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Preface

This book is based on the courses given for the master’s and Ph.D.
students of 2015-2021 batch at Skoltech (Moscow), University of
Chile (Santiago), University Jean Monnet (Saint-Etienne, France),
University of Benevento (Italy), and Politecnico di Torino. The third
chapter was given as a mini-course at the 9th International Moscow
Winter School in Physics. The book introduces main mathematical
models describing mechanical behavior at microscopic level of het-
erogeneous media and for blood flow in a network of vessels. Homoge-
nization technique is applied for multiscale analysis of heterogeneous
media. For the network of vessels, asymptotic methods (matching,
boundary layers) are presented. The method of asymptotic partial
decomposition of the domain defines hybrid dimension models com-
bining one-dimensional (1-D) description obtained from the dimen-
sion reduction with three-dimensional (3-D) zooms. It justifies the
special exponentially precise junction conditions at the interface of
1-D and 3-D parts. It can be applied to model the blood flow in ves-
sels with a thrombus or a stent. The course contains an important
introductory part recalling the necessary mathematical background
so that it is accessible not only for the master’s and Ph.D. students
in mathematics but also for those in engineering and biophysics.
The structure of the book is as follows. The first chapter intro-
duces the main equations of mathematical physics. These equations
are derived from the conservation laws. The main types of boundary
conditions are introduced. The second chapter contains the minimal
mathematical background which is required for better understand-
ing of the multiscale methods. It recalls the main notions of analysis,
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in particular, of functional analysis. These notions are applied to
prove the existence, uniqueness, and a priori estimates for the par-
tial derivative equations derived in Chapter 1. These theorems are
used to prove the error estimates for the multiscale approximations.

The third chapter introduces the homogenization technique as
a general method used to pass from the microscopic scale to the
macroscopic scale. First, this method is presented for a 1-D heat
equation. Then, a similar presentation is developed in the case of the
conductivity equation in multiple dimensions.

Then, the error estimates are derived for the approximations of
the homogenization method. These estimates are crucial to persuade
the users that the method is effective and to fix the limitations of the
theory. It contains the general scheme of the proof of estimates jus-
tifying the asymptotic expansions.

Finally, Chapter 4 is devoted to the asymptotic analysis of thin
domains and the method of asymptotic partial decomposition of
domain. This method allows to combine and glue models of differ-
ent dimensions to reduce the dimension in an important part of the
domain keeping the 3-D zooms. The solution of such hybrid dimen-
sion model almost coincides with the exact solution but needs much
less computational resources.
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Chapter 1

Derivation of the Main Equations
of Mathematical Physics

1. Heat Equation

The derivation of the heat equation is based on the heat (energy)
conservation law and Fourier’s thermal conductivity law.

The energy conservation law states that in a small fixed volume
V' (Lagrangian volume), the change (accumulation) of the energy @
from the moment ¢y to the moment ¢y + 7 is equal to the sum of
the energy produced inside the volume and the input of the energy
through the boundary of the volume. The change in the energy is
proportional to the change in the temperature w:

AQ = cpAu, (1.1.1)

where c is the specific heat capacity and p is the mass density of the
material.

Denote f(x,t) as the energy output per unit time and unit vol-
ume on point x = (x1,x92,x3) in space and at moment ¢, and let
F(x,t) (F = (F1,F2,F3)) be the flux on point x at moment ¢.
Here, F; i = 1,2,3, is the flow of energy per unit of area per
unit of time through a small surface perpendicular to the Cartesian
axis Ow;.
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Consider the Lagrangian volume

h h h h
V==Crpn= <$01 - §,$01 + §> X <$02 - §,$02 + 5)

h h
X 9003—5,90034'5 )

where zg = (x01,3?0273?03)-
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Denote squares as

h
Sit+ = {90 = (z1,22,23) | 21 = 210 £ >

h h h h
Ty € $02—§>$02+§, T3 € $03—§,$03+§ )

h
27

h h h h
NS 3?01—573?01-1-5 , T3 € 3?03—573?03-1-5 )

h
Szt = {3? = (21,22, 23) | 23 = x30 £ =,

Sot = {3? = (21,22, 23) | x2 = x90 £

2

h h h h
T € $01—§>$01+§, To € $02—§,$02+§ .

Let n be the outer normal of V. Then, (1.1.1) and the conservation
law take the form

[ @@ tute.to+ )~ utasto)ds

14
to+7 3 to+7
= //f(%t)dxdt—ZZ/ /f(a:,t)-ndsdt. (1.1.2)
Vv =1 £ g

Divide (1.1.2) by 7h®. Assume that all functions in the integral
terms of (1.1.2) are continuous and apply the mean value theorem:
if IT is a closed parallelepiped in R? and F is a continuous function
II — R, then there exists a point y, € II such that

/F(y)dy = F(y,)mesII.
i
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We get

u(xﬂn tO + T) - u(flf*, tO)

c(xi)p(zy) . = [(@ur, L)

Fi (a:m + 2,375?,37&2) Fi (a:m 2,3:&),37&*))

h
Fa (ﬂfﬁ)ﬂm + %Jg)ig)) ) (xgi)ﬁm 2a3?§?7t(2)>
a h
F3 (iﬁ),xéi)ﬂ?os + %,t£3)> — F3 (xgi)ﬂéi)@o:s - %,tf’))
_ - 7
(1.1.3)
where z, 2., €V, xg??“&i) € (‘TOl - %7“01 + %)7
a:gi),xg*) € (a;o — %,xog + ) a;gi), and xgi) € (a;o — %,Jfog + %)
Let ¢ be differentiable in [a,b], yo € (a,b), then
h 2ot 3) —¢ (v —3)
im
h—0+ h
o {w (vo+ %) —e(yo) | e(yo) — ¢ (vo— %) }
= lim +
h—0t h h
hy _ _ _h
L) 2ot s) —elw) L e(o) — ¢ (90— 5)
2 | h—ot h/2 h—0+ h/2

_ 1 fdy dep _dy
=3 { ) + ) | = )
So, passing to the limit as h — 0%, 7 — 0T in (1.1.3), we get

3 .
(o)) Je(z0,10) = Flao,to) = 3 Pi(aoste),  (114)

i=1
i.e.

c(a:)p(x)%(w,t) = f(x,t) — divF(z,t). (1.1.5)



Derivation of the Main FEquations of Mathematical Physics

The Fourier’s law of thermal conductivity states
F = —k(z)Vu(z,t), (1.1.6)
where k(z) is the conductivity matriz,
aaTul k11 k12 ki3
Vu=| 2|, k= ko ko ks |,
D k3 k32 ks
which is symmetric (k;; = kj;) and positive definite:
3 3
> k)& =Ry & (1.1.7)
ij=1 i=1

for all (£1,&2,&3) € R? with & > 0.

heater

Sl ug) ulxgH)

In Fourier’s experiment, F1 = kzw

In an isotropic case, k is a scalar value.
Plug (1.1.6) in (1.1.5). We get the heat equation:

ou _
5 (@ t) = div(k(2)Vu) + f(2,1), (1.1.8)

where C(z) = ¢(x)p(z).

Here, u is the unknown function, and C, k, f are known data with

usually prescribed regularity properties, for instance, differentiable
(C1) functions.

C(x)
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In anisotropic case, (1.1.8) has the form

3
C(x)%(w,t) =) a% <kij<x)§—;> — f(z,). (1.1.9)

1,j=1

2. Boundary/Initial/Interface Conditions

A mathematical model of some physical process is not only its corre-
sponding partial differential equation (PDE), such as the heat equa-
tion (1.1.8), but it includes as well several boundary /initial /interface
conditions ensuring the uniqueness of a solution. In particular, the
heat equation (1.1.8) needs one (as many as the order of the time
derivative) initial condition:

u o= p(z), (1.2.1)

where ¢ is a given function.

Usually, the heat equation is considered in a bounded volume.
Then, equation (1.1.8) needs one boundary condition on the whole
boundary OG of the domain G.

Let us introduce some notions which will be used later.

Xo

M

A set M of R? (d = 1,2,3) is called an open set if for any point
xo € M, there exists a ball* B(xg, r) belonging to M (B(xzo,r) C M).
A set M of R is called a closed set if for any sequence (Tn)nen,

2B(xo,7) = {z € R* | ||z —z0|| < 7}, where x( is the center, 7 > 0 is the radius.
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Ty, € M, converging to some point z, the limit point & belongs to
M, ie. (z, — 7 and 2, € M)= T € M. A set M of R is called

a connected set if any two points x, y of M can be connected by a
continuous curve Cy, belonging to M (Cyy C M).

x'\/‘y

connected

not connected

A set M of R? is called a bounded set if there exists a ball B(0,r)
containing the whole set M (M C B(0,7)).

M B(O,r)

A set OM of R? is called the boundary of a set M C R? if any
ball with the center at the points of 0M contains at least one point
belonging to M and at least one point out of M.
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boundary

A set M = MUOM is called the closure of M. An open-connected
set in R is called a domain. In the present section, we consider a
bounded domain G.

bounded domain of G

These definitions remain valid if R? is replaced by any normed
space (see Section 1 of Chapter 2).

We consider the boundary conditions of the following types.

Dirichlet’s boundary condition:

u($at) |:c68G’ = ¢D($at) (1.2.21))

(given temperature at the boundary), or
Neumann’s boundary condition:

—k($)VU($,t) ‘n |z€6G = ’QZJN($,7§) (1.2.2]\/)

(given normal flux at the boundary), where n is an outer normal
vector and - denotes the Fuclidean inner product,
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e
n

op)

or
Robin’s boundary condition:

—k(z)Vu(z,t) - n |zeoc = Mx)u(z,t) |reoc + Yr(z,t)  (1.2.2R)

(the normal flux at the boundary is proportional to the jump
of the temperature from the surface to the surrounding area), or
periodicity condition if G is a cube, G = (0,1)%:
u is a 1-periodic function defined on RY, i.e.
Vz e RY  VzeZd,
u(z + z,t) = u(x, t). (1.2.2,)
Functions ¢p, ¥, ¥g, and X are given. Also, the whole boundary
O0G can be subdivided into three parts I'p, I'yy, and I'g such that
I'pUT'yUT'R =0G and T'pNTy :(b, FDﬂFRZ(Z), FNQFRZQ,
and one sets boundary condition (1.2.2p) on I'p, boundary condition
(1.2.2x5) on I'y, and boundary condition (1.2.2g) on I'g.

Iy

If k is discontinuous at some surface X, then at this surface, equa-
tion (1.1.8) is replaced by two interface conditions:

[uly =0 (1.2.31)
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(continuity of the temperature) and

[—k(z)Vu-n]y =0 (1.2.32)
(continuity of the normal flux through ¥. [u]s denotes a jump of

function u at the surface X, i.e. the difference of the limit values of
u from two sides of the surface X).

T~
T
\
\
Xo
o =, Mo 9) = g ),

The heat propagation process is so described by a mathemati-
cal model consisting of the heat equation (1.1.8), initial condition
(1.2.1), boundary condition (1.2.2), and eventually interface condi-
tions (1.2.3).

3. Particular Cases: Generalizations

3.1. Stationary equation
If a process does not depend on time, then %—? = 0 and we obtain the
stationary conductivity equation

—div(k(z)Vu) = f(x). (1.3.1)

The stationary heat model consists of equation (1.3.1) and one
of boundary conditions (1.2.2). Clearly, it doesn’t need any initial
condition.
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3.2. Two-dimensional and one-dimensional models

X3

If a domain G is a cylinder Gy x R, where Gy is a bounded domain
in R?, and if the right-hand side f in (1.1.8), coefficients C' and k,
and functions ¢ and ¥ do not depend on x3, then we can consider
a solution u(z,t) which is also independent of x3. Equation (1.1.9)
takes the form

2
C(w)a—u(wﬂt) = > a‘ (hﬂxﬂ%) + [, 1), (1.3.2)

where 2/ = (21, 22).

If the domain G is a layer (a,b) x R? and the right-hand side f
and the coefficients, functions ¢ and 1 do not depend on (z2,z3),
then we get a one-dimensional model in the interval (a,b):

ou 0 ou

C(xl)g(xlyt) = 90 (kll(xl)a—xl> + f(z1,1), (1.3.3)

where the subscript 1 can be omitted.
Another source of 2-D and 1-D models is the method of asymp-
totic dimension reduction for thin domains.
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Finally, consider some generalizations of equation (1.1.8). It can
have several additional terms:

C(w)g—:: = div(k(z)Vu) — C(z)V(x,t) - Vu — a(z)u + f(x,1),
(1.3.4)

where the second term in the right-hand side corresponds to a con-
vection with velocity V and the third term to a sorption process.
For a compressible fluid, the second term on the right-hand side of
(1.3.4) is Cdiv(Vu).

Another modification of the heat equation (1.1.8) is related to
a correction of the Fourier’s law, namely, the conductivity k& may
depend on the temperature, so the relation between the flux and the
temperature becomes nonlinear:

F = —k(z,u)Vu(zx,t).

Equation (1.1.8) as well as its generalizations can describe other
physical processes, in particular, diffusion of a substance. Then, u is
the concentration, C' = 1, and k is the diffusion coefficient. This
is why equation (1.1.8) is also called diffusion equation, while (1.3.4)
is called diffusion—convection equation. Its derivation follows the
same scheme as was applied in Section 1. The energy conservation
law is replaced by the mass conservation law, and the law (1.1.6) is
called Fick’s law. The stationary form (1.3.1) is used for the pressure
field in the porous medium, where u is the pressure, k is the perme-
ability coefficient, and Fourier’s law becomes Darcy’s law (F is the
average velocity field).

This section shows that the same mathematical equation can
describe physical processes of different nature.

Finally, consider the case of an isotropic homogeneous material
having a constant conductivity k. Then, the term divk(xz)Vu becomes
kAu, where A is the Laplace operator (Laplacian):

d 92
A= —.
; Ox?
Then, equation (1.1.8) reads
ou
— =kA

and the normal flux —&£Vu - n reads —kg—g.
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4. Elasticity Equation (Solid Mechanics)

Let us introduce the main notions of elasticity theory, considering
deformation as a transformation of an elastic body from a reference
configuration to a current configuration.

X X'
Reference configuration Current configuration

Let a material point P of the reference configuration having coor-
dinates x = (21,2, x3) move to the point P'(2'), 2’ = (a},z}, zf) of
the current configuration. The displacement vector u(zx,t) is defined
as the vector PP’ connecting points P and P’.

Strain tensor describes deformation in terms of relative displace-
ment, i.e.

e= (elj(u))1gl,j§3’
1oy a“a Ot Dt
a;(w) =5 (6:@ Oy mz dr; O ) o

However, the linear elasticity considers a “small strain” relation,
neglecting the last term in (1.4.1):

eij(u) = % <§—zj + %) (1.4.11)
Define the stress tensor in the point zg = (zo1, 202, T03):
0= (Jik)lgi,rgs-
This matrix consists of three columns: o), ¢, and o). In order

to define these columns, consider an imaginary surface S, k =1,2,3
passing through the point xg.
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Let S1 be square
2 2

h h
X 9003—5,90034-5

F(l)

h h
(1, 22,23) | 1 = o1, (T2, 23) € | o2 — =, To2 + =

perpendicular to the axis Ox;.

X3

X! h
_F'(l)
Assume that there is an imaginary incision at Sy surface. Surface
S1 divides the continuous body into two segments. Consider the force
F() applied to one side of S; which is the surface of the segment
21 < xg1. According to Newton’s third law, the force applied to the
second side of the surface S; is —F().
The column o) is defined as follows:
1)

1 .
ol = lim Zo.

In a similar way, we consider the square incisions

2 2

h h
Ty = T02,T3 € | To3z — §,$03+§ )

h h
Sz = {($1a$2,$3) | ($1,$2) € <9001 - 5@01 + 5)

h h
X $02—§>$02+§ , T3 =103 ¢,

h h
Sy = {@1@2@3) | 21 € ($01 — o,%01 + —) ,

and define @, o).
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The strain tensor e and the stress tensor o are symmetric
matrices.

The derivation of the linear elasticity equation is based on the
consideration of a small cube V' = Cy,; from Section 1. Applying
Newton’s second law, we get for the acceleration of the cube multi-
plied by density p the following integral relation:

/ p($)?92T121dx - / £(z,t)dx

\%4 \%4

+Z / (,t)ds — /a@(x,t)ds , (1.4.2)

Si+ Si—

where f(z,t) is a given mass force “diffused” in the volume.
As in Section 1, we make a passage to the limit in (1.4.2) ash — 0
and get the equation
0%u

p(w)w = dive + f(x, 1), (1.4.3)

where

dive = Z ax

=1
The stress o is related to the strain e by Hooke’s law (constitutive
equation):

3

oik =Y afj(x)eji(w), (1.4.4)

J,l=1

where af! is the stiffness tensor (elasticity moduli).
Replacmg eji(u) in (1.4.4) by the expressions (1.4.1)r, and plug-
ging (1.4.4) into (1.4.3), we get the elasticity equation

2u 3 u
p($)%? _ Z a‘l <A (x)(;z > £, 8), (1.4.5)

J

kl

where A;; are 3x3 matrices with entries (a”) .
1<k,I<3
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An isotropic material is characterized by two constants: Young’s

modulus E and Poisson’s ratio v. Then, af]l are defined as follows:

E 2v
kl
Qi = 21 +v) <1 — 2V5ik5jl + 030k + 5i15jk>, (1.4.6)
lifi=j .
where 0;; = 0if 1ot is Kronecker’s delta, E > 0, and
if no

~1<v<3i.

An isotropic material is also characterized by Lame’s constants,
A and p (p is called the shear modulus). These constants are related
to E and v:

Ev FE

A= (14+v)(1-2v)’ M:m-

In the anisotropic (orthotropic) case, the material is characterized
by nine constants: three Young’s moduli E1, Es, F3; three Poisson’s
ratios vo1, V31, v3; three shear moduli po1, p31, p32. Then, a¥ are

ij
defined by the following relations:

-1

12 13
aii a3 ai3 1/Ey  —vo1/Ey —v31/FE3

12 22 23| _
ajs ass azy | = | —vo1/By 1/Ey  —u33/FE3 ,

13 23 33
aq3 a3 a3y —v31/E3 —vs2 /B3 1/E3

29 33 33
a1yl = pi21, A1) = H31, ) = [32, (1.4.7)

where a” J = 0 if one of the indices 1, j, k, [ is different from all others:
a33 = 0. Also,

kKl il Ik _kj
aj; = ap; = aj; = a; . (1.4.8)

Equation (1.4.5) needs two initial conditions:

u |t:0 = Lp(](l'), (1490)
o
8—‘; limo = @1 (), (1.4.9:)

where g and ¢ are given initial displacement and initial velocity,
respectively.
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The boundary condition is similar to (1.2.2):

u |pq = Yp(x,t) (1.4.10p)

(given displacement)
r (if n = (n1, ne2,ng) is an outer normal vector)

3
Ju
> n zAzya loc = ¥n(z,t) (1.4.10y)
ij=1
(given normal stress)
or

3
Ju
§ : ZAZ]a |8G* (a;)u |8G +¢R(xat) (1410R)
ij=1

(springs at the boundary)

or the periodicity condition.

In the case of discontinuous A;;, we have at the surface of discon-
tinuity

[u]s =0,

5 Ju
= 837]-
,j=1 »
Here, n = (n1,n9,n3) is the normal vector.
As in Section 3, we can consider the stationary elasticity equation

- Z ( g;j) =f(z), z€g, (1.4.12)

zgl

supplied with the boundary condition (1.4.10) or periodicity
condition.

Also, we can consider the 2-D or 1-D version. Finally, the nonlin-
ear elasticity equation (stationary case) is

-2 aAz‘(Vu,w) = f(x), (1.4.13)
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where A; are given vector-valued functions. Its form can correspond
to the modifications of the scheme of the derivation of equation
(1.4.5). Namely, we can replace relation (1.4.1r,) by (1.4.1). Then,
leaving the remaining part of the derivation without any change, we
get the so-called geometrically nonlinear elasticity equation:

3
1 0 il Ouy (3u] Oy, Oy, B
3 2 a—m{%(x) (% o mz oz, am ) [ = @)
k=1,2,3 (14.14)

Another possibility of modification is nonlinear Hooke’s law (in par-
ticular, hyperelastic materials). The most popular model of a phys-
ically nonlinear isotropic material is as follows. Define the traces of
e and o as

3 3
= E eii, o(l) = E Tiis
i—1 i=1
the deviators of strains and stresses as

Eij = eij — di(e(1)/3),
Sij = 045 — 6i5((1)/3), (1.4.15)

and the norms of deviators as

- 1

E=.\|3 X B}
i,j=1

a 1 3 2

S=1/1 3 5% (1.4.16)
27]:

S =p(E)E, (1.4.17)

where ¢ is a given function, ¢(0) = 2u, where y is the shear modulus,
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S
A
~F
and
Sij = @(E)E;j;, o(1) = Ke(1), (1.4.18)
where
2 FE
K = — —
AT 3R 3a o)

is the bulk modulus.

This physical nonlinearity can be combined with the geometrical
nonlinearity.

The elasticity equation can be generalized if the Hooke’s law states
the linear proportionality of the stress tensor o to the strain and to
the strain rate tensors e and é (é denotes %e), namely,

3
o= ( i ()eji(u) +b§jl(fﬁ)éjl(“)) (1.4.19)

]7l:1

instead of (1.4.4).
It gives the visco-elasticity equation with short memory:

Pu 9 ou
P(@W = Z 02y <Aij($)8—xj>
ij=1

211
+Z ( a?a >+f(x,t), (1.4.20)

731

where B;; are 3x3 given matrices.
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All elasticity models suppose a full reversibility of the change
of shape in response to applied forces. If the deformations are irre-
versible, then the process is called plastic deformation. In this case,
the stress—strain diagram contains a hysteresis loop. Mostly, metals
respect the linear elastic behavior for tensile loading for strain ey
less than 0.002, after which the behavior becomes nonlinear elastic
behavior up to the elastic limit. For strain greater than the elastic
limit, the behavior becomes plastic; however, if loading continues it
corresponds to the nonlinear elastic model.

o=F/A

o=Fe

e=l/L

Stress—strain curve showing typical yield behavior: P is the limit of the linear
Hooke’s law, Q) the elastic limit, and R the offset yield strength.

The following picture presents the Hooke’s law experiment.

Fe——

[ is the length of extension,

L is the initial length of the bar,

A is the area of the cross-section, and
F is the applied tensile force.
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5. Navier—Stokes and Stokes Equations
(Fluid Mechanics)

Changes in properties of a moving medium can be measured in two
different ways. One can measure a given property by either carrying
out the measurement on a fixed point (or volume) as particles pass
by or by following a parcel along a streamline.

