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Introduction

Hidden Markov models (HMMs) were introduced in the 1960s by Baum and
Petrie (1966), first in the case of discrete observations. They have become classical
tools to analyze time series whose dynamics can be explained by those of a hidden
process. The model is composed of two sets of random variables that are two linked
dynamical stochastic processes: one hidden and one observed. This family of models
was originally popularized by applications in speech recognition (Baker 1975) and
later in other domains like genomics (Churchill 1989). In parallel, developments
were achieved in computational statistics to make statistical estimation possible. At
the beginning of the 1980s, it was observed that the Markovian assumption on hidden
state dynamics was not satisfied in the context of speech recognition. Thus, different
relaxations of this assumption were proposed, leading to explicit duration HMMs
(Ferguson 1980, ED-HMMs), reformulated shortly after in their modern, more
parsimonious form by Russell and Moore (1985). More general semi-Markov models
were introduced by Murphy (2002), as an extension of so-called segment HMMs,
which are themselves generalizations of ED-HMMs.

Concomitantly with those generalizations of HMMs leading progressively to
HSMMs, focusing on refinements on how state and sojourn durations at the current
jump depend on the same quantities as the previous jump, HMMs underwent
developments on modeling dependencies between several interacting chains, which
is the subject of Chapter 3 in this book. These developments were once again
motivated by applications in speech or video processing and oriented toward two
directions: representing coupling of (shared) hidden states through observations
(Ghahramani and Jordan 1997) or directly coupling through states, keeping
observations conditionally independent given their unique associated hidden state
(Brand et al. 1997).

Chapter written by Benoite DE SAPORTA, Jean-Baptiste DURAND, Alain FRANC and
Nathalie PEYRARD.
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Markov processes are also a key concept in control problems, whenever
stochastic effects have an impact on the dynamics of the system states, or on the
efficiency of actions taken to control the system, or even on both aspects. To account
for such stochastic effects, Markov decision processes were introduced in the 1950s
(Bellman 1958). In cases where the system state cannot be observed directly, but only
indirectly through stochastic functions of the state process as in HMMS, the
appropriate formalism to address control is that of partially observed MDPs
(POMDPs), introduced by Astrom (1965). Actually, in such models, “states” in the
sense of HMMS may never be observed but POMDPs encompass states and
observations into a broader concept of partially observed states. Some extensions of
control problems to partially observed semi-Markov dynamics were introduced in the
1990s (Puterman 1994); they are presented in this book under the more general
framework of impulse controlled piecewise-deterministic Markov processes.

In parallel with these theoretical developments, the application fields of HSMMs
have largely expanded. Speech recognition is less present nowadays but HSMMs have
successfully been applied in numerous other domains. This is well illustrated in the
introduction of the book by Yu (Yu 2016), where the author presents an overview of
the main areas of application up to 2016, covering almost 40 fields. In recent years,
HSMMs have been applied to activities recognition for humans (van Kuppevelt et al.
2019; Cavallo et al. 2022; Thornton et al. 2023) and animals (Ruiz-Suarez et al.
2022; Koslik et al. 2023), as well as eye-movement analysis (Olivier et al. 2022;
Gao et al. 2023). Seismology (Pertsinidou et al. 2017), epidemiology (Touloupou
et al. 2020), occupational health (Haji-Maghsoudi et al. 2021), cardiovascular disease
screening (Oliveira et al. 2018), neurophysiology (Chakravarty et al. 2019), plant
growth (Mészdros et al. 2020; Labadie et al. 2023) and ecology (Nicol et al. 2022)
also exploited the flexibility of HSMMs. Controlled versions of HMM or HSMM have
been recently applied to reliability and safety (Srinivasan and Parlikad 2014; Zhang
and Revie 2016), path planning for automated vehicles (Bravo et al. 2019), healthcare
(Skandari and Shechter 2021; Fatemi et al. 2022; Liu et al. 2022; Garcia et al. 2024;
de Saporta et al. 2024) and health economics (Cao et al. 2016; Mohammadi et al.
2023).

This book is written by a consortium of French researchers as part of the project
Hidden Semi-Markov Models: I[Nference, Control and Applications (HSMM-Inca)
funded by the French Agence Nationale de la Recherche (ANR, grant
ANR-21-CE40-005). This consortium is a unique group of researchers with a long
experience of statistics, probability, inference and control for temporal and spatial
processes. It also has expertise on the modeling and inference of hidden dynamic
processes in health, ecology and natural risks.

We have written this book to offer an accessible introduction to the framework of
HSMMs, covering the main methods and theoretical results for maximum likelihood
estimation in HSMMs, together with an opening onto new, less classical related topics
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such as multichain HSMM and controlled HSMM. This book unifies and generalizes
existing results. It is also complementary to more detailed textbooks such as Barbu and
Limnios (2009) and Yu (2016) that go deeper into technical details but stay focused
on classical HSMM.

This book is primarily intended for master and PhD students, researchers and
academic faculty in the fields of statistics, applied probability, graphical models,
computer science and connected domains. It is also meant to be accessible to
practitioners involved in modeling, analysis or control of time series in the fields of
reliability, theoretical ecology, signal processing, finance, medicine, epidemiology,
etc.

The book is organized as follows. Chapter 1 introduces the general HSMM
formalism and well-known particular cases. Then, it introduces maximum likelihood
estimation (MLE) for HSMMs: likelihood expression and evaluation, asymptotic
properties of the MLE and EM algorithm for MLE computation. Finally, it presents
recent results on the definition of reliability indicators and an extensive review of
how to introduce mixed effects into HSMM components.

Chapter 2 provides an overview of the packages and software (primarily in R and
Python) dedicated to the estimation, simulation and application of HSMMs and other
types of Markovian models that are central to the themes of the subsequent chapters.

Chapter 3 defines the framework of multichain HMM that enables us to present in
a unified way existing models from literature and also generalize them. It illustrates
how such models can be used to model dynamics in ecology and epidemiology. Then,
it discusses inference of multichain HMM in the context of the EM algorithm.

Chapter 4 deals with the introduction of the semi-Markov assumption in
multichain HMMs. It proposes a sound formalization of two classes of models that
extend standard and general semi-Markov models to the multichain setting. Then, it
considers the hidden framework and builds various classes of multichain HSMMs
that generalize some MHMM structures defined in Chapter 3.

Chapter 5 focuses on the evaluation of the time complexity of marginal inference
calculated with the forward-backward algorithm. It presents an algebraic formalism
that leads to writing the forward-backward algorithm and calculating its complexity
by counting the multiplications, with the same approach for several models studied in
the previous chapters. It also shows how the sparsity of the transition matrices leads
to a reduction of this complexity.

Chapter 6 focuses on controlled HSMMs. The chapter starts with a step-by-step
introduction to the Markov decision processes (MDPs) formalism and progressively
introduces partial observation semi-Markov assumption and continuous time to
present the current available methods for controlled HSMMs.



xiv. A Comprehensive Guide to HSMM

This book presents distinct definitions, models and issues, which despite their
differences share some common features. To guide the reader through this diversity
of approaches, two simple case studies have been selected as toy examples, which are
used during the course of the different chapters to illustrate the different notions and
approaches, enabling an intuitive understanding before entering into the technique.
They illustrate distinct extensions of HSMMs, like inference with covariates,
multichain setting and linking with decision-making. The first one is referred to as
Squirrel and the second as Deer. Both are models in behavioral ecology and
introduced in Chapter 1. Chapters 2 and Chapter 6 present numerical illustrations of
the two toy examples and provide the code for reproducing it.

Throughout the book, we also present open questions on the different aspects of
HSMMs covered in the chapters. We hope we have created a source of inspiration for
future research.
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Monochain HSMM

A hidden semi-Markov model (HSMM) is an extension of an hidden Markov
model (HMM) where the sojourn duration of the chain in a state is a realization of a
random variable that, contrary to the Markovian case, does not necessarily have a
geometric distribution. In this chapter, the general HSMM formalism and
well-known particular cases are presented, starting with a gentle introduction to
illustrate the main notions and notations for a toy example. Then we introduce the
maximum likelihood estimation (MLE) for HSMM: the likelihood expression and
evaluation, asymptotic properties of MLE and expectation-maximization (EM)
algorithm for MLE computation. Finally, we present recent results on two topics
seldom addressed for HSMMs: the definition of reliability indicators and
introduction of mixed effects into HSMM components, with the latter presenting a
thorough survey of the literature. In this chapter, the reader will also find a
presentation of the two toy examples that will accompany all the book’s chapters.

1.1. Introduction

As mentioned in the book’s Introduction, HSMMs are versatile models that have
been extensively used for diverse applications. These models are built using several
components: first, two sets of random variables that are dynamical stochastic
processes (one hidden and one observed) and second, distributions defining the joint
behavior of these two processes (with possibly parameters associated with these
distributions).

With this first chapter, we present the basic elements to start with HSMMs. In

section 1.2, we introduce the general definition with the different elements
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composing the joint distribution of hidden and observed variables, as well as
particular cases more often used in practice. In section 1.3 we review the results
existing on the MLE asymptotic properties in HSMMs. The standard
implementations of the EM algorithm (Dempster et al. 1977) for HSMM inference
and their computational complexity are then discussed. We present also two toy
examples (section 1.4) to illustrate the different concepts introduced and to prepare
the comparison of existing packages for inference in HSMMs, which is proposed in
Chapter 2.

In addition, we present less classical topics on HSMMs: the definition of
reliability indicators (section 1.5) and the introduction of covariates and random
effects (section 1.6). Regarding mixed effects, we present how to model them in the
different components of a HSMM and we discuss specific modeling and algorithmic
issues. We also propose a review of the literature on mixed models in HMM and
HSMM.

1.2. HSMM framework

In order to introduce progressively the components defining a HSMM, we first
provide an intuitive idea of what they may actually represent through the presentation
of a fictive but realistic use case in ecology (section 1.2.1). This example will be one
of the two toy examples of the book.

Then, we present formally the HSMM framework, starting from the more general
definition (section 1.2.2), before continuing with the standard acceptation of HSMMs
in statistics (section 1.2.3) and with the particular case of explicit duration HMM
(ED-HMM) (section 1.2.4). The last example introduced is the well-known HMM.

1.2.1. Intuitive presentation with the Squirrel toy example

Let us imagine a squirrel that has spent the summer gathering hazelnuts for the
winter and hidden them under a bed of foliage in various places in the forest known
only by itself. When winter comes, it feeds on its reserves. It wanders from reserve
to reserve, spending varying amounts of time on each one. When it visits a reserve,
it may not use it up and it may return to the same reserve several times. The reserve
where the squirrel feeds is referred to as the squirrel state. The sequence of states is
referred to as a chain. Thus, this chain is a process with jumps, the jump being the
event where the squirrel changes reserve. Then it stays there for a while (between two
jumps the state does not change). The time of jump and the time spent in a reserve
are stochastic. A naturalist with a passion for Sciuridae arrives to observe them. The
squirrel is very difficult to spot, as its fur blends in with dead leaves. The state of the
squirrel is then a hidden process for the naturalist. The naturalist therefore relies on
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the observation of traces left by the squirrel to guess in which reserve the squirrel is.
The reserve guessed by the naturalist is the observed process. However, the traces are
ambiguous, sometimes misinterpreted and they are the result of some probabilistic
connection between the occupied reserve and traces.

This little story can be formalized in the HSMM framework as follows: the set
of K reserves is numbered from 1 to K. The squirrel is in state ¢ when it exploits
resources in reserve ¢. The change of reserve is a jump and .J,, denotes the reserve
occupied by the squirrel (i.e. its state) after the nth jump. The date of the nth jump
is denoted as .S;,. The number of days the squirrel exploits the reserve reached after
n jumps is the sojourn duration, denoted as X,, 11 = Sp41 — Sp,. Here, X;,11 = d
means that the squirrel exploits the reserve J,, exactly d days once entering it, then
jumps to a different reserve after that duration. Chains Jy, Ji,..., Sp,S1,... and
Xo, X1, ...areindexed by the jumps. They are hidden variables in the model, because
they are only observed indirectly. The first assumption is made: Markovianity of
(Jny Xnt1). The new reserve and its duration depends only on the previous reserve
and its duration (and not the entire history). Beyond the Markovian assumption, it is
assumed here that the reserve reached after a jump does not depend on the time spent
in the previous reserve but only on the reserve before jumping. It is also assumed that
the time spent in the reserve after a jump does not depend on the previous reserve
and the associated duration but only on the reserve reached after jumping. These
are conditional independencies made for the Squirrel toy example, which are not
necessarily true for any general HSMM. Under these assumptions, a simple way to
describe the stochastic behavior of the squirrel is to define:

— the probabilities P(J,,+1 = j |J,, = i) to jump from reserve i to reserve j, given
that the squirrel finished its sojourn in reserve ¢; this probability explicits the way the
squirrel explores its territory. For example, the geographical location of the patches
may matter, and at time .S,, of jump n from patch .J,,_;, patches neighbor to J,,_1
may be favored (for the sake of energy saving while travelling from patch to patch);

— the sojourn duration distribution P(X,, .1 = d |J,, = j) for d > 1, given that the
squirrel jumped into reserve j after nth jump.

The observations are defined at a daily time step ¢. Therefore, it is convenient to
also have a variable representing the hidden state at time ¢: Z; (to be distinguished
from J,, which is indexed by the jumps). Let denote as Y; the reserve where the
naturalist believes the squirrel is from the sight of traces: the stochastic connection
between Z; and Y; is modeled by the emission distribution P(Y; = j |Z; = i) for
tand j € {1,...,K}. It is assumed here that, given the squirrel state at time ¢,
the reserve guessed by the naturalist at the same time does not depend on any other
random variable. Again, this choice is specific to the Squirrel toy example.
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The three distributions P(J,41 = j |Jn = %), P(Xp41 = d |J, = j) and
P(Y; = j |Z; = i) can be non-parametric or parametric ones. We will provide an
example of parameterization for the Squirrel example in section 1.4.1.

The joint distribution of the observed process Yp.r = (Yp,Y7,...,Yr) and the
hidden process Zo.r = (Zo, Z1,...,Zr) defined by the above distributions is an
example of Ferguson (1980). It is a particular case of HSMM. More complex
dependencies between the couple (J,, X,+1) and the couple (J,_1,X,,) can be
considered in the general HSMM framework and will be discussed in the next
sections.

1.2.2. General HSMM framework

In the literature, there exist several models that are related to HSMMs. We begin
with the presentation of the most general model, referred to as the general HSMM
in Yu (2016). The other classes of HSMMs are derived from the general HSMM by
successive introductions of additional assumptions on conditional independencies in
the semi-Markov model defining the hidden process.

Let us define formally the different processes introduced in the Squirrel example
and that will allow us to present the definition of the general HSMM. There are two
sets of variables, one indexed on jump times and one indexed on calendar time. The
first set describes the hidden process:

—J = (Jn)nen belonging to the finite state space Q7 = {1,2,... K}, where J,,
is the state into which the chain enters at jump n.

— 8 = (Sn)nen belonging to state space N, where S, is the time at jump n. By
convention, one defines Sy = 0. With this choice, it is assumed that at £ = 0 the
system enters a new state.

— X = (X,)nen+ belonging to state space N*, where X,, = S,, — S,,_1 is the
sojourn duration in state J,,_1, that is, the time during which the chain remains in the
state J,,—1. By convention, one defines Xy = 0. The above-defined different processes
are represented in Figure 1.1 (Votsi and Brouste 2019).

The second set corresponds to the values of the hidden and observed processes at
each time step of observation.

— Z = (Z;)ten belonging to the finite state space Q7 = {1,2,... K} is the state
of the chain at time t.

—Y = (Y}):en belonging to the state space )y is the observation at time t.

If we introduce now N (t) = max(S,, < t), the index of the current jump, the

process J and Z are linked by the following relation: Vi € N, Z; = Jy(). The
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random variable Y; can be discrete or continuous but for the sake of simplicity in the
following, unless otherwise stated, we use notations for {2y~ being a finite set.

There exist two alternative notations to designate events of the type “the chain
enters state ¢ and remains in this state for exactly d time steps”. The first uses
indexation by jump times and relies on variables .J,, and X, 11: (J, = 4, X, 11 = d)
is the event “at the nth jump, the chain enters state ¢ and remains in this state for
exactly d time steps”. The second notation uses calendar time and relies on the
variable 7 as follows. Let wus define the random  vector
Ziv14d = {Zi+1,- - -, Zit+a}- In Yu (2016), the following notations are introduced:
(Zis1,1+4 = 1) is the event “the chain is in state ¢ at times ¢ + 1,...,¢ + d, but
without specification of the value of Z; and Z; 141175 (Zjt11,444) = ©) is the event
“at time ¢t + 1, the chain enters in state ¢ and it remains in this state for exactly d time
steps”. For instance in Figure 1.1, we have (Z[s, 5,-1] = J). Events like
(Zit41,44a = 1) or (Zy41 444 = @) are defined similarly depending on whether the
date of entrance or the date of exit of state 7 is specified or not. This second set of
notations is more convenient to express in a compact way certain events. Depending
on the topics of the different book’s chapters, one notation or the other will be used.
Here, we will try when possible to present concepts with both notations.

States
A
(Jn) : state
(Sn) : jump time
. Xz (Xn) : sojourn duration
{1 =3} —
X7L+l
{Jn =k} —
X1
{Jhh=i} ——"-—">»
T T T T T>
ime
So S1 Sa2 e Sn Sn+1

Figure 1.1. Example of the realization of a discrete time semi-Markov
process (from Votsi and Brouste 2019)

1.2.2.1. Hidden variables distribution

In the general HSMM, the only assumption about the hidden process is that
(Jn, Xnt1) is a Markov chain. It means that (J,,X,+1) is independent of
(Jn—tks Xng1-k)r>1 given (J, 1, Xy).
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DEFINITION 1.1.— The chain (Z;)icn, indexed by calendar time, is a general
semi-Markov model if the associated chain (J,, Xy +1)nen indexed by jump times is
Markovian.

The dynamics of a general SMM is governed by a; g),(;,;) the probability of
transition from (7, d) to (j,1):

agay,Gly =PXnp1 =0LJn =7 Xn=d, Jn1=1), Vn.

This joint transition probability does not depend on n and it could be defined
equivalently as:

a@.d), ) = P(Zrdritrdry =7 | Zigyreva =10)  VE
Let us also define the initial distribution as follows:

Tid = P(JO = i,Xl = d) = P(Z[O:dfl] = 7,)

1.2.2.2. Emission distribution

In the general HSMM, J and S are hidden, the observation at time ¢ is denoted
Y};. While the hidden chain is in state ¢ for d time steps, there will be d observations
emitted, denoted y;41:¢44. It is assumed that, conditionally t0 Z[;41.t4q = 4, the
sequence of observations Y;41..44 is independent of the other observations and the
other hidden states.

DEFINITION 1.2.— The chain (Z;,Y;)ten is a general HSMM if (i) (Zi)ien is a
general semi-Markov model, and (ii) conditionally to Z[;11.41q) = 1, the sequence of
observations Yiy1.4+q is independent of the other observations and the other hidden
states.

The joint emission probability is defined as follows:

bia(Yss1:t4d) = P(Yit1it4d = Yesr:ord| Zjeg1:4d) = 1)-

Usually, when modeling applications, the following simplifying assumption is
made:

H1: Conditionally to the chain (Z;)cn, the Y; are independent from each other
and Y; depends only on Z;.

If we define the emission probability b;,, = P(Y; =y | Z, = 1), it means that:

t+d

bzd yt+1 t+d H bzys
s=t+1
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The transition probabilities a(; qy,(;,), the initial probabilities 7;4 and the joint
emission probabilities b;q(y,. .., ,) fully define the distribution of the general HSMM.

In the following sections, we present nested subclasses of the general HSMM,
corresponding to adding independence assumptions on the transition a; q),(;,1)-

1.2.3. Standard HSMM

1.2.3.1. Definition

The transition probability in a general HSMM can be decomposed as follows:
ag,a),G) = P(Xng1 =1 Jn =7, Xpn =d, Jp_1 =1)
XP(Jp=7|Xn=d,Jp_1 =1).
Let us consider the following assumption:

H2: The duration of the current state does not depend on the previous state nor on
its duration, given the current state.

If H2 applies, we obtain the simplification:
agi,a), i) = P(Xngr =l Jn = J) x P(Jn = j| X = d, Ju_1 = 7). [1.1]
This expression uses what is called the distribution of sojourn duration in state 1:
hi(d) =P(Xp41 =d |Jp = 1).

DEFINITION 1.3.— The chain (Z:)icn, indexed by calendar time, is a standard
semi-Markov model if the associated chain (J,,, Xy, +1)nen indexed by jump times is
Markovian and hypothesis H2 is satisfied.

DEFINITION 1.4.— The chain (Z;,Y:)ien is a standard HSMM if (i) (Zi)ien is a
standard semi-Markov model (SMM), and (ii) conditionally to Zj;1.4yq) = 1, the
sequence of observations Yii1.114 is independent of the other observations and the
other hidden states.

The graphical representation of the conditional independencies for this subcase of
the general SMM is displayed in Figure 1.2. The graph is build as follows: if in the
expression of the joint distribution of (Jy, X1, J1, Xs, ..., Jn, Xn+1), decomposed
using the chain rule, a variable appears in the conditional distribution of another; then,
there is an arc from the former toward the latter. Otherwise stated, the expression of
the joint distribution of (Jo, X1, J1, X2, ..., Jn, Xn+1) can be decomposed into the
product of the conditional probability of each variable in the graph, given its parents
variables in the same graph.
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Figure 1.2. Graphical representation of the conditional independencies in the chain
(Jn, Xn)n in a standard HSMM. Solid arcs correspond to the sojourn duration
distribution h;(d) and dotted ones to the transition P(Jp+1 = j | Xn41 = d, Jn = 1)

1.2.3.2. Alternative definition

In Barbu and Limnios (2008), another definition of HSMM is used based on
different concepts like the Markov renewal chain and the Markov kernel. We present
this definition and show that it is a standard HSMM. The above definition of a
standard HSMM follows the framework introduced in Yu (2016), where
computational aspects of inference in HSMMs are well developed. The content of
Barbu and Limnios (2008) is complementary, it provides a statistical vision of the
topic, with results on asymptotic properties of MLE. Therefore, we found it useful to
introduce the two visions of HSMMs to the reader.

Let us start with the definition of the distribution of the hidden variables in Barbu
and Limnios (2008), (J,,X,)nen. The following conditional independence
assumption is considered:

IP>(Jn—i-l = ijn-l-l —S,=d ‘JO =100, s I = 4 So = 50, -~-aSn = Sn)
= P(J7z+1 :jas71+1 *Sn :d|Jn:7,) [12]

Since knowing the sequence of jump times Sy, ..., .S, is equivalent to knowing the
sequence of sojourn durations X, ..., X;, (Sp and X are fixed to 0), and vice versa,
we can deduce from the above equality that:

]P)(Jn-‘rl = j)X’I’L-‘rl = d IJO = 7:07 crey Jn = ZyXO = d07 7XTL = dn)
=P(Jpt1 =7, Xnt1 =d|J, = 1), [1.3]
which means that the couple (J,,, X,,) is Markovian and furthermore the new state

Jn+1 and the duration X,,4; of the current state depend only on the current state
J,, and not on the duration X,, of the previous state. By comparison, in the general
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HSMM, the Markovian assumption is on (.J,,, X, 1), that is, the current state and its
duration.

A chain (J,,, Sp,),, satisfying [1.2] is called a Markov renewal chain. To define the
distribution of (J,,, X,), it is necessary to define the quantity P(J,11 = j, X401 =
d | J, = 1), named the semi-Markov kernel of chain (J,),, denoted g;;(d). This
kernel is a key quantity from which other transition probabilities of interest can be
computed, for instance, P(Z; = j | Zy = ). Using Bayes theorem, we can see that
the kernel can be decomposed in a product of two terms:

¢5(d) = pij fi;(d), [1.4]
where p;; is defined by:
Pbij = IP)(Jn+1 = |Jn = i)a
and f;;(d) is the conditional distribution of X,,+1, defined by:
fij(d) = ]P)(XﬂH—l =d |Jn =1, Jn+1 = ])
Note here that there is a conditioning on a future event, which is not always easy

to interpret or model in applications.

Based on this decomposition of the kernel, the graphical representation of the
conditional independencies in the Markov chain (J,,, X,,) is shown in Figure 1.3. We
can see from this figure that (.J,,, X,,41) is Markovian, so this model is in the class of
general SMM. Furthermore, assumption H2 is satisfied so it is actually in the class of
standard SMM. Stated otherwise and borrowing from concepts of graphical models,
the moralized version of the graph in Figures 1.2 and 1.3 are the same, therefore they
define the same set of conditional independence assumptions (Koller and Friedman

2009).
@ . 1@ h 1@ h Y

‘ . e . .
. . e
1 ,l 1 ’ 1 ,/
.
1 . 1 ’ 1 .
. ., .,
! ’ ! ., ! ’
1 ’ 1 ’ 1 ’
’ ., ’
. . .

Figure 1.3. Graphical representation of the conditional independencies in the chain
(Jn, X») of a SMM defined by the kernel q;;(d) = pij fi;(d). Dotted arcs correspond to
the conditional distribution f;;(d) and solid ones to the transition p;;

Regarding now the joint emission distribution, in Barbu and Limnios (2008),
assumption H1 is considered, together with more general situations where Y;
depends on the k previous observations.
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Figure 1.4. Graphical representation of the conditional independence relationships in
the chain (J,, Xn+1)n for the ED-MM. Dotted arcs correspond to the sojourn duration
distribution h;(d) and solid ones to the transition p;;

1.2.4. Explicit duration HMM

The general HSMM is seldom used in applications because of its complexity. The
intermediate model of the standard HSMM is sometimes considered but in many
applications the explicit duration (ED-HMM) that we present now is chosen. This
model is referred to as the variable duration HMM in Ferguson (1980), where it was
first mentioned. It is also often referred to as the ED-HSMM (Yu 2016), since the
hidden chain is a semi-Markov chain and not a Markov chain. The name ED-HMM
is linked to the fact that this model was first introduced as an extension of a HMM
where the distribution of the sojourn duration is explicitly modeled. This is the model
we will use for the two toy examples of the book.

Starting from the standard HSMM and the associated decomposition of a in
equation [1.1], the following additional assumption is made:

H3: J,, depends only on J,,_; and not on X,,. We obtain:
a(iyd)y(jﬁl) = ]P)(XnJrl = l|Jn = j) X P(Jn = j|Jn,1 = ’L) = hj(l)p”

The graphical representation of the corresponding conditional independence
relationships is shown in Figure 1.4.

DEFINITION 1.5.— The chain (Z;)icn, indexed by calendar time, is an explicit
duration Markov model (ED-MM) if the associated chain (J,,, X, +1)nen indexed by
Jjump times is Markovian and hypotheses H2 and H3 are satisfied.

DEFINITION 1.6.— The chain (Z, Yi)ien is an ED-HMM if (i) (Z1)en is an ED-MM,
and (ii) conditionally to Zj; 1.41q = 1, the sequence of observations Yiy1.4yq is
independent of the other observations and the other hidden states.
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1.2.5. HUM

A classical definition of an Hidden Markov Model (MacDonald and Zucchini
1997) is as follows.

DEFINITION 1.7.— The chain (Y;)ien is a HMM if there exists some unobserved
process Z = (Zy)ren such that the process Z is a Markov chain and, given Z, the
observations (Y)ien are mutually independent and Yy depends on Z; only.

The three quantities necessary to define a HMM are the initial probabilities
m; = P(Zy = 1), the transition probabilities a;; = P(Z; = j|Z;—1 = 1) and the
emission probabilities b;, = P(Y; = y|Z; = 1).

HMM have been defined before HSMM, and they are actually a particular case of
ED-HMM. Indeed, in a HMM, the distribution of the sojourn duration in state 7 is a
geometric distribution with parameter a;;, which depends only on the current state. At
the end of the sojourn duration, the next state j is chosen according to the a;;s, which
depend only on the current state 7. Assumptions H2 and H3 are satisfied.

1.3. Inferential topics for HSMMs

In HSMM like in any statistical model, parameters can be considered either as
deterministic (frequentist approach) or random (Bayesian approach). The frequentist
approach mainly relies on the maximization of the likelihood function. In the Bayesian
approach, the target function is the posterior distribution of the parameters, which
depends not only on the likelihood function but also on the prior and the normalization
constant. Bayesian models and estimation algorithms have been proposed in the case
of ED-HMMs (Johnson and Willsky 2013; Economou et al. 2014; Hadj-Amar et al.
2023). In this chapter, we focus on the frequentist approach and the method of MLE.
This is the most common estimation method for HSMMs, as demonstrated by the
set of available software described in Chapter 2. Note that besides MLE, spectral
methods (Melnyk and Banerjee 2017) have also been proposed for general HSMM.
Moment-based methods have been developed for HMMs (Anandkumar et al. 2012)
and more recently have been extended to HSMMs (Melnyk and Banerjee 2017).

In the frequentist context, the three main computational tasks to be tackled when
working with HSMMs are as follows:

1) Likelihood evaluation: this task consists of computing the likelihood, for a
given set of observations and parameters. The parameters of a model can be estimated
by means of the likelihood function. Moreover, different models can be compared
by means of information criteria or statistical tests that are based on the likelihood.
Such criteria include the AIC (Akaike 1974) and the BIC (Schwarz 1978), which are
composed of the likelihood evaluated at the MLE and a penalty term to control the
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complexity. Likelihood ratio tests can also be considered. They have been introduced
for SMMs by Votsi et al. (2021); Cardot and Frascolla (2024) and HMMs (e.g. Giudici
et al. 2000) but not yet for HSMMs. In the context of HSMMs, the likelihood can be
evaluated by means of the forward-backward algorithm.

2) Likelihood maximization for parameter estimation: for a given set of
observations, and in order to estimate the parameters of a model, we need to maximize
the likelihood function. In the context of HSMMs, this is done by using the EM
algorithm Dempster et al. (1977). This algorithm is based on the complete likelihood.
It computes parameter estimates that are updated iteratively and generally converge
toward a local maximum of the likelihood.

3) State restoration: this task is also referred to as state decoding. Given an
observation sequence and parameters values, the aim is generally to find the most
probable state sequence, that is, the state sequence that is most probable to have given
rise to the observations. An alternative is to perform the restoration independently at
each time step.

In the following, in section 1.3.1 we define the likelihood and present the classical
algorithm for likelihood computation, the forward-backward algorithm. Then, in
section 1.3.2 we recall the main elements on MLE: asymptotic properties and
efficient computation with the EM algorithm. In section 1.3.4, we explain how to
compute smoothing and filtering probabilities for a HSMM. Finally, in section 1.3.5,
we describe the two main methods for state restoration. For the sake of simplicity,
unless otherwise stated, the definitions and algorithms are presented for a standard or
an ED-HMM (even if they exists also for general HSMM, see Yu (2016)), and in the
case where the hidden sequence enters a new state at £ = 0 and the last state visited
ends at time 7', end of the observation period (absence of left and right censoring).
Some comments are provided to explain which changes are to be brought when
considering either censoring (meaning that the observed processes may have
continued after the observer stopped recording it) or more general HSMMs.

1.3.1. Likelihood evaluation

In this section, we define the likelihood function for standard HMMs and
ED-HMMs and we explain how to evaluate it. Extension to general HSMMs is rather
straightforward, at the cost of larger computational complexity and more tedious
notations.

1.3.1.1. Likelihood function

For the standard HSMM, in a non-parametric context (or with canonical
parameterization), ~we denote 6 as the union of (pij)ijcay, iz
(fij(d))ijeqy izjden+ and (biq)icq, acq,. Given a sample path of observations
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yo.7, and the associated hidden chain Zj.r, the complete likelihood function is
defined by:

N(T)
L(Zo.r,yo:1:0) = 7z, H P dn ST 100 (Xn (H bzfyf> H o (ET).

t=0

In this expression, X,, and .J, are derived from Zo.r. The quantity H,(d)
corresponds to the survival function in state ¢:

Hi(d) =P(Xns1 > d|J, = ).

In the expression of the likelihood, the survival function is evaluated at Er, the
elapsed time in the last visited state: By = min{d € N*, Z; 4 # Z;}.

For the ED-HMM, the complete likelihood becomes:

T
L(Zoxyori0) = 7z, | ] Prasintin, (Xn) (H bztyt> H iz (E1).
n=1

t=0

To obtain the likelihood function, we need to sum over the hidden states sequence,
that is:

L(yo.r30) = Po(yo.r) Z Zﬁ (0.7 Yo7 0). [1.5]

In a parametric context, qij(.), p;j and b, depend on some parameters, but the
expression of the likelihood remains the same.
1.3.1.2. Likelihood computation with the forward-backward recursions

The likelihood £(yo.7; #) cannot be computed directly from expression [1.5], since
it requires the summation over K 7! terms. However there exists an algorithm with
quadratic time complexity that allows the evaluation of the likelihood, known as
forward-backward recursion.

For the ED-HMM and for a fixed value of 6, the forward and backward quantities
are the following. For 1 < 5 < K set:

ol (j) =Po(Zs = §, Zug1 # joyou), VE=0,...,T,

BY) = Po(yssrr | Ze =5, Zssq #37), Vt=T—1,...,0.
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For «, the recursive formulas for 1 < j < K are (Yu 2016):

+oo
a'(j) =Y alm T (G)hy(d)ul (j,d), fort=0,...T, [1.6]
d=1
with
o) =Po(Zs # §, Zegr = Jovou) = »_ ' (i)pij, fort=0,...T [1.7]
i#]
and

t

u'(God) = ] bi.-

T=t—d+1

This is the joint probability of all observations available between time ¢ —d+ 1 and
t given that hidden state is j during this period. We assume that the hidden chain enters
anew state at ¢t = 0 and we initialize the recursion with 2 (j) = P(Z_; # j, Zo = j)
which is equal to the initial distribution 7; and o (j) = 0 for 7 < 0.

For 8 and for 1 < j < K, we have:

MG) = pigBL ), [1.8]

j<i
with

BENG) = Po(yesrr | Ze # 4, Zusa = §) = Y hy(d)u' (5, d) B (H),
deN*

fort=T-1,...,0.

‘We assume that the hidden chain enters a new state at 7" + 1 and we initialize the
recursion with 37 (j) = 1 and 87 (j) = 0 for 7 > T

Two important probabilities can be derived from the «’s and 3’s: (i) the joint
probability that the state is j at time ¢ and the observation sequence is .7 and (ii) the
likelihood.

The former is equal to:

,yt<-]> = Pe(Zt = j7 yO:T)a

and can be computed recursively (Yu 2016, chapter 5, p. 106) through the formula:

VE >0, v () =7"710) + al()BLG) — )BT [1.9]
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The recursion is initialized with:
() = mB800)-
Then the likelihood can be expressed in terms of +’s as follows:

K K

Llyor;0) =Y Po(Z = k,yor) = Y ' (k). [1.10]

k=1 k=1

Note that other quantities can be computed from the a’s and 5’ like:
7' (i,d) = Po(Zp—ar14) = i, yo:r) = o) T (@) hi(d)u' (i, d) B (1)
or

ft(@j) = PO(Zt] =1, Z[t+1 =7 yO:T) = Oét(i)ﬁﬁl(j)pij'

1.3.2. Asymptotic properties of the MLE

We denote by O the parameter space for the set of parameters 6 of the standard
HSMM. The MLE of 6 is defined by:

0(T) = arg max L(yo.1;0).

To the best of our knowledge, the asymptotic properties of the MLE for a standard
HSMM have been studied for the first time in Barbu and Limnios (2006, 2008) in a
large sample setting. In particular, the MLE of the parameter vector 6 has been shown
to be strongly consistent and asymptotically normal under some regularity conditions.
We first denote by 6y the true parameter vector, which means the parameter vector that
has generated the sample path yy.7. We further define the observed Fisher information
matrix evaluated in 6, by:

02 log L(yo.1; 0
tr(60) = B, (T Em i)

where 0,, 0, are the uth, vth components of 6.
To show the asymptotic properties of the MLE, we need to assume that the
following conditions hold:

— Al: the conditional sojourn duration distributions f;;(.) have finite support
D={1,...,D}CN;

— A2: the semi-Markov chain is irreducible;

— A3: there exists an integer 7' € N such that the matrix I(6p) is non-singular.
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Under the conditions A1 and A2, and according to Barbu and Limnios (2006), the
~ T 0
MLE (Gij(d, T)); je izjaen 214 (bw(T)>iEQz7aEQv of (45(d); jeq, izjaep

0 . .
and (bia)i €Oy .acy’ respectively, are strongly consistent. Moreover, under

» . 0
conditions A1-A3, the random vectors v'T (Gi;(d, T') — qij(d))i,jeﬂz,i;ﬁj,deD and

VT @m(T) —bia)> are asymptotically normal (Barbu and Limnios
1€Qz,aEQy
20006).

Later on, in Trevezas and Limnios (2009), the MLE was studied for HSMMs in
the case where the state space of the observations is a subset of a Euclidean space. In
this work, the conditional sojourn duration distributions are considered to belong to a
specific parametric family. Moreover, an observation Y; conditioned on the underlying
semi-Markov chain depends probabilistically not only on the hidden state Z; but also
on F, the time elapsed since entering the last visited state. This dependency enables
the transformation of the general HSMM into a general HMM following Bickel and
Ritov (1996) and Leroux (1992). Under some model class assumptions and some
regularity and identifiability conditions, the MLE of the parameters was shown to
be strongly consistent and asymptotically normal.

1.3.3. EM algorithm

1.3.3.1. Principle

The EM algorithm, rather than a specific algorithm, is strictly speaking a family
of algorithms based on a common principle. It is dedicated to maximum likelihood
estimation in models whose likelihood is defined through a marginalization operation
on latent variables. Let Z, z, Y and y denote, respectively, latent (or hidden) and
observed variables and a possible realization of each. L(y;60) = Py(y) denote the
likelihood, then:

Po(y) = Y Po(z,y).

Although the notation applies to discrete-valued z, this principle extends to
continuous or mixed latent variables, which can be of arbitrary number. The EM
algorithm is particularly adequate whenever:

arg max Py(z,y), orequivalently arg max InPy(z,y)

has a closed form or can be computed by a straightforward routine. Usually, this
property will generally not apply to:

argmgxxlnpg(y). [1.11]
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In this case, the EM algorithm can be obtained by replacing [1.11] with:

argmeaxE[ln]P’g(Z,Y)\Y =y, [1.12]
where by definition:

E[lnPy(Z, Y)Y =y] = ZlnPg z,y)p(z]Y =y).

The role of 6 in the equation above is quite clear: this is the dummy variable
with respect to what is to be optimized. However, the definition of p(z|Y = y) is
less clear, since it also has to depend on a parameter, but which one: also 6, or the
true 0, or another 6’? The true 6 is not necessarily a well-defined concept and its
value is not accessible in any case, moreover it can be shown that using the same 6 in
Py(2|Y = y) and Py(z, y) does not reduce the complexity of the problem. In the EM
algorithm, the expectation is under a current, fixed value (™ of the parameter:

Q6,0 = By [InPy(Z,Y)|Y =y, [1.13]
and the principle is to iterate by updating this parameter using:

gim+1) — argmgme(G,G(m)). [1.14]

The name EM is a shorthand for expectation-minimization, and it comes from the
two steps defining one iteration:

1) Expectation step (E step): computing the conditional expectations involved
in [1.13]. This is performed via the computation of the a and S using the
forward-backward recursions presented above. The required posterior marginals can
be expressed in terms of these two intermediate quantities.

2) Maximization step (M step): updating the set of parameters 6 thanks to the
quantities found in the E Step by resolving (" *1) = arg max Q(,60™).

These two steps are repeated until the algorithm converges. The main generic
property of the EM algorithm is that the produced sequence (6(")),,cn has
non-decreasing likelihoods. In addition, it converges toward a stationary point of the
log-likelihood (i.e. a local maximum, a local minimum or a saddle point). Even if it is
counterintuitive, choices of very specific initial points may lead to saddle or even
local minimum stationary points. However, in practice, EM algorithm converges to a
local maximum of the log-likelihood function (see Koller and Friedman 2009). To
minimize the risk of being trapped in a local maximum, the EM algorithm can be
repeated with different initial points.
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1.3.3.2. Literature

We do not develop here the formulas of the E step and M step for a HSMM (but
we provide them for a HMM in Appendix 1.10). The complexity in deriving these
formulas lies in the expression of the forward-backward update formulas. They are
available in detailed form in several state-of-the-art books or articles. For the reader
who is interested in implementing EM for a particular HSMM, we summarize here
three main resources that provide the formulas for the general HSMM, the standard
HSMM and the ED-HMM.

For the general HSMM, we refer the reader to Yu (2016) where the formulas of
the forward-backward algorithm are provided in Chapter 2 under different
assumptions (chapters in this paragraph refer to chapters in Yu (2016)). In particular,
the right-censored assumption, classically used in HSMMs, is made: (Z;); enters a
new state at ¢ = 0 and the last state ends at T or after. The sojourn duration is a
bounded discrete variable. Time complexity is O(TD?|Qz|?). The model is
non-parametric and the M step update formulas for the general are presented in
Chapter 3. The case of the ED-HMM is also presented in Chapter 5. Finally, practical
problems (typically underflow) that can occur when implementing EM for HSMMs,
with solutions, are discussed in Chapter 4.

The standard HSMM is studied in Barbu and Limnios (2008). The formulas of the
forward-backward algorithm are provided under the right censored assumption and
for a sojourn duration variable that can be unbounded. Time complexity is cubic in
T. The EM algorithm and a respective stochastic version have been proposed for the
standard HSMM in Malefaki et al. (2009), in the case where the duration distributions
are attached to transitions and not to states.

In Guédon (2003), the author considers the ED-HMM (with possibility of
absorbing states). Sojourn duration can take only a finite number of values, and the
observation is categorical. The formulas for the forward-backward algorithm are
provided under the right-censored assumption. Time complexity is quadratic in the
length of the sequence T and in || in the worst case and space complexity is linear
inT and in |Qz|.

As we will see in Chapter 2, several packages propose parameter estimation with
EM for HSMMs, but in the restricted framework of ED-HMMs only. There are
standard tools now, but the user has to be aware that such algorithms may not be
suited for very long sequences due to the quadratic complexity. The three
above-mentioned references also show us that there are two aspects to handle with
care when implementing EM for HSMMs. The first one is the choice of the boundary
conditions. In some applications, a left and right censored assumption may be the
most realistic, and this choice has an impact on the expression of the initial
conditions in the forward-backward algorithm. The second one is the hypothesis of
unbounded sojourn duration. In this case, infinite sums appear in the EM formulas.
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One solution is to truncate the sum at time 7. However, it may be too coarse for some
sojourn duration distributions and truncation can be made at some value ¢* such that
the probability of a duration value larger than ¢* is reasonably low.

1.3.4. Smoothing and filtering probabilities

Smoothing and filtering consist of predicting states at each time step ¢. The
difference between both is that smoothing is performed once the whole sequence is
observed, while filtering relies on the only observation of ..

1.3.4.1. Smoothing

Smoothing probabilities correspond to the probability of variable Z; conditionally
to all the observations yg.7:

&(ze) = P(Zy = 2|Yo.r = you1)-

For an ED-HMM, these quantities can be computed easily once the +* have been
computed using the a; and (3; provided by the forward-backward algorithm (see
section 1.3.1.2):

P(Z; = z,Yor =yor) 7' (%)

§elz) = i P(Zy = ilYor = yor) D v'(i)

1.3.4.2. Filtering

Filtering probabilities are formally defined as P(Z; = 2|Yp.+ = yo.¢). These are
obtained as a by-product of the forward recursion only. For any time ¢, let E; denote
the elapsed time in current state Z; since the last jump (including current time t),
and R, denote the remaining time until next jump (E£; + R, is equal to the sojourn
duration). For an ED-HMM, we have for every possible state value z;:

t+1 oo
]P(Zt = 2, Yoy = y():t) = Z Z]P(Zt =z, By =k R =d, Yo = yO:t)~
k=1d=0
Since {Zt = Zt,Et = k,Rt = d} = {Zt = zthN(t)+1 = d+k7Zt,k] 7é Zt} =
{Zj—k1 = 26, XN(t—ky1)41 = d + k, Z;_y) # 2}, we have

t+1 oo

P(Zy = 2, You = you) = 3 O P(Ze = 26, Xn(t—pt1)41
k=1d=0

=d+k, Zy_i) # 2, Yot = Yo:t)
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Z Z P(Yi kg1t = Yo—rvrit | Zp—pr1e = 20) P(XN—kt1)41
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=d+k|Zp—pr1=2)P(Zj—py1 = 2 | Zi—p) = 20-1)
X P(Zi_k) = 21, Yot~k = Yo:t—k)

t t+1 ()
( H bztyu> Z Azy 124 Z at_k(zt 1 Z hzt d + k
k=1 d=0

u=t—k+1 zt—1€Qz\2¢

where the infinite sum actually is 1 — P(Xy ()41 < &k | Jn@) = 2¢). Eventually,

P(Z; = 24, Yo:t = Yo:t)
Zi P(Zt = i? }/O:t = yO:t) '

A different definition of filtering probabilities is provided in Yu (2016):

P(Z, =z | Yo = you) =

]P(Zt] = 24, Yo:t = Yo:t)

]P(Zt] — Zt|Y0:t = yO:t) = P(}/Ot = yO't)

ot (z)

B P(YO:t - yO:t),

where P(Yp.; = yo.¢) = Z ' (0)

1.3.5. State restoration

Two approaches are usually used for state restoration. The first one restores states
at each time step ¢ separately by maximizing the smoothing probabilities:

Zy = arg max P(Zy = z|Yo.r = yo.1)
t

= arg max P(Z; = 2z, Yo.r = yo.7) = arg max &i(ze)
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It has the advantage of maximizing the average number of correct states and of
directly using the forward-backward algorithm (see section 1.3.1.2). It has the
drawback of producing sequences Zy.r that may have null joint probability, since
constraints due to possibly null transition probabilities are not directly accounted for
in the criterion.

The second approach seeks the most probable hidden states sequence knowing the
sequence of observations. It relies on a joint maximization:

Zor = arg  max P(Zo.r = zo.7|Yo.r = yo1)- [1.15]
207 €QLTT

This joint maximization is achieved by means of the Viterbi algorithm, as
described in the next section.

1.3.5.1. Viterbi algorithm

The Viterbi algorithm, provided in Yu (2016), proceeds with two recursions. Under
the same assumptions as in section 1.3.1, the forward recursion relies on:

6t(ja .Z') = Imax IP)<Z0:t = 20:t» Z[tferl:t] = j7 yO:t)7

20:t—w

which satisfies

5 (4, x) = max Op—a (i, 2V aiihi ()05 (Ve—wt1:t)] 1.16
(J @) e e [0t —a (i, 2" )aijh; (2')bjt (Y1—a+1:1)] [1.16]
t
reminding that b;; (Y,—p41:¢) = H b .- By denoting:
T=t—x+1
t,j,x) = (t — x,ar max Op—o (i, 2N asihi ()b (Ye—zr1:t)])s

Yi(t, j,z) = ( gz‘eﬂz\{j},z'eN*[ t—a (8, 2")aizh ()bt (Ye—w41:0)])
the maximal probability P* and the whole optimal sequence can be retrieved by the
following backward recursion:

P = max 04 (i, x)
t>Ti€Qz a2t —T+1

(tlajfaaﬁ) = arg 51/(2,53)

max
t>Ti€Qg x>t—T+1
vn7 (tn7]:;7l':;) = 1/’(tn—17j:_17517;_1)-

This reconstructs the optimal backward sequence with the (J,,X,)
representation of states, meaning that j; is the first sojourn duration, z}, the first
state, 7 is the last sojourn duration and z7 the last state. The sequence of states 2.7
is deduced from these quantities. In the Viterbi algorithm, the optimization problem
[1.15] is solved by recursively breaking the problem into subproblems, which are
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solved by maximizing over just two variables, j, and z,. Then solutions are
combined to produce the globally optimal solution. This kind of approach to solve
optimization problems is referred to as dynamic programming. Up to some
differences in indexing variables, the forward recursion of the Viterbi
algorithm [1.16] is formally the same as the forward recursion for likelihood
computation in section 1.3.1, where sums are replaced by maximizations. As a result,
the time complexity of both algorithms is the same, O(TD?|Qz|?). Usually,
implementations rely on the logarithm of [1.16] to avoid underflow.

An algorithm with lower complexity was provided by Pertsinidou and Limnios
(2015) with time complexity O(T'|€2,|?), which is the same as in HMMs. Their model
is the standard HSMM defined in section 1.2.3. Their approach is based on a dynamic
programming approach by maximizing sequentially on states zq,...,27 and thus
avoids the double maximization on j and x in [1.16].

1.4. Two toy examples reappearing throughout the book

In this section, we complete the description of the Squirrel toy example
introduced in section 1.2.1. The Squirrel model is an ED-HMM and we provide here
numerical values for the probabilities defining it (section 1.4.1). They will be
exploited in Chapter 2 to illustrate in practice parameter estimation with the EM
algorithm.

A second toy example is introduced, with an ED-HMM specification linking deers
behavior with accelerometry data (section 1.4.2). This second example allows us to
present a model with real-valued observations, and will also be exploited in Chapter 2.

More generally, these two toy examples will be present throughout the book’s
chapters to illustrate the different notions introduced.

1.4.1. Squirrel toy example

We propose here concrete values for the conditional probabilities defining the
ED-HMM of the Squirrel toy example: p;;, h;(d) and b;,. We consider K = 3
reserves and a maximum of four time steps for the sojourn duration in a reserve. The
transition matrix, which terms are the p;;, is given as:

0 0.50.5
0.3 0 0.7
0406 0
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The three sojourn duration distributions h;(d) are given as:

0.1 0.005 0.005 0.89
0.1 0.005 0.89 0.005
0.1 0.89 0.005 0.005

and the emission matrix, which terms are the b;,, is:

0.8 0.10.1
0.10.80.1
0.10.10.8

the meaning of which is given in Table 1.1.

In Chapter 2, a Jupyter Notebook is proposed that enables simulation of
realizations of this model and estimation of the parameters from simulated
observations.

Probability Name in notebook

P(Jpt1 =7 |Jn = 1) hsmm_class.tmat
P(Xn+1 =d|J, =j) ford > 1| hsmm_class.dur
P(Y, =j|Z¢ =) hsmm_class.emit

Table 1.1. Conditional probabilities for the Squirrel toy example
and correspondence with the jupyter notebook

1.4.2. Deer toy example

High-frequency sensor data (biologging), notably accelerometers, are used to infer
the behavior of animals over long durations and in conditions that cannot be directly
observed, allowing the study of individual behavorial tactics. These data are also
useful to study potential differences in behaviors depending on the environmental
conditions, like different levels of anthropization of the area. With HSMMs, we can
use estimation and restoration to bring insight on these questions.

The Deer toy example we present now is inspired from the study of deers
behavior. Accelerometers are installed in a collar on the animal neck. Accelerometer
data are three-dimensional but are often transformed either into a scalar variable (e.g.
Euclidean norm) or in a set of more interpretable variables. For the sake of simplicity,
we will assume that the latter information is a scalar, and we have selected the
variable roll angle (used to infer the tilt of the animal) since its distribution is
contrasted between behaviors. We consider five different behaviors (foraging
head-down, grooming, running, unmoving and walking head-up) and
Qz ={1,...,5}. Variable Z, is behavior at time ¢. Observation ¥; € Qy = Ris the
scalar information extracted from the accelerometer at time ¢. The time step is
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0.125 s, corresponding to an 8 Hz frequency. We propose here an ED-HMM to model
the dynamics of (Z;,Y;) as follows. The distribution ;(d) of the sojourn duration in
behavior 7 is Poisson with parameter A;. The emission distribution is Gaussian: b;,, is
the density of a Gaussian distribution with mean m; and variance o7 computed at
value y.

