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Preface

Present book can be considered as a standard university course in complex analysis and
special functions (including orthogonal polynomials and basic material of special func-
tions such as Euler’s Gamma and Beta functions, Bessel’s functions, Weierstrass and Ja-
cobi elliptic functions and some others) formathematics and physics students. However,
some subjects of the book, such as the stationary phase method and Laplace’s method,
Weierstrass elliptic functions and their applications to nonlinear ordinary differential
equations are usually very advanced and often are outside of such type of courses in
Complex Analysis. This allows this book to be considered more than just a university
textbook, as it has many possible applications in applied mathematics and physics.

This book is mainly based on the courses given by the authors at the University of
Oulu in recent years, and given by the first author at Lomonosov Moscow State Univer-
sity in the end of 1990s and the beginning of 2000s.

The book consists of three parts dividedwith respect to the usual content of complex
analysis, orthogonal polynomials, and special functions. The first part includes complex
numbers, analytic functions and Cauchy theorem. The second part concerns to themax-
imummodulus of analytic functions, Phragmen-Lindelöf principle, Liouville’s theorem,
Taylor’s and Laurent’s expansions, entire functions, and evaluation of several types of
integrals andnumber series using the residue theory. The third and biggest part includes
conformal mappings, Laplace transform, and special functions. We remark that special
functions is based on the classical method of Frobenius and includes (as an application)
Bessel’s functions, orthogonal polynomials, and also Laplace’s method. Moreover, the
theory of Weierstrass and Jacobi functions and their application to nonlinear ordinary
differential equations are considered very carefully together with famous Weierstrass’
formula.

This book contains about 500 exercises that are integral part of the text, and more
than 150 examples. Each part ends in a selection of exercises that an instructor can use
for the exams. They are not only an integral part of the book, but also indispensable for
the understanding eachpart of the book. Itmight bementionedhere thatmany exercises
were borrowed and reworked from the excellent monographs of Titchmarsh [1] and
Whittaker and Watson [2]. Within the text, the reader will also find problems, which
range from very easy to somewhat difficult. It can be expected that a careful reader will
complete all these exercises.

This book is intended for undergraduate level students majoring in pure and ap-
pliedmathematics (also in physics), but even graduate students canfindhere very useful
information, which previously could only be detected in scientific monographs.

Despite the fact that this text is standard for universities, however, there are some
things that distinguish it fromwell-known texts in this subject. One difference in this text
is the discussion of extended complex plane and the concept of complex infinity includ-
ing Taylor’s and Laurent’s expansions at infinity. Another key aspect is the evaluation of
improper integrals for multivalued functions of certain special form, and calculation of

https://doi.org/10.1515/9783111632278-201
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number series by residue theory. In regard to orthogonal polynomials (Legendre, Her-
mite, Chebyshev, trigonometric) and Bessel’s functions, they are considered here to a
sufficient degree of generality and their asymptotic behavior with respect to different
parameters are proved. In addition, we prove theorems on expanding continuous func-
tions that have piecewise continuous derivative associated with an orthogonal system
of eigenfunctions that correspond to given polynomials. But the major difference in this
text (comparedwith known books) is in consideration of themethod of stationary phase
for real integrals and of the Laplace’s method (saddle point method) for the complex
curve integrals. It can be also mentioned here that the Cardano’s formulae are consid-
ered in their general form for polynomials of degree three.

The systematic and careful consideration of theWeierstrass and Jacobi elliptic func-
tions, and their many applications, can be considered as one of the most important fea-
tures of this book. We have partly used here the approach of Whittaker and Watson [2].

Last but not least, we want to say that when writing the Laplace’s method we were
greatly influenced by the excellent book by Sveshnikov and Tikhonov [3] andwhenwrit-
ing the part of special functions (especially someorthogonal polynomials and their prop-
erties) we were inspired by very advanced book by Nikiforov and Uvarov [4].

September 2024 Valery Serov, Lahti
Markus Harju, Oulu
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1 Complex numbers and their properties

Definition 1.1. The ordered pair (x, y) of real numbers x and y is called a complex num-
ber z = (x, y) if the following properties are satisfied:
1. z1 = z2 if and only if x1 = x2 and y1 = y2. In particular, z = (x, y) = 0 if and only if

x = y = 0.
2. z1 ± z2 = (x1 ± x2, y1 ± y2).
3. z1 ⋅ z2 = (x1x2 − y1y2, x1y2 + x2y1).

We denote x = Re z, y = Im z and call them real and imaginary parts, respectively.

The complex number z = (x, 0) is identified with real number x, and complex num-
ber z = (0, y) is called purely imaginary.

Definition 1.2. The complex numbers (0, 0), (1, 0), and (0, 1) are called zero, unit, and
imaginary unit and are identified with 0, 1, and i, respectively.

It is easy to check that

i2 = (−1, 0), i(b, 0) = (0, b). (1.1)

Indeed,

i2 = (0, 1) ⋅ (0, 1) = (−1, 0)

and

i(b, 0) = (0, 1) ⋅ (b, 0) = (0, b)

by Definition 1.1.
Since

z = (x, y) = (x, 0) + (0, y)

using (1.1), we obtain that

z = (x, 0) + (0, 1) ⋅ (y, 0) = x + iy

such that

z1 + z2 = x1 + iy1 + x2 + iy2 = (x1 + x2) + i(y1 + y2)

and

z1 ⋅ z2 = (x1 + iy1)(x2 + iy2) = x1x2 + iy1x2 + ix1y2 + i
2y1y2

= (x1x2 − y1y2) + i(y1x2 + x1y2),

https://doi.org/10.1515/9783111632278-001



4 � 1 Complex numbers and their properties

i. e., these operations (addition and multiplication) are performed as in the usual analy-
sis.

We denote the set of all complex numbers by ℂ.
The division is defined as the operation, which is inverse to multiplication. Namely,

if z2 ̸= 0 (i. e., x2 ̸= 0 or y2 ̸= 0, so x
2
2 + y

2
2 > 0) then

z1
z2
= a + ib if and only if z1 = (a + ib)z2.

It means that

x1 + iy1 = (a + ib)(x2 + iy2)

or

{
x1 = ax2 − by2,
y1 = bx2 + ay2.

Solving this for a and b gives

a = x1x2 + y1y2
x22 + y

2
2
, b = y1x2 − x1y2

x22 + y
2
2
.

Hence,

z1
z2
=
x1x2 + y1y2
x22 + y

2
2
+ iy1x2 − x1y2

x22 + y
2
2
. (1.2)

Definition 1.3. For given complex number z = x + iy:
1. The number z := x − iy is called the complex conjugate to z.
2. The nonnegative (real) number |z| := √x2 + y2 is called themodulus of z.

The following properties can be checked straightforwardly:

z1 ± z2 = z1 ± z2,
z1 ⋅ z2 = z1 ⋅ z2,

(
z1
z2
) =

z1
z2
,

Re z = z + z
2
, Im z = z − z

2i
,

|z| = 0 if and only if z = 0,

|z|2 = z ⋅ z, |z| = |z|, |z1 ⋅ z2| = |z1| ⋅ |z2|,
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z1
z2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
|z1|
|z2|
, but
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󵄨󵄨󵄨󵄨|z1| − |z2|
󵄨󵄨󵄨󵄨 ≤ |z1 ± z2| ≤ |z1| + |z2|, (1.3)

|Re z| ≤ |z|, | Im z| ≤ |z|.

Problem 1.4.
1. Prove that

z1
z2
=
z1z2
|z2|2
, z2 ̸= 0.

Compare with (1.2).
2. Prove that

|z1 ± z2|
2 = |z1|

2 + |z2|
2 ± 2|z1| ⋅ |z2| cos α,

where α is the angle between the two vectors z1 = (x1, y1) and z2 = (x2, y2) on the
plane ℝ2; see Figure 1.1

3. Prove the inequalities (1.3).

Figure 1.1: Angle between vectors and argument of a complex number.

Definition 1.5. The angle φ formed by the vector z = (x, y), z ̸= 0, and the positive real
lineℝ+ is said to be an argument of z and denoted by φ = Arg z, z ̸= 0; see Figure 1.1. The
argument of z = 0 is not defined.

Remark. It is clear that Arg z is not defined uniquely. More precisely, it is defined up to
2πn, n = 0,±1,±2, . . . , i. e.,

Arg z = φ + 2πn,

where φ ∈ (0, 2π] or φ ∈ (−π, π]. This value of φ is called the main argument and it is
denoted as

arg z = φ.

Let us assume in the future that

arg z = φ with φ ∈ (−π, π].
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In this case, the Pythagorian theorem says that

Re z = |z| cosφ and Im z = |z| sinφ,

i. e.,

z = |z|(cosφ + i sinφ), z ̸= 0. (1.4)

Problem 1.6. Prove that:
1. z1 = z2 if and only if |z1| = |z2| and φ1 = φ2.
2.

φ ∈ (0, π) if and only if Im z > 0,
φ ∈ (−π, 0) if and only if Im z < 0,

φ = 0 if and only if Im z = 0,Re z > 0,
φ = π if and only if Im z = 0,Re z < 0.

Problem 1.7. Prove the following statements:
1. arg z = − arg z.
2.

arg z =

{{{{{{{{{
{{{{{{{{{
{

arctan Im z
Re z , Re z > 0,

arctan Im z
Re z + π, Re z < 0, Im z ≥ 0,

arctan Im z
Re z − π, Re z < 0, Im z < 0,

π
2 , Re z = 0, Im z > 0,
− π2 , Re z = 0, Im z < 0.

Problem 1.8. Prove the following properties:
1. z1 ⋅ z2 = |z1| ⋅ |z2|(cos(φ1 + φ2) + i sin(φ1 + φ2)).
2. z1/z2 = |z1|/|z2|(cos(φ1 − φ2) + i sin(φ1 − φ2)).
3. zn = |z|n(cos(nφ) + i sin(nφ)) (De Moivre formula).

We will use the shorthand notation (which will be proved later)

eiφ := cosφ + i sinφ.

Then (1.4) can be written as

z = |z|eiφ. (1.5)

Definition 1.9. The form (1.5) is called the trigonometric representation of complexnum-
bers.
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The equality (1.5) is also called Euler’s formula. Using (1.5), wemay rewrite the above
formulas in a shorter way:

z1 ⋅ z2 = |z1| ⋅ |z2|e
i(φ1+φ2),

z1/z2 = |z1|/|z2|e
i(φ1−φ2),

zn = |z|neinφ.

Definition 1.10. The complex number z0 is said to be the root of nth degree of the com-
plex number z if

zn0 = z.

We denote this by z0 = n√z. There are n solutions of the above equation and they are
given by

(z0)k = |z|
1/nei(φ/n+2πk/n), k = 0, 1, . . . , n − 1. (1.6)

Problem 1.11. Prove (1.6) using the De Moivre formula.

Let us consider in the Euclidean space ℝ3 the sphere S with center (0, 0, 1/2) and
radius 1/2 in the coordinate system (ξ , η, ζ ), i. e.,

ξ2 + η2 + (ζ − 1/2)2 = 1/4

or

ξ2 + η2 + ζ 2 − ζ = 0. (1.7)

Let us draw a ray from the point P = (0, 0, 1), which intersects the sphere S at the point
M = (ξ , η, ζ ) and complex plane ℂ at the point z = x + iy.

The point M is called stereographic projection of the complex number z on the
sphere S (Figure 1.2). Since the vectors 󳨀󳨀→PM and 󳨀→Pz are colinear, we have

ξ
x
= η
y
= 1 − ζ

1
.

Thus, using (1.7), we have

x = ξ
1 − ζ
, y = η

1 − ζ

so that

ξ = x
1 + |z|2
, η = y

1 + |z|2
, ζ = |z|

2

1 + |z|2
. (1.8)
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Figure 1.2: Stereographic projection.

Definition 1.12. The formulas (1.8) are called the formulas of the stereographic projec-
tion.

The formulas (1.8) allow us to introduce the notion of infinity, i. e., complex number
z = ∞ as follows. Since there is one-to-one correspondence between ℂ and S \ P, then
we may supplement this correspondence by one more, namely

P(0, 0, 1)←→∞.

In this case,

S ←→ ℂ := ℂ ∪ {∞}

and, by (1.8),

1
∞
= 0, 1

0
=∞, z ⋅ ∞ =∞, z ̸= 0, z +∞ =∞, z

∞
= 0, z ̸=∞. (1.9)

Remark. The set ℂ is called the extended complex plane.

Problem 1.13. Prove that the spherical distance between z1, z2 ∈ ℂ can be calculated as

ρS(z1, z2) =
|z1 − z2|

√1 + |z1|2√1 + |z2|2
.

The neighborhood of z0 ∈ ℂ is defined as

Uδ(z0) = {z ∈ ℂ : |z − z0| < δ}
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and the neighborhood of z0 =∞ is defined as

UR(∞) = {z ∈ ℂ : |z| > R}.

Definition 1.14.
1. The complex number z0 ∈ ℂ is called the limiting point of a set M ⊂ ℂ if for any

δ > 0 it is true that

(Uδ(z0) \ z0) ∩M ̸= 0

(or for any R > 0 it holds that (UR(∞) \ ∞) ∩M ̸= 0).
2. The setM ⊂ ℂ is called closed if it contains all its limiting points.
3. Denoting all limiting points ofM ⊂ ℂ byM′ we define the closure ofM as

M = M ∪M′.
4. The boundary 𝜕M of the setM ⊂ ℂ is defined as

𝜕M = M ∩ (ℂ \M).

5. The point z0 ∈ ℂ is called interior of a set M if there exists Uδ(z0) (or UR(∞)) such
that Uδ(z0) ⊂ M (or UR(∞) ⊂ M). If all points ofM are interior, thenM is called an
open set.

Problem 1.15. Prove thatM ⊂ ℂ is open if and only if ℂ \M is closed.

Definition 1.16. The complex number z0 ∈ ℂ is said to be the limit of sequence {zn}
∞
n=1 ⊂

ℂ, denoted by z0 = limn→∞ zn, if for any ε > 0 there is n0 = n0(ε, z0) ∈ ℕ such that
|zn − z0| < ε

for all n ≥ n0.
We say that ∞ = limn→∞ zn if for any R > 0 there is n0 = n0(R) ∈ ℕ such that

|zn| > R for all n ≥ n0.

Proposition 1.17.
1. z0 = limn→∞ zn, z0 ̸=∞ if and only if

Re z0 = lim
n→∞Re zn and Im z0 = lim

n→∞ Im zn.

2. ∞ = limn→∞ zn if and only if limn→∞ |zn| =∞.
Proof. 1. If z0 = limn→∞ zn, then for any ε > 0 there exists n0(ε) ∈ ℕ such that

|zn − z0|
2 < ε2, n ≥ n0.
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It means that

(Re zn − Re z0)
2 + (Im zn − Im z0)

2 < ε2, n ≥ n0.

It follows that

|Re zn − Re z0| < ε, | Im zn − Im z0| < ε, n ≥ n0

or

Re z0 = lim
n→∞Re zn, Im z0 = lim

n→∞ Im zn.

Conversely, if a = limn→∞ Re zn and b = limn→∞ Im zn then for any ε > 0 there exist
n1(ε), n2(ε) ∈ ℕ such that

|Re zn − a| < ε/2, n ≥ n1,
| Im zn − b| < ε/2, n ≥ n2.

Denoting n0 = max(n1, n2), we obtain for all n ≥ n0 that

󵄨󵄨󵄨󵄨zn − (a + ib)
󵄨󵄨󵄨󵄨 ≤ |Re zn − a| + | Im zn − b| < ε/2 + ε/2 = ε.

2. It follows immediately from Definition 1.16.

Remark. In part (2) of Proposition 1.17, we cannot say anything more. Indeed, let zn be
defined as follows:

zn = {
n + i/n, n = 2k,
1/n + in, n = 2k + 1.

Then |zn| = √n2 + 1/n2 →∞ as n→∞ but Re zn ↛∞ and Im zn ↛∞.

The Bolzano–Weierstrass principle
If the sequence of complex numbers {zn}

∞
n=1 is bounded, i. e., there exists M > 0 such

that

|zn| ≤ M , n = 1, 2, . . .

then there is a subsequence zkn , which converges to some point z0 ∈ ℂ, i. e.,

lim
n→∞ zkn = z0.

Indeed, since |zn| ≤ M then |Re zn| ≤ M and | Im zn| ≤ M . Using the Bolzano–Weierstrass
principle to the real sequence Re zn, we find Re zkn such that there exists a ∈ ℝ with
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a = lim
n→∞Re zkn .

If we consider now Im zkn , then it is also bounded, and hence there exists a subsequence,
say Im z(1)kn , which has a limit

b = lim
n→∞ Im z(1)kn .

Thus,

lim
n→∞(Re z(1)kn + i Im z(1)kn ) = lim

n→∞Re z(1)kn + i limn→∞ Im z(1)kn = a + ib.
Suppose the sequence of complex numbers {zn}

∞
n=1 is not bounded, i. e., for any M > 0

there exists nM ∈ ℕ such that |znM | > M . Then there is a subsequence zkn such that

lim
n→∞ |zkn | =∞.

The proof of this fact is the same as in real analysis.
There is one more useful property:

zn →∞

(i. e., |zn|→∞) if and only if

lim
n→∞ 1

zn
= 0.

Cauchy criterion
The sequence of complex numbers {zn}

∞
n=1 converges if and only if it is a Cauchy se-

quence, i. e., for any ε > 0 there exists n0(ε) such that

|zn − zm| < ε, n,m ≥ n0.

The proof follows from the Cauchy criterion of real analysis.

Arithmetic operations with convergent sequences
If

lim
n→∞ zn = z0, lim

n→∞wn = w0

then

lim
n→∞(zn ± wn) = z0 ± w0,
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lim
n→∞ zn ⋅ wn = z0 ⋅ w0,

lim
n→∞ zn

wn
=
z0
w0
, w0 ̸= 0.

If

lim
n→∞ zn =∞, lim

n→∞wn =∞

then

lim
n→∞ zn ⋅ wn =∞.

Problem 1.18.
1. Let limn→∞ zn = z0, z0 ̸= 0, z0 ̸=∞ and limn→∞ wn =∞. Prove that

lim
n→∞ zn ⋅ wn =∞, lim

n→∞(zn ± wn) =∞, lim
n→∞ zn/wn = 0.

2. Let limn→∞ zn =∞ and limn→∞ wn =∞. Prove that the limits

lim
n→∞(zn ± wn) and lim

n→∞ zn/wn

may or may not exist.

Series
The series of the complex numbers ∞

∑
k=1 zk

is said to be convergent if the limit

lim
n→∞ n
∑
k=1 zk

exists. Then this limit is denoted by ∞
∑
k=1 zk .

It is equivalent to the convergence of the real series∞
∑
k=1Re zk and

∞
∑
k=1 Im zk
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and in that case ∞
∑
k=1 zk = ∞∑k=1Re zk + i ∞∑k=1 Im zk .

The series ∑∞k=1 zk is said to be absolutely convergent if∞
∑
k=1 |zk | <∞

or ∞
∑
k=1 |Re zk | <∞ and

∞
∑
k=1 | Im zk | <∞.

The latter conditions follow from

|z| ≤ |Re z| + | Im z| and |Re z|, | Im z| ≤ |z|.

The absolute convergence implies convergence but not vice versa.

Example 1.19 (Geometric series). Since

n
∑
k=0 zk = 1 − zn+11 − z

, z ̸= 1

then the limit

lim
n→∞ n
∑
k=0 zk

exists if and only if limn→∞ zn+1 exists and z ̸= 1. But the latter limit exists if and only if
|z| < 1 and in that case it equals 0. Thus, the series∞

∑
k=0 zk

converges if and only if |z| < 1 and ∞
∑
k=0 zk = 1

1 − z
. (1.10)

Example 1.20 (Exponential function). The exponential function ez, z ∈ ℂ can be defined
as the following series:

ez :=
∞
∑
n=0 znn! . (1.11)
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From real analysis, we know that ∞
∑
n=0 |z|nn! = e|z|.

Therefore, the series (1.11) is well-defined for all z ∈ ℂ. Even more is true. For z = x ∈ ℝ,
we know that

ex =
∞
∑
n=0 xnn! .

Using (1.11), we obtain for purely imaginary z = iy that

eiy =
∞
∑
n=0 (iy)nn!

=
∞
∑
k=0 (iy)2k(2k)! + ∞∑k=0 (iy)2k+1(2k + 1)!

=
∞
∑
k=0 (−1)ky2k(2k)!

+ i
∞
∑
k=0 (−1)ky2k+1(2k + 1)!

= cos y + i sin y.

This proves formula (1.5).

Now we would like to show that actually the function (1.11) can be represented (or
understood) as

ez = ex(cos y + i sin y),

where ex , cos y, and sin y are from real analysis. Indeed, by the binomial formula,

ez = ex+iy = ∞∑
n=0 (x + iy)nn!

=
∞
∑
n=0 1

n!

n
∑
k=0(nk)xk(iy)n−k

=
∞
∑
n=0 1

n!

n
∑
k=0 n!

k!(n − k)!
xk(iy)n−k = ∞∑

k=0 ∞∑n=k xkk! (iy)n−k(n − k)!
=
∞
∑
k=0 ∞∑m=0 xkk! (iy)mm!

=
∞
∑
k=0 xkk! ∞∑m=0 (iy)mm!

= ex(cos y + i sin y),

in particular,

eiz = e−y(cos x + i sin x)
and

cos z = e
iz + e−iz
2
, sin z = e

iz − e−iz
2i

(1.12)

if cos z and sin z for z ∈ ℂ are defined as
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cos z :=
∞
∑
n=0 (−1)nz2n(2n)!

, sin z :=
∞
∑
n=0 (−1)nz2n+1(2n + 1)!

. (1.13)

These formulas are justified in Example 3.16 and remark after it.

Problem 1.21. Show that:
1. ez1ez2 = ez1+z2 .
2. ez+i2πk = ez, k ∈ ℤ.
3. e−z = 1/ez or ez = 1/e−z.
4. (ez)n = enz, n ∈ ℤ.
5. |ez| = ex ≤ e|z|, z = x + iy.
6. |ez| = {

e|z|, if and only if Re z ≥ 0, Im z = 0,
e−|z|, if and only if Re z ≤ 0, Im z = 0.

7. | cos z| ≤ ey+e−y
2 , | sin z| ≤ ey+e−y

2 , z = x + iy.

Products
An infinite product of complex numbers∞

∏
k=1 pk = p1p2 ⋅ ⋅ ⋅ pk ⋅ ⋅ ⋅

is said to be convergent if there exists a finite limit

lim
n→∞ n
∏
k=1 pk =: P;

otherwise, it diverges.

Remark. If one of the terms pk is zero, then trivially∞
∏
k=1 pk = 0.

That is why we will assume that pk ̸= 0 for all k ∈ ℕ.

If the product ∞
∏
k=1 pk = P

converges, i. e., P ̸=∞ and P ̸= 0, then limk→∞ pk = 1. Indeed, since
n+1
∏
k=1 pk = pn+1 n

∏
k=1 pk ,

we have
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pn+1 = ∏n+1k=1 pk
∏nk=1 pk .

Therefore,

lim
n→∞ pn+1 = limn→∞∏n+1k=1 pk

limn→∞∏nk=1 pk = PP = 1.
This is the necessary condition of convergence of product.

There is one simple case.

Example 1.22. If all pk ≥ 1, then the product∏
∞
k=1 pk and the series∑∞k=1(pk−1) converge

or diverge simultaneously. Indeed, for such values of pk one can show using induction
that the following double inequality holds:

n
∑
k=1(pk − 1) ≤ n

∏
k=1 pk ≤ e∑nk=1(pk−1).

This proves the result due to the monotonicity of the corresponding terms.

The product∏∞k=1 pk is said to be convergent absolutely if the product∏∞k=1 |pk | con-
verges.

Proposition 1.23. The product ∏∞k=1 pk converges absolutely if and only if the series
∑∞k=1 log |pk | converges, where log(⋅) is the usual real logarithm.
Proof. We use the following inequality for usual real logarithm:

p − 1
2p − 1
< log p < p − 1

2 − p
, 1 < p < 2.

Let now P := ∏∞k=1 |pk |. Then
lim
n→∞ gn = 1 for gn :=

∏nk=1 |pk |
P
,

where without loss of generality we may assume that gn > 1 for all n ∈ ℕ. Further,

log gn = log
∏nk=1 |pk |

P
=

n
∑
k=1 log |pk | − log P.

Applying the inequality for the logarithm from above, we obtain

gn − 1
2gn − 1

<
n
∑
k=1 log |pk | − log P < gn − 12 − gn

.

This inequality immediately implies that
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lim
n→∞ n
∑
k=1 log |pk | = log P.

Conversely, if∑∞k=1 log |pk | converges, then limn→∞ gn = 1, i. e.,∏∞k=1 |pk | converges.
Example 1.24. Weshow that the product∏∞k=1 sin(z/k)

z/k converges absolutely for anyfixed
complex z ̸= 0. Based on Proposition 1.23, we consider the series∞

∑
k=1 log󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 sin(z/k)z/k

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
.

Since z is fixed then using Example 1.20, we have for k large enough that

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

sin(z/k)
z/k

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − λz

k2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
, |λz| ≤ C,

where a constant C is independent on k ≥ 1 and depends only on z, which is fixed. Using
now the asymptotic behavior of usual real logarithm log(1 + u) for small u, we obtain
that the convergence of the series ∑∞k=1 log | sin(z/k)z/k | is equivalent to the convergence of
the number series ∑∞k=1 1

k2 . Hence, we obtained what is needed.

Problem 1.25. Show that the product∞
∏
k=2(1 − kk

(z(k − 1))k
)

converges absolutely for |z| > 1.

Problem 1.26. Using the fact that (see Example 15.14) for any z ∈ ℂ,

sin z
z
=
∞
∏
k=1(1 − z2

k2π2
)

show that for anym ∈ ℕ

lim
n→∞ mn
∏

k=−n,k ̸=0(1 + z
kπ
) = mz/π sin z

z
.

Example 1.27. We show that the product∏∞k=1(1 − z
k )e

z/k converges absolutely for any
z ∈ ℂ. Based on Proposition 1.23, we consider the series∞

∑
k=1 log󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨(1 − zk)ez/k 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 = ∞∑k=1(log󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨1 − zk 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 + log󵄨󵄨󵄨󵄨ez/k 󵄨󵄨󵄨󵄨)

=
∞
∑
k=1( 12 log(1 − 2xk + x2 + y2k2

) + x
k
), z = x + iy.
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Using now the asymptotic behavior of usual real logarithm log(1 + u) for small u, we
obtain that the convergence of the latter series is equivalent to the convergence of the
series ∞

∑
k=1( 12(−2xk + O( 1k2)) + xk) = ∞∑k=1O( 1k2),

which is absolutely convergent. Thus, we obtainedwhat is needed. Here f = O(g)means
that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ C
󵄨󵄨󵄨󵄨g(z)
󵄨󵄨󵄨󵄨

with some constant C > 0.

Problem 1.28. Show that

(1 − z
π
)(1 − z

2π
)(1 + z

π
)(1 − z

3π
)(1 − z

4π
)(1 + z

2π
) ⋅ ⋅ ⋅ = sin z

z
⋅ e−z/π log 2.

Problem 1.29. Show that the product∏∞k=1 |1+ i
k | converges but the product∏

∞
k=1(1+ i

k )
does not converge. Explain this phenomena.



2 Functions of complex variable

The complex-valued function of one real variable is the mapping

f : (a, b)→ ℂ or f : [a, b]→ ℂ

such that

z = f (t) = f1(t) + if2(t),

where t ∈ (a, b) or t ∈ [a, b]. Here, the open interval (a, b)might be infinite but the closed
interval [a, b] is considered only for finite a and b.

The notions of limit, continuity, differentiability, and integrability are defined coor-
dinatewise, i. e., for two real-valued functions f1(t) and f2(t) of one real variable t.

Definition 2.1.
1. The continuous mapping f : [a, b] → ℂ, z = f (t) is called the Jordan curve if z(t1) ̸=

z(t2) for t1 ̸= t2. If in addition z(a) = z(b), then this curve is called closed.
2. The Jordan curve is called piecewise smooth if there are points

a = t0 < t1 < ⋅ ⋅ ⋅ < tn = b

such that z = f (t) is continuously differentiable on the intervals [tj−1, tj] for j =
1, 2, . . . , n and f ′(t) ̸= 0.

3. If n = 1 above, then the Jordan curve is called smooth.

We will use the following statement proved by Jordan (we accept it like axiom, without
proof).

Any closed Jordan curve γ divides ℂ into two domains (regions): internal (not con-
taining z = ∞) and external (containing z = ∞). They are denoted as int γ and ext γ,
respectively, so that

ℂ = int γ ∪ γ ∪ ext γ.

Definition 2.2.
1. A set D ⊂ ℂ is called connected if for any points z1, z2 ∈ D there is a Jordan curve

connecting these points and lying in D.
2. A set D ⊂ ℂ is called a domain if it is connected and open.

We consider a complex-valued function w of one complex variable z as follows. Let us
have two copies of the complex plane, one in z and one inw. Let D be a domain in z and
G a domain in w. Then a function w = f (z) is the mapping

f : D→ G

https://doi.org/10.1515/9783111632278-002
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such that

w = u + iv = f (z) = f1(x, y) + if2(x, y),

see Figure 2.1. This is equivalent to the definition of two real-valued functions u and v of
two real variables x and y such that w = f (z) if and only if

u(x, y) = Rew and v(x, y) = Imw.

Figure 2.1:Mapping f : D→ G between two copies of the complex plane.

In particular, we have that (z0 ̸=∞)

b = lim
z→z0 f (z), b ̸=∞ (2.1)

if and only if

Re b = lim(x,y)→(x0 ,y0)Re f (z) and Im b = lim(x,y)→(x0 ,y0) Im f (z).

Also,

lim
z→z0 f (z) =∞

if and only if

lim
z→z0󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 = +∞,

i. e., for any R > 0 there exists δ(R) > 0 such that |f (z)| > R whenever |z − z0| < δ.
Here, (2.1) means that for any ε > 0 there is δ = δ(ε, z0) > 0 such that

󵄨󵄨󵄨󵄨f (z) − b
󵄨󵄨󵄨󵄨ℂ < ε

whenever |z−z0| < δ, i. e., |(x, y)−(x0, y0)|ℝ2 < δ. Therefore, the arithmetic operations for
complex-valued functions of one complex variable are satisfied. Namely, let us assume
that

lim
z→z0 f (z) = a and lim

z→z0 g(z) = b.
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Then:
1.

lim
z→z0(f (z) ± g(z)) = a ± b,

i. e.,

lim(x,y)→(x0 ,y0)(Re f ± Re g) = Re a ± Re b
and

lim(x,y)→(x0 ,y0)(Im f ± Im g) = Im a ± Im b.

2.

lim
z→z0 f (z) ⋅ g(z) = a ⋅ b,

i. e.,

lim(x,y)→(x0 ,y0)Re(f ⋅ g) = Re(a ⋅ b)
and

lim(x,y)→(x0 ,y0) Im(f ⋅ g) = Im(a ⋅ b).
3.

lim
z→z0 f (z)/g(z) = a/b, if b ̸= 0,

i. e.,

lim(x,y)→(x0 ,y0)Re(f /g) = Re(a/b)
and

lim(x,y)→(x0 ,y0) Im(f /g) = Im(a/b).
Definition 2.3. A function w = f (z) is called univalent if f : D → G onto (is surjective)
and if for any z1, z2 ∈ D, z1 ̸= z2,

w1 = f (z1) ≠ w2 = f (z2) (injectivity).

In this case, there is an inverse function f −1, which maps as
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f −1 : G → D

onto (surjectively) such that f −1(w) = z if w = f (z), i. e.,
z = f −1(f (z)), w = f (f −1(w)), z ∈ D,w ∈ G.

This inverse function f −1 is also univalent (bijective).
Summarizing, we have

z = f −1(f (z)) for all z ∈ D

and

w = f (f −1(w)) for all w ∈ G.

Definition 2.4. A function w = f (z) is:
1. Continuous at z = z0 ̸=∞ if f (z) is well-defined in a neighborhood Uδ(z0) and if for

any ε > 0 there exists δ(ε, z0) > 0 such that

󵄨󵄨󵄨󵄨f (z) − f (z0)
󵄨󵄨󵄨󵄨 < ε

whenever |z − z0| < δ.
2. Continuous at z = ∞ if f (z) is well-defined for |z| > A and there exists b ∈ ℂ such

that for any ε > 0 there is R(ε, b) > 0 such that

󵄨󵄨󵄨󵄨f (z) − b
󵄨󵄨󵄨󵄨 < ε

for any |z| > R. In that case, f (∞) = b.
3. Continuous on the set A ⊂ ℂ if it is continuous at any point z0 ∈ A.
4. Uniformly continuous on the set A ⊂ ℂ if for any ε > 0 there exists δ(ε) > 0 such

that

󵄨󵄨󵄨󵄨f (z1) − f (z2)
󵄨󵄨󵄨󵄨 < ε

whenever |z1 − z2| < δ and z1, z2 ∈ A.

Remark. Since (z0 ̸=∞)

|z − z0|ℂ < δ

if and only if

󵄨󵄨󵄨󵄨(x, y) − (x0, y0)
󵄨󵄨󵄨󵄨ℝ2 < δ
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and

󵄨󵄨󵄨󵄨f (z) − f (z0)
󵄨󵄨󵄨󵄨 < ε

if and only if

󵄨󵄨󵄨󵄨u(x, y) − u(x0, y0)
󵄨󵄨󵄨󵄨 < ε, and 󵄨󵄨󵄨󵄨v(x, y) − v(x0, y0)

󵄨󵄨󵄨󵄨 < ε,

then the continuity of f (z) is equivalent to the continuity of Re f (z) and Im f (z) as the
functions of two variables (x, y).

Problem 2.5. Show that ez ̸= 0 for any z ∈ ℂ and the limit limz→∞ ez does not exist
(finite or infinite).

Problem 2.6. Investigate the continuity of the functions

z2/|z|2, (zRe z)/|z|, (Im z)/z, e−1/z2
at 0.

Example 2.7. A linear-fractional (bilinear) function is defined for z ∈ ℂ as

w = az + b
cz + d
, ad − bc ̸= 0, c ̸= 0. (2.2)

It is well-defined for z ̸= −d/c. Since

w1 − w2 =
az1 + b
cz1 + d
−
az2 + b
cz2 + d

=
(ad − bc)(z1 − z2)
(cz1 + d)(cz2 + d)

,

then this function is univalent in the domain ℂ \ {−d/c}. The inverse function z = z(w)
is also bilinear and defined by

z = dw − b
a − cw

and it is well-defined (and univalent) in the domain ℂ \ {a/c}. If we define

w(−d/c) =∞ and w(∞) = a/c

then the bilinear function maps ℂ onto ℂ bijectively. The same is true for the inverse
function.

Let us show that the bilinear function (2.2) is continuous everywhere in ℂ \ {−d/c}.
Indeed, if first z0 ̸= −d/c, z0 ̸=∞, then

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(ad − bc)(z − z0)
(cz + d)(cz0 + d)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=

|ad − bc||z − z0|
|cz0 + d + c(z − z0)||cz0 + d|

.
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Since |cz0 + d| > 0, then we may choose |z − z0| < δ and |z − z0| ≤
|cz0+d|
2|c| . In this case,

|cz + d| = 󵄨󵄨󵄨󵄨cz0 + d + c(z − z0)
󵄨󵄨󵄨󵄨 ≥ |cz0 + d| − |c||z − z0| ≥

|cz0 + d|
2

and

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 <
|ad − bc|δ|cz0+d|2

2

≤ ε.

If for arbitrary ε > 0, we will define

δ = min{ |cz0 + d|
2|c|
,
ε|cz0 + d|

2

2|ad − bc|
},

then the condition |z − z0| < δ implies |w(z) − w(z0)| < ε, i. e., the bilinear function is
continuous at any such point z0.

In the case z0 =∞, we may choose |z| > 2|d/c| and obtain

󵄨󵄨󵄨󵄨w(z) − w(∞)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

az + b
cz + d
− a
c

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= |ad − bc|
|c||cz + d|

= |ad − bc|
|c|2|z + d/c|

≤ |ad − bc|
|c|2(|z| − |d/c|)

≤ 2|ad − bc|
|c|2|z|

< ε.

Hence, if for arbitrary ε > 0 we will choose

R = 2|ad − bc|
|c|2ε
,

then the condition |z| > R implies |w(z)−w(∞)| < ε, i. e., the bilinear function is contin-
uous also at∞.

Remark. For c = 0, the bilinear function reduces to the linear function

w(z) = a
d
z + b

d
, d ̸= 0.

It is easy to check that this is continuous on ℂ (but not at∞) and univalent on ℂ.

Example 2.8. The squared function is defined for z ∈ ℂ as

w = w(z) = z2, w(∞) =∞. (2.3)

Since

w1 − w2 = z
2
1 − z

2
2 = (z1 − z2)(z1 + z2),
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then w1 = w2 if and only if z1 = z2 or z1 = −z2. Thus, the squared function (2.3) is not
univalent on ℂ.

But if we consider two subdomains,

D+ = {z ∈ ℂ : Im z > 0}

and

D− = {z ∈ ℂ : Im z < 0},

then in each of these two subdomains the squared function (2.3) is univalent. It is very
easy to check that in both domains z1 ̸= −z2. Indeed, z1 = −z2 if and only if Re z1 = −Re z2
and Im z1 = − Im z2, i. e., these equalities are impossible in D+ or in D−.

In order to define the inverse of w = z2 in D±, we proceed as follows:
w1 + iw2 = z

2 = x2 − y2 + 2ixy

if and only if

w1 = x
2 − y2, x = w2

2y
.

So,

w1 =
w2
2

4y2
− y2

or

4y4 + 4y2w1 − w
2
2 = 0.

Hence,

y2 =
−w1 +√w2

1 + w
2
2

2
.

It yields

y = √
√w2

1 + w
2
2 − w1

2
in D+

and

y = −√
√w2

1 + w
2
2 − w1

2
in D−.
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Consequently,

x = w2

√2√√w2
1 + w

2
2 − w1

in D+
and

x = − w2

√2√√w2
1 + w

2
2 − w1

in D−.
Remark. As we can see, in D±, w2 = 0 if and only if x = 0, i. e., Imw = 0 if and only if
Re z = 0 and in this case Rew = −(Im z)2, i. e., w1 = −y

2 < 0.

So, finally we have

z+ = w2

√2√√w2
1 + w

2
2 − w1

+ i
√√w2

1 + w
2
2 − w1

√2
,

z− = − w2

√2√√w2
1 + w

2
2 − w1

− i
√√w2

1 + w
2
2 − w1

√2
.

Wemay simplify these formulas to obtain

z+ = √w1 + |w|
2
+ i w2
√2(w1 + |w|)

, z− = −z+. (2.4)

In these formulas, z+ is called (√w)+ with Im z+ > 0 and z− is called (√w)− with
Im z+ < 0 so that we have two branches for inverse function.

For the case x = 0, we obtain easily from the remark above that

z+ = i√−w1 and z− = −i√−w1. (2.5)

For the case Im z = 0, we have a real-valued (and nonnegative) function of one real
variable x, i. e.,

w1 = x
2.

Its inverse also has two branches

x+ = √w1, x− = −√w1, w1 ≥ 0. (2.6)
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The formulas (2.4)–(2.6) can be written shortly (compare with (1.6)) as

z± = √|w|ei argw/2 and z∓ = √|w|ei(argw/2+π) = −√|w|ei argw/2, (2.7)

where argw ∈ (−π, π]. Here, ± depend on argw. More precisely, if argw ∈ (0, π), then
z+ ∈ D+ and z− ∈ D−, but if argw ∈ (−π, 0), then z+ ∈ D− and z− ∈ D+.
Problem 2.9. Show that (2.4)–(2.6) and (2.7) are equivalent.

The squared function (2.3) is continuous at any point z0 ∈ ℂ since

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨z
2 − z20
󵄨󵄨󵄨󵄨 = |z − z0||z + z0| < δ|z + z0| < δ(δ + 2|z0|) = ε.

So, if for arbitrary ε > 0, we choose

δ = −|z0| +√|z0|2 + ε > 0,

then the condition |z − z0| < δ implies |w(z) − w(z0)| < ε. So, w = z
2 is continuous at

z0 ̸=∞. At z0 =∞, this function is not continuous since w(∞) =∞.

Cardano’s formulae
We consider the depressed cubic equation:

z3 + pz + q = 0, p, q ∈ ℂ, (2.8)

and we solve it as follows. Assuming that z = u + v, we obtain (for particular solution)
the system

{
u3 ⋅ v3 = − p

3

27 ,
u3 + v3 = −q.

The solutions of this system are given by

u3 = −q
2
±√Δ, v3 = −q

2
∓√Δ,

where Δ = q2
4 +

p3
27 and is called the discriminant of equation (2.8). It must be mentioned

here that the value for the square roots is chosen with respect to Definition 1.10 (see also
Example 2.8). One root is then equal to

z1 = (−
q
2
+√Δ)

1
3

+ (−q
2
−√Δ)

1
3

. (2.9)

When the first root of (2.8) is defined, then this equation can be rewritten as
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(z − z1)(z
2 + z1z + p + z

2
1) = 0.

Therefore, two other roots of (2.8) are given by

z2,3 = −z12 ±√−3z214 − p. (2.10)

Problem 2.10. Show that the formulae (2.9) and (2.10) are the same as

zj = ϵj(−
q
2
+√Δ)

1
3

+ ϵ2j (−
q
2
−√Δ)

1
3

, j = 1, 2, 3, (2.11)

where ϵj are three different roots of equation z3 = 1 with ϵ1 = 1. These formulae are
known as the Cardano’s formulae for the depressed cubic equation.

Remark. The general cubic equation (and its roots)

az3 + bz2 + cz + d = 0, a ̸= 0, a, b, c, d ∈ ℂ

can be reduced to the depressed cubic equation (2.8) (and its roots) if one uses a new
variable ζ = z + b

3a .

Remark. Based on Cardano’s formulae, the general equation of degree 4 can be also
solved as follows. First, the equation of degree 4 reads as

z4 + a1z
3 + a2z

2 + a3z + a4 = 0,

and using a new variable ζ = z + a1
4 , it can be reduced to the following equation of

degree 4:

ζ 4 + aζ 2 + bζ + c = 0,

where a = a2 −
3a21
8 , b =

a31
8 −

a1a2
2 + a3, and c = −

3a41
256 +

a21a2
16 −

a1a3
4 + a4. Second, using the

representation

ζ 4 + aζ 2 + bζ + c = (ζ 2 + αζ + β1)(ζ
2 − αζ + β2),

and considering the cubic equation

w3 + 2aw2 + (a2 − 4c)w − b2 = 0,

and its roots (by Cardano’s formulae) α1, α2, α3, one can easily show that the roots ζ1, ζ2,
ζ3, ζ4 of the equation of degree 4 from above are given by

ζ1 =
1
2
(√α1 +√α2 +√α3), ζ2 =

1
2
(√α1 −√α2 −√α3),
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ζ3 =
1
2
(−√α1 +√α2 −√α3), ζ4 =

1
2
(−√α1 −√α2 +√α3).

Problem 2.11. Investigate the function w = z3 by the same manner as in Example 2.8.
Hint: Use Cardano’s formulae for the depressed cubic equation.

Problem 2.12. Assume that p, q from equation (2.8) are real. Show that:
1. If the discriminant Δ < 0, then equation (2.8) has three different real roots.
2. If the discriminant Δ > 0, then equation (2.8) has one real root and two complex

conjugate roots.
3. If the discriminant Δ = 0, then equation (2.8) has three real roots and at least one is

double.
4. If the discriminant Δ < 0, then three different real roots of equation (2.8) can be

expressed as

zj = 2√−
p
3
cos( 1

3
arccos(3q

2p
√− 3

p
) − 2πj

3
), j = 0, 1, 2,

where cos and arccos are well-known real-valued functions. These formulae are
called the Viete formulae for the depressed cubic equation.

Example 2.13. The Zhukovski function is defined for any z ̸= 0 and z ̸=∞ as

w(z) = 1
2
(z + 1

z
) (2.12)

or z2 − 2zw + 1 = 0. We define

w(∞) = w(0) =∞.

Since

w(z1) − w(z2) =
1
2
(z1 − z2)(1 −

1
z1z2
),

thenw(z1) ̸= w(z2) if and only if z1 ̸= z2 and z1z2 ̸= 1. Thus, the Zhukovski function (2.12)
is univalent if and only if z1z2 ̸= 1, e. g., if either |z| < 1 or |z| > 1, i. e., in the domains

D1 = {z ∈ ℂ : |z| < 1}, D2 = {z ∈ ℂ : |z| > 1}.

On the unit circle |z| = 1, there are always two different points z1 and z2 such that
z1z2 = 1. Indeed, if z1 = e

iφ1 , φ1 ∈ (−π, π), then if we consider z2 = e
−iφ1 , and we have

z1z2 = 1, but z1 ̸= z2. In this consideration, the case z1 = e
iπ = −1 is excluded.

For any z = reiφ, we have that

w(z) = 1
2
(reiφ + 1

r
e−iφ) = 1

2
(r + 1

r
) cosφ + i

2
(r − 1

r
) sinφ.
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It implies

|w|2 = 1
4
(r + 1

r
)
2

+ cosφ − 1
2
,

and hence,

|w|2 ≤ 1
4
(r + 1

r
)
2

, |w|2 ≥ 1
4
(r + 1

r
)
2

− 1.

Using (2.12), we obtain that the inverse function is given by

z = w −√w2 − 1 in D1

and by

z = w +√w2 − 1 in D2

depending on the choice of√w2 − 1.
The Zhukovski function is continuous at any point z0 ̸= 0,∞. Indeed, for such z0 we

have

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 =

1
2
|z − z0|
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − 1

zz0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 1
2
|z − z0|
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − 1
((z − z0) + z0)z0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
|z − z0|

2
(1 + 1
|(z − z0) + z0||z0|

)

≤
|z − z0|

2
(1 + 1
|z0|(|z0| − |z − z0|)

)

≤
|z − z0|

2
(1 + 1
|z0||z0|/2

)

if |z − z0| ≤ |z0|/2. Thus, for any ε > 0 and |z − z0| < min(δ, |z0|/2), we have

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 <

δ
2
(1 + 2
|z0|2
) = ε.

So, choosing

δ = min( 2ε
1 + 2/|z0|2

,
|z0|
2
),

the condition |z − z0| < δ implies |w(z) − w(z0)| < ε. At z = 0 or z = ∞, the Zhukovski
function is not continuous since w(0) = w(∞) =∞.

Problem 2.14. Show that the Zhukovski function maps real numbers into real numbers
and purely imaginary numbers to purely imaginary numbers.
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Problem 2.15. Show that the Zhukovski function maps the unit circle |z| = 1 into
cos(arg z).

Example 2.16. Consider the exponential function w(z) = ez (see Example 1.20). Since

w(z1) − w(z2) = e
z2(ez1−z2 − 1)

and since (see Problem 1.21(2)) ei2πk = 1, k ∈ ℤ, and ez is never equal to zero, then the
exponential function is univalent if and only if z ∈ Dk = {z : 2πk < Im z < 2π(k + 1)},
k ∈ ℤ.

For z = x + iy and w = w1 + iw2, we obtain that

w1 = e
x cos y, w2 = e

x sin y

and this implies that

{
w2
1 + w

2
2 = e

2x ,
w2
w1
= tan y.

It is equivalent to

{
x = log |w|,
y = arctan w2

w1
+ πk, k ∈ ℤ,

where log and arctan are real-valued functions of a real variable. These formulae give
us the inverse function z(w).

The exponential function is continuous at any point z0 ̸=∞. Indeed, we have

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨e
x − ex0 󵄨󵄨󵄨󵄨 + e

x0(| cos y − cos y0| + | sin y − sin y0|)

≤ ex0(e|x−x0| − 1) + 2ex0 |y − y0| ≤ 4ex0 |z − z0|.
Thus, for any ϵ > 0 and |z − z0| < δ we have

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 ≤ 4δe

x0 = ϵ, δ = ϵ
4ex0
.

This establishes the continuity of the exponential function. At z = ∞, the exponential
function cannot be defined.

Remark. It can be mentioned here that the exponential function maps real numbers
into positive real numbers and pure imaginary numbers to the unit circle |w| = 1.

Example 2.17. Consider the function w(z) = y2 + ix2, z = x + iy. Since

w(z1) − w(z2) = (y1 − y2)(y1 + y2) + i(x1 − x2)(x1 + x2),
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then w(z1) ̸= w(z2) if and only if z1 ̸= z2, or z1 ̸= −z2, or z1 ̸= z2, or z1 ̸= −z2. Thus, this
function is univalent if and only if z belongs to one of the four quadrants on the complex
planeℂ. Since for this function Rew ≥ 0 and Imw ≥ 0, then the inverse function is given
for each of these four quadrants by

z =

{{{{{{
{{{{{{
{

√w2 + i√w1, for D1,
−√w2 + i√w1, for D2,
−√w2 − i√w1, for D3,

√w2 − i√w1, for D4,

where w = w1 + iw2 and where Dj , j = 1, 2, 3, 4 denote the corresponding quadrant on
the complex plane ℂ with respect to z.

This “quasiquadratic” function is continuous at any point z0 ̸=∞. Indeed, for such
z0 and for any ϵ > 0, we have (|z − z0| < δ),

󵄨󵄨󵄨󵄨w(z) − w(z0)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨y
2 − y20 + i(x

2 − x20)
󵄨󵄨󵄨󵄨

≤ |y − y0|(|y − y0| + 2|y0|) + |x − x0|(|x − x0| + 2|x0|)

< 2δ2 + 4δ|z0| = ϵ.

So, choosing

δ = −|z0| +√|z0|2 +
ϵ
2
> 0,

we obtain continuity of w(z) at z0. At z = ∞, this function is not continuous since
w(∞) =∞.

Remark. The latter “quasiquadratic” function can be written in terms of variable z as

w(z) = 1 + i
2
|z|2 − 1 − i

4
(z2 + z2).

As a consequence of the notion of limit, we may formulate and prove (as in real
analysis) the following general statements.

Proposition 2.18. Assume that f and g are continuous at some point z0 (or on a set A).
Then:
1. f ± g,
2. f ⋅ g,
3. f

g , if g(z0) ̸= 0 (or g(z) ̸= 0 for all z ∈ A),
4. |f |

are continuous at z0 (or on the set A).
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Proposition 2.19. Let w = f (z) be continuous on a set A and g(w) continuous on the set
f (A). Then the composite function

η = g(f (z)) = (g ∘ f )(z)

is continuous on the set A.

Corollary 2.20. If w = f (z) is univalent and continuous on a domain D, then the inverse
function z = f −1(w) is continuous on the domain G = f (D).
Proof. Since for any z ∈ D, we have

z = f −1(f (z))
and f is continuous on D, then f −1(w) is continuous on G = f (D) because z is continuous.
Weierstrass theorems
1. If D ⊂ ℂ is compact (i. e., closed and bounded) and f is continuous on D, then f is

bounded and uniformly continuous on D.
2. The previous statement holds also for compactD ⊂ ℂ (see stereographic projection).
3. If D ⊂ ℂ is compact and f is continuous on D, then |f | achieves maximum and

minimum on D.
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Definition 3.1. Let w = f (z) be well-defined on a domain D ⊂ ℂ and z0 ∈ D. If the limit

lim
D∋z→z0 f (z) − f (z0)z − z0

exists, then this limit is called the derivative of f (z) at the point z0 and it is denoted as
f ′(z0). In this case, f is called differentiable at z0 with

lim
D∋z→z0 f (z) − f (z0)z − z0

= f ′(z0). (3.1)

We say that f ′(∞) exists if f is continuous at z =∞ and there is g′(0) for g(z) = f (1/z).
This is equivalent to

g′(0) = lim
ζ→∞ ζ [f (ζ ) − f (∞)] =: f ′(∞).

This definition is equivalent to the existence of the limit

lim
x→x0y→y0 u(x, y) − u(x0, y0) + i(v(x, y) − v(x0, y0))(x − x0) + i(y − y0)

.

In particular, if x = x0 and y→ y0, y ̸= y0 the latter limit equals

lim
y→y0 u(x0, y) − u(x0, y0) + i(v(x0, y) − v(x0, y0))i(y − y0)

= 1
i
𝜕u
𝜕y
(x0, y0) +

𝜕v
𝜕y
(x0, y0) =

𝜕v
𝜕y
(x0, y0) − i

𝜕u
𝜕y
(x0, y0). (3.2)

In the case y = y0 and x → x0, x ̸= x0, the limit equals

lim
x→x0 u(x, y0) − u(x0, y0) + i(v(x, y0) − v(x0, y0))x − x0

= 𝜕u
𝜕x
(x0, y0) + i

𝜕v
𝜕x
(x0, y0). (3.3)

Since the limit (3.1) is unique, we obtain from (3.2) and (3.3) that we must necessarily
have

𝜕u
𝜕x
(x0, y0) =

𝜕v
𝜕y
(x0, y0) and 𝜕u

𝜕y
(x0, y0) = −

𝜕v
𝜕x
(x0, y0). (3.4)

The equalities (3.4) are called the Cauchy–Riemann conditions. We have proved that they
are necessary for existence of f ′(z). Actually they are in some sense also sufficient. More

https://doi.org/10.1515/9783111632278-003
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precisely, letu(x, y) and v(x, y)be differentiable at the point (x0, y0). If the conditions (3.4)
are satisfied, then f ′(z0) exists. Indeed, we have

u(x, y) − u(x0, y0)

= 𝜕u
𝜕x
(x0, y0)(x − x0) +

𝜕u
𝜕y
(x0, y0)(y − y0) + o(√(x − x0)2 + (y − y0)2)

and

v(x, y) − v(x0, y0)

= 𝜕v
𝜕x
(x0, y0)(x − x0) +

𝜕v
𝜕y
(x0, y0)(y − y0) + o(√(x − x0)2 + (y − y0)2),

where o(⋅)means that o(s)/s→ 0 as s→ 0. Therefore, we have using (3.4),

u(x, y) − u(x0, y0) + i(v(x, y) − v(x0, y0))

= 𝜕u
𝜕x
(x0, y0)(x − x0) +

𝜕u
𝜕y
(x0, y0)(y − y0)

+ i( 𝜕v
𝜕x
(x0, y0)(x − x0) +

𝜕v
𝜕y
(x0, y0)(y − y0))

+ o(√(x − x0)2 + (y − y0)2)

= [𝜕u
𝜕x
(x0, y0) + i

𝜕v
𝜕x
(x0, y0)][(x − x0) + i(y − y0)]

+ o(√(x − x0)2 + (y − y0)2)

or

f (z) − f (z0)
z − z0

= 𝜕f
𝜕x
(x0, y0) +

o(|z − z0|)
z − z0

.

This representation implies that the limit

lim
z→z0 f (z) − f (z0)z − z0

=
𝜕f
𝜕x
(x0, y0) = f

′(z0) (3.5)

exists. In a similar manner, we obtain

lim
z→z0 f (z) − f (z0)z − z0

= −i𝜕f
𝜕y
(x0, y0) = f

′(z0). (3.6)

Thus, we have proved the following fundamental result.

Theorem 3.2. The function w = f (z) is differentiable at the point z0 if and only if Re f (z)
and Im f (z) are differentiable at the point (x0, y0) as real-valued functions of two real vari-
ables x and y and the Cauchy–Riemann conditions (3.4) are satisfied.
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Remark. Formulas (3.5) and (3.6) imply that

f ′(z0) = 12( 𝜕f𝜕x − i𝜕f𝜕y) =: 𝜕f𝜕z ,
0 = 1

2
(
𝜕f
𝜕x
+ i𝜕f
𝜕y
) =: 𝜕f
𝜕z
.

(3.7)

Hence, the Cauchy–Riemann conditions are equivalent to

𝜕f
𝜕z
(z0) = f

′(z0) and 𝜕f
𝜕z
(z0) = 0. (3.8)

Example 3.3. Consider the function

f (z) = z.

Then u(x, y) = x and v(x, y) = −y. The partial derivatives in this case are

𝜕u
𝜕x
= 1, 𝜕u
𝜕y
= 0, 𝜕v
𝜕x
= 0, 𝜕v
𝜕y
= −1

so that

1 = 𝜕u
𝜕x
̸= 𝜕v
𝜕y
= −1, 0 = 𝜕u

𝜕y
= − 𝜕v
𝜕x
= 0.

Thus, Cauchy–Riemann conditions are not satisfied and, therefore, f (z) = z has no
derivative.

Example 3.4. Let us consider the function (see the remark after Example 2.17)

f (z) = y2 + ix2, z = x + iy.

Then

𝜕u
𝜕x
= 0, 𝜕u
𝜕y
= 2y, 𝜕v

𝜕x
= 2x, 𝜕v

𝜕y
= 0.

Hence, the Cauchy–Riemann conditions are

0 = 𝜕u
𝜕x
= 𝜕v
𝜕y
= 0 and 2y = 𝜕u

𝜕y
= − 𝜕v
𝜕x
= −2x,

i. e., x = −y. Thus, (3.4) are satisfied at any point z0 = x0 − ix0, x0 ∈ ℝ, and the limit (at
any such point)

lim
z→z0 f (z) − f (z0)z − z0



3 Analytic functions (differentiability) � 37

exists and equals to 2ix0, i. e., (see also (3.7) and (3.8)),

f ′(z0) = 2i Re z0, z0 = x0 − ix0.

Compared with the latter function, the function f (z) = zz = |z|2 is differentiable only at
the point z0 = 0 and f

′(0) = 0. This can be checked straightforwardly using (3.7) or (3.8).
Problem 3.5. Show that function f (z) is not differentiable at z = 0 but the Cauchy–
Riemann conditions are satisfied at this point, when:
1. f (z) = √|xy|,
2. f (z) = xy2z

x2+y4 ,
where z = x + iy.

Problem 3.6. Let

f (z) = R(x, y)eiθ(x,y),
where R and θ are real-valued. Prove that Cauchy–Riemann conditions can be written
in this case as

𝜕R
𝜕x
= R𝜕θ
𝜕y

and 𝜕R
𝜕y
= −R𝜕θ
𝜕x
. (3.9)

Problem 3.7. Let

w = az + b
cz + d
, ad ̸= bc, c ̸= 0

be a bilinear function. Show that

w′(z) = − bc − ad
(cz + d)2

for any z ̸= −d/c.

Problem 3.8. Let

w = az + b
cz + d
, ad ̸= bc, c ̸= 0.

Show that w′(∞) = (bc − ad)/c2.
Problem 3.9. Let

w = ez = ex(cos y + i sin y).

Show that
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(ez)′ = ez
at any point z ̸=∞.

Problem 3.10. Let us consider the Zhukovski function

w = 1
2
(z + 1

z
).

Show that

w′(z) = 1
2
(1 − 1

z2
), z ̸= 0, z ̸=∞.

Show also that w′(∞) does not exist but
lim
z→0w′(z) =∞, lim

z→∞w′(z) = 1/2.
Proposition 3.11. If w = f (z) is differentiable at z = z0, then f (z) is also continuous at z0
but not vice versa.

Proof. Since the limit

lim
z→z0 f (z) − f (z0)z − z0

= f ′(z0)
exists, then

f (z) − f (z0) = f
′(z0)(z − z0) + o(z − z0).

This implies that

lim
z→z0 f (z) = f (z0).

The function f (z) = z provides an example of a function, which is continuous but not
differentiable.

Problem 3.12. Let f (z) = e− 1
z4 , f (0) = 0. Show that f (z) is differentiable everywhere

(including z =∞) except z = 0, but the Cauchy–Riemann conditions are satisfied every-
where in ℂ.

Proposition 3.13. Let η(z) = g(f (z)) be the composition of functions w = f (z) and η =
g(w). If f (z) is differentiable at z = z0 and g(w) is differentiable at w0 = f (z0), then η(z) is
differentiable at z = z0 and

η′(z0) = g′(w0)f
′(z0) = g′(f (z0))f ′(z0). (3.10)
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Proof. By definition, we have

η(z) − η(z0)
z − z0

=
g(f (z)) − g(f (z0))

z − z0
=
g(w) − g(w0)

w − w0
⋅
f (z) − f (z0)

z − z0
,

where w = f (z) and w0 = f (z0). If z→ z0, then w → w0 by Proposition 3.11. Then due to
conditions of this proposition, we have

lim
z→z0 η(z) − η(z0)z − z0

= lim
w→w0

g(w) − g(w0)
w − w0

⋅ lim
z→z0 f (z) − f (z0)z − z0

= g′(w0)f
′(z0)

or η′(z0) = g′(w0)f
′(z0).

Corollary 3.14. Let w = f (z) be univalent on a domain D. Then f is differentiable on D if
and only if the inverse function z = f −1(w) is differentiable on G = f (D) and

f ′(z) = 1
(f −1)′(w) , w = f (z). (3.11)

In particular, both derivatives are not equal to zero.

Proof. The claim follows from the representations

z = f −1(f (z)), z ∈ D and w = f (f −1(w)), w ∈ G,

and Proposition 3.13. Indeed,

1 = (z)′ = (f −1)′(w)f ′(z),
where w = f (z) and both derivatives are not equal to zero necessarily.

Example 3.15. Consider the Zhukovski function

w = 1
2
(z + 1

z
).

Then (3.11) leads to

(f −1)′(w) = 2
1 − 1/z2

= 2
1 − 1/(2wz − 1)

= 2wz − 1
wz − 1

= 1 + w
w − 1/z
,

where z = w ±√w2 − 1. So,

(f −1)′(w) = 1 ± w
√w2 − 1

depending on the domains D1 and D2; see Example 2.13. In the domains D1 and D2, we
have w ̸= ±1 and, therefore, the latter formula is well-defined.



40 � 3 Analytic functions (differentiability)

Example 3.16. Let us introduce some new functions (compare with (1.12) and (1.13)):

sin z := e
iz − e−iz
2i
, cos z := e

iz + e−iz
2
,

sinh z := e
z − e−z
2
, cosh z := e

z + e−z
2
.

(3.12)

These functions are compositions of ez and eiz. That is why we have

(sin z)′ = (eiz)′ − (e−iz)′
2i

= ie
iz + ie−iz
2i
= e

iz + e−iz
2
= cos z,

(cos z)′ = (eiz)′ + (e−iz)′
2

= ie
iz − ie−iz
2
= −e

iz − e−iz
2i
= − sin z,

(sinh z)′ = (ez)′ − (e−z)′
2

= e
z + e−z
2
= cosh z,

(cosh z)′ = (ez)′ + (e−z)′
2

= e
z − e−z
2
= sinh z.

There are also some useful equalities:

cos2 z + sin2 z = e
2iz + 2 + e−2iz

4
− e

2iz − 2 + e−2iz
4

= 1

and

cosh2 z − sinh2 z = (e
z + e−z)2
4
− (e

z − e−z)2
4
= 1.

Also, we obtain the equalities

cos(−z) = cos z, sin(−z) = − sin(z),

eiz = cos z + i sin z,

e−iz = cos z − i sin z. (3.13)

Remark. Since

ez =
∞
∑
n=0 znn! , z ∈ ℂ,

then

eiz =
∞
∑
n=0 (iz)nn!

, e−iz = ∞∑
n=0 (−iz)nn!

.

So, using (3.12), we obtain



3 Analytic functions (differentiability) � 41

cos z = 1
2

∞
∑
n=0 in + (−i)nn!

zn

= 1
2
(
∞
∑
k=0 i2k + (−i)2k(2k)!

z2k +
∞
∑
k=0 i2k+1 + (−i)2k+1(2k + 1)!

z2k+1)
=
∞
∑
k=0 (−1)k(2k)! z2k

because

i2k + (−i)2k = (−1)k + (−1)k = 2(−1)k

and

i2k+1 + (−i)2k+1 = i(−1)k − i(−1)k = 0.
So,

cos z =
∞
∑
k=0 (−1)k(2k)! z2k , z ∈ ℂ. (3.14)

In a similar fashion, we obtain

sin z =
∞
∑
k=0 (−1)k(2k + 1)!

z2k+1, z ∈ ℂ. (3.15)

Problem 3.17. Show that

cosh z =
∞
∑
k=0 z2k

(2k)!
, sinh z =

∞
∑
k=0 z2k+1
(2k + 1)!

, z ∈ ℂ. (3.16)

Problem 3.18. Show that:
1. cos z = cosh(iz) and sin z = −i sinh(iz),
2. |ez| = ex and (ez) = ez for z = x + iy,
3. | cos z| = √cosh2 y − sin2 x,

4. | sin z| = √sinh2 y + sin2 x,
5. | cos z|2 + | sin z|2 = cosh2 y + sinh2 y = 1 + 2 sinh2 y,
6. | sin z| ≤ cosh y, | cos z| ≤ cosh y.

Problem 3.19. Calculate the derivative of the function f (z) = ez
2
using (3.10).

Problem 3.20. Calculate the derivative of the inverse function for w = zn using (3.11).

Definition 3.21. A function f (z) is said to be:
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1. Analytic in a domain D ⊂ ℂ if for each z ∈ D the derivative f ′(z) exists and is
continuous in D. The set of all analytic functions in D will be denoted by H(D).

2. Analytic at the point z0 ∈ D ⊂ ℂ if f (z) is analytic in some neighborhood Uδ(z0) ⊂ D
of z0.

3. Analytic at z =∞ if g(z) = f (1/z) is analytic at the point z = 0.

From this definition and the definition of the derivative, it follows that:
1. If f1, f2 ∈ H(D), then

f1 ± f2, f1 ⋅ f2,
f1
f2
∈ H(D),

too. In the last case, we assume f2 ̸= 0.
2. If f ∈ H(D) and g ∈ H(G), where G = f (D), then g ∘ f ∈ H(D).

Example 3.22. The function

Pn(z) := a0 + a1z + ⋅ ⋅ ⋅ + anz
n,

where a0, a1, . . . , an ∈ ℂ, an ̸= 0 is called the polynomial of degree n. It is clear that
Pn(z) ∈ H(ℂ) but it is not analytic at z =∞ if n ≥ 1.

If Pn(z0) = 0, then z0 is called the root of this polynomial and in that case Pn(z) =
(z − z0)Pn−1(z), where Pn−1 is a polynomial of degree n − 1.
Problem 3.23. Let

Pn(z) := a0 + a1z + ⋅ ⋅ ⋅ + anz
n

be a polynomial with the coefficients a0, a1, . . . , an that satisfy the conditions

a0 ≥ a1 ≥ ⋅ ⋅ ⋅ ≥ an ≥ 0.

Prove that if Pn(z) is not identically equal to 0 then all its roots z0 satisfy the inequality
|z0| > 1.

Example 3.24. The function

R(z) = Pn(z)
Qm(z)
, Qm(z) ̸= 0,

where Pn and Qm are polynomials of degree n andm, respectively, is called the rational
function. It follows that R(z) is analytic everywhere in

ℂ \ {z(1)0 , . . . , z(k)0 },
where
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Pn(z
(j)
0 ) ̸= 0 and Qm(z

(j)
0 ) = 0.

Example 3.25. The tangent function is defined by

tan z := sin z
cos z
, cos z ̸= 0.

The zeros of cos z satisfy eiz + e−iz = 0. So, e2iz = −1 or
e2ix = −e2y.

Comparing real and imaginary parts, we see that

cos 2x = −e2y, sin 2x = 0,

or

2x = πk, k ∈ ℤ, cos(πk) = −e2y.

So,

x = πk/2, (−1)k = −e2y, k ∈ ℤ,

or

x = πk/2, 1 = e2y, k = ±1,±3, . . . .

Thus,

y = 0, x = π
2
(2m + 1), m ∈ ℤ.

We denote

zm = −
π
2
+mπ + i0, m ∈ ℤ.

Since sin zm = ±1 ̸= 0, then tan z is analytic everywhere inℂ except at zm. In this domain,

(tan z)′ = (sin z)′ cos z − sin z(cos z)′
cos2 z

= cos
2 z + sin2

cos2 z
= 1
cos2 z
.

Problem 3.26. Show that sin z = 0 if and only if z = πk + i0, k ∈ ℤ.

Example 3.27. The function

tanh z := sinh z
cosh z
, cosh z ̸= 0
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is called a hyperbolic tangent function. The zeros of cosh z satisfy

e2x = −e−i2y
or x = 0, y = π/2 + πm, m ∈ ℤ. Hence, tanh z is analytic everywhere in ℂ \ {zm}

∞
m=−∞,

where

zm = 0 + i(π/2 + πm), m ∈ ℤ,

and

(tanh z)′ = 1
cosh2 z
.

Problem 3.28. Show that sinh z = 0 if and only if z = 0 + iπk, k ∈ ℤ.

Example 3.29. Let us consider again (see Chapter 2) the exponential function

w = ez

and let us try to find its inverse. Since

w = |w|ei argw, w ̸= 0, argw ∈ (−π, π],

and ez = exeiy, then

|w| = ex and argw = y + 2πk, k ∈ ℤ.

So, ez is never equal to zero, and thus

x = log |w| and y = argw + 2πk, k ∈ ℤ.

That is why

z = log |w| + i argw + i2πk, k ∈ ℤ.

We see that the inverse of the function w = ez is not single-valued, namely we have
infinitely many branches

zk = log |w| + i argw + i2πk, k ∈ ℤ.

The multivalued function is

z = Logw := log |w| + i argw + i2πk, k ∈ ℤ.

Its main branch is
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z = logw := log |w| + i argw, argw ∈ (−π, π].

The logarithmic function w = Log z, z ̸= 0 is analytic everywhere in ℂ \ ℝ− since arg z
has a jump over negative real axis. Moreover,

(Log z)′ = 1
(ew)′ = 1

ew
= 1
z
.

Therefore, it is also continuous in ℂ \ ℝ− (compare with Corollary 3.14).
Remark. Since

Log z = log z + i2πk, k ∈ ℤ,

then the derivative of Log z is the same ((Log z)′ = 1/z) for all branches of the multival-
ued logarithmic function.

Example 3.30. The function

zm/n := e m
n Log z, z ̸= 0

is called the rational power function. Since

Log z = log |z| + i arg z + i2πk, k ∈ ℤ,

then

zm/n = e m
n (log |z|+i arg z+i2πk) = e m

n log |z|ei mn arg z+i 2πkmn .
The expression

ei
2πkm
n

has different values only for k = 0, 1, . . . , n − 1 (we have assumed that m/n is an irre-
ducible fraction). That is why we have n different branches of

zm/n = |z| mn ei( mn arg z+ 2πkmn ), k = 0, 1, . . . , n − 1.

Its derivative is

(zm/n)′ = (e m
n Log z)

′ = e m
n Log zm

n
(Log z)′ = m

n
zm/n−1.

Example 3.31. The function

zα := eα Log z, z ̸= 0, α ∈ ℝ \ℚ
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is called the irrational power function. It is actually equal to

zα = eα(log |z|+i arg z+i2πk) = |z|αeiα arg z+iα2πk , k ∈ ℤ,

and we have infinitely many branches since α is not a rational number. Its derivative is

(zα)′ = (eα Log z)′ = αeα Log z(Log z)′ = αzα−1.
The definition of irrational power can be easily generalized for any complex power

α = α1 + iα2. Namely the function

zα := eα Log z, z ̸= 0, α ∈ ℂ

is called the general power function. As before, it is equal to

zα = eα Log z = eα(log |z|+i arg z+i2πk) = e(α1+iα2)(log |z|+i arg z+i2πk)
= eα1 log |z|−α2(arg z+2πk)ei(α2 log |z|+α1(arg z+2πk))

and we have infinitely many branches. The derivative is again (zα)′ = αzα−1.
Example 3.32. Let us find the inverse of w = sin z. From

w = e
iz − e−iz
2i
,

we obtain

2iw = eiz − 1
eiz

or (eiz)2 − 2iweiz − 1 = 0. It implies

eiz = iw +√1 − w2.

So,

iz = Log(iw +√1 − w2)

or

z = −i Log(iw +√1 − w2),

where Log denotes the multivalued function. The inverse of sin z is hence

z = z(w) = −i Log(iw +√1 − w2) =: arcsinw,
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and it has infinitely many branches. Its derivative is

d
dw

arcsinw = d
dw

1
i
Log(iw +√1 − w2) = 1

i
1

iw +√w2 − 1
(i − w
√1 − w2

)

= 1
i

1
iw +√w2 − 1

i√1 − w2 − w
√1 − w2

= 1
√1 − w2

, w ̸= ±1.

Problem 3.33. Show that:
1. sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2,
2. cos(z1 + z2) = cos z1 cos z2 − sin z1 sin z2,
3. sinh(z1 + z2) = sinh z1 cosh z2 + cosh z1 sinh z2,
4. cosh(z1 + z2) = cosh z1 cosh z2 + sinh z1 sinh z2.

Example 3.34. Consider the following function:

f (z) = sin z
cosh y
, z = x + iy.

Based on Problems 3.18 and 3.33, we obtain that

f (z) = sin x + i cos x tanh y =: u(x, y) + iv(x, y).

This representation shows that f (z), as a function of two variables x and y, is infinitely
many times differentiable since u(x, y) and v(x, y) are. However, this function is not an-
alytic on the complex plane because Cauchy–Riemann conditions are not satisfied. In-
deed,

𝜕u(x, y)
𝜕x
= cos x, 𝜕v(x, y)

𝜕y
= cos x
cosh2 y
,

𝜕u(x, y)
𝜕y
= 0, 𝜕v(x, y)

𝜕x
= − sin x tanh y.

The same is true about the function

f (z) = cos z
sinh y
, z = x + iy, y ̸= 0.

Problem 3.35. Show that, as sets,

Log(z1 ⋅ z2) = Log z1 + Log z2

for any z1 ̸= 0 and z2 ̸= 0.

Problem 3.36. Let function f (z) be defined as follows:

f (z) :=
∞
∑
n=0 ei2πnz

(a + n)s
, a > 0, s ∈ ℂ,
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where (a+n)s is understood as es log(a+n) with a real logarithm. Prove that f (z) is analytic
in {z : Im z > 0}.

Wewill finish this chapter by the following a very useful rule, which is called L’Hôpi-
tal’s rule.

Proposition 3.37. Suppose f and g are analytic at z0. If f (z0) = g(z0) = 0 but g
′(z0) ̸= 0,

then

lim
z→z0 f (z)g(z)

=
f ′(z0)
g′(z0) .

Proof. Because g′(z0) ̸= 0, then g is not identically equal to zero and there is a neigh-
borhood Uδ(z0) in which g

′(z) ̸= 0. Therefore, the quotient
f (z)
g(z)
=
f (z) − f (z0)
g(z) − g(z0)

is defined for all z ∈ Uδ(z0) and

lim
z→z0 f (z)g(z)

= lim
z→z0 f (z) − f (z0)g(z) − g(z0)

= lim
z→z0 f (z)−f (z0)

z−z0
g(z)−g(z0)

z−z0 = f
′(z0)
g′(z0) .

Problem 3.38. Use L’Hôpital’s rule to evaluate the limits

lim
z→0 log2(1 + z)z2

and lim
z→0 1 − cos zsin2 z

.

Example 3.39. Let us show that

lim
z→0 zϵ Log z = 0, ϵ > 0,

where we consider any fixed branches of multivalued functions zϵ and Log z (see Exam-
ples 3.31 and 3.29, respectively), but it cannot be calculated using L’Hôpital’s rule. Indeed,
since we have (r = |z|),

zϵ Log z = eϵ(log r+i Arg z)(log r + i Arg z),
where r > 0, Arg z ∈ (−π + 2πk, π + 2πk], k ∈ ℤ, then using the fact that for the real
logarithm we have

lim
r→+0 rϵ log r = 0, ϵ > 0,

and the fact that Arg z is bounded, we obtain the needed limit for complex z → 0. If we
will try to use the L’Hôpital’s rule, we would proceed as
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lim
z→0 zϵ log z = limz→0 zϵ

1
log z

= −ϵ lim
z→0 zϵ

1
log2 z

= ϵ
2

2
lim
z→0 zϵ

1
log3 z

= ⋅ ⋅ ⋅

and (as we can see) this procedure does not give us the needed result. It means that
L’Hôpital’s rule is only sufficient but not necessary for the existence of the limit.

By the same manner, we can obtain that

lim
z→∞ Log z

zϵ
= 0, ϵ > 0.

Problem 3.40. Let function F(z), z ∈ ℂ be formally defined by the integral

F(z) :=
∞
∫
0

1
(ex − z)xα

dx, −1 ≤ α < 0.

Prove that:
1. F(z) is analytic in an open unit disk {z : |z| < 1}.
2. F(z) is differentiable for all z, |z| = 1, z ̸= 1.
3. F(z) is not differentiable for z = 1; however, the integral is convergent, i. e., F(1) is

well-defined.



4 Integration of functions of complex variable (curve
integration)

Let γ be a smooth Jordan curve, i. e.,

γ : z = z(t), t ∈ [a, b].