The first approach is called Eulerian while the second is called
Lagrangian. In the Lagrangian approach, the values are functions
of the coordinates x = (x1,22,23) of a point at the initial moment
of time (for example, before deformation, as in Section 4). In the
Eulerian approach, all values are functions of the coordinates = =
(21,2, x3) of the point where the observer stands. This point is fixed
in space while the medium passes through. In this second approach,
if the medium passes through a point P(z1,z2,x3) (point P having
coordinates (x1,w2,x3)) with the velocity v(z,t) and we consider
a parcel V, then in time interval At, any value A within V' changes
from A(z,t) to A(x+v(z,t)At,t+ At) because the point P(z) moves
to P'(x + v(x,t)At). So, the velocity of the change of A is given by

. Az +v(z, t) At t + At) — A(z,t)
lim
At—0 At

3
0A 0A 0

2

This derivative is called material derivative denoted as DA/Dt.

Consider the motion of an incompressible fluid having density p.
Then, applying the derivation scheme from Section 4 but in the frame
of the Eulerian approach, we get the equation for Newton’s second
lawr:

p% = dive + f(x, t), (1.5.1)

which replaces (1.4.3).
The constitutive equation for a fluid is

o=uD(v)—pl, (1.5.2)

where D(v) = Vv + (V)7 is the symmetrized gradient of the veloc-
ity, p is the dynamic viscosity, p is the pressure, I is the identity
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matrix, f is the distribution of a mass force (often f = pg, where g
is the gravity acceleration). Note that v = u/p is called kinematic
viscosity.

The incompressibility of the fluid is described by the divergence
equation:

divv = 0. (1.5.3)

It follows from the mass continuity equation.
Plug (1.5.2) into (1.5.1). We get the Navier—Stokes equation:

p%y = div(uD(v) — pI) = p(v - V)v + £(z,1),
(1.5.4)
divv =0,

where v(z,t), p(x,t) are unknown functions, i.e. for a constant pu,

PGt = pAV — p(v - V)v — Vp + £(z,1),
(1.5.5)
div v =0.

This equation is called the Navier—Stokes equation. If this equation
is set in a bounded domain, then it needs an initial condition,

v |i=0= (), (1.5.6)
and a boundary condition, normally,
v log= ¥(z,t), (1.5.7)
where ¢ and 1 are given functions such that
/¢ -nds = 0.
oG

If we neglect the term p(v-V)v, we obtain a linearized version called
Stokes equation:

p%¥ = pAv — Vp + f(z,1),
(1.5.8)

divv =0.

We can consider the 2-D version where z = (z1,22). As an
eventual generalization, we can consider non-Newtonian fluids where
w can depend on D(v).
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6. Coupling of Different Models

Models considered in the previous sections may be coupled; for
instance, the heat equation and the elasticity equation form a model
for thermoelasticity. The coupling may be provided in different ways.
One of the possibilities is the influence of temperature on thermal
dilation of a material, where the force f on the right-hand side of
(1.4.5) is related to the gradient of the temperature:

f = V(-BT), (1.6.1)

where T is the temperature and 5 = (3\ + 2u)a, « is the thermal
dilation coefficient. The modules af} can also depend on the temper-
ature.

Another example is the coupling of the diffusion equation or the
heat equation with the Navier—Stokes equation, where the convective
term (v - V)u contains the velocity v defined by the Navier—Stokes
equation. The viscosity p can also depend on the concentration of
one or several substances diluted in the fluid.

The reaction—diffusion equation couples the diffusion equation
with kinetics of a chemical reaction:

dc .
i div(DVe) + R(c) + f(x,t), (1.6.2)
where R is a known function.

This equation is called Kolmogorov—Petrovsky—Piskunov (KPP)
equation. Let us present several forms of function R:

R(c)=c(l—¢), R(c)=c(1-c?),
R(c)=c(1—-c¢)(c—a), a€(0,1),
R(c)=c* -3,

In the case of multiple substances, we get an analogous system of
equations:

aci_ 1
{Eudw@N®+RMM~ﬂm+ﬁ’ (1.6.3)

i=1,...,N.
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Chapter 2

Analysis of the Main Equations of
Mathematical Physics

1. Some Elements of Functional Analysis

1.1. Vector spaces

Let us recall several notions of analysis. A set E is called a wvector
space (R-vector space or C-vector space) if E is supplied with two
operations. The first operation, called addition +: E'x E — F, takes
any two vectors (elements of the set ') v and w and assigns to them
the third vector v + w, called the sum of these two vectors.

The second operation called scalar multiplication, «: R x £ — E
or Cx F — F, takes any real number or complex number o and any
vector v of E and assigns to them vector av. These two operations
adhere to eight axioms:

A1. Associativity of addition:
Vu,v,w e E, u+ (v+w)=(u+v)+w.
A2. Commutativity of addition:
Vu,ve E, u+v=v-+u
A3. Identity element of addition (zero vector):

Ve FE:YveFE, v+0g=0g+v=v.

25
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A4. Tnverse elements of addition (additive inverse):
VWweFEI—veE:v+(—v)=0g.

A5. Compatibility of scalar multiplication with the field multiplica-
tion in R or C:

Vo, € K,Vv € E,a(pv) = (af)v,

here, and in the following, K stands for R or C.
AG6. Identity element of scalar multiplication:

VveFE, 1-v=v

(here, 1 stands for the number one).
AT. Distributivity of scalar multiplication with respect to vector
addition:

Vae K,\Vu,v e E, a(u+v)=au+av.

AS8. Distributivity of scalar multiplication with respect to field addi-
tion in R or C:

Va,f e K,Vv € E, (a+pf)v=av+pv.

For instance, R? is an R-vector space and C? is a C-vector space.

1.2. Normed spaces

A vector space E is called a normed vector space if it is supplied
with a norm, which is a real-valued function defined on the vector
space F and has the following properties:

N1. Vz € E, ||z ||> 0;]| 2 |= 0 & z = 0g;
N2. Vae K, Vz € E, || az ||=| a ||| z ||;
N3. Vz,y € E ||z 4y ||<|| = ||+ || v || (triangle inequality).

The last property yields ‘Ha:H — HyH‘ < ||z — y||. As an example,
one can consider the so-called Euclidean norm in R%:

w1, va)lle = Vg 2+ =+ [yal?

Let (zy)nen be a sequence such that x,, € E, where E is a normed
space.

Definition 1.1. (z,),cn converges to an element & € E (denoted
by z, — ) if ||z, — Z|| — 0.
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Let us formulate some direct consequences of the corresponding
assertions for the convergence of numerical sequences in R.

Theorem 1.1. If (z,)nen converges to T, then all subsequences
(k, JneN converge to the same limit T.

Theorem 1.2. If (x,)nen converges to some limit, then its limit is
unique.

Theorem 1.3. If (x,,)nen converges, then it is bounded, i.e. the real-
valued sequence (||xn||)nen s bounded.

Theorem 1.4. If x,, — z, then ||z,|| — ||z

Proof. H|xn|| — ||i||‘ <||lxn — z|| = 0.

Let E be a normed space and M, N be two sets in E. M is called
dense in NV iff M D N. Recall that M is the closure of M defined as
in Section 2 of Chapter 1 replacing R? by E. M is said to be nowhere
dense in F iff it is not dense in any ball. O

Definition 1.2. A sequence (z,)nen is called a Cauchy sequence if
Ve > 0, Ing € N such that Vn,m > ng, ||z, — zm|| < &.

Clearly, any convergent sequence is a Cauchy sequence because if
Ty — T, then

Ve >0, dng € N such that Vn > ng, ||z, — Z|| < £/2,
and so Vn,m > ng,
|z = @ml| < |lzn — Z|| + [|om — Z|] <€/2+e/2 =¢.

Definition 1.3. A normed space E is called a complete space if every
Cauchy sequence converges to some limit belonging to E.

Examples: R is complete. Q is not complete (Q is the field
of rational numbers, {7|m,l € Z,I # 0}) because a sequence
(14 L)"—e, where the terms (1 + )™ are rational numbers while
e is irrational. So, this sequence is a Cauchy sequence, but its limit
e is outside of the space @, and so it is not a convergent sequence
in Q. This example shows that if certain Cauchy sequences have no
limit, we can “add” these missing limits and obtain a complete space:
adding all irrational limits to QQ, we pass to R, which is complete. The
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only problem is: how could we define these missing limits “living in
Q” so that we a priori don’t know what is an irrational number.

In order to define these missing limits staying inside an incomplete
normed space F, we will use a special algorithm called completion
of E. Namely, we say that two Cauchy sequences (z,)nen and (Y, )nen
belong to the same equivalence class 7 if nhﬁrrgo l|zn — yn|| = 0. Then,

the set of all Cauchy sequences is presented as a partition of the
equivalence classes: every Cauchy sequence belongs to some equiv-
alence class, and it cannot belong to two different classes. Indeed,
if , y are some equivalence classes and if the Cauchy sequence
(xn)neny € & and (zp)neny € ¥, then for all sequences () )nen € &
and all sequences (y,,) € 7, we have

127, = ypll < lla, — 2l + [l2n — yoll = 0.

So, T =g.

Every equivalence class can be associated to some sequence of this
class, called a representant. In particular, we consider the equivalence
classes ¢ containing constant sequences (¢)pen = (¢, ¢, ¢,...). These
constant equivalence classes are in one-to-one correspondence with
the elements of the normed space E.

Denote E as the set of equivalence classes and E. the set of con-
stant equivalence classes. We see that E. ~ E (equivalent to E).

Let us define now the operations of addition and scalar multipli-
cation in E:

e T + g is the equivalence class containing (z, + ypn)nen, Where
(fn)neN € T and (yn)neN €y.

e af is the class containing (oy)nen, where @ € R or C and
($n)n€N €.

~ Omne can check that these operations satisfy axioms A1-A8 with
0 containing the zero sequence. }

Then, we introduce a norm in E: if (z,)nen € Z, then [|Z]|5 =
lim ||z,||.* One can easily check that it satisfies the axioms N1-N3
n—oo
and is stable with respect to the choice of the representant (x,)pen.

*Clearly, if (n)nen is a Cauchy sequence, then (||zn||)nen is also a Cauchy
sequence in R, and so it converges.
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Indeed, if (zy)nen and (2],)nen are two representants, then

lim ||z, ]| =

. / / _ : /
im_ dim[Jaf, + (o — @)l = Tim )]

n n—-+o0o

It can be proved that E is complete, that E. (a “copy” of E) is
dense in E and is isometric to E (so that |[¢||z = ||c[|g). So, the

elements of F are considered as the “missing” limits.

Definition 1.4. A normed space E is called a separable space if it
contains a countable dense subset.

Recall that a countable set is in one-to-one correspondence to the
set N. An example of a countable set is Q. An example of a separable
space is R.

Note that a complete normed space is called a Banach space.

1.3. Inner product spaces

Definition 1.5. A vector space E is called an inner product space,
or a pre-Hilbert space, or a Hausdorff pre-Hilbert space, if it is
supplied with an inner product (-,+) which is a map F x E — K
(K is R or C) satisfying the following three axioms:

I1. Linearity in the first argument:
Va, s € K,Vu,v,w € E,
(cu+ fv,w) = a(u,w) + (v, w).
I2. Symmetry or conjugate symmetry:
Vx,y € B, (x,y)=(y,x) (case K=R)
or
Vx,y € E, (x,y)=(¥,X) (case K=C).

I3. Vx € E, (x,x) is real and (x,x) > 0.
(x,x) =0iff x =0p.
An inner product space is supplied with the norm

[Ix[| = v/ (x,%).
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For example, R? is an inner product space with (x,y) =
Zgzl x;y;. For C?, the inner product is defined by the formula

d
(Xa y) = Z ZiYi-
=1

Let us recall the main properties of an inner product.

P1. Cauchy-Bunyakovsky—Schwarz (CBS) inequality:
vx,y € B, [(x,y)] < [[x]l[ly]]-
Proof. Forany A € K, x,y € E, (x — \y,x — \y) >0, i.e.

(x,%) = My, x) = A(x,y) + (\y, \y) > 0.

Setting A = % (for y # 0p), we get

xy)EY) &y | |&y)]

(x,x) — ‘ (y’)@ Ty + 5.y >0, i.e.
(%)
(x,x) — &y >0, and so

2
e, 3| < [Py [

The case y = O is evident.
The assertion is proved. O

P2. Continuity of the inner product:
If ,, —» z and y,, — y, then

(@n, yn) = (T, 7).
Proof.
|(@n,yn) = (3, 9)] = (0 = Z,y0) + (, 90 — 7]
< (w0 — T, yn)| + | (2, yn — 7))
< |lzn = ZI lynll + [1ZI] [lyn — 7l|.
The right-hand side tends to zero because

[|n =2l = 0, ynll = [l7ll, llyn — gl = 0.
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P3. Parallelogram identity:
vx,y € B, |x+y|* +lx =yl =2 (|IxI[* + [lyI*)-
Proof.
Ix+y|P+lx -yl = (x+y,x+y)+(x-y,x-y)
= (xx)+ (. x) + (xy) + (.y)
+(x,x) = (v,x) - (x,y) + (v,¥)
= 2||x|* + 2[[y]*. O

The completion of an inner product space is compatible with the
inner product

(.’L‘,y)E: lim (xnayn)7

n—-4o0o
where (2, )neN, (Yn)nen are representants of & and g, respectively.

Definition 1.6. A complete inner product space F is called a Hilbert
space. We will consider separable Hilbert spaces.

1.4. Linear operators

Let us introduce linear operators. Let E, F' be normed spaces. A map-
ping A: E — F is called a linear operator if Vo, 5 € K,u,v € E,

A(au + fv) = cAu + SAv.
The linear operator A is called a bounded operator if
M >0, Vu e B, [|Aullp < M|,

The linear operator A is called a continuous operator if for any
convergent sequence (X,)nen of the space E, the sequence of the
images (Axy)nen converges to Axg, where xg is the limit (X,)nen.

Theorem 1.5. A is continuous iff it is bounded.
Proof.

1. Assume that A is bounded. Let (x,,),cn be a sequence converging
to xg. So, IM > 0 such that ||A(x, — x0)|lr < M||x, — %0||E-
Taking into account that ||x, —xo||g — 0, we derive that Ax,, —
Axg. So, A is continuous.
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2. Assume now that A is continuous. If A is not bounded, then
there exists a sequence (X, )nen in E such that ||x,||z = 1 and
|| Axy, || > n.

Consider the sequence (1x,)nen — 0p. However, [|4 (1x,) [|F >
= 1. So, A(%x) -+ AOp = Op. It is incompatible with the continu-
vy of A. So, A cannot be unbounded. The theorem is proved. O

n
n
1t

If A is a bounded operator, we can define its norm as

1A%
||A||£(E,F) = Supx;soEm = SuPx:||xHE:1||AX||F-

One can easily check that it satisfies axioms N1-N3.

If =R or C, then A is called a linear form or linear functional.

Theorem 1.6. (Riesz—Fréchet representation theorem) Let H be a
Hilbert space. For every continuous linear functional o : H — K,
there exists a unique element’y € H such that for all x € H,

p(x) = (x,5),

and moreover

Iyl = [lellcg)-

Proof. See Appendix B and Ref. [1]. O

The space of continuous linear functionals is called dual to H
and is denoted by H*.

Definition 1.7. A sequence (x,,) € H is called weakly convergent in
H to the element xq if for all continuous linear functionals ¢ € H*,

P(xn) = @(x0).-
This means that for all elements y € H,

(Xn,¥) = (X0, ¥)-

Clearly, every convergent sequence weakly converges to its limit.
The inverse assertion is not true.

Theorem 1.7. (Banach—Alaoglu theorem for a separable Hilbert
space) The closed unit ball B(0g,1) in a separable Hilbert space
H is relatively weakly compact. This means that every sequence in

B(0p,1) has a weakly convergent subsequence.
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Proof. See Ref. [1]. O

2. Sobolev Spaces

2.1. Auxiliary spaces

Let G be a bounded domain in R%. Let us introduce some vector
spaces:

(1) C(G) is the set of continuous functions G — R (extendable to
C(B), where B is a ball in R? containing G).

(2) C™)(Q) is the set of k times continuously differentiable functions
G — R, also extendable to C'¥)(B).

Remark 2.1. For G C B, u: B — R is an eztension of a function u:
G — Rif Vo € G, u(z) = u(z). In this case, u is called a restriction
of .

(3) Co(@), C’ék) (G) are the subspaces of C(G) and C*) (@) such
that their functions vanish in some neighborhood G. of the bound-
ary 0G; more exactly, f belongs to these subspaces if there exists a
positive € such that f vanishes in

Ge = {z € G|dist(z,0G) < &}.
Such a function is called a compact support function, i.e. supp f C G,
where supp f = {x € G|f(z) # 0}. Here, dist (x,A) is a distance
between the point z and the set A. It is defined as follows:

dist (z, A) = infyecallz —y/2.
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f

G

Let us recall the definition of LP space, 1 < p < 400 (Lebesgue
spaces). For a bounded domain G, LP(G) is the vector space of func-
tions f : G — R having finite Lebesgue’s integral

| s

LP(QG) is supplied with the norm

HNM@—(Av@wmym_ (22.1)

LP(G) can be equivalently defined as a completion of C(G) or
C’éoo) (G) with respect to the norm (2.2.1).

So, LP(G) is a Banach space such that every function f € LP(Q)
is a limit of a sequence (fy,)nen, where f,, € C(G) or Céoo)(G).

According to the Weierstrass theorem, every continuous function
is the limit of a sequence of polynomials in the sense of ||+ ||y norm,
and so also in the sense of LP norm, because

1/p 1/p
T (/u wm) (/mm |w@

= max, |/ ()| (mesG) /P = || f | ¢ (mesG) /7.

Also, every polynomial is the limit of a sequence of polynomials
with rational coefficients.

So, the set Q[X] of polynomials with rational coefficients is dense
in LP. Thus, LP(G) is a separable space.
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If p = 2, we can introduce an inner product in L?(G):

(f.9) = /G f(@)g(x)dz, (22.2)

so L%(G) is a separable Hilbert space.

Finally, let us define L>°(G) as the space of functions f : G — R
such that 3M > 0 such that |f(x)| < M almost everywhere, i.e. for
all z € G except for a subset F having measure zero. This space is
supplied with the L° norm:

|7l = vrai max|f()]

also called esssup,cq | f(z)| which is

sup If(i)l}-

inf
ECG,mes E=0 2€G\E

L*>(G) is a non-separable Banach space.

2.2. Sobolev space H'

Consider a bounded domain G with Lipschitz boundary 0G. This
means that 0G can be covered by a finite set of open balls Oy, ...,Ox
such that in each O; in some local coordinate system obtained from
the original one by rotations, dG N O; is a graph of a Lipschitz func-
tion. (f is called L-Lipschitz on G if Va,y € G, |f(x) — f(y)] <
Lliz —yll>.)

Similarly, we define the C®)-smooth boundary.

Definition 2.1. The Sobolev space H'Y(G) is a completion of
C(>)(G) with respect to the inner product

(f.9) = /G (f(@)g(z) + V() - Vg(a)) da. (2.23)

Arguing as for L?, we can prove that H' (G) is a separable Hilbert
space. Note that in the definition, C(°®)(G) can be replaced by
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CMO(@G). The norm in H'(G) is defined as

11y = V() = \//G [f(@)]? + IV £3da

= VI By + 195122 -
So, 1fllzra) = 1fllz2(q)-

Definition 2.2. H}(G) is a completion of C’éoo) (G) with respect to
the inner product (2.2.3).

So, HZ(G) is a subspace of H(G) “vanishing at the boundary”.

Note that Definition 2.2 is still valid for any bounded domain G.

Let f be a function of H'(G). Then, there exists a sequence f, €
C>)(@) convergent to f (because C(°)(Q) is dense in H'(G)). This
sequence is a Cauchy sequence in H'(G), and so Ve > 03ng € N such
that Vn, m > ny,

Ofn 3fm
an fm||L2(G +Z H—z - L2(G) <E.

So, (fn)nen is a Cauchy sequence in L?(G) and ( “)nen for all
i = 1,...,d are Cauchy sequences in L?*(G) as well . As L*(Q) is
complete these sequences have limits: f,, — f, 3 % — w;, f, w; €
L?(G). The functions w; are called weak partml derivatives of f,

denoted by g—f

Theorem 2.1. Vf € HI(G) ONS C(OO)(G), Vi=1,...,d,

of
/f (%UZ - Gaxi(x)v(x)dl“- (2.2.4)

Proof. Let (f,)nen be a sequence convergent to f in H'(G). For
every n, integrating by parts and taking into consideration that v
vanishes in the neighborhood of 0G, we get

0 Ofn
| g t@rde == [ 2@
Passing to the limit in this equality, we get (2.2.4). O
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Remark 2.2. Let v be a function of H}(G). Then, considering a

sequence (Up)peN in CO(OO)(G) convergent to v and passing to the
limit, we prove that (2.2.4) is still valid for v € H}(G).

Theorem 2.2. If f € Hl(G) and w; € L*(G) such that Vv € H}(G),

/ (@) g /G wi(@)o(e)dz.

Then, w; = % (so, % is uniquely defined).

Proof. Theorem 2.1 ylelds

| g == [ oty

[ (o)

for all v € H}(G). H}(G) is dense in L?(G) because C’éoo) (G) is dense
in L?(G). So, w; — 5—1{2 is orthogonal to all functions of L?(G). So,

wi—ggi:(). O

So,

Comment. Theorems 2.1 and 2.2 show that the definition of the

weak partial derivatives g—i is equivalent to the following one: w; €

L2(@) is a weak partial derivative 2 Ti of the function v € L?(G) if
and only if Vv € CO(OO)(G),

/ f(z (9:52 /Gwiv(a:)da:.

This definition allows us to introduce the Sobolev space H'(G) as
the space of functions of L?(G) such that for all i = 1,...,d, they
have weak partial derivatives 9/0z; belonging to L?(G).

For the functions of H!(G) with Lipschitz G, one can introduce
the notion of the trace of a function on 0G. Let us show it in the
case of the G-parallelepiped

D={z=(x1,...,2q)[0<x; <l;, i=1,...,d}.
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Denote 2’ = (x2,...,xq),
F:{$1:O, 0<a; <y, i:2,...,d}

as a part of G. Let u be a function of H'(II), and define the trace
of wonl.

Lemma 2.1. Let u € C(®)(II), then V6 > 0, § < Iy,

/u2(0,x/)d$/ < 2/ u?(z)dx + 6 (Ou/0x1)*dx,
r 0 Jqs(r) Qs()

Q(g(F) = {.’L‘ S H‘.’L‘l c (O, (5)}
Proof.

1 T1 / 2
/uZ(O,x’)daﬁ’ == [—u(az) +/ MdT} dx
r 0 Qs5(T) 0 or
1 2
<2 v)dz + = / / </ a“(””)dr> ey $ da
) Qé(l“ ) or
ég x)dx + — / / xl/ <(9u7'x > drdzy p da’,
0 Qa(F 0

where we used the CBS inequality

(f eterr) = ([ oton) < [ v [ ot

)
< /0 (o(r))2dr,

and Young’s inequality (A + B)? < 242 4+ 2B2.
So,

2
/ u?(0,2")da’ < = 2 u?(z)dz + 0 <8_u> dzx.
T § Josm) Qs(n) \ 071 O

This lemma shows that every Cauchy sequence (un)neny €
C(*)(IT) generates the sequence of traces (u,(0,2’))pen which is a
Cauchy sequence in L?(T'), and so it converges to some function of
L3(T).

