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Preface

This volume celebrates Yuri Karlovich’s remarkable five-decade-long mathematical
career, honoring his 75th birthday on April 18, 2024. He is a renowned expert in
various branches of Analysis. During his fruitful career, Yuri published more than
190 research papers, many of them with coauthors, whose list contains more than
50 colleagues from several countries. He coauthored four research monographs and
supervised eight PhD theses.

The volume consists of two parts. The first part contains biographical information
about Yuri, his list of publications, and personal reminiscences by one of us. To
illustrate that Yuri is an outstanding team-worker, we included the reprint of a paper
that was published in 1996 and was, in a sense, the culmination of a collaborative
endeavor of seven enthusiasts working on the so-called “N projections theorem.”

The larger second part of the volume consists of nine research papers on topics in
operator theory and its applications by colleagues many of whom collaborated with
Yuri or were in some other way influenced by his work. We thank all the authors
who contributed to this volume for their efforts as well as the referees who in many
cases generously helped to improve the manuscripts. We dedicate this volume to
Yuri, with gratitude for the many things we learned from him, and we wish him
many fruitful years to come.

Chemnitz, Germany Albrecht Bottcher
Lisboa, Portugal Oleksiy Karlovych
London, UK Eugene Shargorodsky
Williamsburg, VA, USA Ilya Spitkovsky

October, 2024
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Yuri Karlovich and His Work



Yuri Karlovich’s Path in Mathematics )

Check for
updates

Oleksiy Karlovych and Eugene Shargorodsky

Yuri Ivanovich Karlovich was born on April 18, 1949 in Leningrad, Soviet Union
(now Saint Petersburg, Russia). His father, Ivan Grigorievich Karlovich, was a
military officer. His mother, Olga-Matilde Davidovna Karlovich, was a housewife.

In 1966, Yuri Karlovich graduated from the secondary school No. 33 (Odessa,
Ukraine) with a gold medal. During the ten years of study at school, he participated
in and was a winner of several regional and republican olympiads in mathematics,
physics and chemistry, and then chose mathematics for his further education under
the influence of his school mathematics teacher Leonid Georgievich Zhbankov.

After graduating from school, Yuri Karlovich became a student of the Depart-
ment of Mathematics and Mechanics of the Odessa State University. He completed
his Master of Science degree with Distinction in 1971. From his third year at the
University, he was a regular participant of the weekly Odessa City Seminar on
boundary value problems and singular integral equations led by Professor Georgii
Semenovich Litvinchuk. This seminar, which was active for more than 25 years,
had a big influence on the scientific careers of its participants. In particular,
Yuri Karlovich started to study singular integral operators with shifts under the
supervision of Professor Litvinchuk.

O. Karlovych

Centro de Matemdtica e Aplica¢des, Departamento de Matematica, Faculdade de Ciéncias e
Tecnologia, Universidade Nova de Lisboa, Caparica, Portugal

e-mail: oyk@fct.unl.pt

E. Shargorodsky (P<)
Department of Mathematics, King’s College London, London, United Kingdom
e-mail: eugene.shargorodsky @kcl.ac.uk
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From 1974 to 2009, Yuri Karlovich worked at institutions of the National
Academy of Sciences of Ukraine: first, at the Department of Mathematical Modeling
of Economical and Ecological Systems of the Odessa Branch of the Institute
of Economics in 1974-1986, and then at the Department of Integral Equations
and Boundary Value Problems of Hydroacoustics in the Hydroacoustic Branch of
the Marine Hydrophysical Institute (Odessa) from 1986, taking subsequently the
positions of Researcher in 1975, Senior Researcher in 1976 and Leading Researcher
in 1992. In that period he was involved in the development of mathematical models
and applications of mathematical methods to the study of concrete systems in
economy, ecology, and hydroacoustics. This activity resulted in a cycle of papers
in applied mathematics, e.g., [68, 104, 105, 117] and led to the book [116].

In 1998, Yuri was awarded, for the successful scientific work over many years, a
Medal commemorating the 80th Anniversary of the National Academy of Sciences
of Ukraine. He maintained scientific relations with colleagues in the Hydroacoustic
Branch of the Marine Hydrophysical Institute (Odessa) until 2009.

In February 1975, Yuri defended his PhD thesis Singular integral operators
with a shift of the contour of integration in the domain and their applications
(1974, 111 pp.) at the Odessa State University under the supervision of Professor
Litvinchuk (Fig. 1). The PhD degree in Physics and Mathematics (theory of func-
tions and functional analysis) was approved by the Higher Attestation Commission
in Moscow in February 1976.

In the subsequent years, Yuri jointly with Viktor Kravchenko studied Banach
algebras of singular integral operators with piecewise continuous coefficients and

Fig. 1 Yuri Karlovich during his PhD defense, February 1975
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a non-Carleman shift (that is, a shift generating an infinite cyclic group) on
Lebesgue spaces. At that time, a big group of mathematicians were involved in
this topic: A.B. Antonevich and A.V. Lebedev, A.G. Myasnikov and L.I. Sazonov,
V.N. Semenyuta and A.B. Khevelev, A.P. Soldatov. During 1976-1994, Yuri
Karlovich and Viktor Kravchenko wrote a series of important papers on the
Fredholm symbol calculi for such Banach algebras, establishing Fredholm criteria
and index formulas for the operators in these algebras (see the six papers [40—45]
in Soviet Math. Dokl., [46] in Math. USSR Sbornik, [69] in Differential Equations,
and [70] in Math. USSR Izvestiya). The first local principle for studying nonlocal
Banach algebras with shifts and discontinuous coefficients was developed in their
work. It allowed them to construct a noncommutative Fredholm symbol calculus
for these algebras. These investigations are described in the important survey [106].
They made a significant contribution to the book [115].

This line of investigation of Banach algebras of singular integral operators
with discrete groups of shifts was continued by Yuri and enabled him to extend
the existing local principles to nonlocal Banach algebras as well as to construct
Fredholm symbol calculi for Banach algebras of singular integral operators with
discrete groups of shifts and various classes of discontinuous coefficients on
Lebesgue spaces. Fredholm criteria were also established.

Later, in 1983, Yuri Karlovich and Ilya Spitkovsky began studying almost peri-
odic (A P) factorization of matrix-valued functions and its applications to singular
integral operators with matrix semi-almost periodic coefficients on Lebesgue spaces
and Wiener-Hopf operators with semi-almost periodic matrix symbols on Lebesgue
spaces and spaces of Bessel potentials. Convolution type operators on a union
of intervals were also studied. These investigations were inspired by results of
R.V. Duduchava and A.I. Saginashvili on the scalar analogues of such operators.
Yuri and Ilya studied two-sided and one-sided invertibility of the mentioned
operators with almost periodic matrix data as well as Fredholmness, index formulas
and n(d)-normality. In contrast to the scalar AP functions of the Wiener class,
APW, for the matrix AP W functions, A PW factorizations might not always exist,
and studying the existence of AP (A P W) factorization is a difficult problem related
to arbitrary real-valued partial AP indices. On this topic, Yuri and Ilya wrote the
papers [94, 96] in Soviet Math. Dokl. and [97] in Math. USSR Izvestiya, and also
the manuscript [95].

With boundless enthusiasm Yuri continued developing a local-trajectory machin-
ery applicable to nonlocal C*-algebras associated with C*-dynamical systems. It
may be regarded as a nonlocal analogue of the Allan-Douglas local principle and
it turned out to be a right tool for establishing isomorphism theorems for C*-
algebras (see [0, 48] and [55]). The local-trajectory method allows one to study
the invertibility of elements of C*-algebras in terms of invertibility of their local
representatives. This method is based on a close relation between C*-algebras
associated with C*-dynamical systems and the crossed products of C*-algebras
and groups of their automorphisms. As a result, faithful representations of several
nonlocal C*-algebras were obtained (see, e.g., [49]). In concrete applications, the
local-trajectory method and isomorphism theorems give a powerful and convenient
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machinery for studying C*-algebras of nonlocal type operators with discontinuous
data.

An isomorphism theorem and a local-trajectory method applicable to C*-
algebras A extended by subexponential or admissible groups G of unitary elements
U; (¢ € G) generating the automorphisms a UgaU; of A were elaborated
by A.B. Antonevich, V.V. Brenner, and A.V. Lebedev (see the book [1]). The
isomorphism theorem in the case of subexponential discrete groups G was proved
making use of an estimate for the growth of the number of words of length n.
Yuri extended those results to arbitrary C*-algebras A with non-trivial central
subalgebras Z and arbitrary amenable discrete groups G.

Taking advantage of the isomorphism of the C*-algebra of singular integral
operators with n x n almost periodic matrix coefficients acting on the Lebesgue
space L,Zl (R) and a C*-algebra of operators acting on the Besicovitch space B,Zl,
Yuri proved the crucial result on the equivalence of the invertibility of the Wiener-
Hopf operators W(a) with matrix symbols a € APW and the existence of a
canonical right AP W factorization for a. We should emphasize that isomorphism
theorems form a bridge between algebras of singular integral operators with shifts
and convolution operators with semi-almost periodic symbols because convolution
operators with symbols ¢/** are translation operators.

Yuri also generalized the local method of studying the Fredholmness of singular
integral operators with infinite cyclic groups of shifts, which was developed jointly
with V.G. Kravchenko in [45, 70]. Applying the separation of arbitrary finite sets
of different orbits, Yuri was able to study the Fredholmness of operators in Banach
algebras of singular integral operators with discrete subexponential groups of shifts
on the Lebesgue spaces L? with the help of an essential modification of an earlier
local principle [45] for nonlocal Banach algebras (see [50] and its further treatment
and application [92, 93] developed jointly with B. Silbermann).

Yuri also studied the invertibility of functional operators and the Fredholmness of
singular integral operators with a non-Carleman shift on generalized Holder spaces
[47, 79, 80, 103] and reflexive Orlicz spaces [2] (also see [51, 66, 107]). It was
established that weighted shift operators on such spaces have massive spectra.

In total, Yuri with coauthors published 16 papers in Soviet Math. Dokl. and 3
papers in Doklady Mathematics.

The results described above were included in Yuri’s Doctoral (Habilitation) thesis
Algebras of convolution type operators with discrete groups of shifts and oscillating
coefficients, Odessa, 1990, 380 pp. (Russian), which was defended at the Andrea
Razmadze Mathematical Institute (Tbilisi, Georgia) in October 1991. The Doctor
of Science degree in Physics and Mathematics (theory of functions and functional
analysis) was awarded by the Higher Attestation Commission in Moscow in January
1992 (a month after the dissolution of the Soviet Union).

Along with his work at the Hydroacoustic Branch of the Marine Hydrophysical
Institute, Yuri also delivered lectures in mathematics at the Odessa State University
from 1990 to 1993 as an Associate Professor (1990-1992) and a Full Professor
(1992-1993).

In December 1993, Yuri was invited by Albrecht Bottcher to Chemnitz Technical
University (Chemnitz, Germany) as a Visiting Professor. Two and half years
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in Chemnitz were a very fruitful time for Yuri due to numerous mathematical
discussions with Albrecht Bottcher, Bernd Silbermann and others members of their
seminar. During this time, Yuri and Albrecht constructed the Fredholm theory for
Banach algebras of singular integral operators with piecewise continuous (PC)
coefficients on weighted Lebesgue spaces over general Carleson (Ahlfors-David)
curves with general Muckenhoupt weights (see monograph [20] and also Albrecht’s
article included in this volume). As is known, the Cauchy singular integral operator
is bounded on the weighted Lebesgue space LP (I, w) with p € (1, oo) if and only
if " is a Carleson curve and w is a Muckenhoupt weight.

Until 1990, the Fredholm theory for singular integral operators (SIO’s) with PC
coefficients on the spaces L?(I", w) was known for piecewise smooth curves I'
and power (Khvedelidze) weights w mainly due to results obtained by H. Widom,
I.B. Simonenko, I. Gohberg and N. Krupnik. The local spectrum of such operators
at every discontinuity point 7 of the coefficients is a circular arc the shape of which
depends on p and the exponent of the power weight at the point 7. In 1990, Ilya
Spitkovsky proved that in the case of a piecewise smooth curve I', the local spectrum
of SIO’s at every discontinuity point of the coefficients on the space L?(I", w) with
a general Muckenhoupt weight is a horn with a boundary consisting of two circular
arcs. Subsequently, Albrecht and Yuri completely described the shapes of these local
spectra for general Carleson curves I' and general Muckenhoupt weights w. The
form of the local spectrum depends on the “interference” between the geometry of
the curve I' and the properties of the weight w. The local spectra can be spiralic
horns, logarithmic leaves with a median separating point and so called general
leaves. These basic results of the modern Fredholm theory for Banach algebras of
singular integral operators were published in the papers [17-19, 21, 22] and in the
monograph [20], which was awarded the Ferran Sunyer i Balaguer 1997 prize of the
Institut d’Estudis Catalans (Barcelona, Spain).

In connection with the study of the structure of Banach algebras of SIO’s,
the search for an appropriate N idempotents theorem was a hot topic in the
1990s. It is therefore no surprise that such a theorem was independently and
almost simultaneously established by three groups: A. Béttcher, Yu. Karlovich, and
I. Spitkovsky forming one of them, I. Gohberg and N. Krupnik being the second,
and S. Roch and B. Silbermann constituting the third. The outcome of the effort
of these seven enthusiasts was summarized in paper [25], which was an important
cornerstone in the entire development and which is reprinted in this volume.

The collaboration of Yu. Karlovich, A. Bottcher and V.S. Rabinovich started in
Chemnitz and originated from the idea to use Mellin pseudodifferential operators
in studying SIO’s on weighted Lebesgue spaces with Muckenhoupt weights over
Carleson curves. This approach allowed them to clarify the nature of local spectra
for SIO’s and to discover new applications of the limit operators method (see the
papers [26-28, 89]).

The stay in Chemnitz allowed Yuri to renew his previous investigations with
Ilya Spitkovsky of matrix A P factorability and its applications to convolution type
operators [98—101]. Albrecht, Yuri and Ilya founded a research group under the
name Toeplitz operators and algebras of convolution type operators, which was
supported by a NATO Collaborative Research Grant from 1995 to 1999. Their joint
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results on convolution type operators with semi-almost periodic matrix coefficients
or symbols, related to the interesting and difficult problem of the matrix AP
factorization, were published in the papers [24, 29, 31] and the monograph [30].

From December 1996 to May 1999, Yuri continued his research at the Instituto
Superior Técnico (Lisbon, Portugal) as a Visiting Professor and a member of
the group Operator Factorization and Applications to Physics and Mathematics,
supported by JNICT (Portugal), 1996—1998. The collaboration of Yuri with A.F. dos
Santos, M.A. Bastos, and I.M. Spitkovsky on problems of matrix factorization, its
relations with the corona problem, and applications to the operator theory resulted
in the cycle of papers [13-16, 92] (see also [3]).

In May 1999, Yuri moved to Mexico at the invitation by Nikolai Vasilevski
for a research stay at the Department of Mathematics, CINVESTAV del 1. P. N,
Mexico City, supported by CONACYT (México) grant, Catedra Patrimonial de
Excelencia Nivel II, 1999-2001. During that time, Yuri studied shift-invariant
algebras of SIO’s with oscillating coefficients and singular integral operators
with fixed singularities [89, 90], the invertibility of functional operators and the
compactness of commutators [66, 67, 108] (Fig. 2).

From January 2002, Yuri is Full Professor at the Autonomous University of
the State Morelos in Cuernavaca, Mexico. He has a wide range of interests in
real, complex and functional analysis, as well as in operator theory. His areas
of interest include studying the invertibility of functional operators with shifts
and the Fredholmness of singular integral operators with discrete groups of shifts
and various classes of discontinuous coefficients (piecewise slowly oscillating and
piecewise quasicontinuous), including Banach algebras of these operators. Such
operators and their C*-algebras were studied, e.g., in [7-9, 23, 55] in the case of
piecewise slowly oscillating coefficients and in [10-12] in the case of piecewise
quasicontinuous coefficients. The Fredholm theory for Banach algebras of SIO’s
with shifts and piecewise slowly oscillating coefficients was constructed in the cycle
of papers including, e.g., [56, 109, 110, 112-114].

Investigations of C*-algebras of Bergman and poly-Bergman type operators with
piecewise continuous coefficients (see [85-88]) and C*-algebras of Bergman type
operators with piecewise continuous and piecewise slowly oscillating coefficients
in domains with piecewise-smooth boundaries having angles (see [36-39, 59]) are
another important area of Yuri’s interest. Studying one-dimensional Fourier and
Mellin pseudodifferential operators with non-regular symbols admitting disconti-
nuities in spatial and dual variables, algebras of such pseudodifferential operators
with limited smoothness of their symbols, and applications of these operators is
another interesting field of Yuri’s investigations (see [52-54, 58, 61-63]).

The Fredholm theory of Wiener-Hopf integral operators with semi-almost
periodic and slowly oscillating matrix symbols on weighted Lebesgue spaces on
R4+ with Muckenhoupt weights (see [71-73, 75]) and studying the Fredholmness
of operators in the Banach algebras generated by the operators of multiplication
by piecewise slowly oscillating functions and convolution operators with piecewise
slowly oscillating symbols on weighted Lebesgue spaces with a subclass of
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Fig. 2 Yuri Karlovich during the excursion to Vallum Hardiani at IWOTA 2004 in Newcastle

Muckenhoupt weights (see [74, 76, 77] and also [35, 78]) form other important
investigation topics for Yuri.

Yuri also continued the study of the problem of AP factorability of matrix
functions and its applications to Toeplitz and Wiener-Hopf operators (see the papers
[4, 32-34, 102, 111]), the Haseman boundary value problem with discontinuous
data [57, 60, 65, 91], C*-algebras of two-dimensional singular integral operators
with shifts [82, 84] (see also [83]), singular integral operators on curves with cusps
[81], and index formulas [5, 64].
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It is now for decades that Yuri has been continuing his collaboration with
colleagues at the Mathematics Department of the Instituto Superior Técnico of the
University of Lisbon. He also collaborates with colleagues at the NOVA School of
Science and Technology of the NOVA University Lisbon.

Eight PhD theses were defended under the direction of Yuri Karlovich:

1. Vidady Aslanov: Functional and Singular Integral Operators with a Shift on
Orlicz Spaces, Azerbaijan Oil Academy, Baku, Azerbaijan, 1992 (with G.S.
Litvinchuk).

2. Anténio José Vieira Bravo: Factorization of semi-almost periodic matrix func-
tions and convolution type operators with oscillating presymbols, Instituto
Superior Técnico, Lisboa, Portugal, 2003 (with M. A. Bastos).

3. Luis Filipe Serrazes Ventura de Barros Pessoa: Two-dimensional singular inte-
gral operators with Bergman kernel and shifts, Instituto Superior Técnico,
Lisboa, Portugal, 2006 (with M.A. Bastos).

4. Claudio Anténio Rainha Aires Fernandes: Algebras of singular integral opera-
tors with discontinuous coefficients and shifts, Instituto Superior Técnico, Lisboa,
Portugal, 2006 (with M.A. Bastos).

5. Juan Loreto Herndndez: Convolution type operators with oscillating symbols,
Institute of Mathematics, National Autonomous University of Mexico, Cuer-
navaca, Morelos, México, 2008.

6. Ivan Loreto Hernandez: Algebras of nonlocal integral operators with discontinu-
ous data, Institute of Mathematics, National Autonomous University of Mexico,
Cuernavaca, Morelos, México, 2013.

7. Enrique Espinoza Loyola: Algebras of Bergman type operators with discontinu-
ous data in domains with angles, Institute of Mathematics, National Autonomous
University of Mexico, Cuernavaca, Morelos, México, 2019.

8. Jennyffer Rosales Méndez: The Haseman boundary value problem with piece-
wise quasicontinuous coefficients, Autonomous University of the State of More-
los, Cuernavaca, Morelos, México, 2024.

During the six years from 2009 to 2015, Yuri was the head of an international
project in Mexico that included 6 scientific groups from Poland (Institute of
Mathematics, University of Szczecin, Szczecin), Russia (Institute for Information
Transmission Problems (IITP) of the Russian Academy of Sciences, Moscow),
and Mexico: Autonomous University of the State Morelos (Cuernavaca), National
Polytechnical Institute (Mexico City), CINVESTAV del L.LP.N. (Mexico City),
Michoacan University of San Nicolas de Hidalgo (Morelia). This project allowed
him and his colleagues to organize three International Workshops in Ixtapa (Mex-
ico).

In addition, Yuri was an organizer of four International Workshops on “Analysis,
Operator Theory and Applications” in Mexico (Cancun, April 28—May 2, 2008;
Ixtapa, March 1-5, 2010; Ixtapa, January 23-27, 2012; Ixtapa, February 24-28,
2014).

Yuri Karlovich is on the editorial board of the journal “Advances in Operator
Theory” and a reviewer for many mathematical journals. He is also a reviewer for
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the zbMATH Open. Yuri has participated with plenary and contributed talks in more
than 150 international and national conferences.

In 2019, the session Toeplitz Operators, Convolution type Operators and Oper-
ator Algebras of the XXX International Workshop on Operator Theory and
Applications IWOTA 2019), Lisbon, July 22-26, was dedicated to Yuri Karlovich
on his 70th birthday.

Yuri married Evguenia Karlovich, nee Zhila, in 1972. She is Yuri’s reliable
companion who always helps him in all his plans and endeavours (Fig. 3). Yuri and
Evguenia have two children, son Oleksiy and daughter Anna, and 6 grandchildren.

We wish Yuri a long and happy life! We believe that his dedication to and passion
for mathematics will continue for many years to come.
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Abstract This is an expository paper describing a few selected topics of Yuri
Karlovich’s work. I focus the attention on our joint work devoted to the identification
of the local spectra of Toeplitz and singular integral operators caused by the
oscillations of Carleson curves and those of Muckenhoupt weights.

1 Origin and Motivation

Singular integral equations. The Cauchy singular integral operator is the operator

1
Tl Jry—Xx

dy, xel. (1)

Here I' is a locally rectifiable and oriented curve in the complex plane C. Specific
restrictions on I" will be made later. Admissible examples include the unit circle T,
subarcs of T, the real line R, the real half-line R = (0, 00), or the circumference
of a pentagon together with its five diagonals. The integral is understood in the
principal value sense:
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where I'(x,¢) := {y € " : |y — x| < €}. The questions on the existence of the
principal value and on spaces we can make Sr act on will also be discussed later.

The simplest singular integral equations are equations of the form cf +dSr f =
h, where ¢, d, h are given functions on I" and f is a sought function on I'. It turns
out that it is often more convenient to work with the operators Pr, Qr defined by
Pr = (I+S8r)/2, Qr = (I—Sr)/2. The equation then becomes a Pr f+bQr f = h
witha = ¢ +d, b = ¢ — d, and assuming that a has no zeros on I', we may write
the equation as Pr f + GQOr f + g with G = b/a and g = h/a.

A pivotal topic of Yura' Karlovich’s work is so-called singular integral equations
with shift. An example of such an equation reads Wy Pr f + GQr f = g where «,
the shift, is a bijective map of I" onto itself (subject to further restrictions) and W
stands for the composition operator (W, f)(x) = f(a(x)).

The Haseman problem. For simplicity, suppose now that ' = R, is the
naturally oriented positive half-line. We omit the subscript I" in St, Pr, Qr. If f
is sufficiently nice, say f € L'(R;) N LP(R,) for some 1 < p < oo, then the
function & defined by the Cauchy integral

is analytic in C \ [0, co) and its limits

Ot (x) ;= lim ®(x tie)
e—=0t

exist for almost all x € Ry = (0, co). The Sokhotski-Plemelj formulas tell us that
®T(x) = (Pf)(x) and ®~(x) = —(Qf)(x) for almost all x € R. Consequently,
the equation W, Pf + G Qf = g may be written as

T (a(x)) =GP~ (x) +g(x), x€Ry. 2

This is a so-called Haseman problem. One seeks a function @ that is analytic in
C \ [0, 00) and whose boundary values ®* on R satisfy a “jump condition with
shifted argument”. In the case of the absence of the shift, or equivalently, in the case
where o (x) = x, Eq. (2) is known as a Riemann-Hilbert problem.

Conformal welding. In the papers [1-3], problem (2) is transformed into a
problem without shift via so-called conformal welding. The idea is to find an
oriented and locally rectifiable curve I" which is homeomorphic to [0, o) and a
conformal (i.e., analytic and bijective) map w : C\ [0, 00) — C\ T such that

o (a(x)) = w (x) forall x € (0, 00)

! Yura is a diminutive form of the name Yuri commonly used by friends and colleagues.
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and such that w (z) converges to the endpoint of I" as z — 0. Here C=Cu {oo}, and
@' (&) and 0™ (§) denote the limits of w(z) as z € C\ [0, 0o) approaches & € (0, 00)
from above and from below, respectively.

To have a concrete example, take «(x) := Bx with some constant § > 0 and

B # 1. Put

1 .
6= —logp, I ={re 127 y > 0} U {0}.
JT

Notice that I" is a logarithmic spiral. Let log z be the branch of the logarithm which
is analytic in C \ [0, co) and assumes the value — iw at z = —1, and define

. 1
_ 1/(+i8) _ |
w(z) =z exP<1+i8 0gz>

for z € C\ [0, 00). It can be shown by elementary computations that » maps C \
[0, 00) conformally onto C \ I" and that o™ (Bx) = o~ (x) for x € (0, c0) and
w(z) = 0as z — 0. The details of the computation are also on page 375 of [9].

Removing the shift. Let o, I', » be as in the preceding example. We denote by
7:C\I' - C\ R} the inverse of w and define ¥ on C\ I" by ¥ (¢) := ®(7(¢)).
Then, for y = ot (a(x)) =0~ (x) on T,
Ut (y) =lim®(r(¢)) as ¢ — y from the left
=lim®(z) as z — a(x) from above
= 0T (a(x)),
U~ (y) =lim®(r(¢)) as { — y from the right
=1lim®(z) as z — x from below
= O (x).
After extending t to I' by defining (0w~ (x)) = x we get G(x) = G(r(y)) and

g(x) = g(z(y)). Consequently, the Haseman problem (2) can be transformed into
the Riemann-Hilbert problem

YY) =GV O) +gt(y), yeT. 3)

Instead of a singular integral equation with a shift on Ry, we now have a singular
integral equation without shift but on a logarithmic spiral I". To show the natural
emergence of integration contours like logarithmic spirals is the purpose of this
introductory section and hence I want to make a temporary stop with mathematics
at this point. I will say more on the singular integral operator related to (3) later.
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Fig. 1 Eight years later: with Ilya Spitkovsky and Yura Karlovich during the international confer-
ence “Factorization, singular operators, and related problems in honor of Georgii Litvinchuk” on
Madeira Island in January 2002

Yura in Chemnitz. In the period from December 1993 to September 1996, Yura
was a visiting professor at the TU Chemnitz. He came to Chemnitz on my invitation.
I wanted to learn from him about techniques for tackling non-local operators,
and we planned to write a book on this topic. The first pages had already been
written when we both attended the Oberwolfach workshop “Singulire Integral- und
Pseudodifferential-Operatoren” in January 1994. This workshop motivated Yura to
reconsider problem (3), and some day he told me that the well-known circular arcs
appearing in the spectra of singular integral operators over Lyapunov curves become
logarithmic double spirals when letting the operators act on a logarithmic spiral. Just
at that time I was captured by Ilya Spitkovsky’s discovery [24] of horns in the spectra
of singular integral operators in the presence of general Muckenhoupt weights; see
also [6]. These two happy circumstances made Yura and me put the book project
aside and start the adventure I will tell about in the following. Figure 1 shows the
three of us.

2 Carleson Curves and Muckenhoupt Weights

General setting. We now turn to bounded curves. A set I' C C is said to be a
simple curve if it is either a Jordan curve, which means that it is homeomorphic to
the unit circle T, or if it is an arc, that is, if it is homeomorphic to the line segment
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[0, 1]. A weight on a simple rectifiable curve I' is a function w : ' — [0, o0]
measurable with respect to length measure such that the pre-image w™! ({0, co})
has measure zero. Given a simple rectifiable curve I'" and a weight w on it, we
denote by L?(I', w) (1 < p < 00) the usual Lebesgue space with the norm

1/p
IfI = (/F |f (O w(T)? Idf|> -

Note that the weight enters the norm in the pth power. We let L°°(T") stand for
the space of essentially bounded measurable functions on I'. After giving I" an
orientation, which is always the positive one in the case of a Jordan curve, the
singular integral operator Sr is defined by (1), but we now change x, y to ¢, t. The
operator St is said to be well-defined on L?(I", w) if St f exists almost everywhere
onI"andisin L?(T", w) for every f € L? (T, w).

The following theorem is one of the great achievements of mathematical analysis
of the twentieth century.

Let T be a simple curve. The singular integral operator St is well-defined and bounded on
LP(T', w) ifand only if 1 < p < oo, I is a Carleson curve, and w is an A, Muckenhoupt
weight.

This theorem grew out of the work of Hardy, Littlewood, M. Riesz, Mikhlin,
Babenko, Khvedelidze, Helson, Szegd, Ahlfors, Widom, Forelli, Danilyuk, Shele-
pov, Paatashvili, Khuskivadze, and others, the decisive steps of the proof were made
by Calderén, David, Hunt, Muckenhoupt, Wheeden, and more recent developments
(including new proofs and generalizations) are connected with the names of
Coifman, MclIntosh, Meyer, Jones, Journé, Semmes, Murai, Dynkin, Osilenker,
Mattila, Melnikov, Verdera, to cite only some mathematicians. Precise references
are in [9, 10]. A full proof (occupying about 80 pages) is also in Chapters 3 and 4
of [9].

Carleson curves. A Carleson curve (often also called Ahlfors-David curve) is
a simple rectifiable and oriented curve I' such that sup, . |I'(7, &)|/e < oo, the
supremum over t+ € I' and ¢ > 0 and with |I'(¢, ¢)| denoting the length of the
curve’s portion I'(¢,¢) := {r € " : |t —t| < ¢&}. This is of course satisfied for
piecewise C! curves. Less trivial examples are arcs of the form

Fr={0,1}uf{treC:t=rP 0<r<1} 4)

where 6(r) = h(log|logr|)logr with a real-valued function h € C I(R) for which
h and h’ are bounded on R; see [9, Example 1.7]. For h(x) = 0 we get the line
segment [0, 1], for A(x) = § ( # 0) we obtain logarithmic spirals, and the choice
h(x) = § + y sin(nx) delivers quite exotic Carleson arcs. Some pictures are in [11].
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Muckenhoupt weights. Given a simple rectifiable curve I" and p € (1, co), we
denote by A, (I") the set of weights on I' satisfying

1 r /4 B 1/q
sup <—/w(r)1’|dt|> (—/w(r) q|dr|> < 00,
1 \U1J; 1 Jy

where 1/p + 1/q = 1, I ranges over all subarcs of I', and |/| is the length of 1.
Such weights are called Muckenhoupt weights. Weights of the form

w(r) =[x -1 Q)
j=1

with distinct points #; € I' and real numbers . ; are referred to as power weights. A
classical result by B. V. Khvedelidze says that such a weightis in A ,(I") if and only
if —1/p < u; < 1/q forall j. More sophisticated weights on the arcs given by (4)
result from putting

w(re?) =", 0<r <1,

where v(r) = g(log|logr|)logr with a real-valued function g € C 2(R) such that
g, g, g’ are bounded on R. Together with Yura we proved in [9, Theorem 2.36] that
such a weight w is in A, (") if and only if

1 1
— — < liminf (g(x) + g'(x)) < limsup (g(x) + g'(x)) < —.
p x——+00 X—+00 q

In the special case g(x) = u + € sin(nx) we obtain that this holds exactly if
1 5 5 1
—;<u—|8| n°+1=<p+lel n+1<c—1- (6)

For g(x) = p, we get the power weight w(eie(’)) = eM108" — rI* and (6) becomes
the known condition — 1/p < u < 1/q. Taking g(x) = esinx, we encounter an
oscillating weight and (6) shows that this weight is an A, (I") Muckenhoupt weight

if and only if le|v/2 < min(1/p, 1/q).

3 Toeplitz Operators

Hardy spaces. Throughout this and the next three sections we suppose that I is
a positively oriented Carleson Jordan curve, | < p < oo, and w is a weight in
A, (). Itis well known that then SZ = I and hence Pr = (I + Sr)/2 is a bounded
projection on L?(T", w). The Hardy (or Smirnov) space H? (I', w) is defined as the
range of Pr,ie., HP(I', w) = Pr(LP (T, w)).
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Toeplitz operators. Let a be a function in L°°(I"). Then multiplication by a is
bounded on L?(T", w). The Toeplitz operator T (a) is defined as the compression of
multiplication by a to H? (I, w):

T(a): HP(I',w) »> H’(T,w), [+ Pr(af).

The function a is in this context referred to as the symbol of T (a). If L?(T", w) is the
Hilbert space L%(T) on the unit circle (with no weight), then the matrix representa-
tion of T (a) in the orthonormal basis {¢!"? /27 }72 of the corresponding Hardy
space H 2(T) is the classical Toeplitz matrix (a j—k);ok=0 composed of the Fourier

coefficients a, (n € Z) of a.

Spectra. The spectrum o (A) of a bounded linear operator A on L?(I", w) or
HP (T, w) is the set of all . € C for which A — A is not (boundedly) invertible,
and the essential spectrum oegs(A) is the set of all A € C for which T is not
Fredholm, that is, not invertible modulo compact operators. One can show that the
essential spectrum of Toeplitz oprators is local in nature, which means that there are
constructions that associate a set o; (T (a)) with each t € " such that

Oess (T (@) = | J 01 (T (@)).

tel

The sets o (T (a)) are called local spectra and, given p, I, w, they depend only on a
in an arbitrarily small open neighborhood U C T" of ¢. If a is continuous, a € C(I"),
then o;(T (a)) = {a(t)}, cess(T (a)) = a(I"), and o (T (a)) is the union of a(I") and
all points in C that are encircled by a(I") with nonzero winding number. This is a
classical result in the case where I and w are nice. It was proved in [7] for general
Carleson curves and general weights; see also [9, Theorem 6.24].

Piecewise continuous symbols. A function a € L% (I") is said to be piecewise
continuous, a € PC(I"), if the one-sided limits a (¢ & 0) exist for each ¢ € I". Here
a(t—0) denotes the limit of a(7) as T approaches ¢ following the positive orientation
of I', while a(¢ + 0) is the limit of a(t) as T — ¢ opposite to the positive orientation
of I". The purpose of what follows is to find o; (T (a)) is a € PC(I") makes a jump
at t, that is, if a(t — 0) # a(t + 0). The (essential) range of a on I is always part
of oess(T'(a)). To find out what else is contained in oes(7'(a)) we may therefore
assume that a is invertible in L*°(T").

4 Spiralic Carleson Curves

Logarithmic whirls. Fix a point 7 € I'. We then have 1 — ¢ = |t — t|e! 2~ for
Tt € '\ {¢}, and the argument arg(t — ¢) may be chosen so that it is a continuous
function on I" \ {¢}. Seifullaev [23] showed that for an arbitrary Carleson curve the
estimate

arg(t —t) = O(—log|t —t|) (r —1)
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holds. In our paper [7], written in the first half of 1994, we studied Carleson curves
subject to the stronger condition

arg(t —1) = =4/ logft — 1|+ O0(1) (v = 1) (M

with some §; € R. If §; # 0, we call ¢ a logarithmic whirl point. The curve I" is said
to be a spiralic curve if for each ¢ € I" there is a §; € R such that (7) is satisfied.

Theorem 1 Suppose for each t on the Carleson Jordan curve I there is a 6; € R
such that (7) holds and suppose w is identically 1 on I'. Let a be a function in
PC(T) such that a(t =0) # O forallt € T. Then T (a) is Fredholm on HP (") if
and only if

t 10

1 1( a(t — 0)
a

p 2 \"faat0)

a(t —0)
> g ) ¢Z (®)

a(t +0)

forallt €T.

The idea behind the proof is that T (a) is Fredholm if and only if a admits a
so-called Wiener-Hopf factorization

a(t) =a_(t)t“ay(7)

with some integer «, which is minus the index of the Fredholm operator T (a). The
factors a4 are subject to a series of requirements. Part of these requirements are
harmless. The deciding one is that |a;] | must be weight in A, (I"). Choose y; € C
such that

1 a(t —0) 1
Reyy = ——arg———, Imy; = —log
2w a(t+0) 2

a(t — 0)

a(t+0)| ®

We may suppose that the origin is in the interior of the domain bounded by I" and
define g; by g;(tr) = v~ as a branch of the function on I' which makes the jump
at the point 7. Note that

&t+0) 1 2Ty _ a(t +0)

& —0) T em2min ait —0)’

Having recourse to a localization theorem, one can show that 7' (a) is Fredholm if
and only if 7' (g;) is Fredholm for each ¢t € I". A Wiener-Hopf factorization of g; is

g(m) =17 = (1 —t/0)" Mk — )T

Using condition (7) it can be proved that there are positive constants Cp, C such
that

Crlr — (RN < |(x —1)71] < Cafr — g|Reriimy (10)
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for T € I'. Consequently, |(t — 1) 7| is weight in A p(I) if and only if the power
weight |t — f|Revitodmyiter g in A p(I'), and we know that this happens exactly if

—1/p<Rey; +6Imy; +x < 1/q.
Thus, we arrive at the conclusion that 7' (a) is Fredholm if and only if
1/p+Rey, +8Imy, ¢ Z,

which, by (9), is just (8).
What does (8) mean geometrically? For §, v € R, consider the set

S5 :={€C\{0}:argé —dlogl|é| € 2nv + 2nZ}.

We have £ € S, ;s if and only if

é — elog |&|+i (8 log |E]|+2mv) — evareuSlogr

with some 7 > 0, which reveals that S, s is a logarithmic spiral for § # 0 and a ray
starting at the origin for § = 0. Put

26 —z1

S(z1,22,v,98) == { .

:é ESU,g}.

The Mobius transform & +— (226 — z1)/(§ — 1) maps O to z; and the point at
infinity to z2. Consequently, it maps the logarithmic spiral S, 5 (§ # 0) to a kind
of logarithmic double spiral S(z1, z2, v, 8) scrolling out of z; and coiling at z,. The
set S(z1, 22, v, 0), being the image of a straight ray, is a circular arc between z; and
z». Here is the result established in [7].

Theorem 2 Let t € T and suppose (7) holds. Assume further that the weight w
is identically 1 on T'. Then, for every a € PC(I"), the local spectrum of T (a) on
HP(T") at the point t equals

01(T(a)) ={a(t —0),a(t +0)} US(a(t —0),a(t+0),1/p, s).
Indeed, Theorem 1 implies that o; (7 (a)) \ {a(t = 0)} equals

a(t —0) — A
at+0)—r

t 108

{/\eCzarg

alt —0)—r| 27
_— — 4+ 277} .
a<r+0>—x‘€ p T }

Hence, A € 0:(T(a)) \ {a(t £ 0)} if and only if

_at—=0)—2
§= a0 =a S



44 A. Bottcher

which is equivalent to saying that

_a(t+0)§ —a(t —0)
- -

Spiralic curves with a weight. Let I be an arbitrary Carleson Jordan curve and
w € A,(I). In the following section we will associate with each point ¢ € I" two
numbers — 1/p < pu; < vy < 1/q measuring in some sense the “powerlikeness” of
the weight w at ¢. If w is the pure power weight (5), then u; = v, = pu; fort =t¢;
and u; = v, =0ifr ¢ {t1,..., 1y} Let

A

for some & € Sy/p.s,-

Stzr,z2,vv,8) = | S, z2,v,9).

velvy,v]

We call this set a horn for § = 0 and a spiralic horn for § # 0. In [7] we proved that
if I is spiralic and w € A,(I"), then, for every a € PC(I"), the local spectrum of
T (a) on HP(T", w) at the point ¢ equals

01(T(a)) ={at —0),at +0)}US@a@ —0),at+0),1/p+ u:;, 1/p+ v, 8:).

The pictures that will follow. In the mid 1990s, we still gave our talks using
hand-written transparencies. To convey a flavor of those times, I decided to take
the pictures behind the mathematics presented here from just these transparencies.
Figure 2 shows the essential spectrum of an operator 7 (a).

Fig. 2 The essential spectrum is the union of the range of a (green) and of spiralic horns filled in
between the endpoints of the two jumps of a (red)
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S The Metamorphoses

Metamorphosis 1. The emergence of circular arcs in the business considered here
was discovered by Gohberg and Krupnik [18] and Widom [25] in the 1960s. See
also Krupnik’s recent article [ 19] about the story of how the circular arcs were born.
Note that all these results concerned “nice” curves I' with power weights.

The first metamorphosis came with Ilya Spitkovsky [24] at the turn to the 1990s.
He started with the observation that for “nice” curves I' with arbitrary weight w
belonging to A, (I") things may be reduced to identifying the sets

LT, p,w):={y eR:|jt —t]"w(r) € A,(I)}.

Ilya showed that [,(I", p, w) is always an open interval (—1/p — us, 1/g — vy)
with certain numbers — 1/p < wu; < v, < 1/q, the so-called indices of
powerlikeness. (In several publications, including [6], the interval I;(T", p, w) is
written as (—v, , 1 — v,+) with v, = 1/p + v, and v,+ = 1/p + w;.) In the
Gohberg/Krupnik/Widom situation, /;(I", p, w) is an open interval of length 1, and
the complement of I;(y, p, w) + Z in R, which is comprised of the “forbidden”
values, is {A;} + Z with some A, i.e., the union of singletons separated at the
distance 1. This caused the circular arc S(z1, 22, Ar, 0). In the Spitkovsky case,
the complement of I;(y, p, w) + Z in R ( = the “forbidden” values) is [1/q —
ve, 1/q — ] +Z, and if u, < vy, this yields an uncountable bundle of circular arcs,
which constitute the horn S(z1, z2, 1/p + ws, 1/p + v, 0). More details on Ilya’s
contribution to the topic can be found in [6].

Metamorphosis 2. The second metamorphosis of local spectra of Toeplitz opera-
tors was described in the previous section. It is the emergence of logarithmic double
spirals and of spiralic horns in the case of spiralic curves. To understand this and the
further metamorphoses, it is helpful to look at the plan behind them.

The blueprint. The role played by intervals I,(I", p, w) in Ilya’s approach is
performed by the sets

N:(T, p,w):={y e C:[(r =) |w(r) € A,(I")} (IT)
in the general situation. Note that, as seen for example from (10), we cannot replace

|(t —1)7| by |t — t|R¢Y. We proved that N; (T, p, w) is always an open set in the
plane containing the origin and that it can be described as

{yr=Rey+ilmyeC:—-1/p<Rey +o;(Imy) <Rey + B:(Imy) < 1/q}
12)

with a concave function «; and a convex function §;. These two functions define a
new set

Y(p,ar, ) :={z=x+iyeC:1/p+ax) =y =<1/p+ ()}
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We call «;, B; the indicator functions and Y (p, oy, B;) the indicator set of ', w, p
at 7. The following theorem was established in [10].

Theorem 3 Let " be an arbitrary Carleson Jordan curve, 1 < p < 0o, and w €
A, (). Then, for a € PC(I'), the local spectrum of T (a) att € I is

a(t +0)er™* —a@ —0)
e2rz — |

UZ(T(a)) = { HVAS Y(pvalv ﬁt)} ) {d(l - O),d(l +O)}

13)

The set (13) is a certain connected set joining a(t — 0) to a(t + 0). We call it a
leaf. Thus, the procedure to get the leaf between two different points 71,z € C is
as follows: take ¢ € Y;(p, os, B;), mapitto & = X and map & to

26— 21
£—1 "~

The set of all A obtained in this way (plus the two points z1, z> themselves) forms a
set we denote by L(z1, z2, p, a1, Br).

A= le,zz(é) =

Metamorphoses 1 and 2 again. Let I be a spiralic Carleson Jordan curve with a
weight w € A,(I'). Fix t € I" and suppose (7) holds. For §; = 0, we are in the
context of Metamorphosis 1, for §; # 0, we have Metamorphosis 2. From (10) we
infer that if w is identically 1, then

Nie(p,T,w)y={y € C: =1/p <Rey +§Imy < 1/q},

which implies that o;(x) = B;(x) = &:x for x € R. In the case of an arbitrary
weight w, the set N;(p, I', w) can be shown to be

{yeC:—-1/p<Rey+u;+6Imy <Rey +v,+8Imy < 1/q}

with two numbers — 1/p < u; < vy < 1/q, called the indices of powerlikeness
at t. In the case §; = 0, these numbers coincide with the indices of powerlikeness
introduced by Ilya. Consequently, o (x) = s + 8;x, B:(x) = vy + §;x, and

Yiip,ar, B) ={x+iyeC:1/p+u; +6x <y <1/p+v +&x}.

This is a strip (degenerating to a straight line for u, = v;) with the slope ;. The
exponential ¢ + e?"!¢ maps this strip to the bundle of logarithmic spirals Sv.s
(1/p+ p: <v <1/p+ v,) starting at the origin, and the Mobius transform finally
maps this bundle into a spiralic horn (becoming a logarithmic double spiral in the
degenerate case). For §; = 0, further degenerations lead to horns and circular arcs.

Figures 3 and 4 illustrate Metamorphosis 1 and 2. There we took a(r 0) = %1,
by virtue of which the Mobius transformis (z + 1)/(z — 1).
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Fig. 3 Metamorphosis 1: the emergence of circular and horns on “nice” curves with arbitrary
weights

Metamorphosis 3. In the first half of 1994, Yura and I had Metamorphosis 2, and
it seemed to us that the further exploration of the matter, that is, the treatment of
more and more general curves and weights would feed us the forthcoming years.
At the annual meeting of the Deutsche Mathematiker-Vereinigung in Duisburg in
1994, 1 was invited to give a plenary talk, and I chose the title “Toeplitz operators
with piecewise continuous symbols—a neverending story?” (in German). At that
time Yura and I did not even dream of being able to settle the matter ultimately
within the upcoming months. However, we made it.

Already in the early 1995 we were able to dispose of the case of general Carleson
curves provided we don’t have a weight on them [8]. Here is the result.
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Fig. 4 Metamorphosis 2: the emergence of logarithmic double spirals and spiralic horns on
spiralic curves with arbitrary weights

Theorem 4 Let " be an arbitrary Carleson Jordan curve,1 < p < 00, and suppose
w is identically 1. Then for each t € T', there are two numbers §; , 8t+ € R, the so-
called spirality indices of T at t, such that §; < 5z+ and the indicator functions
in (12) are given by

o (x) = min(5; x, 8,+x), B (x) = max(§; x, 6,+x) for x e R.

The numbers §; 8,+ can actually be shown to be independent of p; see the end
of Sect. 5. If a € PC(T"), then the local spectrum of T'(a) on H”(T") is

2wi _

(T @) = fatt = 0a(r+ 0) 0 { LERETZIOED ey
e -1

withY; == {x+iy e C: 1/p+a(x) <y < 1/p+ B:(x)}. This indicator
set is the union of all straight lines {x +iy : y = 1/p 4+ éx} with § € [§;, 8,+].
Each of these straight lines is mapped via { — M, ,, (e¥*i%) into a logarithmic
spiral between z; and zp. All these logarithmic spirals pass through the point
M o (e?™/P). This is a separating point of the leaf: removing it makes the leaf
split into two disjoint pieces. Thus, while oscillations of weights blow up the spirals
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Fig. 5 Metamorphosis 3: the emergence of logarithmic leaves with a separating point in the case
of arbitrary Carleson curves without weight

in the middle, oscillations of the curve blow up the spirals at their endpoints. See
Fig. 5; there the blue intermediate set was omitted.

Metamorphosis 4. In the summer of 1995, we finally had an ultimate solution of
the problem: we were able to characterize the local spectra for arbitrary Carleson
Jordan curves I' with arbitrary weights w € A,(I"). The solution is presented
in detail in our paper [10] of 1999, the original version of which was submitted
in September 1995. Due to Theorem 3, we are left with describing the indicator
functions «;, B;. Figure 6 illustrates the following theorem.

Theorem 5 Let I be a Carleson Jordan curve, 1 < p < oo, and w € A,(I"). Then
the indicator functions oy and B; at a point t € I' have the following properties:

(i) —oo<ax) < Bi(x) <ocoforallx e R;

(i) —1/p <a(0) < B0 <1/g;
(iii) «; is a concave function and B; is a convex function,
(iv) there exist six numbers (Sti, /Lti, v,jE € R such that

8;58?, —1/p <pu; <v; <1/q, —1/p<p,j'§v,+<l/q,
and

Bi(x) = vt + 8 x +o(1), o (x)=pu; +8 x+o(l) (x> 400),
Bi(x) =v, +6 x+o(), a@)=pf+5x+0) x> —00).

Given 1 < p < oo and any two functions a; and B; with these four properties,
there exists a Carleson curve I', a weight w € A, (I"), and a point t € I" such
that oy and By are the indicator functions at the point t.

Originally we suspected that the situation should always be as in the upper half
of Fig. 6. There are indeed cases in which the indicator set is of this shape: it is
completely characterized by two slopes (the spirality indices 8, and 8;") and the
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Fig. 6 Metamorphosis 4. The upper picture shows the four linear asymptotes in Theorem 5(iv), in
the lower picture we see «;, B;. Thus, the union of the two green sets is actually not the indicator
set as it was the case in the previous pictures. The indicator set results from shifting up the union
of the two green sets by 1/p

ordinates of the four points at which the straight boundary lines meet the imaginary
axis (the numbers 1/p + /L;E, 1/p+ v,jE with the indices of powerlikeness ,uti, vti)
The boundary of the resulting leaf is comprised of four pieces of logarithmic double
spirals, by virtue of which we call such a leaf a logarithmic leaf.

Only after some time we understood that in general the indicator functions need
not be as in the upper half of Fig. 6. Namely, some kind of interference between the
oscillation of the curve and the oscillation of the weight may add two more pieces

like those in the lower half of Fig. 6 to the indicator set. The upper boundary of the
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upper piece is given by a convex function y = B;(x) which has two asymptotes
that coincide with the two straight upper boundary lines y = v,jE + 8,ix, while the
lower boundary of the lower piece is described by a concave function y = o (x)
the two asymptotes of which exist and are the two straight lower boundary lines
y= /L,i + S,ix. These two additional pieces add something to the logarithmic leaf
shown in the lower half of Fig. 6. We call it a halo.”

The proof of Theorem 5 is very technical and I must refer the interested reader
to [9, 10]. I confine myself to one key ingredient, which also gives a formula for the
indicator functions. Let I" be a Carleson Jordan curve, 1 < p < co,and w € A,(I").
Fix t € T'. We constructed several submultiplicative functions ¢ associated with
I, p, w, t, that is, functions o : (0, c0) — (0, co) satisfying o(xy) < o(x)o(y) for
all x, y € (0, 00). For such functions one can define their so-called Boyd indices

1 1
o = lim 028 g, loge)

x—>0 logx x—>o0  logx

and we were able to give alternative characterizations of Muckenhoupt weights in
terms of these indices. One of these constructions is as follows.

Given a weight ¥ : ' — [0, oco] such that logyr € Ll(l"), we consider the
geometric means

(GY)i(ER) :=exp < log () Idfl) ,

1
L', &ER) Jraer)

where, as above, I'(#, €) denotes the portion {t € I" : |t — t| < ¢}, define a new
function Vtol/f : (0, 00) — [0, co] by

ligljgp% if £ (0,1],
MW&Z. GYL(R)
s Gy e
and put
log(V)¥)(€) log(V¥)(§)

oz(VtOI/f) := lim sup

. BV ) = limsup
£E—0 logg E—

00 logé

Fort € ' we have T —t = |t — t]e! ®2™~) and arg(t — ) may be chosen to be
continuous of T'\ {r}. Put n;(t) = e~ 22D for ¢ € I' \ {r}. It can be shown

2 Calling it corona would be more appropriate, but the notion of corona is already used in other
contexts.
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that x log 7, + logw € L'(I") for every x € R. Hence, we may apply the previous
construction to the function ¥ := nfw.

Theorem 6 The indicator functions are given by
o (x) = (Vi w)),  Bi(x) = BV (nf w)).

We also remark that the spirality indices can be expressed as §; = a(V,Or],) and
S;F = ﬁ(VtOn,), which reveals that they are indeed intrinsic characteristics of the
curve I' and independent of p and w.

6 The Spectrum of the Cauchy Singular Integral Operator

Cauchy versus Toeplitz. We now turn to the Cauchy singular integral operator.
Throughout this section we let I stand for a Carleson Jordan curve, and we assume
thatl < p <ooandw € A,(I"). Since SI% = I, both the spectrum and the essential
spectrum of Sr are equal to the doubleton {—1, 1}. Things become interesting if the
integration curve is no longer Jordan but an arc, that is, a curve homeomorphic to
line segment [0, 1].

Let E C I" be an arc. We give E the orientation from I". Then E has a starting
point a € I' and a terminating point b € I'. The Cauchy singular integral operator
S is defined as usual:

1
(SEf)(@) :=p.v. — &dr
wt JET—1t

, tekE.

This is a well-defined and bounded operator on L?(E, W) where W denotes the
restriction of w to E, i.e., W := w|E. It can again be shown that the essential
spectrum of Sg is the union of its local spectra. Put E° := E \ {a, b}. Thus,

0ess(SE) = | J 00(SE) = 0u(SE) Uon(Sp) U | ) 01(Sk).
teE teE°

Let L(z1, z2, p, &, By) be the leaf introduced in the previous section after Theo-
rem 3.

Theorem 7 We have o,(Sg) = {—1, 1} fort € E° and

Ga(SE) = 'E(_lv 1’ D, %, ﬁa)s Ub(SE) = L(ls _1’ D, o, ﬂb)

For t € E°, Sg looks locally like St and hence it is not a miracle that there the
local spectrum is again {—1, 1}. At the endpoints of E, we may employ the fact
that in a unital Banach algebra generated by two idempotents p and ¢ the spectra
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of pg p and g pq coincide. This follows from appropriate two projections theorems.
Indeed, with the well-known representations

10 X Jx (1 —x)
pH(oo)’ q'_)(«/x(l—x) 1—x > (14)
we get
10 X Jx(1 —x) 10y (x0
pqu(oo)(«/xu—x) | —x )(oo)‘(oo)
and

N ( X Jx (1 —x)) (1 O) ( X Jx(1 —x))
1pP4 Jid—n l-—x 00)\vxd=o 1-x

. ( x2 x/x(1 —x)) _y <x O> U
T A\xxT—=x) x(1—x) - 00 ’

Note that U is unitary.

Returning to Theorem 7, we first take ¢+ = a. Let xg be the function on I' that
takes the value 1 on E and is identically zero on I'\ E. The operator of multiplication
by x g will simply be denoted by x as well. The point of the matter is that Sz may
be identified with the operator xgSrxg = xg(2Pr — I)xg and that the operator
Pr xg Pr may be interpreted as the Toeplitz operator T (xg). We have X125 = XE
and Plg = Pr, and after localization we get local representatives x and P satisfying
x2 = x and P2 = P. It follows that

04(Sg) =20 (xPx) — 1 =204,(T(xp)) — 1,
and since, by Theorem 3,
204(T(xe)) —1=2L0,1, p,aa, Ba) — 1 = L(=1, 1, p, aa, Ba),
we obtain the desired result at the starting point a. The terminating point t = b

becomes the starting point after reversing the orientation of the curve, which gives
us

Ob(SE) = _-E(_l? 17 D, op, ﬁb) :L(l’ _17 D, op, ﬁb)

A rigorous proof of Theorem 7 can be based on two projections theorems.
Halmos’ original version was for Hilbert space operators, but in our context two
projections theorems for Banach space operators are required. Such theorems were
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Fig. 7 Local spectra, essential spectrum, and spectrum of the operator Sg over an arc £

first established in [17, 21]. See also paper [12], which is reprinted in this volume.
Theorem 1 of that paper is exactly what we need. Notice that in our concrete case
the points 0 and 1 are cluster points of the spectrum of

pqp + (e — p)(e — q)(e — p),

which dispenses us from the consideration of the maps G,, appearing in part (b) of
Theorem 1 of [12]. See also Chapter 8 of [9] for all technical details.>

Spectrum. Thus, the essential spectrum of Sg iS 0ess (SE) = 04 (SE) Uop(Sg), and
Theorem 7 identifies the two local spectra as leaves. To get the spectrum o (Sg),
choose any continuous curve from — 1 to 1 entirely contained in o,(Sg) (e.g., the
dashed curve in Fig. 7) and any continuous curve from 1 to —1 in 03 (Sg). These two
curves form a Jordan curve C, and o (Sg) can be shown to be the union of e (Sg)
and of all points in the plane that are encircled by C with nonzero winding number.
See Fig. 7.

Algebras. Let B(L?(T", w)) be the Banach algebra of all bounded linear oper-
ators on LP(I", w). We define alg(S, PC) as the smallest closed subalgebra of

3 There are two typos in Theorem 8.7(a) of [9]: spgX must be sp4X and “onto” must be “into”.
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Fig. 8 Examples of the set 0T as they appeared on our transparencies in the 1990s

B(LP(I', w)) which contains St and all multiplication operators M, : f +— af
by functionsa € PC(I"). Let ¢ : T — I'" be a homeomorphism and put

M = U ({r} x L0, 1, p, ay(r), ﬂ(o(‘r)))-

teT
See Fig. 8. Here is a Fredholm criterion for operators in the algebra alg(S, PC).
Theorem 8 For each point m = (t, x) € I the map
U, {S}U{M, :a € PCIN)} — C>*?

sending S to ((1) _01) and M, to

1—x —/x(1 —x))

w0 (s )

+a(<p(r)+0)(m | —x
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extends to a continuous Banach algebra homomorphism V,, : alg(S, PC) —
C>*2, and an operator A € alg (S, PC) is Fredholm on L? (T, w) if and only if
detW,,(A) # O for all m € M. If an operator in alg (S, PC) is Fredholm, then it
has a regularizer belonging to alg (S, PC).

The last sentence in Theorem 8 says that if A € alg (S, PC) is Fredholm, then
there is an operator R € alg (S, PC) such that AR — I and RA — I are compact. A
full proof of this theorem can be found in Chapter 8 of the book [9] or in any of the
papers [5, 12]. Needless to point out that the proof of this theorem is also a struggle
with inverse closedness in Banach algebras.

Extending curves and weights. So far we have assumed that the Carleson arc E is
a subset of a Carleson Jordan curve I" and that the A ,(E) weight W is the restriction
W = w|E of a Muckenhoupt weight w € A,(I'). But what if we are merely given
a Carleson arc E and a weight W € A, (E)? To put us into the situation considered
above, we have to extend the Carleson arc E to a Carleson Jordan curve I' and at
the same time to continue the weight W € A,(E) to a weight w € A,(I'). And
even if we succeeded doing this, does the local spectrum of Sg at the endpoints of
E depend on the specific extensions of I' and W?

Yura and I understood that these are subtle and difficult questions, and in 1996
we turned to Ilya Spitkovsky and Chris Bishop for help. After very intense work and
correspondence we were fortunately able to solve the problems, and at the end of
1996, we had our 80-pager [5] ready for publication. As expected, things were very
technical and required sophisticated techniques and deep results from geometric
function theory. I confine myself to citing the final result. A detailed presentation is
also in Chapter 9 of the book [9].

Theorem 9 Let E be a Carleson arc, 1 < p < oo, and W € Ap(E). Then there
exists a Carleson Jordan curve I and a weight w € A, (') such that E C T" and
W = wl|E. Fort € E, the indicator set Y(p, o, Br) of T, p, w at the point t is
independent of the specific extensions I' and w.