Assuming that f (z) is a continuous function, we may define two types of curve integrals
along γ as

∫
γ

f (z)dz :=
b

∫
a

f (z(t))z′(t)dt
=

b

∫
a

(u(z(t)) + iv(z(t)))(x′(t) + iy′(t))dt
=

b

∫
a

[u(x(t), y(t))x′(t) − v(x(t), y(t))y′(t)]dt
+ i

b

∫
a

[v(x(t), y(t))x′(t) + u(x(t), y(t))y′(t)]dt
= ∫

γ

(u(x, y)dx − v(x, y)dy) + i∫
γ

(v(x, y)dx + u(x, y)dy) (4.1)

and

∫
γ

f (z)|dz| :=
b

∫
a

f (z(t))√(x′(t))2 + (y′(t))2dt = b

∫
a

f (z(t))󵄨󵄨󵄨󵄨z
′(t)󵄨󵄨󵄨󵄨dt

=
b

∫
a

u(x(t), y(t))√(x′(t))2 + (y′(t))2dt
+ i

b

∫
a

v(x(t), y(t))√(x′(t))2 + (y′(t))2dt. (4.2)

The first integral (4.1) is called a curve integral of the second kind, and the second inte-
gral (4.2) is called the curve integral of the first kind.

Example 4.1. Let f (z) = z.

https://doi.org/10.1515/9783111632278-004
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1. Let γ : z(t) = t + it2 for t ∈ [0, 1]. Then

∫
γ

f (z)dz = ∫
γ

zdz =
1

∫
0

(t + it2)(1 + 2it)dt =
1

∫
0

(t + 3it2 − 2t3)dt

= ( t
2

2
+ 3i t

3

3
− 2 t

4

4
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

0
= 1
2
+ i − 1

2
= i.

2. Let γ : z(t) = α + it for t ∈ [0, 1]. Then

∫
γ

f (z)dz = ∫
γ

zdz =
1

∫
0

(α + it)idt = iα − 1
2
.

3. Let γ : z(t) = t2 + iβ for t ∈ [0, 1]. Then

∫
γ

f (z)dz = ∫
γ

zdz =
1

∫
0

(t2 + iβ)2tdt = (2 t
4

4
+ iβt2)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

0
= 1
2
+ iβ.

Remark. It can be easily checked that in all integrations in Example 4.1 the final result
depends only on the value of the function z2/2 at the ends of the curve γ. Namely the
result is

(z(1))2

2
− (z(0))

2

2
.

We will make this more precise later.

Example 4.2. Let f (z) = z.
1. Let γ : z(t) = α + it for t ∈ [0, 1]. Then

∫
γ

f (z)|dz| = ∫
γ

z|dz| =
1

∫
0

(α + it)dt = α + i
2
.

2. Let γ : z(t) = t2 + iβ for t ∈ [0, 1]. Then

∫
γ

f (z)|dz| = ∫
γ

z|dz| =
1

∫
0

(t2 + iβ)2tdt = (2 t
4

4
+ iβt2)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

0
= 1
2
+ iβ.

Example 4.3. Let γ : z(t) = a + reit , t ∈ (−π, π]. Then
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1.

∫
γ

(z − a)ndz =
π

∫−π (r cos t + ri sin t)nr(− sin t + i cos t)dt
= rn+1 π

∫−π (cos(nt) + i sin(nt))(− sin t + i cos t)dt
= rn+1 π

∫−π [− cos(nt) sin t − sin(nt) cos t]dt
+ irn+1 π

∫−π [cos(nt) cos t − sin(nt) sin t]dt
= −rn+1 π

∫−π sin(n + 1)tdt + irn+1
π

∫−π cos(n + 1)tdt
= rn+1(cos(n + 1)t

n + 1
+ i sin(n + 1)t

n + 1
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

π−π
= {

0, n ̸= −1,
2πi, n = −1.

2.

∫
γ

(z − a)n|dz| =
π

∫−π rneintrdt
= rn+1( π

∫−π cos(nt)dt + i
π

∫−π sin(nt)dt)
= {

0, n ̸= 0,
2πr, n = 0.

Problem 4.4. Let f (z) = z. Evaluate

∫
γ

zdz,

where:
1. γ : z(t) = t + it2, t ∈ [0, 1],
2. γ : z(t) = α + it, t ∈ [0, 1],
3. γ : z(t) = t2 + iβ, t ∈ [0, 1],
4. γ = γ1 ∪ γ2, where γ1 : z(t) = t + it

2 and γ2 : z(t) = (1 − t) + i(1 − t) for t ∈ [0, 1].
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If γ is a piecewise smooth Jordan curve (see Definition 2.1, part (2)), then the integrals
along this curve are defined as

∫
γ

f (z)dz :=
n−1
∑
j=0

tj+1
∫
tj

f (z(t))z′(t)dt,
∫
γ

f (z)|dz| :=
n−1
∑
j=0

tj+1
∫
tj

f (z(t))󵄨󵄨󵄨󵄨z
′(t)󵄨󵄨󵄨󵄨dt.

(4.3)

Using the properties of the Riemann integral, we obtain that:
1.

∫
γ

(c1f1(z) + c2f2(z))dz = c1 ∫
γ

f1(z)dz + c2 ∫
γ

f2(z)dz.

2.

∫
γ1∪γ2 f (z)dz = ∫γ1 f (z)dz + ∫γ2 f (z)dz.

3.

∫
γ

(c1f1(z) + c2f2(z))|dz| = c1 ∫
γ

f1(z)|dz| + c2 ∫
γ

f2(z)|dz|.

4.

∫
γ1∪γ2 f (z)|dz| = ∫γ1 f (z)|dz| + ∫γ2 f (z)|dz|.

If γ : z(t), t ∈ [a, b] is a piecewise smooth Jordan curve, we can run the curve backwards
as follows. Let us consider the curve

γ1 : z̃ = z̃(s) = z(a + b − s), s ∈ [a, b].

The curve γ1 is denoted by −γ, i. e., γ1 = −γ and

∫
γ1

f (z̃)dz̃ =
b

∫
a

f (z̃(s))z̃′(s)ds = − b

∫
a

f (z(a + b − s))z′(a + b − s)ds
=

a

∫
b

f (z(t))z′(t)dt = − b

∫
a

f (z(t))z′(t)dt = −∫
γ

f (z)dz,
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i. e.,

∫−γ f (z)dz = −∫γ f (z)dz.
Definition 4.5. A function f (z) is said to have a primitive F(z) on D ⊂ ℂ if F(z) is differ-
entiable on D and F′(z) = f (z) everywhere on D.
Theorem 4.6. If a continuous function f (z) has a primitive F(z) on D ⊂ ℂ, then for any
smooth Jordan curve γ : z(t), t ∈ [a, b] in D, it holds that

∫
γ

f (z)dz = F(z(b)) − F(z(a)). (4.4)

Thus, this integral does not depend on γ, but on the endpoints of γ. In particular, if γ is
closed and f has a primitive, then

∫
γ

f (z)dz = 0. (4.5)

Proof. Let γ : z(t), t ∈ [a, b] be a smooth Jordan curve. Then for any continuous function
f (z), the composition f (z(t)) and the product f (z(t))z′(t) are continuous and

∫
γ

f (z)dz =
b

∫
a

f (z(t))z′(t)dt.
But f (z(t))z′(t) = (F(z(t)))′, where F is a primitive of f . Hence,

b

∫
a

f (z(t))z′(t)dt = b

∫
a

(F(z(t)))′dt = F(z(t))󵄨󵄨󵄨󵄨ba = F(z(b)) − F(z(a)).
This proves the theorem.

Corollary 4.7. If γ : z(t), t ∈ [a, b] is a piecewise smooth Jordan curve, then

∫
γ

f (z)dz = F(z(b)) − F(z(a)),

too, where F is a primitive of f in the domain D.

Proof. By (4.3), we have
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∫
γ

f (z)dz =
n−1
∑
j=0

tj+1
∫
tj

f (z(t))z′(t)dt = n−1∑
j=0(F(z(tj+1)) − F(z(tj)))

= F(z(tn)) − F(z(t0)) = F(z(b)) − F(z(a))

and this proves the claim.

Theorem 4.8. Let γ : z(t), t ∈ [a, b] be a piecewise smooth Jordan curve and let f be a
continuous function. Then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
γ

f (z)dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫

γ

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨|dz| ≤ maxz∈γ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨L(γ), (4.6)

where L(γ) = ∫γ |dz| denotes the length of γ.

Proof. We have

∫
γ

f (z)dz =
b

∫
a

f (z(t))z′(t)dt.
Since this Riemann integral can be understood as limit of integral sums, then we obtain

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

b

∫
a

f (z(t))z′(t)dt󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
lim
Δt→0 n
∑
j=1 f (z(t∗j ))z′(t∗j )Δtj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ lim
Δt→0 n
∑
j=1󵄨󵄨󵄨󵄨f (z(t∗j ))󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z′(t∗j )󵄨󵄨󵄨󵄨Δtj

=
b

∫
a

󵄨󵄨󵄨󵄨f (z(t))
󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨z
′(t)󵄨󵄨󵄨󵄨dt = ∫

γ

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨|dz|

≤ max
z∈γ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ∫

γ

1|dz| = max
z∈γ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨L(γ).

Theorem 4.9 (Change of variable). Let g(z) be analytic in the domain D ⊂ ℂ and f (D) ⊂
D′. Suppose that γ : z(t), t ∈ [a, b] is a piecewise smooth Jordan curve in D and γ′ = g(γ),
z̃(t) = g(z(t)), t ∈ [a, b] is the transformed curve in D′. Then for all continuous functions
f on D, we have

∫
γ

f (g(z))g′(z)dz = ∫
γ′

f (w)dw. (4.7)

Proof. We know that
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∫
γ

f (g(z))g′(z)dz = b

∫
a

f (g(z(t)))g′(z(t))z′(t)dt = b

∫
a

f (g(z(t)))(g(z(t)))′dt
=

b

∫
a

f (z̃(t))z̃′(t)dt = ∫
γ′

f (w)dw.

Example 4.10. Let γ : z(t) = t + it2, t ∈ [0, 1]. Using g(z) = z2, we get

∫
γ

sin(z2)zdz = 1
2
∫

γ′

sinwdw = − 1
2
cosw
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

w(1)
w(0)

= − 1
2
cosw
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2i

0
= 1
2
(1 − cos(2i)) = 1

2
(1 − cosh 2).

Here, we have used the notation w(t) = g(z(t)).

Problem 4.11. Let γ : z(t) = α + it2, t ∈ [0, 1]. Evaluate

∫
γ

esin z cos zdz.

Problem 4.12. Let γ : z(t) = 1 + it, t ∈ [0, 1]. Evaluate

∫
γ

log z
z

dz.

Problem 4.13. Let function f (x) be continuous on the interval [a, b]. Show that the func-
tions

F(z) :=
b

∫
a

f (t) sin(zt)dt, G(z) :=
b

∫
a

f (t) cos(zt)dt

are analytic for all z ∈ ℂ.

Problem 4.14. Let function f (x) be continuous on the interval [a, b]. Show that the func-
tion

H(z) :=
b

∫
a

f (t)
t − z

dt

is analytic for all z ∈ ℂ \ [a, b] and find H′(z) for all such z.
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Definition 5.1. A bounded domain D ⊂ ℂ is called simply connected if for any closed
Jordan curve γ ⊂ D the internal domain (int γ) belongs to D. Otherwise, D is calledmul-
tiply connected. The number of connected components of the boundary is said to be the
connected order of D.

Theorem 5.2 (Cauchy theorem). Let D be a bounded simply connected domain with the
boundary 𝜕D, which is a piecewise smooth closed Jordan curve γ. Then for any function
f ∈ H(D), which is continuous in D, we have

∫
γ

f (z)dz = 0.

Proof. Since f ∈ C(D), then ∫γ f (z)dz is well-defined and it is equal to

∫
γ

f (z)dz = ∫
γ

(u + iv)(dx + idy) = ∫
γ

udx − vdy + i∫
γ

vdx + udy.

Using now Green’s theorem (or Stokes’s theorem), we obtain that the integrals on the
right-hand side are equal to

∬
D

(− 𝜕v
𝜕x
− 𝜕u
𝜕y
)dxdy + i∬

D

(
𝜕u
𝜕x
− 𝜕v
𝜕y
)dxdy = 0

because of Cauchy–Riemann conditions. Thus, the theorem is proved.

Remark. If the domain D is simply connected, then the Cauchy theorem holds not only
for the boundary 𝜕D, but also for any closed piecewise smooth Jordan curve γ such that
γ ⊂ D.

Corollary 5.3. Let D be a bounded (n+1)-connected domain such that 𝜕D = ⋃nj=0 γj , where
γj are closed piecewise smooth Jordan curves, int γj ∩ int γk = 0, k ̸= j, and γ1, . . . , γn ⊂
int γ0. If f ∈ H(D) ∩ C(D), then

∫𝜕D f (z)dz = ∫γ0 f (z)dz −
n
∑
j=1∫γj f (z)dz = 0.

Proof. By the conditions of this corollary, domain D has the form depicted in Figure 5.1.
Let us join γj , j = 1, 2, . . . , n with γ0 by the smooth Jordan curves Γj such that any

Γj , j = 1, 2, . . . , n is passed twice in opposite directions. In this case, we obtain simply

https://doi.org/10.1515/9783111632278-005
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Figure 5.1: Domain D.

connected domain D1 with the boundary

𝜕D1 = (
n
⋃
j=0 γj) ∪ ( n

⋃
j=1 Γ±j ).

Thus, applying the Cauchy theorem to domain D1, we obtain

0 = ∫𝜕D1 f (z)dz = ∫𝜕D f (z)dz +
n
∑
j=1 ∫Γ+j f (z)dz +

n
∑
j=1 ∫Γ−j f (z)dz

= ∫
γ

f (z)dz −
n
∑
j=1∫γj f (z)dz.

Here, we have used the fact that

∫
Γ+j
f (z)dz + ∫

Γ−j
f (z)dz = 0

and that the positive direction of integration is the direction in which the internal do-
main is on the left.

If domain D is multiply connected, then the Cauchy theorem does not hold for ar-
bitrary closed piecewise smooth Jordan curve. In this case, it is necessary to integrate
over the whole boundary of D. Indeed, let

D = {z : 1 < |z| < 3}

and γ = {z : |z| = 2}. Then γ ⊂ D but

∫
γ

1
z
dz = 2πi.

However, the integral over the whole boundary 𝜕D is equal to zero. Indeed,
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∫𝜕D 1
z
dz = ∫|z|=3 1zdz − ∫|z|=1 1zdz = 2πi − 2πi = 0.

Corollary 5.4. Let D be a domain, which satisfies either the conditions of Theorem 5.2 or
Corollary 5.3. If f ∈ H(D) ∩ C(D) except the points z1, . . . , zm ∈ D with

lim
z→zk(z − zk)f (z) = 0, k = 1, 2, . . . ,m,

then

∫𝜕D f (z)dz = 0.
Proof. For simplicity and without loss of generality, we assume thatm = 1. Then for any
ε > 0, there is δ(z1, ε) > 0 such that for all z with 0 < |z − z1| < δ it follows that

|z − z1|
󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 < ε.

Let D1 := D \ {z : |z − z1| ≤ δ} assuming that δ > 0 is so small that {z : |z − z1| ≤ δ} ⊂ D.
Then for the domain D1, the Cauchy theorem holds and, therefore,

0 = ∫𝜕D1 f (z)dz = ∫𝜕D f (z)dz − ∫|z−z1|=δ f (z)dz.
But

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫|z−z1|=δ f (z)dz

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫|z−z1|=δ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨|dz|
= ∫|z−z1|=δ |z − z1|󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 |dz||z − z1| < ε 1δ ∫|z−z1|=δ |dz| = 2πε.

Since ε > 0 is arbitrary, then we may let ε → 0 and obtain

0 = lim
ε→0 ∫𝜕D1 f (z)dz = limε→0(∫𝜕D f (z)dz − ∫|z−z1|=δ f (z)dz)
= ∫𝜕D f (z)dz − limε→0 ∫|z−z1|=δ f (z)dz = ∫𝜕D f (z)dz.

Example 5.5. Let us evaluate ∫|z|=1 log zdz. Using the parametrization z = eiθ, θ ∈
[−π, π], and integration by parts, we obtain
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Figure 5.2: Domain Dε .

∫|z|=1 log zdz =
π

∫−π (log |z| + iθ)ieiθdθ = i2
π

∫−π θeiθdθ
= −

π

∫−π θ cos θdθ − i
π

∫−π θ sin θdθ = −2i
π

∫
0

θ sin θdθ

= 2i(θ cos θ󵄨󵄨󵄨󵄨
π
0 −

π

∫
0

cos θdθ) = −2πi.

It shows that the Cauchy theorem does not hold in this case. But we know that log z is
analytic and has a removable singularity at z = 0 (see Definition 10.9). This phenomenon
can be explained as follows: log z has a jump 2πi over the negative real line, i. e., it is
not continuous in the unit disk and, therefore, it is not analytic. Even more is true, it is
not univalent there. In order to eliminate this problem, we proceed as follows. Let us
consider the domain Dε shown in Figure 5.2 for ε > 0 small enough.

In this domainDε, the function log z is not only analytic but also univalent. Applying
the Cauchy theorem (see Theorem 5.2), we obtain

0 = ∫𝜕Dε log zdz
=

π

∫−π (log 1 + iθ)ieiθdθ +
−ε
∫−1 (log |x| + iπ)dx

−
π

∫−π (log ε + iθ)iεeiθdθ +
−1
∫−ε(log |x| − iπ)dx
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= −2πi +
−ε
∫−1 log |x|dx + iπ(1 − ε) + 2πiε

+
−1
∫−ε log |x|dx − iπ(−1 + ε) = 0

for any ε > 0. Taking ε → +0, we obtain that

∫𝜕D log zdz := lim
ε→+0 ∫𝜕Dε log zdz = 0,

where 𝜕D is the unit circle with a cut along the negative real line.

Example 5.6. Let γ be a piecewise smooth closed Jordan curve and z0 ∈ int γ. Then

∫
γ

1
z − z0

dz = 2πi.

Indeed, if we consider the domain (see Figure 5.3)

D1 := int γ \ {z : |z − z0| ≤ δ},

then by Corollary 5.3, we have

0 = ∫
γ

dz
z − z0
− ∫|z−z0|=δ dz

z − z0
.

But

∫|z−z0|=δ dz
z − z0
=

π

∫−π iδeiθdθ
δeiθ
= 2πi.

This example can be generalized to the multiply connected domain D also, i. e., if z0 ∈ D
then

Figure 5.3: Domain D1.
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∫𝜕D 1
z − z0

dz = 2πi.

There is a similar but more delicate example of application of the Cauchy theorem.

Example 5.7. Let γ be a piecewise smooth closed Jordan curve such that 0 ∈ int γ and
int γ ⊂ {z : |z| < 2π}. Then

∫
γ

1
ez − 1

dz = 2πi.

Indeed, if we consider for small enough ϵ > 0, the domain

D := int γ \ {z : |z| ≤ ϵ}

then the function 1
ez−1 will be analytic in D since all its singular points zk = i2πk, k ∈ ℤ

are located outside ofD. Applying now the Cauchy theorem (see Corollary 5.3), we obtain

0 = ∫
γ

dz
ez − 1
− ∫|z|=ϵ dz

ez − 1
.

But

∫|z|=ϵ dz
ez − 1
=

π

∫−π iϵeiθ

eϵeiθ − 1
dθ.

Using the asymptotic of the real exponential function for small argument and Euler’s
formula, we have

eϵe
iθ
− 1 = (1 + ϵ cos θ + O(ϵ2))(1 + iϵ sin θ + O(ϵ2)) − 1 = ϵeiθ + O(ϵ2)

uniformly in θ ∈ [−π, π]. Thus, the latter integral will be equal to

π

∫−π iϵeiθ

eϵeiθ − 1
dθ =

π

∫−π iϵeiθ

ϵeiθ + O(ϵ2)
dθ → 2πi, ϵ → 0.

Since the integral over the curve γ from above is independent on ϵ, then we obtain the
desired result.

Theorem 5.8 (Cauchy integral formula). Let D ⊂ ℂ be a bounded domain with the bound-
ary 𝜕D,which satisfies all conditions of Corollary 5.3. Then for any function f ∈ H(D)∩C(D)
and any z0 ∈ ℂ, we have
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1
2πi
∫𝜕D f (z)
z − z0

dz =
{{{
{{{
{

0, z0 ∉ D,
f (z0), z0 ∈ D,
1
2 f (z0), z0 ∈ 𝜕D.

Proof. If z0 ∉ D, then the function

h(z) := f (z)
z − z0

is analytic in D and continuous in D. Then Corollary 5.3 leads to

0 = ∫𝜕D h(z)dz = ∫𝜕D f (z)
z − z0

dz.

If z0 ∈ D, then we consider the function

h(z) := f (z) − f (z0)
z − z0

.

It is clear thath ∈ H(D\z0)∩C(D\z0) and limz→z0 (z−z0)h(z) = 0. Thus, using Corollary 5.4,
we obtain

0 = 1
2πi
∫𝜕D h(z)dz = 1

2πi
∫𝜕D f (z)
z − z0

dz − 1
2πi
∫𝜕D f (z0)
z − z0

dz

or

1
2πi
∫𝜕D f (z)
z − z0

dz = 1
2πi

f (z0) ∫𝜕D 1
z − z0

dz.

But Example 5.6 implies that

1
2πi
∫𝜕D f (z)
z − z0

dz = f (z0).

If z0 ∈ 𝜕D, then the integral on the left-hand side must be understood as the principal
value integral,

p.v. ∫𝜕D f (z)
z − z0

dz := lim
ε→+0 ∫𝜕D\{z:|z−z0|<ε} f (z)

z − z0
dz

if this limit exists. For z0 ∈ 𝜕D, we consider the domain (see Figure 5.4)

Dε = D \ (D ∩ {z : |z − z0| < ε}).
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Figure 5.4: Domain Dε .

It is clear that the function

h(z) = f (z) − f (z0)
z − z0

is analytic inDε and continuous up to the boundary ofDε. Thus, using again Corollary 5.4
we obtain

0 = 1
2πi
∫𝜕Dε h(z)dz

= 1
2πi
∫𝜕Dε f (z)

z − z0
dz + 1

2πi
∫𝜕D\{z:|z−z0|<ϵ} f (z)

z − z0
dz

+ 1
2πi

∫
D∩{z:|z−z0|=ϵ} f (z)

z − z0
dz→ p.v. ∫𝜕D f (z)

z − z0
dz − f (z0)

2

as ε → +0 since only half of the circle is presented (in the negative direction of integra-
tion).

Example 5.9. Let us evaluate the integral

∫
γ

ez
2

z(z2 + 4)
dz,

where γ = {z : |z| = 3}. We parametrize this smooth closed Jordan curve as γ : z(t) = 3eit ,
t ∈ [−π, π]. Next,

1
z(z2 + 4)

= 1
z(z − 2i)(z + 2i)

= 1
4
⋅
1
z
− 1
8
⋅

1
z − 2i
− 1
8
⋅

1
z + 2i
.

Hence, applying the Cauchy integral formula,
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∫
γ

ez
2

z(z2 + 4)
dz = 1

4
∫
γ

ez
2

z
dz − 1

8
∫
γ

ez
2

z − 2i
dz − 1

8
∫
γ

ez
2

z + 2i
dz

= 2πi 1
4
e0 − 2πi 1

8
e(−2i)2 − 2πi 1

8
e(2i)2 = 2πi 1 − e−4

4
= πi 1 − e

−4
2
.

Example 5.10. Let us evaluate the integral

π

∫
0

ea cos t cos(a sin t)dt.

Since the integrand is even and sine is odd, we have

π

∫
0

ea cos t cos(a sin t)dt = 1
2

π

∫−π ea cos t cos(a sin t)dt
= 1
2

π

∫−π ea cos t(cos(a sin t) + i sin(a sin t))dt
= 1
2

π

∫−π ea cos teia sin tdt.
For z(t) = eit , t ∈ [−π, π], we have dt = dz

iz . Then the latter integral can be interpreted as
the curve integral over the closed Jordan curve γ : z(t) = eit , t ∈ [−π, π]. That is why it is
equal to

1
2

π

∫−π ea(eit+e−it)/2eia(eit−e−it)/2idt = 12 ∫γ e a
2 (z+1/z)e a

2 (z−1/z) dz
iz

= 1
2i
∫
γ

eaz

z
dz = 1

2i
2πie0 = π

by the Cauchy integral formula.

Example 5.11. Let us evaluate the integral

∫
γ

2z
z2 + 2

dz,

where γ = {z : |z − i| = 1}. First, we have

2z
z2 + 2
= 1
z − i√2

+ 1
z + i√2

and, therefore,
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∫
γ

2z
z2 + 2

dz = ∫
γ

1
z − i√2

dz + ∫
γ

1
z + i√2

dz = 2πi

since i√2 ∈ int γ but −i√2 ∉ int γ.

Let us consider now a piecewise smooth Jordan curve (not necessarily closed) γ and
continuous function f (z) on this curve. If z ∉ γ, then the function

F(z) := 1
2πi
∫
γ

f (ζ )
ζ − z

dζ (5.1)

is well-defined on ℂ \ γ. This function F(z) is called a Cauchy type integral.

Theorem 5.12. The Cauchy type integral (5.1) is an analytic function inℂ\γ. It has deriva-
tives of any order n ∈ ℕ and the formula

F(n)(z) = n!
2πi
∫
γ

f (ζ )
(ζ − z)n+1 dζ (5.2)

holds.

Proof. Let z ∉ γ and z + Δz ∉ γ, too. Then

F(z + Δz) − F(z)
Δz

= 1
2πi
∫
γ

f (ζ )
(ζ − z)(ζ − z − Δz)

dζ .

Since z ∉ γ and z + Δz ∉ γ, then there is δ > 0 and d > 0 such that z + Δz ∈ Uδ(z),
Uδ(z) ∩ γ = 0, and |ζ − z| ≥ d > 0, |ζ − z − Δz| ≥ d > 0 for any ζ ∈ γ. Actually
d = dist(γ, |ζ − z| = δ), see Figure 5.5.

Figure 5.5: Distance from γ to circle around z.
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In that case, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

F(z + Δz) − F(z)
Δz

− 1
2πi
∫
γ

f (ζ )
(ζ − z)2

dζ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 1
2π

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
γ

Δzf (ζ )
(ζ − z)2(ζ − z − Δz)

dζ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 1
2π
|Δz|∫

γ

|f (ζ )||dζ |
|ζ − z|2|ζ − z − Δz|

≤ 1
2π
|Δz|M 1

d3
∫
γ

|dζ | = |Δz|ML
2πd3
,

where L is the length of γ andM = maxγ |f (ζ )| <∞. Letting Δz→ 0, this estimate shows
that

lim
Δz→0 F(z + Δz) − F(z)Δz

= 1
2πi
∫
γ

f (ζ )
(ζ − z)2

dζ

or

F′(z) = 1
2πi
∫
γ

f (ζ )
(ζ − z)2

dζ .

After this, (5.2) can be proved by induction. Indeed,

F(n−1)(z + Δz) − F(n−1)(z)
Δz

− n!
2πi
∫
γ

f (ζ )dζ
(ζ − z)n+1

= 1
2πi
∫
γ

f (ζ )[ (n − 1)!
Δz
(

1
(ζ − z − Δz)n

− 1
(ζ − z)n

) − n!
(ζ − z)n+1 ]dζ

= (n − 1)!
2πi
∫
γ

f (ζ )[ (ζ − z)
n − (ζ − z − Δz)n

Δz(ζ − z − Δz)n(ζ − z)n
− n
(ζ − z)n+1 ]dζ

= (n − 1)!
2πi
∫
γ

f (ζ )[
∑nk=1(−1)k+1(nk)(Δz)k(ζ − z)n−k

Δz(ζ − z − Δz)n(ζ − z)n
− n
(ζ − z)n+1 ]dζ

= (n − 1)!
2πi
∫
γ

f (ζ )

× [
∑n−1j=0 (−1)j( nj+1)(Δz)j(ζ − z)n−j − n∑nj=0(−1)j(nj)(Δz)j(ζ − z)n−j

(ζ − z − Δz)n(ζ − z)n+1 ]dζ

= (n − 1)!
2πi
∫
γ

f (ζ )

× [
∑n−1j=1 (−1)j(Δz)j(ζ − z)n−j(( nj+1) − n(nj)) + n(−1)n+1(Δz)n

(ζ − z − Δz)n(ζ − z)n+1 ]dζ .
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This representation implies that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

F(n−1)(z + Δz) − F(n−1)(z)
Δz

− n!
2πi
∫
γ

f (ζ )dζ
(ζ − z)n+1 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ (n − 1)!
2π

O(|Δz|) ∫
γ

|f (ζ )||dζ |
|(ζ − z − Δz)n||(ζ − z)n+1|

≤ (n − 1)!
2π

O(|Δz|) ML
d2n+1 .

This estimate completes the proof of (5.2) by induction.

Corollary 5.13 (Cauchy integral formula). Let D ⊂ ℂ be a domain (not necessarily simply
connected) and f ∈ H(D). Then f is infinitely many times differentiable in D and

f (n)(z) = n!
2πi
∫
γ

f (ζ )
(ζ − z)n+1 dζ (5.3)

for any n = 1, 2, . . . , where γ is an arbitrary piecewise smooth closed Jordan curve such
that int γ ⊂ D and z ∈ int γ.

Proof. Let z ∈ D. Let also γ be an arbitrary piecewise smooth closed Jordan curve such
that int γ ⊂ D and z ∈ int γ. Then by the Cauchy integral formula (see Theorem 5.8), we
have

f (z) = 1
2πi
∫
γ

f (ζ )dζ
ζ − z
.

But the right-hand side is a Cauchy type integral since f is continuous on γ. Applying
Theorem 5.12, we obtain that for any n = 1, 2, . . . we have

f (n)(z) = n!
2πi
∫
γ

f (ζ )dζ
(ζ − z)n+1

and f is infinitely many times differentiable in D.

Remark. Formula (5.3) holds also for the boundary 𝜕D of a domain that satisfies all con-
ditions of Corollary 5.3 if we assume that f ∈ H(D) ∩ C(D). Moreover, as the simplest
case, formula (5.3) holds and is very applicable for γ = {ζ : |ζ − z| = δ} with δ > 0 small
enough, i. e.,

f (n)(z) = n!
2πi
∫|ζ−z|=δ f (ζ )dζ
(ζ − z)n+1 = n!

2πi

π

∫−π f (z + δeiθ)δieiθ

δn+1eiθ(n+1) dθ

= n!
2π

δ−n π

∫−π f (z + δeiθ)e−iθndθ.
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Problem 5.14. Evaluate the derivative of F(z) from (5.1) at z = ∞. Show first that F(z)
is continuous at z =∞ and F(∞) = 0. Show then that

F′(∞) = − 1
2πi
∫
γ

f (ζ )dζ .

There is some generalization of the formulas (5.1) and (5.2).

Problem 5.15. Let function f (z, ζ ) (the variable ζ might be considered as a complex pa-
rameter) be continuous for all z in the domainD ⊂ ℂ and for all ζ ∈ γ, where γ is a Jordan
curve on the complex plane ℂ. Prove that if f (z, ζ ) is analytic for each fixed ζ ∈ γ, then
the function

F(z) := ∫
γ

f (z, ζ )dζ

is analytic with respect to z on D and

F′(z) = ∫
γ

f ′z (z, ζ )dζ .
Similar formulas are valid for all derivatives of F(z).

Example 5.16. Let us evaluate the integral

∫
γ

sin z
(z − π/6)3

dz,

where γ = {z : |z| = 1}. Since |π/6| < 1, then applying (5.3) we obtain

∫
γ

sin zdz
(z − π/6)3

= 2πi
2!
(sin z)′′󵄨󵄨󵄨󵄨z=π/6 = πi(− sin z)󵄨󵄨󵄨󵄨z=π/6 = −πi sin(π/6) = −πi2 .

Example 5.17. Let us evaluate the integral

∫
γ

dz
(z − a)4(z − b)

,

where γ = {z : |z| = r} and |a| < r < |b|. Since z ̸= b for all |z| ≤ r, then this integral is
equal to

∫
γ

1
z−bdz
(z − a)4

= 2πi
3!
(

1
z − b
)
′′′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z=a = 2πi6 (− 6

(z − b)4
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z=a = − 2πi

(a − b)4
.
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Example 5.18. Let f be analytic in a simply connected domain D and z1, z2 ∈ D, z1 ̸= z2.
Then for any piecewise smooth closed Jordan curve γ such that z1, z2 ∈ int γ, we have

f (z2) − f (z1)
z2 − z1

= 1
2πi
∫
γ

f (ζ )dζ
(ζ − z1)(ζ − z2)

.

Indeed, since

f (zj) =
1
2πi
∫
γ

f (ζ )dζ
ζ − zj
, j = 1, 2,

then

f (z2) − f (z1) =
1
2πi
∫
γ

f (ζ )( 1
ζ − z2
− 1
ζ − z1
)dζ

=
z2 − z1
2πi
∫
γ

f (ζ )dζ
(ζ − z1)(ζ − z2)

.

Problem 5.19. Let z1 ̸= z2 be two arbitrary complex numbers. Evaluate the integral

∫
γ

z2

(z − z1)(z − z2)
dz

over the circle γ : |z| = r for three different cases: |z1|, |z2| < r, |z1| < r, |z2| > r, and
|z1|, |z2| > r.

Problem 5.20. Show that if Re z > 0, then∞
∫
0

(e−t − e−tz)dt
t
= log z.

Hint: Integrate over the quadrilateral with vertices δ > 0, ρ > 1 on the real line and
δz, ρz in the right half-plane, and use the fact that the function e−t−e−tz

t is analytic in
{z : Re z > 0}.

Problem 5.21. Using the Cauchy theorem, prove that∞
∫
0

e−zt2dt = 1
2
√π
z

for Re z > 0. In particular, for x > 0 we have∞
∫
0

e−xt2 cos(yt2)dt = √π
2(x2 + y2)1/4 cos( 12 arctan y

x
)
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and ∞
∫
0

e−xt2 sin(yt2)dt = √π
2(x2 + y2)1/4 sin( 12 arctan y

x
).

Hint: Use the trigonometric formula tan α
2 =
−1±√1+tan2(α)

tan(α) .

Example 5.22. Let us show that

∫|z|=1 ezdz = −2πi
or

∫|z|=1 ezdz = 2πi.
We have

∫|z|=1 ezdz = ∫|z|=1 e1/zdz
= − ∫|ζ |=1 eζd( 1ζ ) = ∫|ζ |=1 e

ζ

ζ 2
dζ = 2πi(eζ )′󵄨󵄨󵄨󵄨ζ=0 = 2πi,

where we have also changed the direction of integration when changing variables.

Problem 5.23. Using the same ideas as in Example 5.22, show that

∫|z|=1 ( 1z + sin zz2
)dz = −πi

3

or

∫|z|=1( 1z + sin zz2
)dz = πi

3
.

Remark. The latter integrals lead to the following considerations. Let f (z) = u(x, y) +
iv(x, y) be an arbitrary function and let γ be an arbitrary curve (not necessary closed).
Then, assuming that f (z) is integrable along this curve, we obtain that

∫
γ

f (z)dz + ∫
γ

f (z)dz = 2∫
γ

u(x, y)dx + v(x, y)dy.

Concerning the function f (z) = 1
z +

sin z
z2 from Problem 5.23, we conclude that
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u(x, y) = x
x2 + y2
+ 2xy cos x sinh y + (x

2 − y2) sin x cosh y
(x2 + y2)2

and

v(x, y) = − y
x2 + y2
+ (x

2 − y2) cos x sinh y − 2xy sin x cosh y
(x2 + y2)2

and, therefore,

∫|z|=1 u(x, y)dx + v(x, y)dy = 0
for these concrete u(x, y) and v(x, y). It might be mentioned also here that due to the
Cauchy–Riemann conditions for the function f (z) = 1

z +
sin z
z2 we have that

𝜕u(x, y)
𝜕x
= 𝜕v(x, y)
𝜕y
,
𝜕u(x, y)
𝜕y
= −𝜕v(x, y)
𝜕x
,

and thus the differential form

u(x, y)dx + v(x, y)dy

is not an exact form (meaning that this differential form is not equal to differential of
some function F(x, y)).



Exercises

1. Evaluate
a) ik , b) i−k
for k = 0, 1, 2, . . . .

2. Find Re z and Im z, when
a) z = (2 + 3i)(−3 + 2i), b) z = 4+2i

3−4i , c) z = (1 + i) ⋅ 1
2−i .

3. Solve z from the equation
a) (3 + 4i)z = 1 − 2i,
b) iz + 2z = 3 − i,
c) z2 = −5 + 12i.

4. Prove that

|Re z| ≤ |z|, | Im z| ≤ |z|.

Show also that the equalities hold if and only if z is real or pure imaginary, respec-
tively.

5. Prove that |z1 − z2| = |1 − z1z2|, where z1, z2 ∈ ℂ, and |z1| = 1 or |z2| = 1.
6. Express z ∈ ℂ in trigonometric form when

a) z = −3i, b) z = √3 − i, c) z = 2 − i√12.
7. Evaluate (1 − i√3)15, (1 + i)11, and (1+i)5(1−i√3)7 .
8. Let z ∈ ℂ, |z| = 1, z ̸= −1. Prove that z can be written in the form z = 1+it

1−it for some
t ∈ ℝ.

9. Solve the equations
a) z4 = −1, b) z6 = 1, c) z3 = −i.

10. Prove that the set {z ∈ ℂ | |z − z0| > r} is open (z0 ∈ ℂ, r > 0 are given).
11. Let A = {i, i2 ,

i
3 , . . .} ⊂ ℂ. Determine if A is bounded, closed, or open. Find A′ and A.

12. Find the following limits (if they exist):
a) limn→∞ in

n , b) limn→∞ in, c) limn→∞ (1+i)nn , d) limn→∞ 2n−in2(1+i)n−1 .
13. Let the sequence (zn) ⊂ ℂ be defined as z0 = 3 and zn+1 = 1

3zn + 2i. Show that (zn)
converges and find its limit.

14. Determine which of the following functions are bijective D→ G and find f −1 : G →
D whenever it is possible.
a) f (z) = z + i, z ∈ ℂ,
c) f (z) = z2 + i, z ∈ ℂ,

b) f (z) = 1
z , z ∈ ℂ \ {0},

d) f (z) = z2 + i, 0 ≤ arg z < π.
15. Let f : D → ℂ be a function such that f (z) = z3 + i, 0 ≤ arg z < 2π/3. Determine if f

is bijective D→ ℂ. Find f −1(1).
16. Express the function f (z) = f (x + iy) in the form f (z) = u(x, y)+ iv(x, y), z ∈ D, when

a) f (z) = z3, z ∈ ℂ, b) f (z) = 1
z , z ̸= 0, c) f (z) = eiz, z ∈ ℂ.

17. Investigate the existence of the limit of f (z) at the point z = 0, when
a) f (z) = Re z

z , b) f (z) = z|z| , c) f (z) = zRe z|z| .
https://doi.org/10.1515/9783111632278-006
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18. Find the limit limz→z0 z3+z2+z+1
z−z0 , when

a) z0 = −1, b) z0 = i, c) z0 = −i. d) Find the limit limz→i z3+iz−i .
19. Prove using the definition of continuity that the function f (z) = z2 + 2z, z ∈ ℂ is

continuous for all z0 ∈ ℂ but it is not continuous at z0 =∞.
20. Show that the function f (z) = z2 is uniformly continuous on the set |z − i| < 2. Is f

uniformly continuous on ℂ?
21. Study the uniform continuity of f (z) = 1

z , z ̸= 0 on the set |z| < 1, z ̸= 0.
22. Investigate if the function f (z) = z|z|, z ∈ ℂ has a derivative at any z0 ∈ ℂ.
23. Find the derivatives of the following functions (if they exist):

a) f (z) = z2+1(z2−1)2 , z ̸= ±1,
c) f (z) = Im z, z ∈ ℂ,

b) f (z) = ez, z ∈ ℂ,
d) f (z) = z Im z, z ∈ ℂ.

24. Consider f (z) = zn, 0 ≤ arg z < 2π/n, n ≥ 2. Find f ′(z), z ∈ ℂ, and (f −1)(w),w ∈
f (D) \ {0}.

25. Let f (z) = z3, 2π/3 ≤ arg z < 4π/3. Then f −1 : ℂ → D exists. Find (f −1)′(i) and
(f −1)′(−1).

26. Let us assume that g is analytic in all ofℂ. Define the function f : ℂ→ ℂ by setting
a) f (z) = g(z), z ∈ ℂ, b) f (z) = g(z), z ∈ ℂ.
Investigate if f is analytic on ℂ.

27. Let f (z) = f (x + iy) = x3 − 3xy2 + i(3x2y − y3), z = x + iy ∈ ℂ. Show that f satisfies the
Cauchy–Riemann conditions. Find f ′(z).

28. Solve

ez = 2 + i.

29. Show that the function f (z) = 1
z+i , z ∈ ℂ \ {−i} satisfies the Cauchy–Riemann condi-

tions.
30. Show that the function

f (z) = sin z

satisfies the Cauchy–Riemann conditions.
31. Prove that

a) ez = ez, b) sin z = sin z, c) |ez| = ex , d) | cos z|2+ | sin z|2 = 1+2 sinh2 y
whenever z ∈ ℂ.

32. Find
a) log(−4), b) log 3i, c) log(√3 − i).

33. Find
a) i2i, b) (−i)i, c) i−i.

34. Express the function f (z) = Log z, z ̸= 0, in the form f = u + iv. Determine if it
satisfies the Cauchy–Riemann conditions.

35. Find the limits
a) limz→0 ez

2−1
z2+2z , b) limz→ π

2

cos z
z− π2 , c) limz→0 cos 2z−1

sin2 z
, d) limz→0 log2(1+z)

z2 .
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36. Let f be analytic in a domain A ⊂ ℂ.
a) Let us assume that f ′(z) = 0 for all z ∈ A. Show that f is a constant function on

A.
b) Let us assume that f = u + iv and u is a constant function on A. Show that f is

constant on A.
37. Find ∫γ zdz, where

a) γ : z(t) = t + it2, t ∈ [0, 1], b) γ : z(t) = t2 + it4, t ∈ [0, 1].
38. Find ∫γ z

2dz, where γ is the line segment from i to 1 + 2i.
39. Evaluate the integral

∫
γ

dz
(z − z0)n

, n = 2, 3, . . . ,

where γ is closed Jordan curve and a) z0 is in the interior of γ, b) z0 is in the exterior
of γ.

40. Prove that

2π

∫
0

ecos t cos(t + sin t)dt =
2π

∫
0

ecos t sin(t + sin t)dt = 0.

41. Evaluate the integral ∫γ sin
2 zdz, where γ is the line segment from 0 to i.

42. Evaluate the integrals
a) ∫γ

sin z
z−i dz, where γ : z(t) = 2eit , t ∈ [0, 2π],

b) ∫γ
sinh z
z−iπ dz, where γ : z(t) = iπ + 2eit , t ∈ [0, 2π].

43. Evaluate

∫
γ

ez

z(z − 2i)
dz,

where a) γ : z(t) = eit , t ∈ [0, 2π], b) γ : z(t) = 3eit , t ∈ [0, 2π].
44. Evaluate

1
2πi
∫
γ

eaz

z2 + 1
dz,

where γ : z(t) = 3eit , t ∈ [0, 2π], and a > 0.
45. Evaluate

1
2πi
∫
γ

eaz

(z2 + 1)2
dz,

where γ and a are as in Exercise 44.
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46. Evaluate
a) ∫γ

eiz
z3 dz, where γ : z(t) = 2e

it , t ∈ [0, 2π],

b) ∫γ
cos z(z−π/4)3 dz, where γ : z(t) = eit , t ∈ [0, 2π].

47. Evaluate

∫
γ

ekz

zn+1 dz and ∫
γ

sin z
zn+1 dz,

where γ : z(t) = eit , t ∈ [0, 2π] and k ∈ ℕ.



�
Part II





6 Fundamental theorem of integration

The Cauchy theorem (as well as the Cauchy integral formula) allows us to prove the
fundamental theorem of integration. Let f be analytic in the simply connected domainD.
Then the integral

∫
γ

f (ζ )dζ ,

is independent on the piecewise smooth Jordan curve γ ⊂ D connecting two points
z0, z ∈ D. The reason is: if we consider two different such curves γ1 and γ2 (both from
z0 to z), then the curve γ := γ1 ∪ γ2 will be closed and due to the Cauchy theorem (Theo-
rem 5.2), we have

0 = ∫
γ

f (ζ )dζ = ∫
γ1

f (ζ )dζ − ∫
γ2

f (ζ )dζ

or

∫
γ1

f (ζ )dζ = ∫
γ2

f (ζ )dζ .

That is why the function

F(z) :=
z

∫
z0

f (ζ )dζ (6.1)

is well-defined since its value is independent on the curve connecting z0 and z. Even
more is true. The function (6.1) is analytic inD and F′(z) = f (z) everywhere inD. Indeed,

F(z + Δz) − F(z)
Δz

− f (z) = 1
Δz
(
z+Δz
∫
z0

f (ζ )dζ −
z

∫
z0

f (ζ )dζ) − f (z)

=
1
Δz

z+Δz
∫
z

f (ζ )dζ − f (z)

=
1
Δz

z+Δz
∫
z

(f (ζ ) − f (z))dζ .

Using the line segment from z to z + Δz (see Figure 6.1), we obtain

https://doi.org/10.1515/9783111632278-007
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Figure 6.1: Curves connecting z0 to z.

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
F(z + Δz) − F(z)

Δz
− f (z)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

1
|Δz|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z+Δz
∫
z

󵄨󵄨󵄨󵄨f (ζ ) − f (z)
󵄨󵄨󵄨󵄨|dζ |
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ sup
ζ∈[z,z+Δz]󵄨󵄨󵄨󵄨f (ζ ) − f (z)󵄨󵄨󵄨󵄨→ 0

as Δz → 0. Hence, F(z) is analytic in D and F′(z) = f (z) everywhere in D. This fact
justifies the following definition.

Definition 6.1. The function Φ(z) is called the primitive for f (z) in D if Φ(z) ∈ H(D) and
Φ′(z) = f (z).

So, if D is simply connected and f is analytic in D, then

F(z) =
z

∫
z0

f (ζ )dζ

is a primitive for f in D. For instance, f (z) = z has no primitive.

Problem 6.2. Show that if Φ1 and Φ2 are primitives for f in simply connected D, then
Φ1(z) − Φ2(z) ≡ constant in D.

As a consequence, we have the fundamental fact: if D is simply connected, then

z2

∫
z1

f (ζ )dζ = F(z2) − F(z1),

where F is any primitive for f . This fact is called the fundamental theorem of complex
integration analogously to the Newton’s formula for real integration.

Example 6.3. Let D ⊂ ℂ be a simply connected domain such that 0 ∉ D and 1 ∈ D. Then
f (z) = 1

z is analytic in D and

F(z) =
z

∫
1

1
ζ
dζ
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is a primitive for f in D, where D is such that any curve connecting 1 and z ∈ D does not
pass across 0. For example, D can be chosen as

D = ℂ \ {Im z = 0,Re z ≤ 0}.

In this domain, we can take the line segment connecting 1 and z. This function F(z) is
said to be logarithmic function (or logarithm), i. e.,

log z =
z

∫
1

1
ζ
dζ . (6.2)

Problem 6.4. Show that

log z = log |z| + i arg z, z ∈ D, (6.3)

where D is as above, i. e., −π < arg z < π.

Problem 6.5. Let

f (z) = 1
1 + z2

and let D be simply connected such that ±i ∉ D. Let

arctan z :=
z

∫
0

dζ
1 + ζ 2
,

where D is chosen such that any curve connecting 0 and z does not pass across ±i. Show
that

arctan z = 1
2i
log 1 + iz

1 − iz
.

The converse statement to Cauchy theorem is also true.

Theorem 6.6 (Morera’s theorem). Let f be a continuous function in a simply connected
domain D ⊂ ℂ. If ∫γ f (ζ )dζ = 0 for every piecewise smooth closed Jordan curve in D, then
f is analytic in D.

Proof. We select a point z0 ∈ D and define F(z) by

F(z) :=
z

∫
z0

f (ζ )dζ ,

which is well-defined in D since the result of integration is independent on curve con-
necting z0 and z in D. Since f is continuous in D, we have (choosing line segment to
connect z and z + Δz)
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󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
F(z + Δz) − F(z)

Δz
− f (z)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

1
|Δz|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z+Δz
∫
z

󵄨󵄨󵄨󵄨f (ζ ) − f (z)
󵄨󵄨󵄨󵄨|dζ |
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ max
ζ∈[z,z+Δz]󵄨󵄨󵄨󵄨f (ζ ) − f (z)󵄨󵄨󵄨󵄨→ 0

as Δz → 0. Thus, F′(z) = f (z), i. e., F is analytic. But since any analytic function is in-
finitely many times differentiable then so is f .



7 Harmonic functions and mean value formulae

Let u(x, y) be a real-valued function of two real variables x and y defined on a domainD.

Definition 7.1. If function u(x, y) is twice continuously differentiable in D and satisfies
the Laplace equation,

Δu = 𝜕2xu(x, y) + 𝜕
2
yu(x, y) = 0

in D, then u is said to be harmonic in D.

There is a close connection between harmonic and analytic functions. Indeed, if f =
u + iv is analytic in D, then (as we have proved) f is infinitely many times differentiable
in D. So the functions u and v satisfy the Cauchy–Riemann conditions 𝜕xu = 𝜕yv and
𝜕yu = −𝜕xv. It follows that

𝜕2xu = 𝜕
2
xyv, 𝜕

2
yu = −𝜕

2
xyv,

and hence,

𝜕2xu + 𝜕
2
yu = 𝜕

2
xyv − 𝜕

2
xyv = 0,

i. e., u is harmonic. Similarly,

𝜕2xv + 𝜕
2
yv = −𝜕

2
xyu + 𝜕

2
xyu = 0.

Thus, if f ∈ H(D), then Re f and Im f are harmonic in D.
It turns out that the converse is also true. Namely, any harmonic function is the real

(or imaginary) part of some analytic function and this connection is unique up to an
arbitrary constant. Let u be harmonic in a simply connected domain D. Then we may
consider the differential form

l := −𝜕yudx + 𝜕xudy.

This form is complete differential of some function v since 𝜕y(−𝜕yu) = 𝜕x(𝜕xu) or Δu = 0,
i. e.,

dv = −𝜕yudx + 𝜕xudy. (7.1)

This fact allows us to introduce function v(x, y) as

v(x, y) =
(x,y)
∫(x0 ,y0) −𝜕yudx + 𝜕xudy + constant (7.2)

https://doi.org/10.1515/9783111632278-008
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and this function is well-defined since the latter integral does not depend on the curve
in D connecting the points (x0, y0) and (x, y). Even more is true, due to (7.1) and (7.2), we
have

𝜕xv = −𝜕yu, 𝜕yv = 𝜕xu,

i. e., the Cauchy–Riemann conditions are satisfied for function f = u + iv. But u and v
are twice continuously differentiable in D with Cauchy–Riemann conditions fulfilled.
Thus, f ∈ H(D) and u = Re f . Similarly, we may construct uniquely (up to an arbitrary
constant) analytic function f such that given harmonic function u is equal to Im f .

Simultaneously, we obtained the following important result. By Corollary 5.13, we
know that any analytic function is infinitely many times differentiable. Since any har-
monic function is the real (or imaginary) part of some analytic function, then any har-
monic function is infinitely many times differentiable.

Problem 7.2. Let f ∈ H(D) and f ̸= 0 everywhere in D. Prove that log f (z) is analytic in
in a domain D, and log |f (z)| is harmonic in D.

Let f be analytic in a domainD containing the disk {z : |z−z0| ≤ R}. Then the Cauchy
integral formula yields

f (z0) =
1
2πi
∫|ζ−z0|=R f (ζ )dζ

ζ − z0
.

If we parametrize the circle by ζ (t) = z0 + Re
it , t ∈ [−π, π], then dζ = Rieitdt and the

latter integral becomes

f (z0) =
1
2πi

π

∫−π f (z0 + Re
it)Rieitdt

Reit
= 1
2π

π

∫−π f (z0 + Reit)dt. (7.3)

This formula is called themean-value formula for analytic functions. Since any har-
monic function is the real (or imaginary) part of some analytic function, then we obtain
the mean-value formula also for harmonic function u as

u(x0, y0) = Re f (z0) = Re
1
2π

π

∫−π f (z0 + Reit)dt
= 1
2π

π

∫−π Re f (z0 + Reit)dt = 1
2π

π

∫−π u(x0 + R cos t, y0 + R sin t)dt. (7.4)

Remark. Due to periodicity, wemay replace the integration from −π to π by integration
from 0 to 2π.
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There is an analogue of the Cauchy formula for harmonic functions. The following
theorem is valid.

Theorem 7.3 (Poisson formula). Let real-valued function u(reiθ), θ ∈ [0, 2π], be harmonic
in the disk {z : |z| ≤ R}. Then for any 0 ≤ r < R, we have

u(reiθ) = 1
2π

2π

∫
0

R2 − r2

R2 − 2Rr cos(θ − ϕ) + r2
u(Reiϕ)dϕ.

This formula is known as the Poisson integral for the disk.

Proof. Aswe know from this chapter, any real-valued harmonic function is the real part
of some uniquely (up to constant) determined analytic function. So, in this case u(reiθ) =
Re f (z), where f (z) is analytic in the disk {z : |z| ≤ R}. Moreover, wemay assumewithout
loss of generality that in this case f (z) = f (z). This fact can be rewritten as f (re−iθ) =
u − iv, if f (reiθ) = u + iv. Applying the Cauchy formula, we have

f (z) = f (reiθ) = u + iv = 1
2πi
∫|ζ |=R f (ζ )

ζ − z
dζ = 1

2π

2π

∫
0

f (Reiϕ)Reiϕ

Reiϕ − reiθ
dϕ,

where 0 ≤ r < R. Since the point R2
reiθ lies outside of the disk {z : |z| ≤ R}, then another

application of the Cauchy formula leads to

0 = 1
2πi
∫|ζ |=R f (ζ )

ζ − R2r−1e−iθ dζ = 1
2π

2π

∫
0

f (Reiϕ)Reiϕ

Reiϕ − R2r−1e−iθ dϕ.
Changing hereϕ to−ϕ andusing periodicitywith respect toϕ (and our assumption about
f (z)), we obtain

0 = 1
2π

2π

∫
0

f (Reiϕ)reiθ

reiθ − Reiϕ
dϕ.

Taking the difference between these two formulas, we can easily obtain that

f (reiθ) = 1
2π

2π

∫
0

(Re f (Reiϕ)Re
iϕ + reiθ

Reiϕ − reiθ
+ i Im f (Reiϕ))dϕ.

Considering now the real parts, we obtain the Poisson formula. Moreover, consideration
of the imaginary parts gives the following formula:
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v(reiθ) = 1
2π

2π

∫
0

(v(Reiϕ) + 2Rr sin(θ − ϕ)
R2 − 2Rr cos(θ − ϕ) + r2

u(Reiϕ))dϕ.

The theorem is proved.

Remark. An analogue of the Poisson integral for the real part of the analytic function is
also valid for the imaginary part of the same analytic function (compare with the latter
formula in the proof of the theorem).

There is evenmore a general formula than Poisson integral, which is called Jensen’s
formula. It establishes a connection between the modulus of the zeros of the analytic
function inside the disk and the average of log for this function at the boundary. More
precisely, the following theorem holds.

Theorem 7.4 (Jensen’s formula). Let function f (z) be analytic in the disk {z : |z| ≤ R}. Sup-
pose that a1, a2, . . . , an are the zeros of f (z) in the interior of this disk (repeated according
to their respective multiplicities), and let f (0) ̸= 0. Then the Jensen’s formula states

log󵄨󵄨󵄨󵄨f (0)
󵄨󵄨󵄨󵄨 =

n
∑
k=1 log( |ak |R ) + 1

2π

2π

∫
0

log󵄨󵄨󵄨󵄨f (Re
iϕ)󵄨󵄨󵄨󵄨dϕ.

Proof. Let us assume first that f (z) has no zeros in the disk {z : |z| ≤ R}, then since
log f (z) is analytic there (see Problem 7.2) we have by the Cauchy formula that

log f (0) = 1
2πi
∫|z|=R log f (z)

z
dz = 1

2π

2π

∫
0

log f (Reiϕ)dϕ.

Considering the real part of the latter equality, we obtain the Jensen’s formula in this
case, i. e.,

log󵄨󵄨󵄨󵄨f (0)
󵄨󵄨󵄨󵄨 =

1
2π

2π

∫
0

log󵄨󵄨󵄨󵄨f (Re
iϕ)󵄨󵄨󵄨󵄨dϕ.

Since log |f (z)| is harmonic (see Problem 7.2), then the latter formula can be seen as the
generalization of the mean value property of harmonic functions.

Assume now that f (z) has only one zero a1 = re
iθ, r < R, in this disk. Then applying

the Cauchy formula to the function log(1 − zre−iθ), we obtain
0 = ∫|z|= 1R

log(1 − zre−iθ)
z

dz,
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where we have used the main value of log. This equality implies that

1
2πi
∫|z|= 1R

log( 1−zre−iθ−zre−iθ )
z

dz = 1
2πi
∫|z|= 1R

log( 1−zre−iθ )
z

dz

= 1
2πi
∫|z|= 1R

log( 1−re−iθ )
z

dz − 1
2πi
∫|z|= 1R

log z
z

dz

= log( 1
−re−iθ ) − 1

4πi
log2 z
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

arg z=2π
arg z=0

= − log(−reiθ) − 1
4πi
(log 1

R
+ i2π)

2

+ 1
4πi

log2 1
R
.

Considering the real part of the left and right sides of this equality, we easily obtain

1
2π

2π

∫
0

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − R

r
ei(θ−ϕ)󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨dϕ = log Rr .

This is the Jensen’s formula for the function f (z) = 1 − z
a1
.

Now the general case can be obtained from the previous two particular cases if we
represent the given function f (z) with zeros a1, a2, . . . , an as

f (z) = (1 − z
a1
)(1 − z

a2
) ⋅ ⋅ ⋅(1 − z

an
)φ(z)

such that φ(z) is analytic in the disk {z : |z| ≤ R}, has no zeros there and φ(0) = f (0).
Using this representation, the Jensen’s formula is obtained now simply by adding. The
theorem is completely proved.

Corollary 7.5. Under the conditions of the theoremabove, assume in addition that besides
the zeros a1, a2, . . . , an the function f (z) has also the poles b1, b2, . . . , bm (repeated also
according to their respective multiplicities). Then

log󵄨󵄨󵄨󵄨f (0)
󵄨󵄨󵄨󵄨 =

n
∑
k=1 log( |ak |R ) − m

∑
k=1 log( |bk |R ) + 1

2π

2π

∫
0

log󵄨󵄨󵄨󵄨f (Re
iϕ)󵄨󵄨󵄨󵄨dϕ.

Proof. The proof follows if we represent f (z) as

f (z) = g(z)
h(z)
, where h(z) = (1 − z

b1
)(1 − z

b2
) ⋅ ⋅ ⋅(1 − z

bm
).

Problem 7.6. Under the conditions of Theorem 7.4, let us denote by n(t) the number of
zeros of f (z) in the disk {z : |z| ≤ t}. Prove that
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log󵄨󵄨󵄨󵄨f (0)
󵄨󵄨󵄨󵄨 +

R

∫
0

n(t)
t
dt = 1

2π

2π

∫
0

log󵄨󵄨󵄨󵄨f (Re
iϕ)󵄨󵄨󵄨󵄨dϕ.

We now prove a very important result concerning the modulus of an analytic func-
tion.

Theorem 7.7 (Maximummodulus principle). Let f be analytic and non-constant in a con-
nected domain D (which is not necessarily bounded). If M := supD |f (z)|, then for any z ∈ D
we have |f (z)| < M, i. e., |f (z)| does not attain its supremum at any point z0 ∈ D.

Proof. The valueM cannot be equal to zero since in this case f ≡ 0. It contradicts with
the conditions of this theorem. If M = ∞, then due to analyticity of f in D, we have
|f (z)| <∞ for every z ∈ D, i. e. |f (z)| < M . That is why we assume now that 0 < M <∞.

We will assume on the contrary that there is z0 ∈ D such that M = |f (z0)|. The
mean-value formula (7.3) leads to

M = 󵄨󵄨󵄨󵄨f (z0)
󵄨󵄨󵄨󵄨 =

1
2π

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

π

∫−π f (z0 + Reit)dt
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ 1
2π

π

∫−π 󵄨󵄨󵄨󵄨f (z0 + Reit)󵄨󵄨󵄨󵄨dt
for any 0 ≤ R ≤ R0 such that {z : |z−z0| ≤ R} ⊂ D. Using this, wewill prove that |f (z)| = M
for all z ∈ {z : |z − z0| ≤ R}, 0 ≤ R ≤ R0. Assume again on the contrary that there is R > 0
with 0 ≤ R ≤ R0 and t0 ∈ [−π, π] such that |f (z0 + Re

it0 )| < M . Since |f (z)| is continuous,
there is δ > 0 such that |f (z0 + Re

it)| < M for any t ∈ (t0 − δ, t0 + δ). If t0 = ±π, then we
will consider only either (t0, t0+δ) or (t0−δ, t0). These assumptions lead to the following
inequalities:

M ≤ 1
2π

π

∫−π 󵄨󵄨󵄨󵄨f (z0 + Reit)󵄨󵄨󵄨󵄨dt = 1
2π

t0−δ
∫−π 󵄨󵄨󵄨󵄨f (z0 + Reit)󵄨󵄨󵄨󵄨dt

+ 1
2π

t0+δ
∫

t0−δ 󵄨󵄨󵄨󵄨f (z0 + Reit)󵄨󵄨󵄨󵄨dt + 1
2π

π

∫
t0+δ 󵄨󵄨󵄨󵄨f (z0 + Reit)󵄨󵄨󵄨󵄨dt

< 1
2π
[M(t0 − δ + π) + 2Mδ +M(π − t0 − δ)] = M .

This contradiction shows that |f (z)| ≡ M in every disk {z : |z − z0| ≤ R}, 0 ≤ R ≤ R0.
Let us show that this equality |f (z)| = M holds in any point z ∈ D. In order to prove it,
we join z0 and z by a piecewise smooth Jordan curve γ ⊂ D and denote by d > 0 the
minimum distance from γ to 𝜕D. Next, we find consecutive points z0, z1, . . . , zn = z along
γ with |zk+1 − zk | ≤ d/2 such that the disks Dk = {z : |z − zk | ≤ d/2}, k = 0, 1, . . . , n − 1 are
contained in D and cover γ, see Figure 7.1. Each disk Dk contains the center zk+1 of the
next disk Dk+1.
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Figure 7.1: Sequence of disks Dk .

That is why it follows |f (z)| = M for all z ∈ D1, and inductively, |f (z)| = M for all
z ∈ Dn. Thus, |f (z)| ≡ M everywhere in D.

The last step is to show that f (z) ≡ constant. Indeed, since u2 + v2 ≡ M2 then

{
uux + vvx = 0,
uuy + vvy = 0.

By the Cauchy–Riemann conditions, we get

{
uux − vuy = 0,
uuy + vux = 0.

Hence, uxM
2 ≡ 0 and uyM

2 ≡ 0. Since 0 < M < ∞, it follows that ux ≡ uy ≡ 0 in D.
These two facts imply immediately that u ≡ constant. Similarly, we may obtain that
v ≡ constant, i. e., f ≡ constant. This contradiction proves the theorem completely.

Corollary 7.8. Let D be a bounded connected domain and let f be analytic in D and con-
tinuous in D. Then either f ≡ constant ormaxD |f (z)| achieves at the boundary 𝜕D.

Proof. Since f ∈ C(D) and D is compact set inℂ, then |f (z)| is continuous there, too, and
by Weierstrass theorems there is maxz∈D |f (z)|, which is achieved at some point z0 ∈ D,
i. e.,

max
z∈D 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 = 󵄨󵄨󵄨󵄨f (z0)󵄨󵄨󵄨󵄨.

If f ̸≡ constant, then Theorem 7.7 implies that for every z ∈ D we have

max
z∈D 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 > 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨.

Thus, z0 ∈ 𝜕D, i. e., |f | achieves its maximum at the boundary.

Corollary 7.9. Let f1 and f2 be analytic in D and continuous in D, where D is bounded. If
f1(z) = f2(z) for all z ∈ 𝜕D, then f1(z) = f2(z) everywhere in D.
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Proof. Let us consider f (z) := f1(z) − f2(z). Then Corollary 7.8 implies that maxz∈D |f (z)|
is achieved at the boundary or f ≡ constant. But f (z) = 0 at the boundary. That is why
in both cases f (z) ≡ 0.

Corollary 7.10. Let f be analytic in D. Let us assume in addition that f (z) ̸= 0 everywhere
in D. Then either f ≡ constant in D or infD |f (z)| < |f (z)| for all z ∈ D.

Proof. Since f (z) ̸= 0 and analytic in D, then g(z) := 1/f (z) is well-defined and analytic
in D. Theorem 7.7 implies that either g ≡ constant (so is f ) or for every z ∈ D it follows
that

󵄨󵄨󵄨󵄨g(z)
󵄨󵄨󵄨󵄨 < sup

D

󵄨󵄨󵄨󵄨g(z)
󵄨󵄨󵄨󵄨 =

1
infD |f (z)|

.

This means that infD |f (z)| < |f (z)|.

As a straightforward application of maximummodulus principle, we obtain the fa-
mous Schwarz’s lemma.

Corollary 7.11 (Schwarz’s lemma). Let D = {z : |z| < 1} be the open unit disk in the complex
plane ℂ centered at the origin, and let f : D → ℂ be analytic such that f (0) = 0 and
|f (z)| ≤ 1 on D. Then |f (z)| ≤ |z| for all z ∈ D and |f ′(0)| ≤ 1. Moreover, if |f (z)| = |z| for
some nonzero z or |f ′(0)| = 1, then f (z) = az for some a ∈ ℂ with |a| = 1.

Since the mean value formula holds also for harmonic functions (see (7.4)), we ob-
tainmaximum principle for harmonic functions.

Theorem 7.12. Let u(x, y) be real-valued, harmonic, and nonconstant in the domain D
(not necessarily bounded). If M = supD u(x, y) and m = infD u(x, y), then

m < u(x, y) < M (7.5)

for any (x, y) ∈ D.

Proof. The proof literally repeats the proof of Theorem 7.7.

Remark. In (7.5), it might be thatm = −∞ orM =∞.

Corollary 7.13. Let u(x, y) be real-valued and harmonic in D and continuous in D, where
D is a bounded domain. Then either u ≡ constant or for any (x, y) ∈ D, we have

min
D

u(x, y) < u(x, y) < max
D

u(x, y),

i. e.,min u(x, y) andmax u(x, y) are achieved at the boundary 𝜕D.

Problem 7.14. Let f (z) = az + b and D = {z : |z| < 1}. Prove that
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max|z|≤1 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 = |a| + |b|
and max|z|≤1 |f (z)| = |f (eiθ0 )| for some real θ0. Show also that θ0 = arg b − arg a.

Problem 7.15. Let f (z) = az + b with |b| > |a| and D = {z : |z| < 1}. Prove that
min|z|≤1 |f (z)| = |b| − |a| and min|z|≤1 |f (z)| = |f (eiθ0 )| with θ0 = arg b − arg a + π.
Problem 7.16. Prove Corollary 7.11. Hint: Consider the function g(z) := f (z)

z if z ̸= 0 and
g(0) := f ′(0) by continuity and then applymaximummodulus principle to function g(z).

Phragmen–Lindelöf principle
This principle is the extension of themaximummodulus principle for analytic functions
to the case when the domain of analyticity is not bounded or when there is a singular
point at the boundary of bounded domain. For the first case, the singular point is∞ and
we consider mostly this case. The main result is the following theorem.

Theorem 7.17 (Phragmen–Lindelöf). Let a domain D ⊂ ℂ be the region between two half-
lines, which form angle π

α , α >
1
2 with vertex at the origin. Assume that the function f (z)

is analytic on D such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ 𝜕D,

and

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M1e

|z|β , z ∈ D

with some β < α. Then

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ D

including z =∞.

Proof. We may assume without loss of generality that the domain D is symmetric with
respect to the real line (see Figure 7.2).

Wewill denote these half-lines as z = |z|e±i π2α , while the part of the circle with radius
R is denoted z = Reiθ, |θ| ≤ π

2α . Since function z
γ for β < γ < α is univalent in D, we can

define uniquely a new function F(z) as

F(z) := e−ϵzγ f (z), ϵ > 0.

It is clear that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 = e
−ϵ|z|γ cos(γθ)󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨, |θ| ≤ π

2α



92 � Harmonic functions and mean value formulae

Figure 7.2: Symmetric domain D.

and, therefore, on these half-lines, i. e., for |θ| = π
2α , we have the estimate

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ e
−ϵ|z|γ cos( γπ2α )󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≤ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≤ M .

Next, for the part of the circle |z| = R, |θ| ≤ π
2α we obtain that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M1e

Rβ−ϵRγ cos( γπ2α ).
Since β < γ < α and ϵ > 0, then the latter inequality implies that |F(z)|→ 0 as R→ +∞.
It allows us to conclude that for R > 0 big enough

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M , |z| = R, |θ| ≤

π
2α
.

Applying now the maximum modulus principle (see Theorem 7.7) for the bounded do-
main DR (see Figure 7.2), we get that for all z ∈ DR,

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M .

Taking into account that this estimate is independent on R > 0, we may conclude that
the latter inequality is valid for all z ∈ D. Hence,

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Meϵ|z|γ , z ∈ D,

where ϵ > 0 and arbitrary small. Letting ϵ → 0 proves the theorem.

Remark. The proof of the latter theorem shows that the half-lines can be replaced by
the curves going to infinity.
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Corollary 7.18. Assume that for any δ > 0 there is Mδ > 0 such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Mδe

δ|z|α , z ∈ D,

and assume, as in the theorem, that on the half-lines,

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ 𝜕D.

Then

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ D

including z =∞.

Proof. Consider again (as in the theorem) the symmetric angle |θ| ≤ π
2α and the function

F(z) := e−ϵzα f (z), z ∈ D, ϵ > 0.

If 0 < δ < ϵ and z ∈ ℝ+, i. e., z = x > 0, then we have
󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 = e
−ϵxα 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨 ≤ Mδe

−(ϵ−δ)xα ,
and thus

lim
z=x→+∞󵄨󵄨󵄨󵄨F(z)󵄨󵄨󵄨󵄨 = 0.

Hence, for z = x > 0 we have that |F(z)| ≤ M1, where M1 = supz=x>0 |F(z)|. Denoting
by M2 = max(M ,M1) and applying Theorem 7.17 to each of the angles 0 ≤ θ ≤ π

2α and
− π2α ≤ θ ≤ 0, respectively, we conclude that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M2, z ∈ D.

But actually M1 ≤ M and so M2 = M . Indeed, by the definition of M1 and continuity of
|F(z)| on the positive real line, we have by the Weierstrass theorem that M1 = |F(x1)|
at some point x1 ∈ ℝ+. Assuming that M1 > M , we obtain the contradiction with the
maximummodulus principle. Thus, finally

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ D

and, therefore,

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Meϵ|z|α , z ∈ D.

In virtue of arbitrariness of ϵ > 0, we deduce from here that
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󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , z ∈ D.

This completes the proof of corollary.

Corollary 7.19. Let function f (z) be analytic and bounded in the angle mentioned in the
theorem. If

lim
z→∞,z=|z|e±i π2α f (z) = a,

then

lim
z→∞,z=|z|eiθ f (z) = a, |θ| ≤ π

2α

uniformly.

Proof. We may assume without loss of generality that a = 0 and α > 1, i. e., π
α < π.

Consider the function

F(z) := z
z + λ

f (z), z ∈ D, λ > 0.

Then evidently

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 =

|z|
√|z|2 + 2λ|z| cos θ + λ2

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤
|z|
√|z|2 + λ2

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨.

Since |f (z)| ≤ M in D and limz→∞ f (z) = 0 on the half-lines, then for any ϵ > 0 there
exists R > 0 such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 < ϵ, |z| > R, z = |z|e±i π2α .

Choosing λ = RM
ϵ , we have for all |z| ≤ R that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤
|z|
λ
M ≤ ϵ,

and we have for all |z| > R on the half-lines that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 < ϵ.

Hence, due to Theorem 7.17 we have that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ ϵ, z ∈ D,

and thus, for |z| > λ,
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󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ (1 +

|z|
λ
)󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 < 2ϵ.

This proves the corollary.

Problem 7.20. Under the conditions of the latter corollary assume that

lim
z→∞,z=|z|e+i π2α f (z) = a, lim

z→∞,z=|z|e−i π2α f (z) = b.
Prove that a = b.

There are some interesting applications of the Phragmen–Lindelöf principle.

Proposition 7.21. Let function f (z) be analytic for all z with Re z ≥ 0 and

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Mek|z|, Re z ≥ 0,

for some k > 0. If

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M1e

−a|z|, Re z = 0

for some a > 0, then f (z) ≡ 0 for all z,Re z ≥ 0.

Proof. Consider the function

F(z) := e−(k+ia)zf (z), Re z ≥ 0.

Then we have

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨e
−(k cos θ−a sin θ)|z|, |θ| ≤ π

2
.

The condition of the proposition imply

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M , θ = 0, 󵄨󵄨󵄨󵄨F(z)

󵄨󵄨󵄨󵄨 ≤ M1, θ = π
2
.

Applying the Phragmen–Lindelöf principle to the angle 0 ≤ θ ≤ π
2 , we obtain that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1), 0 ≤ θ ≤ π

2

and, therefore, for this angle we have

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1)e

(k cos θ−a| sin θ|)|z|.
The same is true also for the angle − π2 ≤ θ ≤ 0.



96 � Harmonic functions and mean value formulae

Consider now the function

F1(z) := e
Azf (z), z ∈ D,

where A > 0 is big enough. The estimates for f (z) from above lead to the estimate

󵄨󵄨󵄨󵄨F1(z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1)e

((k+A) cos θ−a| sin θ|)|z|.
In particular, it yields that if θ = ± π2 or if θ = ± arctan(

k+A
a ), then

󵄨󵄨󵄨󵄨F1(z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1).

Applying now the Phragmen–Lindelöf principle to each of the angles: − π2 ≤ θ ≤ θ0,
θ0 ≤ θ ≤ θ0, θ0 ≤ θ ≤

π
2 , where θ0 = arctan(

k+A
a ), we get that the inequality

󵄨󵄨󵄨󵄨F1(z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1)

actually holds for the whole angle − π2 ≤ θ ≤
π
2 . Consequently,

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ max(M ,M1)e

−A cos θ|z|, |θ| < π
2
.

Letting A → +∞, we can conclude that |f (z)| ≡ 0 for all z,Re z ≥ 0. Proposition is
proved.

Proposition 7.22. Let function f (z) be analytic for all z,Re z ≥ 0, and

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Mek|z|, 0 < k < π.

If f (z) = 0 for each z = 0, 1, 2, . . . , then f (z) ≡ 0 for all z,Re z ≥ 0.

Proof. Consider the function

F(z) = f (z)
sin πz
, Re z ≥ 0.

We note that at the points z = 0, 1, 2, . . . this function has removable singularities (see
Definition 10.9) and can be redefined as the analytic function everywhere in Re z ≥ 0.
Next, the function 1

sin πz is bounded on the circles |z| = n +
1
2 , n = 0, 1, 2, . . . . Hence, we

have that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M1e

k|z|, |z| = n + 1
2
, n = 0, 1, 2, . . . .

It is also true for all z,Re z = 0 with some constant M1 > 0. This implies that for all
z, n − 1

2 < |z| < n +
1
2 , n = 1, 2, . . .

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ M1e

k(n+1/2) ≤ M2e
k|z|, n − 1

2
< |z| < n + 1

2
.
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Hence, this is true for all z,Re z ≥ 0. Moreover, if Re z = 0 we have that (z = iy)

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 ≤ Me(k−π)|y|, |y| > 1.

The statement of this proposition follows from Proposition 7.21.

Problem 7.23. Let function f (z) be analytic for all z,Re z ≥ 0, and

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M1e

|z|1−ϵ
with ϵ > 0 which is arbitrary small. Assume that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , Re z = 0

and f (1) = 0. Prove that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M
|z − 1|
|z + 1|
, Re z > 0.

Hint: Consider function 1+z
1−z f (z).

Problem 7.24. Assume that function f (z) is analytic in the angle θ1 ≤ θ ≤ θ2, θ2 −θ1 <
π
ρ ,

ρ > 1, and satisfies there the conditions

e−|z|ρ+ϵ ≤ 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≤ e|z|ρ+ϵ , ϵ > 0.

Assume that there exist the limits

lim
z→∞,z=|z|eiθj |z|−ρ log󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 = hj , j = 1, 2.

