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Preface

This book is a monograph about limit cycles and homoclinic networks in polynomial
systems. The study of dynamical behaviors of polynomial dynamical systems has
been stimulated by the Hilbert’s 16th problem in 1900. Too many scientists have
tried to work on the Hilbert sixteenth problem. Until now, no significant results have
been achieved yet.

In this book, the properties of equilibriums in planar polynomial dynamical
systems are studied. The homoclinic networks of sources, sinks, and saddles in
self-univariate polynomial systems are discussed, and the corresponding bifurca-
tion theory is developed. The corresponding first integral manifolds are determined
analytically, and networks of source, sinks, and saddles are illustrated. The homo-
clinic networks of saddles and centers (or limit cycles) in crossing-univariate polyno-
mial systems are discussed, and the corresponding bifurcation theory is developed.
The corresponding first integral manifolds are polynomial functions. The homoclinic
networks of saddles and centers are illustrated, which are without any sources and
sinks. Since the maximum numbers of equilibriums for such two types of planar
polynomial systems with the same degrees are discussed, the maximum centers and
saddles in homoclinic networks are obtained, and the maximum numbers of sinks,
sources, and saddles in homoclinic networks without centers are obtained as well.
Such studies are to achieve global dynamics of planar polynomial dynamical systems,
which can help one study global behaviors in nonlinear dynamical systems in physics,
chemical reaction dynamics, engineering dynamics, and so on.

In this book, five chapters are included. Chapter 1 is for instruction to polynomial
dynamical systems. Chapter 2 discusses homoclinic networks without centers. The
corresponding bifurcations for homoclinic networks without centers are presented
in Chap. 3. Chapter 4 discusses homoclinic networks with centers and saddles. The
corresponding bifurcations for homoclinic with centers are presented in Chap. 5.

Finally, the author hopes the materials presented herein can provide a better
understanding of nonlinear dynamics in science and engineering.

Edwardsville, IL, USA Albert C. J. Luo
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Chapter 1 ®)
Introduction Check for

1.1 Hilbert’s 16th Problem

Consider a dynamical system with a differential equation as

0= px), = P2 = 00 ) (1.1)
X1 = dt - X1, X2), X2 = dt - X1, X2 .

where P(xy, x;) and Q(xj, x,) are real polynomials of degree n. The second part of
Hilbert’s 16th problem is to decide an upper bound for the number of limit cycles
in polynomial vector fields of degree n and, similar to the first part, investigate their
relative positions. The original problem can be found in [1]. For the first part, it is
about much many branches of the algebraic curves determined by

dxy _ P(x;,x)

= . 1.2
dxo  Qx1,x2) (1.2

If the curve manifolds are polynomial functions, the first and second parts are
similar. If the first integral manifolds are not polynomial functions, the first and
second parts are different. For the limit cycles, the first integral manifolds will be
considered as polynomial functions. For other cases, they will not be discussed in
this book.

In fact, the limit cycle or the branches of curves can be separated by homo-
clinic orbits relative to the equilibriums. To look for the maximum limit cycles, the
maximum equilibriums (or singular points) should be solved. Consider

ny n

k k

P(x1,x) = Za12k(x2)x1 = Zank(xl)xz,
k=0

k=0

. n2 (1.3)
k k.
Q1. x10) = Y ()x} = Y )k
k=0 k=0
© Higher Education Press Limited Company 2025 1
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where
n—k n—k
ai(x2) = Y Brauxh, o) = Y Bt
1=0 1=0
n—k n—k (14)
ank(x) = Zﬁzzlxlz, sk (x1) = Zﬂzllxll-
1=0 1=0
Thus, if
P(x1,x) =0, Q(x1,x) =0, (1.5)
then four cases are given by

ni ni

Z(Xlzk(xz)xlf =0, Zazzk ()b =0;

k=0 k=0

ni ny

D ) =0, () = 0;

kn=zo kn=]0 (1.6)

D )b =0, o (x)xf = 0;

k=0 k=0

ny ny

D )b =0, ()b = 0.

k=0 k=0

From the above four cases, the algebraic basic theorem gives the foregoing alge-
braic equations having n x n roots and only n x n roots. The real roots are equilib-
riums (singular points). If all of n x n roots are real, then the maximum equilibriums
(singular points) of Eq. (1.1) are n x n and cannot be more than n x n. Suppose
equilibriums are obtained by

xT=allkk€{152""’nl}a
xXi=apukell,2,--- ,n—ny};
i 2k k € { 1} (17)
Xy =axk €{l,2,---,n—m},
-x;:‘lzzkke{l’za""nl}‘
Thus the deformation of Eq. (1.1) gives
n n—n
¥ =aio l—[ (x1 — as,) l_[ (x2 — aiy,),
s1=1 L=1 (18)

n—n; ny

Xy = ano l_[ (x1 — aziy,) 1—[ (2 — any,).

sr=1 L=1
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Without lose of generality, consider two extreme cases. For n; = n,

n n
d=ano [ [ G — ang). k2 = ano [ | (2 — a2sy). (1.9)

s1=1 h=1

and for n; = 0,

fi=ano [ [ 2 — i), 12 = azo [ (1 — a21s,). (1.10)

l]=1 52=1

In this book, from the above two cases, the properties of n x n equilibriums will
be discussed. Further, the limit cycles and homoclinic networks of planar dynamical
systems for the two cases will be studied. Such studies will help one better understand
the nonlinear dynamics in mathematics, physics, and engineering.

1.2 A Brief History

Too many scientists have worked on the Hilbert sixteenth problem, which cannot be
discussed one by one herein. For a brief history, in 1923, Dulac [2] discussed the
proof of the finiteness theorem, which was not considered to be true until 1970s.
In 1982, Ilyashenko [3] discussed singular points and limit cycles of differential
equations in real and complex planes, which are based on normal form analysis. The
phase portraits of normal forms are based on the topological imagination rather than
studying the depth of the corresponding dynamical behaviors. In 1984, Ilyashenko [4]
also presented limit cycle of polynomial vector fields with non-degenerate singular
points on the real plane. The review articles on limit cycles were discussed through
the local theory of differential equations in Ilyashenko [5]. In 1991, Ilyashenko
[6] showed Dulac’s proof contains an essential gap and presented the theorems for
finiteness of limit cycles.

The proof is based on Poincare maps without differential equations. The Dulac
formal form series was adopted. In such series, polynomial functions are based on
linear cases to be imagined. For higher-order singularity, such polynomial loga-
rithmic function cannot exist. The centennial research history of Hilbert’s sixteenth
problem was given by Ilyashenko [7]. In 2003, Li [8] also gave a systematical review
on Hilbert’s 16™ problem, the bifurcations of planar polynomial vector fields are
based on the traditional analysis. The simple versions of the Hilbert 16" problem
include the Abel equation, the Lienard equation and van del Pol equation, the
infinitesimal Hilbert problem, and the Hilbert-Arnold problem. For the Abel equa-
tion, the equation is on the cylinder polynomial in y and periodic in x. Such a problem
can be referenced to Shahshahani [9], Lins Neto [10] and Panov [11]. Smale [12]
listed the Lienard equation as one of the 21th century mathematical problems.
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The early work originated from van del Pol equation [13, 14] and Lienard equation
[15]. The experiments proved the existence of limit cycles in the Poincare sense. In
1939, Bautin [16] announced the number of limit cycles N(2) > 3 in a quadratic
system, and the full proof was given by Bautin [17] in 1952. In 1955, Petrovski
and Landis [18, 19] claimed the quadratic system has three limit cycles and the
general discussion can be found as well. However, in 1979, Shi [20] gave a quadratic
system having four limit cycles, and Chen and Wang [21] discussed the relative
position, and the number of, the limit cycles in quadratic differential equation. In
2001, Ilyashenko and Panov [22] obtained the uniform upper bound for the number
of limit cycles for the general Lienard equation. In 1977, Arnold [23, 24] proposed
the weakened, infinitesimal (or tangential) Hilbert 16™ problems. In fact, such a
deformed problem should not belong to the original Hilbert’s sixteen problem. The
possible bifurcations of limit cycles for Hilbert’s sixteenth problem were mentioned
in Li [8], and the corresponding discussion can also be found from Ye [25] and Zhang
et al. [26].

The limit cycles are separated by homoclinic networks. To determine possible
maximum limit cycles, the maximum equilibriums should be determined. In
2022, Luo [27] presented an alternative theory of singularity and stability of
two-dimensional linear systems. To understand singularities in two-dimensional
quadratic systems, a theory of two-dimensional quadratic systems with single-
variable quadratic vector fields was presented in Luo [28]. The theories for planar
dynamical systems with self-univariate and crossing-univariate quadratic vector
fields were developed in Luo [29, 30]. In 2023, Luo [31] discussed the nonlinear
dynamics of two-dimensional systems with product quadratic vector fields. If one is
interested in bifurcations for such polynomial systems, the detailed discussion for
quadratic and cubic polynomial systems are in Luo [32-34].

1.3 Book Layout

In this book, five chapters are included. The first chapter is for instruction to poly-
nomial dynamical systems. Chapter 2 will discuss homoclinic networks without
centers. The corresponding bifurcations for homoclinic networks without centers will
be discussed in Chap. 3. Chapter 4 will discuss homoclinic networks with centers
and saddles. The corresponding bifurcations for homoclinic with centers will be
presented.

In Chap. 2, the homoclinic networks of sources, sinks, and saddles in self-
univariate polynomial systems are discussed, and the numbers of sources, sinks and
saddles are determined through a theorem, and the first integral manifolds are devel-
oped. The corresponding proof of the theorem is completed and a few illustrations
of networks for source, sinks and saddles are presented for a better understanding of
the homoclinic networks. Such homoclinic networks are without any centers even if
the networks are separated by the homoclinic orbits.
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In Chap. 3, the appearing and switching bifurcations are discussed for the
homoclinic networks of non-singular and singular sources, sinks, saddles with
singular saddle-sources, saddle-sinks, and double-saddles in self-univariate polyno-
mial systems. The first integral manifolds for non-singular and singular equilibrium
networks are determined. The illustrations of singular equilibriums to networks of
non-singular sources, sinks and saddles are given.

In Chap. 4, the homoclinic networks of positive and negative saddles with clock-
wise and counter-clockwise limit cycles in crossing-univariate polynomial systems
are studied secondly, and the numbers of saddles and centers are determined through
a theorem and the first integral manifolds are determined through polynomial func-
tions. The corresponding proof of the theorem is given, and a few illustrations of
networks of saddles and centers are given to show the corresponding geometric
structures. Such homoclinic networks of saddles and centers are without any sources
and sinks.

In Chap. 5, the appearing and switching bifurcations are studied for homoclinic
networks of singular and non-singular saddles and centers with singular parabola-
saddles and double-inflection saddles in crossing-univariate polynomial systems,
and the first integral manifolds of such homoclinic networks are determined through
polynomial functions. The illustrations of singular equilibriums to networks of non-
singular saddles and centers are given.
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Chapter 2 ®)
Homoclinic Networks Without Centers Gedar

In this Chapter, the homoclinic networks of sources, sinks, and saddles in self-
univariate polynomial systems are discussed, and the numbers of sources, sinks and
saddles are determined through a theorem, and the first integral manifolds are devel-
oped. The corresponding proof of the theorem is completed and a few illustrations
of networks for source, sinks and saddles are presented for a better understanding of
the homoclinic networks. Such homoclinic networks are without any centers even if
the networks are separated by the homoclinic orbits.

2.1 Sources, Sinks, and Saddles

In this section, as in Luo [1], consider homoclinic networks of maximized sinks,
sources, and saddles in two-dimensional polynomial nonlinear systems. A poly-
nomial system with a self-univariate polynomial vector field is considered, and the
corresponding dynamical behaviors will be presented through the following theorem.

Theorem 2.1 Without of lose of generality, consider a self-univariate polynomial
dynamical system as

m
Xjp = 4,0 l_[ (le - ajljlsl)’

s1=1

n
%, = apo [ | G — @ijan),
=1

Juj2 € {1, 2} i # j. 2.1)

© Higher Education Press Limited Company 2025 7
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Systems, https://doi.org/10.1007/978-981-97-2617-2_2
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The first integral manifold is

n

Z 1 In |xj2 - ajzi211|

3 o .
I=1 1—112=1,12;£ll (ajzizll - ajzizlz) |x]20 a12/211|

“ 1
_ Gjjp0 1 i = G|

3 R
4jij10 s1=1 I—[xzzl.sﬁ&xl (ajlj151 - a.iljlsz) |x/10 aJUlsl'

(2.2)

The equilibrium of (Jc;‘l , x;;) = (Ajjis,» Aipjpty) (S1, 52 €{1,2, -+ ,m}, 81 # 525 11, he
{1,2,3,---,n},l; # 1) possesses the following properties.

m
® For 4a;j,j,0 Hs2=1,s2;és1 (ajljlsl - aj]jlfz) > 0and

n
@jo0 [Ty, 20, @iajoty — @jojoy) > 0,

(ajljlsl . ajﬂ-zll) = (SO, SO) . (23)

source
The equilibrium of (xj*l , xj*2) = (@j,j,s,» Ajrjo1y) i an (SO,S0)-source.

m
® For 4a;j,j,0 Hs2=1,s2;és1 (ajljlsl - aj]jlé'z) < O0and
n
4jo0 [Tyt 2, @iojoty — @jojoy) > 0,

(ajljlsl . ajzjzll) = (SI, SO) . (24)
saddle
The equilibrium of (xj*1 , x;‘z) = (@j,j,s5,» jrjo1,) 15 an (S,SO)-saddle.

m
o For ajjio [ 521 sz @jisi — @jsjis) > 0 and
n
o0 [T =1 bty @ijols — ot < O,

(@j,jis1» @jjoty) = (SO, SI) . (2.5)
saddle

The equilibrium of (x},, x;) = (ajj,s, @jpjo1y) is called an (SO,SI)-saddle.

m
® For 4a;j,j,0 nszzl,xz;ﬁsl (ajl./1S1 - Cl./leSZ) < O0and

n
a0 [T ot 2ty @ijols — @jots) < 0,

(@51 @it,) = (SL, SI) . (2.6)

sink

The equilibrium of (ch’"l , xj*2) = (@j,j,s,» Ajjo1y) i an (SLSD)-sink.
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Define a notation for homoclinic networks as

m n

UU @is» @)

s=1 1:1T

@jijins @iopon) — @jiji2sjojon) - (@jrjimsjojon)

(lljlj,l, ajzjz(nfl)) (aj|j|2’ ajzjz(nfl)) te (Clj.j]m» ajgjz(nfl)) 27

@jins @) (G2, @) - (@jims A1)

(iy) Form = 2m; + 1 and n = 2n; + 1, the homoclinic networks of (2m; + 1) x
(2n; + 1) equilibriums have the following properties.

e For ajjo0 > 0and aj,j,0 > 0,

(S0,50) (SLSO) - - - (SO,S0)
—— — — ——

source saddle source
i1 241 (SO,SI) (SLSI) --- (SO,SI)
—— —— ——
U U (ajlle’ajz/zl) = saddle sink saddle
N— e’ . . . .

s=1 =
s =1 XX

(S0,S0) (SLSO) - - - (SO,SO)
——— —— ——

source saddle source Q2ni+1)x2m;+1)

(2.8)

In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number
of (SI,SO)-saddles is (n; 4+ 1) x my;the number of (SO,SO)-sources is (n; +
1) x (my + 1); and the number of (SI,SI)-sink is n; x m;.

e Forajj0 < 0and aj,j,0 > 0,

(SLSO) (SO,SO) - - - (SLSO)
—_—— —— ——

saddle source saddle
2my+12m+1 (SLSI) (SO,SD) --- (SLSI)
—_— —— —_——
U U (ajljls,ajzjzl) = sink saddle sink
—1 =1 — e’ . . . .

XX . . . .
(SLSO) (SO,SO) - - - (SLSO)
—_—— ———— ——

saddle source saddle Q@m+1)x(2m+1)

(2.9)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is (n; + 1) x (m; + 1); the number of (SO,SO)-sources is
(n1 + 1) x my; and the number of (SI,SI)-sink is n; x (m; + 1).
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e For aj 0 > 0 and aj,i0 < 0,

(SO,S) (SLSI) --- (SO,SI)
—_— — ~——
saddle sink saddle
syl 21 (SO,S0) (SLSO) - - - (SO,S0)
—_——— —— [ —
U U (ajljls,ajmz) = source saddle source
s=1 =1 T : : :
XX . : . .
(SO,SI) (SLSI) --- (SO,SI)
—_— — ~——
saddle sink saddle

2 Homoclinic Networks Without Centers

Q2n+1)x2m;+1)
(2.10)

In the network, the number of (SO,SI)-saddles is (171 +1) x (m;+1), the number
of (SI,SO)-saddles is n; x m;; the number of (SO,SO)-sources is ny x (m; +1);
and the number of (SI,SI)-sink is (n; + 1) x m;.

e For aj o < 0 and aj,i,0 < 0,

(SLSD) (SO,SI) --- (SLSD)
— — e
sink saddle sink
st 241 (SLSO) (SO,S0) - - - (SLSO)
—_— ——— ——
U U (a.iljls’a,izizl) = saddle source saddle
s=1 =1 T : : :
XX . . . .
(SLSI) (SO,SI) --- (SLSD)
—_— — ——
sink saddle sink

Cni+1)x2my+1)
@2.11)

In the network, the number of (SO,SI)-saddles is (n; + 1) x m;, the number of
(SI,SO)-saddles is n; x (m; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is (r; + 1) x (m; + 1).

(i) The numbers of saddles, sink and sources for (2m; + 1) x (2n; + 1)-equilibriums
are summarized in Table 2.1.

(ii;) Form = 2m, and n = 2n; + 1, the equilibrium networks with (2m;) x (2n; + 1)
equilibriums have the following properties.

Table 2.1 Numbers of saddles, sinks, and sources in homoclinic networks (m = 2m; + 1,n =

2n1 + 1)

(41105 @jj20)

(SO,SI)-saddle

(SL,SO)-saddle

(SO,S0O)-source

(SLSD)-sink

+,+) ny X (mp + 1) (np + 1) x m (m+1)x(m+1) | n; xm

=+ ny X my (m+Dxm+D | +1) xm np x (my + 1)
+.-) (ni+ 1) x (my+1) | ny x my np x (my + 1) (n1 +1) x my
(=) (n1 +1) x my ny x (mp + 1) np X m (mi+ 1D x(mi+1)
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e For aj 0 > 0 and Qj,j,0 > 0,

(SL,SO) (S0O,SO) - - - (SO,SO)
—_—— —— —_———

saddle source source
2my 2n+1 (SLSI) (SO’SI) e (SO,SI)
—_— — ——
U U (ajL,-ls,ajml) = sink saddle saddle
s=l =1 oo : ; : :
XX . . . .
(SL,SO) (SO,SO) - - - (SO,S0O)
———— — — ———
saddle source source Q@ni+1)x (2my)
(2.12)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is (121 + 1) x my; the number of (SO,SO)-sources is (n; + 1) x
my; and the number of (SI,SI)-sinks is n; x m;.

e Foraj o > 0andajjo > 0,

(S0,50) (SLSO) - - - (SL,SO)
——— — — ——

source saddle saddle
— (SO,SI) (SLSI) --- (SLSI)
——— —— N——
U U (aj,jls,ajzjzl) = saddle sink sink
o S . . . .
s=1 [=1 XX

(SO,SO) (SLSO) - - - (SL,SO)
— N — ——

source saddle saddle Q@n+1)x(2m;)

(2.13)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is (11 + 1) x my; the number of (SO,SO)-sources is (n; + 1) x
my; and the number of (SI,SI)-sinks is n; x m;.

e For ajjo0 > 0and aj,j,0 > 0,

(SLSD) (SO,SI) --- (SO,SI)
— — ——

sink saddle saddle
2y 2m4+1 (SL,SO) (SO,SO) - - - (SO,SO)
— ) — ——
U U (ajl Jiss amz[) = saddle source source
N — e’ . . : .

s=1 [=
s =1 XX

(SLSD) (SO,SI) --- (SO,SI)
—— S—— ——
sink saddle saddle Q@ni+1)x(2my)

(2.14)
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In the network, the number of (SO,SI)-saddles is (n; + 1) x my, the number
of (SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sinks is (n; + 1) x m;.

e Forajjo > 0and aj,j,0 > 0,

(SO,SI) (SLSI) --- (SLSI)
—_—— —— ——

saddle sink sink
2my 2m+1 (50,S0) (SLSO) - - - (SLSO)
——— —— ~——
U U (ajljls,ajml) = source saddle saddle
s=1 I=1 . . .
XX . . . :
(SO,SI) (SLSI) --- (SLSD
——— N—— ——
saddle sink sink

@ni+1)x (2my)
(2.15)

In the network, the number of (SO,SI)-saddles is (n; + 1) x my, the number
of (SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sinks is (n; + 1) x m;.

(ii) The numbers of saddles, sinks and sources for (2m;) x (2n; + 1)-equilibriums
are summarized in Table 2.2.

(iii;) Form = 2m; +1 and n = 2ny, the equilibrium networks with (2m; +1) x (2n)
equilibriums have the following properties.

e For ajj0 > 0and aj,j,0 > 0,

(S0,S0) (SLSO) - - - (SO,S0)
——— —— ~——
source saddle source
i1 2, (SO,SI) (SLSI) --- (SO,SI)
—_— —\— —
U U(ajljls,ajy-zl) = saddle sink saddle
=TS : S
(SO,SI) (SLSI) --- (SO,SI)
— — N e’
saddle sink saddle 2n1)x (2my+1)

(2.16)

Table 2.2 Numbers of saddles, sinks, and sources in homoclinic networks (m = 2my, n = 2n1+1)

(41,0, Gj»j20)

(S0O,SI)-saddle

(SI,SO)-saddle

(S0O,S0)-source

(SI,SI)-sink

+.+) np X mj (n1 + 1) x my (n +1) x my np X mj
(—,+) ny X mp (n1 4+ 1) x m (n+1) x m ny x mp
(+.-) (n1 +1) xmy np X mj ny X mi (n1 +1) xm
(—,—) (n1 4+ 1) x my ny X mp ny x m (n1 4+ 1) x my
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In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x (m; + 1);
and the number of (SI,SI)-sinks is n; x m;.

e For ajj0 < 0and aj,j,0 > 0,

2m;+1 2n;

U U @is @) =
—_———

s=1 I=
s =1 XX

(SL,SO) (SO,S0) - - - (SL,SO)
— N — ——
saddle source saddle
(SLST) (SO,SI) --- (SLI,SD
S— S—— ~——
sink saddle sink
(SL,SI) (SO,SI) --- (SLSD
— —— ~——
sink saddle sink

(2n1)x(2m;+1)
2.17)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x (m; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is n; x (m; + 1).

e Foraj o > 0and ajj,o <0,

2mi+1 2ng

U U @iss @) =
— —

s=1 [I=1 XX

(SO,SI) (SLSI) --- (SO,SI)
—_—— —— ——

saddle sink saddle
(80,S0O) (SL,SO) - -- (S0,S0)
——— — — ——

source saddle source
(80,S0) (SL,SO) - -- (SO,S0)
—— — — ——

source saddle source

(2ny)x(2m;+1)
(2.18)

In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x (m; + 1);
and the number of (SI,SI)-sink is n; x m;.

e For aj o < 0 and aj,i0 < 0,

2mi+1 2m

U U (@ijis» Ajpj1) =
— —

s=1 I=1 XX

(SLSI) (SO,SI) --- (SLSI)
—_—— —— ——

sink saddle sink
(SL,SO) (SO,S0) - - - (SLSO)
~——— — — ~——
saddle source saddle
(SL,SO) (SO,S0) - - - (SLSO)
~—— —— ~——
saddle source saddle

(2ny)x(2my+1)
(2.19)
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In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x (m; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is n; x (m; + 1).

(iliz) The numbers of saddles, sink and sources for (2m; 4+ 1) x (2n;)-equilibriums
are summarized in Table 2.3.

@ivy) For m = 2m; andn = 2n,, the equilibrium networks with (2m;) x (2n)
equilibriums have the following properties.

e For ajj0 > 0and aj,j,0 > 0,

2m1 2)‘!]

UU @i i) =
————

s=1[1=1

XX

(SLSO) (SO,S0) - - -
—— ——

saddle source

(SLSI) (SO,SI) ---
—_—— ——

sink saddle

(SLSI) (SO,SI) ---
—_—— ——

sink saddle

(SO,S0)
—_——
source

(SO,SI)
———

saddle

(SO,SI)
———

saddle

(2.20)

(2ny)x (2my)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sinks is n; x m;.

e For aj o < 0 and aj,i0 > 0,

2my 2n

UU @iisr ajiat) =
———

s=11=1

XX

(S80,S0) (SL,SO) - - -
—_——— ——

source saddle

(SO,SI) (SLSI) - --
— —

saddle sink

(SO,SI) (SLSI) - --
— —

saddle sink

(SI,SO)
——

saddle
(SLSI)
——

sink

(SLSI)
——

sink

2.21)

(2n1)x(2my)

Table 2.3 Numbers of saddles, sinks, and sources in homoclinic networks (m = 2m+1, n = 2ny)

(@j1j10» @jj,0) (SO,SI)-saddle (SI,SO)-saddle (S0,S0)-source (SIL,SI)-sink
(+,+) ny x (my +1) ny X mj ny x (my + 1) ny X m

(=, +) ny X my np x (my+1) ny X mp ny x (mp +1)
(+,-) np x (mp+1) ny X mj np x (my +1) ny x mj
(=) ni X i np x (my + 1) ny X mp ny X (my + 1)
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In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

e For ajj0 > 0and aj,j,0 <0,

2m1 an

UU @iisr aiiat) =
— —

s=11=1 XX

(SLSD) (SO,SI) --- (SO,SI)
—_— —— ~——
sink saddle saddle
(SL,SO) (SO,S0) - - - (SO,S0)
——— —— ~——
saddle source source
(SL,SO) (SO,S0) - - - (SO,S0)
——— — — ~——
saddle source source

(2n1)x(2my)

(2.22)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

e Forajjo < 0and ajjo <0,

2m1 2}11

UU @5 @) =
—— —

s=11=1 XX

(SO,SD) (SLSI) --- (SLSD
—_— — N e’
saddle sink sink
(80,S0) (SLSO) - - - (SI,SO)
—— — — ~——
source saddle saddle
(80,S0) (SLSO) - - - (SI,SO)
—— — — ~——
source saddle saddle

(2n1)x(2my)

(2.23)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

(ivz) The numbers of saddles, sink and sources for (2m;) x (2n;)-equilibriums are

summarized in Table 2.4.

Table 2.4 Numbers of saddles, sinks and sources in homoclinic networks (m = 2my, n = 2ny)

(@105 @jrj0) (S0,SI)-saddle (SI,SO)-saddle (S0,S0)-source (SI,SI)-sink
(+,+) ny X mp ny X mp ny X mp ny X mp
(—,+) np X mp ny x m ny x m ny x m
(+,-) np x mp ny x my np x m ny x m
(—,—-) ny x mp ny X mp ny X mp ny x mp
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2.2 Proof of Theorem 2.1

Without lose of generality, consider a self-univariate polynomial dynamical system

as

m
Xy = )0 1_[ 5, — @jpjis,)
S]=1

n
%, = ajo [ | G = @ijon)-
L=1

J1.2 € {1,255 ji # -
In phase space,

m
dxj] _ 9o Hs,:l (X, — @jjrs)

— ; ,
dxj, a0 [ 111 (6 — @jjory)

and
de]
m
(le - a.iljlé‘l) 1_[‘;2=1,S2¢x1 (x.il - Cl.fljl»YZ)
dsz

_ %0
= = ,
4j1j>0 (sz - ajzizll) nlzzl,lzyﬁll (sz - ajzizlz)

With an initial condition (xj,0, X;,0), the first integral manifold is

- 1
Z 1 iz = Gt |
3
=1 [Thzi b, @iioty — @injot) 120 = @ty |
_ @jr0 1 X, — @jijis: |

3 g |
1,0 si=1 nszzl,sg&sl (ajljl»Y] - ajljlsz) |le0 aJl/m'

For (x},x7) = (@jjjisys Qjojot (51,82 € {1, 2, -+ m}, s1 # so3li, b € {1,2, -

I, # by), the variational equations are

m
Ay, =lajo [ @i — @)1y,

s2=1,52%#51

n
A%, = [0 [ | @t = o1 )1 A,
L=1

. an}v
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m m
For 4 j;0 l_[xz=l.sz;tx| (ajljlsl - ajljlsz) >0 and aj ;0 l—lxz=l,s2;ﬁx| (ajl.ilsl - ajljlsz) <0,
* * — P P 1 1 PR—
the flows at (x;,x7) = (g5, ajjp,) are source and sink flows in the x;
direction, and the flows at (x;, x7)) = (aj,j,s,, aj,j,1,) are source and sink flows for

0 [Th=1. 1,1, @ity — @iits) > 0 and @jojo0 [Ty, 1,21, @ity = @jajory) < O in the
xj,-direction.

Therefore, the equilibrium of (xj”‘l,x;) = (Gjijis1» Ajjpr,) (1,82 € {1,2, -+, m},
sy £ s L, b ef{1,2,3,--- ,n}, I} # L) possesses the following properties in Egs.
(2.3)—(2.6).

m
e For 4a;j,j,0 ns2=1,xz¢sl (ajljlsl - ajljlé‘z) > 0 and

n
aj,j,0 1—112:1,12;&1, (ajzh/l - ajzizlz) > 0,

(@jis,» ajjot,) = (SO, SO) .

source

The equilibrium of (x7, x7) = (4,5, ajyj1,) is an (SO,SO)-source.

m
® For a0 [[51 525 @ijisi — @jijis,) < 0 and

n
a0 [T ot 2y, @ijoly — o) > 0,

(@jijisi» Ajajot,) = (S, SO) .
saddle

The equilibrium of (xj’"l , xj’;) = (aj,j,s,» Ajjo1y) 18 an (S1,SO)-saddle.

m
e For a0 Hszzl,sz;ésl (ajlj]sl - ajl/'lfz) > 0 and
n
ajr0 [ Tt nt, @ity — @jot) <0,

(ajl.ilsl ’ ajzjzll) = (SO, S]).

saddle

The equilibrium of ()cj’"l , xj*z) = (aj,j,s,»> Qjyjo1y) 18 called an (SO,SI)-saddle.

m
e For 410 Hsz:l,xﬁésl (ajljlsl - ajljlfz) < 0Oand

n
a0 [ T =t sty @ijoly — iots) < O,

(@jjs,5 jpjor,) = (SL, ST) .

sink

The equilibrium of (x}, x7)) = (aj,jys,» @jyjp,) 18 an (SLSI)-sink.

From the above equations, the equilibrium networks can be developed. Consider
four cases:
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e Form = 2m; 4+ 1 and n = 2n; + 1, the corresponding equilibrium networks

can be matrixed.

e For m = 2m; and n = 2n; + 1, the corresponding equilibrium networks can

be matrixed.

e For m = 2m; 4+ 1 and n = 2n,, the corresponding equilibrium networks can

be matrixed.

e For m = 2m; and n = 2n,, the corresponding equilibrium networks can be

matrixed.

The (SO,SI)-saddles, (SI,SO)-saddles, (SO,SO)-sources, (SI,SI)-sinks are deter-
mined and counted for each row and column. Summations of numbers yield the total
numbers of saddles, sources, and sinks.

For simplicity, define a notation for homoclinic networks as

m n

UU @is» @)
[ —

s=1[=1

XX
@jjits Ajpjon) — (@jpji2spjon) o+ (@jjimsjajon)
) @i @) @2, @ijpn-0) - (@jims Gojp 1)
@jijins @) (G2, @) -+ (@gjims A1)

(1) Form = 2m; + 1 and n = 2n; + 1,, the equilibrium networks with (2m; + 1) x
(2n; + 1) equilibriums have the following properties as in Egs. (2.8)—(2.11).

e For ajj0 > 0and aj,j,0 > 0,

(S80,S0) (SLSO) - - - (SO,SO)
—_———— —— —_——

source saddle source
2my+12n;+1 (SO’SI) (SLSI) e (SO,SI)
—_——— —— ——
U U (ajljls, ajzjzl) = saddle sink saddle
=1 [=1

XX . . . .
(S80,S0) (SLSO) - - - (S0,SO)
—_——— —— —_——

source saddle source Q2ni+1)x(2mi+1)

In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number
of (SI,SO)-saddles is (n; + 1) x my; the number of (SO,SO)-sources is (n; +
1) x (m; + 1); and the number of (SI,SI)-sink is n; x m;.

e For aj o < 0 and aj,j,0 > 0,
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2my+12n;+1

U U @iseai) =
~————
=1 =1

XX

(SLSO) (SO,S0) - - - (SL,SO)
—_—— — — ——
saddle source saddle
(SLSI) (SO,SI) --- (SLSID)
—_— — ~——
sink saddle sink
(SLSO) (SO,S0) - - - (SL,SO)
—_—— — — ——
saddle source saddle

19

2n+1)x2m+1)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is (n; + 1) x (m; + 1); the number of (SO,SO)-sources is
(n1 + 1) x my; and the number of (SI,SI)-sink is n; x (m; + 1).

e For ajjo0 > 0and aj,j,0 <0,

2my+12n+1

U U @i @) =
~————

s=1  I=1

XX

(SO,SI) (SLSI) --- (SO,SI)
—_—— —— ——

saddle sink saddle
(80,S0) (SLSO) - -- (SO,S0)
—_—— — — ——

source saddle source
(SO,SD) (SLSI) --- (SO,SI)
—_——— —— ——

saddle sink saddle

@m+1)x 2my+1)

In the network, the number of (SO,SI)-saddles is (11 +1) x (m;+1), the number
of (SI,SO)-saddles is n; x m;; the number of (SO,SO)-sources is n; x (m; +1);
and the number of (SI,SI)-sink is (n; + 1) x m;.

e Foraj ;o < 0and ajjo <0,

2my+12n+1

U U @isai) =
————
=1 =1

XX

(SLST) (SO.,SI) --- (SLSD)
—_— — e
sink saddle sink
(SLSO) (SO,S0) - - - (SLSO)
—_—— ——— ——
saddle source saddle
(SLSI) (SO,SI) --- (SLSD)
—_— — —
sink saddle sink

2n+1)x2m+1)

In the network, the number of (SO,SI)-saddles is (n; + 1) x m;, the number of
(SL,SO)-saddles is n; x (im; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is (r; + 1) x (m; + 1).
(i) From case (i), the numbers of saddles, sink and sources for (2m;+1) x (2n;+1)
-equilibriums are summarized as in Table 2.1.
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(ii;) Form = 2m; and n = 2n; 4 1, the equilibrium networks with (2m;) x (2n; + 1)
equilibriums have the following properties as in Egs. (2.12)—(2.15).

e For a0 > 0 and aj,j,0 > 0,

(SL,SO) (SO,S0) - -- (SO,S0)
—_— ——— —_———

saddle source source
ooy 2141 (SLSD) (SO,SI) --- (SO,SI)

— — ——
U U (qjljls,qujzl) = sink saddle saddle
s=1 1= o : : : :

XX . . . .
(SL,SO) (SO,S0) - - - (SO,S0)
—_—— — — —_——

saddle source source Q@ny+1)x(2m))

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is (121 + 1) x my; the number of (SO,SO)-sources is (n; + 1) x
my; and the number of (SI,SI)-sinks is n; x m;.

e For ajjo < 0and aj,j,o > 0,

(SO,S0) (SLSO) - - - (SL,SO)
——— —— ——

source saddle saddle
2my 2m+1 (SO,SI) (SLSD) --- (SLSD
—— N’ N —
U U (ajljls,ajm,) = saddle sink sink
— : : : :

s=1 [=
s =1 XX

(SO,SO) (SL,SO) - - - (SL,SO)
——— —— N —

source saddle saddle Q2n4+1)x(2m;)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is (17 4+ 1) x my; the number of (SO,SO)-sources is (n; + 1) x
my; and the number of (SI,SI)-sinks is n; x m;.

e Forajjo > 0and aj,j,o <0,

(SLSI) (SO,SI) --- (SO,SI)
S—— S—— S——

sink saddle saddle

2my 2m+1 (S1.SO) (SO,SO) - - - (SO,S0)
N e’ e e’ N —’
U U (aj] jiss ajm,) = saddle source source
N — e’ . . . .

s=1 [=
s =1 XX

(SLSI) (SO,SI) --- (SO,SI)
— — ——

sink saddle saddle Q@ni+1)x(2my)
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In the network, the number of (SO,SI)-saddles is (n; + 1) x my, the number
of (SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sinks is (n; + 1) x m;.

e For ajij0 < 0 and Ajpjr0 < 0,

(SO,SD) (SLSI) --- (SL,SD
— N —’
saddle sink sink
N (SO,S0) (SLSO) - - - (SLSO)
—_——— ——— —_——
U U (ajljlj,ajml) = source saddle saddle
s=1 1=l oo : : : :
XX . . . :
(SO,SI) (SLSI) --- (SLSD
— — ~——
saddle sink sink Q@n+1)x(2m;)

In the network, the number of (SO,SI)-saddles is (n; + 1) x my, the number
of (SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sinks is (n; + 1) x m;.

(iip) Form case (ii,), the numbers of saddles, sinks and sources for (2m;) x (2n; +
1)-equilibriums are summarized in Table 2.2.

(iii;) Form = 2m; +1 and n = 2ny, the equilibrium networks with (2m; +1) x (2n)
equilibriums have the following properties as in Eqgs. (2.16)—(2.19).

e For ajj0 > 0and aj,j,0 > 0,

(SO,S0) (SLSO) - - - (SO,S0)
——— — — ——

source saddle source

2mi+1 2my (SO,SI) (SLSD) --- (SO,SI)

U U(ajljls,ajy-zl) = saddle sink saddle
— : : : :

s=1 I=
5 =1 XX

(SO,SI) (SLSI) --- (SO,SI)
—_——— —— ———

saddle sink saddle 2n1)x (2my+1)

In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x (m; + 1);
and the number of (SI,SI)-sinks is n; x m;.

e For aj o < 0 and aj,i0 > 0,
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(SL,SO) (SO,SO) - - - (SLSO)
—_—— ——— ——

saddle source saddle
2t 2 (SLSD (SO.SD) --- (SLSI)
— — ~——
U U (ajljls, ajzjzl) = sink saddle sink
— : : : :

s=1 [I=1 XX

(SLSI) (SO,SI) --- (SLSI)
—_—— —— ——

sink saddle sink 2ny)x (2m+1)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is n; x (m; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is n; x (m; + 1).

e For aj o0 > 0 and aj,i0 < 0,

(SO,SI) (SLSI) --- (SO,SI)
—_—— —— ——

saddle sink saddle
2m+1 2y (SO,S0) (SLSO) --- (SO,SO)
~——— — — ——
U U (ajlj]s, ajzjzl) = source saddle source
_ o S—— . . . .
s=1 I=1 XX . . . .

(S0O.,S0) (SL,SO) - - - (SO,SO)
—_— ——— | —

source saddle source 2n1)x(2m;+1)

In the network, the number of (SO,SI)-saddles is n; x (m; + 1), the number of
(SL,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x (m; + 1);
and the number of (SI,SI)-sink is n; x m;.

e For aj o < 0 and aj,i0 < 0,

(SLSI) (SO,SI) --- (SLSI)
—_—— —— ——

sink saddle sink
2mi+1 2m (SLSO) (SO,SO) - - - (SLSO)
——— — — ~——
U U (ajlj]s, ajzjzl) = saddle source saddle
— : : : :

s=1 [I=1 XX

(SL,SO) (SO,SO) - - - (SLSO)
—_— ——— ——

saddle source saddle (2n1)x (2my+1)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is n; x (m; + 1); the number of (SO,SO)-sources is n; x my;
and the number of (SI,SI)-sink is n; x (m; + 1).

(iiip) From case (iii}), the numbers of saddles, sink and sources for (2m; + 1) x
(2n1)-equilibriums are summarized in Table 2.3.
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(ivy) For m = 2m; andn = 2ny, the equilibrium networks with (2m;) x (2n;)
equilibriums have the following properties as in Eqgs. (2.20)—(2.23).

e For a0 > 0 and aj,j,0 > 0,

(SLSO) (SO,SO) - - - (S0O,SO)
—_— ———— —_——

saddle source source
2my 2, (SLSI) (SO,SI) --- (SO,SI)
— — ——
U U (ajljlé" ajzjzl) = sink saddle saddle
s=l1=1" 20 : : : :

XX . . . .
(SLSI) (SO,SI) --- (SO,SI)
— — ——

sink saddle saddle 2n1)x(2my)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x my; and
the number of (SI,SI)-sinks is n; x m;.

e For ajj0 < 0and aj,j,0 > 0,

(S0,S0) (SLSO) - - - (SLSO)
——— — — ——

source saddle saddle
2my 2n, (SO,SI) (SLSI) e (SLSI)
U U (aj]jma ajzl'zl) = saddle sink sink
— : : : :

s=1I=
s=11=1 XX

(SO,SI) (SLSI) --- (SLSID)
—_—— —— —_——

saddle sink sink (2n1)x (2my)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

e For ajj0 > 0and aj,j,0 <0,

(SLSD) (SO,SI) --- (SO,SI)
—— N—— ——

sink saddle saddle
2my 2my (SLSO) (80,S0) - -- (SO,S0)
—— —— ——
U U (ajljls, ajzjzl) = saddle source source
— : : : :

s=1I=
s=11=1 XX

(SLSO) (SO,SO) - - - (S0,SO)
—_—— —— —_——

saddle source source (2ny)x (2my)
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In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SI,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

e For ajij0 < 0 and Ajpjr0 < 0,

(SO,SI) (SLSI) --- (SLSI)
—_—— —— ——

saddle sink sink
2my 2 (S0,S0) (SLSO) - - - (SLSO)
—_—— — — ——
U U (aj]jls, ajz,-zl) = source saddle saddle
— : : : :

s=11=1 XX

(S80,S0) (SI,SO) - - - (SI,SO)
—_——— —— —_———

source saddle saddle (2n1) x (2my)

In the network, the number of (SO,SI)-saddles is n; x m;, the number of
(SL,SO)-saddles is n; x my; the number of (SO,SO)-sources is n; x m;; and
the number of (SI,SI)-sink is n; x m;.

(ivp) From case (iv;), the numbers of saddles, sink and sources for (2m) x (2n;)-
equilibriums are summarized in Table 2.4.
In the end, Theorem 2.1 is proved. ]

2.3 Homoclinic Networks Without Centers

(A) Consider a 2-dimensional system with (2m;) x (2n;) =2 x 2 as

X1 = a1 —ain) (X — ann),

. (2.24)
Xy = ano(x2 — an1) (X2 — axno).
The first integral manifold is
aro In [x2 —ama| X2 — ani|
axoy —axyi - X0 — @] |x20 — a221|
. axo X1 —ain| I —an ) (2.25)
ajp —ayn - X0 — ang| |x10 — a1

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles, sinks and sources presented in Fig. 2.1a—d for (a0 > 0, axy > 0), (a110 <
0, axo > 0), (a0 > 0, axo < 0) and (aj10 < 0, axng < 0). For all cases, one sink
equilibrium, one source equilibrium, and two opposite saddles are for the four simple
equilibriums of (x},x3) = (a1, a21), @112, a221), (@111, a222), (a112, a22). The
four simple equilibriums are based on the bifurcation of double-saddle bifurcations.
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Fig. 2.1 Phase portraits for 2-dimensional systems on the x| -direction with x’f = aji1,ay12 and
on the xz-direction with x5 = anz1, az». The four sets of four simple equilibriums: a (ajj0 >
0, azoo > 0), b (ar10 < 0, azo > 0), ¢ (ar10 > 0, a0 < 0),d (ar10 < 0, axo < 0)

Table 2.5 Numbers of saddles, sinks and sources in networks for 2 x 2-equilibriums
(ai10, a220) (S0O,SI)-saddle (SI,SO)-saddle (SO,S0)-source (SI,SI)-sink

(+,+) my xnp =1 myp xnp =1 m; Xxnp =1 my xnp =1
(-, +) mp xnp =1 my xnp =1 my xnp =1 my xn; =1
(+, —) mp xnp =1 my xnp =1 my xnp =1 my xn; =1

(—,—) my xnp =1 mp xnp =1 m; Xxnp =1 mp xnp =1
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(SL,SO) (SO,S0)
{ (a111, axn) (ainz, a) } _ saddle  source
(@111, ax1) (a2, ani) (SLSI) (SO,SD
— ——
sink saddle
forajjo > 0, axo > 0; (2.26)
(S0.S0) (SLSO)
{ (a111, axn) (a2, a) } _ source  saddle
(@111, ax1) (a2, ani) (SO,SD) (SLSD
S o N !
saddle sink
for anog < 0, ano > 0; (227)
(SL,SI) (SO,SI)
{ (ai11, a222) (a2, ax?) } _ sink saddle
(ai11, a221) (ari2, axi) (SLSO) (S0,S0)
——— ——
saddle source
for ail > O, ayyo < 0; (228)
(SO,ST) (SLSI)
{ (a1, axn) (a2, an) } _ saddle sink
(a1, axny) (a2, ani) (S0,S0) (SI,SO)
———— ——
source saddle
for arog < O, ayo < 0. (229)

The numbers of saddles, sinks, and saddles in networks for 2 x 2-equilibriums
are listed in Table 2.5.

(B) Consider a 2-dimensional system with (2m; 4+ 1) x (2n;) = 3 x 2 equilibriums
as

X1 = a1 —ain)(x) — ai)(x; — anz),

Xy = ano(x2 — ax1) (2 — az). (2.30)
The first integral manifold is given by

1 |x2 — axn| |x2 — a1
(In —

amy —ap1 |xo — amn| |x20 — a1

ano 3 1 lx1 — aiis, |
= - In

i :
ano =0 s, (@i, — annsy) |x10 — arig, |

(2.31)

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.2a—d for (a;;9 > 0, axny > 0),
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x] al]] a]]2 a]]}

Fig. 2.2 Phase portraits for 2-dimensional systems on the x|-direction with x’]" = a1, a2, diz
and on the x-direction with x3 = @221, az22. The four networks of sink, source and saddle: a (a110 >
0, az0 > 0), b (ar10 < 0, azxo > 0), ¢ (ar10 > 0, a0 < 0),d (ar10 < 0, axo < 0)
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X a,

Fig. 2.2 (continued)

2 Homoclinic Networks Without Centers

«——-.—-»—’

DF/ \Nf

1 ap

(d)

ans

Table 2.6 Numbers of saddles, sinks and sources in networks for 3 x 2-equilibriums

(ai10, azo) | (SO,SI)-saddle (SL,SO)-saddle (S0,S0)-source (SI,SI)-sink
(+,+) nxm+1)=2|n xm =1 nmXxm4+1)=2|m xn =1
(-, +) nxmp=1 mxm+1)=2\nxm=1 nx(m+1)=2
(+,—) mxm+1)=2\nxm =1 nxm+1)=2 m xn =1
(=, —) ny xm; =1 mXxXm+1)=2|n xm =1 np x (m+1)=2

(a”o < 0, azo > 0), (611]0 > 0, azo < 0) and (a”() < 0, axyo < 0) For all cases,
the six simple equilibriums are generated through the (3,2)-saddle-source (sink)
appearing bifurcations, and the (3,2) homoclinic network without centers are given

as follows.

{

(ai11, a22) (a2, ax2) (ans, axs)
(ai11, a21) (ari2, axi) (ans, axn)

for arl > O, anro > O;

|

(ai11, a22) (ari2, ax2) (ans, axs)
(ai11, a221) (aniz, axi) (ans, axn)

for ar < O, aro > O;

}:

}:

(S0,S0) (SL,SO) (SO,S0)
———— —— — —

source

saddle sink

(SLSO) (SO,S
—— ——

saddle

saddle
(SO,SI) (SLS
— —\—

source

source

D) (SO,SD)
——
saddle
(2.32)

0) (SL,SO)
——

saddle

(SLSI) (SO,SI) (SLSI)
—_—— —— ——

sink

saddle

sink

(2.33)
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(SO,SI) (SLSI) (SO,SI)
—— N——

{ (ai11, a22) (a2, az2) (ans, azzz)} _ saddle sink saddle
(ai11, a221) (ani2, axi) (ans, axn) (SO,S0) (SLSO) (SO,S0)
—— ——— — —
source saddle source
for ail > O, aro < 0; (234)

(SLSID) (SO,SI) (SLSI)
—_—— ———— ——

{(am,azzz) (an2, axn) (a3, axn) } _ sink saddle sink
(a11, a221) (anz, axi) (as, axny) (SLSO) (S0,S0) (SLSO) | (2.35)
—_——— ——— ———
saddle source saddle

for anog < 0, axyo < 0.

The numbers of saddles, sinks, and sources in the networks of 3 x 2-equilibriums
are listed in Table 2.6.

(C) Consider a 2-dimensional system with (2m;) x (2n; 4+ 1) = 2 x 3 equilibriums
as

X1 = a1 —ain) (X — ainn),

Jo = ano(x2 — axn1)(x2 — axnz) (2 — axns). (2.36)
The first integral manifold is given by

3

l —
Z In |x2 — azy, |

3
=1 1_[12:1,12#1 (61221l - 612212) Ix20 — a2211|

ano < 1 |x1 — aig, |
= & . In . (2.37)

a110 $=1 [Tiz1 52 (@115 — i) [x10 — anig, |

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.3a—d for (a;;9 > 0, axno > 0),
(a110 < O, azo > 0), (ClllO > O, aryo < 0) and (a110 < 0, aryo < 0) For all
cases, the six simple equilibriums are based on the third-order sink, source and
saddle bifurcations. The numbers of saddles, sinks, and sources in the networks of
2 x 3-equilibriums are listed in Table 2.7.



30 2 Homoclinic Networks Without Centers
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Fig. 2.3 Phase portraits for 2-dimensional systems on the xi-direction with x{ = ai11, ar12 and
on the xp-direction with x§ = a1, an, axni. The four networks of sink, source and saddle:
a (a0 > 0, azxo > 0), b (a110 < 0, azo > 0), ¢ (ar10 > 0, axo < 0),d (arj0 < 0, a0 < 0)
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Table 2.7 Numbers of saddles, sinks and sources in networks for 2 x 3-equilibriums

(@110, a220)

(SO,SI)-saddle

(SI,SO)-saddle

(S0O,S0)-source

(SL,SI)-sink

(+,+) npxm =1 m+Dxm=2|m+1D)xm=2|n xm =1
(—,+) ny xmp =1 m+)xm=2m+D)xm=2|n xm =1
+,-) m+1)xm=2|n xm=1 n xmp =1 (m+1)xm =2
(—,—-) m+Dxm=2|nxm=1 n xmp =1 (n+1)xm =2

(ai11, a223) (a2, axs)
(ai11, axn) (a2, an)
(ai11, axy) (anz, ani)

for aio > 0, azo > 0;

(ai11, ax3) (a2, as)
(ai11, axn) (a2, an)
(ai11, axy) (anz, ani)

for aro < O, azo > 0;

(a1, axs) (a2, as)
(a1, axn) (a2, an)
(a1, axy) (a2, ani)

for ailn > 0, aro < 0;

(ai11, a223) (a2, axs)
(ai11, a222) (a2, ax?)
(ai11, a221) (a2, axi)

for anog < 0, ayo < 0.

(SL,SO) (SO,S0)
—— ——

saddle source

(SLSD) (SO,SI)
— —

sink saddle
(SL,SO) (S0,S0)
——— — —

saddle source

(SO,S0) (SLSO)
—— ——

source saddle

(SO,SI) (SLSI)
~——— ——

saddle sink
(SO,SO) (SI,SO)
— N —

source saddle

(SLSI) (SO,SI)

sink saddle
(SL,SO) (SO,S0)
—— ——
saddle source
(SLSI) (SO,SI)
—— —
sink saddle

(SO,SI) (SLSDH
—_— ——

saddle sink

(S0O,S0) (SLSO)
—_—— ———

source saddle

(SO,SI) (SLSI)
——— ——

saddle sink

(2.38)

(2.39)

(2.40)

(2.41)
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(D) Consider a 2-dimensional system with (2m; +1) x (2n;+1) = 3 x 3 equilibriums
as

X1 = a1 — ai) (X1 — ai2) (X — anz),

Yo = a0 (X2 — ax1) (X2 — an) (X2 — ans). (2.42)
The first integral manifold is given by

3

l _
Z In |x2 — azy, |

3
=1 nlz=1,lz7ﬁll (axo, — anu,) [x20 — @221, |

3
_ano 1 In X1 — aiy, |

= - .
ano {— H.szl,sz#sl (ars, —any,) X0 — ang|

(2.43)

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.4a—d for (a;;9 > 0, axno > 0),
(a“o < 0, azo > O), (Cl“o > O, aryo < O) and (Cl110 < 0, aryo < O) For all
cases, the nine simple equilibriums are based on the third-order sink, source and
saddle bifurcations. The numbers of saddles, sinks, and sources in the networks of
3 x 3-equilibriums are listed in Table 2.8.

(SO,S0) (SLI,SO) (SO,SO)
—_——— —— ——

source saddle source

(SO,SI) (SLSI) (SO,SI)
—_— —\— ——

saddle sink saddle
(S0,S0) (SL,SO) (SO,S0O)
—_———— — ) — —

source saddle source

forajjo > 0, axg > 0; (2.44)

(a111, ax3) (a2, a23) (@113, azs)
(a111, axn) (a2, ax) (a13, a22) ¢ =
(a111, ax1) (anz, ax1) (@113, axi)

(SL,SO) (SO,S0) (SLSO)
—— ) — e —

saddle source saddle

(SLSI) (SO,SI) (SLSI)
—_— —— ——

sink saddle sink

(SLSO) (SO,SO) (SI,SO)
—_— —— — —

saddle source saddle

(ai11, a223) (a2, axs) (ais, axnsz)
(ai11, a222) (ariz, axo) (ans, ans) ¢ =
(ai11, a221) (ari2, axni) (ans, axni)

forajjo < 0, axno > 0; (2.45)
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Fig. 2.4 Phase portraits for 2-dimensional systems on the x;-direction with x| = a1y, a12, a113
and on the xp-direction with x;‘ = ap1, axn, ax3. The four networks of sink, source and saddle:

a(arjo > 0, a0 > 0), b (a110 < 0, azz0 > 0), ¢ (a110 > 0, az20 < 0),d (ar10 < 0, a0 < 0)
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Fig. 2.4 (continued)

(SO.SI) (SLSI) (SO.SI)
(a1, an3) (a2, axs) (a3, axs) (Sséd’cgeo) (SE?O) (Sséd’cgeo)
(ar11, axn) (ainz, an) (a113, a222) { = | ——nF —— ——
(ar11, axnt) (anz, axni) (a3, ani) (§8,SI) (éz}({(g‘}) (SO,CSE:I)
— —\— ——

saddle sink saddle

for ail > O, ayo < 0;

(2.46)



2.3 Homoclinic Networks Without Centers 35

Table 2.8 Numbers of saddles, sinks and sources in networks for 3 x 3-equilibriums

(ar10, a220) | (SO,SI)-saddle (SL,SO)-saddle (S80,S0)-source (SLSI)-sink
(+,+) mxm+D=2|m+1)xm=2 (n14+1)><(m1+1) npxm =1
(=4 ny xmp =1 (n14+1)><(m1+1) (_Vll+1)><m1=2 ny x (my+1)=2
(+,-) (n14+1)><(m1+1) ;1><m1:1 mxm+1)=2|mn+1)xm =2
(=, —) (_711+1)xm1=2 mxm+1)=2|n xm =1 (n14+1)x(m1+1)

(SLSI) (SO,SI) (SLSI)
— —— —

sink saddle sink
(a111, ax3) (a2, ax3) (ai13, as) (SLSO) (SO.S0) (SL.SO)
(a111, axn) (ainz, a) (@113, a222) { = | —— —— ——
(a111, axn1) (ainz, ai) (@13, ai) (éaﬁ‘g}) (Ssgfcsel) (éaﬁ‘g})
— —— =

sink saddle sink

for arnog < O7 axyo < 0. (247)

(E) Consider a 2-dimensional system with (2m; + 1) x (2n;) = 3 x 4 equilibriums
as

X1 = ano(x1 —an) X — ai) (X1 — ans),

Jo = axo(x2 — axni) (X2 — a) (X2 — az3) (X2 — axa). (2.48)
The first integral manifold is given by

4

1 _
Z In |2 anny, |

1
=1 1_[12:]‘127&11 (a22[1 — Cl2212) |x20 — 32211|

3
1 - Ky
_ anno In lx1 —an 1| ) (2.49)

3
a110 £ [ 151z (@115, — a@i1s,) [x10 — anig, |

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.5a—d for (aj190 > 0, axo > 0),
(arp < 0, a9 > 0), (aj1o > 0, axy < 0) and (a119 < 0, arxg < 0). For all cases,
the twelve (12) simple equilibriums are based on the (3,4)-saddle-node bifurcations.
The numbers of saddles, sinks and sources in the networks of 4 x 3-equilibriums are
listed in Table 2.9.
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Table 2.9 Numbers of saddles, sinks and sources in networks for 3 x 4-equilibriums

(@110, a220)

(SO,SI)-saddle

(SI,SO)-saddle

(SO,S0)-source

(SL,SI)-sink

(+,+) nx@m+1)=4|n xm =2 nx(m+1)=4|n xm =2
(—,+) ny xmp =2 nxm4+1)=4|n xm =2 ny x (my+1)=4
(+,-) mx(m+1)=4|n xm =2 mxm+1)=4|n xm =2
(—,—-) nxmp =2 nmxm+1)=4 n xm =2 n x (m+1)=4

Uy

s=1[1=1

(aris, a2pp) =

ﬁ{

for ailo > 0, azo > 0;

Uy

s=11=1

(ai1s, any) =

ﬁ{

for ano < 0, azo > 0;

Uy

s=1[1=1

(aiis, axny) =

a{

for ailo > 0, ayo < 0;

(S0,S0) (SL,SO) (SO,SO)
—_——— —— —— —

source saddle source
(SO,SI) (SLSI) (SO,SI)
— —\— —

saddle sink saddle

(S0,S0) (SLSO) (SO,S0)
——— ——— ——

source saddle source
(80,SD) (SLSI) (SO,SI)
— —— ——

saddle sink saddle

(SL,SO) (SO,S0) (SLSO)
—— —— ———

saddle source saddle
(SLSD) (SO,SI) (SLSDH
S N e N !
sink saddle sink
(SLSO) (SO,S0O) (SI,SO)
——— — e — —
saddle source saddle
(SLSI) (SO,SI) (SLSI)
—_— —— =
sink saddle sink

(SO,SI) (SLSI) (SO,SI)
— —— ——
saddle sink saddle
(S0,S0) (SL,SO) (SO,SO)
——— — ) — —
source saddle source
(SO,SD) (SLSI) (SO,SI)
—— —— ——
saddle sink saddle
(80,S0) (SL,SO) (SO,S0)
—_——— —— ——

source saddle source

(2.50)

2.51)

(2.52)
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(SLSD) (SO,SI) (SLSI)
—_— =

sink saddle sink
(SL,SO) (SO,S0) (SL,SO)
e —— —

3 4
— saddle source saddle
UU@ima =1 &5 sosn @tsh
s=1[=1 XX ——— —— ——
sink saddle sink
(SL,SO) (S0,S0) (SL,SO)
—_——— ——— — —
saddle source saddle
for arog < 0, azo < 0. (253)

(F) Consider a 2-dimensional system with (2m;) x (2n; 4+ 1) = 4 x 3 equilibriums
as

X1 =ano(x —ai)(x — ar) (X1 — anz)(x; — apa),
X = axo(xa — ani)(x2 — axny)(x2 — ans). (2.54)
The first integral manifold is given by
3

1 _
Z In |x2 — axy, |

3
=1 1_[12=1,127él] (azzl] — a2212) |x20 — 02211|

4
1 - s
- i Ll (2.55)

)
ano =1 TT5 o102 (@15, — any,) IX10 — a1y, |

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.6a—d for (aj10 > 0, axo > 0),
(a”o < 0, azo > 0), (Cl]l() > 0, aro < 0) and (6111() < O, axyog < 0) For all cases,
the twelve simple equilibriums are based on the (4,3)-saddle-node bifurcations. The

numbers of saddles, sinks and sources in the networks of 4 x 3-equilibriums are
listed in Table 2.10.

(SL,SO) (SO,SO) (SL,SO) (SO,S0)
—_—— ——— ——— ——

saddle source saddle source
(SL,SI) (SO,SI) (SLSI) (SO,SI)
U U (am, (122[) = —_— —\— —— ——

—171=1 M sink saddle sink saddle

XX (SLSO) (SO,S0) (SL,SO) (SO,S0)
e e M e N’ e’

saddle source saddle source

s

for ajjg > 0, axo > 0; (2.56)
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\ﬁ /\‘\f’

alll allZ

©

Jk\/Jk\

A3 Ay

................ <_.——— - Oy
S SR
a111 allz am a1y
(d)

Fig. 2.6 (continued)

Table 2.10 Numbers of saddles, sinks and sources in networks for 4 x 3-equilibriums

(ai10, az) | (SO,SI)-saddle (SI,SO)-saddle (S0O,S0)-source (SIL,SI)-sink
(+,+) nxmp=2 m+)xm=4|m+1)xm =4|n xm =2
(—,+) nxmp =2 m+1)xm=4|n+1)xm=4|n xm =2
(+,-) m+D)xm=4|n xm =2 npxm =2 m+1)xm =4
(=, —) m+1)xm=4|n xm =2 ny Xxmp =2 m+1)xm =4
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(80,S0O) (S1,SO) (S0,S0) (S1,SO)
———— — e — e —
3 source saddle source saddle
(SO,SD (SLSI) (SO,SI) (SLSI)
U U (d]]s, 0221) = ——— —— ————— — —
s=11=1 N saddle sink saddle sink
XX (SO,S0) (SL,SO) (SO,S0) (SLSO)
—_— ——— —— — — —
source saddle source saddle
for ajjp < 0, axyo > 0; (2.57)
(SLSI) (SO,SI) (SLSI) (SO,SI)
—— S——— S—— S——
4 3 sink saddle sink saddle
(SL,SO) (S0,S0) (SL,SO) (S0,S0)
UU(GIIS7a22l)= S——— — e —— ——
s=11=1 _— saddle source saddle source
xx (SLSI) (SO,SI) (SLSI) (SO,SI)
— — - ——
sink saddle sink saddle
forajjo > 0, az < 0; (2.58)
(SO,SI) (SLSI) (SO,SI) (SLSI)
—_— — —— =
4 3 saddle sink saddle sink
(S0O,S0) (SL,SO) (SO,SO) (SL,SO)
UU(allsva221)= — —— —— ——
s=11=1 source saddle source saddle
XX (SO,SI) (SLSI) (SO,SI) (SLSI)
—_— S ——
saddle sink saddle sink
for aro < 0, azo < 0. (259)

(G) Consider a 2-dimensional system with (2m;) x (2n;) = 4 x 4 equilibriums
as

X1 = ano(x —ai)(x) — ar) (X1 — ans)(x; — apa),

X = axo(x2 — axni) (X2 — axn) (X2 — a3) (X2 — axa). (2.60)

The first integral manifold is given by

4
1 |x2 — az, |
> .

