
|I5] < J sV Odr| < M ® J I6(0)]e ¢ @F O
I0+50 t0+50

b

G J |p(D)]e" 4T ) gl O 1) g
to+8,

< Melf(to)e—h(ﬁ—lo)e—/\of(to) — e/lf(to)o(e—lh)’ A — 00,

respectively. Next, due to the conditions for f(¢) and u(t) for |t - ¢,| < &, we have that

(see (18.99))
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f”(tO) f”(to)

(t—to)* = ~|u(®)| -
fl/(to)

fto) —f(t) = —u(®) -
fl/(to)

—(t- tO)

fll(to)
4

0 (- ) - Y (- ty)E = - (t- ).

Hence, repeating the same procedure as for the estimation of the integrals I, I5, and
taking into account that for the integrals I,, I,, we really have that (t - to)2 > 8%(2), and
we obtain (using the fact that f(¢;) < 0)

2
L], 1I,| < eV (®) o(e‘*“ @), 1 oo

It remains now to examine the principal integral I; of W(A). By virtue of the condi-
tions (18.99), this integral can be rewritten, using a new variable 7 := t — ¢, and second
condition of (18.102), as

501
I = /@ j) Bty + 1)l W0 g
-5
s
_ Mlto) J (co+ciT+ O(TZ))e/l(%f”(t0)72+czfg+0(r4))dT
-6(4)
5
= eV J (co + 1T + o AT + O(7%) + O(ATh) + O(AZTS))eAf”(t“)TZ/ZdT
-5
e
_ eV J (o + O(r%) + O(AT) + 0(A2c))el " @2z,
-5

Here we have used the fact that the terms with ¢;7 and c,7° of the resulting expression
vanish since the integrands are odd. The first part of the latter integral yields (f"' (t,) < 0),

8(A)
" 2
coell @ J N ()T /2,

—50)
50
2
= 2coe ™) j VW2

0
—A8EWf" (8) /2

_ / M) —Ep-1
=y ) J e & :dé
Af(to) e {Eids - ~Eg-1
-\ (01 flag- [ e dE)

~ASEf" (t)/2
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2 /\f(tg)< <1> 28N (t) /4 )
- \/—— I[-)+0 0
Co )lf”(to)e 5 +0(e )

- q)(to)\’—%eaf ) (i + 0(e™ "W/ 41y = ¢, (18.103)
" (t)

To obtain (18.103), we have used the first condition of (18.102) and (18.99). The other terms
in the previous integral can be estimated similarly. Consider, e. g., the term with O(z?).
Then we will have for this term, using a new variable ¢ := )lrz, that

8 A8
o)V @ J 2N @T 2, _ O(l)eﬂf(to)l J’ gief@2gg
A
0 0
= 0<l3>emt"), A — +00, (18.104)
2

since f(t,) < 0 and A6%(1) — oo (see (18.102)). The terms with O(Ar*) and O(A*z®) can be
estimated by the same manner as the previous one and we can obtain for them the same
estimate (18.104). Choosing §(A) = ig (in that case (18.102) is satisfied) and combining
the estimates of I, I, I, Is, and (18.16%), (18.104), we obtain the final result (18.101). Thus,
the theorem is proved. O

Example 18.115. As an example of the application of Theorem 18.114, we consider the
asymptotic for Euler’s gamma function I'(p + 1) when p — +oo. Since (here, t = px is a
new variable)

(0]

I'p+1) = JXPE_de _ pp+1 J’ ep(logt—t)dt)
0 0

then direct application of Theorem 18.114 with ¢(t) = 1, f(t) = logt - t,t, = 1, f"' (1) = -1,
f(1) = -1, and with A = p gives us

p
(p+1) = pP —p< 2 0<L>>:\/z (’-’) (1 0<1>>. 18.105
(p+1)=p"e (40l e ) (19, (18.105)