Composed curves. Let K be a composed Carleson curve, that is, suppose K is a
connected set which may be represented as a union of finitely many simple Carleson
arcs each pair of which have at most endpoints in common. For example, K may be
a pentagon together with its five diagonals or may be the star consisting of only the
three diagonals of a regular hexagon. Let further 1 < p < oo and w € A,(K). The
essential spectrum of Sx on L? (K, w) is again the union of the local spectra,

Oess (Sk) = U 0 (Sk).

tekK

Fix a point ¢ € K. At this point, there are nt outgoing arcs of K and n~ incoming
arcs of K. The difference ¢ := n*t — n™ is called the valency of ¢. Pick one of
the n™ + n~ arcs having ¢ as an endpoint and orient this arc so that ¢ becomes its
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starting point. We denote the arc obtained in this way by K; and put w; = w|K;.
Let Y (p, oy, B;) be the indicator set of K; at ¢ given by Theorem 9.

Theorem 10 Ife = 0, then 0:(Sg) = {—1, 1}. If ¢ # 0, we have

A+

m) = "¢ for some ¢ € Y(p,at,,Bt)} U{-1,1}.

0:(Sk) = {AGC:(

A full proof of this theorem is in [5] and Chapter 9 of [9]. We remark that the
proof does not only require the extension of Carleson arcs and weights on them to
Carleson Jordan curves and weights on these curves. It rather requires the extension
of so-called Carleson stars to so-called Carleson flowers with the simultaneous
extension of the weight.

Résumé and taking stock of my years with Yura. In summary, the connection
between a Toeplitz operator T (a) on H”(I', w) with a € PC(I") and a singular
integral operator Sg on L”(E, w|E) over an arc E C I having the same orientation
as I' at the starting point ¢ of E is given by the formula

0/(T (@) = a(t —0) —;—a(l +0) n a(t+0) ;a(t — O)Gz(SE)-

In this sense, the problem of finding the local spectra of Toeplitz operators with
piecewise continuous symbols is equivalent to the problem of describing the local
spectra of the Cauchy singular integral operator over arcs. The tour taken by Yura
and me was the one that first went through Toeplitz operators and ended with
singular integral operators. In the next section I will briefly touch upon our joint
work with Volodya Rabinovich. This work gives us the local spectra of singular
integral operators without the detour through Toeplitz operators (though not for
arbitrary weights in A,(E) but only for weights in a proper subset Ag(E ), which,
however, is so large that it delivers all possible indicator sets).

The years with Yura were an amazing period for me, and I think also for
Yura. During his stay in Chemnitz and in the following years we enjoyed several
joint trips, joint participations in conferences, and joint visits to friends, including
Ilya Spitkovsky, Anatoly Aizenshtat, Serezha Grudsky, and Volodya Rabinovich.
Figures 9 and 10 show some photos.

I think the most painful event for Yura during his visit in Chemnitz was my
proposal to give up writing a book on his beloved non-local operators and to write
instead a book on Toeplitz operators over curves and with weights that could not
been tackled by the existing machinery. However, Yura soon fell in love with the
new project and what followed remains something like a miracle to me until today.
As said, originally we thought that diving deeper and deeper into the matter would
give us work for several years. But astonishingly, we had everything for general
curves after only a few months and then settled the problem for general weights after
only a few months more. It was a true kind of rush we experienced, and the body
of results and thus the book increased week by week. At some time, Yura suggested
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Fig. 9 Left: In the Negev desert in 1995, during the weekend break of the workshop “One-
dimensional linear singular integral operators” in Tel Aviv and Jerusalem, organized by Israel
Gohberg and myself. Right: In Xochicalco, Mexico, in 2003, during a visit to Yura in Cuernavaca

to include not only the spectral theory of Toeplitz and singular integral operators
into the book but also a full proof of the boundedness criterion for them. This was
an enormous amount of work and it was only due to Yura’s unceasing energy that
we brought this venture to a successful end. In 1996, we had the manuscript of
our book [9] accomplished. To our great delight, the book won the Ferran Sunyer i
Balaguer Prize of the year 1997, and Yura and I enjoyed meeting each other for the
first time after his visit to Chemnitz anew in Barcelona. See Fig. 11.

During our joint work, Yura perpetually surprised me with unconventional ideas.
I want to mention at least one of his strokes of genius. Representations (14) are in
general use in the two projections business. The complex variable x runs through
a certain set that is specified in advance. In the context of singular integral and
Toeplitz operators, this set is a leaf between 0 and 1. The interesting values of x are
x ¢ {0, 1}. Yura observed that for such x representation (14) may be replaced by the

representation
10 x x—1
) . 15
pH(oo) q'_><—x1—x> (15)

The enigma’s resolution is that

10 -1_(10 by Vx(1 —x) 1 f x x—1
DX(OO>DX _(00>’ Dx(«/x(l—x) 1—x )Dx _<—x1—x)



Yuri Karlovich and the Metamorphosis of Spectra 59

Fig. 10 Left: In Williamsburg, Virginia, attending the Old Dominion Operator Theory and
Analysis Conference in 1995. Right: In Key West, Florida, during a trip along the East Coast
in 1997, which included also a visit to Anatoly Aizenshtat in Fort Lauterdale

with the diagonal matrix

Dy := diag(v/(1 — x)/x, —/x/(1 = x)).

Note that D, is only needed to establish the equivalence of the representations;
D, does not appear in the representations themselves. In contrast to (14), the new
representation (15) is “root-free”, and this turned out to be a deciding advantage
when passing from two projections to N projections. See [5, 12] or Chapter 8 of [9].

Finally, recall that Toeplitz operators have their origin in the infinite Toeplitz

matrix
apa_1a—ra—j3...
ay apg a—1 a-p
o .
@j-K)jr=0=|a a1 ap a_y

as az ay ao

In our context, this matrix corresponds to a Toeplitz operator on H>(T) = ¢*>(Z,).
When leaving the p = 2 and I = T case, one is entering new worlds. Besides
the operators on H?(I", w) considered here, one is led to Wiener-Hopf integral
operators on L? (R, w) or discrete convolution operators on £”(Z,, w). In the
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Fig. 11 In Barcelona in 1997 after the receipt of the Ferran Sunyer i Balaguer Prize for our
monograph [9]. We both love the cute typo in the certificate

last two contexts, Ilya Spitkovsky’s horns persist—no new leaves are emerging.
Section 6 of [6] tells more about this part of the story.

7 Mellin Convolutions

Let me finish with what we started: the Cauchy singular integral operator over a
logarithmic spiral.

Volodya Rabinovich. Some time in the mid 1990s, Yura and I came together with
Volodya Rabinovich, and he surprised us with the observation that the indicator set
Y(p, oy, B;) is always the union of straight lines:

When pursuing this idea, Volodya and we developed two more approaches to the
spectral theory of the Cauchy singular integral operator. The first of them is based
on Fourier(-Mellin) techniques [14], the second makes use of the theory of so-
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called limit operators [15], and both eventually reduce things to pseudodifferential
operators on the real line with slowly oscillating symbols. For example, one can
associate a family of limit operators with a given operator A so that the local
spectrum of A is the union of the local spectra of the limit operators. Under
certain assumptions, the limit operators are sufficiently simple, which means that
their indicator sets are straight lines. Clearly, this gives the characterization of the
indicator set observed by Volodya. See also [11] for some illustrations.

From logarithmic spirals to Mellin convolutions. The following approach is
based on our paper [13] with Volodya and follows Section 10.6 of [9]. Let § € R
and

Is:={x!7?:0 < x < o0} = {xe 2% . 0 < x < 00}. (16)
Thus, I's is a logarithmic spiral. We give I's the orientation from the origin to

infinity. The logarithmic spiral I's is an unbounded curve and hence the results stated
above are not directly applicable. However, the Cauchy singular integral Sr;,

(Sr, )(1) := lim i/ O 4 ter,,
T

e—0 i s\[s(te) T — t

can be shown to be well-defined and bounded on L?(T's, w) if | < p < oo and
w(t) = |r|* with —1/p < A < l/q.4 It can of course also be proved that the local
spectrum o0 (ST;) at the origin is the logarithmic double spiral

S—1,1,1/p+ 1,98

introduced above and that 0;(Sty) = {—1, 1} for# € I's \ {0}. Here is a completely
different approach to the matter.

We put dp(x) := dx/x and let L? (R, du) stand for the L? space over Ry =
(0, co) with the weight x~1/7:

o0 d l/p
If e Ry am) = </ | f ()P —x> :
0 X

It is straightforward to check that the map

Cs : LP (D5, w) —> LP(Ry. dp),  (Csh)(x) =1 —i8|/Px!/PHAp(x! 1%

4 We now have to denote the exponent by A since u is in common use for the measure du(x) =
dx/x.
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is an isometric isomorphism. We have
(CsSryCy ' /H(x) = 11— i8|YPxV/PHr(sp, 57 (! 710)

L R R N (o f)(f)
i r, T—x!71

Making the change of variables v = y1=8 dr = (1 —i8)y'""%dy/y and taking
into account that (C; ' £)(y' /%) = |1 —i8|~"/Py=1/P=* £ (y), we get

1 —is|!
(CsSr;Cy ' HH(x) =
i

/pxl/p+A/ (1—i g)w 1-is dy
1 i8 1-id y

_ 1= foo G/ o a7
0

i DA )_

The integral in (17) is a so-called Mellin convolution. The half-line R} is a
locally compact abelian group with the group operation x *y := xy and the invariant
measure dx /x. In this context, a convolution operator K is formally given by

o0 d
(Kf)(x) =/ k(ex y™) fF() dp(y) =/0 k(x/y)f(y)%, x € Ry.

Ry

The characters x : Ry — T all act by the rule xg¢(x) := x¢ with & € R.
Consequently, we may identify the dual group R* as the additive group R with
Lebesgue measure. The Fourier transform corresponding to this pairing is usually
denoted by M and called the Mellin transform. Formally,

00 d
(MK)(€) = / () e () dpa(x) = /0 kit &2

Ry

and the Mellin convolution K can be written as K = M%(a) := M~'aM with
a(&) := (Mk)(£). When considering Mo(a) on L”, one is faced with a multiplier
problem. However, all we need in the case at hand is that if a € L*°(R) N PC(R)
has bounded total variation, then M®(a) is bounded on L? R4,dp), and MC(a) is
invertible on L” (R, d) if and only if a is invertible in L*°(R).

Computing the Mellin' transform. Thus, we need the function (Mk)(&) for
k(x) = x1/P+* /(1 —x'~%%). A more general result states that if k(x) = x" /(1 — x?)
with 0 < n < 1 and a complex number o such that Re o > 1, then

ay o) == %(Mk)(é) = coth (n’”Q_ 5) . EcR,
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the function a,; , is continuous and has bounded total variation on R, the finite limits
a(400) exist, and Mo(a,],g) acts on L” (R4, du) by the rule

0 e @ (x/y)" dy
M@0/ = lim 2 TG T R

For o = 1, a proof is in [16, pp. 24-25, 51-52] and [22, pp. 12-13]. For Rep > 1,
see [13].

Computing the spectrum. By (17) and the preceding paragraph, the operator St
18 similar to Mo(al/er;L,],i(;). Let R := R U {£o00}. Since

et ez 621+1 22
cothz = e M_y1(e7),

we obtain
a/piai—-is(R) = {M—l,l (exp <2ﬂ%>> e ﬁ} ,
and by decomposing (i (1/p +A) —&)/(1 —ié) into real and imaginary parts we get
a1/pr1-is(R) = (M1 ) 1y =1/p + 5 +8x, x e R}U (=1, 1).
This is the logarithmic double spiral

L(-1,1,p,a,8) =8(-1,1,1/p + A, 6),

and we have finally arrived at the following result.

Theorem 11 Let § € R\ {0}, p € (1,00), A € (—1/p, 1/q), denote by T's the
logarithmic spiral (16) with the orientation from 0 to infinity, and let w(t) = |t|*
for v € I's. Then the spectrum of Sry; on LP(I's, w) is a logarithmic double spiral
joining — 1 to 1. This logarithmic double spiral is given by

e+ 1 1
eT_lIImZ:;‘i‘)\."‘SRCZ U{—l,l}

We could have included the case 6 = 0 into the theorem: for § = 0, we get a
circular arc between — 1 and 1 if 1/p + A # 1/2, and the line segment [—1, 1] if
1/p+Ar=1/2.

The gain from pseudodifferential operators. Here is a generalization of the
previous approach. Let

D= {t+x@ 0 <x <5}, w(t+xe?@) = '@ (18)
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where s € (0, co] and 6 and v are real-valued functions in C*°(0, s) satisfying

sup |(xDx)j|9(x)| < 00, sup |(xDx)"'|v(x)(x)| <oo forall j>1,
xe(0,s) xe(0,s)

lim (xD,)%0(x) =0, lim (xDy)*v(x) = 0,
x—0 x—0

—1/p < liminfxv'(x) < limsup xv'(x) < 1/q.
x—0 x—=0
We add the point 7 to I, and if s is a finite number, we also add the point # 4 se!?®).
We orient I' so that ¢ is the starting point. The requirements made for 8 and w
ensure that I is a Carleson curve and that w € A,(I'). Using results from [4, 20]
we showed in [14] that point z € C belongs to the local spectrum o, (St) if and only

if
M_11 <exp <2ni(1/?1;xv9§?)z; — 5)) — z‘ =0.

lim inf
e—>0 (x,£)e(0,e) xR

This gives the following description of the local spectrum.’

Theorem 12 Under the above assumptions, let P be the set of the partial limits of
the map

1
0,s) = (0,1) xR, x+— (— +xv'(x), —x@’(x))
p
as x — 0. Then

82n2+1
o= {mzlmz=w+8Rez}U{—l,l},

(w,8)€conv P

where conv P is the convex hull of P. Actually it suffices to take the union only over
solely P.

Clearly, if 6(x) = —d6logx and v(x) = Alogx, then P is just the singleton
{(1/p + X, 8)}, and Theorem 12 becomes Theorem 11.

The gain from limit operators and localization. In [15] we used the method of
limit operators to localize the problem completely. The abstract of this paper is
as follows. “One of the great challenges of the spectral theory of singular integral
operators is a theory unifying the three ‘forces’ which determine the local spectra:
the oscillation of the Carleson curve, the oscillation of the Muckenhoupt weight, and
the oscillation of the coefficients. In this paper we demonstrate how by employing

5 The minus sign in — x&’(x) appearing in the following two theorems is unfortunately missing in
Theorems 10.25 and 10.27 of [9].
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the method of limit operators one can describe the spectra in case all data of the
operator (the curve, the weight, and the coefficients) are slowly oscillating.”

A function f € C*°(0, s) N L%°(0, s) is said to be slowly oscillating at the origin
if

lim |(xDy)’ f(x)] =0 forall j > 1.
x—0

For example, if g € C*°(R) and g as well as all its derivatives are bounded, then
f(x) = g(log(—1logx)) (0 < x < 1) is slowly oscillating at the origin. The
following theorem was established in [15]. Note that it is for the case p = 2.

Theorem 13 Let p = 2 and let T and w be given by (18). Suppose ¢ and d are
slowly oscillating at the origin. Put

er(t + xeDy .= c(x), dr@t +xe?) = d(x),

and consider the operator A := crl + dr Sr on L%(T, w). Denote by P 4 the set of
all partial limits of the map

0,5) > C>x (0,1) xR, x> (c(x),d(x),1/2 +xv'(x), —x6(x))
as x — 0. Then

o= |J e+pS-LLwo= |J Se-Bat+pod

(a.B,0,8)€P4 (@.B,0,8)€P 4

where, as above, S(z1, 72, w, 8) is the logarithmic double spiral

2wz

20e Z
S(Zl,zz,w,S)z{ 2 ! :Imz=a)+8Rez}U{Z1,z2}~

ez — 1

Credits. The photos and illustrations are courtesy of the author.
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Abstract It is well known that for Banach algebras generated by two idempotents
and the identity all irreducible representations are of order not greater than two.
These representations have been described completely and have found important
applications to symbol theory. It is also well known that without additional
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to algebras generated by more than two idempotents and the identity. In this paper
we describe all irreducible representations of Banach algebras generated by N
idempotents which satisfy some additional relations. These representations are of
order not greater than N and allow us to construct a symbol theory with applications
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Preface and Acknowledgment

The study of the structure of Banach algebras generated by two idempotents and
the identity has a long history of more than 30 years and has found interesting
applications to Banach algebras of singular integral operators on simple contours.

Further advances in the theory of Banach algebras of singular integral operators
on non-simple contours required developing a structure theory for Banach algebras
generated by N idempotents which satisfy certain relations. The authors of this
paper, working in different groups, developed several approaches to this problem.

At the request of the other authors, Steffen Roch, a member of one of the groups,
unified these approaches and styles, closed the gaps, and brought the paper to the
form in which it is presented. All authors express their sincere gratitude to Steffen
Roch for the outstanding task he performed.

1 Introduction

In the last 15-20 years, notable advance in understanding the structure of Banach
algebras generated by singular integral operators has been made. Many new insights
are essentially based on two observations which are characteristic for a large variety
of concrete algebras.

The first one is that the Calkin image of operator algebras often contains a non-
trivial center, which offers the opportunity of applying local techniques such as
Allan’s local principle (see below). This principle associates with each of these
algebras a whole family of smaller, so-called local, algebras which are labeled
by the points of a compact space, namely the maximal ideals of the center. Now
the second observation enters the scene: in many cases, these local algebras are
generated by two (concrete) idempotent cosets, and so they are subject to so-
called two projections theorems (see [26, 34, 35, 37, 38, 46, 48] for the C*-case,
[46] for the W*-case, and [18, 21, 22, 40], and [49], for the general Banach
algebra case). Two projection theorems describe abstract algebras generated by
two idempotents either completely (the C*-case) or yield at least necessary and
sufficient invertibility criteria for the elements of the algebra (the Banach algebra
case) by associating with each element of the algebra a certain 2 x 2 or 1 x 1 matrix
function. The correspondence between the elements of the algebra and the matrix
function is either an isometric isomorphism (C*-case) or a spectrum-preserving
homomorphism (Banach algebra case).

Since Douglas’ pioneering paper [14], the idea of combining local principles
with two projections theorems has been successfully employed, e.g., for algebras
generated by one-dimensional singular integral operators with piecewise contin-
uous coefficients, for algebras of Wiener-Hopf and multiplication operators, for
algebras of Toeplitz and Hankel operators with piecewise continuous or piecewise
quasicontinuous generating functions, for algebras of Fourier integral operators,
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and for algebras of operators with Carleman shifts (see [2-5, 8, 9], [6, Chapter 4],
[7, 15, 31, 36, 37, 40, 42], [44]). In all these situations, effective symbol calculi for
Fredholmness are available.

Moreover, during the last few years it has become clear that the same approach
also applies to certain algebras of approximating sequences for operator equations,
the symbol now telling us something about the stability of the sequence. For this
topic see [24, 39, 41, 43] and the monograph [25].

In the present paper we consider Banach algebras which are generated by more
than two idempotents. Algebras of this type appear as local algebras of concrete
operator or sequence algebras. We recall that, in general, there is no matrix-valued
symbol calculus even for algebras generated by only three idempotents. However,
under certain additional conditions, we establish an N projections theorem which
yields exactly the two projections theorem (without additional conditions) in case
N = 2. We also illustrate the application of our N projections theorem to
the construction of a symbol calculus for algebras generated by singular integral
operators with piecewise continuous coefficients.

For a first discussion of the NV projections problem (but without deriving effective
invertibility criteria) see [47].

The paper is organized as follows. In Sect. 2, we remind the reader of some
known results on algebras generated by two idempotents and on so-called local
principles. Section 3 is devoted to algebras generated by three idempotents. We
there point out that such algebras do not possess a matrix symbol in general, but
that a matrix symbol exists under certain additional hypotheses. Section 4 contains
the main theorem (Theorem 9 in Sect. 4.4) and its proof. In Sect. 5, we illustrate
how the main theorem may be applied to singular integral operators on composed
curves. In Sect. 6, we record several special cases, modifications, and extensions of
the main theorem.

2 Algebras Generated by Two Idempotents

The following theorem is one of the main results of [40], with a completion by [21].

Theorem 1 Let A be a Banach algebra with identity e, and let p and q be
idempotents in A (i.e. p*> = p and q* = q). Let further B stand for the smallest
closed subalgebra of A which contains p, q and e. Then

(a) for each

x € 0g(pgp + (e — p)(e —q)(e — p)) \ {0, 1},
the mapping

Fy : {e, p,q} — C¥2,
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given by
(10 (10 _ X Jx(1 —x)
Fx(e)—(o 1)7 Fx(p)_<00>’ FX(q)_<m 1—x >’

where /x(1 — x) denotes any number with («/x(l — )c))2 = x(1 — x) and og(a)
refers to the spectrum of a in B, extends to a continuous algebra homomorphism
from B into C2x2;

(b) for each
m € og(p +2q) N{0, 1,2, 3},
the mapping
G :{e, p g} —> C,
given by

Go(e) =1, Go(p) =Golg) =0, Gi(e)=Gi(p)=1, Gi(g) =0,
Ga(e) = Ga(g) =1, Ga(p) =0, Gs(e) =G3(p) =G3(g) =1,
extends to a continuous algebra homomorphism from 8B into C'*1;

(c) an element a € B is invertible in B if and only if the matrices Fy(a) are
invertible for all

x € og(pgp + (e — p)e —q)(e — p)) \ {0, 1},

and the numbers G,(a) are non-zero for allm € og(p 4+ 2q) N {0, 1, 2, 3};
(d) an element a € B is invertible in A if and only if the matrices Fy(a) are
invertible for all

x € oalpqp + (e — p)e —q)(e — p) \ {0, 1},

and the numbers G,(a) are non-zero for allm € o7(p + 2q) N {0, 1, 2, 3}.

For a proof see [18, 21, 22, 40] and compare also [49].

The known proofs of the two projections theorem make use of at least one of the
following basic properties of the abstract two projections algebra B = alg(e, p, q).

(a) The algebra B possesses a non-trivial center. In particular, the element

pqp + (e — p)(e — q)(e — p)

commutes with each other element of 8 (recall that the center of an algebra consists
of all elements which commute with each other element of the algebra).
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(b) The algebra B is an algebra with a polynomial identity. More precisely, it
satisfies the standard polynomial F4 where

Fap(ar, ...,az) = Y (signo)ae() .- - doan)
0’652,,
and S, refers to the group of all permutations of the set {1, 2, ..., 2n}, which means

that
Fy(by,by,b3,by) =0 forall by,...,by € B.

The first property renders the algebra 8B accessible to the local principle by Allan
and Douglas (see [1] and [13]), which reads as follows.

Theorem 2 Let A be a Banach algebra with identity e, and let C be a subalgebra
of the center of A which contains e. For each maximal ideal x of the (commutative)
Banach algebra C, let I denote the smallest closed two-sided ideal of A which
contains x. Then an element a of A is invertible if and only if the cosets a + I are
invertible in the quotient algebra A/ I, for all maximal ideals of C.

(In case I, = A, the coset a + I is invertible by definition for all a.)
Property (b) shows that the two projections algebra is also subject to another
local principle, which is due to one of the authors (see [29]):

Theorem 3 Let A be a Banach algebra with identity which satisfies the standard
polynomial F,. Then

(a) for each two-sided maximal ideal M of A, the quotient algebra A/M is
isomorphic to the matrix algebra C*! with a certain | = 1(M) less than or equal
ton;

(b) an element a € A is invertible if and only if the matrices fy(a) are invertible
for all two-sided maximal ideals M where fy = @ymy, Ty is the canonical
homomorphism from A onto A/M, and ¢y is the isomorphism from A/M onto
! given by (a).

Let us remark that this theorem remains true if A only satisfies a certain power
Fy, of Fa, (see [17]).

3 Algebras Generated by Three Idempotents

Let A be a Banach algebra with identity. We say that A possesses a matrix symbol
of order n if there is a family ( f;);er of continuous algebra homomorphisms f; from
A into the algebra C!O*/® with [(r) < n such that an element a € A is invertible
in A if and only if the matrices f;(a) are invertible for all # € T. By Theorem 3,
each F})-algebra has a matrix symbol of order n and, in particular, each algebra
generated by two idempotents has a matrix symbol of order 2.
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The following result is taken from [30]. It shows that the (abstract) algebra
generated by three idempotents cannot possess a matrix symbol of a certain fixed
order.

Theorem 4 [fn > 3 then the algebra C"*" is generated by three idempotents.

Moreover, one has the following characterization of algebras generated by three
idempotents. Recall that a Banach algebra is called separable if it possesses a
countable dense subset.

Theorem 5 (a) Every Banach algebra generated by three idempotents is separable.
(b) Every separable Banach algebra is isomorphic to a subalgebra of an algebra
generated by three idempotents.

Proof The first assertion is evident. For the second one, we first prove that every
separable Banach algebra is isomorphic to a subalgebra of a finitely generated
Banach algebra.

Let A be a separable Banach algebra with a dense subset {aj, a>, ...} and
suppose without loss of generality that a, # O for all n. Forn = 1,2,... and
k=1,2,...,2" set con_o4k := ag/|lar|l. Let further Ez(ﬂ) stand for the Banach
space of all sequences (x,,)f;’;l of elements of ‘A such that

o0
2. 2
G [1% == llxall* < oo,
n=1

and writhe L(£2(ﬂ)) for the Banach algebra of all bounded linear operators on
£2(A). On £2(A) we consider the following operators:

A (xp) = (), Yn = CnXn,

0 if =1
Vi Gen) = ), yn={ o

Xp—1 if n>1,

Voi:Gn) = (Un)s Yn = Xnt1s

xp if n=2k—-1
Wit () > (), yn={ k

0 if n#2K—1,

Wit () = (Yn)s Yu = Xon_1.
Obviously, A, Vi, V_1, Wi, W_1 € L(£*(A)), and so it makes sense to consider
the smallest closed subalgebra B of L(£2(A)) which contains the operators

A, V1, V_1, Wi, W_1 and the identity operator /. The algebra B is finitely gener-
ated, and we claim that (A is isomorphic to a subalgebra of 8. Since

W_1AW) : (xp) = (n),  Yn = C1Xn,
W_ Vol AVIW () = (D), Yo = C2Xn,
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we conclude that the diagonal matrix diag(c, ck, ...) lies in 8 for k = 1,2. In
order to arrive at this conclusion for k > 2, set

re =2008K 34k and 5 =20k o
where {z} refers to the smallest integer which is greater than or equal to z. Then
ijl W_i vak : V:klAvlrk : Vikl Wi V1Sk D) = (Yn)s Yn = CrXn

for all k > 2. Hence, diag(cg,ck,...) is in B for all k and consequently,
diag(ax, ak, . .. ) belongs to B for all k. Now it is easy to check that the mapping

T:A— 8B, ar> diaga,a,...)

is the desired isomorphism from (A onto a subalgebra of B.

To finish the proof it remains to remark that, for each finitely generated Banach
algebra B, the algebra 8" of all r x r matrices with entries in 8 is generated by
three idempotents if only r is large enough (see [32]). Thus, each finitely generated
Banach algebra is isomorphic to a subalgebra of a Banach algebra generated by
three idempotents (the isomorphism simply being given by

B— B b diag(h,b,...,b)),

and this result in combination with what has already been proved gives our claim.
O

Theorem 5 indicates that the variety of all Banach algebras generated by three
idempotents is extremely large and that these algebras can show a rather involved
structure. This observation suggests the study of Banach algebras generated by
three (or more) idempotents with additional relations between their generators. For
example, let L?(J) denote the Hilbert space of the squared integrable functions
on some (finite or infinite) interval J. On LZ(R), we introduce the operator Sg of
singular integration,

f(s)tds, { €R,

1 o
SrHE) = — /

i J oo S
and the operators xp+/ and xo,11/ of multiplication by the characteristic functions
of the intervals R and [0, 1], respectively. Let A denote the smallest closed sub
algebra of L(L%(R)) which contains the operators Sg, xgp+{ and x[o,17{. Since
Sﬂé = I and S} = Sr (see [20]), we conclude that Pg := (I 4 Sg)/2 is a projection
and hence, the algebra A is generated by three projections and the identity operator.
Let further B refer to the smallest closed subalgebra of A which contains all
operators x[0.1](xg+Se g+ ) x[0.11] with k = 0, 1, .... Clearly, one can think of
B as a subalgebra of L(L2([0, 1])).
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Theorem 6 The algebra B (which is a subalgebra of an algebra generated by three
idempotents) contains all compact operators on L*([0, 1]).

For a proof see, e.g., Theorem 8.7 in [16].

Taking into account that the ideal of all compact operators on L2([0, 1]) contains
a copy of C'*! for all [ or having recourse to Corollary 22.1 in [29], we arrive at
the conclusion that the algebra 8 (and hence the algebra A) cannot possess a matrix
symbol of any fixed order. Thus, even if the three idempotents are projections, and
even if two of them commute, a matrix symbol need not exist. This highlights that
the additional conditions we look for in order to guarantee the existence of matrix
symbols have to be rather strong.

Here are two (positive) examples of algebras generated by three idempotents
which possess a matrix symbol. Observe the strong relations between the generating
elements.

Theorem 7 Let ‘A be a Banach algebra with identity e, and let p, q and j be
elements in A such that

p2:p’ qzzq7 j2=g and jpj=e—p, jqj=e—q.

Then the smallest closed subalgebra B of A which contains e, p, g and j is F4, and
it possesses a matrix symbol of order 2.

For a proof (and also for the explicit derivation of the matrix symbol under an
additional condition) see [40]. Let us emphasize that the algebra B in Theorem 7 is
indeed generated by three idempotents since p and ¢ are idempotent and (e + j)/2
is idempotent, too.

Theorem 8 Let A be a Banach algebra with identity e, and let p, q and j be
elements in A such that

p’=p. ¢*=q, ji=e and jpj=p, jgi=e—q.

Then the smallest closed subalgebra B of A which contains e, p, q and j possesses
a matrix symbol of order 4.

For a proof, and for an explicit matrix symbol, see [31].

4 An N Projections Theorem

4.1 Choice of the Additional Conditions

We are going to describe a class of Banach algebras which are generated by a large
number of idempotents and possess a matrix symbol. Our choice of the additional
conditions between the generating elements of the algebras is motivated by the



Banach Algebras Generated by N Idempotents and Applications 75

situation considered in Sect. 5 (and, in a sense, by the approach of the papers [19]
and [23]).

Let A be a Banach algebra with identity element /, and let {py, ..., poy} be a
partition of unity into projections, i.e. suppose p; # 0 for all i,

pi-pj =&jp; forall i, j, 9]

where §;; is the Kronecker delta, and

Y pi=1 )

Let further P € A, put Q = I — P, and suppose that

P(pai—1 + p2i) P = (p2i—1 + p2i) P 3)
and

Q(p2i + p2i+1)Q = (p2i + p2i+1) @ “)
foralli = 1,..., N, where poy4+1 := p;. In what follows we use the convention

px = pr withr € {1,...,2N} whenever k — r is divisible by 2N. It is clear that
then (3) and (4) hold for all integers i.

The algebra B we are interested in is the smallest closed subalgebra of ‘A which
contains the set { p[}%Nl as well as the element P. Observe that B contains the
identity I (due to (2)) and that P and Q are complementary idempotents. Indeed,

adding the identities (3) fori =1, ..., N yields

2N 2N
P'Zpi'P=ZPi-P,
i=1 i=1

that is, P2 = P, whence Q%> = Q. Thus, B is actually an algebra generated by
2N + 1 idempotents (or by 2N idempotents and the identity).
We will show that the algebra B possesses a matrix symbol of order 2N.

4.2 Algebraic Structure of B

We start with examining the smallest (not necessarily closed) subalgebra 8° which

contains the partition of unity into projections { p; }122' | and the idempotent P. Set
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N
X =Y " (p2i1Ppai-1 + p2 Qpai).
i=1
Proposition 1 The element X is in the center of B°.

Proof Evidently, X commutes with each of the idempotents p;. It remains to show
that PX = X P. Let us first prove that

N
X =Y ((p2i + p2i+1)Qp2 Q + (pai—1 + p2i) Ppai—1 P). (5)
i=1

Since the p; form a partition of unity into projections, it is sufficient to prove that

N
PiX =p; Y (P2 + p2i1)Qp2i Q + (p2i—1 + p2i) Ppai—1 P)

i=1

for j = 1,...,2N or, equivalently, that

P2 Op2i = p2i Op2i Q + p2i Ppai—1 P (6)
and
P2i—1Pp2i—1 = p2i—10p2i—2Q + pai-1 Pp2i—1 P (7)
foralli =1,..., N. For (6) we observe that

P2 QP2 Q + p2iPp2i-1 P = p2i Q — p2i Pp2i Q + p2i Pp2i—1 P

= p2iQ — p2i Pp2i + p2i Pp2i P + poi Pp2i—1 P
= p2i Q — p2i Ppai + p2i P(pai—1 + p2i) P
= p2i Q — p2i Ppai + p2:i P
= p2i — p2i Ppai
= p2i(P + Q) p2i — p2i Ppai
= p2i Op2i,

and (7) follows analogously. Thus (5) holds. Further, axioms (3) and (4) say that

Q(p2i—1 + p2i)P = P(p2i + p2i4+1)Q =0 )
fori =1,..., N, and the axioms (3), (4) together with the identities (5), (8) yield

N

PX =P Y ((p2i + p2t1)Qp2i Q + (p2i—1 + p2i) Ppai—1 P)
i=1
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N

= (p2i—1 + p2i)Pp2i 1 P
i=1

and

N

XP =Y ((p2+ p2is1)Qp2iQ + (p2i1 + p2i)Ppai—1 P) - P
i=1
N
= (p2i—1 + p2i)Ppai 1 P

i=1

and, hence, PX = X P. O

Proposition 2 Considered as module over its center, the algebra B is generated
by the (2N)? elements (p,')iziv1 and (p; ij)t'z,j}'/=l with i # j. To be more precise,
given A € B°, there are polynomials R; i in X such that

2N 2N
A=Y Ri(X)pi+ Y. Riyj(X)piPpj. ©)

i=1 i,j=1

i#j

Proof Let B' denote the set of all elements in B which can be written as in (9).
First we show that the generating elements of 8° belong to B'. This is evident for
the idempotents p;. Since further

X - p; ifiisodd

10
(I —X) - p; ifiiseven, (10)

piPpi = piPp;i - pi = {

the assertion for P can be seen as follows:

2N N N 2N
P=Y piPpj=Y piPpi+» piPpru-i+ Y piPp,
i=1 i=1

i,j=1 ij=1

i#i
N N 2N
= Z(l — X)p2i + ZXPZZ'—I + Z piPp;j.
i=1 i=1 ij=1
i#i

In the second step we are going to show that B! is actually an algebra. Since the

generating elements of 8° belong to B, this automatically yields that 8° = B!,
The set B! is evidently closed under addition. In order to get its closedness under

multiplication we have to show that the product of each two of the elements ( p,-)l.ziv1
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and (p; ij)%]}/:l with i # j is in B' again. This is obvious if one of these elements

is p;, and so we have only to deal with the products p; Pp; - px Pp; withi # j and
k # 1. This product is 0 (which is in 8') if j # k and equal to p; Pp;Pp; in case
Jj = k.If j is even (say, j = 2n) then

PiPpon Ppr = pi P(pan—1 + pan) Pp1 — pi Ppon—1Ppi
= pi(pan—1+ p2n) Ppi — pi Ppan—1 Ppi (11)
by axiom (3), whereas in case j is odd (j = 2n — 1),
PiPpan—1Ppr = pi P(p2n—2 + pan—1) Pp1 — pi Ppan—2Ppi
= pi P(pan—2 + p2n—1)p1 — pi Ppan—2Ppi (12)
by (8). The first items in (11) and (12) are in Bl Indeed, they are either O or equal
to pi Pp; (in dependence on j). If i # [ then p; Pp; € B' by definition, whereas the
inclusion p; Pp; € B' follows from (10).
Thus, identities (11) and (12) reduce the question whether p; Pp; Pp; € B! to the

problem whether p; Pp;_1Pp; € B!. Repeated application of this argument finally
yields an element of the form p; Pp; Pp;. This element is in 8 !since

X - piPp; ifiisodd

Pp:Pp; = p: Pp: - p: Pp) —
pirpirpr = pitpj- pilp] {(I—X)~pisz ifiis even

and by (10). |
Let us have a closer look at the products p; Pp; - pj Pp;incasei # j and j # [.

Proposition3 (a)Ifl > j>iorj>i>lori>1> jthen
piPpjPpi = (=1~ (X = Dpi Ppi.
(c)Ifl>i>jorj>I1>iori>j>Ithen
piPp;Pp = (—=1))"' Xp; Pp;.
(c)Ifi =landi # j then
piPp;Ppi = (=1)) ' X(X = Dpi.
Proof Let j #1i,1. Then

piPpjPpr = piP(pj—i + pj)Ppi— piPpj_1Pp;. (13)
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If, moreover, j — i # i,I, then we conclude from (3) and (8) that
piP(pj—i + pj)Pp; = 0 and, hence,

piPpjPpy=—piPp;j_1Ppi. (14)

Suppose now the conditions of assertion (a) to be satisfied. Then there is a smallest
positive integer k such that (all computations modulo 2N)

JFELL j=1#il,...,j—(k=1)#il
but j — k = i. Consequently, repeated application of (14) gives
piPpjPpi = (="' pi Ppj—e—1)Ppi
whence by virtue of (13),
piPpiPpr = (=D pi P(pj—k + pj—t—1)) Ppi — pi Ppj—k Pp1)
= (="' (pi P(pi + pi+1)Pp1 — pi Ppi Ppy).

Observe that our assumptions imply that/ # i and [ # i 4 1 (otherwise j — (k — 1)
would be equal to /). Thus

(=D*=Y(pi(pi + pi+1) Ppi — pi Pp; Pp;) ifiis odd
(=D¥Y(pi P(pi + pi+1)pi — pi Ppi Ppy) if i is even

piPpjPpi
(—=D*=Y(pi Pp; — pi Ppi Ppy) ifiisodd
(=D = Y(—=p; Pp; Pp;) ifi is even

(=D = X)p; Pp; ifiis odd
(=¥~ (=1)(I — X)p; Ppi Pp; ifi is even

(again take into account (10)). Replacing k by j — i yields assertion (a). The proof
for (b) and (c) is analogous. |

4.3 Localization, and Identification of the Local Algebras

The element X belongs to the center of the algebra 8° (Proposition 1) and thus
to the center of B itself. Hence, the smallest closed subalgebra C of 8 which
contains the identity element / and the element X is in the center of B, and
this offers the possibility of localizing B over C by the local principle of Allan
and Douglas (Theorem 2). It is well known that the maximal ideal space of the
singly (by X) generated Banach algebra C is homeomorphic to the spectrum o¢(X)
of its generator (see [12], 15.3.6) and that under this homeomorphism the point
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x € o¢(X) corresponds to the smallest closed ideal of C which contains X — x/. In
accordance with Theorem 2, we introduce ideals /I, in B for all x € o¢(X).

Proposition 4 (a) If x € 0g(X)(C o¢(X)) then I, #+ B.
(b)If x € oc(X) \ 08(X) then I, = B.
For a proof see [18]. Thus, by Theorem 2, an element b € B is invertible if and

only if the cosets b + I, are invertible for all x € og(X).
For x € og(X), let

By =B/,
denote the local algebra associated with x and let
o, B— B,

be the canonical homomorphism. Let us remark once more that, by Proposition 4,
each algebra B, contains at least two different elements (the zero and the identity).
Our next goal is the explicit description of the local algebras B;.

Proposition 5 If x € og(X) \ {0, 1}, then B, is isomorphic to C*N>2N,

Proof Consider the image @, (8°) of the algebra 8° in By. Since each element of
89 can be written in the form (9) and since

D (X) =xD, (1)
by definition, it follows that
@, (R(X)) = R(x)Dx(I)

for each polynomial R. Consequently, we conclude that each element of @, (8°) is
a complex linear combination of the elements

d)X(pl) (l=1,,2N) and cD)C(ple]) (ls]=]1a2N’l¢])
(15)

Conversely, each linear combination of the elements (15) is in &, (BO). Thus,
D, (BO) is a finite dimensional linear space (of dimension < (2N )2). In particular,
D, (BO) is closed in B,. On the other hand, B9 is dense in B and, hence, @, (BO) is
dense in ®,(B) = B,. Thus, B, = O, (BO), and B, is a linear space of dimension
< (2N)%

We claim that the dimension of B, is exactly 2N )2 and that the elements (15)
form a basis of this space. Given i, j = 1, ..., 2N, define g;; € B, by

(=D = D7 0, (pi Pp)) ifi < j
aij = (D 'x7 oy (pi Pp)) if i > j
@, (p) if i = j.
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(This definition is correct since x # 0 and x # 1.) Proposition 3 implies that
ajja =8k -ay forall 1 <i,j k,I<2N. (16)
We check (16), for example, incase j =k and j > i > [:
aijaji = (=)' @ = DT Ox(pi Ppy) - (=) a7 0 (p Pp1)
= DTN ED T T @ = DT s (pi Py Ppi)
= =DTHED T G = DT (=D TN = Dpi Ppi)
= (D" o (pi Ppp) = ait.

The other cases can be disposed of analogously.
Now suppose the elements g;; are linearly dependent. Then there are numbers
Cij with

2N
Z cijaij =0 17
i =1

but ¢;,j, # 0 for certain ip, jo. Multiplying (17) from the left by ay;, and from the
right by a o« yields that

Cig joGkioQig jol jok = Cigjotkk =0

and hence, ay; = Oforallk = 1,...,2N. Consequently,

2N 2N
O, (1) = O, (Z pk> = a = ,(0)
k=1 k=1

which contradicts Proposition 4(a) (see also the remark following this proposition).

Thus, the elements (a; j)%jyz | are linearly independent. It follows that so are also
the elements (15), and therefore both sets of elements form a basis of B,. Finally, it
is immediate from (16) that the mapping

. 2N 2N x2N
Wy (aij),',jzl — CH ajj — Eij,

where E;; refers to the 2N x 2N matrix where 7, j entry is 1 and all other entries of
which are zero, extends to an algebra isomorphism from B, onto C2V*2V O

Here are the images of the generating elements of the algebra B under the
homomorphism Fy := W, o &, : B — C2N*2N,
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Corollary 1 Let x € og(X) \ {0, 1}. Then

Fy(p;) = diag(0,...,0,1,0,...,0), (18)
the 1 standing at the ith place, and
Fy(P) =diag(1,—-1,1,—-1,...,1,—-1)x
xx—1lx—1x—-1...x—1x-1
xx—1lx—1x—-1...x—1x—-1
X X x x—1...x—1x—-1
x| x x x x—1...x—1x—-1 (19)
X X X x x—1
X X X by x x—1
Proof To verify (18) recall that @, (p;) = a;;, and to get (19) observe that
2N
Fu(P)=F, | Y  piPp;
i,j=1
2N 2N
=Wy o Dy) Z piPpj | + (Wyo®y) Z piPp;
ji=1 ji=1
i<j =]
2N
+ (W0 ®) [ D piPpi
j=1
2N 2N
=W | > DT = Dag | AW | DD (=D xay
ij=1 ij=1
i/<j i,>j
2N
+ (W 0®) | Y piPpi
j=1
and take into account (10). |

Our next subject is the local algebras B, associated with the points in og(X) N
{0, 1}. These algebras will not be identified completely; we will only show that all
irreducible representations are one-dimensional and will compute them.

Proposition 6 Ifx € og(X) N {0, 1} then By is an F; ' -algebra.
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Proof Instead of working with the polynomial
FN*Ya, b) = (ab — ba)N !
in two variables, which is non-linear, let us consider the polynomial

N+1
N+1
FV @y by, aygr b)) = [ ] (abe — bear)
k=1
in 2(N +1) variables, which is linear in each variable. Notice that if 8, is an F2<N+1)—

algebra, then it is also and FZN +l1

-algebra.
Since By is a linear space (recall the proof of Proposition 5) and since FZ(NH) is

multilinear, it remains to prove that

N+1
l_[ (axby — brax) =0
k=1
for all choices of cosets ag, by (k = 1,..., N + 1) among the (possible) basis

elements of the algebra By :
@, (p;) (=1,...,2N) and & (p;Pp;) (G, j=1,...,2N, i #)).
Proposition 3 entails that each commutant a; by — bray can be written as
kP (pi Ppji)

where iy, jr € {1,..., N 4+ 1} and ¢; € C can be zero. Hence,

N+1 N+1

l_[ (akbr — brax) = cPy (1_[ Pix Pij) .

k=1 k=1

Since the partition of unity into projections (p;) consists of 2N elements, there are
two of the elements p;, and pj with k = 1,..., N + 1 which coincide. Thus,

1—[]/:’:11 Diy Ppj, contains at least one subproduct of the form
piPpi, Ppi, ... Ppi, Ppi
with » > 1, and invoking Proposition 3 once more, one easily gets

@, (pi Ppi, Pp, ... Ppi, Pp;) = 0.
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Thus,
N+1
D, (1_[ PikPij> =0 for xe€og(X)N{0,1},
k=1
which concludes the proof. O

By Theorem 3 (extended version), the algebras B, possess matrix symbols of
order 1, i.e. scalar-valued symbols. Since each algebra homomorphism

v:8,—>C

gives rise to an algebra homomorphism ¥ o &, : 8 — C, we proceed with
determining the one-dimensional representations of the algebra 8.

Clearly, each homomorphism G : 8 — C maps idempotents to idempotents.
Thus, if p € B is idempotent, then G (p) is either O or 1. Moreover, since G(/) = 1
for each non-zero homomorphism G, we conclude that, given a partition of unity
into projections (pi)l.zi\’l, there is an iy such that G(p;,) = 1 and G(p;) = 0 for
all i # igp. Hence, the restriction of a non-zero homomorphism G : 8 — C to
the set { P, p1, p2, ..., pan} coincides with one of the following mappings G,, with
nef{l,2,..., 4N}

1if i =2m
G i) = Gym(P) =0,
4m(p1) Oifi;é2m, 4m( )
1if i=2
Gam—1(pi) = ot " Gap—1(P) =1,
0 if i # 2m,
1if i=2 1 (20)
if i =2m—
Gam—2(pi) = Gam—r(P) = 1,
am=2(Pi) = it itom—1, O 2(P)
1if i =2m—1
Gam—3(pi) = Gam—3(P) =0,
4m=3(pi) =1 it itom—1, O 3(P)
wherem =1,..., N. Set

2N

N
Y=Y (pi-1P+puQ) + ) (i —pi.
i=1 i=1
Proposition 7 Ifm € og(Y) N{1,2,...,4N} then the mapping

Gm:{P5p15p25'-'7p2N}_)C’

given by (20), extends to an algebra homomorphism from B onto C.
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Proof First of all notice that if G,, extends to an algebra homomorphism, then

We claim that, form € og(Y) N {1,2,...,4N} and x € og(X) \ {0, 1},

What we have to prove is, by Corollary 1, that the 2N x 2N matrices

xx—1lx—-1x—-1...x—1x—-1

X
X
X

X
X

X
X
X

X
X

Gu(Y)=m.

x—1lx—1...x—1x—-1

X
X

X
X

m ¢ og, (Px(Y)).

(U 0 ) (Y) — diag(m, m, ..., m) =

x—1...x—1x—-1

x ...x—1x-—1
X ... x x-—1
X ... X X

+ diag(1 —m,3 —m,...,4N — 1 —m)

85

21

(22)

are invertible. For this goal we compute the determinant of the slightly more general

M x M matrix

x+Ar x—1 x—1 x—1... x-—1 x—1
x x+rmx—1x—-1... x-—1 x —1
X X x+rx—1... x-—1 x—1
X X x x4+i... x—1 x-1 (23)
X X X X  .o.ox+Ay—; x—1
X by X X X X+ Ay
where Ay, ..., Ay, x € C. Consider x as being variable and denote the determinant

of the matrix (23) by D(x). Subtracting in (23) the first row from all other rows,
and then the last column from all other columns, one gets a matrix the 1, N entry
of which is x — 1 while all other entries are independent of x. Thus, D(x) is a
polynomial of first degree in x and, since D(0) = ]_[lﬂi1 Ai and D(1) = ]—L»Ail(l +

Ai), one has

M M
D(x) :xl_[(l +r)+( —x)]_[x,.

i=1

i=1

(24)



86 A. Bottcher et al.

Nowletm e {l,..., 4N}, M =2N,and »; =2i — 1 —mfori =1,...,2N.If m
is odd, then one of the numbers A; is equal to zero, but

M
[Ta+x) 0.

i=1

If m is even, then one of the numbers 1 + A; is zero, but

M
]—[x,- # 0.
i=1

Hence, in any case,

M M
c[Ja+r+a-x]]r#0

i=1 i=1

whenever x ¢ {0, 1}. This proves our claim (22).
Now the assertion can be obtained as follows. Let m € og(Y) N {1,2,...,4N}.
Then, by the local principle,

me ) o08,(@:()

xeog(X)

whereas, by (22),

me¢ |J  os (@)

xeog(X)\{0,1}

Hence,

me |J  os (@M.

xeag(X)N(0,1}

But the algebras B, with x € og(X) N {0, 1} possess a scalar-valued symbol
(Proposition 6 and Theorem 3). Thus, if m € GBXO(‘on(Y )) with a certain xo €
og(X) N {0, 1} then there is an algebra homomorphism G’ from By, onto C with
G’ (P4, (Y)) = m. Then G := G’ o ®,, is an algebra homomorphism from B onto
C with G(Y) = m. The restriction of G to the set {P, p1, ..., pan} coincides with
one of the mappings G, introduced in (20) and, by (21), this restriction is just G,,.
In other words, G,, extends to an (evidently continuous) algebra homomorphism
from B onto C. O

Form € og(Y)N{1, 2, ..., 4N}, let us denote the extension of G,, by G, again.
One easily checks that
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0 if m is odd
1 if m is even.

Gm(X) = {

Thus, if 0 € og(X) and m is odd, then the local ideal I lies in the kernel of G,,, and
consequently, for each A € B the number G,,(A) depends on the coset ©y(A) only.
So the quotient mapping

G, :By—>C, @¢(A) > Gy(A)

is correctly defined, and it is an algebra homomorphism from By onto C. Analo-
gously, if 0 € og(X) and m is even, then

G, :81—>C, ®1(A) > Gu(A)

is a correctly defined and non-trivial algebra homomorphism.

Proposition 8 (a) If 0 € og(X) then the set {G,,}, consisting of all mappings G,
withm € og(Y)N{1,2,...,4N} and m odd, forms a scalar-valued symbol for By.
(b) If 1 € og(X) then the set {Gy,}, consisting of all mappings G, with m €
og(Y)N{1,2,...,4N} and m even, forms a scalar-valued symbol for B.

Proof The mappings G/, with m odd (even) are the only non-trivial algebra
homomorphisms from By (resp. B;) into C. But since the algebras By (resp. B1)
possess a scalar-valued symbol by Theorem 3 and Proposition 6, we conclude that
for all A € B the coset Dy(A) (resp. ®1(A)) is invertible whenever all

G, (Po(A) = Gp(A)

with m odd (resp. even) are invertible. |

4.4 The N Projections Theorem

Now we are in a position to state our main result.

Theorem 9 Let A be a Banach algebra with identity 1. Let p1, p2, ..., poN and
P be nonzero elements of A satisfying

pi-pj=2dijpi forall i,j and py+pr+---+pwv =1,
where §;;j is the Kronecker delta, and
P(pai—1 + p2i) P = (p2i-1 + p2i)) P and  Q(pai + p2i+1)Q = p2i + p2i+1)Q
foralli =1,..., N, where

Q:=1— P and pry+1 := p1.
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Let further B stand for the smallest closed subalgebra of A containing the elements
P and py, ..., pon. Then the following assertions hold.
(a) If x € og(X) \ {0, 1} where

N
X = (pai-1Ppai-1+ p2 Op2i),

i=1

then the mapping Fy : {P, p1, ..., pan} = CN*2N given by
F,(pi) = diag(0,...,0,1,0,...,0),
with the 1 standing at the ith place, and
F.(P) =diag(l,—-1,1,—-1,..., 1, -1)x
xx—1x—-1x—-1...x—1x—-1
xx—1x—-1x—-1...x—1x—-1
X X x x—1...x—1x-1
x| x x x x—1...x—1x—-1
X X X X ... x x-=1
X X X X ... x x-1

extends to a continuous algebra homomorphism from B onto C*N*2N
(b)Ifm € og(Y)N{l,...,4N} where

2N

N
Y= (p1P+puQ)+

i=1

then the mapping G, : {P, p1, ...

Ganp) = {0 11200 Gan(P) =0,
Gunap) = {0 T2 Gua(P =1
Ganap) = {0 T 12T Gana(Py = 1
Gans(p) = { o T2 T Gans(Py = 0
where m = 1,..., N, extends to a continuous algebra homomorphism from B

onto C.

> @i = Dpi,

i=1

if i =2m

, pan} — C defined by
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(c) An element B € B is invertible in B if and only if the matrices F,(B) are
invertible for all x € og(X) \ {0, 1} and the numbers G,,(B) are non-zero for all
meog(Y)N{l,...,4N}.

(d) An element B € B is invertible in A if and only if the matrices Fy(B) are
invertible for all x € o7(X) \ {0, 1} and the numbers G,,(B) are non-zero for all
meog(Y)N{l,...,4N}.

Proof The proof of assertions (a), (b) and (c) is immediate from the local principle
in combination with the description of the local algebras given in the preceding
subsection. Concerning the continuity of the mappings Fy and G,, we refer to a
general result by Johnson (see, e.g., [28], Chapter 6, Theorem 2.65) stating that an
algebra homomorphism from a Banach algebra onto a semi-simple Banach algebra
is always continuous.

For a proof of assertion (d) recall that the algebra 8% is a (2N)? dimensional
module over its center. Thus, Corollary 1.2 in [22] tells us that there is a set {v;},
t € T, of representations of B such that Imv, = C*/ with I = I(r) < 2N and such
that an element B of B is invertible in A if and only if detv,;(B) # Oforallr € T.
The very same arguments as in the proof of assertion (c) entail that each of these
representations is of the form Fy (with an x € C\ {0, 1}) as defined in Corollary 1 or
G, (withanm € {1,2,...,4N}) as defined after Proposition 6. Hence, there exist
twosetsE = &(A,B) Cc C\{0,1}and u = u(A, B) C {1,2,...,4N} such that

oa(B) = UG(FX(B)) U{Gm(B) :m € p} (25)

xeé

forall B € 8. Weclaimthat§ = o4(X) \ {0, 1} and u = o4(Y)N{1,...,4N}.
Since G,,(X) € {0, 1} and £ N {0, 1} = @, one has

oa(X)\{0, 1} = UG(FX(X))U{GM(X) cm e p\{0, 1} = U{x} =& (20)

xeé xeé

For the second claim note that, for any A € C, the matrix F, (Y — A[l) coincides with
the matrix (21) with the A; in (21) replaced by 2i — 1 — A. It follows from the explicit
form (24) of the determinant of this matrix that every eigenvalue A of Fy(Y) solves
the equation

2N 2N
xl_[(2i—A)+(1—x)1_[(2i—1—k)=0.
i=1 i=1
But, if x ¢ {0, 1}, then o (Fx(Y)) N {1,2,...,2N} = @. Thus,
oa(Y)N{l,...., 4N} = (G (Y) :m € )N {1,...,4N} = {m}mep = . (27)

Now assertion (d) follows immediately from (25), (26) and (27). O
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Observe that assertion (d) is evident in case the algebra B is inverse closed in A.
However, this is not always satisfied as the following example indicates.

Example Let T be the unit circle {t € C : [t| = 1} and consider the algebra A of
all continuous 2 x 2 matrix functions on T. If ¢ denotes the identical mapping of T

then
11—t 10 00
P: ) = N d =
(tl—t) b (00) e p2 <01>

are elements of A which satisfy the assumptions of Theorem 9 (with N = 1). The
element

t 0
X=p1Pp1+p2(I —P)py = <Ot>

is invertible in A but not invertible in B since the latter algebra consists of matrix
functions holomorphic in the unit disk only. O

In this connection, let us emphasize an evident consequence of assertions (c) and
(d) of the previous theorem.

Corollary 2 Ifog(X) = oa4(X) and og(Y) = o4(Y), then the algebra B is inverse
closed in A.

The following additional assertions are often useful.

Proposition 9 (a) If0 ¢ og(X) and 1 ¢ og(X) thenog(Y) N{l,...,4N} = 0.
(b) If 0 € 0g(X) and 1 € og(X), and if both points are not isolated in og(X), then
the family (Fy) with x € og(X) is a matrix symbol for B.

(c)If0 ¢ oq(X)and 1 ¢ oxq(X) thenog(Y)N{l,...,4N} =0.

(d) If 0 € ox4(X) and 1 € ox7(X), and if both points are not isolated in oc#(X),
then the family (Fy) with x € ox(X) is a matrix symbol for the invertibility of the
elements of B in the algebra A.

Proof (a) Observe that G,,,(X) € {0, 1} in any case. Thus, if
og(X) N{0, 1} =,

one-dimensional representations cannot exist.

(b) Let M be a mapping from C into the set of all subsets of C. Given a sequence
(x,) € Cwithx,, — 0asn — oo, we consider the set L(x,) of all limiting points of
all sequences (A, ) with A, € M(x,), and we define the limiting set limy_,o M (x)
as UL (x,,) where the union is taken over all sequences (x,) with x, — Obut x,, % 0
for all n. Analogously, we define limy_, 1 M (x).
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The function x +— F,(Y) is continuous on og(X). Due to the continuous
dependence of the eigenvalues of a matrix on the matrix itself (see [27], Appendix
D), one has

o(Fo(Y)) = lim o (Fx(Y))
x—0
and consequently,
o (Fo(Y)) = lim o/(®x(Y)). (28)
We claim that

1imoo(<1>x(Y)) C o (Po(Y)). (29)

To prove (29), we need the following supplement to the local principle. Let the
notation be as in Theorem 2. O

Proposition 10 Let a € A and suppose a + I, to be invertible for some x. Then
there is an open neighborhood U of x such that the cosets a + Iy are invertible and

@+ L) ' <4l@+ L)~ forall yeU.

Proof Set ¢, (a) := a + I, and let ¢ (a) be invertible. Then there is a b € A such
that

¢x(ab —e) = ¢x(ba —e) = 0.
As shown in [1], or [6], Theorem 1.34, or [25], Theorem 1.5, the mappings
y=> llg¢y(ab—e)ll and y > gy (ba —e)l.
defined on the maximal ideal space of C, are upper semi-continuous. Hence
¢y(ab—e)ll <1/2 and [¢y(ba —e)|| < 1/2
for all maximal ideals y in a certain neighborhood U’ of x. Since
¢y(@)py(b) = ¢y(e) + ¢y(ab—e) and ¢y (D)py(a) = dy(e) + dy(ba — e),

and since ¢y (e) is the identity element in A/ Iy, this implies (Neumann’s series) that
¢y(a) is invertible in A/ I, and that

ly(@ Il < 2ll¢y ()|l forall yeU’
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Invoking upper semi-continuity once more we get

gy D)l < 201¢x D) = 2l ps (@)~

for all y in a neighborhood U” of x, which proves Proposition 10. O

Continuation of the Proof of Proposition 9 Now, in order to prove our claim (29),
assume there are sequences (x,) € og(X) and (A,) with A, € o(P,, (Y)) such that
Xp = 0,x, #0,A;, > A, but A ¢ o(Po(Y)). Then ®o(Y — AI) is invertible and,
by Proposition 10, ®,, (Y — AT) is invertible and

@, (Y —AD T < 4|®o(Y — 2D~

for all n large enough. Thus,

1
Y s
WD = fao =D T

dist(A, o (Py,

which contradicts our assumption since
A — Ay, | = dist(h, o (P, (Y))).