If H(θ) = a cos ρθ + b sin ρθ with real coefficients a, b, and H(θ1) = h1, H(θ2) = h2, then
prove that actually

H(θ) ≡ lim|z|→∞ |z|−ρ log󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨, θ1 ≤ θ ≤ θ2.



8 Liouville’s theorem and the fundamental theorem
of algebra

Theorem 8.1 (Cauchy’s inequality). Let f be analytic in a bounded domainD (not necessar-
ily simply connected) and continuous in D. Then for any z0 ∈ D and for any n = 0, 1, . . . ,
we have

󵄨󵄨󵄨󵄨f
(n)(z0)󵄨󵄨󵄨󵄨 ≤ n!MRn , (8.1)

where M = maxD |f (z)| and R = dist(z0, 𝜕D).

Proof. Let z0 ∈ D be arbitrary and let R > 0 be chosen such that we have {z : |z − z0| <
R} ⊂ D. Then using the Cauchy integral formula, we obtain

f (n)(z0) = n!
2πi
∫|ζ−z0|=R f (ζ )
(ζ − z0)n+1 dζ , n = 0, 1, . . . .

If we parametrize |ζ − z0| = R as ζ = z0 + Re
it , t ∈ [−π, π], then

f (n)(z0) = n!
2πi

π

∫−π f (z0 + Re
it)iReit

Rn+1ei(n+1)t dt = n!
2πRn

π

∫−π f (z0 + Re
it)

eint
dt.

This representation implies the inequality

󵄨󵄨󵄨󵄨f
(n)(z0)󵄨󵄨󵄨󵄨 ≤ n!

2πRn

π

∫−π |f (z0 + Re
it)|

|eint|
dt ≤ n!M

2πRn
2π = n!M

Rn

and concludes the proof.

Theorem 8.2 (Liouville’s theorem). Let f be analytic in the whole complex planeℂ and let
α ≥ 0 be such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M(1 + |z|)

α, z ∈ ℂ

with some positive constant M. Then f is a polynomial of degree at most [α], where [α]
denotes the entire part of α.

Proof. Let n = [α]. Since f is analytic inℂ, then for every R > 0 and every z ∈ ℂwe have
by the Cauchy integral formula that

f (n+1)(z) = (n + 1)!
2πi

∫|ζ−z|=R f (ζ )
(ζ − z)n+2 dζ .

That is why we have the following inequality:

https://doi.org/10.1515/9783111632278-009
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󵄨󵄨󵄨󵄨f
(n+1)(z)󵄨󵄨󵄨󵄨 ≤ (n + 1)!2π

π

∫−π |f (z + Re
it)|Rdt

Rn+2 ≤ (n + 1)!
2π

M(1 + |z| + R)α

Rn+1 2π

= M(n + 1)!Rα−(n+1)(1 + (1 + |z|)/R)α → 0

as R → ∞ since n + 1 > α. It means that f (n+1)(z) ≡ 0 in ℂ. Thus, f is a polynomial of
degree not bigger than n.

Problem 8.3. Let f be analytic inℂ and f (k)(z) ≡ 0 inℂ for some k = 1, 2, . . . . Prove that
f is a polynomial of degree not bigger than k − 1.

Corollary 8.4. Let f be analytic in ℂ (entire function) and bounded in ℂ. Then f ≡
constant.

Proof. The proof follows from Theorem 8.2 with α = 0.

Corollary 8.5. Let f be analytic in ℂ. Then f ≡ constant.

Problem 8.6. Show that the function f (z) = cos z is not bounded.

Problem 8.7. Let f be an entire function with the property |f (z)| ≥ 1 for all z ∈ ℂ. Show
that f ≡ constant.

Theorem 8.8 (The fundamental theorem of algebra). If P is a polynomial of degree n ≥ 1,
then P has at least one zero.

Proof. Let us assume on the contrary that this polynomial has no roots, i. e., P(z) ̸= 0 for
all z ∈ ℂ. This implies that the function

f (z) := 1
P(z)

is an entire function, i. e., it is analytic in the whole space ℂ. Let us write

P(z) = anz
n + an−1zn−1 + ⋅ ⋅ ⋅ + a0, an ̸= 0

and consider

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 =

1
|P(z)|
= 1
|z|n
⋅ 1
|an + an−1/z + ⋅ ⋅ ⋅ + a0/zn| . (8.2)

For k = 1, 2, . . . , n, wehave |an−k |/|z|k → 0 as |z|→∞. Hence, an+an−1/z+⋅ ⋅ ⋅+a0/zn → an
as |z| → ∞. Thus, (8.2) implies |f (z)| → 0 as |z| → ∞. In particular, there is R > 0 such
that for all |z| ≥ R we have

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ 1. (8.3)

The next step is: since f is analytic everywhere inℂ, then f (z) is continuous for all z ∈ ℂ.
In particular, it is continuous in the closed disk {z : |z| ≤ R} with R as in (8.3). By the
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Weierstrass theorem for continuous functions, |f (z)| is bounded in this closed disk, i. e.,
there is a positive numberM > 0 such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , |z| ≤ R. (8.4)

Combining (8.3) and (8.4), we obtain that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ max(1,M)

for all z ∈ ℂ. By Liouville’s theorem, f ≡ constant and so is P. This contradiction proves
the theorem.

Corollary 8.9. Let P be a polynomial of degree n ≥ 1. Then P has exactly n zeros, counted
according to their multiplicities, and it can be represented as

P(z) = an(z − z1)(z − z2) ⋅ ⋅ ⋅ (z − zn),

where an ̸= 0 and z1, z2, . . . , zn are the zeros of P.

Problem 8.10. Prove Corollary 8.9.



9 Representation of analytic functions via the
power series

Recall that the sequence of functions Sn(z), in particular, the partial sums

n
∑
j=0 fj(z)

of some series ∞
∑
j=0 fj(z),

converges to f (z) uniformly on a set D ⊂ ℂ if for every ε > 0 there exists an integer
N0(ε) > 0 such that for all n ≥ N0 and for all z ∈ D we have

󵄨󵄨󵄨󵄨Sn(z) − f (z)
󵄨󵄨󵄨󵄨 < ε,

in particular,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞
∑
j=n+1 fj(z)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
< ε.

A useful procedure called the Weierstrass M-test can help determine whether an
infinite series is uniformly convergent.

Theorem 9.1 (Weierstrass’ M-test). Suppose that the series∞
∑
j=0 fj(z)

has the property that for each j = 0, 1, . . . it holds that |fj(z)| ≤ Mj for all z ∈ D. If ∑
∞
j=0Mj

converges, then ∑∞j=0 fj(z) converges uniformly and absolutely on D.
Proof. Let

Sn(z) =
n
∑
j=0 fj(z)

be the nth partial sum of the series. If n > m, then for all z ∈ D we have

󵄨󵄨󵄨󵄨Sn(z) − Sm(z)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

n
∑

j=m+1 fj(z)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

n
∑

j=m+1Mj < ε

https://doi.org/10.1515/9783111632278-010
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for all n > m ≥ N0(ε). This means that for all z ∈ D the sequence {Sn(z)} is a Cauchy
sequence. Therefore, there is a function f (z) such that

f (z) = lim
n→∞ Sn(z) = ∞∑

j=0 fj(z).
Moreover, this convergence is uniform and absolute on D.

It is very important to study the particular case of the general series, when fj(z) =
cj(z−z0)

j , j = 0, 1, 2, . . . , where cj are some complex numbers and z0 is a fixed point of the
complex plane. This type of the series is called the power series and they play crucial role
in the theory of analytic functions. The following theorem is essential for determining
the domain of convergence of power series.

Theorem 9.2 (Abel). If a power series∑∞j=0 cj(z−z0)j converges at some point z1 ̸= z0, then
it converges absolutely at any point z, which satisfies the condition |z − z0| < |z1 − z0|.

Proof. Take an arbitrary point zwith the condition |z − z0| < |z1 − z0| such that
|z−z0||z1−z0| =:

q < 1. By virtue of the necessary condition for convergence of the series∑∞j=0 cj(z1 − z0)j ,
its terms tend to 0 as j → ∞. Consequently, there exists a constant M > 0 such that
|cj||z1 − z0|

j ≤ M . This implies that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞
∑
j=0 cj(z − z0)j

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤
∞
∑
j=0 |cj||z − z0|j ≤ M ∞∑j=0( |z − z0||z1 − z0|

)
j

= M
∞
∑
j=0 qj <∞.

Thus, the theorem is proved.

Remark. In view of the latter theorem, if we consider the least upper bound ρ of the
distances |z − z0| at which the series ∑

∞
j=0 cj(z − z0)j converges, then at all points z′ sat-

isfying the condition |z′ − z0| > ρ (under the condition ρ < ∞), the given power series
clearly diverges. Therefore, assuming that ρ > 0, the disk |z − z0| < ρ is the greatest
domain of convergence of this power series. The series diverges everywhere outside of
this disk, and at the boundary points |z − z0| = ρ it may either converge or diverge (see,
e. g., the series ∑∞j=1 zj

j ). Such number ρ is called the radius of convergence and the disk
{z : |z − z0| < ρ} is called the region of convergence of the corresponding power series.

Remark. The radius of convergence ρ of the power series can be calculated as

1
ρ
= lim

j→∞ j√|cj|

or

1
ρ
= lim

j→∞󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨cj+1cj 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
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if the limit exists. These formulae are the consequences of the d’Alembert and Cauchy
tests for the real number series. The first of these formulae is frequently called the
Cauchy–Hadamard formula.

Problem 9.3. Prove the Cauchy–Hadamard formula.

Theorem 9.4. Suppose that the power series∞
∑
j=0 cj(z − z0)j

has a radius of convergence ρ > 0. Then, for each r, 0 < r < ρ, this series converges
uniformly and absolutely on the closed disk {z : |z−z0| ≤ r} and defines there a continuous
function.

Proof. Given 0 < r < ρ, choose ζ ∈ {z : |z − z0| < ρ} such that |ζ − z0| = r. Due to the
properties of the power series, we have that∞

∑
j=0 cj(z − z0)j

converges absolutely for any z ∈ {z : |z − z0| < ρ} (see Theorem 9.2). It follows that∞
∑
j=0󵄨󵄨󵄨󵄨cj(ζ − z0)j󵄨󵄨󵄨󵄨 = ∞∑j=0 |cj|rj

converges. Moreover, for all z ∈ {z : |z − z0| ≤ r}, we have

󵄨󵄨󵄨󵄨cj(z − z0)
j󵄨󵄨󵄨󵄨 = |cj||z − z0|

j ≤ |cj|r
j .

The conclusion now follows from the Weierstrass’ M-test withMj = |cj|r
j .

Problem 9.5. Show that the geometric series∞
∑
j=0 zj

converges uniformly on the closed disk {z : |z| ≤ r} with any 0 < r < 1.

Theorem 9.6. Suppose that the power series∞
∑
j=0 cj(z − z0)j

has a radius of convergence ρ > 0. Then in the disk Dρ = {z : |z − z0| < ρ} this series
defines the function
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f (z) :=
∞
∑
j=0 cj(z − z0)j , (9.1)

which is analytic in Dρ and for each k = 1, 2, . . . it holds that

f (k)(z) = ∞∑
j=k cjj(j − 1) ⋅ ⋅ ⋅ (j − k + 1)(z − z0)j−k . (9.2)

Proof. Let 0 < r < ρ. Then due to Theorem 9.4 in the closed diskDr = {z : |z−z0| ≤ r} the
series (9.1) converges uniformly (and absolutely) and defines a continuous function f (z).
That is why we may integrate this series term by term. If γ ⊂ Dr is a piecewise smooth
closed Jordan curve, then

∫
γ

f (z)dz =
∞
∑
j=0 cj ∫γ (z − z0)jdz = 0

since (z − z0)
j is analytic for each j = 0, 1, . . . . Applying now Morera’s theorem, we con-

clude that f is analytic in Dρ. Formula (9.2) follows directly by induction and it is based
on the properties of the power series.

Problem 9.7. Show that

log(1 − z) = −
∞
∑
j=1 zjj

for all z ∈ D1 = {z : |z| < 1} or

log ζ =
∞
∑
j=1 (−1)j+1j

(ζ − 1)j , |ζ − 1| < 1,

where log is the main branch.

Problem 9.8. Let f and g have the power series representations,

f (z) =
∞
∑
j=0 cj(z − z0)j , g(z) =

∞
∑
j=0 dj(z − z0)j , (9.3)

for z ∈ Dρ = {z : |z − z0| < ρ}. Show that

f (z)g(z) =
∞
∑
j=0 aj(z − z0)j , z ∈ Dρ,

where aj = ∑
j
k=0 ckdj−k .
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Problem 9.9. Let f and g have the power series representations (9.3) with d0 ̸= 0. Show
that in some neighborhood of z0 the function f (z)/g(z) can be represented as the power
series

f (z)
g(z)
=
∞
∑
j=0 aj(z − z0)j ,

where aj are uniquely determined from the equations cj = ∑
j
k=0 akdj−k , j = 0, 1, . . . .

Theorem 9.10 (Taylor’s expansion). Suppose that f is analytic in a domain D and that
DR(z0) = {z : |z − z0| < R} is a disk contained in D. Then f is uniquely represented in
DR(z0) as a power series

f (z) =
∞
∑
j=0 cj(z − z0)j , z ∈ DR(z0), (9.4)

where

cj =
f (j)(z0)
j!
.

Furthermore, for any r, 0 < r < R, the convergence is uniform on Dr(z0) = {z : |z−z0| ≤ r}.
The power series with such coefficients is called the Taylor series for f centered at z0.

Proof. Let z0 ∈ D and let R = dist(z0, 𝜕D) so that DR(z0) = {z : |z − z0| < R} ⊂ D. Let
z ∈ Dr(z0) = {z : |z − z0| < r} with 0 < r < R. The Cauchy integral formula gives that

f (z) = 1
2πi
∫|ζ−z0|=r f (ζ )

ζ − z
dζ = 1

2πi
∫|ζ−z0|=r f (ζ )
(ζ − z0)(1 −

z−z0
ζ−z0 )dζ .

Since z ∈ Dr(z0) and |ζ − z0| = r, we have that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
z − z0
ζ − z0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
|z − z0|

r
< 1.

Therefore, we have (by geometric series)

1
1 − z−z0

ζ−z0 =
∞
∑
j=0( z − z0ζ − z0

)
j

.

Moreover, for such fixed z the convergence of this series is uniform on the circle {ζ :
|ζ − z0| = r}. Hence, we may integrate this series term by term and obtain
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f (z) = 1
2πi
∫|ζ−z0|=r f (ζ )dζ
(ζ − z0)(1 −

z−z0
ζ−z0 )

=
1
2πi
∫|ζ−z0|=r f (ζ )

ζ − z0

∞
∑
j=0( z − z0ζ − z0

)
j

dζ

=
∞
∑
j=0( 1

2πi
∫|ζ−z0|=r f (ζ )
(ζ − z0)j+1 dζ)(z − z0)j = ∞∑j=0 f (j)(z0)j!

(z − z0)
j .

Since r with 0 < r < R and z with |z − z0| < r are arbitrary, we may conclude that
the representation (9.4) with the coefficient cj = f

(j)(z0)/j! holds everywhere in DR(z0).
Even more is true: the radius of convergence of (9.4) is R and the convergence of (9.4) is
uniform in Dr(z0) = {z : |z − z0| ≤ r} with any r, 0 < r < R. The latter fact follows from
the properties of the power series. The uniqueness of representation (9.4) follows from
the fact that necessarily cj = f

(j)(z0)/j!.
Corollary 9.11 (Taylor’s expansion at∞). Let f (z) be analytic for |z| > R (including z =
∞). Then f (z) is uniquely represented in {z : |z| > R} as the series

f (z) =
∞
∑
j=0 cjz−j , |z| > R,

where cj =
g(j)(0)
j! for g(z) := f (1/z). Moreover, these coefficients are equal to

cj =
f (j)(∞)

j!
, (9.5)

where f (j)(∞) := (f (j−1))′(∞).
Proof. Let us consider g(z) := f (1/z). Then g is analytic in the domain {z : |z| < 1/R}.
Thus, Taylor’s expansion (9.4) at 0 gives

g(z) =
∞
∑
j=0 cjzj ,

where

cj =
1
2πi
∫|z|=δ g(z)dzzj+1 = g(j)(0)j!

.

Since f (z) = g(1/z), we obtain for |z| > R that

f (z) =
∞
∑
j=0 cjz−j ,
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where

cj =
g(j)(0)
j!
=
f (j)(∞)

j!

and

cj =
1
2πi
∫|z|=δ f (1/z)dzzj+1 = 1

2πi
∫|z|=1/δ f (z)zj−1dz.

It can be mentioned here that the definition of the derivative at∞ leads to the fact

f (j)(∞) = g(j)(0) = j!cj .
Remark. The results of Problem 9.7 and Corollary 9.11 allow us to show that

log( ζ − 1
ζ
) = −

∞
∑
j=1 1j ζ−j

is the Taylor’s expansion of log( ζ−1ζ ) at∞.
Problem 9.12. Using Corollary 9.11 show that:
1. f (∞) = limz→∞ f (z) = c0,
2. f ′(∞) = limz→∞ z[f (z) − f (∞)] = c1,
3. f ′′(∞) = − limz→∞[z3f ′(z) + zf ′(∞)] = 2c2,
4. f ′′′(∞) = limz→∞[z5f ′′(z) + 2z4f ′(z) − zf ′′(∞)] = 6c3,
where the coefficients cj , j = 0, 1, 2, . . . are from Corollary 9.11.

Problem 9.13. Show that:
1.

ez = 1 + z + ⋅ ⋅ ⋅ + z
n

n!
+ ⋅ ⋅ ⋅ ,

2.

sin z = z − z
3

3!
+ ⋅ ⋅ ⋅ + (−1)n z2n−1

(2n − 1)!
+ ⋅ ⋅ ⋅ ,

3.

cos z = 1 − z
2

2!
+ ⋅ ⋅ ⋅ + (−1)n z2n

(2n)!
+ ⋅ ⋅ ⋅ ,

4.

sinh z = z + z
3

3!
+ ⋅ ⋅ ⋅ + z2n−1
(2n − 1)!

+ ⋅ ⋅ ⋅ ,
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5.

cosh z = 1 + z
2

2!
+ ⋅ ⋅ ⋅ + z2n

(2n)!
+ ⋅ ⋅ ⋅

and all these Taylor series converge for any |z| <∞.

Problem 9.14. Show that:
1.

tanh z =
∞
∑
n=1 22n(22n − 1)B2n(2n)!

z2n−1 = z − z3
3
+
2z5

15
− ⋅ ⋅ ⋅ , |z| < π

2
,

2.

coth z − 1
z
=
∞
∑
n=1 22nB2n(2n)! z2n−1 = z3 − z345 + 2z5945

− ⋅ ⋅ ⋅ , |z| < π,

where B2n denotes the Bernoulli’s numbers (see Exercise 29 of Part II).

Remark. Using Problem 3.18, we obtain that

tan z = −i tanh(iz), cot z = i coth(iz).

These formulae and the results of Problem 9.14 allow us to obtain immediately the fol-
lowing expansions:
1.

tan z =
∞
∑
n=1 (−1)n+122n(22n − 1)B2n(2n)!

z2n−1 = z + z3
3
+
2z5

15
+ ⋅ ⋅ ⋅ , |z| < π

2
,

2.

cot z − 1
z
=
∞
∑
n=1 (−1)n22nB2n(2n)!

z2n−1 = z
3
+
z3

45
+
2z5

945
+ ⋅ ⋅ ⋅ , |z| < π.

Example 9.15 (Inverse trigonometric functions). We consider the inverse functions to
sin z and tan z. As we know (see Example 3.32), the function arcsin z (the inverse to sin)
can be defined by

arcsin z = −i Log(iz +√1 − z2),

which is clearly multivalued, and its derivative (for any of infinitely many branches) is
equal to

(arcsin z)′ = 1
√1 − z2
, z ̸= ±1.
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Considering now the Taylor’s expansion (so-called binomial series) for the main branch
of the function 1

√1−z2 , we obtain
1
√1 − z2

=
∞
∑
n=0 (2n − 1)!!2nn!

z2n =
∞
∑
n=0 (2n)!(2nn!)2 z2n, |z| < 1.

Due to the derivative of arcsin z, the main branch of arcsin z can be represented (inside
of the unit circle) as

arcsin z =
z

∫
0

1

√1 − ζ 2
dζ , |z| < 1.

Integrating now term by term the binomial series from above, we finally get the Taylor’s
expansion for arcsin z,

arcsin z =
∞
∑
n=0 (2n)!
(2nn!)2(2n + 1)

z2n+1, |z| < 1.
With the inverse function arctan z of the function z = tanw, we proceed as follows. First,
we have

z = tanw ≡ z = −i e
iw − e−iw
eiw + e−iw ≡ e2iw = 1 + iz1 − iz

,

and, second,

w = arctan z = 1
2i
log 1 + iz

1 − iz
=

1
2i
(log(1 + iz) − log(1 − iz)),

where the main branch for log is considered. Taking now into account Example 9.7, we
obtain

arctan z = 1
2i
(−
∞
∑
n=1 (−iz)nn

+
∞
∑
n=1 (iz)nn ) = 1

2i

∞
∑
n=1( in − (−i)nn

)zn.

The latter series leads finally to the Taylor’s expansion for arctan z as

arctan z =
∞
∑
n=1 (−1)n2n + 1

z2n+1, |z| < 1.
Similar to arcsin z and arctan z, we can obtain that arccos z and arccot z are expressed
as

arccos z = −i Log(z + i√1 − z2), arccot z = 1
2i
Log( iz − 1

iz + 1
).
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Problem 9.16. Construct Taylor’s expansions for arccos z and arccot z. Hint: Take into
account that

arccos z = π
2
− arcsin z, arccot z = arctan 1

z
,

and hence the Taylor’s expansion for arccot z will be at∞.

Example 9.17. Consider function f (z), which is defined by the following power series:

f (z) :=
∞
∑
k=1 zkk2 , |z| ≤ 1.

It is clear that this function is analytic for |z| < 1 and is continuous for |z| ≤ 1. This series
is actually the Taylor’s expansion for f (z) at zero. Moreover, this function f (z) is equal
to

f (z) =
z

∫
0

1
ζ
log 1

1 − ζ
dζ , |z| < 1.

Indeed, using Problem 9.7, we have for |z| < 1,

z

∫
0

1
ζ
log 1

1 − ζ
dζ = −

z

∫
0

1
ζ
log(1 − ζ )dζ =

z

∫
0

1
ζ

∞
∑
j=1 ζ jj dζ

=
z

∫
0

∞
∑
j=0 ζ j

j + 1
dζ =
∞
∑
j=0 1

j + 1

z

∫
0

ζ jdζ

=
∞
∑
j=0 1

j + 1
( ζ

j+1
j + 1
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z

0
=
∞
∑
j=1 zjj2 .

Moreover, this equality can be extended by continuity to all |z| ≤ 1. Next, since

f ′(z) = − 1
z
log(1 − z), |z| < 1,

then it follows from here that z = 1 is a singular point of this analytic function while its
Taylor’s expansion converges uniformly for |z| ≤ 1.

Problem 9.18. Let function f (z) be defined by the series

f (z) :=
∞
∑
k=1 z2

k

k2
, |z| ≤ 1.

Show that f (z) is analytic for |z| < 1 and is continuous for |z| ≤ 1 but every point from
the unit circle |z| = 1 is singular for this function in a sense that there is no derivative at
these points (|z| = 1).
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The next example shows that regularity of series does not guarantee the analyticity
of the corresponding function

Example 9.19. Let function f (z) be defined by the series

f (z) :=
∞
∑
k=1 z2

a2 + k2z2
, a ̸= 0.

Then this function iswell-defined for all z ∈ ℂ except for the points zk = ±i
a
k , k = 1, 2, . . . ,

since the denominator of some fraction of this series is equal to zero at each of these
points. If we consider z with Im z = 0, i. e., z = x + i0, then

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 =
∞
∑
k=1 x2

a2 + k2x2
<
∞
∑
k=1 1

k2
<∞.

Hence, f (z) is bounded and continuous on the real line by the Weierstrass’ M-test. But
for any neighborhood of z = 0 on the complex plane, this function is equal to infinity
at the points zk that tend to zero. It means that there is no Taylor’s expansion at z = 0.
However, it is not so difficult to see that for |z| > |a| (including z = ∞) this function is
analytic and it has a Taylor’s expansion at z =∞, which is equal to

f (z) =
∞
∑
j=0((−1)ja2j ∞∑k=1 1

k2j+2) 1
z2j
.

Problem 9.20. Let the coefficients of the series ∑∞j=0 cj be real and
lim
n→∞ n
∑
j=0 cj = +∞ or −∞.

Show that z = 1 is a singular point of the function

f (z) :=
∞
∑
j=0 cjzj .

Problem 9.21. Prove that if function f (z) := ∑∞j=0 cjzj is bounded in the unit disk {z :
|z| ≤ 1}, then the series ∑∞j=0 |cj|2 converges.

The next problem is actually the formulation of some kind uniqueness theorem for
analytic functions. The main point here is the possibility to expand these functions via
the Taylor’s expansion.

Problem 9.22. Let f and g be analytic in a connected domain D and f (z) = g(z) on the
set E ⊂ D, which has a limiting point in D. Show that f (z) = g(z) for all z ∈ D.



112 � Representation of analytic functions via the power series

Definition 9.23. Let f be analytic in a domain D. If

f (z0) = 0, f ′(z0) = 0, . . . , f (k0−1)(z0) = 0
but f (k0)(z0) ̸= 0 for some z0 ∈ D and k0 ≥ 1, then z0 is called the zero of f of order k0.

Remark. It is clear that if f is analytic in a domain D, then any possible zero of f inside
of D can be only of the finite order.

Problem 9.24. Let f be analytic in a domain D and let f ̸≡ 0. Show that all zeros of f in D
are isolated, i. e., for any bounded domain D1 with D1 ⊂ D there are only at most finitely
many zeros of f in D1. Hint: Use Problem 9.22.

Problem 9.25. Let functions f and g be analytic in a connected domain D. Prove that if
f (z)g(z) ≡ 0 in D, then either f (z) ≡ 0 or g(z) ≡ 0 in D.

Problem 9.26. Let

f (z) = {
sin z
z , z ̸= 0,

1, z = 0.

Show that f is analytic everywhere in ℂ and find its Taylor’s expansion centered at 0.

Problem 9.27. Suppose that

f (z) =
∞
∑
j=0 cjzj

is an entire function. Show that f (z) is also entire. When f (z) = f (z)?

Problem 9.28. Let

f (z) = {
e−1/z2 , z ̸= 0,
0, z = 0.

Show that f is not continuous at 0 and that it has no Taylor’s expansion at 0.

Problem 9.29. Let f be as in Problem 9.28. Define the Taylor’s expansion for f at any
point z0 ̸= 0.

There is an equivalent formulation of the Cauchy’s inequality (see Theorem 8.1) in
terms of the coefficients of the Taylor’s expansions. Namely, let function f (z) be repre-
sented via its Taylor’s expansion in the neighborhood of some point z0 ̸=∞, i. e.,

f (z) =
∞
∑
j=0 cj(z − z0)j , |z − z0| < R.
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IfMr = sup|z|=r |f (z)|, r < R, then for any j = 0, 1, 2, . . . , we have Cauchy’s inequality
|cj|r

j ≤ Mr . (9.6)

Indeed, for the coefficients of the Taylor’s expansion, we have (see the Cauchy formula
and Theorem 9.10)

cj =
1
2πi
∫|z−z0|=r f (z)
(z − z0)j+1 dz.

Then it follows that

|cj| ≤
1
2π
∫|z−z0|=r |f (z)||z − z0|j+1 |dz| ≤ Mr

rj
.

Problem 9.30. Show that Cauchy’s inequality (9.6) is turning to the equality if and only
if f (z) = Czj0 with some j0 = 0, 1, 2, . . . .

The Cauchy’s inequality allows us to obtain the efficient estimate for Re f (z) of ana-
lytic function f (z) (in particular for any harmonic function). More precisely, the follow-
ing proposition holds.

Proposition 9.31. Let function f (z) be analytic in the disk {z : |z − z0| < R} and let Ar =
sup|z|=r Re f (z), r < R. Then the following inequality holds:

|cj|r
j ≤ max(4Ar , 0) − 2 Re f (0), j = 1, 2, . . . ,

where cj are the coefficients of the Taylor’s expansion of f (z) in the neighborhood of z0.

Proof. Let z = z0 + re
iθ, θ ∈ [0, 2π], r < R, and let

f (z) =
∞
∑
j=0 cj(z − z0)j = u(r, θ) + iv(r, θ).

Then

Re f (z) = u(r, θ) =
∞
∑
j=0(αj cos jθ − βj sin jθ)rj , cj = αj + iβj .

Since this series converges uniformly in θ, then we can integrate it term by term (after
multiplying by cos jθ and sin jθ) and obtain for j = 1, 2, . . . , respectively, that

αjr
j =

1
π

2π

∫
0

u(r, θ) cos jθdθ, βjr
j = −

1
π

2π

∫
0

u(r, θ) sin jθdθ,
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and α0 =
1
2π ∫

2π
0 u(r, θ)dθ. Thus, we have for j = 1, 2, . . .

cjr
j = (αj + iβj)r

j =
1
π

2π

∫
0

u(r, θ)e−ijθdθ
and, therefore,

|cj|r
j ≤

1
π

2π

∫
0

󵄨󵄨󵄨󵄨u(r, θ)
󵄨󵄨󵄨󵄨dθ, j = 1, 2, . . . .

Taking into account now formula for α0, we obtain for j = 1, 2, . . . that

|cj|r
j + 2α0 ≤

1
π

2π

∫
0

(󵄨󵄨󵄨󵄨u(r, θ)
󵄨󵄨󵄨󵄨 + u(r, θ))dθ ≤

1
π

2π

∫
0

2max(Ar , 0)dθ.

This proves the proposition.

Corollary 9.32 (Liouville’s theorem for Re f (z)). Let function f (z) be an entire function and
assume that there is a constant M such that Re f (z) ≤ M, then f (z) ≡ constant.

Proof. If we introduce a new function φ(z) := ef (z), then |φ(z)| = eRe f (z) ≤ eM . The
statement follows now from Liouville’s theorem (see Theorem 8.2).

Problem 9.33. Under the assumptions of Proposition 9.31, assume that

sup|z|=r Re f (z) ≤ Mrk
with some M > 0 and some k ∈ ℕ0. Prove that f (z) is a polynomial of the degree at
most k.

We returnnow to theunivalent functions in termsof Taylor’s expansion in openunit
disk. This consideration concerns the Taylor coefficients cj , j = 0, 1, 2, . . . of a univalent
function f (z), i. e., a one-to-one analytic function thatmaps the unit disk into the complex
plane, normalized (as is always possible) so that c0 = 0 and c1 = 1. It is equivalent that
f (0) = 0, f ′(0) = 1. That is, we consider a function f (z) defined on the open unit disk,
which is analytic and injective (univalent) with the Taylor series of the form

f (z) = z +
∞
∑
j=2 cjzj , |z| < 1.

The main statement here is the so-called Bieberbach conjecture (1916), which says that
for such functions the following is true:

|cj| ≤ j, j = 2, 3, . . . .
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It was finally proved by Louis de Branges in 1985. It is clear that these conditions of the
Bieberbach conjecture or the Louis de Branges theorem are not sufficient (only neces-
sary). Indeed, consider the following function with parameter α ∈ ℂ:

fα(z) :=
∞
∑
j=1 jαj−1zj , |z| < 1, |α| ≤ 1.

This function fα(z) is clearly analytic in the open unit disk and the conditions of the
Bieberbach conjecture are satisfied since |cj| ≤ j. Moreover, under the conditions for z
and α, we have that actually

fα(z) =
z
(1 − αz)2

.

However, if |α| = 1, then fα(z) is univalent, but if |α| < 1, then this function fα(z) is not
univalent in the disk |z| < 1/|α|.

Problem 9.34. Prove the latter statement.

This example shows that the conditions for the coefficients cj in the Bieberbach con-
jecture or the Louis de Branges theorem are only necessary.

Consider the same function fα(z) in the open unit disk but for |α| > 1. Evidently, in
this case, fα(z) is not analytic in the unit disk since at the point z =

1
α this function has a

pole of order 2. In addition, this function also is not univalent.

Example 9.35. Assume that a function f (z) is of the form

f (z) := z +
∞
∑
j=1 ajzj , |z| > 1,

and it is univalent and analytic in the region |z| > 1 except for z =∞, which is a pole of
order 1. We show that ∞

∑
j=1 j|aj|2 ≤ 1.

Indeed, since function f (z) is univalent in the region |z| > 1, then the circle {z : |z| =
r > 1} transfers (under this transformation f (z)) into the simple closed curve γ such that
int γ has a positive Jordan measure. On this curve, f (z) = u(θ) + iv(θ), θ ∈ [0, 2π], and
thus this measure is equal to (see classical Green’s formula in 2D case)

2π

∫
0

u(θ)v′(θ)dθ = 2π

∫
0

f (θ) + f (θ)
2

f ′(θ) − f ′(θ)
2i

dθ

=
1
4

2π

∫
0

(reiθ + re−iθ + ∞∑
j=1 aje

−ijθ + ajeijθ
rj

)
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× (reiθ + re−iθ − ∞∑
j=1 jaje

−ijθ + jajeijθ
rj

)dθ

=
π
2
((r + a1r

−1)(r − a1r−1) + (r + a1r−1)(r − a1r−1) − ∞∑
j=2 2j|aj|

2

r2j
)

= πr2 − π
∞
∑
j=1 j|aj|

2

r2j
.

Since this value (measure) is positive, then∞
∑
j=1 j|aj|

2

r2j
< r2.

Since this inequality holds for any r > 1, then letting r → 1 yields the required result.

Problem 9.36.
1. Let function

f (z) := z + a2z
2 + a3z

3 + ⋅ ⋅ ⋅ , |z| < 1,

be univalent and analytic in the unit disk {z : |z| < 1}. Show that function

F(z) := √f (z2),

where the square root is chosen to be positive for positive f , is also univalent in the
unit disk {z : |z| < 1}.

2. Let ∑∞j=2 j|aj| ≤ 1. Show that function

f (z) := z +
∞
∑
j=2 ajzj

is univalent in the unit disk {z : |z| < 1}.
3. Show that function f (z) = z(1−z)3 is univalent in the disk {z : |z| < 1

2 } but it is not
univalent in any disk {z : |z| < r} with r > 1

2 .



10 Laurent’s expansions

If f is analytic in the disk {z : |z− z0| < R}, then we have only the Taylor’s representation
for this function. But if f is analytic in the deleted neighborhood, i. e., the punctured disk
{z : 0 < |z − z0| < R}, then what kind of representation we may have for this function?

Let us consider the series (formally for the moment)∞
∑

j=−∞ cj(z − z0)j = −1∑j=−∞ cj(z − z0)j + ∞∑j=0 cj(z − z0)j =: s2(z) + s1(z). (10.1)

The first term s2(z) is called the power series with negative degrees. The second series
in (10.1) defines the analytic function s1(z) in the disk {z : |z − z0| < R}, where

R−1 = lim
j→∞ j√|cj| = sup

j

j√|cj|. (10.2)

It makes sense to consider the first series for |z−z0| > 0. Thus, if we change the variables
as

ζ = 1
z − z0
, z = z0 +

1
ζ

we obtain for s2(z) the representation

s2(z) = s2(z0 + 1/ζ ) =
∞
∑
j=1 c−jζ j =: s∗2 (ζ ), (10.3)

where ζ = 0 corresponds to z =∞. So, we have the power series with respect to positive
degrees of ζ with a radius of convergence 1/r, which satisfies (see (10.2))

r = lim
j→∞ j√|c−j|

such that s∗2 (ζ ) is an analytic function (this series converges) for any |ζ | < 1/r. Equiva-
lently, s2(z) is analytic in {z : |z − z0| > r}.

If it turns out that r < R, then s(z) = s2(z) + s1(z) is analytic in the annulus {z : r <
|z − z0| < R} centered at z0 with radii r and R. In this case, the series (10.1) is said to be a
Laurent’s expansion for s(z) in the annulus. The opposite statement also holds.

Example 10.1. Let us find three different Laurent’s expansions involving powers of z
for the function

f (z) = 3
2 + z − z2

.

This function has singularities at z = −1 and z = 2 and is analytic in the disk {z : |z| < 1}
in the annulus {z : 1 < |z| < 2} and in the region {z : |z| > 2}. We start by writing

https://doi.org/10.1515/9783111632278-011
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f (z) = 3
(1 + z)(2 − z)

= 1
1 + z
+ 1
2 − z
= 1
1 + z
+ 1
2
⋅ 1
1 − z/2
.

We have three cases:
1. For |z| < 1, we have

1
1 + z
= 1
1 − (−z)

=
∞
∑
j=0(−z)j = ∞∑j=0(−1)jzj

and

1
2

1
1 − z/2
= 1
2

∞
∑
j=0(z2)

j

=
∞
∑
j=0 1

2j+1 zj .
Hence, we have the Taylor’s expansion

f (z) =
∞
∑
j=0((−1)j + 1

2j+1)zj .
2. For 1 < |z| < 2, we have

1
1 + z
= 1
z
⋅ 1
1 + 1/z
= 1
z

∞
∑
j=0(−1)j 1zj = ∞∑j=1 (−1)j+1zj

and

1
2

1
1 − z/2
= 1
2

∞
∑
j=0(z2)

j

=
∞
∑
j=0 1

2j+1 zj .
So,

f (z) =
∞
∑
j=1 (−1)j+1zj

+
∞
∑
j=0 1

2j+1 zj .
This is a Laurent’s expansion in the annulus 1 < |z| < 2.

3. For |z| > 2, we have

1
1 + z
=
∞
∑
j=1 (−1)j+1zj

and

1
2
⋅ 1
1 − z/2
= − 1

z
⋅ 1
1 − 2/z
= − 1

z

∞
∑
j=0( 2z)

j

= −
∞
∑
j=1 2j−1zj .
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Therefore,

f (z) =
∞
∑
j=1((−1)j+1 − 2j−1)z−j .

This is a Laurent’s expansion at∞, and in fact, it is also a Taylor’s expansion at∞.

Problem 10.2. Find the Laurent’s expansion for e−1/z2 centered at z0 = 0.
Theorem 10.3. Suppose that f is analytic in the annulus {z : r < |z − z0| < R} with
0 ≤ r < R. Then for every z ∈ {z : r < |z − z0| < R}, we have

f (z) =
∞
∑

j=−∞ cj(z − z0)j , (10.4)

where the coefficients cj are uniquely determined by

cj =
1
2πi
∫
γ

f (ζ )dζ
(ζ − z0)j+1 , j = 0,±1,±2, . . . (10.5)

with a piecewise smooth closed Jordan curve γ ⊂ {z : r < |z − z0| < R} and z0 ∈ int γ.
Moreover, the convergence in (10.4) is uniform on any closed subannulus {z : r < r1 ≤
|z − z0| ≤ R1 < R}.

Proof. Let z ∈ {z : r < |z − z0| < R}. Then we can find r1 > r and R1 < R such that
z ∈ {z : r1 < |z − z0| < R1}. Using the Cauchy integral formula for the multiply connected
domain, we obtain

f (z) = 1
2πi
∫|ζ−z0|=R1 f (ζ )dζζ − z

− 1
2πi
∫|ζ−z0|=r1 f (ζ )dζζ − z

= 1
2πi
∫|ζ−z0|=R1 f (ζ )

ζ − z0
dζ

1 − z−z0
ζ−z0 + 1

2πi
∫|ζ−z0|=r1 f (ζ )

z − z0
dζ

1 − ζ−z0
z−z0 .

Since

1
1 − z−z0

ζ−z0 =
∞
∑
j=0 (z − z0)j(ζ − z0)j

, |z − z0| < R1

and

1
1 − ζ−z0

z−z0 =
∞
∑
j=0 (ζ − z0)j(z − z0)j

, |z − z0| > r1,
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wemay integrate in these series term by term (since these series converge uniformly on
the circles |ζ − z0| = R1 and |ζ − z0| = r1, respectively) and obtain

f (z) =
∞
∑
j=0(z − z0)j 1

2πi
∫|ζ−z0|=R1 f (ζ )dζ
(ζ − z0)j+1

+
∞
∑
j=0 1
(z − z0)j+1 1

2πi
∫|ζ−z0|=r1 f (ζ )dζ
(ζ − z0)−j

=
−1
∑

j=−∞(z − z0)j 1
2πi
∫|ζ−z0|=r1 f (ζ )dζ
(ζ − z0)j+1

+
∞
∑
j=0(z − z0)j 1

2πi
∫|ζ−z0|=R1 f (ζ )dζ
(ζ − z0)j+1

=
∞
∑

j=−∞(z − z0)j 1
2πi
∫
γ

f (ζ )dζ
(ζ − z0)j+1 ,

where the integrals are considered for an arbitrary piecewise smooth closed Jordan
curve γ ⊂ {z : r < |z − z0| < R} and z0 ∈ int γ. We have used the fact that these inte-
grals are independent on such curves due to the Cauchy theorem formultiply connected
domains.

Thus, we proved the Laurent’s expansions (10.4)–(10.5). It is evident that this repre-
sentation is unique since we obtain necessarily (10.5). Uniform convergence of (10.4) for
z ∈ {z : r < r1 ≤ |z − z0| ≤ R1 < R} follows from the arbitrariness of r1 and R1 in the
preceding considerations.

Definition 10.4. The series (10.4) with the coefficients (10.5) is called the Laurent’s ex-
pansion (representation) of the analytic function f in the annulus {z : r < |z − z0| < R}
and

f1(z) =
∞
∑
j=0 cj(z − z0)j , f2(z) =

∞
∑
j=1 c−j(z − z0)−j

are called the regular andmain parts of this expansion, respectively.

If f is analytic in the annulus {z : 0 < |z − z0| < r}with some r > 0, then z0 is said to
be an isolated singular point of f . Then Theorem 10.3 says that in this annulus f (z) can
be represented via the Laurent series

f (z) =
∞
∑

j=−∞ cj(z − z0)j ,
where cj are calculated by (10.5).
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Example 10.5. Let us find the Laurent’s expansion for

f (z) = cos z − 1
z4

that involves powers of z. Since

cos z − 1 = −z
2

2!
+ z

4

4!
− z

6

6!
+ ⋅ ⋅ ⋅

and this representation is valid for all |z| <∞, then

f (z) = cos z − 1
z4
= − 1

z22!
+ 1
4!
− z

2

6!
+ ⋅ ⋅ ⋅ = − 1

2
⋅ 1
z2
+
∞
∑
j=0 (−1)jz2j(2j + 4)!

.

This is the Laurent’s expansion in the neighborhood of z = 0 and z =∞ both.

Problem 10.6. Find the Laurent’s expansion for

f (z) = sin 2z
z4

that involves powers of z.

Problem 10.7. Find three Laurent’s expansions for

f (z) = 1
z2 − 5z + 6

centered at z0 = 0.

Problem 10.8. Find two Laurent’s expansions for

1
z(4 − z)2

that involve powers of z.

Definition 10.9. If the number of nonzero coefficients (10.5) for j < 0 is:
1. empty,
2. finite, or
3. infinite,

then z0 is called a removable singular point (in short, removable singularity), a pole, and
an essentially singular point (in short, essential singularity) for f , respectively.

Let z0 be removable for f . Then its Laurent’s expansion has the form

f (z) =
∞
∑
j=0 cj(z − z0)j ,
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where z ∈ {z : 0 < |z − z0| < r}. But this series, as a power series, converges in the whole
disk {z : |z − z0| < r} and it is equal to f (z) for all z ̸= z0. If we define f at the point z0 as

f (z0) := c0 = limz→z0 ∞∑j=0 cj(z − z0)j ,
then we obtain a new function in the whole disk {z : |z−z0| < r}, which is analytic there.
In particular, f is bounded in the closed disk {z : |z − z0| ≤ r1} with r1 < r. The opposite
property is also true. The following theorem holds.

Theorem 10.10. Let f be analytic in the annulus {z : 0 < |z− z0| < r} for some r > 0. Then
z0 is a removable singular point of f if and only if f is bounded in the deleted neighborhood
of z0.

Proof. We have proved the necessary condition above. It remains to prove this theorem
only in the opposite direction. Let us assume that f is bounded in some deleted neigh-
borhood of z0, i. e., there isM > 0 such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , 0 < |z − z0| < δ.

Due to Theorem 10.3, we have that for all z ∈ {z : 0 < |z − z0| < r} it holds that

f (z) =
∞
∑

j=−∞ cj(z − z0)j ,
where

cj =
1
2πi
∫|ζ−z0|=δ f (ζ )
(ζ − z0)j+1 dζ , 0 < δ < r.

Thus,

|cj| ≤
1
2π

max|ζ−z0|=δ󵄨󵄨󵄨󵄨f (ζ )󵄨󵄨󵄨󵄨δ−j2π ≤ Mδ−j , j = 0,±1,±2, . . . . (10.6)

But for j < 0, it follows that cj = 0 because we may let δ → 0 in these estimates. Hence,
z0 is a removable singular point.

Remark. The estimate (10.6) has independent interest.

If f is analytic in some domain D ⊂ ℂ, then z0 ∈ D is a zero of orderm of f if in some
neighborhood Uδ(z0) ⊂ D the function f admits the representation

f (z) = (z − z0)
mφ(z), (10.7)

where φ(z) is analytic in Uδ(z0) and φ(z0) ̸= 0. It is equivalent to
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f (z0) = 0, f ′(z0) = 0, . . . , f (m−1)(z0) = 0, f (m)(z0) ̸= 0.
Another fact is: if f ̸≡ 0 is analytic in D ⊂ ℂ and f (z0) = 0, z0 ∈ D, then the order of the
zero is always finite, i. e., there ism ∈ ℕ such that (10.7) holds. Indeed, if we assume on
the contrary that f (k)(z0) = 0, k = 0, 1, . . . , then by the Taylor’s expansion we have

f (z) =
∞
∑
j=0 f (j)(z0)j!

(z − z0)
j ≡ 0

for all z ∈ Uδ(z0). Further, using the procedure of continuation (see the proof of Theo-
rem 7.7) for any z1 ∈ D, we may obtain f (z1) = 0, i. e., f (z) ≡ 0 in D. This contradiction
proves the fact.

Another consequence is: if f (zn) = 0 and zn → z0, zn ̸= z0 with z0, zn ∈ D, then f ≡ 0
in D.

Let us assume that z0 is a pole of f . Then f has the Laurent’s expansion of the form

f (z) =
∞
∑
j=0 cj(z − z0)j + m

∑
j=1 c−j(z − z0)−j , (10.8)

where c−m ̸= 0. Then we say that z0 is a pole of orderm.
Theorem 10.11. Let f be analytic in the annulus {z : 0 < |z− z0| < r}. Then f has a pole of
some order m at z0 if and only if limz→z0 |f (z)| =∞.
Proof. Let us assume first that z0 is a pole of orderm ∈ ℕ. Then the following represen-
tation holds:

f (z) =
∞
∑
j=0 cj(z − z0)j + m

∑
j=1 c−j(z − z0)−j ,

where c−m ̸= 0. Then for the function
F(z) := (z − z0)

mf (z),

we have

F(z) = c−m + c−m+1(z − z0) + ⋅ ⋅ ⋅ + c−1(z − z0)m−1 + c0(z − z0)m + ⋅ ⋅ ⋅ ,
i. e., F(z) has a removable singularity at z0. Moreover, there exists

lim
z→z0 F(z) = c−m ̸= 0.

This fact implies that there is 0 < δ < r such that

󵄨󵄨󵄨󵄨F(z)
󵄨󵄨󵄨󵄨 >
|c−m|
2
> 0
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for all 0 < |z − z0| < δ and, therefore,

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 >
|c−m|
2
|z − z0|

−m,
i. e.,

lim
z→z0󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 =∞. (10.9)

Conversely, if (10.9) holds, then

lim
z→z0 1
|f (z)|
= lim

z→z0 1
f (z)
= 0.

This fact can be interpreted as follows: a new function

g(z) := 1
f (z)

is analytic in {z : 0 < |z − z0| < δ} and the function g can be extended as an analytic
function everywhere in {z : |z − z0| < δ} and z0 is a zero of analytic function g. But the
zero of a analytic function (if it is not identically zero) is of finite order, say m. That is
why

g(z) = (z − z0)
mφ(z),

where φ(z) is analytic and φ(z0) ̸= 0. Hence,

f (z) = 1
(z − z0)m

1
φ(z)
,

where 1/φ(z) is analytic in the neighborhood of z0 and 1/φ(z0) ̸= 0. This condition allows
us to represent 1/φ(z) via its Taylor’s expansion for |z − z0| < δ as

1
φ(z)
=
∞
∑
j=0 aj(z − z0)j ,

where a0 = 1/φ(z0) ̸= 0. This implies that the Laurent’s expansion for f is

f (z) = a0
(z − z0)m

+ ⋅ ⋅ ⋅ +
am−1
(z − z0)

+
∞
∑
j=0 am+j(z − z0)j .

This means that z0 is a pole of orderm for f .

Corollary 10.12. A point z0 is a pole of order m for function f , which is analytic in the
annulus {z : 0 < |z − z0| < δ} if and only if z0 is a zero of 1/f of order m and this function
is analytic in {z : |z − z0| < δ}.
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Theorem 10.13. Let f be analytic in the annulus {z : 0 < |z − z0| < r}. Then f has an
essentially singular point at z0 if and only if there is no limz→z0 f (z) (finite or infinite).
Proof. If we assume on the contrary that there is limz→z0 f (z) finite or infinite, then in
the first case z0 is a removable singularity, and in the second case, it is a pole of some
order. This contradiction proves the theorem.

As the consequence of this fact, we can obtain that there exist two different se-
quences z′n and z′′n converging to z0 such that f (z′n) is bounded and limn→∞ f (z′′n ) = ∞.
Even more is true.

Theorem 10.14 (Casorati–Sokhotski–Weierstrass). Let z0 ̸=∞ be an essential singularity
of f (z). Let E be the set of all values of f (z) in the deleted neighborhood of z0. Then E is
dense in ℂ, i. e., for any ε > 0, δ > 0 (or M > 0) and complex number w, there exists a
complex number z with 0 < |z − z0| < δ such that |f (z) − w| < ε (or |f (z)| > M), in short
{f (U(z0) \ z0)} = ℂ.

Proof. Let α be an arbitrary point of ℂ. Let us assume that for any

z ∈ {z ∈ ℂ : 0 < |z − z0| < δ}

we have f (z) ̸= α. Otherwise, there is

z′ ∈ {z ∈ ℂ : 0 < |z − z0| < δ}
such that f (z′) = α and everything is proved.

Then in the deleted neighborhood of z0 the function

g(z) := 1
f (z) − α

is well-defined. For this function g(z), the point z0 will be also essential singularity. In-
deed, if z0 is a pole or removable singularity for g(z), then z0 is a zero or removable
singularity for f (z) − α, respectively. In both cases, we have a contradiction with es-
sential singularity at z0 for f (z). Thus, g(z) cannot be bounded in this neighborhood
and, therefore, there is a sequence zn converging to z0 such that limn→∞ g(zn) = ∞ or
limn→∞ f (zn) = α. It means that α ∈ E and the theorem is proved.

Remark. If z0 = ∞ is an essential singularity for f (z), then (by definition) zero is the
essential singularity for φ(z) = f (1/z). Then Theorem 10.14 holds for φ(z) in the deleted
neighborhood of zero, which is equivalent to the fact that Theorem 10.14 holds for f (z)
in the neighborhood of∞.

There is a substantial strengthening of Theorem 10.14, which only guarantees that
the range of f (z) is dense in ℂ. Namely, the following great Picard’s theorem holds. We
give it without proof.
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Theorem 10.15 (Picard). If analytic function f (z) has an essential singularity at z0, then
on any deleted neighborhood of z0 the function f (z) takes on all possible complex values,
with at most a single exception, infinitely often.

Example 10.16.
1. The function f (z) = e1/z has an essential singularity at z = 0 but still never attains

the value 0.
2. The function

f (z) = 1
1 − e1/z

has an essential singularity at z = 0 and attains the value∞ infinitely often in any
neighborhood of 0 (zn = i/2πn, n = ±1,±2, . . .). However, it does not attain the values
0 or 1, since e1/z ̸= 0. It must be mentioned here that z = 0 is not isolated.

Example 10.17.
1. Consider the function

f (z) = sin z
z
.

Since

sin z
z
= 1
z
(z − z

3

3!
+ z

5

5!
− ⋅ ⋅ ⋅) = 1 − z

2

3!
+ z

4

5!
− ⋅ ⋅ ⋅

for |z| > 0, then we can remove the singularity at z = 0 if we define f (0) = 1 since
then f will be analytic at z = 0.

2. Consider the function

g(z) = cos z − 1
z2
.

Since again for all |z| > 0, we have

cos z − 1
z2
= 1
z2
(−z

2

2!
+ z

4

4!
− ⋅ ⋅ ⋅) = − 1

2
+ z

2

4!
− z

4

6!
+ ⋅ ⋅ ⋅

then defining g(0) = −1/2 we obtain the function that is analytic for all z.

Example 10.18. Consider the function

f (z) = sin z
z3
.

Since for all |z| > 0, we have
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sin z
z3
= 1
z3
(z − z

3

3!
+ z

5

5!
− ⋅ ⋅ ⋅) = 1

z2
− 1
3!
+ z

2

5!
− ⋅ ⋅ ⋅ ,

then c−2 = 1 ̸= 0. Therefore, f (z) has a pole of order 2 at 0.
Example 10.19. Consider the function

f (z) = z2 sin 1
z
.

Since for all |z| > 0, we have

z2 sin 1
z
= z2( 1

z
− 1
3!z3
+ 1
5!z5
− ⋅ ⋅ ⋅) = z − 1

3!z
+ 1
5!z3
− ⋅ ⋅ ⋅ ,

then the Laurent’s expansion has infinitely many negative powers of z. Hence, z = 0 is
essentially singular point for f .

Problem 10.20. Suppose that f has a removable singularity at z0. Show that the function
1/f has either a removable singularity or a pole at z0.

Problem 10.21.
1. Let f be analytic and have a zero of order k at z0. Show that f ′ has a zero of order

k − 1 at z0.
2. Let f be analytic and have a zero of order k at z0. Show that f ′/f has a simple pole

(pole of order 1) at z0.
3. Let f have a pole of order k at z0. Show that f ′ has a pole of order k + 1 at z0.
Problem 10.22. Find and classify the singularities of

f (z) = 1
sin 1

z

.

Let f be analytic in the region {z : |z| > R}. Then the function

φ(z) := f (1/z)

is analytic in the annulus {z : 0 < |z| < 1/R}. Hence, z = 0 might be an isolated singular
point for φ. The Laurent’s expansion for φ gives

φ(z) =
∞
∑

j=−∞ cjzj , 0 < |z| < 1
R
.

Thus, we have the following expansion for f :

f (z) = φ(1/z) =
∞
∑

j=−∞ cjz−j = ∞∑j=−∞ c−jzj , |z| > R. (10.10)
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Definition 10.23. If z = 0 is a removable singularity, a pole, or an essential singularity
for φ(z) = f (1/z), then z = ∞ is called a removable singularity, a pole, or an essential
singularity for f (z), respectively.

Remark. This definition implies that if the number of coefficients in (10.10) for j > 0 is
empty, finite, or infinite, then z = ∞ is a removable singularity, a pole, or an essential
singularity, respectively.

Remark. There is even a more general observation. Namely, let z0 be an isolated singu-
lar point of the function f (z) in some domainD ⊂ ℂ and let the analytic function ζ = ψ(z)
establish a reciprocal one-to-one correspondence between D and D′, where the inverse
function z = φ(ζ ) is well-defined. Then the point ζ0 = ψ(z0) is an isolated singular point
of the analytic function f (φ(ζ )), and the type of this singularity is the same as that of the
point z0.

Example 10.24.
1. Let f be a polynomial of degree n, i. e.,

f (z) = a0z
n + a1z

n−1 + ⋅ ⋅ ⋅ + an, a0 ̸= 0.

Then z =∞ is a pole of order n.
2. Let f be analytic in the whole space ℂ. If z = ∞ is a removable singularity, then

f ≡ constant, and if z =∞ is a pole of order n, then f is a polynomial of degree n.

Problem 10.25. Consider the function

f (z) = z2 sin 1
z
.

Show that f has a pole of order 1 at z = ∞. Compare this result with the second part of
Example 10.24.

Example 10.26. It is clear that the function f (z) = z + 1
z is analytic for all z such that

0 < |z| < ∞ and f (z) has a pole of order 1 at z = 0 and z = ∞. What is more, the
expression z + 1

z is the Laurent’s expansion for f (z) at z = 0 and at z = ∞ as well. We
find now the Laurent’s expansions for the functions f (z) = ez+1/z and sin(z + 1

z ) at z = 0
and z = ∞ at the same time due to symmetry. Let us consider the first function. Since
we have that

ez =
∞
∑
l=0 zll! , e1/z = ∞∑

k=0 1
k!zk
, 0 < |z| <∞,

then

ez+1/z = ∞∑
l,k=0 zl−kl!k!

=
∞
∑

n=−∞ zn ∞
∑

l,k=0,l−k=n 1
l!k!
.
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Due to the symmetry of this function with respect to z and 1
z , the coefficients in the

Laurent’s expansion in front of zn and z−n are equal. That is why we have
ez+1/z = ∞∑

n=0( ∞∑k=0 1
k!(n + k)!

)zn +
∞
∑
n=1( ∞∑k=0 1

k!(n + k)!
)z−n.

Based on Theorem 10.3 (see formula (10.5)), we may calculate the coefficients cn, n ∈ ℕ0
of this expansion. Indeed,

cn =
1
2πi
∫|ζ |=1 e

ζ+1/ζ
ζ n+1 dζ = 1

2π

π

∫−π e2 cos θ

eiθ(n+1) eiθdθ = 1
2π

π

∫−π e2 cos θ cos(nθ)dθ.
In particular, we obtain an equality of independent interest

1
2π

π

∫−π e2 cos θ cos(nθ)dθ =
∞
∑
k=0 1

k!(n + k)!
.

Considering the second function, i. e., f (z) = sin(z+1/z), we obtain similar to the previous
function that (again due to the symmetry)

sin(z + 1
z
) =
∞
∑
n=0 cnzn + ∞∑n=1 cnz−n,

where the coefficients cn, n ∈ ℕ0 are equal to

cn =
1
2π

π

∫−π sin(2 cos θ) cos(nθ)dθ.
Example 10.27. We want to now find the Laurent’s expansion for the function f (z) =
ez−1/z. As in the previous example, we can write

ez−1/z = ∞∑
l,k=0 (−1)kzl−kl!k!

=
∞
∑

n=−∞ zn ∞
∑

l,k=0,l−k=n (−1)kl!k!
.

Due to the symmetrical property of this function if we change z to − 1z , the coefficients cn
in the Laurent’s expansion in front of zn and z−n are connected to each other as follows:

cn = (−1)
nc−n, n ∈ ℤ.

That is why we have

ez−1/z = ∞∑
n=0( ∞∑k=0 (−1)kk!(n + k)!

)zn +
∞
∑
n=1(−1)n( ∞∑k=0 (−1)kk!(n + k)!

)z−n.
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As above, we may calculate the coefficients cn as

cn =
1
2πi
∫|ζ |=1 e

ζ−1/ζ
ζ n+1 dζ = 1

2π

π

∫−π e2i sin θ

eiθ(n+1) eiθdθ
= 1
2π

π

∫−π ei(2 cos θ−nθ)dθ = 1
2π

π

∫−π cos(2 sin θ − nθ)dθ.
First of all, we can see that really cn = (−1)

nc−n and, second, for n ∈ ℕ0 we have the
equality ∞

∑
k=0 (−1)kk!(n + k)!

= 1
2π

π

∫−π cos(2 sin θ − nθ)dθ,
which has independent interest.

Problem 10.28. Find the Laurent’s expansion for the function cos(z + 1
z ).

Example 10.29. Consider onemore example of the Laurent’s expansion for the function
f (z) = sin z ⋅ sin(1/z). Using the Laurent’s expansion for sin(⋅), we have

sin z ⋅ sin(1/z) =
∞
∑
l=0(−1)l z2l+1
(2l + 1)!

∞
∑
k=0(−1)k z−2k−1

(2k + 1)!

=
∞
∑

n=−∞ z2n ∞
∑

k,l=0,l−k=n (−1)l+k
(2l + 1)!(2k + 1)!

.

Due to the symmetry of this function with respect to z and 1
z , the coefficients in the

Laurent’s expansion in front of z2n and z−2n are equal. That is why we have
sin z ⋅ sin(1/z) =

∞
∑
n=0(−1)n( ∞∑k=0 1

(2k + 1)!(2n + 2k + 1)!
)z2n

+
∞
∑
n=1(−1)n( ∞∑k=0 1

(2k + 1)!(2n + 2k + 1)!
)z−2n.

Further, since

sin(eiθ) ⋅ sin(e−iθ) = 1
2
(cosh(2 sin θ) − cos(2 cos θ)), θ ∈ [−π, π],

then we obtain that the coefficients c2n, n ∈ ℕ0 are equal to

c2n =
1
4πi

π

∫−π (cosh(2 sin θ) − cos(2 cos θ))ieiθe−i(2n+1)θdθ.
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In particular, we have that (since sine is odd)

(−1)n
∞
∑
k=0 1
(2k + 1)!(2n + 2k + 1)!

= 1
4π

π

∫−π (cosh(2 sin θ) − cos(2 cos θ)) cos(2nθ)dθ.
Problem 10.30. Find the Laurent’s expansions at the points z = 0 and z = ∞ of the
functions

cos z ⋅ cos(1/z), sin z ⋅ cos(1/z), cos z ⋅ sin(1/z).

Problem 10.31. Using the Laurent’s expansions of the functions sin(z + 1
z ) and cos(z +

1
z ) (see Example 10.26), find the Laurent’s expansions for the functions sinh(z −

1
z ) and

cosh(z − 1
z ), respectively.

Example 10.32. Consider the main branch of multivalued function

f (z) = 1
√1 + z2
,

which is equal to the positive square root when z = x+ i0, x ∈ ℝ. In the annulus 1 < |z| <
∞, this function has no singularities. Thus, we will investigate it in the neighborhood of
∞. For this purpose, consider the function

φ(z) = f( 1
z
) = z
√1 + z2
, |z| < 1.

Using the binomial series in the neighborhood of zero (see Example 9.15), we obtain

φ(z) = z
∞
∑
n=0 (2n)!(2nn!)2 (−z2)n = ∞∑n=0(−1)n (2n)!(2nn!)2 z2n+1.

It means that the Laurent’s expansion for function f (z) in the annulus 1 < |z| < ∞ is
given by

f (z) =
∞
∑
n=0(−1)n (2n)!(2nn!)2 1

z2n+1 .
This representation shows that z = ∞ is a removable singular point for this function.
Moreover, this series can be considered as the Taylor’s expansion of this branch at∞. It
also means that this branch of f (z) is analytic at∞.

Example 10.33. Let function f (z) be defined by the series (see, for comparison, Exam-
ple 9.19)
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f (z) :=
∞
∑
j=0 1j! 1

1 + a2jz2
, a > 1.

This function is well-defined everywhere on the complex plane ℂ (including z = ∞)
except for the points zk = ±

i
ak , k = 0, 1, 2, . . . . These points are clearly singular for this

function and they accumulate to z = 0. That is why there is no Laurent’s expansion
for f (z) in the neighborhood of z = 0. But it is clear that f (z) is analytic in the annulus
{z : 1 < |z| <∞}. Indeed, for |z| ≥ r > 1, we have

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤
∞
∑
j=0 1j! 1

r2a2j − 1
<∞.

It means that this series converges uniformly for |z| ≥ r > 1 and, therefore, f (z) is
continuous for |z| > 1. Moreover, since for |z| ≥ r > 1, we have

󵄨󵄨󵄨󵄨f
′(z)󵄨󵄨󵄨󵄨 ≤ ∞∑

j=0 1j! 2a2jr
(r2a2j − 1)2

<∞,

then f (z) is analytic there. Next, limz→∞ f (z) = 0 and we can represent this function via
the Laurent’s expansion as follows (f (z) is even):

f (z) =
∞
∑
j=1 c2jz2j ,

where the coefficients c2j are equal to

c2j =
1
2πi
∫|z|=R>1 ζ 2j−1(

∞
∑
k=0 1

k!
1

1 + a2kζ 2
)dζ .

The latter series in the integral can be evaluated as∞
∑
k=0 1

k!
1

1 + a2kζ 2
=
∞
∑
k=0 ζ−2a−2kk!

∞
∑
m=0(−1)mζ−2ma−2km.

Since this series converges absolutely and uniformly for |ζ | ≥ r > 1, then we can calcu-
late the coefficients c2j as

c2j =
1
2πi

∞
∑
k=0 ∞∑m=0(−1)m ∫|ζ |=R>1 ζ

2j−2m−3a−2k(m+1)
k!

dζ .

The only member of this series that gives a nonzero integral is the member with ζ−1
(indexm = j − 1), i. e., the term with the coefficient
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(−1)j−1 ∞∑
k=0 a−2kjk!

= (−1)j−1ea−2j .
Hence,

c2j =
1
2πi
∫|z|=R>1(−1)j−1ea−2j 1ζ dζ = (−1)j−1ea−2j

and, therefore, the Laurent’s expansion for f (z) is equal to

f (z) =
∞
∑
j=1(−1)j−1 ea

−2j

z2j
.

It can be mentioned that actually this series is Taylor’s expansion of f (z) at z = ∞.
Besides this, z =∞ is a zero of order two for this function.

Problem 10.34. Let function f (z) be defined via the following series:

f (z) =
∞
∑
n=1 zn−1
(1 − zn)(1 − zn+1) .

Prove that

f (z) =
{
{
{

1(1−z)2 , |z| < 1,
1

z(1−z)2 , |z| > 1
and that f (z) is analytic for all |z| ̸= 1 (including z = ∞). Prove also that f ′(0) = 1 and
f ′(∞) = 0.
Problem 10.35. Let function f (z) be defined via the following series:

f (z) =
∞
∑
n=0 1

zn + z−n .
Prove that

f (z) =
{
{
{

∑∞k=0 (−1)k1−z2k+1 , |z| < 1,
∑∞k=0 (−1)kz2k+1z2k+1−1 , |z| > 1

and that f (z) is analytic for all |z| ̸= 1 (including z = ∞). Prove also that f ′(0) = 1 and
f ′(∞) = 1.
Problem 10.36. Show that

ez+1/(2z2) = ∞∑
n=−∞ cnzn,
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where

cn =
1

2π√e

π

∫−π ecos θ+cos2 θ cos(sin θ(1 − cos θ) − nθ)dθ.
Hint: Use the same procedure as in Examples 10.26 and 10.27.



11 Residues and their calculus

Recall that if a piecewise smooth closed Jordan curve γ : z(t), a ≤ t ≤ b is parametrized
so that int γ is kept on the left as z(t) moves around γ, then we say that γ is oriented
positively. Otherwise, γ is said to be oriented negatively (see Figure 11.1).

Figure 11.1: Orientation illustrated with circles.

Let z0 be an isolated singular point for a function f , i. e., f (z) is analytic in the annu-
lus {z : 0 < |z − z0| < r} if z0 ̸=∞ and in the region {z : |z| > R} if z0 =∞.

Definition 11.1. The residue of f at the point z0 is defined by

Res
z=z0 f := 1

2πi
∫
γ

f (ζ )dζ , (11.1)

where z0 ∈ int γ, γ ⊂ {z : 0 < |z − z0| < δ}, and γ is positively oriented if z0 ̸= ∞ and
0 ∈ int γ, γ ⊂ {z : |z| > R}, and γ is negatively oriented if z0 = ∞ (but it is positively
oriented with respect to z =∞).

Remark. Due to the Cauchy theorem, the integral in (11.1) is independent on the corre-
sponding curve, and thus the residue can be rewritten as

Res
z=z0 ̸=∞ f = 1

2πi
∫|ζ−z0|=δ f (ζ )dζ ,

Res
z=∞ f = − 1

2πi
∫|ζ |=R f (ζ )dζ .

(11.2)

If z0 ̸=∞, then the formulas (10.5) show us that

Res
z=z0 f = 1

2πi
∫|ζ−z0|=δ f (ζ )dζ = c−1, (11.3)

https://doi.org/10.1515/9783111632278-012
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where c−1 is the coefficient in front of (z−z0)
−1 of the Laurent’s expansion for f . If z0 =∞,

then

Res
z=∞ f = − 1

2πi
∫|ζ |=R f (ζ )dζ = −c1, (11.4)

where c1 is the coefficient in front of z−1 of the Laurent’s expansion for f .
Example 11.2. Let us find Resz=0 g of

g(z) = 3
2z + z2 − z3

.

Since

3
2z + z2 − z3

= 3/2
z
⋅ 1
1 + z/2 − z2/2

and

g1(z) =
1

1 + z/2 − z2/2

is analytic in the neighborhood of z = 0 and such that g1(0) = 1, then the Laurent’s
expansion for g has the form

g(z) = 3/2
z
+
∞
∑
j=0 cjzj .

Thus,

Res
z=0 g = 3/2.

Example 11.3. If f (z) = e2/z, then the Laurent’s expansion of f about the point 0 has the
form

e2/z = 1 + 2
z
+ 22

2!z2
+ ⋅ ⋅ ⋅

and Resz=0 f = 2. At the same time (by definition), Resz=∞ f = −2.
Theorem 11.4 (Residues at poles). If f has a pole of order k at z0 ̸=∞, then

Res
z=z0 f = 1

(k − 1)!
lim
z→z0 dk−1

dzk−1 ((z − z0)k f (z)). (11.5)
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Proof. Suppose that f has a pole of order k at z0 ̸=∞. Then f can be written as

f (z) =
c−k
(z − z0)k

+
c−k+1
(z − z0)k−1 + ⋅ ⋅ ⋅ + c−1

(z − z0)
+
∞
∑
j=0 cj(z − z0)j , c−k ̸= 0.

Multiplying both sides by (z − z0)
k give

(z − z0)
k f (z) = c−k + ⋅ ⋅ ⋅ + c−1(z − z0)k−1 + ∞∑

j=0 cj(z − z0)j+k .
If we differentiate both sides k − 1 times, we get

dk−1
dzk−1 ((z − z0)k f (z)) = (k − 1)!c−1 + ∞∑j=0 cj(j + k) ⋅ ⋅ ⋅ (j + 2)(z − z0)j+1.

Letting z→ z0, the result is

lim
z→z0 dk−1

dzk−1 ((z − z0)k f (z)) = (k − 1)!c−1.
By (11.3), this leads to (11.5).

Corollary 11.5. Let f = φ/ψ be such that

φ(z0) ̸= 0, ψ(z0) = 0, ψ′(z0) ̸= 0.
Then f has a pole of order 1 at z0 and

Res
z=z0 f = φ(z0)

ψ′(z0) . (11.6)

Proof. The conditions for φ and ψ show that z0 is a pole of order 1 for f = φ/ψ. Hence,

Res
z=z0 f = limz→z0((z − z0)φ(z)ψ(z)

) = lim
z→z0 φ(z)

ψ(z)−ψ(z0)
z−z0 = φ(z0)

ψ′(z0)
by Theorem 11.4.

Corollary 11.6. Let f = φ/ψ be such that

φ(z0) ̸= 0, ψ(z0) = ψ
′(z0) = 0, ψ′′(z0) ̸= 0.

Then

Res
z=z0 f = 2φ′(z0)ψ′′(z0) − 2φ(z0)ψ′′′(z0)3(ψ′′(z0))2 .
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Corollary 11.7. If f has a pole of order k at z0 =∞, then

Res
z=∞ f = − 1

(k + 1)!
lim
z→0 dk+1

dzk+1 (zk f (1/z)). (11.7)

Problem 11.8. Prove Corollaries 11.6 and 11.7.

Problem 11.9. Find the residue of

f (z) = π cot(πz)
z2

at z0 = 0.

Theorem 11.10 (Cauchy’s residue theorem). Let D ⊂ ℂ be a simply connected domain and
let γ be a piecewise smooth closed Jordan curve, which is positively oriented and lies in D.
If f is analytic in D except for the points z1, z2, . . . , zn ∈ int γ, then

∫
γ

f (ζ )dζ = 2πi
n
∑
j=1 Resz=zj f . (11.8)

Proof. Since there are finitely many singular points in int γ, there exists r > 0 such that
the positively oriented circles γj := {z : |z − zj| = r}, j = 1, 2, . . . , n are mutually disjoint
and all lie in int γ. Applying the Cauchy theorem for the multiply connected domain, we
obtain

∫
γ

f (ζ )dζ +
n
∑
j=1 ∫−γj f (ζ )dζ = 0

or

∫
γ

f (ζ )dζ =
n
∑
j=1∫γj f (ζ )dζ = 2πi

n
∑
j=1 Resz=zj f .

Corollary 11.11. Let D ⊂ ℂ be a multiply connected bounded domain with the bound-
ary 𝜕D, which is a combination of finitely many disjoint piecewise smooth closed Jordan
curves. If f is analytic in D and continuous in D except for the points z1, z2, . . . , zn ∈ D, then

∫𝜕D f (ζ )dζ = 2πi
n
∑
j=1 Resz=zj f ,

where the integration holds over positively oriented curves.

Corollary 11.12. Let f be analytic in ℂ except for z1, z2, . . . , zn, z0 =∞. Then

n
∑
j=0Resz=zj f = 0. (11.9)
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Proof. Let R > 0 be chosen so that z1, z2, . . . , zn ∈ {z : |z| < R}. Theorem 11.10 gives that

1
2πi
∫|ζ |=R f (ζ )dζ =

n
∑
j=1 Resz=zj f ,

where the circle {ζ : |ζ | = R} is positively oriented. But

1
2πi
∫|ζ |=R f (ζ )dζ = − Resz=∞ f

by (11.2). This clearly proves the corollary.

Example 11.13. Let us find the isolated singular points and the residues at these points
for

f (z) = ez

1 − cos z
.

Since ez ̸= 0 for all z ∈ ℂ, then the singular points of f may appear onlywhen 1−cos z = 0
or eiz = 1. So, the singular points are

zn = 2πn, n = 0,±1,±2, . . . .

At the same time, we have

(1 − cos z)′󵄨󵄨󵄨󵄨z=zn = sin z|z=zn = 0, (1 − cos z)′′󵄨󵄨󵄨󵄨z=zn = cos z|z=zn = 1.
It means that all these points zn are zeros of order 2 of the denominator. Therefore, all
these points zn are poles of order 2 for f (z). From these considerations, it follows also
that z = ∞ is not an isolated singular point (it is not classified). By Theorem 11.4, we
have that

Res
z=zn f = limz→zn d

dz
((z − zn)

2 ez

1 − cos z
) = lim

ζ→0 d
dζ
(ζ 2 eζ+2πn

1 − cos ζ
)

= lim
ζ→0 d

dζ
(ζ 2 eζ+2πn

ζ 2/2! − ζ 4/4! + ⋅ ⋅ ⋅
) = e2πn lim

ζ→0 d
dζ
(

eζ

1/2 − ζ 2/4! − ⋅ ⋅ ⋅
)

= e2πn lim
ζ→0( eζ

1/2 − ζ 2/4! + ⋅ ⋅ ⋅
− e

ζ (−2ζ /4! + 4ζ 3/6! − ⋅ ⋅ ⋅)
1/2 − ζ 2/4! + ζ 4/6! − ⋅ ⋅ ⋅

) = 2e2πn

for n = 0,±1,±2, . . . . This can be proved also using Corollary 11.6.

Problem 11.14. Show that if n ∈ ℕ is even then

Res
z= 12 (tan(πz))n−1 = (−1)n/2π

.
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There is one more quite simple but very practical example.

Example 11.15. Let P be a polynomial of degree at most 2. Let us show that if a, b, and c
are distinct complex numbers, then

f (z) = P(z)
(z − a)(z − b)(z − c)

= A
z − a
+ B
z − b
+ C
z − c
,

where

A = P(a)
(a − b)(a − c)

= Res
z=a f ,

B = P(b)
(b − a)(b − c)

= Res
z=b f

and

C = P(c)
(c − a)(c − b)

= Res
z=c f .

Indeed, since

P(z)
(z − a)(z − b)(z − c)

= A
z − a
+ B
z − b
+ C
z − c

then z = a, z = b, and z = c are singular points of f (if, of course, a, b, and c are not zeros
of P). That is why the terms

A
z − a
, B

z − b
, C

z − c

are themain parts of the Laurent’s expansion for f around a, b, and c, respectively. Thus,

A = Res
z=a f , B = Res

z=b f , C = Res
z=c f

and

A = lim
z→a P(z)(z − a)
(z − a)(z − b)(z − c)

= P(a)
(a − b)(a − c)

,

B = lim
z→b P(z)(z − b)
(z − a)(z − b)(z − c)

= P(b)
(b − a)(b − c)

,

C = lim
z→c P(z)(z − c)
(z − a)(z − b)(z − c)

= P(c)
(c − a)(c − b)

.