4 [x20 — a2y, |
=t TT (a2, — az,) l

1 - N
— 920 n X sl 2.61)

4
aio {1 ]_[SFLXZ#S] (ans, —ais,) X0 —ang|

Phase portraits for the 2-dimensional systems near the simple equilibriums of
the saddles, sinks and sources presented in Fig. 2.7a—d for (aj10 > 0, a9 > 0),
(a”() < 0, azo > 0), (a”o > 0, axyo < O) and (6111() < 0, azo < 0).F0r all cases, the
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sixteen simple equilibriums are based on the fourth-order double-saddle bifurcations.
The numbers of saddles, sinks, and sources in the networks of 4 x 4-equilibriums

are listed in Table 2.11.

4
U U (ai1s, any) =

———
s=1[=1 XX

for arlg > O, azo > O;

4
l Il l(ans,azzl)=
—_———
s=1 =1 XX

for aro < 0, azo > 0;

C-u

l ’(61115,61221) ==
—_———
s=1[=1 XX

for arl > 0, aro < 0;

(SL,SO) (SO,S0) (SL,SO) (SO,SO)
—_—— — e — e —

saddle source saddle source

(SLSI) (SO,SI) (SLSI) (SO,SI)
—_— Y
sink saddle sink saddle
(SL,SO) (S0,S0) (SL,SO) (S0,S0)
——— — e — e — —
saddle source saddle source
(SLST) (SO,SI) (SLSD) (SO,SI)
— — == ——
sink saddle sink saddle

(S0O.,S0) (SI,SO) (SO,SO) (SLSO)
—_—  ——— — — — —

source saddle source saddle
(SO,SI) (SLSI) (SO,SI) (SLSI)
—_— Y —— =
saddle sink saddle sink
(SO,S0) (SL,SO) (SO,S0) (SLSO)
——— — e — e — —
source saddle source saddle
(SO,SD) (SLSI) (SO,SI) (SLSI)
—_— —— S——— N —
saddle sink saddle sink

(SLSD) (SO,SI) (SLSDH (SO,SI)
—— —— e N

sink saddle sink saddle
(SL,SO) (S0,S0) (SL,SO) (SO,SO)
—_—— — e — e —

saddle source

saddle source

(SL,SI) (SO,SI) (SLSI) (SO,SI)
—_— —\— —— ——
sink saddle sink saddle

saddle source saddle source

(SLSO) (S0,S0) (SL,SO) (SO,S0)
—_—— ——— —  —

(2.62)

(2.63)

(2.64)
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Table 2.11 Numbers of saddles, sinks and sources in networks for 4 x 4-equilibriums

2 Homoclinic Networks Without Centers

(ar10, axo) (SO,SI)-saddle (SI,SO)-saddle (S0O,S0)-source (SI,SI)-sink
+.+) np xm =4 nxm =4 npxm =4 nxm =4
(—,+) nyxm =4 n xm =4 n xmp =4 n xm =4
(+,-) n xm =4 nxm =4 n xm =4 n xm =4
(—,—) nlxm1=4 n1><m1:4 n1><m1:4 n1><m1:4
(80,SI) (SLSI) (SO,SD) (SLSI)
— - —— =
saddle sink saddle sink
(SO,S0) (SL,SO) (SO,S0) (SLSO)
4 —— —— —— — —
U U (ar1s, aza)) = source saddle source saddle
Lhls, 7220 (SO,SI) (SLSI) (SO,SI) (SLSI)
=1 XX —_— —— e e —
saddle sink saddle sink
(80,S0O) (SL,SO) (S0O,S0) (SL,SO)
——— —— ———— — —
source saddle source saddle
for aro < 0, aro < 0. (265)
Reference

1. Luo, A.C.J.(2024). Limit cycles and homoclinic networks in 2-dimensional Polynomial system.
AIP Chaos, 34, 022104 (66 pages).



Chapter 3 ®)
Bifurcations for Homoclinic Networks Gedar
Without Centers

In this chapter, the appearing and switching bifurcations are discussed for the
homoclinic networks of non-singular and singular sources, sinks, saddles with
singular saddle-sources, saddle-sinks, and double-saddles in self-univariate polyno-
mial systems. The first integral manifolds for non-singular and singular equilibrium
networks are determined. The illustrations of singular equilibriums to networks of
non-singular sources, sinks and saddles are given.

3.1 Higher-Order Singularity and Bifurcations

To discuss singular equilibriums and bifurcations in polynomial systems, as in Luo
[1], consider a polynomial system with self-univariate polynomial vector fields,
and the corresponding dynamical behaviors will be presented through the following
theorem.

Theorem 3.1
(i) Consider a self-univariate polynomial dynamical system as

X, = aj,005, — ;)" X, = aj,0(0, — ap;)",
Ji,j2 € {1, 2} 1 #jo. 3.1
The first integral manifold is
1 [ 1 1 ]
n—1L0;, —app,)"" (g0 — a0

a0 1 [ 1 1 ]
—_— 1 — b
ajjio m — 1L, —a;,0™ " g0 — @)™ !

© Higher Education Press Limited Company 2025 47
A. C.]. Luo, Limit Cycles and Homoclinic Networks in Two-Dimensional Polynomial
Systems, https://doi.org/10.1007/978-981-97-2617-2_3
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form, n # 1;
g P T Gtl G0 1 [ 1 B 1 ]
- _ _ k)
oo — @1l @jijom — 1L, —ajj;)™ " (0 — @)™ !
forn =1andm # 1;
1 [ 1 3 1 } _ %0 P~ @i
— b
n—11 05 —ap)"" (o — ap;p)"! dGijio X0 — @jjinl

form = landn # 1;

In X, — apptl @i - 1XG, — a1
- E)
X0 = a1l ajjio X0 — @il
form,n = 1. 3.2)

(i1) For m = 2m; 4+ 1 and n = 2n; + 1, the equilibrium of (xj’"l , xj’;) = (aj,j,1, Ajpjr1)
has the following properties.

e For ajj,0 > 0 and aj,j,0 > 0,

(@ji1> Gjyj1) = (2m+1)"S0O,(2n,+1)"SO) (3.3)

((2m1+1),(2n; + 1))-source

e Forajj0 < 0and aj,j,0 > 0,

(@1 i) = (2m+1)™SL2n;+1)"SO) (3.4)

(2m+1),(2n; + 1))-saddle

e For a0 > 0 and aj,j,0 < 0,

(@1 i) = (2my+1)"S0,(2n1+1)"ST) (3.5)

((2my+1),(2n; + 1))-saddle

e Foraj o <0andaj) <0,

(@15 @igjo1) = (2my+1)"SL(2n;+1)"ST) (3.6)

((2m1+1),(2n; + 1))-sink

(i2) For m = 2m; and n = 2n; + 1, the equilibrium of (x7, x¥) = (aj,j,1, aj,j,1) has

J17 7
the following properties. s

e Foraj o > 0andajj,o > 0,

(@15 Gijo1) = ((2m1)™US, (21, +1)"S0) (3.7)

((2my),(2n; + 1))-upper-saddle source
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e For aj 0 < 0 and aj,j,0 > O,

(@1 i) = ((2m1)™LS,(2n,+1)"SO) (3.8)

((2my),(2n; + 1))-lower-saddle source

e For ajj,0 > 0 and aj,j,0 < 0,

(@ji1, i) = ((2m))™US,(2n,+1)"ST) 3.9)

((2my),(2n; + 1))-upper-saddle sink

e Forajjo < 0andaj,j,0 <0,

(@1, 1) = (2m1)"LS,(2m+1)"SI) (3.10)

((2my),(2n; + 1))-lower-saddle sink

(i3) For m = 2my + 1 and n = 2n, the equilibrium of (x}, x7) = (aj,j,1, aj,j,1) has
the following properties.

e For aj j,0 > 0 and aj,j,0 > 0,

@1, @jyj1) = ((2m+1)"S0,(2n)"US). (3.11)

((2m;+1),(2n;)-upper-saddle source

e For a0 < 0and aj,j,0 > 0,

(@1, i) = (2m+1)"SL2n)"US). (3.12)

((2m+1),(2ny))-upper-saddle sink

e For a0 > 0 and aj,j,0 < O,

(@1 i) = ((2m1+1)"S0,(2n1)"LS) . (3.13)

((2m;+1),(2n;))-lower-saddle source

e Foraj o < 0andajjo <0,

(@j1> ajpjp1) = (2m+1)SL2n)LS) . (3.14)

((2my+1),(2ny))-lower-saddle sink

(i4) For m = 2m, and n = 2n,, the equilibrium of (x/f*l , xj*z) = (aj,,1, aj,j,1) has the
following properties.

e For a0 > 0 and aj,j,0 > O,
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(@15 @ijo1) = ((2my)™US,(2n1)"US) (3.15)

((2my),(2ny))-double saddle

e For a0 < 0and aj,j,0 > 0,

(@1, @ijp1) = ((2m1)"LS,(2n1)"US) (3.16)

((2my),(2n;))-double saddle

e For a0 > 0 and aj,j,0 < 0,

(@1 i) = ((2m1)™US,(2n;)™MLS) 3.17)

((2my),(2n;))-upper-saddle sink

e Forajj0 < 0and aj,j,0 <0,

(@15 @ijo1) = ((2m1)"LS,(2n1)""LS) (3.18)

((2my),(2n;))-double-saddle

(i) Consider a self-univariate polynomial dynamical system as

P
Xy, = ajji0 1_[ (5, — i)™
r=I1, Ef:lm,:m
q
Xj, = @jyjr0 1_[ (5, = jjos)™

x:l,E;’:ln;:n
Juj2 € {1, 2} i # jo. (3.19)
The first integral manifold is

1 N Bin, 1 1
Zzlzlz—ll: 17]

4Vl (pn— .. 1
Si=1hel (G, = @jjps) )™ (20 = @jjos, )2

P Mn
AI] m,l

. Cljzl'zo Z 1 1
T a L—=1LG; —aii )b~ (xi0— ajir)h— 11
0, 1 1 Jujir 10 Jujin

1=115=1
forly, , #1;

: 1 ! 1 P — jajos |
llzlinl (b= 1) I:(x.iz - ajzizsl)lz_l - (0 — ajzile)lz_1 ] = 1X5,0 = @jajos, | 7
forl, =1;

1

1 1 %, — ajjir |
: _ J1 J1J171
lh_)mll —1[(x- —a ) (o —ai )11—1] In o —aiirl
! 1 i jijir 10 i 510 Jijir
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forl; = 1. (3.20)
where
1 dmn—h 1
Ay = .
1y _ Vo ome =1 TTP o e [N T
(my, —1)! dx;, ! Hr2=1,r2¢rl (G, = @jjir,)"™
A 1
mymy = TP iy, ?
r=1,m#r, (ajljlrl - aj]jlrz) 2
1 d"si—h 1
B, = I e —b T4 nyy | =Chins1 *
(nﬂ —Dh)! dsz" Hszzl,xz;ﬁs] (sz - a,izizsz) 2
1
an]”.\'l = T7q . (3.21)

so=1,50781 (aJZIZ»YI ajzlez) 2

The singular equilibrium network with Efi _m,, = mand 22:1”&- = nis defined as

» 4 (@jyji1s Apjag) ** + (jpjips Ajajng)
U U (@jijirs Ajojps) =
r=1 s=1 —_
() XX @ji1s @jp1) ==+ (Gjijips Q1) ) 4,
((m1)"XX,(n)"XX) - - - ((m,) " XX, (ny)"XX)
(m1.1g)-XX 2 n)-Xx
= : : : . (3.22)
((m1)"XX,(n1)"XX) - - ((m,)""XX,(n1)"XX)
(my,np)-XX (my,,n1)-XX axp

(iiy) For m,, = 2m,,; + 1 and n,, = 2n,,; + 1, the equilibrium of ()c]T*l , xj*z) = (@yjir»
aj,j,5,) has the following properties.

P my.
e For 410 HrZ:l,rZ;ésl (ajljm - Clj,jlrz) 2 > 0 and

. q g )
Ajrj>0 Hsg:l,sz;ésl (ajzl2S1 ajz/z-Yz) 2 >0,

(@i > Ajojos) = (2my 1 +1D)™MSO,2n4,1+1)"SO) . (3.23)

((2my1+1),(2ny1 + 1))-source

14 m
e For a;;,0 Hrz:lh#sl (@jjyry — ajyjir)™ < 0 and

. q g )
ajj>0 l—lxzzl,sz;tsl (a]2/2S1 a./zlzé‘z) 2 >0,

(@i Qjinsy) = (2,1 +1)"SL (20,1 +1)"SO) . (3.24)

((2my1+1),(2ng1 + 1))-saddle
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. 4 .. )M
e For aj,j,0 nr2=1,r2;es. (all.llrl a./l]1r2) > > 0 and

q ng
o0 [ [yt 55y @iiosy = @jajnsy)™ < 0,

(@i Ajojs) = (2 1 +1)™MSO, (204, 1+1)"ST) . (3.25)

(2myy14+1), 2y, + 1))-saddle

P my.
e For 4j1ji0 Hrzzl,rz;ésl (ajlj]m - ajljl’z) > < Oand

.. q s
aj,j,0 1_[32=1,s2;ésl (jros1 — Ajjpsy)™ < 0,

(@i > Ajrjs,) = (21 +1D™SL2ng, 1 +1)™MST) . (3.26)

(@myy1+1), 20y + 1)-sink

(iip) Form,, = 2m,,, and ns, = 2n,,1+1, theequilibriumof (x}, x7) = (aj,j,r, ,djsjos)
has the following properties.

L p P .
e For 4aj,j,0 Hrzzl,rz;ésl (a]lllrl aj]]lrz) 2 > 0and

q n,
o0 [ [yt 525 @iiosy — @jajsy)™ > 0,

(@i Ajyjns) = ((2my,1)MUS,(2n5,1+1)"SO) . (3.27)

((2my1),(2ng; 1 + 1))-upper-saddle source

14 m,.
e For aj,j,0 1_[,-2=1,r2¢s. (ajljm - ajljlr2) 2 <0and

q ny
@jr0 [ 15,1 5y5) @iajosi = @jojsy)™ > 0,

(@jjir> jrjosy) = ((2my,1)"LS,(215,1+1)"SO) . (3.28)

((Zm,] 1),(2nx| 1 + 1))-lower-saddle source

P m
e Forajo ]_[rzzlﬁrﬂésl (@jyjir, — jpjir,)™ > 0 and

.. q e s
aj,j,0 l_ls2=1,s2¢sl (@jrosi — Ajjpsy)™ < 0,

(@i Aijosy) = ((2m,,1)™US, (21,1 +1)"ST) . (3.29)

(2myy1),(2ng;1 + 1))-upper-saddle sink

L L4 S .
e For 4a;j,j,0 Hr2=1,r2;és1 (a]ljlrl ajl]lrz) 2 < 0and

q n,
o0 [ [yt 525 @iiosy — Ajajnsy)™ < 0,

(ajljm ) ajzjzsl) = ((zmrl l)thLS9(2nS] 1+l)thSI) . (330)

((2my1),(2ns;1 + 1))-lower-saddlesink
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(ii3) For m, = 2m,; + landn, = 2n,, the equilibrium of
(), x3,) =(aj,j,ry» @jsjos,) has the following properties.

14 m
® For a0 [[,=1 s, @ivjiry — @jijir,)™> > 0 and

.. q e s
aj,j>0 l_ls2=1,s2¢sl (jrosi — Ajjpsy)™ > 0,

(@jiry> @ijosy) = ((2my,14+1)"SO,(2n,,1)™US) . (3.31)

((2my1+1),(2ns1))-upper-saddle source

- P I L
e For 410 Hr2=1,r2;és1 (a]lllrl ajl]lrz) 2 < Oand

. q g )M
Ajpjr0 Hszzl,mﬁs. (josi — Ajojpsy)™ > 0,

(ajljll’l ) ajz/z&[) = ((zmrl 1+1)thSL(2nS| l)thUS) . (332)

((2my1+1),(2ns,1))-upper-saddle sink

e For 4j1j,0 HrZ:l,rZ;ésl (ajljm - ajljlrz) 2 > 0and

» q g s
aj»j,0 nsz=1,52;&s1 (@ojos) — Gjjpsy)"™ < 0,

(@ijir,» Ajajosy) = ((zmrll+1)thSOa(2ns11)thLS) . (3.33)

((2my1+1),(2ny, 1))-lower-saddle source

P m
e For a;;,0 Hrz:l,r#sl (@jjyry — ajyjir)™ < 0 and

. q .. )
aj,j,0 Hszzl,szgtsl (a.lzlzsl a./zlzé‘z) 2 <0,

(@jsjir s Qiinsy) = (2,1 +1)"SL2n,,1)"LS) . (3.34)

((2my1+1),(2ny; 1))-lower-saddle sink

(iis) For m,, = 2m,,; and ns, = 2ny,;, the equilibrium of (x}, x7) = (aj,j,r,ajajrs,)
has the following properties.

14 m
e For a;;,0 Hrz:lh#sl (@jjyry — @jyjir,)™ > 0 and

q X n
o0 [ [yt 5251 @ijosy — @jajosy)™ > 0,

(@i Ajyjns) = ((2my,1)"US,(2n5,1)"US) . (3.35)

((2my1),(2ny, 1))-double-saddle

L 4 Y
e For aj,j,0 nr2=1,r2;ﬁs| (all.llrl a./1]1r2) > < Oand

q ny
o0 [ [yt 55y @ijosy — @jajnsy)™ > 0,

(@jir> irnsy) = ((2m,1)MLS,(2n,1)MUS) . (3.36)

((2my1),(2ns, 1))-double-saddle
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. 4 .. )M
e For 4a;j,j,0 nr2=1,r2;es. (all.llrl a./1]1r2) > >0 and

q ng
o0 [ [yt 55y @iiosy = @jajnsy)™ < 0,

(@i Qiiosy) = ((2m,,1)™US, (215, 1)"LS) . (3.37)

((2my1),(2ns, 1))-doubel-saddle

P my.
e For 4j1ji0 Hrzzl,rz;ésl (ajlj]m - ajljl’z) > < Oand

.. q s
aj,j,0 1_[32=1,s2;ésl (jros1 — Ajjpsy)™ < 0,

(@i, Qijosy) = ((2m,,1)"LS,(215,1)"LS) . (3.38)

((2my,1),(2ng,1))-double-saddle

(iii)) Consider a self-univariate polynomial dynamical system as
m n
Xji = djjji0 1_[ (G, = @ijisi)s Xjy = jyjp0 1_[ (%, = @jrjoy) (3.39)
s1=1 L=1
Jioj2 € {1, 2} j1 # ja-

The first integral manifold is

n
1 1, — ajpjoiy |

n
= o=tz @ity = @its) %50 = @ |
a - 1 |x a |
o g
= 22 _ In 29~ sl (3.40)
a0 5= Tt ome @ijis = @ijiss) 1610 = @ijisy |

The simple-equilibrium network is defined as

m n
U U (@ijis» Ajrjot)
— ——

s=11=1

XX
(@ji1s @igjon) — (@ijy2s Gigjon) ==+ (Bjijm> Gjojon) (3.41)
(@jiji1s Giojpn—1)) (G125 Gjojor=1) =+ + (Gjpjims Ajojp (n—1))
@jji1s @) (@2, Qi) - (@ims i) )
The equilibrium of (xjfkl,xj”;) = (Gjijisi» Appjp1y) (51,82 € {1,2,--- ,m}, 51 # 523

L, L e{l,2,---,n},li # L) possesses the following properties.
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m
® For aj,j,0 nszzl,xz;ﬁsl (ajl./1S1 - ajljlé‘z) > 0and
n
a0 [T ot 2y, @ijols — @jots) > 0,

(@515 jrjpr1,) = (SO,S0). (3.42)

source

The equilibrium of (x}, x

o jz) = (aj,j,5,» Ajjo1,) is an (SO,SO)-source.

m
® For aj,j,0 nszzl,xz;ﬁsl (aj1j1S1 - ajljm) < 0and

n
aj»j>0 ]—Ilz=l,lz;ﬁl, (ajzh/l - ajzizlz) >0,

(@ js15 jpjr1,) = (SLSO). (3.43)

saddle
g e .
The equilibrium of (5, x7) = (ajjis, > Gipjoty) 15 an (SLI,SO)-saddle.
m
® For a;j,j,0 Hs2=1,sz;ﬁs1 (ajljlsl - ajlj13'2) > 0and

n
a0 [ 1ot 2y, @ijots — @jots) < O,

(aj]le] . ajy-zh) = (SO,SI) . (344)

saddle
The equilibrium of ()c;‘1 , xj*z) = (@) ji51» Ajjp1y) 15 an (SO,SD)-saddle.

m
e For a1ji0 Hszzl,xz;ésl (llj.j]s, - ajl/'lfz) < 0and

n
@jo0 [ 11,11, @ijoty — @jojo1) < 0,

(ajljlsl , ajy-zll) = (SI,SI) . (345)
——
sink
The equilibrium of (xj‘1 , x};) = (@j,j s, > Ajj1y ) i an (SL,SD)-sink.

@iv) For m = 2m; + 1 and n = 2n; + 1, the equilibrium of(x;.‘; , xj*z) = (aj,j,1, Ajrjr1)
has the following bifurcation properties.

(ivy) For a;,0 > 0 and aj,j,0 > O, there is a ((2n;+1)"S0O,(2n;+1)"SO)-source
equilibrium as
(@1 i) = (2m+1)"S0,(2n1+1)"S0) . (3.46)

((2m+1),(2n; + 1))-source

There are three following ((2m1+1)‘hSO,(2n]~|—1)‘hSO)—s0urce appearing and
switching bifurcations.
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(ivia) The ((2m1+1)thSO, (2n1+1)thSO)-source appearing bifurcation are from a
(80,S0)-source to a (2m; + 1) x (2n; + 1)-equilibrium network as

2my+12n+1
@1 i) = (@m+1)"S0.2m+1)"80) = | J | @yjir- s (347)
———’

(SO,S0)-source ((2my+1),(2ny + 1))-source r=b 5=l XX

where

(S0O,S0) (SLSO) - - - (SO,S0)
—— —— —

source saddle source
2my+12n;+1 (SO,ST) (SLSI) --- (SO,SI)
—— N—— ——
U U (aj]j],.,ajzjzs) = saddle sink saddle
— : : : :

=1 s=I
r s XX

(SO,S0) (SL,SO) - - - (SO,SO)
—_—— —— —_——

source saddle source Q2ni+1)x2m;+1)

(3.48)

(ivip) The ((2m;4+1)"S0O, (2n,4+1)"SO)-source appearing bifurcation is from a
q1 X p1 to g2 X p, equilibrium network as

P q1

U U @in- @iis) = (@mi+1)"S0.2n,+1)"S0O)
[ —
n=la=l o . XX (@m+1),2m + 1))-source
(AR |
P2 Q2
= U U (jijirss Gigjosy) (3.49)
— — %/_/
r2_1 Sz—l (mg)’ng))_xx
where
4 L
2my + 1 — Zmill) = szs
r=1 s=1

with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power m;,

q b

2111 +1—- an:) = 22”1
si=1 =1

with /,-quadraitc polynomials without real roots

lth

and [™-quadratic polynomial with power n;;
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Zm(Z)_2m1+1 Z n? =2n +1; fori=1,2,

r=1 sr=1

((m{)PXX,(n{)"XX)

@ (@)
(mp; ,ng; )-XX

((2my) +1)"S0,(2n, + 1)"SO). ((2m,)"US.2nf))"US),

(@m2,+1), (2nf), +1))-source (@m2)),(2n{)))-double-saddle

(Cm)H"US, 20, + D™SO), (2m{)+1)"S0,(2n,) )" US)

((2m(’)1) (2n(’)l+l)) -upper-saddle-source ((2m(')l+l) (2n<')])) -upper-saddle-source

((m) " XX, () "XX)

@ 1) XX

(Cm +1)"S0,2n{] + 1)"S0), (2m,))"US,(2n{)"LS),

(2my),+1),2n{)+1))-source (@m{)),(2n{])-double-saddle

(2mP)H™US,@2nf] + D™S0), ((2m)+1)"S0,(2n{])"LS)

((2m;';,)1 ), (2n<lil) +1))-upper-saddle-source ((21111(,'1,) +D), (2n(lil) ))-lower-saddle-source

(m")"XX,(n)"XX)

o 1) XX

(Cm{)+1)"80,2nY) + 1)"S0), (2m{})"LS.(2n)"US),

(2m{}+1),2n{), +1))-source (2m{),(2n{)))-double-saddle

(2m{H™LS.2nY) + D™S0), (2m{)+1)"SO,(2n ) "US)

((2m(1i1)),(2n;')l+l)) lower-saddle-source ((Zm(]'l)+l) (anl')l)) -upper-saddle-source

((m{)"XX,(n{")"XX)

' n{)-Xx

(Cm{)+1)"80,2n{] + 1)"S0), (2m{)"LS.(2n{]))"LS),

(2m{)+1),2n'? 41))-source (2m)),2n7))-double-saddle

(2m{H"LS,2n{] + D™MS0), (2m{]+1)"SO,2n{})"LS)

((2m‘,?),(2n§'ﬁ+l)) lower-saddle-source ((2m(]il)+l),(2n(l']))) lower-saddle-source

(3.50)

(ivic) The ((Zml—i—l)‘hSO, (2n1+1)thSO)—source switching bifurcation is for the
switching of two g x p equilibrium networks as
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P q
U U @ijin- @ins) = (@my+1)"S0O.(21+1)"S0)

—_—
r1=1 S]:l N
(mil), nﬁl))—XX ((2m+1),(2n; + 1))-source
p q
= l J l J (ajljlrz’ ajzizSz) (3.51)
[ —
I‘2=1 S2=1

2 2,
(m3), n)-XX

with 7 _ m,, = 2m; + 1 and B _ n, =2n + 1 fori=1,2.
(ivp) For aj ;0 < 0 and a;,;,0 > O, there is a ((2m1+1)‘hSI, (2n1—|—1)thSO)-saddle

equilibrium as

(@jji1s A1) = (2m+1)"SL(2n+1)"S0). (3.52)

((2m;+1),(2n; + 1))-saddle

There are the following three ((2m;+1)"SI,(2n,+1)"S0)-saddle appearing and
switching bifurcations.

(ivp,) The ((2m1~|—1)‘hSL (2n1+1)‘hSO)-saddle appearing bifurcation is from a
(SI,SO)-saddle to a (2m; + 1) x (2n; + 1) network as

2my+12n+1
@1 @) = (@m+D"SLEm+D"S0) = | ) | @jir- ajyns)  (3.53)
N———— —1 =1 ————
(S1,SO)-saddle ((2m;+1),(2n; + 1))-saddle XX
where
(SI,SO) (SO,SO) - - - (SI,SO)
——— — — ~——
saddle source saddle
g1 21 (SLSI) (SO,SI) --- (SLSI)
— — ~——
U U (ajljlr,ajzjzs) = sink saddle sink
==l T : : : :
XX . . . .
(SL,SO) (SO,S0) - - - (SLSO)
~—— N —— ~——
saddle source saddle QCni+1)x 2my+1)
(3.54)

(ivap) The ((2m, +1)‘hSI, 2n+ l)thSO)-saddle appearing bifurcation is from g; x p;
to g, X p, equilibrium networks as

Pt q1

U U (@jir» Ajojpsy) = ((2m1+1)[hSL(2nl+1)thso)
—_————

r1=1 S]=1

(mil), nf}))—XX ((2m;+1),(2n; + 1))-saddle
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P2 92

= J U @ir- aijosr) (3.55)
R —

= 1 Sr= 1
(mf3) n3)-XX

where

1
2my + 1 — Zm(]) = 2lems
s=1

r=1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

q1 L
21’11 +1- Znill) = 2an
=1

S1=1
with [-quadraitc polynomials without real roots
lth

and /™-quadratic polynomial with power n;;

Zm(2>—2m,+1 Zn<2)—2n1+1 fori=1,2

rn=1 s,=1

(mp) " XX, (n))"XX)

(my) n§))-XX

(@m\+DPSLAY + DMS0), (2m$))"LS.(2n)))"US),

(@m+1),2nl), +1))-saddle (@m2)),(2n{)))-double-saddle

(@2m)H™LS, 20 + 1)"SO), ((2m{) +1)"SL(2n )" US)

(@my)),@n +D)-lower-saddle-source  ((2m,)+1),(2n{;))-upper-saddle-sink

(mD)"XX (n]")"XX)

(m“) n“) )-XX

(@m\ +DPSLQnA + 1D"S0), (2m,))"LS.2n{)"LS),

(@my)+1),2n}+1))-saddle (@m{2)),(2n{]))-double-saddle

(@2m)H™LS.2n] + D™S0), ((2m), +1)"SL2n{)"LS)

(@m2)), (2n{} + D)-lower-saddle-source  ((2m{)+1),(2n{))-lower-saddle-sink
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((m{")"" XX, (1) "XX)

(m{ .n))-XX

(Cm{)+1D)"SL2nY) + D™S0), (2m{])"US,(2n)"US),

(m\)+ 1),(2;12"’?, +1))-saddle (emy, (2n§;’?, ))-double-saddle
(@m{))"US, 201} + 1)"S0), (2m{)+1)"SL2n)) )M US)

((2m(lil) ), (2”:,2)1 +1))-upper-saddle-source ((2,"(["]) +1), (2;1;';,)] ))-upper-saddle-sink

(0m}")"XX,(n}")"XX)

(mﬁf) ,n(ID )-XX

(@m)+1)"sL,2aY + 1)"S0), (2m!)H)"Us,2n)H)PLS),

(@m)4+1),2n$)+1))-saddle (2m{)),2n{)))-double-saddle

. . . ‘ (3.56)
(2m{H™US.2n{) + 1D™S0), (2m{]+1)"SL,(2n{})"LS)

((2m(|i]) ), (2n(]i|) +1))-upper-saddle-source ((Zm(]il) +1), (Zn(li]) ))-lower-saddle-sink

(ivae) The ((2m;4+1)MSI, (2n;41)"SO)-saddle switching bifurcations is for two g x p
equilibrium networks as

P q
U U (@i > Ajojos) = (2my+1)"SL2n+1)"SO)
— — —/_/
n=ls=1 D, nD)-xx (@m+1),2n; + 1))-saddle
14 q
= U U @yirs @ios) (3.57)
7'2=152=1

3, n3)-Xx

with X7 _ m,, = 2m; + 1 and 2 _ n;, =2n; + 1 fori=1,2.
(iv3) For a;;,0 > 0 and aj,;,0 < 0, there is a ((2m;+1)"SO, (2n;+1)"SI)-saddle
equilibrium as

(@1, ajyjp1) = ((2my+1)"SO,(2m+1)"SD) . (3.58)

((2m1+1),(2n; + 1))-saddle

There are the following three ((2m1+1)‘hSO, (2n1+1)mSI)—saddle appearing and
switching bifurcations.

(ivsy) The (2m+1)"SO, (2n;+1)"SD)-saddle appearing bifurcation are from a
(SO,SI)-saddle to a (2m; + 1) x (2n; + 1)-equilibrium network as
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2my+1 2n+1
@1 i) = (@m+1)"80,2m+1)"SD = | ) | @ijir- i) (3.59)
o r=1 s=1 —_——
(SO,SI)-saddle (2m1+1),(2n + 1))-saddle XX
where
(SO,SI) (SLSI) --- (SO,SI)
— —— ~——
saddle sink saddle
21 2m 41 (S0,50) (SLSO) - - - (SO,S0)
—_——— ——— —_——
U U (ajljlr,ajms) = source saddle source
=1 s=1 — . . . .
XX . . . :
(SO,SI) (SLSI) --- (SO,SI)
— — ~——
saddle sink saddle Q@m+1)xQ2m+1)
(3.60)

(ivsp) The ((2m1+1)‘hSO, (2n 1+1)‘hSI)—saddle appearing bifurcation is from a g; x
p1to g2 X py equilibrium network as

P q1
_ h h
U U (@jijirs Ainjsy) = ((2m1+1)"SO,(2n1+1)"ST)
n=ls=1 D nD)-xx (Qmy+1),2n; + 1))-saddle
P2 92
= J U @i @ios) (3.61)
rn=1s=I

(m,(-;) s ng) )-XX

where

p 1
2my + 1 — Z]mill) =2Zlms
s=1

r1=l
with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power m;,

9 L

21’11 + 1-— anll) = 22]’1[
rn=1 I=1

with l,-quadraitc polynomials without real roots

llh

and /™-quadratic polynomial with power n;;

5

2] 92
Zm,(f) =2m; + 1, Zn(z) =2n + 1;fori =1,2,

rz:l .Yz:]
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(M) XX,(n)"XX)

(g )-XX

(@m\+1)"S0,2n) + DS, (2m$))"US,(2n,))'LS),

((2m<” +1), (2n‘” +1))-saddle (<2m<” ),2n ))-double-saddle
1 1 1 i1

(@m)™MUS, 20, + DMSD), (2m),+1)"S0, (21 ) "LS) }

((Zm“) ), (211(') +1))-upper-saddle-sink ((2m(') +1), (2n“) ))-lower-saddle-source
1 1

(mD)"XX,(n{")"XX)

(mf) n{")-XX

(@m\ +1)"S0,2n{) + 1)™SD), (2m,))"US.2n{)"US),

(@m+1), 2n)+1))-saddle (2my)),2n{}))-double-saddle

(@2m)H™US,@2n{] + D™SD), ((2m,),+1)"S0,(2n{)"US)

(2my)),@n{}+1)-upper-saddle-sink ~ ((2m{))+1),(2n{)))-upper-saddle-source

((m)"XX ()" XX)

(m (l) (!)) XX

(@m{}+1)™S0,2nY, + 1)™SD), (2m{})"LS.(2n)"LS),

(@m{)+1), (200, +1))-saddle (@m{),@n{))-double-saddle

(@m{)"LS,2ngy + DSD, (2m{}+1)"S0,2n)"LS) |

((2;71(li])),(211i1')l+l)) lower-saddle-sink ((2m(]il)+l),(2nfl')l)) lower-saddle-source

((m")"XX,(n)")"XX)

(m(lt) (t)) XX

(@m{]+1)"S0,2nJ} + 1MSI), ((2m$))"LS,(2n))"US),

(@m"+1),2n?, +1))-saddle ((2»1('_) ),(2n“_’ ))-double-saddle
11 ;1

. , (3.62)
(my)"LS.2ny] + DS, (2m,), +1)"SL2n)"US)

(@m\D), 20\ 4+1))-lower-saddle-sink ((Zm(‘) +1),(2n\"))-upper-saddle-sink

(ivz.) The ((2m1+1)thSO, (2n1+1)thSI)—saddle switching bifurcation is for the
switching of two g x p equilibrium networks as
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P P
U U (@jir» Ajjpsy) = ((2’"1+1)[hso’(2nl+1)thSI)

—_—
r1=1 7‘]=1 ¥
(mil), nf}))—XX ((2m;+1),(2n; + 1))-saddle
p q
= l J l J (ajljlrz’ a]zizSz) (3.63)
[ —
r2=1 S2=1

2 2
3, n3)-XX

with 7 _ m,, = 2m; + 1 and B _ n, =2n + 1 fori=1,2.
(iv4) For ajjo0 < 0 and a0 < O, there is a ((2m;+1)"SI, (2, +1)"SI)-sink
equilibrium as

(@15 Aigjo1) = (2my+1)"SL, (21, +1)"ST) . (3.64)

((2m+1),(2n; + 1))-sink

There are the following three ((2m+1)"SL (21, 4+1)"SD)-sink appearing and
switching bifurcations.

(iv4,) The ((2m1+1)thSI, (an—{-l)‘hSI)—sink appearing bifurcation is from a (SI,SI)-
sink to a (2m; + 1) x (2n; + 1) network as

2m;+12n;+1
@1 @) = (@m+D"SLEm+D"SH = | ) | @jirs @) (3.69)
R G — . r=1 s=I —_—
(SI,SI)-sink ((2m1+1),(2n; + 1))-sink XX
where
(SLSI) (SO,SI) --- (SLSI)
— —— ~——
sink saddle sink
2y +1 21, +1 (SLI,SO) (SO,SO) - - - (SI,SO)
—— —— ——
U U (ajlj],,ajﬂ-ﬂ) = saddle source saddle
r=ls=l oo : : : :
XX . . . .
(SLSI) (SO,SI) --- (SLSI)
— ~——
sink saddle sink Qni+1)xQ2m+1)
(3.66)

(iv4p) The ((2m;+1)"SI, (2n,+1)"SD)-sink appearing bifurcation is from ¢; x p;
to g, x p, equilibrium networks as

Pt q1

U U @iin» @iis)) = (@my+1)"SL2ny+1)"SI)
P e R

r1:l 51:1

D, nl)-XX ((2m+1),(2n; + 1))-sink
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P2 92

= J U @in- aijosr) (3.67)
—,_z

V2=1 Sz:l
() n)-XX

where

I
2my + 1 — Zm(l) = ZZI:mS
s=1

rn= 1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

q1 L
2111 +1— Z”;U = 221’11
=1

ri =1
with /-quadraitc polynomials without real roots

and ["M-quadratic polynomial with power n;;

Zm<2’—2m|+1 Zn<2)—2m+l fori=1,2,

rn=1 sp=1

((m)) " XX, (n))"XX)

() ) XX

(@m\+DPSLAY + DMSD, ((2m)))"LS.(2n0))'LS),

(@m)+1),(2n8), +1))-sink (@m2)),(2n{)))-double-saddle

a

(2m)H™LS, 200, + DPSD), ((2m ) +1)"SL(2n))"LS)

(@mD),@nS, +1))-lower-saddle-sink ~ ((2m.,+1),(2n))-lower-saddle-sink
i 9i pi qi

(mD)"XX,(n}")"XX)

(m,(’) (IJ) XX

(@m\+DPSLQnA + 1"SD), (@m)))"LS,2n{)"US),

(@mg)+1),@n]+1)-sink (@mg),),2n{}))-double-saddle
(@m)H™LS.2nf] + DMSD), (2m$), +1D™SL2n{)"US)

(@m2)), (2n{] +D)-lower-saddle-sink (2 +1),(2n{}))-upper-saddle-sink
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(m}")" XX, (1) "XX)

(m{ n)-XX

(@m{)+1D)"SL2nY, + D™SD), (2m{])"US.,(2n{})"LS),

g1
(@m{)+1),@nf, +1))-sink (2m{),@n)))-double-saddle
(@m{))"US,2n") + 1)"SD), (2m{)+1)"SL2n)" )" "LS)

((Zm(li]) ), (2;1;?] +1))-upper-saddle-sink ((Zm(lil) +1), (an[i‘_)l ))-lower-saddle-sink

(m}")"XX,(n}")"XX)

m? n")-xx

(Cm{)+1D)™SL2n{) + ST, (2m{)"US,@2n{)"US),

(@m+1),2n%) +1))-sink (2m{)),2n{)))-double-saddle

. ‘ . . (3.68)
(2m{H™US,2n{] + 1™SD, (2m{)+1)"SL2n{)"US)

((Zm(]il' ), (2n§il) +1))-upper-saddle-sink ((2m‘,il) +1), (Zn(lil) ))-upper-saddle-sink

(iv4e) The ((2m;+1)™SI, (2n,+1)"ST)-sink switching bifurcation is for two ¢ x p
equilibrium networks as

p q
U U @in- @iis)) = (@my+1)"SL2ny +1)"SI)
iy, n$)-XX

n=ls=I (@mi+1),2n; + 1))-sink

P q

= J U @ir- aijosr) (3.69)
—_——

V2=1 52=1
(m3), n)-XX

with X7 _ m,, = 2m; + 1 and 2 _ n;, =2n; + 1 fori=1,2.

(v) For m = 2m, and n = 2n, + 1, the equilibrium of ();j"l,)gfz) = (aj,j,1, aj,jp1) has
the following bifurcation properties.

(vi) For aj j o > 0 and aj,j,0 > 0, there is a ((2m1)thUS,(2n1+1)‘hSO)—upper—saddle—

source equilibrium as

(@ji1, 1) = ((2my)™US, (21 +1)"S0O) . (3.70)

((2my),(2n; + 1))-upper-saddle-source

There are three following ((2n;)"US,(2n,41)"SO)-upper-saddle-source appearing
and switching bifurcations.
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(via) The ((2m, )‘hUS, (2n, +1)thSO)—upper-saddle-source appearing bifurcation are
from a (pF,SO)-positive source flow to a (2m;) x (2n; + 1)-equilibrium network as

2m; 2n+1

(X5, aj,jo1)
—_— ——

(pE.SO)-psotive source flow

= (2m)"US.2m+1)"80) =] ) @jr- @10

r=1 s=1

((2my),(2n; + 1))-upper-saddle-source

XX

(3.71)
where
(SL,SO) (SO,S0) - - - (SO,S0)
—— —— —
saddle source source
R (SLSI) (SO,SI) --- (SO,SI)
S—— N—— ~———
U U (ajljl,,ajzl-zx) = sink saddle saddle (372)
=l os=1 oo : : :
XX . . . .
(SL,SO) (SO,S0) - - - (SO,S0)
——— —— ———
saddle source source @ny+1)x(2my)

(vip) The ((2m;)™US, (2n1+1)thSO)-upper-saddle-source appearing bifurcation is
from a g; X p; to g» X p> equilibrium network as

Pt Q1

U U @i @iis)) = (2my)"US,211+1)"S0O)
—_———

ri=1s1=1

(m(rl) n(sl))—XX ((2my),(2n; + 1))-upper-saddle-source
1075y

P2 42

= U U (@ijiry» Ajrjos,)
—————

n= 1 = 1
(m3), n3)-XX

(3.73)

where

p1 I
1
2m; — E m£1)=2 E my
s=1

ri=1
with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power m;,

q1 b
2n; + 1 — an) = Zan
=1

S1= 1
with /-quadraitc polynomials without real roots

and [™-quadratic polynomial with power n;;
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Zm(z)_2m1+1 Z n? =2n; +1; fori = 1,2,

r=1 sr=1

((m{)PXX,(n{)"XX)

@ (@)
(mp; ,ng; )-XX

((2my) +1)"S0,(2n, + 1)"SO). ((2m,)"US.2nf))"US),

(@m2,+1), (2nf), +1))-source (@m2)),(2n{)))-double-saddle
(2m)H™US, 20, + D™S0), (2m+1)"SO.2n )M US)

((2m(’)1) (2n(’)l+l)) -uuper-saddle-source ((Zm;,ii)l+l),(2n;ii)l))—double—saddle

((m) " XX, () "XX)

@ 1) XX

(Cm +1)"S0,2n{] + 1)"S0), (2m,))"US,(2n{)"LS),

(2my),+1),2n{)+1))-source (@m{)),(2n{])-double-saddle

(2mP)H™US,@2nf] + D™S0), ((2m)+1)"S0,(2n{])"LS)

((2m;';,)1 ), (2n<lil) +1))-upper-saddle-source ((21111(,'1,) +D), (2n(lil) ))-lower-saddle-source

(m")"XX,(n)"XX)

o 1) XX

(Cm{)+DMSL2nY, + D™S0), (2m{])™US.(2n)"US),

(@mi+1),@n +1)-saddle (2m{),(2n{)))-double-saddle

(m{)H™US,2n) + DMS0), ((2m}+1)"SL2n)"US)

((2m(lil)),(211;')l+l)) -upper-saddle-source ((Zm(lil)-&-l),(an;)l)) -upper-saddle-sink

()" XX, (n")"XX)

" n{")-Xx

(@m{)+1)"s1,22Y" + 1)"S0), (2m!)yUS,2n{)"LS),

(@m"+1),2n!) +1))-saddle (2m)),2n7))-double-saddle

()yth (i) th () yth (i)<th (3.74)
(2my)"US, (20 + DTSO), ((2m}|+1)"SL(2n}])"LS)

((2;n(li])),(211(]'l)+])) -upper-saddle-source ((2m‘1i1)+]),(2n(l'1))) lower-saddle-sink

(vie) The ((2mp)MUS, (2n1+1)thSO)-upper-saddle-source switching bifurcation is
for the switching of two g x p equilibrium networks as
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P q
U U @i @iis) = (2my)"US,2n1+1)"SO)
T 1 S 1%/_/

(m(l) (|)) XX ((2my),(2n; + 1))-upper-saddle-source
s
p q
= U jvjirrs Bjajrss) (3.75)
—(_z
rn=1s=1

2; 2;
m2, n2)-Xx

with 7 _ m,, = 2m; and X{_n, =2n; 4+ 1fori =1,2.

(v2) For a;,j,0 < 0and a;j,0 > 0, there is a ((2m;)™LS, (21 +1)"SO)-lower-saddle-
source equilibrium as

(@15 Gigjo1) = ((2my)™LS,(2n,+1)"SO) . (3.76)

((2my),(2n; + 1))-lower-saddle-source

There are the following three ((2m;)"LS, (2n;+1)"S0)-lower-saddle-source
appearing and switching bifurcations.

(v2a) The ((Zml)thLS, (2n1~|—1)‘hSO)—lower-saddle-source appearing bifurcation is
from an (nF,SO)-negative source flow to a (2m;) x (2n; + 1) network as

2my 2n1+1

o i) = (Cm)"LS,2m+1)"S0) = | | @jir ajyis)
r=1 s=1 —_—
(nF,SO)-negative source flow ((2m1),(2n; + 1))-lower-saddle-source XX
(3.77)
where
(S0,S0) (SLSO) - - - (SL,SO)
——— —— ——
source saddle saddle
2my 2n)+1 (SO,S1) (SLSI) --- (SLSD)
—_— —— ~——
U U (ajljlr’aJZIZV) = saddle sink sink . (378)
r=los=l oo : : : :
XX . . . .
(S80,S0) (SL,SO) - - - (SLSO)
—— —— ——
source saddle saddle Q2ni+1)x(2my)

(vap) The ((2m)™LS, (2n;4+1)"SO)-lower-saddle-source appearing bifurcation is
from q; X p; to g2 X p; equilibrium networks as

Pt q
U U @i aiis)) = (2m1)""LS (20, +1)"SO)
— e

r=I1s=1

D, nM)-xx ((2my),(2n; + 1))-lower-saddle-source
107



3.1 Higher-Order Singularity and Bifurcations

69
P2 2
= U U (@ijirs» Wjjosy) (3.79)
rn=1s=1 D —

(mg) ndz)) XX

where

I
Z m(l) =2 Zl: my
s=1

r =1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

q1 L
21’11 +1- Znill) = 2an
=1

S1=1

with [-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

92
Zm(z) =2my, Zn(z) =2n+1; fori=1,2,
rn=1 sp=1

(mp) " XX, ()" XX)

(my) n§))-XX

(@m\+DPSLAY + DMS0), (2m$))"LS.(2n)))"US),

(@m+1),2nl), +1))-saddle (@m2)),(2n{)))-double-saddle

(@2m)H™LS, 20 + 1)"SO), ((2m{) +1)"SL(2n )" US)

(@mP)),@n%, +1))-lower-saddle-source  ((2m{,+1),(2n.)
i qi pi

4i1))-upper-saddle-sink
(mD)"XX (n]")"XX)

(m“) n“) )-XX

(@m\ +DPSLQnA + 1D"S0), (2m,))"LS.2n{)"LS),

(@my)+1),2n}+1))-saddle (@m{2)),(2n{]))-double-saddle

(@2m)H™LS.2n] + D™S0), ((2m), +1)"SL2n{)"LS)

(@m2)), (2n{} + D)-lower-saddle-source  ((2m{)+1),(2n{))-lower-saddle-sink
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(m{)"XX,(n)"XX)

(m{ .n))-XX

(Cm{)+1)"S0,2n) + 1)"S0), (@m{})"LS.(2n))"US),

((2m(]il) + 1)’(2n¢(/ii)l +1))-source ((Zm(]il)), (ani)] ))-double-saddle

(@m{D)"LS.2n), + D™S0), (2m{]+1)"S0.(2n))MUS)

((2m(li]) ), (Zn;"_)l +1))-lower-saddle-source ((2n1(1i]) +1), (2”‘(;:’)1 ))-upper-saddle-source

((m")"XX,(n}")"XX)

m”,n")-xx

(@m)+1)"s0,2n ) + 1)"S0), (2m{H"LS,2n{H"LS),

(@m{)+1),2n8)+1))-source (2m{)),2n{)))-double-saddle

‘ . . . (3.80)
(2m{)™LS,2n{] + D™S0), (2m{}+1)"S0,2n{))"LS)

((Zin(lil) ), (2n(|i|) +1))-lower-saddle-source ((2mﬁ? +1), (2n(|i1) ))-lower-saddle-source

(vae) The ((2m)MLS, (2n;41)"SO)-lower-saddle-source switching bifurcation is
for two g x p equilibrium networks as

P q
U U @i+ djis)) = (2m1)"LS.20,4+1)"S0)

——
r=1s=1
(mf-l), nﬁl))—XX ((2my),(2n; + 1))-lower-saddle-source
p q
= U U (@jijirs» Wirjosy) (3.81)
R —
7'2=l S::l

@ @
(my), ngy )-XX

with Z’;zlm,,, = 2m, and Egzlnsi =2n; + 1fori=1,2.

(v3) For ajj,0 > 0 and a;,;,0 < 0, there is a ((2my)"US, (2n1+1)thSI)—upper-saddle-
sink equilibrium as

@1 ajp1) = (2my)"US, (20, +1)"S]) . (3.82)

((2my),(2n; + 1))-upper-saddle-sink

There are the following three ((2m;)™US, (2n,41)"SI)-upper-saddle-sink appearing
and switching bifurcations.

(v3a) The ((2m, )thUS, 2ny +1)‘hSI)—upper-saddle-sink appearing bifurcation is from
a (pF,SI)-positive sink flow to a (2m,) x (2n; + 1)-equilibrium network as
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2my 2n+1
o i) = (@m)"US,Cm+D)"SD = | | @i ajns)  (3.83)
—_——— - —1 s— ——
(pE,SI)-positive sink flow ((2my),(2n; + 1))-upper-saddle-sink XX
where
(SLSI) (SO.SI) --- (SO,SI)
— —— ~———
sink saddle saddle
— (SLSO) (SO,S0) - - - (SO,S0)
—_—— ——— —_———
U U (ajmr,amzx) = saddle source source . (3.84)
r=ls=l T
(SLSI) (SO,SI) --- (SO,SI)
—_— — ~—
sink saddle saddle Q2ni+1)x(2my)

(v3) The ((2m;)™US, (2n;41)MSD)-upper-saddle-sink appearing bifurcation is from
a g X p1 to g2 X pp equilibrium network as

P q

U U @ijin« digis)) = (@mp)™US, 2 +1)"S1)
—_—

ri=1s=1

(m(l) ({))-XX ((2my),(2n; + 1))-upper-saddle-sink

P2 q2

= U @jir» i) (3.85)
L
V2:1 6271 ( (,)) (,))) XX

where

I
2my — Zm(l) = ZZlms
s=1

rn= 1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

I
2n; + 1 — Zn(l) = ZZzng
=1

S1—1
with /;-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

Zm(z)—Zm Z n? =2n +1; fori = 1,2,

121 Vzl
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(M) XX, (n)"XX)

(m,(,i.) nf,i ) )-XX

(@m$\ +1)"S0,2n") + DS, (2m{)"US,(2n,))"LS),

((2m“>, +1), (2n“’ +1))-saddle ((2m“>, ), (2n<” ))-double-saddle

(@2m)™MUS, 20, + DS, (2m),+1)"S0,(2n"))"LS)

((ZmL"l_)l),(Zn;)] +1))-upper-saddle-sink ((Zm(')l+l) (2n(')l)) lower-saddle-source

((m)"XX,(n{")"XX)

o n?)-XX

(@m$\ +1)™S0,2n{] + ™SI, (2m,)"US,2n{)"US),

(2m)+1), 2] +1))-saddle (@my)),@n{}))-double-saddle

(@m)H™US,@2nf! + D™SD), (2m),+1)"S0,(2n{)"US)

((2m(')l) (2n(l’])+1)) -upper-saddle-sink ((Zm(”l-k—l) (2n(1'l))) -upper-saddle-source

((m)"XX,(n)"XX)

( (@) (x)) XX

(@m{)+1D)™SL2nY, + D™SD), (@m{])™US.(2n{})"LS),

(@m) 41,20, +1))-sink (@m)),(2n?,))-double-saddle

gil qi

(@m{)™MUS,2n) + DS, (2m{]+1)"SL2n,))"LS)

(@mi{),@n) +1)-upper-saddle-sink  ((2m{}+1),(2n,)),))-lower-saddle-sink

((m")"XX,(n)")"XX)

m® n)-XX

(em{)+1)SL2nY) + DBSD), (2m{)"Us,2a{)"Us),

(@m$)4+1), 20\ +1))-sink (@m),2n))-double-saddle

. (3.86)
(2m{H™US,2n{] + 1™SD), (2m{)+1)"SL2n{})"US)

((Zm(lil)),(Zn(”-i—l)) -upper-saddle-sink ((2m(')+1) (2n('))) -upper-saddle-sink

(v3e) The ((2m;)™US, (2n1+1)thSI)-upper-saddle-sink switching bifurcation is for
the switching of two g x p equilibrium networks as

p q
U U @ijin- ajgins)) = (2m1)™US, 201+ 1)"S)
—_———

r=I1s=1

(m(rl) n“)) XX ((2my),(2n; + 1))-upper-saddle-sink
1
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P q
= U U Qjijirys Ajrjos,) (3.87)

» —/_/

& m3), n2)-Xx

where X7 _ m,, =2m;, £]_n;, =2n + 1fori=1,2.

(v4) For a;,j,0 < 0 and a;,,0 < O, there is a ((2m;)"™LS, (2n;+1)"SI)-lower-saddle-

sink equilibrium as

(@1, ajpjp1) = ((2m)"LS, (2m+1)"SI) (3.88)

((2my),(2n; + 1))-lower-saddle-sink

There are the following three ((2m 1)thLS,(2n1+1)thSI)-lower—saddle-sink appearing
and switching bifurcations.

(Vaa) The ((2m;)™LS,(2n;+1)"SD)-lower-saddle-sink appearing bifurcation is from
an (nF,SI)-negative sink flow to a (2m;) x (2n; + 1) network as

2m 2n1+1
G a) = (@m)"LS.2m+D"SD = ) | @i @) (3.89)
— . r=1 s=1 —_
(nF,ST)-negative sink flow ((2my),(2ny + 1))-lower-saddle-sink XX
where
(8O,SD (SLSI) --- (SLI,SD
S s ! ~——
saddle sink sink
2my 2m+1 (SO,S0) (SLSO) --- (SLSO)
—_———— —— ——
U U (ajmr, Cljzlﬂ) source saddle saddle . (390)
r=1 s=1 . . :
XX . . tee .
(8O,SD (SLSI) --- (SLSD
— — ~——
saddle sink sink Q@m+1)x2m)

(V4p) The (2m, )thLS, 2n;+1 )thSI)—lower—saddle—sink appearing bifurcation is from
q1 X p1 to g2 X py equilibrium networks as

Pi q1
U U @i o) = (2m)"LS,2m+1D)™SD)

n=ls=l o 1) xX (@my).@n; + 1))-lower-saddle-sink

P2 92

= U U (@jjirys Qjrjnsy) (3.91)
—_———

rn=I1s5=I
2
m3), n))-XX

where
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I
Z m(l) =2 Z]ms
s=1

r1_1
with /;-quadratic polynomials without real roots

and sM-quadratic polynomial with power my,

2n; —i—l—Zn(l) —2Zn1

S]—l

with [,-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

92
Zm@) =2my, Y n@ =2n + Iifori=1,2,
r=I sr=1

()" XX, (n)"XX)

(my) .ng))-XX

(@m\+DPSLAY + DS, (2m,))"LS.(2n)))'LS),

((2m“’,+1) (Zn;')l-i—l)) sink ((2m‘”l) (2n") ))-double-saddle

(2m))"LS,(2n8), + DUSD), ((2m)) +1)"SL2n" ) LS)

((2m(')l) (Zn(’)l +1))-lower-saddle-sink ((2m(‘)l+1) (an;)])) lower-saddle-sink
(m) XX, (n}")"XX)

(my) n{")-XX

(@m\+DPSLQnA + D™SD), (2m,))"LS,2n{)"US),

((2m)+1), 2} +1))-sink ((2m)),(2n{}))-double-saddle

(@m)H"LS,@2n] + DS, (2m), +1)"SL2n{)"US)

((2m(')l) (2n(l'])+1)) lower-saddle-sink ((Zm(')l-&-l) (2n(l']))) -upper-saddle-sink

(m}") " XX, () "XX)

(m{ n)-XX

(2m{)+1)"S0,2nY, + D™SD), (2m{])"LS.2n)"LS),

(@m{]+1),@2nf), +1))-saddle (@m{),@n)))-double-saddle

(@m{)™LS,2n) + DPSD, (2m{]+1)"S0,2n))"LS)

(@mi{), @) +1)-lower-saddle-sink  ((2m{}+1),(2n})))-lower-saddle-source
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(m}")"XX,(n}")"XX)

m® n)-XX

(@m)+1)"s0,2n) + 1)"SI), (2m!)H"LS,2n{)"US),

(@m{}+1),2n{)+1))-saddle (@ml),2n{)))-double-saddle

. . (3.92)
(2m{H™LS,2n{] + D™MSD), (2m{}+1)"S0,(2n{))"US)

((Zm(lil)),(Zn(l‘])+1)) lower-saddle-sink ((2m‘li])+1),(2n(l'l))) upper-saddle-source

(Vae) The ((2m;)™LS, (2n,41)"SI)-lower-saddle-sink switching bifurcation is for
two g x p equilibrium networks as

4 q
U U @i+ i) = (2m1)"LS,20,+1)"SD)
| —

(m(l) ‘”)—XX ((2my),(2n; + 1))-lower-saddle-sink
L

p
= U U (@ijirss Girjosy) (3.93)
—— —

r2=1 52:1

r=1s=I

(my3 n))-XX

where £)_m,, =2m;, £ _n;, =2n; +1fori=1,2.

(vi) For m = 2m; + 1 and n = 2ny, the equilibrium of ()cll , xh) (aj,j1, aj,j,1) has
the following properties.

(vi;) Foraj,;,0 > 0 and aj,j,0 > 0, there is a ((2m;+1)"S0,(2n;)™US)-upper-saddle-

source equilibrium as

(@1 A1) = (2m+1)"S0,(2n1)"MUS) . (3.94)

((2m;+1),(2n;))-upper-saddle-source

There are three following ((2n;41)"S0,(2n,)"US)-upper-saddle-source appearing
and switching bifurcations.

(vija) The ((2m;+1)"S0,(2n,)"US)-upper-saddle-source appearing bifurcation is
from an (SO,pF)-positive source flow to a (2m; + 1) x (2n;)-equilibrium network
as

(@1, X3,) = (2m+1)"S0,(2n,)"US)
———’

(SO,pF)-positive source flow ((Zm+1),(2n1))-upper-saddle-source
2mi+1 2ny

= U U (amu s Qjajss) (3.95)

r=1 s=1 XX

where
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(S0,S0) (SLSO) - -- (S0,SO)
—_——— —— —_——

source saddle source
2my+1 2my (SO7SI) (SLSI) e (SO’SI)
—_—— —— ———
U U (amlr, ajz]zb) = saddle sink saddle . (396)
_,—/ . . . .

r=1 s=1

XX

(SO,SI) (SLSI) --- (SO,SI)
—_—— —— ——
saddle sink saddle 2ny)x (2m+1)

(viyp) The ((2m; —i—l)thSO, (2n, )‘hUS)—upper-sadddle—source appearing bifurcation is
from a g; x p; to g» X p; equilibrium network as

P q

U U @ir- @0) = (@mi4+1)"S0,(201)"US)
ry =1 S =1

", nMyxx ((2my+1),(2ny))-upper-saddle-source
i s s

P2 92

= U @iin: a) (3.97)

r=I1s5=I
@ 2
m3), n3)-XxX

where

2m1+1—2m<l>—22m,

rn= =1
with /;-quadratic polynomials without real roots

and sM-quadratic polynomial with power m,

Zn(l) —Zan

311

with [,-quadraitc polynomlals without real roots

and ["-quadratic polynomial with power n;;

P2 a2
ng =2m + 1, an =2ny; fori = 1,2,

rp=1 sr=1
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(M) XX, (nD)"XX)
(my) .n))-XX
(@m\+1)"S0,2n) + D™S0), ((2m)})"US.2n1 )" US),
((2m‘”l+1) (2n")l+1)) source (2m(”l) (2nj,’),>) double-saddle
(@m’H™MUS. 20, + D™MS0), (2m\) +1)"S0,2n ) "US)
((2m<”,) (2n§1”l+1)) -upper-saddle-source ((2m<’),+1) (2n<” ))-upper-saddle-source
((mlg?)‘hxx,(ni”)‘hXX)
(l) l)) XX
((2m(’> +1)"S0.,2n{] + D™SD), (2my))"US,(2n{))"US),
(@my)+1),2nf} +1))-saddle (@m2)),(2n{]))-double-saddle
(@m)H™US,@2nf! + D™SD), ((2m}),+1)"S0.(2n{)"US)
(@m2)),(2n{} +1))-upper-saddle-sink  ((2m,+1),(2n{))-upper-saddie-source
((mﬁi))‘hXX,(n;))thXX)
(m{’ ,n{)-XxX
(Cm{}+1)"S0,2nY) + 1)"S0), (2m{})"LS.(2n)"US),
(@m{+1), (20, +1))-source (@mi),@n)))-double-saddle
(@m{D)"LS.2n, + ™S0), (@m{]+1)"S0, (20 )M US)
(@m{)), @) +D)-lower-saddle-source  ((2m{}}+1),(2n)))-upper-saddle-source
((m")"XX,(n)") "X X)
m,n")-xx
(@m{+1D)"S0,@2n{] + DMSD, (2m{})"LS,2n{)"US),
(@m{}+1),2n{)+1))-saddle (@m),2n))-double-saddle (3.98)

(2m{H™LS,2n{] + DMSD), (2m{]+1)"S0,(2n{)"US)

((Zm(lll)) (2n(l'l)+1))-lower-saddle—sink ((2m(')+1) (2n(”)) -upper-saddle-source

(viie) The (2m;+1)MSO, (2n1)thUS)-upper-saddle-source switching bifurcation is
for the switching of two g x p equilibrium networks as

P q

U U (@ijir, > Ajajosy) = ((2m1+1)thsos(2nl)thUS)
—_———

r=1s=I

m (r1) n(l)) XX ((2m;+1),(2n;))-upper-saddle-source
1
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P q
= U U (jijirss Bijosy) (3.99)
rn=1 Xz:l%/_/

@ @
(myy’, ng,’ )-XX

where X7 _m,, =2m; + 1, £!_ng, =2n; fori =1,2.

(vip) For aj,;,0 < 0and aj,j,0 > 0, there is a ((2m;+1)"™SI, (2n,)"™US)-upper-saddle-
sink equilibrium as

(@1 A1) = (2m+1)"SL2n)"US). (3.100)

((2my+1),(2n;))-upper-saddle-sink

There are the following three ((2m;+1 )thSI, 2m )thUS)—upper—saddle—sink appearing
and switching bifurcations.

