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Preface

The electric power industry is a cornerstone of global infrastructure, vital for mod-

ern society and economic development. According to the International Energy

Agency report on world energy employment in 2023, the power sector employed

over 68 million people worldwide. Of these, over 36 million people were employed

in the clean energy sector, while over 32million people were employed in the fossil

fuel-based power industry. According to theUS Bureau of Labor Statistics report of

2023, 17,870 electrical engineers were employed in the power sector. Amongst all

the technical societies of the Institute of Electrical and Electronic Engineers (IEEE),

the Power and Energy Society (PES) is the second largest, having around 42,000

members worldwide.

Given its vast impact, the power industry requires a multidisciplinary approach

for its secured operation and continues to evolve, a journey that I have followed

with fascination. My early studies of foundational texts like W. D. Stevenson’s

book [1] have deeply influenced the structure and focus of this book, blending

traditional principles with modern advancements. Most of the topics covered in

Stevenson’s book are still valuable to gain knowledge in the area. However, the

power sector has seen a sea of changes since the time the fourth edition of the book

appeared in 1982. These days, power electronic technology plays a crucial role in

both power transmission and distribution systems. Thyristor-based high voltage

DC (HVDC) transmission systems started appearing in the 1970s. Subsequently,

voltage source converter (VSC)-basedHVDC systems were adopted on a large scale

at the turn of this century. Currently, VSC-HVDC systems are used for offshore

windfarms. Moreover, point-to-point HVDC systems have given way tomultiterm-

inal HVDC systems for offshore wind collection systems.

Also, thyristor-based static var compensators (SVCs) also started appearing in

large scales during the 1970s to enhance voltage stability in long transmission

lines, as well as, for power oscillation damping. There were hundreds of SVCs

installed throughout the world. Fixed series compensation of transmission lines
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to enhance power flowwas initially hindered by incidents atMojave power station,

where resonance issues caused turbine damage in the early 1970s. These were

caused due to the resonance between the series capacitors and line reactors at fre-

quencies that are below the synchronous frequency. However, the initial hesita-

tion was overcome using thyristor-controlled series compensators (TCSCs),

which can effectively change the series reactance to avoid the subsynchronous

oscillations reaching the rotor shafts. Moreover, other thyristor-based devices have

become common like voltage regulator, phase angle regulator, etc.

With the advancement in power electronic technology, voltage source

converter-based flexible AC transmission (FACTS) devices have found their appli-

cations in both voltage regulation and power flow control in long transmission sys-

tems. Shunt compensation was achieved using static compensators (STATCOMs),

which started replacing the SVCs. On the other hand, static synchronous series

compensators were placed in series with the lines to replace TCSCs. Both shunt

and series compensations can be achieved simultaneously using a unified power

flow compensator.

Due to the rising concerns of climate change and the resultant global tempera-

ture rise, more and more renewable energy generators are getting integrated into

both power transmission and distribution systems. This has caused disruptions in

the traditional operations of power systems. Most of the renewable energy genera-

tors are connected to power systems through power converters, which cannot pro-

vide inertia to maintain stability margins required in bulk power transmission

systems. These systems require smarter converter controls and storage devices.

In distribution systems, for instance, rooftop photovoltaics introduce challenges

like voltage imbalances, voltage rises, and reverse power flow. Furthermore, there

is a concern that renewable generators are intermittent and thus they cannot sup-

ply the required baseload.

To modernize the power system, the concept of the smart grid has been intro-

duced, through which the power system is integrated with information and com-

munication technology (ICT) to facilitate a smooth two-way power flow and to

provide near instantaneous balance between generation and consumption. Power

transmission systems can have modern energy management systems integrating

phasor measurement units, which can be used in load control centers for more

accurate state estimation and power dispatch. Distribution systems will be

equipped with smart meters, through which the load demand can be managed.

Parts of distribution systems can form virtual power plants or can have several

microgrids. Substations can be modernized using tailored computer programs that

can communicate between different protective relays without the complicated lay-

out of cables. Since the smart grid relies heavily on ICT, measures must be taken to

ensure that the communication and computation devices are cybersecure.
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Against the backdrop of all the changes that have occurred in the power systems

over the last three decades, this book aims to combine the traditional power sys-

tems with the newer technologies that are increasingly appearing in power sys-

tems. The materials covered in the book have been taught over several years

over different courses at four different universities. The book can be used for a

basic course on power systems on the undergraduate level, as well as, for a

higher-level undergraduate course or a first-level graduate course on power engi-

neering. For example, Chapters 2–7 (excluding Sections 3.4, 6.6, 7.2, and 7.3) can

be used for a first-level course, and the rest of the book can be used for a second-

level course.

The book is organized into 12 chapters. Chapter 1 introduces the book. Most of

us take the use of electricity for granted – for comfort and household appliances,

for entertainment, for knowledge, for medical treatment, or for transportation.

However, the history of how we came to this stage is fascinating. In Section 1.1,

a brief history of electricity is presented. In the subsequent sections, the develop-

ment stages leading to the modern power systems are discussed, including inter-

connections of electric grids, deregulations, blackouts, and smart grid.

Chapter 2 discusses the main components of power systems. It begins with dis-

cussions on transmission system parameters. It is easy to comprehend that trans-

mission lines will have resistance. However, how they are represented by line

inductance and capacitance is derived using the laws of magnetics. Following

these, simplified models of synchronous generators and transformers are pre-

sented. A power system may contain different power equipment with different

voltage and power levels connected together through various step-up or step-down

transformers. The presence of different voltage levels makes power system calcu-

lations extremely difficult. To simplify this, a power system is represented in its per

unit form where all quantities are normalized to a common base. The final section

of this chapter discusses different ways of modeling a power transmission system

depending on its length and how they can be simplified for power system

calculations.

Chapter 3 discusses load flow techniques. A power system is a network of trans-

mission lines, loads and generators. Even though such a system can be visualized

as an RLC circuit, the network is so complicated that the node voltage and loop

current analyses are impossible to perform. For a set of given loads and genera-

tions, the complex bus voltages and power flow through different lines are deter-

mined using load flow (or power flow) studies. The first step in this process is to

combine all the elements of the power system in a bus admittance matrix. Then,

step-by-step iterative procedures are executed for the accurate determination of

the bus voltages. Three different load flow procedures – Gauss–Siedel, Newton–

Raphson, and fast decouples – are presented. Furthermore, the DC load flow is

also presented, through which rough estimates of bus voltage magnitudes and
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angle can be computed using a simplified noniterative procedure. However, power

flow calculations may not be accurate due to erroneous measurements. Power sys-

tem state estimation, on the other hand, is a mixture of load flow and statistical

estimation theory that can provide a much more accurate snapshot of the power

system status. This is discussed in Section 3.4.

A power system may contain several generators. How these generators must be

scheduled to cater to load demands economically is discussed in Chapter 4. Eco-

nomic operations depend on the most economically efficient generators catering

for a higher portion of load demand. Furthermore, the method of committing a

particular number of units to serve the load demand is also discussed in the chap-

ter. The basic concepts of automatic generation control and load frequency control

are also discussed in the chapter.

Power system fault studies are presented in Chapter 5. Power system faults can

be balanced or unbalanced. For balanced faults, it is assumed that all the three

phases have been short-circuited to the earth at the same location. These faults

can be analyzed using the single-line diagram assuming the balanced operation

of the faulted circuit. For unbalanced faults, however, the circuit becomes unbal-

anced, which is resolved into three balanced components that are called symmet-

rical components. Delta- and wye-connected loads and transformers have

different characteristics for different symmetrical components. These are ana-

lyzed separately to form three balanced sequence networks under unbalanced

conditions. Unbalanced faults can be single-line-to-ground, double-line-to-

ground, or line-to-line faults. How the fault current can be calculated for these

three different types of faults using the sequence networks is presented at the end

of this chapter.

The purpose of the fault studies is to find the levels of fault current that must be

interrupted by the protective devices. Chapter 6 discusses power system protec-

tion. Specifically, the protective elements like circuit breakers and fuses, instru-

ment transformers that are used for reducing the fault currents and/or voltages

to be used in protective relays, and different types of protective relays are dis-

cussed. It is possible that a particular protective relay or device may malfunction.

Therefore, a backup must be provided for each protective relay so that they not

only protect a certain segment of the network, but also provide a backup for its

neighboring segments. The traditional way of protection was designed for power

distribution systems assuming unidirectional flow of power – from substations

down to the line feeding loads. However, with the advent of renewable energy gen-

erators that are connected throughout distribution networks, the unidirectional

feature will be lost. Moreover, power converter-interfaced renewable generators

are not capable of feeding the required amount of fault current to trip the relays.

Therefore, alternative protection strategies must be developed for such situations.

These are also discussed in the chapter.
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Chapter 7 discusses power system stability. First, the transient stability problem

for a single-machine, infinite bus system is discussed. Two important aspects,

namely, critical clearing angle and critical clearing time, are introduced. The tran-

sient stability concept is then extended to finding the transient behavior in amulti-

machine power system using bus admittance matrices. Transient stability deals

with the response of the power system with respect to a fault or a large disturbance

in a power network. However, the so-called dynamic stability occurs in an inter-

connected power system due to excitation control. These pertain to low-frequency

oscillations that can grow unless proper actions are taken. A power system stabi-

lizer (PSS) is used for damping these oscillations. The design of PSS using small

signal model is also discussed in the chapter.

Power system bus voltage can be progressively depressed due to the lack of reac-

tive power resulting in voltage stability. Chapter 8 begins with a brief discussion on

voltage stability. Reactive power can be compensated to avoid this problem. Ideal

reactive power compensation is discussed in this chapter. These compensators can

be connected in parallel (shunt) to a transmission line or in series with a line. In

the ideal mode, the compensators can be represented by ideal current or voltage

sources. Interestingly, these ideal compensators can not only improve the voltage

profile, they also can improve the power transfer and can damp power systems

oscillations, as have been explained in the chapter.

Chapter 9 is an extension of Chapter 8, where the physical power electric devices

that can be used for shunt and series compensators are presented under the FACTS

umbrella. Additionally, other FACTS devices that can enhance power system sta-

bility or increase power flow are also discussed. Generally, FACTS devices are of

two types – either thyristor-based or power converter-based. The fundamental

characteristics of the thyristor-based devices are discussed. Some of the high-

power converter topologies are discussed that can be used for the realization of

STATCOMs and SSSC. Also, subsynchronous oscillations that can result in a

series-compensated power system are also discussed.

HVDC transmission is discussed in Chapter 10. In the first portion of the chap-

ter, HVDC systems using line-commutated converters are discussed. This is fol-

lowed by an introduction to VSC-based HVDC systems. Two different control

structures of VSC-HVDC systems are discussed. Following this, multiterminal

HVDC systems, their features, and controls are discussed. A brief discussion on

DC system protection is presented at the end of the chapter.

A review of different renewable energy technologies is presented in Chapter 11.

The topics covered are hydropower, solar power, wind power, hydrogen, and

nuclear fusion. Different hydropower technologies such as pumped hydro, tidal,

and wave energy are discussed briefly. Both solar photovoltaic systems and con-

centrated solar power are introduced, along with the maximum power point track-

ing that is used for getting the maximum benefit from solar irradiance. Regarding
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wind power, concepts such as tip speed ratio and pitch angle control, along with

different wind power collector systems are discussed. Hydrogen production,

storage, transmission, and utilization are discussed in Section 11.4. Some of the

issues of integration of renewable sources in power transmission and distribution

are discussed in Sections 11.6 and 11.7. Particularly, topics such as fault ride

through, voltage rise, and line loss in distribution feeders and reverse power flow

are also covered.

Fundamental concepts in smart grid are presented in Chapter 12. Diverse topics

such as phasormeasurement units, smartmeters, demand response, cybersecurity,

electric vehicles, smart grid communications, and standards are discussed, fol-

lowed by the features of smart distribution grids. A smart grid is a very vast field

of study, most of the topics are still in the research and development domains. This

chapter presents a summary of different aspects of smart grid. However, several

components of smart grid are discussed in the previous chapters of the book in

terms of power systems monitoring, operation, and control.

Arindam GhoshNovember 2024
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Introduction

The electric energy industry ranks among the largest global industries. As per [1],

the electric energy generated in 2022 was close to 30,000 TWh. Themain sources of

electricity generation are coal, gas, oil, hydro, nuclear, wind, and solar. Table 1.1

shows the worldwide energy mix for the years 2014 and 2022 [1]. Fossil fuel-based

greenhouse gas emitting generation sources have reduced their share from 67% in

2014 to 61.26% in 2022. The share of low-carbon-emitting sources such as hydro

and nuclear has also declined from 26.95% to 24.14%. However, to offset these,

the share of wind and solar power generation has increased from 3.88% to

11.89%.Wind and solar power generation are projected to experience rapid growth

over the next 10–15 years. The percentage energy mix is shown in Figure 1.1.

A better picture of the generation mix is given in Table 1.2, where the total

energy generation is shown for the years 2014 and 2022. It can be seen from this

table that energy generation has increased by about 4,898 TWh between 2014 and

2022, where the energy output from all the sources has increased, except for oil,

which has decreased. Another important statistic that has been reported in [1]

is the share of electricity from low-carbon sources, including nuclear, hydro, wind,

solar, biomass, geothermal, wave, and tidal. The total share of these sources has

increased from 32.99% in 2014 to 38.73% in 2022.

1.1 A Brief History of Electricity

The use of electric energy is ubiquitous these days with applications in every facet

of human endeavor. However, to reach this stage, it has taken several centuries

and spanned many countries. The history of electricity is really interesting with

many geniuses and talented individuals contributing to its development. In this

section, a brief history of the modern discovery and origin of electricity is

presented.

1
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Figure 1.1 Comparison of energy mix percentage between the years 2014 and 2022.
Source: Adapter from Ritchie and Rosado [1].

Table 1.1 Worldwide energy mix in percentages.

Energy sources

Percentage share

2014 2022

Coal 40.61 35.63

Gas 21.61 22.48

Hydropower 16.43 14.96

Nuclear 10.52 9.18

Wind 3.04 7.32

Solar 0.84 4.57

Oil 4.78 3.15

Bioenergy 1.84 2.36

Other renewables 0.33 0.34

Source: Adapter from Ritchie and Rosado [1].

2 1 Introduction



1.1.1 The Dawn of Electricity

In the beginning, the early pioneers carried out experiments to satisfy their intel-

lectual curiosity. William Gilbert was a Doctor of Medicine who was the personal

physician of Queen Elizabeth I of England. Despite being a physician, he is known

for his work on the Earth’s magnetic field because he speculated that the magnetic

north pole attracts compasses. He was the first one to propose that the Earth is a

giant magnet. However, about 1,000 years before Gilbert, ancient Indian philoso-

pher Varhamihira, described the effects of the Earth’s magnetic field, even though

he could not predict the Earth’s magnetic field like Gilbert. Interestingly, Gilbert

studied static electricity using amber, which is called elektron in Greek. Thus, Gil-

bert called its effects electric force. The term electricity was coined in 1646 by Eng-

lish polymath Sir Thomas Browne using Gilbert’s work.

Benjamin Franklin was an American statesman and one of its founding fathers.

He is known for his role in several administrative capacities and with the Decla-

ration of American Independence (his picture can be seen on $100 bills in the

USA). He was a multitalented person who has been credited for several inventions

such as the lightning rod, bifocal lens, and flexible urinary catheter. In 1752, he

flew a kite with a metal key attached; possibly even a metallic rod to see sparks

being generated from clouds. To temper scientific curiosity, he risked his life by

flying a kite in cloudy conditions. Franklin is credited with the discovery of static

electricity. Other notable individuals such as Charles-Augustin de Coulomb dis-

covered electrostatic force attractions and repulsion (Coulomb’s law) in 1785.

Table 1.2 Worldwide energy mix in TWh.

Energy sources 2014 (TWh) 2022 (TWh)

Coal 9,226.71 10,212.22

Gas 5,402.71 6,443.60

Hydropower 3,872.76 4,288.59

Nuclear 2,504.73 2,632.06

Wind 828.60 2,098.46

Solar 255.79 1,310.02

Oil 1,120.57 904.15

Bioenergy 470.66 675.11

Other renewables 80.30 96.80

Total 23,762.83 28,660.98

Source: Adapter from Ritchie and Rosado [1].
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Meanwhile, Italian physician and scientist Luigi Galvani studied the effects of elec-

tricity on living organisms. He discovered that the muscles of dead frogs twitch

when electricity is passed through them, therefore inspiring many high school

experiments today. Galvanic isolation (which refers to the isolation between

two electrical systems) and galvanometer (for measuring electric current) are

named after him. Alessandro Volta invented a voltaic pile by putting alternate

layers of zinc and copper with isolation between them. This inspired the develop-

ment of electric batteries.

Hans Christian Ørsted and André-Marie Ampère made significant strides in

recognizing that there is a relationship between electricity and magnetism. In

1820, Ørsted discovered that a compass needle deflects in the near vicinity of

an electric current. In his honor, the unit of the magnetic field is named Oersted.

Building on this, Ampère demonstrated that parallel wires carrying electric cur-

rents attract or repel each other depending on the direction of current flow. Today,

the unit of electric current, Ampere or Amp bears his name, recognizing his con-

tributions to electromagnetism.

An English scientist Michael Faraday started developing a keen interest in sci-

ence while working as an apprentice in a bookshop and bookbinder, where he had

access to many scientific books. Later he was able to gather work as an assistant of

English chemist HumphryDavy. In 1821, Faraday started developing an interest in

working on electromagnetism. He realized that an electric current could be pro-

duced by passing a magnet through a copper wire. This is the basic principle based

on which all motors and generators are constructed today. His series of experi-

ments resulted in the discovery of electromagnetic induction in 1931. Faraday sub-

sequently used his induction principle to build a machine to generate voltage.

Around the same time, American engineer Joseph Henry also worked independ-

ently on the induction principle and applied his work to electromagnets and tele-

graphs. However, Faraday was the first to publish his results. It is only befitting

that the units of capacitance and inductance are named after Faraday and Henry,

respectively.

In 1827, German physicist and mathematician Georg Ohm found a direct pro-

portionality between voltage applied to and current through a conductor. This has

resulted in the well-known Ohm’s law. The unit of resistance, as well as imped-

ance, is named after him. Scottish physicist James Clark Maxwell explained elec-

tromagnetism in his paper “On physical lines of force” in 1861. The timeline for

the early development of electricity is listed in Table 1.3.

1.1.2 Development of Electrical Power Plant

Another pioneer introduced earlier, Sir Humphry Davy, is famous for the inven-

tion of Davy’s safety lamp in 1809. This was used for underground coal mines in

the early 19th century to prevent flammable gases from igniting. In Davy’s lamp,
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Table 1.3 Timeline for the early development of electricity.

Name Year Contributions Acknowledgment

William
Gilbert

1600 He conducted experiments
to conclude that the Earth
is magnetic, and the center
of the Earth is iron. He also
studied the production of
static electricity by rubbing
ambers.

Recognized for proposing
that the Earth is a giant
magnetic field.

Sir Thomas
Browne

1646 From the Greek word
“electron” for amber,
Brown coined the word
electricity.

Recognized for coining the
term electricity

Benjamin
Franklin

1752 Franklin discovered static
electricity by observing
sparks generated by clouds.

His face appears in $100
bill of the USA.

C. A. de
Coulomb

1785 Coulomb’s law describes
the electrostatic force for
attractions and repulsions.

The unit of electric charge
is named after him.

Luigi Galvani 1791 Galvani demonstrated that
electricity is a medium by
which nerve cells pass
signals to muscles.

Galvanic isolation and
galvanic meters are named
after him.

Alessandro
Volta

1800 Volta invented the Voltaic
pile, which is the precursor
of modern batteries.

The potential difference
between two electric
conductors is called
voltage and is measured in
volts in his honor.

Hans
Christian
Ørsted and
André-Marie
Ampère

1819–1820 They recognized there is a
relation between electricity
and magnetism.

Magnetic field is measured
in Orsted.

Michael
Faraday

1821–1831 Faraday started working on
electromagnetic induction.

The unit of capacitance is
named after him.

Joseph
Henrey

1832 Electromagnetic
Induction.

The unit of inductance is
named after him.

Georg Ohm 1827 Ohm mathematically
electrical circuit, which is
the famous Ohm’s law.

The unit of impedance is
named after him.

Joseph Henry 1832 Electromagnetic induction. The unit of inductance is
named after him.

James Clerk
Maxwell

1861 Maxwell explained
electromagnetism in his
paper “On physical lines of
force.”

Best known for Maxwell’s
equation of
electromagnetism.
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an arc is produced when pieces of charcoal are connected to two wires of a battery.

However, it took several decades to produce commercial arc lighting. The use of

batteries for arc lighting was not commercially viable because the current require-

ment to generate arc would drain the batteries quickly. Moreover, the intense heat

of the arc will also burn the charcoal. The generators started to become widely

available following the development of dynamos. In 1870, Russian inventor Paul

Jablochkoff devised a version of the arc lamp in which he used two carbon rods to

increase the life span of the lamps [2]. Arc lamps were used in lighthouses and

streets and rarely indoors due to the high intensity of these lights.

From the work of Davy and others, it was well-known that a current-carrying

conductor could be heated to the point of incandescence. However, incandescent

materials burned very quickly in the atmosphere to be of no use for lighting. In

1879, American inventor Thomas Alva Edison devised the first incandescent lamp

using carbonized cotton thread in a vacuum space inside a glass bulb. The first

bulb glowed for 44 hours before it burned out. Edison improved the design of

the lamp so that it could last longer.

The first demonstration of electric motors was done by Michael Faraday. He not

only proposed electromagnetic induction but also invented the Faraday Disk in

which a disk is placed between twomagnetic poles. An electric current is produced

when the disk rotates. The current is drawn through two sliding contacts (arma-

tures) that are placed at the center and edge of the disk. Therefore, Faraday can be

called the first pioneer of DCmachines. Many other pioneers further improved the

design of DC generators such as Werner von Siemens and Thomas Edison, which

led to the development of power plants.

Edison set up the first commercial power station at 255 Pearl Street in New York

City on September 4, 1882 (see Figure 1.2). The station had a capacity of 110 kW,

which was powered by 14 boilers and 4 direct current generators. Initially, the sta-

tion supplied 82 customers in the lower Manhattan area with enough power to

light 400 lamps. There were several advantages of a DC system at that time – it

could be used for incandescent lamps and DC motors, which were the principal

loads in the 1880s. DC generators can directly be used for battery charging and

can be easily paralleled. These factors, along with the fact that AC machines were

not available at that time, made DC systems the prime power supply candidates at

the beginning of electricity supply.

Edison’s DC system needed heavy distribution conductors. For the convenience

of lamp manufacturers, the operating voltage was chosen as 110 V. To reduce the

cost of copper conductors, a three-wire distribution system was used in which 0

V neutral was placed between +110 V and -110 V. However, even with this inno-

vation, the voltage drop due to conductor resistance was so high that the generat-

ing plant could only supply customers that were located within 1–2 km from

the plant.

Long-distance power transmission became a reality in 1895 when George Wes-

tinghouse opened the first major power plant in Niagara Falls using alternating
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current. This was able to transmit power to a distance of 200 miles (360 km) to the

city of Buffalo, New York. It was the partnership between Westinghouse and

Nikola Tesla (see Figure 1.3) that made this possible. Tesla was a Serbian-born,

naturalized American citizen, whose genius made the alternating current feasible.

Figure 1.2 Pearl Street power station and Edison. Generated with AI using ChatGPT
(version GPT-4).

Figure 1.3 Nikola Tesla. Generated with AI

1.1 A Brief History of Electricity 7



He invented the induction motor that would run on AC power. It is still the work-

horse of many industries. He also conceptualized the polyphase system, which was

the game changer that made the AC system feasible. During his lifetime, Tesla was

awarded 101 US patents. He also invented Tesla Coil, which can transmit and

receive energy wirelessly when the coils are tuned at the same frequency. Even

though Guglielmo Marconi is credited with the invention of wireless and received

the Nobel Prize in 1909, both Tesla and the Indian physicist Jagadish Chandra

Bose have made separate contributions to this technology. There are some very

interesting anecdotes about Tesla. He had a deep friendship with Samuel Lang-

horn Clemens, better known as Mark Twain, the author of the adventures of

Tom Swayer and Huckleberry Finn. Tesla passed away on January 7, 1943, in a

hotel in New York City. Upon his death, the US government ordered the FBI to

seize all his papers under the suspicion that they might contain advanced weapons

technology. However, the papers were scrutinized by MIT professor John G.

Trump (the uncle of 45th and 47th American President Donald J. Trump). Profes-

sor Trump concluded that there were no weapon technologies of interest in Tesla’s

papers.

The AC versus DC resulted in the famousWar of Currents, with Edison propos-

ing the continuation of DC, while Tesla and Westinghouse proposed AC (see

Figure 1.4). This war resulted in disinformation campaigns, litigation, etc., and,

Figure 1.4 War of currents. Generated with AI using ChatGPT (version GPT-4).
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in general, was quite contentious. In 1886, William Stanley developed a prototype

system for power transformers to boost up or step down voltages. Westinghouse

started pilot projects of using transformers in his laboratory in Pittsburg. The trans-

formers were then used in Buffalo. This was the beginning of AC power generation

and transmission.

When the dust settled after the War of Currents, AC won, and DC lost. The AC

prevailed over DC due to the following factors:

•
At that time, power electronics were unheard of. Therefore, DC voltages could

not easily be converted to higher or lower voltages.

•
Due to lower operating voltages, the DC power distribution had a limited range

due to voltage drop.

•
Transformers could boost AC voltage for transmission and could step it down for

distribution. Therefore, power could be transmitted over long distances at

higher voltages, reducing losses.

•
AC systems use thinner copper wires, thereby reducing costs.

•
The construction of AC generators was simpler.

•
The construction of AC motors was also simpler. Moreover, they were more

robust and cheaper than the DC motors even though they were not very

sophisticated.

However, DC has made a strong comeback from the second half of the 20th cen-

tury and is now considered one of the preferred modes of transmission in many

instances, as will be discussed in Chapter 10.

1.2 Interconnection of Electricity Grids

Electricity supply was mandated by most countries by the public utility act.

A public utility is an organization that maintains infrastructures for a public serv-

ice, such as electricity and gas. Using these infrastructures, it provides a public

service at the consumer level, be it residential, commercial, or industrial consu-

mers. Electric utilities are subject to forms of public control and regulations. Public

electric utilities usually were, and even now in many places are, statewide govern-

ment monopolies. The utilities are regulated by public service commissions that fix

their prices and services.

In the beginning, the electric utilities were responsible for generation, transmis-

sion, and distribution. However, starting in the 1920s, the utilities formed joint

operations in the United States. The advantages of these were that the peak load

could be covered, and backup power could be provided. As the transmission tech-

nologies improved, long-distance transmission became feasible and grids from

1.2 Interconnection of Electricity Grids 9



different regions got interconnected to form amega grid. Some of the advantages of

forming interconnected grids are as follows:

•
Improving Reliability: Electric power can be shared among the different utilities

reliably, thereby reducing the requirement of spinning reserve.

•
Reducing Investment: By sharing the generating resources, individual utilities do

not need to add to their generating capacity.

From 1967, the East and West interconnections in the United States were

directly connected together. However, the AC ties did not have high capacity

and were subject to oscillations, so their connection proved unreliable. In 1975,

the AC ties were disconnected because DC ties were found to work more reliably.

The US power system, including Canada and a portion of Mexico, is divided into

three major grids: the Western interconnection, the Eastern interconnection, and

the Texas interconnection. All these regions are coordinated by the North Amer-

ican Electric Reliability Corporation (NERC). European power grid is a massive

synchronous grid that spans about 24 countries and is managed by the European

Network of Transmission System Operators for Electricity (ENTSO-E). In addition

to the countries in continental Europe, some of the African countries (e.g., Mor-

rocco, Algeria, and Tunisia) are also synchronized with this grid. In Australia, all

the eastern seaboard states of Queensland, New South Wales, Victoria, and South

Australia are connected through AC ties, while Tasmania is connected to Victoria

through a subsea 370 km high-voltage DC (HVDC) link called Basslink. Similar

interconnections can also be found on the continent of Africa and other countries.

In India, the National Grid is a state-owned 50 Hz synchronous grid that is man-

aged by the Power Grid Corporation of India. The state-owned State Grid Corpo-

ration of China is the largest utility company in the world.

Usually, AC connections are the more prevalent interconnection types. How-

ever, they can observe stability problems, some of which can be solved by power

system stabilizers, which will be discussed in Chapter 7. The inclusion of flexible

AC transmission system (FACTS) devices can alleviate stability problems. As men-

tioned earlier, the east–west connection in the NERC system resulted in system

oscillations. To counteract these oscillations, the AC ties were disconnected in

1975 and were replaced by HVDC tie lines. The DC tie lines can isolate distur-

bances of one region from propagating to the other region, and therefore, are pre-

ferred in many interconnections.

1.3 Deregulation

The Energy Policy Act (EPACT) was established in 1992. Under the act, the power

transmission companies were required to allow smaller electric generation com-

panies to give access to their networks. This policy aimed to foster competition

in power generation. The power generation, transmission, and distribution can
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now be split among various companies so that customers are benefited overall. The

EPACT of 2005 wasmore stringent. It allowed incentives for alternate energy tech-

nologies to reduce greenhouse gas emissions. The key aspects of power system

deregulation are as follows:

•
Unbundling: The vertical integration of electricity utilities is broken down into

separate entities for generation, transmission, and distribution. This allows for

competition in electricity generation and sometimes in retail supply.

•
Competition: Deregulation aims to introduce competition, especially in the gen-

eration and retail segments. Independent power producers can enter themarket,

and consumers can choose their electricity supplier.

•
Wholesale Markets: Establishment of wholesale electricity markets where elec-

tricity is bought and sold. These markets are often managed by independent sys-

tem operators (ISOs) or regional transmission organizations (RTOs).

•
Retail Choice: Consumers, including residential, commercial, and industrial

users, have the option to choose their electricity provider, similar to choosing

a phone or internet service provider.

•
Regulation of Transmission and Distribution: While generation and retail are

open to competition, the transmission and distribution networks often remain

regulated due to their natural monopoly characteristics. Access to these net-

works is typically provided on a nondiscriminatory basis.

•
Market Efficiency: Deregulation is intended to improve efficiency by encourag-

ing competition, which can lead to lower prices, innovation, and better customer

service.

•
Challenges and Risks: Deregulation can present challenges such as market

manipulation, price volatility, and ensuring reliability of supply. Effective regu-

latory oversight and market design are crucial to mitigate these risks.

An ISO is an entity responsible for overseeing the operation of the electricity

grid of a region. It ensures reliable electricity delivery and facilitates competitive

wholesale electricity markets. ISOs are typically independent of electricity gen-

erators and transmission owners to prevent conflicts of interest and to ensure

impartial management of the grid. They are responsible for the management

of the electricity grid to ensure a balance between supply and demand in real

time bymonitoring grid conditions and coordinating the flow of electricity across

transmission lines. Furthermore, they operate competitive wholesale electricity

markets where electricity is bought and sold through auctions and manage mar-

ket transactions to ensure fair pricing and market efficiency. The ISOs are also

responsible for maintaining reserve margins, managing grid stability, and coor-

dinating emergencies.

An RTO also performs the same task as an ISO. However, while an ISO typically

operates within a single sector or smaller region, an RTO covers a larger geo-

graphic area covering multiple regions. ISOs often cater to local needs and market
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conditions, while RTOs must comply with the Federal Energy Regulatory Com-

mission (FERC) order of 2000, which mandates that they meet specific character-

istics and functions, such as ensuring open access to transmission andmaintaining

regional grid reliability.

In general, the potential benefits and drawbacks of deregulated markets are as

follows:

•
Lower Prices: Increased competition can drive down prices for consumers.

•
Innovation: Competitive markets can foster innovation in technologies and

services.

•
Customer Choice: Consumers can choose their provider based on price, service

quality, or other preferences.

•
Market Power: Large players can dominate the market, reducing the intended

benefits of competition.

•
Reliability Issues: Deregulation can sometimes lead to underinvestment in infra-

structure, affecting the reliability of supply.

•
Price Volatility: Without proper market mechanisms, deregulated markets can

experience significant price fluctuations.

Some of the examples of deregulated markets are as follows:

•
United States: Various states have undertaken deregulation with different levels

of success. Texas (ERCOT) is often cited as a successful example, while Califor-

nia faced significant challenges during its deregulation process in the

early 2000s.

•
United Kingdom: The United Kingdom was one of the first countries to dereg-

ulate its electricity market, beginning in the late 1980s and early 1990s.

•
European Union: Many EU countries have moved toward deregulated electricity

markets as part of broader energy market liberalization initiatives.

•
Australia: The Australian Energy Market Operator (AEMO) was established in

July 2009 to manage the National Electricity Market (NEM) in the eastern and

southeastern states of the country and the Australian gas markets.

However, if a deregulated energy market does not follow a strict regulatory

framework, it can lead to price gauging by the corporate bodies at the expense

of the public. One example is the California energy crisis in 2000–2001, which

resulted in widespread blackouts and soaring energy prices. This was caused pri-

marily due to market manipulation by Enron and other minor players. Enron cre-

ated artificial shortages by intentionally taking power plants offline or rerouting

energy to other states and falsely reporting maintenance issues. After investiga-

tions, Enron was found guilty and the company collapsed in 2001.
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In response to Enron’s market manipulation, Sarbanes-Oxley (SOX) Act was

passed by the US Congress in 2002 [3]. The threefold aims of the act were to com-

bat fraud, improve financial reporting, and restore investor confidence. The act

mandated the following:

•
The company CEOs must personally certify all financial reports.

•
The financial statements must be verified by external auditors.

•
Strict rules must be set for record keeping and penalties will apply for falsifying

or destroying records.

•
Protections must be provided for whistleblowers who report corporate fraud.

This act restored public confidence not only in the energy deregulation but also

the in US capital markets.

1.4 Renewable Energy

Water is the essential element of all lifeforms on this planet. It also has been used

for the production of electric energy, which is termed hydropower or hydroelec-

tricity. Two of the largest hydropower projects are the Three Gorges Project on

the Yangtze River in Yichang in China and Itaipu Dam on the Parana River which

is located on the border between Brazil and Paraguay. Even though hydropower is

a form of renewable energy, its production is location dependent. It requires large

catchment areas, continuous flow of water, and water height. The other forms of

hydropower, which are still mostly in the experiment stages, are as follows:

•
Wave power plant, which utilizes continuous wave movement in oceans to gen-

erate energy basically converting wave energy to potential energy.

•
Tidal power plant, in which the rising and falling of sea levels due to the grav-

itational attractions of the Moon and the Sun alter the potential energy of water,

which is converted into electricity.

The other form of location-dependent renewable power generation that is in

existence is geothermal energy, in which water is injected into the Earth’s mantle,

which is always hot. The water is converted into steam, which is used to drive tur-

bines to produce electricity. Basically, there are three types of geothermal plants.

These are as follows:

•
Dry steam plant, which uses steam extracted directly from geothermal reservoirs

through production wells to turn generator turbines. After passing through
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turbines, the steam can be condensed back into water and reinjected back into

the well.

•
Flash steam plant, which uses high-pressure hot water from geothermal reser-

voirs. As the pressure is reduced, some hot water flashes into steam that is used

to drive turbines. Flash steam plants can handle higher temperature resources

compared to dry steam plants.

•
Binary cycle plant, which requires moderate-temperature geothermal water to

heat a secondary fluid with a lower boiling point than water. The secondary fluid

vaporizes and drives the turbines. Binary cycle plants can utilize lower temper-

ature resources and have the advantage of being able to operate without emitting

any geothermal fluids or gases.

The first geothermal plant was established at Larderello, Italy in 1911. This is a

dry steam-type plant. The world’s largest geothermal field is located at Geysers in

northern California. It contains 18 dry steam plants. Flash steam geothermal

plants are located in regions with high-temperature geothermal resources, where

water is present under pressure at temperatures typically above 182 C. This is the

most popular form of geothermal power that is located in several countries. Major

flash steam plants are the Geysers in California, Larderello, andWayangWindu in

Indonesia. Major binary cycle plants are Blue Mountains in Nevada and Berlin

Geothermal Field in Germany. Several other countries, including New Zealand,

Iceland, the Philippines, Japan, and Kenya, have also geothermal power plants.

Alternate energy technologies that have enormous potential are hydrogen and

nuclear fusion. While green hydrogen production or hydrogen production with

carbon capture and storage is within the realm of possibilities, hydrogen storage,

transportation, and utilization will require significant investment in research and

development. However, effective utilization of hydrogen can alleviate greenhouse

gas emissions through both electricity generation and automotive applications.

Nuclear fusion can solve energy problems forever. However, so far, no experiment

has been able to show net energy gain, that is, the energy output is more than the

energy input. It is unclear when commercial-scale nuclear fusion will be feasible.

Currently, the most popular form of renewable energy sources is wind and solar.

It can be seen from Tables 1.1 and 1.2 that their combined share is still less than

hydropower. It is indeed true that wind or solar power potential varies from region

to region. However, they are not totally location-sensitive. In most parts of the

world, large-scale solar and wind farms are getting connected to the power grid.

It is expected that the total share of these two energy sources will climb rapidly

in the coming decade.

However, solar and wind energy are inherently intermittent, as the Sun does not

always shine and the wind does not always blow. Consequently, these renewable
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sources cannot provide continuous energy generation all year around. Therefore,

these sources are called intermittent. The dictionary definition of intermittent is

that “which occurs at irregular intervals or that is not steady.” Following this def-

inition, defining these sources as intermittent may not be grammatically correct

because they can produce steady power for hours. However, the fact remains that

environmental conditions play a crucial role in the power generation capability of

solar and wind power.

Consider, for instance, solar PVs. A passing cloud can partially or fully shade an

array thereby causing fluctuations in the output of the power level. Different types

of clouds and their heights are listed in [4]. Clouds that are below the height of

2,000 m have a major impact on solar PV power output. Cumulus clouds, due

to their fluffy, white appearance, are one of the most recognizable types of clouds.

These clouds are commonly associated with fair weather, though they can develop

into more significant storm clouds under the right conditions. Stratocumulus

clouds, on the other hand, typically appear as a blanket of gray or white patches,

often with darker spots, covering a large portion of the sky. They are one of the

most common types of clouds and can be seen in a variety of weather conditions.

While both cumulus and stratocumulus clouds will affect the PV output, cumulus

clouds can cause fluctuations in the PV power output when they pass overhead

causing shadows in solar arrays. To smoothen such fluctuations, battery energy

storage (BES) units may be required to be connected in parallel with PVs such that

they can supply the sudden power shortfall.

When a fault occurs in some location in a transmission system, the voltage on

the faulted phases will be zero. Due to the low impedance of transmission lines, a

large voltage drop would be experienced across large areas of the transmission sys-

tem until the fault is cleared by the opening of circuit breakers. Older types of wind

turbines can trip even when voltages transiently drop to 70% from their nominal

values. Wind turbines employing induction generators tend to increase their reac-

tive power demand, thereby causing further voltage depression. This will slow

down the voltage recovery process once the fault is cleared. This is why the fault

ride-through regulations of wind turbines have been mandated by several

authorities.

1.5 Blackouts

The primary causes of blackouts include the following:

•
Equipment Failure: Aging or malfunctioning equipment can lead to failures and

cascading outages.
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•
Human Error: Mistakes in grid management, maintenance, or operations can

trigger blackouts.

•
Natural Disasters: Severe weather events such as storms, hurricanes, earth-

quakes, and floods can damage infrastructure and cause widespread outages.

•
Cyber Attacks: Increasing reliance on digital communication and control sys-

tems makes grids vulnerable to malicious attacks.

•
Demand Overload: Excessive demand, especially during peak times, can over-

whelm the grid if not properly managed.

•
Inadequate Infrastructure: Poorly maintained or outdated infrastructure

increases the risk of failures.

There have been several blackout events affecting several millions of people that

have occurred in this century. Some of these are described below:

•
Northeast Blackout of August 2003: Occurred in northeastern United States and

Canada lasting up to two days and affecting 50 million people. The cause of the

blackout was a software bug in the alarm system at an Ohio control room, which

led to a cascade of failures after power lines brushed against trees.

•
Italy Blackout of September 2003: A tree falling on a power line in Switzerland

triggered a cascading failure across the interconnected European grid. Entire

Italy was blacked out affecting 56 million people for 12 hours.

•
Java-Bali Blackout of August 2005: A transmission line failure that led to a cas-

cading failure in the grid, impacting 100 million people.

•
European Blackout of November 2006: A routine disconnection of a high-voltage

line over the Ems River in Germany triggered a cascading failure affecting

10 million people in Western Europe.

•
Brazil and Paraguay Blackout of November 2009: This was caused by a failure at

the Itaipu Dam impacting 87 million people.

•
Indian Blackout of July 2012: Overdraw by states from the grid, combined with

maintenance issues resulted in affecting 620million people in northern, eastern,

and northeastern India. This is the largest blackout in history so far.

•
South Australia Blackout of September 2016: A severe storm with high winds and

lightning caused multiple transmission lines to trip and a cascading failure. The

entire state of South Australia lost power, affecting about 1.7 million people due

to lack of fault ride-through capability of wind turbines.

1.5.1 Power System Oscillations

Most power system calculations are performed using phasor analysis, which

assumes that the power system is in a sinusoidal steady state. However, in practice,
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oscillations resulting from small perturbations (such as load changes) are always

present due to different mechanical components in the grid. Fortunately, these

oscillations are well-damped and do not cause many problems to the systems oper-

ation and stability. The most concerning are the oscillations that result in high

energy exchange that can result in system instability.

Power system oscillations are of two types: natural and forced. These are defined

in the NERC report as follows [5]:

•
Natural: These are low-frequency oscillations that can be of different types,

such as

– Local: Occurs when a plant or a generating unit oscillates with the rest of the

system.

– Intraplant: Occurs when two or more units of a plant oscillate against

each other.

– Inter-area: Occurs when several coherent units oscillate against other coher-

ent group(s).

– Torsional: Occurs when a series compensated system oscillates with the

turbine shaft modes. This is usually called subsynchronous oscillations.

•
Forced: These can result in sustained oscillations at any frequency resulting from

events such as equipment failures and control interactions.

Oscillation analyses for different parts of the North American system are

analyzed in [6].

The detection and countermeasures to mitigate forced oscillations are recom-

mended in [5]. There are five steps involved in the detection process. The first step

is to detect the presence of oscillations. It has been suggested that supervisory con-

trol and data acquisition (SCADA) or phasor measurement unit (PMU) data can be

used for the detection of oscillations. The second step is to determine or estimate

themagnitude and frequency of the oscillations. This might require advanced tools

for accurate detection. The third step is to detect the extent of the oscillations, that

is, are they localized or are they spread over a large area? The last two steps involve

the determination of the general proximity of oscillations and the determination of

the specific component that is causing the oscillations. The most predominant

source of forced oscillations is the generating resources. Other components of

power systems, such as renewable energy sources due to their converter control

actions, FACTS devices, and HVDC lines, can also force oscillations in a power

system. Mitigation of these oscillations is not an easy process. Obviously, control

systems play a crucial role in damping oscillations. Therefore, careful tuning

actions must be performed on various control elements such as generator
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excitation systems, FACTS andHVDC controllers, and converter control actions of

renewable energy resources.

1.6 Smart Grid

The population of the world has doubled in the last 50 years. At the same time

frame, the per capita income has risen by two and a half times worldwide. With

the increasing prosperity, we now have bigger houses, more appliances and heat-

ing/cooling apparatus, and electric vehicles, which are increasing the demand for

electricity. At the same time, the electricity infrastructure in many places is aging.

The high volume of electricity trading is resulting in power flow and uncertainties

in the systems, which were not designed to handle these. Moreover, due to the con-

cerns of climate change, more and more renewable energy resources are getting

connected to the power grids resulting in voltage rise, reverse power flow, and

steep ramp rate in generation, causing further stress in the power infrastructure.

Against the backdrop of a deteriorating energy delivery system, it was decided

that the power grid needs unprecedented innovations to improve the efficiency,

reliability, and sustainability of electricity production and distribution. Smart grid

was mandated under the Energy Independence and Security Act of 2007, which

was approved by the US Congress and signed as law by the American President

in the same year. The American and European definitions of smart grid are some-

what overlapping. However, the common theme among them is that the smart grid

is the advancement of the power grid by integration of information and commu-

nication technology (ICT) with the power systems operation and infrastructure to

create a dynamic and responsive system.

Some of the key components that a smart grid must include are as follows:

•
Data Communication: Secure and fast communication networks that connect

various components of the grid, including smart meters, sensors, and control

centers.

•
Advanced Metering: Two-way digital communication between the utility and

customers for electricity usage and consumer participation.

•
Demand Response: The consumers adjust the demand for electricity in response

to supply conditions and real-time pricing signals.

•
Renewable Energy Integration: Integration of solar, wind, and other renewable

energy sources, along with battery storage systems to maximize greenhouse

gas emission reductions.

•
Grid Automation and Control: To operate a safe grid that can self-heal through

the use of sensors, PMUs, FACTS devices, and HVDC systems.

•
Cybersecurity: Protection against cyberattacks against grid operation and data

confidentiality breaches.
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Some of the benefits of the smart grid are as follows:

•
Reliability: Enhancing the system reliability through early detection of potential

hazards that can lead to outages and automatically reroute power and restore

service after disruptions through self-healing processes.

•
Efficiency: Improving system efficiency by reducing transmission losses through

better infrastructure and better management of energy usage.

•
Greenhouse Gas Emission Reduction: Through better utilization and integration

of renewable energy sources in both power transmission and distribution

systems.

•
Customer Awareness: By providing customers with detailed information about

their energy usage, real-time pricing, and reducing peak demand through

demand response programs.

Overall, smart grid will play a crucial role in the power delivery systems in the

21st century and beyond. A truly smart grid will incorporate generators of all sizes

and technologies. It will mitigate environmental impacts by facilitating the inte-

gration of renewable energy sources. It will improve the system reliability and

improve the quality of service and will enable customer participation in energy

usage and conservation. The comparison between smart grid and traditional grid

is shown in Figure 1.5.
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1.7 Phasor Analysis

Consider an AC voltage source, given by

v t = Vm sin ωt + ϕ 1 1

whereω is the angular frequency in rad/s and t is the time in seconds. Now assume

that this voltage source is supplying a load containing a series combination of a

resistor R, an inductor L, and a capacitor C. Let the current flowing through this

load be denoted by i. Then, the loop equation is given by

v t = Ri t + L
di t

dt
+

1

C
i t dt 1 2

Combining (1.1) and (1.2), the following second-order differential equation is

obtained.

ωVm cos ωt + ϕ =
1

C
i t + R

di t

dt
+ L

d2i t

dt2
1 3

Even though it is possible to solve this second-order equation, a power system

will involve multiple such equations. Solving several differential equations simul-

taneously will become a very complicated problem.

This problem was solved by another genius called Charles Steinmetz. He intro-

duced the use of complex vectors for having both amplitudes and phases to rep-

resent voltages and currents in sinusoidal steady state. In this state, all voltages

and currents oscillate at the same frequency with a stable amplitude and constant

phase relative to each other. Note that the integration of the voltage given in (1.1)

over a cycle will be zero. Therefore, to represent the voltage in the sinusoidal

steady state, root mean square (rms) quantities were introduced. In this, the volt-

age in (1.1) squared over the cycle to obtain

v2 t = V 2
m

2π
ω

0

sin2 ωt + ϕ dt =
V 2

m

2
1 4

The root mean square voltage is defined as

VRMS =

2π
ω

0

v2 t dt =
Vm

2
1 5
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The phasor for the voltage in (1.1) is given by

V =
Vm

2
ϕ 1 6

Note that the instantaneous quantities are denoted by lowercase letters, whereas

the phasor quantities are denoted by uppercase letters.