Problem 11.16. Show that if P has degree of at most 3, then

f (z) = P(z)
(z − a)2(z − b)

= A
(z − a)2

+ B
z − a
+ C
z − b
, a ̸= b,
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where

A = Res
z=a ((z − a)f ), B = Res

z=a f , C = Res
z=b f .

Problem 11.17. Let γ be a piecewise smooth closed Jordan curve and let f be analytic in
int γ. Let z0 ∈ int γ be the only zero of f and of order k. Show that

1
2πi
∫
γ

f ′(ζ )
f (ζ )

dζ = k = Res
z=z0 f ′f .

A function that is analytic everywhere on the complex plane, except for simple
poles, admits a special type of representation there.

Proposition 11.18. Let function f (z) be analytic on the complex plane ℂ except for the
points z1, z2, . . . , zn, . . ., which are the poles of order 1 with the residues at these points
a1, a2, . . . , an, . . . , respectively. Assume that there exists a sequence of closed curves γn such
that int γn includes z1, z2, . . . , zn and only them, and the following conditions are fulfilled
as n→∞:

Rn := dist(0, γn)→∞, |γn| = O(Rn), f (z) = o(Rn), z ∈ γn.

Then

f (z) = f (0) + z
∞
∑
n=1 an

zn(z − zn)
, z ̸= zn.

Proof. Consider the following integral:

In(z) :=
1
2πi
∫
γn

f (ζ )
ζ (ζ − z)

dζ , z ∈ int γn.

Applying Cauchy’s residue theorem (see Theorem 11.10) to the function f (ζ )
ζ (ζ−z) , we obtain

In(z) =
n
∑
k=1 Resζ=zk f (ζ )

ζ (ζ − z)
+ Res

ζ=z f (ζ )
ζ (ζ − z)

+ Res
ζ=0 f (ζ )

ζ (ζ − z)

=
n
∑
k=1 ak

zk(zk − z)
+
f (z)
z
−
f (0)
z
.

This integral In(z) can be estimated as

󵄨󵄨󵄨󵄨In(z)
󵄨󵄨󵄨󵄨 ≤

1
2π
∫
γn

|f (ζ )|
|ζ ||ζ − z|

|dζ | ≤ 1
2π

maxγn |f (ζ )||γn|
Rn(Rn − |z|)

.
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The latter estimate and the conditions of proposition imply that In(z) → 0 as n → ∞ if
z ̸= zk , k = 1, 2, . . . . This proves the proposition.

This proposition allows us to get some special representation for the trigonometric
functions.

Example 11.19. Let function f (z) be defined as

f (z) = 1
sin z
− 1
z
, z ̸= 0.

It is clear that f (z) has poles of order 1 at the points zn = πn, n = ±1,±2, . . . . The residues
at these points are equal to

Res
z=zn f (z) = limz→πn(z − πn)( 1

sin z
− 1
z
) = lim

ζ→0 ζ( 1
sin(ζ + πn)

− 1
ζ + πn
)

= lim
ζ→0 ζ
(−1)n sin ζ

= (−1)n.

Moreover, the point z = 0 is a removable singularity for this function since due to L’Hôpi-
tal’s rule (see Proposition 3.37), we have that

lim
z→0( 1

sin z
− 1
z
) = lim

z→0 z − sin zz sin z
= 0.

Considering now the closed curves γn, which are equal to the boundary of quadrants
with the vertices at the points (n + 1/2)(±1 ± i)π, we can easily obtain that function f (z)
is uniformly bounded on γn. Application of Proposition 11.18 yields

1
sin z
= 1
z
+ z

∞
∑

n=−∞,n ̸=0 (−1)nπn(z − πn)
= 1
z
+ z
∞
∑
n=1 (−1)nπn(z − πn)

+ z
∞
∑
n=1 (−1)n+1πn(z + πn)

= 1
z
+ 2z
∞
∑
n=1 (−1)nz2 − (πn)2

.

Problem 11.20. Show that:
1. 1

cos z = 4π∑
∞
n=0 (−1)n(2n+1)((2n+1)π)2−4z2 ,

2. 1
ez−1 = 1

z −
1
2 + 2z∑

∞
n=1 1

z2+(2πn)2 ,
3. 1

sin2 z
= ∑∞n=−∞ 1(z−πn)2 ,

4. tan z = 8z∑∞n=0 1((2n+1)π)2−4z2 ,
5. cot z = 1

z + 2z∑
∞
n=1 1

z2−(πn)2 ,
6. 1

cosh z = 4π∑
∞
n=0 (−1)n(2n+1)((2n+1)π)2+4z2 ,

7. 1
sinh z =

1
z + 2z∑

∞
n=1 (−1)nz2+(πn)2 ,
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8. coth z = 1
z + 2z∑

∞
n=1 1

z2+(πn)2 ,
9. tanh z = 8z∑∞n=0 1((2n+1)π)2+4z2 .
There is quite close connection (due to the Cauchy’s residue theorem) between some
series and some integrals. We illustrate this by the following example.

Example 11.21. Let us show that for all |z| < 1 and for any number a ̸= n, n ∈ ℕ, the
following is true:

−
∞
∑
n=1 (−z)nn − a

= πza

sin(πa)
+ z
2i sin(πa)

∫|ζ |=1 ζ
a−1 − za−1
ζ − z

dζ .

Since |z| < 1, then the above integral can be represented as

∫|ζ |=1 ζ
a−1 − za−1

ζ

∞
∑
n=0 znζ n dζ = ∞∑n=0 zn ∫|ζ |=1 ζ a−2−ndζ −

∞
∑
n=0 zn+a−1 ∫|ζ |=1 ζ−n−1dζ .

Both integrals on the right-hand side of the latter equality can be calculated straightfor-
wardly. Indeed,

∫|ζ |=1 ζ a−2−ndζ =
π

∫−π eiθ(a−2−n)ieiθdθ = (−1)
n2i sin(πa)
n + 1 − a

and this value is well-defined due to the condition on a. The second integral is well
known and it is equal to

∫|ζ |=1 ζ−1−ndζ = {2πi, n = 0,
0, n = 1, 2, . . . .

Combining these two integrals, we obtain

∫|ζ |=1 ζ
a−1 − za−1
ζ − z

dζ =
∞
∑
n=0 zn 2i(−1)n

n + 1 − a
sin(πa) − za−12πi.

Multiplying the latter equality by z and rearranging the terms, one canobtain theneeded
result.

Based on this formula and using L’Hôpital’s rule (a → 0), it can be shown that

log(1 + z)
z
= 1
2πi
∫|ζ |=1 log ζ

ζ (ζ − z)
dζ .



12 The principle of the argument and Rouche’s
theorem

LetG be adomain on the complex plane and letDbe abounded subdomain ofG such that
D ⊂ G. The domainD needs not be simply connected but the boundary 𝜕D of this domain
is a combination of finitely many disjoint piecewise smooth closed Jordan curves. Let f
be an analytic function on G. Consequently, f is analytic on the closed domain D.

Proposition 12.1. Let the domains D and G be as above and let f be analytic on G, except
for a finite number of poles zk ∈ D of order μk for k = 1, 2, . . . , n. Let us assume in addition
that f (z) ̸= 0 on D except for a finite number of zeros wk ∈ D of order λk , k = 1, 2, . . . ,m.
Then the function

f ′(z)
f (z)

is analytic on D except for the points {zk}
n
k=1 and {wk}

m
k=1 (which are poles of order 1 for

f ′/f ) and
1
2πi
∫𝜕D f ′(ζ )dζ

f (ζ )
= N − P, (12.1)

where N = ∑mk=1 λk and P = ∑nk=1 μk .
Proof. Consider the function f ′/f in the neighborhood of a pole zk . Then f (z) can be
represented there as

f (z) = (z − zk)
−μk f1(z),

where f1(z) is analytic in this neighborhood and f1(zk) ̸= 0. This implies that

f ′(z)
f (z)
=
−μk(z − zk)

−μk−1f1(z) + (z − zk)−μk f ′1 (z)
(z − zk)−μk f1(z) = −

μk
z − zk
+
f ′1 (z)
f1(z)
, (12.2)

where the second term f ′1 (z)/f1(z) in the latter sum is analytic in this neighborhood of zk
since f1(zk) ̸= 0. The representation (12.2) shows that zk is a pole of order 1 for f

′/f and
Res
z=zk f ′(z)f (z)

= −μk . (12.3)

Consider now the function f ′/f in the neighborhood of a zero wk . Then we have that

f (z) = (z − wk)
λk f2(z),

where f2(z) is analytic in this neighborhood and f2(wk) ̸= 0. Thus, we have

https://doi.org/10.1515/9783111632278-013
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f ′(z)
f (z)
=
λk(z − wk)

λk−1f2(z) + (z − wk)
λk f ′2 (z)

(z − wk)λk f2(z)
=

λk
z − wk
+
f ′2 (z)
f2(z)
, (12.4)

where the second term in the latter sum is analytic in this neighborhood since f2(wk) ̸= 0.
The representation (12.4) shows also that wk is a pole of order 1 for f

′/f and
Res
z=wk

f ′(z)
f (z)
= λk . (12.5)

Since the function f ′/f is analytic on D except for the points {zk}
n
k=1, {wk}

m
k=1 (where it

has the simple poles), then applying the Cauchy’s residue theorem (see Theorem 11.10)
we obtain (see (12.3) and (12.5))

1
2πi
∫𝜕D f ′(ζ )dζ

f (ζ )
=

n
∑
k=1 Resz=zk f ′(z)f (z)

+
m
∑
k=1 Resz=wk

f ′(z)
f (z)
= −

n
∑
k=1 μk + m

∑
k=1 λk = N − P.

This completes the proof.

Corollary 12.2. Suppose that f (z) is analytic on D and f (z) ̸= 0 on D except for the zeros
wk ∈ D of order λk , k = 1, 2, . . . ,m. Then

1
2πi
∫𝜕D f ′(ζ )dζ

f (ζ )
= N . (12.6)

Let γ be a piecewise smooth closed Jordan curve and let f (z) be analytic on int γ.

Definition 12.3. Let ζ0 be a point of γ and φ0 = Arg f (z) at ζ0. Let also φ1 = Arg f (z) at ζ0
after going around once along this curve from ζ0 to ζ0 in a positive direction. Then the
value φ1 − φ0 is called the variation of Arg f (z) along curve γ and it is denoted by

φ1 − φ0 = Varγ Arg f .

Theorem 12.4 (The principle of argument). Let f be analytic on int γ, where γ is a piece-
wise smooth closed Jordan curve, except for the poles {zk}

n
k=1 ⊂ int γ of order μk . Assume

that f (z) ̸= 0 on int γ except for the zeros {wk}
m
k=1 ⊂ int γ of order λk . Then

1
2πi
∫
γ

f ′(z)
f (z)

dz = 1
2π

Var
γ
Arg f (z) = N − P, (12.7)

where N = ∑mk=1 λk and P = ∑nk=1 μk .
Proof. Since f (z) ̸= 0 on γ, we may consider the multivalued function

Log f (z) = log󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 + i Arg f (z).



146 � The principle of the argument and Rouche’s theorem

Moreover, this function is analytic in the neighborhood of γ and

(Log f (z))′ = f ′(z)
f (z)
.

Proposition 12.1 says that

1
2πi
∫
γ

(Log f (ζ ))′dζ = N − P.
It is equivalent to the changes of Log f (ζ ) after going around once along γ from ζ0 to ζ0,
i. e.,

N − P = 1
2πi
[Log f (ζ )]ζ=ζ0ζ=ζ0 = 1

2πi
[log󵄨󵄨󵄨󵄨f (ζ )

󵄨󵄨󵄨󵄨 + i Arg f (ζ )]
ζ=ζ0
ζ=ζ0

= Arg f (ζ )
2π

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

ζ=ζ0
ζ=ζ0 = Varγ Arg f (ζ )2π

.

Theorem 12.5 (Rouche). Assume that G is a simply connected domain, γ is a piecewise
smooth closed Jordan curve in G, and f and g are analytic functions on G except for the
finitely many poles, which are located in int γ. If |f (ζ )| > |g(ζ )| on γ, then

Nf+g − Pf+g = Nf − Pf , (12.8)

where Nf , Nf+g , Pf , and Pf+g denote the number of zeros or poles (taking into account
their multiplicity) for functions f and f + g, respectively.

Proof. The conditions for f and g on γ show that |f (ζ )| > 0 and |f + g| ≥ |f | − |g| > 0
on γ, i. e., f and f + g are not equal to zero on γ. That is why we may apply Theorem 12.4
and obtain

1
2π

Var
γ
Arg(f + g) − 1

2π
Var
γ
Arg(f ) = (Nf+g − Pf+g) − (Nf − Pf ).

But the left-hand side of the latter equality is equal to (see the proof of Theorem 12.4)

1
2π

Var
γ
Arg f + g

f
= 1
2π

Var
γ
Arg(1 + g/f ).

We will show now that this value is equal to zero. Indeed, since on γ we have

|g/f + 1 − 1| = |g/f | < 1

then the value of g/f + 1 on γ changes inside the circle {w : |w − 1| < 1} such that w = 0
does not belong to this set (see Figure 12.1).

Since it does not go around zero along γ, then Varγ Arg(1 + g/f ) = 0. Hence, the
equality (12.8) holds.
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Figure 12.1: Image of g/f + 1 on γ contained in the unit circle.
Corollary 12.6. Suppose that f and g are analytic. Then under the conditions of Theo-
rem 12.5, we have that

Nf+g = Nf . (12.9)

Example 12.7. Let P(z) = z10−5z7+2. The fundamental theorem of algebra says that this
polynomial has exactly 10 roots (taking into account their multiplicities). The question
now is: how many of these roots are located in the unit disk {z : |z| < 1}? Indeed, if we
denote g(z) = z10 + 2 and f (z) = −5z7, then P(z) = f (z) + g(z). The function f has 7 roots
in this disk and for |z| = 1 we have that

󵄨󵄨󵄨󵄨g(z)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨z
10 + 2󵄨󵄨󵄨󵄨 ≤ |z|

10 + 2 = 3 < 5 = 󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 = 5|z|

7.

By Rouche’s theorem, we obtain Nf+g = Nf = 7.

Problem 12.8. Prove the fundamental theorem of algebra using Corollary 12.6.

Problem 12.9. Show that the equation

a0 + a1 cosφ + a2 cos 2φ + ⋅ ⋅ ⋅ + an cos nφ = 0,

where 0 ≤ a0 < a1 < ⋅ ⋅ ⋅ < an has 2n simple roots on the interval (0, 2π).

Problem 12.10. Let γ be a closed Jordan curve. If

󵄨󵄨󵄨󵄨akz
k 󵄨󵄨󵄨󵄨 >
󵄨󵄨󵄨󵄨a0 + a1z + ⋅ ⋅ ⋅ + ak−1zk−1 + ak+1zk+1 + ⋅ ⋅ ⋅ + anzn󵄨󵄨󵄨󵄨

for all z ∈ γ, then prove that there are exactly k roots of the polynomial

a0 + a1z + ⋅ ⋅ ⋅ + anz
n

in int γ.
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Problem 12.11. Show that for any small ϵ > 0 there exists n ∈ ℕ such that all zeros of
the function

f (z) =
n
∑
k=0 1

k!zk

are in the disk {z : |z| ≤ ϵ}.

Problem 12.12. Let a > e. Show that the equation

ez = azn, n ∈ ℕ0,

has exactly n zeros in the unit disk. Hint: Use Rouche’s theorem with f (z) = ez and
g(z) = azn.

Problem 12.13. Find the number of roots of the equation

z6 + 6z + 10 = 0

in each quadrant of the complex plane ℂ.

Problem 12.14. Find the number of roots of the polynomial of degree 8,

P8(z) := z
8 − 5z5 − 2z + 1

inside the unit disk {z : |z| < 1}. Hint: Use Rouche’s theorem for f (z) = −5z5 + 1 and
g(z) = z8 − 2z.

Problem 12.15. Show that the roots of the polynomial of degree 4,

P4(z) := z
4 + z3 + 4z2 + 2z + 3

are not real and not purely imaginary, and two of them are in the second quadrant and
other two (complex conjugate) are in the third quadrant. Hint: Show that for R > 0 big
enough the variation of Arg P4(z) along the closed curve γ := {z : |z| = R} ∩ {Re z =
0, Im z ≥ 0} ∩ {Im = 0,Re ≥ 0} in the first quadrant is equal to zero.

Problem 12.16. Show that the polynomial of degree 4,

P4(z) := z
4 + az3 + b, a, b > 0,

has two (conjugate) roots with a positive real part.

Problem 12.17. Show that if f (z) is analytic andunivalent in the domainD, then f ′(z) ̸= 0
for all z ∈ D. Hint: Assuming on the contrary that there is z0 ∈ D such that f ′(z0) = 0,
obtain the contradiction with the univalent function.



13 Calculation of integrals by residue theory

13.1 Trigonometric integrals

Suppose that we want to evaluate an integral of the form

2π

∫
0

R(cos t, sin t)dt, (13.1)

where R(u, v) is a rational function of two variables u and v, i. e.,

R(u, v) =
∑k,l aklukvl
∑m,n bmnunvm

and the summation in both sums is finite. Due to periodicity, (13.1) is equal to

π

∫−π R(cos t, sin t)dt. (13.2)

Consider the unit circle {z : |z| = 1}, which is parameterized as (positive orientation)
γ : z(t) = eit , t ∈ [−π, π]. Then

cos t = e
it + e−it
2
=
z + 1/z

2
=
z2 + 1
2z
,

sin t = e
it − e−it
2i
=
z − 1/z
2i
=
z2 − 1
2iz

and

dz = d(eit) = eitidt

or

dt = dz
ieit
=
dz
iz
.

The integral (13.1) transforms to the curve integral

π

∫−π R(cos t, sin t)dt = ∫γ R(z
2 + 1
2z
, z

2 − 1
2iz
)dz
iz
= ∫

γ

R̃(z)dz, (13.3)

where

R̃(z) = 1
iz
R(z

2 + 1
2z
, z

2 − 1
2iz
)

https://doi.org/10.1515/9783111632278-014
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is a rational function of only one variable z. This rational function R̃may have only poles
(zeros of the denominator of R̃).

Let us consider the poles of R̃, which are located inside the unit disk {z : |z| < 1} and
denote them as z1, z2, . . . , zm. The residue theorem gives

π

∫−π R(cos t, sin t)dt = ∫γ R̃(z)dz = 2πi
m
∑
j=1 Resz=zj R̃. (13.4)

Example 13.1. Let us evaluate the integral

2π

∫
0

1
3 + 2 sin t

dt.

Due to (13.3), we have

2π

∫
0

1
3 + 2 sin t

dt = ∫
γ

1
iz

1
3 + 2 z

2−1
2iz

dz = ∫
γ

dz
z2 + 3iz − 1

,

where γ is the unit circle. The zeros of the denominator are

z1,2 = −3i ∓ i√52
.

It is easy to see that |z1| > 1 and |z2| < 1. By (13.4), we get

2π

∫
0

1
3 + 2 sin t

dt = 2πi Res
z=z2 1

z2 + 3iz − 1
= 2πi 1

2z2 + 3i
=
2π
√5

after using also (11.6).

Example 13.2. Let us evaluate the integral

I :=
2π

∫
0

1
1 + 3 cos2 t

dt.

Repeating the same procedure as above, we obtain

I = ∫
γ

1
iz

1
1 + 3( z

2+1
2z )

2
dz = 1

i
∫
γ

4zdz
3z4 + 10z2 + 3

.

The zeros of the denominator are

z1 = i√3, z2 = −i√3, z3 = i/√3, z4 = −i/√3.



13.1 Trigonometric integrals � 151

It is clear that |z1|, |z2| > 1, and |z3|, |z4| < 1. That is why

I = 2π(Res
z=z3 4z

3z4 + 10z2 + 3
+ Res
z=z4 4z

3z4 + 10z2 + 3
)

= 2π( 4z3
12z33 + 20z3

+
4z4

12z34 + 20z4
)

= 2π( i/√3
3(i/√3)3 + 5i/√3

−
i/√3

3(−i/√3)3 − 5i/√3
) = π.

Problem 13.3. Evaluate
2π

∫
0

cos(2t)
5 − 4 cos t

dt.

Problem 13.4. Evaluate
2π

∫
0

sin2 t
5 + 4 cos t

dt.

Problem 13.5. Show that if w ∈ ℂ \ {w ∈ ℝ : |w| ≥ 1}, then
π

∫
0

dt
1 − w cos t

=
π
√1 − w2

.

Explain the choice of the complex number w.

Problem 13.6. Show that if a > b > 0, then
1.

2π

∫
0

dt
(a + b cos t)2

=
2πa

√(a2 − b2)3
,

2.
2π

∫
0

dt
(a + b cos2 t)2

=
π(2a + b)

√(a2 + ab)3
.

The next example shows that the above technique cannot be used for the evaluation
of the following integral.

Example 13.7. We will show that

π

∫
0

x sin x
1 − 2a cos x + a2

dx = {
π
a log(1 + a), 0 < a < 1,
π
a log(1 + 1/a), a > 1.
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Let us assume first that 0 < a < 1. Consider the function

f (z) := zeiz

aeiz − 1
, z ∈ {z : |Re z| ≤ π, Im z ≥ 0}.

Since 0 < a < 1, then this function is analytic in the specified region. Applying now the
Cauchy theorem for the rectangle with the vertices at the points −π, π, π+ in,−π+ in, n ∈
ℕ, we obtain

π

∫−π f (x)dx +
n

∫
0

f (π + iy)idy +
−π
∫
π

f (x + in)dx +
0

∫
n

f (−π + iy)idy = 0.

The third integral tends to zero as n→∞ since it is equal to

−
π

∫−π (x + in)e
ix

aeix − en
dx → 0, n→∞.

The sum of the second and the fourth integrals is equal to

i
n

∫
0

(π + iy)ei(π+iy)
aei(π+iy) − 1 dy + i

n

∫
0

(π − iy)ei(−π+iy)
aei(−π+iy) − 1 dy = 2πi

n

∫
0

dy
a + ey

dy.

Letting now n→∞, we get

π

∫−π xeix

aeix − 1
dx + 2πi

∞
∫
0

dy
a + ey

dy = 0.

Equating the imaginary part of this equality to zero, we obtain that

π

∫−π x sin x
1 − 2a cos x + a2

dx = 2π
∞
∫
0

dy
a + ey
.

But the improper integral on the right-hand side of this equality can be easily evaluated
and it is equal to 1

a log(1+a). Taking into account that the integrand on the left-hand side
is even, we finally obtain the needed result in the case 0 < a < 1. The case a > 1 can be
reduced to the previous case if we change a to 1

a . Moreover, the obtained result can be
easily extended (by continuity with respect to parameter a) for all 0 ≤ a <∞.

Problem 13.8. Show that for |a| < 1 we have

2π

∫
0

dt
1 − 2a cos t + a2

=
2π

1 − a2
.

What can one say about this integral for |a| > 1?
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Problem 13.9. Prove that for n ∈ ℕ,

2π

∫
0

ecos t cos(nt − sin t)dt = 2π
n!
,

2π

∫
0

ecos t sin(nt − sin t)dt = 0.

Hint: Use Euler’s formula.

13.2 Improper integrals of the form ∫∞−∞ f (x)dx
Let f (x) be a continuous real-valued function of x ∈ ℝ. The Cauchy principal value of the
integral ∞

∫−∞ f (x)dx

is defined by

p.v.
∞
∫−∞ f (x)dx = lim

R→∞ R

∫−R f (x)dx
provided the limit exists. By this definition, we obtain

p.v.
∞
∫−∞ f (x)dx = 0

if f is odd and

p.v.
∞
∫−∞ f (x)dx = 2

∞
∫
0

f (x)dx

if f is even.

Theorem 13.10. Let f be analytic for Im z > 0 and continuous for Im z ≥ 0 except for
the singular points z1, z2, . . . , zn with Im zj > 0 for all j = 1, 2, . . . , n. If f (z) = o(1/|z|) for
z→∞, Im z > 0, then

p.v.
∞
∫−∞ f (x)dx = 2πi

n
∑
j=1 Resz=zj f . (13.5)

Proof. Let R > 0 be chosen such that all points z1, z2, . . . , zn belong to the region {z : |z| <
R, Im z > 0}. Let γR be the union of the line segment [−R,R] and the upper semicircle Γ

+
R

(see Figure 13.1). The residue theorem gives that
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Figure 13.1: Semicircle Γ+R containing singularities.
R

∫−R f (x)dx + ∫Γ+R f (z)dz = 2πi
n
∑
j=1 Resz=zj f .

But

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Γ+R
f (z)dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

π

∫
0

f (Reit)Reitidt
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

π

∫
0

󵄨󵄨󵄨󵄨f (Re
it)󵄨󵄨󵄨󵄨Rdt

=
π

∫
0

o(1/R)Rdt = oR(1)π → 0

as R→∞. That is why

lim
R→∞ R

∫−R f (x)dx = 2πi
n
∑
j=1 Resz=zj f

and the proof is concluded.

Example 13.11. Let us evaluate the integral∞
∫
0

1
x4 + 1

dx = 1
2

∞
∫−∞ 1

x4 + 1
dx.

The singular points of

1
z4 + 1

are

z0 = e
iπ/4, z1 = e

i3π/4, z2 = e
i5π/4, z3 = e

i7π/4.
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It is clear also that Im z0, Im z1 > 0, and Im z2, Im z3 < 0. Hence,∞
∫
0

1
x4 + 1

dx = πi(Res
z=z0 1

z4 + 1
+ Res

z=z1 1
z4 + 1
) = πi( 1

4z30
+

1
4z31
)

=
πi
4
(e−3iπ/4 + e−9iπ/4)

=
πi
4
(cos 3π

4
− i sin 3π

4
+ cos 9π

4
− i sin 9π

4
)

=
πi
4
(−2i sin π

4
) = π
√2
4
.

Example 13.12. Let us evaluate the integral∞
∫
0

x4

x6 + 1
dx.

The singular points of

z4

z6 + 1

are

zk = e
i(π/6+2πk/6), k = 0, 1, . . . , 5.

It is clear that only z0, z1 and z2 belong to the upper half-plane. Thus,∞
∫
0

x4

x6 + 1
dx = πi

2
∑
j=0Resz=zj z4

z6 + 1
= πi(

z40
6z50
+

z41
6z51
+

z42
6z52
)

=
πi
6
( 1
z0
+

1
z1
+

1
z2
) = πi

6
(e−iπ/6 + e−iπ/2 + e−i5π/6)

=
πi
6
(cos π

6
− i sin π

6
− i + cos 5π

6
− i sin 5π

6
)

=
πi
6
(−2i sin π

6
− i) = π

3
.

Problem 13.13. Evaluate the integral∞
∫−∞ x2

(x2 + 4)2
dx.
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Problem 13.14. Evaluate the integral∞
∫−∞ 1
(x4 + 1)2

dx.

Problem 13.15. Evaluate the integral

p.v.
∞
∫−∞ 1

x(x2 + 1)
dx.

Problem 13.16. Prove that:
1. ∞

∫−∞ dx
(x2 + a2)(x2 + b2)2

=
π(2|a| + |b|)

2a2|ab|(|a| + |b|)2
,

2. ∞
∫
0

dx
(a + bx2)n

= π√a/b (2n − 3)!!
(2a)n(n − 1)!

, n ∈ ℕ,

under the condition ab > 0. Here, (2n − 3)!! for n = 1 must be substituted by 1.

13.3 Improper integrals of the form ∫∞−∞ eiaxf (x)dx
Theorem 13.17 (Jordan’s lemma). Let us assume that f is continuous in the region {z :
|z| > R, Im z > 0} for some R > 0. If

lim
z→∞ f (z) = 0, Im z > 0,

then

lim
R→∞ ∫|ζ |=R,Im ζ>0 eiaζ f (ζ )dζ = 0 (13.6)

for any a > 0.

Proof. Under the conditions for f , we have that for any ε > 0 there exists R > 0 such
that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 < ε, |z| > R, Im z > 0.

We parametrize the semicircle as γ : ζ (t) = Reit , t ∈ (0, π). In that case, we obtain
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󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
γ

eiaζ f (ζ )dζ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫

γ

󵄨󵄨󵄨󵄨e
iaζ 󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨f (ζ )
󵄨󵄨󵄨󵄨|dζ | < ε

π

∫
0

󵄨󵄨󵄨󵄨e
iaR(cos t+i sin t)󵄨󵄨󵄨󵄨Rdt

= εR
π

∫
0

e−aR sin tdt = 2εR π/2
∫
0

e−aR sin tdt
< 2εR

π/2
∫
0

e−aR2t/πdt
since sin t > 2t/π for 0 < t < π/2 and a > 0. The latter integral can be evaluated precisely
and, therefore,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
γ

eiaζ f (ζ )dζ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
πε
a
(1 − e−aR) < πε

a
.

Since ε > 0 was arbitrary, we obtain (13.6).

Corollary 13.18. Let us assume that f is continuous in the region {z : |z| > R, Im z < 0}
for some R > 0. If

lim
z→∞ f (z) = 0, Im z < 0,

then

lim
R→∞ ∫|ζ |=R,Im ζ<0 eiaζ f (ζ )dζ = 0 (13.7)

for any a < 0.

Corollary 13.19. Let us assume that f is continuous in the regions {z : |z| > R,Re z < 0},
or {z : |z| > R,Re z > 0} for some R > 0. If

lim
z→∞Re z<0 f (z) = 0 or lim

z→∞Re z>0 f (z) = 0,
then

lim
R→∞ ∫|ζ |=R,Re ζ<0 eaζ f (ζ )dζ = 0 (13.8)

or

lim
R→∞ ∫|ζ |=R,Re ζ>0 eaζ f (ζ )dζ = 0 (13.9)

for any a > 0 or a < 0, respectively.
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Theorem 13.20. Let f be analytic for Im z > 0 and continuous for Im z ≥ 0 except at the
singular points z1, z2, . . . , zn with Im zj > 0 for all j = 1, 2, . . . , n. If f (z) = o(1) for z → ∞,
Im z > 0, then

p.v.
∞
∫−∞ eiaxf (x)dx = 2πi

n
∑
j=1 Resz=zj (eiazf (z)) (13.10)

for a > 0.

Proof. Let R > 0 be chosen such that all singular points z1, z2, . . . , zn belong to the region
{z : |z| < R, Im z > 0}. Let γR be the union of the line segment [−R,R] with the upper
semicircle Γ+R . The residue theorem gives that

R

∫−R eiaxf (x)dx + ∫Γ+R eiazf (z)dz = 2πi
n
∑
j=1 Resz=zj (eiazf ).

Jordan’s lemma (see (13.6)) implies that for a > 0 the integral over Γ+R tends to zero as
R→∞. Hence, letting R→∞ we obtain (13.10).

Example 13.21. Let us evaluate the integral∞
∫
0

x sin x
x2 + 4

dx.

Indeed, we have∞
∫
0

x sin x
x2 + 4

dx = 1
2
p.v.
∞
∫−∞ x sin x

x2 + 4
dx = 1

2
Im(p.v.

∞
∫−∞ xeix

x2 + 4
dx)

=
1
2
Im(2πi Res

z=2i eizz
z2 + 4
) = 1

2
Im(2πi e

i2i2i
2 ⋅ 2i
)

=
1
2
Im(e

−2
2
2πi) = π

2
e−2.

Example 13.22. Let us evaluate the integral (a > 0),∞
∫
0

cos(ax)
x2 + 1

dx.

Indeed, we have using Theorem 13.20 that
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∞
∫
0

cos(ax)
x2 + 1

dx = 1
2
p.v.
∞
∫−∞ cos(ax)

x2 + 1
dx = 1

2
Re(p.v.

∞
∫−∞ eiax

x2 + 1
dx)

=
1
2
Re(2πi Res

z=i eiaz

z2 + 1
) = 1

2
Re(2πi e

iai

2i
) = π

2
e−a.

This result can be easily generalized for any a ∈ ℝ.

Problem 13.23. Prove that ∞
∫
0

cos x − cos αx
x

dx = log α

for α > 0. Hint: Integrate function f (z) = eiz−eiαz
z over the boundary of the quarter part

of the disk with radius R and let then R→∞, and use Problem 5.20.
Generalize this example to the case when A1 +A2 + ⋅ ⋅ ⋅+An = 0 and a1, a2, . . . , an > 0,

to obtain that ∞
∫
0

A1 cos a1x + A2 cos a2x + ⋅ ⋅ ⋅ + An cos anx
x

dx

= −A1 log a1 − A2 log a2 − ⋅ ⋅ ⋅ − An log an.

Problem 13.24. Let k > 0. Prove that

lim
R→+∞ R

∫−R eixt

k + it
dt = e−xk {{{{{{

{

2, x > 0,
1, x = 0,
0, x < 0.

This integral is known as the discontinuous Cauchy multiplier.

Problem 13.25. Assume that x is not an integer and 0 < ν < 1. Show that

1
2πi

lim
n→∞ n
∑
k=−n ei2knνk − x

=
ei2πxν

1 − ei2πx
.

In particular,

lim
n→∞ n
∑
k=−n eikn

k − x
= −

π
sin πx
.

Hint: Integrate function f (z) = ei(2ν−1)πz(z−x) sin πz over the circle with radius R = n + 1/2.
Definition 13.26. Let f be a continuous real-valued function of x ∈ [a, b] except for
possibly the point c ∈ (a, b). The principal value of the integral
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b

∫
a

f (x)dx

is defined as

p.v.
b

∫
a

f (x)dx := lim
ε→+0[ c−ε∫

a

f (x)dx +
b

∫
c+ε f (x)dx]

if the limit exists.

Example 13.27. Let us evaluate the principal value integral

p.v.
b

∫
a

1
x − c

dx, a < c < b.

By definition, we have

p.v.
b

∫
a

dx
x − c
= lim

ε→+0[ c−ε∫
a

dx
x − c
+

b

∫
c+ε dx

x − c
]

= lim
ε→+0[log | − ε| − log |a − c| + log |b − c| − log |ε|] = log b − cc − a

.

Example 13.28. Let us evaluate the integral∞
∫
0

sin x
x

dx.

We have ∞
∫
0

sin x
x

dx = 1
2
p.v.
∞
∫−∞ sin x

x
dx,

where principal value integral is considered with respect to∞ and 0. We have

p.v.
∞
∫−∞ sin x

x
dx = 1

i
p.v.
∞
∫−∞ eix

x
dx = 1

i
lim
R→∞
ε→0(
−ε
∫−R eix

x
dx +

R

∫
ε

eix

x
dx).

Here, we have used the fact that

p.v.
∞
∫−∞ cos x

x
dx = 0.
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Consider the function

f (z) = e
iz

z
.

It has only one singular point z = 0. That iswhywe consider the closed curve (Figure 13.2)

γ = [−R,−ε] ∪ Γ−ε ∪ [ε,R] ∪ Γ+R .

Figure 13.2: Semicircles Γ+R and Γ−ε .
Inside of γ, the function f is analytic and continuous up to the curve γ. Using the
Cauchy theorem, we have

0 = ∫
γ

eiz

z
dz =
−ε
∫−R eix

x
dx + ∫

Γ−ε
eiz

z
dz +

R

∫
ε

eix

x
dx + ∫

Γ+R
eiz

z
dz. (13.11)

The integral over Γ+R tends to 0 as R → ∞ due to Jordan’s lemma. The integral over Γ−ε
can be evaluated as

∫
Γ−ε

eiz

z
dz = − ∫

Γ+ε
eiz

z
dz = −

π

∫
0

eiεe
it
iεeit

εeit
dt = −i

π

∫
0

eiε cos te−ε sin tdt.
But the last integral tends to −iπ as ε → 0 due to continuity of the functions eiε cos t and
e−ε sin t with respect to ε and t ∈ [0, π].

Letting now ε → 0 and R→∞ in (13.11), we obtain

0 = lim
R→∞,ε→0( −ε∫−R eix

x
dx +

R

∫
ε

eix

x
dx) − iπ

or

p.v.
∞
∫−∞ eix

x
dx = iπ.
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Therefore, ∞
∫
0

sin x
x

dx = 1
2i
p.v.
∞
∫−∞ eix

x
dx = π

2
.

This integral is called the Dirichlet integral.

Problem 13.29. Show that (see, for comparison, Example 13.28)∞
∫
0

sin2 x
x2

dx = π
2
.

Problem 13.30. Show that for any α ∈ ℝ, we have∞
∫
0

sin αx
e2πx − 1

dx = sgn α( 1
4
eα + 1
eα − 1
−

1
2α
),

where

sgn α =
{{{
{{{
{

1, α > 0,
0, α = 0,
−1, α < 0.

Hint: Integrate function f (z) = eiαz
e2πz−1 over the rectangle with the vertices at the points 0,

R, R + i, i.

Problem 13.31. Prove that∞
∫
0

sin(xb)
x(x2 + a2)

dx = π sgn b
2a2
(1 − e−|a||b|),

where a and b are real and a ̸= 0. Hint: Use the same procedure as in Example 13.28.

Problem 13.32. Prove that∞
∫
0

sin(xb)
x(x2 + a2)2

dx = sgn b( π
2a4
−

π
4a3

e−|a||b|(|b| + 2/|a|)),
where a and b are real and a ̸= 0. Hint: Use the same procedure as in Example 13.28.
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Problem 13.33. Evaluate the integrals∞
∫
0

e−x2 cos(αx2)dx, ∞∫
0

e−x2 sin(αx2)dx
for real α. Hint: Use Problem 5.21.

13.4 Improper integrals for multivalued functions

In this section, we study improper integrals of the form∞
∫
0

xα−1f (x)dx, 1

∫
0

(1 − x)−αxα−1f (x)dx, ∞∫
0

f (x) log xdx.

Theorem 13.34. Let f (z) be a single-valued analytic function for z ∈ ℂ except for the
singular points z1, z2, . . . , zn, which are not lying on ℝ+ for all j = 1, 2, . . . , n. If 0 < α < 1,
and if f (z) has a removable singularity at z = 0 and f (z) = O( 1|z| ) for z→∞, then∞

∫
0

xα−1f (x)dx = 2πi
1 − ei2πα

n
∑
j=1 Resz=zj (zα−1f (z)). (13.12)

Proof. Consider the domain Dϵ,R, which is a disk with radius R > 0 big enough and
without a disk with radius ϵ > 0 small enough, and with a cut along the positive real
axis from ϵ to R. In this domain, the multivalued (in general) function g(z) := zα−1f (z) is
a single-valued analytic function except for the singular points z1, z2, . . . , zn, which are
inside of the domain Dϵ,R. Thus, by the residue theorem, we have that

2πi
n
∑
j=1 Resz=zj g(z) = ∫𝜕Dϵ,R g(z)dz

=
R

∫
ϵ

xα−1f (x)dx + ∫|z|=R zα−1f (z)dz
+

ϵ

∫
R

zα−1f (z)dz − ∫|z|=ϵ zα−1f (z)dz =: I1 + I2 + I3 + I4,
where the integration over the circles |z| = R and |z| = ϵ are taken in positive direction
with respect to the origin. Consider now each of the terms Ij , j = 1, 2, 3, 4. By hypothesis
in the neighborhood of the infinity, we have



164 � Calculation of integrals by residue theory

|I2| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2π

∫
0

Rα−1ei(α−1)tf (Reit)iReitdt󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤ 2πMRα−1 → 0, R→ +∞,

since 0 < α < 1. Similarly, using the conditions in the neighborhood of the origin, we
obtain

|I4| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2π

∫
0

ϵα−1ei(α−1)tf (ϵeit)iϵeitdt󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤ 2πM1ϵ
α → 0, ϵ → 0,

since 0 < α < 1. Here, M , M1 are some positive constants, which correspond to the
hypotheses of the theorem. The term I3 is the integral over the lower lip of the cut where
arg z = 2π. Therefore, we have

I3 = −
R

∫
ϵ

xα−1ei2π(α−1)f (x)dx = −ei2π(α−1)I1.
Taking now the limits in Ij , j = 1, 2, 3, 4 as R→ +∞ and ϵ → 0, we finally get∞

∫
0

xα−1f (x)dx = 2πi
1 − ei2πα

n
∑
j=1 Resz=zj (zα−1f (z)).

Thus, the theorem is proved.

Example 13.35. Let us evaluate the integral∞
∫
0

x−α
1 + x

dx, 0 < α < 1.

The integrand satisfies all conditions of Theorem 13.34 and has only one singular point
z = −1. Thus, (13.12) implies that∞

∫
0

x−α
1 + x

dx = 2πi
1 − e−2πiα Resz=−1 z−α

1 + z
= 2πi e−πiα

1 − e−2πiα = π
sin(απ)
.

Problem 13.36. Show that for −1 < α < 3,∞
∫
0

xα

(1 + x2)2
dx = π(1 − α)

4 cos(πα/2)
.

Theorem 13.37. Let f (z) be a single-valued analytic function for z ∈ ℂ except for the
singular points z1, z2, . . . , zn, which are not lying on the interval [0, 1] for all j = 1, 2, . . . , n.
If 0 < α < 1 and f (z) has a removable singularity at z =∞, then
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1

∫
0

xα−1(1 − x)−αf (x)dx = πa0
sin(απ)

+
2πi

1 − ei2πα
n
∑
j=1 Resz=zj (zα−1(1 − z)−αf (z)), (13.13)

where a0 = limz→∞ f (z).
Proof. Consider the domain Dϵ,R, which is a disk with radius R > 0 big enough and
without two disks with radius ϵ > 0 small enough around z = 0, z = 1, and with a cut
along the positive real axes from ϵ to 1 − ϵ. In this domain, the multivalued (in general)
function g(z) := zα−1(1− z)−αf (z) is a single-valued analytic function except the singular
points z1, z2, . . . , zn, which are inside of the domain Dϵ,R. Thus, by the residue theorem,
we have that

2πi
n
∑
j=1 Resz=zj g(z) = ∫𝜕Dϵ,R g(z)dz

=
1−ϵ
∫
ϵ

xα−1(1 − x)−ϵf (x)dx
+ ∫|z|=R zα−1(1 − z)−αf (z)dz +

ϵ

∫
1−ϵ zα−1(1 − z)−αf (z)dz

− ∫|z|=ϵ zα−1(1 − z)−αf (z)dz − ∫|z−1|=ϵ zα−1(1 − z)−αf (z)dz
=: I1 + I2 + I3 + I4 + I5,

where the integration over the circles |z| = R and |z| = ϵ, |z − 1| = ϵ are taken in positive
directionwith respect to z = 0 and z = 1, respectively. By hypothesis in the neighborhood
of the infinity, we have that f (z) = a0 +

a1
z + ⋅ ⋅ ⋅ and, therefore,

I2 =
2π

∫
0

Rα−1ei(α−1)t(1 − Reit)−α(a0 + a1
Reit
+ ⋅ ⋅ ⋅)iReitdt → 2πia0e

iπα

as R→ +∞. We have used here the fact that −1 = e−iπ . Next,
I4 = −

2π

∫
0

ϵα−1ei(α−1)t(1 − ϵeit)−αf (ϵeit)iϵeitdt → 0, ϵ → 0,

since 0 < ϵ < 1 and f (z) has no singularities at z = 0. Similarly, we get that

I5 = −
2π

∫
0

(1 + ϵeit)α−1(−ϵeit)−αf (1 + ϵeit)iϵeitdt → 0, ϵ → 0.
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The term I3 is the integral over the lower lip of the cut where arg z = 2π. Therefore, we
have

I3 =
ϵ

∫
1−ϵ xα−1ei2π(α−1)(1 − x)−ϵf (x)dx = −ei2παI1.

Taking now the limits in Ij , j = 1, 2, 3, 4, 5 as R → +∞ and ϵ → 0 and combining results
for Ij , we finally get (13.13). The theorem is completely proved.

Example 13.38. Immediate application of Theorem 13.37 with f ≡ 1 yields that

1

∫
0

xα−1(1 − x)−αdx = π
sin(απ)
, 0 < α < 1.

Note that the integral at hand is a particular case of Euler’s beta function (see Theo-
rem 17.27 and Example 13.35).

Theorem 13.39. Let f be analytic for Im z > 0 and continuous for Im z ≥ 0 except for the
singular points z1, z2, . . . , znwith Im zj > 0 for all j = 1, 2, . . . , n. Assume that the restriction
of f (z) to the real line ℝ is even. If f (z) = o( 1|z| log |z| ) for z→∞, Im z > 0, then

∞
∫
0

f (x) log xdx = iπ
n
∑
j=1 Resz=zj(f (z)(log z − iπ2 )). (13.14)

Proof. Consider the domain DR,ϵ in the upper half-plane such that its boundary is the
curve consisting of the segments [−R,−ϵ], [ϵ,R] of the real axis and the semicircles Γ+R =
{z : |z| = R, Im z > 0}, and γ+ϵ = {z : |z| = ϵ, Im z > 0} connecting them. The function
g(z) := f (z) log z, which is the branch of the analytic multivalued function, coincides
with f (x) log x on the positive real semiaxis, on the negative real semiaxis, i. e., for z =
−x = xeiπ , x > 0, and takes the value g(−x) = f (−x) log(−x) = f (x)(log x + iπ). Moreover,
this function g(z) is analytic in the domain DR,ϵ except for the singular points zj , j =
1, 2, . . . n of the function f (z). Hence, by the residue theorem we have that

2πi
n
∑
j=1 Resz=zj g(z) = ∫𝜕Dϵ,R g(z)dz

=
R

∫
ϵ

f (x) log xdx + ∫
Γ+R
f (z) log zdz

−
ϵ

∫
R

f (x)(log x + iπ)dx − ∫
γ+ϵ
f (z) log zdz =: I1 + I2 + I3 + I4,
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where integration over semicircles are taken in the positive directionwith respect to the
origin. By hypothesis in the neighborhood of the infinity, we have that for R big enough

|I2| ≤
π

∫
0

󵄨󵄨󵄨󵄨f (Re
it)󵄨󵄨󵄨󵄨(logR + π)Rdt → 0, R→ +∞.

Combining I1 and I3, we get

I1 + I3 =
R

∫
ϵ

f (x)(2 log x + iπ)dx →
∞
∫
0

f (x)(2 log x + iπ)dx

as R→∞, ϵ → 0. Similar to I2, we can estimate I4 as follows:

|I2| ≤
π

∫
0

󵄨󵄨󵄨󵄨f (ϵe
it)󵄨󵄨󵄨󵄨(| log ϵ| + π)ϵdt → 0, ϵ → 0,

if we take into account that f (z) has no singularity at 0 and limv→0 v log v = 0 for real-
valued log. Next, since f (x) is even and satisfies all conditions of Theorem 13.10, then∞

∫
0

f (x)dx = πi
n
∑
j=1 Resz=zj f (z).

Taking now the limits in Ij , j = 1, 2, 3, 4 as R→ +∞ and ϵ → 0 and combining results for
Ij , we get

2πi
n
∑
j=1 Resz=zj (f (z) log z) = 2 ∞∫

0

f (x) log xdx + (iπ)2
n
∑
j=1 Resz=zj f (z).

This rearranges to (13.14). The theorem is finally proved.

Example 13.40. Let us evaluate the integral∞
∫
0

log x
(a2 + x2)2

dx, a > 0.

Applying Theorem 13.39, we easily get (z = ia is a pole of order 2 in the upper half-plane)∞
∫
0

log x
(a2 + x2)2

dx = πi Res
z=ia log z − iπ

2
(a2 + z2)2

=
π(log a − 1)

4a3
.

In particular,
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∞
∫
0

log x
(e2 + x2)2

dx = 0.

Problem 13.41. Evaluate the Fresnel integrals∞
∫
0

cos(x2)dx and
∞
∫
0

sin(x2)dx.

Problem 13.42. Prove that ∞
∫
0

log x
x2 + a2

dx = π log a
2a

for any a > 0. In particular, ∞
∫
0

log x
1 + x2

dx = 0.

Problem 13.43. Using the result of Problem 13.42, prove that∞
∫
0

log2 x
x2 + a2

dx = π
2a

log2 a + π
3

8a
.

Problem 13.44. Show that ∞
∫
0

xα−1
x + λ

dx = λα−1 π
sin(απ)

for 0 < α < 1 and λ > 0.

Problem 13.45. Show that∞
∫
0

sin(xα)dx = Γ(α + 1
α
) sin π

2α
, α > 1,

where Γ is Euler’s gamma function (see the definition in Chapter 17).

Problem 13.46. Show that∞
∫
0

xmeix
n
dx = 1

n
Γ(m + 1

n
)ei

π(m+1)
2n , −1 < m < n − 1, n > 0,
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where Γ is Euler’s gamma function (see the definition in Chapter 17). In particular, if
a > 0 and 0 < p < 1, then∞

∫
0

tp−1 cos atdt = Γ(p) cos πp
2

ap
,
∞
∫
0

tp−1 sin atdt = Γ(p) sin πp
2

ap
.

Problem 13.47.
1. Prove that for 0 < σ < 1, we have∞

∫
0

log(1 + x)
xσ+1 dx = π

σ sin σπ
, p.v.

∞
∫
0

log |1 − x|
xσ+1 dx = π

σ tan σπ
.

2. Show that for 0 < α < 1, we have

p.v.
∞
∫
0

xα−1
1 − x

dx = π cot(απ).

3. Show that for 0 < b < 1 and −π < α < π, we have∞
∫
0

xb−1
x + eiα

dx = πe
iα(b−1)

sin πb
.

Problem 13.48. Prove that∞
∫
0

x−α
1 + 2x cos λ + x2

dx = π
sin απ

sin αλ
sin λ

for −1 < α < 1 and −π < λ < π.



14 Calculation of series by residue theory

There are two results, which may work in applications to the calculation of number
series by residue theory.

Theorem 14.1. Let f (z) be analytic inℂ except for the finite number of points {zj}
m
j=1 with

Im zj ̸= 0. Let us assume in addition that f (z)→ 0 as |z|→∞. Then∞
∑

k=−∞(−1)k f (k) = − m
∑
j=1 Resz=zj πf (z)sin πz

. (14.1)

Proof. For any n ∈ ℤ large enough and for R > 0, let us consider the curve (rectangle)

Γn,R = {z ∈ ℂ : x + iR, x ∈ [−n − 1/2, n + 1/2],
x − iR, x ∈ [−n − 1/2, n + 1/2],−n − 1/2 + iy, y ∈ [−R,R],

n + 1/2 + iy, y ∈ [−R,R]}

such that all singular points of f (z) belong to int Γn,R. Then the function
πf (z)
sin πz

has the singular points

{zj}
m
j=1, z̃k = k, k = 0,±1,±2, . . . ,±n

inside int Γn,R. Using now the Cauchy residue theorem for this special domain int Γn,R,
we obtain

∫
Γn,R

πf (z)
sin πz

dz = 2πi
n
∑
k=−nResz=k πf (z)

sin πz
+ 2πi

m
∑
j=1 Resz=zj πf (z)sin πz

= 2πi(
n
∑
k=−n πf (k)

π cos πk
+

m
∑
j=1 Resz=zj πf (z)sin πz

)

= 2πi(
n
∑
k=−n(−1)k f (k) + m

∑
j=1 Resz=zj πf (z)sin πz

). (14.2)

Now, in order to get (14.1) we need to investigate the curve integral on the left- hand side
of (14.2). This integral can be represented as the sum of the following four integrals:

I1 =
n+1/2
∫−n−1/2 πf (x − iR)dxsin π(x − iR)

,

https://doi.org/10.1515/9783111632278-015
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I2 =
−n−1/2
∫

n+1/2 πf (x + iR)dx
sin π(x + iR)

,

I3 = i
R

∫−R πf (n + 1/2 + iy)dy
sin π(n + 1/2 + iy)

,

I4 = i
−R
∫
R

πf (−n − 1/2 + iy)dy
sin π(−n − 1/2 + iy)

.

Since

󵄨󵄨󵄨󵄨sin π(x ± iR)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

eiπxe∓πR − e−iπxe±πR
2i

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≥
eπR − e−πR

2
≥
1
4
eπR, R > 0

then for I1 and I2 we have the following estimate:

|I1|, |I2| ≤
4π
eπR

n+1/2
∫−n−1/2 󵄨󵄨󵄨󵄨f (x ∓ iR)󵄨󵄨󵄨󵄨dx ≤ 4π

eπR
max

x∈[−n−1/2,n+1/2]󵄨󵄨󵄨󵄨f (x ∓ iR)󵄨󵄨󵄨󵄨(2n + 1).
If we choose R ≥ n and take into account that f (z) → 0 as |z| → +∞ (actually we need
here only boundedness of f ), then when R ≥ n → ∞ the right-hand side of the latter
inequality tends to zero. Next, since

sin(±π(n + 1/2 + iy)) = ±(−1)n cos(iπy) = ±(−1)n cosh(πy)

then we have the following estimates for I3 and I4:

|I3|, |I4| ≤ π
R

∫−R |f (n + 1/2 ± iy)|dycosh(πy)

≤ π max
y∈[−R,R]󵄨󵄨󵄨󵄨f (n + 1/2 ± iy)󵄨󵄨󵄨󵄨 R∫−R dy

cosh(πy)

≤ π max
y∈[−R,R]󵄨󵄨󵄨󵄨f (n + 1/2 + iy)󵄨󵄨󵄨󵄨 ∞∫−∞ dy

cosh(πy)
→ 0, n→∞

due to the fact that f (z)→ 0 as |z|→ +∞ and∞
∫−∞ dy

cosh(πy)
= 2.

If we let now R ≥ n→∞ in (14.2), we obtain that
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0 = 2πi(
∞
∑

k=−∞(−1)k f (k) + m
∑
j=1 Resz=zj πf (z)sin πz

).

It implies (14.1) and, therefore, the theorem is completely proved.

Theorem 14.2. Let f (z) be analytic inℂ except for the finite number of points {zj}
m
j=1 with

Im zj ̸= 0. Let us assume in addition that zf (z)→ 0 as |z|→∞. Then∞
∑

k=−∞ f (k) = − m
∑
j=1 Resz=zj (π cot(πz)f (z)). (14.3)

Proof. Literally the same as for Theorem 14.1. The only difference is

Res
z=k π cot(πz)f (z) = π cos(πk)f (k)(sin πz)′|z=k = f (k).

Remark. In Theorems 14.1 and Theorem 14.2 some singular points {zj}
m
j=1 of f (z)may be

located on the real line such that they are not equal to some n ∈ ℤ.

Example 14.3. Let us show that for real a ̸= 0 we have∞
∑

k=−∞ 1
k2 + a2

=
π
a
coth(πa).

Indeed, let

f (z) = 1
z2 + a2
, z ∈ ℂ.

This function has two singular points z1 = ia and z2 = −ia. Then Theorem 14.2 gives that∞
∑

k=−∞ 1
k2 + a2

= −(Res
z=ia π cot(πz)z2 + a2

+ Res
z=−ia π cot(πz)z2 + a2

)

= −(
π cot(πia)

2ia
+
π cot(−πia)
−2ia

) = −
π cot(πia)

ia
=
π
a
coth(πa).

Example 14.4. Let us show that ∞
∑
k=1 1

k2
=
π2

6
.

Indeed, let a = ε > 0 and small. Then Example 14.3 implies that∞
∑

k=−∞ 1
k2 + ε2

=
1
ε2
+ 2
∞
∑
k=1 1

k2 + ε2
=
π
ε
coth(πε).
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So,

2
∞
∑
k=1 1

k2 + ε2
=
π
ε
coth(πε) − 1

ε2
=
επ(e2επ + 1) − e2επ + 1

ε2(e2επ − 1)
.

Using Taylor’s expansion for eξ near zero, we can easily obtain that the limit of the right-
hand side of the latter equality is equal to π2/3. Thus,

2
∞
∑
k=1 1

k2
=
π2

3
.

Example 14.5. Let us show that for any a ∉ ℤ we have∞
∑

k=−∞ 1
(k + a)2

=
π2

sin2(πa)
.

Indeed, let

f (z) = 1
(z + a)2

, z ∈ ℂ.

This function has one singular point z = −a, which is a pole of order 2. ThenTheorem 14.2
and the remark after it give that∞

∑
k=−∞ 1
(k + a)2

= − Res
z=−a π cot(πz)(z + a)2

= −π(cot(πz))′z=−a = π2

sin2(πa)
.

Problem 14.6. Prove that ∞
∑

k=−∞ 1
(k + a)3

=
π3 cot(πa)
sin2(πa)

.

Problem 14.7. Prove that ∞
∑

k=−∞ 1
(k + a)4

=
π4

3
1 + 2 cos2(πa)
sin4(πa)

.

Problem 14.8. Show that ∞
∑
k=1 (−1)k+1k2

=
π2

12
.

Problem 14.9. Show (using Theorem 14.2) that∞
∑
k=1 1

k4 + a4
=

π
2√2a3

sinh(π2√2) + sin(π2√2)
cosh(π2√2) − cos(π2√2)

−
1
2a4
.
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Problem 14.10. Using the result of the previous problem, find the sum∞
∑
k=1 k2

k4 + a4
.

Problem 14.11. Show that ∞
∑
k=0 1
(2k + 1)4

=
π4

96
.

Problem 14.12. Using the result of Problem 14.9, prove that∞
∑
k=1 1

k4
=
π4

90
.



15 Entire functions

This chapter is devoted to the introduction of entire functions.
As itwas shown (see Corollary 8.4 and the results of Chapter 9), every entire function

f (z) can be represented via power series (its Taylor’s expansion)

f (z) =
∞
∑
j=0 cjzj , z ∈ ℂ,

that converges everywhere in ℂ, hence uniformly on compact sets. The radius of con-
vergence is infinite, which implies that

lim
j→∞ |cj| 1j = 0 or equivalently lim

j→∞ log |cj|
j
= −∞.

Conversely, any power series satisfying this criterionwill represent an entire function. It
can be also mentioned that all entire functions (besides polynomials) have an essential
singularity at z = ∞ (see Theorem 8.2). In addition, if the entire function (its real or
imaginary part) is known in the neighborhood of, e. g., z = 0, then it is known for the
whole complex plane.

From what has been considered earlier, it follows that an entire function in any
bounded domain of the complex planemay have only finitelymany zeros. Consequently,
all zeros of an entire functionmay accumulate only at infinity and they can be arranged
in order of increasing absolute values.

The simplest entire functions are polynomials. The polynomial f (z) having zeros at
the points z1, z2, . . . , zn, which are not equal to 0, can be uniquely represented as

f (z) = f (0)(1 − z
z1
)(1 − z

z2
) ⋅ ⋅ ⋅(1 − z

zn
).

The zeros of arbitrary entire function (if they exist) play an equally (as for polyno-
mials) important role in the general case. But there can be infinitely many of them
z1, z2, . . . , zn, . . . ( ̸= 0), and the product (unlike polynomials)∞

∏
n=1(1 − z

zn
)

maydiverge. As a result, the entire function cannot always be composed into such simple
factors as (1 − z

zn
) and it is necessary to consider different kinds of factors.

Definition 15.1. If p ∈ ℕ, then the expression

E(u, p) := (1 − u)eu+u2/2+⋅⋅⋅+up/p, E(u, 0) := 1 − u (15.1)

is said to be primary factor.

https://doi.org/10.1515/9783111632278-016
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It can be easily seen that for |u| < 1 we have

󵄨󵄨󵄨󵄨log E(u, p)
󵄨󵄨󵄨󵄨 ≤ |u|

p+1(1 + |u| + ⋅ ⋅ ⋅) = |u|p+1
1 − |u|
. (15.2)

Moreover, it can be proved that for |u| < 1, it holds that

󵄨󵄨󵄨󵄨E(u, p) − 1
󵄨󵄨󵄨󵄨 ≤ |u|

p+1.
These estimates will define actually the convergence of the product of primary factors.
And we can formulate and prove the first result in this direction, which is a well-known
Weierstrass’ theorem.

Theorem 15.2 (Weierstrass). Let {zn}
∞
n=1 be a sequence of complex numbers such that

limn→∞ zn =∞. Then there exists an entire function having the zeros only at these points
z1, z2, . . . .

Proof. Let the points z1, z2, . . . be enumerated so that 0 < |z1| ≤ |z2| ≤ . . . . Then for any
fixed z the series ∞

∑
n=1( |z||zn|)

pn
<∞

converges if the sequence pn is chosen appropriately. Indeed, since limn→∞ zn = ∞ we
can choose n0 so large that for all n ≥ n0 we will have |zn| > 2|z|. So, e. g., if pn = n, then

(
|z|
|zn|
)
n

< 1
2n

and, therefore, the series converges. Let us now define the function f (z) as follows:

f (z) :=
∞
∏
n=1 E( zzn , n − 1).

Then we prove that this function satisfies all required properties. Indeed, if |z| < |zn|2
then we have that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
log E( z

zn
, n − 1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤
|z|n|zn|n

1 − |z||zn| < 1
2n−1 .

This estimate yields that for |z| ≤ R the series

∑|zn|>2R log E( zzn , n − 1)
converges uniformly and, therefore, the product
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∏|zn|>2R E( zzn , n − 1)
converges uniformly for |z| ≤ R, too. This means that f (z) is analytic for |z| ≤ R and its
only zeros in {z : |z| ≤ R} are the zeros of the function

fR(z) := ∏|zn|≤2R E( zzn , n − 1),
i. e., the points z1, z2, . . . . Since R can be chosen arbitrary large, then theorem is proved.

Corollary 15.3 (Weierstrass’ factorization theorem). Let function f (z) be entire and f (0) ̸=
0. Then it can be represented as

f (z) = f (0)P(z)eg(z),
where P(z) is some product of primary factors (if f (z) has zeros) and g(z) is some entire
function.

Proof. Let function P(z) be some product of primary factors. Let us define a function
φ(z) as follows:

φ(z) := f
′(z)
f (z)
− P
′(z)
P(z)
.

It is not difficult to check that φ(z) is an entire function since the poles of order 1 of f ′(z)
f (z)

are eliminated by the corresponding poles of order 1 of P′(z)
P(z) . Consequently, if we define

g(z) as

g(z) :=
z

∫
0

φ(ζ )dζ = log f (z) − log f (0) − log P(z) + log P(0), P(0) = 1,

then g(z) is entire function and

eg(z) = f (z)
P(z)f (0)

.

This completes the proof.

Remark. It should be mentioned here that the latter representation is not unique. In
addition, if z = 0 is a zero for f (z) of orderm ∈ ℕ, then f (0)must be replaced by zm, i. e.,
the corresponding representation will be

f (z) = zmP(z)eg(z).
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TheWeierstrass’ factorization theorem is too general and not so specified in view of
applications since pn tends to infinity and there is not enough information about entire
function g(z). There is however a subclass of all entire functions when this representa-
tion will be quite specific.

Definition 15.4. An entire function f (z) is said to be of finite order if there is a number
A > 0 such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ CAe

|z|A , CA > 0, z ∈ ℂ.

The infimum of such numbers A or

ρ := infA

is called the order of entire function or just order in short.

Remark. If ρ is the order of entire function f (z), then for any ϵ > 0 (arbitrarily small)
there is a number Aϵ such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ Aϵe

|z|ρ+ϵ .
Moreover, this number ρ can be calculated as

ρ = lim
R→∞ log log(sup|z|≤R |f (z)|)

logR
.

Problem 15.5. Prove the latter remark.

Example 15.6. It is clear that the order of anypolynomialPn(z) is equal to zero. It follows
from the fact that for any ϵ > 0 we have

lim|z|→∞ |z|ne|z|ϵ = 0.
It is also clear that the entire functions ez, cos z, sin z, sinh z, cosh z have order 1 but the
entire functions e√z, cos√z, sin√z, cosh√z, sinh√z have order 1/2. This fact follows
from the elementary estimate:

󵄨󵄨󵄨󵄨e
z󵄨󵄨󵄨󵄨 ≤ e
|z|, z ∈ ℂ.

Problem 15.7. Prove that the order of functions ez
k
, k ∈ ℕ, and ee

z
are equal to k and

∞, respectively.

Definition 15.8. Let function f (z) be of order ρ, 0 < ρ < ∞. The type σ > 0 of f (z) is
defined as

σ := lim
R→∞ log(sup|z|≤R |f (z)|)

Rρ
.
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It is easy to check that the types of functions eaz
k
, k ∈ ℕ, cos az, sin az, a ∈ ℂ are

equal to |a|. These new concepts—order and type—can be characterized by the follow-
ing statements.

Proposition 15.9. The function

f (z) :=
∞
∑
n=0 anzn

is an entire function of order ρ and type σ if and only if

1
ρ
= lim

n→∞ log(1/|an|)
n log n

, σ =
limn→∞ n|an|ρ/n

eρ
.

Proof. Denote by μ, 0 ≤ μ ≤∞, the number

μ := lim
n→∞ log(1/|an|)

n log n
.

If μ ̸=∞, then for any ϵ > 0 there exists n0 ∈ ℕ such that for all n ≥ n0 it holds that

log 1
|an|
> (μ − ϵ)n log n,

or equivalently,

|an| < n
−n(μ−ϵ).

If, in addition, μ > 0 then it follows that the series ∑∞n=0 anzn converges for all z since
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞
∑
n=n0 anzn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤
∞
∑
n=n0 n−n(μ−ϵ)|z|n = ∞∑n=n0( |z|nμ−ϵ )n <∞.

Hence, function f (z) is entire. Next, for |z| > 1 we have

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ A|z|

n0 +
∞
∑

n=n0+1 n−n(μ−ϵ)|z|n
≤ A|z|n0 + ∑

n≤(2|z|)1/(μ−ϵ) n−n(μ−ϵ)|z|n +
∞
∑

n>(2|z|)1/(μ−ϵ) n−n(μ−ϵ)|z|n
≤ A|z|n0 + e(2|z|)1/(μ−ϵ) log |z| ∞∑

n=n0 n−n(μ−ϵ) + ∞∑n=1 1
2n

≤ A|z|n0 + Ce(2|z|)1/(μ−ϵ) log |z| + 1 ≤ Ke(2|z|)1/(μ−ϵ) log |z|
≤ K1e
|z|1/(μ−ϵ1) ,
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where ϵ1 > 0 is arbitrarily small. This means that ρ ≤ 1/μ. For the case μ = ∞, we can
easily obtain from here that ρ = 0.

On the other hand, for any ϵ > 0 (arbitrarily small), there exists a sequence kn →
+∞ such that

log 1
|akn |
< (μ + ϵ)kn log kn.

It leads us to the inequality

|akn ||z|
kn > (|z|k−(μ+ϵ)n )

kn .

For |z| = (2kn)
μ+ϵ , we obtain from here that

|akn ||z|
kn > 2(μ+ϵ)kn = e(1/2 log 2)(μ+ϵ)|z|1/(μ+ϵ)

since kn =
|z|1/(μ+ϵ)

2 . Now the Cauchy’s inequality (9.6) or

Mr ≥ |an|r
n, r = |z|,

implies that for |z| large enough

Mr ≥ e
A|z|1/(μ+ϵ) , r = |z|.

Hence, ρ ≥ 1
μ+ϵ , and due to arbitrariness of ϵ > 0 we get that ρ ≥ 1

μ . Thus, ρ =
1
μ (the

case μ = 0 is included here as well). This proves the first statement of the proposition.
A similar proof gives the second statement of the proposition.

Problem 15.10. Prove that the order and type of functions:
1. f (z) = ∑∞n=0 zn

2n2
are equal to 0.

2. f (z) = ∑∞n=2 zn(n log n)n are equal to 1 and 0, respectively.
3. f (z) = ∑∞n=0 zn(n!)α , α > 0 are equal to 1

α and α, respectively.
4. f (z) = ∑∞n=1( eρσn zn)n are equal to ρ and σ , respectively.
5. f (z) = ∑∞n=1 zn

nαn are equal to
1
α and

α
e , respectively.

Further, we may assume for convenience but without loss of generality that f (0) ̸= 0.
There is a deep connection between the number of zeros of an entire function in

the disk {z : |z| ≤ R}, denoted as n(R), and the function f (z) itself. More precisely, if f (z)
is an entire function of order ρ, then for any ϵ > 0 there is a constant Aϵ > 0 such that

n(R) ≤ AϵR
ρ+ϵ ,

i. e., roughly speaking, thenumber of zeros is as large asR > 0. Indeed, due to the Jensen’s
formula (see Theorem 7.4)
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R

∫
0

n(t)
t
dt = 1

2π

2π

∫
0

log󵄨󵄨󵄨󵄨f (Re
iθ)󵄨󵄨󵄨󵄨dθ − log

󵄨󵄨󵄨󵄨f (0)
󵄨󵄨󵄨󵄨

and this formula holds for all R > 0. If function f (z) is of order ρ < ∞, then the latter
formula implies that

R

∫
0

n(t)
t
dt ≤ AϵR

ρ+ϵ .
Next, since function n(R) is not decreasing, then

2R

∫
R

n(t)
t
dt ≥ n(R)

2R

∫
R

dt
t
= n(R) log 2.

Consequently, we obtain

n(R) ≤ 1
log 2

2R

∫
R

n(t)
t
dt ≤ 1

log 2

2R

∫
0

n(t)
t
dt ≤ A′ϵRρ+ϵ ,

which is what is needed to be shown. Moreover, this estimate shows that the series∞
∑
n=1 1
|zn|α
<∞

converges for any α > ρ, where z1, z2, . . . are the zeros of entire function f (z). To observe
this fact, we note that for ρ < β < α one can see that n(R) ≤ ARβ and then setting R = |zn|
we obtain that n < A|zn|

β, and consequently, |zn|
−α ≤ An−α/β. This completes the proof

of this fact. The latter property justifies the following definition.

Definition 15.11. Let f (z) be an entire function of order ρ with the zeros z1, z2, . . . . De-
note

ρ1 := inf α,

where infimum is taken over all α > ρ ≥ 0 for which the series∞
∑
n=1 1
|zn|α
<∞

converges. Then this value ρ1 is said to be the zero convergence index.

It is clear (due to the latter definition) that ρ1 ≤ ρ and ρ1 = 0 in the case when given
entire function has finitelymany zeros. Thus, if ρ1 > 0 then the number of zeros of given



182 � Entire functions

entire function is infinite. The importance of this notation leads to the canonical product
and the famous Hadamard’s theorem.

Proposition 15.12. Let f (z) be an entire function of order ρ with the zeros z1, z2, . . . . Then
there is an integer number p, which is independent on n such that the product

P(z) :=
∞
∏
n=1 E( zzn , p) = ∞∏n=1(1 − z

zn
)ez/zn+⋅⋅⋅+ 1p zp/zpn

converges for all z ∈ ℂ. This product with the smallest integer p for which this product
converges is called canonical, and this integer p is called canonical product order.

Proof. Since function f (z) is of order ρ, then the series∞
∑
n=1 1
|zn|p+1 <∞

converges for p + 1 > ρ1. Thus, for any fixed z ∈ ℂ, the series∞
∑
n=1 |z|p+1|zn|p+1 <∞

converges also. It implies due to Weierstrass’ theorem (see Theorem 15.2) that the prod-
uct ∞

∏
n=1 E( zzn , p)

converges, too. If ρ1 is not integer, then for the canonical product p can be chosen as
p = [ρ1]. If ρ1 is integer then p can be chosen as p = ρ1 − 1 in the case when the series
∑∞n=1 1|zn|ρ1 converges and p = ρ1 when this series diverges. Hence, the proposition is
proved.

Theorem 15.13 (Hadamard). Let f (z) be an entire function of order ρ with the zeros
z1, z2, . . . , and with f (0) ̸= 0. Then the following representation holds:

f (z) = P(z)eg(z), z ∈ ℂ,

where P(z) is the canonical product and g(z) is a polynomial of degree at most ρ.

Proof. Using the Weierstrass’ factorization theorem (see Corollary 15.3), we can take in-
stead of P(z) there the canonical product constructed with respect to the zeros of f (z).
It remains to show that g(z) is a polynomial of degree not bigger than ρ. Let ν = [ρ].
Then p from the canonical product satisfies p ≤ ν. Differentiating now the logarithmic
derivative of f (z) to order ν, we obtain
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(
f ′(z)
f (z)
)
(ν)
= g(ν+1)(z) − ν! ∞∑

n=1 1
(zn − z)ν+1 , z ̸= zn.

Consider now the function

FR(z) :=
f (z)
f (0)
∏|zn|≤R(1 − z

zn
)
−1
.

Then for |z| = 2R and |zn| ≤ R, we will have that |1 −
z
zn
| ≥ 1, and consequently,

󵄨󵄨󵄨󵄨FR(z)
󵄨󵄨󵄨󵄨 ≤
|f (z)|
|f (0)|
≤ Aϵe
(2R)ρ+ϵ .

Using themaximummodulus principle of analytic function, we can extend this inequal-
ity for all |z| ≤ 2R. Considering function hR(z) := log FR(z) with hR(0) = 0, we may
conclude that hR(z) is analytic and for |z| ≤ R it holds that

Re hR(z) ≤ A
′
ϵR

ρ+ϵ .
Therefore the Cauchy formula yields for |z| = r < R that

󵄨󵄨󵄨󵄨h
(ν+1)
R (z)
󵄨󵄨󵄨󵄨 ≤ A
′
ϵR
2ν+2(ν + 1)!
(R − r)ν+2 Rρ+ϵ .

That is why for |z| = R/2 we obtain

󵄨󵄨󵄨󵄨h
(ν+1)
R (z)
󵄨󵄨󵄨󵄨 ≤ A
′′
ϵ R

ρ+ϵ−ν−1.
This implies that for |z| = R/2 we have

g(ν+1)(z) = h(ν+1)(z) + ν! ∑|zn|>R 1
(zn − z)ν+1

= O(Rρ+ϵ−ν−1) + O( ∑|zn|>R 1
|zn|ν+1).

This estimate is also valid for all |z| < R/2. Since ν + 1 > ρ and ϵ > 0 is arbitrary (small),
then letting R→∞we obtain that g(ν+1) ≡ 0 for all z ∈ ℂ. This proves the theorem.
Remark. Under the conditions of the latter theorem, if z = 0 is a zero of f (z) of order
m ∈ ℕ then the Hadamard representation has the form

f (z) = zmP(z)eg(z).
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Example 15.14.
1. Consider the entire function f (z) = sin z of order 1. The zeros of this function are

zn = nπ, n ∈ ℤ. Then due to the Hadamard’s theorem

sin z = zeaz+b ∞
∏

n=−∞,n ̸=0(1 − z
nπ
)ez/nπ

= zeaz+b ∞∏
n=1(1 − z

nπ
)ez/nπ(1 + z

nπ
)e−z/nπ

= zeaz+b ∞∏
n=1(1 − z2

(nπ)2
).

But since limz→0 sin z
z = 1, then necessarily we have that eb = 1. Moreover, since

function sin z
z is even, then we must have that

eaz
∞
∏
n=1(1 − z2

(nπ)2
) = e−az ∞∏

n=1(1 − z2

(nπ)2
).

This implies that a = 0, and we obtain finally that

sin z = z
∞
∏
n=1(1 − z2

(nπ)2
).

2. Similarly, we easily obtain that

cos z =
∞
∏
n=1(1 − z2

(π/2 + nπ)2
).

3. The entire functions sinh z and cosh z of order 1 have the zeros zn = inπ, n ∈ ℤ, and
zn = i(π/2 + nπ), n ∈ ℤ, respectively. The application of the Hadamard’s theorem
leads to the representations

sinh z = z
∞
∏
n=1(1 + z2

(nπ)2
), cosh z =

∞
∏
n=1(1 + z2

(π/2 + nπ)2
).

The Hadamard’s theorem can be effectively applied for the investigation of the number
of zeros for concrete entire functions.

Example 15.15. Suppose λ ̸= 0 and Q(z) ̸= 0 is a polynomial. Then the entire function
f (z) = eλz − Q(z) has infinitely many zeros. The order of f (z) is equal to 1. Assuming
now on the contrary that f (z) has finitely many zeros we conclude (using Hadamard’s
theorem) that

eλz − Q(z) = eazP(z),
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where P(z) is a polynomial, too. It is clear (from the behavior of f (z) at the infinity) that
a = λ, and hence,

eλz = Q(z)
1 − P(z)

,

i. e., eλz is rational. This contradiction proves the statement.

Problem 15.16.
1. Prove that each of the equations sin z = z2, log z = z3, tan z = az + b have infinitely

many solutions.
2. Find all zeros of function ee

z
−1 and show that the zero convergence index is infinite.

Problem 15.17. Let an entire function f (z) have the form

f (z) :=
∞
∏
n=1(1 + z

rn
), rn > 0,

and assume it is of order ρ, 0 < ρ < 1. Show that for σ, ρ < σ < 1 we have∞
∫
0

log f (x)
xσ+1 dx = π

σ sin πσ

∞
∑
n=1 1

rσn
,
∞
∫
0

log |f (−x)|
xσ+1 dx = π

σ tan πσ

∞
∑
n=1 1

rσn
.