In order to present realistic values of the p;; and the other model parameters, we
used an experimental data set (not available for diffusion, Benoit 2022) to estimate
them. In this data set, the hidden chain (behaviors sequence) is available via annotated
videos. The obtained transition matrix (the p;;s) is given as:

0.00 0.025 0.028 0.744 0.203
0.028 0.00 0.014 0.888 0.070
0.080 0.028 0.00 0.256 0.636
0.279 0.269 0.032 0.0 0.420
0.236 0.043 0.071 0.650 0.00

)

and the parameters for the sojourn duration distribution and the emission distribution
are given in Table 1.2.

Statei| X; | mi | o2

1 98.02 [ 20.41 |12.04
67.42 [-14.98(14.45
37.69 [-12.88] 9.01
103.64|-24.60|14.61
46.13 | -4.32 | 8.61

(9] RSN OS] S

Table 1.2. Parameters for the sojourn duration distribution
and the emission distribution for the deer ED-HMM model

As for the Squirrel example, in Chapter 2, a Jupyter Notebook is proposed that
enables simulation and illustrates parameter estimation from data simulated with this
parameterization.

Note that a standard HSMM, where the next state depends not only on the current
one but also on its duration, could be relevant for a modeling of more complex
dynamics between the behaviors. For instance, if current state Z; is walking head-up
with a long sojourn duration, the most probable next behavior may be unmoving,
while with a short sojourn duration the most probable behavior may be foraging (the
animal is searching for more food elsewhere).

1.5. Reliability

Reliability indicators are crucial measures that can be used to evaluate operational
performance and to manage the maintenance of systems that can be described by
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different stochastic models. Such indicators have been widely studied for
semi-Markov processes and chains by Barbu and Limnios (2008); Limnios and
Oprisan (2001). However, the study of such indicators in a hidden Markov and
hidden semi-Markov context is rather limited (Gamiz et al. 2023; Votsi 2019; Votsi
and Limnios 2015). The observations or both observations and hidden states could be
partitioned into up and down states. When observations are considered to correspond
(or not) to failures (down states), the failures are observed but still rely on the
underlying, non-observable Markov chain. In another context, failures can
correspond to both observations and hidden states (Gamiz et al. 2023). We
summarize here the available results on reliability indicators for HSMM:s.

1.5.1. Rate of occurrence of failures

One of the most important reliability indicators for random systems that can
experience many failures (repairable) is the Rate of OCcurrences Of Failures
(ROCOF). This indicator represents the mean number of failures of a system over
time. It enables the identification of opportunities for improving reliability
performance, which is of special interest for real-life applications. An analysis of
potential failures could help practitioners focus on and understand the impact of
potential process or product risks and failures.

Concerning HSMMs, ROCOF was first studied in Votsi and Limnios (2015), in
a particular case where observations are made only at jump times. Each observation
corresponds to the realization (or not) of a failure. In such a context, the observational
space {2y is partitioned into the subspaces D and U including failures (or down states)
or operations (or up states), respectively. In other words, 3y = U U D.

DEFINITION 1.8.— ROCOF is the probability of moving from an up observation to a
down observation at time t € N*, that is:

r(t) =P(Yi1 € U, Y; € D).

Let us define E = F; — 1, known as the backward recurrence time. The stochastic
process (Zt, E})+ is a homogeneous Markov chain governed by its initial distribution,
7 = (7(i,0);i € ), where 7(i,0) = P(Zy = 4, Ej = 0), and its transition matrix
P = (P(is1)(jss); (4, 51), (4, 82) € 2z x N), where:

qij(sl—i-l)/gi(sl—i—l), if SQZO,
Dlisy)(jso) = \ Hils1 +2)/Hi(s1+1), if i=j,s0—5 =1,
0, elsewhere.
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Definitions of variable F; and function H; are given in section 1.3.1.1. An explicit
formula to evaluate ROCOF at time ¢ € N* in the case where observations are made
at each time t € N* (Votsi 2019) is:

’/‘(t) = Z Z Z Z Z Z bjyzﬁ(isl)(jsz)biyl(%13)25_117
Y1 €U y2€D i€Q, jEQ, s1€T—1 s2€T}

with T, = {0,...,t} and (FP)! ! the (4, s;)—th element of the vector (FP)*~1.

i31

1.5.2. Mean time to failure

The mean time to failure (MTTF) is one of the most significant indicators in
reliability theory, particularly in the study of non-repairable systems. This indicator
quantifies the mean time during which a system operates without experiencing
failures. Therefore, it serves as an indirect measure of the reliability of a system. Let
us assume that the dates of observation and the jump times coincide, that is,
observations are made only at jump times. Then the discrete-time process
(Jn,Sn,Yn) is a hidden Markov renewal chain (Votsi and Limnios 2015,
HMRCO).

neN’
The partition of the transition matrix P of the HMRC into up and down states is
given by:
U D
P :<P11 P12>U .
Poy Poy JD
The elements of the transition kernel of the HMRC are given by:
Pty ) (ita.m) = €ij(t2 — t1)bjm,
for any (i, t1,7), (j,t2,m) € Q; X N x Q.
DEFINITION 1.9.— If we denote by T(p) the first passage time in the subset D, that is:
Ty =inf {n: (Jp,S,,Y,) € D} and inf() = oo,
then the MTTF is defined by:
MTTF = E(T(p)).
It is expressed by:

MTTF =wY(I—-Pyy) 17,
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with P17 and 7w the transition matrix of the HMRC and its initial law restricted to
U,and 17 the column-vector of ones whose length is equal to the cardinality of U.

Let us illustrate the MTTF notion on the Squirrel toy example. A HSMM is
attached to a squirrel, the hidden states of which are the locations of the reserves of
hazelnuts that the squirrel visits. But a squirrel is a dizzy animal. It sometimes forgets
where it has buried its hazelnuts and may make some errors in its wandering. The
sets U and D are a partition of the patches, with real patches for the set U (patches
with buried hazelnuts) and false patches for the state D (patches where no hazelnuts
have been buried). One may be interested in estimating the mean time that the
squirrel spends before visiting a false reserve (MTTF). As far as formalism with
HMRC is concerned, patches in D are all the triplets (J,,, Sy, Y,,) for which J,, is a
false reserve. On the other side, patches in U are all the triplets (J,,S,,Y,) for
which J,, is a patch where the squirrel has buried some hazelnuts.

1.6. Introducing mixed effects into HSMMs

This section addresses extensions of HSMMs obtained by introducing both fixed
and random effects into their components, which all are probability distributions:
initial state distribution, sojourn duration and emission distributions and transition
matrix in the ED-HMM case. Since the literature in this field is somewhat rare, we
also extend our focus to HMMs. In the previous sections, the elementary distributions
used to define the model were assumed to be independent from any variable but states.
State and observed variables are intrinsic to the HSMMs definition, as opposed to fixed
and random effects, which are extrinsic.

Two cases are distinguished regarding extrinsic variables, depending on whether
these are measured (covariates W) or hidden (random effects £). Models containing
both covariates and random effects are referred to as mixed effects HSMMs or mixed
HSMMs. The purpose of using covariates is generally straightforward: modelers are
interested in assessing the impact of those covariates on the HSMM components, or
sometimes in removing the impact of covariates to make experimental conditions
comparable between different HSMM trajectories and compute corrected means
(Chaubert-Pereira et al. 2009). The purpose of using random effects may just be to
account for the impact of variables that cannot be directly measured, but that
modelers would not want to ignore, since they induce dependencies within some
groups of observations and some variability from one group to another. Examples are
provided below.

The relationship between HSMM parameter and covariates involves specific
parameters, which are referred to as fixed effects, and a design matrix used to
associate subsets of parameters with subsets of covariates and observations. This
principle also holds for random effects but to keep the presentation accessible for
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readers, we will only consider simple models that do not require to make design
matrices explicit.

The difficulties associated with mixed HSMMs are twofold. First, modelers have
to decide whether it is relevant or not to introduce them in all the four HSMMs
components. This induces specific model selection issues. Second, estimation is made
more difficult by mixed effects, especially the E step of the EM algorithm, due to
continuous hidden variables (though the M step may already be turned intractable due
to the presence of fixed effects).

In past publications, mixed HSMMs include the effects of W and ¢ by resorting
to the composition of a possibly nonlinear function with a linear function of some
additional parameters, that is, added to the usual set of HSMM parameters. To make
parameter inference more tractable, it is assumed that these functions ensure that
the HSMM components belong to the exponential family of distributions. We rely
on the two toy examples to describe step-by-step how to introduce mixed effects
in the different components of a HSMM. We insist on the nature and interpretation
of random variables and/or parameters introduced in such models. In both cases,
the introduction of mixed HSMMs is motivated by practical needs emerging from
accounting for the effects of covariates and for inter-individual variability. Section
1.6.1 starts with the Squirrel example. The Deer example, section 1.6.2, enables us to
present the case of real-valued observations. This is followed by discussions on the
case of dynamic covariates and on model selection issues (sections 1.6.3 and 1.6.4)
and a review of the literature addressing this class of models (section 1.6.5).

1.6.1. Mixed HSMMs explained with the Squirrel example

In section 1.2.1, one single squirrel trajectory was considered. If several sequences
are observed and modeled with HSMMs (e.g. when observing several squirrels acting
independently), a convenient assumption is to consider the sequences as independent
trajectories issued from the same HSMM. The possible limitations of this simplistic
assumption are listed as follows:

— Modelers may know a priori that some measured extrinsic factors, which vary
from one squirrel to another, have an effect on these trajectories.

— If the main focus of the study is to quantify how the HSMM parameters vary
from one individual to another, the question cannot be addressed properly with this
assumption.

To overcome the first limitation, covariates are introduced, while random effects
are dedicated to overcome the second one.

When motivating the use of mixed HSMMs in the Squirrel toy example, we begin
by addressing fixed effects only in the first step, so as to introduce progressively the
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notions of fixed effect, linear predictor and generalized linear model. Random effects
are introduced later in the section.

1.6.1.1. Fixed effect models

Models with covariates are able to predict the effect on individual movements
between reserves of, for example, seasons, which are global to all reserves, and at
the scale of each reserve, resource abundance if known — as well as the presence
of predators (pine martens and magpies) or competitors, whose trajectories are not
modeled. These covariates have an effect on initial state and transition probabilities, as
well as sojourn duration distributions. For example, they can reduce sojourn durations
and transition probabilities toward reserves where predators are observed.

Some other covariates affect observation noise, for example, seasons/weather
conditions, which make observations more or less noisy. This is also the case for
confusion between species: consider then as a covariate the abundance of another
species (gray squirrel or red squirrel from North America), which would increase the
level of noise. It is recalled from section 1.4.1 that observation variability within each
state is represented as an emission matrix; initially the probability that the naturalist
believes rightly that the squirrel is in reserve ¢ is b;;, and thus, non-diagonal
coefficients are probability of localization errors. As a result, weather and abundance
of confusing species could increase the non-diagonal coefficients and decrease the
diagonal coefficients of the emission matrix.

Such models including covariates are referred to as fixed effect models. The above
examples show that fixed effects may have an impact on both state dynamics (initial
state and transition probabilities, sojourn duration distributions) and emission
probabilities.

It is assumed that C' non-interacting individuals are observed and that three
covariates are available at each time step. The first one is season ¢ € {1,2,3,4}. For
the sake of simplicity, sequences are assumed to be shorter than 1 year and time ¢ is
relative to season ¢, so that the whole set of observations can be reindexed as
(ZS 4, YEDt1,ce{1,2,3,4),1<c<c Where Y, is the guessed reserve at season ¢ at time
t for individual c. The purpose of reindexing observations in such a way is to
facilitate model specification using ¢ as covariate. This notation makes it explicit that
several observations ¢ are available in each season ¢ and extends to random variables
Je,nw) and X¢ n(. The other covariates are resource abundance W, ;: and
abundance of a predator W, ; 2. A convenient way to let initial state distributions
P(Z¢y = i) for i € {1,...,K} depend on the available covariates is using
generalized linear models (GLMs, McCulloch et al. 2008). GLMs assume that
probabilities depend on covariates through linear functions (referred to as linear
predictor), under the form 5 + YW g1 + 0W o2, where 3, and ¢ are unknown
parameters, to be estimated. To ensure that such quantities are admissible as
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1] using some bijection from R (referred to as
(14 exp(+)).

In the case of the initial state distribution, we have K probabilities to model, in
practice X' — 1 given the constraint that their sum is 1, each with its own linear
predlctor with specific parameters, ensuring the p0551b111ty, for example, that P(Z¢ 0=
2|Wo,1, Wi 0.2) increases with Wo 1, P(Z¢, = 3[Wy 1, W 0,2) decreases with Wo 1
and P(Z¢ = 1|Wy, 1, We 0,2) does not depend on Wy ;. Since the collection of linear

predictors has to be mapped into the standard simplex in R¥, we use a slightly more
general link function than above, which yields (for i < K):

probabilities, these are mapped into [0,
the link function), for example, exp(+)

P(Z¢ g =i|Wo,1, We0,2)

lo
S B(Zey = K[Wo1, We02)

Zﬁé}i)+7£,1i)wgo1+5 Weo0,2,

where 6g J ,’yg(lz) and 6, a ) are fixed parameters associated with the effect of season ¢,

resource abundance and abundance of a predator (interacting with ), respectively, on
initial state ¢ < K. Since we have (3, and § parameters in several distributions, they
are distinguished by their exponent: 3(1) for initial state, 3(2) for transitions, 3(3) for
sojourn duration and 3(*) for emission probabilities.

Such modeling principles could be extended to transition matrices, sojourn
duration and emission distributions. Since the formal expressions of conditional
probabilities are essentially the same when dealing with either fixed or random
effects (each is an additional term in a linear predictor), we do not distinguish
between both cases and consider directly mixed effects in what follows.

1.6.1.2. Mixed effect models

If observing several independent sequences of squirrel behaviors (more
specifically, independent given the available covariates), one could ask whether each
of them has a specific behavior, or whether they can be considered as independent
trajectories issued from the same HSMM. Since behaviors are summarized by model
parameters (assuming a common family of models), this is equivalent to asking
whether HSMM parameters are individual-specific or common. If modelers are
focusing on studying the specific behavior of each individual ¢, they will introduce a

set of parameters to be estlmated for each of them: 6 for initial state probability,

S,%,C
and in a similar way, ﬂ ..i.c for each type x of HSMM parameters. If, on the contrary,
their aim is to quantify parameter variability between individuals, the question has to
be addressed using random variables gé’”, so that it is meaningful to estimate their
variances. Linear predictors at time ¢ are now under the general form
BE) 4 AWy 4+ SOW, 45 + €5, where £ is an additional random variable
with mean O (otherwise the mean could not be distinguished from (%)) and variance
72, which is the parameter of primary interest. It is sufficient to introduce one

random variable gﬁ“) per individual ¢ and type x of HSMM parameters, and to
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estimate its variance. Individual random effects are to be distinguished from
randomness in emission distributions, since in the latter randomness is represented by
independent random variables at each time step, while individual random effects 55“)
are shared in different time steps by a given individual c. Their distributions are
usually assumed to be Gaussian for computational convenience. This family of
regression models is referred to as generalized linear mixed models (McCulloch et al.
2008, GLMMs,), due to the presence of both fixed and random effects (hence the
term mixed). The full model for initial probabilities now becomes (Vi < K):

P( Co :i|WO 17Wg02)
]P)( gO_K|W017 COQ)

log = B8 4 AW o1 + 8 We o0 + €D, [1.17]

where (é”)czl’m,c are i.i.d. N'(0, 72). In the case where the question is to assess the

part of variability in initial probabilities that depends on season, we have to let f((;l)
and 72 depend on ¢, yielding the following refinement introduced in the right-hand
side of [1.17]:

5(1 + % IWeo + 55711')W<’0>2 &L

with var(&; { )) = Tf. Further extensions consist of letting these quantities depend on ¢
or on both 7 and ¢.

Actually, letting initial probabilities vary with respect to individuals is not likely
to bring much relevant information, since initial state occurs just once for each
individual. The question is more relevant for parameters associated with events
occurring several times for each individual, such as state transitions. For transition
probabilities, random effects «f are introduced:

i,j,¢
c (2
10 ]P)(Jg,N(t)-‘rl | N(t) =1 Wg t,1, W{ t,2, EL j)(,)
P(ch Nt+1 = Ki N(t) = =1, Ween, W§7t,27£i(,2j),c)
2
_ch +7<( ) UE t1+5<u §t2+§2]c7
where &, (2) o may be assumed to be Gaussian and independent with distributions

1,7,C
N(0, 77 J) Such a model would reflect the assumption that within individual
trajectories, the different incoming states reached along all transitions from the same
outgoing state ¢ are dependent. However, given random effects and outgoing states
being ¢, these incoming states are independent. This is in contrast with standard

HSMMs, which assume that transitions are independent given the outgoing state 7.

For example, 51 “.c > 0 would mean that individual ¢ has a preference for transitions

from ¢ to j compared to average squirrels. It could also be assumed that either 5

or its variance depend on season ¢. As above, g i 7522 and éﬂ) are fixed parameters

i,5,¢
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associated with the effects of season ¢, resource abundance and abundance of a
predator (interacting with <), respectively, on transition probabilities.

Sojourn duration distributions can be modeled by GLMMs as well if the
distribution of XN(t)+1 ¢ given Jy g o Ween, We e, 52(3])6 is assumed to be in the
exponential family, in which case the model is defined by:

c c . 3
g (]E[Xc,N(t)-&-l‘JN(t),c =1, Wern, Wg,t,2a§z‘(,c)]) [1.18]

_ﬁgl +’yg1)W§t1+6 )Wgt +§2c7

where g is the link function connecting the conditional mean of X§ N 41,0 with the
linear predictor in the right-hand side of [1.18]. Note that whenever there is no

covariate, we retrieve the usual deﬁnltlon of sojourn duration distribution h;. Let 7(3)

denote the standard deviation of fi . in [1.18]: the model assumes that this standard
deviation is the same whatever the season and the state. A more general model would

3 )

assume a standard deviation written as 7_’;’, depending on both state and season.

Emission distributions can be modeled following the same principle as transition
probabilities:

c 1| 7¢ ) ;
g PYS =128 =i, We e, W<vt’2’§i(xj)’C)
P(YVS = KIZE, = i Wer, Wern E0,)

6(4) ()W<t1+5 g,t,erf”C

C%J CZJ

1.6.2. Mixed effects for real-valued observations with the Deer example

Covariates can be introduced to represent the effect of human presence or
environment (open area versus forest, etc.) on animal behavior. Indeed, a deer may
shift more often to the “running” behavior when humans are present than otherwise,
and the signal emitted by the accelerometer when a deer is foraging may be different
in a noisy area than in a quiet area because the animal will be tense. Let us assume
once again that C' non-interacting individuals are observed and that two covariates
are available at each time step ¢: season ¢ € {1,2,3,4} and environment e € {0,1}
where O stands for an open and 1 for a closed environment. The whole set of
observations can be reindexed as (Z¢ . ;, Y . ;)i>1.e€{0,1},c€{1,2,3,4},1<c<c Where
Y, ; is the accelerometer data at season ¢ and in environment e at time ¢ for
individual c. This notation extends to random variables J and X.

Similarly as in section 1.6.1, the effect of ¢ and e on emission distributions can be
accounted for by the following Gaussian linear mixed model (LMM):

}/Cc,eﬂf ﬁ§(4e)Z +€C§6ZC +€§etZ‘ [1]9]

§Ct
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(€]

where S ; is a fixed parameter associated with the effect of season ¢ interacting

4)

c.cci is a Gaussian random effect
5€,6,2

with environment e and state ¢ on Y, ; and ¢

distributed as AN(0, (Tg(jle)7i)2) representing the variability of accelerometer data

between individuals within state 7 for season ¢ and environment e, and € _; 7. isa
Gaussian noise distributed as N(0,0?) given Z¢.r = i The latter assumption
reflects that the level of variability of Y, ,, once fixed and random effects are

accounted for, depends on the hidden state Z¢ . , = 1.

Now emission distributions are no longer represented by a matrix, but by a
probability density function b and [1.19] is a compact way to write

c C N 4 c
b(qu,e,t|Z§,e,t = Z,f( ) ) = N(/u‘c,e,iv U?)»

c,e,6,1

. c 4 4
with p¢ ;= ﬂs,e),i + 5((;2“

The fact that observations are a sum of parameters and random variables in [1.19]
is specific to the Gaussian assumption on Y°, ,, which leads to a LMM given the state
variable.

Similarly to section 1.6.1, state transition probabilities are modeled here as
GLMMs:

c - c - 2
PUJE, w1 =31 T vy = 6 650)
_ c _ - (2
POIE e niys1 = KIS o vy = 6 8ise)

= 6(2) + 51(720)7

log o i

where 7 and j < K are possible state values, fi(gj)c is a random effect (centered random
(2)

. . . 2
variable with variance (7,”,)2) and 8%, i

’s are unknown, fixed parameters.
Similar mixed models can be derived for sojourn duration distributions by adapting
[1.18] to the case of deer (precisely, to include e as a covariate instead of ).

1.6.3. Dynamic covariates: toward an alternative representation of
HSMMs

A step further in covariate inclusion is to consider a time-varying covariate w;
that modulates sojourn duration once a new state is entered. In both toy models of
Deer and Squirrel, such a covariate could account for observable events (e.g. presence
of wanderers and weather or seasonal effect) that may shorten or extend sojourn
durations. However, the definition of (hidden) semi-Markov models based on sojourn
duration X,,, whose distribution is determined at the time S,,_; when a new state
is entered, is not adequate. This limitation can be circumvented using an alternative
definition of semi-Markov models based on the discrete hazard rate. This point is
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detailed in Chapter 4, section 4.3.5, as a semi-Markov formalism based on hazard rate
is developed to model coupling of multichain semi-Markov models. The principle and
advantages of resorting to hazard rates to model the effect of dynamic covariates is
explained informally hereafter.

The fundamental principle underlying the discrete hazard rate is some equivalence
between the distributions of a finite discrete random variable and of a sequence of
binary variables. A non-negative finite discrete random variable X can be defined
through a series of binary questions:

- X =07;
—if not, given X > 1, then X = 17;

— and so on.

If at step k (numbered from k = 0), the answer to all previous questions is “no”,
then the current question becomes “Given X > k, then X = k7”. Let V}, denote the
answer to kth question, where “no” is coded as 0 and “yes” as 1, then the value of X
is the index £ of the first V}, equal to 1. The values of V} for £ > k are arbitrarily set
to 0. The equivalence between both representations, X and (V7),>o, is achieved if the
probability of Vi, = 1 given all previous values are 0 is set to the probability A(k) that
X = k given X > k. This is exactly what the discrete hazard rate A of the distribution
of X is.

This framework can be used to represent sojourn durations (Xp,),>0. The main
adaptation to be achieved is that at time step ¢, V; = 1 if and only if there is a state
jump at ¢; in this case, the sojourn duration is one plus the number of zeros since the
previous jump. In can be proved straightforwardly that there is a one to one mapping
between (X, ),>0 and (V;)¢>0. Resorting to the V; representation has the advantage
of introducing sojourn durations as the by-product of binary decisions at the same
time step t as states Z; and observations Y;. This makes this representation adequate
to handle dynamic covariates. The second advantage is that the canonical parameters
in this representation become the values of A(k) for every k& € N. Consequently,
covariates are introduced in the model by letting A(k) depend on these covariates.

If one prefers to avoid handling dynamic covariates in hazard rates, care will
need to be taken to ensure that covariates are constant between state jumps, which
is approximately the case if the time step of the model is negligible compared to the
time step between possible changes in the covariate. In this case, modelers will use
GLMMs as in [1.18] to introduce mixed effects into sojourn duration distributions.
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1.6.4. Model selection issues for fixed and random effects

In mixed HSMMs, a recurrent question is to identify which covariates, among
the whole considered set, actually have an effect on initial distributions, transition
probabilities, sojourn duration and emission distributions. To achieve this task, test
and model selection procedures have to be carried out.

For example in the Squirrel toy example, the hypotheses of a test on the effect of
resource abundance on sojourn duration distribution in state ¢ being the same or not

@3 _ .0

in every season would write as (V<1,<2, 7., = 7e,,;) regarding the null hypothesis,

and (J¢1, <2, 7513 ,)z' # 7g(j)z) regarding the alternative hypothesis. A test on the effect
of dependencies between successive sojourn durations (X, -)nen in state i (or the
absence thereof), due to the fact that they are achieved by the same individual c,
would write as (Ti(?’) = 0) regarding the null hypothesis, and (Ti(s) > 0) regarding the
alternative hypothesis. In practice, this decision problem would rather be addressed
by optimizing an information criterion computed under both the null and alternative
models.

Modelers could also wonder whether the behaviors of the C' squirrels are
homogeneous, or if some individual differences can be observed. To address this
question, two models will be compared: one with individual random effects in the
three types of parameters, another without random effects, and both will be assessed
by an information criterion, such as BIC. This would require redefinition of BIC
(Schwarz 1978) in this model, and the study of its properties in model selection for
mixed HSMMs.

1.6.5. Mixed models in the HMM/HSMM literature

Mixed HSMMs present in the literature can be categorized by their level of
generality: Do they include both kinds of effects (fixed and random), are they related
to emission distributions only or to both emissions and state dynamics (i.e. transitions
or sojourn duration distributions), are they specific to Gaussian observations or are
they compatible to non-Gaussian data (i.e. counts or categorical data)? The
categories are used to organize this section, as well as the approximation strategies
used in references for parameter estimation.

1.6.5.1. Main advances

The first HMM was proposed by Altman (2007), with covariates and random
effects introduced through GLMMs. Estimation was achieved using the EM algorithm.
The intractable integrals due to random effects were addressed either by Gaussian
quadrature methods or by Monte Carlo simulation, yielding an MCEM algorithm in
the latter case.
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A somewhat different model was introduced by Maruotti and Rocci (2012)
together with a fastest estimation algorithm. Fixed and random effects were included
at the levels of transition and initial state probabilities, using finite-valued random
effects, thus leading to finite mixtures of HMMs. Since random effects had finite
values in their model, no intractable integral prevented from using an EM algorithm
with closed-form E step. This led to an increased complexity of the
forward-backward recursion, which seemed to be multiplied by the number of values
of the random effects, although this was not explicitly stated in their work.

A partial extension to HSMMs of the model introduced by Altman (2007) was
proposed by Chaubert-Pereira et al. (2010). They proposed some stochastic
approximation EM (SAEM) algorithm to address the E step of EM. Their model was
restricted to LMMs in emission distributions. By definition of LMMs, random effects
were assumed to be Gaussian. Moreover they were specific to individuals, meaning
that several independent trajectories were observed, each one associated with a
specific random variable (no random effect being shared between trajectories). Note
that Chaubert-Pereira (2008) also addressed the introduction of fixed effects within
emission distributions through GLMs, as well as shared random effects in LMMs for
emission distributions.

Nonlinear Gaussian models with discrete observations in HMMs were considered
by Delattre and Lavielle (2012) with individual random and fixed effects. An
approximate E step was achieved through a MCMC-SAEM algorithm.

A somewhat similar approach in HSMMs was developed by Haji-Maghsoudi et al.
(2021), now with fixed and random effects at the emission distribution level only,
using GLMMs. A Monte Carlo Newton—Raphson algorithm was used to obtain an
approximate E step!.

Fixed effects in sojourn duration distributions were introduced by Rojas-Salazar
et al. (2020) in the framework of Bayesian HSMMs, estimating the posterior
distribution with an MCMC algorithm involving a Viterbi recursion to sample
sojourn duration — although the use of a Viterbi algorithm instead of a Gibbs sampler
was not discussed.

1.6.5.2. Some more specific contributions

Some particular case of the model by Altman (2007) for categorical data was
used by Shirley et al. (2010), but with a different parameter estimation method. Their
work relied on some hybrid Metropolis within Gibbs sampler. The model was
extended to multivariate categorical observations and implemented as the R
mHMMBayes package by Emmeke Aarts (see also Moraga and Aarts 2023).

1 It is thus unclear why the article is entitled “A Bayesian approach”.
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A zero-inflated Poisson HMM (ZIP-HMM) with subject-specific random effects
“that allows counts to move through the state-space according to covariate-specific
transition probabilities, assuming a logit model for each row of the hidden state
transition matrix” was developed by DeSantis and Bandyopadhyay (2011). Emission
distributions were zero-inflated Poisson with covariates and subject-specific random
effects. Parameters were estimated in a Bayesian approach through Gibbs sampling
using WinBUGS.

A HMM for functional observations was developed by Zhou and Song (2023).
The transition and emission probabilities depended on functional covariates and
incorporated random effects introduced to describe the dependency of individual
functional observations. A Bayesian approach was implemented for parameter
estimation using a Dirichlet process for accommodating the unspecified distribution
of the random effect and a blocked Gibbs sampler.

The R package hmmTMB was implemented by Michelot (2023); this incorporated
mixed HMMs using different kinds of splines instead of GLMs in transition and
emission distributions.

A HMM with variable number of states was developed by Russo et al. (2022).
The number of states, transition probabilities and multivariate emission distributions
depended on covariates. The model parameters were estimated within an Bayesian
framework by reversible-jump MCMC. A somewhat related approach was proposed
by Zou et al. (2023): their model is a Bayesian HMM with a priori unknown number
of states, covariate-dependent transition probabilities and Gaussian linear emission
distributions. Estimation was based on reversible-jump MCMC, including penalties
for estimating the number of states.

Note that a review on HMMs with covariates (fixed effects) was proposed by
Bartolucci et al. (2014). An extension of the model to mixed HMMs was then
developed by a related group of authors and implemented in R as the LMest package
(see Bartolucci et al. 2017). A review on HMMs with mixed effects was proposed by
Maruotti (2011). The use of particular cases of HMMs with discrete random effects
(referred to as semi-parametric) was discussed by the authors.

As a conclusion, mixed HMMs are a class of models for which both MLE and
Bayesian algorithms are available, in a general framework allowing to include mixed
effects in both emission and transition probabilities. In the HSMM setting, available
methods are mostly restricted to mixed effects with individual random effects in
emission distributions, mostly in the Gaussian case. Thus, obtaining the same level of
generality in HSMM and HMM modeling, even in the case of static covariates in
sojourn duration distributions, is still a challenging research question.
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1.7. Conclusion/discussion

In this chapter, we have reviewed the main theoretical and methodological aspects
of HSMM. We did not addressed some aspects that are classical for HMMs but that
are not often covered in the HSMM literature and that we discuss briefly now.

In this chapter, we focus on discrete-time and finite state space HSMMs. Some
works considered real-valued hidden states or continuous time. When the underlying
chain is a Markov chain (instead of a semi-Markov chain), the observation and the
hidden spaces are general and the time is discrete, then the corresponding models are
known as “state space models”. In such models, the inference is made in a Bayesian
context by means of sequential Monte Carlo methods (or particle filters, see e.g.,
Cappé et al. 2007, and the references therein). These methods have been recently
used for HSMMs in Aschermayr and Kalogeropoulos (2023).

The bibliography in parameter estimation for (continuous-time) hidden Markov
processes with general state and observation spaces is rather limited. The MLE for
continuous-time HMMs was studied in Chigansky (2009). Recent works include the
results presented in Kutoyants (2020), where two observation models are considered:
a partially observed two-dimensional Gaussian process and a telegraph process
observed against the background of white Gaussian noise. The asymptotic properties
of the estimators are studied in both large sample and small noise context. Note that
continuous time HSMMs are addressed in Chapter 6 in a context of modeling and
control (where parameters are assumed known).

Model validation and selection is often a crucial step in statistical modeling. In
the case of explicit duration HMMs with finite observations, validation criteria were
proposed in Guédon (1999). These criteria consist of distributions of various
observed statistics (e.g. time before first occurrence of an observed value y, number
of occurrences of y within a subsequence of given length and time of return for
occurrence y since the last occurrence), which are compared to the corresponding
empirical distributions. The same principle may be applied to hidden states, which
have to be restored first in this case. Model selection addresses either the choice of
the number of states K or inference of the graphical model itself, which is the
conditional independence relationships between states and observations in the
multiple chains. Selection of the number of states in HMMs often relies on
information criteria (see the review in Boucheron and Gassiat 2005). Information
criteria mostly rely on penalizing the maximum log-likelihood by subtracting a
non-negative function that increases with the number of parameters. This requires us
to estimate as many HMMs as the number of possible values for K. As an
alternative, some approaches directly estimate K together with parameter estimation
by penalizing the likelihood function (Lin and Huang 2025). In HSMMs, selection of
K has not been thoroughly investigated: although direct application of information
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criteria are proposed in Yu (2016); in HSMMs with finite-support, non-parametric
sojourn distribution, more general approaches are still to be developed.

1.8. Notations

Tables 1.3-1.5 recall the main notations for HSMM used in this chapter. In the
other chapters of this book, notations conform as much as possible with these ones.

Definition Notation Domain
Calendar time t N
Duration of the time series T+1 N
State space of hidden variable Qz={1,...,K}| finite
Cardinal of the hidden variable state space K =|Qz| N*
State of the hidden chain at calendar time ¢
Random variable Zy Qz
Realization 2t Qz
Sequence of hidden states from time O to T’
Random variable Zo.r (Qz)TH
Realization 20:T (Qz)TH
Index of the current jump N(t) N
Elapsed time E; N*
Remaining time R N
Index of a jump n N
State into which the chain enters at jump n JIn Qg
Time at jump n Sn
Sojourn duration in state J,_1 Xn N*
Transition probability of (Jn, Xn+1)n agi,d) (1) [0,1]
=P(J: = 3§, Xey1 =1l| -1 =4, Xe = d)
Initial distribution of (Jp,, Xr11)n Tid [0,1]
=P(Jo =14,X1 =d)
State space of observed variable Qy ={1,...,L}| (finite
Cardinal of the observed variable state space L= |Qy| N*
Observed variable at calendar time ¢
Random variable Y: Qy
Realization Yt Qy
Sequence of observations from time O to 7'
Random variable Yo.r (Qy )T+1
Realization Yo:T (Qy)TH!
Emission probability of value y conditionally to by [0,1]
hidden state z

Table 1.3. Notations for a General HSMM
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Definition Notation
Semi-Makov kernel ¢ (d)
Transition probability of (Jy,)r Dij
Conditional distribution of X, +1 fi;(d)
Distribution of sojourn duration in state i | h;(d)
Survival function in state 4 H;(d)
Initial distribution of Jo e

Table 1.4. Notations for the Standard SMM and the ED-MM

Event Notation
Zyyr =+ =Zirqg=rtand Z; € Qz, Zyrar1 € Q| Zit1:44d =1
Zip1 = =Zypa=t1and Zy # 0, Zoyayr #0 | Zpgraqaq =1
Ziyr = =Zyag=rt1and Zy # i, Zyrar1 € U | Zppqiieq4a = 4
Zipw=-=Zypa=tand Zy € Qy, Ziyar1 i | Zipraga =1

Table 1.5. Notations of events using calendar time
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1.10. Appendix: EM algorithm for a monochain HMM

A general presentation of EM algorithm is provided in section 1.3.3. It relies
on iterations of two steps: computation of [1.13] and resolution of [1.14] until the
algorithm converges. We provide here the details of these two steps for a HMM. This
gives an idea of the algorithm but without the full complexity of a general HSMM.
Furthermore, EM for HMM will be useful for Chapter 3.

For a HMM, the quantity Q(6, (™) can be decomposed into three terms: one
depending on the initial distribution, another depending on the transition matrix and
the last one depending on the emission distribution:

Q8,00 = Eyo) [In(Py(Zo.r = 0.1, Yor = yo.r))|[Yor = vo7]

= Y & (20) n(m.,)

20€EQz
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T
(m)
+ Z ’7? (ztflv Zt) ln(azt—lzt)

t=1 (z4,20-1)€0%

+Z Z 59( " Zt ln Ztyt)v

=0 2,€Qy
where:
—a;; =Py(Zy =j | Zi1 =1i);
t(m)( 1) = Poeny (Z1 = 2|Yo.r = yor);

- %(m)(zt—l, 2t) = Poom) (Zi—1 = 2t-1, Zt = z|Yo.r = yo.1)-

1.10.1. E step

The E step consists of computing the marginal probabilities of interest appeared

in the expression of Q(6,0(™), 5,5’”) and %m). To obtain these two variables, we
introduce the following intermediate variables:

Oé,(gm)(zt) = Pyem) (Yo:t = Yo:t, Lt = Zt) [1.20]
Bgm)(zt) = Pyem) (Yt+1:T = yt+1:T|Zt = Zt)-

They are computed recursively using the forward-backward algorithm. In the

forward algorithm, we express agm) (z¢) using the following recurrence formula:

vt > 1,a§m)( ¢) = b Z aiﬂ(zt_l)a(m) [1.21]

ZtYt Zt—12t)
zt—1€Q7

and 04(() )( 0) = bﬁfﬁ}owio ).

In the backward algorithm, we compute Bt(m) (z¢) using the following recurrence
formula:

Ve 1, B ) = D B ()b el [1.22]

2t41€02

and 8™ (27) = 1.
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The quantities o\™(z) and 8™ (z) are used to compute &™) (z) and

%(m)(zt—1, 2¢) as follows:

_ g(m)( ) = agm)(zt)ﬁt(m)(zt) . [1.23]
5 o8 )
m) (m) (m)
— ™ (2, 2) = azkmatil(Zt@ml))Bn(Z(:f)h)ﬁt (Zt)- [1.24]
S TR CVERIEN
24€Q0z7

Proofs of [1.21]-[1.24] are provided in Bishop (2006), section 13.2. From [1.21],

for every ¢, the time complexity of computing a single aﬁm)(zt) from

(aﬁT{(zt_l))ZHeQz is O(K), thus the time complexity of computing the values of

aim)(zt) for every possible ¢ and z; (which is, running the complete forward
recursion) is O(TK?). The complete backward recursion has the same time
complexity. Computing Py (Z; = 2z,Yoor =  yo.r) rather than
t(m)(zt) = Popem) (Z: = 2z¢|Yo.r = yo.1) is slightly simpler in terms of computation
and proofs; however, this alternative may cause underflow, since the involved joint
probabilities tend toward zero when T tends to infinity Devijver (1985).

1.10.2. M step

During the M step, we resolve the maximization problem to obtain the expression

of updated parameters. We express these parameters in terms of §t(m)(zt) and

'y,f )(zt,l, z¢) as follows:

- VZO S Qz, ﬂ§T+1) f(()m) (ZQ);

Z )(21,71721,)
+1
-Vz € Qz,vzt,1 S Qz,agnlzt) =

S )Ly
Vr € Q. ¥y € Qy b)) = St U
- t Z, VYt € Y7 2tYt - T (m)

f;oﬁt (2¢)

As a conclusion, the conditional probabilities of states given all observations
€™ (2,) and 4™ (2,_1, z;) are all that is required to implement the M step, besides
observations themselves. This is why the purpose of the E step is to provide these
conditional probabilities.
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2

Review of HSMM R and Python Softwares

2.1. Introduction

This chapter aims to provide a comprehensive review of the various software and
packages available for hidden semi-Markov models (HSMMs) or with a particular
focus on those related to the themes of this book: multichain models, coupled chains
and the incorporation of covariates. A thorough survey has been conducted to
compile both R and Python packages that are specifically designed to handle
HSMMs, along with those related to these key themes, although a significant lack of
dedicated packages was identified in these thematic areas. Throughout this chapter,
all models are explicit duration hidden semi-Markov models, (see ED-HSMM in
Chapter 1, section 1.2.4) unless otherwise specified, and the packages are presented
in alphabetical order.

The comparison of these packages is based on their functionalities, particularly in
relation to the modeling of sojourn duration distributions and emission distributions
for HSMMs, as described in Chapter 1. This comparison highlights the diversity of
options offered by the packages, which vary in their level of generality, as well as
their similarities and differences.

To further illustrate the practical application of these tools, we demonstrate the
use of two selected packages. A Python package is applied to discrete emission
distributions in the toy model Squirrel, while an R package is employed for
continuous emission distributions in the toy model Deer. These examples highlight
the diversity and the range of options available when working with HSMMs across
different software environments.

Chapter written by Caroline BERARD, Marie-Josée CROS, Jean-Baptiste DURAND,
Corentin LOTHODE, Sandra PLANCADE, Ronan TREPOS and Nicolas VERGNE.



48 A Comprehensive Guide to HSMM

The chapter is then organized into three parts: section 2.2 presents an inventory of
packages for HSMMs (in R and Python), as well as others that are not strictly
HSMM-specific but thematically related (see Table 2.1); section 2.3 provides a
comparison based on state duration modeling and emission distributions; and section
2.4 offers a demonstration of two selected packages using the toy models introduced
in Chapter 1.

Software Language | Section
CHMM R 2231
DNN-HSMM Python |2.2.3.2
edhsmm Python |2.2.2.1
GENSCAN C 2233
hhsmm R 22.1.1
hmmTMB R 2234
hsmm R 2212
hsmmlearn Python |2.2.2.2
LaMa R 2213
mHMMBayes R 2.2.3.5
mhsmm R 2214
online_hmm Python |2.2.2.3
PHSMM R 2.2.1.5
pyhsmm Python |2.2.2.5
rarhsmm R 22.1.6
SequenceAnalysis| Python (2.2.2.4
signalHsmm R 2.2.3.6
smmR R 2.2.3.7
ziphsmm R 2.2.1.7

Table 2.1. List of software packages and the related section

2.2. Software around HSMMs: state of the art

The descriptions of compared packages implementing HSMMs contain the
following items: last update of the code; authors; references related to the package
and model; source code URL; emission distributions; sojourn duration distributions;
programming language; support of multiple sequences as opposed to a single
sequence in HSMM estimation; estimation of the initial state distribution and
automatic initialization of estimation algorithms. Regarding emission and sojourn
duration distributions, a particular focus is given to the available parametric families
and also, the possibility of using non-parametric distributions, meaning multinomial
(or categorical) distributions for which each probability is a parameter. Regarding
estimation of the initial law, the two following cases are distinguished: it is either
fixed by the user or estimated (as the stationary distribution in some cases or a free
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parameter of the models in the other cases). There is no standardized format for data
preprocessing across the different packages. Each package provides its own usage
guide, typically through a manual in R or a README file in Python.

R packages implementing generic HSMMs are presented first, followed by the
Python packages and eventually, packages implementing other models: mostly very
specific HSMMs or multichain HMMs.

2.2.1. R packages

2.2.1.1. hhsmm

— Last update (on CRAN) and/or last commit: May 8, 2024 on CRAN.

— Authors (of the package): Morteza Amini (Sharif University of Technology),
Afarin Bayat (University of Tehran) and Reza Salehian (Edinburgh Napier
University).

— References (around the package and the theory): Amini et al. (2023).

— Code source URL if available: the CRAN page provides package code for
the version 0.4.0: https://cran.r-project.org/web/packages/hhsmm/index.html and a git
repository is available at: https://github.com/mortamini/hhsmm/.

— Emission distributions: the user can define customized emission distributions
by providing the parameters, the density function, the generation function and
the estimation function of the desired distributions. Available distributions in the
package are the mixture of Gaussian linear (Markov-switching) models, mixture of
multivariate normals, multinomial (or categorical), mixture of B-splines, Gaussian
additive (Markov-switching) model and mixture of the robust emission (Qin et al.
2024).

— Sojourn duration distributions: the sojourn duration distributions available are
the shifted negative binomial, the non-parametric, the shifted logarithmic, the shifted
Poisson, the gamma, the Weibull and the (truncated) log-normal distributions.

— Programming language: the base language is R but main costly functions such
as the forward backward algorithm are written in C.

— Multiple sequences + initial law: the package can handle multiple sequences
and the initial law is estimated using the smoothed probabilities extracted from the
forward-backward algorithm.

— Initialization EM: the package provides a function to initialize the model
parameters using a k-means clustering technique (Lloyd 1982).

The package hhsmm involves tools for modeling multivariate and multi-sample
time series by hidden hybrid Markov/semi-Markov models, introduced in Guédon
(2005). A hidden hybrid Markov/semi-Markov model is a model with both Markovian
and semi-Markovian states. Also, the hhsmm packages provide the following:


https://cran.r-project.org/web/packages/hhsmm/index.html
https://github.com/mortamini/hhsmm/

50 A Comprehensive Guide to HSMM

1) tools for model initialization through the k-means clustering technique
(function initial_cluster);

2) left-to-right models in which the process goes from a state to the next state and
never comes back to the previous state;

3) the ability to initialize, fit (function hsmmfit) and predict hidden sequences
(function predict.hsmm using smoothed forward-backward results or the Viterbi
algorithm) based on datasets containing missing values.

Moreover, the package hhsmm handles (1) Markov switching models and an
auto-regressive hybrid hidden semi-Markov model, (2) a non-parametric estimation
of the emission distribution using penalized B-splines and (3) continuous sojourn
duration distributions.

2.2.1.2. hsmm

— Last update (on CRAN) and/or last commit: the last update on CRAN is
April 25, 2013, and the package has been archived on the CRAN May 9, 2022.

— Authors (of the package): Jan Bulla, Ingo Bulla (University of Caen, France).

— References (around the package and the theory): Bulla et al. (2010).

— Code source URL if available: the CRAN archive of the package is available at:
https://cran.r-project.org/web/packages/hsmm/index.html and the last version is 0.4.

— Emission distributions: according to the documentation, the Bernoulli, Normal,
Poisson and Student’s ¢ distribution are available.

— Sojourn duration distributions: according to the documentation, non-parametric,
geometric, negative binomial, logarithmic and Poisson distributions can be used.

— Programming language: the base language is R but main costly functions such
as the forward backward algorithm are written in C++.

— Multiple sequences + initial law: the code can handle only one sequence and the
initial law is fixed by the user.

— Initialization EM: the initial values of the parameters for the EM algorithm must
be provided by the user.

The functions contained in the package address three important aspects of the
HSMM:

1) the simulation of sequences of states and observations given the model
specifications (sojourn duration and conditional distributions) and parameters
(function hsmm.sim);

2) maximum likelihood estimation of the model parameters (function hsmm),
given a sequence of observation and the model specifications; it estimates the HSMM
parameters using the EM algorithm based on the right-censored approach initially
described in Guédon (2003);
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3) acquisition of information about the hidden layer sequence via the Viterbi
algorithm (function hsmm.viterbi) and the smoothing probabilities hsmm.smooth.

2.2.1.3. LaMa

— Last update (on CRAN) and/or last commit: January 29, 2025 on CRAN.

— Authors: Jan-Ole Koslik (Universitit Bielefeld, Germany).

— References (around the package and the theory): no.

— Code source URL if available: https://janoleko.github.io/LaMa/.

— Emission distributions: all univariate distributions in R.

— Sojourn duration distributions: HMM approximation of HSMMs using

state-space augmentation and state aggregates in a dedicated way (Langrock and
Zucchini 2011).

— Programming language: the base language is R but main functions are written
in C++.

— Multiple sequences supported, initial law free or stationary.

— Initialization: the initial values are provided by the user for parameter estimation.

The LaMa package provides an implementation of hidden Markov models.
HMMs are not represented through an instance of a class, but essentially through
functions and the usual objects in R. As a result, users have to choose an available
optimization algorithm in R and apply it to the likelihood function provided by the
LaMa package. HSMMs are obtained by HMM approximations, implying that
sojourn duration distributions are non-parametric except regarding the tail, which is
geometric; the approach is described in Langrock and Zucchini (2011). Covariates
can be included in HMMs, at the level of initial state probabilities, transition
probabilities and emission distributions.

2.2.1.4. mhsmm

— Last update (on CRAN) and/or last commit: August 23, 2023 on CRAN.

— Authors: Jared O’Connell (University of Oxford, Great Britain) and Sgren
Hgjsgaard (Aarhus University, Denmark).

— References (around the package and the theory): O’Connell and Hgjsgaard
(2011).

— Code source URL if available: the CRAN page provides package code for the
version 0.4.21: https://cran.r-project.org/web/packages/mhsmm/index.html.


https://janoleko.github.io/LaMa/
https://cran.r-project.org/web/packages/mhsmm/index.html
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— Emission distributions: the user can define customized emission distributions
by providing the parameters, the density function, the generation function and the
estimation function of the desired distributions. Available distributions in the package
are the normal, the multivariate normal and the Poisson distributions.

— Sojourn duration distributions: the sojourn duration distributions available are
the shifted Poisson, the gamma and the non-parametric distributions.

— Programming language: the base language is R but main costly functions such
as the forward backward algorithm are written in C.

— Multiple sequences + initial law: the package can handle multiple sequences
and the initial law is estimated using the smoothed probabilities derived from the
forward-backward algorithm.

— Initialization EM: the initial values of the parameters for the EM algorithm must
be provided by the user.

The main features of the mhsmm package are as follows: Observations are
allowed to be multivariate. Missing values are allowed. Observations must be recorded
at equally spaced times. The package is designed to allow the specification of custom
emission distributions. It is possible to have multiple sequences of data. Parameter
estimation is made using EM algorithms based on the right censoring approach
(Guédon (2003)). This package has the ability to estimate parameters for multiple
observation sequences and is extensible because the user can create custom emission
distributions. The main functions are as follows:

1) hsmmspec to specify a HSMM model with initial and state transition
probabilities and sojourn and emission distributions;

2) hsmmfit to estimate the parameters using the right censoring EM approach;

3) predict.hsmm to predict the hidden state, given a HSMM model and
observations, using the Viterbi algorithm or the smoothed probabilities extracted from
the forward-backward approach.

2.2.1.5. PHSMM

— Last update: February 9, 2021.

— Authors: Jennifer Pohle.

— Reference: Pohle et al. (2021).

— Code source URL: https://cran.r-project.org/web/packages/PHSMM/index.html.
— Emission distributions: normal, gamma, Poisson and Bernoulli.

— Sojourn duration distributions: non-parametric. Flexible and data-driven
estimation of the sojourn duration distributions without the need to make any
distributional assumption.

— Programming language: R.


https://cran.r-project.org/web/packages/PHSMM/index.html
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— Multiple sequences not supported, initial law deterministic or estimated:
stationarity is assumed (default). Otherwise, the underlying state-sequence is assumed
to enter a new state at time t = 1 and it is necessary to define the initial distribution
delta (delta is a vector of length N containing the initial distribution).

— Initialization: estimates the parameters of a HSMM for univariate time series
using numerical penalized maximum likelihood estimation. The numerical penalized
maximum likelihood estimation requires starting values for each HSMM parameter. If
these starting values are poorly chosen, the algorithm might fail in finding the global
optimum of the penalized log-likelihood function. Therefore, it is advisible to repeat
the estimation several times using different sets of starting values.

PHSMM (Pohle et al. 2021) provides tools for penalized maximum likelihood
estimation of HSMMs with flexible state sojourn duration distributions. The
computation of the likelihood is performed through a forward backward algorithm
and the minimization is performed using the function nlm (Schnabel et al. 1985) that
implements a Newton-type algorithm.

2.2.1.6. rarhsmm

— Last update: October 18, 2017.
— Authors: Zekun Jack Xu and Ye Liu.

— References: Xu and Liu (2021)
http://cran.nexr.com/web/packages/rarhsmm/rarhsmm.pdf.

— Code source URL: https://github.com/cran/rarhsmm.

— Emission distributions: multivariate normal.

— Sojourn duration distributions: non-parametric.

— Programming language: R.

— Multiple sequences supported, initial law deterministic.
— Initialization EM: deterministic.

rarhsmm is dedicated to fit Gaussian hidden Markov (or semi-Markov) models
with/without autoregressive coefficients and with/without regularization. The fitting
algorithm for the hidden Markov model is illustrated by Rabiner (1989). It relies on
ReppArmadillo for linear algebra. An application with data from finance is presented.
This package is no more maintained on CRAN.