This proves our claim (29).

From (28) and (29) we see that o(Fp(Y)) S o(Po(Y)) and, analogously,
o (F1(Y)) € o(®(Y)). Hence,

o(Fo(Y))Uo (F1(Y)) S o(Po(Y)) Ua(Pi(Y)) S og(Y).

Evidently,

o(Fo(Y)Uo(Fi1(Y)) ={1,2,...,4N},
and consequently,

og(Y)YN{l1,2,...,4N}={1,2,...,4N}.
In other words, all possible one-dimensional representations occur.

It remains to observe that, for each A € B, the matrices Fo(A) and F(A) are

triangular and that the diagonal of Fp(A) equals (G1(A), G3(A), ..., Gany—1(A)),
while the diagonal of F1(A) is (G2(A), G4(A), ..., Gan(A)).

The proof of assertions (c) and (d) can be given in a completely analogous
manner. O
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S Examples

5.1 Abstract Analogues of Singular Integral Operators

Let T be a non-empty proper subset of {1,2,...,2N}, set P := ZieT pi and
q := I — p. Elements of the form A := pPp+q(e B) are called abstract analogues
of singular integrals. Our first concern is to demonstrate how Theorem 9 can be used
to compute the spectrum of abstract singular integrals in case the spectrum of X is
known. From Theorem 9 we conclude that this spectrum equals

U o@E@)u U 7 (Gu(A)),

xeor(X)\{0,1} meor(Y)N{1,....2N}

where ¥ € {A, B} depends on whether we want to know the spectrum of A in F =
Aorin F = B. Let us first determine the spectrum of F, (A) for x € o#(X) \ {0, 1}.
Let A € C and set D(x) := det(Fy,(A — AI)). Further, let ¢, #,, and 7, refer to the
number of the elements of the sets T, TN{1, 3,...,2N—1},and TN{2,4, ...,2N},
respectively. Also put v := 7, — #,. Changing the rows and columns of Fy(A) in an
appropriate way produces a matrix of the form

Fi1 0
)

where Fp1 is a t x ¢t matrix and [ is the 2N — t) x (2N — t) identity matrix.
The determinant D(x) of (30) is a polynomial of first degree in x (see the proof of
Proposition 7), and

D) = (=) (1 = 1)1 =) D) = (1 =)o (=n)e(l — )N,

the factors (1 — A)2N ! coming from the lower right corner in (30) and the other
factors resulting from the upper left one. Thus,

D(x) = (1= x(1 = M=) 4 (1 = x)(=1)" (1 = 2)"].
Depending on whether v > 0, v = 0, or v < 0, this equals
D) = (1= 2?1 = (=[xl = 1)" + (1 =) (=1)"],
D(x) = (1= 1= (=),
D(x)=(1-1*""A == (=0 + 1 —x)a -,
respectively. Thus, if v = 0, o (Fy(A)) = {0, 1}. In case v > 0, we have

x(1=2)Y 4+ (1 —x)(=1)Y =0 31)
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if and only if

A\ X
(A—l) T x—1 (32)

(observe that x # 1 by assumption and that (31) cannot vanish if A = 1). Hence, on
denoting by

Zo(x), .. .s Cu—1(x)

the v roots of x/(x — 1), we infer form (32) that the spectrum of F, (A) equals

(0, 1}u{ o G- } for 1, >0, (33)
So(x) — 1 Su—1(x) =1
{I}U{ Co(x) Cu—1(x) } for 1. —0 (34)
fo(x) =177 guo1(x) — 1 o

In the case v < 0 we obtain analogously that o (Fy(A)) is

{O,I}U{ ! —! } for t, > 0, (35)
So(x) — 1 Sul-1(x) — 1
—1 —1
{I}U{;o(x)—l’”"¢|U|_1(x)—1} for t, = 0. (36)

Finally, it is evident that G,,(A) € {0, 1} for all m, and it is clear which value is
actually assumed.

The case where o#(X) is a logarithmic double spiral is of particular interest for
applications. For § € Rand v € (0, 1), put

Ss.v = (re'®198m 2TV - 1 e (0, 00)},
and given two distinct numbers z, w € C, let
S w:i s v) :={(wf —2)/(C —1):¢ €85} Ufz, w}

If 6 = 0, then Ss,,, is a ray and hence, S(z, w; §, v) is a circular arc between z and
w, which degenerates to the line segment [z, w] in case v = 1/2. If § # 0, then
Ss,v 1s a logarithmic spiral and therefore S(z, w; §; v) is a double spiral wriggling
out of z and scrolling up at w. We call a set a logarithmic double spiral (between z
and w) if it is of the form S(z, w; §; v) with some § € R and v € (0, 1). Notice that
segments and circular arcs are logarithmic double spirals in this sense.

Now suppose o#(X) = S(0, 1; §; v) and let x € S(0, 1; 8; v) \ {0, 1}. Assume
first that v :=1, — f, > O and #, > 0. Then o (F,(A)) is given by (33). If

x = relSlogrEZNzV/(rezﬁlogreZTrw -1,
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then

x/(x _ 1) — rezﬁlogr62mv — retﬁlogre2m(v+k)

and consequently, the v roots of ¢V = x/(x — 1) are

Lr(x) = pL/v giddogr)/v 2mi(v+k) /v _ ¢ idlogs ,2mi(v+k)/v

where s ;= r!1/V and k = 0, ..., v — 1. Thus, if x traces out S0, 1;6; v) \ {0, 1}
then ¢ (x)/(¢x (x) —1) describes the logarithmic double spiral S(0, 1; §; (v+k)/v)\
{0, 1}. In the case where v < 0 we similarly see that if x ranges over S(0, 1; §; v) \
{0, 1} then —1/(x(x) — 1) moves along the logarithmic double spiral

S(1,058; (v+k)/lv) \ {0, 1}

Taking into account that spectra are closed we so obtain from (33)—(36) the
following result, a concrete version of which was by means of slightly different
methods already proved and explicitly stated in [9] (Theorem 2.2.2).

Theorem 10 Let ¥ be A or B. If ox(X) is the logarithmic double spiral
S(0, 1; §; v), then the spectrum of A := pPp + q in F equals

{0,1} for v =0,
v—1

LS. 1:8:0+k)/v) for v>0, (37)
k=0

lu|—1

J 80.1:8: v +k)/lvl) for v <o. (38)
k=0

Clearly, if o#(X) is a union of logarithmic spirals,

or(X)= [ S0 1:8 ),

d€[d.82]

then the conclusion of Theorem 10 remains true with (37) and (38) replaced by

v—1
U U S0 1s0+0/w) for v>o0,
k=0 8§€[81,62]

lv]-1

U U so1s@+k/wp) for v<o.

k=0 &€[d1,62]
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5.2 Applications to Singular Integral Operators

The results of this paper yield a symbol calculus for the closed algebra generated
by singular integral operators with piecewise continuous coefficients. This symbol
calculus reduces the question of deciding whether an operator is Fredholm to the
problem of finding out whether a family of matrix functions consists of invertible
matrices only. The simplest nontrivial operator in the algebra mentioned is the
Cauchy singular integral operator St, and we now apply the results of Sect. 5.1 to the
operator St. To avoid complications that go beyond the scope of this paper, we will
not study the problem in full generality. We abstain in particular from considering
the operators on spaces with general (Muckenhoupt) weights [5, 45].

A simple arc is an oriented rectifiable curve in the plane which is homeomorphic
to a line segment. The union of finitely many simple arcs each pair of which have
at most endpoints in common is called a composed curve. If T" is a composed curve
and z € T, then in a small neighborhood of z the curve is locally comprised by
a finite number of simple arcs. This number is referred to as the multiplicity of z
and is denoted by ¢ := 7(z). At a point z of multiplicity ¢, the curve has ¢, := 1,(z)
outgoing and ¢, := t,(z) incoming simple arcs, where ¢, > 0, ¢, > 0,and ¢, +1, = .
We call v := v(z) :=t, — t, the valency of the point z.

Let I" be a composed curve. The curve I' is said to be a Carleson curve (or to be
Ahlfors-David regular) if

sup sup [T'(z, €)|/e < o0
zel’ >0

where |I'(z, €)| denotes the (length) measure of the portion I'(z,¢) := {¢ € T :
|¢ — z| < €}. David [10, 11] proved that the Cauchy singular integral operator Sr,

1
(St f)(z) := lim —/ ALY, d¢ (zel),
r

e—0 Tl \I'(z,8) { —Z

is a well-defined and bounded operator on LP(I") (1 < p < oco)ifand only if I"is a
Carleson curve (see also [33] for the “only if" portion). So let us henceforth suppose
that I" is Carleson. Our aim is to determine the essential spectrum of St on L?(I"),
i.e. to determine the set

Oess(ST) := {A € C: St — AI is not Fredholm on L?(I')}.

Recall that an operator A € L(L”(I")) is Fredholm if and only if it is invertible
modulo the ideal K (L?(I")) of the compact operators, that is, if and only if the coset
w(A) ;= A+ K(LP(I')) is invertible in the Calkin algebra L(L?(I"))/K (L?(T")).

Fora € L*®°(T), letal : LP(I") — LP(I") be the multiplication operator f >
af. We denote by C(I") the continuous functions on I and by PC(I") the closure in
L°°(I") of all piecewise constant functions on I.
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An operator A € L(L?(I")) is said to be of local type if AcI — cA is a compact
operator for every ¢ € C(I"). Clearly, compact operators as well as multiplication
operators are of local type. It is well known that St is also of local type (see [20],
Vol. I, Chap. 1, Theorem 4.3 and [3], Lemma 5.1). One can easily see that the set
OLT of all operators of local type is a closed subalgebra of L(LP(I")) and that
an operator A € OLT is Fredholm if and only if the coset 7(A) is invertible in
7 (OLT) := OLT /K (LP(T")). For z € T, let J; be the smallest closed two-sided
ideal of 7 (OLT) containing {w(cl) : ¢ € C(I"), ¢(z) = 0}. Put A, := 7 (OLT)/J,
and denote the coset w(A) + J; by 7, (A). Allan’s local principle (Theorem 2) with
A = OLT and C := {m(cl) : ¢ € C(I")} so implies that an operator A € OLT is
Fredholm on L?(T") if and only if 7, (A) is invertible in A, for every z € T".

The algebra A, contains P := 7 (Pr) and p; :=m,(x;I) (j =1,..., ) where
Pr=({+ Sr)/2and i, ..., x; are the characteristic functions of the ¢ connected
components of (I' N U) \ {z} (U sufficiently small). Let B, stand for the closed
subalgebra of A, which is generated by P, p1, p2, ..., p:.

Clearly, B, is of much better structure than A;. It is obvious that p1, p2, ..., p;
are idempotents whose sum is the identity and which satisfy p;p; = &;pi.
Unfortunately, in general P is not an idempotent, by virtue of which Theorem 9
is not immediately applicable. We therefore construct two other “local algebras”
Ar D B! and identify 7 (Pr) as an abstract singular integral (in the sense of
Sect. 5.1) in these algebras.

A counter-clockwise oriented curve homeomorphic to a circle is called a Jordan
curve. A composed curve consisting of a finite number N > 2 of Jordan curves
which have exactly one point in common is referred to as a flower. All points of a
flower have valency zero, exactly one point, the center of the flower, has multiplicity
2N, while the remaining points have multiplicity 2.

Suppose I'* is both a flower and a Carleson curve. Denote the center of I'* by z,
and let A} and B} be the algebras that arise from the above construction with I'*
in place of I'. If ¢ > O is sufficiently small, then the connected component of the
portion I'*(z, €) containing z may be written in the form

N
Uasursip (39)

i=1

where I';; and I';,_; (i = 1,..., N) are outgoing and incoming simple arcs,
respectively. The algebra B} is generated by P := 7 (Pr+) and p; = m(x;1)
(j =1,...,2N) where x; is the characteristic function of Fj. One can show that
now P is idempotent and that (3), (4) hold. Thus, Theorem 9 is applicable to the pair
of algebras A := A¥, B := B, and we may use the results of Sect. 5.1 to compute
the local spectrum of the singular integral operator

A= ijl Pr= ijl + ZX]‘I , (40)

JjeT JeT JjéT
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i.e. the spectrum of the abstract singular integral m,(A) = pPp + g, where T is
a nonempty proper subset of {1,2,...,2N} (note that og+7,(A) = og:m,(A) =
0,1} for T ={1,2,...,2N)). . )

What we need is the spectrum o.z+ (X) of

N
X = Z(pzi_lezi—l + p2: Op2i).

i=1

It is easily seen that

N
oqx(X) = UUy{;(Pzi—lppzi—l + p2i Op2i),

i=1

which reduces the problem to finding the local spectrum of singular integral
operators with piecewise continuous coefficients on Carleson Jordan curves. These
spectra were completely determined in [4]. In order to illustrate the basic phenom-
ena, let us for the sake of simplicity assume that the arcs I‘;‘f of the flower may be
parametrized as

ri={= 24 re PO o< <6} (j=1,...,2N) 1)
where ¢ € (0, 1), ¢ is a real-valued function of the form
¢ (r) = h(log(—logr))(—logr)

with a function & € C2(R) for which h, #’, h” are bounded on R, and b ; are real-
valued functions in C'[0, £] such that

0<bi(r) <by(r)y<---<byny(r)<2m for r e (0,e).

We remark that the ansatz h(log(—logr)) guarantees that rqB(r) is bounded for
r € (0, 1), which in turn implies that I'* is a Carleson curve (see e.g. [4]). Clearly,
every piecewise C! flower can be parametrized in this way with &7 = 0. If 4 and
by, ..., boy are constant functions, then I" locally consists of 2N logarithmic spirals
scrolling up at z. The choice

h(x) =68+ wsinx, b;(r) =b; = constant 42)

gives 2N “oscillating spirals” terminating at z. In accordance with [4], the spirality
indices 87 and 8} of I'* are defined by

§; = liminf(h(x) + ' (x)) (= lim i(glf(—ré(r))),
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81 = limsup(h(x) + 1’ (x)) (= limsup(—re(r))).

xX—>00 r—0

In case h = 0, i.e. for piecewise C! flowers, we have ;. = Sj =0.If hisasin
(42), then

57 =6—|ulV2, 8 =8+ |nlv2.

The symbol calculus of [4] implies that

oa (p2ic1 PP+ p2Qpai) = ) S0, 1:8;1/p)
Seld; 571

foreveryi =1,..., N, whence

ox:(X)= | J S0.1:81/p). 43)
selsz 871

The set on the right of (43) is a union of logarithmic double spirals; such sets were
called skew spiralic horns in [4] and are logarithmic leaves with a separating point
in the terminology of [5]. Clearly, for piecewise C'! flowers or, more generally, for
flowers whose spirality indices are both zero, the set (43) is a circular arc.

Since the set (43) does not separate the complex plane (i.e., does not contain
“holes”), a standard result from the theory of Banach algebras implies that

o (X) = o (X).

By a substar of the flower I'* we understand a set I" of the form I' = Ujer F}f
where the simple arcs ' are given by (39) and T is a non-empty subset of
{1,2,...,2N}. Obviously, the operator Pr = (I + St)/2 may be identified with
the singular integral operator (40). Thus, combining Theorem 10 (and the remark
after it) with (43) we arrive at the following result for Sp = 2Pr — I.

Theorem 11 Let T'* be a Carleson flower with the center 7 and let ' be a substar
of T'*. Denote the valency of z € T by v(z) and let 5, 8;‘ be the spirality indices of
z. Then the local spectra og_(Sr) and oz, (Sr) of Sr at z coincide and are equal to

{_la]} lf U(Z)=07
v(z)—1

U U SELLsa/p+b/ve) if ve) >0,

k=0 se[s7,671

[v(z)]-1
U U scnusamp+o/v@b if vk <o.

k=0 se[s7,61]
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We finally return to the case of an arbitrary composed Carleson curve I'. A point
z € I' is called a bud if there exists an ¢ > 0 such that the connected component of

'n{¢eC:|¢—1z| <e¢}

containing z is a substar of some Carleson flower. It is easily seen that composed
Carleson curves which may locally be “parametrized by the radius™ as in (41) consist
entirely of buds. We conjecture that every point of a composed Carleson curve is a
bud; three of the authors are planning to devote a forthcoming paper to this problem.
The following theorem is immediate from the preceding discussion.

Theorem 12 Let I be a composed Carleson curve each point of which is a bud.
Then the essential spectrum of St on LP (") is

Oess(Sr) = (] o(S1)

zel

where o (St) := 04,(Sr) = 0g,(Sr) is as in Theorem 11.

6 Miscellanea

6.1 Other Partitions of Unity into Projections

Besides the (obvious) partition of unity into projections (p;), there are other
partitions in B. Set, for example,

w2 = (p2i + p2i+1)Q  and  wai—1 = (p2i—1 + p2.) P.

Proposition 11 The set (w,')l.z" | is a partition of unity into projections in 8.

The consideration of this partition is motivated by [22]. To get another one, set
aj = p2i—1+ p2i
and
C]i={ a; Pa; %le:l,...,N y
aN+1-i Qaan+1—-i fi=N-+1,...,2N.
Proposition 12 The set (ql-)l.zi | is a partition of unity into projections in B.

The proofs of the preceding propositions are straightforward.
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Clearly, the use of other partitions of unity into projections than (p;) yields other
descriptions of the local algebras at points

x € og(X)\ {0, 1}.

We shall illustrate this for the partition (w;). Here are the analogues of Proposi-
tions 2 and 3.

Proposition 13 Considered as module over its center, the algebra B° is generated
by the (2N)? elements (w,-)iy:\’1 and (inwj)i/}'Zl withi # j. To be more precise,
given A € B°, there are polynomials R; j in X such that

2N 2N
A=Y Ri(Xwi+ Y Rij(X)wi¥w;. (44)

i=1 ij=1

i

Proposition 14 (a)Ifl > j >iorj>i >lori >1 > j then
wiYw;Yw, = (X — DHw;Yw;.
D)Ifl >i>jorj>I1>iori>j>Ithen
wiYw;Yw; = Xw; Y w;.
(c)Ifi =landi # j then

w,-ijYw,- = X(X — I)wl-.

The proofs are omitted.
As in the proof of Proposition 5 one can show that, for x € og(X) \ {0, 1}, the
elements

(x =D ro (wiYw)) if i <j
bij = x 7 O (wiYw)) if i > j
O, (w;) if i =

form a basis of the linear space B, which, moreover, satisfies b;;bx; = 6 j1b;;. Thus,
there is an algebra homomorphism

v/ ‘B C2N><2N
x =X
with ‘I’)/C(bij) =E;j.Set Hy = \I/; o ®@,. Then

Hy(w;) = diag(0,...,0,1,0,...,0) (45)
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the 1 standing at the ith place, and

xx—1lx—-1x—-1...x—1x—-1

x x x—1x—-1...x—1x—-1
X X x x—1...x—1x—-1
HY)=|x =x x x ...x—1lx—-11] (46)
X X X x ... x x-—1
X X X X ... X X

Here is the analogue of Corollary 1.

Corollary 3 Let x € og(X) \ {0, 1}. Then
H,(P) = diag(1,0,1,0,...,1,0),
and Hy (p;) is the matrix with (i — 1)st column
1l—-x,1—x,...,1—x,—x,—x,...,—x),
ith column
x—1,x—1,...,x—1,x,x,...,x)

(the entries 1 — x and x — 1 both appear i — 1 times), and all other columns are
zero.

Proof The proof is based on checking that P = ZIN= | w21, that

2N 2N
pi=U—X)wi— + Xw; — Z wiYw;—1 + Z wrYw;,

k=1 k=1
k#i—1 k#i

and on employing (45) and (46). |

We renounce to give an explicit formulation of Theorem 9 based on the partition
(w;).
6.2 Other Indicator Elements

The elements X and Y indicate which matrix representations of the algebra 8
actually appear. While X is distinguished by the fact that it belongs to the center of
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B, there is some latitude to choose Y. For example, one can show that the element

2N
Z:=P+) 2ip

i=1

can play the role of Y in the determination of all one-dimensional representations.
Indeed, consider the mappings K, given by K»;(P) =0, K2;+1(P) =1,

1 ifi=j 1 ifi=
2i (pi) {0 ifi# J, 2i+1(pi) {O ifi J,
wherei = 1, ..., 2N. The analogue of Proposition 7 reads as follows.

Proposition 15 Ifm € og(Z) N {2,3,4,...,4N + 1} then the complex-valued
mapping K, defined on {P, p1, ..., pon} extends to an algebra homomorphism
from B onto C.

The proof runs as that of Proposition 7.
The following observation is often useful in order to determine the spectrum of
X.Fori=1,2,...,2N let B; denote the algebra

piBpi = {pibpi, b € B}.

Proposition 16 If {0, 1} C og, (p; Xp;) for some i then og(X) = og, (pi Xp;).

Proof Since (p;) is a partition of unity into projections and X is in the center of 5,
we have

2N
op(X) = | J o, (p;Xp)). 47
j=1
We claim that
o8, (piXp;) \ {0, 1} = o5, (peXpi) \ {0, 1} (48)

forall j,k=1,...,2N.Indeed, let A ¢ 08; (pjXpj). Then there is an a in B such
that

pjapi(pjXp; — Apj) = pj.

Multiplying this identity from the left hand side by py Pp; and from the right hand
side by p; Ppy with some k # j yields

pkPpjapi(pjXpj —Apj)p;j Ppx = px Ppj Ppk
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and, by Proposition 3,

prPpjap; Ppk(peXpr — Apk) = (=) * X (X = I py.

The element py X py lies in the center of the algebra By. Thus, localizing By over its
smallest closed subalgebra which contains py and py X pi via Theorem 2 yields that
at the point u € og, (pxXpr) (Where 2, refers to the canonical homomorphism
from By onto its local algebra at ) the following equality holds:

(1 = NP Ppjap; Pp) = (1) i = DR (D).
Thus, if u ¢ {0, 1} then u — A # 0 and, hence,

A ¢ og (peXpi) \ {0, 1}.

This gives our claim (48). Clearly, (48) in combination with (47) proves the
assertion. o

6.3 The Two Projections Theorem

If N = 1 in Theorem 9, then the partition (p;) consists of two elements p; and
p> with po = I — p;. Moreover, the axioms (3) and (4) reduce to P2 = P and
Q? = Q, respectively. Thus, B is nothing but the (general) algebra generated by
two idempotents (P and p;) and the identity.

Obviously, there are some differences between the specification of Theorem 9
to the case N = 1 and Theorem 1. Incase N = 1, set p := p;jand ¢ := P in
Theorem 1.

The first difference concerns the indicator element for the one-dimensional
representations. In Theorem 1, it is the element p + 2¢g, whereas it is

Y=pg+U—-pA—-q)+P+3U—-p)=2pg+4] —3p—gq

in Theorem 9, which seems to be much more complicated. But if Y is replaced by
the element Z from preceding remark, then

which is as simple as P + 2g.

The second difference concerns the explicit form of the 2 x 2 matrices. In
Theorem 1, the matrix associated with ¢ at the point x € og(X) \ {0, 1} is



Banach Algebras Generated by N Idempotents and Applications 105

( X Jx(1 —x)) (49)
Jx1=x) 1—x ’

whereas the corresponding matrix from Theorem 9 is
x1—x
x1l—x/)"
But, forx € C\ {0, 1},

X Jx(1=x) 1fx 0 x1—x 41%}( 0
Jx(1—x) 1—x 4/ 1-x x1—x 0 42

X 1—x

and, moreover,

10\ _[yJr= © 10\ (V5 0
00/ \ o 41=x)\o0O 0 4>

x 1—x

where ¥ 1 is any number with

x \* X J1 —x X -
4 = and is 4 )
1—x 1—x X 1—x

Thus, both representations are equivalent.

6.4 Symmetric Representations in Case N > 1

Incase N = 1, the 2N x 2N dimensional representations of p; and P can be chosen
to be symmetric (and even self-adjoint in case og(X) C R, which is of particular
interest in many applications) (compare the matrix (49)). This observation suggests
the following question: Is there a symmetric representation in case N > 1, too? To
be more precise, is there an invertible matrix D such that again

D™'Fu(pi)D = diag(0, ..., 0,1,0,...,0) = Fi(p;) (50)
(which is desirable for symmetry) but, moreover,
D™'F.(P)D = (D™ F(P)D)" (51)

where 7 marks the transposed matrix?
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In general, a matrix D with these properties does not exist in case N > 1! Indeed,
(50) involves that D itself is a diagonal matrix, say

D = diag(d,, da, ..., dan).

Then identity (51) yields for the 2, 1, the 4, 1, and the 4, 2 entry

drdi'x = did; ' (1 - x), (52)
dadi'x = did; M (1 - x), (53)
dady ' (—x) = dod; ' (1 — x), (54)

respectively. Identities (52) and (53) imply that
ds =d},

which contradicts (54).

6.5 Coefficient Algebras

Again let A be a Banach algebra with identity 7, let ( p,-)iziv | be a partition of unity
into projections and P be an idempotent in A such that the axioms (3) and (4)
hold. The smallest closed subalgebra of A containing the partition (p;) as well as
the element P will be denoted by B again. Suppose G is a closed subalgebra of A
containing I and having the property that

pig =gpi and gP =Pg forall i=1,...,2N and gegG.

The algebra G is referred to as a coefficient algebra. As in [18], one can derive a
version of Theorem 9 which provides us with an invertibility symbol for the smallest
closed subalgebra C of A which contains the partition (p;), the idempotent P, and
the algebra G. Here is the formulation of this version under the stronger condition
that G be a simple algebra.

Theorem 13 Let C be as above and let G be simple.
(a) If x € og(X) \ {0, 1}, then the mapping

Foi{P,p1,..., pn}UG — G2V
given by

Fy(pi) = diag(0, ...,0,1,0,...,0),
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the I standing at the ith place,

Fy(P) =diag(l,—-1,1,—-1,...,1,—1)x

X

X X

X

X

F,(g) =diag(g, g, ...

extends to a continuous algebra homomorphism from C onto

xx—1lx—-1x—-1...x—1x—-1
xx—1lx—-1x—-1...x—1x—-1

X
X

X
X

x x—1...x—1x-1
x x—1...x—1x-1 ,
X x ... x x-—1
X X ... x x-—1

. &),

QZNXZN.

(b)Ifm € og(Y)N{l,...,4N}, then the mapping

Gu:{P,p1,....,p2N}UG —> G

given by

G4m(pi) =

Gam—1 (Pi) =

Gam—2(pi) =

Gam—3(pi) =

1
0
1
0
1
0
1
0

where m = 1,..., N, and by

homomorphism from C onto G.

Z‘C ii ; 22;: Gam(P) =0,

Z”C 11;22:: Gam—1(P) =1,

Z f;z,’,i’_‘f, Gam—2(P) =1,

Z ii ; zznnf _ 11, Gam—3(P) =0,

Gm(g) = g extends to a continuous algebra

(c) An element C € C is invertible in C if and only if the matrices F,(C) are
invertible for all x € og(X) \ {0, 1} and the elements G,,(C) are invertible for all

meog(Y)N{l,..., 4N},

(d) An element C € C is invertible in A if and only if the matrices F,(C) are
invertible for all x € o7(X) \ {0, 1} and the elements G,,(C) are invertible for all

meoa(Y)N{l,..., 4N).

Observe that the conditions of the theorem are satisfied if, for example, G is the
algebra C"*" which yields just the matrix version of Theorem 9.
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Dedicated to Professor Yuri Karlovich on the occasion of his
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Abstract The local trajectories method establishes invertibility in algebras
B = alg(A, Ug) for a unital C*-algebra A with a non-trivial center and a unitary
group U,, g € G, with G a discrete group, assuming that G is amenable and the
actiona > UgaUy is topologically free. It is applicable in particular to C*-algebras
associated with convolution type operators with amenable groups of shifts. We
introduce here an M-local type condition that allows to establish an isomorphism
between B and a C*-crossed product, which is fundamental for the local trajectories
method to work. We replace amenability of G by the more general condition that
the action is amenable. The influence of the structure of the fixed points of the
group action is analysed and a condition is introduced that applies when the action
is not topologically free. If A is commutative, the referred conditions are related to
the subalgebra alg(Ug) yielding, in particular, a sufficient condition that depends
essentially on Ug. It is shown that in 7 (8) = alg(w (A), 7 (Ug)), with 7 the local
trajectories representation, the M-local type condition is satisfied, which allows
establishing the isomorphism essential for the local trajectories method.

1 Introduction

The study of invertibility criteria in algebras of operators plays an important role in
operator theory, with wide applications in many areas. One approach that has been
fruitful is to use suitable families of representations, so that to reduce to invertibility
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of the representatives in 'nicer’, so-called local, algebras. The Allan-Douglas local
principle applies to C*-algebras A with a non-trivial center, in that if Z is a central
subalgebra then using the isomorphism Z = C(M) given by Gelfand theory, with
M the maximal ideal space of Z, we have local algebras

Am =A) T, TH A—>An, meM,

where J, is the closed *-ideal of A generated by m, m,, is the quotient map, and in
this case, a € A is invertible in A if, and only if, 7, (a) is invertible in A, for all
me M.

In this paper, we are interested in the case when we have a unital C*-algebra of
operators A, a discrete group G and a group of unitary operators Ug defining an
action of G on A, that is, if we have a C*-dynamical system. One is then bound to
study invertibility in the algebra of operators generated by A and Uy, g € G,

B:=alg(A,Ug), with AC B(H), U :G — B(H) unitary,

with B(H) being the C*-algebra of all bounded linear operators acting on some
Hilbert space H. The issue is that even when A is commutative, 8 typically has a
trivial center, so local principles do not apply directly.

The study of C*-algebras of operators associated with C*-dynamical systems
was developed by Antonevich when the initial C*-algebra is commutative and the
group is subexponential or admissible (see [3, 4]). The extension of the Allan-
Douglas local principle to C*-algebras induced by an action of a discrete amenable
group was developed by Karlovich [16, 18], relying on a given arbitrary central
subalgebra of A and representations of C*-crossed product algebras, originating
what we call the local trajectories method (see below for details). An alternative
approach was also developed by Antonevich, Lebedev, Brenner (see [5] and
references therein).

The local trajectories method gives a powerful machinery for studying invertibil-
ity and Fredholmness in C*-algebras of nonlocal type operators with discontinuous
data. A first example of this application can be found in the paper by Karlovich
[17] in which he analysed the Fredholm theory of convolution type operators with
discrete groups of displacements and coefficients admitting discontinuities of semi
almost periodic type. It has also been applied in the Fredholm analysis of C*-
algebras with amenable groups of shifts, algebras of convolution type operators with
oscillating coefficients, algebras of singular integral operators with piecewise quasi-
continuous and semi almost periodic coefficients. Examples of these applications
can be found for instance in [8-11, 17, 21].

More precisely, the local trajectories method is applicable to study invertibility
in C*-algebras of the form 8 = alg(A, Ug), where A C B(H) is a C*-algebra
with non-trivial center and Ug := U(G), where U : G — B(H) is a unitary
representation of an amenable discrete group G. We assume that we have an action
a1 G — Aut(A) given by az(a) = UzaUy, so we have a dynamical system
(A, G, ), with (id, U) a covariant representation on H, and we can consider the
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crossed product algebra A <, G. We assume that G also acts on a given central
subalgebra Z = C(M) C A, so that we have an induced action of G on the maximal
ideal space M.

The idea behind the local trajectories method is to consider first localization in
A as in Allan-Douglas and then to consider the associated regular representations
of A Xy G on Ez-spaces. If we let 2 be the set of orbits of the action on M,
then for points in the same orbit the respective regular representations are unitarily
equivalent, so the local trajectories representations reduce to a family of regular
representations {1, },ecq of the crossed product algebra A X, G. (We review these
definitions in Sect. 3.)

In order to study invertibility in B through this family of representations, it is
therefore a fundamental step to establish an isomorphism between the algebra 8
and the crossed product A X, G. Conditions for this isomorphism, as well as for
the faithfulness of the local trajectories family, typically assume that the group G
is amenable. The approaches in [4, 5, 16, 18] rely on proving suitable isomorphism
theorems giving sufficient conditions namely through the set of fixed points and the
crucial notion of a fopologically free action (see also [7]).

In the setting of local trajectories, following [18], the notion of being topologi-
cally free relies on the topology of the pure state space. If we let P4 and Pz be the
classes of pure states of A and Z, then since Z = C(M), we have Pz = 2 =M,
and since Z is central, there is a well-defined, surjective, restriction map

W:Pﬂﬁng,Z%M.

Then the action is said to be topologically free if for any finite set Go C G, and for
any non-empty open set W C P, there exists m € (W) with B,(m) # m for all
g #e € Gy, with B : G x M — M the induced action on M this is referred to as
condition (A3) (see Sect. 3).

The main result in [18] (see also Theorem 1) can then be written as:

Local Trajectories Method: If G is amenable and the action is topologically free,
then B = A Xy G and the family {m,}weq is faithful, so that b € B is invertible if
and only if ®,7,(b) is invertible if and only if w,(b) is invertible for all orbits w
and sup,,.q |75 (b)) < oc.

If the action is not topologically free, the situation is typically much harder to
analyse, but in some situations there are still methods to reduce things to this case,
see [8, 18] (and references therein), and also [4, 5].

The purpose of the present article is to explore the relation between the notion
of topologically freeness and the isomorphism with the crossed product algebra, as
well as alternative conditions for the local trajectories method to hold in order to
better understand its domain of applicability.

We do this by going back to a basic global condition, known to be equivalent to
the existence of an isomorphism B = A x, G—referred to as condition (BO)—and
establishing similar conditions but of M-local type, that is, on open sets of the space
M of maximal ideals in Z—referred to as condition (B1). This basically amounts
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to considering ‘local’ elements of the form zb, where b € Band z € Z = C(M) is
a bump function with support in V (the precise definitions are in Sect. 4.1).

We note that a necessary condition for condition (B0) to yield the isomorphism
of B with the crossed product is that the full and reduced crossed product algebras
coincide. In previous works, this identification typically comes from assuming that
the group G is amenable. Here this condition is replaced by the more general notion
of amenability of the action a : G — Aut(A) (see for instance [1, 12]), which we
assume in Sect. 4. That is, instead of assuming that the group is ‘nice’, we assume
that it acts ‘nicely’, and we still have A o G = A x), G.

We show that M -localization applies to a class of algebras A where open sets of
P 4 always determine an open set in M, in that the restriction map v defined above
is open. We say that such an algebra A is M-localizable, or satisfies condition (C).
This class includes all commutative algebras and algebras of matrices of continuous
functions, as well as the class of algebras considered in [4].

The point in using M-local type conditions is that we can split between open
sets V. C M where the action is ‘well-behaved’, in that there are points in V that
are not fixed by a finite Go C G, and the open sets V that are fixed by some non-
trivial finite Go C G such that (8g)|v = id|v, g € Go (see Sect.4.2). This is made
possible by Lemma 2 and Proposition 4, which imply on one hand that if the action
is topologically free then the M-local condition (B1) is automatically satisfied, so
that we have an isomorphism with the crossed product, and on the other hand, that in
the general case, to check (B1) it suffices to consider the class of open sets where the
action of some finite subset is trivial - referred to as condition (B2). As a result, in
Corollary 4, we obtain an isomorphism between 8 and A x, G as long as we replace
the assumption of the action being topologically free by our M-local condition being
satisfied on such sets, should they exist, condition (B2).

We use condition (B2) to show, in Examples 1 and 2, that in case the action
is not topologically free, then the fact that $ is isomorphic to the crossed product
may depend on the way A and alg(Ug) ‘sit’ inside B(H) and how they interact,
which cannot happen in the presence of topological freeness, due to the isomorphim
theorems in [5, 7, 18].

This work then explores the local type conditions in two directions. The first one,
developed in Sect. 4.3, applies directly to commutative algebras, and has to do with
a C*-subalgebra A’ that is M-locally ‘arbitrarily close’ to A and where G also acts;
in this case, assuming the generated algebras are also M-locally ‘arbitrarily close’,
then the local condition (B2) needs only be verified on A’ and B'. We say that A’
and B are M-locally dense in A and B.

It turns out that when the algebra (A is commutative, and we see that this is the
case with A" = C and B’ = alg(Ug), so we obtain an M-local condition in alg(Ug)
sufficient for our local condition (B2) to be satisfied in 8, and for the isomorphism
with the crossed product algebra; this is Theorem 2.

Moreover, under an additional non-degeneracy condition, we can use (B2) to get
rid of the M-local element, and we find a global condition on alg(Ug), namely that
alg(Ug) = C*(G), the group algebra, which guarantees (B2) and the isomorphism
with the crossed product algebra. We point out that this condition depends only on
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Ug, not on localization, and effectively substitutes the requirement of topological
freeness in this situation, see Theorems 3 and 8.

Another application of the M-local conditions (B1) and (B2) is to guarantee
conditions for the applicability of the method of local trajectories to M-localizable
algebras, that is, those satisfying (C). As it is pointed out in Sect. 3, in general, the
local trajectories method is applicable to B, and yields a faithful family if there are
isomorphisms

B=AXNg G, 7#B)=En(A) Xy G

where m = ®n, and {7, },ecq is the local trajectories family, ,, regular represen-
tations. For the second isomorphism, we have representations on C*-algebras of the
form B(¢*(G, H,)) and we can explore their norm properties to show that the M-
local type condition (B1) is in fact always satisfied in 7 (8) = alg(zw (A), Ué;). We
conclude that if A is M-localizable, then the conditions obtained before to ensure
the isomorphism 8 = A %, G are also sufficient for the method of local trajectories
to work on B; this leads to Theorems 6, 7 and 8.

In this article, we chose to formulate our results for a ‘concrete’ algebra of
operators A C B(H), for some fixed Hilbert space H, together with an action of a
discrete group on A, and a group of unitary operators U C B(H). The condition
that the action satisfies agz(a) = UgaU; is nothing more than the pair (id, U)
being a covariant representation for (A, G, o). We point out that in fact our results
also apply to the setting when we start with an ‘abstract’ unital C*-algebra A and
consider an arbitrary faithful representation ¢ : A — B(Hy) on some Hilbert space
Hy, and a covariant representation (¢, U), with U C B(Hy) unitary operators.
Defining By ¢y = alg(A, Ug), conditions (B0), (B1) and (B2) can be easily written
(see Remark 3) in a way such that they yield an isomorphism B4 y = A Xy G, and
similar conditions can be given such that the locally trajectories method works on
B¢, U-

We now give an outline of the paper. In Sect.2, we review some objects and
concepts needed throughout the paper. We also establish the setting we will work
on and define the relevant C*-algebras associated with our structures.

In Sect. 3, we present the local trajectories method. We follow the lines of [18],
while focusing on pinpointing the main steps and in particular, on the role of the
isomorphisms with crossed product algebras.

In Sect. 4, we explore conditions to guarantee the isomorphism with the crossed
product, using what we call M-localization, that is, reduction to open subsets of M
and assuming that the action is amenable.

We start, in Sect. 4.1, by introducing the classical condition to guarantee the
isomorphism of B with the respective crossed product algebra, called here condition
(B0). We then give a similar condition of M-local type, on open sets of the space
of the maximal ideals of Z, called condition (B1). Under an assumption on A,
condition (C) that A is M-localizable, we prove the equivalence between these two
notions in Proposition 3.
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In Sect.4.2, we see how this localized condition can be used together with
the structure of the fixed point set and the notion of topologically free action to
guarantee the isomorphism with the crossed product algebra, and we will arrive
at condition (B2) that only involves open sets of M fixed by a finite subset of G
(Proposition 4).

In Sect. 4.3, we show that in the commutative case we need check conditions for
isomorphism on alg(Ug) and the group algebra C*(G) depending only on G. We
prove first that this algebra is what we call M-locally dense in B and then abstract
these results to the general case.

Then in Sect. 5, we tackle the conditions for applicability of the local trajectories
method, applying our results to the local trajectories representation 7 = @m,. We
show that the image 7 (8B) of B is always isomorphic to a crossed product, proving
that if A is M-localizable, the local trajectories method works on 8 as long as there
is an isomorphism of 8B with the crossed product. In the commutative case, we give
a sufficient condition depending only on Ug.

2 Preliminaries

Throughout the paper, A will always denote a unital C*-algebra. We review in this
section some concepts and results on C*-algebras and representation theory that will
be needed in the paper. For general references, see for instance [14, 15, 20].

2.1 Representations and States

By a representation of a C*-algebra A on a Hilbert space H; we always mean a
non-degenerate x-homomorphism

T :A— B(Hy),

with B(H;) the C*-algebra of bounded linear operators on H. Non-degenerate
in the unital case means that w(1#) = I. We say that 7 is irreducible if its only
invariant subspaces are trivial. An injective representation is called faithful.

A state in A is a positive linear functional u on A with ||| = 1, or, equivalently,
uw(lgz) = 1. The state space Sy C A* is convex and compact in the weak-%
topology, and as such, has extreme points that are called pure states. We denote
the pure state space of A by P4, and always endow S# and P4 with the weak-*
topology, that is the topology of pointwise convergence.

States are related to representations in a fundamental way: = : A — B(H) is an
irreducible representation on a Hilbert space H, and x is a unit vector in H, then

p(a) = (m(a)x, x)
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is a pure state, and, by the GNS construction, any pure state defines an irreducible
representation 7, satisfying the above.

By the Gelfand-Naimark theorem, for every C*-algebra A there exists a faithful
representation 7w : A — B(H) given by the direct sum

T =6&nr, @:A— B(H)

where m,, are irreducible representations associated to pure states.
We will make extensive use of the following properties (see [15], Proposition
4.3.1 and Theorems 4.3.8 and 4.3.14):

(i) Pure states separate points in A: if u(a) = 0 for all u € P4 thena = 0.
(ii) For any state  on A, and a, b € A, we have the Cauchy-Schwarz inequality
for states:

ln@*b)|* < pa*a)ud*p).
In particular, since u(lg) = 1, we get |u(a)| < /u(a*a) < ||all-

(iii) If a € Ais normal, that is, if a*a = aa*, then there exists a pure state u € Py
such that

lall = ln(a)].

In general, for a € A,
lall = max v/ u(a*a).
nePa

In particular, if a is a positive element, then ||a|| = max,ecp, p1(a).
(iv) If Z is a central subalgebra of A, then for any u € P4, we have

w(za) = u(u(a), foraeA,zeZ.

It follows that |z is a multiplicative linear functional.

It follows from (iii) and the GNS construction that for any a € A there exists an
irreducible representation ¢ of A such that

lall = ll¢ @]l

We shall also need results on extension of states. Let Z be a closed C*-subalgebra
of A, containing the identity. Then any state on Z can be extended to a state on A
(see [15], Theorem 4.3.13); for each state in Sz, the set of its extensions to S is
weak-+ compact and convex. Moreover, pure states can be extended to pure states.
On the other hand, if Z is a central subalgebra of A, pure states restrict to pure
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states (by (iv) and Proposition 4.4.1 in [15]), so restriction yields then a surjective
map

Vv :Pa— Pz, W= wz, 9]

which is moreover continuous, since £ #, Pz have the weak-* topology. Since Z is
a central subalgebra, then from (iv) above, |z is a multiplicative linear functional
and Pz = Z, the character space of Z. Moreover, by Gelfand’s theorem, since Z is

commutative, Z = M, the space of maximal ideals of Z, and the Gelfand transform
yields an isomorphism Z = C(M).

2.2 Algebras Associated to an Unitary Action

In what follows, we let A be a unital C*-algebra and G be a discrete group. For
details on the constructions below, see for instance [12, 20, 22] and references
therein.

An action of G on A is a homomorphism « : G — Aut(A), where Aut(A)
is the group of x-automorphisms of A. Given such an action we call (A, G, «) a
C*-dynamical system.

Given a C*-dynamical system (A, G, «), we denote by C.(G, A) the linear
space of finitely supported functions in G,

C.(G,A)={f:G— A| f(s) =0,s ¢ G finite }.

We use the action « to define a «-twisted convolution product on C.(G, A), as well
as an involution:

(f#@)s) =Y fDar(gt™"s)),  f*(s) = as(f*(s™M).

teG

We call the x-algebra C.(G, A) the convolution algebra of (A, G, ).

If A is commutative, A = C (M), with M some compact Hausdorff space, then
C*- dynamical systems are in one-to-one correspondence with group actions on M:
if G acts on compact space M, G x M — M, (g, m) — g - m, then(C(M), G, )
is a C*-dynamical system with

as(fYm) = f(s™'-m), meM, seG.

Conversely, if A = C(M) is a commutative algebra, then G acts on M and (G, M)
is a transformation group.

We are interested in studying invertibility in C*-algebras associated to dynamical
systems.
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Definition 1 Assume that A C B(H), for some Hilbert space H,andletU : G —
B(H), g — U, be a unitary representation. We denote by

B:=alg(A, Ug)

the C*-subalgebra of B(H) generated by A and Ug = {Uy, g € G}. Assume also
that UgaU ;f is a *x-automorphism of A for all g € G, that is, that we have an action

a:G— Aut(A), agla) = Ugaly,

then B is the closure in B(H) of the *x-subalgebra

By = Z agUg :ag € A, Go C G finite § = Za(g)Ug a € C.(G, A
8€Go geG

Given an arbitrary dynamical system (A, G, o), there is always a universal object
that encodes both the original C*-algebra A and the group action.

Definition 2 The crossed product algebra A 1, G is the completion of C.(G, A)
with respect to the universal norm

Ifllu = sup lw (O,

where 7 ranges over all x-homomorphisms = : C.(G,A) — B(H), with H a
Hilbert space.

When A = C, the crossed product algebra yields the group algebra C*(G).

If B is as in Definition 1, one of our goals is to discuss conditions under which
B = A Xy G (see Sect. 4). One can check that there is always a *-homomorphism
D : C.(G, A) — By, surjective, given by

O(f) =) f(@U,, )

geG

that extends to a surjection ® : A X, G — B, so the algebra B is always a quotient
of the crossed product algebra. To study representations of such algebras B, we
consider first representations of the crossed product.

Let (A, G,a) be a dynamical system. Given a Hilbert space H, consider a
representation m : A — B(H) and a unitary representation U : G — B(H),
then the pair (i, U) is said to be a covariant representation of (A, G, ) if

(as(a)) = Usm (@) Uy
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If (r, U) is a covariant representation on some Hilbert space H, we can define the
so-called integrated representation of A X, G by

TXU:AxegG— BH), (xU)(f)= er(f(g))Ug, f € C(G, A).
teG

We have that any covariant representation defines a x-representation of C.(G, A)
and, conversely, every non-degenerate x-representation of C.(G, A) is induced by
some covariant representation of (A, G, «), so that

Ifllu = sup [lx x UHI,
(m,U)

where (7, U) ranges over all covariant representations of (A, G, «). Note that in
Definition 1, we are simply assuming that (id, U) is a covariant representation, and
the map @ in (2) is given by ® = id x U.

In fact, the definition of the crossed product algebra yields the following univer-
sal property: for every covariant representation (i, U), there is a *-homomorphism
0 :Axy G— alg(w(A), Us) C B(H) such that

o(f)=) 7 (f(@) U, forall feCe(G,A).

geG

We are interested in a particular class of integrated representations that correspond
to taking the left regular representations of G: given a Hilbert space H, one defines
the representation

2:G = BW(G, H)),  hek(s) = &g "s).
Given a representation 7w : A — B(H) of A, define also

7:A—> BUXG, H)), #a)E(s) = n(as_l(a))é(s).

Then one can see that (77, A) is covariant representation.

Definition 3 The regular representation of ‘A Xy G induced by the representation
7 is given by the integrated representation induced by (77, A), that is,

A XA Axg G — BU(G, H))

such that for f € C.(G, A),

(7 % DNEND) = 27 (0l f @D E (sT'g). G H). ()

seG
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The reduced crossed product algebra A x, G is the completion of C.(G, A) in the
norm

£l = sup [[(T > (I,

(.0

where (77 x X) ranges over all regular representations of A Xy G. If A = C then
A %!, G is the reduced group algebra C(G).

In this paper, we shall work in the setting where the full and reduced crossed
product algebras coincide, so that

Nl = I1fll- = sup [[(@ x A)(f)|l, with (7 x L) aregular representation.
(T,2)

A discrete group G is said to be amenable if there exists a state p on £°°(G) which
is invariant under the left translation action: for all s € G and f € £°°(G),

n(sf) = u(f).

The state u is called an invariant mean. In this case, we have C;(G) = C*(G) and
it follows that A x4 G = A x., G, for any dynamical system (A, G, ). The class of
amenable groups includes all compact groups, abelian groups, solvable groups and
finitely generated groups of subexponential growth. On the other hand, if G contains
a copy of the free group in two generators, then G is not amenable.

We will consider here a more general notion of amenability that suffices for our
purposes, that of an amenable action (see for instance [12], Section 4.3). Define a
norm in C.(G, A) by

1/2

Ifll2 =Y F@F@*| . f€CAG,A).

geG

Let Z(A) denote the center of A. For s € G, let §; € C.(G, A) be such that
85(s) = 1z and 8,(g) = 0, g # s. Then (8, * f)(g) = as(f (s 'g)), g € G.

Definition 4 An action ¢« : G — Aut(A) is amenable if there exist finitely
supported functions x; : G — Z(A) C A, i € N, with the following properties:

1. xi(g) > 0foralli € Nand g € G;
2. G xi(g)?> =1lgforalli e N;
3. 185 * x; — xi|l, > Oforalls € G.

Given a dynamical system (A, G, «) where the action is amenable, we always
have A xy G = A x}, G (Theorem 4.3.4 in [12]).

Moreover, every action by an amenable discrete group is amenable. This can be
seen using the following equivalent definition of amenability: a discrete group G
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is amenable if, and only if, for any finite set Go C G there exist nonnegative unit
vectors x; € £2(G), i € N, such that |A;x; — xi|l2 — O forall s € G (see for
instance [12], Theorem 2.6.8). In this case, for any action « of an amenable discrete
group G on a C*-algebra A, identifying C with Cl g C Z(A), we have

(85 *x)(g) = as(xi s ' 9) = xi ')y (1a) = Asxi(g)lar, g €G.

On the other hand, there are many relevant amenable actions of non-amenable
groups, such as the action of a free group on its Gromov boundary, see [12].

3 Local Trajectories Method

We let A C B(H) be a unital C*-algebra and U : G — B(H) be a unitary
representation. We review in this section the method of local trajectories, whose
goal is to establish an invertibility criterion for operators in 8 = alg(A, Ug) in
terms of the invertibility of local representatives associated to the orbits of an action
of G on some compact space. We follow here the approach and notation in [18] (see
also [4]).

From now on, we will let Z be a central subalgebra of A, with 14 € Z. In
this case, the Gelfand transform yields an isomorphism Z = C(M), where M is
the compact Hausdorff space of maximal ideals of Z or equivalently, the class of
non-zero multiplicative linear functionals with the weak-* topology. We typically
identify z € Z with its Gelfand transform in C(M), that is, we regard z as a
continuous function.

Following the terminology in [18], we consider conditions (A1) and (A2):

Condition (Al): For every g € G, the mapping ag : a > UgaUg," is a -
automorphism of the C*-algebras A and Z.

Condition (A2): G is an amenable discrete group.

Assume condition (A1), that is, we assume that (id, U) is a covariant represen-
tation of (A, G, o) where « is an action on A that maps Z = C(M) to Z = C(M).
We have then an action § of G on M given by 8, : M — M such that for z € Z,

2 (Bg(m)) = (ag(2)) (m), meM, geG.

For eachm € M, let G(m) = {Bg(m) : g € G} be the G-orbit of m and 2 be the
orbit space, thatis, 2 = M/ ~ withm ~n < G(m) = G(n). Let also:

e Ju be the closed two-sided ideal of A generated by maximal ideal m € M of
ZCHA

s An = A/Jy, and pyp, : A — A/J, be the quotient map. Then by (Al),
Jgom)y = aé?l Jm, so it follows that

A = A, m e G@m).
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We define now a family of representations of A. For each orbit w € €2, choose a
representative m,, € o and a faithful representation ¢, : A,,, — B(H,) on some
Hilbert space H,, and define

ﬂé:ﬂ—) B(Hy), 776/0:¢w°)0m
Recall that to 7, we associate 77, : A — B(¢%(G, H,)) such that

(T (@8)(8) = 7, (@) (E(9)).

Definition S The local trajectories family on A x, G is the family of regular
representations {7, }ycq induced by ”Zm w € £, that is, induced by the covariant
representation (rrc’o, Aw), such that

Ty Axg G — B(U*(G, Hy)), my,:=7
with

ro(@81 () =7, (07 @) 600, [ (Ue) ] 1) =€ (¢7'1),

for & € KZ(G, Hy,),t € G. Let m = @ypeqm, be the direct sum representation of
A xq Gon B(Hg), with Ho =" o, €% (G, H).

In order for the local trajectories maps to be well-defined on the algebra
B = alg(A, Ug), we need extra conditions, namely to guarantee that there is
uniqueness of representation of elements in By. One such condition has to do with
the structure of fixed points of the action. Recall that we say that G acts freely on M
if the group { Bg:g € G} of homeomorphisms of M onto itself acts freely on M,
that is, if Bg(m) # m for all g € G\{e} and all m € M. One considers here a more
general notion of freeness that relies on the topology of the state space.

Let P 4 be the set of all pure states on A, equipped with the weak-* topology. As
we have noted in (1), we have a map

ViPa—>Z=EM, ur wz.

We often write m = m,, if m = ujz = Z Nker u.

If J, C A is the ideal generated by the maximal ideal m € M of Z and
m = iz, for some u € P, then keru O J;, and therefore (see [11], Lemma
4.1)

Poa= U P, Pmi={nePq:keru>d Jy,}. “)
meM

Writing m = u,z, then P, C P is the class of extensions of the pure state 1z to
a pure state on A.
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As in [18], we adopt the following notion of topologically free action:

Condition (A3): For every finite set Go C G and every open set W C P there
exists v € W such that By (m,) # m, for all g € Go\{e}, where m, = vz =
ZNkerv e M.

Note that (A3) guarantees that the set of fixed points has empty interior. If the
C*-algebra A is commutative, then taking Z = A = C(M), we have P4 = M, so
we can rewrite (A3):

(Commutative (A3)) For every finite set Gy C G and every open set V.C M
there exists mg € V such that B, (mo) # mo for all g € Go\{e}.

Under assumptions (A1)-(A3), we have an isomorphism 8 = A x4 G (see
[18, Theorem 3.2]). In particular, the local trajectories family is well-defined in B.
Moreover, we have:

Theorem 1 (Local Trajectories Method: [18, Theorem 4.1]) If (Al)-(A3) hold,
then the local trajectories representation 1 = @DyheQN, IS faithful in B. Hence,
b € B is invertible if and only if () is invertible in B(ZZ(G, H,)) forall w € Q
and

sup{H (er(b))_1 H Tw€E Q} < 0.

If the number of orbits is finite, then the bound on the norms of the inverse
elements always holds, so that b € B is invertible if, and only if, 7, (b) is invertible
in B(4*(G, H,)) for all w € Q. In this case, local trajectories family is said to be
sufficient.

A crucial step in the proof of the above criterion is that the local trajectory family
is always injective over A, that is, 7 (A) = A. This result relies on the structure of
pure states of A as in (4), we give here a short proof for completeness (see also [18]
for a direct proof of the equality of norms).

Proposition 1 Assume (Al) is satisfied. Then {(7)|A}weq IS a faithful family in A,
i.e., ma = ®(7y)|A is injective and

(@) = sup |7 (@)l = llalla forall a e A.

we

Proof Let w(a) =0,a € A, so that 7, (a) = 0 for all w € 2. We show that

kerm, N A = ﬂ Jpomy, m € w.
geG

We have 7,(a) = 0 & Tr"l)(cxg(a)) = 0,forany g € G & pp(ag(a))) = 0, for
g € G & ag(a) € Jy, for g € G. Since, by (A1), Jyy = o (Jg,(m))- the equality
above holds.

Hence, w(a) = 0 yields that for any m € M and u € #,,, we have u(a) = 0,
since J,, C ker . By (4), we have u(a) = 0, forany u € P4, s0a = 0. O
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Assume (A1) and suppose that & :=id x U : A xy G — B is an isomorphism,
so the representations m,, : 8 — B (Zz (G, Hw)) defined by:

[To(@8] (1) =7, (a7 @) €0, [m0 (Ug) ] ) =& (¢7)

for & € Iz (G, H,) are well defined. As before, let 7 = Zweg .
Now since, by Proposition 1, 7 : A — 7 (A) is an isomorphism, we can define
VU Co(G, A) = C.(G, m(A)) given by

V(f)s) =n(f(s), [fe€CA(G,A),
which extends to an isomorphism ¥ : A X G — 7w (A) Xy G, with
aé(n(a)) = (ag(a)) = n(UgaUg*) = n(Ug)n(a)n(U;).

Thus, by definition, (id, w(U)) is a covariant representation of (7 (A), G, o’). We
have also that 7 (8B) = alg (w (A), 7 (Ug)).
We then obtain the following commutative diagram:

Axg G U g

E &

idX 7 (U)
T(A) Xy G ———— 7(B). (5)

The idea of the proof of Theorem 1 in [18] can be summarized roughly as
follows: assuming (A1)-(A3) then A x4 G = B and moreover (7 (A), G, a’) also
satisfies (A1)-(A3), since (id, w(U)) is a covariant representation of (7 (A), G, a'),
o’ maps 7 (Z) to 7 (Z), and the condition (A3) of topological freeness relies on the
sets of pure states of A and 7 (A), which are isomorphic. This then implies that &
is an isomorphism due to the commutative diagram above, since all the other arrows
are isomorphisms.

Remark 1 It follows from the discussion above that, assuming (A1), and therefore
knowing that 7 (A) = A, with 7 = Zweg 7T,, then the conclusion of the local
trajectories method, Theorem 1, holds in B as long as one can show that

idXqU - AxgG—> B, idxynaU):7(A) xgy G — 7(B)
are isomorphisms, with &’ = 7 o «. The proof of injectivity of 7 on B will then

follow by the commutativity of the diagram (5). Recall that 8 = alg(A, Ug) and
7 (B) = alg(n(A), 7 (Ug)).
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4 Isomorphism with the Crossed Product

As we have noted, one important step to establish the local trajectory method,
Theorem 1, in the non-local algebra 8 = alg(A, Ug) is to give conditions such
that 8 is isomorphic to a crossed product algebra. Our goal in this section is to
give conditions that guarantee that such an isomorphism exists, without assuming
topological freeness of the action.

We assume throughout this section that A C B(H), for some Hilbert space H, o
is an action by automorphisms of A and that U : G — B(H), g > Uy is a unitary
representation satisfying

ag(a) = UgaU;,

for g € G, a € A, that s, that (id, U) is a covariant representation of the dynamical
system (A, G,«) on B(H). As in Definition 1, we let B8 := alg(A, Ug) be the
C*-algebra generated by A and U, which coincides with the closure in B(H) of the
x-subalgebra

By = Z agUy 1 ag € A, Gy C G finite
g€Go

The condition that the group G is amenable will be replaced by the weaker condition
that the action « is amenable. Note that in the case we have A X, G = A %), G.

