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Preface

This third and final volume in our Mathematics for Engineers series serves
as a companion text to the third-semester mathematics preliminaries for
students and lecturers in electrical engineering and other engineering disci-
plines.

Ordinary and partially differential equations play a central role in gradua-
te engineering courses. This topic is the main focus of the third volume:
The description of engineering problems leads either to ordinary differen-
tial equations as long as there is only one independent variable. When the
problem is described by more than one variable, the model equations are
partial differential equations, such as the wave equation, the heat transfer
equation, the Laplace equation and many more. Differential equations are
discussed in detail.

In addition to describing engineering problems using differential equations,
we need to analyze signals produced by oscillations and vibrations. This re-
quires frequency analysis of the signals, which leads to the topic of Fourier
series for periodic signals and Fourier transform for non-periodic signals.
Both techniques are also used in the solution of differential equations.

This volume provides students at universities and colleges with a vivid pre-
sentation of these topics as a practical aid to higher mathematics. Mathe-
matical terms are clearly motivated, systematically equated and visualized
in many animations. A large number of examples and applications illustrate
and deepen the material, and the numerous exercises (with solutions on the
book’s homepage) make it easier to prepare for exams.

Important formulas and statements are clearly highlighted in order to in-
crease the readability of the books. Many pictures and sketches support
the character of modern textbooks. The color-coded layout provides a clear
overview of the presentation of the content, e.g. new terms and definitions
in light grey, important statements and sentences in grey.
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There are additional styles to make the book easier to read:
The symbol /\ Caution: draws your attention to passages that are often
misinterpreted, overlooked or ignored.
Tips and rules help you work through the examples and exercises.
Definitions and important phrases are highlighted in grey boxes.
Numerous summaries are highlighted in color.
Important formulas and results are marked.
Examples and applications are clearly arranged throughout the text.
Fully worked examples,
problems with solutions,
and a lot of illustrations and sketches will help very well for study pur-
poses and for examination preparations.

Alongside the topics covered in the book, additional material is available on
the website, as well as MAPLE worksheets that can be downloaded for the
current version of MAPLE. The description can be found under the MAPLE
tab on the book’s website:
https://www.imathonline.de/books/mathe/start. htm

In the book, the following two symbols explicitly refer to additional infor-
mation information that can be found on the home page:

1
e
H

=E © Animations, in gif format are available: By clicking on the
¥ appropriate location on the web the animations are played
through the Internet browser.

® References indicate the MAPLE descriptions. All MAPLE worksheets
are available on the website. An overview of all worksheets can be found in
index.mws.

I would especially like to thank Mayur Shelke for his valuable and intensive
help in translating the German book into an adequate English textbook.
I would also like to thank the publisher for the careful proofreading and
excellent fine-tuning of the English version. Special thanks go to Mrs Rok
Ting of World Scientific Publishing for her support and help throughout.
She has made it possible to publish these lecture notes in this important
and renowned publishing house.

Karlsruhe, April 2025 Thomas Westermann
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Chapter 15

Systems of Linear
Differential Equations

In many applications, time-dependent quantities 1 (t), 2 (t), ..., Zn (t) are coupled
in such a way that the change of a variable &; (¢) depends not only on ¢ and x; (),
but also on the remaining variables and their derivatives. This gives rise to systems of
differential equations. In this chapter, first-order systems of linear differential equati-
ons with constant coefficients are discussed in detail. The abbreviation LDEq is used
for these systems.

The homogeneous systems of LDEq are solved using the eigenvectors and eigenvalues
of the corresponding system matrix assigned to the problem. If necessary, principal
vectors to the eigenvalues are also determined. A fundamental set of the homogeneous
solution is obtained using these eigenvectors and principal vectors. The method of
variation of constants is used to calculate a solution to the inhomogeneous problem.
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15 Systems of Linear Differential
Equations

In many applications, time-dependent quantities 1 (t), 2 (t), ..., Zn (t) are coupled
in such a way that the change of a variable &; (t) depends not only on ¢ and z; (¢),
but also on the remaining variables and their derivatives. This gives rise to systems of
differential equations. In this chapter, first-order systems of linear differential equati-
ons with constant coefficients are discussed in detail. The abbreviation LDEq is used
for these systems.

The homogeneous systems of LDEq are solved using the eigenvectors and eigenvalues
of the corresponding system matrix assigned to the problem. If necessary, principal
vectors to the eigenvalues are also determined. A fundamental set of the homogeneous
solution is obtained using these eigenvectors and principal vectors. The method of
variation of constants is used to calculate a solution to the inhomogeneous problem.

15.1 Introduction

Examples of LDEq systems can be found in electrical filter circuits con-
sisting of RCL components or in mechanical oscillations in which several
spring-mass systems are coupled. For the introduction, a system of coupled
double pendulums is considered.

Application Example 15.1 (Coupled Pendulums).

Two pendulums of length [ with masses m;

and mo attached to their ends are coupled
by a spring with spring constant D (see Fig.
15.1). The two masses are initially deflected
by angles ¢1 and 2. We consider a fric-
tional force proportional to the velocity ac-
ting on the masses, Fr, = —y1¢; (t), with

friction coefficient . Then the equations of

m, D' m,
motion for small deflections ¢ and 5 are
Figure 15.1. Coupled pendulums

Brt)==F ()= g1+ (p2(t) — o1 (1)
)
Br)==Fe2(t) = g2 () + - (1 (1) = 02 (1),
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where 1 (t) and @9 (t) are the deflections of the masses m and ms at time
t. This is a system of second order LDEq for the angular deflections ¢ (¥)

and o (t).

First, we reduce this system of two second-order differential equations to
a system of four first-order differential equations. For this purpose, we in-
clude the angular velocities ¢ () and ¢ (t) belonging to o1 (t) and s (t)
as additional quantities. For a better overview, we introduce a systematic

notation
1(t) =1 (1)
Y2 (1) = ¢1 (1)
y3 (t) = w2 (1)
1 (t) = ¢2(t).

We differentiate each of the four unknowns y; (t) and evaluate them using
the DEq (%):

() =1 (t) = y2 (1) ey

92(t>:¢1(t):—%@1(75)—%1(@1()‘*‘&( 2 (t) — 1 (1))
=4y t)- L) +Z WO -unl) (2

Ys (1) = @2 (t) = ya (t) 3)
Ya(t) = P2 (t) = —F 02 (t) — 75 P2 (¢ )+E (1 (t) = 2 (1))
—$ys(t) — ;L ya(t) + 2 = (i (D) —ys (1), (4)
Y1 (t) 41 ()
7= | 92 ith its derivative ¢’ () = g2 (#)
We define the vector 7 (¢) := s (1 with its d tive g’ () s (1)
ya (1) Ua (£)
The four first-order differential equations (1) to (4) can then be ertten n

vector notation as the derivative of the vector

1(t)
s | 0| (~4-2) () - Z )+ Ly )
R NN B A0

Ya(t) ey () + (—% - n%) ys () — 7= ya (1)
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0 1 0 0 v (t)
D D
N B i R 0 v2 ()
0 0 0 1 ys (1)
n% U 'rr?z - ya (t)
With the system matrix
0 1 0 0
_9_ D _ 7 D
A= l my my my 0
0 0 0 1
D 0 —4-— D _ v
mao ma ma2

The above procedure is applied to any higher order LDEq so that it is
transformed into an extended first-order LDEq. Therefore, it is sufficient to

consider only first-order systems:

General Problem: Let I be an interval, f(t): I — R™ a given vector
function with continuous components f;(t) (¢ = 1,...,n) and A an
(n X n) matrix. We look at the LDEq

g6 =Agt)+ (). (1)
If f(t) # 0, then (1) is called an inhomogeneous system.

If f(t) =0, then (1) is called a homogeneous system.

We are looking for a differentiable vector function g : I — C™ which
satisfies LDEq (1).

The vector function ¢ (t) consists of n functions
Zj(t) = (yl (t) yeres Yn (t))t )

each of these functions can be differentiated and i’ (t) = (¢, (t), ..., ¥, (t))".
As with first-order linear differential equations, the homogeneous problem

is discussed first.
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15.2 Homogeneous Systems of LDEq
We consider the homogeneous LDEq

y'(t)=Ay(t) (2)

with an (n X n) matrix A. Although the solutions are initially unknown, we
can make statements about the properties of the solution:

Theorem 15.1: Homogeneous LDEq

The set of all solutions L;, of a homogeneous LDEq

g't)=Ag()

with an (n X n) matrix A is an n-dimensional vector space.

This central statement about homogeneous LDEq is illustrated by the ex-
ample given at the beginning of this chapter. The fact that the solution set
is a vector space reflects the superposition principle. In the case of oscil-
lating systems, this means that for two oscillations #; (¢) and % (t), their
superposition i (t) + ¥ (t) is also a possible oscillation. Furthermore, for
every oscillation ¢ (t) a multiple a ¢/ (¢) is also a valid oscillation. And, the
trivial statement that the rest position 0 is a state of the system.

(1) The zero vector i (t) = 0 is always a solution:
For 77 (t) = 0 follows 7’ (t) = 0/ = 0. Besides A0 =0 = 0’ = AO0.
= The zero vector 0 is always a solution of the homogeneous LDEq.

(2) #1 (t) and @> (t) are solutions, which means that ¢ (t) = A¢; (¢) and

ys (t) = A, (t). With these two solutions, the superposition 7 (t) +

2 (t) is also a solution, because

(G () + 72 (1) =71 (0)+75 (t) = A () +AF2 (1) = A (71 (1) + T2 (1))

(3) Is ¥ (t) a solution, i.e. ¥’ (t) = Ay (¢), then oy (t) is also a solution:
(@) =af () =aAF(t)=A(af(). =

We have proved that for all physical systems that are described by homoge-
neous LDEq, the superposition law is always valid! According to the subspace
criterion from Volume 1, Section 2.4.2 (1) - (3), we conclude that Ly, is a
vector space. Since every finite dimensional vector space has a basis, every
solution of the homogeneous LDEq can be expressed as a linear combination
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of basis functions
g(t) :Clggl (t)+02¢2(t)++6k6k(t)

The question is how many basic functions there are, or how many free pa-
rameters ¢; the solution must have.

To clarify this aspect, we return to the pendulum problem from Example
15.1: There are 4 independent ways to excite the system: Deflection ¢,
deflection ¢, initial velocity ¢; and initial velocity ¢2. So the solution
of the pendulum problem must contain at least 4 free parameters, which
can be chosen independently. Therefore, the dimension is L, > 4. Since the
pendulum problem requires vector functions ¢ (¢t) = (y1 (¢), ..., ya (t)) with
4 components, the dimension of Lj, is < 4.

= dim (Lh) =4.
The following statement clarifies the conditions that must be met for the

LDEq solutions to be linearly independent:

Theorem 15.2: Linearly Independent Functions

Let ILj, be the solution set of the homogeneous LDEq ¢’ (t) = Ay (t)
n

(t)

with an (n x n) matrix A. For n solutions ¢ (t), @2 (t), - . .,
the following statements are equivalent:

(1) &1,..., Pn are linearly independent functions.

(2) For any given ¢ the vectors ¢ (t), P2 (t), ..., @n (t) are linearly
independent.

(3) For a given tg the vectors @1 (to), P2 (to), - - -, Pn (to) are linearly
independent.
Consequences of the Theorem:

(1) If &1, Pa, ..., P are solutions of the homogeneous LDEq, then every
linear combination of

g(t):Cl(ﬁl(t)+Cg(ﬁg(t)+...+ck(ﬁk(t) (CkEC,kEN)
is also a solution.

(2) Since L, is an n-dimensional vector space, there exists a basis of n
functions, so that the general solution of the homogeneous LDEq can
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be represented as a linear combination of these basis functions:

gt)=c1P1(t) +ea@a(t) + -+ cnpn ().

(3) It is not yet clear how to calculate the basis functions, but based on
the Theorem 15.2 it is possible to decide for given solutions whether we
already have a basis of IL;, or not.

Since the basis functions of the vector space L, play a crucial role in the
description of all solutions of the homogeneous LDE(q, they get their own
notation:

Definition: We call n solutions (F; (t), ..., @n (t)) of the homogeneous
system of LDEq

g ) =Ag() (2)

a fundamental set if they form a basis of the vector space L of all
homogeneous solutions.

In the n-dimensional vector space R", n vectors are linearly independent if
and only if the determinant of these vectors does not disappear.

Theorem 15.3: Fundamental Set

n solutions (@1, P2, ..., Pn) of (2) are a fundamental set

< det (F1 (o) , P2 (to) , ..., Pn(to)) #0 for an allowed to.

Application Example 15.2 (Charge in a Magnetic Field).

The Lorentz equation of motion for a charged particle ¢ = —e in a homo-
0
geneous magnetic field B=10 |is
B.
—
d . ej v 0 vy B,
ma"'(t)—q (UXB) =qley, vy, 0 |=-e| —v,B;
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WOx x x x x x

Figure 15.2. Electron in a magnetic field

In components, we get with w = = B,

st component: ¥, (t) = —% B, vy (t) = —wwy (t),
2nd component: ¥y (t) = B « (1) wuy (t),
3rd component: v, (t) = 0

The third component returns v, (t) = const. = v, (t) = 0 if there is no
initial velocity in z-direction. The first two components v(t), vy (t) form a
system of the LDEq:

with the (2 X 2) matrix A = <<,OJ Ow) . We confirm directly that v (t) =
€ (wt) and ¥ (1) = | sin (w?) are solutions of (*):
sin (wt) cos (wt)

st - (i) = (o)

. ([0 —w Ccos wt —w sin (
Av () = <w 0 ) (sm wt ) ( w cos ( >

= ] (t) = Av; (¢). Similarly, this is checked for ¥ (¢). Furthermore, @y (¢)
and U5 (t) are linearly independent: According to Theorem 15.3 it is suffi-
cient to check that det (¢ (0), 02 (0)) # 0:

1 0

det (77 (0), 2 (0)) = 0

=1+#0.

So (¥, U2) is a fundamental set and every solution to the problem can be
written as a linear combination of ¥; and 75

T(t) =101 (t) +ca¥a (t)
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v ()| o [ CO8 (wt) e [ sin (wt)
(vy(t)> =a (m(m)) T ( Cos(wt)>
or in components

vz (t) = ¢1 cos (wt) — ¢z sin (wt)

vy () = ¢1 sin (wt) + ¢z cos (wt).
The constants ¢; and ¢y are determined by the initial conditions of the
problem. In this example v, (0) = v and v, (0) = 0:

[

0 N vz () = vg cos (wt) . 5

1=
ce =0 vy () = vg sin (wt)

N

15.2.1 Solving Homogeneous LDEq with Constant Coefficients
The solution of the homogeneous LDEq is completely reduced to the ana-
lysis of the matrix A. This is based on the following statement:

Theorem 15.4: Solution of the Homogeneous System

1
Let A be an (n x n) matrix and & = | : | € R" be a non-zero

o
vector such that there is a A € C with AZ = A\ Z. Then the function

g(t)=aet

=/

is a solution of the homogeneous LDEq ¢’ (t) = Ay (¢).

Proof: Let © € R™ be a vector and A € C be a complex number with

AZ = \Z. Then the derivative of the vector function @ (t) = Ze? is

3 (t) = (fe’\t)/ =ZAert = (A T) et
= (A7) = A (F) =4

But the question is, how do we get vectors  with the property ?

This is exactly the problem of finding eigenvalues and eigenvectors of a given

(t). O

A

matrix A that is discussed in Volume 2, Section 11.1.
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15.2.2 Eigenvalues and Eigenvectors

Definition: Let A be an (n x n) matrix.  # 0 is an Eigenvector of A,
if there is a complex number \ with

AZ = \Z

A is then the Eigenvalue of A to the eigenvector .

The procedure for solving the eigenvalue problem is to first determine all
the eigenvalues and then to compute the eigenvectors for each eigenvalue.
To do this, we reformulate AZ = A Z into the equivalent equation

(A=XI,)Z=0 (3)

where I, is the identity matrix. To get an eigenvector ¥ # 0, the determi-
nant of the matrix A — A I,, must be zero

det (A—)\1I,) =0.
To summarize Volume 2, Section 11.1 to Section 11.3, we know

Eigenvalues and Eigenvectors of a Matrix

Let A be an (n X n) matrix.
® X is an eigenvalue of the matrix A < det (A—A1,) = 0.

@ P (M) = det (A—\I,) is the characteristic polynomial. The
zeros of the characteristic polynomial are the eigenvalues of
the matrix A.

® If X is an eigenvalue of the matrix A, then all eigenvectors to
the eigenvalue \ are defined as the solution of the system of
linear equations (A — A\ 1,) Z = 0.

@ If \ is an eigenvalue of A, then the set of eigenvectors for the
eigenvalue \ forms a vector space.
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5 7 =5
Example 15.3. Given is the (3 x 3) matrix A= [ 0 4 —1 |. Find all
2 8 =3

the eigenvalues and the eigenvectors of this matrix.

Step 1: To find the eigenvalues, we set up the matrix A — A\ I3

5 7 =5 1 0 O 5—X 7 )
A-AI3=10 4 —-1]-A2[0 1 0] = 0 4-Xx -1
2 8 -3 0 0 1 2 8§ —=3-2A

and calculate its characteristic polynomial

5-X 7 -5
det (A=XL) = | 0 44—\ -1
9 8 —3-2A
A-N -1 7 _5
= G=N1 g g T2l

A4+ 62 —-111+6
—(A=1) (A—2) (A\—3).

From det (A— AI3) = 0 we identify the eigenvalues A\; = 1, Ay =
2 and A3 =3.

Step 2: Once the eigenvalues of a matrix have been determined, the cor-
responding eigenvectors are calculated for each eigenvalue by solving
the system of linear equations (A — A 1I,,) Z = 0:

i) Calculate the eigenvectors for the eigenvalue A\; = 1: We look for
vectors Z # 0, so that (A — A\ I3) & = 0. We solve the system

5—-1 7 -5 1 0

0 4-1 -1 z2 | =10

2 8§ —=3-1 T3 0
4 7 =50 4 7-5(0 4 7-5]0
—10 3 -1]0|—=]0 3-1|0] =0 3-1]0
2 8 —4|0 0-9 30 0 0 0]O0

Backward substitution gives 3 =t; 319 —t =0 — x5 = %t; and
2
4x1+%t—5t20‘—>x1 = %t. We chooset =3 toget 7 = | 1
3

as an eigenvector for the eigenvalue A\; = 1.
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ii) Calculate an eigenvector for the eigenvalue Ay = 2: We solve the
system of linear equations (A — Ay I3) T = 0:

5—-2 7 -5 7T =50

0
0 4-2 -1 Of<=1]1]0 2 -1|0
2 8 —-3-2|0 0 O

w

This is w3 = t; 202 —t =0 < 2 = ;331 + Lt — 5t = 0 <
Ty = %t. An eigenvector for the eigenvalue Ay = 2 is obtained by

1
selecting, for example, t = 2: Zo = | 1
2
iii) Calculate an eigenvector for the eigenvalue A3 = 3: By solving the
-1
linear system (A — A3 I3) & = 0 we get T3 = 1
as an eigenvector for the eigenvalue A\3 = 3. 1 O

15.2.3 Solving Homogeneous LDEq with Eigenvectors
Let us return to our original problem, solving a homogeneous system of
LDEq. Using the terms from the previous section, we formulate

Fundamental Set

If the (n x n) matrix A has a basis of eigenvectors Zy, s, ..., &y
to the eigenvalues A1, ..., A\, € C, then the vector functions

@k(t)kaeAkt (k=1,...,n)
form a fundamental set of the homogeneous LDEq

gt =Ay(@).

The procedure described in Section 15.2.2 for computing the eigenvalues
and associated eigenvectors is sufficient to calculate a fundamental set of
the LDEq ¢’ (t) = A (t) if a basis of eigenvectors can be found. The next
statement summarizes some important conditions that guarantee the exis-
tence of a basis of eigenvectors.
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Basis of Eigenvectors

Let A be an (n X n) matrix.

(1) If the characteristic polynomial P (\) = det (A — A I,) has n
different zeros, then there is a basis of eigenvectors.

(2) If for each eigenvalue of multiplicity m there are m linear inde-
pendent eigenvectors, then there exists a basis of eigenvectors.

(3) If A is a real symmetric matrix (i.e. A = A?), then there exists
a basis of eigenvectors.

(4) If A is a complex matrix with A = A?, then there exists a basis
of eigenvectors.

Note: If the dimension of the eigenspace Eig(A, \) is equal to the multiplici-
ty of the eigenvalue, then there exists a basis of eigenvectors. More generally,
it can be shown that this condition is not only necessary but also sufficient:
A basis of eigenvectors exists if and only if for all eigenvalues the multiplicity
is equal to the dimension of the eigenspace. Since such matrices play a speci-
al role, they are called diagonalizable matrices (see Volume 2, Section 11.3).

Example 15.4 (Eigenvalues and Eigenvectors). Find a fundamental set to

11
g (t)=Ag(t) with A=[1 1

(i) Calculate the eigenvalues of A:

1—X 1 1
PA)=det (A—XI5)=| 1 1-Xx 1
1 1 1-2)
1—X 1 1 1 1 1
= (1= 1 1—=X [11=2\ 1-\1
= -2 (A=-3).

The eigenvalues are the zeros of the characteristic polynomial:

P(A)=0 < X =0 Eigenvalue with multiplicity 2.
Ao =3 Eigenvalue with multiplicity 1.
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(ii) Calculate the eigenvectors of A:

Eigenvectors to the eigenvalue A\; = 0:

1 1 110 1 1 1|0
(A-0-I;) Z=0— |1 1 10| < |0 0 0|0
1 1 110 0 0 0|0
— x3=r; e =1t; 1 = —r —t. So,
1 _
Big (4,0) =< 7R : F=r 0|+t 1] ;rnteR
1

The dimension of the eigenspace Eig(A, 0) is 2 and is equal to the
multiplicity of the eigenvalue. For example, two linearly independent
eigenvectors are

-1 -1
fl = 0 and _’2 = 1
1 0

Eigenvector to the eigenvalue Ay = 3:

-2 1 110 -2 1 110
(A-3L)Z=0 < 1-2 1]0] <= 0-1 1|0
1 1-2]0 0 0 0]0
—Sx3=71; Tao=71; 2x17+r+r=0—=zx =1
X1 1
= Big(4,3)=(7€R?: F=|ap | =r|1]|;7r€R
I3 1

The dimension of the eigenspace Eig(A, 3) is 1 and is equal to the

1
multiplicity of the eigenvalue. An eigenvector is 3 = | 1
1
(iii) A fundamental set of i’ (t) = Ay (¢) is
-1 -1 1
eO t , 1 eOt ’ 1 63 t
1 0 1
and with constants ci, co, c3, the general solution is
-1 -1 1
gt)=c 0] e+ 1] eft+es | 1] 3 O

1 0 1
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Application Example 15.5 (Sample Example: Solving LDEq).

This example summarizes the solution of a first-order LDEq. The system
of differential equations is given:

dya(t) = yo(t) + ys(t)
5y1(t) + Ty2(t) = yi (t) + Sys(t) (*)
Y3 (t) = 2y1(t) + Sy2(t) — 3ys(2).

Find the solutions y;(t), y2(¢) and y3(t) for the initial conditions

y1(0) = 3,2(0) = 2,y5(0) = 1.

1. Setting up the LDEq: All derivatives are placed on the left and the un-
known functions on the right.

y1(t) = 5y1(t) + Tya(t) — Sys(t)
ys(t) = 4ya(t) — ys(t)
y3(t) = 2y1(t) + 8y2(t) — 3ys(t)

2. Setting up the system matrix: By defining the vector §(¢) with the un-
known functions y1(t), y2(t) and y3(t) as components, we set up the
first-order system of linear DEq and identify the system matrix A.

/

1 (1) 5 7 =5 y1(t) 5 7T =5
w@) | =0 4 -1 pt) |=4=[0 4 -1
y3(t) 2 8 -3 y3(t) 2 8 3

3. Calculating the eigenvalues and the eigenvectors: From the Example 15.3

2 1 -1
we know that 71 = [ 1 |, %o = | 1 |, @5 = 1 | are eigenvectors
3 2 1

to the eigenvalues Ay = 1, Ay = 2 and A3 = 3.

4. Fundamental set: Knowing the eigenvalues and the corresponding eigen-
vectors, we specify a fundamental set by

—
I
_

Ast 3t

e, T3e™t = 1]e
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5. General solution: The general solution (¢) is then a linear combination
of the fundamental set

2
gt =ci |1 ]eP+ea| 1] +c3 I
3

The components are the searched functions
y(t) = 2 crett +1cpe?t — cze
yo(t) = Leret + 1cpe®t + cze™

y3(t) = 3crett + 2c0e? + g

3t

6. Determining the coefficients: The coefficients are determined by the in-

itial conditions:
yl(O) =2c1+1co—c3=3

yQ(O) = 1Cl+162+03:2
yg(O) =3ci1+ 2cr+c3=1.

This is a system of linear equations for the constants ¢y, ¢ and csg of

the form
1-113 1 1 1
1 1 1|12|—=|0-1-3|-1],
2 1|1 0-1

which can be solved, for example, using the Gauss algorithm. This re-
sults in the constants ¢c; = —7, ¢ = 13 and ¢3 = —4. So the solutions
of the LDEq (*) are

yi(t) = —lde +13e* +4¢*
yo(t) = —Telt +13e% — 4%
ys(t) = —21e'’ + 26 — 4¢3, O

The procedure described can be applied directly to second-order LDEq of
the form

g'(t) =Ag(t).

Vibration problems without friction are described by such LDEq where the
first-order derivative does not occur.
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Second-order LDEq

Let A be an (n X n) matrix and & an eigenvector to the eigenvalue
A. Then the functions

™At and G (t) =Fe VA

8

g (t) =
are solutions of the second-order LDEq

g () =Ag().

Proof: Let & be an eigenvector to the eigenvalue A. Then it holds for
Ft) =TVt

7 (1) = (25) = (#VAA) =2 VA VA = Az

= ZeVM =AF(1).

So 7 (t) is a solution of the second-order LDEq ¢ (t) = Ay (¢). Ana-
-Vt

logously, we show that Ze is also a solution of the LDEq. O

Hint: If A has a basis of eigenvectors (71, ..., &) to the corresponding
eigenvalues \; 20 (i=1,..., n), then

1 eVt , T1 e~ VALt ooy Tn e\/r"t, T e VAnt
is a fundamental set for ¢ (t) = A4 (¢). In this case it is not necessary
to go to the first-order system, but the eigenvalues and eigenvectors
of the matrix A are used to solve the second-order LDE(q!

Application Example 15.6 (Coupled Pendulums).

We return to the introductory Example 15.1 of coupled pendulums. If the

frictional forces are neglected, the system of differential equations for the
angular deflections o1 (t) and @5 (t) are

B0 =0+ (o20) — 1 (1)

0= o2 (0)+ = (01 ()~ 02 1)
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—_9_D D
1 m m
With @ (t) := 1 (t) and A= we abbreviate
e (1) D _9_D
m l m
77 (1) = Ag(1)
(1) Calculation of the eigenvalues:
ena ok
P(A\) =det (A— A1) =
D —_9_D _
m l m

(2) Calculation of the eigenvectors:

- ) _D Dy -2 2o
M= A=) F=0= (B Bl J = G o)

1
Eigenvector to the eigenvalue Ay is &1 = <1> (in phase).

)-(3 §3)

1
Eigenvector to the eigenvalue Ay is ¥y = ( 1) (out of phase).

b

No=—2 2

I (A_)\QIQ)QZ:_O(_)<

ElINELS
EASE]N)
o3ls

(3) Setting up the fundamental set: With the eigenvectors to the eigenvalues
we set up the complex fundamental system

fl e\/)\l t , Sz,'l e—\/)\l t , 1—,’2 e\/ )\zt , 3—3,’2 e—\/ Az t

with 7\1: /_?:iﬂ:iw1
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l m l m

(4) Interpretation:

w1 = % is the natural frequency of the pendulum without spring

and

1
coupling. This frequency is associated with the eigenvector , which

corresponds to an initial deflection of the pendulums (see Fig. 15.2.3,
left) in the same direction. The spring is not stretched and both pen-
dulums oscillate at the natural frequency of a single pendulum without
coupling.

wo =4/ % + 2 % is the natural frequency of the spring-pendulum when

the two masses are deflected in opposite directions. The corresponding
1

eigenvector is 1 (see Fig. 15.2.3, right). The opposite deflection

of the pendulums doubles the expansion of the spring, resulting in a
factor 2 % at the frequency.

(1) In-phase deflection (2) Out-of-phase deflection
Figure 15.3. Natural oscillations

The oscillations belonging to w; and wy are called natural oscillations.
When the system is excited with an eigenvector, only the correspon-
ding eigenfrequency is excited. All other modes are a superposition of
these fundamental modes. The general solution with arbitrary complex
constants ¢y, ca, c3, c4 is given by

_ 1 iwpt 1 —twipt 1 iwaot 1 —twat
(t)—cl<1>e —‘,—02(1)6 +c3 _1 e +ecy _1 e .

Y1
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(5) Transition to a real fundamental set: Using Euler’s formula (see Volume

1, Section 5.1)
et = cos(wt) + i sin(wt)

we get for any t
cos(wt) = & ('t 4 e71t)
sin(wt) = i (elwt —emiwt),
With the solutions ¥y (£) = #; ¢'“1* and s () = Z1 e *“1, the super-

positions

[a—y

L~ I~ = 3 —tw =
51/)1(15)4-51!12@):9615(e“"lt—i-e 1) =& cos (wr t)

1 - 1 - 1, . .
% P (t) — % Yo () = &4 % (elent —emiwrt) = ) sin (wy t)
also satisfy the LDEq. Analogously, @5 cos (wqt) and Z5sin (wst) are

solutions. In total, we get four real solutions:

&1 cos(wyt) , & sin(wyt) , T cos(wat) ,To sin(wat).

So the general solution is

F(t) = (i; Ei;) = <1> cos (w1 t) + ¢o <1> sin (wq t)

1 1
+c3 (_1> cos (wat) + ¢4 <_1> sin (wa t)
or in components

w1 (t) = ¢1 cos(wy t) + co sin (wy t) + c3 cos (wat) + ¢4 sin (wo t)
w2 (t) = ¢1 cos (w1 t) + ¢ sin (w1 t) — ¢z cos (wat) — ¢4 sin (wo t).

The constants ¢y, ca, c3, c4 are determined by the initial conditions.

(6) Different initial conditions:
a) With ¢1 (0) = @0, 2 (0) = ¢o, ¢1(0) = 0, ¢2 (0) = 0 the in-phase
fundamental oscillation is excited. From the initial conditions we get

c1 = o, ca = c3 = ¢4 = 0. The solution is

1 (t) = o cos (wr t)
w2 (t) = o cos (w1 t).

g9

The pendulums oscillate in-phase at the frequency wy; = /4.
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b) For ¢1 (0) = —yp, v2(0) = o, ©1 (0) = 0, $2(0) = 0 the out-
of-phase fundamental oscillation is excited. From the initial conditions
follows c3 = —¢g and ¢ =ca =c4 =0

1 (t) = —pp cos (wa t)
@2 (t) = o cos (wat).

The pendulums oscillate in opposite phases at the frequency ws =
g D

Vit2o.

¢) We deflect only the first pendulum. Then, the initial conditions are

©1(0) = =0, ¢2 (0) = 0, ¢1 (0) = 0, p2 (0) = 0.

From these initial conditions we obtain four linear equations for the
coefficients to be determined:

c1+c3 = —po
61—03:0
Cowy+cqgwyg =0

02w1704w2:0.

The solution of the system of linear equations is
1 _ _1 _
c1 =50, c2 =0, c3 = 50, ca = 0.

Fig. 15.4 shows the solution ¢4 (t) for the pendulum length [ = 2, the
spring constant D = 0.2 and the mass m = 1. The initial deflection is
$o = —0.1.

) H,Hin.‘.,‘i,.nHl.H.. Nll\m“ |,,n.i.!.ll||m,
111 L

Figure 15.4. Double pendulum without friction: Beats

The resulting oscillation can easily be identified as a beat. O
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Visualization: On the homepage there is an animation that
visualizes the oscillation of the pendulums. The worksheet is
structured in such a way that the initial conditions can be
chosen freely. The coefficients in the overall solution are ad-
justed and the associated animation is displayed.

Note: On the homepage there is an animation, which treats the os-

cillations of the pendulums with friction. The corresponding work-
sheet visualizes the oscillations of the pendulums in the form of an anima-
tion. The angular deflection for the first pendulum ¢1(t) is shown in Fig.
15.5.

Figure 15.5. Oscillations of a double pendulum with friction

Summary

By computing the eigenvalues and eigenvectors, we can determine
a fundamental set of the second-order system

gr(t)=Ay():

If % is an eigenvector to the eigenvalue Ak, then two linearly inde-
pendent solutions are

Bra (t) = Fr eVt and @i (t) = T e VrL

The eigenvalues represent the eigenfrequencies of the system and
the eigenvectors are the shapes associated with the eigenfrequencies.
The general vibration is a superposition of these eigenfrequencies.
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15.2.4 Main Vectors (Principal Vectors)

As long as the matrix A can be diagonalized, we are able to determine a
fundamental set for the first-order linear differential equation system. All
we have to do is to calculate the eigenvalues and the corresponding eigen-
vectors and we will get as many linearly independent solutions as we need
for a fundamental set. But what happens if the matrix can’t be diagonali-
zed? Consider the next example:

Example 15.7. Find a fundamental set for the LDEq
-3 1
g (t)=Ay(t)  with A:(_4 1).

(i) Computing the eigenvalues of A:

-3-X 1
—4 1-AX

=(1-N-(=3=-N)+4=X+2+1=A+1)2=0

P(\) = det (A—AIQ):‘

The eigenvalues are the zeros of the characteristic polynomial. So A =
—1 is a double root.

(ii) Computing eigenvectors of the eigenvalue A = —1:
o -2 1]0 -2 1|0
A+1-1I)F=0: — .
(A+1-L) & (—4 20) (0 oo)
1
Xy =T X1 = %’I‘. Only 1 = r i are the eigenvectors to the

eigenvalue A = —1. The dimension of the eigenspace Eig(A, —1) is 1
but the multiplicity of the eigenvalue is 2. Consequently, we get only
one solution to the differential equation system, namely

1

But for a fundamental set we need two independent solutions! O
To find a second solution we choose the approach
glt) = (T + 71 - t) -

where Z7 is the eigenvector to the eigenvalue A = —1 and 5 is a second
unknown vector that we need to determine so that %(¢) becomes a solution.
We insert this approach into the differential equation by differentiating #/(¢)
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to get the left side of the LDEq and by applying the matrix A to ¢(t) to
get the right side.

—/

Yy (t):fl'e)‘t+(fz+fl't)'e)‘t~)\
= (T + My + ATy - t) -

Aft) = A(Zy + 7 - t) - M
= (AZy + ALy - t) -
= (AZy + 2Ty - t) - M.

Hence,
1+ ANy + A -t = Ady + AT - L.

After a rearrangement we get
(A= A\D) i = 7 .

We have to solve this system of linear equations where the right side is
the eigenvector I; to the eigenvalue A = —1. Solving the system of linear
equations gives us the second vector Zo, which we will call main vector of
level 2. If we apply (A— A I3) again on both sides of the equation, we obtain

(A= A\I)2%y = (A= \I)7 = 0.

More generally, we define

Definition: Let A be an (n X n) matrix and A € C an eigenvalue. A
vector ¥ is called main vector (principal vector) of the matrix A for the
eigenvalue \ if there exists a number k € N such that

(A— A,k & =0.
The main vector ¥ is called main vector of level k if
(A= AL)FE=0 but (A— I, 1&+£0.

Here we use the convention that (A —\1,)° = I,.

Note: Eigenvectors are also main vectors of the level 1.



26

15. Systems of Linear Differential Equations

Example 15.8 (Main Vectors). Find a fundamental set to the LDEq

— 1
76 =Ajt) with A= > 1)
-4 1
From Example 15.7 we know that A = —1 is an eigenvalue to the
1
9 where the geometric order of the eigenvector is

2 while the algebraic order of the eigenvalue is 1. So we need a main

eigenvector ] =

vector to determine a fundamental set of the problem. Therefore, we

)

solve the linear equation (A — Alp) &y = Zy:

—211{_>—21
-4 2|2 0 0

_1 1
S Ty=T;T] = %r — % Thus, T = ?) +7r i are level 2 main
vectors to the eigenvalue A = —1. We set 7 = 1 to get a main vector
R 0 . . - .
of level 2: @y = NE With the eigenvector 7 and the main vector

Zo we build a fundamental set to the system of LDEq
Bolt) = (Fa + 71 - 1) - M = (1037:)
1
along with 7,(t) =71 et = <2> -e O

Fundamental Set of Main Vectors

By computing the eigenvalues and eigenvectors and, if necessary, the
main vectors, we compute a fundamental set for the homogeneous
system of first-order differential equations

g =Ay().

If X\ is an eigenvalue of order k then we have to compute main
vectors with increasing level until we get & main vectors. If Z; are

main vectors of level 7 (i =1, ..., k) then
Zjl(t) = £L_"1 . 6)\t

:Ijg(t) = (52 + 7 t) . 6>\t

:ljk(t) = (f}c + ...+ To ﬁtk_Q + 7 ﬁtk_l> ceMt

are linearly independent solutions to the system of LDEq.
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Basis of Main Vectors

It is a non-trivial theorem of linear algebra which states: For every
(n X n) matrix A there exists a basis of main vectors.

Example 15.9. Find a fundamental set for the LDEq

1 1
g (t)=Ay({t) with A=]0 1 1
0 0 1
(1) Computing the eigenvalues of A:
1-X 1 0
P\ =det (A—A)=| 0 1-X 1 [=—-(\-=1)°".
0 0 1-—A

So A =1 is an eigenvalue of the algebraic order 3.

(2) Computing eigenvectors for A = 1:

0 1 0]0 0 0 0]0
(A-1-I;) =0 [0 0 10| <= |0 1 0|0
0 0 0|0 0 0 1|0
1
So all eigenvectors are Z1 = | 0 | and multiples of ¥;. The geometric
0

order of the eigenvector is 1, which means that we need to find main
vectors as long as we have enough linearly independent vectors.

(3) Computing a main vector of level 2:

0 1 0|1 T
0 0 0|0
1 0
We rewrite this solution © = 7-| 0| + | 1 |. The first part is the
0 0
eigenvector Z1. To get a main vector of level 2, we choose e.g. 7 =0 to
0
obtain Zy = | 1

0
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(4) Computing a main vector of level 3: To obtain a level 3 main vector, we
choose ¥y as the right side of the system.

0 1 0|0 T
(A-1-I3)Z=%3: |0 0 1|1| < &=1]0
0 0 0|0 1
1 0
We rewrite this solution £ =7-| 0 | + | 0 | . The first part is again
0 1

the eigenvector Z1. So we choose 7 = 0 to get a main vector of level 3

0
To=10
1

Since #1, T2 and T3 are the unit vectors, the eigenvector r7 together
with its main vectors &5 and 5 are basis of R®.

(5) Fundamental set: Taking the eigenvector and the main vectors of level
2 and level 3, we obtain a fundamental set for the system of differential
equations LDEq

gg(t): (.’fg-i-th-i-fl %t2)'6>\t: t 'et O

Note: When computing a level 2 main vector, we can alternatively choose

1
7 =1and get Zo = | 1 |. With this main vector we compute a level 3
0
o
main vector to get £3 = | 1 | for each 0. Again, &1, > and T3 are a basis
1

of R3, since det(¥y, T, 73) = 1 # 0.
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Example 15.10. Find a fundamental set for the LDEq

w = O

0 1
g (t)=Ay(t) with A= 0 0
-1 -3 —

Similar to Example 15.9, we calculate the characteristic polynomial

and find that A = —1 is an eigenvalue of order 3. It has an eigenvector
1
Z1 = | —1 | of geometric order 1. So we determine a main vector of
1
2 3
level 2, Zo = | —1 |, and also a main vector of level 3, 3 = | —1
0 0

We will skip the details of the calculation and just refer to the results.

The fundamental set is

1
:Ijl(t) = fl . EAt = -1 €_t
1
24t
Ga(t) = (T + a1 t)- M= -1t | &'
t
342t + 512
Ps(t) = (T + Tt + 71 5t%) M= —-1—t-12 | .e" o
142
1t
2

Example 15.11. Find a fundamental set for the LDEq

8 0 1
g (t)=Ay(t) with A= -2 9 2
-1 0 10

Similar to the previous examples, we calculate the characteristic poly-
nomial and find that A = 9 is an eigenvalue of algebraic order 3.

(1) Computing eigenvectors of the eigenvalue A = 9:

-1 0 1]0 -1 0 1|0
(A-=9-I3) Z=0: | -2 0 2|/0]| < 0 0 0]/0
-1 0 1|0 0 0 0f0
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(2)

The solution to this system has two parameters and, for example,

0 1
Zy=1| 1] and Zy = | 0 | are linearly independent eigenvectors.
0 1

To find a main vector of level 2, we start with 7.

Computing a level 2 main vector for Z'1: To compute a level 2 main
vector, we solve the system

-1 0 1]o -1 0 1/0
(A-9-I)F=%: | -2 0 2/1| < [ 0o 0 o0]1
-1 0 1]0 0 0 0]0

From the second row we can see that the system is not solvable.
This means that for the eigenvalue &1 there is no main vector of
level 2.

Computing a level 2 main vector for 7's: Now we try to solve the
system with Ty

-1 0 1|1 -1 0 1 0
-1 0 1|1 0 0 0 0

From the second row we see again that the system is not solvable.
This means that for the eigenvalue 5 there is no main vector of
level 2.

To find a main vector of level 2, we must therefore use a suitable
linear combination of #; and Z5

B
af1+8T=| a
B
with which we can compute a main vector:
-1 0 1|p8 -1 0 1 I5;
-2 0 2lal| <« 0 0 0| -2+«
-1 0 1|p8 0 0 O 0

If we set a = 203, the system is solvable and we will find a main

vector of level 2. So instead of ¥; and Z> we take the eigenvector
1

3 = | 2 | to the eigenvalue A = 9 and compute a level 2 main
1

vector for this eigenvector.



15.2 Homogeneous Systems of LDEq 31

(4) Computing a level 2 main vector for T's:

-1 0 1|1 -1 0 1|1
-2 0 2|2 <= 0 0 0]0
-1 0 1|1 0 0 0]0
The solution to this linear system is
-1 1 0
Z=| 0 |+7]|0|+0 |1
0 1 0
where we identify the two eigenvectors Z; and Zs. By choosing
-1
o =0 and 7 = 0 we obtain the main vector v = 0
0

(5) Fundamental Set: From the two eigenvectors Z; and T2 we get two
independent solutions

0

gl(t) = fl 6)\1" = 1 -egt
0
1

zjg(t) = _’2 6)\t = 0 . Bgt
1

For the eigenvector Z3 we identified a main vector of level 2, ¥, so
we have an additional solution to the differential system with

-1+t
gg(t) = (17+ T3 t) st = 2t et
t

(6) Fundamental Matrix: Especially when we will solve the inhomoge-
neous problem, it is convenient to summarize the information of
the fundamental set in a corresponding matrix. The columns of
the fundamental matrix are the vectors of the fundamental set:

0 €% (=1+1t) €%

F(t) == (7:(t), i2(t), #3(t)) = | €”* 0 2t - e . O
0 e% t-e%

Note: So for any quadratic matrix A we can determine a fundamental set
to the homogeneous first-order system g’ (t) = Ay (t).
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15.3 Inhomogeneous Linear Differential Equation
Systems

The solution of an inhomogeneous linear differential equation

—

g't)=Ag(t)+ ft)

can be determined elegantly using the Fourier transform (Chapter 18) or
the Laplace transform (Volume 2, Chapter 14) if initial conditions are speci-
fied. In this section we will calculate a special solution of the inhomogeneous
system using the method of Variation of the Constant.

Let (1 (t), J2(t), ..., ¥n (t)) be a fundamental set of the homogeneous
problem, i.e.

gl (t) = Ay (t) (i=1,...,n). (%)

Y14 (1)
- _, i (t
Note that each vector ¢; (t) has n components g (t) = y2i () ! From

Yni (t)
the basis functions 4 (t), ..., ¥, (t) we form the fundamental matrix, who-
se columns consist of the basis functions.

Fundamental Matrix

Y11 (t) yi2 (t) - yin (1)
yo1 (t) Y22 (t) - yan (1)

Yo (1) Y2 () -~ Gum (1)

With the fundamental matrix we write the general solution of the homoge-
neous system as

C1
. . . . c .
Jt) =c1ih(t) + 2 folt) + ...+ en Gu() = F(t)- | 72 | = F(t)-¢.
Cn
F (t) is an invertible (n X n) matrix because the basis functions #, ..., ¥y

are linearly independent and det (F (t)) = det (%1 (¢),..., n (t)) # 0. The
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derivative of a matrix is defined as the derivative of its elements

Wt o u
W) o gt

OT R A R
V() o g ()

Since the vector functions g (t) are solutions of the homogeneous system

(), F'(t) is

FI(t) = (1 (@), 5 (t), -, 4 (1))
=(Ap (), Aga(t), ..., At (1))
:A'(_»l(t>7 _»2(75)7' ’gn(t))
—A-F(b)

Now we look at the inhomogeneous system

J') = AGO+F0 ()
7t

(to) = %o

with a given continuous function f (t) and the initial condition gy. We know
that

is the solution of the homogeneous system with an arbitrary constant vec-
tor ¢. As an approach to solving the inhomogeneous problem, we vary the
constant such that we assume it is also a function of ¢

gt)=F(t)-¢(t) (Variation of the Constant),

with an unknown vector function ¢(t) = (c1 (), c2 (t),..., cn (t))t. We get
the derivative of ¢ (¢) using the product rule
grt)y="F'(t) ¢(t)+ F(t) &' (1)
=AF(t)c(t)+ F(t) ¢’ (t)
=Ajt)+F(t) ' (t)
= A (1) + f(0).

7 (t) satisfies the inhomogeneous linear differential equation if and only if

F(t) e (t)=f(t) .
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Since F (t) is an invertible matrix, we apply its inverse to get

&) =F"(t) f(1)

and after integration

2(t) =+ / FL(e) F(e) de.

to
So the solution to the problem is

t

Gty = F(t)-2(t) = F (t)- {cO+ FLE) F©) dé}

to

g(t) = F(t) & + F(t) tF*(t) € F(€) de.

to

homogeneous solution - -
a particular solution

The constant vector ¢y = (cq, ... ,cn)t must be chosen so that the vector
equation §(tg) = F (to) ¢o = c1i1 (to) + - - . + ¢n Un (o) is satisfied.

The general solution of the inhomogeneous problem is the sum of the
general solution of the homogeneous problem and a special solution
of the inhomogeneous differential equation.