In this book, complex power will be used extensively. For example, consider the

following voltage and current:

V = V 0 and I = I − θ

We know that real and reactive power are given respectively by

P = V I cos θ andQ = V I sin θ

Now note that

VI∗ = V I θ = V I cos θ + j sin θ = P + jQ 1 7

V∗I = V I − θ = V I cos θ− j sin θ = P− jQ 1 8

1.8 Concluding Remarks

Modern power systems are changing rapidly with the traditional way of power

delivery system getting replaced by new technologies and power equipment. How-

ever, the power system analysis concepts and techniques still remain the same.

They, however, are continuously getting upgraded as and when new technologies

are incorporated into the systems. This book seeks to blend traditional power sys-

tem analysis methods with emerging technologies.
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2

Power System Components

The basic structure of a power system is shown in Figure 2.1. It contains generating

plants, a transmission system, a subtransmission system, and a distribution sys-

tem. These subsystems are interconnected through the transformers T1, T2, and

T3. A typical thermal plant generates electric power at a typical voltage level of

22 kV (voltage levels are usually specified line-to-line). This is boosted up to levels

like 400 kV through the transformer T1 for power transmission. Windfarms gen-

erate power at lower-voltage levels, which is then boosted by a transformer. A solar

farm generates dc power, which is then boosted, converted into ac, and connected

to the transmission system through a transformer. The transmission level voltage

is stepped down by the transformer T2 to the subtransmission level (66 or 132 kV)

to supply industrial loads that require bulk power at a higher voltage. Most major

industrial customers have their own transformers to step down the subtransmis-

sion level voltage supply to their desired levels. The voltage levels are stepped up or

stepped down to reduce line losses and improve transmission efficiency. Distribu-

tion systems are designed to operate for much lower-power levels and are supplied

with medium-level voltages by stepping down the transmission voltage through

transformer T3.

Power distribution network starts with transformer T3, which steps down the

voltage to 33 kV or 11 kV. The distribution system contains loads that are either

commercial type (like office buildings, huge apartment complexes, data centers,

shopping complexes, etc.) or residential (domestic) type. Usually, the commercial

customers are supplied power at a voltage level of 11 kV, whereas the domestic

consumers get power supply at 400–440 V. Since domestic customers get single-

phase supplies, they usually receive 230–250 V at their inlet points.While a domes-

tic customer with low-power consumption gets a single-phase supply, both indus-

trial and commercial consumers get three-phase supplies not only because their

consumption is high but also because many of them use three-phase motors.
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For example, the use of an induction motor is very common amongst industrial

customers who run pumps, compressors, elevators, rolling mills, etc. It is to be

noted that the voltage levels at the distribution level vary from country to country.

For example, in Australia, the low distribution voltage level is 400 V (L-L), i.e., 230

V (L-N), while in the United States or Canada, it is 208 V (L-L), i.e., 120 V (L-N).

Similarly, medium- and high-voltage levels also vary depending on the countries.

The main components of a power system are generators, transformers, and

transmission lines. In this chapter, we shall discuss the models of these compo-

nents that will be used subsequently in power system studies. Usually, these mod-

els are represented by

•
voltage sources and reactances for generators;

•
leakage reactances for transformers;

•
resistance, inductance, and capacitance for transmission lines.

A power system may contain different power equipment with different voltages

and power levels connected together through various step-up or step-down trans-

formers. However, the presence of various voltage and power levels causes pro-

blems in finding out the currents (or voltages) at different points in the

network. To avoid this, all the quantities are converted to a common per unit base.

Once all the quantities are converted in this common base, a power system can be

graphically represented by the impedances of the various parts of the network.

This is called an impedance diagram (or reactance diagram if the resistances

are neglected). It will be shown how such diagrams are formed. A high-power

transmission line can be hundreds of kilometers long. The line parameters are usu-

ally dependent on the line length. Three different representations, namely, short,

Distribution
system

Transmission
line

Subtransmission
line

Generation

Domestic
customers

Commercial
customers

T1

T2

T3

Industrial
customers

Figure 2.1 A typical power system. Source: chungking / Adobe Systems Incorporated;
majeczka / Adobe Systems Incorporated; Stephen Davies / Adobe Stock Photos.
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medium, and long transmission lines, are characterized depending on the line

length. The line representation will be discussed in detail in Section 2.5. The so-

called ABCD parameters using two-port network theory will be introduced. These

can relate the sending end voltage and current to the receiving end voltage and

current.

Power transmission lines are left to the vagaries of Mother Nature. A lightning

strike on a line can cause voltage or current traveling along the line at a very high

speed. These waves can reflect back along the line once they reach a terminating

point or can be further transmitted in a complex pattern. Therefore, an under-

standing of this phenomenon is important from the protection point of view.

The basic concept of traveling waves is introduced in Section 2.6.1.

2.1 Transmission Line Parameters

Overhead transmission lines and transmission towers are a common sight around

the world. The transmission towers are usually made of steel and are solidly

erected with a concrete base. The three-phase conductors are supported by the

towers through insulators. The conductors are usually made of aluminum or its

alloys. Aluminum is preferred over copper because an aluminum conductor is

lighter in weight and cheaper in cost than copper conductor of the same resistance.

The conductors are not straight wires, but strands of wire twisted together to

form a single conductor to give it higher tensile strength. One of the most common

conductors is aluminum conductor, steel reinforced (ACSR). The cross-sectional

view of such a conductor is shown in Figure 2.2. The central core is formed with

strands of steel, while two layers of aluminum strands are put in the outer layer.

The other types of conductors that are in use are all aluminum conductor (AAC),

all aluminum alloy conductor (AAAC), aluminum conductor, alloy reinforced

(ACAR), etc.

Power transmission lines are represented by series resistance and inductance

and parallel capacitance. In the following sections, we shall briefly discuss these

parameters. For a more detailed description, please refer to [1]. References [2, 3]

also outline how these parameters are calculated.

2.1.1 Line Resistance

The dc resistance of a conductor is given by

Rdc =
ρl

A
Ω 2 1

where ρ is the resistivity of the wire inΩ-m; l is the length in m; and A is the cross-

sectional area of the wire in m2.
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However, the resistance of an overhead conductor is not the same as that given

by (2.1). In a DC line, the current density is uniform throughout the conductor.

However, when an alternating current flows through a conductor, the current den-

sity is not uniform over the entire cross-section but gets pushed toward the surface

of the conductor, especially at higher frequencies. This is called the skin effect. It

results in the reduction of surface area available for current flow, thereby increas-

ing the effective resistance of the conductors.

Skin depth usually defines how deep the current penetrates a conductor. It is

inversely proportional to the square root of frequency. Therefore, the higher the

frequency, the smaller the skin depth, which will push the current closer to the

surface. In order to reduce the skin effect, the conductor surface area can be

increased. This, however, will result in bulkier conductors. Alternatively, stranded

conductors can be used, where several conductors will carry current individually,

thereby reducing the skin effect.

In addition to skin effects, the temperature also affects the resistivity of the con-

ductor. The temperature rise in the metallic conductors is almost linear in the

practical range of operation, given by

R2

R1
=

T0 + t2

T0 + t1
2 2

where R1 is the resistance at temperature t1 in C; R2 is the resistance at temper-

ature t2 in C; and T0 is a constant that depends on the conductor materials.

Since the resistance of a conductor cannot be determined accurately, it is best to

determine it from the data supplied by the manufacturer.

It is to be noted that resistance and temperature play a crucial role in the max-

imum power that can be transmitted over a transmission line. A conductor should

be able to carry the maximum rated current over a long period of time. It must be

able to withstand a temperature up to 75 C. This is usually defined as the thermal

capacity of a line, which is a function of the heat generated from the current

through resistive (I2R) drop, heat from the sun, and cooling from the wind as

the transmission lines are exposed to nature.

Aluminum

Steel

Figure 2.2 Cross-sectional view of ACSR

conductor.
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2.1.2 Line Inductance

Series inductance appears in transmission lines due to the flow of alternating cur-

rent in the conductors. The flow of current creates amagnetic field around the con-

ductor as per Ampere’s law. Now an alternating current changes with time.

Therefore, the magnetic field also changes with time. The changing magnetic field

induces a voltage that opposes the changes in current giving rise to inductance.

The relationship between the inductance, flux linkage, and the phasor current

is expressed as

L =
λ

I
H 2 3

where L is the inductance in Henry, λ is the flux linkage in Weber-turns, and I is

the phasor current in Ampere.

The inductance of a single-phase, two-wire line (see Figure 2.3 a) is given by

L =
μ0

2π
ln

D

r
H m 2 4

where L is the inductance per unit length in Henry (H)/m; μ0 = 4π × 10−7 is the

permeability of free space in H/m; D is the distance between conductor spacing

Dab

Dca
Dbc

(a)

(c)

(b)
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c
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r r
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D

D
D
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c r

r r
a

rr

D

Figure 2.3 Placement of conductors for (a) single-phase, two-wire, (b) three-phase with
equal spacing, and (c) three-phase with unequal spacing.
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in m; r is the radius of the conductor in m; and r = re−1/4 in m is a fictitious con-

ductor that has no internal flux but has the same inductance as that of a conductor

with radius r. This can be termed as an equivalent radius accounting for internal

flux and skin effect.

Substituting the values of μ0 and e−1/4, (2.4) is rewritten as

L = 2 × 10−7 ln
D

0 7788r
H m 2 5

For example, let us assume that D = 1m and r = 0.01 m. Then

L = 2 × 10−7 ln
1

0 007788
= 9 71 × 10−7 H m

It is interesting to note that the inductance increases as the distance between the

conductors increases, as shown in Figure 2.4.

A three-phase line when the conductors are placed at equal distance in an equi-

lateral triangle is shown in Figure 2.3 (b). The inductance per unit length is the

same as that given by (2.4) or (2.5), where D is the length between the conductors.

A three-phase line where the conductors are placed at unequal lengths is shown

in Figure 2.3 (c). The inductances of the three phases will be unequal. These are

given by

La = 2 × 10−7 ln
DabDca

r
H m 2 6

1.5
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Figure 2.4 Variation of inductance versus the distance between the conductors.
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Lb = 2 × 10−7 ln
DabDbc

r
H m 2 7

Lc = 2 × 10−7 ln
DbcDca

r
H m 2 8

For example, let Dab = 2 m, Dbc = 3 m, Dca = 6 m, and r = 0.01 m. Then

La = 2 × 10−7 ln
2 × 6

0 007788
= 1 2195 × 10−6 H m

Lb = 2 × 10−7 ln
2 × 3

0 007788
= 1 1502 × 10−6 H m

Lc = 2 × 10−7 ln
2 × 6

0 007788
= 1 2601 × 10−6 H m

The asymmetrical line is undesirable. As it can give rise to unbalanced current

flow, which will result in unbalanced voltages downstream. One of the ways of

restoring the balanced nature of the circuit is to exchange the positions of the con-

ductors at regular intervals. This is called transposition of line and is shown in

Figure 2.5. In this, each segment of the line is divided into three equal subseg-

ments. The conductors of each of the phases a, b, and c are exchanged after every

subsegment such that each of them is placed in each of the three positions once in

the entire segment. For example, the conductor of phase-a occupies positions in

the sequence 1, 2, and 3 in the three subsegments while that of phase-b occupies

2, 3, and 1. The transmission line consists of several such segments.

The per phase inductance of a transposed line is given by

L = 2 × 10−7 ln
GMD

r
H m 2 9

where GMD is the geometric mean distance that is expressed as

GMD = DabDbcDca
3

For example, let Dab = 2 m, Dbc = 4 m, Dca = 3 m, and r = 0.01 m. Then

GMD = 2 × 4 × 33 = 24
3

= 2 8845 m

The inductance is then L = 1.1829 × 10−6 H/m.

Position 1

Position 2

Position 3
a

b

c

a

ab

bc

c

Figure 2.5 A segment of a transposed line.
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To improve the electrical performance of transmission lines, sometimes the con-

ductors are bundled, where multiple conductors are grouped together and spaced

apart using spacers (see Figure 2.6). The spacers are used to maintain fixed spacing

between the conductors in the bundle. Usually, two conductors are bundled when

the transmission voltage is 220 kV, four conductors are used for a voltage of 400 kV,

and for higher voltages, six or eight conductors are used in a bundle. There are

several advantages of using bundled conductors. The conductors in a bundle divide

the current flowing among themselves. Therefore, the magnitude of the current

reduces, thereby reducing I2R loss. It reduces line reactance as well. Moreover,

bundling increases the effective surface area, which reduces the magnetic field

intensity. This will reduce corona loss and radio interference.

The inductance of a bundled conductor is given by

L = 2 × 10−7 ln
GMD

GMR
H m 2 10

where GMR is the effective radius of the bundle. For a bundle that has a spacing of

D m between the bundles and has n number of sub-conductors in a bundle, the

GMR is given by the formula

GMR = r Dn n− 1 2n

For example, consider a bundled conductor with two sub-conductors, where

r = 0.01 m, D = 0.4 m, and GMD = 4 m. Then

GMR = 0 007788 × 0 4 = 0 0558 m

The inductance is then L = 8.544 × 10−7 H/m. If a non-bundled conductor is

used, then for the same specifications, the inductance will be

L = 2 × 10−7 ln
GMD

r
= 1 2438 × 10−6H m

Obviously, bundling has reduced the inductance.

D

r r

r r

Spacer

Figure 2.6 A four-conductor bundle.
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2.1.3 Line Charging Capacitance

Capacitance in a transmission line forms due to the potential difference between

the conductors, which can store energy, just like capacitors. The conductors get

charged in the same way as the parallel plates of a capacitor, where the air forms

a dielectric medium between the conductors. This will cause transmission lines to

store energy between conductors and even between conductors that are grounded.

Therefore, the sending end must supply the charging current to charge the capac-

itance, even under no-load conditions. This is why they are sometimes called line

charging capacitors. Capacitance between two parallel conductors depends on the

size and the spacing between the conductors. Usually, the capacitance is neglected

for the transmission lines that are less than 50miles (80 km) long. However, the

capacitance becomes significant for longer lines with higher voltages.

For a round conductor with a radius of r in m, the capacitance C is the ratio of

charge q in coulombs of the conductor to the impressed voltage V, i.e.,

C =
q

V
Farad F 2 11

The charge on the conductor gives rise to an electric field with radial flux lines

where the total electric flux is equal to the charge on the conductor. This is the

basis for capacitor calculations.

Consider a single-phase, two-wire line with a distance D between the wires (see

Figure 2.7 a). If the radius of each conductor is r, then the voltage between the lines

a and b is given by

Vab =
q

πε0
ln

D

r
2 12

where ε0= 8.854 × 10−12 F/m is the permittivity of the free space. Then, the capac-

itance between the wires is given by

Cab =
q

Vab

=
πε0

ln D r
F m 2 13

Eq. (2.13) gives the capacitance between two conductors. For transmission line

modeling, the capacitance is defined between the conductor and neutral. This is

shown in Figure 2.7 (b). Therefore, the value of the capacitance CLN is given as

CLN = 2Cab =
2πε0

ln D r
F m 2 14

For example, if two conductors of radius 0.01 m are placed at a distance of 4 m,

then the capacitance is given by

Cab =
π × 8 854 × 10−12

ln 4 0 01
= 4 6425 × 10−12 F m
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The line-to-neutral capacitance is then given by

CLN = 2Cab = 9 285 × 10−12 F m

For a three-phase line with symmetrical spacing, the capacitance CPN between a

phase and neutral is given by

CPN =
2πε0

ln D r
F m 2 15

Similarly, the capacitance between phase and neutral of an asymmetrically

spaced three-phase line is given by

CPN =
2πε0

ln GMD r
F m 2 16

Using (2.16), we can also find the capacitance of a transposed line. For example,

considerDab= 4m,Dbc= 5m, andDca= 6m. Then, if the radius of each conductor

is 0.01 m, the per phase capacitance is given by

CPN =
2πε0

ln 4 × 5 × 63 r
= 8 971 F m

Earth affects the calculation of capacitance of three-phase lines as its presence

alters the electric field lines. This is given by

C =
2πε0

ln 2h r
F m 2 17

where h is the height of the conductors placed on transmission towers. Obviously,

as the height of the tower increases, the value of the capacitance decreases. More-

over, the height of the conductors is much larger than the spacing between the

conductors. Therefore, the effect of Earth can be neglected for capacitance calcu-

lations, especially when balanced steady-state operation of the power system is

considered. However, for underground cables, there is a strong dielectric effect

between the cables and the ground and, therefore, the capacitance value will

increase.

(b) CLNCLN

Neutral

(a) Cab

Conductor bConductor aConductor bConductor a

Figure 2.7 Capacitance between (a) two conductors and (b) conductor and neutral.
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2.2 Synchronous Machine Model

A synchronous machine, as the name signifies, rotates at the rated (synchronous)

speed, which is given in revolution per minute (rpm) by

η =
120f

p
rpm 2 18

where f is the frequency in Hz, and p is the number of poles. Usually, large

turboalternators have two poles. Then, if the system operates at 50 Hz, the

alternator rotates at 3,000 rpm, while if the frequency is 60 Hz, it will rotate

at 3,600 rpm.

A three-phase synchronous generator has a DC field winding that is placed on

the rotor, while the phase windings are placed in the rotor, as shown in Figure 2.8

(a). The rotor of a synchronous machine can be of two types – salient pole or

Stator

c

b

if

Rotor

(a)

(b)

N

S

N

S

(c)

a

ib

ia

ic

Figure 2.8 Synchronous machine configuration (a) stator and rotor, (b) salient pole rotor,
and (c) nonsalient (cylindrical) rotor.
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nonsalient pole. The term salient means projecting, i.e., the poles are projecting

from the rotor surface, as shown in Figure 2.8 (b). Such rotors are used for low-

speed applications, e.g., hydropower. However, the airgap is not uniform, and

hence, the direct and quadrature axis reactances are not equal. For higher speed,

the rotor is cylindrical (see Figure 2.8 c). Since the rotor is cylindrical, the airgap is

uniform and the direct and quadrature axis reactances are equal.

For power system studies, synchronous machines are represented by their

equivalent circuit model [4], which is discussed below. A more detailed deriva-

tion of model is given in [5]. In the equivalent circuit, it has been assumed that

the machine operates in a balanced fashion, where the magnitude of the voltages

are the same and they are phase displaced by 120 from each other. The field cur-

rent If produces a flux ϕf in the airgap. The airgap flux produces an excitation

voltage Eq, which is proportional to both machine speed and the flux. Again,

the current I through phase produces a flux ϕ. This flux has two components.

These are

•
Leakage flux, ϕl, which links with stator winding and does not link with the field

winding.

•
Armature reaction flux, ϕm, that is established in the airgap and links with the

field winding.

The armature reaction flux induces a voltage Er in the stator winding. The result-

ant equivalent circuit is shown in Figure 2.9, where the terminal voltage is denoted

by Vt. The reactances Xm and Xl are due to ϕm and ϕl, respectively, and their sum is

called the synchronous reactance of the generator, i.e.,

X s = Xm + X l

The terminal voltage is then given by

V t = Eq + R + jXS I 2 19

Eq

+

–

+

–

Er

Xm Xl

Xs

R I

Vt

Figure 2.9 Equivalent circuit of a

synchronous machine.
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The resistance R is called the effective resistance and is often neglected in power

system studies.

2.3 Transformer Model

The equivalent circuit of a single-phase transformer is shown in Figure 2.10. The

following terms are defined with respect to this figure:

•
V1 and V2, respectively, are the primary winding and the secondary winding

voltages.

•
I1 is the current entering the primary terminal.

•
Rc is the core loss component, which occurs due to hysteresis and eddy currents

in the transformer core.

•
Xm is the magnetizing reactance.

•
Xeq is the leakage inductance of the transformer, which arises from the incom-

plete coupling of magnetic flux between the windings.

•
Req is the transformer winding resistance.

•
N1:N2 is the turns ratio of the transformer.

It is to be noted that all the quantities are referred to the primary side.

The impedance of the shunt branch is much larger compared to that of the

series branch. Therefore, we neglect Rc and Xm. Again, of the series para-

meters, Req is much smaller than Xeq. Thus, the series impedance can be

neglected as well, and, consequently, the transformer can be represented only

by the leakage reactance Xeq. The single-phase transformer equivalent circuit,

when referred to the primary side, is as shown in Figure 2.11 (a). The equiv-

alent circuit, when referred to the secondary side, is shown in Figure 2.11 (b),

where a = N1/N2.

Xeq

N1 N2

+

–

+

–

Req

Req Xm
V1

V2

Ic Im

I1

IΦ

Figure 2.10 Equivalent circuit of a single-phase transformer.
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2.4 Per Unit Representation

In the language of power systems, a three-phase circuit is said to be balanced if the

following conditions are true.

1) If all the sources and loads are Y-connected and have equal impedances.

2) There is no mutual inductance between the phases.

3) All neutrals are at the same potential.

4) As a consequence of the points (2) and (3) above, all phases are decoupled.

5) All network variables are balanced sets in the same sequence as the sources.

Point (1) given above does not indicate that sources or loads that are

Δ-connected cannot be balanced. Instead, all Δ-connected loads must be con-

verted into an equivalent Y-connection. Consider, for example, the three-phase

circuit shown in Figure 2.12 (a) that contains three balanced sources Ea, Eb,

and Ec along with three balanced source impedances, denoted by ZS. The sources

supply two balanced loads—one Y-connected with impedance of ZY and the other

Δ-connected with impedance of ZΔ. Since this is a balanced network, the sum of

the currents at the neutralsN and n is zero. Therefore, the neutrals are at the same

potential. Transforming theΔ-connected load to an equivalent wye, we get the per

phase equivalent circuit as shown in Figure 2.12 (b). In this fashion, an entire

power system can be converted into its per phase equivalent. The line diagram

showing a per phase equivalent circuit is called a single-line diagram.

The purpose of a per unit system is to convert all the system parameters into a

uniform normalized platform. The use of the per unit system simplifies the com-

parison of components with different ratings, enabling seamless analysis across

transformers, generators, and transmission lines. In this platform, each system

quantity is normalized on its own base value. In a per unit system, all quantities

N1 N2 N1 N2

+

–

V1

+

–

V1

+

–

V2

+

–

V2

Xeq Xeq/a2
I1 I1

(b)(a)

Figure 2.11 Simplified equivalent circuit of a single-phase transformer: (a) when referred
to the primary side and (b) when referred to the secondary side.
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are denoted as per unit (or pu), and not in volt, amp, or ohm. The fundamental

base quantities chosen are:

•
VA base (Pbase): This is the three-phase apparent power (Volt–Ampere) base that

is common to the entire circuit.

•
Voltage base (Vbase): This is the line-to-line voltage of the different portions of a

circuit. Note that this quantity is not uniform for the entire circuit but gets chan-

ged by the turns ratio of the transformer that joins the different portions of the

circuit.

Based on the above two quantities, the impedance base is defined as

Zbase =
V base

2

Pbase

2 20

Even though Pbase is defined for the three-phase power and Vbase is defined for

the line-to-line voltage, the current must be defined for the line current, i.e.,

Ibase =
Pbase

3 × V base

2 21

It is interesting to note that all quantities are first defined at their own base, i.e.,

in terms of their Pbase and Vbase. They can then be converted into a base that is

ZS

ZS

ZS

ZY

ZYZY

ZΔ

ZΔZΔ

Eb

Ea

Ec

N n

+

–

––

++

(a)

ZS

ZY ZΔ/3Ea

+

–

(b)

Figure 2.12 (a) Three balanced sources supplying two balanced loads through balanced

source impedances and (b) its per phase equivalent circuit.
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common for the entire circuit. For example, assume that an impedance Z is

defined as Z1 per unit in a base impedance of Z
1
base, i.e.,

Z1 pu =
Z

Z
1
base

Z = Z1 × Z
1
base 2 22

The impedance now will be represented as Z2 in a new base value denoted as

Z
2
base. This is given by

Z2 =
Z

Z
2
base

Z2 =
Z1 × Z

1
base

Z
2
base

pu 2 23

From (2.20) and (2.23), Z2 can be defined in terms of old and new values of VA

base and voltage base as

Z2 = Z1 ×
V

1
base

V
2
base

2

×
P

2
base

P
1
base

pu 2 24

Example 2.1 Let us consider the circuit shown in Figure 2.11 (a) which contains

the equivalent circuit of a transformer. Let the transformer rating be

500MVA, 400/33 kV with a leakage reactance of 10%.

The VA base of the transformer is 500 MVA and the voltage bases in the primary

and secondary side are 400 kV and 33 kV, respectively. Therefore, the impedance

bases of these two sides are

Z
1
base =

400 × 103
2

500 × 106
= 320 Ω and Z

2
base =

33 × 103
2

500 × 106
= 2 178 Ω

where the subscripts 1 and 2 refer to the primary (high-tension) and secondary

(low-tension) sides, respectively. Assume that the leakage reactance is referred

to the primary side. Then for 10%, i.e., 0.1 per unit leakage reactance, we have

X 1
eq = 0 1 × 320 = 32 Ω

Note that for the primary and secondary voltages given the turns ratio is

a = 400/33 = 12.1212. The turns ratio is calculated here using the line-to-line vol-

tages. However, the turns ratio will remain the same even when line-to-neutral

voltages are considered since they are calculated by dividing line-to-neutral voltages

by 3. Then the primary side reactance X 1
eq is referred to the secondary side as

X 2
eq =

32

a2
=

32

12 12122
= 0 2178 Ω

Dividing this by the base impedance of the secondary side, we have

X 2
eq =

0 2178

2 178
= 0 1 per unit
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Therefore, we see that the per unit leakage reactance

is the same for both sides of the transformer and, thus,

the transformer can be represented by only its leakage

reactance Xeq = X 1
eq = X 2

eq . The equivalent circuit of

the transformer is then as shown in Figure 2.13. Since

this diagram only shows the reactance (or impedance)

of the circuit, this is called the reactance (or impedance)

diagram.

We havementioned that for per unit calculations, we

have assumed that all sources and loads are y-con-

nected. This implies that all Δ-connected devices need

to be converted to an equivalent y-connection. This does not, however, alter the

per unit values. The following example illustrates this.

Example 2.2 Consider a Y/Δ connected transformer with the following

parameters:

Rating 10MVA, 33 kV(Y)/11 kV(Δ)

Leakage reactance on the LV side (ZΔ) = 3Ω

First, we convert the Δ-connected reactance to an equivalent star to get

ZY =
ZΔ

3
= 1 Ω

The base impedance on the secondary side is

Z
2
base =

112

10
= 12 1 Ω

Therefore, the equivalent reactance is

X 2
eq =

1

12 1
= 0 0826 per unit

Now, we refer the reactance to the primary side, which is given by

Z
1
Y = ZY ×

33

11

2

= 9 Ω

Now the base impedance on the primary side is

Z
1
base =

332

10
= 108 9 Ω

Then, the per unit reactance on the primary side is

X 1
eq =

9

108 9
= 0 0826 per unit

XeqI1

+

–

V2

+

–

V1

Figure 2.13 Per unit

equivalent circuit of a
transformer.
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Therefore, the per unit reactance remains the same irrespective of the connec-

tion (Y or Δ).

In all the subsequent discussions, the per unit impedance of an apparatus is given

by assuming that the impedance is Y-connected or it is already converted into an

equivalent Y. Furthermore, the per unit impedance of the apparatus is expressed

in terms of its rated voltage and MVA. The following example illustrates this.

Example 2.3 Consider the 50 Hz power system the single-line diagramofwhich is

shown in Figure 2.14. The system contains two buses, four generators, four trans-

formers, and five transmission lines, the ratings of these are

Generator G1: 400 MVA, 20 kV, Xs = 15%

Generator G2: 500 MVA, 18 kV, Xs = 20%

Generator G3: 500 MVA, 20 kV, Xs = 20%

Generator G4: 500 MVA, 20 kV, Xs = 20%

Transformer T1: 500 MVA, 220Y/22 kV, X = 10%

Transformer T2: Three single-phase transformers each rated 166.667 MVA, 130Y/

25Δ kV, X = 10%

Transformer T3: 500 MVA, 220/22 kV, X = 10%

Transformer T4: 500 MVA, 200/22 kV, X = 10%

The transmission line reactances are as indicated Figure 2.14. We shall draw the

reactance diagram choosing the Generator G3 circuit as the base.

Since the circuit of Generator G3 is chosen as the base, the base MVA for the

entire system is 500. Furthermore, the base voltage in the Generator G3 side is

20 kV. The generator is connected to the transmission line through a 220 kV/22

T4

G1

1 2

20 kV

20 kV

200 kV

22.22 kV

j75 Ω

j50 Ω j50 Ω

j50 Ω j40 Ω

G3

22 kV

G4

G2

T1

T3

T2

Figure 2.14 Single-line diagram of the power system of Example 2.2.
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kV transformer T3. Therefore, the base voltage of the high-tension side of the trans-

former is 200 kV. Thus, the bases of all four lines are 500MVA and 200 kV. The

base impedance of all the lines is then

ZTL
base =

2002

500
= 80 Ω

The per unit impedances of the transmission lines are then

X j75 =
75

80
= 0 938,X j50 =

50

80
= 0 625,X j40 =

20

80
= 0 25

The transformer T3 has a base voltage of 220 kV on the high-tension side,

whereas the base voltage of the lines is 200 kV. Therefore, the per unit impedance

of the transformer will be changed as

X
2
T3 = 0 1 ×

220

200

2

= 0 121 pu

Since transformers T1 and T3 are identical and both of them are connected

to lines with a base of voltage of 200 kV, their per unit impedances will also be

same, i.e.,

X
2
T1 = X

2
T3 = 0 121 pu

Let us consider the circuit of Generator G1. Since transformer T1 also has a volt-

age ratio of 220 kV/22 kV, the base voltage for the generator side will be 20 kV,

which is the same as base voltage of G1. However, the base MVA for G1 is 400.

Therefore, its base MVA needs to be changed. The per unit reactance of the gen-

erator is then given by

X
2
G1 = 0 15 ×

500

400
= 0 188 pu

Transformer T4 is rated at 500 kV and has a base voltage of 200 kV. Therefore, its

per unit impedance remains the same, i.e.,

X
2
T4 = 0 1 pu

Similarly, generator G4 has base MVA and voltage do not change. Therefore, its

per unit impedance will also remain the same, i.e.,

X
2
G4 = 0 2 pu

Finally, we consider the circuit of Generator G2. It is connected through three

single-phase transformers rated 130Y/25Δ kV, 166.667 MVA. Then the base

MVA of the transformer is 3 × 166.667 = 500 kV, which is the same as the base

MVA of the circuit. The line-line voltage of the high-tension side of T2 is
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3 × 130 = 225kV. Since the low-tension side is connected in Δ, its line-line volt-

age is 25 kV. This implies that the transformer T2 has a turns ratio of 9 : 1. There-

fore, the generator G2 side voltage is 225/9 = 22.22 kV. Therefore, the per unit

impedance of generator G2 is

X
2
G2 = 0 2 ×

18

22 22

2

= 0 131 pu

Furthermore, the base voltage of T2 is also changed. Hence, its per unit imped-

ance is

X
2
T2 = 0 1 ×

25

22 22

2

= 0 127 pu

The base voltages at the different portions of the circuit are indicated by ellipses

in Figure 2.14, and the impedance diagram of the circuit is shown in Figure 2.15.

2.5 Modeling Transmission Lines

As discussed in Section 2.2, transmission line parameters include series resistance

and inductance and shunt capacitance. These are then used in transmission line

models. These models are then used for various power system computations,

which will be used in the remainder of the book. The line models are classified

by their length. These classifications are

•
Short line approximation for lines that are less than 80 km long.

•
Medium line approximation for lines whose lengths are between 80 km and

250 km.

•
Long line model for lines that are longer than 250 km.

EG1

j0.188

EG2

XG1 XG2

XT1 XT2

Xj40Xj75

j0.121

j0.938

j0.625

j0.121

j0.2

j0.25

j0.127

j0.131

+

–

+

– EG3

XG3

XT3

Xj50

+

–

1

EG4

XG4

XT4

Xj50

+

–

2

Xj50

j0.625

j0.625

j0.1

j0.2

Figure 2.15 The impedance diagram of the power system of Figure 2.15.
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The models, which will be discussed in this section, assume that the line is con-

nected between a sending end and a receiving end. We start our discussion by

introducing the ABCD parameters that are used for relating the sending end volt-

age and current to the receiving end voltage and currents.

2.5.1 ABCD Parameters

Consider the two-port representation of a transmission line shown in Figure 2.16.

In this the sending and receiving end voltages are denoted by VS and VR, respec-

tively. Also, the currents IS and IR are entering and leaving the network, respec-

tively. The sending end voltage and current are then defined in terms of the

ABCD parameters as

VS = AVR + BIR 2 25

IS = CVR + DIR 2 26

From (2.25), we see that

A =
VS

VR IR = 0

2 27

This implies that A is the ratio of sending end voltage to the open circuit receiv-

ing end voltage. This quantity is dimensionless. Similarly,

B =
VS

IR VR = 0

Ω 2 28

i.e., B, given in Ohm, is the ratio of the sending end voltage and the short circuit

receiving end current. Similarly, we can also define

C =
IS

VR IR = 0

Ω

2 29

D =
IS

IR VR = 0

2 30

The parameter D is dimensionless.

IS

Transmission
lineVS

IR

VR

Figure 2.16 Two port

representation of a power system.
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2.5.2 Voltage Regulation

Voltage regulation (VR) is defined as the percentage change in the receiving end

voltage when the load changes from full load to no load, i.e.,

VR =
VRNL − VRFL

VRFL

× 100 2 31

where VRNL is the no-load voltage, and VRFL is the full-load voltage. At no load,

IR = 0, and therefore, from (2.27) we have

VRNL =
VS

A
2 32

However, the full-load voltage will depend on the load current.

Example 2.4 A transmission line receives 50 MW, 30MVAr at the receiving end

voltage of 210 kV at full load. The system parameters are as follows:

VS = 220 0 kv,A = 0 98 2 Ω and B = 30 75

We have to find the percentage voltage regulation.

The first step is to find the receiving end current. Let VR = 210 ∠−δ kV. Then

from the receiving end complex power, we have

PR − jQR = V ∗

RIR

50− j30 × 106 = 210 × 103IR

Therefore, the receiving end current is

IR =
50− j30

210
× 103 = 238 1− j142 86 = 277 66 −31 A

From (2.25), the full-load voltage is calculated as

VRFL =
VS −BIR

A
=

220 × 103 − 30 75 × 277 66 −31

0 98 2

= 218 04− j13 53 × 103 = 218 46 −3 55 kV

Now, from (2.32), the magnitude of the no-load receiving end voltage is given by

VRNL =
VS

A
= 224 49 kV

Therefore, the percent voltage regulation is given from (2.31) as follows:

VR =
224 49− 218 46

218 46
× 100 = 2 76
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2.5.3 Short Line Approximation

The shunt capacitance for a short line is almost negligible. The series impedance is

assumed to be lumped as shown in Figure 2.17. Let us assume that line is l km long.

If the impedance per km is z0 = r+ jx, then the total impedance of the line is

Z = R + jX = lz0 = lr + jlx

The sending end voltage and current for this approximation are given by

VS = VR + ZIR 2 33

IS = IR 2 34

Therefore, the ABCD parameters are given by

A = D = 1,B = Z Ω and C = 0 2 35

2.5.4 Medium Line π Approximation

The line charging capacitance must be considered in a medium length line. There

are two options available – one in which the total line charging capacitance is

divided into two equal parts and is placed at the two ends of the line in π-like for-

mation. In the other option, the capacitor is placed in the middle of the line in a T-

like formation.

We first start our discussion with π-representation. In this representation, the

lumped series impedance is placed in the middle while the shunt line charging

capacitance is divided into two equal parts and placed at the two ends, as shown

in Figure 2.18. Note that the capacitive admittance for a capacitance C is given by

IS

VS

IR

VR

Z = R + jX
Figure 2.17 Short line

approximation of a
transmission line.

VS

Z = R  +  jX

Y

M
IS

I1 I2
I3 VR

IR

2

Y

N

2

Figure 2.18 Nominal-π
representation of a medium

length transmission line.
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Y= jωC. Therefore, dividing the line charging capacitance equally is akin to divid-

ing the admittance into two equal parts in Figure 2.18. The nominal-π represen-

tation is typically used for load flow studies, as we shall see in Chapter 3.

Let us define three currents I1, I2, and I3 as indicated in Figure 2.18. Applying

Kirchhoff’s current law (KCL) at node M, we get

IS = I1 + I2 =
Y

2
VS + I2

Similarly, the KCL at node N gives

I2 = I3 + IR =
Y

2
VR + IR

The last two equations are combined to form the following equation of the send-

ing end current:

IS =
Y

2
VS +

Y

2
VR + IR 2 36

Now

VS = ZI2 + VR = Z VR

Y

2
+ IR + VR =

YZ

2
+ 1 VR + ZIR 2 37

Substituting (2.36) in (2.37), we get

IS =
Y

2

YZ

2
+ 1 VR + ZIR +

Y

2
VR + IR

= Y
YZ

4
+ 1 VR +

YZ

2
+ 1 IR

2 38

Therefore, from (2.37) and (2.38), we get the following ABCD parameters of the

nominal-π representation

A = D =
YZ

2
+ 1 2 39

B = Z Ω 2 40

C = Y
YZ

4
+ 1

Ω

2 41

2.5.5 Medium Line T Approximation

In this representation, the shunt admittance is placed in the middle and the series

impedance is divided into two equal parts and these parts are placed on either side

of the shunt admittance. The nominal-T representation is shown in Figure 2.19.
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Let us denote the midpoint voltage as VM. Then the application of KCL at the mid-

point results in

VS −VM

Z 2
= YVM +

VM −VR

Z 2

Rearranging the above equation, the following expression is written as

VM =
2

YZ + 4
VS + VR 2 42

Now the receiving end current is given by

IR =
VM −VR

Z 2
2 43

Substituting the value of VM from (2.42) in (2.43) and rearranging we get

V s =
YZ

2
+ 1 VR + Z

YZ

4
+ 1 IR 2 44

Furthermore, the sending end current is

IS = YVM + IR 2 45

Then substituting the value of VM from (2.42) in (2.45) and solving, we get

IS = YVR +
YZ

2
+ 1 IR 2 46

Thus, the ABCD parameters of the T-network are

A = D =
YZ

2
+ 1 2 47

B = Z
YZ

4
+ 1 Ω 2 48

C = Y

Ω

2 49

VS VR

Z/2 Z/2

Y

VM

IM

IRIS

Figure 2.19 Nominal-T representation of a medium length transmission line.
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Example 2.5 Consider a medium length transmission line with the following

parameters, given in per unit:

VS = 1 05 30 ,VR = 1 0 ,Z = j0 25 and Y = j0 04

First, we shall consider the nominal-π representation. Then, from Figure 2.18,

we have

I2 =
VS −VR

Z
= 2 1 + j0 3627 = 2 1311 9 8

I1 =
Y

2
VS = − 0 011 + j0 018 = 0 021 120

I3 =
Y

2
VR = 0 0 + j0 018 = 0 018 90

Noting that IS = I1+ I2 and IR = I2− I3, the complex power dispatched from the

sending end and received at the receiving end respectively are

SS = PS + jQS = VSI
∗

S = 2 1 + j0 751

SR = PR + jQR = VRI
∗

R = 2 1− j0 343

The complex power flow through the different branches of the circuit are

S1 = P1 + jQ1 = VSI
∗

1 = 0− j0 022

S3 = P3 + jQ3 = VRI
∗

3 = 0− j0 02

It can be seen that S1 and S3 are purely reactive, which is not surprising. The real

and reactive power distribution through the network is shown in Figure 2.20 (a).

The reactive drop across the impedance is 0.751 + 0.022 + 0.343 + 0.02 = 1.135.

This can also be calculated from |I2|
2 × |Z| = 1.135.

We shall now consider the nominal-T representation of Figure 2.19. From this

figure, we get

IS =
VS −VM

Z 2

IR =
VM −VR

Z 2

Also, using KCL at the midpoint, we have

IM = VMY = IS − IR

VMY =
VS −VM

Z 2
−

VM −VR

Z 2

Solving the above equation, we have

VM =
VS + VR

2 + YZ 2
= 0 957 + j0 263 = 0 993 15 37
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Then, the complex power through the network is

SS = PS + jQS = VSI
∗

S = 2 105 + j0 753

SR = PR + jQR = VRI
∗

R = 2 105− j0 344

SM = PM + jQM = VSI
∗

S = 0− j0 039

The real and reactive power flow through the network is shown in

Figure 2.20 (b).

Comparing Figure 2.20 (a) and (b), it can be observed that sending and receiving

end active and reactive power are almost the same. However, the π-network has

the advantage that an added midpoint node does not have to be considered, unlike

the T-network. Moreover, the node voltage appears directly across the line char-

ging capacitors. For these advantages, nominal π-representation is used in power

systems, specifically for load flow studies, as discussed in Chapter 3.

2.5.6 Long Line Model

For accurate modeling of the transmission, the parameters are not assumed to be

lumped but are distributed throughout the line. The single-line diagram of a long

transmission line is shown in Figure 2.21. The length of the line is l. Let us consider

a small strip Δx that is at a distance x from the receiving end. The voltage and cur-

rent at the end of the strip are V and I, respectively, and the beginning of the strip

are V+ΔV and I+ΔI, respectively. The voltage drop across the strip is then ΔV.

P = 2.1 j0.25

j0.02 j0.02

Q = 1.135

P = 2.1

Q = 0.751 Q = 0.343

Q = 0.022 Q = 0.02

(a)

VM

j0.125j0.125

j0.04

P = 2.105 P = 2.105

Q = 0.0391 ∠ 30°

1 ∠ 30° 1 ∠ 0°

1 ∠ 0°

Q = 0.753 Q = 0.343

(b)

Figure 2.20 Real and reactive power flow of Example 2.5 for (a) π-representation and

(b) T-representation.
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Since the length of the strip is Δx, the series impedance and shunt admittance are

zΔx and yΔx, respectively. It is to be noted here that the total impedance and

admittance of the line are

Z = z × l and Y = y × l 2 50

From the circuit of Figure 2.21, we see that

ΔV = Iz Δx Iz =
ΔV

Δx
2 51

Again as Δx 0, from (2.51), we get,

Iz =
dV

dx
2 52

Now for the current through the strip, applying KCL, we have,

ΔI = V + ΔV yΔx = VyΔx + ΔVyΔx 2 53

The second term on the right-hand side of the above equation is the product of

two small quantities and therefore can be neglected. For Δx 0 we then have

dI

dx
= Vy 2 54

Taking derivative with respect to x on both sides of (2.54), we get

d

dx

dV

dx
= z

dI

dx

Substitution of (2.54) in the above equation results in

d2V

dx2
− yzV = 0 2 55

The roots of the above equation are located at ± yz.

IS

VS

IR

VR

zΔx

Δx

yΔxV + ΔV

I + ΔI

V

ΔV

I

x

l

Figure 2.21 Long transmission line representation.
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Example 2.6 Consider a long transmission line for which the line impedance

and admittance are given, respectively, by z = 0.1 + j0.5145Ω and y = j3.1734 ×

10−6

Ω

per kilometer. Then

z = 0 524 79 and y = 3 1734 × 10−6 90

Let us define r2 = yz. Then

r = yz = 0 524 × 3 1734 × 10−6 79 + 90 = −1 633 + j0 317 × 10−6 169

= 0 0001 + j0 0013 = α + jβ

From Example 2.6, we find that the roots of (2.55) are α+ jβ and α− jβ. The solu-

tion of (2.55) is

V = A1e
x α + jβ + A2e

− x α− jβ

Then, the general solution of (2.55) is

V = A1e
x yz + A2e

− x yz 2 56

Taking derivative of (2.56) with respect to x, the following equation is obtained:

dV

dx
= A1 yz ex yz

−A2 yz e− x yz 2 57

Combining (2.54) with (2.52), the following equation is obtained.

I =
1

z

dV

dx
=

A1

z y
ex yz

−

A2

z y
e− x yz 2 58

Let us define the following two quantities:

ZC =
z

y
Ω which is called the characteristic impedance 2 59

γ = yz which is called the propagation constant 2 60

Note that γ is unitless. Then, (2.56) and (2.58) can be written in terms of the char-

acteristic impedance and propagation constant as

V = A1e
γx + A2e

− γx 2 61

I =
A1

ZC

eγx −
A2

ZC

e− γx 2 62

We now have to determine the constants A1 andA2 to find the solutions of (2.61)

and (2.62). Note from Figure 2.21 that when x = 0, V = VR, and I = IR. Then, (2.61)

and (2.62) can be rewritten as

VR = A1 + A2 2 63
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IR =
A1

ZC

−

A2

ZC

ZCIR = A1 −A2 2 64

Adding (2.63) with (2.64), we have

A1 =
VR + ZCIR

2
2 65

Again, subtracting (2.64) from (2.63) we get

A2 =
VR −ZCIR

2
2 66

Now, consider when l = x in Figure 2.21. At this point, V = VS and I = IS. There-

fore, using the values of A1 and A2 obtained in (2.65) and (2.66), we can rewrite

(2.61) and (2.62) as

VS =
VR + ZCIR

2
eγl +

VR −ZCIR

2
e− γl 2 67

IS =
VR ZC + IR

2
eγl −

VR ZC − IR

2
e− γl 2 68

Now, note that

eγl − e− γl

2
= sinh γl and

eγl + e− γl

2
= cosh γl

Then (2.67) and (2.68) can be rewritten as

VS = VR cosh γl + ZCIR sinh γl 2 69

IS = VR
sinh γl

ZC

+ IR cosh γl 2 70

The ABCD parameters of the long transmission line can then be written as

A = D = cosh γl 2 71

B = ZC sinh γl Ω 2 72

C =
sinh γl

ZC

Ω

2 73

Example 2.7 Consider the same line parameters that are given in Example 2.6.

Assume that the line is 500 km. Then,

ZC =
z

y
=

0 1 + j0 5145

j3 1734 × 10−6
=

0 5241 79

3 1734 × 10−6 90

=
0 5241

3 1734 × 10−6
79 − 90

2

= 406 4024 −5 5 Ω
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and

γl = yz × l = 0 5241 × 3 1734 × 10−6 × 500
79 + 90

2

= 0 6448 84 5 = 0 0618 + j0 6419

We shall now use the following two formulas for evaluating the hyper-

bolic forms:

cosh α + jβ = cosh α cos β + j sinh α sin β

sinh α + jβ = sinh α cos β + j cosh α sin β

Using these two equations, the hyperbolic identities are evaluated as

cosh γl = 0 8025 + j0 037 and sinh γl = 0 0495 + j0 5998

Therefore from (2.71) to (2.73), the ABCD parameters of the system can be writ-

ten as

A = D = 0 8025 + j0 037, B = 43 4 + j240 72 Ω and

C = − 2 01 × 10−5 + j0 0015

Ω

2.5.7 Equivalent-π Representation of a Long Line

The π-equivalent of a long transmission line is shown in Figure 2.22. In this, the

series impedance is denoted by Z , while the shunt admittance is denoted by Y .

From (2.39) to (2.41) the ABCD parameters are defined as:

A = D =
Y Z

2
+ 1 2 74

B = Z Ω, 2 75

C = Y
Y Z

4
+ 1

Ω

2 76

Comparing (2.72) with (2.75), we can write

Z = ZC sinh γl =
z

y
sinh γl = zl

sinh γl

l yz
= Z

sinh γl

γl
Ω 2 77

IS

VS

IR

VR

Z′

2

Y′

2

Y′

Figure 2.22 Equivalent-π
representation of a long

transmission line.
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where Z= zl is the total impedance of the line. Again comparing (2.71) with (2.74),

we get

cosh γl =
Y Z

2
+ 1 =

Y

2
ZC sinh γl + 1

The above equation is rearranged as

Y

2
=

1

ZC

cosh γl− 1

sinh γl
=

1

ZC

tanh γl 2 =
y

z
tanh γl 2 =

yl

2

tanh γl 2

l 2 yz

=
Y

2

tanh γl 2

γl 2

2 78

where Y = yl is the total admittance of the line. Note that for small values of l,

sinhγl = γl and tanh(γl/2) = γl/2. Therefore from (2.77), we get Z = Z and from

(2.78), we get Y = Y . This implies that when the length of the line is small, the

nominal-π representation with lumped parameters is fairly accurate. However,

the lumped parameter representation becomes erroneous as the length of the line

increases. The following example illustrates this.