2.2.1.7. ziphsmm

— Last update (on CRAN) and/or last commit: The last update on CRAN is May
22 2018, and the package has been archived on the CRAN, December 12, 2022.
— Authors: Zekun (Jack) Xu and Ye Liu.

— Reference: not applicable.


http://cran.nexr.com/web/packages/rarhsmm/rarhsmm.pdf
https://github.com/cran/rarhsmm
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— Code source URL.: https://cran.r-project.org/web/packages/ziphsmm/index.html.
— Emission distribution: Zero inflated Poisson.

— Sojourn duration distributions: logarithmic, geometric or shifted Poisson.

— Programming language: R and C++.

— Multiple sequences not supported. Stationarity is assumed.

— Initialization: the parameters estimation relies on the gradient descent of
log likelihood and multiple starting values should be used to reduce the risk of
convergence to local minima.

The package ziphsmm allows us to fit zero-inflated Poisson hidden (semi-)Markov
models with or without covariates by directly minimizing the negative log likelihood
function using the gradient descent algorithm. Gradients are numerically computed.

2.2.2. Python packages

2.2.2.1. edhsmm

— Last update and/or last commit (on GitHub): May 26, 2024. The project has
been archived at this date.

— Authors (of the package): Ameer Carlo Lubang.

— References (around the package and the theory): the author relies on sections
2.2 and 3.1 of Yu (2010) to implement the fitting algorithm and on Benouareth et al.
(2007) to implement the Viterbi algorithm.

— Code source URL if available: the github repository archive can be found here:
https://github.com/poypoyan/edhsmm.

— Emission distributions: the distribution of observations available are the
multivariate normal and the multinomial (or categorical) distributions.

— Sojourn duration distributions: the sojourn duration distributions available is the
non-parametric distribution.

— Programming language: the base language is python but main costly functions
such as the forward backward algorithm are written in cython.

— Multiple sequences + initial law: the package can handle multiple sequences
and the initial law is estimated using the smoothed probabilities extracted from the
forward-backward algorithm.

— Initialization EM: the package provides a function that initializes the model
parameters by using a k-means clustering technique (Lloyd 1982), only for the model
with observations based on multivariate normal distribution.

The library edhsmm, for explicit duration HSMM, is another implementation of
the EM algorithm for HSMMs. The function sample allows us to simulate
semi-Markov chains for a specified model. The function fit relies on the EM to


https://cran.r-project.org/web/packages/ziphsmm/index.html
https://github.com/poypoyan/edhsmm
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estimate the model parameters. Note that one can use an option for the
right-censoring approach and also an experimental option for a left-censoring
approach. The function score computes the log-likelihood of a given dataset for a
specified model and the function predict relies on the Viterbi algorithm to extract the
most likely sequence of hidden state given a sequence of observations. In the given
code examples, the author shows how we can parallelize the estimation using
different initial sets of model parameters.

2.2.2.2. hsmmlearn
— Last update and/or last commit (on GitHub): August 21, 2021.
— Author: Joris Vankerschaver.
— References (around the package and the theory): No.
— Source code: https://github.com/jvkersch/hsmmlearn.
— Emission distributions: normal and multinomial (or categorical).
— Sojourn duration distributions: non-parametric distributions + custom.
— Programming language: C++/cython with python interface.

— Multiple sequences + initial law: the code can handle only one sequence and the
initial law is assumed to depend on free parameters; it is estimated by the smoothed
probabilities at initial time.

— Initialization EM: the initial values of the parameters for the EM algorithm must
be provided by the user.

hsmmlearn is a library for unsupervised learning of HSMMs in the EDHMM
family. It actually wraps the same underlying C++ code as the hsmm R package.
HSMMLearn borrows its name and the design of its API from HMMLearn. The
manual includes a tutorial for customized emission distributions. Another tutorial is
available as a Python notebook: https://github.com/jvkersch/hsmmlearn/blob/master/
notebooks/tutorial.ipynb.

2.2.2.3. online_hmm

— Last update and/or last commit (on GitHub): April 10, 2015. No more
maintained.

— Author: Alberto Bietti.

— Reference: Bietti (2014); Bietti et al. (2015).

— Code source URL if available: https://github.com/albietz/online_hmm.
— Emission distributions: normal and multinomial (or categorical).

— Sojourn duration distributions: binomial and Poisson.

— Programming language: Python.

— Multiple sequences + initial law: the package cannot handle multiple sequences
and the initial law is defined as a set of free parameters.


https://github.com/jvkersch/hsmmlearn
https://github.com/jvkersch/hsmmlearn/blob/master/notebooks/tutorial.ipynb
https://github.com/albietz/online_hmm
https://github.com/jvkersch/hsmmlearn/blob/master/notebooks/tutorial.ipynb
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— Initialization EM: the initial values of the parameters for the EM algorithm must
be provided by the user.

Description: the online_hmm Python library is dedicated to online state restoration
and parameter estimation in HMMs and HSMMs, that is, when the whole observed
sequence is not available at once but when new data arrive sequentially, requiring
restoration and parameters to be updated regularly. The corresponding algorithms are
described in Bietti (2014) and Bietti et al. (2015).

2.2.2.4. OpenAlea: SequenceAnalysis

— Last update and/or last commit (on GitHub): January 23, 2018/August 30, 2024.

— Authors: Yann Guédon, Jean-Baptiste Durand, Christophe Pradal, and Thomas
Arsouze.

— References: Dufour-Kowalski et al. (2007).

— Code source URL if available: https://github.com/openalea/Structure Analysis/
tree/master/sequence_analysis (will not compile on November 11, 2024).

— Emission distributions: multivariate, conditionally independent observations
given states. Discrete families: multinomial (or categorical), binomial, Poisson,
negative binomial, and geometric Poisson. Continuous families: Gamma,
zero-inflacted gamma, Gaussian, inverse Gaussian, and Von Mises.

— Sojourn duration distributions: binomial, Poisson, negative binomial, geometric
Poisson, and uniform.

— Programming language: C++ with Python interface.

— Multiple sequences + initial law: the package can handle multiple sequences and
the initial law is estimated using either the stationary distribution of the semi-Markov
chain or using the MLE, assuming free parameters for initial law in the latter case.

— Initialization EM: the initial values of the parameters for the EM algorithm can
be either provided by the user or estimated by default methods (geometric distributions
for sojourn duration distributions).

Description: SequenceAnalysis is a python module dedicated to statistical
sequence analysis (mainly, discrete events). It is part of the StructureAnalysis
module, which implements various models and algorithms for the analysis of
sequences and trees, among which hidden Markov trees, tree alignment and tree
compression with directed acyclic graphs. StructureAnalysis is a component of the
OpenAlea platform, which consists of using python as a gluing language to chain
various function-structure plant models. SequenceAnalysis implements multiple
rupture detection, variable-order (hidden) Markov chains, multiple sequences
alignment and HSMMs, the latter being focused on in this section. HSMMs are of
type explicit-duration HMM. All discrete distributions have shift parameters. By
default, parametric families in emission and sojourn duration distributions are not


https://github.com/openalea/StructureAnalysis/tree/master/sequence_analysis
https://github.com/openalea/StructureAnalysis/tree/master/sequence_analysis
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fixed, they are selected by an information criterion during EM iterations. The 2018
version runs on python 2.7. Documentation is currently mainly outdated and partly
inconsistent with code. This version can be downloaded on https://gitlab.inria.fr/
statify_public/jemr-ema.

The code is currently being refactored to run on python 3 and the documentation
is currently being added to development branches on GitHub.

2.2.2.5. pyhsmm

— Last update and/or last commit (on GitHub): August 01, 2020. Available on
PyPi.

— Authors: Matt Johnson, Alex Wiltschko, Yarden Katz, Chia-ying (Jackie) Lee,
Scott Linderman, Kevin Squire and Nick Foti.

— References: Johnson and Willsky (2013).

— Source code: https://github.com/mattjj/pyhsmm,
https://pythonrepo.com/repo/mattjj-pyhsmm-python-science-and-data-analysis.

— Emission distributions: multivariate normal. It can be customized.
— Sojourn duration distributions: Poisson. It can also be customized.
— Programming language: C++/cython with python interface.

— Multiple sequences + initial law: the package can handle multiple sequences and
the parameters are random variables with parameterized distributions in a Bayesian
framework.

— Initialization EM: the package does not provide any functions to initialize the
parameter but relies on prior distributions since it works in Bayesian framework.

This code is a Python library for approximate unsupervised inference in Bayesian
hidden Markov models and explicit-duration hidden Markov models, focusing on the
Bayesian non-parametric extensions, the hierarchical Dirichlet process (HDP-HMM)
and HDP-HSMM, mostly with weak-limit approximations. This approach employs an
HDP prior over an infinite state space that enables both inference of state complexity
and Bayesian mixing over models of varying complexity. For each iteration of the
loop, all the latent variables of the model will be resampled by Gibbs sampling steps,
including the transition matrix, the observation means and covariances, the duration
parameters and the hidden state sequence.

2.2.3. Other relevant software

We present here additional packages related to HSMMs that offer interesting
features (either in terms of methodology or application) or that are connected to the
themes of this book (e.g. CHMM for coupled HMMs and smmR for general SMMs).


https://gitlab.inria.fr/statify_public/jemr-ema
https://github.com/mattjj/pyhsmm
https://pythonrepo.com/repo/mattjj-pyhsmm-python-science-and-data-analysis
https://gitlab.inria.fr/statify_public/jemr-ema
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2.2.3.1. CHMM: R package

— Last update on CRAN: September 29, 2017.
— Authors: Xiaogiang Wang and Julie Aubert.

— References: Wang et al. (2019) https://cran.r-project.org/web/packages/CHMM/
https://hal.archives-ouvertes.fr/hal-01661257/document.

— Code source URL: https://github.com/julieaubert/CHMM.

— Emission distributions: normal.

— Sojourn duration distributions: Not concerned.

— Programming language: R.

— No multiple sequences, initial law defined specifically by the model.

— Initialization: for both the EM and the VEM estimation algorithm, clustering
techniques (mclust (Fraley and Raftery 2002) or kmeans (Forgy 1965)) are used to
initialize the model parameters.

The CHMM package (Wang et al. 2019) is dedicated to coupled hidden Markov
model (not semi-Markovian). It manages multiple hidden Markov chain with
modeled correlation between two hidden states of different chains at a given
time-step. It provides an EM algorithm as well as a VEM (variationnal expectation
maximization) algorithm arguing that the model is not tractable with the EM if the
state space or the length of the chains is large. The leading application is to detect
CNV (copy number variations) in DNA sequences.

2.2.3.2. DNN-HSMM: Python library

— Last update and/or last commit (on GitHub): March 14, 2021.

— Authors: Shinji Takaki.

— Reference: Tokuda et al. (2016).

— Code Source URL: https://github.com/sp-nitech/ DNN-HSMM.

— Emission distributions: normal.

— Sojourn duration distributions: discrete normal.

— Programming language: Python.

— Multiple sequence + initial law: the code can handle only one sequence and the

initial law is fixed, deterministic (first state is state 1) and the model is a left-right
HSMM.

— Initialization gradient descent: the initial values of the parameters for the
gradient descent must be provided by the user.

DNN-HSMM is a python implementation based on pytorch of a model dedicated
to speech synthesis. It is thus oriented toward simulation and state restoration is not
implemented. The HSMM parameters are encoded by a deep neural network (DNN).


https://cran.r-project.org/web/packages/CHMM/
https://hal.archives-ouvertes.fr/hal-01661257/document
https://github.com/julieaubert/CHMM
https://github.com/sp-nitech/DNN-HSMM
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State transitions are left-right and deterministic (only from each state ¢ to state i+1), so
they do not need to be encoded. The other distributions are assumed to be normal and
are directly encoded as an output layer of a DNN (the authors do not mention how they
constrain variance parameters to be non-negative). Parameter estimation is achieved
by computing the derivatives of the HSMM log-likelihood, which are back-propagated
to the neural network through pytorch.

2.2.3.3. GENSCAN: C program

— Last update: February 18, 2003.
— Authors: Chris Burge.

— References: Burges and Karlin (1997)
https://www.alliot.fr/BIO/PDF/BurgeThesis.pdf.

— Code source: http://hollywood.mit.edu/GENSCAN.html.
— Emission distributions: non-parametric.

— Sojourn duration distributions: non-parametric.

— Programming language: C.

— Multiple sequence + initial law: not detailed.

GENSCAN is a program only dedicated to a particular application: the identification
of complete gene structures in genomic DNA. It uses HSMMs, with non-parametric
distributions for emission and sojourn duration.

2.2.3.4. hmmTMB: R package

— Last update (on CRAN): October 24, 2023. Last commit on GitHub: January 14,
2025.

— Authors: Theo Michelot and Richard Glennie.

— References: Michelot (2023)
https://cran.r-project.org/web/packages/hmmTMB/.

— Code source URL: https://github.com/TheoMichelot/hmmTMB/.

— Emission distributions:  beta, (zero-inflated) binomial, multinomial (or
categorical), Dirichlet, exponential, folded normal, (zero-inflated) gamma,
log-normal, multivariate normal, (zero-inflated or zero-truncated) negative binomial,
(zero-inflated or zero-truncated) Poisson, Student’s ¢, truncated normal, Tweedie, von
Mises, Weibull and wrapped Cauchy.

— Sojourn duration distributions: HMM approximation of HSMMs using
state-space augmentation and state aggregates in a dedicated way (Langrock and
Zucchini 2011).

— Programming language: C++ and R.
— Multiple sequences supported, initial law free or stationary.

— Initialization EM: deterministic or estimated by k-means.


https://www.alliot.fr/BIO/PDF/BurgeThesis.pdf
http://hollywood.mit.edu/GENSCAN.html
https://cran.r-project.org/web/packages/hmmTMB/
https://github.com/TheoMichelot/hmmTMB/

60 A Comprehensive Guide to HSMM

hmmTMB provides an implementation of hidden Markov models based on
Template Model Builder (TMB). TMB (Kristensen et al. 2016) is another R package
for estimating statistical models with latent variables. HMMs may include fixed and
random effects, smoothing splines and approximations of HSMMs by HMMs.
Maximum likelihood and Bayesian estimation are possible. Maximum likelihood
estimation relies on library optimix, not on EM. HMM approximations of HSMMs
implies that sojourn duration distributions are non-parametric except regarding the
tail, which is geometric; the approach is described in Langrock and Zucchini (2011).

2.2.3.5. mHMMBayes: R package

— Last update (on CRAN): April 4, 2024.
— Authors: Emmeke Aarts and Sebastian Mildiner Moraga.

— References: Zhang and Berhane (2014); de Haan-Rietdijk et al. (2017)
https://cran.r-project.org/web/packages/mHMMbayes/
https://cran.r-project.org/web/packagessmHMMbayes/vignettes/tutorial-mhmm.html.

— Code source URL: https://github.com/emmekeaarts'mHMMbayes.

— Emission distributions: multivariate discrete multinomial (or categorical) and
Poisson or normal.

— Sojourn duration distributions: geometric only (Markov model).
— Programming language: C++ and R.

— Multiple sequences supported, initial law is supposed to be the stationary
distribution and thus, is not a free parameter.

— Initialization MCMC: initial values to be provided. Priors are by default inverse
Wishart for covariance matrices and multivariate normal otherwise.

mHMMBayes is an implementation of a hidden Markov model with mixed effects
(so-called multilevel) using Bayesian estimation in R. The multilevel HMM is tailored
to accommodate (intense) longitudinal data of multiple individuals simultaneously.
Using a multilevel framework offers the possibility to account for heterogeneity in the
model parameters (transition probability matrix and conditional distribution), while
estimating one overall HMM. The model can be fitted on multivariate data with either
a multinomial (or categorical), normal or Poisson distribution and includes individual
level covariates (allowing for group comparisons on model parameters). Parameters
are estimated using Bayesian estimation by means of the forward-backward recursion
within a hybrid Metropolis within Gibbs sampler. Missing data (NA) in the dependent
variables is treated assuming missing at random.

2.2.3.6. signalHsmm: R package

— Last update (on CRAN): November 15, 2018; last commit (on GitHub): May 4,
2020.

— Authors: Michal Burdukiewicz, Piotr Sobczyk and Jaroslaw Chilimoniuk.


https://cran.r-project.org/web/packages/mHMMbayes/
https://cran.r-project.org/web/packages/mHMMbayes/vignettes/tutorial-mhmm.html
https://github.com/emmekeaarts/mHMMbayes
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— References: Burdukiewicz et al. (2018).

— Code source: https://cran.r-project.org/web/packages/signalHsmm/index.html
https://github.com/michbur/signalHsmm.

— Emission distributions: non-parametric.

— Sojourn duration distributions: non-parametric.

— Programming language: R.

— Multiple sequence + initial law: the package cannot handle multiple sequences
and the initial law is defined as a set of free parameters.

— Initialization EM: not detailed.

signalHsmm package predicts the presence of signal peptides in eukaryotic protein
using HSMMs, with non-parametric distributions for emission and sojourn duration.
It is only dedicated to this particular application.

2.2.3.7. smmR: R package

— Last update (on CRAN): August 3, 2021.

— Authors: Vlad Barbu, Caroline Bérard, Dominique Cellier, Florian Lecocq,
Corentin Lothodé, Mathilde Sautreuil and Nicolas Vergne.

— References: Barbu et al. (2023).

— Code source URL: https://cran.r-project.org/web/packages/smmR/index.html
https://plmlab.math.cnrs.fr/lmrs/statistique/smmR.

— Emission distributions: not concerned.

— Sojourn duration distributions: non-parametric or uniform, geometric, Poisson,
discrete Weibull and negative binomial.

— Programming language: R.
— Multiple sequences supported, initial law deterministic or estimated.
— Initialization EM: not concerned.

smmR package is dedicated to estimation and simulation of semi-Markov models
defined in a discrete state space (see Chapter 1, section 1.2.2, definition 1.1). Authors
have considered parametric and non-parametric estimation; with and without
censoring at the beginning and/or at the end of sample paths; different types of
sojourn duration (depending on previous state and present state, only on previous
state, only on present state, or not depending on the previous and present state), one
or several independent sample paths. Reliability measures are computed: reliability,
maintainability, availability and failure rates.


https://cran.r-project.org/web/packages/signalHsmm/index.html
https://github.com/michbur/signalHsmm
https://cran.r-project.org/web/packages/smmR/index.html
https://plmlab.math.cnrs.fr/lmrs/statistique/smmR
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2.3. Comparative overview: R and Python packages for HSMM

HSMMs are widely explored stochastic models, with several libraries and tools
available for their application. Each package offers specific features and approaches
based on the needs and priorities of the users, particularly regarding general
characteristics, sojourn duration distributions and emission distributions. In this
section, we provide a comparative overview of the main Python and R libraries
available for estimating HSMMs, highlighting their differences and specificities. The
comparison criteria include the following:

— General characteristics (see Table 2.2):

- support for multiple sequences: the ability of the libraries to handle multiple
observation sequences simultaneously;

- missing data: the ability to deal with missing data in observations. Some
software are able to estimate missing values;

- how to deal with initial distribution: it can be fixed by the user and/or
estimated (by stationary distribution or another method);

- model initialization: different methods are provided for initializing model
parameters, including clustering algorithms or methods based on prior distributions;

- comparison criteria: some packages offer comparison criteria for model
selection.

— Sojourn duration distributions: different available distributions for the time
that is spent in a hidden state before the transition of the chain to another state (see
Table 2.3).

— Emission distributions: different available distributions for the observations
given the hidden states (see Table 2.4).

The tables in the following subsections summarize these characteristics for a
selection of libraries, providing a clear and detailed overview of the available options
for HSMM modeling.

2.3.1. General comparison

Table 2.2 provides a comparison of various HSMM software tools available in R
and Python through the general characteristics listed in the previous paragraph. This
table also includes the programming language used and the last update year for each
software. The entries are color coded to highlight the presence (green) or absence (red)
of each feature, with specific notations used for different types of initial distributions
(F for fixed and E for estimated). This allows users to easily compare the software’s
functionalities and determine which tool best suits their needs.
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Notably, tools such as mhsmm, hhsmm and mHMMBayes offer comprehensive
support for these features, including automatic initialization and comparison criteria,
while others like hsmm, ziphsmm and CHMM are more limited in their capabilities.
The programming language and update frequency also vary, with some tools being
actively maintained, such as hhsmm (2022) or mHMMBayes (2024), and others, like
hsmm and online_hmm, having not been updated in several years. This summary
provides a quick comparison to help users choose the appropriate software for their
needs.
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CHMM - - E X - R 2017
DNN-HSMM - - F - - |Python| 2021
edhsmm X - F X - |Python| 2023
GENSCAN - - F - - C 2003
hhsmm X X F X X R 2022
hmmTMB X - E - - R 2025
hsmm - - F - - R 2013
hsmmlearn - - F X - |Python| 2021
LaMa X - E - - R 2025
mHMMBayes X X F E X X R 2024
mhsmm X X FE - - R 2017
online_hmm - - F - - |Python| 2015
PHSMM - - EE X - R 2021
pyhsmm X - E - X |Python| 2020
rarhsmm X - - - - R 2018
SequenceAnalysis| X - EE X x |Python| 2016
signalHsmm - - F - - R 2018
smmR X - FE - X R 2021
ziphsmm - - F - - R 2018

Table 2.2. Features of HSMM software available in R or Python for multiple observation
sequences (“Multiple sequences”), missing observations (“Missing data”), F for fixed
initial distribution (by the user), E for Estimated initial distribution (by stationary
distribution or another method). |x| is used for a software that handles the feature and
[F] is used for a software that does not handle the feature. For a color version of this
table, see www.iste.co.uk/peyrard/guidetohsmm.zip

2.3.2. Sojourn durations

Table 2.3 describes the different sojourn duration distributions offered by various
software packages. We can note that a large number of these packages provide


http://www.iste.co.uk/peyrard/guidetohsmm.zip
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non-parametric distributions. The next most commonly used distributions are the
geometric distribution (which corresponds to the Markovian case) and the Poisson
distribution.
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online_hmm - |- - - - - X = = X B
PHSMM X |- - - - = o - - - -
pyhsmm - |- - - = = X - - - X
rarhsmm X |- - - - = = - - B _
SequenceAnalysis| x | - |shifted| - - |shifted |shifted | x - | shifted | -
signalHsmm X |- - - - - = = - - -
smmR - |- X - - X X X X = _
ziphsmm - |- X X - = X - - - B

Table 2.3. Sojourn duration (or sojourn time, dwell time, runlength) distribution.
Shifted means an estimated shift is given. * possible extension to non-parametric with
geometric tail. x| is used for a software that handles the feature and [7] is used for
a software that does not handle the feature. For a color version of this table, see
www.iste.co.uk/peyrard/guidetohsmm.zip

The packages hsmm, hhsmm, smmR and SequenceAnalysis are the ones offering
the most diverse range of distributions. Additionally, some packages enable the
estimation of a shift for a given distribution.

In conclusion, while there is a broad variety of distribution types available across
different software packages, certain tools stand out for their flexibility in offering
multiple options and specialized features, such as the estimation of distribution shifts.


http://www.iste.co.uk/peyrard/guidetohsmm.zip
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2.3.3. Observations

Table 2.4 provides an overview of the different emission distributions offered by
the listed packages, including Bernoulli, custom, normal, multivariate normal,
Poisson, Student’s #, and non-parametric (i.e. finite discrete) distributions (also
referred to as either multinomial or categorical distributions).

3

2 g

S = =| &

215|525 § |B|&

clz| 8|3 < 2] ==

Software @ U: ZO = £ % 2
CHMM --x| - - |-
DNN-HSMM - - x| - 5 - -
edhsmm -] x X _ | x
GENSCAN - -- = - |-
hhsmm - x|x| x - - | x
hmmTMB X[x|x| x X |x|x
hsmm X|-[x = X x| -
hsmmlearn - x| x - - _ | x
LaMa x[x|x| - X |x|x
mHMMBayes - - x| - X - x
mhsmm -[x|x] x X _ |-
online_hmm - -1x - - _ | x
PHSMM x[-[x| - X x| -
pyhsmm - [x] x - -1 -
rarhsmm - x| x - _ -
SequenceAnalysis|x |- | x| - [shifted|- | x
signalHsmm - -- = - - |-
smmR --1- = - _ | -
ziphsmm - -] - - x* [-1-

Table 2.4. Conditional emission distributions. E is used for a software that handles the
feature and El is used for a software that does not handle the feature. (* Zero-inflated
Poisson is used ; shifted means an estimated shift is given). For a color version of this
table, see www.iste.co.uk/peyrard/guidetohsmm.zip

Several software packages, such as hsmm, hhsmm, mhsmm, LaMa and PHSMM, offer
a broad range of distributions, with hmmTMB standing out for supporting all
aforementioned listed distributions. The Poisson and Normal distributions are among
the most commonly supported types, followed by others such as multinomial and
Student’s ¢. Notably, some packages, like mhsmm and SequenceAnalysis, provide
support for multivariate normal and shifted distributions, where “shifted” refers to an
estimated shift applied to the distribution.


http://www.iste.co.uk/peyrard/guidetohsmm.zip
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2.4. lllustration of the use of two packages for the toy examples
2.4.1. Docker image

Docker (Merkel 2014) is a platform designed to help developers build, share and
run container applications. A container is a bundle of application software with all the
dependencies required for the applications to run. For testing purposes, we built such
a container with snapshots of libraries listed in this chapter. The container image can
be found at: https://forgemia.inra.fr/inca-hsmm/software-review/containerregistry.
The libraries installed are edhsmm (version 0.2.2), hhsmmlearn (commit version
69bc8aa), hhsmm (version 0.2.5) and PHSMM (version 1.0).

To make it work, it is first required to install docker (or alternatively podman)
and then launch the container. Based on this container, one can launch a Jupyter Lab
(Kluyver et al. 2016) using the following command on a Linux device:

docker run —rm —it —p 8888:8888 \
registry .forgemia.inra. fr/inca—hsmm/software—review :2.0

Then, a localhost URL is given such as http://localhost:8888/tree that must be
opened into a web browser.

Alternatively one can launch a bash into the container with the following
command:

docker run —rm —it —p 8888:8888 \
registry .forgemia.inra. fr/inca—hsmm/software—review:2.0 \
bash

A new prompt indicates the user has entered the image. Then, we can load the
multinomial HSMM formalism from the edhsmm python library with the following
commands:

python3
>>> from edhsmm.hsmm_multinom import MultinomialHSMM

Or, if we prefer to launch an R console and load for example the hhsmm package,
one can simply use the following commands:

R
> library (hhsmm)



https://forgemia.inra.fr/inca-hsmm/software-review/containerregistry
http://localhost:8888/tree

Review of HSMM R and Python Softwares 67

In the following sections, while mobilizing this container image, we offer two
examples of use of the libraries cited above to run the two toy models of Squirrel and
Deer, respectively.

2.4.2. Python package edhsmm on toy model Squirrel

Reminder of the application and the model

The HSMM proposed here is an instance of the toy model Squirrel detailed in
Chapter 1. During winter, a squirrel wanders from reserve to reserve where hazelnuts
have been stored during the summer time. The K reserves are identified and one
collects, based on a naturalist expertise, and guesses on where is the squirrel every
single day along winter time. As explained in section 1.2.1, this behavior can be
described by a HSMM.

Let us assume that there are K = 3 reserves and that we have collected 300
sequences of such observations. A sequence, which is the location of a single Markov
chain in our case, is composed of 500 successive reserves to be interpreted as guesses
of where is a single squirrel during winter time.

For convenience, we will simulate hidden states as well as observations using a
“true” HSMM model with transition probability matrix, M.

0.0 0.5 0.5
M=1030.00.7
0.4 0.6 0.0

We assume that the maximal duration that a squirrel can spend in a reserve is
4 days and we use a non-parametric distribution to model the duration. In the
observation model, we model the error of the naturalist guesses on the location of the
squirrel by a multinomial distribution. Together, the duration and the observation
models are detailed below. The notations from Chapter 1 are used. Thus, for all n and
t, P(X,+1 = d |J,, = k) represents the probability that the squirrel stays in reserve k
for d consecutive days once it enters k. On the other hand, P(Y; = k; |Z; = ko) with
k1 # ko is the probability that, at day ¢, the naturalist has guessed the squirrel to be in
reserve k1, whereas it was in reserve ks.

E[P(Xpnt1 =1]Jn =k) |P(Xnp1 =2|Jn =k) [P(Xnj1 =3|Jn =k) |P(Xny1 =4[], =k)
1 0.1 0.005 0.005 0.89
2 0.1 0.005 0.89 0.005
3 0.1 0.89 0.005 0.005
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E|P(Y: =12, = k) |P(Ys =2|Z: = k) |P(Y: = 3||Z: = k)
1 0.8 0.1 0.1
2 0.1 0.8 0.1
3 0.1 0.1 0.8
Script and results

First of all, we give the model parameters by writing a function that specifies
the HSMM parameters of a Python object proposed by the package edhsmm. There
are the initial state distribution (vector of size K = 3), the non-parametric sojourn
distribution (a matrix of size 3*4), the transition matrix (matrix of size 3*3) and the
non-parametric emission distribution (a matrix of size 3*3).

import sys

import numpy as np
from edhsmm.hsmm_multinom import Multinomial HSMM
from matplotlib import pyplot as plt

from scipy import stats

def init_true_model (hsmm_class):
hsmm_class. pi np.array ([2 / 3, 1 /

3, 0/ 3]

hsmm_class.dur = np.array ([
[0.1, 0.005, 0.005, 0.89],
[0.1, 0.005, 0.89, 0.005],
[0.1, 0.89, 0.005, 0.005]
1) # meaning that the durations are between 1 and 4
hsmm_class.tmat = np.array ([
[0.0, 0.5, 0.5],
[0.3, 0.0, 0.7],
[0.4, 0.6, 0.0]
D
hsmm_class.emit = np.array ([
[0.8, 0.1, O.1],
[0.1, 0.8, 0.1],
[0.1, 0.1, 0.8]
D

This HSMM model will serve as a simulator of observed trajectories. To simulate
those trajectories, we can rely on the following code that simulates 300 trajectories of
length 500.
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rng_seed = 12598
squirrel_true_model = MultinomialHSMM (

n_states = 3, n_durations = 4, random_state=rng_seed)
init_true_model (squirrel_true_model)

n_samples = 500

n_obs = 300

n_var = 1

all_obs = np.empty ((n_samples * n_obs, n_var),

dtype=np.int64)

all_len = []

ctr_len =0

for i in range(n_obs):
sample_len, sample, _ = squirrel_true_model.sample (

n_samples=n_samples, random_state=rng_seed)

all_obs[ctr_len: ctr_len + sample_len, :] = sample

all_len += [sample_len]
ctr_len += sample_len
rng_seed += 1

We now provide another HSMM model that will be used as an initial model for
the EM algorithm for parameter estimation.

def init_starting_model (hsmm_class):
hsmm_class.pi = np.array ([0.5, 0.5, 0])

hsmm_class.dur = np.array ([
[0.1, 0.2, 0.1, 0.6],
[0.1, 0.1, 0.6, 0.2],
[0.1, 0.6, 0.1, 0.2]

1

hsmm_class.tmat = np.array ([
[0.O, 0.4, 0.6],
[0.8, 0.0, 0.2],
[0.6, 0.4, 0.0]

D

hsmm_class.emit = np.array ([
[0.6, 0.3, 0.1],
[0.2, 0.4, 0.4],
[0.1, 0.2, 0.7]

D
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To perform 20 iterations of the EM algorithm, we can use the following code. A
tolerance level must be provided in order to define the convergence criterion.

np.random. seed (rng_seed)
squirrel_initial_model = MultinomialHSMM (n_states = 3
n_durations

init_starting_model (squirrel_initial_model)

S

squirrel_initial_model .n_iter = 20
# Estimate parameters
squirrel_initial_model.tol = le—2

squirrel_initial_model. fit (all_obs, all_len)

After seven loops, for a duration of 30 s, the convergence is reached and the
transition matrix obtained is the following:

0.0 0.41 0.59
0.27 0.0 0.73
0.53 0.47 0.0

M =

The non-parametric sojourn duration distribution is the following:

E|P(Xpy1=1|Jp =k) |[P(Xng1=2|Jp =k) |P(Xpnt1 =3|Jn =k) |P(Xpnt1 =4 |Jn =k)
1 5.2e-02 9.8e-05 6.8e-03 9.41e-01
2 2.3e-02 4.2e-02 8.9e-01 4.1e-02
3 3.3e-02 9.7e-01 8.3e-04 1.7e-04

The non-parametric emission is the following:

k[P(Yy =1|Zy =k) [P(Ye =2|Zy = k) |P(Y: = 3| Z: = k)
1 0.85 0.1 0.05
2 0.1 0.8 0.1
3 0.05 0.08 0.87

Finally, the initial distribution is 7 = (1,0, 0). Except the initial distribution the
other parameters can be considered as well estimated. But we notice that a large
number of long sequences must be simulated in order to reach those results.

The Jupyter Notebook (Kluyver et al. 2016), in the squirrel directory of the lab,
can also be found at: https://forgemia.inra.fr/inca-hsmm/software-review/-/blob/main/
squirrel/squirrel.ipynb


https://forgemia.inra.fr/inca-hsmm/software-review/-/blob/main/squirrel/squirrel.ipynb
https://forgemia.inra.fr/inca-hsmm/software-review/-/blob/main/squirrel/squirrel.ipynb
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2.4.3. R package hhsmm on deers

Reminder of the application and the model

The HSMM model proposed here is an instance of the toy model Deer detailed in
Chapter 1 (section 1.4.2).

We aim to establish a relationship between accelerometer data and the activities
of cervids using a HSMM and more specifically an ED-HMM (see the definition in
Chapter 1, section 1.2.4). In this model, the observed variable corresponds to the
accelerometer data (initially three-dimensional, here summarized by the roll angle,
an indicator that varies with the activity), while the hidden variable represents the
animal’s activity.

We consider five different behaviors (foraging head-down, grooming, running,
unmoving and walking head-up), and Q7 = {1,...,5}. Variable Z; is behavior
at time ¢. Observation Y; € y = R is the scalar information extracted from the
accelerometer at time ¢. The time step is 0.125 s, corresponding to a 8 Hz frequency.

We propose here an ED-HMM to model the dynamics of (Z;, Y;) as follows. The
transition matrix M is estimated non-parametrically. The distribution of the sojourn
duration in behavior ¢ is Poisson with parameter ;. The emission distribution is
normal with mean m; and variance 01»2, computed for value y.

The transition matrix M, obtained from an experimental dataset with available
behaviors, is:

0.00 0.025 0.028 0.744 0.203
0.028 0.00 0.014 0.888 0.070
M = 10.080 0.028 0.00 0.256 0.636
0.279 0.269 0.032 0.0 0.420
0.236 0.043 0.071 0.650 0.00

and the parameters for the sojourn duration distribution and the emission distribution
are:

)\i m; 01'2
98.02 | 20.41 (12.04
67.42 |1-14.98|14.45
37.69 |-12.88] 9.01
103.64|-24.60| 14.61

46.13 | -4.32 | 8.61

DN B W N = .
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Script and results

First of all, we give the model parameters:

## Transition matrix

P <— matrix (c(
0.00, 0.025, 0.028, 0.744, 0.203,
0.028, 0.00, 0.014, 0.888, 0.070,
0.080, 0.028, 0.00, 0.256, 0.636,
0.279, 0.269, 0.032, 0.0, 0.420,
0.236, 0.043, 0.071, 0.650, 0.00

), nrow = 5, ncol = 5, byrow = TRUE)

## Parameters from sojourn duration and emissions
E = matrix (c(

98.02, 20.41, 12.04,

67.42, —14.98, 14.45,

37.69, —12.88, 9.01,

103.64, —24.60, 14.61,

46.13, —4.32, 8.61
), nrow = 5, ncol = 3, byrow = TRUE)

and we create the object model:

## Number of states
J =5
## Initial distribution
initial = c(l,rep(0,J—1))
## Are the states semi—Markovian ?
semi = rep (TRUE, J)
## Parameters of the emission distributions
par = list(
mu=as. list (E[,2]),
sigma = as.list(E[,3]),
mix.p=as. list(rep(1,7J)))
## Parameters of the sojourn duration distributions
sojourn <— list(shape = E[,1], scale = rep(1,7J),
type = "gamma")
## Specification of the model object
model <— hhsmmspec (
init = initial ,
transition = P,
parms.emis = par,
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dens.emis = dmixmvnorm,
sojourn = sojourn,
semi = semi)

Remark that we consider a Gamma distribution with parameter (\, 1) instead of a
Poisson distribution with parameter A, because of the assumed particularity of this
package to easier estimate the parameters of a Gamma distribution, regarding the
sojourn duration. Note also that this package provides the possibility of having a
mixture of normal distributions for the emissions; however, this possibility is not used
here.

Then, we simulate some sequences with this model:

train <— simulate (model, nsim = c¢(100, 80, 80, 180),
seed = 1234, remission = rmixmvnorm)

At last, we estimate all the parameters thanks to the hhsmmfit command:

clus = initial_cluster (train, nstate
nmix = rep(l,J), ltr = FALSE,
final .absorb = FALSE, verbose = TRUE)

J s

initmodel = initialize_model (clus = clus,
sojourn = "gamma", M = max(train$N),
semi = semi)

fit = hhsmmfit(x = train, model = initmodel,

M = max(train$N))

For this example, the computation time is approximately 5 min on a standard
computer (Ubuntu 22.04.5 LTS, Intel Core 15-9400K, 32 Go DDR4, NVIDIA Quadro
P620).

We provide then the estimated values for all the model parameters. The transition
matrix M is estimated by:

0.000 0.028 0.042 0.029 0.902
0.282 0.000 0.057 0.257 0.404
M =] 0.544 0.027 0.000 0.267 0.162
0.263 0.171 0.135 0.000 0.431
0.917 0.018 0.016 0.048 0.000

The estimated parameters for the sojourn duration distribution and the emission
distribution are:
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i m; o?

14.168(-24.173|14.663
86.791|20.369 | 12.137
12.896 (-14.578]13.608
43.019| -4.303 | 8.565
15.722(-24.991|14.385

N B W =

We observe that the estimates are not particularly accurate; therefore, it may be
beneficial to use the package with initial values that are closer to the true model, rather
than those estimated from a preliminary basic clustering.

At last, we estimate all the parameters thanks to the hhsmmfit command.

## Initial model is the true model !

model$mstep = initmodell$mstep

fit = hhsmmfit(x = train, model = model,
M = max(train$N))

With initial model parameters closer to the true, hhsmm provides good estimators
for all the model parameters in only 1 min.

The estimated transition matrix M is given by:

0.000 0.014 0.043 0.686 0.257
0.035 0.000 0.035 0.860 0.070
M = ] 0.000 0.048 0.000 0.190 0.762
0.254 0.288 0.034 0.000 0.424
0.171 0.045 0.090 0.694 0.000

The estimated parameters for the sojourn duration distribution and the emission
distribution are given as:

i m; 0'2

86.791 | 20.369 |12.137
74.942 |-14.974113.762
40.699 |-12.751| 9.179
107.340|-24.578(14.680
42915 | -4.301 | 8.560

DN B W =

The hhsmm script can be found at: https://forgemia.inra.fr/inca-hsmm/
software-review/-/blob/main/deer/hhsmm.R



https://forgemia.inra.fr/inca-hsmm/software-review/-/blob/main/deer/hhsmm.R
https://forgemia.inra.fr/inca-hsmm/software-review/-/blob/main/deer/hhsmm.R
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2.5. Conclusion

In conclusion, while the available software packages for HSMM provide various
tools for modeling, they primarily focus on the more restricted framework of
ED-HMMs, where sojourn durations are only dependent on the current state. Among
these, smmR stands out as the only package that incorporates more general sojourn
duration distributions. This extension of the ED-HMM framework is an area that we
aim to further generalize through hsmmR, a package developed by ourselves and
dedicated to simulation and estimation of general hidden semi-Markov models, soon
available on CRAN (https://cran.r-project.org/web/packages/smmR/index.html).

Selecting the most appropriate package for a given application remains
challenging, as the differences in functionality can be subtle and context dependent.
Few packages address mixed effects, random effects and the incorporation of
covariates, which are essential for more complex modeling. Moreover, estimation
remains a major hurdle, often requiring large datasets to achieve reliable results. This
highlights the need for ongoing development in this field, with particular attention to
improving model flexibility and estimation accuracy.
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3

Multichain HMM

Hidden Markov models (HMMs) are statistical models widely used for studying
dynamic processes that cannot be observed directly or are governed by a hidden layer.
In many applications, particularly those involving spatial data, the hidden chain and
the observed time series are multidimensional, exhibiting structured dependencies
between variables at time ¢ and variables at time ¢+ 1. In this chapter, we introduce the
framework of multichain HMMs (MHMMs), which provides a unified view to existing
models in the literature and also allows for their generalization. We demonstrate the
utility of these models in ecological dynamics modeling. We then discuss inference for
MHMMs in the context of the expectation-maximization (EM) algorithm. We explain
why exact inference remains tractable for some structures of MHMMs, while it is
computationally intractable for others. For these latter, we review the main methods
to perform approximate inference.

3.1. Introduction

In the first two chapters, we considered a single hidden chain. However, in some
contexts, there is actually more than one hidden process of interest and these
processes influence each other. Such interacting processes are often encountered in
spatiotemporal dynamics: metapopulation dynamics on a network of patches, disease
spread over a network of spatial locations, earthquake activities in neighbor seismic
areas, etc. It is natural to model these dynamics as multiple hidden chains in
interaction, even though this remains a vague concept that we will formalize and
generalize under the name of MHMM in this chapter.

Chapter written by Hanna BACAVE, Jean-Baptiste DURAND, Alain FRANC,
Nathalie PEYRARD, Sandra PLANCADE and Régis SABBADIN.
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To concrete the idea of interacting dynamical processes, and motivate the need for
extensions of HMMs to their multichain counterpart, we present extensions of the two
toy examples presented in Chapter 1 in a context with multiple hidden chains.

For the Squirrel example, we recall that the hidden chain is the succession of
reserves where it feeds over time and the observation is the reserve guessed by an
observer. In practice, more than one squirrel feeds in the same area and the behaviors
of these squirrels are not independent. Squirrels can interact having access to the same
resource in a given reserve by a process of cooperation (common access is favored)
or competition (common access is disadvantaged). A squirrel looks at the reserves
on which the others feed and, knowing that, stays on the same reserve or moves to
a new reserve. Furthermore, the observer must guess where each squirrel is, and the
sequence of guesses for each squirrel may not be independent.

The Deer toy example can also be extended to more than one animal. Indeed, the
hidden behavior of a given animal can influence that of another animal. For instance,
if the two deer are close to each other and one of them starts running, it is likely that
the other will start running too. It this case, the two hidden chains of behaviors are
not independent. However, the observations sequence of each animal (accelerometer
data) are independent.

One option could be to model each of these two situations as a HMM with a
multidimensional hidden state corresponding to the vector of the hidden state of each
chain. However, this would not be efficient. If there are C' hidden processes, each
with K possible states, the transition matrix would be of size K¢ x K¢ and
estimation complexity would be exponential in C. More parsimonious
representations can be built by exploiting conditional independencies in the
transition, specific of the application. Furthermore, in some cases, these conditional
independencies lead to a reduction of the computational complexity of parameter
estimation from exponential to linear in C'. In this chapter, we formalize the notion of
MHMM and we develop these topics.

In the literature, the two most famous models for interacting hidden chains are
factorial HMMs (FHMMs, Ghahramani and Jordan 1997) and coupled HMMs
(CHMMs, Brand 1997; Wainwright and Jordan 2008). They represent two different
ways to link the hidden chains and two different assumptions on conditional
independencies. In an FHMM, there is no direct interaction between the hidden
chains, and they become conditionally independent given a common observation. For
instance, each chain corresponds to the evolution of the localization of an animal and
the observation is the count of animals in each location, with some measurement
error. In a CHMM, the hidden chains are linked by a direct interaction of a hidden
chain to the dynamics of the others (like for the Squirrel or Deer examples).
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These two interaction structures do not capture the whole diversity of interactions
encountered in real-life applications. In this chapter, we explore different ways to
make hidden and observed chains interacting that correspond to different conditional
independence assumptions. We propose a unified presentation of these models in the
framework of MHMMs that we define rigorously (section 3.2). We illustrate it using
different cases for applications, mainly from ecology or epidemiology (sections 3.3
and 3.4). The difficulty with inference in MHMMs is that the exact EM algorithm is
in general not computationally efficient. In most cases complexity is exponential in C,
with some exceptions for some structures of dependencies between hidden chains and
observations. We present in section 3.5 the EM equations for general MHMMs and
for some particular classes, showing how the complexity can vary with the structure
of interactions between the chains. This should provide the necessary material to
help deriving the EM equations for any MHMM. Finally, in section 3.6, we discuss
classical and more recent methods that can be mobilized to derive an approximate EM.

3.2. Different concepts of MHMM

The general concept of MHMM is rather broad. Intuitively, we think of a
stochastic model representing the joint distribution of a set of several hidden and
observed processes that evolve through time and satisfy some Markov property. The
temporal evolution of theses chains can be linked in different ways. We first
formalize the more general situation, introducing only one assumption, the Markov
property satisfied by the set of hidden and observed processes. Then we describe
several subclasses of interest that correspond to the introduction of additional
assumptions on the conditional independencies in this general model.

3.2.1. General MHMM

Let us consider a multivariate hidden variable Z; with C' components (C' chains):
Z, = (Z},...,ZC) with Z§ € Qz.. The observation Y, is also multivariate with O
components (O observations): Y = (Y,!,...,Y,9) with Y;° € Qy.. The dimensions
C and O are not required to be equal.

DEFINITION 3.1.— The multidimensional process (Z,Y ¢)ien is a general HUM if
(Z:,Y ) satisfies the following Markov property:
P(Ziyr = 241, Y1 = Y1 | Zs =26, Y s =y, 1 <s<1)

=P(Zi1 =200, Y1 =Y | Ze = 20, Y = yy) [3.1]
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Let Y o.7 (respectively, Z.7) denote the set of all observed (respectively, hidden)
variables between time 0 and time 7. General MHMMs satisfy the following
factorization property:

P(Zo.r = zo.r, Yo.r = Yo.1)
=P(Zy=20,Y0=1y)

<[[P(Zi=2.Y:i=y|Zi 1 =21,V 1 =y,_y) [3.2]
=1

As opposed to the HMM case, the chain (Z;); does not satisfy the Markov
property in general. However, given (Y;);, the property is satisfied.

PROPOSITION 3.1.— Conditionally on (Y )¢, (Z+): is a Markov chain.
Indeed, for every ¢ > 0:

P(Zi41 = zi41|Zo:t = 20:t5 Y 0041 = Yo:141)

_ P(Ziy1 = ze41: Yip1 = Y11 Zo:e = Z0:t: Y 0t = Your)
P(Yiy1 = Y1120 = 20:t, Yoir = Yout)

_ P(Ziy1 = 2e41, Y1 =yl Ze = 2, Y = y,)
Yoica, P(Zir1 =4, Y41 = Y1l Zo = 20, Yoo = Your)

(Markov property)
 P(Zipi =z, Y =yl =20, Y = yy)
Ziegz P(Zi41=14,Y 41 = yt+1|Zt =z, Y=y,

 P(Zii =z, Y =y |2 =20, Y = yy)
P(Y 41 = yt+1|Zt =z, Y =1Y,)

=P(Zi11 = z14111Z1 = 26, Y = Y4, Yir1 = Y1)
This quantity does not depend on Z.;_1, which completes the proof.
Note that the following alternative proof is shorter and does not imply any

computation: for every 7' > 0:

T
P(Zo.r = zor|Yor = Yo.r) X qo(20 H (2t 2t-1)

where qg and ¢; are non-negative functions that depend on y. This factorization shows
that p(z|y) is an undirected graphical probabilistic model on a linear graph, which is
a Markov chain (Koller and Friedman 2009).
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The advantage of the definition of an MHMM lies in its generality. However,
it is very costly in terms of space needed for representation. If |Qz<| = |Qz| and
|Qyo| = |Qy|, the representation of the transition probability [3.1] requires |Q2z|?¢ x
|2y |29 elements. This is exponential in C' and O. In real-life applications, conditional
independencies may exist between (Z;41, Y ¢4+1) and (Z,Y;) that will enable us to
express the global transition [3.1] as a product of conditional probabilities of smaller
dimensions. This will reduce the representation cost.

We now present several examples of possible simplifications of the expression of
[3.1] with the additional conditional independencies hypotheses associated.

3.2.2. MHMM with conditional independencies

The right-hand side term of [3.1] can be decomposed into a product of two
conditional probabilities, one for Y1 and one for Z,,;, without any additional
assumption:

P(Zit1 = 2041, Yer1 =Y | Ze =20, Y = yy)
=PY 41 = Yir1 | Ziy1 = 2141, Z1 = 24, Y = Yy)
X]P(ZtJrl = Zt41 | Zi=2z,Y;= yt)

Following the terminology of HMMs, the probability P(Y 11 = v, |
Ziy1 = zt41, 2t = 2, Y = y,) will be referred to as the emission probability and
P(Ziy1 = 2141 | Zt = 21, Y+ = y,) to as the transition probability.

The first natural set of conditional independencies (CI) assumptions that can be
added to the general framework corresponds to a factorization assumption in each of
these two probabilities. By factorization, we mean that the joint probability of a set
of variables is decomposed into a product of individual probabilities. For the variable
Z 1, we obtain:

CI on transition:
P(Ziy1 = ze41 | Zi =2, Y =y,)

c
= HP( i1 =2 | Ze =2z, Y =y,) [3.3]
c=1

It means that the values of the hidden chains at time ¢ + 1 are independent given
the hidden and observed values at time ¢. For the variable Y'; 1, we obtain:
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CI on emission:

P(Y ;41 = Yir1 | Zi1 = 2011, Zs = 2, Y s = Yy)
o
=[P =vi | Zei =201, Ze =2, Y =y;)  [34]

o=1

It means that the values of the observed variables at time ¢ + 1 are independent
given the hidden values at ¢ 4+ 1 and the hidden and observed values at time .

DEFINITION 3.2.— An MHMM satisfying the two conditional independence
assumptions CI on transition and CI on emission defined, respectively, by equations
[3.3] and [3.4] is an MHMM-CI.

It is possible to associate a graphical representation of the transition probability
of an MHMM-CI. Indeed, an MHMM-CI (as any MHMM) is a particular case of
directed probabilistic graphical models, namely, Bayesian networks (BN) also known
as belief networks (see Pearl 1988; Koller and Friedman 2009; Murphy 2012). If the
vector of random variables X = (X3, Xs,... Xy) is a BN, the joint distribution is
expressed as the product of conditional probabilities of each variable (the child) given
its parents variables:

N
P(X) =21, Xo =22,... Xy =2N) = HP(Xi =i | Xpa(i) = TpPa(i))

i=1

where Xp,(;) is the set of variables that are parents of variable X;. The graphical
representation G, of a BN is an acyclic-directed graph where there is one node for
each variable, and an arc is directed from a parent vertex to a child vertex.

Figure 3.1 shows the graphical representation G, of the joint transition on (Z¢, Y;)
for the most general MHMM-CI. Any graphical representation included in this one,
that is, with some arcs missing is also an MHMM of type MHMM-CI. Missing arcs
correspond to missing variables in the conditioning of [3.3] or [3.4].