(vipy) The ((2m, +1)thSI, (2n1)‘hUS)—upper-saddle-sink appearing bifurcation is
from an (SI,pF)-positive sink flow to a (2m; + 1) x (2n;) network as

2my+1 2ny
@y i) = (@mAD"SL)"US) = | | @y i) (3.101)
—— . r=1 s:l"_J
(SL,pF)-positive sink flow ((2m;+1),(2n))-upper-saddle-sink XX
where
(SL,SO) (SO,S0) - - - (SL,SO)
——— N —— ——
saddle source saddle
2mi+1 2m (SLST) (SO,SI) --- (SLI,SD
S N ! ~——
U U(ajlj],,ajzjzx)z sink saddle sink . (3102)
r=los=l o : : : :
XX . . . .
(SL,SI) (SO,SI) --- (SLSD
S N ! ~——
sink saddle sink @) x (2my+1)

(vigp) The ((2m;+1)"SI, (2n1)thUS)—upper—saddle—sink appearing bifurcation is
from q; X p; to g2 x p; equilibrium networks as

P Q1

U U @i i) = (@i 1)SL201)"US)

ri=1s=1

(m(]) n(”)—XX ((2m;+1),(2n;))-upper-saddle-sink
s M)

P2 92

= U U @irss @ios) (3.103)
—————
r2:ls2:l
() nH—Xx

where
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1
2my + 1 — me = ZZlms
s=1

r1_1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

2ny — an —22111

Sl—

with [,-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

Zm@)—zm +1, Zn(z)—an fori=1,2,

r=I sr=1

(m) " XX, (n))"XX)

(mf) .n§))-XX

(@m\+DPSL2nY 4+ D™S0), ((2m$))"LS.(2n)))"US),

((2m(')1+l) (211(" +1))-saddle ((2m(')l) (2nf,”l)) double-saddle

(@m’)"LS, 20, + 1)™S0), (2m\) +1)"SL2n")"US)

((Zm(')l) (Zn(‘)l+l)) lower-saddle-source ((Zm(l)] +1), (2;1;’)])) -upper-saddle-sink

(m)"XX,(n}")"XX)

(my) n{")-XX

(@m\+DPSLQnA{) + 1"SD), (@m))))"LS,2n{)"US),

(@m2,+1), 2n)+1))-sink (@m{7)),(2n{]))-double-saddle

(@m)LS2n} + D™SD), (2m)+1)"SL2n{))MUS)

((2m(')l) (2n(1)+l)) lower-saddle-sink ((2m(’)l+1) (2n(l)))-upper—saddle-sink

(M) XX, (nD)"XX)

(m ngH-XX

(Cm{)+D"SL2nY) + D™S0), (2m{])™US,(2n)"US),

(@m{)+1),(2nf), +1))-saddle (@m{)),@n)))-double-saddle

(Cm{)™MUS,2n) + D"S0), ((2m{]+1)"SL(2n{)"US)

((2m(1il)),(2t1;’;,’]+l))—upper—saddle—source ((2m(]'1)+1) (Zn(')l)) -upper-saddle-sink
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((m}")"XX,(n)")"XX)

m” ,n")-Xx

(2m{)+1)"SL2n' + D™SD), (2m'))hUs,2al)hus),

(@m)+1y,2n)+1))-sink (@m{)),2n')))-double-saddle

‘ . . . (3.104)
(2m{H™US,2n{] + DS, (2m{]+1)"SL2n{))"US)

((2m(li]) ), (Zn(]'l) +1))-upper-saddle-sink ((2m(lil) +1), (Zn(lil) ))-upper-saddle-sink

(vize) The ((2m;+1)MSI, (2n;)MUS)-upper-saddle-sink switching bifurcation is for
two g x p equilibrium networks as

V4 q
U U @i i) = (@i D)"SL201)"US)

—
r=1s=I .
(m(r:) ) n(;:))-XX ((2m;+1),(2n;))-upper-saddle-sink
p q
= J U @jin- @ajnsr) (3.105)
——————
r2=1 Sz:l

2 2
(my3), n3)-XX

where X7 _m,, =2m; + 1, £!_n, =2n fori =1,2.
(vi3) Fora;,j,0 > 0and a;j,0 < O, thereisa ((2m;+1)"SO, (21;)"LS)-lower-saddle-

source equilibrium as

(@jy1, @) = ((2m+1)"SO,(2n,)"LS) . (3.106)

((2m;+1),(2n;))-lower-saddle-source

There are the following three ((2m;+1)"S0O, (2n;)"LS)-lower-saddle-source
appearing and switching bifurcations.

(viza) The (2m;+1)"S0O, (2n;)"LS)-lower-saddle-source appearing bifurcation is
from an (SO,nF)-negative source flow to a (2m; + 1) x (2n;)-equilibrium network
as

2mi+1 2n
. N th th —
@inn %) = (@m+1)"80,2n)"LS) = | [ @jir i)
—_——— ] =] T
(SO,nF)-negative source flow ((2m1+1),(2ny))-lower-saddle-source r=l 5=l XX

(3.107)

where
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(8O,S) (SLSI) --- (SO,SI)
S N ! S’

saddle sink saddle
21 2m (S0.S0) (SLSO) - - - (S0.50)
~——— — — ~——
U U (ajljlr’ ajzizs) = source saddle source . (3108)
—_— : . . .

r=1 r=1 XX

(S0,S0) (SLSO) - - - (SO,SO)
—_—— ——— [ —

source saddle source @ny)x 2m+1)

(vizp) The ((2my +1)‘hSO, (2n1)thLS)—lower-saddle-source appearing bifurcation is
from a g; X p; to g» X p; equilibrium network as

P q

U U @ijin- aigios) = (@ +1)"S0,(2n1)"LS)

V1=1 S]=1

(m({), n(l)) XX ((2m;+1),(2n;))-lower-saddle-source

= U U (@jijiras Gijosy) (3.109)
—

rn=1s=I
2 2)
(m), n$5)-XX

where

2m1+1—2m<l>—22m,

rn= =1
with /;-quadratic polynomials without real roots

and sM-quadratic polynomial with power m,

Zn(l) —Zan

311

with [,-quadraitc polynomlals without real roots

and ["-quadratic polynomial with power n;;

P2 a2
ng =2m + 1, an =2ny; fori = 1,2,

rp=1 sr=1
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((mD)"XX,(n)) "XX)

(my) ng))-XX

(@m\ +1)"S0,2n) + DS, (2m$))"US,(2n)))'LS),

((2m“>,+1) (2n<” +1))-saddle ((2m<”,) (2n‘” ))-double-saddle

(@m)™MUS, 20, + DS, (2m),+1)"S0,(2n"))"LS)

((ng)l),(Zil;?] +1))-upper-saddle-sink ((Zm(')l+l) (2n(')l)) lower-saddle-source

((m)"XX,(n{")"XX)

(my) n{")-XX

(@m\ +1)"S0,2n{] + 1)"S0), (2m}))"US.(2n{))"LS),

((2m(')l+l) (2n(1’1)+1)) source ((2m(’)l) (2n<l’l))) double-saddle

(@2m$)H™US.@2nf! + D™S0), ((2m{)+1)"SO,(2n{])"LS)

((2m(”]) (2n(]'l)+l)) -upper-saddle-source ((2m(') +1), (211(”)) lower-saddle-source

()" XX (n)"XX)

( (@) (x)) XX

(@m{)+1)"S0,2nY + 1™SD), (2m{])"LS.2nJ)"LS),

(@m{]+1),2nf), +1))-saddle (@m{),@n)))-double-saddle

(@m{)LS,2n) + DPSD), (2m{]+1)"S0,2n))"LS)

((2m(1il)),(2n;”]+1)) lower-saddle-sink ((2m(lil)+l),(2n;')l)) lower-saddle-source

((m")"XX,(n)")"XX)

m® n?)-XX

(2m{)+1)"50,2n") + 1)"S0), (2m)"LS,2nYPLS),

(@m{}+1),2n{)+1))-source (@m}),2n\)))-double-saddle

. (3.110)
(@m{D)™LS,2n{] + 1"S0), (2m{)+1)"S0,(2n{})"LS)

((2m(lil)),(2n(l'l)+1)) lower-saddle-source ((Zm(')+l) (211(')))—lower—saddle-source

(vize) The ((2m;+1)™S0, (2n;)"LS)-lower-saddle-source switching bifurcation is
for the switching of two g x p equilibrium networks as

P q1

U U @ijin- iis)) = (2m1+1)"S0,2n,)"LS)
—

ri=1s=1

(Inf]) m])) XX ((2m;+1),(2n))-lower-saddle-sink
1
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P2 92

= J U @in> o) 3.111)
—_—————

r2=l Sz:l
(m,;) ng)) XX

where X7 _m,, =2m; + 1, £!_ng, =2n; fori =1,2.

(vig) For aj,;,0 < 0 and aj,j,0 < O, there is a ((2m;+1)"SL(2n;)"LS)-lower-saddle-
sink equilibrium as

(@1 A1) = ((2my+1)"SL, (2n1)MLS) . (3.112)

((2m;+1),(2n;))-lower-saddle-sink

There are the following three ((2m 1+1)ﬂ‘SI,(2n 1)‘hLS)-lower—saddle-sink appearing
and switching bifurcations.

(viga) The ((2my +1)thSI,(an)thLS)-lower-saddle-sink appearing bifurcation is from
an (SI,nF)-negative sink flow to a (2m; + 1) x (2n;) network as

2my+1 2my
@jin- %) = (Cm+1D)"SL2n)"LS) = J | @pjr: Gpis) (3:113)
— . r=1 s=1
(SL,nF)-negative sink flow ((2m;+1),(2n;))-lower-saddle-sink XX
where
(SLSI) (SO,SI) --- (SLSI)
S N e’ ~——
sink saddle sink
2my+1 2ny (SLSO) (S0O,S0) - -- (SL,SO)
—_— ——— (——
U U (ajmr, am,s) saddle source saddle . (31 14)
r=1 s=1 _’_/ . : . :
XX . . . .
(SI,SO) (SO,SO) - - - (SI,SO)
—_— ——— ——
saddle source saddle (2ny)x (2m+1)

(vigp) The ((2m, —H)thSI,(Zn 1)mLS)—lower—saddle—sink appearing bifurcation is from
q1 X p1 to g2 X py equilibrium networks as

P q

U U @y @) = (@i +1)"SL2n)"LS)

r=I1s=1

(m(l) (“)XX ((2m;+1),(2n;))-lower-saddle-sink
"

P2 92

= J U @in» ijos2) (3.115)
[ —

rn=I1s5=I
3, n3)-XX

where
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l
2my + 1 — Zm(l) = ZZlms
s=1

r =1
with /;-quadratic polynomials without real roots

and sM-quadratic polynomial with power my,

2n; — Zn(l) —Zan

si=1

with [,-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

P2

> om® =2m +1, Zn@ = 2ny; fori = 1,2,
r=I sr=1

(mD)"XX,(n))"XX)

(my), n{))-XX

(@mS) + DPSL2nY, + D™SD), ((2m;)))"LS,(2n)"LS),

(@my), + 1), @n+1)-sink (@my)), 2nf)))-double-saddle

(@2m)HMLS,2n) + DMSD), (2m))), + D™SL2n)"LS)

(@m)), 2n,+1)-lower-saddle-sink  ((2mf), + 1), (2n{)}))-lower-saddle-sink

()" XX (n)"XX)

(), n")-XX

(@m, + DMSL2n{) + 1)"S0), ((2m})"LS.(2n{))"LS),

(@m) + 1), @n{)+1))-saddle (@my)), 2n{}))-double-saddle

(2m)"LS,2n{] + D"SO), (2m})) + D"SL(2n{])"LS)

(@m)), @n{f)+1))-lower-saddle-source  ((2m{) + 1), (2n{]))-lower-saddle-sink

(m{)"XX,(n) "X X)

m{, n{)-xx

(@m{] + D"SL@nS), + 1DSD), (2m{)"US,2n)"LS),

(@mf] +1), 2n),+1))-sink (@m{)), @n),))-double-saddle

(@m{))"US. 20, + D™D, (@m{] + 1)"SL2n)))MLS)

(@mi), 2n),+1))-upper-saddie-sink  (2m{] + 1), 21 ))-lower-saddle-sink

qi
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((m)”)"XX, () "XX)

m, n{")-Xx

(@m{] + D"SL2n{) + 1)"S0), (2m{)MUS,(2n{)"LS),

(@m} + 1), @n{)+1))-saddle (@m), 2n)))-double-saddle

. ‘ . ‘ (3.116)
(@m{))"US.2nf} + D™S0), (2m|] + D™SL2n{))"LS)

((Zm(lil)), (2n(lil)+1))—upperfsadd]efs0urce ((2n1(1i1) +1), (211({1)))—lowerfsaddlefsink

(Vige) The ((2m;+1)"SL,(2n;)MLS)-lower-saddle-sink switching bifurcation is for
two g x p equilibrium networks as

V4 q
U U @i+ i) = (@ +1)™SL2m1)"LS)

——
r=1s=I .
(m(ri>, n(;i))-XX ((2m+1),(2n;))-lower-saddle-sink
p q
= J U @ijin» @iajosn) (3.117)
—————
r2=1 Sz:l

2 2
(mf-z), n§-2>)—XX

where X7 _m,, =2m; + 1, £!_n, =2n fori =1,2.

(vii) For m = 2m, and n = 2ny, the equilibrium of ()cj*1 , xj*z) = (aj,j,1, j,j,1) has the
following properties.

(viiy) For a;,j,0 > 0 and aj,j,0 > 0, there is a ((2my)™US,(2n;)"US)-double-saddle
equilibrium as
(@1, ajpin) = ((2my)"US,(2n;)"US) . (3.118)

((2my),(2ny))-double-saddle

There are three following ((Zml)‘hUS,(an)‘hUS)-double-saddle appearing and
switching bifurcations.

(viijy) The ((2m;)MUS, (2n;)"US)-double-saddle appearing bifurcation is from a
(pE,pF)-positive flow to a (2m;) x (2n;)-equilibrium network as
2my 2n
(. 55,) = (2m)™US,2n)"US) = | @jr- @ujns) (3.119)
——— —_———

(PFpFyflow  (@m).Qa))ydowblesaddle =1Ly
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where
(SLI,SO) (SO,SO) - - - (SO,S0)
—_—— — — —
saddle source source
2my 2n; (SLSD) (SO.,SI) --- (SO,SI)
—— N—— ——
U U (aj]jl,, ajzjzs) = sink saddle saddle . (3120)

=1 s=1
I § XX

(SLSD (SO.,SI) --- (SO,SI)
—— N—— ——

sink saddle saddle (2n1) x (2my)

(viijp) The ((2m)MUS, (2n1)MUS)-double-saddle appearing bifurcation is from a
q1 X p1 to g2 X p, equilibrium network as

P q1

U U @i @) = (@m)"US.2n)"US)
—_—

r=I1s=1

) n)-Xx ((2my). (2n;))-double-saddle

P2 92

= U U (@jrjiry> Gjrjasy) (3.121)
————

n= 1 Sr= 1
m2, n@)-xx

where

14 Iy
§ : 1 §
2m1 — mf,]) =2 ng
s=1

n= 1
with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power 1,

q1 b

21’11 — anll) = ZZYZI
si=1 =1

with /;-quadraitc polynomials without real roots

lth

and /™-quadratic polynomial with power n;;

D2 q2
ng) =2my, Zni? =2ny;fori=1,2,

r2=1 S2=1
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((m)"XX,(n) " XX)

@ (i)
(mpl n,; )-XX

(Cm+1)"S0,2n1) + D™S0), (2m{))"US,(2n)))MUS),

((2m(')1+l) (211(')1-4—1)) -source ((Zm(”]) (Zn;')l)) double-saddle

(@m)H™MUS. 20, + 1D™S0), ((2m)+1)"S0,2n))"US)

((2m(‘)l) (2n(1> +1))-upper-saddle-source ((2m(‘)l+l) (Zn(’) ))-upper-saddle-source

(Om)""XX,(n)")"XX)

(my) .n{")-XX

(@my) +1)"S0,2n) + DPSD), ((2m,})"US,(2n{))"US),

(@m2,+1),@n)+1))-saddle (2m{)),(2n{}]))-double-saddle

(2m)H™US,@2nf! + DS, ((2m}),+1)"S0.(2n{)"US)

(2m{)),(2n{} +1)-upper-saddle-sink  ((my),+1),(2n{))-upper-saddle-source

((m")"XX,(n))"XX)

(m(]i) i n“? )-XX

(Cm{)+D™SL2nY) + D™S0), (2m{])™US.(2n)"US),

(@m{+1),(2nf), +1))-saddle (@m{)),@n)))-double-saddle

(Cm{)H™MUS,2n) + DMS0), ((2m{]+1)"SL(2n{})"US)

((Zm(l'])) (211;')1+l)) -upper-saddle-source ((2m(]'l)+l) (2n(') ))-upper-saddle-sink

((m")"XX,(n))"XX)

(o n?)-XX

(m{ )+ 1Sl + 1)BSD), (2m{)"Us,2a()"US),

(@) +1),2n\)+1))-sink (2m)), 2n\)))-double-saddle

‘ (3.122)
(2m{H™US,2n{] + DS, (2m{)+1)"SL2n{)"US)

((2m(')) (2n(')+l)) -upper-saddle-sink ((2m(lil)+l),(Zn(lil)))-upper-saddle-sink

(viije) The ((2m)MUS, (2n;)™US)-double-saddle switching bifurcation is for the
switching of two ¢ x p equilibrium networks as

p q
U U @ijin» @5 = (@m1)"US,21)"US)
(), i) —Xxx

n=ls=l (my),(2n))-double-saddle
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P q
= U @jir» @) (3.123)
——— —
V'2=1 S2=1
(mi3 n)—XxxX

where X7 _m,, =2m;, £]_n,, =2n, fori=1,2.
(viiz) For a;,j,0 < 0 and aj,j,0 > O, there is a ((2m;)"LS, (2n;)"US)-double-saddle

equilibrium as

(@1, i) = ((2m1)"MLS,(2n1)"US) . (3.124)

((2my),(2n;))-double-saddle

There are the following three ((2m l)thLS, (2n1)thUS)-d0uble—saddle appearing and
switching bifurcations.

(viiza) The ((2mp)"LS, (2n;)"US)-double-saddle appearing bifurcation is from an
(nE,pF)-flow to a (2m;) x (2n;) network as

2my 2m
(&0 %) = (2m)"LS,2n)"US) = | @ijir- joins) (3.125)
(nF,pF)-flow ((2my),(2ny))-double-saddle r=1s=1 XX
where
(50,S0) (SLSO) - - - (SI,SO)
———— —— ——
source saddle saddle
2my 2y (SO,SI) (SLSI) --- (SLSI)
— — ~——
U U (Clj]jlr, ajzm) = saddle sink sink . (3126)
r=ls=l T : : : :
XX . . . .
(SO,SI) (SLSI) --- (SLSI)
— — ~——
saddle sink sink 2ny)x(2my)

(viigp) The ((2m)BLS, (2n;)PUS)-double-saddle appearing bifurcation is from g x
p1 to g2 X p> equilibrium networks as

P Q1

U U @i+ iis) = (@m)™LS.(201)"US)

r1:1 X|=1

(mg), nﬁP)-XX ((2my),(2n;))-double-saddle

P2 92

= J U @in» @ijos2) (3.127)
—_———
rn=I1 =1
m3), n3)-XxX

where
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I
Z m(l) =2 Z] my
s=1

r1_1
with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power m;,

2ny — Zn(l) = 22111

S1=1

with /-quadraitc polynomials without real roots

and ["M-quadratic polynomial with power n;;
q2

Zm@ =2my, Y nl? =2n:fori=12,

r=I sr=1

(mg)) " XX, ()" XX)

(my), niH)-XX

(@m$) + DPSL2nY) + DMS0), ((2m))})'LS.(2n))"US),

((2171})"’,)1 +1), (2ni[?1+l))-saddle ((2m(')l) (211(" ))-double-saddle

(2m))"LS. 20 + 1™S0), (2m{)) + 1)™SL2n{, )" US)

((Zm“)]) (Zn(')l +1))-lower-saddle-source ((ZmI(,"‘_)l +1), (Zn;’?]))-upper—saddle—sink

(MDY XX, (n{")"XX)

2, n)-XX

(@m$) + DPSL2n{] + DD, (@m}))"LS.(2n{))"US),

(@m), + 1), @n{)+1))-sink (@m)), @n{l))-double-saddle

(@m)HMLS.2n{] + "SI, (@my)) + D"SL2n{)"US)

((2m(')1) (211(111)4—1)) lower-saddle-sink ((Zm(')l +1), (2n(l']))) -upper-saddle-sink

(m")"XX, () "X X)

(m(l) nq)) XX

(m} + 1)"SO.2ng)) + 1™SO). ((2m}})"LS.(2n,)"US),

(@m{] + 1), 2n), +1))-source (@mi), (2nf)))-double-saddle

(Cm{)"LS,2n) + D™S0), ((2m{} + "SO,(2n))"US)

((2m(]il’), (211;')14—1)) lower-saddle-source ((2m(]'l) +1), (2nfl')])) -upper-saddle-source

89



90 3 Bifurcations for Homoclinic Networks Without Centers

(M)XK, (n") P XX)

(m(][) s n(]') )-XX

(@m{} + D"S0,2nf} + D™SD), (2m{)"LS,2n{)"US),

(@m{) + 1), 2n{)+1))-saddle (@mi), 2n)))-double-saddle

‘ ‘ . ‘ (3.128)
(2m{D)"LS,2n{) + D™SD), (2m{] + 1)"SO,(2n{)"US)

((2m(1i|)), (2n(,i])+1))»lower—saddle—sink ((2m(]i|) +1), (Ztl(lil)))-upper—saddle—source

(viipe) The ((2m;)™LS, (2n,)"US)-double-saddle switching bifurcation is for two
q % p equilibrium networks as

P q
U U @i+ @) = (2m)™LS,2n))"US)

n=

s1=1
(mg), ngi))—XX ((2my),(2n1))-double-saddle

p q

= U U (@jijiras Girjosy) (3.129)
r2=l S2=1 —_
(m, nD)-XxX
where X7 _m,, =2m;, £ _n,, =2n, fori=1,2.
(vii3) For a;;,0 > 0 and aj,j,0 < O, there is a ((2m;)™US, (21;)"LS) -double-saddle
equilibrium as
(@1, ajpj1) = ((2m))"US,(2m)"LS). (3.130)

((2my),(2n;))-double-saddle

There are the following three ((2m;)™US, (2n;)"LS)-double-saddle appearing and
switching bifurcations.

(viizy) The ((2my)™US, (2n;)"LS)-double-saddle appearing bifurcation is from an
(pEnF)-flow to a (2m;) x (2n;)-equilibrium network as

2my 2m
. . N th h N
(&0 %) = (2m)"US,2n)"LS) = | J | @ijir- joins) (3.131)
r=1 s=1
(pF,nF)-flow ((2m1),(2n;))-double-saddle XX

where
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(SLSI) (SO,SI) --- (SO,SI)
—_—— —— —_——

sink saddle saddle
2my 2ny (SLSO) (SO,S0) - -- (SO,S0O)
—_— — ——
U U (aj]jlr, Ajyjrs) = saddle source source . (3.132)
_(_l : . : .

=1 s=1
r=ls XX

(SI,SO) (SO,S0) - -- (S0O,S0)
—_— ——— [ —

saddle source source 2ny)x (2my)

(viizp) The ((2m1)‘hUS, (2n1)thLS)—double-saddle appearing bifurcation is from a
g1 X p1 to q» X p; equilibrium network as

P Q1

U U @i @) = (@m)™US,(20)"LS)

r1=1 S1=1

(m(l) n(“)—XX ((2my),(2ny))-double-saddle
s sy

P2 92

= U U @i o) (3.133)

rn=1 =1
(m3), ny)-XX

where

141 L
2my — ng) = ZZmS
s=1

n= 1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,

91 L

1

2n; — Znﬁl) = Zan
S1=1 =1

with l,-quadraitc polynomials without real roots

lth

and ["-quadratic polynomial with power n;;

92

P2
ng) =2m, an) =2ny;fori=1,2,

r=I so=1
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(M) XX, (n)"XX)

() ) XX

(@m\ +1)"S0,2n) + DS, (2m$))"US,(2n,))'LS),

((2m(')1+l) (2n<” +1))-saddle ((2m(')1) (2nj,”l)) double-saddle

(@m)"US, 20, + DS, (2m),+1)"S0,(2n") ) "LS)

((Zm(’)l) (2n(')]+1)) -upper-saddle-sink ((ng)l+l),(ani)l))—lower—saddle-source

(m)" XX (1)) "XX)

(mf) .n{")-XX

(@m\ +1)"S0,2n{] + 1)"S0), (2m,)"US,2n{)"LS),

(@m),+1),2nf} +1))-source (2m})),2n{}))-double-saddle

(@2m)H™US,@2nf} + D™S0), ((2m{)+1)"SO,(2n{])"LS)

((Zm(')l) (2n(l'1)+1)) -upper-saddle-source ((2m(')l+l) (2n(1'1))) lower-saddle-source

((m)"XX ()" XX)

(m n§))-XX

(@m{}+1D)™SL2nY, + D™D, (@m{])"US.(2n)})"LS).

(@m{)+1),(2n, +1))-sink (@m{),@n)))-double-saddle

(@m{)™MUS,@2n) + DS, (2m{]+1)"SL(2n,))"LS)

((2n1(li])),(2n;')l+l)) -upper-saddle-sink ((2m(]il)+l),(2nfl')l)) lower-saddle-sink

((m")"XX,(n)")"XX)

(mtll) (l)) XX

(2m)+1)"S1,22" + 1)"s0), (2m)MUS,2n{)"LS),

(@m$)41),2n{) +1))-saddle (@m\D), 2n\7))-double-saddle

(Cm{H™US,@2nf) + DMSO), ((2m')+1)"SL2n{])"LS) G139
11 ’

((Zm(lif),(Zn(')-ﬁ-l)) -upper-saddle-source ((2m(')+1) (2n('))) lower-saddle-sink

(viize) The ((2m;)™US, (2n,)MLS)-double-saddle switching bifurcation is for the
switching of two ¢ x p equilibrium networks as

P Q1

U U @i diias)) = (@m)"US.2n)"LS)
[ ——;

r=l1s=I

(m(r:) n( 1 )) XX ((2my),(2ny))-double-saddle



3.1 Higher-Order Singularity and Bifurcations 93

P2 92

= U U @iirs aiisr) (3.135)
—_—
r2=l 52=l
(mi3  n))-XX

where X7 _m,, =2m;, £]_n,, =2n, fori=1,2.
(viig) For aj;,0 < Oand aj,;,0 < O , there is a ((2m;)"LS,(2n;)"LS)-double-saddle

equilibrium as

(@jyji 15 @ijo1) = (2my)™LS, (2n1)"LS) (3.136)

((2my),(2n;))-double-saddle

There are the following three ((2m1)‘hLS,(2n 1)thLS)—double—saddle appearing and
switching bifurcations.

(viga) The ((2m1)‘hLS,(an)‘hLS)-double-saddle appearing bifurcation is from a
(nFnF)-flow to a (2m;) x (2n;) network as

2m; 2m
(@, ) = (2m)"LS,2n)"LS) = | @jir- @jains) (3.137)
(WEnFiflow  (@m),@n)double-saddle =1 I=! XX
where
(SO,SI) (SLSI) --- (SLSI)
—_— — ~—
saddle sink sink
— (SO,S0) (SLSO) - - - (SL,SO)
———— —— ——
U U (aj]jl,, ajljzs) = source saddle saddle . (3138)
r=ls=l : : : :
XX . . . .
(SO,S0) (SLSO) - - - (SL,SO)
———— —— ——
source saddle saddle (2n1)x (2my)

(viigy) The ((2m;)"LS,(2n1)"LS)-double-saddle appearing bifurcation is from ¢; x
p1 to g2 X ps equilibrium networks as

Pt q

U U @uins @iias) = (2m1)SL2n1)"LS)
—————

r=l1s=I
(myy) n)-XX

((2my),(2n;))-double-saddle

P2 92

= U U (@jijirss Gigjosy) (3.139)
—_————
}'2=1 52=1
(mi3 n))-XX

where
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I
Z m(l) =2 Z] my
s=1

r1_1
with /;-quadratic polynomials without real roots

and sM-quadratic polynomial with power my,

2ny — Zn(l) = Zan
S1=1
with /;-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;;

P2

Zm(z) =2m Zn(z) =2ny;fori=1,2,

rz:l 62:1

((m)"XX,(n)) "XX)

(my) ng))-XX

(@m\+DPSL2nY) + DS, (2m)))"LS.(2n)))'LS),

((2m“’1 +1), (211;"1 +1))-sink ((2m(')l) (2n“) ))-double-saddle

(@m))"LS, 208, + DUSD), (2m.) +1)"SL2n" ) LS)

((2m(') ), (Zn“) +1))-lower-saddle-sink ((2m(’) +1),(2n? ))-lower-saddle-sink
1 1 1

)
qi1
(m) XX, (n}") "X X)

(my) n{")-XX

(@m\ +D™SLQnA + D™S0), (2m,))"LS.2n{)"LS),

(2m)+1), 2] +1))-saddle (@m{7)),(2n{])-double-saddle

(@m)H™LS.2n] + D™S0), (2m) +1)"SL2n{)"LS)

((2m(” ),2n'” +1))-lower-saddle-source ((2m(') +1),(2n?))-lower-saddle-sink
1 1 1 1

(m}") XX, (nf))"XX)

(m{ n)-XX

(@m{)+1)"S0,2nJ + D™SI), (2m{])"LS.2n)"LS),

(@m{}+1),2nf), +1))-saddle (@m{),@n))-double-saddle

(@m{)™LS,2n) + DPSD), (2m{)+1)"S0,(2n)"LS)

((2m‘1’,‘),(2n;”]+1)) lower-saddle-sink ((2,111’;+1),(2n;”1)) lower-saddle-sourc
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(m}")"XX,(n}")"XX)

m? n'")-xx

(@m{)+1)"s0,2n) + 1)"S0), (2m\H"LS,2n{))"LS),

(@m{)41),2n{)+1))-source (@m{)),2n{)))-double-saddle

. . . . (3.140)
(2m{H™LS,2n{] + D™S0), (2m{}+1)"SO,2n{})"LS)

((Zm(lil) ), (2n(lil) +1))-lower-saddle-source ((2m‘li]) +1), (211({1' ))-lower-saddle-source

(viige) The ((2m1)"LS,(2n1)"LS)-double-saddle switching bifurcation is for two
q % p equilibrium networks as

14 q
U U @i+ @jis) = (@m)"™LS.(201)"LS)
—

r=1s=I
(m'(‘})’ ngl))—XX ((2my),(2n;))-double-saddle

p q
= U U @i 4 (3.141)
———————
r2=l Sz:l
(3, n3H—xX

where £)_m,, =2m;, £/ _n,, =2n, fori=1,2.

3.2 Proof of Theorem 3.1

Consider a self-univariate polynomial dynamical system as

X, = ajyj00, — ;)" X, = api0(x, — apin)”,
Ji.j2 € {1, 2} 1 # ja.

In phase space,

m
dxj] 4,50 (le - aj]jll)
. . Y
dxj, a0 (X, — ajjp1)

and

dx;, U0 dx;,

X, = app)" o (G, — @)™

With the initial condition (x;,0, Xj,0), the integration of the foregoing equation gives
the first integral manifold for for m, n # 1 as

1 1 1

n—150, —ap,)"" (0 — @)

]
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_ aj)j>0 1 1 _ 1 ]
ajij,0 M — 1 (le - ajljll)m71 (Xj,O - ajljll)mil

For n = 1 and m # 1, the first integral manifold becomes

152 = it | _ G0 1 1 B 1
X0 = @1l @0 m— 150, — a0 (g0 — a5,

Form = 1 and n # 1, the first integral manifold becomes

1 1 1 _ @0 X — @i

n—150g, —ap)"" (o — @)™ @0 %0 — @jpjil

For m, n = 1, the first integral manifold becomes

In %, — aj,jp1l _ Gpj0 X, — aj,jil

X0 — apjp1l  ajjio X0 — @il

. o . v ok .
The corresponding variational equation at (x}, x;\) = (aj,j,1, @jyj1) 18
Y — P . m Y e .. . n
Ak, = a;,0(A%;)", AXj, = aj,j,0(Ax;,)"

(iy) Form = 2m; 4+ 1 and n = 2n; + 1, the flows at xl.*l = ajj,1 are the 2m; + 1)t
order source and sink for a;;,0 > 0 and g0 < O, respectively; and the flows at
X, = aj),1 are the 2n; + 1)"-order source and sink for a;,;,0 > 0 and a;,,0 < 0,
respectively.

Therefore, for m = 2m; + 1 and n = 2n; + 1, the equilibrium of (x;‘] x5 =

i
(aj,j,1, aj,j,1) has the following properties as in Egs. (3.3)-(3.6). ’

e Foraj o > 0andajjo > 0,

(@15 Aigjo1) = (2my+1)"S0,(2n,4+1)"SO) .

((2my+1),(2n; + 1))-source

e For ajj0 < 0 and aj,j,0 > 0,

(@1 A1) = (2m+1D™SL2n+1)"S0).

((2m1+1),(2n; + 1))-saddle

e Foraj o > 0andajjo <0,

(@1 A1) = (2my+1)™S0,(2n,+1)"SI) .

(@m;+1),2n; + 1))-saddle
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e For aj o < 0 and aj,i0 < 0,

(@1 i) = (2my+1D™SL2n+1)"SI) .

(2m1+1),(2n; + 1))-sink

(i) For m = 2m; and n = 2n; + 1, the flows at xJ’.k] = a; 1 are the (2m;)™-order
upper-saddle and lower-saddle for g;;0 > 0 and g;;,0 < 0, respectively; and the
flows at x; = a;,j,1 are the (2n; + 1)™-order source and sink for aj,;,0 > 0 and
aj,j,0 < 0, respectively.

Therefore, for m = 2mjandn = 2n; + 1, the equilibrium of (x},x7) =
(aj,j,1, aj,j,1) has the following properties as in Eqgs. (3.17)—(3.20).

e For a0 > 0 and aj,j,0 > 0,

(@ji1, 1) = (2my)"™US,2n;+1)"SO) .

((2my),(2n; + 1))-upper-saddle source

e Foraj o < 0andajjo > 0,

(@1 apj) = ((2my)™LS,2n;+1)™S0O) .

((2my),(2n; + 1))-lower-saddle source

e For ajj0 > 0and a,j,0 <0,

(@1, aijp1) = ((2m1)™US,(2n,+1)"SI) .

((2my),(2n; + 1))-upper-saddle sink

e For aj o < 0 and aj,j,0 < 0,

(@1 A1) = (2mp)™LS,2n+1)"SI) .

((2my),(2n; + 1))-lower-saddle sink

(i3) For m = 2my + 1 and n = 2n,, the flows at)cj*l = aj,j,1 are the 2m; + D-order
source and sink for g;,;,0 > 0 and a;,j,0 < 0, respectively; and the flows atx; = a;,),1
are the (2n;)"M-order upper-saddle and lower-saddle for a;,;,0 > 0 and a;,;,0 < O,
respectively.

Therefore, for m = 2m; + 1 and n = 2n,, the equilibrium of (x;, x7) = (a1,
aj,j,1) has the following properties as in Eqgs. (3.21)—(3.24).

e For ajj0 > 0and aj,j,0 > 0,
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(@1 i) = (2m+1)"S0,(2n,)US) .

((2m;+1),(2n;)-upper-saddle source

e For a0 < 0and aj,j,0 > 0,

(@15 i) = (2m+1)"SL2n,)"US).

((2my+1),(2n;y))-upper-saddle sink

e Fora;jj0 > 0and a,j,0 <0,

(@15 Aijo1) = (2mi+1)"S0,(2n1)"LS) .

((2m;+1),(2n;))-lower-saddle source

e For aj 0 < 0 and aj,j,0 > 0,

(@1 A1) = (2my+1)™SL2n0)"LS).

((2m1+1),(2ny))-lower-saddle sink

(is) For m = 2m, and n = 2n,, the flows at x;‘l = aj,j,1 are the (2m;)™-order upper-
saddle and lower-saddle for a;,;,0 > 0 and a;,;,0 < 0, respectively; and the flows at

xj = aj,,1 are the (2n1)"M-order upper-saddle and lower-saddle for a;,;,0 > 0 and
a;,j,0 < 0, respectively.

Therefore, for m = 2m; and n = 2n, the equilibrium of (x;‘l , )cj*2 ) = (aj,j,1, Ajpjr1)
has the following properties as in Egs. (3.25)—(3.28).

e Foraj o > 0andajjo > 0,

(@15 Gigjo1) = ((2my)™US,(2n1)"US) .

((2my),(2n;))-double saddle

e For ajj,0 < 0 and aj,j,0 > 0,

(@1, i) = ((2m)™LS,(2n,)™US) .

((2my),(2n;))-double saddle

e For ajj0 > 0and a,j,0 <0,

(@15 @ijo1) = ((2m1)™US,(2n,)"LS).

((2my),(2ny))-upper-saddle sink

e Foraj o < 0andajjo <0,
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99
@1 @jp1) = ((2m1)"LS,(2n))"LS) .
((2my),(2n1))-double-saddle
(ii) Consider a self-univariate polynomial dynamical system X°_ m, = m and

q —
X ng=nas

P q

Y — PR . — P my Y . — P . — .. n:

Xji = jijio l_[ (G, = @jj; )™ s Xj, = ajj0 l_[ Xy = Ajojos)™ -
r=1 s=1

In phase space, Y _ m, =mand £!_ n;=n

; q
dxj, _ Gjj0 (X, = @jpjps )™ Hszzl,sﬂésl (x5, — ajzizSz)nAz

. . .. )M P R o
dx;, ajjo (X, — @jyjr)"™ r=1,m#r (O, = ajyjir)"™

and
q nsl P mr1
Blzsldsz _ aj,j>0 Allrl dle
Z Z R Y (i —a.. i’
si=1 =1 (G, = @jpjps)? 4110 =11 =1 (G, — @jpjin)"
where
A 1 dmrl_ll 1
hmy, = _ X =@ i
— 1 g my—=h TTP R Lo i e T T
(m, —I)! dlerl 1_[,-2=1,r2¢r1 (le aJlJ]rz) 2
1
mymy = Tp — m.
r=1,r#r, (ajljm aj[j]rz) 2
1 b 1
l‘v}’l\-l = — X =ai o s
o — 1 g ns—h T4 .. sy [T T 2021
(nfl ZZ) dszvl HS2=1,S2;£S] (‘XJZ a12]252) 59
1
an,nxl =

q R L O
so=1,507s1 (ajzlzsl anlez) 2

With the initial condition (x;,0, Xj,0), the integration of the foregoing equation gives
the first integral manifold as

q s
PP BECIN P ]
_ 4 el (rn — g )l
S = (g = s ) (X0 = Gjojos, )
1=1 b=
p M
N ajzh() Z Al,m,1 1 _ 1
T oan — .. )bl . Y1
40 L 2 1= Iy = 170G, = ajin )" (.0 = @jyjyr)"

fOI’ll,lQ 75 1;
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. 1 1 |x;, — aiis |
hm — _ — ] — —ln ]2 J2J251 ,
=1 (L —1) (sz - ajzizsl) 2 (szo - ajz]'zsl) 2 |xj20 - ajziml
forl, =1,

. 1 1 |x;, — a; i |
llm — _ — — —ln J1 J1J171 ,
b1l =170y, — a0 (0 = @jpjir)" 1.0 = @jjir |
for ll =1.

The singular equilibrium network with X7 _ m, = mand X _,n, = n is defined as

P q (ajljl 1, ajz/zq) e (ajljlp’ ajzizq)
U U (@ijirs Ajojps) =
—_— —
=1 s=1
= (myn)-XX (@i 15 Ajpjp1) - (@jijips Ajajp1) oxp
h h h h
((m1) " XX, (1) "XX) - -+ ((m) " XX, (1) "XX)
(m1,ng)-XX (m](,ii) ,n,(,? )-XX
((m)"XX, (1) "XX) - - ((m,)"XX, (7)) " XX)
(my,np)-XX (my,n1)-XX axp

The corresponding variational equations at (le , sz) = (aj,j,s5,» Qjrjrs,) aTE

p
Y —_— P . JR— P m, . m,
A%y, = ajj0 1_[ (@jjiry — @jrjiry)" (Ax;)™
r=1,r#r
q
Y — P .. J— . N, . n
A%y, = ajj0 1_[ (@njosi = Bjpjosy) "> (Axj,)™1

Xz:l.Sz;ﬁY]

(iiy) For m,, = 2m,,; +1 and n,, = 2n,,; + 1, the flows at xj’fl = aj5 are 2m,;+
th . . . . /4 my
1)®-source and sink in the x;,-direction for ;0 [ [}, ,, @jir — @jpjir)™> >

P my. : .
Oand a; 0 Hr2:1$r2¢r1 @i — @jpjirn)™ < 0, respectively; and the flows at

b Ajrjrs, are (2ng; + 1)M-source and sink in the x;,-direction for

J
j»j20 ngzl,szyﬁsl (ajzizsl —ajzjzsz)nsz > (0 and aj,j,0 ngzl,xg;&xl (ajzizsl _ ajzist)mz <0,
respectively.

Therefore, for m,, =2m,,;+1 and n,, =2n,,; + 1, the equilibrium of (xj’.“] , x].*2 ) =
(@j,j, 1 » Qjyjs, ) has the following properties as in Egs. (3.23)—(3.26). '

P m
e For a;;,0 ]_[m:l,rﬂésl (@jjyry — @jyjir,)™ > 0 and

. q g )
aj,j,0 ]—Ixz=1,s2;ﬁs| (a.lzlzsl a./zlzé‘z) 2 >0,
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(@i Qiinsy) = (2,1 +1)"S0,(2n5,1+1)"S0) .

((2my1+1),(2ng 1 + 1))-source

L p S .
e For 4a;j,j,0 Hr2=1,r2;és1 (a]lllrl aj]]lrz) 2 < 0and

q n,
o0 [ [yt 525 @iiosy — @jajnsy)™ > 0,

(@jjur > Aojos) = (2my 1 +1D™MSL2n,, 1 +1)"SO).

(@my,14+1),2ny, 1 + 1))-saddle

p m,.
® Forajjio[Tp=1.r,5 @ijir — @jir,)™ > 0 and

. q g s
41,0 ]_[52:1,52;&51 (@jos; = Ajpjpsy)™ < 0,

(@i > Ajojs) = (2 1 +1)™MSO, (204, 14+1)"ST) .

((2my1+1),(2ng1 + 1))-saddle

P m
e Forajo Hrz:lh#sl (@jjir, — jpjir,)™ < 0 and

i, q Y
aj,j,0 ns2=1,s2;ﬁsl (ajzlzsl a.lzlzsz) 2 <0,

(@i Qiinsy) = (2,1 +1)"SL (20,1 +1)SD) .

(@myy14+1),@2ng, 1 + 1)-sink

(iip) For m,, =2m,,| and ng, =2n,,;1+1, the flows at xjf"l =aj s, are (2m,, 1)‘h—upper-
saddle and lower-saddle in the x;, -direction for ;0 ]_[‘:F“2 2r (@ijir = @jpjir,)™ >
Oand aj 0 ]—]fFL,Z#,_ (@ijir —ajpjir,)™ < 0, respectively; and the flows at x} =
Qjrjys, are (2n5,1 + 1)M-source and sink for a;,j,0 ]_[gzzlqmés1 (@jyjs, — Ajrjps,)"™2 > 0
and aj,j,0 [ 17 _, 251 @ijrsy — @jojps,)™ < 0 in the x;, -direction, respectively.

Therefore, for m,, = 2m,,; and n,, = 2n,; + 1, the equilibrium of (xj’-"l , xj”;) =
(@j,j,r» Qjyjrs, ) has the following properties, as in Eqs.(3.27)—(3.30).

L p P S .
e For 4aj,j,0 Hrzzl,rz;ésl (a]lllrl aj]]lrz) 2 > 0and

q n,
o0 [ [yt 525 @iiosy — @jajnsy)™ > 0,

(@jsjirs Qijnsy) = (2, 1)"US, (20,1 +1)"S0) .

((2my1),(2ng; 1 + 1))-upper-saddle source

14 m,.
e For aj,j,0 1_[,-2:1,r2¢s. (ajljm - ajljlrz) 2 <0Oand

q ny
@jr0 [ 15,1 55, @pajosi = @jojsy)™ > 0,

(Gijiry> Giojos)) = ((Zmrl1)[hLS,(2ns11+l)[hSO) .

((Zm,] 1),(2n,YI 1 + 1))-lower-saddle source
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. 4 .. )M
e For aj,j,0 nr2=1,r2;es. (all.llrl a./l]1r2) > > 0 and

q ng
o0 [ [yt 55y @iiosy = @jajnsy)™ < 0,

(@jir> iansy) = ((2my,1)MUS, 20,1 +1)™MST) .

((2my1),(2ns;1 + 1))-upper-saddle sink

P my.
e For 4j1ji0 Hrzzl,rz;ésl (ajlj]m - ajljl’z) > < Oand

.. q s
aj,j,0 1_[32=1,s2;ésl (jros1 — Ajjpsy)™ < 0,

(@jrjiris Qosy) = (2 1)"LS, (205, 14+1)"ST) .

((2my1),(2ng1 + 1))-lower-saddle-sink

(ii3) For m,, = 2m,,; + 1 and n;, = 2ny,;, the flows at )cj*l = ajj,5, are (2m,,; + Dt
source and sink in the x;, -direction for ;0 HI;Z:M 2 (@ijir — @jpjir,)™ > 0 and
aj,j,0 ]_[Z:L,z#r (@ijir — @jpjir,)™ < 0, respectively; and the flows atx; = aj,;,., are
(2n5,1)™ upper-saddle and lower-saddle for a;,,0 ]_[Z2= Lnsts @injosi = @jjosy)™2 > 0
and aj,j,0 [ 17 _y 251 @ijrsy — Ajjps,)"™ < 0 in the xj, -direction, respectively.

Therefore, for m,, = 2m,,; + 1 and n;, = 2ny,;, the equilibrium of (xj*1 , xj*z) =
(@j,j, 1 » Qjyjs, ) has the following properties as in Egs. (3.31)—(3.34).

14 m
e For a;;,0 Hrz:lh#sl (@jjyry — @jyjir,)™ > 0 and

. q g )
aj,j,0 l—lxzzl,sz;tsl (a]2/2S1 a./zlzé‘z) 2 >0,

(@i Qiginsy) = (2,1 +1)"SO,(2n5,1)™US) .

((2my1+1),(2ns1))-upper-saddle source

L 4 Y
e For aj,j,0 nr2=1,r2;es. (a]l.llrl a.11]1r2) > < Oand

q ny
o0 [ [yt 55 @ijosy — @jajnsy)™ > 0,

(@jir> iajnsy) = (2,1 +1D)™SL2n,, 1) US) .

(2my;141), (20, 1))-upper-saddle sink

P m,
e For aj1j,0 Hrzzl,rﬁésl (ajljm - ajljlrz) 2 > 0 and
- q g )
aj»j,0 1_[32=1,s2;ésl (ojosy — jjpsy)"™ < 0,

(@i, Qiiosy) = ((2my,1+1)"SO,(2n,,1)"LS) .

((2my1+1),(2ny, 1))-lower-saddle source

14 m
e For aj,j,0 Hrzzl,rz;ésl (ajljlrl - ajljlrz) 2 < 0and

q n,
o0 [ [yt 525 @iiosy — Ajajnsy)™ < 0,
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(@jsjir1 s Qiinsy) = (2, 1+1)"SL(2n,,1)"LS) .

((2my1+1),(2ny,1))-lower-saddle sink

. _ . . _ th
(ii4) For m,, = 2m,,, and ny, = 2ny,;, the flows at X = a5 are (2m,. )" -upper-
. . . p m,.
saddle and lower-saddle in the x;, -direction for a;,j,0 ]_[rzzlyr#rl @jjir — Gjpjirn)"2 >
14 m. : .
0 and @011 ,2n @jire — @ijir)™ < 0, respectively; and the

flows at x}‘z = Qs Aare (211511)th upper-saddle and lower-saddle for

. q g ) . q g )
Q20 Hszzl,sz;ﬁsl (@rjps) — Ajpjpsy)™ > 0 and a0 Hszzl,sg;ﬁsl (jrjps) — Ajpjpsy)™> <0
in the x;,-direction, respectively.

Therefore, for m,, = 2m,,, and n;, = 2n;,;, the equilibrium of ()c;‘l , xj’;) = (@jyjir»
aj,j,5,) has the following properties as in Egs. (3.35)—(3.38).

P .
e For aj,j,0 nrzzl,rz;ﬁsl (ajljm - ajljer)m2 > 0 and
q :
@jr0 [ 15,1 5y51 @iajsi = @jajnsy)™ > 0,
th th
(ajljlll’ ajzizé'l) = ((2mr11) Us, (znsll) US) :

((2ma, +1),(2n, ) )-double-saddle

P my.
e For 4j1ji0 Hrzzl,rz;ésl (aj1j1r1 - ajljl’z) > < Oand

.. q e s
ajrj>0 1_[32=1,s27ésl (jrjos1 — Ajjpsy)™ > 0,

(@i Qiiosy) = (2, 1)L, (215,1)™US) .

((2my;1),(2ng,1))-double-saddle

L p S L.
e For 4a;j,j,0 Hr2=1,r2;és1 (a]lllrl aj]]lrz) 2 > 0and

q n,
o0 [ [yt 525 @iiosy — @jajnsy)™ < 0,

(@jir> Airnsy) = ((2m,1)MUS,(21n,1)"LS) .

((2my1),(2ny, 1))-doubel-saddle

14 m,.
® Foraji0 [ 1,215, @ijiry — @j1jir,)™ < 0 and

q ny
@jr0 [ 15,1 55, @irjosi = @jojosy)™ < 0,

(@jir> injnsy) = ((2m,1)MLS,(2n,1)"LS) .

((2my1),(2ns, 1))-double-saddle

(iii)) Consider a self-univariate polynomial dynamical system as
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m n
% = ajio [ [ @ = s> i = a0 [ | i = @)
s1=1 L=1

Juj2 € {1, 2} 1 # jo.

In phase space,

n
dx;,  ajp0 1_[11:1 (Xj, — @jpjp1)

- i ,
dxi,  apjio [T521 Gy — djijis)

and
dux;, _ j0 dx;,

n - m .
[T & —app)  ajjo [T5 21 &5 — @jjisy)

With the initial condition (x;,0, Xj,0), the integration of the foregoing equation gives
the first integral manifold as

n
1 N 15, — ajjoiy |

n
= o=tz @it = @) 1620 = @ |

m
_ Gjj0 1 |le - aj1j1~Y1|

= m .
41,0 si=1 l_[52=1,sz;és1 (ajljm - ajljlsz) |xj10 - aj1j1S1|

The simple-equilibrium network is defined as

m n
UU @is» @)
s=1 I=1 T
@jiji1s Gioon) - (@25 Gjgjon) <=+ (@jyjyms Bjyjon)
(@jiji1s Ajjyn—1)) (@jij12, Gjpjon—1) * = (@jijims Ajpjpn—1))

@i @) (G2, @) -+ (@gjims A1) )

The variational equation at (x},, x}\) = (aj,j,5,, jyjp1,) 1S given by

m
Ax, =aij0 ] @is — Gijis) Ax;,
s2=1,82751
n
Ay, =app0 [ @ty — ajin) A,
hL=1,L#l
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The flows atxfl = Gj,j,s, are source and sink for 41,0 H?;:l,sz;r’:s] (ajljlslle - ajl.ilsz) >
0 and a;,j,0 ]_[Z;:l’sz#sl (aj,j,s: X, — @jjis,) < 0, in the x;, -direction respectively; and
the flows at x} = a;,,;, are source and sink for a;,j,0 [T,—; 1, 21, @jots — Gijos) > 0
and @j,j,0 [ 15— 1,21, @ty — @jojo1y) < O in the xj, -direction, respectively.

Therefore, the equilibrium of (x}j,xj;) = (@jpjisy» Ajojor,) (1,82 € {1,2, -+, m},
s1 #= syl b e {1,2,--- ,n},ly # I;) possesses the following properties as in
Eqgs.(3.42)-(3.45).

m
e For 4a;j,j,0 Hsz=1,s2;és1 (ajljlsl - aj]jlé‘z) > 0 and
n
4jo0 [ Ty, 20, @ijoty — @jojo) > 0,

(ajljlsl ’ ajzizll) = (50,50).

source

The equilibrium of (x7, x}

s jz) = (@) ji5,» Ajjp1,) 1s an (SO,SO)-source.

m
e For aj,j,0 Hsz=1,sg;és1 (ajljm - ajljlsz) < Oand

n
Ajr0 [ Tin=1.1p1, @pioty — @jajots) > 0,

(@i, Ajpjp1,) = (SLSO).
saddle

The equilibrium of (xj’.*l , xj’;) = (@) ji5,» Ajujp1y) 18 an (SI,SO)-saddle.
* For ajji0 [[5e g  (@ijisi — @jijis) > 0 and

n
ajr0 [ Tt ot @ity — o) <0,

(ajljlé‘l , ajzjzll) = (S80,SI).

saddle
The equilibrium of (x;‘l , xj*z) = (@j,j 5, » Ajj1,) 1s called an (SO,SI)-saddle.

m
e For 4j1ji0 1—132:153‘2;&31 (aju'lsl - ajljlfz) < Oand
n
o0 [ Thmt bty @ijoly — @jiots) < O,

((Z.fljlsl ’ ajzizll) = (SLSD.

sink

The equilibrium of (x;‘l , xj*z) = (aj,j,5,» jjo1,) 1s an (SI,SI)-sink.
@iv) Form = 2m; + 1 and n = 2n; + 1, the bifurcation process is discussed through

differential equations as follows. There are three cases (I)-(I1I).

Case I: Consider a dynamical system having a single equilibrium (A;) as
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m
. (s) (5)
Xj, = ajl.ilo(x.il - bjl,ill) l_[ [(le - aj[j]) + A./IJI]

. MO 0)
Xjy = aj,j,0(%;, — bjyjp1) 1_[ [, —a;,)" + AL

where a;,j,1 = bj,j,1 and aj,j,1 = bj,j,1. Once
(s)
Ajlsj1 =A7A;;,=06=12,---,my),
O]
Ajzlz =A,,=00=12,.

ny),
if
(s)
ajljl1 = b]‘l]’ll Jljl (S = 1 2 tee aml)’
it = b =al (I =1,2,--+ ,ny)

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B) as

o 2my+1 o . 2n1+1
X, = aj,0(%, — gjjji1) s Xy = Apjp0(X, — 1) .

If
AJ(;YJ)I =Ajj +o (=12, m),
A = A 5 U=1,2, 0,
8s > 0and é; > 0,
then
a1,y = ajn e (=1,2,--+,m),
a1 a), = £e, (=12, m);
{aj,jmaj,jlz, e ,aj]j](z,,,lﬂ)} = sort {bjml, j(l])ll’ aj(f])lz‘s =12, ,ml} ,
{aﬂjz], Ajpjots * ,ajz,'z(2m+1)} = SOrt{bm,l, 1(211)21’ (11(211)72 1=1,2,--,m }

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C;) as

2my+1 2n1+1
g =0 [ G = i) 5 = a0 [ ] & = ajn)
s=1

=1
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From the above bifurcation process analysis, at least, (m; + 1)-parameter variations
in the x;, -direction and (n; + 1)-parameter variations in the x;,-direction are engaged
in such a bifurcation from a single equilibrium to the equilibrium network of (2m,; +
1) x (2n; +1) through the (2m; 4 1)™-source and sink bifurcations in the x;, -direction
and the (2n; + 1)™-source and sink bifurcations in the xj,-direction. With both of them,

the higher-order source, sink, and saddle bifurcations are developed.
Thus, the appearing or vanishing bifurcation route is as follows.

(@jiji1s Gjpj1) =
—_——

XX

Case II: From Case (I), consider a dynamical system having singular equilibriums

(Az) as

P1
i = 4o l_[ (%,

r=l1

q1
5, = a0 [ |

S =1
where

{ajljm |7‘1 =12,

{ajzizsl }Sl =12,

Pi
2m; + 1 — Zmﬁf) =

r=l1

(@jyji15 Ajyjp1)
[ —

(@my+1),2n; + 1)-XX

m
- bjljm) .

0 ) \2
- bjz/zé‘l)nxl 1_[ [(ij - a;z;z) +

2my+12n+1

=U U

(@ jis» Ajpjo1) -
s=1 =1

XX

I

[Tl

s=1

I3

($)\2 (s) s
_ajljl) +Aj1j|] ’

o
A

I=1

. 7p1} = sort{bj,jlr,|r1 =1,2,-- »Pl},
. ’ql} = sort{bjmsl}sl = ]’2, ’ql} ;

I
2 E my
s=1

with /-quadratic polynomials without real roots

and s"-quadratic polynomial with power m;,

q1
2n 41— an) =

s1=1

I3
2 E n;
I=1

with /;-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;.

Once

(s)
Aj U1

if

4jij1 = 4jjir, = 4d

=0(s=12--.)andAl) =01 =12,

(s)
Jit

D),

(”21’2’...,pl;s=1,2,-~-,l1),
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Ajjpl = Gjjosy = jzj)z(sl =12, qul=12,--,b).

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

5 = il g, = 2ny+1
i = o (g = ap)™ T Ky = a0 (G, — a) ™
If
(s)
AJl]l AJ'ljl +6(s=1,2,---,1),
@)
A, =8, +86U=1,2,---,D),
8S > Oand (Sl > O’
then
(s) ()
9 jit Giji2 = Gl +e, s=1,2,---,1),
i Gy = i £ e, (1= 1,2, o);
Aot G = At T e, (= 1,2, b);

{ajljll’ Ajijr2> """ s ajljlpz]

—sortdai i1 ain o a: a®  a®
- QURERLIVIPY > Cjipre % %2

s=1.2.0],
{ajzizl’ Ajpjpls " s ajzizqz}

=sortla i, anit, - . apig:al . a®
B P t> Shpts jaiaqrs Qo1 jojr2

1—1,2,..-,12].

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

q2
. L n® .
Xji = Gjijio 1_[ (g, — ajljlrz » Xjp = jpjr0 1_[ (G, = Gjajosy) ™ 5
Vg—l S2=1

where

P2 q
ng) =2m + 1, an) =2n; + 1.

r2:1 3‘2:1

From the above bifurcation process analysis, at least, p,-parameter variations in the
x;,-direction and g,-parameter variations in the x;,-direction are engaged in such a
bifurcation from a p; x ¢q; equilibrium network to a p, x ¢, equilibrium network
through the (2m; + D-source and sink bifurcations in the xj,-direction and the
(2n; + 1)™-source and sink bifurcations in the xj,-direction.
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Thus, the appearing or vanishing bifurcation route from a p; x g to a py x ¢

equilibrium network is expressed as

p1 q1 )23 q2

U U @i aiis) = @iirnapi) = U @ijir @jainss)-
— ——— ——— —/ —_— —

r=1s=1 rn=1s=1

(m,(i’, n“)) XX (2m+1),2n; +

From case (I), the singular equilibriums
equilibrium networks. Thus,

1 (1
m(,l) ny,

(ijiris Wigjos) = U U (@yjiss Aijo1)
—_———— —_———

s=1[=1
omly), n))-XX XX

(ajji1,a;; ) (@jji2,a, . )

J2j2ns, Jojans

@it Jyz(n”’—l)) (@12, Jz/z(n(”—l)) o

(@jpji1s Ajjp1) (@j,j,2, ajpj1)

and

m2 n®

(ijirss Wipjosy) = U U (@jijis» Ajrjat)
—_———— —_———

s=11=1
(m(z) ndz)) XX XX

@ji1s @0@)  (Gjijias @ ,0)

(alljll’ jyz(n(z)fl)) (ajljlz’ ajzjz(ng)*l)) o

(@jiji1, ajjp1) (@jiji25 Ajrj1)

From the above definition, the corner singular equilibriums for i

determined by

((mp)" XX, ()" XX) =

m(l)

pi s n'h)) XX

((m(l))thX ( l))thxx) =

(i)

(my) n{")-XX

1))-XX @)

m3), n3)-XX

can be formed through nonsingular

i) > G
'(ajmm,l Izlz(nm—l))
9
(a Julm‘”’ajz/zl) 2D sm®
(@@ W)
(@@ iy @ 1)
(ajulm‘z’ » A1) 72 xm®
= 1,2 are

i) 0
My Mg

UU @ijiss @i,
—— ——

s=11=1 XX

ml(”i) "(11)

UU @ijis- i)
—_———

s=11=1 XX
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@ p
my T
()th (i) \th N
((m")" Xx,(n,;,.p‘ xXX) = (U @jis> @i
N —’
s=11=1
i ) XX XX
mgi) n(]i)
[(ON (i) \th N
()" XX, ()" XX) = [ @jis: @ajo)-
N———’
S s=1[=1
m?,n\")-Xx ’ XX

Case III: Consider two dynamical systems with the same equilibriums with
locations switched (A3,C3) fori = 1,2 as

q
(i)

0)
Y —_— P . p— P m Y . —_— P . p— P n, .
X = djij0 | | (le a]um) Ty Xjp = Gjpjr0 | | (xJz an]zSi) R
ri=1 si=1

where

P q
Zmﬁ’) =2m + 1, Znﬁ’) =2n; + 1.

ri=1 si=1
Consider a dynamical system as a singular equilibrium (B3) as

)2m|+l )2n1+1

Xj, = aj,j,0(x, — ajj s Xjy = aj,j,0(Xj, — jyjo

Forr,=1,2,--- ,pands; =1,2,---,q(i = 1, 2), define two functions as

2
Aj(:;er) (ajljlrl ajlj]rz) 1(r11r2 € {1527 7p}7r1 75”2),

518 2
ALED = (@15, — @) (51,52 € (1.2, . g}, 51 # 52).

Forri=1,2,--- ,pandsi=1,2,--- ,q(i = 1,2),if

(rir2) 2

Jij1 (alljm ajlj]rz) =0,

(s152) 2 _
AIZ/Z (a]27751 Ll_l'zizsz) - O,

two equilibriums of (a;,j,,,, aj,j,s,) and (a;,j, r,, aj,j,s,) SWitching at point (a;,j, 1, @j,j,1)
with the same order singularity are given through

(ajljm ’ ajzizsl) = (ajljll’ ajzizl) = (ajljlrz’ a]zizSz)

(m'y nf)-XX ((2my+1),2n; +1))-XX 2 n2)-XX
N 1 2
{ajljm ‘_ajljlrz|m()_m() ri,rn€{1,2,---,p}n 75”2},

. 1 2
{ajzml _amm|n( ) = gz),sl,sz e{l1,2,---,q}, 5 #sz}.
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and

Wjijiry = Ajpji1 = Erps Qjyjiry, = Qjyji1 + Enys
(Gjrjir = Gjiji1 + Ers jijir, = jpji1 = Er)3
Ajrjps1 = Ajojyl = Esps Appjosy = Ajojp1 + sy
(Ajjosi = Ajojo1 F Esy5 Wjpjosy = Ajpjp1 — Exy)
&ry Er, > 0and g, &5, > 0;

=012 p;si=12,---,qi=1,2).