Now, let (uy, )nen be convergent to w € H*(IT), and denote ul|r as a
function of L?(T") which is the limit of the Cauchy sequence of traces
(1n,(0,2")),,cry- This function u|p is called the trace of the function wu.
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3. Poincaré’s Inequalities

Let G be a bounded domain in R?.

3.1. Poincaré—Friedrichs inequality

Theorem 3.1. (Poincaré-Friedrichs inequality) There exists Cpp >
0 such that Vu € H}(G).

ull2(@) < CerllVul 2@, (2.3.1)

where ||Vull L2y = \/fG Zle(g—ﬁi)zdx and

diam G
Cpr =
PF NG
(diam G = sup, yeqlr — yl). This inequality is called Poincaré-

Friedrichs (PF) inequality.
Proof. (1) Let IT O G be the parallelepiped
II=(ay,by) x - - x (ag,bg) and Vi=1,...,d, b; — a; < diam G.

Without loss of generality, assume a; = 0.
Consider u € C’éoo) (IT). Then,

1 Ju , ,
u(xy, e, ..., xq) = 6—(7',$ Ydr, ' = (z9,...,x,).
0 T
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So, applying the CBS inequality, we obtain

1 Hu 2
2 _
ol = [ ([ Getrair) o
</ /m1 1%dx / 8u( 7') 2d7’ dxydx’
~Ju [ Jo o or'" '
ba bg b1 b1 2
/ / / xl/ < 7',$/> drdx;dz’

b1 —a ou
:%/H@—xl) da < C3pl| V| 2y (2:3.2)

(2) Let u be a function of C’éoo)(G). Extend it by zero to II\G.

The extension is u € C(OO)(H) and for this, we obtain (2.3.2). On the
other hand, /@2 = [lullr2(c) and HVU”L2(H = [[Vullz2(c)- So,

we get (2.3.1) for u € C’é )(G).
(3) Let u be a function of H}(G). Let (un)nen be a sequence of

functions of C’éoo) (G) convergent to u; for all n,
lunllz2@) < Cprl|VunllL2(@)-

Passing to the limit and using the continuity of a norm, we get (2.3.1).
The theorem is proved. O

3.2. Poincaré’s inequality in a parallelepiped
Let G be a parallelepiped (0,a;) x --- x (0,aq) C R%

Theorem 3.2. (Poincaré’s inequality) There exists a positive con-
stant Cp such that Vu € H(G),

1 2 )

ull2 () <



Analysis of the Main Equations of Mathematical Physics 41

Proof.
A X2
aZ
B Yy
G
X, - | 4
)‘(1 y‘l a, > X
1. Consider u € C*)(G), z,y € G. Then,
(u(y) — u(x))
Y1 ou
= 0 do
< . 89 ( 1,22, ,.Z'd) 1
Yd 8u 2
o Yg—1,04)d0O
++ . 90, —— (W1, Ya-1,04) d)

vi 9 2 Ya Hy 2
< - -
_d{< . 801d91> + +< . 89dd0d> }

(by Cauchy—Schwarz inequality, (a1 + -+ +aq)? < d(a} + --- + a?)),
and so it is smaller than (CSB)

@ Pu\? wa oy \ 2
d — ) dor+ - — | dfg ;.
{al/o <891> 1+ +ad/0 (59d> d}
Integrating the inequality in z,y € G, we get

[ [ o)t
<afs mesg/ (2w)

2
+ -+ 4 a3 mes G/ <(9xd x)) dx}

2 2
< d mes Gg%xdajIIVuHLz(G)-
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The left-hand side is

/ / Vdxdy — 2/ / d:vdy+/ / V2 dady
2
= 2 mes GHUHZLQ(G) -2 </ u(x)dx) .

G

Finally, we get

1 > d
2 2 2
Il < e (f)d) + 5 o IVl
So, Cp = 5 max a?.
1<j<d 7

2. Consider u € H(G). Let (un)nen be a sequence such that
e C*®)(G) and u,, — v in H' norm. Then, we get

lunll2e) = llullee@@) IVuallzz@gy = IVullLe@)-

In the first part of the proof, we have obtained

1 2

The continuity of a norm yields

[[un — u”%?(c) + [V, — vu”%%c) = [lun — UH%I(G) -0,

/undx—/ udx
G G

and so

/G (up — ) 1dz

< / 124w, — |2y — 0.
G

So, finally, fG u,dx also converges to fG x)dzx.
The theorem is proved. It can be generahzed for arbitrary
bounded domain with Lipschitz boundary. O
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4. Stationary Conductivity Equation

Consider the following problem:

—div(A(z)Vu) = f(x), = € G, (2.4.1)

uf e, =0, (2.4.2)

where G is a bounded domain in R?, f is a function of L?(G), and

Az) = (Aij($))1§i7j§d
is d x d symmetric, positive definite matrix, satisfying:

(i) Ik >0:Vx e G, V€= (&,...,&),

d d
> Ay)gs > RrYy &

ij=1 i=1

Currently, we assume that A;; € C((G); however, in the fol-
lowing, we will define a weak solution, and it will be valid for any
bounded measurable function A;;.

Namely, the notion of the classical solution, satisfying equation
(2.4.1) in each point z € G and vanishing on 0G, can be gener-
alized for the case of non-smooth coefficients by means of a weak
formulation.

The function u € H}(G) is called a weak solution of problem

(2.4.1), (2.4.2),if Vo € Céoo)(G), the following integral identity holds:

/ A(z)Vu - Vodz :/ f(z)v(z)d. (2.4.3)
G G

Evidently, if A;; are smooth functions and u is a classical solution,

then multiplying equation (2.4.1) by a test function v € CO(OO)(G), we
integrate it over G; integrate the left-hand side by parts and obtain
(2.4.3).
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Note that (2.4.1) can be rewritten as

_ Z < a;) = f(a), (2.4.1)

7]_

and (2.4.3)
(3u ov ,
/ ;1 axj P, de = /G f(z)v(z)d. (2.4.3")
Note that due to the density of C’éoo) (G) in H}(G), (2.4.3') is valid
Vv € HH(G).

So, a weak solution is more general: it can be considered in the
case of discontinuous coefficients.
Let us prove the following theorem.

Theorem 4.1. For any function f € L*(G), a weak solution u exists,
s unique and satisfies the inequality

lull @y < Cpllfllrz@ (2.4.4)
where the constant
Cp = g max{Cpp, Chp}. (2.4.5)
Proof.
1. Consider the space H&(G) supplied with a new inner product

8u ov
Aij(x dx.
[, 0] / Z i (937]- ox; v

1,j=1

It is easy to check its linearity with respect to the first argument
and symmetry. Moreover, [v,v] > 0 for all v € H}(G) because of
the property (ii) of coeflicients A;;. If [v,v] = 0, then due to (ii)
HVUHQH(G) = 0, and then due to the PF inequality, ||v =0.
So, v = 0.

The norm [|v|] = /[v,v] is equivalent to the norm H'(G), i.e.
there exist constants C7,Cy > 0 such that for all v € H}(G),

22

Cillvll ey < [vl] < Callvllg(a)-

Denote H as the space HO(G) supplied with the inner product
[u, v].
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2. Consider the linear functional ®: H — R such that
O(v) = / f(z)v(z)dz.
G

Clearly, Vo, g € R, Yvi,v9 € H,

O (avy + Pug) = a®(v1) + LP(v2).
® is a bounded (i.e. continuous) functional. Indeed, Yv € H,

12(0)| < [[fllz2(6) IVl 2(c)

due to the CBS inequality, so

@) < I fllz2()CrrIVYlIL2 () (2.4.6)

1

[®(v)] < ||f||L2(G)CPFﬁ[|U|]

(we applied the PF inequality and then (ii)).

3. So, due to the Riesz—Frechet theorem, there exists a unique u € H
such that

(2.4.7)

Vv e H, ®(v) = [u,v],

i.e. Vv € H}(G), (2.4.3) holds, and the existence and uniqueness
of a weak solution is proved.
4. Taking v = u, we get

] = B(u) < CPF%WHLQ(G) [

(see (2.4.7)). So,

Cpr

[Ju]] < WHfHL?(G)-
On the other side,

[lul] = Vi ul = VR IVulBag = VRIVullz2()

1
> \/EC—PFHUHB(G),

and so

k. 1
) 2 Lmin {1, 2l
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So, the theorem is proved:

Julln o) < L2Cprmisx {Cpr 1} 126

Remark 4.1. Consider formally equation (2.4.1) with the right-
hand side

d .
@) = fola) = Y- 5@, (248

=1

where fo, fi(i = 1,...,d) belong to L?(G). Let us define a weak
solution of the problem (2.4.1), (2.4.2) as a function u € H}(G) such

that Vv € Céoo),
a 0
/GA(Q:)Vu -Vudz = /Gfo(a;)v(x) + ZZ_;fz(att)a—;(sn)d:l? (2.4.9)

Then, Theorem 4.1 remains valid for this case, and (2.4.4) is modi-
fied as

HUHH1 <C'D CPFHfOHL2(G + Z”JCZHL2(G )
=1

V2

Cp = 7max{1,CpF}. (2.4.10)

Remark 4.2. In the case of regular right-hand side f and piecewise
smooth coefficients A;; having discontinuities at some smooth sur-
faces X, the weak solution satisfies equation (2.4.1) everywhere out
of ¥ and the interface conditions are

[u]s = 0, ZA”(? =0

ti=1 )

at . If G is smooth, then the weak solution satisfies the boundary
condition (2.4.2), and so the weak solution coincides with the classical

one. The theorems providing this assertion are called Agmon—Duglis—
Nirenberg (ADN) theorems.
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5. Stationary Elasticity Equation

Formally, the elasticity equation is similar to the conductivity equa-
tion written in the form (2.4.1):

B Z oz, < g;) =f(z), zeG; (2.5.1)

i,j=1

however, u and f are vector-valued functions and every A;;(z) is
a d X d matrix having entries akl( ). These entries are measurable
bounded functions satisfying:

(i) Ve € G, Vi,j,k,le{l,...,d}, afjl( r) = a®(z) = aﬁ](w)

71
(ii) dk > 0:Vx € G, V?] = (njl)lgj,lgd S RdXd

Sym ’
d
Z CL n]l'rhk >KZ 77]l
i,5,k, =1 =1

Here, ngxn‘f is the space of symmetric d X d matrices.

C0n81der the Dirichlet boundary-value problem for (2.5.1):

ul,, =0. (2.5.2)

As in the previous section, suppose that G is a bounded domain, f €
L?(@). Here, and in the following, a vector-valued function belongs
to a space H if all its entries belong to this space.

A weak solution is defined as a function u € H}(G) such that

Vv e C(@),

/ Z Ayl -%dw: /G f(x) - v(z)dz. (2.5.3)

Using the same approach as in the previous section, we can prove
the following theorem.

Theorem 5.1. There exists a unique solution of problem (2.5.1),
(2.5.2) and it satisfies the a priori estimate

lullgey < CHlIfll2 (), (2.5.4)

where the constant C%) is defined by k, Cpp.
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The difference in the proof with respect to Theorem 4.1 concerns
the proof of the symmetry of the inner product

ou Ov
[u, v] /ZAW (3x] 8$id:v,

1,=1

and the property [v,v] =0< v =0.
Indeed,

d

/ Z z)eji(w)eq (v)de, (2.5.5)

where
Ou; Oy
eji(u) = <8xl + 8—37]>’
and taking in consideration (i), we get
[u,v] = [v,ul.

For the property [v,v] =0 < v = 0, we need Korn’s inequality.

Lemma 5.1. (Korn’s inequality) Yu € H}(G),

1
/Z eji(u dxz§||vu\|§2(c,). (2.5.6)

]ll

Proof. Let G be a parallelepiped, and let u be C’éoo)—smooth
(belongs to CO(OO)(G)). Then,

Ou; Ouj dr — 0%u; wod — Ou; Ou,j Ouy
q Ox; Ox; N q 0x;0x; J 83:2 Ox;j

for i # 7.
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Then,
d 2 2
Eo(u) = 7 /G 2 {(3%) MR <ax,~> }dx
d 2 2
1 ou; Ou; u, Ju
- 4/G4.Z {(3%) “owi 0w, <axi> }dx

Ou; 2 . 2
- |+ (div u)“dz

Y

| =
e
M=~

1 2
2 §HVU||L2(G)-

Let now G be an arbitrary domain and u € HE(G). Then,
extending it by zero to some parallelepiped and approximating by

a sequence of Céoo)-smooth functions u,, (as in the proof of Theorem
3.1), we pass to the limit and prove estimate (2.5.6).
The lemma is proved. O

This lemma allows us to obtain
K
[u,u] > kEg(u) > §HVU||%2(G)-
Following the proof of Theorem 4.1, we get for C¥, the formula Cf, =
2Cp.
6. Stationary Stokes Equation

Consider a bounded domain G and the Dirichlet boundary value
problem for Stokes equation:

—vAv+Vp=1£f(z), zeg, (2.6.1)
divv=0 =ze€gG, (2.6.2)
V|5 = 0. (2.6.3)

Let f be a vector-valued function of L?(G), v > 0.
The weak formulation can be given in two different forms: “with-
out pressure” or “with pressure”.
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The first formulation uses the subspace Hg;, of the Sobolev space
H{(G) such that its functions are divergence free:

Hgv = {v € H&(G)‘div v =0}

Then, multiplying equation (2.6.1) by a test function w € Hyg;, and
integrating by parts over G, we get the following definition of a weak
solution: v € Hy;y, satisfying for all w € Hy;, the following integral
identity:

/GVVV-Vde = /Gf(a;) -w(x)dx. (2.6.4)

Repeating the proof of Theorem 4.1, we prove the following
theorem. O

Theorem 6.1. There exists a unique solution of (2.6.4) and

IVIlz1 @) < Cpllfllrzc)-
In (2.4.5), k should be replaced by v.

Another definition of a weak solution “with pressure” is a couple
(v,p), v € Hgiy, p € L*(G) such that for all w € H}(G),

/G Vv - Vwdz — /G p div wdz = /G f(z) wz)de.  (2.6.5)

This definition is equivalent to the previous one in the sense that
v is the same and one can prove that there exists a unique pressure
p (unique up to an additive constant), satisfying (2.6.5).

The Navier—Stokes equation for small data also admits a unique
solution, but the proof of the corresponding theorem is based on a
fixed point theorem [2].
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7. Galerkin Method for the Heat Equation

Consider the following problem for the heat equation:

C(x )% —div (A(x)Vu) = f(z,t), ze€G, t>0, (2.7.1)
ufy, =0, (2.7.2)
ul,_, =0, (2.7.3)
t
o
Qp
/ ;
X

2

where G, A are the same as in Section 4, f € L*(Qr), Qr = G x
(0,7), and C' is a bounded measurable function such that

(iii) Ik >0:Ve e G, C(x) >k

Let us prove that there exists a unique weak solution of (2.7.1)-
2.7.3
| Le‘)c us say that a function f of C'(*® (QT) vanishes in the neigh-
borhood of 9G x [0,T] if there exists ¢ > 0 such that f(x,t) = 0
Vz € G, Vt € [0,T]. Denote C'(GOB)(QT) as the space of functions
vanishing in the neighborhood of G x [0,T], and let H}, ,(Qr) be
its completion in H'(Q7) norm 7

d
HUHL2 (Qr) + ” o1 ”L2 (Qr) Z

2

‘ 0| L2(Qr)

Define as a weak solution of (2.7.1)—(2.7.3) the function u €
H&O(QT) such that ul;—o = 0 and the integral identity holds:
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Vv € H(G),

/C z) + A(x)Vu - Vvdw—/ flz,t)v(z)de.  (2.7.4)

Here, V is the gradient with respect to z.
Consider a base B = (1,12, ...) in H}(G). Then, every function
of H&(G) can be uniquely presented in the form of the sum

o0
Z ai;,  a; € R
i—1

The Galerkin method approximates the problem (2.7.4) by its pro-
jection on the subspace Hy of H}(G) which is the set of linear com-
binations of ¥y, ..., ¥N:

HN = span (1/}17"' 7¢N)

Namely, we seek a solution of an approximated Galerkin problem in
the form

N
= Z a;(t)i(), (2.7.5)

where o; € H'((0,T)).
Taking in (2.7.4) test functions v = 9;, we get

f; < /G C(x)wiwjdx> ai(t) + é < /G A2) Vi, - wjda;> a;(t)

—/Gf(x,t)wj(a:)da:, j=1...N. (276

This is a linear system of ordinary-differential equations with con-
stant coefficients. It is well known that if we add the initial condition

a;(0) =0, (2.7.7)
then this system admits a unique solution
N
(a1,...,an) € (Hl((O,T)))

One can prove that the sequence of Galerkin’s approximations
(un)ven converges to the solution u of problem (2.7.4).
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Let us check that it weakly converges to w.
(1) Multiplying equations (2.7.6) by «; and summing up, we
obtain

/C’ —uNdx—l—/A(x)VuN-VuNdx—/fuNda:. (2.7.8)
G

Integrating (2.7.8) in time over [0, 7], we get

1 T
—/ C(w)(uN)2|t:wa+/ /A(x)VuN-VuNda:dt
2 Ja o Ja

T
_ /0 /G Fundzdt < |fllz2(0m lun 2@

< Cprllflle2imllVunllLz@ry (2.7.9)

Taking into account that the first integral is non-negative and the
second integral in the left-hand side is greater than KHVUN||2L2 (@r)’
we get

Cpr
IVun|lr2gp) < —||f||L2 Qr)- (2.7.10)

ultiplying equations (2.7. ¢vj, summing up and inte-
2) Multiplying ions (2.7.6) by ¢ ing d int
grating in time over [0, T], we get

oun oun
= flz,t)——dzdt < || f|12 — , (2711
/0 /G (,t) =, 1£1l2@r) || =54 on ( )
and so
8uN 1
- <z . 2.7.12
| P KHJCHB(QT) ( )

Taking into account that
lun 2@y < CrrlIVUun|l2(@qr)s

we see that (ux)yen is bounded in H'(Qr), and so it contains a
subsequence weakly convergent to some function v € H'(Qr) (due
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to the Banach-Alaoglu theorem; see Theorem 1.7). The function u
satisfies (2.7.4).
Indeed, it can be proved that the space of linear combinations

(span)
M
M = {Z Bi(t)i(w), B € Hl((O,T))}
i=1

is dense in H}, ,(Qr).
Let v be a function of M equal to

M

v(w,t) =Y Bilt)(x).

=1

Multiply equations (2.7.6) by f;(¢) and integrate in time over (0,7").
Then, passing to the limit in N — 400, we see that the weak limit
u of a subsequence of (uy)yen satisfies the identity Vv € M:

/OT/GC(a?)%v(a:,t)—l—A(a;)Vu.Vvda:dt—/OT/Gf(a:,t)v(x,t)d:cdt,

and so (M is dense in H} 4(Qr)) it remains valid for all functions
v € Hg o(Qr).

This identity yields (2.7.4) (for almost all ¢ € [0, 7).

The uniqueness can be proved using the same approach that we
used for (2.7.10), (2.7.12) giving the estimate

Chp+Chp

K

ull g (@r) < 1£1122(Q)- (2.7.13)

Thus, all subsequences of (uy)yen converge weakly to u, so
(un)Nen also converges weakly to w.

The Galerkin method is used not only for theoretical objectives
(proof of the existence of solution) but also as a numerical method,
called the finite element method (FEM). Various versions of this
method differ by the choice of the base of Hpy. The simplest ver-
sion uses functions v; which are so-called hat functions.
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X

@44

In the case of d = 1, the interval G = (a,b) is divided into N + 1
small pieces: (x;,zit+1), where ; = a +ih, 1t = 0,...,N, h = b_T“,
and ; are defined as follows:

Xr — Ti_

Pj(z) = le on [zj_1,zj],
Tiy1 — T

pj(x) = ﬁT on [z, ;1]

and

Pi(x) =0 out of [xj_1,2;41].

8. On the Finite Difference Method

Generally, the partial differential equations are solved numerically by
the finite element method, finite difference method, or finite volume
methods. The finite element method is a version of the Galerkin
method. Let us consider the finite difference method in the one-
dimensional case, where G is an interval (0, 1).

8.1. Approximation of the heat equation by an
explicit finite difference scheme

Consider the boundary-value problem for the heat equation

0 0?
06_1: - Ka—;; = f(l',t), (l’,t) € (07 1) X (Oa +OO)> (281)
w(0,8) =0, u(l,t) =0, (2.8.2)

u(z,0) = (x), (2.8.3)
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where C, K > 0, f,7 are smooth functions (such that %273 and ‘347%

are continuous in G = [0, 1] x [0, 4+00)).
t

Approximate G by a mesh:
Ghr ={(xm,t") = (mh,™), m e {0,...,M}, neN}, M =1/h.

t4
t3
t2
tl
0 X X, X3 X4 1=xy,
Approximate
Ou (@, 1+ ) = u(y,, ")
21 P ~ T ’
@ (@1, 1) = 2u(Tm, 1) + w(T—1,t")
02| (. 1m) h? i

Order of approximation is O(7 + h?), more exactly,

Cuy — Kugy = f(@m, t") +rmm, 1<m<M-—1, t"<T,

Kh?\ -
’Tm7n’ S <CT =+ ?> le7 (284)
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where

0%
@(% t)

)

Ur = max {SUP(z,t)e[OJ]X[OvT} (2.8.5)

SUP(z,t)€[0,1]x[0,T] ‘ 347%@’ t) ‘ }

Replace (2.8.1)—(2.8.3) by a finite difference scheme (FDS):

C’y:’%ﬂ; U _ g Y1 — 2:5” T _ g (280)

1<m<M-1, 0<n<N-1,
ot =0, yy'=0, n=0,....,N—1, (2.8.7)
) =y, m=0,...,M, (2.8.8)

where f???, = f(xmatn)a Ym = w($m) (?l)o =9Yu = O)a N = T/T (T is

a finite number).
Algorithm of the solution:

for (int m =0; M; step 1)

{yp = ¥ J5
for (int n=0; N —1; step 1)

{for (int m=1; M —1; step1)
{vh = U0 + (T/C)K (Y01 — 200 + Y1) /B> + (T/C) [
v =0 yi =0
for (int m =0; M; step 1)

{0, =y h:
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8.1.1.  Stability of the difference scheme

Consider the spaces:
Ey = RM-1 supplied with the inner product

M-1
W 2)e =h Y vz, y= W ym-1), 2= (21,...,20-1),
=1

Eyn=1{y....y"|y" € Ey,n=0,....,N},

supplied with the norm

N

Iyl =Y 7ly" -

n=0

Let N7 = T be a finite real number, and let the following
Courant-Friedrichs-Lewy (CFL) condition hold:
TK 1
— < —.
h2C — 2
Let us prove the stability of the difference scheme (2.8.6)—(2.8.8):

there exists a positive number C' independent of h, 7 such that for
sufficiently small h, 7, the estimate holds:

ozax [ly"llie < C([¥llz + 1 fllr2) - (2.8.9)

Consider the following (M — 1) x (M — 1) matrix:

2 —1 0
1 —1 2 —1
M=g2z |
0 0 0o ... =1 2

and note that it is positive definite having N — 1 positive eigenvalues
{)\la cee 7AM—1}7
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D<M <<~ <Ay < 4/h2, associated to eigenvectors
p® = (,ug )7"'7:“5\4) 1) , u§- ) — V2sin(rkjh), j=1,...,M —1.