Summary: Variation of the Constant

Let F(t) = (#h(t), ..., Un (t)) be the fundamental matrix of
y' (t) = Ay (t). Then

Je)=F@®)o+F @) [ F(E) F(&)de
is the general solution of

7' (1) = Ag () + f(¢) -

The constant vector ¢, must be chosen so that the initial condition
Y(to) is satisfied.
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Example 15.12 (Inhomogeneous Problem). Find the general solution of the
inhomogeneous LDEq

—

7 (6) = AG(t) + f(t)  with A= (‘; _‘;’),f(t): (60t>.

(i) Computing the fundamental matrix F'(¢): To build the fundamental ma-
trix, we need the eigenvalues

-1-X 3

P(X\) = det (A)\IQ)’ NN

’A2+3)\40.

The eigenvalues are A\; = —4 and Ay = 1. By solving the corresponding
systems of linear equations

(A=) - I) Z=0,
. 1 3
we get the eigenvectors: 1 to Ay = —4 and 5 to Ao = 1.

1
So 1 (t) = (_1> et and Pa(t) = (2) -e! are a fundamental set and

e~ 3¢t
F(t) = (—6_4t 2et)

is the fundamental matrix. The determinant of F'(¢) is
det(F(t)) =2e " +3e ¥ =53 £0

with its inverse matrix

and

F(t)./Ffl(t). ft) dt:F(t)-/ (?fi) dt
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" —%e?’t% e—dt 3t _%6375
1,2t 1 ) 7| -4t t ]\ 1 2t
e =5 e 2e 10€

> 0 0
Note: f(t) = —t ] = <1> e~! is an exponential function and a par-

ticular solution is also of type exponential function. Together with the
homogeneous solution we obtain the general solution to the inhomoge-
neous problem

Example 15.13 (Particular Solution). Find a particular solution to the inho-
mogeneous LDEq

J(t) = Ag(t) + f(t) with A= (‘; _2)  fl) = (é)

According to Example 15.12 we already know a fundamental set and
therefore the fundamental matrix and its inverse

o4t 3ot - 2,4t 3,4t
F(t) = <e4t 90t and F 1(t) = feft feft .
5 5

We have to calculate F'~1(¢) - () and integrate. It is

2 4t 3 4t 2 4 4t
- ze —te t £te
F71 t) - t) = 5 5 . — 5

SRS N

Il
VR
(.
00w oot
(.
[N

) |

The particular is also a polynomial. O
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Looking at the Examples 15.12 and 15.13 we see that the particular soluti-

—

on is of the same type as the inhomogeneity f(¢). This leads to a popular
way to compute a particular solution by a right-hand-side approach, as we
have already considered in the case of first-order differential equations (see
Volume 2, Section 13.4).

To clarify the idea, we use the examples already discussed and compute a
particular solution by the right-hand-side approach.

Example 15.14 (Right-Hand-Side Approach). Find a particular solution to
the inhomogeneous LDEq

7'(6) = AG(t) + f(t) with A= (_; _;’) F) = (;—)t)'

The right side f(t) = (eot) = (2) e~! is an exponential function

e~!. Therefore, we use the approach

wo= ()= ()

To identify the unknown parameters a and b we evaluate the right and

—

left sides of the system 3’ (t) = Ay (t) + f(¢):
—aet\ (-1 3\ fae? n 0
—bet ) 2 -2 bet et
—a) -t _ —a +3b ot
—b “\2a—-2b+1 '

We compare the two components and get

—a=—a+3b
-b=2a—-2b+1
with the solutions a = —% and b= 0.

This gives the same particular solution as in Example 15.12 using the
fundamental matrix
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Example 15.15 (Right-Hand-Side Approach). Find a particular solution to
the inhomogeneous LDEq

7' (t) = AG(t) + f(t) with A= (‘i _g)f(t): (é)

—

The right side f(t) = is of type polynomial of degree 1, so we

t
0
use the approach polynomial of degree 1 for each component

N _ a1+blt
yp(t) - (ag+bgt> .

To identify the unknown parameters ai,as and by, bo, we evaluate the

—

left and right sides of the system ¢’ (¢t) = Ag (t) + f(¢):

n\_ (-1 3\ (asut), (¢
b2 o 2 =2 a2+b2t 0
_(—al—b1t+3a2+3b2t+t)

2(11 + 261 t— 2&2 - 2b2t

[ (a1 +3a2) + (—b1 +3ba + 1)t
o (2&1 - 2&2) + (2b1 — 2b2) t

We compare the two polynomials for each component. The first com-
ponent gives

th: 0= —by +3by+1
0. b1 = —a1 + 3as
and the second component

th: 0=2b; — 2by

to : bg = 2(11 — 2a2.

The solutions to these linear equations are a; = —%, by = —% and
_ 3 _ 1
a2 = —g, by = —3.

We obtain the same particular solution as in Example 15.13 using the
fundamental matrix

N[N

~ o+
N——
O

l
—
~
=
Il
/N
|
ool |t
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Example 15.16. Find a particular solution to the inhomogeneous LDEq

J'(t) = Aj(t)+ f(t) with A= (g le)  f) = ((Bti’iz)tet) .

The right side f (t) is of the type polynomial times exponential e ~*. So
we check the approach

5 . (a1 —+ bl t) et
yp(t) B ((ag + b2 t) 6t> '

To identify the unknown parameters ai,as and by, bo, we evaluate the

—

right and left sides of the system, ¢’ (¢) and A g (¢) + f(¢):

et (-1 e
Up(t) = <b2 e '+ (az + bat)(—1) et>

o bl—al—blt ~€_t
a bg—ag—bgt

. 2 1 a1+ byt ety —3t ot
~\3 4 as + bot —(3t—|—5)
We compare the two components
bl — Qi —blt = 2(11 +2b1t+a2+b2t—3t

by —as —bat = 3a1 + 3byt +4as +4bat — 3t — 5

with the solution a; = 0, by = 1 and as = 1, by = 0. A particular
solution is

~ t _

yp(t)<1>e £ |

Note: To obtain the general solution to the LDEq, we have to add
the homogeneous solution. The matrix A has the eigenvalues \; = 1
1

and Ay = 5 with the corresponding eigenvectors z; = 1 and

—

1
ZTo = ( 3>. So the general solution of the inhomogeneous problem is

y(t) = gn(t) + 7p(t)

_ 1 t 1 5t i —t
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Application Example 15.17 (Charged Particle in Electromagnetic Fields).

The equation of motion (non-relativistic Lorentz equation) of a charged
particle with charge ¢ = —e in electromagnetic fields £ and B is

m L@ =g (E+m> xé) with 7(0) = 7 .

dt
0 E,
For B = 0 and £ = | E, | we get according to Example 15.2
BZ Ez
Ist component: ¥, (t) = —< B, v, (1) — & I,
2nd component: 0, (1) = = B, v, (t) — % E,
3rd component: v, (t) = —< [,

From the third component we conclude that v, (t) = vg, — % FE.-t. From the
first two components we get the inhomogeneous linear differential equation

5 (t) = (Zy%) _ (3 0“’) 5 (t) + (_:%) with w="°p.

Assuming a homogeneous magnetic field, the functions

. cos(wt) \ — sin (wt)
t = t =
o) (sin (wt)) 92 (¢) ( cos (wt)
are a fundamental set according to Example 15.2 and the fundamental
matrix is

Ft) = (cos (wt) —sin (wt)) with 1 (1) = ( cos (wt) sin (wt)) .

sin (wt)  cos (wt) —sin (wt) cos (wt)

The method Variation of the Constant provides the solution to the inho-
mogeneous problem:

&(t) = i+ / FL(e) - F(©) de

. t cos(wf) sin(wf) < E,

_U0+/0 <—Sin(w§) cos(w§)>.<—any> d

L e t( E, cos(w&) + Ey sin (
0

w§)
—E, sin(w&) + E, cos (wé .

)
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_ - e 1 (B sin(wt) - Ey cos(wt) + Ey
- E, cos(wt) — By + Ey sin (wt) |

The solution of the inhomogeneous problem, which also satisfies the initial
condition §(tg) = vy, is thus

y(t) = F(t)ct)
- el (t (Em sin (wt) — B, cos (wt) + Ey>

= F(t) vo _EEF E, cos (wt) — E; + Ey sin (wt)

sin (wt) vog + cos (wt) voy

e 1 ( E, sin(wt) + E, (cos (wt) — 1)
“mw \ By (1—cos(wt))+ B, sin (wt) |

_ (cos (wt) oz — sin (wt) v0y>

The components of the velocity are
1
vz (t) = cos (wt) vo, — sin (wt) vo, — E(Ez sin (wt) + E,, (cos (wt) — 1))

vy () = sin (wt) voy + cos (wt) voy — é(Ez (1 —cos (wt)) + E, sin (wt))

v, (t) :UOZ—%Et.

For the parameters w = 1, B = 0.1, E, = 10, £, = 4, E, = 1 and the
initial velocities vg, = 1, voy = 0, vo, = 0, the motion is shown in Fig. 15.6.

-50
-100
-150
-200
-250

-(3000

ENAVAYA

100 — O 50

20075g 100 50 O

Figure 15.6. Space curve of an electron in an electromagnetic field
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15.4 Problems on Systems of Linear Differential

Equations
15.1 Determine a fundamental set of the first-order LDEq system
2 0 -2
a)y (t)=Ag(t) with A= 0 4 0
-2 0 5
-2 -9 5
b) ¥ (t) = By (t) with B = -5 —-10 7
-9 21 14

Check that the eigenvectors form a basis of R®.

15.2 Determine a fundamental set of the second-order LDEq system
1-2
7" (t)=Ag(t) with A= .
-2 4
15.3 a) The equations of motion of a charged particle in a magnetic field are

. e . e
Up = —— B vy, Uy = — B, g
m m

if B = B. €.. Determine a real-valued fundamental set.
b) A particular solution is to be found if, in addition to the magnetic

0
field B , an electric field E= Eo | t | is effective:
0
e = —— B. v, by = — B.vg + Eo - L.
m m
. . . -3 1
15.4 Given is the matrix A = 13|

Find all eigenvalues and eigenvectors for the matrix A.
Determine a fundamental set of i’ (t) = AF ().

Determine a real-valued fundamental set of ¢/ (t) = A7 (t).

a)
b)
c) Determine a complex fundamental set of ¢/ (t) = A7 (¢).
d)
e) Set up the first-order LDEq equivalent to 3" (¢).

15.5 Compute a fundamental set of the first-order system 4’ = A ¢ in the case

of:
3 1 1
a)A—(_g_;L) A= 1 5 1
1 1 3
3-1 1
gA=|-1 3-1

1-1 3
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15.6 Solve the initial value problem:

vi(x) = 3yi(x) + 2y(x) -  ys(z), 1n(0)=2
va(x) = 2m(z) + 3y2(x) —  ys(x), wy2(0)=4
ys(z) = —wyi(z) —  wa(x) + 4ys(z), y3(0)=0

15.7 Solve the second-order differential equation
y' =5y +6y=0 (*)

by introducing the new functions y1 = y, y2 = v’ and writing (*) as
a system. Solve the first-order system. What is the solution for y (0) =

1,y (0)=07?
15.8 Determine a fundamental set of the first-order LDEq systems
3 3 1
a)y (t)=Ay(t) withA=] -1 6 —1
-1 1 3
2 1 -1
b) g’ (t) =By(t) withB=|0 -3 -1
0 1 1
2 1 0
)y (t)=Cy(t) withC=]0 2 0
0 1 2

by calculating eigenvectors and main vectors. Check that the eigenvectors
with their main vectors form a basis of R3.
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Chapter 16 ].6

Linear Differential Equations s
of n-th Order

Most kinematic problems lead to second-order differential equations according to
Newton's law of motion; for solid bodies even to fourth-order or higher differential
equations. This chapter deals with the systematic solution of linear differential equa-
tions of order n.

The theoretical statements are taken from the chapter on systems of first-order dif-
ferential equations, since we will reduce a linear differential equation of order n to a
system of n first-order differential equations. According to the solution structure, the
homogeneous problem is solved first and then the inhomogeneous problem.
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16 Linear Differential Equations of
n-th Order

Most kinematic problems lead to second-order differential equations according to
Newton's law of motion; for solid bodies even to fourth-order or higher differential
equations. This chapter deals with the systematic solution of linear differential equa-
tions of order n.

The theoretical statements are taken from the chapter on systems of first-order dif-
ferential equations, since we will reduce a linear differential equation of order n to a
system of n first-order differential equations. According to the solution structure, the

homogeneous problem is solved first and then the inhomogeneous problem.

16.1 Introduction

Application Example 16.1 (String Pendulum).

A mass m is attached to a string of length [. The
angle @ (t) varies as a function of time as the mass
is deflected by an angle ¢y. The force accelerating
the mass m is the component of the gravitational
force F; perpendicular to the string deflection

F, = —Fg sinp =—mg sinp.

Here, we work under the restriction of small angles

Fe

sin ¢ ~
¥ v Figure 16.1. Pendulum

and the frictional force F'r is assumed to be proportional to the velocity

Fr=—v =—(1¢).

Newton’s law of motion, the accelerating force Fg = ma(t) = ml@(t) is
equal to the sum of all forces acting on m, giving

mlgt)=-mgep(t)—vl¢()

(second-order homogeneous linear DEq). O
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Application Example 16.2 (Spring Pendulum).

At the end of a vertical spring with spring constant D there is a mass m. We
consider a frictional force proportional to the velocity. The displacement of
the mass m at time ¢ is z (). We look for the displacement-time-law z (t)
when the mass m is displaced x( from the rest position at ty = 0.

mL 1 - -1 x=0 rest position
deflection at time t

Figure 16.2. Spring pendulum

The forces acting on the mass m are the spring force Fp = —Dz (t) and
the friction force Fgr = —8 @ (t). According to Newton’s law of motion, the
acceleration force Fg = m & (t) is equal to the sum of all the forces acting:

ma(t) = -0z (t)— Dx(t) with z(0) =g, (0)=0

(second-order homogeneous linear DEq). O

Application Example 16.3 (RLC-Circuit). The RLC circuit is the electro-

magnetic analogue of the pendulum examples. A circuit is built with an
inductance L, a capacitance C' and an ohmic resistance R. At ¢ = 0 the
circuit is closed by applying an external voltage

Ug (t) = Uy sin (wt) .

The current [ (¢) is searched for as a function of time.

R
T

Ua(t)g~ C=

L
NN

Figure 16.3. RLC circuit
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According to the mesh rule, the sum of the voltage drops at R, C' and L
equals the applied voltage Up

Un (t) + UL (t) + Uc (t) = Ug (t) .

With Ohm’s law (Ug(t) = R - I (t)), the law of induction (UL (t) = L %tt))
and the voltage across the capacitor (Uc t)=2%Q1t) =% fot I(1) dT), the
model equation is

R-I(t)+L dt C / ) dr = Uy sin (wt) .

After differentiation, we finally get
LI®+RI(t)+ &1(t)=Uywcos(wt)

(second-order inhomogeneous linear DEq). O

16.1.1 General Problem

Problem: Let f(z) be a continuous function on the interval I and let
ar €R (k=0,..., n—1) bereal coefficients. The function y(x), which
is assumed to be continuously differentiated n times, must satisfy the
linear differential equation

y™ (@) + a1y (@) + ...+ ary (@) + a0y (¢) = f () (DEqn)

for all z € I. (DEqn) is called a differential equation of order n
because the n-th derivative of the function y(z) occurs.

If f(z) =0 then (DEqn) is called homogeneous.
If f(z) # 0 then (DEqn) is called inhomogeneous.

In the next sections we will discuss the problems: How many solutions does
a linear differential equation of order n have? How do we solve the ho-
mogeneous problem and how do we solve the inhomogeneous problem? To
answer these questions, we first apply the results of Chapter 15 on systems
of linear differential equations to linear differential equations of n-th order:
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16.1.2 Reduction of an n-th Order DEq to a First-Order System
We start with the n-th order differential equation and construct n first-
order differential equations by introducing - generalizing the procedure in

Example 15.1 - n functions yo (z), y1 (), ..., yn—1 () by
Yo (x) =y (x) Yo ()
yi(z) =y () y1 (2)
y2 (z) =y" (2) and the vector Y (z) := :
: Yn—2 (m)
Yn—1 () ==y (2) Yn—1 (2)
Then, the derivatives of Y (z) are
Yo (x) Y (x)
y1 () y" (2)
Vi) =| =1
Y2 (@) y = ()
Yn—1 (2) y™ (z)
1 (z)
Y2 ()
—
—agy (2) —ary (x) = ... —an1y™ Y (2) + [ (2)

The identity for the first (n — 1) components is according to the definition
of the functions y; (x) and that of the last component is according to the
differential equation (DEqn)

y™ (2) = —aoy (@) —ary’ (2) — ... — a1y (2) + f (2).

We replace the derivatives of y (x) of the last component with the corre-
sponding functions y; (x):

Y/ (z) =

yn.—l (1‘)
—ap Yo (x) — a1y (1') .- T Un—-1Yn-1 (x) +f (33)



16.1 Introduction 51

0 1 0 0 0
0 0 1 0 0
=1 @ L [ Y@+ (DES 1)
0 0 0 1 0
—ap —a1 —agz -+ —0ap-1 f(x)

This is an inhomogeneous system of first-order linear differential equations
for Y (z).

Remarks:

(1) If y (z) is a solution of the inhomogeneous, linear differential
equation of n-th order (DEqn), then

Y (z) = (y(@),y' (@) ,..,.9" Y (@)

is a solution of the corresponding inhomogeneous first-order li-
near differential system (DES1).

(2) The inverse is also true:
Y (z) = (yo (z),y1 (), ... ,yn—1 ())" is a solution of (DES 1),
then the first component of the vector Y (z), namely

y(z) :==yo (z),

is a solution of the n-th order differential equation (DEqn).

Proof: If Y () is a solution of (DES 1), then its first component yq (z)
is a solution of (DEqn):

w' (@) =y (@)
= —agyo (¥) —ar1y1 (¥) — ... — an—1Yp—1(z) + [ ()
= —aoyo () — a1 yh (@) = . —an—1 9"V (0) + f ().
So yo(z) is a solution of the differential equation of order n. The inverse
is valid because of the above considerations and the construction of the
system (DES1). O
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Example 16.4. Find the system of first-order differential equations belonging
to the fourth-order differential equation

o (t) + 82" (t) + 222" (t) + 242" (t) + 9 () = 0.

The differential equation is of fourth order, so we need to define four

functions
Yo (t) =z (1)
v (t) =2’ (t)
ya (t) = " (1)
ys (t) = 2" (t)
The derivatives of the functions yo (t), y1 (t), y2 (t) and y3 (t) are
yo (1) = ' (t) =1 (t)
yi(t) =2"(t) =y2(t)
Yo (t) = 2" (t) =ys(t)
ys (6) =2 (t) = =9z (¢t) — 242’ (t) — 222" (¢t) — 82" (¢)
= —9yo (t) —24y1 (t) — 2292 (t) — 8ys (¢).
Yo (1)
For the vector Y (£) := v (t) applies
y2 (1)
y3 (1)
Yo Y1
/
Y/ (t) — y/l _ Y2
Ya Y3
A —9yo —24y; —22y2 — 8ys
0 1 00
0 0 1 0] ¢
N 0 0 0 1 Y@
-9 —24 -22 -8

This is the first-order system of linear differential equations belonging
to the fourth-order differential equation. O

Theorem 16.1:

Solving a linear differential equation of order n (DEqn) is equivalent
to solving the corresponding first-order system (DES1).
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Remark: According to Theorem 16.1, it is irrelevant whether the differential
equation of n-th order is solved or the corresponding system. This theorem
has far-reaching consequences for numerically solving differential equati-
ons of order n: Instead of solving an n-th order differential equation, the
first-order system is used and each of these first-order differential equations
is solved numerically, e.g. by Euler’s method (see Volume 2, Section 13.4.2).

Due to the equivalence established in Theorem 16.1, the theorems on the

solution of first-order systems also apply to differential equations of n-th
order. According to the Theorems 15.1 and 15.3, the following applies

Theorem 16.2: Solving Linear DEq of n-th Order

(1) Let Ly, be the set of all solutions of the n-th order homogeneous
linear differential equation

v (@) +an_ 1y V(@) + ...+ a1y (@) +agy(z) = 0.

L is an n-dimensional vector space.

(2) Let LL; be the set of all solutions of the n-th order inhomogeneous
linear differential equation

y™ (@) + an1y" 7V (@) .+ ary (@) Faoy (@) = f(2).
Then
Li = yp () + L,
where y, (z) is a particular (= special) solution of the inhomo-

geneous differential equation.

(3) n different solutions ¢; (z), w2 (z),..., @, (x) of the homoge-
neous differential equation are linearly independent if for one,
and thus for all z € I, the so-called Wronski determinant W ()
iS non-zero:
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Definition: A basis 1 (), ..., ¢n (x) of solutions to the homogeneous
differential equation is called fundamental set.

Conclusion: Fundamental Set

01 (x),..., pn () is a fundamental set if and only if the Wronski
determinant W (zg) #0 for a g € I.

Example 16.5. For x > 0 a second-order homogeneous DEq is given by
Y (@)~ 5y (@) + 5o () =0
2z 212 '

Two solutions are

@1(x) =2 and @ (z) =z,

which can be confirmed by inserting them into the differential equation.
The Wronski determinant of o1, @9 is

@ @)
W“*“(%m wg@))

S VE

2f

For x > 0 it is W (x) # 0 and therefore (¢1(x), w2(x)) is a fundamental
set. So the general solution of the differential equation is

y(z) =c1z+ca/x.

The constants ¢; and cy are determined by the initial conditions. O

Application Example 16.6 (Electron in a Magnetic Field).

According to Example 15.2, the non-relativistic equations of motion for an
electron in a homogeneous magnetic field perpendicular to the direction of
motion are

Uy (1) = —wuy (t)  and 0y (1) = wuy (1)

with w = & B # 0. If we differentiate the first equation, ¥, (t) = —w v, (),
and use the second equation, we get a second-order differential equation for
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the velocity v (1):
Uz () + w? vy (t) = 0.

This differential equation has two solutions:
1 (t) =cos(wt) and @y () =sin (wt) ,

which we confirm by inserting them into the differential equation! These
two solutions form a fundamental set, since the Wronski determinant is
non-zero

W) = det w1 (t) w2 (t) _ cos (wt) sin (wt)
¢l

—w sin (wt)  wcos (wt)
= wcos? (wt) +w sin? (wt) =w # 0.
So the general solution for v, () is
vy (t) = ¢1 cos (wt) + ¢2 sin (wt) . m|

We will now face the question of how to calculate all solutions of the ho-
mogeneous problem and a special solution of the inhomogeneous problem:
Solving the homogeneous problem is equivalent to finding the zeros of an
n-th order polynomial (characteristic polynomial) (see Section 16.2). A par-
ticular solution of the inhomogeneous differential equation is often obtained
by a special approach (see Section 16.3).

16.2 Homogeneous DEq of n-th Order

Example 16.7 (Complex Fundamental Set). Given is the second-order diffe-
rential equation

() +wix(t) =0.
Related physical problems include the string pendulum (Example 16.1) and
the spring pendulum (Example 16.2) without friction, an LC circuit (Ex-

ample 16.3) or the equation of motion of an electron in a magnetic field
(Example 16.6). We solve the differential equation using the approach:

z(t) = et (%)
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Inserting this approach into the differential equation gives
M pw2ert =0 = AN +w2=0.
The resulting polynomial
P\ =X\ +uwi

is called the characteristic polynomial associated with the differential

equation. If \ is a zero of the characteristic polynomial, then e*? is

a solution of the differential equation. Here P (A) = 0 means A\ =
+y/—wi = +iwo.
= @1 (t) ="t and o (t) = e tw0!

are solutions of the differential equation. They form a fundamental set,
since the Wronski determinant is non-zero:

et [P e (D)
W“’“(@m wgu))

eiUJQt e—iwot

C Jiwgetvol —jwetwnt = ~2iw 0.

Since @1 (t), @2 (t) are complex functions, (y1 (t), @2 (t)) is called a
complex fundamental set. O

Example 16.8 (Real Fundamental Set). To this complex fundamental set,

we construct a real-valued by two special linear combinations of ¢ (t) and
P2 (t).

The superposition principle applies to any linear DEq. With two so-
lutions ¢ (t) and s (t) every linear combination ¢q @1 () + c2 @2 (t)
iwot

is also a solution of the differential equation. With ¢ (t) = e and

Qo (t) = e @0t we get

x1 (t) = %@1 (t) +%<P2 (1)

% (eiwot +e—iwot) = cos (OJOt)

22 (t) = 501 (t) — & 2 (1) = o ("0t —e™"“0 ) = sin (wot).

These are also solutions of the differential equation. Since the Wronski
determinant of these two functions is W (¢) = wg # 0, cos (wot) and
sin (wot) are a real-valued fundamental set. So the general solution is

z(t) = c1 cos(wot) + c2 sin (wot) . O
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With the knowledge of Examples 16.7 and 16.8 the solution method is
transferred to a general, n-th order homogeneous linear differential equation

Y™ () 4+ a1y D () +...+ a1y (x) Fagy(z) =0. (%)

With the approach

y(z) = "

for the searched function, the k-th derivative of y (z),
y*) () = A ere,
is inserted into the differential equation (), which gives

APt g, AN AT M ape’rt =0

S AN da, NP+ tad+ag=0.

Definition: (Characteristic Polynomial).
PA):=A"4a,_ 1 A" 1 4+...+a1 X +ag

is called the Characteristic Polynomial related to the differential equa-
tion ().

If \g is a zero of the characteristic polynomial P (), then

Aol’

y(z)=e

is a solution of the differential equation. According to the Fundamental
Theorem of Algebra (Volume 1, Section 5.2.7) every polynomial of degree
n has exactly n complex zeros Ai,..., A,, which can also occur multiple
times. If the characteristic polynomial has n different zeros, then

yi (r) = e ® k=1,....n

are n linearly independent functions
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Theorem 16.3:
Characteristic Polynomial with n Different Zeros

Given is the homogeneous linear differential equation of n-th order
y ™ (@) +an_1y™ V(@) + ...+ a1y (&) +aoy (z) = 0.

If the corresponding characteristic polynomial P (\) has n different
Z€ros A1, Ao, ..., Ap, then the n different solutions

are a fundamental set.

Proof: From our preliminary considerations it is clear that e (k=
1,..., n) are solutions of the DEq if the A; are zeros of the characte-
ristic polynomial. All that remains is to show the linear independence
of the solutions. For this we use the Wronski determinant

eM T etz - ern T
AeMT o Aget2T L. ) et ®
W(x) = det
)\?—16)\1 T /\g—le)\Q T ., )\2716)‘" T

By complete induction we can show that this so-called Vandermond
determinant is non-zero.

1 1 1
M A o A,
W(=0)=det| . . ~ | =TI =) #o.
: : : isi
)\7;,71 )\371 . )\Z—l
So the solutions form a fundamental set. O

Example 16.9. Find a fundamental set of the differential equation

y@ (@) +3y" (2) — 4y (2) = 0.

Approach: The function y (r) = e*? is inserted into the differential

equation. This produces the characteristic polynomial

MerT 13022 42 =0 = POA) =M +3)X—-4=0.
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The zeros of the characteristic polynomial are determined with a sub-
stitution z := A2. Then 22 +32—4=0 — 2z, =1, 20 = —4.
:>)\1/2::|:\/Z::|21 and )\3/4::|Z\/5::|Z\/—4::|:2’L
Therefore, P (A) has 4 different zeros £1, £2¢ and
—1lx 2ix —2ix

=el? e , et e

is a complex fundamental set. With

% (e** +e ") = cos (2z)
Lo —2i -
5 (e*® —e ") =sin(2x)

a real fundamental set is found:

e®, e %, cos (2x),sin (2z) . |

Theorem 16.3 clearly explains how to determine a fundamental set when
P (\) has n different zeros. But what happens if the characteristic polyno-
mial has a double or multiple zero? To answer this question, we consider

the next example:

Example 16.10. Given is the differential equation

B (t)+ 24 (t) +a (t) = 0. (%)

A

Approach: If we insert x (t) = e*! into the differential equation, we

obtain the characteristic polynomial

PA)=XM+2 +1=(A+1)2=0.
P(A)=0 < A= —1isazero of multiplicity 2

— 1 (t) = e ! is a solution of (x).

With this approach we obtain only one solution e~!*. But since ()
is a second-order differential equation, LLj is a 2-dimensional vector
space and the fundamental set consists of two linearly independent
functions! Another solution is given by

mQ(t):t'eitv
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because x5 (t) and its derivatives

o (t) =e " —te

Fo(t) = —et—et4tet

—t

inserted into the differential equation gives

Furthermore, z; (t) and 3 (t) are linearly independent:

et (x (1) @2(t)

W) () o

=e 2t £0.

Therefore, a fundamental set is
et tet. o
If )¢ is a double zero of the characteristic polynomial P()), then according
to the Example 16.10 e’ ? and t e** are two linearly independent solutions

of the differential equation. If \g is a triple zero, then e*0?, t e*0t and t2 eto?
are three linearly independent solutions and so on.

Generalizing, by applying the method of variation of constants, we obtain
the following theorem:

Theorem 16.4: Characteristic Polynomial with Multiple Zeros

Given is the homogeneous linear differential equation of n-th order
y™ (@) + a1y (@) + ..+ a1y (@) + a0y () = 0.

If the corresponding characteristic polynomial P (\) has I diffe-
rent zeros \y, € C  (k=1,..., 1) with the multiplicity my, (k =
1,..., 1), then

A

e kw,xe mkfle)\k:v

Akz
B

are linearly independent solutions and they form for Kk =1,..., [ a
fundamental set.
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Example 16.11. Find a real fundamental set and the general solution of the
differential equation

y™ (z) +8y" (z) + 16y (z) = 0.

Approach: Substituting y (z) = e* into the differential equation gives
the characteristic polynomial

PA) =X +8M\+16=0.

With the substitution z := A\? we obtain 22 +8 2416 = 0 — z172 = —4
is a double zero. And so

Mg = V-4 =+2i
are double zeros. For each double zero we get two solutions:

A =21 — o1 (z) =€, py(x) =227
Ao =—2i — p3(x)=e2% ,(r)=a e %2
This results in a complex fundamental set
2ix —2ix 2ix —2ix

e , € , xe , xe

To obtain a real fundamental set, we choose the linear combinations
already introduced:

L (g (@) + s (1) = L (2F + %) = cos(22)
L (o1 (@) — g3 (@) = & (¥® —e2%) = sin(20)

L (02 (1) + 94 (2)) = 2} (€27 +¢7%%) = 2+ cos (22)
L (o2 () — o1 (2)) = @ & (2% — e~2%) = g -sin (20)

So

cos(2x), sin(2x), zcos(2x), xsin(2x)

is a real fundamental set. So the general solution of the differential
equation is

y(z) = c1cos(2x) + o sin(2z) + ez cos(2x) + ¢4 x sin(2 ).

Finally, if the initial conditions y(zo), ¥’ (z0), y"” (z0),y"' (zo) are given,
then they determine the coefficients ¢y, cs, c3, 4. O
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Hint: If the differential equation has only real coefficients, then the
characteristic polynomial P(\) is also real. Thus, according to the
Fundamental Theorem of Algebra, the zeros of P()) are either real or
complex / complex conjugate. In the first case, we get a real soluti-
on directly, otherwise, as in Example 16.11, the linear combinations
$(eM® 4 er27) and o (e — e*27) lead to two real solutions.

Example 16.12. Find a real fundamental set for the differential equation

y" (x) —y(z) =0.

We insert the approach y (z) = e into the differential equation and

obtain the characteristic polynomial
PN =X-1=0.

The zeros of the characteristic polynomial are A\; = 1 and Ay/3 =

f% + % V31, so that

e’ e and e

is a complex fundamental set. With the linear combinations

1 (6(—%+Mi)x +e(—;—;m)m) _ e—%z% (eéﬁiz +e;¢m>
—— cos(3 V3 z)
and
B(CEETI ) ey ()
i sin(3 v3z)
a real fundamental set is achieved
e”, ¢ 2 cos(3V3x) and e 27 sin(LV3z). O

Application Example 16.13 (Free Damped Oscillation).

Returning to the spring pendulum from Example 16.2: For the deflection
z (t) of the mass m from rest, we modelled the system with the differential
equation

mi(t)=-Bx(t)—Da(t) and z(0)==x0, 4(0)=0.
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D

Bandu=}2

With the parameters w? = we simplify to

Ft)+2pi@t)+wiz(t)=0, =x(0)=xz¢, 2(0)=0.

The approach
z(t) = et
gives the characteristic polynomial

PA)=MN+2ur+wi =0

with the zeros Aijg=—pt/p?— wa.

The sign of the discriminant

A= p? - wl

determines the type of vibration.

With weak damping, the mechanical system is capable of real vibrations
(vibration case). This case occurs when pu < wg. With strong damping p >
wp the system moves non-periodically (= aperiodic) towards the equilibrium
position (creep case). For A = 0, i.e. u = wyp, the aperiodic limit occurs.
The following descriptions treat each of these three cases separately:

1. Case: A <0, i.e. p < wy: damped oscillations.
2. Case: A =0, i.e. 4 = wy: aperiodic limit.
3. Case: A > 0, i.e. 4 > wg: overdamped case (no vibrations).

(®» 1. Damped Vibration (Weak Damping).

For weak damping (1 < wp), the zeros of the characteristic polynomial are
complex conjugate

Mpp=—pEt\/p?—wi=—ptiyJw}—p?=—-ptiw
with w := y/wi — p2 > 0. This results in a complex fundamental set

1 (t) _ e)\lt _ e(f;wkiw)t _ efp,teiwt

©2 (t) _ eAgt _ 6(7u7iw)t — ot efiwt.
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With the real fundamental set
w1 (t) =3 (p1(t) + w2 (t) = e cos (wt)
22 (1) = & (o1 () — 2 (1)) = ™" sin (w)
the general solution is given by
z(t) =e " (¢ cos (wt) + ¢y sin (wt)).

The constants ¢, ¢o are determined by the initial conditions x(0) and z (0).
To use the initial values for = (0) we need the derivative of z(t):

T (t) = —pe "' (¢ cos(wt) + co sin (wt))

+e Ht (—cp wsin (wt) + cowcos (wt)) .

Specifying the initial conditions gives two equations for the constants cq

and co:
z(0) =x9: x(0)=c1 = xp.
£(0)=0: (0)=c1 (—p) +caw=0=>c =1z (4).
=x(t)=x0e M <cos (wt) + % % sin (wt)> .

Interpretation: The solution consists of a time-dependent decreasing am-
plitude zge™#* and a periodic behavior (cos(wt) + Qi L sin (wt)). The

m w

periodic part of the function can be written in the form (% sin (wt + ¢))

with | tanp = % , so that

x(t) = zge Pt 20 gin (wt + ).
w

This is a damped oscillation. The spring pendulum oscillates at a reduced
frequency compared to the undamped oscillation

w=/wi — pu? < wo.

Fig. 16.4 shows the typical shape of such a damped oscillation.
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\ 4

X(t) = X, o/o e™ sin(ot+y)

Figure 16.4. Time behavior of a damped oscillation

(® 2. Critically Damped: Aperiodic Limit.

A =0, i.e. 4 = wp, describes the aperiodic limit that separates the periodic
from the non-periodic behavior. For u = wy

A2 = —

is a double zero of the characteristic polynomial P()\) and ¢ (t) = e #*
and ¢ (t) =t - e #t form a real fundamental set. The general solution is

z(t)=cre "t 4 cpte Mt

The choice of initial conditions determines ¢; and cs:

2z (0) =xo: c¢1 = xo,
z (0) = 0: —pcy+ e =0= co = paxg.

= z@t)=z0e " (1+ pt).

After its deflection by xg, the mass point moves non-periodically towards
the equilibrium position.

AX()
XO

X(t) = X, (ut+1) ™

>t

Figure 16.5. Aperiodic limit for (0) = zg, 2/(0) =0



66 16. Linear Differential Equations of n-th Order

® 3. Overdamped Mode.

Strong damping occurs when g > wg. Then the zeros of the characteristic
polynomial are two negative real numbers

Al/gz—uﬂ:\/uz—wg<0

with k = /2 — w3. Then, ¢y (t) = TRt and @, (1) = eTr Mt g a
real fundamental set. The general solution results in

(—ntk) (—n—h)
z(t)=ce Py e Y
The mass cannot oscillate due to the strong friction and moves non-periodically
towards the equilibrium position. In mechanics this case is called creep case
or overdamped mode. The exact behavior depends on the initial conditions.
For z (0) = zo and & (0) = 0 the constants are ¢; and cy:

x (0) = xo: Ty = €1+ Ca,
% (0) = 0: O0=(—p+k)cr+ (—p—k) ca.

The solution of this linear system of equations for ¢; and cs is

and Cy = X

Y 2k

With these coefficients we obtain the solution of the overdamped mode

=z (t) = ;% e Mt ((k+u) et (k — ) e*’”).

(Exponential decay without vibration).

Animation: On the homepage there is an animation showing
the vibration behavior with respect to p. The animation starts
with weak damping and then approaches the aperiodic limit.

It can be seen that in the aperiodic limit the system comes to
rest most quickly, as is required for shock absorbers or measuring instru-
ments, for example. If the damping is even smaller, the oscillation case is
obtained; the period of the oscillation then changes depending on . O
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16.3 Inhomogeneous DEq of n-th Order

In this section we consider the inhomogeneous problem: Given is a linear
DEq of n-th order with inhomogeneity f (z):

v (@) + apay" Y () + oty (@) +aoy () = f(x). (e)
The solution to this problem is according to Theorem 16.2
yi(z) = yn(x) + yp().

How to compute yp () is completely discussed in Section 16.2. So the task
now is to find a particular solution y, ().

Using the corresponding first-order system and variation of the constant,
we can find a solution formula for any inhomogeneity (see Section 15.3).
However, we can shorten the calculation by introducing a special approach:
The right-hand side approach.

16.3.1 Inhomogeneity = Exponential Function

First, we consider the case where the inhomogeneity is an exponential func-
tion:

f(z)=ce!” with p e C.
The differential equation is then
y ™ (@) + an1y" Y (@) 4 Fary () +aoy () = cet
A particular solution is of the same type as the inhomogeneity
yp () = ket®

with an unknown constant k. We insert y, (x) with its derivatives into the
differential equation,

Ep el +an_ 1 kp" ter® 4. tarkpet® +agket® =cet”

=k (W +app" '+ tapta)=c =kP(u) =c,

P(p)

where the characteristic polynomial P (\) is evaluated at . If 4 is not a zero
C

of the characteristic polynomial, P (i) # 0, then the constant is k = m)

and the solution is y, (z) = By €
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Theorem 16.5: f(z) = Exponential

Given is an inhomogeneous linear differential equation of n-th order
Y™ (@) + an_1yY (@) + ... a1y (@) +aoy (x) = cet®.

If u is not a zero of the characteristic polynomial P (\), then

is a particular solution.

Examples 16.14:

® Find a particular solution y, (x) of the differential equation

y W () + 29" (2) +y (x) = 25>
The characteristic polynomial of this differential equation is
PO =M+2X\+1.
i =2 is not a zero of P (\): P(2) =25# 0. So the approach
Yp (x) =k e

gives a particular solution. Inserting ¥, (x) into the differential equation
determines the constant k:

k16€* 4+ k8e® + ke®® = s25¢%®

f—>k:@:1:>yp(w):e

2z
25 .

@ Find a particular solution y, (z) of the differential equation

y @ (@) +2y" (2) +y (2) = 257,
The characteristic polynomial is
PA)=M+21+1.

Because p = 24 and P (24) = 164* +8i?> + 1 =9 # 0, u is not a zero
of P(\) and therefore a particular solution is

__ _25 i2x __ 25 12z
yp (z) = Fan€ =5 m|
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Example 16.15. Find a particular solution to the differential equation

(1)

3)

y" () = 2y" (x) — 2y () + 2y (z) = 2 sinz. (%)

Transferring the DEq to the Complex. To calculate a particular solution
yp (z) according to Theorem 16.5, the differential equation is extended
to the complex:

§ (@) = 24" (@) ~ 20 (2) + 27 () = 2. %)

If g, (z) is a solution of the complex differential equation (%), then the
imaginary part

Yp () = Im g, ()

is a solution of the real DEq (x). To see this, we insert y,(z) = Im g, (z)
into the differential equation (x):

(Im (f‘jp))m —2 (Im (%))H —2 (Im (gp))/ +2 (Im (?Jp)) =
=1Im () =2 Im (7;) — 2 Im (7,) + 2 Im (7,)
= Tm (5 — 29 — 2, +23,) 2 Im (2¢'%) = 2 sina.

Solving the Complex DEq. To solve the differential equation (%), we
choose the approach

Up (x) =k err.
Inserting g, (z) into the differential equation we get
ki® e —k2i%e™ —k2ie™ +k2e" =2e"

2 @)= 2
4—3i Yo\ =435

With this result, we have found the solution of the complex differential
equation (%) and from this complex solution we have to form the ima-

T

sk (4-3i) e =2e" k=

ginary part. This imaginary part is then the particular solution of (x)
that we are looking for.

Transition to Real Values. The solution y, () of (%) is

() =T 3, (@) = m (25
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There are two different ways of calculating the imaginary part. In the
first case, both ﬁ and e* are decomposed into real and imaginary
parts, the product of the two complex quantities is determined in the
algebraic normal form and the imaginary part is read from the result.

In the second case is written in exponential form and multiplied

2
: » 4-36
by e'*. The particular solution is again the imaginary part.
2
-3
2 2 443 8 6

1-3i 4-3 4+3i 25 2"

> Decomposition of into real and imaginary parts

=0p(z) = 4—231‘ e’
(£ + &) (cosz + i sinz)
= (2% cosx—%sinx)—&—i(% cosx—l—z%sinx).

A particular solution is therefore

. 6 8 .
yp () =Im (g (z)) = g5 Cos% + oz sinz.

2 _ § Q .. . . .
I-3 = 35 T 35 ¢ is written in exponential

10 ,i36.9° s
55 € , since

> The complex number ¢ =
form ¢ = |c| e =

3
M:%W:% and tantpzi — ¢ =36.9°.

- _ 2 iw _ 10 i36.9°  _iz _ 10 i (2+36.9°)
=0p(¥) = 5" =3¢ € =235¢

= 19 cos(z + 36.9°) + i 22 sin(z + 36.9°).
An alternative representation of the particular solution is therefore

yp (z) =Im (g, (x)) = % sin (z + 36.9°) . m|

16.3.2 Inhomogeneity = Polynomial x Exponential Function

The approach for a particular solution from Theorem 16.5 leads to a solu-
tion if p is not a zero of the characteristic polynomial P (\). But what if
w is a zero? We will consider the more general case of an inhomogeneity
f(x) =h(z) e*” with a polynomial h (x):
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Theorem 16.6: f(z) = Polynomial x Exponential

Given is the inhomogeneous linear differential equation
Y™ (@) + an_1y™ Y (@) + ...+ a1y (@) +aoy (x) = h(z) - eH2.

(i) Let u be a zero of the characteristic polynomial of order k
(k> 0)

(ii) and let h (z) be a polynomial of degree m.

Then the approach

x

p (@) = g (2) -2 - e

provides a particular solution where g (x) is also a polynomial of
degree m.

Remarks:

(1) Theorem 16.5 is a special case of Theorem 16.6: If f(z) = ce*® and
1 is not a zero of the characteristic polynomial, then k£ = 0 (i.e. the
term 2° = 1 does not appear) and m = 0 (c is a polynomial of degree
0). Therefore, the approach function y, (x) = k e** returns a particular
solution.

(2) If the inhomogeneity is the sum of several functions, then we determine
an individual approach function for each inhomogeneity, compute its
constants, and finally add all the individual results to obtain the overall

Yp ().

Examples 16.16 (Sample Examples):

® Find a particular solution to the differential equation
2y (2)+y (z) =ze ™
The associated characteristic polynomial is
P(A\) =2\ +)
and the inhomogeneity is

fl@)y=ze™ = pu=-1.
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= —1isnot azeroof P(\),since P(—1)=1#0—=k=0.h(z)==x
is a polynomial of degree 1 < m = 1. = The approach function for a
particular solution is therefore a polynomial of degree 1 times e™*:

x

yp () = (ap+ar1x) e”

This approach for y,(x) together with its derivatives

yp(x) = are ™ —(ap+tarz)e ™
Yy () = —2a1e "+ (ag+arx)e ™

is substituted into the differential equation to find ag and a;. Thus,
2y, +y, (x) =[(a0 —3a1) tarz] e * =xe

=(ap—3m)+tazx==x.

To determine the coefficients, a coefficient comparison is performed
according to descending powers of x

' oa =1

0

T (10—3(11:O:>a():3}:> yp () = B+ ) e

® Find a particular solution to the differential equation
2y" (2) +y () =z
The corresponding characteristic polynomial is
P(A\) =2\ +)
and the inhomogeneity is
fx) =2 — pu=0.

=0 is a simple zero of P (\) < k = 1; h(z) = z is a polynomial of
degree 1 — m = 1. So a suitable function for a particular solution is

yp (2) = (a0 + ay x) 2' e’ = apx + ay 2%

To find the coefficients ap and a4, it is necessary to replace y,(z) to-
gether with its derivatives

yp(z) = a+2ax

Yy () = 2m
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into the differential equation. This gives
224;;/(55)4‘9;(53) =4da1+ag+2ax==x

and with coefficient comparison:

zl: 2a; =1 = a; = %
2% dar+ap=0 =ay=-2.
A particular solution is therefore y, (z) = —2 + 3 22. |

Examples 16.17:
© y'(x)+y(x) =

The characteristic polynomial is P (\) = A? + 1. The inhomogeneity is
e« =1. i =1 is a simple zero < k = 1. Here, m = 0.

Approach: y,(z) = agze™
y, () = age” +iagre™
y}’,’ () = 2iage™ — aqpxel®

Substitute into the differential equation:

y;’ (@) +yp (x) = 2apie™® —apz e + agxe'®

=2agie”®
eia:
So2api=1or aOZ%:—%iandaparticular solution is
1 . 1 .
1T - 1T
Yp (T) = = =——ixe”.
p(2) = o 5

® y'(z)+y(z)=cosz: (%)

As in Example 16.15, the differential equation is extended to the com-
plex

J' (@) +g(x) =€ (%)
Jp () = —3ize™ is according to © a particular solution of (¥). A
particular solution of (x) is therefore given by the real part of g, ()

yp (z) = Re (g, (2)).

With _lixezx:+lez%wwezx:lxez(az-i-%ﬂ)
2 2 2
= yp () =Re (%xel(I+2’T)) =1zcos(z+37)=3zsina.
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® y'(z)+y(z) =sinaz:

Following the procedure in @ we get a particular solution

yp (z) = Im (gp (z)) = Im (%xei(’“r%”)) = %x sin (:c—|— %71') )

= —GCOSl’.