From case (1), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)—(III), the equilibrium of (xj‘l , xj*z) = (@1, Ajrjr1)
form = 2m;+1 and n = 2n; + 1 has the bifurcation properties as stated in (iv)-(iv4)
through Eqgs. (3.46)—(3.69).

(v) For m = 2m; and n = 2n; 4+ 1, the bifurcation process is discussed through
differential equations as similar as in (iv). There are three cases (I)—(III).

Case I: Consider a dynamical system having a 1-dimesnional flow (A) as
m
; (s) ()
Xy = Gjij0 l_[ [(x, — ajlsjl)z + A]f]l]

n
O] 2 ()
Xy = @jjp0 (X, = bjpjp1) l_[ [(, —a;;,)" + AL
I=1

where aj,j,1 = bj,j,1. Once

A =0(s=1,2, ,m)and Al =00 =1,2,--,m),

Ji
if
© (o — _
ajji1 = aj;, (s = 1,2, -+, m) and @1 = bjyj1 =

DA=1,2,- ., m),

IJz

the foregoing differential equation becomes a dynamical system with a singular
equilibrium (B;) as

.o— . g )2 — L. )2mtl
X = a0, — a,;;, )™, &, = ajj,0(x, — ajpj1) .
If

s)
Ajm =N, 8 (=12, ,m),
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A = Ay +8 U =12, ,np),

8 > 0and §; > 0,
then
a® q® =aj1te, (s=1,2,--- ,m),

e Y2 =

) (1) _ .
i1y Qjyin = At T &, U =1,2, -+, my);

(s) (s)
{ajljll’ jijr2s * 5 Ay (Zml)} = SOI't{ i1 Gjn

S=1,2,---,m1},

Ajis 1> Ajjp s~ * 5 Ajj =sorty b a® . a®
Joja 1> Yjajals s Gppjp 2+ (= jajals Gy 10 Gyjyo

=12, ,nl}.

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C)) as

2my 2n;+1
5, = a0 [ [ @ — i) 5 = a0 [ ] 2 — i)
s=1 =1

From the above bifurcation process analysis, at least, (m;)-parameter variations in
the x;,-direction and (n; + 1)-parameter variations in the x;,-direction are engaged in
such a bifurcation from a source or sink flow to the equilibrium network of (2m;) x
(2n; + 1) through the (2m1)m-upper—saddle and lower-saddle bifurcations in the
xj,-direction and the (2n; + 1)M-source and sink bifurcations in the x;,-direction.
With both of them, the higher-order saddle-source and saddle-sink bifurcations are
developed.

Thus, the appearing or vanishing bifurcation route is as follows.

2my 2n+1

@) = @it @) = | @i aiin).
—_——— —_——— [ —;

XX @m).am +1yxx =1 E XX

Case II: From Case (I), as in Case (II) for (iv), consider a dynamical system having
singular equilibriums (A,) as

pi I
o mj) (5) A®) s
Xjy = 4jijio 1_[ 5, = bjjir)™ 1_[ [, — a]m) + 11]1]
r=l1 s=1

L

v’ O] 24 O]
Xj, = a0 1_[ (5, = bjsjosy) " 1_[ [y, — j2]7) Aj./z] ;

s1=1 =1

where
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{Qfl.fl"l ’rl =12, ’pl} = sort{bjl_,-],1|r1 =1,2,--- ,p]}7
{ajms1|51 =12 ,611} = sort{bj,j |51 = 1,2, -+, q1};

2m; — Zm(l) —ZZ:mA

V1=1
with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power my,

2ny +1—Zn(l) —Zan

31—1
with l,-quadraitc polynomials without real roots

and ["M-quadratic polynomial with power n;.
Once

AP =0(s=1,2,--- . Dand A =0(=1,2,-- b,

Ju1

if
4jjjil = Gjrjin = Jl/l (rl _1 2 P S = 1127 vll)’
At = sy = A (51 = 1,2, qil = 1,2, . D),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

oo— g )M — g )2mt]
X = a0, — @)™ Xy = @0, — Gjyjp1) .

If
(s) .
A]l/l = Aju] +6(=1,2,---,1);
)
Ay =8+ U=1,2,---,b)
8, >0andé; >0
then

(s) (s) _ _
aj1j|1’ ajljlz = a1 :I:é‘s, (S - 1a 2» te »11)7

O] 0 _ — .
ajzle’ ajzizz = Qjjr1 + &, (l =1, 2a ) lZ)s

{ajljll’ Ajiji2s 0 s ajljlpz}

= . . MO B

- Sort{a.llll17 Ajji2s " s Qjijiprs o Qi |S =12,---.,1 }7
{ajzizl’ Apojp1> "7 s ajzizqz}

— a® O}
= s0rt{dj,jp1, jjp1s s Ajyjogy @ oia 12 Giaja2

I=1,2,-- b}
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Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

o m? . n®
Xji = djijio 1_[ Gy = @jrjiry) "7 5 Xy = ajj0 1_[ (g, — ajzlz%) 23
r=1 sr=1

where

q2
Zm(z) =2my, an) =2m + 1.

n= 1 S2:l

From the above bifurcation process analysis, at least, p,-parameter variations in
the x;, -direction and g,-parameter variations in the x;,-direction are engaged in such
a bifurcation from a p; x ¢ equilibrium network to a p, x ¢, equilibrium network
through the (2m,)"-upper-saddle and lower-saddle bifurcations in the x;, -direction
and the (2n; + 1)"-source and sink bifurcations in the x;,-direction.

Therefore, the appearing or vanishing bifurcation route fromap; x g; toap, X ¢
equilibrium network is expressed as

P4 P2 42

U U (@jijirys Qijosi) = (@jiji1s A1) U U (@jijiras Qs )-
%/_/

ri=1s=1 rn=1s=

T ) xx (@mp.m+DXX - PTET o o) vy

The corner singular equilibriums for i = 1, 2 can be determined as in Case (II) for
@iv).

Case III, consider two dynamical systems with the same equilibriums with
locations switched (A3,C3) fori = 1,2 as

q
. m® . nd,
Xji = @jij0 1_[ (G, = @jujir) " s Xy = @jyj0 1_[ (y = Bjjos) ) 5
ri=1 si=1
where
p q
E mi’) = 2my, E ng’) =2n + 1.
ri=1 si=1
Consider a dynamical system as a singular equilibrium (B3) as
oo— g g )M 5 — g .. )2mtl
Xjp = a]l}l()('le a]ull) > Xjp = a]zlzo(sz ajz/zl) :
Forr,=1,2,---,pands; =1,2,---,q({ = 1, 2), define two functions as

2
Aj(lrjler) (a“]lrl ajljlrz) 5(r15r2 € {1’27"' 7p}7rl #rz)’
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2
AP = (@, — o)) (51,52 € (12, . ), 51 # 52).

Forr,=1,2,--- ,pands; =1,2,--- ,q(i=1,2),if

(rir2) 2
Ajm (alljlrl ajlj]rz) =0,
(s152) 2
Ajzlz (alzlzél ajzizsz) = O,

two equilibriums of (a;,j,,,, aj,j,s,) and (a;,j, r,, aj,j,s,) SWitching at point (a;,j, 1, @j,j,1)
with the same order singularity are given through

(@jijirys Ginjosy) = @jiji1, jp1) - = (Gjjirs Birjosy)

@ n)-xX (@my),@2n; +1))-XX m? n®)XxX

mD =m2;r,rne{l,2,- ,pln #n}

1 2 .
{ajzlm — ajz/252|n( ) = ngz)’ si, 2 €{1,2,--- g}, 51 # s2},

{aJUm A a]lJm

and

Gijiry = jiji1 = Erps Qjjjir, = jpji1 + Ery,s
(@jijir = @jjji1 + € Giijir, = jj1 — €15
Qjrjsi = Ajojo1 = sy Ajos, = i1 + Esy
(ajzfzfl = Ajpjp1 + €15 Ajojns, = Gjpjpl — &s,)
&ry Er, > 0and g, &5, > 0;

=12 ,p;si=1,2,---,qi=1,2).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)—(III), the equilibrium of (x X; ) (@i 15 Ajpjr1)
for m = 2m; and n = 2n; + 1 has the bifurcation propertles as stated in (vy)-(v4)
through Eqs.(3.70)—(3.93).

(vi) For m = 2m; + 1 andn = 2n,, this case is quite similar to (v) for m =
2mjyandn = 2n; + 1, the bifurcation process is discussed through differential
equations as follows. There are three cases (I)—(III).

Case I: Consider a dynamical system having a single equilibrium (A;) as

mi
. (5) \2 (5)
K = @jjio (X, = bjyji1) 1_[ (GG, — ;)" + Az,

P ) \2 O]
2 = 4paj0 1_[ O, — app)” + Ayl
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where aj j,1 = bj,j,1. Once
AP = Ay =0(s=1,2,--  m)and Al) = Ay, =000 =1,2,--- ,mp),
if
ajj = bjj1 = Jm ) (s=1,2,--- -+ ,my)and a1 = j(zll)z(l =1,2,---,m),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B) as
2m+1

oo— .. oo— . 4. )2m
X, = ajiji0(%, — aj,1) s Xjy = @jpjp0(Xj, — jyjp1)

If
A/(fl)] = Ajl/l +6(s=1,2,---,m);
1
A = Ay 8 (=12, )
83‘ > Oand 5[ > 0.
then
(s) ) _ _
aj s Ao = Gjpjin £ &g, (s=1,2,--+,my),
! 1
a;zl)‘zl’ a;y)'zz =app e, (=12, ,m);
= © 6 o
{ajljll’aj‘jlz’ o ’ajl<i1(2ml+1)} = Sort{bjllllv 4 1.4 11/|2|S 1,2, 1},
@) ) _
{appo1, @t -+ s @ijyny } = sort{a) a1 =1,2, - }

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C)) as

2my+1 2ny
Xji = Gjijio l_[ (G, = @jijis)s Xjy = @jjr0 1_[ Gy = @jyjai)-
s=1 =1

From the above bifurcation process analysis, at least, (1 +1)-parameter variations
in the x;, -direction and (n;)-parameter variations in the x;,-direction are engaged in
such a bifurcation from a source and sink flow to the equilibrium network of (2m; +
1) x (2n;) through the (2m; + 1)"-source and sink bifurcations in the x;, -direction
and the (2n;)"-upper-saddle and lower-saddle bifurcations in the x;,-direction. With
both of them, the higher-order saddle-source and saddle-sink bifurcations are also
developed.

Thus the appearing or vanishing bifurcation route is given as follows.
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2mi+1 2n
@it %) = @it a) = | @ijiss @)
S—— —— S———
=1 I=
XX (@my+1),2n1)-XX s=1 1=l XX
Case II: From Case (I), consider a dynamical system having singular equilibriums
(Az) as

I
. m(,” (s) 2 (Y) m,
X = 4jij,0 1_[ (5, = bjjir) 1_[ (G, — ajljl) Jl/l] '
r=1 s=1
b
Lo n)) N2 O]
5, = a0 | | s = biius)™ [ [ 105, — afi)* + AL 1"
s1=1 =1

where
{ajjin|n =12, . pi} =sort{byjir [n =1,2,--- . pr},
(@ 51 =12, -+ ,611} = sort{bjj |51 = 1.2, , a1} ;
2m; + 1 — Zm(l) = Zst
V]—l
with /;-quadratic polynomials without real roots
and s™-quadratic polynomial with power m,
2ny — Zn(l) = Zan
517
with l,-quadraitc polynomials without real roots
and ["-quadratic polynomial with power n;.
Once
AY =0(s=1,2,---,pand AV, =00 =1,2, -, 1)
Ji1 ’ jaja s & s s
if
Gjyji1 = Gjijiny = ‘]:/)1 (n=12,--,pys=12,--- 1),
Al = sy = A (1= 1,2, gl =12, . 1),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as
2mi+1

Y j— .. Y. — (7. - o . . 2n
X = ajji0(%, — aj,1) s Xjy = @)pjp0(Xj, — jyjp1)



118 3 Bifurcations for Homoclinic Networks Without Centers

If
(s) .
A1111 =Aj, +6G=12,---,L);
Al(fl)z =A,,+8U=12,---,b)
8> 0and g > 0,
then

(s) ) _ _
ajljll’ aj|j12 = a1 + Esy (S - 17 21 Tt 11)7

O] 0 _ — .
ajzjzl’ ajzfzz = Qjjr1 :i:81, (l =1, 27 R 12)7

{gjjirs gjpjias -+ @jijip,}

_ (s) (s) _

= sort{ ;1. @jyji2, - 5 Byjipys 4iji1s ]1/]2|S L2, 0L},
{ajpjo1s Ajpjp1s -+ Gjojog,}

= sort{a;, 1, Anivts s Apiaidltal l=1,2, b}
= Jojals Gjajols i s Qjjp1> B2 :

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

. Jes
Xji = Gjijio 1_[ (g, — a]l]lrz) 7

r2=1

q2
o ne
g, = a0 | | (o = i)™

sr=1

where

Zm(z) =2my + 1, Zn(z) =2n;.

r2=l = 1

From the above bifurcation process analysis, at least, p,-parameter variations in the
x;,-direction and g,-parameter variations in the x;,-direction are engaged in such a
bifurcation from a p; x ¢; equilibrium network to a p, X g, equilibrium network
through the (2m; + 1)"-source and sink bifurcations in the xj,-direction and the
(2n)™-upper-saddle and lower-saddle bifurcations in the x;,-direction.

Thus, the appearing or vanishing bifurcation route from a p; x g to a px x ¢
equilibrium network is expressed as

Pt q P2 q2

U U (@rjirys Ainos) = (@15 A1) = U U (@jrjirss Qirjnsy)-
—— —

ri=1s=1 rn=I1s=1

1= () n)XX (@mi+1),(2n1))-XX T 2, n®)XX
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From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks, and the corner singular equilibriums for i = 1,2 are
determined.

Case III: Consider two dynamical systems with the same equilibriums with
locations switched (A3,C3) fori = 1,2 as

P q
. m’(}‘> . n®
Xj = 41,0 1_[ (G, — @jyjyr) " Xj, = ajyjr0 1_[ (X, = Qjpjps,) 5
r,'=1 S,'=1
where
p q
E mi’) =2m; + 1, E nil) =2n,.
ri=1 si=1
Consider a dynamical system as a singular equilibrium (B3) as
oo— . g )2mEl L g, )2m
Y, = a;,0(%, — @jjj1) s Xjy = Ajjpo (X, — @)
Forr,=1,2,---,pands; =1,2,---,q({ =1, 2), define two functions as
(rir2) 2
Aji7 = @i = Gjiry) " (rra €41, 2,2, phor # 1),
(s152) __ 2
A]Z]Z - (ajgfzsl - ajzjz.fz) 7(S] , 852 € {17 25 T Q}, S ;é SZ)-

Forr,=1,2,---,pands; =1,2,--- ,q( =1,2),if

(nr) _ 2
Ajljl - (ajljlrl - ajlj]rz) =0,
(s152) __ ¢, o2
Ajz}'z = (jjps, — Girjpsy)” =0,

two equilibriums of (@, @j,j,s,) and (@} j,r,, Gjyjr5,) SWitching at point (a;j, 1, @jyj,1)
with the same order singularity are given through

(ajljlrl > ajzizé‘l) = (ajljl 1 ajzizl) = (a.iljlrz ’ ajz/'zsz)’

@A -xx  @mADCIXX (@ D) xx

— 1 2).
{ajljlrl — ajl.ilrz}m}(’]) =m§2), ri,rp €{1,2,---,phn # r2},

n(l) :n(z)'sl,S2 € {1,2, ,C]}, S1 #s2}9

{(ajzizsl = Gjrjosy Ny, 55

and
Gjijir, = Ajiji1 = Ers Qjijir, = jjjy1 + Ery,s

(ajljlrl = ajji1 s iy, = Qi — 8’2);

Qjrjosi = jpjol = Esys Ajyjpsy = Gjpjp1 T+ Esys
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(ajzizé‘l = Ajyjp1 T+ €5y, Ajojos, = Ajojp1 — Es,)
&ry &r, > 0and g, &5, > 0;
=12 ,p;si=1,2,--- ,qgi=1,2).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)—(III), the equilibrium of ()c;.*l , x;;) = (@, 1> Ajpjr1)
for m = 2m; + 1 and n = 2n; has the bifurcation properties as stated in (vij)-(vis)
through Eqgs. (3.94)—(3.117).

(vii) For m = 2mj;andn = 2ny, this case is quite similar to (iv) for m =
2m; + 1 and n = 2n; + 1, the bifurcation process is discussed through differential
equations as follows. There are three cases (I)—(I1I).

Case I: Consider a dynamical system having a single equilibrium (A;) as

nj

. () \2 (s)

Xj = 4,0 1_[ [(le - ajlsjl) + Ajlsjl]’
s=1
ny

. )2 O}

Xj, = a0 H (g, —a;,)"+ AL
=1

Once

A=A =0(=1,2,---,m)and A", = A,;, =00 =1,2,--- ),

i 11 jaj2 Jjaj2
if
g =a’ (s=1,2 dayj =a (1=1,2
aj]]]l _aj]jl (S — Ly &0 1m1)an ajz}Ql - ajzjz( — Ly & 00 7n1)1

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

. 2, . 2
X = aj,ji00G, — @)™ &y = a0, — ajyp) T
If
A;f]?l =Ajj +o (=12, ,m);
1
Ay = By 81 (= 1,2, m)

8 > 0and$; > 0,

then
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(s) (& _ . —
aj]jll’aj]jlz = a1 :t8s7 (S - 1527 e 7ml)9

O] 0 _ _ .
ajzizl’ ajzjzz = Qjjr1 + &, (l - 17 2’ R nl)v

_ (s) (s) _
{gji1s @ijias -+ dijuamy | = sort by, a7 1, a ,1,12|S 1,2,---,m},
O 0
{appo1, @t -+ s @ijnanny } = sort{a) 1, aj) o1 =1,2, - }-

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C)) as

2m 2ny
5, = a0 [ [ G = @) 55 = ajino | | @ — @)
s=1 =1

From the above bifurcation process analysis, at least, m-parameter variations in
the x;, -direction and n;-parameter variations in the x;,-direction are engaged in such
a bifurcation from a flow to the equilibrium network of (2m;) x (2n;) through
the (2m,)"M-upper-saddle and lower-saddle bifurcations in the xj,-direction and the
(2n1)™M-upper-saddle and lower-saddle bifurcations in the x;,-direction. With both of
them, the higher-order double-saddle bifurcations are developed.

Thus the appearing or vanishing bifurcation route is as follows.

2my 2n

s %) = @it @) = (U @isr @)
——— —_———— —_—

XX @m).@nyxx ST XX

Case II: From Case (I), consider a dynamical system having singular equilibriums
(Ap) as

b
. ﬁ” (5) \2 (s) ymy
X = 4jij,0 1_[ (5, = bjjir ) 1_[ [, — ]111) + Aj]_ll]

ri=1 s=1

173

o ® D\2 . AW
%, = a0 | | o = bjgins)™ [ [ 105, — af)* + AL 1"

si=1 =1
where

{Cl.jljl"l‘rl =12, ,Pl} = SOrt{bjmrl|r| =12, 7[71} ,
{ajzjzslisl =1,2,--- ,ql} = Sort{bjzjzsl’sl =1,2,--- ,611} :

2m; — Zm(l) = ZX:mé

}1:1
with /;-quadratic polynomials without real roots

and s™-quadratic polynomial with power m;,
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I
Z n(l) =2 22 n;
I=1

51—1
with /;-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;.

Once

AY =0(s=1,2 Iand A =00 = 1,2, . ),

if
A1 = Gjjjin = ]m (rl =12, ,pus=12---,1),
ajzle Eajzjzsl = ajZ;Z(Sl = 1a29 (1, l = 11 2a 7l2)-

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B,) as

oo— . g N2 ... )2m
Xy = ajpj0(6G, — @)™ Xjy, = aj,0(X), — 1)

If
A(S)_A +8(6=1,2,---,1);
i1 i s e S
AJ(BZ _Ajzl2+61(l=1’2’.” - b)
8s > 0and §; > 0,
then
a;i?lls a;fj)ﬂ = a1 + Es, (S = 1’ 2’ o ll)’

O] U] .
ajzjzl’ ajzi22 = jj1 T e, (l =12, 12)»

{ajljll’ Ajj12s * s ajljll”}

_ (s) (s) —_

= sort {ajljll’ Qjpji2s s Ajjipys Q1o Ao |S = 1,2,--- ,ll} ,
{ajzizl’ Ajpjpls =" s a./'ziztiz}

_ . . (/) (l)

= Sort{a./z/zl’ajz/zl’ T Aigjagrs Qi1 G2 I=1,2,--.,h }

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

q2

; . 2@
Xji = Gjijio 1_[ (g, — a]l]lrz » Xjp = jpjr0 1_[ (X, = Qjyjpsy) ™

s
rn=1 sp=1
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where

Z m(z) =2my, Z n(z) = 2n,.

rzl Yzl

From the above bifurcation process analysis, at least, p,-parameter variations in the
x;,-direction and g,-parameter variations in the x;,-direction are engaged in such a
bifurcation from a p; x ¢q; equilibrium network to a p, x g, equilibrium network
through the (2m,)"-upper-saddle and lower-saddle bifurcations in the x;,-direction
and the (2n;)™-upper-saddle and lower-saddle bifurcations in the x;,-direction.

Thus the appearing or vanishing bifurcation route from a p; x gq; to a py X ¢
equilibrium network is expressed as

P q P2 92
U U (@ijir» Ajajosi) = (@pji1, Apjp1) = U U (\jirss Wjrjoss)-
%,_/
ri=1s=1 rn=1s=1
(myy), n$})-XX ((2m1),2n1))-XX (m3), n3)-XX

From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks, and the corner singular equilibriums for i = 1,2 are
determined.

Case III: Consider two dynamical systems with the same equilibriums with
locations switched (A3,C3) fori = 1,2 as

q
: Y g = nl
Xji = Gjiji0 1_[ (G, = @jpjir) " s Xjy = @0 1_[ (G, = @jojps)) ™ 5
ri=1 si=1
where
p q
0 _— [
E m,’ = 2my, E ng’ = 2n;.
ri=1 si=1
onsider a dynamical system as a singular equilibrium (B3) as
Consid d 1 syst 1 lib B
%, = aj,j0(x, — a,j,1)*™, &), = aj,;0(x), — aj,;1)>"
J1 = €10\ Jul » Ajp = Gpja 0, )21
Forr,=1,2,--- ,pands; =1,2,---,q(i = 1, 2), define two functions as
(rir2) 2
AJUIIZ (ajlj]rl _aj1j1r2) (r17r2€ {1721"' 1p}1r1 7572)7
(s152) 2
AL = @hjysy — Ajjps,)” (51,82 €{1,2, -+, g}, 51 # 52).
Forr,=1,2,--- ,pands; =1,2,--- ,q(i=1,2),if

(rir2) 2
Jij1 (ajljlrl aj]jlrz) =0,
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(s182) __ . = 2 __
Ajzjz - (a.lzlzé‘l - a]z/zSz) =0,

two equilibriums of (@, @j,jrs,) and (@} j,r,, Gjyjr5,) SWitching at point (a;j, 1, @jyj,1)
with the same order singularity are given through

(ajljlrl’ ajzizé‘l) = (ajljll’ ajzizl) = (ajljlrz’ ajzizSz)’

() nD)-XX (@my),(2n1))-XX 2 n®)-XX

1 2
mgl)zm()§rl,r2€{172,"',P},rl757’2},

r
(

. 1 2).
{ss) = Gy 1D =0T 151,50 € (1,2, -+ g}, 51 # 2},

{ajljlrl = Gjijir

and

Gijiry = jpjil = Erps Qijir, = i1 + Erys
(Gjrjir = Gjiji1 + Ers Gjijir, = jpji1 — Er)3
Ajrjos) = Ajnjy1 = Esy5 Qjojnsy; = Gjpjp1 + Es,,
(Ajjosi = Ajojo1 F Esy5 Ajpjosy = Ajgjp1 — Exy)
&ry Er, > 0and g, &5, > 0;

=012 p;si=1,2,---,qi=1,2).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)-(III), the equilibrium of (xj’-*] , xj‘z) = (@1, Ajrjr1)
for m = 2m; and n = 2n, has the bifurcation properties as stated in (viij)—(viig)
through Eqgs. (3.118)—(3.141).

In the end, the theorem is proved. |

3.3 Bifurcations to Homoclinic Networks Without Centers

Asin Luo [1], in this section, four types of bifurcations are presented for non-singular
equilibriums.

3.3.1 (2mq+1), (2ny + 1))-Source, Saddles, and Sink
Bifurcations

Consider a 2-dimensional singular system of the (2m; 4+ 1) x (2n; + 1)-type as

)2m1+1

) . 241
X1 = apolx — ann , X2 = axno(x — axn)) . (3.142)
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The first integral manifold is

1 1 1
2n1 " (xp — an1)®™  (x20 — azp))?™ ]
_ anno 1 1 1
T ano 2mi Yoo —ann® (xig — @)@ J
for my, ny # 0,
L[ 1 _ 1 ]__azﬁ |x1 — ail
2n1t (0o —an)® (o —an)? " ane xio —ainl’

forn; # 0 and m; =0,

el _am 1 1 _ 1 ]
IX20 — axil  aiio 2my - —ain)? (xio —ap)?m
forny = 0and m; # 0,
Xp — axg axno . |x1 —ain
lngz—lng,forml,nl =0. (3.143)
[xX20 — a2i|  ano  |x10 — anl

Phase portraits of the singular equilibriums for the 2-dimensional singular system
ofthe ((2m;+1), (2n;+1))-type are presented in Fig. 3.1a—d for (a;10 > 0, axo > 0),
(a0 < 0, a0 > 0), (a110 > 0, azo < 0) and (a110 < 0, azzp < 0).

(61111, 61221) = ((2m1+1)‘hSO,(2n1+1)thSO) for arl > 0 and aro > O,

(@my+1),@2n; + 1))-source

(@i, axi) = (2m+1)"SL2n;+1)"SO) for ajp < 0 and azyg > 0,
(2my+1),(2n; + 1))-saddle

(a1, az1) = (2m+1)™S0,(2n;+1)MSI) for a9 > 0 and axy < 0,
(2my+1),(2n; + 1))-saddle

(11, ax1) = (@m+1D"SL2n+1)"SD) for ajip < 0and any < 0. (3.144)

(2m1+1),(2ny + 1))-sink

From the above bifurcations, there is a non-singular system with (2m; 4+ 1) x
(2n; + 1)-equilibriums as

2my+1 2n1+1
X1 =ao 1_[ (x1 — ar1s) and X2 = aao 1_[ (x2 — an). (3.145)
s=1 =1

The first integral manifold is given by

2n+1
] 1

Z 1—[211]+1

L=l h=1,L#

|x2 — axy, |

(axa, — azop,) %20 — a2y, |
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Fig. 3.1 Phase portraits of the ((2m; + 1), (2n] + 1))-source, saddles, and sink for 2-dimensional
systems at (x],x3) = (a1, a21). a (ajjo > 0,a20 > 0), b (a110 < 0,a20 > 0), ¢ (aj10 >
0, azo < 0),d (a0 <0, axno <0)

=
5]
<[

axno 1 |x1 — arig, |
In

T+ :
aio ]_[szm=]1,m&n (ais, — ais,) X0 — ang|

(3.146)

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles, sinks and sources are presented in Fig. 3.2a—d for (a;;0 > 0, axno > 0),
(a”() < 0,61220 > O), (61110 > 0, azo < 0) and (6111() > 0, axyo < 0) For all cases,
the (2m; + 1) x (2n; + 1)-simple equilibriums are based on the ((2m; + 1), 2n; +
1))-source, saddles and sink bifurcations.
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b (a110 < 0, a0 > 0), ¢ (ar10 > 0, az20 < 0),d (ar10 > 0, azzp < 0)
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@ny+1)x (2my+1)
(3.147)

Qni+1)x(2m;+1)
(3.148)

(2n+1)x (2my+1)
(3.149)

@ny+1)x (2my+1)
(3.150)
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3.3.2 ((2my), 2ny + 1))-Saddle-Source and Saddle-Sink
Bifurcations

Consider a 2-dimensional singular system of the (2m;) x (2n; 4 1)-type as
X1 = ayoln —ai)™™, % = ano(x — axn)* . (3.151)

The first integral manifold is

1 [ 1 1 ]
2 S (0 —an)® (o — axni)®™
_axno 1 1 1 |
ayo 2my — 15y —ap )= (xj0 —apj)?m =14
for my, n; # 0,
el a1 1 B 1 !
|xX20 — ano1| ajg 2m; — 1-(x —al”)2m|—l (xlo_al]l)zm'_l ’
forn; = 0and m; # 0. (3.152)

Phase portraits of the singular saddle-sources and saddle-sinks for the 2-dimensional
singular system of the ((2m;), (2n;+1))-type are presented in Fig. 3.3a—d for (a9 >
0, azo > 0), (ar1o < 0, axo > 0), (a110 > 0, az20 < 0) and (@110 < 0, axp < 0).

(@, an) = (2m)™US,(2n1+1)"S0) for ajjo > 0 and azyg > 0,

((2my),(2n; + 1))-upper-saddle-source

(a111, an1) = ((2my)™LS,(2n+1)"S0) for ajp < 0 and azng > 0,

((2my),(2n; + 1))-lower-saddle-source
(ai11, ax) = ((2my)™US,(2n+1)"SI) for ajyo > 0 and axng < 0,
((2my),(2n; + 1))-upper-saddle-sink
(aiir, any) = (Cm)LS,2n1+1D)"MSI) forayg < 0and axmy < 0. (3.153)

((2my),(2n; + 1))-lower-saddle-sink

From the above bifurcations, there is a non-singular system with (2m;) x (2n; +
1)-equilibriums as

2m 2n1+1

fi=ano| [ —any) and i, =any [ (1 — ax). (3.154)
s=1 =1

The first integral manifold is given by
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Fig. 3.3 Phase portraits of the ((2m), (2n] 4 1))-saddle-source and saddle-sink for 2-dimensional
systems at (x],x3) = (a111,a221). a (arj0 > 0,a20 > 0), b (a110 < 0, a0 > 0), ¢ (aj10 >
0, azo < 0),d (a0 <0, axno <0)

2n1+1

Z 2n1+1

1 [x2 — axy, |
In
=1 l_[lzzuﬂéll (02211 — azzlz) |x20 — (12211|

2m
1 1 lxg — alls1|

— 820 In . (3.155)

2
aro (= [Tos g, (@115, — anns,) lx10 — aris, |

Phase portraits for the 2-dimensional systems of ((2m,), (2n; + 1))-type with the
saddles, sinks and sources are presented in Fig. 3.4a—d for (a;;0 > 0, ano > 0),
(ario < 0,a29 > 0), (aji90 > 0,axny < 0) and (a;; 0 < 0,ax»no < 0). For all
cases, the (2m;) x (2n; + 1)-simple equilibriums are based on the ((2m;), 2n; +
1))-saddle-source and saddle-sink bifurcations.
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3.3.3 (2mq + 1), (2ny))-Saddle-Source and Saddle-Sink
Bifurcations

Consider a 2-dimensional singular system of the (2m; + 1) x (2n;)-type as

X1 = anor — aj )™t i = ano(x — an)™™. (3.160)
The first integral manifold is.
1 [ 1 1 ]
2np — 15 —an)®™ =1 (x — ax)* !
_ anno 1 1 1 ]
aro 2my - — ain)? (xio —ap)?m
for my, ny #0,
1 1 1 axno . |x1 —aul
N m—1 il =—-—In ’
2n; " (xp — agpp)®™ (20 — axmy)™™ aio X0 — anl
for ny # 0 and m; = 0. (3.162)

Phase portraits of the singular equilibriums for the 2-dimensional singular system
of the ((2m; + 1), (2n1))-type are presented in Fig. 3.5a—d for (a;10 > 0, axo > 0),
(a0 < 0, axno > 0), (ar10 > 0, azo < 0) and (a110 < 0, azo < 0).

(i, ax1) = ((2m+1)"S0,(2n)"US) for aji9 > 0 and axg > 0,

((2m;+1),(2n))-upper-saddle-source

(a1, an1) = (2mi+1)®SL2n,)MUS) for ajg < 0 and azg > 0,
((2m;+1),(2ny))-upper-saddle-sink

(a1, an1) = (2mi+1)"S0,(2n)"LS) for ajjp > 0 and axng < 0,
((2m1+1),(2n;))-lower-saddle-source

(aii1, ami) = (Cm+1)"SL2n)PLS) for aj;g < 0and axy < 0. (3.163)

((2my+1),(2n;))-lower-saddle-sink

From the above bifurcations, there is a non-singular system with (2m; + 1) x
(2n1)-equilibriums as

2my+1 2ny
fi=ano || (1 —any) and iy = axno [ [ 1 — az). (3.164)

s=1 =1

The first integral manifold is given by
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Fig. 3.5 Phase portraits of the ((2m; + 1), (2n1))-saddle-source and saddle-sink for 2-dimensional

systems at (x}, x3) = (ai11,a221). a (a0 > 0,a20 > 0), b (a110 < 0,a20 > 0), ¢ (ar10 >
0, axno < 0),d (ar10 < 0, a0 < 0)

X

=

~
(]
~

2}11

1 |x2 — axy, |
Z 2n In
1

=1 1_[12:1’]2#[1 ((122[1 — (12212) |20 — a22l1|

2m;+1 1
anno lx1 — lllls,|
—_— In

TS| _ :
Nt ]_[s;":‘lymésl (ars, —ary,) X0 — ang,|

(3.165)

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles, sinks and sources are presented in Fig. 3.6a—d for (a;;9 > 0, axny > 0),
(arp < 0, a9 > 0), (aj1o > 0, axy < 0) and (a119 < 0, aryp < 0). For all cases,
the (2m; + 1) x (2n;)-simple equilibriums are based on the ((2m; + 1), 2ny))-
saddle-source and saddle-sink bifurcations.
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Fig. 3.6 Phase portraits for 2-dimensional systems withx{ = ai11, ar2, - -+, a11@m+1) and x5 =
axni,a?, -+ ,a22ns;)- The four networks of sink, source and saddle: a (ajj9 > 0, a2 > 0),
b (a110 < 0, azxo > 0), € (a110 > 0, azo < 0),d (a110 < 0, axo < 0)
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Fig. 3.6 (continued)



3.3 Bifurcations to Homoclinic Networks Without Centers

2mi+1 2ny

U U@ a0 =
— ——

s=1 I=1 XX

for arl > 0, azo > 0;

2m;+1 2n;

U U@ @) =
—_——

s=1 I=
s =1 XX

for aro < 0, azo > 0;

2mi+1 2ny

U U @iss apiat) =
—_———

s=1 I=1 XX

for ajjp > 0, axpo < 0;

2mi+1 2n

U U@ a0 =
—— —

s=1 [=1 XX

for anog < 0, axyo < 0.

(80,S0) - --
—_———

source

(SO,SD) ---
——

saddle

(Sd,SI) . .

———
saddle

(SLSO) - - -
——

saddle

(SLST) ---
—_——

sink

(SLSD) ---
—_——

sink

(SOSI) - --

——
saddle

(SO,S0) - - -
—

source

@o$oyl

—

source

sink

saddle

saddle

(SO,S0O) (SLI,SO)
N —

(SLSD) ---
——

(SLSO) - --
—_——

(SLSO) - - -
—_——

(SL,SO) (SO,S0O)
—_—— ———

saddle source

(SLSI) (SO,SI)

sink saddle

(SLSI) (SO,SI)

sink saddle

source saddle

(SO,SI) (SLI,SDH
—_—— ——

saddle sink

(SO,SI) (SLSDH
—_—— ——

sink

saddle

(SLSI) (SO,SI)
—_— ———

sink saddle
(SLI,SO) (S0O,S0)
——— — —

saddle

source

(SL,SO) (SO,SO)
—— ——

saddle

source

(SL,SO) (SI,SD
—_—— ——

saddle sink

(SO,S0) (SLI,SO)
—_——— ———

source saddle

(SO,S0) (SLI,SO)
—_——— ———

source saddle

139

@n1)x 2mi+1)
(3.166)

(2ny) x (2m+1)
(3.167)

(2n1)x(2m;+1)
(3.168)

(@n1)x 2my+1)
(3.169)



140 3 Bifurcations for Homoclinic Networks Without Centers
3.3.4 ((2my), (2ny))-Double-Saddle Bifurcations
Consider a 2-dimensional singular system of the (2m;) x (2n;)-type as

X1 = anotn —an)™™, % = ano(xa — ani)™. (3.170)

The first integral manifold is

1 [ 1 1 ]
21 — 15 —an)? =1 (x — axn)* !
_ a1 [ 1 3 1 |
apo2my — 15y —ap)? =1 (0 —ap)?m -1

for my, ny # 0. (3.171)

Phase portraits of the singular equilibriums for the 2-dimensional singular system
of the ((2m,), (2n;))-type are presented in Fig. 3.7a—d for (a;10 > 0, azxo > 0),
(ar0 < 0, a0 > 0), (@10 > 0, axo < 0) and (a110 < 0, azz0 < 0).

(@, an1) = ((2m)"US,(2n,)"US) for ;19 > 0 and axg > 0,
((2my),(2n;))-double-saddle

(an, axn1) = ((2m))"LS,(2n,)"US) for aj19 < 0 and axg > 0,
((2my),(2n;))-double-saddle

(ai, ax1) = ((2m)™"US,(2n))"LS) for aj1p > 0 and axg < 0,

((2my),(2n;))-double-saddle
(am, a221) = ((2m1)thLS,(2n1)thLS) for ar < 0 and aro < 0. (3172)

((2my),(2n;))-double-saddle

From the above bifurcations, there is a non-singular system with (2m;) x (2n;)-
equilibriums as

2my 2ny
X1 =aipo l_[ (x1 — ai1s) and X = any H (x1 — axy). (3.173)
s=1 =1

The first integral manifold is given by

2
f: 1 |2 — anny, |
2
=1 H12n=]1,12;e/1 (azp, — azp)  1¥20 — a2y
2m|
_ano 1 X1 — aiy, | (3.174)

- 5 )
ano ;| l—[x:;ll.sz;&x] (ans, — ang,) X0 —any,|
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Fig. 3.7 Phase portraits of the ((2mj), (2n1))-double-saddles for 2-dimensional systems at
(T, x3) = (a111, a221). a (a110 > 0,a220 > 0), b (ar10 < 0, a0 > 0), ¢ (a110 > 0, a0 < 0),
d (a110 < 0, a0 < 0)

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles, sinks and sources are presented in Fig. 3.8a—d for (a;;0 > 0, axno > 0),
(a”() < 0,61220 > 0), (611]0 > 0, azo < 0) and (all() < 0, axyo < 0) For all cases,
the (2m) x (2n;) simple equilibriums are based on the ((2m;), (2n;))-double-saddle
bifurcations.
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(3.175)
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Similarly, the higher-singular appearing bifurcations are from a singular dynam-

ical system of p; x gj-equilibriums to a singular dynamical system of p, x ¢-
equilibriums. The higher-singular switching bifurcations are from equilibriums
switching of two singular dynamical system of p x g-equilibriums. Such two cases
can be done by readers.
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Fig. 3.8 Phase portraits for 2-dimensional systems with x] = ai11, a112, -+ , a11@2m;) and x3 =
axi, a2, -+ ,a202xs)- The four networks of sink, source and saddle: a (a9 > 0, a2 > 0),
b (a110 < 0, azxo > 0), ¢ (a110 > 0, azo < 0),d (a110 < 0, axo < 0)
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Chapter 4 ®
Homoclinic Networks with Centers Gedar

In this chapter, the homoclinic networks of positive and negative saddles with clock-
wise and counter-clockwise limit cycles in crossing-univariate polynomial systems
are studied secondly, and the numbers of saddles and centers are determined through
a theorem and the first integral manifolds are determined through polynomial func-
tions. The corresponding proof of the theorem is given, and a few illustrations of
networks of saddles and centers are given to show the corresponding geometric
structures. Such homoclinic networks of saddles and centers are without any sources
and sinks.

4.1 Saddles and Centers

In this section, as in Luo [1], consider homoclinic networks with maximized clock-
wise and counter-clockwise centers and positive and negative saddles in two-
dimensional polynomial nonlinear systems with crossing-variables vector fields.
Consider a polynomial system with crossing-univariate polynomial vector fields in
two directions. The corresponding dynamical behaviors will be presented through
the following theorem.

Theorem 4.1 Consider a crossing-univariate polynomial system as

m
Xji = 4jj,0 1_[ (sz - ajlszl)’

s1=1
X, = ajrji0 H (5, — apjun)s
L=1
Jij2 € {1, 2} 1 # jo. (4.1)
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The first integral manifold is

1
aj,ji0 { +1 [(le - ajzilll)nJrl - (ijO — Qjpj1, )n+1]
n—1 1
+) P [ = @)™ = (g0 — @)}

_ m+1 m+1
= ajljzo{ 1 [Co, = @ps)™ ™ = (0 — o)™ ']
m—1

+ 21: m—k+1 Jl]zk [(sz ajl./zsl)m7k+1 - (ijO - ajl.ile)m7k+l]}' (4.2)

where

n

bjzill = 2 : (ajzilll - ajzfllz)’

hL=1,L#l

n 3
biyjn= [T (@ = api,) -
bL,l3=1;,l3# r=2
(h<l3)
k+1
bjjik = 22 1_[ Ajjily — ajzillr)’ o

12,13, ,lk+1—1, r=2
byl e £
(h<ly<-<lgs1)

n
bt =[] (@it = ain);
hL=1,L#
m
b= D (@ = Gioss)
sy=1,5#51
m 3
bj1j22 = § : (aj1j251 - ajljZSr)’ o

52,53=1;52,53781 r=2
(52<53)

m k+1
bjljzk = § 1_[ (ajljzsl - ajljZSr)’ T

52,83, e =15 r=2
52,83, s Sk41 751
(s2<s3<-<Skt1)

m

bj jym-1) = 1_[ (@ijosi = Gjrjoss)- 4.3)

s1=1,827s1

Theequilibriumof( , ) @jijosi» jjiry) (S1, 82 € {1, 2, -+ ,m}, s1 #5311, b €
{1,2,---,n}, 1 # lg) has the following properties.
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m
e For aj,j,0 nszzl,xz;ﬁsl (a.iljzé‘l - ajlszz) > 0 and

n
ajjio [ Tnet ity @ity — @ijis) > 0,

(@5, ajpji1) = (UPL, UPy). 4.4)

positive saddle
The equilibrium of (x7, x7) = (a),j,5,, @jj1,) is a (UP,, UP,)-positive saddle.

m
e For 4 j,0 Hszzl,xﬁésl (aj1j251 - ajljzsz) < Oand

n
apjro [Thzt pzn, (@it — apji) > 0,

(ajjs, ajpj1) = (DPL,DP_). 4.5)
CCW center
The equilibrium of (xjf‘z,x;‘l) = (Gjijps,» Ajpj,1,) is a (DP,,DP_)-counter-

clockwise center.

m
e For a;jj,0 Hszzl,sz;és, (ajljzsl - ajlszz) > 0 and

n
apjro [Thzt pzn, (@it — apjin,) <0,

(ajl./2S1 s Ajjily) = (DP_,DP,) . (4.6)
—_———

CW center

The equilibrium of (x;‘2 , xj*l ) = (@j,jrs,» Ajrj,1,) isa (DP_, DP,)-clockwise center.

m
e For aj,j,0 Hs2=1,sz;ﬁs] (ajljm - ajljZSZ) < Oand

n
ajji0 [Tz, (@it — @ijits) < 0,

(@, js1 5 Ajpji1y,) = (UP_,UP_) . 4.7)
[ —

negative saddle

The equilibrium of (x;‘z, x;.‘;) = (@) jps,» Ajj,1,) 1s @ (UP_,UP_)-negative saddle.

Define a notation as

m n
U U (@1jos> @it
N e’

s=1[=1 XX
(@jom> i) @ijoms @) -+ (@ijams jajin)
(@ joim—1)> @igji1) (@ijoim—1)» @ji2) *++ (@ijpim—1)» Gijin)

= . ) ) ) (4.8)

(ajljzl’ ajzizl) (ajljll’ ajzilz) T (ajljzl’ ajzil") mxn
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(i) For m = 2m; + 1 and n = 2ny + 1, the equilibrium networks with 2m; + 1) x
(2ny + 1) equilibriums have the following properties.

e [for a;,j,0 > 0 and aj,j,0 > 0,

2my+12n;+1
U U ((l.iljzlf’[l.izill)
(UP4, UPy) (DP_,DP,) --- (UP,, UP,)
saddle (+) center (CW) saddle (+)
(DP,,DP_) (UP_,UP_) --- (DP,,DP_)

= center (CCW) saddle (—) center (CCW) . 4.9)

(UP,,UP,) (DP_,DP,) --- (UP,, UP,)

saddle (4) center (CW) saddle (+)

@mi+1)x (2ni+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
(ny + 1); the number of (DP_, DPy)-clockwise centers is (m; + 1) X ny;
the number of (UP_, UP,)-positive saddles is (my + 1) x (n; + 1); and the
number of (UP_, UP_)-negative saddles is m; X n;.

® For ajj,0 < 0and aj,j0 > 0,

2my+12n+1
U U a5+ @ijut)
s=1 =1 T
XX
(DP,,DP_) (UP_,UP_) --. (DP,, DP_)
center (CCW) saddle (—) center (CCW)
(UP,, UP,) (DP_,DP,) --- (UP,, UP,)

= saddle (+) center (CW) saddle (+) . (4.10)

(DP,. ,' DP_) (UP_ ,' UP_) - N (DP.,. ,' DP_)

center (CCW) saddle (—) center (CCW)

Q2m+1)x(2n;+1)
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In the network, the number of (DP,, DP_)-counter-clockwise centers is
(my + 1) x (ny + 1); the number of (DP_, DP.)-clockwise centers is m; x ny;
the number of (UP,, UP,)-positive saddles is my x (n| + 1); and the number
of (UP_, UP_)-negative saddles is (m; + 1) x ny.

® For ajj,0 > 0and aj,jo <0,

2my+12n+1
U U (ajljzs’ ajzill)
=1 =1 T
XX
(DP_, DP,) (UP,,UP,) --- (DP_, DP.)
center (CW) saddle (+) center (CW)
(UP_, UP_) (DP,,DP_) --- (UP_, UP_)
= saddle (—) center (CCW) saddle (—) . (41 l)

(DP_, DP,) (UP,, UP,) --- (DP_, DP,)

center (CW) saddle (+) center (CW)

2m+1)x(2n;+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP,)-clockwise centers is (m; + 1) x (n; + 1); the
number of (UP,, UP,)-positive saddles is (m; + 1) x ny; and the number of
(UP_, UP_)-negative saddles is m; x (n; + 1).

e For ajj,0 < 0and ajjo <0,

2my+12n+1

U U (“jljzs’ajzj,z)
=1 I1=1 —

XX
(Up_,UP_) (DP,,DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—)
(DP_,DP.) (UP,,UP,) --- (DP_,DP,)
= center (CW) saddle (+) center (CW) . (4 12)

(UP_,‘ UP.) (DP+,. DP.) . (UP_,‘ UP.)

saddle (—) center (CCW) saddle (—)

@mi+1)x (2n;+1)
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In the network, the number of (DP,, DP_)-counter-clockwise centers is
(my + 1) x ny; the number of (DP_, DP_)-clockwise centers is m) x (n; + 1);
the number of (UP,, UP,)-positive saddles is my X ny; and the number of
(UP_, UP_)-negative saddles is (m; + 1) x (n; + 1).

(i2) The numbers of positive and negative saddles, clockwise and counter-clockwise
centers for (2m; + 1) x (2n; + 1)-equilibriums are summarized in Table 4.1.

(i3) With global centers and saddles, the total numbers of limit cycles and saddles
are obtained as follows.

e [for a;,j,0 > 0 and aj,j,0 > 0,
Nrc =my x (n + 1) + (my + 1) x ny = 2mny +my + ny;

NSDZ (m1 + 1) X (l’ll + l)+m1 X ny + 1 =2m1n1 +my; + nyg +2
(4.13)

e For ajj,0 < 0and aj,jo > 0,
Nic=m+1) x(m4+1)+m xn +1=2mn +m +n +2;
Nsp =my X (ny + 1)+ (my + 1) x ny = 2myny +my + ny. 4.14)
e For ajj,0 > 0and aj,j0 <0,
Nic=m+1) xm+1)+m xn +1=2mn +m +n +2;
Nsp =my x (ny + 1)+ (my + 1) x ny = 2myny +my + ny. 4.15)
® For ajj,0 < 0and aj,jo <0,

Nic =my x (g + 1) + (my + 1) x ny = 2myny +my + ny;

Table 4.1 Numbers of positive and negative saddles, and clockwise and counter-clockwise centers
in network for (2m; + 1) x (2n; + 1)-equilibriums

(@j1j,0+ @j»j,0) | Numbers

(DP,., DP_)-center
(Ccw)

(DP_, DP, )-center
(CW)

(UP4, UP, )-saddle
(+)

(UP_, UP_)-saddle
(=)

(+ +) mi X (n + 1) (m +1) xn (my+ 1) x (m+1) |m xn

(= +) (my + 1) x (m + 1) | m xny my x (np + 1) (my + 1) x ny
(+,—) mp X nj m+1)xm+1D | (m+1) xn my x (n; + 1)

(= -) (my +1) x my my x (np + 1) my X n (my+1) x (n; +1)
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Nop=m+ 1) x (nmy+1)+m xn +1=2mn; +m +ny +2.
(4.16)
The detailed distributions are listed in Table 4.2.

(ii;) For m = 2m; and n = 2ny + 1, the equilibrium networks with (2m;) x (2n; +1)
equilibriums have the following properties.

e [for a;,j,0 > 0 and aj,j,0 > 0,

2my 2n;+1
U U (ajljzlf’ajzill)
s=1 =1 — oo
XX
(UP,, UPy) (DP_,DP,) --- (UP,, UP,)
saddle (+) center (CW) saddle (+)

(DP..,DP_) (UP_,UP_) --- (DP,,DP_)

= center (CCW)

saddle (—) center (CCW) “4.17)

(DP, ,. DP_) (UP_ ,' UP.) - N (DP,,. . DP_)

center (CCW)

saddle (—) center (CCW)

@my)x 2ny+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
(ny+1); the number of (DP_, DP.)-clockwise centers is m; xny; the number of
(UP., UP,)-positive saddles is m| x (n; 4 1); and the number of (UP_, UP_)-
negative saddles is my X nj.

Table 4.2 Total numbers of limit cycles and saddles in network for (2m; + 1) x (2n; + 1)-
equilibriums

(@150, aj,j,0) | Total numbers
Limit cycles (CCW) | Limit cycles (CW) Saddles (+) Saddles (—)
+.+) my X (ny + 1) (m1+1) xm (m1 + 1) x mp X ni
(ny+1)+1*
(=4 mi+1D)x@m+1) |mxn mp x (np+1) | (mi+1) xm
—+ 1*
(+.-) mp X nj mi+1D)x@m+1) | (m+1Dxn |mx@+1)
+ 1*
(=) (mp +1) xny my X (n; + 1) my X nj (my+ 1) x
(np + 1)+ 1*

* For one global cycle or saddle
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e For ajj0 < 0 and aj,j,0 > 0,

2m; 2nm+1
U U @uiss @)
s=1 1=l oo
XX

(bpP,_,DP_) (UP_,UP_) --- (DP_,DP_)

center (CCW) saddle (—) center (CCW)

(UP,,UP,) (DP_,DP,) --- (UP,,UP,)
= saddle (+) center (CW) saddle (+) . (4.18)

(UP,,UP,) (DP_,DP,) --- (UP,,UP,)

saddle (+) center (CW) saddle (+)

2my) x 2n+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
(n1+1); the number of (DP_, DP.)-clockwise centers is m; xny; the number of

(UP,, UP,)-positive saddles is my x (ny+1); and the number of (UP_, UP_)-
negative saddles is my X nj.
® For ajj,0 > 0and aj,j0 < 0,

2my 2n+1
U U @isr aiin
s=1 =1 o
XX
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) --. (UP_,UP_)

= saddle (=) center (CCW) saddle (—) . 4.19)

(UP_:UP,) (DP+;DP,) . (UP_:UP,)

saddle (—) center (CCW) saddle (—)

2m)x(2ni+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP_)-clockwise centers is m; x (n) + 1); the number
of (UP_, UP,)-positive saddles is m; x ny; and the number of (UP_, UP_)-
negative saddles is my x (n; + 1).

® For ajj,0 < 0and a0 <0,
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Table 4.3 Numbers of positive and negative saddles, and clockwise and counter-clockwise centers
in network for (2m;) x (2n; + 1)-equilibriums

(@j1j,05 @jpj,0) | Numbers
(DP,DP_)-center | (DP_, DP.)-center | (UP4, UP,)-saddle | (UP_, UP_)-saddle
(CCW) (CW) +) (-)
(+.+) my X (np + 1) my X ny my X (n; + 1) my X ny
(=, +) my x (n; + 1) my X nj my x (n; + 1) my X nj
(+,-) my X ny my X (np + 1) my X ny my X (n; + 1)
(=, —) mp X np my x (np + 1) mp X np my X (np + 1)
2my 2n1+1
U U (jijos» Ajrji1)
s=1 =1 T oo
XX
(UP_,UP_) (DP,.DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
= center (CW) saddle (4) center (CW) (420)
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW) @m)x2m+1)

In the network, the number of (DP_, DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP.)-clockwise centers is my x (n; + 1); the number
of (UP., UP,)-positive saddles is m; x ny; and the number of (UP_, UP_)-
negative saddles is my x (n; + 1).

(iip) The numbers of positive and negative saddles, clockwise and counter-clockwise
centers for 2my) x (2ny + 1)-equilibriums are summarized in Table 4.3.

(ii3) Without global centers and saddles existing, the total numbers of limit cycles
and saddles are obtained as follows.

e For ajj,0 > 0and aj,j0 > 0,

Nic =my x (n + 1) +my x ny =m(2n; + 1);

Ngp=m; x (np + 1) +my xny =m(2ny + 1).

e For a0 < 0 and aj,j,0 > 0,

4.21)

Npc =my x (np + 1) +my x ny = m(2ny + 1);

NSD =m; X (1’11 + 1)+m1 X n =m1(2n1 + 1)

(4.22)
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e For ajj,0 > 0and ajjo <0,

Npc=my x (mp+ 1) +my x ng =m(2ny + 1);

NSD =my X (n1 + 1) +m X n = m1(2n1 + 1) (423)
e For ajj,0 < 0and aj,jo <0,

Nie =my x (np + 1) +my x np =my(2ny + 1);

Nsp=my X (nmy + 1) +my x ny =m(2ny + 1). 4.24)

The detailed descriptions are given in Table 4.4.
(iii;) For m = 2m+1 and n = 2ny, the equilibrium networks with 2m; + 1) x (2n;)
equilibriums have the following properties.

® For ajj,0 > 0and aj,jo > 0,

2my+1 2n
U U @i i)
s=1 =1 o
XX
(DP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+)
(UP_,UP_) (DP,,DP_) --- (DP, DP_)
= saddle (—) center (CCW) 4.25)

center (CCW)

(DP_,DP.) (UP,,UP,) --- (UP,,UP,)

saddle (+)

center (CW) saddle (+)

@2m+1)x(2ny)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x

ny; the number of (DP_, DP,)-clockwise centers is (m;+1) xny; the number of
(UP,, UP,)-positive saddles is (m; + 1) x ny; and the number of (UP_, UP_)-
negative saddles is my X nj.

Table 4.4 Numbers of clockwise and counter-clockwise limit cycles in network for (2m) x (2n +
1)-equilibriums

(@150, aj,j,0) | Total numbers

Limit cycles (CCW) | Limit cycles (CW) | Saddles (+) Saddles (—)
(+.+) my X (n + 1) mp X ni myp X (ny+1) |m xmn
=+ my X (n + 1) mp X nj mpx (nm+1) |m xn
(+,-) my X nj my X (n] + 1) my X nj my x (n +1)
(= -) mp X nj my X (n + 1) mp X nj my X (ng + 1)

Notice: No global cycles or saddles but global parabola-saddle existence
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e For ajj0 < 0 and aj,j,0 > 0,

2my+1 2ny
U U @ aiin
s=1 =1 o
XX
(UP_,UP_) (DP,,DP_) --. (DP,,DP_)
saddle (—) center (CCW) center (CCW)
(DP_,DP,) (UP,,UP,) --- (UP,,UP,)

= center (CW) saddle (+) saddle (+) . (4.26)

(UP_;UP,) (DP+;DP,) . - (DP,. ;DP,)

saddle (—) center (CCW) center (CCW) @m+1)x(2ny)

In the network, the number of (DP_, DP_)-counter-clockwise centers is (m; +
1) x ny; the number of (DP_, DP_)-clockwise centers is m; X ny; the number
of (UP,, UP,)-positive saddles is m; x ny; and the number of (UP_, UP_)-
negative saddles is (m; + 1) x njy.

For aj j,0 > 0and aj,j,o <0,

2my+1 2my
U U @iiss apist)
s=1 =1 oo
XX
(UP,,UP,) (DP_,DP,) --- (DP_,DP,)
saddle (+) center (CW) center (CW)
(DP,.DP_) (UP_,UP_) --- (UP_,UP_)

= { center CCW)  saddle () saddle (—) . 4.27)

(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW) Qmi+1)x(2ny)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x

ny; the number of (DP_, DP.)-clockwise centers is (m;+1) xny; the number of
(UP,, UP,)-positive saddles is (my + 1) X ny; and the number of (UP_, UP_)-
negative saddles is my X nj.

® For ajj,0 < 0and a0 <0,

2my+1 2n

U U @ aiin
— —

s=1 [=1 XX
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(DP_..DP_) (UP_,UP_) --- (UP_,UP_)
center (CCW) saddle (—) saddle (—)

(UP,.,UP,) (DP_,DP,) --- (DP_,DP,)
saddle (+) center (CW) center (CW)

(DP,,.DP_) (UP_,UP_) --- (UP_,UP_)
center (CCW)  saddle (—) saddle (—)

(4.28)

@m+1)x(2n1)

In the network, the number of (DP_,., DP_)-counter-clockwise centers is (m; +
1) x ny; the number of (DP_, DP_)-clockwise centers is m; X ny; the number
of (UPL, UP,)-positive saddles is m; x ny; and the number of (UP_, UP_)-
negative saddles is (m; + 1) x ny.

(iiip) The numbers of positive and negative saddles, clockwise and counter-clockwise
centers for 2m; + 1) x (2ny)-equilibriums are summarized in Table 4.5.

(iii3) Without global centers and saddles existing, the total numbers of limit cycles
and saddles are obtained as follows.

® For ajj,0 > 0and aj,j,0 > 0,

Nic = (m +1) xng +my
Nsp = (my + 1) X ny +m

® For ajj,0 < 0and aj,jo > 0,

Npc = (my + 1) x np +m X m

Nsp = (my + 1) x ny +my X ny

® For ajj,0 > 0and aj,j0 < 0,

Nic = (my + 1) x ny +m
Ngp = (my + 1) x ny +my x my

x ny = (2my + Dny;
x ny = 2my + Dny. 4.29)
= (2my + Dny;
— @my + Dny. (4.30)
x ny = (2my + Dny;
= Q2m; + Dny. 4.31)

Table 4.5 Numbers of positive and negative saddles, and clockwise and counter-clockwise centers
in network for (2m; + 1) x (2n;)-equilibriums

(@)120+ Ajj10)

Numbers

(DP,, DP_)-center
(CCW)

(DP_, DP, )-center
(CW)

(UP,, UP)-saddle
(+)

(UP_, UP_)-saddle
(-)

(+,+) my X nj (m1 + 1) x ng (my +1) x np my X nj
(= +) (my + 1) x ny my X n my X nj (m+1) xn
+,-) mp X nj (my +1) x n (m +1) xn mp X n
(= =) (my + 1) x ny m X n my X n (m +1) xn
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e For ajj,0 < 0and ajjo <0,

Nic = (my + 1) x ny +my x ny = 2my + Dny;
NSD = (ml + 1) X ny+m Xn = (2m1 + l)l’ll (432)
The detailed descriptions are given in Table 4.6.

(ivy) For m = 2m; andn = 2ny, the equilibrium networks with (2my) x (2n;)
equilibriums have the following properties.

e For ajj,0 > 0and aj,jo > 0,

(bP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+)
S (UP_,UP_) (DP,,DP_) --- (DP,,DP_)
U U (ajljzs, ajzjll) = saddle (—) center (CCW) center (CCW)
S——— . . .

s=1[=1 XX

(UP_;UP,) (DP+;DP,) . (DP+:DP,)

saddle (—) center (CCW) center (CCW)

(2my)x (2ny)
(4.33)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP,)-clockwise centers is m; x ny; the number of
(UP_, UP,)-positive saddles is my x ny; and the number of (UP_, UP_)-
negative saddles is my X nj.

® For ajj,0 < 0and aj,j0 > 0,

Table 4.6 Total numbers of clockwise and counter-clockwise limit cycles in network for (2m; +
1) x (2n1)-equilibriums

(@j,»0, ajj,0) | Total Numbers

Limit cycles (CCW) | Limit cycles (CW) | Saddles (+) Saddles (—)
(+,+) my X nj (m +1) xm (my+1) xny |m xn
(=4 (my +1) x m my X ny my X ny (my +1) x ny
(+.-) mj X ny (my +1) xny (mi +1) xnp |m xn
(=, —) (my + 1) x ny my X nj myp X n (m + 1) x n

Notice: no global cycles or saddles but global parabola-saddle existence
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(UP_,UP_) (DP,,DP_) --. (DP,,DP_)

saddle (—) center (CCW) center (CCW)
— (DP_,DP,) (UP,,UP,) --- (UP,,UP,)
U U (aju-zs, ajzill) = center (CW) saddle (+) saddle (+)

s=1I=
s=11=1 XX

(DP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+) Q@my)x(2ny)
4.34)

In the network, the number of (DP_, DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP,)-clockwise centers is m; x ny; the number of
(UP,, UP,)-positive saddles is my x ny; and the number of (UP_, UP_)-
negative saddles is my X nj.
For aj j,0 > 0 and aj,j,0 < 0,

(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW)
. (bP_,DP_) (UP_,UP_) .- (UP_,UP_)
U U (ajl_,-zs, ajzill) = center (CCW) saddle (—) saddle (—)
_/_/ . . . .

s=1 =1 XX

(bpP,,DP_) (UP_,UP_) --- (UP_,UP_)

center (CCW) saddle (—) saddle (—) @my)x2ny)
(4.35)

In the network, the number of (DP.., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP,)-clockwise centers is my X ny; the number of
(UP,, UP,)-positive saddles is my x ny; and the number of (UP_, UP_)-
negative saddles is my x nj.
For aj j,0 < 0 and apj 0 < 0,

(DP,,DP_) (UP_,UP_) --- (UP_,UP_)

center (CCW) saddle (—) saddle (—)
— (UP,,UP,) (DP_,DP,) - -- (DP_DP,)
U U (ajljzsv ajz,»],) = saddle (+) center (CW) center (CW)

s=1I=
s=11=1 XX

(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW) @my)x(2ny)
(4.36)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP,)-clockwise centers is my X ny; the number of
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(UP,, UP,)-positive saddles is my x ny; and the number of (UP_, UP_)-
negative saddles is m; x nj.