This formula (18.105) is called Stirling’s formula. Moreover, it can be extended not only
forreal p — +oo but also for complex p — co such that | argz| < m—¢, € > 0. In addition,
since I'(n + 1) = n! for n € N, we have the following asymptotic:

w2 (100(2)). ne s



18.5 Laplace’s method =— 335

Remark. The essential addition to the Laplace’s method is the so-called method of sta-
tionary phase, which concerns the asymptotic behavior of the integral

b
®() = J o()eV O,

a

where f(t) is a real-valued function with one stationary point ¢, € (a,b), i.e., f'(t;) =
0,f"(t;) # 0, under the assumption (at the moment) that the interval (a, b) is finite.
Assuming that ¢(t) is continuous on the interval [a, b], the following asymptotic holds
(in the neighborhood of ¢;):

i isenf’ (t,)Z 21 1
D) = W s (WG g1 ) —+o<—>, A = +00. (18.106)
PN\ T T O\ ava -

As an application of the method of the stationary phase, we consider the behavior of the
Bessel functions for large argument. Using the integral representation for J,(x),n € N,
(see, e. g., Problem 18.27(2)), we have (using the properties of odd and even functions)

T T

1 . 1 i{(nh—xsin 0

Ja(x) = o J cos(nf — x sin 6)dé = o J glno-xsin6) g
-7 =7
n
_1 J QN0 -ixsind g

21

-7

In this case, f(8) = —sin6, ¢(0) = ei”e, t = 6, and A = x. That is why we have two
stationary points 8 = i% and, therefore (see (18.106)) we have that

1 CixiZai™ | xeifogmy |27 < 1 )
= —(e 472 e 42 — + 0 —
Jn) 271( * ) x XX
T nr 2 1
= ——=—— \—+0| —), . 18.107
cos(x 1" >\/ﬂx+ <X\/)_(> X = +00 ( )

Furthermore, the asymptotic (18.107) is valid not only for n € N, but for any v € R, if
we substitute v instead of n.

We now examine the saddle point method for obtaining asymptotic expansions of
integrals in the form
FQY) = j d(2)e¥ Dz, (18.108)
Y

where the functions ¢(z), f(z) are analytic in some domain D ¢ C and y c D is a piece-
wise smooth Jordan curve. Due to the Cauchy theorem, integral (18.108) is independent
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Z0
a! Y2

Z1 22

Figure 18.2: Curve of integration in Laplace’s method.

on the curves with the same end points (initial and terminal). So, we may assume that
this curve y is deformed into the curve I' = L +y; + ), such that L is a line on the complex
plane (it might be small enough) and y; and y, (with finite length) are joined with L
starting from the points z; and z,, respectively; see Figure 18.2. The range of application
of the saddle point method is so that L is chosen such that z;, is not an end point of L and

f'(zg) =0, f"(zy) #0, Imf(z)=constant, ze€lL, (18.109)

i.e., zy is a saddle point for f(z), and we assume that it is unique.
The following theorem holds (it is called Laplace’s method in the complex case).

Theorem 18.116. Suppose that all conditions for @, f, y, L, z, from above are satisfied.
Assume in addition that there exists § > 0 (small enough) such that for all |z — z,| = 6,

Ref(zy) —Ref(z) >h >0, h = constant, (18.110)

and also for some A, > 0, the following integral converges:

j|¢(z)|e% Ref)dz] < M. (18.111)
y

Then for all A > A, the following asymptotic formula holds:

4 zy 21 i6,, _3
Jﬁi’(z)em Jdz = eV >( mmm)e@ +0(A 2)>, (18.112)

where 0, = %f”(l") +mm, m = 0, 1. Here, the choice of m determines the sign in (18.112)

and actually depends only on the direction of integration along curve y.
Proof. The conditions of the theorem (and considerations from above) imply that

FQ) = J o2 Ddz + j 62 Ddz + J d(2)e¥ Ddz
L V1 V2

= eI/ (@) J d(2)e* "Dz + J d(2)e¥Paz + J d(2)e¥ D dz.
L V1 V2

By conditions (18.110) and (18.111), the integrals along the curves y; and y, can be esti-
mated as
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{ j 62V Dz < J I6(2)|e** @) dz]
YvY2 Yisb2
< J |$(2)| 0 RS @20 RS @) 7] < o) Ref(20)g=G-20)h

Yv)Y2
= eARef(ZU)O(e_M), A — +oo.
On the line L, we introduce the parametrization z := z(s) so that z(0) = zg, z(-a) = z,,
and z(b) = z, (see the description of ' above). Using this parametrization, the integral
along L can be written as (note that Im f(z) = Im f(z,) on the line L)

b
Fi(A) = Jq)(z)emz)dz = g!1m/ (@) J d(2(5))e* RS ED 7 (5)ds.
L -a

One can see that the latter integral satisfies all conditions of Theorem 18.114: the function
Re f(z(s)) attains its maximum at the point s = 0 and we have (Re f(z(s)))"' (0) < 0. Then
according to (18.101), we have