2

16.3.3 Special Cases of Theorem 16.6:

To find a particular solution of the inhomogeneous differential equation

y™ (@) +an—1y" Y (@) + . ary (@) Faoy (@) = f (2)

in some special cases a real approach can be taken directly. Table 16.2 shows

the corresponding approach function for common inhomogeneities.

Table 16.2: Approach functions for particular solutions.

Inhomogeneity Z;r((;\)o f Approach
f(z) :Z a; z* 0 no zero | yp (z) = Z A; z*
i=0 i=0
0 is zero n ;
of order k | = Aiw
i=0
f(z)=aet” i no zero | y, (x) = Aet®
p
is zero
olz order k | (@)= Aot et
f(z)=asin(Bzx i no zero | y, () = Asin(B8z)+ B cos (B =
p
=Csin(Bz+ p)
13 is zero .
(@) =acos (Bz) | DB |y (o) = 2k (Asin (8)+B cos ()

= Cz¥* sin(Bz + @)
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Example 16.18. Given is the differential equation

y" () + 2y (2) +y () = f (2)

with different inhomogeneities f. According to Table 16.2, we choose an ap-
proach function for a particular solution and calculate the free parameters.

The characteristic polynomial for the differential equation is

POA) =X 42 4+1=(A+1)>.

Hence, A = —1 is a double zero.
f(z) Approach Function Parameters
2 —2x+1 yp(w):ao+a1x+a2x2 ao=11,a1 = —6,a2=1
(= 0 no zero of P (X))
2" yo (@) = Ae” A=}
(=1 no zero of P (X))
cos Jp (¥) = Ae™ — in complex DE | A= —1i
Yo (z) = Re (Ae™) yp (x) = & cos (z+ 2F)
cos T yp () = Asinx + B cosz A=3% B=0
(1 = i no zero of P (\))
sin yp (x) = A sinz + B cosz A=0,B=—3
(1 =i no zero of P (\))
e ” yp () = agx?e™ az =1
(1 = —1 is double zero)
—z%e® (ao+a1x—|—agx2) e’ a():—%,CMI%,CLQ:—i
re * (ap + a1 x) z?e ® ao=0,a1 = %
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Summary: n-th Order Linear Differential Equations

The general solution of the n-th order inhomogeneous DEq

y™ (@) + ap 9" (@) + .+ ary (@) +aoy () = f(2) (%)

with constant coefficients consists of the general homogeneous so-
lution yy, () and a particular solution y,(z) of the inhomogeneous
DEq:

y (@) = yn (2) +yp (2) .

1. Find the general homogeneous solution to

2.

Y™ (@) + an—1y" Y (@) + ..+ ary (@) Fagy (z) =0 :
(1) Insert y (z) = e** into differential equation.
(2) Characteristic polynomial
PA)=X"+a, 1\ ... +a1 X+ ag.

(3) Zeros of the characteristic polynomial Ay,..., Ay,
\; single zero — @; (z) = et ®.
A; k-th order zero — ; (z) = e ® weri® ... aFleMiT,

4) p1(x), w2 (x),..., pn(x) is a fundamental set.

(5) The general homogeneous solution is
yn (@) =c1 o1 () + capa () + ...+ cnon (T) .

Determine a particular solution to the inhomogeneous DEq:
According to Table 16.2, special approaches are chosen for a
particular solution or according to the Theorem 16.6.

If the inhomogeneity consists of several functions

fi(x),..., fi(x), a particular approach y,, (z),..., yp, (z) is
chosen for each term

yi () + a1 gD (@) + ..+ a0 Yy, (@) = fi (@)

A particular solution for the complete inhomogeneity
f(x)=fi(x)+...+ fi(x) is then
yp(x) = Yps (x)+"'+ypz (17>
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Continued

3. The general solution of the differential equation (x) is

yE)=crpi(z)+... +cnon (@) +9p (2).

4. The coefficients ¢y, ..., ¢, are determined by the initial condi-
tions y (0), &' (0),..., g™~ (0).

Example 16.19 (Sample Example).
Find the solution to

Y (r) =6y (x) +9y(z) =4e* + 9z — 15
with the initial conditions y (0) = yo, ¥’ (0) = 0.
1. Solve the homogeneous differential equation
y" () =6y (x) +9y(x) =0:
The characteristic polynomial is
P(\) =X —-6\+09.

The zeros of P (A) are A\; = A2 = 3 (double). So the general solution of
the homogeneous differential equation is

yn () =1 e + o w37,

2. Calculate a particular solution:
The inhomogeneity f(z) = 4e?® +9x — 15 is the sum of two types of
functions. Therefore, a particular solution is found in two steps:

(i) y" (z) =6y () + 9y (v) = 4e>. (1)

i =2 is not a zero of P ()\); therefore the approach
Yp, (z) = A",

gives a particular solution. Substituting this into the differential
equation (1) we get:

A(A—6-24+9)e* =4e* = A=4 = vy, (v)=4e*".
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(ii) y' () =6y () + 9y (x) = 9z — 15. (2)
p =0 is not a zero of P ()); therefore,
Ypo () = a0+ a1z

is inserted into the differential equation (2):

Ypo () = 64y, () +9Yp, (z) = —60a1 +9 (ap + a1 )
=(—6a1+9ay) +9a1 x

=9x —15.
Comparing the coefficients gives
xl: 9a; =9 = a3 =1,
20; —6a1+9ay9 =—15 = q9=—1.

= yp, () = -1+ .
(iii) The particular solution for 4 e>*+9 z — 15 is the sum of y,,, and y,,:
yp (r) =4e* +z— 1.
3. The general solution of the differential equation is therefore
y(@)=cre3® +cored® +4e> 4 —1.
4. Find the constants c1, co with the initial conditions:
y(0) = a1 +4—-1 =ygp =c1=yo—3

¥ (0)=3c14+¢c2+9=0 = cy=-9—3c; = —3y.

=y(x)=(yo—3) " —3ypwe® +4e* + oz — 1. m|

Application Example 16.20 (Forced Damped Oscillation).

An electrical resonant circuit consists of an oh-

R
1 mic resistor R, a capacitor of capacity C' and
a coil of inductance L (see Fig. 16.6). At time
Ua(t)o~ c= t = 0, the circuit is closed and an external AC
L voltage
NN

Figure 16.6. Circuit Us (t) = Uy sin (Wt)

is applied.
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According to the mesh rule

Ld{T() +RI(t / 7) dr = Uy sin (wt) .

Transferring this to the complex formulation, we get

LI(t)+RI(t) C/ ) dr = Uye'®

and with differentiation

PR S PN U B
I(t)JrZI(t)JrﬁI(t)szwe .

We introduce the parameters § = % (damping) and w2 = % (undamped
eigenfrequency) and obtain

Fo)+281 () +w2I(t) = %zwe“"t.

The general, homogeneous solution to this DEq is discussed in Example
16.13, so only one particular solution needs to be found to solve the in-
homogeneous differential equation. The characteristic polynomial for the
differential equation is

PA) =X N+28A+uwi.

1 = iw is not a zero of the characteristic polynomial. So a particular solu-
tion is given by the approach

I,(t) = Aett.
Substituting this into the differential equation, we get

, , , U .
(iw)er“”t +28(iw)Ae'? —I—nge“"t = foz'we“"t

Uow 1
= A=
I wi —w?+2i fw
and
~ U 1 ;
I(t)=i—2% et

L w2—w?+2iBw
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Transition to a real particular solution: I, (t) = Im (I, (t)).
To calculate the particular solution, we represent the amplitude A in expo-
nential form

A Uow 1 W —w?—i2Bw
=1 .
L wi-uw?+2ifw wi-w?—i2fw
7U0w 1

28w+ (Wi —w?)] = |4] e

L (w2 —uw?)’+(28w)’

with 2 2
Usw 1 ImA  wj—w
|A] = and tanp = =
L \/(wg—w2)2+(26w)2 Re A 2w
- Ui 1 o
=1, (t) = 0 e et

L \/ —oﬂ (26w)2

complex amplitude

_Uow 1

sin (wt + @) .
L Jws - + 28wy

Interpretation: Replacing w2 = % and 28 = %, we obtain the amplitude
U() w 1 o UO
L \/(260J)2+(w8—w2)2 \/R2+(i—wL)2

and the phase of the current

:IO

1

tan p(w) = 7

Uo
\/R2 — —wL)2

Equation (%) is Ohm’s law for an alternating current with maximum values

= I, (t) = Ipsin (wt + ¢) sin (wt + ). ()

Up and Iy. The real resistance is

¢m+(ijumfzwy

The current I, (t) is phase-shifted with respect to the applied voltage by
p(w). =
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16.4 Non-Constant Coefficients

In this section we discuss n-th order linear differential equations, which do
not necessarily have constant coefficients. Since the solution structure does
not change compared to constant coefficients, we first solve the homoge-
neous problem yp(z) and then proceed to find a particular solution y,(z)
to the inhomogeneous problem. Then the inhomogeneous solution y; ()

yi(z) = yn(x) + yp(z)

is the sum of the general homogeneous solution and a particular solution.

16.4.1 Homogeneous Problem: d’Alembert’s Reduction Method

The basic idea of solving the homogeneous problem is that if we know a
part of the solution, we can reduce the order of the DEq, leading to a lower
order DEq. This is called the d’Alembert’s reduction method. We illustrate
this principle with a simple second order DEq

y"(x) —y(z) = 0.

We directly verify that y;(z) = ¢ - e® is a solution to the DEq, for any
constant ¢. The idea of d’Alembert is then to vary the constant ¢(x) and
determine a reduced order DEq to find ¢(z). We have already used such an
approach to find an inhomogeneous solution (see Volume 2, Section 13.3).
In that context we called the method Variation of the Constant. So we take
the approach with its derivatives

a(a) = clo) )
yo(x) = c(x) - e + c(x) - €”
Yo (x) = " (x) - e+ 2 (x) - e” + c(x) - €.

We evaluate the DEq and get

V(@) — () = '(x) - & 4 2E(x) e =0,
Now we reduce the order by setting = w(z) = /() and obtain

w'(z) e +2w(x)-e*=0 or w(z)+2w(x)=0.

This is a first-order DEq for the function w(x), which is solved using the
methods introduced in the Chapter First-Order Differential Equations (see



82 16. Linear Differential Equations of n-th Order

Volume 2, Section 13.2). The solution for w(z) is

w(z) = coe 2",

Since w(z) = ¢/(z), we integrate c¢(x) = ¢; + [w(z) dz and obtain

c(z) =1 —coze .

According to our setting (1) we have the solution

T 2.%‘). T T 1 -

e =cC € —500'6

y2(7) = c(x) - e” = (c1 — coze”

From this result we can identify not only a second solution, but also a
fundamental set:

e’ and e "
Note: Important for the d’Alembert reduction method is that we know a
solution to the DEq. Usually we try an approach with basic functions. Com-
mon approach functions that may give solutions to the DEq are listed in
Table 16.1.

Table 16.1: Approach Functions

Power Function y(z) = z¢ (1)
Polynomial y(z) = a
Exponential Function y(x) = e** (3)

Example 16.21 (Approach function). Given is the second-order DEq with
non-constant coefficients

(1—2%)y"(z) + 22y (z) — 2y(z) =0 for = > 1.

We are looking for a function (power, polynomial, exponential) that is a
solution to the DEq.

We start with (1) of the Table 16.1 and evaluate the right side of the
DEq by replacing y(z) = 2%, 3/ (2) = az®™ L, y"(z) = ala — 1) 2*~2
in the DEq

1—2Hala—1)2" 2 +2raz" ! —22% = 0.
We reorder in terms of the powers of x

ala—1)z2 —(a—1)(a—2)z* = 0.
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This identity is only true if both coefficients are zero at the same time,

1 is a solution.

which is only true for « = 1. So y(x) = =
The calculation for approach (2) is more or less the same. We start with
y(z) = a+bx + cx? and its derivatives y'(x) = b+ 2cz, y"’(z) = 2¢
and evaluate the right side of the DEq

(1—x2)20+2x(b—|—2cm)—2(a+bx+cw2):0,

which we simplify to

2c—2a=0.

We get a solution to the DEq whenever a = ¢ for any b.
If we choose a =0, ¢ =0 and b = 1, we obtain y(z) = =.
If we choose a = 1, c =1 and b = 0, we obtain y(z) =1 + 2% .

The approach (3) does not give a solution. Because with y(z) = e*”

2 ax

and its derivatives y'(z) = ae®?, y(x) = a® e** we evaluate the DEq

and get
(1—2%) (a?e*®) + 2z (ae®™) —2(e*®) =0

and after simplification
(1—2*)a?+2ra —2=0.

But we will not find an « such that the complete right side is zero
o

independently of z. So y(x) = e“® is not a solution to the DEq. |

Example 16.22 (Reduction Method). Given is the second-order DEq with
non-constant coefficients

(1—2%)y"(z) + 22y (z) — 2y(z) =0 for = > 1.

According to Example 16.21 the function y(z) = z is a solution to the DEq.
We use d’Alembert’s reduction method to find a second linearly independent
solution.

With y(x) = x also y(x) = ¢z is a solution. We will now vary c as a
function of x. So we use the approach with its derivatives

yo(z) = c(z) - o
ya(x) = (x) -2+ c(x) - 1
Yo (z) = " (z) -z + 2 (x) - 1,
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When we evaluate the DEq, we get

L ?) g (2) + 20 44(x) — 24a(x) = 0

1—2?) (' (z)x 42 (x) + 22 (< (z)x + c(x)) — 2 (c(x)x) =0
() + (2(1 — 2?) + 22%)) d(z) =0
d"(z)+2(z) =0.

Now we reduce the order by setting = w(z) = /() and obtain

2

(1—2zw'(z) +2w(@) =0 or w'(z)= T ~w(w).

This is a first-order DEq for the function w(z), which we solve with
the method Separation of Variables (see Volume 2, Section 13.2)

dw 2 J
— =—————du.
w (1—22)z

To integrate, we decompose the right side into partial fractions

2 _ -2 1 1
1-2)2 2 1l-2 14z

dw -2 1 1
/:/(+ + )dz
w x l—2 14«

1— 2
ln|w|:—2ln|x|+ln|1—x|—|—ln1+x|+c:1n< w; >—|—c.

So we get

We apply the exponential function to both sides of the equation

with ¢g = e°. Since w(z) = ¢/(z), we integrate c(z) = ¢1 + [ w(x) dz
and obtain

cx)=ci+co (-2 ' —x).
According to our setting, the solution is
() =c(@) - z=(c14co (27" —2)) z=c1-z—co- (1+2%).
From this result we identify a second solution and a fundamental set:

r and (1+ 2?). |
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Example 16.23 (Sample Example). We look for a fundamental set of the
third-order DEq with non-constant coefficients

23y (2)+(52° —322) v (x)+ (623~ 102> +62) y/ () +(102—622—6) y(z) = 0.

Guess of a solution: According to the Table 16.1, we look for an approach
function (power function, polynomial, exponential) that might give a
solution to the DEq.

The power function y(x) = z is a solution to the DEq. Because if we
insert y(z) = x with its derivatives 3/(z) = 1 and y"/(z) =0, y"'(x) =0
into the DEq, we get

(623 —102% 4 62) + (102 — 622 —6) x = 62° — 1022 +102* — 62° — 62 = 0.

Reduction of DEq: With y(z) = z also y(x) = c-x is a solution. We will now
vary c as a function of x. So we use the approach with its derivatives

() = (x) z+c(z) 1
ys(x) = (@) -z +2d () - 1
(2)

yy'(z) = " (x) -2 + 3" (x).
We evaluate the DEq and after simplifying the right side of the DEq
we get

d"x)+5(x)+6(x)=0.
Now we reduce the order by setting = w(z) = /() and get

w”(z) + 5w (z) + 6w(z) =0.

Solving the reduced DEq: The reduced DEq is a second-order homogeneous
differential equation which we solve using the characteristic polynomial

p(A) =X +5X+6=(A+3)(A+2)=0.

The roots of the characteristic polynomial are A\; = —3 and Ao = —2.
So the general solution of the reduced DEq is

w(x) =cre 3% 4 cge 27,
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Solution of the given DEq: Since w(z) = ¢(z), we integrate c(x) = ¢ +
J w(z) dx and obtain

c(z) =1 _7167390 + e e 4.

According to our setting, the solution to the DEq is

3z

y(z)=c(z) o=—cr3ze " —cpize? + 3.

From this result we identify a fundamental set:

Example 16.24 (Sample Example). We look for a fundamental set of the
second-order DEq with non-constant coefficients

zy'(z) — (1+2)y () +ylx) =0 for x> 0.

Guess of a solution: First, we look for an approach function (see Table 16.1)
that might give a solution to the DEq. We check whether y(z) = e**
will be a solution to the DEq.

So we insert y(x) = e*® with its derivatives y/'(z) = ae*® and y"(x) =
a?e®® into the DEq and obtain

zy'(z) = (1+2)y'(z) +y(z) =0
ra?e®® — (1+x)ae®™ +e** =0
ra?—(1+z)a+1=0
zala—1)—(a—1)=0

This identity is only true if both coefficients are zero at the same time,
which is only true for a = 1. So y(z) = e” is a solution.

Reduction of DEq: With y(z) = e® also y(x) = ¢+ €” is a solution. We will
now vary c as a function of x. So we use the approach with its derivatives
ya(z) = c(x) - e

ya(x) = (x) - e +c(z) - €
Yy (z) = ' (x) - e* + 2 (x) - " +c(x) - e”.

x
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We evaluate the DEq and get after simplifying the right side of the DEq

zd"(z)+ (z — 1) (z) = 0.
Now we reduce the order by setting = w(x) = ¢/(z):
zw'(z) + (z — 1) w(z) = 0.

Solving the reduced DEq: The reduced DEq is a first-order homogeneous
differential equation solved by Separation of Variables (see Volume 2,
Section 13.2). Therefore, we isolate w’(x)

1—=

W)= ) = (0~ 1) w(a)

and separate the variables

With integration we get
Injw|=ln|z|—z+¢
and finally using the exponential function (¢y = €°)

xT

= elnlelmrte — peT et — e,

Solution of the given DEq: Since w(x) = ¢/(z), we integrate

clx)=c + /w(m) dz
by parts and obtain

c(z)=c +¢o /:Ee*””dx:cl —cpxe T —cope .

According to our setting, the solution to the DEq is
ya(z) =c(x) - e® =cr1e” —¢o (x + 1).
From this result we identify a fundamental set:

x+1,¢e". O



88 16. Linear Differential Equations of n-th Order

16.4.2 Inhomogeneous Problem: Variation of Constants

For the discussion of the inhomogeneous problem we start with a second-
order DEq. We first transform the second-order DEq into a first-order sys-
tem and then apply the method Variation of the Constant as described in
detail in Section 15.3 using the fundamental matrix.

Suppose we have a second-order DEq of the form
y" () + ai(z) y'(z) + ao(z) y(z) = g(x). (DEq)
We introduce the new functions

yo(z) :==y(x)  yo=w(z)
yi(z) =y (x) vy = —ao(x)y(z) — ar(z)y'(x) + g(x)
= —ao(z) yo(x) — a1 (x) ¥y (z) + g(x)

so that we obtain the equivalent first-order system

Yo(z) /_ 0 1 yo(x) 0
(%(:ﬂ) B (ao(z) al(x)> <y1(x)> + (g(l,)> (SYS)

—

y'(x) = Aylx) + f(x)

i = 0 1 and f(z) = 0
a0 ) - ()

The relation between the second-order equation (DEq) and the first-order
system (SYS) is: y1(z), y2(z) is a fundamental set of (DEq) if and only if

or

h(x) = v(w) , To(x) = y?(x) is a fundamental set of the system

v (x) Ya()
(SYS). With the fundamental matrix (see Section 15.3)

(7 (). () = yi(z) y2(z)
F(z) = (41 (), 2(z)) (y’l(x) yé(m))

we write the general solution to the homogeneous DEq as

)=t et = (49 5 (5) =i (5,

To get a particular solution to the inhomogeneous problem, we vary the
coefficients

Up(w) = c1(x) - y1(x) + ca(z) - Ya(w)
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(0@ w@) . (a@) _ pey (a@
vi(x) yo(x) ca(x) co()
According to the calculation on page 34 we identified a condition for ¢;(x)
and co(z) to get a solution of the inhomogeneous problem:

1 () e 0
<ca<x>>‘F (><g<x>)’

where F~1(x) is the inverse of the fundamental matrix

1) 1 [ over(@) —ye(x)) [0
0= e - @nE (—ym) y1<x>> (g(x))'

In components, we get

C/ (l‘) _ —yg(ﬂj)g(l‘)
! 1 ()b (z) — i (2)y2(x)
)= (@@

y1(2)ys(2) — v (2)y2(x)

After integration we find ¢1(x) = [} (z)dx and ca(x) = [ch(z)dx and a
particular solution to (SYS)

J c1(z) yi(z) ya(z) c1(z)
Taking the first component, we get a particular solution for the second-order
inhomogeneous DEq: yp(x) =c1(z) -y () + co(x) - yo ().

Generalization: Inhomogeneous n-th Order DEq

To calculate a particular solution of the n-th order DEq
y ™ (@) + an1(@) y" V(@) + ... + a1(2) ¥ (2) + a0 (@) y(2) = g()

we first determine a fundamental set y; (), y2(z), ..., yn(x). With
the fundamental set we build the fundamental matrix

yi(z) (@) . ya()
n(e)  we(e) . ()

i e
y ") g (@) Ly (@)



90 16. Linear Differential Equations of n-th Order

The solution to the inhomogeneous DEq is

y(r) = c1(@) y1(2) + ca(x) y2(x) + ... +en(@) yu(x) (%)

where the coefficients are defined by

cil (z) 0
c5 (:17) _ g (@) 0
cn(@) 9(z)

Integrating each component of the vector ¢’(z) gives the individual
coefficients of (x).

Special Case: Second-Order Inhomogeneous DEq

To calculate a particular solution to the DEq

y' (@) + a1 (2) ¥ (2) + ao(2) y(z) = g(x)

we first determine a fundamental set y;(x), y2(x). We obtain a so-
lution to the inhomogeneous DEq with

Yp(2) = c1(z) - y1(z) + ca(@) - y2(2)

where » p@e)
a@=at [ o @) — @)

» (@) )

(@) = 2+/y1<>’<x> @)

Example 16.25 (Sample Example). We look for a solution to the second-
order inhomogeneous DEq with non-constant coefficients

vy’ (z) — (1+2)y(z) +y(z) =32% for = >0.

/\ Caution: Before we continue, we first rewrite our problem in the
standard form, so that the coefficient of the highest derivative is 1:

y"(x) _ (1 + x) /

1
— =3 f > 0.
Py @)+ Syl =32 for 2
This step is not relevant for the homogeneous problem but for the

inhomogeneous problem to identify the correct right-hand side g(z) =
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3x. To determine a particular solution, we need a fundamental set of
the homogeneous DEq. According to Example 16.24

yi(x) =e* and () =1+2
is a fundamental set, so
Fla) = y/l(x) y?(x) _ egE 1+
yi(2) ys(w) € 1

is the fundamental matrix with its inverse

Fi(e) = ! ( () —yz(w)>

y1(2)ys(w) — y1(2)ya ()

(
B 1 1 —(1+2)
e —(1+xz)er \ —e e’ ’

—

We compute F'~!(z) - f(z), which is
c}(e) _ 1 I —(Q+z)\ (0
ch(x) —ze® \ —e* e’ 3z
1 —(14+x)3z\ ((1+4+x)3e"
- —ze® 3xe* N -3 ’

So

and with integration by parts we get
c1(z) = /(3 +3z)e P dr=c1+(—6—3x)e™ "
and
co(x) =co — 3.
Finally we calculate

y(@) = c1(z) - y1(x) + c2(x) - ya2(x)
=(ca1+(-6—-3x)e ™) e+ (c2—3z) - (1 +x)
=c1e®+ ey (14 2)+ (—=6(14z) — 32?)

=ce” +é&(1+2)— 327 o
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16.5

16.1

16.2

16.3

16.4

16.5

16.6

16.7

16.8

16.9

16. Linear Differential Equations of n-th Order
Problems on n-th Order Differential Equations

Check that ¢; = 1 — cos (2x) and @2 = 1 — cos® () are solutions of
y" — (tanz +cotz) y +4y=0.

Do they form a fundamental set?

Show that the two functions sinh (k) and cosh (kz) form a real-valued
fundamental set of the differential equation 3" (z) — k% y (x) = 0.

Solve the following 2nd order homogeneous linear differential equations
a) 4(t)+13u(t) +40u(t) =0 b) ¥ (¢t) — 1290 (t) + 36w (t) =0
)y’ () +6y (x)+34y(z) =0 d) 2" (z) + 16z (z) =0

Determine a real fundamental set for
a) y™ (z) —10y" (x) + 9y (x) =0
b) u® (t) — 24 (t) + u (t) =0

)y (x) —y(z) =0

Given is the inhomogeneous, linear 2nd order differential equation

y" (x) =3y (2) + 2y (2) = 5 (2)

with inhomogeneity s (z). Find particular solutions for

a) s(x) =6 b) s(z) == c) s(z) =e*® d) s(z) =cosz
e) s(x) =4z + 10 cosz f) s (z) = ze?” g) s(z) = cosze®
Solve the vibration problems

a) Z(t)+16z(t) =0, =z(0)=3, z(0)=4

b) Z(t)+2z(z)+2z(¢) = =2, &
c) &(t)+13a(t) +40x(t) = z(0)=3, ©(0)=0

Determine all real solutions of the following DEq

a) y' (z) — 10y”( ) +9y () = sin (z)

b) y" (z) — (r)—Gy(m)—l%“”

)y (x) = 2y" (z) + ' (z) — 2y (z) = cos (v)
d) v (z) - ($)+12y (z) — 8y () =6¢*"

Solve the differential equations from problem 16.6 numerically using the
Euler method. Vary the step size and compare the numerical result with
the exact solution.

Transform the third-order DEq
y"(x) =2y (z) —4y'(2) +8 =0

into a first-order system.
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16.11

16.12

16.13

16.14

16.15

16.5 Problems on n-th Order Differential Equations 93

Transform the coupled second-order DEq

a’(t) =y () + x(t) — y(t)

0
y"(t) + ' (t) = 3y(t) + =(t) = 0

into a first-order system.

Determine a fundamental set of
(2° = 22%) y" (x) — 2xy/ () + 2y(x) = 0
using the d’Alembert reduction method. Check that z is a solution.

Solve the second-order DEq with non-constant coefficients

2

2y (x) — 2z y (x) + 2y(z) = ° sin(x) :

a) Find a solution to the homogeneous DEq in the form y(z) = z.
b) Use the d’Alembert reduction method to find a second solution.
¢) Show that —z sin(zx) is a particular solution.

d) What is the general solution to the inhomogeneous DEq.

Given is the DEq
(@+1)y" (@) + 2y (z) —y(z) = (z+1)°

a) Find a solution to the homogeneous DEq in form y(z) = e**.
b) Use the d’Alembert reduction to find a fundamental set.
c¢) Calculate a particular solution and the general solution.

The solution of a third-order DEq is given by
yx)=cie *+ecatcesr+ 2.

What is the associated DEq?

Is

—

yi(x) = z? ya2(x) =€, ys(z) =e

a fundamental set to a DEq with constant coefficients? Can it be a fun-
damental set to a DEq with non-constant coefficients? Find a DEq if it
is possible.
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Chapter 17
Fourier Series

To analyze periodic signals, we need to represent the signal in the form of a Fourier
series

) =aot D an cos(wnt)+ Y bnsin(wnt).
n=1 n=1

Such a decomposition of the signal into its harmonic components reveals which fre-
quencies with which amplitudes are contained in the signal.

After an introduction, the formulas for the Fourier series and the Fourier coefficients
of 2m-periodic functions are presented in Section 17.2 and applied to examples in
Section 17.3. The formulas are transferred to p-periodic functions in Section 17.4
and the complex formulation is discussed in Section 17.5. This complex formulation
prepares the transition to the Fourier transform which analyzes non-periodic signals.
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17 Fourier Series

To analyze periodic signals, we need to represent the signal in the form of a Fourier
series

F) =aot D an cos(wnt)+ Y by sin(wnt).
n=1 n=1

Such a decomposition of the signal into its harmonic components reveals which fre-
quencies with which amplitudes are contained in the signal.

After an introduction, the formulas for the Fourier series and the Fourier coefficients
of 27-periodic functions are presented in Section 17.2 and applied to examples in
Section 17.3. The formulas are transferred to p-periodic functions in Section 17.4
and the complex formulation is discussed in Section 17.5. This complex formulation

prepares the transition to the Fourier transform which analyzes non-periodic signals.

17.1 Introduction

In physics, periodic processes such as the oscillation of a spring pendulum
or alternating voltages can be described by the general sinusoidal function

y(t) = A sin (wt + @) .

This behavior is called a harmonic oscillation with frequency w and am-
plitude A. Harmonic oscillations also occur in the description of vibrating
strings, membranes, pendulums, electromagnetic oscillations, sound and wa-
ve propagation, etc.

However, processes that are periodic but no longer sinusoidal are also com-
mon. Examples are sawtooth oscillations (sawtooth voltage, chalk squeak)
or the sinusoidal pulse of a rectifier, see Fig. 17.1.

y(t) y(t)

\ 4

T2 T t

Sawtooth oscillation Sine pulse of a rectifier
Figure 17.1. Periodic but non-harmonic oscillations
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For example, when considering the sawtooth oscillation that causes chalk to
squeak, the dominant frequencies and associated amplitudes are of interest.
If the three notes c', ¢g', e? are played simultaneously on a piano, and the
strength of the strokes is chosen so that the pressure generated at the ear is
equal to 1.273, 0.424 and 0.255 in normalized units, then the total pressure

p(t) at the ear is given by their superposition
p(t) =1.273 sin (27w vy t) +0.424 sin (27w vst) + 0.255 sin (27 vs t)

with 11 = 128 Hz (this is ¢!'), v3 = 311 = 384 Hz (this is g') and v5 =
51 = 640 Hz (this is €?), see Fig. 17.2.

A
1+

» t[s
0 T=1/128 [s]

Figure 17.2. Acoustic pressure at the ear

Of general interest in signal analysis is the decomposition of a periodic time
signal into its fundamental and harmonics with their associated amplitudes.
It turns out that almost any periodic function y (¢) can be represented as a
superposition of an infinite number of harmonic oscillations.

The mathematical relationship between a periodic signal and its decomposi-
tion into fundamental and harmonic oscillations with associated amplitudes
is described by the Fourier series

oo (oo}
y(t) =ao+ Y an cos(nwot)+ Y by sin (nwot) ,

n=1 n=1

where T is the period of the function y (t) and wy = 2.

The decomposition of a periodic function into a Fourier series is called
Fourier Analysis. wg is the fundamental and nwy are the harmonics.
The coefficients ag, a1, as, ... ; by, ba,... are the Fourier coefficients
and represent the amplitudes of the individual frequency components.
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17.2 Computation of the Fourier Coefficients

To compute the amplitudes of the Fourier decomposition, we start with a
2m-periodic function f (see Fig. 17.3)

f(x)

\ 4

! 2n 4 6 X

Figure 17.3. 2m-periodic function

and select the approach:

oo oo
f(z)=ao+ Z a, cos (nx)+ Z by, sin (n x). (%)
n=1 n=1
For the formal computation of the coefficients ag; a1, as, ... ; by, ba,... we

need the definite integrals compiled in Table 17.1 where we integrate the
sine and cosine functions over a period.

Table 17.1: Summary of elementary sine and cosine integrals

2m
(1) / sin(nz)dxr =0 forn=1,2,3,...

0

2m
2 cos(nx) de=0 forn=1,2,3,...
(2) (nz)

0

2m

_ 0 form#n _

(3) /0 cos(nx)cos(mm)dx—{  formen =7d(n—m)

2m

. . ] 0 form#n

(4) /Osm(nx)sm(mx)dx—{ﬂ for = 1 =md(n—m)

2m
(5) / sin (nx) cos(mx) de =0 forn,m=1,2,3,...
0
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In Table 17.1 we introduce the Kronecker symbol § (k), which is defined for
all integers k € Z by

1 fork=0
5(1“)::{0 for k € Z\ {0}.

Note: The integrals (1) and (2) are calculated directly. With the formula
cosa cos B = 3 (cos (o — f3) + cos (a + 3)) we conclude (3) for m # n

/0277 cos (nx) cos(mx) dr = % (/027r cos ((n —m) z) dx+

/O% cos ((n +m) ) dz) = 0.
For n =m it is
/0% cos? (nx) dx = .
Formula (4) is calculated analogously to (3) using the relationship
sin v sin § = % (cos (o — B) — cos (a+ f3)) .
The formula used to calculate (5) is

sinacosb’:%(sin(a—ﬁ)+sin(a+ﬁ)). o

® Calculating ao:

We integrate the expression () over the period [0, 27]:

2m 2m 0 2T
f(z) dx = / ap dx + Z an, / cos (nz) dz
0 el 0

ag-2m =0

oo 2m
+ Z bn, /0 sin (nx) dx
n=1

=0

0

According to Table 17.1, the integrals fo% cos (nx) dr and f027T sin (nx) dz
are zero. In the above representation, only the first integral fo% ap dx ap-
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pears with a non-zero value ag - 27, resulting in

2T
ay = % /0 f(z) dx.

(® Calculating a,:

We first multiply the expression (*) by cos (m x) for any integer m > 0 and
then integrate over the period [0, 27]:

27

27
f(x) cos(mzx) de = ag / cos (mx) dx
2
+ Z an/ cos (nz) cos(mz) dx

+ Z by, / sin (nx) cos (mx) dz.

According to Table 17.1 (5), all the terms of the second sum disappear.

0

From the first sum over a,,, only the term where the index n is equal to m
. . 2T
is non-zero. Since also [ cos (mx) dx = 0, we finally get

2Trf(ar;) cos (mx) dz zi apTé(n—m)="7"an.

0 n=1

1 27
= am:;/ f((l})cos(mx)dx m:172737"'
0

® Calculating by,:

Analogous to the calculation of the coefficients a,,, we first multiply () by
sin(m ) with m > 0 and then integrate over the period [0, 27]:

2m
f(z)sin(mz) de = ag / sin (mz) dx
0
0 2m
+ Z ap, / cos (nz) sin (mz) dz
0
o0 2m
+ Z by, / sin (nx) sin (mx) dz.
0

0
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All integrals containing cos (nz) disappear according to Table 17.1, also
fo% sin (m ) dx. The integrals fozﬂ sin (nz) sin(maz) de = 7 (n —m) are
all zero except the one where n = m. So

27Tf(ac) sin (mz) dx :io: bpmd(n—m)=m"by.

0 n=1

17.3 Fourier Series for 2r-periodic Functions

Following these preliminary considerations, we obtain expressions for the
Fourier coefficients of a 2w-periodic function f. The Fourier series converges
for most functions and is identical to f (x). However, there are continuous
2m-periodic functions whose Fourier series diverges at an infinite number of
points. To ensure that the Fourier series of a 2m-periodic function f con-
verges everywhere and that the limit is f (x), the function f must satisfy
certain conditions.

In the following, two conditions are given without proof which together gua-
rantee the convergence and the coincidence of the Fourier series with the
function. Both conditions are easy to check and are almost always satisfied
in applications.

Condition 1: The period interval [0, 27| can be divided by a finite number
of points 0 =z < 22 <...<zy =27 so that in any open subinterval
(g, Tgt1),1 < k < N — 1, the function f is differentiable and f’ is boun-
ded. Such functions are called piecewise continuous differentiable functions.

Condition 2: At the intermediate points x; the left and right limits exist
fileg) =lm f(zp —€) and  f (z) =lm f (zx +¢)
e—=0 e—0

and the function value is

fxr) =5 (fi (xr) + fr (1)) -

This property is called the mean value property.
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Fig. 17.4 shows the graph of a function that satisfies conditions (1) and (2).

A f(x) .
T
| | )
I I /
I i1 I
| | |
: )
x,=0 x,l x,l X, =27 X

Figure 17.4. Piecewise continuously differentiable function

Piecewise continuously differentiable functions can have many jumps. At
continuity points the mean value property is always satisfied, at disconti-
nuity points the function value is the mean of the left limit and the right

limit.
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Remark: For a 27-periodic function f (), always

27 a2
f(z) dac:/ f(x)dx forany a€R.
0 «a

This formula says that any period interval of length 27 can be chosen to
calculate the Fourier coefficients. This feature simplifies the calculation of
Fourier coefficients for symmetric functions:

@) A f(x) (b) A f(x)

f(-x)=f(x) f(-x)=-f(x) T\

/-x 'x\' \\j X

Figure 17.5. Even (a) and odd (b) functions

y
Y

Symmetry considerations:

(1) For an even 27-periodic function f (i.e. f is axially symmetric with
respect to the y-axis, i.e. f (—z) = f () for all ), all Fourier coefficients
by are zero.

b, =0 for all k£ € N.

Since f (z) is even, f (z)-cos (nz) is an even function and f (z)-sin (n x)
is an odd function. We choose the integration interval [—m, 7| so that
for the odd function f () - sin (nx) (see Fig. 17.5 (b)) the result is

1 4 .
bn_%/_wf(m)sm(nx)dx—o n € N.

For the coefficients a,, we get
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(2) For an odd 27-periodic function f (i.e. f is point symmetric about the
origin, i.e. f (—z) = —f () for all ), all Fourier coefficients ay, are zero.

ar =0 for all k€ Ng.

Since f (x) is odd, f (x)-cos (n ) is an odd function, while f (z)-sin (n z)
is even as the product of two odd functions. We choose the integration
interval [—m, 7r]. Taking into account the symmetry, we get (see Fig.

17.5 (a))
ap=0 and a, =0, n € N.

For the coefficients b,, it is

bnzz/ f (z)sin (nx) dz, n € N. |
T Jo

Hint: Identifying symmetries can greatly reduce the amount of work
required to find the Fourier coefficients!

Example 17.1 (With MAPLE-Worksheet). Given is the 27-periodic function
shown in Fig. 17.6. This function is described in the period interval [0, 27]
by the expression

1 O<ax<m
f(x) = 0 z=0,m 27
-1 7m<ax<2m .

The Fourier coefficients and series of the function are searched for.

A

Y

Figure 17.6. 27-periodic rectangle function
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f is piecewise continuously differentiable and fulfills the mean value
property at all points. Due to the point symmetry with respect to the
origin we have

an =0 for n=0,1, 2,...

This leaves only the Fourier coefficients b,, to be calculated. Due to
the symmetry consideration (2), the specific integral only needs to be
calculated in the range 0, ..., 7 when calculating the coefficients b,,:

1 27 1 T
by, = — (z) sin (nx) da:=2~f/ f(z) sin(nz) dx
T Jo T Jo
2 (7 2 1 T
= - / sin (nx) de = — [ cos(n :z:)}
7 Jo Tl n 0
= 2 o nm) +eos(0)} = — (= (-1)" +1}
= — {-cos(nm) +cos(0)} = — ,
since cos (nm) = (—1)" and cos (0) = 1. Note that (—1)" = +1 for
even n and (—1)" = —1 for odd n, we end up with

0 forn=0,24,...

= b, =

4
— forn=1,3,5,... .
™n

The Fourier series of the function f is

f(x) = 4 (sin(a:) —i—% sin (3 x) —&—1 sin (5 x) +% sin(?x)+...)

0 )

= i 4 sin (n z) :i 4 sin((2n+1) ).
— nw = (2n+1)m
n odd

In Fig. 17.7 (a) the partial sums of this series are shown for n = 3, 5, 7
and in Fig. 17.7 (b) for n = 40.

Discussion: We can see that many terms of the partial sum are needed
to approximate the function f reasonably well. However, even for large
N there are still oscillations before the jump. The coefficients of the
Fourier series b,, are proportional to % O
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(a) M (b)

0 m 2n ”x 0 T 2n

\/
x

A W A

Figure 17.7. Partial sums of the Fourier series (a) for n = 3,5,7 and (b) for n = 40

Animation: On the homepage there is an animation that vi-
sualizes the point-by-point convergence of the Fourier series
to the function. The Fourier coefficients calculated from the

example are used to display the Fourier series.

Example 17.2 (With MaApLE-Worksheet). Find the Fourier series of the tri-
angle function in Fig. 17.8, which is described in the interval [0, 27] by

T for 0<z<m
fx)= 0 for x =m, 27
z—2r for m<xz<2m.

:TC 21

Y

Figure 17.8. Periodic triangle function

f is piecewise continuously differentiable and fulfills the mean value
property at all points. Because of the point symmetry with respect to
the origin

an =0 for n=0,1,2,...

According to the point symmetry, the Fourier coefficients b,, are

1 27

b, = — (z) sin (nz) dx
™ Jo


https://www.imathonline.de/ani/frbsp1.gif
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:2'% /Oﬂf(x) sin (nx) de = 2 /wa-sin(nx) dzx.

™

Partial integration gives

bn:i{{x—coi(nx)}z_/oﬂ—coi(nx) dx}

=2 ereos(um)— 0] = —2 (-1)" = 2

-1 n+1
™n n ( )

)

3

because cos (n7) = (—1)". So the Fourier series of f is

f(x)=2 <sin(x) - % sin (2 z) +% sin (3z) — i sin (4 z) :i:)

— 1
2 E (=)™ +! Esin(nm).
n=1

1

e

As in Example 17.1, the Fourier coefficients also behave as ~

Example 17.3 (With MapPLE-Worksheet). Given is the function

f@)=" (@)

in the interval 0 < x < 27. The function is 27-periodically extended to R.

A
T )

T 27 371

Figure 17.9.

f is piecewise continuously differentiable and fulfills the mean value
property. Due to the axis symmetry with respect to the y-axis, the
coefficients b,, are zero

b, =0 for n=1,2,3,... .
The coefficient ag is
1 /21
— (z—m)’de = [(a: - 7T)3:| =3m

ayg = —
21 Jo w 272
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The coeflicients a,, (n € N) are calculated taking into account the axis
symmetry

2 (M1
ap = 7/ = (z — ) cos(n z)dx.
0

™

Performing a partial integration twice gives the result

ap, = %{ {(w - 77)2% sin(n x)}z -2 /Oﬂ(x - 77)% sin(n z) dz}
= —% Oﬂ(sc —m)sin(n z)dx
= 71-2471{ {(x - w)%l cos(n x)}: - /O7r %1 cos(n x) dx}
, =0
. ™2 )
P =5 3 e

is the Fourier series. The graph of the function f together with the
first terms up to n = 5 are shown in Fig. 17.10.

A f(x) and Fourier series

3

2 \ /
1

0

Figure 17.10. The function f(z) = %(:p — )2 and partial sum up to n = 5

Discussion: Unlike Examples 17.1 and 17.2, four summation terms are
sufficient to approximate the function reasonably well by the Fourier
series. No oscillations build up in the period interval. The coefficients
of the Fourier series are proportional to # . O

Note: Using Fourier series, it is sometimes possible to calculate the value of
the series discussed in Volume 2, Section 9.2 on Number Series by inserting
special values into the Fourier series. Using the Fourier series of Example
17.3 gives the following two results:
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T 4 1 201 2
PO O =T =g D0 =2 =%
n=1 n=1
7r 4 & > n 1 2

H

3
Il
_

n=

17.4 Fourier Series for p-periodic Functions

So far we have only considered 2m-periodic functions. To obtain the Fourier
coefficients of a general p-periodic function f, we compress or stretch the
function f so that the modified function F' is 2mw-periodic.

f(x) F(x)

» »
> t '

X 2n X

Figure 17.11. p-periodic function f and corresponding 2m-periodic function F'

F' is 2m-periodic:
F(x +2m) :f(% (1:+27T)) :f(%erp) :f(%x) =F(z).

For the 2w-periodic function F' (z), the Fourier series is set up as follows

F (z) = ap+ Z an cos (nx)+ Z by, sin (nx)

n=1 n=1

with the Fourier coefficients

a@ = 3 ()%F(x) dz; ap = + fOQWF(x) cos (nz) d;

b, =1 fo% F (z) sin(nz) dz.

A back substitution
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constructs the Fourier series of f with the Fourier series of F'.

f(f)ZF(%x)—ao+ ancosn—z Zb s1nn—x)

n=1

To find the Fourier coefficients, we replace y = 5> = and get:

1 2 1 2m Y 1 D
w=5 [ F@a=o [ f(g:r)dx=5/0 F(y)dy,

N

ap, = /%F(:r) cos (nx) dgczl/%f(;;at) cos (nx) dx
0
- /f ) cos(n 22 y) dy,

and similarly b,,. In summary:

Fourier Series for p-Periodic Functions

Let f : R — R be a p-periodic function, that is piecewise conti-
nuously differentiable and satisfies the mean value property for all
z € R. Then the Fourier series

~ 27 = 2m
f (@) = ao+ Z Gn COS <nx> + Z by, sin (nm)
n=1 p n=1 p

converges for all x € R and is identical to the function f. The
coefficients are

p
| i@ s
0
p
/f(x)cos(n%x>d:c, n=1,23,...
0 b
D
bn:/f(a:)sin<n27rm> de, n=1,2,3,...
P Jo p

Note: The formulas for 27-periodic functions are the special case p = 2.

apg =

SR

Ap =

ESERN

(\V]

The symmetry considerations (1) and (2) also apply to p-periodic functions.
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(® Application: Fourier Decomposition of T-Periodic Signals

Let f (t) be a periodic oscillation with period T' (= oscillation period). Then
the Fourier decomposition applies at any time

[ () =aot+ Z ap, cos (nwot) + Z by, sin (nwot) (%)

n=1 n=1

with the fundamental frequency wy = 2%

Developing the time signal f (¢) into an infinite number of sine and
cosine functions means decomposing the signal into its harmonic
components.

A periodic signal has a discrete spectrum: It consists of the funda-
mental at frequency wg and the harmonics at frequencies n wg. The
Fourier coefficients are the amplitudes of these harmonics and thus
the contribution of the harmonics to the signal.

However, for a frequency of nwg, two coefficients are obtained, namely a,,
and b, since the summands in the Fourier series (x) represent the super-
position of two sine and cosine harmonics at the same frequency. If we are
looking for the amplitude at which the frequency nwy occurs in the signal,
it is necessary to write this superposition as a cosine or sine signal. For
example, we take

an cos (nwot) + by, sin (nwot) = A, cos (nwot — ¢y

where A,, is then the amplitude and ¢,, the phase. To find expressions for
A, and ¢, we use the addition theorem for cosine

Ay, cos (nwot — p,) = Ay, cos (nwot) cos g, + A, sin (nwpt) sin g,

= ay, cos (nwot) + by, sin (nwot)
and compare the coefficients of cos(nwgt) and sin(n wy t):
an = A, cosp, and b, = A, sinp,.

If we square and add the two equations, we obtain

al +b02 = A2 cos® g, + A2 sin g, = A2 = A, = /a2 +b2.



17.4 Fourier Series for p-periodic Functions 113

Dividing the second by the first equation gives
by,

— = tany, .
n

Hence, we obtain the Fourier series with the total amplitudes A,, and the
phases ¢,,.