Example 2.8 Consider the transmission line given in Example 2.6. The equiva-

lent system parameters for both lumped and distributed parameter representations

are given in Table 2.1 for five different line lengths. It can be seen that the error

between the parameters increases as the line length increases.

Table 2.1 The variations in the equivalent parameters with the changes in the line length.

Line
length (km)

Lumped parameters Distributed parameters

Z (Ω) Y (

Ω

) Z (Ω) Y (

Ω

)

100 52.41∠79 3.17 × 10−4∠90 52.27∠79 3.17 × 10−4∠89.98

200 104.83∠79 6.35 × 10−4∠90 103.69∠79.12 6.38 × 10−4∠89.93

300 157.24∠79 9.52 × 10−4∠90 153.42∠79.28 9.64 × 10−4∠89.88

400 209.65∠79 1.27 × 10−3∠90 200.64∠79.49 1.29 × 10−3∠89.75

500 262.06∠79 1.59 × 10−3∠90 244.61∠79.78 1.64 × 10−3∠89.6
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2.5.8 Some Issues with Transmission Lines

Power transmission systems can face several challenges. One of them is the

ohmic (I2R) loss that increases with the line length and increased current. An

increase in current can also cause thermal overloading that can decrease the life-

span of the line conductors. Overhead transmission lines span large areas and are

subjected to interference by weather. One such phenomenon is called corona dis-

charge, which occurs when the strong electric fields around a conductor ionize

the surrounding air. This leads to partial breakdown as the ionization causes a

continuous small amount of current flow through the ionized air. This results in

energy loss. The corona discharge is prevalent in moist air. It is characterized by a

hissing sound and ozone production and can cause radio interference. Higher

voltages, which are desired for bulk power transmission, are likely to cause

corona discharge. The effect of corona discharge can be mitigated by using

thicker conductors; however, that might not be economically or technically

viable.

A line overload can also cause a voltage drop. Furthermore, the lack of reactive

power can cause voltage stability problems as well (see Chapter 8). It is interest-

ing to note that a voltage rise can also occur in lightly loaded systems due to the

presence of the line charging capacitors. Consider, for example, the nominal-π

connected network of Fig. 2.18. Assume that the line is lossless, i.e., R = 0. Defin-

ing ZY = − j2/Y, the receiving end voltage for unloaded condition (IR = 0) is

given by

VR =
ZY

Z + ZY

VS

Consider now a transmission line with the per kilometer line reactance of

0.5145Ω and admittance of 3.1734 × 10−6

Ω

. Then, the receiving voltage is as

follows:

•
For a line length of 400 km: VR = 1.15VS

•
For a line length of 500 km: VR = 1.256VS

•
For a line length of 600 km: VR = 1.416VS

Therefore, it can be seen that for an unloaded transmission line, the voltage rise

at the receiving end increases as the line length increases. The phenomenon is

called Ferranti Effect.

There are other potential problematic issues such as ageing infrastructures

due to the high cost of line upgrade. Moreover, new line constructions may

face public opposition due to land acquisition rights, environmental concerns,
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electromagnetic interference, or radiation. Therefore, the existing infrastructure

needs to be operated optimally.

2.6 Lossless Transmission Lines

The resistance in a transmission line causes resistive I2R power loss. Modern

transmission lines are designed such that they have very minimal power

losses, especially if the line is not very long. When the line resistance is

assumed to be negligible (zero), the resistive drop across the line is zero,

i.e., the power transmitted from the sending end is received at the receiving

end. This is why such lines are lossless lines. A lossless line has the following

characteristics:

•
The characteristic impedance (ZC = x/y) becomes a pure real number. This is

often referred to as the surge impedance.

•
The propagation constant (γ = xy) becomes a pure imaginary number. Let us

define the propagation constant as γl = jβ and replace l by x. Noting that

cosh jθ = cos θ and sinh jθ = j sin θ

Equations (2.69) and (2.70) can, respectively, be written as

V = VR cos βx + jZCIR sin βx 2 79

I = jVR

sin βx

ZC

+ IR cos βx 2 80

The term surge impedance loading or SIL is often used to indicate the nominal

capacity of the line. The surge impedance is the ratio of voltage and current at any

point along an infinitely long line. The term SIL or natural power (Pn) is a measure

of power delivered by a transmission line when terminated by surge impedance

and is given by

SIL = Pn =
V 2

0

ZC

2 81

where V0 is the rated voltage of the line.

At SIL, ZC = VR/IR and hence from equations (2.79) and (2.80), we get

V = VR cos βx + jVR sin βx = VRe
− jβx 2 82

I = jIR sin βx + IR cos βx = IRe
− jβx 2 83
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This implies that as the distance x changes, the magnitudes of the voltage and

current in the above equations do not change. The voltage then has a flat profile all

along the line. Also, as ZC is real, V and I are in phase with each other all through-

out the line.

Example 2.9 Consider a lossless, 500 km-long transmission line with the follow-

ing parameters:

z = j0 5145 Ω per km and y = j3 1734 × 10−6

Ω

per km

Then,

ZC =
z

y
= 402 652 Ω

γ = yz = j0 0013

Assume that the receiving end voltage is 400 kV (L-L). Then, the natural power is

Pn =
400 × 103

402 652
= 397 37MW

Therefore,

IR =
Pn

3
×

3

VR

= 573 547 A

From (2.67) the sending end line-to-line voltage is computed as

VS = 321 1 + j238 52 = 400 36 6 kV

Since the magnitudes of the sending and receiving voltages are the same, we can

surmise that the voltage profile is flat throughout the line. Again, from (2.68), the

sending end current is given by

IS = 460 42 + j342 01 = 573 547 36 6 A

This not only indicates that the current profile

is flat, but also that the sending end voltage and

current are in phase. The phase angle difference

between the sending end voltage and the receiv-

ing end voltage is equal to θ = βl. This is shown

in Figure 2.23.

It is interesting to note that if the line is loaded

at SIL, it neither generates nor absorbs reactive

power. However, if the line is loaded above SIL,

there will be a voltage drop, then it will absorb

reactive power. On the other hand, the line will

VS

IS

VR

IR

θ

Figure 2.23 Voltage–current

relationship in naturally
loaded line.
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supply reactive power causing a voltage rise if the line is loaded below SIL, as we

have seen due to Ferranti effect.

2.6.1 Traveling Waves

A traveling wave in power lines refers to a disturbance, such as a sudden change in

voltage or current, that can move along the transmission line at a high speed, typ-

ically close to the speed of light. These waves are usually caused by events like

lightning strikes, switching operations, or faults in the system. When a traveling

wave propagates, it carries energy and information along the line, and its behavior

is influenced by the line’s electrical properties, such as resistance, inductance, and

capacitance. If the wave encounters changes in the line, like transformers or ter-

minators, part of the wave may be reflected or transmitted, leading to complex

wave patterns. Understanding traveling waves is crucial for designing protective

systems, such as surge arresters and fault locators, to maintain the reliability

and safety of the power network.

Let us consider a segment of a lossless line that is shown in Figure 2.24. Here

also, we consider a small strip of length Δx as in Figure 2.21. The voltage drop

across the strip is then given by

Δv =
∂v

∂x
Δx = − LΔx

∂i

∂t
2 84

Also, the KCL at the right side of the strip is given by

Δi =
∂i

∂x
Δx = − CΔx

∂v

∂t
2 85

Eqs. (2.84) and (2.85) can be simplified as

∂v

∂x
= − L

∂i

∂t
2 86

∂i

∂x
= −C

∂v

∂t
2 87

Δv

LΔx

CΔx

Δx

v

i

x

i + Δi

v + Δv

Figure 2.24 A small strip of a lossless

distributed parameter line.
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Taking a partial derivative (2.86) with respect to x, we get

∂
2v

∂x2
= − L

∂

∂t

∂i

∂x
2 88

The traveling wave voltage equation of a lossless line is obtained by substituting

(2.87) into (2.88) as

∂
2v

∂x2
= LC

∂
2v

∂t2
2 89

The solutions of (2.89) is of the following form:

v x, t = v+ t−
x

λ
+ v− t +

x

λ
2 90

where λ = 1 LC, the first term on the right-hand side is the forward traveling

wave, while the second term represents the backward traveling wave. This is called

d’Alembert’s wave equation in one dimension, as shown in Figure 2.25.

The traveling wave current equation is calculated as follows:

∂
2i

∂x2
= LC

∂
2i

∂t2
2 91

with the solutions of

i x, t = i + t−
x

λ
+ i− t +

x

λ
2 92
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Figure 2.25 Typical forward and backward traveling waves.
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The current equation can be represented using the characteristic impedance as

i x, t =
1

ZC

v + t−
x

λ
+ v− t +

x

λ
2 93

2.6.2 Traveling Wave in Single-Phase, Two-Wire Line

Consider the single-phase, two-wire, lossless line shown in Figure 2.26. Sending

end Thevenin voltage and impedance are, respectively, denoted in the Laplace

domain by EG(s) and ZG(s), while I(x, s) and V(x, s), respectively, are the Laplace

transform of the current and voltage at a position x. The line is terminated by an

impedance ZR(s) and the characteristic impedance is ZC. The total length of the

line is l.

Taking Laplace transform, we can rewrite (2.90) and (2.93) as

V x, s = V + s e− xs λ + V − s exs λ 2 94

I x, s =
1

ZC

V + s e− xs λ + V − s exs λ 2 95

These equations are solved using the boundary condition as [3]

V x, s = EG s
ZC

ZG s + ZC

×
e− sx λ + ΛR s es sx λ− 2τ

1−ΛR s ΛS s e− 2sτ
2 96

I x, s =
EG s

ZG s + ZC

×
e− sx λ

−ΛR s es sx λ− 2τ

1−ΛR s ΛS s e− 2sτ
2 97

where

ΛR s =
ZR s −ZC

ZR s + ZC

is the receiving end voltage reflection coefficient in per unit,

ΛS s =
ZG s −ZC

ZG s + ZC

is the sending end voltage reflection coefficient in per unit and

τ =
1

λ
is the transit time of the line in s.

I(x,s)

V(x,s) Z
R (s)

Z
G
(s)

x = 0 x = l

E
G
(s)

+

–

Figure 2.26 A single-phase, two-wire transmission line.
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Example 2.10 Consider a single-phase, two-wire line with ZR = ZC/4 and

ZG = 2ZC. We shall plot the voltage at the center of the line when a step function

is applied at the sending end voltage, i.e., eG(t) = Vus(t), where us(t) is a unit step

function. This implies that

EG s =
V

s

The reflection coefficients are then

ΛR s =
ZC 4−ZC

ZC 4 + ZC

= −

3

5
and ΛS s =

ZC 2− 1

ZC 2 + 1
=

1

3

From (2.96), we have

V x, s =
V

3s
×

e− sx λ
−

3

5
es sx λ− 2τ

1 +
1

5
e− 2sτ

=
V

3s
×

5e− sx λ
− 3es sx λ− 2τ

5 + e− 2sτ

Let us define α = x/λ. Then, the above equation can be rewritten as follows:

V x, s =
V

3s
×

5e− sα
− 3es sα− 2τ

5 + e− 2sτ

The above equation is expanded as follows:

V x, s =
V

s
×

e− sα

3
−

es sα− 2τ

5
−

es sα + 2τ

15
+

In this way, the voltage at any point is an infinite series of forward and backward

traveling waves. Note that the voltage of the forward traveling wave arrives at the

center of the line at t= τ/2. Then after reflection, the backward traveling wave will

arrive at the same point at t = 3τ/2. The traveling wave will move backward and

forward this way.

The expansion of V(x, s) is a tedious process, as is evident from above. In 1933,

L. V. Bewley developed the lattice diagram through which the forward and back-

ward traveling waves can be calculated. Note that the forward and reverse reflec-

tion coefficients are given respectively by ΛR(s) = − 3/5 and ΛS(s) = 1/3. Applying

the initial value theorem on (2.96), we have

V 1 = lim
s ∞

sV x, s =
V

s
×

ZC

ZG s + ZC

=
V

3s

Therefore, at the beginning, the wave will travel in forward direction with V1.

This is reflected backward with V2 = ΛRV1 = − V/5s. The forward and backward

voltages are listed in Table 2.2. The Bewley lattice diagram is shown in Figure 2.27.
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From the lattice diagram, we can calculate the voltage at any point on the line,

say, at x = l/3 (as shown by the dotted line in Figure 2.27). Then, the first wave

in the forward direction arrives at a time t = τ/3. The reflected wave arrives at

t = τ + 2τ/3 = 5τ/3, and so on.

The voltages at the one-third point are calculated as follows:

•
The first voltage waveform arrives at one-third point at t = τ/3 is V/3 = 0.3333V.

•
The second voltage waveform arrives at one-third point at t = 5τ/3 is V(1/3− 1/

5) = 0.1333V.

•
The third voltage waveform arrives at one-third point at t = 2τ + τ/3 = 7τ/3 is V

(1/3− 1/5− 1/15) = 0.0667V.

•
The fourth voltage waveform arrives at one-third point at t= 3τ + 2τ/3 = 11τ/3 is

V(1/3− 1/5− 1/15 + 1/25) = 0.1067V.

•
The fifth voltage waveform arrives at one-third point at t = 4τ+ τ/3 = 13τ/3 is V

(1/3− 1/5− 1/15 + 1/25 + 1/75) = 0.12V.

Table 2.2 Forward and backward voltages.

Voltage Direction Value

V1 Forward V/3s

V2 Backward −V/5s

V3 Forward ΛSV2 = − V/15s

V4 Backward ΛRV3 = V/25s

V5 Forward ΛSV4 = V/75s

V6 Backward ΛRV5 = − V/125s

x = 0

V1 = V/3s

x = l

V2 = –V/5s

V3 = –V/15 s

V4 = V/25 s

V5 = V/75 s

V6= –V/125 s

t

x = l/3

τ

2τ

2τ

4τ

6τ

5τ

Figure 2.27 Bewley lattice diagram of the
system of Example 2.9.
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These are shown in Figure 2.28. The steady-state voltage is given by

V ss x = V ×
ZR

ZG + ZR

= V ×
ZC 4

2ZC + ZC 4
=

V

9
= 0 1111V

If two lines are joined together and they have different characteristic impe-

dances, the incident wave at the junction will behave in such a way that the first

line is terminated by the characteristic impedance of the second line. The part of

the incident wave that is not reflected will travel to the second line segment as a

refracted wave. Furthermore, the reflected wave from the second line will be

refracted back to the first line. Such a situation can arise when an overhead line

is connected to an underground cable (see [3]).

In this section, we have demonstrated a simple two-wire system. However, the

traveling wave phenomena are much more complicated for polyphase systems.

One of the techniques uses modal decomposition where the network models

are decomposed into modal equivalent circuits. A computer solution using finite

element techniques is used for more complex cases. Some of the transient stability

programs such as Electromagnetic Transients Program (EMTP) or EMTDC/

PSCAD can also be utilized to investigate traveling wave phenomena.

It is interesting to note that if a line is terminated by its surge impedance ZC, i.e.,

ZR(s) = ZC the reflection coefficient will be

ΛR s =
ZR s −ZC

ZR s + ZC

= 0 2 98

This implies that there will be no reflected wave, and the transient will die out

after reaching the receiving end. In general, however, the reflected wave will

reduce in magnitude if the terminal impedance is close to but less than ZC.

To protect the terminal equipment, surge arresters (often termed as lightning

arresters) are used. One such device is a zinc oxide (ZnO) arrestor. It relies on

highly nonlinear voltage–current characteristics of zinc oxide to effectively clamp

high transient voltage. It will only allow safe voltage levels across it, while divert-

ing excess energy to the ground.

0.333 V

0.133 V

0.067 V

0.107 V
0.12 V 0.111 V

t

V(l/3,t)

τ/3 5 τ/3 7 τ/3 11 τ/3 13 τ/3

Figure 2.28 Voltage waveform at the one-third point of line obtained from the lattice

diagram.
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Traveling waves in power systems are typically caused by lightning strikes,

switching operations, or faults. Unchecked traveling waves can lead to equipment

damage such as:

•
High-voltage traveling waves can exceed the insulation strength of cables, trans-

formers, generators, and other equipment, causing flashovers or punctures.

•
Sensitive devices (like relays, CTs, PTs) can be overheated, damaged, or

destroyed by sudden surges.

•
Fast transients can cause internal winding failures due to uneven voltage distri-

bution and mechanical stresses.

•
Overhead line insulators can experience arc flashovers that can lead to the trip-

ping of circuit breakers.

2.7 Concluding Remarks

In this chapter, the models of different components for power system studies are

discussed. The basic concepts of transmission system parameters have been cov-

ered here. However, there are several other factors that need to be considered for

accurate line parameter computations. Those interested in the topic can refer to a

handbook on power systems (e.g., refer to [1]). More detailed descriptions are also

given in [2]. In general, the simplified model of power lines will be discussed in the

rest of the book. Similarly, only simplified models of generators are represented by

a voltage source behind a reactance and transformers, which is represented by its

leakage reactance will be considered. These models are also presented to highlight

how the simplified representation is achieved.
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Problems

P2.1 Consider a transmission line that has conductors with a radius of 1.59 cm

and a spacing of 7 m.

a) Find the inductance and capacitance of the line.

b) Now assume that the conductors are used in a two-conductor bundle

with a bundle spacing of 0.4 m. Then find the inductance and capaci-

tance of the bundled conductor line.

c) From parts (a) and (b) comment on the effect of bundling.

P2.2 A balanced Δ-connected 5MW resistive load is connected to the low-

tension side of a Y-Δ connected transformer with negligible leakage reac-

tance. The transformer is rated 132 Y/33 Δ kV and 10MVA. Find the per

phase load resistance, both in ohms and in per unit, when referred to the

high-tension side of the transformer expressed in the base of the trans-

former circuit.

P2.3 A 50 Hz, three-phase transmission line is 280 km long. It has a total series

impedance of 35 + j140 Ω and a total shunt admittance of j930 × 10−6

Ω

.

The line is connected to a 40MW load at 220 kV. The load draws a current

at a power factor of 0.9 (lagging). Find the sending end voltage using (a)

short line approximation, (b) medium line π-approximation, and (c) long

line model.

P2.4 A three-phase, 250 km line has the following parameters:

Resistance: 0.2Ω/km, reactance: 0.8Ω/km, and admittance:

5.3 × 10−6

Ω

/km

The line is modeled by long line equation.

a) Find the ABCD constants of the line.

b) If the load in the receiving end of the line is 80 MVA and 220 kV at a

unity power factor, find the line-to-line sending end voltage and the

sending end current.

P2.5 A three-phase transmission line is 500 km long. It serves a 400MVA and

440 kV load at 0.9 lagging power factor. The ABCD parameters are:

A = D = 0 8180 1 3

B = 172 2 84 2 Ω

C = 0 001933 90 4

Ω

a) Determine the sending-end line-to-neutral voltage and sending-end cur-

rent at full load.
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b) Determine the receiving-end line-to-neutral voltage and sending-end

current at no load.

P2.6 Consider a 150 km long line. Its line parameters are as follows:

z = 0 2 + j0 4 Ω km

y = j3 × 10−6

Ω

km

The line supplies 100MW at a lagging power factor of 0.9, while the

receiving end voltage is 210 kV and the sending end voltage is 220 kV.

Assuming a medium length π-approximation, determine the percent volt-

age regulation.

P2.7 Consider the transmission line of P2.4 with the same ABCD parameters.

A series capacitor bank with the reactance of 146.6 ∠−90 Ω is installed

at the middle of the line.

a) Determine the ABCD parameters of the series compensated line.

b) If the line supplies a 400MVA and 440 kV load at 0.9 lagging power fac-

tor, determine the sending-end line-to-neutral voltage and sending-end

current.

P2.8 A transmission line is represented by a nominal-T network, where the line

impedance and admittance are

Z = 172 2 84 2 Ω

Y = 0 0021 90

Ω

Find the ABCD parameters of the network.

P2.9 Consider two networks that are connected in series, as shown in

Figure P2.9. Find the ABCD parameters of the combined network.

IS

VS

IR

VR

A1B1C1D1 A2B2C2D2

Figure P2.9 Series connected networks represented by ABCD parameters.
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2.10 Find the ABCD parameters of the circuit shown in Figure P2.10. The sys-

tem frequency is 50 Hz.

P2.11 For the power system shown in Figure P2.11, the generator and trans-

former ratings are

Generator-1: 200MVA, 30 kV, X = 20%

Generator-2: 100MVA, 15 kV, X = 20%

Transformer-1: 200 MVA, 200-Y/30-Δ kV, X = 10%

Transformer-2: 100 MVA, 200-Y/30-Δ kV, X = 10%

The transmission line impedances are given in ohms and are indicated

in the figure. Choosing a base of 200MVA, 30 kV in the circuit of Gener-

ator-1, draw an equivalent impedance diagram of the circuit.

P2.12 The ratings of the generators and transformers of the system shown in

Figure P2.12 are given below

Generator G1: 25 MVA, 20 kV, X = 20%

Generator G2: 25 MVA, 20 kV, X = 20%

10 mH

1,000 μF 

4 Ω

VS VR

Figure P2.10 RLC network of
Problem 2.10.

Generator-1

Transformer-2

12.1 + j36.3 Ω

2

Generator-2

Transformer-1

3

48.4 + j145.2 Ω

24.2 + j72.6 Ω

1

Δ

Δ

Figure P2.11 Three-bus power system of Problem 2.11.
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Generator G3: 25 MVA, 18 kV, X = 20%

Y-Y connected transformer: 40MVA, 120/20 kV, X = 10%

Y-Δ connected transformer: 40MVA, 120-Y/18-Δ kV, X = 10%

The transmission line impedances are shown in the figure. The base

MVA is chosen as 50. Choosing a base voltage of 20 kV in the circuit of

the generator G1, draw the impedance diagram of the circuit.

P2.13 The voltages at the two ends of a lossless long transmission line are given

by VS = 1.15 ∠ 22 and VR = 1∠ 0 per unit. Find the receiving end real

power PR and the reactive power QR when ZC = 1.0 per unit and

θ = 0.6985 rad.

P2.14 For the system of Problem 2.13, find the sending end power PS.

P2.15 Consider a medium length lossless line with the following parameters:

Reactance: 0.8Ω/km and admittance: 5.3 × 10−6

Ω

/km

It is represented by a nominal-π configuration of Figure 2.25. The sys-

tem is unloaded. The sending voltage (VS) is 440 kV. Find the receiving

end voltage (VR) if the length of the line is (a) 100 km and (b) 200 km.

P2.16 A single-phase, two-wire lossless line has a length l. It has a terminating

impedance of ZR = 4ZC and a source impedance of ZG = ZC/3. Draw the

Bewley lattice diagram when a unit step voltage is of magnitude E. Fur-

thermore, plot the voltage at the one-third point of the line. Calculate the

steady-state voltage.

G1

2

3

j40 Ω

1

G2

G3

j20 Ω j20 Ω

Δ Δ

Figure P2.12 Three-bus power system of Problem 2.10.
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3

Power Flow Studies

Power flow or load flow studies are one of the most important aspects of power

system planning and operation. The load flow gives us the sinusoidal steady state

of the entire system – voltages, real and reactive power generated and absorbed,

and line losses. Since the load is a static quantity and it is the power that flows

through transmission lines, the purists prefer to call this power flow rather than

load flow. We shall, however, stick to the more popular nomenclature of load flow.

Through the load flow studies, we can obtain the voltage magnitudes and angles

at each bus in the steady state. This is rather important as the magnitudes of the

bus voltages are required to be held within a specified limit. Once the bus voltage

magnitudes and their angles are computed using the load flow, the real and reac-

tive power flow through each line can be computed. Also based on the difference

between power flow in the sending and receiving ends, the losses in a particular

line can also be computed. Furthermore, from the line flow, we can also determine

the overload and underload conditions.

The steady-state power and reactive power supplied by a bus in a power network

are expressed in terms of nonlinear algebraic equations. We, therefore, would

require iterative methods for solving these equations. In this chapter, we shall dis-

cuss different methods of load flow computations. We shall also delineate how to

interpret the load flow results.

Power flow is an important concept that is generally carried out offline, usually

during the planning stages. Performing load flow online is fraught with problems

due to errors in measurements and telemetering data to the processing centers [1].

State estimation, on the other hand, is a mix of load flow with statistical estimation

theory that can be applied online at the power flow control centers using super-

visory control and data acquisition (SCADA). An introduction to state estimation

is also presented in this chapter. Finally, both power flow and state estimation are

performed through SCADA systems; a brief description of SCADA is provided at

the end of this chapter.
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3.1 Formation of Bus Admittance Matrix

The first step in a load flow process is the formation of bus admittance matrix,

which is also known as Ybus matrix. Consider the voltage source VS with a source

(series) impedance of ZS, as shown in Figure 3.1 (a). Using Norton’s theorem, this

circuit can be replaced by a current source IS with a parallel admittance of YS, as

shown in Figure 3.1 (b). The relations between the original system and the Norton

equivalent are as follows:

IS =
VS

ZS

and Y S =
1

ZS

3 1

We shall use Norton’s theorem for the formulation of the Ybus matrix.

3.1.1 Without Line Charging Capacitors

Consider the four-bus power system shown in Figure 3.2. This contains two

generators G1 and G2 that are connected through transformers T1 and T2 to buses

1 and 2. Let us denote the synchronous reactances of G1 and by XG1 and XG2,

respectively, and the leakage reactances of T1 and T2 by XT1 and XT2, respectively.

VS

ZS

IS YS

(a) (b)

+

–

Figure 3.1 (a) Voltage source
with a series impedance and

(b) its Norton equivalent.

G1

G2

T1

T2

1 3

42

Z12

Z13

Z23

Z24

Z34

Figure 3.2 Single-line diagram of a four-bus power system.
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The line impedances are denoted in the figure. The system impedance diagram is

shown in Figure 3.3 (a), where Z11 = j(XG1+ XT1) and Z22 = j(XG2+ XT2). In this

figure, the nodes with the node voltages V1 to V4 indicate the voltages of buses 1–4

respectively. Bus-0 indicates the reference node that is usually the neutral of the

Y-connected system. The impedance diagram is converted into an equivalent

admittance diagram shown in Figure 3.3 (b), where

Y ij =
1

Zij

, i = 1,…, 4, j = 1,…, 4

The voltage sources EG1 and EG2 are converted into the equivalent current

sources I1 and I2, respectively, using Norton’s theorem discussed before.

We would like to determine the voltage–current relationships of the network

shown in Figure 3.3 (b). Applying Kirchhoff’s current law (KCL) at bus-1, we have

I1 = Y 11V 1 + Y 12 V 1 −V 2 + Y 13 V 1 −V 3

= Y 11 + Y 12 + Y 13 V 1 −Y 12V 2 −Y 13V 3

3 2

Similarly, the KCL at bus-2 is as follows:

I2 = −Y 12V 1 + Y 22 + Y 12 + Y 23 + Y 24 V 2 −Y 23V3 −Y 24V 4 3 3

Note that no current source is attached to either bus-3 or bus-4. Therefore, the

KCL at these two buses are given by:

0 = −Y 13V 1 −Y 23V 2 + Y 13 + Y 23 + Y 34 V 3 −Y 34V 4

0 = −Y 24V 2 −Y 34V 3 + Y 24 + Y 34 V 4

3 4

V4

V3

+

Z34

I1

I2

Y11

Y22

V1

V4
V2

V3

Y12

Y13

Y23

Y24

Y34

EG1

EG2

Z11

Z22

V1

V2

+–

–

Z12

Z13

Z23

Z24

0

(a) (b)
11

22

3 3

44

Figure 3.3 (a) Impedance diagram of the power network of Figure 3.2 and (b) and its
equivalent admittance diagram.
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Therefore, the current–voltage relations can be written in the following

matrix–vector form:

I1

I2

0

0

=

Y 11+Y 12+Y 13 −Y 12 −Y 13 0

−Y 12 Y 22+Y 12+Y 23+Y 24 −Y 23 −Y 24

−Y 13 −Y 23 Y 13+Y 23+Y 34 −Y 34

0 −Y 24 −Y 34 Y 24+Y 34

V1

V2

V3

V4

3 5

The bus admittance matrix is then given by

Ybus=

Y 11+Y 12+Y 13 −Y 12 −Y 13 0

−Y 12 Y 22+Y 12+Y 23+Y 24 −Y 23 −Y 24

−Y 13 −Y 23 Y 13+Y 23+Y 34 −Y 34

0 −Y 24 −Y 34 Y 24+Y 34

3 6

From (3.6), it can be noted that the Ybus matrix is symmetric, where the off-

diagonal elements are the negative of the admittances connecting two buses, that

is,

Ybus jk = Ybus kj = −Y jk 3 7

Moreover, the diagonal elements of this matrix are given by

Ybus kk = Y kk +
n

j = 1, j k

Y kj 3 8

Equation (3.5) can be written in a compact form as follows:

I1

I2

0

0

= Ybus

V 1

V 2

V 3

V 4

Note that a bus impedance matrix (Zbus) can be obtained by inverting the bus

admittance matrix. The voltage–current relations are then given by

V 1

V 2

V 3

V 4

= Y− 1
bus

I1

I2

0

0

= Zbus

I1

I2

0

0

3 9
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Example 3.1 Consider the impedance diagram of Figure 3.3 (a). Let the

impedances be given in per unit as:

Z11 = Z22 = 0 0125 + j0 25, Z12 = 0 01 + j0 2, Z13 = 0 0125 + j0 25

Z23 = Z34 = 0 02 + j0 4 and Z24 = 0 025 + j0 5

Therefore, the admittances are computed as:

Y 11 = Y 22 = Y 13 =
1

Z11
= 0 2− j3 99, Y 12 =

1

Z12
= 0 25− j4 99

Y 23 = Y 34 =
1

Z14
= 0 12− j2 49 and Y 24 =

1

Z24
= 0 1− j1 995

From (3.7) and (3.8), the Ybus matrix is then formed as:

Ybus =

0 65− j12 97 − 0 25 + j4 99 − 0 2 + j3 99 0

− 0 25 + j4 99 0 67− j13 47 − 0 12 + j2 49 − 0 1 + j1 995

− 0 2 + j3 99 − 0 12− j2 49 0 45− j8 98 − 0 12 + j2 49

0 − 0 1 + j1 995 − 0 12 + j2 49 0 22− j4 49

The bus impedance matrix is then

Zbus =Y−1
bus =

0 008+ j0 15 0 005+ j0 097 0 006+ j0 126 0 006+ j0 11

0 005+ j0 097 0 077+ j0 15 0 006+ j0 12 0 007+ j0 14

0 006+ j0 126 0 006+ j0 12 0 013+ j0 26 0 01+ j0 2

0 006+ j0 11 0 007+ j0 14 0 01+ j0 2 0 02+ j0 39

Notice that the Zbus matrix does not contain the line impedances.

3.1.2 With Line Charging Capacitors

The Ybus derivation in Section 3.1.1 assumes that the transmission lines are mod-

eled with lumped series impedances without the shunt capacitances. This is valid

for a short-line representation. In general, however, the Ybus matrix may contain

the shunt admittances, where the transmission lines are represented by its π-equiv-

alent. Note that both medium-length and long-length lines can be represented by

their π-equivalents.

Consider now the power system of Figure 3.2. Let us assume that all the lines are

represented in an equivalent-π with the shunt admittance of the line between

nodes i and j being denoted by Ychij. Then the equivalent admittance at the two

ends of this line will be Ychij/2. For example, the shunt capacitance at the two ends
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of the line joining buses 1 and 3 will be Ych13/2. The admittance diagram in

Figure 3.3 (b) is then modified, as shown in Figure 3.4. The Ybus matrix of (3.4)

is then modified as follows:

Ybus=

Y 11+Y 12+Y 13+Y ch1 −Y 12 −Y 13 0

−Y 12 Y 22+Y 12+Y 23+Y 24+Y ch2 −Y 23 −Y 24

−Y 13 −Y 23 Y 13+Y 23+Y 34+Y ch3 −Y 34

0 −Y 24 −Y 34 Y 24+Y 34+Y ch4

3 10

where

Y ch1 = Y ch12 + Y ch13 2, Y ch2 = Y ch12 + Y ch23 + Y ch24 2

Y ch3 = Y ch13 + Y ch23 + Y ch34 2, Y ch4 = Y ch24 + Y ch34 2

3 11

3.2 Load Flow Preliminaries

Let the voltage of ith bus be denoted by

V i = V i δi = V i cos δi + j sin δi 3 12

I1

I2

Y11

Y22

Y24

V1

V4V2

V3

Y12

Y13

Y23
Y34

Ych12/2

Ych12/2

Ych13/2 Ych13/2

Ych24/2 Ych24/2

Ych34/2

Ych34/2

Ych23/2

Ych23/2

1

2

3

4

Figure 3.4 The admittance

diagram of the power network in
Figure 3.2, including the line
charging capacitors.
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Let us denote the element-ij of the Ybus matrix as Ybij. Then, for an n-bus power

system, these elements are written as:

Ybus ij =Y bij= Y bij θij= Y bij cosθij+ jsinθij =Gij+ jBij, i=1,…,n, j=1,…,n

3 13

The current injected at a bus-i is then given by

I i = Y bi1V 1 + Y bi2V 2 + + Y binVn =
n

k = 1

Y bikV k 3 14

We shall assume the following:

•
The current entering a bus is positive and that leaving the bus is negative.

•
Therefore, the real power and reactive power entering a bus will also be assumed

to be positive.

The complex power at bus-i is then given by

Pi − jQi = V∗

i I i = V ∗

i

n

k = 1

Y bikV k

= V i cos δi − j sin δi

n

k = 1

Y bikV k cos θik + j sin θik cos δk + j sin δk

=
n

k = 1

Y bikV iV k cos δi − j sin δi cos θik + j sin θik cos δk + j sin δk

3 15

Note that

cos θik + δk + j sin θik + δk

= cos θik cos δk − sin θik sin δk + j sin θik cos δk + cos θik sin δk

= cos θik + j sin θik cos δk + j sin δk

Similarly,

cos δi − j sin δi cos θik + δk + j sin θik + δk

= cos θik + δk − δi + j sin θik + δk − δi

Substituting the above two identities in (3.15), we have

Pi − jQi =
n

k = 1

Y bikV iV k cos θik + δk − δi + j sin θik + δk − δi 3 16
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Separating the real and imaginary components of (3.16), the real and reactive

power injected to bus-i are given by

Pi =
n

k = 1

Y bikV iV k cos θik + δk − δi 3 17

Qi = −

n

k = 1

Y bikV iV k sin θik + δk − δi 3 18

3.2.1 Classification of Buses

For load flow studies, it is assumed that the loads are constant, and they are

defined by their real and reactive power consumption. It is further assumed that

the generator terminal voltages are tightly regulated and therefore are constant.

The main objective of the load flow is to find the voltage magnitude of each

bus and its angle when the powers that are generated, and loads are prespecified.

For these studies, three types of buses are considered. They are classified as

follows:

•
Load Buses: In these buses, no generators are connected; hence, the generated

real power PGi and reactive powerQGi are taken as zero. The load drawn by these

buses is defined by real power −PLi and reactive power −QLi in which the neg-

ative sign indicates that the power flowing is out of the bus toward the load, with

the assumption that the loads aremostly inductive. Since these buses are defined

by their real and reactive power consumption, they are sometimes referred to as

P–Q buses. The objective of the load flow is to find the voltage magnitude |Vi|

and its angle δi of these buses.

•
Voltage-Controlled Buses: These are the buses where generators are connected.

Therefore, the power generation in such buses is controlled through a prime

mover while the terminal voltage is controlled through the generator excitation.

Keeping the input power constant through turbine-governor control and

keeping the bus voltage constant using an automatic voltage regulator, we

can specify constant PGi and |Vi| for these buses. This is why such buses are also

referred to as P–V buses. It is to be noted that the reactive power supplied by the

generator QGi depends on the system configuration and cannot be specified in

advance and will have to be determined. Furthermore, we have to find the

unknown angle δi of the bus voltage.

•
Slack or Swing Bus: Usually this bus is numbered as one for the load flow studies.

This bus sets the angular reference for all the other buses. Since it is the angle

difference between two voltage sources that dictates the real and reactive power

flow between them, the particular value of the angle of the slack bus is not
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important. However, it sets the reference against which angles of all the other

bus voltages are measured. For this reason, the angle of this bus is usually

chosen as 0 . Furthermore, it is assumed that the magnitude of the voltage of

this bus is known.

Now consider a typical load flow problem in which all the load demands are

known. Even if the generation matches the sum total of these demands exactly,

the mismatch between generation and load will persist because of the I2R losses

in the lines. Since the I2R loss of a line depends on the line current which, in turn,

depends on the magnitudes and angles of voltages of the two buses connected to

the line, it is rather difficult to estimate the line loss without calculating the vol-

tages and angles. For this reason, a generator bus is usually chosen as the slack bus

without specifying its real power. It is assumed that the generator connected to this

bus will supply the balance of the real power required and the line losses.

3.2.2 Data Preparation

Let the real and reactive power generated at bus-i be denoted by PGi and QGi,

respectively. Moreover, let us denote the real and reactive power consumed at

the ith bus by PLi and QLi, respectively. Then the net real power injected in bus-

i is as follows:

Pi,inj = PGi − PLi 3 19

Let the injected power calculated by the load flow program be Pi,calc. Then, the

mismatch between the actual injected and calculated values is given by

ΔPi = Pi,inj − Pi,calc = PGi −PLi −Pi,calc 3 20

In a similar way, the mismatch between the reactive power injected and calcu-

lated values is given by

ΔQi = Qi,inj −Qi,calc = QGi −QLi −Qi,calc 3 21

The purpose of the load flow is to minimize the above twomismatches. It is to be

noted that (3.17) and (3.18) are used for the calculation of real and reactive power

in (3.20) and (3.21). However, since the magnitudes of all the voltages and their

angles are not known a priori, an iterative procedure must be used to estimate

the bus voltages and their angles to calculate the mismatches. It is expected that

mismatches ΔPi and ΔQi reduce with each iteration. The load flow is said to have

converged when the mismatches of all the buses become less than a very small

number.
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Example 3.2 For the load flow studies, we shall consider the system of

Figure 3.5, which has two generators and three load buses. We define bus-1 as

the slack bus while taking bus-5 as the P–V bus. Buses 2, 3, and 4 are P–Q buses.

The per unit line impedances and the line charging admittances are given in

Table 3.1, where the base MVA is chosen as 100. Based on this data, the Ybus

matrix is given by

Ybus=

2 69−j13 41 −1 92+ j9 62 0 0 −0 77+ j3 85

−1 92+ j9 62 3 65−j18 19 −0 96+ j4 81 0 −0 77+ j3 85

0 −0 96+ j4 81 2 21−j11 00 −0 77+ j3 85 −0 48+ j2 40

0 0 −0 77+ j3 85 1 15−j5 67 −0 38+ j1 92

−0 77+ j3 85 −0 77+ j3 85 −0 48+ j2 40 −0 38+ j1 92 2 40−j11 89

1 2 3

45

Figure 3.5 The single-line diagram of a five-bus power system used for load flow studies.

Table 3.1 Line impedance and line charging data of the system of

Figure 3.5.

Line (bus to bus) Impedance Line charging (Y/2)

1–2 0.02 + j0.10 j0.030

1–5 0.05 + j0.25 j0.020

2–3 0.04 + j0.20 j0.025

2–5 0.05 + j0.25 j0.020

3–4 0.05 + j0.25 j0.020

3–5 0.08 + j0.40 j0.010

4–5 0.10 + j0.50 j0.075
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Since the load flow procedure only produces the bus voltages, the sources and

their internal impedances are not considered while forming the Ybus matrix.

The bus voltage magnitudes, their angles, and the power generated and con-

sumed at each bus are given in Table 3.2. In this table, the initial assumed data

of the voltages and their angles are circled. The power and reactive power gener-

ated at the slack bus and the reactive power generated at the P–V bus are

unknown. Therefore, each of these quantities is indicated by a dash (−). As we

shall see that we do not need these quantities for our load flow calculations. Hence,

their initial estimates are not required. Moreover, note from Figure 3.5 that the

slack bus does not contain any load while the P–V bus 5 has a local load, and this

is indicated in the load column.

3.3 Load Flow Methods

The basic power flow Equations (3.17). (3.18) are nonlinear. Let us consider a

power system that contains a total number of n buses. Of these,

•
the total number of P–V (generator) buses is ng,

•
the total number of P–Q (load) buses is np, and

•
one slack bus.

Therefore, n = ng+ np+ 1. We make the following observations about the

unknown quantities based on the bus types:

•
P–Q Buses: Both voltage magnitudes and angles of these buses are unknown,

resulting in 2np unknown quantities. However, their real and reactive powers

are known.

Table 3.2 Bus voltages, power generated, and load – initial data.

Bus no.
and type

Bus voltage Power generated Load

Magnitude
(pu)

Angle
(deg)

P
(MW)

Q
(MVAr)

P
(MW)

Q
(MVAr)

1 (Slack) 1.05 0 – – 0 0

2 (P–Q) ① ⓪ 0 0 96 62

3 (P–Q) ① ⓪ 0 0 35 14

4 (P–Q) ① ⓪ 0 0 16 8

5 (P–V) 1.02 ⓪ 48 – 24 11
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•
P–V Buses: Voltage angles and the reactive power of these buses are unknown,

that is, further 2ng unknown quantities.

•
Slack Bus: The real and reactive powers are unknown.

•
Therefore, the total number of unknown quantities is 2(np+ ng+ 1) = 2n.

The known quantities are as follows:

•
P–Q Buses: Both real and reactive powers of these buses are known, that is, 2np
known quantities.

•
P–V Buses: Both real powers and voltage magnitudes of these buses are known,

that is, further 2ng known quantities.

•
Slack Bus: The voltage magnitude and angle of the slack bus are known.

•
Therefore, the total number of known quantities is 2(np+ ng+ 1) = 2n.

For example, consider Figure 3.5, where ng = 1, np = 3, and n = 5. Now from

Table 3.2, the unknown quantities are either circled or dashed. These are the volt-

age magnitudes of buses 2, 3, and 4, the angles of buses 2–5, the reactive powers of

buses 1 and 4, and the real power of bus-1. Therefore, there are 10 unknown quan-

tities. The known quantities in Table 3.2 are the real and reactive powers of the

load buses 2–4, the voltage magnitude of buses 1 and 5, the network injected by

bus-5, and the angle of bus-1. Therefore, there are 10 known quantities as well.

Now, it can be seen from (3.20) and (3.21) that there are 10 equations, 5 each

for real and reactive power. Therefore, there are as many known quantities as

the number of equations. However, it is difficult to form a set of closed-form equa-

tions from (3.20) and (3.21). We, therefore, must resort to obtaining iterative solu-

tions to the load flow problem. A noniterative technique, called the DC load flow

(DCLF), determines angles of the bus voltages and the power flow between the

lines under certain assumptions. This is discussed in Section 3.3.6.

3.3.1 Gauss–Seidel Load Flow Method

Consider the power system of Figure 3.5, for which the system data, including ini-

tial data, are given in Table 3.2. We define the initial bus voltage magnitudes as |

Vi|
(0), i = 1, 2, …, n− ng− 1 and their angles as δ

0
i , i = 1, 2,…, n. From these,

and the active and reactive power injected, the bus voltage magnitudes and their

angles for the next iteration |Vi|
(1) and δ

1
i are computed. The process continues till

both ΔPi and ΔQi, given in (3.20) and (3.21) are below a small threshold value.

Equation (3.15) can be rewritten in terms of power injected as a bus as follows:

Pi,inj−jQi,inj=V ∗

i

n

k=1

Y bikV k=V∗

i Y bi1V 1+Y bi2V 2+ +Y biiV i+ +Y binVn

3 22
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Therefore, the bus voltage can be written as follows:

V i =
1

Y bii

Pi,inj − jQi,inj

V ∗

i

−Y bi1V 1 −Y bi2V 2 − −Y binVn 3 23

The iterative process of finding the bus voltage for the kth iteration is as follows:

V
k
i =

1

Y bii

Pi,inj − jQi,inj

V
∗ k− 1
i

−Y bi1V 1 −Y bi2V
k− 1
2 − −Y binV

k− 1
bin

3 24

Let us demonstrate the working principle of the Gauss–Seidel method with the

help of the following example.

Example 3.3 Consider the power system of Example 3.2. The process starts at

bus-2. Since this is a load bus, both real and reactive powers are known. We shall

choose a base MVA of 100 to convert these quantities to per unit form. Therefore,

from (3.24), we get

V 2
1 =

1

Y b22

P2,inj − jQ2,inj

V ∗

2
0

−Y b21V 1 −Y b23V 3
0
−Y b24V 4

0
−Y b25V 5

0

From the Ybus matrix of Example 3.2 and the data given in Table 3.2, we get

V 2
1 =

1

Y b22

− 0 96 + j0 62

1
− 1 05Y b21 −Y b23 −Y b24 − 1 02Y b25

= 0 9927 − 2 56

Note that since the real and reactive power are drawn from this bus, these quan-

tities appear with negative signs in the equation above.

Since V2
(1) has already been computed, the voltage for bus-3 is given by

V 3
1 =

1

Y b33

− 0 35 + j0 14

1
− 1 05Y b21 −Y b32V 2

1
−Y b34 − 1 02Y b35

= 0 9883 − 2 83

Finally, the voltage of bus-4 is computed as

V 4
1 =

1

Y b44

0 16 + j0 08

V ∗

4
0

− 1 05Y b41 −Y b42V 2
1
−Y b43V 3

1
− 1 02Y 45

= 0 9968 − 3 48
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Once the voltages of the P–Q buses are calculated, the voltages for the P–V buses

will be calculated. The reactive power inject is expressed from (3.22) as:

Qi,inj = − Im V∗

i

n

k = 1
Y ikVk

= − Im V∗

i Y i1V1 + Y i2V 2 + + Y iiV i + + Y inVn

3 25

For the voltage of bus-i, (3.25) is written for the kth iteration as:

Q
k
i,inj= −Im V ∗

i
k−1 Y i1V 1+Y i2V 2

k + +Y iiV i
k−1 + +Y inVn

k−1

3 26

The reactive power injected into bus-5 is then calculated as follows:

Q
1
5,inj= −Im 1 02 Y b51V 1+Y b52V 2

1 +Y b53V 3
1 +Y b54V 4

1 +1 02Y b55

= −0 0899

The voltage of bus-5 is then evaluated from (3.24) is:

V5
1
=

1

Y 55

P5,inj − jQ
1
5,inj

V ∗

5
0

− 1 05Y 51 −Y 52V 2
1
−Y 53V 3

1
− 1 02Y 54

= 1 0169 − 0 89

Note that bus-5 injects 48MW of power, while it has a local load of 24MW. As a

result, P5, inj= 24MW is chosen in the equation above. The magnitude of the bus-5

voltage is given as 1.02, which does not match the computed value. Therefore, the

voltage magnitude is corrected using the following equation:

V 5
1 = 1 02 ×

V 5
1

V 5
1

= 1 02 − 0 89

This implies that the magnitude of bus-2 voltage is retained as 1.02, while the

angle δ
1
5 is computed from this process.

The values obtained from the first iteration are then used in the second iteration.

At the end of each iteration, the mismatches ΔPi and ΔQi, given in (3.20) and

(3.21), respectively, are computed. The process continues till all the components

of ΔPi and ΔQi are below a prespecified small threshold value. For the system

of this example, this threshold is chosen as 10−6, and the process terminates in

28 iterations.

The Gauss–Seidel method usually takes a long time to converge and may some-

times have convergence issues. That is why it is not a preferred method used in

industry. We shall now consider a more robust Newton–Raphson method.