Indeed, the jth entry of the vector A,u® is equal to
(k) (k) (k)

R i R
oY = _Hat -
( i )j h?
sin(rk(j + 1)h) — 2sin(wkjh) + sin(wk(j — 1)h)
=2 T
2 — 2cos(kmh) 4 krh\ (k)
=2 (T) sin(mkjh) = w2 sin <T> By

Here, and in the following, the entry numbers 0 and M are equal
to 0. u®) are orthonormal with respect to (-, ).

Let us expand ¢, f(-,t"), and ™ on the grid with respect to the
orthonormal base (u(M), ... pM=1):

M-1 M-1 M-1
=3 apu®, =370 = 5T g ),
k=1 k=1 k=1

and note that

M-1 M-1

N 2 . . N 2
Z of =il 2 (87) =1 e and y" 1 = > (af)
k=1 k=1
The difference scheme (2.8.6) has the form
M1~ M—1
n+1 n n
Z<7(q1§+) <>>+qug>Ah> Oy ONC)
k=1 k=1
ie.
M-1 M—1
n+1) n n n
( (" = ") + Ao )> p® =" B,
k=1 k=1
le.
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ie.
M—-1 M—-1 M— 17_
=5 (1) g0 20
k=1 k=1 k=1
N T
D)z < Z(l——k) ] AT
k= 12
< max 1——)\k [v], + 5 1m0
= 1<k<M-1 te =

Assume that the CFL condition is satisfied. Then,

4Kt K
1-— <1——7X <1,
ChZ = oM
and so
Kt
—1<1——X <1,
C k
i.e.
Kt
1——MX\ | <1
NP
So,
n n T n
Iy 2 < [ly" e + EHf llz2
and

N-1
-
max_|y" ;2 < [[¢]liz + Z "z,

0<n<N

e [l < 9l + € Wl

It can be proved that the stability remains true if CFL is replaced
by

\]
N

wc S TOm

where (] is independent of 7, h.
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Stability 4+ Consistency = Convergence.

Consider w} = u, — yr. It satisfies FDS

1 n n n
C'w"g# 71”% _ me+l_2wm+wm71 —
T 12 = Tmn,

1<m<M-1, 0<n<N-1,

ntl— n=0,...,N—1,

n+1l __
wy , wy =0
0 _ _
w, =0, m=0,...,M,

and so due to stability, we get

max_|[w"];z < C_lHrHll,g.
0<n<N

Due to consistency (2.8.4), we get now the convergence

n__,n _ 2
oax [[u” ="l = O(r + 7).

8.2. Generalizations: Formal spectral rule of stability
(linear case)

In the case where a difference scheme has a solution ¥, we consider
the right-hand side equal to zero. Plugging in the scheme a particular
solution of the form

am n

Yy, =€ - ¢" (n is the power),

we factorize this expression and get an equation for ¢ € C with
coefficients depending on 7, h, and a € R.

The spectral rule of stability: the difference scheme is stable if for
all a € R all roots of the equation for ¢ satisfy the inequality

lg) <1 (SSR — strict spectral rule),
or
lgf <14 Ci7 (SR — weakened form).

Here, C does not depend on h, 7.
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Example 1. Explicit scheme for the heat equation:

oY = Ym e Ymer = 2t Ym
T h? ’
SO
ima(,mn+l _ n i(m+1)a _ 9eima i(m—1)a
o (q q)_ane 62 +e _o,
T h
ie.
- Cg—1 el — 2 4 el
ezmaqn{ (T )_K = }:0’
ie.
Clg—1) 2cos v — 2
T K h? =0
ie.
4KT | 5«
q=1-— Ch2 sin 5
Then,
4Kt Kt 1
v R <le-1<1—-—5 ¢ —— < - (CFL).
Example 2. Implicit scheme for the heat equation:
Nl VS vk e A RN
T h? '
So,
ima(n+l _ n i(m+1l)a _ 9pima i(m—1)a
Ce (q q )_Kq’n,-I—le 62 +e :O,
T h
i.e.
) Clg—1 i 2 —iq
ezmaqn{ (qT ) _ qu h;’ e } =0,
ie.
C 4sin? &
S K2 =
(7’ * h? ) =7
So,
1
9= s =t

1+ —m=z2 K7
The scheme is unconditionally stable.



Analysis of the Main Equations of Mathematical Physics 63

Example 3. Explicit scheme for the wave equation:

C?J%H —2yp +yn b K?JZLH = 2Ym T Yma

72 2 =0
(for the wave equation C%} — K% =0).
Consider y, = e*™q". We get
—1 1o’ —i
n_imao q—2+¢q e —2+e .
q"e (C - - K 2 =0,

q2—2<(1—%<%)2(1—cosa)>q+1—0.

By the Vietta theorem, this equation has two solutions ¢, g2 such
that

g2 = 1.
Let us apply the strict spectral rule (Jg1| < 1 and |g2] < 1). So,

la1| = g2 = 1.
Thus, ¢1 = €*?, ¢ = e *#, where € R is the new unknown. So,

¢ 72 -k h? =0
ie.
cosfB—1 cosa — 1
C = =K PR
ie.
2
cosff =1+ W(COSO& -1).
This equation must have a solution for all & € R. So,
1 2K7% 2(oz) <1
max |1 — ——sin“ (=
aeR Ch? 2| ="
ie.
2K 72
—-1<1-—
- Ch?’
ie.
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Example 4.
Consider the scheme
n+1 _ ,n n __ ,n
Ym Ym +aym hymfl _ 07 a>0
T

(for the transfer equation %—? + ag—g = 0). So,

) n+l _ . n ima _ i(m—1)a
emed d + aq"e € =0,
T h
greme {q_ Ldl _e_m} =0,
T h
at  ar
— 1 . T
1 T
Im
at
15
< Re
Stability condition:
at
1- 2 >0,
o
ie.
a7 <1
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Chapter 3

Homogenization: From Micro-scale
to Macro-scale: Application
to Mechanics of Composite Materials

1. What is a Composite Material?

We define here a composite material as a heterogeneous material con-
stituting alternating volumes of some homogeneous materials at the
“super-molecular scale.” The shape classification of these materials
can be presented by:

e stratified (laminated) media constituting (periodically) alternating
homogeneous thin layers;

e fiber-reinforced materials: a periodic system of unidirectional par-
allel fibers of one compound (or a union of some systems of differ-
ent directions) separated by a background material called matrix
which fills the space between the fibers;

e granular composite: the periodic structure of a three-dimensional
(3-D) periodic system of grains and a material which fills the space
between the grains (the matrix).

This list can be continued.

It is assumed throughout that the dimensions of the periodic cell
are much smaller than the characteristic macroscopic spacial size of
the problem. If we take this macroscopic size as unity in the space
dimension, then the period of the structure becomes a dimensionless,
small parameter denoted as ¢.

67
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Composite materials have been widely applied throughout the
20th century in spacecraft, aircraft, and sports industries. These
materials allowed to combine such properties as high stiffness, small
density, high failure resistance, low heat conductivity, and radio
transparency. The necessity of computation of macroscopic constants
and properties starting from the microscopic shape information gen-
erated a lot of theories on the passing from the microscopic to the
macroscopic scale (this procedure was called “averaging” and later
homogenization or “up-scaling”).

Apart from composite materials, there are many other examples
of heterogeneous media (that can be also considered as a special
case of the composite materials with vacuum as one compound):
porous media, frames, grids, lattice structures, and atomic lattices.
In particular, the modeling of flows in porous media is an important
mathematical tool in oil and gas recovery engineering.

The standard numerical methods (such as the finite element
method, finite difference method, and finite volume method) are
inapplicable to these materials because all these methods use meshes
which should be much finer than e, and this leads to memory and
time overflow for the majority of practical problems. The analytical
methods are applicable mainly in the case of constant coefficients
(which is not the case in composite materials) or at least in two-
dimensional modeling (complex variable methods).

2. From Micro to Macro

The first steps in the direction of a general theory of the micro to
macro passage has been done by mechanicians at the beginning of the
20th century, although one can find some works of Maxwell related
to this topic at the end of the 19th century. The main issue was to
postulate that the heterogeneous at the microscopic scale material
can be considered at the macroscopic scale as a homogeneous mate-
rial. More precisely, the equivalent homogeneity hypothesis has been
formulated which states that at the macroscopic scale, the hetero-
geneous material is mechanically (or physically) equivalent to some
homogeneous one, and so the main problem is to calculate properties
of this equivalent material.
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For example, if a heterogeneous material consists of two different
materials having the heat conductivity coefficients k; and k2, then the
main problem is to calculate the macroscopic conductivity k of the
equivalent homogeneous material. The first attempts were related to
the following means: arithmetic mean, harmonic mean or geometrical
mean, i.e. if @ and 1—0 are respectively the concentrations of the first
and second compounds and < f > denotes f160 + fo(1 — 0), then the
arithmetic mean of the conductivity is equal to < k >, the harmonic
mean is equal to < k' >, and the geometric mean is equal to

exp{< In(k) >}.
In particular, for 8 = 0.5, we get respectively kl;’”, Lii?
k1 ko

Vkiks.

For each of these formulas, one can find the situation when it
is correct and other situations when it is wrong. So, the idea was
to identify a general approach and moreover to check the equivalent
homogeneity hypothesis. Although this hypothesis has been assumed
to be incontestable, we will give later some examples when it is wrong.

During the 1960s and 1970s of the 20th century, the first mathe-
matical theories of up-scaling appeared. The main idea was to find
an asymptotic solution for the partial derivative equation (PDE)
describing a process, in which ¢ is a small positive parameter stand-
ing for the ratio I/L of the characteristic sizes of the micro- and
macro-scales. This idea can also be the criterion for the applicabil-
ity of the equivalent homogeneity hypothesis: this hypothesis is good
if the solution for the PDE describing the heterogeneous medium is
e—close to a solution for some PDE with constant coefficients describ-
ing the homogeneous medium.

and

Stratified (laminated) composite, ¢ =1/L << 1.
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g
&
&é/

/L= <<1

Fiber-reinforced composite.

L

-]

Periodic cell of a granular composite.

K(x)
Ky—
K| -

S s s Fx
Oe ¢ 2¢e 3¢ L=1
Conductivity as a function of x.

K©
X
Kp— — £
)¢ — N L I
| | | | | |
R A N — ¢
0 9 1 2 3

Conductivity as a function of €.
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Consider a stratified material constituting thin alternating lay-
ers of materials A and B (and having conductivities K4 and Kp,
respectively).

Let the macroscopic characteristic size be taken equal to 1, then
the characteristic microscopic size [ is equal to the small parameter e.

Assume that 6 is the concentration (volumetric rate) of the mate-
rial A. Then, function K.(z), the conductivity as a function of the
coordinate x, has the following form:

Ka if © € UM e, (6 + 0)e),

Ke(z) =
Kpif x € UNHGE +0)e, (i + 1)e),
where N = 1/e.
Let us pass to the dilated variable £ = z/e. One can see that
x
K@) =K (), =el0),

where

K, it§ € j:oioo[zal + 0)7

K(§) =
Kpif €€ U [i+6,i+1)

1=—00

is a l-periodic function of &,
VEER, K(+1)=K().

Clearly, the same situation occurs in the 3-D case: the conductiv-
ity K. of the material as a function of x = (z1, z2, z3) is equal to

K.(x) = K (Z).

where K () is a 1-periodic function of ¢ € R3, i.e. V&€ € R3, Vj € Z3,
K(E+3) = K(©).

As an example, one can consider a PDE in mathematical physics
describing the steady-state heat field in a composite material:

—dw(K(g)qu) = f(z), z=(x1,22,23) € Q (3.2.1)

set in a bounded domain  C R? having the characteristic size of
order 1. Here, ¢ is a period of the micro-structure, and so K(§) is a
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positive definite symmetric 1-periodic (3 x 3 matrix-valued) function
of the dilated (fast, microscopic) variable £ related to z by £ = x/¢; it
means that for all £ = (&1, &, &3) € R3, for all vectors j = (j1, jo, j3) €
73 with integer components, the following relation holds: K (¢ +j) =
K(§). K(%) stands for the conductivity matrix as a function of the
space variable z; it takes different values depending on whether x
belongs to the background material or inclusions; u.(z) stands for
an unknown temperature at the point z; domain €2 is assumed to be
occupied by the composite material; f stands for the distribution of
the heat sources.

Equation (3.2.1) should be equipped by a boundary condition
(see, for example, Ref. [22]), say, of Dirichlet’s type: u. = 0 on the
boundary 0f). Then, the equivalent homogeneity hypothesis postu-
lates the existence of a positive definite symmetric constant 3 x 3
matrix K such that, for any f that is smooth enough, solution ug of
the so-called homogenized equation similar to (3.2.1) but with con-
stant coefficient

—div(KVug) = f(z) (3.2.2)
equipped by the same boundary condition is close to u. in some norm
||ue — ugl| < const e.

The homogenization method proves (and not assumes) the exis-
tence of this constant matrix K called the effective (macroscopic)
conductivity; it gives an algorithm for computing this K and it gives
the correctors to ug taking into account the fluctuations of the exact
solution w..

Remark 2.1. Continuity conditions are satisfied on the matrix-
inclusion interface for temperature

[ue] =0, (3.2.3)

and for the heat-flux density
(K (Z)Vue,m)| =0, (3.2.4)
where the square brackets [ | denote the jump of the function in

transition through the interface and n stands for the normal vector
to the interface.
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3. Homogenization Techniques: Heat Equation
(1-D case)

Consider a model one-dimensional (1-D) in space for a time-
dependent problem. The homogenization method for this model case
is described as follows. The heat equation for an unknown tempera-
ture ue(z,t) depending on the space variable z and the time variable
t is given by

_ /x\ Oug O T\ Oue\
Lgug =cC (g) o1 — % (K (—) or ) = f(.’lf,t), T € (0, 1)7t > O,

€
(3.3.1)
with the boundary conditions
ue(0,8) =0, w:(1,t) =0, (3.3.2)
and the initial conditions
us(2,0) =0, z€(0,1). (3.3.3)

To simplify the presentation of the homogenization method,
assume that ¢, K, f, and 1 are smooth, scalar functions (f €
C?([0,1] x [0,T])) such that c¢(&é +1) = ¢(§) and K(¢ + 1) = K(&)
for all real &, and ¢ and K are positive. We assume that there exists
to > 0 such that Vt € [0,to], f(x,t) = 0 and that 1/¢ € Z.

An asymptotic approximation is sought in the following form:

o = ug(w, 0 +eur (w0, 5,1) + ey (2, 5,8),  (334)
£ g g

where u;(z,&,t), j =0,1,2, are smooth functions 1-periodic in &.
Substituting (3.3.4) in (3.3.1) and applying the chain-rule differ-
entiation formula:

d oF _1OF
%F ('Iag) = <%($a£) +e€ 18_5(33)5)) |§:§>

then introducing the notation

0 0
Laﬁ_a_OZ(K(é)%)? 04756{.73,6}7
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and collecting the terms corresponding to powers of € from —2 to 2,
we get

Ll =o () 2 2 (1 (2) %)

= {—8_2[/5511,0(33, &, t) — E_l(ngul (.’L‘, &, t) + Lg:EUQ (.’L‘, &, t)

+ ng'IL()(x, 57 t)) - EO <L££u2 (.Z', 57 t) + Lﬁxul (.Z', 57 t)

)

—¢l <L5xu2(x, £,t) + Lyeus(,&,t) + Lypgui(x,€,t)

+ Lmﬁ“l (.Z‘, 57 t) + L:c:cu()(xa &a t) - C(&)

—49&“@&)> 2(Lous(a,€,1)

8u2

e ua>@Lﬁ. (33.5)

Here, the last two lines contain small terms (of order € or &2).

Variables x, &, t inside the brackets {, } are considered as completely
independent. The notation L,g is introduced to make the expres-

(2)

sion of L cUs shorter for Various values of « and B, it reads
0 0 0
%u«a%»

Taking into account equation (3.3.1), we must asymptotically
equate expansion (3.3.5) to the right-hand side f. This means that
we require the terms of order e 2 and ! to vanish while the term of
order €% to be equal to f(z,t). The terms of order ¢ or £? constitute
the discrepancy. Thus, we get three equations for the three 1-periodic
in £ terms u;(z,&,t), j=0,1,2, of ansatz (3.3.4):

ng'd()(a}, f, t) = 0, (3.3.60)
Leeui (z,€,t) + Leguo(x, &, t) + Lyeuo(x, €, t) =0, (3.3.61)
Legua(x,€,t) + Legui (2, €,t) + Lypgur (x,€,t) + Laguo(x, &, )
8’LL(]

@) S8 1) = — (@ 1). (336)
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Solving equation (3.3.6p), we get
ug = up(z,t), (3.3.7)
i.e. up does not depend on &. Indeed, equation (3.3.6¢) reads

0 8u0

which means that K (5)%% = Cy(x,t) which is a constant with
respect to €. So,

%—U; = Co(z,t)/K(¢), (3.3.8)

where %ﬂ is a derivative of a periodic function. Let us apply now

the following proposition.

Lemma 3.1. Let F' be a differentiable 1-periodic function of &. Then,
<%—?> = 0, where () denotes the average over a period, i.e. integral

fol -dg.

Proof.

oF LoF
<a_g> = a—§d§ = F(1) — F(0) =0,

because F'is a 1-periodic function. Lemma 3.1 is proved.
Applying this lemma to (3.3.8), we get

0= <aa—l;°> — (Cola,t) /K (€)) = Cola, 1) <ﬁ>

and so Cy(z,t) = 0. Thus, %% =0, and so up = ug(x,t).

Now, consider equation (3.3.6;), it reads

0 8u1 8u0 .
i (<0 (e +52)) =0
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because Lgeug(z,t) = 0, and so

uy , Ouo

K@) (32 +52) - citean

which is a constant with respect to £&. Repeating the above argument,
we get

8u1 N 8u0

and so

0= <aa_1?> - <—% +cl(x,t)ﬁ> _ —%—FC&(Q;J) <ﬁ>

So,

So,
8’LL1 8’LL0 _ 6u0
K(¢) <8—£ D > B (3.3.10)
where
. 1 \!
K={(_—_ . .3.
(x@) (33.1)

Expressing now u; from (3.3.9), we determine it via function uy.

Function u; is defined up to an arbitrary smooth function of x
and t. Let us require that u(z,0,t) = 0. Then, due to the periodicity
up in &, we get uy(z,1/e,t) = 0 because 1/e € Z, and so u;1(0,0,t) =
ui(1,1/e,t) = 0.

Finally, we consider equation (3.3.62). If this equation has a peri-
odic solution, then the average of the left-hand side is equal to the
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average of the right-hand side. Taking into account Lemma 3.1, we
check that (Lecuo(x,€,t)) = 0, (Legui(x,€,t)) =0, and so

6u0
=
Solving completely (3.3.62), we can require for uj that uy(0,0,t) =
ug(1,1/e,t) = 0.

Applying now (3.3.10), (3.3.12) and taking into account that
Lyeur + Lyzug = %(K(g)(%% + %)), we get the homogenized equa-
tion with respect to the unknown function ug(x,t):

(Logun (2,6,8) + Lustig (1)) — (c(€)) o2 (2, 8) = —f(w,1). (3.3.12)

U ~ 2’LL
<C(£)>%—K% = f(x,1). (3.3.13)

If ug satisfies this equation, then applying the same arguments
to equations (3.3.69) and (3.3.61), we find the 1-periodic solution
ug(x, &, t) of problem (3.3.62). We emphasize that (3.3.62), as well as
(3.3.60), (3.3.61), are differential equations with respect to the fast
variable ¢, while z and ¢ are the real parameters.

Equation (3.3.13) describes the heat transfer in a homogeneous
medium with heat capacity (¢(€)) and conductivity K = (%)‘1.
The asymptotic approximation (3.3.4) satisfies the original equa-
tion (3.3.1) with the error of order ¢ and wuy (solution to (3.3.13))
is the leading term of this asymptotic approximation. Imposing for
ug the same boundary and initial conditions for wu.,

UQ(O, t) = O, uo(l, t) = O, (3.3.14)
uo(z,0) =0, z€(0,1), (3.3.15)

we see that asymptotic approximation (3.3.4) satisfies exactly the
boundary and initial conditions.

Problem (3.3.13)—(3.3.15) is called homogenized problem.

In the following section, we prove that

lue — woll L2¢(0,1)x(0,7)) = O(€), (3.3.16)

[ue — o — eurl|g(0,1)x(0,7)) = O(€)- (3.3.17)

Thus, the equivalent homogeneity hypothesis is justified in this exam-
ple and the formulas for the macroscopic effective coefficients are



78 Introduction to Multiscale Mathematical Modeling

(c(&)) for the effective heat capacity and K = <%>*1 for the effec-
tive conductivity.

Note that in the multi-dimensional case, the algorithm for the
computation of the effective coefficients is more complicated (see the
following). For piecewise smooth coefficients, this analysis should be
completed by a special treatment of the interface conditions (3.2.3),
(3.2.4) adding the corresponding interface conditions for equa-
tion (3.3.6). The algorithm for the computation of effective coeffi-
cients is left without changes.

The heat equation (3.3.1) also describes some other physical pro-
cesses, such as diffusion and flows in porous media.

4. Error Estimate

2)

In the previous section, we constructed an asymptotic solution ue
such that
Lou® = f(z) +re(x), z€(0,1), (3.4.1)

where

re(z) = {—5 <L5xu2(x,§,t) + Lyeua(x,§,t)

+ Las(o,6.) - )5 (060 (3.42)

ou
- 52 <Lx:pu2(x> ga t) - C(g)a—;(xa ga t)) } ‘ ’
e==
see (3.3.5) and (3.3.6). Analyzing the construction of u§2), we check
that all terms in (3.4.2) are bounded, and so

HTaHL2((0,1)x(0,T) = 0O(e). (3.4.3)
Subtract equation (3.3.1) from (3.4.1). Then, for the difference
2

We = Ug =~ — Ug, WE get

Lew: =r.(x), x€(0,1), (3.4.4)

we(0,t) =0, ws(1,t) =0, w:(x,0)=0,

because u(?) satisfies the boundary and initial conditions exactly.
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Then, applying a priori estimate (2.4.5) from Chapter 2, we get

lwell 1 (0,1)x (0,1)) < CIITellL2((0,1)% (0,7)) (3.4.5)
where
o — \/1+CJZDF+C;13F
A .
K
So,
|well &1 ((0,1)x 0,1)) = O(€)-
Note that
ou _10u ou
a—;(xaw/€7t):€ 18—; 8—1'27
SO
uzl g (0.1)x (0,7 = Oe™1),
€% uz| 1 ((0,1)% (0,7)) = O(€)-
So,
|ue —uo — eur | g(0,1)x0,7)) = O(€)-
As

leutll2((0,1)x (0,7)) = O(€)s

e — woll£2((0,1)x(0,7)) = O(€)-

Estimates (3.3.16), (3.3.17) are proved.