Summary: 7T-Periodic Signal

The Fourier series of a T-periodic signal can be written as

f () =ao+ Z A, cos (nwot — pr)

n=1
with the amplitude A,, and the phase ¢,, specified by

An =4/a2 +0b2 and  tan(p,) = 2—".

n
Alternatively, we can use the complex formulation (see Section 17.5).

A, is the total amplitude at which the frequency w, = nwg occurs in
the signal. ¢,, is the corresponding phase. The value ag is the coefficient
ag = % fOT f (t) dt. It corresponds to the mean value of the function during
one oscillation period. It is called the direct current component. For the
graphical representation of the coefficients, we choose the following graphs:

L L L L 4 > 4 4 4 4 ! h
T T T T T T

o 1 2 3 4 5 " b 1 2 3 4 5 0

Figure 17.12. Amplitude spectrum A,, and phase spectrum ¢,

In these plots, the amplitudes A,, and the phases ¢,, are plotted against the
discrete frequencies (= discrete spectrum of f). The amplitude plot is called
Amplitude Spectrum (left) and the phase plot is called Phase Spectrum
(right).

Example 17.4 (Amplitude Spectrum, with MAPLE-Worksheet). The ampli-
tude spectrum A,, = y/a2 + b2 for Examples 17.1, 17.2 and 17.3 is shown
in Fig. 17.13.



114 17. Fourier Series
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Figure 17.13. Amplitude spectrum for (a) Example 17.1, (b) 17.2 and (c) 17.3

From these plots we can see both the frequencies n wg and the corresponding
amplitudes A,,. The amplitude spectrum of Examples 17.1 and 17.2 decre-
ases slowly, while in Example 17.3 the coefficients go to zero very quickly.
This reflects the fact that in the first two cases the convergence is ~ %, but
in the third case it is ~ # O
Convergence Considerations: Taking the Fourier series with a finite number
of terms gives an approximate function for f in the form of a finite trigo-
nometric sum. As with power series, the more terms considered, the better
the approximation. For the examples discussed, this is:

a, -0 and b, —>0 for n - .

On closer inspection, we find that the approximations for continuous functi-
ons converge faster, requiring fewer terms in the Fourier sum to approximate
the function sufficiently well. The examples show that

anwﬁ and bnwﬁ,
if f has no discontinuities. The Fourier series of a p-periodic function con-
verges faster the smoother the function f is. More precisely, it is

Remark: If f is a p-periodic, (m+ 1)-times continuously differentiable func-
tion, then the Fourier coefficients of f behave as

c

‘a"‘ < nm+2°

c
W and Ibn‘ S

Examples for m = 0 (continuous functions) are 17.3, 17.5 and examples for
m = —1 (functions with jump point) are 17.1 and 17.2.
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Application Example 17.5 (One-Way Rectifier, with M APLE-Worksheet).

Fig. 17.14 shows the sinusoidal signal of a one-way rectifier with period T

U,

f(t)

0 T/ T >t

Figure 17.14. Sine wave of a half-wave rectifier

The signal is defined in the period interval [0, T] by

£t = { ug sin (wot) %§<

<
0 t<T

with wg = 2% Since the signal is zero in the range % <t <T, the
integration limits of the integrals are reduced to ¢ € [0, %}

Calculation of the coefficient ag:

T/2
—/ f¥)dt = —/ uo sin(wg t) dt

ay =
1 T/2
= _T [Wo cos(wo t)}0 =
Calculation of the coefficients a,,:
2uy T/2

sin(wp t) cos(nwy t) dt.

—/ f(t) cos(nwot) dt = T

Using the trigonometric formula

sin(a) cos(B) = % (sin(a — B) +sin (a + B))

we get for n #£ 1

uo [ [T/ T/2
an = / sin((1 — n)wp t) dt + / sin((1 + n)wo t) dt
0 0

T/2
Ug /

=2 ([_uln)wo cos((1 — n)wo t)]

+ {—mln)% cos((1 + n)wo t)] m)

0

0
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() 1

=B (1) ),

T n2—1

The result for a,, shows that the integral expression is calculated for
n # 1. The coefficient a; must be evaluated separately:

u T/2 T/2
a1 = — / 0dt +/ sin(2wy t) dt
T \Jo 0

(%) 1 /2
- - - 2 = .
T [ g cos(2wg zﬁ)}0 0

So for the coefficients a,, we get

(=)

0 for odd n

_ 2
an ___ “4Uo for even n, n > 0.
m (n?—1)

The Fourier coefficients b,, are calculated in the same way

T/2

2
ll sin(wg t) sin(nwot) dt

f/ f(t) sin(nwot) dt = T /,

with the trigonometric formula

sin(a) sin(B) = % (cos (o — ) — cos (a+ 3)) .
For n # 1 this is

_ sin(nm)ud B
bn = 7(1+n) (-1+n) =0

Similarly, the coefficient by is calculated separately:

1
b1 = §UO~

The Fourier series of the sine half-wave is therefore

U 2
f(t) == + 90 gin (wot) — —Uo (ﬁ cos (2wot) + g7 cos (4wot)

m 2
—&-ﬁ cos (6 wot) —|—)

(%)
- t)— = E t
—|— 5 sm(wo uo ——— COoS nwo )

n even
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—5 2 4 H

Figure 17.15. Partial sum for n = 8

The graphical representation of the Fourier series is shown in Fig. 17.15
for n = 8. The Fourier series shows a very good fit to the function with
only a few terms in the sum. O

Application Example 17.6 (Sawtooth waveform, with MAPLE).
Find the amplitude spectrum of a sawtooth oscillation with period T (see

Fig. 17.16).

A

u,T u(t) / /
-

I
I
I
I
:
T 2 "

T t
Figure 17.16. Time slope of a sawtooth waveform

The sawtooth is described in ¢ € [0, T) by u(t) = 42 t. We define wy = 2%.

As in Example 17.5, the Fourier coefficients are determined.

For ag we get directly

1 /7 T 1
aO:T/ u(t)dt:%/ tdt = 3 uo.
0 0

Using partial integration, the coeflicients a,, and b,, are calculated as follows

—2/T () cos(nuwpt) dt = 20 " (nwot) dt = 0

an = ; u(t) cos(nwo =72 ) cos(nwo =0,
2 (7 2up (T

b, = T/o u(t) sin(nwot) dt = %/0 t sin(nwot) dt = —%.
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The Fourier series of the sawtooth has the form

e}
1
u(t) = % - % ; - sin (nwot)
= % _ Y (sin (wot) + & sin (2wot) + 3 sin Bwot) +...) .
7r

Discussion: The spectrum of a sawtooth is characterized by:
(1) The DC component .
(2) The fundamental oscillation at frequency wo and the amplitude “°.

(3) The sinusoidal harmonics at the frequencies 2wg, 3wg, 4wy, . . . and the

i U uo U
amplitudes g2, 22, 70 ...

Fig. 17.17 shows the partial sum of the Fourier series for n = 30

Figure 17.17. Partial sum of the Fourier series for n = 30

and Fig. 17.18 shows the amplitude spectrum.

A
0.5

0.4+
0.31
0.24

0.1

S 5 10 15 20 25 30

Figure 17.18. Amplitude spectrum up to n = 30

Discussion: The Fourier coefficients of the sawtooth are ~ % The amplitude
spectrum shows how slowly the amplitudes decrease. High frequencies still
have relatively large amplitudes. The discontinuity in the time domain can
be seen in the graph of the Fourier series. Many harmonics are required to
represent the signal. O
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17.5 Fourier Series in the Complex Domain

The Fourier representation takes a simple form with complex notation.
Using Euler’s formulas (see Volume 1, Chapter 5),

cos(@) = & (% +e7) and  sin(x) = & (67— o),

the real Fourier series of a p-periodic function f is written as follows:

oo

1 S 2m =
x) =ap + Zan§ (em%x-i-e mLm)
n=1
oo
+ an% (ein%x_efznﬂz).

1

n=1

After rearranging the expressions with respect to e’ "% % and a second sum
27
with respect to e " 7 ¥ | we get

(x):ao—l—Z%(an—z’ nie Z
n=1 n=1

If we examine the three sums of the Fourier series, we find that the last

—zn2—"x

(an +1iby)

[\3\)—!

series contains factors e!™ 7 © for n = —00;. .y 1, the intermediate series
: 27
"7 % forn=1,...,00 and the first term e!™ 7 % for n = 0. We define
Co ‘= Qap;
1 .
Cn =5 ( —iby)
1
=3 f cos dx — z — f sm ) dx
1 - 9
= - f cos n—w)—zsm(nlx)) dx
D P
1 —in =L ¢
= - f (Z’) € p dx) n = 11
P Jo
and
Cop == (an +1iby)

( /f cos )d:chzf/f Sln(nx)dx)
/f Cos )—f—zsm(n?m))dx

/ f(x) e T T dr, n>1.
0

RIR-D IR N~
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in 2x
So the Fourier series of f is represented as one series over ¢'™ » * for n =
—00,...,00:

fa)=Y coen¥"

n—=-—oo

with the coefficients

1 P —in 2T g
cn:f/ f(x)e » Tdx for neZ.
0

The following complex formulation of the Fourier Theorem is obtained:

Complex Fourier Series

Let f : R — C be a complex function with real period p. Let f
be piecewise continuously differentiable and satisfy the mean value
property. Then for all z € R the complex Fourier series converges

to f (z):
fzx) = Z A

n=—oo

For n € Z the complex Fourier coefficients are given by

anf/ f(x) eI T T g,
P Jo

Note: This complex formulation is certainly also valid for real-valued func-
tions f : R — R which are piecewise continuously differentiable and satisfy
the mean value property.

(® Remarks: Properties of the Complex Formulation

(1) There is only one series for the Fourier series and the coeflicients ¢, are
determined by a uniform formula.

(2) The sum of the complex Fourier series covers n = —00...00. So it ap-
pears that there are negative frequencies. But this is only due to the

t are needed to define the real

complex formulation: e*“n* and e~ *“n
oscillation sin (w,t) and cos (w,t) with the real frequency w,, > 0, since

cos(wy t) = L(e"“nt 4+ e7"“nt) and sin(w, t) = g (e'“nt —e7iwnt),
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Advantages of the Complex Approach

The Fourier coefficients ¢,, of a real signal f (x) have the following properties

3)

(4)

(6)

¢y = c_pn: The coefficients on negative n are the complex conjugate of

the corresponding coefficients on positive n.

Consequently, the absolute values of ¢, and c_,, are equal, namely

lenl = |3 (an —iby)| = L /a2 + 02 = L 4,

The magnitude of the complex Fourier coefficients is A,, up to the factor
%. So the magnitude |c,| represents the amplitude spectrum half from
—o00 to —1 and half from 1 to oco.

The phase of the complex Fourier coefficients is given by

I
tan ¢, = = ===
Re ¢, %an an

Up to the sign, this is the phase spectrum.

co = ag represents the direct current component of the signal.

The advantage of the complex formulation is that we have a single
formula for the coefficients and that these coefficients include both
the amplitude spectrum (up to the factor %) and the phase spectrum
(up to the sign).

Example 17.7 (With MAPLE-Worksheet). Find the complex Fourier series of
the T-periodic function f given in Fig. 17.19.

A

1

f(t)

—> t

T2 T

Figure 17.19. Square wave signal

From the magnitude of the complex coefficients we determine the amplitude

spectrum of the signal.
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With wg = 27”, the complex Fourier coefficients for n # 0 are

T
Cn:%/f(t)
170

T —inwy [

T

—inwot dt = l /7 e—inwot dt
T Jo

e
cinn 1],

With wo - T = 27 and wo 2 = 7 we get eTinwo g = minT — (1)

1 iiw odd n

(D" 1] =

= Cp = .
—in?2
Lner 0 even n # 0

Since the DC component of the signal is %7 we can directly infer cq = 1

5.
= f =t e Y e
2 & inm ’
odd n

The amplitude spectrum of this function is given by the magnitude of
the coefficients.

ao = ‘COI =

N |

% for odd n
Ap =2 ey

0 foreven n#0.

(® Calculating the Real Coefficients from the Complex

Although the calculation has been done in the complex, the real Fourier
coefficients a,, and b,, are sometimes of interest. From the complex Fourier
coefficients ¢,,, n € Z, the real Fourier coefficients ag, a,, and b, can be
recovered so that the real integral formulas do not have to be recalculated.
By definition of ¢,, we have

Con =35 (an+iby) (3)
Directly from (1): ap = ¢y
Add (2) and (3): Ap = Cp +C_p n=1,2,3,...

Subtract (3) from (2): | b, =i (¢n — c—p) n=1,23,...
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17.6 Compilation of Fourier Series

(1) Square wave signals

AV
1 for |t| <o 1
y(t)=< 3 for |t|=46
0 ford<t|<m

y(t) =2+ 2 (3 sin(6)cos(t) + L sin(26) cos (2t) +...)

A VM)

\ J

1 for0<t< % 1
y(t)=4 3 fort=0,71
0 for 2 <t<T T2 T t
y(t) =1+ 2 (sin(wot) + 5 sin Bwot) + & sin (5uwot) +...)
(2) Sawtooth oscillations
A Y®
1
%t for0<t<T
y(t) =
% fort=T >
T t
y(t)=1—1 (sin(wot)+ 3 sin (2wot) + & sin (3wot) +...)
A YD
1
t for |t|<T /l
y(t) = + =
t
0 fort= % / L
T/2
y (t) =2 (sin (wot) — § sin (2wot) + 1 sin (Bwot) F...)
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(3) Sine impulses

sin (wpt) for 0 <t < %

y(t) =
0 for

Nl

<t<LT

y(t) = % + % sin (wot) — % (1—13 cos (2wot) +

y (t) = |sin(wet)] for 0 <t <T

A V@)

1
35 COS

T2 Tt

(4 OJ(]t) + .. )

A Y@

T2 Tt

y(t) = % —% (% cos (2wot) + % cos (4dwot) + ﬁ cos (6 wot) —I—)

(4) Parabolic functions

y(t):%(t—%)2 for0<t<T

T2 T

y

y(t) =3+ =5 (5 cos (wot) + 55 cos (2wot) + 35 cos (Bwot) +...)

y(t) = (£)° for [t|<Z

A y(t)

TR

T2 T Tt

y(t) =3 — =5 (5 cos (wot) — 55 cos (2wot) + 35 cos (Bwot) F...)
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17.7 Problems on Fourier Series

17.1 Give an expression for the 2m-periodic functions in the period interval sket-
ched below, look for symmetries and expand them into a Fourier series:

A
1 [ —

1

1
-3w2 !
=72, 0

1

1

1

---3F---
<
N)|

Fig. a ol 2n * Fig. b

17.2 Sketch the following T-periodic functions and determine the Fourier series
and the associated amplitude spectrum:

et for 5E<t<0 2ht for 0<t< T
a) f(t) = b) f(t) =
et for OStS% h  for %gth

17.3 Calculate the complex Fourier expansion of
a) Problem 17.1a) b) Problem 17.1b)

17.4 Develop f (t) =sin®t, |t| < 7 into a Fourier series (think first!!!).

17.5 a) Expand f(t) =t*,0 <t < T, into a Fourier series.
b) What is the result for T'= 27 ?
c¢) What do we get with b) for >>°° | & at t = 277

n=1

17.6 Fig. (c) shows the slope of a sawtooth voltage with period T. Perform a
Fourier analysis on this pulse.

u(t)=2¢ (0<t<T)
T
| // "
' *rl 2IT o t

17.7 Calculate the Fourier series taking symmetries into account:

8 for D<ax <2
ith iod 4
{—8 for 2<x<4 With period =,

—x for —4<
T

<0
r for 0< 4

; with period 8.
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17.8 Decompose the trapezoidal impulse into its harmonic components. What
is the value of the Fourier series at t =T'7
2
Tt 0<t<T/2 1 f(t)
f(t) =
1 T/2<t<T

1
1
1
1
T/2 Tt
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Chapter 18
Fourier Transform

This chapter introduces the Fourier transform to study the frequency behavior of
non-periodic signals f(t). As with the Fourier series, this analysis is called frequency
analysis of the time signal f(t). Section 18.1 introduces the formula for the Fourier
transform

F(w):/_oo Ft) e dt.

Section 18.2 presents important properties of the Fourier transform and discusses
their significance. To characterize linear systems, a signal is needed that contains all
frequencies with the same amplitude. This leads to the concept of the delta function,

which is introduced and whose properties are discussed in Section 18.3.
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18 Fourier Transform

This chapter introduces the Fourier transform to study the frequency behavior of
non-periodic signals f(t). As with the Fourier series, this analysis is called frequency
analysis of the time signal f(t). Section 18.1 introduces the formula for the Fourier
transform

F(w):/jo Ft) e dt.

Section 18.2 presents important properties of the Fourier transform and discusses
their significance. To characterize linear systems, a signal is needed that contains all
frequencies with the same amplitude. This leads to the concept of the delta function,

which is introduced and whose properties are discussed in Section 18.3.

18.1 Fourier Transform and Examples

By specifying the Fourier series, it is possible to analyze periodic processes
regardless of the length of the period T'. A T-periodic function f can be re-
presented as a superposition of infinitely many harmonic oscillations with a
fundamental frequency wy = %’T, harmonics w, = n 2% and their associated
amplitudes. Periodic functions therefore have a discrete line spectrum. This
line spectrum provides a clear assignment between the time domain of the

function and its frequency domain.

In the following, a method (Fourier transform) is developed which also
provides all frequencies with associated amplitudes for non-periodic signals.

(® Transition from Fourier Series to Fourier Transform

To determine the frequencies in a time signal f, the function f is interpreted
as a periodic function with period T' — co. However, to obtain a represen-
tation of the spectrum, we assume a 2p-periodic function f(t). According
to Section 17.5, the corresponding complex Fourier series is

o0
f@= Z cnem%t

n=—oo
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with the complex Fourier coefficients

! 2pf(t) —ingptg /p ft) e "t
c, = — e P = — (& P .
o2p o 2p J
We insert the coefficients ¢,, into the Fourier series and replace the frequen-
cies w, = n% and the frequency spacing Aw = w, — wy_1 = %. So we
get
t) = — t) e tentdt| etent
r=% |5 [ sl
n—=—oo
1 o 7/ Aw ) )
> / F(8) emiontdt| et Aw.
n——o0 —7/Aw

Now we consider an arbitrary, not necessarily periodic time function f (t) as
a periodic function with p — oco. For p — oo, the frequency difference Aw
approaches zero and the sum becomes the integral. The frequency spectra
move closer together and in the limit we obtain a continuous function in w:

F() = %/_m F (w) et duw (FI)
with

F(w)= /_Oo f(t) e twtat. (FT)

The representation of f (t) = & [0 F(w) e'“!dw is called Fourier inte-

gral and F' (w) the Fourier transform or Spectrum of the time function f (t).

Animation: This animation shows how the T-periodic exten-
sion of the rectangle converges for T" — oco. We see that the
distance between the spectral lines approaches zero (Aw — 0).
So the discrete spectrum is replaced by a continuous frequency

function, also called the spectrum. O

The Fourier integral is an improper integral. It can be shown to exist under
certain conditions (which are almost always satisfied in practice):


https://www.imathonline.de/ani/fr2ft.gif
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Theorem 18.1: Fourier Transform

Let f : R — R be a piecewise continuously differentiable function
and [*_|f (t)] dt < oo, then for every w € R the improper integral
exists

F(w) = / f@ et dt (Fourier Transform of f).

The Fourier transform maps each time function f (¢) to a frequency function
F (w) : R — C. We say that the Fourier transform maps the time domain to
the Spectral Domain (Frequency Domain) by assigning to each time function
f (t) its spectral function F' (w). To indicate exactly which time function
F (w) belongs to, the following notation is used

F () (w)=F(w).

This notation expresses the transform character of the Fourier transform:
The function f is assigned a new function F (f). Sometimes, a correspon-
dence notation is used, as in the case of the Laplace transform:

f(t) o—e F(w).

Remark: A function f : [a,b] — R is said to be piecewise continuously diffe-
rentiable if the interval can be divided into a finite number of subintervals
I, so that f is continuously differentiable within the intervals I}, and there
exist both right and left limits at the boundaries.

Example 18.1. For the rectangular impulse shown below, the Fourier trans-

form F (w) is to be calculated. A

)1 fortj<T | +
f@):= { 0 forlt|>T } =:rect (%)

T I —

T
]-"(f)(w):F(w):/_oo F(6) it dt

. e—iwt T
= le "“hdt = —
/:T X%

=T
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1 (e—iTw_eiTw) _

— (eiTw_e—iTw)

1
27

IS

sin (wT)
wl

The value of the transform does not depend on the choice of the func-
tion value of f(t) at the points ¢ = —T" and ¢t = —T'! Introducing the

si-function si (z) := #2Z also known as the sinc-function, the result is

==

2
= —sin(wT)=2T
w

F (rect (%)) (w) = % sin(wT) =2T si(wT).

The graph of the Fourier transform is shown in Fig. 18.1.

A
2T

2T si(oT)

A\ /2\ 5 -
T T 7
N4 '?”\/LT B2
Figure 18.1. Fourier transform of the rectangle function

The spectrum is a sine function in w whose amplitude decreases with
1/w. The zeros of F'(w) are the same as those of the sine function

T
wnT=n7r<—>wn=nT

except for w = 0: To calculate the value of the function at w = 0, we
apply the rule of I’Hospital
2 si T 2 T
Flw=0) = lim 250@T) _ ) 2e0s@DT

w—0 w w—0 1

Observation: The wider the rectangle f(¢) or the larger T, the narrower
the maximum of F(w) at w = 0, since the first zero of the spectrum is
at wy = %. On the other hand: The narrower the rectangle f(t), i.e. the
smaller T', the wider the maximum. O
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Example 18.2. For the exponential function shown in the next figure, the
corresponding spectral function is calculated:

B 0 fort <0 f(t)
_ at, —
f@)=e S (t) {e—at for t >0, a > 0.
5 » t
Here S (t) is the step function (Heaviside function) S (t) = { ? igi i i 8

The spectrum of the function f is its Fourier transform F'(w):

Fe = [T paetas [Tentesta [T
—0o0 0 0
. t= .
ef(aJrzw)t e i e*(OrFZUJ)t N 1
= ———— = lim
—(a+iw) —o tmoo —(@+iw) a+tiw
0+ 1 _ « . w

. —1 .
a+tiw a? 4 w? o2+ w?

at+iw’

Note: For most applications it does not matter what value S(¢) has at the
position ¢ = 0. Commonly used values are S(0) = 0, S(0) = 1, but also
5(0) = 3. In the latter case, S(t) = § + 3 sign(t), where sign(t) is the sign
function. O

(® Representing the Fourier Transform

Example 18.2 shows that the Fourier transform F' (w) of a time function
f (t) is generally complex. The graph of complex-valued functions cannot
be drawn directly, but either the real and imaginary parts must be plotted
separately, or the complex function

F(w) = |F ()] €
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must be split into magnitude and phase, where

|F (w)] = F(w) - F* (w) (Magnitude)
tany (w) = m (Phase).

Both magnitude and phase are real functions of w. By analogy with the
naming of the Fourier series, we also speak of the Amplitude Spectrum and
the Phase Spectrum, respectively.

Example 18.3 (Amplitude and Phase Spectrum). In Example 18.2 the Fourier

transform is
1

a+ 1w

Fw) =
We look for the amplitude and the phase spectrum.

To compute the amplitude and the phase spectrum, we split F'(w) into
the magnitude

|F(w)|=\/m:\/a+liw'a—liw
1

Va2 + w?
and the phase
Im F (w)

tan g (w) = ReF (@) = —g.

4

20 0 0 10 o 207 15

Magnitude of F'(w) Phase of F(w)
Figure 18.2. Magnitude and phase of the Fourier transform

The Fig. 18.2 shows both the amplitude spectrum (left) and the phase
spectrum (right) for o = 1. O



18.2 Inverse Fourier Transform 137

18.2 Inverse Fourier Transform

A time function is completely characterized by its spectrum, as shown by
the inverse Fourier transform.

Theorem 18.2: Inverse Fourier Transform

If F'(w) is the Fourier transform of a function f (¢), then the func-
tion f (¢) is given by

1 * :
f@)= o / F(w) ' dw (Inverse Fourier Transform),
7r — 00

if f (¢) satisfies the mean value property.

The mean value property of a function f means that the function value
at any point t is given by the mean value of the left and right side limits:
f@) :;ig% L (f(t+e)+ f(t—e)) forallt € Dy (see Section 17.3). For
continuous functions the mean value property is always satisfied; for dis-
continuous functions, the mean value must be ensured at each step.

To be consistent with the mean value property, the step function S(¢) should
be defined by S(0) = % at the position ¢y = 0 for Fourier applications!

Theorem 18.2 implies that the Fourier transform of a function f contains the
same information as f itself, because the time signal f(¢) can be completely
reconstructed from F'(w) using the inverse Fourier transform. In particular,
the function f can be characterized solely by its associated spectrum!

Remarks:

(1) The Fourier transform is also defined for complex functions f(t) =
f1(t) +ifa(t). F(w) is generally a complex function (see Example
18.2).

(2) If f is a real function (a real signal), then the Fourier transform can be

—iwl = cos (wt) — i sin (wt):

calculated using Euler’s identity e
F(f) (w) = /OO f(t) e ™tdt = /OO f(t) (cos(wt) —i sin(wt)) dt
_ /OO F (1) cos (wt) di — i /OO F(t) sin(wt) dt.  (+)

We call these transformations the cosine and sine transform.
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(3) 0dd and even functions

(i) For an even real function f, that is f (—t) = f (¢), it follows
Fw)=2 / £ (t) cos (wt) dt.
0

Proof: With f(¢) also f(t) - cos (wt) is an even function and

/oo (1) cos (wt) dt =2 /Oof(t) cos (wt) dt
—00 0

because the integrand is integrated symmetrically about the origin.
On the other hand, f (¢)-sin (wt) is an odd function. When an odd
function is integrated symmetrical to the origin, the integral is zero:

/ F(t) sin(wt) dt = 0.
—o0

Inserting both integrals into the formula (*) proves the statement.o
(ii) For an odd real function f, this is f(—t) = —f(t), we simplify

similar to (i)

F(w):—iQ/Ooof(t) sin (wt) dt.

Example 18.4. Given is the even real function

ft)=el with a > 0.

The Fourier transform of f is calculated according to Note 3 (i)

Fw) =2 /Ooof(t) cos (wt) dt =2 /Oooe*at cos (wt) dt.

The absolute values in the argument of the exponential function can

be omitted as only positive t are used for integration. To calculate the

integral, we replace cos (wt) with Re (¢’“?) and continue with

F(w) = 2/ e ™" Re(e'”")dt =2 Re/ elatiw)t gt
0 0
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. t=o00
(—atiw)t -1
=2 Re 67, =2Re ——
—a+iw —a+ti1w
t=0
@ 2«
= 2 Re i = .
{042+W2+ a2+w2} a2+w2
The same result can be obtained by partial integration.
5 Fw)=F (et (W) = 22 0
a? + w?
A
1 2/ocA
f(t) / .
0 > t 0 » o
Time function f(t) Spectral function F'(w)

Figure 18.3. Time function and corresponding spectral function from Example 18.4.

Example 18.5. Given is the odd real function

f(t)=e M sign (t)

1 fort>0
with @ > 0 and the sign function sign (t) = 0 fort=0 .
-1 fort<O0

The Fourier transform according to Note 3 (ii) is given by

o0

F(w):—i2/ooof(t) sin (wt) dt = —i2 | e " sin (wt) dt.

To calculate the integral, we replace sin (wt) = Im (')

Example 18.4

F(w)=—i2 Im/ e tetwt gt
0

=—i21 < P
- ore a2—|—w2+la2+w2

and consider
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2w
= F(w)=—i PR |

A A
1

fi(t

(t) F(o)

5 >t 0 »> o
-1
Time function f(t) Fourier transform F(w)

Figure 18.4. Time function and corresponding Fourier transform from Example 18.5.

Example 18.6. Given is the odd real function f () = 1. We look for its
Fourier transform.

Since f(t) is an odd function, we compute the sine transform of %
Although the function f is not defined at ¢t = 0 (singularity), Sm(t“’ t)
is continuous and bounded for all ¢ € R. We calculate the Fourier

transform of 1 according to Note 3 (ii). With the substitution

r=wt <<= dr=uwdt

we get for positive values of w

~ (o .
F(w):—i2/ Mdt:—w/ 0 (w>0).
0 t 0 T

The value of the definite integral

0o
S T ™

/ der = —
0 x 2

is calculated in the Example 18.8 ®. Using this result, for positive w
we get the value —i¢ 7. Similarly, for negative w we get ¢ . Both results
together give the Fourier transform of the function

F(w) =

{ —im forw >0 .
= —imsign (w) ,

i for w <0

where the sign function appears again. O
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18.3 Properties of the Fourier Transform

This section introduces important properties and illustrates them with
examples. Subsequently, we will always assume that the time functions
satisfy the requirements of the Fourier transform, so the Fourier trans-
form is defined. F'(w) = F (f) (w) is always the Fourier transform of f;
Fi (w) = F(f1) (w) and F3 (w) = F (f2) (w) are the Fourier transforms of
f1 and f, respectively.

18.3.1 Linearity
We compute the spectrum of a superposition ki f1(t) + ko fa(t) :

o0

F(ky fr + k2 f2) (w) = / (k1 f1 () + ko fo (1)) e P9t dt

— 00

:kl/ fi(t) e—iwtdt+k2/ fa(t) e ™t at
:lel(W)+k2F2(w).

I (F1) Linearity:  F (k1 fi + k2 f2) (0) = k1 F1 () + k2 F2 ()

Important: Linearity means that the spectrum of a superposition of
two time functions consists of the corresponding superposition of the
spectra.

Example 18.7. Find the spectrum of the function 4 rect (£) + 3 e~

Using Examples 18.1 and 18.4 and applying the property (F}), we get
F (47’6675 (%) + 3670““) (w) =4 F (rect (%)) (w)+3F (efalt‘) (w)

sin (wT) !

w a?+w?’

18.3.2 Symmetry Property

I (F2) Symmetry:  F(F(f))(t) =27 f(~t)

The symmetry property states that the Fourier transform applied twice to
a function f will give the function f as the result, but with the factor 2w
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and a negative argument. Using the Fourier integral (FI) we conclude that
F(F)(t) = / F(w) e ™ dw
[ iw(—t)
=27 — F(w)e dw =27 f(—t).

21 J_ o

The symmetry property is used to calculate the Fourier transform of func-
tions which are themselves Fourier transforms:

Examples 18.8.
© With F (rect (1)) (w) =2 Sm(wiwa) we get for the rectangle function rect:

F (2 SlIlfJ‘*"“) (t) = F (]—" (rect (Z))) (t)
— 2mrect (-Z) S — <2) .

So, after swapping the variables w and t, the result is

F (20D @) = mrect (2),

® From Example 18.4 we conclude with oo = 1

F (e_m) (w) = 2

1+ w?

and with (F)

#(12) 0=7 (F ()0 =2me i

After swapping the variables we get

F <1+1t2) (@) = melel.

* sinz

® We calculate the definite integral
z

T
dr = 5 using the Fourier
0

transform. We start with the result of Example 18.8 ©

sint

F (> (w) = 7rect (w).

t
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sm t

According to the Note 3(i), for the even function we get

f(SI?t> (w)y=2 / %nt cos (wt) dt.
0

So we evaluate this expression at w = 0:
sint
2 / Tdt =nrect(0)=m
0

which is the value of the definite integral. O

18.3.3 Scaling Property
We examine the Fourier transform (the spectrum) of a function f (at) which
is obtained from f (¢) by compression (a > 1) or expansion (0 < a < 1).

A A
f(t) f(at)
e I S
Function f(t) Compressed function f(at)

Figure 18.5. About the scaling property

For a > 0 the Fourier transform of f is calculated with the substitution
E=at

F(f( /fat et dt = / Fl&) eivs df 1F(f).

The argumentation for a < 0 is analogous, so the following applies
) 1 w
(Fs) Scaling: 7 (f (at)) (w) = 1 F (5) a € Ry

The scaling property indicates that in the compressed signal f (at), where
a > 1, the frequencies F (%) occur.
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18.3.4 Displacement Properties

® Time Shift

The shift theorem is a statement about the Fourier transform of a time-
shifted function f (¢t — tp).

A (1) f(t-t,)

A -

1, >t

Figure 18.6. Function f(t) and function f(t — to) shifted by to

With the substitution £ =t — ty we compute:
FU-t)@=[ -t etta= [ feeiecra
—0 —00

The exponential term is split into two factors. We exclude e~*“?0 from the
integral because it is independent of the integration variable

FU-t) @) =0 [ f() citig= e P ),

Consequently, the Fourier transform of a time-shifted function is:
I (Fy) Time Shift: F(f(t—t0)) (w) =ewt F(w)

Using F (w) = |F (w)] e?®), the spectrum of the time-shifted function
f (t — t()) is
F(f(t=t0)) (w) = e7"% |F (w)] ¥
= |F (w)| et (p(w) —wio)
The spectrum of f (¢t — ty) has the same amplitude as the spectrum of f (t)

only the phase is shifted by w ty. This means that the same frequencies occur
with the same amplitude, but out of phase.
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Example 18.9. Find the spectrum of the square wave signal f (t) = rect (%)
shifted by to = 1"
) t . i T
F(ft-T)=e T F (rect <T>> (w) =e T2 sin(wT) ) ]

W

® Frequency Shift
This property makes a statement about the spectrum of a function f(t)

twot.

multiplied by e

F (et f(1) (w)

/°° et (1) e e
/ ft) et @t gt — F(w—wp).

twot

So the spectrum of a function multiplied by e is:

I (F5) Frequency Shift: F(et“et f(t) (w) = F (w — wo)

This frequency shift property means that the spectrum of the function mul-
tiplied by et is the same as the spectrum of the original function shifted
by wg. As an application of frequency shifting, the modulation property is
discussed:

18.3.5 Modulation Property
We want to find the spectrum of the amplitude modulated signal

f () cos(wpt).
We start with Euler’s formula

cos (wot) = = (e"¥0f 4 e7iwot)

1
2
1)

and use the linearity property (F7) and the frequency shift property (F5)

)+ 5 (0) )

l\D\»—~

F eos (wnt) 1 (0) () = F

F (et f(1) (w) + *f(e*“’“tf(t)) (w)

l\')\H

(F(w—wo) +F(w+wp)) .

N | =
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(Fs) Modulation:

F(f (£) cos (wo 1)) (w)

DO =

(F (w4 wp) + F (w—wp))

The spectrum of the cos (wp t)-modulated signal is the spectrum of the ori-

ginal function shifted by +wg. The spectrum is shifted exactly by the mo-

dulation frequency wy!

Examples 18.10. Find the spectrum of a rectangular pulse modulated with

cos (wo ).

According to Example 18.1 the spectrum of the rectangle is
_ ,sin(wT)

F (rect (;)) (@) =2

So, using the modulation property

F (cos (wot) - rect (;)) (W) =

sin(T (w — wp))

N sin(T (w + wo)).

w — Wy

w + wo

The amplitude modulation of the square wave corresponds to a shift of

the spectrum to the right and to the left by the modulation frequency

wo-

2T
t
1 rect(/r) F(rect(/;))(o)
| |
| |
| |
! > £
-T T t M/T nMn/T 3;:;T\ [
rectangle signal spectrum
T
rect(/;) cos(wm, t)
1 1
| |
| |
} +—>
| |
I I
signal in time window spectrum

Figure 18.7. Spectrum of the amplitude modulated rectangular signal
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Comments/Interpretation:

(1)

When messages are transmitted, the signal f (¢) is often amplitude mo-
dulated, i.e. transmitted with a carrier frequency wg: f(t) cos (wot). A
receiver can determine the carrier frequency by transmitting an am-
plitude modulated square wave as a test signal. The spectrum of this
signal is then the spectrum of the square wave shifted by the value of
the carrier frequency wy.

When we analyze real signals, we usually do not get a line spectrum,
but a broadening of the lines. Even if we are looking at sine or cosine
signals. This effect can be explained by our example:

Since it is not possible to measure the whole range —oco < t < o
for all times, but only for a finite time interval, we analyze the function
rect (%) -cos (wo t) instead of cos (wo t). According to the Example 18.10

we then get the spectrum 2 M shifted by wg. This spectrum has its
maximum at wg, but with a ﬁnlte width 2117 Only in the case of T — oo

does the spectral width approach 0 and we get a line at wy. O

18.3.6 Fourier Transform of the Derivative
For the application of the Fourier transform to differential equations the

Fourier transform of the derivative F (f') is required. As with the Laplace

transform there is a relationship between JF (f’) and F (f). Using partial

integration, we get for the derivative F (f)

w) :/_O:of/(t) "

= f(t) e7 "t / f(t) (—iw) e " tdt.

The precondition for using the Fourier transform is the asymptotic behavior
of the function f, lim f(¥)=0.So f(t) e*“!|~_=0.
t—+oo -

= f(f')(w):iw/jof(t) et =iwF (f) (w).

Fourier Transform of the Derivative

(F7) Derivative: F(f) (w) = (iw) F (w)
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Important: The spectrum of the derivative f’ is equal to the spectrum
of the function f multiplied by i w.

Repeated application of the derivative theorem leads inductively to the Fou-
rier transform of the n-th derivative:

Fourier Transform of the n-th Derivative

(Fg) n-th Derivative: F(f™) () = (jw)" F (w)

Application Example 18.11 . Given is the linear differential equation

v (&) +ay(t)=f(t) S
with the constant coefficient o and a continuous function f. S(t) is the step

function.

We apply the Fourier transform to this differential equation and take
into account the linearity property (F;). Then on the left side we have

Fly' () +ay) =F @ @) +aF(y({).
We replace F (y' (t)) =iw F (y (t)) and get
iwF(yt) +aF(yt) =F(f ) S{H)

S Fu®) = ——F( ) SW).

a+iw

This is the Fourier transform of the solution y (t) as the product of

FW®SH) Fs

According to Example 18.2

1
o+ iw

=F (e 'S (t) (w).

= Fly®))=F () S@) F(e " S(1).

So the problem arises: Which time function belongs to a product of
frequency functions? The answer is given by the next theorem. O
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18.3.7 Convolution Theorem
Given is the spectrum of the function f as the product of two frequency
functions

F(f)=F(f) - F(f2).

The corresponding time function f (¢) is then an integral combination of
the time functions fi (¢) and f2 (¢):

t):/jo fi(r) fo(t—7)dr,

the so-called Convolution Integral. The abbreviated notation for the convo-
lution integral is

f@)y=(fr+f2) (1)

Convolution Theorem

The Fourier transform of the convolution
(fr* f2) ( / fi(r) f2(t—7)dr

is the product of the transform of f; and fs:
(Fy) Convolution Theorem: F(fix fo) =F (f1) - F(f2)

Proof:

Firer = [ ([T @ ae-na)ea
= /_o:o (/: () fat—7) e—“”df) dt.

After swapping the integration sequence and the subsequent substitution
E(t)=t—7 (< d¢ = dt) we obtain

F(f1* f2) / G (/ fo(t—1) *“”dt) dr
/ A (/ fa (€) et €47 d£> i
- [ ne WTC”'/,N f2(6) 1% d

=F(fr) - F(f2)- O
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Example 18.12. To complete Example 18.11, we look for the time function
y (t), which belongs to the spectrum of

F(f(t)S@) - Fle*'S(@1)).

According to the convolution theorem, the time function y(t) is the
convolution of the two functions

fi()=f(t) S(t) and fr(t)=e"""S(1):

v = ief)O= [ HE) )i
= /7 T F () S(r) e T St~ 1) dr.

Since S (1) = 0 for 7 < 0, the integration is to be calculated only from
the lower integration limit 7 = 0. For 7 > 0, S (1) = 1, so

y(t) = /Ooof(T) e e S (t—7) dr.

We split the integral into two parts
t
y(t) = / f(r)e e S(t—1)dr
0

+/toof(7) e e S (t— 1) dr .

The second integral disappears because 7 > ¢ and S (t —7) = 0 for
7 > t. In the first integral 0 < 7 < t and for this range S (t —7) = 1:

= |y(t)=eo! /te(”f(r) dr. o
0

Conclusion: y(t) is, according to Example 18.11, the solution of the inho-
mogeneous first-order differential equation

Y () +ay(t)=f() with y(0)=0.

The above formula is also obtained by varying the constants for a linear dif-
ferential equation with constant coefficients and vanishing initial conditions
(see Volume 2, Section 13.3).
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Remarks:

(1) The convolution integral of two functions f1 and fs is commutative:

‘fl*f2:f2*f1-‘

With the substitution £(7) = (t —7) (— d§ = —d7) we obtain

(f1* f2) (1) /_OO fi(r) fo(t —7) dr
/°° Fi(E—€) F2(€) d = (fax ) ().

—0o0

(2) For integrals of the form

/ch(t—T) S(r) dr

— 00

the discontinuous expression S (0) occurs at the upper (lower) limit of
the 1st (2nd) partial integral at 7 = 0. This function value has no effect
on the result of the integration, since the area under a function does
not change when the function is changed at a finite number of points.

Example 18.13 (Geometric Interpretation). To get a more visual interpreta-
tion of the convolution integral, we choose fi (t) = S (t) and fa (t) = S (¢)
and compute

o0
(o * f2) (1) :/ S(r) S (t—7) dr.
To determine the integral, we consider the sequence of images in Fig. 18.8
(a) to Fig. 18.8 (d).

(a) In (a) the function S (7) is drawn. The step function is zero for 7 < 0
and one for 7 > 0.

(b) The function S (—7) is derived from S (7) by mirroring (= convolution)
on the y-axis, see Fig. (b): S(—7) =0 for 7 > 0 and S(—7) = 1 for
T <0.

(¢) S(t—7) is created from S (—7) by shifting the graph of S (—7) to the
right by t, see Fig. (c).
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(d) Then, the product of S(7) and S (¢t — 7) is shown in (d): S(t —7) -
S(7) =0for 7 < 0and for 7 > t. For the integral [*_S(7) S(t—7) dr
with the integration variable 7 only the range between 0 < 7 < ¢ re-
mains non-zero and has the integral value t.

= (fixf2)( / S(r) St—7)dr=tS(t).

1; (a)

s(¥) 3 >
” (b)
S(_T) O > T
1 (©
S(t-‘t) >
0 t T
1 (d)
S(1) S(t-t) 0 t >

Figure 18.8. The geometric interpretation of the convolution integral

Example 18.14 (Convolution Integral). Find the convolution integral f * h,
where f and h are the functions shown in Fig. 18.9.

T Tt | T
Figure 18.9. Functions f and h

We graphically determine the convolution

/ f(r)h(t—r7)dr

First, as in the Example 18.13, we mirror the function h(7) to get h(—7).
This function is then shifted along the 7-axis by the value T" and then mul-
tiplied by the rectangle function. These four steps are shown schematically

in Fig. 18.10.
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Signal h(t)

\J

’ Convolution h(-t)

\/

Translation h(t-t)

»
>

t T

Multiplication with f(t)
» and Integration wrt t

Figure 18.10. Convolution of the rectangle function with the triangle function

T

153

As we can see in Fig. 18.11, there are four cases in the computation of the

convolution integral:

(1) ¢ < 0: The function h(t — 7) does not overlap with the function f(7).

(2) 0 <t < T: The function h(t — 7) dips with its peak into the graph of
the function f(7).

(3) T <t <2T: The function h(t —7) exits the graph of the function f(7).

(4) 2T < t: The function h(t — 7) does not overlap with the function f(7).

17 t<0 = Area: 0

1) |
T Tt
Ir 0<t<T = Triangle Area:
) I\ Yt
T >
1 T<t<2T = Trapezoid:
(3) t '/, £
. T >
1
t>2T = Area:0
(4)

b

T T

Figure 18.11. Four cases for determining the convolution integral
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The result of the convolution can be written as

0 fort <0
1 42
5=t for0<t<T
h)(t) = T -
T U=y 2 e fer<i<or
0 fort > 2T
and graphically:
(Fh)t
T2
I
I
I
! »
T a1 !
Figure 18.12. Convolution integral (f * h)(t) O

Application Example 18.15 (Solving Differential Equations).

The Fourier transform is not only used to solve first-order differential equa-
tions, but also higher order linear differential equations: For example, a
second-order differential equation is given by

y' () =y (&) =f(t)S ().

Step 1: We apply the Fourier transform

F' (1) W) = (iw)’ Fy(1) ()

and use the linearity property

(iw)* Fy (1) = F (y (1) = F (f(£) S (1))
Step 2: The algebraic equation for the Fourier transform F (y) is solved:

o Fly(t) = —— F(IH)S 1)

1 — w2
1 2

=3 m]:(f(f)s(t))

_ _%f (e71) - F () S 1)),

2«

because according to Example 18.4: F (6_0‘”') = PORL
a’+w
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Step 3: Inverse transform: Using the convolution theorem, we obtain the
solution of the second-order inhomogeneous differential equation

y(t) = — (M) (F(1) S (1)

- ‘5/_Ze_lf'f(t—f)5<t—r)df

= —% /t e I f(t — 1) dr.

Then, of course, the integral on the right has to be calculated for a given
f(t) to get an expression for y(t). ]
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18.4 Fourier Transform of the Delta Function

When analyzing systems with respect to their frequency response, we need
a function () that contains all frequencies at the same amplitude. With
this function as the input signal, the system will be excited equally at all
frequencies. With any other input signal, we would excite the system dif-
ferently at different frequencies. When the output signal is frequency analy-
zed, this information characterizes the frequency response of the system. So
we need a function that contains all frequencies with the same amplitude:

This requirement leads to the Dirac or delta function.

18.4.1 Delta Function

In systems theory and many other areas of engineering and physics, the
impulse function ¢ (¢) plays an important role. This function is often cal-
led the delta function (because of its notation) or the Dirac function, after
its inventor. In physics, this function is said to have the following properties:

Properties of the Delta Function:
(1) 6(t)=0 fort #0
(2) 6(0) =00

3) [wé(t) dt =1

(4) / d(t) f(t) dt = f(0) for any continuous function f : R — R.

Of course, this is not a function in the usual sense, and the theory of distri-
butions (= generalized functions) cannot be discussed here. There is only
this much: The last equation is the essential one, (3) is the special case
f =1, equations (1) and (2) have little meaning!

We will try to explain this phenomenon with the following consideration.
A freely moving body is subjected to an impact F (t) = é with constant
force in the finite time €. Let us define the family of functions d. (t)
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A
1/e Sﬁ(t)

for t <0
for O0<t<e
for t > ¢

de (t) =

Qo O

0 € Tt
With this notation, the pulse function F' () can be written as
F(t)=muvgd. (t).