With the two factorization assumptions CI on transition and CI on emission, there
is a gain in the number of elements needed for representing the model. If |Qz-| = |Qz]
and |Qy.| = |Qy |, the representation of [3.3] requires C|Qz|“+1 x [Q2|® terms and
the representation of [3.4] requires O|Qz|?¢ x |Qz]|9* terms. However, it remains
exponential in C' and in O.
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Figure 3.1. Graphical representation G, of the joint transition P(Z 41 = zt41, Y t41 =
Y1 | Zy = z,Yy = y,) for an MHMM-CI, for C = 3 hidden chains and
O = 2 observations. Full arcs (resp. dashed arcs) start from hidden (resp. observed)
variables. Black arcs (resp. grey arcs) end on hidden (resp. observed) variables

3.2.3. Case 1 of MHMM-CI: 1to1-MHMM-CI

An interesting subcase of the MHMM-CI definition is when C' = O and at each
time ¢ one observation is attached to one and only one hidden variable. We refer to
this model as the 1tol-MHMM-CI.

DEFINITION 3.3.— An MHMM-Cl is a 1tol-MHMM-CI if C = O and:

Pt =y | Zipi =201, Ze = 20, Y = y,) =
P(Yi = yi | Zig = 201 Ze = 20, Y = yy) [3.5]

The corresponding graphical representation is shown in Figure 3.2. Again, any
graphical representation included in this one, that is, with some edges absent is also a
1to1-MHMM-CI.
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Figure 3.2. Graphical representation G, of the joint transition P(Z 41 = zt41, Y t41 =
Yoi1 | Zt = 2z, Y s = y,) for a 1to1-MHMM-CI for C = O = 2. Full arcs (resp. dashed
arcs) start from hidden (resp. observed) variables. Black arcs (resp. grey arcs) end on
hidden (resp. observed) variables

The joint transition [3.1] of a 1tol-MHMM-CI is therefore expressed as follows:

P(ZtJrl =2z¢41, Y141 = Y | Zy=2z4,Y = yt)

c
= HP(ZtC-H =zin | Zi=2,Y=y,)
c=1
c
X H PV =y | 28 =241 2 = 20, Y = yy) [3.6]
c=1

The case of 1tol-MHMM-CI is interesting because in many real-life applications,
the observation is a noisy version or a proxy of the hidden variable, so there is exactly
one observed variable associated with one hidden variable via an emission link at
time ¢.

An example of 1tol-MHMM-CI studied in the literature is the CHMM (CHMM,
Brand 1997; Wainwright and Jordan 2008) whose graphical representation is shown
in Figure 3.3.
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Figure 3.3. Graphical representation G4 of the joint transition P(Zi41 = z¢41,
Yivi =y, | Zo = 2,Y: = y,) fora CHMM for C = O = 2. Black arcs (resp.
grey arcs) end on hidden (resp. observed) variables

DEFINITION 3.4.— A CHMM is a 1tol-MHMM-CI such that the emission probability
is reduced to:

P(YS =y | 28 = 241 Ze = 20, Yo = y) = PV = yi | 28 = 204)
and the transition probability is reduced to:

]P(Zf—o—l = Ztc+1 | Zi =2, Y =y,) = ]P’(ZfH = Ztc+1 | Zy = z)

The CHMM is an example where the marginal distribution of (Z§, Y,¢), for a given
chain c is not that of a HMM. This is illustrated in Figure 3.4 with C' = 2. In G,
there is a directed path from Z}_; to Z},, via Z? and that does not go through Z}.
So conditionally on Z}, the hidden variable Z/, ; remains dependent on Z}_;: the
process does not satisfy the Markov property. However, the multidimensional process
(Z4): does.

Literature on models of the MHMM class is not always coherent in the names used.
In Wainwright and Jordan (2008) and Wang et al. (2019), an MHMM is considered,
where each Z; is conditionally dependent on some other Zf/ given Z;_,. Although
their model is termed a CHMM, this is an MHMM but not a CHMM in the sense of
the original definition.
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o o t+1
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o o t
o o t—1
c=1 c=2

Figure 3.4. Example of a 1to1-MHMM-CI where the marginal chains (Z},Y;!) and
(Z2,Y?) are not HMMs. Hidden variables are represented by an empty bullet and
observed variables by a black bullet. The structure G, is that of a CHMM

3.2.4. Case 2 of MHMM-CI: FHMM

Let us consider now the case O = 1 and assume that the unique observed variable
Yi+1 is drawn from a distribution that depends on the C' current hidden variables
{Z¢,1}1<c<c- Assume furthermore that each chain (Z7), is independent of the others
and is a Markov chain. This corresponds to a model known in literature as the factorial
FHMM (FHMM, Ghahramani and Jordan 1997).

DEFINITION 3.5.— An MHMM-CI is an FHMM if O = 1, and
P(Zi =201 | Ze = 20, Yo =) = P(Z7 = 2540 | Z7 = 7)) (3.7]

and

P(Yit1 = ytt1 | Zi41 = 2441, Zt = 24, Yy = Y1)
= P(Yit1 = yet1 | Ziy1 = 2e41) [3.8]
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For an FHMM, the joint transition distribution [3.1] becomes:

]P(ZtJrl = Zt41, Vi1 = Yet1 | Zy=z,Y; = yt) =
C

= Yit1 | Li41 = Z141) HP(Ztc-i-l = Zf+1 | Z = z)
c=1

=
=
t

|

The graph G, of the transition for an FHMM is shown in Figure 3.5.

Figure 3.5. Graphical representation G, of the joint transition P(Zi4+1 = zi+1,
Yiv1 =y, | 21 = 2, Y = y,) for an FHMM in the case of two chains (C' = 2).
Black arcs (resp. grey arcs) end on hidden (resp. observed) variables

The box below summarizes the hierarchy of nested classes of MHMMs that we
have defined. Each class corresponds to a new assumption of conditional
independencies added to the class just above in the hierarchy. In this box, and when
needed in the rest of the chapter, for sake of compactness we use the following
simplification of notation for probabilities. The probability that a r.v. Z takes value z
is denoted P(Z = z), with an upper case for the r.v.,, and a lower case for its
realization. In case where the random variable Z is obvious from the context, we
denote it more simply p(z). This is naturally extended towards conditional
probabilities, like transition probabilities, as in P(Z;11 = z | Z; = 2’), which is
denoted as p(z | 2/).
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Nested classes of MHMMs

Zy= (Ztlvaztc) andY, = (}/t13~~~7}/;o)'
General MHMM: (Z;,Y}):en is a Markov chain.

* MHMM-CI: conditional independence assumptions

{ Zig I Zf/+1|(ztht)
Yidy WL Y% [(Zey1, Ze, Yo)

o 1to1-MHMM-CI: O=C and
th+1 AL (Ztc+1)c’¢c|(Ztc+1a ZtaYt)

- CHMM

Vg AL Zy, Y4 | ZF,
Z¢,, 1L Y| Z

o FHMM: O =1 and

{ Yie1 1L Z4, Y4 |Zy
Ztc+1 AL (Ztc )0’#07Yt|ZtC

3.3. Examples of models of class 1to1-MHMM-CI

The class of 1tol-MHMM-CIs is a very rich class of models. As mentioned
before, in a model of the class 1tol-MHMM-CI, some variables in the conditioning
of the emission probability and the transition probability can be absent. Depending on
which variables actually appear in the conditioning, the resulting model corresponds
to very different conditional independence assumptions. So 1tol-MHMM-ClIs can be
adapted to model a large variety of dynamics where one observation is attached to
one hidden variable. In particular, it is adapted if the objective is to add dependencies
between C bi-dimensional processes (Zf,Y, ), being originally modeled as
mutually independent and following a HMM. We will refer to this construction as
“coupling”. The added dependencies may be due to spatial dependencies or social
interactions. This is relevant, for instance, for the Squirrel and the Deer examples if
one wants to extend the models of Chapter 1 to several individuals.
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In this section, we first exhibit the four elementary 1tol-MHMM-CI structures
that can be obtained by coupling. Then we describe concrete applications for which
1tol-MHMM-ClTs built by coupling are well adapted.

3.3.1. Structures obtained by coupling

Let us consider the core directed graph G, graphical representation of C
independent HMMs. It is represented in Figure 3.6 for C' = 2. This is a
1tol-MHMM-CI. Coupling the C' chains is performed by adding arcs in G; from a
variable Z; or Y,° toward a variable Ztcjrl or Ytil_l with ¢ # ¢. When adding such
arcs, the resulting graphical representation is still that of a 1to1-MHMM-CI since the
CI on transition condition [3.3] and the CI on emission condition [3.4] as well as
[3.5] are satisfied.

Figure 3.6. Graphical representation G; of a 1to1-MHMM-C| composed of 2
independent chains (C' = 2), for two consecutive time steps. Hidden variables are
represented by an empty bullet and observed variables by a black bullet

For coupling, there are four possible types of arcs that can be added since there
are two possibilities for the parent (hidden or observed) and the child (hidden or
observed). In the case C' = 2, Figure 3.7 displays the graphical representation G,; of
the four possible elementary 1tol-MHMM-CIs obtained by coupling (in a symmetric
way). The structure in Figure 3.7(d) corresponds to the CHMM presented in section
3.2.3. A 1tol-MHMM-CI obtained by coupling can combine several of each type of
elementary additional arcs. An example is drawn in Figure 3.8.

Depending of the arcs added to G, the expressions of the transition probability
[3.3] and the emission probability [3.5] of the 1tol-MHMM-CI are different, since
different subsets of variables are present in the conditioning. To make this more
concrete, we derive these two probabilities for each structure of Figure 3.7. There are
easily obtained using the semantics of the graphical representation G.
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(c) (d)

Figure 3.7. Graphical representation G, of the 4 possible elementary dependency
structures in a 1to1-MHMM-CI obtained by coupling HMM structures, in the case of
two chains (C = 2). Solid arcs are arcs of the core graph G};. Dash-dotted arcs are
arcs coupling the 2 core graphs. Hidden variables are represented by an empty bullet
and observed variables by a black bullet

Coupling from observed variables toward observed variables (Figure 3.7(a)):
P(Ztl-H = Zt1+1 | Z,=2,Y,=y,) = P(ZtlH = Ztl_H | Zt1 = ztl)
and
P(Ytlﬂ = y261+1 | Zt1+1 = Zt1+1a Zi=2z,Yi=1y,)
= P(Yt{u = yt1+1 | Zt1+1 = 751&1+1>Yt2 =47)
Coupling from observed variables toward hidden variables (Figure 3.7(b)):
IEJ>(Zt1-s-1 = Zt1+1 | Zi=24,Yi=y,) = ]P(Zt1+1 = Zt1+1 | Ztl = ZtlaYtz = yt2)

and

Poft{i-l = ytl+1 | Zt1+1 = Ztl+17 Zi=24,Y; = yt)

= ]P)(}/t{i-l = yt1+1 | Zt1+1 = Zt1+1)
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Figure 3.8. Example of a 1to1-MHMM-CI obtained by coupling HMM structures, with
C = 4 chains. Solid arcs are arcs of the core graph G;. Dash-dotted arcs are arcs
coupling the core graphs. Hidden variables are represented by an empty bullet and
observed variables by a black bullet

Coupling from hidden variables towards observed variables (Figure 3.7(c)):

P(Ziyr =21 | Ze =20, Yo = y) = P(Zi = 2000 | Z¢ = %)

and

P(Yﬁﬁ-l = yt1+1 | Ztl+1 = Ztl—‘rla Zi=2z,Y; = yt)
= ]P)()/t:-l = ytl—i-l | Zt1+1 = Z1€1+17Zt2 = th)
Coupling from hidden variables towards hidden variables (Figure 3.7(d)):
P(Zi1 = 2i41 | Ze =20, Y o = y) = P(Zj1 = 2p1 | 24 = 20, 27 = %)
and
P(Ytil = ytl+1 | Zt1+1 = Ztl-l—lv Zi=z,Yi=y,) = P(Yf/:-l = yt1+1 |Zt1+1 = Ztl+1)

We will see in section 3.5 that these four expressions of the transition and the
emission probabilities do not lead to the same complexity of the task of inference
from observations.

3.3.2. Applications
We present now how a diversity of applications where spatial or social interactions

exist can be modeled by 1tol-MHMM-ClIs obtained by coupling. The structures of
the 1tol-MHMM-CI presented in this section follow the idea of coupling C' processes
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(Z¢,Y,), that have their own internal structure. Compared to the structures described
in section 3.3.1, this internal structure can be more complex than that of a HMM and
depends on the dynamics of the system under study.

Coupling from observed variables toward observed variables: temperature time
series. This kind of coupling will be useful for the extension of models from the
family of Markov switching auto-regressive models of order 1 (MS-AR1, Hamilton
1989) to the case where several time series are observed and are correlated. An
MS-ARI1 is a particular order 1 auto-regressive (AR1) model for time series where
the observed AR1 process goes through different regimes, modeled by a HMM. The
parameters of the AR1 model depend on the current regime. MS-AR1 have been used
to model temperatures (Monbet and Ailliot 2017) or wind field time series (Bessac
et al. 2016) at a given location, the hidden regime representing the weather type. Let
us consider the spatial extension to C' observed times series corresponding to
temperatures recorded at C' different locations on a regional area. Variable Y,¢ is the
observed temperature at time ¢ at location ¢ and Z; is the hidden regime at time ¢ at
location c. There is obviously a spatial correlation between temperatures, but locally
each temperature (Y;°) dynamics has its own (independent) succession of hidden
regimes (Z;) that may differ due to local geographical specificities. This corresponds
to a 1tol-MHMM-CI whose graphical representation G is displayed in Figure 3.9. If
the different hidden regimes are correlated too, arcs from hidden state of a chain at
time ¢ to hidden states of other chains at time ¢ + 1 must be added to that graph.

L7
"

c=1 c=2

Figure 3.9. Graphical representation G, of the 1to1-MHMM-CI modeling the example
of two interacting temperature time series. Each time series is an Auto-Regressive
model of order 1 and has its own hidden regime as in a Markov Switching
Auto-Regressive model of order 1. Hidden variables are represented by an empty bullet
and observed variables by a black bullet

Coupling from observed variables towards hidden variables: spatiotemporal
dynamics of weeds. Weeds can spread between different crop fields and compete with
crops, resulting in yield loss. In order to regulate the presence of weeds, it is
necessary to understand the main strategies used by the species to survive from one
year to another: colonization or dormancy. Indeed, seeds can be dormant and remain
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in the soil for several years without germinating. This reserve of seeds is called the
seed bank. Its state is usually not observed. Only grown plants in the field can be
observed. Grown plants produce new seeds that can enter the local seed bank or be
dispersed (for instance, by wind) and colonize the seed bank of neighboring fields. To
model the weeds spatiotemporal dynamics across several crop fields with an
MHMM, the coupling structure of Figure 3.10 is well suited. A model with this
dependency structure has been proposed in Le Coz et al. (2019). In this model, each
hidden chain c correspond to a crop field. The variable Z{ represents evolution over
time of the abundance of seeds in the seed bank of field ¢ while Y,© describes the
evolution of the abundance of grown weed plants in the same field. The arc from Y,©
toward Z¢, ; represents the newly produced seed that enters the soil of field ¢ while

the arc from Y,® toward Ztc/+1 represents the newly produced seed that enters the soil
of a neighboring field ¢'.

Figure 3.10. Graphical representation G, of the 1to1-MHMM-CI modeling the example
of weeds dynamics in two neighbor crop fields, with possible colonization of the
local seed bank by seeds produced in the other field and dispersed by wind. Hidden
variables are represented by an empty bullet and observed variables by a black bullet

Coupling from hidden variables toward observed variables. It is not as easy to find
an illustrative example of this coupling as for the three others. In this type of coupling,
the current hidden variable Z{ has an impact on the next observation of another chain
d, Y;‘f{_l Therefore, it could be adapted for modeling a delay in observing the effect of
hidden variables on observed variables. However, the presence of arcs from Z; toward
Y means that an instantaneous effect also exists.

Coupling from hidden variables toward hidden variables: disease spread. This
coupling corresponds to the CHMM structure (see Figures 3.3 and 3.4). It is well
adapted to model the spread of a disease among individuals or among connected
geographical areas when there is only imperfect information regarding the sanitary
status of individuals or areas. In Touloupou et al. (2020), a CHMM is used to model
the spread of infection among a population of animals in a cattle pen. There is one
chain per individual, the hidden variable Z; represents the sanitary status of individual
c (susceptible or infected) and Y,° is the result of some diagnostic tests performed
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on individual ¢ (with possible error). The coupling arcs represent contamination per
contact between two individuals. In Peyrard et al. (2019), a CHMM model of the
spread of a pest across crop fields is presented. Pest can spread from one field to
another by wind or human dispersal. The hidden variable Zf encodes the presence or
absence of the pest in field ¢ and Y,° takes value 1 if the pest was declared as present
in the field and 0 otherwise. Errors of detection are possible.

3.4. Metapopulation dynamics and MHMM

In this section, we show how MHMMs offer a rich and natural framework for
modeling and estimating metapopulation dynamics, where observations are often
imperfect and the notion of hidden state makes perfect sense. HMMs have been used
extensively in ecology, particularly behavioral ecology and population dynamics.
McClintock et al. (2020) highlight the observation process and the state process as a
conceptual template for ecologists [...] for their particular systems of interest. Here,
we follow these ideas and apply them to metapopulations dynamics.

A metapopulation is a biological model of a species dynamics, consisting of a
set of C' connected patches, each patch hosting a local population of individuals of
the species. A patch can be empty or occupied by a population, and connection is
ensured by dissemination of organisms or propagules between patches. A historical
reference for the metapopulation concept, is Levins (1969). This concept has become
a cornerstone in ecology and population genetics, and it has been enriched from its
original definition as in Ronce and Olivieri (2004).

In practice, observations are very often blurred in ecology: the presence or
absence of a population in a patch at a given time can rarely be determined with
certainty and observations are often subject to errors (think of difficulty to detect the
presence of a fish or a frog in a pond). Therefore, as the dynamics of a single
population in an isolated patch has been modeled by a HMM, we show here how
naturally MHMMs can model metapopulation dynamics. We illustrate how several
nested MHMMs can be built, corresponding to successive simplification assumptions
on the transition matrix of the hidden chains (i.e. assumptions on the colonization
paths between patches), each leading to a reduction of the number of parameters
from exponential in C' to constant in C.

In an MHMM of a metapopulation, the variable Z, is the state of the
metapopulation at time ¢, that is, the set of states of each patch ¢, empty or occupied,
attime t: Z;, = (Z},...,Z¢) € Q = {0,1}¢. The observations at time ¢ are denoted
Y, = (Y,},...,YF) where Y,¢ € {0,1} and can be interpreted as seen/unseen.

If we make the reasonable assumption that Y;* depends only on Zf, the emission
probabilities P(Y;® = yf | Zf = z{) can be modeled by a 2 x 2 emission matrix B,
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whose terms b;; are the probabilities of the population to be seen/unseen knowing that
the patch is empty/occupied.

The spatiotemporal dynamics of the metapopulation is modeled at the level of
the hidden states. In the following, P(Z; = z; | Z;—1 = z;_1) is referred to as
the transition matrix of the metapopulation model. Without any particular hypothesis,
the number of terms needed to define all possible transitions is equal to 22¢. For
example, if C' = 10, then |2| = 1,024 and there are about 109 terms. As C increases,
parameter estimation becomes intractable. We show now how additional assumptions
on the conditional independencies between the hidden chains can lead to a reduction of
this number. The first simplification is to assume that the hidden states of the patches
at time ¢ 4 1 are independent conditionally to the hidden states of the patches at time
t, that is:

Zhoy Ao ZE | (2. Z0),

which is equivalent to assume that:

C
p(zlfl-i-lv"'azg-l |Zt1avztc):Hp(ZtC+1 ‘ 2151772150) [39]

c=1

This is a natural assumption since individuals colonizing patch c are individuals
that have left the other patches at time t. The MHMM with this factorization of
the transition probability is in the class 1tol-MHMM-CI, and more precisely, it is
a CHMM: C' = O, the transition probability and the emission probability satisty,
respectively, the condition CI on emission condition (see equation [3.3]) and CI on
transition condition (see equation [3.4]), and the coupling of the hidden chains are as
in Figure 3.7(d).

Ina CHMM, each term p(z{,; | 2}, ..., zC) can be stored in a 2 x 2¢ matrix with
2¢t1 elements. Hence, there are C' 2611 parameters, which is much smaller than 22C
but still huge. For example, for C' = 10, there are 10.211 =~ 2.10% parameters, instead
of 220 ~ 109, and the number of parameters still increases exponentially with C.

A second level of simplification is to assume a spatial structure on the dispersal, as
for distance limited dispersal: the population of a patch disperses to its geographical
neighborhood only. It means that for each patch ¢, p(zf,, | #7,..., zE) is equal to
p(zin | {(z]); © 7 € N(c)}) where N(c) is a list of patches that can reach ¢
by dispersal (the neighborhood of ¢). If each patch has d neighbors (N (c)| = d),
the transition matrix of the metapopulation model can be represented by C' local
transition matrices each of size 2 x 2¢. The number of parameters needed to describe
the transition is C' 29*1 and is linear with C. We refer to this model as a local CHMM
(LocCHMM).
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A third level of simplification is to assume that the dynamics is spatially
homegeneous, that is, p(zf,; | {(2/); : Jj € N(c)}) is the same for every ¢ and
depends only on the values of the d neighbors. This model has 2¢*! parameters: it no
longer depends on C' and can be useful when C' is huge (but not only). We refer to
this model as homogeneous LocCHMM (H-LocCHMM).

We have the following nestedness of simplifications, which diminishes the number
of parameters required to define the model:

CHMM (C2¢t1) —— LocCHMM (C2¢+1) ——— H-LocCHMM (24+1).

All these simplifications assume a non-parametric definition of the transition
probabilities. Another way to reduce the number of terms needed to represent
pe(zii1 [ {(2]); + 7 € N(c)}) is to define a parametric model where the probability
does not depend on the precise knowledge of the state of each neighbors, but only on
a summary. The summary could be the number a° of states zfl = 1forc € N(c) by
analogy with the stochastic contact process on graphs for epidemic dynamics (Franc
2004). If we assume that only one event occurs (colonization or extinction) in a patch
between time ¢ and ¢ + 1, the two transition probabilities can then be defined as
follows:

efe’
]P’(ZfH:1|Zf:O,aC):W P(Zi, =0]2Zy =1)=p,
where 1 is the probability of extinction. Here, we have only two parameters, 8 and p,
to estimate.

The connection with models for disease dynamics is not coincidence. Indeed, the
collection of nested CHMMs we have described for metapopulation dynamics are
a natural framework for modeling in epidemiology too. They can also be used to
model the two examples of disease spread dynamics presented in section 3.3.2. In
epidemiology, a patch is a host, the state of which can be susceptible or infected in
the simplest case, and is not observed directly but through symptoms emitted by the
host. The disease is due to an infectious pathogen (a virus, a bacteria, etc.), which
can disperse from host to host, in the same way that a propagule disperses between
patches in a metapopulation model.

3.5. Parameter inference in MHMMs with the EM algorithm

In this chapter, we address parameter inference in MHMMSs. The parameters can
be considered as random, leading to Bayesian estimation, or deterministic, leading to
frequentist estimation. Bayesian estimation gives access to more information based
on the whole parameters distribution. However, in this section we focus on the
frequentist approach, which relies on algorithms generally faster than computing or
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approximating posterior distributions in Bayesian estimation. In the frequentist
approach, a standard method consists of computing the maximum likelihood estimate
(MLE). As alternatives to MLE and Bayesian estimation, algorithms were proposed
in the case of HMMs based on spectral methods (Melnyk and Banerjee 2017;
De Castro et al. 2017) and moment-based methods (Anandkumar et al. 2012) but
they do not seem to have been extended to MHMMs yet.

Regarding MLE computation for MHMMSs, by extension of the HMM case, the
most natural choice is the EM algorithm (see McLachlan and Krishnan 2008, and
Chapter 1), even though alternatives to the EM algorithm were also explored,
particularly quasi-Newton or Newton—Raphson algorithms (Cappé et al. 1998). The
EM algorithm is strictly speaking a family of algorithms based on a common
principle, rather than a specific algorithm. It is dedicated to MLE computation in
models Py(Y = y) defined through a marginalization operation on latent variables
Z; in other words, from models initially defined as Pg(Y = y,Z = z) with
unobserved z. EM proceeds iteratively by alternating between two steps, starting
from an initial value 6y of 6: computing Eq,[Ps(y, Z)|y] (E step) and then,
maximizing this quantity with respect to 6, providing 6, after the first iteration (M
step), hence the name of the algorithm.

We present here how to extend the EM algorithm for HMM presented in
Chapter 1 to the context of MHMMs. For the sake of keeping notation tractable, we
will consider an MHMM with a symmetrical graphical representation, where chains
have the same finite state space and where observations are categorical. The case of
continuous observations is discussed in section 3.5.4. We consider first the case of a
general MHMM, that is, with minimal conditional independence assumptions and
show that the time complexity of the E step is exponential in C'. Then we investigate
simplifications that may occur in the EM equations that govern the E step, depending
on which additional conditional independence relationships are introduced. The time
complexity of the E step for general MHMMs and for the particular cases discussed
in this section are reported in Table 3.1.

Model Complexity
General MHMM O(TK*®)
1tol-MHMM-CI fig 3.7 (a) O(CTK?)
1tol-MHMM-CI fig 3.7 (b) O(CTK?)
1tol-MHMM-CI fig 3.7 (c) O(TK?%)
1to1-MHMM-CI fig 3.7 (d) O(TK*®)
ECHMM O(T(C+ K)K“(°T2™ )
FHMM O(CTKC+1)

Table 3.1. Time complexity of the E step
of EM for different families of MHMMs
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3.5.1. Case of general MHMMs

EM for a general MHMM can be handled similarly to EM for a HMM, if the
hidden variables are grouped in a multidimensional variable with state space equal to
the product state space (7). We can therefore transpose the main formulas of the
E step for HMMs provided in Chapter 1 (Appendix 1.10) to general MHMMs, up to

an adaptation for the expression of B,Em) due to the dependence of z;; on y,.

The quantities required to implement the EM algorithm are ’yt(m) (zi—1,2¢) =
DPoemy (Z¢—1, 2¢|Yg.7), Which are deduced from the forward quantities agm)(zt) =
Pom) (Z¢, Yp.,) and from the backward quantities ﬂt(m) (2) = poem) (Yypp1.7126, Yy )-

The forward recursion is written as:
(m)
a; (zt)

= > poen (Uelzes 2o Yp_1)Poon (2elZe-1, Yy 1)Ppom (Ze-1, Yoe—1)-
zi-1€(Qz)¢

Thus, the time complexity to evaluate all o™ for a fixed ¢ is O(K2C) (with K
being the cardinal of wz), hence the global time complexity of the whole recursion
is O(TK?%). The complexity of evaluation of the Bt(m) is the same. Therefore, for a
general MHMM, the time complexity of the E step is exponential in C'.

3.5.2. Case of 1to1-MHMM-CI

Now, let us consider the case of 1tol-MHMM-CI. For a given chain ¢, let Z; ¢
denote (Z¢ ) 1. Within the 1to1-MHMM-CI class, combining equations [3.2]-[3. 3]
[3.4] and [3.5] leads to the following expression of the log-likelihood:

p(zo.1, Yo.1) =
c T C
H [p(y5l25) p H H [p(zﬂzf;l, 20 Yo 1)P(Yi |24 Zt—lyyt—1)]
c=1 t=1c=1

This implies the following canonical model parameterization in the case of
categorical observations y,. This parameterization is referred to as “saturated”, since
adding more parameters would necessarily lead to introducing additional constraints
between parameters. The canonical parameters are as follows:

— initial state distributions P(Z§ = j) = 7;;

— parameters of initial emission distributions P(Yy = y§|Z§ = j) = B, (5);
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— state transition probabilities:

P(Zy =jlZ{1=1,Z, 4 =v, Y 1=y, 4) = Ai,uyytﬂ(j)s

— parameters of non-initial emission distributions:
PYY =yilZi =j. Zv1 =4, Y1 =y, 1) = Bijy,_, (i)

Let us € denote the set of all parameters. We rewrite the log-likelihood function as
follows, so that each component of parameter 6, which is a vector, appears individually
and explicitly, rather than through a function of the unknown states Z:

e} c
log po(z0.7, Yo.7) = Z Z Lgze—yylogm; + Z Z Tize=jy log B;(y5)

c=1j€Qyz c=1jeQy

DI DD DD DI D T R )

t

T C
+ ZZ Z Z Loemjz, =i} 108 Bijy, , (vf)

t=1 c=14€(Qz)C jeQz

T C

1e=1i€Qz jeQz ve(z)C 1

In a 1tol-MHMM-CI, the @ function of EM is defined as:

Q(0, e(m)) = Egm) [log Po(Zo.r = zor, Yor = yo:T)\Yo:T = yO:T]

and written as:

c
Q(aaa(m)) = Z Z Py (Z5 = jlyo.r) log 7,
c=13j€Qz
c
+ Z Z Pyom) (25 = j|Yo.7) log B;(yp)
c=1jeQy

T C
2D X BeZia =2 = v ZE = lyor) log Ai, ()

T C
+ 33 Y > oo (ZF =4, Zia = ilyor) log Bijy, , (vF)-  [3.10]

=1 c=14€(Qz)C j€Qz

o+

The M step of the EM algorithm consists of computing:

arg rngmx Q(, g(m)) — 9(m+1)7
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which requires the computation of

8™ (26) = Pyim (Z5 = 2§|yo.1)
’Yt(m)(ztc—la z; 0, 2) = Poom) (Zi_1 = 211, Z, 5 = 2,5, Z; = Z|Yo.1)
and &gm)(ztszf) = Pe(m)(Zf =221 = thl‘yo:T)

It is possible to compute these quantities by using general algorithms dedicated to
computing marginal probabilities in Markov chains.

Note that fytm) and §§m) are functions of the same variables, but separated into two
or three arguments. We need to define two distinct functions since for some specific
1tol-MHMM-ClIs with additional conditional independence assumptions, the set of
hidden variables involved in A and B is reduced, leading to a change in %(m) or «Et(m).

The property of (Z); being a Markov chain given (y,); is simply the application
of proposition 1, since the 1tol-MHMM-CI class is included in MHMMs. If €2 and
Qy are both discrete (finite), one can collapse variables Z; into a single variable Z p
with domain size K and also collapse variables Y, into a single variable Y,. Then,
quantities (™, 4™ and ¢™ can be obtained by marginalization operations in
Markov chains, resulting in time complexity O(TK?“), as for a general MHMM
(see section 3.5.1). This is an upper bound on the complexity of computing these
quantities, since in computations conditional independence relationships between
random variables coming for a specific 1tol-MHMM-CI were ignored.

3.5.2.1. Case of CHMM

Quantities %(m) and St(m) can be derived from P(Z{, = 251, Z¢ = 24, Yo =

Y.+ )» Which is the equivalent of the agm) auxiliary quantities for a HMM. In the case

of a CHMM, the following specific forward recursion can be designed to compute
these probabilities: for every possible value z{,; of Zf, ; and z; of Z;, we have:

P(Z{ = 201,21 = 26, Y 00 = Youp)

=P(Y=vylZi 1 =212 =2, Y0u—1 = You—1)
xP(Zi =21, Z = 26, Y01 = You—1)

=P(Y:=y,|Zy = 2)P(Z7} ) = 20112 = 26, You—1 = Yoy 1)
XP(Zy =24, Y041 = You_1)

=P(Y: =y,|Z: = 2¢)P(Z1 = 201120 = z4)
X Z P(Z,=2,Z,-1=21-1,Y 0:4—1 = Ygpp_1)

zi-1€(wz)C
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=P(Y:=vylZ: = zt)P(Ztc+1 = Ztc+1|Zt = 2zy)

X Z P(Z; =221 =211)P(Zi—1 =201, Y 0:0—1 = Yo4—1)

zi—1€(wz)C

C
= [H POy = yil 2 = 20) | P(ZE = 2001120 = 20)
c=1

x> { [HP(Z:’ = zf’|zt_1>]

zi—1€(wz)° c

K
> P(Z =i Zi 1=z 1, Yo = yO:t—l)} :

/=1

Here, we chose arbitrarily in the last equation to marginalize over ¢ Z} = ', but
marginalization over any ZtC ° would be appropriate.

If we do not make any additional assumption, the time complexity of computing
all values of P(Zf,, = 2{,1,Z; = 24, Yot = Yg,;) at a given time ¢ remains in
O(K2%). However, if we further assume that P(Z¢ = z¢'|z,_,) is the same for
every ¢’ (referring to this model as to exchangeable CHMMs [ECHMMs]), then the
product []., P(Z¢ = ¢ |z¢_1) can be precomputed for every z;_; and stored for
every combination of states, not accounting for the order of chains. This is referred
to as C-combinations with repetitions from a set of size K in combinatorics and
their number is (“* ~"). The inner sum (with complexity O(K)) and product (with
complexity O(K)) have to be repeated K¢ times and summed. Thus, quantities

5 { [Hmzf )| SR = 20— yy>}

zi_1€(wz)C c i

can be computed with time complexity O((C + K)K¢ (C"'I[({ ~1)) and the overall
complexity of the whole recursion over ¢ is O(T(C+K) K¢ (C+§ ~1)). The backward
recursion can be built on the same principle, with the same complexity. Note that

in the related model by Kwon and Murphy (2000), the provided time complexity is
O(TCKC+F~1) for some F, which is consistent with O(T(C + K)K¢ (CJFII{(*)),

3.5.2.2. Coupling with conditional independence of hidden chains

There is an obvious particular case of 1tol-MHMM-CI where the E step
complexity is reduced: when the C bidimensional processes (Zf,Y;): are
independent HMMs. In this case, transition and emission probabilities are as follows:
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c
P(Zi =2 | Zio1 = 24-1) = HAC(Ztcfuztc)?

c=1

c
P(Yi=y,| Zi=2) = [[ B v)-
c=1

Each quantities A¢ and B¢, attached to the dynamics of chain ¢, are independent
of variables from the other chains. In this case, the expression [3.10] of the () function

involves simpler definitions of the probabilities 5™ and ™ :

W (1, 25) = Poem (Z_1 = 21, Z§ = %{1¥0.r)
and €™ () = Py (25 = 2§ |Y0.1)

So, all quantities can be computed independently for each chain ¢, using forward
and backward recursions involving only z{ (like in a monochain HMM), leading to an
overall complexity in O(CTK?).

In the particular case where the chains are coupled, but conditionally independent
given the observed variables, such as in Figure 3.7, cases (a) and (b), inference tasks
can also be performed independently in each chain. Indeed, in case (a), transition and
emission probabilities are as follows:

c
P(Zi =2z | Zi1=211) = HAC(szl,th

c=1

P(Yi=y, | Zi=2,Y1=y,1) = [[ B°GLvi w5

c=1

and in case (b):

C
P(Zt =zt | Zi1=241,Y 1= yt—l) = HAC(szlﬁzf’yt—IL

c=1
P(Y:=y, | Z=2) = [[ B, 5)

Like for the independent case, each quantities A° and B¢, attached to the dynamics
of chain ¢, are independent of variables from the other chains. So for these two

1to1-MHMM-CI, when deriving the equations for the E step, the corresponding fyt(m)

and ft(m) functions depend only on hidden variables of a single chain, c. Therefore, it
is only necessary to define one set of forward and backward quantities per chains that
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are computed independently. The time complexity of the E step is also in O(CTK?).
This has been established in Le Coz et al. (2019) for the case (a) of Figure 3.7.

Another demonstration of this complexity is provided in Chapter 5, where the
conditional independence of the hidden chains given the observations is linked to the
possibility to decompose the transition matrix of the model as a Kronecker product of
matrices, corresponding each to a single hidden chain.

3.5.3. Case of FHMM

In the particular case of FHMM models, Ghahramani and Jordan (1997) propose
a variable elimination algorithm for performing the E step of the EM algorithm in
time complexity O(TCK 1) instead of O(TK?“) for a naive forward-backward
approach.

3.5.4. MHMM parameterization for continuous observations

It has been assumed in this section that observations are categorical. In
applications, observations may have unbounded discrete or even continuous values
and this assumption has to be relaxed.

As long as hidden states remain categorical, introducing non-categorical
observations only impacts model parameterization. The reason for this is that the
likelihood function is still defined by marginalization of categorical variables and the
same kinds of marginalizations occur, for example, in the forward and backward
recursions in EM. The case of models without outgoing arcs from observations in the
graphical model is handled straightforwardly and generically. Indeed, transition
probabilities are written as:

P(Zi =jlZi_y =i, 2,5 =v)
and do not depend on y,_; anymore. This also holds for emission probabilities:
PO = yi|Zi 1 =4, Z1-1 = 3)-

In this case, a classical and convenient choice is to assume that these emission
distributions belong to the same parametric family of distributions (B,,),cu:

P(YS =yi|Zf = j, Z1—1 = 1) = By, , (y).

Note that non-parametric estimation has also been considered in monochain
HMMs (De Castro et al. 2017); since the issue is related to emission probabilities and
not to the dependency structure between states, the approach should be adaptable to
MHMMs.
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In the case of continuous observations, if there are outgoing arcs from the
observations, the model does not have a canonical parameterization anymore. The
cause for this is that, for example, transition matrices now are functions of infinite
(either countable or uncountable) y,_;. Thus, it is not possible to define them using a
finite set of parameters indexed by the possible values of y,_;.

A solution is to resort to regression models, which are dedicated to modeling how
the distribution of some random variable (here, Z;) depends on other continuous or
discrete variables. Generalized linear models (GLMs, McCulloch et al. 2008) are used
in most publications, such as Bartolucci et al. (2014), since they have the advantages
of relying on a small number of interpretable parameters and benefit from well-known
estimation methods in the context of independent observations. These methods can
often be adapted to the context of HMMs (see Chapter 1, section 1.6). Moreover, the
asymptotic properties of parameter estimates are also well characterized for GLMMs
with independent observations. In the case of transition probabilities, GLM-based
models are written as:

91 (i G))s] = (< Pi iy >), [3.11]

where g is referred to as the link function, p; ,, ; is a vector of parameters that
summarizes the effect of y,_;, which may change in interaction with ¢, v and j, and
< .;. > denotes the canonical dot product. The role of function g; is to map the value
of the linear predictor (right-hand side of [3.11]), which is in RX to an admissible
value for (A;, 4, ,(j));: it should be non-negative and sum to 1.

Similarly, emission probabilities can be modeled as:
92 (B [Y{1Z = 5, Ze-1 = i,y, 1)) =< P} ji¥s1 >

since in the case of GLMs, it is sufficient to model the conditional expectation of Y,*
to obtain its conditional distribution.

Note that the above presentation on forward-backward recursions and their
computational complexities is not directly impacted by the nature of ¥, since these
recursions only depend on the conditional independence graph and on the fact that
the hidden variables z{ take finite values.

3.6. Approximate inference in MHMMs

One of the main conclusions from section 3.5 is that in the families of MHMMs
considered in section 3.5, inference with the EM algorithm has time complexity
O(TK?©) per iteration in the worst case, T being the chain length, K the number of
states per chain and C' is the number of chains. This is essentially due to the
complexity of computing marginal state conditional probabilities at specified times
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and chains, given observations such as Pyim)(Zf = j,Zi—1 = i|Yor = Yg.1)s
where (™) is the EM estimate at iteration m, j is a possible state for chain ¢ at time
t, ¢ is a whole possible joint configuration of states at time ¢ — 1 and y. is the
whole set of observations. The recursive formulas to compute these probabilities are
formally the same in monochain HMMs, with the only difference being the state
space being much larger in MHMMSs, which leads to infeasible computations in
practice.

As a consequence of such time complexity, the practical use of the EM algorithm
for statistical inference is restricted to small values of C' (C = 2 is already
time-demanding). To circumvent this limitation, different approximations have been
developed for reducing the complexity of the E step, which are presented here. Two
main families of approximations emerge: Monte Carlo and variational
approximations, although less frequently used strategies also exist, such as loopy
belief propagation (LBP). Monte Carlo methods are dedicated to approximating
expectations directly using simulations and do not require to approximate the model
itself. The relevance of Monte Carlo methods appears when considering probabilities
as conditional expectations of functions of states. For instance,
P (28 = J,Ze-1 = ilyor) = Egom [L{z¢=j,2, ,=i}|Yo.r]- The variational
approach leads to the variational EM (VEM) when used to approximate quantities
involved in the E step. It consists of selecting a family of distributions for (Z;); for
which inference is easier than for the original model and to select in this family the
best approximation of the posterior distribution pym) (zo.7 | Yg.1) (Wainwright and
Jordan 2008). Optimality is usually defined as minimizing the Kullback—Leibler
divergence. Mean field is a special case of variational approximations in which the
approximate model assumes that all hidden variables are independent, given the
observed data. As an alternative to Monte Carlo and VEM algorithms, LBP is an
algorithm for approximate computation of marginals in complex graphical models. It
is derived from the exact belief propagation (BP) procedure, which achieves the sums
and products involved in the marginals computation with polynomial complexity. BP
is a two-pass procedure, which matches the forward-backward algorithm for HMMs
for example. However, BP is restricted to a specific family of graphical models;
outside that family (typically in the case of MHMMs, see Figure 3.7) exact BP is not
possible and looping, that is, iterative application of BP, is an ad-hoc solution, even
though inference may not be exact anymore. LBP and variational approximations are
presented together hereafter because a link has been established between these two
ways to approximate probabilities in graphical models (see Yedidia et al. 2005;
Peyrard et al. 2019).

Among all the structures of MHMMs defined in this chapter, literature on
approximate inference can only be found for CHMMs (Figure 3.3) and FHMMs
(Figure 3.5). We present here a short review of what has been proposed in the
literature using LBP, variational or Monte Carlo approaches. For CHMM inference,
we also present works based on ad hoc simplifications of the original model.
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3.6.1. State of the art of approximate inference for CHMMs

In the case of CHMMs, the EM algorithm is based on quantities of the form
Poony (Zf = i, Z1—1 = j|y,.r), that is, posterior probability of one hidden variable
and its parents. As a consequence of the results presented in section 3.5, the E step
of EM has complexity exponential in the number of chains, C. This explains why
approximations are required outside the context of a small number of chains C.

3.6.1.1. Monte Carlo approximations

The use of Monte Carlo approximations in EM algorithms, leading to MCEM
algorithms (Wei and Tanner 1990), is relevant in cases where conditional
expectations involved in the E step have no closed form, but the random variables
involved can be simulated either straightforwardly from the required conditional
distributions or by efficient approximate schemes, such as Gibbs sampling. In the
context of CHMMs, the difficulty comes essentially from the high dimension of the
state space of Z; (i.e. the large number of combinations of states among all chains,
each of which is involved in probability computations). As a result, the added value
of using MCEM rather than brute force marginalization is not clear for parameter
estimation in CHMMs, since naive Monte Carlo approximations in very large
dimensions converge very slowly in the general case (Brown 2022). Thus, the Monte
Carlo approximations of the probabilities required in the EM algorithm may be
crude. MCEM was applied by Kwon and Murphy (2000) on a CHMM where chains
are coupled pairwise. However, the authors did not justify their choice nor provide
comparisons to other alternatives.

3.6.1.2. Variational approximations and LBP

The approach in Heskes et al. (2004) relies on a variational approximation: the
authors address the general problem of approximate E step computation in DAGs
with hidden variables. It has been shown that the E step can be rewritten as the
minimization of the Kullback-Leibler divergence between a distribution to optimize
and the conditional distribution of the model. Computations rely on Bethe or Kikuchi
approximations of the Kullback-Leibler divergence, which are variational
approaches less constrained than mean field approximations in terms of
independence assumptions. The minimization of the divergence is an alternative to
LBP, which has the potential shortcoming of not converging toward the true marginal
conditional expectations. The original algorithm proposed in Heskes et al. (2004)
proceeds with two loops, with the inner loop dedicated to solving a convex problem.
Their approach is illustrated on parameter estimation in some CHMM where chains
are coupled pairwise.

In Wainwright and Jordan (2008), the author also propose to use a less drastic
approximation than the mean field one using the family of variational distributions of
C independent heterogeneous Markov chains.
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LBP has been exploited in Craley et al. (2019), where the authors developed a
model for seizure detection in EEG data, that is based on a CHMM augmented by a
regime-switching Markov model. For parameter estimation, they used EM with LBP
in the E step.

3.6.1.3. Other approaches

Other approaches have been proposed to decrease the original complexity of exact
inference in CHMMs. These share a common principle with variational approaches:
to replace the true posterior distribution of the C hidden chains given the observations
by a simpler one. But as opposed to the variational approach, there is no attempt here
to justify the choice by an optimization argument.

In Brand (1997) and Brand et al. (1997), the distribution
Pon) (Zf = 28| Zt—1 = zi—1) is assumed to be the product over all chains ¢ of
P(Z¢ = 26| Z¢ | = z¢ ) with a renormalization. In addition, in order to reduce the
number of sums in the forward-backward algorithm, sums are limited to some states
with maximal probabilities identified thanks to the Viterbi algorithm. The same
hypothesis on the form of Py (Zf = 2f|Zi—1 = 2;-1) is used in
Montazeri Ghahjaverestan et al. (2016) where an additional hypothesis is made: the
C hidden states at time ¢ are independent given all observations y,.7. A more general
version of this latter additional approximation is defined in Kwon and Murphy
(2000): the C' chains are grouped into K (non-necessarily disjoint) clusters and
Poomy(Zy = z¢|Y 0.1 = Yo.1) is approximated by the product HkK:l (2% lyo.r),
where C}, is the set of chains in cluster k. Note that in practice they develop the case
where there is one chain per cluster. A different approach is proposed in Zhong and
Ghosh  (2002), where an  original approximation is used for
Py (Zf = 28|Zy—1 =  z4-1), as a linear combination of the
(Poem) (2§12621))er=1,....0-

3.6.1.4. A numerical comparison from literature

We have presented LBP, variational methods and Monte Carlo methods as possible
approximations to make EM tractable. They are used in the E step since all methods
compute approximations of the marginals of the model of interest. In Peyrard et al.
(2019), these approaches are compared on the problem of computing the marginals of
all the hidden variables of a CHMM model of pest propagation: exact inference, LBP,
mean field and Gibbs sampling. Both hidden and observed variables are binary, and
the number of hidden chains varies from C' = 9 to C' = 40, 000. Exact inference was
only possible for C' = 9 due to space complexity. As expected, LBP and mean field are
much more competitive than Gibbs sampling in terms of running time. LBP marginals
are more accurate than mean field ones (when C' > 9, the Gibbs sampling marginals
were the reference). The comparison study was limited to marginal inference though.
When plugged into the E step of an EM for CHMM, mean field can still lead to a
VEM that provides parameters estimates of good quality, as has been observed for
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other graphical models. It means that a precise approximation of the marginals in the
E step may not be necessary.

3.6.2. State of the art of approximate inference for FHMMs

In the case of FHMMs, the EM algorithm is based on quantities of the form
Poo) (Ze = ilYor = yor) and Pyon) (Zey = i, Zci—1 = j|Yor = Yo.r)-
The forward recursion to obtain Pycm)(Z; = ©|Y 0.7 = yq.p) consists of computing
ai(z¢) = Pyem) (24, Yo, - - -, y,) for each t; its overall complexity is O(TCKC*1).
Moreover, there are T K2¢ possible values for Pycm) (Zey =1,Zcy—1 = j|Y or =
Yo.7): as a result, the E step of EM has complexity at least O(T'K2¢). We present
here the main approaches that have been proposed to circumvent this complexity. They
are mainly variational but we can mention the approach by Kolter and Jaakkola (2012)
for additive FHMMs (i.e. the shared observation is the sum of the observations from
each chain) that makes the hypothesis that only one chain can change state at each
time step.

3.6.2.1. Variational approximations

The FHMM model was first introduced by Ghahramani and Jordan (1997). The
authors pointed out the difficulty for exact inference and they proposed two
variational approximations of the conditional distribution of the hidden variables in
the E step. The first one corresponds to a mean field approximation: independence is
assumed between all the Z.,. With the second approximation, referred to as
structured variational, each hidden chain is assumed independent to the others
conditionally to the observations but within the chain, the Markov property is
preserved.

In two more recent works, the principles of variational approximation of the joint
conditional distribution have been combined with deep learning. In these works, the
family of tractable distributions (among which the variational distribution is chosen
by maximizing the Kullback—Leibler divergence) is parameterized by a neural
network. In Ng et al. (2016), an FHMM with binary hidden states is considered. They
propose an alternative to the structured variational approximation that enables us to
deal with very long sequences. The conditional distribution is approximated by one
of C independent chains and each chain is modeled by bivariate Gaussian copulas
parameterized using feed-forward recognition neural networks. The original FHMM
parameters and the variational parameters are jointly optimized using stochastic
gradient descent instead of EM. It would seem that the approach is an adaption of
VEM for large datasets, although this is not stated explicitly. In Lange and Mario
(2018), only an approximation of Pycm) (Z; = ¢|Y; = y,) is used. The variational
simplifying assumption is that at a single time point each Z.; is independent of the
others given the observations. They deal with the case where these variables are
binary, and they model them as Bernoulli variables whose parameter is a recurrent
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deep neural network. It seems that their approach is precisely a VEM algorithm,
although as in Ng et al. (2016), this is not stated explicitly.

3.6.2.2. Comparison of performances between variational and Monte Carlo
approximations

In Ghahramani and Jordan (1997), the authors compared the two variational
approximations to a E step performed using Gibbs sampling. In their FHMM model,
the observation Y; is a Gaussian random vector whose mean is a linear function of
the hidden variables {Z.;}1<.<c, and each Z. is a vector in {0, 1} with exactly
one non-zero component. The different approximate EMs are compared in terms of
the (approximated) log likelihood. The conclusions are similar to those for CHMMs:
a Monte Carlo method can provide accurate results but requires much more running
time than a variational method. Among the variational methods, as expected the
structured one led to an improved accuracy compared to the mean field one, while
still efficient computationally.

3.6.2.3. Conclusion

This review of literature shows that there is not a unique way to deal with
complexity in MHMM inference. However, since in such models the state space to
explore is large and there are not always conditional independencies that can be
exploited, MCMC approaches may not be adapted. Deterministic approximations or
simplifications of the original models, with additional conditional independence
assumptions are more suited. From a practical point of view, implementing one of the
approximation approach presented in this section may not be straightforward from
the literature we cited. Concrete algorithms are often barely described. We
recommend some readings on the foundations of graphical models, LBP and
variational methods before applying these principles for approximate inference in
MHMM: Wainwright and Jordan (2008), Koller and Friedman (2009), Yedidia et al.
(2005) and Peyrard et al. (2019).

3.7. Discussion and conclusion

With this chapter, we proposed a common framework to present in a unified way
several notions of MHMMs, and we illustrated the variety of applications that can be
modeled with this framework. We also provided the key elements for their exact or
approximate inference.

When presenting MHMM parameter estimation with EM, we discussed only the
difficulties arising in the E step, corresponding to difficulties in marginals evaluation in
the MHMM. This is because the M step is an optimization step and the computational
complexity of the evaluation of the function to optimize is that of the E step. However,
there may be other difficulties attached to the realization of the M step. They are not the
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same depending on whether the MHMM is defined with canonical parameterization
(i.e. all the initial, transition and emission probabilities defining the model), or if the
distributions are parameterized. (Note that, on the contrary, this distinction has no
impact on the E step.) The advantage of the canonical representation of the MHMM is
that there exists an explicit expression of the updated canonical parameters. However,
it may be difficult to obtain estimates of good quality when the number of chains, C,
and the state space of hidden variables, (), are large. For a parameterized model,
there is not always an explicit updating formula, and in this case the M step relies
on numerical optimization tools. However, a parametric MHMM is certainly a better
choice in terms of interpretability.