These define the order of the error in the homogenization method
and describe the limits of the homogenization theory.

The described scheme is applied generally for the justification of
the asymptotic methods.

Let us solve the problem

Leus = f, (3.4.6)
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where L. is some linear operator (including the interface, bound-
ary, and initial conditions) such that for u., we have the existence,
uniqueness, and an a priori estimate

[uel < Coe™ | £1], (3.4.7)

where C does not depend on €.
We construct an approximate asymptotic solution u¢ satisfying
(3.4.6) with a residual r. such that

Irll = OE"™), (3.4.8)
Leul = f+re.
Subtracting (3.4.6) from (3.4.9), we get for the difference
W= Uy — U,
L.ow=r.. (3.4.10)
Applying the a priori estimate (3.4.7), we get
[w]| < Coe™*lre] = O ),
and we justify the error estimate
|ue — ul|| = O(X~2). (3.4.11)

A similar scheme is applicable in the case of nonlinear problems;
however, the estimate (3.4.7) should be replaced with the stability
estimate, evaluating the difference of the two solutions of problem
(3.4.6) with two different right-hand sides.

Note that the approximate relations (3.4.8), (3.4.9) ensure the jus-
tification at the physical level, while mathematical results normally
require estimates of (3.4.11) type or at least the proof of convergence
if the method does not allow to get the error estimates.

Remark 4.1. We have presented the version of the homogeniza-
tion method based on the asymptotic expansions. The alternative
versions are the so-called G-convergence, I'-convergence, two-scale
convergence, and unfolding. These versions give as the result the
convergence of u. to the solution ug of the homogenized problem as
€ — 0. The convergence methods do not require the regularity of
the right-hand side, but usually they give less information about the
solution than the asymptotic expansion method. One can find the
description of these methods in Refs. [6,7,9,12,13,18,19, and 21].
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5. Homogenization: Multiple Dimensions
In the case of multiple dimensions, the homogenization method works

similarly to the 1-D case.
Consider the stationary equation

9 r\ Ju
_”Z_:l dx; <Aij <E) axj> =f(z), z€G, (3.5.1)

with the Dirichlet’s boundary condition

uc|,, = 0. (3.5.2)

We consider the following two versions of this problem: conduc-
tivity equation (C) and elasticity equation (E).

In case (C), the unknown function wu, is a scalar function, as is the
right-hand side f. In case (E), u. and f are vector-valued functions.
The coeflicients A;;(§) in both cases are piecewise smooth 1-periodic
functions of the fast variable &:

VEERY, VzeZl, Ay (E+2) = Ay€).

In case (C), every A;; is a scalar function, while in case (E), it is a
d x d matrix-valued function.

In both cases, A;; satisfy conditions (i) and (ii) in Sections 4 and
5 of Chapter 2:

— in case (C):

(ii) 3 > 0 such that V¢ € R%, V= (n1,...,nq) € RY,

Z A (Enjni > KZ%

3,j=1

— in case (E):
(i) Y€ e RY, afj(€) = alfi(&) = aj};(9),
(ii) 3x > 0 such that V¢ € RY, ¥ € RIxd

Sym >

d

d
Z a 77gz772k > K Z 77]['

i,5,k, =1 7,l=1
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In both cases, G is a bounded domain with the C'¥-smooth
boundary and f € C?(G).

The construction of the asymptotic approximation is similar in
both cases, so we use the “vectorial” notation of problem (3.5.1),
(3.5.2) corresponding to case (E).

As in the previous section, first for simplicity, we assume that A;;
are CM smooth functions, but later in Remark 5.1, we will describe
the modifications which are needed in the case of piecewise C'(1)-
smooth coefficients.

Similar to the previous section, an asymptotic approximation is
sought in the form

u? =y (x, E) +euy <a:, E) + &%y (x, E), (3.5.3)
€ € €
where u;(z,§), j = 0,1,2 are smooth 3-D vector-valued functions
1-periodic in ¢ in case (E), while in case (C), they are scalars.
Plugging (3.5.3) in (3.5.1), applying the chain-rule differentiation

formula,
d x oF _10F
o (00) = (SO +e 50 s,
introducing notation
d

and L. = — Zf] 1 aIZ( (f)a ) collecting the terms correspond-

ing to powers of ¢ from —2 ¢t 2 we get as in the previous section

0
o (A0 ) wsen

Lol = { — e 2 Legug(w,€) — e (Legew (a,€) + Leguo(,€)
+ Lyguo(2,€)) — ”(Legua(z, €)
+ Leggui(2,€) + Lygui (2,€) + Laguo(z,§))
— e (Lepun(w,€) + Lygus(w, €) + Lypuy (2, €))

- 52(Lmug(x,§)}\5:%. (3.5.4)
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Here, the last two lines contain small terms (of order ¢ or £2). Denote
it by

re(z) = { _p (Legug(x,§) + Lyeus(z, &) + Logui (,€))

2L, g)}kzg. (3.5.4,)
The variables x, £ inside the brackets { } are considered as completely
independent.

Taking into account equation (3.5.1), we must asymptotically
equate expansion (3.5.4) to the right-hand side f. It means that we
require the terms of order 2 and 7! to be equal to zero while the
term of order € to be equal to f(z). The terms of order ¢ or €2 con-
stitute the discrepancy. Thus, we get three equations for the three

1-periodic in & terms u;(z,€), j =0,1,2, of ansatz (3.5.3):

ngU()(a},f) = 0, (3.5.50)
Leeui (2, €) + Leguo(, §) + Laguo(z,§) = 0, (3.5.51)
(3.5.52)

We use the following theorem.

Theorem 5.1. Let F be a piecewise continuous 1-periodic vector-
valued function. Then, the equation

LeeU(S) = F(§)

admits a unique (up to an additive constant vector) 1-periodic solu-
tion iff (F) = 0. Any solution U is a sum Uy + C, where Uy is a
unique solution with the vanishing mean value (Ugp) = 0 and C is
an arbitrary constant.

Here, (-) denotes the average over a period, i.e. the integral
fol"'fol'dﬁl"'dﬁd-

Note that the piecewise continuity of the right-hand side in this
theorem may be replaced by belonging to the class L?, where L%
is the ?ipace of 1-periodic functions belonging to L?(B) for any ball
B C R“
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This theorem can be proved in the same way as Theorem 4.1 in
Chapter 2 using the Riesz—Fréchet representation theorem. The only
one modification is related to the periodicity conditions for the
equation

‘Za&( gg) ~F)

3,j=1

Namely, we introduce the Sobolev space Hﬁ1 as the completion of

(c0)

the space €, of 1-periodic functions of C(>)(R?) with respect to

the inner product of H'((0,1)¢). We also introduce the subspace
Hﬁl0 of functions of Hﬁ1 having the vanishing mean value ( - ). We

define a weak solution U as a vector-valued function of H, ﬁl satisfying
vV e Hﬁ1 the integral identity

d
< > Aij@‘;—g - ZZ> — (-F V).

ij=1

Using the Poincaré inequality and Korn inequality, we check that
the left-hand side of the integral defines an inner product on Hﬁl,o
and, applying the Riesz—Fréchet theorem, prove that there exists a
unique Uy € Hﬁ{0 such that VV € Hﬁlp?

d
< > Az«j@%% - §§> — (-F V).

ij=1

Finally, using condition (F) = 0, we check that this integral identity
remains valid for all V € Hﬁl (note that any function V of Hﬁl can
be presented in the form

V =Vo+(V), Vg€ Hj).

Solving equation (3.5.5¢), it is evident that the zero function is its
solution, so according to Theorem 5.1, all its solutions are constant
(with respect to the £ variable). So, the set of solutions is the set of
functions depending on x variable only:

ug = 110(1'), (356)

i.e. ug does not depend on &.
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So, in equation (3.5.51), the last term vanishes. Similar to Sec-
tion 3, we have the following lemma.

Lemma 5.1. Let F be a differentiable 1-periodic function of . Then,
(2L 0.

Proof. According to Fubbini theorem, the order of integration in the
integral < o€ > with respect to &1, &9, . .., & may be changed so that the
first integration be held in &;. Then, applying the same arguments as
in the proof of Lemma 2.1, we get that this integration with respect
to & gives zero. So, the next d — 1 integrations are applied to the
function zero and this proves the lemma. Il

Applying this lemma to the second term of (3.5.51), we see that
the necessary and sufficient condition for the existence of a 1-periodic
solution is satisfied. Moreover, this second term has the form

d d_ 5 D
2 (Z a—&Au@)) (@) (35.7)

=1 \:i=1

ie. it is a linear combination of d functions depending on &:
(Ef | 95 9_A;(€)). This gives an idea to seek a solution for (3.5.51)
in the form of the linear combination

d

Z 8u0 (3.5.8)

according to the superposition principle [22|. Here, N;,l = 1,2, ...,d

are d unknown d x d matrix-valued functions, 1-periodic in £ (in case

(C), N; are scalar functions). They satisty the so-called cell problems:
Find N, satisfying equation

d
o
LeeNi= = a—gAa(ﬁ)- (3.5.9)
i=1 >

One can check directly that the function (3.5.8) with N; satisfying
(3.5.9) is a solution to the problem (3.5.51) with the right-hand side
(3.5.7).
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Consider finally, the equation (3.5.59):

Legus(x,6) = —Legui (@, &) — Lyewy (2, §) — Lypug (@) —f(x). (3.5.55)

According to Theorem 5.1, the necessary and sufficient condition for
the existence of 1-periodic solution to this equation is

(—Lezui(x,§) — Lyeur (2,€) — Lypug(x, &) — f(x)) =0, (3.5.10)
where (—Lgyui(z,§)) = 0 due to Lemma 5.1, (f(z)) = f(x) and

(Logwi (2, 8) + Laguo(z))

where flil are defined by the formula

Az—<ZAw 8Nl +A,l> (3.5.11)

Thus, the necessary and sufficient condition for the existence of a
1-periodic solution to equation (3.5.52) is the equation

d

0 ~ 8110 .

It can be proved that Aj; satisfy relations (i) and (ii) (see Ref. [3]
and Remark 5.2). If ug is a solution to (3.5.12), then we can solve
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numerically equation (3.5.52) and find ug such that equation (3.5.1)
is satisfied up to a residual of order €. Moreover, if ug satisfies the
condition

oo =0, (3.5.13)

then the condition (3.5.2) is also satisfied up to a residual of order e.
The leading term ug of the asymptotic approximation ug) is a solu-
tion for the problem (3.5.12), (3.5.13) of the same type as the prob-
lem (3.5.1), (3.5.2) but describes a homogeneous medium with the
macroscopic (effective) coefficients Ay Tt justifies the hypothesis of
the equivalent homogeneity for the elasticity equation and the algo-
rithm (3.5.9), (3.5.11), (3.5.12), (3.5.13) for the computation of the
macroscopic constants.

However, the most important for applications are the stresses and
strains (the failure criteria depend on these values). In order to obtain
their approximations, one should use the first corrector approxima-
tion, i.e.

() (g) = : uy
ul(z) = <u0 +2 Nil©g, <x>>
=1

The corresponding approach can be found in Chapter 5 of Ref. [3]:
the stresses o, can be approximately calculated as

d
o= Y af (g) eji(u).

J,l=1

E=x/e

Remark 5.1. If the coefficients A;; are discontinuous at some
smooth surfaces being globally piecewise smooth functions, then at
these surfaces, the equation should be replaced by two interface con-
ditions: the continuity of the displacement vector

[u:] =0, (3.5.14)
and the continuity of the normal stress vector

Zd: mi (Aij(g)g—;;> =0, (3.5.15)

ij=1
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where the square brackets | | denote the jump of the function in tran-
sition through the interface and n = (n1,n2,n3) (for the case d = 3)
stands for the normal vector to the interface. (Another approach is
concerned with the weak formulation of the problem (3.5.1), (3.5.2)
obtained by the multiplication of the equation (3.5.1) by a test func-
tion and then by integration over G' by parts. Then, the conditions
(3.5.14) and (3.5.15) can be removed.) In this case, the analysis
should be completed by a special treatment of the interface condi-
tions (3.5.14), (3.5.15) adding the corresponding interface conditions
for equation (3.5.5). Namely,

[w]=0,1=0,1,2, (3.5.16)

and

d
8ul 8ul,1
— 5.1
EZ: <a§]+ axj> 0 (3.5.17)

(for [ = 0, the last term should be omitted). The algorithm for the
computation of effective coeflicients is left without changes.

Remark 5.2. Let us prove that the homogenized coefficients Ail
satisfy the properties (i) and (ii).

Theorem 5.2. In case (C), flil satisfy:
(G) Ay = Ay, ile{1,....d},
(ii) V77 = (7717 cee »77d) S Rd.

d

d
> Aummi > v
i,l=1 =1

In case (E), A satisfy:

(1) al _&Zs_agl)’ i’l78ap€{1a"-ad}a
d

d
(il) V77 € IR(si;rlcll Z dflp'r/lpnis > K Z (nlp)2-
i,0,8,p=1 l,p=1
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Proof. Let us start with case (C).
Rewrite the cell problems for /V; in the form

d
0
LeeNi + ) :—ag‘Aa(i) =0,
i=1 >t

ie.
ng(Nl + gl) =0. (3.5.18)
Denote
M; = N; +&. (3.5.19)

The weak solution is defined as M; such that M;(§)—¢; € Hﬁl and
for all p € Hﬁl,

oM
<Z_: Aij¥j6—2> = 0. (3.5.20)

On the other hand,

Ay = <Z Aij%—jgl>, (3.5.21)

. S OM; 0
Ay = < > Akja—gja—gk . (3.5.22)

k?]:]‘

Adding to this expression, a particular case of the variational
identity (3.5.20) (¢ = N})

d
OM; ON;
> a, G ) <o
<k,j_1 08; 08k
we get
d
A OM; OM,;
Ay = Ay T (3.5.23)
<kJZ=1 10 08 >

Now (i) is evident. Let us prove (ii) for Ay.
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Consider

d

> Ay =

M&

O(Mymi) O(M;m;)
J a&] aé‘k

| V

2
d Z Mmz
ﬁz >
7j=1
2
5 [
€, ZMml >

2
% > (N + &m) >

J =1

M=

v

K
J

J

I
M-

Aae
-

<.
Il

—

—

n (3.5.24)

M=~

>R

N
Il
—

because, due to Lemma 5.1,

(st (359n)) =

Property (ii) is proved.

Consider case (E).
In this case, the cell problem takes the form

Lee(N +&1) = 0. (3.5.25)

Here I is the identity matrix. Denote M; = N; + &1.
The weak solution is defined as a matrix-valued function M; such
that M;(&) — &I € (Hﬁl)dXd and for all ¢ € (Hﬁl)dXd,

d
8(pT 8Ml .
<Z e Aij—agj > =0. (3.5.26)

ij=1

Here, (Hﬁl)dXd is the space of d x d matrix-valued functions with
entries from Hﬁ1
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Then, as in case (C), we get
d T
5 OM; oM,
Ay = PN 4, 3.5.27
l <1§::1 < 08k ) "o > ( )

So, Ay = flg Denote dflp as the entries of A;. We get

a;l =al’. (3.5.28)
On the other hand,
- oM,
Ay = <2Aij a¢ >,
j=1 J

jm=1
d
- < Z alm 8Mlmp>
8] A
jym=1 o
=ay. (3.5.29)

Here, Mlmp are the entries of matrices M;. So, (i) is proved.
Let 7 be a symmetric matrix with entries 7;,. Consider the form

d
T= > almymis. (3.5.30)
i,l,s,p=1
Denote N, the entries of the matrix N;. Then, M;"" = N/ +
&l(smp-
The formula (3.5.27) can be presented in the form
d
af = Y (alleim(MD)eg (M) (3.5.31)
j7m7q77‘:1

where Mf is the pth column of the matrix M; and

. 1 aum auj
) =5 (52 + 52
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Then,

d
= Y (apem (MPmy) eqr (Minss))

i7l787p7j7m7q7r:1

d d
s < 3t e ( 3 et ) )

l,p=1 1,5=1
2

Z M7 i >
lp=1

IV

-Z/\‘
M~
—

7ym=1
J 2
= Z < Z M iy >
7ym=1 l,p=1
4 2
=5 ). < Z &iepmip > ;
Jm=1 lp=1

where e, = (5pt){§t§d'
Then, the last expression is equal to

d

1
K Z <§ (5jl5mp771p + 5jp5ml"7lp > =K Z 771p
Jmylp=1 lLp=1
So,
>k Z - (3.5.32)
Lp=1
Thus, (ii) is proved. O

The same analysis can be applied to the time-dependent elasticity
equation

z\ 0%u. 0 x Oug
P (g) Ot2 B Zla—xz <A1](g)a—x]> - f(xat)a
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where p(Z) > 0 is the density. The homogenized equation has the
form

Pug L~ 9 (. Oug
pC 00N L (4,250 — (g ),
%ﬂi;wxf%> (%)

where p =< p >. This means that the density is homogenized by a
simple averaging, while the elasticity moduli having a more compli-
cated homogenization algorithm (3.5.9), (3.5.11).

As for the history of homogenization, let us mention the pio-
neering works on the asymptotic analysis of equations with rapidly
oscillating coefficients by E. Sanchez-Palencia [20], E. De Giorgi
and S. Spagnollo [7], N. Bakhvalov [2], J. L. Lions, A. Bensous-
san, and G. Papanicolaou [4], V. Jikov, S. Kozlov, O. Oleinik [9],
V. Berdichevsky [24], I. Babuska [1], V. Marchenko and E. Khruslov
[11], F. Murat [13], and L. Tartar [21].

The above homogenization approach can be applied to vari-
ous equations describing processes in periodic micro-heterogeneous
media: the heat equation, elasticity equation, Navier—Stokes equa-
tions in porous media, and so on (see Refs. [3-6,12,14,17,18,20, and
19)).

Concluding this short introduction to the up-scaling process for
periodic structures, we discuss the applicability of other methods to
this process. One of the most popular methods in physics for the
passage from one scale to another among the quantum field theories
is the renormalization group method (see Refs. [8,23], and their bib-
liographies). The renormalization group method assumes existence
of a great (infinite) number of scales in the physical process such
that the process is self-similar with respect to these scales. This is
the case for some stochastic models (of say, statistical physics) but
not the case of the periodic heterogeneous media. The applicability
of the renormalization group theory to the problems for the periodic
micro-structures is still an open question.

6. Error Estimate: Multiple Dimensions

As in Section 3, we see that

Lou® = f(z) 4 r.(x), (3.6.1)
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where

Irel[z2(@) = O(e)- (3.6.2)

However, the boundary condition for w,. is satisfied with the residual
of order e:

ug)‘aG = ey (z,2/¢)|oc + £ uz(z, 2 /c).

2)

Let us modify the asymptotic approximation u:~ and consider
1% = u® + (1 - xe(2)) (eui(z, 2/e) + 2wz (x, 2 /e)),  (3.6.3)
where

(z) = 1 in G\G.,
Xe\E) = g1 dist (x,0G) in G.,

G, was defined in Chapter 1 as the e-neighborhood of G within the
domain G.

— & G Gg
Note that

supp(1l — x¢) C G, (3.6.4)
1= x:(2)] <1, V(1= xe(w)| <Ce . (3.6.5)

Then,

0

Loa® = f(z) +r.(z) — ; a_xirai(x)’ (3.6.6)

where

d

rei(z) = — ZAij (g) aix]{(l — Xe(z))(euyg + 52112)}. (3.6.7)

j=1
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The relations (3.6.4) and (3.6.5) yield
Ireill 2y = O(Ve). (3.6.8)
Let us subtract equation (3.5.1) from (3.6.6). Then, for the difference
w(z) = 1l () - u.(x),
we get the problem

d
Low=r.(z)— 0 p i(z), zeg,
W =re(@) = 2 g i) (3.6.9)

w|sg = 0.

Applying the a priori estimate (3.4.10) of Chapter 2, we get

W m1) < Cp § Crrlltellrz @) +

d
gnrmi%) . (3.6.10)

where C,, Cpp are independent of e. So,

16 — w1y = O(VE).

Again taking into consideration (3.6.4) and (3.6.5), we see that
1(1 = xe)(euy + e*us) || 1 () = O(VE),
and
”52112”H1(G) = 0(e);
we obtain the main estimate for the error
Jue — (ug + ew)|| g1y = O(Ve). (3.6.11)
On the other hand,
lewi||z2(q) = O(e),
and so
Jue — 110”L2(G) = 0(Ve). (3.6.12)

The estimates (3.6.11) and (3.6.12) justify the asymptotic approxi-
mation and the homogenized problem.
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Y

7. When the Equivalent Homogeneity Hypothesis is
Wrong: Some Remarks on High-Contrast Media
Homogenization

7.1. Composite reinforced by highly conductive fibers

Now, we discuss a special case of a composite material such that the
equivalent homogeneity hypothesis is not true. In the above example,
the structure of the solution is as follows: function wug independent of
small parameter ¢ plus small (of orders £ and higher) rapidly oscil-
lating correctors cu; and e2uy. We give an example in which the fluc-
tuations of the solution are great (of order 1), and so any solution for
a problem with constant coefficients is not close to the strongly fluc-
tuating exact solution to the problem in the heterogeneous medium.
This example is concerned with the second small parameter in the
problem, i.e. the ratio of conductivities of compounds constituting
the composite material. Consider three non-intersecting (and not
touching one another) 1l-periodic systems of parallel infinite cylin-
ders oriented in the directions of axes &1, &2, and &3 (we describe the
geometry of inclusions in terms of fast variables &, see figure for the
fiber-reinforcing composite material at the beginning of this chapter).
Denote the space occupied by these systems of cylinders as By, Ba,
and Bjs, respectively. Define function K, (&) to be equal to some pos-
itive great number w >> 1 for £ € By U By U B and equal to 1 out
of the set By U By U B3 (the so-called high-contrast coefficient).

Consider a boundary value problem for the conductivity steady-
state equation

—div (Kw (g) Vu€w> =0, z=(x1,29,23) €, (3.7.1)
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set in a unit ball Q C IR? with the boundary condition at the unit
sphere 0€):

Uew = P(T), (3.7.2)

where ¢ is the given smooth function.

The crucial condition for the validity of the equivalent homogene-
ity hypothesis is that e?w << 1. In this case, it is proved [15] that
the solution to problem (3.7.1),(3.7.2) is close to the solution to the
problem

—div(KVug) =0, == (x1,22,23) € Q, (3.7.3)

uploa = ¢(z), (3.7.4)

where K is a diagonal matrix with the concentrations of the fibers of
each coordinate direction on the diagonal, i.e. K;; = 6; = mes(B; N
Q@1), where @) is a unit cube. This means that

max |uey () — ug(z)] = O(ev/w +w™1/?).

zef

In the cases where e2w >> 1 and 2w = const, one can find a
function ¢ such that the equivalent homogeneity hypothesis is wrong.
It can be proved that in the system of cylinders B,; = {z : z/e € B;}
obtained by the homothetic contraction of Bj;, with the factor 1/e
times, the following estimate holds:

max [uey(x) — uoi(z)| = O((evw) ™" +¢)

IEGBEZ‘

for e2w >> 1 and

max |us(x) — upi(x)| = O(e)
r€Be;

for £2w = const = k.