The total transmitted impulse is

[ee] (oo} 81
Apz/ F(t) dt:mvo/ de (1) dt:mvo/ gdt:mvo.
—00 0

—0o0
The result is independent of the duration €! For ¢ — 0 the same impulse
is transmitted as for a finite £. The limit of the function family d. (¢) for

¢ — 0 gives the delta function (Dirac function sometimes just called impulse
function).

d(t) :=lim d. ().

e—0

1/e

e —0

»
>

0 ¢ t 0 t

Figure 18.13. From rectangular impulse to delta function

The function defined in this way has properties (1) - (4): Properties (1) to
(3) are obviously fulfilled and property (4) can be checked as follows:

| awrwa=[ lrma=-se© [ La=re

3

due to the mean value theorem of integral calculus, where f is evaluated at
a suitable, but unknown intermediate position £ € [0, ]. In the limit € — 0
we obviously get £ — 0, since 0 < £ < ¢, and secondly . (t) — § (¢). This
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is
/ 50 f (@) dt:/ lim 6. (1) / (1) di
— 00 — 00 e

oo

= lim [ 5.(t) f(t) dt= F(0).

e—0 — 0

It is important to note that the delta function is a functional defined by
the integral property

| rwswa=so

which is valid for any continuous function f(t¢). This is the universal pro-
perty of the delta function. More generally:

Property of the Delta Function

[ tmse-na=sa.

Because
/_°° fr) 8t —7) dT:/_Oo FE+€) 5(€) dE= F(t+E)leg=F (1)

This relationship is called the hide property of the delta function, because
a single value of the function f is “suppressed” by t.

Remark: The hide property can also be used to show that the delta function
is independent of the selected function family d. (¢): Because if 07 (t) is the
limit value of one function family d1. (t) and d5 (¢) is the limit value of
another function family g, (t), then due to the hide property of 07 (t) we
get

)= [ - amd=[ 5 b60-9d=50.

The last equality holds because of the hide property of ds (¢). Hence, ds (t) =
91 (t) for all t € R. |
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18.4.2 Fourier Transform of the Delta Function
The basic property of the delta function is that for any continuous function

¢ ()
| i@ e a=v).

—twt

We apply this rule specifically to ¢ (t) = e

[ S(t) et whdt = e? o = L.

The left side of the equation is the Fourier transform of the function § (¢);
so the Fourier transform of the delta function is the constant function

F(6) (W) =1.

The delta function is therefore exactly the function needed for system
analysis, containing all frequencies with the same amplitude 1.

Remarks:
(1) If we substitute the result of this transformation into the inverse formula

of the Fourier transform (FT), we obtain

5(t) = = /Oof(a)(w)ewtdwzi T eetde (%)

~or o 21 J_ o

We compute the improper integral (x)

1 /e 11 ‘ e
(@) = lim — / e'“tdw =lim — — (ezwt)’w:i/ls/s
e=0 21 —1/e e—0 21 it
11 i ; sin (¢
= lim — — (elit—eﬂ%t) = lim M
e—0 21 1t e—0 Tt

So the delta function can be identified as the limit € — 0 of the family

in( L
of functions % already discussed graphically in Example 18.1.

(2) If the Fourier transform is applied again to the equation (*), the symme-
try property (F») gives the Fourier transform of the constant function:

F (1) (w) =276 (w).
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Examples 18.16.

@® We calculate the Fourier transform of the step function

1 1
S(t) = §+§sign(t).

According to Example 18.6 the Fourier transform of f (t) = 1 is

- C) (w) = —i 7 sign (w).

We apply the symmetry property (F») on this identity to get the trans-
form of sign(t)

F (sign (1)) (w) = ——F(F(

Using the linearity (F}) of the Fourier transform we obtain

F G T %sign (t)) (w) = %]—"(1) (w) + %F(sign ®)) (@)

® With the shift properties (Fy) and (F5) we calculate the Fourier trans-
forms of the shifted delta function and e‘“o?

F(6(t—t0)) (w) = e*«",
F (e"*0) (w) = 276 (w — wp) -
® Applying the modulation property (Fg) for the function f () = 1, we
conclude
F(cos (wot)) (w) =76 (w—wp) + 7 (w+ wp).-

This result means that cos (wgt) contains only one frequency wp. The
Fourier transform gives only a single line as the spectrum of cos (wq t).
However, if the spectrum of cos (wgt) is measured in a finite time in-
terval, this line will be expanded according to Example 18.10!
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@ Using the hide property of the delta function we can evaluate

5 (t—to) = / 0(r—to) f(t—7)dr

(t—7)| to—f<t_t0) u

Example 18.17 (Fourier Transform of Periodic Functions). Let f be a T-
periodic function. According to the complex formulation of Fourier series

for periodic functions with wg = we have the identity

T b

%S
— § Cn eznwot.
n=-—0oo

Because of the linearity of the Fourier transform, we compute according to
Example 18.16 @

o0 oo

F(f@)(w) = Z cn]:(ei"“()t) (w) =27 Z end(w—nuwp).
The Fourier transform of a periodic function is given by the spectrum of
the Fourier series. Therefore, the spectrum of any signal f (¢) is the Fourier
transform F (w) of the signal. |

18.4.3 Representation of the Fourier Transform of §(¢)

Visualization: The transition of the spectrum of the function family J. (¢)
for € — 0 to the spectrum of the delta function will be visualized. According
to Example 18.1 we have the relationship between a rectangular function
with length 7" and height % and its spectrum

Fr(w) =F (£ rect(%t)) (w) = 75“1(:17:/2),

which is also shown in Fig. 18.14.

For T — 0 the time function o7 (t) = & rect(%t) converges to the delta
function. The spectrum Fr (w) is now discussed as a function of the para-
meter 7: The maximum amplitude is 1, independent of T'. The first two
zeros of the spectrum are w = :I:QT“; dependent on 7.
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1A 8:(t)

2n
2

1

1

l
112 T

Figure 18.14. a) Time function dp(t),

b) Spectrum Frp(w)

For T — 0 these zeros go towards +0o which means that Frr (w) approaches

the constant function 1:

or (t) —= 4(b),
FT(w) Tig) 1.

~
1
o

The transition Fp (w) — 1 for T — 0 can be illustrated quite well. We use

the spectrum

P 9 sin (% w T)
TiI=2—
wT
and vary T'.
| T=1 T=119 T=1/25
y y
-2 0 209’/\\/ 0 \//\‘QDO 200, 0 200
T=1/49 T=1/100 T=1/225
T -
/ y y
200 0 200 -200 0 200 -200 0 200

Animation: The images show that the maximum amplitude
always remains at 1, but the first zero (and all the other ze-
ros) move towards £o0, so the limit function is the constant
function F' (w) = 1.

O
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18.4.4 Correspondences of the Fourier Transform
Function f (¢) Fourier Transform F(w) = F (f) (w)
0 (t) 1
1 2m 0 (w)
cos (wo t) 70 (w—wo) + 7 (w+ wo)
sin (wo t) gé(w—wo)—gé(w—i—wo)
. 2
sign (t) o
S () 5 (w) +
T W
T m W
S (t) cos (wot) 56(w—wo)+§6(w+wo)+w
. 7r ™ wo
S (t) sin (wo t) Eé(“’_wo)_ﬂé(wonwg—w?
S (t) e”** 1_ (a>0 or Rea>0)
a+rw
S(t)t"e_at ;(a>0 or Rea > 0)
n! (a+iw)™ !
_ W+ a
S (t) et cos (wo t T8 (4>0 or Rea>0
® (wot) T )
S (t) e " sin (wo t Y0 @>0 or Rea>0
® (wot) o | )
2a
—alt|
e , a>0 e

2a (w2+w(2)—|—a2)

0

—at|
e cos(wot), a>0 (a2 1 (2P 1207 1 B
1 for |t| < T :
e L) = 251nu(ij)
0 forlt|>T
U for [t <T in? (&I
4 wT
A(L) = T sin? (<1)

for [t| > T

T w?
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18.5 Problems on the Fourier Transform

18.1 a) Determine the Fourier transform of

_T T
f1(t)={A for 5 <t< 3

0 otherwise

b) Consider the function F (f1) (w) for A = %
¢) What is the Fourier transform for

A for to<t<to+T
t) = ?
F2(®) { 0 otherwise

18.2 Determine the spectrum of the triangular signal

_JAQ=]F]) T
f(t)_{ 0 1| > T

18.3 a) Calculate the Fourier transform of e~ sign (t) (see Fig. (a)).
b) Calculate the Fourier transform of cos-pulse (see Fig. (b)).

A

Fig. (a) Fig. (b)

\/

—4+

18.4 Take the Fourier transforms of 18.1 - 18.3 and plot the result. Can you
decide which functions have a jump, which have a non-zero mean and
which have?

18.5 Calculate the Fourier transform of the function f (¢) shown in Fig. (c).

f(t)
2A

Fig. (c)

18.6 Show that the Fourier transform is a linear transform, i.e. that the su-
perposition law holds:

Flarfi+as fo) =a1 F(f1)+ a2 F(f2).



18.7

18.8

18.9

18.10

18.11

18.12

18.13
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a) Prove the scaling property F (f (at)) (w) = ﬁ F(f@)(2).

a

b) Prove the displacement law F (f (t — to)) (w) = e™™°f F (f (1)) (w).
Demonstrate by mathematical induction that

Fl=it" )= L F(f) (@) = F™ (@)

T dwn
where F (w) = F (f) (w).

Use the properties of the Fourier transform to find the transform of

a)6(t)  b)d(t—te) o)L (5(t+te)—d(t—to))  d) sin(wot)

Show that the following identities are valid
a) F(e"*") (w) =276 (w—a)
b) 6 (t —to) * f(t) = f (t —to)

What is the convolution of the rectangular pulse with itself, where
rect ﬁ ! It <
T) 10 |t| >

Calculate the Fourier transform of the functions given below
A A
1

a) b) T

N

2T t

c)

Use a sketch to find the convolution f * h of the functions for a) ¢ <0
b)0<t<T c)T <t
A
1\ f(x) 1 h(t)
1-e"
T >
0 T T
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Chapter 19
Partial Differential Equations

Many important problems in applied mathematics and physics lead to partial differen-
tial equations (PDE): to equations that establish relationships between one or more
functions of several variables and their partial derivatives. There are three classical
second-order PDE, which we see in many applications and which dominate the theory
of PDE:

(1) 88722 u(z,t) = 5—;2 u (z,t) is the Wave Equation. u (z, t) describes, for exam-
ple, the vibration of a stretched string at the location z at time ¢. This PDE also

occurs when studying acoustic, electromagnetic or water waves.

2 . A
(2) Zu(z,t)=0a> [;9? u (z,t) is the Heat Equation. u (x, t) represents, for exam-
ple, the temperature distribution in a bar at the location x at the time ¢t. This

PDE is used to describe heat conduction and other diffusion processes.

3 ;—; u(z,y) + % u (z,y) = 0 is the Laplace Equation. u (z, y) describes, for
example, the electrostatic potential in a plane problem. This PDE also occurs in
other steady-state problems such as a steady-state heat flow, the deflection of a
membrane, electric and magnetic potentials.
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19.1 Introduction

Many important problems in applied mathematics and physics lead to par-
tial differential equations (PDE): to equations that establish relationships
between one or more functions of several variables and their partial deriva-
tives. Two arbitrary examples of PDE are

3 2 2
%u(x, )+ (gtu(x, t)) = %u(m, t) for u(x, t),

0 0 0 0
7 & (z, y) oy " (z,y), oy " (z,y) e (z, y) for u(z, y),v(z, y)

The order of a PDE is the highest partial derivative occurring in the equa-
tion.

There are three classical second-order PDE, which we see in many applica-
tions and that dominate the theory of PDE:

(1) 88—; u(z,t) = c? 3%22 u (z,t) is the Wave Equation. u (x, t) describes, for
example, the vibration of a stretched string at location x at time t.
This PDE also occurs when studying acoustic, electromagnetic or water

waves.

(2) % u(z,t) = a? 8%22 u (z,t) is the Heat Equation. u (z, t) represents, for
example, the temperature distribution in a bar at location z at time
t. This PDE is used to describe heat conduction and other diffusion
processes.

o2 82 . . .

(3) Fmul(xr,y)+ Pg7 U (z,y) = 0 is the Laplace Equation. u (z, y) describes,
for example, the electrostatic potential in a plane problem. This PDE
also occurs in other steady-state problems such as a steady-state heat
flow, the deflection of a membrane, electric and magnetic potentials.

In addition to the PDE, the initial and/or boundary conditions must be
specified to completely describe the behavior of the underlying physical pro-
blem. In the following sections we will not cover a systematic approach to
PDE, but we will solve special linear PDE, such as those mentioned above.
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Notation: The partial derivatives are abbreviated by

92
ox dx?
The same applies to the other variables. With this convention the three
classical PDE are

Uy (2, 1) = —u(z,t) or uy, (z,t) = u(x,t)

(1) up = 2 Uy (2) w = a® Upy (3) Uze + uyy = 0.

Classification of second-order linear PDE. Second-order linear PDE have the
general form

Atugy +2Bugy +Cuyy +Duy + Euy +F =0 (%)

with functions A, B, C, D, E and F which can depend on z and y. The
discriminant of the PDE (x) is the function

d:=AC — B2
The PDE (%) is called .
parabolic if d =0,

hyperbolic if d <0,
elliptic if d>0.

These names come from analytic geometry, where
ar® +2bxy+cy*+drtey+ f=0
represents a parabola, hyperbola or ellipse, depending on whether

ac—b>=0,<0 or >0.

Examples 19.1.
® The wave equation uy = ¢ Uy, is hyperbolic:
A= B=0,C=-1 = d=-c<0.
® The heat equation u; = o uy, is parabolic:
A=0o?, B=C=0 = d=0.
® The Laplace equation gy + yy, = 0 is elliptic:

A=C=1,B=0 = d=1>0. O
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19.2 The Wave Equation

As a model for the wave equation, we consi-

u
der an elastic string of length L fixed at the
ends and deflected in the vertical plane. We
look for the vertical deflection depending on b L > X

the position z at time ¢: u (z, t).
Figure 19.1. Elastic string

19.2.1 Deriving the Wave Equation
For the vertical deflection u (x, t) of a vibrating string, the PDE is derived
under the following conditions

(V1) The string tension Fy = |F (z) | is constant along the string.
(V3) Only small deflections are taken into account for w.

ﬁ(xmx)

Y

I X X+AX

Figure 19.2. Shear force F,

For the shear force (force in the direction of u) at point x, we compute for

small deflections

9
F,(2) = —Fy sina~ —Fya~ —Fy - tana = —F, <(,);’> :

The same applies to the lateral force F, at position z + Az

ou ou o%u
Fulwt fz) ~ Fy (m)w ~Fo Kaxl o (aw)ﬂ !

if (%)erAa: is linearized according to the formula f (z + Azx) =~ f(x) +

f'(z) - Ax. On the string element between z and x + Az, the total force is
AF = F(2) + F(z + Az)

and its component in u-direction is

2

0
AF,=F,(z+ Az) — F, (z) = Fy Am@u.
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This transverse force accelerates the mass element Am = p-Ax- A, where p
is the density and A is the cross-section of the string. According to Newton’s
law of motion (the accelerating force m - a is equal to the sum of all the
forces acting), we have

0? 02
Am U= AF,=F Az 2%
d? Fy 0° .
= apl (z, t) A 92 (z, t). (Wave equation)

Fy is the tension of the string, p is the density and A is the cross-sectional
area of the string. In the following subsections, this wave equation is solved
for different physical conditions:

19.2.2 Infinitely Extended String (Initial Value Problem)
Let f be a 2-times continuously differentiable function of one variable. Then
the solution of the wave equation is obtained by the approach

u(zx, t) = f(z+ct).
Using the chain rule we compute
Upe (2, 1) = f" (x4+ct) and  uy (z,t) =2 " (x+ct).

Inserting the two second-order derivatives into the PDE gives

F Fi Fi

2 el 0 pen 2 0 0

c T+ct) = — T+ct) = =— = c=%4—.

[ (@ +ct) pAf( ) oA \ oA

f (z + ¢t) describes a wave moving in the negative z-direction with ve-
locity c¢;

f (z — ¢t) describes a wave moving in the positive z-direction with ve-

locity c.

So the solution is
u(z, t) = f1(z+ct) + fa(x —ct)

with any 2-times continuously differentiable functions f; and fs.
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(® Considering Initial Conditions

To specify the solution in more detail, we need to consider an initial deflec-
tion u (z, t = 0) = up (z) and an initial velocity us (z, t = 0) = vg (z). We
insert the initial conditions into our solution

u(z,t=0)=uo(v) = fi(z)+ f2(v) (1)

ug (2, t=0) =wvo () = ¢ (fi(x) = fr(=). (2
We integrate (2)

X

h@) - =y [ wOdrE @)

Zo

and add and subtract equation (1) from (2’). Hence,

fi@) = guo @)+ o [ (€ e+

fa0) = quo@) - 5 [ w(ede- 5.

Finally, we obtain the result including the initial deflection ug (z) and the
initial velocity vg ().

Solution of the Wave Equation

The solution of the wave equation for the initial displacement ug ()
and the initial velocity vg () is given by

1 x+ct
u(x,t)zi[ug(x+ct)+uo(x—ct)]+%/ vo (€) d€
(d’Alembert’s formula).

In the case of no initial velocity, vg (x) = 0, the solution simplifies to

u(z, t)=2uo (@ +ct)+ ug (@ —ct).

t=0
t>0 t>0
JUs(x+ct) 3 Ug(x-Ct)
< 7\ o(X [\ g
» X

Figure 19.3. Waves moving to the right and to the left
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Interpretation: The first term describes the propagation of the initial
deflection to the left and the second to the right, each with half the
amplitude.

(® Application: Whip Cracking

When a whip is cracked, a one-sided “infinite”
extended string is led at the other end. If the
whip is deflected by raising and lowering the left
string end, the string has an initial deflection of
the shape f (x) at the beginning (see Fig. 19.4).
Then

<y

Figure 19.4.
Deflection of the whip u(z, t) = f(z—ct)

is the solution of the wave equation with the initial conditions

u(r,t=0)=f(z) (and f(x)=0 for z <0),
u(x=0,t)=0 for all t.
The solution is a wave running to the right. The velocity is ¢ = p%.
As the cross-section A decreases, the velocity ¢ increases. When the cross-
section A is small enough, the velocity ¢ becomes greater than the velocity
of sound vspyung and the whip cracks.

Visualization: For the graphical representation we have chosen
a Gaussian pulse as the initial deflection. We can see how the
Gaussian pulse moves to the right and also, that the speed of

the pulse increases as the cross-section is reduced.

19.2.3 Tensioned String (Initial Boundary Value Problem)
To determine the deflection of a guitar string u (z,t) at time ¢ at location
z, we need the PDE

2

Ut (2, 1) = €% Uy (2, 1),

the initial deflection ug(z), the initial velocity vo(x)

u(z, t=0) = ug (z)

wp (£ = 0) = vo (x) } (Initial conditions)


https://www.imathonline.de/ani/welle1d.gif
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and two boundary conditions. At x = 0 and x = L the deflection of the
string is always zero:

u(r=0,t)=0 forall ¢

B lues).
u(r=1L,t)=0 forall ¢ } (Boundary values)

Since both initial conditions and boundary values are given, this problem
is called an initial boundary value problem.

If we observe the motion of a stretched string, u

each point on the string will vibrate. The am- T/\

plitude of this oscillation depends on the - { \//\ >y
position of the point on the string. If the os- x=0 XL
cillation is denoted by T'(t) and the amplitude ~ Figure19.5. Tensioned string
by X (z), a solution u(x,t) is sought which can be written as the product of

a position function X (z) and a time function T'(¢). The time function 7T'(¢)
then has a position dependent amplitude X (x). This product approach

u(z, t) =X (z)-T(¢)
is used to separate the variables. Here

X (x) is a purely location-dependent function,
T(t) is a purely time-dependent function.

Substituting this product into the PDE gives
X (2)-T" () = X" (z)- T (1)

and after the separation

V() L X" (2)

T ¢ X()

Since the left side of the equation is not dependent on z, it is constant with
respect to x. Since the right side of the equation is not dependent on ¢, it
is constant with respect to t. So the constant does not depend on either ¢

or x:

T/l t X/I
®) = (z) = const = —w?.

T(t) X (z)

The case of a positive would constant would lead to a non-physical solu-
tion and is therefore not pursued further. This product approach reduces
the partial differential equation to two ordinary second-order differential
equations:
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(1) Time Dependency:

T (t)+w?T(t)=0 = T (t)= A cos(wt)+ B sin (wt).

(2) Position Dependency:

UJ2

X”(x)—i—C—X(a:) =0 = X(z) :Dcos(%x)—i—E sin(w

Note that the two ordinary differential equations are each oscillation equa-
tions. Therefore, the general solution can be given directly as in Example
16.7. The solution of the PDE is

u(z, t) = [D cos(% z) + E sin(% z)] [A cos (wt) + B sin (wt)]. (%)

(® Considering Boundary Conditions

Not all functions satisfying the representation () are solutions of the given
problem, because for the guitar string the boundary conditions

u(zx=0,t)=u(z=L,t)=0

must be satisfied for all times ¢. The solution must therefore take into
account that there is no deflection at the edges.

z=0: u(0,t)=0 forall t = Dcos(2-0) +E sin(2-0)=0
—— ——
=1 =0
= D=0

t=L: u(x=L,t)=0 forall t = FE-sin(£L)=0.

To get not only the zero solution, it must be £ # 0 and sin (£ L) = 0. The
sine term becomes zero if its argument is a multiple of 7:

w
= — - L=nm.
c
So only certain discrete frequencies are allowed:

Wnp =N+ —"'C, n € N.

T
L
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n=3 n=4

NN O AN
0 L o NNt o \V/ to VWV A

Figure 19.6. The first 4 modes of a stretched string

For each n € N
(@, 0) = sin (n7-) fan cos (0 7 et) +bo sin (n 7 ct)]
Uy (x, t) = sin an a, CoS nLc , SIn nLc

a solution of the PDE and satisfies the boundary conditions. Only fre-
quencies w,, that give rise to standing waves are allowed, so the functions
are 2L-periodic. The general solution for a vibrating string is obtained by
superposing all the standing waves u, (z, t):

u(zx, t) = Z Up (z, 1)

sin (n%x) [ancos (n%ct) + b, sin (n%ct)] .

ney and (by)
known. They result from the initial conditions:

8

)

I
—

n

In this representation the coefficients (a,) y are still un-

ne

(® Considering Initial Conditions

The initial conditions are

u(x, t =0) =1ug( Zansm(n—m) Zan&n(nx)

This is the Fourier series of the 2L-periodic function @g (), which is ob-
tained from ug (z) by mirroring wug (z) at the origin and then continuing
2L-periodically to all x € R.

Co(X) Uy(X)

S

— ~ >
-L S < 710 +L S
\\/

Figure 19.7. Initial deflection ug(z)
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According to Chapter 17 (Fourier series), the Fourier coefficients of a 2L-
periodic, point-symmetric function are

2 b _ 2
an = 5 ; uo(az)sm(nZLx) dx

1 [F . ™
= 2Z /0 ug (z) sin (nf x) dx.

The same arguments apply to the initial velocity

ut(%t:O):vo(x):i (bn n%c) sin(n%m).

This is the Fourier series of the 2L-periodic function @y (x), which is ob-
tained from vy (z) by mirroring v (z) at the origin and then continuing
2 L-periodically to all R. Consequently,

g =t [

- . 2m
3 /. Up (x) sin <n2L x) dx

1 (L
23/0 vo (z) sin (n%x) dx.

Summary: Wave Equation with Boundary Conditions

The solution of the wave equation
g (x, 1) =  Ugg (, 1)

with the boundary values u (z =0,t) = u(z =1L, t) =0 for all ¢
and the initial values u (z, t = 0) = ug (z) and u; (z, t = 0) = vg (x)
for 0 <z < L is given by

u(z, t) :i sin (n%az) [an cos (n%ct) + b, sin (n%ct)] .
n=1

The coefficients a,, and b, are the Fourier coefficients of ug (x) and
vo (z):
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Physical Interpretation: We write the solution as
= T T
u(z, t) :Z A, sin (n Zx) sin (n 7 ct+ gon> ,
n=1
which represents the superposition of harmonic oscillations with
Amplitudes A, sin (%" z) (dependent on z)

Phases ©n (independent on )
Frequencies w, =n T c.

179

The solution is called a standing wave. The string performs harmonic oscil-

lations with phases ¢,, and position-dependent amplitudes A,, sin (n

).

The string produces a tone, whose volume depends on the maximum am-
plitudes A,, = y/a2 + b2 . For n = 1 we get the basic tone, for n = 2, 3,

4, ... we obtain the overtones.

Example 19.2 (With MAPLE-Worksheet). Given is an initial deflection (see

Fig. 19.8), corresponding to plucking a string.
%o T 0<z<lh
L
ug () =
Uo

L-1

(L—2z): 1 <z<L

The initial velocity vg is zero.
uO
T 4
e
A -

Figure 19.8. Initial deflection ug(z)

Partial integration calculates the Fourier coefficients a,

9 L
ap = — / ug () -sin (n T z) da
L Jo
2 I L
:L</o zox-sin(an)dx—F/ll LqﬁJll (L—a:)-sin(nfx)dm)
2 7(—sin (%ll)L—i-nw cos("’ill) i) Lug B up L? sin (n )
L n2 w211 (L—1y) n?nw?

ug L (—sin (2Z8) L — L cos (2F1) nm+nm cos (231) 1)

(L—ll) 7127T2

) |
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With sin(n ) = 0 the coeflicients are simplified to

uo L? sin (””Tll)

n = TL27T211 (L—ll)'

For the initial velocity vg (x) = 0 the coefficients b,, = 0 do not appear, so
the solution is given by

u(z, t) = ll(QLuole)wQ i % sin(n%h) sin(n%x) cos(n%ct).
n=1

Animation: The corresponding animation shows the time be-
havior of the standing wave. The tip of the string collapses;
the right flank remains stationary at first. The tip moves until

it reaches the maximum negative deflection. It is then reflec-
ted and returns to its initial deflection. O

(> About the Timbre

The timbre of a sound is obtained by superimposing all the harmonics on
the fundamental. The different timbres are due to the fact that the harmo-
nics contribute to the sound with different amplitudes.

Plucking the guitar produces a different sound depending on whether the
string is plucked in the middle (1) or near the edge (2).

(1) When plucked in the middle (I; = % in Example 19.2), the amplitudes
are A, = |a,|

8w 11 1
A)=—-21(1,0 -,0, —, 0, —,0,...].
( n) 71_2 < ) 07 97 07 257 07 497 O’ >

The overtones are very weak because the amplitudes decrease with %
The sound is clear.

(2) When plucked at the right edge (I; = L) (the slope of the string at the
right edge is neglected), the amplitudes are obtained by applying the
QUU

rule of 'Hospital A, = or

m™n

_2’LL() 1 11
=2 (L.

The overtones are strongly represented, as the amplitudes decrease with

%. The sound is hard and indistinct.
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19.3 Heat Equation

To illustrate the heat equation, we consider a metal bar of length L with
a rectangular cross-section of width b and height h. T (z, t) denotes the
temperature in the bar at position x at time ¢. T}, is the ambient tempe-
rature. The one-dimensional problem of heat transfer in the x-direction is
considered.

0 X x+dX L
T(x) T(x+dx)

Figure 19.9. Heat transfer in z-direction

19.3.1 Deriving the Heat Equation
To introduce the heat equation, we summarize the physical laws describing
heat transfer in solid materials:

(1) The amount of heat @ flowing in x-direction through a surface A = b-h
in the time At is given by

oT

0Q=-AANt—.

ox
The amount of heat is proportional to the temperature gradient g—:
Since heat flows from hot to cold, §Q ~ _% applies. A\ is the material

specific thermal conductivity.

(2) The amount of heat 0Q) stored in a volume of mass m and specific heat
¢ is given by

5Q=CTTL (TQ—Tl)zcm AT,

where AT = (T, — T1) is the temperature difference at the ends of the
volume.

(3) The amount of heat that the body can give off to its surroundings is
proportional to the surface M and the temperature difference between
the body and the surroundings

0Q=-Maoa (T-T,).

« is the heat transfer coefficient.
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The energy balance is based on the energy consumption shown in Fig. 19.9
dV =b-h-dx:

The change in energy per unit time At in the mass element dm is

= Heat flux into the mass element through the surface
A at position z

+ Heat flux out of the mass element through the surface
A at position x + dx

+ Heat dissipation to the environment.

Using the physical laws (1) to (3) we can write the energy balance in the
form of an equation

0Q oT oT oT
T — NA [ = Al —
ot cdm ot A (85€>z+)\ (ax>x+dz

-2 (b+h)dea (T-T,).

~ (OT 82T .. . .
s N (8w)w + dx (612 )T is linearized and this

linearization is inserted into the above equation, it follows with dm = p -

dV=p-b-h-dx

If the expression (%)

oT oT oT 0*T
) A O 2 (b+h)
= aT(m,t)—E—GQUQT(x,t)—aicpbh (T(z,t) — Ty). (*)

This is the heat equation with heat dissipation to the environment.

We will solve the heat equation for two special cases: In Section 19.3.2 the

heat equation is treated without dissipation to the environment (o = 0)

and in Section 19.3.3 the steady-state heat profile caused by dissipation to
T

the environment is determined (%T = )

19.3.2 Solution for o = 0 and Thermal Insulation at the Ends
With thermal insulation to the environment (o = 0) we get the pure heat
equation in the form
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Heat Equation

7] A9

T(x,t).

To determine the temperature in the beam at any time ¢, both the initial
temperature distribution T (z, t = 0) = T () and the boundary conditions
at the ends of the beam are required. If the ends are also insulated, there is
no heat transfer through the edges at any time, ie. T, (x =0, t) = 0 and
T, (z = L, t) = 0. Note that the heat flow is proportional to the gradient
g—g! If the ends were kept at a constant temperature, we would have to
consider T (x =0,t) =T, or T (x =L, t) =T,.

We have a bar of length L which is insulated over its entire surface, including
the ends at z = 0 and z = L. We assume an initial temperature distribution
To (x). The temperature distribution at later times is sought:

up(x,t) = KUge(z,t) with kK = c)‘—p (%)
u(z,0) = Tp(x) Initial temperature distribution
ug (0,t) = wg(L,t)=0 Boundary values.

A\ Not to be confused with the time function T (t), we write the tempera-
ture distribution we are looking for u (z, t). As with the wave equation, it
is helpful to choose a separation approach to solve this problem

u(z, t) =X (z)-T(t),
where . " .
X (x) is a purely position-dependent function,

T(t) is a pure time-dependent function.

Inserting this product into the differential equation (*) yields
X)) T (t)=r X" (z)-T(t)

e X',
KT X (o) - comst=k

Since the left term does not depend on z, it is constant with respect to x.
Since the middle term does not depend on t, it is constant with respect to t.
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So the constant does not depend on either z or t: const = +k2. A positive
constant would lead to an exponential increase in temperature at x = 0
and a decrease at x = L, which is physically impossible. It contradicts the
second main theorem of thermodynamics which states that entropy always
increases. Therefore —k? is assumed to be the constant.

From this product approach we get two ordinary differential equations:

(1) Time Dependency: 7" (t) + k k* T (t) = 0. This is a homogeneous first-
order linear differential equation with the solution

T(t) = De rk1
(see Volume 2, Section 13.2 on First-Order Differential Equations).

(2) Position Dependency: X" (z) + k% X (z) = 0. This is the oscillation
equation with the general solution

X (z) = A cos(kx)+ B sin (kz)

(see Example 16.7).

So the solution of the PDE can be written as

u(z, t) =e "%t (a cos(kz) + b sin (k).

(® Considering Boundary Conditions

In the case of insulation, there is no heat transport at the ends x = 0 and
x = L: Hence, uy (0, t) = uy (L, t) = 0 for all t. To take account of these
boundary conditions, we determine the partial derivative of the solution
with respect to «

Uy (z,8) = e "% (—ak sin(kz) + bk cos (k)

and evaluate this derivative at + = 0 and at © = L:
x=0: ug (0,t)=0 forallt = b=0.

x=L: Uy (L, t) =0 forallt = asin(kL)=0.
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If a = 0, then u (z, t) would be zero. So to get a non-zero solution we use:
a#0 and sin(kL)=0= k-L=nn n=20,1,2,3,....
Only discrete wavelengths (eigenvalues) k, = n 7 are possible. These are

only the wavelengths that have bulges at the ends of the bar, because the
corresponding functions are cos (n T x) For each n € Ny there is a solution

Up (z,t) = ane "~ ("E)°t cos (n ).

However, due to the law of superposition, every linear combination is again
a solution of the heat equation

oo (oo}
2\2
=  u(x,t) :Z up (z, t) :Z ane (M E) teos (nEx).
n=0 n=0

The coefficients a,, depend only on the given initial temperature distribution
u(z, 0) =T (x).

(® Considering the Initial Condition

o0 o0
u(z, t =0) =Ty (z) :Z a,, cos (n%x) :Z a, cos (ng—zx)
n=0 n=0

This representation is a 2 L-periodic Fou- T

rier series. Since it contains only cosine T,(%)
terms, it must be axis-symmetric with

respect to the y-axis. So we mirror Tp () | > x
around the y-axis and then extend it L 0 +L

2 L-periodically to R. Figure 19.10. Initial temp. Tp(x)

The coefficients a,, are the Fourier coefficients of the initial temperature
distribution Tj (z) which can be computed using only the information of
To(x) between 0 and L:

1 L s
an:2z/0 T (x) cos(nzx) dx

1 L
ag = E/o To () dx.
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Example 19.3. We examine the temperature u (x, t) in a thin copper wire
(0 <2 < L =1) with material constant x = 1.14. At the initial time £t =0

19. Partial Differential Equations

Summary: Solution of the Heat Transfer Equation

The solution of the heat equation
ug (2, t) = Kugy (x, t)

with kK = ﬁ, the boundary values u,, (0, t) = u, (L, t) = 0 (thermal
insulation) and the initial temperature distribution Tp (x) is given
by

> —K )2 s
u(z, t) :,;)ane (n£)"t cos(nzx),

where a,, are the Fourier coefficients of the even, 2 L-periodic ex-
tension of Ty (z):

2 [ T
a":Z/o To(x)cos(nzx)dm n=1,23,...

=

ag =

L
/ To (z) dx.
0

the wire has the temperature profile

The ends of the bar are thermally insulated. We are looking for the tempe-

To (x) =10+ 5 cos (2w x) + 4 cos (47 ) + cos (67 z) .

rature behavior over time for ¢ > 0.

Solution: The temperature u (z, t) satisfies the boundary value pro-

blem
u(z, t=0) =Ty (z)

= K Ugy ith
Ut = KUgy W1 {Um (0, 1) — uy (L, ) = 0.

The Fourier coefficients of Ty (z) are agp = 10, az = 5, a4 = 4 and
ag = 1; otherwise they are zero. So the temperature for times ¢ > 0 is

u(x, t) =10 + FemlAmt og (2mx) + 4 L1167 oo (4m x)

1 o1 14:36m% ¢ (o (67 ).
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® Interpreting the Solution

At time t = 0 the temperature distribution is given by

> 7r - T
u(z, 0) = Z an cos(n T x) = ap+ Z an cos(n T x) =To(x).

n=0 n=1

)2
For times ¢ > 0 the terms n > 0 include the damping factor e™ " (ng)°t,
Therefore, we split the sum into

(o)
o \2
u(z, t) =ao+ Y an e (M E)" cos(n z ).
n=1

x\2
For large times this amplitude e " (ng)t approaches zero. Then, the tem-
perature distribution approaches the value

1 (L
u(z, t) =X ag = — / Ty (x) dx .
L Jo
This is the integral mean of the initial temperature distribution. The initial
temperature distribution melts and a constant homogeneous mean tempe-
rature ag is finally reached.

_E Zki[E]  Animation: The animation shows the time course of the mel-

id ting for the parameters L = 1, k = 0.15 and the initial tem-
[=];

process is quite fast at first, but slows down over time. m|

5
perature distribution Ty (#) =10+ 5 Y - cos(n T x). The
n=1

n2

19.3.3 Solution for o = 0 and Fixed Temperatures at the Ends

The solution to the heat equation for insulation (« = 0) is given if the ends
of the beam are kept at constant temperatures, T; at the left end and T, at
the right end. However, we can transform this problem into a zero boundary
temperature problem as the next note shows.

Note: In the case of non-zero temperatures at the ends, the problem trans-
forms into a vanishing boundary temperature problem.

If the temperatures at the ends are non-zero,
Tx=0,t)=Trand T (x =L, t) =T,
then a solution u(z,t) of the heat equation is to be found

up(x,t) = KU (2, 1)


https://www.imathonline.de/ani/waerme.gif
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with u(z, 0) =Tp (x) initial temperature
and u (0, t) =Ty, u(L,t) =T,  boundary values.
Using
x x
iz, t) = u(z,t) — (1— T — 21,
U(J}, ) U(JZ, ) ( L) l L

the original problem transforms into a heat problem for @(x,t) with
vanishing boundary conditions, because for @ the boundary conditions
are
Wr=0,t)=u(x=0,¢) -, =T, —T;=0
Wr=Lt)=ux=Lt)-T, =T, -1, =0

but with modified initial temperature

T,

lE]

i(r,t =0) =u(r,t =0)—(1—-F)T;
=To(x) -(1-%)Ti— ¢
,t).

The heat equation also applies to 4(x

T..
O

According to the note, we consider the case where the ends of the beam
have zero temperatures T (x =0, t) = 0 and T (z = L, t) = 0. We look for
the solution to the heat transfer equation

up(2,t) = K Uge(x,t)

with u(z, 0) =Tp (x) initial temperature
and u (0, t) =0, w(L,t) =0  boundary values.

Following the same procedure as in Section 19.3.2, the solution of the heat
equation is

u(z, t) =e "% (acos(kz) +bsin (kz)).

Considering the boundary conditions: We conclude from u (z =0,¢t) = 0
that @ = 0 and from u (z = L, t) = 0 that sin (k L) = 0. The latter equation

states that only discrete wavelengths —k, =n T are possible. These

wavelengths produce knots at the ends of the beam because the associated

solutions are sin(n T x). For each n € N we get a solution of the form

—r(nf)"e sin(n T x)

G E]

Up (x, t) = by e



19.3 Heat Equation 189

and by superposition

s

u(x, t) :Z bn 67”(”%)2’5 sin(n T x). (%)

Considering the initial condition: The coefficients b,,
oo
u(z, t=0) :Z by sin(n ¥ x) = Tp (x) .
n=1

are implicitly defined. The b,, are the coefficients of the Fourier series of the
initial temperature distribution: We mirror Tj (z) at the origin to [—L, 0]
and then extend it 2L-periodically to R:

1 /L
bn:Z/ Ty (x) sin(n T x) dx n=1,23,...
0

Interpretation: Starting from 7Ty (), the initial temperature distribution
o \2
melts again. But since each term contains the damping factor e " (n %) £

the final state is

u(zx,t) >0 for large t,

and the body reaches the constant final temperature 0°. O

Example 19.4. We look for the temperature u (z, t) in a thin copper beam
(0 <z < L = 1) with material constant £k = 1.14. At ¢ = 0 the initial
temperature profile is

To () =2 sin (37w x) + 5 sin (87 x)
and the ends of the beam are packed in ice (0°). For ¢ > 0 we determine

the temperature inside the rod.

Solution: The temperature distribution satisfies the initial boundary
value problem

u(z,0) = To(x)

= .h
U = KUgy  WIE {u(O,t):u(L,t)

0.
According to (*) the solution is

u(z, t) =2 e L0 L iy (B3rx)+5 e LA iy 8rx). O
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19.3.4 Solution of the Stationary Case

A rod of length L emits heat through its surface to the environment. The
stationary temperature profile is sought. A temperature profile is called
stationary if the temperature does not change with time. Then %—f =0
and the temperature depends only on x. For the stationary temperature

distribution T' () in the bar, our model equation reduces to

d2

This is an ordinary differential equation for 7' (x). Possible boundary con-
ditions are:

A) The left end of the rod is heated with a constant power and the right end
is thermally insulated. The power P supplied to the system is defined
as the energy supplied per unit time, which gives

dT dT P
P:_ A — —_— = — .
g (dx)w o <dw>m_o bR

The thermal insulation at * = L means (%

)oeyr =0

B) The two ends of the rod are kept at a constant temperature. At the left
end the temperature is T' (z = 0) = T; and at the right end the constant
temperature is T (x = L) = T,.

C) Combinations of (A) and (B).

Example 19.5 (With MAPLE-Worksheet). Given is the ordinary inhomoge-
neous second-order linear differential equation

T"(z) =k (T(x) —Ty,) =0 (*)

with boundary conditions

ary P (Y,
dr ),y b-h-x " v ) ,_,

(1) The homogeneous differential equation

T"(x) — kT (z) =0
has the characteristic polynomial

P()\) =\ —&.
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P(A) = 0 gives A\ = £/k. = eVET e=VET ig g real fundamental
set. However, to take better account of the boundary values, we choose
cosh (vkex) =
sinh (VK z) =

as the fundamental set. Then, the general homogeneous solution is

eVET 4 e=VE
eVET _ o=VRw

NI= N

Ty, (z) = A cosh(v/kz) + B sinh(vk ).
(2) A particular solution is given by T}, (z) = Ty,

(3) and the general solution of (k) is
T (x) =T, + A cosh(y/kz) + B sinh(\/k z).

(4) To take into account the boundary conditions, we compute

T' (x) = v/k A sinh(v/k 2) + vk B cosh(v/k ).

and apply

P P
—_0- ' — _ - _
x=0: T'(0)= bh)\:>\/EB 3\

x=L: T'(L)=0 = /k (A sinh(y/k L) + B cosh(v/k L)) = 0.
This linear system of equations has the solution

P 1 cosh(y/skL) 4 B P
an =——

A=0i  sinh(y/k L) bh

>
-
=

Fig. 19.11 shows the steady-state temperature profile for T,, = 20°; b =
0.1; h=10.01; L =1; a = 0.1; A = 1000; P = 0.01 (so k = 0.022).

A
20.457
20.456
20.455

20.454

20.453
0

»
>

02 04 x 06 038 i
Figure 19.11. Stationary temperature profile in the rod

The curve shows the heating from the left edge, since £ = 0, while the

dz
; fom : . dT _
insulation is on the right edge: 7= = 0. O
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19.4 The Laplace Equation

The Laplace equation is one of the best known partial differential equations.
It occurs in many steady-state problems, such as a steady-state heat flow,
the deflection of a membrane and electrostatic potentials. The latter is the
reason why the Laplace equation is often called the potential equation.

19.4.1 Derivations of the Laplace Equation
® Electrostatic Potential for Plane Problems. The basic equations of elec-
trostatics for plane problems are

E(z, y) = —grad ®(, y) = — (égw ® (s, y)) 0

L= 1
div E(z, y) = gp(a;y). (2)
= E
Where ® (x, y) is the electrostatic potential, E (x, y) = 1@ y)
E2 (1’, y)

is the electric field, and p (z,y) is the charge density at the point (z,y).
¢ is the dielectric constant. Substituting equation (1) into (2) using the
divergence rule gives

div E(z, y) = £ B1 (2, y) + 2 Ea (2, y)
= (‘% (—(,%(1)(337 y)) + {% (—(%‘I)(l‘, y)) = gp($>y)

2 2
1
= % D (z,y) + (%2 D (z,y) = — p(z,y). (Poisson’s Equation)

For a charge-free space, p (z, y) = 0, Poisson’s equation reduces to

2 2

92 D (z, y) + 8%2 D (z, y) =0. (Laplace’s Equation)

To abbreviate the left side of the two equations, we introduce

2 2

0 0
Ad(z, y) := 922 ®(z, y) + o2 P (z, y)

and call A the Laplace operator. O
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® 2-dimensional Heat Transfer. We consider heat transfer in both the z-
and y-directions. Assuming an isotropic thermal conductivity A, the
energy balance applied to a volume element dV = h - dx - dy is as
follows:

=2

_________ [P S —

1
1
+
1
1
I - [Pe
X x+dXx

Figure 19.12. Heat transfer in - and y-direction

Energy change per unit time At in a mass element dm
= Heat flux through surface h - dy at x

+ Heat flux through surface h - dy at x + dx

+ Heat flux through surface h - dxr at y

+ Heat flux through surface h - dv at y + dy.

Expressed in formulas, the above equation is consistent with the basic
laws of thermodynamics (see Section 19.3.1) means

0Q or 0°T 0°T

With dm = pdV = phdx dy finally follows

2 2
T == (5 T+ 53 7):

ot cp \ 0x? 0y?
For a stationary temperature profile it is %—f = 0, so the temperature
depends only on x and y and is given by
0? 0?
AT(z,y) = @T(mvy) + TyQT(%y) =0

The 2-dimensional temperature profile T (z, y) of a body with surface
insulation is given by the Laplace equation. m|
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®
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Deflection of a membrane. The vibrations of a membrane are modelled
in the same way as those of a vibrating string. In equilibrium and ne-
glecting gravity, the membrane is clamped horizontally at z = 0.

The oscillation in z-direction is then described by a function z (z, y, t).
Using the same assumptions as in the derivation of the one-dimensional
wave equation (see Section 19.2.1), the force acting on an area element
dx dy of the membrane is calculated.

dF

dF

dF

Figure 19.13. Deflection of a membrane

Assuming a constant stress y [%}, the shear force AF, is

0%z 0%z
This transverse force accelerates the mass element dm = pdV =

p hdx dy. According to Newton’s law of motion, the deflection z (z, y, t)
is written as

2 2 2
il _ 0 (9 0
atQ z(x7y7 t) — p . h <ax2 Z(l',y,t) + 6y2 Z(x,y, t))

with the stress v [%], the density p {%} and the thickness h [m] of
the membrane. This is the two-dimensional wave equation.

For the steady-state of the membrane, % z (z, y, t) = 0 holds. Then, z

is only a function of x and y and the steady-state is described by the
Laplace equation

0? 02
AZ(%?J)Z@Z(%y)+87J2Z(1‘72/)=0- o
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19.4.2 Solution of the Laplace Equation (Dirichlet Problem)

We consider a membrane stretched by a rectangular wire. One of the rectan-
gular sides is bent in the z-direction. We look for the shape of the membrane
u (z, y) inside the rectangle (see Fig. 19.14).

4 u=0 membrane
y=b
u=0 u=f(y)
u=0 x=a

Figure 19.14. Clamped membrane

u (x, y) denotes the deflection of the membrane at location (x, y) in z-
direction. This deflection is given by

0? 0?
9a2 Y (z, y) + a2 w(z,y) =0. (Laplace equation)

Since the PDE is independent of time ¢, no initial conditions are required for
the complete solution of the differential equation, only boundary conditions.
We discuss the case where the right side of the rectangle (x = a) is bent in
z-direction according to a given function z = f (y):

u(z,0)=0; wu(z,b) =0
(Dirichlet boundary conditions).
u(0,y) =0 ula,y)=f(y)

The separation approach

is inserted into the PDE
X" (x)- Y (y) + X (z)- Y (y) =0

LY X'(@)

Y (y) X (z)
A positive constant would lead to £ = 0 in the further analysis and thus
only to the zero solution u (z, y) = 0. Therefore, we introduce a negati-

ve constant —k2. From this product approach we obtain two second-order

= const = —k? .

ordinary differential equations:
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(1) y-dependency: Y (y) + k*Y (y) =0

=Y (y)=Acos(ky)+ Bsin(ky).