_ olIMf(z) [Ref(zo) .| n -3
F)=e e (Ref(z(O))z (0)\j AReF2(s))7(0) +0(4 )) (18.113)

It remains to express the quantities appearing in (18.113) in terms of the values of the
functions ¢(z) and f(z) at the point z,. It is clear (due to parametrization of the line L)
thatz-z, = se™ m=0,1 depending on the direction of integration along L. Moreover,
(Imf(z) = Imf(z,) on the line L), for z € L, we have

2(0) = €™, (Ref @); |,-o = /" (2(0)(# (©))" = ~If" )| ™" .

Taking into account the considerations from above and the fact thati = elz, and col-
lecting the estimates for the integrals along y,, y,, and the integral F;, we can easily
obtain (18.112). Thus, the theorem is completely proved. O

Remark. The parameter A might be complex. If Ais complex, i. e., A = ||e!®8% we can ab-
sorb the exponential factor into f(z) and proceed with a new function f(z) := e *8%f(z).

Example 18.117. We will obtain the asymptotic of the Hankel function for a large posi-
tive argument. Using Problem 18.27(9) (see (18.26)), we have that

0 s
H‘(/l)(X) _ l J- e—vt+xsinhtdt+ l Je—ivt+xsinh(it)idt
1 v
—00
1 (o)
= J e—v(t+m)+xsmh(t+m)dt - Il +12 +IB-
T
0
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Since sinht = %et ast — +oo and sinh(¢ + i) = —sinh ¢, then both integrals I; and I;
vanish exponentially as x — +oo, i.e,,

I,I; = 0(e™), x — +oo, with some ¢, > 0.

For the integral I,, we use the method of stationary phase (see (18.106)). Then we have
that (the unique stationary point is ty = 7, f"'(to) = -1, ¢(t) = e

1 iz _j= |21 _3
I, ==e""e 2= +0(x72), Xx— +oc0.
e X

Combining asymptotic for I;, I, and I,, we obtain finally

HP(x) = ei‘x‘%‘%ﬂ)\/% +0(X72), X — +oo. (18.114)
In addition, since H? (x) = H{"(x), and J,(x) = 3(HP () + HP (), Y, = 2 HP (x) -
H‘(,Z) (x)) (see Definition 18.14), we can obtain easily the asymptotic for all these functions
also. For example,

J,00 = cos<x - g - %)‘/;%x +0(X2), X +oo (18.115)
and
Y,(x) = sin(x - ’ZT - %)ﬁnz—x 1O(X2), X — +oo. (18.116)

Problem 18.118. Using Laplace’s method (see Theorem 18.114), show that for any fixed
0 € (0, ) the following asymptotic formula with respect to n for Legendre polynomials
holds:

P,(cos6) = 2 5 (cos((n +1/2)0 - /4) + o(n™), n— +oo, (18.117)

7n sin
i.e., for any fixed x € (-1,1) and even uniformly in x € [x3,x;] c (-1, 1),

P,x) =0(n™*), n - +oo.
Hint: First, use the following integral representation of Legendre polynomials:

Qi(n+1/2)9

1
JT_\/E J \/cos @ —cos O

-6

P,(cos @) = dg, 6¢€(0,m),

then, second, choose the closed curve y (Figure 18.3) consisting of the interval (y =
0,-60 < x < 0) of the real axis, the vertical intervals (x = -0,0 <y < L), x =6,0<y < L)
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Imz

> Rez

Figure 18.3: Curve of integration in Problem 18.118.

parallel to the imaginary axis, and the horizontal interval (y = L,-0 < x < 6), and
finally, consider on the complex plane the function

ei(n+1/2)z

(2) = ———, z€C,
£ Vcosz —cos 6

inside of this curve y. The final step is to put L — +oo.



Exercises

7.