Here, the vector (ug1(z),up2(x),us(x)) is a solution to the fol-
lowing multicomponent homogenized system of equations:

. 82’LL02‘
Ox?

2

=0, i=1,2,3, x=(x1,22,23) €, (3.7.5)

uoiloa = ¢(v), i=1,2,3, (3.7.6)
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for e2w >> 1 and respectively

D% L
B (9:;31 * Klil ZDUUOJ =0, 1=123, =z= (x1a$2a$3) € Qa
7 j=1
(3.7.7)
upilon = ¢(x). i=1,2,3, (3.7.8)

for e2w = const = k.

Here, ﬁij are some constants; the algorithm of their computation
is given in Refs. [15] and [16].

Functions ug; may be very different, and so they provide great
oscillations of order 1 at the characteristic distances between the
fibers, which are of order €. Physically, it means that the very high
conductivity of the fibers translate the temperature from the bound-
ary to inside the ball, and so some neighboring inner point fibers may
have very different temperature if their ends at the boundary have
very different temperatures.

7.2. High-contrast spectral problems

The previous section gives an example of a high-contrast media
homogenization which is different from the classical homogenization
in the case where e2w = const or 2w >> 1. This example presents only
one of multiple applications of high-contrast composite materials.

In particular, such materials exhibit the existence of the so-called
band gaps, i.e. some intervals of the frequencies when the waves are
stopped in the material and do not propagate through. These inter-
vals depend on the microstructure of the material so that such mate-
rials can “absorb” the waves of given frequencies. The mathematical
description of such materials is related to the spectral analysis of the
operators considered previously in this chapter.

However, spectral problems are outside the scope of this book.
So, we refer to an excellent presentation of this topic in Ref. [10].

Also the so-called dynamic materials with time-dependent macro-
scopic properties are studied in [25].
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Chapter 4

Dimension Reduction and
Multiscale Modeling for
Thin Structures

We consider as thin structures cylinders or rectangles with the char-
acteristic diameter of cross-section | << L, where L is the length
of the cylinder or rectangle. Also, we consider finite unions of such
cylinders or rectangles.

Such domains describe the geometry of industrial installations,
such as Tour Eiffel or the geometry of network of blood vessels.

First, let us introduce the main ideas of the asymptotic approach
of dimension reduction. To this end, we consider the simplest thin
domain: a thin rectangle. We assume that the small parameter ¢ is
the ratio of its thickness [ and its length L, i.e. e = /L << 1.

1. Dimension Reduction for the Poisson Equation
in a Thin Rectangle: The Case of the Neumann
Boundary Condition at the Lateral Boundary

Consider the thin rectangle
G. =(0,1) x (0,¢) C R?,

where ¢ is a small positive parameter. Denote I'g and I'; as the parts
of G, corresponding to x1 = 0 and z1 = 1, respectively.

101
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X

[~ G=01x(05 ‘«rl
0 1 X

Consider the following problem:
—Au. = f(x1), =€ Ge,
—8 =0, 9G\(TyUTy),
Uge :go(mg—?), x €Tly={x; =0} NIG.,
us =0, zely={x;=1}Nn0G.,

(4.1.1)

where
e LQ((()? 1))’ ZBS 0(2)([07 1])’ ()0,(0) - ()0,(1) =0.

Let us apply the dimensional reduction method. Consider the follow-
ing reduced one-dimensional (1-D) problem on (0, 1):

_1)//(371) = f($1)7 xr1 € (07 1)7
{U(O) =(p), v(1) =0, (4.1.2)

1
where () = J p(£)dE.

We see that its solution wv(x1) satisfies the equation and the
boundary conditions at 0G. everywhere except for I'g. In order to fix
this mismatch, let us consider the following boundary layer problem
in IT =R; x (0,1):

3

1

=R, x (0,1) ¢=x/¢
0 =&

Find the u(J)BL (f) solution to

—Aquft =0, ¢ell

BugL
Ong

ug"(0,&2) = (&) — (#),

= O’ 52 = O or 52 = ]_’ (413)
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and the function u(J)BL (%) is called the boundary layer corrector. Let

us prove that the bounded solution (4.1.3) exponentially decays as
& — +4oo. To this end, expand ¢ — (¢) and uBL in Fourier series
with respect to &o:

+o00
o~ (@) =3 an cos(ntan),

n=1
L&, &) = ZA (&1) cos(méan).

For A,,, we get the following ordinary differential equations (ODEs):

_A;; + (ﬂ-n)2An =0, gl >0,
An(0) = ap.

So,

+oo
= Z ane” ™1 cos(méon). (4.1.4)
n=1

This result is called theorem of Phragmen—Lindelof type which states
that

301, C > 0 : |ulE|, |[VuPl] < Cre= 241 (4.1.5)

An asymptotic solution is the sum

ul = v(xy) + ubr (5)’ (4.1.6)

and for any integer J, the following estimate holds:
[ug = uell g1 (o) = O(e7). (4.1.7)

The proof is given in the next section.

Let us find the distance from I’y where the boundary layer correc-

tor uf™ (£) has the “tail” smaller than e”. Using estimates (4.1.5),
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we get the following equation:
Cle*@g <&’

So, the thickness of the boundary layer area is

d ~ const x Je|lnel.

X2

BL zone 1D solution zone

0 ) 1 X1

In BL zone, [uf*| > 7.

2. Asymptotic Coupling of Models of Different
Dimensions: Method of Asymptotic Partial
Decomposition of the Domain (MAPDD)

In this section, we discuss the problem of coupling of models of dif-
ferent dimensions. Many real-world problems are related to solv-
ing partial differential equations in domains of complex geometry,
combining multiple thin parts with massive parts, such as a set of
blood vessels, structures in aircraft and spacecraft, industrial instal-
lations, and pipelines with reservoirs. Direct numerical computations
with standard codes are impossible because such complex geometries
need a very fine mesh “feeling” all elements of the structure, and
so the three-dimensional (3-D) computations need too much time—
memory resources. This is why the dimension reduction is a very pop-
ular trend in reducing computational cost; however, the completely
reduced models loose very important local information and are not
precise. For example, in blood circulation modeling, 1-D models are
widely applied but the description of the clot formation and blood
flow near a stent needs a 3-D local zoom. How to glue the mod-
els of different dimensions? We describe an asymptotic approach to
this problem, based on the asymptotic analysis of partial differential
equations in domains containing thin parts, connected sets of thin
cylinders. For example, the Navier—Stokes equations are used in the
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hemodynamic modeling. We present the method of partial asymptotic
decomposition of domains (MAPDD) which gives a high-precision
coupling of models of different dimensions.

Consider the model problem (4.1.1) and reduce the equation in
the part of the domain G., where the boundary layer is less than
e/, ie. for 1 > §, keeping the full dimension in the small part

G.s = (0,8) x (0,¢), i.e.

%
aug
‘ X ~on =0
£

‘b%s_(p()i"z) -Aug=1f(x,) I Ug=0
0 6 dug 1 ;Xl
- an =0
dUgs _
~an =0

usaz(p -Allg(s:f I;g

() (=0

Y

dlgs d
on 0

2-D/1-D junction conditions:
U56(57 x2) = Ves (5)7

1 [ ous ,
L[5 ma)des = —ils(0)
0

_Aue,é = f(xl)a HAS G6,57

ou
— ({9;5 =0, xe€ 8G5,5\(F0 U F(;),
X
Uss = ¢ (;2), x € Iy, (4.2.1)
—'Ug’(; = f(xl)a T € (57 1)7

ve5(1) =0,

where I's = {z1 = d,25 € (0,¢)}, and let us set at the interface I's
the following conditions relating function u. s depending on (z1,2)
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to the function v, s depending on z1 only:

us,é(éa 332) = U6,5(5)7

}/6 <_aaqf»c€f (0, ”2)> diry = = 5(9). (4.2.2)

Problems (4.1.1) and (4.2.1), (4.2.2) are well posed (each of the
two problems has a unique solution satisfying an a priori estimate),
and extending u. 5 to the domain G.\G. 5 as

Ue 5(21,02) = v 5(21),
one can prove the following.

Theorem 2.1. Given J € N, there exists a constant C independent
of J such that, if 6 = C'Je|lng|, then

ue — e sl 6.y = O(e7).

This theorem is proved in Ref. [1].
In order to prove this theorem, we multiply the boundary layer
function by a cut-off function

I

n5(x1) =1 (7),
where 6 < 1/2,

1 for y € [0, 1],
n(y) =
0 for y € [2,+00),

n € CO([0,+0)),
a5 =) +ug” (2)n (5),

and & corresponds to €712, i.e. Cre=C200/9) < ¢/+2 with €y, Cy con-
stants from (4.1.5). Then, one can check that this function satisfies
equation (4.1.1) with the discrepancy O(e”)

—Auls = f(z1) +res(2), (4.2.3)

and exactly the boundary conditions.
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Here,
75l 2 () = O(e”). (4.2.4)

Passing to the weak formulations for u. and u. s, we introduce
the functional

I(u,v) —/Vu-Vvdx—i—/fvdx, (4.2.5)
Ge Ge

Sobolev space
Hp(Ge) = {ve H'(G:)[v=00onToUT}},

subspace

v )
H 5 deco = {U € Holr(Gs)\a—xQ =0in GE\G5,6}>
and space

ov .
He 5 dec = {v € Hl(G€)|v|p1 =0, 8—3;2 =01in GE\GM}.

Then, the weak formulation for (4.1.1) is as follows:
Find u. € HY(G,) such that

x
u8(07x2) = (?2>7 U5(17.Z'2) - 07
and Yv € HY(G,),
I(ug,v) = 0; (4.2.6)

for equation (4.2.3), with the boundary conditions of (4.1.1), we have:
—find @, s € H'(G.),
such that

~ € ~
@5(0.02) = (), aes(0,2) =0,

and

Yo € Hip(Ge), I(icgs,v) = /re,gvdx. (4.2.7)
Ge
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The weak formulation for the problem (4.2.1), (4.2.2) is as follows:
—find u. 5 € He 5 decs
such that
Ue5(0,22) = ¢ <%>7 Ue (1, 22) = 0,
and
Vo € He 5 deco, 1 (ues5,v) =0. (4.2.8)

Subtracting (4.2.6) from (4.2.7) and(4.2.8) from (4.2.7), we get

Yo € Hip (G /V — Ues) - Voder = /re,gvda:, (4.2.9)

Ge Ge
and
Vv € H; 5 dec,0, /V(u&g — Ue5) - Voder = —/re,gvda:. (4.2.10)
Ge

Taking v = u. — . 5 in (4.2.9) and u. 5 — 1. 5 in (4.2.10) and applying
then the CBS inequality and Poincaré—Friedrichs inequality, we get

IV (ue — e s)l2c) < Cllresllze)

[V (ues — e s)ll2@) < Cliresllzz )
Applying the triangle inequality, we get
IV (e = ue 6) 2y = O7),
and so
e — e sl = O(E). (42.11)

This estimate justifies the MAPDD in this model case.

Using the same scheme, one can justify this method for more com-
plex thin rod structures which are the finite unions of thin cylinders
(or rectangles in two-dimensional (2-D) case).
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Thin structure
Be

&

«8»

S~¢llng|

Partial asymptotic decomposition of the domain (partial asymptotic reduction).

3. Dimension Reduction for the Poisson Equation
in a Thin Rectangle: Case of the Dirichlet
Boundary Condition

Consider the Dirichlet’s problem for Laplacian in a thin rectangle:
Ge = (Oa 1) X (0>€)a
{—Aue = f(z1), =€G., (4.3.1)
uelpc. =0,
where f € C(*)([0,1]).
(1a) Case of f € C’éoo)([(), 1)):
Let us seek an asymptotic solution in the form

J
ul) =37 My (e, 2, (43.2)
=0

where u; € C?)([0,1]?) and J is an even integer, J > 0.
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Plugging ug‘l) in (4.3.1), we obtain

2 2
N DA ) BN )

u
ox2 ¢ o0x3 ¢
J J 54
I+ 2, 297U
= £ 3?1752 £ (z1,82) .
{ ; ; ES) }52:?2

J J+2
&u 0Py
— { ;8 agg (xlaéé) llz_;g a(lf% (x17§2)}‘£2_1?27l/_l+2

J
— -y <32Ul Ul2> _ It Puj1 T H2 32“{
P &2 ox? Ox? Ox?
Here, u; = 0if [ < 0.

Equating this expansion to the right-hand side f(z1), we get a
chain of problems for w;:

_%ul('xhéé) - %7”72(331752) + fél(b 52 € (07 1)7 (4 3 3)
uilgy=0,1 = 0.
For [ =0,
1
uo = s — 1)~ ().
One can check directly: for odd [, u; = 0, and
A
Au™ = f(x1) +re(z), €,
(4.3.4)
(/) _
us”’ |og. =0,

re = 22 _ o2y 12(a,)
Ox?
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(more exactly, O(e/+2\/mes G.)), and so taking into consideration
that ug‘]) vanishes for z1 = 0 and z; = 1 due to the condition f €
C'(()OO)([O, 1]) and using the a priori estimate, we get

e — |1y = O (5J+2\/mesc:€). (4.3.5)

(1b) Case of f = 0 in some neighborhood of 1 = 1 but f # 0
if 1 = 0: In this case, the boundary condition at I'y fails. So, let us
introduce the boundary layer corrector

J
1 X2
uBLU) Z€l+2ulBL <?’?), (4.3.6)
1=0

where ulBL 2,=0 compensates the trace |z, —o:
BL
Uu; |551:0 = _ul|x120-

So, we get for ulBL, a chain of problems in dilated variables & belong-
ing to the half-strip I = Ry x (0, 1):

f2
1
0 %
—AguPl =0, € ell,
uPl =0, if & =0,1, (4.3.7)

ulBL(Oaéé) = _ul(0>£2)‘

As in Section 1, let us prove that the solutions of (4.3.7) decay
exponentially as & — +o00. To this end, we use the Fourier series:
let

—u(0,&2) = Z by, sin(&amn),
n=1
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then we seek
B(&1,8) =D Bu(&) sin(&mn),
n=1

and for B,,, we get the ODEs

—B! + (7n)*B,, = 0, & eR,,
B (0) = by,

B,(&1) — 0 as & — +oo.

So, By, = b,e ™1,
o0
= bue ™ sin(&mn). (4.3.8)
n=1
So, we prove the theorem of Phriagmen—Lindelof type:
3C1,Cy >0 ‘ulBL’, ’VulBL‘ < Cre= @8 (Cy = ).

In order to obtain the error estimate, we introduce the “corrected”
asymptotic solution:

u (1, 2) + a2 (2) nizm),

where

n(t) —{ .

0, if [¢t| > 2,

n e CA(R) is a cut-off function.
Calculating the residual, we get

BL(J)
re — (Aqu(J)n(?)xl) + QLn/(i’)xl) + uEBL(J)n”(le)>

o0x1
=0 <5J+2\/mes B8>.



Dimension Reduction and Multiscale Modeling for Thin Structures 113

So, we get an error estimate
Hue - (ug‘]) + uEBL(J)n) HHl =0 (5J+2\/mesB€>.

&

ug)+ uBEL( /)

0 5 1 X1

As in Section 1, we evaluate the thickness § of the boundary layer.
Using the estimate

W) )] < ye-Comil,

we see that it is smaller than e/ for z; > § such that
016*025/6 é eJ’
and we obtain the following formula for o:

0 = constJe|lne|.

4. Dirichlet’s Problem for Laplacian in a Thin
Tube Structure

Consider the domain B, = B} U B2, where B! = (—1,1) x (—%, %),
B? = (—5,5) x(0,1).

%
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Consider the following problem:

{—Aug =1 in B, (4.41)

u€|aBE = 0

Let us describe the construction of an asymptotic expansion.
Step 1. Define “Poiseuille”-type solution:

AN
Ul(z) = -1 (x% — %) in B,
, (4.4.2)
Uia) =4 (a3 -5) in B2,
Step 2. Multiply U} and U2 by the cut-off functions

wy() = UN@) (1= <§;>>+U2( )(1_77(%)). (4.4.3)

Plugging it in the equation, we get

—Aujy=1+F (g),

P =120 ()= D (9
+1=n (%) 8 (51 )77” (%2)

—1for €€ (—6,6)2NII,

11 11
IT=R x <—§,§>U(§,§> XR+,

F =0 out of (—6,6)2.
Step 3. To compensate residual F' introduce upr (), solution to

{—AsuBL =—F(¢), ¢ell,
upr|on = 0.

Clearly, there exists a unique solution from HO1 (IT) and
lupLl, [Vupr| < Cre= €2l
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Step 4. Construct boundary layer correctors (as before) to com-
pensate traces of uf, on

A(=10) — {x1 =129 € (—i, E)}  UBLEL0) (¢,

2°2
10 — {a:l =1,29 € (—%, %)} cUBLA0) (g,
S T I B

Finally, the asymptotic approximation is

ut = Ula) (1-n (%)) +02(2) (11 (%))

+Upz (Z) n(3a1)n(3r2)

_ r1+1 x
+UBHC0) (B2 a4 1)

1 —1 x
+uBt00 (221 22y, - 1)

+UBLOD <% “271> n(3(ws — 1)), £<1/9.
All boundary layers decay exponentially by Phrigmen—Lindelof
theorems, proved by Fourier analysis.
Calculating the residual, we see that it is of order
O(e7*2/mes B.) in L? and applying an a priori estimate we get
as before

Jug — UaHHl(BE) = O(€J+2\/ mes B.).

5. Method of Asymptotic Partial Decomposition of
Domain for a T-shaped Domain

Decompose

B = Bl B2 BYO U B U B B,
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where

B;(;:(—Ha,—a)x( ;;) (6,1 §8) x (_5 5),

272
B (5 5) <610,

=50 (530 (55) 00

BGY = (<1,-140) x (-2, 2),

2’2
(1,0) € £
B€6 (1_571) <_§’§>7
Ba(g’l) = <__7 %) X (1 - 5a 1)
%
1
(0,1) §=Clellnel
Bes 1-5
BZs
1)
-14+8 -0 5 1-6
(0,0)
1,0 10 | o
-13‘(g5) Bes (55) 1x
\/ B;a \/

Consider an approximation wug: it is the solution to equation
—Aug = 1;

in Big’o) with boundary condition ug = 0 on JdB: N 8B(0 0),
ug = U} on OB( N{z1 = £}, ug = U2? on OB ﬂ{$2—5}

in BSL ) with boundary condition ug = 0 on dB. N OB(H 0
ug = UL on 8BSE1 D' {r1=+(1-0)};

9

in Béév ) with boundary condition ugz = 0 on 0B. N 3322,1)7
ug = U2 on {9 =1 — §}.
We define ug = U} in leé’ ug = U2 in BEQ&
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The error estimate is given as follows.

Theorem 5.1.
e — uall (B = O (5‘]+2\/mes Be).

This method economizes computational resources. The problem is
reduced to independent problems in Bég,o)’ BSLO), and Bég’l), which
can be solved in parallel.

This approach is generalized in the case of the Stokes and Navier—
Stokes equations in thin tube structures modeling the blood flow in
a network of vessels [1,2].

6. Method of Asymptotic Partial Decomposition
of Domain for Flows in a Tube Structure
(Applications in Hemodynamics)

Being motivated by the modeling of blood flow in a network of blood
vessels, we consider the Stokes equation in a tube structure. These
domains are connected finite unions of thin finite cylinders (in the 2-D
case, thin rectangles). Each such tube structure may be schematically
represented by its graph: letting the thickness of tubes to zero, we
find that tubes degenerate to segments.

6.1. Tube structure: Graphs

Definition 6.1. Let O1, 04, ...,Ox be N different points in R?, d =
2,3, and ey, es,...,ep be M closed segments each connecting two of
these points (i.e. each e; = O;,Oy,, where ij, k; € {1,...,N},i; #
k;). All points O; are supposed to be the ends of some segments e;.
The segments e; are called edges of the graph. A point O; is called a
node if it is the common end of at least two edges, and O; is called
a vertex if it is the end of the only one edge. Any two edges e;
and e; can intersect only at the common node. The set of vertices is

supposed to be non-empty.
M
Denote graph B = |J e; as the union of edges and assume that
j=1
B is a connected set.
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Let e be some edge, e = O;0;. Consider two Cartesian coordinate
systems in R?. The first one has the origin in O; and the axis Oixge)
has the direction of the ray [O;0j); the second one has the origin

in O; and the opposite direction, i.e. Ojige) is directed over the ray

[0;0;).

]Further, we choose one or another coordinate system denoting the
local variable in both cases as ¢ and pointing out which end is taken
as the origin of the coordinate system.

With every edge e;, we associate a bounded domain o; C RI-1
having a Lipschitz boundary do;, j = 1,..., M. For every edge e¢; = e

(e)
€

and associated o; = o(®), we denote by II:” the cylinder

(e)f
11l = {x(e) e R?: xge) € (0, |e]), a:E € 0(6)},

where 2(¢) = (wée), . ,wgle)), le| is the length of the edge e, and
€ > 0 is a small parameter. Note that the edges e; and Cartesian
coordinates of nodes and vertices O, as well as the domains o}, do
not depend on €.

Let Oy,...,0pN, be nodes and Opn,41,...,0n be vertices. Let

wl, .., wh be bounded independent of ¢ domains in Rd with Lips-
chitz boundaries dw’; introduce the nodal domains w! = {z € R4 .
Xr — Oj .

——= cwl}.

Definition 6.2. By a tube structure, we refer to the following domain:

Ny

= (Un)U(Us)

j=1
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Suppose that it is a connected set and that the boundary 9B; is
C?-regular except for the corners between the lateral surfaces of the

1
cylinders H§6N1+ ), ..., 1Y) and their bases o+l o,

Tube structures.

6.2. Formulation of the problem

Consider the Stokes equation in the tube structure B:

—vAv+Vp =0,
div v = 0, (4.6.1)
V‘BBE =8

Assume that the fluid velocity g at the boundary 0B, has the

following structure: g = 0 everywhere on 0B, except for the set

o1+l ol of bases of the cylinders ngNlH), . ,ngN) associated

to (i.e. containing) the vertices Oy, +1,-..,0nN, i.e.

g@)],; = (52) ], J=Ni+1...N,
=0, (4.6.2)

x) N

oB\( U o?)

J=N1+1
where g/ is a smooth function belonging to C’ég) (Ug) such that
div g/ =0 on o, faBEg-nds:O, v>0.
To define the weak solution, we use the approach of Section 7
in Chapter 2. Namely, it is a vector-valued function v € H'(B.)
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satisfying the conditions div v =0, v|pp. = g such that
Vw € Hgiy = {u € H}(B:)|divu =0},
/I/Vv -Vwdz = 0.
Be

In the following, we describe the MAPDD for this problem; its
justification is similar to the justification in the case of the Dirichlet
boundary layer problem for the Poisson equation (Section 5).