(2) x-dependency: X" (x) — k? X (x) = 0.
The characteristic polynomial of this differential equation is P (\) =
A? — k2, so we compute its zeros P () 20
Ajp=xk = e e
form a real fundamental set. However, to take better account of the

boundary conditions, we choose the linear combination

(6km _’_efkw)
(6kw _ efkw>

cosh (kz) =
sinh (kz) =

NN

as the fundamental set.

= X () = C cosh (kz) + D sinh (kz) .
The solution of the PDE can be written as
u(z, y) = [A cos(ky) + B sin (ky)] [C cosh (kz) + D sinh (kz)].

(® Considering Boundary Conditions (Dirichlet Problem):

In the Dirichlet problem, the deflection of the membrane is given on all four
sides of the rectangle. In this case the following applies

u(r,0)=0 forall0<z<a = A cos(0)+B sin(0)=0 =A=0.
—— ——
=1 -0

u(0,y) =0 foral0 <y <b = C cosh(0) +D sinh (0)=0 = C =0.
=1 =0

u(z,b) =0 foral0 <z <a = Bsin(kb)=0.

To get not only the zero solution, we have to choose B # 0 and sin (kb) = 0.
:>. For each n € N we obtain a valid constant k, = n 7 with

the solution

Un (2, y) = ¢, sinh(n % x) sin(n % Y).
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All these functions have a shape with knots at y = 0 and y = b. According
to the law of superposition for linear differential equations, the solution is
given by

The coefficients c,, are determined by the fourth boundary condition:
u(a,y)=f(y) foral 0 <y <b

= Z [cn sinh(n % a)] -sin(n % y)=f(y). (%)

n=1

If we extend the function f (y) oddly on the interval [—b, 0] and 2b-periodically
on R, (x) is the Fourier series of the function f (y) with the Fourier coeffi-
cients

2 b
cnsinh(nza)=—/f(y)sin(nzy)dy n=1,23,....
b b Jo b
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Remark: The separation approach leads to the solution of the Dirichlet pro-
blem only if u is zero on three sides of the rectangle. However, any Dirichlet
problem for a rectangle can be split into four problems, with three Dirich-
let values disappearing on each side. The complete solution is obtained by
superimposing the four partial solutions.

Example 19.6 (Bending at = a). A membra-
ne is clamped by a rectangular wire (see Fig.
19.15). The membrane is bent in z-direction
at y = b, where the bending is given by

fW=yy-b).
Fig.19.15. Bending at z = a
We look for the deflection in z-direction inside the rectangle.

Step 1: We extend the function f (y) as a point symmetric 2b-periodic func-
tion. b, are the Fourier coefficients of f. A double integration by parts

gives
2 b . T 2 b . T
bn = + (y) sin(n -y)dy = - | y(y —b) sin(n —y)dy
b Jo b b Jo b
4 n
= 5.3 (cos(nm) —1) = 58 ((-1)"=1)

l 0.2 04 Y 06 0.8 1y
o >

-0.2

-0.25

Figure 19.16. Function f and partial sum of the Fourier series with 3 terms

3
We evaluate the partial sum with only 3 terms )~ b, sin(n  y) and com-

n=1
pare the sum for a = 2 and b = 1 with the function f (y). Graphically there
is no difference (see Fig. 19.16).

Step 2: We display the solution in a 3-dimensional plot. From the solution

o) and take only three terms:
b

_ 1
formula we evaluate ¢, = b, Sh(n T

3
u(z, y) :Z ¢, sinh(n % x) sin(n % Y).

n=1
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Figure 19.17. Deformation of the membrane

In Fig. 19.17 we see (for a = 2 and b = 1) that the membrane is clamped
on three sides and bends towards the shape of the fourth side. O

19.4.3 Solution of the Laplace Equation (Neumann Problem)

In electrostatic problems, the potential values at all boundaries are usually
not known. For example, at open boundaries we only know that the equipo-
tential lines remain perpendicular to the boundary, which mathematically
means that the normal derivative of the potential disappears. This leads to
the Neumann boundary conditions.

Let us consider the following problem:

2 32
92 Y (x, y) + 92 u(z,y)=0 Laplace equation

Uy (z,0) =0 1wy (z,b)=0
(Neumann boundary conditions).
Uy (Oa y) =0 ug (CL, y) = f (y)

According to Section 19.4.2, a separation approach provides the solution
u(z, y) = [A cos(ky)+ B sin (ky)] [C cosh (kz) + D sinh (k z)].

To take into account the boundary conditions, the partial derivatives are
calculated with respect to z and y

Uy (z, y) = [A cos (ky) + B sin (ky)] [C k sinh (kx) + Dk cosh (k )]

Uy (2, y) = [-Ak sin(ky) + Bk cos (ky)] [C cosh (kz) + D sinh (k z)].
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We evaluate the solution at the boundaries:

Uy (x,0)=0forall0 <z <a: Ak sin(0)+Bk cos(0)=0 = B =0.
—— ——
-0 =1

uy (0, y) =0forall0 <y <b: Ck sinh (0) +Dk cosh (0)=0 = D = 0.
—— ——
s =1

uy (z,b) =0forall0 <z <a: sin(kb)=0=kb=nn
=|ky=n7% n=20,1,23,...

So for eachn =0, 1, 2,...
Up (2, y) = ¢, cosh(n % x) cos(n % Y)

is a solution and by superposition we get the general solution

u(z, y) :nZO cn cosh(n % x) cos(n % Y).

The coefficients ¢, are again determined by the fourth boundary condition:

Uy (a,y)=f(y) forall 0 <y <b
If the function f (y) is extended point symmetrically with respect to the

origin on the interval [—b, 0] and then 2b-periodically on R, (*) is the Fou-
rier series of f (y) except for the constant term cy.

@‘3

» sinh(n % a) cos(n % y)=f(y). (%)

Therefore, the solution of this boundary value problem is unique up to a
constant cp. So it is necessary to add an additional condition, e.g.

1 b
00:5 f(y) dy=0.
0
The remaining c,, are calculated for n =1, 2, 3, ... using the formula
2 b us
Cp=—""+ cos(n — y) dy. O
n7rsmh(n7ga)/0f(y) ( by) Y
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19.4.4 The Laplace Equation in Polar Coordinates
Polar coordinates are usually used to solve
the Laplace equation in rotationally symme-

tric geometries. An example is a cylindrical
capacitor where the outer cylindrical part is
grounded and the inner part is at potential @

¢;. Although the equation

is valid inside the cylinder, the boundary Figure 19.18. Capacitor
conditions are not so easy to describe mathematically. Therefore, polar
coordinates (r, @) are introduced, in which the boundary conditions can be
easily specified:

u(Riy, o) =¢; and u(Ra, ) =0 forall 0<¢ <2m.

The transformation equations are

y
’ T =T Cosp = r=ux(r, p)
r sin() =7 sin = =y (r,
: g Y ® y=y(r ¢

r cos(o)

So the potential u (z, y) = u(z (r, ¢) , y (r, ¢)) is a function of r and ¢.
Using the chain rule, we partially differentiate this function with respect to

r and .
0 ~Ou Odx Ou 0y
6ru(x(r7s0)ay(ra<p))_%Edi—aiya_ux $T+uy Yr
= Uy COS P + Uy Sin @
0 ou Jdx Ju 0y
awu(m(ra@ay(ﬁ@)):%%ﬁ-%%:uwxv—&-uyyw

= —Uy T SN + Uy T COS .

This gives the system of linear equations for the two partial derivatives u,,

Up | cosyp  singp Uy
u, |\ —rsingrcosep uy |

and wu,:
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After inverting the matrix

up \ _ 1 [rcosp —sing Uy
Uy 7 \ rsing cosyp Uy
we obtain the solution in components by

Uy = COS Y Up — % sin @ U,
— g 1
Uy = SN P Uy + - COSP Ugp.

To reformulate the Laplace equation in polar coordinates (r, ), we again
differentiate u, partially with respect to x and u, partially with respect to

e
1 .
Uzy = (Uz), = cOS @ (Uz), — — sing (um)w

1 1 1
= Ccos (cosgour = sin<pu¢> - sin ¢ (cosgour = singoug,)
T ®

5 0 (1 . L.,
= Cos” pupr — oo | cosp sinpu, —|—;s1n Uy

1 1 1
- sin ¢ cos Y ur, + ol sin ¢ cos Y uy, + o) sin2apuw,

. 1
uyy = (uy), = sing (uy), + 5 oSy (uy),

1 1 1
=singp (singpuT—F — cosgauy,) + — cosy (singpuT—F — cosgaug,)
r r r

r ®

. 9 a (1 . 1 9
=8In" Y Uppr + 7= | — COSY SN P UL | + — COS™ YUy
ar \r r
1 . 1 . 2
—l—; COS Y SIN Y Uy, — ) COS  SIn Y Uy, + ) COS™ P U -
To summarize this result, the Laplace operator is

Au(r, 9) =t (1) - (1, 0) g g (7, 9)

and with the identity £ 2 r 2 u(r, ¢) = up, + 2 u, (r, ¢) finally

10 0 1 02
Au(h@)Z**T*TUOU@)+7287¢2U(T’@)ZO-

This is the Laplace equation in polar coordinates (r, ©).
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Example 19.7. Back to the cylindrical condenser problem from the begin-

ning: We look for a solution ¢ (r, ¢) of

Ag(r, ) =0

with the boundary values ¢ (r = R;, ) = ¢; and ¢ (r = Ra, p) = 0.

Due to the symmetry property of the problem, the potential ¢ does
0
Op
of the radius r and the problem is reduced to an ordinary differential

not depend on the angle ¢, i.e. (r, ) = 0. So ¢ is only a function
equation

1d d
rar" @t =0

with the boundary values ¢ (R;) = ¢; and ¢ (R4) = 0.

We integrate twice

d d d
araqﬁ@") =0 = T%fﬁ(r) =p
d P
= . ¢)=" = o()=pl(r)+4
with the integration constants A and p determined by the boundary
conditions:
¢(Rz) = d)i : ¢ (RZ) =p ln(Rz) + A= (251 (1)
@(Ra)=0: ¢(Ra)=pIn(RaA)+A=0 (2)

. . s . . .
Subtracting (2) from (1) gives p = 7111(%) and inserting this into (2)

gives A = —p In(R,). Finally, we obtain

=  $@r)= - (3&) In (};)

This is the potential distribution in a cylindrical capacitor with inner
radius R; at potential ¢; and outer radius R4 at potential p4 = 0. O
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19.5 The Two-Dimensional Wave Equation

An example of the two-dimensional wave equation is a membrane stretched
by a rectangular wire:

AY Membrane

y=b

»X
Xx=a

Figure 19.19. Membrane

u(x, y, t) is the deflection in z-direction. If the edges are horizontal at
z = 0 and the membrane is deflected (e.g. by a drum beat), the equation
for the deflection u (z, y, t) at the point (z, y) at time ¢ is given by the
two-dimensional wave equation according to 19.4.1 ®

82 2 2

0 1o}
ﬁ“(%y,t) = 02 (axg ’U.(:Z?,y,t) + 87:[/2 U(:L‘,y,t))

with the initial displacement and velocity

u(xv Y, t= 0) = UO((E7 y)
(Initial conditions)

Ut (:E> Y, t= 0) = Vg ($7 y)
and the boundary conditions

u(x=0,y,t)=0; u(x=a,y,t)=0 forall y,t.
(BC)
u(z,y=0,t)=0; u(z,y=>b,t)=0 forall =z,t.

This initial boundary value problem is solved using a product approach
u(z,y,t)=Ul(x,y) -T(t),

where T (t) is a purely time-dependent function and U (z, y) is a two-
dimensional, location-dependent function. The product approach inserted
into the PDE provides

T" () U (2, y) = ¢ (Usa (2, y) + Uyy (2, ) - T(t) -
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After separating the time from the spacial variables we get

T (t) _ 62 Uz:c (fE, y) + U?Jy (CE, y)
T (t) Uz, y)

= const = —w?.

(1) For the time function the result is a second-order ordinary differential
equation:

T (1) +w?T (1) =0 = T (t) = A sin (wt) + B cos (wt) .

(2) For the location-dependent function U (z, y) the result is a second-order
partial differential equation:

2
w

This is the so-called Helmholtz equation.

Remark: The Helmholtz equation is also encountered when a separation
approach is chosen for the two-dimensional time-dependent heat transfer
equation (19.4.1 ®). Only the ordinary differential equation for the time

7;((:)) = const = —w?.

function is then given by

(® The Helmholtz Equation

To solve the Helmholtz equation, again a separation approach is chosen
Ulz,y)=X(z)-Y(y)
which results in

X" () Y (y) + X (2) Y (y) + 5 X (2) Y (y) =0

c2

X'@) Y &P
X@) Y &

Since the variable x only appears in the first term and the variable y only
in the second term, both terms must be constant in x and y:

X// Y//
(2) = const = —k?> and )

X () Y () = const = —[*°.
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2
S R+2="| o |w=c/RPFE

C

(1) Location dependency on z: X" (x) +k* X () =0

= X (x) =D sin(kz)+ E cos (kz).

(2) Location dependency on y: Y (y) +12Y (y) =0

=Y (y)=Fsin(ly)+ G cos(ly). m|
With this solution of the Helmholtz equation and the time-dependent solu-
tion T'(t), the solution of the two-dimensional wave equation is

u(x,y,t) = [A sin (wt) + B cos (wt)] - [D sin (kz) + E cos (k z)]

-[F sin(ly) + G cos(ly)] .

This solution of the two-dimensional wave equation again contains para-

meters which are determined by the boundary conditions and the initial
conditions:

(® Consideration of the Boundary Conditions:
®© u(z=0,y,t)=0forall y, ¢

= X (0) = D sin(0) + E cos (0) = 0= E = 0.

® u(x=a,y t)=0forally,t = X (a) =D sin(ka)=0.

A non-zero solution for u (z, y, t) is obtained if

sin(ka)=0 =ka=nm = |k,=n— neN.

So in z-direction there are only standing waves with k,, = n = and with

the wavelengths A = 2% = 24

kn,  n-
® u(z,y=0,t)=0forall z, ¢
=Y (0)=Fsin(0)+ G cos(0) =0= G =0.

@ u(x,y=b,t)=0forallz,t =Y (b)=F sin(lb)=0.
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To get a non-zero solution

sin(lb) =0 =lb=mn = |lp,=m m € N.

T
b

Also in y-direction there are only standing waves with I, = m 7 and
2b

with wavelengths A\ = 12—” =2

For each pair (n, m) with n € N and m € N a solution of the two-
dimensional wave equation is given by

Un, m (x, Y, t) = [an,m sin (wn,m t) + bn,m COS (wn,m t)]

LT . ™
-sin(n o x) sin(m 3 Y)

T 2 T 2
with the frequencies Wiy p = € (n 7> + (m E) .
a

The pair (n, m) is called the oscillation mode. The solution for the two-
dimensional vibrating membrane is a superposition of all the modes:

t) = n, m mn, mt *
u(z, y, t) Z Z A, m Sin (w ) - sin(n o x) sin(m — 5 Y)

=1lm

3
Il
s

bn, m €0S (wy, m t) - sin(n T x) sin(m % Y)
a

||M8

(® Considering the Initial Conditions:

For the initial deflection ug (2, y) we have the relation

u(z, y, t =0) =ug (x, y) HZZ bnmsm(ngx) sm(mby)

This is the sine Fourier series of the two-dimensional function uy. The cor-
responding formulas for the Fourier coefficients b, ,,, can be obtained in a
similar way to the one-dimensional case (see 17.2); however, this relation
will not be discussed in detail here.
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Similarly, we have the relation for the initial velocity

o0 o0
. ™ ) T
ur (z, y, t =0) =00 (z, y) :Z Z (b, m Wn,m) sin (n o x) sin (m 3 y) .
n=1lm=1
This is the sine Fourier series of the two-dimensional function vy with the
Fourier coefficients (b, m Wn,m)- O

Visualization: The graphs show the elementary modes of vibration. For
(n,m) = (1L,1); (n,m) = (1,2); (mom) = (3,1); (n,m)=(44)
the information is shown in Fig. 19.20. In the (1,1) mode only one half-
wave in x-direction and one half-wave in y-direction is established. We do
not see any knots, only a bump. In(1,2) mode there is one half-wave in
z-direction but two half-waves in y-direction. Finally, in (4,4) we see 4
half-waves in z-direction and 4 half-waves in y-direction.

N
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Figure 19.20. Vibration modes of a rectangular diaphragm

Animation: The homepage contains the MAPLE-Animation for
the basic vibrations (n, m) = (1, 1). However, in the corre-
sponding Worksheet any other type of oscillation can be se-

lected and animated. O


https://www.imathonline.de/ani/welle2d.gif
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19.6 The Beam Bending Equation

In this section we model the oscillations of an elastic beam. These oscilla-
tions are described by a 4th order partial differential equation.

19.6.1 Deriving the Bending Equation
To model the bending vibration equa- y-q x=L

tion, we consider a homogeneous beam
(length L, cross-section A, moment of

N . y(x)

inertia I, modulus of elasticity F) sup-

ported on the z-axis. This beam bends y

under the influence of vertical loads ac- Figure19.21. Elastic beam

cording to the laws of statics:

y () is the deflection of the beam at point z. For small displacements y (),
the bending moment at point z is given by

M@)=E- 19 y).

The associated lateral force F, (z) at point x is

3
Fy ()= M) = BTy ().

The transverse force AF, acting on the mass element is analogous to the
transverse force for the vibrating string, using the linearization of F,(z +
dz) ~ Fy(x) + dF (‘T) dzx given by

dF dF,
AF, =F,(x +dzx) — F, (x) = Fy(z) + dz q(ac)—Fq(x):d #
x x
The dynamic description follows, conside- dm
ring the acceleration force on a mass ele- ‘
ment dm = p Adz ‘
: - N
F=dm %y (z, 1) X x+dx i

Figure 19.22.
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and equals the resulting force AFy:

Dy (x, t) Oty (x, t)
In summary, we get
Beam Bending Equation
02 EI o*
@y(l‘,t) =4 @y(x,t).

This is a 4th order linear PDE with constants p (density), A (area), I (mo-
ment of inertia) and E (modulus of elasticity).

19.6.2 Solution of the Beam Bending Equation
To determine a solution to the bending equation, a separation approach is
used by

y(z, t) =X (x) - T(t)
ith
W X () a purely location-dependent function,
T(t)  a purely time-dependent function.

ET XW () _ ()

TU0A X(@) TW 2

= const = —w~”.

A positive constant would lead to a non-physical solution. This product
approach reduces the PDE to two ordinary differential equations:

(1) Time dependency: T (t) + w? T (t) =0

= T (t) = A cos (wt) + B sin (wt) .

(2) Location dependency:

X (z) - L= W2 X (2) = 0.

ET
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This is a 4th order differential equation. With the approach X (x) =
e, the characteristic polynomial is

A
P(A):/\“—%uﬂzo.

)\:i\/i\/g\@.

With k = 4%—‘?\/5weget

The zeros of P (\) are

and

is a complex fundamental set. With the linear combinations

sinh (k@) = § (€55 —e™"%),  cosh(ka) = } (€57 + ),

sin(kx) = o (€/"® —e7ir ), cos (kx) =5 (e +eirT),
we obtain a real fundamental set
cosh (kz), sinh(kz), cos(kz), sin(kz).
Then, the solution to the ordinary differential equation is

X (z) = Aj cosh (kx) + Ay sinh (kx) + Ascos (kx) + Agsin (k).

Finally, we get the solution to the beam bending equation
u(x,t) = (A; cosh (kz) + Az sinh (kx) + A3 cos (kz) + Ay sin (kx))
- (A cos (wt) + B sin (wt)),

where the constants Ay, As, As, Ay, and A, B are determined by the
boundary conditions, the initial deflection and the initial velocity.
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(® Considering the Boundary Conditions

The following boundary conditions for the right boundary (and correspon-
dingly for the left boundary) physically occur.

X(0)=0

Fixed: é‘: X'(0)
Y

Flexible:

Free:

Two cases are discussed in the following subsections: The first is discussed in
19.6.3 flexible/flexible. This is the only case that leads to a closed solution.
The second is fixed /fixed in 19.6.4, in this case the corresponding eigenvalue
equation can only be solved numerically. To take into account the boundary
conditions, the derivatives of X (x) up to order 3 must be calculated

X (x) = Ay cosh (kx) + Az sinh (kz) + As cos (kz) + A4 sin (k z)

X' (z) = A1k sinh (kx) + A2 k cosh (kx) — Az k sin (k) + A4k cos (k)
X" (x) = A1 k% cosh (k)4 Az k? sinh (kx) — Az k% cos (kx) — Ay k% sin (K x)
X" (2) = A1 k*sinh (k2)+ Az k> cosh (kx) + Az k% sin (k2) — Ag K> cos (k)

and evaluated at the boundaries x = 0 and x = L

X (0) = A; + As
X (L) = Ay cosh(k L)+ Az sinh (kL) + As cos (kL) + A4 sin (k L)

X' (0) = Ask +Ask
X'(L) = Ay s sinh (k L)+ A2k cosh (k L) — As k sin (k L) + A4 k cos (k L)

X” (O) :A1 KZ2 7A3 I€2
X" (L) = A1 k? cosh (k L) + Az k% sinh (k L) — Az &% cos (k L) — A4 k% sin (k L)

X" (0) = Ay g3 — Ay s®
X" (L) = Ay x¥sinh (k L) + Az k% cosh (k L) + Az k®sin (k L) — A4 s® cos (k L)
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19.6.3 Boundary Condition: flexible/flexible

X(O):O A1+A3:0 = A1:A3:O
XN(O)ZOI Al—A3:0
X(L)=0: Assinh(kL)+ Agsin(kL)=0
X"(L)=0: Assinh(kL)— Agsin(kL)=0

The linear system of equations for Ay and A4 must not be uniquely solvable,
so that there is not only the zero solution X (z) = 0. A homogeneous
linear system can be solved non-trivially if the determinant of the coefficient
matrix is zero

—sinh (kL) sin (k L) —sinh (k L) sin(k L) = 2 sinh (k L) sin (kL) = 0.
This results in
sin(kL)=0 = kL=nw n=1,23,....

Only discrete frequencies or wavelengths are possible. The eigenvalues are

kn =n 7 | (or wavelengths A\, = %) For each eigenvalue k, = n T it is

sin(n T x) = 0 and Ay is arbitrary. The linear system for A; and A4 reduces
to

Ay sinh (kL) =0= A =0.
The form of vibration associated with k,, is therefore
X, (z) = A sin (n%x)

For each n € N there is an eigenvalue k,, with an associated function X, (z)
(= mode of vibration). The solution y(x,t) of the beam bending equation
for the boundary condition flexible/flexible is the superposition of all single
modes

y(z, t) :i (an cos (wp t) + by sin (wy t)) sin (n % x)

n=1

. . 2
with the frequencies w, = ,/% n? =

The coefficients a,, and b,, are defined by the Fourier coefficients of the initial
displacement wug () and the initial velocity vg (x), respectively. Analogous
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to the formulas for the stretched string, the following applies

21/L<>'<”>d 12,3
n=2—= m(n — =L 4 9y
a L/, up () s an T n
1 1 [
bn:@nwz%/o w@sin(npa)de  n=123,...
pA L2

Physical interpretation: As with the stretched string, the solution is to su-
perimpose harmonic waves:

y(z,t) =) A, sin nlz -sin (wp, t+ ©p)
3 Ausin (n 7 7)

with the
Amplitudes A, sin (%" z) (location dependent on )
Phases ©n (independent of x)
Frequencies w,, = % n? Z—z (dependend on n?).

Visualization: We assume an initial displacement ug (z) = iz (z — L) with

2
L =1 and an initial velocity vg () = 0. So b, = 0 and a,, result from the
Fourier analysis of ug (2): a,, = 2 (7;,172; -2 ng,lﬂg . For the material constant

\/ % = 0.1 we compute the solution as a function of x at different times ¢.

Fig. 19.23 shows a sequence for different ¢-values.

0.1 t=0 0.1 t=0.6
y y

0 N 1 0 X 1
0.1 -0.1
0.1 t=1.2 0.1 t=1.8
y y

0 1 0 " 1
0.1 -0.1
0.1 t=2.4 0.1 /_\pao
y y

0 X 1 0 N |
0.1 0.1

Figure 19.23. Fundamental vibrations of a beam

Interpretation: The animation shows not only an oscillation,
as with the stretched string, but the movement is superimpo-
sed by a fluttering within the beam.
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19.6.4 Boundary Condition: fixed/fixed

X (0) =0: Al + A3
X 0: A+ Ay
X (L)=0: A; cosh(k L)+ Az sinh (k L) + Az cos (k L) + A4 sin (k L)
X 0: A; sinh(k L)+ Az cosh (kL) — Az sin (k L) + A4 cos (k L)

o O O O

The determinant of the coefficient matrix must disappear, otherwise Aq,
Ay, As, Ay are all zero, giving the zero solution y (x, t) = 0 for all (z, t).

1 0 1 0

0 1 0 1
cosh (kL) sinh(k L) cos(kL) sin(kL)
sinh (k L) cosh (k L) —sin (k L) cos (k L)

det (r
(k
=2—2cosh (kL) cos(kL)=0.

This gives the eigenvalue equation
cosh (k L) cos (k L) = 1.

Only discrete k., (n € Np) are allowed. The solutions of the eigenvalue equa-
tion cannot be given in a closed form and must be calculated approximately.
To do this, we set L = 1 and solve the non-linear equation

cosh (k) - cos (k) =1 ()

numerically using the Newton algorithm (see Volume 1, Section 7.8).

For large  the cosine-hyperbolic increases very strongly, so that the eigen-
values (i.e. the solutions of the equation (x)) are close to the zeros of the
cosine at nm + 5. To distinguish for larger values of x, the accuracy of the
calculation must be increased. Therefore, we set the calculation accuracy
to 20 digits.

To get a better overview of the eigenvalues r,, we also calculate “* which
is shown in the second column of the next table.
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Table 19.1: Zeros x, and “*

4.7300407448627040260, 1.5056187311419397690
7.8532046240958375565, 2.4997526700739646572
10.995607838001670907, 3.5000106794359084827
14.137165491257464177, 4.4999995384835765581
17.278759657399481438, 5.5000000199439028337
20.420352245626061091, 6.4999999991381457567
23.561944902040455075, 7.5000000000372440985
26.703537555508186248, 8.4999999999983905363
29.845130209103254267, 9.5000000000000695511
32.986722862692819562, 10.499999999999996994
36.128315516282622650, 11.500000000000000130
39.269908169872415463, 12.499999999999999994
42.411500823462208720, 13.500000000000000000
45.553093477052001958, 14.500000000000000000
48.694686130641795196, 15.500000000000000000

The result shows that from n = 13 onward there is no numerical difference
between the solution of the equation (%) and the zeros of the cosine. We
would have to increase the precision again to increase the numerical accu-
racy.

Instead, we use only the first twelve eigenvalues k,,. With these values, we
obtain for each n € N the coefficients A:(ln), Aén), A:(,,n) and Afln) according
to the linear system of equations with one free parameter. If we arbitrarily
choose Agn), the first two equations are

A =AM and AM = —aAlY.
Inserted into the last two equations gives

Aﬁ") (cosh (kp) — cos (kn)) + A(Qn) (sinh (k) —sin (k,,)) =0
Ag") (sinh (ky,) + sin (k,)) + Aé") (cosh (k) — cos (kn)) = 0.

The coefficients Ag"), Aé"), Az(ln) depend only on Agn) through

cosh (k) — cos (kn)

A(”) — A(") (=1
2 (=D sinh (k,,) — sin (ky,)

h(k,) — "
Afln) _ 7Aén) _ Ag”) ~cosh (k) — cos (kn)

sinh (k) — sin (k)
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So for each n € N we obtain a natural oscillation y,(x,t) as the product
T,(t) - Xy (z) where the z-dependency is specified by

X, (z) = A™ cosh (k, ) + A sinh (k, 7)
—&—Agn) cos (kn ) + Afln) sin (kp, )

and the t-dependency by
T, (t) = ap, cos (wn t) + by, sin (wy, ) .

The complete solution of the PDE y(z,t) is then given by the superposition
of all natural oscillations:

18

y(z, t) = (an cos(wpt) + by sin (wy t)) -

n=1

cosh (k) — cos (kp)

Sinh () — s (o) sinh (kp, ) — cos (K, x)

<cosh (K ) —

cosh (k) — cos (k)

i (i x))

sinh (k) — sin (£, )

with

EI
Wy = Ii% -«/— and k, from Table 19.1.
V pA

The coefficients a,, and b,, depend on the initial deflection and the initial
velocity.

Visualization: For a given initial deflection without an initial velocity (—

b, = 0) the oscillations are shown. For this visualization we have chosen
EIl

>4 = 1 and an initial deflection y (z, t = 0) = yo (=)

yo(z) = Z sm7(17;§) (Ag") cosh (ky, ) + Ag”) sinh (K, )
n=1

—&—A:())n) cos (kn ) + Ain) sin (ky, x)) ,

where A(ln) = 0.1 and Agn), Agn), Afln) are calculated according to the for-
mulas above.



218

19. Partial Differential Equations

t=0 t=0.025
0.1 0.1
y y

0 N 1 0 N |
-0.1 -0.1

0.1 t=0.05 0.1 t=0.075
y y

0 x 1 0 \Y‘/ |
-0.1 -0.1

0.1 - 1 t=0.125
v t=0.1 Oy
-0.1 -0.1

Figure 19.24. Beam bending fixed/fixed
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Problems on Partial Differential Equations

Check that

u (z, t) = cos (wt) - sin (k x)

is a solution of the wave equation Upt—CP Ugy =0 with k=mn % and
w=c-k. Also show that this solution fulfills the two initial conditions
u(x=0,t)=u(z=L,t)=0.

Show that for w = D - k? the function
u(z, t) = e “" sin (k)
is a solution of the heat equation u; — D uzz = 0.

Show that the functions solve the respective partial DE:
a) f(z,y) = % In ({E2 + y2) is a solution of frz + fyy =0
b) g(z,y,2)= (2> +y> + 32)71/2 is a solution of gze + gyy + g-- = 0.

a) Show that with any two functions that can be continuously differen-
tiated twice fi, fo : R = R, the function

u(z, t):= fi(x+ct)+ fo(x —ct)

is a solution of the wave equation.
b) Solve the initial value problem

utt_CQUxac:O» U(I,tZO):uQ, Ut(l’vt:O):Uo
for two given functions up and vo with the approach
u(z, t)=fr(z+ct)+ fa(z—ct).

jus

c) What does this mean for uo () =sin (kz), k =n T and vo = 07

Show that R = \/(x —a)’ + (y—b)°+ (2 —¢)® fulfills the partial DE
PL+oEL+ort=0
Check that z(z,y)=z¢ (%) + (%) fulfills the partial DE
82 62 2
2 2 _
T 922 z+2xyaxayz+y 3y z=0

if ¢ and 1 are any twice continuously differentiable functions.

Define k so that wu(z, t) = e "' sin (%*z) is a solution of the heat
equation U = KUgg.
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19.8 Determine a general solution for partial DE

ue (¢, ) + Uze (¢, ) =0 .

19.9 a) Determine the general solution of the partial differential equation

Uz ($, y) — Uyy (II', y) =0.

b) Determine a solution of this partial DE which satisfies the following
boundary conditions:
u(zx=0,y)=0 for all y
u(z,y=0)=0 for all =
u(z,y=L)=0 for all z

19.10 a) Set the parameter k so that

’LL(JL' t) =sin({n—ax ) sin|m— 6kt
' Y, I I Yy
is a solution of

Uz (ZE, Y, t) + Uyy ($, Y, t) = Utt (l’, Y, t) (*)

b) Starting from a) give two real solutions of (). How to interpret this
result?

19.11 Determine the parameter k so that the function
. 2w . 27 —kt
u(z, y, t) = sin np)sin{m—_y)e
is a solution of the partial DE gz + tyy = us

19.12 a) Show that the function u(z, y) =sin(kz) (e*¥ +e ") isa solu-
tion of the partial DE gz + uyy =0
b) Determine the parameter k in the function

u(x, y) =sin (k) (eky + eiky>
so that the function satisfies u (z = L, y) = 0 for all y.
19.13 Find a solution to the partial DE
Ut = Uzq 0<z<7m,t>0
withu(z,0)=1for0 <z <mand w(0,t)=1,u(m, t)=0 fort>0.
19.14 Given is the 3D wave equation wuy = ¢ (Ugs + Uyy + Uzz). Determine

solutions of the form

u=e" z+By+y Z*L‘t'
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19.15 Given is the heat equation in the plane: Use a separation approach to
solve the differential equation

Ut = Ugz + Uyy
by a separation u(z,y,t) =T (t)-X (z)-Y (y) (see Problem 19.14).

19.16 Use a separation approach to solve the following boundary value problems
a) Ur = Uy; uw (0, y) =e¥ 4+ e 2¥
b) ur = uy; u(t, 0)=e 3" +e**
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Chapter 20

Vector Analysis
and Integral Theorems

Vector analysis plays a fundamental role in the description of physical laws, in me-
chanics and electrodynamics, where vector fields are considered in R?

U1($7y72)
O(x,y,2) = | va(z,y,2) | - DCR® = R
v3(2, Y, 2)

A vector field assigns a vector to each point P(x,y, z) in three-dimensional space.
The electric field strength E(x,y,z), the magnetic induction B (z,y,z) or the ve-
locity profile ¥/ (z,y,z) of a moving medium are examples of vector fields. Physical
laws are formulated by either differentiating or integrating these vector fields.

Vector analysis deals with arithmetic operations on vector fields: For differentiation
we introduce the gradient, the divergence and the curl. For integration, the integral
theorems of Gauss and Stokes are provided.
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and Integral Theorems

Vector analysis plays a fundamental role in the description of physical laws, in
mechanics and electrodynamics, where vector fields are considered in R?

Ul(xvyvz) ) )
O(x,y,2) = | va(z,y,2) | : DCR® = R

vz (2,9, 2)

A vector field assigns a vector to each point P(z,y, z) in three-dimensional space.
The electric field strength E(m,y, z), the magnetic induction B?(:tc,y7 z) or the
velocity profile ¥ (z,y, z) of a moving medium are examples of vector fields. Phy-
sical laws are formulated by either differentiating or integrating these vector fields.

Vector analysis deals with arithmetic operations on vector fields: For differentia-
tion we introduce the gradient, the divergence and the curl. For integration, the

integral theorems of Gauss and Stokes are provided.

A vector field 7: D C R® — R3 is said to be continuous or (partially) diffe-
rentiable if these properties hold for each component of ¢. In the following,
vector fields are always continuous and partially differentiable. In addition
to vector fields, scalar functions (scalar fields)

f(x,y,2) : DCR® =R

are also discussed, because gradient fields are identified as the gradient of
a scalar field

(z, 9, 2)

(2, y, 2)

S Sy, 2)

Instead of grad (f), the term Vf is often used with the Nabla operator V.

f
grad f (z,y, 2) = f

o &lo Flo

Q)

The integral theorems are a generalization of the Fundamental Theorem of
Calculus

b
/f’(x)dar=f(b)—f(a)-
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The definite integral is calculated by evaluating only the antiderivative func-
tion at the limits. The Gauss theorem assigns a volume integral to a surface
integral and Stokes’ theorem assigns a surface integral to a curve integral.

20.1 Line or Curve Integrals

Describing the work in a force field or the voltage in an electric field requi-
res the calculation of an integral along a curve. This leads to the concept
of a line integral, which is explained with examples from mechanics and
electrostatics.

20.1.1 Description of a Curve
The description of a curve C € R? is given by the parameter representation

C:r(t)=z(t)er+y(t)&a+z(t)és= | y() |,

where z (t), y (t), z () are functions of the variable ¢. As the parameter ¢
varies, the point P (see Fig. 20.1) moves along the curve C:

Yy

—

r(t)

xY

Figure 20.1. Space curve

Example 20.1 (Electron in a Magnetic Field). An electron moves in a ho-
mogeneous magnetic field B = By €, on a helical line with radius R. The
coordinates of the electron are given at any time by

z(t) = R cos(wt)
y(t) = R sin(wt)
z(t) = w,t.

w = = By is the angular frequency and v, is the velocity in z-direction. 0
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20.1.2 Derivative of a Vector
If 7 (t) = x (t) €14y (t) é2+2 (t) €3 is a parameter representation of a curve
C, then the derivative of the vector 7 (¢) is defined as the limit

1
I =
7' (t) = Al}er—rio Y (F(t+ At) — 7 (1))
of the difference quotient for At — 0. Geometrically, this corresponds to

the transition of the difference vector (= secant vector) into the tangent
vector at the point 7(t) = (z(t), y(t), 2(t)).

R ') ¢
()

Secant vector A7 Tangent vector 7' (t)

Due to the vector calculation rules we calculate

1 . 1 .
EATZE(T(t—FAt)—T(t))
A (@ (t+ At) —z (1) PP A0
=| A we+rry—y@) | = |50
A (2t + AL — 2 (1)) Z(t)

Derivative of a Vector Function

Given is a vector 7(t) = | y(¢) | depending on t. The derivative

The derivative of a vector 7(¢) is computed component by compo-
nent.
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Application Example 20.2 (Space Curve and Velocity).

If 7(¢) is the time-dependent position vector of the trajectory of a mass,
then

) =7"(t) is the velocity vector and

(t) =4"(t) =7"(t) is the acceleration vector.

The velocity vector and the acceleration vector of an electron in a homoge-
neous magnetic field B = By €, are given by Example 20.1

Z(t) —Rw sin (wt) vy (1)
Tt)=7"(t)=19@) | =| Rwcos(wt) | = va2(¥)
Z(t) Uy v (1)

Z (1) —Rw? cos (wt)
j —Rw? sin (wt)

(

j (

: (1) 0
)

o~
~
I

Application Example 20.3 (Acceleration of a Circular Motion).

y For a planar circular motion with a constant
v radius p, the coordinates z (t) and y(t) are
given in polar coordinates by

y

N
T

P > = .
x z(t)=p c'os(ap(t)) (polar coordinates),
y () = p-sin(p (1))
where ¢ (t) is the angle to the positive z-

axis.

Figure 20.2. Circular motion
With this parameter representation, the motion is
T(t) =a(t) & +y(t) e

i o (oo (t)
= p cos(p (1)) € + psin(p (1)) & = p (Sin(%? (t)) )

with the velocity vector
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When the radial unit vector €, and the azimuthal unit vector €, are intro-

duced
o (cose @) L _ (—sin(e)
" \sin(e@®) ) cos(p (t) )’
then the velocity vector is
() = p ()&,

In a circular motion, the velocity p ¢ (t) is perpendicular to the position vec-
tor (i.e. tangential to the motion)! The acceleration vector is the derivative
of U (t) with respect to ¢:

We calculate the magnitude of @ using €,2 = €, = 1 and €, - €, = 0

al =Va-a
Vo)

€2 —292%(t) p(t) €, - €, + G2(t) €,2

= p\¢t () + ¢*(1) -

The acceleration force F = m @ (t) has a component in the direction 7 (cen-
trifugal force) and another perpendicular to it:

Force in direction 7 (centrifugal force): F. = —m p2(t) €, has the magni-
tude
F,=|F.|=mp@?(t).

In the case of a circular motion with constant angular velocity w = ¢ (t) =
const, we get

F. =mpuw?.

Force in direction of velocity é,: F';D = mp@(t) €,. For a circular motion
with constant angular velocity w = ¢ (t) = const, we get ¢ (t) =0= F, =
0. So in this case there is no force in the direction of speed. O



230  20. Vector Analysis and Integral Theorems

20.1.3 Vector Fields (Force Fields)

Definition: A Vector Field is a vector function k : R3 — R3,
. kl (J?, Y, Z)
k({E, Y, Z) = ko (117, Y, Z) )
k3 (‘T7 Y, Z)

with components k1, ks, k3 depending on the three spacial coordinates
(z, y, 2). k assigns a vector k (x, y, z) to any point in space (x, y, z).

Example 20.4. According to Coulomb’s Law, the electric force between two
point charges ) and q is inversely proportional to the square of the distance
between the charges

. x
= 1 qQ 7 qQ 1 _, qQ 1
= e v [ " dmeg 1 R .
meg T |T TEQ TE /22 4 y2 + 22
The force vector F varies in magnitude and direction. m|

20.1.4 Line Integrals (Curve Integrals)

Let 7(t) = x (t) & +y (t) & —+ z (t) & be a space curve C and k a vector
field. P4 = 7(ta) is the beginning and Pg = 7 (tg) the end of the curve.
We are looking for the work required to move m along C from the start to
the end points (see Fig. 20.3).

When a mass moves along a direction s, the work done by a constant force
k is determined by the scalar product according to Volume I, Chapter 2

_

W=k 3

o

I
I
I
‘I -
Y -
S

_

Ks
To find the work required along a path, we move the mass on the curve C

but split C into parts
PA:PQ,Pl,...,PN:PE with B:F(tl):f; (ZZO,,N)

TR
and t; = %z + ta. We replace the curve with tracks P; P11 = AT;.
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Figure 20.3. Work along the curve C

For each track we compute the scalar product of the local force field Igz =
k (7;) with the direction vector Ar;: W; = k(7)) - A . W; is the work
required to move the mass from P; to P;yi. All contributions are summed
to

?T‘l

N-—1 R 1
; F(F) g (Pt A1) =7 (1) - At.

This sum is an approximation of the total work. The approximation be-
comes better the finer the subdivision of the curve C is chosen. The limit
N — oo (i.e. an arbitrarily fine sub-division of C with A7; — 0 and At — 0)

lim Zk; ) AF; = lim Zk A (F(t; + At) — 7 (t;)) - At

N—oo N—oo “

returns the curve integral along C:

Definition: Curve Integral (Line Integral). Let k (z, y, z) be a vector
field and C a curve described by 7 (t) for t4 <t < tg. Then

tg .
/k di= [ RFE@) -7 (@) dt
© ta

is the Line or Curve Integral of the vector field k (z, y, z) along the
curve C. 7 (t4) is the start and 7 (tg) marks the end point of the curve.

Remarks:
(1) The curve integral is independent of the selected sub-division.

(2) The curve integral is therefore independent of the parameterization of
the curve C.
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(3) The curve integral is obtained by performing the scalar product and
evaluating the force field k at 7 (¢)

/CE-dF: t e (2(0), (1), 2(0) & (1) dt

[ e a0, 50, 2(0) 9(6) dt

+/t " s ((0), y(8), 2(8)) £ (8) .

The three integrals depend only on the variable ¢ and are calculated in-
dependently using the integration rules for functions with one variable.

(4) The value of the curve integral depends not only on the start and end
points of the integration path, but also on the specified path. Exceptions
are the so-called gradient fields.

(5) For a curve integral along a closed curve we use the symbol yg k dr.
c

(6) k(7 (t)) - 7 (t) is the force acting tangentially on the curve, because
7' (t) represents the tangent of the curve C at each point 7(t).

Procedure for Calculating Curve Integrals

(1) Parameterize the curve C: 7 ().
(2) Calculate 7 (1).

(3) Replace the components of 7 (t), namely x(t), y(t), z(t), into the
three force components ki, ks, k3, compute the scalar product
k(7 (t)) - 7' (t) and evaluate the integrals with respect to t.

2
xy
Example 20.5. The force field k = | zy | is given. Find the curve integral
0

/E~df’:/(x(t) ) @) +2t)y@t)y @) dt
C C

where C is a path shown in Fig. 20.4. In all cases the start and end points
of the curves are (0,0) and (1,1).
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o

=

X

1

I

1

1

1

Cz |
I

1

Figure 20.4. Curves from origin (0, 0) to point (1,1)

(1) Integration along path 1: A parameter representation of the path C; is

F(t)z(i) for 0<t<1.

Sa(t)=t,yt)=t = i({t)=1,9() =L

1 1
= EdF:/ (t-t2-1+t-t-1)dt:/ (t3+t2)dt:l.
C1 0 0 12

(2) Integration along path 2: A parameter representation of the path Cs is

F(t)z(é) for 0<¢t<1.

sazt)=t,yt)=t> = &(t)=1,9() =2t

1 1
= EdF:/ (t.t4-1+t«t2~2t)dt:/ (t5+2t4)dtzg.
Ca 0 0 30

(3) Integration along path 3: A parameter representation of the path Cs is

0
) for 0<t< 3 =z(t)=0, y(t)=t

Pty =] S
r =
2t —1 for
1

3 1
. 1
¢/ de:/20dt+/ (4t — 2)dt = —.
Cs 0 1 2

2

N[—=
IA
~
IA
[a—
8
—
~
SN~—"
|
[\
~
|
=
<
~~
~
~—
I
—_
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(4) Integration along path 1: We select the path C; again, but with a diffe-
rent parameter representation:

Sc(t)=t2, y(t)=t> = x(t)=2t,y(t) =2t

1 1
= Edf':/ (t%-2t+t*-2t) dt:/ (2t + 2t°) dt =~
C1 0 0 12

Example 20.5 shows that the value of the curve integral depends on the
selected path (see (1), (2) and (3)), but not on the special parameterization
for the same curve (see (1) and (4)). O

Examples 20.6:

Ty

© The vector field k = y is integrated along the curve C with the
—x

parameterization 7 (t) = t &) + t2 & + t3 €3 for 0 <t < 1. The selected
representation of 7(t) gives

Then
@(t) = 1,y(t) = 2t, 2(t) = 3t

and we get

1 t3
Ft)=a +2té+3%a=| 2t |, EF®)=]| ¢
32 —t
t3 1
k(7 () 7(t) = | t? 2t | =3 +263 - 313 =0.
—t 32
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® Find the curve integral of the vector field k= :ny> along the para-

bola y = x? from the origin to the point P(1,1):

F(t)=<ttg> for 0<t<1 =a(t)=t y(t)=1t"

= () = (;t) and ¥ (7 (1)) = (;y) _ (t’;)
= k(F(t) -7 (t) = (;) (;t) =t+2th

! 19
:>/0 (t+2t) dt = [§t2+§t5]ozro.

® Find the curve integral of the vector function k= ( N ) along the
Ty
43
curve C with the parameterization 7(t) = 4 for 0 <t < 1.C also

connects the origin to the point (1, 1):

3
F(t)=<i4> for 0<t<1 =ua(t)="ty(t)=1t"

2 . T 3
o) = (i;) and (7(t)) = (my> - <t§t4>
S E(F) 7 () = (?) (ig) — 3¢5 4 4410,

1 1
1 4 19
= 30 +4t0) dt = |0+ =t = =
/O (827 +47) 2ttt |, T2 .

We observe that the curve integral is path dependent. For special vector
fields, however, it is path independent, i.e. the value of the curve integral
is independent of the chosen path, depending only on the start and end
points.



236  20. Vector Analysis and Integral Theorems

Definition: (Gradient Field).