82 3 Power Flow Studies



3.3.2 Basics of Newton–Raphson Iterative Procedure

Consider a set of nonlinear equations, given by

f 1 x1, , xn = η1

f 2 x1, , xn = η2

f n x1, , xn = ηn

3 27

where x1, x2, …, xn are the unknown variables that will be estimated. We define

another set of functions as follows:

g1 x1, , xn = f 1 x1, , xn − η1 = 0

g2 x1, , xn = f 2 x1, , xn − η2 = 0

gn x1, , xn = f n x1, , xn − ηn = 0

3 28

Assuming the initial estimates of the n variables being x
0
1 , x

0
2 ,…, x

0
n , and

adding corrections Δx
0
1 , Δx

0
2 ,…, Δx

0
n to these variables such that we get

the correct solution of these variables defined by

x∗1 = x1
0 + Δx1

0

x∗2 = x2
0 + Δx2

0

x∗n = xn
0 + Δxn

0

3 29

The functions in (3.28) then can be written in terms of the variables given in

(3.29) as follows:

gk x∗1, , x∗n = gk x1
0 + Δx1

0 , , xn
0 + Δxn

0 , k = 1,…,n

3 30

Equation (3.30) is expanded in Taylor’s series around the nominal values of

x
0
1 , x

0
2 ,…, x

0
n . Neglecting the second- and higher-order terms of the series,

the expansion of gk, k = 1, 2, …, n is given as follows:

gk x∗1, ,x∗n = gk x1
0 , ,xn

0 +Δx1
0 ∂gk
∂x1

0

+Δx2
0 ∂gk
∂x2

0

+ +Δxn
0 ∂gk
∂xn

0
3 31
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where ∂gk/∂xi|
(0), i = 1, 2, …, n is the partial derivative of gk evaluated at

x
0
1 , x

0
2 ,…, x

0
n .

Equation (3.31) can be written in the vector–matrix form as:

∂g1 ∂x1 ∂g1 ∂x2 ∂g1 ∂xn

∂g2 ∂x1 ∂g2 ∂x2 ∂g2 ∂xn

∂gn ∂x1 ∂gn ∂x2 ∂gn ∂xn

0
Δx1

0

Δx2
0

Δxn
0

=

0−g1 x1
0 , ,xn

0

0−g2 x1
0 , ,xn

0

0−gn x1
0 , ,xn

0

3 32

The square matrix of partial derivatives is called the Jacobian matrix J with J(0)

indicating that the matrix is evaluated for the initial values of x
0
1 , x

0
2 ,…, x

0
n .

We can then write the solution of (3.32) as:

Δx1
0

Δx2
0

Δxn
0

= J 0
− 1

Δg1
0

Δg2
0

Δgn
0

3 33

Since Taylor’s series is truncated by neglecting the second and higher-order

terms, it is not expected to find the correct solution at the end of the first iteration,

and hence, an iterative procedure will be required. In this process, the corrections

are added to the initial estimates to form the next set of estimates as follows:

x1
1 = x1

0 + Δx1
0

x2
1 = x2

0 + Δx2
0

xn
1 = xn

0 + Δxn
0

3 34

These are then used to find J(1) and Δg
1
k , i = 1, 2,…, n. From these, we can

then calculate Δx
1
1 , Δx

1
2 ,…, Δx

1
n from an equation like (3.33) and subse-

quently calculate x
2
1 , x

2
2 ,…, x

2
n . The process continues till all the mismatches

Δgk, k = 1, 2, …, n become less than a prespecified small quantity.

Example 3.4 Consider the following set of three nonlinear equations in three

variables, that is, the number of equations is equal to the number of unknowns

g1 x1, x2, x3 = x21 − x22 + x23 − 11 = 0

g2 x1, x2, x3 = x1x2 + x22 − 3x3 − 3 = 0

g3 x1, x2, x3 = x1 − x1x3 + x2x3 − 6 = 0
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The Jacobian matrix of (3.32) is then

J =

2x1 − 2x2 2x3

x2 x1 + 2x2 − 3

1− x3 x3 − x1 + x2

The initial values to start the Newton–Raphson proceduremust be carefully cho-

sen. For example, if we choose x
0
1 = x

0
2 = x

0
3 = 0, then all the elements of the

first rowwill be zeromaking thematrix J(0) singular, and therefore, non-invertible.

To avoid this, let us choose x
0
1 = x

0
2 = x

0
3 = 1. The Jacobian matrix is then

given by

J 0 =

2 − 2 2

1 3 − 3

0 1 0

The mismatches are then computed as:

Δg
0
1

Δg
0
2

Δg
0
2

=

0− g
0
1

0− g
0
2

0− g
0
3

=

10

4

5

Consequently, the corrections and updates calculated, respectively, from (3.33)

and (3.34) and are given by:

Δx1
0

Δx2
0

Δx3
0

=

4 75

5 00

5 25

and

x1
1

x2
1

x3
1

=

5 75

6 00

6 25

The process converges in seven iterations with the values of

x1 = 2, x2 = 3 and x3 = 4

3.3.3 Newton–Raphson Load Flow Method

Newton–Raphson load flow is similar in approach to that of solving a system of

nonlinear equations using the Newton–Raphson method. However, the deriva-

tion of the Jacobian matrix is much more complicated than that discussed in
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Section 3.3.2. For the load flow problem, the following equation needs to

be solved:

J

Δδ2

Δδn

Δ V 2

V 2

Δ V 1 + np

V 1 + np

=

ΔP2

ΔPn

ΔQ2

ΔQ1 + np

3 35

Note that the correction in the voltage magnitude is normalized with respect to

the voltage magnitude, that is, Δ|Vi|/|Vi| has been used instead of Δ|Vi|. This sim-

plifies the calculation of the Jacobian matrix as discussed below.

The Jacobian matrix is divided into submatrices as [2]:

J =
J11 J12

J21 J22
3 36

where

J11 = L =

∂P2

∂δ2

∂P2

∂δn

∂Pn

∂δ2

∂Pn

∂δn

=

L22 L2n

Ln2 Lnn

�
n− 1 × n− 1

3 37

J12 = N =

V 2
∂P2

∂ V 2
V 1 + np

∂P2

∂ V 1 + np

V 2
∂Pn

∂ V 2
V 1 + np

∂Pn

∂ V 1 + np

=

N22 N2np

Nn2 Nnnp

�
n− 1 × np

3 38

J21=M=

∂Q2

∂δ2

∂Q2

∂δn

∂Q1+np

∂δ2

∂Q1+np

∂δn

=

M22 M2n

Mnp2 Mnpn

�
np × n−1 3 39
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J22 = O =

V 2
∂Q2

∂ V 2
V 1 + np

∂Q2

∂ V 1 + np

V 2

∂Q1 + np

∂ V 2
V 1 + np

∂Q1 + np

∂ V 1 + np

=

O22 O2np

Onp2 Onpnp

�
np × np

3 40

The step-by-step Newton–Raphson algorithm is given below.

Step 1 (initialization): Choose the initial values of the voltage magnitudes of the

P–Q buses and the voltage angles of all the buses except the slack bus.

Step 2: Using the initial values calculate the following:

a) the total n− 1 number of injected real power P
0
calc and equal number of real

power mismatch ΔP(0) for all the buses except the slack bus,

b) the total np number of injected reactive power Q
0
calc and equal number of reac-

tive power mismatch ΔQ(0) for P-Q buses, and

c) formulate the Jacobian matrix J(0).

Step 3: Solve (3.35) for Δδ(0) and Δ|V|(0) |V|(0).

Step 5: Obtain the updates from

δ 1 = δ 0 + Δδ 0

V
1 = V

0 1 +
Δ V

0

V
0

= V
0 + Δ V

0 3 41

Step 6: Check if all the mismatches (ΔP andΔQ) are below a small number. Ter-

minate the process if the answer is yes. Otherwise, go back to Step 2 to start the

next iteration with the updates given by (3.41).

Example 3.5 The Newton–Raphson method is employed for the five-bus power

system of Figure 3.5, for which theYbusmatrix is computed in Example 3.2 and the

initial data are listed in Table 3.2. As a first step, we shall formulate the Jacobian

matrix. Let us rewrite (3.17) and (3.18) using (3.13) as follows:

Pi = V i
2
Gii +

n

k = 1, k i

Y bikV iV k cos θik + δk − δi 3 42

Qi = − V i
2Bii −

n

k = 1, k i

Y bikV iV k sin θik + δk − δi 3 43
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Then the submatrices of the Jacobian matrix are computed in the follow-

ing steps:

•
Computing J11: Using (3.42), and from (3.36), the following equation is written:

Lik =
∂Pi

∂δk
= − Y bikV iV k sin θik + δk − δi , i k

= − Y bikV iV k × sin θik cos δk − δi + cos θik sin δk − δi

= − V iV k Bij cos δk − δi − V iV k Gij sin δk − δi

3 44

Again, when i = k, we have

Lii =
∂Pi

∂δi
=

n

k = 1, k i

Y bikV iV k sin θik + δk − δi

Using (3.43), the above equation is rewritten as:

Lii =
∂Pi

∂δi
= −Qi − V i

2
Bii 3 45

From the initial data given in Table 3.2, and from (3.44), we have

L23
0 =− Y b23V 2

0 V3
0 sin θ23+δ3−δ2 =− Y b23 sinθ23=−B23=−4 8077

Again, from (4.43), we get

Q2
0 = − V 2

0 2
B22 −

n

k = 1

k 2

Y b2kV 2
0 V k

0 sin θ2k + δk − δ2

= −B22 − 1 05B21 −B23 −B24 − 1 02B25 = − 0 6327

Therefore, from (3.45), the following is obtained:

L22
0 = −Q2

0
− V 2

0 2
B22 = − 0 6327−B22 = 18 8269

In a similar way, the rest of the components of the matrix J
0
11 are obtained and

the matrix is given by:

J
0
11 =

18 8269 − 4 8077 0 − 3 9231

− 4 8077 11 1058 − 3 8462 − 2 4519

0 − 3 8462 5 8077 − 1 9615

− 3 9231 − 2 4519 − 1 9615 12 4558
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•
Computing J21: From (3.43) and (3.38), the following equation can be written:

Mik =
∂Qi

∂δk
= − Y bikV iV k cos θik + δk − δi , i k

= − Y bikV iV k × cos θik cos δk − δi − sin θik sin δk − δi

= − V iV k Gij cos δk − δi + V iV k Bij sin δk − δi

3 46

On the other hand, by i = k, using (3.42) and (3.43), we get

Mii =
∂Qi

∂δi
=

n

k = 1, i k

Y bikV iV k cos θik + δk − δi = Pi − V i
2Gii 3 47

Then

M23
0 = − Y b23V 2

0 V 3
0 cos θ23 + δ2 − δ3 = −G23 = 0 9615

The real power injected into bus-2 is given by

P2
0 = V 2

0 2
G22 +

n

k = 1
k 2

Y b2kV 2
0 V k

0 cos θ2k + δk − δ2

= G22 + 1 05G21 + G23 + G24 + 1 02G25 = − 0 1115

Therefore,

M22 = P2
0
− V 2

0 2
G22 = − 3 7654

In a similar way, the rest of the elements of the J
0
21 matrix are computed to form

the matrix as follows:

J
0
21 =

− 3 7654 0 9615 0 0 7846

0 9615 − 2 2212 0 7692 0 4904

0 0 7692 − 1 1615 0 3923

•
Computing J21: It is evident from (3.42) that the elements of this matrix are the

derivatives of the real power P with respect to the magnitude of bus voltage |V|.

Therefore, the off-diagonal elements are:

N ik = V k
∂Pi

∂ Vk

= Y bikV iV k cos θik + δk − δi = −Mik i k 3 48
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On the other hand, the diagonal elements are given by

N ii = V i
∂Pi

∂ V i

= V i 2 V i Gii +
n

k=1

k i

Y bikV k cos θik + δk−δi

=2 V i
2Gii +

n

k=1

k i

Y bikV iV k cos θik + δk−δi =2 V i
2Gii +Mii

3 49

For calculating the elements of the matrix J12, j k, we note from (3.48) that

they are negative of the elements of J21 when j k. However, the size of J21 is

(3 × 4) while the size of J12 is (4 × 3). Then, first, we need to make the following

substitution:

J
0
12 = − J

0
21

T

This, however, will lead to wrong diagonal elements. Therefore, the elements of

J21 when j = k are replaced by those computed using (3.49). The matrix is then

given by

J
0
12 =

3 5423 − 0 9615 0

− 0 9615 2 2019 − 0 7692

0 − 0 7692 1 1462

− 0 7846 − 0 4904 − 0 3923

•
Computing J22: For j k, the following equation is written:

Oik = V k
∂Qi

∂ V k

= − Y bikV iV k sin θik + δk − δi = Lik , i k 3 50

Moreover, for j = k, the following expression is obtained:

Oii = V i
∂Qi

∂ V i

= V i − 2 V i Bii −

n

k = 1

k i

Y bikV k sin θik + δk − δi

= − 2 V i
2Bii −

n

k = 1

k i

Y bikV iV k sin θik + δk − δi = − 2 V i
2Bii − Lii

3 51
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For computing the matrix, we first set

J
0
22 = J

0
11 1 3, 1 3

Then the diagonal elements are computed using (3.51). This results in the fol-

lowing matrix:

J
0
22 =

17 5615 − 4 8077 0

− 4 8077 10 8996 − 3 8462

0 − 3 8462 5 5408

From the initial conditions, the active and reactive powers are computed as:

Pcalc
0 = − 0 1115 − 0 0096 − 0 0077 − 0 0098 T

Qcalc
0 = − 0 6327 − 0 1031 − 0 1335 T

Consequently, the mismatches are found as:

ΔP 0 = − 0 8485 − 0 3404 − 0 1523 0 2302 T

ΔQ 0 = 0 0127 − 0 0369 0 0535 T

Thereafter, the updates are calculated. At the end of the first iteration, these are

given by

δ2
0

δ3
0

δ3
0

δ4
0

=

− 4 91

− 6 95

− 7 19

− 3 09

and

V 2
0

V 3
0

V 4
0

=

0 9864

0 9817

0 9913

Progressing in this fashion, the load flow converges in seven iterations. The

results of the Newton–Raphson load flow are listed in Table 3.3. Here, the real

and reactive powers are converted into per unit using a base MVA of 100. It is

to be noted that the real and reactive power of the slack bus and the reactive power

of the P–V bus are computed from (3.17) and (3.18) after the convergence of the

load flow.

3.3.4 Fast Decoupled Load Flow

The Newton–Raphson load flow method is very robust – it has excellent conver-

gence properties provided that the initial conditions are within reasonable bounds.

The drawback of this method, however, is that all the elements of the Jacobian

matrix must be recalculated at every iteration. Furthermore, at each iteration,

the entire set of equations must also be recalculated to form the Jacobian matrix.
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Therefore, the Newton–Raphsonmethod is very computationally intensive, which

can be substantial for a large power system. The fast decoupled method is used to

speed up computation. This is achieved by decoupling the elements of the Jacobian

matrix under certain assumptions.

Consider the Jacobian matrix and its block elements given in (3.37) to (3.40). To

simplify these matrices, we have tomake a number of assumptions. These assump-

tions are listed below.

1) In a power system, the real power is mostly dependent on the angles of the

sending and receiving ends. The bus voltage magnitudes at the two ends have

very little influence on the power flow through the line, especially when both

these voltages are operating near 1.0 per unit. We can, therefore, assume that

V k
∂Pi

∂ V k

= 0, i, k 3 52

2) Similarly, the reactive power flowing through a line is mostly dependent on the

bus voltage magnitude and not on the angles of the bus voltages. This leads to

the following assumption

∂Qi

∂δk
= 0, i, k 3 53

3) Since the difference between the bus voltage angles is small, we can

assume that

cos δi − δk = 1 and sin δi − δk = δi − δk , i, k 3 54

4) In a power system, the line resistance is usually much smaller than the line

reactance. This results in line susceptance Bik being much larger than the line

conductance Gik. Therefore, we can make the following assumption

Table 3.3 Bus voltages, power generated, and load after load flow convergence using the

Newton–Raphson method.

Bus no.

Bus voltage Power generated Load

Magnitude (pu) Angle (deg) P (MW) Q (MVAr) P (MW) P (MVAr)

1 1.05 0 126.60 57.11 0 0

2 0.9826 −5.0124 0 0 96 62

3 0.9777 −7.1322 0 0 35 14

4 0.9876 −7.3705 0 0 16 8

5 1.02 −3.2014 48 15.59 24 11
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Gik sin δi − δk << Bik cos δi − δk Gik δi − δk << Bik, i, k 3 55

5) Finally, the reactive power injected into a bus during normal operation is much

less than the reactive power that would flow if all the lines from that bus were

short circuited to the reference. That is

Qi << Bii V i
2 3 56

Based on the assumptions (1) and (2) above, we find that the submatrices J21 and

J21 of the Jacobian matrix are null matrices. Again from (3.45), we find the off-

diagonal elements of the matrix J11 are as follows:

∂Pi

∂δk
= − Y bikV iV k sin θik + δk − δi , i k

= − Y bikV iV k sin θik cos δk − δi + cos θik sin δk − δi

Using (3.13), the above equation can be rewritten as:

∂Pi

∂δk
= − V iV k Bik cos δk − δi + Gik sin δk − δi

Based on the assumption (3.55), the above equation reduces to

∂Pi

∂δk
= − V iV k Bik , i k 3 57

Moreover, from (3.49), we can write:

V k
∂Pi

∂ V k

= − V iV k Bik, i k 3 58

The diagonal elements of J11 and J22 have the same expressions that are given,

respectively, by (3.46) and (3.52), that is,

∂Pi

∂δi
= −Qi − V i

2
Bii

V i
∂Qi

∂ V i

= − 2 V i
2Bii −

∂Pi

∂δi

We can then write the power flow adjustments as follows:

ΔPi =
∂Pi

∂δk
Δδk 3 59

ΔQi =
∂Qi

∂ V k Vk

Δ V k

V k

3 60
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Substituting (3.57) in (3.59) and (3.58) in (3.60), the following two expressions

are obtained:

ΔPi = − V iV k BikΔδk 3 61

ΔQi = − V iV k Bik
Δ V k

V k

3 62

Since all the bus voltages are expected to be close to 1.0 per unit, we can assume |

Vk| = 1.0 per unit. Then (3.61) and (3.62) can further be simplified as:

ΔPi

V i

= −BikΔδk 3 63

ΔQi

V i

= −Bik
Δ V k

V k

= −BikΔ V k 3 64

All these simplifications lead to the following two vector–matrix relations for the

real and reactive power:

ΔP2 V 2

ΔP3 V 3

ΔPn Vn

= −

B22 B23 B2n

B32 B33 B3n

Bn2 Bn3 Bnn

Δδ2

Δδ3

Δδn

= B

Δδ2

Δδ3

Δδn

3 65

ΔQ2 V 2

ΔQ3 V 3

ΔQn Vn

= −

B22 B23 B2n

B32 B33 B3n

Bn2 Bn3 Bnn

Δ V 2

Δ V 3

Δ Vn

= B

Δ V 2

Δ V 3

Δ Vn

3 66

Notice that both the matrices of the right-hand sides of (3.65) and (3.66) are the

same, which is denoted by the matrix B . This matrix contains the susceptances of

the Ybus matrix. The elements of this matrix are constant and, hence, can be com-

puted beforehand. The inverse of the matrix B can be precomputed and stored.

Moreover, note that at voltage-controlled (P–V) buses, Q is not specified and

ΔV is zero. We can, therefore, eliminate these buses from the computation of

(3.66). This is an advantage of this method. However, the algorithm may fail to

converge if some of the assumptions are invalid. In particular, the assumption

of R< < X is very crucial. This assumption, however, is true for modern high-

voltage transmission lines.
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The step-by-step fast decoupled procedure is as follows:

Step 1: Choose the initial values of the voltage magnitudes |V|(0) of all np load buses

and (n− 1) angles δ(0) of the voltages of all the buses except the slack bus.

Step 2: Use the estimated |V|(0) and δ
(0) to calculate a total (n− 1) number of

injected real power P
0
calc and equal number of real power mismatch ΔP(0)/|V|(0).

Step 3: Solve (3.65) for Δδ and update δ.

Step 4: From the updated angles δ, calculate the mismatches ΔQ(0)/|V|(0).

Step 5: Solve (3.66) for Δ|V| and update |V|.

Step 6: Check if all the mismatches are below a small number. Terminate the

process if yes. Otherwise, go back to Step 2 to start the next iteration.

Example 3.6 Let us consider the same system, as given in Example 3.3.

The matrix B given in (3.66) is computed as:

B =

18 1942 − 4 8077 0 − 3 8462

− 4 8077 11 0027 − 3 8462 − 2 4038

0 − 3 8462 5 6742 − 1 9231

− 3 8462 − 2 4038 − 1 9231 11 8942

With the initial data given and neglecting bus-1, the real power and real power

mismatches are:

Pcalc = − 0 1115 − 0 0096 − 0 0071 0 0098 T

ΔP = − 0 8455 − 0 3404 − 0 1523 0 2302 T

The angle corrections are then obtained as:

Δδ2

Δδ3

Δδ4

Δδ4

0

= B
− 1

− 0 8455

− 0 3404

− 0 1523

0 2302

=

− 0 0951

− 0 1344

− 0 1388

− 0 0614

rad

The angles are then calculated as:

δ2

δ3

δ4

δ4

1

=

δ2

δ3

δ4

δ4

1

+

Δδ2

Δδ3

Δδ4

Δδ4

0

=

− 0 951

− 0 1344

− 0 1388

− 0 0614

rad

With these values of the angles and neglecting bus-1, the reactive power and

reactive power mismatches are calculated as:

Qcalc = − 0 4006 − 0 0226 − 0 0939 − 0 1006 T

ΔQ = − 0 2194 − 0 1174 − 0 0139 − 0 2494 T
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Therefore, using (3.66), we have

Δ V 2

Δ V 3

Δ V 4

0

=

− 0 0182

− 0 0233

− 0 0133

per unit

Consequently, the voltage magnitudes are given by:

V 2

V 3

V 4

1

=

V 2

V 3

V 4

1

+

Δ V 2

Δ V 3

Δ V 4

0

=

0 9818

0 9767

0 9867

per unit

The load flow algorithms converge in six iterations, and the results are identical

to those given in Table 3.3.

3.3.5 Line Flows

The bus voltage magnitudes and angles of each bus along with the power gener-

ated and consumed at each bus are given in Table 3.3. It can be seen from this table

that the total power generated is 174.6 MW, whereas the total load is 171MW. This

indicates that there is a total line loss of about 3.6 MW for all the lines put together.

The current flowing between the buses i and k can be written as:

I ik = −Y bik V i −V k , i k 3 67

Therefore, the complex power leaving bus-i is given by

Pi + jQi = V iI
∗

i 3 68

Similarly, the complex power entering bus-k is

Pk + jQk = V kI
∗

k 3 69

Therefore, the I2R losses in the different line segments are

Ploss,i− k = Pi −Pk 3 70

The real power flow over different lines is listed in Table 3.4. This table also gives

the I2Rloss along various segments. It is evident that all the losses add up to 3.6

MW, which is the net difference between power generation and load. Finally,

we can compute the line I2X drops in a similar fashion. This drop is given by

Qdrop,i− k = Qi −Qk 3 71

However, we must consider the effect of line charging separately.

Consider the line segment 1–2. The voltage of bus-1 is V1 = 1.05 ∠ 0 per unit,

while that of bus-2 is V2 = 0.9826 ∠ − 5.0124 per unit. From (3.67), we then have
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I12 = 0 9623− j0 5187 = 1 0932 − 28 33 per unit

The reactive power drop in the line segment 1–2 is

I12
2 × X12 × 100 = 1 09322 × 0 1 × 100 = 10 9508 MVAr

The same quantity can also be obtained by subtracting the reactive power

absorbed by bus-2 from that supplied by bus-1. The above calculation however

does not include the line charging. Note that, since the line is modeled by an equiv-

alent-π, the voltage across the shunt capacitor is the bus voltage to which the shunt

capacitor is connected. Therefore, the current I12 flowing through the line segment

is not the current leaving bus-1 or entering bus-2; it is the current flowing in

between the two charging capacitors. Since the shunt branches are purely reactive,

the real power flow is not affected by the charging capacitors. Each charging capac-

itor is assumed to inject a reactive power that is the product of the half-line char-

ging admittance and square of the magnitude of the voltage of that bus. The half-

line charging admittance of this line is 0.03. Therefore, the line charging capacitor

will inject the following reactive power at bus-1:

0 03 × 100 × V 1
2 = 3 3075 MVAr

Similarly, the reactive injected at bus-2 will be

0 03 × 100 × V 2
2 = 2 8968 MVAr

The power flow through line segments 1–2 and 1–5 is shown in Figure 3.6, where

the dotted lines indicate the reactive power and the solid lines indicate the

real power.

Table 3.4 Real power flow over different lines.

Power dispatched Power received

Line loss (MW)From (bus) Amount (MW) In (bus) Amount (MW)

1 101.0395 2 98.6494 2.3901

1 25.5561 5 25.2297 0.3264

2 17.6170 3 17.4882 0.1288

3 0.7976 4 0.7888 0.0089

5 15.1520 2 14.9676 0.1844

5 18.6212 3 18.3095 0.3117

5 15.4566 4 15.2112 0.2454

Total = 3.5956
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3.3.6 DC Load Flow

The Newton–Raphson and fast decoupled load flow techniques are usually sensi-

tive to initial parameters – their convergence depends on the initial values chosen.

One way to choose the initial starting point is to use what is called DCLF. This is a

non-repetitive method, which obviously is less accurate than AC load flow

techniques.

In this method, the nonlinear AC system model is simplified in a linear form

using the following assumptions:

1) Line resistances are negligible. Inmodern power lines, the resistances aremuch

less than the reactance (R<< X), and therefore, the resistances can be ignored.

2) Voltage angle differences are small and, therefore, sinδ = δ and cosδ = 1.

3) Magnitudes of bus voltages are assumed to be 1.0 per unit. Since the automatic

voltage regulators tightly hold the bus voltages constant, they can be assumed

to be 1.0 per unit.

4) Reactive power flow in the network is neglected.

Since the voltage magnitudes are assumed to be 1 per unit, (3.65) can be

rewritten as:

P2

P3

Pn

= B

δ2

δ3

δn

3 72

54.464551.1570

3.3075 2.8968

45.410942.5141

101.0395 98.6494

1 2
(a)

8.15745.9524

2.2050 2.0808

8.60636.5255

25.5561 25.2297

1 5
(b)

Figure 3.6 Real and reactive power flow through (a) line segment 1-2 and (b) line

segment 1-5.
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Example 3.7 Consider the system of Figure 3.5. The Y-bus matrix is formed

neglecting the line resistance and the line charging capacitors as given below:

Ybus = j

− 14 10 0 0 4

4 − 19 5 0 4

0 5 − 11 5 4 2 5

0 0 4 − 6 2

4 4 2 5 2 − j12 5

Therefore, the matrix B is

B =

19 − 5 0 − 4

− 5 11 5 − 4 − 2 5

0 − 4 6 − 2

− 4 − 2 5 − 2 12 5

Then, the angles are given by

δ2

δ3

δ4

δ5

= B
− 1

P2

P3

P4

P5

=

− 0 96

− 0 35

− 0 16

0 24

rad =

− 5 65

− 7 68

− 7 81

− 3 49

Compare these values with those given in Table 3.3. Even if these values do not

match, the errors are not significant.

Now the power transfer between two buses i and k that is separated by a reac-

tance Xik is given by

Pik =
V iV k

X ik

sin δi − δk

Since the voltages are assumed to be 1 per unit, and the angle differences are

assumed to be small, the above equation is rewritten as:

Pik =
1

X ik

δi − δk 3 73

The power flow over the lines is then calculated and is shown in Figure 3.7.
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3.4 State Estimation

State estimation is somewhat like load flow, except for the fact that state estimation

can handle uncertainties that are associated with online load flow calculations [1].

These uncertainties can arise due to one or more of the following factors:

•
Errors in measurement or meter errors.

•
Errors in data communications.

•
Errors in mathematical models.

•
Unexpected system changes.

In general, load flow studies are performed offline for system planning, while

state estimation is performed online for power system control [1]. However, online

load flow can be a part of state estimation as well. State estimation can provide

real-time information on power grids’ operating conditions from redundant, noisy,

and bad data, as will be discussed in this section. These and other measurements

can be used to calculate the bus voltage magnitudes, angles, and power flow

through different line segments using energy management systems (EMS).

3.4.1 Principles of Estimation

A linear dynamical system can be represented in the form

x = Ax + Bu, y = Cx 3 74

where x is the vector of state variable, u is the input vector or scalar, and A and B

are matrices defining the system. The system output is denoted by y and the matrix

1 2 3

45

98.62

24.38

17.68

15.06

0.93

15.07

18.25

Figure 3.7 Power flow over the lines calculated through DC load flow.
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C relates the output with the states. The feedback control law is typically of

the form

u = −Kx 3 75

whereK is the feedback gain matrix. It is obvious that all the measurements of the

states will be required for forming the control law. In the absence of full measure-

ments, some of the states will have to be estimated from the measurements of the

output and input. The estimator here is usually called an observer.

Now consider the following stochastic state space model:

x k + 1 = Fx k + Gu k + Dw k

y k = Hx k + v k
3 76

wherew(k) and v(k) are zero-mean, uncorrelated, Gaussian vectors. Themain aim

is to predict the state variable at a time k+ 1, given the measurements up to time k.

The predicted quantity is denoted by x k + 1 k . Due to the unpredictability of the

Gaussian noise vectors, it is rather difficult to use an observer to obtain the esti-

mates. A standard technique is to use Kalman Filter for this purpose, which first

estimates x k k based onmeasurements, and then obtain the estimates, which are

of the form

x k + 1 k = Fx k k + Gu k 3 77

Given the impedance between two nodes, the real and reactive power flow

through a line joining the nodes can be calculated if the magnitude and the phase

angles of these node voltages are known. From this perspective, the voltage mag-

nitudes and the phase angles are chosen as the state variables in power system

state estimation, where the angles are measured with respect to a common refer-

ence point. The main idea is to produce the “best estimated” values of the magni-

tudes and angles from the measurements. This is obviously required when the

measurements are not perfect and are prone to sensor errors. These errors can

be small or large. Therefore, the estimator will have a built-in bad data detection

scheme. Furthermore, the measured values are sent to a dispatch center through

communication channels, which are prone to failures. Therefore, the operators at

the dispatch centers require a robust procedure to obtain the required information

about the bus voltages.

3.4.2 Maximum-Likelihood Estimation

Consider a set of measurements z, given by the batch model

z =

z1

z2

zm

=

h1 x1, x2,…, xn

h2 x1, x2,…, xn

hm x1, x2,…, xn

+

ε1

ε2

εm

= h x + ε 3 78
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where x = x1 x2 xn
T is a state vector and ε = ε1 ε2 εm

T is a

vector of measurement errors. These errors are assumed to be zero-mean random

variables that have Gaussian distribution. The properties of the variables are:

•
The variables are zero mean, that is, their expected values are zero, E(εi) =

0, i = 1, , m.

•
The variances of these variables are defined by E ε2i = σ2i , i = 1, ,m.

•
The variables are independent of each other, that is, E(εiεj) = 0.

•
Since the variables are independent of each other, the off-diagonal elements of

the covariance matrix will be zero. The matrix is then given by:

R = E εε
T =

σ21 0 0

0 σ22 0

0 0 σ2m

3 79

A Gaussian or normal random variable z with a mean of μz and variance of σ2z
has a probability density function of

f z =
1

2πσ2z
exp −

z− μz
2

2σ2z
3 80

The logarithmic value of the above function is

log f z = −

z− μz
2

2σ2z
− log 2πσ2z = −

1

2

z− μz

σz

2

−

1

2
log 2π− log σz

3 81

If there arem Gaussian and independent (uncorrelated) random variables, then

their joint probability density function can be given as the product of the proba-

bility density function of each variable, that is,

f n z = f z1 f z2 f zm 3 82

where fm(z) is called the likelihood function of z. Then we have

L = log f n z = log f z1 + log f z2 + + log f zm 3 83

Substituting (3.81) in (3.83), we get

L = −

1

2

m

i = 1

zi − μzi

σi

2

−

m

2
log 2π−

m

i = 1

log σi 3 84
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The maximum-likelihood estimate is obtained by maximizing L with respect

to z. From (3.84), this is equivalent to minimizing the following function with

respect to z:

Minimize
m

i = 1

zi − μzi

σi

2

3 85

Let the residual error of the measurement i is defined by

ri = zi −Ezi, i = 1,…,m 3 86

Since εi is zero-mean, (3.86) can be written from (3.78) as:

ri = zi − hi x , i = 1,…,m 3 87

Equation (3.88) can be written in the floowing matrix–vector form:

r =

r1

r2

rm

=

z1

z2

zm

−

h1 x1, x2,…, xn

h2 x1, x2,…, xn

hm x1, x2,…, xn

= z−h x 3 88

The estimation error can beminimized byminimizing rwith respect to x. This is

achieved using the weighted least squares (WLS) method, given by [3]

J x = z−h x
T
W z−h x 3 89

where the matrix W contains the reciprocal of covariances given in (3.79), that is,

W =

1
σ21

0 0

0 1
σ22

0

0

0 0 1
σ2m

3 90

Equation (3.89) is expanded as:

J x = zTWz− zTWh x −hT x Wz + hT x Wh x 3 91

The derivative of J(x) is taken with respect to x and is equated to zero for obtain-

ing the estimates of the state vector.
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3.4.3 DC State Estimation

Assume that the angles δ1, δ2, …, δn are assumed to be state variables, that is,

x = δ2 δ3 δn
T

In the DC state estimation, the batch model of (3.78) is linear and is written as:

z = Hx + ε 3 92

Therefore, the cost function of (3.91) is given by the following equation:

J x = zTWz− zTWH−HTWz + HTWH 3 93

Taking the derivative of J(x) with respect to x and equating it equal to zero,

we have

− 2HTWz + HT
ΩΗx = 0 3 94

where x is the estimate of the state vector x. The estimates are then given by

x = HTWH
− 1

HTWz 3 95

Example 3.8 Consider the four-bus power system shown in Figure 3.8. This has

two generator buses – 1 and 4, of which bus-1 is taken as the slack bus. The load

buses 2 and 3 draw 100MW and 50MW of power, respectively. The per unit line

reactances are chosen as:

X12 = 0 15, X14 = 0 3, X23 = 0 3, X24 = 0 5 and X34 = 0 15

1 2

34

100 MW

50 MW

53.33 MW

23.33 MW 16.67 MW

66.67 MW

30 MW

120 MW

30 MW δ1 = 0 rad

δ4 = 0.07 rad

δ3 = –0.03 rad

δ2 = –0.08 rad

Figure 3.8 A four-bus power system with DC load flow results for Example 3.8.
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The base MVA is chosen as 100. The results of DCLF, that is, the power flow

through the lines and voltage angles are shown in Figure 3.8.

Given δ1 = 0 , the angles δ2, δ3, and δ4 need to be estimated based on the line

flows. It can be seen from Figure 3.8 that five data of line flow are available – 1-2, 1-

4, 2-3, 2-4, and 3-4. However, only three of the line flow measurements will be suf-

ficient for the estimation of the angles. Two sets of measurements are shown in

Figure 3.9. For Figure 3.9 (a), the following equations are written for a base

MVA of 100. These are measurement set-a.

z1 = P12 = 0 5333 =
1

Z12
δ1 − δ2 = − 6 67δ2

z2 = P32 = − 0 1667 =
1

Z23
δ2 − δ3 = 3 33δ2 − 3 33δ3

z3 = P14 = − 0 2333 =
1

Z14
δ1 − δ4 = − 3 33δ4

We then have the following batch model of (3.92):

z =

P12

P32

P14

=

0 53

− 0 16

− 0 23

, x =

δ2

δ3

δ4

and H =

− 6 67 0 0

3 33 − 3 33 0

0 0 − 3 33

It is assumed that all themeters have a standard deviation (σ) of 0.01 and hence a

covariance (σ2) of 0.0001. The weighting matrix is then given by

W =

1 0 0

1 1 0

0 0 1

× 104

1 2

34

P12

P14
P23

(a)
1 2

34

P24P14

P34

(b)

Figure 3.9 The four-bus power system with two different sets of measurements for
Example 3.8. (a) measurement set-a and (b) measurement set-b.
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The solution of (3.95) then produces the following estimated angles:

δ2 = − 0 0795 rad = − 4 555

δ3 = − 0 0315 rad = − 1 805

δ4 = 0 069 rad = 3 953

Again, from Figure 3.9 (b), we have the measurement set-b

z1 = P24 = 0 53 =
1

Z12
δ1 − δ2 = − 6 67δ2

z2 = P32 = − 0 16 =
1

Z23
δ2 − δ2 = 3 33δ2 − 3 33δ3

z3 = P14 = − 0 23 =
1

Z14
δ1 − δ4 = − 3 33δ4

Therefore,

z =

P24

P34

P14

=

− 0 29

− 0 66

− 0 23

and H =

2 0 0 − 2 0

0 6 67 − 6 67

0 0 − 3 33

The resulting estimates are the same as given above.

3.4.4 AC State Estimation

The optimization of (3.89) is written as follows:

∂J x

∂x
=

∂ z−h x
T
W z−h x

∂x
= 0 3 96

The solution of (3.96) is given by [4]

HTW z−h x = 0 3 97

where

H =
∂h x

∂x
3 98

Unlike the DC state estimation, the vector h(x) will contain nonlinear terms for

AC state estimation. Each element of this vector can be linearized using Taylor’s

series expansion, where the second- and higher-order terms are neglected to obtain

hi x + Δx = hi x +
∂hi x

∂xi
Δxi
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This is then written in the vector–matrix form as:

h x + Δx = h x + HΔx 3 99

The state estimation problem is solved in an iterative manner, which is given

by [4]

G xk Δxk = HT xk W z−h xk 3 100

where

G xk = HT xk WH xk 3 101

The state vector is updated in the same manner as the Newton–Raphson load

flow program from:

xk + 1 = xk + Δxk 3 102

Example 3.9 Consider the three-bus power system shown in Figure 3.10, which

contains two voltmeters to measure the voltage magnitudes of buses 1 and 2 and

three power meters to measure the active and reactive power at locations indicated

in the figure. It is obvious from Figure 3.10 that we can have a total of eight mea-

surements – six from the power meters and two from the voltmeters. The meas-

urement vector is then given by

z = V 1 V 2 P12 P13 P2 Q12 Q13 Q2
T

The states that need to be estimated for the problem are the magnitude of all

three bus voltages and angles of buses 2 and 3. The state vector is then given by

x = δ2 δ3 V 1 V 2 V3
T

1 2

3

VV

V Voltmeter

Power meter

13

12
2

Figure 3.10 The three-bus power
system of Example 3.9.
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The Jacobian matrix of (3.98) is then given by

H =

∂ V 1

∂δ2

∂ V 1

∂δ3

∂ V 1

∂ V 1

∂ V1

∂ V2

∂ V 1

∂ V 3

∂ V 2

∂δ2

∂ V 2

∂δ3

∂ V 2

∂ V 1

∂ V2

∂ V2

∂ V 2

∂ V 3

∂P12

∂δ2

∂P12

∂δ3

∂P12

∂ V 1

∂P12

∂ V2

∂P12

∂ V 3

∂P13

∂δ2

∂P13

∂δ3

∂P13

∂ V 1

∂P13

∂ V2

∂P13

∂ V 3

∂P2

∂δ2

∂P2

∂δ3

∂P2

∂ V 1

∂P2

∂ V2

∂P2

∂ V 3

∂Q12

∂δ2

∂Q12

∂δ3

∂Q12

∂ V 1

∂Q12

∂ V2

∂Q12

∂ V 3

∂Q13

∂δ2

∂Q13

∂δ3

∂Q13

∂ V 1

∂Q13

∂ V2

∂Q13

∂ V 3

∂Q2

∂δ2

∂Q2

∂δ3

∂Q2

∂ V 1

∂Q2

∂ V2

∂Q2

∂ V 3

The process of the formation of the Jacobian matrix is somewhat similar to that

discussed for Newton–Raphson load flow in Section 3.3.3. There are, however,

some differences. For example, in the load flow, the real and reactive power flows

between the buses are not considered. However, as evident from Figure 3.10, these

are required for state estimation. Moreover, bus voltages can also be measurement

variables. We must, therefore, include the derivatives of these quantities for the

formation of the Jacobian matrix.

The submatrices J11, J12, J21, and J22 given in (3.37) to (3.40) can be used to com-

pute ∂P/∂δ, ∂P/∂|V|, ∂Q/∂δ, and ∂Q/∂|V|, respectively. (3.67) describes the current

flow between two buses. Then, the complex power flow between these buses is

given by

Pik − jQik = V∗

i I ik = V ∗

i × −Y bik V i −V k = −Y bik V i
2 + Y bikV

∗

i V k

3 103

Using (3.13), (3.103) is rewritten as:

Pik − jQik = − Gik + jBik V i
2 + V∗

i V k 3 104

Since Vi = |Vi|∠ δi and Vk = |Vk|∠ δk, we have

V∗

i V k = V i V k δk − δi = V i V k cos δk − δi + j sin δk − δi

= V i V k cos δi − δk − j sin δi − δk
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Separating the real and imaginary components of (3.103), the following real and

reactive powers are obtained:

Pik = −Gik V i
2
−Gik V i V k cos δi − δk −Bik V i V k sin δi − δk

3 105

Qik = Bik V i
2
−Gik V i Vk sin δi − δk + Bik V i V k cos δi − δk 3 106

Therefore,

∂Pik

∂δi
= V i V k Gik sin δi − δk −Bik cos δi − δk 3 107

∂Pik

∂δk
= − V i V k Gik sin δi − δk −Bik cos δi − δk 3 108

∂Pik

∂ V i

= − 2Gik V i − V k Gik cos δi − δk + Bik sin δi − δk 3 109

∂Pik

V k

= − V i Gik cos δi − δk + Bik sin δi − δk 3 110

∂Qik

∂δi
= − V i V k Gik sin δi − δk + Bik cos δi − δk 3 111

∂Qik

∂δk
= V i V k Gik cos δi − δk + Bik sin δi − δk 3 112

∂Qik

∂ V i

= 2Bik V i − V k Gik sin δi − δk + Bik cos δi − δk 3 113

∂Qik

∂ Vk

= V i −Gik sin δi − δk + Bik cos δi − δk 3 114

Moreover, note that

∂ V i

∂ V i

= 1 and
∂ V i

∂ V k

= 0 3 115

The iterative process is then carried out through the following steps:

•
Step 1: Choose an initial state vector x(0).

•
Step 2: Compute the Jacobian matrix H(0) using the values chosen in Step 1.

•
Step 3: Compute the gain matrix from G(0)(x) = [H(0)]TWH(0).

•
Step 4: Compute Δx(0) from (3.100).

•
Step 5: Compute x(1) from (3.102).

•
Step 6: If all the elements of Δx(0) are below a certain threshold, terminate the

process. Otherwise, go back to Step 2.
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For worked out examples refer to [4, 5]. There are several other methods and

variations of state estimation, as discussed in [3–5].

3.4.5 Bad Data Detection

AWLS state estimator is very sensitive to bad data due to measurement errors [6].

One or more bad data can be present after the convergence of the state estimator

algorithm. After the convergence, a two-step procedure is employed, first to deter-

mine the presence of bad data and then to identify the source of the bad data [7].

A chi-squared test is a procedure that can be used for the detection of the presence

of bad data.

Let xi, i = 1, …, n be a set of independent normal random variables. Then, the

distribution of

Χ =
n

i = 1

χ2i 3 116

is called the chi-squared distribution with a degree of freedom (df ) n. For x> 0 and

n> 0, the chi-squared probability density function is given by [8]

f x n =
e− x 2x n− 2 2

2n 2
Γ n 2

3 117

where Γ is the gamma function, which for an integer x> 0 is defined as Γ(x) =

(x− 1)! The chi-squared random variable with the df on n is defined as χ2n.

The MATLAB function “chi2pdf(x,n)” in “Statics and Machine Learning Tool-

box” can compute the chi-squared probability density function, where x is the

series of observations and n is the df. For example, consider the following code:

x = 0 : 0.001 : 30;

y1 = chi2pdf(x,5);

y2 = chi2pdf(x,10);

The probability density function plots of these two outputs are shown in

Figure 3.11.

The procedure for the detection of bad data using chi-squared test has been

discussed in [3, 7]. It depends on the measurement residuals, given by

z = Hx 3 118

The chi-squared distribution is then computed as follows:

f m,n =
n

i = 1

zi − zi
2

σ2i
3 119
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wherem is the number of state variables, n is the number of measurements, and σ2i
is variance of the sensors. The quantity (n−m) is called the degree of freedom. The

presence of bad data is detected for the following condition:

f m,n > p 3 120

where p is a threshold value that is normally chosen as 95%. Example 3.10 illus-

trates the procedure.

Example 3.10 Consider the three-bus power system shown in Figure 3.12.

Assume that the load in bus-2 is 1.5 per unit and that in bus-3 is 1.9 per unit. Then

the DCLF results obtained are:

δ1 = 0 , δ2 = − 0 3341 rad, δ2 = − 0 3095 rad

P1 = 3 4 pu, P12 = 1 3364 pu,P13 = 2 0636 pu and P23 = − 0 1636 pu
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0.12

0.1

0.08
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0.02

0
0 5 10 15

Observations

20 25 30

n = 5
n = 10

Figure 3.11 Chi-squared probability density functions.

1 2

3

δ1

δ3

δ2

X23 = 0.15X13 = 0.15

X12 = 0.25

Figure 3.12 Three-bus power system of

Example 3.10.
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Assume that there are four measurements. The measurement sensor may not be

perfect and there may be measurement errors. These erroneous measurements are

given in per unit below:

P1 = 3.45, P2 = − 1.55, P3 = − 1.8, and P23 = − 0.15

The measurement vector is:

zm = z1m z2m z3m z4m
T = P1 P2 P3 P23

T

Assuming δ1 = 0, the power flow equations in the measurements in terms of the

angles are written as:

P1 = P12 + P13 = − 4δ2 − 6 667δ3

P2 = P21 + P23 = 4δ2 + 6 667 δ2 − δ3 = 10 667δ2 − 6 667δ3

P3 = P31 + P32 = 6 667δ3 + 6 667 δ3 − δ2 = 13 333δ3 − 6 667δ2

P23 = 6 667δ2 − 6 667δ3

Then, we have the following components of the batch model:

zm =

3 45

− 1 55

− 1 8

− 0 15

,H =

− 4 − 6 667

10 667 − 6 667

− 6 667 13 333

6 667 − 6 667

, x =
δ2

δ3

Let the covariances of the sensor error be:

σ21 = 0 001, σ22 = 0 002, σ23 = 0 002, σ24 = 0 001

The weighting matrix is then

W =

1 σ21

1 σ22

1 σ23

1 σ24

=

10

5

5

2

× 102

Then, the estimates are computed as:

x =
− 0 3415

− 0 3094
rad

The estimated measurements are then calculated as given below.

z = Hx =

3 4291

− 1 5802

− 1 8459

− 0 214
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The measurement residuals are then given by

zm − z =

0 0209

0 0302

0 0489

0 0640

Then, from (3.119), we have

f m,n =
0 02092

0 001
+

0 03022

0 002
+

0 04892

0 002
+

0 0642

0 005
= 2 9083

Sincem= 3 and n= 4, the df is 1. For this degree of freedom, the threshold value

is found from the chi-squared distribution table as 3.841. Since f(m, n) < p, no bad

data is suspected. Note that the table of chi-squared distribution with respect to

degrees of freedom is available online, for example, refer to [9].

Example 3.11 Consider again Example 3.10, where the measurements now are

as given below:

P1 = 3.45, P2 = − 1.55, P3 = − 2.1, and P23 = − 0.1

The estimates are then

x =
− 0 3350

− 0 32074
rad

Then,

z =

3 4895

− 1 4676

− 2 0222

− 0 1156

The chi-squared distribution is then:

f m,n = 8 0539

Obviously, this is greater than 3.841, and hence, bad data are present for these

measurements.