6.3. Partial asymptotic decomposition of the domain
for the Stokes equation

Let us define first the Poiseuille flow in an infinite tube II. = R x Jg .
It is an exact solution to the Stokes equations

—vAvp + Vpp =0,
div vp = O,
VP‘BHE - 07

and it has the form, in the case d = 3,

avpg(za, x3)
vp(x) = 0 ,
0

pp(x) = —az1 + 0,

where a, 8 € R, vpg(z2,x3) satisfies

~vAvpg = 1, (22, 23) € oL,

UP0lges = 0;

in the case d = 2, ol = (—%, %)

vp(z) = <Oé'l)p(())(x2)> )

pp(r) = —axy + 3, vp(r2) = ~3, (23 —2/4).
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Note that in the case where o is a disk of radius /2,

Denote (Vp(x),pp) as the Poiseuille flow in another coordinate sys-
tem obtained by rotations, i.e. in the local coordinate system associ-
ated to e;.

Let us describe the algorithm of the MAPDD for the Stokes prob-
lem set in a tube structure B;. Let § be a small positive number much
greater than e (it is chosen to be of the order O(e|lnel)). For any
edge e = TO] of the graph, introduce two hyperplanes orthogonal
to this edge and crossing it at the distance § from its ends.

Denote the cross-sections of the cylinder ng) by these two hyper-
planes, respectively, by S; ; (the cross-section at the distance ¢ from
O;) and S;; (the cross-section at the distance ¢ from Oj), and denote

the part of the cylinder ng) between these two cross-sections by
B%ec’g. Let Bf"S be connected, truncated by the cross-sections S ;,
part of B, which contains the vertex or the node O;.

Sij Sji

) dec& 1)
BI-]-

Truncation of the cylinder ng)_

S n S. I
)
£,8
B;
S, i S i

Connected component Bf"(s‘
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Introduce the space H&iv:O(BE) of all divergence-free vector-
valued functions from the space H'(B.) vanishing for z €

8Bg\(U§-\’:N1+1U§).
Define the subspace HY _,(B.,d) of H} _,(B.) such that on

dec,e
ij

tions) coincide with the Poiseuille type flows v p. We also consider the
subspace H&,div:O(BE’ §) of the space H; _,(B:,d) such that its ele-

ments vanish on the whole boundary dB. and the subspace L?(B:, )

of the space L?(B.) such that its elements are affine functions of xge)

on every truncated cylinder B?jec’s

The MAPDD replaces problem (4.6.1) by its projection on
HY _o(B.,6): Find vq € H},_o(B:d), valop. = g such that
Vw € H(%,div:O(Baﬁ 5)’

every truncated cylinder B , its elements (vector-valued func-

/VVVd -Vwdzx = 0.
Be

For numerical implementation, it is more convenient to use the
weak formulation with pressure:

Find vq € HY(B.,8),v4lop. = g, and pg € L*(Bc,d) such that
Vw € H(Be,d), g € L*(Be, ),

/VVVd -Vwdx — /pd div wdz + /q div vgdx = 0,
Bg BE B5

where H'(B.,d), H}(B-,d) are the subspaces of the corresponding
spaces with elements coinciding with the Poiseuille type functions
Vp on B%ec’g

It is proved [2-4] that there exists a constant C' > 0 such that
given J € N* if § = C'Je|In¢|, then the exact solution (v,p) and the

MAPDD solution (vg, pg) satisfy the estimate

IVa = V(s + Ipa — pll2s.) = OE),

where p; and p are normalized as follows:

/pddx =0, /pdx = 0.

Be Be
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This approach is justified for the non-stationary Navier—Stokes equa-
tions and non-Newtonian flows. Numerical experiments confirm the
effectiveness and high precision of this method.
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Appendix A

Diffusion Equation with Dirac-like
Potential: Model of a Periodic Set
of Small Cells in a Nutrient

In Section 7 of Chapter 3, we have seen that in the case of presence in
the model of multiple small parameters, the standard homogenization
procedure may fail. So, in the case where the model contains two or
more parameters, more detailed analysis is needed. This section gives
an example of such an analysis in the case of the diffusion equation
with periodic potential:

Ou,
ot

where ¢ is a periodic bounded measurable function.

Applying the method of Section 3.4, we can easily determine that
the solution can be asymptotically approximated by the same equa-
tion with the averaged potential, i.e.

— Aug + q<$/5)ue = f(l',t),

U0 — g + {ahuo = (1),

However, if the support of the function ¢ has a small measure
but its average is constant, the answer is more complicated, and it
depends on the relation between small parameters. The functions
having support of the small measure and finite integral are general-
izations of Dirac’s function. To understand the difficulties of the for-
mulation of partial differential equations with Dirac’s potential, let us

125
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consider the following “toy problem” having an analytical solution
and introduced by V. Volpert.

1. On the Approximation of Dirac’s Potential

Let us define a solution for elliptic equation with Dirac potential
in the case of dimension d > 1. This problem is considered as a
limit in some sense of the same equation with the potential vanishing
everywhere except for a small disc (ball), where it is equal to a large
parameter w, so that its integral is equal to one.

Consider the equation

Au—q(x)u=0 (A.1)

in the two-dimensional (2-D) disc B = {|z| < 1} with the boundary
condition

ulon = 1. (A.2)

Function ¢ is taken in the form

()_{w, | <6,
=0, |2 =,

where w > 1 and § < 1 are positive constants related by the condition
162 =w L
This relation means that the integral of ¢ is equal to one. If w tends

to 400, then ¢ approximates Dirac’s delta function.
Let us rewrite the problem (A.1), (A.2) in the polar coordinates:

u%m+%umo—ﬂmu:@ (A3)

u'(0) =0, wu(l)=1. (A4)

We consider it separately for » < § and r > §. Let us introduce
functions v(r) = u(r) for r < § and w(r) = u(r) for r > 4. Then, we
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have two problems:

v”(r)—i—%v(r)—wv:O, 0<r<s, (A5)
o(0) = 0, (A.6)
and
w’ (r) + % w'(r)=0, d<r<l, (A.7)
w(l) = 1, (A.8)

with the matching conditions
v(6) = w(d), V'(§) =w'(9). (A.9)

We use the notation a = v(9).
Let us begin with the problem (A.7), (A.8). We have

(rw') = 0.
Hence,
rw =c1, w(r)=cilnr+cs.
From (A.8), we obtain ¢ = 1, and from (A.9),

a—1
Inéd

cilnd+1=a, c=

Hence,

a—1
Inéd

Let us consider the problem (A.5), (A.6). Introduce a new inde-
pendent variable { = y/wr and a new function z(§) = v(r). Then,

V() =vw (), () =wz"(g),

Inr+ 1.

w(r) =

O+ =) 28 =0, 0<€<iVow, (A.10)

Z'(0) = 0. (A.11)
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Let ¢ = i€ (i = v/—1). Then,

y"(C) + % YO +y() =0, 0< ] <ova. (A12)

We have
y(C) = C3J0(C)’

where Jy is the Bessel function of order zero. We use its known
asymptotic expansion:

2 4
JO(C):l_%+22C7—"-. (A.13)
Solution to the problem (A.10), (A.11) reads
2 4
2(8) = y(¢) = e3Jp(i€) = c3 <1+ 2—2 4 225—424_)

We can find c3 and a from conditions (A.9):

. Ca a—1
csJo(ivwd) = a, cgv/widf(ivwd) = L
i.e.
. . a—1)\/7
esJo(i/V/m) =a, c3idy(i/V/m) = %,
or
a = %, (O <a< 1),
where v = M
iJ)(i/+/7)Ino
So, in conclusion,
a—1 a
= 1 1 1 = — ] .
U= nr+1,0<r<1, wu Jo(iﬁ)Jo(z\/Er),O<r<5

(A.14)
Note that a tends to zero as § — 0. So, the solution tends to u = 1
almost everywhere. So, the almost-everywhere limit of the solution
to (A.14) is not a solution to the equation

Au —6(x,0)u =0,

where x = (1, 22). However, the sequence ugs, 6 — 07, defined by
(A.14), can be interpreted as a solution in the unitary disc of this
equation (with the boundary condition (A.2)).
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2. Periodic Dirac-like Potential

Consider a model of a periodic set of small cells in a nutrient. It is
presented by the reaction—diffusion problem describing diffusion and
consumption of nutrients in a biological tissue consisting of small
cells periodically arranged in an extracellular matrix. Cells consume
nutrients at a rate proportional to cell area and nutrient concentra-
tion. The dependence on the nutrient concentration can be linear or
nonlinear. The cells are modeled by a potential approximating the
Dirac’s delta function. It depends on a large parameter w. Namely,
it is equal to w on a periodic set of small balls having total mea-
sure of order w™! (per unit of volume), and it is equal to zero out
of the balls. We discuss the possibility of an asymptotic passage to
the homogenized model in which the distance between the cells is a
small parameter €. The parameter € may interact with w, and conse-
quently for some values of the parameters, the problem becomes non-
homogenizable in the classical sense. For the readers’ convenience, we
start with the case where the dependence on the nutrient concentra-
tion is linear and then generalize the construction in the case where
it is nonlinear. This section contains the results [1].

Consider a small positive parameter e, inverse to some integer
number. First, we consider the linear problem

Oue x B d
T — Mg+ was (g) Uew = f(2,1), €RLE>0, (A.15)
Ue (x,0) =0, (A.16)

where d = 2,3, and

1, if &€ Bs+ 174,
a5(&) = : (A.17)
0, otherwise.

1
Here, Bs is the ball {z € R? |z| < 6} such that mesB; = —. So,
w

mes B 6% = % (A.18)

1 1
For example, if, d = 2, mesBs = 76> = — and 6 = y/ —.
w wm
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length=1

e/VTw

OOOH“
O O O O
O O O O
O O O O

Figure 1. Schematic representation of cells in unit-square domain.

We suppose that f is 1-periodic in z function, f € C*(R% x [0, T)).
T
The potential wgs (—) models a J-function with support in an
€
e-network eZ.

This model describes the distribution of the concentration of some
biochemical substance (hormones, nutrients, drugs) in the presence
of a periodic cell network, consuming the substance (Figure 1). Cells
consume this substance at a rate proportional to its concentration
and to the cell area or volume. The problem depends on two small

1
parameters: € and — (measure of the potential support). We prove

w
that if e2w — 0 and w(c?w)’ — 0 for some J € N\{0} when ¢ —
0,w — 400, then u., tends to the solution for the limit problem

%—Av—{—v:f(x,t), reRt>0,

v(z,0) = 0.
Then, we consider the nonlinear version of this problem:

Oue g,

ot

— Aug , + wgs (g) F(ucw) = flz,t), x € Rd,t > 0,

Ue (2,0) =0,
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where F' is J + 2 times continuously differentiable function with
bounded derivatives of orders j = 0,1,...,J + 2, F(0) = 0, and
F'(u) > 0 for all u € R, and as for the linear case, we prove that
under the same conditions on ¢ and w, u.,, tends to the solution for
the limit problem

%—Av—i—F(v) = f(z,t), zeRLt>0,

v(z,0) =0.

Finally, we compare the theoretical results with numerical simu-
lations carried out by L. Ait Mahiout.

It will be proved that the potential can be homogenized in the
case where the condition 2w < 1 is satisfied. If this condition is not
satisfied, we cannot guarantee the closeness of the homogenized and
initial models. In the case of the third dimension, we prove that if
ew!/6 > 1, then the solution for the initial model does not converge
to the solution for the homogenized one. Moreover, outside of some
small balls having total measure 1/w — 0, the solution for the origi-
nal problem is close to the solution for the problem without potential
(just the Laplace equation). We study numerically what happens in
the case of violation of the condition 2w < 1.

Note that this problem is close in some sense to the problem of
homogenization of a perforated medium with periodic set of small
holes with the Dirichlet’s type boundary condition on the boundary
of the holes solved by different methods in [4] and [3]. The Dirichlet’s
boundary condition on the holes can be interpreted as the value of
w = oo in (A.15), (A.16). However, this case doesn’t correspond
to the Dirac’s potential, and the result is quite different, because
then there is only a weak convergence of the exact solution to the
solution of the homogenized problem. Recall that below we call a
problem “homogenizable” only in the case of strong convergence in
some natural norm.

Assume that w(e2w)”’ — 0 for some J € N\{0} when ¢ — 0,w —
+00. Note that this assumption implies that e2w — 0. Consider the
problem (A.15), (A.16).

Let T be a positive number independent of small parameters.
Let f be l-periodic in 2 function from C'(IR? x [0,T]). Consider
the problem (A.15), (A.16) for t < T. The variational formula-
tion of this problem is well known. Let HJ& (Li) be the space of
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1-periodic functions IR? — IR belonging to H} . (L2 ), ie. belong-
ing to H'(Bg) (L?(Bg)) for all R > 0. A weak solution for the

problem (A.15), (A.16) is a function ., € L>(0,T} H;E) such that

6%3“’ € L*0,T; L? ), Uswlt=0 = 0 and Vi) € H;lgu for almost all
€(0,7),

/(071)d agz,w (x,t)w(f) + vue,w . V¢( ) + wqs ( ) Ug w¢( )

= / fz, t)(x)de.
(0,1)4

Here we use the Banach spaces LP(0,T'; H). These spaces are the
spaces of functions of time defined on (0,7") and having values in a
Hilbert space H.

For the considered coefficients and a smooth right-hand side f,
this solution exists and is unique and satisfies the equation (A.15)
pointwise everywhere except for the surfaces d(Bjs. + eZ%) x (0,T),

6“5 w

where the jump through the surface of . ., and is equal to zero.

Let us introduce the limit problem

%_va_f(:g,t), reRY >0, (A.19)

v(z,0) = 0. (A.20)
The following error estimate holds.

Let V be the Banach space of functions of L?(0,T; Li) having
finite norm

lull§ = ess sup {Jul, OlI72(0 190 + IVullT2(0,10x 077
tef0,T

Theorem A.1. For any J € N\{0},
|[tew — V]| = O(evw + Vw(e®w)”). (A.21)

Proof. In what follows, we use the standard calculus for matched
expansions depending on the “slow” variable x and “fast” variable
¢ = x/e. Namely, we use the chain rule for products of differentiable
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functions N depending on the fast variable and V' depending on the
slow one:

(N (/)Y (o) = (e SOV (@) + MO G (@) Hemwye

Note that in this rule, the variables ¢ and = are considered as inde-
pendent between the brackets { and }, while after the calculation of
the whole expression, the restriction £ = x/¢ is applied. In this sense,
we omit the arguments of some functions.

Consider the following approximation:

ug‘])} = (1 + e?wNs (g) + -+ (2w)! Ns g (g)) v(x,t), (A.22)
where Nj ; satisfy the equations

AN5;(§) = q5(§)Nsj-1(§) — (gs(§)Nsj-1), (A.23)

with 1-periodicity condition, N5 =1, (Ns ;) = 6,0, j > 0. Here,

() = /(W - de.

|| Nsjll mr1(0.1y0) < C6¥2 (5> 0), (A.24)

Let us prove that

where C' is a constant independent of small parameters. For j = 1,
we get N1 to be a 1-periodic solution to the equation

AeNsi = qs(§) — (g5(£)), (A.25)

where the right-hand side has an L2((0,1)%) norm which is less than
sl L2 (0,1y2) + [146) | 22 ((0.1y0) = O(672 + 6%) = O(6%2).

Consider the equation A¢N = F(€) with F 1-periodic L? . function
such that (F) = 0. Then, N satisfies the following estimate:

/(o 1)d Vel - Veide = /(0 1)(1(_}—]\[)01g < IFllz2 0, IV 22 0,1)%)-
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If N is such that (N) = 0, then applying the Poincaré inequality,
we get

d
||N||L2(01 §||VSN||%2((071)‘1)’

Wlimoss < |5+ 1y Sl (A26)

Then, we get estimate (A.24) for j = 1.
If (A.24) holds for some j — 1,5 > 1, then the right-hand side of
equation (A.23) has an L?((0,1)%) norm which is less than

SO

lgsNs.j—1ll22¢0,1)4) + [1{@s N5, -1 2 ((0,1))

/(0 b g5 N5 j—1dE

dx

< ||Ns :_
<|INsj-1ll2(0,1)2) + /(0,1)d

< 2/[Ns i1l 20,10 = O6Y2).

So, we get (A.24) for j.
Plug (A.22) in equation (A.15):

0

o ul?) — AU<J>+W%( ) )

v ! .
=5 Av+v+ <wq5 Z(e2w)3N5,j> v

j=1

J J
+ {MQ5 Z(€2w)jN57jU - <wq5 Z(a2w)jN57j> v

=0 =0

! ONs,j Ov
1 i—1
+w|—A¢ E (e2w) 1 Ns v} — 2we g E w)’ ™ 8&] oz,

j=1 =1 j=1

J J
. , 0
- Z(EQW)jN(;)j Av + Z(€2M)JN6,j 6—:
j=1 J=1

v
= E_AU+U+ROEUJ+RIEW+R260J+R3EUJ7
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+w(e?w)” (¢sNs,7 — (gsNs.7))v,

. ONs.; \ Ov
_ 2 \j—1 J
Ry ¢ 2we E E (e*w) —8£j 9z,

J
= st]N(;] (—v+f).

Equation (A.19) is independent of small parameters, f is smooth,

so v and are bounded by a constant independent of small param-

x
eters. N5 j41 satisfies equation (A.23), so all terms between {-} paren-
theses in the last equality satisfied by R .., vanish, and so

Ricw = w(e®w)” (gsNs,7 — (a5Ns,7))0.

As before, we can prove that

a5 N5, — (a5 N5, )| £2((0,1y0) = O(0Y?),

and so

1R cwll2((0.1)ix (0.7 = OW(w)”62) = O(Vw(*w)).
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Taking into account that

KasNs. )| < 146!l 2¢0,0)2) |1 Ns 3l L2 (0,1)4)
1
< 0@ Mo") 0w =0 1),

w
we get
1Roc.0llz2((0,1y0% (0,7)) = O(°w).
Next, from the equalities
H8N5 J
9&;

we see that

HR2<EWHL2(01) 4% (0,T)) < > eVw).

Finally, ||R3 ol 12((0,1)2x (0,1 = O(€%w).
Consider the difference w = ., — §3 It is a solution for the
problem
0
(32: Aw + wqs <$) w = R.,(x,t), ze€ Rt > 0, (A.27)
w(z,0) =0, (A.28)
where R, , = — Z?:o Ric w0,
1Re wll 22 ((0,1)0 % (0,7)) = Olevw + Vw(ew)”). (A.29)

Multiplying (A.27) by w and integrating the product in z € (0,1)%
and t € [0,t], we get for any t € (0,7,

s et ttes [ ok
- w(x,t)dr + Vw - -Vw +wgs | — ) w* ) dedt
2 (071)d ( ) 0 (071)d ( (5) )
t
—/ / R, ,w dxdt
0 J(0,1)¢

< Rewllr2(0,1)2x 0,rp [0l L2 (0,1)2 x (0,7

< V2T[|Rewllr2((0,1)4 x (0, 1wl v (A.30)
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We used here the inequality |[|w|[r201)axor) < SUPefo1]

||’(U(‘,t)||L2((071)d)\/T. Then, passing to supremum for all ¢ € [0,77,
we get

lwlf$ < 2V2T (| Re |l 2((0,1yax (0.7 1wl v,

and so

[wlly = O(ev/w + (*w)” V).

Note that

1
|‘V£Nj,5‘|L2((0,1)d><(07T)) = O(éd/2) =0 (%>7

ltew = vlly = O(evw + (%w)” Vo).

The theorem is proved.
In the same way, one can consider a nonlinear problem:

Oue

ot

— Aug , + wgs (g) Fluew) = f(z,t), z¢€ R ¢t >0, (A.31)

Ue (2,0) =0, (A.32)

for a function F' which is a (H1) J+2 times continuously differentiable
function with bounded derivatives of orders j = 0,1,...,J42, F(0) =
0, and F'(u) > 0 for all u € R.
As before, f is 1-periodic in z function from C*(IR? x [0,T)).
The limit problem has the form

% —Av+F(v) = f(z,t), zeR%t>0, (A.33)

v(z,0) = 0. (A.34)

For solutions to problems (A.31)-(A.34), estimate (A.21) is
proved in Ref. [1].
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2.1. Counterexample of the convergence of the
solution for problem (A.15), (A.16) to the
solution for the homogenized equation (A.19),
(A.20) for d = 3, ewl/6 > 1

We prove that if d = 3,ew/6 > 1, then there is no convergence
of the solution for problem (A.15), (A.16) to the solution for the
homogenized problem (A.19), (A.20). To this end, we prove that the
solution for problem (A.15), (A.16) in this case converges to the solu-
tion for the equation without potential out of small neighborhoods
of the discs, and this function is not close to the solution for the
homogenized equation. In this section, f is supposed to be smoother:
f € C%(R3 x [0,T]) and additionally we assume that f(z,0) = 0.
Consider the function € C%(R) defined by

e if x > 2, A.35)
1= 0 ite <1, (.
Define now a 1-periodic function 77 € C?(R?) such that
. 4 L1y’
w = < T 579 ) A.
7w(8) 77<5 vee (-3 (A.36)
_ 1
where § = (4“)7”) 1/3 is the radius of a ball Bs having measure —,
w
§ < 3.
Consider
w®(z,t) = w(z, )i, (5) + (1 "y (f)) f(,t) (A.37)
’ ’ 5 € w
where w is a solution for the problem
ow
— — A= f(x,t), xR t>0,
ot (@1) (A.38)
w(z,t =0)=0.
Then, for z € B.s + (¢Z)3, we get
ou’ a AN 1 [/of B
o~ Aut+wgs (Z) ut = flat)+ = (5 - Af) = [+ Reula.t),

(A.39)

. 1
with [[Rewllr2((0,1)3x(0,1)) = O <—>

w
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For o € R\ (Ba.s + (cZ%)), we get

8;; a <x>u“:%—Au“: %—i’—Aw:f, (A.40)
and for = € (Bazs \ Bes) + (€2)?, we get
% — Au® + wag (g) ut = a;: a_ cwl(@t), (A41)
where
Rea(w) =~ + o () + S (- (2)
o (o (2)) 9 (-0, (2)) 1))
= s+ (G -s0 ) (2) « 55 (- (2)
o (55 (2) o (o 2)
—div (v (1= (3)) 1))@
Here,

1
and its support in (0,1)3 x (0,7) has a measure of order —, and
w
measures of the supports of all other terms

S (- (2) v (v (2). av (avi (2)),

div (V ((1 — N <£>) f)) w1 are also of order i; on the other

1/3
hand, |V, =0O | — |, and so
€

e~ w?/3 1 1
[ @V ey (/)2 ((0,1)3 x (0,1)) = = @) (A.42)
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So finally, for 2 € R3,

ou®
ot ( )u =f+R: w(x t) (A43)
R.,=RY, —divR! (A.44)
where
R, (x,t) =
@{ Af) in Bes + (eZ2),
A.45)
. (T 10f . /T (
(e (2) -1+ 55 (-2 (2))
—(V) - (Vi) in R3\ (Bes + (¢27)),
R, =0V, (g) + V(1 =) e, (A.46)
1
0
1Rz wllL2((0,1)3x0,1)) = O <5w—1/6>’ (A.47)
1 1
1R wllz2 (0,103 0,1y) = O <5w—1/6 , (A.48)

As before (see (A.27)-(A.30)), we can prove that |[u® — u. 5||y =
1
@) <—1/6>; only one modification should be done: the right-hand
Ew
side of (A.30) admits the following estimate:

/ / LW F R; w - Vw)dadt
0,1)3

< IR Ll 2201y < 0m) 1w L2 (0,12 x (0.7
+1IRL  r2(0,1)3 x 0.0 [Vl 220,13 (0,7))

< (VATIIR 2oy x(oim))

+ IR oo xomy ) el

So, if ew!/® — +o0, then in the norm V, uz s tends to w (out of
Base + (Z)3) and not to v.
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To confirm the theoretical results obtained above, we present
numerical simulations in 2-D and 3-D cases using the finite element
code FreeFem++ for three problems: heterogeneous problem, the
corresponding homogenized problem and associated problem without
potential. We compare solutions of these problems at time ¢ = 0.5.
We show that increasing of values of the parameter a = ¢%w leads
to the loss of “homogenizability” of the equation, and for large val-
ues of «, the solution starts to approach the solution to the problem
without potential outside of small neighborhoods of the inclusions.
This behavior is visible in the numerical tests; however, theoretically,
we justify it only for sufficiently large values of «: if « is greater
than w?/3.