4.1 General Conditions and M-Localization

We start with noting that by the universal property of the crossed product, one has a
surjection ® : C.(G, A) — By given by ©(f) =Y f(s)U; that is bounded in
the universal norm and therefore extends to A x4 G, so we obtain a surjective map

O =idxU:Ax, G— B.
Hence we have 8 = A x4 G/ ker ®, so in order to establish that B = A x, G, it
suffices to give conditions such that ker ® = 0. As it is known, this condition can

be written as the boundedness of a family of ’evaluation maps’ [4, 5, 18, 19].
Fors € G, let

Es(f) = 1), feC(GA. (6)
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Then E; is bounded in the universal norm so that it extends to E; : A Xy G — A.
We can write, by continuity,

O(f) =) E{(NHUs, feAx,G.

seG

We will need the following simple lemma.
Lemmal I[fA xq G = A X}, G then [\, ker E; = {0}.

Proof Let m : A — B(Hs) be an arbitrary *-representation of A and 7 X A :
A xg G — B(2(G, Hy)) be the induced regular representation. Extending (3) by
continuity, we can write, for b € A x4 G,

(& % DBENE) = Y 7 (g [E b)) & (s7'8)

seG

for & € €2(G, Ha), g € G.If b € (¢ ker Ey, then 7 (a,-1[E;(b)]) = O for all
s, g € G, hence (7 x 1)(b) = 0. Since 7 is arbitrary, it follows that for the reduced
norm we have ||b||, = 0, and by the isomorphism A x, G = A X[, G, also b = 0.

]

Assume that also E} : Bp — A such that

/!
E ZagUg =ds
§€Go

is well defined, that is, we have uniqueness of representation of elements in By.
Then we have a bijection between By and C.(G, A) and Es(f) = E; o ®(f), for
f e C(G, A).

Proposition 2 Assume that the action o : G — Aut(A) is amenable, in particular,
A Xy G = Ay, G. Then the following statements are equivalent:

(i) ®=1id x U : Axg G — Bis an isomorphism;
(ii) E}: By — Ais well defined and bounded for all s € G;
(iii) For any finite set Go C G and ag € A, g € Go, we have

lael < | > agU,

8€Go

Proof If ® = id x U is an isomorphism on A x, G, then E, = E; o o 1is
well defined and bounded. Conversely, if E; bounded then E; = E} o ® extends
to A Xy G. If b € ker @ then also E;(b) = O for all s, and since the action of G
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is amenable, it follows from Lemma 1 that b = 0. So (i) < (ii), and (ii) clearly
gives (iii). Assuming (iii), we have 3, a;Us = 0 = a, = 0 and also a; = 0,
for s € Gy, so we have uniqueness of representation and E; is well defined. The
boundedess of the maps E| for any s € G is equivalent to boundedness for s = e,

since Ej (ZgEGo agUg) =E, (ZgEGo (lgUgS—l). m
This result can be found in [4, 5, 18], with the assumption that G is amenable.

Remark 2 The reduced C*-algebra A x/, G always has a canonical faithful
conditional expectation to A, that is, a contractive projection onto A, given by the
extension of E, as in (6) (see for instance [12], Proposition 4.1.9). Faithful here
means that E,(b*b) = 0 if, and only if, b = 0 (or equivalently that the kernel of E,
does not contain any non-zero ideal). Assuming A x, G = A %}, G, we see that
the equivalent conditions (ii) and (iii) just mean that there exists a canonical faithful
conditional expectation from 8 = alg(A, Ug) to A given by E,,.

According to the previous proposition, our aim is to give conditions so that we
have:
Condition (B0): For any finite set Gy C G and ag € A, g € Go, we have

lael < || > agUy| . (7

8€Go

When (7) holds, we say that (B0) holds forb =}, agUs.

When A = C, condition (B0) gives conditions such that the group C*-algebra
C*(G) and alg(Ug), the C*-algebra generated by the unitary representations U,,
g € G, are isomorphic.

Remark 3 We are working in a concrete setting where A C B(H) for some fixed
Hilbert space H and (id, U) is a covariant representation. However, condition (B0)
and the result above can be used more generally. For an ’abstract’ C*-algebra A
and action @ : G — Aut(A), suppose that we are given any faithful representation
T : A — B(Hy) on a Hilbert space H; and U : G — B(Hy) is a unitary
representation. Let B, iy be the C*-algebra generated by 7 (A) and Uy, g € G.

Then (7, U) is a covariant representation of (A, G, o) on B(H) if, and only
if, (id, U) is a covariant representation of (7 (A), G, a’), witha' ;=7 oa o z~ L
Moreover « is amenable if, and only if, &’ is amenable. There is an isomorphism
A Xy G =E m(A) Xy G that intertwines 7 x U and id x U.

We conclude from Proposition 2 that if (;r, U) is a faithful covariant represen-
tation of (A, G, «) and « is amenable, then 7 X U : A g G — By is an
isomorphism if, and only if, for any finite set Go C G and a, € A, g € Go, we
have

Y wag)Ug| = lIm(ae)ll = lall.

8€Go
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In order to estimate norms, it is often useful to consider positive elements, by
property (iii) in Sect.2.1. We letb = ) agUg, where Go C G is a finite set. In
terms of pure states, (BO) becomes:

8€Go

2
lael* = llaja.| = max u(afa,) < max vo(b*b) = |b*bl| = ||b]*.
ME 73 U()EPB(H)

We will write often

b*b=a+ Z a a; Us-1,, with a:= Z o a as € A. (8)
s#teGy seGo
Then a is positive and we can write @ = a}a. + a’, with a’a, and a’ positive

elements. Hence, u(aja,) < u(a), for u € Pa, so that also ||aja.|| < [a]. It
follows that if (BO) holds for all positive elements, that is, if

lall < I1b*b|| forall b e By,

then ||ae||2 = |laiacll < |b*b| = ||b||2 and (BO) holds in general. We conclude
that to guarantee that ® is an isomorphism, one needs only check (B0) for positive
elements b and a,.

We now give a localized version of (B0). We let Z be a central subalgebra of
A, as in Sect. 3. From now on, we assume condition (A1) of the previous section,
that is, that o acts by automorphisms both of A and of Z and (id, U) is a covariant
representation of (A, G, «). We will replace condition (A2) of amenability of the
group G by the weaker assumption that the action « is amenable.

As before, we let M be the maximal ideal space of the commutative C*-algebra
Z, and identify Z with C(M) through the Gelfand transform. Recall from (1) that
we have a surjective, continuous map

V:Pa—>Pz=2Z=M, pr uzg,

where P4, Z = M have the weak-x topology. We have Pz = (J,,cps Pm,» Where
P,, are the pure states that restrict to m and for V. C M, we write Py = 1//’1 V).
We make the following assumption on the algebra A of an M-localization
property:
Condition (C): For any open set W C Py, the set

V=yW)=meM:m=uz, nuecWwW} ©)]

is openin M = Z.

We say that such an algebra A is M-localizable. Clearly any commutative
algebra satisfies (C), since in this case P4 is homeomorphic to M. Also matrix
algebras [C(M)]nyxn, N € N, satisfy (C), and more generally also algebras of the
form HOM(E, F), where E, F are vector bundles, as the ones considered in [4].
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Moreover, all C*-algebras that have the uniqueness of extension property (2, 6, 13]),
that is, if ¥ is injective in that any pure state in Z has a unique extension to a pure
state in A, also satisfy (C), since in this case the extension in S is also unique and
the extension map Pz — Pa C S is continuous (see [13], Lemma 1, or directly).

Note that if A satisfies (C), then topological freeness, condition (A3), becomes
equivalent to requiring that no non-empty open set of M is fixed by a finite, non-
trivial, subset Gop C G, similarly to the commutative case and to the definition
adopted in [4].

According to (8), (BO) for the positive element 5*b comes down to ||b*b|| > ||a||.
The next result shows that, assuming our algebra satisfies (C), if this inequality holds
locally, for any positive element, then also (B0) holds in 8.

We first introduce the following notation that we shall use throughout the paper:
ford #V C M open, let Z(V) C Zbethose z € C(M) with0 <z <1, |z]| =1,
suppz C V. We think of elements zb, z € Z(V), b € B, as being a localization of b
toV.

If welet u € Pa, withm, = pz € M and z € Z, then if z(m,) = O then
no(zb) = 0 for all b € B, g any extension of p to a state in B, since

10 (zb) > < p(zz") o (b*b) = 22 (m ) po(b*b) = 0.

In particular, if V C M is open and zy € Z(V), then for o an extension of u with
u ¢ Py, thatis, m, ¢ V, we have

po(zvb) =0, forb e 8. (10)

Moreover, if a € A with a > 0 then, since a and zy € Z commute and zy > 0, we
have zya > 0 and

llzval = max u(zva) = max zy(ujz)u(a).
nePy nePy

We now prove:

Proposition 3 Assume A satisfies (C). Let Go C G be finite and b = deGo agUg,
ag € A, and a = Zg€G0 ag_l(a;ag). If for any non-empty open set V.C M, there
is a central element zy € Z(V) satisfying

lzvd*bll = llzvall 1)

then (BO) holds for b. In fact, it suffices that ||zyb*b|| > v(zva), for v € P such
that zy (m,) = 1, withm, = v|z.

Proof Let ¢ € P4 be such that ||a}a.|| = ¢(aia.) < ¢(a) and consider the open
sets

W={uePa:|u@ —¢@l<e} and V={uz:neW}cCcM.
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Let zyv € Z(V). Then since zya is positive, writing m,, = ujz, u € Pa,

lzvall = max p(zyv)u(a) = max u(zy)u(a)
HEP A new

> (¢(a) —e) ma)‘(/zv(mu) =¢(@) — ¢ > llac|* —

1

Taking zy satisfying the assumption, and noting that ||zyb*b| < |b]?, we get
16112 > |lae|l? — € for all ¢ > 0, so (BO) follows.

For the last assertion, in this case, taking m € V with zm) = l andv € W
with vz = m, we get |zyb*b|| = v(a) for some v € W, and proceed in the same
way. O

In terms of pure states, the condition in Proposition 3 follows if for any open
V C M, thereis zy € Z(V) and v € P4 such that

vo | zva + Z a va; sz71,
s#teGo

> u(zyva) forall pePa, withuzeV,

and vy an extension of v to a state in B. In fact it suffices to check this for u € P4
with u(zy) = 1.

We arrive at condition (B1):

Condition (Bl): For any non-empty open set V. C M, finite set Go C G and
ag € A, g € Go, there exists a central element zy € Z(V) satisfying

lzvael < |zv Y agUs| - (12)
8€Go

As a matter of terminology, if (12) or (11) hold for b = de(;o a,U, € By, we
say that (B1) holds for b, and if it holds on a subset 8B, dense in a C*-subalgebra
B’ C B we say that (B1) holds in 8.

Of course, if (BO) holds, then (B1) holds for any zy € Z(V). On the other hand,
the condition in Proposition 3 amounts to (B1) for the positive elements 5*b and a.
We have then that for M-localizable algebras A, as in (9), the global condition (BO)
is equivalent to the M-local condition (B1).

Together with Proposition 2, we obtain another condition for the isomorphism of
B with the crossed product algebra. Recall that condition (A1) means that (id, U)
is a covariant representation of (A, G, o), where « acts by automorphisms both of
A and of the central subalgebra Z.
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Corollary 1 Assume that A satisfies (C), condition (Al) is satisfied for (A, G, «)
and that the action o is amenable. Then

(Bl) & (B0 <& d=idxU:AxygG— Bisanisomorphism.

In the spirit of Remark 3, if we are given an arbitrary faithful representation
T : A — B(Hy), with H, a Hilbert space, and a covariant representation (i, U),
with U : G — B(Hy) a unitary representation, we can also easily deduce a M-local
condition to ensure that A x, G = By y = alg(w (A), Ug).

We will see in the next section that, in fact, for these results to hold, we only need
to check (B1) for a subclass of open subsets of M.

Remark 4 We remark that conditions (B0) and (B1) are not, in general, related to
the action « but only to the way A interacts with the unitaries Ug. In some situations,
we may have unitaries Uy and U g, defining the same action « : G — Aut(A) such
that the algebras 8 = alg(A, Ug) and B’ = alg(A, U /G) are not isomorphic, if (B0)
is satisfied in B but not in B’ (see for instance Example 12.11 in [5]). This cannot
happen if G is amenable and the action is fopologically free, by the isomorphism
theorems in [18] (Theorem 3.3) and [5] (Corollary 12.16), as in this case we would
have B= B = A x, G.

We note further that if the action is not topologically free, then the fact that
conditions (B0) and (B1) hold may depend on the way A is represented as an algebra
of bounded operators; see Examples 1 and 2 at the end of the next section.

4.2 Fixed Points

We show here how the structure of fixed points plays a role in ensuring the localized
condition (B1). We keep the assumption that condition (A1) holds for our dynamical
system (A, G, ), in that the action « leaves the central subalgebra Z = C(M)
invariant and (id, U) is a covariant representation of (A, G, «) on some Hilbert
space H, with U a unitary representation of G in B(H), and 8 = alg(A, Ug).
We also consider the induced action of G on M given by B, : M — M such that
z (,Bg(m)) = (ag(z)) (m),zeZ,meM,gedG.

Note that given an open set V. C M and finite Gy C G, if mp € V is such that
Bg(mo) # myg for all g € Gy, then there exists an open A C V, mg € A, such that

Be(m)#m forall meA,ge Gy, and Bg(A)NA=0. (13)

In general, we have the following lemma.
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Lemma 2 Given a finite set Go C G and a non-empty open set V. C M, there
exists a non-empty open set A C 'V such that for g € Gy, either Bg|, = ida or

Bg(A) N A = 0. In particular, we have Gy = D U Dy such that

[

Bg|ly =ida, forgeD, By (A)YNA=0, forge Dy=Go—D.

Moreover, if Gy is closed for inverses, then Dy and D are closed for inverses.

Proof Induction on number of elements of Go: if Go = {g}, then either
,Bgiv =idy, and D := Go, or there exists m € V with B, (m) # m, in which case
we can take A C V open with 8,(A) N A =@ and Dy = Go.

Assuming now that Go = {gr : 0 < k < n},let A’ C V be such that Go \ {g,} =
D' U D) with B,|,, = idy, for g € D' and Bg(A) N A" = ¢, for g € Dj. As
above, if B, |A, =idy,wetake A = A/, D = D' U{g,}, Dy = D,,. Otherwise,
there exists m € A’ with B¢, (m) # m, in which case we can take A C A’ open with
Bg, (A)NA =@ and Dy = DU {g,}.

Assuming Gy closed for inverses, then ﬂg|A = idy & Be-1 |A = ida and
B (A)NA =0 & Bo-1(A)NA = @, so also Dy and D are closed for inverses. O

Our goal now is to see that to prove condition (B1), it suffices to consider open
sets of M that are fixed by a finite subset of G.

Remark 5 For z € Zand g € G, we have zU, = Ugagfl(z) =Ug(zo ,Bg—]). Let
A C M be open and zp € Z(A) C C(M), that is, za is a non-negative function,
supported in A, with ||za || = 1. We will use the following.

aG) If ﬂg|A = idp, then zpaU, = Ugza, thatis, za and U, commute. (This holds
as long as zao € Z is zero outside A.)

(i) If Bg(A) N A =@, then zp © Bg-1 is zero on A. In particular, if wg is a state of
B that restricts to a pure state in A, so that o)z = m, € Z, then uo(zaalyg) =
0:if m, ¢ A it follows from (10), if m;, € A then

lno(zaaUp)I* = |1o(aUg (zaoB-1)I* < waUgUFa*)(zaoBe-1)*(m,) = 0.

Proposition 4 Given Go C G finite and a non-empty open set V. C M,
let G6 ={s""t:5,1 € Go)=DoUD, and® # A C V be an open set such that
ﬂg|A = id|sforg =s"'t € D, and Be(ANA = @, forg = st € Dy = Gé)—D,

s,t € Go. Then for b = deGo agUg, ag € A, and any zp € Z(A), we have that

~ -1
lzab*bll = |za {a@+ > o' (afa) Uy, ||
s;bt,s*lteb

witha =Y ., o ' (atas).
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Note that the existence of such an open set A and sets Dy, D C Gisa
consequence of applying Lemma 2 to the finite set G}, = {s~'t : 5, € Go}.

Proof Let ¥ # V C M be open and let b = }_,.; agUg, where we assume
without loss of generality that Gy is closed for inverses, so also Gy, is closed for

inverses. Write G, = Do U D satisfying the conditions above, with A C M open.
Then we can write

b*b = Z a; ! (afar) Us,

s,t€Gy

=i+ . ol (@a)U+ Y e (afa) Uy,

S;ét,s*]teDo s;ét,sfltef)
Let

b:=a+ Z ax_l (a;“a,) Us-1;.
s;ét,s_ltef)

Note that b is self-adjoint since D is closed for inverses, and
%

(oz;l (a:a,) Us71t> = otfl (a,*as) U,

Consider the C*-subalgebra Z(A) C Z = C(M) of functions that are zero outside
A and let zo € Zop(A). Since ﬂg‘A

zZAUg = Ug(za o B4-1) = Ugza, from which follows that z4 and b commute.

= idp, for g = s~t € D, we have that

In particular, z Ab is also self-adjoint, hence normal, so there always exists a pure
state vg € Pg such that ||zab|| = |vg(zab)|. We see now that we can pick such a
vg such that vg(zab*b) = vg(zab), which proves our claim since in this case

|2ab*b|| = Ivg(zab*b)| = vg(zab)| = llzabl.
Consider then the C*-subalgebras
C:= alg{l;, Zo(A),Id}) Cc B and C:= alg{C, Z}.
Let za € Z(A), that is, za € Zo(A) such that [|za]| = 1, and assume zab 5 0

(otherwise there is nothing to prove). Since C is a commutative C*-algebra, as b
commutes with any element of Zo(A), there exists a pure state v of C such that

lzabll = [v(zab)|.

Moreover, v(zAl;) = v(zA)v(l;) #0,s0v(za) # 0.
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Since C C C is a subalgebra and v is a pure state of C, there is an extension of
v that is a pure state of C, vz € Pp. Let f € Z such that fzan = 0. Then since

ZA € C is a central element of this subalgebra, then
0=va@af) =ve(@a)ve(f)
and since v (za) = v (za) # 0 then va(f) = 0. Thus we have that

ve(f) =0 forall feZ: fza=0.

Since ¢ C B is a subalgebra, we can extend the pure state
V& to a pure state vg € Pg. Then if s~1't € Dy we have that

;! (afa;) Ugr, = ! (afa;) Ug-1, (za 0 By-14)
and since B,(A) N A =, for g = st e Dy, we have that

(ZA o /3,_1S)2 zan =0

and so
Vg ((ZA o ﬂt—ls)z) =y ((ZA o /Bt*ls)z) =0

for s # t and s~'t € Dy. By the Cauchy-Schwartz inequality for states, we have
that:

v —1 * 2 _ —1 * 2
3 <zAaS (as at) US—]t> = |vg (le (as at) Us—1, (ZA o ﬂl—ls)>
<vg (ozs_l (a¥ar) Us-1, (as_l (ala) Us71,>*> Vg ((ZA o ﬁt—ls)z) =0.

Thus we have that
v (eab78)| = |v (2aB)| = lizaB

and from this we conclude that ||zab*b|| > ||zab|. |

One first consequence applies when the action is topologically free, as in
condition (A3) of Sect. 3. It follows from (13) that if (A3) holds, that is, if the action
is topologically free, then for any open V C M, and Go C G finite, we can always
find A C V with 8,(A)NA = {J for all g € Gg. Hence, in Lemma 2 we can always
take Do = G and D =4.

We obtain the following version of the result in [18] (Theorem 3.2) that
establishes the isomorphism of B with the crossed product. Recall that we always
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assume condition (A1), so that in particular (id, U) is a covariant representation of
(A, G, o), and that (C) holds if A is M-localizable as in (9).

Corollary 2 Assume that (Al) is satisfied and that the action is topologically free,
in that (A3) is satisfied, then (B1) holds in B. If moreover (C) holds for ‘A and the
action o is amenable, then id X\ U : A xq G — B is an isomorphism.

Proof Letb =} ., asUg. ag € A, Gy finite, and ¥ # V C M be open. If A

satisfies (C) and (A3) holds, we can take D = ¢ in Proposition 4, so we get for any
za € Z(A),

lzab™bll > llzaall,

with a = Y, ;' (afas). We conclude that (B1) holds for b. It follows from
Corollary 1 that if the action « is amenable, then id x U is an isomorphism. m]

Even if the action is not topologically free, we can still get a criterion for the
isomorphism of 8 with the crossed product to hold. The following result comes
directly from Proposition 4, as in this case, (11) holds.

Corollary 3 Let Go C G be finite, ag € A, g € Go, and a = Y _,c, (xg_l(a;fag).
If for every non-empty open set V. C M such that '38|V = id|y for g € D, with
D C {s7't:s,t € Go} arbitrary, there is a central element zy € Z(V) satisfying

~ 1 ~
awla+ Y e (ata) Upr, || = llzval
s#t,s~lteD

then (B1) holds for b = ZGO agUs,.

We arrive at condition (B2):

Condition (B2): For any finite set D C G and any non-empty open V.C M such
that /38|V = idl|y forall g € D, and a, € A, g € D, there exists a central element
zy € Z(V) satisfying

lzvacll < {zv D asUs| . (14)
geD

We can assume that a, is positive and ), ., p ag Uy is self-adjoint. If (14) holds
forb =3 ,c,asUs € Bo, we say that (B2) holds for b, and if it holds on a subset

B, dense in a C*-subalgebra 8’ C B we say that (B2) holds in 8.
In the notation of Corollary 3, applying (B2) to the element

b=a+ Z o) ! (aja;) Ug-,,
s#t,s*lteD



M-Local Type Conditions and Local Trajectories 139

we obtain that (B1) holds for b = ZGO agU,. Of course, if (B1) holds then we can
apply it on open sets V such that ﬂg‘v = id|y for all g € D, to obtain (B2). Note
that such sets exist only when the action is not topologically free.

It follows from the previous corollary that we can improve Corollary 1 to get
conditions for the isomorphism of 8 = alg(A, Ug) with the crossed product
algebra. Recall that (C) means that A is M-localizable as in (9) and that condition
(A1) is simply that (id, U) is a covariant representation of (A, G, @), where o
leaves the central subalgebra Z invariant.

Corollary 4 Assume that A satisfies (C), that condition (Al) is satisfied for
(A, G, @) and that the action a is amenable. Then

(Bl) & (B2 & D=idxU:AxygG— Bisanisomorphism.

In the setting of arbitrary faithful representations, as in Remark 3, if we are given
a faithful representation & : A — B(Hy), with H a Hilbert space, and a covariant
representation (7, U) of (A, G, o), with U : G — B(Hy) a unitary representation,
we can replace (14) in (B2) by

lzvael < |w(zv) Y w(ag)Usl|,
geb

and, assuming that A satisfies (C) and the action « is amenable, we can conclude
that A X G = By y = alg(w (A), Ug).

We now apply our results to show that if topological freeness of the action
is not satisfied for some system (A, G, «), it is possible to construct covariant
representations (;r, U) for which (B2) is not satisfied and so the C* algebra
alg(A, Ug) is not isomorphic to the crossed product. (Note that for a commutative
algebra, the existence of such a covariant representation follows from Theorem 2 in

[71)

Example 1 Let A = C(M) for some compact M C RY such that M is the closure
of an open set and M has smooth boundary, and G be an amenable discrete group.
Let B : G x M — M be an action by diffeomorphisms such that 8, = id and
Bgs = BgBs, &5 € G. Assume that for some g € G where g # e there exists a
non-empty open set V. C M such that

Bglv =idly.

Let : G — Aut(A) be given by a,(a) = a o By, g € G. We claim that there
exists a covariant representation (7, U) of (A, G, ) such that condition (B2) is not
satisfied in 8 = alg(w (A), U).
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Indeed, consider the Hilbert space given by H = L?(M) with the Lebesgue
measure. Consider the faithful covariant representation on B(H) given by

[7(a) f1(x) = a(x) f(x),  [Ugf1(x) = |detdBel"? £ (Be(x)),

fora e A=C(M)and f € L>(M).Lete # g € G and ) # V C M be such that
Bglv =id|y, and let zy be a continuous non-negative function on M with compact
support in V with ||zy || = 1. Then since B,y = id|y, we have

[(T(zv)Uy) £1(x) = zv (x)| detdBe |2 f (B () = zv (x) f(x) = [m(zv) F1(x).
Thus
0= lIm(zv) — 7@V)Ugll < lIm@)l = lzv ] = 1,

and so (B2), hence also (BO0), is not satisfied. Since A is M-localizable, as it is
commutative, and G is amenable, we conclude from Corollary 4, or directly from
Proposition 2 (see also Remark 3), that 8 is not isomorphic to the crossed product
A X G. Note that this does not contradict the isomorphism theorems in [5, 18] as
the action « is not topologically free,

Although the above example shows that for such an algebra A and action « some
covariant representations of (A, G, o) may not satisfy condition (B0), however it is
possible to construct concrete representations which satisfy it.

Example 2 Consider the C*-algebra A = C(M) for some compact M C R" such
that M is the closure of an open set and M has smooth boundary. Let G = Z,
which is amenable, and consider the action 8 : Z x M — M given by B, = ¢",
n € Z, with ¢ a diffeomorphism of M that fixes a non-empty open set of M. As in
Example 1, consider the action of Z on C(M) given by o, (a) = a o B, a € A,
n € Z. Clearly, « is not topologically free.

We will construct a covariant representation of (A, Z, «) that satisfies condition
(B2). Consider the Hilbert space given by H = L*(M x S1), where M has the usual
Lebesgue measure and S! is endowed with the normalized Lebesgue measure, so
that it has measure 1. Consider the faithful representation 7 : A — B(H) and the
unitary representation U : Z — B(H) given by

[7(@) 1, 1) = a@) fx, 1), W fllr, 1) = ™| detdg"'2 (" (), 1),
We thus obtain
Uyt (@)U) = (an(a)),

and so (77, U) is a covariant representation of (A, Z, «).
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Let Go C Z be finite and ¥ # V C M be any open set such that ¢ |y = id|y for
alln € Go. Let zy : M — R be a continuous non-negative function with support
inVand f € L2(M x S1) be a function constant in the variable r € S! such that
”f”Lz(MxSl) = 1. Since ¢" |y = id|y, we have that

zv ()| detdg"|'? £ (9" () = zv (x) f (x),
thus for any a,, € A, n € Gy,

2 2
> wzv)m(an)U, > | Y [mGy)T(an)Ual (f)
n€Go B(L2(MxS1)) n€Go L2 (M xS")
2
Z// > zv)eay(x)| detdg"|'? f(p" (x))| dtdx
M Js! neGy
2

= /M /S 1 > v@an(x)e™ f(x)| drdx

neGo

= /M > lev @) Plan ()21 f () [Pdx.

neGo

Let xo € V be the maximum of the function |zyap|. Now take a sequence
Sk + M — R such that || fkll 2«51y = 1 and sz is such that for any function
h € C(M), we have th(x)sz(x)dx — h(xg), as k — oo (for instance
fr(x) = XB]/k(_XO)QM(.X)/\/m(Bl/k(XO) N M), with m the Lebesgue measure and
B/ (xo) the ball centered in xo with radius 1/k). Thus we obtain that

2

Jim > 7 L ev)m (@) Und (fi) =Y lzv(x0) Plan (xo)

neGy L2(M xSh neGo
2
> |zv (xp)ap(xo)|~.

We conclude that

> w(ev)m(an)Uy > |zv (xo)ao(x0)| = llzvaoll,
n€Go B(L2(M xS"))
which proves condition (B2) in B8 := alg(n(A), Uz). It then follows from

Corollary 4 that the integrated representation 7 x U gives an isomorphism of Ay Z
with 8 = alg(mw (A), Uz).
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In this example, Z may be replaced by a generic discrete, amenable, group G,
replacing S' by the compact space G, which is the Pontryagin dual of G.

4.3 Subalgebras and the Commutative Case

We consider here the equivalent conditions (B1) and (B2) on subalgebras of
B = alg(A, Ug). We start with considering the class of operators with scalar
coefficients, which, as we shall see, will be relevant in the commutative case.

Let B := alg(Ug) C B be the C*-subalgebra generated by Ug, which is given
by the closure of

By:=BNBy = Z (cgD)Uy : Gy finite, cg € C
8€Go

Let bo = Y _4c,(cgDUg With ¢g € C, then we can write

bybo =dol + Y TeilUpr,  with dg:= Y les|* € C.
s#teGo s€Go

Assuming dp > 0, condition (B1) for by can be written in the following way: for
any non-empty open set V. C M, there exists zy € Z(V) such that

zy | do + Z csc Ug—1y =do|zv | 1+ Z escr/doUs-1,
s#1€Go s#teGy

> |lzvaoll = do,

that is, condition (B1) holds in BCB if, and only if, for any finite Gy C G and
cy € C, g € Goand open V C M, there exists zy € Z(V) such that

v [T+ ) U || = llzvll = 1.
8€Go

We can write condition (B2) in a similar way. It follows from Corollary 3 that
(B1) being satisfied in Bis equivalent to (B2) being satisfied in B.

Assume now A is commutative. The point of considering the subalgebra Bis
that in this case any b € B can be approximated by some by € By = BN By on
open sets.
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Proposition 5 Assume A = C(M) is commutative, M a compact Hausdorff space.
Letb =) agU,, withay € A, anda =y agl(a;f‘ag). Given ¢ > 0, for

any non-empty open V.C M, and m € V, there exists by € By and a non-empty
open A C 'V, m € A, such that

g€Go 8€Go

lza(®*b — bgbo)ll < & and lza(a—ao)l <e
for any zp € Z(A) with za(m) = 1.
Proof Let® # V C M be open and fix m € V. We have

b*b = Z a; ! (afar) Us-,.

s,teGg

By continuity of the functions a;, we can take a neighborhood m € A C V small
enough such that

a;l (a;‘at) (x) — a;l (a;“a,) (m)‘ <¢ forall xe A, s,t€Gy.

Let ¢s; = a; ! (afa;) (m) € C, then for any zo € Z(A), assume also za (m) = 1,

HzA (as_l (ala;) — Cs,tl> H = sup za(x) |o; ' (afar) (x) —cse| < e
x€A
Letbo = Y 4cq, ag(m)Ug then bgbo = 3, €s.1Ug-14, and
lza(®*b — bgbo)ll < Ke, lza(@—ao)ll < K'e
for some K, K’ € N so the claim follows. O

Recall that we assume throughout that we have a covariant representation (id, U)
of (A, G, o) with « an action that leaves a central subalgebra Z invariant, that is,
that condition (A1) holds.

Theorem 2 Let A = C(M) be commutative and assume (Al) is satisfied. If (B2)
holds in B, that is, if for any finite Go C G and ¢y € C, g € G and any non-empty

open 'V satisfying /38|V = id|y for all g € Gy, there exists zy € Z(V) such that

v I+ Z CgUg > ”ZV” = 1, (15)
g€Go

then (B2) holds in B. Assuming the action « is amenable, then id xU : AxyG — B
is an isomorphism.
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Proof Letb =}, agUs € Bo, ag € A, be arbitrary and a be as before, then
from the previous proposition, given ¢ > 0, for any open V. C M and m € V, there
exists by € By N B and an open A C V such that

lza(bgbo)ll < llza®d*b)ll +&  and Jlza@)ll > llza@]| — ¢

for any zo € Z(A). Assuming condition (15) gives that for any such open V with
ﬂg‘v = id|y, there is such a z satisfying ||zab3boll > |lzadoll hence

Izab*b|l = llzaall — 2e

so that (B1) holds in b, hence (B2) holds in B. Since A is commutative, it satisfies
(C), hence from Corollary 1, (BO) holds and id x U : A x4, G — B is an
isomorphism. O

Hence, in the commutative case, we have that condition (B1), respectively,
condition (B2), in 8 = alg (A, Ug) is equivalent to condition (B1), respectively,
condition (B2), in B= alg(Ug). Note that this condition depends on M -localization
and on the unitary group Ug. We will see now that under an extra condition, the
equivalent conditions (B1) and (B2) are guaranteed just from conditions on Ug.

Lemma3 Let A C B(H) and B C B(H) be commutative unital C *-subalgebras
that commute with each other, that is, for all a € A andb € B we have ab = ba. Let
AZCX)and B= C(Y) and C = alg(/l, B) = C(Z) and consider the induced
maps by inclusion:

nx:Z—>X, my:Z-—>Y.
Ifforall0 #a € Aand0 # b € B we have
ab # 0, (16)

then for every neighborhood x € V.C X we have that wy (7'5?1 (V) =Y.

Proof Suppose by contradiction that there exists V C X open, x € V, such that
wy(Ty ! (V)) # Y. Since X is normal (being compact and Hausdorff), we consider
an open set x € U C V such that U C V. By Uryshon’s lemma, there exists

p € A= C(X) such that:

p(x)=1, and ply_7=0.
We have that K = 7y (75 L@)) cvis compact, thus ¥ — K is a non-empty open
set. We consider y € ¥ — K, and by Uryshon’s lemma, a function g € B=cC Y)

such that

gly)=1, and glx=0.
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Then we have that pg = 0: if z € Z and wx(z) ¢ U then p(z) = 0, on the other
hand, if 7x (z) € U, then 7y (z) € K and so g(z) = 0. We obtain that p(z)g(z) = 0
for every z € Z, thus pg = 0. This is in contradiction with (16), since p # 0 and
g # 0. We have then that y (n;I(V)) = Y for all open sets x € V of X, which
concludes the proof. O

We now have the following sufficient conditions for the isomorphism with the
crossed product in the commutative case. Note that condition (17) below is in fact
(BO) for B = alg(Ug), so that it is equivalent to B C xg G = C*G), the group
algebra. It can be regarded as a strong form of linear independence of Uy, g € G.

Theorem 3 Assume (Al) is satisfied and that A is commutative. Let B = alg{U, :
g € G} C B(H), such that for all finite Go C G, where cg € C, we have

Z ceUgll = Icel. a7

g€Go
Assume that for all0 #a € Aand 0 # b € B we have
ab # 0, (18)

then (B2) holds in B = alg(A, Ug). If the action « is amenable, then id x U :
A Xg G — Bis an isomorphism.

Proof By Theorem 2, it suffices to prove that given a finite set Gy C G and an open
set V. C M such that the action B¢ |y = id|y is trivial for all g € G, and a function
zy € Z(V) C A we have

4 Z cgUg| = llcezv Il = |cel. (19)
8€Go

Moreover, we only need to prove (19) for positive elements. Consider then
u = ZgEGo cgUg € Ba positive element and zy € Z(V) such that B,|y = id|y
for all g € Gy.

From Remark 5, u and zy commute. We now consider A = alg{zy, Id} and
B = alg{u, Id}. We have that A is a commutative C* algebra, since it is a sub-
algebra of a commutative C* algebra and B is a commutative C* algebra since it is
generated by a positive element «. Thus we have that A = C(X) and B = C(Y).
Since zy commutes with u we have that C := alg{z By=cC (Z) is commutative,
and by condition (18), since A C A and B C B for all 0 #acAandb € B we
have ab # 0. Thus we can apply Lemma 3. We consider x € V such that

zv(x) = 1.
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We also consider y € Y such that

u(y) = llull = |cel

by Eq. (17). For ¢ > 0, consider the openset V = {x’ € X : zy(x’) > 1 — &}. Thus
by Lemma 3, there exists w € Z such that 7x (w) € V and my(w) = y. Then, with
x' = mx(w),

(zvuw)(w) = zy (u(y) = (1 — &)leel.
But then, since w identifies with a pure state in C, we conclude that
lzvull = zvu)(w) = (1 —&)lc.| forall & >0,

which yields what we wanted to prove. O

Put in a general framework where A is an arbitrary unital C*-algebra, not
necessarily commutative, the results in this section can be regarded as density results
in the following way.

Let A’ be a C*-subalgebra of A, containing 14, where « also acts by Aut(A’)
and let 8’ := alg(A,Us) C B, with B the set of elements of the form
> ¢eG, €eUg Go finite, ¢, € A" The conditions in Proposition 5 can be easily
formulated in this setting:

Forb =3 ,cc,a;Ug € Boanda =3,
a non-empty open set V.C M, m € V, there exists byp = ) _
non-empty open A C V, such that

1 .
o, (a;fag) € A, given ¢ > 0, and

/
2€Go cgUg € Byand a

llza (6™ — bgbo)ll <& and lza(a@ —ao)ll < ¢ (20)

for any zp € Z(A) with za(m) = 1, where dg = ZgEGo ozg"(c;cg) eA.

If condition (20) is satisfied for any b € By, we say that B' and A’ are M-locally
dense in B and A, respectively. We have shown that when (A is commutative, then
A = Cand B = alg(Ug) are locally dense in A and B, even though they are not
dense with the strong operator topology.

Of course, in this situation, the proof of Theorem 2 stands exactly in the same
way, assuming now that (B1) holds in 8'. (Note that if A’ contains Z, then this
comes down to B’ = A’ x, G.)

Proposition 6 Assume (Al) is satisfied. Let A be a C*-subalgebra of A containing
the identity, where a also acts by Aut(A'), and let B' := alg(A', Ug) C B, such
that B and A’ are M-locally dense subalgebras of B and A, respectively. If (B2)
holds in B, then (B2) holds in B. If (C) holds and the action a is amenable, then
id XU : Axy, G — Bis an isomorphism.
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As for Theorem 3, we see from the proof that, even in the non-commutative case,
if (BO) holds in 8B, so in particular, assuming the action is amenable, B’ = A’ x, G,
and if ab # O fora € A, b € B, then (B1) also holds in B’. We then obtain:

Theorem 4 Assume (Al) is satisfied and that the action «a is amenable. Let A’
be a C*-subalgebra of A containing the identity, where a also acts ameanably by
Aut(A), and let B := alg(A', Ug) C B. Assume that B' and A’ are M-locally
dense subalgebras of B and A, respectively, and that (BO) holds in B, in particular,
B = A xg G. Assume thatab # 0for 0 # a € A, 0# b € B. Then (B2) holds
in B, and if (C) holds for A, then id x U : A xq G — B is an isomorphism.

Proof Similarly to the proof of Theorem 3, from Corollary 4 and the previous
proposition, it suffices to check condition (B2) on 8. Given a finite set Gy C G
and an open set V. C M such that the action B¢|y = id|y is trivial for all g € Gy,
and a function zy € Z(V) C A, we want to show that, for any positive element
U= g, CeUsg € By, cg €A,

zv Y cgUg|| = llzveel.
8€Go

Again from Remark 5, # and zy commute, so that we can show, using Lemma 3 and
that, by assumption, |ju|| > ||c.||, that

lzvull = (1 —&)llcell, foralle > 0,

which shows that ||zyu|| > |lcell > llzvcell. In particular (B2) holds in B’ and the
result follows. O

5 Back to the Local Trajectories Method

We consider here, as in Sect.3, the local trajectories representations and give
alternative conditions to establish the local trajectory method, Theorem 1, in the
algebra B = alg(A, Ug). We assume, as always, that condition (A1) is satisfied,
that is, that (id, U) is a covariant representation of (A, G, o) preserving a central
subalgebra Z = C(M). We will replace condition (A2) that the group G is
amenable by the more general notion of amenability of the action «.

Let €2 be the orbit space of the induced action 8 on M. Recall that for w € 2, 7,
is a representation on B(¢2(G, H,,)) such that fora € A, £ € *(G, H,), g,s € G,

[To(@F] () = 7, (0 @) EE),  [70 (V) §] ) = 1)) = (g7'5).
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where 7, : A — B(H,) is ), = ¢y 0 pp With pp, = pm,, : A — A/, the
quotient map, and ¢,, an isometry.

Then 7, is defined in A x4 G as the regular representation induced by 7. As for
B = alg(A, Ug), we assume that elements b = ZgEGo ag U, uniquely determine
the coefficients ag, g € Gy, so that 7, is also well-defined in By. Typically, we are
interested in the case when 8 = A x4 G so this condition is guaranteed.

Throughout this section, we let 71 = @,ecQm,. As a matter of terminology, we
say that the local trajectories method works on B if 7 is well-defined and faithful in
B. Recall from Proposition 1 that 7 is always faithful in A.

We have noted in Remark 1 that for the local trajectories method to work on B it
suffices to give conditions such that the maps

idxqU :AxgG—> B, idxynaU):7(A) Xy G —> 7(B) 21

are isomorphisms, where aé(n(a)) = n(Ug)n(a)rr(U;,‘) = n(UgaU;). Note that
n(B) = alg(n(A), 1(Ug)).

The goal of this section is to apply the criteria obtained in Sect.4 to study in
particular the second map in (21), where we have regular representations on spaces
of the form B(¢*(G, H)).

We consider first the commutative case where we can use the results in Sect. 4.3.
Let @0 =8N Bp and B= alg(Ug) and consider operators of the form

bo=1+ Y U € By, withmy(bo) =1+ Y  cshs.cs €C.
e#£seGg e#£seGo

Then for & € ZZ(G, H,) and g € G, we have

(0B @] () =E@) + Y, csklg's).

g#s€Go
We have that the localized condition (B1) always holds in n(@o). For that we make
use of the following lemma.

Lemmad Letp € Z=C(M) suchthat0 < p < 1 and ||p|| = 1. Then there exist
w € Qand g € G such that

o' () =1a+ Jm,- (22)

In particular, 7'[;(0((;1 (p)) = 1 € B(H,) and [n,(p)51(g) = &(g), for any
& € (%(G, Hy,). Conversely, given w € Qand g € G, thereis p € Z = C(M)
suchthat 0 < p < 1, and ||p|| = 1 satisfying (22).

Proof Let m € M be such that p(m) = 1 = max,epy p(x). Take the orbit w € Q
such thatm € w,som = ,Bg’l (mg,) form,, € wand g € G. Note that a;l (p) =po
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Be ! will have its maximum in m,, since Bs ' (my,) = m and p attains its maximum

at m. This gives that ag_l(,o)(mw) = 1, hence a;l(p) —1a € Jy, and

7 (05" @) =7, (07" ) =7,(1) =1 € B(H,),

from which follows 7,(p)n(g) = =, (Olg_l (p)) n(g) = n(g), for any
n € €*(G, Hy,). For the converse, let o € Q and g € G and pick any p € Z
such that 0 < p < 1 and p(m) = 1, with m = B; ! (m,,). O

Proposition 7 Assume condition (Al). Let 1 = @yeqTty be the local trajectories
representation, assumed well defined in By. Then for any V. C M open and ¢ € C,
s € Go C G finite, and for all zy € Z(V) we have

zymw | I+ Z csUg > 1.
e#seG
In particular, (B1) holds in 71(@0) C n(8B).

Proof Let zy € Z(V), then since & is an isomorphism on Z, write zy = w(py),
for py € Z. Then ||py| = |7 (py)|l = 1 and since 7 is a *-homomorphism and
zy > 0, also py > 0.

Let g € G and w € 2 be as in the previous lemma applied to py. Then we have

(To(P)E) (9) =, (0" (V) (@) = §(),

for any £ € €*(G, H,). Now take &, € ¢*(G, H,,) such that &,(s) = O for s # g
and £, (g) = u, withu € H,, |lu|l = 1, arbitrary. Let by = I—i—Ze#eGO c;Ug € By.
It follows that

(7o (Pvb) &) (8) = Tulov) | £(8) + Y e (s7'8) | = &(0) = u.
e#seG

We have then

7w (v Do)l = ;upl 170 (ovD0)é |2 = 7w oy bo)ég |l 2
HE

(T Py b0)sg) (O = llull = 1.

v
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Since we wrote zy = mw(py), we conclude that

avr | T+ ) aUs || = sup [molpv)me | T+ D aUs || = 1.
e#£seG wes2 e#£seG
In particular, (B1) holds in n(@o). |

Assume now that A is commutative; then both A and m(A) satisfy the M-
localization condition (C) as in (9). Moreover, since @0 = BN Bis M -locally
dense in B, by Proposition 5, also n(@o) = w(Bp) N alg(w(Ug)) is M-locally
dense in 7 (8), so we have from Theorem 2 that if (B2), or equivalently, (B1), holds
in n(@o) then it also holds in 7 ($). In this case, using localization, it follows from
Corollary 4 that:

Proposition 8 Assume condition (Al) and that the action o is amenable. Let A be

commutative with the local trajectories representation 1 = @,eQm, well defined
in By. Then (B1) holds in w(B) and

idxn(U):n(A) ¥y G — 7 (B) = alg(w(A), rg)

is an isomorphism.

Following Remark 1, we conclude that, in the commutative case, for the local
trajectories method to work, it suffices that id xq U : A %y G — B is an
isomorphism. From Theorem 2 we obtain then the following sufficient condition.

Theorem 5 Let A be commutative. Assume condition (Al) and that the action «
is amenable. If (B2) holds in the subalgebra By, that is, if for any finite Go C G
and cy € C, g € Go and any non-empty open set V satisfying Bg id|y for all
g € Gy, there exists zy € Z(V) such that

|v=

v [T+ ) U || = vl =1,
g€Go

then {mylweq is a faithful family of representations of B, that is, the local
trajectories method works on B.

We now show that in fact Proposition 8 still holds even if A is not commutative,
relying essentially on properties of regular representations.

For elements b = ZseGo a,Us € By, we have

(o ) 6) () = Y (ol @) E6™"g)

seGy
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and with &€ € ¢2(G, H,) such that £(r) = O fort # gand £(g) = u, u € H,
lull =1,

(0 (B)§) (8) = (T0(@)E) () = () e (@) ) € (@)

Introducing operators j, : H — Ez(G, H) and j;,‘ : EZ(G, H) — H, g € G, such
that, for h € H, £ € £2(G, H),

Je (@) =h, je(h)(1)=0,t#g, and j;(§)=£(g), (23)

we have that j, is an isometry and || j, || = ||j;‘|| = 1, with j;jg = I. We can then
write the equality above as

Jime(b)je = m) (e (@) in B(H,). (24)

We make use of the following lemma (that holds in general for regular represen-
tations, similarly to the result just after).
Lemma 5 Foreachw € Q,a € A,

I (@)l = sup |7, (g ' (@) B, -
geG

Proof For each g € G, we can write, as in (24), j;‘nw(a) Jg = nc’o(ag’l(a)). Hence,
since || jgll = ljg 1l = 1,

7, (g ' @)l = Il gm0 (@) jg | < I (@)]]-

It follows that

sup |17, (e (@)l B, < ITw(@)]].
geG

For the reverse, let § € ¢*(G, H,) with €[> = Y, 15(2)II7;, Il = 1. Then we
have that:

7w @& 32611y = D o (e @)E@II,

geG

<Y (o @) B 1€,

geG

< sup 7, (o @) lBea,) Y &I,
geG ¢€G

< sup |7, (e, " @)l Bea,)-
geG
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Taking the supremum over £ € Zz(G, H,) such that ”EHZZ(G,H,,,) = 1 we obtain:

-1
I7w(@lle2G,m,) < sup 7, (g @)Bew,),
geG

which concludes the proof. O
A first consequence is the following version of (BO) in 7, (85).

Proposition 9 Assume condition (Al) and that the local trajectories representation
T = @PupeQlty is well defined in By. Then, for any finite set Gy C G and b =
ZSGGO asUs, and for any orbit w € 2, we have

170 () = 70 (@e)ll-

Proof With the notation as in (23), we have for each w € Q and all g € G,
Jimw(b) jg = 7, (o ' (@), hence

Iy @)l = 11 ®)jgl < 7@ forall geG.

Since, from Lemma 5, ||, (a.)|| = SUPgc ||nc’u(ag_1(ae))||, the result follows. O

We now show that the M-local condition (B1) holds in 7($8) so the second
isomorphism in (21) always holds, in case our algebra A is M-localizable, that
is, satisfies (C).

Proposition 10 Assume condition (Al) and that the action « is amenable. Let
T = Dueqy be the local trajectories representation, assumed well defined in By.
Then for any V.C M open and ag € A, s € Gy C G finite, and for all zyv € Z(V)
we have

avr (ae+ Y, aUs || = lzvm @)l
e#£seGy

In particular, (B1) holds in w(8B), and if (C) holds for A, then
idXxaU):n(A) Xy G — 71(B)

is an isomorphism.

Proof Similarly to the proof of Proposition 7, writing zy = m(py), it suffices to
prove that for any open V C M, py € Z(V) and b = ZseGO a;Ug € By, we have
T (pyb)|| = |lw(pyae)l. This is straightforward from the previous proposition,
since we have ||, (pyb)|| = ||7w(pvae)l for all € Q. In particular, (B1) holds in
7 (8B), and the isomorphism follows from 7 (A) also satisfying (C) and Corollary 1.

O
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It then follows again from Remark 1 that, if A is M-localizable, then the
local trajectories method works on B, as long as id xXo U : A Xy G — Bis
an isomorphism. We then obtain the following M-localized version of the local
trajectories method, Theorem 1. (Note that if the action is topologically free, then
there are no open sets of fixed points, so the condition is trivially satisfied.)

Theorem 6 Assume condition (Al) and that the action « is amenable. If (C) holds
for A and the M-local condition (B2) holds in B, that is, if for every finite set
Go C G and non-empty open set V. C M such that Bg|,, = id|y forall g € D,
and for ag € A, there exists zy € Z(V) such that

v

v ) agUs| = llzvael,
8€Go

then {mylweq is a faithful family of representations of B, that is, the local
trajectories method works on B.

Along the lines of the last results of the previous section, Theorems 3 and 4, we
also conclude:

Theorem 7 Let A be commutative. Assume condition (Al) and that the action o
is amenable. Let B := alg{U, : g € G} C B(H), and assume that for all finite
Go C G, where ¢y € C, we have

Z CgUg > |cel,

g€Go

that is, B = C xy G = C*(G), the group algebra. Assume that for all 0 # a € A
and 0 # b € B we have

ab # 0.

Then A xq G = B and {7, }weq is a faithful family of representations of B, that is,
the local trajectories method works on B.

In general, if we have an isomorphism with the crossed product on M-locally
dense subalgebras, as in (20), then:

Theorem 8 Assume (Al) is satisfied and that the action «a is amenable. Let A’
be a C*-subalgebra of A containing the identity, where a also acts ameanably by
Aut(A), and let B := alg(A', Ug) C B. Assume that B' and A’ are M-locally
dense subalgebras of B and A, respectively, and that (BO) holds in B, in particular,
B =A %, G.
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Assume that ab # 0 for 0 # a € A, 0 # b € B. Then if (C) holds for A, we
also have B = A x4 G and {7, }weq is a faithful family of representations of B,
that is, the local trajectories method works on B.
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Factorisation of Symmetric Matrices and )
Applications in Gravitational Theories Qe

M. Cristina Camara and Gabriel Lopes Cardoso

To Yuri Karlovich on his 75th birthday

Abstract We consider the canonical Wiener-Hopf factorisation of 2 x 2 symmetric
matrices M with respect to a contour I'. For the case where the quotient ¢ of the two
diagonal elements of M is a rational function, we show that due to the symmetric
nature of the matrix M, the second column in each of the two matrix factors that
arise in the factorisation is determined in terms of the first column in each of these
matrix factors, by multiplication by a rational matrix, and we give a method for
determining the second columns of these factors. We illustrate our method with two
examples in the context of a Riemann-Hilbert approach to obtaining solutions to the
Einstein field equations.

1 Introduction

Let I" be a simple closed contour in the complex plane encircling the origin and
denote by ID)ff and D the interior and the exterior of I', respectively.

If M is an n x n matrix function whose elements are in L°°(I"), i.e., essentially
bounded functions on I', a bounded Wiener-Hopf (WH for short) factorisation of M
with respect to (w.r.t.) " is a representation

M) =M_(z)DE)Mi(r), T€T, (1)

where M4 and their inverses M;l are analytic and bounded in ]D)ﬁ (we say that
their elements are in H{°, respectively), and D(7) = diag(rkl, ke tk") with
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ki <ky <---<kp, ki eZfori =1,2,....,n.Ifk; =0foralli =1,2,...,n,
then we say that

M) =M_(t)My(r), teTl,

is a canonical bounded WH factorisation. In what follows, we will omit the term
‘bounded’.

Denoting by C* the algebra of all Holder continuous functions with exponent
u €10, 1[ defined on I" [14], if M is invertible in (C*)"**" ie. M € (C*)"*" and
det M # O on T, then M admits a factorisation of the form (1) with My € (C/)"*",
where Ci = CH* N HEP [14]. If the factorisation is canonical, then it is unique if
we impose a normalising condition on one of the factors; here we will look for
canonical WH factorisations with the factor M, normalised to the identity at 0, in
which case it will be denoted by X,

M=M_X on T, with X(0) =L )

We will be particularly interested in 2 x 2 matrix functions M, having in view
applications of WH factorisation to solving certain gravitational field equations. For
these applications, M must be a symmetric 2 x 2 matrix function

ab
M=
b
with a/d € R, where R denotes the space of all rational functions without poles on
r,i.e.
a _ pi

= — =4, (3)
d p 1

where p; and p, are polynomials and p, does not vanish on I', and M must admit
a canonical WH factorisation.

One may then naturally ask how all these conditions, in particular that M
is symmetric, are reflected in the form of the factors M4 of a canonical WH
factorisation.

We study this question in Sect. 2 by applying and extending an approach which
was first presented in [8], although in a different form, and we show that there indeed
exists a certain relation between the two columns in each of the factors M_ and X !
(related by MX~! = M_), which is determined by the structure of the original
matrix M in terms of its symmetry and the quotient ¢ between its diagonal elements,
in such a way that the second column can be obtained from the first by multiplication
by a certain rational matrix. This, on the one hand, brings out a connection between
the form of the matrix M that is to be factorised and a certain structure of the factors
M, which we present in Theorem 1; on the other hand, it may also allow for a



Factorisation of Symmetric Matrices and Applications in Gravitational Theories 159

simpler determination of one of the columns in the factors and avoid repetition of
similar calculations, as we illustrate in the examples in Sect. 3.

The question of how to determine the factors of a (not necessarily bounded)
canonical WH factorisation of a 2 x 2 matrix function M, M = M_M,, from
a solution to the Riemann-Hilbert problem M¢; = ¢_, where ¢4 € (Hjio)2 and
¢_ € (HEO)2 can be taken as the first columns in M;l and M_, respectively, has
been previously studied using different approaches. For example, using the corona
theorem in the context of the real line, a class of matrix functions was considered in
[6] for which a solution to M¢, = ¢_ was given and, assuming ¢4 to be corona
pairs in Cc* [9, 15], explicit formulae for the factors in terms of these solutions were
obtained. In [2] explicit formulae were also given, for general 2 x 2 matrices with
determinant 1, in terms of a solution to M¢4 = ¢_, provided that ¢+ are corona
pairs, requiring however knowledge of such a solution as well as the solutions of
two associated corona problems with data ¢ and ¢_.

This also naturally leads to the question of how to determine the first column
in X~! and in M_. Regarding this question, we focus here on rational matrices
possessing a canonical WH factorisation, which are of great importance when
considering applications in gravitational theories. Obtaining the first columns is
equivalent to determining the (unique) solution to

Mpy=¢_ on T, with ¢s=($is.ds) € (CL)*. ¢4(0)=(1,0).

We show that it is also possible to simplify the calculations for the first column,
reducing the problem of analyticity of the solution to that of the first component
¢1+ (in D).

We illustrate these results in Sect.3 by applying them to solving the Einstein
field equations by a Riemann-Hilbert approach based on [1, 3]. It is well known
that Wiener-Hopf factorisation is very important in the study of singular integral
equations, convolution equations and in many applications in Mathematics, Physics
and Engineering [10, 14]. Determining explicit solutions to the Einstein field
equations by means of a Riemann-Hilbert (RH) approach is one of the recent
applications of WH factorisation theory.

2 Canonical Factorisation and Structure of the Factors

In what follows, for any algebra A, let G A denote the group of invertible elements
in A.
Let
_ |a(z) b(7)
Mo = [b(r) d(v)
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with a, b, d analytic in a neighbourhood of I', where I" is a simple closed contour,
be such that M admits a canonical WH factorisation w.r.t. I of the form (2),

M=M_X on I, with X©0) =1L
Then, § = det M also admits a canonical WH factorisation w.r.t. I",
§=46_684 with 8+ e@Ck, 8.0 =1. )
Let

a p1
EZQER, q=— (5)

P2

where p; and p; are polynomials without common zeroes and such that g is
bounded at co.

The symmetric structure of M, which will be reflected in the form of the factors
X! and M_, can be characterised by the following relation.

Proposition 1 Let g be defined by (5) and let
Q =diag(l, —¢q), Q2 =diag(q, —1). (6)
Then
MOIM =80, with §=detM=ad—b*. (7

Remark 1 Note that, conversely, if Mis a2 x 2 matrix

M:[a(ﬂ with a,d,ad —bc #0
c

and
M QM= (det M) 0,

~ T
with Q| = diag (1, —q) , Q2 = diag (g, —1) for some g, then we have that M’ =
Mand g = a/d. So the relation (7) does indeed characterise the structure of M.

The first columns of X~! and M_, denoted f. and f_ respectively, are the
unique solution to

Mf = f_ with fye (Ci)z, fi(0) = [é]; (®)
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the second columns of X ! and M_, denoted s+ and s_, respectively, constitute the
unique solution to

Msy =s_ with s+ e (CH)?, s+(0)=m. )

We therefore have that
M fr se]=1[f- s-]. (10)
where
X '=fy s4]. Mo=[fs-]. XO =L

To study the relation between f1 and s+ in this case, we will use the following
results, which can be easily verified.

Proposition 2 If Aisa?2 x 2 matrix, A=[f s], and

0-1
=[]

then

(i) AJAT =(det A) J,
(ii) det A =T Jf,
(iii) A~' = —(det A)~' JAT J ifdet A # 0.

Also note that, for any vector f with two components,
frif=o. (11)
Proposition 3 Let M f = f_ with M satisfying (7). Then
MU 02 fy) =J01f-. 12)
Proof We have that Q> = 8! MQ M, hence
M Qaf4) =87 MIMQIM) fr = (7' MIM) Q1 (M) = J Q1 f-

where we used Proposition 2 (i). |

Thus we have

M fy JO2fr]=1f- JO1F-]
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and, applying determinants and using (4), we obtain

Sydet[fy JOafy]=08""det[f- JO1f ] =r1, (13)
where r; € R, with r; bounded at oo, since the left hand side of the first equality is
meromorphic in ]DllL and the right hand side is meromorphic in D> and bounded at

oo. Moreover, from (6) we see that the poles of | must be those of g (see (13)), so
we may assume that

r=—, (14)

where p; is a polynomial of degree not greater than deg(p,). We may also assume
that r; does not have zeroes on I', since, given the analyticity of a,b,d in a
neighbourhood of T, the latter can be deformed if necessary.

Now, from (13), we have

Spdet[fr riluQafi]=082"det[f- r7lUQIf] =1 (15)

On the other hand, applying determinants to (10), we obtain
8y det[fy sy]=62"det[f s_] (16)
and, since the left hand side of (16) is in C¥, while the right hand side is in c*, we

conclude that both sides are equal to a constant k = 1, taking into account that the
left hand side must equal 1 at 7 = 0. Thus we have

84 det[fy sy]=1=06_"det[f s_]. (17)
Then, combining (17) with (15) gives
Spdet[fr sy —r'uQaf ] =62 det[fo 5o —rlUO1f-] =0.
It follows that

sp—r T Qafr =0 fr (18)
so—ri Q1 f- =0 [, (19)

where A1 and A, are functions of t which, due to (8), (9) and (12) must satisfy
AM=Ar=:A.