Once the presence of bad data is detected, the next step is to identify the mea-

surements for which sensors are erroneous. One of the methods of identifying
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bad data is the use of normalized residuals. The residuals of (3.118) are normalized

in such a way that they have a Gaussian distribution with a mean of 0 and a var-

iance of 1 [4]. The largest normalized residual will indicate the bad data, provided

that only one component of the dataset is erroneous. This procedure can be applied

to multiple bad data so long as these do not interact with each other. The other

method of bad data identification is called hypothesis testing [10]. This method

is much more complicated than the normalized residual method in which the

measurement errors are computed directly. Multiple bad data can be estimated

using this method even when they interact.

3.5 SCADA and EMS

Supervisory control and data acquisition (SCADA) is not a controller but provides

supervisory commands to the operators. As such, SCADA systems are used not

only in power systems but also in other industries such as oil and gas pipelines,

factory automation, water treatment, and chemical processes. It is essentially a

software process that sits on top of a hardware. The hardware is interfaced with

the outside world both for data collection and user interface. The schematic dia-

gram of SCADA is shown in Figure 3.13. The basic components of SCADA are as

follows:

•
Remote terminal unit (RTU): It collects data from the field devices. It can also

process the data before sending them to the master station (MS) through a com-

munication channel. At the same time, an RTU can also receive data from MS

and communicate them to the field devices.

Master station

RTU

IED

IED

Data
concentrator

Communication

Communication

HMI
Alarms

Data 
logging

Figure 3.13 A SCADA system.
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•
Intelligent electronic device (IED): It is basically a programmable logic control-

ler (PLC) that is connected to sensors to collect data. Even though a PLC has a

more sophisticated control capability than an RTU, it does not have telemetry

capabilities. Thus, all the IED data are concentrated and sent to the MS through

communication channels.

•
The MS: It performs various supervisory functions. It can display data through

human–machine interface (HMI), can trigger alarms, and can log the data for

future processing.

In the modern power system, data from a phasor measurement unit (PMU)

can also be included in SCADA systems. The SCADA can monitor bus voltages,

power, reactive and current flow through different lines, and breaker status.

The software residing in the MS can then perform different tasks such as power

flow, state estimation, fault detection, and isolation. Therefore, the SCADA sys-

tem is an integral part of what has been discussed in this chapter. There are

various functions of SCADA and its application to smart grid that can be found

in [11].

An EMS has more advanced features than SCADA. It can collect data from the

SCADA system to execute advanced algorithms such as optimization, planning,

load forecasting, economic dispatch, and generator scheduling. The main pur-

pose of an EMS is to facilitate the efficient use of energy by reducing the operat-

ing cost. Using the real-time operational status from SCADA, EMS makes

optimized adjustments to make a power system more efficient. Thus, even

though both SCADA and EMS perform similar functions, EMS is more versatile

as it can be used for near-instantaneous matching load with demand. A review of

EMS can be found in [12].

3.6 Concluding Remarks

This chapter presents the methods to calculate a power system bus voltages and

their angles in a network using iterative methods. Both load flow techniques and

state estimation are discussed. Usually, load flow studies are performed for sys-

tem planning for future expansion and to maintain operational efficiency. These

studies are also performed to determine the size of the equipment required to

maintain the power flow during normal operations and withstand contingencies.

Even though the state estimation procedure uses the load flow data, their pur-

pose is different than load flow. The purpose of state estimation is real-time mon-

itoring to help the system operators make informed decisions. State estimation

also improves the system security by detecting and responding to abnormal
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conditions, and predicting the potential failure due to system outages. With the

advent of the smart grid, both these computer-based techniques are gaining more

importance due to the increased penetration of renewable energy generators in

power systems, both for planning and operation. In addition, the threat of

cyberattacks through bad data injection can cause havoc to a power systems nor-

mal operation. One such attack scenario is discussed in Section 3.4.5. A brief

description of cyberattacks and their countermeasures will be discussed in

Chapter 12.
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Problems

P3.1 For the Ybus matrix given in per unit below, draw the impedance diagram.

Ybus = j

− 6 2 2 5 0

2 − 10 2 5 4

2 5 2 5 − 9 4

0 4 4 − 8

P3.2 Compute the bus admittance (Ybus) matrices for the systems given in

Problems (a) P2.11 and (b) P2.12.

P3.3 Consider the bus admittance matrix that is portioned as follows:

Ybus =
K L

LT M

The voltage–current relationship for the matrix is given by

IA

0
=

K L

LT M

VA

VB

where

IA ℜ
n × 1, VA ℜ

n × 1, VB ℜ
m × 1,

K ℜ
n × n, L ℜ

n × m, M ℜ
m × m

This implies that there are n number of buses where currents get injected

and anotherm number of buses where no current is injected. We can then

eliminate buses contained in the vector VB and write

IA = Ynew
bus VA where Ynew

bus = K −LMLT

Consider the impedance diagram shown in Figure P3.3. Find the bus

voltages V1 and V2.
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P3.4 From the results obtained in Problem P3.3, determine the bus voltages V3

and V4.

P3.5 Consider the three-bus power system shown in Figure P3.5. The network is

lossless and the line charging capacitors are neglected. Bus-1 is the slack

bus, while the other two are load buses. The system data are as given below:

V 1 =1 05 0 ,P2 + jQ2 =0 1952+ j0 1366,P3 + jQ3 =0 7074+ j0 1908

Ybus = j

− 15 4 3

4 − 6 2

3 2 − 5

After the convergence of a load flow program, the voltage of bus-2 is

found to be V2 = 1∠ − 5 . Find the magnitude and angle of the voltage

of bus-3.

j0.05

0

1 2

3 4j0.05 j0.05

j0.1

j0.02

j0.025

1∠60°
1∠0°

Figure P3.3 Impedance diagram of the system for Problem 3.3.

1 2

3
P2 + jQ2

P3 + jQ3

Figure P3.5 Three-bus power system of Problem 3.5.
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P3.6 The following data are given in per unit for a four-bus power system

Y b21 = j6 0,Y b22 = − j10 5,Y b23 = j1 5 and Y b24 = j3 0

Bus-2 is a load bus which draws P2= 1.0 and Q2= 0.75. The initial values

of the bus voltages are

Bus-1 (slack): V1 = 1.05 ∠ 0 pu

Bus-2 (P–Q): V2 = 1.0 ∠ 0 pu

Bus-3 (P–V): V3 = 1.02 ∠ 0 pu

Bus-4 (P–Q): V4 = 1.0 ∠ 0 pu

Find V2 produced after the first iteration of Gauss–Seidel method.

P3.7 A system of nonlinear equations is given by

g1 x1, x2, x3 = 4x2 sin x1 + 6x3 + 4x2 = 0

g2 x1, x2, x3 = x23 + cos x1 + 1 = 0

g3 x1, x2, x3 = 3x3 cos x1 + x2x3 + 4 = 0

The following two possible initial conditions are chosen:

x
0
1 = 0 rad, x

0
2 = 2 and x

0
3 = 0

x
0
1 = 0 rad, x

0
2 = x

0
3 = 1

Explain which of these two choices are feasible.

P3.8 A system of nonlinear equations is given by

g1 x1, x2 = x1 + 2x22 − 5 = 0

g2 x1, x2 = 2x1x2 + x2 − 7 = 0

Choosing initial conditions of x
0
1 = 2 and x

0
2 = 0, perform one itera-

tion of Newton–Raphson method to determine x
1
1 and x

1
2

P3.9 In a five-bus power system, the elements of the fourth row of the Ybus

matrix, computed on a base of 220 kV and 100 MVA, are

Y 4b1 = Y b42 = 0, Y b43 = 2 887 104 04 ,

Y b44 = 3 850 104 04 , Y b45 = 6 737 − 75 96

The initial load flow data are given in Table P3.9.
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(a) Evaluate ΔP
0
4 with the data given In Table P3.9. Choose a base of

100 MVA.

(b) Determine the value of (∂P4/∂δ3)
(0).

P3.10 (Note this problem will need the use of a computer with suitable software,

e.g., MATLAB). Consider the four-bus power system shown in

Figure P3.10, which contains a P–V and two P–Q buses in addition to

the slack bus. The initial bus voltages are also indicated in the figure.

Moreover, the power and reactive consumed power at the load buses

and the power injected at the P–V bus are also indicated in the figure,

where all quantities are in per unit. The Ybus matrix for the system is

computed as:

Ybus =

3− j9 − 2 + j6 0 − 1 + j3

− 2 + j6 3 5− j10 5 − 1 + j3 − 0 5 + j1 5

0 − 1 + j3 3− j9 − 2 + j6

− 1 + j3 − 0 5 + j1 5 − 2 + j6 3 5− j10 5

After the first iteration of Newton–Raphson method, compute

(a) the Jacobian matrix,

(b) power and reactive power mismatches, and

(c) voltage magnitudes and their angles.

Table P3.9 Initial conditions of the five-bus system of Problem 3.9.

Bus no.
and type

Generation Load

Voltage (pu)
and angle

P
(MW)

Q
(MVAr)

P
(MW)

Q
(MAVr)

1. Slack – – 65 30 1.04∠0

2. Load 0 0 115 60 1.00∠0

3. PV 180 – 70 40 1.02∠0

4. Load 0 0 70 30 1.00∠0

5. Load 0 0 85 40 1.00∠0
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P3.11 Write a computer program to solve the Newton–Raphson load flow of

Problem P3.10, and then calculate the line losses. Tabulate the results

in the same fashion as given in Tables 3.3 and 3.4.

P3.12 Consider the system of Figure P3.10, where the Ybus matrix is given by

Ybus =

1− j9 − 0 75 + j6 0 − 0 25 + j3

− 0 75 + j6 2− j14 − 1 + j5 − 0 25 + j3

0 − 1 + j5 2− j11 − 1 + j6

− 0 25 + j3 − 0 25 + j3 − 1 + j6 1 5− j12

The initial data and the power injected and consumed remain the same

as that given in Figure 3.10. Find the voltage magnitudes and the angles

after the first iteration of the fast decoupled load flow program.

P3.13 Write a suitable program to compute the fast decoupled load flow and

tabulate the data in the voltage magnitudes, their angle, and power

generated in the same fashion, as shown in Table 3.3.

P3.14 For the system of Problems 3.10 and 3.11, use DCLF to determine the

angles and the line flows.

P3.15 The partial load flow solution data are given in Table P3.15. The per unit

base is chosen as 100 MVA. The line charging admittance in the line

connecting buses 4 and 5 is 0.041 per unit. Using the structure shown

in Figure P3.15, determine the real and reactive power flow at the various

parts of the network. Moreover, calculate the power loss in lines 4 and 5

and the reactive power drop in the line.

1 2

3

1 + j0.75 

4

0.5 + j0.3

Slack

P–V

P–Q

P–Q

1.2

1.05 ∠0° 1.0 ∠0°

1.0 ∠0°1.02 ∠0°

Figure P3.10 Four-bus power system with initial data of Problem 3.10.
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P3.16 Consider a lossless SMIB system with the sending end voltage being

VS = V1∠ 0 per unit and the receiving end voltage being VR = V2∠ δ2

per unit. The line reactance is given by 0.2 per unit. The power flow

through the line is measured at two points – one from the sending end

and the other from the receiving end. These are given by P12= 0.8 per unit

and P21= − 0.82 per unit. The variances of bothmeasurement sensors are

0.01 per unit. Determine the estimate of angle δ2 fromDC state estimation.

P3.17 Consider the system shown in Figure P3.17, where there are three meters

placed at the locations shown. The meter measurements and the sensor

variances in per unit are as follows:

P12 = 0 55, σ212 = 0 02

P13 = 0 29, σ213 = 0 05

P32 = 0 54, σ232 = 0 002

The line reactances are given by:

X12 = 0 2, X13 = 0 25, X23 = 0 1

Using DC state estimation, determine if there is any bad data in the

measurement for a threshold of 95%.

Table P3.15 Partial load flow result of Problem P3.15.

Bus Type Voltage (pu) Angle (deg)

Line flow

To bus MW MVAr

4 PQ 0.920 −10.9 5 −31.25 −11.09

5 PQ 0.968 −6.2 4 32.03 8.77

MW MW

MVAr

MVAr MVAr

MVAr MVAr

MW

MVAr

MW

5 4

Figure P3.15 Partial line flow of Problem 3.15.
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1 2

3

P12

P13

P32

δ1

δ3

δ2

Figure P3.17 DC state estimation of Problem 3.15.
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4

Economic Operation of Power System

A good business practice is the one in which the production cost is minimized

without sacrificing the quality. This is not any different in the power sector as well.

The main aim here is to reduce the production cost while maintaining the voltage

magnitudes at each bus. In this chapter, we shall discuss the economic operation

strategy, which will take into account the generation limits. The optimization

problem will be solved using Lagrange multipliers. First, it will be demonstrated

how several units of a plant can serve a load. Next, this will be extended to include

line losses, where several plants that are connected through transmission lines

combine to serve loads.

The economic operation assumes that several generators are already connected

to the system. However, the daily load consumption is not fixed and varies with the

time of the day and time of the year. The power generation must vary according to

the load pattern, which may in turn vary with season. Therefore, it is not reason-

able to think that all the units of a plant will run simultaneously and change their

power output as and when required. In the unit commitment method, a subset of

the available generators is scheduled to serve loads as they change over a day. This

is also introduced in this chapter.

A power system must operate in a manner such that the frequency at every part

of the system must be the same. Ideally, the frequency should be the nominal fre-

quency of 50 or 60 Hz. However, the frequency can change depending on the load.

Consider, for example, that there are N number of units supplying PL amount of

power. Now suppose the power demand is increased by ΔPL. Then, all the units

must share the power in such a way that the change in frequency caused by

the load increase is the same for all the units. This is accomplished through the

so-called droop equations through which the turbine–governors are controlled.

It is to be noted that both the frequency control and the economic dispatch issue

commands to change the power setting of each turbine–governor unit. It would
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seem that their demands are conflicting. However, in an automatic generation

control (AGC) strategy, both the objectives are coordinated. These aspects are dis-

cussed at the end of the chapter.

4.1 Economic Operation of a Power Plant

In an early attempt at economic operation of a power plant, it was decided to sup-

ply power from the most efficient plant at light load conditions. As the load

increased, the power was supplied by this most efficient plant till the point of max-

imum rating of this plant was reached. With further increase in load, the next most

efficient plant would supply power till its maximum capacity is reached. In this

way, the power would be supplied by the most efficient to the least efficient plant

to reach the peak demand. Unfortunately, however, this method failed to mini-

mize the total cost of electricity generation. Therefore, there is a need for an alter-

native method which considers the total generation cost of all the units of a plant

that is supplying a load.

4.1.1 Economic Distribution of Loads Between Two Units of a Plant

To determine the economic distribution of a load amongst the different units of a

plant, the variable operating costs of each unit must be expressed in terms of its

power output. Note that the fuel price is the main cost in a thermal or nuclear unit.

Then the fuel cost must be expressed in terms of the power output. Other costs,

such as the operation and maintenance costs, can also be expressed in terms of

the power output. Fixed costs, such as the capital cost and depreciation, are not

included in the fuel cost.

Several countries around the world use dollars ($) as their currencies. Since the

fuel cost is volatile and changes over time, we shall define the cost in terms of a

fictitious dollar, which can be replaced by the currency of a country for actual

calculations.

The fuel requirement of each generator is given in terms of this fictitious $/hour.

Let us define the input cost of a unit-i, fi in $/h and the power output of the unit as

Pi. Then the input cost can be expressed in terms of the power output as

f i =
ai

2
P2
i + biPi + ci $ h 4 1

As evident from (4.1) that total cost has three components. The fixed cost can

include maintenance, salaries of personnel, depreciations, etc. given by ci in

(4.1). The term bi defines the cost component that increases linearly with the

power generation, and ai is the quadratic cost component, which defines the
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nonlinear behavior of fuel consumption and efficiency. For example, when the

generator approaches its maximum capacity, its efficiency decreases. The question

is how these coefficients are calculated. The following example illustrates this.

Example 4.1 Notice that (4.1) has three unknowns. Therefore, to estimate the

coefficients, we need three equations. We also need to know the total cost from

historical data or from measurements. Let the generation cost of a unit be $22,

$47, and $82 for power generation levels of 10 MW, 20MW, and 30MW, respec-

tively. Then we have the following three equations:

22 = α102 + b10 + c

47 = α202 + b20 + c

82 = α302 + b30 + c

where α = a/2. We can then write the following vector–matrix equation:

22

47

82

=

100 10 1

400 20 1

900 30 1

α

b

c

A = B

α

b

c

The coefficients then can be found by using the least square technique, for exam-

ple, using the following MATLAB function:

α = a 2

b

c

= B∖A =

0 05

1

7

Therefore, a = 0.05 × 2 = 0.1. Then, the cost function for the unit is given by

f = 0 05P2 + P + 7 $ h

Figure 4.1 plots the quadratic power output versus the cost curve.

The economic dispatch problem considers the incremental fuel cost, which is

the additional cost that may be incurred to produce an additional 1 MW of power.

This is given by

λi =
df i
dPi

= aiPi + bi $ MWh 4 2

From the values calculated in Example 4.1, the cost of generating 25MW of

power that is obtained from (4.1) is $63.26. On the other hand, the incremental

cost of generating 1MW, obtained from (4.2) is $1.1. Note that the incremental cost

does not include the fixed cost. Therefore, it cannot be calculated by taking the

difference between generating 26MW of power (which is $66.8) and 25MW

of power.
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Let us now assume that only two units having different incremental costs supply

a load. There will be a reduction in cost if some amount of load is transferred from

the unit with higher incremental cost to the unit with lower incremental cost. In

this fashion, the load is transferred from the less efficient unit to the more efficient

unit thereby reducing the total operation cost. The load transfer will continue till

the incremental costs of both units are the same. This will be the optimum point of

operation for both units.

Example 4.2 Consider two units of a power plant that have the following

fuel costs:

f 1 =
0 08

2
P2
1 + 10P1 + 25 $ h and f 2 =

0 06

2
P2
2 + 8P2 + 20 $ h

The incremental costs of these two units are then

λ1 = 0 08P1 + 10 $ MWh and λ2 = 0 06P2 + 8 $ MWh

Let us assume that the units together are supplying 500MW of power. Suppose

Unit-1 supplies 200MW of power, while Unit-2 supplies the rest, that is, 300 MW.

Then we have the following incremental cost of generating 1MW of power by the

units as

λ1 = 0 08 × 200 + 10 = 26 $ MWh and λ2 = 0 06 × 300 + 8 = 26 $ MWh

200

180
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140

120
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40
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0 5045403530252015105

Figure 4.1 The power output versus cost curve of Example 4.1.
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Therefore, we find the incremental cost of generation of both units are the same.

We shall call this the optimum setting, as explained in Section 4.1.2.

Now what happens when both units supply the same amount of power of 250

MW? The changes in the costs of the two units are:

Unit-1
250

200

0 08P1 + 10 dP1 = 0 04P2
1 + 10P1

250

200
= 1,400 $ h

Unit-2
250

300

0 04P2 + 8 dP2 = 0 03P2
2 + 8P2

250

300
= −1,225 $ h

Thus, we find that an excess of fex = 1400− 1225 = 175 $/h is required for this

setting.

We shall calculate the excess cost (fex) from the optimal setting of P1 = 200 MW

and P2 = 300 MW as the power generation of the two units changes from 0MW to

500MW for the total load of 500M. For example, when Unit-1 supplies the entire

500MW of power and Unit-2 supplies no power, we have

Uniti-1
500

200

0 08P1 + 10 dP1 = 0 04P2
1 + 10P1

500

200
= 11,400 $ h

Unit-2
0

300

0 04P2 + 8 dP2 = 0 03P2
2 + 8P2

0

300
= −5,700 $ h

Therefore, the excess cost is

f x = 11,400− 5,100 = 6,300 $ h

On the other hand, whenUnit-2 supplies the entire 500MWof power andUnit-1

supplies no power, we have

Unit-1
0

200

0 08P1 + 10 dP1 = 0 04P2
1 + 10P1

0

200
= −3,600 $ h

Unit-2
500

300

0 04P2 + 8 dP2 = 0 03P2
2 + 8P2

0

300
= 6,400 $ h

Therefore, the excess cost is

f x = 6400− 3600 = 2800 $ h

Figure 4.2 shows the variation in the excess cost when the P1 changes from 0 to

500MW. Consequently, P2 changes from P2− P1 MW to 0MW. The excess cost is

zero when P1 = 200 MW, as expected.

With the current trend of including renewable energy generator, the economic

operation problem becomesmore complicated since they do not have any fuel cost.

This implies that their operating does not increase with the power output.
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However, their output depends on resource availability (wind speed, sunlight), not

on dispatch instructions. The cost equation for wind (or solar) power is given by

f = LCOE × P + c $ h 4 3

where the levelized cost of energy (LCOE) is given by

LCOE =
Total Lifetime Cost $

Total Lifetime Energy Output MW
4 4

Therefore, the incremental fuel cost is constant and is equal to LOCE. However,

a penalty term can be used for uncertainty and variability of wind speed or solar

irradiance. Sometimes a battery energy storage system (BESS) can be used to

smoothen out the variability of wind or solar. Then the BESS cost can be included

in the economic dispatch problem. Note that LCOE can vary from county to

county. The typical value of LCOE in the United States is around US$45/MWh

for onshore windfarms and around US$120 $/MWh for offshore windfarms.

4.1.2 Economic Distribution of Loads Between Multiple Units
of a Plant

Let us consider a plant that has a total ofN number of units. The total fuel cost will

then be the summation of the individual fuel cost fi, i= 1,…,N of each unit, that is,

1,000

2,000

3,000f e
x
 (

$
)

4,000

5,000

6,000

0
0 50 100 150 200 250

MW

300 350 400 450 500

Figure 4.2 Variation in excess cost from optimal setting as P1 changes from 0 to 500 MW
in Example 4.2.
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f T = f 1 + f 2 + + f N =
N

k = 1

f k 4 5

Let us denote that the total power that the plant is required to supply by PT,

such that

PT = P1 + P2 + + PN =
N

k = 1

Pk 4 6

where Pi, i = 1, …, N are the power supplied by the N different units.

The objective is to minimize fT for a given PT. This can be achieved when the

total difference dfT becomes zero, that is,

df T =
∂f T
∂P1

dP1 +
∂f T
∂P2

dP2 + +
∂f T
∂PN

dPN = 0 4 7

Now, since the power supplied is assumed to be constant, we have

dPT = dP1 + dP2 + + dPN = 0 4 8

Multiplying (4.8) by λ and subtracting from (4.7), we get

∂f T
∂P1

− λ dP1 +
∂f T
∂P2

− λ dP2 + +
∂f T
∂PN

− λ dPN = 0 4 9

In (4.9), the term λ is called the Lagrange multiplier.

The equality in (4.9) is satisfied when each individual term given in brackets is

zero. This gives us

∂f T
∂Pi

− λ = 0, i = 1, …, N 4 10

Note that fT is the summation of the costs of each individual unit, where, as per

(4.1), the cost fi is only dependent on the power output Pi, that is,

∂f T
∂Pi

=
df i
dPi

, i = 1,…,N

Therefore, the partial derivative becomes a full derivative for all N units, that is,

λ =
df 1
dP1

=
df 2
dP2

= =
df N
dPN

4 11

Example 4.3 Consider a power plant that has three units. The incremental fuel

costs are

Unit-1
df 1
dP1

= 0 12P1 + 12 0 $ MWh
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Unit-2
df 2
dP2

= 0 08P2 + 8 0 $ MWh

Unit-3
df 3
dP3

= 0 096P3 + 9 0 $ MWh

The units together are supplying 900MW of power. We have to determine P1, P2,
and P3.

To determine three unknowns, we need three equations. The first one is total

power supplied, that is,

P1 + P2 + P3 = 900MW

Now, the incremental costs must be the same. Therefore, we have the following

two equations:

λ =
df 1
dP1

=
df 2
dP2

0 12P1 + 12 0 = 0 08P2 + 8 0 0 12P1 − 0 08P2 = − 4

λ =
df 2
dP2

=
df 3
dP3

0 08P2 + 8 0 = 0 096P3 + 9 0 0 08P2 − 0 096P3 = − 1

Writing these two equations in a matrix–vector form, we have

0 12 − 0 08 0

0 0 08 − 0 096

1 1 1

P1

P2

P3

=

− 4

− 1

900

Solving the above equation, we have

P1 = 212 78MW P2 = 369 17MW and P3 = 318 05MW

The incremental fuel cost then is

λ =
df 1
dP1

= 0 12P1 + 12 0 = 37 53 $ MWh

Let us now assume that the plant also contains a wind farm nearby, which has a

maximum capacity of 200MW. However, the wind farm can generate between 0

and 200MW of power. Then, if the total power requirement still remains 900MW,

we have

P1 + P2 + P3 = 900− PW MW

where PW is the power generated by the wind farm. The variations in the optimal

settings of the generating units and the incremental cost are shown in Figure 4.3

when the wind power changes from 0 to 200MW.
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4.1.3 Consideration of Generator Limits

It is not always necessary that all the units of a plant are available to share a load.

Some of the units may be taken off due to scheduled maintenance. Also, it is not

necessary that the less efficient units are switched off during off-peak hours. There

is a certain amount of shutdown and startup costs associated with shutting down a

unit during the off-peak hours and servicing it back online during the peak hours.

To complicate the problem further, it may take about eight hours or more to

restore the boiler of a unit and synchronize the unit with the bus. Therefore, to

meet the sudden change in the power demand, it may be necessary to keep more

units connected to the system than is necessary to meet the load demand during

that time. This safety margin in generation is called spinning reserve. The optimal

load dispatch problem must then incorporate this startup and shutdown cost for

not endangering the system security.

The power generation limit of each unit is then given by the inequality

constraints

Pmin,i ≤ Pi ≤ Pmax,i, i = 1, …, N 4 12

The maximum limit Pmax is the upper limit of the power generation capacity of

each unit. On the other hand, the lower limit Pmin pertains to the thermal
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Figure 4.3 Variations in (a) generating power and (b) incremental cost with the
changes in wind power input.
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consideration of operating a boiler in a thermal or nuclear generating station.

An operational unit must produce a minimum amount of power such that the

boiler thermal components are stabilized at the minimum designed operating

temperature.

Example 4.4 Consider again the power plant of Example 4.3 without the wind

farm. Let the limits of the three generators be given by

Unit-1 30 MW ≤ P1 ≤ 300MW

Unit-2 30 MW ≤ P2 ≤ 300MW

Unit-3 30 MW ≤ P3 ≤ 500MW

From Example 4.3, it can be seen that when the generators are required to sup-

ply 900MW of power, P2 needs to supply 369.17 MW, which exceeds its generation

limit. Furthermore, each generator cannot supply less than 30MW of power.

Therefore, the economic dispatch problem must consider the generation limits

in a constrained optimization problem. We shall discuss the economic dispatch

problem starting from the minimum load of 90 MW to the full load of 1,100 MW.

At the minimal load of 90MW, all the three units must generate 30 MW each.

Then, the incremental fuel cost of each unit is

Unit-1
df 1
dP1

= 0 12 × 30 + 12 0 = 15 6 $ MWh

Unit-2
df 2
dP2

= 0 08 × 30 + 8 0 = 10 4 $ MWh

Unit-3
df 3
dP3

= 0 096 × 30 + 9 = 11 88 $ MWh

Since Units 1 and 3 have higher incremental costs, they must operate at 30 MW

each when the power demand increases above 90MW. The incremental cost will

be due to Unit-2, which is equal to 10.4 $/MWh. Then, the optimal dispatch prob-

lem is separated into the following segments.

•
Segment-1: With the generation of Units 1 and 3 remaining constant at 30 MW,

the generation of Unit-2 is increased due to a load increase till its incremental

cost is equal to that of Unit-3, that is, 11.88 $/MWh. This is achieved when P2 is

equal to 48.5 MW, at a total power of 108.5 MW. Beyond this power level, the

incremental costs of both Units 2 and 3 will be the same.

•
Segment-2: Units 2 and 3 together will supply the increased load demand with

the contribution of Unit-1 remaining at 30 MW till the incremental costs of all

the three units are equal to that of Unit-1, that is, 15.6 $/MWh. To calculate the

power supplied by Units 2 and 3, we have
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15 6 = 0 08P2 + 8 0 $ MWh P2 = 95MW

15 6 = 0 096P3 + 9 0 $ MWh P3 = 68 75MW

Therefore, the total power that will be supplied during this time is 30 + 95 +

68.75 = 193.75 MW.

•
Segment-3: For a power supply level above 193.75 MW, all the three units will

supply power together with the same incremental fuel cost. However, Unit-2,

being the most efficient unit, reaches its generation limits of P2 = 300 MW.

To calculate the operating condition for which Unit-2 reaches its maximum

limit, we have

λ =
df 2
dP2

= 0 08 × 300 + 8 0 = 32 $ MWh

Using this value of λ, we have the power generated by the other two units as

λ = 32 = 0 12P1 + 12 0 P1 = 166 67MW

λ = 32 = 0 096P3 + 9 0 P3 = 239 58MW

The total power then is 166.7 + 300 + 239.58 = 706.25 MW.

•
Segment-4: Let us assume that the plant is required to supply 900MW of power.

Since Unit-2 has reached its maximum power level of 300 MW, Units 1 and 3

must have the same incremental fuel cost. Then, we have

P1 + P3 = 900− 300 = 600MW

To supply 600MW of power, the incremental fuel cost will be

λ =
df 1
dP1

=
df 3
dP3

0 12P1 + 12 0 = 0 096P3 + 9 0 0 12P1 − 0 096P3 = − 3

The solutions of the last two equations are

P1 = 252 78MW and P3 = 347 22MW

The fuel cost for Unit-2 is fixed. Therefore, the incremental fuel of 1 MW

excess generation will be shared by Units 1 and 3. The incremental cost is then

equal to

λ =
df 1
dP1

= 0 12P1 + 12 0 = 42 33 $ MWh

•
Segment-5: Finally, Units 1 and 3 will supply power till Unit-1 reaches its max-

imum limit of 300MW. The incremental fuel cost at this point is
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df 1
dP1

= 0 12 × 300 + 12 = 48 $ MWh

The power generated by Unit-3 for this incremental cost is

λ = 48 = 0 096P3 + 9 0 P3 = 406 25MW

The total power generation at this time is 300 + 300 + 406.25 = 1,000.25 MW.

From this point onward till the maximum power level is reached, only Unit-3 will

supply power, and the incremental fuel cost will be that of Unit-3 alone. Table 4.1

lists the load distribution and the incremental fuel cost for the generators. The load

distribution is pictorially depicted in Figure 4.4.

4.2 Economic Operation of a Power System

In Section 4.1, the economic operation of a single plant has been discussed where it

has been shown how a particular amount of load is shared between the different

units of a plant. In this problem, the transmission line losses are not considered

Table 4.1 Load distribution and incremental cost for the units of Example 4.4.

PT (MW) P1 (MW) P2 (MW) P3 (MW) λ ($/MWh)

90 30 30 30 10.4

100 30 40 30 11.2

108.5 30 48.5 30 11.88

150 30 71.14 48.86 13.69

193.75 30 95 68.75 15.6

300 58.33 137.5 104.17 19

400 85 177.5 137.5 22.2

500 111.67 217.5 170.83 25.4

600 138.33 257.5 204.17 28.6

700 165 297.5 237.5 31.8

706.25 166.67 300 239.58 32

800 208.33 300 291.67 37

900 252.78 300 347.22 42.33

1006.25 300 300 406.25 48

1,100 300 300 500 57
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assuming that the losses were a part of the load supplied. However, for the distri-

bution of loads between the different plants that are joined by transmission lines,

the line losses must be explicitly included in the economic dispatch problem. In

this section, this problem is discussed.

When the transmission losses are included in the economic dispatch problem,

we can modify (4.6) as

PT = P1 + P2 + + PN − PLOSS 4 13

where PLOSS is the total line loss. Since PT is assumed to be constant, we have

0 = dP1 + dP2 + + dPN − dPLOSS 4 14

In the above equation, dPLOSS includes power loss due to every generator, that is,

dPLOSS =
∂PLOSS

∂P1
dP1 +

∂PLOSS

∂P2
dP2 + +

∂PLOSS

∂PN

dPN 4 15

Also, the minimum generation cost implies dfT= 0 as given in (4.7). Multiplying

both (4.14) and (4.15) by λ and combining them, we get

0 = λ
∂PLOSS

∂P1
− λ dP1 + λ

∂PLOSS

∂P2
− λ dP2 + + λ

∂PLOSS

∂PN

− λ dPN

4 16
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Figure 4.4 Power distribution between the units in Example 4.4.
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Adding (4.16) with (4.7), we obtain

0 =
N

i = 1

∂f T
∂Pi

+ λ
∂PLOSS

∂Pi

− λ dPi 4 17

The above equation is satisfied when

∂f T
∂Pi

+ λ
∂PLOSS

∂Pi

− λ = 0, i = 1,…,N 4 18

Again since

∂f T
∂Pi

=
df i
∂Pi

, i = 1,…,N

from (4.18) we get

λ =
df 1
dP1

L1 =
df 2
dP2

L2 = =
df N
dPN

LN 4 19

where Li is called the penalty factor and is given by

Li =
1

1− ∂PLOSS ∂Pi

, i = 1,…,N 4 20

Example 4.5 Let us consider the two generating units of Example 4.2. It has

been assumed that the transmission loss is defined in terms of these two units as

PLOSS = 0 75 × 10− 4P2
1 + 1 4 × 10− 5P1P2 + 0 8 × 10− 4 × P2

2

Therefore, from (4.20), we have

L1 =
1

1− ∂PLOSS ∂P1
=

1

1− 1 5 × 10− 4P1 − 1 4 × 10− 5P2

L2 =
1

1− ∂PLOSS ∂P2
=

1

1− 1 4 × 10− 5P1 − 1 6 × 10− 4P2

Let the incremental fuel cost be λ = $26/MWh. Then, from (4.19), we get

26 9 =
0 08P1 + 10

1− 1 5 × 10− 4P1 − 1 4 × 10− 5P2

0 0847P1 + 3 77 × 10− 4P2 = 16 9

26 9 =
0 06P2 + 8

1− 1 4 × 10− 5P1 − 1 6 × 10− 4P2

3 77 × 10− 4P1 + 0 0643P2 = 18 9
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Rearranging the above two equations, we get

0 0847 3 77 × 10− 4

3 77 × 10− 4 0 0643

P1

P2

=
16 9

18 9

The solution of the equation gives P1 = 199.79 MW and P2 = 292.75 MW. Then,

the power loss is calculated as 10.77 MW.

The power loss equation in the example above can be rewritten as

PLOSS = P1 P2

0 75 × 10− 4 0 7 × 10− 5

0 7 × 10− 5 0 8 × 10− 4

P1

P2

In general, consider a power system with N number of plants. The power gen-

erated is defined by the vector

P = P1 P2 PN
T

The transmission losses can then be written as

PLOSS = PTBP 4 21

where the matrix B is a symmetric matrix given by

B =

B11 B12 B1N

B12 B22 B2N

B1N B2N BNN

The elements Bij of the matrix B are called the loss coefficients. These coefficients

are not constant but vary with plant loading. However, for the simplified calcula-

tion of the penalty factor Li, these coefficients are often assumed to be constant.

When the incremental cost equations are linear, we can use analytical equations

to find out the economic settings. However, in practice, the incremental costs are

given by nonlinear equations that may even contain nonlinearities. In that case,

iterative solutions are required to find the optimal generator settings. The follow-

ing example shows one approach of the iterative procedure [1].

Example 4.6 We shall consider the system of Examples 4.2 and 4.4. The incre-

mental costs are given by

df 1
dP1

= a1P1 + b1 and
df 2
dP2

= a2P2 + b2
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where

a1 = 0 08, b1 = 10, a2 = 0 06, and b2 = 8

The power loss is defined from (4.21) as

PLOSS = P1 P2

B11 B12

B12 B22

P1

P2

= B11P
2
1 + 2B12P1P2 + B22P

2
2

where

B11 = 0 75 × 10− 4,B12 = 0 7 × 10− 5, and B22 = 0 8 × 10− 4

The steps of the iterative process are given below.

Step 1: First, choose the total load level, PT, which is chosen as PT = 500 MW.

Step 2: Choose the initial values of the power supplied by the two units. From

Example 4.2, these are chosen as

P1 = 200MW and P2 = 300MW

The power loss is computed from (4.21) as PLOSS = 11.04 MW

Step 3: Compute the derivatives of the power loss with respect to the chosen values

∂PLOSS

∂P1
= 1 5 × 10− 4P1 + 1 4 × 10− 5P2 = 0 0342

∂PLOSS

∂P2
= 1 4 × 10− 5P1 + 1 6 × 10− 4P2 = 0 0508

Step 4: From (4.18), we obtain the following two equations:

df 1
dP1

+ λ
∂PLOSS

∂P1
− λ = 0 a1P1 + b1 + λ

∂PLOSS

∂P1
− λ = 0

df 2
dP2

+ λ
∂PLOSS

∂P2
− λ = 0 a2P2 + b2 + λ

∂PLOSS

∂P2
− λ = 0

In addition, the power balance equation is given by

P1 + P2 = PT + PLOSS
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These three equations are written in the matrix–vector form as

a1 0
∂PLOSS

∂P1
− 1

0 a2
∂PLOSS

∂P2
− 1

1 1 0

P1

P2

λ

=

− b1

− b2

PT + PLOSS

The solution of the above equation is

P1

P2

λ

=

208 002MW

303 038MW

27 5835 $ MWh

The error in power computation is then

Perr = PT + PLOSS − P1 + P2 = 11 04MW

Since the error is above a certain threshold, we go back to Step 2 and calculate

the quantities again. The iterative process converges in five iterations, where the

power error is found to be Perr = 4.2 × 10−5 MW. The converged parameters are:

P1 = 208 0839MW, P2 = 303 4121MW and λ = 27 6264 $ MWh

4.3 Unit Commitment

In the previous two sections, we have discussed economic operation of power sys-

tems, which assumes that a total number of N units are already connected to the

systems. The goal of the economic dispatch is to optimally schedule these N units

such that the total power can be served. The unit commitment problem, however,

is more complex. Assume that N units are available to serve a power system. How-

ever, all these units need not be operational all the time. In the unit commitment

problem, the optimal scheduling of a subset of theseN units is performed based on

the forecasted load demand.

The daily load consumption is not fixed and varies with the time of the day and

the time of the year. For example, in an industrial region, the daytime load will be

high due to power consumption by the industries, irrespective of the time of the

year. The domestic load can vary depending on the time of the year. In Australia,

the summer months are hot, and air conditioners can consume a large amount of

energy during the evenings to cool houses. In winter months, the air conditioner

may run in reverse cycle, but usually late in the evenings. On the other hand, the

lighting load is higher in winter months than in the summer months. We know

4.3 Unit Commitment 141



that the power system requires an almost instantaneous balance between power

generation and power consumption. Therefore, is it reasonable to think that all

the units of a plant will run simultaneously and change their power output as

required? If a power system is operated based solely on thermal generators, a great

deal of money can be saved by turning off some of the units during lighter load

conditions. Let us consider the following example.

Example 4.7 Consider the load pattern for a particular day that is shown in

Figure 4.5 that is to be supplied by the following three generating units:

Unit-1
f 1 =

0 12

2
P2
1 + 12P1 + 25 $ h

200MW ≤ P1 ≤ 500MW

Unit-2
f 2 =

0 08

2
P2
2 + 8P2 + 15 $ h

100MW ≤ P1 ≤ 300MW

Unit-3
f 3 =

0 096

2
P2
3 + 9P3 + 20 $ h

100MW ≤ P3 ≤ 300MW

The incremental fuel costs of these units are given as follows:

df 1
dP1

= 0 12P1 + 12 0 $ MWh

df 2
dP2

= 0 08P2 + 8 0 $ MWh

df 3
dP3

= 0 096P3 + 9 0 $ MWh

Load (MW)

Time of day
(hours)

6:00 9:00 18:00 0:00 6:00

200

1,000

600

Figure 4.5 Hourly distribution loads for a particular day.
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We shall consider three load levels: 200 MW, 600MW, and 1,000 MW. These are

considered individually as discussed below.

200MWLoad: Theminimum load level of 200 MW can be (a) supplied by Unit-1

or (b) shared by Units 2 and 3. Note that this minimum level needs to be supplied

between 0:00 and 9:00 hours, that is, a total of nine hours.

Option-a: The cost of running Unit-1 supplying 200MW for nine hours is

0 12

2
× 2002 + 12 × 200 + 25 × 9 = $43, 425

Option-b: The cost of running Units 2 and 3 supplying 100MW each is

0 08

2
× 1002 + 8 × 100 + 15 +

0 096

2
× 1002 + 9 × 100 + 20 × 9 = $23,535

Obviously shutting Unit-1 down during the off-peak hours is financially bene-

ficial. This result is not surprising since the generating cost of Unit-1 is higher than

the other two units.

600 MW Load: This load level is supplied for six hours (between 18:00 and 24:00

hours). The unconstrained scheduling as discussed in Example 4.3 will give us the

following values of the power share:

P1 = 138 33MW P2 = 257 5MW and P3 = 204 17MW

This obviously is not feasible since it violates the minimum power condition of

Unit-1. Therefore, the choice is (a) to supply 600MW by Units 2 and 3 equally or

(b) let Unit-1 supply 200MW, while the rest being shared by Units 2 and 3

economically.

Option-a: The cost of this option is

0 08

2
× 3002 + 8 × 300 + 15 +

0 096

2
× 3002 + 9 × 300 + 20 × 6 = $78, 330

Option-b: If Unit-1 supplies 200MW, then the optimal setting for Units 2 and

3 are

P2 = 223 86MW and P3 = 176 14MW

The total cost is then

0 12

2
× 2002 +12× 200+ 25 × 6

+
0 08

2
× 223 862 +8×223 86+ 15+

0 096

2
× 176 142 +9×176 14+ 20

× 6= $70,379

Obviously, Option-b is the cheaper option.
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1,000MW Load: The load at this level must be supplied for nine hours (between

9:00 and 18:00 hours). There are two options. These are (a) Units 2 and 3 supplying

their maximum rated power of 300MW each and Unit-1 supplying the rest 400

MW and (b) Unit-1 supplying (say) 500MW and the rest is shared by the other

two units economically.

Option-a: The cost of this option is

0 12

2
× 4002 + 12 × 400 + 25 × 9

+
0 08

2
× 3002 + 8 × 300 + 15 +

0 096

2
× 3002 + 9 × 300 + 20

× 9 = $247, 320

Option-b: The economic operation of Units 2 and 3 supplying 500MW of power

lead to

P2 = 278 41MW and P3 = 221 59MW

Therefore, the total cost for this option is

0 12

2
× 5002 +12× 500+ 25 × 9

+
0 08

2
× 278 412 +8× 278 41+ 15+

0 096

2
× 221 592 +9× 221 59+ 20

× 9=$276,651

Obviously, Option-a is cheaper in this case. The unit commitment problem is

summarized in Table 4.2.

The above example shows that unit commitment is a complex problem even for

this simple three-unit system. Usually, this problem is solved through a suitable

optimization technique. There are several other factors that need to be considered

in the optimization process. Some of these are discussed below.

Table 4.2 Unit commitment for Example 4.6.

Hours Total load Unit-1 Unit-2 Unit-3

0:00–9:00 200MW Off 100MW 100MW

9:00–18:00 1,000MW 400MW 300MW 300MW

18:00–24:00 600MW 200MW 223.86 MW 176.14 MW
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4.3.1 Spinning Reserve

At any given time, there are a certain number of generators that are synchronized

with an ac power system. At the same time, the generators together supply a cer-

tain amount of load. The spinning reserve is defined as the difference between the

generation capacity of the generators minus the loads. The term spinning is used to

signify that the generators are spinning with the system, i.e., synchronized with

the ac system.

As will be explained in Chapter 7, an increase in load will cause a drop in fre-

quency. Conversely, the failure of one of the generating units can also cause a drop

in frequency. A large mismatch between the generation and load can have a cat-

astrophic effect on the power system. Therefore, power systems must be equipped

with fast responding generators so that the frequency can be restored using auto-

matic generation control.

Modern-day power systems are equipped with large wind and solar farms. These

are called intermittent in nature. A passing cloud can cause the solar power output

to drop. Similarly, wind speed can drop suddenly. Some wind turbine technologies

are known to be susceptible to tripping even if the voltage transiently falls to levels

as high as 70%. Such plants would jeopardize the grid stability. A large number of

wind turbines use induction generators. During voltage dips, induction generators

tend to significantly increase their reactive power demand to the extent that the

system voltage may be further depressed. This causes slower recovery of the volt-

age once the fault has been removed.

If several wind generators are suddenly disconnected, there will be a mismatch

between generated and consumed power, and as a result, the frequency will drop.

If there is not enough spinning reserve in the system, a black-out may occur. If

wind farms are not able to ride-through voltage dips, the transmission systems

need a higher spinning reserve.

4.3.2 Thermal Limit Constraints

Thermal units cannot be brought online quickly. Their temperature needs to be

changed gradually. The boilers need to cool down completely before they can

be fired again. These may require hours of cooling down and hours of heating

up, plus the time required for synchronization with the ac grid. However, a unit

that has been shut down recently can be restarted relatively quickly since the

boiler temperature may not have dropped significantly. The thermal limits con-

straints are [1]:

•
Minimum uptime: A running unit cannot be turned off instantaneously.

•
Minimum downtime: As has been mentioned earlier, a certain amount of time is

required to bring the boiler to operating temperature and synchronization.
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•
Crew constraint: The starting up of a unit or multiple units may require a num-

ber of crew members. It may not always be possible for the crews to attend to

more than one unit at any given time.

There are two starting modes of a boiler. The first one is called the cold start,

where the boiler has cooled down completely. The other is called banking, where

the boiler operating temperature is maintained by providing sufficient heat. The

costs for the two operations are given as [1]

f c = f cs 1− ε− t α × F + c 4 22

where fc is the startup cost when cooling; fcs is the cold start cost in kJ; F is the fuel

cost in $; α is the thermal time constant of the unit; t is the number of hours the

unit was cooled.

f b = f t × t × F + c 4 23

where fb is the startup cost when banking; ft is the cost of maintaining the temper-

ature of the unit in kJ/h.

It is to be noted that the cost of banking is not necessarily less than that of the

cold start cost. Up to a certain time, the banking cost is lower than the cold start

cost. However, it is logical that if a unit has to maintain the operating temperature

for a longer period of time, then its banking cost will be higher.

4.3.3 Solution Methods for Unit Commitment Problem

As has beenmentioned before, the load varies throughout the day. At the same time,

there may be several units available to cater to the load. A typical load variation

curve is shown in Figure 4.6 (a). Figure 4.6 (b) shows the different generation levels

that are required to supply this load variation. Suppose there are N number of units

in a power system. Then, there are 2N− 1 combinations that are available to supply

the load throughout the day. It is evident fromFigure 4.6 (b) that it is not economical

to run all the units throughout the day. Therefore, in the unit commitment problem,

an optimization process must be applied to find the best possible economic combi-

nations that can supply the daily load.

Unit commitment problem is usually very difficult to tackle. There are (1) binary

variables, for example, generator on or off, (2) constraints such supply must meet

demand, and (3) large systems with several units that need to be coordinated. There

are threemethods that can be applied to the unit commitmentmethod. These are [1]:

•
Priority list scheme

•
Lagrange relaxation

•
Dynamic programming
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Furthermore, machine learning methods can also be used. We have demon-

strated the basic principles of the priority list scheme in Example 4.7. In the

Lagrange relaxation method, the power balance constraint, that is, iPi = PT is

relaxed and is replaced by a penalty term using Lagrange multiplier. Let us assume

that there are three units with the following power constraints in MW:

20 ≤ P1 ≤ 100

30 ≤ P2 ≤ 150

10 ≤ P3 ≤ 50

The costs of generation for the three units are given by

f 1 = 0 02P2
1 + 20P1 + 100 $

f 2 = 0 01P2
2 + 25P2 + 120 $

f 3 = 0 015P2
3 + 30P3 + 80 $

Load

Time of day
(hours)0:00 6:00 18:00 24:0012:00

Load

Time of day
(hours)0:00 6:00 18:00 24:0012:00

(b)

(a)

Figure 4.6 (a) A typical load variation curve and (b) power requirement to serve the load.
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Then, from (4.1), we get

a1 = 0 04, b1 = 20, c1 = 100

a2 = 0 02, b2 = 25, c2 = 120

a3 = 0 03, b3 = 30, c3 = 80

The total demand from the three units is 180MW.