Let w(z) = % be a nondegenerate (ad # bc, ¢ # 0) linear-fractional transforma-

tion. A point z is said to be a fixed point if w(z) = z.
a) Prove that this transformation has at most two fixed points. If (a — d)? +4bc # 0,
¢ # 0, then there are two different fixed points, otherwise they coincide.
b) Show that if there are two different fixed points, p and g, then
w-p zZ- cq+d

— =k— ith k; = .
w-q 1z—q Wit cp+d

But if there is only one fixed point p, then

1 1 . cla+d)
——=——+k thk, = .
w-p z—p+ 2 WitH 2(ad + bc)

Show that any equation of the form

Z_—p‘ =k, k#1,
z-q

defines the circle with such conjugate p and q that p and g lie on the same line
together with z, and

2
IP = 2ollq = 2ol = 17,

where z; is a center of this circle with radius r.
Show that the general nondegenerate linear-fractional transformation of the do-
main {z : Rez > 0} onto the unit disk {w : [w| < 1} has the form

nZ-a
M—_, Rea > 0,1 € R.
Z+a

w(z) =e
Show that the general nondegenerate linear-fractional transformation of the disk
{z : |z| < ry} onto the disk {w : [w| < r,} has the form

w(z) = rlrzem_z;z, 0<lal <rpAeR
az-rj

Let function f(z) be analytic in the open unit disk {z : |z| < 1}. Show thatifRe f(z) > 0
and f(0) = a > 0, then |f'(0)| < 2a.
Show that

psing + wcos ¢

pcos¢ —wsin g
P* + 0 .

, L(cos(wt +))(p) = 2

L(sin(wt + @) (p) =

Using Mellin’s formula, show that:

https://doi.org/10.1515/9783111632278-021
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a)
(=2 Vosinnae, (=P )=coshAt, Rep>Rek
m = Sin s Im = COS s ep > ReA
b)
_ w -
£1<—>=e‘”s'n t), Re Imw| - Rea.
Pt in(wt) p > |Imw|
c)
1, 2k <t<2k+1,
[1<1tanh(p/2)>: <ok k=012,
p -1, 2k+1<t<2k+2,
where Rep > 0.
d)
1 1 ) e @
= , Rep>0.
(v—p+a vat F
e)

a
£_1<l—1)e‘“@> =1- je‘yz/(‘lt)dy, Rep > 0.

Let F(p) be the Laplace transform of some function f(t) so that f(t) = 5’1(F(p)).
Assume that F(p) is considered for p € R,, and is integrable there. Prove that

(o]

j@dt = TF(P)dP-
0

0

Using the previous exercise, show that for a, 5 # 0,

T cos(at) — cos(pt) a
——7 P4t =log|=|,
[ = s
and
(e . 0’ aﬁ g 0’
t) — t
jwdt: M, a>0,p<0,
5 -, a< O,B > 0.

Let F(p) be the Laplace transform of some function f(¢). Show that

lim pF(p)=f(0), lmpF(p)= lim f(c).
p—0 t—+00

p—oo,Rep>
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11. Using the Laplace transform, show that

t
X J e—x2/4a2(t—r) q(7)

2a\1 ; (t-1)32

ux,t) :=

and solves the following equation with additional conditions:

u(x, t) = azuxx(x, t), x>0,t>0,
u(x,0)=0, u0,1)=q,

where function q(t), t > 0 satisfies the needed properties.
12. Prove the following representation of the Euler’s gamma function I'(z):

e—yz 00 z/n

e
I'(z) = 2 gm> z € C\ {-Ng},

where y is Euler’s constant. Hint: Use Example 17.28.
13. Show that:

a)
Y T
|T(iy)| = ysinh()’
b)
T4 T
)

IT(x + iy)|2 =27 ™Yy* (1 + 0(1)), y — oo, |x| < constant.

Hint: Use the property I'(Z) = I'(z) and the formula I'(z)[(1 - z) = ﬁ
14. Show that for any complex a and S,

I'(z+a) a-B

Tz+p) - > FT®

and even more precisely

Tz+a)  qpf, (@a=Pla+p-1) -2 N
Tz+p) (“ 22 +0 ))’ fme

Hint: Use the Stirling’s formula (18.105) for complex p.
15. Show that for Rez > 0,

(T(2) = 2% j 21K (1),
0



16.

17.

18.