Beyond computational difficulties, the quality of model inference is also
conditioned by the amount of available data, strongly dependent on the domain of
application. For example, measurements on population in metapopulation dynamics
are costly and limited to unities or tens, while sensor data (like the ones available for
the Deer toy example) collected at high resolution provide chains of lengths tens or
hundreds of thousands time points. Thus, the choice of an MHMM structure results
simultaneously of prior knowledge regarding the phenomenon of interest and a
compromise between the bias due to a too simple model and the variance generated
by the model complexity with regard to sample size.

In this chapter, we did not address the questions of model validation and model
selection in MHMMs, since these are still open questions. We describe here some
elements of perspective. In the conclusion of Chapter 1, we have mentioned the
approach of Guédon (1999) for model validation in ED-HMMs, which relies on the
distributions of some statistics of the observations. These distributions have never
been considered for MHMMs but their computation is a perspective, using either
marginal distributions in each separate chain, or joint configurations of discrete
observations. Regarding model selection in MHMMs, that is, choice of the number
K of hidden states and choice of the structure of the global transition, the difficulty
comes from the exponential number of candidate models when exploring all
possibilities for conditional independence relationships. A promising way of
addressing both selection of the number of states and the conditional independence
relationships in MHMMs is Bayesian statistical modeling. This offers the
possibilities, first, to handle non-bounded a priori numbers of parameters using
Dirichlet processes and, second, to replace the separate estimation of several models
with the estimation of posterior distributions of random variables in nested models,
using spike-and-slab priors. These specific random variables represent switches
between families of models. Both approaches avoid computational complexity
overheads due to combinatorics when selecting several meta-parameters. The first
method was used in Johnson and Willsky (2013) in hidden semi-Markov chains to
select K and could be transposed to MHMMs. The second method was used
in Herndndez-Lobato et al. (2015) for sparse regression modeling. The transposition
of this principle to MHMMs would be to associate a binary random variable with
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each type of arc in the probabilistic graphical model and to remove arcs whose
probabilities are less than a threshold. This approach has not yet been implemented,
but it appears as a promising lead to handle graphical model selection.

Finally, a natural extension is to introduce the semi-Markov property instead of
the Markov property. We will see in Chapter 4 that the formalization of this idea is

not straightforward and we will propose a sound solution that enables us to extend the
various MHMMs classes presented in this chapter.

3.8. Notations

We gather here the main notations for MHMM used in this chapter.

Definition Notation Domain
Calendar time t N
Duration of the time series T+1 N
Number of chains C N*
State space of hidden variable for a chain | Qz ={1,..., K} finite
Cardinal of the hidden variable state space K =|Qz] N*
Hidden state of chain c at time ¢:
Random variable Z Qz
Realization z5 Qz
Hidden states of all chains at time ¢:
Random variable Z:.=(2},...,25) (Q2)°
Realization ze = (22,...,25) (Q2)°
Sequence of hidden states of chain c:
Random variable Zer =(Z5,...,Z8)| (Qz)TT!
Realization 260 = (25,...,25) | (Qz)TT!
Hidden states, all times, all chains:
Random variable Zo.r Q7T+
Realization Z0.T (Q27)CT+
Number of components of observation (@) N*
State space of one component Qy general
Component o of observation at time ¢:
Random variable Yy Qy
Realization yi Qy
All components of observation at time ¢:
Random variable Y:= (..., YO | (Qv)°
Realization vy, = (yt,..., v2) (Qy)°
Sequence of observations for component o:
Random variable Yir = Y5, ...,YR)| (Qy)TT!
Realization vor = (Wd, .., y2) | ()T
Observations, all times, all component:
Random variable Yo.r Oy )OI+
Realization Yo.r (Qy)OT+D

Table 3.2. Main notations for hidden and
observed variables of an MHMM
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4

Multichain HSMM

The concept of multichain (H)SMM has not been already rigorously formalized,
even if a few models have been proposed in literature. In this chapter, after a review
of existing multichain (H)SMMs, we propose a sound formalization of two classes of
models that extend standard and general semi-Markov models to the multichain
setting. Then, we consider the hidden framework and build various classes of
multichain-HSMMs (MHSMMs) that generalize some MHMM structures defined in
Chapter 3.

4.1. Multichain HSMM in literature

The concept of Multichain HSMM (MHSMM) is not something already rigorously
formalized. By extension to the definition of multichain HMM (MHMM) in Chapter 3,
the vision we adopt here is that of a stochastic model representing the joint distribution
of a set of several hidden and observed processes that evolve through time and that
satisfy some semi-Markov property. Having this context in mind, the MHSMMs that
have been studied in literature mainly generalize two classes of MHMMs: the coupled
HMM (CHMM) (Figure 3.7(d), Chapter 3) that assumes direct dependences between
hidden chains and the factorial HMM (FHMM) (Figure 3.5 , Chapter 3) in which
hidden chains are marginally independent and emit together a unique observation
chain.

The first attempt to extend CHMM to the semi-Markov case is found in Natarajan
and Nevatia (2007), with an application to sign language recognition. In the proposed
model, a chain is influenced by the others only at its jump times, namely, when
the chain ends a state and the next state depends on the current state of the other

Chapter written by Jean-Baptiste DURAND, Nathalie PEYRARD, Sandra PLANCADE and
Régis SABBADIN.
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chains. However, the distributions defining the model are not presented in a rigorous
way, and the assumptions made are not clearly stated. Estimation is obtained with an
approximation of the EM algorithm that works with a forward-backward algorithm
at the level of the chain. In a more recent work, Touloupou et al. (2020) propose a
similar model to describe epidemics dynamics. The parameterization of the transition
probabilities is specific to this application and Bayesian inference is performed with
a Markov chain Monte Carlo (MCMC) method. These works highlight an interest to
extend CHMM to the semi-Markov case, but a general and flexible definition is still
missing.

In Kim et al. (2012), the authors define a semi-Markov that extends the FHMM to
infer the power load of each appliance knowing the aggregate power consumption
over T' time periods. Parameter estimation is performed with a Monte Carlo
expectation-maximization (MCEM) algorithm using Gibbs sampling in the E step. In
this case, the observation is the sum of the state of each chain. In a totally different
context, Nicol et al. (2022) proposed an FHSMM for modeling bird migratory
networks. Each hidden semi-Markov chain represents the sequence of a bird position
in the network, and the observation is a noisy version of the bird count at each node.
Two methods are proposed for estimation: MCEM Wei and Tanner (1990) and ABC
Csilléry et al. (2010).

4.2. Formalization of an explicit duration coupled semi-Markov model
with interaction at jump events

For the sake of simplicity, we first consider a specific coupled SMM with
interactions only at its jump times, which corresponds to the hidden layer of the
MHSMM in Natarajan and Nevatia (2007). Based on this model, we enhance the
difficulties to define multichain SMMs and propose a non-ambiguous formalization
as well as the associated graphical representation.

The (H)SMM notations of Chapter 1 are extended to the multichain setting by
adding an exponent for chain c. Thus, Z{ denotes the state of chain c at time ¢;
Zi41 4+q = t means that chain c is in state ¢ at times ¢ + 1,...,¢ + d without
specification of the value of Z and Z, ;13 27, ;4 = ¢ means that chain c enters
state 7 at time ¢ + 1 and exits state 7 at some time ¢’ > ¢ + d; Ztc+17t+d]
that chain ¢ enters state 7 at some time ¢’ < ¢ + 1 and exits state ¢ at time ¢ + d;
Z[Ct+1,t+d} = 4 means that chain c enters state 7 at ¢ + 1 and exits at ¢ + d; th =1
(resp. Z;; = i) means that chain c enters (respectively, exits) state 4 at £. The number

of chains is denoted by C' and the number of states is denoted by K.

= ¢ means
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4.2.1. Definition based on literal hypotheses

First of all, we attempt to define the model in a literal way, similarly to Natarajan
and Nevatia (2007). The state duration is assumed to depend on the current state only,
and the coupling only occurs at transitions, which corresponds to the following set of
assumptions:

— (H-ind): the chain states at time ¢ are mutually independent given the states of
all chains at ¢’ < t.

— (H-trans): when a chain jumps at time ¢ 4 1, the new state depends on the value
of all chains at time t.

— (H-ED): the sojourn duration only depends on the current state of the chain.

Note that under this assumption, the model can be seen as a generalization of the
explicit duration model ED-HMM (Chapter 1, section 1.2.4 and Figure 1.4).

However, this literal definition may raise ambiguity regarding conditional
independence assumptions that are central in the definition of multichain processes.
Notably, if one wants to express assumption (H-ED) in terms of conditional
distribution, at least two formulations could naturally be considered.

’
C

@ P <Z[Ct+1:t+l] = 21 = 3: (24 = = )cle,i..,c,c'¢c,t'§t+1>

=P (Zﬁ+1:t+z] =JlZf1 = j)

’

(ii) P (Z[Ct+1;t+l] = j|Z[Ct+1 = j, (Ztc/ = Ztc/ )c/:l ..... C,c’;ﬁc,t’gtJrl)
= P (Zirary = 1% =) 4.1

The difference lies in the conditioning event: in the first formulation, the
conditioning with respect to the other chains is related to all times prior to the jump
of chain ¢ at ¢t + 1: (Ztc//)c’:l,“.,C,c’;éc,t’StJrl- In the second formulation, this
conditioning is related to all times prior to the jump of chain ¢ and inside the time
window [t + 1,t + ] of the sojourn of chain c.

Moreover, beyond the potential ambiguity in the hypothesis formulation, there is
no guarantee that this set of assumptions completely defines the distribution of the
model.

4.2.2. Generative definition using a time indexed representation

As an alternative to literal hypotheses, we consider a non-ambiguous formalism
based on a generative definition of the model or its equivalent graphical
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representation of conditional dependences. The classic graphical representation of a
(monochain) semi-Markov model is based on the Markov property of the couple
(state, duration). But this representation is not appropriate for an extension to coupled
chains, as the transitions do not occur simultaneously on all chains. Therefore, a time
indexed graphical representation is necessary and may be achieved using auxiliary
chains, namely, the time elapsed and the remaining time in the current state, chosen
so that the joint chain satisfies Markov property.

4.2.2.1. Preliminaries: time indexed representation of a monochain SMM

In this section, we consider the notations for a (monochain) HSMM defined in
Chapter 1. Similarly to Limnios and Oprisan (2001), the auxiliary chains
corresponding to the elapsed and remaining time in the current state are defined as
follows.

DEFINITION 4.1.— Let (Z;):>0 be a semi-Markov chain. At each time t, let E; be the
time elapsed in the current state:

Et = mln{d € N*, Zt_d 7£ Zt}
and R; be the remaining time in the current state:

Rt = mll’l{d S N, Zt+d+1 7é Zt}

As a consequence of these definitions:

Zy =i < (Zy, BEy) = (i, 1)
Zy =i < (24, Ry) = (4,0)
Z[t—e+1:t+r] =i & (Ztu Et7 Rt) = (27 €, 7") [42]

& {(Zy,Ey,Ry) = (i,t —t+e,r+t—1t),Vt
=t—e+1,...,t+7r}

Under specific classes of HSMMs, the auxiliary chains jointly satisfy the Markov
property.
PROPOSITION 4.1.— Let (Z;)1>0 be a semi-Markov model, then:

1) The triplet (Z;, Ey, R¢)i>0 is Markovian.

2) If (Zi)>0 is a standard HSMM (Chapter 1, section 1.2.3 and Figure 1.2), the
couple (Zy, Ey) >0 is Markovian.

3) If (Z)1>1 is an ED-HMM (Chapter 1, section 1.2.4 and Figure 1.4), the couple
(Zt, Ry)t and the couple (Zy, E})¢ are Markovian.

The proof is in section 4.7. Appendix: proof of proposition 1.
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4.2.2.2. Generative definition using remaining time in current state

— Initialization: we consider the simplifying assumption that all chains enter a new
state at time ¢ = 0. For each chainc=1,...,C"

Z§ ~ (7f)i=1,.... K
1+ RS ~ (hCZg(d))d:l,...,D

with {7¢},—1 € [0,1]¥ the initial state distribution satisfying f: ¢ = 1, and
{(h$(d))a=1,...p}i=1,. K € [0,1]5*P the sojourn duration distribtfti:()lns for chain ¢
satisfying for all ¢, f: h¢(d) = 1. The shift of 1 appearing in the distribution of R§
above enables Consi(é?elncy with the monochain framework.

— Recurrence: foreach t > 1:

-forallc=1,...,C suchthat Rf ; > 0:

{Ztc_Ztc—l
Rf = Rj ; —1

-forallc=1,...,C suchthat Rf ; = 0:

Zf ~P(Z5 = {2, = i Yem0) = B,
1+ Rf ~ (he(d))ar.....

with {P¢ ), j = Lo Kio = 1,... K} € [0,1]°" the transition
K

probabilities such that for every ¢ and (i¢/)er=1,..c. D P(CZ. N od = 1 and
j:l c'lel=1,...,C>

The resulting model (Zf)tzo,c:l,...,c satisfies assumptions that can be literally
described as (H-ind), (H-trans) and (H-ED) equation [4.1]. Moreover, for all ¢ >
0,c = 1,...,C, R{ +1 corresponds to the remaining time in the current state for
chain c. Indeed, from time ¢, I2§, decreases of 1 at each step, and the state transition
of chain c occurs when RY, = 0, so after R steps.

4.2.3. Graphical representation

According to the generative definition of section 4.2.2.2, for each ¢ > 0,
c=1,...,C:

P(ZE, RN Zi1s Ri_i)e=1,..0) = P(R{|ZE, Ri_OP(ZE((ZE 1) er=1,.. 00 R

which leads to the representation of Figure 4.1.
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Figure 4.1. Graphical representation of the coupled explicit duration semi-Markov
model with interaction only at jump events, for two chains and two time steps. Z;
denotes the current state of the semi-Markov chain and R§ the remaining time in the
current state. The solid (resp. dashed) arcs represent the conditional probability of Z;
(resp. Rf). The black arcs point to chain 1 and the gray arcs to chain 2

4.3. Definition of coupled SMM classes based on a time-indexed
representation

4.3.1. Limitations of the (Z, E, R) representation

As previously mentioned, one of the difficulties with a graphical and generative
definition of coupled semi-Markov models is the non-synchronicity between the
jumps of the different chains. Therefore, representations based on jump indexes are
not appropriate, which is enlightened in section 4.2 for a specific model. The first
attempt to generalize the model of section 4.2 could be to define the class of coupled
process {(Z{)c=1,...c }+>0 such that the joint chain {(Zf, Ef, Rf)c=1,....c}i>0 is
Markov  with Ef = min{d € N* Z¢ , + Z¢}  and
Rf = min{d € N, Z{ ;.| # Z{}, the auxiliary chains of the elapsed time and the
remaining time in the current state. But this definition imposes that the influence of
other chains on a given chain only occurs at the jump times of this chain which is not
sufficient to represent more general coupling patterns that may naturally arise in
applications.

Consider the toy model Deer (Chapter 1) where animals go through successive
phases of behavior and assume that each animal tends to imitate its peers. More
precisely, let an animal c enter a phase of behavior, say "immobility", at time ¢, and
assume that the probability that the animal stops this behavior is impacted at each time
by the other animal behavior (if other animals start to walk or run, the animal ¢ may
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decide to move and then shorten its immobility phase). In this example, the coupling
between a given chain and the others occurs out of the jump times of this chain, since
the animal trajectory behavior can be impacted by the other animal trajectories at any
time.

The formalization based on a generative definition using the (Z,FE,R)
representation is not adapted to model such a coupling. Indeed, as a state starts at
time ¢ for chain c, by definition the remaining time R; corresponds to the sojourn
duration of chain c in the current state. With a Markov generative formalism such as
section 4.2.2, Ry should be sampled from a distribution depending only on the past
(Z¢ |, E¢ | RS |)e. But under the coupling by imitation described above, the
distribution of Rf would depend on the value Ztc,/ of the other chains ¢’ # ¢ for
posterior t' > t. Therefore, the use of the auxiliary variable R corresponding to the
remaining time in the current state, which requires us to sample the sojourn duration
as soon as the chain enters a new state does not allow a Markov generative
representation. In an alternative way, a variable ]:Ztc could be generated from the
marginal ~ distribution of R¢ given the past P(RS|(ZS)y<ie) =
fIP’(Rﬂ(Zf,)t/St,(Ztc,/)t/eN*yc/#)d(Zﬁ/)t/Ztyc/#, but this distribution would not
offer a simplifying decomposition and would be inextricable.

4.3.2. Hazard rate representation

A simple way to circumvent the limitation described in the previous section while
preserving a step-by-step (Markov) generative definition of multichain SMM is to
sample the probability to exit from a state at each time instead of sampling the sojourn
duration at the time step when the chain enters a new state. In the survival analysis
domain, this corresponds to the concept of hazard rate. The hazard rate represents
a characterization of the distribution of a random time, equivalent to the probability
distribution function. For a discrete random time X & N*, the hazard rate is the
function of x equal to the probability that X is equal to = given that X is larger
than z:

_ fx(z)
1 _ zgl fX(‘r/)

ifx > 2,and Ax (1) = fx (1) with fx the probability distribution function of X. If
X has a finite support X € {1,...,D}as, forx > D,P(X =2)=P(X >z)=0
and by convention, Ax (z) = 1.

A function A is a hazard rate function if either:

— there exists D € N* such that A\(z) € [0,1), Vo = 1,...,D — 1 and
A(z) =1, Vo > D (finite support random time);
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+o0o
- Az) €10,1) Ve € N*and ) A\(z) = +o0.
r=1

These two distinct properties can be unified in the following formulation: there
exists D € {N* U 400} such that:

Az) €10,1), Ve e N*withz < D
AMz) =1, Ve € N* witha > D

Yoo [4.3]
> Az) = +oo.
z=1

This characterization of a function of hazard rate is the counterpart of the classic
conditions on probability distribution function that impose values between 0 and 1 and
sum of the function over its definition domain equal to 1.

4.3.3. Definition and formalization of a class of coupled standard SMMs

We define the class of coupled SMMs {(Zf).=1....c}i>0 such that the chain
{(Z;,Ef, Vi) e=1,....c }+>0 is Markov with EY = min{d € N*, Z7 , # Z7} the
elapsed time in current state and V,° = 1z« zc | the indicator of chain ¢ jumping at
time t. This class extends the standard SMM (Chapter 1, section 1.2.3 and Figure 1.2
to the multichain framework.

DEFINITION 4.2.— The class of coupled standard SMMs is defined as follows.

— Initialization: we consider the simplifying assumption that all chains enter a new
state at time t = 0. Foreachc=1,...,C, let:

2G5 ~ (77)i=1,..K
Ef=1
Vi = 1 (by convention)

— Recurrence: for eacht > 1, foreach c = 1, ..., C, the indicator of changing of
state is:
- V£ ~ Ber(X{) with:
)‘g - )‘C(Etc—la Ztc—lv (Ztc—lv Etc—l)c’?fc) € [07 1}
Heuristically, the function \°(-, Z¢ |, (Z¢ |, Efl,l)c/#c) corresponds to the
hazard rate of the sojourn duration, and the state of other chains ¢’ # c plays the role

of “time-dependent covariates” (see section 4.3.5) where Ber denotes the Bernouilli
distribution.

-If Ve =0, then:

Zi =7
Ef=Ff ,+1
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and if V¢ =1, then:

Zg ~ (PC((ZtC,_pEtC er=1,.. ,C,j))
Ef=1.

j=1,...,. K

In the definition above, the semi-Markov property lies in the fact that the
distribution of {Zf}c:17.__,c given the past only depends on the states and durations
at the previous time {(Zf_,, Ef_1) }e=1

Figure 4.3 displays the graphical representation of the complete model as well as
sub-models including the coupled SMM of section 4.2.

The parameters must satisfy the following conditions for all c = 1, ..., C and for
aD e N*U {400}

— (cond-sojourn): for all i, = 1,..., K, (i¢, €0 )erze € ({1,..., K} x N*)¢~1
the function A°(+, é¢, (ic/, €c ) r£c) satisfies [4.3].

This condition ensures that independent standard semi-Markov chains are included
as a particular case in the class of coupled SMMs. Indeed, let ({Z{};>0)._,; . be
independent semi-Markov chains, then X°(-, Z¢_ 1, (Z¢_ 1, BS 1 )erze) = (- Z§_,)
is the hazard rate of the sojourn duration in state Z; ; for chain c equal to:

hs(d)
1= S ng(a)

d’'=1

X(d, i) = NVd=1,...,D,i=1,...,K and X(1,i) = hS(1)

with (h$(d))a=1,... p the distribution of the sojourn duration in state 1.

— (cond-trans): for all ¢/ = 1,...,C,j = 1,.... K i = 1,....K,es =
'7D’Pc((ic/7€c )c/ 1,...,C»J ) [O 1]

ZP Zc’»ec c’ ..,Cvj)zl

and P°¢ ((ic’7 ed)c’:l,.“,Ca Zc) =0.
— (cond-init): forallc=1,...,C,j=1,..., 7 € [0,1] and:

K
c __
ij_

j=1

EXAMPLE.— Consider a model as described in section 4.3.1 with two animals going
through successive phases of behaviors with two different behaviors (1 = immobility,
2 = movement) and a coupling in which each animal tends to imitate the behavior of
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the other. Consider a one-shifted discrete Weibull distribution with shape parameter
8 = 2 as a "basis" for sojourn duration, with probability distribution function:

d—1)\° d\?
d — exp (— () ) — exp <— () ) , deN*
a a
The corresponding hazard rate function d + 1 —exp(—(2d—1)/a?) := \(d|a) is

decreasing in « for a given d € N*. More precisely, the hazard rate function associated
with animal 1 (i.e. to chain 1) involved in definition 4.2 is:

Al(el 1 2 2 ) =Mel | )=1- _26%71_1
Ci—10%t—1>C—15%p—1) = ME_1]0;1 22 )= exp 22
z{_1:23_

a distribution with four parameters (a1, @12, @21, ia2). Change of activity of an
animal at time ¢ is assumed to depend on the time already spent in the current state as
well as the activity of the other animal at time ¢ — 1. Then, the setting ar1; < 12 and
9o < arp1 models an imitation behavior. Indeed, assume that Z, L a1 = 1, thatis,
animal 1 has been immobile for a duration d at ¢ — 1. Then the probability for animal
1 to start moving at ¢ is h(d|a;1) if animal 2 is immobile and h(d|ay2) otherwise.
Therefore, a1; < a9 implies that h(d|a12) < h(d|a11), so the probability to move
for animal 1 is higher if animal 2 is already moving.

REMARK 4.1.— A more parcimonious representation is theoretically possible but
would be untractable. Indeed, theoretically, the variable V' could be omitted while
preserving the Markovianity of the chain {(Ef, Z7)c=1,....c }+>0, but it would be at
the price of a much more complex expression of the distributions, where the
sub-models presented in Figure 4.3 would be difficult to interpret.

REMARK 4.2.— Absorbing states, that is, states from which the chain never exits, are
an issue both for theoretical analysis and numerical studies. Indeed, the theory of
consistent parameter estimation classically relies on estimation from a single
sequence whose length tends to infinity, which requires recurrence of the chain so
that each possible transition occurs infinitely many times. Moreover, some
algorithms (e.g. some expectation maximization variants) require simulations of long
chains with a sufficient number of transitions, which may be hindered by the
existence of absorbing states. In a monochain SMM, the definition of the hazard rate
[4.3] imposes that the chain exits a state almost surely. If one wants to model an
absorbing state, it has to be defined explicitly, without defining the sojourn duration
distribution. Nevertheless, without additional assumptions, in the multichain context,
a coupled SMM can remain infinitely in a state even if this property has not been
explicitely settled, as illustrated by the example in Figure 4.2. Indeed, even if the
condition (cond-sojourn) imposes that \°(-,ic, (e, €c)er£c) Which governs the
distribution of V¢ satisfies the characterization [4.3] of the hazard rate that avoids
absorbing state, the value of i., (ic, € ) may change with the time point ¢. The
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following proposition gives a sufficient condition to guarantee almost surely finite
sojourn durations.

PROPOSITION 4.2.— Assume that there exists a hazard rate function 2\ satisfying
[4.3] such that:

)\C(ecy icv (ic’v ec’)c’#c) Z Xc(ec)v v(ea ic; (ic’ 3 ec’)c’;ﬁc)

then the marginal sojourn durations of chain c are finite almost surely, that is, for
every c and ty:

P({/tc =0,Vt :t07---7+007‘/tz,1 = 1) = 0.

PROOF OF PROPOSITION 2.—
Heuristically, let X, be a random time with hazard rate A°, and let V; be the
. . TC . -C - ey
corresponding jump process: V', = 1if¢t = X, —1 and O otherwise. As the probability
that chain ¢ exits a state i after a elapsed time ¢’ is stochastically larger than the

probability that V; jumps, then the sojourn duration in state ¢ is stochastically smaller
~C . .
than X, , and so is finite a.s.

More precisely, let 7' € N* and ¢ € {1, ..., C}. First of all, we prove that:
Pr =PV, =0,Vt=ty,...,T,Vie_; =1)

Sﬂﬂfsz*%*ﬂ)PW£:0wa4:1) [4.4]

where X is a random time with hazard rate X°. Indeed

T

[T PV =0Ve, = = Ve = 0.V, = 1) P (VS = 0,VE_, = 1)

t=to+1
and
PVE=0Vi = =Vi=0Vi =1
- Y (e @ ai)
(e 13 1)ermn, e B
t(ilz _V(/—OVO 1_1)

< (B0 20 =it ) Vea= = Ve =0y = 1)
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Consider two chains with geometric basic distribution for sojourn durations, exponentially
decreasing with the sojourn duration of the other chain, namely:

A1(6%717 Ztlflv 6%717 Z?*l) = pexp(—e?,l)

)‘2(6%—17 Zt2—17 etl—l’ Ztl—l) = peXp(fetl—l)

with (z{, ef) the current state and elapsed time in the state at time ¢ for chain ¢, and p € (0,1).
These distributions satisfy condition (cond-sojourn) for D = +oco. More specifically, when
(21 €2 4,22 ) is fixed, A1 is constant and thus is equal to the hazard rate of an exponential
distribution and symmetrically for A».

To prove that the sojourn duration is not finite a.s, it is sufficient to show that the probability
P(vt > 1,V,! = 0and V;2 = 0) to remain indefinitely in the first state for both chains in non-zero.
First of all,
P(vt > 1,V = 0and V2 = 0)
+oo
=PV} =0,VZ =0) x [[P(V}! =0,V
t=2

=0[V;t; =0,V2, =0,V =0,V? =0)

and
V' =0,v?=0,...., =0,V =0} &
{Vt=0,V2=0,....,V} =0,V2 =0,E}, =t',E% =+t',vt
<17} = =242 = = 23}
Moreover,
P(Vi' =0,V2 =0) =P(V}! =0)P(V? =0) = (1 —pe™')?,
P(Vy =0,V =0|Vit =0,VZ =0) = (1 — pe™2)?
Therefore,
+oo 2
PVt>1,V=0and V2 =0)=(1—pe )2 x (1 —pe 22 x...= {H(l —pet):| .
t=1

Besides, for every t > tg = —log(log 2/(2p)) log(1 — pe~t) > —2pe~*t so:

+oo to—1 +oo
Zlog(l —pe”t) > Z log(1 — pe™?) + Z —2pet > —c0
t=1 t=1

t=tg

and finally

Figure 4.2. Example of a coupled SMM
with non-finite sojourn durations
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Now, V¢ only depends on the current state and the elapsed time of the other chains
att — 1, so:

P (Ve =0l (B 200 = (e i)
= V;(é =0, V;Sf)—l = 1)

=P (V=0 ((Ei1,Zi1) = (ef_1,05_1) ,
c'=1,...,C

C
Ve =

c'=1,...,

_ c/ ¢ e ! ¢/
=1-X(ef_q,i5_1, (ef_1, Zt—l)c’#c)
Therefore,

PVE=0lVi ==V =0,V 1 =1)

= Z (1= A(ef_1yig_1s (€1, 05_1)erc)

’ .ol
(e 136" 1)er=1,..., c

< (B2 = i),

=1,...,

XV ==V =0V 1 = 1).
By definition of FEf ; the elapsed time in current state at ¢ — 1,
P <((Etc—1aZtc—1) = (eg_l’i§_1)>c/:1_.. o V==V =0,Ve = 1) is

equal to 0 if ef_; # t — to. Therefore,

P(VE = 0|VE, = :th) :Oa‘/ti—l =1)
< Z (1 fxc(t*to))

(¢ 1,38 Derma o
<P (B 1, 25 1) = (e§ 1,05 1)
t—10%t—1) = (€—15% 1

X|Viy ==V =0,Vi =1

c=1,...,C

= (1=X(t—t)).
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Then,

T
Pr< J] Q=X@—t)P(VE =0V =1)
t=to+1

T—to

[T a-X@Prve=0ve_, =1)

t=1

P(X*>T—to+ 1PV =0,V = 1).

The last equality is a classic result in survival analysis, indeed for all 7" € N*:

e T PE > —P(X = 1)
tzﬂl(l*/\(lﬁ))—t1 P> 1)
_TH (x° >t+1) _PX°>T)
Ca P(XTxn PXT>1)]

Thus, equation [4.4] is proved.

Consequently, since Yt is a real-valued (implying, finite) random variable,
lim ]P’[X >T —to+ 1] = 0. Finally, lim Pr =0.
T—+o0 T—+oo

Since

PVi = 0,Vt = to,..., 400, Vi_y = 1]

IT Pve=ove, = =VE =0V, =1P[VE =0,V =1]
t=to+1
T
= Jim [ PVE=0[ViE, = = Vi =0,V = 1PV =0, Vg, = 1]
t=to+1
= lim Prp,
T—+o0
we have

Ve, P(Vy© =0,Vt =tg,...,+00, Ve 1 =1)=0.
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l

®

(1) Complete model (i1) Hazard rate only depends on
the state of other chains

Z
A

@)
(=)
(o)

@ @ @ \“ ‘v"’/ @

(i) New state of a chain independent (iv) Coupling only at jump times
of elapsed time in current state of (model of section 4.2.2.2)
any chain

Figure 4.3. Graphical representation of coupled SMMs. Z; denotes the value of the
chain ¢ at time t, E; the time elapsed in the current state, and V¢ the indicator for
chain ¢ to jump at t. The solid arcs represent the conditional probability of Z{, the
dashed arcs represent the conditional probability of V¢ and the dotted arrow represent
the conditional probability of Ef. The black arcs point to chain 1 and the gray arcs to
chain 2
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4.3.4. Extension to general semi-Markov property

The class of models defined in section 4.3.3 does not include general monochain
SMMs (definition 1.1 in Chapter 1) where the sojourn duration may depend on the
sojourn duration of the previous state. A class of general coupled SMMs could be
defined by introducing an additional auxiliary variable equal to the couple of the

previous state and its duration: W = (Z5_ Be> EY Etc).

— Initialization: for each chainc =1,...,C:
25 ~ (7f)i=1,...x, Ve

E$=1Ve
W§ = (NA,NA).

The NA for W is an arbitrary value to indicate that the chain c is still in its first
state at time ¢, therefore the previous state is undefined.
— Recurrence: foreacht > 1,¢c=1,...,C:
- V£ ~ Ber(X{) with
A= AE 20 (2 By )eze, W)
and the convention Z? - = 0, and wi/th )\f(-, 260, (€61, 28 ) erses WE)
satisfying assumption [4.3] for every (Z7_,, (2{_1,€f_1)er2e,wy) € {1,..., K} X
({1,..., K} x{1,...,D)% x {1,...,K,NA} x {1,..., D,NA}.

-1If Vi€ = 0, then:

Zi =2 4
Ey=FEf [ +1
Wi =Wg

and if V¢ = 1, then:

Zi ~ (PC((ZtC/—l’EtC,—l)C/=17~~-»CvWtc—lvi)>l,:1
Ef=1 '
Wi =(Zi 1, Ef ).

K

)

4.3.5. Other uses of time-indexed representation

The time-indexed representation of SMM based on the hazard rate is not a new
idea. Notably, Pertsinidou and Limnios (2015) proposed an efficient Viterbi
algorithm for ED-HSMM using hazard rate. Moreover, the hazard rate was used in
approximating HSMM by HMM (Langrock and Zucchini 2011). In this approach,
the authors duplicate the values of the hazard rate of the HSMM sojourn duration
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distributions to be approximated, up to some upper bound, and model the distribution
tail as a geometric tail.

Notably, this time indexed representation enables us to account for a modulation of
sojourn duration by effect of a time-dependent covariate (Z;);>0, either in monochain
or multichain semi-Markov setting. In practice, the effect of the covariate is included
by replacing the expression of A{ in definition 4.2 by:

At = M Ey—1,Z4-1,Tt)
in the monochain setting and:

)‘g = >‘C( 1?717 Ztcflvfh (Ztcfh 1?71)6’750)

in the multichain setting. The parameterization of the covariate effect can be adapted
from classic survival analysis models (e.g. Cox multiplicative hazard rate model).

Moreover, in Chapter 6 (section 6.3), the concept of hazard rate is involved in the
definitions of several continuous-time Markovian and semi-Markovian processes; in
that context, the hazard rate does not depend on covariates but on different variables
involved in the process definition.

4.4. Extension of some MHMM classes to semi-Markov framework

In the former section, classes of coupled SMM were defined without hiding layer.
In this section, multichain HSMM classes are defined by extensions of some MHMM
classes defined in Chapter 3. We consider the FHMM shown in Figure 3.5 of
Chapter 3, where hidden chains are marginally independent and jointly emit a unique
observation chain, as well as the four elementary structures displayed in Chapter 3
(Figure 3.7) of the class 1tol-HMM-CI, in which each hidden chain is associated
with a unique observation chain, and conditional independence of all observed and
hidden chains given the past is assumed at each time. Similarly to section 4.3.3,
classes of models are first characterized by generative definitions, then the associated
graphical representations are displayed.

4.4.1. Generative definition of MHSMM classes

Consider first the extension of the structure in Figure 3.5 and of structures (a) and
(c) in Figure 3.7 (Chapter 3). For these MHMM classes, hidden chains are mutually
independent and the marginal distribution of each hidden chain is that of a Markov
chain. Therefore, a generative definition of these classes would amount to first
generate independent Markov chains that form the hidden layers, then generate
observations conditionally to hidden states. Therefore, the generalization to the
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semi-Markov framework is straightforward by replacing each hidden Markov chain
by a semi-Markov chain, without additional difficulty.

On the contrary, in structures (b) and (d) in Figure 3.7 in Chapter 3, the hidden
chains are not marginally Markov and cannot be generated independently of the
hidden states or observations of the other chains. Indeed, the new state of a hidden
chain is impacted by the observations of the other chains at the previous time step
(structure (b)) or by the states of the other hidden chains at the previous time step
(structure (d)). Therefore, extension of these classes from MHMM to MHSMM
makes use of the definition of coupled SMMs (definition 4.2) of the previous section.
More precisely, to define the MHSMM class that extends structure (d), a coupled
SMM is first generated following definition 4.2, then observations are independently
generated conditionally to hidden states. This class will be referred to as coupled
HSMMs (CHSMMs). The extension of structure (b) to the semi-Markov framework
requires a modification of definition 4.2. The parameter \{ that governs changing of
state must depend on the observation of all chains at time ¢ — 1
A = X(FBf 4, Zf 4, (th_ll)c/#) with V¢ the observation of chain ¢ at time ¢.
Then observations (Y,%).=1,... ¢ are independently generated conditionally to hidden
states (Z7)c=1,....C-

4.4.2. Graphical representation of MHSMM classes

The graphical representation of each of the five extensions described in section
4.4.1 is given in Figure 4.4. Structures (a)—(d) are the extensions of Figure 3.7(a)—(d)
(Chapter 3) and structure (e) is the extension of the FHMM to the semi-Markov case
(FHSMM). For structures (a), (c) and (e), the hidden layer is composed of independent
semi-Markov chains; Arcs to the observations are added, whose origins are identical
to the MHMM counterpart.

For structure (d) (CHSMM), the graph of the hidden layer could be either the
complete model or a simpler one as displayed in Figure 4.3, and we opted for the
complete one. Then arcs are added from the current hidden state of each chain to the
current observed state of the same chain. The graphical representation of structure (b)
is similar to (d), except regarding the origin of the variables that influence the current
state of the hidden chain: observed variables instead of hidden states at previous time
step.

Note that all graphical representations in Figure 4.4 make use of the indicator
V' of changing of state, which is equivalent in the generative definition 4.2 to make
use of the hazard rate instead of a probability distribution function (section 4.2.2.2).
This representation is necessary for structures (b) and (d), but not for (a), (c) and (e).
Nevertheless, the generative definition based on hazard rate is more general and covers
all structures.
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Figure 4.4. Graphical representation of various structures of multichain HSMMs.
Graphics (a,b,c,d) (resp. (e)) are extensions of multichain HMM structures of Figure 3.7
Chapter 3 (resp. of Factorial HMM) in the semi-Markov frameworks. The gray arcs
represents the structure of the underlying multichain semi-Markov model and the black
arcs represents the conditional probability of the observations Y. The solid arcs point
to chain 1 and the dashed arcs to chain 2, except for Factorial HSMM in Figure (e)
where only one chain is observed
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4.4.3. About inference

A challenge is to develop efficient inference algorithms for these models. Let us
consider the five examples in Figure 4.4. For structures (a) and (b), the C' hidden
chains are independent semi-Markov chains conditionally to the observations.
Therefore, it is possible to derive an EM algorithm with complexity linear in C, in
the same way as for the corresponding MHMM structures (Chapter 3, Figure 3.7).
For structures (c), (d) and (e), the complexity of EM would be exponential in C' and
only approximate inference would be conceivable. For structure (e) corresponding to
the FHSMM, approximate inference has been tackled in Nicol et al. (2022) with
MCEM and ABC algorithms (see details in Chapter 3, section 3.6.2.2). The proposed
algorithms rely on a FHSMM definition based on the sojourn duration distribution
without introducing the time index representation, since hidden chains are marginally
independent. But the time indexed representation is necessary for structures (c) and
(d) and would lead to an exact EM with three hidden variables by chain. Therefore,
the corresponding forward/backward algorithms that must be run in the E step would
generate an additional computational complexity.

4.5. Discussion and conclusion

The goal of this chapter was to develop the first sound and rigorous definition
of classes of multichain HSMMs that extends a large part of the existing MHMM
classes and covers a variety of practical situations. We showed that some classes could
be easily extended from the Markov to the semi-Markov framework, while others
(and notably the popular coupled HMM) require specific developments. A generative
definition based on hazard rate instead of probability distribution function enables us
to account for flexible interactions between dynamics of observed and hidden chains.

Adaptation of these general classes into models for practical situations still raises
challenges in terms of inference, but also in terms of parameterization. Indeed, the
dimension of the functions (hazard rates and probability distribution functions)
involved in the multichain distribution increases with the model richness. Therefore,
choices will be necessary to keep the model tractable both in terms of statistical
variance and in terms of inference algorithms.

4.6. Notations

We gather here the main notations for MHMM used in this chapter.
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for chain ¢ at time ¢

Definition Notation Domain

Number of chains c N*
Cardinal of variable state space K N

Maximum sojourn duration D N*J+oo

State of chain c at time ¢ VA {1,...,K} CN*
Elapsed time in current state Ef N*
for chain c at time ¢

Remaining time in current state Rf N

Jump indicator of chain c at time ¢t| V}° = Uzpze_, €{0,1}
Previous state and its duration Wi |=(Zigs, Ei_ge) €{1,..., K} x N
for chain c at time ¢
Observation of chain c at time ¢ Y€ R

Table 4.1. Main notations for hidden and
observed variables of an MHSMM

Definition Notation Domain
Initial state distribution of chain ¢ (7§)i=1,...K [0, l}K
Probability distribution of sojourn (hi(d))a=1,....»0 [0, 17
duration in state ¢ for chain ¢
Transition probability of chain ¢ PGy, oi= [0,1]
given current states of all chains | P(Z¢ = i|(ZtC/_1 =i )er=1,.. 0> Zf # Z§_4)
Table 4.2. Parameters for explicit duration coupled
SMM with interaction at jump times
Definition Notation Domain
Initial state distribution of chain ¢ (7)i=1,.... K [0,1]K
Parameter of the jump indicator X(ecyic, (iers et ) el ) [0,1]
of chain ¢ given current states
and elapsed times
(cr,€cr)er=1,... ¢ of all chains
Transition probability of chain ¢ éc’ R WA [0,1]
given current states P(Zf = i\(ZﬁLE i1 =le)er=1,..,0, 25 # Z{_4)
and elapsed times of all chains

Table 4.3. Parameters for standard coupled SMM
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Definition Notation Domain
Initial state distribution of chain ¢ (T8)iz1,... K [0, 1]%
Parameter of the jump indicator A(ec, de, (Tery €er) e ey We) [0,1]

of chain ¢ given current states
and elapsed times (i./, €c/)er=1,....C
of all chains, and the couple w.
of previous state and duration of chain ¢
Transition probability of chain ¢ given P, = [0,1]

(iclyecl)c/zl ,,,,, cWe)
. / .
current states and elapsed P(Z§ =14 (Z[CFE i1 = el )el=1,...C
times (47, €cr )er=1,....C Zy #7254
1 c —
of all chains, and the couple w. Z[tieciwca‘tieﬁl]} = we,1

of previous state
and duration of chain ¢

Table 4.4. Parameters for general coupled SMM

4.7. Appendix: proof of proposition 1

The definition of standard HSMM and ED-HMM in Chapter 1, sections 1.2.3 and
1.2.4 , makes use of the distribution of the couple (J,,—1, X, ),>1 of successive states
and sojourn durations. They can be reformulated in terms of calendar time as follows.
For every time ¢ € N, sojourn durations d,! € N* and states 4,5 € {1,..., K}, the
semi-Markov property leads to:

]P(Z[t+1:t+l] = le[tfdJrl:t] =1, (Zt’)t’gt)
=P(Zig1:040 = J1Zjt—ds1:0) = 1)

P(
P(Z[t+1:t+l] = j|Z[t+1 =7, Z[t—d+1:t] = Z)
P(

X P(Zjp41 = j|Z[t7d+1:t] =1i).

Under the standard HSMM:

P(Zir:4) = Gl Zj—av1:) = 15 (Ze ) <t)
=P(Zys1:40 = 31 Z1t41 = §) X P(Zppr = §lZjt—a1:0) = 1)

and under the ED-HMM:

P(Ziir1:00 = 31 Z1—av1:0 = 15 (Ze v <t)
= P(Z[tJrl:tJrl] = le[t+1 =J) x P(Z[t+1 = j|Zt] =1).
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PROOF OF PROPOSITION 1-1.— Let:

Py = P((Zi41, Er1, Risr) = (7, € ,7")|(Zs, By, Ry)
= (27 €, T), (Zt'7 Et’7 Rt’)t’gt—l) .

If r > 0, then (¢, €/, ") is determined:

Po = Wy pr=p—1,e/=e+1
= P((Zig1, Evy1, Rer) = (¢, €' ,7")[(Zy, By, Ry) = (ie,7))

According to [4.2], if r = 0, there is a transition at ¢ 4 1, so:
Py = ]Ii’;éi,e’:lp (Z[t+1:t+1+r’] = i/|Z[t—e+1:t} =1, (Zt/y Ey, Rt’)t’gtfl) .

Moreover,

Py = Hi’#i,e’:ﬂp (Z[t:t+1+r/] = 7;/|Z[t78+1:t+r] =1, (ZtHEt"Rt’)t’gtfe)

and with the semi-Markov property:

Py = Hi’#i,e’:lp (Z[t:tJrlJr’r’] = Z./|Z[tfe+1:t+r] = Z)
= P((Zis1, Bryr, Ria) = (', €' ,7)(Zy, By, Ry) = (iye,7)). U

PROOF OF PROPOSITION 1-2.—

First of all, {(Zy, Ev)v<t} = {(Zy )<+ } since Ey is completely determined by
(Zy )y <y Let us prove the Markov property.

Py = P((Zeyr, Bryr) = (7', €)|(Ze, Br) = (ive), (Zv, By )y <¢-1)
=P ((Zis1, Er1) = (') Zp—cir = 1, (Zo )vr<i—e)
= Wi =1} P (Zjps1 = | Zjp—eqrt = iy (Zo )pr<i—e)
Al ermet 1} P (Z—ettie41 = i Zp—evre = 0, (Zo ) <i—c)
= Wyprzier=13 Pra + Wi er—et13 Pro-
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We will demonstrate that the dependence with (Z; ), <;—. can be removed from
Py, and Pyy,. Let i # @/, then:

Pio =P (Zpy1 =1, Zpp—er:t) = i1 Zjp—eq1 = 6 (Lo ) <t—c)
=P (Zjg1 = 7 Zpp—cyr:) = 6 (Zi)vr<i—e)
X P(Zj—es1:) = i1 Zjp—cy1: = 0, (Ze )p<i—ec)
=P (Zys1 =7 Zjp—ct1.4) = 1) X Pre.

The last equality results only from the semi-Markov property, indeed:
P (Z[t+1 = i/|Z[t—e+1:t] =1, (Zt/)t/gtfe)

= ZP (Zip1 =7, Rey1 =7 Zjp—eqr) = 0, (Zo )pr<i—c)
r>0

= ZP (Z[t+1,t+1+r] = Z./|Z[tfe+1:t] =1, (Zt')t'gt—e)
r>0

Z P (Z[t+17t+1+T] =i Zjy—ey14) = z) by semi-Markov property

r>0
= ZIF’ (Z[t+1 = i/, R = 7’|Z[t—e+1:t} = Z)
r>0
=P (Z[t+1 = i/|Z[tfe+1:t] = Z) :
Moreover,

P.=P (Z[t—e+1:t] = i|Z[t—e+1:t =1, Z[t—e+1 =1, (Zt’)t’gtfe)

P (Z[t—e+1:t] =1, Z[t—e+1:t = i|Z[t—e+1 =1, (Zt’)t’gtfe)
P(Zp—est:t = il Zjp—et1 =i, (Zv)vr<t—e)

According to the assumption of the Standard HSMM:

P (Z[tfeJrl:t] = i|Z[tfe+1 = Z)

Y P (Zpettitin = il e = 1)
u>0

Plc

Finally, following the same decomposition backwards:

P (Z[tfe+1:t] =1, Z[tfe+1:t = i|Z[tfe+1 = i’)
P (Z[t—e—i-l:t = Z“Z[t—e+1 = Z)

=P (Z[t—e+1:t] = i|Z[t—e+1:t = Z) .

Plc:
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Thus,
P,=P (Z[t+1 = i/; Z[t—e+1:t] = i|Z[t—e+1:t = Z) .

Moreover, with a computing similar to P .:

Py = P(Zyp—eqrit1 = il Zj—eqrst = 6 Zjp—eq1 = 6 (Ze )vr<i—c)
=P (Zp—citis1 = | Zpp—eq1 =i, (Zo)vr<t—e)
X P (Zjp—etr:t = il Zp—es1 = i, (Zv )pr<i—e)
=P (Zp—cstits1 = | Zpp—eq1 = 1) P(Zp—eqrit = il Zjp—ey1 = i)

=P (Z[tfe+1:t+1 = Z.|Z[tfe+1:t = l) .

Therefore, Py, and Py, are independent of (Zy/ )y <¢—.. Thus:

P1 = P((Zis1, Era) = (', €)[(Z, Br) = (i), (Zu, Evr)vr<i-1)
=P ((Zty1, Bryr) = (i, €)(Z1, Er) = (i, ¢))
and the couple (Z;, E;); is Markovian. O

PROOF OF PROPOSITION 1-3.— Forevery i, =1,...,K,r,r" e N:

P((Zis1, Resr) = (' 7")[(Ze, Re) = (i,7), (Zor, Ry )y <e—1)
=P (Zt+1:t+1+r’] = i/‘Zt:tJrr] =1, (Zt', Rt')t'gt—l)
= H{r:O,i';&i}P (Z[t+1:t+1+r’] = il|Zt} =1, (Ztu Rt')t'gt—l)
50,0 =ir=r—1}-

Moreover,
{Zy=1i,(Zv, Ry )v<i1} ={Zy =1, (Zp)vr<t—1}
and under the assumption of model ED-HSMM, P(Z}; 144140 = |2y =

i, (Zp)er<1—1) is independent of (Z;/ ) <¢—1. Therefore,

P ((Zt41, Rey1) = (¢, 7")[(Zs, Re) = (3,7), (Zyr, Rer )pr<-1)
=P ((Zty1, Rewr) = (i',7)|(Ze, Re) = (i,7))

and (Z;, R¢)i>0 is Markov. Note that this property does not necessarily hold under the
less restrictive model Standard HSMM. O
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5

The Forward-backward Algorithm
with Matrix Calculus

The calculation of the probability of observations in a hidden Markov model
(HMM) knowing the parameters of the model can be done classically with the
forward or the forward-backward algorithm. Knowing that, we formalize the notion
of un-normalized heterogeneous Markov distributions (UHMD), as a tensor
associated with a joint distribution. We show how to map the joint distribution of a
HMM into an UHMD for computing the distribution of the observations after
marginalization over the hidden variables, and these algorithms correspond to an
elimination and marginalization algorithm, respectively, based on a series of matrix
X vector products on a tensor network. It leads to a complexity in O(T'K?) for
computing the normalizing constant and computing all unary marginals, where T is
the duration of the sequence, and K is the number of states of the hidden variable.
We show how the sparsity of the transition matrix allows us to decrease the
complexity of the calculation. We use this dictionary between a HMM and an
UHMD to extend within a common framework the evaluation of the complexity of
forward and forward-backward algorithms for a diversity of Markov-based models
with hidden variables. For multichain HMM (MHMM), it leads to bound the
complexity according to the type of couplings using or not the decomposition of the
transition matrix as a Kronecker product of univariate matrices. We use the
generative model for an explicit duration hidden Markov model (ED-HMM) to
rewrite it as an UHMD, to show that the transition matrix is sparse and show how the
sparsity can control the upper bound of the complexity of the forward-backward
algorithm. We present ways to possibly extend this approach toward some cases of
multichains HSMM. Finally, we show how such an approach can be adapted to
recover the Viterbi algorithm for finding the most likely state.

Chapter written by Alain FRANC.
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5.1. Introduction

In his seminal paper on HMMs, (Rabiner 1989, HMM,), Rabiner raised three
issues:

— How to compute the probabilities of the observations, the parameters of the
model being known?

— How to restore the most likely states of the hidden variables, the parameters and
observations being known?

— How to estimate the parameters of the model, the observations being known?

A fourth issues has emerged since, associating smoothing and filtering, which is
to calculate at any time ¢ the marginal distribution of each hidden variable, the
observations and parameters of the model being known up to ¢ for filtering, and up to
the end of the sequence in smoothing. All these issues are classically solved by
running forward or forward-backward algorithms (Rabiner 1989; Bishop 2006;
Murphy 2012). The first issue is solved by forward algorithm, the second by Viterbi
algorithm which is akin to the forward algorithm and the third one by EM algorithm,
whose E step is a forward-backward algorithm; the smoothing is solved by a
forward-backward algorithm and filtering by forward algorithm.

Since then, the family of Markov-based models with hidden variables has grown
into two directions: the development of hidden semi-Markov models (HSMMs),
presented in Chapter 1 (see references therein), and MHMM and multichain HSMM
(MHSMM) that are discussed in detail in Chapters 3 and 4 of this book. The issues
raised by Rabiner and the smoothing are relevant inference topics for each of these
models. The forward, forward-backward and EM algorithm have flourished with
these different guises, and are presented in Chapters 1 and 3 of this book.