Note from (4.2), the Lagrange multiplier is given by

λ =
df i
dPi

= aiPi + bi $ MWh

This can be rewritten as

Pi =
λ− b1

ai

The Lagrange relaxation is an iterative method, where we first choose λ = 30.

Then, in the first iteration, we have

Unit-1: P1 =
30− 20

0 04
= 250MW. This is more than the maximum rating. Then the

generation is clipped at P1 = 100 MW.

Unit-2: P2 =
30− 25

0 02
= 250MW. This is more than the maximum rating. Then

the generation is clipped at P2 = 150 MW.

Unit-3: P2 =
30− 30

0 03
= 0MW . This is less than the maximum rating. Then

the generation is clipped at P3 = 10 MW.

Therefore, the total generation is 100 + 150 + 10 = 260MW. With the load

demand of 180MW, we have an over generation of 80 MW. Therefore, λ must

be reduced in the next iteration. The problem with this method is that the mis-

match can oscillate between two values, without converging. For a comprehensive

analysis of unit commitment problem, see [1].

4.4 Automatic Generation Control

Electric power is generated by converting mechanical energy into electrical

energy. The rotor mass, which contains turbine and generator units, stores kinetic

energy due to its rotation. This stored kinetic energy accounts for sudden increase

in the load. Let us denote the mechanical torque input by Tm and the output elec-

trical torque by Te. Neglecting the rotational losses, a generator unit is said to be

operating in the steady state at a constant speed when the difference between these
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two elements of torque is zero. In this case, we say that the accelerating torque

is zero.

Ta = Tm −Te 4 24

When the electric power demand increases suddenly, the electric torque

increases. However, without any feedback mechanism to alter the mechanical tor-

que, Tm remains constant. Therefore, the accelerating torque given by (4.24)

becomes negative causing a deceleration of the rotor mass. During this time,

the system frequency, which is proportional to the rotor speed, also decreases.

We can thus infer that any deviation in the frequency for its nominal value of

50 or 60 Hz is indicative of the imbalance between Tm and Te. The frequency drops

when Tm< Te (Ta is negative) and rises when Tm> Te (Ta is positive).

The steady-state power–frequency relation is shown in Figure 4.7. In this figure,

the slope of the ΔPref line is negative and is given by

−R =
Δf

ΔPm

4 25

where R is called the regulating constant. Note that from Figure 4.7 that this quan-

tity is given in per unit. From this figure, we can write the steady-state power–

frequency relation as

ΔPm = ΔPref −
1

R
Δf 4 26

Frequency (pu)

Δf

ΔPm
ΔPref

Mechanical
power (pu)

1.0

Figure 4.7 A typical steady-state power–frequency curve.
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Suppose an interconnected power system contains N turbine–generator units.

Then the steady-state power–frequency relation is given by the summation of

(4.26) for each of these units as

ΔPm = ΔPm1 + ΔPm2 + + ΔPmN

= ΔPref 1 + ΔPref 2 + + ΔPrefN −

1

R1
+

1

R2
+ +

1

RN

Δf

= ΔPref −
1

R1
+

1

R2
+ +

1

RN

Δf

4 27

In the above equation, ΔPm is the total change in turbine–generator mechanical

power and ΔPref is the total change in the reference power settings in the power

system. Also note that since all the generators are supposed to work in synchro-

nism, the change in frequency of each of the units is the same and is denoted

by Δf. Then the frequency response characteristics is defined as

β =
1

R1
+

1

R2
+ +

1

RN

4 28

We can therefore modify (4.28) as

ΔPm = ΔPref − βΔf 4 29

Example 4.8 Consider an interconnected power system that contains three tur-

bine–generator units rated at 750MW, 500MW, and 250MW. The regulating con-

stant of each unit is 5% based on its own rating. Each unit is operating at 50% of its

own rating at 50 Hz when the load suddenly increases by 250MW.We shall choose

a common base of 100MW to calculate the drop in frequency and the rise in the

mechanical power output of each unit.

We first convert the regulating constant to a common base from the per unit base

of each generator. Since the frequency remains constant for both the cases, this is

given by

Rnew = Rold ×
Snewbase

Soldbase
4 30

Therefore, we have

R1 = 0 05 ×
100

750
= 0 0067

R2 = 0 05 ×
100

500
= 0 01

R3 = 0 05 ×
100

250
= 0 02
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From (4.28), the constant β is obtained as

β =
1

R1
+

1

R2
+

1

R3
= 300

The total change in the frequency is calculated from (4.29) ΔPref = 0, that is, for

no change in the reference setting. Since the per unit change in load −250/100 =

−2.5, the change in frequency is given by

Δf =
ΔPm

β
= −

2 5

300
= − 0 0083 per unit

This means that frequency drops by 0.0083 × 50 = 0.4167 Hz.

Then, from (4.26), we have

ΔPm1 = −

1

R1
Δf × 100 =

0 833

0 0067
= 125 50MW

ΔPm2 = −

1

R2
Δf × 100 =

0 833

0 01
= 83 33MW

ΔPm3 = −

1

R3
Δf × 100 =

0 833

0 01
= 41 67MW

It can be seen that

ΔPm1 ΔPm2 ΔPm3 = 3 2 1

This implies that the increase in power of each generator is in proportion to its

own ratings.

Since the generators were supplying half their rated power before the load

change, the new power setting of the three generators is then given by

Pm1 = 375 + 150 = 500 0MW

Pm2 = 250 + 83 33 = 333 33MW

Pm3 = 125 + 41 67 = 166 67MW

It can also be seen that

Pm1 Pm2 Pm3 = 3 2 1

This implies that the generators supply power according to their ratings as well.

There is an alternate formulation that is called droop control, which has gener-

ated considerable interest in recent times due to microgrid applications (see [2]).

Consider a power system that contains N number of generators. Then the fre-

quency of generator-i is given by

f i = fmin + ni Pmax,i − Pi , i = 1, 2,…,N 4 31
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where Pmax,i and Pi, respectively, are the maximum power and generated power of

generator-i and ni is its droop gain in Hz/MW. The frequency fmin is the minimum

allowable frequency in Hz. This implies that the frequency is fmin when the gen-

erators are supplying their maximum rated power. Eq. (4.31) is rewritten as

Δf i = f i − fmin = niΔPi ni =
Δf i
ΔPi

4 32

Note from (4.32) that, for each generator, the product of droop gain and the drop

in power generated is the drop in frequency, that is,

Δf = n1ΔP1 = n2ΔP2 = = nNΔPN 4 33

The following example illustrates this concept.

Example 4.9 Consider the same system as discussed in Example 4.8. The system

operates in such a way that the minimum frequency (fmin) is 49.5 Hz. The droop

gains are chosen such that the generators supply half their rated power when the

frequency drops by 0.25 Hz. Then, from (4.32), we have

n1 =
49 75− 49 5

750− 375
=

0 25

375
= 6 6667 × 10− 4 Hz MW

n2 =
0 25

250
= 1 × 10− 3 Hz MW

n3 =
0 25

125
= 2 × 10− 3 Hz MW

Then, at half the rated power, the frequency is computed from (4.31) is for all the

three generators is the same and is equal to 49.75 Hz.

When the load increases by 250MW, we expect that the output powers of the

generators will increase according to their own ratings, that is,

ΔPm1 =
250 × 750

1500
= 125MW

ΔPm2 =
250 × 500

1500
= 83 33MW

ΔPm3 =
250 × 250

1500
= 41 67MW

These are the same as those obtained in Example 4.8. The operating frequencies

of these units are then computed from (4.31) as

f 1 = fmin + n1 750− 375− 125 = 49 6667 Hz

f 2 = fmin + n2 500− 250− 83 33 = 49 6667 Hz

f 3 = fmin + n3 250− 125− 41 67 = 49 6667 Hz
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It can thus be seen that all the generators operate at the same frequency and the

frequency drop is 50− 49.667 = 0.333 Hz.

4.4.1 Load Frequency Control (LFC)

Modern-day power systems are divided into various areas. For example, the

National Electricity Market (NEM) in Australia is one of the longest intercon-

nected power systems – from Port Douglas in Queensland to Port Lincoln in South

Australia, covering a distance of about 5,000 km. The NEM is composed of five

physically connected regions on the eastern seaboard of Australia. These are:

•
Queensland

•
New South Wales (including Australian Capital Territory)

•
Victoria

•
Tasmania

•
South Australia

Except for Tasmania, which is interconnected with Victoria with undersea

HVDC line, all others are connected to their neighboring areas. The transmission

lines that connect an area to its neighboring area are called tie-lines. Power sharing

between two areas occurs through these tie-lines. LFC, as the name signifies, reg-

ulates the power flow between different areas while holding the frequency

constant.

As evident from (4.29), the system frequency rises when the load decreases if

ΔPref is kept at zero. Similarly, the frequency may drop if the load increases. How-

ever, it is desirable to maintain the frequency constant such thatΔf= 0. The power

flows through different tie-lines are scheduled – for example, area-i may export a

pre-specified amount of power to area-j, while importing another pre-specified

amount of power from area-k. However, it is expected that to fulfill this obligation,

area-i absorbs its own load change, that is, increase generation to supply extra load

in the area or decrease generation when the load demand in the area has reduced.

While doing this, area-imust however maintain its obligation to areas j and k as far

as importing and exporting power is concerned. A conceptual diagram of the inter-

connected areas is shown in Figure 4.8.

The LFC has the following two objectives:

•
Hold the frequency constant (Δf = 0) against any load change. Each area must

contribute to absorb any load change such that frequency does not deviate.

•
Each area must maintain the tie-line power flow to its pre-specified value.

4.4 Automatic Generation Control 153



The first step in the LFC is to form the area control error (ACE) that is defined as

ACE = Ptie − Psch + BfΔf = ΔPtie + BfΔf 4 34

where Ptie and Psch are the tie-line power and the scheduled power through tie-line,

respectively, and the constant Bf is called the frequency bias constant.

The change in the reference of the power setting ΔPref, i of the area-i is then

obtained by the feedback of the ACE through an integral controller of the form

ΔPref ,i = −K i ACE dt 4 35

where Ki is the integral gain. The ACE is negative if the net power flow out of an

area is low or if the frequency has dropped or both. In this case, the generation

must be increased. This can be achieved by increasing ΔPref, i. This negative sign

accounts for the inverse relation betweenΔPref, i and ACE. The tie-line power flow

and frequency of each area are monitored in its control center. Once the ACE is

computed and ΔPref, i is obtained from (4.35), commands are given to various tur-

bine–generator controls to adjust their reference power settings.

Example 4.10 Consider a two-area power system in which Area-1 generates a

total of 5,000MW, while Area-2 generates 4,000MW. The bias constant of

Area-1 (β1) is 850MW/Hz and that of Area-2 (β2) is 680 MW/Hz, where the fun-

damental frequency is 50 Hz. Both the areas are operating at 60% of the rated

power, when the load of Area-2 suddenly increases by 200MW.

First, consider the case when there is no LFC. Since the two areas are intercon-

nected, they must operate at the same frequency and hence Δf must be the same

for both the areas. Then, from (4.34), we have

ΔPm1 + ΔPm2 = ΔPref 1 + ΔPref 2 − β1 + β2 Δf

Now without LFC, ΔPref1 = ΔPref2 = 0. Therefore, for 200MW load increase, the

following relation is obtained from the equation above:

200 = − 850 + 680 Δf Δf = −

200

1530
= − 0 1307 Hz

Tie-lines

Area-k Area-i

Area-j

Figure 4.8 Interconnected areas in a power system.
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Then, the power share between the areas is given by

ΔPm1 = − β1Δf = − 850 × −0 1307 = 111 11MW

ΔPm2 = − β2Δf = − 680 × −0 1307 = 88 89MW

Therefore, of the 200MW load increase in Area-2, this area picks up 88.89 MWof

power and Area-1 supplies 111.11 MW of power through the tie-line, such that

ΔPtie1 = −ΔPtie2 = 111 11MW

The total loads in the two areas are then

Pm1 = 5000 × 0 6 + 111 11 = 3111 11MW

Pm2 = 4000 × 0 6 + 88 89 = 2489 89MW

With the LFC, it is desirable that Area-2 absorbs its own load change while not

allowing the frequency to drift. The area control errors of the two areas are

given by

ACE1 = ΔPtie1 + B1Δf 1and ACE2 = ΔPtie2 + B2Δf 2

Since the net change in the power flow through tie-lines connecting these two

areas must be zero, we have

ΔPtie1 + ΔPtie2 = 0 ΔPtie1 = −ΔPtie2

Also, as the transients die out, the drift in the frequency of both these areas is

assumed to be constant, that is,

Δf 1 = Δf 2 = Δf

If the load frequency controller (4.35) can set the power reference of Area-2

properly, the ACE of the two areas will be zero, that is, ACE1 = ACE2 = 0. Then

we have

ACE1 + ACE2 = B1 + B2 Δf = 0

This will imply thatΔfwill be equal to zero while maintainingΔPtie1=ΔPti2= 0.

This means that Area-2 picks up the additional load in the steady state.

4.4.2 Coordination Between LFC and Economic Operation

Both the LFC and the economic dispatch issue command to the power setting of

each turbine–governor unit. At first glance, it may seem that these two commands

can be conflicting. This, however, is not true. A typical automatic generation con-

trol (AGC) strategy is shown in Figure 4.9 in which both the objectives are coor-

dinated. First, the area control error is computed. A share of this ACE,
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proportional to αi, is allocated to each of the turbine–generator unit of an area.

Also, the share of unit-i, γi × (PDk− Pk), for the deviation of total generation

from actual generation, is computed. Furthermore, the error between the eco-

nomic power setting and actual power setting of unit-i is computed. All these sig-

nals are then combined and passed through a proportional gain Kp to obtain the

turbine–governor control signal.

4.5 Concluding Remarks

In this chapter, we have discussed how a power system can schedule the power

supply economically. Furthermore, the turbine–governor control that may be

required to maintain frequency also has been discussed. Economic dispatch is a

complex problem when the scheduling of all the units is considered together

through unit commitment optimization problem. The basic background of the

procedure has also been presented.

There are several books that cover some of these topics. Reference [1] provides

themost comprehensive analysis of all the topics covered in this chapter. There are

also excellent references, such as the books [3, 4] that discuss some of the topics in

detail. With the present-day increased penetration of renewable energy generators,

Δf

ΔPtie

Bf
ACE

To other
units

To turbine-
governor of unit-i

Economic
dispatch for unit-i

Output of
unit-i

αi

γ

PDi

Pi

i

PDk

Pk

KP

Figure 4.9 Automatic generation control of unit-i.
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the unit commitment problem is becoming very crucial as these generators are

intermittent in nature. The storage elements are considered to smoothen the

non-periodical power fluctuations of wind and solar power. References [5, 6] dis-

cuss the unit commitment problem in the presence of renewable energy.
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Problems

P4.1 A generating unit has the following fuel input expressed in terms of million

Joules per hour

0 025P2 + 5P + 100

where P is the power output in MW.Write the equation of incremental fuel

cost in $/MWh based on the fuel cost of $5 per million Joules.

P4.2 The incremental fuel costs of two units of a plant are given by

df 1
dP1

= 0 01P1 + 11 0 $ MWh and
df 2
dP2

= 0 012P2 + 8 0 $ MWh

Find the saving in $/h for economical allocation of a load between the

units compared to their sharing a total load demand of 750MW.

Problems 157



P4.3 The incremental fuel costs of three units of a plants are

df 1
dP1

= 0 012P1 + 9 0 $ MWh

df 2
dP2

= 0 008P2 + 8 0 $ MWh

df 3
dP3

= 0 0096P3 + 6 0 $ MWh

(a) Determine the incremental fuel cost (λ) when these three units together

are supplying a load of 784MW if they do not have any generating

limits.

(b) Determine λ when these they supply 784MW with P3≤ 400MW.

P4.4 A system contains two generating units with the incremental fuel costs of

df 1
dP1

= 0 008P1 + 8 0 $ MWh and
df 2
dP2

= 0 012P2 + 9 0 $ MWh

The system is operating in economic dispatch with P1 = P2 = 500MW

with ∂PLoss/∂P2 = 0.2. Find ∂PLoss/∂P1.

P4.5 Consider the power system of Figure P4.5 with the following data in

per unit:

I1 = 1 0 , I2 = 0 8 0 ,V 3 = 1 0

Z13 = 0 04 + j0 16

Z23 = 0 03 + j0 12

Z34 = 0 02 + j0 08

Determine if the following loss coefficients describe the power loss

correctly.

B11 = 0 055,B22 = 0 0476 and B12 = 0 0188

1 23

4

I1 I2

Unit-1 Unit-2

Load

Figure P4.5 Four-bus power system of
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P4.6 Assume that the loss coefficients derived in Problem P4.5 are in per unit

with a base of 100MVA. The incremental fuel costs of the two units of Prob-

lem P4.5 are given by

df 1
dP1

= 0 010P1 + 8 5 $ MWh and
df 2
dP2

= 0 015P2 + 9 5 $ MWh

Find P1 and P2 when the incremental fuel cost (λ) is 15 $/MWh.

P4.7 A power system has two generating units. They dispatch power economi-

cally with P1 = 140 MW and P2 = 250 MW. The loss coefficients are

B11 = 0 1 × 10− 2 MW− 1

B12 = − 0 02 × 10− 2 MW− 1

B13 = 0 13 × 10− 2 MW− 1

To raise the total load of the systemwill require an additional $14/h. Find

the penalty factor of Unit-1 and the additional cost per hour to increase the

output of this unit by 1MW.

P4.8 Two power systems are delivering power to a load such that P1+ P2 -

PLOSS = 400MW. The incremental costs and the line losses are given by

df 1
dP1

= 0 035P1 + 20 5 $ MWh

df 2
dP2

= 0 035P1 + 20 5 $ MWh

PLOSS = 0 001 P2 − 50 2 MW

Determine the power output P1 and P2 when λ = 30.1 $/MWh.

Suppose now the total power of 400MW is supplied without considering

the line losses. Then find the PLOSS and the cost per hour due to this non-

optimal setting.

P4.9 The fuel costs of two generating units are given by

f 1 = 0 1P2
1 + 40P1 + 120 $ h

f 2 = 0 2P2
2 + 30P2 + 100 $ h

The minimum and maximum ratings of the units are

30MW ≤ P1 ≤ 175MW

20MW ≤ P2 ≤ 125MW

The load pattern of a particular day is shown in Figure P4.9. An

additional cost of $400 is incurred by taking one unit off and bringing it

back to service after 12 hours. Determine if it is economical to run both
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units all 24 hours of the day or remove one unit during the light load

condition (6 PM to 6 AM).

P4.10 An interconnected 50 Hz power system of one area consists of three tur-

bine–generator units rated 1,500 MVA, 1,000 MVA, and 500MVA. Their

respective regulation constants (R) for all the generators are chosen as

0.05. Each generator is operating at 75% of their own rating when the load

increases by 500MW. Determine the steady-state drop in the frequency

and the increase in the turbine power output of each generator neglecting

system losses. Choose a base MVA of 1,000.

P4.11 Repeat Problem 4.10 using the method discussed in Example 4.9, assum-

ing the maximum allowable frequency drop is 1 Hz from the base

frequency of 50 Hz.

Load (MW)

Time of day 6:00 AM 6:00 PM

60

280

6:00 AM

Figure P4.9 Load pattern of a particular day.
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5

Power System Fault Analysis

Short circuits occur in power systems due to various reasons like equipment

failure, lightning strikes, falling off branches or trees on transmission lines, switch-

ing surges, insulation failures, and other electrical or mechanical causes. All these

are collectively called faults in power systems. A fault usually results in a high cur-

rent flowing through the lines and if adequate protection is not taken, it may result

in damage to the power apparatus. In this chapter, we shall discuss the effects of

both symmetrical and unsymmetrical faults on the power system. Here the term

symmetrical fault refers to those conditions in which all three phases of a power

system are grounded at the same point. For this reason, the symmetrical faults

sometimes are also called three-line-to-ground (3LG) faults. The unsymmetrical

faults are of three types. These are:

•
Single-line-to-ground (1LG) fault

•
Line-to-line (LL) fault

•
Double-line-to-ground (2LG) fault

We shall first discuss the behavior of electrical circuits and synchronous genera-

tors under faulted conditions. We shall then proceed to calculate fault currents in a

network under balanced fault conditions. Unsymmetrical faults are difficult to

analyze because the current flow in the three phases may be different under unbal-

anced fault conditions. To alleviate this problem, a three-phase circuit is usually

resolved into three balanced circuits, called zero, positive, and negative sequences

using symmetrical component transformation. However, the behavior of power

system loads and transformers under symmetrical component transformation is

different for star (grounded or ungrounded neutral) and delta connections. There-

fore, a power circuit must be resolved into three (zero, positive, and negative) net-

works. It will be shown how these networks can be joined together for the three

types of unbalanced faults mentioned above for the calculation of unbalanced fault

currents.
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As we have discussed in Chapter 2, a power transmission line has series resistors

and inductors and line charging capacitors. In general, the capacitors are neglected

for fault calculations since the capacitive effect is small compared to the inductive

effects. Moreover, the fault analysis mainly focuses on subtransient and transient

time frames of synchronous generators (see Section 5.2), where the inductive effect

dominates. However, for unbalanced 1LG faults, capacitors can affect zero-

sequence networks which can result in overvoltages. Nevertheless, we shall

neglect the charging capacitors for fault current calculations.

5.1 Transients in an RL Circuit

In this section, we will consider transients in a circuit that contains a resistor and

inductor (RL circuit). Consider the circuit shown in Figure 5.1 which contains an

ideal source (vs), a resistor (R), an inductor (L), and a switch (S). It is assumed that

the switch is open and is closed at an instant of time t = 0. This implies that the

current i is zero before the closing of the switch.

5.1.1 DC Source

Let us assume that the source voltage is DC and is given by vs = Vdc. Then the line

current is given by the differential equation

di

dt
= −

R

L
i +

1

L
vs 5 1

The solution of the above equation is written in the following form:

i t = e−Rt Li 0 +
1

L

t

0

e− R L t− τ vs τ dτ 5 2

L

vs

R

S

i

+
–

Figure 5.1 A simple RL circuit.
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Since the initial current i(0) = 0 and since vs(τ) = Vdc for 0 ≤ τ <∞, we can

rewrite (5.2) as

i t =
Vdc

R
1− e−Rt L =

Vdc

R
1− e−t T 5 3

where T = L/R is the time constant of the circuit.

Example 5.1 Consider the system of Figure 5.1, which is supplied by DC source

of voltage Vdc = 100 V, R = 1 Ω, and L = 10 mH. The time response of the current

is as shown in Figure 5.2, where it is assumed that the switch is closed at t = 0 s.

Since in a DC circuit, an inductor is short circuited in the steady state, the current

reaches a steady-state value of 100 A. The time constant of the circuit is 0.01 s.

This is defined by the time in which the current i(t) reaches 63.2% of its final

value and is obtained by substituting t = τ. Note that the slope of the curve is

given by

di

dt
=
Vdc

Rτ
e−t T

t = 0

=
Vdc

RT
= 104A s 5 4

C
u
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t 
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Figure 5.2 Transient current in an RL circuit when excited by a DC source.
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5.1.2 AC Source

Let us assume that the source voltage in Figure 5.1 is an AC and is given by

vs = 2Vm sin ω t + α 5 5

where α is the phase angle of the applied voltage. Substituting (5.5) into (5.2), we

have the solution of the form

i t = e−Rt Li 0 + 2Vm Asin ωt + α + B cos ωt + α 5 6

where

A =
R

R2 + ωL
2 and B = −

ωL

R2 + ωL
2

Again,

A sin ωt + α + B cos ωt + α = F sin ωt + α− θ

where

F = A2 + B2 =
1

R2 + ωL
2
and θ = tan−1

B

A
= tan−1

ωL

R

Then, denoting Z = R2 + ωL
2, (5.6) can be rewritten as

i t = e−Rt Li 0 +
2Vm

Z
sin ωt + α− θ 5 7

The initial condition i(0) is given by

i 0 = −

2Vm

Z
sin α− θ

Then, (5.7) is written as

i t = iac t + idc t 5 8

where

iac =
2Vm

Z
sin ω t + α− θ

idc = −

2Vm

Z
sin α− θ e− t T

Equation (5.8) implies that the current has an AC component with a frequency

that is the same as the frequency of applied voltage and a DC component that is
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dependent on the initial condition. The DC component exponentially dies out,

leaving only the AC component. In fact, the phasor AC component can be

obtained from the phasor AC voltage using the sinusoidal steady-state analysis.

We shall investigate the response of the current with the changes with a change

in α. The current response for Vm= 100 V and α= 45 is shown in Figure 5.3 when

the switch is closed at t = 0 s. The system frequency is ω = 100π rad/s, and the

impedances are chosen as R = 1 Ω and L = 10 mH. It is obvious that the current

becomes equal to iac once idc dies out once the initial transient phase is over.

Figure 5.4 shows the response of the current for different values of α. Since the

current is almost inductive (due to small resistance), the transient is minimal when

α= 90 , that is, the circuit is switched on almost at the zero-crossing of the current.

On the other hand, the transient is maximum when α = 0 , that is, almost at the

peak of the current.

5.1.3 Fault in an AC Circuit

Consider the AC circuit of Figure 5.5. Let us choose the following parameters for

the circuit:

Vs = 240 (rms), frequency = 50 Hz, R = 0.864Ω, and L = 11mH

The line impedance is then given Z= R+ j100πL= 0.864 + j3.46Ω. The RL load

has a resistance of 8.64 Ω and an inductance of 49.5 mH, such that its impedance

is 8.64 + j15.55Ω. With the system operating in the steady state, switch S is closed

suddenly, creating a short circuit.
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Figure 5.3 Transient current in an AC circuit with both its AC and DC components.

5.1 Transients in an RL Circuit 165



The phasor current that is flowing through the circuit is given by

I =
240

9 504 + j19 01
= 5 05− j10 10 = 11 29 − 63 43

This means that the pre-fault current has a peak value of 15.97 ( = 11 29 × 2)

A.When the system reaches a steady state following the fault, the current phasor is

given by

I =
240

0 864 + j3 46
= 16 34− j65 36 = 67 37 − 75 96 A

This current has a peak value of 95.28 A. The current waveform is shown in

Figure 5.6 for two different values of the incipient fault times. The current rises
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Figure 5.4 Transient current in an AC circuit for different values of the voltage phase
angle α.
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Figure 5.5 Single-phase AC circuit for
fault study.
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(or falls) sharply at the occurrence of the fault before it reaches its steady-state

waveform. The peak of the current rises in the positive direction, as shown in

Figure 5.6 (a) is about 135 A when the switch is closed at 0.14 s, while the maxi-

mum current is negative as shown in Figure 5.6 (b) is about 115 A when the switch

is closed at 0.133 s. This implies that the current peak is about nine times the peak

of the steady-state pre-fault current. In general, depending on the ratio of source

and load impedances, the faulted current may shoot up anywhere between 10 and

20 times the pre-fault current.

5.2 Short Circuit in an Unloaded Synchronous Generator

To improve dynamic stability, synchronous generators have short-circuited bars

embedded in the rotor core. These are called damper windings or amortisseur

windings. Their purpose is to provide an additional pathway for the circulating

current to flow during a short circuit or fault. The effect of damper winding is

to reduce the machine’s reactance. This reactance is called transient reactance

Xd and the time constant for the decay of the transient current is denoted by

Td. Additionally, the current immediately following a fault is called subtransient

current which is dependent on the field circuit.

Figure 5.7 shows a typical response of the armature current when a three-phase

symmetrical short circuit occurs at the terminals of an unloaded synchronous
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Figure 5.6 The current waveform of the circuit of Figure 5.5 before and after the closing

of the switch S. The switch is closed at (a) 0.14 s and (b) 0.133 s.
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generator. It is assumed that there is no DC offset in the armature current.

The magnitude of the current decreases exponentially from a high initial value.

Neglecting the effects of armature resistance, the instantaneous expression for

the fault current is given by [1]

if t = 2V t
1

Xd

−

1

Xd

e− t T
d +

1

Xd

−

1

Xd

e− t T
d +

1

Xd

sin ω t+ α−π 2

5 9

where Vt is the magnitude of the terminal voltage, α is its phase angle, Xd is the

direct axis subtransient reactance, Xd is the direct axis transient reactance, Xd is

the direct axis synchronous reactance, with Xd < Xd < Xd . The time constants

are the following:

Td is the direct axis subtransient time constant.

Td is the direct axis transient time constant.

Assuming that the fault occurs at time t= 0, the RMS value of the current at that

instant is

I f 0 = I f =
V t

Xd

5 10

This is called the subtransient fault current. The duration of the subtransient

current is dictated by the time constant Td . Between Td < t < Td , the first

Time (s)

C
u
rr

e
n
t

0

i′
i″

Figure 5.7 The armature current of a synchronous generator as a short circuit occurs

at its terminals.

168 5 Power System Fault Analysis



exponential term of (6.9) will start decaying and will eventually vanish. However,

since t is still nearly equal to zero, we have the following RMS value of the current:

I f =
V t

Xd

5 11

This is called the transient fault current. Now as time progresses further, the sec-

ond exponential term will also diminish, and the RMS value of the current in the

sinusoidal steady state will be

I f =
V t

Xd

5 12

In addition to the AC, the fault currents will also contain the DC offset. Note that

a symmetrical fault occurs when three different phases are in three different

locations in the AC cycle. Therefore, the DC offsets in the three phases are differ-

ent. The maximum value of the DC offset is given by

imax
dc = 2I f e

−t TA 5 13

where TA is the armature time constant.

Example 5.2 Consider a 500MVA, 22 kV, 50 Hz alternator with the following

parameters given in per unit:

Xd = 2 5,Xd = 1 and Xd = 0 5

The time constants given in seconds are

Td = 1 55,Td = 0 0225 and TA = 0 25

The generator operates in a steady state at the rated voltage at no load, when a

bolted three-phase fault occurs at the generator terminals.

The base current that is given by

Ibase =
500 × 106

3 × 22 × 103
= 13 12 kA

Then from (5.10) to (5.12), we have

I f =
1

0 5
× 13 12 = 26 24 kA

I f =
1

1
× 13 12 = 13 12 kA

I f =
1

2 5
× 13 12 = 5 25 kA
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Assuming α in (5.9) is equal to zero, the fault current is now computed exactly at

the completion of three cycles. The time at that instant is 20 × 3 = 60ms. There-

fore, from (5.9), we have

if t = 2
1

0 5
−

1

1
e−0 06 0 0225+

1

1
−

1

2 5
e−0 06 1 55+

1

2 5
sin 100π×0 06−π 2

=1 0723×13 12=14 07kA

This implies that if a circuit breaker must interrupt this fault current, it must

operate to open the circuit at least in this fault current level. However, the fault

current can be higher due to the presence of the DC offset. The circuit breaker

operation method will be discussed in Chapter 6.

5.3 Symmetrical Fault in a Power System

As has been mentioned earlier, a symmetrical fault means that the fault occurs

simultaneously in all three phases, when all the phases fall to the ground at the

same location. There are two ways of calculating the fault currents. Both these

methods are presented in this section.

5.3.1 Calculation of Fault Current Using Impedance Diagram

Let us consider the following example.

Example 5.3 Consider the power system of Figure 5.8 in which a synchronous

generator supplies a synchronous motor. The motor is operating at the rated volt-

age and rated mega volt-ampere while drawing a load current at a power factor of

0.9 (lagging) when a three-phase symmetrical short circuit occurs at its terminals,

as shown in Figure 5.8. We shall calculate the fault current that flows from both

the generator and the motor.

G M
j 10 Ω 

X = 0.1 pu

50 MVA

66 kV/18 kV

X = 0.1 pu

50 MVA

20 kV/66 kV

X″ = 0.2 pu

25 MVA

18 kV

Fault

X″ = 0.2 pu

50 MVA

20 kV

Figure 5.8 A generator supplying a motor load though a transmission line.
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The base is chosen as 50MVA and 20 kV in the circuit of the generator. Then the

motor subtransient reactance is given by

Xm = 0 2 ×
50

25
= 0 4 per unit

Also, the base impedance in the circuit of the transmission line is

Zbase =
662

50
= 87 12Ω

Therefore, the impedance of the transmission line is

X line = j
10

87 12
= j0 1148 per unit

The impedance diagram for the circuit is shown in Figure 5.9 in which switch S

indicates the fault.

The motor draws a load at rated voltage and rated MVA with a lagging power

factor of 0.9, and hence,

IL = 1 − cos− 1 0 9 = 0 9− j0 4359 = 1 − 25 84 per unit

Then the subtransient voltages of the motor and the generator are

Em = 1 0− j0 4 × iL = 0 8256− j0 36 per unit

Eg = 1 0 + j0 5148 × iL = 1 2244 + j0 4633 per unit

Then, the subtransient fault currents fed by the motor and the generator are

Im =
Em

j0 4
= − 0 9− j2 0641 per unit

E″g

j0.2

S

j0.1 j0.1148

j0.4

E″m

j0.1 IL
A

B

+

–

+

–

Figure 5.9 Impedance diagram of the circuit of Figure 6.8.
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Ig =
Eg

j0 5148
= 0 9− j2 3784 per unit

and the total current flowing to the fault is

I f = Ig + Im = − j4 4425 per unit

Note that the base current in the circuit of the motor is

Ibase =
50 × 103

3 × 18
= 1603 8 A

Therefore, while the load current before the fault was 1603.8 A, the fault current

is 7124.7 A.

Example 5.4 We shall now solve Problem 5.3 differently. The Thevenin imped-

ance at the circuit between terminals A and B of the circuit of Figure 5.9 is the

parallel combination of the impedances j0.4 and j0.5148. This is then given as

Zth = j
0 4 × 0 5148

0 4 + 0 5148
= j0 2251 per unit

Since the voltage at the motor terminals before the fault is 1.0 per unit, the fault

current is

I f =
1 0

Zth

= − j4 4425 per unit

If we neglect the pre-fault current flowing through the circuit, then the fault cur-

rent fed by the motor and the generator can be determined using the current

divider principle, that is,

Im0 =
I f

j0 9148
× j0 5148 = − j2 5 per unit

Ig0 =
I f

j0 9148
× j0 4 = − j1 9425 per unit

If, on the other hand, the pre-fault current is not neglected, then the fault current

supplied by the motor and the generator are

Im = Im0 − IL = − 0 9− j2 0641 = 2 96 180 per unit

Ig = Ig0 + IL = 0 9− j2 3784 = 2 54 − 69 27 per unit
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5.3.2 Calculation of Fault Current Using Bus Impedance Matrix

Consider the impedance diagram of Figure 3.3 (a). This is redrawn in Figure 5.10.

Assume that a symmetrical fault has occurred at Bus-4 such that it is now con-

nected to the reference bus. Let us assume that the pre-fault voltage of this bus

is Vf. To denote a short circuit at Bus-4, we add two voltage sources Vf and −Vf

together in series between Bus-4 and the reference bus. Also, note that the subtran-

sient fault current I f flows from Bus-4 to the reference bus. This implies that a cur-

rent that is equal to – I f is injected into Bus-4. This current, which is due to the

source −Vf, will flow through the various branches of the network and will

cause a change in the bus voltages. If the two voltage sources and Vf are short

circuited, then −Vf is the only source left in the network that injects a current,

− I f , into Bus-4. The changes in the different node voltages that are caused by

−Vf and the current, − I f , are then given by

ΔV 1

ΔV 2

ΔV 3

−V f

= Zbus

0

0

0

− I f

5 14

where the prefix Δ indicates the changes in the bus voltages due to the current,

− I f .

V4

V3

Z34

Z11

Z22

V
1

V2

Z12

Z13

Z23

Z24

0

1

2

3

4

Vf
+ +– –Vf

–I″f

Figure 5.10 Network

depicting a symmetrical fault
at Bus-4.
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Let the elements of a Zbus ℜ
n × n matrix be define by Zbij, i = 1, …, n, j = 1, …n.

From the fourth row of (5.14), the following equation can be written:

V f = Zb44I f 5 15

Combining (5.14) and (5.15), we get

ΔV i = −Zi4I f = −

Zi4

Z44
V f , i = 1, 2, 3 5 16

We further assume that the system is unloaded before the fault occurs and that

the magnitude and phase angles of all the generator internal EMFs are the same.

Then, there will be no current circulating anywhere in the network and the bus

voltages of all the nodes before the fault will be same and equal to Vf. Then the

new altered bus voltages due to the fault will be given from (5.16) by

V i = V f + ΔV i = 1−
Zi4

Z44
V f , i = 1, , 4 5 17

Example 5.5 Let us consider the same system as discussed in Example 3.1 except

that we assume that the internal voltages of both generators are equal to 1∠ 0 .

Then the current injected in both Bus-1 and Bus-2 will be given by 1.0/j0.25 =

− j4.0 per unit. We, therefore, get the pre-fault bus voltages using the Zbus matrix

given in Example 3.1 as

V 1

V 2

V 3

V 4

= j

0 1531 0 0969 0 1264 0 1133

0 0969 0 1531 0 1236 0 1367

0 1264 0 1236 0 2565 0 1974

0 1133 0 1367 0 1974 0 3926

4 − 90

4 − 90

0

0

=

1 0

1 0

1 0

1 0

Now the altered bus voltages for a symmetrical fault in Bus-4 are given from

(6.17) as

V 1 = 1−
0 1133

0 3926
= 0 7114 per unit

V 2 = 1−
0 1367

0 3926
= 0 6518 per unit

V 3 = 1−
0 1974

0 3926
= 0 4972 per unit

V 4 = 1−
0 3926

0 3926
= 0 per unit
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Therefore, from (5.15), we have

I f =
1

j0 3926
= − j2 5471 per unit

It is interesting to note that the Thevenin impedance between two buses k andm

in a power network is given by [1]

Zth,km = Zbmm + Zbkk − 2Zbkm 5 18

5.4 Symmetrical Components

Let us assume that a balanced y-connected load of resistance 10Ω is connected to

an unbalanced y-connected voltage source through an inductive reactance of 3Ω.

The neutrals of both the voltage source and the load are solidly connected. Let the

voltages of the three phases be given by

Va = 100 0 V,V b = 100 − 100 V and V c = 100 110 V

Note that a set of voltages (currents) is balanced only when the magnitudes of all

three phases are the same and the angles are displaced by 120 . Then the line cur-

rents are computed as

Ia =
Va

10 + j3
= 9 17− j2 75 = 9 58 − 16 7 A

Ib =
V b

10 + j3
= − 4 3− j8 56 = 9 58 − 116 7 A

Ic =
V c

10 + j3
= − 0 55 + j9 56 = 9 58 − 93 3 A

We can then compute the complex power supplied by the source as

S = VaI
∗

a + VbI
∗

b + V cI
∗

c = 2752 3 + j825 69

This is a simple system where we can compute the currents, including real and

reactive power of each phase by simple phasor analysis. However, when the circuit

contains a Y–Δ transformer, or the load is Δ-connected, we will have to use Y–Δ

transformation to solve the circuit. Moreover, a power system may contain several

generators, transformers, transmission lines, and loads. In that case, it will be

almost impossible to perform per-phase computation, evenwith powerful software

tools like MATLAB. Fortunately, the solution to this problem was proposed by

Canadian-American electrical engineer Charles LeGeyt Fortescue, who was born

in Ontario, Canada, graduated from the University of Toronto, and spent his work-

ing life at Westinghouse Electric Company in Pittsburg.
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Fortescue derived how an unbalanced three-phase system can be resolved into

three balanced systems in the sinusoidal steady state. This is called resolving sym-

metrical components of the original phasors or simply symmetrical components.

A system of three unbalanced phasors can be resolved in the following three sym-

metrical components:

•
Positive Sequence: A balanced three-phase system with the same phase sequence

as the original sequence.

•
Negative Sequence: A balanced three-phase system with the opposite phase

sequence as the original sequence.

•
Zero Sequence: Three phasors that are equal in magnitude and phase.

Figure 5.11 depicts a set of three unbalanced phasors that are resolved into the

three sequence components mentioned above. In this the original set of three pha-

sors are denoted by Va, Vb and Vc, while their positive-, negative-, and zero-

sequence components are denoted by the subscripts 1, 2, and 0 respectively. This

implies that the positive-, negative-, and zero-sequence components of phase-a are

denoted by Va1, Va2 and Va0, respectively. Note that just like the voltage phasors

given in Figure 5.11, we can also resolve three unbalanced current phasors into

three symmetrical components.

5.4.1 Symmetrical Component Transformation

The symmetrical component is defined in terms of an operator a, which is given by

a = ej 120
0

= −

1

2
+ j

3

2
5 19

Va

(a)

Vb

Vc

Va1

Vb1

Vc1

Va2

Vb2

Vc2

Vc0Va0 Vb0

(b) (c) (d)

Figure 5.11 Representation of (a) an unbalanced network, its (b) positive sequence, (c)
negative sequence, and (d) zero sequence.
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This operator has the following properties:

a2 = ej 240
0

= e− j 1200
−

1

2
− j

3

2
= a∗ 5 20a

a3 = ej 360
0

= 1, a4 = ej 480
0

= a, a5 = ej 600
0

= a2 and so on 5 20b

1 + a + a2 = 1−
1

2
+ j

3

2
−

1

2
− j

3

2
= 0 5 20c

Using the operator a, the symmetrical components are written in Figure 5.11 as

Positive Sequence

V b1 = a2Va1 and V c1 = aVa1 5 21

Negative Sequence

V b2 = aVa2 and V c2 = a2Va2 5 22

Zero Sequence

Va0 = V b0 = V c0 5 23

The voltage of each phase is the sum of all its three symmetrical components,

that is,

Va = Va0 + Va1 + Va2 5 24

V b = V b0 + V b1 + V b2 = Va0 + a2Va1 + aVa2 5 25

V c = V c0 + V c1 + V c2 = Va0 + aVa1 + a2Va2 5 26

Let us define the following vectors:

Va012 =

Va0

Va1

Va2

andVabc =

Va

V b

V c

5 27

Then, combining (5.24) to (5.27), we have

Vabc =

Va

V b

V c

= C− 1

Va0

Va1

Va2

,C− 1 =

1 1 1

1 a2 a

1 a a2
5 28

This is called the inverse symmetrical component transformation. The symmetri-

cal component transformation is given from (5.28) as

Va012 = CVabc,C =
1

3

1 1 1

1 a a2

1 a2 a

5 29
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For an unbalanced set of current phasors Iabc, their symmetrical components

Ia012 are written as

Ia012 = CIabc

Iabc = C− 1Ia012
5 30

Example 5.6 Consider a balanced set of voltages, given in per unit by

Va = V , V b = V − 120 and V c = V 120

These imply

V b = V a2 and V c = V a

Then, from (5.29), we have

Va0 =
V

3
1 + a2 + a = 0

Va1 =
V

3
1 + a3 + a3 = V

Va2 =
V

3
1 + a4 + a2 = 0

Therefore, it can be inferred that, for a set of balanced voltages, the negative- and

zero-sequence components are zero. Furthermore, the positive-sequence voltages

are the same as those of the original three-phase voltages, that is,

Va1 = Va, V b1 = V b and V c1 = V c 5 31

Example 5.6 Consider an unbalanced set of voltages, given in per unit by

Va = 1 0, V b = 1 2 − 110 and V c = 0 9 120

Then, using (5.29), the symmetrical components of the voltages are given by

Va0

Va1

Va2

= C

1 0

1 2 −110

0 9 120

=

0 0465 + j0 1161

1 0273 + j0 0695

−0 0738 + j0 0466

=

0 1250 −68 16

1 0296 3 87

0 0873 147 72

Therefore, the symmetrical components of the voltages are given by

Va0 = V b0 = V c0 = 0 125 − 68 16

V b1 = 1 0296 − 116 13 , V c1 = 1 0296 123 87

V b2 = 0 0873 267 72 , V c2 = 0 0973 27 72
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The original phase voltages can be computed from their symmetrical compo-

nents using (5.24) to (5.26) as

Va = Va0 + Va1 + Va2 = 1 0

V b = V b0 + V b1 + V b2 = 1 2 − 110

V c = V c0 + V c1 + V c2 = 0 9 120

5.4.2 Real and Reactive Power

The three-phase complex power in the a-b-c frame is given by

Pabc + jQabc = VaI
∗

a + V bI
∗

b + V cI
∗

c = VT
abcI

�

abc 5 32

Then from (5.28) and (5.30), we have

Pabc + jQabc = C− 1Va012
T
C− 1∗I∗a012 = VT

a012C
−TC− 1�I�a012 5 33

Now

C−TC− 1∗ = 3

1 0 0

0 1 0

0 0 1

Using the above equation, (5.33) is rewritten as

Pabc + jQabc = 3VT
a012I

�

a012 = 3 Va0I
∗

a0 + Va1I
∗

a1 + Va2I
∗

a2 5 34

Thus, the complex power in a three-phase system in a-b-c frame is three times

the summation of the complex power of the three-phase sequences.

Example 5.7 Let us consider the voltages given in Example 5.6. Let us further

assume that these voltages supply a balanced Y-connected load whose per-phase

impedance is ZY = 0.2 + j0.8 per unit. Then the per-unit currents in the three

phases are

Ia =
Va

ZY

= 1 2127 − 75 96 pu

Ib =
V b

ZY

= 1 4552 174 04 pu

Ic =
V c

ZY

= 1 0914 44 04 pu
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Then the real and reactive power consumed by the load is given by

Pabc + jQabc = VaI
∗

a + VbI
∗

b + V cI
∗

c = 0 9559 + j3 8235 pu

Now using the transformation (5.30), we get

Ia0

Ia1

Ia2

=

− 0 1229− j0 0889

0 3839− j1 1881

0 0331 + j0 1005

=

0 1516 − 144 12

1 2486 − 72 10

0 1058 71 75

pu

From the results given in Example 5.6, and from the values of the currents given

above, the zero-sequence complex power is computed as

P0 + jQ0 = Va0I
∗

a0 = 0 0046 + j0 0184 pu

The positive-sequence complex power is

P1 + jQ1 = Va1I
∗

a1 = 0 3118 + j1 2472 pu

Finally, the negative-sequence complex power is

P2 + jQ2 = Va2I
∗

a2 = 0 0022 + j0 009 pu

Adding the three complex powers together, we get the total complex power con-

sumed by the load as

P012 + jQ012 = P0 + P1 + P2 + j Q0 + Q1 + Q2 = 0 3186 + j1 2745 pu

Verify the following:

Pabc + jQabc = 3 P012 + jQ012

5.5 Sequence Circuits and Networks

As discussed in Section 5.4, the unbalanced voltages and currents can be resolved

into their symmetrical components. Consider the power system shown in

Figure 5.12, in which the network is supplying a three-phase passive load with

grounded Y–Y-connected transformers. Suppose a fault has occurred in phase-c

at the location shown. Then, after the occurrence of the fault, the voltages of

the other two phases (Vfa and Vfb) will not be affected. Similarly, the currents of

these two phases (Ifa and Ifb) will also remain unchanged. However, the voltage

at the fault location of phase-c will be zero, that is, Vfc = 0. Consequently, a large

amount of current Icf will flow to the ground and the current flowing to the load

will be zero, that is, IcL = 0. Therefore, it can be surmised that both sides of the

network will be unbalanced.
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A power system contains components such as loads, generators transformers,

and transmission lines. Some of them may be connected in wye, and others can

be connected in delta. They behave differently depending on the fault location

and type. In this section, we shall discuss how different power system components

can be resolved into their positive-, negative-, and zero-sequence circuits. When all

components are resolved into their sequence circuits, they are joined to form three

separate networks, which are called sequence networks.