(iv2) The numbers of positive and negative saddles, clockwise and counter-clockwise
centers for (2my) x (2ny)-equilibriums are summarized in Table 4.7.

(iv3) Without global centers and saddles existing, the total numbers of limit cycles
and saddles are obtained as follows.

® For ajj,0 > 0and aj,j,0 > 0,

NLC =m; X ny +m Xnm =2m1n1;

Nsp =my X ny +my X ny = 2mn;. 4.37)
® For ajj,0 < 0and aj,jo > 0,

Nic =my X np +my X np = 2myny;

Nsp = my X ny +my X ny = 2mn;. (4.38)
® For ajj,0 > 0and aj,j0 < 0,

NLC =my; X n|+m; X n =2m1n1;

Nsp =my X ny +my X ny = 2mn;. (4.39)
® For ajj,0 < 0and aj,jo <0,

Nic =my X ny +my X np = 2myny;

Nsp = my X ny +my X ny = 2mn;. (4.40)

The detailed descriptions are given in Table 4.8.

Table 4.7 Numbers of positive and negative saddles, and clockwise and counter-clockwise centers
in network for (2m;) x (2n;)-equilibriums

(@j1j,05 @jpj,0) | Numbers

(DP, DP_)-center | (DP_, DP.)-center | (UP4, UP,)-saddle | (UP_, UP_)-saddle
(CCW) (CW) (+) (=)

(+,4) mp X np mp X np mp X np mp X np

(= +) my x ny my X ny mp X ny my X np

(+, —) mp X np mp X np mp X np mp X np

(=, —) my X nj m| X nj my X nj my X nj
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Table 4.8 Total numbers of clockwise and counter-clockwise limit cycles in network for (2my) x
(2n1)-equilibriums

(@150, ajrj;0) | Total numbers

Limit cycles (CCW) Limit cycles (CW) Saddles (+) Saddles (—)
(+,+) mp X ni myp X nj myp X nj myp X nj
(—,+) my X nj mp X ny mp X ny my X ny
(+,-) my X ny mp X n my X ny my X n
(=, ) my X nj my X nj my X nj my X nj

Notice: no global cycles or saddles but global inflection-saddle existence

4.2 Proof of Theorem 4.1

Consider a crossing-univariate polynomial system as

m
%, = a0 [ [ @ = ajis)-
S1=1
n
%, = apio [ | G — @)
L=1

Jusj2 € {1, 2} j1 # jo.

In phase space, for a; j,5, 7 @jjrs,(S1, 52 € {1,2, -+, m},s1 # s2) and a; j,1, 7 Ajyjits
(i, Lefl,2,--,n}l| #h),

m
dle a;,j,0 (sz - ajljzsl) Hs2=1,s2;és] (sz - a.iljzé‘z)
n
dxj,  apjo G — i) [Th= oz, G — Gians)
m
a; j,0 (sz - ajljm) Hsz=1,s2;és1 (sz = Qjijps; + Gjijpsy — ajljzfz)

p :
apjio 5, — o) [t ety @ = @ity + @ity — @jojiy)

thus, from the relations of coefficients and roots, we have

n—1
@0 (5, — i) + D bk (5, — a)""d;
k=1
m—1 .
= aj]jzo[(sz - aj1j251)m + Z bj jok (xj2 - ajljzsl)m ]dsz’
k=1

and

n

bign =Y @y — i)
hL=1,L#l
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n

3
o= Y [T @ = @), -+
bL,L=1;L,L#L r=2
(h<h)
n k+1
b= Y || @i — @)+

by, e =15 r=2
b,ly, e #l
(h<ly<--<liy1)

n
by =[] (@irs — ajiin);
h=1,L#
m
bjljzl = § : (@ jos) — Gjyjosy)

so=1,50%s]

m 3
bjj2 = Z 1_[ (@ijosi = Gjijos,)s =+

52,83=1;82,537s1 r=2
(s2,<3)

m k+1

bj jok = > [T @ipss = @ios)s -+

2,83, Sep1=1; r=2
52,83, Sk 1751
($2<S3<---<Sk1)

m

bipmn =[] @ips — i)

s1=1,50%s]

With initial conditions of (x; o, xj,0) at ¢ = #y, the integration of the above equations
gives the first integral manifold as

n+1 n+1
“jziIOI—n+ I [, = @)™ = (0 = @)™
n—1
1
n—k+1 n—k+1
———bpjie[ (5, — @) — (%0 = Aty ]}
—n-— k+1
1
_ m+1 m+1
- ajljzo{ m+ 1 [(sz - ajlszl) - (szo - ajlszl) ]
m—1
1
m—k—+1 m—k+1
+ — m—k+ 1bj1j2k[(xj1 - ajljzsl) - (leo - ajljzsl) ]}

In phase space, at (x;,, X},) = (@,j,s,, 4j,jy1,), tWO cases are discussed.
(D In phase space, at x;‘z = ) jps, (51,52 € {1,2,--- ,m}, 51 # 52) and X;; # aj,j,y,
(li=1,2, ---,n), we have
m
dx;, a0 @y = o) TTG— 15, B2 = Gjijasy)

— | =g = 7 — v =a. . =0.
. ' J1J251 L. R L. i 717251
dx;, 1”2 j5j10 [Th=1 & — apin) ?
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If
2 m e an
d Xy 4,50 Hs;:l,sz;és] (‘1.11./251 a_ll_lez) 0
dxz X;-;:(ljl/’zsl - i l—ln G —ani1) >0,
7 2710 L=1\ 2l
there is an up-parabola flow at x; = a;,,, in the x; -direction. If
2 m e ans
d*x;, G550 Hszzl,s27és, (@jyjosy — Gjrjosy) 0
d 2 X7220j1j2.y] - Ao ]—[n ()_C — 4. ) <V,
X 210 n=1 Y — dpjiny

there is a down-parabola flow at x}) = a;,, in the x; -direction. Because of

n
5, = apo [ | & = ijun),
L=1

the flows at x;; = a;,;,, in the x;,-direction are positive and negative for J;, > 0 and
< 0, respectively.

Thus, the equilibrium of )cj*2 = Gjjs, (51,82 € {1,2,---,m},s1 # s2) on the
xj,-direction with X;, # aj,j,;,(I; =1, 2, - - - , n) has the following properties.

X

m n _
e For 4 j,0 l_[szzl,sz;és, (ajlj25] - aj]jzsz) > 0 and aj»j,0 1_[11:] (le - ajzjlll) > 0,

(ajljm > sz) = (UP, pF)
~—
up-parabola flow(+)

m n _
e For a;,;,0 ]_[SFLSZ#S] (@jijosi = Wjyjosy) < 0and ajpj0 [ 172y X, — @) > 0,

(@, %,) =  (DP,pF)
N —’

down-parabola flow(+)
m n —
® For aj,0 [ [5=1 sy, @1josi — @ijosy) > 0and agpj0 [ [}, =y i — aory) < O,

(@,jps1»%,) = (DPnF)
~—

down-parabola flow (—)
m n —
e For a0 Hszzl,sz;ésl (Grjos) = Gjijosy) < 0 and 4j»ji0 Hllzl &y — apjiny) < 0,

(ajljZSI s sz) = (UP,nF)
~——

up-parabola flow (—)

(I) In phase space, at x;; = aj,j,i, (I, b € {1,2,--- ,n}, i # b) and Xj, # a5,
(s =1,2,---,m), we have
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dsz .
dx; Xy =i
1
If
2
d Xj
2
dle

n
G0 (5, — ajji1,) sz=1,12;e11 (G, — apjity)

* g
Xy =iy

= — 2
a;j, j>0 1_[31=1 (sz - ajlszl)

n
a0 izt (@it = @jjity)

el
a0 [I5=1 G — djijosy)

there is an up-parabola flow at x}, = a;,;,;, in the x;,-direction. If

2
d ij

2
dxj 1

there is a down-parabola flow atx}; = a;,;,;, in the x; -direction. Because of

* .
Xjy =i 1y

_ Ghji0 HZ:l,lz#ll (ajzflll - ajzillz)

41j,0 1_[:::1 ()_Cjz - a.iljzsl)

m
%, = i [ | & — @ijos)-

Sl=1

165

the flows at x;; = a;,j,;, in the x;, -direction are positive and negative for x;, > 0 and

Xj, < 0, respectively.

Thus, the equilibrium of xj*l = ajj,(li, b € {1,2,--- ,n}, I; # b)and X;, #

Qjjps, (1 =1,2,---, m) on the x;,-direction has the following properties.

m — n
e For a0 [T,-1 %), — ajijps) > 0and a0 [ 111 11, @ijiti — @joji) > 0,

(pF.UP)
—_——
up-parabola flow (+)

(X, ajjiny) =

m — 3
® For ajjo [To—) &), — @jns)) < 0and a0 [Ty 01, (@it — @jnjir,) > O,

()'le . ajzjlll) = (nF,DP)

down-parabola flow (—)

m —_— n
® For a0 [[§21 &p — @jyjos) > 0and a0 [T 0, @ijits — @ir) < 0,

(X, ajj) =

(pF.DP)
—_——

down-parabola flow (+)

m —_ n
® For a0 [[5-1 %5, — ajjs) < 0and a0 [ 11— 1y, @ity — @) <0,

(X, ajj) =

(nF,UP)
—_——

up-parabola flow (—)
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Therefore, from the two cases (I) and (II), the equilibrium of (xj‘z, xfl) =
(ajljzslv ajzj[l[) (sl5 2 € {17 25 T, m}5 S ;é 523 l]a 12 € {15 27 T n}all ;é 12) has
the following properties as in Egs. (4.7)—(4.10).

m
e For aj,j,0 Hszzl,sz;ésl (ajljZS] - ajljzsz) > 0 and
n
ajro [ =111, @ity — @jojit) > 0,

(ajljzsl ) ajzjll]) = (UP+5UP+) .
[

positive saddle

e v N . ..
The equilibrium of (5, %) = (@yjps,» @jyy) is a (UP,,UP,)-positive
saddle.
m
e For aj,j,0 nszzl,xz;ﬁsl (ajljzsl - a]‘Lizsz) < Oand
n
jr0 [ Tn=1.1p21, @ity = @jajst) > 0,

(@ jos)» @jpji1;) = (DP1,.DP_) .
—_—

CCW center

The equilibrium of ()c]’f‘z,)cj”‘l
clockwise center.
m
e For aj,j,0 Hsz=1,xz¢s, (ajljZSl - a./'Lizsz) > 0 and
n
jr0 [ Tn=1.1p21, @ijuti — @jajst) < 0,

) = (Gjps)» Ajpji1,) 18 a (DP,,DP_)-counter-

(aflszl > ajz/lll) = (DP_,DP,).
CW center
The equilibrium of (xjf';, )cj’"l
center.
® For ajj,0 [ 151 5,5, (@1ssi — @jijas,) < 0 and
ajjio [Tzt bz, @ity = @jji) <O,

) = (@j,jrs1> jrjy1,) 1s a (DP_,DP,)-clockwise

(ajlszl ’ a.iz/'lll) = (UP_,UP_).

negative saddle

The equilibrium of (x/f;,x;‘]) = (Gjijos1» Ajpjp1y) i @ (UP_,UP_)-negative
saddle.

From the above equations, the equilibrium networks can be developed. Consider
four cases:

e Form = 2m; + 1 and n = 2n; + 1, the corresponding equilibrium networks
can be matrixed.

e Form = 2m; and n = 2n; + 1, the corresponding equilibrium networks can
be matrixed.
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e For m = 2m; + 1 and n = 2ny, the corresponding equilibrium networks can
be matrixed.
e For m = 2m; and n = 2n;, the corresponding equilibrium networks can be
matrixed.
The (UP,,UP,)-positive saddles, (DP,,DP_)-counter-clockwise centers, (DP_,DP,)
-clockwise centers, (UP_,UP_)-negative saddles are determined and counted for
each row and column. Summations of numbers yield the total numbers of positive
and negative saddles and counter-clockwise and clockwise centers.
Define a notation as

m n

U U (Cl./ljzs’ ajziﬂ)
e e’

=11I=1

y XX
(ajuzm»%‘]l) (ajljzm’ajzflz) (ajlj2m=ajzf1")
ajljz(mfl)’ajzill) Ajijr(m—1)> Gjrjs2) *** \Qjjja(m—1)s Ajpjin
(ajljzl’ajzizl) (ajljll’ajzflz) (ajljzl’ajzl'ln) mxn

(i) From the above conditions, for m = 2m; + 1 and n = 2n; + 1, the equilibrium
networks with (2m; + 1) x (2n; + 1) equilibriums have the following properties as
in Eqgs. (4.9)-(4.12).

e For a;jj,0 > 0and aj,j,0 > 0,

2my+12n+1
U U @ aiin
s=1 =1 T oo
XX
(UP,,UP,) (DP_DP,) - -- (UP,,UP,)
saddle (4) center (CW) saddle (+)
(bp_,DP_) (UP_,UP_) --. (DP,,DP_)
= center (CCW) saddle (—) center (CCW)

(UP,,UP,) (DP_DP,) - -- (UP,,UP,)

saddle (+) center (CW) saddle (+)

@m+1)x (2n1+1)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
(ny + 1); the number of (DP_, DP, )-clockwise centers is (m; + 1) x n;; the
number of (UP,, UP_)-positive saddles is (m; + 1) x (n; 4+ 1); and the number
of (UP_, UP_)-negative saddles is m; X n;.
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e For aj,j,0 < 0 and aj,j,0 > O,

2my+12n+1
U U @i aii0)
s=1 =1 T oo
XX
(bp_,DP_) (UP_,UP_) --. (DP,,DP_)
center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) --- (UP,,UP,)

= saddle (+) center (CW) saddle (+)

(DP+;DP,) (UP_;UP,) . . (DP+;DP,)

center (CCW) saddle (—) center (CCW) @m+1)x 2ny+1)

In the network, the number of (DP_., DP_)-counter-clockwise centers is (m; +
1) x (n; 4+ 1); the number of (DP_, DP, )-clockwise centers is m; X np; the
number of (UP., UP, )-positive saddles is m; x (n; 4+ 1); and the number of
(UP_, UP_)-negative saddles is (m; + 1) X n;.

For aj j,0 > 0 and ajj0 < O,

2my+1 2n;+1
U U (@ijos» Ajrji1)
s=1 =1 oo
XX
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) --- (UP_,UP_)

= saddle (—) center (CCW) saddle (—)

(DP_,DP,) (UP,,UP,) --- (DP_,DP,)

center (CW) saddle (+) center (CW) Q@m+1)x 2ni+1)

In the network, the number of (DP., DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP, )-clockwise centers is (m; + 1) x (n; + 1); the
number of (UP,, UP, )-positive saddles is (m; + 1) x n;; and the number of
(UP_, UP_)-negative saddles is m; x (n; + 1).

® Forajj,0 < 0andajjo <0,
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2my+1 2n+1
U U @i aiin)
s=1 =1 oo
XX
(UP_,UP_) (DP,,DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)

= center (CW) saddle (+) center (CW)

(UP_,UP_) (DP,,DP_) --- (UP_,UP_)

saddle (—) center (CCW) saddle (—) @m+1)x 2ny+1)

In the network, the number of (DP,, DP_)-counter-clockwise centers is
(m; 4+ 1) x ny; the number of (DP_, DP. )-clockwise centers is m; x (n; + 1);
the number of (UP., UP, )-positive saddles is m; x n;; and the number of
(UP_, UP_)-negative saddles is (m; + 1) x (n; + 1).

(i) From case (i;), the numbers of positive and negative saddles, clockwise and
counter-clockwise centers for (2m; 4+ 1) x (2n; 4 1)-equilibriums can be calculated
and summarized as in Table 4.1.

(i3) From case (i), with global centers and saddles, the total numbers of limit cycles
and saddles are calculated and obtained as follows as in Egs. (4.13)-(4.16).

e For aj j,0 > 0 and ajj,0 > 0,

Nic =my x (ng + 1) + (my + 1) x ny = 2myny + my + ny;
Nop=m+1)xm +1)4+m xn+1=2mn +m +n; +2.

e Foraj o < 0andajjo > 0,

Nic=m+1)x (m+1)+m xn+1=2mn +my +n; +2;
NSDzml X (n1+1)+(m1+1) X n =2m1n1+m1+n1.

e For aj j,0 > 0 and ajj,0 < 0,

Nic=m+1) xm+1)+m xn +1=2mn +m +n +2;
Nsp =my x (ny + 1)+ (my + 1) x ny = 2myny +my + ny.

e For aj 0 < 0 and aj,ji0 < 0,

Nrc =my x (m + 1) + (my + 1) x ny = 2mny +my + ny;
N5D=(m1+1)x(n1+l)+m1 Xn1+l=2m1n1+m1+n1+2.
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From case (i,), the detailed distributions are listed as in Table 4.2.

(ii;) From the basic properties, for m = 2m; andn = 2n; + 1, the equilibrium
networks with (2m;) x (2n; + 1) equilibriums have the following properties as in

Egs. (4.17)—(4.20).

e For aj j,0 > 0 and ajj,0 > 0,

2m; 2n+1
U U @i @i
s=1 =1 oo
XX
(UP,,UP,) (DP_,DP,) --- (UP,,UP.)
saddle (+) center (CW) saddle (+)
(bp,_,DP_) (UP_,UP_) .- (DP_,DP_)
= center (CCW) saddle (—) center (CCW)
(bpP,_,DP_) (UP_,UP_) --- (DP,,DP_)
center (CCW) saddle (—) center (CCW)

2my)x(2n;+1)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
(n1+1); the number of (DP_, DP, )-clockwise centers is m| X n;; the number of
(UP,, UP, )-positive saddles is m| x (n; + 1); and the number of (UP_, UP_)-

negative saddles is m; x nj.
e For ajj,0 < 0 and ajj,0 > 0,

2m; 2n1+1
U U @ @i
s=1 =1 oo
XX
(DP,,DP_) (UP_,UP_) - -- (DP, ,DP_)
center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) - -- (UP,,UP,)
= saddle (+) center (CW) saddle (+)
(UP,,UP,) (DP_,DP,) - -- (UP,,UP,)
saddle (+) center (CW) saddle (+)

2m))x(2n;+1)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
(n141); the number of (DP_, DP, )-clockwise centers is m X i ; the number of
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(UP,, UP, )-positive saddles is m; x (n; + 1); and the number of (UP_, UP_)-
negative saddles is m; X n;.
e Foraj o > 0andajjo <0,

2my 2n)+1
U U @iosr aiiit)
s=1 1=l o
XX
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW)
(Up_,UpP_) (DP,,DP_) --- (UP_,UP_)

= saddle (—) center (CCW) saddle (—)

(UP,;UP_) (DP+;DP_) - - (UP,;UP_)

saddle (—) center (CCW) saddle (—)

2my)x(2n;+1)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
n1; the number of (DP_, DP_ )-clockwise centers is m; x (n; + 1); the number
of (UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is m; x (n; + 1).

e Foraj 0 < 0andajjo <0,

2m; 2n+1
U U @ups ain
s=1 1=l T
XX
(Up_,upP_) (DP,,DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)

= center (CW) saddle (4) center (CW)

(DP_,DP.) (UP,,UP,) --- (DP_,DP,)

center (CW) saddle (4) center (CW)

(2my)x(2n+1)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; X
n1; the number of (DP_, DP )-clockwise centers is m; x (n; + 1); the number
of (UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is m; x (n; + 1).

(i) From case (ii;), the numbers of positive and negative saddles, clockwise and
counter-clockwise centers for (2m;) x (2n; + 1)-equilibriums are calculated and
summarized as in Table 4.3.
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(ii3) From case (iiy), due to without global centers and saddles existing, the total
numbers of limit cycles and saddles are obtained as follows as in Egs. (4.21)—(4.24).

e For aj,j,0 > 0 and aj,j,0 > 0,

Nrc = my x (ny + 1) +my x ny = my(2ny + 1);
NSD =m; X (n1 +1)+m1 X ny =m1(2n1 + 1)

e For ajj,0 < 0 and ajj,0 > 0,

Nrc =my x (g + 1) +my x ny =my(2ny + 1);
Ngp =m; x (np + 1) +my x ny = my(2ny + 1).

e For aj,j,0 > 0 and aj,ji0 < 0,

Ny =my x (mp+ 1) +my x ny =m(2ny + 1);
N5D=m1 X (n1 +1)+m1 X ny =m1(2n1 +1)

e For aj j,0 < 0 and ajj,0 < 0,

Nic =my x (g + 1) +my x ny =my(2ny + 1);
Nsp=my X (my + 1) +my xnp =mQ2ny + 1).

Such a (2m;) x (2n; + 1)-polynomial systems have the same numbers of saddles
and centers. From case (iiy), the detailed descriptions are given as in Table 4.4.

(iii;) From the basic properties, for m = 2m; + 1 and n = 2n;, the equilibrium
networks with (2m; 4+ 1) x (2n;) equilibriums have the following properties as in
Eq. (4.25)-(4.28).

e For ajj,0 > 0and aj,j,0 > 0,

2my+1 2n,
U U (aj,joss Ajrji1)
s=1 =1 oo
XX
(DP_,DP,) (UP,,UP,) --- (UP,,UP,)
center (CW) saddle (+) saddle (4)
(UP_,UP_) (DP,,DP_) --. (DP,,DP_)

= saddle (—) center (CCW) center (CCW)

(DP_,DP.) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (4) @my+1)x(2ny)
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In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
n1;the number of (DP_, DP_ )-clockwise centers is (m;+ 1) x 1 ; the number of
(UP., UP,)-positive saddles is (11, + 1) x n;; and the number of (UP_, UP_)-
negative saddles is m; x nj.

e For ajj,0 < 0 and ajj,0 > 0,

2mi+1 2n;
U U @ipss @i
s=1 1=1 oo
XX
(UP_,UP_) (DP,,DP_) --. (DP,,DP_)
saddle (—) center (CCW) center (CCW)
(DP_,DP.) (UP,,UP,) --- (UP,,UP,)

= center (CW) saddle (+) saddle (+)

(UP_;UP,) (DP+;DP,) . (DP+;DP,)

saddle (—) center (CCW) center (CCW) Qmi+1)x(2ny)

In the network, the number of (DP,, DP_)-counter-clockwise centers is (m; +
1) x ny; the number of (DP_, DP, )-clockwise centers is m; X n; the number
of (UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is (m; + 1) x nj.

e For ajj,0 > 0and aj,j,0 <0,

2mi+1 2n
U U @ aiin
s=1 =1 T
XX
(UP,,UP,) (DP_,DP,) --- (DP_,DP,)
saddle (4) center (CW) center (CW)
(bpP_,DP_) (UP_,UP_) .- (UP_,UP_)

= center (CCW) saddle (—) saddle (—)

(UP,.,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW) @mi+1)x(2n)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
n1;the number of (DP_, DP_ )-clockwise centers is (m;+ 1) x ny; the number of
(UP,, UP, )-positive saddles is (m; + 1) x n;; and the number of (UP_, UP_)-
negative saddles is m; X n.

e For ajj,0 < 0 and ajj,0 < 0,
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2my+1 2ny

U U (G jos» Ajpji1)

s=1 [I=1 XX

(DP,,.DP_) (UP_,UP_) ---

4 Homoclinic Networks with Centers

(UP_,UP_)

center (CCW) saddle (—)

(UP,,UP,) (DP_DP,) - --

saddle (—)
(DP_,DP,)

saddle (+) center (CW)

(DP,,DP_) (UP_,UP_) - --

center (CW)

(UP_;UP,)

center (CCW) saddle (—)

saddle (—) (2m1+1)x(2ny)

In the network, the number of (DP_., DP_)-counter-clockwise centers is (m; +
1) x ny; the number of (DP_, DP, )-clockwise centers is m; X ny; the number
of (UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-

negative saddles is (m; + 1) x ny.

(iii;) From case (iii;), the numbers of positive and negative saddles, clockwise and
counter-clockwise centers for (2m; + 1) x (2n;)-equilibriums are calculated and

summarized as in Table 4.5.

(iii3) From case (iiip), due to without global centers and saddles existing, the total
numbers of limit cycles and saddles are calculated and obtained as follows as in

Egs. (4.29)-(4.32).

e For aj,j,0 > 0 and aj,j,0 > 0,

Nic = (my + 1) X ny +my
Nsp = (my + 1) X ny +my

e For ajj,0 < 0 and ajj,0 > 0,

Nic = (m 4+ 1) x ny +my
Nsp = (m; + 1) x ny +my

e For aj,j,0 > 0 and aj,ji0 < 0,

Nrc = (my + 1) x ny +m
Nsp = (my + 1) x ny +my

e For ajj,0 < 0 and ajj,0 < 0,

Nic = (m + 1) x ny +my
Nsp = (my + 1) X ny +my

x ny = (2my + Dny;
X n = (2m1 + l)nl
x ny = (2m + Dny;
x ny = 2m; 4+ )n;.
x ny = (2my + Dny;
X ny = (2m1 + l)l’ll
x ny = (2my + Dny;
x ny = 2m; 4+ )ny.
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From case (iii3), the detailed descriptions are given as in Table 4.6.

175

(ivy) From the basic properties, for m = 2m; and n = 2ny, the equilibrium networks
with (2m;) x (2n;) equilibriums have the following properties as in Egs. (4.33)—

(4.36).

e For aj j,0 > 0 and ajj,0 > 0,

2m1 27[1

UU @i i) =
—— —

s=11=1 XX

(bP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+)
(UP_,UP_) (DP,,DP_) --. (DP,,DP_)
saddle (—) center (CCW) center (CCW)

(UP_,UP.) (DP+;DP,) ... (DP,.DP_)

saddle (—) center (CCW) center (CCW)

(2my)x (2ny)

In the network, the number of (DP,., DP_)-counter-clockwise centers is m; x
n1; the number of (DP_, DP_)-clockwise centers is m; x nj; the number of
(UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is m; x nj.
e For ajj,0 < 0and aj,j,0 > 0,

2m; 2ny

UU @ioss ai) =
—_——

=1 |=
K =1 XX

(UpP_,UP_) (DP,,DP_) --. (DP,,DP_)

saddle (—) center (CCW) center (CCW)
(DP_,DP,) (UP,,UP,) --- (UP,,UP,)
center (CW) saddle (+) saddle (+)

(DP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+)

(2my)x (2ny)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
np; the number of (DP_, DP_)-clockwise centers is m; x n; the number of
(UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is m; x nj.
e For aj j,0 > 0 and ajj,0 < 0,
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(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW)
— (DP,.DP_) (UP_,UP_) --- (UP_,UP_)
U U (ajl_,-zs, ajz,-ll) = center (CCW) saddle (—) saddle (—)
_/_/ . . . .

s=11=1 XX

(bP_,DP_) (UP_,UP_) .- (UP_,UP_)

center (CCW) saddle (—) saddle (—) @my)x2ny)

In the network, the number of (DP,, DP_)-counter-clockwise centers is m; x
ny; the number of (DP_, DP_,)-clockwise centers is m; X n; the number of
(UP,, UP,)-positive saddles is m; x n;; and the number of (UP_, UP_)-
negative saddles is m; x nj.

e For a0 < 0 and aj,j0 < 0,

(DP,,DP_) (UP_,UP_) --- (UP_,UP_)

center (CCW) saddle (—) saddle (—)
— (UP,,UP,) (DP_,DP,) --- (DP_,DP,)
U U (ajlszv ajzj],) = saddle (+) center (CW) center (CW)

s=1I=
s=11=1 XX

(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW) @my)x(2ny)

In the network, the number of (DP., DP_)-counter-clockwise centers is m; X
ny; the number of (DP_, DP_ )-clockwise centers is m; X n; the number of
(UP,, UP, )-positive saddles is m; x ny; and the number of (UP_, UP_)-
negative saddles is m; X n;.

(ivy) From case (ivy), the numbers of positive and negative saddles, clockwise
and counter-clockwise centers for (2m;) x (2n;)-equilibriums are calculated and
summarized as in Table 4.7.

(iv3) From case (iv;). Due to without global centers and saddles existing, the total
numbers of limit cycles and saddles are obtained as follows as in Eqs. (4.37)—(4.40).

e For aj j,0 > 0 and ajj,0 > 0,

Nic = my X ny +my X np = 2mny;

Nsp =my X ny +my X ny = 2mn;.
e For aj 0 < 0 and aj,j,0 > 0,

Nic =my X np +my x ny = 2mny;
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Nsp =my X ny +my X ny = 2mn;.
e Foraj o > 0andajjo <0,

Nic =my X ny +my X np = 2mny;

Ngp = my X ny +my X ny = 2mn;.
e For a;jj,0 < 0andaj,jo <0,

NLC =m; X ny +m; X n =2m1n1;

Nsp =my X ny +my X ny = 2mn;.
From case (iv,), the detailed descriptions of limit cycles and saddles are given as in

Table 4.8.
In the end, Theorem 4.1 is proved.

4.3 Homoclinic Networks with Centers

As in Luo [1], the networks for limit cycles and saddles in lower-degrees polynomial
system with crossing-univariate vector fields are presented for a better understanding
of the Hilbert’s sixteenth problem.

(A) Consider a quadratic dynamical system with (2m;) x (2n;) = 2 x 2 equilibriums
as

X1 = apo(x2 — app)(x —an),

X = asio(x1 — az11) (X1 — az2)- (4.41)

and the first integral manifold is determined by

1
61120{5[@2 —ap)’ — (o — a)’]
1
+ E(am —am)[(2 — a)® — (o — 0121)2]}
1
= a210{§[(xl — 1)’ = (xi0 — @211)’]

1
+ E(azn — axp)[(x1 — aan)® — (x10 — 0211)2]}- (4.42)
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(© (d)

Fig. 4.1 Phase portraits for 2-dimensional systems on the x| -direction with x] = a211, a212 and on
the x;-direction with xi‘ = aja1, ar22. The four sets of four simple equilibriums: a (aj20 > 0,a2190 >
0), b (a120 < 0, az10 > 0), ¢ (a120 > 0, az10 < 0),d (a120 < 0, az10 < 0)

Phase portraits for 2-dimensional systems near the simple equilibriums of the
saddles and centers are presented in Fig. 4.1(a—d) for (ajp0 > 0,a210 > 0),
(a0 < 0,az10 > 0), (a0 > 0,a210 < 0) and (a10 < 0,a219 < 0). The
numbers of limit cycles and centers are tabulated in Table 4.9. The six equilibriums
are three saddles and three centers. There are three limit cycles around the centers and
three closed separatrices connected three saddles. The blue curves show the (2,2)-
inflection-saddles, which will be discussed in the next chapter. The network matrices
of saddle and centers are generated by the (2,2)-inflection-saddles, as presented as
follows.



(@121, a211) (ap21, az12)

(UP, ,UP,) (DP_,DP,)

center (CW)
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Table 4.9 Numbers of limit cycles and saddles in networks for 2 x 2-equilibriums
(@120, a210) | Numbers
(DP,., DP_)-center | (DP_, DP_ )-center | (DP4, DP, )-saddle | (DP_, DP_)-saddle
(CCW) (CW) +) (=)
(+, +) my xnp =1 mp xnp =1 my xnp =1 my X np =1
(—,+) my xn;p =1 my xn =1 my xn;p =1 my xn =1
(+, —) my xnp =1 my xnp =1 my xnp =1 mp xnp =1
(—,—) mp xn;p =1 my xn =1 mp xnp =1 mp xn =1
e For azio > 0 and ajpo > 0,
(DP_,DP,) (UP,,UP,)
{ (a122, a211) (a122, az12) } _ ] cenerew)  saddle (+) (4.43)
(a121, a211) (ai21, az12) (UP_,UP_) (DP,,DP_)
saddle (—) center (CCW)
e For azrig < 0 and ajpo > 0,
(UP_,UP_) (DP,,DP_)
{ (a122, an11) (d122,61212)} _ saddle (=) center (CCW) (4.44)
(a121, a211) (ai21, az12) (DP_,DP,) (UP,,UP,)
center (CW) saddle (+)
e For ario > 0 and apg < 0,
(UP4,UP,) (DP_,DP,)
{(4122,61211) (a122»0212)} _ saddle (4)  center (CW) (4.45)
(a121, a211) (aiz1, az12) (DP,.DP_) (UP_,UP_)
center (CCW) saddle (—)
e For ary < 0 and apny < 0,
(DP,,DP_) (UP_,UP_)
{(mzz,azu) (a122,61212)} _ ] centerccow)  saddle () . (4.46)

saddle (+)

(B) Consider a quadratic dynamical system with (2m;) x 2n; +1) = 2 x 3
equilibriums as
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X1 = apo(x2 — app)(x — axn),

] 4.47)
Yo = azo(x1 — az211) (X1 — a212) (X1 — az13)-
and the first integral manifold is determined by
a e 3 _ 3
12013 [(r2 = a121)® = (r20 — a121)’]
1
+ E(am —am)[(2 — a21)® — (x0 — 0121)2]]
1
= 0210{1[(961 —axn1)* = (x10 — a2n)?]
+ 1(2a — ayy — —ax)® — (x10 — aany)’
3 (24211 — dan a3)[(x1 — @)’ — (x10 — a211)’
1
+ 5(61211 — axp)(az11 — axn3)[(x1 — a2nn)® — (xio — 0211)2]]. (4.48)

Phase portraits for 2-dimensional systems with saddles and centers are presented
in Fig. 4.2a—d for (a120 > 0, azlp > 0), ((1120 < 0, azlp > 0), (6112() > 0, azo < 0)
and (a1p0 < 0, az10 < 0). The six equilibriums are three saddles and three centers.
There are three limit cycles around the centers and three closed separatrices connected
three saddles. The blue curves show the (2,3)-parabola-saddles, which will be
discussed in the next chapter. The numbers of saddles and centers are tabulated
in Table 4.10.

(i) Forajy > 0and a9 > 0,

{ (@122, a211) (@122, a212) (@122, G213) }
(a121, az11) (a121, a212) (a1, a213)

(UP,,UP,) (DP_,DP,) (UP,,UP,)

(4.49)
saddle (+) center (CW) saddle (+)
(bp_,DP_) (UP_,UP_) (DP,,DP_)
center (CCW) saddle (—) center (CCW)
(i1) For ajpg < 0 and asyp > 0,
{ (@122, a211) (@122, a212) (@122, a213) }
(a121, az11) (aia1, a212) (a1, a213)
(bP_,DP_) (UP_,UP_) (DP,,DP_) (4.50)

center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+) center (CW) saddle (+)
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(b)

Fig. 4.2 Phase portraits for 2-dimensional systems with x = az11, @212, a213 and x3 = aj1, a122.
The four sets of six simple saddle and center: a (aj20 > 0, a210 > 0), b (a120 < 0, a210 > 0),
¢ (ao > 0,a210 < 0),d (a0 < 0,a210 < 0)
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4 Homoclinic Networks with Centers

Fig. 4.2 (continued)

Table 4.10 Numbers of limit cycles and saddles in networks for 2 x 3-equilibriums

(a120, a210)

Numbers

(DP4, DP_)-center
(CCw)

(DP_, DP. )-center
(CW)

(UP4, UP4)-saddle
)

(UP_, UP_)-saddle
(=)

(+,+)

my x (n+1)=2

mp xnp =1

m X +1)=2

my xnp =1

=+

m X +1)=2

my xn =1

m xm+1)=2

mp xn =1

+. -

my xnp =1

m x(m+1)=2

my xnp =1

my x (m+1)=2

(=)

my xnp =1

myx (n +1)=2

my xnp =1

my x (m+1)=2
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(iii) For ajpg > 0 and a;y < O,

{ (a122, az11) (ai22, a212) (@122, G213) }
(@121, az11) (ai21, az212) (a2, a213)

(DP_,DP,) (UP,,UP,) (DP_,DP.)

4.51)
center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) (UP_,UP_)
saddle (—) center (CCW) saddle (—)
(iv) For ajy < 0and axyg < 0,
{ (@122, a211) (@122, a212) (@122, a213) }
(a121, a211) (@21, a212) (az1, az13)
(UP_,UP_) (DP,.DP_) (UP_,UP_) )

saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) (DP_,DP,)

center (CW) saddle (+) center (CW)

(C) Consider a cubic dynamical system with (2m; + 1) x (2n;) = 3 x 2 equilibriums
as

X1 = apo(x — ap))(x) — ain) (X — as),

Jp = axio(x1 — az11) (X1 — az12), (4.53)

and the first integral manifold is determined by

1
6210{5[()61 —ax1)’ — (x10 — an)’]
1
+ 5(0211 — ax)[(x1 — a211)* — (x10 — a2“)2”
1
= alzo{ Z[(JQ —ap)* = (0 — am)?]
1 3 3
+ 5(261121 —amm — a13)[ (2 — a21)’ — (X0 — a121)’]
1 2 2
+ 5(0121 — ain) (@i — a3)[ (2 — ai21)” — (x20 — ar21) ]} (4.54)

From the first integral manifold, the corresponding center and saddle networks are
given as follows.

(i) For ajpy > 0 and axyp > 0,
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(@123, az11) (aizs, azi2)
(@122, az11) (ai2, aziz)
(a121, az11) (aiz1, a2i2)

(i) For ajpy < 0 and axyy > 0,

(a123, az11) (ains, az12)
(a122, az11) (ai2, az212)
(a121, az11) (ain1, az212)

(111) For ao > 0 and arl < 0,

(a123, a211) (a123, a212)
(a122, a211) (a122, a212)
(a21, a211) (apz1, a212)

(iv) Forajy < 0and axip < O,

(a123, az11) (ains, az212)
(a122, az11) (ai2, az12)
(a121, az11) (ain1, az212)

4 Homoclinic Networks with Centers

(DP_,DP,) (UP,,UP,)

center (CW) saddle (+)
(UP_,UP_) (DP,,DP_)

saddle (—) center (CCW)
(DP_,DP,) (UP,,UP,)

center (CW) saddle (+)

(4.55)

(UP_,UP_) (DP,.DP_)

saddle (—) center (CCW)
(DP_,DP,) (UP,,UP,)

center (CW) saddle (+)
(UP_,UP_) (DP,,DP_)

saddle (—) center (CCW)

(4.56)

(UP,,UP,) (DP_,DP,)

saddle (+) center (CW)
(DP_,DP_) (UP_,UP_)

center (CCW) saddle (—)
(UP,,UP,) (DP_,DP,)

saddle (+) center (CW)

(4.57)

(DP_,DP_) (UP_,UP_)

center (CCW) saddle (—)
(UP,,UP,) (DP_,DP,)

saddle (+) center (CW)
(DP_,DP_) (UP_,UP_)

center (CCW) saddle (—)

(4.58)

Phase portraits for 2-dimensional systems with the saddles and centers are
presented in Fig. 4.3a—d for (alzo > 0, azlp > 0), (alzo < O, azlo > O), (alzo > O,
az1o < 0)and (ajp < 0, a0 < 0). The six equilibriums are three saddles and three
centers. There are three limit cycles around the centers and three closed separatrices
connected three saddles. The blue curves show the (3,2)-parabola-saddles, which will
be discussed in the next chapter. The numbers of saddles and centers are tabulated

in Table 4.11.
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T

(b) (d)

Fig. 4.3 Phase portraits for 2-dimensional systems with x{ = a211, a212 and x; = ai21, a122, a123.
The four sets of six simple saddle and center: a (aj20 > 0,a210 > 0), b (a120 < 0,a210 > 0),
¢ (a0 > 0,a210 < 0),d (arz0 < 0, a210 < 0)
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Table 4.11 Numbers of limit cycles and saddles in networks for 3 x 2-equilibriums

(a120, a210) | Numbers
(DP,., DP_)-center | (DP_, DP_ )-center | (UP4, UP, )-saddle | (UP_, UP_)-saddle
(CCW) (CW) +) (—)
(+,+) my xny =1 i+ xn =2 m+D)xn=2|mxn=1
(=1 (mi+ 1) xn =2 |mxn =1 myxn =1 (1) x =2
(+,-) mp xn =1 m+Dxn =2 m+Dxnm=2|mxn =1
(= -) (m+1)xnm=2|m xn =1 my xny =1 m +1) xn =2

(D) Consider a cubic dynamical system with 2m; + 1) x 2n; +1) = 3 x 3
equilibriums as

X1 = ano(x2 — ap) (2 — a122) (X2 — ai3),

Yo = ano(x1 — a211) (X1 — a212) (X1 — a213), (4.59)
and the first integral manifold is determined by
1
alzo{z[(xz —am)* — (o — a)?]
1 3 3
+ 5(20121 — a1 — a3)|[ (2 — ai21)’ — (20 — a121)’]
1 _ _ _ 2 _ 2
+ 2(61121 ain)(ant — a3)|[ (2 — a121)” — (0 — a121)?]
1
= a210{ Z[(xl —ax)* — (x10 — aan)*]
1 3 3
+ 5(20211 — a2 — ax3)[ (1 — a211)’ — (x10 — a211)’]
1 _ _ _ 2 _ 2
+ 2(61211 ay2) (a1 — ax3)[(x1 — a211)” — (x10 — a211)°] §- (4.60)

Phase portraits for 2-dimensional systems with the saddles and centers are
presented in Fig. 4.4a—d for (ajp0 > 0,a210 > 0), (@10 < 0,a210 > 0),
(aino > 0, a210 < 0)and (ajz9 < 0, az19 < 0). The six equilibriums are three saddles
and three centers. There are three limit cycles around the centers and three closed
separatrices connected three saddles. The blue curves show the (3,3)-clockwise
center, (3,3)-counter-clockwise centers, (3,3)-positive saddle, (3,3)-negative saddle.
Such center and saddle bifurcations will be discussed in the next chapter. The numbers
of saddles and centers are tabulated in Table 4.12. For the (3,3)-centers, there are six
centers. For the (3,3)-saddles, there are six saddles. The equilibrium properties in the
homoclinic networks are listed as follows.
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X
1 Don A a,

(b)

Fig. 4.4 Phase portraits for 2-dimensional systems with x] = a1, a212, a213 and x5 = ajzy,
aiz, aizz. The four sets of nine simple saddle and center: a (aj20 > 0,a210 > 0), b (aj20 <
0, az10 > 0), ¢ (a120 > 0, az10 < 0),d (@120 < 0, az10 < 0)
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Table 4.12 Numbers of limit cycles and saddles in networks for 3 x 3-equilibriums

(a0, az1p) | Numbers
(DP,., DP_)-center | (DP_, DP_ )-center | (UP4, UP, )-saddle | (UP_, UP_)-saddle
(CCW) (CW) +) -)

(+, +) mxm+D)=2|m+1)xn =2 |m+1)xm+1)|mxn =1

+1=5

(= +) (my+1) x@m+1)|m xn =1 mp x (n+1)=2 | (m+1)xn =2
+1=5

(+,-) my xnp =1 m+D)xm+D | m+)xn=2 |mxm+1)=2

+1=5
(=, =) (m+1)xn =2 |mxn+1)=2|m xn =1 (my+1) x (n+1)

+1=5

(1) For ao > 0 and azlp > O,

3 3
UU @jos @) =
—_——

s=11=1

(i1) For ajpg < 0 and azg > 0,

XX

3 3
U @ios> apist) =

s=1 1=

(iii) For ajpy > 0 and azjp < 0,

—_——
! XX

(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+) center (CW) saddle (+)
(bp_,DP_) (UP_,UP_) (DP,,DP_)

center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+)

saddle (+) center (CW)

(DP,,DP_) (UP_,UP_) (DP, ,DP_)

center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+) center (CW) saddle (+)
(bP_,DP_) (UP_,UP_) (DP,,DP_)

center (CCW) saddle (—) center (CCW)

4.61)

(4.62)
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(DP_,DP,) (UP,,UP.) (DP_,DP,)

center (CW) saddle (4) center (CW)
(UP_,UP_) (DP,.DP_) (UP_,UP_)
(@jsjoss @jpji1) =

1 ———’ saddle (—) center (CCW) saddle (—)
XX (DP_,DP,) (UP,,UP,) (DP_,DP,)

center (CW) saddle (+) center (CW)

Cw

U

s=1

(iv) Forajry < 0and azjp < 0,

(UP_,UP_) (DP, .DP_) (UP_,UP_)

saddle (—) center (CCW) saddle (—)

3
) (DP_,DP,) (UP, ,UP,) (DP_,DP,)
UU @i i) = i g i (4.63)
s=1 I=1 — center (CW) saddle (+) center (CW)
XX (UP_,UP_) (DP,,DP_) (UP_,UP_)

saddle (—) center (CCW) saddle (—)

(E) Consider a dynamical system with (2m; + 1) x (2n;) = 3 x 4 equilibriums as

X1 = apo(x — app) (2 — a1)(x — a13),

. (4.64)
Xy = ap10(x1 — a211) (X1 — az12) (X1 — a213) (X1 — a214),

and the first integral manifold is determined by

1
0120{1[()62 — apy)* — (o — any,)’]

3
1
+ 3 E (@25, — a125,))[ (02 — @121) = (x20 — @121)’]
so=1,5275]

1 3
+ 5 nszzlﬂ#sl (@125, — a125,)[ (02 — @125))* — (x20 — alZsl)z]}

1
= ay0] <[(x1 — a21)’ = (x10 — a21,)’]
E

4

1 4 4

+y Z (@21, — ap)[(1 = a2i)* = (x10 — a21r,)*]
bL=2.,#1,

4
1 I3 3 3
+3 Z H’:[z (@21, — an)[ (1 = a2,)* = (x10 — aan))’]

b, =1,L,#l
(h<b)

1 4
+ 3 l—[lzzz,lz#] (a1, — azip)[ (01 — a21,)* — (x10 — 61211,)2]}- (4.65)
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The equilibrium properties in the homoclinic networks are listed as follows.

(i) Forajp > 0and a9 > 0,

(DP_,DP,) (UP,,UP,) (DP_,DP,) (UP,,UP,)

center (CW) saddle (+) center (CW) saddle (+)
3 (UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)
UU @ioss aii) =

s=1 I=1 — saddle (—) center (CCW) saddle (—) center (CCW)
XX (DP_,DP.) (UP,,UP,) (DP_,DP,) (UP,,UP,)
center (CW) saddle (4) center (CW) saddle (+)
(4.66)

(i) For ajpy < 0 and axyg > 0,

(UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)

saddle (—) center (CCW) saddle (—) center (CCW)

’ (DP_,DP,) (UP,,UP,) (DP_,DP.) (UP,,UP,)
UU @is i) =

center (CW) saddle (+) center (CW) saddle (+)
(UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)

saddle (—) center (CCW) saddle (—) center (CCW)
(4.67)

s=1[=1

a{

(111) For ano > 0 and ao < 0,

(UP,.,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,)

saddle (+) center (CW) saddle (+) center (CW)
(bP,,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)

4 3
UU @ips aiir) =

s=1 I=1 T center (CCW) saddle (—) center (CCW) saddle (—)
(UP,,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,)
saddle (4) center (CW) saddle (+) center (CW)
(4.68)

(lV) For apng < 0 and arl < O,

(bP_,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)
center (CCW) saddle (—) center (CCW) saddle (—)

’ (UP,.,UP,) (DP_,DP,) (UP, ,UP,) (DP_DP,)
UU @is i) =

saddle (+) center (CW) saddle (+) center (CW)
(bP_,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)

center (CCW) saddle (—) center (CCW) saddle (—)
(4.69)

s=1[=1

a{
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Phase portraits for 2-dimensional systems with the saddles and centers are
presented in Fig. 4.5a—d for (a120 > 0, azi0 > 0), (@120 < 0, az190 > 0), (a120 > O,
azip < 0) and (ajpp < 0, az10 < 0). The twelve equilibriums are six saddles and
six centers. There are six limit cycles around the centers and six closed separatrices
connected six saddles. The blue curves show the (3,4)-parabola-saddles, which will
be discussed in the next chapter. The numbers of saddles and centers are tabulated
in Table 4.13.

(F) Consider a quartic dynamical system with (2m;) x (2n;+1) = 4 x 3 equilibriums
as

X1 = apo(x2 — app) (2 — a122) (% — a123) (X2 — ai4),

) (4.70)
Jo = azo(x1 — az211) (x1 — a212) (X1 — a213),
and the first integral manifold is determined by
1
6l120{ g[(xz —any)’ — (o — any,)’|
L4
*t7 Z (@125, — a125,)[ (2 — @12)* = (x20 — @121)*]
S2=1,5275S1
1 4 53
+ 3 Z l—[ (@25, — a12)[(x2 — @125))” — (20 — a124))°]
52,53=1,52,53%s] r=52
(s2<53)
;A
+ 3 l—[ (@125, — a12)[ (02 — @124,)* — (20 — a12s1)2]}
so=1,83781
1
= 61210{1[(361 —ay)* = (x10 — a2y,
B
+ 3 Z (@1, — aa)[ (1 — a211)* — (x10 — a21)?]
h=2.L#l
T
+5 T @i —awle—aun)? - eo—aw}. @7

hL=2,L#l
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Apy3
T 4
-y
X, a1 D1n ay3 D14
(a)
"""" .' T T i

XOK -
0 ©

apy

A3 m
(b)

Fig. 4.5 Phase portraits for 2-dimensional systems with x| = a1, a212, @213, a214 and x; =
aini, ai, a123. The four sets of nine simple saddle and center: a (ajp9 > 0, azjo > 0), b (aj20 <
0, az10 > 0), ¢ (a120 > 0, a210 < 0),d (@120 < 0, az10 < 0)



Fig. 4.5 (continued)
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Table 4.13 Numbers of limit cycles and saddles in networks for 3 x 4-equilibriums

(a120, a210)

Numbers

(DP4, DP_)-center
(CCcw)

(DP_, DP, )-center
(CW)

(UP4, UP4 )-saddle
(+)

(UP_, UP_)-saddle
(=)

(+, +) my X np =2 m+1D)xn =4 |m+1)xn =4 |m xn =2
(—,+) m+1)xn =4 |m xn =2 my xnyp =2 (m +1)xn =4
(+,-) mp xnp =2 m+Dxn=4|m+1)xn=4 mxn=2
(—,—) m +1)xn =4 |m xn =2 my X nyp =2 (m +1)xn =4

The equilibrium properties in the homoclinic networks are listed as follows.

(1) For ao > 0 and azlp > 0,

3 4
U U aj]sz9 Ajpjy1) =
s=1 =

(11) For apng < 0 and azlp > 0,

XX

3 4
U @os> apisn) =

s=

(111) For ao > 0 and arl < O,

1

|

=1 XX

(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (4) center (CW) saddle (+)
(DP...DP_) (UP_,UP_) (DP,,DP_)

center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+) center (CW) saddle (+)
(bp_,DP_) (UP_,UP_) (DP,,DP_)

center (CCW)

saddle (—) center (CCW)

(bP,,DP_) (UP_,UP_) (DP,,DP_)

center (CCW) saddle (—) center (CCW)
(UP,.,UP,) (DP_,DP,) (UP,,UP,)

saddle (4) center (CW) saddle (+)
(DP, .DP_) (UP_,UP_) (DP, .DP_)

center (CCW) saddle (—) center (CCW)
(UP,,UP,) (DP_,DP,) (UP,,UP,)

saddle (+)

center (CW) saddle (+)

4.72)

(4.73)
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(DP_,DP,) (UP,,UP,) (DP_,DP,)

center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) (UP_,UP_)

3 4
saddle (—) center (CCW) saddle (—)
(@jijoss Ajju1) = § o . (4749
g ,L=J1 LX,X’L (DP_,DP,) (UP,,UP,) (DP_,DP,)

center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) (UP_,UP_)

saddle (—) center (CCW) saddle (—)

(iv) Forajyy < 0and azjp < 0,

(UP_,UP_) (DP_,DP_) (UP_,UP_)

saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) (DP_DP,)
3

4
center (CW) saddle (+) center (CW)
D) = . @475
gg(“mz' %) =\ (UP_,UP_) (DP,.DP_) (UP_,UP.) .75)

saddle (—) center (CCW) saddle (—)
(DP_,DP,) (UP,,UP,) (DP_,DP,)

|

XX

center (CW) saddle (+) center (CW)

Phase portraits for 2-dimensional systems with the saddles and centers are
presented in Fig. 4.6a—d for (ajp0 > 0,a210 > 0), (@120 < 0,a210 > 0),
(a0 > 0,a210 < 0) and (ajpp < 0, a210 < 0). The twelve equilibriums are six
saddles and six centers. There are six limit cycles around the centers and six closed
separatrices connected six saddles. The blue curves show the (4,3)-parabola-saddles,
which will be discussed in the next chapter. The numbers of saddles and centers are
tabulated in Table 4.14.

(G) Consider a quartic dynamical system with (2m;) x (2n;) = 4 x 4 equilibriums
as

X1 = apo(x — an)) (2 — a) (2 — ags)(x2 — ana),

X = ax10(x1 — az11) (X1 — az12) (X1 — az13) (x1 — a24), (4.76)

and the first integral manifold is determined by

1
6l120{ g[(xz —any)’ — (o — any,)’|
L4
+ 1 Z (@125, — a125,)[ (2 — a12)* = (x20 — @121)*]

Sg:l,sz#sl
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Table 4.14 Numbers of limit cycles and saddles in networks for 4 x 3-equilibriums

(a120, a210) | Numbers
(DP,., DP_)-center | (DP_, DP_ )-center | (UP4, UP, )-saddle | (UP_, UP_)-saddle
(CCW) (CW) (+) (=)
(+,+) myx(n+1)=4|m xn =2 my X (n+1)=4 |m xn =2
(= +) myx (m+1)=4 |m xn =2 mxm+1D)=4 |m xn =2
+,-) mp xnp =2 myxm+1)=4|m xn =2 mp x (n+1)=4
(—,—) m; X np =2 m X (nm+1)=4 |m xn =2 my X (n+1)=4
1 ! -
+3 Z l_[ (@125 — an)[(v2 — anny,)* = (20 — a@12,)’]
$2,83=1,82,537#8] =52
(s2<s3)
1 4
+ 3 l_[ (@125, — A1) [ (2 — @125,)* — (20 — alZsl)z]]
s2=1,5375)

1
= 0210{5[(161 —axy)’ — (xi0 — aa1y,)’ ]

4

! 4 4

+2 Z (a2, — aai,) [ (1 = azu)* — (x10 — @21y,)*]
b=2.,#1,

4 s
| :
t3 > T @ —an) [ —a)® = (o — aau)’]

bL,=1,L,l3#l r=I
(<h)

4
1_[ (a21y, — 612112)[(?61 —any,)? — (xi0 — a2111)2]}-

hLh=2,L#]

1

Lo 4.77)

The equilibrium properties in the homoclinic networks are listed as follows.

(1) For ano > 0 and azlp > 0,

(DP_,DP,) (UP,,UP,) (DP_,DP,) (UP,,UP,)

center (CW) saddle (+) center (CW) saddle (+)
(UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)

saddle (—) center (CCW) saddle (—) center (CCW)
(DP_.DP,) (UP,,UP,) (DP_,DP,) (UP,,UP,)

center (CW) saddle (4) center (CW) saddle (+)
(UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)

center (CCW)
(4.78)

4 4
U @as> apisn) =
— _ %/_/
s=1[=1 XX

saddle (—) center (CCW) saddle (—)
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(11) For apno < 0 and azlp > 0,

Uy

s=1 =1

(ajljzs’ aijll) =
— —_——
XX

(UP_,UP_) (DP,,DP_) (UP_,UP_) (DP,,DP_)
saddle (—) center (CCW) saddle (—) center (CCW)
(DP_,DP,) (UP,,UP,) (DP_,DP.) (UP,,UP,)
center (CW) saddle (+) center (CW) saddle (+)
(UP_,UP_) (DP_,DP_) (UP_,UP_) (DP,,DP_)
saddle (—) center (CCW) saddle (—) center (CCW)
(DP_,DP,) (UP,,UP,) (DP_,DP.) (UP,,UP,)
center (CW) saddle (+) center (CW) saddle (+)
4.79)

(iii) For ajpy > 0 and az;p < 0,

Uy

s=1[1=1

(@) jos» @jpji1) =
—_———
XX

(UP,,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,)

saddle (+) center (CW) saddle (+) center (CW)
(bp,.,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)

center (CCW) saddle (—) center (CCW) saddle (—)
(Up,,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,)

saddle (+) center (CW) saddle (+) center (CW)
(bP_,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)

center (CCW) saddle (—) center (CCW) saddle (—)
(4.80)
(iV) For ao > 0 and ar < 0,
4
UU @is a0
s=li=1 2T
XX
(bP_,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)
center (CCW) saddle (—) center (CCW) saddle (—)
(UP_,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,) (4.81)
_ saddle (+) center (CW) saddle (+) center (CW)
(bP_,DP_) (UP_,UP_) (DP,,DP_) (UP_,UP_)
center (CCW) saddle (—) center (CCW) saddle (—)
(Up,,UP,) (DP_,DP,) (UP,,UP,) (DP_,DP,)
saddle (+) center (CW) saddle (+) center (CW)
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(b)

Fi g 4.7 Phas p ortraits for 2-dimensional systems with x{ = a211, a212, a213, az14 and x5 =
, 4122, . The four sets of nine simple saddle and center: a (aj20 > 0, az;0 > 0),
b( < 0,a210 > 0) (a120 > 0, az10 < 0),d (a120 < 0, az10 < 0)
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Phase portraits for 2-dimensional systems with the saddles and centers are
presented in Fig. 4.7a—d for (ajp9 > 0, azio > 0), (a120 < 0, az10 > 0), (a0 > 0,
azip < 0) and (a9 < 0, a0 < 0). The sixteen equilibriums are eight saddles and
eight centers. There are eight limit cycles around the eight centers and eight closed
separatrices connected eight saddles. The blue curves show the (4,4)-inflection-
saddles, which will be discussed in the next chapter. The numbers of saddles and
centers are tabulated in Table 4.15.

Table 4.15 Numbers of limit cycles and saddles in networks for 4 x 4-equilibriums

(@120, a210)

Numbers

(DP, DP_)-center
(CCW)

(DP_, DP, )-center
(CW)

(UP4., UP4 )-saddle
+)

(UP_, UP_)-saddle
(=)

(+,4) my xnp =4 my xn =4 my xnp =4 my xn =4
(—,+) my xnp =4 my xnp =4 my xnp =4 my xnp =4
(+,-) m xn =4 m xn =4 mp xn =4 mp xny =4
(=, —) my xnp =4 my xng =4 my xnp =4 my xnp =4
Reference

1. Luo, A.C.J.(2023). Limit cycles and homoclinic network in 2-dimensional polynomial systems.
AIP Chaos, 34, 022104 (66 pages).



Chapter 5 ®)
Bifurcations for Homoclinic Networks Gedar
with Centers

In this chapter, the appearing and switching bifurcations are studied for homoclinic
networks of singular and non-singular saddles and centers with singular parabola-
saddles and double-inflection saddles in crossing-univariate polynomial systems,
and the first integral manifolds of such homoclinic networks are determined through
polynomial functions. The illustrations of singular equilibriums to networks of non-
singular saddles and centers are given.

5.1 Higher-Order Singularity and Bifurcations

Consider singular equilibriums and bifurcations for homoclinic networks with
centers in two-dimensional crossing-univariate polynomial nonlinear systems. To
discuss bifurcations of equilibriums in polynomial systems, consider a polyno-
mial system with crossing-univariate polynomial vector fields. The corresponding
dynamical behaviors are presented through the following theorem.

Theorem 5.1 (i) Consider a crossing-univariate polynomial dynamical system as

Xy = a0, — @)™ X, = aijo(x, — apn)”s
Ji,j2 € {1, 2}; 1 # ja. S.1)

The first integral manifold is

1 1
(G — aj )" = (g0 — ajy )™ ]

n+1
Gjpo 1 mt mt1
= [, — @)™ = (0 — @)™,
aj,j0 M +1 [ 72 J1J2 ]2 J1J2 ]
form,n > 1. 5.2)
© Higher Education Press Limited Company 2025 203
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(i;) For m = 2my + 1 and n = 2ny + 1, the equilibrium of (x;;, x;‘l) = (aj,j,1, Ajpj;1)

has the following properties.

® For ajj,0 > 0and aj,jo > 0,

(@1 A1) = (Cmi+1D™MUPL, (20, +1)"UP,) .

((2my+1),(2n; +1))-positive saddle

e For ajj,0 < 0and aj,jo > 0,

(@j,j1s Gijy1) = (2my+1)"DP,, (2n;+1)"DP_) .

((2m1+1,)(2n;+1))-CCW center

® For ajj,0 > 0and aj,j0 <0,

(@1 ajpj1) = (2m+1)"DP_,(2n,+1)""DP,) .

((2m;+1),(2n;+1))-CW center

e For ajj,0 < 0and ajjo <0,

(@jrj1s Aijy1) = (2my+1)"UP_, (2n;+1)"UP_) .

((2m;+1),(2n;+1))-negative saddle

*

(iz) For m = 2my and n = 2n; + 1, the equilibrium of (x},x

(5.3)

(5.4)

(5.5)

(5.6)

X)) = (a1 ajpji1) has

the following properties.

® For ajj,0 > 0and ajyj,0 > 0,

(@jr1s Gijy1) = ((2m)™US, (20 +1)"UP)

((2my),(2n1+1))-up-parabola upper-saddle

e For ajj,0 < 0and aj,jo > 0,

(@1, apj1) = ((2my)™LS, (2n; + 1)"DP)

((2my),(2n;+1))-down-parabola lower-saddle

® For ajj,0 > 0and aj,j0 < 0,

(@j1> apjy1) = (2m)™US, (2n; + 1)"DP)

((2my),(2n;+1))-down-parabola upper-saddle

e For ajj,0 < 0and ajjo <0,

(5.7)

(5.8)

(5.9)
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(@jj1> ajy1) = (2m)™LS, 2ni+1)"UP) . (5.10)

((2my),(2n1+1))-up-parabola lower-saddle

(i3) For m = 2my + 1 and n = 2ny, the equilibrium of (xj‘z, x}kl) = (aj,j,1, Gjj,1) has
the following properties.

e For ajj,0 > 0and ajjo > 0,

(@1 apj1) = (2m+1)"UP,2n)"US) . (5.11)

((2m;+1),(2ny))-up-parabola upper-saddle

e For ajj,0 < 0and aj,jo > 0,

(@1 apj1) = (2my+1)"DP,(2n))"US) . (5.12)

((2my+1),(2n;))-down-parabola upper-saddle

® For ajj,0 > 0and aj,j0 < 0,

@1, apj) = (2m+1)"DP, 2n)"LS) . (5.13)

((2m;+1),(2n;))-down-parabola lower-saddle

e For ajj,0 < 0and ajjo <0,

(@1 apj) = (2my+1D™UP, 2n1)"LS) . (5.14)

((2m;+1)(2n;))-up-parabola lower-saddle

(i4) For m = 2m; and n = 2n,, the equilibrium of (x}, x}

2’ jl) = (ajljzl’ ajz/‘ll) has the
following properties.