A vector field k (z, y, z) is called a gradient field (potential field), if
there exists a continuously differentiable function ®(z, y, 2): R®> — R
such that

—

k(:E? y? Z) = gra’d¢ (:I:, y? Z) *

This means for the components of the vector field E(m, Y, 2)

0
kl(l‘, Y, Z):%(b(l', Y, Z)a

0
k2(x7ya Z):@Q(x7ya Z))

0
k3(l’, Y, z)zgq)(m? Y, Z)

The function ® (z, y, z) is a potential function of k.

A potential function, in the context of physics, is a scalar function whose
gradient equals the given vector field k. This function describes the poten-
tial energy or potential of a force field. The gradient fields are those vector
fields for which the curve integrals are always path independent. This im-
portant theorem is stated in the next theorem (without proof):

Theorem: Main Condition on Curve Integrals

Let G C R3 be an axis-parallel cube and k: G — R3 be a vector
field with continuous partial derivatives in G. Then the following
statements are equivalent:

(1) k is a gradient field.
(2) In G the integrability conditions are satisfied

Ohy Ok Oky _Oky Ok _ Ok
oy Oz’ 0z Oy’ dz Oz’
(3) The curve integral / kdr depends only on the start and end

points of the curves for all curves in G.

(4) The curve integral §£ k dF is zero for all closed curves C in G.
©
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Remark: The integrability condition for a two-dimensional vector

o kl (.'17, y) e
field £ = <k2 (@, 1) is:
Ok Oko

By " 0w

Note:
(1) Potential functions belonging to k differ by at most one constant.

(2) In physics, force fields that have an associated potential function are
called conservative force fields.

(3) In physics, k is sometimes defined as the negative gradient —grad ().

This is included in the above definition of a gradient field.

Ifkisa gradient field, then the line integral fc k dF can easily be evaluated
using its potential function ® (z, y, 2):

B ki (z, y, 2) ' 0. P (x, y, 2)
k(x,y,z)=| ka(x,y, 2) | =grad®(z, y, 2) = | 0, P (2, y, 2)
ks (x, y, 2) 0, P (z, y, 2)

The total differential of ® is
B o 0P 0P

dd = —d —d —d
Ox x+8y y+82 ‘
=kidr+ kody + ks dz
= kdF.
Then
/kdf': dd=® —-d| ,
¢ P P, Py

where P; is the start point and P, is the end point of the curve C.

Integration of a Gradient Field

Ifkis a gradient field with potential ®, e.g. E(:v, y, z) = grad (D),
then the line integral is

/Edf:/dcb:@
C C

P

End point of C Start point of C ’
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If the start point is identical to the end point, then

%Ed?z@
C

The main theorem not only tells us whether a curve integral is path in-
dependent, but also how the integrability conditions can be used to check
whether a gradient field exists or not. If the potential of a gradient field
is available, the addition to the main theorem shows how to calculate the
curve integral: Analogous to the main theorem of calculus (see Volume 2;
Section 8.2), the curve integral is the difference of the potential function
evaluated at the end point and the start point.

-® =0.

Py Py

Examples 20.7:

® There are many gradient fields in physics. Examples are the electrosta-
tic potential, the Newtonian gravitational field, or the magnetic field
produced by an electric current flowing through a wire.

2
® The vector field k (z, y) = (3303 y) is a gradient field because
x

Ok

— = — (32%y) = 322

dy 9y Ok, Ok
%—gm?’—i’)xz ! :
dr oz~

Then the potential field ¢ associated with k can be calculated: Since
k has a potential function ® (z, y) with k = grad ®, we know that

k1 0, P 0, ® =32y (1)
k= =grad® = =
k‘g 8y P 811 b = .1‘3 . (2)

When the equation (1) is integrated with respect to x, the result is
B(a,y) =2y + K (y)

with an integration constant that may depend on y. We differentiate
(2) with respect to y

0
afy‘b(arvy) =2+ K' (y) = 2° = ka(z,y)

=K' (y)=0= K (y) = C = const .
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=P (z,y) =23y +C.

The curve integral of k along a curve C with start point (x0, yo) and
end point (z1, y1) is given by

/Edf:/dcp:@
C C

2
The vector field k = Ty
ry

(Ihyl)
=21y — 25 Yo -
(%0, Y0)

is not a gradient field, because the inte-

grability condition is violated

ok, 0

— =+ (zy?) =2zy

9y Oy Ok, Ok,
oy T B

ko Yy z

0 ()
_— = — T =
ox oz VY
(Compare this statement with the result of Example 20.5!)

Check whether the vector field

- 1 x
k(z,y, z) = m Y
is a gradient field with the potential function
®(z,y, 2)=In(2>+y*+2°) + K . o

The integrability conditions are explicitly checked to decide whether a gra-
dient field exists or not. If k is a gradient field, then the task is to find its

potential.

Example 20.8. Given is the vector field ¥ (z, y, z) =

2z +y
r+2yz
yP+2z

. For this

vector field we can explicitly check the integrability conditions. Then, the
potential ® belonging to ¥ is searched for

0y © U1 2 +y
T=grad®=|0y,® | =|v|=|2+2yz
0, d U3 y2+ 2z

We integrate the first component d, ® with respect to x.

0, 2=20+y = =2 +yx+f(y,2)
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returns an integration constant f (y, z), which may depend on y and
z. If the second component of ¥ is compared to the partial derivative
of ® with respect to y, the following holds for f, (y, 2):

Oy®=vo=2+2yz and 8yq)(;)m+fy(y, z)
= fy(y,2)=2yz.
Integration with respect to y gives
fly,2)=y"2+9(2),
where the function g can still depend on z but no longer on x or y.
=& (z,y, 2)=2>+yr+yiz+g(z) . (%)

Comparing the third component vs with the partial derivative of ®
with respect to z, we get for ¢’ (2):

0,0 =v3=9y>+22z and 8Z<I>(*:*) 244 (2)

=9 (2)=22=29()=2+K.

The integration constant K depends neither on z, y nor on z.

= ®(z,y,2)=2>+yr+y’2+22+K. O

Example 20.9. Find the potential ® associated with the gradient field

k1 z4y 0y ®
k=|k |=|z+z|=grad®=]|0,P
k3 :c+y 8Z<I>

We start with the first component and integrate over x. The inte-
gration constant may depend on the variables y and z. The result is
differentiated with respect to y and gives the second component of k:

0=k =24+y = @=zzt+yz+f(y, 2)
I Oy
OyP=zx+f,(y,z)=ks=x+2
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=>fyy,2)=2 = f(y,2)=2-y+g(2).

= ®(z,y,2) =zz+yz+2y+g(2)

We take the derivative with respect to z which is the third component
of k. Comparing the left and right sides gives g(z).

0.2=2+y+gd R)=ks=z+y = ¢d(2)=0 = gk =K

= PO(x,y,z)=zzx+yr+zy+ K. O

20.1.5 Application Examples

The curve integral is used to calculate the work required to move a mass
m in a force field E(a:, y, z) along the curve C from a start point P4 to an
end point Pg. According to the definition of the line integral, the work is

- 25 —
W= / Far= [ RE@) -7 @) dt,
C ta
where 7 (t) is a parameter representation of the curve C, 7(t4) is the start
point and 7 (tg) is the end point. W is positive if the force field is acting
on the mass, otherwise it is negative.

Application Example 20.10 (Radially Symmetric Force Fields).

A force field k is called radially symmetric if the magnitude of k depends
only on the distance r and the vector k points radially outwards. A radially
symmetric field has the form

ER)=f)7=|f(r)y

where f is a function in a variable and r = |F] = \/x? + y? + 22. Physical

examples of radially symmetric force fields are

- M 7

F(r)=f, mT r (Newtonian gravity)
r

. 1 =

F(7) Qr (Coulomb force).

dmeg 12 1
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All rotationally symmetric force fields are conservative: The work integral

depends only on the start and end points of the path, not on the path chosen!
We show that the first integrability condition is satisfied. To do this, we use

fr)x
the chain rule to form the partial derivatives of k (7) = | f(r) y
fr) 2
o= 5L (P D) =] () 5 VT
— 2t (r I Y r ZC/y-
P s = 1) &
0 0 o 0 T T 3
%kz(m = o (fr)y) =y f(r) g VI Tyt
’ T ’ Ty
= r) ——==f"(r .
0 0
—k =—k .
= ok ()= ke (1)
The other two integrability conditions are checked in the same way. O

Application Example 20.11 (Coulomb Force).
The potential of the Coulomb force

1 qQ7

1 4qQ
o = —
@y, 2) = o
Figure 20.5. Coulomb force — 1 qQ .
dmeg /22 + 2 + 22
We calculate directly that k= —grad ®. Thus,

according to the main theorem on curve integrals

%Edﬁ:@
C

for all closed curves not containing the origin. There k becomes singular!
To compute the behavior of k including its singularity, we look at the curve
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integral along a circle with radius R

cost
7(t) =R | sint for 0<t<2r.
0

Then, the singularity of k is in the center of the circle: Because of x (t) =
R cost (— 4 (t) = —R sint), y(t) = Rsint (— y(t) = R cost) and z (t) =
0, we obtain for the force field

1 ¢Q._ 4@ 1

T dmey 1P dme (22 + 42 + 22)

R ()

3
2

Far— 19 " ! z(t) &
JoFr= s ), {<x2<t>+y2<t>+z2<t»3 R

+ ! () y<t>} dt
(22 (t) +y2 (1) + 22 (1))
_9Q [ 1 ~ ;
74wka Eg(xayuﬂ+y()y®)ﬁ

Q 1 [ . 5 .
=1 — (—R cost sint + R* sint cost) dt = 0. O
TEQD

=)
wlw
(e}

Application Example 20.12 (Voltage).

N El (l‘, Y, Z)
For the electrostatic field E (7) = | E2(«x, y, ) |, the curve integral
ES (J?, Y, Z)

U:/EM:/@M%&@+&M)
C C

gives the voltage between the start and end points of the curve C. Since the
electric field is a gradient field (E = —grad (®)), the curve integral does not
depend on the selected path. So the voltage is just the difference between
the potential at the start and end points:

+ o

end

start

U:/Eﬁe—¢
C
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Application Example 20.13 (Magnetic Field of a Conductor).

y A homogeneous current-carrying wire is along
the z-direction. The current generates a ma-
gnetic field in the (x, y)-plane proportional to

%, the direction of the magnetic field is tan-

x Y

gential to the circular rings:

gl [~y 1
Figure 20.6. 27 x| x24+y?’

Current carrying conductor . . .
The magnetic field becomes singular at the ori-

gin (0,0). We first compute the line integral in the (z,y)-plane in the case
where the origin is excluded. In a second calculation we choose a curve that
includes the origin.

For (z, y) # (0, 0), the integrability condition in the plane is satisfied:

0By 0By y? — 2?2
gy (@2 4y?)?]

Therefore, all closed curve integrals that do not include the origin are zero.

However, if the integral along the circle of radius R includes the singularity
(0, 0), we must explicitly calculate the line integral.

y A parameterization of the circle is
e . t
£ > 7(t) =R C?S for 0<t<2rm.
LN sint
R cos(t) X
) = x(t)=Rcost (— &(t)=—Rsint)
Figure 20.7.

y(t) =Rsint (— y(t) = R cost).

So the curve integral along C containing the origin is

S pol [ 1 . )
B = _— _— (=
p B = B (Y 0+ 2 (0 5(0)
_ Mol 1 /27r 2 o2 2 .2 -
= o Em (R sin“t + R” cos t) dt = po L.

This curve integral results in the total current I flowing through the area
bounded by the curve C. O



20.2 Surface Integrals 245

20.2 Surface Integrals

Many applications require the area of curved surfaces. These so-called sur-
face integrals are also needed to calculate electric, magnetic or mass flow
through a surface. Therefore, the concept of integrals is extended to include
integrals of functions over a surface in R3.

A

?(u,v)

[/ [ [ [ [/
[/ /S ) [ [/ -

[T7 77 7 7s r "

Figure 20.8. Parameterization of a curved surface

Extending the description of a curve C using the parameter representation
F(t)=a(t) €1 +y(t) & +z(t) &

with one parameter ¢, we define curved surfaces using a parameter repre-
sentation with two parameters (u, v):

Definition: (Surface). Let S C R? be an area in a plane (e.g. a rectangle)
with the parameter variables (u, v) € S (e.g. w1 (v) < u < ug (v),
v1 < v < ). A surface F C R? (see Fig. 20.8) is defined by the
parameter representation

F: 7(u,v) =2z (u,v) & +yu v) é +z(u, v) és

where x,y, z are functions depending on the two variables (u, v). If the
(u, v)-values change, the point P (see Fig. 20.8) moves on the surface
F.

We interpret (u,v) as the coordinates of point P. We assume that the
components of the mapping 7 : R? — R3, (u,v) +— 7(u,v), are continuously
partially differentiable functions. The tangential plane at the point P is
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generated by the direction vectors % and g—i . For the direction vectors we
also write
oF Oy x(u, v oF Oy (u,v)
Ty = o Ouy(u,v) | and 7, = 0 Oy y(u,v)
Oy z(u,v) Oy z(u,v)

Examples 20.14:

® A parallelogram surface defined by the 3 points
Py, P1, P, has the point-direction representation
of a plane

’I?(P):T_"(Po)‘i"u P()P1+U POP2

where 0 <u<land 0 <wv < 1.

Figure 20.9.

® A spherical surface with radius R at the center
0 and spherical coordinates u = ¢, v = 9 has the parameterization
z

R cosu cosv

7(u, v) = | Rsinu cosv
R sinv
where 0 < ¢ < 27 and —F <9 < 7. m|

To determine the area of a curved surface F', we divide the base area S into
rectangles with side lengths (Awu, Awv). With this division of S, the surface
F' is divided into surface elements AF;:

?(u,v+Av)
P
—
_
N a

r(uv) ?(U*'AU,V)

Figure 20.10. Surface element AFj

The content of each surface element AF; is approximated by the parallelo-
gram area Fj, = ’d’ X b’, where the parallelogram is spanned by the direction
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vectors @ and b. According to the Taylor theorem in linear approximation
(n=1) we get

S o or
d="7(u+ Au, v) —7(u, v) = %~Au
- . or
b=7(u, v+ Av) —7(u, v) = — - Av.
ov
- or  or
éAFi%‘d’xb ~ —rx—r Au Av
Oou  Ov
The vector 7 := g—i X %i is perpendicular to the tangent plane. It is called
the normal vector of the surface F' at the point P (u, v). The sign is reversed
if we change the order of the parameters u and v, because 7, X T, = —Ty XT.
The sum of all parts AF; is
n
or or
Zn :Z 50 (P) % 5o (P)| AuAv.

i=1

This subtotal is an approximation of the area of F'. This approximation gets
better the finer the subdivision of the surface S is. For Au — 0, Av — 0

we define
// dF =// |7 (w, v) X 7y (u, v)| dudv
3)

(F) (

as the surface integral of the surface F'. This is a double integral using the
function |7, X 7| in the domain S, as described in Volume 2, Section 12.1.

Example 20.15. @ Find the surface of the hemis-
phere with radius R. Using the parameterization
from Example 20.14 @ we get

COS U COSV
7(u, v) = R | sinwu cosv

smu Figure 20.11.
—sinu cosv —cosu sinv
7, = R | cosu cosv , Ty =R | —sinu sinv

0 CcosS v
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= 7%, x 7, = R? cosv (cosu cosv & + sinu cosv & + sinwv é3)

= |y x 7| = R? cosw.

We insert this parameterization into the surface integral:

/2 2

//dF:/ R? cosvdudv
v=0 Ju=0

(F)

/2
227TR2/ cosvdv =21 R? .
v=0

@ Find the surface of the circular cone

z=R— 2?2+ y?,0< 2 < R. With

T=u
y=v
z=R—Vu?+v?, u? +v? < R?,
Figure 20.12. we get the parameterization of the surface F.
Therefore,
U 1 0
7 (u, v) = v = Ty = 0 , Ty = 1
2 2 v v
R~ Vu?+? Vi tor Ve
_u
VuZto?
S TuxT=| s | = Pux @l =Vv2
1
:>//sz/ V2dudv =27 R%. O
(F) ()

20.2.1 Surface Integral of a Vector Field

If ¥(z, y, z) is the velocity field of e.g. a flowing liquid, then the scalar
product
T =7 (Fy X Ty) Aulv

is the amount of liquid per unit time At passing through the area AF'.
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Figure 20.13. Flow of a liquid through a surface F'

The component of the liquid flowing parallel to the surface does not contri-
bute to the flow through the surface! So the flow of ¥ through the surface
F' is approximately

N N
2 Tl = T
k=1 k=1

where AF; is summed over all surface elements. In case N — oo (i.e. Au —

St

(Fu X Ty) AuAv,

0 and Av — 0) we obtain the surface integral // TdF .
(F)

Definition: (Surface Integral). Let ¥ (7) be a vector field on the surface
F. The surface is represented by the parameterization 7 (u, v) with
(u, v) € S. Then

// gdF :// (7w, v)) - (Fa x 7)) dudv
(F) (S)

is the Surface Integral (if it exists) of ¥ () on the surface F.

Remarks:

(1) If the surface integral exists, it is independent of the particular para-
meterization of S.

(2) If F is a closed surface (e.g. the surface of a body), then instead of

//vdF we write #‘Udﬁ.

(F)
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(3) Often the surface F' is not given in a parameter representation, but in
an explicit expression z = f(z, y). Then we must first parameterize
the surface in order to calculate [[ ¥ dF. We will always get such a

e ()
parameterization with
U
r=u,y=v,z=f(u,v) and 7(u,v)= v
f(u, v)

(4) The surface integrals are exactly what we need when we want to cal-
culate, for example, the mass flow of a fluid through a surface or the
magnetic flux as the next examples show.

Mass Flow Rate

Let ¥ be the velocity field of a flowing medium. Then

/ / #dA is the volume per unit time and

(F)

p // 7dA is the mass per unit time
(F)

of the fluid flowing through the surface F, if p is the homogeneous
density of the fluid.

Application Example 20.16 (Mass Flow Rate).

x
Given is the velocity field of a fluid ¥ () = Y . We calculate
/72 1 42
the mass flow through a hemispherical surface 22 +3%2 +22 =R (2 > 0)
in 2 time units (p = 1). A parameterization of the sphere’s surface is given
in Example 20.14 @:

COS U COS
7(u, v) = R | sinw cosv
sinv

IAIN

SIS

IAIA
N
3

NIE

o O

with the normal vector
COSU COSV
— S p2 .
Ty X Ty = R cosv | sinu cosv
sinwv
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R cosu cosv COSU COS U
= U (7) - (Fy x 7y) = | Rsinucosv | -R? cosv- | sinu cosv
R coswv sinv

= R3 cosv (cos2 v 4 cosv sin v) .

The volume of fluid per unit time [ TdF is
(F)

. 27 /2
// G = / 5 (7w, ) - (Fa x 7y) dv du
() u=0 Jv=0

2m /2
= R3 / / Ccos v (cos2v+cosv sinv) dv du
u=0 Jv=0
27
=R3/ 1du =27 R3.
u=0

The mass M flowing through the surface in two units of time is

M=2-1-27R®=4r R® . !

Application Example 20.17 (Magnetic Flux).

The magnetic flux ® of a magnetic field B penetrating an area A is
o [[ Bai.
(4)

Given is the magnetic field of a straight, current-carrying

conductor
- Molr Y 1
B=— x| ——.
2m 2 + 32
0
We look for the magnetic flux through the circular sur- Figure 20.14.
face A.

The magnetic field is in the (x, y)-plane, the surface vector dA = 7, x
7y du dv is perpendicular to the surface A, i.e. in z-direction. So B-dA =0
and the magnetic flux through the surface A is zero. O
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20.3 The Divergence

Let ¥ be the velocity field of a flowing liquid, given in a volume G C R3.
Let O be the surface of the volume. According to Section 20.2, the integral

ﬂ 7d0 = # 7R dA
(0) (0)

is the net flow of the fluid through the surface O. Instead of dO we write
71 dA, where 7 is the outward normal unit vector and dA is the area element.
If the integral is positive, then the domain G contains sources. Otherwise,
G contains sinks. We introduce a method to calculate the sources by an ap-
propriate differentiation of the vector field ¢ without evaluating the surface
integral.

The surface integral # 7dO allows only a global statement in the sense
(0)

of a total balance over the whole domain G. To obtain a local statement

about the properties of the velocity field ¢ at point P, we select a volume

V' with surface O including point P.

Definition (Divergence):
The limit (as the volume around P goes to zero) is called the local
source density or divergence of v. We write:

=l 1 R
div(?) i —Al‘l/rgo AV # TR dA,
(0)
where O is the surface of the volume V.

To simplify the discussion, we assume the point P to be at origin and select
a cuboid centred at P with edge lengths 2 Az, 2 Ay, 2 Az as the volume
(see Fig. 20.15).

The total mass flow out of the cuboid is balanced by determining the flow
through two opposite surfaces. The flow through the surfaces A; and A, is

@z:// v dA + //ﬁﬁgdAg.
(A1) (A2)

given by
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V4

X

n,

Figure 20.15. Outflow through area A; and As

0

The surface A; at 2 = —Az has the normal 7i; = 0| = —€5 and
-1

Uily = —¥ €3 = —v3. The surface element is dx dy (Cartesian coordinates).

With —Az <z <Az, -Ay <y < Ay we calculate

Ay
—Ay Jr=—Ax

(A1)
= / / (z, y, —Az) dx dy.
—Ay ——Aw

Similarly, for the second surface integral at position z = Az, with 75 =

—17, = €3, we get

Azx
// Vg dAy = / / vs (z, y, Az) dz dy.
y=—Ay =—Ax

(A2)

Therefore,

/ / (vs (z, y, Az) —v3 (z, y, —Az)) dx dy.
We linearize the function vz for small Az with respect to the variable z.
Then

U3 ('T7 Y, AZ) — U3 ('1:’ Y, _AZ) ~ U3 ('1:’ Y, O) ‘2Az

9
0z

:>(I)z~/ / —vgxy,O)-2Az-dxdy



254  20. Vector Analysis and Integral Theorems

Using the Mean Value Theorem for Integrals (see Volume 2, Section 8.6.5),
the function % v3 (z, ¥, 0) is excluded from the integral if it is evaluated
at a suitable intermediate point (&1, 71) with —Az < & < Az and —Ay <
m < Ay:

9 Ay Az
o @m0 [ [ 20sdedy
0z —Ay J—Azx

~ 62 vs (&1, n1, 0) 2Az 2Ax 2Ay.
z

Similar expressions are obtained for the other two adjacent surfaces for @,
and ®,. The total flux outside the box is given by the sum of all contribu-
tions from ¢, ®, and ¢,. So for AV = 8 Az Ay Az we get

div(?¥)

N YN

(P2 + Py + D)

= lim —— 8AzAyA
AVS0 8Az Ay Az - T EYEA
Ovs vy

0z Ox
where —Az < &, & < Az, —Ay <mn, e < Ay, —Az <1, 73 < Az
For AV — 0 (Az — 0, Ay — 0, Az — 0) all points in the cuboid tend to
P. Especially for the intermediate points we get &1, &3, 1, 12, T2, 73 — 0.

0
(&1, 1, 0) + (0, 2, T2) + 6Ly2 (&3, 0, 73)

It can be shown that the limit exists at any point P of the volume and is
independent of the selected volume (or surface):

Divergence

The scalar function

. Ov Ov ov
div(®) = 5 (@9, )+ 22 (@9, 2) + 52 (@3, 2)

is the divergence of the vector field ¥ at (z, y, 2).

The divergence div(?) of a vector field ¥ specifies the local source density at
point P (z, y, z). If div(¥) = 0, then the vector field has no local sources.
The divergence of a vector field ¥/ is not a vector field but a scalar field.
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Examples 20.18:
2

P —yz
® The divergence of 7= | y?> —zzx | is
22 —xy

Ovy  Ovy  Ous

_ 9 2 9 9 (e
= (z yz)+ay (y zx)—i—az (z° —zy)
=2x+2y+2z2

At point P (1, 3, 2) the divergence becomes

div(7)| =2+6+4=12.

P

255

® A local source density (= charge density) p (z, vy, z) induces an electric

%x3—|—y

field E = (z+ 1)y . Applying the divergence to the electric

22 (r—y)+22
field, we compute p:

1 .
7p(x7y7 )—le E)
€0

_9
o

7N

éx +y> 8y((z+1) Y)

+ 2 (@ @y +22)

=22+ (z+1)+22 (z—y)+2

The charge density at the origin is p (0, 0, 0) = 3 €.

20.4 Integral Theorem of Gauss

Let G C R? be a contiguous domain divided into sub-
domains G with volumes AV}, each containing the
points Py. The surface belonging to the subdomain
Gy is Ag. Then the flow through the subdomain Gy,
is

B,

AV}, div(?)

%ﬂ FAdA  (k=1,...,n).

(Ak)

Py

Figure 20.16.



256  20. Vector Analysis and Integral Theorems

If two domains G and G; are adjacent, the fluxes at the adjacent surfaces
cancel each other out because the outwardly directed normals of the com-
mon surfaces are opposite. This means that the flux through Gy and G|
can be determined by balancing only the outer surfaces!

=17

L ——

—_ = =—T1—
i s Py Sy

G, G

Figure 20.17. Flow through two adjacent areas
Adding all the subdomains we obtain

Xn: aiv(@)| AV z# it dA
k=1 k

(4)

and for n — oo (i.e. any fine subdivision AVj — 0):

J[[ av@ av = ff witaa.
V) (4)

This integral relation is called the Gaussian Integral Theorem: The flow
of a vector field ¥ through a closed surface A is equal to the triple integral
over the source density div(¥) in the enclosed volume.

Gaussian Integral Theorem: Divergence Theorem

Let V C R? be a 3-dimensional domain with surface A = V. Let
7 be the normal of length 1 pointing outwards on the surface A.
Let U (z, y, z) be a vector field. Then

/ / / div(5) dV = ﬂ TR
V) (V)
Example 20.19. The velocity field is given

We are looking for the flux ® through the surface of the cone with height
h =2 and radius R = 2:
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The flux ® through the surface of a volume is
® = # i dA :/// div(5) dV
(ov) V)

and the divergence div(¥) of the velocity field is

R 0 0 0
dlv(v):a—x (m_z)+87y (x3+yz)+$

z
2“
2
r

Figure 20.18. Cone and integration along z-axis

(-3+y) =1+-=

For the integration we introduce cylindrical coordinates

T =T Cosp
y=rsing
z=2z

and use the parameterization of the cone (R = 2)

p-Integration : 0< ¢ <27
z-Integration : 0<z< R—r for given r,
r-Integration : 0<r <R.
2m 2 1 2—r
d = / / / (1+2) rdzdrdgo—%r/ [erzQ} rdr
r=0Jz= r=0 2 z2=0
L 3
=27 4r =372+ =% ) dr = 4r. O
r=0 2
. % B +y
Example 20.20. Given is the electric field £ = z+1 . We calculate
-y

the electric flow through the surface of a sphere with radius R.

The electric flow through the surface is calculated using the Gaussian
Integral Theorem

ﬂEndA ///dw )dv = ///de
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To describe the volume V of the triple integral, we introduce spherical

coordinates
T =7 cosp cost,

y =r sinp cosd,
z =1 sind.

With these coordinates the divergence of the electric field becomes
div(E) = 2 = 1% cos® ¢ cos® ¥

and the volume integral is

/// div(E dV / / / r? cos? p cos? I r? cosVdp dd dr.
r=0 =z =0

) 2

e 2m
/ / T cos? / cos? () dip do dr.
=0

1 1
/cos(a;)2 dx = 5 cos(z) sin(z) + 2% +C

el

Using the integrals

/cos(x)3 dx = % cos(x)?sin(z) + %sin(x) +C,

we finally get the result

/// div(E)dV:%R%. o
(v)

Examples 20.21:

® The total charge @ in a volume V with surface A at a charge density

p(x, y, z) is given by

Q:///p(a:, y, z) dV zﬂ EfdA.
(V) (A)

The electric flow through the surface A is proportional to the total
charge in the volume V. We introduce the constant ¢y and obtain

Q:///p(x, y, 2) dV = & #EﬁdA. (1)

V) (4)
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According to the Gaussian Integral Theorem, the surface integral is

0=ey #EﬁdAzeo ///div(E)dv. (2)
W)

(4)

With the identity of the integrals (1) and (2) for each volume V' we con-
clude with the Mean Value Theorem of Integral Calculus the identity

of the integrands

o div(E) = p.

The sources of the electric field are the charge densities.

® Since there are no magnetic charges, the divergence of the magnetic

field is zero:
div(B) = 0. o

At the end of this section we note that the
Gaussian Integral Theorem is also valid for
planes:

Gauss’ Integral Theorem in the Plane

Let G C R? be a plane with the boundary curve C and let 7 (x, y) =

v (2, Y) be a two-dimensional vector field. Then
V2 (:E? y)

/ / div(5) dz dy = 9§ (L)) F(2) dt,
(&) (©)

t
where 7(t) = (5&;) is a parameterization of the curve C and

~ 7 (t) \ . - -
7i (t) = z( ) is the normal vector pointing outwards to 7 (¢).
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20.5 The Curl

To determine the local sources of a vector field, we have introduced the
divergence. The calculation of the vortices of a vector field leads to the
concept of the curl. Roughly speaking, the sources in a volume are deter-
mined by calculating the flow through its surface. To describe the vortices
(circulation) in a surface A, however, the vector field is integrated along the
boundary curve C.

T
(]

Divergence = Local Source Density Rotation = Local Vortex Density
Figure 20.19. Divergence and Curl

Let ¥ be the velocity field of a flowing liquid. Let C be a closed curve around
a point P. Then the line integral

55 ﬁdﬁ:% 7 (F(t)) -7 (t) dt

© (©)
is a measure of the circulation of the liquid near the point P. Note that 7’ (¢)
is tangent to the curve C and therefore ¢ (7 (t)) -7’ (¢) shows the component
of ¥ along the curve. To obtain a local statement at a point P (see Fig.
20.20), we select a surface A near the point P with the boundary curve C
and the surface normal vector 7i. The vector 77 is perpendicular to A. The
orientation of C and 7 is chosen such that they form a right-handed helix.

_

Figure 20.20. Surface A with boundary curve C and normal 7
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Definition (Curl, Rotation):
The Curl (local circulation) of a vector field ¥ at a point P is a vector
rot(¥) whose component in direction 7 is defined by

1
7i - rot(7) :flliLnO 1 55 U - dF.
©

By a suitable choice of the domain A, all components of rot(?) are obtained.
It can be shown that the curl definition is independent on the specific choice
of the surface A, provided that the partial derivatives of the vector field ¥

are continuous.
Vg

We determine rot(¥) for the vector field ¥ = | v, | in Cartesian coordina-
Uz

tes, taking the point P as the origin and choosing a rectangle with center

P and edge lengths 2Ax and 2Ay.

AN
n

T (3)
4) l
p (2)
A 2Ay
2AX (1)

Figure 20.21. Circulation in z-direction

Then 7 = €, and 7 - rot(¥) = (rot(?)), is the z-component of the curl. The
line integral over the boundary curve C is divided into four partial integrals:

Az Ay

, : 1
(rot?), = AAI;IE(? 120y /7AI vz (¢, - Ay, 0) dt + /Ay vy (A, t,0) dt

() (2)

—Azx —Ay
/ vy (t, Ay, 0) dt + / vy (- Az, t, 0) dt
Ax Ay

(3) 4)

Note that the last two integrals vary from z = Az to —Axz and from
y = Ay to —Ay. By swapping the integration limits, these integrals get
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negative signs. By linearizing v, with respect to the second and v, with
respect to the first variable

e (1, By, 0) ~ e (1, Ay, 0) & 2 (1,0,0)-2 Ay
Y
vy (Az, t, 0) — vy (—Az, t,0) = %vy (0,t,0)-2Ax
we get for the z-component of the curl
1 AT Py,
(rot ). ~ {/ =5 (10.0) 28y e
AY 9o
+/ —2(0,t,0) 2Axdy ;.
s, B2 ( ) y}

According to the Mean Value Theorem of Integrals (see Volume 2) the term
aay vy (£, 0, 0) can be excluded, if it is evaluated at a sultable but unknown
intermediate point —Az < & < Az. The same applies to Bx vy (0, ¢, 0) for

an intermediate point —Ay < n; < Ay. Therefore,

1

(rot 7), ~ 4Az Ay

0z

For Az — 0 and Ay — 0 all points of the surface converge to the origin
(&1 = 0, 11 — 0), so that

{ % (e1.0,0) 2080289 + 2% (0,1, )2Am2Ay}.

vy

(rot ¥), = lim 56 vdfzf% —
) oz |p

Ax,Ay—0 6y

Similarly, the first and second components of the curl are obtained by se-
lecting areas in the (y, z)- and (x, z)-plane, respectively. In summary

Curl of a Vector Field

’Ux(i‘, Y, Z)
Let ¥(z,y,2) = | vy(z,y,2) | be a vector field with differentiable
Uz (J,‘, Y, Z)
components. Then, the curl of ¥(z,y, 2) at (z, y, 2) is
v, _ Ovy
Oy 0z
rot(d) = | 9= _ 90
0z Ox
Oovy,  Ovy

ox dy
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The curl rot(¥) of the vector field ¢ indicates the local circulation (vortex
density) of ¢ at point P (z, y, z). If rot(0) = 0, then the vector field has no

local vortices and is called vortex-free.

If we replace the integrability condition in the main clause for line integrals
(see page 236) by the curl, we get

Statement 20.1:

In a simple contiguous domain, the following three conditions are
equivalent:

(1) / v dr is path independent.
(©)
(2) §£17d7_": 0.

(3) rot 7 =0.

Note: When evaluating the curl in Cartesian coordinates, the determinant
notation is usually used:

€ Oy Vg
rot(v) =€, Oy vy
€. 0. Uz
2%y
Example 20.22. We calculate the curl of the vector field v = | —2x 2
2yz
€ Oy 22y Y
rot(v) = e, 0, —2zz
€, 0, 2y z
=€, (0y2yz—0, (—2x2))
—€y (8I2yz — 8Zx2y)
+é. (0 (—222) — 0y 2?y)
2242z
= 0 . O

2z — 2
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Examples 20.23:

@© For radially symmetric force fields  (7) = f () 7 the integrability con-
ditions are always satisfied. Therefore

rot(k (7)) = 0.

@ For all vector fields with rot(E) = ( the integrability conditions are
fulfilled. Therefore, there is always a potential function ® (z, y, z) with

—

k = grad ®:

rot(k) =0 <« There exists a scalar field ® with k = grad ®.

__Y _
x2 +y2

® Given is the vector field k = . Show that rot(k) = 0. |

T _
22492

0

Application Example 20.24 (Rotating Bodies).

The velocity of a rotating rigid body is ¥ = & x 7. Here &J is the vector whose
direction is parallel to the axis of the curl and whose magnitude indicates
the angular velocity.

€y Wy T Wy 2 — W,y
T=W0XT=|& Wy yl=| w,z—wyz
€, W, z Wy Y — Wy

Using the determinant notation of the curl

e Oy Wy 2 — Wy Y
rot(v) =ley, Oy w,T—wypz
e 0, Wz Y — Wy &

we obtain the z-component
(rot ¥), =0y (way —wy) — 0, (Ws & —wz 2) = 2wy,
and so on:
rot(v) = 2 &.

If a small sample is placed in the velocity field ¢ of a flowing liquid, the

angular velocity & is proportional to the curl 3 rot(%). O
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20.6 Stokes’ Integral Theorem

To explain Stokes’ integral theorem on a given plane A with boundary
curve C, we divide A into sub-areas AA;, i =1,..., n. These subdivisions

contain points P; and are bounded by curves C;.

TR I
l:wl AA Tl__,T

Figure 20.22. Stokes’ Integral Theorem

For the circulation of the vector field ¥ in the area element AA; we get
approximately
rot(?)

AL~ 56 7. dr.
(Ci)

Looking at the boundaries of two adjacent sub-areas Ay and A,

Figure 20.23.

the contributions at the boundaries cancel each other out because they are
oriented in opposite directions. Therefore, the circulation in the area Ay
and A; can be determined by balancing the outer boundary curves. By
summing all the sub-areas, we obtain the approximation

n

rot(?) . Ady~ @ T dF.
k

h=t ©
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A4, converges to the

Py,

For n — oo (i.e. AA, — 0) the sum Y. rot(7)
k=1

integral [[ rot(7)- dA and thus

(A)
// rot(7) - dA :515 7 dF.
(4) (©)
This integral relation is the content of Stokes’ Theorem.

Stokes’ Integral Theorem

Let A be a surface with boundary curve C

2 and let ¥ (x, y, z) be a vector field defined
on A. Then
/ / rot (v CdA = 515 U - dr.
¢ ©
Figure 20.24.

The orientation of C and the surface nor-
mal dA = fdA form a right-hand screw; the line element is
dr'= 7' (t) dt with the tangent vector 7’ (¢) to the curve C.

Example 20.25. In a time-varying magnetic field E, the law of induction

holds
U

(4)

The voltage between two points in an electric field E is given by the line
integral along C

U= E dr.
©)

Following Stokes’ theorem, we obtain

IECE T

(4) (4)
for any area A. So the identity holds for the integrands:
0

rot(E) = ~5 B. o
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20.7 Working with Operators

This section summarizes important operations on scalar and vector fields.
A function ® : R* — R with ® (2, y, 2) is a scalar field. Examples of
scalar fields are spatial temperature profiles T' (z, y, z) or the charge density
p(x,y, z). A function k : R® — R with

. kl (ll?, Y, Z)
k(mv Y, Z) = k2 (:C? Y, Z)
k3 (iC, Y, Z)

is a vector field. Examples of vector fields are the magnetic field g, the
electric field E or force fields F. A vector field k is a potential field (gradient
field), if a function ® exists with k= grad (®). In physics, an operator
notation has been established for grad, div and rot using the Nabla operator:

9

Oy bs

o)

V= 8y = dy
0. £

Formally, the Nabla operator is a vector that is always placed to the left
of the function to be differentiated. When using the Nabla operator for the
multiplications of vectors (scalar multiplication « - ¥/, scalar product ¢ - @,
cross product ¥ X &), the following holds

grad (@) = V&
div(k) = V-k
rot(k) = V x£k.

Summary: Gradient, Divergence, Curl.

kl (l’,
Let ®(z,y, 2) be a scalar and k= ka(z,y,2) | a vector field.
x

kg( ,Z)

0 O(x,y, 2)
(1) grad®(z,y,2) = VO(z,y,2) = | 0, ®(x,y,2)
0, ®(z,y, z)

is the gradient of ®(z,y, z). The gradient is a vector field.

7Z)

NSNS

(2) le(E) =V- E = 890 kl (I, Y, Z) + ay k2($7 Y, Z) + 82 k3(3}, Y, Z)
is the divergence of k. The divergence is a scalar field.
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az kQ(:Ea Y, Z)
0z k

(3) I‘Ot(];;) =V % E: az kl(%% i 3(1’7%2')

is the curl of the vector field k. The curl is a vector field.

Example 20.26. Given is the scalar function

1

VaZ+y2+22+1

O(x,y,2) =

Its gradient is the vector field k

- xr
(z2+y2+22+1)%
Y

—

k(z,y,2) = grad ®(z,y,2) =

(@242 +22+1)2

I
(x2+y2+z2+1)%

The divergence of the vector field k leads to a scalar field

1

div(k) = -3 _
(22 +y?+22+1)2

The curl is zero because it is the gradient of a scalar potential. O

The Nabla operator can be used as a normal vector. For example, we can
check that V - (V X k) =0and V x (V®) = 0 are valid:

Theorem 20.2:

Let k(z,y, z) be a differentiable vector field and ®(x, y, z) be doubly
differentiable scalar field, then

div(rotk) =0 and  rot(grad ®) = 0.

® We check the first identity directly using the Nabla notation:

. . ay k3($7y,2) - az kg(l‘,y,Z)
div(rot(k)) = V- (V x k) =V - | 0. ki(z,y,2) — 0, k3(,y, 2)
61 kQ(xvyaZ) - 81/ k‘1(x,y,z)
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= 0, (0y k3(z,y,2) — 0. ka(,y, 2))
+ay (az kl (.’ﬂ, Y, Z) - aa: k3($, Y, Z))
+8z (831 kQ(xa Y, Z) - 6:1/ kl(xa Y, Z)) = 0

® We also check the second identity using the Nabla notation and taking
into account that mixed second-order derivatives are equal:

0, D
rot(grad (®)) = V x (Vo) =V x | 9,®
0,®
8, 0.® — 0, 0,
=|0.0,2-9,0.9 | =0 o
0y 0y ® — D, 0, ®

The following differentiation rules can also be verified directly, assuming
that ® is always a differentiable scalar field, v and & are differentiable vec-
tor fields.

Identities with Differential Operators

a) divii+d&) = div(?)+div(d)

b) rot(¥+ &) = rot(?)+rot(d)

c) div(®d) = grad® ¢+ ®div(?)
d) rot(®v) = grad® x ¥+ Prot(v)

) = drot(v) — Urot(d)
rot(0 x &) = div(d) 7—div(d) d+ (&-V) 7— (7-V) d
) = @xrot(v) + Ixrot(@) + (&-V) v+ (7-V) &

where
(G- V) U= (w10, +w20y +w30.) | vo
U3
w1 Oy V1 + wo Oy v1 + w3 0, 11
= | w10zv2 + ws0yv2 4+ w30, v
w18Iv3+wQ6yvg+w3€)zv3
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Finally, two important consequences are noted for source-free (div(k) = 0)
and vortex-free (rot(k) = 0) vector fields.

Theorem 20.3:

(1) The vector field k is vortex-free if and only if there exists a
scalar field ® with k = grad ®. ® is then its scalar potential:

There exists a ® with k =grad® < rot(k) = 0.

(2) The vector field k is source-free if and only if there exists a
vector field A with k = rot(A). A is then its vector potential:

-,

There exists an A with k =rot(4d) &  div(k) = 0.

Example 20.27. Given is the scalar potential

O(z,y,z) = arctan (Q) for x> 0.
T
The corresponding vector field K is

Yy
R 24y2
k= grad ® = %ﬂﬂ

0

Since k is a potential field, rot(k) = 0. The divergence of k is

o y x
div(k) = 0y (_xz +y2) + 0y <x2+yz> + 0. (0)

Yy 2x —x -2y -
@ @

The vector field & is free of both divergence and curl. For the scalar potential
P we get

div (grad ®) =V - V¢ = P=0;0+0,P+0.P=0.

QL L
QEQJ
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We call

AD =020+ 2D+ 02

the Laplace operator (see Section 19.4) which plays an important role in
electrostatics: All electrostatic problems can be described by

Ad =

€0 ’
where p(x,y, z) is the charge density and ¢ is the permittivity (dielectric
constant). O

Example 20.28. A scalar function ® (x, y, 2) is called a harmonic function
if at each point of the domain A® = 0. The next functions

=In (\/W)
= arctan (%)

are all harmonic functions which can be checked directly. O

(z, )
(z, y) = cosz coshy
(z, )
(z, )

Examples 20.29:

Ty
® Given is the force field F' = Tz . Is F' a gradient field? We
z2y 22
compute the curl of F:
€r Op Ty 2222 — 2z
rot(F) =16, 0, zz |=| —2zy2z?
e, 0, x2yz? Z—x
Since rot(F) # 0, F is not a gradient field.
® The force field
x
P 1
FA)=c—g= y
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is a radial force field. We can check that

rot(F)=0 and div(F)=0.

Since rot(ﬁ ) = 0, we conclude that F'is a gradient field, i.c. there is a
potential ® with

c x

0, ® fi (a2 +y2+22) 3

= ! y_
F=gad®=109,® | =|/fa]|=]|¢ (@2 +y?+22)3

8Z P f3 %

(z24y2+22)2

This potential ® is determined by
O(x,y,2) = —% + const = — + const
(22 + 2 + 22)2 |7

It is div(F) = div (grad ®) = A® = 0. So ®(x,, z) is a harmonic func-
tion. Physical examples include the gravitational field or the Coulomb
field of an electric charge. m|

Example 20.30. Consider a viscous fluid flowing through a pipe of radius r
in the y-direction. Its velocity in y-direction is given by

We discuss whether the fluid has sources or whether it has a circulation.

To determine the sources, we apply the divergence operator to the
vector field.

0 0 0
This field has no sources since div(¢) = 0. For the circulation, we

compute the rotation:

—2cx

This field has a circulation perpendicular to its flow direction in the
(z, z)-plane. |
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20.8 Maxwell’s Equations

Maxwell’s equations are one of the highlights of 19th century mathematical
physics. They describe all the phenomena of classical electrodynamics. They
are based on four laws of physics:

(® 1. Faraday’s Law of Induction
Faraday’s law of induction (1831) states

that the change of magnetic flux in a \\ U
loop of conductor over time induces a / /
voltage (
0 0 Lo A
Uy=—7¢=—— B dA.
‘ ot ot / /
(A) Figure 20.25. Magnetic flux through A

If the area A penetrated by the magnetic field is constant in time, then
9 -
— — B | dA
] (&7)
(4)
The induced voltage is related to an electric field

5£Edr_//mt

(4)

when the Stokes theorem is applied to the area A with boundary curve C.

:>//rot - //<_B>dA

This identity holds for all surfaces A (even for arbitrarily small ones). Using
the Mean Value Theorem of Integral Calculus, we conclude that the identity
must then already hold for the integrands

rot(E) = —% B.

(® 2. The Gaussian Law

The Gaussian law of electrostatics states that the flux of an electric field
from a volume V through its surface A is proportional to the total charge

. . oo x . . . 1 .
Q@ in the volume: # EdA ~ Q. The proportionality constant is = (eo:
(4)
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dielectric constant). If p(z,y, z) is the charge density within the volume V,

Qz///p(fﬂ,y,Z)dV
V)
@%Q:% /(g)/p(x,y,z):ﬂﬁd/i

(4)

then the total charge is

where A is the surface area enclosing the volume V. According to the Gaus-

ﬁﬁdl:/// div(E) dV.

(4) V)

é///div(ﬁ)dV:% ///p(x,y,z)dV.
V) ")

This identity holds for any volume and therefore for the integrands

sian Integral Theorem

div(E) = sﬁ :
0

The sources of the electric field are the charge densities.

(® 3. Ampere’s Law

current in Ampere’s law (1825) states that a conductor car-

Zdirection rying an electric current induces a magnetic field
(©)
¢ If ; is the current density distribution within an

Figure 20.26. area A defined by its boundary curve C, then the

current [ is given by

I:// jdA.
(4)

Current carrying conductor
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Using Stokes’ theorem, we get

o I = 1o //;-dg:yﬁ Ed?z//rot(é) dA
(4) (

9] (4)

for all areas A. So we conclude the identity for the integrands

poj = rot(B).