19.
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where K, (+) is the MacDonald function of order 0. In particular,
(]
j (K, (t)dt = 1.
0

Hint: Use (17.17) and (17.20).
Prove that

/2 1 1

) YA
J cos” @sin” 0d6 = 1% Reu,Rev > —1.
5 2 F(HT +1)

In particular,

/2 /2
j cos” 06 = j sin” 0d0 =
0 0

vt
X/TE (2), Rev > -1

(Y +1)

Prove that:
a)

[ #0de = X000 - - v -1 [ 7,00 Reqrv) > o
0 0

b)
v J ]‘/@dt = J]v—l(t)dt -J,x)-1, Rev>0.
0 0

Hint: Use the integration by parts and the recursion formulas for Bessel’s func-
tions.
Show that for n € N, we have:
a)
/2 /2
J00) = 7% J Jyn(2 05 6)d0 = (_1)"7% J Jo(2x cos 6) cos(2n0)de.
0 0

b)

N

T O, ) = J]O(\/xz +y? — 2xy cos 6) cos(nB)do.
0
Prove that

X

J]v(t)dt =2 io:]v+2k+1(x), Rev > -1
0 k=0
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20.

21.

22.

23.

24,

Hint: Use differentiation with respect to x and the recursion formulas for Bessel’s
functions.

Let x > 0. Show that:

a)

Jo(=x +10) - J,(=x —10) = 2isin(vm)], (x).

b)

Y, (=x +10) - ¥, (—x - i0) = 2i(J, (x) cos(vm) + J_,(x)).
In particular,
Ju(=x +10) = J,(=x —=10),  Y,(=x +10) = Y,,(=x — i0) + 4i(~1)"J,,(x).

Show that for k > 0,

[ (oe)
gk _ Je_|x|«//12+k2 AoAlrl) a
VX2 +r? VA2 + k2
Show that the constants K and K’ from (18.68) and (18.69) can be written as
17 1 i 1
K:EJ—dt’ K’:Ej—dt'
e V(& =0kt -1) 1 (@ -0k

Show that the constants K and K’ from (18.68) and (18.69) are the solutions of the
following ordinary differential equation:

d 2 du _

Let function E(z; k) be defined as
z
E(z:k) = J dnl(t; k).
0

Show that:
a)

E(z +2nK;k) = E(z;k) + 2nE(K; k), neZ.

b)

E(K; K)K' + E(K; V1 - k2K - KK' = %T



25.

26.

27.

28.

29.

30.

31
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Show that the Legendre polynomials admit the following representation:

Pn(X) =

e

Vs
J(x+i\/1—x2 cos¢)'dg, [x|<1Ln=0,12,....
0

Hint: Use the fact that

kis odd,

) d
J(cosqﬁ ¢ = { ”/2(cos¢)kd¢ kis even.

0

Show that:
a)

[P, <1, IxI<1

1/4 2
(1-x%) |P ()| < o Ix| <1

Hint: Use Exercise 25.
Prove that the expansion with respect to the Legendre polynomials for the function

\/1‘7" is equal to
1-x 2 S P, (x)
V=2 = 2p0 -2y — Y 1.
2~ 370 ;(Zn—l)(2n+3) bl <

Show that all roots of the equation P,(x) = 0, n € IN are real. Hint: Use Rolle’s
theorem.
Prove that for the Hermite polynomials the following is true:

b)

Hyp(0) = (-1 ! (2’” \ Hyy(0)= 0,

Hyy(0) =0, Hz'nzl(O) - 2(—1)"w.

Hint: Use Theorem 18.86 and its corollary.

Show that all roots of the equation H,(x) = 0, n € N are real. Hint: Use Rolle’s
theorem.

Show the following integral representation for the Hermite polynomials:

2

2n+1 x oo
H,,(x) = ( Oj 2 Je t*" cos (2xt)dt,
0
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32.

33.

34.

35.

( 1)n22n+2 x> P
Hypoy(X) = Je’t "L sin(2xt)dt,
0

wheren =0,1,2,.... Hint: Use the well-known integral
(o)
2
e = — J e™" cos(2xt)dt.

Prove that the expansion with respect to the Hermite polynomials for the function
e ™ ,a>0isequalto

2

v (D"
—-ax
e Z 22n(1+ )n+1/2 2"( ), XeR
Prove the following expansions:

S (5D)"Hzn(X) on

IZ
e cos(2xt) = t, teR,
r;) 2n)!
£ N (_1)nHZn+1(X) 2n+1
e sin(2xt) = — , teR.
(2xt) Z 2n+1)!

n=0

Hint: Use Theorem 18.88.
Prove that

ML) OKE g (0)

H,(X)H,,(x) = n!m! kZ:O A= ol 10 n,m e N,.
In particular,
2 2 Hyy (%)
H:(x) = () Z IS
Show that the function
00 3 in2
FO0) = Z sin(nx) sin n’ 0<x<om

n=1

is equal to

-2

==, 0<x<2,
fx)=4 4

0, 2< X<,

Explain the behavior of this series at the points 0, 2, and 7. Show also that



36.