® For ajj,0 > 0and aj,j0 > 0,

@1, @) = (2m)"L, 2e) L) (5.15)

((2my),(2ny))-double-inflection saddle

® For ajj,0 < 0and ajyj,0 > 0,

(@1, apjy1) = ((2m)"DI, (2n))"DL) . (5.16)

((2my)(2ny))-double-inflection -saddle

e For ajj,0 > 0and ajjo <0,

(@1, ajjy1) = (2m)"DL, (2m)"DLy) . (5.17)

((2my),(2n1))-double-inflection saddle
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e [for ajj0 < 0 and aj,j 0 < 0,

(@jo1 i) = (2my)™IL, 2n) ™M) . (5.18)

((2my),(2n;))-double-inflection saddle

(i) Consider a crossing-univariate polynomial dynamical system as
. my
Xy = Gjij0 1_[ (sz - ajl.izr) )
. ”s
X = ;10 1_[ X — a/z/lb )
> _my = mand Zns=n; Jui €251 # e (519)
r=1 s=1
The first integral manifold is
+1 +1
ajzil(){ mn 1[(19‘1 = ajiis)" = (.0 = @jis))"]

n—ny,

—B+1
+ Z ,3 T Jz/nﬁ[(xjn a]z/m)n — (%,0 = Ajjys)" ,3+ ]}
1 1
= ajljzo{ _ +_1 [(Xj2 — ajljzrl)m+ — (ij() - aj1j2rl)m+ ]
m—my,

+ Z a4 ]bjljza[(le - ajljzrl)miwrl — (G0 — ajljzrl)m7a+l]} (5.20)

where
Lyttg=ng,  ly+o=n, s, |
b = R e gn—P
jajtB = [ rk,tk,(“jzilll — apji)"] lyy ooy
Iy 215, =0 Iy ;=0 k=5 "7
l,[, +tp,=my, Ly +try=mr, 1, .
_ k- m—ao
bjljzot = 2 : T z : [l_[ I ,( Jijar aJlJZk) ]3ty2+ +ty
kTk 4
Ly o1y =0 bytyy=0  k=r,
bjrjio = 1, bjj0 = 1. (5.21)

The singular equilibrium network with Y7 _ m,, =mand ) ] _, n, = nis defined
as
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P 4 (Gijops jji1) -~ (@jijops Ajrjiq)

U U (@jijor» Ajjis) = :
—_———

=] s=1

T men)xx (@1 A1) = (@jo1s Airg)

Pxq
(my)"XX, (n,)"XX) - - - ((m,)"XX, (1n,)"XX)

(my, ng)-XX (m[(;!i)’ "E,?)-XX

((ml)‘“XX; (n1)"XX) - y ((mpthX; (ny)"XX)

(my, np)-XX (my, np)-XX

207

pxq

(5.22)

(iiy) For m,, =2m,,1+1 and ny, =2n, 41, the equilibrium of (x;‘2 , x;‘] ) =(Gjjyr > Ajrjrs,)

has the following properties.
P m.
e For 4a;j,j>0 Hr2=1,r2;ﬁr] (ajljlrl - ajljzrz) > > 0and

q n
@j10 [ [5o=1 5y, @ijisy — Gjajisn)™ > 0,

(@jsjorr» Gijysy) = (2, 1 +1)UPL, (2ny,+1)"UP,) .

(@myy1+1), (25 1+1))-positive saddle

) p Y |
e For 4 j>0 Hr2=1,rz¢r, (ajl.lzrl a./LIzrz) > <0Oand

. q g )
aj1ji0 l_[szzl,s27$sl (@jisi = @jpjisy)™ > 0,

(@ jor > jojrs,) = (2my 1 +1D)MDP,, (2n,,1+1)""DP_).

((2my14+1),(2ng 1 + 1))-CCW center

P m,
e For 4j1j,0 Hrzzl,rz;ér, (ajljm - ajljzrz) > > 0 and

. 9q IR 2
jrj,0 l_[szzl,sz;ésl (@jis, — igjrsn)"™2 < 0,

(@ jyr1> @ijis,) = (2my 1 +1)"DP_, (2n,14+1)"DP,) .

((2mp14+1),(2ng; 1 + 1))-CW center

L P P S .
e For a;j,j>0 Hrzzl,rz;érl (a]ul"l aj]]lrz) 2 < 0and

q n
Aj10 [ 5=t 5y5) @injosy — Ainsn)™ < 0,

(@jsjor,» Qi) = (2, 1 +1)MUP_, (2n,,+1)"UP_) .

((2my1+1),(2n5)1 + 1))-negative saddle

(5.23)

(5.24)

(5.25)

(5.26)
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(ii2) For my, =2m,,, and ny, =2ny;+1, the equilibrium of (x}), x7) = (aj jur, , @jpjrs,)

has the following properties.

P m,
* For aj,j>0 1_["2:1,"27&71 (afljz"l - ajljzrz) 2 > (0 and

. q e
5,0 l_[x2=l,s2;éx| (a./21151 a]2/152) 2 >0,

(o Gijysy) = ((2m,1)™US,(2n5,14+1)"UP)

((2my1),(2ng;1 + 1))-up-parabola upper-saddle

L 4 g )M
e For aj,j,0 Hr2=1,rz¢r, (ajl./zrl a./ljzrz) > < 0Oand

q n
ajojr0 [T =135 @ijisi = @)™ > 0,

(@jory> Qijesy) = (2my,)™LS, (2ng,1+1)"DP)

((2my1),(2ns;1+1))-down-parabola lower-saddle

P m
® For a0 [[;,=1,,2r, @isjory — @j1jor,)™> > 0 and

jrji0 Hszzl,sﬁésl (@jojisy — Ajpjrsr)"™2 < 0,

(@jor> Qi) = ((2my,1)™US,(2n,,1+1)"DP)

((2my1),(2ns,1+1))-down-parabola upper-saddle

P m,
e For aj,,0 Hrz:l’rﬁérl (@j,jory — jpjor,)™ < 0 and

- q g s
aj,j10 l_[szzl,sz#sl (jposi — Ajjpsy)™ < 0,

(@jsjarrs Qijnsy) = ((2my,1)""LS,(2n5,1+1)"UP)

((2my1),(2ng)1 + 1))-up-parabola lower-saddle

(ii3) For m,, = 2m,; + landn,, = 2ny, the equilibrium of ()c;.k2

(@j,jor » Ajyjys, ) has the following properties.

P m,
e For 4j1j,0 Hrzzl,rz;ér, (ajljzrl - ajljzrz) > > 0 and

. 9q g )
jrj,0 l_[szzl,sz;ésl (@jis — Aigjrsy)"™2 > 0,

(@jjurs Gijasy) = (2, 1+1)MUP,(2n,,1)™US)

((2my1+1),(2ny, 1))-up-parabola upper-saddle

. P g m
e For a;j,j>0 Hrzzl,rz;ér] (a]uzrl ajljzl‘z) 2 < 0and

q n
Aj10 [ 5,21 5y5) @ijisy — Gjjis)™ > 0,

(@jori> Qpjis) = ((2m,1+1)"DP,(2n5,1)™US)

((2my1+1),(2ns1))-down-parabola upper-saddle

(5.27)

(5.28)

(5.29)

(5.30)

Y
’le) -

(5.31)

(5.32)
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. P R/
e For 4a;j,j>0 Hrzzuz;ér, (all.llrl a./LIzrz) > > 0and

q n
Aj10 [ 5=t sy @ijisy — Gjnsn)™ <0,

(@jory> Qi) = ((2my,1+1)"DP,(2n,,1)"LS)

((2my1+1),(2n51))-down-parabola lower-saddle

P my.
e For 4j1j,0 Hrzzl,rz;ér] (ajljm - ajljl’z) > < Oand

. q .. )
jrj,0 l_[szzl,sz;ésl (@ojos) — Gjjos,)™ < 0,

(@ jor,» Ajjis) = ((2my1+1)™UP,(2n,,1)"LS)

((2my1+1),(2ny, 1))-up-parabola lower-saddle

209

(5.33)

(5.34)

(iis) For m;, = 2my, and ny, = 2ny,;, the equilibrium of (x};, x7) = (@) jr,, Gjojrs,)

has the following properties.
p T
® For a0 [[,=1 yer, @itjory — @jijor,)™> > 0 and

- q g\
ajr5,0 Hs2=1,s2;és, (jpjisi — Ajjysy)™ > 0,

(ajl.izrl ’ ajzilé‘l) = ((2mr11)thH+’ (2n511)thH+)

((2my,1),(2ny, 1))-double-inflection saddle

L 4 S L.
e For 4a;j,j>0 Hrz:l,rz;ﬁr] (a]lJZ"l ajuzrz) 2 < 0Oand

q n
aj1j;0 Hszzl,sz#sl (ajzilfl - ajzilSz) 2 >0,

(@} jor> i) = ((2my, )DLy, 2n,,1)"DL) .

((2my;1),(2ns; 1))-double-inflection saddle

P m,
e Foraj,j,0 Hr2=1,r2¢r, (@j,jor, — Gjpjor,)™ > 0 and

q 2
@j10 [ 1=t 55y @injis1 — @jojis)™ <0,

(@jjur» Qijysy) = ((2my,1)"DI, (2n,,1)""DLy) .

((2my1),(2ny,1))-double-inflection saddle

P m
e Foraj,0 ]_[rzzl,r#rl (@jjir, — @jpjir,)™ < 0 and

- q g )
aj,j10 l_[s2=l,s2;és| (a./2]251 ajz/zé‘z) 2 <0,

(@jjor» Aijysy) = (2 )T, (2ng,1) ML)

((2my1),(2ns,1))-double-inflection saddle

(5.35)

(5.36)

(5.37)

(5.38)
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(iii)) Consider a crossing-univariate polynomial system as

m
% = a0 [ | @ = jis)s
s1=1

%, = apo [ | Gir = @ijun)-
L=1
Jis2 € {1, 2} j1 # Ja- (5.39)

The first integral manifold is
ajyj 0{ ;[(xj = aj1)"" = (g0 — aje)"™]
1 n _"_ 1 1 14 1 1

n—1

1 —k+1 n—k+1
+ kz_; mbmk[(le — apju)" T = (0 = )" ]}

_ +1 +1
= ajljzo{—m 1 (O, = @)™ = (50 — @jjpe)™ ']

m—1

) : m—k m—k
* kX_; o1 k[ = @)™ = (0 = ) +1]]. (5.40)
where
biyi1 = Z (@prjsty — Ajji1r) s
b=1,b#l

n 3
b= Y @yt = @)
L.=1:L,#l r=2
(h<h)
n k+1
bk = ) [T @ = api), -+~

b3, =15 r=2
bl e £
(b<ly<-<lg1)

n
by =[] @ity = @iin);
hL=1,L#l,
m
bjj,1 = 2 : (Gjijos) — Gjijosy)

sr=1,8575]

m 3
bjj2 = E : 1_[ (ijosi = Gjsjos, )5+

52,83=1157,837%s] r=2
(s2<53)
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k+1

m
bj jok = E 1_[ (@jijosi = Gjijos,)s =+ s

2,83, Spp1=1; r=2
52,83, Sk41751
(s2<83<++-<Sk41)

m

bipmn =[] @ips — @) (5.41)

si=1,857%s1

The nonsingular equilibrium network with m x n is defined as

m n
UU @s> @)
_ _ %/_/
s=1 =1 XX
(ajl.izm’ a.izill) (ajl./lm’ a.iziﬂ) to (ajljzm’ ajzilﬂ)
(@ijom=1)> @jnji 1) @jrjian=1)> Ajoji2) = -+ (@ jpm—1)s Djgjin)
_ im=1)> & o 1 . A(m=D, & . (5.42)
(@jijo15 Ajrjr1) @jiji1s Apji2) o @ty dijin)

*k k

The equilibrium of (xz,le) = (@jjps1»> Ainju1y) (51,82 € {1,2,--- ,m}, s1 # 525 11,
e {1,2,---,n}, I} # b) has the following properties.
e For aj,j,0 H;Z:l,szyés] (ajljzs] — Clj]jm) > 0 and
n
aij1o [ Th=1. 21, @ijity — @jjis) > 0,
(@j, 51+ @ijy1) = (UPL, UP,). (5.43)
—_————

positive saddle

The equilibrium of (xjfz, xj‘]) = (@) jos1 > Ajj1y) 1s a (UPL, UP)-positive saddle.

m
e For 4aj,j>0 Hs2=l,sz;£sl (ajljzsl - ajljZSZ) <Oand
n
apjio [Tzt @ijaty — @) > 0,

(ajljm B aj,_,-l 1) = (DP+, DP_) (544)
CCW center

The equilibrium of ()gj"z, x;j) = (@) jps:» Ajjy1,) 1s a (DP, DP_)-counter-clockwise
center.

m
e For aj,j,0 Hszzl,sz;&sl (ajljzfl - ajlszz) > 0 and
n
apjio [Tzt s, (@i, — @jits) < 0,

(@jos: jpji1y) = (DP_.DPy) . (5.45)
—
CW center
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The equilibrium of (x},, x7\) = (aj,jus» @jpj1y) 1s @ (DP_, DP.y)-clockwise center.

m
e For aj,j,0 Hszzl,sz;&sl (ajljle - ajljzsz) < 0and
n
ajr0 [ =111, @ity — @joji) < 0,

(ajlj25] ’ ajzilll) = (UP_,UP_). (5.46)
———
negative saddle
The equilibrium of (x7, x},) = (s, ajyjy1,) is a (UP_, UP_)-negative saddle.

@iv) For m = 2m; + 1 and n = 2n; + 1, the equilibrium of (xfz, xjf“l) = (aj,j,1, Ajj1)
has the following bifurcation properties.
(ivy) For aj;,0 > 0 and aj,;,0 > 0, there is a ((2m;+1)"UP,, 2n;+1)"UP,)-
positive saddle equilibrium as

(@j\jo1,> Ajpji1) = (Cm+D)"UP,, 2n+1)MUP,) . (5.47)

((2m1+1),(2n; + 1))-positive saddle

There are three following ((2m;+1)"UP,., (2n;41)"UP, )-positive saddle appearing
and switching bifurcations.

(ivia) The ((2m; + DMUP,,(2n; + 1)"UP, )-positive saddle appearing bifurcation
is from a (UP,,UP, )-positive saddle to a (2m; + 1) x (2n; + 1)-equilibrium network
as

(@1, i) = (2mi+1)"UP, 2n+1)"UP,)
D

(UP,,UP, )-positive saddle ((2m1+1),(2n; + 1))-positive saddle
2my+12n;+1
= J U @ apio). (5.48)
— — %/_/
r=1 s=1 XX
where
(UP,,UP,) (DP_,DP,) --- (UP,,UP,)
positive saddle  center (CW) positive saddle
o1 20141 (DP,,DP_) (UP_,UP_) --- (DP;,DP_)
U U (ajl Jors ajzjls) = { center (CCW) negative saddle center (CCW)
r=1 s=1 v . . .
XX . . . .
(UP,,UP,) (DP_,DP,) --- (UP4,UP,)
positive saddle  center (CW) positive saddle @mi+1)x2n+1)

(5.49)
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(ivip) The (2m, +1)‘hUP+, (2ny +1)thUP+)-p0sitive saddle appearing bifurcation is
from a p; x ¢q; to p» X g equilibrium network as

Pt 4
N h h
U U @iri- @05 = (@my + D"UP,., @0y + 1)"UP,)
r=1s=1 (mz(-i), ngi))—XX ((2my+1),(2n;+1))-positive saddle
P2 q2
= U U (@yjory» Ajjisy) (5.50)
rn=1s=1

(mi3) n3)-XX
where

2m; — Ep‘_lm(l) = 221‘ LMy

with [;-quadratic polynomials without real roots
and s"-quadratic polynomial with power m,,
2ny +1— Zq‘_ln(l) = 2212 2

with [;-quadratic polynomials without real roots
and [
2 m® =2m + 1, B2 n? =20 +1; fori=1,2,

((nz;?)th XX, (n§)" XX)

-quadratic polynomial with power ny;

02 XX

(@my) + DUP,, @ngh + DTUP), (my)) "Ly, 2ng)"L),

(2my),+1),2n,), +1))-positive saddle ((2my),),(2n{),))-double-infection saddle )
(@mH™US, 2n, + H"UP) ((2m(’> +"UP, 2nl)"US) [

m

((Zm(') +1), (2n(1) +1))-up-parabola upper-saddle ((Zm(') +1), (2n(’) ))-up-parabola upper-saddle

(Omg)™" XX, ()" XX)

(my) n{")-XX

(@m) + D™UP,, 2n{] + DMUP,), (2m)™DL_, (2{})"DL,),

((2m(')l+l) (2nm+l)) -positive saddle ((Zm(l)l) (211("))—double—infection saddle
(@m)H™US, 2nf] + D™UP),  (2m{, + 1)™DP, (2n{))"LS),

((2m<')1) (2n(l'l)+l)) up-parabola upper-saddle ((2m(')1+l) (Zn(l'l))) down-parabola lower-saddle
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(m")" XX, (n)" XX)

(m(l[) ,nﬁ,[i) )-XX

(@my @ + 1D"UP,, 2nf} + D"UP,), ((2my)"DI_, (2n,))"DL,),

(@m)+1),2n%) +1))-positive saddle (@m{),@n))-double-infection saddle |
(@m{H™"DP,, 2n{) + DDP_) , (2m{} + D"DP_, 2n)"US) [’

((Zm(]il) ),(2nf;;_)l +1))-down-parabola lower-saddle ((ngil) Jrl),(an;i’l ))-up-parabola upper-saddle

((m}")" XX, (n}")" XX)

m?,n")-Xx
i h i h i)\ th i)\ th
(@mn @ + D"UP, 2n) + D"UPL), (@m{)™IL, @ni)™L) |
(@m+1),2n) +1))-positive saddle (@m),(2n\7))-double-infection saddle

’

(@mHtLs, 2n) + H"DP) |, (@m) + 1)"UP, 2n{))"LS)

((Zm(li]) ),(2n(]il) +1))-down-parabola lower-saddle ((2m<lil> +1), (211(1i1) ))-down-parabola lower-saddle

(5.51)

(ivic) The ((2m;+1)"SO,(2n;+1)"S0O)-source switching bifurcation is for the
switching of two p x g equilibrium networks as

p q
U U @ijan» @15 = (@mi+1D"UPy, 201 4+1)"UP,)
n=1s=1 D 70)xX ((2m+1),(2n; + 1))-positive saddle
rl ) SI
P q
= U U (@ijorss Wijisy) (5.52)
r2=1 S2=1

2 2)
(mﬁz’, n§-2 )-XX

with Zizlm,i =2m; + 1 and Egzﬁsi =2n; + 1fori=1,2.

(iv2) For a;,j,0 < 0 and aj,j,0 > 0, there is a ((2m;+1)"DP,., (2n;+1)"DP_)-CCW
center equilibrium as

(@1, i) = (2m1+1)"DP,, (2n,4+1)"DP_).. (5.53)

((2my+1),(2n; + 1))-CCW center

There are the following three ((2m; + D"DP,, (2n,+1)""DP_)-CCW center appearing
and switching bifurcations.
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(iva) The ((2m;4+1)"DP_,(2n;+1)"DP_)-CCW center appearing bifurcation is
from a (DP,, DP_)-CCW center to a (2m; + 1) x (2n; + 1) network as

(ajp1s apj1) = (@m+1)"DP,, (2n,+1)"DP_)
—

(DP,,DP_)-CCW center ((2my+1), (2n1+1))-CCW center
2my+12n+1
= U U (ajlj2r’ ajzilé‘) (5.54)
=1 s=1 T
XX
where
(DP_,_,DP,) (UP_,UP_) --- (DP+,DP,)
center (CCW) saddle (—) center (CCW)
2my+12ny+1 (UP,,UPy) (DP_,DP,) --- (UP4,UP,)
U U (ajljzr,amls) = saddle (+) center (CW) saddle (+)
_ ] . . . .
=t XX : : : :
(DP,.,.DP_) (UP_,UP_) --. (DP,DP_)
center (CCW) saddle (—) center (CCW) @mi+1)x2ni+1)

(5.55)

(ivap) The (2my + 1)‘hDP+, (2n; + DH™"DP_)-CCW center appearing bifurcation is
from p; X g to p» X g equilibrium networks as

P q1
U U (1o, » Aijysy) = (2my+1)"DP,, (2n,+1)"DP_)
nee m), n$)-XxX (2mi+1),2n; + 1)-CCW center
P2 92
= U U G- i) (5.56)
help=l

m2, n2)-Xx
where

1
2my+1 =30 m =25 m,
with /-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,
q 1 !
2np + 1= 20D =252
with [,-quadraitc polynomials without real roots
and [M-quadratic polynomial with power n;;
= m® =2m + 1, BL_ 0 =20 + 1;fori=1,2



216 5 Bifurcations for Homoclinic Networks with Centers

((m,))" XX, (nf))"XX)

@ (i)
(mp; ,ng; )-XX

(@my)+D"DP, 2ngh + D"DP_), ((2my;))""DL;, 2n,))"DL),

(2m“) +1),(2n;‘;_)l +1))-CCW center ((2m[(f)] ),(anl'»_)1 ))-double-inflection saddle

(@m))"LS,(2ny) + D™DP) . ((2m,,)+1)"DP,(2ny)""US)

((2m(’)l) (2n“) +1))-down-parabola lower-saddle ((2m“)I +1), (2n(‘)l)) down-parabola upper-saddle

(Om)"XX,(n)")"XX)

i (@)
(m,,l nll )-XX

(@m)+1D™DP,., 2n{) + D™DP_), (2my)"II, 2n{})"IL)

((Zm(')I +1), (2n(’)+1)) CCW center ((Zm;,')l) (2n('))) double-inflection saddle

((2m;?1)‘th,(2n§’1> +1"DP) ((Zm(') +1)"UP,2n\))"LS)

((Zm(')l) (Zn“)Jrl)) down-parabola lower-saddle ((Zm(')l +1),(2n('))) up-parabola lower-saddle

5
((m?)"XX,(n)MXX)

(m(i) n@ )-XX

(@m{]+1)™DP,, 20, + D™DP_), (2m{])"L;, 20 ML),

((Zm(')-&-l) (2n(l) +1))-CCW center ((2m“)) (an]')l))-double—saddle

(@m{H"US. 2l + D"UP) . (@2m{)+1)"DP2n)))"US)

((Zm(')) (2n(1> +1))-up-parabola upper-saddle ((2m<1)+1) (Zn(') ))-down-parabola upper-saddle

(0m}")"XX,(n)")"XX)

(m® n?)-XX

@m)+1"DP,, 21! + D"DP_), (2m!")y"DI_, 2n{)"DIL,),

((2m(1i1)+]),(2n(1’l)+l))-CCW center ((2m<1'1)) (2n('))) double-inflection saddle

(@m{D)"US,@n{] + D"UP) ,  (@2m{)+1)"DP(2n{})"LS)

((2m“)) (2n(')+l)) up-parabola upper-saddle ((2m(’)+1) (2n(|/l))) down-parabola lower-saddle

(5.57)

(ivae) The (2m+1)"DP,, 2n,+1)"DP_)-CCW center switching bifurcations is
for two p x g equilibrium networks as
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P4
U U (@ jor» Apjs) = ((2mi+1)"DP,, (2n;+1)"DP_)
et my, n$)-XxX (2mi+1),2n; + 1)-CCW center
P oa
= U U (@jors s Qjoji52) (5.58)
ne=lon=1 "

2 2
(3, n3)-XX

with 7 _ m,, = 2m; + 1 and B _ n, =2n + 1 fori=1,2.

(iv3) For a;,0 > 0 and aj,j,0 < 0, there is a ((2m;+1)"DP_, (2n;+1)"DP,)-CW
center equilibrium as

(@j,ja1> A1) = (2m+1)"DP_, 2n,+1)"DP,). (5.59)

((2m1+1),(2ny + 1))-CW center

There are the following three ((2m;+1 Y'DP_, (2n,+1)"DP, )-CW center appearing
and switching bifurcations.

(ivsa) The ((2my + 1)"DP_,(2n; + 1)"DP,)-CW center appearing bifurcation is
from a (DP_, DP,)-CW center to a (2m; + 1) x (2n; 4 1)-equilibrium network as
(@1 @) = (2m+1)"DP_, (2n,+1)"DP)

(DP_,DP,, )-CW center ((2m;+1),(2n; + 1))-CW center

2my+12n;+1
= J U @irajs) (5.60)
r=1 s=1

XX

where

2m+1 2n+1

U U @ aii)
r=1 s=1
XX
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)

center (CW) saddle (+) center (CW)
(UP_,UP_) (DP,,DP_) --- (UP_,UP_)

= saddle (—) center (CCW) saddle (—) . (56 1 )

(DP_,DP,) (UP,,UP,) --- (DP_,DP,)

center (CW) saddle (+) center (CW)

QCm+1)x(2n;+1)

(ivsp) The ((2m; + 1)™DP_,(2n; + 1)™DP,)-CW center appearing bifurcation is
from a p; x g; to p» X g» equilibrium network as
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P
U U (@jjsry» Ajyjisy) = (2m1+1)"DP_, (2n,+1)"DP.)
et my, n$)-XxX (2mi+1),2n + 1)-CW center
P @
= U U (@jijars> Qs ) (5.62)
p=ln=l T o

m3), n3)-XX
where

2my + 1 -3 m =251 m

with /;-quadratic polynomials w1thout real roots
and s"-quadratic polynomial with power m;,
2m + 1= 20 0D =252 0

with l,-quadraitc polynomials without real roots
and /™
=2 m? =2m +1, £F

=

-quadratic polynomial with power n;;
) =2n; + 1;fori=1,2

(M) "XX,(n)"XX)

(my) n§))-XX

(@m,+1)"DP_, 2n{, + 1)"DP.), (2m{})"DI_, (2n})"DL,) .

((2m(”1+l) (Zn(') +1))-CW center ((2m(”1) (2an')|))—double-inﬂection saddle

(@mH™MUS.2n, + D'DP) . (2m{,+1)"DP2n{)"LS)

((2m“) ), (2;1(1) +1))-down-parabola upper-saddle ((Zm(') +1), (211(” ))-down-parabola lower-saddle
1 1

(m)™"XX,(n)") "XX)

(my) n{")-XX

(@m+1)"DP_, 2n{] + )™DP), (2m,)) "ML, 2n}))"1L})

(@m+1),2n)+1))-CW center (@m{2)),(2n{}))-double-inflection saddle

(@mH™MUS.2nf} + D™DP) . (@m)+1)"UP,Q2n{))"US)

((Zm(‘) ), (2nw+l)) down-parabola upper-saddle ((Zm(') +1), (2n('))) -up-parabola upper-saddle
1 P pp 1 p-p PP
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(m}")" XX, (1) "XX)

(m n§))-XX

(@m{{+1)"DP_, (2n), + D™DP,), (@m{H"™I, 2nj)"L) |

@i
qi

((2m(li]) +1), (2;1;';,)] +1))-CW center ((Zmﬁ ), (2";?1 ))-double-inflection saddle

(@m{D)"LS.2nY + D™UP) | (2m{]+1)"DP,2n)"))"LS)

((Zm(]il) ), (Zn;i)] +1))-up-parabola lower-saddle ((2m(li]) +1), (2;1;';,)] ))-down-parabola lower-saddle

(m}")"XX,(n}") "XX)

(mgi) »”Y) )-XX

(2m{)+1)"DP_, 21\") + H)"DP,), (2m!)"DI,, 2a{)"DL),

(@m)41),2n8)+1))-CW center (2m{)),2n')))-double-inflection saddle

(m{H™LS,2n{] + D™UP) , (Q2m{]+1)"UP2n{))"US)

(( 2m(]'|) ), (2n(|il) +1))-up-paraobla lower-saddle ((m(li]) ), (Zn(]il' ))-down-paraobla upper-saddle

(5.63)

(ivsc) The ((2m; + 1)™DP_,(2n; + 1)"DP,)-CW center switching bifurcation is
for the switching of two p x ¢ equilibrium networks as

P14
— h h
U U @iri- @06) = (@mi+1)"DP_, (2n,+1)"DP,.)
MELEL 0 ) xx (@mi+1).(2n; + 1)-CW center
I (5.64)
= U U (@ijory» Ajjis;)
rn=1s5=1

2 2
(mi3 n))-XX

with Ef’:lmn =2m; + 1 and EZ:]”‘W =2n+1fori=1,2.

(iv4) For a;j,0 < 0 and aj,;,0 > 0, there is a ((2m; + D™UP_, (2n; + 1)"UP_)-
negative saddle equilibrium as

(@) = (@m + 1)"UP_ (@0 +1)"0P)  (665)

((2m1 + 1) s (2111 +1 ) ) -negative saddle

There are the following three ((2m; + 1)™UP_,(2n; + 1)™UP_)-negative saddle
appearing and switching bifurcations.

(iv4a) The ((2m; + 1)MUP_,(2n; 4+ 1)™UP_)-negative saddle appearing bifurca-
tion is from a (UP_,UP_)-negative saddle to a (2m; 4+ 1) x (2n; 4+ 1) network as
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(@1, apjy1) = (2my + 1D™UP_, 2n; + )™UP_)
N— —

(UP_,UP_)-negative-saddle ((2my+1),(2n1+1))-negative saddle
2my+12n;+1

= U U (ajljzr’ajzjls) (5.66)

r=1 s=1

XX

where

2my+1 2n1+1

U U (ajljzs’ajzill)
—_———

s=1 =1

XX
(UP_, UP_) (DP,,DP_) --- (UP_, UP_)
saddle (—) center (CCW) saddle (—)
(bP_, DP,) (UP,,UP,) --- (DP_,DP,)

= center (CW) saddle (+) center (CW) (567)

(UP_,' UP_) (DP+,. DP_) --- (UP_, UP.)

saddle (—) center (CCW) saddle (—) @mi+1)x 2m +1)

(ivap) The (2m; + DMUP_, 2ny + l)thUP_)-negative saddle appearing bifurcation
is from a p; X g; to p» X g, equilibrium network as

P q1
. th h
U U (ajl.izrl’ qilflsl) = (@2m + 1DH"UP_, 2nm + l)t UpP_)
et m'y, n})-XX ((2m;+1),(2n1+1))-negative saddle
P2 g2
= U U @ a1) (5.68)
n=lon=1"

m3 .n$)-XX
where

2my + 11— mV =251 m,

with /-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,
2m + 1= 20 0D =252 0

with [,-quadraitc polynomials without real roots

and /"-quadratic polynomial with power n;;



5.1 Higher-Order Singularity and Bifurcations 221

Eflemif) =2m; + 1, Esqulng) =2n + 1;fori =1, 2,

((m)"XX,(n{)"XX)

(m[(,‘),rlm)»XX

((2 (1)+l)thUP (zn(l) 1)thUP,), ((2 (l) )thII,, (zn;)l)thlli)

((2m;ii)l+l),(2nfl’)l+l)) nagative saddle ((2m(')l) (2n(’) ))-double-inflection saddle

(@mH"LS. 200, + D"UP) . ((2m})+1)"UP2n)"LS)

((Zm(')l) (2nf]')l+l)) -up-parabola lower-saddle ((2m (')l+l) (211;')1)) -up-parabola lower-saddle

(mD)"XX, (n]")"XX)

(m]A)! (1)) XX

(@m +D)™UP_, 2n?, + D™UP_), (2m{)" DI, (2n{})"DIL)

(@m),+1),(2nf), +1))-nagative saddle (2m?)),(2n)))-double-inflection saddle

Pi

(@m)H™LS,@2nf] + DMUP) ., ((2m\)+1)"DP2n{))"US)

((Zm(')l) (2n(l'])+1)) -up-paraobla lower-saddle ((2m(') +l),(Zn(li])))-down—parabpla upper-saddle

((m")"XX ()" XX)

@@ ()
(my” ,ng))-XX

(@m{}+D)™UP_, 20, + D™UP_), (2m{])™DI_, 2n{)"DL,)

(@m{}+1), (20 +1)-nagative saddle (2m{)),(2n{))))-double-inflection saddle

(Cm{H™MUS,2n + DDP) . (@m{]+1)™UP,@2n)))"LS)

((Zm(]if),(2n2>1+1)) down-parabola upper-saddle ((2m(1’1)+l) (2n£]')1)) -up-parobla lower-saddle

(m{)"XX,(n}")"XX)

(m? n)-XX

@m)+D)"UP_, 2n\) + DMUPL), (@miHPIL,, 2P,

@@mD 41y, (2n(” +1))-nagative saddle (2m\?),2n\7))-double-inflection saddle

(@m)"US,2n}) + D"DP) . ((2m}|+1)"DP(2n}))"US)

((Zm(]il)),(Zn(l'l)-k—l)) down-parabola upper-saddle ((Zm(l'l)-&-l) (Zn(lll))) down-paraobla upper-saddle
(5.69)

(ivae) The ((2m; + DH™MUP_, (2n; + 1)MUP_)-negative saddle switching bifurcation
is for two p x g equilibrium networks as
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P q
U U (@j\jory> Ajrjrsy) = ((2mi+1)"UP_, (2n;+1)"UP_)
=t (miy), ni)-XX ((2m1+1),(2n; + 1))-negative saddle
poa
= U U (@jors s Qjoji52) (5.70)
N e

2 2
(3, n3)-XX

with 7 _ m,, = 2m; + 1 and B _ n, =2n + 1 fori=1,2.

(v) For m = 2m; and n = 2n; + 1, the equilibrium of (x;‘z, xj’ﬁ) = (aj,j,1, aj,j;1) has
the following bifurcation properties.

(v1) For aj j,0 > 0 and aj,;,0 > 0, there is a ((2my)US, (2n1+l)thUP)-up-parabola

upper-saddle equilibrium as

(ajjp1s apji) = ((2m)™US,2n+1)"UP) . (5.71)

((2my),(2n; + 1))-up-parabola upper-saddle

There are three following ((2m;)"US, (2n; + 1)"UP)-up-parabola upper-saddle
appearing and switching bifurcations.

(via) The ((2m;)™US, (2n; 4+ 1)'"UP)-up-paraonla upper-saddle appearing bifur-
cation is from a (pF,UP)-positive parabola flow to a (2m;) x (2n; + 1)-equilibrium
network as

(s ap)) = (2m)"US,(2n+1)"UP)

——

(pF,UP)-up-parabola flow (+) ((2my),(2n; + 1))-up-paraobla upper-saddle

2my 2n1+1
= U @ aii0) (5.72)
r=1 s=1 —_—
XX
where
(UP,.,UP,) (DP_,DP,) --- (UP,,UP,)
saddle (+) center (CW) saddle (+)

R (DP,,DP_) (UP_,UP_) --. (DP,,DP.)
U U (aj]m, ajzm) = center (CCW) saddle (—) center (CCW)

=1 =
K =1 XX

(DP+;DP_) (UP,;UP_) . : (DP+;DP_)

center (CCW) saddle (—) center (CCW) @my)x 2 +1)
(5.73)

(Vip) The ((2m;)"US, (2n; + 1)™UP)-up-paraonla upper-saddle appearing bifur-
cation is from a p; X ¢q; to p» X g equilibrium network as
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Pt q

U U @i aiis) = (@m)"US, 20y + H™UP)

7'1=1 Sl=1

1) 1)) XX ((2my), (2n1+1))-up-paraobla upper-saddle

(myy”, ng
P2 92
U U (ajljzrz’ ajzilSz)
_ _ ——

r

(m3), n3)-XX
where

2m; — Ep‘_lm(l) = 221‘

with /,-quadratic polynomlals without real roots
and s"-quadratic polynomial with power m,
2n 4+ 1 — Zq',ln(l) = 2212 N

with l,-quadratic polynomials without real roots
and [

7 m @ =2m,, DNl ) =2ny + L fori=1,2,

-quadratic polynomial with power ny;

(™" XX, (i)™ XX)

(myy) nih)-XX

(@my) + D™UP,, 2nl) + D"UPL), (@my) 1L, (2n)))MLL),

((2m,‘,”1+1) (2n(” +1))-positive saddle @m?), (2n“’ ))-double-infection saddle

il

(@m))"Us, (2n;?1 +D"UP) , (2mS) +1 1)UP, 2n)"Us)

((Zm(') ), (Zn(‘) +1))-up-parabola upper-saddle ((2m™ +1), (22", ))-up-parabola upper-saddle
1 49l

il

((mH™ XX, (n)™ XX)

(my) .n{")-XX

((2}’”(1) + l)thUP+, (2n(1) l)thUP+) ((2 (1) )[hDI,, (2 (1))lhDI+)

(@my),+1),2n{)+1))-positive saddle (@m)),2n{}))-double -saddle
((2m;?1)‘hUS, @n{] + D"UP), (@m + D™DP, 2n{})"LS),

((Zm(‘_) ),(2/1“)+1)) -up-parabola upper-saddle ((2m;'>,+1) (2n(’) ))-down-parabola lower-saddle

il

223

(5.74)

k]
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((mgi))lh XX, (n;ii))th XX)

. niH)-XX

(@mn® + D"US, 2} + D"UP), (@m0, 2ni) L)

((2m(]'|)+1),(2n£;;_)] +1))-up-parabola upper-saddle ((2m§’1’),(2n§j;, ))-double-infection saddle _
i) th i h i th i) \ th )
(@m{))"DP.., 2n + D"DP_), (2m{] + 1)"DP, (2n.)"US)

((Zm(lil)). (2nm +1))-CCW center ((2m(]il’+l). (2n“) ))-down-parabola upper-saddle

il il

((m")" XX, ()" XX)

(m(]') ,n(]') )-XX

(@m19 + 1hUs, 2al) + DHMUP,), (m)H"DI, 2n{H)"DIL,),

(@m{)41),(2n$)+1))-up-parabola upper-saddle  ((2m\), (2n{)))-double-infection saddle | .
(@m{))"DP,., 2n{) + D™DP_), (@m{] + H™UP, 2n{)H"LS) |’

(2m{)),2n{)+1))-CCW center (@m{}+1),(2n)))-up-parabola lower-saddle
(5.75)

(vic) The ((2m;)™ US, (2n; 4+ 1) UP)-up-paraonla upper-saddle switching bifur-
cation is for the switching of two p x ¢ equilibrium networks as

p q

U U @i aiis) = (2m)"US,(20,4+1)"UP)
——

ri=1s=1

(mf-]) nﬁ”)—XX ((2my),(2n; + 1))-up-paraobla upper-saddle
10Ty

p q
= U U (@ijory» Ajjys) (5.76)
—— —
r2=1 S2=1
(my3), n3)-XX

q
with Y7 _ m, =2m; and )" n, =2n; 4+ 1fori=1,2.
si=1
(v2)Foraj ;0 < Oandaj,j,o > O,thereisa((Zml)thLS, (2n1+1)‘hDP)-d0wn-parabola

lower-saddle equilibrium as

(@jjo1, apji1) = (2m)"LS,2n, +1)"DP) . (5.77)

((2my),(2n; + 1))-down-parabola lower-saddle

There are the following three ((2m;)""LS, (2n; + 1)"UP)-up-paraonla lower-saddle
appearing and switching bifurcations.

(v2a) The (2m))MLS, (2n; + 1)‘hDP)—down—parabola lower-saddle appearing
bifurcation is from an (nF,UP)-negative up-parabola flow to a (2m;) x (2n; + 1)



5.1 Higher-Order Singularity and Bifurcations 225

network as
(G, ap)) = ((2m)"LS,(2m+1)"DP)
~———
(nF,UP)-up-parabola flow (—) ((2m1),(2n; + 1))-down-parabola lower-saddle
2my 2n;+1
=JU @i+ @) (5.78)
r=1 s=I XX
where
(bP,,DP_) (UP_,UP_) --- (DP,,DP_)
center (CCW) saddle (—) center (CCW)
o 241 (UP,,UP,) (DP_,DP,) --- (UP,,UP,)
U U (aj]m, amlg) = saddle (+) center (CW) saddle (+)
s=1 I=1 XX
(UP,,UP,) (DP_,DP,) --- (UP,,UP,)
saddle (+) center (CW) saddle (+) @m)x 2n+1)
(5.79)

(vap) The (2mp)MLS, (2n; + 1)"DP)-down-parabola lower-saddle appearing
bifurcation is from a p; X g; to p» X g» equilibrium network as

P q

U U @i aiis) = (2my)"LS.(2n,+1)"DP)
~———

ri=1s=1

(m<r:> nm) XX ((2my),(2n; + 1))-down-parabola lower-saddle

P2 92

= U U (@i jory» Airjiysy) (5.80)
—

rn=I1s5=I
@ @
(myy’, ng, )-XX

where

2m; — B0 mD =25 m,

with [;-quadratic polynomials without real roots
and s"-quadratic polynomial with power i,

2m + 1 =3 nlh) =232

with l,-quadratic polynomials without real roots
and s"-quadratic polynomial with power 7, ;

= m? =2my, B8 n? =20 +1;fori=1,2,
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((m)™" XX, (n{)™ XX)

(my) niH)-XX

(@my) + D"DP., 2ng) + 1"DP_), ((2m,})"DLy, (2ny))"DL),

((2m,‘,’>1+1) (2n"’ +1))-CCW center ((2m,‘,”l) (2n“’ ))-double-infection saddle

(2m (” "ML, (2n“> +D"DP) ((zm@ +1 )thUP (2n(') yusy [

((2ml()‘;_)I ), (2n;i)] +1))-down-parabola lower-saddle (( 2;71;"[) D), (Zn;)l ))-down-parabola upper-saddle

(mD)" XX, (n{")" XX)

(m,(‘) (1)) XX

(@m$, + D™DP., 2n{] + D™DP_), (@m)™I_, 2n{)" L),

(@mf),+1),2n{}+1)-CCW center (@my)),2n}})-double-infection saddle |
(@m)"LS, 2n{} + D'DP), (@2m; + D™UP, 2n{))"LS), [’

m

((2m<" ),(2n{" 4+1))-down-parabola lower-saddle ((2m‘” +1),(2n')))-up-parabola lower-saddle
1 1

(0m}")"" XX, ()" XX)

' niH-XX

(@m{] + D"UP,., 2n) + D"UP,), (2m{})"DL,, (2n))"DL)

((Zm(‘)Jrl) (211(')]+1)) -positive saddle ((2m(|il)),(an;/_)l))—double—infection saddle
(2m{H™Us, (2n<’> +1D™DP) , (@m{] + 1)"UP, 2n)"LS)

((2m<lif),(2nf]')l+l)) down-parabola lower-saddle ((2m<1’l)+l) (211;')1)) up-parabola upper-saddle

((m")"XX,(n)") "X X)

m”n")-xx

@m{)+1)"UP,, 2n\) + DMUPL), (@m)™IL, 2n{)PI1)

(@m{]+1),2n{)+1))-positive saddle (@m)),(2n\)))-double-infelction saddle

(Cm{H™LS,2n{] + D™DP) | (@m{]+1)"DP,2n{})"LS)

(@m)), (202 +1))-down-parabola lower-saddle ((2m\)+1),(2n\?))-down-parabola lower-saddle

(5.81)

(vae) The ((2m)"LS, (2n; + 1)"UP)-up-parabola lower-saddle switching bifurca-
tion is for two p x g equilibrium networks as
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p q
— h h

U U (@jjor» Ajpjis,) = ((2m)"LS,(2n+1)"UP)

—_—
n=tn=l (mi}’, nf}’)-XX ((2my),(2n; + 1))-up-parabola lower-saddle
P q
= U U (@jijorys Ajajisy) (5.82)
—_—————

n= 1 Sr= 1
m2, n2)-Xx

P q
with Y m,, =2m and > n, =2n, + 1fori=1,2.

ri=1 si=1

(v3) For a;j,0 > 0 and aj,;,0 < O, there is a ((2m;)™US, (2n;+1)"DP)-down-
parabola upper-saddle equilibrium as

@j1> api) = (2m)"™US,2n+1)"DP) . (5.83)

((2my),(2n; + 1))-down-parabola upper-saddle

There are the following three ((Zml)‘hUS, (2ny +1)‘hDP)—down—parabola upper-
saddle appearing and switching bifurcations.

(v3a) The ((2m;)"US, (2n; + 1)"DP)-down-parabola upper-saddle appearing
bifurcation is from a (pF, DP)-positive down-parabola flow to a (2m;) x 2n; + 1)-
equilibrium network as

(&, i) = (@m)"US,2n+1)"DP)
—_——
(pF,DP)-down-parabola flow (+) ((2my),(2n; + 1))-down-parabola upper-saddle
2my 2n+1
=U U @y a9 (5.:84)
r=1 s=1 —
XX
where
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW)
S (UP_,UP_) (DP,,DP_) --- (UP_,UP.)
U U (@) jss Ajpji1) = saddle (=) center (CCW) saddle (—)
s=1 I=1 —_— . . . .
XX . . . :
(UP_,UP_) (DP,,DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—) @my)x 2ny+1)
(5.85)

(vap) The ((2m))™US, (2n; + 1)™DP)-down-parabola upper-saddle appearing
bifurcation is from a p; x g; to p» X g, equilibrium network as
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Pt q

U U @r» i) = (2m1)"US,(2n1+1)"DP)
r1=l Sl=1 —_

(mﬁ;) n(l)) XX ((2my),(2n; + 1))-down-parabola upper-saddle

P2 Q2

= U U @ aj1s2) (5.86)
—_—

V2=1 S2=1
(mpy . n3)-XX

where

2m; — Ep‘_lm(l) = 221‘

with /;-quadratic polynomlals without real roots
and s™-quadratic polynomial with power m;,
2n + 1 — Zq',ln(l) = 2212 N

with /;-quadraitc polynomials without real roots
and [

= m? =2my, BL_n =20 + 1 fori=1,2,

-quadratic polynomial with power n;;

((m)"XX, (1)) "XX)

o) X

(@my)+D"DP_, (2ny, + 1"DP,), ((2m,})"DL, (2n,})"DL.) ,

((Zm(”1+l) (Zn(') +1))-CW center ((2m(”1) (2nf;)l))—double-inﬂection saddle

(@mH™MUS.2n, + D'DP) . (2m{,+1)"DP(2n{))"LS)

((2m“)l) (2n(1)]+1)) down-parabola upper-saddle ((2m (')]4—1) (211;')1)) down-parabola lower-saddle

Pi

(m)™"XX,(n)") "XX)

(my) n{")-XX

(@my,+1)"DP_, 2n{) + D™DP), ((2m,)" "L, (2n)])™L,)

((2m(1)1+1) (2n(lll’+l)) CW center ((2m(’)]) (2”(1'1))) double-inflection saddle

(@mH™US.2nf} + D"DP) . (@m)+1)"UP,Q2n{)"US)

((Zm(‘) ), (2nm+l)) down-paraobla upper-saddle ((Zm(') +1), (2n('))) -up-parabola upper-saddle
1 P pp 1 p-p PP
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(m{") XX, (1) " XX)

(m niH-XxX

(@m{]+1)™UP_, 2n{, + D™UP_), (2m{})"DL_, (2n,))"DL,) ,

@m+1), (2nj;'j] +1))-negative saddle @m\), (2n;’;_)l ))-double-inflection saddle

(@m{H"US,2n, + D"DP) . (@m{]+1)™"UP2n"))"LS)

( (2m(l[]) ), (211,(1'[’l +1))-down-paraobla upper-saddle ((2m(1i]’ +1), (Zn;i)] ))-up-paraobla lower-saddle

(m}")"XX,(n}")"XX)

m n\")-Xx

(@m{]+1)"DP_, 2nf} + D™DP_), (@m{H™I_, @n{)"ML,) |

((Zm(lil) +1), (Zn(lil) +1))-negtive saddle ((2m(lil> ), (Zn(lil) ))-double-inflection saddle

(@m{H™US,2n] + D"DP) . (2m{]+1)"DP,2n{))"US)

((2m(l[]) ),(Zn(]’]) +1))-down-parabola upper-saddle ( (2m(l[]) +1),(2n(]’|)))—down»parab01a upper-saddle
(5.87)

(vze) The ((2m)™US, 2n; + l)thDP)-down—parabola upper-saddle switching
bifurcation is for the switching of two g x p equilibrium networks as

p q
U U @n- ajies) = ((2m1)™US. (20, +1)"DP)

— — _/_/
n=ls=1 (mg)’ nﬁ-i))—XX ((2my),(2n; + 1))-down-parabola upper-saddle
p q
= U U (aj]jzrzv ajzj]Sz)v (5.88)
[ —
i’2=1 S2=1

2) 2)
m2, n3)-XX

where Y0 _ m,, = 2m;, Y ! _ ng =2n; + 1 fori=1,2.

(v4) For aj,;,0 < 0 and aj,j,0 < O, there is a ((2m;)"LS, (2n;+1)"UP)-up-parabola
lower-saddle equilibrium as

(@ jp1, jji1) = (2mp)"LS, 2n+D)"MUP) . (5.89)

((2my),(2n; + 1))-up-parabola lower-saddle

There are the following three ((2m1)thLS, (2n1+1)‘hUP)-up-parabola lower-saddle
appearing and switching bifurcations.

(V4a) The ((2m)™LS, (21, + 1)MUP)-up-parabola lower-saddle appearing bifurca-
tion is from an (nF, DP)-negative down-parabola flow to a (2m;) x (2n; 4+ 1) network
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as
(s ap)) = (2m)"LS,2m+1)"UP)
——
(nF,UP)-up-parabola flow (—) ((2my),(2n; + 1))-up-parabola lower-saddle
2my 2n+1
= U @ apis) (5.90)
r=1 s=lI —
XX
where
(UP_,UP_) (DP,,DP_) --- (UP_,UP_)
saddle (—) center (CCW) saddle (—)
S (DP_,DP,) (UP,,UP,) --- (DP_,DP,)
U U (ajlm, ajz,-lz) = center (CW) saddle (+) center (CW)
s=1 =1 XX
(DP_,DP,) (UP,,UP,) --- (DP_,DP,)
center (CW) saddle (+) center (CW) @my)x (2 +1)
(5.91)

(V4) The ((2m1)"LS, (21, + 1)™UP)-up-paraobla lower-saddle appearing bifurca-
tion is from a p; X g to p» X g5 equilibrium network as

P q

U U @i aiis) = (2my)"LS.(2n,+1)"UP)
— ——

ri=1s=1

(mg)’ nﬁ{))-XX ((2my),(2n; + 1))-up-parabola lower-saddle

P2 q2

= U U (@jor, s Qjojys,) (5.92)
—

rn=1s=I
(mg), ng))—XX

where

2my — Efl':lmg) =25 m,

with /;-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,
2n; + 1 — Ef}‘zlng) = 2211221111

with /,-quadraitc polynomials without real roots
and ["M-quadratic polynomial with power n;;

2 m® =2my, BL_n =2n + I;fori=1,2,

n=



5.1 Higher-Order Singularity and Bifurcations 231

((my)"" XX, ()" XX)

(l)’ (l)) XX

‘7!

(Cm\+D™MUP_, 2n{] + D™UP_), (2m),)" I, (2n))) 1)

(2m),+1),2nf} +1))-negative saddle (@m2)),(2n8)))-double-inflection saddle

(@m)HPLS. 20, + DPUP) . (@2my)+1)"UP2n{)"LS)

((2m(’)l+l) (2n(’) +1))-up-parabola lower-saddle ((2;71(;)1+1) (2nfl')l)) -up-parabola lower-saddle

Pi
((m)"XX,(n{”)"XX)

(my) n{")-XX

(@m\+D™MUP_, 2n{] + D™UP_), (2m,)"DL, 2n{})"DL)

(@m),+1),2nf} +1))-negative saddle (@m{2)),(2n{}))-double-inflection saddle

(Cm)H"LS.2nf} + DMUP) . (@m)),+1)"DP,2n{)"US)

((2m(’)]) (2n(lll)+l)) -up-parabola lower-saddle ((2m(”,+1) (2n(]'l))) down-parabola upper-saddle

((m)" XX, ()" XX)

(m(l‘) nq)) XX

(@m{}+1D)™DP_, 20, + D"DP,), (@m{)™I_, 2n0)"IL)

((2m(li])+1),(2ni;;>]+1))—CW center ((2m(1i])),(211;')1)) double-inflection saddle

(@m{H™LS,2n + DMUP) . ((2m{]+1)"DP(2n)"LS)

((2m(]il)),(2n<q')] +1))-up-parabola lower-saddle ((2m(l'])+1) (2n;'>])) down-paraobla lower-saddle

(m}")"XX,(n}")"XX)

) .n?)XX

@m{)+1)"DP_, 2n\) + H"DP,), (2m{H"DI,, 2n{H"DI_),

(@m{41),(2n{) +1))-CW center (2m\7),2n\)))-double-infelction saddle

(Cm{H™LS,2n{] + D™UP) ,  (@m{]+D)™UP,@2n{]))"US)

((Zm(]if),(2n<’)+l)) -up-parabola lower-saddle ((2m<1’l)+l) (211(1'1))) -up-parabola upper-saddle
(5.93)

(v4e) The ((2m)"LS, (2n; + 1)"UP)-up-paraobla lower-saddle switching bifurca-
tion is for two p x g equilibrium networks as

P q
U U @n-aiis) = (@2m)"LS.(2n,4+1)"DP)
e e ——

(m(rp, n >) XX ((2my),(2n; + 1))-down-parabola lower-saddle

ri=1s=1
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p q
= U U (@jijorss Gjjisy) (5.94)
[ —;
r2=l S2=1
(my3 n))-XX

where Y7 _ m,, = 2my, Y ! ng =2n;+1fori=1,2.

(vi) For m = 2m; + 1 and n = 2n,, the equilibrium of (x]’.';, xj*l) = (aj,j,1, j,j,1) has
the following properties.

(viy) For a0 > 0 and aj,j,0 > 0, there is a ((2m1+1)thUP,(an)thUS)—up—parabola—
upper-saddle equilibrium as

(@jo1 i) = (2mp+1)"UP,(2n1)"US) . (5.93)

((2my+1),(2n;))-up-paraobla upper-saddle

There are three following ((2m; + HtUP, (an)‘hUS)-up—parabola upper-saddle
appearing and switching bifurcations.

(vi1a) The ((2m; + 1)'"UP, (2n,)™US)-up-parabola upper-saddle appearing bifurca-
tion is from an (UP, pF)-positive up-parabola flow to a (2m; + 1) x (2n;)-equilibrium
network as

@p1. %) = (@mi+1)"UP@2ny)"US)

~———

(UP,pF)-up-parabola flow (+) ((2m1+1),(2n;))-up-paranola upper-saddle

2my+1 2n;
= U U@ir ) (5.96)
r=I1 s:lﬁ’_/
XX

where

(DP_,DP.) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+)
t1 2, (UP_,UP_) (DP,,DP_) --- (DP,,DP_)
U U (aj]jzs, ajleI) = saddle (—) center (CCW) center (CCW)

s=1 =1 XX

(DP_,DP,) (UP,,UP,) --- (UP,,UP,)

center (CW) saddle (+) saddle (+) Q@m+1)x 2ny)
(5.97)

(viyp) The (2m; + 1)th UP, (2n)™ US)-up-parabola upper-saddle appearing bifur-
cation is from a p; X g to p» X g, equilibrium network as
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Pt q

U U @in- ajiss) = (@2m1 + D™UP, (2n))"US)

7'1=1 Sl=1

('"fi) nJl)) XX ((2m;+1), (2n;))-up-parabola upper-saddle

P2 92
U U (ajljzrz’ ajzilSz)
]

r

(m3), n3)-XX
where

2m; — Ep‘_lm(l) = 2211

with /;-quadratic polynomlals without real roots
and s"-quadratic polynomial with power m,
2n +1— Zq',ln(l) = 22][2 Ny

with l,-quadratic polynomials without real roots
jth

and /™-quadratic polynomial with power n;;

Dy lm(z) =2m+1, £ an) =2n;; fori=1,2,

((mD)™" XX, (n{)™ XX)

) )
.- XX

(my) + DUPL., @ngy + DOUP), ((2my)) Ly, 2ng) L),

((zmg)l)[hUS, (Zn(l) +1)thP) ((Zm(l) + )thP (zn(l) )thUS)

((2m<')l) (2n(')l+1)) -up-parabola upper-saddle ((Zm(‘)l +1), (Zn")l)) -up-parabola upper-saddle

(mg)™ XX, ()" XX)

(ms) n{™)-XX

(@m), + D™DP_, 2n{] + )"DP), ((2m{)"UP, 2n{))"US),

((Zm(l) +1),(2n(”+1)) down-parabola upper-saddle ((2mf)')l),(Zn(lil)))fup—parabola upper saddle

((2m,<,?1)thUS, @n{) + D™UP),  (2m{ + 1)"DP, 2n{})"US),

((2m(')1) (2n(1’1)+l)) down-parabola upper-saddle ((Zm(') +l),(2n(1il)))—up-parabola upper-saddle

(2mg),+1),2n), +1))-positive saddle ((2my),),(2n§),))-double-infection saddle

233

(5.98)

’

s
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(0n{")" XX, ()" XX)

(n{ nf))-XX

(@m{] + D™UP,, 2n}) + D™UP), (2m{)*" DI, (2n,))"DL),

((2"1(')+1) (2'1“) +1))-positive saddle ((2m(]'l’) (Zn(') ))-double-infection saddle
(Cm{H™LS, 20, + D"DP) , (@m{] + )“‘UP @eniptus) |7

((2m(')) (2n;')1+1)) down-parabola lower-saddle ((2mm+l) (2"21)1)) -up-parabola upper-saddle

((m")" XX, ()" XX)

" n{")-xx

(@m{] + D"DP_, 2n{} + H™DP,), (2m{})"DL,., (2n{})"DL).

((zm(]’l‘+1),(2n")+1)) CCW center ((Zm(]il)),(Zn“))) double-infection saddle
(2m{H™LS, @n{] + D"UP) , (2m{] + DH™UP, 2n{}))"US)

)

((2m(')) (2n(1)+l)) -up-parabola lower-saddle ((Zm(”-&-l) (Zn('))) -up-parabola upper-saddle
(5.99)

(vire) The ((2m; + 1)™ UP, (2n;)"™ US-up-parabola upper-saddle switching bifur-
cation is for the switching of two p x ¢ equilibrium networks as

)4 q
U U @y i) = (@my+1)"UP2n))"US)
—

(m(]) n“))»XX ((2my+1),(2n;))-up-parabola upper-saddle
s M)

r=1s=1

= U U (aflf”'z’ajzlwz) (5100)

rn=I1s5=I
(m g) <2>) XX

where Z’;:I my, =2my + 1, ZZ:I ng, =2n; fori =1, 2.

(Vi) For ajj0 < 0 and aj,j,0 > 0, there is a ((2m;-+1)"DP, (2n;)"US)-down-
parabola upper-saddle equilibrium as

@ j1- i) = (2m+1)"DP,2n))"US) . (5.101)

((2m1+1),(2n;))-down-parabola upper-saddle

There are the following three ((2m,41)"DP, (2n;)"US)-down-parabola upper-
saddle appearing and switching bifurcations.

(viza) The ((2m; + 1)'" DP, (2n;)" US)-down-parabola upper-saddle appearing
bifurcation is from a (DP, pF)-positive down-parabola flow to a 2m; + 1) x (2n;)
network as
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(@jyjo15 %) = (@m+1)"DP,2n))"US)
—_———
(DP,pF)-down-parabola flow (+) ((2m;+1),(2n;))-down-parabola upper-saddle
2mi+1 2ny
= | U @ aiis) (5.102)
r=1 s=1 _/_/
XX
where
(UP_,UP_) (DP,,DP_) --- (DP,,DP_)
saddle (—) center (CCW) center (CCW)
1 2 (DP_,DP,) (UP,,UP,) --- (UP,,UP,)
U U (@) jos> Ajpji1) = center (CW) saddle (+) saddle (+)
s=1 =1 T : : : :
XX . : . .
(Up_,upP_) (DP,.,DP_) -.- (DP,,DP_)
saddle (—) center (CCW) center (CCW) @mi+1)x (2ny)
(5.103)

(vigp) The ((2m; + 1)"DP, (2n,)"US)-down-parabola upper-saddle appearing
bifurcation is from a p; X g; to p» X g, equilibrium network as

P q

U U (@ jor > Qi) = (2my + D™DP, (2n;)"US)
—

ri=1s=1

(m(l) 51))-XX ((2my+1),(2n;))-down-parabola upper-saddle
i s sy

P2 92

= U U (@jijory> Ajjisy) (5.104)
—

n= 1 Sr= 1
(mg) ndz)) XX

where

2my + 11— mD =25 m,

with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power i,

2n — 200V =232 0y

with /;-quadraitc polynomials without real roots

and ["M-quadratic polynomial with power n;;

2 m® =2m + 1, BL_n? = 2ny; fori=1,2,
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((my))" XX, ()" XX)

() )-XX

(@m)+D"DP., @ngy + DDP_), ((2my,)) DL, (2ng)"DL) |

((2m;"i)l+1),(2nj,’i’l+1>)-ccw center ((2m<”,) <2n“’ ))-double-infelction saddle

(Cm)H"LS, 20, + D™DP) . (2m{,+1)"DP,2n,))"US)

((2m(')l) (Zn(') +1))-down-parabola lower-saddle ((2m,(,')l+l) (2nfl')l)) -down-parabola upper-saddle

((m) " XX (n)")"XX)

o ()
(mp; ,ny")-XX

(@m)+D™UP_, 2n{} + )™UP_), (2m,))"DL,, 2n{})"DL) ,

((2my),+1),2n{)+1))-negative saddle (2mg)),(2n{}))-double-inflection saddle

((2ml()ll)])thS,(2n€ll) + l)thUP) , ((zm(l)l+1)thDP (2n(1))[hUs)

((Zm;;)l) (2nm+l)) up-parabola lower-saddle ((2m(”] +1), (2n('))) down-parabola upper-saddle

((m")"XX,(n®)"XX)

o n)-xx

(@m{}+D™DP,, 20, + D"DP_), (@m{D)™I;, 2n?)™ L)

@@m$)+1), (2n“’ +1))-CCW center (2m\7),(2n?,))-double-inflection saddle

qi

((2m§’,))thUS,(2nf;), +1"0P) .,  (2m\)+1)"DP, (2n<’> )hUs)

((2/71(1’3 ), (2n(')1+1)) -up-parabola upper-saddle ((2mm+l) (2n(’>]))—down—parabola upper-saddle

(m{")"XX,(n}")"XX)

" .n{")-Xx

(@m{{+1D)™UP_, 2nf] + D™UP_), (@m{})™L, (2n{})"1L,)

((Zm(‘) +1), (2n(') +1))-negative saddle ((Zin(li) ), (2n(i)l ))-double-inflection saddle

(@m)"US,2ny] + D'DP) . (2my)+1)"DP2n;))"US)

((2m(]il> ),(2)1(,)+1)) down-parabola upper-saddle ((Zm(]'f +1), (2/1(’) ))-down-parabola upper-saddle
(5.105)

(vize) The (2m; + D)"DP, (2n1)‘hUS)-down-parabola upper-saddle switching
bifurcation ((2m; + 1)"DP, (2n1)‘hUS)-down-parabola upper-saddle is for two



5.1 Higher-Order Singularity and Bifurcations 237

p X q equilibrium networks as

p q
N h h
U U @y @) = (@mi+D)"DP@n1)"US)
e ————
n=t=l (mﬁi’, (”) XX ((2m1+1),(2n;))-down-parabola upper-saddle
p q
= U U Qjjorss Ajrjys,) (5.106)
—/—/
=1 s=1

2 2
m$), n)-XX

where Y0 _ m, =2m;+1, Y1 _ ng =2n;fori=1,2.

(vi3) For ajj0 > 0 and aj,;,0 < O, there is a ((2m;+1)"DP, (2n;)"LS)-down-
parabola lower-saddle equilibrium as

(@1, i) = (2m+1D)"DP,(2n)"LS) . (5.107)

((2my+1),(2n;))-down-parabola lower-saddle

There are the following three ((2m1+1)thDP, (an)thLS)-down-parabola lower-
saddle appearing and switching bifurcations.