Hint: Use the integrals from Problem 13.47.

If f (z) is an entire function of order ρ, then its derivative f ′(z) is also an entire func-
tion having the same order ρ. Indeed, let us denote byM′r = max|z|=r |f ′(z)|. Then

f (z) =
z

∫
0

f ′(ζ )dζ + f (0),
where the integral is taken over the line connecting 0 and z. Consequently, using the
maximummodulus principle, we have

Mr = max|z|=r 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≤ 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
z

∫
0

󵄨󵄨󵄨󵄨f
′(ζ )󵄨󵄨󵄨󵄨|dζ |󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 + 󵄨󵄨󵄨󵄨f (0)󵄨󵄨󵄨󵄨

≤ M′r |z| + 󵄨󵄨󵄨󵄨f (0)󵄨󵄨󵄨󵄨 = M′rr + 󵄨󵄨󵄨󵄨f (0)󵄨󵄨󵄨󵄨, r = |z|.

On the other hand, using the Cauchy formula, we have

f ′(z) = 1
2πi
∫|ζ−z|=r f (ζ )
(ζ − z)2

dζ

and this implies the estimate
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M′r ≤ 1
2π
∫|ζ−z|=r |f (ζ )||ζ − z|2 |dζ | ≤ M2r

r
.

Combining the latter estimates, we obtain that

Mr − |f (0)|
r
≤ M′r ≤ M2r

r
.

This double inequality proves the needed statement (see the proof of Proposition 15.9).
More deeper statement is contained in the following theorem, which is the generaliza-
tion of the corresponding fact for polynomials.

Theorem 15.18 (Laguerre). Let f (z) be an entire function of order ρ < 2. Assume that f (z)
is real-valued for real z and has only real zeros. Then the zeros of f ′(z) are also real and
they are separated from each other by the zeros of f (z).

Proof. Since ρ < 2, then using the Hadamard’s theorem we have the representation

f (z) = Czmeaz
∞
∏
n=1(1 − z

zn
)ez/zn ,

where z1, z2, . . . , zn, . . . are real zeros of f (z) and C, a,m ∈ ℕ0 some real numbers (m is
the order of the zero z = 0). It follows that

f ′(z)
f (z)
= m

z
+ a +

∞
∑
n=1( 1

z − zn
+ 1
zn
)

and

Im( f
′(z)
f (z)
) = − my

x2 + y2
−
∞
∑
n=1 y
(x − zn)2 + y2

.

Since the right-hand side is equal to zero if and only if y = 0, then f ′(z) may have only
real zeros. Further, since

(
f ′(z)
f (z)
)
′
= −m

z2
−
∞
∑
n=1 1
(z − zn)2

we can observe that this derivative for real z is real and negative for z ̸= zn. This means
that f ′(z)

f (z) is decreasing for real z. Moreover, for zn < z < zn+1 this function has only one
zero (even of order 1 due to themonotonicity) since it changes the sign there. This proves
the theorem.

Remark. The proof of this theorem evidently shows that the series∞
∑
n=1 1
|zn|α
,
∞
∑
n=1 1
|z′n|α ,

where z′n denotes the zeros of f ′(z) converge or diverge simultaneously.
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Remark. The following examples:
1. f (z) = zez

2
, f ′(z) = (2z2 + 1)ez2 ,

2. f (z) = (z2 − 4)ez
2/3, f ′(z) = 2z

3 (z
2 − 1)ez

2/3
show that for ρ = 2 the Laguerre’s theorem does not hold; in the first case, the zeros of
f ′(z) are not real, and in the second case the zeros of f (z) and f ′(z) are not separated by
each other.

The zero convergence index ρ1 (see Definition 15.11) is actually equal to the order of
canonical product of entire function constructed by the zeros z1, z2, . . . zn, . . . . We know
fromabove thatρ1 ≤ ρ, whereρhere is an order of the canonical productP(z). It remains
to check that ρ ≤ ρ1. In order to show this consider log P(z) and estimate it as follows:

󵄨󵄨󵄨󵄨log P(z)
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑|zn|≤k|z| log E( zzn , p)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑|zn|>k|z| log E( zzn , p)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=: I1 + I2,

where E( zzn , p) is defined in (15.1) and constant k > 1. From inequality (15.2), it follows
that

I2 ≤ ∑|zn|>k|z| (
|z||zn| )p+1

1 − |z|/|zn|
≤ C|z|p+1 ∞∑

n=1 1
|zn|p+1 ≤ C|z|ρ1 ,

if p + 1 = ρ1, or

I2 ≤ Cϵ|z|
ρ1+ϵ ,

if p+ 1 > ρ1 + ϵ (see the definition of ρ1 in the proof of Proposition 15.12). The term I1 can
be estimated as follows:

I1 ≤ ∑|zn|≤k|z|
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
log E( z

zn
, p)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∑|zn|≤k|z|(

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
E( z

zn
, p)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+ 2π)

≤ C ∑|zn|≤k|z|(( |z||zn|)
p

+ 2π) ≤ C|z|p ∑|zn|≤k|z|( 1
|zn|p
+ 2π
|z|p
)

≤ C|z|p ∑|zn|≤k|z| 1
|zn|p
≤ C|z|p ∑|zn|≤k|z| |zn|

ρ1+ϵ−p
|zn|ρ1+ϵ ≤ C|z|ρ1+ϵ .

Combining the estimates for I2 and I1, we obtain finally that ρ ≤ ρ1. This proves the
statement. It follows from these considerations that an entire function of not integer
order must have infinitely many zeros.

Example 15.19. Let f (z) be an entire function of order ρ < 1. Assume that all its zeros
are real and negative. Using the Hadamard’s theorem, we obtain for f (z) the following
representation:
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f (z) = f (0)
∞
∏
n=1(1 + z

zn
), f (0) ̸= 0, zn > 0,

where −zn < 0 are the zeros of f (z). We may assume without loss of generality that
f (0) = 1. Consequently, for z ∈ ℝ we have that

log f (z) =
∞
∑
n=1 log(1 + z

zn
) =
∞
∑
n=1 n(log(1 + z

zn
) − log(1 + z

zn+1))
=
∞
∑
n=1 n

zn+1

∫
zn

zdt
t(z + t)

= z
∞
∫
0

n(t)dt
t(z + t)
,

where n(t) denotes (as above) the number of zeros of f (z) not bigger than t. This repre-
sentation leads to the equality

f (z) = exp(z
∞
∫
0

n(t)dt
t(z + t)
),

which gives the estimates of f (z) in this concrete case.

The distribution of the zeros of entire function and the canonical product also allow
us to estimate the function

mr := inf|z|=r󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨.
Proposition 15.20. Let f (z) be an entire function of order ρ. Then for any ϵ > 0 (arbitrarily
small) there exists R0 > 0 such that for all |z| ≥ R0 it holds that

mr ≥ e
−rρ+ϵ , r = |z|.

Proof. Using the canonical product for f (z) (see Proposition 15.12), we have that

log󵄨󵄨󵄨󵄨P(z)
󵄨󵄨󵄨󵄨 = log

∞
∏
n=1󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨E( zzn , p)󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 = ∞∑n=1 log󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+
∞
∑
n=1󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 zzn + ⋅ ⋅ ⋅ + 1p( zzn)

p󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≥ ∑|zn|≤k|z| log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
− ∑|zn|>k|z|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

− ∑|zn|≤k|z|( |z||zn| + ⋅ ⋅ ⋅ + 1p( |z||zn|)
p

) − ∑|zn|>k|z|( |z||zn| + ⋅ ⋅ ⋅ + 1p( |z||zn|)
p

)

≥ ∑|zn|≤k|z| log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
− C1 ∑|zn|>k|z|( |z||zn|)

p+1
− C2 ∑|zn|≤k|z|( |z||zn|)

p

− C3 ∑|zn|>k|z|( |z||zn|)
p+1
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if we choose constant k > 1. Thus, for any ϵ > 0 we have that

log󵄨󵄨󵄨󵄨P(z)
󵄨󵄨󵄨󵄨 ≥ ∑|zn|≤k|z| log

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
− Cϵ|z|

ρ+ϵ .
Next, consider h > ρ such that

|z − zn| < |zn|
−h.

It means that the sequence of radii {|zn|
−h}∞n=1 for these disks tend to zero as n → ∞.

Moreover, since h > ρ then the series∞
∑
n=1 1
|zn|h
<∞

converges. Due to this property of these radii, there is R0 so large that for all |z| ≥ R0
the union of all these disks belongs to the disk {z : |z| ≤ R0}. If now |z| ≥ R0, then for
|z| ≥ 1

k |zn| we have that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
> |zn|
−1−h ≥ (k|z|)−1−h,

and consequently,

log󵄨󵄨󵄨󵄨P(z)
󵄨󵄨󵄨󵄨 ≥ ∑|zn|≤k|z| log

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
− Cϵ|z|

ρ+ϵ
> −(1 + h) log(k|z|) ∑|zn|≤k|z| 1 − Cϵ|z|ρ+ϵ > −C′ϵ|z|ρ+ϵ > −|z|ρ+ϵ′

if ϵ′ > ϵ and |z| is sufficiently large. Further, due to the Hadamard’s representation

f (z) = P(z)eg(z),
where g(z) is a polynomial of degree not bigger than ρ, and thus we have that

󵄨󵄨󵄨󵄨e
g(z)󵄨󵄨󵄨󵄨 ≥ e−K |z|ρ , K > 0, |z| ≤ R0.

Combining the estimates for P(z) and eg(z), we obtain the needed estimate formr . Hence,
the proposition is proved.

The latter estimate of mr does not show possible behavior of this function at the
infinity with respect to r. However, there are some situations when it is possible to char-
acterize more precisely this behavior at the infinity. The following proposition holds.
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Proposition 15.21. Let f (z) be a nonconstant entire function of order ρ < 1/2. Then there
exists infinitely large sequence {rj}

∞
j=1 such that

lim
j→∞mrj = +∞.

Proof. First, we note that there is no half-line arg z = constant such that f (z) is bounded
on it. Indeed, a plane cut along such half-line represents an angle ofmagnitude 2π. Since
2π < π/ρ for ρ < 1/2, then f (z) being bounded on this half-line will be bounded every-
where (see Theorem 7.17). Thus, the Liouville’s theorem implies that f (z) ≡ constant.
Next, the Hadamard’s theorem yields the representation

f (z) = czm
∞
∏
n=1(1 − z

zn
).

Let us define now a new function

φ(z) := czm
∞
∏
n=1(1 + z

|zn|
).

Since for each n ∈ ℕ, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − z

zn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≥
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − |z|
|zn|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

then

mr = min|z|=r 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≥ 󵄨󵄨󵄨󵄨φ(−r)󵄨󵄨󵄨󵄨.
But the function φ(−r) is not bounded since φ(z) is entire function of the same order ρ
as f (z). This proves the proposition.

Remark. The entire functions may grow up as fast as any increasing function. More
precisely, for any positive and increasing function g(t), t ∈ ℝ+, there exists an entire
function f (z) such that f (x) > g(|x|) for all real x. Such a function f (z) may have the
form

f (z) = C +
∞
∑
n=1( zn)

kn

for some constant C and a strictly increasing sequence of even kn ∈ ℕ. This sequence kn
can be chosen as follows:

(1 + 1
n
)
kn
≥ g(n + 2).

The constant C is chosen as C = g(2).
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Problem 15.22.
1. Show that for α > 1 the function

Fα(z) :=
∞
∫
0

e−tα cos(zt)dt
is entire of order α

α−1 .
2. Let |q| < 1 and k > 1. Prove that the function

f (z) :=
∞
∑

n=−∞ qnkeinz
is entire and find its order.

3. Let σ > 1. Prove that the function

fσ(z) :=
∞
∏
n=1(1 + z

nσ
)

is entire of order 1/σ .
4. Show that the functions

f (z) :=
∞
∏
n=1(1 + z

en
), f (z) :=

∞
∏
n=1(1 + ez

enα
), α > 0,

are entire of order 0 and 1 + 1/α, respectively.
5. Assume that f (z) is an entire function with the zeros z1, z2, . . . , zn, . . . such that the

series ∞
∑
n=1 1
|zn|
<∞

converges. Show that for any ϵ > 0 there exists Cϵ > 0 so that

e−ϵ|z| < 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨 ≤ Cϵeϵ|z|
for |z| large enough.

6. Show that if the function

f (z) :=
∞
∑
n=0 anzn

is an entire of order ρ < 1 then

󵄨󵄨󵄨󵄨f
(n)(0)󵄨󵄨󵄨󵄨 ≤ CeAn, C > 0,A > 0, n = 0, 1, 2, . . . .
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7. Assume that f (z) is an entire function of order 0, i. e., for any ϵ > 0 there is Cϵ > 0
such that |f (z)| ≤ Cϵe

ϵ|z|. Prove that
󵄨󵄨󵄨󵄨f
(n)(0)󵄨󵄨󵄨󵄨 ≤ C′ϵeϵn, n = 0, 1, 2, . . . .

8. Show that the function

f (z) :=
∞
∑
n=0 zn

(n + a)sn!
, a > 0,

is entire of order ρ = 1 for any s ∈ ℂ.
9. Show that the function

f (z) :=
∞
∑
n=0 cosh√nn!

zn,

is entire of order ρ = 1. Show also that all its zeros are real and negative.
10. Prove that if the function

f (z) :=
∞
∑
n=0 anzn

is entire of order ρ then the order of an entire function

F(z) :=
∞
∑
n=0 |an|pzn, p > 0,

is ρ/p.



Exercises

1. Find the primitives of the following functions:
a) f (z) = sin z cos z,
d) f (z) = z2 sin z,

b) f (z) = cos2 z,
e) f (z) = z sin z2,

c) f (z) = ze2z,
f) f (z) = ez sin z.

2. Let f be analytic in the whole ℂ such that

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z + 1
z − 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

for all z ∈ ℂ. Prove that f is constant function.
3. Let f be analytic in the disk {z : |z| < R}. Assume that f is nonconstant. Let us define

the function

g(r) := max|z|≤r 󵄨󵄨󵄨󵄨f (z)󵄨󵄨󵄨󵄨, 0 < r < R.

Prove that g(r1) < g(r2) whenever 0 < r1 < r2 < R.
4. Let f (z) = cos z, z ∈ ℂ. Find max|z|≤1 |f (z)|.
5. Define all values of z ∈ ℂ where the following functions are analytic:∞

∫
0

e−zt2dt, ∞∫
0

sin t
tz

dt,
∞
∫
0

cos t
tz

dt

and define their derivatives.
6. Investigate the convergence of the function sequence fn, n = 1, 2, . . . in the set E ⊂ ℂ

when
a) fn(z) =

nz
z+n , E = {z : |z| < 1},

b) fn(z) =
nz
nz+1 , E = {z : |z| > 1}.

Is the convergence uniform in E?
7. Find the radius of convergence and disk of convergence for the following series:

a) ∑∞k=0 1
2k+1zk , b) ∑∞k=1 1

k2 (z − 1)
k , c) ∑∞k=0 k2zk , d) ∑∞k=0 k3

3k z
k .

8. Find the radius of convergence for the series∞
∑
k=0( 1

1 − i/2
)
k+1
(z − i/2)k .

Find also the sum of the series.
9. Find the function f (z) = ∑∞k=0 kzk for |z| < 1.
10. Find the Taylor series for f (z) = sin z around the point z = π/4.
11. Find the Taylor series for f (z) = (z − 1)−2 around the point z = 2.
12. Find the order of the zero z = 0 of f (z) = ez − 1 − sin z.

https://doi.org/10.1515/9783111632278-017
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13. Problem 9.22. Apply this problem to prove that if f is an analytic function in the unit
disk such that

f( n
2n + 1
) = f( n

2n + 1
i), n = 2, 3, . . .

then f (10)(0) = 0.
14. Find the Laurent series for f at z0 = 0 and investigate the type of singular point 0

and evaluate the residue, when
a) f (z) = 1−cos z

z , b) f (z) = ez
2

z3 .
15. Find the Laurent series for f (z) = 1

z(z+1)(z+2) at z0 = 0.
16. Evaluate the integral ∫2π0

1
a+cos tdt, a > 1.

17. Evaluate the integral ∫∞0 1
x6+1dx.

18. Evaluate the integrals∞
∫−∞ x sin bx

x2 + a2
dx,

∞
∫−∞ cos bx

x2 + a2
dx, a, b > 0.

19. Evaluate the integral

p.v.
∞
∫−∞ x sin x

x2 − π2
dx.

20. Evaluate the integrals ∞
∫−∞ sin x

x − ω
dx,

∞
∫−∞ cos x

x − ω
dx,

where Imω ̸= 0.
21. Show that for a ≥ 0 and b ∈ ℝ we have∞

∫
0

ea cos bx sin(a sin bx)dx
x
= sgn b

2
π(ea − 1).

22. Prove that for λ > 0 it holds that∞
∫−∞ e−λx2 cos(2λax)dx = √π

λ
e−λa2 .

Hint: Integrate the function f (z) = e−λz2 over the rectangle with the vertices at the
points −R, R, R + ia, −R + ia and let R→∞.
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23. Show that for a ≥ 0, b ≥ 0∞
∫
0

cos 2ax − cos 2bx
x2

dx = π(b − a).

24. Prove that for b > 0 and 0 < a < 3∞
∫
0

xa−1 sin(πa/2 − bx)
x2 + r2

dx = π
2
ra−2e−br .

25. Evaluate the series ∞
∑
k=1 (−1)kk4

.

26. Evaluate the series ∞
∑

k=−∞ 1
k + ia
, a ∈ ℝ \ {0}.

27. Based on Example 14.5 show that∞
∑
k=1 1
(2k − 1)2

= π
2

8
,
∞
∑
k=1 1

k2
= π

2

6
.

28. Prove that:
a) ∞

∑
k=−∞ 1
(z − kπ)2

= 1
sin2 z
, k ∈ ℤ, z ̸= kπ.

b) ∞
∑
k=1 1

z2 − k2π2
= z cot z − 1

2z2
, z ̸= kπ, k ∈ ℕ.

29. Show that

z
ez − 1
=
∞
∑
k=0 Bkk! zk ,

where Bk = (
z

ez−1 )(k)(0) are called Bernoulli’s numbers.



196 � Exercises

30. Prove that ∞
∑
k=1 1

k2m
= (−1)m−1 B2m

(2m)!
22m−1π2m, m ∈ ℕ,

where B2m are Bernoulli’s numbers (see previous exercise).
31. Prove that for any a, b ∈ ℂ, and for all complex z,

eaz − ebz = (a − b)ze(a+b)z/2 ∞∏
k=1(1 + (a − b)2z24k2π2

).

Hint: Use Example 15.14.
32. Show that if the series ∑∞k=1 |pk |2 converges then the product ∏∞k=1(1 − pk)epk con-

verges also. Hint: Use the fact that pk → 0 implies (1 − pk)e
pk = 1 + O(p2k).

33. Let function g(t) of the real variable t > 0 be defined as

g(t) :=
∞
∫
0

e−(x−i)2t
ei2π(x−i) − 1dx − ∞∫

0

e−(x+i)2t
ei2π(x+i) − 1dx.

Show that
a)

g(t) =
∞
∑

n=−∞ e−n2πt .
b)

g(t) = 1
√t

g( 1
t
).

c)

g(t) = o(1) as t →∞, g(t) = o(t−1/2) as t → 0.

Hint: Consider the integral

∫
e−z2πt
ei2πz − 1

dz

over the rectangle with the vertices at the points ±(N + 1/2) ± i,N ∈ ℕ and let
N →∞.
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16 Conformal mappings

We return now to the geometric properties of nonzero derivative. Let f be analytic in a
domain D and let z0 ∈ D be an arbitrary point. If f ′(z0) ̸= 0, then this is equivalent to
(see Cauchy–Riemann conditions)

󵄨󵄨󵄨󵄨f
′(z0)󵄨󵄨󵄨󵄨2 = (𝜕u𝜕x)2 + ( 𝜕v𝜕x)2 = 𝜕u𝜕x 𝜕v𝜕y − 𝜕u𝜕y 𝜕v𝜕x > 0.

Itmeans that the Jacobianof the transformation from (x, y) to (u, v) is non-zero at (x0, y0),
and thus in the neighborhood of (u0, v0) = (u(x0, y0), v(x0, y0)) there exists an inverse
function z = x + iy = f −1(w), w = u + iv such that z = f −1(w) is analytic at w0 = u0 + iv0
and

(f −1(w))′(w0) =
1

f ′(z0) .
This fact can be interpreted as follows: in the neighborhood of z0 the function w = f (z)
is univalent and analytic. The same is true in the neighborhood of the point w0 = f (z0)
for the inverse function z = f −1(w). So, this property is local.

Another geometric property of analytic function with nonzero derivative is the fol-
lowing. Let f be analytic in the domain D and f ′(z0) ̸= 0 for z0 ∈ D. Consider two arbi-
trary curves γ1 and γ2 on the z-plane, which intersect at the point z0. Assume that the
angle between γ1 and γ2 at z0 is φ2 − φ1, and the angle between Γ1 and Γ2 at w0 = f (z0)
in the w-plane is equal to ϕ2 − ϕ1, where Γj is the image of γj under the mapping f for
j = 1, 2; see Figure 16.1. If z1 = z0+Δz1 ∈ γ1 and z2 = z0+Δz2 ∈ γ2, then f (z1) = f (z0+Δz1) =
f (z0) + Δf1 = w0 + Δw1 ∈ Γ1 and f (z2) = f (z0 + Δz2) = f (z0) + Δf2 = w0 + Δw2 ∈ Γ2.

Figure 16.1:Mapping preserving angles.

Moreover,

lim
Δz1→0 arg Δw1

Δz1
= lim

Δz1→0[arg Δw1 − arg Δz1] = ϕ1 − φ1

and

https://doi.org/10.1515/9783111632278-018
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lim
Δz2→0 arg Δw2

Δz2
= lim

Δz2→0[arg Δw2 − arg Δz2] = ϕ2 − φ2.

By the existence of f ′(z0) ̸= 0 and due to the independence of this derivativewith respect
to direction, we obtain

ϕ1 − φ1 = ϕ2 − φ2 = arg f
′(z0). (16.1)

So, wemay conclude that the transformationw = f (z) preserves the angles with respect
to orientation and magnitude. In addition, since f ′(z0) ̸= 0 then

|Δw| = k|Δz| + o(|Δz|), k = 󵄨󵄨󵄨󵄨f
′(z0)󵄨󵄨󵄨󵄨, (16.2)

i. e., there is the factor of stretching in all directions.
It is also proved earlier (see Problem 12.17) that if f is analytic in the domain D and

univalent there, then f ′(z) ̸= 0 for all z ∈ D.
These properties justify the following definition.

Definition 16.1. The mapping f : D→ ℂ is called conformal at z0 ∈ D if it preserves the
angles and the factor of stretching at this point. If f is conformal at each point in D, then
f is called conformal in D.

There is a very deep connection between analytic functions and conformal map-
pings.

Theorem 16.2. The mapping f : D → ℂ is conformal in D if and only if f is analytic and
univalent in D.

Proof. Let f be analytic and univalent in the domain D. Then applying Problem 12.17 we
conclude that f ′(z) ̸= 0 everywhere in D. Hence, by (16.1) and (16.2), f is conformal at
each point z ∈ D and, therefore, it is conformal in D.

Conversely, let z0 be an arbitrary point in D and let w0 = f (z0). By the conditions of
this theorem, we have

arg(w2 − w0) − arg(w1 − w0) = α + o(max(|w1 − w0|, |w2 − w0|))

and

arg(z2 − z0) − arg(z1 − z0) = α + o(max(|z1 − z0|, |z2 − z0|)),

where α = φ2 − φ1 = ϕ2 − ϕ1; see Figure 16.1. Moreover,

|w2 − w0|
|z2 − z0|

= k + o(1), |w1 − w0|
|z1 − z0|

= k + o(1)

as |z2 − z0|, |z1 − z0|→ 0. These equalities imply that
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w2 − w0
z2 − z0

= keiφ + o(1), w1 − w0
z1 − z0

= keiφ + o(1),

where (since α is the same in both equalities)

arg w2 − w0
z2 − z0

= φ + o(1), arg w1 − w0
z1 − z0

= φ + o(1)

as |z2 − z0|, |z1 − z0| → 0. Since γ1 and γ2 are arbitrary then z2 and z1 are arbitrary, too.
Hence, we may conclude that there exists

lim
z→z0 f (z) − f (z0)z − z0

= keiφ = f ′(z0),
and f ′(z0) ̸= 0 (or k ̸= 0), i. e., f is analytic and univalent in D.
Remark. Theorem 16.2 says that univalent functions and only they realize conformal
mappings.

The next important property of conformal mappings is contained in the following
theorem.

Theorem 16.3 (Boundary correspondence principle). Let D be a simply connected domain
with the boundary 𝜕D, which is a closed curve γ. Let also f ∈ H(D) ∩ C(D). Assume that f
maps γ to the closed curve Γ := f (γ) bijectively with the same direction of orientation as
for γ. Then f : D→ int Γ is surjective and conformal.

Proof. Due to Theorem 16.2, it suffices to show that f is univalent inD and f mapsD onto
int Γ. Let us consider two different pointsw1 ∈ int Γ andw2 ∈ ℂ \ int Γ and two different
functions

F1(z) = f (z) − w1, F2(z) = f (z) − w2, z ∈ D.

If z goes over γ, then w = f (z) goes over Γ and the direction of orientation over these
curves are the same. Thus, using the principle of argument (see Theorem 12.4), we obtain
that

1
2π

Var
γ
Arg F1(z) = N(F1) = 1,

1
2π

Var
γ
Arg F2(z) = N(F2) = 0,

where N(F1) and N(F2) denote the number of zeros of F1 and F2, respectively. It means
that for any w1 ∈ int Γ there is only one point z1 ∈ D such that w1 = f (z1) and for any
w2 ∈ ℂ \ int Γ there are no points z ∈ D such that w2 = f (z), i. e., f maps D onto int Γ and
it is univalent in D.

There is one more important property of conformal mappings: Schwarz reflection
principle (or Schwarz symmetry principle).
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Definition 16.4. Let D ⊂ ℂ be a domain. The set

J(D) = {ζ ∈ ℂ : ζ = z, z ∈ D} (16.3)

is called the conjugate domain.

This definition implies that J(D) is a domain and that if f (z) is analytic in D then
g(z) := f (z) is analytic in J(D). Indeed, since f (z) is analytic in D then for each z0 ∈ D the
Taylor’s expansion holds, i. e.,

f (z) =
∞
∑
j=0 aj(z − z0)j , aj =

f (j)(z0)
j!

for |z − z0| < R with R = dist(z0, 𝜕D). Thus, if ζ , ζ0 ∈ J(D), then ζ , ζ0 ∈ D and

f (ζ ) =
∞
∑
j=0 aj(ζ − ζ0)j

or

g(ζ ) = f (ζ ) =
∞
∑
j=0 aj(ζ − ζ0)j ,

i. e., g(ζ ) is analytic, too, with ζ0 = z0 from above.

Theorem 16.5 (Schwarz reflection principle). Let D be a domain in the upper half of the
complex plane whose boundary includes an interval I := (a, b) of the real axis. Let f ∈
H(D) ∩ C(D). Suppose that f (x + i0) is real for all x ∈ I and define the function

F(z) = {
f (z), z ∈ D ∪ I ,
f (z), z ∈ J(D).

(16.4)

Then F is analytic on D ∪ I ∪ J(D).

Proof. Since f (z) ∈ H(D) and f (z) ∈ H(J(D)), then it remains to show that F(z) is analytic
at each point x0 ∈ I . First, we check that F(z) is continuous everywhere in D ∪ I ∪ J(D).
Continuity of F in D∪ I follows from the conditions of the theorem. The definition (16.4)
of F and the real-valuedness of f (x + i0) imply that

F(x − i0) = f (x − i0) = f (x + i0) = F(x + i0).

This proves that F is continuous. Next, we introduce the closed curves (see Figure 16.2)

Γ+ := {ζ : |ζ − x0| = δ, Im ζ > 0} ∪ [x1, x2]
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and

Γ− := {ζ : |ζ − x0| = δ, Im ζ < 0} ∪ [x1, x2].

Figure 16.2: Curves Γ±.
By Theorem 5.8, we obtain

1
2πi
∫|ζ−x0|=δ F(ζ )dζζ − x0

= 1
2πi

p.v. ∫
Γ+

F(ζ )dζ
ζ − x0
+ 1
2πi

p.v. ∫
Γ−

F(ζ )dζ
ζ − x0

= 1
2
F(x0 + i0) +

1
2
F(x0 − i0) = F(x0).

Hence, the Cauchy integral formula yields that F is analytic also at x0.

Problem 16.6. Suppose that f (z) = ∑∞j=0 ajzj and this series converges for |z| < r and f
is real for x ∈ (−r, r). Show that all aj are real and f (z) = f (z) for all |z| < r.

There is a key question at this point: Is there, in fact, a conformal mapping from
a given domain D to some other domain, e. g., unit disk? The theoretical answer is the
celebrated Riemann mapping theorem, which we give without a proof.

Theorem 16.7 (Riemann). If D is any simply-connected domain, not equal to the whole
complex plane ℂ, then there exists a conformal mapping of D onto {w : |w| < 1}. This
mapping is uniquely determined by the value f (z0) and arg f

′(z0) at one arbitrary point
z0 ∈ D, e. g., by the values f (z0) = 0 and f

′(z0) > 0.
Remark. The assumption that the domainD is not equal to the entire complex planeℂ is
essential. Indeed, ifwe assume that there exists a conformalmapping f (z) of the complex
planeℂ onto the unit disk {w : |w| < 1}, then f (z) is bounded entire function. Hence, due
to Liouville theorem f ≡ constant and f ′(z) ≡ 0. The same is true if D = ℂ \ {z0} with
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some fixed point z0 ∈ ℂ since z0 is a removable singularity for f (z) therefore again
f (z) ≡ constant and f ′(z) ≡ 0. That is why the equivalent formulation of the Riemann
mapping theorem includes the assumption that the boundary of D ⊂ ℂ has more than
two points.

Example 16.8. Let w = f (z) = zn, n ∈ ℕ, n > 1 be a power function. Then this func-
tion carries out one-to-one mapping of the domain of its univalence, i. e., the sector
ϕ < arg z < ϕ+ 2πn (ϕ is fixed), onto the extendedw-plane cut along the ray arg z = nϕ. Its
derivative f ′(z) = nzn−1 is nonzero and is bounded everywhere within the given sector
with the exception of z = 0 and z = ∞. Thus, this function establishes the conformal
mapping.

The general power function w = f (z) = zα, α ∈ ℝ+ maps the sector 2πk
α < arg z <

2π(k+1)
α , k ∈ ℤ of itsmany branches (infinitelymany for irrational α and finitelymany for

rational α) onto the extended w-plane (the ray arg z = 2πk
α is mapped onto the positive

real semiaxis). Moreover, this function maps the given sector conformally onto the cut
w-plane.

Example 16.9. Let us show that the logarithm function w = f (z) = log z maps confor-
mally the sector ϕ1 < arg z < ϕ2 onto infinite strip ϕ1 < Imw < ϕ2. Indeed, if z = e

i arg z,
then the value of the main branch of w is equal to

f (z) = log r + i arg z, Rew = log r, Imw = arg z.

When r changes from 0 to +∞, then Rew = log r changes from −∞ to +∞. Hence, the
given sector is transformed onto the infinite strip conformally if we use themain branch
of Log z.

Example 16.10. Let f (z) = ei
π
a z, a > 0. Then f maps {z : 0 < Re z < a} onto {w : Imw > 0}

conformally. Indeed, if z = x + iy, 0 < x < a then

ei
π
a (x+iy) = e− πa yei πa x = e− πa y(cos π

a
x + i sin π

a
x)

so that |f (z)| = e− πa y ∈ (0,+∞) if y ∈ ℝ and arg f (z) = π
a x ∈ (0, π) if 0 < x < π. Since

in addition f ′(z) = i πa ei πa z ̸= 0 for all z and f is one-to-one transformation, then f is
conformal.

Example 16.11. Consider a linear-fractional transformation

w = f (z) = az + b
cz + d
, ad − bc ̸= 0, c ̸= 0.

We call it a nondegenerate (or regular) linear-fractional transformation. This transfor-
mation is well-defined and analytic everywhere on ℂ \ {−d/c}. Its derivative is equal
to
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f ′(z) = ad − bc
(cz + d)2

, z ̸= −d/c, f ′(∞) = bc − ad
c2

and it is not equal to zero everywhere on ℂ \ {−d/c}. We know that f maps ℂ onto ℂ
bijectively (see Example 2.7). So, f is conformal. Let us represent it in the form

f (z) =
{
{
{

λ α+zβ+z , a ̸= 0,

λ 1
β+z , a = 0,

(16.5)

where λ = a/c, α = b/a, and β = d/c if a ̸= 0 and λ = b, β = d/c if a = 0. The following
theorem holds.

Theorem 16.12. If z1 ̸= z2, z2 ̸= z3, z1 ̸= z3, and w1 ̸= w2, w2 ̸= w3, w1 ̸= w3 then the
correspondence

zj → wj , j = 1, 2, 3

defines uniquely a nondegenerate linear-fractional transformation (16.5), where a ̸= 0.
Moreover,

λ = Aw2 − Bw1
A − B

, α = Bw1z2 − Aw2z1
Aw2 − Bw1

, β = Bz2 − Az1
A − B
, (16.6)

where

A = w1 − w3
w2 − w3

, B = z1 − z3
z2 − z3
.

Proof. Using (16.5) for a ̸= 0, we have

w1 − w3 = λ
(z1 − z3)(α − β)
(β + z1)(β + z3)

, w2 − w3 = λ
(z2 − z3)(α − β)
(β + z2)(β + z3)

.

Here, β ̸= α since ad ̸= bc. These equalities imply that

w1 − w3
w2 − w3

=
z1 − z3
z2 − z3

β + z2
β + z1

or

β =
z2 − z1

w1−w3
w2−w3

z2−z3
z1−z3

w1−w3
w2−w3

z2−z3
z1−z3 − 1 = z2 −

A
B z1

A
B − 1
=
Bz2 − Az1
A − B
.

It proves (16.6) for β. Next,

w1 = λ
α + z1
β + z1
, w2 = λ

α + z2
β + z2

imply that
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w1
w2
=
α + z1
β + z1

β + z2
α + z2

or

α = w2z1(β + z2) − w1z2(β + z1)
w1(β + z1) − w2(β + z2)

=
Bw1z2 − Aw2z1
Aw2 − Bw1

=
Aw2z1 − Bw1z2
Bw1 − Aw2

.

This proves (16.6) for α. Finally,

λ = w1(β + z1)
α + z1

=
w1(

Bz2−Az1
A−B + z1)

Aw2z1−Bw1z2
Bw1−Aw2

+ z1
=

w1
B(z2−z1)
A−B

Bw1z1−Bw1z2
Bw1−Aw2

=
Aw2 − Bw1
A − B

proving the claim for λ. The formulae (16.6) show that α, β, and λ are uniquely deter-
mined by the correspondence zj → wj , j = 1, 2, 3 if zj and wj are mutually distinct
points.

Corollary 16.13. If we denote

w := f (z) = λα + z
β + z
, a ̸= 0,

then Theorem 16.12 says that

w1 − w3
w2 − w3

:
w1 − w
w2 − w

=
z1 − z3
z2 − z3
:
z1 − z
z2 − z
. (16.7)

Proof. As it is proved in Theorem 16.12,

w1 − w3
w2 − w3

=
z1 − z3
z2 − z3

β + z2
β + z1
.

Similarly, if w ̸= w1, w ̸= w2 and z ̸= z1, z ̸= z2, we obtain

w1 − w
w2 − w

=
z1 − z
z2 − z

β + z2
β + z1
.

Hence, (16.7) follows straightforwardly from the latter equalities.

Corollary 16.14. For the case a = 0 (b ̸= 0 necessarily) instead of three correspondences
it is enough to have only two different points z1 ̸= z2 andw1 ̸= w2, respectively, withw1 ̸= 0
and w2 ̸= 0. In that case (see (16.5)),

β = w1z1 − w2z2
w2 − w1

, λ = w1w2(z1 − z2)
w2 − w1

. (16.8)

Problem 16.15. Show (16.8) for the case a = 0, b ̸= 0, c ̸= 0 in the non-degenerate linear-
fractional transformation.



Conformal mappings � 207

Example 16.16. Let us find w = f (z), which is a conformal mapping of the unit disk
{z : |z| < 1} onto the domain {w : Imw > 0}. Let zj and wj be as in the Figure 16.3. By

Figure 16.3: Domains in Example 16.16.

Theorem 16.12 and Theorem 16.3, we have

0 −∞
1 −∞
: 0 − w
1 − w
= 1 + 1
i + 1
: 1 − z
i − z
.

So

w − 1
w
= 2
i + 1

z − i
z − 1

or

w = e−i π2 z − 1
z + 1
.

Problem 16.17. Using Example 16.16, show that

w = z + e
−iπ/2

e−iπ/2 − z
maps conformally the domain {z : Im z > 0} onto the unit disk {w : |w| < 1}. Find all
linear-fractional transformations, which map the domain {z : Im z > 0} onto the unit
disk {w : |w| < 1}.

Problem 16.18.
1. Investigate the conformal properties of the functionw = tan z. Hint: Represent tan z

in the form

w = 1
i
e2iz − 1
e2iz + 1
.

2. Prove that the function w = tan2 zmaps conformally infinite strip {z : 0 < Re < π
2 }

onto the unit disk {w : |w| < 1}with the cut along the real axis fromw = −1 tow = 0
(twice in different directions).
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3. Prove that the function

w = ( 1 + z
1 − z
)
2

maps conformally the upper half of the disk {z : |z| < 1, Im z > 0} onto the upper
half-plane {w : Imw > 0}.

Problem 16.19. Show that

w = f (z) = eiα z − z0
zz0 − 1

maps conformally the unit disk {z : |z| < 1} onto the unit disk {w : |w| < 1} such that an
arbitrary point z0, |z0| < 1 is transferred to w0 = 0 and α is an arbitrary real parameter.
Show that if arg f ′(z0) is prescribed then α is uniquely determined.
Example 16.20. Assume that the function w = f (z) is univalent and analytic, and maps
unit disk {z : |z| ≤ 1} onto unit disk {w : |w| ≤ 1} such that z0 = 0 transfers to w0 = 0 and
f ′(0) = 1. Then necessarily f (z) ≡ z. Indeed, since |f (z)| ≤ 1 for |z| = 1 and f (0) = 0, then
the Schwarz’s lemma (see Corollary 7.11) says that

|w| = 󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ |z|, |z| ≤ 1.

Applying this lemma to the inverse function z = f −1(w), we obtain that
|z| = 󵄨󵄨󵄨󵄨f

−1(w)󵄨󵄨󵄨󵄨 ≤ |w|, |w| ≤ 1.
It means that actually

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 = |z|, |z| ≤ 1,

and thus

f (z) = az, |a| = 1.

But since f ′(0) = 1, we obtain that a = 1. It might be noted here that we did not assume
from the beginning that f (z) is a linear-fractional transformation. However, it is not so
difficult to show that any univalent and analytic function, whichmaps the unit disk onto
the unit disk is necessarily a linear-fractional transformation.

Problem 16.21. Prove the latter assertion.

Problem 16.22. Show that a nondegenerate linear-fractional transformationmaps lines
and circles on the extended complex plane onto lines or circles.
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Problem 16.23. Find the conditions on 0 < r1 < r2 and 0 < R1 < R2, which guarantee the
existence of the conformal mapping of the annulus {z : r1 < |z| < r2} onto the annulus
{w : R1 < |w| < R2}.

Example 16.24. Consider a nonconcentric ring (annulus), i. e., the set which is formed
by two circles {z : |z − a1| = R1} and {z : |z − a2| = R2} such that 0 < R2 < R1 and the first
circle is located inside of the second one. We assume without loss of generality that a1
and a2 are real; see Figure 16.4.

Figure 16.4: Two nonconcentric circles in Example 16.24.

The task is to map conformally this annulus onto the domain {w : Imw > 0}. Let
now a and b be two real numbers such that they are symmetric with respect to the first
and second circle at the same time, i. e., they satisfy the equations

(a − a1)(b − a1) = R
2
1 , (a − a2)(b − a2) = R

2
2. (16.9)

Solving these equations, we can easily obtain a and b uniquely (a < b). Then the map

w1 =
z − a
z − b

transfers conformally the given nonconcentric ring to the concentric one centered at 0.
Indeed, if z − a1 = R1e

iφ, then

w1 =
z − a
z − b
=
(z − a1) − (a − a1)
(z − a1) − (b − a1)

=
R1e

iφ − (a − a1)

R1eiφ −
R21
a−a1

=
a − a1
R1

R1e
iφ − (a − a1)

(a − a1) − R1e−iφ e−iφ.
This equality implies that
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|w1|
󵄨󵄨󵄨󵄨|z−a1|=R1 = 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨a − a1R1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
a − a1
R1
=: r1.

Similarly, we obtain that

|w1|
󵄨󵄨󵄨󵄨|z−a2|=R2 = 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨a − a2R2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
a − a2
R2
=: r2.

Let us note that for 0 < R2 < R1 it follows that r2 < r1 since b > a. The next step is: We
consider

w2 = logw1

with the main branch of logarithm. Under this transformation, this symmetric (or con-
centric) annulus is transferred conformally to the set

{w2 : log r2 < Rew2 < log r1}.

Using now Example 16.10, we may conclude that the required conformal mapping is
given by

w = ei
π

log(r1/r2)(log z − a
z − b
− log r2),

where a and b are from (16.9).

Example 16.25. Let us find the conformal mapping of the crescent shape (lune) formed
by two arcs of two different circles shown in Figure 16.5.

Figure 16.5:Mapping a lune.

We consider first

w1 =
z − a
z − b
,
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where a and b are the two intersecting points of these circles. Then this conformal map-
ping transfers this lune to the angle of span α (this angle is the same as for the lune due
to conformality), with the vertex in the origin (Figure 16.6).

Figure 16.6: Sector given by angles α and β.

Indeed, if z = ρ0e
iφ, φ0 ≤ φ ≤ φ

′
0 for the part of the first circle in the boundary of

the lune and z = ρ1e
iφ, φ1 ≤ φ ≤ φ

′
1 for the second circle, then

z − a
z − b

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z=ρ0eiφ = ρ0eiφ − ρ0eiφ0ρ0eiφ − ρ0eiφ
′
0
= e

iφ − eiφ0

eiφ − eiφ′0
= ei(φ0−φ′0) ei(φ−φ0)/2 − e−i(φ−φ0)/2

ei(φ−φ′0)/2 − e−i(φ−φ′0)/2 = ei(φ0−φ′0) sin(φ − φ0)/2sin(φ − φ′0)/2 .
Similarly,

z − a
z − b

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z=ρ1eiφ = ei(φ1−φ′1) sin(φ − φ1)/2sin(φ − φ′1)/2 .
These formulae show that the arcs are mapped to the rays starting from the origin be-
cause

v1
u1
= tan(φ0 − φ

′
0),

v1
u1
= tan(φ1 − φ

′
1),

respectively, for these two arcs. Next,

w2 = e
−iβw1

maps conformally the sector {w1 : β < argw1 < α+β} to the sector {w2 : 0 < argw2 < α},
see Figure 16.7.

Finally,

w = wπ/α
2 = (e

−iβ z − a
z − b
)
π/α
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Figure 16.7: Sector given by angle α.

maps conformally the latter sector onto the domain {w : Imw > 0}. Indeed,

w = wπ/α
2 = e

π
α (log |w2|+i argw2) = ei πα argw2e

π
α log |w2|.

This is equivalent that argw = π
α argw2 ∈ (0, π), and Rew ∈ (−∞,∞), Imw > 0. Here,

we have used the boundary correspondence principle.

Example 16.26. Consider the Zhukovski function (see Example 2.13) w = 1
2 (z +

1
z ). Then

any circle {z : |z| = r0}, r0 ̸= 1 is transformed to the value w = u + iv such that

u(r0,ϕ) =
1
2
(r0 +

1
r0
) cosϕ, v(r0,ϕ) =

1
2
(r0 −

1
r0
) sinϕ.

Eliminating the angle ϕ, we obtain

u2

1/4(r0 +
1
r0
)2
+ v2

1/4(r0 −
1
r0
)2
= 1.

Thus, the Zhukovski function maps the family of the concentric circles onto the family
of confocal ellipses, and this map is conformal.

Let us now find the image of the rays {z : arg z = ϕ} under the mapping defined by
the Zhukovski function. To do this, eliminate from the previous relations for u and v the
parameter r0 and put ϕ = ϕ0. Then

u2

cos2 ϕ0
− v2

sin2 ϕ0
= 1, ϕ0 ̸= 0,

π
2
, π, 3π

2
.

This relation shows that the Zhukovski function transforms segments of these rays into
branches of the hyperbola. To sum up, this function defines a transformation of the or-
thogonal system of polar coordinates in the z-plane into an orthogonal curvilinear sys-
tem of coordinates in the w-plane whose coordinate lines are the confocal families of
ellipses and hyperbolas.

Problem 16.27. Find the curve in w-plane, which is the image of the line {z : Re z = 1}
in z-plane under the mapping defined by the Zhukovski function.

Problem 16.28. Show that the Zhukovski function maps conformally:
1. {z : |z| < 1} onto ℂ \ [−1, 1],
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2. {z : |z| < 1, Im z < 0} onto {w : Imw > 0} and
3. {z : |z| > 1} onto ℂ \ [−1, 1].

Example 16.29. Let function w = f (z) be defined using the Cauchy type integral

f (z) :=
z

∫
0

dζ

√1 − ζ 2
,

where the integration goes from 0 to z (independently on the curve) if ζ ̸= ±1 do not
belong to this curve. This function (in general) is multivalued due to the square root. If
we consider the first quadrant of the z-plane, then this function is univalent there and
let us consider the image of this part of z-plane under the mapping of f (z). If ζ = is,
z = iy with s, y ∈ ℝ+, then we have that

w = i
y

∫
0

ds
√1 + s2
,

is pure imaginary, and for y → +∞ we have that Imw → +∞. If z = x + i0, x ∈ (0, 1),
then w is also real and changes from 0 to

1

∫
0

dt
√1 − t2

= π
2
.

Next, if z = x + i0 and x → +∞, then

w = π
2
+ i

x

∫
1

ds
√s2 − 1

= u + iv

so that v→ +∞. Using now the boundary correspondence principle (see Theorem 16.3),
we may conclude that this function f (z)maps conformally the first quadrant of z-plane
onto the infinite strip {w : 0 < Rew < π

2 , Imw > 0}.

Schwarz–Christoffel integral
In the complex w-plane, let us consider a polygon (n-gon) with vertices at the points
A1,A2, . . . ,An and with interior angles at these vertices α1π, α2π, . . . , αnπ, respectively.
Obviously,

n
∑
j=1 αj = n − 2.
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We assume that 0 < αj < 2 (for 0 < αj < 1 this polygon is convex). We want to construct
a conformal mapping of the upper half-plane onto the interior of such polygon. This
problem is solved by means of the so-called Schwarz–Christoffel integral, i. e., by the
integral of the form

f (z) := C
z

∫
z0

(ζ − a1)
α1−1(ζ − a2)α2−1 ⋅ ⋅ ⋅ (ζ − an)αn−1dζ + C1,

where z, z0 ∈ {z : Im z > 0}, C, C1 are given complex constants and a1, a2, . . . , an are real
numbers arranged in the increasing order. In the integrand, we choose those branches
of functions (ζ − aj)

αj−1, which are equal to (x − aj)αj−1 with real variable x > aj . In that
case, this function f (z) is a single-valued analytic function in the upper half-plane. We
will show that if aj are chosen appropriately thenw = f (z) defines a conformalmapping
of the upper half-plane {z : Im z > 0} onto the interior of this polygon.

First, we show that f (z) is bounded for all z, Im z ≥ 0. Since αj > 0, the integral
that defines f (z) is bounded in the neighborhood of the singularities aj . Moreover, for
|ζ |→∞ we can write the integrand in the form

1
ζ 2
(1 − a1

ζ
)
α1−1
(1 − a2

ζ
)
α2−1
⋅ ⋅ ⋅(1 − an

ζ
)
αn−1
.

From this expression, it follows that the integral is convergent as z→∞, Im z ≥ 0. Thus,
function w = f (z) defines a mapping of this half-plane onto some bounded domain D.
Next, we have

f ′(z) = C(z − a1)α1−1(z − a2)α2−1 ⋅ ⋅ ⋅ (z − an)αn−1.
It means that f ′(z) ̸= 0 everywhere in the upper half-plane except at the points z = aj ,
j = 1, 2, . . . , n. If z = x + i0 is real and varies on every one of the intervals aj < x < aj+1,
j = 1, 2, . . . , n − 1 of the real axis, then the argument of the derivative does not change
because

arg(x − aj)
αj−1 = {0, x > aj ,

π(αj − 1), x < aj .

In view of the geometric meaning of the argument of derivative (see, e. g., (16.1)), this
equality shows that the segments aj < x < aj+1 are mapped by f (z) onto rectilinear
segments. The points aj are transformed by f (z) into points Aj—the ends of the corre-
sponding straight-line segments AjAj+1 into which the function f (z)maps [aj , aj+1] of the
real axis. Moreover, when the point z traverses the entire real axis in the positive di-
rection, the point w = f (z) corresponding to it makes a complete circuit of the closed
polygonal line A1A2 ⋅ ⋅ ⋅An. Now let us determine the size of the angles between adjacent
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segments of the polygonal line obtained. Considering the variation of arg f (z) as z passes
through the points aj along the real axis in the positive direction (during which the sin-
gular point aj is taken around an arc of infinitesimal radius in the upper half-plane) the
argument changes its value π(1− αj). It means that the angle between the vectors Aj−1Aj
and AjAj+1 is equal to π(1 − αj), αj < 1. It corresponds to the angle παj of this polygon.
Taking into account the behavior of the integrand as ζ → ∞, we may conclude finally
that if z goes through the real axis, function w = f (z) describes a closed curve, which is
a polygon with the angles α1π, α2π, . . . , αnπ, and the upper half-plane transforms to the
interior of this polygon. Moreover, this map is conformal due to the fact that f ′(z) ̸= 0.
These considerations can be extended to the case when one (or several) of the points aj
is infinite.

Consider some examples.

Example 16.30. Let us find a function that conformally maps the upper half-plane {z :
Im z > 0} onto the sector {w : 0 < argw < απ, 0 < α < 2}. Since the given sector is a
polygon with vertices A1(w = 0) and A2(w =∞), the Schwarz–Christoffel integral takes
the form

w = f (z) = C
z

∫
z0

ζ α−1dζ + C1.
Putting z0 = 0, we find that C1 = 0 and, therefore,

w = C
α
zα.

Requiring now, e. g., that in addition to two points z = 0 and z = ∞ there occurs a
supplementary correspondence of boundary points as follows:

z = 1→ w = 1,

we determine that C = α and, finally, w = zα.

Example 16.31. Let us find a function that conformally maps the upper half-plane {z :
Im z > 0} onto the rectangle with vertices A1(w = a), A2(w = a + ib), A3(w = −a + ib)
and A4(w = −a). Consider now only one part of the interior of this rectangle, which
is located in the first quadrant of the complex w-plane, i. e., rectangle with the vertices
O(w = 0), O′(w = ib) and A1, A2 from above. Therefore, we can establish the following
correspondence of the points (boundary points):

z = 1→ w = a, z = 0→ w = 0, z = 1
k
→ w = a + ib,
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where the parameter 0 < k < 1 is to be determined. Then on the basis of the Schwarz
reflection principle (see Theorem 16.5) the function, which defines a conformalmapping
of the upper half-plane onto a given rectangle may be represented as follows:

w = f (z) = C
z

∫
0

(ζ − 1)−1/2(ζ − 1
k
)
−1/2
(ζ + 1)−1/2(ζ + 1

k
)
−1/2

dζ

= C′ z∫
0

dζ

√(1 − ζ 2)(1 − k2ζ 2)
.

It remains to determine the constants C′ and k′. First, we have that (see the correspon-
dence of the boundary points)

a = C′ 1∫
0

dζ

√(1 − ζ 2)(1 − k2ζ 2)
, ζ ∈ ℝ.

Second, we have similarly that

a + ib = C′( 1

∫
0

dζ

√(1 − ζ 2)(1 − k2ζ 2)
+ i

1/k
∫
1

dζ

√(ζ 2 − 1)(1 − k2ζ 2)
), ζ ∈ ℝ.

Solving this transcendental systemwith respect to C′ and k, we obtain the needed result.
The integrals from above are called elliptic integrals of the first kind.

Problem 16.32.
1. Show that the function

w = f (z) = C
z

∫
0

(1 + ζ )−5/6ζ−1/2(1 − ζ )−2/3dζ ,
where

1
C
=

1

∫
0

(1 + ζ )−5/6ζ−1/2(1 − ζ )−2/3dζ , ζ ∈ ℝ,

maps conformally the upper half-plane onto the triangle with the verticesw = i√3,
w = 0, w = 1.

2. Prove that the function

w = f (z) =
z

∫
0

dζ
(1 − ζ 2)2/3

maps conformally the upper half-plane onto a triangle and find the triangle.
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3. Prove that the function

w = f (z) =
z

∫
0

dζ

√1 − ζ 4

maps conformally the unit disk onto a quadrant and find the quadrant.

Problem 16.33.
1. Let function f (z) be analytic on the closed unit disk {z : |z| ≤ 1}. Prove that if

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , |z| = 1, and f (a) = 0, |a| < 1,

then

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M
|z − a|
|az − 1|
, |z| ≤ 1.

2. Let function f (z) be analytic on the closed unit disk {z : |z| ≤ 1}. Prove that if

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M , |z| = 1, and f (0) = a, 0 < a < M ,

then

󵄨󵄨󵄨󵄨f (z)
󵄨󵄨󵄨󵄨 ≤ M

M |z| + a
a|z| +M

, |z| ≤ 1.

There is an application of conformal mappings also in the theory of partial differential
equations.

Let D be a simply-connected and bounded domain on the complex plane ℂ.

Definition 16.34. A function G(z, ζ ) is said to be Green’s function for the Laplace opera-
tor Δ in the domain D if the following conditions are satisfied:
1. G(z, ζ ) = 1

2π log |z − ζ | + g(z, ζ ) for z, ζ ∈ D,
2. Δzg(z, ζ ) = 0 for z, ζ ∈ D,
3. g(z, ζ ) = − 1

2π log |z − ζ | for z ∈ 𝜕D, ζ ∈ D.

Remark. This definition implies (in particular) that G(z, ζ ) = 0 for z ∈ 𝜕D and ζ ∈ D.

With the Green’s function in hand, the solution of the inhomogeneous boundary
value problem

{
Δu(z) = F(z), z ∈ D,
u(z) = u0(z), z ∈ 𝜕D

is given by the superposition principle as
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u(z) = ∫
D

G(z, ζ )F(ζ )dξdη + ∫𝜕D 𝜕νζG(z, ζ )dσ(ξ , η),
where z = x + iy, ζ = ξ + iη, and 𝜕ν is the outward normal derivative with respect to ζ
on the boundary 𝜕D.

Using the principles of conformal mappings, wemay construct the Green’s function
for arbitrary simply-connected bounded domain D. Indeed, let ζ be an arbitrary fixed
point from D. Let h(z, ζ ) be a function, whichmaps conformally D onto the unit disk {w :
|w| < 1} such that h(ζ , ζ ) = 0. This function exists due to Riemannmapping theorem (see
Theorem 16.7). Moreover, h′z(z, ζ ) ̸= 0 for all z ∈ D (see Problem 12.17 and Theorem 16.2).
Hence, h(z, ζ ) has a zero of order 1 at z = ζ . This fact allows us to represent h(z, ζ ) in the
form

h(z, ζ ) = (z − ζ )ψ(z, ζ ), ψ(ζ , ζ ) ̸= 0.

It implies that

1
2π

log󵄨󵄨󵄨󵄨h(z, ζ )
󵄨󵄨󵄨󵄨 =

1
2π

log |z − ζ | + g(z, ζ ),

where g(z, ζ ) = 1
2π log |ψ(z, ζ )|. We prove that

G(z, ζ ) := 1
2π

log󵄨󵄨󵄨󵄨h(z, ζ )
󵄨󵄨󵄨󵄨

is the Green’s function for Δ in D. Indeed, since h(z, ζ ) ∈ H(D) (ζ is a parameter) and
h′z(z, ζ ) ̸= 0 for all z ∈ D, then ψ(z, ζ ) ̸= 0 for all z ∈ D and analytic there. Thus, g(z, ζ ) =
1
2π log |ψ(z, ζ )| is harmonic in D (see Problem 7.2). Next, since |h(z, ζ )| = 1 for all z ∈ 𝜕D
and for all ζ ∈ D (see Theorem 16.7) then

g(z, ζ ) = − 1
2π

log |z − ζ |, z ∈ 𝜕D, ζ ∈ D.

This proves that G(z, ζ ) is the needed Green’s function.

Problem 16.35. Show that the Green’s function for the unit disk is given by

G(z, ζ ) = 1
2π

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z − ζ
zζ − 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
.

Hint: Use the fact that a nondegenerate linear-fractional transformation

w = z − ζ
zζ − 1
, |ζ |, |z| < 1

maps conformally unit disk onto itself such that w = 0 for z = ζ .
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Problem 16.36. Using Problem 16.35 show that the Green’s function for simply-connect-
ed bounded domain D can be written as

G(z, ζ ) = 1
2π

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

g(ζ ) − g(z)
g(z)g(ζ ) − 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
,

where g maps conformally D onto the unit disk.
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Let f be a function (possibly complex-valued) of one real variable t. We denote by ℱ+
the class of functions (and write f ∈ ℱ+), which satisfy the conditions:
1. f (t) ≡ 0, t < 0,
2. f (t) is continuous for t ≥ 0,
3. there existM > 0 and a > 0 such that |f (t)| ≤ Meat for any t ≥ 0.

The value s := inf a is called the growth index of f .

Problem 17.1. Show that if the growth index of f ∈ ℱ+ is equal to s ≥ 0 then the growth
index of tμf (t) for any μ ≥ 0 is also equal to s. In particular, the growth index of tμ for
any μ > 0 is equal to zero.

Definition 17.2. Let f be a function from the class ℱ+. The Laplace transform of f , de-
noted by ℒ(f )(p) is defined by

ℒ(f )(p) :=
∞
∫
0

e−ptf (t)dt, p ∈ ℂ. (17.1)

Theorem 17.3 (Existence). Suppose f ∈ ℱ+ with growth index s ≥ 0. Then the Laplace
transform ℒ(f )(p) is well-defined analytic function in the domain {p ∈ ℂ : Re p > s}.
Moreover,

lim
Re p→+∞ℒ(f )(p) = 0 (17.2)

uniformly with respect to Im p ∈ ℝ.

Proof. Let p = x + iy and f ∈ ℱ+ with growth index s ≥ 0. Then for any ε > 0 there is
Mε > 0 such that |f (t)| ≤ Mεe

(s+ε)t , t ≥ 0. It implies for any fixed x = Re p > s that
󵄨󵄨󵄨󵄨ℒ(f )(p)

󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞
∫
0

e−(x+iy)tf (t)dt󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤
∞
∫
0

e−xt󵄨󵄨󵄨󵄨f (t)󵄨󵄨󵄨󵄨dt
≤ Mε

∞
∫
0

e−(x−s−ε)tdt = Mε
x − s − ε

(17.3)

if ε is chosen such that 0 < ε < x − s. This proves well-posedness of (17.1) for Re p > s.
In addition, (17.3) shows that the integral in (17.1) converges uniformly for all x = Re p ≥
s0 > s. Let us prove now that ℒ(f )(p) is analytic in the domain {p ∈ ℂ : Re p > s}. If p0
and Δp are chosen so that Re p0,Re(p0 + Δp) > s, then

https://doi.org/10.1515/9783111632278-019
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ℒ(f )(p0 + Δp) − ℒ(f )(p0)
Δp

=
∞
∫
0

e−p0tf (t)e−tΔp − 1
Δp

dt.

But it is known that

lim
Δp→0 e−tΔp − 1Δp

= −t.

Due to this fact, Problem 17.1 and the fact that the integral in (17.1) converges uniformly
for Re p ≥ s0 > s, we may consider the limit Δp → 0 under the integral sign. Hence, we
obtain the existence of the limit

lim
Δp→0 ℒ(f )(p0 + Δp) − ℒ(f )(p0)Δp

=
∞
∫
0

e−p0tf (t) lim
Δp→0 e−tΔp − 1Δp

dt

= −
∞
∫
0

e−p0ttf (t)dt = −ℒ(tf )(p0).
The latter formula proves the analyticity of ℒ(f )(p) for all Re p > s and also the equality

ℒ(tf )(p) = −(ℒ(f ))′(p). (17.4)

Finally, (17.2) follows from (17.3) straightforwardly.

Corollary 17.4. Formula (17.4) can be generalized as

ℒ(tnf )(p) = (−1)n(ℒ(f ))(n)(p), n = 1, 2, . . . . (17.5)

Proof. It follows from (17.4) by induction using the fact that any analytic function is
infinitely many times differentiable.

Example 17.5. Let us show that

ℒ(tn)(p) = n!
pn+1 , Re p > 0 (17.6)

for any n = 0, 1, 2, . . . . Indeed, Problem 17.1 gives that for each n = 0, 1, 2, . . . the growth
index of tn ∈ ℱ+ is equal to zero. Formula (17.5) yields

ℒ(tn)(p) = (−1)n(ℒ(1))(n)(p) = (−1)n dn

dpn

∞
∫
0

e−ptdt = (−1)n dn

dpn
1
p

= (−1)n (−1)
nn!

pn+1 = n!
pn+1

for Re p > 0 and n = 0, 1, 2, . . . .
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Example 17.6. Let f ∈ ℱ+ and f (t) = eαt , t ≥ 0 with Re α ≥ 0. Then, by definition,
ℒ(eαt)(p) =

∞
∫
0

e−(p−α)tdt = 1
p − α
, Re p > Re α (17.7)

is well-defined in the domain {p : Re p > Re α}. In particular, for real ω we have

ℒ(eiωt) = 1
p − iω
, ℒ(sinωt) = ω

p2 + ω2 , ℒ(cosωt) = p
p2 + ω2 (17.8)

for Re p > 0.

Remark. For Re α < 0, we have |eαt| ≤ 1 for t ≥ 0 and, therefore, the growth index is
s = 0. In that case, (17.7) holds for Re p > 0 (even for Re p ≥ 0).

Problem 17.7.
1. Show that if f ∈ ℱ+ is periodic with period T > 0 then

ℒ(f )(p) = 1
1 − e−pT T

∫
0

e−ptf (t)dt, Re p > 0.

2. Show that if a > 0 then

ℒ(sinh(at)) = a
p2 − a2
, ℒ(cosh(at)) = p

p2 − a2

for Re p > a.
3. Show that if a > 0 then

ℒ(
sinh(at)

t
) = 1

2
log p + a

p − a

for Re p > a.
4. Show that if f , g ∈ ℱ+ and tf (t) = g′(t) then

ℒ(f )(p) =
∞
∫
p

zℒ(g)(z)dz,

where the integral on the right-hand side is a primitive (with minus sign) for the
analytic function zℒ(g)(z). In particular,

ℒ(tf )(p) = ℒ(g′)(p) = −(ℒ(f ))′(p) = pℒ(g)(p).
5. Show that if f , g ∈ ℱ+, and f (t) = ∫∞t g(τ)dτ then

ℒ(f )(p) = − 1
p
ℒ(g)(p), Re p > 0.
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Definition 17.8. Let f1, f2 ∈ ℱ
+. The convolution g := f1 ∗ f2 = f2 ∗ f1 of f1 and f2 is defined

by

g(t) =
t

∫
0

f1(τ)f2(t − τ)dτ =
t

∫
0

f2(τ)f1(t − τ)dτ. (17.9)

Remark. The growth index of g = f1 ∗ f2 is max(s1, s2), where s1 and s2 are the growth
indices of f1 and f2, respectively.

We collect some properties of the Laplace transform in class ℱ+ in the following
theorem.

Theorem 17.9.
1. Suppose fk ∈ ℱ+ with growth indices sk ≥ 0 for k = 1, 2, . . . ,m. Then f (t) :=
∑mk=1 ck fk(t), ck ∈ ℂ belongs to the classℱ+ with the growth index s = max(s1, . . . , sm)
and

ℒ(f )(p) =
m
∑
k=1 ckℒ(fk)(p), Re p > s.

2. Let f1 and f2 have growth indices s1 and s2, respectively. Then g = f1 ∗ f2 ∈ ℱ
+ with the

growth index s = max(s1, s2) and

ℒ(g)(p) = ℒ(f1 ∗ f2)(p) = ℒ(f1)(p)ℒ(f2)(p), Re p > s. (17.10)

3. Let f ∈ ℱ+ with the growth index s and let f ∈ C(n)[0,∞). Then ℒ(f (n))(p) exists for
Re p > s and

ℒ(f (n))(p) = pn[ℒ(f )(p) − f (0)
p
− ⋅ ⋅ ⋅ − f

(n−1)(0)
pn
]. (17.11)

4. If f ∈ ℱ+ with the growth index s ≥ 0 and λ ∈ ℂ, then
ℒ(e−λtf )(p) = ℒ(f )(p + λ), Re p > max(0, s − Re λ). (17.12)

Proof. 1. Follows from the linearity of integral and from the fact that for two functions
f1 and f2 with growth indices s1 and s2 the growth index of the sum f1 + f2 is max(s1, s2).

2. By the definition of convolution, we have for ε > 0 small enough that

󵄨󵄨󵄨󵄨g(t)
󵄨󵄨󵄨󵄨 ≤ M
(1)
ε M(2)ε t

∫
0

e(s1+ε)τe(s2+ε)(t−τ)dτ
= M(1)ε M(2)ε e(s2+ε)t t

∫
0

e(s1−s2)τdτ
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= M(1)ε M(2)ε e(s2+ε)t e(s1−s2)t − 1
s1 − s2

= M(1)ε M(2)ε (e(s1+ε)t − e(s2+ε)t) 1
s1 − s2

≤ M(1)ε M(2)ε e(s1+ε)t + e(s2+ε)t
|s1 − s2|

for s1 ̸= s2. This shows that the growth index s for g is equal to max(s1, s2). Next, for
Re p > s we have that

ℒ(g)(p) =
∞
∫
0

e−pt( t

∫
0

f1(τ)f2(t − τ)dτ)dt

=
∞
∫
0

f1(τ)
∞
∫
τ

e−ptf2(t − τ)dtdτ
=
∞
∫
0

f1(τ)
∞
∫
0

e−p(ξ+τ)f2(ξ)dξdτ
=
∞
∫
0

e−pτ f1(τ) ∞∫
0

e−pξ f2(ξ)dξdτ = ℒ(f1)(p)ℒ(f2)(p).
We have used here Fubini’s theorem and the fact that Re p > s = max(s1, s2). For the
case s1 = s2, the proof is similar.

3. We proceed by induction with respect to n. For n = 1, we assume that f ∈ ℱ+ with
growth index s and f ′ ∈ C[0,∞). Then for Re p > swe obtain formally by integration by
parts that

ℒ(f ′)(p) = ∞∫
0

e−ptf ′(t)dt = e−ptf (t)󵄨󵄨󵄨󵄨∞0 + p ∞∫
0

e−ptf (t)dt = −f (0) + pℒ(f )(p).
The right-hand side exists and is finite due to the fact that f ∈ ℱ+ with growth index
s ≥ 0 and Re p > s. This proves (17.11) for n = 1. Let us assume that (17.11) holds for any
n ≥ 1. Then by induction hypothesis we may write

ℒ(f (n+1))(p) = ℒ((f (n))′)(p) = −f (n)(0) + pℒ(f (n))(p)
= −f (n)(0) + p(pn[ℒ(f )(p) − f (0)

p
− ⋅ ⋅ ⋅ −

f (n−1)(0)
pn
])

= pn+1[ℒ(f )(p) − f (0)
p
− ⋅ ⋅ ⋅ − f

(n)(0)
pn+1 ].

This proves (17.11) by induction.
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4. If f ∈ ℱ+ with growth index s, then for any ε > 0 there isMε > 0 such that

󵄨󵄨󵄨󵄨e
−λtf (t)󵄨󵄨󵄨󵄨 = e−t Re λ󵄨󵄨󵄨󵄨f (t)󵄨󵄨󵄨󵄨
≤ Mεe

(s+ε)t−t Re λ ≤ Mε {
e(s+ε−Re λ)t , s > Re λ,
eεt , s ≤ Re λ.

This means that the growth index for e−λtf (t) is equal to sλ := max(0, s − Re λ). Next,
ℒ(e−λtf (t))(p) = ∞∫

0

e−(p+λ)tf (t)dt = ℒ(f (t))(p + λ)
for Re p > sλ.

The next result shows howwe can recover the original function f ∈ ℱ+ if its Laplace
transform is known.

Theorem 17.10 (Mellin’s formula). Let ℒ(f )(p) be the Laplace transform of f ∈ ℱ+ with
growth index s ≥ 0. Then

f (t) = lim
A→+∞ 1

2πi

Re p+iA
∫

Re p−iA eptℒ(f )(p)dp
= 1
2πi

Re p+i∞
∫

Re p−i∞ eptℒ(f )(p)dp =: ℒ−1(ℒ(f ))(t), (17.13)

where the integration is carried out over the line for fixed Re p such that Re p > s and
where ℒ−1 denotes the inverse Laplace transform.
Proof. Let us define

φ(t) = e−xtf (t), x > s.

Since x > s, then for any 0 < ε < x − s we have

󵄨󵄨󵄨󵄨φ(t)
󵄨󵄨󵄨󵄨 ≤ Mεe

−(x−s−ε)t .
It means that φ tends to zero as t → +∞ exponentially and φ(t) ≡ 0 for t < 0. Using now
the Fourier inversion formula,

φ(t) = 1
2π

∞
∫−∞
∞
∫−∞ φ(η)eiξ(t−η)dηdξ

we obtain
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e−xtf (t) = 1
2π

∞
∫−∞
∞
∫
0

e−xηf (η)eiξ(t−η)dηdξ
= 1
2π

∞
∫−∞
∞
∫
0

e−(x+iξ)ηf (η)eiξtdηdξ = 1
2π

∞
∫−∞ ℒ(f )(x + iξ)eiξtdξ .

So,

f (t) = 1
2π

∞
∫−∞ ℒ(f )(x + iξ)e(x+iξ)tdξ = 1

2πi

x+i∞
∫

x−i∞ ℒ(f )(x + iξ)e(x+iξ)td(iξ),
where the integral is understood in the sense of principal value at infinity (as in Fourier
inversion formula). This proves (17.13).

Remark. Formula (17.13) shows that the result of inversion is actually independent on
Re p if Re p > s.

Example 17.11. Let us evaluate the inverse Laplace transform of the function

1
p3(p2 + 1)

, Re p > 0.

Using (17.10) and Examples 17.5 and 17.6, we have

1
p3(p2 + 1)

= 1
p3

1
p2 + 1
= ℒ( t

2

2
)ℒ(sin t) = ℒ( t

2

2
∗ sin t).

Therefore,

ℒ−1( 1
p3(p2 + 1)

) =
t

∫
0

τ2

2
sin(t − τ)dτ = t

2

2
+ cos t − 1.

Example 17.12. Let us evaluate the inverse Laplace transform of the function

p
(p + a)(p + b)

, a, b ∈ ℂ.

Let us first assume that a ̸= b. Then the Mellin’s formula reads as

f (t) = 1
2πi

Re p+i∞
∫

Re p−i∞ ept p
(p + a)(p + b)

dp.

Using now Jordan’s lemma in the left half-plane (see Corollary 13.19), where Re p >
−Re a, Re p > −Re b and Re p > 0, we obtain (Figure 17.1)
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f (t) = Res
p=−a pept

(p + a)(p + b)
+ Res
p=−b pept

(p + a)(p + b)
= be
−bt − ae−at
b − a

.

Figure 17.1: Enclosing the poles inside closed curve of integration.

For the second case a = b, we may proceed by the same manner or use limiting
process b→ a in the latter formula to obtain that

f (t) = e−at − ate−at .
In particular, for a = b = 0 we have that f (t) ≡ 1.

Problem 17.13. Show that for c > 0 the following is true:
1.

1
2πi

c+i∞
∫

c−i∞ ap

p
dp = {

1, a ≥ 1,
0, 0 < a < 1.

2.

1
2πi

c+i∞
∫

c−i∞ ap

p2
dp = {

log a, a ≥ 1,
0, 0 < a < 1.

3.

1
2πi

c+i∞
∫

c−i∞ a−p
sin πp

dp = 1
π(1 + a)

, c < 1, 0 < a ≤ 1.

Problem 17.14. Using Mellin’s formula find the inverse Laplace transforms of the fol-
lowing functions:
1. F(p) = 1

p4−1 , Re p > 1.
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2. F(p) = p(p−1)2 , Re p > 1.
3. F(p) = e−ap−e−bp

p , 0 ≤ a < b, Re p > 0.

4. F(p) = e−ap−e−bp
1+p2 , 0 ≤ a < b, Re p > 0.

5. F(p) = log p+b
p+a , a ̸= b, Re p > max(0,−Re a,−Re b).

6. F(p) = p log p2−a2
p2 , a > 0, Re p > 0.

7. F(p) = n!(p−a)n+1 , Re p > Re a.
8. F(p) = p2−ω2(p2+ω2) , Re p > | Imω|.

9. F(p) = 2pω(p2+ω2) , Re p > | Imω|.
10. F(p) = π

2 − arctan
p
ω , Re p > | Imω|.

11. F(p) = ω(p2+ω2) coth pπ
2ω , Re p > | Imω|.

Problem 17.15. Show that

ℒ−1(FG) = ℒ−1(F) ∗ ℒ−1(G),
where F and G satisfy all conditions of Theorem 17.10.

The next theorem characterizes (gives certain sufficient conditions) the set of ana-
lytic functions that are Laplace transforms of some function from the class ℱ+.
Theorem 17.16. Let F(p) be a function of complex variable p, which satisfies the condi-
tions:
1. F(p) is analytic for Re p > s ≥ 0,
2. lim|p|→+∞ F(p) = 0 uniformly in arg p with Re p > s,
3. for any x > s, we have ∞

∫−∞ 󵄨󵄨󵄨󵄨F(x + iy)󵄨󵄨󵄨󵄨dy ≤ M ,
where M does not depend on x > s.

Then for any fixed Re p > s there exists the limit

lim
A→+∞ 1

2πi

Re p+iA
∫

Re p−iA eptF(p)dp =: f (t)
such that F(p) = ℒ(f )(p).

Proof. We first prove that the Mellin’s transform of F(p) (the limit from above) is well-
defined and independent on Re p > s, i. e., this limit depends only on single variable t.
Indeed, for p = x + iy and any A > 0, we have the estimate
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󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
2πi

Re p+iA
∫

Re p−iA eptF(p)dp
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ 1
2π

∞
∫−∞ 󵄨󵄨󵄨󵄨e(x+iy)tF(x + iy)󵄨󵄨󵄨󵄨dy ≤ M2π ext . (17.14)

This implies (by the Cauchy criterion) the existence of the limit above. Next,wewill show
that this integral is independent on x and defines the function f (t) of only the variable t.
In the domain Re p > s, consider a closed curve Γ consisting of segments of straight lines
[x1 − iA, x1 + iA] and [x2 − iA, x2 + iA] parallel to the imaginary axis, and of the straight
lines connecting them [x1 − iA, x2 − iA], [x1 + iA, x2 + iA], which are parallel to the real
axis. Here, x1 > s, x2 > s are arbitrary and fixed; see Figure 17.2.

Figure 17.2: The curve of integration in the proof of Theorem 17.16.

Due to hypothesis of the theorem, the function eptF(p) is analytic in the domain
Re p > s. That is why by the Cauchy theorem we have

0 = ∫
Γ

eptF(p)dp =
x1+iA
∫

x1−iA eptF(p)dp −
x2+iA
∫

x2−iA eptF(p)dp.
Since A > 0 is arbitrary, then this yields that the integral

Re p+i∞
∫

Re p−i∞ eptF(p)dp

is independent on Re p > s. Thus, the integral from the formulation of this theorem
is a function f of only the single variable t. Furthermore (due to the independence on
Re p > s), it follows from the evaluation of the integral in (17.14) that the function f is a
function with the growth index s. Now we show that f (t) ≡ 0 for t < 0. Assuming that
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t < 0, consider in the domain Re p > s a closed curve ΓR consisting of the straight-line
segment [x− iR, x+ iR] and of the arc of the semicircle |p−x| = R completing it. Applying,
first the Cauchy theorem for ΓR, and then the Jordan’s lemma (see Theorem 13.17), we
can easily obtain that

0 = ∫
ΓR

eptF(p)dp =
x+iR
∫

x−iR eptF(p)dp − ∫|p−x|=R eptF(p)dp→ 2πif (t)

as R → ∞. This proves that f ∈ ℱ+. Construct now the Laplace transform of f (t) and
consider its value for some arbitrary point p0 with Re p0 > s:∞

∫
0

e−p0tf (t)dt = 1
2πi

∞
∫
0

e−p0t(Re p+i∞∫
Re p−i∞ eptF(p)dp)dt.