37.

38.

39.

40.
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OZ": sin(2n) sin’ n -2

= n 8

Show that

z sin(mr(2n — 1)x) Vs sgnx

= 2n-1
pointwise in x € (-1,1).

Find the trigonometric Fourier expansion with respect to the system {cos(nx)}n2,
for the function

sin x — cos x,

o0 = <|sinx +COS X,

Hint: Extend this function as an even function to the interval [-7, 77].
Prove that:

a)
log|2 cos )—(l = Z( - 1M, T <X <T.
2l & n
b)
o0
log|2 sin )—(‘ =- Z cos(nx)) - <X <T.
2 = oon
In particular,
0  qyn-1
logz=y
n=1 n
Show that
_ 00 1\ o3
b/ X:E+Z( 1) sm(nx), me<x<nm
2 2 4 n
and consequently,
X= ZZ n+1sm , —T<X<T.

Show that for any a € Rt is true that

o e¥ma _q ( 1 N f acos(nx) — nsin(nx)

= 5 5 , 0<x<2m.
Vs 2a as +n

n=1

Compare with Exercise 39 when we leta — 0.
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41. Consider Exercise 40 and change a to —a to obtain that

0 o . .
Z nszm(n)z() _.n sml}(a(x n))’ 0<x<om,
oonta 2 sinh(ma)

i acos(nx) _ m cosh(a(x - m))

—l 0<x<2m
n+a* 2 sinh(ra) 2a’ '

n=1

In particular,

n2+1 2sinhm 2

1
3

02":(—1)” n 1 OZ": 1 coshrm
© 4Zn?+1  2sinhz

42. Using the first equality of Exercise 41 and putting there ix instead of a and a + 7
instead of x, prove the following equality:

-n<a<rm,

i(_l)n+1 nsin(an) _ 7 sin(ax)
= n?-xX = 2sin(nx)’

where x is not integer but it might be equal to 0. In particular, when x = 0, we will
have that

v, nasin(an)  a
S g

n=1
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Chebyshev polynomials 318
closure 9

comparable 274

completeness 307

complex conjugate 4

complex number 3

composite function 33
conformal mapping 200
conjugate domain 202
connected order 57

connected set 19

continuous function 22
convergent absolutely 16

https://doi.org/10.1515/9783111632278-023

convergent series 12

convolution 223

curve integral of the first kind 50
curve integral of the second kind 50
curve integrals 50

De Moivre formula 6

dense set 125

depressed cubic equation 27
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domain 19
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elliptic function 274
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Euler’s formula 7
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Fourier-Bessel expansion 264

Fresnel integrals 168
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geometric series 13
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Green’s function 217
growth index 220

Hankel functions 259
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imaginary unit 3

indicial equation 248

induced norm 301

inhomogeneous boundary value problem 217
inner product 301

interior point 9

invariants of the elliptic function p(z) 279
inverse function 21

inverse Laplace transform 225

irrational power function 46

isolated singular point 120

Jacobi elliptic functions 277
Jensen’s formula 86
Jordan curve 19

Jordan’s lemma 156

Laplace equation 83
Laplace transform 220
Laurent’s expansion 117,120
Legendre polynomials 302
length of curve 55
’Hopital’s rule 48

limit of sequence 9
limiting point 9
linear-fractional function 23
Liouville’s theorem 98
logarithmic function 45

MacDonald function of order v 266
main argument 5

main part of Laurent’s expansion 120
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maximum principle 90

mean-value formula 84

Mellin’s formula 225
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modulus 4

Morera’s theorem 81

multiply connected domain 57
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norm 301

normed space 301

open set 9

order of elliptic function 275
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orthogonal system 302
orthonormal system 302

Parseval equality 326
Phragmen-Lindeldf principle 91
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piecewise smooth 300
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pole 121,123
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primitive 54, 80
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principle of argument 145
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rational power function 45

real representation of the spherical wave 312
region of convergence 102
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removable singular point 121

representation of the plane wave 313
residue 135
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Schwarz-Christoffel integral 214
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sigma function 289

simple pole 127

simply connected domain 57
smooth Jordan curve 19
spectral parameter 329
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stationary phase 335

stereographic projection 7

Stirling’s formula 334

Sturm-Liouville boundary value problem 329
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