They are presented for each model one after the other. Here, we propose a common
framework and, within this framework, a standardized procedure that provides a way
to write in a systematic way a forward and a forward-backward algorithm and an
evaluation of their complexity expressed as the number of products they induce. We
do not address explicitly the EM algorithm, even if its key step, the E step, is solved
by a forward-backward algorithm. However, the approach presented here will lead to
an estimate of the complexity of the EM algorithm. Therefore, we define the notion
of an UHMD. For a HMM or any of its extensions, we map the joint distribution of
the hidden and observed variables, where the observations are fixed, into an UHMD.
It is then easy to see that the forward algorithm is an elimination algorithm on the
UHMD, and the forward-backward algorithm is a marginalization algorithm on the
UHMD. These algorithms are simply a recursive use of a matrix X vector product,
one way for elimination and two ways for marginalization. Knowing the complexity
of the matrix x vector product, it is simple to evaluate the complexity of the forward
and forward-backward algorithms.
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This chapter is organized as follows. UHMD and elimination/marginalization
algorithms are presented in section 5.2, with some complements in section 5.3, which
will be useful when addressing issues on multichain models. The presentation of the
standard procedure is explained with the example of HMM in section 5.4, and
developed on MHMMs in section 5.5, on HSMMs in section 5.6 and for some types
of MHSMMs in section 5.7. Finally, we show in Appendix 5.11 how the Viterbi
algorithm can be read as an elimination algorithm on an UHMD for restoring most
likely hidden states, for each of these models (see as well Peyrard et al. 2019).

5.2. UHMDs, with elimination and marginalization algorithms

This section is the backbone of all calculations, which will be developed further.
We define the notion of UHMD, which is a tensor whose terms generalize a Markov
distribution. We then define an elimination and a marginalization algorithm on an
UHMD.

5.2.1. Un-normalized heterogeneous Markov-based distribution

Let T' € N* and denote 0 : 7" = (0,...,7) C N a succession of time steps. Let
(Z4)ten be a stochastic process indexed on t, with Z; € K, where K is discrete and
finite. We will denote |[K| = K, and assume that £ = {1,..., K} C N. We first
recall the definition of a Markov model (MM) in order to introduce the definition of
an UHMD.

DEFINITION 5.1.— Markov model.
(Z1)¢ is an MM if:
VtGl:T, ]P(Zt:Zt|Z():ZO7...,Zt_1:Zt_1)
= P(Zt = Zt ‘ Zt,1 = Zt71)~ [51]
An MM is defined by:
— an initial distribution, 7wy € R* with my[2] = P(Zy = 2);
— a transition matrix, A € R*** with A[z,2'| =P(Z; = z | Z;—1 = 2/).
Let m; € R* be the probability distribution of the states of Z; at time ¢: m[z] =

P(Z, = z). We have, recursively, 7; = A m;_1. This is the matrix calculus expression
of:

P(Zy=2)=Y PZi=2|Zi1=2)P(Zi1=2). [5.2]
z'ek
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Let us denote z = (zp,...,2r), with z € Q, = K™ and p(2) = P(Z = 2).
The joint probability of a sequence z in an MM is:

p(z) = Alzr, zr-1] - . . Alze, 2e-1] - . - Al21, 20] To[20]-

This is a normalized probability distribution (3, ., p(z) = 1), homogeneous
(all transition matrices are equal to A), and the matrix A is stochastic.

A multivariate distribution given by p(z) for z € €, defines a tensor T' (a
multiway array, here with 7" + 1 entries) whose indices are the discrete states
20, - - . , 7 and whose coefficients are:

T|zo0,-..,21] = p(2).

An UHMD is a tensor T" which generalizes the probability distribution p(z) of an
MM, such that the associated distribution is not normalized, the transitions matrices
depend on time ¢ and need not to be stochastic.

DEFINITION 5.2.— Un-normalized heterogeneous Markov distribution (UHMD).

An UHMD is a tensor of order T + 1, with dimension K on each entry t, if
there exists a vector g € Rﬁ and T matrices Aq,...,Ar € RYK such that each
component can be decomposed as:

Tlz0...21) = Arlzr, 2r-1] - - - A1[21, 20] mo[20]- [5.3]

To emphasize the link with heterogeneous Markov chains, we will sometimes
call a chain the tuple z = (zo,...,2r), which is a at the same time multi-index of
the tensor T" and a succession of states (z;)o<i<7. The coefficients of T' define an
(un-normalized) distribution in €2,. We sometimes will denote T'[z] := Tz .. . z].
We can assume that V ¢,V 2, 2.1 € K, Az, 2¢.—1] > 0, but it is not necessary.

5.2.2. Elimination algorithm

DEFINITION 5.3.— Normalizing constant.

The normalizing constant W of T is defined by:

W= T[]

z€Q,

It can be computed with the following algorithm, called the elimination

algorithm. We recall that V¢t > 1, m; = Aym_1, which can be developed as

me[24] = Zz_lzl Ailzt, ze—1]me—1]2t—1]- We can write by induction
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m = ApAi_q...Aimg until mp = A;...A;mg. This matrix product can be
developed componentwise as:

mle = > > Arlzn 2] Arfz, 2] molz0)-

zr—1=1 zo=1
Then
W= Z T[z] = Z Arlzr, zr-1] - - . A1]z1, 20]m0[20] = Z?TT[ZT],
z€Q, z€Q, ZT

which leads to the following pseudo-code:

Algorithm 5.1 Elimination algorithm ELIM() in an UHMD
I: input 7', K

2: input (At)lgtST with A; € R¥*K

3: input Ty € R¥

4: fort € {1,...,T} do

5. compute m, = A; w1 with  m[z] = ZZ,:I Az, 2 |me—1[7]
6: end for

7: compute W = 3", (2]

8: return W

PROPOSITION 5.1.— The complexity of the elimination algorithm for an UHMD is in
O(TK?).

PROOF.— The product A, 7,1 in line 5 of Algorithm 5.1 requires K ? multiplications
(A; € R¥*¥ 7,41 € RX). The number of such computations in the loop over ¢
starting at line 4 is T'. So, the complexity of the algorithm is in O(T K?). O

This algorithm will be used for writing the forward algorithm of several models in
a unified framework in the remaining chapter. Therefore, we present it as a function.

Algorithm 5.2 Function ELIM(T', K, (A¢)1<t<t, To) in an UHMD

1: fort € {1,...,T} do

2: Compute T = At Tt—1 with Tt [Z} = Zi’:l At [Z, Z/]ﬂ'tfl[z/]
3: end for

4 compute W =3, 7r[z]

5: return W

REMARK 5.1.— TK? is also the number of terms in the set of matrices (A;);, that
is, necessary to specify the UHMD: each matrix has K2 terms and there are T of
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them. We observe that, for all models studied in this chapter, the complexity of the
elimination algorithm is precisely the number of terms in the set of matrices, which
specify the UHMD. Indeed, each matrix A; is involved once and only once in a
matrix x vector product of complexity K2. This is true as well up to a constant for
the marginalization algorithm presented below, which is a double elimination: one
forward and one backward.

5.2.3. Marginalization algorithm
DEFINITION 5.4.— Unary marginal of an UHMD.

Let T be an UHMD. We call a unary marginal of T at time t for state z, and
denote m(t, z), the quantity:

mt,2)= Y T[]

zeK™1:zy=2

In the case of T being a probability distribution (i.e. A; stochastic and W (T') = 1),
itis equal to P(Z; = z). Marginalization algorithm is about computing simultaneously
all unary marginals of 7', with ¢ running over 0 : 7" and z over K. It is a double
elimination algorithm, one forward and one backward over the sequence z.

Let us recall it (see e.g. Murphy 2012, Section 17.4.3). We have:

m(t, z) = Z Arlzr, zr—1] - . . A1]z1, 20 To[20]

zeK™L : 2=z

Z AT[ZTa erﬂ e At+1[zt+17 Z] X

21y 2t 1
Bt (z)
Z At[27zt,1] ...Al[zl,zo} 7T0[Zo} . [54]
Zt—15e-+,20
a(z)
which can be summarized by:
m(t, z) = ag(z) Be(2). [5.5]

Both terms «;(z) and SB;(z) can be computed by recurrence on ¢ and all z with
an elimination algorithm, which enables us to compute efficiently all unary marginals
with a procedure akin to message passing.
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REMARK ABOUT NOTATIONS.— We notice that what we call o; here corresponds to
what we called 7; in the context of MMs and an UHMD: o, = 7;. However, we, keep
both notations 7 or a; according to the context: both are standard notations. We will
use systematically o in the context of HMM.

So oy = AtOét_l.
Similarly, from:
Bi(z) = z Arlzr, 2r-1] - Avpa [z, 2],
Zryee s 2t 41

we have

Biz) = Y| D Az ozl Avpalzie, 2] | Az, 2]

Zt41 2Ty 242

=Y Brr1(z41) Avga 241, 2] [5.6]

Zt41

= Z Apalz ze01] Berr (2e41)

Zt41

(A" is the transpose of A). If 3, is the vector in R¥ of coordinates f3;[z] for z € K,
we have:

Br = Apir Bt [5.7]

The initialization is made with 5, = 1.

From now on, we consider vector «; (respectively, (3;) whose component
agz] (respectively, [i[z]) is precisely o«;(z) (respectively, [:(z)). Then,
m(t, z) = aq[z] Bt[z], and we define:

m(t) = a; © By, [5.8]

where © denotes the Hadamard product (i.e. componentwise product). Here is a
visualization of the marginalization algorithm as a series of matrix x vector products
forT = 4:

@0 XA1 a1 XA2 Q2 XA3 as XA4 Q4

Ba xAj B3 xAj B2 xAj B1 x Aj Bo
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where the symbols ©® mean at any time ¢ that m(t) = oy ©® fr_¢ (visualized

. XA
columnwise) and, for example, oy —— «; means that oy = A;ay.

Here is the pseudo-code of the marginalization algorithm for an UHMD:

Algorithm 5.3 Marginalization algorithm MARGIN() in an UHMD
1: input T, K

input (At)lgtST with At € RExK

input 7y € R¥

set ag = g

fort € {1,...,T} do
compute o; = Ay a1

end for

set Br =1

forte {T'—1,...,0}do

10:  compute 3; = Aj, | Biy1

end for

12: fort € {0,...,7T} do

13:  compute m; = a; © Br_¢

14:  return m;

15: end for

R A A A T o

—
—_

PROPOSITION 5.2.— The complexity of the marginalization algorithm is in O(T K?).

PROOF.— Line 6 of Algorithm 5.3 requires K2 multiplications. The loop in line 5
repeats it 7' times. Hence, the calculations of all o; requires 7K 2 multiplications. The
same calculation can be made for computing all 3; from line 10 in the loop starting at
line 9, so 27'K 2 multiplications altogether. The Hadamard product in line 13 costs K
multiplications (one for each z), and it is done 7"+ 1 times in loop 12. The calculation
of all m; knowing the a; and S; costs (T + 1)K multiplications. The overall cost is
2TK?+(T+1)K ~ 2T K?. Hence, the complexity of the marginalization algorithm
isin O(T K?). O

This algorithm can be written as a function as well, with the vectors m(t) as

outputs, for use in a unified framework for writing the forward-backward algorithm of
the models studied in this chapter.

5.3. Complements on the complexity of elimination and marginalization
algorithms for an UHMD

Here, we present some complements which will be useful for multichain models.
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5.3.1. Multichain UHMD
DEFINITION 5.5.— Multichain Markov model.

An MM is called a multichain Markov model if its state space % is a product of
spaces, that is, % =K1 x ... x K¢.

Then,

ze = (20,...,25), with 2f€K., 1<c<C.
NOTATIONS.— The probability of a transition 2’ — z at time ¢ is written by P(Z; =
z | Z;—1 = 2'). It is written sometimes, when there are no ambiguities, p(z; | z¢—1).
The coefficients of the transition matrix are written A[z, 2’]. The row indices z and
column indices 2’ are tuples, that is, the indices are multiplexed. Finally, we denote
zo.r = (2o, ..., 21). For the sake of simplicity, and without loss of generality, one
assumes that for any ¢, K. := K.

The notion of multichain can be extended to multichains UHMD as follows:

DEFINITION 5.6.— Multichains UHMD (MUHMD).

An MUHMD is an UHMD T such that each element is identified by a set z.r
of multi-indices, with:

20w = (28,1 28), s (28, ..., 29) = (20, -+ ., 27).
An element indexed by zy.r can be decomposed as:
T[Zo, ceey ZT] = AT[ZT, ZT_l] .. .Al[Zl, 20]7'('0[20]. [59]

Each matrix Ay is a TT-matrix (see Oseledets and Dolgov 2012, for the notion of
TT-matrix). The chain c is the tuple z° = (2§, ..., 25).

Multiplexing/demultiplexing:  the multi-indices zg.r of T are said to be
multiplexed. It is possible to map zg.r onto a list of integer indices by demultiplexing
each z; for 1 < t < T. Then, the multi-index z; = (z},...,25) € K€ can be
demultiplexed as an integer index z; € {1,..., K} C N. For example, if C' = 2,
(2}, 22) € K? is mapped onto =z, € {1,...,K?} by
2, = K(z} — 1)+ 22 € {1,...,K?}. This can be generalized to C > 2 by
2 =1+4+¢_| K1(2¢ —1) (cisanindex in z{ and ¢ — 1 is an exponent in K¢~ 1).

By multiplexing/demultiplexing indices, an MUHMD with multi-indices can be
rewritten as an UHMD with integer indices, with state space %, with |.Z'| = K°€.
Then, the elimination and marginalization algorithms can be run, yielding a
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complexity in O(TK?), since K* = (K)2. Hence, we have the following
proposition:

PROPOSITION 5.3.— The complexity of the elimination or marginalization algorithms
on an MUHMD is in O(T K?C) if the multi-indices are tuples of C' elements each in
K with |[K| = K.

This exponential growth with C' of the complexity makes it very easy to hit the time
wall when the algorithm is run. However, there exists situations where the complexity
of the algorithms can be significantly decreased. Let us mention two of them which
will be presented:

— when the transition matrix is sparse (most of its coefficients are zero), presented
in section 5.3.2;

—when, in the multichain case, the MUHMD can be decomposed as a
product, which means that the chains of the MUHMD are independent, presented
in section 5.3.3.

5.3.2. Sparsity

The expression O(TK?) of the complexity of elimination or marginalization
algorithm comes from the term matrix x vector product in a; = A;a;—1 (line 6, and
the same for 3, line 10, in Algorithm 5.3). If A, € RX*K and o, € R¥, the product
Ay requires K? multiplications. This is a plain consequence of the I%eneral setting
of a matrix x vector product y = Ax developed as y; = > j—1 @ijxj. The
complexity (number of multiplications) is the number of terms a;;;, that is, of terms
a;;. Having a term a;; equal to zero decreases by one the complexity. Let us denote
by # A the number of non-zero terms in A. Then, the complexity of the calculation of
y = Ax is in O(#A), where # A can be lower than K?2. Classically, a sparse matrix
is a K x K matrix such that the number of non-zero terms is in O(K). For example,
a permutation matrix is a sparse matrix. The identity matrix is a sparse matrix. Here,
we adopt the convention that a sparse matrix is a ' x K matrix such that the number
of non-zero terms is in O(K7) with 1 < « < 2. If A; is such a sparse matrix, the
complexity of the calculation of oy = Aycy—1 isin O(K7).

For each pair (7,7) such that a;; = 1 or a;; = —1, no product is involved in
a;;x; = +x;, and the complexity of the calculation of y = Ax is decreased by one.
So, we extend the definition of # A as the number of terms a;;, which do not belong
to {—1,0,1}. For example, if A is the identity matrix I, #I = 0, and the calculation
of y = Iz requires no multiplication: the complexity is 0 (indeed, y = ).

If the UHMD is homogeneous, that is, all matrices A; are equal to the same matrix
A, it suffices to check the sparsity of A. But for a general UHMD, the sparsity of A,
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must be checked and the quantity # A; evaluated at each time step t. We have the
following proposition:

PROPOSITION 5.4.— In an UHMD, in the case of distinct matrices A; for1 <t < T,
the complexity of elimination or marginalization algorithms are in (’)(Zzzl #A),
where # Ay is the number of terms in Ay which are not in {—1,0,1}.

We call sparsity the value of 1— %. The higher the sparsity, the sparser the matrix.

5.3.3. Independence between chains in an UHMD

Independence is presented for two chains for sake of clarity of notations, knowing
that extension to C' chains is straightforward. A bivariate UHMD is an MUHMD with
C = 2, and is a tensor T such that:

Tlzo,...,21] =
Az, 27), (211, 7220 - Aul(21, 20), (25, 28)] molzg, 23], [5.10]
1,2

with zg = (28,22), ..., 20 = (21, 22).

DEFINITION 5.7.— Multichains UHMD with independent chains. The chains
2l =(24,...,2 ) and 2% = (22, ..., 2%) are called independent in MUHMD T if:

— there are two sets (A})y and (A?); of K x K matrices such that, for any time t
withl <t<T:

At[(ztlv th)a (Ztl—la Z?—l)} = A% [Ztla Ztl—l] X Atz[ztzv ZtQ—ﬂ; [5.11]

— there are two distributions (m}, w3) such that |z}, 28] = wh[21]m3[23).

This can be written more compactly A; = A} ® A? and my = wé ® 7r(2) , where
® denotes the Kronecker product between matrices or vectors. We then have, by
reordering the products:

T[zo,. .., 21
= (Arler, 714 - Al 2] molz0]) x (Afler, z124] - ARl 20] o [20])
=T',..., 2] T?[23, ..., 23]
where
TC[25, - - -, 25] = Aflzy, zr-1] - - . AT[21, 6] mo[2g], c=1,2.

Then,
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PROPOSITION 5.5.— Let T be a bivariate UHMD with chains z' = (23,...,2}) and
2? = (28,...,22) being independent. Then, the complexity of the elimination and
marginalization algorithms on T is in O(TK?) instead of O(TK*) if they were not

independent.
PROOF.— Indeed:

W(T) = ZT[Z();T] Zo:T € IC2(T+1)
Z0:7
_ Z Tl[zl}TQ[z2] zl,zQ c KT+

z1, 22

(Eme) ()

— W(T) W (T?).

Both T'! and T are monochain UHMD. So, the complexity of the computations of
W (T') and W (T?) are each in O(T K?). Then, the calculation of both costs 27 K2
products, and the computation of W (T') is in O(2T'K?). For C independent chains,
itis in O(TCK?). The same can be shown for the marginalization algorithm, which
is a double elimination algorithm. (|

5.4. Hidden Markov model

A HMM is defined in Chapter 1 (Section 1.2.5). We recall here the main notations:
— the hidden variables are denoted Z;; their state space is I, with || = K;
— the observed variables are denoted Y7; their state space is S with |S| = S;
— the initial state of the hidden variable is 7, with mg[2] = P(Zy = 2);
— the transition matrix for hidden variables is denoted A, with:
Alz,2'|=P(Zy =2z | Z4—1 = 2');
— the emission matrix is denoted B, with:

Bly,z| =PY; =y | Z; = 2).

The parameters of the model are § = (mg, B, A). If 2 = (20,...,2r) € K™ and
y = (%,...,yr) € S™, the joint distribution is:

p(z,y | 0) = Blyr, z1]Alzr, 204] ..
o Blys, zt)Alzt, ze-1] - . . Bly1, z1)Alz1, 20] Blyo, zo]mo[z0].  [5.12]



The Forward-backward Algorithm with Matrix Calculus 155

We show here how elimination (respectively, marginalization) algorithms on an
appropriate UHMD, which will be given below, are the mirror of the forward
(respectively, forward-backward) algorithm on a HMM. This leads to the answers to
the three questions raised in Rabiner (1989) recalled in the introduction and
smoothing, that is, design the forward and forward-backward algorithm, estimate
their complexity and project the result as an estimate of the complexity of EM
algorithm.As far as naming things is concerned, the elimination algorithm is referred
to as the forward algorithm in the context of HMMs, and marginalization as the
forward-backward algorithm in same context. We will use one or other of the names,
depending on the context. We start with the forward algorithm.

5.4.1. Computing the probability of the observations

We are interested in computing p(y | 6), which is the probability of the
observations knowing the parameters of the model, also called likelihood, and solved
with the forward algorithm. We have:

py) =Y p(zv), [5.13]
zeQ),
(we drop the conditioning by the parameters of the models, because they are fixed

throughout this section). We consider that the observations are fixed.

As y is fixed, and following equation [5.12], one can define for each time ¢ a matrix
Ay € REXK py:

Ailze, ze—1) = Blys, ze) Alze, 2e-1)- [5.14]
Then
p(z) y) = AT[ZT7 ZT—l] e At[zt7 Zt—l] e Al [217 ZO]Wé[ZO]v [515]

with 7[z0] = B[yo, 20]m0[20]. This defines an UHMD A whose coefficients .A[z] for
z € (), is the RHS of equation [5.15]. A is called the UHMD associated with the
HMM defined by 6 = (A, B, ). The following observation is simple, and is the key
for using the UHMD approach.

PROPOSITION 5.6.— p(y) is the normalizing constant of A.

PROOF.— Indeed:

p(y) = Z Ax[zr, zr-1) - .- Aglze, 2e-1] - - - A1 21, 2076 [20]
zekKT+1
> Al [5.16]

zeKTHL

W(A). 0



156 A Comprehensive Guide to HSMM

As p(y) is the normalizing constant of the UHMD A, it can be computed with the
elimination algorithm (Algorithm 5.2, section 5.2.1) as follows:

Algorithm 5.4 Computation of p(y) for a HMM with algorithm ELIM()

input A € R¥*X, B c R>*K 1 ¢ R¥,y € ST, T € N
# preparation: building UHMD A
compute 7, € R¥ such that 7([20] = Blyo, z0|m0[20]
fort € {1,...,T} do
compute A; € R*** s.t. Ay[2y, 20-1] = Blys, 2] Al2t, 2¢-1]
end for
# elimination with Algorithm 5.2
compute W = ELIM(T, K, (A¢)t, 7))
return W

R AN U e

REMARK 5.2.— There are two steps in this algorithm that have been identified as a
comment: the preparation phase that builds the matrices (A;); of the UHMD knowing
the parameters of the HMM and the observations, and the elimination phase, which is
simply Algorithm 5.2 run on the UHMD A (recall that T, K, (A;)+, 7, define A). This
two-phases structure for building a solution will be used for all the models studied in
this chapter.

PROPOSITION 5.7.— The complexity of the calculation of p(y) knowing the
parameters 0 is in O(TK?).

PROOF.— This is a direct consequence of the use of Algorithm 5.2 in line 8 of
Algorithm 5.4. The preparation costs SK? multiplications: for any pair (2, 2’), one
computes By, z]A[z, z'] with S different values of y. In general, S < T O

5.4.2. Smoothing and EM algorithm

Smoothing is the calculation of P(Z; = z | y,0) for any z € K and any ¢ with
0 <t < T. It can be calculated by (dropping 6 which is fixed):

ZZGQZ Pze=2 p(z, y)

PZi=zly)= > plzly) = o

zZEQ, 1 z1=2

As the joint law p(z,y) can be written as an UHMD (see equation [5.15],
m(t,z) = >,.. _, p(2,y) can be computed with the marginalization algorithm
(Algorithm 5.3). This allows us to compute all marginals m(¢, z) for 0 < ¢ < T and
z € K. Selecting a t and summing up over z; leads to the computation of p(y). This
leads to the following proposition.
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PROPOSITION 5.8.— The calculation of P(Z; = z | y,0) for any z € K and any t
with 0 < t < T (smoothing) can be done with the application of the marginalization
algorithm on the UHMD A associated with the HMM (A, B, mo). Its complexity is in
O(TK?).

The marginalization algorithm can also be used to compute binary marginals as
in the E step in EM algorithm for parameter inference given the observations. These
calculations are not detailed here (see Chapter 1, Appendix 1.10 for the presentation
and calculation of EM algorithm for a HMM). Their complexity is in O(T'K?) from
the general result on an UHMD and the size of transition matrices A;.

The elimination algorithm is known as the forward algorithm in the context of
HMMs. However, often, the algorithm used for computing p(y | 6) is the
forward-backward algorithm. The latter is the marginalization algorithm. One reason
for this is that it allows us to compute all marginals, and once all marginals are
known for a given ¢, it is very simple to recover the quantity p(y | ) by summing up
over the values of z;. So, it is possible to have more with a very small effort by using
the forward-backward algorithm.

5.4.3. Presentation of the general approach

The approach developed in this section for different issues in inference of a HMM
can be transported to address the same issues in different Markov-based models with
hidden variables, such as multichain models or HSMMs. The approach is summarized
here, step-by-step, and will be applied in following sections.

Inputs: we are given:

— a transition matrix A in the hidden layer;

— an emission matrix B;

— an initial state 7 for the hidden layer;

— a sequence of observations y.

Steps: the steps of the general approach are as follows:

1) To write the joint distribution p(z,y) as a factorization involving A, B, mo. It
has the form, in general:

p(z,y) = <H B[yt,zt]A[Zt,Zt—ﬂ) Blyo, zo]mo[20]

but it can be more complicated due to the structure of dependencies of observations.
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2) To compute all matrices Ay, for 1 <t < T. It has the form, in general:
At [Zt7 thl] = B[yh Zt]A[Zt7 ztfl]v

but it can be more complicated, and the initial distribution 7}[20] = By, 20]m0[20]-

3) To define an UHMD A, as a tensor of order T" + 1, with coefficients:

.A[Zo, ey ZT] = AT[ZT7 ZT,1] . A1 [Zl, Zo} 7'('6[20].

Applications for some inferential issues: A being known from (T, K, (Ay)¢, 70):

— The computation of the probabilities of the observations given the parameters of
the model is done with the elimination algorithm on .A.

— The restoration of the hidden state (computation of the most likely state)
knowing the observations and the parameters of the model can be done by the
Viterbi algorithm, which can be done as an elimination algorithm on .4 known as
the max-prod algorithm (see Peyrard et al. 2019, and section 5.11).

— The smoothing can be done by applying the marginalization algorithm on A.

— The inference of the parameters knowing the observations is classically done
with the EM algorithm. This algorithm is an iteration between an E step and a M step.
The E step is the most complex, and includes a computation of binary marginals on
the distribution defined by an UHMD A("™) updated at each step. Its complexity can
be evaluated by the complexity of the marginalization algorithm on A.

5.4.4. Sparsity of the transition matrix

Let us recall that the sparsity of a matrix A is defined as ¥(A) = 1 — %. The
terms in UHMD A are a product of terms of distinct matrices A;, and the complexity
of the elimination algorithm is in O(>",_, #A4;). If we compute it naively, one must
evaluate # A; at each time step ¢ with 1 < ¢ < T'. Here, we show that the sparsity of
each matrix A; is at least equal to the sparsity of A.

PROPOSITION 5.9.— If A, the transition matrix between hidden variables, is sparse,
then the sparsity of any matrix Ay is bounded below by the sparsity of A (Vt, L(A¢) >

Y(A)), and the complexity of the elimination and marginalization algorithm for A is
in O(TH#A).

PROOF.- Indeed, the terms of matrix A, can be written as (see equation [5.14]):
Ailze, ze—1) = Blys, 2] Alze, 2e—1)-

It can be seen immediately that, if A[z:, z:—1] = 0, then A¢[z¢, z:—1] = 0. And the
sparsity of A, is the same as that of matrix A. It can even be larger if Bly;, z;] = 0. O
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It is possible to go one step further and show that the sparsity of A controls the
complexity of the EM algorithm. However, when running the EM algorithm, A is not
known: it is inferred by the EM algorithm as an output. So, the sparsity of A means
here the sparsity of the initial value of A or A(?). There exist situations where some
transitions 2’ — z are known to be impossible. Then, the coefficient A(°)[z, 2’| can be
set to 0. We show here that, in such a situation, it will be null for any iteration (m), or
Vm >0, A™[z, 2] = 0.

PROOF.— We follow the calculation of A(™*+1) knowing A given in Chapter 1
(Appendix 1.10) to prove that if A7 [z, z,_1] = 0, then A+ V|2, 2, 1] = 0. Let
us note that the o and (; defined in this chapter at each iteration m are the same as
those defined in equation [1.20] in this appendix. At each step m, there is a transition
matrix A(™) for the MM of the hidden variables. What we denote here A(™) (24, 2¢—1]

is denoted as a]!_ . in this appendix, as in equation [1.21]. A+ s computed

in M step with A(™ D[z, 2'] being proportional to the sum 31, 7™ [z, 2/]. Bach
%(m) [, 2'] is proportional to A(™)[z, 2'] (see equation [1.24] in the appendix). Then,
if A[z, 2] = 0,4™[z,2/] = 0, and A"V [z, 2] = 0. It is then easy to show by
induction that A(™ [z, 2] = 0 for any m if A [z, 2] = 0. O

Then, we have the following proposition:

PROPOSITION 5.10.— The complexity of EM algorithm with initial value of A being
A©) is bounded by O(T#A©).

PROOF.— The sparsity of matrix A(®) is propagated to all matrices A, and

consequently to all matrices Agm) in E step of EM algorithm. The complexity of the
marginalization algorithm at each iteration m is in O(T#A). O

This will prove to be useful for MHMM, where the transition matrix A can be
sparse. Let us mention that, if it is not sparse, the exponential growth of the number of
coefficients to estimate will be discouraging. Only sparse large matrix lead to efficient
inference algorithms.

5.5. Multichain hidden Markov models

In this section, we show how the general approach presented in section 5.4.3
can lead to defining the forward and forward-backward algorithm on MHMMSs, and
evaluating their complexities.

NOTATIONS.— We recall and complete the notations for an MHMM. The individual
chains are identified by their label ¢ € {1,...,C'} C N. The state space of hidden
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variables for chain c is denoted as /C.. The (multivariate) hidden state at time ¢ is
denoted as z;, with:

_ 1 c C c
2o = (2 200y 20 ) zi € K.

For the sake of simplicity of notations, we assume that without loss of generality
the spaces K. are the same for all chains: V¢, K. := K. Then, z; € K€. The series of
hidden dates (all chains, all times) is denoted as zg.;. There are O observations, each
in the same space S for the sake of simplicity with |S| = S. The same notations can
be adopted for observations: an observation y; at time ¢ is a tuple in S°. The series of
observations for all chains and all times is denoted as yg.r.

5.5.1. General MHMM

The most general case is called general MHMM and is defined in Chapter 3,
section 3.2.1. The definition is recalled here.

DEFINITION 5.8.— General MHMM.
— The hidden layer consists of C'—dimensional variables: Z; € K°.
— The observations consist of O—dimensional variables: Y; € S°.

—(Z, Y1) is Markovian.

(z¢,y1) € Q = KE x 8°, with |Q] = K©S° denoted as N. The transition matrix
denoted as Ag € RN*N (G as subscript for general) is defined by:

Asl(z,9), (2, y)) =P(Zi=2Y, =y | Zi1=2"Y1=v'). [517]

It has multiplexed indices, N rows and N columns, and it is also denoted as
p(z,y|2Y).

Computing the probability of the observations

It is straightforward to apply the general procedure presented in section 5.4.3 to
general MHMMs.

The joint law can be written as:

p(zO:TayO:T) =
AG[(ZT7 yT)a (zT—la yT—l)] cee AG[(zl7 yl); (207 yO)] 7"8 [ZO7 yO] [518]

where 75|20, yo] is the probability of the initial state of (zg, yo).
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If the observations are fixed, it is possible to define at each time t with 1 <t < T
a K¢ x K€ matrix AF with multiplexed indices as:

Aflze, zi-1] = Ao[(ze, yt), (-1, Ye-1)],
and a vector 7j) € R with multiplexed indices:
mo[20] = mo[20, Yo-
Then, from [5.18], yo.r being fixed:
p(zo1, Yor) = AS[zr, 20-1] ... AS[21, z0] T)[20]- [5.19]
This allows us to define an MUHMD with multi-indices zo.r and coefficients
Ag[z0.1] defined by:

Acslzor] = AS[zr, zr-1] ... Af[z1, 20] T)[20)-

Then, p(yo.r) is the normalizing constant of 4; and can be computed by
Algorithm 5.1. Here is the forward algorithm, adapted for most general cases of
multichains HMM:

Algorithm 5.5 Computation of p(yo.r) for a general MHMM with algorithm ELIM()
input K,C,S,0,T, N = K°S°
input Yo:r = (y07 s >yT)
input A € RN*N with elements A[(z,y), (2',y’)] for z,2’ € K  and y,y’ € S°
input 7 with elements 7y [(z, yo)] for zp € K€
# preparation
fort e {1,...,T}do
compute A, € R ¥ gt A, [2t, ze-1] = Al(zt, Yt), (Ze—1, Yt—1)]
end for
compute ), € R with 7)[z] = 7o[(z, yo)] for each z € R¥
# elimination
compute W = ELIM(T, K€, (A;)s, 7))
return W

R A A ol S

—_ ==
N e 2

PROPOSITION 5.11.— The complexity of the forward and forward-backward
algorithms for a general MHMM is in O(T K>°).

PROOF.— This is a direct consequence of the use of the elimination algorithm in line
11 of Algorithm 5.5. There are no multiplications in the preparation phase. U

Similarly, the unary marginals m(¢,z) = P(Z; = z | Yor = yo.r), whose
calculation is called “smoothing”, can be computed using Algorithm 5.3, yielding an
upper bound in O(T K*¢). The estimation of the parameters knowing the
observations can be done with the EM algorithm, whose complexity is in step E
which is a marginalization. Its complexity is in O(T K2°) as well.
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5.5.2. A hierarchy of models

Particular cases of the general MHMM have been defined in Chapter 3
(section 3.2) corresponding to different independence assumptions. The
forward-backward algorithm and its complexity for these particular cases are studied
here using the UHMD approach. Each term of the general matrix Ag of a general
MHMM can be decomposed as the product of the term of an emission matrix
denoted as B and the term of a transition matrix denoted as A:

Aol(z,y), (2", 9)] = Bly. (2, 2",y Alz, (2, 9/)]. [5.20]

Conditional independence: MHMM-CI

A factorization assumption of conditional independence of z; (respectively, y;)
relatively to z,_; (respectively, vy;—1) has been introduced in Chapter 3
(Section 3.2.2), such that each of the matrix A and B is written as:

o

Bo[ytoa (Zt, Zt—1, yt—l)L
! [5.21]

Ac['ztc» (ztfla ytfl)]'

Blys, (2, 2¢—1,Y1—1)] =

o

|
:jn

Alze, (ze—1,Yt-1)]

c=1

These are equations [3.4] and [3.3] of Chapter 3. This is called an MHMM-CI. It
is possible to define an MUHMD A" with coefficients indexed by zo.r as:

A% z0:1) = AT 21, 2021 - .. A [21, 20] T)[20),

with

Aj' [z, 2] = (H B°lyy, (zt,zt1,yt1)]> (H Al (Zthytl)]>
(H By, zt_1]> (1‘[ e zt_1]> : [5.22]

with

{Aﬂzfvzt—l] = A°[zf, (201, Yt-1)]
BYlzi, z-1] = B°[y?, (21, 261, Ye—1)]-
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Then, we have the following proposition:

PROPOSITION 5.12.— The complexity of the MHMM-CI model is in
O(T(C + O)K*°).

PROOF.— We can apply the general approach presented in section 5.4.3 and apply the
elimination or marginalization algorithm on A", As #A" = K?2C, the complexity
of the elimination algorithms is in O(T K?2°). To get the complexity of the forward
or forward-backward algorithm of the MHMM-CI, one must add the complexity of
the preparation phase, which is implementing the calculation of equation [5.22]. This
costs C' + O products for each term A$'[2;, z;_1], and there are T K2 of them. This
leads to a complexity in O(T(C + O)K?°). O

To the best of our knowledge, there is no known way to use the factorization
[5.22] of A§' to decrease the complexity of the elimination algorithm on the UHMD
in full generality for an MHMM-CI. However, we will see below that, for some
types of couplings between chains defined in Chapter 3 (section 3.3), the matrix
AS" is a Kronecker product, a situation which significantly decreases the complexity
of elimination and marginalization algorithms, as it means that hidden chains are
independent conditionally to the observations.

5.5.3. Correspondence between hidden and observed variables:
1to1-MHMM-CI

Let us consider further assumptions leading to the 1tol-MHMM-CI, presented in
Chapter 3 (section 3.2.3):
-C=0.

— Each observation is attached through an emission at time ¢ to one hidden variable
at time ¢ and one only (a one to one correspondence).

Then, we can label the observation o with the same label ¢ as the one of the hidden
chain to which it is attached. Equation [5.22] can be written as, yo.r being fixed:

C

Af‘[zt, zt—l] = H Bf[zt, Zt_l]Aﬂzf, zt—l]- [523]

c=1

This allows us to derive the elimination algorithm, and evaluate its complexity, for
the MUHMD with coefficients indexed by zg.r as follows:
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Algorithm 5.6 Elimination or forward algorithm for a 1tol-MHMM-CI
I input 7, K, C

2 input A¢, Bf for 1 <t < Tand 1 < ¢ < C, with Af, Bf € R,
3 input my € RY ) 7g[z] = P(Z) = 2)

4: # preparation

s:forte{l,....T} do

6:  compute A" € R¥ <K

7: with A"z, 2,1 = [[oo, Bflze, ze—1) Af[25, 2ze—1]

8: end for

9: # elimination

10: compute W = ELIM(T, K€, (A", o)

return W

—
—_

PROPOSITION 5.13.— The complexity of the forward and forward-backward algorithm
for a 1tol-MHMM-CI is in O(TC K*°).

PROOF.— The complexity of the elimination step is in O(TK€) by direct application
of the evaluation of the complexity of the elimination algorithm (see Algorithm 5.2).

As there are T' time steps in the preparation phase (loop on line 5 of Algorithm
5.6), with 2C' — 1 multiplications for each of the K2¢ terms in A{'[z;, z;_1] at each
time step (line 7), this leads to a cost of T'(2C — 1) K2¢ multiplications.

Altogether, preparation and elimination phases lead to a complexity in
O(TCK?®). Let us note that the complexity of the preparation phase is higher than
the complexity of the elimination phase.

As the forward-backward algorithm is simply a double elimination algorithm, one
forward and one backward, the complexity of the forward-backward algorithm is in
O(TCK?®). This allows us to evaluate the complexity of the smoothing and E step
in EM algorithm. O

Then, the complexity of the forward algorithm (and the forward-backward
algorithm) for the 1tol-MHMM-CI is the same as for the general MHMM up to the
extra cost of the preparation phase. However, some situations have been identified in
Chapter 3 (section 3.3.1) where the complexity of the EM algorithm is decreased to
O(TCK?). We will show that these situations correspond for the forward or
forward-backward algorithm to the possibility of writing matrix A", of dimension
K€ x K€, as a Kronecker product of C' matrices of dimension K x K.
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Four different geometries of coupling

These geometries correspond to situation (a), (b), (c) and (d) in Chapter 3
(section 3.3). We have (see equation [5.23]):

C

Af'ze, 2e-1) = H Bz, z1]Af (2], ze—1].

c=1

Let us consider the graphical representation of dependencies of the MHMM. Let
us assume now that at any time ¢ and for any chain c, the arcs emitted from the hidden
variable z;_; are toward variables in the same chain only, that is, toward z{, y§_; or

y¢ only: there are no arcs emitted toward ztcl, yfl or yfl_l with ¢ # c. Then, we can
write (where — means: is simplified to):

Bilze, ze-1] = Bilzf, 2 4]
Aflzf s zea] = Afler, 2]
For B¢, let us recall that:
Bilzt,ze 1] =PV =y | Zt = 2, Z1-1 = 241, Yio1 = Yi—1).

All arcs arriving at Y,° and emitted from a hidden variable Zf/ or Zle are emitted
from the same chain, and ¢’ = ¢. So Bf [z, z:—1] — B{[z¢, 2f_1]- The same reasoning
applies to A¢ for arcs arriving at z{, and A{[z7, zi—1] — Af[zf, z5_,]. We then have
(where indices of A" are multiplexed):

C

AEI[(Ztl’ ce Zf)v (Ztlfh tr Ztcfl)] = H Btc[ztc’ Ztcfl]Ag[Ztc’ Ztcfl]v
c=1
which can be written as:

C

AtCI[(Ztla o 'aztc)v (Ztl—lv e 'aZtC—l)] = H(B;tj GA;&:)[Zthzf—l]v

c=1
where © is the Hadamard product. From this, we see that chains z¢ are independent
as:

C
A7 = Q)(Bf © A5). [5.24]

c=1
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The elimination or forward algorithm now is as follows:

Algorithm 5.7 Elimination or forward algorithm for a MHMM with independent
chains

1: input T, K, C
input Af, Bf for 1 <t <Tand 1< ¢ < C, with A, Bf € R**¥,
input 75 € R for1 <c¢ < C
# loop on all chains
force {1,...,C} do

# preparation for chain c

fort e {1,...,T}do

compute M = By ® Af

end for
10:  # elimination for chain c
compute W¢ = ELIM(T, K, (M), 7§)
12: end for
13: compute W = [[._, W¢
14: return W

R AR

—
—_

PROPOSITION 5.14.— The complexity of elimination algorithm for a Itol-MHMM-CI
with C independent chains is in O(TCK?).

PROOF.— Per chain, the elimination algorithm, line 11 of Algorithm 5.7, requires 7 K2
products, and the preparation step, line 8, TK? products. So, 2T K? products are
required for one chain, for preparation and elimination steps. As there are C' chains,
the complexity of the whole algorithm is in O(T'CK?). O

This allows us to recover the results of Chapter 3. Indeed, Figure 3.6 of Chapter 3
presents the four cases (a)-(d), where it can be seen that in cases (a) and (b), all arcs
starting from a chain ¢ = 1 or ¢ = 2 point to a variable in the same chain, whereas
in case (c) it points to the observation of another chain, and in case (d) to a hidden
variable of another chain. This implies that the complexity for cases (a) and (b) is in
O(TCK?) and for cases (c) and (d) the complexity is in O(T'C K 2), as presented in
Table 3.1 in Chapter 3 for EM.

5.6. Hidden semi-Markov models

HSMMs are a generalization of HMMs, in which the hidden layer is a
semi-Markov model (SMM). All questions addressed by Rabiner (1989) and
smoothing can be addressed for HSMM (see Chapter 1 where these inference issues
are well developed, and references therein). We start from the observation that a
SMM, which is defined by indexing jumps, can be written as an MM in calendar time
with relevant auxiliary variables (for the generative model, see Chapter 4,
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section 4.2). It follows that a HSMM can be mapped on a HMM, and the general
approach derived for a HMM in section 5.4.3 can be applied to a HSMM.

The definition of the general HSMM is given in Chapter 1, section 1.2.2. We recall
here the main notations, which will be used in this section:

— The hidden layer is an MM (J,,, X,,11),, where n € N* indexes the jumps, J,,
is the new state at jump n and X, the sojourn duration in this state.

— The multiplexed transition matrix of (J,,, X,,11) is denoted as A;:
AJ[(.jv E) ) (l7d)] = P{Jn = ja Xn-i-l =/ | Jn—l = Z?Xn = d} [525]
— The emissions are modeled by an emission matrix B such that:

Bly,z] =P(Yi =y | Z; = 2).

— The initial hidden state is given by:
7T0[7;7d] = ]P(J() = i,Xl = d)

5.6.1. General SMM as an MM in calendar time

Let us assume that X,, € D* with D* = {1,...,D} C N, with D possibly
infinite (in such a case, D* = N*), and that J,, € K with |K| = K. The state space
of the chain (J,, X;,41)n is K x D*. If D = +o0, or D* = N*, we may need
to consider summations involving an infinite number of terms, which could make
proving convergence difficult. To avoid this situation, and keep the state space finite,
we assume that D < +oo for the rest of this chapter. Then, a state is a pair (¢,d) €
K x D*. We define as well D = {0,..., 7T — 1} C N.

We map here a general SMM into an MM in calendar time, using the trick of
auxiliary variables R; and E}, presented in Chapter 4 (see as well Barbu and Limnios
2008). We have:

Rt = mdin {d eN ‘ Zt+d+1 # Zt}, Et = mdin {d S N* ‘ thd # Zt}
When the chain is in state Z; = z at time ¢, R; is the remaining time, that is, the
time remaining until the next jump (counted as O if the jump occurs at £ 4 1), and E;

is the elapsed time, that is, the time elapsed since the previous jump, counted as 1 at
time ¢.

The following proposition has been shown in Chapter 4, section 4.2: if (Z;):
follows a general SMM, then (Z;, R;, E}); follows a MM. We denote Az the
multiplexed transition matrix of this MM in calendar time, with:

Azel(zt, 7t €t), (Ze—1,T8—1, €4—1)]

=P Zi =z, Ri=ri,Ey=e | Zi1 =21, Re1 =141, B = €4-1).
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NOTATIONS.— We denote C = K x D x D*. We have (2,74, ¢;) € C,and |C| = KD?.
Then, the dimensions of Az are K D? x K D2 We denote » = (rg,...,7) and
e = (eg,...,er). We denote Qz; = C™1. Then (2,7, €) € Quge.

We show that matrix Agzg is sparse, which will be useful for estimating the
complexity of elimination and marginalization algorithms.

PROPOSITION 5.15.— The matrix Ay is sparse, and # Az = K?D?, instead of
K?2D* for a full matrix of the same dimension.

PROOF.— The sparsity comes from the impossibility of changing the state .J,, between
two jumps. A jump n occurs at time ¢t if r,_; = 0 and e; = 1. In such a case, we
set the correspondence z;—1 = jp—1 = @, 2t = jn = J, €4—1 = X, = d and
ry = Zpy1 — 1 = £ — 1 between indexing with calendar time and with jumps. Then,
the jump n at time ¢ modeled by terms of matrix A, is from (j,—1 = 2¢—1, Zp = €1—1)
to (jn = 2t,Tpe1 =14 + 1), and:

Azrel(2e,7¢,1), (2e-1,0,e¢-1)] = As[(2e, 7 + 1), (2e—1, €4-1))-

If ¢ does not correspond to a jump (r;—; > 0), the only possible transition is from
(zt—1,7t—1,€1—1) t0 (2¢—1,7¢—1 — 1,e;—1 + 1): the state Z does not change, and the
counters R and E are updated with r, = r,_1 — 1 and e; = e;_1 + 1. Its probability
is one. All other transitions have a null probability.

This fully specifies matrix Azgs. The terms not in {0, 1} are indexed by (z,7,1)
for the rows and (2’, 0, ) for the columns, with z, 2’ € I, » € D and e € D*. There
are KD x KD = K?D? such terms (ignoring that z # 2/). O

5.6.2. General HSMM in calendar time

Rewriting the MM (J,,, X,,4+1), indexed by jumps as an MM (Z;, Ry, E); in
calendar time allows us to map a general HSMM into a general HMM with the
following parameters:

— The transition matrix Azg of the hidden layer is defined by:

AZRE[(Zt»Tt;et)a (thlathl,etfl)] =

P(Z; =z, Ry =r, By = et | Zy 1 = 21, Re1 =11, Bpo1 = e41). [5.26]
— The initial state of the hidden layer is:

mo[20, 70, €0] = P(Zy = 20, Ro = 70, Eo = €9). [5.27]

— The emission matrix is:

Bly,z] =P(Y, =y | Z; = 2). [5.28]
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The joint law between hidden and observed layers P(Z, R, E,Y") is given by:

PZ=z,R=r,E=¢eY =y)
= B(yr, 21) Aze[(zr, 7, €1), (-1, 70-1, €0-1)] - ..
- B(yr, 21) Azgs[(21,71, €1), (20, 70, €0)] B[yo, 20] mo[20,70, 0] [5.29]
To simplify the writing, we will denote, for example:
p(z,re,y) =P(Z=z,R=r,E=¢Y =y),

and the same for other related distributions. We are now in the framework of HMM,
and we can develop the approach presented in section 5.4.3. We present it based on the
example of elimination algorithm for computing the probability of the observations.

5.6.3. Computing the probability of the observations

We wish to compute the probability of the observations y knowing the parameters
of the model (Azgg, B, ), that is, to compute:

Z p(z,y) = Z p(z,r,e,y). [5.30]

z€Q, (2,7,€) €U
Let us define for any ¢, y being fixed:
A%RE[(Z:&, Teset), (26—1,7Tt—1,€4-1)]
= By, 2t] Azwe[ (20,715 €0), (z0—1,70-1, €0-1)]- [5.31]
Then
p(z,r,e,y) = A% (21,71, €1), (211, Pr—1,€1-1)] - - -
o AT%®[(21, 71, €1), (20, 70, €0)] TH[20, 70, €0, [5.32]
with
7020570, €0] = Blyo, 20] mo[20, 70, €o)-

We build a MUHMD A,z with multiplexed indices, the coefficients of which
Azze[(z, 7, e)] are given by the RHS of [5.32]. This leads to the following proposition:

PROPOSITION 5.16.— The complexity of the forward and the forward-backward
algorithm for a general HSMM with T time steps, sojourn duration bounded by D
and state space of hidden variables with cardinality K is in O(T (K D)?).
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PROOF.— The forward algorithm on a general HSMM, with parameters (Azxg, B, 7o)
for the corresponding HMM in calendar time, is the elimination algorithm (Algorithm
5.1)on Azgg. As # Azpe = K2D? = (K D)2, the complexity of the forward algorithm
of a HSMM is in O(T'(K D)?). The same for the forward-backward algorithm, which
is a double forward algorithm. (]

REMARK 5.3.— We will see next that different types of models may lead to different
evaluations of the complexity of the forward, forward-backward and EM algorithms.
We notice that, for the general HSMM, # A,z = (K D)? is the number of terms
in A; which is a KD x KD matrix, that is, the term in the complexity of forward
and forward-backward algorithms for Markov chain (.J,,, X;,+1),. This leads to the
more general hypothesis that, for all models derived from the general HSMM, the
complexity of elimination and marginalization algorithms in calendar time (Markov
chain (Z;, Ry, E})+) for a HSMM is the same as for the SMM (J,,, X;,41)n-

5.6.4. Particular cases of HSMM

Particular cases of HSMM are presented in Chapter 1 (section 1.2.2), namely,
standard HSMM and ED-HMM (see Chapter 1, section 1.2.4). We show here how
the evaluation of the complexity of the forward and forward-backward algorithm as
complexity of the elimination and marginalization algorithm on an associated UHMD
can be adapted to each situation. Therefore, we start from the proposition 1 (Chapter 4)
briefly recalled here:

— for the General HSMM, (Z;, Ry, E;); is Markovian;

— for the standard HSMM, (Z;, E;); is Markovian;

— for the ED-HMM, both (Z;, R;): and (Z;, E;) are Markovian.

This suggests that the complexity of the forward and forward-backward algorithms
for standard model and ED-HMM are lower than for the general model. To show
it, one can write the respective transition matrix (Azgg, Aze, Azz) of each MM in

calendar time of the hidden variables, evaluate its sparsity and conclude with the
UHMD approach. Let us present this approach for the ED-HMM.

5.6.5. Explicit duration hidden Markov model
The transition matrix of an ED-HMM as a Markov model indexed by jumps is
expressed as follows:
A0 ()] = P(Xnsr = €| Ju = ) x P(Jy = j | Juy = ). [5.33]

Neither the new state J,, at a jump nor its sojourn duration X, depend on the
sojourn time X, in state .J,,_1. Knowing that, we denote (see Chapter 1):

hj(g) = P(Xn—&-l =L | In = J)a Pji = P(Jn =J | Jp—1= l)
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Then:

AJ[(j7 £)§ (Ld)] = hj(g) Dyji-

Proposition 1 in Chapter 4 shows that (Z;, R;); is Markovian. Here, we build the
transition matrix of this Markovian model.

PROPOSITION 5.17.— The hidden layer of an ED-HMM, as an MM in (J,, X 11)n,
can be mapped into a calendar time MM with variables (Zy, Ry) only.