Proposition 4 With the notation above, » € R and its poles are the zeroes of r|.
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Proof From (11) and (18), with A; = A, we have that
0=sTUsy =asTify +r7'sTII02fr = adet[fy sp]—r'sTOafs
=287 —r'sT O fy,
and hence
A=084r7sTOxfy € HX +R. (20)
On the other hand, from (11) and (19) with A, = A, we get in an analogous way
r=8"r7'sTO1f- e H® + R 1)

It follows from (20) and (21) that > € R. Since r1 and g have the same denominator,
we see that the poles of Q1 and Q> are cancelled and therefore the poles of A are
those of rfl, i.e., the zeroes of r;. m]

As a consequence of the previous results, we obtain the following relation
between the two columns of X! and M_. In what follows we use the notation

f+ = (fi+, fo+) and s+ = (514, 52+).

Theorem 1 With the same notation as in Proposition 3, there exists r» € R,
bounded at oo, with the same poles as q, such that

sy =17 (Rl +J02) fr, (22)
so = (nl+J0)) fo. (23)

Proof From (18) and (19) we have
sg =11 I+ J02) fi (24)
so =, G I+ Q) f-, (25)

and using (11) and (17), we obtain
arp=8""sT01f- =8,sT 02 f4, (26)

so the result holds with 7, = Arj and r is bounded at oo, since ¢ is bounded there.
O

‘We note that (22) is equivalent to

o
{S1+ = 71_1 (r2f1+ + fo+), @7
s = 1y (r2fo+ +qf14),
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and that (23) is equivalent to

—1
O @
Now we address the question of determining r». It must be such that s, given by
(27) and (28), are analytic in Dljf, s+ € (Hio)z, and 54 (0) = [(1)], in that case s
and s_ are the second columns of X! and M_, respectively, as formulated next.
Proposition 5 If ro € R is such that si and s_, defined by the right hand side of
(27) and (28), respectively, are functions in (Hio)z, with s+ (0) = |:(1):| then sy and
s_ are the second columns of X~ and M_, respectively. In that case, ry is unique.

Proof We have that
Msy = M(r7" 2T+ 702 f1) = 17 (Mra fi + M 02 f1)

=r (nf-+J01f) =5,

and since s+ € (Hj‘i_o)2 with s (0) = [O}, we have the second columns of X!

1
and M_. Moreover, from (26) we have r, = 84 si 0> f+, and the uniqueness of r;
follows from the uniqueness of f and 5. O

Remark 2 Using (26), we note that , can also be expressed as rp = s—1sT O1f-.

Since r, has the form

Ry
rp=—,
P2

where p» is the denominator of ¢ as in (3) and R; is a polynomial of degree not
greater than deg(p2) (since r, is bounded at co), we only have to determine the
coefficients of R,, which must be such that the zeroes of (r21 + J Q) f+ cancel the
zeroes of rj in DJ{ and the zeroes of (r2I + J Q1) f— cancel the zeroes of ry in D

We now present a systematic method to obtain those coefficients in the case
where 7 has simple or double zeroes; the method can however be generalised,
following the same reasoning, for higher order of zeroes.

Let each zero of r| be denoted by z;r if it belongs to ]D)ff, and by z; if it belongs
to Dr.. Imposing that (r2I + J Q2) f4 vanishes at a zero zl.+ of r| means that, for
f+ = (fi+, fo+), and rq given by (14), we must have

{ Ro(zD) fis @) + p2@H) for ) =0,
(29)

Ro(z) for G + p1 (@) fir(EH) = 0.
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Note that, since r; is given by (13), we have that

p1 f12+ — P2 f22+
D2 ’

rp =64+
SO
P& @D = p2E) £ @,
and it follows that, since f14 and f>4 cannot vanish simultaneously,

fEH) =0= pi1(zf) =0,

fi+@H =0= pa(zf) = 0.
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(30)

We will show that (29) reduces to just one equation, for which we consider three

cases:

1) if foy (zl.+) = 0, the first equation in (29) is equivalent to
Ra(z]) =0,

while the second equation is satisfied for any Rz(zi’L);

€29

@) if f1+(z,.+) = (0, the second equation in (29) is equivalent to (31), while the

first equation is satisfied for any Rg(zj');

(i) if fi+(z), fo+(z") # 0, then multiplying the second equation in (29) by

fi+(zf) we get

Ro(z") for &) i &D) + pi()) ) =0
= Ro(Z) for (&) fis &) + pa(@D) £z =0

= @) [RaD) fir @) + p2(E) frr(zDH] =0,
which is equivalent to the first equation in (29), i.e.
Ry fir @) + p2(&) fo4(z) = 0.
Analogously, for f— = (fi—, f>—) and a zero z; of r1, we get

Ryz;)=0, if fi_(z;)=0 or fr_(z;)=0,

(32)

(33)

(34)

R Y fi— @G Y+ Y fam (7Y =10, if  fi(gY, fam(z;) #0.

(35)
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If all the zeroes of r; are simple zeroes, then (31)/(33) and (34)/(35) provide
a system of equations allowing to determine all but one coefficient of R»; the
remaining coefficient is obtained from the normalising condition s14+(0) = 0.

Remark 3 Note that the normalising condition 514 (0) = 0 implies that s, (0) = 1,
as follows. First we note that

no=os (ar— 1) (36)
Using (27) and (36) we have

sofie =1y (rz fitfor +4q f12+)
o1 —1 (-1 2
=r; 1 fiyfor 1 <3+ 1 +f2+)
=r 2 fir + o) for + 87
=514 for +85

Imposing 514+ (0) = 0 and using §(0) = 1, this yields 52 (0) = 1.

To extend the method presented above to the case where r; has double zeroes, let

us assume that p; has a double zero at zl* € ]D)li'. Using the above results, we see
that the conditions that we have to impose on r; are the same as above and moreover

{ Ry(z) fir (@) + Ra(z) £l D) + phED) for &) + p2(c) 3.5 =0,

Ry(z) for G + Ra) f3,.0) + P @) fieGH) + piED) f1, ) = 0.
37

To show that this pair of conditions can be reduced to one equivalent condition, we
consider once again three cases. First, however, note that saying that p; has a double
zero at zl.+ means that (cf. (30))

P A @D +2p1ED) fo@D AsEh
—PhED) A @D = 2p2(ED) £ paEhH =0,
ie.

piEh FREH + piEH o@D AeED

= P55 7. @) = pi@D) @) fie @) + 220 fr.E@D) for @),
(38)
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With this in mind,

(i) if fo4(z]") = 0, from (31) and the first equation in (37) we get

+y —

Ry(ZD) fis &) + p2(zh) £,z =0,

while the second equation in (37) is satisfied for any Rz(zl.+) because
fo+ (&) = pi(z]) = Ra(z;") = 0 and (38) implies that p| (") = 0;
(i) if f1+(zl*) = 0, the equations analogously reduce to

{ Ry(z]) =0,
Ry(z) far @) + p1ED) f1(0) =0

(i) if fi+(z"), for(z") # 0, then multiplying the second equation in (37) by
f1+(z?') we see that it is equivalent to

Ry for D) fia @) + P2 for D) f3,(2D)
+preh) 5.0 = piEh fie @D f @ =0, (40)
where we used (33) and (38). Now, from (33) and (30) we have that
Ry(Z]) for () + p1(ED) fis (D) =0,
and substituting in (40) we obtain
frr GO [RYGED) fie @D + p2(E) f5,.GD)
+05z) for 20 + Ra(z)) f1 D] =0,
which is equivalent to the first condition in (37). Therefore we find that
imposing a double zero for p; at z;’ is equivalent to imposing, in this case,
{ Ry(z]) fir (@) + p2(@) for(z) =0,
Ry(Z) fir &) + Raz) f1, @D + (p2 o) () = 0.

Analogously, for f~ = (fi—, f2-) and a double zero z;” of r| in D, we obtain
the conditions:

() if fi-(z;) =0,

{ Ra(z) =0,
Ry(z;) fo—(z;) + p2(z;) fl_(z;) =0;
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(ii) if fr-(z7) =0,

{ Ry(z;) =0,
Ry (z;) fi-(z;) + p1(z) f_(z;) =05

(iii) if f1-(z; ), f2-(z;) # 0,

{ Ra(z;) fi-(z;) + p1(z;) fa(z;) =0,
41

Ry(z) fi—(z;) + Ra(z)) f_(z7) + (p1 foo) (z;) = 0.

Proceeding analogously for every double zero of 7y, and as in the previous step
for every single zero of 1, and adding the normalising condition s;4(0) = 0, we
obtain a linear system providing the coefficients of the numerator of r;.

Remark 4 Note that this linear system is what we would have obtained had we
only imposed that one of the components of s (respectively s_) is analytic in DJ{
(respectively D) and satisfies a certain normalising condition; the analyticity and
normalising condition for the other component follows from there.

We end this section with a proposition that extends this result to general 2 x 2
matrices M, provided they are rational. It relates the two components ¢+ and ¢4
of any solution to the Riemann-Hilbert problem of the form

Mpyr=¢_ on I, with ¢ = |:¢l+i| € (H)?, (42)
$2+

such as (8) and (9), in the case that M is a rational 2 x 2 (not necessarily symmetric)

matrix function
M= I:QII 412:| )
q21 922
From (42) we have that

g1+ + g =¢1- =T € R,
2191+ + g+ = ¢r- =Tr € R, (43)
where 77 and T, are rational functions bounded at oo, whose denominators are
defined by the poles of g;; in ]D)l‘f (i, j = 1,2). We can therefore reduce the problem
to the following case with polynomial coefficients,
P11®1+ + pr2go+ = Py,
P2191+ + podayr = Pa,
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where p;j, P; (i, j = 1, 2) are polynomials. We have the following, which is a slight
generalisation of Lemma 3.9 in [5].

Proposition 6 Let p;;, P; (i, j = 1,2) be polynomials such that p11 p22 — p12 p21
does not vanish on I'. Assume moreover that p1;, p2i do not have common zeroes in
]D}L and consider the solution
1
0}

P11¢1+P12¢2=P1} on T. (44)
P21+ pogy="P

of the system

Then, if ¢ is analytic in D, ¢2 is also analytic in D'F", and vice versa.

Proof By Cramer’s rule we have that

= P p» — Ppi2
P11 p22 — P12 le'

On the other hand, from (44) we have

_Pi—pu¢r _ Pr—pué

P12 p22

b2 (45)

If ¢ is analytic in ID)JFr and p12, p22 do not have common zeroes in Dy, then in the
neighbourhood of any zero of pi; in ID)Iir we see from the second equality in (45)

that % must be analytic. Thus ¢; is analytic in Dt

Conversely, if ¢, is analytic in D7, it follows by an analogous argument that ¢
is also analytic in D" O

Remark 5 To obtain a solution to (8) when M is a rational matrix, one has to solve
(43) for the unknown scalar rational functions 77 and 7>, which must be determined
such that both ¢14 and ¢4 belong to H{°. The result given above shows that it
suffices to determine 77 and 73 such that ¢1 is analytic in DJ{.

Rational matrices are of great importance in gravitational theories, yielding
solutions to the Einstein field equations, such as the famous Schwarzschild solution
and the non-extremal Kerr black hole, via WH factorisation, as explained in the
next section. There are different methods to study their WH factorisation. Classical
methods, such as those presented in [4, 12] (see also [7]), while providing conditions
for existence and estimates for the partial indices of that factorisation, are, in
general, computationally extremely difficult to apply in order to obtain explicit
enough formulae for the factors allowing one to determine from these the explicit
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form of the space-time metric. This problem is aggravated in the case of monodromy
matrices, considered in the next section, by the fact that the elements of the matrices
depend not only on the complex variable T with respect to which they are rational,
but also on several parameters in a very non-trivial way. This is true even in the case
of apparently simple 2 x 2 monodromy matrices, such as the non-extremal Kerr
monodromy matrix [5]. So different classes of rational matrices may need different
factorisation techniques. The method presented here, which consists in obtaining
first one of the columns of X~! and M_, using Proposition 6, and then looking
for a scalar rational function r, providing the second column by Theorem 1 and
Proposition 2, is in general computationally simpler and can moreover be applied
to non-rational 2 x 2 matrices. Note that, for matrices of the form considered in
this paper, the main computational difficulties, when determining a second column
using Theorem 1, are connected with the degree of the denominator of g (which is
the maximum degree of the numerator of ry, see (14)) and not with the number of
poles of the elements of the matrix M.

3 The Einstein Field Equations and the Monodromy Matrix

The Einstein field equations, a system of 10 nonlinear second order PDE’s in 4
variables for the space-time metric g, relate the geometry of space-time to the
distribution of matter and energy, described by the stress-energy-momentum tensor
T, within it. In the following, we will assume the absence of a cosmological constant
term in the field equations. When 7' = 0 in the region under consideration, the field
equations are also referred to as the vacuum field equations.

Obtaining exact solutions to the field equations is, in general, a non-trivial task.
Exact solutions, which play an important role in Physics and Mathematics, can
however be obtained under simplifying assumptions, such as symmetry conditions.
We focus on the subspace of solutions of the field equations possessing two
commuting isometries, so that the theory can be reduced to two dimensions using a
well-known 2-step procedure [13], and the problem of solving the field equations is
reduced to a system of nonlinear second order PDE’s depending on two coordinates,
which we denote by p and v, called Weyl coordinates, with p > 0. We identify
these solutions with matrix functions M (p, v) of class C2, which satisfy the field
equations

d(pxA)=0, A=M'dm, (46)

where  is the Hodge star operator, detM = 1 and M = M’ [13]. Here
denotes a certain involution called generalised transposition. When 7' = 0, i.e. when
dealing with the vacuum field equations, M is a 2 x 2 matrix and { denotes matrix
transposition.

Determining explicit solutions to the field equations (46) by means of a Riemann-
Hilbert (RH) approach is one of the most recent applications of WH factorisation
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theory. Here the factorisation is considered with respect to an admissible contour,
by which we mean a closed simple contour in the complex plane, encircling the
origin and invariant under the involution 7 +— —’%, where A = £1 depending on

i)
the physics context. This RH approach crucially involves introducing a complex
parameter t, called the spectral parameter, which is allowed to vary on an algebraic
curve, called the spectral curve, given by the relation

R
w=v-+ 5,0 , T e C\{0}. 47)
T

Given an n x n matrix M(w) with det M(w) = 1 and M(w) = M*(w), we consider
then

2

T
) (48)

Mou(@ = M@, _, 0 o = M+ % o’ -
which we call the monodromy matrix.

We can now state the main theorem of [1], where it was shown that, under
very general assumptions, the canonical WH factorisation of M, ,(r) w.r.t. an
admissible contour I" in the t-complex plane, normalised at 0, determines a solution
to the field equations (46).

Theorem 2 ([1, Theorem 6.1]) Let the following assumptions hold:

(1) There exists an open set S such that, for every (po, vo) € S, one can find a
simple closed contour T in the t-plane, encircling the origin and invariant
under T +— —%, such that: for all (p, v) in a neighbourhood of (pg, vo), the

i
matrix M, ,(t) given by (48), as well as its inverse, is analytic in a region O
in the t-plane containing T'. We require O to be invariant under i), and such
that M}, (t) = M, ,(t) on O;

(2) for any (p,v) in a neighbourhood of (py, vo), My v(t) admits a canonical
Wiener-Hopf factorisation with respect to T,

Mpo(t) = M;’v(l’) X(t,p,v) on T,
where the “plus” factor X is normalised by
X(O9 )0, U) = ]II’IXH

forall (p,v) inaregion S C RT x R;
(3) the matrix function X (t, p, v), for each T € Dif U 0, and

M(p,v) == Tli)rgoM;,v(r) (49)
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are of class C* (w.rt. (p, v)) and %—ﬁ and %—f
Df U 0.

Then M(p, v) defined by (49) is a solution to the field equations (46).

are analytic as functions of T in

Note that these assumptions, which may at first seem complicated, allow in fact
for a broad range of applicability of the results and they are easily seen to be
satisfied in all known physically significant cases. Also note that different choices
of the contour I' lead to different factorisations of the same monodromy matrix,
and therefore to different solutions to the field equations originating from the same
monodromy matrix [1].

To uniformise the notation, we will write M_(7) instead of M;’U(‘E).

We now apply the method discussed in Sect.?2 to two specific 2 x 2 symmetric
monodromy matrices M that possess a canonical WH factorisation. Their canonical
factorisation yields stationary non-static solutions of the vacuum field equations.
These solutions, which depend on parameters that introduce rotation in the space-
time geometry, are seen to be deformations of static solutions belonging to the
known class of AIII-metrics [1, 11]. Note that deforming a solution of the vacuum
field equations in such a way as to obtain another solution is a non-trivial task when
employing usual PDE methods; transformations that achieve this in the PDE context
are sometimes called Kinnersley transformations [16, page 4].

3.1 An Example with Non-vanishing Component f

Let

M) = % +52w cs (i + a)) _ |:El(w) I;(a))i| ’

cs (%—l—a)) cza)—i—% B l;(a)) d~(0))

where ¢, s € C with

Here we take ¢, s # 0.

We have
- a(w) 2+ 52 w?
= — = 50
and
. o 1412
q(t) =g (v + ) ) )
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obtained from (50) by substituting the relation given in (47) with A = —1,

1 2
w=v+£ tr
2 T
Note that
p (T —10) -
=3 (t — ),
where
—v4+JvE—pr 1 —v—=v2—p2
Hn=——, Tp=—=
o 70 o

We choose an admissible contour I" such that 7y lies inside the contour, in which
case T lies in D [1].

The following useful relations will be used in determining a canonical factorisa-
tion of M,, ,(7) defined by

1 2
Mp,v(f)=M<U+§ tr )

(which will simply be denoted by M(7) in the following):
2
(CZA_I :l:szA) (szA_l j:c2A) - (A:l:A‘1> = +1 (51)
for any A € C. In particular, one obtains from (51) that

det M(z) = 1.

To establish the existence of a canonical factorisation for M, we first solve the
Riemann-Hilbert problem

Mpr=¢_ on T, with ¢y eCl, ¢_e Cf’o, (52)
where C* o consists of the functions in C " vanishing at co. Note that
w=m_my,

where

70 (T — 1 T0—T
mo—_ R0 BT eDE, & eDr. (53)
2 T 70
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From (52) we have that

(czmjlmjrl + szm_m+) b1+ +cs (mjlmll + m_m+> ¢2+ = ¢1— = Ry 0,
cs (milm_;l + m_m+) b1+ + (czm_m+ + szmjlm_f) ¢2+ = ¢2— = Rop,
(54)

where R o and R are rational functions vanishing at oo and with the same poles
asm_,m_", ie. with simple poles at T = 0, tp. Using Cramer’s rule, we have from
(54) that

Rio cs (mjlmil + m_m+>

2 2 -1 _—1
Ryo c"m_my+s"m_m;

d1+ =

= (Rl,o 2 — Ry cs) m_my + (Rl,o §2 — Ry cs) lemll, (55)

and we look for functions Rj ¢, Rz ¢ of the form

AT + Ag Bit + By
Rl,O = < 20 = — >
(T — 10)

T(r — 1)
such that ¢, given by (55) is analytic in D, i.e. with a double zero at O for the
numerator of the first term in (55) and a double zero at 7 for the second term, taking
(53) into account. This implies that Ap = By = A1 = B; = 0, so (52) admits
only the zero solution ¢+ = ¢_ = 0 and we conclude that M has a canonical
factorisation.

To obtain the canonical factorisation

M) =M_(t) X(r) on I, with X(@0) =1,

we determine the two columns of X ~' and M_ separately. The first columns of X !
and M_ are given by the (unique) solution to

Mfy=f on T, with fie(CH% f1(0)=(1,0).

Denoting f4 = (fi+, f2+), we get a system as in (54), with R o and R o replaced
by R; and R3, respectively, where R; and R; are rational functions bounded at co
and with simple poles at 0 and 19, yielding

Ry ©cs (mzlm_T_l + m_m+>

2 -1 _—1
m_-m_

Sfiy =

Ry m_my+s

= <R1 - Ry cs) m_my + <R1 s?— Ry CS) m:lmj_l, (56)
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2 m:bmjrlﬂ +152 m_m4 R
for = cs (mibmlb —i—Lm_erQ Ry

= <R2 52 —LR cs) m_m4 + (R2 c? —LR; cs) milm;]. 57

Taking the form of (56) into account, we look for «1, ap € C such that

Ric>—Rycs =aym_",

R s? — Rycs =arym_,

which is equivalent to having

R = o m- — oarm_,

Ry c2—0t1m:1 Rist—aam_ almzlsz—(xgm_ c?

= . (58)
cs cs cs

Ry, =

It is easy to see that, for Ry and R; given by (58), f1+ and f>4+ given by (56) and
(57) are analytic in D' with

-1
Si+ =a1rmy +army -,
c s
Srr=—ar-m —oay-—my,
s c

and from the normalising conditions f14(0) = 1, f24+(0) = 0, we get o1 =

2, o) = —s2, so that

c2m+ —szm;l AEmZ 4+ s2m_
f+ = sc (mll - m+) o f-= sc (m:I +m_) '
The second columns in X~' and M_ can be determined analogously with

different normalising conditions. However we will obtain them here using the results
of Sect. 2, namely Theorem 1. Noting that, by (51),

2 -1 _ 2 2
fH_(c my —s m+) =1-f5,
we have that

r =C]f12+—f22+= (qfu—i—czmj_l —s2m+> fi+ — 1,
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and hence
— @ fis+m =P s | e+ frr =11 (<) (59)
Comparing (59) with the equation for s given in (27), we take
— 2 —1 2
rn=—(q fi+ +c"mL —s"my) oy

and s1+ = — f2+. Using (27) and (28), this uniquely determines s and s_ to be

| I e

czmjrl —s2m+ s2mZl + c2m_

In particular we see that s1+ = — fo4 and s1— = fo_.
The matrix M (p, v) is obtained from the matrix M_,
AEm +52m_ sc (m:l + m,)

M_ =
sc (mZI + m,) szm:1 +cm_

by using (49) and reads,

M(p.v) = |:czf_1+s2f sc(f_l—i-f)]’

sc(f_l—i-f) s2fl et f
Flp.v) = —"Tﬁ’ - <v+\/v2 —p2), (60)

where we restrict to the region v > p to ensure that we obtain a solution that is real.
Given a matrix M (p, v), it encodes a solution to the vacuum field equations, i.e.
a space-time metric [3]. Namely, denoting the matrix elements of the matrix M by

A+ B
m=|At 5, (61)
x

and defining the function B by the relation p x dB = A2 d B, the associated space-
time metric is given by

D>~ D>

ds? = =1 A (dt + Bdp)> + A~ (e‘/’ (dp® + A dv?) + p2d¢2) : (62)
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where ¥ (p, v) is a function obtained from M (p, v) by integration [1, 13]. For the
example (60) we have A = —1 as well as xdp = dv, xdv = dp. Restricting to
region v > p, we obtain the space-time metric (62) with

%(v—i— vz—pz)

2’
sz_,_czz_l1 (v+ Uz_p2>

B =2scptg = —2cs (v—,/vz—pz),

oo vtV 02
2 v2—p2

A =

We note that B # 0 provided s # 0; in this case the metric is stationary and non-
static. When s = 0, the metric is static and describes a known metric that belongs
to the class of AIII-metrics [1, 11]. Thus, the stationary metric (with s # 0) can be
viewed as a deformation of a static metric (with s = 0).

3.2 An Example with Vanishing Component f>

Now we consider

v 5 i) b(w)

where € € C. Here we take € # 0.

We have
- _alw) 1
and
2
q(r)=c}(v+31 ’), (64)

2 T

obtained from (63) by substituting the relation given in (47) with A = 1,

pl—1?
= — .
w +2

T
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Note that

w=_PEZ™ =y
2 T

where

v — /0?4 p? - 1 v+vr4p?

=, 0=——=
o 0 J

We choose an admissible contour I" such that 7 lies inside the contour, in which
case 7o lies in D> [1]. We define

p . (t—10) To—1 . _
m_.=—19————0, My =——-", toe]D)If, 7o € Dr.
2 T 70

and note that
w=m_my.

It can be shown, as in the previous example, that the monodromy matrix

1— 2
Mp,v(r)=M<v+§ i )

T

possesses a canonical WH factorisation (2) w.r.t. I', with the factors X —1 and M_
possessing the following first columns (denoted by f1 and f_, respectively),

A e e R
S+ [f2+ NIE /- . em-1]"
Note that f,4(r) = 0and f>_(7) = €f1-(1)).
To determine the second columns of X ! and M_, we use the method described

in Sect. 2. The second columns will be denoted by s and s_, respectively.
First we express the rational function ¢ in (64) as

g= p1(7)
pa(r)’

where

2
D) =12 palr) = %(r — 10)2(1 — %0)? + 222, (65)
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The quantity rq, given in (36), takes the form

P1
ry = —
P2
with
. T — )P
Pr=—F1LH
K0

and p given in (65). Both p; and p; are polynomials of degree 4. p| has two double
zeroes, one located in the interior of I' (at T = 0) and one located in the exterior of
I' (at T = 7).

Next, we determine the rational function r», by demanding that the zeroes of
(r2+ J Q) f+ cancel the zeroes of ry in ]fo and the zeroes of (rp + J Q1) f— cancel
the zeroes of r1 in D. Using (39) and (41), we obtain (where we use that f>4 (1) =

Oand fo_ (1) = efi_(1)),

R>(0) =0,
R} (0) =0,
Ry (7p) + €p1(Tp) =0,
R),(T0) + €p}(To) = 0.

(66)

Now we use that R is a polynomial of degree not greater than deg(pz) = 4, i.e.
Ry(7) = At + B+ P+ DT + E,

where the constants A, B, C, D, E are determined by the four conditions (66) as
well as by the normalising condition s14(0) = 0 (cf. Remark 3). Imposing the
first two conditions in (66) gives D = E = 0, while imposing the two remaining
conditions in (66) gives

B =-2AT1,
C=—c+ATZ. (67)

Next we use the normalising condition s;4(0) = 0. Using the expression for s;4
given in (27) we obtain C = 0, which when combined with (67) gives

€ €
70
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The polynomial R; is therefore determined to be

T 2
R2=6T3 ~—2—~— .
7 70

Having determined r, using only knowledge about the first column vectors f
and f_, the second column vectors s; and s_ are uniquely determined using (27)

and (28),

-1 -1

_ € <m+ - m+ ) _ € m_
S+_[ m?! } S_[m—+62m:1]
The matrix M (p, v) is obtained from the matrix M_,
m_ € m:I
Mo = 1 11>

by using (49) and reads,

s ef!

v+ v+ p?
ef™t f+etf! '

M(p,v)=[ 5

] f(p,v)=p7~0=

Using (61) and (62) with A = 1 as well as xdp = —dv, xdv = dp, the associated
space-time metric is given by

ds? = —A (dr + Bdg)? + A~ (e‘ﬁ (dp? + dv?) + ,02d¢>2> :
with
3 <v+\/v2+p2>

- ’

2
€2+i(v+ v2+,02)

B=2€,010=26(v—‘/v2+,02>,

b v+ v2 4 p?

NS

We note that B # 0 provided € # 0; as in the previous example, the metric is
stationary. When € = 0, the metric is static and describes a known metric that
belongs to the class of AIII-metrics [1, 11] but is different from the A1 I-metric
mentioned in the previous subsection.
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Invertibility of Toeplitz Plus Hankel ®)
Operators on /P-Spaces ST

Victor Didenko and Bernd Silbermann

Dedicated to Yuri Karlovich on the occasion of his 75-th
birthday

Abstract The invertibility of Toeplitz plus Hankel operators T'(a) + H(b), a,b €
L acting on /”-spaces is studied. If the generating functions a and b satisfy the
equation

aa(l/1) =b)b(1/1),

various sufficient conditions for the invertibility and one-sided invertibility of the
operators T (a) + H (b) are obtained and the corresponding inverses are constructed.
Necessary conditions of one-sided invertibility are also discussed. Besides, we
suggest a generalization of the above condition for the functions a and b, which
allows to extend the approach used to a substantially wider class of Toeplitz plus
Hankel operators.

1 Introduction

Let R and C be respectively the sets of all real and all complex numbers, T the
counterclockwise oriented unit circle in the complex plane C, and L? = L?(T) the
complex Banach space of all Lebesgue measurable functions f on T equipped with
the norm
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1 1/p
<—/|f(f)|p|df|> <oo, if 1<p<oo,
. 27T T
1Al =

esssup | f(?)| < oo, if p=o0.
teT

Toeplitz plus Hankel operators and Wiener-Hopf plus Hankel operators arise in
statistical mechanics, random matrix theory, scattering theory [1, 4, 16, 18-23]. The
invertibility of such operators plays an important role in the asymptotics of Toeplitz
plus Hankel determinants and approximation methods for related operator equations
[3]. However, unlike the scalar Toeplitz operators, Fredholmness of Toeplitz plus
Hankel and Wiener-Hopf plus Hankel operators does not imply their one-sided
invertibility. Therefore, finding effective invertibility conditions and constructing
the corresponding inverses face essential difficulties. In particular, although it is
known that a Toeplitz plus Hankel operator T (a) + H (b) is invertible if and only if
the so-called partial indices in the so-called special antisymmetric factorization of
the matrix

~_1 Tl

Via,b) = (”,f’l @~ bha ) ()
a —a b

are equal to zero [14, 15], there are no methods allowing to evaluate these indices
for general symbols a and b. Here and throughout the following we denote by g
the function defined by g(¢) = g(1/¢). On the other hand, if (a, b) is a matching
pair—i.e. if this duo satisfies the so-called matching condition

a(t)a(l/t) =b@)b(1/t), teT, 2)

the invertibility, one-sided invertibility, generalized invertibility of the operators
T (a) + H(b) acting on classical Hardy spaces can be successfully treated and the
corresponding inverses can be constructed—cf. [2, 6, 8, 10, 11]. It is worth noting
that the approach employed in this situation is not related to the antisymmetric
factorization of the matrix (1) but exploits the Wiener-Hopf factorization of
auxiliary scalar functions associated with the symbols a and b. Moreover, in most
cases, the corresponding inverses can be expressed in explicit form.

Passing to Toeplitz plus Hankel operators acting on the sequence spaces [7,
we note that the methods of [6, 8, 10, 11] do not always work even for Toeplitz
operators. This happens because the invertibility conditions obtained there are based
on Wiener-Hopf factorization of scalar functions in L”-spaces. However, for the
operators acting on [”-spaces, p # 2, such a factorization can be exploited only
for operators with symbols which are /”-multipliers along with their Wiener-Hopf
factors. Nevertheless, this factorization can still be of use when studying Toeplitz
plus Hankel operators on the spaces of sequences but additional conditions are
needed. The corresponding approach was developed in [9] and some results of that
work are used here when considering the invertibility of the operator T (a) + H (b)
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on [P-spaces and constructing the corresponding inverses. Along with the one-sided
invertibility and invertibility of Toeplitz plus Hankel operators, we also consider
a few situations where these operators are only generalized invertible and determine
their generalized inverses. Note that an operator B is called generalized inverse for
the operator A if

ABA =A.

This work is organized as follows. In Sect.2, we recall some properties of
Toeplitz operators acting on [”-spaces which are needed in what follows. In Sect. 3,
sufficient conditions for the one-sided invertibility, invertibility, and generalized
invertibility of Toeplitz plus Hankel operators are presented and the corresponding
inverses are constructed. The invertibility condition given in this section are based
on the invertibility of auxiliary Toeplitz operators, called the subordinated operators,
and are not directly associated with the properties of a Wiener-Hopf factorization
of their generating functions—cf. Theorem 1. The formulas for the inverses of
Toeplitz plus Hankel operators contain the inverses of the subordinated Toeplitz
operators acting on [”-spaces, p # 2. Therefore, we also recall recent results
related to this issue. Section 4 deals with more delicate invertibility conditions for
a special class of Toeplitz plus Hankel operators. The main feature of this class
is that the corresponding subordinated operators, generated by the same matching
pair on the space [P and on the Hardy space H?, 1/p + 1/¢q = 1, should have the
same indices. The later requirement allows to use the Wiener-Hopf factorization in
case of Toeplitz operators acting on [”-spaces. Consequently, we obtain necessary
conditions for one-sided invertibility of Toeplitz plus Hankel operators and new
sufficient conditions different from the ones in Sect. 3. In particular, we note that
Toeplitz plus Hankel operators can be invertible even if the subordinated operators
are only one-sided invertible from the same or from different sides. Finally, in
conclusion we note a generalization of the condition (2) which allows to apply the
approach used to a substantially larger class of Toeplitz plus Hankel operators.

2 Operators on /”-Spaces

Let Z and Z; respectively denote the sets of all integers and all non-negative
integers. Consequently, [? = [P (Z) and [? = [P(Z4), 1 < p < oo are the Banach
spaces of all sequences & = (§,)nez and & = (§,)nez, of complex numbers such
that

1/p
&0, = (Z |sn|”) < o0,
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where the summation is over Z or Z,.. In what follows, the space /7 is regarded as
a natural subspace of /7, 17, and by P we denote the canonical projection from [ 17 onto
[P . We also consider the spaces [y and ¢ of the sequences (£,,),cz, the first of which
consists of all finitely supported sequences and the second one of all sequences that
tend to zero as |n| — oo.

Let #: LY(T) — cp refer to the Fourier transform

F(f) = (Fulnez,

where

4 . .
fo=oz | ST a0
T

are the Fourier coefficients of the function f. Consider now a function a € L'(T)
and define a linear operator on [y by

(L(a)8)i = Zﬁk_mém, keZ.

mez

This operator is often called the Laurent operator generated by a.
We say that a is a multiplier on [? if L(a)& € I” for any & € [p and

IL@)]l := sup {IL(@Ell : € € lo(D), ]l =1} < co. 3)

If a satisfies the condition (3), then L(a) extends to a bounded linear operator on the
space [”. This extension is again denoted by L(a) and the set of all /”-multipliers is
referred to as M”. Equipped with the norm ||a||p» := ||L(a)]|, the set M? becomes
a commutative Banach algebra.

It is worth noting that M is the Wiener algebra W = W(T) of all functions
having absolutely convergent Fourier series, that M2 = L, and that every function
a € L with bounded total variation var (a) belongs to any algebra M”, p €
(1, 00). In particular, the sets of all trigonometric polynomials and all piecewise
constant functions belong to all M?, p € (1, 00), and their closures, respectively
denoted by Cp, and PC), are subalgebras of M”, as well. For other properties of
multipliers, the reader can consult [5].

3 Invertibility: Direct Approach

Let J be the operator defined by

JE = J((Enez) = E-n-Dnez> (Endnez €7,
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and let Q = I — P, where I denotes the identity operator. The Toeplitz operator
T (a) and the Hankel operator H (b) generated by functions a and b are defined on
[P (considered as a subspace of [7) by

T(a):=PL(a), H®):=PL(a)QJ.

If a,b € M?, then T(a), H(b) : I[P — [P are bounded linear operators and if
(&,) €17, then

T(a): (¢))jez, — | D @j-ikx ,

k€Z+ j EZ+

H®b): Ejez, = | D bjunk

k€Z+ j€Z+

As was already mentioned, we are going to study the invertibility of Toeplitz plus

Hankel operators T (a) + H (b) the generating functions of which are connected in

a special way. More exactly, from now on we assume that a, b € MP? and satisfy

the matching condition (2). In addition, assuming that @ and b belong to the group
G M? of invertible elements in M”, we consider the functions

ci=ab Y (=ba ", d:i=ab '(=ba ",
and note that the duo (c, d) is also a matching pair such that
C=dd=1.

This matching pair (c, d) and the Toeplitz operators T (c), T (d), respectively called
the subordinated pair and the subordinated operators, play an outstanding role in the
study of Toeplitz plus Hankel operators T (a) + H (b). In particular, the operators
T(@) £ H®b):1? — I?, p > 1 are both Fredholm if and only if so are the operators
T (c) and T (d). In what follows, any function g with the property gg = 1 is called
the matching function. Moreover, let us agree that for a, b € M7 all the operators
mentioned in the corresponding statement are considered on the space /? with the
same index p, unless the other is specified.

Theorem 1 Assume thata,b € MP, p > 1 constitute a matching pair. Then:

1. Ifthe operators T (c) and T (d) are left-invertible, then the operator T (a) + H (b)
is also left-invertible and one of its left-inverses has the form

B=1" (H@")+T@HT @ ~ H@)), )
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where Tl_1 (¢) and Tl_1 (d) are any left-inverses of the operators T (¢) and T (d),
respectively.

2. If the operators T (c) and T (d) are right-invertible, then the operator T (a) +
H () is also right-invertible and one of its right-inverses has the form

B=(U-HOT ' OTE " +HE@ )T, @, 5)

where Tr_1 (¢) and Tr_1 (d) are any right-inverses of the operators T (c) and T (d),
respectively.

3. If T(c) and T (d) are respectively right- and left-invertible operators, then the
operator T(a) + H(b) is generalized-invertible and one of its generalized-
inverses has the form

B=-H@® (AU - H@)-BHGE™)
+H@ YD — H@d) +T@™"), (6)
where

A=T'oT@"Hr '@, B=-T7'(), D=17"@. 7

Proof The proofs of the representations (4) and (5) are based on the well known
Widom identities

T(py) =TT W) + H(@)H W),

~ ®)
H(py) =T(@)H W) + H@T ().

Here we only show the representanon (4). The other one can be verified analogously.
Recalling that ¢ = ab™" = =ba'andd = ab~! = ba!, we first rearrange the
products H(d)T (a) and H(d)H (b). Taking into account the relations (8), we write

H(d)T (a) = H(da) — T(d)H@) = H(b) — T(d)H @),
H(d)H () = T(db) — T(d)T () = T(a) — T(d)T (b).
These representations yield
T@ "Y1, ' (d) (I — H(d)) (T (a) + H(b))
=T@ "H1,7 (@) (T(a) + H®b) — (T (@) + Hb) — T()H@ — T(d)T (b))
=T@H1, () (T@T®) + T H@))
=T@HT®) +TG@ HYH@)
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= (1@'®) - H@HH®) + (HE'D ~ H@HT @)

- (T(c) . H(’d—l)H(b)) i (H(l) — H(E_I)T(a))

=T(0) = H@ (T (@ + H(b)).

Therefore,
(H@H+T@HT U = H@)) (T(@ + Hb) =T(©)

and the representation (4) follows.

The generalized invertibility of T (a) + H(b), a, b € L and the representation
(6)—(7) have been established in [7] for Toeplitz plus Hankel operators acting on the
classical Hardy spaces H?”. The corresponding proof is also valid for Toeplitz plus
Hankel operators considered on the spaces of sequences. O

Corollary 1 If both operators T (c) and T (b) are invertible, then the operator
T(a) + H(b) is also invertible and its inverse can be obtained from any of
the representations (4)—(6) via replacing one-sided inverses by the corresponding
inverses T~1(¢c) and T~1(d).

Remark 1 According to the above corollary, we can have tree differently looking
representations for the operator (T (a) + H(b))~!. They can be transformed into
each other by using the Widom identities (8).

Remark 2 If both operators T (c) and 7 (d) are invertible from the same side, then
the formula (6) can also be used for constructing the left- or right-inverse of the
operator T (a) + H(b). However, the operators A, B, and D in (7) have to be
modified—viz. the operator 7,~!(c) should be replaced by Tl_1 (c) or the operator
Tl_1 (d) should be replaced by Tr_1 (d). Nevertheless, any of the representations (4)
and (5) looks much simpler than (6).

Theorem 1 shows that the inverses of Toeplitz plus Hankel operators are
expressed via the inverses of Toeplitz operators. For Toeplitz operators on classical
Hardy spaces, the inverses can be constructed by using the Wiener-Hopf factoriza-
tion of the corresponding generating functions. In /”-spaces this scheme does not
always work. Therefore, here we recall some results from [9] when the Wiener-Hopf
factorization of generating functions yields an appropriate factorization of Toeplitz
operators and efficiently construct their one-sided inverses.

Let H? = HP(T) and H' = H P(T) denote the Hardy spaces of all functions
f € LP the Fourier coefficients fof which vanish for alln < O and all n > O,
respectively. On the spaces L?, 1 < p < oo, we consider the operators

Jr@ =1'fah, Pr@) =) fut”,

HGZ+
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and the operator Q = I — P, where I denotes the identity operator. Consequently, if
a € L, then the Toeplitz and Hankel operators on the space H”, 1 < p < oo are
respectively defined by

T@)f :=Paf, H()f :=PaQlf.

The representations (4)—(6) for various types of inverses of Toeplitz plus Hankel
operators acting on [”-spaces are based on the one-sided inverses of Toeplitz
operators T (c¢) and T (b). For Toeplitz operators T(g), g € L considered on the
classical Hardy spaces H?”, their one-sided inverses can be efficiently constructed.
More exactly, assume that T(g) is Fredholm and ind T(g) = n, where

ind T(g) = dimker T(g) — dim ker T*(g)

is the index of the operator T(g). If n > 0, the operator T(g) is right invertible and
one of its right inverses has the form

T, '(g) =T~ (") T(™.

On the other hand, if n < 0, then the operator T(g) is left invertible and one of its
left inverses has the form

T, '(9) = T¢")T™ (")

The problem is now reduced to the construction of the inverse operator T~ (" g).
This can be done by using a factorization of the function g. Recall that a function g €
L*° admits a generalized Wiener-Hopf factorization in H? if it can be represented
in the form

gty =gt "gi(t), neZ, )

where g, € HY, gll € HP, g_ € HP, g—' € HY, and the linear operator
gIng:lI defined on the set span{t : k € Z,} can be boundedly extended
onto the whole space H”. In what follows, such a representation is simply referred
to as a Wiener-Hopf factorization. It should be noted that the above factorization
strongly depends on the space H”, but if p and the value of g_ at z = oo are fixed,
the representation (9) is unique. Accordingly, in this work we always assume that
g—(o0) =1.

Wiener-Hopf factorization is closely connected to the Fredholmness of Toeplitz
operators acting on the Hardy spaces H”. Thus the operator T(g) : H? — HP
is Fredholm if and only if g admits the Wiener-Hopf factorization (9), cf. [5]. In
particular, the representation (9) yields that ind T(g) = n and

T '(1"g) = T(g:HT(gZh. (10)
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Consequently, if ind T(g) = 0, the Toeplitz operator T(g) : H? — H? is invertible
and its inverse can be explicitly written in the form (10). On the other hand,
for invertible Toeplitz operators 7'(g) acting on sequence spaces [”, the Wiener-
Hopf factorization (9) of the generating function g € M? does not automatically
produce an explicit expression of the inverse operator 7~ !(g). Nevertheless, this
representation can still be helpful, as the following theorem shows.

Theorem 2 (cf. [9]) Assume that g € MP, the operator T(g): [P — P is
invertible, and let g == p/(p — 1), i.e. 1/p + 1/q = 1. If, in addition, the operator
T(g) is invertible on the space HY, then the function g admits the Wiener-Hopf
factorization

8§ = 8-8+;
in H? and the inverse for the operator T (g) can be represented in the form
T~ '(g) == T(gxHT(g="), (1n

where
T(gi) = @ Dfkeo T6ZD = @25 0%
8+ ) = g+,j,k j.k=0° 8— )= g,,j,k j.k=0>

and (’g:’ln)nez and (§:,1n)nez are the sequences of the Fourier coefficients of the
functions gll and g:l, respectively.

The representation (11) allows to construct one-sided inverses for Fredholm
Toeplitz operators acting on sequence spaces [” and, consequently, to derive
efficient formulas for one-sided and generalized inverses of operators 7 (a) + H (b)
with matching symbols a and b. However, Theorem 2 uses an important condition—
viz. the operators 7(g) and T(g) should be simultaneously invertible—viz. the
first on the space /P and the second on the Hardy space H?, 1/p + 1/q = 1.
This condition is, in particular, satisfied for the operators with symbols from
decomposing subalgebras of M? such as the Wiener algebra W = W(T) of
functions with absolutely convergent Fourier series. It is also known that for
functions g € PC,, the corresponding operators 7(g) : I — [” and T(g) : H? —
H1,1/p + 1/q = 1 are simultaneously Fredholm and have the same indices—cf.
[12, 13] and [17]. Therefore, if g € PC), and one of the operators mentioned is
invertible, then so is the other.

Thus the problem of simultaneous invertibility of the operator 7(g) on [P and
the operator T(g) on H? under the condition 1/p 4+ 1/g = 1 could be of interest in
both the theory of Toeplitz operators and Wiener-Hopf factorization.
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4 Invertibility: Factorization Based Approach

Although Wiener-Hopf factorization is a convenient machinery for constructing
the inverses of Toeplitz plus Hankel operators, the invertibility conditions in the
previous section do not involve any factorization arguments. On the other hand,
applying such factorizations to the corresponding operators on the Hardy spaces
H? allows to derive more subtle invertibility results. At the same time, for /”-
spaces the factorization (9) cannot be immediately used for obtaining required
information about the operators of interest. Therefore, here we consider a special
class of Toeplitz plus Hankel operators. However, before we proceed, let us agree
on the notation. First, as we already did earlier, the operators on Hardy spaces H?
will be written in boldface in contrast to the ones acting on /”-spaces. Besides, since
we consider operators on various H?- and [P-spaces, the index p will be sometimes
directly incorporated in the operator notation in order to show the space where the
corresponding operator acts. For example, T),(g) means the Toeplitz operator T (g)
acting on the space /¥, and H,, (g) the Hankel operator acting on the space H9. From
now on, we also presume that every time when the indices p and g appear together,
they satisfy the relation 1/p + 1/g = 1.

Note that if (a, b) is a matching pair with the subordinated pair (c, d) and T}, (c)
and T, (d) are Fredholm, then the factorizations [6, Eqgs.(3.1) and (3.7))] yield the
Fredholmness of T),(a) + H,(b). Besides, the one-sided invertibility of 7, (c),
T,(d) allows to obtain various results about the invertibility of T),(a) + Hp(b),
cf. Theorem 1 above. Thus the Toeplitz operators T}, (c) and T),(d) generated by the
pair subordinated for (a, b) are closely related to the corresponding Toeplitz plus
Hankel operators and have to be studied in more detail. First of all, we note that ¢
and d are special matching functions—viz.

=1=dd,
and recall the properties of Toeplitz operators with such generating functions. For

the reader’s convenience, we summarize them in the proposition below.

Proposition 1 (cf. [6, Corollary 5.3 & Proposition 3.4], [9, Theorem 7]) Let
g € GMP be a matching function—i.e. g¢ = 1. Then the following assertions
hold:

1. If the Toeplitz operator T4 (g) is Fredholm and ind T (g) = r, then the function
g admits a Wiener-Hopf factorization in H? of the form
—r ~—1

gt) =0(g)g+)t " g, (1), g-(00)=1, 12)

where g4 € HP, g7' € H9, and o (g) = g1(0) = 1.
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2. If the Toeplitz operator Ty(g) is invertible from the right, then the operators P;E
defined by

+ . 1
Pg =5 £10gP) (13)

are complementary projections on the null space ker Tj,(g).
3. Let T, (g) and T, (g) be right-invertible operators such that

indT,(g) =ind T, (g) =r,

the function g4 and the term o (g) be defined as in (12), and (:gjlj) be the

sequence of the Fourier coefficients of the function gj_l. Then the following sets
B of sequences form bases in the image spaces im PgjE :

(i) Ifr =2I,1 € N, then

N o o1 . =
By = {(ng’j,([,k,]) iU(g)ng,j,(Hk))]eer tk=0,---,1— 1} .

(ii) Ifr =21+ 1,1 € Z, then

. ~1 ~1 .
Be =@ a0 FO@T g piez. k=0, 1]\ (0}, (5)

Using the above results, we can establish sufficient and necessary conditions of
invertibility and one-sided invertibility for a class of Toeplitz plus Hankel operators
on [P. More exactly, let sm'; (K1, k2) denote the set of Toeplitz plus Hankel
operators Ty (a) + Hp() such that:

1. The duo (a,b) € GMP x GMP? is a matching pair with the subordinated pair
2. ”(I‘Ched ())i)erators Ty(c) and T (c) are Fredholm and

ind 7T, (c) =ind T, (c) = «1.
3. The operators T),(d) and T, (d) are Fredholm and

ind 7,(d) = ind T, (d) = K».
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4.1 Necessary Conditions

Let us start with necessary conditions for the invertibility of Toeplitz plus Hankel
operators from zm'; g (k1, k2). Note that in this section we will not directly appeal
to the operators acting on the Hardy spaces H?(T). Therefore, in order to simplify
the notation, we will write all operators without the subscript, which indicated the
space of the operator action.

Theorem 3 Assume that T (a) + H(b) € QﬁIT) g (&1, k2). Then the following asser-
tions hold:

1. If T (a) + H (D) is left-invertible and T (c) is right-invertible, then
k1 <1, Kky<l1. (16)

2. If T (a) + H(b) is right-invertible and T (d) is left-invertible, then
k1> —1, Kky>—1. a7

3. If T(a) + H(b) is invertible and both operators T (c¢) and T (d) are either left- or
right-invertible or if T (c) is right-invertible and T (d) is left-invertible, then

kil <1, fe2f < 1. (18)

Proof We start with the assertion 1. If T (c) is right-invertible, then according to [9,
Lemma 5], the kernel of the Toeplitz plus Hankel operator 7'(a) + H (b) has the
form

ker(T (a) + H(b)) = ¢(im P) +im P, (19)

where ¢ : ker T'(d) — ker(T (a) + H (b)) is the injective operator defined by
o l -1 o N -1 ~_1 ~_1]
o(s) = 7 T, ()T )s —JQcPT,” (c)T(a" )s+JQa 's), (20)

and the projections P* are introduced in (13). Note that the relations (14), (15)
show that if ind 7(g) = 2I, [ € N, then

dim Pgi =1 (21)
andifind T (g) = 2[4+ 1,1 € Z,, then

l+to(g)

. +
dlmPg =+ 2

(22)
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Assuming that one of the indices k; or k7 is greater than 1, we use (19), (21), (22)
and the injectivity of the mapping ¢ to obtain that the kernel of T (a)+ H (b) contains
anon-zero element. This contradicts the left-invertibility of the operator in question,
so that the estimates (16) hold.

Assuming that 7'(a) + H (D) is right-invertible, we note that its adjoint 7' (a) +
H (b) € M(14) is left-invertible. Besides, the duo (@, b) is also a matching pair with
the subordinated pair (d,©). Since T(d) is right invertible, the assertion 1 yields

_K2§17 _K1§17

and the estimates (18) follows.
The remaining estimate (18) is a consequence of (19), (21), (22) and the
assertions 1, 2. O

Consider now the case where T (c) and T (d) are respectively left- and right-
invertible operators having non-zero indices. This situation is not covered by
Theorem 3 and should be treated separately.

Theorem 4 Let T(a) + H(b) € MY, (k1, k2) and k1 < 0, k2 > O.
1. If the operator T (a) + H (b) is left-invertible, then:

(i) if k1 is an odd number and k) an even one, then k1 + k3 < o (c);
(ii) if k1 and k> are odd numbers, then k1 + k3 < o (c) + o (d);
(iii) if k1 is an even number and Ky an odd one, then k1 + k3 < o(d);
(iv) if k1 and Ky are even numbers, then k1 + k3 < 0.

2. Ifthe operator T (a) + H (D) is right-invertible, then:

(i) if k1 is an odd number and Kk an even one, then k1 + k3 > o (c);
(ii) if k1 and k> are odd numbers, then k1 + k3 > o (c) + o (d);
(iii) if k1 is an even number and Ky an odd one, then k1 + k3 > o (d);
(iv) if k1 and iy are even numbers, then k1 + k3 > 0.

Proof In order to prove the necessary conditions for the one-sided invertibility of
the operators from E)JT’T’ g (K1, k2), we need an additional characteristic for the indices
of the subordinated operators 7 (c) and T (d). Let n and m be the integers such that

O0<ki+2n<1, 0<2m—Ky<1.

Such n and m are uniquely defined and take values O or 1 depending on whether the
corresponding index kj, j = 1, 2 is even or odd.

Now we can exploit the kernel and co-kernel descriptions for the operators from
sm’; (K1, K2) in the situation when the corresponding indices satisfy the condition
k1 < 0, k2 > 0. In particular, to obtain necessary conditions for the left-invertibility
of the operator 7' (a) + H (b), one can use [9, Lemma 7]. We only prove the assertion
1(i). In this situation, we have

K1+2n=1, «y=2m.
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Note that for the reader’s convenience, here we write the related part of [9, Lemma 7]
in the ready-to-use form. More exactly, let c4 be the plus factor in the Wiener-Hopf
factorization of the subordinated function ¢, and {(c Y )} be the one-dimensional
subspace of the space [ generated by the sequence of the Fourier coefficients of the
function cll. According to [9, Lemma 7] and Theorem 1, the kernel of the operator
T (a) + H (b) can be represented in the form

o(c)

ker(T(a) + H(b)) =T (") ( (@)} + eim PJ)) : (23)

Note that the operator ¢ in (20) is generated by the matching pair (a, b). The same
representation (20) is used to determine the operator ¢ in (23), but the matching pair
(a, b) should be replaced by the pair (at™", bt").

Consider now the subspace U of [? defined as

1— .
U= "( 1790, 6 D)+ plim P

and assume that dim U > n. Then, there is an element ug € U, ug # 0, the first n
coordinates of which are equal to zero—i.e.

uo=10,...,0,&:,&+1,...).

Consequently, the kernel of the operator T (a)+ H (b) contains a non-zero element—
viz. T(t ™)ug, so that T(a) + H(b) is not left-invertible. This contradicts the
assumptions of Theorem 4. Thus,

n>dimU.

Taking into account the definition of the numbers n, m and the relations (21), (22),
we write the above inequality as

1—K1>1—(T(C) “
2~ 2 2

and the assertion 1(i) follows. The three other necessary left-invertibility condi-
tions—viz. 1(ii)-1(iv), can be proven analogously.

In order to establish necessary conditions for the right-invertibility of an operator
T(a) + H(b) in the case k1 < 0, kp > 0, we first have to describe the cokernel of
the operator under consideration. This can be done by applying [9, Lemma 7] to the

operator T (a) + H (b). After that, the proof follows the scheme above. |

Combining the two parts of Theorem 4, we arrive at necessary conditions for the
invertibility of operators T (a) + H ().
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Corollary 2 Let T(a) + H(b) € W?H(Kl, k2), k1 < 0, ko > 0, and the operator
T (a) + H (b) be invertible. Then:

1. if k1 is an odd number and k> an even one, then k1 + k3 = o (¢);
2. if k1 and ko are odd numbers, then k1 + k3 = o (c) + o (d);

3. if k1 is an even number and ky an odd one, then k1 + k3 = o (d);
4. if k1 and ko are even numbers, then k1 + k2 = 0.

4.2 Sufficient Conditions

As was already mentioned—cf. Sect. 2, the simultaneous left- or right-invertibility
of the subordinated operators 7 (c) and T (d) yields the left- or right-invertibility
of the corresponding Toeplitz plus Hankel operator 7(a) + H(b). However,
the operator T (a) + H(b) can be one-sided invertible or invertible even if the
subordinated operators are not invertible from the same side. Let us note a few such
cases.

Theorem 5 Assume that T (a) + H(b) € MYy, (k1, k2). Then:

1. Ifkp <0, k1 = 1 and o (c) = 1, then the operator T (a) + H (b) is left invertible.

2. If k1 > 0, ko = —1 and o(d) = 1, then the operator T (a) + H(b) is right
invertible.

3. Ifkr =1, ko = —1,and o (c) = o(d) = 1, then the operator T (a) + H () is
invertible.

Proof Starting with the assertion 1, we note that since the subordinated operator
T (c) is right-invertible, the kernel of the operator T (a) + H (b) has the form (19),
i.e.

ker(T (a) + H (b)) = ¢4 (im P}) +im P .

However, according to the assertion 3(ii) of Proposition 1, the set im P~ contains
only the zero-element, and the left-invertibility of the operator T (d) yields im P; =
{0}. Thus

ker(T (a) + H (b)) = {0},

and the operator under consideration is left-invertible.
As far as the assertion 2. is concerned, we first note the relation

coker (T'(a) + H(b)) = ¢4 (im PF) +im P7,

which can be obtained from [9, Lemma 5] by passing to the adjoint operator.
Consequently, following the proof of the assertion 1, one shows that

coker (T (a) + H (b)) = {0},



198 V. Didenko and B. Silbermann

and the assertion 2. follows.
The assertion 3 is an obvious consequence of the statements 1. and 2. O

Let us also note another interesting situation where both subordinated operators
are invertible from the same side, both have non-zero kernels or cokernels, but the
corresponding Toeplitz plus Hankel operator is just invertible.

Theorem 6 Assume that T (a) + H(b) € MY}, (k1 k2). Then:

1. Ifki =kp = land a(c) = 1, 0(d) = —1, then the operator T (a) + H (D) is
invertible.

2. Ifk1 =kp = —lando(c) = —1, a(d) = 1, then the operator T (a) + H(b) is
invertible.

Proof Since the proof of both statements is similar, we only show the assertion 1.
If k1 = k2 = 1, the both subordinated operators 7T (c) and 7T (d) are right-invertible,
and the operator T (a) + H (b) is also right invertible by assertion 2. of Theorem 1.
The kernel of this operator has the form (19), and recalling the representations (15)
for the basis of the image spaces of the projections P¥, we obtain that

ker(T (a) + H (b)) = {0},

and the operator in question is invertible. O

Remark 3 Under the conditions of Theorem 5, the inverse operator (7' (a) +
H (b))~ can be constructed by the formulas (6)—(7). If the subordinated operators
are as in Theorem 6, then the inverse operator can be written in the form (4) or (5),
depending on whether 7'(c) and T (d) are left- or right-invertible.

5 Conclusion: A More General Class of Symbols

Analysing the relation (2), we note that since the symbol b is not uniquely defined by
the operator H (b), this identity can be replaced by another one, so that the methods
used here can be extended to a considerably larger class of operators 7 (a) + H (b).
For example, the pair

1 "2t + 1

a(t) = —, b(t):#, teT, neZy,
241t t(1+21)

does not satisfy the relation (2). However, representing b in the form

n

b(t) =
@ 1+ 2t

1 1

- =bo(t) + —,
+t 0()+t
we note that

T(a)+ H((b) =T (a)+ H(by),
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and since the pair (a, bp) already satisfies the relation (2), the methods of [6, 8, 10,
11] can be used to study the invertibility of the operator T (a) + H (b) by replacing
it via the operator T (A) + H (by).

The above example suggests the following definition.

Definition 1 A duo (a, b) is called the generalized matching pair if there is a
function 4 € H* such that (a, b — h) is a matching pair.

It should be noted that determining of whether a given duo (a, b) is a generalized
matching pair and finding a suitable function & € H is a challenging problem and
the authors are not aware of any possible solution. Nevertheless, if such a function &
is known and b —h belongs to a suitable algebra M7, the invertibility of T (a)+ H (b)
can be studied in more detail.
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On Pseudodifferential Operators with

Slowly Oscillating Symbols on Variable ST
Lebesgue Spaces with Khvedelidze

Weights

Claudio Fernandes and Oleksiy Karlovych

To Yuri Karlovich on the occasion of his 75th birthday

Abstract Let p(-) be a variable exponent in the class LH*(R) and o be a
Khvedelidze weight. We prove that if a € S?’O(R x R) slowly oscillates at infinity
in the first variable, then the condition

lim inf  J|a(x, >0
R%oo\xIJrISIZR' ( E)l

is sufficient for the Fredholmness of the pseudodifferential operator Op(a) on the
weighted variable Lebesgue space L”)(R, o).