(vizy) The ((2m; + 1)"DP, (2n;)"LS)-down-parabola lower-saddle appearing
bifurcation are from an (UP, nF)-negative up-parabola flow to a (2m; + 1) x
(2n1)-equilibrium network as

@1, %) = (2m+1)"DP,(2n))"LS)

——

(SO,nF)-negative source flow ((2m;+1),(2n;))-down-parabola lower-saddle

2mi+1 2n;
= | U @or ajis) (5.108)
r=1 x:l_"_/
XX
where
(UP,,UP.) (DP_,DP,) --- (DP_,DP,)
saddle (+) center (CW) center (CW)
1 2 (DP,,DP_) (UP_,UP_) --- (UP_,UP_)
U U (@) jps> jpji1) = | center (CCW)  saddle () saddle (—)
s=1 1=l oo : : : :
XX . . . .
(UP,,UP,) (DP_,DP,) --- (DP_,DP,)
saddle (+) center (CW) center (CW) Q@mi+1)x(2ny)

(5.109)
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(visp) The ((2m; + 1)*"DP, (2n1)thLS)-d0wn-parabola lower-saddle appearing
bifurcation is from a p; x g; to p» X g» equilibrium network as

P q

U U @i @is) = (@my+1)DP2n)"LS)
——

r=1s=1

m 1) n(l)) XX ((2m+1),(2n,))-down-parabola lower-saddle
My

P2 92

= U U @ijin: ajir) (5.110)
—_—
rn=1s=1
(m(rf), n;f)) XX

where

2my + 1 — Ep‘_lm(l) = ZES NP

with /-quadratic polynomials without real roots
and s"-quadratic polynomial with power i,
2n — 20 n) =232

with /,-quadraitc polynomials without real roots
and [™
= m® =2m + 1, BL_nl? = 2ny; fori=1,2,

((mL?)‘hxx,(n;?)t“XX)

-quadratic polynomial with power n;;

(m3) .n{)-XX

(@m,+1)"DP_, 2n} + ™DP.), ((2m$)"DI_, (2n})"DL,) .

(2mg)+1),2ny), +1))-CW center (2my)),(2n,))-double-inflection saddle

(CmH"US, 2l + DDP) . (2m{\+1D™DP,2n" )" "LS)

((2m;j’1) (2n“’ +1))-down-parabola upper-saddle ((2m‘”1+1) (2n§l”,)) down-parabola lower-saddle

(mP)"XX (") " XX)

(my) n?)-XX

((2my)+1)"UP,, (2n{) + D™UP,), (2my))"DIL_, (2n{})"DL,) ,

((Zm(')l-k—l) (2n(l'l)+l)) -positive saddle ((2m(l)l) (2n(lll))) double-inflection saddle

(@m)"US.@2nf! + D"UP) . (@m)+1)"DP,2n{)"LS)

((Zm(')l) (Zn(‘)+1)) -up-parabola upper-saddle ((me +1),(2n(lil>))—d0wn-parabola lower-saddle
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(m{")"XX,(n)"XX)

(m) .ng)-XX

(@m{]+1)"DP_, (2n} + DDPL), (@m{H)™I, 2ng)"IL) |

((Zm(l)-i—l) (Zn(')l+l)) CW center ((Zm(”) (ZnL’)l)) double-infelction center

(@m{H"LS.2nY + D™UP) | (2m{]+1)"DP,2n)")"LS)

((2m(')) (2n(” +1))-up-parabola lower-saddle ((2m<1)+l) (Zn;')l))—down-parabola lower-saddle

(m{")"XX,(n)")"XX)

(m(i) n(” )-XX

(@m{+D™UP,, @nf] + D"UPL), (@m{)H™MI, 2nf)™IL) |

(@m{"+1),(2n'") +1))-positive saddle (2m)),2n\7))-double-inflection saddle

(m{H"LS,2n{] + D"DP) ,  (@m{}+1)"DP,2n{})"LS)

((2m(1i]) ),(Zn(]'l) +1))-down-parabola lower-saddle ((Zm(l'l) +1), (Zn(lll) ))-down-parabola lower-saddle

(5.111)

(vize) The ((2m; + 1)'"DP, (2n;)""LS)-down-parabola lower-saddle switching
bifurcation is for the switching of two p x ¢ equilibrium networks as

P q1

U U @i aiis) = (@mi+1)"DP(2n1)"LS)
[ —

r=1s=I

(mf 1) ni 1) )-XX ((2m;+1),(2n;)-down-parabola lower-saddle
o Ty

P2 92
= U U (@jijarss Wigjis ) (5.112)
e

r2=1 S2=1
(my3), n3)-XX

V4 q
where Y m, =2m; + 1, Y n;, =2n; fori=1,2.
V,’:l Si=l
(vig) For a;j,0 < 0 and a;,j,0 < 0, there is a ((2m;+1)"UP,(2n;)"LS)-up-parabola

lower-saddle equilibrium as

(@1 apj1) = ((2my+1)"™UP, (2n)"LS) (5.113)

((2m1+1),(2n;))-up-parabola lower-saddle

There are the following three ((2m; + 1)'"UP, (2n;)""LS)-up-parabola lower-saddle
appearing and switching bifurcations.
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(viga) The ((2m; + 1)™UP, (2n1)"LS)-up-parabola lower-saddle appearing bifur-
cation is from a (UP, nF)-negative up-parabola flow to a (2m; + 1) x (2n;) network
as

(@jyja15 %) = (2m+1)"UP, (2n))"LS)
—_——
(DP,nF)-negative down-parabola flow ((2m;+1),(2ny))-up-parabola lower-saddle
2mi+1 2ny
= U U (@) jors Qjojys) (5.114)
=l os=1 o
XX
where
(bp_,DP_) (UP_,UP_) --- (UP_,UP_)
center (CCW) saddle (—) saddle (—)
. (UP,,UP,) (DP_,DP,) --- (DP_,DP.)
U U (Clj]jzs, ajzl-ll) = saddle (+) center (CW) center (CW)
s=1 =1 XX
(DP,.DP_) (UP_,UP_) --- (UP_,UP_)
center (CCW) saddle (—) saddle (—) @my+1)x(2ny)
(5.115)

(Vigy) The ((2m; + DUP, (2n1)thLS)—up-parabola lower-saddle appearing bifurca-
tion is from p; X g; to p» X g, equilibrium networks as

P1 q1
— h h
U U (Gjijor > Ginjisy) = (Cm+1D)MUP, 2n))™LS)
n=ta=t 'y, n})-XX ((2my1+1),(2n1))-up-parabola lower-saddle
P2 q2
= U U @ijn: ajs) (5.116)
els=l

(m2, n3)-XX
where

2m + 1 -3 mV =251 m,

5=
with /;-quadratic polynomials without real roots
and s™-quadratic polynomial with power m;,
2 — B0 0V =232

with /,-quadraitc polynomials without real roots

lth

and [™-quadratic polynomial with power n;;
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Ef;:l @ = 2my +1, qu ln(z) =2ny; fori=1,2,

((mY"XX, (n{)"XX)

@@ (@)
(m],' nq' )-XX

((2 (1)+l)thUP (zn(l) 1)thUP,), ((2 (l) )thII,, (zn;)l)thlli)

((2m(')l+l) (211;')14—])) negartive saddle ((2m(’)l) (2n(’) ))-double-inflection saddle

(@mH"LS. 20 + DMUP) |, (2m$,+1)™UP,Q2n) ) "LS)

((Zm(')l) (2nf]')l+l)) -up-parabola lower-saddle ((2m (')l+l) (211;')1)) -up-parabola lower-saddle

(mD)"XX,(n}")"XX)

) @)
(m,,' n]' )-XX

(Cm+D™DP, 2n{] + D"DP_), ((2m,)" I, 2n{})™IL)

pl

(@m),+1),2n{]+1))-CCW center (2m{7)),(2n{]))-double-inflection saddle

(@m)H™LS,@2nf] + D™DP) ,  ((2m),+1)"UP,2n{})"LS)

((2n1;ii)l),(2n<1'l)+l)) -down-parabola lower-saddle ((2m(’)1+l) (2n(]'1))) -up-parabola lower-saddle

((mgi))thXX,(nf]?)‘hXX)

m niH-xx

(@m{]+1)™UP_, 2n{, + D™UP_), (2m{})"DL_, (2n,’)"DL,) ,

((2m“)+1) (2n(') +1))-nagative saddle ((Zm(/)) (2n“) ))-double-inflection saddle

(@m))"US,(2ng) + D"DP) . (@mi)+D"UP(2ng))"LS)

((2m“)) (Zn("lJrl)) down-parabola upper-saddle ((2m("+1) (2'1;)1)) up-parabola lower-saddle

((my")"XX,(n)") "X X)

(m(n n“’)—XX

@m{)+1)"DP,, 2n\) + H*DP), (2mH"DI_, 2n{)*DL,),

(@m{]+1),(2n{)+1))-CCW center (@m)),(2n?))-double-inflection saddle

@mHtus,2al? + H"uP) ,  (2m!)+1)"UP,2n)PLS)

((2m(')) (Zn(”-&-l)) -up-parabola upper-saddle ((2m(l'])+1) (2;1“))) -up-parabola lower-saddle
5.117)
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(vige) The ((2m; + 1)'"UP, (2n,)LS)-up-parabola lower-saddle switching bifurca-

tion is for two p x g equilibrium networks as

P q
U U @y iis) = (@ +D™UP, 20))"LS)

r1=1 S|=1

", nMy.xx ((2m;+1),(2ny))-up-parabola lower-saddle
s s

p q

= U U @ a1 (5.118)
—

rn=I1s=1
(m,(-;) s ng) )-XX

where Y0 _ m, =2my + 1,30 _ ng, =2n; for i=1,2.

(vii) For m = 2m; and n = 2n,, the equilibrium of (xj’z, x;‘l) = (aj,j,1, j,j,1) has the
following properties.

(vii;) For aj;,0 > 0 and a0 > O, there is a ((2m;)"IL, (2n;)"11;)-double-
inflection saddle equilibrium as
@1 pi) = (@m)"ML, Qn)™L) . (5.119)

((2my),(2n;))-double-inflection saddle

There are three following ((2m;)™I1,, (21;)"I1, )-double-inflection saddle appearing
and switching bifurcations.

(viij,) The ((2m1)thII+, (2n1)thII+)-d0uble-inﬂection saddle appearing bifurcation
are from a (pF, pF)-positive flow to a ((2m;) x (2n))-equilibrium network as

2m; 2m
o k) = (@m)"L, @)L = U @y a4 (5.120)
(PE.pF)-flow  ((2m1),(2m))-double-inflection saddle "1 ¥=1 XX
where
(DP_,DP.) (UP,,UP,) --- (UP,,UP,)
center (CW) saddle (+) saddle (+)
oy 2, (UP_,UP_) (DP,,DP_) --- (DP,,DP_)
U U (ajl_,-zs, ajzjll) = saddle (—) center (CCW) center (CCW)
s=li=1 T : : :
XX . . . .
(UP_,UP_) (DP,,DP_) --- (DP,,DP_)
saddle (—) center (CCW) center (CCW) @my)x(2n)

(5.121)
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(viijp) The ((2m))™IL, (2n;)"IL,)-double-inflection saddle appearing bifurcation
is from a p; x ¢q; to p» X g5 equilibrium network as

P1 q1
N th th
U U (\jorys Ajrjisy) = (2m) 'L, 2n)"'ILL)
ri=1s=1 . .
(mi{), ng))—XX ((2my),(2ny))-double-inflection saddle
P2 92
= U U @iarss i) (5.122)
[ —
rn=I1 =1

(m(é) R ng))—XX
where

D1 1 _ I
2my — X, _ym,’ = 2% ms
with /;-quadratic polynomials without real roots
and s"-quadratic polynomial with power i,
q a1 L
2np — X0 ng) =282 m

with /;-quadraitc polynomials without real roots

and /™-quadratic polynomial with power n;;
P 2) q2 2) . s
Xlr;:lmf2 =2my, Esz:lniz) =2n;; fori=1,2,

((mp))™ XX, ()™ XX)

(m3) .n)-XX

(@my) + DMUPL, @ngh + DTUP), (my)) "Ly, 2ng) L),

((2my),+1),2n,), +1))-positive saddle ((2my)),(2n{),))-double-infection saddle

4i pil

((2mg)1)thUS, (2n;?1 + Hup) , ((zm;,{)l + HhUP, (2n;)1)‘hUS)

k]

((Zm;'[)l),(Zn“_) +1))-up-parabola upper-saddle ((2m(i)

4! it 1) (211;';.’, ))-up-parabola upper-saddle

(mi)" XX, (n}")"" XX)

(my) .n{")-XX

@m? + D"DP_, 22 + D"DP,), (2m)HML,, 2n')PIL,),

pil pil
(2my),+1),2n{}+1))-CW center (@my)),2n{])-double-infection saddle |
i) \th i th i th i) th )
(@m)™US, @nf) + D®DP),  (@m), + D™UP, 2n{})"US),

((2m“) ),(2n(|il)+1))—down—parabola upper-saddle ((me

il it 1), (2n(li]) ))-up-parabola upper-saddle
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(0m}")"" XX, ()" XX)

(m nf)-XX

(@m 19 + D"DP, 2n) + D'DP_), (@m{) "L, @n)"™IL)

((2m;)?] 4—1),(2)1;';,)1 +1))-CCW center ((Zm(lil)),(2nflii)l))—double—infection saddle .
< @emhHthus, 2n?” + DMupP) ,  (2ml? + DMUP, 2n)MUS) ’
11 ’ gil > 11 ’ gil

((Zm({l) ),(2nm +1))-up-parabola upper-saddle ( (Zm(lil) +1), (211221 ))-down-parabola upper-saddle

g1

((m{")" XX, (n)" XX)

o n{")-XX

(@my @ + D"UP_, 2nf} + D™UP_), ((2m{})"DL,, 2n{}))"DL)

(@m$)+1),(2n\) +1))-negative saddle (@m)),2n\)))-double-infection saddle |
(@mihtus, 2a) + D"DP) ,  (2m) + H*DP, 2aiH"Us) [

((2m(]’]’),(2n(]il) +1))-down-parabola upper-saddle ((ngil) +1), (Zn(l’]’))—down-parabola upper-saddle
(5.123)

(viije) The ((2m1)‘hII+, (2n1)‘hII+)-d0uble—inﬂection saddle switching bifurcation
is for the switching of two p x ¢ equilibrium networks as

p q
U U @ir @iis) = (@m) L, 200) ™11

r1=1 S1=1

(m(l) n(”)—XX ((2my),(2ny))-double-inflection saddle
s sy
P q
= U U @n» a1 (5.124)
——
r2=1 S2=1

2 2
(m2, n3)-XX

where Y0 _ m,, = 2my, Y1 _ ng =2n fori=1,2.

(viip) For a; ;0 < 0 and a;,;,0 > O, there is a ((2m1)‘hDI+, (2n)""DI_) double-
inflection saddle equilibrium as

(@j,jn1> Gijy1) = ((2m)™DL, (2n,)"DL) . (5.125)

((2my),(2n;))-double-inflection saddle

There are the following three ((2m;)" DI, (2n;)"DI_)-double-inflection saddle
appearing and switching bifurcations.

(viiaa) The ((2m)™ DI, (2n;)"DI_)-double-inflection saddle appearing bifurcation
is from an (nF, pF)-flow to a (2m;) x (2n;) network as
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2my 2m
(. %) = (@m)"DL, @n)™DL) = | JJ @ ai)  (5.126)
— . . r=1 s=1 P
(nF,pF)-flow ((2my),(2ny))-double-inflection saddle XX
where
(UP_,UP_) (DP,,DP_) --- (DP,,DP_)
saddle (—) center (CCW) center (CCW)
— (DP_,DP,) (UP,,UP,) --- (UP,,UP,)
U U (aj] 2 ajzjll) = center (CW) saddle (+) saddle (+)
X:l l=1 %/_/ . . . .
XX . . : .
(DP_,DP,) (UP,,UP,) --- (UP,,UP,)
center (CW) saddle (+) saddle (+) Q@my)x2ny)
(5.127)

(viigy) The (2m;)" DI, (2n;)™ DI_)-double-inflection saddle appearing bifurcation
is from p; X g to p» X g, equilibrium networks as

P1 q1
U U @ijon- ajiss)) = (2my)"DL., 2n)"DL)
n=ls=I (D, 1) XX ((2m1),(2m))-double-inflection saddle
P2 92
= J U @r 1) (5.128)
n=lsn=1

m3), n3)-XX

where
P 1 _ A
2my — X, _ym,’ =2X_ m

with /;-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,

1 173
2ny — 20D =252

with /-quadraitc polynomials without real roots

and /™

2 m@ =2my, £L_n =2ny;fori=1,2,

-quadratic polynomial with power n;;

((m)"XX,(n))"XX)

) )
(m$) .n§)-XX
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(@m),+1)"DP,., 2n{, + 1)"DP_), ((2m, + )"DL., (2n)"DL),
+

((2m‘” +1),(2n?, +1))-CCW center ((2m‘” ), (2n<" ))-double-inflection saddle
1 g1 1

((2m1(11,)1)thLS’(2n‘(11’)1 + 1)thDP) , ((2}’”(1) +1)thUP (Zn(l) )thUs)

((Zm(‘) ), 20", +1))-down-parabola lower-saddle ((me +1),(2n,))-down-parabola upper-saddle
1 il 1 il

((ml(,i))thXX,(nil))thX)

(my) n{")-XX

(@m,+1)"UP_, 2n{) + D™UP_), (2m)))" DL, (2n{})"DL)

((Zm;,‘;_)l +l),(2n“)+1)) -negative saddle ((Zm(')l) (2n(’))) double-inflection saddle

(@m)MLS.2n{) + DMUP) , (2m+D™MUP2n{} + H™US)

((Zm;f;_)l),(Zn(/)Jrl)) up-parabola lower-saddle ((Zm(/)]Jrl) (2n('))) down-parabola lower-saddle

(m{")"" XX, (1) "XX)

(m(') ng; )) XX

(@m}+ 1D UP,., 2nyy + D"UP,), (2m}))"DL., 2n,})"DL).

((2m(i) +1), (Zn(i,) +1))-positive saddle ((Zm(“ )s (Zn(’.,) ))-double-infection-saddle
1 i1

(@m{)"LS.2nY + D™DP) . (@m{]+1)"DP,2n,)"US)
11

((Zm'i)).(Zn(') +1))-down-parabola lower-saddle ((Zm('JH) (Zn“) ))-up-parabola lower-saddle
11

(m}")"XX,(n}")"XX)

(m n")-XX

(@m{]+1)"DP_, (2{])"DP.), ((2m{))" DL, (2n{})"DL)

((2m(]il’ + l).(2n(li]) +1))-CW center ((2m(]il)),(2n(')))—double—inﬂeclion saddle

(@mH*Ls,2nl) + HPUPL) . (2m{)+1)"DP,2a))LS)

((2m(') ), (2nm+1)) -up-parabola lower-saddle ((meJrl) (211('J ))-down-parabola lower-saddle
1 1
(5. 129)

(viipe) The (2m;)" DI, (2n;)"™ DI_)-double-inflection saddle switching bifurcation
is for two p x g equilibrium networks as

p q

U U @in- @iis)) = (2m)*" DL, (2n1)"DI)

r1=1 S1=1

(m(l) n(l)) XX ((2my),(2n1))-double-inflection saddle
Ty
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P q
= U U (@jijoras Gijis,) (5.130)
—_—
V'2=1 S2=1
(m3), n)-XX

where Y0 _ m, =2m;+ 1,30 _ n, =2n;for i=1,2.

(vii3) For aj;,0 > 0 and a;,;,0 < 0, there is a ((2m;)"DI_, (2n;)"DI;) double-
inflection saddle equilibrium as

(@jji1> @) = ((2m)"DL, (21))"DL) . (5.131)

((2my),(2n,))-double-inflection saddle

There are the following three (2m))"DL_, (2n1)‘hDI+)—d0uble-inﬂecti0n saddle
appearing and switching bifurcations.

(viizy) The ((2m;)"DI_, (2n;)"DI, )-double-inflection saddle appearing bifurca-
tion are from an (pF, nF)-flow to a (2m;) x (2n;)-equilibrium network as

2m; 2my
(. 5,) = (@m)"DL, 2n)"DL) = | | @jor- ajis) (5.132)
— . . r=1s=1 D S
(pF,nF)-flow ((2my),(2n;))-double-inflection saddle XX
where
(UP,,UP,) (DP_,DP,) --- (DP_,DP,)
saddle (+) center (CW) center (CW)
— (DP,,DP_) (UP_,UP_) --- (UP_,UP_)
U U ((1_,']]‘25, (1_,'21‘11) = center (CCW) saddle (—) saddle (—)
s=11=1 M . . . .
XX . . : .
(DP,,DP_) (UP_,UP_) --- (UP_,UP_)
center (CCW) saddle (—) saddle (—) (2my)x(2ny)
(5.133)

(viizp) The ((2m;)"DI_, (2n;)"DI,)-double-inflection saddle appearing bifurca-
tion is from a p; X q; to p» X g equilibrium network as

P1 q1
= th th
U U (ajljZ”l’ ajljl‘vl) = (2m)"DI_, 2n;)"'DIl;)
et (m(,ll), nfl))-XX ((2my),(2n;))-double-inflection saddle
V22 )
= U U (@ijors» Ajjisy) (5.134)
—_—
rn=1s=1

(m3), n3)-XX
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where

2my — Efllzlmgll) = 22§l=1ms

with /;-quadratic polynomials without real roots
and sM-quadratic polynomial with power m,
2n — 300V =232

with l,-quadraitc polynomials without real roots
and [

Ef;:lmg) =2my, E_Yq;:lng) =2ny; fori=1,2,

-quadratic polynomial with power n;;

(M) XX,(n)"XX)

@ ()
(myp; ,ng; )-XX

i

(@m\+1D™DP_, (2, + 1)™DP,), (2m{)"DI_, 2n\’)"DI_) ,

Pi qil pil
(Qmy)+1),2ng), +1))-CW center (2my),),(2ng),))-double-inflection saddle
- . . A . _ ;
(CmP)H"US, 20, + D™DP) . (2my),+1D)™MUP,2n)"US)

( (2m,(]';,)l ).(2nf]ii) 1+1))-down-parabola upper-saddle ((2m(,'i) 1+l ),(ZnZi’,) 1))-down-parabola lower-saddle

yz
(M) XX, (n}")"XX)

(mf) n)-XX

(2m? +1)"UP,, 2aY) + DMUP,), (2m?)H™DI_, 2a{)"DL,),

pil pil
(@my),+1),(2n{} +1)-positive saddle (2my),),(2n{]))-double-inflection saddle
5 A N A N Deih
(@mH™US,@2n{] + D™UP) . ((2m{)+1)"DP,(2n{})"LS)

( (ZmI(,"’)l ).(2n(li]) +1))-up-parabola upper-saddle ((2m<i)l +1), (2n(]il) ))-down-parabola lower-saddle

(M) XX, (n)"XX)

(m ,n))-XxX

(@m{{+1)™UP_, 20}, + D™UP_), ((2m{))"DL_, (2n{})"DL,).

(@m)+1),(2n?, +1))-negative saddle (@m'),2n,))-double-infection-saddle
11 11 gi1

g1

(Cm{H™MUS,2n + D'DP) . (@m{]+1)"UP,@2n)))"LS)

((Zm“)),(Zn(l? +1))-down-parabola upper-saddle ((2m(i)+l),(2n(i) ))-up-parabola lower-saddle
11 il 11

4;1

((m}")"XX,(n}")"XX)

(m . n{")-XX
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(2m)+1)"DP,, 2n\) + D"DP.), (2mH"DI_, 2a)*'DI,),

(@m0 +1),(2n') +1))-CCW center (@m),2n'2))-double-inflection saddle
11 11 11 11

(Cm{H™US,2n{) + D™UP) , (@m{]+1)™UP,2n{})"LS)

((2m(1il) ), (Znﬁ +1))-up-parabola upper-saddle ((Zm(]il) +1 ),(2n(li,) ))-up-parabola lower-saddle

(5.135)

(viise) The ((2m;)"DI_, (2n;)"DI,)-double-inflection saddle switching bifurca-
tion is for the switching of two p x ¢ equilibrium networks as

P1 q1
N th th
U U @ion- @iis) = (2my)™DIL_, (2n;)"DL)
n=ls=l ) nD)-XX (2m1),(2n1))-double-inflection saddle
P2 q2
= U U (@jijoras Qiis,) (5.136)
—_—
V'2=1 S2=1

(mi3 n3)-XX

where Y7 _ m, =2my, Y1 _ ng, =2n fori=1,2.

(viig) For a0 < 0 and aj,,0 < O, there is a ((2m;)™I_, (2n;)"™1_)-double-
inflection saddle equilibrium as

(@jji1> Gijo1) = (2m)™L, (2n7)™L) (5.137)

((2my), (2n;))-double-inflection saddle

There are the following three ((2m;)"II_, (2n;)"II_)-double-inflection saddle
appearing and switching bifurcations.

(viiga) The ((2m;)MII_, (2n;)MII_)-double-inflection saddle appearing bifurcation
is from an (nF, nF)-flow to a (2m;) x (2n;) network as

2m1 2}11

N h h N

o) = (@m)" I, Qe = | @jar- ajis) (5.138)
_ — _(—/

(nE,nF)-flow ((2my),(2n1))-double-inflection saddle =1 5=1 XX

where
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2my 2m

UU @ aii) =
—_—

s=1[=
s=11=1 XX

5 Bifurcations for Homoclinic Networks with Centers

(bpP,_,DP_) (UP_,UP_) --- (UP_,UP_)

center (CCW) saddle (—) saddle (—)
(UP,,UP,) (DP_,DP.) --- (DP_,DP,)

saddle (+) center (CW) center (CW)

(UP,,UP,) (DP_,DP,) --- (DP_,DP,)

saddle (+) center (CW) center (CW)

(2my)x(2ny)
(5.139)

(viigy) The ((2m)™II_, (2n;)"II_)-double-inflection saddle appearing bifurcation
is from a p; X g; to py X g, equilibrium network as

Pt q

U U @i aiis) = (@my)™M, 2n)"11)

n=ls=1 (’"f'i>' ng))—XX ((2my),(2n;))-double-inflection saddle
P2 9
= U U (@ijory» Ajjys,)
— ———
r3=1 S3=1

where

2 2
3, ny)-XX

2m; — Efllzlm(l) = ZEilzlmS

r

with /;-quadratic polynomials without real roots

and s"-quadratic polynomial with power m,

27’11 — Efl]

1 _ L
—tfy, =2Em

with /,-quadraitc polynomials without real roots

and /™

P2 2)
Er2=l mrz

((m))" XX (nf))"XX)

@ ()
(mf) nf))-XX

-quadratic polynomial with power n;;

= 2my, Ef; lng) =2n;; fori=1,2,

(5.140)

(@my+D™UP_, 2ngh + H"UP.), (@my), + DI, 2ng, + DML,

pil

gil

((Zm(p"’)l +1), (2";’;)1 +1))-negative saddle

(@m")"LS,2n0, +

pil

pil

D"UP) . (@2m+1)"UP@2n,))"LS)

(@)

((2111[(,’2 s (2:1;?1 ))-double-inflection saddle

((2m(p"’,)l ).(2nf]ii)1 +1))-up-parabola lower-saddle ((2m“,)l +1), (211{,’ 1))-up-parabola lower-saddle

Pi
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(mP)"XX (") " XX)

(m [:)! (l)) XX

(@my,+1)"DP,., 2n{] + DDP_), (2m$} + DL, 2n{))" L),

((2m(')l+l) (2n(l'])+1)) CCW center ((2m(')l) (2n(l']))) double-inflection saddle

(2m)H"LS.2nf} + DDP) ., (2my)+1)™UP2n{] + 1)"LS)

((2m(')l) (2n(l’])+1)) down-parabola lower-saddle ((2m(’)l+l) (2n(l'1))) -up-parabola lower-saddle

i
(M) XX, (n)"XX)

(mm nu) )-XX

(@m{}+1D)"DP_, @ng) + DDP). (@) L, 2ng))"ML) |

(@m{]+1),@2n +1))-CW center (2m{)),@n)))-double-infection-saddle

(@m{)™LS,2n + DMUP) ., ((2m{}+1)"DP(2n)"LS)

((2m(1i])),(2n,(4')]+1)) -up-parabola lower-saddle ((2m(l'])+1) (2;12’),)) down-parabola lower-saddle

((m")"XX,(n)")"XX)

(m(n n“’)-XX

(@m{)+1)"UP,, @niH"UP,), (2m)M I, 2n') ML),

(@m{)+1),(2n)+1))-positive saddle (@m),2n!))-double-saddle

(Cm{H"LS,2n{] + DMUPL) ., (@m{}+1)"DP2n{})"LS)

((2m(')) (211(”-&-1)) down-parabola lower-saddle ((2m(1'l)+1) (Zn“))) down-parabola lower-saddle

(5.141)

(viige) The ((2my)"TI_, (2n;)"TI_)-double-inflection saddle switching bifurcation
is for two p x g equilibrium networks as

p q
U U @ir @iis) = ()™, (21)™11)

Lsi= (m(l) nm)-XX ((2my),(2n;))-double-inflection saddle
! 51

= U U (a}1]2r2’ a]ylvz) (5.142)
—

rn=1s=I
(mf3), n$)-XX

where Y0 _ m,, =2my, Y i_ n, =2n fori=1,2.
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5.2 Proof of Theorem 5.1

(1) Consider a crossing-univariate polynomial dynamical system as
L mo. n
Xy = a0 (X, = aj,jy1)"s Xy = ajjio (X, — @jpji1)"
Jisj2 € {1, 2} j1 # ja-
In phase space,

dx;, _ G0 (X, — ajpji1)

dle 4a;j,j>0 (sz a]l]2l)

gives

ai o
J1J2
(x5, — ajzill)ndle = — (x, — ajljzl)mdx.iz'

a)j»ji0

With initial condition (xj,0, X;,0), the integration of the foregoing equation yields the
first integral manifold as

n+1 n+1
P (G, = @iy )" = (g0 — @) ]
G 1

+1 1
aiiom—+ 1 [(xj2 - ajljzl)m — (.Xj20 — ajlj21)171+ :|7 for mn> 1.
J1J2

k) - .
At (sz, le) = (aj,j,1, aj,j,1) for X, # a; j,1, in phase space,

n
dj, | _ G0 G — @ )"
Xt =aj, 1 — — m — Y
. J1 J2J1 ..
dx;, 41j,0 (sz - ajljzl)
n .
d sz . =0
dx" Xjy =iy T
J1
If
n+l.. .
d"" x;, ) G0 n! -0
ntl | =bat T o0 (= m ’
dx;, ajrjr0 (X — @jyjo1)

there is a (2n; + 1)M-order up-parabola flow for n = 2n; + 1 or a (2n;)"-order
increasing-inflection flow for n = 2n; in the x;,-direction. If
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n+1.,.. .
d""x;, G0 n!
n+1 x;‘] = T = m < O’
dx;; @jro Kjy = Gjijp1)

there is a (2n; + 1)‘h—0rder down-parabola flow forn = 2n; + 1l ora (2n1)‘h—0rder
decreasing-inflection flow for n = 2n, in the x;,-direction. Let

. _ — m
Xj, = ajljzo(sz - ajlj21) :

If @,1,0(X, — aj,;,1)" > 0, the (2n; + 1)™-order parabola flow is positive for n =
2n; + 1 and the (2n1)th—order inflection flow is positive for n = 2n; in the x; -
direction. If @j,,0 (X;, — a;,5,1)" < 0, the (2n; + 1)"-order parabola flow is negative
for n = 2n; + 1 and the (2n;)"-order inflection flow is negative for n = 2n; in the
xj,-direction.

Similarly, at (xjf"z, xfl) = (aj,j,1, aj,j,1) for X;, # aj,j,1, in phase space,

— m
dx;, | | _ G0 (B = )" _
xXf=aji,1 — n = Y,
. J2 T2 .
dxj, a0 (X, — @iy1)
m
d Xy . _
dx™ [t T
J2
If
m+l1,. . |
d"™" x;, ) G0 m! -0
m+1 Y%=t T (= n ’
dxj, apjr0 (%, — ajji1)

there is a (2m; + 1)"-order up-parabola flow for m = 2m; + 1 or a (2m;)"-order
increasing-inflection flow for m = 2m in the x;, -direction. If

m+1 .. .
d Wil _ Gijo m! <0
m+1 xfgzahjzl - . = " ’
dsz aj»ji0 (le - a]Z/ll)

there is a 2m; + l)th-order down-parabola flow for m = 2m; + 1 ora (2m1)‘h—0rder
decreasing-inflection flow for m = 2m; in the x;, -direction.
Let

. — n
Xp = Cl.izilo(x.il - ajzil‘) :
If a,,0(X;, — ajj,1)" > 0, the (2m; + 1)™-order parabola flow is positive for m =

2m; + 1 and the (2m1)th—order inflection flow is positive for m = 2m; in the x;,-
direction. If ajz]-lo()_cjl — aj,j, l)n < 0, the (2m; + 1)™-order parabola flow is negative
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for m = 2m; + 1 and a (2n;)"-order inflection flow is negative for m = 2m; in the
xj,-direction.

Therefore, for X;, = a;;1 and X;, = a;,j,1, four cases can be summarized as
follows:

e Case I: The singular equilibriums of (xj"z,x;‘]) = (@jj,1, ajj1) Tor m = 2m; +
1 and n = 2n; + 1 are given as in case (i;) through Egs. (5.3)—(5.6).

e Case II: The singular equilibriums of (xj’.kz, x;‘l) = (aj,j,1, ajj,1) for m =
2m; and n = 2n; + 1 are given as in case (i) through Egs. (5.7)—(5.10).

® Case III: The singular equilibriums of (x}), x) = (aj,,1, ajjy1) for m = 2my +
1 and n = 2n, are given as in case (i3) through Egs. (5.11)—(5.14).

e Case IV: The singular equilibriums of (x7,x}) = (4;,1,4a);1) for m =
2m; and n = 2n, are given as in case (iq) through Eqgs. (5.15)—(5.18).

(1) For m = 2m; 4+ 1 and n = 2n; + 1, the equilibrium of (xj*;, x_;‘]) = (aj,j,1, Ajyj1)

has the following properties.

e For aj j,0 > 0 and ajj,0 > 0,

(a_,‘,jzl, ajzjll) = (@my + H™UP,, 2n; + DH™UPy).

((2m1+1), (2n;+1))-positive saddle

e For ajj,0 < 0and aj,j0 > 0,

(ajjo1s @ji1) = ((2my + 1'"DP,, (2n; + 1)"DP_).

(2m1+1), 2n;+1))-CCW center

e For a;jj,0 > 0and a0 <0,

(ajji1s 1) = (2my + 1)"DP_, (2n; + 1)"DP).

(2m1+1), (2n;+1))-CCW center

e For a0 < 0 and aj,ji0 < O,

(ajjp1s 1) = (@my + 1D™MUP_, (2n; + D™UP)).

((2m1+1), (2n;+1))-negative saddle

(i) For m = 2m; and n = 2n; + 1, the equilibrium of (xj’.;, xj*l) = (@j,j,1, ajj,1) has
the following properties.

e Foraj 0 > 0and ajo > 0,

(@1, apj1) = ((2m)™US, 2ny + H™UP) .

((2my),(2n;+1))-up-parabola upper-saddle
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e For ajj0 < 0 and aj,j,0 > 0,

(@jj1» @jy1) = ((2my)™LS,(2n,+1)"DP)

((2my),(2n; + 1))-down-parabola lower-saddle

e Foraj o > 0andajjo <0,

(@j1s Gijy1) = ((2m)"US,(2n;+1)"DP)

((2my),(2n; + 1))-down-parabola upper-saddle

e Foraj o < 0andajjo <0,

(@1, pjn1) = (2my)™LS,(2n;+1)"UP)

((2my),(2n; + 1))-up-parabola lower-saddle

(i3) For m = 2m; + 1 and n = 2n, the equilibrium of (x7, x7) = (aj,,1, aj,j,1) has
the following properties.

e For aj j0 > 0 and aj,j,0 > 0,

(@1 pj1) = ((2my+1)"UP,(2n1)"US)

((2my+1),(2n;))-up-parabola upper-saddle

e For a0 < 0 and aj,j,0 > 0,

(@js1> Gigjy1) = ((2my+1)"DP,(2n,)"US)

((2m1+1),(2ny))-down-parabola upper-saddle

e Foraj o > 0andajjo <0,

@jo1s apji1) = ((2mi+1)"DP,(2n)""LS)

((2my+1),(2n;))-down-parabola lower-saddle

e Foraj o < 0andajjo <0,

(@15 1) = ((2my+1)™UP,(2n1)"LS)

((2my+1),(2n;))-up-parabola lower-saddle

(i4) For m = 2m, and n = 2n,, the equilibrium of (xjf;, x;‘l) = (aj,j,1, aj,j,1) has the
following properties.

e For ajj,0 > 0 and aj,j,0 > 0,
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(@jyja1s @) = (2my)"L, (2n) L)

((2my),(2ny))-double-inflection saddle

e For ajj,0 < 0 and ajj,0 > 0,

(@jo1, 1) = ((2my)"DLy, 2n;)"DIL)

((2my),(2ny))-double-inflection saddle

e For aj j,0 > 0 and ajj0 < 0,

(@1, ajjn) = ((2m)" DL, (2m)" DL)

((2my),(2my))-double-inflection saddle
e Fora;j,0 < 0andaj,jo <0,

(@1, apjy1) = (2m)™L, 2n)™L)

((2my),(2ny))-double-inflection saddle

(ii) Consider a crossing-univariate polynomial dynamical system for ¥0_ m, =
mand =7 n; =nas

p
Xji = @j1j20 1_[ (G, = @jyjor)™ s
r=1
q
. n,
%, = a0 [ | 0, = )™
s=1
p q
E m, = m and E ng =n;ji,j2 € {1,2};j1 # Jjo.
r=1 s=1
In phase space, with > 7_ m, =mand Y.7_, n, =n,

q
dxj,  apjo [Ty GG, — ap0)™

> .
dx;, o [Tmy (6 = @jpr)™
The deformation of the above equation gives

rp
m m
@00, = @)™ [T G = Gjuiors + @i, — o)™
rn=1,r#r
Sq
— .. . J— .. n" . J— .. .. J— .. r’ .
= Ajji0 (X, = @jjisy)™ 1_[ Gy = Gigjisy + Ajpjis; — Ajyjis,)" 2,

so=1,82%s)]
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ri,rp-ee 1, €4{1,2,--- ,pland sy, 5.0 L5, € {1,2,--- , g}
Using expansion, the foregoing equation becomes

m,
ajljzo(sz - Clj,jzrl) !
P lry Hry =my,
| | 2 : mrz! 1 I}
[ — P . T . x — P T .
X | |(sz ajuzm) z(ajljzrl ajuzrz) 2 dsz
It

n=Lrn#rn = ,,t,=0

— (1 : e n
= ajpj,0(Xj, — Biyjis)

q —lsz +15, =0y,

ng,
X 1_[ Z / (x/l ajojis)" (s, _ajwz)rzz}dle;

't
s=lsags & Ly, =0 27527

and exchanging summations and continuous multiplications yields

lyy +try =y, Ly +tr, =my, Ty
o, — @iy )™ mk‘( . )lk
aj1j,0\Xj, — Qjjory AT Gjijory = Yijors
Iy try =0 l,.l) My =0 k=r,
tyy+ett
X (sz - ajljz"l) 2 K dx.iz
Ly, +15y=ny, Ly +tsg=ns, _ s4
|
= a0t — @i s )™ ”k( Yl
= jj,0\X;, Ajojy s L% Ajjosy — Gjijosy
Iy 15, =0 Iy ts,=0 k=5,
tyyF et .
X (sz - Cl.fzjlsl) 2 K dx.il ’
which is equivalent to
m
Clj,jzo{(sz - ajljzrl)
m—myg, Ly, +lp, =my, Ly Ftry=myp, 1,
Iy em—a
+ § : [ § : E : 1_[ ATS ,( Jriar ajljzrz) 8!,2+ +z,,,i|
Iy sty =0 Lyolry =0 k=s
m—o
X (X5, = @jjpr)" " Y,
— .. . J— Py n
= anhO{(x./l Qjjisy)
n—ny s, s, =ns, lsg+tsg=ny,
. I n—p
+ § : |: § : § : 1_[ A ,( sjisi ™ jajisa) " Bryy o,
lyy 1, =0 liyotsy=0 k=s

X (X, — ajyjy)" " }dle.

Let
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Lsg Htsy=ns, lyy i, =n> _ s,
I’lk n B
bjzilﬂ = E - E |:l_[ AT '( Joj151 ajﬂ]k) ] foy ety 0
lyg+15,=0 ls, 15, =0 “k=
Ly, =m, byt =y, 1, '
nmy. I
.. = e k m—ao
b]l]za - § : § |:l_[ [T ( Qj jory ajljzk) :|8[72+ +t,,
K-tk ;
ly liy =0 Iy try =0 “k=r,

a=0,1,--- ,m—m,;8=0,1,--- ,n—ny;
bjjo =1, bjjj0 = 1.

Thus,
n—ny,
. Y .. Y .
a}znO{(le @jrjis)" + § : byjip (i, — ajsjisy) }dle
p=I1
m—nmy,
= ajuzo{(sz a]IJZrl) + E : bjuzct (le ajuzh) }dsz-
a=1

With initial condition (xj,0, Xj,0), the integration of the foregoing equation yields the
first integral manifold as

1

+1 +1

ajy‘IO{—n+ 1[()9'1 — )" = (50 — @)
n—ng,

+ Z ,3 T lelﬁ[(le a/z/m)n — (G0 — ajﬂlsl)nﬁ+l]}

— +1 +1
= ajmﬂ{ mrl (G, = @jjor)"™ = (50 — @jjor )™ ]
m—imy,

" Z —o+ lbjljza[(le - ajl./éfl)m_at_‘_1 - (xj10 - ajljzrl)m_a+l]}.

The singular equilibrium network with ™7 _ m, =mand Y_!_, n, = nis defined
as

P 4 (@ijops @i 1) -+ @jijops Ajojiq)

U U (ajljzf’ ajzilf) = : :
—_———

=] s=1

T men)xx (@1 @jpji1) -+ (@ijo1s Ajng)

pxq
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((mp) " XX, (ny) "XX) - - - ((my) " XX, (1)) "XX)

(my,ng)-XX (m;i[) ,nfﬁ)-XX

((ml)thxixnl)“‘XX) . ((mo‘hxk,(nq)thxm

(my,np)-XX (mp,n1)-XX

At (X, ) = (@) jory» Ajrjysy) TOI X}, # @), r,, in phase space,

Y q e s
dx;, ajjio (G — ipjisy)™ ]_[sg=1,527és1 (O, — Gjpjisr)™
. |xf =aj,; = — — xXf =a,; =Y,
N T %0 L ..y r o .. Mg [N T %R0
dx;, aj,j0 K, = @jpjos )™ [ 121 ryry Ko — @ijor)™
n,
d *1Xj, X
dxm'l i) =iy sy
1
If
ng, +1 | q . o n
dm X . _ aj,j,0 (né‘l)' l_[sz=1,sz9ésl (ajzllé‘l a]thz) 2 -0
ng +1 | Y =%t T = L M P = .. \m ’
dx;” aj,j,0 (Xj, — @jyjpr)™ ra=1,r#r| (X = ajyjor,)"™

J1

there is a (2ng,1 + 1)"-order up-parabola flow for n;, = 2n,,; 41 or a (2n,, DP-order
increasing-inflection flow for ny, = 2ny,; in the x;,-direction. If

1g, +1 4q L. .. )
d"tlx, aj,ji0 (ng,)! Hs2:1,sz;esl (@pjisi — Gjjrsy)™
ey 1|5 =an — m P — P 0,
dx;" G0 05 = @por)"™ Lot ey Xy — @)™

thereisa (2ng, 141 Yh_order down-parabola flow for n;, = 2ng,1+1o0ra (2n;, DP-order
decreasing-inflection flow for n, = 2n,, in the x;,-direction.

Let
14 14
Y e P _4 j— P m, _4 j— P m, e P _. — P my
Xy = a,j0 (X, — @jjjpr,)"™ 1_[ (X — ajijor,)" = @50 1_[ X = @jijor)™
r=1,rn#rn r=l1

If a0 [T _1 (%), — @jjor)™ > 0, the (2,1 + 1)™-order parabola flow is positive
for ng, = 2n,,1 + 1 and the (2n;, D™-order inflection flow is positive for n;, = 2ng,; in
the x;, -direction. If @, j,0 [ T7,_; (%), — @j,j,r)™ < 0, the (2n5,1 + 1)™-order parabola
flow is negative for n;, = 2n,,1 + 1 and the (2n,, DP-order inflection flow is negative
for ng, = 2ny,; in the x; -direction.

Similarly, at (x7, x7) = (@j,j,r,, @jjrs,) fOr Xj; # ajyj,,, in phase space,
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. my P . m,
dx;j, ) @0 (G, = ajjor)™ | [zt o, i — @ijor,)™ ) _
5 T Y T, —. Y2 q = Ny % =% T
dsz ajrj10 (le - a]Z]IS]) T =155, (le - ajz}lé'z) 2
m .
d"n xj, —0
dxmr, Xjp =Cjyjpry —
J2
If
1 4 g )M
dm~ Xji _ Gijo (my)! Hrzzl,rz#rl (a./lj2rl ajljzrz) " 0
my +1 X =bjijpr aiio (X — aiig )™ 1_[4 i, — aiis, )" =
dsz jnj10 (Xjy ajisi sr=1,5%s; i ojis2) 2

there is a (2m,,1 + 1)*-order up-parabola flow for m, = 2m,,; + 1 or a 2m,, Do
order increasing-inflection flow for m,, = 2m, in the x; -direction. If

-+ p P LU
dmt Xjy aj,j,0 (mfl)! Hr2=l,r2;ér1 (a/ljzrl ajljzrz) "2

my, +1 X, i =j1jary = a..: (—. . )nsl q (—' . )ns7 < O’
dxiz 210 \Xjy = Gjajisy so=1,sas1 Kt T Qjnjisy) 2

thereisa (2m,,; + D-order down-parabola flow for m,, = 2m,,1+1ora (2m,, -
order decreasing-inflection flow for m,, = 2m,,; in the x;, -direction. Let

q
Y — P _. J— P ng _. —_— .. n — .. _. —_— .. n>
X, = ajpji0(Xj, — @igjis))™ 1_[ (Xj, — jjis,)™ = ajji0 1_[ (X, — Gjpjys )™ -
so=1,50%s] s1=1

If a0 [0 _1 &, — ajpjs)™ > 0, the (2m,,; + 1)™-order parabola flow is positive
form,, = 2m,,;+1anda (2m,, D™-order inflection flow is positive for m,, = 2m,,; in
the x;,-direction. If aj,j,0 [T¢ _; (), — @jy,5)™ < 0, the (2m,,1 + 1)"-order parabola
flow is negative for m,, = 2m,,; + 1 and a 2m,, DM-order inflection flow is negative
for m,, = 2m,, in the x;,-direction.

Therefore, for X;, = aj,j,,, and X;, = a;,j,5, the following four cases exist:

e CaseI: The singular equilibriums of (x7,, x7\) = (a),j,r,, @jpjis,) formy, = 2my 1 +1
and n;, = 2ng,1 + 1 are given as in case (111) through Egs. (5.23)—(5.27).

e Case II: The singular equilibriums of (x};, x;,) = (aj jr,, @jyjys,) for my, = 2m,
and n;, = 2ng,; + 1 are given as in case (112) through Egs. (5.28)—(5.31).

® Caselll: The singular equilibriums of (x, x}) = (aj,or, » Qjnjys,) fOr my, = 2my, 1+
1 and n;, = 2ny,; are given as in case (ii3) through Egs. (5.32)—(5.35).

e (Case IV: The singular equilibriums of (x X; 1) = (@ijory» Ajyjys,) for my, = 2my,y
and n;, = 2ny,; are given as in case (iis4) through Egs. (5.36)—(5.39).

(iiy) For m,, =2m,,; + 1 and ny, = 2n,,;+ 1, the equilibrium of (x , “) (@rjor »
aj,j,5,) has the following properties.



5.2 Proof of Theorem 5.1 261

. P R/
e For 4a;j,j>0 nr2=1,r2¢s, (all.llrl a./LIzrz) > > 0and

. q R}
aj»ji0 l_[szzl,s27$sl (@jisi = @jpjisy)™ > 0,

(@jrjory > Ajojysy) = ((zmr11+1)thUP+y (2ns,1+1)mUP+).

((2my1+1), (20,1 + 1))-positive saddle

. 4 S L
e For aj,j,0 1_[,~2=1,r2¢s, (a.Il]Zrl a]l.lzrz) < Oand

. q . Y
5,0 l_[s2=l,s2;és| (a.lzllsl - a.lz/lé‘z) > 0,

(@jsjor» Gijysy) = (2m, 1 +1)"DP,, (2n,,+1)"DP_) .

(@myy1+1),2ng 1 + 1))-CCW center

- 4 L g )M
e For 4a;j,j>0 Hrzzl,rz;ﬁs] (a]l./zrl a./ljzrz) 2 > 0 and

. q g )
8j»j10 I—[szzl.szyﬁsl (@pjisi — Ajpjisy)™ < 0,

(@} jor> jrjisy) = (2my 1 +1)™MDP_, (2n,,,+1)"DP,) .

((2myy1+1),2ng, 1 + 1))-CW center

P m
e Foraj,j,0 Hrz:l’rﬁésl (@jjir, — jpjir,)™ < 0 and

. q g s
aj»ji0 Hsz=1,sz;esl (@jos1 = Ajpjpsy)™ < 0,

(@jjor,» Qijysy) = (2, 1 +1)MUP_, 20y, +1)"UP_) .

((2m,1+1),(2ny 1 + 1))-negative saddle

(iip) For m,, = 2m,,; and n,, = 2n,,;+1, the equilibrium of (xj’;, x;‘]) =(ajjry»Ojojrs1)
has the following properties.

L 4 L g )M
e For 4a;j,j>0 Hrzzl,rg;ﬁs] (a]lflrl ajuzrz) 2 > 0and

q n
Aj10 [ 5,21 5y5) @ijisy — Gjajisn)™ > 0,

(@jor> Qo) = ((2my,1)™US,(2n5,1+1)"UP)

((2my1),(2ns;1 + 1))-up-parabola upper-saddle

P m,
e For aj,j,0 ]_[rzzl’mﬁsl (@j,jor, — Gjpjor,)™ < 0 and

. q g s
aj»ji0 H52=1,sz;esl (@jjisi = Gjpjisy)™ > 0,

(@jjor» Qijysy) = ((2my,1)"™LS,(2n5,1+1)"DP)

((2my1),(2ng,1 + 1))-down-parabola lower-saddle

L P g )m
e For a;,;,0 ]_[rzzl,rﬁéx] (@j,jor, — @jyjor,)™ > 0 and
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. q g )
5,0 l_[x2=l,s2;éx| (a./zllé‘l a]2/152) 2 <0,

(@ Qijnsy) = ((2m,,1)™US,(2n5,1+1)"DP)

((2my1),(2ng; 1 + 1))-down-parabola upper-saddle

- 4 R 7%
e For a]l./ZO n]‘zzl’rz#sl (a]l.]zrl a]]jzrz) 2 < 0 and

. q g s
ajrj,0 l_[szzl.sgyﬁsl (pjsi — Ajjpsy)™ < 0,

(aj]jzh ’ ajgjlsl) = ((2mr| l)thLS9(2nS1 l+l)[hUP)

((2my1),(2ng; 1 + 1))-up-parabola lower-saddle

(ii3) Form,, = 2m,,1+1 and n, = 2ny,,the equilibriumof(xj’z, xj’.kl) = (@ jory »irjys1)
has the following properties.

P m,
e Foraj,0 ]_[rzzlh#] (@j,jor, — Gjpjor,)™ > 0 and

- q g )
jrj,0 l_[s2=l,s2;és1 (a./21151 a]zhé‘z) 2 >0,

@jijory» Ajjis)) = ((2mr11+1)thUP,(2nsl1)thUS)

((2my, 1+1),(2ny, 1))-up-parabola upper-saddle

- 4 L g )M
e For aj,j,0 Hrzzl,rz;ﬁs] (a]lflrl ajljzrz) 2 < 0and

q n
ajoji0 [T5,=1.0y5, @ijisi — @jisy)™ > 0,

(@ Qijusy) = ((2my,1+1)™MDP,(2n,,1)"US)

((2my1+1), (25, 1))-down-parabola upper-saddle

p m
* For a0 Hrzzl,rz#n (@j\jory — @jyjor,)™ > 0 and

jrj)0 l_[szzl,sz#sl (@ojis — jgjrsx)"™2 < 0,

(@jjor» Qijysy) = (2m,1+1)"DP,(2n,,1)"LS)

((2my1+1),(2ny, 1))-down-parabola lower-saddle

P m,
® For a0 [T,,21 1,6, @ijiny = @jjy,)™ < 0 and

. q Y
aj,j10 l_[s2=l,sz;éx| (a_/z]zsl ajmsz) 2 < 0,

(@jrjarss Qi) = (21 +1)™UP,(2n,1)LS)

((2my1+1),(2ns 1))-up-parabola lower-saddle

(ii4) For m,, = 2m,,; and ny, = 2ny,;, the equilibrium of (xjf‘;, xj”‘l) = (Gjijor > Ajojrs1)
has the following properties.
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L P Y
e For aj,j,0 Hr2=1,r2;£s] (a.ll./Zrl a./l.lzrz) 2 > 0and

q g,
@10 [ 15,1 5050 @ijisi — @jojisy)™ > 0,

(ajljzrl ’ aijIAYl) = ((Zmrll)thlh-’ (ZnSll)[hIL—)

((2my,1),(2ny, 1))-double-inflection saddle

P m.
® For 4j1j,0 l_[rzzl,rzyés] (ajljzrl - ajljzrz) > < Oand

.. q .. )
jyj,0 ]_[s2=1,527és1 (@pjis — Ajjys)"™ > 0,

(@jsjars» Qjjrsy) = ((2my, )DL, (2n,,1)"DL) .

((2my1),(2ny,1))-double-inflection saddle

. 4 Y /[
e For aj,j,0 Hr2=1,r2;ésl (ajljzrl a]uzrz) 2 > 0and

q n
10 [ Tyt 525, @ijasi — @jajis)™ < 0,

(@jrjors» Qijysy) = ((2my, )DL, (2n,,1)"DLy) .

((2my;1),(2ny, 1))-double-inflection saddle

P m,
 Forajjoll,—1 .z @jin — @)™ < 0and

q ny
@j10 [ [5,=1 551 @pajosi — @jojsy)™ < 0,

(@jjor > o) = (2, 1) ML, (2ng,1) ™)

((2my,1),(2ny, 1))-double-inflection saddle

(iii) Consider a crossing-univariate polynomial system as

m
Xjp = 4jj,0 | | (X, — @jijosy),

51=1
n
%, = apio [ | G — @)
L=1
Ji.J2 € {1, 2}, 1 # ja-

In phase space, for a;,j,5, @) o5, (51, S2 €{1, 2, 3}, 51 # 52) and a;,;,1, a1, (1, e
{17 21 3}7 ll ;é l2')’

m
dle a;,j,0 (sz - ajljzsl) Hszzl,sz;ésl (sz - aj]j252)
n
dsz aj»ji0 (le - ajzjlll) lezl,lg;tll (le - a]zillz)
m
a;,j,0 (sz - ajljzsl) Hsz=1,S27$sl (sz = Qjijps; T Qjijpsy — ajljzfz)

n
apjio (5, = o) [t bz, @ — @ity + @ity — @jojiry)

3
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thus, from the relations of coefficients and roots, we have

n—1
—k
o[ (5, — )"+ Y bk (5, — ajir)" "
k=1
m—1
m m—k
= ajljZO[('ij — jyjps)" + Z bj jok (X, — @jyjs,) ]dsz’
k=1
and
n
bujn = Y (@, — i),
hLh=1,L#

n 3
bjyji2 = § : 1_[ @jgji1, — Ajjit,) -+

L, 3=1;L,l3#L r=2
(h<h)

k+1

n
bk = > | @yt =), -+,

bl =15 r=2
bl e £
(b<ly<-<lkt1)

n
by =[] @ity = @iin);
h=1,hL#l
m
bjljzl = E : (ajljzsl - ajljZSZ)’
sy=1,857s1

m

3
bjj2 = E : 1_[ (@jijosi = @jrjos,)s =+ »

$2,83=1;850,837#s; r=2
(s2,<3)

m k+1

bjijok = » [T @ipss = @ios)s -+

52,83, Spp1=1; r=2
52,83, Sk+17S1
(s2<$3<-+-<Sk41)

m
iy =[] @i = Gijasr)-

s1=1,527s1

With initial conditions of (x;,0, x;,0) at # = fo, the integration of the above equations
gives the first integral manifold as

1
+1 +1
ajz/lo{ P 1[()‘/1 — ajj)" = (0 — apj)"]
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n—1

! —k+1 k41
' ; mbjﬂlk[(xj‘ = @pj1)" T = (0 = )" ]}
! 1
B ajljzo{m—-i-l[(ij o a.l'ljzsl)er — (X0 — ajl./'zsl)er ]
m—1 1
—k+1 k4l
! kZI: m_—k—i_lbjlhk [(le B aj'jzsl)m - (ijO - ajljzs;)m - ]}

The nonsingular equilibrium network with m x n is defined as

m n

U (ajljlé" ajzizl)
—_——
1

s=1[= XX
(@jijoms Ajj 1) @ijoms @jpji2) -+ (jyjams Gjyjin)
] @1y @ji 1) (Gjijim—1)s @ipji2) - (Gijpm—1)s jajin)
@jijo1s @) (@ji1s @ji2) o (@1 Gigjin)

mxn
In phase space, at (x},, x7) = (gjyjps, > djpji1, ), tWO cases are discussed.

(D In phase space, at xj*2 = Gjyjos, (51,82 € {1,2, -+ ,m}, sy #s52) and X, # @jpj,
(h=1,2, ---,n), we have

m
dx;, 4, j,0 (%, = @jyjos,) l_ISz:l,S27éSI (G, = jjosy) 0
- |x* =a;, .. — m — xf=a; ..., — U.
. T =% L. .. o =Gjrias1
dxj, I'? aj»j10 [Th=1 G — apiur) >
If
2 m g
d X, _ G0 l_[szzl,sﬁés] (aJIJZSI ajlszz) 0
d 2 X;;:aj]jz.y] - s ]—[n ()_C — 4. ) > U,
X 210 n=1 X = dpjiny
. o T
there is an up-parabola flow at X7 = a;,j,, in the x; -direction. If
2 m g
d*x;, G50 H52=1,sz¢s] (ijosi — jrjosy) 0
d 2 X};:aj].sz] - a..: ]_[" ()_C — . ) <Y,
X; j2j10 L=1 Y il

there is a down-parabola flow at x} = a;,, in the x;, -direction. Because of

n
%, = apio [ [ & — aijun)-
L=1
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the flows at x} = a;,;,5, in the x} -direction are positive and negative for x} > 0 and
T2 J1J251 2 T2
X;, < 0, respectively.
Thus, the equilibrium of xj"; = aj s, (51,52 € {1,2, .-+, m}, 51 # 52) on the xj*2-
direction with X;, # aj,;,;,({1 = 1,2, - - - , n) has the following properties.

m n —
e For a0 nszzl,sz;ﬁsl (G\jos) = ijosy) > 0 and aj»ji0 1_[11=1 &G, — ajpjin) > 0,

(ajljZSl > sz) = (UP, pF)
————

up-parabola flow(+)
m n _
e For a0 Hsgzl,sz;és, (@rjos) = jijosy) < 0 and 4j»ji0 Hllzl &G, — @) > 0,

(ajljzsl ’ sz) =

(DP, pF)
——

down-parabola flow(+)
m n _
® For aj,,0 [ [5=1 sy, @ijosi — Gijosy) > 0and a0 [ [}y Xy — ajjor) < O,

(aj1j2S1 ’ sz) =

(DP, nF)
—_——

down-parabola flow(—)
m n _
e Foragj 0 Hszzl,.s‘z;és] (ijos) — jijosy) <0 and 4j»ji0 1_[11:1 &G, — ajpjin) <0,

(@j,jrs1-%,) = (UP,nF)
————

up-parabola flow (—)

aj | (lla 12 € {13 27 Tty n}7 ll ;é 12) andsz # aj jps,

(D) In phase space, at x},

(s1=1,2,---,m), we have
n
dx;, a0 05— @) Ty 0, &30 — i) _o
= T m . — . X =y T Ve
dx;, I 4,0 Hs1:1 X — Gjijos,) 7
If
2 n g
d~x;, jyj,0 HIZ:I,IZ;HI (@jpjity — @jjy1)
a2 e = T v — >0,
iy a;j1j20 s1=1 (sz ajlszl)

there is an up-parabola flow at x;, = a;,,;, in the x;,-direction. If

2 n g

d"xj, a0 [zt b, @ity — apjite)

dx? =i T [ . <0,
X a;j,j>0 Hs,=1 (Xj, = Gjijosy)

there is a down-parabola flow atx;, = a;,;,;, in the x; -direction. Because of
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m
X = jyja0 Hs1=1 X, = @jyjosy )

the flows at x;; = a;,j,;, in the x;, -direction are positive and negative for X;, > 0 and
X;, < 0, respectively.

Thus, the equilibrium of xfl = ap;, (L, L e{l,2,---,n},; #b) and X;, #
ajj,s, (51 = 1,2, ---, m) on the x;,-direction has the following properties.

m —_— n
® Forajo0 [[5-1 %, — ajj5) > 0and a0 [ 111 1,0, @ity — @jjir) > 0,

(,» aj,j,i,) = (pF, UP)
N —

up-parabola flow (+)
m — n
o Forajo [ 5o %, — aj5) < Oand ayj, [ 112y 1,0, @ity — @) > 0,

X5, ajpjy1y) = (nF, DP)

down-parabola flow (—)
m - n
® For a0 [[§21 & — @jyjos) > 0and a0 [T 0, @ijits — a@irn) < 0,

(%,» ajj1,) = (pF, DP)
——

down-parabola flow (+)
m - n
® For a0 [[§21 & — @jyjos) < Oand a0 [T 0, @ijits — a@irn) < 0,

(le ’ ajzilll) = (nF, UP)
up-parabola flow(—)
Therefore, from the two cases (I) and (II), the equilibrium of (x},x}) =

(jrjosi» Qpjiy) (s1,82 € {12, m}, st # 525 bl € {1,2,--- ,n},li # b)
has the following properties as in Egs. (5.43)—(5.46).

m
e For 41j,0 Hszzl,sz;ésl (ajlng] - ajljzsz) > 0 and
n
i [Tzt b, @ijaty — @jan) > 0,

(ajIjZSI’ a]zilll) = (UP,, UP,)
————
positive saddle
The equilibrium of (xj*z, xf]) = (@) o5, » Ajj,1y) 1s a (UPL, UP)-positive saddle.
m
e For 4j1j,0 Hszzl,sz;és] (ajljm - ajljzsz) <Oand
n
i [Tzt b, @ijati — i) > 0,
(ajljzsl s ajzilll) = (DP+7 DP_).
[

CCW center
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e v kN .
The equilibrium of (x7,x}) = (ajs> ajpjyt,) is a (DP, DP_)-counter-
clockwise center.

m
e For aj, j0 Hszzl,sz;ésl (ajljZSl - ajljzsz) > 0 and
n
ajjr0 [Tt b1, @ity — ajus) <0,
(@yjosy» Gjgjyy) = (DP_, DP) .
~——
CW center
e v oxn . .
The equilibrium of (sz,le) = (@) jps> Ajpjy1,) 18 a (DP_, DP)-clockwise
center.
m
e Fora HSZZLSZ#S] (@\jos — Gjijpsy) < 0 and
n
ajpjr0 [Tt b0, @ity — aju,) <0,
(ajljzsl ’ ajzilll) = (UP_,UP_).
~———
negative saddle
The equilibrium of (7, x7) = (djjus,» @jojy1y) 1s @ (UP—, UP_)-negative saddle.