PROOF.— Let us denote it A, that is:
Aze[(zt,71), (ze—1,me-1)| = P(Zy = 2, Re = 1 | Zy 1 = 2021, Reo1 = 1421).
A jump occurs at time ¢ when r;_; = 0. We then have:
Aze[(2z6,7¢), (20-1,0)] = hey (e = 1) Py -

If r,_1 > 0, the only possible transition is from (z;—1,7:—1) to (z¢—1,7:—1 — 1),
that is, variable Z does not change and the counter R is decreased by one unit.

All other transitions have a null probability, and this specifies the matrix A,z. O

We develop now the same approach as for the general HSMM. Therefore, some
details will be omitted. We define the K D x K D matrix A7® by:

A%R[(ztv rt)v (thlv 7"t71)] = B[yt, Zt]AZR[(Zta Tt)» (thl» thl)]~

Then, y being fixed, the joint law p(z, r, y) is defined as:

p(z, r, y) =
A (zr,7m1)s (2r—1,71-1)] - - - AT%[(21,71), (20, 70)] Blyo, 20]m0[20].  [5.34]

We define an MUHMD Ay the coefficients of which A“*[(z, )] are multiplexed
and given by the RHS of [5.34]. This leads to design an algorithm for the forward
(respectively, the forward-backward) algorithm on an ED-HMM: these are the
elimination (respectively, marginalization) algorithm on Az, that is, Algorithm 5.1
(respectively, Algorithm 5.3).

This leads to the following proposition:

PROPOSITION 5.18.— The complexity of the forward and forward-backward
algorithm for an ED-HMM with T' time steps, D as maximum sojourn duration in any
state and K as cardinality of the state space of the hidden layer, is in O(T K2 D).
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PROOF.— Following the general approach of section 5.4.3 leads us to evaluate the
complexity of these algorithm as O(T# Azg). Az is sparse. The only terms that are
not equal to either O (an impossible transition) or 1 (a compulsory transition) are those
related to a jump. These terms are Azg[(z¢,7¢), (2¢—1,0)]. There are K (K — 1)D of
them (K (K — 1) and not K2 because z; # 2;_1). However, we approximate # A, ~
K2D. O

5.7. Multichain HSMM

A MHSMM is a set of interacting HSMMs. The family of MHSMMs includes
different types of interactions between chains. To study this, we can map the
semi-Markovian hidden layer into a Markovian chain with auxiliary variables R; and
FE,. A state at time { is:

(z¢,71,€1) = ((ztl,...7ztc),(rg,...,rtc),(e%,...,rg)).

As a consequence of the definition of R; and E}, a jump occurs at time ¢ on chain ¢
if, and only if, {_; = 0. If not, the state z{ remains unchanged. A consequence of this
choice, which is not the only possibility, is that once a sojourn duration X , ; has been
selected for a chain c at jump n, it will not change along its course. In Chapter 4, other
types of multichain SMM have been defined, with another approach, the instantaneous
risk, where the sojourn duration in one state for one chain can be affected along the
course of its realization by the state of other chains. In other words, here, for a chain
¢, the interaction with other chains will occur at a jump only, where the choice of
the new state and its sojourn duration will depend on the states of the other chains as
well. There is an interaction with other chains at a jump, and independence from other
chains between jumps.

We denote by J-MHSMM (J for “at jumps”) the family of MHSMM for which
interactions occur at jumps only. This family is rich, because it combines the different
cases of HSMM presented in Chapter 1 and the different cases of MHMM presented in
Chapter 3. Here, for presenting an example of the application of the UHMD approach,
we select the 1to1-J-MHMM-CI model of Chapter 3 with a hidden semi-Markov layer.
We call it 1to1-J-MHSMM-CIL

5.7.1. 1to1-J-MHSMM-CI

DEFINITION 5.9.— Itol-J-MHSMM-CI.

A Itol-J-MHSMM-CI is composed of:
— a hidden layer composed of an MM with C' chains, with states (z¢, T+, €:)t;

— an observations layer, composed of C chains as well (y;)+;
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— a distribution of the initial state my[zo,T0,€0] = P{Zy = z9,Ro = 7o,
Ey=eo};

and the dynamics:
— (Z4, Ry, Ey)+ is an MM with a factorized transition matrix:

C

ACI[(zt7 Tt, et)) (ztfla Tt—1, etfl)] = H A(le[(ztca T§7 @?), (Zt717 rffla egfl)] [535]

c=1
because of conditional independence, detailed below;

— emission from the hidden variables Z, to observations Yy are modeled by a set
of matrices (B€). with:

C

Blys, (20, 1)) = [ [ Blyf, (20 21-1)]

c=1
with
Bly;, (2, 2e-1)| = P(YS =y | Z) = 2,241 = 21-1).
Dynamics of the hidden Markov layer: at time ¢, for any chain c: (i) If the transition

is not a jump, that is, if r{_; > 0, then the state z;_; does not change and (r§_;,ef_;)
are updated as counters:

c __ C c__ ¢ c__ ¢
2t = Z—1 ry =711 — 1, e =€+ 1L

(ii) If ¢ corresponds to a jump, that is, rf_; = 0, the new state z{ and the sojourn
duration r{ in this new state are updated according to:

AC[(ZtCa T?v 1)7 (Zt—h 07 eg—l)] =
P{Zy =2 Ry =1, By = 1| Zy—1 =21, R{_, =0, E{_, = ej_,}
and z; # 2z} 4.
They depend not only on (zf_,€ef_;), but on all states at time ¢ — 1 of all chains
c # c, that is, on z;_1. They do not depend however on sojourn durations E,{‘/_1 and
R?Ll with ¢/ # ¢ of other chains. To simplify the calculations in what follows, we

make now the assumption that for any chain ¢, and any time ¢, the observation yf
depends on z{ only. We then have:

B(yi, 2) = P(YS = wi | 27 = 2)).

General approach with an MUHMD: we have now all the elements to build an
MUHMD, leading with the general procedure presented in section 5.4.3 to formalize



174 A Comprehensive Guide to HSMM

the forward and forward-backward algorithm and to evaluate their complexities. The
only difficulty is to chose clear notations. We define from equation [5.35] the matrices
AS! by:

AtCI[(Ztartaet)7 (thlﬂ“tfhetq)] =
C

H Belyi, z] Aal(=, i, ef), (ze—1,mi_1, €f_1)]. [5.36]
c=1

So, we define the MUHMD A with multiplexed indices (z;,7,e;) by, if
Ty = (zt7rt7et)

A, ... xo] = A @y, 1] - . AT [0, o] 7o 0] [5.37]
Then, we have the following proposition:

PROPOSITION 5.19.— Let (Z;, Ry, E;,Y:): be a 1tol-J-MHSMM-CI. Let z € K,
r € D; e € D*, with |K| = K and |D| = |D*| = D. Let us have C interacting chains
and T time steps. Then, the complexity of the elimination or marginalization step in
the forward and forward-backward algorithms is in O(T(K?D?)°).

PROOF.— The approach is similar to the one presented in Algorithm 5.6 and
proposition 13 on MHMM with conditional independence. The algorithm to compute
W with the forward algorithm can be organized in two parts: first a preparation phase
to compute A" knowing the matrices A¢, according to equation [5.35], and second
computing the normalization constant W with the elimination algorithm on the
UHMD built from A“'. This latter part has a complexity in O(T#A).

We focus on the evaluation of the complexity of the elimination algorithm, that
is, the evaluation of #A°. A% is a K¢D?® x K°D?¢ matrix, and so has K2¢D*C
terms. However, it is sparse. The reason is twofold: (i) for any chain ¢, the choice
between remaining in same state or having a jump does not depend on the other chains,
but on r{_; only, and (ii) the transition matrix for a monochain HSMM is sparse.
Let us categorize the transitions (2%, 7', e’®) — (2, r¢, e°) for chain ¢ into three
categories: jumps (2¢ # 2/¢,r’¢ = 0), stability (2¢ = 2’,r’¢ > 0), or impossible.
Let us have a multiplexed row index ¢ = (z, 7, e) and a multiplexed column index
j = (2/,7,€') of A°". We have to evaluate the number of pairs of multi-indices
[¢, 4] for which the coefficient A'[Z, §] is non-zero. Therefore, because of [5.35], one
must have AS [(2¢, 7, e%), (2/,r'¢,€’)] # 0 for any c. This means that the transition
for chain ¢ modeled by A¢, must be either a jump, or a stability. Let us evaluate the
number of distinct multi-indices [(2¢, ¢, e°), (2/,1/¢,€?)] with 2¢ € K; 2/ € K
r¢, 7' € D and e, ¢’° € D* for which it is the case.

z' can take K¢ values. Let us fix one value for z’. A jump (2/¢,7'¢,¢/¢) —
(2¢,7r¢, e) is such that z¢ # 2¢, v’ = 0 and e® = 1. The indices fulfilling these
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conditions in A¢, are [(2¢ # 2'°,7%, 1), (2',0,€°)]. 2’ being fixed, that is, 2’® as well,
there are a = (K —1)D? of them (K —1 values for z¢, D for ¢ and D for ¢¢). Stability
is modeled by 7' > 0 and indices [(2¢ = 2/¢, 7, €%), (2/,r'® — 1,€’® + 1)]. There are
b = D? of them, z¢ being fixed through z’. This is however an overestimation of
the number of indices associated with stability, because one must have r¢ + e¢ < D
as well as 7'¢ + /¢ < D. This leads to an overestimation of #A°". Let us note that
a = b(K — 1). The set of multi-indices [¢, j] with 2’ fixed such that A“'[Z, j] is
non-zero is denoted £,/ and its cardinality #A'|,,. As there are C' chains, and as
the occurrence of a jump or of stability is independent between chains, £|./ can be
partitioned into non-overlapping sets of s multi-indices corresponding to stable chains
and C' — s corresponding to chains with jumps, with 0 < s < C'. So, we have:

< (c

CI _ s C—s

#A |z/_§%<s> ba
= (a+b)° = (B(K — 1) + b)° = (bK) = (KD?)".

Finally, as there are K¢ different values for z’, we have:
#ACI — Kc #ACI|z/ — (KQDQ)C.

Hence, the complexity of the elimination or marginalization algorithm on A is in
O(T(K?2D?)°). O

5.7.2. Multichain ED-HMM with conditional independence

In this section, we sketch this approach for a multichain ED-HMM without giving
details (see Chapter 1, section 1.2.4 for the formalization of an ED-HMM). We restrict
ourselves to 1tol multichains ED-HMM (there are as many observed variables as
hidden variables and y; depends on z{ only), with conditional independences of the
z¢ and rf (on transition and emission, see Chapter 3). The interactions between chains
occur at a jump only. The transition matrix of the hidden layer in calendar time is
denoted Agp. Itis a (K'D)® x (K D) matrix. At a jump at time ¢ for chain ¢, we have:

App[(24,71), (26-171-1) HA (z5,79), (ze—1,75_1)]
Ben [y, 24 = HBSD[ththC]

= Af"[(ze, 1), (ze-171-1) HB lvi s 2t 1A [(2f, 7)), (Ze—1, 7E1)]-

This allows us to define an MUHMD AED whose coefficients are:
AED[(ZO:Ta TO:T)] =

AP [(zr, ), (211, 71-1)] - . - AT°[(21, 1), (20, 70)] T0[20, T0]-
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It can be shown that # A = (K?D)¢ with a reasoning similar to the proof of
proposition 19. So, we have the following proposition:

PROPOSITION 5.20.— The complexity of the elimination (respectively,
marginalization) step in the forward (respectively, forward-backward) algorithm for
a Itol multichain ED-HMM with conditional independences and where interactions
between chains occur at jumps only is O(T(K?2D)°).

5.7.3. Different geometries of coupling

Let us mention without further details that the geometries of couplings between
chains proposed in Chapter 3 (section 3.3) for 1tol-MHMM-CI can be transposed in
a straightforward way to similar geometries of coupling between 1tol J-multichain
ED-HMM or 1tol1-J-MHSMM-CI. It suffices to replace the hidden variable z; by the
pair (z¢, 7). There is an arc from variable zfl_l to z{ in the graphical representation

of dependencies of the semi-Markov chains if, at a jump at time ¢ for chain c, z,‘fl_l is
part of the conditioning of z;. More generally, we can as in section 5.5.3 distinguish
the cases where an arc emitted by zf_; is toward a hidden variable or an observation
in same chain ¢, or toward another chain ¢’ # c. When the arcs are emitted toward
the same chain, hidden chains are independent conditionally to the observations, and
the complexity is dramatically decreased. A table similar to table in Chapter 3
(section 3.5) for complexity of EM algorithm for 1tol-MHMM-CI can be built, and
this is left to the reader (complexities are in O(TCK?D) for cases (a) and (b), and
in O(T(K?D)¢) for cases (c) or (d)).

5.8. Conclusions and perspectives

In this chapter, we have elaborated on some models with hidden variables
presented and studied in Chapters 1, 3 and 4 to propose a unified framework for
designing forward and forward-backward algorithm for each of them, and calculate
their complexities, as well as the complexity of EM algorithm. We have defined
therefore an algebraic structure, called an UHMD, which is a tensor with coefficients
built from the joint law of hidden and observed variables once the observed variables
have been fixed. We have shown that the forward algorithm is the elimination
algorithm on the UHMD, and the forward-backward algorithm is the marginalizatoin
algorithm on it. The unified approach consists of two steps: (i) a preparation phase
which consists of writing the UHMD, and (ii) running elimination or marginalization
algorithm on it. This allows us to show that the complexity of the forward and
forward-backward algorithm for a given family of models are the same because the
complexity of the elimination and marginalization algorithm on the associated
UHMD are the same. They may however differ through the complexity of the
preparation phase. This can be extended to the complexity of EM. This has been
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extended to multichain models and applied to HSMM using their generative HMM
models in calendar time to which one can associate an UHMD.

This chapter develops the UHMD approach on a diversity of models. The main
results (some classical, some not published to the best of our knowledge) for the
diversity of studied models are presented in Table 5.1 (7" is omitted in this table).

Model Complexity
HMM K*
multichain HMM (K?)°
independent chains CK*>
General HSMM (KD)?
ED-HMM K?D
ltol CIJ-multichain HSMM| (K*D?)°
Itol J-multichain ED-HMM | (K?D)¢

Table 5.1. Complexity of main models

One can identify some regularities when comparing the complexity of monochain
or multichain models:

— For a HMM, the complexity is in K2 for a monochain, and in (K?)¢ for a
multichain.

— For a general monochain HSMM, the complexity is in (K D)2, and in ((K D)?)¢
for 1to]l multichain models with conditional independence.

— For a ED-HMM, the complexity is in K2D, and in (K2D)¢ for a multichain
ED-HMM.

This is well understood: it is in # A where A is the Markovian transition matrix,
as a general property of algorithm 5.1 on the associated UHMD.

We can observe that the complexity of the general HSMM follows a similar
pattern, that is, #A;, where A, is the transition matrix of the hidden Markov chain
(Jny, Xnt1)n of the semi-Markov model. Indeed, K D is the cardinality of state space
IC x D* of the hidden Markov chain. So, the complexity of a HSMM with transition
matrix A; is in #A;. We have shown this result for some models by working model
by model with the associated generative Markov model in calendar time. A
perspective is to show that it as a general result. If this hypothesis is true, it is
expected that the complexity of the multichain general HSMM with interactions
being at jumps only is in O(T(K?D?)°). A well-identified difficulty (see Chapter 4)
is that it is hopeless to formalize an MHSMM as a Markov model with variables J;
and X: at a jump in chain c, it is impossible to know the states of the other chains in
the absence of a reference calendar time. However, it is possible to write a model for

each chain ¢ with Markovian variables (J;, X}, ;)» where the new state (J;, X}, )
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at jump n depends on all states J; of all chains at the calendar time ¢ of jump in chain
c, as a generative model (knowing X[, at each jump allows us to connect the
indices by jump with indices with calendar time). This deserves further studies.

5.9. Notations

Definition Notation Domain
Space of the hidden variables K CN
Cardinality of the space of hidden variables K N*
Space of hidden variables monochain, all times Q, Kt
Space of the observations S CN
Cardinality of the space of observations S N*
Space of observations, monochain, all times Qy ST
Number of chains in the hidden layer C N*
Number of distinct observations, multichain 0] N*
Maximum sojourn time D N*
Hidden state, monochain, one time
random variable T K
realization 2t KK
Hidden states, monochain, all times z Q,
Hidden state, one chain, one time zf K
Hidden state, all chains, one time Zt Ke
Hidden state, all chains, all times Z0:1 e +n
Remaining time T D={0,...,D—1}
Elapsed time et D*={1,...,D}
Observations, monochain, one time Yt S
Observations, monochain, all times Yy Qy
Observations, one chain, one time yi S
Observations, all chains, one time Yt S°
Observations, all chains, all times Yo:t Sor+1)
UHMD A (R¥)®TT1
Transition matrix, HMM, hidden layer A R¥*K
Factor ¢ in an UHMD A RX*K
Emission matrix B RS %X
Transition matrix of a General MHMM Ag RKXKS
Transition matrix of a general HSMM
Markov chain (Jy, Xo41)n A, R¥P>KP
Markov chain (Z;, R, E+)+ Az RXD? XKD

Table 5.2. General notations

Table 5.2 recalls the main notations of the chapter. Below are some remarks about
slight differences in notations between this chapter and Chapters 1, 3 and 4.
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1) If a is a vector, the coordinates of a will be denoted either a; or a[i]. If A is a
matrix, they will be denoted a;; or A[i, j].

2) The transition matrices A, Ay, .. . in this chapter are columnwise stochastic, that
is, Alz,2'] = P(Zy41 = z | Zy = 2’), whereas in Chapters 1 and 3 they are row-wise
stochastic (A[z, 2| = P(Zi41 = 2' | Z¢ = 2)).

3) The state space of (hidden) variables is denoted /C here, and €2, in Chapters 1,

3 and 4. Here, €0, denotes the state space of the whole time series, that is, Q, = ™1,

4) The initial hidden state of a HMM is denoted 7y, and not 7 as in Chapter 1.
The reason is that the approach in this chapter is based on the recursion formula 7, =
Amy_q starting with m; = Am.
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5.11. Appendix: Viterbi algorithm and most likely state

The Viterbi algorithm is presented here as an appendix, because its first step is a
forward algorithm, which can be read as an elimination algorithm on the UHMD
associated with the transition matrix, but in a semi-ring, and often referred to as
max-product algorithm (see Peyrard et al. 2019; Murphy 2012, section 17.4.4).
Knowing that allows us to incorporate it into the UHMD approach, to derive it for all
models for which such an approach is relevant.

The Viterbi algorithm is an algorithm for HMM that computes the most likely
trajectory of hidden variables knowing the observations and the parameters of the
model. Let z = zy.r and y = yo.r. We are looking for:

z" = argmax p(z | y).
z
Asp(z,y) = p(zly) p(y), we have:
z* = argmax p(z,y).
z

which we will evaluate now.

Let (A, B,m) be a HMM with transition matrix A between the hidden states,
emission matrix B and initial hidden state my. We have seen (equation [5.15] in
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section 5.4) that the law of the hidden variables z, the observations y being fixed,
can be written as an UHMD:

p(z,y) = [ Arlzr 2] - Adlz, 2] - Ax[21, 20]mg 0], [5.38]

t=1
with 7 [z0] = Blyo, 20|70[20], where:
Ailzt, 2e-1] = Blyt, 2] Alze, z-1], 7'[20) = Blyo, z0] molz0].  [5.39]

Let A be the UHMD with coefficients .4[z] being the RHS of [5.38]. Viterbi
algorithm amounts to computing the largest term in .A. To do this, a second UHMD,
denoted as Ay, will be defined, with operations + and x having been changed.

5.11.1. UHMD in a commutative semi-ring

With this change, computing the largest term in A can be solved by running an
elimination algorithm on .Ay. The UHMD Ay is built on a semi-ring that we specify
here, following Peyrard et al. (2019). Let us note that the inverse operations
(substraction and division) in the field R appear neither in the definition of an UHMD
nor in the matrix x vector products of the elimination algorithm. Operations + and x
only are involved. This means that the algorithm can be implemented in any
commutative semi-ring. A commutative semi-ring is a set R endowed with two
commutative operations ¢ and ©, such that:

— @ is associative a®b®c)=(a®b)Bdc=adbdc
— @ has an identity element 0 a 0 =0® a =a
— (@ is associative a@beec)=(a0b)oOc=aGboc

— O has anidentityelementl a ®1=10a=a
— @ is distributive over & a®b®c)=(a®b)®(a®c).

It is denoted (R, ®, ©®).

Let A be a matrix in R¥*¥ and 7 a vector in R¥. The matrix x vector product
7' = A® 7 in R is defined by, componentwise:

K
vi,j, '] = P (Ali, 5] o w[]) .
j=1
Let Ay be an UHMD, defined by:
.AV[Z(), ey ZT] = AT[ZT, ZTfl] ®... @At[zt, Zt,ﬂ ®... @Al[zl, Z()] @7‘(‘0[20] [5.40]

Then, we can observe the following proposition.
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PROPOSITION 5.21.— The elimination algorithm presented as Algorithm 5.1 can be

used in a commutative semi-ring (R, ®,®) to compute the normalizing constant of
UHMD A,:

W(Ay) = P Avlzl.
z€Q,
PROOF.— It relies on the distributivity of © over @, and can be written as follows:

Algorithm 5.8 Computation of the normalization constant W in (R, ®, ®)
1: input T, K
2: input (At)lgtST with A; € R¥XK
3. input 7y € RX
4 fort e {1,...,T} do

K

s computer, = A, Om_1 st mlz] = @D (At[z,z’] ®7Tt_1[z’]>

2=

6: end for
7: compute W = @ mr|2]
zeK
8: return W
5.11.2. Setting the problem =

Let A be the UHMD associated with p(z,y) (the observations y being fixed)
whose terms are:

Alz] = [ Arler, 2021 . Adlze, 2-1] - Ax[21, 20 [20].
t=1
We are looking for the state z* for which A[z] is maximal:

z* = argmax Z|[z]. [5.41]
z€Q,

This will be done in two steps:

D) find M = max A[z];
z€Q,

2) find z* such that A[z*] = M.

Step 1 is done with an elimination algorithm, and step 2 is called the traceback.
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5.11.3. Computing the probability of the most likely state

A simple solution can be found by remarking that the operations & = max and
©® = x confer to R = R U {—o0} a structure of commutative semi-ring. Indeed, we
have:

max(a, max(b, ¢)) = max(max(a,b),c) = max(a,b,c)
max(a, —o0) =a
a max(b, ¢) = max(ab, ac)

(the fact that ® is associative and has an identity is here obvious). So,
(RU{—0c0}, max, x) is a semi-ring (—oo has been introduced for this purpose as an
identity for & = max). Note that we still need to use ©® and not X in the product
matrix ® vector because it involves @ in y; = @];:1 ai;x; in calculation of y = Ax.

Let us explicit the matrix ® vector product in this semi-ring. Let R = RU {—o0},
A€ R***andm € R*. Letnw’ = A®m € R*. Then:

K

P Al 5] © =lj])

= max ((Afi, ]l | 1< j < K.

m'[i]

[5.42]

We have the following proposition:
PROPOSITION 5.22.— The elimination algorithm in (RU{—oo}, max, x) can be used
Sor computing M = max,cq, Alz|. This is a forward algorithm, and is the first step
of Viterbi algorithm.

PROOF.— The algorithm can be written as:

Algorithm 5.9 Computation of the highest likelihood M with Viterbi algorithm
I: input T, K

2: input (At)lStST with A; € R¥*K
3: input Ty € R¥
4 fort e {1,...,T} do
5. computem; = A; 1 st Vz, mifz] =  max {At[z,z’] ﬂt_l[z’]}
<z’<K
6: end for
7: compute M = max {m[z]}
1<z2<K

8: return M
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5.11.4. Recovering the most likely state

This gives M the probability of the most likely state. Here, we show how to recover
the most likely state itself (i.e. the state z* € €, such that A[z*] = M). The idea
is to trace the index yielding the maximum in the calculation presented in line 5 in
algorithm 5.9, and then trace back all choices of indices at each step ¢. Let us present
it in a simple example, with 7" = 2, hence 0 < ¢ < 2. We have:

Alzo, 21, 22] = As[22, 21] A1[21, 20] mo[20]-

We are looking for (zg, 21, 22) such that A[zg, 21, 22] is maximal. The elimination
algorithm can be written as:

max {AQ [22, 1] A1[21, Zo] mo [ZO]}

20,%1,22

= max {AQ[z2, 21] [HE:X [A1]z1, 20] 70 [ZO]} }

22,21

= max {max |:A2[22, 2] (rrgf)mx [A1[z1, 20] 70 [ZO])] },

zZ2 Z1

which leads to the following algorithm, associating the elimination step and the
traceback, and is Viterbi algorithm on this example:

Algorithm 5.10 Viterbi algorithm: elimination and traceback
1: input Ag, Al, Ay

2: input 7

3: —— elimination algorithm to compute M

4: forz; € {1,..., K} do

5. compute 7 [z1] = max {Al[zl, 20] 7o [zo]}
z0

6: end for

7: for zo € {1,...,K} do

8: compute 7o [2’2] = max {A2 [22, Zl] T [21]}
z1

9: end for

10:

M = max ma[22]
z2

—
—_

—— traceback to compute z

12: select z5 = argmax ma[22]
Z2

13: select 27 = argmax As[z3, z1] 71 [21]
z1

14: select z§ = argmax A; [z}, zo] mo[20]
z0

15: set z* = (25, 27, 23)

16: return M, z*
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This concrete example can be extended to any UHMD with 7" > 2. This allows us
to derive the Viterbi algorithm for all models presented in this chapter, and some
others, such as the HMM, MHMM (different guises), HSMM (different guises) and
J-MHSMM, for which the general approach presented in section 5.4.3 can be
deployed.
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6

Controlled Hidden Semi-Markov Models

This chapter is dedicated to controlled hidden semi-Markov models (HSMMs).
The objective is no longer to reconstruct hidden states or to estimate the model
parameters but to design the best sequence of decisions in order to minimize some
cost function depending on the whole trajectory of the process. In particular, we
consider that all model parameters are fully known. We first provide the mathematical
framework for sequential decision-making for fully observed Markov chains, called
Markov decision processes (MDPs), in the simple case of discrete time and discrete
state spaces. Then we will turn to extensions of this basic model in the case of hidden
information (or partially observed MDPs), and to the more general class of controlled
hidden piecewise deterministic Markov processes (PDMPs) that encompasses both
hidden information and Markov or semi-Markov dynamics in continuous time and in
continuous state spaces. The main concepts are illustrated using the Squirrel toy
models with codes available at https://github.com/orlross/phdnotebook/tree/main.
This chapter is a shortened version of Cleynen et al. (2025) that focuses on the links
between HSMMs, MDPs and PDMPs.

6.1. Introduction

HSMMs have emerged as powerful tools for modeling systems with latent
structures and discrete dynamics. They offer an elegant framework for analyzing
temporal processes where transitions between states are governed by probabilistic
rules, with sojourn duration following general distributions. While much of this book
has focused on HSMMs in discrete time and their extensions, including the coupling
of multiple chains, the extension to continuous time opens up a broader spectrum of
possibilities and challenges.

Chapter written by Alice CLEYNEN, Benoite DE SAPORTA, Orlane ROSSINI, Régis SABBADIN
and Amélie VERNAY.
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To set the stage, we begin with a foundational overview of MDPs. We are interested
in problems where, at each time step, a decision-maker acts on the Markov chain
by selecting actions that influence its dynamics and generate some reward or cost.
MDPs provide a formal structure for such sequential decision-making in stochastic
environments. We then present extensions of MDPs, such as partially observed MDPs
in the case of hidden information.

Building upon this foundation, we introduce PDMPs as a natural extension of
HSMMs into continuous time. PDMPs are characterized by deterministic trajectories
punctuated by random jumps, allowing for a hybrid model that seamlessly integrates
deterministic evolution with probabilistic events. These models are particularly well
suited to describe systems where some Euclidean variables evolve according to
deterministic dynamics until a random event triggers a transition to another behavior.
In many applications, transitions occur between some hidden discrete states, while
the Euclidean variables are observed through noise and in discrete time. Examples
include systems in physics, biology and engineering, where abrupt changes are
superimposed on continuous evolution. We also discuss how PDMPs can very
naturally encompass semi-Markov dynamics and generalize HSMMs to continuous
time and space.

The chapter then focuses on the impulse control of PDMPs, which involves
making punctual decisions at decision-maker-chosen intervention times to optimize a
given objective function. It is the continuous-time counterpart of MDPs. To address
the impulse control problem for PDMPs, we demonstrate how these models can still
be formalized within the MDP context. This connection provides a powerful
analytical and computational toolkit for solving optimization problems associated
with PDMPs. Throughout the chapter, the notions are illustrated on an adapted
version of the Squirrel toy model introduced in Chapter 1.

The chapter concludes by discussing how the interplay between discrete and
continuous decision-making frameworks opens new pathways for research and
applications. By bridging the discrete-time HSMM framework and the
continuous-time PDMP framework, we not only enrich the theoretical landscape but
also enhance the practical applicability of these models to real-world systems
requiring control strategies.

For convenience, tables of notation are provided at the end of the chapter in
section 6.6.
6.2. Markov decision processes

MDPs provide a robust framework for modeling scenarios where sequential
decisions are made in the presence of uncertainty. The objective is to determine an
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optimal sequence of decisions that maximizes rewards or minimizes costs, while
accounting for the probabilistic evolution of the system. At each step, a
decision-maker observes the current state, selects an action and receives feedback
based on that action, with the system transitioning probabilistically to the next state.

MDPs belong to a class of stochastic control problems that originated in the
1950s (Bellman 1958; Howard 1962). Comprehensive treatments of the subject can
be found in foundational texts such as Puterman (1994) and Boutilier et al. (1999).
Their ability to model complex, dynamic systems has made MDPs indispensable
across a wide range of applications, from robotics and finance to healthcare and
artificial intelligence.

The versatility of MDPs in capturing stochastic dynamics and optimizing
sequential decisions has led to their adoption across diverse fields, such as
engineering, computer science, economics and other social sciences, making them a
valuable tool for researchers and practitioners alike. In robotics, MDPs have been
employed for tasks such as navigation and control (Chanel et al. 2013).
Conversational agents and dialogue systems have leveraged MDPs to model and
optimize human—machine interactions (Levin et al. 1998; Young et al. 2013). The
medical field has witnessed numerous applications of MDPs, including modeling
disease progression and treatment planning for conditions like Alzheimer’s disease
(Hoey et al. 2010), HIV (Keneally et al. 2016) and diabetes (Roy et al. 2018). MDPs
have also been used in clinical decision-support systems for critical care (Schaefer
et al. 2004).

In this section, we delve into the formal components of MDPs, including states,
actions and cost functions (section 6.2.1), while also introducing the concept of
policies, which determine the action selection process (section 6.2.2). Unless
otherwise stated, we consider finite spaces for both actions and states. We then
introduce the partially observed case (section 6.2.3) and discuss the mathematical
and numerical resolution of MDPs (section 6.2.4).

6.2.1. MDP definition

Informally, a MDP can be thought of as a Markov chain over a state space {1z that
evolves over a horizon of T time steps, where transitions are influenced by actions
chosen in a set A by a decision-maker. The decision process can span a finite or infinite
number of time steps 7', depending on the problem at hand.

The stochastic transitions between states are governed by a transition probability
matrix P. The associated costs of these transitions are captured in a (possibly
time-dependent) cost function or table ¢, which quantifies the immediate cost
associated with each state-action pair.
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The formal definition of a MDP is as follows.

DEFINITION 6.1 (MDP).— A MDP is defined by a tuple (7, A, T, P, c) where

— the state space )y is the finite or countably infinite set of all possible states in
the environment;

— the action space A is the finite set of actions that the decision-maker can take;

— the horizon T is a positive integer (or positive infinity) counting the number of
time steps;

— the transition matrix P describes the probabilities of transitioning, at any time
step 0 < t < T from a state z; € Qz to another z;11 € Qyz after taking a specific
action ay € A. Transition probabilities satisfy the Markov property:

P(Zi41 = 2e41120 = 20, Ao = a0, -+, Zy = 2, Ay = ay)

=P(Zit1 = 2e41| 2t = 20, Ay = ar) = P(2e41|20, ar);

— the cost function ¢ : Q7 x A x Qz — R is the function that assigns a numerical
cost to each state—action—state transition.

Let us consider a finite-horizon MDP (27, A, T, P, ¢) and an arbitrary initial state
zo € Qz. At any time 0 < ¢t < T, the decision-maker chooses an action a; €
A and applies it in the current state z;. This moves the process to the next state
z¢+1, following probability P(-|z;,a;) and yields a cost ¢(z¢, at, z¢41). This process
is iterated until termination when the horizon 7' is reached. A terminal cost C' :
Q7 — R can be defined at the end of the process in the case of a finite horizon.
This is illustrated in Figure 6.1, where we follow the same conventions for directed
probabilistic graphical models as in Chapter 3.

6.2.2. Control for MDPs

‘We now turn to the control of MDPs, which involves defining how actions may be
selected at each time step through policies, a cost criterion associated with each policy
and the formal definition of the optimization problem.

6.2.2.1. Policies

To construct controlled trajectories for a MDP, it is essential to determine how
the decision-maker selects the actions to be taken at each decision step based on the
past history of the process. This is made through control policies that are defined as
collections of decision rules.

DEFINITION 6.2 (MDP history).— Consider a given MDP {Q, A, T, P, c). For any
0 < t < T, a sequence of states and actions (2o, aq, ..., 2t—1,0t—1, 2t) is called a
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(length t) history of the MDP. A length O history is a singleton zy. The set of all length
t histories is denoted H,.

O O OOl
SRS ENCER

0(2:07040721) c(zl7a1722) 0(2270/2723)

Figure 6.1. Graphical representation of a Markov decision process with finite horizon
T = 3. Circles denote states, diamonds represent actions and rectangles indicate
costs associated with state-action-state transitions. The dashed rectangle depicts the
terminal cost

DEFINITION 6.3 (History-dependent decision rule).— A history-dependent decision
rule at time t is a mapping 7, : Hy — A that assigns an action to each history.
Let 11; denote the set of history-dependent decision rules at time t.

An interesting subclass of decision rules is that of history-independent decision
rules.

DEFINITION 6.4 (History-independent decision rule).— A decision rule at time t,

m : Hy — A is history-independent if w(hy) = m(h}) for any pair

hi = (20,00, s 2t—1, Qt—1,2t), By = (20, a0y ey 21_1,0}_1,2;) € Hy such that
!

2t = Zi.

Then, MDP policies are time-indexed lists of decision rules that specify the
behavior of a decision-maker in a MDP.

DEFINITION 6.5 (MDP policy).— Let a MDP {2z, A, T, P, c¢) be given. A policy for
this MDP is a list of decision rules 1 = (7)<, = To.r—1. Let 11 denote the full
set of policies. B

Again, interesting specific subclasses of policies can be defined.

— 1M is the subset of Markovian policies, that is, policies composed of
history-independent decision rules only.

— 19 is the subset of stationary policies, that is, Markovian policies which do not
depend on ¢, where the same (history-independent) decision rule is applied at each
time step.
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Given a policy , it is straightforward to simulate a trajectory (Z;)o<i<1 = Zo:1
from a MDP controlled by 7 and the generated cost using Algorithm 6.1.

Algorithm 6.1 Simulation of a trajectory of a MDP controlled by policy 7 = mg.7—1
starting from state 2y up to horizon T’

1: Zy + 29
2: fort <~ 0toT — 1do
3: Ay <_Ft(Z07A07---7Zt71aAt717Zt)
4: Zt+1 ~ P(‘Zt,At)
5
6

Cy  c(Zy, Ay, Zy 1)
: end for

6.2.2.2. Policy evaluation criteria

The objective in MDPs is to find a policy that minimizes a cost criterion. Up to a
change of sign, minimizing a cost or maximizing a reward are equivalent problems. In
the following, we consider cost minimization only.

The transition cost ¢(z¢, at, z¢+1) represents the immediate penalty of taking action
a; in state z; and transitioning to state z; 1, while the terminal cost C'(z7) captures the
penalty upon reaching the final state of the process. Beyond immediate costs, we must
define a criterion that captures the entire random dynamics of the process, considering
both the short-term effects of an action and its long-term consequences. The classical
evaluation criterion involves some expected sum of future costs.

We distinguish between two common cases: finite-horizon and infinite-horizon
optimization criteria.

In the infinite horizon setting, the decision-maker makes decisions indefinitely. In
this case, the discounted cost criterion represents the expectation of future transition
costs, discounted by a factor v € (0, 1), which balances the immediate cost against
future outcomes and ensures the finiteness of the sum as long as the running cost is
bounded.

DEFINITION 6.6 (Discounted expected cost).— Starting from the initial state z € Qz
and following the policy m € 11, the average expected cost is:

> A'e(Zi, A, Ziga)

t=0

VV(Wa z) =EZ

In the finite horizon setting, the decision-maker is tasked with controlling the
system over a finite number of steps, 7. The natural objective in this case is to
minimize the total expected cost.
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DEFINITION 6.7 (Total expected cost).— Starting from the initial state z € Qz and
following the policy m € 11, the total expected cost is the sum of the costs accumulated
over each step, up to the horizon T', plus the terminal cost associated with the final
state. It is expressed as:

T—1
Vr(m,z) = E7 Z c(Zs, A, Zi1) + C(Zr)
=0

Note that the above evaluation criteria apply to general history-dependent policies
as well as all sub-classes of policies.

6.2.2.3. Optimization

The optimization problem associated with a cost criterion involves finding a policy
7 minimizing the chosen evaluation criterion over all possible policies 7 € II. Solving
a MDP consists of finding the minimum value of the evaluation criterion called the
value function and identifying an optimal policy, that is a policy with minimal value
in every starting state.

DEFINITION 6.8 (Optimal policy).— Let (Qz, A, T, P, c) be a given MDP. An optimal
policy T of the MDP, with respect to criterion V' € {V.,, Vr} is a policy such that:

V(r*,z) <V(m z2),Vr € I,Vz € Qy.

Optimal policies are not necessarily unique for a given problem. However, it is
well known (see, e.g. Puterman (1994) and Th 1 below) that an optimal policy exists
for any finite state space MDP and criterion V' € {V, Vp}. In addition:

— an optimal stationary policy exists for V., in the infinite horizon case;

— an optimal Markovian policy exists for V7, in the finite-horizon case.

Even though optimal policies need not be unique, they all share the same value
function V* : Q; — R, which is unique.

DEFINITION 6.9 (Value function).— Let (Qz, A, T, P,c) be a given MDP. Let any
optimal policy ©* of the MDP, with respect to criterion V€ {V,,, Vp} be also given.
The optimal value function is then defined as:

V*(z) =V (r", 2),Vz € Qgz.

The optimal value functions and optimal policies of a MDP with respect to the
different criteria can be characterized as the solution of sets of nonlinear equations
called Bellman equations. For the infinite-horizon discounted criterion and for the
finite-horizon total cost criterion, the corresponding systems of equations are the
following (see, e.g. (Bellman 1958)).
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THEOREM 6. 1.— Bellman equations.
Inﬁnfte horlzon..the optimal value function V7 is the unique solution of the following
nonlinear equation:

_mm Z (Z'|z,a) (c(z,a,2") + YV (2))) ,Vz € Q.
z reQy
Any optimal policy is such that:
(z) € argmm Z (2'|z,a) (c(z,a,2") + VI (Z)) ,Vz € Q.
2'e€Qy
Finite horizon: the optimal value function V* equals V', where {V;* }o<i<7 is the
unique solution to the following nonlinear system:
z) =min ZE:SP(Z’\% a) (c(z,a,2) + Vg1 (2))
z/

forallt € {0,...,T — 1} and z € Qz, where Vp(z) = C(z) defines the terminal
values. Any optimal policy m* = ©{._ is such that:

i (z) € argmln Z (2']z,a) (c(z,a,2") + Viz1(2")),
2'€Qyz
forallt € {0,..., T —1} and z € Q.
We describe in section 6.2.4 a few classical algorithms for computing optimal
policies in finite and infinite horizon.

6.2.2.4. Squirrel toy model as a finite state and action MDP

We consider a variant of the Squirrel toy model introduced in section 1.2.1. Over
the course of a week, we observed a squirrel moving from hiding place to hiding place.
Letm € {1,---,4} be the hiding places and r € {0, - -- 7} be the time spent by the
squirrel in its current hiding place. We only have one camera and each day we can
decide to place it in front of a specific hiding place. The aim is to take as many photos
of the squirrel as possible over the week.

The MDP associated with this example is described by:
Qy = {17... 74} X {07...7}’
A= {17... ,4}7
T=1,
P = m )]z = (m,r),a)

_(1-r) 6—(7—7‘)
= (]_ —e )l{m/:m,r’:r+1)} + 3 ﬂ{m/;ém’r/:()},

c(z=(m,r),a) = Lozm.
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The transition probabilities are chosen so that, in essence, the more time the
squirrel spends in a given hiding place, the more likely it is to move, and when it
does the following hiding place is chosen with uniform probability. Note that in this
example, the transition matrix does not depend on the action, the cost does not
depend on the next state and the terminal cost is C' = 0.

Backward finite horizon dynamic programming explicitly provides the value
function Vr = 0 and the optimal policy which consists of moving the camera in front
of the squirrel’s hiding place achieves this null total cost.

6.2.2.5. Extensions

For simplicity, we defined MDPs with finite or countable state space and with finite
action spaces and assumed that all actions are feasible in all states. These assumptions
can be relaxed to model more complex scenarios.

Constraints: in many applications, specific actions may be prohibited in certain
states. There are two main approaches to handle such constraints. The first one is to
assign a prohibitive cost (+oo for instance) to invalid state—action pairs, preventing
them from being chosen by optimization algorithms. The second one is to explicit
constraints through the addition of an element K to the MDP definition:
(Qz,A, T, P,c) becomes (Qz, AT, K, P,c), where K is a multifunction from Q»
onto the set of subsets of A called the constraints sets and K (z) C A is the collection
of all allowed actions in state z. This approach is explicit and intuitive for finite state
and action spaces, requiring only that /(z) be non-empty for all z € Q7. In the case
of countable action spaces, it is usually required that K (z) be non-empty and finite
for all z (see, e.g. Herndndez-Lerma and Lasserre (1996, Section 1.2) or Hinderer
et al. (2016, Section 2.2)). Decision rules 7; are then restricted to select actions only
from K (z) for a given state z or history with terminal state z. Such decision rules are
called admissible, and admissible policies are collections of admissible decision
rules. The two approaches are equivalent and yield the same value function and
optimal policies.

General state or action spaces: MDPs can also be extended to general
(uncountable) state and action spaces. While the core definitions remain similar (e.g.
transition probabilities replaced by transition kernels), and in most frameworks some
version of theorem 1 still holds as well as existence of optimal policies in suitable
classes of policies, these extensions introduce significant additional mathematical
intricacies.

1) In order to properly define controlled trajectories, Z; and A; from algorithm 6.1
must be random variables, that is, measurable with respect to some suitably chosen
o-algebras. This first means that the state 2z and action A spaces must be endowed
with o-algebras and thus have some minimal topological structure (typically Polish
spaces). This also means that admissible decision rules must also be measurable,
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and that the constraints set {(z,a);z € Qz,a € K(z)} must contain the graph of
measurable mapping from 7 x A onto A. Finally, the cost functions also need to
be measurable. There exists a wide literature on easy sufficient conditions to ensure
all these properties hold, for instance, if {27 is a subset of some R? endowed with its
Borel o-algebra, A is a subset of R, and all K (z) are intervals with continuous bounds
in z (see, e.g. Hinderer et al. (2016, chapter 16)).

2) Unbounded cost functions in general spaces may lead to undefined
expectations. This issue is resolved by assuming cost functions and transition
kernels are bounded by a non-negative bounding function (see Hinderer et al. (2016,
Chapter 16)).

3) Finally, existence of optimal policies requires some minimal regularity on the
cost functions and transition kernel (typically lower or upper semi-continuity) and
compactness of the set of policies, which often requires the use of relaxed policies
that are collections of stochastic (admissible) decision rules. The interested reader
is referred to Hernandez-Lerma and Lasserre (1996); Béduerle and Rieder (2011);
Hinderer et al. (2016) for further details.

6.2.3. Partially observed Markov decision processes

We now turn to the case where the states of the MDP are partially hidden to the
decision-maker to take into account controlled HMMs. In this setting, states z are
hidden and the decision maker only has access to some information y through a
possibly random observation function corresponding to the emission function in
HMMs. This encompasses the case of multichains where states z may be
multidimensional, with some observed coordinates, and some hidden coordinates,
hence the term partially observed.

The main difference with standard MDPs is that decisions can now only be taken
in view of the observed histories.

6.2.3.1. POMDP definition

Partially observed MDPs (POMDPs) are an extension of MDPs that were first
introduced by Astrém (1965) within the context of control theory. In this work, we
adopt a more operational perspective of POMDPs, proposed by Kaelbling et al.
(1998), which focuses on settings with finite state, observation and action spaces, and
finite horizon.

DEFINITION 6.10 (POMDP).— A finite-horizon POMDP model is a tuple
(Qz,A,T,P,Qy,0,c,y0). In addition to the components of a standard MDP
introduced in definition 6.1, POMDPs introduce:

— a finite set )y representing the possible observations of the system;
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— an observation function:
0292XA><Qy—>[0,1],

where O(2', a,y) gives the probability of observing y € Qy, after taking action a,
resulting in successor state 2';

— and an initial observation vy, describing the initial imperfect knowledge we have
about the initial state.

The observation function plays a similar role to the emission function in HMMs,
but is now action dependent.

In a POMDP, the objective is still to compute a strategy that minimizes the
expected sum of future costs. However, a key difference is that, at each time step ¢,
the true state of the system z; is not directly observed. Thus, POMDP histories only
include actions and observations.

DEFINITION 6.11 (POMDP observed history).— Consider a given POMDP given by
(Qz,A,T,P,Qyv,0,c,y0). For any 0 < t < T, a sequence of actions and
observations hy = (Yo, a0, Y1, - .-, at—1,Yt) is called a (length t) observed history of
the POMDP. The set of all length t observed histories is denoted H?.

Similarly to solving a MDP, solving a POMDP consists of computing a policy
assigning an action to every possible state of current knowledge of the POMDP.

DEFINITION 6.12 (POMDP history-dependent decision rule).— Consider a POMDP
given by (Qz,A,T,P,Qy,0,c,yo). A POMDP history-dependent decision rule
m . HY — A assigns an action in A to each POMDP observed history hy € H.

DEFINITION 6.13 (POMDP policies).— Consider a POMDP given by
(Qz,A,T,P,Qy,0,c,y0). A POMDP history-dependent policy is a list of
history-dependent decision rules m = mg.r—1. Denote by II° the set of all
history-dependent policies.

A POMDP (Qz,A,T,P,Qy,0,c,y0) could also be seen as a MDP
(Qz,A, T, P,c) by setting:

z =Qz x Qy,
P = (2,y)|z = (2,y),a) = P(¢'|2,0)0(,a,y),

forall 7 = (2',9’) and Z = (z,%) in Q. In this setting, the term partially observed
is more obvious. The main difference between this MPD and the POMDP setting is
that in the POMPD, only policies in II° are considered, and the initial value Zj is
randomly drawn from an initial belief by, which is a probability distribution over 2:
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bo(z) = P(Zy = z|yo) for all z € Q. This setting allows us to see II° as a subset of
II for the MDP (Qy, A, T, P, c), and to directly use definition 6.7 to define the total
expected cost for a POMPD policy, by setting:

71'b0 Zbo VTﬂ'Z)

2€Qz7

Co(Zo,ao,Zl) 01(21,01,22) 62(22,02,23)

Figure 6.2. Graphical representation of a partially observable Markov decision process
with finite horizon T = 3. Circles denote states z; and observations y;, diamonds
represent actions and rectangles indicate costs associated with state-action-state
transitions. The dashed rectangle depicts the terminal cost

DEFINITION 6.14 (Optimal policy).— Consider the POMDP
(Qz,A,T,P,Qy,0,c,yo) with initial belief by. An optimal policy ©* for the
POMDP, with respect to criterion V given in definition 6.7 is a history-dependent
policy m* € 11° such that:

VT(W*abO) < VT(TrabO)aVﬂ- e Ir°.

Note that here, the expected cost Vi depends on the unobserved states of the
process, but must be optimized with respect only to the observed history.

In order to evaluate a POMDP policy and compute an optimal policy, it is useful to
notice that a POMDP can be modeled as another particular form of MDP over belief
states.
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6.2.3.2. Belief MDP

The knowledge incorporated in the observed history /; can be encapsulated in a
belief state, b, which is a probability distribution on {2 for the unobserved current
state given the history:

bt(Z) = P(Zt = Z|h/f)
This belief state evolves from an initial belief by based on the POMDP history.

When h; is completed with a new pair of action/observation (a¢, y;+1), the belief
state b, is updated as follows. Considering that in a given belief state b;, an action a;
is applied and leads to a new observation ¥, then:

biy1 =71 (bt7at7yt+1) s

where 7 is a deterministic belief transition function. This function is computed through
Bayesian updating:

bii1(2) = P(Zyyq = 2'|bs, g, yrs1)
O, as, yr41)P(Zt11 = 2'|by, ar)
Y oea, O an, Y1) P(Zipr = 27|by, ay)
O, at, yrt1) ZzeQZ be(2)P('|2, ar)
>rea, O at, yeir) ZZEQZ bi(2)P (2" |z, at)
o O(z', at, ye41) x Z bi(2)P(2 |z, ay).

2EQz

A way to deal with partial observability in a POMDP is to consider a corresponding
belief MDP, which (continuous, multi-dimensional) state space is made of the set of
possible belief states of the MDP. The correspondence between POMDPs and belief
MDPs is made explicit in the following definition.

DEFINITION 6.15 (Belief MDP).—- A finite-horizon POMDP
(Qz, A, T,P,Qy,0,c,y0) can be viewed as a belief MDP that is a MDP
(B, A, T, P, p) on belief states, where:

— B is the continuous set of belief states, it is a subset of the set of probability
distributions on Q z;

— A is the action space, unchanged;
— P is the transition function:

P(bs1|be, ar) = Z Ly, s =r(be,a0,) (', at,y Z bi(2)P(2'|z, ar)

y' €Qy 2€Qz
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— p(b,a,b') is the cost associated with action a applied in belief state b resulting
to belief state V' :

p(b,a,b) = > b(z) Y V()e(z,a,2).

2€QzZ 2'€Qzy

In essence, p corresponds to the expectation of the running cost over the states
following distributions given by the beliefs.

The value of a history-dependent policy can be equivalently defined within the
belief MDP framework (Astrom 1965).

THEOREM 6.2.— POMDP-belief MDP equivalence. Consider a finite-horizon
POMDP (Qz,A,T,P,Qy,0,c,by) and the corresponding belief MDP
(B, A, T, P, p), as well as a history-dependent policy = € T1°. The value of 7 can be
computed as:

V (71' bg Z bf,ﬂ'f ht bt+1)
t=0

Note that belief MDPs are continuous state space MDPs.

6.2.3.3. Squirrel toy model as a finite state and action POMDP

Consider the same setting as in section 6.2.2.4 with the squirrel traveling to
different hiding places m € {1,--- 4}, but now consider you do not fully observe
the trajectory of the squirrel. You only observe the presence of the squirrel when the
location of the camera corresponds to the squirrel’s location. Even then, the time
spent by the squirrel in its hiding place remains hidden to you. Denote by
Yt = 1{q,—m,} the observation at time ¢, that is, 1 if the squirrel is in the same place
as your camera, 0 otherwise. The objective remains the same, that is, maximizing the
number of pictures of the squirrel taken over the span of the week.