1 Introduction and Main Results

For a Banach space X, let 8(X) and K(X) denote the Banach algebra of all bounded
linear operators on X and its closed two-sided ideal of all compact linear operators
on X, respectively. As usual, we denote by / the identity operator on X. Recall that
an operator A € B(X) is said to be Fredholm if there is an operator B € B(X) such
that the operators AB — I and BA — I belong to K(X). In that case the operator B
is called a regularizer for the operator A.
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Let C3°(R) denote the set of all infinitely differentiable functions with compact
support. Recall that, given u € C{°(R), a pseudodifferential operator Op(a) is
formally defined by the formula

1 ) '
(Op(a)u)(x) := 2—/dé/a(x,g)u(y)el(xfy)édy’
T JR R

where the symbol a is assumed to be smooth in both the spatial variable x and
the frequency variable &, and satisfies certain growth conditions (see, e.g., [27,
Chap. VI]). An example of symbols one might consider is the class Sﬁ s(R X R),
introduced by Hormander [12], consisting of a € C*°(R x R) satisfying

0g88a(x, &)| < Cap(e)" "™, x,6€R,

where m € Rand 0 < 8,0 < 1 and the positive constants C, g depend only
ona,B € Zy := {0,1,2,...}. Here, as usual, 9, := 0/0y, ¢ := 9/0¢, and
(§) = (1+8H'2

The aim of this paper is to initiate the study of Fredholmness of one-dimensional
pseudodifferential operators on weighted variable Lebesgue spaces and to extend
some results by Rabinovich and Samko [25] obtained by them in the nonweighted
(and multidimensional) setting.

Let p(-) : R — [1, 00] be a measurable a.e. finite function called a variable
exponent. By L?*)(R) we denote the set of all complex-valued measurable functions
f on R such that

o (%) = [ 1700/ 0dx < oo
R
for some A > 0. This set becomes a Banach space when equipped with the norm

”f”LP(-)(R) = inf{)» >0: Ip(.)(f/)\) < l}

(see, e.g., [6, Theorems 2.17 and 2.71]). It is easy to see that if p is constant, then
LPO)(R) is nothing but the standard Lebesgue space L”(R). The space L”)(R) is
referred to as a variable Lebesgue space.

A measurable function w : R — [0, oo] is referred to as a weight whenever
0 < w(x) < oo a.e. on R. Given a variable a.e. finite exponent p(-) : R — [1, o0]
and a weight w : R — [0, oo], we define the weighted variable exponent space
LPO(R, w) as the space of all measurable complex-valued functions f such that
fw € LPO(R). The norm in this space is naturally defined by

||f||LP(-)(R,w) = ||fw||Lp(-)(R).

We will consider our problem in the context of sufficiently regular variable
exponents p(-) and so-called Khvedelidze weights. Let us give the corresponding
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definitions. Put

p— =essinf p(x), p4 :=esssup p(x).
xeR xeR

We will assume that

l<p-, py<oc. (1)

Following [18, Section 1.1.1] (see also [6, Definition 2.2] and [8, Section 4.1]), a
variable exponent p(-) is said to be locally log-Holder continuous if there exists a
constant ¢y € (0, oo) such that

Ip(x) — p()] < —— 2 ®)
—In|x — y|

for all x, y € R satisfying |x — y| < 1/2. A variable exponent p(-) is said to be
log-Hoélder continuous at infinity if there exist ¢; € (0, 00) and poo € (1, 00) such
that

C1
— <
[p(X) — pool < In(e + |x))

for all x € R. One says that p(-) is globally log-Hélder continuous on R if it is
locally log-Holder continuous and log-Holder continuous at infinity. The class of all
globally log-Holder continuous variable exponents will be denoted by L H (R).

Further, Kokilashvili, Paatashvili, and Samko introduced a slightly stronger con-
dition than log-Holder continuity at infinity (see [17, inequality (2.4)]). Following
their work, we denote by L H*(R) the class of all locally log-Holder continuous
variable exponents p(-) such that there exist constants ¢, € (0, 0o) and L € (0, c0)
depending on p(-) and such that

e
lp(x) — pYWI < m 3)

for all x, y € R satisfying |x|, |y| > L and |1/x — 1/y| < 1/2. It follows from [17,
Remark 3.1] that

LH*(R) C LH(R).

If p(-) € LH*(R), then the limit lim|y| o p(x) exists. It will be denoted by p(o0).
The weights of the form

m
o) :=|x —il*> []lx—xI". xeR, )
j=1
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where x; < ... < Xpm, Al,...,Am, Ao € R, will be called Khvedelidze
weights. This class of weights was introduced by Khvedelidze [16], who studied the
boundedness of the Cauchy singular integral operator on weighted Lebesgue spaces.
For a variable exponent p(-) € L H*(R), the class of all Khvedelidze weights of the
form (4) satisfying

m
+thoot Y Aj <1,

1
0<—)+Aj<l for j=1,...,m, 0<
j=1

p(x; p(00)

®)

will be denoted by W) (R). Note that Kokilashvili, Paatashvili, and Samko [17,
Thoerem A] proved that if p(-) € LH*(R) and g is a Khvedelidze weight of the
form (4), then the Cauchy singular integral operator is bounded on LP") (R, o) if
and only if o € W, (R).

Our first result is the following theorem on the boundedness of pseudodifferential
operators on weighted variable Lebesgue spaces.

Theorem 1 Let0 < p <1,0<8§ < l,anda € SﬁEI(R x R). If p(-) € LH*(R)
and ¢ € Wp(R), then Op(a) extends to a bounded operator on the weighted
variable Lebesgue space LP©) (R, o).

This result follows from a combination of results obtained in [9] and [14] (see
Sect. 3 below).

Following [25, Definition 4.5], a symbol a € STO(R x R) is said to be slowly
oscillating at infinity in the first variable if

0 0la(x, £)] < Cap(x)(6)" .
where
Jim Cop(x) =0 (6)

for each « € Z, and each 8 € N. We denote by SO™ the class of all symbols
slowly oscillating at infinity in the first variable. Finally, we denote by SO’ the set
of all symbols a € SO™, for which (6) holds for all indices «, 8 € Z. Roughly
speaking, allowing 8 = 0 in (6), one increases chances of the corresponding
pseudodifferential operator Op(a) to be compact (cf. Proposition 2 below). The
classes SO™ and SO were introduced by Grushin [11].

Our main result is the following sufficient condition for the Fredholmness of
pseudodifferential operators on weighted variable Lebesgue spaces.

Theorem 2 Suppose p(-) € LH*(R) and 0 € Wpy(R). Ifa S0Y and

lim inf , > 0, 7
Jim it laGx, ©) )
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then the pesudodifferential operator Op(a) is Fredholm on the weighted variable
Lebesgue space LPO) (R, o).

This result is a weighted and one-dimensional version of the theorem by
Rabinovich and Samko [25, Theorem 6.1] (see also [18, Theorem 10.30] and [15,
Theorem 1.3]).

The paper is organized as follows. In Sect.2, we recall interpolation theorems
for bounded and compact operators in the setting of Calderén products of Banach
lattices. These theorems are far reaching generalizations of the Riesz-Thorin and
Krasnosel’skii interpolation theorems. In Sect. 3, we recall the notion of a Banach
function space and its associate space. Then we formulate the results on the
boundedness of pseudodifferential operators on a Banach function space under the
assumption that the Hardy-Littlewood maximal operator is bounded on the Banach
function space and on its associate space obtained by the second author [14].
Finally, we recall our result with Medalha [9] saying that, under the assumptions
p() € LH*(R) and ¢ € W,)(R), the Hardy-Littlewood maximal operator is
bounded on the Banach function space LP) (R, o) and on its associate space. These
results lead to the proof of Theorem 1. Section 4.4 is devoted to the proof of the main
result. First, we recall two important results from [9]. The first says that the Calderén
product X9, 0 < 6 < 1, of weighted variable Lebesgue spaces LPO(')(R, wo)
and LP1(R, wp) is the weighted variable Lebesgue space LP"(')(R, wg), where
1/pe(-) = (1 —0)/po(-) +6/p1(-) and wg = wéfew(f. The second result says
that for p() € LH*(R) and 0 € W, (R) there exist po(:) € LH*(R) and
6 € (0, 1) such that 1/p(-) = (1 — 0)/po(-) +6/2 and 0o = 0"/ € W, () (R).
So, by using the interpolation theorem from Sect. 2, one can conclude that if an
operator is bounded on L?)(R, o) under the assumptions p(-) € LH*(R) and
0 € W,(R) and is compact on L?(R), then it is compact on L”)(R, o). Note also
that a similar result for Lebesgue spaces with Muckenhoupt is due to Yuri Karlovich
[13, Corollary 4.3]. Employing the above observation and following the scheme
proposed by Rabinovich and Samko [25, Theorem 6.1], we prove Theorem 2.

2 Interpolation of Bounded and Compact Operators on
Banach Lattices

2.1 Admissible Operators

Recall that a pair of complex Banach spaces (Xp, X) is said to be a compatible
couple if they are continuously embedded in a single complex topological vector
space. The set

Xo+ X1 ={x =x0+x1:x0 € Xo, x1 € X1}
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is a Banach space with respect to the norm
Il xo+x, == inf {[lxollx, + Ix1llx, : x =x0+x1, x0 € Xo, x1 € X1}.

Given a compatible couple (Xo, X1), a linear operator T : Xo + X; — Xo + X is
said to be admissible if, for each i = 0, 1, the restriction of T to X; takes values in
X; and is bounded from X; to X;.

2.2 Banach Lattices and Their Calderon Products

The set of all Lebesgue measurable complex-valued functions on R is denoted by
M(R). Let My(R) be the set of all a.e. finite functions in M(R). It is well known
that Mp(R) is a complete separable metric vector space, where for every weight
w € L'(R) such that [|w| ;1) = 1, the metric is defined by

[ M@=
8= /R T+ - gl

The topology in Mp(R) is independent of the choice of w (see, e.g., [3, Theo-
rem 1.2.1]).

A subset X(R) of Mp(R) is said to be a Banach lattice if X(R) is a Banach space
such that if f,g € Mo(R) and | f| < |g| a.e,, then || fllx®) < llgllx®). In view
of [21, Chap. II, Theorem 1], a Banach lattice X(R) is continuously embedded into
Mo (R). Hence, two Banach lattices Xo(R) and X{(R) form a compatible couple.

Fix 0 € (0, 1). The Calder6n product

Xo(R) 1= (Xo(®)' (X1 (R))’ ®)

of Banach lattices Xo(R) and X (R) is the set of all functions f € Mp(R) such that
£ = 2l LAY ©)

for some A > 0 and f; € X;(R) with | fillx;®) < 1 andi = 0, 1. The norm in

Xp(R) is the infimum of all A > 0 for which inequality (9) is fulfilled. With this
norm Xy (R) becomes a Banach lattice [4, p. 123].

2.3 Interpolation on Calderén Products

We recall that a Banach lattice X(R) is said to have the Fatou property if for any
sequence {f,,} of nonnegative functions in X(R) and any f € My(R) such that
fm 1 fasm — oo and sup,,cy || fllx@w) < 00, one has f € X(R) and || fin lxr) 1
Il fllxr) as m — oo.
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The following theorem is an extension of the classical interpolation theorems of
Riesz-Thorin (see, e.g., [1, Chap. 4, Theorem 2.2]) and Krasnosel’skii [19] (see also
[20, Theorem 3.19] and [13, Theorem 5.2]).

Theorem 3 Let Xo(R) and X1(R) be Banach lattices with the Fatou property, let
T : Xo(R) + X1 (R) = Xo(R) + X1(R)

be an admissible operator, and let 6 € (0, 1).

(a) The restriction of T to the Calderon product Xy(R) defined by (8) takes values
in Xy (R) and

1-6 0
” T ”B(Xg R)) < ” T ”B(X()(R)) ” T ”B(/\’] ®R)"

(b) If, in addition, T € K(X1(R)), then T € K(Xp(R)).

Part (a) under stronger assumptions was obtained by Calder6én [4]. For the
present form of part (a) we refer to [23, Theorem 3.11]. Part (b) follows from [5,
Theorem 3.1].

3 Boundedness of Maximal and Pseudodifferential
Operators on Weighted Variable Lebesgue Spaces

3.1 Banach Function Spaces

For the set of all Lebesgue measurable complex-valued function M(R), consider its
subset M (R) of all functions whose values lie in [0, 0o0]. The Lebesgue measure of
a measurable set £ C R is denoted by | E| and we let xg stand for the characteristic
function of E.

Following [22, p. 3] and [1, Chap. 1, Definition 1.1], a mapping p : MTR) —
[0, oo] is called a Banach function norm if, for all functions f, g, f, (n € N) in
MT(R), for all constants a > 0, and for all measurable subsets E of R, the following
properties hold:

AD p(f) =0« f=0ae, paf)=ap(f), p(f+g =p(f)+p,
(A2) 0<g < fae = p(g) <p(f) (thelattice property),

(A3) 0< fu t fae. = p(fu) 1 p(f) (the Fatou property),

(A4) E isbounded = p(xg) < o0,

(A5) E is bounded i/ f(x)dx < Cgp(f)
E
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with Cg € (0, oo) which may depend on E and p but is independent of f. When
functions differing only on a set of measure zero are identified, the set X (R) of all
functions f € M(R) for which p(] f|) < oo is called a Banach function space. For
each f € X(R), the norm of f is defined by

1l x®) = pUfD.

Under the natural linear space operations and under this norm, the set X (R) becomes
a Banach space (see [22, Chap. 1, §1, Theorem 1] or [1, Chap. 1, Theorems 1.4
and 1.6)). If p is a Banach function norm, its associate norm p’ is defined on M™ (R)
by

p'(g) == SUP{/Rf(x)g(x)dx D feME®), p(f) < 1}, g € M (R).

It is a Banach function norm itself (see [22, Chap. 1, §1] or [1, Chap. 1, Theo-
rem 2.2]). The Banach function space X’(R) determined by the Banach function
norm p’ is called the associate space (Kothe dual) of X (R). The associate space
X'(R) is naturally identified with a subspace of the (Banach) dual space [X (R)]*.

Remark 1 We note that our definition of a Banach function space is slightly
different from that found in [1, Chap. 1, Definition 1.1]. In particular, in Axioms
(A4) and (AS) we assume that the set E is a bounded set, whereas it is sometimes
assumed that £ merely satisfies |E| < co. We do this so that the weighted variable
Lebesgue spaces satisfy Axioms (A4) and (A5). Moreover, it is well known that
all main elements of the general theory of Banach function spaces work with (A4)
and (A5) stated for bounded sets [22] (see also the discussion at the beginning of
Chapter 1 on page 2 of [1]).

3.2 Boundedness of Pseudodifferential Operators on Banach
Function Spaces

Given f € L| (R), the Hardy-Littlewood maximal operator is defined by

loc

1
M) = sup — f 1f Iy
I>x |I| I

where the supremum is taken over all finite intervals 7 C R containing x.

Theorem 4 ([14, Theorem 1.1]) Let X (R) be a separable Banach function space
such that the Hardy-Littlewood maximal operator M is bounded on X (R) and on
its associate space X'(R). If a € SZ;SI(R XR)withO < p <1and0 <6 < 1, then
Op(a) extends to a bounded operator on X (R).
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3.3 The Case of Weighted Variable Lebesgue Spaces

Let p() : R — [1,00] be an a.e. finite variable exponent. We will write f €
L (')(R) if fxg € LPY(R) for every bounded measurable set E C R.

loc

The following result is contained in [9, Theorems 2.2, 2.4, and 2.6].

Theorem 5 Let p(-) € LH*(R), 0 € W, (R), and let p'(-) be the variable
exponent defined by

1/px)+1/p(x)=1, xeR.

Then
(@ o€ L’V ®)and o~ € LE O (R);

loc
(b) the weighted variable Lebesgue spaces LPO(R, o) and LP'O R, Q_l) are
separable and reflexive Banach function spaces;
(¢) the associate space of LP) (R, ) is isomorphic to L”,(')(R, o b
(d) the Hardy-Littlewood maximal operator M is bounded on the weighted variable
Lebesgue spaces L (R, o) and LP'OR, o .

Now Theorem 1 on the boundedness of pseudodifferential operators on weighted
variable Lebesgue spaces follows from Theorems 4 and 5.

4 Proof of the Main Result

4.1 Calderon Products of Weighted Variable Lebesgue Spaces

The abstract interpolation Theorem 3 can be applied in the setting of weighted
variable exponent spaces because the Calderén product Xy of weighted variable
Lebesgue spaces LPOO(R, wp) and LP1O(R, wy) is a certain weighted variable
Lebesgue space LPC) (R, wg) explicitly defined in the theorem below.

Theorem 6 ([9, Theorem 3.2]) For i = 0,1, let p;(-) be variable exponents
satisfying

I <(pi)-, (pi)+ <0

and w; be weights satisfying w; € Llpo"c(')(R) and w;l € L{ch(')(R). For0 <6 <1,

let the variable exponent pg(-) and the weight wg be defined by

1 1-6 6 Ji-0

B * ’ = ‘ R.
o) o) T g’ Lo = wo) Twi@)”, xe
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Then the Calderon product
1-6 0
Xp 1= (LMO® wp)  (LMO®R w))

of the weighted variable Lebesgue spaces LPYC) (R, wo) and LP') (R, wy) coincides
with the weighted variable Lebesgue space L) (R, wg) with the equivalence of the
norms

1o < 1m0 @y < 2P f lxgs € LPPOR, wp).

4.2 Perturbation of Variable Exponents and Weights

This subsection contains results on the perturbation of variable exponents p(-) in
the class L H*(R) and weights ¢ € W,(,)(R). These results play a crucial role in the
proof of Theorem 2.

Lemma 1 ([25, Corollary 2.3]) For a variable exponent p(-) satisfying (1), let
Opy :=min{l,2/py,2-2/p_}. (10)
Then for every 0 € (0, 0,(.,)), the variable exponent po(-) defined by

1 1-6 0
= +5, x€R, 1)

p(x)  po(x)

satisfies 1 < (po)—, (po)+ < o0.

Lemma 2 ([9, Lemma 4.2]) If p(-) belongs to the class LH*(R) and 0. is
defined by (10), then for every 6 € (0, 0p(.)), the variable exponent po(-) defined
by (11) belongs to LH*(R).

The following theorem can be viewed as a very modest attempt to extend a well-
known result on the stability of Muckenhoupt weights (see, e.g., [2, Theorem 2.31]
or [10, Theorem 7.25]). In its spirit, it is close to the proof of [13, Corollary 5.3]
(see also [7, Corollary 3]).

Theorem 7 ([9, Theorem 4.3]) Let p(-) € LH*(R) and o0 € Wj()(R). Suppose
that 0. is defined by (10). Then there exists 9*() 0 € (0, 0p()] such that for every

0 < (0, 9* 0 ), the weight oo = 0"/~ belongs to Wpo()R), where the variable
exponent po( ) is defined by (11).

Note that [13, Corollary 5.3] is also true for Muckenhoupt weights w € A, over
R". On the other hand, the proof of Theorem 7 relies essentially on [17, Theorem A],
a one-dimensional result. Since we do not have a multi-dimensional version of
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Theorem 7 at our disposal, in this paper we restrict ourselves to the study of one-
dimensional pseudodifferential operators.

4.3 Calculus of Pseudodifferential Operators

Letm € Z and O PSO™ be the class of all pseudodifferential operators Op(a) with
a € SO™. By analogy with [11, Section 2] one can get the following composition
formula (see also [24, Theorem 6.2.1] and [26, Chap. 4]).

Proposition 1 IfOp(a;) € OPSO™ and Op(az) € O PSO™2, then their product
Op(a;) Op(az) = Op(o) belongs to O PSO™ "2 and its symbol o is given by

o(x, &) =ar(x,§ar(x,§) +c(x.8), x,§eR,

where ¢ € SO(')"‘+'"2_1.

Proposition 2 ([11, Theorem 3.2]) Ifc € SO, then Op(c) € K(L%(R)).

4.4 Proof of Theorem 2

The idea of the proof is borrowed from [11, Theorem 3.4] and [25, Theorem 6.1]
(see also [15, Section 3.3]). Let ¢ € Ci°(R x R) be such that ¢(x,&) = 1 if
x|+ 1&] < 1 and p(x, &) =0if |x| 4+ |§] = 2. For R > 0, put

¢r(x,§) =¢(x/R,§/R), x,§€R.
From (7) it follows that there exists an R > 0 such that

inf Ja(x, &) > 0.
lx|+I&1=R

Then it is not difficult to check that

1 _(pR(xvg)

br(x,&) := a(x, &)
0 if [x| + §] < R,

if |x[ +1§] = R,

belongs to SO°. It is also clear that g € SO°.
From Proposition 1 it follows that there exists a function ¢ € SO, ! such that

Op(abg) — Op(a) Op(br) = Op(c). 12)
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On the other hand, since

a(x,§)br(x,8) =1—¢r(x,§), x,§€R,
we have
Op(abr) = Op(1 — ¢r) = I — Op(¢r). 13)
Combining (12)—(13), we get
I —Op(a) Op(bgr) = Op(¢r) + Op(c) = Op(pr + ©). (14)

It follows from Lemma 2 and Theorem 7 that there exists 6 € (0, 1) such that the
variable exponent po(-) defined by

1 1-6 6
+§, XER,

() po(x)

belongs to L H*(R) and the weight
o) =0 xR,

belongs to W,,)(R). We conclude from Theorem 1 that all pseudodifferential
operators considered above are bounded on LP) (R, og) and L%(R). Since pg+c €
SOy ! it follows from Proposition 2 that Op(pr + ¢) € K(L%(R)). Then, by
Theorem 3(b), Op(¢r + ¢) € K(L? ()(R, 0)). Therefore, it follows from (14) that
Op(bR) is a right regularizer for Op(a). Analogously it can be shown that Op(bg)
is also a left regularizer for Op(a). Thus Op(a) is Fredholm on LPO(R, o). |
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Eigenvalues of the Laplacian Matrices of )
Cycles with One Overweighted Edge ST
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Dedicated to Yuri Karlovich on the occasion of his 75th
birthday.

Abstract We study the individual behavior of the eigenvalues of the laplacian
matrices of the cyclic graph of order n, where one edge has weight « € C, with
Re(a) > 1, and all the others have weights 1. This paper is a sequel to two previous
ones where we considered Re(e) € [0, 1] and Re(r) < 0. Now, we prove that
for Re(e) > 1 and n > Re(o)/Re(a — 1), one eigenvalue is greater than 4 while
the others belong to [0, 4] and are distributed as the function x > 4 sin? (x/2).
Additionally, we prove that as n tends to oo, the outlier eigenvalue converges
exponentially to 4 Re (@)?/(2Re(a)—1). We give exact formulas for half of the inner
eigenvalues, while for the others we justify the convergence of Newton’s method and
the fixed-point iteration method. We find asymptotic expansions, as n tends to oo,
both for the eigenvalues belonging to [0, 4] and the outliers. We also compute the
eigenvectors and their norms.
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1 Introduction

For every natural n > 3 and every « in C, we consider the n x n complex laplacian
matrix L , with the following structure:

[1+@-1 0 0 0 —&
-1 2-1 0 0 0
0 -1 2—-1 0 0
0 0-1 2-1 0
0 0 0-1 2 —1
@ 0 0 0-11+a]

If o is real, Ly, is the laplacian matrix of Gy ,, where G, 5 is the cyclic graph of
order n, where the edge between the vertices 1 and n weighs ¢, and all other edges
weigh 1. See [15] for the general theory on laplacian matrices. In Fig. 1, we show
the case n = 6. The eigenvalues and eigenvectors of L, , are crucial to solve the
heat and wave equations on G ,. Moreover, matrices of the form 2/, — L, , are
related to counting the paths in a cyclic graph with certain loops [5].

The matrices Ly, can be considered as tridiagonal Toeplitz matrices with
perturbations in the corners (1, 1), (1, n), (n, 1) and (n, n). They can also be viewed
as periodic Jacobi matrices. Some matrices of these classes and their applications
were studied in [2—-4, 6-8, 10, 11, 14, 16, 17, 19-21].

The present paper is a continuation of [12, 13]. In [12], we proved that for every
a in C the characteristic polynomial of L, ,, defined by D, ,(A) := det(Al — L, ),
equals the characteristic polynomial DRe(a),n Of LRe(a),n- This implies that the
eigenvalues of L, , only depend on Re(«). Therefore, to understand the behavior
of the eigenvalues, it is sufficient to consider the case where ¢« € R and the
corresponding matrices Ly, are real and symmetric. So, for every « in C, the
eigenvalues of L, , are real, and we enumerate them as follows:

)‘a,n,l =< Aa,n,Z <...=< )\a,n,n~

Fig. 1 Graph G
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It is a very well-known fact that the eigenvalues of the n x n tridiagonal Toeplitz
matrix, with values —1, 2, —1 in the nonzero diagonals, are the numbers g(jx/(n +
1)), j =1,...,n, where g is defined by

g(x) = 4sin2% (x € [0, 7]). (1)

By the Cauchy interlacing theorem (see, e.g., [18, Theorem 4.2]), the eigenvalues
of L, , are also asymptotically distributed by g on [0, 7], as n tends to infinity.
This is also a simple consequence of the theory of generalized locally Toeplitz
sequences [9].

In [12], we studied the individual behavior of the eigenvalues of the matrices Ly ,
for o in (0, 1). In that case, we showed that the eigenvalues of L, belong to [0, 4].
We solved the characteristic equation by numerical methods and derived asymptotic
formulas for all eigenvalues. In [13], we considered the case where @ < 0. In that
scenery, we proved that if n > (o — 1)/« then the minimal eigenvalue A, , 1 goes
out of the interval [0, 4]; moreover, the sequence (Ag,n,1)n>(a—1)/« Strictly decreases
and converges exponentially to 4a2/ (2 — 1).

In this paper, we consider the case where & > 1 (or, more generally, Re(«) > 1).
This means that the interaction between the vertices 1 and n is stronger than the
interactions between the other neighbors in the cycle.

It turns out that, if »n is even or if n is odd and satisfies n > «/(o — 1), then the
maximal eigenvalue A , , i greater than 4, while the others belong to the interval
[0, 4] and behave similarly to the eigenvalues of Ly , when 0 < o < 1, as discussed
in [12].

We use the phrase “inner eigenvalues” for the eigenvalues belonging to the
clustering set [0, 4], and “outlier eigenvalue” for the one that does not belong to
this set. See also our general definition of outlier eigenvalue in [13].

We show that if « > 1, then the sequence of outlier eigenvalues (Ay.n.n)n>3
converges exponentially to the number Q, = 4a%/(2oc — 1). The major difference
to the previous paper [13] is that the sequence of the outliers approaches the limit
value from both directions:

Sign(hann — Qo) = (=1)" (n> ‘ ) @)

a—1

The main results of this paper are stated in Sect.2, while the majority of the
content is dedicated to the corresponding proofs: we represent the characteristic
polynomial in convenient forms and show the localization of the eigenvalues
(Sect. 3), we study the asymptotic behavior of the inner eigenvalues and guarantee
their computation with the Newton method (Sect. 4), then we focus our attention on
the last eigenvalue Ay, , (Sect.5) and analyze its asymptotic behavior separately
for both odd (Sect. 6) and even values of n (Sect. 7). Finally, we calculate the norms
of the eigenvectors (Sect. 8) and show some numerical experiments (Sect. 9).
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2 Main Results

As will be stated in Proposition 3.1, for every a € C we have that Dy , = DRe(a),n-
So, unless specified otherwise, we consider o > 1.

We begin our analysis with the localization of the eigenvalues. For this purpose,
define

a—1
Ky = , (3)
o
Q 4a® _ q 4 @
= ie., = .
T 2a— 1 R Y
Notice that 0 < %, < | and 2, > 4. Also, for every j in {1, ..., n}, we put
(J—Dm
dy,j = — 5)

Theorem 2.1 (Localization of Eigenvalues) Letn > 3. Then Ay ,,1 = 0. For every
jwith2 <j<n-—1,

8 (dn,j) < )La,n,j <& (dn,j+1) (] odd),

Aan,j =& (dn,j+1) (j even).

Furthermore, the localization of Ay n.n depends on n:

(1) ifn < Jfa_] and n is odd, then g(dy n) < Aann < () =4;
(2) ifn = Jfa_] and n is odd, then Ay n = 4;

(3) ifnisoddandn > J{a_l, then4 < Agpnn < Qo

(4) if nis even, then Qo < Agpnn <4+ 20.

According to Theorem 2.1, the eigenvalues Ay, ; with even indices j do not
depend of «. This theorem also implies that the eigenvalues are asymptotically
distributed as the function g on [0, 7 ]:

’ #ljell,on)t oy Suf  p(x €10, 7]: gx) < u))
m = .

n—o0o n T

(6)

Here, u is the Lebesgue measure.

Statements (3) and (4) of Theorem 2.1 mean that for n large enough, we have
two different localizations of the largest eigenvalue Ay, , depending of the parity
of n.

If n is odd, then the outlier eigenvalues of L, , and L1_q , are related by Ay.p.n =
4 — A1—q.n,1 (Proposition 6.1). Therefore, in the analysis of Ay, , for odd n, we can
proceed very similarly to [12].
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However, for even values of n, the equation for Ay ,, , has a quite different form,
see Theorem 2.2.

Motivated by Theorem 2.1, we use g defined by (1) as a change of variable in the
characteristic equation when Ay ;. j € [0, 4] and set

Zan,j = gil(ka,n,j)a @)

where g: [0, 7] — [0, 4] is a restriction of g.
To state the main equation for inner eigenvalues, we define the function
Ne: [0, 7] — R by

X . oa—1 X
Ne (x) = 2 arctan (J(a tan 5) , le., ng(x)=2arctan ( tan 5) . ®)
(07

Since x,, is positive, 14 is positive, strictly increasing and takes values on [0, 7 ].
Theorem 2.2 (Main Equation for Inner Eigenvalues) Let j be odd with3 < j <

n — 1. Then the number zq . ; is the unique solution in [0, 7] of the equation

x = dy + 1) ©)
n

The same Eq. (9) also holds for zg n.n, if n is odd and n < x;l.

Now, we need a suitable change of variable associated to Ay, ,. Thus, define
g+: [0, 00) — [4, 00) by

g4+ (x) i= 2 + 2 cosh(x) = 4 cosh? % — 4 1 4sinh? % (10)
Let also
Ny = max{3, [, '] + 1}. (11)

So,if n > 4 is even or n > N, is odd, then we use (10) as a change of variable and
put

San = 85 Rann)- (12)

In Fig. 2 we have glued together g and x — g4 (x — ) into one spline.
Theorem 2.1 says that for every n > Ny, Aq 5, 1S in a neighborhood of €24, thus
we define

we = g5 () = loga — 1). (13)
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3
2

>\1 =0 1 1 T ; L 1
0 Z2 23 zZ4z5 zZ6 =7 s S8

Fig. 2 Plot of g (blue), plot of x + gy(x — m) (green), points zy, ; and sy ,, and the
corresponding values of Ay, j, for « = 3/2 and n = 8. The red labels on the horizontal axis
are jm/n

To get the main equation for the outlier eigenvalue, we define the real-valued
functions ¥y , by

2 arctanh (xa tanh %) , ifn >3, nisodd, x € [0, +00),
Yan(x) =

2 arctanh (}fa coth %) , ifn >4, niseven, x € [wy, +00).
(14)

For every n > 3 and every x > w,,

nx x Wa
%y coth — < x4 coth — < ¢, coth— =1,
2 2 2

hence Y, is well defined. The two cases in (14) can be joined by elevating
tanh(nx /2) to the power (—1)"*1.

Theorem 2.3 (Main Equation for the Outlier Eigenvalue) If n is odd and n >
Ay L then Sq,n IS the unique solution in (0, wy) of the equation

X = Yo (X). (15)

If n is even, then sy p is the unique solution in (wq, +00) of the Eq. (15).

To get asymptotic expansions for the inner eigenvalues, we introduce the function
Agn: [0, 7] - Rby

! ! ! 1,7 2
Aan(x) = g(x) + g (x):a(X) n g () e () (x) + 58" ()0 (x) |

n2
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Then, for all n > N, and all odd j with 3 < j <n — 1, we define A, T by

ABVIPL— Ay (d ). (16)

a,n, j

Theorem 2.4 (Asymptotic Expansion of Inner Eigenvalues) There exists
C1(a) > 0 such that for every n > Ny,

asympt Ci(a)
max |Ag.n,j —Aanj < 3
3<j<n-—1 v n

jodd

. (17)

To state the asymptotic expansion for A, , ,, we introduce the following num-
bers:

1602( — 1)2 6403 (o — 1)3
Bat = ————5— Pfo2=——F75
Qa —1) Qo — 1) (18)
Bos e 3202(1 — @)?(2e® — 20 + 1)
o3 = Qa —1)3 '
Equivalently,
1622 643> 32x2(x2 + 1)
_ , = = e T 19
ﬂa,l (1 _ xg)z ,Boz,Z (1 _ %2)3 ﬁa,3 (1 _ %2)3 ( )
Now, we define A5y by
ot = Qo + (= 1) a1 + Bagne O 4 By 3”20, (20)

Of course, e "¢ can also be written as 1/2a — 1)".

Theorem 2.5 (Asymptotic Expansion of the Last Eigenvalue) As n — oo, the
extreme eigenvalue Ay nn Of Lo, converges exponentially to Q. More precisely,
there exists Cy(a) > 0 such that for every n > Ny,

S t —
Aann — hant | < Ca(a)n®e 1)

So, in the case when o > 1 and n is large enough, the maximal eigenvalue goes
out of [0, 4] and converges rapidly to the number 2, > 4. While, the rest behaves
asymptotically as the function g on [0, 7 ]. The “right spectral gap” Ay n.n —Aa,n.n—1
converges to Qy — 4.

Our last analysis focuses on the eigenvectors and their norms. Similarly to
the situation with the eigenvalues, we have to separate the case A = 0, the
“trigonometric case” (0 < A < 4), and the “hyperbolic case” (A > 4).
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Theorem 2.6 (Eigenvectors for Re(«) > 1) Leta € CwithRe(a) > 1 andn > 3.
Then, Ly n has the following eigenvectors.

1[1,....,11  isan eigenvector associated to the eigenvalue Ly .1 = 0.
2. Forevery j,2 < j < n— 1, the vector vy n,j = [Va,n,jkli_, With the following
components is an eigenvector associated to by . j:

Va,n, jk = SiN(kZg,p, j) — (1 =) sin((k—1Dzg,n, j) +sin((n—k)zg,n,j).  (22)

The same formula (22) also works for j = n, if n is odd and n < ”Eelm)-

3. Ifnisodd and n > xlgel(a), or n is even, then the vector Vy ., = [vcl,,,,n,k]zz1
with the following components is an eigenvector associated to hy n n:

Vo k= (=D [(=1)"@sinh((n — k)sg.n) + (1 — @) sinh((k — 1)s4.n)

+ sinh(ksa,n)] .
(23)
Finally, to present the asymptotic behavior of the norms of the eigenvectors given
by (22), we need the following auxiliar function: for every x in [0, 7], we define
jor? — Re(@)
2

1 —Re(w) Re(w)
Vo (X) 3= —————8(X) + == 8 (MRe(e (X)) +

3 g(x — NRe(a) (X)).

(24)

Theorem 2.7 (Norms of Eigenvectors for Re(w) > 1) Let o € C with Re(x) > 1
and n > NRe(a).

1. If jisevenand2 < j <n — 1, then
LT
lva,n,jll2 = lee — 1|+/2n sin E (25)

2. Ifjisoddand3 < j <n —1, thenasn — o0

1
”Ua,n,j||2 =4/ Voz(dn,j)n + Oy (ﬁ) s (26)

with Oy (1/+/n) uniformly on j.
3. Asn — oo,

||

NWRe () (7). 2
2/2Re@) Re(@) — 1) + Ouln) @7)

Ve, nnll2 =

In numerical computation of the eigenvectors, it is convenient to divide the
expressions given in Theorem 2.6 by the norms’ approximations from Theorem 2.7.
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3 The Characteristic Polynomial and Eigenvalues’
Localization

Recall that we denote the characteristic polynomial det(Al — Ly ) by Dy n(X).
Aditionally, x,, @, are defined by (3), (13).

For every m > 0, let T,,, and U,, the m-th degree Chebyshev polynomials of the
first and second kind, respectively.

By cofactor expansion, it is easy to prove the following proposition.

Proposition 3.1 (Characteristic Polynomial of L, , for Complex o) Forn > 3
and a € C,

h—2
Dn(%) = ( — 2Re(@)Up_1 (T)

A 2 n+1
—2Re()Uy,—» > +2(—1) Re(a). (28)
Equivalently,

A=2 A=2
Dy n(A) = Uy (T) +2(1 —Re(@)U,_1 (T)
(29)

+ (1 —2Re(x))Un—2 ( ) +2(=1)""' Re(a).

The next proposition is similar to [12, Proposition 14], but here we use the change
of variable A = 2 instead of A = 4 — .
For n > 3 define

U,_1(t/2), ifniseven,
palty = | 1072 (30)
T, (t/2), if n is odd,
o) = (I —a)5T, (5) + a’{T*‘*Un,l (5). ifniseven, 31
T A= @tUe (5) +aTy (3), if n is odd.
Proposition 3.2 For every a in R, everyn > 3 and every t in C,
Do (%) = 4pn(0)qan(0). (32)

Proof Let w = (1> — 2)/2, i.e., t* = 2w + 2. Then, (28) takes the following form:

Do @ +2) =2 (W + 1 = U1 (@) = Uz w) + (=1)"a) . (33)



224 S. M. Grudsky et al.
Let n = 2m. We apply Uap—2(w) = —Uzy, (w) 4+ 2wUsy,—1 (w) on (33), obtaining
Do (2w +2) = 2@z () + (w + 1 = & = 20w)Uzp—1 () — @)

Now, we use the identities

Urn—1(w) = 2Up—1(w) Ty (w),
Upm(w) = 20Uy -1 (w) Ty (w) + 2T (w) — 1,

Uz (w) — U1 (w) + 1 = 2(w? — HU2_, (w),
deriving
Do (2w +2) = 4w + DUy 1 (@) ((1 = ) Ton(w) + (= DUy (w) ).

Considering the relations

t 2 -2 t 22
T 5 =Tn ) , U2m+l E =tUy ) )
we obtain that the characteristic polynomial is the product of the polynomials (30)

and (31).
If n = 2m 4 1, the analysis is similar. O

Remark 3.3 If n > 3 is odd, then the polynomial ¢, , coincides with the
polynomial g, , written in [13].

We will apply the following elementary identities:

x n nx x , cos EDx
T, (sin —) =(—=1)2cos—, U, (sin —) = (—1)7—)2‘ (n is even),
2 2 2 oS 5
(34)
X il nx _ysin (DT
T, (sm —) =(=1)7 sin—, U, (sm ) = (—1 ) (n is odd).
2 2 2 5
(35)

Then, using the change of variable ¢t = 2 sin(x/2) in (30) and (31) yields

Cx (- 1)2Jrl gmi, if n is even,
P (z sin 5) - S5 (36)

(—1) o sin &+ 2, if n is odd.



Eigenvalues of the Laplacian Matrices of Cycles with One Overweighted Edge 225

X (— )% ((l—a)sm cos & +a005251n 2), if n is even,
Qa.n (2 sin —) = n%
( . ((1 —(x)sm cos &* +acoszsln 2) if n is odd.
L)
(37)
So, (32) becomes
4sin % sin %* sin &*
Do n(g()) = (=)™ —2—=2 ((1 —a)cos o +a——2 cos )_c) '
cos 5 2 sin 5 2
(38)
After the change of variable ¢t = 2 cosh(x/2), formula (32) transforms to
B sinh 3 sinh -
Dy n(g+(x)) = 4cosh 35 nh =1 - cosh 7 + o W
(n is even),
sinh & cosh = ]
Dy n(g+(x)) = 4cosh 3 cosh — | —-a) sinh% cosh% (n is odd).
(39)

Proposition 3.4 (Trivial Eigenvalues of L, ,) For every n > 3 and every even j
with 0 < j <n — 1, the number g(jm /n) is an eigenvalue of Ly p.

Proof These eigenvalues come from the factor p, in the decomposition (32).
Indeed, the change of variable A = (2sin(x/ 2))2 yields the factor p, (2sin(x/2)).
According to (36), this expression vanishes for x = 2km/n, where k is an integer
and0 <k <(n—1)/2. |

Lemma 3.5 Ifn is even, then lim;_, ;o0 go.n () = 400.

Proof From the recurrent definition of Chebyshev polynomials, the leading term of
T, (t/2)is (1/2)t", and the leading term of U, (¢/2) is "~ Therefore, by (31), the
leading term of g, ,(¢) is (1 /4)t"+1. So, the leading coefficient is strictly positive,
which implies the result. O

For every j with 1 < j < n, we define

1
L, ;= (% J:) = (dn,j’ dn,j+1)‘ (40)

Proof of Theorem 2.1 For 1 < j < n — 1, the proof is similar to the proof of [12,
Theorem 1]. In particular, for odd j, we use Proposition 3.4.
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1. If n is odd and satisfies n < 1 then, using (37), it is easy to see that
qa.n(2sin(x/2)) changes of sign in I, . Indeed, gy » (2 sin(dy »/2)) = —1, and

lim o (2sin %C) = (1 —a)+a) = (@— D —x").

X—>mT~

2. If n is odd and satisfies n = x;l, then g4, (2) = (1 — )n 4+ 0, hence A = 4 is
an eigenvalue of Ly ,.

3.Ifn > 3isodd and n > »x, !, then g4, (t) takes values of opposite signs at the
ends of the interval [2, ry + 1} 11 where ry = V20 — 1:

r°2‘+lr_" >0

Gun@ =0 —a)n+a <0, qunlrg +ry) = e

Then,

1 2
4 <Xgnn < (ra + —) = Q.

Fa

4. For every even n > 4, g4, changes its sign in the interval [rq + 1y, 1 400).
Indeed, lim;—;, 4 o0 ga,n (t) = +00 by Lemma 3.5, whereas

1
Gun(ra+rg') = =705+ 1) (r{J+l + r;("“)) <0.

Moreover, by the Gershgorin disks theorem (see, e.g., [18, Theorem 2.1]), the
eigenvalues are bounded from above by 4 + 2«. Thus,

1 2
Qy = (ra + —) < Agnn <4+ 20

T

Items 1, 2, and 3 could also be derived from [13, Lemmas 3.3, 3.4], taking into
account Remark 3.3. O

4 Inner Eigenvalues

In this section we deal with the inner eigenvalues. The proofs of the upcoming
propositions are very similar, if not identical, to the proofs given in [12, 13]. Recall
that x4, 1, are defined by (3), (8).

Proof of Theorem 2.2 1f A € (0, 4), we use the change of variable A = g(x), with
x € (0, ). So, Dy ,(g(x)) transforms into (38). Equivalently, we apply (32) with
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1 1 1 1 1 1 1 1 1
0 z3 z5 z7 s 0 z3 z5 z7 s

Fig. 3 Plot of ny (blue) and the left-hand side of (42) (green) for o = 3/2,n = 8 (left) and « = 4,
n =9 (right)

t = 2sin(x/2). Then, Dy n(g(x)) = 0 reduces to g4, (2sin(x/2)) = 0, which is
equivalent to

tan — tan (41)
an — = an —.
p T ey

In particular, for odd j with 3 < j < n — 1, the solution z4,, ; belonging to I, ;
satisfies (41). |

Equation (9) from Theorem 2.2 can be rewritten in the form

nx — (j — D = ne(x). (42)

Figure 3 shows 7, and the left-hand side of (42) for a couple of examples.
The first two derivatives of 7, are

/ - 2y 43

N (x) = 1+%5+(1_%§)c05(x)’ (43)
— 2 1

Mo (x) = 22 (1 — 25 sin(x) “4)

(1422 + (1 — x2) cos(x))?

Proposition 4.1 and Theorem 4.2 follow directly from the properties of 7, similarly
to [12, Propositions 21 and 22].
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Proposition 4.1 Each derivative of ny is a bounded function on (0, ). In particu-
lar,

sup |n, (x)] = x, ", sup [l (x)] <

O<x<m O<x<m 2

Recall that N, is defined by (11), and that for every j, the numbers d, ;, z,, ; are
defined by (5) and (7), respectively.

Theorem 4.2 Letn > N,, j be odd, 3 < j < n — 1. Then, the function x +>
dj + ny(x)/n is a contraction on cl(1, ;), and its fixed point is 7y n, .

In [12, Proposition 24], we proved some simple facts about the convergence of
Newton’s method for convex functions. Now we are going to state without proofs
some similar facts for concave functions (see also [12, Remark 27]). Assume that
a,b € Rwitha < b; f is differentiable and ' > 0 on [a, b]; there exists ¢ in [a, b]

such that f(c) = 0; y(O) is a point in [a, b] and the sequence (y(”’))’?fzo is defined
(when possible) by the recurrence relation
(m)
y(m-i-l) — y(m) f (y ) (45)

C (™)

Proposition 4.3 (Linear Convergence of Newton’s Method for Concave Func-
tions) If f is concave on [a, b], a < y© < ¢, then y'™ belongs to [a, c] for every
m > 0, the sequence (y(’”));’fzo increases and converges to c, with

~ f’(b)>’”'

e=yP=6-a) (1 @

(46)

For every n > 4 and every j odd with 3 < j < n, we define hy 5, j: cl(l, ;) —
R by

hon,j(x) =nx —(j = D —na(x).

Theorem 4.4 (Convergence of Newton’s Method Applied to /1, ;) Letn > Ny,
jbeodd 3 <j Sn—landy(o)

(m)
wn.j = dy, j. Define the sequence (ya’n’j);'fzo by the
recursive formula

. (m—1)
ety e ()

yoz,n,j = ya,n,j h/ (y(mfl))
o,n,j

a,n, j

(m=1). (47)
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Then (ya n ])OO o is well defined and converges 1o z4,p,j, and the convergence is at
least linear:
) m
(m) T ( Jfa —1 )
Zan,j =), =—\—=—) - (48)
a,n, j o,n,j n \ II’L -1

Moreover, if n > 2Ny, then the convergence is quadratic, and

T (TTX
Zan,j — y,i n)/ = o ( ¢ ) . (49)

Proof Formulas (43) and (44) for n,, and n/, imply thath/, . > Oandh . <0

o,n,j o,n,j

on cl(l,, j). Moreover, yé(’)zl,j = dp,j < Zan,j < dp j+1. So, the assumptions of
Proposition 4.3 are satisfied. Here are rough estimates of the derivatives of A, ; at
the extremes of 1, ;:

1
n= sty = Ry (0) 2 Rl () = H 1) = B, (T == —.
o
Therefore,
_h&nj(dnjﬂ) _n—}fl_%(;z—l
a,,](dnj) - n—xy n%;l—f
and we obtain (48).
Finally, if n > 2N, then
" 1
bid ogaé‘n e, j )1 d olgnxagxn 17601 regt—1)  mx)?

- < <
n 2 min |k, (x)| ~ - — %y T 2n?
nggnl a,n,]( ) dn(n — %y )

/
2n <n omax. Ina(x)l)
which implies the quadratic convergence with upper estimate (49); see, e.g., [1,

Sect. 2.2] or [12, Proposition 26]. O

Proposition 4.5 There exists C1(«x) > 0 such that for every n > 3 and every j odd
with3<j<n-—1,

N (dn,j) 4 N (d'l»f) 7](; (d”’j)
n

Zayn,j = dn,j 2 +Tan,j

Ci(o)

nd

where |rgn, j| <

Proof of Theorem 2.4 Substituting (4.5) into g and using Taylor expansion of g
around dy,, ;, we obtain the asymptotic expansion (16) with error bound (17). O
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5 Transformation of the Characteristic Equation for the Last
Eigenvalue

Recall that x,, Ny, w, are defined by (3), (11), (13), respectively.

Proof of Theorem 2.3 If A, € (4,00), we make the change of variable . =
g+(x) with x € (0, 00). In other words, we use (32) with r = 2cosh(x/2).
Then, p,(2cosh(x/2)) # 0, and equation Dy ,(g+(x)) = 0 is equivalent to
qa.n(2cosh(x/2)) = 0, which takes the following form:

1
tanh = = — tanh = (n is odd), (50)
2 Ky 2
tanh % = x, coth % (n is even). (G2))

By Theorem 2.1, if n is odd and n > x,, then (50) has a unique solution on (0, wy).
Ifnisevenandn > 4, then (51) has a unique solution on (wg, 00). We apply arctanh
to both sides of the Egs. (50) and (51), and rewrite them as (15). O

6 Last Eigenvalue with Odd n

In this section, we suppose that n is odd and n > N,, and we study the behavior of
Aa.n.n and sy , which are related by (12), i.e., Ag.n.n = §+(Sa.n)-

The main idea of this section is to exploit the symmetry between the last
eigenvalue of L, , and the first eigenvalue of Li_q ,. Since o > 1, the “dual”
parameter o’ := 1 — « satisfies o’ < 0, and the matrices L, , with ¢/ < 0 were
studied in [13].

As we showed in [13, proof of Theorem 2.2], A,/ ,1 can be computed as
8— (S n) Where g_(x) == —4 sinh? (x/2) and sy 5, is the unique solution of

tanh (%) — %, tanh (%) . (52)

Proposition 6.1 Let n be odd such thatn > Ny. Then Ay pn =4 — AM—an,1-

Proof Let o/ = 1 — «. Notice that »x, = »x; 1 Therefore, Egs. (50) and (52)
coincide. They have the same solutions:

Sa,n = Sa’/,n- (53)
Finally,

4 — )\a’,n,l =4 g—(sa’,n) = g+(sa’,n) = g+(sa,n) = )\a,n,n'
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Let n be odd, and recall that v, is defined by (14); another useful representation
is

Yy (x) = arctanh (%;ja tanh %) .

It follows that v, , equals the function ¢1_ , given in [13, (2.6)]. Therefore, the
properties of (14) and (56) are the ones developed in [13, Propostions 5.1 and 5.3].
In particular, the first two derivatives of V¥, , are

2nxy
(1 — x2)cosh(nx) + 1 + Jfg’

Vo n(x) = (54)

2n%xy (1 — xé) sinh(nx)

Van ) = =00 50 coshiny) + 1+ 22 (53)

Define

2 42 2 1) — _ 1)
Eot,n = — arccosh M — Z arccosh na(a ) (Ol ) '
" — Xy n 200 — 1
Proposition 6.2 Let n be odd such that n > Ny. Then Yy, has the following
properties.

Ven > 0and Y], < 0on [0, +00).
Venla.n) = 1; moreover, Y, . > 1on [0, Ly n) and ¥, , < 1 0on (£y,n, +00).
limy s 400 Y0 (X) = wa.

Sq,n IS the unique fixed point of Y, in (0, +00).

Yan(x) > x for every x in (0, £y ]

Lan < YanCan) < San-

AR B~

For every odd n > N, we define fy ,: [0, +00) — R by
nx
Jan(x) i=x — Y n(x) = x — 2arctanh (%a tanh 7) . (56)

Figure 4 shows f, ;.
The following theorem contains more detailed information than its analog [13,
Theorem 5.4].

Theorem 6.3 (Convergence of Newton’s Method Applied to f, , for Odd n) Let
n > Ny and n be odd. Then the sequence ( yéﬁ))fnozo defined by

(m—l))
©) . (m) ._ (m—=1) _ M
Yan = Wa, Yan = Ya,n , (m—1)

fa,n (}’a,n )

(m = 1),
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la,n Sa,n /

t
0 Wo

Fig. 4 Plotof f, , (blue) and tangent line to the graph of f, , at £y , (red), fora =3/2andn =7

takes values in [Sq n, W] and converges to sy . The convergence is at least linear.
Moreover, if n is odd and large enough, then the convergence is quadratic, i.e.,
there exists Q. in (0, 1/2) such that for every m > 1,

0 <y —son < wa Q27" (57)

Proof By Proposition 6.2, f, , > 0and f/, > 0 on [Y4,(la.n), @] So, [13,

a,n
Proposition 4.3] implies that the points yé"}l) belong to the segment [y, (€y.n), W]
(which is contained in [s,, ,, @y ]), and the convergence is at least linear.

It is easy to see that for n large enough, the dependence n +— ¢, , is decreasing.
Let ng be such a number that £y, < £y ,, for every n > ny.

Take by := £y pn,- Then for every n > ny,

Lan < by < Sqpn < Wy.

Let Jy = [by, wy]. Since ¥, ,(by) — 0 and sup; |¢”| — 0asn — oo, we
choose n1 such that for every n > nj,

1
1p(/x’n(b@() < Es S}tp'wt;/,n| < Za)a'

Then, for n > n; and for every x in J,,

l 4
5 < Jan®ba) < fo (), | fon (O] < T
We

and

Sup | fo.ul

Ja 1
= —b . —_— -
Oun = (w0g — by) 2i}lf|f0’[’n| <3



Eigenvalues of the Laplacian Matrices of Cycles with One Overweighted Edge 233

In fact, Q4 tends rapidly to O as n tends to oo, but we have not found simple
estimates. |

Define

43, Ao (1 + 22)

=—7, = . 58
yl,a 1 _ %2 V2,0l (1 _ %5)2 ( )

Theorem 6.4 (Asymptotic Expansion of s, , Where n Is Odd) As n is odd and
tends to infinity,

Son = Wy — V1.g€ " — yﬁane_znw“ + y2ae 2 4 O (nPe 30, (59)
Proof Leta’ :=1 — a.In [13, Theorem 5.9], we proved that
Sarn = ot = V0ar€ "% = Yl me Ty e+ O (e,
where
wy =log(l —2¢') =loge — ) =we,  Viw =Vie» Vo = Ve

Now the result follows from (53). O

The asymptotic expansion of Ay , , Will be derived at the end of Sect. 7.

7 Last Eigenvalue for Even n

In this section, we study the behavior of the last eigenvalue A, , , supposing that
n is even and n > 4. More precisely, we analyze the behavior of s, ,, defined by
Aann = 8+ (Sa.n). Thus, in this section we suppose that n is even.

Define r, = g1 ~!(4 4+ 2a) = 2 arcsinh(y/a/2). By Theorem 2.1, part 4, s, is
the unique solution of (51) in (wy, 7).

Recall that v, , is defined by (14):

WYa.n(x) = 2arctanh (%a coth %) (x > wy).
Note that for x > wy,

nx x ,
%y COth — < x4 coth = < x4 coth — =1,
2 2 2
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therefore v, , is well defined. A straightforward computation gives

/ _ 2nx¢y 60)
Van ) == (1 — x2) cosh(nx) — 1 — »2’ (
W) = 212ty (1 — 22) sinh(nx) o

(1 = »x2) cosh(nx) — 1 — »x2)2"

Proposition 7.1 Let n be even such that n > 4. Then Yy, has the following
properties.

1. ¥l , <0and ¢, > 0on [wy, +00). So, Yo is a strictly decreasing convex
function.

2. limy 00 Yo n(X) = wg.

3. Sa.n is the unique fixed point of Yo n and wy < Sqn < rg-

Proof For every x > wy, due to the increasing property of cosh and the condition
n =4,

1+x§
1 — 52

o

(1 — %2) cosh(nx) > (1 — x2) cosh(wy) = (1 — x2) =14 x2.

Hence, the denominators of the fractions in the right-hand sides of (60) and (61) are
strictly positive, and we get statement 1.
By definition of w, and x,

1

Fa—1 -1
tanh 2% = =BT (62)
2 14+ e % 1+ 5T o

Cl—ee 11—

This equality implies statement 2. Finally, statement 3 is consequence of Theo-
rems 2.1 and 2.3. O

We define fy ,: [wg, 00) = R,
nx
Joan(x) :=x — Yun(x) = x — 2arctanh (}fa coth 7) . (63)
We use the same notation fy , for two different functions, depending on the parity

of n. Figure 5 shows fy ,.

Proposition 7.2 For every even n withn > 4, f > land f,), < 0 on [wy, r4].
Moreover, sy, is its only root in (wy, I'y)-

Proof Follows from Proposition 7.1. O
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We T

0 t
/ Sa,n

Fig. 5 Plot of fy , (blue), fora =6/5andn =4

Theorem 7.3 (Convergence of Newton’s Method Applied to f,, for Even n)
Letn > Ny be even. Then the sequence (yé%))fnozo defined by

(m—1)
fa,n (Ya,n )
WO =, = é’f?“—w (m =1,

/
ao,n Ya,n

takes values in [wy, Sq.n] and converges to sq .

Moreover, if n is even and large enough, then the convergence is quadratic, i.e.,
there exists Qg in (0, 1) such that for every m > 1,

0 < S — W <10 Q2. (64)

Proof By Propositions 7.2 and 4.3, the sequence (y(%))mzl takes values in
[@q, Sa,n] and converges at least linearly. Define

sup | f |
[wo e
ro,n = (rq — wq) - PO E——
2 inf |fa’n|
[wa,ra]

It follows from (61) that supy,, .1 |fo | — 0asn — oo. Therefore, there exists ng
such that Q, , < 1/2, for every n > ng. In fact, Q, , tends rapidly to 0 as n tends
to oo, but we have not found simple estimates. O

Lemma 7.4 Let m, n be even such thatn > m > 4. Then Sg.m > Sa.n-

Proof Recall that sy, and sy, are the solutions of (15), respectively for n and m.
In this lemma, we prefer to deal with the equivalent Eq. (51). Then

NSa,m MSq,m Sa,m a—1 NSa,n
tanh = = tanh
o

2

Sa,n

tanh .
2

S,
tanh tanh = > tanh
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This implies Sq,m > Sq.n, Since x — tanh % tanh %‘ is a strictly increasing function
on [wgy, 00). m]

Proposition 7.5 Let n be even such that n > 4. Then

0 < San — Wy < C3(a)e "™, (65)

(4+20)
a—1 -

where C3(a) =

Proof By the mean value theorem applied to x > coth(x/2) on [wy, S¢.x], there
exists £ € (wqy, Sa,n) such that

Sa.n Wy 1
coth— —coth— = ———— - ,
2 2 2sinh? (e = )

ie.,

San — Wy =2 sinh? % (coth w—za — coth Séﬂ) .

Now we apply the increasing property of sinh, identity (62), and the fact that s, ,
satisfies (51):

2sinh? &
San — Wg < 2sinh? fa (coth Qo _ coth Sa’") =2 (1 — tanh mﬂ)
’ 2 2 2 Ky 2

2 ry 2 ry
- 4cosh” % o 4 cosh” % —— 8+(ra) o0
Ha Ho Xo
The last expression simplifies to C3(a)e™"“e. m|

Recall that y; , and y» , are defined by (58).
Lemma 7.6 (Asymptotic Expansion of v, 1) As t tends to infinity,

Va1 (1) = 0 + Vit +v20¢ > + 0. (66)
Proof The proof is analogous to the proof of [13, Lemma 5.8]. Since coth(¢/2) =
1+e”!
1—e 1>

1
VYo.1(t) =o(e”"), where o(u) = 2arctanh (J{a . + u) .
—u

We start with the Taylor—Maclaurin expansion of the rational function u — (1 +
u)/(1 — u) around O:

1—|—u_1+ 2u
l—u 1—u

=14 2u+2u’>+ 0wWd).
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Then, we apply the Taylor expansion of arctanh around »,:

y i Ho y2
1—x2  (1—3x2)?2

o

+ 0(y3).

arctanh(x, + y) = arctanh(xy) +

In the last expansion, we substitute y = 2, (1 + u? + O(u?)) and use the relation
O(y) = O(u):

o (u) = 2 arctanh (}(a + 26 (u +u® + O(u3))>

Axgy

2
I —

= 2arctanh(x,) + (u +u’+ 0(u3)>

3 2
+ (1§+2)2 (u+u?+0wH) + 06,

Simplifying and taking into account that tanh(w, /2) = x4, we obtain the Taylor—
Maclaurin expansion of ¢ around 0:

o () = g + V1ot + Voou® + 0W?).