Since the inner integral is independent on Re p, we can choose a value s < Re p < Re p0
and change then the order of integration (due to Condition 3 of theorem). Hence, we
obtain ∞

∫
0

e−p0tf (t)dt = 1
2πi

Re p+i∞
∫

Re p−i∞ F(p)(
∞
∫
0

e−(p0−p)tdt)dp
= 1
2πi

Re p+i∞
∫

Re p−i∞ F(p)
p0 − p

dp.

The latter integral can be computed with the aid of residue theorem. Indeed, using the
fact (see Condition 2 of the theorem) that F(p)

p0−p = o( 1p ) as p→∞, we obtain (see the same
closed curve ΓR from above), letting R→∞, that

F(p0) = − Resp=p0 F(p)
p0 − p
= 1
2πi
∫
ΓR

F(p)
p0 − p

dp

= 1
2πi

Re p+iR
∫

Re p−iR F(p)
p0 − p

dp + 1
2πi
∫|p−x|=R F(p)

p0 − p
dp

→ 1
2πi

Re p+i∞
∫

Re p−i∞ F(p)
p0 − p

dp.

Thus, due to arbitrariness of p0 we have F(p) = ℒ(f )(p). This completes the proof.
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Example 17.17. Let us find (using Theorem 17.16) the original function f (t) if its Laplace
transform F(p) is analytic function in the domain Re p > s ≥ 0 and such that z =∞ is a
regular point. Thus, first we have that a Laurent’s expansion of F(p) has the form

F(p) =
∞
∑
j=0 cjpj ,

and second, we assume (in order to apply Theorem 17.16) that c0 = 0. Applying now the
Mellin’s formula (17.13) and (equivalently) Theorem 17.16, we have

1
2πi

Re p+iA
∫

Re p−iA ept
∞
∑
j=1 cjpj dp = ∞∑j=1 cj 1

2πi

Re p+iA
∫

Re p−iA ept

pj
dp→

∞
∑
j=1 cjℒ−1( 1pj ),

as A → ∞ for t > 0. Since ℒ−1( 1pj ) = tj−1(j−1)! , j = 1, 2, . . . (see (17.6)), then we have finally
that the original function f is equal to

f (t) =
∞
∑
j=1 cj tj−1
(j − 1)!
=
∞
∑
j=0 cj+1 tjj! , t > 0.

Euler’s gamma and beta functions
Let p = x + iy with x = Re p > 0.

Definition 17.18. Euler’s gamma function Γ is defined as

Γ(p) :=
∞
∫
0

tp−1e−tdt = ∞∫
0

tx−1eiy log te−tdt, p ∈ ℂ, x > 0, (17.15)

in particular, Γ(1) = 1.

Remark. It can be written (formally) as

Γ(p) = ℒ(tp−1)(1), Re p > 0.

Theorem 17.19. If Re p > 0, then integral (17.15) converges (even absolutely) and the fol-
lowing properties are satisfied:
1. Γ(p + n) = (p + n − 1)(p + n − 2) ⋅ ⋅ ⋅ pΓ(p), n = 1, 2, . . . , in particular, Γ(n + 1) = n!,
2. limp→−n(p + n)Γ(p) = (−1)nn! , n = 0, 1, 2, . . . ,
3. Γ( 12 ) = √π, Γ(n +

1
2 ) = √π

(2n−1)!!
2n , n = 1, 2, . . . .
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Proof. 1. Consider Γ(p + 1) with Re p > 0. Then integration by parts in (17.15) yields

Γ(p + 1) = −tpe−t󵄨󵄨󵄨󵄨∞0 + ∞∫
0

ptp−1e−tdt = pΓ(p)
since Re p > 0. Further, using induction with respect to n and integration by parts we
obtain equality (1) of this theorem.

2. Using (1) from above, we have that for n = 0, 1, 2, . . .

(p + n)Γ(p) = Γ(p + n + 1)
(p + n − 1)(p + n − 2) ⋅ ⋅ ⋅ p

.

Taking the limit as p→ −n, we easily obtain (2) of this theorem.
3. Using the new coordinate r = √t in (17.15) and polar coordinates, we have that

(Γ( 1
2
))

2

= 4
∞
∫
0

∞
∫
0

e−r2−s2drds = 2π ∞∫
0

ρe−ρ2dρ = π ∞∫
0

e−ξdξ = π.
This proves thefirst equality in (3) of this theorem. The second equality in (3) now follows
immediately from (1). Thus, the theorem is completely proved.

Corollary 17.20. Euler’s gamma function Γ(p) is well-defined for all p ∈ ℂ \ {0,−1,−2, . . .}.
Moreover, it is analytic there and

Γ(p) ≈ (−1)
n

(p + n)n!
, p→ −n,

i. e., Γ(p) has a pole of order 1 at any point p = 0,−1,−2, . . . and

Res
p=−n Γ(p) = (−1)nn!

.

Proof. The gamma function Γ(p) for any p ∈ ℂ \ {0,−1,−2, . . .} can be defined by

Γ(p) := Γ(p + n)
p(p + 1) ⋅ ⋅ ⋅ (p + n − 1)

, Re p > −n, (17.16)

where due to arbitrarily chosen n ∈ ℕ0 and due to Re(p + n) > 0, the value Γ(p + n)
is well-defined by the corresponding integral (17.16) with p + n instead of p. Next, for
Re p > 0 the formal derivative of Γ(p) is equal to

Γ′(p) = ∞∫
0

tp−1(log t)e−tdt.
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Since this integral converges absolutely, then Γ(p) is analytic for all p ∈ ℂ, Re p > 0.
Hence, formula (17.16) leads to the analyticity of Γ(p) in the required domain. The fact
that Resp=−n Γ(p) = (−1)nn! is a direct consequence of (2) from Theorem 17.19.

Example 17.21. Let us show that

22p−1Γ(p)Γ(p + 1/2) = √πΓ(2p), Re p > 0. (17.17)

By the definition of the Euler’s gamma function, the left-hand side of (17.17) can be
rewritten as ∞

∫
0

∞
∫
0

e−(s+t)(2√st)2p−1t−1/2dsdt = 4 ∞∫
0

∞
∫
0

e−(α2+β2)(2αβ)2p−1αdαdβ
using also the new variables α := √s, β := √t. Due to the symmetricity of the right-hand
side with respect to α and β, it can be represented as

2
∞
∫
0

∞
∫
0

e−(α2+β2)(2αβ)2p−1(α + β)dαdβ
= 4
∞
∫
0

dβ
∞
∫
β

e−(α2+β2)(2αβ)2p−1(α + β)dα
if we consider two symmetric cases α ≤ β and β ≤ α. Applying now the new variables
(again) u := α2 + β2, v := 2αβwith the Jacobian of transformation 1

4√u2−v2 , we obtain that
the latter integral will be equal∞

∫
0

dv
∞
∫
v

e−uv2p−1 1
√u − v

du =
∞
∫
0

v2p−1e−vdv ∞∫
0

e−η
√η

dη = Γ(1/2)Γ(2p).

Combining all together, we obtain (17.17). In particular, if p = n, n ∈ ℕ then we obtain
very useful result

Γ(n + 1/2) =
√π(2n)!
22n−1n! .

Problem 17.22. Prove that for any p ∈ ℂ, Re p > 0 it holds that

pΓ′(p) + Γ(p) = Γ′(p + 1).
Problem 17.23. Generalize (17.6) and show that, for ν ≥ 0,

ℒ(tν)(p) = Γ(ν + 1)
pν+1 , Re p > 0,
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where pν+1 is the multi-valued analytic function given by
pν+1 = ppν = peν log p = peν[log |p|+i Arg p] = p|p|νeiνArg p.

Problem 17.24. Show that gamma function Γ(p) has no zeros on the complex plane ℂ
and, therefore 1

Γ(p) is an entire function.
Problem 17.25. Let ψ := Γ′(p)

Γ(p) , p ∈ ℂ \ℤ. Show that:
1. ψ(p + 1) − ψ(p) = 1

p ,
2. ψ(p) − ψ(1 − p) = − π

tan(πp) .
Definition 17.26. Euler’s beta function B is defined as (see, for clarification, Defini-
tion 17.18)

B(p, q) :=
1

∫
0

tp−1(1 − t)q−1dt, p, q ∈ ℂ,Re p,Re q > 0. (17.18)

Theorem 17.27. If Re p > 0 and Re q > 0, the integral (17.18) converges absolutely and the
following properties are fulfilled:
1. B(p, q) = ∫∞0 tq−1(1+t)p+q dt,
2. B(p, q) = Γ(p)Γ(q)

Γ(p+q) ,
3. B(p, q) = (b − a)1−p−q ∫ba (t − a)p−1(b − t)q−1dt, b > a,
4. B(p, 1 − p) = π

sin(πp) for all p ∈ ℂ \ℤ.
Proof. Using Definition 17.26 and changing the variable t := 1

x − 1, we obtain

B(p, q) =
1

∫
0

xp−1(1 − x)q−1dx = 0

∫∞(1 + t)1−p(1 − 1
1 + t
)
q−1
(− dt
(1 + t)2
)

=
∞
∫
0

tq−1
(1 + t)p+q dt.

This proves (1).
To prove (2) we use first the identity (see Definition 17.18)

Γ(p)
tp
=
∞
∫
0

xp−1e−txdx, t > 0.

Similarly, we obtain



Laplace transform � 235

Γ(p + q)
(1 + t)p

=
∞
∫
0

xp+q−1e−(1+t)xdx.
Using (1) and the latter equality, we have

Γ(p + q)B(p, q) = Γ(p + q)
∞
∫
0

tq−1 ∫∞0 xp+q−1e−(1+t)xdx
Γ(p + q)

dt

=
∞
∫
0

tq−1 ∞∫
0

xp+q−1e−x−xtdxdt
=
∞
∫
0

xp+q−1e−x(∞∫
0

tq−1e−xtdt)dx.
Changing the variable v = xt in the inner integral, we obtain

Γ(p + q)B(p, q) =
∞
∫
0

xp−1e−x(∞∫
0

vq−1e−vdv)dx = Γ(p)Γ(q).
Thus, (2) is proved.

Part (3) in this theorem follows immediately if we introduce a new variable v := t−a
b−a

in the corresponding integral.
To prove (4), we first assume that 0 < Re p < 1 and use (1). Then we have

B(p, 1 − p) =
∞
∫
0

t−p
1 + t

dt.

Next, consider now any branch of multivalued complex-valued function of complex
variable z of the form

f (z) = 1
zp(1 + z)

= 1
ex log zeiy log z(1 + z)

, p = x + iy.

This function is analytic in the domain ΩR,ϵ with a cut along the positive axis and a cut
around the origin of radius ϵ > 0 small enough inside of the circle of radius R > 0 big
enough, except one point z = −1. Thus, by the residue theorem

∫𝜕ΩR,ϵ

f (z)dz = 2πi Res
z=−1 f (z) = 2πi(−1)−p = 2πie−ipπ .

At the same time, the integral over the boundary 𝜕ΩR,ϵ is equal to
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∫𝜕ΩR,ϵ

f (z)dz = ∫|z|=R f (z)dz +
R

∫
ϵ

f (z)dz + ∫|z|=ϵ f (z)dz +
ϵ

∫
R

f (z)dz

=: I1 + I2 + I3 + I4.

Integral I1 tends to 0 as R → +∞ due to Jordan’s lemma (see Theorem 13.17). Integral I3
can be rewritten as

I3 = iϵ
1−p 2π

∫
0

eiθ

eipθ(1 + ϵeiθ)
dθ → 0

as ϵ → 0 since 0 < Re p < 1. Letting now R→ +∞ and ϵ → 0, we obtain from (17.18) that

2πie−ipπ = ∞∫
0

t−p
1 + t

dt − e−i2pπ ∞∫
0

t−p
1 + t

dt.

This equality implies that

B(p, 1 − p) =
∞
∫
0

t−p
1 + t

dt = 2πi
eiπp − e−iπp = π

sin(pπ)
, 0 < Re p < 1.

Using (2) of this theorem, we obtain also that for these values p,

Γ(p)Γ(1 − p) = π
sin(pπ)
, 0 < Re p < 1. (17.19)

Taking into account now Corollary 17.20 (see (17.16)), we can extend equality (17.19) for
all p ∈ ℂ \ℤ. This proves (4).

Example 17.28. Let us show that function ψ(p) = Γ′(p)
Γ(p) (see Problem 17.25) is actually

equal to

ψ(p) = − 1
p
+
∞
∑
k=1( 1k − 1

k + p
) − γ,

where γ is the Euler’s constant, i. e.,

γ = lim
n→∞(1 + 1/2 + ⋅ ⋅ ⋅ + 1/n − log n).

Indeed, using Parts (2) and (4) of Theorem 17.27, we see that
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Γ(p − h)Γ(h)
Γ(p)

= B(p − h, h) =
1

∫
0

((1 − t)p−1 − 1) th

(1 − t)h
dt
t
+ B(h, 1 − h)

= 1
h
+

1

∫
0

((1 − t)p−1 − 1)dt
t
+ oh(1).

At the same time, the left-hand side of the latter equality (putting the value 1
h to the

left-hand side) can be represented as

Γ(p − h)Γ(h)
Γ(p)

− 1
h
= Γ(h + 1)Γ(p − h) − Γ(p)

Γ(p)h
+ Γ(h + 1) − 1

h
.

Letting now h→ 0 in both sides, we obtain

Γ′(p)
Γ(p)
=

1

∫
0

(1 − (1 − t)p−1)dt
t
+ Γ′(1).

Using the representation,

1
t
=
∞
∑
n=0(1 − t)n, 0 < t < 1,

we calculate the right-hand side of the latter equality as follows:

Γ′(p)
Γ(p)
=
∞
∑
n=0

1

∫
0

((1 − t)n − (1 − t)n+p−1)dt + Γ′(1)
=
∞
∑
n=0( 1

n + 1
− 1
n + p
) + Γ′(1)

= − 1
p
+
∞
∑
n=1( 1n − 1

n + p
) +
∞
∑
n=1( 1

n + 1
− 1
n
) + 1 + Γ′(1).

Since 1 +∑∞n=1( 1n+1 − 1
n ) = 0, we obtain that

Γ′(p)
Γ(p)
= − 1

p
+
∞
∑
n=1( 1n − 1

n + p
) + Γ′(1).

It remains only to show that Γ′(1) = −γ. Indeed, integrating the latter equality from 1 to
p, we obtain

log Γ(p) = − log p +
∞
∑
n=1∫( 1n − 1

n + p
)dp + Γ′(1)(p − 1),



238 � Laplace transform

i. e.,

Γ(p) = e
Γ′(1)(p−1)
p

e∑
∞
n=1( p−1n −log(n+p)+log(n+1)).

It implies, if we put p = 2, that

1 = e
Γ′(1)
2

e∑
∞
n=1( 1n−log(n+2)+log(n+1)).

Thus, Γ′(1) = − limN→∞(∑Nn=1 1
n − log(N + 2)) = −γ. This completes the proof.

Problem 17.29. Prove that for p→ 0,

Γ′(p) ≈ −γ
p
− 1
p2
.

Remark. Analogously, to the gamma function Γ beta function B can be extended for all
p, q ∈ ℂ \ℤ (see (17.16) and (2) of Theorem 17.27).

Problem 17.30. Define the regions of complex variable p where the following integrals
represent analytic functions:
1. ∞

∫
0

e−pt2dt,
2. ∞

∫
0

sin t
tp

dt,
∞
∫
0

cos t
tp

dt,

3. ∞
∫
0

sin tp
t

dt.

Problem 17.31. Prove that (Re p,Re q > 0):
1. B(p, q) = B(p, q + 1) + B(p + 1, q),
2. B(p + 1, q) = B(p, q) pp+q ,
3. limp→0 pB(p, q) = 1

q .

Problem 17.32. Prove that

1

∫−1(1 − x2)ndx = 2n+1 n!
(2n + 1)!!

, n ∈ ℕ.
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Problem 17.33. Evaluate the integrals
π
2

∫
0

(sin θ)7(cos θ)5dθ,
1

∫−1(1 + t)2(1 − t)3dt.
Problem 17.34. Evaluate the integral∞

∫
0

xπ/5−1
1 + x2π

dx.

Problem 17.35. Prove that for c > 0 and a > 0,
1.

1
2πi

c+i∞
∫

c−i∞ Γ(p)a−pdp = e−a,
2.

1
2πi

c+i∞
∫

c−i∞ Γ(p)Γ(1 − p)a−pdp = 1
1 + a
, c < 1, a ≤ 1.

We have one more instructive example of the use of Euler’s gamma function. Namely,
the following result holds:∞

∫
0

1
(cosh t)2p

dt = 22p−2 (Γ(p))2
Γ(2p)
, Re p > 0. (17.20)

To show (17.20), let us rewrite the integral in the left-hand side as

22p
∞
∫
0

e2pt

(e2t + 1)2p
dt = 22p−1 ∞∫

1

ηp−1(1 + η)−2pdη.
In this equality, we have used a new variable η := e2t . Introducing one more new vari-
able v = 2

1+η , the latter integral can be transformed to the integral
1

∫
0

(2v − v2)p−1dv
or, with v = 1 −√ξ , to the integral

1
2

1

∫
0

ξ−1/2(1 − ξ)p−1dξ = 1
2
B(1/2, p) = 1

2
Γ(1/2)Γ(p)
Γ(p + 1/2)
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and using (17.17) we finally obtain (17.20). In particular,∞
∫
0

1
(cosh t)3

dt = π
4
.

We consider now applications of Laplace transform to differential equations with
constant coefficients and to some class of integral equations. Let us consider the initial
value problem (or Cauchy problem) of the form

a0y
(n)(t) + a1y(n−1)(t) + ⋅ ⋅ ⋅ + any(t) = f (t), t > 0,

y(0) = y0, y′(0) = y1, . . . , y(n−1)(0) = yn−1, (17.21)

where aj , yj are given complex constants (a0 ̸= 0) and f is a given function. The task is to
determine y(t). Due to linearity of (17.21), this problem can be represented as the sum of
two separate problems: (a) homogeneous equation (f = 0) and (b) homogeneous initial
conditions (yj = 0). Next, in order to solve problem (a) it suffices to find the fundamental
system of solutions, i. e., the system {φj(t)}

n−1
j=0 such that

a0φ
(n)
j (t) + a1φ

(n−1)
j (t) + ⋅ ⋅ ⋅ + anφj(t) = 0, j = 0, 1, . . . , n − 1

with

φ(k)j (0) = {1, k = j,
0, k ̸= j

(17.22)

for k = 1, 2, . . . , n − 1. In that case, the solution of (a) is given by

u(t) =
n−1
∑
j=0 yjφj(t), (17.23)

where the constants yj are from (17.21). Since we know that (see (17.11))

ℒ(φ(k)j )(p) = pk[Fj(p) − φj(0)p − ⋅ ⋅ ⋅ − φ(k−1)j (0)

pk
], Fj = ℒ(φj),

then (17.23) implies

ℒ(φ(k)j )(p) = {{
{

pkFj(p), k ≤ j,
pk[Fj(p) −

1
pj+1 ], k > j.

(17.24)

Using (17.24) and applying the Laplace transform to the homogeneous equation from
(17.21), we obtain
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a0p
n[Fj(p) −

1
pj+1 ] + a1pn−1[Fj(p) − 1

pj+1 ] + ⋅ ⋅ ⋅
+ an−j−1pj+1[Fj(p) − 1

pj+1 ] + an−jpjFj(p) + ⋅ ⋅ ⋅ + anFj(p) = 0.
This equation can be rewritten as

Fj(p) =
Qj(p)
Pn(p)
, j = 0, 1, 2, . . . , n − 1, (17.25)

where Pn(p) = a0p
n + a1p

n−1 + ⋅ ⋅ ⋅+ an is the characteristic polynomial of the differential
operator from (17.21) and

Qj(p) = a0p
n−j−1 + a1pn−j−2 + ⋅ ⋅ ⋅ + an−j−1, j = 0, 1, . . . , n − 1. (17.26)

To solve (17.25) with respect toℒ−1(Fj(p))(t), we applyMellin’s formula for fixed Re p > s,
where s ≥ 0 is to the right of all singular points of Qj(p)/Pn(p). We obtain

φj(t) = ℒ
−1(Fj)(t) = 1

2πi

Re p+i∞
∫

Re p−i∞ ept
Qj(p)
Pn(p)

dp.

Jordan’s lemma in the left half-plane gives

φj(t) =
m
∑
l=1 Resp=pl(ept Qj(p)Pn(p)

), (17.27)

where pl , l = 1, 2, . . . ,m are the singular points of Qj(p)/Pn(p). Now the problem (a) is
solved by (17.23) and (17.27).

For solving the problem (b), i. e., the problem (17.21)with nonhomogeneous equation
(f ̸= 0) and with homogeneous initial conditions (yj = 0) we use (17.11) and easily obtain

Pn(p)ℒ(v)(p) = ℒ(f )(p),

where Pn is a characteristic polynomial and v is the solution of the problem. Applying
Mellin’s formula gives

v(t) = 1
2πi

Re p+i∞
∫

Re p−i∞ ept ℒ(f )(p)
Pn(p)

dp, (17.28)

where fixed Re p > s ≥ 0 is to the right of all singular points of ℒ(f )(p)/Pn(p). For-
mula (17.28) can be simplified as follows. Since a0 ̸= 0, then by (17.26) we have
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ℒ(v)(p) = 1
a0

a0
Pn(p)

ℒ(f )(p) = 1
a0

Qn−1(p)
Pn(p)

ℒ(f )(p)

= 1
a0

ℒ(φn−1)ℒ(f )(p) = 1
a0

ℒ(φn−1 ∗ f )(p),
where φn−1 is defined in (17.27). The inverse Laplace transform yields

v(t) = 1
a0

t

∫
0

φn−1(τ)f (t − τ)dτ. (17.29)

Combining (17.23) and (17.29), we see that the solution of (17.21) is given by

y(t) = u(t) + v(t) =
n−1
∑
j=0 yjφj(t) + 1

a0

t

∫
0

φn−1(τ)f (t − τ)dτ. (17.30)

Example 17.36. Let us solve the initial value problem,

y(4)(t) + 2y′′(t) + y(t) = 0, y(0) = y′(0) = y′′(0) = 0, y′′′(0) = 1.
Formula (17.30) leads in this case to the solution y(t) = φ3(t). But φ3(t) equals

φ3(t) = Resp=i ept

p4 + 2p2 + 1
+ Res
p=−i ept

p4 + 2p2 + 1

= (ept 1
(p + i)2
)
′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=i + (ept 1

(p − i)2
)
′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=−i

= tept 1
(p + i)2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=i − ept 2

(p + i)3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=i + tept 1

(p − i)2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=−i − ept 2

(p − i)3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p=−i

= teit

(2i)2
− 2eit

(2i)3
+ te−it
(−2i)2
− 2e−it
(−2i)3

= − te
it

4
+ e

it

4i
− te
−it
4
− e
−it
4i
= − t

2
cos t + 1

2
sin t.

Example 17.37. Let us solve the initial value problem,

y′′(t) + y(t) = sin t, y(0) = y′(0) = 0.
Formula (17.30) leads to the solution

y(t) =
t

∫
0

φ1(τ) sin(t − τ)dτ,
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where

φ1(t) = Resp=i ept

p2 + 1
+ Res
p=−i ept

p2 + 1
= e

it

2i
− e
−it
2i
= sin t.

Thus,

y(t) =
t

∫
0

sin τ sin(t − τ)dτ = − 1
2

t

∫
0

(cos t − cos(2τ − t))dτ

= − t
2
cos t + 1

2
sin(2τ − t)

2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

t

0
= 1
2
sin t − t

2
cos t.

Example 17.38. Let us solve the initial value problem,

y′′(t) + ω2y(t) = cos(νt), y(0) = 0, y′(0) = 1, ν,ω ∈ ℂ.

Let first ν ̸= ±ω. Then (17.30) gives the solution as

y(t) = φ1(t) +
t

∫
0

φ1(τ) cos(ν(t − τ))dτ,

where φ1(t) is defined as

φ1(t) = Resp=iω ept

p2 + ω2 + Resp=−iω ept

p2 + ω2 =
eiωt

2iω
+ e
−iωt
−2iω
= sin(ωt)

ω
.

For ω = 0, we have φ1(t) = t. So, for ω ̸= 0 we get

y(t) = sin(ωt)
ω
+ 1
ω

t

∫
0

sin(ωτ) cos(ν(t − τ))dτ.

Since ν ̸= ±ω, then the latter integral equals

1
2ω

t

∫
0

[(
cos((ω − ν)τ + νt)

ν − ω
)
′
− (cos((ω + ν)τ − νt)

ν + ω
)
′
]dτ

= 1
2
[
cos(ωt)
ν − ω
− cos(νt)

ν − ω
− cos(ωt)

ν + ω
+ cos(νt)

ν + ω
] = cos(ωt) − cos(νt)

ν2 − ω2 .

Therefore, the solution is (ν ̸= ±ω ̸= 0),

y(t) = sin(ωt)
ω
+ cos(ωt) − cos(νt)

ν2 − ω2 .

If ω = 0 and ν ̸= ±ω, then
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y(t) = t + 1 − cos(νt)
ν2
.

In the case ν = ±ω, we may use the limiting process to obtain

y(t) = sin(ωt)
ω
+ t
2
sin(ωt)

ω
.

Problem 17.39. Solve the problems:
1. y′(t) + by(t) = et , y(0) = y0,
2. y′′′(t) + y(t) = 1, y(0) = y′(0) = y′′(0) = 0,
3. y′′(t) + y(t) = sin(ωt), y(0) = 0, y′(0) = 1,
4. y(4)(t) + 4y(t) = sin t, y(0) = y′(0) = y′′(0) = y′′′(0) = 0,
5. y′′(t) + 4y′(t) + 8y = 1, y(0) = y′(0) = 0,
6. y′′(t) − y(t) = −2t(e−t + 1), y(0) = 0, y′(0) = y0.
Example 17.40. Let us solve the integral equation

g(t) = f (t) + λ
t

∫
0

K(t − τ)g(τ)dτ,

where g, f ,K ∈ ℱ+ with the corresponding growth indices. Applying the Laplace trans-
form, we obtain

ℒ(g)(p) = ℒ(f )(p) + λℒ(K)(p)ℒ(g)(p).

So, we have (formally)

g(t) = ℒ−1( ℒ(f )
1 − λℒ(K)

)(t).

This formula can be simplified as follows (see Problem 17.15). We have

g(t) = ℒ−1(ℒ(f ) + λ ℒ(K)
1 − λℒ(K)

ℒ(f ))(t)

= f (t) + λℒ−1( ℒ(K)
1 − λℒ(K)

ℒ(f ))(t)

= f (t) + λ
t

∫
0

f (t − τ)ℒ−1( ℒ(K)
1 − λℒ(K)

)(τ)dτ.

This formula gives the solution with any kernel K(t) of the integral equation. For exam-
ple, if K(t) = et , then for Re p > 1 we have

ℒ(K) = 1
p − 1
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and so we may conclude that

ℒ−1( ℒ(K)
1 − λℒ(K)

)(t) = ℒ−1( 1
p − λ − 1

)(t) = e(λ+1)t .
Therefore, for this particular case the solution of the integral equation

g(t) = f (t) + λ
t

∫
0

et−τg(τ)dτ
is equal to

g(t) = f (t) + λ
t

∫
0

f (t − τ)e(λ+1)τdτ = f (t) + λ t

∫
0

f (τ)e(λ+1)(t−τ)dτ.
Problem 17.41. Solve the equations:
1. f (t) = ∫t0 e

−(t−τ)g(τ)dτ
2. g(t) = 1 − ∫t0 (t − τ)g(τ)dτ
3. f (t) = ∫t0 sin

2(t − τ)g(τ)dτ

Problem 17.42.
1. Generalize Problem 17.23 for the case ν > −1. Namely, show that

ℒ(tν)(p) = Γ(ν + 1)
pν+1 , ν > −1,

where ℒ(tν)(p) is understood as the limit

ℒ(tν)(p) := lim
δ→+0 ∞∫

δ

tνe−ptdt
which exists.

2. Using Part (1), solve the integral equation

g(t) = f (t) + λ
t

∫
0

g(τ)
(t − τ)α

dτ, 0 < α < 1.

Problem 17.43 (Abel’s equation). Let 0 < α < 1 and

f (t) =
t

∫
0

g(τ)
(t − τ)α

dτ.
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Show that

g(t) = sin(απ)
π
(
f (0)
t1−α + t

∫
0

f ′(τ)dτ
(t − τ)1−α)

is a solution of this equation. Hint: Use the first part of Problem 17.42 and the formula

Γ(α)Γ(1 − α) = π
sin(απ)
, 0 < α < 1.



18 Special functions

18.1 Method of Frobenius

This method concerns the solving of the second-order differential equations of the form
(and it has some connections with the complex analysis and special functions)

x2y′′(x) + xp(x)y′(x) + q(x)y(x) = 0 (18.1)

under the assumption that all quantities in (18.1) are real-valued and the functions p(x)
and q(x) are real analytic in the vicinity of x = 0. In that case, equation (18.1) can be
solved by setting an ansatz

y(x) =
∞
∑
k=0 ckxk+s, s ∈ ℂ, c0 ̸= 0, (18.2)

where s and ck are to be determined, so that equation (18.1) is satisfied. Further, we may
assume without loss of generality that c0 = 1.

Next, let

p(x) =
∞
∑
j=0 pjxj , q(x) =

∞
∑
j=0 qjxj , (18.3)

then substituting (18.2) and (18.3) into equation (18.1) we obtain∞
∑
k=0 ck(k + s)(k + s − 1)xk+s + ∞∑j=0 pjxj ∞∑k=0 ck(k + s)xk+s + ∞∑j=0 qjxj ∞∑k=0 ckxk+s = 0.

This is equivalent to∞
∑
k=0 ck(k + s)(k + s − 1)xk+s + ∞∑k,j=0 ck((k + s)pj + qj)xk+s+j = 0.

Introducing a new index of summation k′ := k + j and using then again index k instead
of k′, we obtain∞

∑
k=0 ck(k + s)(k + s − 1)xk+s + ∞∑k=0( k

∑
j=0 ck−j((k − j + s)pj + qj))xk+s = 0.

Equating now the coefficients in front of xk+s, we obtain equations for each k = 0, 1, 2, . . .
as

ck((k + s)(k + s − 1) + (k + s)p0 + q0) +
k
∑
j=1 ck−j((k − j + s)pj + qj) = 0, (18.4)

https://doi.org/10.1515/9783111632278-020
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where the second term in this sum is excluded if k = 0. Since we assumed that c0 = 1,
we obtain (necessarily) the first equation from (18.4) in the form

s(s − 1) + sp0 + q0 = 0. (18.5)

This quadratic equation is said to be the indicial equation and it determines possible
values for s. There are three possibilities:
1. The roots s1, s2 are real and (s1 ≥ s2)

(a) s1 − s2 does not belong toℕ0,
(b) s1 − s2 = n0 ∈ ℕ0.

2. The roots s1, s2 are complex (complex conjugate since p0 and q0 are real).

Consider now first the case 1(a). Equations (18.4) (together with (18.5)) for the determi-
nation of coefficients ck are recursive. Indeed, starting with (18.5), we rewrite (18.4) for
k = 1, 2, . . . as (l := k − j),

ck((k + s)(k + s − 1)) + (c + k)p0 + q0) = −
k−1
∑
l=0 cl((l + s)pk−l + qk−l), k = 1, 2, . . . . (18.6)

Since s satisfies (18.5) and for k = 1, 2, . . . the factor (k + s)(k + s − 1) + (k + s)p0 + q0
is not equal to 0, the coefficients ck are uniquely determined by (18.6) (separately with
respect to s1 and s2). Hence, in case 1(a) the fundamental system of solutions (two linear
independent solutions) for equation (18.1) is given by

y1(x) = x
s1
∞
∑
k=0 ck(s1)xk , y2(x) = x

s2
∞
∑
k=0 ck(s2)xk . (18.7)

Consider now the case 1(b). Let s1 − s2 = n0 ∈ ℕ0. In that case, the first linearly
independent solution y1(x), which corresponds to s1 can be defined as above (see (18.7))
since s1 + k, k = 1, 2, . . . is not the root of the indicial equation (18.5). But the second
solution y2(x) can be of the form

y2(x) = Ay1(x) log x + x
s2
∞
∑
k=0 bkxk , (18.8)

where coefficients A and bk are to be determined. Substituting ansatz (18.8) into equa-
tion (18.1) finally leads to the equality

A log x(x2y′′1 (x) + xp(x)y′1(x)q(x)y1(x)) + 2Axy′1(x) − Ay1(x) + Ap(x)y1(x)
+
∞
∑
k=0 bk((k + s2)(k + s2 − 1) + p(x)(k + s2) + q(x))xk+s2 = 0.

Taking now into account that y1(x) satisfies equation (18.1) and using assumptions (18.2)
(see also (18.7)), we obtain
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A(
∞
∑
k=0 ck(s1)(2(k + s1) − 1 + ∞∑j=0 pjxj)xk+s1)
+
∞
∑
k=0 bk((k + s2)(k + s2 − 1) + (k + s2) ∞∑j=0 pjxj + ∞∑j=0 qjxj)xk+s2 = 0.

Since s1 = s2 + n0, then changing the indexes of summation several times we obtain

A
∞
∑
k=n0 ck−n0 (s1)(2(k + s2) − 1)xk+s2 + A

∞
∑
k=n0(

k−n0
∑
l=0 cl(s1)pk−n0−l)xk+s2

+
∞
∑
k=0 bk(k + s2)(k + s2 − 1)xk+s2 + ∞∑k=0( k

∑
l=0 bl((l + s2)pk−l + qk−l))xk+s2 = 0.

Equating now the coefficients in front of xk+s2 , we obtain
A(ck−n0 (s1)(2(k + s2) − 1) + k−n0∑

l=0 cl(s1)pk−n0−l)
+ bk(k + s2)(k + s2 − 1) +

k
∑
l=0 bl((l + s2)pk−l + qk−l) = 0. (18.9)

Next, we consider two cases: n0 = 0, i. e., s1 = s2, and n0 ∈ ℕ. In the first case, due
to (18.6), the coefficient in front of A in (18.9) for k = 0 is equal to 0, i. e., A is arbitrary
(e. g., we may put A = 1), and for the coefficients bk , k = 1, 2, . . . (further we also assume
without loss of generality that b0 = 1), we have the recursive equations

bk((k + s1)(k + s1 − 1) + (k + s1)p0 + q0)

= −
k−1
∑
l=0 bl((l + s1)pk−l + qk−l) − ck(s1)(2(k + s1) − 1) − k

∑
l=0 cl(s1)pk−l . (18.10)

Since k = 1, 2, . . . the coefficient in front of bk in (18.10) is not equal to 0 (see (18.5)), so
the recursive equations (18.10) are uniquely solvable and, therefore, the first case when
n0 = 0 is completed. If now n0 ∈ ℕ, then for k = 0.1, 2, . . . , n0 − 1 we have (see (18.9))
(only) the following recursive equations:

bk((k + s1)(k + s1 − 1) + (k + s1)p0 + q0) = −
k−1
∑
l=0 bl((l + s1)pk−l + qk−l). (18.11)

For k = n0, we have actually an equation for A (c0 = 1),

A(2(n0 + s2) − 1 + p0)) +
n0−1
∑
l=0 bl((l + s2)pn0−l + qn0−l) = 0, (18.12)
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where the coefficients bl , l = 0, 1, 2, . . . , n0 − 1 are determined uniquely from the equa-
tions (18.11). Since 2n0+2s2+p0− 1 = n0 ̸= 0 (s1 = s2+n0), then A is uniquely determined.
It can be mentioned here that Amight be equal to 0.

For k = n0+1, n0+2, . . . , we have the following recursive equations (A is determined
already):

A(ck−n0 (s1)(2(k + s2) − 1) + k−n0∑
l=0 cl(s1)pk−n0−l)

+ bk((k + s2)(k + s2 − 1) + (k + s2)p0 + q0) +
k−1
∑
l=0 bl((l + s2)pk−l + qk−l) = 0. (18.13)

Equations (18.9)–(18.13) show that case 1 is completely considered.
In case 2, the roots of the indicial equation are complex conjugates, i. e., s1 = α + iβ,

s2 = α − iβ, β > 0. Operating as in the case 1(a), we are looking for the solution of
equation (18.1) in the form (18.2) with assumptions (18.3) such that

y(x) = xα+iβ ∞∑
k=0 ckxk , c0 = 1, (18.14)

where, as before, the coefficients ck(s1) are uniquely determined from the following
recursive equations:

ck((k + s)(k + s − 1)) + (c + k)p0 + q0) = −
k−1
∑
l=0 cl((l + s)pk−l + qk−l), k = 1, 2, . . . . (18.15)

The coefficients ck here might be complex since s is complex in this case. It can be men-
tioned also that ck(s1) = ck(s2) due to real pk and qk . Denoting now ck , k = 1, 2, . . .
from (18.15) as ck = αk + iβk we have that

y1(x) := Re y(x) = cos(β log x)
∞
∑
k=0 αkxk+α − sin(β log x) ∞∑k=0 αkxk+α (18.16)

and

y2(x) := Im y(x) = cos(β log x)
∞
∑
k=0 βkxk+α + sin(β log x) ∞∑k=0 βkxk+α (18.17)

are linearly independent and, therefore, solutions (18.16) and (18.17) form the fundamen-
tal system of solutions for equation (18.1). It completes case 2.

Next, we consider some examples.

Example 18.1. Let us solve by the method of Frobenius the differential equation

x2y′′(x) − xy′(x) + (1 − x)y(x) = 0.
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Since p(x) = −1 and q(x) = 1 − x, we have that (see (18.3)) p0 = −1, p1 = p2 = ⋅ ⋅ ⋅ = 0,
q0 = 1, q1 = −1, q2 = q3 = ⋅ ⋅ ⋅ = 0. Hence, the indicial equation is equal to

s(s − 1) − s + 1 = 0 ≡ (s − 1)2 = 0,

i. e., s1 = s2 = 1 and we are in the case 1(b) with n0 = 0. That is why the first independent
solution is given by

y1(x) = x
∞
∑
k=0 ckxk , c0 = 1,

and (see (18.6)) for k = 1, 2, . . . we have

ck(k
2 + k − k − 1 + 1) = −

k−1
∑
l=0 cl((l + 1)pk−l + qk−l).

It is equivalent in this case to

k2ck = ck−1 ≡ ck = ck−1k2
,

so that c1 = 1, c2 =
1
4 , c3 =

1
36 , . . . and

y1(x) = x + x
2 + x

3

4
+ x

4

36
+ ⋅ ⋅ ⋅

whereas the second linearly independent solution is equal to

y2(x) = y1(x) log x + x
∞
∑
k=0 bkxk ,

where b0 = 1 and for k = 1, 2, . . . we have that (see (18.9), (18.10) with A = 1)

ck(2k + 1) − ck + k
2bk − bk−1 = 0 ≡ bk = bk−1k2

−
2ck
k
, k = 1, 2, . . . .

These formulae yield that

b0 = 1, b1 = −1, b2 = −
1
2
, b3 = −

2
27
, . . .

so that

y2(x) = log x(x + x
2 + x

3

4
+ x

4

36
+ ⋅ ⋅ ⋅) + x − x2 − x

3

2
− 2x

4

27
+ ⋅ ⋅ ⋅ .
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Example 18.2. Let us solve the differential equation

2x2y′′(x) − xy′(x) + (1 − x)y(x) = 0.
Since p(x) = − 12 and q(x) =

1−x
2 , we have that (see (18.3)) p0 = −

1
2 , p1 = p2 = ⋅ ⋅ ⋅ = 0,

q0 =
1
2 , q1 = −

1
2 , q2 = q3 = ⋅ ⋅ ⋅ = 0. Hence, the indicial equation is equal to

s(s − 1) − s
2
+ 1
2
= 0 ≡ s2 − 3

2
s + 1

2
= 0,

i. e., s1 = 1, s2 =
1
2 and we are in the case 1(a). That is why two linearly independent

solutions are given by (x ≥ 0),

y1(x) = x
∞
∑
k=0 ck(s1)xk , c0 = 1

and

y2(x) = √x
∞
∑
k=0 ck(s2)xk , c0 = 1.

For s1, we have the following recursive equations (see (18.9), (18.10) with A = 1):

ck(k
2 + k

2
) =

ck−1
2
≡ ck =

ck−1
2k2 + k
, k = 1, 2, . . . .

For s2, we have, respectively,

ck(k
2 − k

2
) =

ck−1
2
≡ ck =

ck−1
2k2 − k
, k = 1, 2, . . . .

Problem 18.3. Solve the following differential equations by the method of Frobenius:
1. x2y′′(x) + xy′(x) + (x2 − 1

4 )y(x) = 0,
2. x2y′′(x) + x

2 y
′(x) + x

4y(x) = 0,
3. x2y′′(x) + xy′(x) + (1 − x)y(x) = 0.
18.2 Bessel functions

The following differential equation is said to be Bessel’s equation:

x2y′′(x) + xy′(x) + (x2 − ν2)y(x) = 0, ν ∈ ℝ (18.18)

and the solutions of this equation are called Bessel’s functions of order ±ν.
Using the method of Frobenius (see Section 18.1), we may conclude that the indicial

equation (see (18.5)) has the roots s1 = ν, s2 = −ν, ν > 0, and we have the following
possibilities:
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(a) s1 − s2 = 2ν does not belong toℕ0.
(b) s1 − s2 = 2ν ∈ ℕ0, i. e., ν =

n
2 , n ∈ ℕ0.

Considering first the case (a), we obtain the recursive equations for the coefficients ck
(see (18.6)),

ck((ν + k)
2 − ν2) = −

k−1
∑
l=0 cl((l + ν)pk−l + qk−l), c0 ̸= 0,

where p1 = p2 = ⋅ ⋅ ⋅ = 0, q1 = 0, q2 = 1, q3 = q4 = ⋅ ⋅ ⋅ = 0 (see (18.18)). This is equivalent to
the equations

c1 = c3 = ⋅ ⋅ ⋅ = 0, ck = −
ck−2

k2 + 2kν
, k = 2, 4, . . . . (18.19)

Solving by induction the second equation in (18.19), we obtain

c2m =
(−1)mc0Γ(ν + 1)

22mm!Γ(ν +m + 1)
, m = 1, 2, . . . ,

where Γ is Euler’s gamma function. Choosing now c0 :=
1

2νΓ(ν+1) , we obtain the following
two linearly independent solutions (Bessel functions) of Bessel’s equation (18.18):

Jν(x) =
∞
∑
k=0 (−1)k

k!Γ(k + ν + 1)
(
x
2
)
2k+ν
, J−ν(x) = ∞∑

k=0 (−1)k

k!Γ(k − ν + 1)
(
x
2
)
2k−ν
, (18.20)

where x > 0 and ν ̸= n, n = 1, 2, . . . . For the particular case ν = 0, formulae (18.20) are
valid and give us only one independent solution of Bessel’s equation (18.18). Moreover,
if ν > 0 then the first formula in (18.20) is still valid, but it gives us only the first inde-
pendent solution of (18.18) if ν = 1, 2, . . . and another one will be introduced for this case
later.

Proposition 18.4.
1. Let ν ≥ 0. Then as x → 0, we have

Jν(x) = (
x
2
)
ν 1
Γ(ν + 1)

+ O(xν+2), J ′ν(x) = ν2(x2)ν−1 1
Γ(ν + 1)

+ O(xν+1).
2. Let ν > 0, ν ̸= 1, 2, . . . . Then as x → 0, we have

J−ν(x) = (x2)−ν 1
Γ(−ν + 1)

+ O(x−ν+2),
J ′−ν(x) = −ν2(x2)−ν−1 1

Γ(−ν + 1)
+ O(x−ν+1).

Proof. It follows immediately from representation (18.20) and possibility of the differ-
entiation of the power series term by term.
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Proposition 18.5. Let ν > 0, ν ̸= 1, 2, . . . . The Wronskian of Jν and J−ν is equal to
W (Jν, J−ν) = −2 sin(νπ)πx

, x > 0.

Proof. By the definition of the Wronskian, we have

W (Jν, J−ν) = Jν(x)J ′−ν(x) − J ′ν(x)Jν(x).
Next, since

x2J ′′ν (x) + xJ ′ν(x) + (x2 − ν2)Jν(x) = 0
and

x2J ′′−ν(x) + xJ ′−ν(x) + (x2 − ν2)J−ν(x) = 0
then multiplying the first equation by J−ν and the second by Jν, and considering their
difference we obtain

x2(J ′′ν (x)J−ν(x) − Jν(x)J ′′−ν(x)) − xW (Jν, J−ν) = 0.
Hence, we obtain the differential equation forW as

x2W ′ + xW = 0 or W ′
W
= − 1

x
or W (x) = C

x
,

where constant C is to be determined. Indeed, using Proposition 18.4 we have as x → 0
that

W (x) ≈ −(x
2
)
ν 1
Γ(ν + 1)

ν
2
(
x
2
)
−ν−1 1

Γ(−ν + 1)

− (x
2
)
−ν 1
Γ(−ν + 1)

ν
2
(
x
2
)
ν−1 1

Γ(ν + 1)

= − 2ν
xΓ(ν + 1)Γ(−ν + 1)

= − 2
xΓ(ν)Γ(−ν + 1)

= −2 sin(νπ)
πx
.

In the latter calculations, we have used the properties of Euler’s gamma function (see
Theorem 17.19 and Theorem 17.27). Thus, we may conclude that the required constant is
C = − 2π sin(νπ) and this proves the proposition.

Corollary 18.6. If ν > 0, ν ̸= 1, 2, . . . , then Bessel’s functions Jν, J−ν from (18.20) are linearly
independent.

Consider now ν = n ∈ ℕ0 and Bessel’s functions Jn and J−n, i. e.,
Jn(x) =

∞
∑
k=0 (−1)k

k!Γ(k + n + 1)
(
x
2
)
2k+n
, J−n(x) = ∞∑

k=0 (−1)k

k!Γ(k − n + 1)
(
x
2
)
2k−n
.



18.2 Bessel functions � 255

Since for k = 0, 1, 2, . . . , n− 1, we have Γ(k −n+ 1) =∞ (see Corollary 17.20) then actually

J−n(x) = ∞∑
k=n (−1)k

k!Γ(k − n + 1)
(
x
2
)
2k−n

=
∞
∑
k′=0 (−1)k

′+n
(k′ + n)!Γ(k′ + 1)(x2)2k′+n = (−1)nJn(x). (18.21)

Hence, Jn and J−n are linearly dependent and, therefore, we need to find the second solu-
tion of (18.18) (which is linearly independent to Jn, n = 0, 1, 2, . . .). To do it, we introduce
for ν ̸= 0, 1, 2, . . . a new function Yν(x) as

Yν(x) :=
cos(νπ)Jν(x) − J−ν(x)

sin(νπ)
, Y−ν(x) := Jν(x) − cos(νπ)J−ν(x)sin(νπ)

,

Y±n(x) := lim
ν→±n,ν ̸=±n Yν(x), n ∈ ℕ0, x > 0. (18.22)

This function Yν(x) is said to be Neumann’s function.
It can be checked that for any ν ∈ ℝ the Wronskian of Jν and Yν is equal to

W (Jν, Yν) =
2
πx
, x > 0. (18.23)

Problem 18.7. Prove the equality (18.23).

The equality (18.23) shows that for any ν ∈ ℝ the functions Jν(x) and Yν(x) are lin-
early independent.

Proposition 18.8. For any n = 0, 1, 2, . . . , Neumann’s function Yn(x) can be calculated as

Yn(x) =
1
π
(Jν(x))

′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ν=n + (−1)nπ
(Jν(x))

′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ν=−n, (18.24)

where the derivatives are taken with respect to ν.

Proof. Equation (18.22) and equality (18.21) lead to the equality

Yn(x) = limν→n cos(νπ)Jν(x) − (−1)nJn(x) + J−n(x) − J−ν(x)sin(νπ)

= lim
τ→0(cos(τπ)Jτ+n(x) − Jn(x)sin(τπ)

+ (−1)n
J−n(x) − J−τ−n(x)

sin(νπ)
)

= 1
π
(Jν(x))

′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ν=n + (−1)nπ
(Jν(x))

′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ν=−n
since limτ→0 sin(τπ)

τ = π and limτ→0 cos(τπ)−1
sin(τπ) = 0. The proposition is proved.
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Corollary 18.9. For n = 0, 1, 2, . . . , the following equality holds:

Y−n(x) = (−1)nYn(x).
Proof. It follows immediately from the latter proposition, the definition of Yn(x) from
(18.22), and identity (18.21).

Example 18.10. Returning to the Laplace transform, we show that (Re p > 0)

ℒ−1( 1

√1 + p2
) = J0(t), t > 0.

Indeed, the single-valued function F(p) = 1
√1+p2 for |p| > 1 and with Re p > 0 has the

Laurent’s expansion

F(p) = 1
p

1

√ 1
p2 + 1
=
∞
∑
k=0(−1)k (2k)!22k(k!)2

1
p2k+1 .

Applying now Example 17.17, we obtain that

ℒ−1(F(p))(t) = ∞∑
k=0(−1)k (2k)!22k(k!)2

t2k

(2k)!
=
∞
∑
k=0 (−1)k(k!)2 ( t2)

2k

= J0(t).

The latter equality follows from the definition of Bessel function J0 (see, e. g., (18.20)). As
an immediate consequence of this fact, we can get the very useful identity

t

∫
0

J0(τ)J0(t − τ)dτ = sin t, t > 0.

To show this, we use first (17.10) and then (17.8), and obtain

ℒ(
t

∫
0

J0(τ)J0(t − τ)dτ) = ℒ
2(J0) =

1
1 + p2
= ℒ(sin t).

Similar to the latter example, we can get that (compare with Problem 17.23)

ℒ(
1
√p + a
) = e

−ia
√πt
, t > 0, a ∈ ℂ,

and

ℒ(
1
p
e− 1p) = J0(2√t).
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Proposition 18.11. Let ν ∈ ℝ and x > 0. Then the following recursive formulae hold:
1. (xνJν(x))

′ = xνJν−1(x),
2. (x−νJν(x))′ = −x−νJν+1(x), in particular, J ′0(x) = −J1(x),
3. xJ ′ν(x) − νJν(x) = −xJν+1(x),
4. xJ ′ν(x) + νJν(x) = xJν−1(x),
5. xJν+1(x) + xJν−1(x) = 2νJν(x),
6. Jν−1(x) − Jν+1(x) = 2J ′ν(x),
where derivatives are taken with respect to x.

Proof. Wewill prove (1) and (2) and all other equalities can be proved similar to (1) and
(2). Indeed, using (18.20) and differentiating the corresponding series term by term, we
obtain

(xνJν(x))
′ = ∞∑

k=0 (−1)k(k + ν)k!Γ(k + ν + 1)
(
x
2
)
2k+ν−1

xν

= xν
∞
∑
k=0 (−1)k

k!Γ(k + 1 + ν − 1)
(
x
2
)
2k+ν−1
= xνJν−1(x).

This proves (1). To prove (2), we first write (see (18.20))

(
Jν(x)
xν
)
′
=
∞
∑
k=1 (−1)k2kk!Γ(k + ν + 1)

x2k−1
22k+ν

= −
∞
∑
k′=0 (−1)k

′
(k′ + 1)

(k′ + 1)!Γ(k′ + ν + 2) x2k′+122k′+1+ν
= −x−ν ∞∑

k′=0 (−1)k
′

k′!Γ(k′ + 1 + ν + 1) x2k′+1+ν22k′+1+ν = −x−νJν+1(x).
This proves (2). It can bementioned here that (6) is obtained from (3) and (4). The propo-
sition is proved.

Remark. Since for n ∈ ℕ0 (see (5) from Proposition 18.11),

Jn+1(x) = 2nx Jn(x) − Jn−1(x),
and since J1(x) = −J

′
0(x), then any Bessel’s function Jn(x) of the integer order can be

expressed via J0(x) and its derivative only. This explains the importance of the zero-
order Bessel function J0(x).

Example 18.12 (Bessel’s functions of the half-integer order). Let us first calculate Bessel’s
and Neumann’s functions J 1

2
(x) and Y 1

2
(x). By (18.20), we have (using the properties of

gamma function Γ, see Theorem 17.19)
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J 1
2
(x) =

∞
∑
k=0 (−1)kk!Γ(k + 3

2 )
(
x
2
)
2k+ 12
= 1
√x

∞
∑
k=0 (−1)kx2k+1

k!(2k + 1)(2k − 1) ⋅ ⋅ ⋅ 1Γ( 12 )
2k

22k+ 12
= √ 2

πx

∞
∑
k=0 (−1)kx2k+1

k!(2k + 1)(2k − 1) ⋅ ⋅ ⋅ 1
1

2k+1
= √ 2

πx

∞
∑
k=0 (−1)kx2k+1(2k)!!(2k + 1)!!

= √ 2
πx

sin x.

Similarly, we obtain

J− 12 (x) = √ 2
πx

cos x.

Using now (18.22), we obtain

Y 1
2
(x) =

cos π
2 J 12 (x) − J− 12 (x)

sin π
2

= −J− 12 (x) = −√ 2
πx

cos x.

Wemay prove even more. Namely, for any n ∈ ℕ, the following is true:

Jn− 12 (x) = √ 2
πx

xn(− 1
x
d
dx
)
n

cos x. (18.25)

To prove this equality, we use induction with respect to n. Indeed, for n = 1, this is true
(see formula for J 1

2
(x) from above). Let us assume that for any n ∈ ℕ formula (18.25)

holds. Then our task is to show that

Jn+ 12 (x) = √ 2
πx

xn+1(− 1
x
d
dx
)
n+1

cos x.

Using the induction hypothesis, we will have

√ 2
πx

xn+1(− 1
x
d
dx
)
n+1

cos x = √ 2
πx

xn+1(− 1
x
d
dx
)(− 1

x
d
dx
)
n

cos x

= √ 2
πx

xn+1(− 1
x
d
dx
)(

Jn− 12 (x)
√ 2

πx x
n
)

= −xn− 12( Jn− 12 (x)
xn− 12 )′ = Jn+ 12 (x)

due to the recursive formulae (see (2) from Proposition 18.11). This proves (18.25) by the
induction.

Problem 18.13. Prove that for any n = 0, 1, 2, . . . it holds that:
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1.

Yn+ 12 (x) = (−1)n+1J−n− 12 (x), Y−n− 12 (x) = (−1)n+1Jn+ 12 (x).
2.

Yn− 12 (x) = √ 2
πx

xn(− 1
x
d
dx
)
n

sin x.

Definition 18.14. Let ν ∈ ℝ and x > 0. The functions

H(1)ν (x) := Jν(x) + iYν(x), H(2)ν (x) := Jν(x) − iYν(x)
are calledHankel functions of order ν andof thefirst and of the secondkind, respectively.

It is clear that H(1)ν (x) = H(2)ν (x). Moreover,
H(1)ν (x) = J−ν(x) − e−iνπJν(x)i sin(νπ)

, H(2)ν (x) = − J−ν(x) − eiνπJν(x)i sin(νπ)

and

H(1)ν (x) = e−iνπH(1)−ν (x), H(2)ν (x) = eiνπH(2)−ν (x)
and (see Example 18.12 and Problem 18.13)

H(1,2)
n− 12 (x) = √ 2

πx
xn(− 1

x
d
dx
)
n

e±ix , n = 0, 1, 2, . . . ,

respectively.
The Hankel functions admit for x > 0 the following integral representation:

H(1)ν (x) = 1
iπ

+∞+iπ
∫−∞ e−νt+x sinh tdt, H(2)ν (x) = − 1iπ +∞−iπ∫−∞ e−νt+x sinh tdt, (18.26)

where the integration occurs along the curve that can be chosen as follows: from −∞
to 0 along the negative real axis, then from 0 to ±iπ along the imaginary axis, and then
from ±iπ to +∞ ± iπ along a line parallel to the real axis, respectively.

We return now to the asymptotic expansions of Bessel’s, Neumann’s, and Hankel
functions for small argument. Proposition 18.4 yields that when x → 0,

Jν(x) ≈ (
x
2
)
ν 1
Γ(ν + 1)

, ν ≥ 0

and
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J−ν(x) ≈ (x2)−ν 1
Γ(−ν + 1)

, ν > 0, ν ̸= 1, 2, . . . .

Hence, for any ν > 0, ν ̸= 1, 2, . . . when x → 0 (see (18.22)),

Yν(x) ≈ cot(νπ)(
x
2
)
ν 1
Γ(ν + 1)

− (x
2
)
−ν 1
sin(νπ)Γ(−ν + 1)

≈ −(x
2
)
−ν 1
sin(νπ)Γ(−ν + 1)

= −Γ(ν)
π
(
x
2
)
−ν
. (18.27)

Problem 18.15. Obtain the analogue of the approximation (18.27) for Neumann’s func-
tions Y−ν(x) (see (18.22)) with ν > 0, ν ̸= 1, 2, . . . .

Let us consider now the expansionswhen x → 0 for Neumann’s functions Yn(x), n ∈
ℕ0. Due to (18.24), we have

Y0(x) =
2
π

∞
∑
k=0 (−1)kx2k22kk!

(
( x2 )

ν

Γ(ν + k + 1)
)
′󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ν=0 = 2π ∞∑k=0 (−1)kx2k22kk!

log x
2

Γ(k + 1)

− 2
π

∞
∑
k=0 (−1)kx2k22kk!

Γ′(k + 1)
Γ2(k + 1)

≈ 2
π
log x

2
, x → 0. (18.28)

This implies, e. g. (combining with Proposition 18.4) that

H(1)0 (x) ≈ 1 + i 2π log x
2
, H(2)0 (x) ≈ 1 − i 2π log x

2
, x → 0.

Similar to (18.28) and due to (18.24), we obtain that for n = 1, 2, . . . ,

Yn(x) =
1
π

∞
∑
k=0 (−1)kx2k+n22k+nk! 1

Γ(n + k + 1)
log x

2

− 1
π

∞
∑
k=0 (−1)kx2k+n22k+nk! Γ′(n + k + 1)

Γ2(n + k + 1)

+ (−1)
n

π

∞
∑
k=0 (−1)kx2k−n22k−nk! 1

Γ(−n + k + 1)
log x

2

− (−1)
n

π

∞
∑
k=0 (−1)kx2k−n22k−nk! Γ′(−n + k + 1)

Γ2(−n + k + 1)
.

Since Γ(−n + k + 1) =∞ for k = 0, 1, 2, . . . , n − 1, then we obtain from the latter represen-
tation that

Yn(x) ≈
(−1)n+1
π
(
x
2
)
−n Γ′(−n + 1)
Γ2(−n + 1)

= − (n − 1)!
π
(
x
2
)
−n
, x → 0, (18.29)

where n = 1, 2, . . . . Since Y−n(x) = (−1)nYn(x) (see Corollary 18.9), then we obtain
from (18.29) the corresponding asymptotic for Y−n(x) as well.
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Problem 18.16. Prove that (see (18.29))

(−1)n Γ
′(−n + 1)
Γ2(−n + 1)

= Γ(n), n = 1, 2, . . . .

Hint: Use Corollary 17.20 and Problem 17.22, and the continuity of the gamma function
Γ(ν) with respect to ν.

Problem 18.17. Based on Proposition 18.4, (18.22), (18.27), and (18.29), construct the
asymptotic approximation for Hankel functions H(1,2)ν (x) as x → 0.

Problem 18.18. Show that two linearly independent solutions jn(x) and kn(x) of the dif-
ferential equation

x2y(x) + 2xy′(x) + (x2 − n(n + 1))y(x) = 0, x > 0, n = 0, 1, 2, . . .

are given by

jn(x) = √
π
2x
Jn+ 12 (x), kn(x) = √

π
2x
Yn+ 12 (x). (18.30)

These functions are called the spherical Bessel’s and Neumann’s functions, respectively.

Hint: Use the changes of variable u(x) = xαy(x) and use then Bessel’s equation (18.18) for
u(x).

Problem 18.19. Based on Proposition 18.11(1) and (2), Example 18.12 and (18.30), and us-
ing induction prove the following identities:

jn(x) = (−x)
n(

d
xdx
)
n sin x

x
, kn(x) = −(−x)

n(
d
xdx
)
n cos x

x
, (18.31)

where n ∈ ℕ0.

Generating functions
Definition 18.20. A complex-valued function G(z, x) of complex variable z (with real
parameter x) is said to be a generating function of the functional sequence {gn(x)}

∞
n=−∞

if

G(z, x) =
∞
∑

n=−∞ gn(x)zn (18.32)

and this Laurent’s expansion converges in the corresponding region with respect to z.

Theorem 18.21. The function G(z, x) := e
x
2 (z−z−1) is a generating function for the sequence

{Jn(x)}
∞
n=−∞.
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Proof. The function e
x
2 z with respect to z has the following Taylor’s expansion:

e
x
2 z =
∞
∑
k=0 xk

2kk!
zk , |z| <∞

and the function e− x2 z−1 with respect to z has the following Laurent’s expansion:
e− x2 z−1 = ∞∑

j=0(−1)j xj2jj!z−j , |z| > 0.
Due to unsymmetrical property of G(z, x) with respect to z, we have that gn(x) =
(−1)ng−n(x), n ∈ ℤ. Then the following expansion holds:

e
x
2 (z−z−1) = ∞∑

k,j=0 (−1)jk!j!
(
x
2
)
k+j
zk−j

=
∞
∑
n=0(∞∑j=0 (−1)jj!(n + j)!

(
x
2
)
2n+j
)zn +

∞
∑
n=1(−1)n(∞∑j=0 (−1)jj!(n + j)!

(
x
2
)
2n+j
)z−n

=
∞
∑

n=−∞ Jn(x)zn.
We have used here the fact that Jn = (−1)

nJ−n. This proves the theorem.
If we consider z = eiθ and z = ieiθ, then we obtain the following useful identities.

Corollary 18.22. We have

eix sin θ =
∞
∑

n=−∞ Jn(x)einθ, eix cos θ =
∞
∑

n=−∞ inJn(x)einθ, (18.33)

in particular

cos(x sin θ) =
∞
∑

n=−∞ Jn(x) cos(nθ), sin(x sin θ) =
∞
∑

n=−∞ Jn(x) sin(nθ)
and

cos(x cos θ) =
∞
∑

n=−∞ Jn(x) cos(nθ + nπ/2), sin(x cos θ) =
∞
∑

n=−∞ Jn(x) sin(nθ + nπ/2).
If we consider θ = π

2 , then we have the following.

Corollary 18.23.

cos x = J0(x) + 2
∞
∑
k=1(−1)kJ2k(x), sin x = 2

∞
∑
k=0(−1)kJ2k+1(x). (18.34)
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Problem 18.24. Show that

J0(x) + 2
∞
∑
k=1 J2k(x) ≡ 1.

Problem 18.25. Show that

J0(x) =
∞
∑
k=0( 1 − x22

)
k

Jk(1).

Problem 18.26. Show that

sin x = J1(x) + 2
∞
∑
k=1(−1)k+1J ′2k(x), cos x = 2

∞
∑
k=0(−1)kJ ′2k+1(x). (18.35)

Problem 18.27. Prove that:
1. cos(mθ − x sin θ) = ∑∞n=−∞ Jn(x) cos((m − n)θ),m ∈ ℝ.
2. Jn(x) =

1
π ∫

π
0 cos(nθ − x sin θ)dθ, n ∈ ℕ0.

Hint: Integrate (1) with respect to x under the condition thatm ∈ ℤ.
3. J0(x) =

2
π ∫

1
0
cos(xξ)
√1−ξ2 dξ , J1(x) = 2x

π ∫
1
0
sin(xξ)
√1−ξ2 dξ .

4. x
1−x = 2∑∞n=1 Jn(nx), in particular ∑∞n=1 Jn( n2 ) = 1

2 .
5. |J (k)n (x)| ≤ 1, k ∈ ℕ0, n ∈ ℕ0.
6. Jn+m(x + y) = ∑∞n=−∞ Jn(x)Jm−n(y),m ∈ ℕ0.
7. Y0(x) =

1
π ∫

π
0 sin(x sin θ)dθ − 2

π ∫
∞
0 e−x sinh tdt.

Hint: Use (2) and the definition of Y0(x).
8. Generalize (7) showing that

Yn(x) =
1
π

π

∫
0

sin(x sin θ − nθ)dθ − 2
π

∞
∫
0

ent + (−1)ne−nt
2

e−x sinh tdt.
9. Prove the integral representation for the Hankel functions (18.26).

10. ℒ−1( (√1+p2−p)n
√1+p2 ) = Jn(t).

Hint: Use (2) and Mellin’s formula.
11. J0(x) =

2
π ∫
∞
0 sin(x cosh t)dt, Y0(x) = −

2
π ∫
∞
0 cos(x cosh t)dt.

12. ∫x0 tJν(αt)Jν(βt)dt =
x

α2−β2 (Jν(αx)(Jν(βx))′ − (Jν(αx))′Jν(βx)), α ̸= β, ν > −1.
Problem 18.28. Prove the orthogonality conditions for Bessel’s functions:
1. ∞

∫
0

Jα(x)Jβ(x)
dx
x
= 2
π
sin( π2 (α − β))

α2 − β2
, α, β > 0,
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in particular, ∞
∫
0

J2α(x)
dx
x
= 1
2α
, α > 0.

2.
1

∫
0

tJν(αt)Jν(βt)dt = 0, α ̸= β, Jν(α) = Jν(β) = 0, ν > −1,

1

∫
0

t(Jν(αt))
2dt = 1

2
(Jν+1(α))2, ν > −1.

Remark. Based on the latter problem (see (2)), we can consider the so-called Fourier–
Bessel expansion. Namely, let αj , j = 1, 2, . . . be positive roots of the Bessel function
Jν(x), ν > −1 and let f (x) be integrable on the interval [0, 1]. Then f (x) can be repre-
sented as the Fourier–Bessel expansion

f (x) ≈
∞
∑
j=1 AjJν(xαj),

where the coefficients are defined

Aj =
2

(Jν+1(αj))2
1

∫
0

xf (x)Jν(xαj)dx.

The convergence of this expansion is not discussed here.

Remark. There is not so trivial observation of the Bessel’s function, which is concerned
to the Dirac δ-function. Namely, in the sense of distributions (i. e., in the sense of some
integral identities), the following equality holds:∞

∫
0

Jν(tx)Jν(ts)tdt =
δ(x − s)

s
= δ(s − x)

x
, ν > −1,

where the symbol δ denotes a one-dimensional Dirac δ-function. As a consequence of
this equality, it can be proved that for any integrable function f (x) on the interval (0,∞)
we have

f (x) ≈
∞
∫
0

Jν(tx)dt
∞
∫
0

f (s)Jν(ts)sds,

which can be also understood in the sense of distributions.
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Example 18.29. Returning to the Bessel’s function of order zero, we want to show that∞
∫
0

J0(x)dx = 1,
∞
∫
0

J1(x)dx = 1.

The second equality follows immediately from the relation J1(x) = −J
′
0(x). To prove the

first equality, we first show that for any ϵ > 0,∞
∫
0

e−ϵxJ0(x)dx = 1
√1 + ϵ2
.

Indeed, using part (3) from Problem 18.27, we have that

∞
∫
0

e−ϵxJ0(x)dx = 2π 1

∫
0

dξ

√1 − ξ2

∞
∫
0

e−ϵx cos(xξ)dx
= Re 2

π

1

∫
0

dξ

√1 − ξ2

∞
∫
0

e−ϵxeixξdx
= Re 2

π

1

∫
0

dξ

√1 − ξ2

∞
∫
0

e−x(ϵ−iξ)dx
= Re 2

π

1

∫
0

1

√1 − ξ2(ϵ − iξ)
dξ = 2

π

1

∫
0

ϵ

√1 − ξ2(ϵ2 + ξ2)
dξ .

Using the change of variable ξ = sin t, the latter integral becomes

2ϵ
π

π/2
∫
0

dt
ϵ2 + sin2 t

dt = ϵ
2π

π

∫−π dt
ϵ2 + sin2 t

.

The latter integral can be calculated as the trigonometric integral (see Section 13.1) if we
use a new variable z = eit , t ∈ [−π, π]. In that case, it will be equal to

− 4ϵ
2πi
∫|z|=1 zdz

z4 − 2z2(1 + 2ϵ2) + 1
.

The singular points of the integrand function that belong to the unit disk are

z1 = √1 + ϵ2 − ϵ, z2 = −√1 + ϵ2 + ϵ.
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Calculating now the residues of the integrand with respect to these singular points z1
and z2 and using the Cauchy’s residue theorem (see Theorem 11.10), we obtain that the
latter value will be equal to

−4ϵ( z1
4z31 − 4z1(1 + 2ϵ2)

+
z2

4z32 − 4z2(1 + 2ϵ
2)
) = −2ϵ( 1

−2ϵ√1 + ϵ2
).

This proves the needed statement. Finally, we see that∞
∫
0

J0(x)dx := limϵ→0 ∞∫
0

e−ϵxJ0(x)dx = limϵ→0 1
√1 + ϵ2

= 1.

Problem 18.30. Prove that∞
∫
0

sin x
x

J0(αx)dx =
π
2
, 0 < α < 1,

∞
∫
0

sin x
x

J1(αx)dx =
1
α
, α > 1.

Bessel’s functions of the complex argument
Bessel’s and Neumann’s functions (see (18.20), (18.22), and (18.24)) can be defined for
complex arguments as well, and an important special case is that of a purely imaginary,
i. e., z = ix. In that case, the solutions to the Bessel’s equation are calledmodified Bessel’s
and Neumann’s functions and they are defined as

Iν(x) := i
−νJν(ix) = ∞∑

k=0 1
k!Γ(k + ν + 1)

(
x
2
)
2k+ν
, x > 0 (18.36)

and

Kν(x) :=
π
2
I−ν(x) − Iν(x)

sin(νπ)
, x > 0, (18.37)

when ν is not an integer. When ν is an integer, then the limit (analogue to (18.24)) is
used. These are chosen to be real-valued for real and positive argument x. The modified
Neumann’s function Kν(x) is often called theMacDonald function of order ν.

Problem 18.31. Prove that the modified Bessel’s and Neumann’s functions Iν(x) and
Kν(x) are two linearly independent solutions of the equation

x2y′′(x) + xy′(x) − (x2 + ν2)y(x) = 0, x > 0.
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Problem 18.32. Prove that for any n ∈ ℕ0 the following are true (modified Bessel’s and
Neumann’s function of the half-integer order)

In− 12 (x) = √ 2
πx

xn( 1
x
d
dx
)
n

cosh x, Kn− 12 (x) = √ 2
πx

xn(− 1
x
d
dx
)
n

e−x .
Remark. We present the Zommerfeld integral representation (very useful for applica-
tions) for the MacDonald function

Kν(x) =
xν

2ν+1 ∞∫
0

e−t−x2/4tt−ν−1dt, x > 0, ν ∈ ℝ. (18.38)

Also useful in applications is the Poisson integral representation for the MacDonald
functions

Kν(x) =
√π(2x)νe−x
Γ(ν + 1

2 )

∞
∫
0

e−2xt(t2 + t)ν−1/2dt, x > 0, ν > − 1
2
.

The Zommerfeld representation of theMacDonald function (18.38) allows us to eval-
uate many useful integrals.

Example 18.33 (Sonine–Gegenbauer-type integral). Let us consider the integral

I :=
∞
∫
0

Kμ(ax)Jν(bx)x
ν−μ+1dx, a, b > 0, ν − μ > −1.

We want to show that

I = 2ν−μ bνΓ(ν − μ + 1)
aμ(a2 + b2)ν−μ+1 .

Using (18.38), we get

I = aμ

2μ+1 ∞∫
0

Jν(bx)x
ν+1dx ∞∫

0

e−t−(ax)2/4tt−μ−1dt.
Changing the order of integration and using the power series for the Bessel’s function
(see (18.20)), we obtain

I = aμ

2μ+1 ∞∫
0

e−t
tμ+1 dt ∞∫

0

Jν(bx)x
ν+1e−(ax)2/4tdx

= aμ

2μ+1 ∞∫
0

e−t
tμ+1 dt ∞∑k=0 (−1)k

k!Γ(k + ν + 1)
(
b
2
)
2k+ν ∞
∫
0

x2k+2ν+1e−(ax)2/4tdx
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= (changing variable u := (ax)
2

4t
)

= 2ν−μ bν

a2ν−μ+2 ∞∫
0

e−t
tμ−ν ∞∑k=0 (−1)k

k!Γ(k + ν + 1)
(
b√t
a
)
2k

Γ(k + ν + 1)dt

= 2ν−μ bν

a2ν−μ+2 ∞∫
0

e−t(1+b2/a2)
tμ−ν dt = 2ν−μ bνΓ(ν − μ + 1)

aμ(a2 + b2)ν−μ+1 .
This proves the claim. In particular, for any ν ∈ ℝ we have∞

∫
0

Kν(ax)Jν(bx)xdx =
bν

aν(a2 + b2)
.

Taking into account the asymptotic of the MacDonald function (see (18.37), (18.27) and
Proposition 18.4) as z→ 0, i. e.,

Kμ(z) ≈
π
2
(
z
2
)
−ν 1
sin(μπ)Γ(μ + 1)

= Γ(μ)
2
(
z
2
)
−μ
,

we obtain that (letting a → 0)∞
∫
0

Jν(bx)x
ν−2μ+1dx = 2ν−2μ+1Γ(ν − μ + 1)

bν−2μ+2Γ(μ) , μ − 1 < ν < 2μ − 1
2
.

In particular, ∞
∫
0

Jν(bx)x
1−νdx = 21−ν

b2−νΓ(ν) , ν > 1
2
.

Problem 18.34. Let a, b > 0. Using the same technique as in Example 18.33, prove that:
1. ∞

∫
0

Kμ(a√1 + x2)J0(bx)x

(√1 + x2)μ
dx =
(√a2 + b2)μ−1Kμ−1(√a2 + b2)

aμ
.

In particular, letting a → 0,

Kμ−1(b) = ( 2b)μ−1Γ(μ) ∞∫
0

J0(bx)x
(1 + x2)μ

dx, μ > 1
4
.

2. ∞
∫
0

e−a2x2 Jν(bx)xν+1dx = bν

2ν+1a2ν+2 e−b2/4a2 .
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In particular, ∞
∫
0

e−a2x2 J0(bx)xdx = 1
2a2

e−b2/4a2 .
3. ∞

∫
0

e−axJν(bx)xνdx = (2b)νΓ(ν + 1/2)√π(a2 + b2)ν+1/2 .
In particular, ∞

∫
0

e−axJ0(bx)dx = 1
√a2 + b2

.

Returning to the Bessel’s and Neumann’s functions, we can define them not only for a
purely imaginary argument (see (18.36) and (18.37) from above) but also for any com-
plex argument z ∈ ℂ and this extension will lead to the entire functions on the com-
plex plane ℂ. For these purposes, one can use, e. g., the continuation of the power se-
ries (18.20) to the complex variable z ∈ ℂ. But we will do it differently (actually equiv-
alently) as follows. We prove first the following integral representation for the Bessel’s
functions:

Jν(x) =
( x2 )

ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 cos(xt)dt, ν > − 1

2
, x > 0. (18.39)

Indeed, using the Taylor’s expansion for the real-valued function cosine, i. e.,

cos(xt) =
∞
∑
k=0 (−1)k(xt)2k(2k)!

, xt ∈ ℝ,

we obtain that

( x2 )
ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 cos(xt)dt

=
( x2 )

ν

√πΓ(ν + 1
2 )

∞
∑
k=0 (−1)kx2k(2k)!

2
1

∫
0

(1 − t2)ν− 12 t2kdt.
The latter integral can be evaluated using the new variable and Part (3) from Theo-
rem 17.19 as



270 � Special functions

2
1

∫
0

(1 − t2)ν− 12 t2kdt = 1

∫
0

(1 − ξ)ν− 12 ξk− 12 dξ = B(ν + 1
2
, k + 1

2
)

=
Γ(ν + 1

2 )Γ(k +
1
2 )

Γ(ν + k + 1)
=
Γ(ν + 1

2 )√π(2k − 1)!!
2kΓ(ν + k + 1)

.

Substituting this integral to the latter sum, we obtain that it is equal to

( x2 )
ν

√πΓ(ν + 1
2 )

∞
∑
k=0 (−1)kx2k(2k)!

Γ(ν + 1
2 )√π(2k − 1)!!

2kΓ(ν + k + 1)
=
∞
∑
k=0 (−1)

k( x2 )
ν+2k

k!Γ(ν + k + 1)
= Jν(x).