(® 4. Source of the Magnetic Field
Since the magnetic field is source-free (there are no magnetic monopoles),
div(é )=0. O

(® 5. The Continuity Equation

Summarizing all four laws gives the four equations

div(E) = % (1)
rot(B) = po j (2)
rot(E) = f% 3 (3)
div(B) = 0 (4)

However, there is a contradiction in these four equations: If the divergence
of equation (2) is formed, then

div (,uo ;) = div (rot(é)) =0.

The divergence of the current density is zero. This statement contradicts
the continuity equation: The time variation of the total charge in a volume,
% [[[ pdV, is equal to the current flowing through its surface

(V)
—ﬂ jd/f:—// div(7) dV
(4)

V)
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= ///%pdV:///—div(f)dV.
(V)

(V)
Since this identity holds for all volumes V, it also holds for the integrands

% p = —div(j) (Continuity Equation).

From the continuity equation we conclude that

. 0 0 i .
div(j) = 5 W — 5 50 div(E) = div <—50 = E)

(= 0 =
:>d1V<j+€()atE) =0.

f+ €0 % E is the Maxwell total current and €0 % E is the displacement
current. So we replace j in equation (2) by

. o -
j — F.
]+€oat

Then equations (1)—(4) are free of contradictions and we have the complete
set of Maxwell’s equations for the vacuum:

Maxwell’s Equations

Inner Field Equations Field Generation
rot(E) = -2 B div(E) = 2
ot €0
- N 9 =
div(B) =0 rot(B) = poj +eo o 5 E

ot

Maxwell’s equations are four coupled linear partial differential equations
that describe the relationship between the electromagnetic fields £ and B
and their sources, the charge and current densities.
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20.9 Problems on Vector Analysis

20.1 Determine the velocity ¥ (t) and the acceleration @ (t) for the motion of

a mass on a

a) circular path 7(t) = R <COS (wt))

sin (wt)

t—sint
b loid path 7(t) = R .
) cycloid pa 7 (t) (1—cost>

20.2 Find the associated potential belonging to the vector fields
- 2ry+4x - e’ 322y +4°
k= b) k = = .
2) ( z2—1 ) ) <xey> ) <z3+3xy2

20.3 Given is the force field F = <I>

Ell

Y
a) Show that F is conservative.
b) Determine the associated potential.
¢) Calculate the work [, F'di* to move a mass from P; (1, 0) to P2 (3, 5).

20.4 Check whether the next vector fields are gradient fields and calculate the
corresponding potentials if possible

yz+1 z+y 204y
a)fi=|zz+1 b) fo=| x4 2 o) fa=|az+2yz
zy+1 T4y Y2+ 2z
. T . l1+y+yz
d) fa=| zy e) f5= T+ Tz
TYz Ty

20.5 Calculate the line integral
/ (yd:ﬂJr (x2 +xy) dy)
c
along the adjacent lines between the points

A (0, 0) and B (2, 4).

20.6 Determine the value of the surface integral ﬂ 7dA for

o
1+2%
U= 1424 . The parameterization of the surface is given by
1+ 22 y? u
F: f’(u,v):ué'z—&—vé'y—&—zuvéz: v
i uv

for -1 <u<land —-1<wv<1.
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20.7

20.8

20.9

20.10

20.11

20.12

20.13

20.14

20.15

20.16

20. Vector Analysis and Integral Theorems

2z
Find the flow of #=| = + y | through the surface of 2% + 3%+ 2*> = R%
0
z? —yz
Find the divergence of the vector field ¥ = | yz — 3> at the points
22 4zz
(2, _17 3)7 (27 97 4) and (_17 17 _2)
Ty
Specify f (z, y) such that ¢ = Ty is source-free.
Calculate the divergence of the vector fields
y+z 222 —yz -
a)ki=| x+2zy b) ko = e’y c) 3:m
r+2z e“r+y
22y
Determine the curl of = | —2x2
2yz
a) Calculate the curl for the vector fields ¥ and .

b) Is ¥ or W vortex-free?
¢) Is ¥ or W source-free?

Yz rT+y—=z

v=|zz |, W=|z2z—z+y

Ty y+z—x
Qg
a) Calculate the curl of v =(d-7)-7 with ad= | a,
b) At which points is  rot(7) = 0? a:

2
Calculate rot | rot T+y

2?2

Calculate the curl and divergence of the following vector fields

Ty 2y +z 0
a) f1= Tz b) o= 1y?e" =22 | ¢c) fa=c | r?—a?—y°
z?y2? 22+ 0

Let ¥ be a vector field and ® a scalar field. Prove that the following
identities hold:

div(rot(7)) = 0 and rot(grad ®) = 0.
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20.18

20.19

20.20

20.21

20.22

20.23

20.24

20.9 Problems on Vector Analysis 279

1+y+yz
Show that f = T+xz is a gradient field.
ry
Determine the associated scalar and vector potentials from the vector
field 20.17.

Check by differentiating whether

x cos (y)
a) / z sin(y) | dF is path-independent?
2% +y?
z sin? (y)

b) = | 2z z sin (y) cos (y) is a gradient field?

x sin® (y)
Check the Gaussian Integral Theorem of the plane for a circle around the
2> —5xy+3y

origin of radius 2, where ¥

6y’ —zx
22— y2
Calculate the flow of ¥ = # out of the cube
—(z+y) Inz
0<zr<1,-1<y<2,1<2<4.
23

Calculate the flow of 7= | z — 2%y | out of the cylinder 0 < z < H,
z? +y? < R%. y— z x>

0
Calculate the flow of ¥ = y cos® (z) +¢° from the surface of the

z (sin® (z) — 3y?)

sphere % 4+ 9% + 22 = 4.

Verify Stokes’ integral theorem for
ry

a)v=|yz |, V:{(az,y,z)€R3:m2+y2+z2§1,y20,z20}.
Tz
T —z

b)g=|2*+yz |, V:{(ac,ghz)GRS:z:2—«/x2+y2,220}.
—3xy?



This page intentionally left blank



Chapter 21
Splines

To describe technical shapes, series of measurements are often taken. The dependent
variable is measured at sample points x;. A list of pairs corresponding to an unknown
function f(x) is then available. Finding an approximate function that allows the
calculation of intermediate points is called interpolation.

Apart from conventional interpolation methods such as Lagrange or Newton inter-
polation from Volume 1, splines are the most commonly used today. These splines
can be used to construct the most complicated shapes, such as those used in CAD
design, by specifying only a few points.
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21 Splines

To describe technical shapes, series of measurements are often taken. The depen-
dent variable is measured at sample points x;. A list of pairs corresponding to an
unknown function f(z) is then available. Finding an approximate function that
allows the calculation of intermediate points is called interpolation.

Apart from conventional interpolation methods such as Lagrange or Newton in-
terpolation from Volume 1, splines are the most commonly used today. These
splines can be used to construct the most complicated shapes, such as those used
in CAD design, by specifying only a few points.

When many points are considered, conventional interpolation results in a
high degree polynomial: When interpolating n 4 1 points, a polynomial of
degree n is required, resulting in a large waviness of the graph. These po-
lynomials fluctuate greatly with small changes in the measured values.

Example 21.1 (With MAPLE-Worksheet).
Given is the function
3
flz)=4 e 2

shown in Fig. 21.1. We calculate the 1

8th degree polynomial that interpola-

tes the 9 measurement points at Figure21.1. Function f(z) =4~
r=-4,-3,...,3,4

using the methods discussed in Volume 1, Section 4.2.5. The result, together

»
'

4 3 2 A0 1 2 3 34

with the 9 pairs and the original function, is shown in Fig. 21.2.

A

Figure 21.2. Function (dashed) and interpolation polynomial (solid)

It can be seen that the interpolation polynomial fits the given points, but
has a large waviness that is not present in the original function. O
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To get rid of the waviness with higher-order polynomials, the interval is
divided into sub-intervals and a polynomial of small degree is determined
for each sub-interval. The simplest way to do this is to connect two conse-
cutive points with a straight line. However, this results in a polygon which
is discontinuous in its first derivative: The slope of the computed polygon
is not smooth.

It is therefore advisable to combine several polynomials of small degree
to form a function that can be differentiated as often as necessary over the
entire interval. This method is called spline interpolation. Multiple differen-
tiation is necessary to avoid buckling of the overall function at the interfaces.

This chapter describes two commonly used spline methods: For cubic spli-
nes, a polynomial of degree 3 is chosen between two values and a smooth
overall curve is constructed by a suitable transition and appropriate boun-
dary conditions. For the Bezier splines a constructive approach to generating
a given curve from multiple Bezier segments is described.

21.1 Interpolation with Cubic Splines

With the cubic splines, polynomials of degree 3 are selected in each sub-
interval and the coefficients of the functions are determined such that the
spline curve passes smoothly through all points.

In addition, two boundary conditions are selected at the edges. Depending
on these conditions, a distinction is made between natural cubic splines,
periodic cubic splines, natural parametric splines and periodic parametric
cubic splines. The details of the calculation are only presented for the case
of natural cubic splines. The procedure is similar for the other cases.

Definition: The cubic spline function S for the values (i, ¥i)i=1,..n
with monotonically arranged nodes z; at a =1 < 22 < 3+ < T, =
b is defined by the four properties

(1) The spline function S can be continuously differentiated twice over
the entire interval [a, b].

(2) In each sub-interval [x;, 2;11] fori =1,...,n—1, S is a polynomial
pi(x) of degree 3.
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(3) S satisfies the interpolation condition: S(z;) = y; for i =1,...,n.

(4) Depending on the spline function (e.g. natural cubic, periodic cubic,
etc.) special boundary conditions are defined.

The cubic spline S results in a cubic polynomial p;(x) in each sub-interval
[ilfi,ilfi+1] for ¢ = 1,...,77,7 1:

Spline function in the sub-interval [z;, =;11]

pi(z) = a; + bi(z — ;) + iz — 2;)* + di(x — 2;)°.

[z i

For the n — 1 sub-intervals we obtain n — 1 polynomials p;(z), p2(), ...,
Pn—1(x) with their derivatives:

pi(x) = by +2¢i(x — 2;) + 3di(x — ;)2
pi(z) =2¢ +6d;(x — ;).

It is necessary to find 4 - (n— 1) coefficients a;, b;, ¢;, d; for i =1,...,n—1.
This requires 4n—4 equations. Using properties (1) and (3) we obtain 4n—6
conditions:

Conditions for Spline Function

(a) pi(z;)) =y fori=1,...,n—1 and pp—1(xn) = Yn.
(b) pi(z:) =pi—1(x;) fori=2,...,n— 1.
(¢) pi(z;) =pi_q(x;) fori=2,...,n— 1.
(d) p(z;) =p}_y(z;) fori=2,...,n— 1.

(a) is the interpolation condition, (b) - (d) are the connection conditions
for the polynomials. The missing two equations are obtained from property
(4) by specifying two boundary conditions (BC).
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21.1.1 Natural Cubic Splines
Natural cubic splines define the boundary conditions such that the curva-
ture disappears at the outer boundaries:

pi(z1) =0 and p;_,(zn) =0.

From the definition of the cubic splines and the boundary conditions for the
natural cubic splines, all coefficients a;, b;, ¢;, d; are determined. To make
the formulas clearer, we define for i =1,...,n —1

hi = T4 — Ty

Conditions (a) to (d) are used to determine the unknown coefficients. Every-
thing can be traced back to the solution of a linear system of equations for
C1,-..,Cn—1. From condition (a) we compute the coefficients a; directly by

forz':1,...,n—1. (1)

For formal reasons, we introduce a,, := y,. From condition (d) we see that
the coefficients d; are computed directly using ¢;:

1

Ciy1—¢) | for i=1,...,n—2. (2)

From condition (b) we get b;, while for d; the identity (2) is inserted:

1 v )
bi:E(ai+1—ai)—%(ci+1+28i) for i=1,...,n—2. (3)
And from condition (c) follows for ¢ =2,...,n — 1:

b —bi—1 = hi—1(c; + ¢i—1). 4)

We insert equation (3) into (4) and obtain for i =2,...,n — 2:

3(ai+1 — a; 3(a; —a;—
hi—1ci—1+2¢; (hi1 + hi) + hicipr = (a —2 @) _ (ah a 1)- (5)
i i1

The above equation also holds for ¢ = n — 1 if we define ¢, := 0.

The boundary conditions for natural cubic splines are that the curvature
disappears at the interval boundaries. This results in two additional equa-



21.1 Interpolation with Cubic Splines 287

tions
p{(z1)=c1 =0 and p)_,(z,) =2cp-1+6dp_1hn_1=0. (BC)

We define ¢,, = 0, then equation (2) holds for ¢ = 1,...,n — 1 according to
(BC). So the left side of the system of linear equations can be represented
by the matrix

2(h1 + hg) ho
ho 2(h2 =+ hg) hs

. . hn72
hy—2 2(hn—2 + hn—l)

Note: The matrix A is a tridiagonal matrix because only the three central
diagonals, the major diagonal and the two adjacent minor diagonals, are
non-zero. All other coefficients are zero. This system of equations is solved
by a modified Gauss method for tridiagonal matrices, the Thomas algo-
rithm (see Section 21.3.1).

Summary: Natural Cubic Splines

Given are the values (;, ¥i)i=1,...n at ordered nodes z; with a =
r1 < Ty < x3 < --- < T, = b. The natural cubic spline S consists
in each sub-interval of a cubic polynomial

pi(x) = a; + bs(x — ) + ci(x — 23)? + dis(2z — x3)3

where i =1,...,n— 1.

For h; = x;41 — x; the coefficients are calculated by

a; =y; for i=1,...,n,
1 h; :
bi:ﬁ(ai+1_ai)_§<ci+1+20i) for Z=1,...,Tl—1,
1 ;
dizg—hi(ciﬂ—q) for i=1,...,n—1,

=0, c¢,=0.
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Example 21.2 (With MAPLE-Worksheet). The points (1, 1), (4, 3), (5, 2),
(6, 4) and (9, 1) are given. We search for the natural cubic spline S through
these points.

First, we set up the system of linear equations Ac = 7. For this, we
define

hi =3, ho=1hy=1 hs=3

and according to the summary of natural cubic splines we get

8 1 0 Co )

1 4 1 c3 | = 9

0o 1 8 cy -9
The solution is ¢y = —%, c3 = %, cy = —% and ¢; = 0. With
a1 =y1 =1, a2 =y2 =3, a3 = y3 = 2, ag = y4 = 4 we compute

33 13 7 59

b1——%,b2——m,b3—ﬁ,b4——%

and

59 77 29 89

dy = — dy = — d3 = — dy

540’ 60’ 207 540”
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The cubic spline S associated with these coefficients is

3 2, 119 73

54033 +180x + 90 =135 for 1<z <4

g(?)x:),_@xz_i_z;og % for 4<x <5
S = .

—BP+ U2 — 83 1252 for 5<x<6
89 .3 _ 89 2, 1127 484
30T — 55T+ S5t — for 6 <x<9

The graph of S with the given points is shown in Fig. 21.3. O

45
3.5
25
15

»
'

1 2 3 4 5 6 7 8 9
Figure 21.3. Natural cubic spline S for Example 21.2

Example 21.3 (With MAPLE). Given is the function f(z) = 4e=*" from
Example 21.1. We search for the natural cubic spline S through the points
at r = —4, —3, ...3, 4 and its graphical representation.

A

>

4 3 =2 10 1 2 3 4
Figure 21.4. Natural cubic spline for Example 21.1

The spline function S is shown in Fig. 21.4. It can be seen very clearly
that the spline function, unlike the interpolation polynomial from Ex-
ample 21.1, has no waviness and represents the original function quite
well. O
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21.1.2 Periodic Cubic Splines
Periodic cubic splines are defined for periodic boundary conditions:

S(z1) = S(zy), S'(x1) = S'(z,) and S (x1) = S" (xy,).

It is assumed that the spline S behaves periodically at the edges, i.e. it
has the same function values and the same first and second derivatives.
Applying these conditions to the first and last cubic polynomials, we get
pi(x1) = pa-1(@n), pi(e1) =pp_q(zn) and  pi(z1) = ph_y(2a).

In the case of periodic cubic splines, we get the equations

a1 = Gp-1 +bp_1hp_1+cno1 hi71 +dp_1 hifl

b1 =bp1+2¢h_1hn1+3du_1h>_, (BC?)

2¢; = 2¢p—1 +6dp_1hp_1

instead of the equations (BC). We isolate b,,_1 in the first equation and
insert the result into the second equation. Then

1
by = 3h (Bar —3an_1+ co1 h_| + 207 _jc1)
1
bn—l = 3h . (3 ay — 3(1n_1 — 2cn_1 hi—l — hi_l Cl)
dn71 = _Shn_l (—Cl + Cnfl).

We use the above formulas and modify the system of linear equations for
the coefficients ¢; as described in the following summary

Periodic Cubic Splines

Given are the values (z;, ¥i)i=1,..,» with ordered nodes z; at a =
T, < To < x3 < -+ < x, = b. The periodic cubic spline S consists
in each sub-interval of a cubic polynomial

pi(x) = a; + bi(x — ;) + ci(x — ;) + di(z — x;)°

where ¢ = 1,...,n — 1. With h; := ;41 — z; and h,, := h;, the
coefficients are given by
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Example 21.4 (With MAPLE). The points (1, 1), (4, 3), (5, 2), (6, 4) and
(9, 1) are given from Example 21.2. We look for the periodic cubic spline
S that fits these points.

We will skip the details of the calculation and just present the result
of the spline function &

(_ 67 .3 4 20,2 283 163
e+ 5@ o T+ o for 1<z<4

37 .3 2 2039 231

41 .3 , 115 .2 3811 1163
HTt+ ST+ s for 5<z <6

79 .3 _ 103 .2 | 1565 .. _ 629
516 ¢ 5 TT+ ST 7 for 6<z<9
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Fig. 21.5 displays the given points together with the graph of S.

A
44

1

Tz 3 4 5 8 7 &8 o>

Figure 21.5. Periodic cubic spline for Example 21.4

It can be seen that the qualitative behavior of the periodic cubic spline
S within the interval [1,9] is the same as for the natural cubic spline.
However, due to the modified boundary conditions, we observe devia-
tions near the interval boundaries. O

21.1.3 Natural Parametric Cubic Splines

The natural parametric cubic splines are particularly useful for approxi-
mating a curve in space that does not have a monotonous distribution of
points, such as spirals or (non-smooth) closed curves.

The idea of the procedure is based on
the following geometrical considerati-
on: The line through the two points
Pi(x1,y1) and Ps(xe,ys) is described
in parameter form by

—_—

Figure 21.6. Line g through P; and P» For A = 0 the line starts at point P;
and for A = 1 it ends at point P,. Alternatively, we can use the notation

x 1 =
g: ’F :F(P1>+(t_t1)jP1P2,
(y) | PP,

—
where | Py P;| is given by

—
| P Ps| = \/(ffz —21)2+ (y2 — )2

The line g gives a linear connection between points P; and P,. It starts at
point P; for t = t; and ends at point P for t = ¢; + | Py Pa.



21.1 Interpolation with Cubic Splines 293

If we choose a cubic approach, instead of the linear approach in the para-
meter t, we define

1 ==
7?<x> :F(Pl) + (t—tl)k‘l jplpg

Y 1P2
1 - 1 ==
+ (t - tl)z k2 jP1P2 + (t - t1)3 kg jP1P2.
PP |PL P

With a suitable choice of k1, ks, ks we get a connection of P; with P, through
a cubic curve.

Motivated by these considerations of a non-linear connection between the
points P; and Ps, the parametric spline S is composed of two components
S, and Sy, where the components for ¢ € [t;, t;11] are defined by

So(t) = Pin(t) = aip + bin(t — ;) + cin(t — ) + din(t — ;)?
Sy(t) = piy(t) = @iy + by (t — t;) + iy (t — ;) + diy (t — ;)°.

Here, we define

to = 05 ti+1:ti+\/(l’i+1*$i)2+(yi+1*yi)2 for i=1,...,n—1

The z-component of the spline S, is obtained by using the equation sys-
tem for natural cubic splines, replacing z; with ¢; and y; with x;. The
y-component Sy results from replacing x; with ¢;, leaving y;. Geometrical-
ly, t,, is the length of the polygon through the points P, ..., P,.

Example 21.5 (With MAPLE). A spiral is defined by the following 13 points:
(0,0), (3,4), (2,6), (0,4), (4,0), (7,4), (6,6), (4,4), (8,0), (11,4), (10,6),
(8,4), (12,0). We look for the natural parametric cubic spline S that fits
these points.

Although the method of calculating the spline interpolation curve is
clear and straightforward, the amount of work involved is too great
to describe here. Instead, we have implemented the algorithm in a
MAPLE-procedure.

The procedure ParaCubicSpline determines this spline and displays the
values along with the graph of S (see Fig. 21.7). O
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I

N

»
'

2 4 6 8 10 12

Figure 21.7. Parametric cubic spline for a spiral

21.1.4 Periodic Parametric Cubic Splines
The periodic parametric splines are ideal for smooth closed curves such as
contours. The spline S again has two components, S, and Sy. The basic
system of equations is a periodic cubic spline, the exchange of variables is
analogous to the natural parametric spline.

Example 21.6 (With MAPLE). To show the behavior of a periodic parame-
tric cubic spline, we select the points (5,1), (8,3), (9,6), (7,7), (6,5), 8(,4),
(10,6), (7,9), (2,4), (5,1). In this example, the last and first points of the
list are the same.

Figure 21.8 shows the parametric cubic spline S as a closed curve for
the selected points. The calculation uses the MAPLE-procedure Pe-
riodicParaSpline implemented in the corresponding worksheet. This
procedure calculates and graphically displays the spline curve S. m|

A
8

2 4 6 8 10>

Figure 21.8. Periodic parametric spline
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21.2 Bezier Splines

Bezier spline curves and Bezier spline surfaces play an important role in
the modelling of free-form geometries in CAD/CAM design. They were dis-
covered independently by the engineers Bezier (Renault) and de Casteljau
(Citroen).

Bezier and de Casteljau introduced a basic element - the Bezier segment -
which can be used to model virtually any geometric shape. A Bezier cur-
ve or Bezier surface is made up of many Bezier segments. A constructive
algorithm is presented in Section 21.2.1 and an algebraic method for con-
structing of Bezier segments is given in Section 21.2.2.

Note: Although the method of calculating the Bezier segments is clear and
straightforward, the computational time involved is too great to describe
here. Instead, we have implemented the algorithms in MAPLE-procedures.

The great advantage of the Bezier splines is their data reduction, i.e. with a
few points (Bezier points) a curve or surface consisting of hundreds or even
thousands of points can easily be generated. We will see that the calculation
of spline curves involves the solution of large linear systems of equations.
The Section 21.3 deals specifically with solving such large systems of linear
equations.

21.2.1 Creating a Bezier Segment

The Bezier segment is constructed from four points. The construction of a
segment is realized by a constructive algorithm (de Casteljau algorithm),
which is illustrated in Fig. 21.9.

Figure 21.9. Constructing a point on the Bezier segment
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To construct a Bezier segment, four Bezier points (P, to Ps) are specified.
Py is the start point and Ps is the end point of the Bezier segment; P; and
P, define the shape of the curve.

In the first step of the procedure, the three lines connecting the points Py to
P5 are divided by a fixed ratio ¢t. This creates three new points Py, P12, Pos.
There are two connecting lines to these three points, again divided by the
same ratio. This defines two points Fy12, P23 and only one line. Dividing by
t again gives Py123 which is a point of the Bezier segment shown in Fig. 21.9.

The ratio ¢ varies from 0 to 1, for £ = 0 we get the point Py and for t =1
the point Ps. The number of divisions of the lines is called an iteration. So 3
iterations are needed to find a point on the segment with 4 starting points.
This procedure is repeated for other values of ¢. The result are points on
the Bezier segment. The resolution depends on the number of t-parameters
chosen.

Example 21.7 (With MAPLE). The Bezier segment is searched for the points
Py(1,1), Pi(1.5,5), P»(2.5,3), P5(3.5,1). The constructive method accor-
ding to de Casteljau gives a curve as shown in Fig. 21.10. The worksheet
used is structured such that Bezier points other than the default ones can
be specified.

5 o Ps
4
3 o P,
2
AL Po P,
1 2 3
Figure 21.10. Bezier segment to points Py, ..., Py

Visualization. To illustrate the influence of the position of point P, on the
overall curve, we choose Py(1,1), P1(1.5,5), Pa(x,3), P5(3.5,1). Py, P1, P3
are fixed but the z-coordinate of P, varies from = 0 to z = 6. In Fig.
21.11 all curves have been superimposed to show the influence of the point
P, on the behavior of the whole curve: If the z-value of P5 is smaller than
P, a peaked curve is obtained; for larger xz-values the curve becomes more

bulbous.
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\

T2 3 4 5 6

Figure 21.11. Bezier segments depending on P>

21.2.2 Parameterization of a Bezier Segment

An explicit parametric representation of Bezier segments can be described
using the Bernstein polynomials. The Bernstein polynomials of degree n
are defined for ¢ = 0,...,n by

BM(t) == (’Z) £ (1 — ).

There are n + 1 Bernstein polynomials of degree n. (?) are the binomial

n n!
coefficients: =
i il(n—1)!

Example 21.8 (Bernstein polynomials, with MAPLE-Worksheet). We define
all third degree Bernstein polynomials and show their graphs.

The following list contains all third degree Bernstein polynomials:

BPM)=1-t)P=1-3t+382—13
BO@#) =3t(1—1)2=3t—6¢+3¢
BP(t) =312 (1—t) =32 — 33
BP (1) = .

The Fig. 21.12 shows these four polynomials for ¢ € [0, 1]. m|
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A
11 BO(3> Ba(g)
0.81

0.6 Bf) Bzm

0.41 /

0.2

»

0 02 04 t 06 08 1

Figure 21.12. Bernstein polynomials of degree three

Using the Bernstein polynomials the Bezier segments can be described by
a simple formula. Using the polynomials from Example 21.8 we obtain the
Bezier segment with 4 points:

t(t) = 7(Py) (1 —t)* + #(P1) 3 (1 — t)*¢
+7(P) 3 (1 —t) > + 7(Ps) . (1)
The vectors 7(Py), 7(Py), 7(P,) and 7(P3) are the position vectors of the
Bezier points Py to P3. The result 7(t) is a parameterization of the segment.

By varying ¢ between 0 and 1, a complete Bezier segment of arbitrary pre-
cision is obtained.

Summary: Bezier Segment

The Bezier segment defined by the points Py, P, Ps, P5 is given
by the parametric representation

P)B® () for telo,1], (2)

Mw

=0

t' (1 — t)>~% are the Bernstein polynomials

where B; (3 ) (

of degree 3 (i =0,1,2,3).

v

Example 21.9 (With MAPLE-Worksheet). Find the description of the Bezier
segment by the points Py(0,0), Pi(1,5), P2(2,2), P5(6,0) using the Bern-
stein polynomials and the graphical representation of the segment.
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With the position vectors (8), (;), (;), (g) the parameteri-

zation is
1) = 3(1—t)2t+6(1—t)t2+6¢3
B 15(1—)2t+6(1—1t)t2
_ 3t + 3t
o\ 9P —24¢2 +15¢ )
The Bezier segment is shown in Fig. 21.13. O
A
5{ P,e
o]
N
21 .Pz
"
P i
0 2 4 6

Figure 21.13. Bezier segment generated using Bernstein polynomials

Interpretation: The degree 3 of the Bezier segment in equation (2) is equal
to the number of Casteljau iterations. With equation (1) it follows that
7(0) = F(Py) and & 7(0) = 31TP1>. So for ¢ = 0 the resulting point on
the Bezier segment corresponds to the first point Py and the tangent at P,
corresponds to the line between Py and P;. Similarly, it can be shown that
the segment at Ps is the tangent to the line defined by P> and P;. Segments
of degree 3 are also known as cubic Bezier segments.

Higher Order Bezier Segments

Running the de Casteljau algorithm with n + 1 points and n itera-
tions instead of 4 points and 3 iterations produces a Bezier segment
of degree n. Generalizing to equation (2) we obtain

n

Z B(n) (3)

=0
The Bezier coefficients 7(P;) are again the position vectors of the
points P; and Bgn) (t) (for i =0, ..., n) are the Bernstein polyno-
mials of degree n.
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Example 21.10 (With MAPLE-Worksheet). Find the description of the Bezier
segment at points Py(1,1), P1(1.5,5), P»(2.5,3), P3(3.5,1), P4(4.5,6) using
the 4th degree Bernstein polynomials.

With the position vectors 7(FPp) = (1), 7(Py) = <1'g), 7(Py) =

25\ . 35
g | ={

polynomials and the 4 points

4.
,T(Py) = ( 2) and the 4th degree Bernstein

7(t) = 7(Py) (1 —t)* +47(P1) (1 —t)3t
+67(Py) (1 — )2 12 + 47(Ps) (1 — t) 3 4 7(Py) t*

we get the parameterization

F(t) = ((1—t)4+6(1—t)3t+15(1—t)2t2+14(1_t)t3+4_5t4)

1—)*+20(1—t)2t+18(1 — )22 +4(1 —t) 3 + 61*

o sttt -2 42872t +1
S\t 2443 - 3612 +16t+1 )

The Bezier segment is shown in Fig. 21.14. O

1 o >

1 2 3 4

Figure 21.14. 4th order Bezier segment

Visualization with MAPLE. The Bernstein polynomial approach has been
implemented in MAPLE-worksheets. Depending on the point P, the ani-
mation gives the same results as the constructive method. However, the
parameterized approach offers a significant time advantage over the con-
structive solution. The worksheet 3BSeg.mws contains several examples of
higher order Bezier segments and additional animations.
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21.2.3 Bezier Curves

To display complicated curves, one Bezier segment is usually not sufficient,
even at a higher level. Therefore, several simple Bezier segments of lower
degree (e.g. n = 3) are combined. The resulting curves are called Bezier

curves.

When modelling shapes, however, spline curves with smooth transitions
play a more important role. The condition for a smooth transition is that a
Bezier curve consisting of n-th degree segments is (n—1) times continuously
differentiable at the nodes. We will use the notation (C™~!-continuous) for
a point where the spline curve is (n — 1) times continuously differentiable.
This means that a cubic Bezier spline curve (n = 3) must be C%-continuous
at its transitions.

The following list gives the geometric conditions for the C°-, C'- and C?-
continuity:

C° denotes a continuous junction, usually with a kink. The last point of the

first segment P?Ek) coincides with the first point of the second segment

P()(k+1):
ps(k) _ po(k+1)

for k=1,2,...,1 — 1, where k is the number of the individual segment
and [ is the total number of segments.

C! denotes a continuously differentiable transition, i.e. the spline curve has
the same gradient at the contact point from the right as from the left.
More specifically, this means that

(1) the C%-continuity must be satisfied;

(2) the penultimate point of the first segment, the two connecting points
and the second point of the second segment lie on a straight line
(collinear) (see Fig. 21.15).

(k)
P,

Figure 21.15. Construction of a C''-continuous Bezier curve
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C? denotes a continuous differentiable transition. The curvature of the
curve is preserved at the transition points. This means that the C'-
continuity is satisfied and there is a point Cj with the following pro-
perties (see Fig. 21.16):

(1) Cf is collinear with the points P, and p,* ),

(2) P ) divides the distance P( C by the ratio v;

(3) Cf is collinear with the points P, and Py (kﬂ),
(4) P k—H divides the distance CkP2k+1) by the ratio vy.

C.

() (k+1)
P,“ =P,

(k) (k+1)
P P,

Figure 21.16. Construction of a C2-continuous Bezier curve

Example 21.11 (C°-continuous curve, with MAPLE-Worksheet). Find the C°-
continuous Bezier curve to the given Bezier points for two Bezier segments:

PV = (0,0), P = (1,-7), P(l) (6.-2), P(l) (10,0);

For the C°-continuity we define PO(Q) P(l) and determine the first
and second segments separately by third-order Bernstein polynomials.

Figure 21.17. C%-continuous Bezier curve
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The Fig. 21.17 shows the Bezier curve together with the Bezier points.

The bend at the transition from the first to the second segment can

be clearly seen at the point Ps(l). O

Example 21.12 (C'-continuous curve, with MAPLE-Worksheet). Find the C'!-
continuous Bezier curve to the given Bezier points for two Bezier segments:

pPY =(0,0), P = (1,-7), PV = (6,-2), PV = (10,0);
P = (14,4), P = (24,0).

To make the transition between the first and second segments conti-
nuously differentiable, two conditions must be met:

(1) Péz) = Pél) and

(2) the points P. ( ) P(l) and Pl(z) lie on a straight line. To do this, for
example, we set A = 7 and define

A (1)

(1)(3
2|

(1)
‘P:,El)—P _PQ )

P — p 4

This definition of the points PO(Q) and Pl(z) determines the first and
second segments:

b o
\ 4

_4.

_6.

Figure 21.18. C'-continuous Bezier curve

The Fig. 21.18 shows the connection between points P( ) and Pl(z)‘
The difference between the first and second segments is clearly visi-
ble. The slope of the curve at point P?fl) is equal to the slope of this
straight line, i.e. the straight line is the tangent to the Bezier curve at
the transition point. However, we can also see at point P?fl) that the
curvatures from the left and right are different: The curvature of the
left curve is negative (right curvature), while the curvature of the right
curve is positive (left curvature). O
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To get the same curvature from both sides, it is necessary to switch to the
C?-continuity, as the next example shows:

Example 21.13 (C?-continuous curve, with MAPLE-Worksheet). Find the C?-
continuous Bezier curve to the given Bezier points for two Bezier segments:

PM =(0,0), PV = (1,-7) and P = (12,4), P{? = (24,0).

This example constructs a Bezier curve that is twice continuously dif-
ferentiable at its interface. According to the C2-continuity, we need to
define a point C' and a division ratio v. With these choices we define
two additional points for each segment: PQ(U, Pél) and Pé2) and P1(2)
are constructed from them. We choose C' = (20, 20), the division ratio
v = 0.7 and define

M — p) | v ( ),
2 1 ‘C P1(1)| 1

P _ p@ L (C - PY),
*Jo-pP) ’

Py = BV (P — BY),
pY = PM.
With the calculated Bezier points
P = (1.40, —6.42), P = (13.75, 3.34),
P = (10.04, 0.41), P{? = (10.04, 0.41),
we determine the two Bezier segments and draw the Bezier curve:
A

49 °

24

0 ! >
_2.
—4

—6

Figure 21.19. C?-continuous Bezier curve

The Fig. 21.19 shows that the slope of the left curve corresponds qua-
litatively to the right curve at point P?El), as does the curvature. m|
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21.2.4 Creating Bezier Surfaces

The creation of Bezier surfaces is similar to the parametric creation of a
spline curve. The starting point is again a base segment defined by adding
two Bernstein polynomials. This results in a vector 7 which depends on two
parameters (u,v). Both parameters vary in the interval [0, 1]. To define a
surface segment (n+ 1) - (m+ 1) Bezier points are needed, i.e. for a bicubic
surface segment (n = 3, m = 3), we need 16 Bezier points.

Equation (5) gives the general definition of a Bezier surface segment.

m

f(u,v) =Y |3 PyB (u) B{™ (v) (5)

=0 j=0

Visualization with MAPLE: The creation of the Bezier surface segments is
realized in the worksheet (5B3dSeg.mws).

Figure 21.20. Construction of a Bezier surface

This worksheet shows some Bezier surfaces and provides animations to show
the influence of the Bezier points on the surface segment. As with Bezier
curves, Bezier surfaces are created by connecting individual surface seg-
ments. Similar continuity conditions apply to the connections.
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21.3 Solving Systems of Linear Equations

Calculating the spline curves leads to large systems of linear equations that
must be solved to determine the unknown values. These linear systems are
sparsely populated because very few elements of the matrix are non-zero.
Therefore, the efficient solution of sparse systems of linear equations is an
important task.

In the case of simple matrix structures, such as those arising from the spline
problem, special variants of the Gaussian method play an important role.
The next two subsections describe the Thomas algorithm for tridiagonal
matrices and the Cholesky method for symmetric positive definite matrices.

21.3.1 Thomas Algorithm

We return to the summary of the spline problem. The calculation of the
coefficients of the spline function is related to the solution of a system
of linear equations with a tridiagonal matrix T. In the description of the
algorithm, we start with a system of linear equations

-

T Z=d,

where the matrix on the left side is a tridiagonal matrix. This is why the
system is also called a tridiagonal equation system. The solution of a sys-
tem of linear equations is done by the Gaussian algorithm, which leads to
a particularly simple method, the tridiagonal or Thomas algorithm.

To describe the Thomas algorithm, we assume that 7' is given by

b1 C1 0 0 0 dl
a9 b2 Cy ... 0 0 d2

0 0 ...ap—1bp_1cno1| dn—1
0 0 0 a, b, dn

where the diagonal elements b; # 0 for all ¢ = 1...n. Then the Gauss elimi-
nation can be formulated explicitly to solve the system of linear equations:
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Thomas Algorithm

Given is the tridiagonal matrix 7" from above. We define

a;

7= bi—1
b{i:bi_qcifl 7/22,,77,
di = d; — qd;i—1

The backward substitutions give the solution

d/
.’L’n:an

n

d} — eiiqy .
l’z:ZT z:n—l,...,l.

Example 21.14 (With MAPLE-Worksheet). We are looking for the solution
to T & = d with

—2 1 0 0 0 ~1
1-2 1 0 0 ~1
T=| 0 1-2 1 0 and d=| -1
00 1-2 1 1
00 0 1-2 1

The Thomas algorithm is implemented in a MAPLE procedure and is
used to solve the systems of linear equations:

5

9 5
1‘1:§,$2=4,$3:§,$4=4,$5=§. O

21.3.2 The Cholesky Method

Like the Gaussian algorithm, the Cholesky method is a direct method for
solving systems of linear equations with a symmetric positive definite ma-
trix, such as those encountered when solving boundary value problems for
partial differential equations.

Before we discuss the decomposition of the matrix A, some criteria for posi-
tive definite matrices are given below. An important property is its diagonal
dominance. This notion is descriptively clear, but we will give a precise de-
finition.
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Definition: Let A be an (n X n) matrix.

(1) The matrix A is called diagonal dominant if for all i = 1,...,n
it holds: [a;;| > > 5y s |aik|; at least for one i the greater sign
must hold.

(2) The matrix A is called strictly diagonal dominant if for all ¢ =
1,...,n it holds: |ai,-| > Zk:l,k;ﬁi |aik|-

Criteria for Positive Definite Matrices

Let A be a symmetric (n X n) matrix.
@® A is positive definite = a;; >0 foralli=1...n.

® A is positive definite <
All principal determinants are positive, i.e.
det (aij)izlnk’jzl,_k >0forallk=1...n.

® A is strictly diagonal dominant = A is positive definite.

@ A is diagonal dominant and a;; > 0, a;; < 0 for all i # j
= A is positive definite.

® A is tridiagonal, diagonal dominant and a;; > 0,
a;j # 0 for all [i —j| =1
= A is positive definite.

Now we look at the Cholesky decomposition. The first step is to decompose
the matrix A into the product of the lower triangular matrix R! and the
upper triangular matrix R such that

A =R'R.

Example 21.15. We look for the Cholesky decomposition of the symmetric

matrix
14
A= (4 25>'
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We perform the matrix multiplication A = R* - R with an upper tri-
angular (2 x 2) matrix R.

L4\ o _fr11 O 11 T2\ T 711712
=R"-R= = 2 2 |-
4 25 12 T22 0 T292 (T127“11) T2 + T39

Due to the symmetry of the original matrix A we get only 3 equations.
By comparing the coefficients with the original matrix elements we get

2
1 = 1 8% 1 = 1
11712 = 4 8% r12 = 4

15, =25 A rop =3
(14 ot w [10 14\ (14
e (1) manonens (10) (1)< (14) -

Example 21.16. We are looking for the Cholesky decomposition into a lower
and an upper triangular matrix R for the symmetric matrix

120
A=12814
0420

We perform a matrix multiplication A = R*- R with an upper trian-
gular (3 x 3) matrix R:

120 T11 0 0 11 T12 T13
284 :RtR: T12 722 0 0 722 T23
0420 713 723 733 0 0 733
2
T11 T11712 T11713
— 2 2
= | (ri2711) Ty + T 712713 + 722723

(r137m11) (r1s712 + rosran) T3 + 135 + 13

Due to the symmetry of A and also of the matrix product, we skip the
terms in brackets. Comparing the coefficients with the original matrix
elements we get

=1 ~ ry=1
Iris =2 ~ rig=2
1ris=0 ~ 1ri3=0
4473, =8 N ryp=2
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2-0—1—27"23:4 % 7'2322

4472, =20 ~ r33=4

So the upper triangular matrix is

1
R=1]0
0

S NN
=N O

and the Cholesky decomposition is

A=R' R=

O N =

NN O

= O O

O O =

S NN

=N O
O

Similar to the examples above, we now consider the general case of an n X n
matrix. The algorithm for the Cholesky decomposition is obtained by com-
paring the coefficients of the symmetric matrix A with the product R* - R.

Cholesky Decomposition

Let A be a symmetric, positive definite (n X n) matrix. Then
A = R' . R is decomposed with an upper triangular matrix R. The
coefficients of R are computed using the following algorithm:

(1) For i = 1...n we define

1—1
Tii = 4| Qi — Z 7",262- (Diagonal elements).
k=1

(2) For j=i+1...n we set

T4

1 g=1
Tij = — (aij - Z Thj - rk¢> (Non-diagonal elements).
k=1

Let us return to the solution of the system of linear equations A ¥ = b.
After decomposing the matrix A into Rt - R, we replace the system of linear
equations A £ = b by Rt - R # = b and introduce the vector ¢ by Rt¢ = b.
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The problem is then solved in two steps:

Cholesky Algorithm

The system of linear equations A ¥ = b with a symmetric positi-
ve definite matrix A is processed in two steps using the Cholesky
decomposition A = Rt - R:

(1) Forward step: Calculate the solution of the system of linear
equations

Rt¢=10
by forward insertion. The result is the vector C.
(2) Reverse step: Find the solution of the system of linear equations
Ri=¢

by backward substitution.

Example 21.17. We are looking for the solution to the system of linear
equations A ¥ = b with

1 4 - 1
A<4 25) and b<1>.

According to Example 21.15 the Cholesky decomposition is

aowene (10) (1)< (14),
).

The first equation gives 1-¢; = 1 ~ ¢; = 1 and the second gives

4-14+3co=1ncy = —1.
- S 1 4| 1
Reverse step: Then, we solve R¥ = ¢ : .

10

Forward step: First, we solve Rt¢ = b: ( 43

0 3|-1
The second equation gives 3xo = —1 ~ 29 = —% and from the first
1.131—%:1@331:%. O
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Example 21.18 (With MAPLE-Worksheet). We are looking for the solution
to the system of linear equations A & = b with

12 0
A=1218 4 and b=
0 4 20

S O =

According to Example 21.16 the decomposition is

100 120

A=R""R=(220 022

024 004
10011
Forward step: First, we solve Rt ¢ = b: 2 2016
02 410

From the first equation we get 1-¢; = 1 ~ ¢y = 1; from the second
242cy =6~ cy =2 and from the third 4 4+4¢c3 =0~ c3 = —1.

Reverse step: Then, we solve RZ = ¢

=N O

1
0
0

S NN

-1

From the third equation we get 4 x3 = —1 ~ x3 = —i, from the second

2x2—%:2mx2:%andfromtheﬁrstxl—i—lzozlmxlz—%. O
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21.4 Problems on Splines 313
Problems on Splines

Given are the value pairs (1, 1), (3, 3), (5, 3), (7, 1). Find the natural
cubic spline function S through these points.

Given is the function f(z) = cos(z). Show that the natural cubic spline
function § is replaced by the points

Tk | 0 % T i g % T
fag] 1 3v38 3v2 5 0
is determined by the polynomials
po(z) = 1—0.148 z — 0.3942°

p1(z) = 0.866 — 0.472 (z — é 7) —0.619 (z — % 7)% +0.398 (¢ — % 7)?

o] =

pa(z) = 0.707 — 0.715 (z — in) —0.307 (z — %n)Q +0.058 (z — iw)"’
p3(z) = 0.5 — 0.864 (x — %n) —0.262 (z — % 7)% +0.166 (z — %w)?

Given is the function f(z) = sin(z). Find the periodic cubic spline func-
tion S for the points x = 0, iﬂ', e Z 7, m and their graphical represen-
tation.

Given is the function f(z) = =/

a) Determine the interpolation polynomial of degree 5 for the values z =
-5, =3, —1, 1, 3, 5 using the Newton interpolation method. Draw
the output function and the interpolation polynomial in a diagram.

b) Determine the interpolation polynomial of 10th degree for the values
r = =5, —4, -3, -2, —1,0.1, 1, 2, 3, 4, 5 using the Newton inter-
polation method. Draw the output function and the interpolation
polynomial in a diagram.

¢) Determine the natural cubic spline function S to the values given in
part (b).

The unit circle is given. Select 8 points on the unit circle and define the
parametric spline function for these points.

a) Determine the second-order Bernstein polynomials and display the
polynomials in the interval [0, 1] graphically.

b) Determine the fourth-order Bernstein polynomials and display the
polynomials in the interval [0, 1] graphically.

Given are the Bezier points

P0(07 O)7P1(175)7P2(274)7P3(67 _2),P4(107 0)
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Find the description of the Bezier segment by the points

a) Py(0,0), Pi(1,5), P»(2,2)

b) Py(0,0), Pi(1,5), P2(2,2), P5(6,0)

c) Py(0,0), Pi(1,5), P2(2,4), P5(6,—2), P4(10,0)

using the Bernstein polynomials and the graphical representation of the
respective segment.

21.8 Create a C?-continuous Bezier curve consisting of the two segments de-
fined by the points

PM(0,0), PV (5, -5), PV (10,-5), P{V(15,0)
and P{?(20,5), P{*(25,0).

21.9 Solve the system of linear equations A & = b using the Thomas Algorithm

-4 2 0 0 0 1
2-4 2 0 0 0
A=| 0 2-4 2 0| and b=1]1
0 0 2-4 2 0
00 0 2-4 1

21.10 Given are the matrices

1 0 2 0 1 1 0 2 0 1
01 0 2-3 0O 1 0 2-3
A=1]12 0 8 2 2 and R=|10 0 2 1 0
0 2 2 94 0 0 0 2 1
1 -3 2—-412 0 0 0 0 1

a) Show that the matrix A is positive definite by finding all principal
determinants.

b) Show that the matrix R can be Cholesky decomposed.

¢) Solve the system of linear equations A & = b with the vector b =
(1,0,1,0,1)" using the Cholesky algorithm.

21.11 Determine the Cholesky decomposition of the following matrices.

9 -3 0-12
4 2 2
9 -3 -3 5 8 12
Ay = Ar=1|2 5-— As =
. (—3 5)’ 2 2_2 1i b8 0 820 14
~12 1214 34

21.12 Solve the system of linear equations A; ¥ = b; using the Cholesky al-
gorithm for the matrices from Problem 21.11 with the inhomogeneities

~1
b§—<3>, by = o, b=
! ~1

N N
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