(iv) For m = 2m; + 1 and n = 2n; + 1, the bifurcation process is discussed through
differential equations as follows. There are three cases (I)—(III).

Case I: Consider a dynamical system having a single equilibrium (A) as

m

. (8) 2 (s)

%, = a0 (5, — bi) [ [ [ — @) + A ],
s=1
ny

. )2 7.

X, = a0, — bjyji1) l_[ [ —a)* + AL
=1

where Ajj,1 = bjljzl and Ajji1 = bjzill' Once

)
Ajlsjz = Ajljz =0@6s=12,---,m),
0)
Ajy =D =00 =12, . m),
if
jijp1 = bjyj1 = a}f}z (s=12,---,m),
l
Ajpjr1 = bjyj1 =a;2?, (=12 ,m),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B) as

)2m1+1 2n;+1

X = ajlij(sz — ajj1 s Xjp = ajzilo(le - ajzill)
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If
Aj(fj)z =Aj, +8 (=12, ,m),
1
A;z;l = A]2/1 +86U=1,2,---,m),
8, > 0and 8 > 0,
then
(s) (s
ajy,, @iy = 1 &, (s = 1,2, -+ ,my)
CEO!
@iji1s Gijn = Gipji1 £ &, (L =1,2, -+, ny)

_ (s) (s)
lapins @z -+ L ajjoem+ny} = sort{bjj,1. a; iy ,1,22\8 =12, ,m},

— O] (l)
{ajzjll’ajzjlly"' 7aj1j2(2nl+l)} = sort{bj_,ll, i1 Qo [=1,2,--- ,nl}.

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C;) as

2m;+1 2n1+1
X = 41 j,0 1—[ (sz - ajlj23')’ Xjp = Qjpj,0 1_[ X — a]zlll
s=1

From the above bifurcation process analysis, at least, (m; + 1)-parameter varia-
tions in the x; -direction and (n; + 1)-parameter variations in the x;,-direction are
engaged in such a bifurcation from a single equilibrium to the equilibrium network
of 2m; + 1) x (2n; + 1) through the 2m; + 1)‘h-up-parabola and down-parabola
bifurcations in the x;, -direction and the (2n; + 1)™-up-parabola and down-parabola
bifurcations in the x;,-direction. With both of them, the higher-order positive saddle,
counter-clockwise center, clockwise center, and negative saddle bifurcations are
developed.
Thus, the appearing or vanishing bifurcation route is as follows.

2my+12n+1
(ajljzl’ apji) = (@1, Aiji1) U U (ajljﬂ’ a]zlll)
~—— N !
1 —
XX (@my+1), 21 +1))-XX = XX

Case II: From Case (I), consider a dynamical system having singular equilibriums
(Az) as

I

3 m(l) (5) \2 (s) Jms
X = @jj20 1_[ (5, = bjijor,) 1_[ [(x.iz - aj]jz) + Aj]jz] ’

r1_1 s=1

q1
Xjp = Gjj,0 l_[ (le - z/m) (i) l_[ [(le - a;zl;])z + A;é;]]n,;

s1=1 =1
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where
lajjorlri =1,2,-- ,p1} =sort{b; ;|1 =1,2,--- . p1},
{ajﬂlsllsl =1,2,---,qq } = sort{bjzjls1 |s1 =1,2,--- ,ql};
2my + 1 — Ep'_lm(l) = 221‘ Ly
with /;-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,
2n + 1= 20 n) =252 n
with /,-quadraitc polynomlals without real roots
and ["M-quadratic polynomial with power n;.
Once
AY =06s=1,2,---,1)and AP =00 =1,2,---,b)
Ajija > o 1St 2)
if
aj]jzlzaj]jzrlz ]qu (rl_l 2 "pl;szlszv"'7l1)7
Qi1 = Apys, =@l (1= 1,2, qi:1=1,2,- D),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B,) as

. 2mi+1 2n;+1
Y = aj,jzo(x,-, - “J’u‘zl) v Xjp = ajszO(sz - “jzill) .
If
(s)
Aji, =Dy, 8 (s=1,2,--- 1),
0) _
Ajz]l =Ap+6 (U=12,---,b),
8s > 0and §; > 0,
then
) ©
A Qo = iyt £ &5, (s =1,2,--+ 1),
o O _ _ _
a4, =ap, e, (=12, b);

{ajlj2’ Ajjp2s s ajlj2[72}
_ o a® a®
= Sort{ajljzl y jijp2 s jijoprs G 1 11122|S =12 Iy,

{aju'zl’ Ajjp1s =0 s ajlquz}
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_ 0] (l) _
- sortiajljzl’ Ajijals * " 5 jijogys Gy 1 G =12, 12]'

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

. P2 e e
Xji = 4,0 1_[ (sz - ajljzrz) » Xjy = Qjpjr0 1_[ (le - ajzim) ’
rn=l1 $=1

where

Zm(z) =2m; + 1, Zn(z) =2n + 1.

=1 sp=1

From the above bifurcation process analysis, at least, p,-parameter variations
in the x;, -direction and g,-parameter variations in the x;,-direction are engaged in
such a bifurcation from a p; x g; equilibrium network to a p, x ¢, equilibrium
network through the (2m, 4+ 1)®-up-parabola and down-parabola bifurcations in the
xj,-direction and the (2n; + 1)™_up-parabola and down-parabola bifurcations in the
xj,-direction.

Thus, the appearing or vanishing bifurcation route from a p; x g to a py X ¢
equilibrium network is expressed as.

P q P2 ¢

U U @i i) = @it = U @rgorss @jis)-
—— ——— ~———— ~— ———

r=1s=1 rn=1s=1

T, nyxx (@m+D.Cm+D)XX T 0 @) vy

From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks. Thus,

1) 5
my’ ng

(@jijori» Qijisy) = U U (@jijos» Ajsji1)
—_——— —_—

s=11=1

" n) XX XX
(a]mm(])’ i D) (a 11]2mm ’ 6112“2) e (a Jljzmm’ ]2/1”(]))
| G -1y @) (gl 1y Aaji2) < (@ 0y G 0)
= k)
(@j\j15 Gjpji 1) @jo1s pj2) o @ ag,0) )G

l xn;l

and
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2 (2
miz) n 2)

@jrsr @jss) = (| @ijos: i)
—— ———— ~—————

s=1I=1
(mgy ni3)-XX XX
(aj]jzm%),ajz,-ll) (ajljzmi?*ajzjﬂ) (ajljzmi?’ajzimi?)
_ (ajljz(mg)fl)’ jpji1) (ajljz(mf;)fl)’ @jpj2) - (aj,jz(mgbl)» ajz,-,,,@)
(@1, apji1) @it @ii2) oo Gt ) ) o o
From the above definition, the corner singular equilibriums for i = 1,2 are
determined by
D 3)
mp, g
i)y th i)y th .
(mD)Y " XX, XX) = | @jns» @)
————
— s=11=1
(’7’1(11,'> i nﬁ,’f)—XX XX
(i) i
My ”(l)
(i)\th )\ th .
(M) XX, (n)")"XX) = (@5 Qi)
~——
N s=1[=1
(mf) n{)-XX XX
i )
[ON: (i) th N
((m)")" XX, (n,))"XX) = (@jjs> Ajpji1)s
~——
— s=1[=1
(m(ll>,n§11,-))-XX XX
m(]') ”(l’.)
(i)\th (O} N
()" XX, () XX) = | @jns» @ju0)-
————
S s=1 [=1
(m .n{")-XX XX

Case III: Consider two dynamical systems with the same equilibriums with locations
switched (A3,C3) fori =1, 2 as

.o o— m? . n»(z_)'
%, = a0 | [ @ = @ior)™ s %y = @0 [ | (3 — @)™

7','=1 S,’=l

where

. q .
mi’)=2m1+1,2 1n§,’,)=2n1—|—1.
i el i

7',’=1

Consider a dynamical system as a singular equilibrium (B3) as
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L 2miHl o 2m+1
X, = a0, — @)™ Xy = ag0(5, — ap; )T
Forr,=1,2,--- ,pands; =1,2,---,q (i = 1, 2), define two functions as
5 2
A = (@jjn, = o) (172 €{1,2, -4+, phyr1 # 1),

2
Aj(;,',w @ijisy — Aijisy)” (51,82 € {1,2, -+, g}, 51 # $2).

Forri=1,2,--- ,pandsi=1,2,--- ,q(i = 1,2),if

(rir2) 2

Jij2 (ajljzrl ajljzrz) =0,

(s152) 2 _
Alel (ajzllSl ajﬂ]Sz) = 0,

two equilibriums of (a;,j,,,, aj,j,s,) and (a;,j, ,, aj,j,s,) SWitching at point (a;,j, 1, @j,j,1)
with the same order singularity are given through

@ijory s Gigjris) = (@jijo15 Ajji1) = (@jorys Ajjys,)

() nD)-XX (@my+1),2n; + 1))-XX m? n?)XX
1 2

{aJIPrI Fa]ljﬂz"n()_m() ri,rp €{1,2,---,p}n 7ér2},
1 2 .

{apjie = @i, 1P = 0255150 € (1,2, g}, 51 # 2

and

ijory = Ajijpl = Ers Gjjjory, = jjjp1 + Enys
(@ijor, = Gjsjo1 + Ers Gjijor, = jijy1 — Eny);
Ajrjisi = Ajpji1 = sy jjis, = Aipji1 + €,
(ajzllm = Apji1 t sy Ajjis, = jyjy1 — &s,)
&r, €r, > 0and g, &5, > 0;

=12 ,p;si=1,2,---,qi=1,2).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)—(III), the equilibrium of (xj’-;, xj’f]) = (@, 1> Ajpj 1)
form = 2m;+1 and n = 2n; + 1 has the bifurcation properties as stated in (iv{ )—(iv4)
through Eqgs. (5.47)—(5.70).

(v) For m = 2m; and n = 2n; + 1, the bifurcation process is discussed through
differential equations as similar as in (iv). There are three cases (I)-(III).

Case I: Consider a dynamical system having a 1-diemnsional flow (A;) as
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my

. () \2 (s)
Xjp = 4j1j,0 1_[ [(x, — aj]jz) + AJ]]Z]
n
. (0] .
%, = o, — b)) [ [ 15 — @) + AL

where a;,j,1 = bj,j,1. Once

A=Ay =0(6=1,2-,m)and Al = A =0(1=1,2--,m),
if
ajyjp1 = ]1/2 (s =1,2,---,my) and aj,j,1 = b, —a (l =1,2,- ny),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

i 2my 241
B, = a0 (%, — @p1) " E = oG — @)
If
Aj(l?z =N, +0 (s=1,2,--- ,m),
1
A](ZI)I - A]Z}I +&U=1,2,---,np,
8s > 0and §; > 0,
then
(s) (s) _ _
Bija1> Gijp2 = Gl te,(s=1,2,---,m),
o0 _ B .
Ajyi1s Aiyin = dppjit £ &, L=1,2,-++ . m);
{au Aiin, - -, d } sortla a(s) s=12 . m
fiz> Chinks Np@mo | = ]1]21’ J1j22 — Ly 4 5 1(»
— o0y
(@i @pjis -+ apiomn } = Sort{bjzill’ajzhl’ Gpja |l = 1,2, }

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C)) as.

2m 2n;+1
Xy = jij,0 1_[ (sz - ajl.izs)’ Xjp = Qjpj,0 1_[ X — a/zlll
s=1

From the above bifurcation process analysis, at least, m-parameter variations in
the x;, -direction and (n; + 1)-parameter variations in the x;,-direction are engaged



5.2 Proof of Theorem 5.1 275

in such a bifurcation from a parabola flow to the equilibrium network of (2m;) x
(2n; + 1) through the (2m1)‘h-increasing-inﬁection and decreasing-inflection bifur-
cations in the x;, -direction and the (2n; + 1)-up-parabola and down-parabola bifur-
cations in the x;j,-direction. With both of them, the higher-order up- parabola-saddle
and down-parabola saddle bifurcations are developed.

Thus, the appearing or vanishing bifurcation route is as follows.

2m; 2n+1

@G- api) = @t ap) = U @i @i
—— — —
s=1 I=
XX @m), @m+1yxx =1 XX

Case II: From Case (I), consider a dynamical system having singular equilibriums
(Az) as

Iy

o . my, R ORY (s) s
Xji = 4jj,0 1_[ sz Jljzfl l_[ [(XJZ ajl.iz) + A]‘1./'2] ’

ri=l1 s=1

= 4j»ji0 1_[ Xy — J21131 ns} 1_[ [(le - ajzl;l)z + Aﬁ;l]nl;

s1=1 I=1

where

{aj]jz,.l |r1 =1,2,-- ,pl} = sort{bj,jzrl |r1 =1,2,.-- ,pl} ,
{ajy‘misl =1,2,--- ,ql} = sort{bjﬂlsl|s1 =1,2,--- ,ql} ;
2m; — Zp‘ (1) = ZZS M

with ll—quadratlc polynomials without real roots

and s"-quadratic polynomial with power m;,

2n + 1 — qu,ln(l) = 2212 1

with /;-quadraitc polynomials without real roots

and ["-quadratic polynomial with power n;.

Once

AY =06 =1,2,---,1pand AY =00 =1,2,---,b),

Jw J2J1
if
aj]jzl Eaj[jzr] = 11]2 (rl_l 2»"' »pl;s:1a29"' 911)7

Apjr1 = jpjisy = jyl(sl_l 2 s 41, l_l 2 o 712)9
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the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B,) as

oo— . g2 5 — g .. )2mtl
Xy = aj,j0(%, — @)™ Xy = @p,0(X, — Ajyji1) .

If
) _ _
AJ]]Z A11]2+8S(S— 1,2,---, 1),
o _ _
Aji =4 +aU=1,2,--- D),
8s > 0and &; > 0,
then
© 6 _ _
Gija1> Gijp2 = Gl te,(s=1,2,--- 1),
o o0 _ _ _
i iy = apjy &, L =1,2,--+, b);
{ajlh’ Ajjp2s "7 s ajlj2P2}
_ (S (s)
- Sort{aj‘jzl’ Gjijp2 ** > Ajijopr> Ay o1 11]22|S =120 },
{afljzl’ Ajijpls == s ajlquz}
— (l ) _
a Sort{aj‘jzl’aj‘jzl’ w o Gijaar G ]1]22‘1 1,2, ,12}.

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

. . 2@

= . k ) .

Xji = 4,0 | | (X, = Gjpjor,) 72 Xjy = Gjyj0 | | (5, — @)™
r2=1 = 1

where

92

Zm(z) = 2my, an) =2m + 1.

n= 1 52:1

From the above bifurcation process analysis, at least, p,-parameter variations in the
x;,-direction and g,-parameter variations in the x;,-direction are engaged in such a
bifurcation from a p; x ¢q; equilibrium network to a p, x ¢, equilibrium network
through the (2m;)"-increasing-inflection and decreasing-inflection bifurcations in
the x;,-direction and the (2n; + 1)"-up-parabola and down-parabola bifurcations in
the x;,-direction.

Thus, the appearing or vanishing bifurcation route from a p; x g; to a pr X ¢
equilibrium network is expressed as
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Pt q1 P2 92

U U (@jijori» Qijisi) = (@jijo1s @jy1) - = U U (@jijorss Qi)
%,_/

ri=1s1=1 rn=1s=

= ) n)-XX (@my),2ny +1))-XX =R (m2 n?)XX

From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks. Thus,

m®
p— 51
(@jijori» Gigjisy) = LJY 1 U (@jyjos» Ajsji1)
— - ﬁr—/
() n})-XX XX
(a ]uzlﬂ ) G ) (a }1]2m£” ’ aj2j12) e (a ]l]Zm(r ) jzlln(l))
_ (a 1]2("1(”—1)’ anlll) (a 1j2(m<,:)—l)’ ajZiIZ) - (a }1]2(m£1)_1)’ jzil”i\:))
= )
(ajljzlv ajzjll) (aj]jzls ajzj12) e (ajljzlv ]Z]l”“)) n,(})Xngi)
and
m? 0@
—_ 2
(@jijorss Gijis,) = Us*l U (@jyjos» Ajoji1)
N e/ _‘/—’
2, n2)-XX XX
(a/mmf > Ajajy ) (aj|/2m£ ) ajZilz) T (ailj2171»(-§) ’ JJln(2))
N (a.iljz(mg)—l)’ 1) (ajljz(m(é)—l)’ Ajjr2) - (alllz(m( )—1) j_/]n( »)
(@jjo1> jpj1) (@1 Ajpji2) - (@1, ag,0) @ sen®
- 2 52
From the above definition, the corner singular equilibriums for i = 1,2 are

determined by

(i) (n
my’ g

()" XX, ()" XX) = U (@jsjos» Q1)

s=11=1

XX
(m,,l ”41) )-XX

@ (i)
My

; 0 .
()" XX, ()" XX) = [ @,jos» @),

s=1[=1
) n)-XX XX

WO p®
my Mg,

(i)\th i)\th N
(mH)" XX, ()" XX) = | @ijos> @0

s=11=1

o nD)-XX XX
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(1> (l)
() th (i)yth
()" xx )0 = 7 (7 | @i G-

XX

m n{")-Xx

Case III: Consider two dynamical systems with the same equilibriums with locations
switched (A3,C3) fori =1, 2 as

L md . nm
Xji = @jij20 1_[ (G, = @ijor)™7 5 Xy = G0 1_[ (X, = Gjajys)™
ri=1 =1
where
p q
i i
E mﬁi) =2my, E n;) =2n + 1.
ri=1 si=1
Consider a dynamical system as a singular equilibrium (B3) as
o= Y g )2mtl
Xy = a;,5,0(%, — @) Xy, = @j0(X, — Ajyjin) .
Forr,=1,2,---,pands; =1,2,---,q({ = 1, 2), define two functions as
") — (@i —aiin)? (P € {1,2, -+ pY L # 1)
2 ijar Jijar 1,72 y & y Py 1 2)s

A(S]SZ) - (a/y]sl qiﬁlsz)z (S] , 82 € {17 2’ ] q}5 §1 ;é 52)-

Forr,=1,2,--- ,pands; =1,2,--- ,q(i=1,2),if

(rir) _ 2

J1j2 - (ajljlrl - aj]jzrz) — 0,

(s152) __ 2
Alel (ajzilé‘l - ajzim) =0,

two equilibriums of (@;j,/,, @j,jrs,) and (@} j,r,, Ajyjr5,) SWitching at point (a;,j, 1, @jyj,1)
with the same order singularity are given through

(@jijorys Ainjis) = @jijo1, Apji1) = (Gjjorys Bigjis,)

() nD)-XX (@my),@2n; +1)-XX m? n®)XX

1 2
{ajllzrl Fa]ljz"z|m( ) _m() ri,rnef{l,2,--- ,PL r # r2},

1 2
{apjis = @i, [0 =15 51,50 € (1,2, . g}, 51 # 52,
and

Ajijory = Qjpjpl = Erps Qjijory = Qjyjp1 + Enys

(jrjory = Ajijo1 + Erys jijor, = Gjyjo1 — €1);
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Ajrjrs) = Qi1 = Esy5 Qjnjis, = Gjpji1 + Esy,
(@jjisi = @ppji1 + &, Ajjis, = jy1 = Es,)
&, &, > 0and g5, g5, > 0;
ri=12,---,p;si=12,---,q(=12).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1, 2 are determined similarly.

In summary, from the cases (I)-(III), the equilibrium of (x;‘z, xj*l) = (@ jp15 Ajpji1)
for m = 2m; and n = 2n; + 1 has the bifurcation properties as stated in (v{)-(v4)
through Eqs.(5.71)-(5.94).

(vi) Form = 2m; + 1 and n = 2ny, this case is quite similar to (v) for m = 2m; and
n = 2n; + 1, and there are three cases (I)—(III).

Case I: Consider a dynamical system having a 1-dimensional flow (A)) as
mi
le = ajljzo(sz — bj]jzl) l_[ [(.Xj2 — aj(fj)z)z + Aj(l?z]’
s=1

n
. D2 L AD .
g, = agjo [ [T —ap))® + A0 ;
=1

where ag;,j,1 = bj j,1. Once

AL

O =N =0(=12- m)and A} = Ay, =00 =12, ,n),

J2)1
if

_ _ ®
ajj1 = bjj1 = a;

i (6= 1.2, mi) and @iy = agy, (1 =12, ,m),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

L 2mi+1 . 2ny
Xjp = ajljZO(sz - ajljzl) » Xjp = ajljlo(‘le - ajzill)

If
Aj(fj)z =Aj, +8 (=1,2,---,m),
A;i;] =Ap,+o =12, ,m),

8y > 0and &, > 0,
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then
(s) (s)
aj:jzl’ aj:/ﬂ = 4jj,1 + Ess (S =12, ml),
U (l .
ajz])]l’ ajz})'zz = ajzil igl’ (l = 1’ 27 ) n2)’
_ (s) (s) _
{ajljzl’ Ajjp2 7" aj1j2(2m1+1)} Sort{bjuzl’ 11]22|S 1,2, 1}’
@) @)
{1y iyjor -+ @jjpany | = SOft{ A |l =1,2,--- }

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C) as

2my+1 2ny

5 = a0 [ G = @ins)s % = a0 [ | 05 = aiin)-
s=1

From the above bifurcation process analysis, atleast, (m;+1)-parameter variations
in the x; -direction and n;-parameter variations in the x;,-direction are engaged in
such a bifurcation from a parabola flow to the equilibrium network of (2m; + 1) x
(2n;) through the (2m; + 1)"-up-parabola and down-parabola bifurcations in the x;,-
direction and the (2n;)™M-increasing-inflection and decreasing-inflection bifurcations
in the x;,-direction. With both of them, the higher-order up-parabola and down-
parabola saddle bifurcations are developed.

Thus, the appearing or vanishing bifurcation route is as follows.

2mi+1 2n
@it 5) = @t ap) = | U @ijass @i10)-
———— —_— ——— — —
s=1 I=
XX ((2m+1),(2n1))-XX s XX

Case II: From Case (I), consider a dynamical system having singular equilibriums
(Az) as

h

Pi
L m( (s) () ym
Xji = 4,0 1_[ (sz - Jljzrl) 1_[ [(sz - a]m) + A]uz] )
r=1 s=1

q b
_ nH O} 24 O}
Xjy = Gjj,0 1_[ (G, = bjyjis) 1_[ [(g, — ajz]l) Ajz]l] ;
1=

Sl=1

where

{aj,jzrl}rl =1,2,--- ,pl} = sort{bj,j2,1|r1 =1,2,--- 7p1} ,
{ajzjlsl}sl =1,2,--- ,q1} = sort{bjzjlsl|s1 =1,2,--- 7q1} :
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2my + 1 — Ep'_lm(l) = 221‘ g

with /;-quadratic polynomials without real roots
and s"-quadratic polynomial with power m;,
2n, — Eq‘_ln(l) = ZEI’

with /-quadraitc polynomlals without real roots
lth

and /™-quadratic polynomial with power n;.

Once

A(v) _O(Szl’z,,.,,ll)andA;‘gl:O(l:1,2,~..,lz),

J1J2
if
— _ _ e —
Ujij) = jjory = a5, (n=1,2,---,p1; s=1,2,--- . 1),

Gt = sy =@ (1= 1,2, .qu; [=1,2,-++ ),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

. 2m+1 . _ 2ny
%, = a0 (%, — jyj1) s Xy = o, — ain)
If
) _
Amz Ajj, ¥ (s=1,2,--- ),
0 _ _
AJZ]I - AIZ/I +8l (l - 1’ 27 ) lz)’
8y > 0and 8, > 0,
then
(s) (S)
Gjjo1r 41j2 = = Gjij1 te,(s=1,2,---,1h),
@) o _ _ .
ajzill’ ajziﬂ - ajz]ll :tgla (l - 1’ 27 D) 12)5
{ajlj7l > Ajjp2s -0 aj]jzpz}
(s) (S) O (s) _
= Sort{ Gjots Gjas * Giopi3 Gt G | = 1, 2, ’11}7
{ajljzl s Ajijp2s 00 s aj]jztn}
_ ) ) —
= sort{ajlj21, Qjpjn2s " Aijogis Qo1 Gy [=1,2,--- ,12}.

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as
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P2 m£2) "§2)
¥ — s s | | . 2 % — s | | . 2 -
Xji = @0 (sz ajl]zrz) > Xjp = @jpjr0 (le ajzllsz) ’

r2=l S2=1

where

Zm(z) =2m +1, Zn(z) = 2n;.

rz—l Sz—l

From the above bifurcation process analysis, at least, p,-parameter variations in the
xj,-direction and g,-parameter variations in the xj,-direction are engaged in such a
bifurcation from a p; x ¢; equilibrium network to a p, X g equilibrium network
through the (2m; + 1)"-up-parabola and down-parabola bifurcations in the x; -
direction and the (2n;)™M-increasing-inflection and decreasing-inflection bifurcations
in the x;,-direction.

Thus, the appearing or vanishing bifurcation route from a p; x g to a px x ¢
equilibrium network is expressed as

Pt q1 P2 42
U U jijars ajzllél) = (ajljzl’ a]zill) = U U (ajljZVZ’ ajzilSz)'
e e’
rn=ls= rn=1s=1
(mfi),nﬁi)) XX (2m1+1), (2ny))-XX (mg) ng)) XX

From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks. Thus,

m®
(@jijoris Gigjisy) = U U (@jyjoss @jjs1)
—_———— %,_/

(my), nf})-XX XX
(aju‘zm'”’ ajji1) (a/uzm( 5 Apji2) (ajljzm(r »a z/m‘”)
_ (a“]z(mm_]), afZ“') (amz(m -1y ajlflz) (an/z(m -1 /Z/]"(s))
== B
(aj|j217 aj,j, 1) (aj]jzl’ ajz/ﬂ) c (ajlj21’ ajzj]nﬁ:)) RO

My 51

and

md @
(@ijorys Gijis) = U U (@yjoss @jji1)
S——— _r—’

(mgy ni3)-XX XX
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(“ju‘zm%)’ ajji1) (“jljzm,‘;'v @pji2) - (“ju‘zm%)’ ajz/.n_i?)
_ (ajljz(mg)—l)v Ajrji1) (ajljz(mg)—l)’ ajpji2) - (ajnjz(m‘,?—l)’ ajzjln§§>)
(@ijo15 @jgjy1) (@jo1s @ji2) - @y, ajzjlng’) m® 5@
15 xns,
From the above definition, the corner singular equilibriums for i = 1,2 are

determined by

PRONO)
Pi qi
(i)\th (i)\th SN
(mD)"XX,(nD)XX) = (| @jjus- @)
N e’
s=1[=1
D n)-XX XX
)
i)\th i)\th N
(mD) " XX, ()" XX) = (| @jjus» @)
N— ——’
s=11=1
o n")-XX XX
) n)
[(ON} (@) \th —
()" XX, ()" XX) = (U @jas: @)
N————’
s=1I=1
(m(]i) i n,(,’? »-XX XX
m(ll) n(li)
i)\ th i)\th N
()" XX, ()" XX) = | @jys» @j0)-
e —
L =1 /=1
(m(l” ,n(l”)—XX * XX

Case III: Consider two dynamical systems with the same equilibriums with locations
switched (A3,C3) fori = 1,2 as

L ¢ 1 (i)
o m® . n®
5, = a0 | [ G = @)™ %5, = o [ | (5 = ajis)™ ;
ri=1 si=1
where
P q
i i
E mﬁi) =2m + 1, E ngi) = 2n;.
r,’=1 Si=1
Consider a dynamical system as a singular equilibrium (B3) as
o =a 0l —a )M o — g o — 1)
Xy = aj,jp0(X, = @jyjp1) s Xjy = Ajpji0 (X, — Ajjy )™

Forr,=1,2,--- ,pands; =1,2,---,q( = 1, 2), define two functions as
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2

AN = (@, — @) (112 € (1,2, phor # 1),
2

A](;;]SZ) (a]ylsl ajlflsz) (sla $2 € {17 29 ) q}5 51 # s2)'

Forr,=1,2,---,pands; =1,2,--- ,q(i =1,2),if

(rir2) 2
AL = @y, — ajijor,)” =0,
(s152) o2
ALi = @hjis, — ajjis,)” =0,

two equilibriums of (@, , j,j,s,) and (aj,j,r,, ajj,5,) SWitching at point (@, 1, @j,j,1)
with the same order singularity are given through

(ajl./zrl’ Cl.izilé‘l) = (ajljzl ’ ajzill) = (a.iljzr27 Qf2f152)7

iy ni)-XX (2my+1),(2n1)-XX m2 n2)-XX

1 2
{a,]]z,l = Gjj,r, m( ) = m() ri,rpe{l,2,---,plr # rz},

1 2
{ajzlm — a]z}152|n( ) = n§2)1 si, 8 €{1,2,-+- g}, 51 # 52}7

and

Qjrjory = Gjajpl = Erps Gjijors = Gjajpl + Erys
(ajljzrl = Gjijp1 t Erys Qjijor, = Gjijp1 — Erz);
Ajrjisi = Gjpjil — Esps Bjpjisy = Bjgjil T sy
(@jrjisy = Apji1 + Esy, Ajrjis, = Ajpji1 — Esy)
&, &, > 0and g, &5, > 0;

=12 pisi=1,2,--- ,qi=12).

From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i =1, 2 are determined similarly.

In summary, from the cases (I)-(IIl), the equilibrium of (x x; ) (@jjr1, ajpji1)
for m = 2m; + 1 and n = 2n; has the bifurcation properties as stated in (viy)-(vig)
through Eqgs. (5.95)—(5.118).

(vii) For m = 2mj; andn = 2n,, the bifurcation process is discussed through
differential equations as follows. There are three cases (I)-(III).

Case I: Consider a dynamical system having a two-dimensional flow (A;) as

m

. (r) (s)
Xjp = 4 j,0 1_[ [(g, = aj]]z A}uz]

U] 2 )
= 4pji0 l_[ [(le - alZ]l) A17/1]
=1
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Once

y !
AJ(TJ?Z =Aj|j2 =0(s=12--,m) andA;z;l ZAijI =0(=12,---,m),

if

1
G =al (s=1,2,-+  my)and apjy = al) (1 =1,2,-- ,m),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B) as

oo— . g )M i .. )2
Xjp = (1.11]20(}6.12 a./l]zl) > Xjp = a]z/lo(le a]z/ll) .

If
(s)
AjljZ =N+ (=12, ,m),
1
A;Z;I = Ajlil +6U=1,2,---,np),
3 > 0and §; > 0,
then
a;lsj)zl’ 0;322 =ajj,1 &, (s=1,2,---,m),
! a .
;y?]l’ajz,)'lz =aj e, (I=1,2,--,n);

_ (s) (s) _
{aj]jzl, Qjjras ,aj]jz(zml)} = son{ajljzl,ajljﬂ s=1,2, .- ’ml},

_ O] @) _
{ajzilla Ajpji1s »ajzj](Zm)} = sort{ajzill, ain [1=1,2,--,m }

Thus, the differential equation becomes a dynamical system with a non-singular
equilibrium network (C;) as

2my 2n

% = ajo [ | 0 = @), %2 = @i [ [ 5 — @)
s=1 =1

From the above bifurcation process analysis, at least, m;-parameter variations
in the x; -direction and n;-parameter variations in the x;,-direction are engaged in
such a bifurcation from a flow to the equilibrium network of (2m;) x (2n;) through
the (2m; + 1)"-up-parabola and down-parabola bifurcations in the x;, -direction and
the (2n;)"-increasing-inflection and decreasing-inflection bifurcations in the xj,-
direction. With both of them, the higher-order double-inflection saddle bifurcations
are developed.

Thus, the appearing or vanishing bifurcation route is as follows.
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2my 2m

B> %) = (@ijo1 jji1) = U U (@jyjoss A1)+
s=11=1
XX (@my),(2n1))-XX XX

Case II: From Case (I), consider a dynamical system having singular equilibriums
(Az) as

Iy

, X ® AG T
X = @j1j,0 1_[ (5, = bjijor,) 1_[ [(sz - a/m) + Juz] )

r=1 s=1
q1 o b
O] (l) .
Xjp = Q)0 l_[ (5, = bjajs, )" 1_[ [(le - ajzll)2 I.]l] 5
sp=1 1=1
where
{ajljzrl}rlzl’z"“’pl}: {]1}2r1|r1_1 2, ‘7]91}7
{ajﬂ.lsl}sl = 1 2 e ’ql} = Sort{ _/zflsl‘sl = 15 27 e 7511} 5
2my — ' mV = 23! m;
with /;-quadratic polynomials without real roots
and s™-quadratic polynomial with power m;,
2n; — Eq'_ln(l) = 2212 o
with /;-quadraitc polynomials without real roots
and ["-quadratic polynomial with power 7;.
Once
® _ ) o
A, =06=12--,lpandA;; =00=1,2,---,b),
if
jijo1 = Gjijory = jlj)z (n=12,---,pss=12,--- 1),
Ajrji1 = Ajjisy —ajz,, 1=12,---,q1;1=1,2,---, ),

the foregoing differential equations becomes a dynamical system with a singular
equilibrium (B;) as

. 2m; . _ 2n
Xjp = ajljZO(’le - aj1j2l) » Xjp = ajzilo(sz - ajzill)

If

A;fj?z = A.iljz +6& (s=1,2,---, 1),
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A = Ay +8 (1=1,2,- ),

8s > 0and 6, > 0,

then
a .a, =aj ke (s =12, 1),
all L ally =ap ke, (1=1,2, b);
{ajljZ’ Ajjp2s =" ajljzﬂz}
= Sort[ajljzl’a./'l.iﬂ’ e i Ay | 1,2 }
{ajzil L Qjpji1s ajz/ﬂiz}
= sort[ajljzl’ Ajijp2s " 5 gy s aj(glj)]l’ j(i])]z|l =12---,h }

Thus, the differential equation becomes a dynamical system with singular equilib-
riums (C,) as

D2

m® @
Y. — .o P— .o n Y. — .o P .o 52 .
Xji = jij,0 1—[ (sz a}1]2r2) » Xjp = jpjr0 H (le ajzllsz) )
r2:l S2:1
where
q2
E m(z) =2my, E nfz) =2n
2
r=1 SH=

From the above bifurcation process analysis, at least, p,-parameter variations in
the x;, -direction and g,-parameter variations in the x;,-direction are engaged in such
a bifurcation from a p; x ¢ equilibrium network to a p, X ¢, equilibrium network
through the (2m;)"-increasing-inflection and decreasing-inflection bifurcations
in the x;, -direction and the (2n1)"-increasing-inflection and decreasing-inflection
bifurcations in the x;,-direction.

Thus, the appearing or vanishing bifurcation route from a p; X g; to apy X ¢»
equilibrium network is expressed as

P14 P2 42

U U (@joris Wipjis)) = (@yjo15 Ajpji1) = U U (@jijorss Giis,)-
—— —

ri=1s=1 rn=I1s5=1

U e xx (@m).up XX TR 00,0 wx

From case (I), the singular equilibriums can be formed through nonsingular
equilibrium networks. Thus,
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(ajljzrl ’ ajzflSl) = U
—_————

iy, n)-XX

(a] 121y,

(a ljz(m(l)—l)’anlll) (a ]m(m<,}>—1)’ajzi12)
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m)

(ajljz(mﬁl’—lw jzj,ni}))

(aj ljzm(l) ?

m®h
51
o 1U (@jijos» Ajji1)
= %,_/
XX
Wy Apji1) (G 05 jji2)

Jajins,

(@15 A1) (@jijo15 @ji2) @ija1s i) ) 0
@t 51
and
m? | p®
(alljzrz’ a]l]le) T Us 1 U (ajljzf’ a]./ll)
—_— - _‘/—/
(m(Z) ”M)) XX XX
(annmm’ ajji1) (amzm”’ ajjr2) (afmmf?’ J_nnm)
| @@ -1 @) @@ -1 @pin2) (@1 @)
(@jjo1, A1) (@jjo1, Ajji2) @1 @) ) o o
2 52
From the above definition, the corner singular equilibriums for i =

determined by

Case III: Consider two dynamical systems with the same equilibriums with locations

(M "XX, ()" XX) =

@) ()
(ml’: »Ng; »-XX

()" XX ()" XX) =

() n{")-XX

(") XX, (n)"XX) =

(m ,n{)-XX

(m}")"XX,(n}")"XX) =

" n{")-Xx

switched (A3,C3) fori = 1,2 as

@) (@)

mﬂi nqi

UU @iis: @i,
—_—

s=1[=

s =1 XX

m(‘) n(z‘)

U U (Gjijos» Ajaji1)+
—— —

=1 /=

s =1 XX

m(l’) ";?

U @ias- @)

— _ _/_/

s=1 =1 XX

i @)
mpony

UU @ias: aii)-
—— ——

s=11=1 XX

1,2 are
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i ) il (i)
o mt L n®
= a0 [ | @ = @)™ s % = a0 [ | G5, = aiiis)™ 5

r;=l S,‘=1

where
st) = 2m1, Zl’lg) = 2”1.
ri=1 si=1
Consider a dynamical system as a singular equilibrium (B3) as
. _ 2m ) — 2ny
Xy = a0 (%, — @)™ Ky = @jji0(X, — @jyjin)
Forr,=1,2,---,pands; =1,2,---,q({ =1, 2), define two functions as

2
A = (@), — @) (11,72 € (1,2, plory # 1),
AP = (@15, — Qi) (51,52 € (1,2, . g} 51 # 2).

Forr,=1,2,---,pands; =1,2,--- ,q( =1,2),if

(rir) N2

J1j2 (alljzrl a]l_/z"z) - Ov

(s152) N2
AJZ]I (ajzlm a]z/lsz) - 0,

two equilibriums of (@, , @j,j,s,) and (aj,j,r,, aj,j,5,) SWitching at point (@, 1, @j,j,1)
with the same order singularity are given through

(ajljzrl’ ajzilsl) = (aj]jZI’ ajzill) = (ajljzrz’ ajzilsz)’

iy ni})-XX (@my),2m)-XX (2 n®)-xx
1 2
{jjors = @jor| Ml =mD s rm € (1,2, plor # 12},
1 2
{ajz]m — a]z]152|n( ) = n( ); ;5,82 €{1,2,--- g}, 51 # Sz},

and

@jijory = jrjs1 = Erps Qjijory = jpjpl + Enys
(@ijory = jijo1 + €15 Gjijor, = jjjo1 — €53
Ajrjrs) = Qi1 = Esy5 Qjpjis, = Gjpji1 + Esy,
(@ipjisi = jji1 + €5 Ajpjisy = ppji1 — Exy)
&, &, > 0and g5, g5, > 0;

=12 p;si=1,2,---,qi=1,2).
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From case (I), the singular equilibriums can be formed through nonsingular equi-
librium networks as presented in Case (II), and the corner singular equilibriums for
i = 1,2 are determined similarly.

In summary, from the cases (I)-(III), the equilibrium of (xjsz, xjf"l) = (aj,j,1, Ajyj1)
for m = 2m; and n = 2n; has the bifurcation properties as stated in (viij)-(viis)
through Eqgs. (5.119)—(5.142).

In the end, Theorem 5.1 is proved.

5.3 Bifurcations to Homoclinic Networks with Centers

As in [1], four types of bifurcations are presented for non-singular equilibriums.

5.3.1 (2my+ 1), (2n1 + 1))-Saddle and Center Bifurcations

Consider a 2-dimensional singular system of the (2m; + 1) x (2n; + 1)-type as

&1 = anol —an)™ ™t i = ano(x — ax)™ (5.143)
The first integral manifold is
1 242 2my+2
ST 2[()62 —ap)™™*? = (x0 — a121)”" ]
= 2n11+ 23?—;2[()61 — ay )™ = (x10 — ax)™ 7. (5.144)

Phase portraits of the singular equilibriums for the 2-dimensional singular system
ofthe ((2m;+1), (2n;+1))-type are presented in Fig. 5. 1a—d for (aj29 > 0, az10 > 0),
(a0 <0, az210 > 0), (@120 > 0, az10 < 0) and (a120 < 0, az10 < 0).

(@21, azn) = ((2m+1)"UP,, (2n;+1)"UP,) for ajp > 0 and azy9 > 0,
((2m;+1),(2n; + 1))-positive saddle
(@121, a211) = (2mi+1)TDP,, (2n;+1)"DP_) for ajpo < 0 and az9 > 0,
((2m;+1),(2n; + 1))-CCW center
(@121, az11) = (2mi+1)®DP_, (2n,+1)"DP,) for ajzo > 0 and az9 < 0,
((2m;+1),(2n; + 1))-CW center
(@121, as11) = (2my+1)"UP_, 2n,+1)MUP_) for ajy < 0 and az; < 0.

((2my+1),(2n; + 1))-negative saddle

(5.145)
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(© (d)

Fig. 5.1 Phase portraits of the ((2m+1), (2n1+1))-saddles and centers for 2-dimensional systems
at (xf, x3) = (ai11, az1)- a (a120 > 0, a210 > 0), b (a120 < 0, a210 > 0), € (a120 > 0, a210 < 0),
d (a0 < 0,a210 <0)

From the above bifurcations, a polynomial system with (2m;+1) x (2n; +1)
-non-singular equilibriums exists as

2my+1 2n1+1
X1 =ano Hs:i (x2 — anzy) and X = azjo l_L:l] (x1 — azn). (5.146)
The first integral manifold is given by

2ny 2n1+2]

2
[ — a21)™" ™ = (x10 — a21,)

1
azmi 72”1 )
2}11

1 2n)—k+2 2m—k+2
" ; mbzlk[(xl — ax)™" = (vio — azi)™ ]}
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= aju’ﬁ[m[(xz - a1251)2m1+2 — (x0 — alzsl)2m1+2]
2m
1
[ — a1 2my—k+2 — ayy, 2my—k+2 } 5147
+;2m1—k+2 k[ (1 — a1y,) (x10 — @21,) 1t )
where
2n1+1
b = Z (@21, — a2,),
hb=1,b#l

2n;+1

3
b= ) l_L_z (a2, —azip,)s -+ s

b, L=1;L,L#]

(h<b)
2 1
ny+ ]
by = > Hr—Z (a2, —azig)s -+ - s
bl =1
b,ly, e #L
(h<ly<-<ly1)
2nm
baion) = H (a2, — ajpji1y);
hL=1,L#l
2my+1
bio1 = E (@125, — ans,),
sr=1,50#s]
2m;+1 3

biyn = Z H (arzs, — ar2s,)s "+ »

$2,53=1;52,53 %81 r=2
(s2<s3)

2m;+1

k+1
bk = E l_L_z (@125 — arzg,), -+ s

s Sk =1
82,53, s Sk+17S1
(s2<83<++-<Sk+1)

2my

boamy =[] (@ —ans). (5.148)

s1=1,527s51

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles and centers are presented in Fig. 5.2a—d for (ajp0 > 0, az19 > 0), (a0 <
0, azio > 0), (a0 > 0, axip < 0)and (a1x9 < 0, az19o < 0). For all cases, the (2m; +
1) x (2n; + 1)-simple equilibriums are based on the ((2m; + 1), (2n; + 1))-saddle
and center bifurcations.

2my+12n+1

U U @s @)
— —

s=1 I=1

XX
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(UP,.,UP,) --- (DP_,DP,) (UP,,UP,)

positive saddle CW center positive saddle

(DP,.DP_) --- (UP_,UP_) (DP,.DP_)

= CCW center

negative saddle ~ CCW center

(UP_,UP,) --- (DP_,DP,) (UP,,UP,)

positive saddle CW center positive saddle

for ajpg > 0, azyp > 0;

2my+12n+1
U U (@)yjoss ajzill)
=1 =1 T
XX
(bP_,DP_) --- (UP_,UP_) (DP,,DP_)
CCW center negative saddle ~ CCW center

(UP,.,UP,) --- (DP_.DP,) (UP,,UP,)

= positive saddle CW center positive saddle

(DP+;DP_) . . (UP,;UP_) (DP+;DP_)

CCW center negative saddle =~ CCW center
for ajpg < 0, axyp > 0;
2my+12n+1
U U (@jijos» @joji1)
s=1 0=l T
(DP_,DP,) --- (UP,,UP,) (DP_,DP,)
CW center positive saddle CW center

(UP_,UP_) --- (DP,,DP_) (UP_,UP_)

= negative saddle CCW center  negative saddle

(DP_,DP,) --- (UP,,UP,) (DP_,DP,)

CW center

positive saddle CW center

for ajng > 0, azip < 0;

2my+12n+1

U U @s a0
—_— —

s=1 I=1

XX

293

(Zm+1)x (2 +1)

(5.149)
Q2mi+1)x(2n1+1)

(5.150)
Qmi+1)x(2n;+1)

(5.151)
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(UP_,UP_) --- (DP,,DP_) (UP_,UP_)

negative saddle CCW center  negative saddle
(DP_,DP,) --- (UP,,UP,) (DP_,DP,)
= CW center positive saddle CW center

(UP,;UP_) . . (DP+:DP_) (UP,;UP_)

negative saddle CCW center  negative saddle Q@mi+1)x 2 +1)

for apg < 0, ario < 0. (5152)

5.3.2 ((2my), 2n1 + 1))-Parabola-Saddle Bifurcations
Consider a 2-dimensional singular system of the (2m;) x (2n; + 1)-type as
&1 = ano(r — ap)®™ T g = ang(r — azi1)™ (5.153)

The first integral manifold is

2m1 ¥ 1 [(x2 - a121)2m|+1 - (X20 — a|2|)2m'+1]
1 a

= o+ 2612&[()“ — ay )" = (v — @)™ ] (5.154)
1 120

Phase portraits of the singular equilibriums for the 2-dimensional singular system
of the ((2m;), (2n; + 1))-type are presented in Fig. 5.3a—d for (a0 > 0, az19 > 0),
(a120 < 0, az10 > 0), (a120 > 0, az10 < 0) and (a120 < 0, az19 < 0).

(@1, a11) = (2m)™"US,2n1+1)™UP)  for ajzg > 0 and azjp > 0,

((2my),(2n; + 1))-up-parabola upper-saddle
(@i an) = (2m)"LS,2n+1)"DP)  for aix < 0and axo > 0,

((2my),(2n; + 1))-down-parabola lower-saddle

(ani,a1) = (@m)"™US,2n;+1)MDP)  forajy > 0 and az;9 < 0,

((2my),(2n; + 1))-down-parabola upper-saddle
(aa1, @) = (2m)"LS,2n+1)™UP)  for ajzg < 0 and azjp < 0.

((2my),(2n; + 1))-down-parabola lower-saddle

(5.155)

From the above bifurcations, a polynomial system with (2m;) x (2n; + 1)- non-
singular equilibriums exists as
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(@8 e

a21(2n1) a21(2n1+1)

T G22m+1)

A Dom)

Dian)  Dians

(b)

Fig. 5.2 Phase portraits for 2-dimensional systems with xT =a1,a212, -+, A21(2m +1) and xé‘ =
asi1,a212, - , a212n,+1y. The four networks of saddles and centers: a (aj20 > 0, az10 > 0),
b (a120 < 0, az10 > 0), € (@120 > 0, a210 < 0), d (a120 < 0, az210 < 0)
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Fig. 5.3 Phase portraits of the ((2my), (2n; + 1))-parabola-saddles for 2-dimensional systems at
(7, %3) = (a121, a211)- a (@120 > 0,a210 > 0), b (a120 < 0, a210 > 0), € (@120 > 0, a210 < 0),
d (a2 < 0,a210 <0)

2m, 2n;+1
X = ao 1_[521 (x2 — a1zy) and Xy = azo lel (x1 — axy). (5.156)
The first integral manifold is given by
1 2n1+2 2n;+2
61210{ 12 [(x1 — a21) (x10 — a211,)”" 7]
2}11

1 2n—k+2 2n)—k+2
+ kX_; mbzm[()ﬁ —az,)™ — (x10 — a21)™ ]}

1 2my+1 2m;+1
= amzo{zml 1 [(xz aig,) (20 — aizs,) ]
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2W11—1
1
+ — b = a1 )T — (10 — agyy, )P R ]
; 2my —k+1 [ ! ' ]

(5.157)

where

2n+1
by = E (@211, — az1p,),
hL=1,L#
2n1+1 3

b= Y [](@u —am) -,

b, =1L, #l r=2
(h<b)

2n+1

k+1
by = E l_lr—Z (a2, —azy,)s -+ s

b, =1
bl e £
(h<lz<-<liy1)

2n
baion) = H (a2, — ajpji1);
hL=1,L#l

2my

by = E (arzs, — a12s,),
s2=1,52751

2m 3

biyn = Z H(a12s1 —apg,),

52,53=1;52,53781 r=2
(s2<83)

2m

k1
by = > l_L_z (ars, —ans,), -+,

$2,83, 0 Sk =15

52,53, ,Sk+1 751

($2<83<++-<Sk41)
2m;—1

boomy = || (@2 —any). (5.158)

s1=1,52;ésl

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles and centers are presented in Fig. 5.4a—d for (ajp0 > 0, az19 > 0), (a0 <
0, axlp > 0), ((112() > 0, ar < O) and (alzo < O, ar < 0) For all cases, the
((2my), (2ny +1))-simple equilibriums are based on the ((2m; + 1), (2n;))-parabola-
saddle bifurcations.

2my 2n+1

U U @i @i
— ——

s=1 I=1 XX
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(UP,,UP,) --- (DP_,DP,) (UP, ,UP,)

positive saddle CW center positive saddle
(DP_.DP_) --- (UP_,UP_) (DP,.DP_)
= CCW center negative saddle =~ CCW center

(DP+:DP_) . : (UP,;UP_) (DP+;DP_)

CCW center negative saddle =~ CCW center @my)x 2ny+1)
for ajpg > 0, azyp > 0; (5.159)
2my 2n;+1
U U (@jijos» Ajrji1)
s=1 1=l T
(bP,,DP_) --- (UP_,UP_) (DP,,DP_)
CCW center negative saddle ~ CCW center

(UP,,UP,) --- (DP_,DP,) (UP, ,UP,)

= positive saddle CW center positive saddle

(UP,,UP,) --- (DP_,DP,) (UP, ,UP,)

positive saddle CW center positive saddle @my)x 2ny+1)
for ajng < 0, azyp > 0; (5.160)
2my 2n1+1
U U (@ijos» Ajrji1)
— g —
s=1 I=1 XX

(bP_,DP,) --- (UP,,UP,) (DP_,DP,)

CW center positive saddle CW center

(UP_,UP_) -.- (DP,,DP_) (UP_,UP_)

= negative saddle CCW center  negative saddle

(UP,;UP_) . : (DP+;DP_) (UP,;UP_)

negative saddle CCW center  negative saddle @my)x 2ny+1)

for ajng > 0, azip < 0; (5.161)

2my 2n1+1

U U (@ijos» Ajrji1)
— —

s=1 I=1 XX
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(UP_,UP_) --- (DP,,DP_) (UP_,UP_)

negative saddle CCW center  negative saddle

(DP_,DP,) --- (UP,,UP,) (DP_,DP,)

= CW center positive saddle CW center

(bP_,DP,) --- (UP,,UP,) (DP_,DP,)

CW center positive saddle CW center @my)x 2ny+1)

for ajng < 0, azyp < O. (5.162)

5.3.3 (2my+ 1), (2n1))-Parabola-Saddle Bifurcations

Consider a 2-dimensional singular system of the (2m; + 1) x (2n;)-type as

. 24l 2
X1 =anoln —ai)™ ", X = ano(x; — ax)™". (5.163)

The first integral manifold is

1

2y - 2[(x2 —ap)?™ = (v — app)? ]

1
1 axno . :

= Tt lam [Ge1r — a)™ ! = (x10 — aai)™ . (5.164)
1 120

Phase portraits of the singular equilibriums for the 2-dimensional singular system
of the ((2m; + 1), (2n1))-type are presented in Fig. 5.5a—d for (a0 > 0, az19 > 0),
(a0 < 0, a210 > 0), (a120 > 0, az10 < 0) and (ajz0 < 0, az10 < 0).

(a1, ao1) =  (Cmi+D)"UP,2n)MUS)  for ajnp > 0 and azyo > 0,
((2m;+1),(2ny))-up-parabola upper-saddle
(a1, ao1) =  (Cm+1D)"DP,2n)"US)  forajn < 0and azo > 0,
((2m;+1),(2ny)-down-parabola upper-saddle
(2m;+1D)"DP,2n)PLS)  for ajp > 0 and az19 < 0,
((2my+1),(2n;))-down-parabola lower-saddle
(a1, ao) =  (2m+1D)"UP,2n)"LS)  for ajng < 0 and azo < 0.

((2my+1),(2n;))-up-parabola lower-saddle

(ai21, a2i1)

(5.165)

From the above bifurcations, a non-singular system with (2m; + 1) x (2ny)-
equilibriums exists as
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X, @ Dimy Dy

(@

->-.:- -‘:>-<-->---‘.--<----- a12]
a
211 (®) Dram)  Aanan
Fig. 5.4 Phase portraits for 2-dimensional systems with xT = az1,a212, - ,a212m +1) and
X3 = a1, 122, -+ , a12(2m)- The four networks of saddles and centers: a (aj20 > 0, az10 > 0),
b (a120 < 0, az10 > 0), ¢ (@120 > 0, az10 < 0), d (a120 < 0, az210 < 0)

2m+1 2n;
X1 =ai l_[ (x2 — az) and X = azp l_[ (x1 — axp). (5.166)

s=1 =1

The first integral manifold is given by
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aIZI 1
(@

Fig. 5.5 Phase portraits of the ((2m; + 1), (2n1))-parabola-saddles for 2-dimensional systems at
(7, x3) = (a111, a21)- a (a0 > 0,a210 > 0), b (a120 < 0, a210 > 0), € (@20 > 0, a210 < 0),
d (a0 < 0,a210 <0)

1 2
a — [y —a m+1 Xin — a 2n+1
210{2’11 1 [(x1 — az1,) (x10 — a21,) ]

2n171
1
+ Z S b [ (01 — a2)*" T — (i — azlzl)znl_k+l]}
=1 2n; —k+1

l m m
= “jujzo{—zml 2 [(2 = @126)?™ % = (r20 — @125))*™" ]
2my
1
b — )R — a1, 2m17k+2} 5167
+1§1 k12 12k [0 — aniy,) (x10 — @21s,) It « )

where
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2m
by = E (@211, — az1p,),
hL=1,L#
2ny

3
b= Y [](@u —am) -,

b, =1L, #l r=2
(h<b)

2ny k+1

by = Z 1_[ (a1, —ao1g,)s -+ s

12,13,-“ ,lk+1=1; r=2

byl e £
(h<ly<-<lg41)
2n;—1
buamy = ] (@ — apin):
h=1,L#
2my+1
bio1 = E (a12s) — an25,)s
so=1,52%s]

2m+1

3
bin = > Hr—Z (a125) — anzg,), -+

52,83=1;52,837%51
(s2<83)

2my+1

k1
by = > l_L_Z (a15, — ans,), -+

52,83, Skp1 =13

52,53, k1751

(52<83 <+ <Sk+41)
2m

boomy =[] (@i —any). (5.168)

s1=1,50%#s;

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles and centers are presented in Fig. 5.6a—d for (ajpp > 0, az19 > 0), (aj0 <
0, arip > 0), (ainp > 0, ar19 < 0)and (ajxg < 0, ar1p < 0). Forall cases, the ((2m; +
1) x (2ny))-simple equilibriums are based on the ((2m; + 1), (2n;))-parabola-saddle
bifurcations.
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2m;+1 2n;
U U @pss @i
s=1 =1 T
XX
(DP_,DP,) --- (DP_,DP,) (UP, ,UP,)
CW center CW center positive saddle
(UP_,UP_) -.- (UP_,UP_) (DP,,DP_)

negative saddle

(DP_,DP,) - --

negative saddle ~ CCW center

(DP_,DP,) (UP,,UP,)

CW center

CW center positive saddle

for ano > O, azlo > 0;

2m;+1 2n;

U U @ipss aiin
—_—

s=1 I=
s =1 XX

(UP_,UP_) ---

(UP_,UP_) (DP_,DP_)

negative saddle

negative saddle ~ CCW center

(bP_,DP,) - .- (DP_,DP,) (UP,,UP,)
CW center CW center positive saddle
(UP_,UP_) --- (UP_,UP_) (DP,,DP_)

negative saddle negative saddle ~ CCW center

for apng < O, azlo > 0;

2mi+1 2ny
U U @ipss @i
s=1 =1 T
XX
(UP,,UP,) --- (UP,,UP,) (DP_,DP,)
positive saddle positive saddle CW center
(bP,.,DP_) --- (DP_,DP_) (UP_,UP_)
CCW center CCW center  negative saddle
(UP,,UP,) --- (UP,,UP,) (DP_,DP,)

positive saddle

positive saddle CW center

for ao > O, aro < O;

305

Q2mi+1)x(2n;)
(5.169)

Q2mi+1)x(2n;)
(5.170)

Q2mi+1)x(2n;)
5.171)
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2my+1 2ny
U U @iis ajist)
s=1 =1 o
XX
(DP_.DP_) --- (DP,,DP_) (UP_,UP_)
CCW center CCW center  negative saddle

(UP,,UP,) --- (UP,,UP,) (DP_DP,)

= positive saddle positive saddle CW center

(DP+;DP_) (DP+;DP_) (UP_;UP_)

CCW center CCW center  negative saddle

2m+1)x(2ny)
for apng < 0, ario < 0. (5172)

5.3.4 ((2my), (2ny1))-Double-Inflection-Saddle Bifurcations

Consider a 2-dimensional singular system of the (2m;) x (2n;)-type as
X1 = anot — ap)™™, % = ano(x) — az1)™". (5.173)

The first integral manifold is

1
2+ 1 [(r2 — @)™ — (x20 — @)™ ']
1
1 a
= T el =@ = o — @)™ (5.174)
1 120

Phase portraits of the singular equilibriums for the 2-dimensional singular system
of the ((2m,), (2n;))-type are presented in Fig. 5.7a—d for (a9 > 0, az;o > 0),
(a120 < 0, a210 > 0), (a120 > 0, az10 < 0) and (a120 < 0, az19 < 0).

(a1, aonn) = (2m)™IL, 2n)™1;)  for ajp > 0 and @z > 0,

((2my),(2ny))-double-inflection saddle

(a1, a211) = ((2m1)™DI, (2n)"DI) for aizy < 0 and azyo > 0,
((2my),(2n;)-double-inflection saddle

(121, a211) = ((2m1)™DI_, (2n)"DL,) for ajz9 > 0 and az < 0,
((2my),(2n;))-double-inflection saddle

(a1, a) = (Cm)™IL, 2n)™IL) forap < O0andazp < 0. (5.175)

((2my),(2ny))-double-inflection saddle
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Dian-ny Dam)

(a)

_____ °L Y Q)0 “H Qam+

--<->é. | : \ : --------- a12(2ml)

X, @ Dian-n  Daian)

(b)

Fig. 5.6 Phase portraits for 2-dimensional systems with x| = a211, @212, - -+ , @212m;+1) and x5 =
azi1, a2, - -+ , a21(2n;)- The four networks of saddles and centers: a (aj20 > 0, a210 > 0),b (aj20 <
0, az10 > 0), ¢ (a120 > 0, az10 < 0),d (@120 < 0, az10 < 0)
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X, G Dian-1y  Daian)

(d)

Fig. 5.6 (continued)

From the above bifurcations, there is a non-singular system with (2m;) x (2n)-
equilibriums as

2my 2n

X1 = ap l_[ (x2 — aizs) and & = azio 1_[ (x1 — aznp). (5.176)

s=1 =1



5.3 Bifurcations to Homoclinic Networks with Centers 309

(d)

Fig. 5.7 Phase portraits of the ((2m), (2n1))-double-inflection saddles for 2-dimensional systems
at (x7, x3) = (@111, a221)- a (a0 > 0, @210 > 0), b (ar20 < 0, @210 > 0), € (ar20 > 0, @210 < 0),
d (a0 < 0,a210 < 0)

The first integral manifold is given by

aZlo{m[(xl _ a2111)2m+1 — (x10 — a2111)2n1+1]
2)1]71 l
* S————bau[(r1 — a2 T = (g — @) ! }
kX—; 2n —k+1 [ ! ]
1

2y +1 2my+1
= ajljzo{ GT— [ — a2 — (r20 — a1y )™
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2W11—1 1
2my—k+1 2my—k+1
+ E Db | (X1 — azy,)™ — (x10 — a215,) ]
=1 2m1 —_ k + 1 [ ! ! ]
5.177)
where
2m
by = E (@211, — az1p,),
hL=1,L#
2n1 3
b= ) []t@u, —ax). -,
L.i=1:0,#lL r=2
(<)
2ny k+1
by = > [ @, —au). .
12,13,--~,lk+1=1; r=2
b,ly, - 1 £
(h<ly<-<lt1)
2n;—1
ba1on) = l_[ (21, — Gjpj1r);
h=1,L#
2m
by = E (a2, — a12s,),
so=1,52%s]
2’7‘[1 3
bin = > []t@ny —ang). -
$2,83=1;82,83%s| r=2
(s2<s3)
2my
K+l
by = > [T, (@ay —ans). -,
r=2
52,53, Skr1=1;
52,53.-~,5k+1#51
(52<83 <+ <Sk41)
2m171
boamy =[] (@ —an). (5.178)
si=1,50%#s;

Phase portraits for the 2-dimensional systems near the simple equilibriums of the
saddles and centers are presented in Fig. 5.8a—d for (ajpp > 0, az190 > 0), (aj0 <
0, ax19 > 0), (@120 > 0,a210 < 0) and (a0 < 0, a0 < 0). For all cases, the
(2my) x (2n;)-simple equilibriums are based on the ((2m, ), (2n;))-double-inflection
saddle bifurcations.
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a12(2ml)

1= A22m-1)

X, Drn-1 Dyam)

(a)

X, G Dian-1n D)
(b)
Fig. 5.8 Phase portraits for 2-dimensional systems with x] = a11, @212, - - , a21(2m;) and xj =
asi1,a212, -+ , a21(2n;)- The four networks of saddles and centers: a (a120 > 0, az190 > 0),b(a120 <

0, az10 > 0), ¢ (a120 > 0, a210 < 0), d (a120 < 0, az10 < 0)
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Fig. 5.8 (continued)
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