Finally, we put # = ¢~ and obtain (66). i
Theorem 7.7 (Asymptotic Expansion of s, ,) As n is even and tends to infinity,

San = Wy + Y1,g¢ " — yﬁane_znw“ + yz,ae_z"w“ + O(n?e %), (67)
Proof The proof is analogous to the proof of [13, Theorem 5.9].

By formula (65) from Proposition 7.5, we have an asymptotic expansion of sy
with one exact term:

San = Wy + O(e™ "), (68)
Therefore,
o Man — e—nwa-ﬁ-O(ne’"“"") — e—nwa(] + O(He_nw“)) = ¢ W 4 O(ne_z"“’“).
(69)

This also implies a rough upper bound for e =5

e Man = O (e, (70)
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The main idea of the following proof is to combine (68) with (15) and Lemma 7.6.
We apply the asymptotic expansion (66) with two exact terms and with ns,, , instead
of t:

Sen = Varn Sarn) = Va1 (MSa.n) = 0o + Y10 """ 4+ O (e72em),
We simplify this expression using (69) and (70):
San = @o + V1,067 £ O(ne” ") + 0 (™)
= wa + V1.0 " + O(ne™ "),
Now, we use this expansion to improve (69):

o MSan — efnwuefyl,anefnw"‘+O(n2672”“’°‘)

— ¢ (1 _ )/1,0,11672”%’ + O(n2€72nwa))
— ¢ _ Vi ane—2nwa + 0(n28—3nwa).
Next, we combine this expansion with (66):
— o,.n 72 o, n - o,.n
Sa,n = Ipot,n(sot,n) = Ipot,l(”lsoz,n) = Wy + Y1,a€ Man 4 Y2,a€ Son 4 O(e 3nsa, )

=Wy + V1« (e_"w“ — yl,ane_znw"‘ + O(nze_3”‘*’“)>
—nwg __ —2nwy 2 —3nwy 2 —3nwy
+1r.ale Yi,alle +Om’e )) +0C(e ).

Simplifying this expression we get (67). O
In the next corollary, we join the asymptotic expansions (59) and (67).

Corollary 7.8 As n tends to infinity,
Sen = 0o+ (= 1) Y1 07" =y ne” % fy qe T £ O(nPe” ). (T1)

Proof If n is odd, then (59) equals (71). If n is even, then (67) equals (71). |
Proof of Theorem 2.5 We expand g4 by Taylor formula around wy:

X2+ 0(x3).

gl (wq)
g+ (o +X) = g4 (wg) + g, ()X + %
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Then we substitute the expansion (71) of s, and simplify:

)La,n,n = g+(sot,n)

= g (00 + (1 1™ = Y ne Ty ge T O )

nwy —2nwy

— Vi o8y (@o)ne

2 1
V184 (@a)
+ (Va,zg;(wa) + M) e~ 20 | o (n2673na)a) ‘

= g+(®) + (=1)"y1,08] (0a)e”

2

Recall that g4 (wy) = €2,. Hence, we obtain (20) and (21), with the following
coefficients:

1

zgl(wa)yﬁa.

Bat = & (@) V10 Baz = —8 (@) Vg Bas = 84 (@a) Va2 +

Calculate the derivatives of g4 at wy:

do(l — ) _ 43,
1 -2  1—2x2’

g;(wa) = 2sinh(wy) =

20 =20 +1) 202+ 1)

gl (@) = 2eoshlog) = == = S

Combining with formulas (58), we write 8,1, Ba.2, and By 3 as (18) or (19). |

8 Norm of Eigenvectors

We recall that, due to Proposition 3.1, Agn,j = ARe(w).n,j fOr every a in C, every
n > 3 and every 1 < j < n. Nevertheless, it turns out that if Im(«) # 0, then
the eigenvectors associated to L, , usually have complex components. So, in this
section we suppose that « is a complex number such that Re(«) > 1. To simplify
subindices, we put

Xy = XRe(@)s Na = NRe(@)» Wa ‘= WRe(@)» 2 = QRe(a)
Na = NRe(er)s Za,n,j — ZRe(a),n,j» Sa,n = SRe(a),n-

Proof of Theorem 2.6 Formulas (22), (23) are consequences of [12, Proposition §].
O
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Recall that vy, is defined by (24). For every x in [0, ], we define

2 | 2

lo — 1] ol
g(x) cos(ny (x)) + Tg(na(X)) cos(x)

2
|r|? — Re(e)

Tt W)+ 8a(x) = g(x + 14 (x))).

Eu(x) =

Proposition 8.1 (Exact Formulas for the Inner Eigenvectors) Let n > 3 and
2<j=<n-—LIfjiseven, then ||vyn,jll2 is given by (25). If j is odd, then

Sin(na(za,n,j))

Sin(zot,n,j) Ea (Za,n,j). (72)

2
lVe,n,j I3 = nve (Zan,j) +

Proof These formulas are similar to [12, (66), (69)] and are proved in the same
manner. o

We will use several identities for hyperbolic functions:

sinh(x) % sinh(y) = 2 sinh (x jZE y) cosh (x :2F y) : (73)
2 sinh(x) sinh(y) = cosh(x + y) — cosh(x — y), (74)
2 sinh?(x) = cosh(2x) — 1, (75)

sinh(nx) cosh((n + 1)x + y)

sinh(x) (76)

n
Z cosh(2kx +y) =
k=1

For every n > N, define

Aann {sinh(2nsgy ;)
up(a, n) = — . — —n],
2 2 sinh(sq,n)
) 2|oz|2 cosh? W w(a,n), ifniseven,
ua(, n) = 2 op2 (1= Do o
2|a|”sinh” ——==** w(a, n), ifnisodd,
@ n —4Re(a) cosh % cosh %% cosh *%* w(a, n), ifn iseven,
uz(o,n) .= _
—4Re(w) sinh W sinh =% cosh *%* w(a, n), if n is odd,

where w(e, n) = % + (=DHp,

Proposition 8.2 (Exact Formula for the Norm of the Last Eigenvector) Letn >
Ny. Then

lvannlly = uie, n) + ua(e, n) + uz(e, n). (77)
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Proof Let n be even. Then, from (23) and (73),

Vannk = (= DX (@sinh((n — k)se.n) + (1 — @) sinh((k — 1)sq,,) + sinh(kse,n))
= (=¥ (sinh((k — 1)sq,n) + sinh(kse,n)
+@ (sinh((n — k)sg,n) — sinh((k—1)sa.1)))

2k — l)sa,n Sa,n
———— cosh >

1—-2k -1
+2« sinh (n + )San cosh (n )Sa,n) .

= (=¥ (2 sinh

2 2
Taking the squared absolute value and applying (74) and (75), yields

sinh2 —(2k — Dan

2
h2 (n— 1)Sa,n sinh2 n+1-— 2k)sot,n
2

S,
|v,>[,,,,n’k|2 = 4 cosh? %

—}—4|oz|2 cos

(n— I)Sa,n h Sa,n
2
n+1-— 2k)sa,n . 2k — l)sa,n
> sinh 2 ,

+ 8 Re(w) cosh

X

X sinh

i.e., after a simplification,

A
Ve nnkl® = %(eosh(zksa,n — Sqn) — 1)
l)sa,n(

+ 2|a|? cosh? (”_T cosh(2ksgn — (1 + 1)san) — 1)

(n — l)sa,n h sot_,n
2

2
X (cosh nsg,n — cosh (sta,” — %sa,,,)) .

Formula (77) is obtained summing the previous expression over k, considering the
identity (76) in each term.
The proof is similar for odd n. O

4+ 4 Re(w) cosh X
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Lemma 8.3 As n tends to infinity,

Re(a) 2nw, n
bl = « 0 wd b
ui(a, n) IRe(er) — l)e + O (ne"™*)
ur(o, n) = o ¥ 4 O (ne"®),
8Re(a)(Re(w) — 1)
Re(a) e
) = —————— “ + O((ne"?).
usz(a, n) I(Re(a) l)e + O (ne"®*)
Proof Proceed similarly to the proof of [13, Lemma 6.3]. O

Proof of Theorem 2.7 Formulas (26), (25) follow similarly to the proofs of [13,
(2.20), (2.21)]. To prove (27), we apply Proposition 8.2 and Lemma 8.3. Finally, we
take the square root and obtain (25). O

Remark 8.4 Using Theorems 2.6 and 2.7, it is possible to show that for n large
enough, the inner components of the normalized eigenvector vy n.n/||Va,nnll2 are
very small:

1

Ve k = Ou(e7h 4 &7 FITR) = g (7 minthr IR,
Ve n.nll2

Figure 6 shows the components of the normalized eigenvectors vy n.n/||Va.n.nll2
for some « and n, and Fig. 7 shows the logarithms of the absolute values of their
components.

. .
1 1
2 2
. °
. °

0 = : 0 : °

f———%0000000000000000002 —— f———2c00000000000000000005———

1 e ¢ 3 1 ° ° 32

. .
° °
. .

Fig. 6 Components of the eigenvectors |‘L‘”"l’1;‘|‘2 fora = % n = 31 (left) and n = 32 (right)




Eigenvalues of the Laplacian Matrices of Cycles with One Overweighted Edge 243

16 31 16 32
0 . ) 0 o A ‘
L] L] L] L]
-2 o. .o —2 o. .o
L] L] L] L]
—4 ° ° —4 ° °
L] L] L] L]
—6 % o’ —6 %e o’
L] L] L] L]
-8 °e o -8 % o
L] L] L] L]
—-10 % o —-10 ®epee’
Fig. 7 Values of log |wy n.n.x| Where wy ., = ”vv“% fora = % n = 31 (left) and n = 32

(right). On the left picture, we skip the component with k = 16 because w3/2,31,31,16 iS very close
to zero

9 Numerical Tests

With the help of SageMath, we have verified numerically (for many values of
parameters) the representations (32), (39), (38) for the characteristic polynomial,
and all the other exact formulas appearing in this paper.

We introduce the following notation for different approximations of the eigen-
values and eigenvectors.

. Aff::_ ; are the eigenvalues computed with machine precision (= 16 decimal

diéits), using a general eigenvalue algorithm from Sagemath.

All other computations are performed with 3322 binary digits (= 1000 decimal
digits).

. zgn j is the numerical solution of the equation Ay, j(x) = 0 computed by
Newton’s method, see Theorem 4.4.

e Similarly, sg{ ,, 1s the solution of f, , (x) = 0 computed by Newton’s method, see
Theorems 6.3 and 7.3.

o AN s computed as g(za n j) or g(dy,j) or g4 (sa ), depending on the case.

o,n,j

. )\glffcj is similar to AN an,j’ but now we solve the corresponding equations by the
bisection method.

¢ Using zblsec we compute vy, ,, j by (22) and normalize it.

e Using sblgec we compute vy .1 by (23) and normalize it.

. )\Ztiir}m is the approximation given by (16) and (21).

We have constructed a large series of examples including all rational values « in
(1, 5] with denominators < 4 and all n with 3 < n < 256. In all these examples, we
have obtained

__ 4 bisec 994 gen bisec —13
IIE/aX | Lo, Ve, j )‘a n,jVa,n, 1”2 < 10~ 1r£/a§n |)“otn Jj Aan]' <1077,
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Table 1 Values of || RasymplllOC and n? ”Rgfzmpt“oo for some « and n

a=4/3 a=13/4

n IRG ™ loo | P IRG ™ lloo n RGP oo | P IRan ™ oo
256  |4.37 x 107¢ 7.34 x 10! 256 | 1.67 x 107° 2.80 x 10!
512 |5.68 x 1077 7.62 x 10! 512|211 x 1077 2.83 x 10!

1024 |7.23x 1078 7.76 x 10! 1024 | 2.64 x 10~8 2.84 x 10!

2048 |9.11 x 107° 7.83 x 10! 2048 [3.31x107° 2.84 x 10!

4096 | 1.14 x 107° 7.86 x 10! 4096 |4.14x 10710 |2.85 x 10!

8192 143 x 10710 |7.88 x 10! 8192 |5.18x 10711 | 2.85 % 10!

sympt _ sympt
Table 2 Values of |R;?Z'Ep | and n—2e3"@a |RZTZT1P | for some « and n

a=4/3 o =13/4

n | IRG n2e3mea RO n | [Ran | n=2e3meu | RO
64 | 191 %107 |1.84 64 339x 107136 |1.17 x 103

128 |2.00x 1078 | 1.89 128 9.73 x 107278 |1.18 x 103

192 | 1.15x 10712 | 191 192 | 1.56 x 10741% |1.19 x 103

256 |5.23 x 107106 192 256 | 1.97 x 1071 1 1.19 x 103

where vy ,,; was the normalized eigenvector. Moreover, in all examples with n >
NO( )

bisec —-997
max |A —A | < 10 .
1<j<n o,n,j o,n,j

For testing the asymptotic formulas, we have computed the errors

asympt ,__ ,asympt , N
Rozn] T )\'O(l’lj )‘an]

asympt asympt

a,n,j

and their maximums |[|Ry)n = lloo = maxj<j<u |R |. Table 1 shows that these
errors indeed can be bounded by Oy (1/n3).

We have done similar tests for many other values of o and n. Numerical
experiments show that n3 || Rasymptnoo are bounded by some numbers depending on
a.

Since |R, | is smaller for the outiler eigenvalue, we show in Table 2 some

numerical experlments for only this case.

asympt
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On the Algebra of Singular Integral )
Operators with Almost Periodic Qe
Coefficients

Oleksiy Karlovych and Marcio Valente

To Professor Yuri Karlovich on the occasion of his 75th birthday

Abstract Yuri Karlovich observed in the early 1990s that every Fredholm operator
in the Banach algebra generated by the Cauchy singular integral operator S and the
operators of multiplication by matrix-valued uniform almost periodic functions on
the space LZ(R) with 1 < p < oo is invertible. We extend this result to the setting
of reflexive rearrangement-invariant Banach function spaces with nontrivial Boyd
indices.

1 Introduction and the Main Result

Given a Banach space X, let 8(X) denote the Banach algebra of all bounded linear
operators on X and let K(X) denote the ideal of all compact operators on X. As
usual, A* denotes the adjoint operator of A € B(X). An operator A € B(X) is said
to be Fredholm on X if its image Im A is closed in X and

dimKer A < oo, dim(X/ImA) < oo.

We denote by X the Banach space of all columns of height N with components in
X; the norm in Xy is defined by

1/2

N
T 2
Gty s ) llxy = (Z ||xa||x)
a=1
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Given a subalgebra B of L°°(R), we denote by Byxy the algebra of all N x N
matrices with entries in B; we equip By xy with the norm

1/2

N
1w = |Feplipnt |, = | 2 el
NxN o, =1

An almost periodic polynomial is a function of the form

m
a(x) =Y aje™* (xeR) with a;€C, i eR.
j=1

The set of all almost periodic polynomials will be denoted by A PC. The algebra A P
of the uniform almost periodic functions is defined as the closure of APYin L¥(R).
This definition is equivalent to Bohr’s original definition of uniform almost periodic
functions (see, e.g., [2, Ch. 1, §5]). Another equivalent definition of uniform almost
periodic functions was given by Bochner (see, e.g., [2, Ch. 1, §2]).

Let X(R) be a rearrangement-invariant Banach function space with the Boyd
indices 0 < ay < Bx <1 (see[l, Ch. 2] and Sect. 2 below for their definition). The
archetypical example of such spaces is the Lebesgue space L” (R) with 1 < p < oo,
whose Boyd indices are oy » = Brr = 1/p with the usual convention 1/00 = 0.
Other interesting examples are Orlicz spaces L®(R) and Lorentz spaces L4 (R)
(see, e.g., [1, Ch. 4]). In 1967, David Boyd proved that the Cauchy singular integral
operator

(SF)(x) := lim l/ fo
R

e—0 T \(x—&,x+¢€) r—x
is bounded on a rearrangement-invariant Banach function space X (R) if and only if
0<ayxy < Bx < 1

(see [S] and also [1, Theorem 5.18]). In the latter case, one says that the Boyd indices
are nontrivial.

If a € APnyx«n, then the operator al of multiplication by a is bounded on
Xnv([R) = [XR)]y. The operator S is defined on Xy (R) elementwise. Let
An(AP, S; X(R)) denote the smallest Banach subalgebra of the Banach algebra
B(Xy(R)) that contains the operator S and the operators of multiplication al by
matrix-valued functions a € APy« pn.

In the early 1990s, Yuri Karlovich observed the following (cf. [8, Corollary 2]).

Theorem 1 Let N € N, 1 < p < oo, and A € An(AP, S; LP(R)). Then the
operator A is Fredholm on Lﬁ, (R) if and only if it is invertible on LZ(R).

We also refer to a more general result contained in [4, Corollary 18.11].
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The aim of this short paper is to extend the above result to the setting of reflexive
rearrangement-invariant Banach function spaces with nontrivial Boyd indices. Our
main result is the following.

Theorem 2 (Main Result) Ler N € N and let X (R) be a reflexive rearrangement-
invariant Banach function space with nontrivial Boyd indices. If an operator A
belongs to An(AP, S; X(R)), then A is Fredholm on Xy (R) if and only if it is
invertible on Xy (R).

The paper is organized as follows. In Sect. 2, we recall the definitions of a Banach
function space and its associate space, of a rearrangement-invariant Banach function
space and its Boyd indices. In Sect. 3, we compute the limit operators (see [14, 18])
of the Cauchy singular integral operator, of the multiplication operator by an almost
periodic polynomial and of compact operators on rearrangement-invariant Banach
function spaces. Armed with these results, we prove Theorem 2 by extending the
proof of Theorem 1 to this larger class of function spaces. We conclude our paper
with the open question formulated in Sect. 4 concerning the possibility of extension
of Theorem 2 to the case of the Lorentz spaces L”'!(R) and Marcinkiewicz spaces
LP-*°(R) with 1 < p < oo (as it is well known, these spaces are nonreflexive and
their Boyd indices are equal to 1/p).

2 Rearrangement-Invariant Banach Function Spaces and
Their Boyd Indices

2.1 Banach Function Spaces

Denote by m and m the Lebesgue measure on R and Ry := [0, 00), respectively.
Let (S, ) be one of the measure spaces (R,m) or (R4, m). The set of all u-
measurable complex-valued functions on S is denoted by M(S, u). Let MT (S, i)
be the subset of all functions in M(S, ) whose values lie in [0, co]. The measure
and the characteristic (indicator) function of a measurable set E C S are denoted
by w(E) and xg, respectively. Following [1, Ch. 1, Definition 1.1], a mapping
o MT(S,n) — [0, 00] is called a Banach function norm if, for all functions
f. g fu m € N) in M, ), for all constants @ > 0, and for all measurable
subsets E of S, the following axioms hold:

(AD p(f)=0< f=0ae, plaf)=ap(f), p(f+8& =p(f)+p,
(A2) 0<g < fae = p(g) <p(f) (thelattice property),

(A3) 0< fu * fae. = p(fu) * p(f) (the Fatou property),
(A4) w(E) <00 = p(xg) < o0,

(A5) W(E) < 00 = /E F)dx < Cp(f)
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with Cg € (0, 0o0), which may depend on E and p but is independent of f. When
functions differing only on a set of measure zero are identified, the set X (S) of all
functions f € M(S, w) for which p(| f|) < oo is called a Banach function space.
For each f € X(S), the norm of f is defined by || f|xs) = p(|f]). Under the
natural linear space operations and under this norm, the set X (S) becomes a Banach
space (see [1, Ch. 1, Theorems 1.4 and 1.6]). If p is a Banach function norm, its
associate norm p’ is defined on M™ (S, i) by

p'(g) = sup {/S f)gx)dx: f e MY, w), p(f) < 1}, g e MF (S, ).

It is a Banach function norm itself [1, Ch. 1, Theorem 2.2]. The Banach function
space X'(S) determined by the Banach function norm p’ is called the associate
space (Kothe dual) of X (S). The associate space X’(S) is naturally identified with a
subspace of the (Banach) dual space X*(S).

The following duality result is a consequence of [1, Ch. 1, Corollaries 4.3
and 5.6].

Theorem 3 Let N € N and X(R) be a separable Banach function space. For
every continuous linear functional G on Xn(R) there exists a unique function
g=1(g1,--.,8n) € XN(R) such that

N
65 =Y [ ftwsGidr = (f.g) M
a=1
forall f = (fi1,..., fn) € Xn(R). Moreover, the norms || - || (x &) and || - x7, ®)

are equivalent.

We also note that if X (R) is reflexive, then both X (R) and X’(R) are separable
(see [1, Ch. 1, Corollaries 4.4 and 5.6]).

2.2 Rearrangement-Invariant Banach Function Spaces

Let Mo(S, n) and M;(S, ) be the classes of a.e. finite functions in M(S, @) and
M (S, 1), respectively. The distribution function 1 rof f e Mo(S, n) is given by

wr() = pix €S [f@]>Ah A0,
The non-increasing rearrangement of f € Mg(S, w) is the function defined by

fr@) :=inf{a:upA) <t}, t=0.
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We here use the standard convention that inf@ = 4-o00. Now let (S, w), (T, v) €
{(R, m), (Ry, m)}. Two functions f € Mo(S, u) and g € My(T, v) are said to be
equimeasurable if 1 r(A) = vg(A) forall A > 0.

A Banach function norm p : MT(S, u) — [0, o] is called rearrangement-
invariant if for every pair of equimeasurable functions f, g € M;(S, ), the
equality p(f) = p(g) holds. In that case, the Banach function space X (S) generated
by p is said to be a rearrangement-invariant Banach function space (or simply
a rearrangement-invariant space). Lebesgue spaces LP(S), 1 < p < oo, Orlicz
spaces L®(S), and Lorentz spaces L4 (S) are classical examples of rearrangement-
invariant Banach function spaces (see, e.g., [1] and the references therein). By [1,
Ch. 2, Proposition 4.2], if a Banach function space X (S) is rearrangement-invariant,
then its associate space X’(S) is also rearrangement-invariant.

2.3 Submultiplicative Functions and Their Indices

A measurable function ¢ : (0,00) — (0, 00) is said to be submultiplicative if
o(x1x2) < o(x1)o(xz) for all x1,x2 € (0,00). The behavior of a measurable
submultiplicative function g in neighborhoods of zero and infinity is described by
the quantities

logo(x) _ lim log o(x)

a(e) := sup 2
xe©,1) logx x—0 logx
1 1
)= inf 08OW) _ y, loge(o) 3)
xe(l,00) logx x—>o00  logx

where —oo < a(0) < B(0) < oo (see [12, Ch. II, Theorem 1.3]). The numbers (o)
and B(p) are called the lower and upper indices of the measurable submultiplicative
function .

2.4 Dilation Operators on the Luxemburg Representation and
Boyd Indices

Let X(R) be a rearrangement-invariant Banach function space generated by a
rearrangement-invariant Banach function norm p over (R, m). By the Luxemburg
representation theorem (see [1, Ch. 2, Theorem 4.10] or [16, Theorem 7.8.3]), there
exists a unique rearrangement-invariant Banach function norm p over (R, m) such
that

p(N)=p(f"), [eMj® m).
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The rearrangement-invariant Banach function space over (R, m) generated by p is
denoted by X (R4) and is called the Luxemburg representation of X (R). For ¢ > 0,
let E; be the dilation operator defined on the set Mo(R, m) by

(Erp)(s) = o(ts), 0<s <oo0. 4)
It follows from [1, Ch. 3, Proposition 5.11] that the operators E; are bounded on

X (R,) for all t > 0. The operator norm of the operator Ej;; on the Luxemburg
representation X (R;) will be denoted by

ht, X) .= IEylgx@, ). >0

By [1, Ch. 3, Proposition 5.11], the function A (-, X) is nondecreasing (and hence,
measurable), submultiplicative on (0, co), and

hx(t) <max{l,t}, 0<t < o0. (®)]

The indices of (-, X) are called the Boyd indices [6] of the rearrangement-invariant
Banach function space X (R) and are denoted by

ax :=a(h(-, X)), Px =B, X)).
So, ax < Bx. Equalities (2)-(3) and inequality (5) imply that the Boyd indices of
X (R) satisfy 0 < ax, Bx < 1. We refer to the survey paper [15] and the monographs

[1, 12] for the properties of the Boyd indices of rearrangement-invariant Banach
function spaces.

3 Proof of the Main Result

3.1 Injection and Surjection Moduli

Let X be a Banach space and A € B(X). Following [17, Sections B.3.1 and B.3.4],
consider its injection modulus

J(A; X) ==sup{c=0: [Afllx = cll fllx forall f e X}
and its surjection modulus

Q(A; X) ;= sup {c >0: ¢cBx C ABX}
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where By is the closed unit ball of X. Sometimes these characteristics are also
called lower norms of A (see, e.g., [13, Section 1.3]). Fundamental properties of the
injection and surjection moduli are collected in the following statements.

Lemma 1 (See, e.g., [17, Section B.3.8]) If A € B(X), then
J(A; X) = Q(A™; XY), Q(A; X) = J(A™; X7).

Theorem 4 (See, e.g., [13, Theorem 1.3.2]) An operator A € B(X) is invertible if
and only if

JA; X) >0, QA;X) > 0.
If A is invertible, then

1

A; X)=QA; X)) = ———.
I ) ( ) 1A= gw)

3.2 Translations, Singular Integral Operators, and Their
Adjoints

Let X (R) be a rearrangement-invariant Banach function space. Given f € X(R),
consider its translation by 4 € R defined by

(T f) .= f(x+h), x€eR.

Since the functions f and Tj f are equimeasurable, || fllx®) = II7Th fllx®)- So,
the translation operator 7j, : f +— T, f is an isometry on X (R). Moreover, it is
invertible and its inverse is Th_1 = T_j. For N € N the translation operator 7}, on
Xy (R) is defined elementwise. Since Theorem 3 is at our disposal, the proof of the
following statement is straightforward.

Lemma2 Let N € N and X (R) be a reflexive Banach function space. If h € R,
then

T) =T_y € B(XyR)).

Fora € LS, (R), let a* denote the complex conjugate of the transpose matrix
functiona .
Since Theorem 3 is available, the following lemma can be proved by literal

repetition of the proof of [9, Lemma 3.9].
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Lemma 3 Let N € N and X (R) be a reflexive Banach function space. If a belongs
to LS}, v (R), then

(al)* =a*I € B(X)y(R)).

Lemmad4 Let N € N. If X(R) is a reflexive rearrangement-invariant Banach
function space with nontrivial Boyd indices, then S* = S € B(X', (R)).

Proof Since the operator S is defined elementwise, it is enough to prove the
statement for N = 1. In the latter case it follows from the duality relations
for the Boyd indices: axyy = 1 — Bx and By = 1 — ay (see [1, Ch. 3,
Proposition 5.13]), the Lorentz-Shimogaki theorem (see [1, Ch. 3, Theorem 5.16]),
and [10, Theorem 3.8(b)] (see also [9, Lemma 3.11]). |

3.3 Limit Operators

The proof of our main result relies on the method of limit operators (see [3, 14, 18]).
It is based on the observation that for a given bounded linear operator A on a Banach
space X and a cleverly chosen sequence of isometries {V,},2 | on X, the strong limit
of the sequence Vn_lAVn (if it exists) preserves some important information about
A and can be much simpler than the original operator A. This strong limit is called
the limit operator of the operator A with respect to the sequence of isometries {V,,}.

Since the translation operator 7} is for every # € R an isometry on a
rearrangement-invariant Banach function space, we will consider limit operators
with respect to sequences of isometries {7},}°°, for a given sequence of real
numbers {/,}>° .

We start by considering limit operators of compact operators. The following
result is a consequence of [11, Corollary 2] and [19, Lemma 1.4.6].

Theorem 5 Let N € N and X (R) be a reflexive rearrangement-invariant Banach
Sfunction space. If K € K(Xy[R)) and {hn}flil C R is a sequence such that h;, —
+00 asn — oo, then

lim (T*‘KTh ‘ =
e KIS e

n—o0

forall f € XnN(R).

The following corollary of the Kronecker theorem on almost periodic functions
(see, e.g., [4, Theorem 1.12]) will allow us to calculate limit operators of operators
of multiplication by almost periodic polynomials.
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Lemma 5 (See [4, Lemma 10.2]) Let N € N. Ifay,...,ay € API(\)fo is a finite
collection of almost periodic polynomials, then there exists a sequence {h,};° | C R
such that h,, — +oo asn — oo and

Jim a4 ) = a;Olleg, @) =0

forall j e {1,..., M}.

For N € N and a rearrangement-invariant Banach function space X (R) with
nontrivial Boyd indices, let ﬂ?V(APO, S; X(R)) denote the nonclosed algebra
consisting of the operators of the form

>[4y
iel jeg
where 7, 9 C N are finite ordered sets, ¢; € C fori € 7, and

Ajelaraeary Juts) Gperxyg

The following result is the main ingredient of the proof of Theorem 2.

Theorem 6 Let N € N and X(R) be a reflexive rearrangement-invariant Banach
function space with nontrivial Boyd indices. For every B € ﬂ(,)\, (AP°, S; X(R)),
there exists a sequence {hn}fj‘):1 C R such that h, — 400 asn — oo,

lim ‘T_IBTh - B ’ =
m BIn = BS Xy (R)

n—o0

forall f € XyR) and

*
lim H(T_IBT ) _ B -
nsoo [\ 20 )& § Xy R)

forall g € X, (R).
Proof Fix B € ?(9\, (APY, S: X(R)). Taking into account that the condition

I H(T—lBT )r—8 ‘ —0, Xy(®),
Jim (T, "BTy, ) f — Bf X feXn®)
is equivalent to
nlggo H (ThleaﬂTh”) f- BaﬁfHX(R) =0 feX®),
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for all @, B € {1,..., N}, it suffices to consider only the case when N = 1. By
definition of ﬂ?(A PY. S X (R)), we can write

B = ZC,' l_[ Aij.
iel jegJ

where A; j = Sor A; j = al for some a € APY,

Claim 1 For every sequence {h,}," | C R,

=0, X(R),
X® feX®)

*
lim ”(Th_nlSThn> g—S*g

n—oo

lim H (Th_nlSThn> f— SfH

n—o0

0, geX®).

)X’(R) -
To see this it is enough to point out that for all # € R and f € X(R),

(T, ST) f1(x) = (STh f)(x — h)
— lim f Satn

e—0 i R\(x—h—e,x—h+e) I —X + h

. F ()
= l1um —

e=>0 T JR\(x—e,x+e) Y — X

= (S/)(x).

dy

Analogously, by making use of Lemmas 2 and 4, one can simply repeat the
argument to prove the statement in the dual space. This proves Claim 1.

Claim 2 For every finite sequence aj,...,ay € APO, there is a sequence
{h,,}fjo=1 C R such that h;, — +o00 as n — oo and, for each j € {1, ... M},

. -1 . . ) _
Jlim (7, 05173, ) £ = @Df| =0 fex®. ©)
*
tim | (7413, ) ¢ = (@; D" =0, e X'(®). 7
dim (T, a1 Th, ) & = (@iD'g| |, g X'® (M
Consider any finite sequence a1, ..., ay € AP°. By Lemma 5, there is a sequence

{hn}22 | C R such that h, — 400 asn — oo and, foreach j € {1,... M},

Jim ([ Top,a; — aj| oo ey = 0.
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Fix f € X(R). It follows from Axiom (A2) in the definition of a Banach function
space that

H(T;;]alehn _aj1> f” = ”(T*hnaj —aj) fHX(R)

X(R)

= ” T_hnaj —aj HLOO(R) ”f”X(R)

Passing to the limit as n — 00, the squeeze theorem yields (6). Equality (7) is
proved analogously with the aid of Lemmas 2 and 3. This finishes the proof of
Claim 2.

Now that the auxiliary results have been established, we are ready to proceed
with the proof. Consider the set

U= {(i,j) €l x9:A;j=al forsomea eAPO].

If U = ¢, then the result follows immediately from Claim 1. Suppose now that
U # V. Foreach (i, j) € U, consider an element g; ; € APY such that Ajj=a;;l.
Repeating this process, we obtain a finite sequence (a;, ), Hews in APO. Applying
Claim 2 to this sequence, we find that there exists a sequence {4, }>° ;| C R such that
h, — 400 asn — oo and, for each (i, j) € U,

tim |(75aij173,) £ = @i Df |

n—o0

=0, e X(R),
X b ®R)

E3
tim | (71T, )" g = (ai,i1)"|

n—oo

0, g e X'R).

X'(R) -

Combining the above remarks with Claims 1 and 2, we arrive at the conclusion that
forall (i, j) e I x 7, f € X(R) and g € X'(R),

lim (Th*nlAl-,jThn) f=Ai;f in X(R),

n—oo

*
lim (Tthi,.,Thn) g =A% ;g in X'(R).

n—oo

Faced with this, we are left with appealing to the definition of the operator B and
the basic operations among limit operators (see, e.g., [14, Proposition 3.4] or [18,
Proposition 1.1.2]) to get that for all f € X(R) and g € X'(R),

lim (TthThn)f — Bf in X(R),

n—oo

*
lim (Th_nlBThn> ¢=Bg in X'(R),

n—o0

which completes the proof. O
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3.4 Proof of Theorem 2

Suppose A € An(AP, S; X(R)) is Fredholm on Xy (R). By [7, Ch. XI, Theo-
rem 5.1], there exists an operator R € B(Xy(R)), called a regularizer of A, such
that the operators K1 = I —RA and K> = I — AR are compact on X y (R). It follows
from the definition of the algebras Ay (AP, S; X (R)) and A Py« y that there exists
B € A (AP, S; X(R)) such that

1
A= Blgxy®) < —, (8
v () 4 RlIBxy®)

1
|A* — B llgx' r)) < - )
Xy E) 4Rl gx), )

By Theorem 6, there exists a sequence {h,};°; C R such that #, — 400 asn —
OO,

. -1 _
lim HThn BTh"foN(R) = Bfllxy® (10)

forall f € Xy(R) and

. 1 *

Jim [ (7,'873,) 8], =188l an

forallg e X ;v (R). It follows from Theorem 5 that
Tir HT K H -0 12
im 1T, f @) (12)

for all f € Xn(R) and

i -1 " 13
nlggo H(Thn KzTh”) X}y (R) - (13)

forall g € X}, (R).
Let f € X ~N(R). Then for every n € N,

f=T,"T,f =T, (RA+ KTy, f

=T, (R(A—B)+ RB + KT, f
= (Th_anThn> (T,;l(A - B)Th,,> f

n (Th_anThn) (Th_nlBThn) I+ (Th_anlThn> 1.
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= 1, we obtain

Taking into account that H T, B(Xy(R))
N

n

I fllxy® <IRIsxy@&HIA = Bllgxyeyllflxy®

—IBThnf)

n

(14)

+ H T,;lKlThnf(

+ IRlI8xy®) HT

Xy(R) Xy@®)

It follows from (8), (10), (12), and (14) that

I fllxy® < IRIsxy@HIA = Bllaxyeyll fllxy® + IRIsxy@)HIBSf I xy®)
< 2lIIRlsxy@)HIIA = Bllsxy@) 1 f Ixy@® + I RI8xy®)IAS Xy ®)

< %llfllxN(R) + IRIsxy®)HIAS I x5 ®)-

Hence

I fllxy® < 2IRI8xy®)ITAS Xy ®R)-
This inequality implies that

J(A; XnR)) = . > 0. (15)

2[RI Bxy )
Analogously, it follows from
I = (AR + K»)* = R*A* + K}

and (9), (11), and (13) that

JA* XyR) = o > 0. (16)
N 2 R* ll(x7, ®))

Combining (15) and (16) with Lemma 1 and Theorem 4, we conclude that the
operator A is invertible on the space Xy (R). O

4 Open Question for the Lorentz Space L? 1(R) and the
Marcinkiewicz Space L?>°°(R)

The non-increasing rearrangement of a function f € Mo(R, m) is defined by

ffx) =inf{A :ms(1) <x}, x €0, 00).
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For x € (0, 00), put

1 X
£ =~ / £ dy.
X Jo

Suppose 1 < p < ooand 1 < g < oo. The Lorentz space L”9(R) consists of all
functions f € My(R, m) for which the quantity

o] d 1/q
Il fllLra = 0 X
sup (xl/pf**(x)>, if ¢ = oo,

O<x<oo

is finite. The space LP**°(R) is frequently called the weak-L? space or the
Marcinkiewicz space.

According to [1, Ch. 4, Theorem 4.6],if | < p < coand 1 < g < oo, then
LP+4(R) is a rearrangement-invariant Banach function space with respect to || - || Lr.
with the Boyd indices

apra = Brra = 1/p.

In this case, the definition of the algebra Ay (AP, S; LP>9(R)) makes sense.

By [1, Ch. 4, Corollary 4.8] (see also [16, Corollary 8.5.4]), the space L?9(R)
is separable provided 1 < p < coand 1 < g < o0. As a result of this, it follows
that L79(R) is reflexive if 1| < p,q < oo (see [16, Corollary 8.5.5]). Note that
Corollaries 8.5.4 and 8.5.5 in [16] both contain the incorrect condition 1 < g < o0,
which should be replaced by 1 < g < oo and 1 < g < o0, respectively.

So, Theorem 2 immediately implies the following.

Corollary 1 Let N e N, 1 < p,qg < o0, and A € AN(AP, S; LP9(R)). Then the
operator A is Fredholm on LZ’q (R) if and only if it is invertible on Lx’q (R).

It would be interesting to answer the following question.

Question ] Let N e N, 1 < p < oo and g € {1, oo}. Is it true that every operator
A € AN(AP, S; LP4(R)) is Fredholm on L7 (R) if and only if it is invertible on
LY ®)?

We would like to conclude this paper with the observation that if the answer to
the above question is positive, then the corresponding proof should be different from
the proof of Theorem 2.

Indeed, the proof of Theorem 2 relies on Theorem 5 based on the fact that if
X (R) is a reflexive rearrangement-invariant space, then the sequence of translation
operators {7Tj,}°°, weakly converges to the zero operator on X (R) for every
sequence {h,}>>, of real numbers such that |h,| — +o00 as n — oo (see
[11, Corollary 2]). The same fact is still true for the nonreflexive separable space
LP'(R) with 1 < p < oo (see [11, Corollary 3]). However, it is not true for the
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nonreflexive and nonseparable space L?*°(R) with 1 < p < oo: for any sequence
{hu};2, of real numbers such that |1,| — +o00 as n — oo, the sequence of
translation operators {7},}°° , does not converge weakly to the zero operator on
the Marcinkiewicz space LP**°(R) (see [11, Theorem 2(b)] with ¢(r) = t1/7).
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Approximate Reconstruction of a ®)
One-Dimensional Parabolic Equation Qe
from Boundary Data

Vladislav V. Kravchenko

To Yuri Karlovich on the occasion of his 75th birthday

Abstract A method for recovering the spatially-dependent coefficient g(x) in
the parabolic equation w; — wyx + g(x)w = 0, x € (0,L), t > 0, from a
knowledge of the boundary data w(0, t), w, (0, t), w(L, t) and under the condition
w(x,0) = 0, is developed. It is based on Neumann series of Bessel functions
(NSBF) representations for solutions of the related Sturm-Liouville equation. With
the aid of the Laplace transform and NSBF representations, the inverse problem
is reduced to a system of linear algebraic equations for the NSBF coefficients.
The coefficient g(x) is recovered from an arithmetic combination of the first two
unknowns of this system. The approach leads to an efficient numerical algorithm.
Numerical efficiency is illustrated by test examples.

1 Introduction

The problem of recovering the unknown coefficient ¢ (x) in the parabolic equation
Wy — Wyx +g(x)w =0 (1

has attracted considerable interest [2, 3, 7-11, 13-15, 17, 19, 26, 28-32] due to
numerous applications of corresponding inverse coefficient problems in industry,
in particular, in detecting mechanical imperfections by non-destructive testing,
monitoring of the heat distribution in chemical reactors among many others (see,
e.g., [13, 14, 19, 29] and references therein). Various types of initial-boundary
conditions have been considered. In particular, inverse problems involving some
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homogeneous boundary conditions at the endpoints of the spatial variable interval
x € (0, L) and prescribed w(x, 0) as well as w(x, T) or w(xop, t), where T > 0
and xg is a fixed point in the interval [0, L], were considered, e.g., in [3, 9, 32].
Typically, one prescribes primary initial-boundary conditions, which would allow
one to uniquely determine w(x, ) if g(x) were known, for example, the initial-
boundary data w(x,0), w(0,) and w(L,t). One then sets additional boundary
conditions in order to attempt to reconstruct g(x), and this has often been the
flux on one of the lines x = 0 or x = L, for example, w, (0, ). In [26], in
the case when g € C 1[0, L] is real valued, it was shown that if w(x,0) = 0,
w(L,t) = 0and w(0, t), wy (0, t) are prescribed, then there is at most one solution
pair (g(x), w(x, t)). Additionally, we refer to [19, Sect. 4.6] and [29, Sect. 3.10]
for the proof of the uniqueness under less restrictive conditions on a real valued
coefficient g (x).

In the present work, we develop a method for solving the problem (IP1)
consisting of recovering a complex-valued coefficient g(x) € £;(0, L) under the
condition w(x,0) = 0 and from the prescribed w(0, ¢), wy (0, t), w(L, ). The
method is based on reducing the original inverse problem to an inverse coefficient
problem (IP2) for the Sturm-Liouville equation

—y"(x) + q(x)y(x) = p*y(x), x€(0,L). )

Here, the potential g(x) needs to be recovered from the prescribed functions
y(p,0) = a(p), y'(p,0) = b(p) and y(p, L) = I(p), where y(p, x) denotes a
solution of (2) for a corresponding value of the complex parameter p. The problem
IP2 was studied in [25] in the case of a real valued potential (see also [12], where
the prescribed data y(p, L) = [(p) was substituted by y' (o, L)+ Hy(p, L) = l(p),
H € R), where a method for its numerical solution, based on the Neumann series
of Bessel functions (NSBF) representations and on the reduction to a two-spectrum
inverse problem was developed. More recently, another approach for solving P2
with complex-valued potentials was developed in [22], also based on the NSBF, but
not requiring computation of the spectra.

The problem IP2 is obtained from IP1 by applying the Laplace transform, which
naturally leads to the equation

=)' +q)y(x) = —ry(x), 3)

where ReA > 0, while the NSBF representations enjoy most remarkable conver-
gence properties for p € R in (2) or, more generally, when |Im p| < C, where the
positive constant C should not be too large. Thus, the minus sign on the right-hand
side of (3) complicates the direct application of the approach based on the NSBF
representations. However, we overcome this difficulty by shifting the potential in (1)
and using corresponding properties of the Laplace transform.

The approach developed in the present work is applicable to a large variety
of inverse coefficient problems for partial differential equations. Its numerical
efficiency is illustrated by numerical examples.
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2 Problem Setting

Consider the one-dimensional parabolic equation
wi(x, 1) —wye(x, ) +gx)wx,t) =0, O<x <L, >0, “)
where the coefficient ¢ € £1(0, L) is complex valued. Assume
wx,00=0, 0<x<L. ®)]

The inverse coefficient problem (IP1) consists of recovering the coefficient g (x)
from the prescribed functions

where o, 8, y € L1(0, co) are complex valued.
Let us take the Laplace transform of (4)—(6). Denote

U()C, )x) = L[w(x, l‘)] = / w(x’ f)e_Mdt,
0

A :=v(0, 1), B(A) ;== v,(0, 1), GQA) := v(L, A). Then (4)—(6) can be written
as

-V +gx)v=—-r, O0<x<L, 7
v(0,0) =AM, V' (0,0) =BR), v(L,A)=G®). (®)
Note that A(L), B(X), G(A) are analytic in the half-plane ReA > 0. Moreover,
without loss of generality, we assume that they are analytic in a larger half-plane
I, := {A:ReX > —pu}, where i > 0 can be arbitrarily large. Indeed, fix u > 0
and instead of Eq. (4), consider the equation
ur(x, 1) —uxy(x, 1) +g(u(x,t) =0, O0<x<L,t>0, 9)
where g(x) := g (x) + . Solutions of (4) and (9) are related by
ulx,t) = e Mw(x, ).
w(x, t) satisfies (4)—(6) iff u(x, t) satisfies (9), (5), and

~

u©,0) =a(), ux0,0)=p@10), ul,n)=y@), t=0,
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where @, E , ¥ are obtained from «, 8, y, respectively, by multiplying them by e,
Thus, &, B, y € L£1(0, 0o; e#'), and their images under the Laplace transform are
analytic functions in IT,,.

Thus, we consider the inverse problem of recovering a potential g (x) in (7) from
the prescribed A(A), B(A), G(A) in (8), which are analytic functions in the half-
plane IT,,.

In particular, we have that the functions A(X), B(}), G(A) are known for A €
(—, 00). Thus, taking p = +/—A, A € (—u, 00), we may consider the problem
(IP2) of recovering ¢ (x) in the equation

—y' +qy=p’y. xe L) (10)
from the knowledge of the boundary data
y(p,0)=a(p), ¥'(p,0)=b(p), y(p,L)="L(p), (11

for p = it, T > 0 and for p € [0, /). Here a(p) := A(—pz), b(p) := B(—pz),
€(p) == G(—p?).

3 Solution of Inverse Problem

It was shown in the previous section that the inverse problem IP1 reduces to Problem
IP2. For solving the latter, we apply the approach proposed in [22]. Here, we briefly
describe it. We denote by ¢(p, x) and S(p, x) the solutions of (10) satisfying the
initial conditions

e(p,0) =1, ¢'(p,0)=0,
S(p,0)=0, S(p,0)=1.

Additionally, we denote by T (p, x) the solution of (10) which satisfies the initial
conditions at x = L:

T(p,L)=0 and T'(p,L)=1.
Note that
T(p,x)=g¢(p, L)S(p,x) — S(p, L)p(p, x). (12)

Notice that equality (12) is nothing more than a generalization of the trigonometric
identity

sin(p(x — L)) = cos(pL) sin(px) — sin(pL) cos(px),
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which arises from (12) when g = 0.
In terms of the solutions ¢(p, x) and S(p, x), the solution y(p, x), satisfying (10)
and the initial conditions from (11) at the origin, has the form

y(p,x) =a(p)p(p, x) +b(p)S(p, x).

Thus, the third equality in (11) leads to the following equality for the functions
@(p, L) and S(p, L):

a(p)p(p, L) +b(p)S(p, L) = £(p). 13)

Below, we show that both ¢(p, L) and S(p, L) can be recovered from this
equality, considered at a sufficiently large number of points pi. This is the first
step of the algorithm for solving IP2. We compute the NSBF coefficients of
@(p, L) and S(p, L), that gives us the possibility to compute ¢(p, L) and S(p, L)
(approximately) for any p € R.

In the second step, we use ¢(p, L) and S(p, L) computed at a sufficiently large
number of the points p € R and substitute them into the identity (12). For every
x € [0, L], this leads to a system of linear algebraic equations for three sets of the
NSBEF coefficients corresponding to three solutions ¢(p, x), S(p, x) and T (p, x).
Moreover, in order to obtain g(x) we do not need the whole sets of the NSBF
coefficients. It is worth mentioning here that the final step, the recovery of g (x),
depends on the NSBF that are used. The first NSBF for the solutions of (10) were
obtained in [24] (see also [20] and [18]). For example, for the solution ¢(p, x), that
NSBEF has the form

¢(p, x) = cos (px) + ) gn(X)jan(px),
n=0

where ji(z) stands for the spherical Bessel function of order k (for their definition,
see, e.g., [1]). Here, the first NSBF coefficient has the form go(x) = ¢(0,x) — 1.
Hence, for recovering ¢ (x), one can take into account that ¢” (0, x) —g (x)@ (0, x) =
0 and thus

P00 g

10="00.0) ~ @+ 1

A drawback of this procedure is of course the necessity to take the second derivative
(numerically) in the last step of the algorithm. This was one of the motivations for
developing another NSBF representation for the solutions [22], such that allows us
to recover g (x) from an arithmetic combination of the first two NSBF coefficients,
without any numerical differentiation involved. The limitation of this alternative
NSBF representation is that it is valid for the potentials from C' [0, L], and in
general, it is not applicable to potentials from £ (0, L). This becomes clear from the
procedure of its deduction [23]. Thus, if no additional information on the regularity
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of g(x) is available, one can apply the NSBF representations from [24] (for their
use in inverse coefficient problems, we refer to [21] and [4-6, 12, 25]). Here, we
proceed with the development of the method under the condition ¢ € C' [0, L].

‘We use the following series representations for the solutions ¢(p, x), S(p, x) and
T(p, x).

Theorem 1 ([22]) Let g € Cl[0, L]. Then the solutions o(p,x), S(p,x) and
T (p, x) of (10) admit the series representations

0, 3) =cos (px) + 2P 4y “;p D) - —Zson(xmn(px)
(14)
S(p.x) =5m (px) n w(;é) (3J1(px) cos (px))
o P px
+ 1 S
+ 9 (Gin (o) — 341 (o)) — y Z 0 (V)41 (), (15)
Ppny NG =) 010 (3j1(p G B L))>
P o px—1L)
q; (x) .
+ 122 (sin (o (x — L)) = 3j1(p (x — L))
1 o0
— = Y @1 (p (x = L)), (16)

n=1

where ji(z) stands for the spherical Bessel function of order k (see, e.g., [1]),
1 X 1 L
w(x) = —/ q(s)ds, wp(x):= —/ q(s)ds,
2 0 2 X

10 £40) W) gy 10+ @i

+ .
g~ (x) = 4 2 4 2
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For every x € [0, L], the series converge uniformly on any compact set of the
complex plane of the variable p, and for any p € C\ {0} the remainders of their
partial sums admit the estimates

en(x) [sinh(2Im px)

lp(p, x) —on(p, x)| < ,
lol? Im p

en(x) [sinh(2Im px)

|S(p,x)—SN(,0,x)|§ )
lp? Y Imp

T (. x) — Ty(p. x)| < en(x) [sinh(2Im px)

’ T el Imp

where the subindex N indicates that in (14)—(16) the sum is taken up to N, and
en (x) is a positive function tending to zero when N — oo.

Remark 1 For p = 0, the following equalities hold
¢0,x) = ¢1(0,x), S(0,x)=510,x), T(0,x)=T1(0,x). A7)

More explicit relations can be obtained by using the asymptotics of the spherical

Bessel functions: ji(z) ~ @#Al)m when z — 0. Equalities (17) turn into the
formulas

2
0(0,x) = 1 + xw(x) — % (q(x) " W;x)) ,
— % 2 i + Gl(x)
S0, x) = x + cx’w(x) - 12 (q )+ = )
2 — L 3 P
T<0’X>=x—L—§<x—L)2wL(x)——(x 15) (q{(x)+ ‘éx)).

Now, the method for recovering g (x) from the known functions (11) consists of
two steps. First, we substitute the series representations (14) and (15) evaluated at
x = L into (13), which gives us the following system of linear algebraic equations

<ak sin (pxL) N b <3j1(PkL)

- e v —COS(pkL)>>w(L)

arLji(oxL) ax
— =g (L) = = Y en(L)jan(pr L)
Pk [
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b , bk .
+p—§ (sin (o L) — 3j1 (kL) g (L) — p—’; Y ou(L)jont1 (kL)
k k n=1

b,
= £ — ax cos (L) — — sin (ox L)
Pk

for pr € [0, /i), k =1,2,.... Here
ar :=a(pr), by :=b(pr), Lr:=4L(or), k=12,....

This leads to a finite system of linear algebraic equations for computing the NSBF
coefficients w (L), g~ (L), g7 (L), ¢n (L), o,(L),n =1,..., N,

ag sin (px L) n b_k <3j1(pkL)
Pk pi \ oL

— cos (PkL)>> w(L)

Lj L
_akLji(px )q_(L)—

N
ag .
p = > en(L)jan(piL)

k n=1

N
b, . . by .
5 (sin (L) = 3 (L) gt(L) — o > on(L)jzns1(piL)

b
= 0 — ag cos (px L) — — sin (p L) (18)
Pk

fork=1,..., K.

Remark 2 Note that in general we consider overdetermined systems of linear
algebraic equations with K > 2N 4 3. In practice, a least-squares solution of an
overdetermined system gives better results and allows us to make use of all available
data, while keeping the number of the coefficients relatively small (in practice,
N = 4 or 5 may prove sufficient).

Remark 3 The parameter w(L) arises as a factor in the second term of the
asymptotics of Sturm-Liouville eigenvalues of (10). Often, numerical techniques
for solving inverse Sturm-Liouville problems require its prior knowledge as, for
example, in [33] or [16]. Here, w(L) is obtained immediately, directly from the
input data of the problem, together with the parameters ¢~ (L) and g+ (L). Their
combination gives the values of g (x) at the end points:

90 =2(¢* (L) —q~(L) and q(L) =2 (¢ L) +q" L)+ (D).
(19)

The knowledge of the coefficients w (L), ¢~ (L), g7 (L), ¢a(L), 0, (L), n =
1,..., N allows us to compute the functions ¢ (o, L) and Sy (p, L) for any value
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of p. Estimates from Theorem 1 show that the accuracy of the approximation of
the exact solutions ¢(p, L) and S(p, L) by the approximate ones ¢y (p, L) and
S~ (p, L) does not deteriorate for large values of p € R and even improves.

Second, we convert the knowledge at x = L of the solutions ¢(p, x) and S(p, x)
into the knowledge of g(x) on the whole interval. This is done by considering
identity (12). We use it for constructing the main system of linear algebraic
equations. Assume ¢(p, L) and S(p, L) to be computed on a set of points {yk}lel,
which in general may be different from {ox }fz 1» which were used in the first step.
Denote

Sk =S, L) and Fy:=o(y, L). (20)

Now, for all x € (0, L), substitution of the series representations (14), (15) and (16)
into (12) leads to a system of linear algebraic equations for the functions

’ 0
0@, 0 =10 _ 40

wr(x), g; (x) and {, (x), 0,(x), 6, ()}Y_,3N +5 < K;:

n=1°

Ap1 ()@ (x) + A (x) Q(x) + Az (x)qo + Ara(¥)wp (x) + Ags(x)q; (x)

N N N
+ D Bin)gn(x) = Y Cen(¥)0n(x) + Y Dy (x)0, (x)

n=1 n=1 n=1
. _L Fo si
:M_Fskcos(ykx)_m, k=1,...,K,, 1)
Yk Vi

where

. o
Api(x) = _Skesin(ex) | Fr (M

Vi Y VX

Fr. . . Skxj1 (yex)
Apa(x) = — (sin () — 31 () + A
Vi Yk

Sixj X F
kXj1 (Ve )Jr k

A3 (x) = — —5 (sin (yxx) = 3j1 (X))
Vi Vi
LB —1) B
Ak4(-x) M ykz < )/k (x _ L) COos (Vk (.X' L))) ’
1
Aps(x) := ——5 (sin (yx (x — L)) = 3ji(vk (x — L)),

Yk
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Sk . Fy,
Bin (%) := —jon(vkx),  Cikn(x) 1= —5don+1(kx),
Yk Yk

1
Din (x) := —zj2n+1(vk (x — L)).
Yk

The potential g(x), x € (0, L) is obtained from the equality
q(x) = 40 (x) + 2% (x).
The values ¢ (0) and g (L) are obtained in the first step, see Remark 3.

Thus, in order to obtain the potential g (x) at a point x € (0, L), one should solve
consecutively two systems of linear algebraic equations: system (18) and (21).

4 Numerical Examples

Example 1 Let c be a positive constant. Consider the equation
we(x, 1) —wex(x, ) +cw(x,t) =0, O0<x<1, >0,

subject to the conditions (5) and

[t
w(0,1) =te ", w,(0,t) =—-2,/—e “,
T

1 1 1 1
1,t)=te @ 1+—>ef0<—)— 4f>, t>0
w(l. ) ¢ << 2t ' 2/t «/nte -

(see [27, 1.1.1-6, Example 3]). The Laplace transform of these functions can be
calculated explicitly, so that (8) has the form

1 1 e*«/)\+c 2
A= —, BW))=————, GOA)=——.
W= BW=—oy W= (22)

The numerical solution of the inverse problem was performed for ¢ = 72. The
values of the functions A(A), B(A) and G()) were calculated at 101 values of A
with a negative real part: Ay = — p,% = —(7; + 0.1i)2, where the numbers 7} were
distributed uniformly from O to 10, and at 11 positive values, distributed uniformly
from A = 0.0001 to A = 1. The value of N in (18) was chosen as N = 4. Thus,
w(L), g~ (L), gt (L) and the sets {(pn(L)}izl, {an(L)}ﬁ:l were computed. It is
worth mentioning that at this stage, the absolute error of the computed w (L) was
6.5 - 1077, while the absolute error of ¢q(0) and g(L), obtained by (19), resulted
in9-107% and 2 - 107%, respectively. With the coefficients w(L), ¢~ (L), g7 (L)
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Fig. 1 Potential from Example 1, with ¢ = 72, recovered from the values of the functions AL,
B(A) and G (1) (22), calculated at 101 values of A with a negative real part: 1y = —p,f = —(tx +
0.1i)2, where the numbers 7; were distributed uniformly from 0 to 10, and at 11 positive values,
distributed uniformly from A = 0.0001 to A = 1. The maximum absolute error resulted in 2 - 10~*
(atx =1)

and {¢, (L), o, (L)};i=1 computed in the first step, the values (20) were computed
at 1001 points y, logarithmically equally spaced on the segment [0.1, 1300]. These
values were used to write the main system (21) with N = 4. System (21) was
solved at 151 points x;, uniformly distributed on the segment [0, 1], with obvious
simplifications at the endpoints of the segment. Figure 1 presents the recovered
potential and the distribution of the absolute error. The maximum absolute error
resulted in 2 - 1074,

Example 2 Consider the equation
wr(x, 1) — wey(x, 1) + (x2 + c) wx,t) =0, 0<x<1, t>0. 23)

Here ¢ is a complex number. In order to construct an exact solution, the transforma-
tion from [27, subsect. 1.3.1-1] can be used, which relates solutions of this equation
to solutions of the heat equation u,(z, T) — u;;(z, r) = 0. Namely, the solutions
of (23) have the form

x2 R
w(x, 1) = u(z, t)er 11"
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withz = xe* and T = % (64’ — 1), where u(z, ) are solutions of the heat equation.
Now, choosing

z xe2l

u(z,r):erfc(zﬁ>=erfc m ,

we obtain that

\'2 "
wx, 1) = ez TU= erfe
(e* —1)

is a solution of (23). We have then

2 B0t
w(0,1) = 17N w (0,1) = ——= ————
VT e - )
and
eZt

w(l, ) = e 2 erfe | ——
(e* —1)

It is not difficult to see that

1
Ad+c—1

Atc—1
()

B() = Lwx(0,0] () = —EW'

AG) = LIw©,010) = L[] ) =

The Laplace transform G (1) of w(l, t) was computed numerically with the aid of
the Matlab routine ‘integral’. The values of the functions A(A), B(X) and G (1) were
obtained at 101 negative values of A distributed uniformly from A = — (37)%to A =
—0.01 and at 101 positive values, distributed uniformly from A = 0.0001 to A = 72.
The numerical solution of the inverse problem was performed for ¢ = 16 4 7i. The
value of N in (18) was chosen as N = 4. Thus, w (L), ¢~ (L), g7 (L) and the sets
{on (L)}::l’ {on (L)}ﬁ:l were computed. It is worth mentioning that at this stage the
absolute error of the computed w(L) was 5 - 10~7, while the absolute error of q(0)
and ¢ (L), obtained by (19), resulted in 6.6-107% and 2.1-10™#, respectively. With the
coefficients w(L), ¢~ (L), ¢* (L) and {g, (L), o, (L)}iz1 computed in the first step,
the values (20) were computed at 1001 points y, logarithmically equally spaced
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16.8 33" |
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Fig. 2 Potential from Example 2, with ¢ = 16 + mi, recovered from the values of the

functions A(X), B(}) and G()) that were obtained at 202 values of X distributed in the interval
[— (37)?, n2]. The maximum absolute error resulted in 2.1 - 10~% (at x = 1)

on the segment [0.1, 1300]. These values were used to write the main system (21)
with N = 6. System (21) was solved at 151 points x;, uniformly distributed on
the segment [0, 1], with obvious simplifications at the endpoints of the segment.
Figure 2 presents the recovered potential. The maximum absolute error resulted in
2.1-107% (atx = 1).
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Order Difference Equation on the
Half-Line Arising in Hydrodynamics
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Abstract We study the point spectrum of a second order difference operator with
complex potential on the half-line via Fredholm determinants of the corresponding
Birman-Schwinger operator pencils, the Evans and the Jost functions. An applica-
tion is given to instability of a generalization of the Kolmogorov flow for the Euler

equation of ideal fluid on the two dimensional torus.