5.5.1 Sequence Circuit for a Y-Connected Load

Consider the balanced Y-connected load that is shown in Figure 5.13. The neutral

point (n) of the windings is grounded through an impedance Zn. The load in each

phase is denoted by ZY. Let us consider phase-a of the load. With respect to

Figure 5.13, the following voltages are defined:

•
Va is the phase voltage, that is, between the line and ground,

•
Van is the line-to-neutral voltage, and

•
Vn is the voltage between the neutral and ground.

Ia

Power network Load

Vfa

Vfb

Vfc

Ib

Icf IcL

Figure 5.12 A power network during a fault.

ZY Van

ZY

ZY

Zn
Vn

Va

a

b

n

c

Ia

Ib

Ic

In

Figure 5.13 Schematic diagram of a
balanced Y-connected load.

5.5 Sequence Circuits and Networks 181



The neutral current is then given by

In = Ia + Ib + Ic = 3Ia0 + Ia1 + Ib1 + Ic1 + Ia2 + Ib2 + Ic2

Using the property given in (5.20c), it can be stated that the summations of the

positive- and negative-sequence components will be zero. The above equation can

then be rewritten as

In = 3Ia0 5 35

Therefore, only zero-sequence current will flow out of the neutral and there will

not be any positive or negative-sequence current flowing out of the neutral point.

The voltage drop between the neutral and ground is

Vn = 3ZnIa0 5 36

Now,

Va = Van + Vn = Van + 3ZnIa0 5 37

Similar expressions can also be written for the other two phases, such that

Va

V b

V c

=

Van

V bn

V cn

+

Vn

Vn

Vn

= ZY

Ia

Ib

Ic

+ 3ZnIa0

1

1

1

5 38

Pre-multiplying both sides of (5.38) by the matrix C, we get

Va012 = ZY Ia012 + 3ZnIa0C

1

1

1

5 39

Now since

C

1

1

1

=

1

0

0

Equation (5.39) is rewritten as

Va0

Va1

Va2

= ZY

Ia0

Ia1

Ia2

+ 3Zn

Ia0

0

0

5 40

It can thus be seen that the zero-, positive-, and negative-sequence voltages only

depend on their respective sequence component currents. The sequence compo-

nent equivalent circuits are shown in Figure 5.14. While the positive and the
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negative-sequence impedances are both equal to ZY, the zero-sequence impedance

is equal to

Z0 = ZY + 3Zn 5 41

If the neutral is grounded directly (i.e., Zn= 0), then Z0= ZY. On the other hand,

if the neutral is kept floating (i.e., Zn = ∞), then there will not be any zero-

sequence current flowing in the circuit at all.

5.5.2 Sequence Circuit for a Delta-Connected Load

Consider the balancedΔ-connected load shown in Figure 5.15 in which the load in

each phase is denoted by ZΔ. The line-to-line voltages are given by

Vab = ZΔIab

Vbc = ZΔIbc

V ca = ZΔIca

5 42

Adding these three voltages, we get

Vab + V bc + V ca = ZΔ Iab + Ibc + Ica 5 43

Va1 3Zn

(a)

ZY
n

Ia1
ZY

n
Ia2

Va2

ZY n
Ia0

Va0

(b) (c)

Figure 5.14 Sequence circuits of Y-connected load: (a) positive, (b) negative, and (c) zero
sequence.

ZΔ

a

bc

Ia

Ib

Ic

ZΔ

ZΔ

Iab
Ica

Ibc

Figure 5.15 Schematic diagram of a balanced

Δ-connected load.
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Denoting the zero-sequence component of the voltages as Vab0= Vbc0= Vca0 and

that of the currents as Iab0 = Ibc0 = Ica0, (5.43) is rewritten as

Vab0 = ZΔIab0 5 44

Again since

Vab0 = Vab + V bc + V ca = Va −Vb + V b −V c + V c −Va = 0,

we find from (5.44) that Iab0 = 0. Hence, in a Δ-connected load without any

mutual coupling will not have any zero-sequence circulating current. Note that

the positive- and negative-sequence impedance for this load will be equal to ZΔ,

and their equivalent circuits will be similar to those shown in Figure 5.14 (a)

and (b), respectively, where ZY is replaced by ZΔ.

Example 5.8 Consider the circuit shown in Figure 5.16 in which a Δ-connected

load is connected in parallel with a Y-connected load. The neutral point of the Y-

connected load is grounded through an impedance. Applying Kirchhoff’s current

law at the point-a in the circuit, we get

Ia =
Va −V b

ZΔ

+
Va −V c

ZΔ

+
Va −Vn

ZY

=
2

ZΔ

+
1

ZY

Va −
1

ZΔ

V b + V c −
Vn

ZY

The above expression can be written in terms of the vector Vabc as

Ia =
3

ZΔ

+
1

ZY

Va −
1

ZΔ

1 1 1 Vabc −
Vn

ZY

ZΔ

Va

bc

Ia

Ib

Ic

ZΔ

ZΔ

IabΔ

IcaΔ

IbcΔ

ZY

ZY

ZY

Zn

n

IaY

IbY

IcY

In

a

Figure 5.16 Parallel connected balanced Δ and Y-connected load.

184 5 Power System Fault Analysis



Since the load is balanced, we can write

Iabc =
3

ZΔ

+
1

ZY

Vabc −
1

ZΔ

1 1 1

1 1 1

1 1 1

Vabc −
Vn

ZY

1

1

1

Pre-multiplying both sides of the above expression by the transformation matrix

C, we get

Ia012 =
3

ZΔ

+
1

ZY

Va012 −
1

ZΔ

C

1 1 1

1 1 1

1 1 1

C− 1Va012 −
Vn

ZY

C

1

1

1

Now since

C

1 1 1

1 1 1

1 1 1

C− 1 =

3 0 0

0 0 0

0 0 0

Ia012 can be rewritten as

Ia012 =
3

ZΔ

+
1

ZY

Va012 −
3

ZΔ

Va0 −
Vn

ZY

1

0

0

Separating the three components, the following three equations are obtained:

Ia1 =
3

ZΔ

+
1

ZY

Va1

Ia2 =
3

ZΔ

+
1

ZY

Va2

Ia0 =
1

ZY

Va0 −
1

ZY

Vn

If we convert the Δ-connected load into an equivalent Y, then the composite

load will be a parallel combination of two Y-connected circuits – one with an

impedance of ZY and the other with an impedance of ZΔ/3. Therefore, the positive-

and the negative-sequence impedances are given by the parallel combination of

these two impedances, that is,

Z1 = Z2 =
ZYZΔ

3ZY + ZΔ
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Now refer to Figure 5.16. The voltage Vn is given by

Vn = Zn IaY + IbY + IcY = 3ZnIaY0

From Figure 5.16, we can also write Ia = IaΔ+ IaY, where IaΔ = IabΔ− IcaΔ.

Therefore,

Ia + Ib + Ic = IaΔ + IbΔ + IcΔ + IaY + IbY + IcY

= IabΔ − IcaΔ + IbcΔ − IabΔ + IcaΔ − IbcΔ + IaY + IbY + IcY

This implies that the zero-sequence current is

Ia0

3
= IaY + IbY + IcY =

IaY0

3

Therefore, we have

Ia0 =
1

ZY

Va0 −
3Zn

ZY

Ia0

The zero-sequence impedance is then given by

Z0 =
Va0

Ia0
= ZY + 3Zn

It can be seen that the ZΔ term is absent from the zero-sequence impedance.

5.5.3 Sequence Circuit for a Synchronous Generator

The three-phase equivalent circuit of a synchronous generator is shown in

Figure 5.17, where the neutral point is grounded through a reactor with the imped-

ance of Zn. The neutral current is then given by

In = Ia + Ib + Ic 5 45

For a balanced generator operation, the sum of the three currents is zero, that is,

Ia+ Ib+ Ic= 0. However, for unbalanced operation, the summation is not zero but

is equal to In as per (5.45). With respect to Figure 5.17, the phase-a line-to-neutral

voltage expression is written as

Van = − R + jωLs Ia + jωMs Ib + Ic + Ean

= − R + jωLs + jωMs Ia + jωMs Ia + Ib + Ic + Ean

5 46
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Similar expressions can also be written for the other two phases. Therefore, the

line-to-neutral voltages of the three phases are written in the matrix–vector

form as

Van

V bn

V cn

= − R + jω Ls + Ms

Ia

Ib

Ic

+ jωMs

1 1 1

1 1 1

1 1 1

Ia

Ib

Ic

+

Ean

Ebn

Ecn

5 47

Pre-multiplying both sides of (5.47) by the transformation matrix C we get

Van0

Van1

Van2

= − R+ jω Ls+Ms

Ia0

Ia1

Ia2

+ jωMsC

1 1 1

1 1 1

1 1 1

C−1

Ia0

Ia1

Ia2

+

Ean0

Ean1

Ean2

5 48

Since the synchronous generator is operated to supply only balanced voltages, it

can be assumed that Ean0 = Ean2 = 0 and Ean1 = Ean. Equation (5.48) is then mod-

ified as

Van0

Van1

Van2

=− R+ jω Ls+Ms

Ia0

Ia1

Ia2

+ jωMs

3 0 0

0 0 0

0 0 0

Ia0

Ia1

Ia2

+

0

Ean

0

5 49

Ib

Ic

In

Ls

Ls

Ls Ms

a

EanEbn

Ecn

+–
+

+

–

–

R

R

R

b

n

c

Zn

Ia

Figure 5.17 Equivalent circuit of a synchronous generator with grounded neutral.
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The zero-, positive-, and negative-sequence terms are then expressed from

(5.49) as

Van0 = − R + jω Ls − 2Ms Ia0 = −Zg0Ia0 5 50

Van1 = − R + jω Ls + Ms Ia1 + Ean = Ean −Z1Ia1 5 51

Van2 = − R + jω Ls + Ms Ia2 = −Z2Ia2 5 52

Furthermore, we have seen for a Y-connected load thatVa1=Van1 andVa2=Van2

since the neutral current does not affect these voltages. However, Va0 = Van0+ Vn

and Vn = −3ZnIa0. Therefore, (5.50) is rewritten as

Va0 = − Zg0 + 3Zn Ia0 = −Z0Ia0 5 53

The sequence diagrams for a synchronous generator are shown in Figure 5.18.

5.5.4 Sequence Circuit for a Symmetrical Transmission Line

The schematic diagram of a transmission line is shown in Figure 5.19. In this dia-

gram, the self-impedances of the three phases are denoted by Zaa, Zbb and Zcc,

while that of the neutral wire is denoted by Znn. Let us assume that the self-

impedances of the conductors are the same, that is,

Zaa = Zbb = Zcc

Since the transmission line is assumed to be symmetric, we further assume that

the mutual inductances between the conductors are the same and so are the

mutual inductances between the conductors and the neutral, that is,

Zab = Zbc = Zca and Zan = Zbn = Zcn

The directions of the currents flowing through the lines are indicated in

Figure 5.19, where the voltages between the different conductors are indicated.

Kirchhoff’s voltage law between points a and n gives the following equation:

Van = Vaa + Va n + Vn n = Vaa + Va n −Vnn 5 54

(a) Ia2 Ia0
(b) (c)

Va1

Ia1

Ean

+
Z1

Va2

Z
2

Va0

Z1 3Zn

Z0

Figure 5.18 Equivalent circuit of a synchronous generator with grounded neutral:
(a) positive, (b) negative and (c) zero sequence.
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Again

Vaa = ZaaIa + Zab Ib + Ic + ZanIn 5 55

Vnn = ZnnIa + Zan Ia + Ib + Ic 5 56

Substituting (5.55) and (5.56) in (5.54), we get

Van −Va n = Zaa −Zan Ia + Zab −Zan Ib + Ic + Zan −Znn In

5 57

Since the neutral provides a return path for the currents Ia, Ib, and Ic, the neutral

current is written as

In = − Ia + Ib + Ic 5 58

Substituting (5.58) in (5.57), the following equation for phase-a of the circuit is

obtained:

Van −Va n = Zaa + Znn − 2Zan Ia + Zab + Znn − 2Zan Ib + Ic 5 59

Denoting

Zs = Zaa + Znn − 2Zan and Zm = Zab + Znn − 2Zan

Equation (5.59) is rewritten as

Van −Va n = ZsIa + Zm Ib + Ic 5 60

Since (5.60) does not explicitly include the neutral conductor, we can define the

voltage drop across the phase-a conductor as

Vaa = Van −Va n 5 61

Va′n′

a Ia

b

c

Zaa

Zbb

Zcc

Znn

Ib

Ic

n In

a′

b′

c′

n′

Vb′n′

Vc′n′Vcn

Vbn

Van

Figure 5.19 Lumped parameter representation of a symmetrical transmission line.
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Combining (5.60) and (5.61), we get

Vaa = ZsIa + Zm Ib + Ic 5 62

A similar expression can also be written for the other two phases, to obtain

Vaa

V bb

V cc

=

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

Ia

Ib

Ic

5 63

Pre-multiplying both sides of (5.63) by the transformation matrix C, we get

Vaa 012 = C

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

C− 1Ia012 5 64

Now

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

C−1 =

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

1 1 1

1 a2 a

1 a a2

=

Zs + 2Zm Zs−Zm Zs−Zm

Zs + 2Zm a2Zs + 1+ a Zm aZs + 1+ a2 Zm

Zs + 2Zm aZs + 1+ a2 Zm a2Zs + 1+ a Zm

Hence,

C

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

C−1=
1

3

1 1 1

1 a a2

1 a2 a

Zs+2Zm Zs−Zm Zs−Zm

Zs+2Zm a2Zs+ 1+a Zm aZs+ 1+a2 Zm

Zs+2Zm aZs+ 1+a2 Zm a2Zs+ 1+a Zm

=
1

3

3Zs+6Zm 0 0

0 3Zs−3Zm 0

0 0 3Zs−3Zm

Therefore, (5.64) is rewritten as

Vaa 0

Vaa 1

Vaa 2

=

Zs + 2Zm

Zs −Zm

Zs −Zm

Ia0

Ia1

Ia2

5 65
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The positive-, negative-, and zero-sequence equivalent circuits of the transmis-

sion line are shown in Figure 5.20, where the sequence impedances are

Z1 = Z2 = Zs −Zm = Zaa −Zab

Z0 = Zs + 2Zm = Zaa + 2Zab + 3Znn − 6Zan

5.5.5 Sequence Circuits for Transformers

In this section, we shall discuss the sequence circuits of transformers, which can

have several possible combinations. Since the sequence circuits are different for Y-

and Δ-connected loads, the sequence circuits are also different for Y- and

Δ-connected transformers. Therefore, the different transformer connections are

treated separately.

5.5.5.1 Y–Y-Connected Transformer

Figure 5.21 shows the schematic diagram of a Y–Y-connected transformer in

which both neutrals are grounded. The primary and secondary side quantities

are denoted by subscripts in uppercase letters and lowercase letters, respectively.

The turns ratio of the transformer is given by α = N1 :N2.

(a) Ia2 Ia0
(b) (c)Ia1

Z1 Z1 Z0

Van1 Va′n′1

a a′

n′n

Va′n′2Van2

a a′

n′n

Va′n′0Van0

a′a

n′n

Figure 5.20 Sequence circuits of symmetrical transmission line: (a) positive, (b) negative,

and (c) zero sequence.

Ib

Ic

N

Ia

In

n

ZN

IA

IB

IC

IN

N1:N2

C

A

B

a

b

c

Zn

Figure 5.21 Schematic diagram of a grounded neutral Y–Y-connected transformer.
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The primary side voltage of phase-a is

VA = VAN + VN = VAN + 3ZN IA0

Expanding VA and VAN in terms of their positive-, negative-, and zero-sequence

components, the above equation can be rewritten as

VA0 + VA1 + VA2 = VAN0 + VAN1 + VAN2 + 3ZN IA0 5 66

Noting that the direction of the neutral current In is opposite to that of IN, an

expression similar to that of (5.66) for the secondary side is written as

Va0 + Va1 + Va2 = Van0 + Van1 + Van2 − 3ZnIa0 5 67

Now since the turns ratio of the transformer is α = N1 :N2, the following expres-

sions can be written for an ideal transformer:

α =
N1

N2
=

VAN

Van

Van =
VAN

α

N1IA = N2Ia Ia = αIA

5 68

Substituting (5.58) in (5.67), we get

Va0 + Va1 + Va2 =
1

α
VAN0 + VAN1 + VAN2 − 3ZnαIA0

Multiplying both sides of the above equation by α results in

α Va0 + Va1 + Va2 = VAN0 + VAN1 + VAN2 − 3Znα
2IA0 5 69

Finally, combining (5.88) with (5.69), we get

α Va0 + Va1 + Va2 = VA0 + VA1 + VA2 − 3 ZN + Znα
2 IA0 5 70

The positive-, negative-, and zero-sequence components are separated from

(5.70) to obtain

αVa1 =
N1

N2
Va1 = VA1 5 71

αVa2 =
N1

N2
Va2 = VA2 5 72

αVa0 =
N1

N2
Va0 = VA0 − 3 ZN + N1 N2

2
Zn IA0 5 73

From (5.71) and (5.72), it is evident that the positive- and negative-sequence rela-

tions are the same as that has been used for representing transformer circuits given

in Figure 2.20. Hence, the positive- and negative-sequence impedances are the
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same as the transformer leakage impedance Z. The zero-sequence equivalent cir-

cuit is shown in Figure 5.22. The total zero-sequence impedance is given by

Z0 = Z + 3ZN + 3 N1 N2
2
Zn 5 74

The following points must be noted for the zero-sequence circuit vis-à-vis their

grounding.

•
The zero-sequence diagram of the grounded neutral Y–Y-connected transformer

is shown in Figure 5.23 (a) in which the impedance Z0 is as given in (5.74).

•
If both the neutrals are solidly grounded, that is, Zn = ZN = 0, then Z0 = Z. The

single-line diagram is still the same as that shown in Figure 5.23 (a).

•
If one of the two neutrals or both neutrals are ungrounded, then we have either

Zn = ∞ or ZN = ∞ or both. The zero-sequence diagram is then shown in

Figure 5.23 (b), where the value of Z0 will depend on which neutral is kept

ungrounded.

5.5.5.2 Δ–Δ–Connected Transformer

The schematic diagram of a Δ–Δ-connected transformer is shown in Figure 5.24.

The line-to-line voltage between phases A and B is given by

VAB = VA −VB

= VA0 + VA1 + VA2 −VB0 −VB1 −VB2 = VAB1 + VAB2

5 75

N1:N2

VA0

Z 3ZN 3α
2Zn

Va0

Ia0IA0

Figure 5.22 Zero-sequence equivalent circuit of a grounded neutral Y–Y-connected
transformer.

Z0 Z0
(a) (b)Figure 5.23 Zero-sequence diagram of

(a) grounded neutral and (b) ungrounded

neutral Y–Y-connected transformer.
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Again

VAB =
N1

N2
Vab = αVab

Therefore, from (5.75), we get

VAB = VAB1 + VAB2 = α Vab1 + Vab2 5 76

The sequence components of the line-to-line voltage VAB can be written in terms

of the sequence components of the line-to-neutral voltage as

VAB1 = 3VAN1 30 5 77

VAB2 = 3VAN2 − 30 5 78

Combining (5.76) to (5.78), we get

3VAN1 30 + 3VAN2 − 30 = α 3Van1 30 + 3Van2 − 30

5 79

Hence, the positive- and negative-sequence voltages are given by

VAN1 = αVan1 and VAN2 = αVan2 5 80

Thus, the positive- and negative-sequence equiva-

lent circuits are represented by a series impedance that

is equal to the leakage impedance of the transformer.

Since the Δ-connected winding does not provide any

path for the zero-sequence current to flow, we have

IA0 = Ia0 = 0

However, the zero-sequence current can sometimes

circulate within the Δ windings. We can then

draw the zero-sequence equivalent circuit as shown

in Figure 5.25.

Ib

Ic

IaIA

IB

IC

N1:N2

C

A

B

a

b

c

Figure 5.24 Schematic diagram of a Δ–Δ-connected transformer.

Z0

Figure 5.25 Zero-
sequence diagram of a
Δ–Δ-connected

transformer.
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5.5.5.3 Y–Δ-Connected Transformer

The schematic diagram of a Y–Δ-connected transformer is shown in Figure 5.26. It

is assumed that the Y-connected side is grounded with the impedance ZN. Even

though the zero-sequence current in the primary Y-connected side has a path

to the ground, the zero-sequence current flowing in the Δ-connected secondary

winding has no path to flow in the line. Hence, the zero-sequence current will

be zero, that is, Ia0 = 0. However, the circulating zero-sequence current in the

Δ winding magnetically balances the zero-sequence current of the primary

winding.

Phase-a voltage in both sides of the transformer is related by

VAN =
N1

N2
Vab = αVab

Furthermore, the following relation is also true

VA = VAN + VN

The phase-a voltage on the primary side is then given by

VA0 + VA1 + VA2 = VAN0 + VAN1 + VAN2 + 3ZN IA0

= α Vab0 + Vab1 + Vab2 + 3ZN IA0
5 81

Separating zero-, positive-, and negative-sequence components, we can write

VA0 − 3ZN IA0 = αVab0 = 0 5 82

VA1 = αVab1 = 3αVa1 30 5 83

VA2 = αVab2 = 3αVa2 − 30 5 84

N

ZN

IA

IB

IC

IN

N1:N2

C

A

B

Ib

Ic

Ia
a

b

c

Figure 5.26 Schematic diagram of a Y–Δ-connected transformer.
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The positive-sequence equivalent circuit is shown in Figure 5.27 (a). The nega-

tive-sequence circuit is the same as that of the positive-sequence circuit except for

the phase shift in the induced emf. This is shown in Figure 5.27 (b). The zero-

sequence equivalent circuit is shown in Figure 5.27 (c), where Z0 = Z+ 3ZN. Note

that the primary and the secondary sides are not connected and hence there is an

open circuit between them. However, since the zero-sequence current flows

through primary windings, a return path is provided through the ground. If, how-

ever, the neutral in the primary side is not grounded, that is, ZN=∞, then the zero-

sequence current cannot flow in the primary side as well. The sequence diagram is

then shown in Figure 5.27 (d), where Z0 = Z.

5.5.6 Sequence Networks

The sequence circuits developed in Sections 5.5.1 and 5.5.5 are combined to form

the sequence networks. The sequence networks for the positive, negative, and zero

sequences are formed separately by combining the sequence circuits of all the

individual elements. Certain assumptions are made while forming the sequence

networks. These are listed below:

•
Apart from synchronous machines, the network is made of static elements.

•
The voltage drop caused by the current in a particular sequence depends only on

the impedance of that part of the network.

VA1

IA1

Z

Va1

Ia1

3α 30° : 1

VA2

IA2

Z

Va2

Ia2

3α 30° : 1

ZZ

3ZN

(b)(a)

(d)(c)

Figure 5.27 Sequence diagram of a Y–Δ-connected transformer: (a) positive sequence,
(b) negative sequence, (c) zero sequence with grounded Y-connection, and (d) zero sequence

with ungrounded Y-connection.
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•
The positive- and negative-sequence impedances are equal for all static circuit

components.

•
The subtransient positive- and negative-sequence impedances of a synchronous

machine are equal.

•
Voltage sources are connected to the positive-sequence circuits of the rotating

machines.

•
No positive- or negative-sequence current flows between neutral and ground.

Example 5.9 Let us consider the network shown in Figure 5.28. The values of

the various reactances are not important here and hence are not given in this fig-

ure. However, various points of the circuit are denoted by the letters A to G. This

has been done to identify the impedances of various circuit elements. For example,

the leakage reactance of the transformer T1 is placed between points A and B and

that of transformer T2 is placed between D and E.

The sequence networks are shown in Figure 5.29. These are summarized as

follows:

•
The positive-sequence network is shown in Figure 5.29 (a).

•
The negative-sequence diagram is shown in Figure 5.29 (b). It is almost identical

to the positive-sequence diagram except that the voltage sources are absent in

this circuit.

•
The zero-sequence network is shown in Figure 5.29 (c). This is divided into sev-

eral segments. These are as follows:

– The neutral point of generator G1 is grounded. Hence, a path from Point A to

the ground is provided through the zero-sequence reactance of the generator.

– The primary side of the transformer T1 is Δ-connected and hence there is dis-

continuity in the circuit after Point A.

G1 G2

G3

T1 T2

T3

BA

C

F

ED

G

Figure 5.28 Single-line diagram of a three-machine power system.
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– The generator G2 and the transformer T2 also have similar configurations.

– The transmission line impedances are placed between the points B-C, C-D,

and C-F.

– The secondary side of transformer T3 is ungrounded and hence there is a

break in the circuit after Point F.

– However, the primary side of T3 is grounded and so is the neutral point of

generator G3. Hence, the zero-sequence components of these two apparatus

are connected to the ground.

5.6 Unsymmetrical Faults

The sequence circuits and the sequence networks developed in Section 5.5 will

now be used for determining fault currents during unsymmetrical faults. For

the calculation of fault currents, the following assumptions are made:

•
The power system is balanced before the fault occurs such that of the three

sequence networks only the positive-sequence network is active. Also, as a fault

occurs, the sequence networks are connected only through the fault location.

•
The load current is negligible such that the pre-fault positive-sequence voltages

are the same at all nodes and at the fault location.

B

A

C

F
E

D

G

(a)

B

A

C

F
E

D

G

(b)

B

A

C

F

E

D

G

(c)

Figure 5.29 Sequence networks of the power system of Figure 5.8: (a) positive, (b) negative,

and (c) zero sequence.
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•
All network resistances and line charging

capacitances are negligible.

•
All loads are passive except the rotating loads

which are represented by synchronousmachines.

Based on the assumptions stated above, the

faulted network will be as shown in Figure 5.30,

where the voltage at the faulted point will be

denoted by Vf and the current in the three faulted

phases are denoted by Ifa, Ifb and Ifc. We shall now

discuss how the three sequence networks are con-

nected when the three different types of faults

occur. These faults are single-line-to-ground

faults, line-to-line faults, and double-line-to-

ground faults.

5.6.1 Single-Line-to-Ground (1LG) Fault

Let us suppose a 1LG fault has occurred at node k

of a network. The faulted segment is then as shown

in Figure 5.31 where it is assumed that phase-a has

touched the ground through an impedance Zf.

Since the system is assumed to be unloaded before

the occurrence of the fault, we have

I fb = I fc = 0 5 85

Also, the phase-a voltage at the fault point is given by

V ka = Zf I fa 5 86

The symmetrical components of the fault current can then be written using

(5.85) as

I fa012 =
1

3

1 1 1

1 a a2

1 a2 a

I fa

0

0

5 87

Solution of (5.87) gives the following relation:

I fa0 = I fa1 = I fa2 =
I fa

3
5 88

Ifb

Ifa

Vf

Vf

Vf

Ifc

a

b

c

Figure 5.30 Representation of
a faulted segment.

Ifa

k

k

k

a
Zf

b

c

Figure 5.31 Representation

of 1LG fault.
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This implies that the three sequence currents are in series for a 1LG fault. Let us

denote the zero, positive, and negative sequence Thevenin impedances at the

faulted point as Zkk0, Zkk1, and Zkk2, respectively. Also, since the Thevenin voltage

at the faulted phase is Vf, the following three sequence voltages at the faulted point

are obtained:

V ka0 = −Zkk0I fa0

V ka1 = V f −Zkk1I fa1

V ka2 = −Zkk2I fa2

5 89

Then, the phase-a voltage at the faulted bus is written from (5.88) and (5.89) as

V ka = V ka0 + V ka1 + V ka2

= V f − Zkk0 + Zkk1 + Zkk2 I fa0
5 90

From Figure 5.31, the voltage Vka is written as

V ka = Zf I fa = Zf I fa0 + I fa1 + I fa2 = 3Zf I fa0 5 91

Phase-a fault current is then obtained by combining (5.90) and (5.91) as

I fa0 =
V f

Zkk0 + Zkk1 + Zkk2 + 3Zf

5 92

The Thevenin equivalent of the sequence network is shown in Figure 5.32.

Ifa0 = Ifa1 = Ifa2

V f

+
Zkk1

Zkk2

Zkk0

3Zf

Ifa1

Ifa2

Ifa0

Vka1

Vka2

Vka0

Figure 5.32 Thevenin
equivalent circuit of a

1LG fault.

200 5 Power System Fault Analysis



Example 5.10 A three-phase Y-connected unloaded synchronous generator is

running at its rated voltage when a 1LG fault occurs at its terminals. The generator

is rated 20 kV, 220MVA, with a subsynchronous reactance of 0.2 per unit. Assume

that the subtransient mutual reactance between the windings is 0.025 per unit. The

neutral of the generator is grounded through a 0.05 per unit reactance. The equiv-

alent circuit of the generator is shown in Figure 5.33. We have to find out the fault

current.

Since the generator is unloaded the internal EMFs are

Ean = 1 0 Ebn = 1 0 − 120 Ecn = 1 0 120

Since no current flows in phases b and c, the phase-a fault current is given in

Figure 5.33 as

I fa =
1

j 0 2 + 0 05
= − j4 0

The neutral point voltage is given by

Vn = −XnI fa = − 0 2

From Figure 5.33 and (5.47), we get

Va = 0

V b = Ebn + Vn + j0 025I fa = − 0 6− j0 866 = 1 0536 − 124 72

V c = Ecn + Vn + j0 025I fa = − 0 6 + j0 866 = 1 0536 124 72

+–

+

+

–

–

j0.2 Ifan

j0.2

j0.2

j0.05

Va

Vc

Vb

Ifa

1.0

1.0 120°

120°1.0

j0.025

Figure 5.33 Unloaded

generator of Example 5.10.
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Therefore,

Va012 = C

0

1 0536 − 124 72

1 0536 124 72

=

− 0 4

0 7

− 0 3

From (5.51), the positive-sequence impedance is calculated as Z1 = jω(Ls+

Ms) = j0.225. Then from Figure 5.18 (a), we have

I fa1 =
Ean −Va1

Z1
=

1− 0 7

j0 225
= − j1 3333

Also note from (5.88) that

I fa0 = I fa1 = I fa2

Therefore, from Figure 5.18, the zero- and negative-sequence impedances are

given by

Zg0 = −

Va0

Ia0
− 3Zn = j 0 3− 0 15 = j0 15

Z2 = −

Va2

Ia2
= j0 225

Comparing the above two values with (5.50) and (5.52), we find that Z0 indeed is

equal to jω(Ls− 2Ms) and Z2 = jω(Ls+Ms). The fault current is computed from

(5.92) as

I fa0 =
1

j 0 225 + 0 225 + 0 15 + 3 × 0 05
= − j1 3333

5.6.2 Line-to-Line (LL) Fault

The faulted segment for an LL fault is shown

in Figure 5.34 where it is assumed that the

fault has occurred at node k of the network.

For this fault, it has been assumed that the

phases b and c got shorted through the imped-

ance Zf. Since the system is unloaded before

the occurrence of the fault, the phase-a cur-

rent is zero, that is,

I fa = 0 5 93

Ifb

k

k

k

a

b

c

Zf

Ifc

Figure 5.34 Representation of
L–L fault.
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Also, since phases b and c are shorted, the currents of these phases are negative

of each other, that is,

I fb = − I fc 5 94

Therefore, from (5.93) and (5.94), we have

Ifa012 = C

0

I fb

− I fb

=
I fb

3

0

a− a2

a2 − a

5 95

Equation (5.95) can be summarized as follows:

I fa0 = 0

I fa1 = − I fa2
5 96

Therefore, no zero-sequence current is injected into the network at bus k, and

hence, the zero-sequence network remains dead for an LL fault. Furthermore, the

positive- and negative-sequence currents are negative of each other.

From Figure 5.34, the following expression for the voltage at the faulted point is

written:

V kb −Vkc = Zf I fb 5 97

Again, the line-to-line voltage is given by

V kb −V kc = V kb0 + V kb1 + V kb2 −V kc0 −Vkc1 −V kc2

= V kb1 −V kc1 + V kb2 −V kc2

= a2 − a V ka1 + a− a2 V ka2 = a2 − a V ka1 −V ka2

5 98

From (5.96), we have Ifb = Ifa = 0 and Ifa1 = − Ifa2. Therefore, we can write the

fault current as

I fb = I fb0 + I fb1 + I fb2 = a2I fa1 + aI fb2 = a2 − a I fa1 5 99

Combining (5.97) to (5.99), the following equation is obtained:

V ka1 −V ka2 = Zf I fa1 5 100

Equations (5.97) and (5.100) indicate that the positive- and negative-sequence

networks are in parallel. The sequence network is then as shown in

Figure 5.35. From this network, the fault current is obtained as

I fa1 = − I fa2 =
V f

Zkk1 + Zkk2 + Zf

5 101
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Example 5.11 Let us consider the same generator as given in Example 5.10.

Assume that the generator is unloaded when a bolted (Zf = 0) short circuit occurs

between phases b and c, that is, Ifb= −Ifc. Also, since the generator is unloaded, the

current Ifa = 0. Therefore, from (5.46), we have

Van = Ean = 1 0

V bn = Ebn − j0 225I fb = 1 − 120 − j0 225I fb

V cn = Ecn − j0 225I fc = 1 120 + j0 225I fb

Also, since Vbn = Vcn, the last two equations above are combined to give

I fb = − I fc =
1 − 120 − 1 120

j0 45
= − 3 849

Then

Ifa012 = C

0

− 3 849

3 849

=

0

− j2 2222

j2 2222

The above equation can also be obtained from (5.101) as

I fa1 = − I fa2 =
1

j0 225 + j0 225
= − j2 2222

Also, since the neutral current In is zero, we can write Va = 1.0 and

V b = V c = V bn = − 0 5

Hence, the sequence components of the line voltages are

Va012 = C

1 0

− 0 5

− 0 5

=

0

0 5

0 5

Also note that

Va1 = 1 0− j0 225I fa1 = 0 5

Va2 = − j0 225I fa2 = 0 5

which are the same as obtained before.

Vka2Vf

+
Zkk1 Zkk2Zf

Ifa1 Ifa2

Vka1

Figure 5.35 Thevenin equivalent circuit of a L–L fault.
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5.6.3 Double-Line-to-Ground
(2LG) Fault

The faulted segment for a 2LG fault is shown in

Figure 5.36 where it is assumed that the fault

has occurred at node k of the network. Here,

the phases b and c got shorted through the

impedance Zf to the ground. Since the system

is unloaded before the occurrence of the fault,

the same condition as (5.93) is assumed for

the phase-a current. Therefore,

I fa0 =
1

3
I fa + I fb + I fc =

1

3
I fb + I fc

3I fa0 = I fb + I fc

5 102

Also, the voltages of phases b and c are given by

V kb = V kc = Zf Ib + Ic = 3Zf I fa0 5 103

Therefore,

Vka012 = C

V ka

V kb

V kb

=
1

3

V ka + 2V kb

V ka + a + a2 V kb

V ka + a + a2 V kb

5 104

The following two equations are obtained from (5.104):

V ka1 = V ka2 5 105

3Vka0 = V ka + 2V kb = V ka0 + V ka1 + V ka2 + 2V kb 5 106

Substituting (5.103) and (5.105) in (5.106) and rearranging, we get

V ka1 = V ka2 = V ka0 − 3Zf I fa0 5 107

Also, since Ifa = 0, the sum of the symmetrical components of phase-a current

will be zero, that is,

I fa0 + I fa1 + I fa2 = 0 5 108

The Thevenin equivalent circuit for 2LG fault is shown in Figure 5.37. The fol-

lowing equation is obtained from this figure:

I fa1 =
V f

Zkk1 + Zkk2
l Zkk0 + 3Zf

=
V f

Zkk1 +
Zkk2 Zkk0 + 3Zf

5 109

Ifb

k

k

k

a

b

c

Zf

Ifc

Figure 5.36 Representation of

2LG fault.
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The zero- and negative-sequence currents can be obtained using the current

divider principle as

I fa0 = − I fa1
Zkk2

Zkk2 + Zkk0 + 3Zf

5 110

I fa2 = − I fa1
Zkk0 + 3Zf

Zkk2 + Zkk0 + 3Zf

5 111

Example 5.12 Let us consider the same generator as given in Examples 5.10 and

5.11. Assume that the generator is operating without any load when a bolted 2LG

fault occurs in phases b and c. The equivalent circuit for this fault is shown in

Figure 5.38. From this figure, we can write

Ebn + Vn = 1 − 120 + Vn = j0 2I fb − j0 025I fc

Ecn + Vn = 1 120 + Vn = j0 2I fc − j0 025I fb

Vn = − j0 05 I fb + I fc

Vka2

Vf

+
3Zf

Ifa1

Ifa2

Vka1

Zkk1

Zkk2

Zkk0 Vka0Ifa0

Figure 5.37 Thevenin equivalent circuit of a 2LG fault.

Va

Vb

Vc

+

+

–
j0.2

j0.5

j0.2

j0.2

Ic

Ib

120°0.1

120°0.1

0.1

–

+–

Figure 5.38 Equivalent circuit depicting
the 2LG fault of Example 5.12.
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The above three equations can be written in a combined matrix–vector form as

j
0 25 0 025

0 025 0 25

I fb

I fc
=

1 − 120

1 120

The solution of the above equation yields

Ib = − 3 849 + j1 8182

Ic = 3 849 + j1 8182

Hence

ifa012 = C

0

− 3 849 + j1 8182

− 3 849 + j1 8182

=

j1 2121

− j2 8283

j1 6162

Note that these values can also be obtained using (5.109) to (5.111). Also, from

Example 5.10, we have

Z1 = Z2 = j0 225, Z0 = j 0 15 + 3 × 0 05 = j0 3 and Zf = 0

Then

I fa1 =
1 0

j0 225 +
j0 225 × j0 3

j0 525

= − j2 8283

I fa2 = − I fa1
j0 3

j0 525
= j1 6162

I fa0 = − I fa1
j0 225

j0 525
= j1 2121

Then, the sequence components of the voltages are

Va1 = 1 0− j0 225 × I fa1 = 0 3636

Va2 = − j0 225 × I fa2 = 0 3636

Va0 = − j0 3 × I fa0 = 0 3636

Also note from Figure 5.38 that

Va = Ean + Vn + j0 0225 I fb + I fc = 1 0909
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and Vb = Vc = 0. Therefore,

Va012 = C

1 0909

0

0

=

0 3636

0 3636

0 3636

which are the same as obtained before.

5.6.4 Fault Current Computation Using Sequence Networks

The use of sequence networks in the calculation of fault currents will be demon-

strated in this section through some examples.

Example 5.13 Consider the radial network shown in Figure 5.39. The system

parameters are given below:

Generator G: 50 MVA, 20 kV, X = X1 = X2 = 20%, X0 = 7.5%

Motor M: 40 MVA, 20 kV, X = X1 = X2 = 20%, X0 = 10%, Xn = 5%

Transformer T1: 50 MVA, 20 kVΔ/110 kVY, X = 10%

Transformer T2: 50 MVA, 20 kVΔ/110 kVY, X = 10%

Transmission line: X1 = X2 = 24.2Ω, X0 = 60.5Ω

We shall find the fault current when (a) 1LG, (b) LL, and (c) 2LG fault occurs at

Bus-2.

Let us choose a base in the circuit of the generator G, that is, 50MVA and 20 kV.

Then the per-unit impedances of the generator are:

XG1 = XG2 = 0 2, XG0 = 0 075

Since the transformer ratings are the same as the base MVA and kV, the per-unit

impedances of the two transformers are

XT1 = XT2 = 0 1

G M

T1 T2

1 2 3 4

F

Figure 5.39 Radial power system of Example 5.13.
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For the motor M, the kV base is 20; however, the MVA base of the motor is 40.

The per-unit impedances of the motor are then converted into the common base as

XM1 = XM2 = 0 2 ×
50

40
= 0 25, XM0 = 0 1 ×

50

40
= 0 125,

Xn = 0 05 ×
50

40
= 0 0625

For the transmission line

Zbase =
1102

50
= 242Ω

Therefore,

XL1 = XL2 =
24 2

242
= 0 1, XL0 =

60 5

242
= 0 25

Let us neglect the phase shift associated with the Y/Δ transformers. Then the

positive-, negative-, and zero-sequence networks are shown in Figures 5.40 to

5.42, respectively.

j0.2

j0.1

j0.25

j0.1 j0.1
1 2 3 4

Figure 5.40 Positive-sequence network of the power system of Figure 5.39.

j0.2

j0.1

j0.25

j0.1 j0.1
1 2 3 4

Figure 5.41 Negative-sequence network of the power system of Figure 5.39.

5.6 Unsymmetrical Faults 209



From Figures 5.40 and 5.41, the following Ybus matrix is obtained for both pos-

itive and negative sequences:

Ybus1 = Ybus2 = j

− 15 10 0 0

10 − 20 10 0

0 10 − 20 10

0 0 10 14

Inverting the above matrix, the following Zbus matrix is computed:

Zbus1 = Zbus2 = j

0 1467 0 1200 0 0933 0 0667

0 1200 0 1800 0 1400 0 1000

0 0933 0 1400 0 1867 0 1333

0 0667 0 1000 0 1333 0 1667

Similarly, from Figure 5.42, the following Ybus and Zbus matrices are obtained

for the zero-sequence

Ybus0 = j

− 13 3333 0 0 0

0 − 14 4 0

0 4 − 14 0

0 0 0 − 3 2

Zbus0 = j

0 075 0 0 0

0 0 0778 0 0222 0

0 0 0222 0 0778 0

0 0 0 0 3125

Hence, for a fault in Bus-2, we have the following Thevenin impedances, which

are (2,2) elements of the Zbus matrices

Z1 = Z2 = j0 18, Z0 = j0 0778

j0.075

j0.1

j0.125

j0.25 j0.1
1 2 3 4

j0.1875

Figure 5.42 Zero-sequence network of the power system of Figure 5.39.
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Alternatively, the Thevenin equivalent can also be computed from the parallel

combination of impedances from Figures 5.40 and 5.42 as

Z1 = Z2 = j0 3 lj0 45 = j0 18

Z0 = j0 1 lj0 35 = j0 0778

(a) Single-Line-to-Ground Fault: The bolted 1LG fault occurs at Bus-2 when the

system is unloaded with bus voltages being 1.0 per unit. Then from (5.88), we get

I fa0 = I fa1 = I fa2 =
1

j 2 × 0 18 + 0 0778
= − j2 2841 per unit

Therefore, the fault current through phase-a is given as

I fa = 3I fa0 = − j6 8524 per unit

Furthermore, the currents of the other two phases are zero, that is, Ifb = Ifc = 0.

The sequence components of the voltages are then computed from (5.89) as

V 2a0 = − j0 0778I fa0 = − 0 1777

V 2a1 = 1− j0 18I fa1 = 0 5889

V 2a2 = − j0 18I fa2 = − 0 4111

Therefore, the voltages at the faulted bus are

Va

V b

V c

= C− 1

V 2a0

V 2a1

V 2a2

=

0

0 9061 − 107 11

0 9061 107 11

(b) Line-to-Line Fault: For a bolted LL fault, we can write from (5.96)

I fa0 = 0, I fa1 = − I fa2 =
1

j2 × 0 18
= − j2 7778 per unit

Then the fault currents are

I fa

I fb

I fc

= C−1
0

I fa1

I fa2

=

0

− 4 8113

4 8113

The sequence components of Bus-2 voltages are computed from Figure 5.35 as

V 2a0 = 0

V 2a1 = 1− j0 18I fa1 = 0 5

V 2a2 = − j0 18I fa2 = 0 5
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Hence, the faulted bus voltages are

Va

V b

V c

= C−1
V 2a0

V 2a1

V 2a2

=

1 0

− 0 5

− 0 5

(c) Double-Line-to-Ground Fault: For a bolted 2LG fault at Bus-2, the parallel

combination of the negative- and zero-sequence components is computed as

Zeq = j0 18 lj0 0778 = j0 0543

Thus, the positive-sequence current is given from (5.109) as

I fa1 =
1

j0 18 + Zeq

= − j4 2676 per unit

The zero- and negative-sequence currents are then computed respectively from

(5.110) and (5.111) as

I fa0 = − I fa1
j0 18

j 0 18 + 0 0778
= j2 9797 per unit

I fa2 = − I fa1
j0 0778

j 0 18 + 0 0778
= j1 2879 per unit

Therefore, the fault currents flowing in the line are

I fa

I fb

I fc

= C−1
I fa0

I fa1

I fa2

=

0

6 657 137 11

6 657 42 89

Furthermore, the sequence components of Bus-2 voltages are computed from

Figure 5.37 as

V2a0 = − j0 0778I fa0 = 0 2318

V2a1 = 1− j0 18I fa1 = 0 2318

V2a2 = − j0 18I fa2 = 0 2318

Therefore, voltages at the faulted bus are

Va

V b

V c

= C−1
V 2a0

V 2a1

V 2a2

=

0 6954

0

0
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Example 5.14 Let us now assume that a 2LG fault has occurred in Bus-4 of the

system of Example 5.13 instead of the one in Bus-2. Therefore,

X1 = X2 = j0 1667, X0 = j0 3125

Furthermore, the equivalent impedance is

Zeq = j0 1667 lj0 3125 = j0 1087

Hence

I fa1 =
1

j0 1667 + Zeq

= − j3 631 per unit

I fa0 = − I fa1
j0 1667

j 0 1667 + 0 3125
= j1 2631 per unit

I fa2 = − I fa1
j0 3125

j 0 1667 + 0 3125
= j2 3678 per unit

Therefore, the fault currents flowing in the line are

I fa

I fb

I fc

= C−1
I fa0

I fa1

I fa2

=

0

5 5298 159 96

5 5298 20 04

We shall now compute the currents contributed by the generator and themotor to

the fault. Let us denote the current flowing to the fault from the generator side by Ig,

while that flowing from the motor by Im. Then from Figure 5.40 using the current

divider principle, the positive-sequence currents contributed by the two buses are

Iga1 = I fa1 ×
j0 25

j0 75
= − j1 2103 per unit

Ima1 = I fa1 ×
j0 5

j0 75
= − j2 4206 per unit

Similarly from Figure 5.41, the negative-sequence currents are given as

Iga2 = I fa2 ×
j0 25

j0 75
= j0 7893 per unit

Ima2 = I fa2 ×
j0 5

j0 75
= j1 5786 per unit

Finally, notice from Figure 5.42 that the zero-sequence current flowing from the

generator to the fault is 0. Then we have

Iga0 = 0

Ima0 = I fa0 = j1 2631 per unit
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Therefore, the fault currents flowing from the generator side are

Iga

Igb

Igc

= C−1
Iga0

Iga1

Iga2

=

0 4210 − 90

1 7445 173 07

1 7445 6 93

and those flowing from the motor are

Ima

Imb

Imc

= C−1
Ima0

Ima1

Ima2

=

0 4210 90

3 8512 154 07

3 8512 25 93

Verify that adding Ig and Im the fault current Ifa, Ifb and Ifc computed before are

obtained.

In the above two examples, the phase shifts of the Y/Δ transformers are

neglected. However, according to the American standard, the positive-sequence

components of the high-tension side lead those of the low-tension side by 30 ,

while the negative-sequence behavior is the reverse of the positive-sequence

behavior. Usually, the high-tension side of a Y/Δ transformer is Y-connected.

Therefore, as evident from Figure 5.27, the positive-sequence component of the

Y side leads the positive-sequence component of the Δ side by 30 while the neg-

ative-sequence component of the Y side lags that of the Δ side by 30 . The phase

shift will now be used to compute the fault current for an unsymmetrical fault.

Example 5.15 Let us consider the same system as given in Example 5.14. Since

the phase shift does not alter the zero sequence, the circuit of Figure 5.42 remains

unchanged. The positive and the negative-sequence circuits must however include

the respective phase shifts. These circuits are redrawn as shown in Figures 5.43

and 5.44. Note from these figures that the term 3α is dropped vis-à-vis that of

Figure 5.27. This is because the per-unit impedances remain unchanged when

referred to the either high-tension or low-tension side of an ideal transformer.