3. Numerical Tests in 2-D

Consider the following three problems:
The nonlinear heterogeneous problem:

Oug ., Ty Ue
K L Augy, - %) —— =Kt 2mx);
( Y Ue, ) + wys (6 s) T+ ues cos(2mx) (A.49)

(z,y) € (0,1)*, tel0,T],
where

1, if (t,s) € Bs +Z2,

0, otherwise.

as(t,s) = {

The diameter of each ball of support ¢s (E Q) is 2e <L €.

1
el e N
The initial condition is
Ua,w(x7 y,t = 0) =0, (A'50)

and for the space variables, we set the periodic boundary conditions.
The homogenized problem:

ov
K(ZL_A
<at ”)*

= Ktcos(2rz), (z,y) € (0, 1)2,t € [0,77;
(A.51)
v(z,y,0) =0, (A.52)

1+
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with periodic boundary conditions. Although the condition of deriv-

ability of F' is not valid for v = —1, it is satisfied for all values of

v > —1, and the solution v of (A.51)-(A.52) is greater than —1.
The problem without potential:

<%—Z) — Aw) = Ktcos(2rz); (z,y) € (0, 1)2,t €[0,1). (A.53)

We consider the initial condition

w(z,y,t =0) =0, (A.54)

and periodic boundary conditions. For all three problems, we take
K =0.025.

Setting @ = €”w, we compute a numerical solution for problems
(A.49)-(A.50), (A.51)—(A.52), and (A.53)—(A.54) for different values
ofa: a1, a=1,and a > 1. In each case, we present the graph of
the approximate solutions u,, v, and w as a function of x, for y =0
fixed, at time ¢t = 0.5.

2

Case 1: tests with values of € and w such that a« < 1.

e ¢ =0.0625,w =24 : a = 0.093:
Figure 2 shows the convergence of the solution w for the heteroge-
neous problem (A.49)—(A.50) to the solution v for the homogenized
problem (A.51)—(A.52).

0.015 . . | |
u(x,1,0,t=0.5) -
001 v(x,1,0,t=0.5) ------
w(x,1,0,t=0.5)
0.005 [, o
O I -
0005k el _
-0.01 |
-0.015 . . . |
0 02 0.4 0.6 0.8 1
Figure 2. Graph of un, v, and w at time t = 0.5 of u, as a function of z, at

y = 1 fixed, for the case oo = 0.093.
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0.015 : . | |
Uu(x,1,0,t=0.5) e
oo V(,1,0,t=0.5) ------
w(x,1,0,t=0.5) ——
0.005 ;
o I -
—0.005 |
-0.01 |
—-0.015 | | | |
0 0.2 04 Py v 1

Figure 3. Graph of u., v, and w at time t = 0.5 as a function of z, at y = 1
fixed, for the case o = 1.

Case 2: tests with values of € and w such that o = 1.
e ¢ =0.0625,w =256: ax = 1:

Figure 3 shows the appearance of oscillations of solution for the
heterogeneous problem (A.49)—(A.50).

Case 3: tests with values of € and w such that o« > 1.
e £ =0.3,w =10000 : « = 900:

Figure 4 illustrates the absence of convergences for the heteroge-
neous problem (A.49)—(A.50) to the homogenized problem (A.51)—
(A52) if > 1.

4. Numerical Tests in 3-D

Consider the following problems:
The heterogeneous problem:

Ou,. Ty z _ 2 ; .
K ( 5 Au5> + wys (E’ = g> ue = (K (1 + 4tn”) + t) sin(2mz);

(z,y,2) € (0,1)3,t € [0,1],
(A.55)
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0.015 . . : .
0.01
0.005 [
0
-0.005

—-0.01

~0.015 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 4. Graph of u., v, and w at time t = 0.5 as a function of z, at y = 1
fixed, for the case o = 6.

where
1, if (s1,89,83) € Bs + Z3,
qs(s1,82,83) = ( . ) (A.56)
0, otherwise.
Ty z 31 1/3
The diameter of each ball of support g5 (—, =, —) is 2e (— —> <Le.
e € € 4w
The initial condition is
U,y 2,1 = 0) = 0, (A57)
and the 1-periodic boundary conditions are set.
The homogenized problem:
K @—A +v = (K(1 + 4tr?) + t) sin(27z);
5 v v = T sin(2mwx); (A.58)
(.Z',y, Z) € (07 1)37t € [07 1]
As before, the initial condition is
v(x,y,z,t=0) =0, (A.59)

and the 1-periodic boundary conditions are set.
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The problem without potential:

K <%—1f - Aw) = (K (1 + 4t7?) + t) sin(27x); (A.60)
(z,y,2) € (0,1)3,t € [0,1],
w(z,y,z,t =0) =0, (A.61)

and periodic boundary conditions are considered.

Introducing notation § = ew'/®, we compute a numerical solution
for problems (A.60)—-(A.61), (A.55)—(A.57), and (A.58)—(A.59) for
different values of 5 : 8 < 1, § = 1, and § > 1 noting that the
condition 8 > 1 is equivalent to a > w?/3.

In each case, we present the graph of approximate solutions uq,
v, w as a function of x, for y =1, z =0 at time t = 0.5.

Case 1: tests with values of € and w such that 8 < 1.

e ¢ =0.2,w=231:8=0.23:
Figure 5 shows the convergence of the solution w for the heteroge-
neous problem (A.55)—(A.57) to the solution v for the homogenized
problem (A.58)—(A.59).

1 T T T T

0.8 u(x,1,0,t=0.5) e i
v(x,1,0,t=0.5) ------
oer w(x1.0.t=05)

0.4
02t/
oK
-0.2
-0.4
-0.6
-0.8
-1

0 0.2 0.4 0.6 0.8 1

Figure 5. Graph of ug, v, and w at time ¢t = 0.5 as a function of z, at y = 1,
z = 0 fixed, for the case g = 0.23.
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T
u(x,1,0,t=0.5) -
s | v(x,1,0,t=0.5) ------
0.6 (T w(x1.0=0.5)

0.4
0.2

-0.2
0.4
-06
-0.8

-1

0 0.2 0.4 0.6 0.8 1

Figure 6. Graph of ug, v, and w at time ¢t = 0.5 as a function of z, at y = 1,
z = 0 fixed, for the case § = 1.

Case 2: tests with values of € and w such that 8 = 1.
e £ =0.25,w =4096: 3 = 1:

Figure 6 shows the appearance of oscillations of solution for het-
erogeneous problem (A.49)—(A.50).

Case 3: tests with values of € and w such that 3> 1.
e ¢ =0.3,w=10000:03 = 2:

Note that if § = ew!/® is sufficiently large, the solution for prob-
lem (A.55)—(A.57) oscillates, and outside the balls, it approaches the
solution for problem without potential (A.60)—(A.61) being far from
the solution for problem (A.58)—(A.59) (see Figure 7).

5. Partial Homogenization

The main idea of this section is that in the case where we have
the potential satisfying the condition (H) e?w << 1 only in a part
of the domain, then we can partially homogenize the problem leaving
the original potential in the part where this condition is not satisfied.
It means that we can combine the homogenized and quasi-discrete
description into one hybrid model. In the following we evaluate the
difference between the solutions of the completely quasi-discrete and
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U(x,1,0,=0.5) -
v(x,1,0,t=0.5) ------
w(x,1,0,t=0.5) ——

0.8
0.6
0.4 B
02"

0.2
0.4
06
-0.8 T

—1 | | | |

0 0.2 0.4 0.6 0.8 1

Figure 7. Graph of ug, v, and w at time ¢t = 0.5 as a function of z, at y = 1,
z = 0 fixed, for the case 8 = 2.

partially homogenized problems is small. For the diffusion equa-
tion with rapidly oscillating coefficients the partial homogenization
method was introduced first in Ref. [5].

Compare the following problems. The first one is the diffusion
equation with the quasi-discrete potential:

Oug ., T
1,W2
ét : - Au&,whwz + Qo ,wo (ga (El) Ue w1 ,wo

= fewnwe(@,1), T € Rt >0, (A.62)

Ue wy,wo ($a 0) =0,

where d = 2, 3,

wi, ifé€Bs, +(Z+1/2)% 2, €[0,1 —p)+7Z,
q“q,wg(é-axl) = § W2, lfg € B52 + (Z + 1/2)dax1 S (1 — My 1] +Za

0, otherwise.
(A.63)
1
Bs, is the ball {z € R? |z| < §;} such that mesBs, = —. So,

i

1
mesB6f = —, i=1,2, (A.64)

2
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1t is a positive constant independent of parameters € and w;, fz w; ws
is 1-periodic in = function, f: ., w, € CHRY x [0,7]). This problem
is called “original.” We assume that
=0, w — 400, i=1,2 2w —0.
The second problem is the partially homogenized one, i.e.

a/ungl ;W2

A q
Ve w1 ,w Gun w T1 | Ve ,w
af 1 2 1 2 8 i 1 2

= fs,wl,wg ($,t>, US Rdat >0, (A'65)
Ve w1 w5 (7, 0) = 0,
where
1, ifx €[0,1—p)+2Z,
(jwl,wz (£a$1) = w2, if g € B52 + Zdaxl € (1 — M, 1] + Za (A66)
0, otherwise.
So here, the potential ¢, ., is homogenized in the part z; €
[0,1— p)+Z. Clearly, the method of partial homogenization is espe-
cially effective when p is relatively small, i.e. when the area of the
direct numerical computation, where the homogenization cannot be

applied, is not excessively large. In what follows, assume that 1 and
1 — p are multiples of . The following theorem is proved in Ref. [2].

Theorem A.2. Let M be the norm
M = [[ve wy,wsll Lo 0,1y x(0,7)) T I VaVe w1 wsll Loo ((0,1)4 % (0,7))

+ [ fe worw2 | oo ((0,1)4 % (0,1)) -

For any J € N,
Hu&whm Ve W17UJ2HV( (0,1)¢x(0,T)) (\/Ew +yw (E wl) ) )
(A.67)
where

1
lullfr = ZGS[%I)T} ()2 0.1y + VUl 1201905 0.7
This theorem confirms that the error is small if the norm M of
the solution for the semi-homogenized problem is bounded and if
cwi << 1. The last condition is more restrictive than the above-
discussed condition (H) that e?w; << 1. However, the numerical
experiments show that the method works for the less-restrictive
condition (H).



Appendix B

Proof of Riesz—Frechet
Representation Theorem

This appendix contains the proof [6] of the Riesz—Frechet represen-
tation theorem, see Theorem 1.6 at Section 1.4, Chapter 2.

Definition B.1. Let H be a Hilbert space, x € H, M C H. Then,
the distance between x and M is defined as

dist(z, M) = inf ||z — ul.
ueM

Definition B.2. Let H be a vector space, M C H. M is convex if
and only if V(z,y) € M?,Vt € [0,1], tx+ (1 —t)y € M.
Lemma B.1. If x € M, then dist(z, M) = 0.
If x ¢ M, and M is closed, then dist(x, M) > 0.
Proof. If z € M, then taking u = x, we see that dist(x, M) = 0.
If x ¢ M, we prove dist(z, M) > 0. Assume that dist(x, M) = 0,
then Ve, > 0, 3z, € M such that ||z — z,| < &,.
Let us choose (,,)nen converging to zero.
Then, z, — = (n — +00), and so @ € M (M is closed). This
implies dist(z, M) > 0.
The lemma is proved. O

Theorem B.1. Let H be a Hilbert space, and let M be a closed
convex set.

149
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Then, Vz ¢ M 3y € M such that ||z — y|| = dist(z, M).
Proof. Denote d = dist(z, M) = inj&”x — u||. By the previous
ue

lemma, d > 0. So, by definition of inf, there exists a sequence
(n )nen € M such that

1
d< ||z —uyl| <d+ o (B.1)

Let us prove that the sequence (uy,)nen is a Cauchy sequence. By
the parallelogram identity, Vm,n € N for  — u,, and & — U,

lz = + 2 = |* + |2 = wn =2+ um* = 2(|2 — wa|* + 2 — un?),

Up + U
20z — un|? + 2/|z — um | = 4|z - %HQ + [ltn — unml*.
On the other hand, WTum = %un + %um € M as M is convex.
2
So, ||z — Un + Um > d2.
So, by (B.1),

1\? 1)?
|z — u,||* < <d+ —> and ||z — up|* < <d+ —> .
n m

So,

2
Uy, + U,

2

s = = 2l — 2 + 2]z — w2 — 4 Hx
1\? 1\?2
§2<d+—> +2<d+—> — 44>
n m

11 11
—4d<—+—>+2<—2+—2>.
n m n m

So, Ve > 0, Ing € N such that n,m > ng, ||, — unm|?* < e.

So, (un)nen is a Cauchy sequence. H is complete, so there exists
y € H such that u, — y. M is a closed set, so y € M.

Passing to the limit m — +oo in (B.1), we get * —u,, - = —y
and ||z — y|| = d.
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So, we find y € M such that ||z — y|| = dist(z, M).
Let us prove the uniqueness of .
Let y* be an element of M such that

|z — y*| = dist(z, M) = d.

Applying the parallelogram identity, we get
2

. y+y .

dd* = 2lle —y|* + 20 — y"|I* =4 o = |+ ly -y
Note that 2 —;y € M (M is convex), so

+y ||

4H SLEY > g2,

2

Consequently,
y+y |
Hy—y*|]2§4d2—4Hx— 5 < 4d® — 4d* = 0.

So, [ly —y*? <0 and y = y*.
Therefore, y is unique. O

Corollary B.1. Let H be a Hilbert space, and let L be a Hilbert
subspace. Let v ¢ L.

Then, Jly € L such that dist(z, L) = ||z — y||.

Proof. It is enough to check that L is convex and closed. L is
convex as a vector space.

Let us show that L is closed.

Let (un)nen be a sequence converging to u € H such that u,, € L.
Then, (u,)nen is a Cauchy sequence the completeness L yields: u,, —
w € L. Thus, u =w € L. O

Denote L+ = {z € H;21 L} = {x € H|Vy € L, (z,y) = 0}, where
L is a subspace of H.

Theorem B.2. Let H be an R — Hilbert space, L be a Hilbert
subspace, and let y be an element of L such that dist(x, L) = ||z —y||.
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Then, x —yLL, i.e. Vh € L, ((x —y),h) = 0.

Proof. Let us prove that Vh € L, ((x —y),h) = 0.
For any A € R, we get

[z =y + Ah|| = [z —y]|.
Then,
Iz =y + AR[* > [|lz —yl|?,
i.e.

(x —y+Ah), (& —y+ Ah) > ((z —y), (x — y)),

(@ = y), (AL) + ((AR), (= —y)) + [AP[IR]? > 0,
(A& —y), k) + (Ah, (& =) + AP > 0.
Let us take
_ (z—y),h)
S TR
Then,
_(]’L,({L'—y)) T — _((x_y)’h) T —
T S T e
((z —y), )P
+ WHWZ >0,
and so
— 2
—%20, ie. ((z—vy),h)=0. -

Corollary B.2. Let H be a Hilbert space, and let L be a Hilbert
subspace.
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Then, Vo € H, dy € L, 321 L such that © = y + z. This presentation
is unique.

Moreover, |l]|* = [ly|[* + [|z]|* (Pythagoras theorem).

Proof.

1.

Define z = x — y, where y is the element from Corollary 1.1, such
that ||z — y|| = dist(y, L) (z ¢ L).

Theorem B.2 yields x =y + z, z L L.

If x € L, then z =0 and y = .

Let us show that this decomposition of x is unique.

Assume that x =y + z = y* + 2%, where y,y* € L and z,z* L L.
So, y —y* =z*— 2.

Buty—y* € Land 2* —z2€ L, s0,y—y*=0and 2 —2 =0
because L N L+ = {0}.

o2 = 2112 = ((g+2), (+2)) = (0, 9)+ (@, 2)+ (2, 9)+ (2, 2) =
[yl + [[2]1* because (y, z) = (z,9) = 0 (zLy). O

Theorem B.3. Let H be a Hilbert space, and let L be a subspace
of H.

Then, L is a Hilbert subspace of H.

Proof.

1.

Let us prove that L' is a subspace of H.

Indeed, 0 € L+ because 0LL ((0,x) =0, Vo € L).

Moreover, if z,y € L+, a,8 € K, then Vh € L, (z,h) = 0,

(y,h) =0, so ((ax + By), h) = 0.

Let us prove that L' is complete.

Let (zn)nen C LT be a Cauchy sequence.

Then, Jy € H such that z,, — y (H is complete).

Let us prove that y € L.

Indeed, Vn € N, Vh € L, (x,,h) = 0.

So, lim (x,,h) = (y,h) =0=y € L+ 0
n—-+o0o

Proof of Theorem 1.6 for K =R.

1.

Consider Kerf = L = {z € H; f(z) = 0}. It is a Hilbert subspace.
Indeed, it is a vector subspace of H.

Let us check that L is closed.

If (z,)nen C L converges to [, then by continuity of f, (f(zn))nen
converges to f(1).
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As x, € Kerf, f(z,) =0,s0 f(I)=0and [ € L.
2. If L =H, then f =0, and we set y = 0.
If L # H, then there exists z, € H\L.
Let us construct zg such that zo LL, z9 # 0, f(z9) = 1.
By Corollary B.1, 3y, € L such that ||z — y;|| = dist(z(, L) and
2, — yoLL.
By linearity, f(z, — v,) = f(z) — f(y)) = f(z;) # 0 because

2y ¢ L.
Define
o
Z0 — 0 /y() .
f (Zo)
We have

z0LL, zp # 0 because z, ¢ L, and so z, # y, and f(z) =
Fe)—Fh)
1 (%)

3. Let us prove that Vo € H, f(z) = (z,y) with y = =0

.
Indeed, if z € H, then = — f(x)z9 € L because f(”wzo—H f(z)z0) =
f(@) = f(x)f(z0) = 0.

Then, = — f(x)20Lz0, so (z,20) — f(x)| 20> = 0,

(x, 20)

so, f(z) = ENER ie. Ve e H, f(z) = (x,y) with y = =0

o[>
4. Let us prove the uniqueness of y.
Indeed, assume that Vo € H, f(z) = (z,y) = (x,vy'), and so
(z,(y—vy')) =0Vz e H.
In particular, for x =y — ¢/, we have ||y —¢/|| =0, and so y = ¥/.
5. Let us prove that || f|| = ||y]l-
Indeed, by the Cauchy—Bunyakovsky—Schwarz inequality,

[f (@) = [z, 9)| < llzll[[yll,

so Vo € H\{0},

|f ()]
Tl <llyll, and so [If]| < [yl
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Using f(x) = (z,y), Vo € H, we take x = y and get

/(W)

W) = (y,9) = [lyll*>, iLe. 3z=y such that Tl = el
So, ||y|| is the upper bound of {%,x € H\{O}}
x
So, [lyll = IIf1]- O
References
[1] L. Ait Mahiout, G. Panasenko, and V. Volpert. Homogenization of the

diffusion equation with a singular potential for a model of a biological
cell network, Z. Angew. Math. Phys., 71: 181, 2020.

L. Ait Mahiout, G. Panasenko, and V. Volpert. Partial homogenization
of the diffusion equation with a Dirac-like potential. J. for Multiscale
Comp. Engineering, 18: 5, 507-518, 2020.

D. Cioranescu and F. Murat. Un terme étrange venu d’ailleurs, in Non-
linear Partial Differential Equations and their Applications, Collége de
France Seminar, Vols. II and III, ed. by H. Brezis and J.-L. Lions,
Research Notes in Mathematics, 60 and 70, Pitman, London, 1982,
93-138 and 154-178.

V.A. Marchenko and E. Ya. Khruslov. Boundary Value Problems in
Domains with Fine-Grained Boundary. Kiev: Naukova Dumka, 1974.
Panasenko, G., The partial homogenization: Continuous and semidis-
cretized versions, Mathematical Models and Methods in Applied
Sciences, 8: 17, 1183-1209, 2007.

V.A. Trenogin. The functional analysis, Nauka, Moscow, 1980; French
translation: V.A. Trenoguine. Analyse fonctionnelle, Editions Mir,
Moscou, 1985.



This page intentionally left blank



B

Banach space, 29
Banach—Alaoglu theorem, 32
boundary, 7

boundary conditions, 8
boundary layer, 102
bounded operator, 31
bounded set, 7
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Cauchy—Bunyakovsky—Schwarz (CBS)
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compact support function, 33
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continuity of the inner product,
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convergence, 27
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D

dimensional reduction, 102
Dirichlet’s boundary condition, 8
displacement, 13

domain, 8
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elasticity equation, 15
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equivalent homogeneity hypothesis,
68

error estimate, 80

extension, 33
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finite difference method, 55
finite-element method (FEM), 54
Fourier’s law, 5
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Galerkin method, 52
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heat equation, 5
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homogenization, 68
homogenized equation, 72
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I

inner product, 29
inner product space, 29

K
Korn’s inequality, 48

L

Laplacian, 12
Lebesgue spaces, 34
linear form, 32

linear functional, 32
linear operator, 31
Lipschitz boundary, 35

M

mathematical model, 6
method of partial asymptotic
decomposition of domains

(MAPDD), 105

N

Navier—Stokes equation, 22
Neumann’s boundary condition, 8

(0}

open set, 6

P

parallelogram identity, 31
Poincaré’s inequality, 40
Poincaré-Friedrichs inequality, 39
Poisson’s ratio, 16

R

restriction, 33

Riesz—Fréchet representation
theorem, 32

Robin’s boundary condition, 9

S

separable space, 29

Sobolev space, 35

spectral rule of stability, 61

stability of the difference scheme,
58

stationary conductivity equation,
10
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17

Stokes equation, 22

strain tensor, 13
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weak partial derivatives, 36
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Young’s modulus, 16
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