The POMDP associated with this example is based on section 6.2.2.4 with the
additional quantities, assuming the camera has just observed the arrival of the squirrel
in site mg € {1,...,4}, so that yo = 1.

Qy = {07 1}7
O = (m'1"),a,y) = La=myy + Ljazm} (1 = 9)-

This POMDP can be solved, for example, by computing the corresponding belief
MDP, which is a finite-horizon MDP, in this case, and solving it backwards.
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6.2.4. Solution algorithms for MDPs and POMDPs

For finite-horizon MDPs with a known starting state, solving the MDP involves
exploring a min-expectation tree. The root of this tree corresponds to the initial state,
2. Each action ag € K (zq) available at z, generates a successor action node. Each
action node ag further branches into successor state nodes for all z; such that
P(z1]20,a0) > 0. This process continues across time steps, with the tree’s leaves
representing the final states zp. Solving the MDP using exact dynamic programming
(theorem 1) involves fully constructing this tree and applying backward induction.
Backward induction labels each state node z; with its optimal value V;*(z;), which
represents the return obtained by following the optimal policy 7* from z; until the
horizon T'. However, backward induction is computationally intensive because it
requires exploring the entire tree. Even storing the complete tree is infeasible in
many cases, though depth-first exploration with pruning of dominated actions can
help mitigate this storage issue.

To address the computational challenges, Monte Carlo planning methods, and in
particular the family of Monte Carlo tree search (MCTS) algorithms, offer an
efficient alternative. These heuristic-free approaches, such as the well-known UCT
(Upper Confidence bound applied to Trees) algorithm (Kocsis and Szepesvari 2006),
focus on exploring the tree through simulations. MCTS algorithms prioritize
exploration of the most promising parts of the tree area that show high potential or
require further evaluation to refine their estimated values. By doing so, they avoid
exhaustive exploration, making them well-suited for large or complex MDPs. There
exist many variants of MCTS (Browne et al. 2012; Swiechowski et al. 2023) however
most of them iteratively update a search tree (which is not exactly the same as the
dynamic programming tree) until a computation budget is exhausted, at which point
an action, computed for the root node, is returned.

Reinforcement learning (RL) is a computational framework that enables
decision-makers to learn optimal mappings from situations to actions in order to
minimize a numerical cost. In RL, the environment represents everything beyond the
decision-maker’s direct control. In the context of MDPs, the environment
corresponds to the mathematical structure that defines state transitions and costs.
Unlike traditional learning methods, RL does not require complete knowledge of this
structure. Instead, it allows decision-makers to learn directly through interactions
with the environment. The process of learning optimal actions in RL is approached
from multiple perspectives, each characterized by distinct methodologies and
challenges. On the one hand, model-free methods do not rely on a model of the
environment’s dynamics. Within this category, Value-based approaches focus on
estimating the value function to derive optimal policies, while Policy-based methods
directly search for the optimal policy within the policy space (Sutton and Barto
2018). On the other hand, model-based methods involve constructing an explicit
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model of the environment to predict future states and associated costs while learning
(Atkeson and Santamaria 1997).

Recent advancements in deep learning (LeCun et al. 2015; Goodfellow et al.
2016) have significantly enhanced RL capabilities, particularly in addressing
challenges posed by high-dimensional state and action spaces. These developments
have given rise to deep reinforcement learning algorithms. These algorithms show
considerable promise for advancing the field.

For practitioners, implementation can begin by encoding their environment using
the Gymnasium python library introduced by Brockman et al. (2016). This library
integrates seamlessly with the RLIib library (Liang et al. 2018), which offers a suite
of pre-implemented deep RL algorithms ready for use.

6.3. Piecewise deterministic Markov processes

PDMPs are a general class of non-diffusion processes introduced by M. Davis in
the 1980s (Davis 1984) covering a wide range of applications, from workshop
optimization, queuing theory, internet networks, to reliability, insurance and finance
or biology for instance. These continuous-time processes extend both the class of
Markov point processes (Davis 1993; Jacobsen 2006; Cocozza-Thivent 2021) and
semi-Markov point processes and are characterized by deterministic motions
punctuated by random jumps. They are especially suitable to model complex systems
with interacting random phenomena, or large population asymptotics.

This presentation of PDMPs is divided into two main topics. In section 6.3.1, we
give the definition and examples of use of PDMPs and provide their key features such
as simulation properties. In section 6.3.2, we provide a survey on the impulse control
problem for this class of processes.

6.3.1. PDMP definition

In section 6.3.1.1, we provide a concise formal definition of PDMPs. The special
case of semi-Markov dynamics is explored in section 6.3.1.2. Representative examples
of PDMPs from their main application domains are presented in section 6.3.1.3. A
PDMP version of the squirrel toy model is presented in section 6.3.1.4. We then
delve into tools related to PDMPs, beginning with simulation techniques in section
6.3.1.5. The identification and analysis of specific sub-chains of interest are addressed
in section 6.3.1.6.

6.3.1.1. Generic definition

We start with a formal definition of a PDMP, its state space and its local
characteristics.
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DEFINITION 6.16 (PDMP).— A piecewise deterministic Markov process Z = (Z;);>0
is defined by a tuple (Q, ®, )\, Q), where

— the state space ) is a finite union of Borel subsets of R, for some d > 1. It is
the set of all possible states of the process. Let B(S) be its Borel o-field. We denote ()
as the closure of Q) and B(S2) as the Borel o-field on Q;

— the flow ® is a continuous function from Q x R onto Q satisfying a semi-group
property, that is, ®(-,t + s) = ®(P(-,t),s) for all s,t € R,. The flow prescribes
the deterministic motion between jumps. It may be defined by an explicit function or
described as the solution to a system of ordinary differential equations (ODEs);

— the jump intensity, or hazard rate, or risk function X\ is a measurable function
from Q onto R that determines the occurrence of random jumps and is such that for
any z in (), there exists € > 0 such that:

/E N@(2, £))dt < +oo,
0

forbidding instantaneous jumps;

— the jump kernel Q) is a Markov kernel on (B(2), Q) that selects the new location
of the process after each jump. It satisfies Q({z}|z) = 0 so that a jump has to change
the state of the process.

The PDMP dynamics can be described informally as follows: starting from some
initial point z € €2, the motion of the process follows the deterministic flow ¢ +—
®(z,t) until the first jump time .S7. Jumps may occur via two means: random jumps
occur from the realization of the random clock with intensity A\, while deterministic
Jjumps occur when the process reaches the boundary 0f) of the state space. Thus,
starting from z at time 0, the first jump time S7 has the following distribution:

t
PZ(S1 > t) = P(Sl > t|ZO = Z) = exp (—/ )\((I)(Z,S))db’) ﬂ{t<t*(z)}a t> 0,
0

where ¢*(z) is the deterministic time the flow takes to reach the boundary 9€2 of Q
when it starts from z:

t*(z) =inf{t > 0: O(z,t) € 0Q}.
For convenience, we also define:
t
Ast) = / A (z, 5))ds.
0
It is the cumulative risk up to ¢ starting from z. At S7, the process jumps to a

new point 2/ = Zg, selected with probability Q(dz'|®(z,S1)) (conditional on S;),
and the motion restarts from this new point as before. A generic representation of a
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PDMP is given in Figure 6.3. The flow @, the jump rate A and the Markov kernel
Q are called the local characteristics of the PDMP. After the first jump time S, the
process restarts from a new state selected by ) and follows the flow until the next
jump time So. The sojourn duration Xo = So — .57 until the next jump is drawn from
the jump intensity and time to reach the boundary as before. At the jump time So,
the post-jump location is selected by the Markov kernel ) and so on iteratively, as
described in Algorithm 6.2. Note that Algorithm 6.2 can only simulate the process up
to time So, = lim, - S, that may be finite. This phenomenon is called explosion.
To avoid explosion, we usually also requires that for all z € 2, we have:
E.[ lim S,] = +o0.

n—oo

Figure 6.3. Trajectory of a generic PDMP. Starting from an initial value z, at timet = 0,
the process follows a deterministic trajectory until a jump occurs, either at a random
time (as at S1) or because the process reaches the state boundary (as at Sz ). At jump
times, the process jumps to a new location drawn from kernel Q

A process Z defined by a flow ®, an intensity function A and a kernel @ satisfying
the above properties is well defined and is strong Markov, as is shown, for instance, in
Davis (1993) or Jacobsen (2006).

It is particularly convenient, when dealing with PDMPs, to separate the state space
Q) and states z into discrete and Euclidean components. In this case, the state space is
called hybrid. Let M be a finite set, and for all m € M, let Q,, be some Borel subset
of R, which dimension d,, is allowed to change with m. The state space is thus:

Q= {m}x Qn.

meM
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Algorithm 6.2 Iterative construction of a trajectory of a PDMP starting from state 2,
at time 0 and up to the N-th jump time

1: 24 29

2.5+ 0

3: forn<+ 0to N —1do

4: X N)\(Z)

5. X + min{X,t"(2)}

6: Zy<+ Dz, t—8)forS<t<S+X
7. 2~ Q(2(2, X))

8 2+ 2

9: S+ S+X

10: end for

Any state z € ) can be written as z = (m,z) withm € M and z € Q,,. The
discrete component m is called the mode or regime and z is called the Euclidean
component. In between jumps, mode m remains constant and only z evolves through
the flow. At jump times, both the mode and the Euclidean component may be allowed
to change through the Markov kernel Q.

In the hybrid setting, we set:

0= | {m} x 9Qm,

meM
O(z,t) = (m, Pz, 1)),
A(2) = Am(2),
t*(z) = tn(2),
Az, t) = Am(z,t)
Q(|2) = @m(-|2),

forall z = (m,z) € Qandt € R,.

The particular case where there are modes but no Euclidean variables corresponds
to continuous-time Markov chains, which generalize Markov chains to continuous
time. We will see in the next section that the PDMP framework can also encompass
semi-Markov dynamics, and therefore it can also generalize semi-Markov chains.

6.3.1.2. Semi-Markov dynamics

PDMPs allow for state-dependent intensities, therefore they offer more flexibility
for sojourn durations than the exponential distribution, while remaining Markovian.
However, this flexibility may still be too limited. For instance, in modes where the
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flow is constant, the jump intensity also has to be constant, that is, it corresponds to
a memory-less exponential distribution. In many practical examples (see, e.g. (Barbu
and Limnios 2008)), the exponential distribution may not be realistic to model the
underlying phenomenon. However, allowing for more general distributions breaks the
Markov property and falls into the class of semi-Markov processes.

It is especially easy to encompass semi-Markov dynamics into the PDMP
framework by enlarging the state space. This new process is sometimes called the
time-augmented process; see Davis (1993, Section 31.5) for a slightly different
definition in the same spirit.

DEFINITION 6.17 (Time-augmented PDMP).—A time-augmented piecewise
deterministic Markov process is a PDMP defined by the tuple (Q2,P,\ Q),
where:

— The state space ) has the specific form:

0= U{m}mexR+,
meM

for some finite mode set M, where for all m € M, Qu, is some Borel subset of R,
— The flow ® has the specific form:
O(z,t) = (m, P(z),u + t),
for z = (m,z,u) € E, where @, are flows from Qn x R onto Q, satisfying the
semi-group property.

— The jump intensity just satisfies the conditions from definition 6.16 and is allowed
to depend on all coordinates of z € E, including the new time variable .

— The jump kernel Q) has the specific form:
Q{m'} x Ax Blz) = Locp@m({m} x Alz,u),

for z = (m,z,u) € E, A any Borel subset of Eyy, B any Borel subset of R, and
where Qu, is a Markov kernel on (B(U{m} X Qu), Qm).

The additional component u can be interpreted as the time elapsed since the
last jump. It moves along the flow at speed 1 and is reset to 0 at every jump.

Figure 6.4 illustrates an example, inspired from the repair workshop model of
(Davis 1993, Sec. 2.1), of a time-augmented PDMP that includes boundaries. Consider
a machine in a factory. It can be working (m = 1) in the factory, under repair (m = 2)
in the workshop, or under maintenance (m = 3) in the workshop. Random jumps
from mode 1 to mode 2 are triggered by random failures, with an intensity increasing
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with the working-time of the machine. Deterministic jumps from mode 1 to mode
3 are scheduled every 30 days to perform maintenance if there is no failure, and
deterministic jumps from 2 or 3 to 1 correspond to the deterministic time to repair
the machine or realize its maintenance. Here, the PDMP has a mode variable that
corresponds to the state of the semi-Markov chain, and an Euclidean variable that
corresponds to the time spent thus far in its current state. The later corresponds to the
minimum of a random variable with a given intensity and the deterministic time to
reach the given boundaries.

Operating time

m=1 m =2 m=3

Figure 6.4. Sample trajectory a repair workshop PDMP model. The PDMP has three
modes corresponding to the state of a machine: m = 1 working in the factory, m = 2,
m = 3 under repair or maintenance in the workshop. The only Euclidean variable u
is the time spent in the factory or workshop. It is deterministic equal to 5 days in the
workshop. In the factory, the machine fails with intensity A1 (u) = awu, or is sent to the
workshop for maintenance if it has been working for 30 days. For a color version of this
figure, see www.iste.co.uk/peyrard/guidetohsmm.zip

One could define more sophisticated time-augmented processes where either « is
never reset to 0 (it is thus the time since the beginning, as in (Davis (1993),
section 31.5) or resets less frequently than at each jump; see, for example,
(de Saporta et al. 2016, Sec. 1.8) for such examples. It is also possible to have
multiple time counters, if relevant.

6.3.1.3. PDMPs as versatile models

PDMPs are constructed using a small set of intuitive and easily interpretable local
characteristics, making them a highly versatile and powerful modeling tool, enabling
the representation of a broad spectrum of complex phenomena across various domains.

PDMPs encompass and generalize many classes of Markov processes, including:

— discrete-time and space Markov chains (corresponding to a time-augmented
PDMP with no Euclidean variables, null intensity, jumps triggered at boundaries at
each time unit);
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— continuous-time and discrete state space Markov processes (corresponding to a
PDMP with no Euclidean variables and constant intensity for each mode);

— semi-Markov discrete state space processes (corresponding to a time-augmented
PDMP with no Euclidean variables and time-dependent intensity), as seen in
section 6.3.1.2.

Examples from the PDMPs literature cover a wide range of applications:

— Workshop optimization and reliability: the state of the PDMP is the state of a

machine subject to failures and repairs or maintenance (Davis 1993; de Saporta et al.
2016).

— Queuing theory and internet networks: the state of the PDMP is the number of
people in the queue or the load of the network, subject to random or deterministic
increases or decreases (Davis 1993; Chafai et al. 2010; Bardet et al. 2013).

— Finance and insurance: the state of the PDMP is the level of an asset subject to
random or deterministic increases or decreases (Bduerle and Rieder 2011).

— Neurosciences: the state of the PDMP is the potential of a neuron or of a network
of interacting neurons for the Euclidean variables, with modes corresponding to the
number of open ionic channels, which opening and closing dynamics depend on the
potential and vice-versa (Riedler et al. 2012; Riedler and Thieullen 2015).

— Genomics: the state of the PDMP is the state of a gene promoter, level of
transcribed RNA and translated protein, either for a single gene or an interacting
network of genes (Herbach et al. 2017).

— Population dynamics: the state of the PDMP is some trait of an individual or
interacting individuals subject to birth, death, division, migration, mutations or other
phenomena (Fritsch 2014; Doumic et al. 2015; Costa 2016).

— Medical treatment: the state of the PDMP is the state of some marker for a
disease and the treatment choice for the individual (Pasin et al. 2018; Cleynen and
de Saporta 2018; de Saporta et al. 2024).

6.3.1.4. Squirrel toy model as a PDMP

The setting builds on the examples of sections 6.2.2.4 and 6.2.3.3. The squirrel
now changes its location in continuous time, and the camera is in a fixed location
£. We thus add the camera location to the state space. The state of the PDMP is
z = (m, £, u), where m is the hiding place, ¢ is the (fixed) location of the camera
and u is the time spent by the squirrel in its current hiding place (it corresponds to
variable r in sections 6.2.2.4 and 6.2.3.3). The PDMP associated with this example is
described by:
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Q={1,---,4} x {1,---,4} x [0,7],
D(z,t) = (m, liu+t),

4
A(m, l,u) = Am,u) = Z flm,m’ u),
=1

f(m’ ml? u)

Q({m'} x {t'} x Alz) = Toealr— NCRY

Here, f(m,m’,u) corresponds to the intensity to jump from hiding place m to
hiding place m’ if the squirrel has spent a time w in hiding place m. A trajectory of
the associated PDMP is illustrated in Figure 6.5.

U 4

T T T T T T >

0 1 2 3 4 ) 6 71

m=1 m=2 m=3 m =4

Figure 6.5. Sample trajectory of the squirrel toy example. The PDMP has a
two-dimensional mode corresponding to the squirrel hiding place m and the camera
location ¢ (not shown on the figure). The Euclidean variable corresponds to the time
spent by the squirrel in its current hiding place. For a color version of this figure, see
www.iste.co.uk/peyrard/guidetohsmm.zip

6.3.1.5. Simulation

A very interesting property of PDMPs is that they are particularly easy to simulate
due to their intrinsic iterative construction as seen in Algorithm 6.2. Computing the
trajectory along the flow (Algorithm 6.2, line 6) is straightforward if the flow is
explicit. If it is only known as the solution to a system of ODEs, one just needs to
use any suitable ODE solver. Computing the post-jump location from the kernel Q)
(Algorithm 6.2, line 7) is also usually straightforward. In most applications, the kernel
only changes the mode and leaves the Euclidean variable unchanged, or changes the
Euclidean variable through some known mapping depending only on its value just
before the jump; see examples in section 6.3.1.3.
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Algorithm 6.3 Stochastic Simulation Algorithm for a PDMP starting from state
2o = (mo, zo) at time 0 and up to time horizon T’

1: 24 2

2: 140

3: whilet < T do

4 X ~Exp(\)

50 Zips < D(z,8) for 0 < s < min{X,t*(z)}
6: if X > t*(z) then

7~ QUG (2)

8

9

else

: U ~UJ[0,1]
10: ifU < @ then
it 2~ Q[0 (z, X))
12: else
13: 2 (2, X)
14: end if
15:  end if

16: 2z 2
17: t+ t+min{X,t*(2)}
18: end while

The only challenging step is then to simulate the jump dates from the non-constant
intensity (Algorithm 6.2, line 4). This can be done by an exact simulation method
called the stochastic simulation algorithm (SSA), or Gillespie algorithm (Gillespie
1977) that is especially suitable for PDMPs.

The principle underlying the SSA algorithm is to sample from an exponential
distribution which (fixed) parameter is an upper bound of the intensity, and accept or
reject the proposed date for a jump with a well chosen probability in order to retrieve
the target distribution. Even if the date is rejected as a jump, time moves forward at
each iteration as detailed in Algorithm 6.3.

The choice of the upper bound A can have a strong impact on the speed of the
algorithm. If it is too high, it will keep proposing very short times and move forward
extremely slowly. If at all possible, one should choose a tight upper bound for the
intensity.

6.3.1.6. Embedded chains

As for any continuous-time Markov process, one can define many different
discrete-time Markov chains embedded in a PDMP. Some of them are particularly
interesting for decision-making problems and are specified here.
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The canonical chain is the most natural Markov chain embedded in a PDMP. It
corresponds to the post-jump-locations and inter-jump-times (or sojourn durations)
chain. Let us define Jy = Zp and Xy = 0, and then iteratively, for all n € N¥,
Jn = Zg, the value of the PDMP at the nth jump time and X,, = S,, — S,,—1 the
inter-jump sojourn time between the n — 1th and nth jumps. Then (J,,, X, )nen is a
Markov chain called the canonical embedded chain associated with the PDMP process
Z. Its transition kernel P7 is defined by, for any Borel subsets A of {2 and B of R :

P7X(A x Bz, t) = P7X(A x B|z)

t"(2)
_ /O A(@(z,5))e "= Q(A[ (2, 5)) 1 5(s)ds
+ e METEIQAID(2, 1*(2)) 1a(1 (),

where the first part of the equation corresponds to random jumps, while the second
part corresponds to deterministic jumps.

As the motion of the PDMP is deterministic between jumps, it is straightforward
to reconstruct the full trajectory of the continuous-time PDMP from the knowledge of
(Jn7 Xn)nEN as:

n n n+1
Zt:<I><Jn,t—ZX,»> ift e lsn:ZXi,SnH:ZX,»),
=0 =0 1=0

with the convention Sy = Xy = 0. Thus, the canonical chain contains all the
information of the process and is especially useful to obtain recursive formulations
based on the Markov property. It is the counterpart of the standard (H)SMM
introduced in section 1.2.3. It is also at the heart of several numerical approximations
for PDMPs (see, e.g. de Saporta et al. (2016)).

Other common embedded chains are the skeleton chains defined by sampling the
PDMP on a deterministic (but not necessarily homogeneous) grid (t1,...,t,). We
simply denote Z,, = Z; , which once again is a (time-inhomogeneous) Markov
chain with kernels P;,, . While kernels P, ;, might still have explicit forms,
unless constraints are added on the PDMP there is no a priori limit in the number of
jumps occurring between two time-points ¢, and ¢,,4;, which prevents a generic
formulation of the kernels. Moreover, unless jump-points are observed, it is not
possible to reconstruct the original PDMP process from the observation of (Z,,),en-
However, in many application settings, Z,, might be the only available information
from the process; see, for instance, the squirrel toy model developed in
section 6.4.2.2.
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6.3.2. Impulse control for PDMPs

In this section, we delve into the control of PDMP. As in the MDP framework, a
stochastic control problem involves influencing the dynamics of the process through
control variables or decisions to either maximize a reward or minimize a cost. The
primary questions of interest include the characterization and regularity properties
of the value function — representing the optimal reward or cost achievable across all
possible decisions or decision sequences — and the existence and properties of optimal
decision sequences, called strategies.

In this chapter, we focus only on impulse control, where at discrete
decision-maker-chosen times, the process is sent to a new decision-maker-chosen
point in the state space. The simplest form of impulse control is optimal stopping
where the decision-maker selects a single date at which the process is stopped.
Impulse control problems for PDMPs have been studied from the theoretical point of
view: characterization of the value function and optimal policies through dynamic
programming in Gugerui (1986); Costa and Davis (1988); Cloez et al. (2020) for
optimal stopping and Costa and Davis (1989); de Saporta et al. (2017) for the general
impulse control problem. Numerical schemes to approximate the value function and
compute explicit policies close to optimality have also been proposed in Costa and
Davis (1989) and de Saporta et al. (2016).

We define the impulse control problem for PDMPs in section 6.3.2.1, and discuss
resolution strategies in section 6.3.2.2. We conclude this part with a discussion on the
special case of control problems involving hidden information in section 6.3.2.4.

6.3.2.1. Definition of the impulse control problem

The formal probabilistic apparatus necessary to rigorously define the impulse
control problem for PDMPs is rather technical and will not be used in the following;
therefore, for the sake of simplicity, we only present an informal description of the
problem. The interested reader is referred to Costa and Davis (1989) or Dufour et al.
(2016) for a proper definition.

DEFINITION 6.18 (Impulse strategy).— A general impulse strategy S = (Tp, Xn)n>1
is a sequence of non-anticipative Ry -valued intervention times T, and U C Q-valued
non-anticipative random variables x,.

The trajectory of the PDMP controlled by strategy S is described in Algorithm
6.4. Between intervention dates, the PDMP follows its natural trajectory. At the nth
impulse (line 12), the process is instantaneously moved to the new starting point Xn,
and restarts from there.

The set of admissible strategies is denoted by S.
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Algorithm 6.4 Simulation of a trajectory of a PDMP controlled by strategy S starting
from state 2z up to the n-th intervention

1: 24 29

2: 5+ 0

3: forn < 1to N do

4 while S < 7, do

5: X ~ A(2)

6: X + min{X, t*(z)7, — S}
7 Zy+— O(z,t —S)for S<t< S+ X
8 if X <7, — S then

9 2~ Q(1D(z, X))

10: z+ 2

11: S+ S+X

12: else

13: 2 Xn

14: 242

15: S < 1,

16: end if

17:  end while

18: end for

For a strategy S = (7, Xn)nzl, T and Y, are random variables and must be
measurable with respect to the past trajectories of the controlled process up to the nth
impulse. Hence, they may depend on the whole past of the process; see Costa and
Davis (1989) for details.

DEFINITION 6.19 (Cost of an impulse strategy).— The total discounted cost of strategy
S for a PDMP starting at z at time 0 and up to infinity is defined by:

+o0 >
/ e Vep(Zy)dt + Z e ey (Zm ; Zr;f)
0 n=1

where v > 0 is a discount factor, cg is the running cost and cy is the impulse cost.

V(S,z) =ES

)

The specific assumptions that the cost functions must satisfy are omitted here
and can be found in detail in Costa and Davis (1989). For simplicity, we present an
infinite-horizon criterion. Alternative criteria are also possible, such as those with a
fixed horizon T or a random horizon defined by a prescribed number of jumps or
impulses, as briefly discussed after theorem 3.

DEFINITION 6.20 (Value function).— The value function of strategy S for a PDMP
starting at z at time 0 is defined by:

V¥(z) = éIéféV(S,z).
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In most impulse control problems for PDMPs, there is no optimal strategy as the
infimum may not be reached. We define instead e-optimal strategies.

DEFINITION 6.21 (e-Optimal strategy).— An e-optimal strategy S. is an admissible
strategy satisfying:

V(Se,z) < V*(2) + ¢,
Sforall z € Q.

Under suitable assumptions (see again Costa and Davis (1989) for details), the
value function can be characterized as the unique solution of some dynamic
programming equations.

THEOREM 6.3.— Dynamic programming. The optimal value function V* is the limit of
the following recursion. Set V§(z) = V(Sp, z) and V1 (z) = LV};(2) for alln > 0,

then for all z in (), one has:

V() = lim Vi(2),

n—-+oo

where V(Sy, z) is the cost associated with the no-impulse strategy Sy = (11 = +00)
starting from z:

V(s = | [ e tentzar].
0
and L is the single-jump-or-intervention operator defined as:

LV (z) = tierlgr J(MV,V)(z,t) N KV (z),

with
MV (z) = inf {cr(2,x) + V(x)},
x€U
tAL*(2)

J(V,W)(z,t) = /0 e~ 15 A(Z9) (cr(®(z,9)) + AN(P(z, ) QW (P(z,5))) ds

+ e—’y(t/\t*(z))—A(z,t/\t*(z))V(q)(m’t/\ t*(Z)))7
t*(2)
KV(z) = / e A (e (B(2,5)) + A(B(2,5))QV(D(2, 5))) ds
0

W ONCC QY (s, 1°(2)))
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Operator M selects the best starting point y in the control set U after an
intervention. Note that the control set could also depend on the position z before the
intervention. Operator inf; J selects the best intervention date along the flow, while
operator K accounts for cases when it is best to wait for the next natural jump of the
process before triggering an intervention. The iterations in the dynamic programming
equation thus correspond either to natural jumps of the process or to interventions,
hence the name single-jump-or-intervention operator. It is based on the Markov
property for the canonical embedded chain, and operators can be reformulated as
expectations involving the canonical embedded chain (see de Saporta and Dufour
2012).

The iterate V) can be interpreted as the optimal value function of the impulse
control problem where at most n jumps or interventions are allowed, and then strategy
Sy is applied. Computing the cost of the no-impulse strategy on the whole space
may be demanding, as an analytical form is often out of reach and one must turn
to Monte Carlo simulations. As the expectation depends on the starting point z € 2,
one should compute infinitely many Monte Carlo approximations to cover the whole
space. Theorem 3 is also valid when replacing V(Sp, z) by any function g such that
V(Sy,z) < g(z) forall z € Q.

We have stated the results for an infinite horizon only. If one is interested in
controlling the process up to a finite time horizon T, one just needs to kill the process,
or send it to a cemetery state, when time T is reached, and define a null cost on this
state to fall back to the infinite horizon framework. The discount factor « can be set
to 0 in this context as the interval of integration is finite. Hence, the cost of strategy S
can typically be defined, in the fixed horizon T, by:

Vr(S,z) =ES

3

T
/ CR(Zt)dt—l— Z cr (ZTMZ.,-,,J;) + CT(ZT)
0

T <T

where cr corresponds to some terminal cost function.

6.3.2.2. Resolution of impulse control problems for PDMPs

Optimal impulse control of PDMPs attracted attention almost as soon as the
concept of PDMP was formalized by Davis. Contributions focusing only on the
estimation of the value function are usually based on variational inequalities or value
improvement and do not provide explicit strategies (see, for instance, Lenhart (1989);
Dempster (1991); Gatarek (1992); Dempster and Ye (1995); Bandini (2018)).

Explicit resolution strategies have also been proposed. In the simpler context of
optimal stopping — where the decision-maker can only decide to stop the process
without restarting it from a new location — the literature exhibits strategies based on
either the discretization of the PDMP Markov jump kernel @) (Costa and Davis 1988);
or on the discretization of the Markov kernel of the canonical chain (Costa and Dufour
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2008; de Saporta et al. 2010). After discretization, the value function can be estimated
via dynamic programming (Gugerui 1986) using the computable discretized kernels.

These approaches have been extended to the more general case of impulse control
problems. Costa (1993) considers a discretization of the state space and time to
obtain uniform convergence of the discretized problem to the original one. de Saporta
and Dufour (2012) consider quantization of the canonical chain to propose an
e-optimal  strategy.  Other  approaches, including  iteration of a
single-jump-or-intervention operator associated with the PDMP, have also
successfully been proposed to construct explicit solutions in the infinite horizon
context (see, for instance, Costa and Davis (1989); de Saporta et al. (2017)).

Theoretical results on the existence of optimal strategies not relying on the
discretization of kernels have also been derived in the case of infinite-horizon
impulse control, but they do not provide explicit strategies (see, for instance, Costa
and Dufour (2010, 2013)).

All the approaches described above are numerically demanding and work for low
dimensional PDMPs with limited complexity. They also require a perfect knowledge
of the model and its parameters, together with perfect observation of the process at all
times, or equivalently at jumps times.

6.3.2.3. Squirrel toy model as controlled PDMP

The setting builds on the PDMP example of section 6.3.1.4. We can now change
the location of our camera. A strategy S = (Tn,Xn)n21 is then a sequence of
(continuous) dates at which we change the camera location and the new location of
the process after the change. Here, only the camera location can change: an
impulsion moves the process from z = (m, £, u) to x = (m, ', u).

The cost functions are defined by:
CR(Z = (ma 67 U)) = l{fgﬁm}a

CI(Zv Z/) =

and the terminal cost is still 0.

If the impulse cost is null (i.e. ¢ = 0), an e-optimal strategy is to move the camera
to the new hiding place of the squirrel as soon as possible (with an infinitesimally
small delay €) after the jump. If the impulse cost is not zero, the optimal delay before
moving the camera may be longer and may depend on the remaining time until the
horizon.
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6.3.2.4. Partially observed controlled PDMPs

A very natural extension to the classical impulse control problem for PDMPs is to
allow for hidden information. Suppose that the decision-maker does not have access
to the true value of the process, but only to some noisy observation of some of its
components. Now decisions can only be taken based on the observations, and not on
the hidden state of the process.

The literature is much scarcer for this problem. Constructive resolution approaches
have been proposed in the case where jumps are still perfectly observed, but the
post-jump locations are only measured through noise. In Brandejsky et al. (2012), the
authors consider the equivalent fully observed process on the belief space and apply
the quantization approach of de Saporta and Dufour (2012) on the filtered process.
Béuerle and Lange (2018) reduce the problem to a discrete-time MDP and prove the
existence of optimal policies, but provide no numerical approximation of the value
function or optimal strategies.

In the most challenging case where jump dates are unobserved, the authors have
proposed a framework to construct an explicit strategy close to optimality in the
optimal stopping context and for more general impulse problems (Cleynen and
de Saporta 2021; de Saporta et al. 2024). Those approaches are based on a conversion
of the impulse problem into a partially observed MDP, as detailed in section 6.4.2.

6.4. Controlled PDMPs as members of the MDP family

In this section, we demonstrate how impulse control problems for PDMPs can be
reformulated within the MDP framework. We also outline how this shift in perspective
opens up new avenues for addressing problems that have so far remained unresolved
within the PDMP framework.

For example, as discussed in section 6.3.2.4, formulating a rigorous approach to
impulse control problems for PDMPs involving hidden jumps and noisy observations
presents significant challenges, particularly in defining admissible strategies (see, for
instance, Almudevar (2001) or (Costa and Dufour 2013, Section 1.1)). The MDP
framework offers a robust structure for overcoming these challenges and for properly
formalizing such problems.

Here, we first show how a fully observed impulse control problem for PDMPs can
be formulated as a MDP (section 6.4.1), and then turn to the partially observed version
(section 6.4.2).
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6.4.1. Controlled PDMPs as MDPs

We start by encompassing the notion of impulse for PDMPs in the notion of
action for MDPs in section 6.4.1.1, then formally state a sub-class of impulse control
problems for PDMPs as MDPs in section 6.4.1.2.

6.4.1.1. Impulse control strategies and MDP policies

As detailed in sections 6.2.1 and 6.3.2.1, the notions of actions for MDPs and
impulses for PDMPs differ. On the one hand, in the MDP framework, the
decision-maker takes decisions at each stage, which act on the dynamics of the
process by changing the probability of observing new states through the transition
kernel P. On the other hand, in impulse control, the decision-maker typically has two
tasks:

1) choosing the next impulse date;

2) at an impulse date, selecting the point from which to restart the process.

To unify both frameworks, we choose to restrict the choice for the impulse
strategies of the PDMP decision-maker. Other less restrictive approaches involving
more general and complex state spaces are possible and will be briefly discussed at
the end of this section. Our main aim here is, on the one hand, to keep the exposition
as simple as possible and, on the other hand, to use MDPs with finite-action spaces in
view of their numerical resolution. We also consider a finite horizon only for the
same reasons.

The first restriction concerns the control set. In the impulse control framework for
PDMPs, the decision-maker chooses the new starting point of the process after an
impulse, which means they may choose to change either the mode or the location of
the process, or both. In the following, we only allow the decision-maker to change the
mode of the process.

In this view, we introduce a mode-augmented PDMP framework in which we
consider two types of modes, one corresponding to the decision-maker-chosen modes
and the other to the modes the decision-maker cannot act on. Formally, we decompose
the discrete state space M of a PDMP into a two-dimensional finite set L. X M, where
modes in L can be chosen by the decision-maker while modes in M cannot.

DEFINITION 6.22 (Mode-augmented controlled PDMP).— A mode-augmented

controlled piecewise deterministic Markov process is a PDMP defined by the tuple
(Q, D, \,Q), where:

— the state space ) has the specific form

Q={(,m,z),l e Lyme MzeQ’},

m
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for some two-dimensional finite mode set M = L x M, and where Qf, = Qm=(t,m) is
some Borel subset of Rm

— the flow ® just satisfies the conditions from definition 6.16, and we write:
O(z,t) = (£,m, ®},(2)),

forall z = (£,m,z) € Q;

— the jump intensity just satisfies the conditions from definition 6.16 and we write:
An(2) = A7, (2),

forallz=(m= ({,m),z) € Q

— the jump kernel @ satisfies the conditions from definition 6.16 with the
additional constraint that () cannot change the value of ¢, as { is intended to be
decision-maker-chosen. We also set:

Q(12) = Qn(12),
forall z= (¢, m,z) € Q.

From this rigorously defined mode-augmented PDMP, we can further drop the
regime ¢ € L from the state z € (2 and include it in the action instead to better fit the
standard MDP notation. We denote:

Q= J O, Qu={(m,2),meMzeQ,}.
LeL

We also adapt notations for the kernels P, _;, associated with the skeleton chain
defined in section 6.3.1.6 as follows:

PZ

thy1—tn (B|m’z) = Pt {g} X B|‘€7 mﬂz)

n+1*tn(

= ]P)(Zt S {E} X Bthn = (f,m,z)), [61]

n+1

for any Borel set B € Qs and z = (¢, m,z) € Q.

The second restriction concerns the impulse dates. In the MDP framework,
decision dates are deterministic and predefined. In contrast, within the impulse
control framework for PDMPs, determining the timing of the next impulse is
typically part of the decision-making process and is allowed to depend on the current
state of the process. In the following, the decision-maker has to make impulses at
fixed, regular dates 0, 9, 26, . .., T, where T' = T /4 is supposed to be an integer.

In summary, an action a for the MDP corresponding to the controlled PDMP will
consist of a decision-maker-chosen mode ¢ € L. As mentioned above, other
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formalisms closer to the original impulse problem for PDMPs are possible. They
involve more complex MDPs, with possibly continuous action spaces. In our
approach, the strongest restriction is that the delay between consecutive impulses
belongs to a fixed grid T, and thus is not allowed to depend on the current state of the
process, whereas in the original PDMP framework, decision dates are
stopping-times, which allows much more flexibility. This flexibility may be retrieved
by defining larger action and constraints spaces (see, e.g. Dufour et al. (2016);
de Saporta et al. (2024)). The MDP framework can also increase the flexibility of the
impulse control problem for PDMPs as MDP actions are allowed to have a random
effect, whereas a PDMP impulse fixes the new starting point of the process.

6.4.1.2. Formalism of the equivalent MDP

‘We can now formally consider impulse control of PDMPs in the MDPs framework.

DEFINITION 6.23 (Controlled PDMP as a MDP).— Let (Q,®,\, Q) be a
mode-augmented controlled PDMP. The corresponding MDP is defined by the MDP
(Qz,A, T, P,c,C) with the following characteristics.

— The state space is Qz = Q.
— The horizon T is finite and equals T /§ (which is supposed to be an integer).
— The action space is A = L.

— The transition kernel P is the transition kernel Ps associated with the skeleton
chain of the mode-augmented PDMP. More precisely, if z = (Mys,2ns), and a = ¥,
then for any Borel subset B of Q,;, one has:

P(2 € Blz,a) = P{(B|z),
where Pf is defined in equation [6.1].

— The cost function c should in principle be defined by:

6
c(z,a=1£,2")=c(z,a=10)=E, / cr(Zy)dt| Zo = (0, 2)| + ¢1(z,a = 1),
0

where ¢1(s,a =€) = c1(Zns, Zns+ = (¢, z)) and at time nod, the decision is taken to
move Zns = (Uns, 2) to Z,5+ = (£, 2). In practice, such a cost function is generally
intractable, and alternative cost functions close to c, depending only on the values of
z,a, 2" are considered instead. The terminal cost C'is equal to cr.

One of the main advantages of the MDP framework, is that it is now very easy to
rigorously define decision rules 7; as measurable functions from 2z onto A, and to
define admissible policies, as mentioned in section 6.2.2.1.

The controlled trajectory of the MDP following policy m = (7¢)q<;,op € Ilis
defined recursively in Algorithm 6.5. a
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Algorithm 6.5 Simulation of a trajectory of a controlled PDMP seen as a MDP
controlled by policy 7 starting from state zg up to the horizon T = 67T

1: Zy < 29

2: fort < 0toT —1do

3: At =t = W(Zt)

4 Zig~ P(|Z, Ay) = P (| Zy)

5: end for

Line 4 corresponds to Algorithm 6.3 for the mode-augmented PDMP starting from
state z = (¢,,, Z,,) at time 0 and up to time horizon §.

Then the total expected cost of policy 7 € II starting at zy € S:

T-1

Vr(m, zo) = EZ, ZC(ZMAMZH-I)“‘C(ZT) )

t=

defined in section 6.2.2 is equivalent to Vr (S, z) defined in section 6.3.2.1, and the
impulse control problem corresponds to the optimization problem:

Viz=12)= ;relg Vir(m, 2p).

To obtain a formal equality V(z) = V(o) is possible but requires a perfect match
between the cost functions and the sets of admissible policies. This will not be further
discussed here as we chose the MDP framework specifically to avoid delving into the
formal definition of admissible policies or cost functions for PDMPs.

6.4.1.3. Squirrel toy model: from controlled PDMPs to MDPs

The example is a simplified version of that of section 6.3.2.3. Here, the impulse
dates are restricted to correspond to fixed daily times. To fit MDP notations, we now
denote z = (m,u) € {1,---,4} x [0, 7], and £ = a is now considered as an action.

In order to properly define its equivalent MDP formalism, we need to compute
the transition kernel of the skeleton chain of span 1, as well as the expectation of the
running cost over a 1-time increment. Unless we impose a minimum time spent in
each hiding place (by for instance choosing a null jump intensity over a span of time),
the number of jumps in between two decision dates is not bounded, which prevents
writing an explicit transition kernel. Even in the case of bounded number of jumps,
the explicit formulation is rather technical and is omitted here. Recall that transitions
are easy to simulate in all cases.
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In theory, to match the impulse problem set in section 6.3.1.4 the cost function
should be:

1 1
c(z,a) =FE, [/0 ]1,,Lt¢adt} N /0 P(my; # a)dt + ¢;.

This quantity may not have an analytical expression. In practice, one may choose
simpler forms for the cost function.

6.4.2. Partially observed controlled PDMPs as POMDPs

While properly defining an impulse control problem for a hidden PDMP is very
challenging, the framework of POMDPs allows us to deal with partially hidden
MDPs. Transforming an impulse control problem for partially observed PDMPs into
a POMDP is done in a similar manner as in the perfect observation case, and again
greatly simplifies the problem statement.

Here, we will assume that observations are only available at the decision dates
nd, and are given by Y,, = F(Z,s5) + €, with (e,) real-valued independent and
identically distributed random variables with density f independent from the PDMP
and the actions, and F' a real-valued link function (to simplify the exposition, both the
noise and link function could be multi-dimensional). Only partial information about
the process Z is obtained through Y,,, and we hence consider Z,,5 as hidden. The
objective is now to control the PDMP through policies that may only rely on the
observations available up to each decision date.

We first state this problem as a POMDP in section 6.4.2.1, then extend our squirrel
toy model example to this more realistic context in section 6.4.2.2, and finally discuss
the computation of belief states originating from PDMPs in section 6.4.2.3.

6.4.2.1. Formulation as a POMDP

We keep the restrictions on the impulses from section 6.4.1.1, and now give a
POMDP formulation of the partially observed impulse control problem for a PDMP.

DEFINITION 6.24 (Partially observed controlled PDMP as a POMDP).— Let
(Q, D, A, Q) be a mode-augmented controlled PDMP under partial observations. The
corresponding POMDP is defined by (Qz, A, T, P,Qy, O, ¢, C, yo) with the following
characteristics:

— The state space Sz, the action space A, the transition kernel P, the cost
Sfunctions c and C and the horizon T are the same as those of definition 6.23.

— The observation space is (ly = R.
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— The observation function O corresponds to the observation function of the
PDMP, which may or may not depend on decision a. Here, the observation function
has density (in the variable y):

O(Z/, a7y) = f(y - F(Z/))
— The initial observation y is example specific.

The initial belief by is the filter at time 0 associated with the partially observed
PDMP and will be discussed more thoroughly in section 6.4.2.3. Here again, the
impulse control for the partially observed PDMP is equivalent to its POMDP
counterpart, where both the state space {1z and the observation space {ly are
continuous. It is then straightforward to consider the associated belief MDP, which
can take a particular meaning in the PDMP context.

6.4.2.2. Squirrel toy model as a partially observed controlled PDMP
formalized as a POMDP

We now combine the features of sections 6.2.3.3 and 6.4.1.3. We now suppose that
we do not observe the squirrel, but only have access to a presence/absence indicator
at decision times. More precisely, at each decision date n we observe y = F(z) =
1{4=m}. The observation space, observation function and initial observation are the
same as in section 6.2.3.3.

This POMDP can be solved by computing the corresponding belief MDP, which
is a finite-horizon MDP in this case, and solving it backwards.

6.4.2.3. Belief states for PDMPs

While in the practice of POMDPs the belief is often updated through simulations,
as in the context of particle filtering (Del Moral 1997; Silver and Veness 2010), the
PDMP context offers a particularly convenient setting for the update of the filters,
thanks to the Markov property of skeleton chains. Indeed, in the framework of PDMPs,
itis very common to introduce the filter of the process, which we will use for the belief
state in the context of POMDPs. General considerations can be found in Biuerle and
Rieder (2011) and Brandejsky et al. (2012). Here, we briefly expose the steps in the
partially observed controlled PDMP framework.

Forn < T, set FO = o(Y;,0 < t < n) the o-field generated by the observations
up to n, corresponding to time nd. Let:

bn(B) = P(Z,s € B|F?),

denote the filter or belief process for the unobserved part of the process. The standard
prediction-correction approach yields a recursive construction for the filter. For any
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n > 0, conditionally on Y11 = ¢ € Qy,a = £ € L and b, = 6, one has
bpy1 = 7(0,a,y’) with:

oo Jan Jau f = F(2)1B(2") Py (d2'|2)0(dz)
7(9, a,y )(B) = fQM fQM f(y’ _ F(Z/))Pf(d2/|z)9(dz) >

for any Borel subset B of 2.

Conditional on being able to compute the integrals, this provides a theoretical
framework for belief updates that does not rely on the quality of simulators. In
practice, computing this filter is not easy.

6.5. Concluding remarks and open questions

As shown in the previous sections, the MDP formalism makes it possible to
address very challenging problems for controlled PDMPs. Conversely, deriving
MDPs from PDMPs opens new questions for continuous-state-space MDPs and their
practical resolution. We briefly present some of these challenges in this section.

6.5.1. Open questions in impulse control of PDMPs that might be tackled
from the MDP perspective

As mentioned in sections 6.3.2 and 6.4.1, the very task of formalizing the definition
of an impulse controlled PDMP in the partially observed framework is rather technical
(even in the fully observed case). Embedding it in the MDP framework provides a
very natural environment for this formalization, since by construction strategies are
admissible policies and value functions are natural elements of MDP resolution.

The MDP framework provides a wide range of algorithms for the efficient
resolution of controlled PDMPs. As mentioned in section 6.4.1 and 6.4.2, a (partially
observed) controlled PDMP can be cast as a MDP with a continuous state-space.
From there, several possibilities can be considered: discretizing the initial process to
reduce it to a finite state space, for which exact resolution through dynamic
programming is possible, or using approximate resolution algorithms designed for
MDPs with finite but very large state spaces or continuous state spaces. Those two
strategies have been developed for a medical example; see, for instance, Cleynen and
de Saporta (2018) for an exact resolution of the discretized process in the framework
of optimal stopping, Cleynen and de Saporta (2021) for an exact resolution of the
discretized process in the general impulse control framework and (de Saporta et al.
2024) for an approximate resolution based on the adaptation of a Monte Carlo tree
search algorithm for PDMPs.

Noting that (partially observed) PDMPs are both easy to simulate and can be cast
as POMDPs, one can take advantage of the huge amount of resources (both literature
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and software) available in the field of deep RL (see, e.g. Mnih et al. (2013); Sutton
and Barto (2018)). The field of RL is mature and there exist several RL application
programming interfaces (e.g. gymnasium Brockman et al. (2016)), connecting
POMDP simulation models, to libraries of (deep) RL algorithms (e.g. RLIib Liang
et al. (2018)). The embedding of PDMPs in the MDP paradigm hence allows us to
address the scalability issues of standard resolution strategies for PDMPs by
providing efficient resolution algorithms, including exact and approximate
approaches, that provide excellent performances.

6.5.2. Interesting questions in MDPs arising from converted PDMPs

In the MDP/RL community, there is an extensive literature on solving problems
with infinite or continuous time and state spaces. Recent advancements in deep RL
have also led to practical solutions for these problems. However, solving MDPs with
continuous state spaces or in continuous time remains a significant challenge, and
practical algorithms often fail to perform well in these scenarios.

This difficulty is particularly obvious when the transition function, P(:|s,a), is a
continuous probability distribution. Monte Carlo algorithms, for instance, generally
struggle in such settings because they cannot effectively explore the resulting
min-expectation tree, which has infinitely many successor nodes at each level.
Similarly, reinforcement learning approaches require approximations of the
Q-values. While deep RL techniques model )-values using neural networks and are
applicable in these cases, they demand immense computational resources and, when
relying on real-world data rather than simulations, require vast quantities of data.

Using MDPs derived from PDMPs offers a way to address complex, realistic
problems with models that are both easily parameterized and straightforward to
simulate. Additionally, the min-expectation tree resulting from applying Monte Carlo
tree search to PDMPs maintains a finite, often small branching factor (see, e.g.
de Saporta et al. (2024)).

In other words, controlled PDMPs serve as an intriguing benchmark for evaluating
MDP solution algorithms. Their complexity lies between that of finite MDPs, which
are relatively easy to solve, and MDPs with continuous time, state, or decision spaces,
for which existing solving methods typically lack quality guarantees.

6.6. Notations

We gather here Tables 6.1-6.5 that contain the main notations for this chapter.
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Definition Notation Domain
State space Qz
State at time ¢ Lty 2t Qz
Action space A Finite
Action at time ¢ Ay, ay A
Time horizon T NorR; U {400}
Controlled transition matrices p Qz x AxQz —[0,1]
or kernels Qz x Ax B(Qz) — [0,1]
Cost function c Az xAx Nz >R
Terminal cost function C Qs - R
Set of length ¢ histories He (Qz x A) x Qg
Decision rule at time ¢ e He — A
Policy T = (T)o<t<T = T0:T—1 11
Set of policies II
Discounted expected cost of
policy 7 starting from Zy = z V(7 z) R
Total expected cost up to time 7’
of policy 7 starting from Zy = 2 Vr(m, z) R

Table 6.1. Main notations for MDPs

Definition Notation Domain
Observation space Qy
Observation at time ¢ Yi, Yt Qy
Observation probability O Qz x AXQy —[0,1]
or kernel Qz x Ax B(Qy) —[0,1]
Set of length ¢ observed histories HE (Qy x A)' x Qy
Set of history-dependent policies e
State space of the equivalent belief MDP B
Belief at time ¢ b B
Belief update function T BxAXxQy — B
Controlled transition kernels of the belief MDP P Bx AxB—]0,1]
Cost function of the belief MDP p BxAxB—R

Table 6.2. Main additional notations for POMDPs
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Definition Notation Domain
State space of the PDMP Q Hybrid
State at time ¢ Zy Q
Set of modes M Finite
Mode m M
Euclidean state space in mode m Qm C R
Euclidean variable z Qm
Time since the last jump U Ry
Flow of the PDMP P QOXRy —-Q
Deterministic time to reach the boundary starting from z| t*(z) R, U {400}
Jump intensity of the PDMP A Q= Ry
Cumulative intensity of the PDMP A QxRy - Ry
Jump kernel of the PDMP Q QxB(Q) = Q
Date of the nth jump Sn R+
State at the nth jump JIn Q
Sojourn duration between jumps n — 1 and n X Ry
Transition kernel of the canonical chain PIX JOxBQxRy) = Q
Transition kernel of the PDMP between times 0 and ¢ P, QxB(Q) = Q
Table 6.3. Main notations for PDMPs
Definition Notation| Domain
Impulse strategy S (U x Ry)Y
Delay between interventions n — 1 and n Tn R4
New starting point after the nth intervention Xn U
Running cost CR Q—-R
Impulse cost cr OxU—R
Terminal cost function Cr Q—R
Control horizon T R+
Discounted expected cost of strategy S starting from Zy = z| V(S, z) R

Table 6.4. Main additional notations for controlled PDMPs
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Definition Notation | Domain
Set of controller-chosen modes, action set L Finite
Set of uncontrolled modes M Finite
Controller-chosen mode l L
Uncontrolled mode m M
State space of the PDMP seen as a MDP Qe Hybrid
Fixed delay between consecutive impulses é R

Table 6.5. Main additional notations for
controlled PDMPs formalized as MDPs
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