This proves the equality (18.39).
Let now the complex variable z ∈ ℂ belong to the complex plane with the cut along

the negative real axis, i. e., z ∈ ℂ, | arg z| < π. This restriction is necessary for the univa-
lence of multivalued function zν with noninteger ν. Now we define the Bessel’s function
Jν for such complex z (and for complex ν) as (see (18.39))

Jν(z) :=
( z2 )

ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 cos(zt)dt, Re ν > − 1

2
, z ∈ ℂ. (18.40)

Since Re ν > − 12 and | cos(zt)| ≤ e
|z|, |t| ≤ 1, the integral in (18.40) converges uniformly

(together with its derivative with respect to z) for Re ν ≥ − 12 + δ, δ > 0 and |z| ≤ R. This
implies that the Bessel’s function defined by (18.39) is analytic for each of the arguments
z, | arg z| < π, and ν,Re ν > − 12 . This function can be interpreted as the entire function
of z of order 1.

Using now the Taylor’s expansion for the complex-valued function cos(⋅) of the com-
plex variable, the integral representation (18.39) can beused (somehow in reverse order)
to show that the series (18.20) for the Bessel’s functions can be extended for the complex
variable z, | arg z| < π, so that

Jν(z) =
∞
∑
k=0 (−1)k

k!Γ(k + ν + 1)
(
z
2
)
2k+ν
, J−ν(z) = ∞∑

k=0 (−1)k

k!Γ(k − ν + 1)
(
z
2
)
2k−ν
, (18.41)

where ν ̸= −1,−2, . . . . It allows us to define the Neumann’s functions (see (18.22)
and (18.24)) also for the complex variable z, | arg z| < π, and for all ν ̸= −1,−2, . . . .
For the values ν = −1,−2, . . . , we will use again (see (18.21) and Corollary 18.9) the
following relations (z, | arg z| < π):

J−n(z) = (−1)nJn(z), Y−n(z) = (−1)nYn(z), n ∈ ℕ.

Definition 18.14 of the Hankel functions of the real variable can be extended now to the
complex variable z, | arg z| < π such that
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H(1,2)ν (z) = Jν(z) ± iYν(z),

H(1)ν (z) = J−ν(z) − e−iνπJν(z)i sin(νπ)
, H(2)ν (z) = − J−ν(z) − eiνπJν(z)i sin(νπ)

, ν ∈ ℂ.

It can be also checked that the Bessel’s functions satisfy the differential equation
(see (18.18))

z2y′′(z) + zy′(z) + (z2 − ν2)y(z) = 0, z ∈ ℂ, ν ∈ ℂ.

Problem 18.35. Show that for any ν ∈ ℂ and z ∈ ℂ the function:
1.

y(z) :=
π

∫
0

cos(νθ − zθ)dθ

satisfies the differential equation

z2y′′(z) + zy′(z) + (z2 − ν2)y(z) = sin(νπ)(z − ν)
which reduces to the Bessel’s equation (18.18) if ν ∈ ℤ.

2.

y(z) :=
π

∫
0

eνz cos θ(A + B log(z sin2 θ))dθ

satisfies the differential equation

zy′′(z) + y′(z) − ν2zy(z) = 0,
where A and B are arbitrary constants, and log(⋅) is any branch of the logarithmic
function. Hint: Use the symmetricity of the real-valued functions cos(⋅) and sin2(⋅)
with respect to π

2 .

The orthogonality condition (see (2) of Problem 18.28) and the integral representa-
tion (18.40) for the Bessel’s functions allow us to investigate the question of their zeros.
More precisely, we will show that the zeros other than 0 of the Bessel’s function are real
and of the multiplicity 1. If z = x + iy, then the integral representation (18.39) yields
(ν > − 12 )

Jν(z) =
( z2 )

ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 cos(zt)dt

=
( z2 )

ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 (cos(xt) cosh(yt) − i sin(xt) sinh(yt))dt
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and

Jν(z) =
( z2 )

ν

√πΓ(ν + 1
2 )

1

∫−1(1 − t2)ν−
1
2 (cos(xt) cosh(yt) + i sin(xt) sinh(yt))dt.

These equalities (since ν is real) lead to the important property Jν(z) = Jν(z). The latter
equality implies then that if z, Im z ̸= 0, is a zero of Jν(⋅), then its complex conjugate z ̸= z
is also a zero of Jν(⋅). Therefore, the orthogonality condition (see (2) of Problem 18.28)
reads as

1

∫
0

tJν(zt)Jν(zt)dt =
1

∫
0

t󵄨󵄨󵄨󵄨Jν(zt)
󵄨󵄨󵄨󵄨
2dt = 0.

But due to the continuity of the Bessel’s functions, it is equivalent to the fact that Jν(⋅) ≡ 0.
This contradiction shows that the zeros cannot be complex, i. e., if the zeros exist then
they are necessarily real. The existence of the zeros of Jν(x) with real x and ν > −

1
2 fol-

lows from themain property of continuous functions, crossing zero. Namely, the integral
representation (18.39) and the oscillatory nature of the function cos(xt) shows that at the
infinitely many points x the right-hand side changes the sign. This implies the existence
of infinitely many zeros of the Bessel’s function Jν(x). We may prove even more.

Proposition 18.36. Between any two consecutive real zeros of the function x−νJν(x), there
is one and only one zero of the function x−νJν+1(x).
Proof. Using the recursive relation (2) of Proposition 18.11 above, we have that

x−νJν+1(x) = −(x−νJν(x))′x .
Thus, the application of the classical Rolle’s theorem gives that between any two con-
secutive real zeros of the function x−νJν(x) there is at least one zero of the function
x−νJν+1(x). Similarly, the recursive relation (1) of Proposition 18.11 gives that between
any two consecutive real zeros of the function xν+1Jν+1(x) there is at least one zero of the
function xν+1Jν(x). Next, the functions x−νJν(x) and (x−νJν(x))′x have no common zeros
since the first function of these two satisfy the equation

xy′′(x) + (2ν + 1)y′(x) + xy(x) = 0.
If y(x) and y′(x) are equal to 0 at some point x ̸= 0, then by the differentiation of this
equation we obtain by induction that all derivatives y(n)(x), n = 0, 1, 2, . . . will be equal
to 0 at this point and it implies that y(x) ≡ 0.

To complete the proof of the proposition, it remains to show that there is no other
zeros between 0 and the minimal zero x0 ̸= 0 of the function x−νJν+1(x). It might be
mentioned here that 0 is a zero for the function x−νJν+1(x). Indeed, if we assume that
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there is another zero x1 such that 0 < x1 < x0, then it will contradict the fact that between
0 and x0 there are no zeros of the function x

ν+1Jν(x). Hence, the proposition is completely
proved.

Remark. It might be mentioned that the latter proposition can be also obtained by the
Laguerre’s theorem (see Theorem 15.18) if one takes into account that Jν(z) is an entire
function of order 1.

Proposition 18.37. If ν > − 12 , then the Bessel’s functions Jν(z) can be represented as

Jν(z) =
( z2 )

ν

Γ(ν + 1)

∞
∏
n=1(1 − z2

(z(ν)n )2),
where 0 < z(ν)1 < z(ν)2 < ⋅ ⋅ ⋅ are positive real zeros of Jν(z), which are accumulating only at
the infinity.

Proof. Together with the positive real zeros z(ν)n , n ∈ ℕ, there will be the negative real
zeros such that z(ν)−n = −z(ν)n , n ∈ ℕ. This fact follows from the equality:

Jν(−z) = e
iπνJν(z).

Next, since for ν > − 12 the Bessel’s function is an entire function of order 1 (see (18.40))
for z, | arg z| < π, then Hadamard’s theorem (see Theorem 15.13) yields

Jν(z) = Cz
νeaz

∞
∏

n=−∞,n ̸=0(1 − z
z(ν)n )ez/z(ν)n .

Using the property of the zeros z(ν)n , we obtain

Jν(z) = Cz
νeaz
∞
∏
n=1(1 − z2

(z(ν)n )2).
Now, using the asymptotic of Jν(z) as z → 0 (see Proposition 18.4) and its generaliza-
tion for complex z (18.40), we first obtain that the constant C = 1

2νΓ(ν+1) and, second,
the constant a = 0 in view of the property Jν(−z) = e

iπνJν(z). Hence, the proposition is
proved.

18.3 Elliptic functions

Let ω1, ω2 be two arbitrary numbers (complex in general) such that the fraction ω1
ω2

is
not real. Let f (z) be a complex-valued function of the complex variable z such that

f (z + 2ω1) = f (z), f (z + 2ω2) = f (z). (18.42)

This type of function is called the doubly periodic with periods 2ω1 and 2ω2.
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Definition 18.38. Let function f (z) be doubly periodic satisfying (18.42). If this function
f (z) is analytic and all possible singular points are poles and they are finite, then f (z) is
said to be an elliptic function.

Remark. It is clear that if f (z) is doubly periodic, then f ′(z) is also doubly periodic with
the sameperiods as f (z). Consequently, if function f (z) is elliptic, then f ′(z) is also elliptic.

Consider the parallelogram P shown in Figure 18.1. It is called the basic parallelo-
gram of periods if for any ω ∈ P \ {2ω1, 2ω2, 2ω1 + 2ω2} and for all z, we have

f (z + ω) ̸= f (z).

Figure 18.1: Basic parallelogram of periods.

It is clear that the whole complex plane ℂ can be covered by the family of the paral-
lelograms, which are congruent to the basic parallelogram P such that each of the points
2mω1 + 2nω2, n,m ∈ ℤ are the vertices of these parallelograms. It is also clear that for
all z ∈ ℂ the points

z, z + 2ω1, z + 2ω2, z + 2ω1 + 2ω1, . . . , z + 2mω1 + 2nω2, . . .

have the same positions in the corresponding parallelograms and they are called com-
parable. The comparability of such two points z and z′ is denoted as

z′ = z(mod2ω1, 2ω2).

Hence, the elliptic function takes the same values at the comparable points, i. e., its val-
ues at any parallelogram are repeated by the values of this function in the basic paral-
lelogram of the periods P. The interior of these parallelograms is called a cell. We may
assume without loss of generality in the future that all poles are located inside of each
cell. All these facts and the analyticity of elliptic functions yield the following properties.

Proposition 18.39. Let f (z) be elliptic function. Then:
1. The number of poles is finite in each cell.
2. The number of zeros is finite in each cell.
3. The sum of the residues with respect to poles in each cell is equal to 0.
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4. Assuming that there are no poles in the cell yields f (z) ≡ const.
5. The number of roots of the equation

f (z) − C = 0, C ∈ ℂ,

in the cell is independent on this constant C and this number is said to be the order of
elliptic function and it is equal to the number of poles in the cell taking into account
their multiplicity.

6. The order of the elliptic functions cannot be less than 2.
7. The sum of the zeros of the elliptic function inside of any cell is comparable with the

sum of its poles there.

Proof. Parts (1) and (2) are quite evident. In the first case, if we assume that there are
infinitely many poles in the cell, then a limiting point will be an essential singularity,
which contradicts the ellipticity of this function. In the second case, the assumption of
an infinite number of zeros leads to the fact that this elliptic function is identically equal
to 0.

Let now P be any cell, then 2πi times the sum of the residues there will be equal to

∫𝜕P f (z)dz = (
ζ+2ω1

∫
ζ

+
ζ+2ω1+2ω2

∫
ζ+2ω1

+
ζ+2ω2

∫
ζ+2ω1+2ω2

+
ζ

∫
ζ+2ω1

)f (z)dz

=
ζ+2ω1

∫
ζ

f (z)dz +
ζ+2ω2

∫
ζ

f (z + 2ω1)dz

−
ζ+2ω1

∫
ζ

f (z + 2ω2)dz −
ζ+2ω2

∫
ζ

f (z)dz = 0

due to the doubly periodicity of f (z). This proves (3).
If an elliptic function has no poles in the cell (due to periodicity it has no poles any-

where), then it is analytic and bounded in the whole complex plane. It is implied by the
Liouville’s theorem that f (z) ≡ constant. This proves (4).

To prove (5), we use the principle of argument (see Theorem 12.4). Due to this, the
difference between the zeros and the poles of the function f (z) − C in the cell P is equal
to

1
2πi
∫𝜕P f ′(z)
f (z) − C

dz.

But since f ′(z) is also doubly periodic (with the same periods as f (z)), then using the
procedure as in the proof of (3), we obtain that the latter integral is equal to 0. Hence,
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the number of zeros of f (z) − C is equal to the number of the poles of f (z) − C, i. e., of
f (z). And this number is independent on C. This proves (5).

The order of elliptic function cannot be less than 2. If it turned out that the order
is equal to 1, then there will be only one (at most) pole of order 1. But in that case the
residue of f (z) at this pole is not equal to 0, which contradicts with (3).

To prove (7), we first prove the formula, which has an independent important in-
terest. Namely, the following is true:

1
2πi
∫𝜕P zf
′(z)
f (z)

dz =
k
∑
j=1 rjzj − l

∑
j=1 sj z̃j , (18.43)

where rj is themultiplicity of the zero zj and sj is the order of the pole z̃j for this function
f (z). Indeed, by the Cauchy’s residue theorem, we have

1
2πi
∫𝜕P zf
′(z)
f (z)

dz = ∑
z=zj ,z=z̃j Res(zf

′(z)
f (z)
).

Next, since near the point zj we have that

zf ′(z)
f (z)
=
zrj(Aj(z − zj)

rj−1 + O((z − zj)rj )
Aj(z − zj)rj + o((z − zj)rj )

=
zrj
z − zj
+ zrjo(1) =

zjrj
z − zj
+ rj + zrjo(1), z→ zj ,

then this representation yields that

Res
z=zj(zf ′(z)f (z)

) = rjzj .

Similarly, we obtain that

zf ′(z)
f (z)
= −

z̃jsj
z − z̃j
− sj + o(1), z→ z̃j ,

and consequently,

Res
z=z̃j(zf ′(z)f (z)

) = −sj z̃j .

These two facts prove the required formula (18.43). Further, using the doubly periodicity
of f (z), we have that
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1
2πi
∫𝜕P f (z)dz
= 1
2πi
(

ζ+2ω1

∫
ζ

+
ζ+2ω1+2ω2

∫
ζ+2ω1

+
ζ+2ω2

∫
ζ+2ω1+2ω2

+
ζ

∫
ζ+2ω1

)
zf ′(z)
f (z)

dz

= 1
2πi
(−2ω2

ζ+2ω1

∫
ζ

f ′(z)
f (z)

dz + 2ω1

ζ+2ω2

∫
ζ

f ′(z)
f (z)

dz)

= 1
2πi
(−2ω2 log f (z)

󵄨󵄨󵄨󵄨
ζ+2ω1
ζ + 2ω1 log f (z)

󵄨󵄨󵄨󵄨
ζ+2ω2
ζ )

= 1
2πi
(−2iω2(arg f (ζ + 2ω1) − arg f (ζ )) + 2iω1(arg f (ζ + 2ω2) − arg f (ζ )))

= −2ω2n + 2ω1m, n,m ∈ ℤ

due to the properties of the multivalued function log(⋅). Combining all these facts, we
finally obtain that

k
∑
j=1 rjzj − l

∑
j=1 sj z̃j = 2ω1m + 2ω2n,

which is what was needed to be shown. The proposition is completely proved now.

The simplest elliptic functions are the functions of order 2. They can be divided into
two classes: there is only one pole of order 2 with the residue equaling to 0, and there
are two simple poles with the residues of the opposite sign (with equal modulii). The
functions of the first class are called Weierstrass elliptic functions, and of the second
class are called Jacobi elliptic functions. We will show that any elliptic function can be
expressed through the Weierstrass or Jacobi elliptic functions. We focus our attention
mainly on the Weierstrass elliptic functions.

Weierstrass elliptic function

Definition 18.40. We define the Weierstrass elliptic function ℘(z) by the equality

℘(z) := 1
z2
+
∞
∑

n,m=−∞
n2+m2>0(

1
(z − 2mω1 − 2nω2)2

− 1
(2mω1 + 2nω2)2

), (18.44)

where ω1 and ω2 satisfy the conditions (18.42).

It is clear that the series (18.44) converges absolutely and uniformly in z outside of
the points 2mω1 + 2nω2 and defines therefore an analytic function such that the points
2mω1 + 2nω2 are the poles of order 2.
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Problem 18.41. Show that

℘(z) = ( π
2ω1
)
2

(− 1
3
+
∞
∑

n=−∞ 1
sin2(π z−2nω2

2ω1
)
−
∞
∑

n=−∞,n ̸=0 1
sin2(π nω2

ω1
)
)

= ( π
2ω1
)
2

(− 1
3
+
∞
∑

n=−∞ 1
sin2(π z−2nω2

2ω1
)
− 2
∞
∑
n=1 1

sin2(π nω2
ω1
)
).

Hint: Use the representation for the function 1
sin2(⋅) in Example 11.19 andProblem 11.20(3).

Since (18.44) is the series of analytic functions and the series which is differentiated
term by term converges uniformly outside of the poles, then we obtain

℘′(z) := −2 ∞
∑

n,m=−∞ 1
(z − 2mω1 − 2nω2)3

.

The latter equality and (18.44) immediately imply that (using the fact that ℘ is even)

℘(−z) = ℘(z), ℘′(−z) = −℘′(z).
Further, we have

℘′(z + 2ω1) := −2
∞
∑

n,m=−∞ 1
(z − 2mω1 − 2nω2 − 2ω1)3

= −2
∞
∑

n,m′=−∞ 1
(z − 2m′ω1 − 2nω2)3

= ℘′(z).
Similarly, we have that

℘′(z + 2ω2) = ℘
′(z),

i. e., ℘′(z) is doubly periodic with the periods 2ω1 and 2ω2. Integrating now the latter
equalities with respect to z, we get

℘(z + 2ω1) = ℘(z) + A1, ℘(z + 2ω2) = ℘(z) + A2

with some constants A1, A2. If we put here z = −ω1 and z = −ω2, respectively, we obtain
that A1 = 0, A2 = 0. This means then that ℘(z) is doubly periodic with periods 2ω1 and
2ω2 having only poles in the complex plane ℂ of order 2. Therefore, the equality (18.44)
defines an elliptic function.

Remark. The doubly periodicity of the Weierstrass function ℘(z) can be obtained
straightforwardly from definition (18.44).
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We may now obtain the ordinary differential equation satisfied by the Weierstrass
elliptic function. Since ℘(z) − 1

z2 is analytic in the neighborhood of the point z = 0 and
since ℘(z) is even, then the Taylor’s expansion near z = 0 gives the representation

℘(z) − 1
z2
= g̃2z

2 + g̃3z
4 + O(z6),

and so

℘′(z) + 2
z3
= 2g̃2z + 4g̃3z

3 + O(z5).

It follows that

℘3(z) = 1
z6
+ 3g̃2

1
z2
+ 3g̃3 + O(z

2)

and

(℘′(z))2 = 4
z6
− 8g̃2

1
z2
− 16g̃3 + O(z

2).

Consequently, we have that

(℘′(z))2 − 4℘3(z) = −20g̃2 1z2 − 28g̃3 + O(z2).
The latter representation can be rewritten equivalently as

(℘′(z))2 − 4℘3(z) = −20g̃2℘(z) − 28g̃3 + O(z2).
This means that the function

(℘′(z))2 − 4℘3(z) + 20g̃2℘(z) + 28g̃3
is elliptic and analytic near z = 0, i. e., it is an elliptic function without singular points
(taking into account its periodicity) and, therefore, it is identically equal to the constant
(see Proposition 18.39, Part (4)). Letting z→ 0, we obtain that this constant is equal to 0,
and thus ℘(z) satisfies the nonlinear differential equation

(℘′(z))2 = 4℘3(z) − 20g̃2℘(z) − 28g̃3.
Denoting 20g̃2 by g2, and 28g̃3 by g3, we get finally that

(℘′(z))2 = 4℘3(z) − g2℘(z) − g3, (18.45)

where g2 and g3 are said to be the invariants of the elliptic function ℘(z) and defined as
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g2 =
∞
∑

n,m=−∞
n2+m2>0

60
(2mω1 + 2nω2)4

, g3 =
∞
∑

n,m=−∞
n2+m2>0

140
(2mω1 + 2nω2)6

. (18.46)

Problem 18.42.
1. Prove the formulas (18.46).
2. Show that near z = 0 the following representation holds:

℘(z) = 1
z2
+
∞
∑
j=1 c2jz2j ,

where c2 =
g2
20 , c4 =

g3
28 , c6 =

g22
80⋅15 , c8 = 3g2g3

80⋅77 , . . . .
Conversely to (18.45), if there is a differential equation

(u′(z))2 = 4u3(z) − g2u(z) − g3
and if it is possible to define the numbers ω1 and ω2 such that g2 and g3 satisfy (18.46),
then the general solution of this differential equation will be the function

u(z) = ℘(±z + α),

where α is a constant of integration. Indeed, introducing a new variable ξ satisfying
u(z) = ℘(ξ), one can see that

(u′(z))2 ≡ (℘′(ξ))2(ξ′(z))2 = 4℘3(z) − g2℘(z) − g3,
which evidently implies that (ξ′(z))2 = 1, i. e., ξ′(z) = ±1 or ξ(z) = ±z + α. Since ℘(z) is
even, then we obtain the needed statement.

TheWeierstrass elliptic function has an integral representation. Let us consider the
equality

z =
∞
∫
ζ

1

√4t3 − g2t − g3
dt,

where the integration goes over arbitrary curve connecting ζ and∞ bypassing the roots
of the polynomial 4t3 − g2t − g3. Differentiating this integral with respect to z, we obtain

(ζ ′(z))2 = 4ζ 3(z) − g2ζ (z) − g3,
and consequently (as was shown earlier),

ζ (z) = ℘(z + α).
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But if ζ →∞, then z→ 0, and hence α is a pole of the Weierstrass function ℘(⋅), i. e.,

α = 2mω1 + 2nω2, m, n ∈ ℤ.

It implies that

ζ (z) = ℘(z + 2mω1 + 2nω2) = ℘(z)

and, therefore,

z =
∞
∫℘(z) 1

√4t3 − g2t − g3
dt. (18.47)

This integral representation might be considered as an equivalent definition of the
Weierstrass elliptic function ℘(z) with the invariants g2 and g3.

Proposition 18.43 (Addition formula). Let℘(⋅) be theWeierstrass elliptic functionwith pe-
riods 2ω1 and 2ω2, and let z, y ∈ ℂ be arbitrary points such that z ̸= y(mod 2ω1, 2ω2). Then

℘(z + y) = 1
4
(
℘′(z) − ℘′(y)
℘(z) − ℘(y)

)
2

− ℘(z) − ℘(y). (18.48)

Proof. Since z ̸= y(mod2ω1, 2ω2), then ℘(z) ̸= ℘(y). Consider (under this condition) the
system of equations

℘′(z) = A℘(z) + B, ℘′(y) = A℘(y) + B,
where the valuesA and B (depending on z and y) are to be determined. It is easy to check
that the solutions A and B are equal to

A =
℘′(z) − ℘′(y)
℘(z) − ℘(y)

, B =
℘(z)℘′(y) − ℘(y)℘′(z)
℘(z) − ℘(y)

.

Next, considering with these A and B, the function

℘′(ζ ) − A℘(ζ ) − B,
we may conclude that it is an elliptic function with the pole at ζ = 0 of order 3. Hence,
by the property (7) of Proposition 18.39, this function has only three zeros whose sum is
comparable with some 2mω1 + 2nω2. But ζ = z and ζ = y are the zeros of this function,
and then the third zero is comparable with ζ = −z − y, i. e.,

℘′(−z − y) = A℘(−z − y) + B
or, equivalently,
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−℘′(z + y) = A℘(z + y) + B.
Taking now into account that ℘(⋅) is theWeierstrass elliptic function, we obtain actually
that

(℘′(ζ ))2 = (A℘(ζ ) + B)2 = 4℘3(ζ ) − g2℘(ζ ) − B.
This implies that

4℘3(ζ ) − A2℘2(ζ ) − (g2 + 2AB)℘(ζ ) − g3 − B = 0.

This equation as the polynomial equation of degree 3 has exactly three roots ℘(z), ℘(y),
and℘(z+y), and they are different from each other. Using the property of the coefficients
of the cubic polynomials, we have that

℘(z) + ℘(y) + ℘(z + y) = 1
4
A2.

Substituting instead of A, its expression from above yields (18.48).

Corollary 18.44 (Doubling formula). Suppose that 2z is not a period of the Weierstrass
function ℘(⋅). Then the following is true:

℘(2z) = 1
4
(
℘′′(z)
℘′(z) )2 − 2℘(z). (18.49)

Proof. Letting y→ z in (18.48) yields (since 2z is not a period)

℘(2z) = 1
4
lim
y→z(℘′(z) − ℘′(y)℘(z) − ℘(y)

)
2

− 2℘(z).

Applying L’Hôspital’s rule for the limit we will have

lim
y→z ℘′(z) − ℘′(y)℘(z) − ℘(y)

=
℘′′(z)
℘′(z) .

This proves the corollary.

Proposition 18.45. Let ℘(z) be theWeierstrass elliptic function with periods 2ω1 and 2ω2.
Then the values

e1 := ℘(ω1), e2 := ℘(ω2), e3 := ℘(ω1 + ω2) (18.50)

are not equal to each other and they are the roots of the polynomial equation

4w3 − g2w − g3 = 0.
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Proof. Consider first the value ℘′(ω1). Then

℘′(ω1) = −℘
′(−ω1) = −℘

′(2ω1 − ω1) = −℘
′(ω1),

and consequently, ℘′(ω1) = 0. Similarly, we obtain that

℘′(ω2) = 0, ℘
′(ω1 + ω2) = 0.

Since ℘′(z) is also periodic (as ℘(z)) with the same periods 2ω1 and 2ω2, then ℘
′(z) has

three and only three zeros, i. e., these values ω1, ω2, and ω3 = −ω1 − ω2 (or the values
which are comparable with them). Considering the function ℘(z) − e1 yields that z = ω1
is a double zero (℘′(ω1) = 0) of this function and all other zeros must be comparable
withω1. The same is true for the functions ℘(z)− e2 and ℘(z)− e3 with their zerosω2 and
ω3, respectively. We can obtain now from here that the values e1, e2, and e3 are not equal
to each other. Indeed, if we assume, e. g., that e1 = e2, and then function ℘(z) − e1 would
have a zero at z = ω2, i. e., at the point that is not comparable withω1. This contradiction
shows that the values e1, e2, e3 are not equal to each other. In addition, since ℘

′(z) = 0 at
the points ω1, ω2, ω3 and

(℘′(z))2 = 4℘3(z) − g2℘(z) − g3
then the right-hand side is equal to 0 if and only if ℘(z) = e1, e2, or e3. It means that e1,
e2, e3 are the roots of the equation

4w3 − g2w − g3 = 0.

This proves the proposition.

Remark. The latter proposition implies that

(℘′(z))2 = 4(℘(z) − e1)(℘(z) − e2)(℘(z) − e3)
and

{{{
{{{
{

e1 + e2 + e3 = 0,
e1e2 + e2e3 + e3e1 = −

1
4g2,

e1e2e3 =
1
4g3.

(18.51)

Recalling the Cardano’s formulae (see Chapter 2), we have that the discriminant Δ
of the Weierstrass elliptic function is equal to

Δ = g32 − 27g
2
3 (18.52)
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and if g2 and g3 are real and Δ > 0, then (see Problem 2.12) all three zeros e1, e2, e3 are
real and can be put in the following order: e1 > e2 > e3. In that case, we can obtain that
(see (18.47))

{{{
{{{
{

ω1 = ∫
∞
e1

1
√4t3−g2t−g−3dt,

ω3 = −i∫
e3−∞ 1
√−4t3+g2t+g3 dt, (18.53)

so that ω1 is real and ω3 is pure imaginary.

Problem 18.46. Find the formula for ω2 similar to (18.53).

The addition formula (18.48) and the first equality of (18.51) lead to

℘(z + ω1) + ℘(z) + ℘(ω1) =
1
4
(
℘′(z) − ℘′(ω1)
℘(z) − ℘(ω1)

)
2

=
(℘′(z))2
(℘(z) − e1)2

=
(℘(z) − e1)(℘(z) − e2)(℘(z) − e3)

(℘(z) − e1)2

=
(℘(z) − e2)(℘(z) − e3)
℘(z) − e1

.

It can be rewritten as

℘(z + ω1) =
(℘(z) − e2)(℘(z) − e3)
℘(z) − e1

− ℘(z) − e1

=
2℘(z)e1 + e2e3
℘(z) − e1

− e1 = e1 +
(e1 − e2)(e1 − e3)
℘(z) − e1

. (18.54)

The latter equality is an addition formula for the half-period. Similarly, we have

℘(z + ω2) = e2 +
(e2 − e1)(e2 − e3)
℘(z) − e2

.

Problem 18.47. Using (18.48) and (18.54), show that:
1. ℘2(z) = ℘′′(z)6 + g2

12 .
2. ℘(z + y) − ℘(z − y) = − ℘′(z)℘′(y)(℘(z)−℘(y))2 .
3. ℘(ω1

2 ) = e1 ±√(e1 − e2)(e1 − e3).
4. ℘(ω2 +

ω1
2 ) = e1 ∓√(e1 − e2)(e1 − e3).

5. ℘′(ω1
2 ) = −2(√(e1 − e2)

2(e1 − e3) +√(e1 − e2)(e1 − e3)2).

6. ℘′(z+ω1)℘′(z) = −(℘( ω12 )−℘(ω1)℘(z)−℘(ω1) )2.
7. The discriminant Δ of the equation 4t3 − g2t − g3 is equal to

℘′(z)℘′(z + ω1)℘
′(z + ω2)℘

′(z + ω3) = 16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 = g32 − 27g

2
3 .
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The Weierstrass elliptic functions may help in the integration (not in the elementary
functions) of some specific integrals. Moreover, they help very much in solving of some
nonlinear ordinary differential equations in terms of the Weierstrass functions. More
precisely, let

R(f ) := αf 4 + 4βf 3 + 6γf 2 + 4δf + ϵ

be a polynomial of degree 4. We are interested in the evaluation of the integral

z :=
f (z)
∫
f0

1
√R(g)

dg, (18.55)

where f0 is an arbitrary constant for the moment. Further, we assume that R(f ) has no
multiple zeros, otherwise the integral (18.55) can be evaluated in elementary functions
using the Euler’s substitutions. As known from the courses of linear algebra, the invari-
ants of this polynomial R(f ) are equal to

g2 = αϵ − 4βδ + 3γ
2, g3 = αγϵ + 2βγδ − γ

3 − αδ2 − β2ϵ. (18.56)

We will show that f (z) from (18.55) can be presented as a rational function of the Weier-
strass elliptic function ℘(z) ≡ ℘(z; g2, g3).

Proposition 18.48. Let f0 from (18.55) be a simple root of R(f ). Then

f (z) = f0 +
R′(f0)

4℘(z; g2, g3) −
R′′(f0)
6

, (18.57)

where ′ here denotes the derivative with respect to f . Moreover, this function f (z) solves
nonlinear ordinary differential equation with initial data f0,

(f ′(z))2 = R(f ), f (0) = f0.

Proof. Let f0 be a simple root of R(⋅). Then by the Taylor’s expansion near f0, we have

R(g) = R′(f0)(g − f0) + R′′(f0)2!
(g − f0)

2 +
R′′′(f0)
3!
(g − f0)

3 +
R(iv)(f0)

4!
(g − f0)

4

≡ α(g − f0)
4 + 4β̃(g − f0)

3 + 6γ̃(g − f0)
2 + 4δ̃(g − f0),

where

β̃ = αf0 + β, γ̃ = αf 20 + 2βf0 + γ, δ̃ = αf 30 + 3βf
2
0 + 3γf0 + δ. (18.58)

Changing now the variable of integration in (18.55) as τ := 1
g−f0 and denoting by ξ := 1

f−f0 ,
we obtain



286 � Special functions

z =
∞
∫
ξ

1

√4δ̃τ3 + 6γ̃τ2 + 4β̃τ + α
dτ.

Let us introduce here a new variable (again) as η := δ̃τ + γ̃2 . And denoting by ϕ := δ̃ξ +
γ̃
2 ,

we obtain that

z =
∞
∫
ϕ

1

√4η3 − (3γ̃2 − 4β̃δ̃)η − (2β̃γ̃δ̃ − γ̃2 − αδ̃2)
dη.

It must be mentioned that δ̃ ̸= 0, otherwise f0 will be multiple zero for R(⋅). Also, it is
easy to check that (due to the fact that f0 is a simple root) the coefficients of the integrand
in the latter integral are actually equal to g2 and g3 (see (18.56) and (18.58)), respectively,
i. e.,

3γ̃2 − 4β̃δ̃ = g2, 2β̃γ̃δ̃ − γ̃2 − αδ̃2 = g3,

and consequently, ϕ = ℘(z; g2, g3). This implies that

ξ = 1
f − f0
=
℘(z; g2, g3)

δ̃

or, equivalently,

f (z) = f0 +
δ̃

℘(z; g2, g3) −
γ̃
2

,

and finally

f (z) = f0 +
R′(f0)

4℘(z; g2, g3) −
R′′(f0)
6

,

which proves (18.57) and the first part of the proposition. To prove the last part, we dif-
ferentiate (18.55) with respect to f (considering z as a function of f ) and obtain

dz
df
= 1
√R(f )

or df
dz
= √R(f (z)).

This proves the last part of the proposition.

Problem 18.49 (Weierstrass formula). Show that if

z :=
f (z)
∫
f0

1
√R(g)

dg,
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where f0 is an arbitrary constant and the polynomial R(g) has no multiple zeros, then

f (z) = f0 +
d℘(z)
dz √R(f0) +

R′(f0)
2 (℘(z) −

R′′(f0)
24 ) +

R(f0)R′′′(f0)
24

(4℘(z) − R′′(f0)
6 )

2 − α R(f0)
2

, (18.59)

where ℘(z) = ℘(z; g2, g3) with g2 and g3 from (18.56). Show that this function f (z) solves
the nonlinear ordinary differential equation

(
df (z)
dz
)
2

= R(f (z))

with initial data f (0) = f0.

Problem 18.50. Show that under the conditions of Proposition 18.48 the following is
true:
1.

√R(f (z)) = −
R′(f0) d℘(z)dz

2℘(z) − R′′(f0)
12

,

2.

℘(z) = R′(f0)
4(f (z) − f0)

+
R′′(f0)
24
,

where ℘(z) = ℘(z; g2, g3).

Problem 18.51. Let f and z be connected as

z =
f (z)
∫−∞ 1
√t4 + 6ct2 + e2

dt.

Show that

f (z) =
d℘(z)
dz

2(℘(z) + c)
,

where ℘(z) is theWeierstrass elliptic function constructed by the roots e1 = −c, e2 =
c+e
2 ,

e3 =
c−e
2 .

Quasiperiodic zeta and sigma functions

The zeta function ζ (z) is defined via the Weierstrass elliptic function as

ζ ′(z) = −℘(z)



288 � Special functions

with the uniqueness condition

lim
z→0(ζ (z) − 1z) = 0.

This definition implies that

ζ (z) = 1
z
−

z

∫
0

(℘(t) − 1
t2
)dt

= 1
z
−
∞
∑

n,m=−∞
m2+n2>0

z

∫
0

(
1

(t − 2mω1 − 2nω2)2
− 1
(2mω1 + 2nω2)2

)dt

= 1
z
+
∞
∑

n,m=−∞
m2+n2>0(

1
z − 2mω1 − 2nω2

+ 1
2mω1 + 2nω2

+ z
(2mω1 + 2nω2)2

). (18.60)

This formula immediately gives that ζ (−z) = −ζ (z), i. e., the zeta function is odd and has
a pole of order 1 at any point comparable with 0. It also gives that the residue at the pole
is equal to 1, and thus the zeta function is not elliptic (and also is not doubly periodic).
This function however, is quasiperiodic in the sense that

{
ζ (z + 2ω1) = ζ (z) + 2ζ (ω1),
ζ (z + 2ω2) = ζ (z) + 2ζ (ω2).

(18.61)

Indeed, since ℘(z + 2ω1) = ℘(z) then integrating this equality yields

ζ (z + 2ω1) = ζ (z) + C.

Considering now z = −ω1 and using oddness of ζ (⋅), we obtain

ζ (ω1) = −ζ (ω1) + C.

This proves the first equality from (18.61). Similarly, we obtain the second equality
from (18.61). There is some interesting connection between ζ (ω1) and ζ (ω2). Namely,

ζ (ω1)ω2 − ζ (ω2)ω1 =
πi
2
. (18.62)

To check (18.62), consider the following integral:

∫𝜕P ζ (z)dz,
where P is any cell (as for theWeierstrass elliptic function). Since inside of any cell there
is only one pole of order 1 with the residue 1, we have
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∫𝜕P ζ (z)dz = 2πi.
On the other hand (using (18.61)), we will have that

2πi = ∫𝜕P ζ (z)dz =
w+2ω1

∫
w

(ζ (z) − ζ (z + 2ω2))dz −
w+2ω2

∫
w

(ζ (z) − ζ (z + 2ω1))dz

= −4ζ (ω2)ω1 + 4ζ (ω1)ω2,

which is what needed to be shown.

Problem 18.52. Prove that for any x, y, z with x + y + z = 0, the following is true:

(ζ (x) + ζ (y) + ζ (z))2 + ζ ′(x) + ζ ′(y) + ζ ′(z) = 0.
There is another function, which is closely connected with the Weierstrass elliptic

function. The sigma function σ(z) is defined as

(log σ(z))′ = ζ (z)
with the uniqueness condition

lim
z→0 σ(z)z = 1.

Integrating here and using (18.60), we obtain

σ(z) = C exp(log z) exp(
∞
∑

n,m=−∞
m2+n2>0

z

∫
0

(
1

t − 2mω1 − 2nω2
+ 1
2mω1 + 2nω2

+ t
(2mω1 + 2nω2)2

)dt)

= zC exp(
∞
∑

n,m=−∞
m2+n2>0(log(z − 2mω1 − 2nω2) +

z
2mω1 + 2nω2

+ z2

2(2mω1 + 2nω2)2
)),

and consequently,

σ(z)
z
= C

∞
∏

n,m=−∞
m2+n2>0((z − 2mω1 − 2nω2)e

z
2mω1+2nω2

+ z2

2(2mω1+2nω2)2 ).
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Since limz→0 σ(z)
z = 1, then the constant of integration C is equal to

C =
∞
∏

n,m=−∞
m2+n2>0(−

1
2mω1 + 2nω2

).

Hence, we obtain finally that

σ(z) = z
∞
∏

n,m=−∞
m2+n2>0((1 −

z
2mω1 + 2nω2

)e
z

2mω1+2nω2
+ z2

2(2mω1+2nω2)2 ). (18.63)

This representation shows that σ(z) is an entire function with simple zeros at the points
z = 2mω1 + 2nω2,m, n ∈ ℤ. It is also clear that σ(z) is odd. The sigma function σ(z) is
quasiperiodic in the sense that

σ(z + 2ω1) = −e
2ζ (ω1)(z+ω1)σ(z), σ(z + 2ω2) = −e

2ζ (ω2)(z+ω2)σ(z).
Indeed, since

ζ (z + 2ω1) = ζ (z) + 2ζ (ω1), ζ (z + 2ω2) = ζ (z) + 2ζ (ω2)

then the definition of σ(z) yields

σ(z + 2ω1) = Ce
2ζ (ω1)zσ(z), σ(z + 2ω2) = C

′e2ζ (ω2)zσ(z),
where C, C′ are the constants of integration. Putting z = −ω1 and z = −ω2, respectively,
and using that σ(z) is odd we get

σ(ω1) = −Ce
−2ζ (ω1)ω1σω1, σ(ω2) = −C

′e−2ζ (ω2)ω2σ(ω2)

and further,

C = −e2ζ (ω1)ω1 , C′ = −e2ζ (ω2)ω2 .

Substituting these constants, we obtain the quasiperiodicity of the sigma function σ(z).

Problem 18.53.
1. Show that

σ(2z)
σ4(z)
= −℘′(z), σ(3z)

σ9(z)
= 3℘(z)(℘′(z))2 − (℘′′(z))2

4
,

where ℘(z) is the Weierstrass elliptic function.
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2. Let e1 > e2 > e3, where e1 = ℘(ω1), e2 = ℘(ω2), e3 = ℘(ω1 +ω2), and ℘(z) is theWeier-
strass elliptic function with periods 2ω1, 2ω2. What one can say about the values of
the function

ψ(z) := ζ (z) − zζ (ω1 + ω2)
ω1 + ω2

when z goes along the parallelogram with vertices −ω1, ω1, −ω2, −2ω1 − ω2?

Problem 18.54. Show that

∫
1

((x2 − a)(x2 − b))1/4 dx = − 12 log σ(z − z0)σ(z + z0)
+ i
2
log σ(z − iz0)

σ(z + iz0)
,

where

x2 = a + 1
6(℘(z) − ℘(z0))

, ℘2(z0) =
1

6(a − b)

and ℘(⋅) is the Weierstrass elliptic function with the invariants

g2 =
2b

3a(a − b)
, g3 = 0.

We are in position now to show that any elliptic function with periods 2ω1 and 2ω2
can be expressed in terms of the Weierstrass elliptic function ℘(z) and its derivative
℘′(z) with the same periods. Since the following identity holds,

f (z) = 1
2
(f (z) + f (−z)) +

(f (z) − f (−z))℘′(z)
2℘′(z) ,

and since ℘′(z) is odd, then the problem would be solved if we express any even elliptic
functionψ(z) through℘(z) and℘′(z). Indeed, if a1, a2, . . . , ak are the zeros ofψ(z) in some
cell, then −a1,−a2, . . . ,−ak (comparable with a1, a2, . . . , ak ) are also the zeros in this cell.
Similarly, if b1, b2, . . . , bk are the poles, then −b1,−b2, . . . ,−bk are also the poles there.
Considering the function

F(z) := 1
ψ(z)
∏kj=1(℘(z) − ℘(aj))
∏kj=1(℘(z) − ℘(bj))

we conclude that F(z) is an elliptic function with periods 2ω1 and 2ω2. Moreover, this
function has no poles since the zeros of ψ(z) are exactly the same as the zeros of the
product in the numerator, and the zeros of the product in the denominator are exactly
the poles ofψ(z). It means that F(z) is a bounded (in this cell) analytic function, and thus,
by the Liouville’s theorem, F(z) ≡ constant. It implies that
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ψ(z) = C
∏kj=1(℘(z) − ℘(aj))
∏kj=1(℘(z) − ℘(bj)) .

Applying this procedure to each of the functions,

f (z) + f (−z), f (z) − f (−z)
℘′(z) ,

we obtain the required result. Moreover, we obtain that this relation is a rational func-
tion of ℘(z) and ℘′(z).
Problem 18.55. Show that any elliptic function f (z) with periods 2ω1 and 2ω2 can be
represented (in some cell) as

f (z) = C +
k
∑
j=1

rj
∑
l=1 (−1)l−1(l − 1)!

cjlζ
(l−1)(z − aj),

whereC is some constant, ζ (⋅) is the zeta functionwith quasiperiods 2ω1, 2ω2 (see (18.61)),
and a1, a2, . . . , ak are the poles of f (z) in this cell with the main part of the Laurent’s
expansion near these poles as

cj1
z − aj
+

cj2
(z − aj)2

+ ⋅ ⋅ ⋅ +
cjrj
(z − aj)rj

, j = 1, 2, . . . , k.

Problem 18.56. Prove that any elliptic function f (z) with periods 2ω1 and 2ω2 can be
represented (in some cell) as

f (z) = C
k
∏
j=1 σ(z − aj)σ(z − bj)

,

where C is some constant, a1, a2, . . . , ak are the zeros of f (z), and b1, b2, . . . , bk are the
poles of f (z) such that

a1 + a2 + ⋅ ⋅ ⋅ + ak = b1 + b2 + ⋅ ⋅ ⋅ + bk

and σ(⋅) is the sigmaquasiperiodic function constructed via theWeierstrass elliptic func-
tion with periods 2ω1 and 2ω2.

Problem 18.57.
1. Show that

℘(z) − ℘(y) = −σ(z + y)σ(z − y)
σ2(z)σ2(y)

,

where ℘(⋅) is the Weierstrass elliptic function and σ(⋅) is the corresponding sigma
function.
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2. Differentiating the equality from (1), show that

1
2
℘′(z) − ℘′(y)
℘(z) − ℘(y)

= ζ (z + y) − ζ (z) − ζ (y),

where ζ (⋅) is the corresponding zeta function.

Jacobi elliptic functions

As it was mentioned earlier, the Jacobi elliptic functions can be defined as the elliptic
functions of order 2 having (in cell) two simple poles with the residues in them equal in
magnitude but opposite in sign. A more useful definition of the basic elliptic functions
sn(⋅), cn(⋅), dn(⋅) is connected with the inversion of elliptic integrals of the first kind, i. e.,
the integrals of the form

z :=
y

∫
0

1

√(1 − t2)(1 − k2t2)
dt, (18.64)

where the complex k2 does not belong to (−∞, 0] ∪ [1,∞) and y = y(z) is a function of
z everywhere except the singular points, which are simple poles. Specifically, the Jacobi
sn-function, y = sn(z; k) is defined via the integral (18.64). This definition implies imme-
diately that sn(⋅) is odd. The Jacobi cn(⋅) and dn(⋅)-functions might be defined equiva-
lently, using the following identities:

{{{
{{{
{

sn2(z; k) + cn2(z; k) = 1,
k2 sn2(z; k) + dn2(z; k) = 1,
cn(0; k) = dn(0; k) = 1.

(18.65)

Problem 18.58.
1. Show that the identities (18.65) define cn(z; k) and dn(z; k) uniquely.
2. Show that cn(z; k) and dn(z; k) are even functions.
3. Show that if

z =
1

∫
y2

1

√(1 − t2)(1 − k2(1 − t2))
dt, z =

1

∫
y3

1

√(1 − t2)(t2 − 1 + k2)
dt, (18.66)

then y2 = cn(z; k) and y3 = dn(z; k), respectively.
4. Show that

{{{
{{{
{

(sn(z; k))′z = cn(z; k) ⋅ dn(z; k),
(cn(z; k))′z = − sn(z; k) ⋅ dn(z; k),
(dn(z; k))′z = −k2 sn(z; k) ⋅ cn(z; k).
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5. Show that y1 = sn(z; k), y2 = cn(z; k), and y3 = dn(z; k)might be also considered as
the solutions of the following differential equations:

{{{
{{{
{

(y′1(z))2 = (1 − y21(z))(1 − k2y21(z)), y1(0) = 0,
(y′2(z))2 = (1 − y22(z))(1 − k2(1 − y22(z))), y2(0) = 1,
(y′3(z))2 = (1 − y23(z))(y23(z) − 1 + k2), y3(0) = 1.

(18.67)

6. Show that for k = 0, we have

sn(z; 0) = sin z, cn(z; 0) = cos z, dn(z; 0) ≡ 1.

7. Prove the addition formula for elliptic functions sn(⋅), cn(⋅), dn(⋅):

{{{{{
{{{{{
{

sn(z + y; k) = sn(z;k) cn(y;k) dn(y;k)+sn(y;k) cn(z;k) dn(z;k)
1−k2 sn2(z;k) sn2(y;k) ,

cn(z + y; k) = cn(z;k) cn(y;k)−sn(y;k) sn(y;k) dn(z;k) dn(y;k)
1−k2 sn2(z;k) sn2(y;k) ,

dn(z + y; k) = dn(z;k) dn(y;k)−k2 sn(y;k) sn(y;k) cn(z;k) cn(y;k)
1−k2 sn2(z;k) sn2(y;k) .

There are some special constants with respect to Jacobi functions, which have indepen-
dent interest. The first one is defined as

K :=
1

∫
0

1

√(1 − t2)(1 − k2t2)
dt. (18.68)

Consequently,

sn(K ; k) = 1, cn(K ; k) = 0, dn(K ; k) = √1 − k2,

where a square root is equal to +√1 − k2 for 0 < k < 1. These equalities and the addition
formula imply (see Problem 18.58, Part (7)) that

{{{{
{{{{
{

sn(z + K ; k) = cn(z;k)
dn(z;k) ,

cn(z + K ; k) = −√1 − k2 sn(z;k)dn(z;k) ,
dn(z + K ; k) = √1−k2dn(z;k) .

Repeating this process once more and using the latter equalities, one can obtain

sn(z + 2K ; k) = − sn(z; k), cn(z + 2K ; k) = − cn(z; k), dn(z + 2K ; k) = dn(z; k).

Consequently,

sn(z + 4K ; k) = sn(z; k), cn(z + 4K ; k) = cn(z; k),
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i. e., the value 4K is the period for elliptic functions sn(z; k) and cn(z; k), and the value
2K is the period for dn(z; k).

Problem 18.59. Show that

sn(K
2
; k) = 1

k
√1 −√1 − k2, cn(K

2
; k) = 1

k
√k2 − 1 +√1 − k2,

dn(K
2
; k) = (1 − k2)1/4.

Another important constant is K ′, which is defined as
K ′ := 1

∫
0

1

√(1 − t2)(k2t2 + 1 − t2)
dt, (18.69)

where (as before) the complex k2 does not belong to (−∞, 0] ∪ [1,∞). We want to show
that actually this constant K ′ is equal to (compare with (18.68))

K ′ = 1/k
∫
1

1

√(t2 − 1)(1 − k2t2)
dt.

Indeed, let us first assume that 0 < k < 1 and consider a new variable

s := 1

√1 − (1 − k2)t2
,

which leads to the equalities

√s2 − 1 = t√1 − k2

√1 − (1 − k2)t2
, √1 − k2s2 =

√(1 − k2)(1 − t2)

√1 − (1 − k2)t2
,

ds
dt
= t(1 − k2)
(1 − (1 − k2)t2)3/2 .

Substituting these equalities into (18.69) yield the required result for the case 0 < k < 1.
For this real value k, we consider now the integral

1/k
∫
0

1

√(1 − t2)(1 − k2t2)
dt,

where the curve of integration from 0 to 1
k goes under the point 1 such that it consists of

the lines on the real axis: 0 to 1 − δ, 1 + δ to 1
k , with a small positive δ; and a semicircle

with radius δ centered at 1. Then we have
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1/k
∫
0

1

√(1 − t2)(1 − k2t2)
dt =

1−δ
∫
0

1

√(1 − t2)(1 − k2t2)
dt

+ ∫|ζ−1|=δ,Im ζ>0 1

√(1 − ζ 2)(1 − k2ζ 2)
dζ +

1/k
∫
1+δ 1

√(1 − t2)(1 − k2t2)
dt.

Letting δ → +0, we can see that the integral over semicircle tends to 0, and hence, we
obtain that

1/k
∫
0

1

√(1 − t2)(1 − k2t2)
dt =

1

∫
0

1

√(1 − t2)(1 − k2t2)
dt +

1/k
∫
1

1

√(1 − t2)(1 − k2t2)
dt

= K + i
1/k
∫
1

1

√(t2 − 1)(1 − k2t2)
dt = K + iK ′. (18.70)

Considering now the analytical continuation of these values as the functions of the com-
plex k into the complex plane with cut of along the real axis from −∞ to 0 and from 1 to
+∞, we conclude that the formula (18.70) holds for all such complex k. Moreover, (18.70)
together with (18.65) lead to

sn(K + iK ′; k) = 1
k
, cn(K + iK ′; k) = −√1 − 1

k2
, dn(K + iK ′; k) = 0.

Problem 18.60. Show that
1.

{{{
{{{
{

sn(z + 4K + 4iK ′; k) = sn(z; k),
cn(z + 2K + 2iK ′; k) = cn(z; k),
dn(z + 4K + 4iK ′; k) = dn(z; k),

i. e., the functions sn(⋅), dn(⋅) have a period 4K + 4iK ′, and the function cn(⋅) has a
period 2K + 2iK ′.

2.

{{{
{{{
{

sn(z + 2iK ′; k) = sn(z; k),
cn(z + 4iK ′; k) = cn(z; k),
dn(z + 4iK ′; k) = dn(z; k), (18.71)

i. e., the values 2iK ′ and 4iK ′ are the periods of sn(⋅), cn(⋅), and dn(⋅), respectively.
Since (see Problem 18.58, Part (4))

(sn(z; k))′z = cn(z; k) dn(z; k),
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and

(sn(z; k))′′′z = 4k2 sn2(z; k) cn(z; k) dn(z; k)
− cn(z; k) dn(z; k)(dn2(z; k) + k2 cn2(z; k))

then the Taylor’s expansions near z = 0 (taking into account the oddness of sn(⋅) and
some similar formulas for the derivative of even functions cn(⋅) and dn(⋅)) of these func-
tions are

{{{{
{{{{
{

sn(z; k) = z − 1+k2
6 z3 + O(z5),

cn(z; k) = 1 − 1
2z

2 + O(z4),

dn(z; k) = 1 − k2
2 z

2 + O(z4).

(18.72)

Problem 18.61. Using similar procedure as in (18.72), prove that

{{{{
{{{{
{

sn(z + iK ′; k) = 1
kz +

1+k2
6k z + O(z3),

cn(z + iK ′; k) = − i
kz +

2k2−1
6k iz + O(z3),

dn(z + iK ′; k) = − iz + 2−k2
6 iz + O(z3).

(18.73)

Remark. These formulas (18.73) show that the elliptic Jacobi functions sn(⋅), cn(⋅), and
dn(⋅) have a singularity at the point z = iK ′ and this singularity is a simple pole with the
residues 1

k , −
i
k , and −i, respectively.

Problem 18.62. Prove that:
1.

sn( iK
′
2
; k) = i
√k
, cn( iK

′
2
; k) = √1 + 1

k
, dn( iK

′
2
; k) = √1 + k,

2.

sn(K + iK
′

2
; k) =
√1 + k + i√1 − k
√2k

,

cn(K + iK
′

2
; k) = (1 − i)(1 − k

2)1/4
√2k

,

dn(K + iK
′

2
; k) =
(1 − k2)1/4(√1 +√1 − k2 − i√1 −√1 − k2)

√2
.

There is an important connection between the Jacobi andWeierstrass elliptic functions.
The following proposition holds.

Proposition 18.63. Let e1, e2, e3 be three different numbers (complex, in general) such that
e1 + e2 + e3 = 0. Then
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℘(z; g2, g3) = e3 +
e1 − e3

sn2(z√e1 − e3;√
e2−e3
e1−e3 ) , (18.74)

where the invariants of the Weierstrass elliptic function ℘(⋅) are equal to

g2 = −4(e1e2 + e2e3 + e1e3), g3 = 4e1e2e3.

Proof. Consider the following function:

F(z) := e3 +
e1 − e3

sn2(λz; k)
,

where sn(⋅) is the Jacobi elliptic function with the parameters λ, k to be determined.
Next,

F′(z) = −2λ(e1 − e3) cn(λz; k) dn(λz; k)
sn3(λz; k)

and, therefore,

(F′(z))2 = 4λ2(e1 − e3)2 cn2(λz; k) dn2(λz; k)
sn6(λz; k)

=
4λ2(e1 − e3)

2(1 − 1
sn2(λz;k) )(k2 − 1

sn2(λz;k) )
sn2(λz; k)

=
4λ2(e1 − e3)

2( 1
sn2(λz;k) − 1)( 1

sn2(λz;k) − k2)
sn2(λz; k)

= 4λ2(e1 − e3)
2(
F(z) − e3
e1 − e3

− 1)(F(z) − e3
e1 − e3

− k2)(F(z) − e3
e1 − e3

).

Finally, we get

(F′(z))2 = 4λ2

(e1 − e3)
(F(z) − e1)(F(z) − e3)(F(z) − e3 − k

2(e1 − e3)).

Choosing λ2 := e1 − e3 and k
2 := e2−e3

e1−e3 , we obtain that
(F′(z))2 = 4F3(z) − g2F(z) − g3,

where g2 and g3 are the invariants of the Weierstrass elliptic function chosen as above.
This proves the proposition.

Remark. The equality (18.74) can be rewritten as

sn2(ζ ; k) = e1 − e3
℘( ζ
√e1−e3 ; g2, g3) − e3 , (18.75)

where g2 and g3 are as in (18.74), and
e2−e3
e1−e3 = k2.
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The Jacobi elliptic functions sn(⋅), cn(⋅), dn(⋅), and others can be expanded into a
trigonometric Fourier series (see Proposition 18.105 and Theorem 18.106 below). Con-
sider, e. g., the Jacobi function sn( 2Kxπ ; k) for real x ∈ [−π, π]. This function is odd and
periodic with period 2π (since 4K is a period of sn(⋅)). So, we have

sn(2Kx
π
; k) =

∞
∑
j=1 bj sin(jx), bj =

1
π

π

∫−π sn(2Kxπ ; k) sin(jx)dx
or, equivalently,

iπbj =
π

∫−π sn(2Kxπ ; k)eijxdx.
To evaluate the latter integral, we consider it in the complex plane with respect to the
variable z instead of x, along the parallelogramwith vertices −π, π, iπτ, −2π+ iπτ, where
τ = K ′

K under the assumption K ′
K > 0. By the Cauchy’s residue theorem, this integral is

equal to the sumof the residues of the function sn( 2Kzπ ; k)e
ijz at the points z = 1

2 iπτ =
iπK ′
2K

and z = −π + 1
2 iπτ = −π +

iπK ′
2K , i. e., this integral is equal to (see (18.73))

2πi( 1
k
π
2K

e
iπjK′
2K − 1

k
π
2K

e−iπj+ iπjK′2K ) = π
2i
Kk
(1 − (−1)j)e− K′ j2K .

But on the other hand, this integral is equal to

π

∫−π sn(2Kxπ ; k)eijxdx +
iπτ

∫
π

sn(2Kz
π
; k)eijzdz

+
−2π+iπτ
∫
iπτ

sn(2Kz
π
; k)eijzdz +

−π
∫−2π+iπτ sn(2zπ ; k)eijzdz

= (1 + (−1)je− K′ jK ) π∫−π sn(2Kxπ ; k)eijxdx
since the second and the fourth integrals due to the periodicity cancel each other. We
have used also a new variable in the second integral z′ = z − π + iπτ. Combining these
results all together, we obtain

iπbj =
π

∫−π sn(2Kxπ ; k)eijxdx =
π2i
Kk (1 − (−1)

j)e− K′ j2K

(1 + (−1)je− K′ jK ) .
This yields that bj = 0 if j is even and if j is odd, then
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bj =
2πe− K′ j2K

Kk(1 − e− K′ jK ) .
Thus, the trigonometric Fourier series for the elliptic Jacobi function sn(⋅) for real x is
equal to

sn(2Kx
π
; k) = 2π

Kk

∞
∑
j=1 e− K′ j2K

1 − e− K′ jK sin((2j − 1)x).

It can be mentioned here that the latter equality can be extended to the complex x in
the region | Im x| < πK ′

2K .

Problem 18.64. Similar to the trigonometric Fourier series for sn(⋅) show that:
1.

cn(2Kx
π
; k) = 2π

Kk

∞
∑
j=0 e− K′(2j+1)2K

1 + e− K′(2j−1)K

cos((2j + 1)x),

2.

dn(2Kx
π
; k) = π

2K
+ 2π
K

∞
∑
j=1 e− K′ jK

1 + e− 2K′ jK

cos(2xj).

18.4 Orthogonal polynomials

Definition 18.65. A function f (x) (possibly complex-valued), defined on a closed inter-
val [a, b], is said to be piecewise continuous if there is partition of [a, b] such that:
1. a = x0 < x1 < x2 < ⋅ ⋅ ⋅ < xn = b.
2. f (x) is continuous on each interval (xj−1, xj), j = 1, 2, . . . , n.
3. There is limx→xj±0 f (x), j = 0, 1, 2, . . . , n.
The space of all such functions is denoted as PC[a, b].

In the frame of Definition 18.65, we say that a function f (x) is piecewise smooth if
instead of (2) and (3), we have that:
1. f ′(x) is continuous on each interval (xj−1, xj), j = 1, 2, . . . , n.
2. There is limx→xj±0 f ′(x), j = 0, 1, 2, . . . , n.
The space of all such functions is denoted as PS[a, b].

Example 18.66. Consider the following two functions:
1. If f (x) = |x|, x ∈ [−1.1], then f ∈ PS[−1, 1].
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2. If f (x) = √x, x ∈ [0, 1] and f (x) = −x, x ∈ [−1, 0], then f (x) is continuous on the
interval [−1, 1] but f (x) does not belong to PS[−1, 1].

Definition 18.67. A linear space E is said to be a Euclidean space if there is a function
(⋅, ⋅)E : E × E → ℂ (it is called an inner product) such that:
1. For any f ∈ E, it follows that (f , f )E ≥ 0 and (f , f )E = 0 if and only if f = 0.
2. For any f , g ∈ E, we have that (f , g)E = (g, f )E .
3. For any α1, α2 ∈ ℂ, f1, f2, g ∈ E, the following equality holds: (α1f1 + α2f2, g)E =

α1(f1, g)E + α2(f2, g)E .

Remark. The properties (2) and (3) of Definition 18.67 imply that for any α ∈ ℂ, f , g ∈ E,
we have that (f , αg)E = α(f , g)E .

Example 18.68. Consider the linear space of functions, defined on an interval (a, b),
which satisfy ∫ba |f (x)|

2w(x)dx < ∞, where w(x) ≥ 0. We denote this linear space by
L2w(a, b). If the inner product is defined as

(f , g)L2w(a,b) := b

∫
a

f (x)g(x)w(x)dx,

then L2w(a, b) becomes a Euclidean space.

Definition 18.69. Let F be a linear space. A mapping ‖ ⋅ ‖F : F → ℝ is said to be a norm
and F is said to be a normed space if:
1. For any f ∈ F , it follows that ‖f ‖F ≥ 0 and ‖f ‖F = 0 if and only if f = 0.
2. For any α ∈ ℂ, f ∈ F , we have that ‖αf ‖F = |α|‖f ‖F .
3. For any f , g ∈ F , the triangle inequality ‖f + g‖F ≤ ‖f ‖F + ‖g‖F holds.

If E is a Euclidean space, then its inner product (⋅, ⋅)E induces a norm by

‖f ‖E := √(f , f )E , f ∈ E

and it is called the induced norm.

Problem 18.70. Show that the induced norm satisfies all conditions of Definition 18.69.

Theorem 18.71 (Cauchy–Schwarz–Bunjakovskii inequality). Let E be a Euclidean space
with inner product (⋅, ⋅)E . Then the following inequality holds:

󵄨󵄨󵄨󵄨(f , g)E
󵄨󵄨󵄨󵄨 ≤ ‖f ‖E‖g‖E , f , g ∈ E, (18.76)

where ‖ ⋅ ‖E is the induced norm. This inequality is called the Cauchy–Schwarz–Bunja-
kovskii inequality and the equality here holds if and only if f = μg for some μ ∈ ℂ.
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Proof. Due to Definition 18.67 for any f , g ∈ E, λ ∈ ℂ, we have that

(f + λg, f + λg)E = |λ|
2‖g‖2E + 2 Re(λ(f , g)E) + ‖f ‖

2
E ≥ 0.

Next, for g ̸= 0 and λ = − (f ,g)‖g‖2 (if g = 0, then (18.76) trivially holds), we have
‖f ‖2 − 2 Re( (f , g)

‖g‖2
(f , g)) + |(f , g)|

2

‖g‖2
≥ 0 or ‖f ‖2 − 2 |(f , g)|

2

‖g‖2
+ |(f , g)|

2

‖g‖2
≥ 0.

Thus, the inequality is proved.

Problem 18.72. Prove that the equality in (18.76) holds if and only if f = μg for some
μ ∈ ℂ.

Hint: Use the formula for inner product (a, b) = |a||b| cos θ, where θ is angle between a
and b.

Definition 18.73. Let E be a Euclidean space and f , g ∈ E.
1. Then f is said to be orthogonal to g if (f , g)E = 0.
2. A system {fj}

∞
j=1, fj ∈ E is said to be an orthogonal system (mutually orthogonal) if

(fj , fk)E = 0, j ̸= k. If in this case ‖fj‖E = 1 for all j then the system is called orthonor-
mal system.

Legendre polynomials

Definition 18.74. Legendre polynomials are defined as

Pn(x) :=
1

2nn!
((x2 − 1)n)(n), n = 0, 1, 2, . . . , (18.77)

where the derivative of order n with respect to x on the right-hand side is considered.

It is clear from (18.77) that Pn(x) is really a polynomial of degree n. Moreover, since
by Newton’s binomial formula,

(x2 − 1)n =
n
∑
k=0 (−1)kn!k!(n − k)!

x2n−2k ,
then we have

Pn(x) =
1
2n

n
∑
k=0 (−1)kk!(n − k)!

(x2n−2k)(n)
= 1
2n

n
∑
k=0 (−1)kk!(n − k)!

(2n − 2k)(2n − 2k − 1) ⋅ ⋅ ⋅ (n − 2k + 1)x2n−2k−n,
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where summation goes for 2n − 2k − n ≥ 0, i. e., 2k ≤ n or k ≤ [ n2 ], since k is integer.
Hence, we obtained the equivalent form for Legendre polynomial as

Pn(x) =
1
2n

[ n2 ]
∑
k=0 (−1)k(2n − 2k)!k!(n − k)!(n − 2k)!

xn−2k . (18.78)

Example 18.75. We have

P0(x) = 1,

P1(x) = x,

P2(x) =
1
2
(3x2 − 1),

P3(x) =
1
2
(5x3 − 3x),

P4(x) =
1
8
(35x4 − 30x2 + 3).

It is easy to see also that

Pn(1) = 1, Pn(−x) = (−1)
nPn(x), P2n−1(0) = 0, P2n(0) =

(−1)n(2n)!
22n(n!)2

.

Theorem 18.76. The generating function of {Pn(x)}
∞
n=0 is

G(t, x) = 1
√t2 − 2xt + 1

,

where |x| ≤ 1, |t| < √2 − 1.

Proof. Using the Taylor’s expansion,

(1 + y)− 12 = ∞∑
k=0 (−1)k(2k)!22k(k!)2

yk ,

which is valid for |y| < 1, we obtain for y := t2 − 2xt that

(1 − 2xt + t2)− 12 = ∞∑
k=0 (−1)k(2k)!22k(k!)2

(t2 − 2xt)k

=
∞
∑
k=0 (−1)k(2k)!22k(k!)2

tk
k
∑
j=0 k!

j!(k − j)!
tj(−2x)k−j

=
∞
∑
n=0 tn

[ n2 ]
∑
j=0 (−1)2n−j(2n − 2j)!xn−2j2n−2j22n−2jj!(n − 2j)!(n − j)!
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=
∞
∑
n=0 tnPn(x)

since k = n − j, n = k + j ≥ 2j. This proves the theorem.

Theorem 18.77 (Orthogonality of Legendre polynomials). If m ̸= n, then

1

∫−1 Pn(x)Pm(x)dx = 0, m, n ∈ ℕ0

but if m = n, then

1

∫−1 P2n(x)dx = 2
2n + 1
, n ∈ ℕ0. (18.79)

Proof. Let us prove first (18.79). Indeed,

1

∫−1 P2n(x)dx = 1
22n(n!)2

1

∫−1((x2 − 1)n)(n)((x2 − 1)n)(n)dx.
Integration by parts n times (all substitutions at ±1 are equal to 0) yield

1

∫−1 P2n(x)dx = (−1)
n

22n(n!)2

1

∫−1((x2 − 1)n)(2n)(x2 − 1)ndx
= (2n)!
22n(n!)2

1

∫−1(1 − x2)ndx = (2n)!22n(n!)2
B( 1

2
, n + 1)

since ((x2 − 1)n)(2n) = (2n)!. Here, B is Euler’s beta function. Due to its properties (see
Theorem 17.27 and Problem 17.32), we have finally that

1

∫−1 P2n(x)dx = (2n)!22n(n!)2
2n+1n!
(2n + 1)!!

= 2
2n + 1
.

This proves relation (18.79).
Let now n ̸= m. Due to symmetricity, it is enough to considerm < n. Then integrating

by parts n times as above, we obtain that

1

∫−1 Pn(x)Pm(x)dx = (−1)
n

2n2mm!n!

1

∫−1((x2 − 1)m)(m+n)(x2 − 1)ndx = 0
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sincem+n > 2m and (x2−1)m is a polynomial of degree 2m. Thus, Theorem is completely
proved.

Theorem 18.78. The Legendre polynomial Pn(x) satisfies the following differential equa-
tion:

(1 − x2)P′′n (x) − 2xP′n(x) + n(n + 1)Pn(x) = 0
or, equivalently,

((1 − x2)P′n(x))′ + n(n + 1)Pn(x) = 0.
Proof. Let us consider a function g(x) := ((1−x2)P′n(x))′+n(n+1)Pn(x), which is (at least
formally) a polynomial of degree ≤ n. Next, we calculate the coefficient of g(x), which is
in front of xn. Indeed, since

((1 − x2)P′n(x))′ = −2xPn(x) + (1 − x2)P′′n (x)
= − 2x

2nn!
(x2n + ⋅ ⋅ ⋅)(n+1) − P′′n (x) − x2

2nn!
(x2n + ⋅ ⋅ ⋅)(n+2)

then the needed coefficient (i. e., coefficient of g(x) in front of xn) is equal to

1
2nn!
(−2(2n)(2n − 1) ⋅ ⋅ ⋅ (n + 1)n − 2n(2n − 1) ⋅ ⋅ ⋅ n(n − 1)

+ (n + 1)n(2n)(2n − 1) ⋅ ⋅ ⋅ (n + 1))

= 2n(2n + 1 ⋅ ⋅ ⋅ (n + 1))
2nn!

(−2n − n(n − 1) + n(n + 1)) = 0.

Hence, g(x) is a polynomial of degree ≤ (n − 1), and thus we can represent it as

g(x) =
n−1
∑
k=0 ckPk(x),

where the coefficients ck , k = 0, 1, 2, . . . , n − 1 are chosen appropriately. Indeed, since
the coefficients of g(x) are known, we can choose cn−1 such that g(x) − cn−1Pn−1(x) will
be a polynomial of degree (n − 2). And this process can be continued to define all other
coefficients ck . This representation for g(x) allows to conclude that for j = 0, 1, 2, . . . , n−1
(see Theorem 18.77),

1

∫−1 g(x)Pj(x)dx =
n−1
∑
k=0 ck

1

∫−1 Pk(x)Pj(x)dx = 2cj
2j + 1
.

Hence, for these values of j the latter equality can be rewritten (see again Theorem 18.77)



306 � Special functions

2cj
2j + 1
=

1

∫−1((1 − x2)P′n(x))′Pj(x)dx, j = 0, 1, 2, . . . , n − 1.

Integrating by parts twice on the right-hand side of the latter equality, we obtain

2cj
2j + 1
=

1

∫−1 Pn(x)((1 − x2)P′j (x))′dx, j = 0, 1, 2, . . . , n − 1.

Since the function ((1 − x2)P′j (x))′ is a polynomial of degree j ≤ n − 1, then (repeating
the process with g(x)) we may represent this function as∑jm=0 bmPm(x)with some coef-
ficients. But then we will have for any j = 0, 1, 2, . . . , n − 1 that

1

∫−1 Pn(x)((1 − x2)P′j (x))′dx =
j
∑
m=0 bm

1

∫−1 Pn(x)Pm(x)dx = 0.
This implies that g(x) = 0. Hence, the theorem is proved.

Corollary 18.79. Let Pn(⋅) be a Legendre polynomial. Then the function u(θ) := Pn(cos θ),
θ ∈ [−π, π] satisfies the differential equation:

1
sin θ
(sin θdu(θ)

dθ
)
′
+ n(n + 1)u(θ) = 0.

Proof. It follows straightforwardly from Theorem 18.78.

Nowwe prove the recursive properties of Legendre polynomials that are called the
Bonnet’s recursion formulae.

Theorem 18.80. The following properties are valid (n = 1, 2, . . .):
1. (n + 1)Pn+1(x) = (2n + 1)xPn(x) − nPn−1(x),
2. P′n+1(x) − xP′n(x) = (n + 1)Pn(x),
3. xP′n(x) − P′n−1(x) = nPn(x),
4. P′n+1(x) − P′n−1(x) = (2n + 1)Pn(x).
Proof. First, (4) follows immediately from (2) and (3). We will prove only (1) since all
others can be proved by the same manner. Using the generating function for Legendre
polynomials (see Theorem 18.76) and differentiating it with respect to t, we obtain

x − t
(1 − 2xt + t2)

3
2

=
∞
∑
n=1 nPn(x)tn−1.

This equality can be rewritten (see again Theorem 18.76) as
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x
∞
∑
n=0 Pn(x)tn − ∞∑n=0 Pn(x)tn = (1 − 2xt + t2) ∞∑n=1 nPn(x)tn−1

or

x
∞
∑
n=0 Pn(x)tn − ∞∑n=0 Pn(x)tn
=
∞
∑
n=1 nPn(x)tn−1 − 2x ∞∑n=0 nPn(x)tn + ∞∑n=0 nPn(x)tn+1.

Wemay rewrite this equality as∞
∑
n=0 x(2n + 1)Pn(x)tn = ∞∑n=1 nPn(x)tn−1 + ∞∑n=0(n + 1)Pn(x)tn+1,

which is equivalent to∞
∑
n=0 x(2n + 1)Pn(x)tn = ∞∑n=0(n + 1)Pn+1(x)tn + ∞∑n=0 nPn−1(x)tn.

Equating now the coefficients in front of tn, n = 1, 2, . . . , we obtain that

x(2n + 1)Pn(x) = (n + 1)Pn+1(x) + nPn−1(x).
This proves (1). The theorem is proved.

The orthogonality of the family {Pn(x)}
∞
n=0 (see Theorem 18.77) and formula (18.79)

allow us to consider the system √ 2n+12 {Pn(x)}∞n=0 as an orthonormal basis in the Eu-
clidean space L2(−1, 1), and thuswemay consider for any f ∈ L2(−1, 1) the corresponding
Fourier series (not the trigonometric Fourier series) with respect to Legendre polynomi-
als as

f (x) ≈
∞
∑
n=0 cn√2n + 12

Pn(x), cn =
1

∫−1 f (x)√2n + 12
Pn(x)dx.

It is clear that this series converges to f in L2(−1, 1) (this property is called the complete-
ness of the corresponding system in L2) but the main result here is the pointwise (even
uniform) convergence of this series. The following theorem holds.

Theorem 18.81. If f (x) is continuous, having a piecewise continuous derivative on the
interval [−1, 1], then its Fourier series with respect to Legendre polynomials,∞

∑
n=0 cn√2n + 12

Pn(x) = f (x),
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converges pointwise on the interval (−1, 1) and uniformly on any closed subinterval
[x1, x2] ⊂ (−1, 1).

Proof. We first rewrite the Fourier series for f (x) in the form

f (x) ≈
∞
∑
n=0 ̃cnPn(x), ̃cn = 1

dn

1

∫−1 f (x)Pn(x)dx, dn =
2

2n + 1
,

and second, prove the Bessel’s inequality

∞
∑
n=0 | ̃cn|2dn ≤

1

∫−1 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx.
Indeed, since

1

∫−1
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
f (x) −

N
∑
n=0 ̃cnPn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2

dx ≥ 0,

then, using the orthogonality of Legendre polynomials (see Theorem 18.77) and the fact
that Pn(x) are real, we have

1

∫−1 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx − 2
N
∑
n=0 dn| ̃cn|2 + N

∑
n=0 dn| ̃cn|2 ≥ 0.

Due to arbitrariness of N , the latter inequality yields the Bessel’s inequality.
Consider now the first derivative of Legendre polynomials Pn(x). It turns out that

this system {P′n(x)}∞n=1 forms the systemof the orthogonal polynomialswith someweight.
Prove the following result.

Problem 18.82. Ifm ̸= n, then

1

∫−1 P′n(x)P′m(x)(1 − x2)dx = 0, m, n ∈ ℕ

but ifm = n, then

1

∫−1(P′n(x))2(1 − x2)dx = d′n, n ∈ ℕ,

where d′n are positive constants.
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These constants d′n can be calculated as follows (using integration by parts and Theo-
rem 18.78):

d′n = 1

∫−1 P′n(x)P′n(x)(1 − x2)dx = −
1

∫−1 Pn(x)(P′n(x)(1 − x2))′dx
= n(n + 1)

1

∫−1 P2n(x)dx = n(n + 1)dn.
Based on Problem 18.82, we will estimate now the Fourier coefficients c′n of the func-
tion f ′(x) with respect to the system {P′n(x)}∞n=1 and the constants dn. Applying Bessel’s
inequality for the system of {P′n(x)} (see above) and for f ′(x), we obtain∞

∑
n=1󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n ≤

1

∫−1 󵄨󵄨󵄨󵄨f ′(x)󵄨󵄨󵄨󵄨2(1 − x2)dx.
Moreover, under the conditions of the theorem, coefficients c′n are equal to ̃cn for n =
1, 2, . . . . Indeed, by the definition (and due to integration by parts and Theorem 18.78),

c′n = 1
d′n

1

∫−1 f ′(x)P′n(x)(1 − x2)dx = − 1d′n
1

∫−1 f (x)(P′n(x)(1 − x2))′dx
= n(n + 1)

d′n
1

∫−1 f (x)Pn(x)dx = n(n + 1)d′n dn ̃cn = ̃cn.