1 Introduction and Main Results

In this paper we continue the work began in [38] and study the eigenvalues of the
following boundary value problem for the second order asymptotically autonomous

difference equation on the half-line Z, = {0, 1, ...},

Zn—1 = Znt1 + bucp)zn = Azy, n =0,

7.1 =0,
where A € C is the spectral parameter,

(bn)n>0 € €3(Z+; C) and (cp)nz0 € £2(Z+; C)
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are two given complex valued sequences that, in general, may depend on A
holomorphically. We are seeking to characterize the values of the spectral parameter
such that (1) and (2) has a nontrivial solution z = (z,)n>0 € 02(Z; C). This
question is important in stability issues for special steady state solutions of the two-
dimensional Euler equation, the so called generalized Kolmogorov flow, and our
main application is a result on its instability. Specifically, in the current paper we
define (and prove that they are being equal) four functions of the spectral parameter
whose zeros are the eigenvalues of (1) and (2). We call the functions characteristic
determinants. Our overall strategy is as in [38] where the full line case has been
considered, but the treatment of the important half-line case is technically more
challenging; in particular, in the current paper we have to prove from the outset
for the half-line case analogs of some results obtained in [12] for the line case and
essentially used in [38]. By reflection, analogous results hold for the equations on
the negative half-line.

An important particular case of (1) and (2) is the following eigenvalue problem
for a difference equation arising in stability analysis of the generalized Kolmogorov
flow of the Euler equation of ideal fluids on 2D torus, as seen below and considered
in [17] and [38],

Zn—1 = Zn41 = AZu/pp, n =0, z_1 =0, )
where (p,)n>0 18 a given sequence satisfying the following conditions:
p0o<0,0p,€0,1),n>1, andp, =1+ 0(1/n2) as |n| — oo. 5)
The problem (4) is reduced to (1) and (2) by setting

by = —Ay/1 = pp/pnand c, = /1 — py. (6)

For (4) we use continued fractions to define yet another, fifth function, also proven
to be equal to the previous four characteristic determinants, whose zeros are the
eigenvalues. This result, in turn, yields instability of the generalized Kolmogorov
flow.

It is convenient to re-write (1) and (2) as

(S — 57! + diag,cz, (buca})z = Az, (7)

where we denote by S : (z4)n>0 — (0, z0,z1,...) the right shift operator on
ZZ(Z+; C) and by Sl =8:2 (z1, 22, . . .) the left shift operator such that
s7ls = Iz, .0y the identity operator, while ran(SS~!) = (span{(1,0,...)})" .
By the spectral mapping theorem Spec(S — S~!) = [—2i, 2i] since Spec(S) = {1 €
C : |A| < 1}, and so throughout the paper we assume that A ¢ [—2i, 2i] thus looking
for the isolated eigenvalues of (1) and (2).
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Zn

Letting y, = |: i| € C2, the problem (1) and (2) is equivalent to the following
Zn—1

boundary value problem for the first order (2 x 2)-system of difference equations,

Ynt1 = Ay yp, n =0, ®)
yo € ran(Q4). 9

Here and throughout the paper we use the following notations,

AX=A+B,C, = [bnc”l_k B] eC¥™? n=>0. (10)
1 10 00
A=A(k)=[1 0] Q+:[00}’ Q—z[m], By =b,0+, Ch =cnQ+.

Y

The eigenvalues of the matrix A(1) solve the quadratic equation > + A — 1 =
0, and so our standing assumption A ¢ [—2i, 2i] is equivalent to the fact that the
eigenvalues of A(A) are off the unit circle. We let uy = pu4(A) and u— = pu_(1)
denote the roots of the equation u? + A — 1 = 0 satisfying the inequalities

s M < 1 < -]

and denote by P+ = Pi(A) the spectral projections for A(A) in C2 such that
Spec(A()»)\ = {u+(A)}. Finally, we let R, = R (L) denote the projection in

C2 onto ran Py parallel toran Q 4, and set R_ = Ihx2 — R.

The choice of the projection R is important for the half-line case. Indeed, the
constant coefficient difference equation y,41 = Ay, has exponential dichotomy on
Z4 with the dichotomy projection P whose range is the uniquely determined sub-
space of the initial values of the bounded solutions to the equation. Unlike the full
line case, the exponential dichotomy on Z is not unique, but the only requirement
on the dichotomy projection is that its range must be equal to the subspace ran P, .
The choice of Ry whose kernel is ran Q4 as the dichotomy projection will allow us
to satisfy the boundary condition in (2), see, e.g., formula (33) below.

We now proceed to define our first characteristic determinant associated with (1)—
(2). We consider the following Birman-Schwinger-type pencil of operators acting in
(Z4:0),

ran Py )

K;F = —diag, 7, {ca}(S — S — 1)~ diag, 7, {bn). (12)

analogous to K studied in [38] for the full line. By (3), the operator K ,{" is of trace
class and so we may define our first characteristic determinant det(/ — K )‘f ).
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Next, we re-write (8) as (S_1 _diagneZ+ {AS })y = 0fory = (Yu)nez, Where we
continue to denote by S~! the shift acting in the space of vector valued sequences.
We stress that the operator S~ —diag, . {A,}in (8) and (9) acts from the subspace

G0 @4 C) == {(Ydnz0 € £3(Z4; C?) : yo € ran(Q4)} (13)

into £2(Z; C?) and refer to [5] for results on equivalence of invertibility of the
operator and dichotomy of the difference equation (8) on the half-line. We introduce
the Birman-Schwinger-type pencil of operators acting in £2(Z; C?),

. _ . -1 .
7 = diag,cz, (Co}(S™" — diag, 7, {A)}) "~ diag,cz, {Bu}). (14)

analogous to 7 studied in [38] for the full line case. The operator ‘7'1' is of trace
class by (3) and we define our second characteristic determinant det(/ — ‘7'1').

We now consider the (2 x 2)-matrix valued Jost solution Yt = Yt(L) =
(Y, Dns0, Y, € C2%2 ¢f. [12, 25, 38], defined as the matrix valued functions whose
columns are solution to the difference equation (8) (without the boundary condition)
satisfying

[ (¥,F — A"Ry)llc2> — Oasn — +ooand Y = Y R, (15)

As we will prove below, this solution is unique. Also, ¥, = Y,F R} foralln > 0.
Using the projection R_ = R_()) onto ran Q parallel to ran P4 ()), analogously to
&(X) in [38] for the full line case, we introduce our third characteristic determinant,
the Evans function, by the formula

ET (W) =det (Y (M) + R-(). (16)

We call a solution zT = (z,‘f)nz_1 of the second order difference equation (1)
(without the boundary condition) the Jost solution, cf. [9], provided

() ™"zF —1—0asn — +oo, (17)

and denote by z" = (z,),>—1 the regular solution of the boundary value problem (1)
and (2) satisfying the additional boundary condition z; = 1 (which is of course
unique but not necessarily bounded at infinity). As in the case of the discrete
Schrodinger equations, the Jost solution z+ = z™ (1) is unique. Introducing the
notation W(u, v), = (—=1)" (up—1v, — upva—1), n > 0, for the Wronskian of any
two sequences U = (4,)p>—1 and v = (vy)n>—1, we note that the Wronskian of
the solutions to (1) is n-independent, and that W (z ™", z")o = zf] (1). We define our
fourth characteristic determinant, the Jost function, analogously to # from [38] for
the full line case,

Fr) = urWWeEt0), 2" (V)o, (18)
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where the scaling factor w4 (X) is chosen such that Fr(n) =1 provided b, ¢, = 0
forn > 0 when g = p/} forn > —1.

Our fifth characteristic determinant will be defined only for the difference
equation (4) assuming (5) and uses continued fractions; we introduce the notation

g4() = ———— . (19)

The continued fraction converges for Re(A) > 0 and |arg(A)| < w/2 — § for any
6 € (0, m/2) by the classical Van Vleck Theorem [32, Theorem 4.29] and we may
now define our fifth function of interest by the formula, cf. G from [38],

GtO) = e zg ) (8+W) + A/ po), (20)

where z(‘; (1) is the O-th entry of the Jost solution, p4(A) is the eigenvalue of A(X)
inside of the unit disk, and g (A) is defined in (19), and we assume that Re(1) > 0.
We are ready to formulate the main results of this paper.

Theorem 1 Assume A ¢ [—2i,2i] and that the sequences in (3) depend on
A holomorphically. The functions introduced in (12), (14), (16) and (18) are
holomorphic in A and equal,

det(I — K;) =det(I —=T7;) =& (0) = F (1. 1)

As a result, ) is a simple discrete eigenvalue of (1) and (2) if and only if ) is a zero
of each of the functions in (21).

Corollary 1 Assume Re(A) > 0 and (5), and consider the difference equation (4).
Define (b,) and (c,,) by (6) and use the sequences to construct all four characteristic
determinants in (21). Then GT (1) defined in (20) via the continued fraction is equal
to the functions in (21).

We refer to [38] for a detailed discussion of the literature related to the results,
and mention here only the following. Regarding the Birman-Schwinger operator
pencils see [2, 8]. The papers most relevant to the current setup are [12, 25] and
[36]. We are not aware of any literature on the Birman-Schwinger type pencils
specific for the first order systems (1) on the half-line. For the full line case they have
been studied in [12] which is a companion paper to [25] dealing with differential
equations where, among many other things, the first equality in (21) was proved for
the case of the Schrodinger differential operators. We are not aware of results of
this sort for the difference equations of type (1) on the half-line. This equation is of
course a particular case of eigenvalue problems for three diagonal (Jacobi) matrices,
cf. [29,31] and also [7, 18, 19, 30, 35, 45-47]. The dichotomies on the half-line were
studied in great detail, see [4-6] and the references therein. Regarding the Evans
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function we refer to [34, 44] where one can find many other sources. The most
relevant papers are again [12, 25], where, in particular, the second equality in (21)
has been proved for quite general first order systems of difference and differential
equations but on the full line, and so the results in the current paper for the half-line
case seem to be new. The Evans function is a relatively new topic in the study of the
2D-Euler-related difference equations as in (4); we are aware of only [14, 38]. The
Jost solutions are classical [9] and so is the equality of det(/ — K f yand ¥ in (21)
for the Schrodinger case, see [33, 43] and generalizations in [24, 26]; however, it is
quite possible that the use of the Jost solutions as well as the equality of ¥ and &'
and det(/ — K /{F ) in the context of (1), see [38], appear to be new for the half-line
case. Regarding continued fractions in this context see [17, 21, 32, 42, 48].

‘We now briefly discuss connections to the Euler equation again referring to [17,
38] for more details and concentrating on just one particularly important case of
stability of the so-called unidirectional, or generalized Kolmogorov, flow for the
Euler equations of ideal fluid on the two dimensional torus T2,

¥Q+U-VQ=0, divU=0, Q=curlU, x=(x1,x)€T>, (22)

where the two-dimensional vector U = U (x) is the velocity and the scalar €2 is the
vorticity of the fluid. The unidirectional (or generalized Kolmogorov) flow is the
steady state solution to the Euler equations on T? of the form

QO(x) = aeP*/2 4+ ae PX/2 = a cos(p - ), (23)

where p € Z2\{0} is a given vector and o € R. In particular, p = (m,0) € Z? for
m € N corresponds to the classical Kolmogorov flow. It is thus a classical problem
to study (linear) stability of the flow given by (23). To this end, using Fourier series
QX)) = Zkezz\ 0} wke®X for vorticity, we rewrite (22) as a system of nonlinear
equations for wy, k € Z? as in [17, 38—40]. Linearizing this system about the
unidirectional flow, one obtains the following operator in 62(22; O,

L : (0k)yez2 = (2B, kK — p)ok—p — af(, k+ P)okip)y ez (24)

where the coefficients B(p, q) for p = (p1, p2), q = (q1, q2) € Z? are defined as

1 _ _ .
B(p. q>:5(||q|| Z—pl~*) (P Aq), withpAq:=det[5 ], (25)

for p # 0,q # 0, and B(p, q) = O otherwise. The flow (23) is called (linearly)
unstable if the operator L has nonimaginary spectrum. We refer to [37,41] for results
on stability and instability for the 2D Euler equations and related models.

To study the spectrum of L, (see the discussion in [17, pp. 2054-2057]; see also
[38, 39]) we decompose this operator into a sum of operators Lq, q € 72, acting
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in the space £%(Z; C), by “slicing” the grid Z> along lines parallel to p such that
Spec(L) = Uq Spec(Lq), where

Lq: (wy) — (@B, q+ (n — Dp)wy—1 —af(p, q+ (n + Dp)wpt1), n € Z,
(26)

and for k = q + np from (24) we denote w, = wq4np. In other words, Ly =
a(S — §*)diag,-{B(p, q + np)}. By (25), if q is parallel to p then Ly = 0 and
thus we assume throughout that q is not parallel to p. Moreover, since Lq contains
a scalar multiple o € R, with no loss of generality we may rescale this operator or,
equivalently, will assume the normalization condition a(q A p)|lpll~2/2 = 1.

The operators L are classified based on the location of the line By = {q +np :
n € Z) through the point q € Z? relative to the disc of radius ||p|| centered at
zero, see, again, the discussion in [17, pp. 2054-2057]; see also [38, 39]. Spectral
properties of the operators drastically depend on the location. For instance, if none
of the vectors q +np, n € Z, is located inside the open disc then Lq has no unstable
eigenvalues [39, 40]. In the current paper we consider only the case when p and q
are such that

lal < lipll, lg—pll = lpll and [|q +np|l > |pll foralln € Z\ {—1,0};  (27)

a typical example of this is p = (3, 1), q = (2, —2). This assumption corresponds
to the case I_ described in [17], and we refer to this paper for a discussion regarding
other possible cases. The case I+ when —1 in (27) is replaced by +1 can be treated
similarly to /_ while the case Ip when ||q + np|| > ||p|l for all » # O has been
considered in [38]. Geometrically, the case /_ and I occur when one of the points
in By is inside of the open disc of radius ||p|| and one of the points in By is on the
boundary of the disk while in case Iy one point of By is inside of the open disk while
all others are outside of the closed disk. An interesting open question is to describe
the spectrum of L in the case 11 when two points of Bg are located inside of the
open disk of radius ||p|| centered at zero.

Assuming that we are in the case /_, that is, that (27) holds, we introduce the
sequence p, = 1 — ||p|I?|lq + npll 2, n € Z, such that the operator Lg in (26) reads
Lq = (S — %) diag, cz{pn}, see (25). The eigenvalue equation for Lg is

Pr—1Wn—1 — Pt W1 = AWy, 1 € Z, With (wy)nez € L3(Z; C). (28)

By (27) we have p_; = 0, p9 < 0, and p, € (0,1) foralln € Z\ {0, —1}. In
particular, the sequence (p,),>0 satisfies (5). Now Theorem 1 and Corollary 1 can
be applied because the solution of (28) must be supported on Z as seen in Lemma 2
given in the next section. Theorem 1 implies the following.

Corollary 2 Assume that a given p € Z* is such that there exists a q € Z*
satisfying (27). Then the eigenvalues of Lq with positive real parts are in one-to-one
correspondence with zeros of each of the five functions in (21) and (20). Moreover,
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the operator Lq from (26), and thus L from (24), has a positive eigenvalue. As a
result, the unidirectional flow (23) is linearly unstable.

The instability of the unidirectional flow in the current setting has been estab-
lished in [17, Theorem 2.9]. Nevertheless, the first assertion in Corollary 2 is
an improvement of the part of [17, Theorem 2.9] where the correspondence was
established between only the positive roots of the function g4 (A) + A/pg and the
positive eigenvalues of Lq but under the additional assumption that the respective
eigensequences satisfy some special property [17, Property 2.8]. By applying
Theorem 1 in the proof of Corollary 2 we were able to show that this assumption is
redundant.

We conclude this section with references on the literature on stability of
unidirectional flows. This topic is quite classical and well-studied, and we refer to
[1,3,20-22,42]. The setup used herein was also used in many papers [15, 16, 39, 40,
48], but the closest to the current work is [17, 38]. We mention also [36] regarding
connections to the Birman-Schwinger operators. Finally, connections between the
Evans function and the linearization of the 2D Euler equation has been studied in a
recent important paper [14].

2 Proofs

We begin with several general comments regarding the objects introduced in the
previous section. For a start, it is sometimes convenient to diagonalize the matrix A
from (11). To this end we introduce matrices

— = - 1_ - A 1
W:[“’*“], W1=(M+_M—)1[ M] A = diag{uy, u_},

1 1 —1 M+
(29)
so that one has, cf. (11),
WlAwW = A, WTlPLw = Q4. (30)
We will use below the explicit formulas
0y I —py
Ry = , R_= ;
- [0 1 } [0 0
_ 1 _ 01
P+=(u+—u_>l[’”‘l+ ],A1=[ } 31)
—— 1A

The operator S — S~! — A is invertible in ¢>(Z; C) if and only if A ¢ [—2i, 2i]
and in this case the inverse operator (S — S~! — )»)71 is given by the infinite matrix
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[ank]fszo whose entries are defined by the formula

(u)" (1= (G2 forn <k,

32
(M+)"—k(1—(ﬁ—j)k+1) forn > k. G2

ank = (g — )" x

One can check this either directly by multiplying the respective infinite matrices and
using the equation u? + Au — 1 = 0, or by using [27, Theorem 1.1] as follows: we
factorize S — S~ — A =pu_(I + pe S HU + /CIS) and use the Neumann series
to obtain the inverse of each factor.

From now on we abbreviate A = diag, .7, {A}. The operator S~ — A acting
from ¢2_ 0. Z+; C?) into £2(Z,; C?), cf.(13) and [5], is invertible if and only if

A ¢ [—2i,2i] and in this case the inverse operator (S~! — A)_1 from €2(Z,; C?)
onto Efan 0. (Zy; (Cz) foru = (uy)n>0 € 62(Z+; Cz) is given by the formula

400 n—1
(57" =a)""w), == > A"R_ATE Dy 3 AR ATE Dy 0 >0
k=n k=0

(33)

here and below we always set Z/;lo = 0, and so the RHS of (33) forn = 0 is a
vector from ran R_ = ran Q4 as required in (13). Formula (33) can be either taken
from [5] or checked directly by multiplying S~! — A and the operator in (33) and
taking into account that ran R4 = ran Py is the set of the initial data for the bounded
on Z solutions of the difference equation y,+; = Ay,, the projection Py is a
dichotomy projection for this equation on Z, and therefore the projection R4 onto
ran Py parallel to ran O is also a dichotomy projection since ran Py @ ran Q1 =
(Cz, cf. [4-6] and also [10, 11] or [13, Chapter 4] for discussions of dichotomies on
the half-line.

Formula (33) shows that the operator ﬁ in (14) is an operator with semi-
separable kernel, that is, '/‘}LF can be written as an infinite matrix ﬁ = [Tnk]:’zo:o SO

that (7 w), = 2128 T,ktk, where

—C,A"R_A~*tD B, for0<n <k,

T —CLA"RLAMD B for0 <k < n.
We refer to [28, Chapter IX] and [23] for a discussion of the operators with semi-
separable kernels; the results therein are used below in the proof of the second
equality in (21).
The matrix-valued Jost solution Yt = (¥,/),>0 of (8) (with no boundary
condition) is obtained as a solution to the following Volterra equation,

+oo
Y — A"Ry = — Z A C Yt (34)

k=n
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defined first for n > N with N large enough and then extended to all of Z,
as a solution to the difference equation (8) via Y, := (A,f)’lY;:Ll forn =
0,1,..., N — 1. The sequence (Yn+ )n>0 thus defined will satisfy the Volterra
equation (34) as the following inductive step shows: Suppose we know that (34)
holds for n = N and that BN_1CN_1Y;§_1 = Y;,r — AY;,F_I. We then use this

and (34) with n = N in the following calculation yielding (34) forn = N — 1,

“+o00
AN—1R+ _ Z A(N—l)—(k+1)BkaYk+
k=N-—1
“+o00
=AY (AR, — Z AN-EDB Y — Y+ Yy =Ya .
k=N

Lemma 1 There is a large enough N such that Eq. (34) for n > N has a
unique solution thus yielding the matrix-valued Jost solution Y™ = (Y;—)nzo of (8)
satisfying (15).

Proof We recall that || < 1 and introduce the space
6% = {u = @nzy ¢ Il = sup {luy | ™ funllca s n = N} < oo}

of exponentially decaying at infinity C>-valued sequences on [N, +00) N Z,.. Let
Ty denote the operator on £ that appears in the RHS of (34),

“+00
(Thvw), = — Z AV B Crug,  w = (up)n=n € €5 (35)
k=n
Denoting gy = Y125 || Bk Ci || g2x2, we have gy — 0 as N — oo by (3) and (11).

Using (30) we have! [|A"=*FD | 0 < |y [*=*+D for k > n. Thus, forn > N,

+00
el NIl $ D " g "™ DB Cill e el < gwllulley
k=n
(36)

I'We write a < b if a < cb for a constant ¢ independent of any parameters contained in a and b.
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and the norm of Ty in ZIOVO is dominated by gy and therefore is less than, say, 1/2
provided N is large enough. Then (Y, ),>n = (I — Tn)~ (A" R4 )n>n 1s the unique
solution of (34) whose columns are in Z?\,O and so for n > N we infer

[t 7Y, = A" Ryl < 1(Dnsn = (A"Rpasnllee = 1T (Y Dn=n e
Savl ¥ nenllee = gnlld — Tv) " (A" Rp)n=nlleg
SanlA"RO)w=nlle < gn

because [|[(A"Ry)n>n | 2 < 1sinceran Ry = ran P,. This yields the first assertion
in (15) while the second follows by multiplying (34) by R4 from the right and using
the uniqueness of the solution (¥,5),>n = (¥,F R4 )n>n- O

Remark 1 Assertion Y,/ = Y,F R, cf.(15), and formula (29) for R} show that
the first column of the matrix YnJr is zero. Since (Y,jr Jn>0 solves the difference
equation (8), we conclude that there is a sequence (z,),>—1 that solves the difference
equation (1) (with no boundary condition) such that

0 z
Yt = "1, n>0. 37
n [0 Zn—1i| nz= 37)

Next, we proceed to discuss the Jost solution z* = (z,J,r )n>—1 obtained as a solution
to the following scalar Volterra equation,

+o0
o = )" == — )7 Y ek ()" = ()" )z (38)
k=n

at first for n > N with N sufficiently large. A computation using (ut4)>4+Apy —1 =
0 shows that zf{ from (38) satisfy (1), see [29] for a similar computation. Therefore,
the solution (zj{)nz ~ to (38) can be propagated backward as solution to (1), and thus
z; can be defined for all n > —1. We now record properties of the Jost solution.

Remark 2 The Jost solution z* (1) is unique and holomorphic in A. This follows
by a standard argument, cf. [12, 25] and the references therein, presented in [38,
Remark 2.2] and based on passing in (38) to the new unknowns z, /i, and
proving that the RHS of the resulting equation is a strict contraction in the space of
exponentially decaying at infinity sequences, see the analogous proof of Lemma 1.
As in the lemma, this yields the property (17).

We stress that the Jost solution z+ = (z;7 (1)),>—1 is defined for n > —1 as the
solution of the difference equation (1), with no boundary condition (2). Theorem 1
shows, in particular, that z* 1(A) = 0if and only if A is an eigenvalue (which is not
surprising as in this case z7 (1) is the exponentially decaying solution to (1) that
also satisfies the boundary condition (2)).
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Remark 3 Let us consider the difference equation (4) which is a particular case
of (1) with b,,, ¢, as in (6) and p,, satisfying (5). Then the proof of [38, Lemma 2.3]
applies and shows that the Jost solution satisfies z;7 # 0 for all n > 0.

Proof of Theorem 1 The three equalities in (21) are proved as follows.

1. We prove det(I — K;) = det(I — 7;7). We claim that K" from (12) is the
(1, 1)-block of the operator ﬁ from (14) in the decomposition

€%(Z4; C?) = ran(diag{0+)) ® ran(diag{ Q_)),

with diag = diagy_, for the projections Q.+ from (11), that is, that
—di _ o1 _ =1 g
diag{C,,}(S~' — A)~! diag(B,} = [ diag{c, }(S SO A~ diag{bs} 8] '
(39)

Clearly, this implies the required equality.

To begin the proof of the claim, we fix u = (u,),>0 € 52(Z+; C2) and denote
v, = (diag,ez, { 0 (S 1=A4) diag,c7, {Q+}u), . Formulas (11) and (31) show
that ARy = 4Ry and R_A~' = —p R_, and thus (33) and (30) imply that
v, is equal to

+o00 n—1
=D u) QL WAWTIR_ Qg+ ) W Qe R WA W 0
k=n k=0

(40)

We now use formulas (29) and (31) to compute the matrices Q4+ W, W-IR_ Oy,
Q4R W, W~ Q. Plugging this into (40) and using that u solve the equation
w?+rpu—1 = 0, after a tedious computation we conclude that the first component
of the vector v, = Q v, € C? is given by the formula

400 n—1
(s =™ (D00 (1= )™ ot Do (1= () ).

k=n k=0

We now use (32) to recognize that the last expression is ((S — S~! — A)~z),
where z,, denote the first component of the vector u,, € C2, n > 0. Multiplying
by ¢, and b, and recalling (11) yields the required claim (39).

2. We prove det(/ — 7’;“) = &'(A) in three steps. The first step is to show
that it suffices to prove the equality only for finitely supported (Bp),>0 and
(Cn)n>o- This is fairly standard and follows, say, as the claim in the proof of [12,
Theorem 4.6] or the proof of [23, Theorem 4.3]: Indeed, replace By, C in (35)
by 1,7 (k) Bk, 137 (k) Cy where 1,y is the characteristic function of [0, M] equals to
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one on the segment and to zero outside. As in the proof of Lemma 1, we denote
the respective operator by Tls,M) and the respective matrix-valued Jost solution
by Y+M_ Choosing a large N and even larger M the proof of Lemma 1 yields
Ty — T;,M) lBe) S gm+1 — 0as M — oo for the operator norm on £37. Then

||Y(;r — YOJ“MHCzXz — 0 as in the proof of Lemma 1 and therefore EFM) —
EY(L) as M — oo for the Evans function &M obtained by replacing Y(;"
in (16) by Y(T M Analogously, let ﬁ’M denote the operator in (14) obtained
by r]&:placing By, Cx by 1p7(k)Bk, 131(k)Cy. Then (3) yields convergence of
‘7';’ to ‘7'; in the trace class norm and so det(/ — ‘7'{’M) — det(] — ‘7';)
as M — oo completing the first step in the proof. From now on we thus assume
that sequences (By)n>0, (Cn)n>0 are finitely supported.

The second step in the proof is a reduction of the infinite dimensional deter-
minant det(/ — 7—;) to a finite dimensional one. It follows a well established path,
see [23-25, 28]. Multiplying the operator in the RHS of (33) by diag, 7, {Cn}
and diag; 7, {Bi} and adding and subtracting S A"ROAT D Bruy to
the result we arrive at the identity

T = Hy + HyHs, where Hy = Hy + Hj,

and we introduce notations

+o00
Hy = —diag,cz, {C,A™ By}, (Hiw, =— Y C,A" “V By,
k=n+1

+00
(Hay)w = CaA"Ryy,  Hyu= Ry ) A~V Buy
k=0

fory € C?andu = Un)n>0 € EZ(Z+; C2). Here, the operators Hy and H; in
Z2(Z+; Cz) are of trace class by (3) while the operators H, and H3 are of rank
one as H, acts from ran Ry = ran P, C C? into ¢>(Z,; C?) while H3 acts
from ¢2(Z, ; C?) into ran Ry = ran P, C C2. The diagonal operator I — Hy is
invertible with det(/ — Hp) being equal to 1 by (10) because

+o00 Too Foo
]_[ det(I+C,A~'B,) = ]_[ det(I+A~'B,C,) = ]_[ det(A~") det(A+B,C,).
n=0 n=0 n=0

The operator H; is block-lower-triangular, and thus I — H is invertible with
det(/ — Hy) = 1. Writing I — 7;" = (I — Hy)(I — (I — Hy)"'HyH3) and
changing the order of factors in the determinant, we arrive at the identity

det(l 2z, .c2) = T3 = detcace (Iaxa — Hy(I — Hy) ' Hy) (41)
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that reduces the computation of the infinite dimensional determinant for / — 7'{
to the finite dimensional determinant for the operator H3(I — H, )~ ' H, acting
in ran Ry thus completing the second step in the proof.

The third step relates the RHS of (41) and the solution (¥,}), > to the Volterra
equation (34). Indeed, for any y € C2 we let u, = Cy Y,;“y and u = (4y)n>0.
Multiplying (34) from the left by C, and applying the resulting matrices to y
yields

+o0
Uy = CoA" Ry — 3 CoA"™ D By = (Hoy), + (Hew, 1€ Zy,

k=n

oru = (I — Hy)~'Hyy. Multiplying by H3 from the left, by the definition of
Hj,

—+00
Hy(I — Hy) 'Hyy = Hyu= Ry Y A~® DBy
k=0
Since y is arbitrary, the respective matrices are equal, that is,
+00
H3(I —H,) 'H, =R, Z A~ DB c
k=0

. Tyt . . .
= L ,
Since Y, Y," Ry by (15), the last identity and formula (41) yield

+o0
det(I — 7)) = detco (Lxa — Ry Y A~®TVBCLY I RY). (42)
k=0

Writing matrices in the block form using the direct sum decomposition C2 =
ran Ry @ ran R_ gives the equality of the determinants of the following two
matrices,

& +00 4 —(k+1) +
_ Ry —RyY [ S0A BiCvrY, "R+ O
Do — Y A"V BCYIR, z[ + TR 2g=0 k ’
= k RIS AR CYIR, R

+00
hya—Ry Y ATMVBCY IR,
k=0
_ [R+ — R YA BC YR O }
N 0 R_|’
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This, (34) with n = 0, and (42) show that det(/ — 7';) is equal to the determinant
of the matrix

400 —+00
IM—Z A~ B YRy = R+—Z A~EDB Y+ R =Y +R_,
k=0 k=0

completing the proof of the equality det(/ — 7"; ) = &1 (L) by (16).

3. We prove ETD) = FT (). Using the Jost solution (z,:r Jn>—1 and the regular
solution satisfying z; = 1, we recall that Wa', 7)o = zfl in (18). By
Remark 1 the solution (¥,7),>¢ is of the form (37) with some (z,),>—1. We
claim that the solution (z,),>—_1 in formula (37) for ¥, satisfies z, = p4z,"
where (z,5),>—1 is the Jost solution from (38). Assuming the claim, we use
formulas (16), (37), (31), and (18) to obtain the desired result,

_ +
ET (L) = det(Y + R_) = det [(1) M;:rzlﬁzo } =pusMzt ) =F ).
-1

It remains to prove the claim z, = w4z} in formula (37). Using (29) we
multiply Eq. (34) by W1 from the left and W from the right passing to the new
unknowns Y, and using (29) and (z,)n>—1 from (37),

?r;‘r — W—IY:—W — (/fL-‘,- _ /'L—)_l [ in — U—-Tn—1 in — U—-Tn—1 } .
—(@Zn — m+z2n—1) —(2Zn — U4+2n—-1)

Noting that A"Ry = pl Ry by (11) and (31), and explicitly computing all
matrices that appear in the equation for ¥,, we arrive at the following equations,

“+00
- - —(k+1
(s — 1) an = peznmt) = 1l — (s — n) ™Y by “ V2,
k=n
—+00
- - —(k+1
(g =) (= zn+ przat) = —(uy — )™ brer(— D)z
k=n

Multiplying the first equation by w4+ and the second by 1 and adding the results,

+00
=1 = (g —pn)™! Zbka(MTk — 1"z

k=n

Divided by w4, this is Eq. (38) for z,,/u+ and the uniqueness of the solution of

the equation yields the claim thus completing the proof of (21) in the theorem.
4. To prove the last assertion in the theorem, we rely on the Birman-Schwinger

principle saying that A € Spec (S — S~ + diag, ez, {buc,}) if and only if 1 is a
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zero of det(/ — K ;‘ ) with the same multiplicity which follows from the fact that
the operator § — S—! + diag, 7 {bncn} — A can be written as the product

(S =5 = 1) (Ipec) — (S = S7' = 1)~ diag,cz, {ba) x diag,cz, {cn})

and the standard property det(I — K1 x K») = det( — K2 x K1) of the operator
determinants. That the eigenvalues A are simple follows from the fact that z is an
eigensequence if and only if z is proportional to z* (1) with X satisfying zJ_rl () =
0 (in other words, the dichotomy projection for (8) has rank one).

|

Proof of Corollary I We follow [38] and show that #7 () = GT(1) for F"
from (18) and G from (20). Here, we assume that Re(A) > 0. The function
' is holomorphic in A by Remark 2. The convergent continued fraction in (19)
is holomorphic in A by the classical Stieltjes-Vitali Theorem [32, Theorem 4.30].
Thus, it is enough to show the desired equality only for A > 0 which we
assume from now on. We recall that z,f # 0 for n > 0 by Remark 3, introduce
vE = zf_l/sz and re-write Eq. (4) for 7+ as v,f = p)‘—n + U+ for n > 0. The
last formula iterated forward produces the continued fractior’;+él9). Because the
continued fraction converges and A > 0, an argument from [17, pp.2063] involving
monotonicity of the sequences formed by the odd and even truncated continued

fractions yields v(‘)Ir = g4+(A) + A/pp. Therefore,

n

Wt 2 =25, = z5 vy = 25 (8+(2) + 2/ po).,

and the desired equality of F+ and G follows by (18) and (20). |

Lemma 2 Assume (27) and A > 0. Then the solutions of (28) on Z are in one-
to-one correspondence with the EZ(Z_,_; C)-solutions to the eigenvalue problem (4)
given by z,, = pywy forn > —1 and w,, = 0 forn < —2.

Proof Suppose that (wy,),ez solves (28) and let z, = p,w, for all n € Z. Then
z—1 = 0 since p_1 = 0 and the sequence (z,),<—1 solves the equation

Zn—1 — Zn+1 = AZn/pp forn < —2and z_; = 0.

If z_»> # O then the sequence (z,),<—2 due to A > 0 exponentially grows as n —
—o0 as shown in the proof of [38, Lemma 2.3] contradicting (w,)nez € 02(Z: C)
in (28). Soone has z_» = 0, z_; = 0 and, as a result, z,, = O for all n < —2. This,
in turn, implies that w, = O foralln < —2.

Conversely, suppose that (z,),>0 € £2(Z4), z—1 = 0 solves (4) and let w, =
Zn/pn forn > 0, w_; = —z9/A, and w, = 0 for n < —2. Then (wy),cz so defined
solves (28). O

Proof of Corollary 2 We follow the proof of [38, Corollary 1.3]. Due to Lemma 2,
Theorem 1 yields the first assertion in the corollary. To finish the proof it suffices to
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show that there is a positive root of the function G defined in (20), equivalently,
that for some A > 0 and g4 defined in (19) one has —A/pp = g+(1). We recall
that p9 < 0 and g4+ (A) > O for A > 0 because condition (5) holds. The proof is
completed by using the relations lim; _,g+ g+ (X)) = 1 and limy_, o g+(A) = 0
established in [17, Lemma 2.10(4)]. |
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On a Singular Integral Operator with )
Two Shifts and Conjugation ST

Rui C. Marreiros

Dedicated to Professor Yuri I. Karlovich

Abstract On the Hilbert space L>(T) the singular integral operator with two shifts

m .
and conjugation K = P, + |:al + (Z aj Uojl) Ug Ci| P_ is considered, where P4
j=0

are the Cauchy projectors, a,aj, j = 0, m, are continuous functions on the unit
circle T, Uy and Ug are non-Carleman and Carleman shift operators, respectively,
both preserving the orientation on T, and C is the operator of complex conjugation.
An estimate for the dimension of the kernel of the operator K is obtained. We also
consider the operator M = [al + (ap! + a1Uy)U, C1Py + P_, where U, is a
Carleman shift operator changing the orientation on T.

1 Introduction

Let T denote the unit circle in the complex plane, T and T_ denote the interior and
the exterior (oo included) of T, respectively. On the Hilbert space L, (T) we consider
the singular integral operator (SIO) with Cauchy kernel, defined almost everywhere
on T by

(Se) (1) = (i)™ fr p(0)(r — 1) dr,
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where the integral is understood in the sense of its principal value. The operator S
is a bounded linear involutive operator (S> = I, where [ is the identity operator on
L>(T)). Then it is possible to define in L, (T) a pair of complementary projection
operators,

1
Py = 5(1 +9).

and to decompose L>(T) = LEL(T) @ L; (T), with L;’(T) =im Py and L; (T) =

im P_. We also set L, (T) = L, (T) & C.

As usual, L (T) denotes the space of all essentially bounded functions on T.
Let us introduce the concept of matrix function generalized factorization (see, for
instance, [2] and [16]); we say that a matrix function ¢ € L2S"(T) admits a right
(left) generalized factorization in L, (T), if it can be represented as

c=c_Acy, (c=ctAco) @))
where
e[, ™™, Ge[LFm]™",  A@) = diag{r™},
xj € Z, j = 1,n, with ey > %y > -+ > 1, and c_Pycyl (resp., cx Prc_1I)

represents a bounded linear operator in L7(T). The integers »x; are uniquely
determined by the matrix function ¢ and are called its right (left) partial indices
and their sum » = Z?:l x is called the right (resp., left) total index.

Any non-singular continuous matrix function ¢ € C"*"(T) admits a generalized
factorization (1) in L, (T) (see, for instance, the above cited [2] and [16]); for our
purposes, it will be assumed that

ctl e e, )

In this setting, left and right total indices of ¢ coincide with the (only) left and right
partial index of det ¢ and are equal to its winding number.

Now let w be a homeomorphism of T onto itself, which is differentiable on T and
whose derivative does not vanish there. The function w : T — T is called a shift
function or simply a shift on T. By

wr(t) = wlwg-1()], 1) =w@), wi@t)=t, teT,

we denote the k-th iteration of the shift, kK > 2, k € N.

A shift w is called a (generalized) Carleman shift of order n € N\ {1} if w, (¢) =
t, but wr(t) # t for k = 1,n — 1. Otherwise, if w is not a Carleman shift, it is
called a non-Carleman shift. In what follows we will consider three different shifts,
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ie., w = «, B, y: a is a non-Carleman shift, 8 and y are Carleman shifts. Let us
concretize:

(1) « is the linear fractional non-Carleman shift preserving the orientation on T
with the only fixed point at 1,

t
a( = Y
vt

— —

teT, 3)

where 1, v € C: |u|> = v =1, |[Rep| = 1, and Im o = —iv.!
The shift function o admits the factorization

a(r) = ay (Dta_ (1),
where

nt +v

1 -
()= ——, a_(t)= = (ar ()"

v+ [

We see that the functions o, o@l are analytic in T4 and continuous in the
closure of T, respectively.
(2) B is the linear fractional Carleman shift preserving the orientation on T,

piy=2"2 et
= = ) € 9
a— 1

where L e C\T: M| < 1.
The shift function f admits the factorization

B(t) = B (O1B-(1),
where

Ig(;)_l;mz ,B(t)—L
S T I ol

!'In general, the shift o(¢) has two fixed points on T, 7y and 77, given by the formula

_poEEV (et m? -4

71,2 —
2v

where u,v € C: |u> = v)? = 1; obviously 71 # 1 if [Reu| # 1. With |[Reu| = 1, and
Im p = —iv, the shift «(¢) has one fixed point at 1. To this case corresponds the shift on the real

line o, (t) =t + 0,1t € R =R U {oo}, o is a fixed real number; the shift «, (¢) has the only fixed
point at infinity.
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(3) v is the linear fractional Carleman shift changing the orientation on T,

(t) = fZh e
YWESCTD ’

where A e C\T: M| > 1.
The shift function y admits the factorization

y(t) = yr (Ot y_ (1),
where

® r—x ® ity A2 =1
V1) = —F/——, r-()=———
iV =1 A —1

Let a,aj, j = 0,m, be given continuous functions defined on T. Let ;Ijz(T)
denote the Hilbert space L, (T) considered over the field of real numbers. On L, (T),
associated with the shifts o, 8, and y, we consider the shift operators Uy, Ug, and
U,, defined by

(Uap) (1) = aq(Dpla(®)],
(Ugp) (@) = —B+(De[B@)],

Uyp) (1) = y— ()t o[y ()], teT.

The shift operators U, v = «, B, y, satisfy the properties:

(i) Uy is isometric, i.e., [Up@llz, = llellL,;
(ii) UgS = SUy, UgS = SUg,and U, S = —SU,,.
We consider the bounded linear operator of complex conjugation C,

(Co)t) =1t o(0).

The operators P, Uy, Ug, Uy, and C, verify the properties
Uy P+ = PrUy, UgPy =P Ug, U,P+=P:U,,
U,C =CU,, UgC=-CUg, U,C=CU,,
4
CPy=PC, UyUg=UglUy, UyU, =U,Uy, @

Pi=Py, Uj=1 Ul=1 C*=1.
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In this work we will study the singular integral operators (SIOs) with two shifts
and conjugation defined on the unit circle,

m
K=Py+|al+|> aju] | UsC | P, (5)
j=0
and
M = [al + (apl + a1Uy)U,C]P4 + P_. (6)

The classical theory of singular integral equations and boundary value problems
for analytic functions began with B. Riemann (1857) and had proceeded with D.
Hilbert (1904), that, in particular established the relation of the so-called Riemann-
Hilbert problem with a Fredholm integral equation. Historically C. Haseman (1907)
was the first to consider the boundary value problems with a shift. T. Carleman
(1932) also studied a boundary value problems with a shift, that was later designated
with his name. N. Vekua (1948) was the first to consider a singular integral equation
with a general shift (in the sense, Carleman or non-Carleman shift) (see [19] (first
edition in 1950)). In the early 1950s, I. Vekua showed how some mathematical
physics problems lead to the solvability of boundary value problems with shift
(see [20] (first edition in 1959)). The Fredholm theory of SIOs with Carleman shift
was constructed in the 1960s and the 1970s of the twentieth century essentially
in the work of D. Kvesevala, M. Krein, I. Gohberg, N. Krupnik, N. Karapetiants,
S. Samko, and, most importantly, G. Litvinchuk (see [14]). For the case of non-
Carleman shift, the Fredholm theory was completed in the 1980s mainly by
Yu. Karlovich, V. Kravchenko and G. Litvinchuk (see [8]). The so-called solvability
theory of SIO with shift (the calculation of the defect numbers, the construction of
bases for the defect subspaces, and other spectral properties, of a given operator), is
an ongoing work, both in the case of Carleman Shift (see [4, 6, 10, 11]), and in the
case of non-Carleman shift (see [1, 7, 9, 17]). The solvability problem for SIO with
non-Carleman shifts, according to G. Litvinchuk, is “...[a] new and very difficult
question ...” (see [15, p. XVI]).

In [12] we studied a generalized Riemann boundary value problem with a non-
Carleman shift and conjugation on the real line, through the study of the kernel of the
operator X = P, +[al+(apl+aU,)C]P_ (with one shift, continuous coefficients,
and conjugation), and in [13], the operator Y, = Py + (al + AC)P_, where A =

m .

> a j Ul (with iterations of one shift, continuous coefficients, and conjugation). In
=0
{)oth cases, for the dimension of its kernel the following estimate was obtained:

dimker Y, <I(g) 4+ max(—x, 0) + max(—s»y, 0).

We had noted that the influence of the coefficients a;, az, .. ., a,, is restricted to the
term [(g) only; the terms x| and »; depend only on the coefficients a and ag. In [3]
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we considered the operator Y, on the unit circle, which we denote by Y,

m
Y = P_ + (al + AC)P_, A:ZajUO{, (7
j=0

and had obtained the estimate
dimker Y <I(f) + max(—xq, 0) + max(—x,0) + 1.

We note that, besides the terms present when we had considered Y on the real
line (i.e., Y;), there is an extra term in the right hand side. This term, 1, appeared
as a consequence of the weight r~! in the definition of the operator of complex
conjugation, that we had treated separately.

In the present paper we consider the SIO (5) with two shifts and conjugation
on the unit circle (Sect. 2). We show that estimate (26) holds. We also prove that
similar estimate (27) holds for the operator (7), improving the previous result for
this operator. Then we consider the operator (6). We obtain estimates (33) and (34),
with some additional conditions on the respective coefficients a, ag, a; (Sect. 3).

2 On the Dimension of the Kernel of the Operator K

In this section we present an estimate for the dimension of the kernel of the SIO (5)
with two shifts and conjugation.

Proposition 1 Let Ky : L3(T) — L3(T) be the SIO with shift
Ky = NPy + N,P_,

where N1, Na, are the functional operators

I —A al 0O
Nl:(o 5?,3)1)’ NZZ(&X —1>’

m m
A=) "a;U). A=) a;(BU]. 8=
j=0 j=0

then

1
dimker K = 2 dimker K. ®)
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Proof Making use of the properties (4), we obtain the following relation between
the operators K and K1, similar to the Gohberg-Krupnik matrix equality (see [5]),

N diag{K, K}N~! = K,
where
K = Py + (al — AUC)P_,

and N is the following invertible operator in Z% (T

N= L ( o ) |
V2 \UsC —UgC
We then have
dimker K + dimker K = dimker K.
Since (i1)"'K (i1) = K, we have
dimker K = dimker K.

Thus 2 dim ker K = dimker K1, i.e., (8) holds. |

Assume that a € C(T), a(t) # 0, everywhere on T. Then Ny, N> are invertible
operators, so K1 is a Fredholm operator (see [8]).
Let us consider the operator

K> = N, 'Kq, 9)

where

-1
_ I 0
Ny = 2 :
2 <5Aa—1 1 -1 )
Taking into account Proposition 1 and (9) we have the following result.
Proposition 2 Let K> : L3(T) — L3(T) be the SIO with shift defined by
2m ‘
K> = ijU(;PJr + P_,
j=0

where

b; = diag(1, =8}b;, j =0, 2m,
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with

by = ( a! _—a_lao )
"=\ —a 2B aB) +a'avacB))’

~ < 0 —a1a1>
by = l—a ,
—ara ()a(B) o1

01 = a_lao(ﬁ)m + a+a_1(ot)ao(a)a1(ﬁ),

Z _ ( 0 _a_1a2>
T\—2a @@ o )

02 = a'ag(B)az + ara” (@ai(B)ar (@) + aZa (@2)ar (B)ap(er),

7 :< 0 —a_lam>
"\ —aa Y om)am(B)  om )’

om = a 'ag(Bam + ara” (@)ay(Bam—1(@) + - - + ala (em)am (B)ao(m),
~ 0 0
bm = s
* <0 Qm+1)

om+1 =aya” (@ar(Blam (@) + afa” (@2)az(B)am—1(c2)

4.4 a_’ﬁafl(am)am (Bai(am),

5o 0 0
7=\ 0 ofa @n)an Bam@m) )
Then

1
dimker K = 3 dimker K.

Let ¢, denote the (n x n) identity matrix and, for simplicity, e = e>.

Proposition 3 Let K3 : LY (T) — L3"(T) be the SIO with shift

K3 = (col +c1Uy) Py + P_, (10)
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where co and c1 are the (4m x 4m) matrix functions

by by -+ byp—1 by

—e 0 ... 0 0
c0=<b0 0 > ci=] 0 . . an
0 esp—2 o
S 000
0 0- — 0

Then
. L.
dimker K = 3 dim ker K3.

Proof We take into account the result formulated in [13, Proposition 2.3], on the
o

real line, considering the shift o () =t + 0, € R = RU {00}, o is a fixed real

number (see the footnote in the Introduction). In a similar way, on the unit circle,

we show that

dim ker K3 = dimker K».

With Proposition 2 the result follows. O

Now we analyze the matrix function by defined in Proposition 2 in more detail,

b a —a_lao - 12
0=\ sa1ap(B) —3<m+a’]aoao(l3)) ’ (12

Note that det bo(¢) # O forall ¢ € T. So the non-singular continuous matrix function
bo admits a right generalized factorization (1) in L,(T), and (2) will be assumed,

by = b_Ab,. (13)
Proposition 4 Let a € C(T), a(t) # 0, everywhere on T, and c| be the matrix
function defined by (11). Let by be the matrix function defined by (12), (13) be a

right generalized factorization of bg in Ly (T), and x1, x> its right partial indices.
Then

1
dimker K < E(dimker Kyq — 2% —2x,),

where K4 : ng (T) — ng (T) is the SIO with shift

Ki=(I+ fUs) Py + P, (14)
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f is the (4m x 4m) matrix function
f = diag (AZ'bZ", ean_2)erdiag (07 () AT (@), eam—2), (15)
with
+ +
Ar:A=A_Ay, Ayp=dag(™,hr?2),

and

1
%i:szx;.r—i—x;, )f'izi(%j:tpfj ), j=12.

j J
Proof The operator K3 defined by (10) admits the factorization
K3 = diag{b_, e4m,2}f3[diag{b+, e4m—2}Py + diag{b~!, eqn_2} P_], (16)
where
K3 = [diag{A, eam—2}I + fU,] P+ + P_,
with
f = diag{b=", eam—2}ci diag(b3 ' (@), eam—2}.
The first and the third operators in left member of (16) are invertible, therefore
dimker K3 = dim ker K3. 17)
Now we consider the left invertible operators
K_ = P, +diag{A_, eq—2}P—, K4 =diag{A4, eq—2} P+ + P_,
and the operator
Ki= [diag{A+, eam_}I + diag{A~", e4m,2}fUa] P+ P_.
The following equalities hold
K3K_ = diag{A_, egm_2}Ka4, (18)
Ks = KiK., (19)

where K4 is the operator defined by (14).
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It follows from (18) that
dim ker 1?3 < dim ker E4 + dim coker K _,
and from (19)
dim ker IZ; < dimker K4.
It is known that (see [18])2
dimcoker K = —2sx —2x, .
Putting together (17), (20), (21), and (22) we obtain
dimker K3 < dimker K4 — 2, — 2, .

It is now left to apply Proposition 3.

309

(20)

ey

(22)

O

Thus, it remains to estimate dimker K4. As usual, let o(§) and || £ ||, denote the
spectrum and the spectral norm of a matrix £ € C"™*", respectively. We will make
use of some results from [9]; recall that 1 is the fixed point of the shift o defined

by (3).

Lemma 1 ([9]) For every continuous matrix function { € C™*"(T) such that

olg(D] C Ty,
there exists a polynomial matrix s satisfying the conditions
max [s()¢ (05 @) <1
and
Postp. =stp,.

Let R; denote the set of all such polynomial matrices s,

n
h(s) =) max i,

i=1 J=bn

2 We have “2” in the left hand side of the equality because the operator acts in the space Ijg’" ().
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where /; ; is the degree of the element s; ;(¢)of the polynomial matrix s and

1[(¢) = min{l;(s)}. (23)
SER[

Lemma 2 ([9]) Let T; = (I — {Uqy) Py + P— : L5(T) — L5(T), where the matrix
function ¢ satisfies the conditions of the Lemma 1, and let [({) be the number defined
by (23) for the matrix function ¢. Then the following estimate holds
dimker T, < 1(¢).
Suppose now that a matrix n € C"*"(T) has the properties

olp(D] C T_, detn(t)#0, VteT. 24)

The non-singular continuous matrix function n admits a right generalized factoriza-
tion (1) in Ly (T), and (2) will be assumed,

n=n-Ang. (25)
Lemma 3 ([9]) Let T, = (I — nUy)Py + P : L5(T) — L5(T), where the
matrix function n satisfies the conditions (24), (25), and let k1, k2, ..., k, be its

right partial indices. Let 1] = n+r]_lnll(oc_1), and 1(7]) be the number defined
by (23) for the function 7). Then the following estimate holds

dimker 7, < 1(7) + Z ;|-

Kkj<0

Proposition 5 Let the conditions of Proposition 4 be satisfied and let K 4 be the SIO
defined by (14). Then

dimker K4 < 2I(f),

where l(f) is the number defined by (23) for the matrix function f defined by (15).

Proof Taking into account Lemmas 1 and 2, it suffices to show that

olf(D] C T4
From the factorization by = b_ Ab4 of the matrix function by, we have

bo(1) = b_ ()b (1), so b (1) = by (Hb_(1).
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Now recalling (15), we can write
f(1) = diag{bZ' (1), eam—2}er (1) diag(by' (1), ean—2)
and so
f(1) = diag{b=" (1), ean—2}c1 (1) diagiby " (1), eam—2} diag{b_(1), eam—2},
which means that the matrices f (1) and ¢ (1) diag{b, ! (1), e4mm—2} are similar.

From here, proceeding exactly as in the proof of [13, Proposition 2.6], we show
that all the eigenvalues of the matrix

c1(1) diag{by ' (1), eam—2} =

bi(1)by ' (1) ba(1) b3(1) -+ bay—1(1) bam(1)

-by'y 0 0 -~ 0 0
0 —e 0 .- 0 0
: . 0 0
0 0 o - —e 0
are equal to 0. Thus o[ f(1)] = {0}. m|

Finally, Propositions 4 and 5 allow us to establish our main result.

Theorem 1 Let K be the SIO with two shifts and conjugation defined by (5). Let
a € C(T), a(t) # 0, everywhere on'T, and x, x3 be the right partial indices of the
matrix function by defined by (12). Let f be the matrix function defined by (15), and
I(f) be the number defined by (23) for the matrix function f. Then the following
estimate holds

dimker K < I(f) + max(—»x1, 0) + max(—xz, 0). (26)

Remark 1 We note that all the results concerning the operator K, defined by (5),
are valid for the operator Y, defined by (7), considering § = t~!in Proposition 1
and in the sequel. Therefore we can state the following result.

Corollary 1 Let Y be the SIO with iterations of one shift and conjugation defined
by (7). Let a € C(T), a(t) # 0, everywhere on T, and x1, x> be the right partial
indices of the matrix function by defined by (12) with § = t~'. Let f be the matrix
function defined by (15), and I(f) be the number defined by (23) for the matrix
function f. Then the following estimate holds

dimker Y <I(f) + max(—»xq, 0) + max(—x>, 0). 27
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3 On the Dimension of the Kernel of the Operator M

In this section we present two estimates for the dimension of the kernel of the
SIO (6) with two shifts and conjugation.

Proposition 6 Let My : L3(T) — L3(T) be the SIO with shift
My = (dol +d\Uy) Py + P_,

where do and dy are the (2 x 2) matrix functions

do=( 4 “0_> 28
0 (pao(y) pa(y) @8
0 aq
= —— , 29
‘ (pa1<y>0> 29
_—v-0,
ty(t) ’

then
. L.
dimker M = 3 dim ker M.

Proof Making use of the properties (4), we obtain the following relation between
the operators M and M|,

Z diag{M, M}Z~" = M,
where
M = [al — (apl + a1U,)U, C1Py + Py,

and Z is the following invertible operator in Z% (T)

7 R I )
L~ \u,c-u,c)’
and, analogously to the proof of Proposition 1, the result follows. O

Assume that a(t) # ao(t), everywhere on T. Let us analyze the matrix function
do defined by (28); note that detdp(r) # O for all r € T. So the non-singular
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continuous matrix function dy admits a right generalized factorization (1) in L, (T),
and (2) will be assumed,

dy=d_Ad;. (30)
Proposition 7 Let a(t) # ao(t), everywhere on T, and d| be the matrix function

defined by (29). Let dy be the matrix function defined by (28), (30) be a right
generalized factorization of do in Lo(T), and 1, x its right partial indices. Then

1
dimker M < z(dimker My — 23] — 2%, ),

where M : Z% (T) — Z%(T) is the SIO with shift
My = (I +gUy) Py + P,
g is the (2 x 2) matrix function
g=AZ'd \did T (@A (@), (31)
with
. + o+
Ar:A=A_Ay, Agx=diag(™,h ),

and

1
. . — - —_— - . .
X .J{j —J{j +}fj, J{j = 2(}%:‘:‘}{]

: ) j=1,2.

Proof The proof is similar to_the proof of Proposition 4, taking into account that
the operator K4 is defined on Lém (T) and the operator M5 is defined on L%(T). O

It remains to estimate dim ker M>. We point out that det g(¢) # O forall r € T,
where g be the matrix function defined by (31). The non-singular continuous matrix
function g admits a right generalized factorization (1) in L(T), and (2) will be
assumed,

g =g8-Ag+.

Now let us return to the matrix function dy defined by (28). From the factorization
do = d_Ady of dy, we have at 1,

do(1) = d_(1)d4 (1), so di'(1) =dy'(1d-(1).
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Now recalling (31), we can write
g(1) = dZ'(Ddi(Ddy' (1)
and so
g(1) =d~'(Hdi(dy " (yd_(1),

which means that the matrices g(1) and d;(1)d,, ! (1) are similar.
The characteristic polynomial of d; (1)d ! (1) is, with z € C,

24 ataaly)  aaly)

. 32
detdo 7 Tdetdy (32)

Taking into account Lemmas 1, 2, and 3, with Propositions 6 and 7, we can write
the following result.

Theorem 2 Let M be the SIO with two shifts and conjugation defined by (6). Let
a(t) # aop(t), everywhere on T, and x| and »y be the right partial indices of the
matrix function dy defined by (28). Let k1 and k2 be the right partial indices of the
matrix function g defined by (31). Then the following estimates hold.

(i) Let the functions a, ag, ay be such that all the roots of the polynomial (32) are
in T4, then

dimker M < I(g) + max(—»x1, 0) + max(—x», 0). (33)

where 1(g) be the number defined by (23) for the matrix function g.
(ii) Let the functions a, ag, a1 be such that all the roots of the polynomial (32) are
inT_; then

dimker M < I(g) + max(—«q, 0) + max(—«y, 0) + max(—xp, 0) + max(—xs, 0).
(34)

where 1(g) is the number defined by (23) for the matrix function § =
g+8 gy (o).
Remark 2 Theorem 2 can be formulated “ipsis verbis” on the real line, considering
the non-Carleman shift o, (1) = ¢ 4+ o, the Carleman shift y, (1) = —t + ¢, 1 € }10% =
R U {00}, o and ¢ are fixed real numbers, and the operator of complex conjugation

C defined by (Co)(t) = ¢(t). The shift () has the only fixed point at infinity (see
the footnote in the Introduction).
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