We can prove now that the series ∑∞n=0 ̃cnPn(x) converges uniformly on any closed in-
terval [x1, x2] ⊂ (−1, 1). Using the Cauchy–Schwarz–Bunjakovskii inequality yields (M >
N ≥ 1)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

M
∑
n=N ̃cnPn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ (

M
∑
n=N󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n)

1
2

(
M
∑
n=N |Pn(x)|2d′n )

1
2

since (as we proved above) ̃cn = c
′
n, n = 1, 2, . . . . In order to estimate the second sum on

the right-hand side of the latter inequality, let us use the asymptotic behavior (18.117)
(see below Problem 18.118) for large n of Legendre polynomials pointwise in x ∈ (−1, 1)
or uniformly in x ∈ [x1, x2] ⊂ (−1, 1). Due to this estimate and taking into account Bessel’s
inequality for f ′(x) and the fact that d′n ≈ n, we obtain that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

M
∑
n=N ̃cnPn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ C(

M
∑
n=N󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n)

1
2

(
M
∑
n=N 1

n2
)

1
2

→ 0
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asM > N →∞. It means that the series∑∞n=0 ̃cnPn(x) converges uniformly on any closed
interval [x1, x2] ⊂ (−1, 1) and, therefore, defines a continuous function on the interval
(−1, 1). It is not so difficult to show now (using the completeness of the orthonormal
system of Legendre polynomials in L2(−1, 1)) that the limiting function is just a given
function f (x).

Remark. The problem of convergence of Fourier series with respect to Legendre poly-
nomials naturally appears in solving the Dirichlet boundary value problem in ℝ3 of
Laplace equation by separation of variables in cylindrical coordinates.

Another application of the expansion by Legendre polynomials is the expansions of
spherical and plane waves. Consider the function

v(R) :=
J 1
2
(R)

√R
= √ 2

π
sinR
R
,

where J 1
2
(⋅) is the Bessel function of order 1

2 and R := √r
2 + ρ2 − 2rρμ with |μ| ≤ 1. It is

easy to check that with respect to R this function v(R) satisfies the equation

Rv′′(R) + 2v′(R) + Rv(R) = 0.
From this equation, it is easy to obtain a partial differential equation in the variables r
and μ for fixed ρ. This equation has a form

r2 𝜕
2v
𝜕r2
+ 2r 𝜕v
𝜕r
+ r2v + (1 − μ2) 𝜕

2v
𝜕μ2
− 2μ 𝜕v
𝜕μ
= 0. (18.80)

Problem 18.83. Show the validity of equation (18.80).

We look for the bounded solution of the equation (18.80), using the separation of
variables, in the form

v(R) ≡ v(r, μ) = ϕ(r)ψ(μ).

Consequently, we have

r2ϕ′′(r) + 2rϕ′(r) + r2ϕ(r)
ϕ(r)

= −
(1 − μ2)ψ′′(μ) − 2μψ′(μ)

ψ(μ)
= λ,

where λ is some constant. This yields first that

((1 − μ2)ψ′(μ))′ + λψ(μ) = 0.
This equation can be considered as the eigenvalue problem (λ is a spectral parameter)
with the homogeneous Dirichlet boundary conditions at the points μ = ±1 (since ψ(μ) is
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bounded). Hence, the only solutions with respect to λ are λn = n(n + 1), n = 0, 1, 2, . . . ,
and the corresponding eigenfunctions are the Legendre polynomials Pn(μ), n = 0, 1, 2, . . .
(see Theorem 18.78). This implies that the corresponding equation for the function ϕ(r)
is

r2ϕ′′(r) + 2rϕ′(r) + (r2 − n(n + 1))ϕ(r) = 0.
Replacing ϕ(r) by rαg(r) with some α to be determined, yields immediately to α = − 12
and to the equation for the function g(r),

r2g′′(r) + rg′(r) + (r2 − (n + 1/2)2)g(r) = 0.
But this equation has a unique bounded solution (up to the multiplicative constant),
which is equal to the Bessel’s function Jn+ 12 (r) (see (18.18)) of order n + 1

2 . Hence, the
solutions for the function ϕ(r) are

ϕn(r) =
Jn+ 12 (r)
√r
, n = 0, 1, 2, . . . .

Therefore, the general solution of (18.80) is equal to

v(R) = √ 2
π
sinR
R
=
∞
∑
n=0 fn Jn+ 12 (r)√r Pn(μ), (18.81)

where the coefficients fn are to be determined as the Fourier coefficients (together with
Jn+ 12
(r)
√r ) of the expansion with respect to the Legendre polynomials Pn(μ), i. e.,

fn
Jn+ 12 (r)
√r
= 1
dn

1

∫−1 √ 2π sinR
R

Pn(μ)dμ,

where dn = ∫
1−1 P2n(μ)dμ = 2

2n+1 (see Theorem 18.77). Since the Legendre polynomials
Pn(μ) =

(−1)n
2nn! ((1 − μ2)n)(n) (see (18.77)), then integrating n times with respect to μ in the

latter integral we obtain (all substitutions at ±1 will be equal to 0)

fn
Jn+ 12 (r)
√r
= 1
2nn!dn

1

∫−1(1 − μ2)n(√ 2π sinR
R
)
(n)
μ
dμ.

Next, it can be proved by induction that

(√
2
π
sinR
R
)
(n)
μ
= (rρ)n(− 1

R
d
dR
)
n

(√
2
π
sinR
R
) = (rρ)n

Jn+ 12 (R)
Rn+1/2
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if we also take into account that√ 2
π
sinR
R =

J 1
2
(R)
√R

and Example 18.12. This yields the equal-
ity

fn
Jn+ 12 (r)
rn+1/2 = ρn

2nn!dn

1

∫−1(1 − μ2)n
Jn+ 12 (R)
Rn+1/2 dμ.

If we put r → 0, then R → ρ, and thus we obtain in the latter equality (see Proposi-
tion 18.4 for the asymptotic of Bessel’s functions at zero)

fn
2n+1/2Γ(n + 3/2) = Jn+1/2(ρ)

√ρ2nn!dn

1

∫−1(1 − μ2)ndμ = Jn+1/2(ρ)
√ρ2nn!dn

n!√π
Γ(n + 3/2)

,

and finally we obtain that

fn(ρ) = √2π(n + 1/2)
Jn+1/2(ρ)
√ρ
.

Substituting this formula for fn(ρ) into (18.81) gives us

sinR
R
= π
∞
∑
n=0(n + 1/2) Jn+1/2(ρ)√ρ Jn+1/2(r)

√r
Pn(μ).

Using a new parameter k > 0, the latter formula can be rewritten as

sin(kR)
R
= π
∞
∑
n=0(n + 1/2) Jn+1/2(kρ)√ρ Jn+1/2(kr)

√r
Pn(μ). (18.82)

This formula (18.82) is said to be the real representation of the spherical wave. The com-
plex version of this formula can be easily obtained from the real one and it has a form
(with the same meaning and name)

eikR

R
= iπ
∞
∑
n=0(n + 1/2) Jn+1/2(kr)√r H(1)n+1/2(kρ)

√ρ
Pn(μ), (18.83)

where H(1)n+1/2(kρ) is the Hankel function of order n + 1
2 and of the first kind.

We are in the position now to obtain the representation for the plane wave. Let in
the formula (18.83) ρ→ +∞. In this case, we have

R = ρ − rμ + O( 1
ρ
).

Taking the complex conjugate in the formula (18.83) and using the latter asymptotic for
R, we obtain
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e−ikρeikrμ
ρ − rμ

= −iπ
∞
∑
n=0(n + 1/2) Jn+1/2(kr)√r H(2)n+1/2(kρ)

√ρ
Pn(μ) + o(1), ρ→ +∞.

Further, using the asymptotic for the Hankel function H(2)n+1/2(kρ) for a large argument
(see (18.112) and its complex conjugate), we have

H(2)n+1/2(kρ) = √ 2
πkρ

e−i(kρ−π/2−πn/2) + o( 1
ρ
) = in+1√ 2

πkρ
e−ikρ + o( 1

ρ
).

Substituting this to the previous asymptotic formula yields

e−ikρeikrμ
ρ − rμ

= √2π
∞
∑
n=0 in(n + 1/2) Jn+1/2(kr)√rk

e−ikρ
ρ

Pn(μ) + o(1).

Hence, finally we have that

eikrμ = √2π
∞
∑
n=0 in(n + 1/2) Jn+1/2(kr)√rk

Pn(μ), k, r > 0, |μ| ≤ 1. (18.84)

This formula is the representation of the plane wave by the Legendre polynomials. It can
be also rewritten in the vector form as

eik⃗⋅ ⃗r = √2π ∞∑
n=0 in(n + 1/2) Jn+1/2(|k⃗|| ⃗r|)√| ⃗r||k⃗|

Pn(cos θ), (18.85)

where k⃗ ⋅ ⃗r is an inner product of two vectors k⃗ and ⃗r in some Euclidean space and θ is
an angle between these two vectors.

Hermite polynomials

Definition 18.84. Hermite polynomials Hn(x), n = 0, 1, 2, . . . are defined as

Hn(x) := (−1)
nex

2
(e−x2)(n), x ∈ ℝ,

where the derivative of order n with respect to x is considered.

This definition yields that H0(x) = 1, H1(x) = 2x, H2(x) = 4x
2 − 2, H3(x) = 8x

3 −
12x, . . . . Moreover, Hn(x), n = 0, 1, 2, . . . are polynomials of degree n. Let us first prove
the recursive formula

Hn+1(x) = 2xHn(x) − 2nHn−1(x), n = 0, 1, 2, . . . . (18.86)

Indeed, Definition 18.84 and Leibnitz formula lead to



314 � Special functions

Hn+1(x) = (−1)n+1ex2(e−x2)(n+1) = (−1)n+1ex2(−2xe−x2)(n)
= (−1)n+1ex2 n

∑
k=0 Ckn (−2x)(k)(e−x2)(n−k)

= (−1)n+1ex2((−2x)(e−x2)(n) + n(−2)(e−x2)(n−1)),
where symbol Ckn denotes the binomial coefficients. This equality is precisely recursive
formula (18.86). It also proves, by induction, thatHn(x) are polynomials of degreen, since
H0(x) is a polynomial of degree 0.

Problem 18.85. Show that for n = 1, 2, . . . we have

Hn(x) = 2xHn−1(x) − H′n−1(x).
There are two more evident properties: Hn(−x) = (−1)

nHn(x) and H2k−1(0) = 0. The
first equality follows, e. g., from (18.86) by induction.

Theorem 18.86. Hermite polynomials Hn(x) satisfy the differential equation:

y′′(x) − 2xy′(x) + 2ny(x) = 0, n = 1, 2, . . . . (18.87)

Proof. Definition 18.84 leads to

H′n(x) = (−1)n(ex2(e−x2)(n))′ = (−1)n(2xex2(e−x2)(n) + ex2(e−x2)(n+1))
= 2xHn(x) + (−1)

nex
2
((−2x)e−x2)(n).

Using again the Leibnitz formula (as for proving formula (18.86)), we obtain

H′n(x) = 2xHn(x) + (−1)
nex

2
((−2x)(e−x2)(n) + n(−2)(e−x2)(n−1))

= 2xHn(x) − 2xHn(x) + 2nHn−1(x) = 2nHn−1(x).
Differentiating the latter equality with respect to x and using Problem 18.85, we obtain

H′′n (x) = 2nH′n(x) = 2n(2xHn−1(x) − Hn(x)).

Hence, substituting these H′′n (x) and H′n(x) into the corresponding equation (18.87), we
obtain

H′′n (x) − 2xH′n(x) + 2nHn(x) = 4nxHn−1(x) − 2nHn(x) − 2x2nHn−1 + 2nHn(x) = 0.

Thus, the theorem is proved.

Corollary 18.87. The following formula holds:

H′n(x) = 2nHn−1(x).
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Theorem 18.88. The generating function for the sequence { 1n!Hn(x)}
∞
n=0 is equal to

G(z, x) = e2xz−z2 , x ∈ ℝ, z ∈ ℂ.
Proof. Due to Taylor’s expansion, we have

e2xz−z2 = ex2e−(z−x)2 = ex2 ∞∑
n=0 (e
−(z−x)2 )(n)|z=0

n!
zn

= ex
2 ∞
∑
n=0(−1)n (e−x

2
)(n)

n!
zn =
∞
∑
n=0(−1)n ex

2
(e−x2 )(n)
n!

zn

=
∞
∑
n=0 Hn(x)

n!
zn.

This completes the proof of the theorem.

Theorem 18.89. As the polynomial of degree n, Hermite polynomials have the form

Hn(x) =
[ n2 ]
∑
k=0 (−1)kn!k!(n − 2k)!

(2x)n−2k , n = 0, 1, 2, . . . . (18.88)

Proof. We use first the following Taylor’s expansion:

e2xz−z2 = ∞∑
j=0 (2xz − z2)jj!

.

Next, using the binomial formula, we have

e2xz−z2 = ∞∑
j=0

j
∑
k=0 Ckj (2xz)j−k(−z2)kj!

=
∞
∑
j=0

j
∑
k=0(−1)kCkj (2x)j−kzk+jj!

=
∞
∑
n=0
[ n2 ]
∑
k=0(−1)k (n − k)!

(n − k)!k!(n − 2k)!
(2x)n−2kzn

=
∞
∑
n=0 1

n!
(
[ n2 ]
∑
k=0(−1)k n!

k!(n − 2k)!
(2x)n−2k)zn = ∞∑

n=0 Hn(x)
n!

zn

due to Theorem 18.88. This proves (18.88).

There is an orthogonality of Hermite polynomialsHn(x), which is the following the-
orem.

Theorem 18.90. If n ̸= m, then∞
∫−∞ e−x2Hn(x)Hm(x)dx = 0, m, n ∈ ℕ0,
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but if m = n, then ∞
∫−∞ e−x2H2

n(x)dx = 2
nn!√π, n ∈ ℕ0.

Proof. Let n ̸= m. Then we may assume (without loss of generality) that m > n, and
hence we have ∞

∫−∞ e−x2Hn(x)Hm(x)dx = (−1)
m
∞
∫−∞ Hn(x)(e

−x2)(m)dx.
Integrating now the right-hand side by partsm times and using Theorem 18.88 (all sub-
stitutions at ±∞ are equal to 0), we obtain that∞

∫−∞ e−x2Hn(x)Hm(x)dx = (−1)
2m
∞
∫−∞(Hn(x))

(m)e−x2dx = 0
since Hn(x) is a polynomial of degree n and m > n. If n = m, we proceed similarly and
obtain ∞

∫−∞ e−x2H2
n(x)dx = (−1)

2n
∞
∫−∞(Hn(x))

(n)e−x2dx.
Next, formula (18.88) yields that

Hn(x) = (2x)
n + terms of degree j < n with respect to xj .

That is why (Hn(x))
(n) = 2n(xn)(n) = 2nn!. Hence,∞
∫−∞ e−x2H2

n(x)dx = 2
nn!
∞
∫−∞ e−x2dx = 2nn!√π

since the latter integral equals to Γ( 12 ) = √π (see Theorem 17.19). The theorem is proved.

The orthogonality of the family of Hermite polynomials {Hn(x)}
∞
n=0 (see Theo-

rem 18.90) with the weight w(x) = e−x2 allow us to consider the system H̃n(x) :=
√ 1

2nn!√π {Hn(x)}
∞
n=0 as an orthonormal basis in the Euclidean space L2w(ℝ) with this

weight, and thus we may consider for any f ∈ L2w(ℝ) the corresponding Fourier series
(not the trigonometric Fourier series) with respect to Hermite polynomials as

f (x) ≈
∞
∑
n=0 cnH̃n(x),
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where the Fourier coefficients with respect to the system H̃n(x) are defined by

cn =
∞
∫−∞ f (x)H̃n(x)e

−x2dx.
It is clear that this series converges to f inL2w(ℝ) but themain result here is the pointwise
convergence of this series. The following theorem holds.

Theorem 18.91. If f ∈ L2w(ℝ) is continuous, having a piecewise continuous derivative on
the line ℝ, then its Fourier series with respect to Hermite polynomials∞

∑
n=0 cnH̃n(x) = f (x)

converges pointwise on the line ℝ and uniformly on any closed interval [x1, x2] ⊂ ℝ.

Proof. We can rewrite the Fourier series for f (x) in the form (see the proof of Theo-
rem 18.81)

f (x) ≈
∞
∑
n=0 ̃cnHn(x), ̃cn =

1
dn

∞
∫−∞ f (x)Hn(x)e

−x2dx, dn = 2
nn!√π

and obtain then the Bessel’s inequality (analogously to the proof of Theorem 18.81)∞
∑
n=0 | ̃cn|2dn ≤

∞
∫−∞ 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2e−x2dx.

Consider now the first derivative of Hermite polynomials Hn(x). It turns out that this
system {H′n(x)}∞n=1 forms the system of the orthogonal polynomials with the sameweight
(see Corollary 18.87). That iswhywemay consider the Fourier coefficients of the function
f ′(x) with respect to the system {H′n(x)} such that (due to integration by parts and due
to f ′ vanishing at the infinity faster than any polynomial)

c′n = 1
d′n
∞
∫−∞ f ′(x)H′n(x)e−x2dx = − 1d′n

∞
∫−∞ f (x)(H′n(x)e−x2)′dx,

where

d′n := ∞∫−∞(H′n(x))2e−x2dx = −
∞
∫−∞ Hn(x)(H

′
n(x)e
−x2)′dx.

Using Theorem 18.86 (or, equivalently, Corollary 18.87) and the orthogonality condition
(see Theorem 18.90), we obtain that
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c′n = 2n ̃cndnd′n , d′n = 2ndn, and c′n = ̃cn.
Moreover, the Bessel’s inequality for f ′(x) with respect to the system {H′n} has the form∞

∑
n=1󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n ≤

∞
∫−∞ 󵄨󵄨󵄨󵄨f ′(x)󵄨󵄨󵄨󵄨2e−x2dx.

We can prove now that the series∑∞n=0 ̃cnHn(x) converges uniformly on any closed inter-
val [x1, x2] ⊂ ℝ. Using the Cauchy–Schwarz–Bunjakovskii inequality yields (M > N ≥ 1)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

M
∑
n=N ̃cnHn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ (

M
∑
n=N󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n)

1
2

(
M
∑
n=N |Hn(x)|

2

2ndn
)

1
2

since (asweproved above) ̃cn = c
′
n,d
′
n = 2ndn,n = 1, 2, . . . . In order to estimate the second

sum on the right-hand side of the latter inequality let us use the following estimate for
Hermite polynomials:

|Hn(x)|
2

dn
≤ Cex

2
(

1
n1/4 + |x|5/2n1/2 )2.

It can be obtained by some precise calculations and using induction with respect to n.
Due to this estimate and taking into account the Bessel’s inequality for f ′(x), we obtain
that uniformly in x ∈ [x1, x2] ⊂ ℝ,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

M
∑
n=N ̃cnPn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ C(

M
∑
n=N󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n)

1
2

(
M
∑
n=N 1

n3/2)
1
2

→ 0

asM > N →∞. Itmeans that the series∑∞n=0 ̃cnHn(x) converges uniformly on any closed
interval [x1, x2] ⊂ ℝ and, therefore, defines a continuous function on the lineℝ. It is not
so difficult to show now (using the completeness of the system of Hermite polynomials
in L2w(ℝ)) that the limiting function is just a given function f (x). This proves the theorem.

Chebyshev polynomials

Definition 18.92. Chebyshev polynomials are defined as

Tn(x) := cos(n arccos x), x ∈ [−1, 1], n = 0, 1, 2, . . . .

One can prove that Tn(x) is a polynomial in x of degree n. Indeed, since for x = cos θ,
θ ∈ [0, π], we have that
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Tn(cos θ) = cos(nθ) = Re(e
inθ) = Re(zn), |z| = 1,

then considering z = x + iy = eiθ we obtain

Re(zn) = Re((x + iy)n) = Re(
n
∑
k=0 Cknxn−k(iy)k) =

[ n2 ]
∑
m=0 C2mn (−1)mxn−2my2m.

Recalling (since x + iy = eiθ) that x = cos θ, y = sin θ, the latter equality can be rewritten
as

Tn(cos θ) =
[ n2 ]
∑
m=0 C2mn (−1)m(cos θ)n−2m(1 − cos2 θ)m
=
[ n2 ]
∑
m=0 C2mn (−1)m(cos θ)n−2m( m

∑
j=0 Cjm(−1)j(cos θ)2j).

Returning to the previous variable x, the latter equality yields

Tn(x) =
[ n2 ]
∑
m=0 m
∑
j=0 C2mn Cjm(−1)

m+jxn−2m+2j . (18.89)

This formula (18.89) shows that Tn(x) is really polynomial of degree n and this is an
equivalent definition (compared with Definition 18.92) of Chebyshev polynomials. Fur-
thermore, this formula (18.89) implies immediately that

Tn(−x) = (−1)
nTn(x).

Problem 18.93. Prove that (18.89) is equivalent to

Tn(x) =
[ n2 ]
∑
k=0 n!
(2k)!(n − 2k)!

xn−2k(x2 − 1)k .
Example 18.94. These formulae imply that T0(x) = 1, T1(x) = x, T2(x) = 2x

2 − 1, T3(x) =
4x3 − 3x, . . . , and T2k−1(0) = 0, T2k(0) = (−1)k , in particular, |Tn(x)| ≤ 1.
Proposition 18.95. For any n = 1, 2, . . . , we have

Tn+1(x) = 2xTn(x) − Tn−1(x), x ∈ [−1, 1].

Proof. Using Definition 18.92, we have

Tn+1(x) = cos(n arccos x + arccos x) = cos(n arccos x) cos(arccos x)
− sin(n arccos x) sin(arccos x) = xTn(x) −√1 − T2n(x)√1 − x2.
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This equality first implies that

xTn(x) ≥ Tn+1(x), x ∈ [−1, 1],

and, in addition,

x2T2n(x) − 2xTn(x)Tn+1(x) + T2n+1(x) = (1 − x2)(1 − T2n(x)).
The latter equality can be rewritten (also after substituting n − 1 instead of n) as two
different equalities

T2n+1(x) − 2xTn(x)Tn+1(x) = 1 − x2 − T2n(x),
T2n(x) − 2xTn−1(x)Tn(x) = 1 − x2 − T2n−1(x).

Considering now their difference, we obtain

T2n+1(x) − T2n−1(x) = 2xTn(x)(Tn+1(x) − Tn−1(x))
i. e.,

Tn+1(x) + Tn−1(x) = 2xTn(x).
Hence, the proposition is proved.

Theorem 18.96. Chebyshev polynomials Tn(x), n = 1, 2, . . . satisfy the differential equa-
tion:

(1 − x2)y′′(x) − xy′(x) + n2y(x) = 0, x ∈ [−1, 1]. (18.90)

Proof. Using Definition 18.92, we obtain

T ′n(x) = −n sin(n arccos x)(arccos x)′ = n sin(n arccos x) 1
√1 − x2

.

Similarly,

T ′′n (x) = −n2 cos(n arccos x) 1
1 − x2
+ n sin(n arccos x) x

(1 − x2)√1 − x2
.

The latter equality can be rewritten as

T ′′n (x) = − n2

1 − x2
Tn(x) +

x
(1 − x2)

T ′n(x).
This is equivalent to (18.90). The theorem is proved.
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The orthogonality property of Chebyshev polynomials is the following theorem.

Theorem 18.97. If n ̸= m, n,m ∈ ℕ0, then

1

∫−1 1
√1 − x2

Tn(x)Tm(x)dx = 0,

but if n = m, n,m ∈ ℕ0, then

1

∫−1 1
√1 − x2

T2n(x)dx =
π
2
, n = m > 0,

1

∫−1 1
√1 − x2

dx = π. (18.91)

Proof. Due to Definition 18.92 for any n,m ∈ ℕ0, we have

1

∫−1 1
√1 − x2

Tn(x)Tm(x)dx =
1

∫−1 1
√1 − x2

cos(n arccos x) cos(m arccos x)dx

=
π

∫
0

cos(nt) cos(mt)dt

= 1
2
(

π

∫
0

cos((n −m)t)dt +
π

∫
0

cos((n +m)t)dt),

if we use a new variable t := arccos x. Next, for n ̸= m both integrals on the right-hand
side of the previous equality are equal to 0, while for n = m > 0, the first integral is
equal to π, and the second one is equal to 0. For the case n = m = 0, the result (18.91)
follows trivially. Hence, the theorem is proved.

There is one more recursive property of Chebyshev polynomials (compare with
Proposition 18.95).

Proposition 18.98. For any n = 2, 3, . . . ,

T ′n+1(x)
n + 1
−
T ′n−1(x)
n − 1
= 2Tn(x).

Proof. Due to Definition 18.92, we have for n = 2, 3, . . . that

T ′n+1(x) = sin((n + 1) arccos x) n + 1√1 − x2 ,
and similarly,

T ′n−1(x) = sin((n − 1) arccos x) n − 1√1 − x2 .
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Thus, we have

T ′n+1(x)
n + 1
−
T ′n−1(x)
n − 1
= sin((n + 1) arccos x) − sin((n − 1) arccos x)

√1 − x2

=
2Tn(x) sin(arccos x)
√1 − x2

=
2Tn(x)√1 − x2

√1 − x2
= 2Tn(x).

The proposition is proved.

Remark. If n = 1, then Proposition 18.98 reads as

T ′2(x) = 4T1(x).
Theorem 18.97 (orthogonality property) allows us to construct an orthonormal sys-

temof Chebyshev polynomials in the Euclidean space L2w(−1, 1)withweightw(x) =
1
√1−x2

as

{√
2
π
Tn(x)}

∞
n=1 ∪ 1
√π

T0(x).

This yields that for any f ∈ L2w(−1, 1) we may consider the Fourier series with respect to
this system as

f (x) ≈ c0
√π
+
∞
∑
n=1 cn√ 2π Tn(x),

where the Fourier coefficients cn, n = 0, 1, 2, . . . are defined by

c0 =
1
√π

1

∫−1 f (x)
√1 − x2

dx, cn = √
2
π

1

∫−1 f (x)Tn(x)√1 − x2
dx.

It is clear that this series converges to f in the sense of the Euclidean space L2w(−1, 1), but
the main result here is pointwise (even uniform) convergence.

Theorem 18.99. If f ∈ L2w(−1, 1) is continuous, having a piecewise continuous derivative
on the interval [−1, 1], then its Fourier series with respect to Chebyshev polynomials,

c0
√π
+
∞
∑
n=1 cn√ 2π Tn(x) = f (x)

converges pointwise on the interval [−1, 1] and uniformly on any closed interval [x1, x2] ⊂
[−1, 1].

Proof. Denoting by dn =
π
2 , n = 1, 2, . . . , and d0 = π (see (18.91)), we can rewrite the

Fourier series with respect to Chebyshev polynomials as
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f (x) ≈
∞
∑
n=0 ̃cnTn(x), ̃cn = 1

dn

1

∫−1 f (x)Tn(x)√1 − x2
dx, n ∈ ℕ0.

The next step is to obtain the Bessel’s inequality with respect to this system as

∞
∑
n=0 | ̃cn|2dn ≤

1

∫−1 |f (x)|
2

√1 − x2
dx.

Consider now the first derivative of Chebyshev polynomials Tn(x). It turns out that
this system {T ′n(x)}∞n=1 forms the system of the orthogonal polynomials with the weight
√1 − x2. This follows from the following differential equation (which is equivalent
to (18.90)):

(√1 − x2T ′n(x))′ + n2 Tn(x)
√1 − x2

= 0.

That is why we may consider the Fourier coefficients of the function f ′(x) with respect
to the system {T ′n(x)} such that (due to integration by parts and due to corresponding
differential equation for Tn(x))

c′n = 1
d′n

1

∫−1 f ′(x)T ′n(x)√1 − x2dx = − 1d′n
1

∫−1 f (x)(T ′n(x)√1 − x2)′dx,
where

d′n := 1

∫−1(T ′n(x))2√1 − x2dx = n2
1

∫−1 (Tn(x))
2

√1 − x2
dx = n2dn.

Further, the definitions of ̃cn, c
′
n, and the latter equalities imply (as above) that ̃cn = c

′
n.

Moreover, the Bessel’s inequality for f ′(x)with respect to the system {T ′n(x)}has the form∞
∑
n=1󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n ≤

1

∫−1 󵄨󵄨󵄨󵄨f ′(x)󵄨󵄨󵄨󵄨2√1 − x2dx.
We can prove now that the series∑∞n=0 ̃cnTn(x) converges uniformly on the closed inter-
val [−1, 1]. Using the Cauchy–Schwarz–Bunjakovskii inequality yields (M > N ≥ 1)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

M
∑
n=N ̃cnTn(x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ (

M
∑
n=N󵄨󵄨󵄨󵄨c′n󵄨󵄨󵄨󵄨2d′n)

1
2

(
M
∑
n=N |Tn(x)|2n2dn

)

1
2

since (as we proved above) ̃cn = c
′
n, d
′
n = n

2dn, n = 1, 2, . . . . In order to estimate the sec-
ond sum on the right-hand side of the latter inequality, let us use the trivial estimate for
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Chebyshev polynomials (see Definition 18.92), i. e., |Tn(x)| ≤ 1 uniformly in x ∈ [−1, 1].
Due to this estimate, due to the Bessel’s inequality for f ′(x) with respect to Chebyshev
polynomials and due to the values for dn, we may conclude that the series ∑

∞
n=0 ̃cnTn(x)

converges uniformly on the interval [−1, 1] and, therefore, defines a continuous func-
tion on this interval. It is not so difficult to show now that (using the completeness of
Chebyshev polynomials in L2w(−1, 1)) that the limiting function on the interval (−1, 1) is
just a given function f (x). This proves the theorem.

Problem 18.100. Show that the generating function of {Tn(x)}
∞
n=0 is

G(t, x) = 1 − tx
1 − 2tx + t2

,

where |x| ≤ 1, |t| < √2 − 1, and the generating function of { 1nTn(x)}
∞
n=1 is

G(t, x) = log( 1
√1 − 2tx + t2

),

where |x| ≤ 1, |t| < √2 − 1.

Problem 18.101. Find the Fourier series for function |x|with respect to the orthonormal
system of Chebyshev polynomials.

Problem 18.102. Find the Fourier series for function log(1 + x) with respect to the or-
thonormal system of Chebyshev polynomials.

Problem 18.103. Show that for any n = 1, 2, . . . among all polynomials of degree n with
leading coefficient 1, the function f (x) := 1

2n−1 Tn(x) is the one whose maximal absolute
value on the interval [−1, 1] is minimal. Themaximal absolute value is 1

2n−1 and this max-
imum is attained exactly n + 1 times at x = cos( kπn ), k = 0, 1, 2, . . . , n.

Trigonometric polynomials

Definition 18.104. Consider the interval [−L, L], L > 0. The system of the trigonometric
polynomials of degree n is given by

1, cos πx
L
, cos 2πx

L
, . . . , cos nπx

L
, . . . ,

sin πx
L
, sin 2πx

L
, . . . , sin nπx

L
, . . . = {cos nπx

L
, sin nπx

L
}
∞
n=0.

Remark. One can easily check by induction that cos nπx
L is a polynomial of degree n in

cos πx
L and sin nπx

L is a polynomial of degree n in sin πx
L .

The orthogonality of this system is the following proposition.
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Proposition 18.105. For any n,m ∈ ℕ0, we have

L

∫−L cos πxL dx =
L

∫−L sin πx
L
dx = 0,

L

∫−L cos nπxL sin mπx
L

dx = 0,

and for n = 1, 2, . . . ,

L

∫−L dx = 2L,
L

∫−L cos2 nπxL dx = L,
L

∫−L sin2 nπxL dx = L.

Proof. It follows straightforwardly from the properties of odd functions on the symmet-
ric intervals and the well-known properties of trigonometric functions.

Proposition 18.105 allows us to construct orthonormal system of trigonometric poly-
nomials in the Euclidean space L2(−L, L) as

{
1
√2L
,
cos nπx

L
√L
,
sin nπx

L
√L
}
∞
n=1.

This yields that for any f ∈ L2(−L, L) we may consider the trigonometric Fourier series
with respect to this system as

f (x) ≈ ã0
√2L
+
∞
∑
n=1(ãn cos

nπx
L
√L
+ b̃n

sin nπx
L
√L
),

where the Fourier coefficients ãn, b̃n, n = 0, 1, 2, . . . are defined by

ã0 =
1
√2L

L

∫−L f (x)dx, ãn =
L

∫−L f (x)cos
nπx
L
√L

dx, b̃n =
L

∫−L f (x) sin
nπx
L
√L

dx.

This trigonometric Fourier series can be rewritten in simpler form as follows:

f (x) ≈ a0
2
+
∞
∑
n=1(an cos nπxL + bn sin nπx

L
), (18.92)

where the coefficients an, bn, n = 0, 1, 2, . . . are equal to

a0 =
1
L

L

∫−L f (x)dx, an =
1
L

L

∫−L f (x) cos nπxL dx, bn =
1
L

L

∫−L f (x) sin nπx
L

dx.

Since the system of normalized trigonometric polynomials is an orthonormal basis in
L2(−L, L), then for any f ∈ L2(−L, L) the trigonometric Fourier series (18.92) converges
in L2(−L, L) to f , i. e.,
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lim
N→∞ L

∫−L
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

a0
2
+

N
∑
n=1(an cos nπxL + bn sin nπx

L
) − f (x)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2

dx = 0.

This fact is equivalent to the identity

1
L

L

∫−L 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx = |a0|
2

2
+
∞
∑
n=1(|an|2 + |bn|2), (18.93)

which is called the Parseval equality. We prove these two facts in the following theorem.

Theorem 18.106. For every f ∈ L2(−L, L), its Fourier series (18.92) converges to f in
L2(−L, L) and the Parseval equality (18.93) holds.

Proof. If f ∈ L2(−L, L) and g(x) := c0
2 + ∑

N
n=1(cn cos nπx

L + dn sin
nπx
L ), N = 1, 2, . . . with an

arbitrary coefficient cn, dn, n = 0, 1, 2, . . . , then using Proposition 18.105 (the orthogonal-
ity condition), we obtain

1
L

L

∫−L 󵄨󵄨󵄨󵄨f (x) − g(x)󵄨󵄨󵄨󵄨2dx = 1L
L

∫−L 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx + 1L
L

∫−L 󵄨󵄨󵄨󵄨g(x)󵄨󵄨󵄨󵄨2dx
− 2
L
Re

L

∫−L f (x)g(x)dx
= 1
L

L

∫−L 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx − ( |a0|
2

2
+

N
∑
n=1(|an|2 + |bn|2))

+
|a0 − c0|

2

2
+

N
∑
n=1(|an − cn|2 + |bn − dn|2).

The latter equality has the following two important consequences:
1. The minimum error of

min
g(x)= c02 +∑Nn=1(cn cos nπx

L +dn sin nπx
L ) 1L

L

∫−L 󵄨󵄨󵄨󵄨f (x) − g(x)󵄨󵄨󵄨󵄨2dx
is equal to

1
L

L

∫−L 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx − ( |a0|
2

2
+

N
∑
n=1(|an|2 + |bn|2)) (18.94)

and it is attained when cn = an, dn = bn, n = 0, 1, 2, . . . .
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2. The following inequality holds (since N is arbitrary in (1) from above):

|a0|
2

2
+
∞
∑
n=1(|an|2 + |bn|2) ≤ 1L

L

∫−L 󵄨󵄨󵄨󵄨f (x)󵄨󵄨󵄨󵄨2dx.
This inequality is called the Bessel’s inequality.

Consider now instead of f (x) the polynomial a02 +∑
N
n=1(an cos nπx

L +bn sin
nπx
L ) and instead

of g(x) the polynomial a02 + ∑
M
n=1(an cos nπx

L + bn sin
nπx
L ), where an, bn, n = 0, 1, 2, . . . are

the Fourier coefficients of f ∈ L2(−L, L), we obtain, using the Bessel’s inequality, that

1
L

L

∫−L
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

N
∑
n=1(an cos nπxL + bn sin nπx

L
) −

M
∑
n=1(an cos nπxL + bn sin nπx

L
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2

dx

tends to zero as N > M →∞. It means that

{
a0
2
+

N
∑
n=1(an cos nπxL + bn sin nπx

L
)}

is a Cauchy sequence in L2(−L, L), and thus there is a function F ∈ L2(−L, L) such that

1
L

L

∫−L
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
F(x) −

N
∑
n=1(an cos nπxL + bn sin nπx

L
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2

dx → 0, N →∞.

Problem 18.107. Prove that function F(x) (from above) is equal to a given function f ∈
L2(−L, L).

Hence, the first part of this theorem is proved. The Parseval equality (18.93) follows from
the first part of the theoremand (18.94) if we letN →∞. Thus, the theorem is completely
proved.

The main result here is uniform and the absolute convergence of the trigonometric
Fourier series for continuous functions having piecewise continuous derivative.

Theorem 18.108. If f (x) is periodic (i. e., f (−L) = f (L)) with period 2L and continuous,
having piecewise continuous derivative on the interval [−L, L], then uniformly in x ∈ ℝ,

a0
2
+
∞
∑
n=1(an cos nπxL + bn sin nπx

L
) = f (x).

Moreover, this convergence is absolute, i. e.,

|a0|
2
+
∞
∑
n=1(|an| + |bn|) <∞.
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Proof. It suffices to show that the number series

|a0|
2
+
∞
∑
n=1(|an| + |bn|)

converges because it follows, first, that the series (18.92) converges uniformly onℝ (due
to periodicity), and, second, it converges to a given function f (x) (see Problem 18.107).

Denoting by αn, βn, n = 0, 1, 2, . . . , the Fourier coefficients of the piecewise contin-
uous function f ′(x), which is redefined arbitrarily at a finite number of points where
the derivative does not exist. Further integrating by parts (we have to divide the inter-
val [−L, L] to subintervals if the derivative of f (x) does not exist), we obtain (taking into
account the equality f (−L) = f (L)) that

α0 = 0, αn =
1
L

L

∫−L f ′(x) cos nπxL dx = nπ
L2

L

∫−L f (x) sin nπx
L

dx = nπ
L
bn,

and

βn =
1
L

L

∫−L f ′(x) sin nπx
L

dx = −nπ
L2

L

∫−L f (x) cos nπxL dx = −nπ
L
an,

where n = 1, 2, . . . . These equalities allow us to conclude that

π
L

∞
∑
n=1(|an| + |bn|) = ∞∑n=1( |αn|n + |βn|n ) ≤ 12 ∞∑n=1(α2n + β2n) + ∞∑n=1 1

n2
<∞.

The first series on the right-hand side converges due to Proposition 18.105 (see Parseval
equality (18.93)), and the second is a well-known convergent number series. Here, we
haveused also the elementary inequality 2|ab| ≤ a2+b2. Thus, the theorem is proved.

Summarizing the orthogonal polynomials (including Bessel’s functions and trigono-
metric polynomials), we can interpret (correspondingly) them as solutions of some
boundary value problems for a differential equation of the second order. Namely, let us
consider the following operator of order two in the form

Ly(x) := (p(x)y′(x))′ + q(x)y(x), x ∈ (a, b), (18.95)

with boundary conditions (quite general)

α1y(a) + α2y
′(a) = 0, β1y(b) + β2y

′(b) = 0, (18.96)

where p(x), q(x) are real-valued functions, and αj , βj , j = 1, 2 are real constants with the
conditions
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α21 + α
2
2 > 0, β21 + β

2
2 > 0.

The equation

Ly(x) + λr(x)y(x) = 0 (18.97)

(function r(x) is real-valued, λ is spectral parameter) with operator L from (18.95) and
with boundary conditions (18.96) is said to be a Sturm–Liouville boundary value problem
in the self-adjoint form.

Definition 18.109. If there is λ ∈ ℝ, such that (18.97) with (18.96) has a non-trivial solu-
tion y(x), then this λ is called an eigenvalue and this y(x) is called an eigenfunction of the
Sturm–Liouville boundary value problem, which is said to be in that case an eigenvalue
problem.

We consider some examples.
1. Let (18.97) have the form

((1 − x2)y′(x))′ + λy(x) = 0, x ∈ (−1, 1), y(−1) = y(1) = 0.

Then for eigenvalues λn = n(n + 1), n = 0, 1, 2, . . . , there exist eigenfunctions yn(x) =
Pn(x), which are Legendre polynomials (see Theorem 18.78 and (18.77)).

2. Let (18.97) have the form

(e−x2y′(x))′ + λe−x2y(x) = 0, x ∈ ℝ, e−x2y(x) ∈ L2(ℝ).
Then for eigenvalues λn = 2n there exist eigenfunctions yn(x) = Hn(x), which are
Hermite polynomials (see Theorem 18.86 and Definition 18.84).

3. Let (18.97) have the form (ν > 0 is given)

(xy′(x))′ + (λx − ν2
x
)y(x) = 0, x ∈ (0, 1),

y(x) is bounded at 0, y(1) = 0.

Then there exist eigenfunctions yn(x) = Jν(μnx), where Jν is Bessel function of order
ν, Jν(μn) = 0 and λn = μ

2
n are eigenvalues (see (18.18)). The Fourier–Bessel expansion

is valid as in the remark after Problem 18.28.
4. Let (18.97) have the form

y′′(x) + λy(x) = 0, x ∈ (0, L), y′(0) = y′(L) = 0.
Then there exist eigenvalues λn = (

nπ
L )

2, n = 0, 1, 2, . . . and corresponding eigenfunc-
tions yn = cos

nπx
L , n = 0, 1, 2, . . . . If we have different boundary conditions, namely

y′′(x) + λy(x) = 0, x ∈ (0, L), y(0) = y(L) = 0
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then there exist eigenvalues λn = (
nπ
L )

2, n = 1, 2, . . . and corresponding eigenfunc-
tions yn = sin

nπx
L , n = 1, 2, . . . .

Remark. Based on the orthogonality condition of Bessel’s functions (see Problem 18.28),
we may consider the Fourier expansions with respect to the orthogonal system of
Bessel’s functions as follows (see for comparison example (4) from above). Assume that
a function f (x) satisfies the conditions

1

∫
0

󵄨󵄨󵄨󵄨f (x)
󵄨󵄨󵄨󵄨x
ν−1dx <∞, ∞∫

1

󵄨󵄨󵄨󵄨f (x)
󵄨󵄨󵄨󵄨x
−3/2dx <∞.

Then under the conditions for f (x) from above, and for any fixed ν > 0, wemay consider
the Fourier expansion as

f (x) ≈
∞
∑
n=0 aν,nJν+2n(x),

where the Fourier coefficients are given by

aν,n = 2(ν + 2n) ∞∫
0

f (x)
x

Jν+2n(x)dx.
Problem 18.110. Let function f (x) be defined as

f (x) = 0, x ∈ [−π, 0), f (x) = x, x ∈ [0, π].

Show that pointwise in x ∈ (−π, π),

f (x) = π
4
− 2
π

∞
∑
n=1 cos(2n − 1)x(2n − 1)2

−
∞
∑
n=1 (−1)n sin(nx)n

.

Show, in particular, that ∞
∑
n=1 1
(2n − 1)2

= π
2

8
,
∞
∑
n=1 (−1)n−12n − 1

= π
4
.

Problem 18.111. Let function f (x) = |x|, x ∈ [−π, π]. Show that

|x| = π
2
− 4
π

∞
∑
n=1 cos(2n − 1)x(2n − 1)2

uniformly in x ∈ [−π, π].
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Problem 18.112. Show that uniformly in x ∈ [−π, π],∞
∑
n=1 (−1)n cos nxn2

= x
2

4
− π

2

12
.

Show, in particular, that

π2

12
=
∞
∑
n=1 (−1)n+1n2

.

Problem 18.113. Show that uniformly in x ∈ [−π, π],∞
∑
n=1 sin2 nxn2

= π|x| − x
2

2
.

18.5 Laplace’s method

The Laplace’s method or the saddle-point method is widely used for constructing an
asymptotic of certain curve integrals of functions of a complex (and also real) variable.
We examine first the integrals of a real variable of the form

Ψ(λ) =
b

∫
a

ϕ(t)eλf (t)dt, (18.98)

where λ > 0 large enough, a function f (t) is real and ϕ(t) might be real or complex (in
the latter case, we consider the asymptotic of the integral for Reϕ and Imϕ separately).
Here, one or both of the limits of integrationmight be infinite. The following result holds
for the integral (18.98).

Theorem 18.114. Suppose a function f (t) attains its absolute maximum at some interior
point t0 ∈ (a, b). Let f

′′(t0) < 0, and assume that there exists δ0 > 0 such that for |t − t0| ≤
δ0, we have

f (t) = f (t0) +
f ′′(t0)
2
(t − t0)

2 + μ(t), 󵄨󵄨󵄨󵄨μ(t)
󵄨󵄨󵄨󵄨 < −

f ′′(t0)
4
(t − t0)

2,

ϕ(t) = c0 + c1(t − t0) + O((t − t0)
2), μ(t) = c2(t − t0)

3 + O((t − t0)
4). (18.99)

Assume in addition that for |t − t0| > δ0, f (t0) − f (t) ≥ h > 0, with some constant h, and
for some λ0 > 0, that

b

∫
a

󵄨󵄨󵄨󵄨ϕ(t)
󵄨󵄨󵄨󵄨e
λ0f (t)dt ≤ M , M > 0. (18.100)
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Then the following asymptotic formula, as λ→ +∞, holds:

b

∫
a

ϕ(t)eλf (t)dt = eλf (t0)(ϕ(t0)√− 2π
λf ′′(t0) + O(λ− 32 )). (18.101)

Proof. Let us split the integral Ψ(λ) in (18.98) into five terms:

Ψ(λ) =
t0−δ0
∫
a

ϕ(t)eλf (t)dt + t0−δ(λ)∫
t0−δ0 ϕ(t)eλf (t)dt + t0+δ(λ)∫

t0−δ(λ) ϕ(t)eλf (t)dt
+

t0+δ0
∫

t0+δ(λ) ϕ(t)eλf (t)dt +
b

∫
t0+δ0 ϕ(t)eλf (t)dt =: I1 + I2 + I3 + I4 + I5,

where the function δ(λ) is chosen as

λδ2(λ)→∞, λδ3(λ)→ 0, λ→ +∞. (18.102)

Since for a < t ≤ t0 − δ0 and t0 + δ0 ≤ t < b, we have for λ > 0 that

λ(f (t0) − f (t)) ≥ hλ,

then the integrals I1 and I5 can be estimated for λ > λ0 as (see (18.100))

|I1| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

t0−δ0
∫
a

ϕ(t)eλf (t)dt󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤ eλf (t0)
t0−δ0
∫
a

󵄨󵄨󵄨󵄨ϕ(t)
󵄨󵄨󵄨󵄨e
−λ(f (t0)−f (t))dt

= eλf (t0) t0−δ0∫
a

󵄨󵄨󵄨󵄨ϕ(t)
󵄨󵄨󵄨󵄨e
−(λ−λ0)(f (t0)−f (t))eλ0(f (t)−f (t0))dt

≤ Meλf (t0)e−h(λ−λ0)e−λ0f (t0) = eλf (t0)O(e−λh), λ→∞,

and

|I5| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

b

∫
t0+δ0 ϕ(t)eλf (t)dt

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ eλf (t0) b

∫
t0+δ0 󵄨󵄨󵄨󵄨ϕ(t)󵄨󵄨󵄨󵄨e−λ(f (t0)−f (t))dt

= eλf (t0) b

∫
t0+δ0 󵄨󵄨󵄨󵄨ϕ(t)󵄨󵄨󵄨󵄨e−(λ−λ0)(f (t0)−f (t))eλ0(f (t)−f (t0))dt

≤ Meλf (t0)e−h(λ−λ0)e−λ0f (t0) = eλf (t0)O(e−λh), λ→∞,

respectively. Next, due to the conditions for f (t) and μ(t) for |t − t0| ≤ δ0, we have that
(see (18.99))
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f (t0) − f (t) = −μ(t) −
f ′′(t0)
2
(t − t0)

2 ≥ −󵄨󵄨󵄨󵄨μ(t)
󵄨󵄨󵄨󵄨 −

f ′′(t0)
2
(t − t0)

2

≥
f ′′(t0)
4
(t − t0)

2 −
f ′′(t0)
2
(t − t0)

2 = −
f ′′(t0)
4
(t − t0)

2.

Hence, repeating the same procedure as for the estimation of the integrals I1, I5, and
taking into account that for the integrals I2, I4, we really have that (t − t0)

2 ≥ δ2(λ), and
we obtain (using the fact that f ′′(t0) < 0)

|I2|, |I4| ≤ e
λf (t0)O(e− f ′′(t0)4 λδ2(λ)), λ→∞.

It remains now to examine the principal integral I3 of Ψ(λ). By virtue of the condi-
tions (18.99), this integral can be rewritten, using a new variable τ := t − t0, and second
condition of (18.102), as

I3 = e
λf (t0) δ(λ)∫−δ(λ) ϕ(t0 + τ)eλ( 12 f ′′(t0)τ2+c2τ3+O(τ4))dτ
= eλf (t0) δ(λ)∫−δ(λ)(c0 + c1τ + O(τ2))eλ( 12 f ′′(t0)τ2+c2τ3+O(τ4))dτ
= eλf (t0) δ(λ)∫−δ(λ)(c0 + c1τ + c0c2λτ3 + O(τ2) + O(λτ4) + O(λ2τ6))eλf ′′(t0)τ2/2dτ
= eλf (t0) δ(λ)∫−δ(λ)(c0 + O(τ2) + O(λτ4) + O(λ2τ6))eλf ′′(t0)τ2/2dτ.

Here we have used the fact that the terms with c1τ and c2τ
3 of the resulting expression

vanish since the integrands are odd. Thefirst part of the latter integral yields (f ′′(t0) < 0),
c0e

λf (t0) δ(λ)∫−δ(λ) eλf ′′(t0)τ2/2dτ
= 2c0e

λf (t0) δ(λ)∫
0

eλf
′′(t0)τ2/2dτ

= c0√−
2

λf ′′(t0)eλf (t0)
−λδ2(λ)f ′′(t0)/2
∫
0

e−ξξ− 12 dξ
= c0√−

2
λf ′′(t0)eλf (t0)(

∞
∫
0

e−ξξ− 12 dξ − ∞
∫−λδ2(λ)f ′′(t0)/2 e−ξξ−

1
2 dξ)
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= c0√−
2

λf ′′(t0)eλf (t0)(Γ( 12) + O(e−λδ2(λ)f ′′(t0)/4))
= ϕ(t0)√−

2
λf ′′(t0)eλf (t0)(√π + O(e−λδ2(λ)f ′′(t0)/4)), ϕ(t0) = c0. (18.103)

To obtain (18.103), we have used the first condition of (18.102) and (18.99). The other terms
in the previous integral can be estimated similarly. Consider, e. g., the term with O(τ2).
Then we will have for this term, using a new variable ξ := λτ2, that

O(1)eλf (t0) δ(λ)∫
0

τ2eλf
′′(t0)τ2/2dτ = O(1)eλf (t0) 1

λ
3
2

λδ2(λ)
∫
0

ξ
1
2 ef
′′(t0)ξ/2dξ

= O( 1
λ

3
2

)eλf (t0), λ→ +∞, (18.104)

since f ′′(t0) < 0 and λδ2(λ)→∞ (see (18.102)). The termswithO(λτ4) andO(λ2τ6) can be
estimated by the samemanner as the previous one andwe can obtain for them the same
estimate (18.104). Choosing δ(λ) = 1

λ
2
5
(in that case (18.102) is satisfied) and combining

the estimates of I1, I2, I4, I5, and (18.103), (18.104), we obtain the final result (18.101). Thus,
the theorem is proved.

Example 18.115. As an example of the application of Theorem 18.114, we consider the
asymptotic for Euler’s gamma function Γ(p + 1) when p → +∞. Since (here, t = px is a
new variable)

Γ(p + 1) =
∞
∫
0

xpe−xdx = pp+1 ∞∫
0

ep(log t−t)dt,
then direct application of Theorem 18.114 with ϕ(t) ≡ 1, f (t) = log t − t, t0 = 1, f

′′(1) = −1,
f (1) = −1, and with λ = p gives us

Γ(p + 1) = pp+1e−p(√2π
p
+ O( 1

p√p
)) = √2πp(p

e
)
p

(1 + O( 1
p
)). (18.105)

This formula (18.105) is called Stirling’s formula. Moreover, it can be extended not only
for real p→ +∞ but also for complex p→∞ such that | arg z| ≤ π−ϵ, ϵ > 0. In addition,
since Γ(n + 1) = n! for n ∈ ℕ, we have the following asymptotic:

n! = √2πn(n
e
)
n

(1 + O( 1
n
)), n→ +∞.
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Remark. The essential addition to the Laplace’s method is the so-called method of sta-
tionary phase, which concerns the asymptotic behavior of the integral

Φ(λ) =
b

∫
a

ϕ(t)eiλf (t)dt,
where f (t) is a real-valued function with one stationary point t0 ∈ (a, b), i. e., f

′(t0) =
0, f ′′(t0) ̸= 0, under the assumption (at the moment) that the interval (a, b) is finite.
Assuming that ϕ(t) is continuous on the interval [a, b], the following asymptotic holds
(in the neighborhood of t0):

Φ(λ) = eiλf (t0)+i sgn f ′′(t0) π4 ϕ(t0)√ 2π
λ|f ′′(t0)| + O( 1

λ√λ
), λ→ +∞. (18.106)

As an application of themethod of the stationary phase, we consider the behavior of the
Bessel functions for large argument. Using the integral representation for Jn(x), n ∈ ℕ0
(see, e. g., Problem 18.27(2)), we have (using the properties of odd and even functions)

Jn(x) =
1
2π

π

∫−π cos(nθ − x sin θ)dθ = 1
2π

π

∫−π ei(nθ−x sin θ)dθ
= 1
2π

π

∫−π einθe−ix sin θdθ.
In this case, f (θ) = − sin θ, ϕ(θ) = einθ, t = θ, and λ = x. That is why we have two
stationary points θ = ± π2 and, therefore (see (18.106)) we have that

Jn(x) =
1
2π
(e−ix+i π4 +i nπ2 + eix−i π4 −i nπ2 )√2π

x
+ O( 1

x√x
)

= cos(x − π
4
− nπ

2
)√

2
πx
+ O( 1

x√x
), x → +∞. (18.107)

Furthermore, the asymptotic (18.107) is valid not only for n ∈ ℕ0, but for any ν ∈ ℝ, if
we substitute ν instead of n.

We now examine the saddle point method for obtaining asymptotic expansions of
integrals in the form

F(λ) = ∫
γ

ϕ(z)eλf (z)dz, (18.108)

where the functions ϕ(z), f (z) are analytic in some domain D ⊂ ℂ and γ ⊂ D is a piece-
wise smooth Jordan curve. Due to the Cauchy theorem, integral (18.108) is independent



336 � Special functions

Figure 18.2: Curve of integration in Laplace’s method.

on the curves with the same end points (initial and terminal). So, we may assume that
this curve γ is deformed into the curve Γ = L+γ1+γ2 such that L is a line on the complex
plane (it might be small enough) and γ1 and γ2 (with finite length) are joined with L
starting from the points z1 and z2, respectively; see Figure 18.2. The range of application
of the saddle point method is so that L is chosen such that z0 is not an end point of L and

f ′(z0) = 0, f ′′(z0) ̸= 0, Im f (z) = constant, z ∈ L, (18.109)

i. e., z0 is a saddle point for f (z), and we assume that it is unique.
The following theorem holds (it is called Laplace’s method in the complex case).

Theorem 18.116. Suppose that all conditions for ϕ, f , γ, L, z0 from above are satisfied.
Assume in addition that there exists δ > 0 (small enough) such that for all |z − z0| ≥ δ,

Re f (z0) − Re f (z) ≥ h > 0, h = constant, (18.110)

and also for some λ0 > 0, the following integral converges:

∫
γ

󵄨󵄨󵄨󵄨ϕ(z)
󵄨󵄨󵄨󵄨e
λ0 Re f (z)|dz| ≤ M . (18.111)

Then for all λ ≥ λ0, the following asymptotic formula holds:

∫
γ

ϕ(z)eλf (z)dz = eλf (z0)(√ 2π
λ|f ′′(z0)|ϕ(z0)eiθm + O(λ− 32 )), (18.112)

where θm =
π−arg f ′′(z0)

2 +πm, m = 0, 1. Here, the choice of m determines the sign in (18.112)
and actually depends only on the direction of integration along curve γ.

Proof. The conditions of the theorem (and considerations from above) imply that

F(λ) = ∫
L

ϕ(z)eλf (z)dz + ∫
γ1

ϕ(z)eλf (z)dz + ∫
γ2

ϕ(z)eλf (z)dz
= eiλ Im f (z0) ∫

L

ϕ(z)eλRe f (z)dz + ∫
γ1

ϕ(z)eλf (z)dz + ∫
γ2

ϕ(z)eλf (z)dz.
By conditions (18.110) and (18.111), the integrals along the curves γ1 and γ2 can be esti-
mated as
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󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

γ1 ,γ2 ϕ(z)eλf (z)dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫
γ1 ,γ2 󵄨󵄨󵄨󵄨ϕ(z)󵄨󵄨󵄨󵄨eλRe f (z)|dz|
≤ ∫
γ1 ,γ2 󵄨󵄨󵄨󵄨ϕ(z)󵄨󵄨󵄨󵄨eλ0 Re f (z)e(λ−λ0)Re f (z)|dz| ≤ Me(λ−λ0)Re f (z0)e−(λ−λ0)h
= eλRe f (z0)O(e−λh), λ→ +∞.

On the line L, we introduce the parametrization z := z(s) so that z(0) = z0, z(−a) = z1,
and z(b) = z2 (see the description of Γ above). Using this parametrization, the integral
along L can be written as (note that Im f (z) = Im f (z0) on the line L)

F1(λ) := ∫
L

ϕ(z)eλf (z)dz = eiλ Im f (z0) b∫−a ϕ(z(s))eλRe f (z(s))z′(s)ds.
One can see that the latter integral satisfies all conditions of Theorem 18.114: the function
Re f (z(s)) attains its maximum at the point s = 0 and we have (Re f (z(s)))′′(0) < 0. Then
according to (18.101), we have

F1(λ) = e
i Im f (z0)eRe f (z0)(Re f (z(0))z′(0)√− 2π

λ(Re f (z(s)))′′(0) + O(λ− 32 )). (18.113)

It remains to express the quantities appearing in (18.113) in terms of the values of the
functions ϕ(z) and f (z) at the point z0. It is clear (due to parametrization of the line L)
that z− z0 = se

iπm,m = 0, 1 depending on the direction of integration along L. Moreover,
(Im f (z) = Im f (z0) on the line L), for z ∈ L, we have

z′(0) = ieiπm, (Re f (z))′′s 󵄨󵄨󵄨󵄨s=0 = f ′′(z(0))(z′(0))2 = −󵄨󵄨󵄨󵄨f ′′(z0)󵄨󵄨󵄨󵄨ei arg f ′′(z0).
Taking into account the considerations from above and the fact that i = ei

π
2 , and col-

lecting the estimates for the integrals along γ1, γ2, and the integral F1, we can easily
obtain (18.112). Thus, the theorem is completely proved.

Remark. The parameter λmight be complex. If λ is complex, i. e., λ = |λ|ei arg λwe can ab-
sorb the exponential factor into f (z) and proceed with a new function ̃f (z) := ei arg λf (z).

Example 18.117. We will obtain the asymptotic of the Hankel function for a large posi-
tive argument. Using Problem 18.27(9) (see (18.26)), we have that

H(1)ν (x) = 1
iπ

0

∫−∞ e−νt+x sinh tdt + 1
iπ

π

∫
0

e−iνt+x sinh(it)idt
+ 1
iπ

∞
∫
0

e−ν(t+iπ)+x sinh(t+iπ)dt =: I1 + I2 + I3.
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Since sinh t ≈ 1
2e

t as t → +∞ and sinh(t + iπ) = − sinh t, then both integrals I1 and I3
vanish exponentially as x → +∞, i. e.,

I1, I3 = O(e
−c0x), x → +∞, with some c0 > 0.

For the integral I2, we use the method of stationary phase (see (18.106)). Then we have
that (the unique stationary point is t0 =

π
2 , f
′′(t0) = −1, ϕ(t) = e−iνt)

I2 =
1
π
eix−i π4 e−i νπ2 √2π

x
+ O(x− 32 ), x → +∞.

Combining asymptotic for I1, I3, and I2, we obtain finally

H(1)ν (x) = ei(x− π4 − νπ2 )√ 2
πx
+ O(x− 32 ), x → +∞. (18.114)

In addition, since H(2)ν (x) = H(1)ν (x), and Jν(x) = 1
2 (H
(1)
ν (x) + H

(2)
ν (x)), Yν =

1
2i (H
(1)
ν (x) −

H(2)ν (x)) (see Definition 18.14), we can obtain easily the asymptotic for all these functions
also. For example,

Jν(x) = cos(x −
π
4
− νπ

2
)√

2
πx
+ O(x− 32 ), x → +∞ (18.115)

and

Yν(x) = sin(x −
π
4
− νπ

2
)√

2
πx
+ O(x− 32 ), x → +∞. (18.116)

Problem 18.118. Using Laplace’s method (see Theorem 18.114), show that for any fixed
θ ∈ (0, π) the following asymptotic formula with respect to n for Legendre polynomials
holds:

Pn(cos θ) = √
2

πn sin θ
(cos((n + 1/2)θ − π/4) + O(n−1)), n→ +∞, (18.117)

i. e., for any fixed x ∈ (−1, 1) and even uniformly in x ∈ [x1, x2] ⊂ (−1, 1),

Pn(x) = O(n
−1/2), n→ +∞.

Hint: First, use the following integral representation of Legendre polynomials:

Pn(cos θ) =
1

π√2

θ

∫−θ ei(n+1/2)ϕ
√cosϕ − cos θ

dϕ, θ ∈ (0, π),

then, second, choose the closed curve γ (Figure 18.3) consisting of the interval (y =
0,−θ < x < θ) of the real axis, the vertical intervals (x = −θ, 0 < y < L), (x = θ, 0 < y < L)
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Figure 18.3: Curve of integration in Problem 18.118.

parallel to the imaginary axis, and the horizontal interval (y = L,−θ < x < θ), and
finally, consider on the complex plane the function

g(z) := ei(n+1/2)z
√cos z − cos θ

, z ∈ ℂ,

inside of this curve γ. The final step is to put L→ +∞.



Exercises

1. Let w(z) = az+b
cz+d be a nondegenerate (ad ̸= bc, c ̸= 0) linear-fractional transforma-

tion. A point z is said to be a fixed point if w(z) = z.
a) Prove that this transformation has at most two fixed points. If (a−d)2+4bc ̸= 0,

c ̸= 0, then there are two different fixed points, otherwise they coincide.
b) Show that if there are two different fixed points, p and q, then

w − p
w − q
= k1

z − p
z − q

with k1 =
cq + d
cp + d
.

But if there is only one fixed point p, then

1
w − p
= 1
z − p
+ k2 with k2 =

c(a + d)
2(ad + bc)

.

2. Show that any equation of the form

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

z − p
z − q

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= k, k ̸= 1,

defines the circle with such conjugate p and q that p and q lie on the same line
together with z0 and

|p − z0||q − z0| = r
2,

where z0 is a center of this circle with radius r.
3. Show that the general nondegenerate linear-fractional transformation of the do-

main {z : Re z ≥ 0} onto the unit disk {w : |w| ≤ 1} has the form

w(z) = eiλ z − α
z + α
, Re α > 0, λ ∈ ℝ.

4. Show that the general nondegenerate linear-fractional transformation of the disk
{z : |z| ≤ r1} onto the disk {w : |w| ≤ r2} has the form

w(z) = r1r2e
iλ z − α
αz − r21
, 0 < |α| < r1, λ ∈ ℝ.

5. Let function f (z)be analytic in the openunit disk {z : |z| < 1}. Show that if Re f (z) > 0
and f (0) = a > 0, then |f ′(0)| ≤ 2a.

6. Show that

ℒ(sin(ωt + ϕ))(p) = p sinϕ + ω cosϕ
p2 + ω2 , ℒ(cos(ωt + ϕ))(p) = p cosϕ − ω sinϕ

p2 + ω2 .

7. Using Mellin’s formula, show that:

https://doi.org/10.1515/9783111632278-021
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a)

ℒ−1( λ
p2 − λ2
) = sinh λt, ℒ−1( p

p2 − λ2
) = cosh λt, Re p > Re λ.

b)

ℒ−1( ω
(p + α)2 + ω2) = e

−αt sin(ωt), Re p > | Imω| − Re α.

c)

ℒ−1( 1
p
tanh(p/2)) = {

1, 2k ≤ t < 2k + 1,
−1, 2k + 1 ≤ t < 2k + 2,

k = 0, 1, 2, . . . ,

where Re p > 0.
d)

ℒ−1( 1
√p + α
) = e

−iα
√πt
, Re p > 0.

e)

ℒ−1( 1
p
e−α√p) = 1 − α

∫
0

e−y2/(4t)dy, Re p > 0.

8. Let F(p) be the Laplace transform of some function f (t) so that f (t) = ℒ−1(F(p)).
Assume that F(p) is considered for p ∈ ℝ+, and is integrable there. Prove that∞

∫
0

f (t)
t
dt =
∞
∫
0

F(p)dp.

9. Using the previous exercise, show that for α, β ̸= 0,∞
∫
0

cos(αt) − cos(βt)
t

dt = log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

α
β

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
,

and

∞
∫
0

sin(αt) − sin(βt)
t

dt =
{{{
{{{
{

0, αβ > 0,
π, α > 0, β < 0,
−π, α < 0, β > 0.

10. Let F(p) be the Laplace transform of some function f (t). Show that

lim
p→∞,Re p>0 pF(p) = f (0), lim

p→0 pF(p) = lim
t→+∞ f (t).
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11. Using the Laplace transform, show that

u(x, t) := x
2a√π

t

∫
0

e−x2/4a2(t−τ) q(τ)
(t − τ)3/2 dτ

and solves the following equation with additional conditions:

{
ut(x, t) = a

2uxx(x, t), x > 0, t > 0,
u(x, 0) = 0, u(0, t) = q(t),

where function q(t), t > 0 satisfies the needed properties.
12. Prove the following representation of the Euler’s gamma function Γ(z):

Γ(z) = e
−γz
z

∞
∏
n=1 ez/n

1 + z/n
, z ∈ ℂ \ {−ℕ0},

where γ is Euler’s constant. Hint: Use Example 17.28.
13. Show that:

a)
󵄨󵄨󵄨󵄨Γ(iy)
󵄨󵄨󵄨󵄨
2 = π

y sinh(πy)
.

b)
󵄨󵄨󵄨󵄨Γ(1/2 + iy)

󵄨󵄨󵄨󵄨
2 = π

cosh(πy)
.

c) 󵄨󵄨󵄨󵄨Γ(x + iy)
󵄨󵄨󵄨󵄨
2 = 2πe−π|y||y|2x−1(1 + o(1)), y→∞, |x| ≤ constant.

Hint: Use the property Γ(z) = Γ(z) and the formula Γ(z)Γ(1 − z) = π
sin(πz) .

14. Show that for any complex α and β,

Γ(z + α)
Γ(z + β)

≈ zα−β, z→∞,

and even more precisely

Γ(z + α)
Γ(z + β)

= zα−β(1 + (α − β)(α + β − 1)
2z

+ O(z−2)), z→∞.

Hint: Use the Stirling’s formula (18.105) for complex p.
15. Show that for Re z > 0,

(Γ(z))2 = 22−2z ∞∫
0

t2z−1K0(t)dt,
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where K0(⋅) is the MacDonald function of order 0. In particular,∞
∫
0

tK0(t)dt = 1.

Hint: Use (17.17) and (17.20).
16. Prove that

π/2
∫
0

cosμ θ sinν θdθ = 1
2
Γ( μ+12 )Γ( ν+12 )
Γ( μ+ν2 + 1) , Re μ,Re ν > −1.

In particular,

π/2
∫
0

cosν θdθ =
π/2
∫
0

sinν θdθ =
√π
2

Γ( ν+12 )
Γ( ν2 + 1)

, Re ν > −1.

17. Prove that:
a)

x

∫
0

tμJν(t)dt = x
μJν+1(x) − (μ − ν − 1) x∫

0

tμ−1Jν(t)dt, Re(μ + ν) > 0.

b)

ν
x

∫
0

Jν(t)
t

dt =
x

∫
0

Jν−1(t)dt − Jν(x) − 1, Re ν > 0.

Hint: Use the integration by parts and the recursion formulas for Bessel’s func-
tions.

18. Show that for n ∈ ℕ0 we have:
a)

J2n(x) =
2
π

π/2
∫
0

J2n(2x cos θ)dθ ≡ (−1)
n 2
π

π/2
∫
0

J0(2x cos θ) cos(2nθ)dθ.

b)

Jn(x)Jn(y) =
1
π

π

∫
0

J0(√x2 + y2 − 2xy cos θ) cos(nθ)dθ.

19. Prove that

x

∫
0

Jν(t)dt = 2
∞
∑
k=0 Jν+2k+1(x), Re ν > −1.
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Hint: Use differentiation with respect to x and the recursion formulas for Bessel’s
functions.

20. Let x > 0. Show that:
a)

Jν(−x + i0) − Jν(−x − i0) = 2i sin(νπ)Jν(x).

b)

Yν(−x + i0) − Yν(−x − i0) = 2i(Jν(x) cos(νπ) + J−ν(x)).
In particular,

Jn(−x + i0) = Jn(−x − i0), Yn(−x + i0) = Yn(−x − i0) + 4i(−1)
nJn(x).

21. Show that for k ≥ 0,

e−k√x2+r2
√x2 + r2

=
∞
∫
0

e−|x|√λ2+k2 λJ0(λ|r|)
√λ2 + k2

dλ.

22. Show that the constants K and K ′ from (18.68) and (18.69) can be written as

K = 1
2

∞
∫

1/k2 1

√(t2 − t)(k2t − 1)
dt, K ′ = 1

2

1/k2
∫
1

1

√(t2 − t)(1 − k2t)
dt.

23. Show that the constants K and K ′ from (18.68) and (18.69) are the solutions of the
following ordinary differential equation:

d
dk
(k(1 − k2)du

dk
) = ku.

24. Let function E(z; k) be defined as

E(z; k) :=
z

∫
0

dn2(t; k)dt.

Show that:
a)

E(z + 2nK ; k) = E(z; k) + 2nE(K ; k), n ∈ ℤ.

b)

E(K ; k)K ′ + E(K ;√1 − k2)K − KK ′ = π
2
.
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25. Show that the Legendre polynomials admit the following representation:

Pn(x) =
1
π

π

∫
0

(x + i√1 − x2 cosϕ)ndϕ, |x| ≤ 1, n = 0, 1, 2, . . . .

Hint: Use the fact that

π

∫
0

(cosϕ)kdϕ = {
0, k is odd,
2∫π/20 (cosϕ)

kdϕ, k is even.

26. Show that:
a)

󵄨󵄨󵄨󵄨Pn(x)
󵄨󵄨󵄨󵄨 ≤ 1, |x| ≤ 1.

b)

(1 − x2)1/4󵄨󵄨󵄨󵄨Pn(x)󵄨󵄨󵄨󵄨 ≤ √ 2
πn
, |x| ≤ 1.

Hint: Use Exercise 25.
27. Prove that the expansion with respect to the Legendre polynomials for the function
√ 1−x2 is equal to

√ 1 − x
2
= 2
3
P0(x) − 2

∞
∑
n=1 Pn(x)
(2n − 1)(2n + 3)

, |x| < 1.

28. Show that all roots of the equation Pn(x) = 0, n ∈ ℕ are real. Hint: Use Rolle’s
theorem.

29. Prove that for the Hermite polynomials the following is true:

H2n(0) = (−1)
n (2n)!

n!
, H2n+1(0) = 0,

H′2n(0) = 0, H′2n=1(0) = 2(−1)n (2n + 1)!n!
.

Hint: Use Theorem 18.86 and its corollary.
30. Show that all roots of the equation Hn(x) = 0, n ∈ ℕ are real. Hint: Use Rolle’s

theorem.
31. Show the following integral representation for the Hermite polynomials:

H2n(x) =
(−1)n22n+1ex2
√π

∞
∫
0

e−t2 t2n cos(2xt)dt,
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H2n+1(x) = (−1)n22n+2ex2√π

∞
∫
0

e−t2 t2n+1 sin(2xt)dt,
where n = 0, 1, 2, . . . . Hint: Use the well-known integral

e−x2 = 2
√π

∞
∫
0

e−t2 cos(2xt)dt.
32. Prove that the expansion with respect to the Hermite polynomials for the function

e−ax2 , a > 0 is equal to
e−ax2 = ∞∑

n=0 (−1)nan22n(1 + a)n+1/2H2n(x), x ∈ ℝ.

33. Prove the following expansions:

et
2
cos(2xt) =

∞
∑
n=0 (−1)nH2n(x)
(2n)!

t2n, t ∈ ℝ,

et
2
sin(2xt) =

∞
∑
n=0 (−1)nH2n+1(x)
(2n + 1)!

t2n+1, t ∈ ℝ.

Hint: Use Theorem 18.88.
34. Prove that

Hn(x)Hm(x) = n!m!
min(n,m)
∑
k=0 2kHn+m−2k(x)

k!(n − k)!(m − k)!
, n,m ∈ ℕ0.

In particular,

H2
n(x) = (n!)

2
n
∑
k=0 2kH2n−2k(x)

k!((n − k)!)2
.

35. Show that the function

f (x) :=
∞
∑
n=1 sin(nx) sin2 nn

, 0 < x < 2π

is equal to

f (x) = {
π−2
4 , 0 < x < 2,
0, 2 < x < π.

Explain the behavior of this series at the points 0, 2, and π. Show also that
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∞
∑
n=1 sin(2n) sin2 nn

= π − 2
8
.

36. Show that ∞
∑
n=1 sin(π(2n − 1)x)2n − 1

= π
4
sgn x

pointwise in x ∈ (−1, 1).
37. Find the trigonometric Fourier expansion with respect to the system {cos(nx)}∞n=0

for the function

f (x) = {
sin x + cos x, 0 ≤ x ≤ π

2 ,
sin x − cos x, π

2 ≤ x ≤ π.

Hint: Extend this function as an even function to the interval [−π, π].
38. Prove that:

a)

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
2 cos x

2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
∞
∑
n=1(−1)n−1 cos(nx)n

, −π < x < π.

b)

log
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
2 sin x

2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= −
∞
∑
n=1 cos(nx)n

, −π < x < π.

In particular,

log 2 =
∞
∑
n=1 (−1)n−1n

.

39. Show that

π − x
2
= π
2
+
∞
∑
n=1 (−1)n sin(nx)n

, −π < x < π,

and consequently,

x = 2
∞
∑
n=1(−1)n+1 sin(nx)n

, −π < x < π.

40. Show that for any a ∈ ℝ it is true that

eax = e
2πa − 1
π
(

1
2a
+
∞
∑
n=1 a cos(nx) − n sin(nx)a2 + n2

), 0 < x < 2π.

Compare with Exercise 39 when we let a → 0.
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41. Consider Exercise 40 and change a to −a to obtain that∞
∑
n=1 n sin(nx)n2 + a2

= −π
2
sinh(a(x − π))

sinh(πa)
, 0 < x < 2π,∞

∑
n=1 a cos(nx)n2 + a2

= π
2
cosh(a(x − π))

sinh(πa)
− 1
2a
, 0 < x < 2π.

In particular, ∞
∑
n=1 (−1)nn2 + 1

= π
2 sinh π

− 1
2
,
∞
∑
n=1 1

n2 + 1
= cosh π
2 sinh π

− 1
2
.

42. Using the first equality of Exercise 41 and putting there ix instead of a and a + π
instead of x, prove the following equality:∞

∑
n=1(−1)n+1 n sin(an)n2 − x2

= π
2
sin(ax)
sin(πx)
, −π < a < π,

where x is not integer but it might be equal to 0. In particular, when x = 0, we will
have that ∞

∑
n=1(−1)n+1 sin(an)n

= a
2
.
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imaginary unit 3
indicial equation 248
induced norm 301
inhomogeneous boundary value problem 217
inner product 301
interior point 9
invariants of the elliptic function ℘(z) 279
inverse function 21
inverse Laplace transform 225
irrational power function 46
isolated singular point 120

Jacobi elliptic functions 277
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Jordan’s lemma 156
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Laplace transform 220
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limiting point 9
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Morera’s theorem 81
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trigonometric representation 6
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