Therefore, the per-unit impedances will also not be altered.

Since the zero sequence remains unaltered, these currents will not change from

those computed in Example 5.14. Thus,

Iga0 = 0 and Ima0 = j1 2631 per unit

Now the positive-sequence fault current from the generator Iga1, being on the Y-

side of the Y/Δ transformer will lead Ima1 by 30 . Therefore,

Iga1 = − j1 2103 × 1 30 = 1 2103 − 60 per unit

Ima1 = − j2 4206 per unit
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Finally, the negative-sequence current Iga2 will lag Ima2 by 30 and hence

Iga2 = j0 7893 × 1 − 30 = j0 7893 60 per unit

Ima2 = j1 5786 per unit

Therefore,

Iga

Igb

Igc

= C−1
Iga0

Iga1

Iga2

=

1 0642 − 20 04

1 9996 −180

1 0642 20 04

The fault currents flowing from the motor will also remain unaltered. Note that

the currents flowing into the fault remain unchanged. This implies that the phase

shift of the Y/Δ transformers does not affect the fault currents.

1 2 3 4

j0.2

j0.1

j0.25

j0.1 j0.1

1:ej30° ej30°:1

Figure 5.43 Positive-sequence network of the power system of Figure 5.39 including
transformer phase shift.

1 2 3 4

j0.2

j0.1

j0.25

j0.1 j0.1

1:e–j30° e–j30°:1

Figure 5.44 Negative-sequence network of the power system of Figure 5.39 including

transformer phase shift.
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5.7 Concluding Remarks

This chapter presents a thorough treatment for the calculations of fault currents in

a power system. Both symmetrical and unsymmetrical fault current calculations

are presented. Usually, the fault currents are calculated in the phasor domain,

where a synchronous generator is replaced by its subtransient voltage and reac-

tances. Furthermore, the system is assumed to be unloaded before the fault. Since

the magnitude of the fault current is significantly higher than that of the pre-fault

current, this assumption does not affect the main purpose of fault current calcu-

lation, which is the selection of circuit breakers. The philosophy of circuit breaker

selection is discussed in Chapter 6.

A circuit behaves differently when it is unbalanced from when it is balanced. In

a balanced circuit, the magnitude of the phase voltages (and/or currents) will be

the same and all the phases will be displaced by 120 from each other. A set of

unbalanced voltages or currents can be resolved into three sets of balanced vol-

tages or currents using the symmetrical component transformation. Moreover, dif-

ferent power components behave differently during unsymmetrical operations.

Therefore, they are resolved into their respective sequence circuits. These are then

carefully joined together to form sequence networks. These networks are then

used for finding fault currents during unsymmetrical faults. A comprehensive

and detailed analysis of faults and symmetrical components is given in [1].

Reference

1 J. J. Grainger and W. D. Stevenson, Power System Analysis, McGraw-Hill, New

York, 1994.

Problems

P5.1 Consider the three-bus power system shown in Figure P5.1, where all the

quantities are given in per unit. It is assumed that the generators are

unloaded and operate at a voltage of 1 per unit, when a bolted three-phase

fault occurs at Bus-2. Find,

(a) the fault current,

(b) the voltage of buses 1 and 3,

(c) the subtransient currents flowing from generators 1 and 2, and

(d) the current flowing between in the line connecting buses 1 and 2.
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P5.2 A 500 kVA, 20 kV, generator with Xd = 0 2 per unit is connected to a bus

through a circuit breaker as shown in Figure P5.2. Connected through cir-

cuit breakers to the same bus are three synchronous motors. The subtran-

sient reactance (Xm) of each motor, calculated on a base of 250 KVA, 24 kV,

1.0 power factor and 90% efficiency, is 0.2 per unit. The motors operate at

full load at unity power factor and rated voltage with the load equally dis-

tributed amongst them. Assume that the reactance (Xm) of each motor for

interrupting current is 1.5 times the motor subtransient reactance (Xm).

X″ = j0.2 X″ = j0.25

j0.2

1

2

3

0

j0.4

j0.5

Gen-1 Gen-2

Figure P5.1 Three-bus power system of Problem 5.1.

F

G

M

R A

B

j0.2

jXm

M

M

jXm

jXm

Figure P5.2 A synchronous generator is connected with three motor loads of
Problem 5.2.
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(a) Find the symmetrical short circuit current which must be interrupted

by the breakers A and B for a three-phase fault at Point F. Simplify cal-

culations by neglecting the pre-fault current.

(b) Repeat Part (a) for a three-phase fault at Point R.

P5.3 Consider the power system shown in Figure P5.3, where all quantities are

given in per unit. A balanced three-phase occurs at Bus-3. Assuming that

the system is unloaded before the fault and Vf = 1.0 per unit, find the fault

current.

P5.4 Let the abc to 012 transformation matrix be given by

C = K

1 1 1

1 a a2

1 a2 a

Find the constant K such that the transformation matrix is orthogonal,

that is,

Pabc + jQabc = VT
a012I

�

a012 = Va0I
∗

a0 + Va1I
∗

a1 + Va2I
∗

a2

P5.5 The voltage at the terminals of a balanced load consisting of three 10Ω resis-

tors connected in Y are Vab = 100∠ 0 V, Vbc = 80.8∠−121.44 V and

Vca= 90∠ 130 V. Determine a general expression between the symmetrical

components of the line and phase voltages, that is between (1) Vab1 and Van1

and (2) between Vab2 and Van2. Assuming that the neutral of the load is not

connected, find the current in phase-a from the symmetrical components of

the given voltages.

j0.03

1 2

3

j0.1

j0.05Gen-1 Gen-2j0.05

j0.1j0.1

j0.2

j0.03

j0.2

Figure P5.3 Three-bus power system of Problem 5.3.
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P5.6 In the circuit shown in Figure P5.6, an open delta load is supplied by a bal-

anced three-phase supply. The value of the load impedance Z = 20 + j10Ω.

Assume that the line-to-line supply voltage Vab = 400 ∠ 0 V.

(a) Find the currents Iab and Ibc.

(b) Using the value calculated in (a), find Iab0, Iab1, and Iab2.

(c) Using the values of Iab0, Iab1, and Iab2 obtained in (b), find the sequence

components of the line currents, that is, Ia0, Ia1, and Ia2.

P5.7 A Y-connected and solidly grounded generator is operating at rated voltage

and no load. It is disconnected from the rest of the system. Given

Xm = X1 = X2 = 0 15per unit and X0= 0.05 per unit. Find the ratio of sub-

transient line current for a single-line-to-ground fault to the subtransient

line current for a three-phase fault.

P5.8 A generator supplies a motor through a Y–Δ transformer. The generator is

connected to the grounded Y-side of the transformer. A fault occurs

between the motor terminals and the transformer. The per unit symmetri-

cal components of the subtransient current in the motor flowing toward the

fault is

Ia1 = − 0 8− j2 6, Ia2 = − j2 0, Ia0 = − j3 0

and from the transformer toward the fault are

Ia1 = 0 8− j0 4, Ia2 = − j1 0, Ia0 = 0

Assume Xd = X1 = X2 both for the motor and the generator.

(a) Draw the sequence network and describe the type of fault.

(b) Find the subtransient fault current in per unit.

Z

Ia

+

Z

Ic

Ib

IabIbc

Va

Vb

Vc

+

+

Figure P5.6 An open delta load supplied by a balanced Y-connected source of

Problem 5.6.
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P5.9 Consider the power system shown in Figure 5.28, the sequence diagrams of

which are shown in Figure 5.29. The system parameters are:

Generator G1: 200 MVA, 20 kV, X = 20 % , X0 = 10%

Generator G2: 300 MVA, 18 kV, X = 20 % , X0 = 10%

Generator G3: 300 MVA, 20 kV, X = 25 % , X0 = 15%

Transformer T1: 300MVA, 220Y/22Δ kV, X = 10%

Transformer T2: Three single-phase units each rated 100MVA, 130/25 kV,

X = 10%

Transformer T3: 300MVA, 220Y/22Y kV, X = 10%

Line B-C: X1 = X2 = 75Ω, X0 = 100Ω

Line C-D: X1 = X2 = 75Ω, X0 = 100Ω

Line C-F: X1 = X2 = 50Ω, X0 = 75Ω

Neglecting the phase shifts of Y/Δ-connected transformers, and assum-

ing that the system is unloaded, find the fault current for a 1LG fault at Bus-

C. Choose the circuit of Generator G3 as the base.

P5.10 The reactances of a generator rated 500MVA and 20 kV are X1= X2= 20%

and X0 = 5%. The generator is connected to a transformer rated 500MVA,

20Δ/400Y kV with the leakage reactance of 10%. The neutral point of the

transformer is solidly grounded. The terminal voltage of the transformer is

20 kV when a double-line-to-ground fault occurs on the high-tension side

of the transformer. Neglecting the phase shift, find the fault current in all

the three phases.

P5.11 Two generators G1 and G2 are connected respectively through transfor-

mers T1 and T2 to a high-voltage bus as shown in Figure P5.11. A fault

occurs at point F shown in the figure. The pre-fault voltage at point F

is 515 kV. The specifications of the various apparatus are

G1 1,000 MVA, 20 kV, Xd = X1 = X2 = 10 , X0 = 5

G2 800MVA, 22 kV, Xd = X1 = X2 = 15 , X0 = 8

G1

F

G2

T1

T2

Figure P5.11 Two generators connected to a high-voltage bus of Problem 5.11.
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T1 1,000 MVA, 500Y 20Δ kV, X = 17 5

T2 800MVA, 500Y 22Y kV, X = 16

Line X1 = X2 = 15 , X0 = 40 on a base of 1, 500 MVA, 500 kV

Neglecting the pre-fault current and the transformer phase shift, find

the subtransient current for a (a) 1LG fault and (b) LL fault at point F.

Choose a base of 1,000 MVA, 500 kV in the circuit of the transmission line.

P5.12 The single-line diagram of a power system is shown in Figure P5.12. The

per unit system parameters that are represented on a common base are

Generators:

G1: X1 = X2 = 0.18 and X0 = 0.07

G2: X1 = X2 = 0.2 and X0 = 0.1

G3: X1 = X2 = 0.2539, X0 = 0.08464 and Xn = 0.08464

G4: X1 = X2 = 0.3386 and X0 = 0.1129

Transformers:

T1: X = 0.1

T2: X = 0.1

T3: X = 0.24

T4: X = 0.1467

Transmission lines:

Line joining buses 1 and 2: X1 = X2 = 0.0854 and X0 = 0.2563

Line joining buses 1 and 3: X1 = X2 = 0.0683 and X0 = 0.1709

Line joining buses 2 and 3: X1 = X2 = 0.0683 and X0 = 0.1709

G1

T1 T31

2

3

G2

G3

G4

T2

T4

Figure P5.12 Three-bus, four-generator power system of Problem 5.12.
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Draw the positive-, negative-, and zero-sequence impedance diagrams

of the system. Neglecting the phase shifts of Y–Δ transformers, find the

fault currents using the sequence networks for bolted 2LG fault Bus-3.

P5.13 Repeat Problem 5.13 using Thevenin impedance.

P5.14 Consider the single-line diagram of a power system shown in

Figure P5.14, where all quantities are defined on a common per unit base.

The system parameters are as follows:

G1 X1 = X2 = 0 2, X0 = 0 05

G2 X1 = X2 = 0 2, X0 = 0 05

T1 X = 0 05

T2 X = 0 05

TL12 X1 = X2 = 0 1, X0 = 0 3

TL13 X1 = X2 = 0 1, X0 = 0 3

TL23 X1 = X2 = 0 1, X0 = 0 3

(a) Draw the positive-, negative-, and zero-sequence impedance diagram

for the circuit.

(b) Find the driving point impedances of positive, negative, and zero

sequences at Bus-3 for the three networks drawn in Part-(a).

(c) Find the three-phase voltage and current for a

A) balanced fault at Bus-3,

B) 1LG fault at Bus-3,

C) LL fault at Bus-3, and

D) 2LG fault at Bus-3.

The fault impedance is assumed to be zero, that is, Zf = 0. The genera-

tors are assumed to be unloaded with the voltage at the fault point being

1 ∠ 0 .

G1

T1 T2
1 2

3

G2

TL13

TL12

TL23

Figure P5.14 Three-bus power system of Problem 5.14.
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6

Power System Protection

A power system, containing a vast spread-out area, is left to the vagaries of Mother

Nature. There can be thunderstorms, cyclones, snowstorms, or many such natural

occurrences that may result in the uprooting of transmission or distribution lines

causing interruption in power transfer and delivery. During a thunderstorm, a

branch of a tree can cause a short circuit between two lines. As we have seen ear-

lier, the magnitude of a short-circuit current is several times the normal operating

current. Therefore, the power apparatus (such as generators and transformers)

must be protected from such a large current.

Furthermore, electrical systems can fail due to causes such as short circuits and

overheating. The aim of the protection system is to protect the remaining equip-

ment, consumers, and as well as, life, and property. Consider, for example, a

household toaster. Due to its continuous use, a fault can develop, and it may cause

a short circuit in its coils. The protection system should prevent the flow of con-

tinuous fault currents that may lead to fires. At the same time, the supply of power

should not be disrupted to the entire street or even the entire house due to this

fault. Some of the main reasons for protection are listed below.

•
To prevent voltage dips for customers (quality of supply).

•
To minimize loss of revenue for the supply industry and customers.

•
To prevent and/or minimize plant damage.

•
To maintain system stability (for transmission networks).

•
To maintain public and personnel safety.

•
To ensure discrimination and maximize reliability.
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A protection circuit usually has three components:

•
Protective devices such as circuit breakers and fuses.

•
Instrument transformers as current transformers (CTs) or potential transfor-

mers (PTs), produce reduced magnitude currents or voltages for protective

relays.

•
Protective relays take inputs from instrument transformers and send trip signals

to circuit breakers.

In this chapter, we shall discuss all the three aspects of protection. Furthermore,

how protective relays can be coordinated will also be discussed.

One of the major challenges that currently the power industry is facing is the

integration of power converter-interfaced renewable energy sources in the power

distribution systems. These can be distributed throughout a system. Overcurrent

relay coordination assumes unidirectional power flow from the substation down a

feeder toward loads. However, with the connections of renewable energy sources

anywhere in a feeder, the unidirectional nature of power flow is not valid anymore.

Therefore, directional relays may not be effective. The other problem is that the

maximum current that power converters can supply is limited, and thus, they

may not be able to supply high-level fault currents, unlike synchronous generators.

Consequently, the relay coordination becomes more challenging in the presence

of distributed renewable generators (DRGs). This will also be discussed in this

chapter.

Finally, modern substations are equipped with microprocessor-based digital

relays. Again, all the relays need not be supplied by the same vendor. Therefore,

it is imperative that a substation automation process be established such that all

the relays can work effectively and collectively to protect the power system. IEC

81850 is a substation automation protocol that will be discussed briefly at the

end of the chapter.

6.1 Protective Elements

Usually, there are two types of protecting elements – fuses and circuit breakers.

These are briefly discussed in this section.

6.1.1 Fuses

This is the simplest form of protection. If the current through a small section of a

thin conductor exceeds a rating, the metal will melt, and an open circuit will be

created. There is a limited amount of heat that can be conducted from the narrow
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section of metal and if the dissipation is too high, the temperature will run away

leading tomelting. For low-voltage applications, fuses are (or used to be) very com-

mon. In its primitive form, fuses are wires that are placed in porcelain holders,

which are placed in series between two segments of a line. The wires connect

two conductors that are embedded in the porcelain holders and are easy to replace.

The fuse functions by melting excess current. A wire can glow red hot at 5 A, but

blow after two minutes on 5.5 A. Since it is rather difficult to get the calibration

accurately, this form of protection cannot be precise.

The specifications of a fuse are normally based on the following four factors:

•
Voltage Rating: A blown fuse should be able to withstand its voltage rating. This

rating determines the ability of a fuse to suppress the internal arc that occurs

after the fuse melts.

•
Continuous Current Rating: This is the rating of the current that the fuse can

carry without melting.

•
Interrupting Current Rating: This is the largest current that the fuse can safely

interrupt.

•
Time Response: The melting and clearing time of a fuse depends on the magni-

tude of the overcurrent or fault current and is usually specified by a time–current

curve. The curve has time along the y-axis and current along the x-axis, some-

what like an exponential curve.

The low cost and simplicity of operation are the benefits of the fuse. The limita-

tions are that the precise current of melting will vary making it difficult to give a

precise protection level. Another limitation is that the process of restoration of

the circuit cannot be achieved remotely. There is also an additional time delay

associated with the changing of the fuse element itself. These limitations have

resulted in replacing them in most household circuits, which are now protected

by miniature circuit breakers. However, the individual items of equipment are

still protected by fuses.

The expulsion-type fuse is a protection method for medium-voltage levels

that has lower costs than circuit breakers. They are typically mounted at the

top of the pole in 11–33 kV systems. It consists of a straight tube that is open

at both ends. The tube is usually made of fiber and the fuse is placed inside the

tube. This fuse vents exhaust gases during the interruption process, which is

usually boric acid. During a fault, arc heat decomposes the boric acid into water

vapor, which deionizes the arc path preventing the arc reignition. Once the fuse

blows, the fuse chamber, which is attached to the line, drops down and hangs

from the line. This helps the workers to identify the failure point easily. Expul-

sion fuses release gases during fault interruptions and, thus, are not suitable

for indoor use. Different aspects of fuses and their operating characteristics

are discussed in [1, 2].
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6.1.2 Circuit Breakers

The circuit breakers are the main protection element of a power system. These

items need to open when a fault current flows through the circuit. A typical circuit

breaker operating time is shown in Figure 6.1. Once a fault occurs, the protective

devices get activated. A certain amount of time elapses before the protective relays

can determine that there is an overcurrent in the circuit and initiate the trip com-

mand. This is called the detection time. The contacts of the circuit breakers are held

together by the spring mechanism, and, with the trip command, the spring mech-

anism releases the contacts. When two current-carrying contacts separate from

each other, a voltage instantly appears at the contacts and a large voltage gradient

appears in the medium between the two contacts. This voltage gradient ionizes the

medium thereby maintaining the flow of current. This current generates extreme

heat and light, which is called the electric arc. Different mechanisms are used for

elongating the arc such that it can be cooled and extinguished. Therefore, the cir-

cuit breaker must withstand fault current from the instant of initiation of the fault

to the time the arc extinguishes.

Note that the contacts need to open quickly such that the arc that is created is

elongated and cooled. The arc will extinguish at the current zero but if the arc

remains hot enough or the contacts remain too close when the voltage begins

to rise again, there will still be enough ionized gases for the reignition of the

arc. A circuit breaker design must consider the following aspects:

•
It must elongate the arc paths.

•
It must limit the amount of ionized material and cool it rapidly.

•
It must ensure that the contacts are sufficiently opened such that the arc will not

reestablish.

Occurrence
of Fault

Initiation of Trip
Command 

Contact Parting Arc Extinction

Detection
Time

Interrupting Time

Time

Figure 6.1 Typical circuit breaker operating cycle.
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Once a circuit breaker moves the contacts apart, arcs will inevitably be formed.

These arcs must be kept sufficiently cool to be able to extinguish them at the next

current zero. Some of the prominent circuit breakers used are:

•
Air blast circuit breakers that produce a blast of air to lengthen the arcs, thus

cooling them.

•
Magnetic expulsion circuit breakers that use the fault current to force the arcs

into a path with insulating elements to cool them.

•
Similar arc lengthening is used inside sulfur hexafluoride (SF6) breakers. SF6

provides good insulating and thermal conduction properties and can be used

in magnetic lengthening of the arc.

•
Vacuum circuit breakers are commonly used for low-voltage circuits between

11 kV and 33 kV. Once the contacts part, due to the lack of medium to sustain

the arc, the arc particles condense on the contact surfaces. This creates a gap

between the contacts, and the arc can be extinguished in the next zero crossing

of the current.

Two factors are of utmost importance for the selection of circuit breakers.

These are:

•
The maximum instantaneous current that a breaker must withstand.

•
The current when the breaker contacts part.

As we have shown in Chapter 5, the instantaneous current following a fault will

also contain the DC component. In a high-power circuit breaker selection, the sub-

transient current is multiplied by a factor of 1.6 to determine the RSM value of the

current the circuit breaker must withstand. This current is called the momentary

current. The interrupting current of a circuit breaker is lower than the momentary

current and will depend on the speed of the circuit breaker. The interrupting cur-

rent may be asymmetrical because some DC components may still remain and

continue to decay.

Breakers are usually classified by their nominal voltage, continuous current rat-

ing, rated maximum voltage, K-factor which is the voltage range factor, rated short

circuit current at maximum voltage, and operating time. TheK-factor is the ratio of

the rated maximum voltage to the lower limit of the range of the operating voltage.

The maximum symmetrical interrupting current of a circuit breaker is given by K

times the rated short circuit current.

Reclosers or auto-reclosers are used mainly on power distribution systems. Many

of the faults that occur in distribution systems are self-clearing types. For example,

high wind can cause the wires of two phases to clash momentarily or can cause a

tree branch to clash with the wires. These are not permanent faults but can cause

momentary disruptions in the power supply. A recloser automatically tests to
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determinewhether the fault has been cleared. If the problem is only temporary, then

the recloser automatically resets itself and restores the electric power. Usually, a

recloser has an on–off duty cycle. When it recloses for the first time, if the fault per-

sists, it will open the circuit again. After a certain interval, it will reclose the breaker.

If the fault persists further, then it will open and will remain open as this might be a

permanent type of fault that will require human intervention.

A radial circuit can have upstream reclosers, closer to the substation. The down-

stream loads can then be protected by fuses. Consider, for example, the system

shown in Figure 6.2, where the recloser is indicated by R. For temporary faults,

the recloser is set for one ormore operations, by which it will try to clear temporary

faults. Suppose a fault occurs between the recloser and bus-1. The recloser will try

to clear the fault. If it persists, then after a few tries, it will lock out the circuit by

opening permanently, and manual intervention will be required. If, on the other

hand, the fault is downstream from say bus-1, the fuse connected to it will melt

isolating the line connected to bus-1 from the rest of the network and the recloser

can restore power. However, the fuse types and their operating time should be cho-

sen carefully such that they can coordinate well with the recloser.

6.2 Instrument Transformers

In the previous section, we discussed fuses and circuit breakers. These components

break a faulted circuit. However, a circuit breaker, is not capable of determining

whether a fault has occurred. We need additional components to detect a fault and

trip a circuit breaker to isolate the fault. These are usually called protective relays.

However, the relays cannot withstand high voltage or current. Instrument trans-

formers are used to reduce voltage and current levels significantly such that they

can be safely given as input to the relays. The instrument transformers offer a two-

fold advantage:

a) to obtain input levels for relays and associated hardware containing electronic

components and

b) to protect maintenance personnel from high-voltage and current risks.

1

R

2 3

Fuse

Figure 6.2 A circuit containing recloser

and fuses.
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In principle, these transformers are no different

from ordinary transformers. However, their usage

is highly specialized. For example, their power

requirement is fairly low as they are used for driving

relays.

6.2.1 Current Transformer (CT)

The schematic diagram of a current transformer (CT) is shown in Figure 6.3. The

primary winding consists of a single turn (shown by the straight-line joining a and

b). The single turn is obtained by threading the primary conductor through one or

more toroidal steel cores. The secondary winding (terminals marked a and b ) are

multiple turn windings wound on toroidal cores. The dots placed on the primary

and secondary sides have the same connotation as a conventional transformer.

CTs are available in various ranges and sizes. Usually, the secondary winding

of a CT is rated 5 A in most countries. However, during short circuits, it is capable

of withstanding 20 times that value.

As mentioned above, the most common CT secondary full-load current is

5 A, which matches the standard 5 A full-scale current rating of switchboard

indicating devices, power metering equipment, and protective relays. However,

CTs with a 1 A full-load value and matching instruments with a 1 A full-range

value are also available. Many new protective relays are programmable for

either value. CT ratios are expressed as a ratio of the rated primary current

to the rated secondary current. For example, a 300 : 5 CT will produce 5 A of

secondary current when 300 A flows through the primary. As the primary cur-

rent changes, the secondary current will vary accordingly. With 150 A through

the 300 A rated primary, the secondary current will be 2.5 A. When the rated

primary current is exceeded, which is usually the case when a fault occurs in

the system, the amount of secondary current will increase. However, depend-

ing on the magnetic saturation in the CT, the output may not be exactly

proportional.

Loads on instrument transformers are usually referred to as burdens. Ideally,

the CT current-sensing device connected to the secondary-side should have

a miniscule impedance such that the total current flows through to the

sensing device. In practice, however, the secondary current is divided into

two paths – a low impedance path for the sensing device and a high impedance

path for the CT shunt excitation impedance. A CT can have a ratio error which

can either be calculated or determined by tests. The error can be quite high if

the impedance burden is large. The error, however, can be kept at an accept-

able level with the proper selection of CT. The CT performance analysis is

discussed in [3].

ba

b′a′

Figure 6.3 Schematic

diagram of a CT.

6.2 Instrument Transformers 229



6.2.2 Potential Transformer (PT)

A potential transformer (PT) is also referred to as

a voltage transformer (VT) in the electric power

industry. Two types of PTs are commonly used.

For low-voltage applications, standard transfor-

mers are used, which typically use 115 V (L-L)

for the secondary side (in the Australian

power industry, the standard secondary rating

is 110 V, L-L). For high-voltage applications, a

PT is used in a potential divider circuit as shown

in Figure 6.4. In this, the values of C1 and C2 are

so adjusted that a voltage of few kV is obtained across C2when terminal A is at the

system potential. This voltage is then further reduced by the PT.

Consider the circuit of Figure 6.4. The open circuit voltage across C2 is given by

VB =
VA 1 jω C2

1 jω C1 + 1 jω C2
= VA

C1

C1 + C2
6 1

The short circuit current is

Isc =
VA

1 jω C1
= jω C1VA 6 2

Therefore, the Thevenin impedance calculated from (6.1) and (6.2) is

ZTH =
VB

Isc
=

1

jω C1 + C2
6 3

Let the leakage impedance of the PT be L. Let the values of C1 and C2 be chosen

such that

−

1

jω C1 + C2
= jω L L =

1

ω2 C1 + C2
6 4

This selection creates a series resonance circuit such that the output of the PT

is in phase with the line voltage, and there is no phase angle error between the

input voltage and the output voltage.

6.3 Protective Relays

There are a large number of protective relays that are available. Their use is

usually application dependent. In this section, different types of relays and their

characteristics will be discussed.

L

A

C2

C1

VB

Figure 6.4 High-voltage PT
connection.
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6.3.1 Overcurrent Relay

This relay responds when the magnitude of its input current exceeds a certain

threshold to trip the faulted circuit. The threshold is adjustable. To discuss the

relay, we assume that the fault current is referred to the secondary side of the

CT and it is denoted by If. The current threshold level at which a fault is detected

is called the pickup current Ip. The relay characteristic is given by

If I f > Ip then trip

elseif I f < Ip then block
6 5

here trip indicates that the relay issues a command to a circuit breaker to trip,

while block means that the relay does not take any action, i.e., do not send a trip

command to a circuit breaker.

Traditionally, overcurrent relays are constructed using the magnetic induc-

tion principle. However, these days they are constructed using microprocessors.

The typical schematic diagram of a traditional overcurrent relay is shown in

Figure 6.5. This contains a magnetic core and an aluminum disk. An AC signal,

when applied to the coil, will produce a magnetic field that is perpendicular

to the conducting aluminum disk. These two will then interact to produce a

torque on the disk. The rotation of the disk is restricted by a spiral spring by

pulling the movable contact a apart from the fixed contact b. When the input

current exceeds the pickup current, the spring is released and the movable con-

tact must travel over an angle θ to meet the fixed contact b. The greater the coil

current, the greater is the torque resulting in rapid disk rotation. The operating

time of the relay is inversely proportional to the level of the fault current.

Therefore, this relay is also referred to as an inverse definite minimum time

(IDMT) relay.

If

b

a

θ

(b)(a)

Disk

Spring

Figure 6.5 (a) Side view and (b) top view of an induction-type overcurrent relay.
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The operating characteristics of the relay are defined in terms of the following

two quantities:

•
Current tap setting (CTS): The pickup current in A.

•
Time dial setting (TDS): The adjustable time delay amount in s.

The pickup time of an overcurrent relay can be defined as [4]

tp =
A

Mp
− 1

+ B × TDS 6 6

where tp is the pickup or operating time; M is the ratio of |If|/|Ip|; and A, B, and p

are constants.

The constants vary slightly for induction relays but are constant for microproc-

essor-based relays.

The values of the constants A, B, and p vary with the nature of the relay curve.

Usually, three types of curves are available – moderate inverse, very inverse, and

extreme inverse. The values for different inverse types are listed in Table 6.1. The

overcurrent relay characteristics are shown in Figure 6.6 for moderate inverse.

Along the x-axis, the ratioM= |If|/|Ip| is plotted, while the operating time tp is plot-

ted along the y-axis. The curves shown are for various values of TDS. These curves

allow different time delay adjustments relay coordination. For example, let us

assume that the fault current If is 2 A. Then if we choose CTS (Ip) of 1 A, then

M will be 2. Then for a TDS of 0.5, the operating time will be 1.9 s, while for a

TDS of 2, it will be 7.6 s. To reduce the operating time, we can increase the value

of M by reducing the pickup current.

6.3.2 Directional Relay

When the system becomes complex or non-radial, time delay coordination of over-

current relays may become too complicated and impossible to achieve. Consider

Table 6.1 Parameters of inverse-time overcurrent relays.

Characteristic A B p

Moderate inverse 0.0515 0.1140 0.02

Very inverse 19.61 0.491 2.0

Extreme inverse 28.2 0.1217 2.0

Source: EEE Standard, Inverse-time characteristic equation for overcurrent relays, IEEE Standard,

C37, 112, 1996 [4].
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themesh system shown in Figure 6.7 (a). Assume that all the breakers are operated

through overcurrent relays. Let us assume that there is a fault at point X. We would

like the circuit breakers B13 and B31 to clear the fault such that no bus gets affected.

The overcurrent relays associated breakers B13, B31, B23, and B32will sense the fault

current. However, the problem lies in the coordination between breakers B31 and

B32. If breaker B31 is faster than B32, then breakers B13 and B31 will isolate the fault

and only line segment 1-3 will be isolated, as desired. However, if B32 is faster than

B31, it will trip first. Breaker B31 may or may not trip under this condition. Assum-

ing that the breaker B31 has tripped, the power supply to bus-3 will be lost. To avoid

this problem, let us choose B32 to operate slower than B31. However, unfortunately
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Figure 6.6 Inverse time overcurrent relay characteristics.
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Figure 6.7 A typical mesh system with (a) fault in point X and (b) fault in point Y.
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this will cause B31 to operate before B32 for a fault at point Y, as shown in Figure 6.7

(b). It is therefore impossible to coordinate overcurrent relays in such a system

without losing a bus.

The directional relay uses the principle that a transmission line is mostly reac-

tive. Thus, a fault at point X (Figure 6.7 a) will result in a fault current flowing from

bus-3 to bus-1 that will lag the voltage at bus-3 by nearly 90 . On the other hand,

the current will lead the bus-3 voltage by almost 90 for a fault at point Y

(Figure 6.7 b). In this way, the breakers of the circuit of Figure 6.7 can be coordi-

nated using the directional feature. The tripping and blocking zones of a direc-

tional relay (also called a reactive relay) are shown in Figure 6.8.

To illustrate the functioning of the directional relay, consider the radial system

shown in Figure 6.9 in which the directions of the voltage VT and current I are as

shown. The directional relay is a 2-input relay as shown in the figure. Let us now

define the voltage VT to the reference voltage, that is, VT = |VT|∠ 0 . Then noting

that the line is mostly inductive, the current I is given by

I =
V 0

R + jX
=

V

R2 + X2
− tan− 1 X

R = I −φ 6 7

V

Block

Imaginary

Real

Trip

I

Figure 6.8 Trip and block regions of
directional relays.

I

VT

P2P1

Directional 
Relay

Figure 6.9 Schematic diagram of a

directional relay.
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where R and X are line resistance and inductance, respectively. It can be seen from

the above equation that ϕ = tan−1(X/R). When R = 0, this angle will be 90 . For a

finite X/R ratio, this angle will be around 90 provided that the direction of the

current is as shown in Figure 6.9. Therefore, for a fault in point P2, the current will

lag the voltage. However, for a fault at point P1, the direction of the current will be

reversed, and hence, the current will lead the voltage by around 90 . Thus, from

(6.7) and Figure 6.8, we can conclude that this relay will block a fault at point P1
(upstream from the relay), while it will trip for a fault at point P2.

6.3.3 Distance Protection

Suppose both CT and PT are located on the bus under protection, similar to that

shown in Figure 6.9. Also, let us define the voltage across PT as VT and the current

through CT as I. Then the impedance seen at this point is given by

Z =
VT

I

Noting that during a fault, the voltage dips and the current increases, we can

write the following relay operating relationship:

If Z < Zr then trip

elseif Z > Zr then block
6 8

This implies that if Z becomes less than Zr, then send a trip signal. Otherwise,

keep the relay blocked. Noting that Z = R+ jX, we find that the relay operating

region is a circle as shown in Figure 6.10. Under normal operating conditions Z

will have a very large magnitude and an arbitrary phase angle and will be outside

the circle |Zr|. Once the fault occurs resulting in an increase of current and

decrease of voltage, the impedance will move

inside the circle |Zr| and the relay will trip. How-

ever, unfortunately this relay does not have a

direction component associated with it.

A simple modification to the impedance relay

characteristics is often very useful as this enables

us to add a directional component to the relay.

The circle |Zr|, without being centered at the ori-

gin, can be offset by an amount Z producing the

characteristics of an offset impedance relay as

shown in Figure 6.11. This relay trip and block

relations can then be given as

X

R

Trip

Block

|Zr|

Figure 6.10 Schematic diagram
of an impedance relay.
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If Z−Z < Zr then trip

elseif Z−Z > Zr then block
6 9

The factor Z introduces a direction compo-

nent to this relay. For example, if the zonal pro-

tection chosen is such that an impedance lies in

the third quadrant, the relay will block the fault.

This was not possible by a pure impedance

relay. We shall discuss the use of this relay in

Section 6.5 for zonal protection.

6.3.4 Differential Protection

The operation of a differential relay is based on

vector differences of two or more similar quanti-

ties. The most common application is a differential relay that considers the current

entering into and leaving from a protected element as shown in Figure 6.12. If the

difference exceeds the pickup value, the relay trips. Consider the differential pro-

tection scheme shown in Figure 6.12. Under normal operating conditions, the dif-

ference in current will be zero, that is,

I1 − I2 = 0 6 10

However, for a fault inside the protected region (see Figure 6.12), the current

difference will be

I1 − I2 = I f 6 11

X

R

Trip

Block

Z′

|Zr|

Figure 6.11 Characteristics of a
modified impedance or
mho relay.

Protected 
Equipment

I1

P2

I2

I1 – I2

Block
Trip

Block

Figure 6.12 Schematic diagram of differential protection.
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Note that (6.10) and (6.11) may not be exactly true in practice due to errors

in measurements. We can therefore choose a small relay pickup current Ip such

that the relay operating characteristic is given by

If I1 − I2 < Ip then block

elseif I1 − I2 > Ip then trip
6 12

Often difficulties are encountered due to CT errors which increase with the

increase in currents. To alleviate this problem, percentage differential relays are

used. In such relays, a fixed pickup current is not chosen. Instead, the pickup

current is chosen as an average value of I1 and I2. The operating characteristic

of this relay is

If I1 − I2 < K
1

2
I1 − I2 then block

elseif I1 − I2 > K
1

2
I1 − I2 then trip

6 13

where K is a positive constant.

6.3.5 Transformer Protection

Consider the single-phase transformer that is protected by a differential relay as

shown in Figure 6.13. Let us denote the turns ratio of CT1 as 1 : n1 and that of

CT2 as 1 : n2. We then have

I1 =
I1

n1
and I2 =

I2

n2
6 14

I1 I2

I1′ I2′

I′

N1 : N2

CT1 CT2

Figure 6.13 Differential protection of a single-phase transformer.
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Using Kirchoff’s current law (KCL), the current through the relay is given by

I = I1 − I2 =
I1

n1
−

I2

n2
6 15

Assuming that the transformer is ideal and there is no internal fault, its

primary and secondary currents are related by

I1N1 = I2N2 I2 =
I1N1

N2
6 16

Combining (6.15) and (6.16), we get

I =
I1

n1
1−

N1 N2

n2 n1

6 17

To prevent, the differential relay from tripping for external fault, we must

choose the relay current I to be zero, that is,

N1 N2

n2 n1

= 1
n2

n1
=

N1

N2
6 18

If there is a fault internal to the transformer, the relay current I is nonzero and

the relay will trip.

Example 6.1 Consider a 10MVA, 80 kV/20 kV single-phase transformer that

will be differentially protected. We must choose a CT ratio assuming that it is

to be protected by a differential relay.

The transformers primary rated current is

I1rated =
10 × 106

80 × 103
= 125 A

We therefore choose a 150 : 5 A CT1 that will give the rated current for unfaulted

condition as

I1rated = 125 ×
5

150
= 4 17 A

In a similar way, the secondary rated current I2rated is

I2rated =
10 × 106

20 × 103
= 500 A

238 6 Power System Protection



We therefore choose a 600 : 5 A CT2 that will give the rated current for

unfaulted condition as

I2rated = 500 ×
5

600
= 4 17 A

We can therefore see that I will be zero for unfaulted conditions.

One of the problems of using differential protection for transformers is a mis-

match of the relay currents may occur when standard CT ratios are used. For

example, if the voltage of the primary side in Example 6.1 was 90 kV instead of

80 kV, the rated current would have been I1rated = 111.11 A. Choosing a 150 : 5

A CT would have given I1rated = 3 7 A. There will be a mismatch of about

12.7% if the secondary voltage is 20 KV and a 600 : 5 A CT is chosen. One way

of avoiding this problem is to use auxiliary CTs which provide a wide-ranging

turns ratio. However, unfortunately the auxiliary CTs add their own burden to

the main CTs and also increase transformation errors. A better solution to the

problem is to use a tap setting on the relays themselves.

It is to be noted that in modern numeric differential relays, the transformer

configuration and CT ratios can be corrected within the relays. Additionally,

it should be noted that oil-filled power transformers are also protected by

the Buchholz relay (also known as gas or sudden pressure relay). This relay

is used as a protective device sensitive to the effects of dielectric failure inside

the equipment. This safety device is mounted on oil-filled power transformers,

and equipped with an external overhead oil reservoir called a conservator. Due

to a slight overload, gas can accumulate slowly due to the decomposition of the

insulating oil. The gas accumulates at the top of the relay and forces the oil

level down. A float-operated switch in the relay is used to initiate an alarm sig-

nal. This same switch will also operate at low oil levels, such as a slow oil leak.

This relay was first developed by Max Buchholz in 1921.

A three-phase transformer protection scheme is shown in Figure 6.14. It is

assumed that the transformer is Y-Δ connected. Then the CTs in the

Y-connected side are connected in Δ, while those in the Δ-connected side are

connected in Y.

6.3.6 Pilot Relays

A pilot relay is a form of differential relay that compares the quantities at its

terminals using some form of communication channel. In general, generators

or transformers do not need pilot protection. However, differential protection of
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transmission lines indeed requires pilot wires as the two ends are very far apart.

The following differential protections are available for transmission lines:

•
Pilot Wires: These are separate electrical circuits operating at DC, 50 or 60 Hz, or

audio frequencies.

•
Power-Line Carrier: The transmission line itself is used as a communication

circuit. In this, the signals can be transmitted at a frequency between 30 and

300 Hz.

•
Microwave: A 2–12 GHz signal is transmitted by the line-of-sight paths between

the terminals using dish antennas.

•
Fiber Optic Cables: A point-to-point communication can be made by using very

high-speed fiber optic cables. This is the safest and most reliable form of pilot

communication.

a

b

Ia′

c

Ia

Ib

Ic

IA

IB

A

B

C

I′ab = I′a – I′b

IA′

IB′

IC′

IC

I′bc = I′b – I′c

I′ca = I′c – I′aIc′

Ib′

Figure 6.14 Differential protection of a three-phase Y-Δ connected transformer.

240 6 Power System Protection



6.4 Overcurrent Relay Coordination

The relays discussed in the previous section are responsible for removing a fault as

soon as possible. The relay that is mainly responsible for clearing a particular fault

is called the primary protection. However, it is possible that one of the subsystems

of the primary protection may fail in times of contingency. In this case, backup

protection is provided to save the system from catastrophic failure. It is to be noted

that the backup protection is not necessarily a duplicate of the primary protection.

A duplication of the primary not only adds to the cost but it may also not always be

helpful because some of the components such as CTs, PTs, or circuit breakers are

common with the primary. Thus, the duplicated primary may also fail when the

primary fails. Therefore, it is desirable that the backup protection is remote from

the primary protection such that the failure of the components of the primary pro-

tection does not affect it. In this section, we shall discuss the coordination of over-

current relays in a radial system to provide primary and backup protection. We

shall illustrate this with the help of the following example.

Example 6.2 Consider the radial system shown in Figure 6.15. The system con-

tains five buses that are supplied from a substation through a 110/22 kV trans-

former. The system is protected by four circuit breakers B1 to B4 and the

corresponding relays are denoted as R1 to R4, respectively. The system frequency

is 50 Hz, and all the quantities are referred to the low-tension (22 kV) side of the

transformer. The parameters are:

Transformer Z = j0 5Ω and Zn = j0 025Ω

Feeders Z12 = Z34 = j2 42Ω,Z23 = j1 21Ω,Z45 = j2 9Ω

It is assumed that the feeders have no mutual couplings. Then the positive and

zero-sequence impedances from the substation to bus-5 are

Z1 = Z2 = j0 5 + 2 × j2 42 + j1 21 + j2 99 = j7 51Ω

Z0 = Z1 + 3 × j0 05 = j7 585Ω

B4B2

1

B1 B3

2 3 4 5

Z45Z34Z23Z12

Zn

Substation

Figure 6.15 Radial system for coordination of overcurrent relays of Example 6.2.

6.4 Overcurrent Relay Coordination 241



For a symmetrical fault at bus-5, the fault current is

I f 3− ph =
22 × 103

3 × Z1

= − j1,691 3 A

For a LL fault at bus-5, the fault current is

I fabcLL = P− 1

0

I f 3− ph

− I f 3− ph

=

0

− 1,464 7

1,464 7

A

We can also find that the magnitude of the fault current for 1LG and 2LG faults

are 1,685.7 A and 1,688.5 A, respectively. Therefore, the maximum fault current

occurs for a three-phase fault and the minimum fault current is obtained for an

LL fault. The maximum and minimum fault currents for faults at different buses

are listed in Table 6.2. For the relay coordination, the extreme inverse curve para-

meters of Table 6.1 will be used in a digital protection scheme.

Now consider the system of Figure 6.15. If for a fault at bus-5, all the circuit

breakers trip, then the power supplied to all the buses is lost. Ideally, only breaker

B4 should trip. Similarly, for a fault at bus-4, only breaker B3 will trip such that the

power supplied to the upstream buses is not interrupted. For the coordination of

overcurrent relays, first, the relay that is furthest from the substation bus is con-

sidered, that is, relay R4. This will protect the system from a fault in bus-5. In the

event of relay R4 or the corresponding circuit breaker B4 failing to clear the fault,

the backup is provided by R3 and B3. In a similar fashion, all the other relays are

coordinated.

Setting for Relay R4: This relay must operate for the minimum fault current at

bus-5, that is, 1,464.7 A. However, from the reliability point of view, the relay

pickup current is set as one-third of this value, that is,

IP =
1,464 7

3
= 488 23 A

Let us choose a CT ratio of 500 : 5. Then, the pickup current at the secondary of

the CT is

IP = IP ×
5

500
= 4 88 A

Table 6.2 Minimum and maximum fault currents for faults at different buses.

Fault at bus-1 1 2 3 4 5

Maximum fault current (A) 25,403 4,379.9 3,090.4 2,755.3 1,691.3

Minimum fault current (A) 22,000 3,793.1 2,676.4 2,386.1 1,464.7
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For simplicity, the pickup current (IP) is chosen as 5 A. Also, the TDS is chosen as

0.2. It is to be noted that the TDS is restricted to a minimum of ½ for electrome-

chanical relays. However, for microprocessor-based relays, low values can be

chosen.

Setting for Relay R3: This relay must provide backup for R4, and hence, it must

pick up the minimum current seen by relay R4. We therefore choose the same CT

ratio of 500 : 5 and the pickup current of 5 A. To determine the TDS, we must pro-

vide a minimum discrimination time of 0.3 s. This time is provided such that R3

operates 0.3 s after the highest (not lowest) fault current seen by R4. Therefore,

R3 operates in no less than 0.3 s after every possible fault seen by R4.

It is to be noted that the highest current seen by relay R4 is not 1,691.3 A as given

in Table 6.2. For a fault immediately after B4, R4 will see a fault current that is

equal to the fault current seen by bus-4. Therefore, the highest fault current seen

by R4 is 2,755.3 A (Table 6.2). The current seen by both secondary CTS of relay R3

and R4 for this fault will be

I f = 2,755 3 ×
5

500
= 27 553 A

The ratio M given in (6.6) will then be

M =
I f

IP
=

27 53

5
= 5 51

The TDS for relay R4 is chosen as 0.2. Therefore, for a fault immediately after

bus-4, the tripping time of R4 is calculated using (6.6) as

tp =
28 2

5 512 − 1
+ 0 1217 × 0 2 = 1 082 × 0 2 = 0 2164 s

As has been mentioned earlier, relay R3 must provide a discrimination time of

0.3 s for a failure of R4. Therefore, the operating time of the relay is 0.2164 +

0.3 = 0.5164 s. Since R3 also has an M of 5.51, the TDS is calculated from (6.6) as

TDS =
tp

A

Mp
− 1

+ B

=
0 5164

1 082
= 0 4773≈ 0 5

The operating time is then 1.082 × 0.5 = 0.541 s, maintaining a discrimination

time of 0.3 s.

Setting for Relay R2: This relay must provide a backup for relay R3. The smallest

fault current seen by R2 to provide a backup for R3 is 2,386.1 A (Table 6.2). For a

reliable operation, we choose one-third of this current, that is, 795.37 A. Choosing

a CT ratio of 1,000 : 5, the pickup current is then

Ip = 795 37 ×
5

1,000
= 3 977 A
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Let us choose a CTS (i.e., pickup current) of 4.0 A. We now have to determine

the TDS of R2.

The maximum current seen by R3 is 3,090.4 A. Then, at R3, for a CT ratio of

500 : 5 and a CTS of 5 A, we get an M of

M = 3,090 4 ×
5

500
×

1

5
= 6 181

For the above values of M and a TDS of 0.5, the operating time of relay R3 is

0.4399 s. Thus, relay R2 should add a discrimination time of 0.3 s, that is, the oper-

ating time should be 0.7399 s.

Now relay R2 is a backup for relay R3 and therefore it will see the same fault

current of 3,090.4 A. Then M for this fault is

M = 3,090 4 ×
5

1,000
×

1

4
= 3 863

For this value ofM, we get a TDS of 0.3446 ≈ 0.35. This gives an operating time of

0.7515 s.

Setting for Relay R1: This relay must provide a backup for relay R2. Thus, we

choose the same CT ratio and CTS for this relay as well. The maximum fault cur-

rent seen by R2 is 4,379.9 A. Then, at R2, for a CT ratio of 1,000 : 5 and a CTS of 4 A,

we get an M of

M = 4,379 9 ×
5

1,000
×

1

4
= 5 475

For the above M and a TDS of 0.35, the operating time of relay R2 is 0.3832 s.

Thus, relay R1 should add a discrimination time of 0.3 s, that is, the operating time

should be 0.6832 s.

Now relay R1 is a backup for relay R2 and therefore it will see the same fault

current of 4,379.9 A. Then, for the same M, the TDS is 0.624 ≈ 0.65. This will give

an operating time of 0.7117 s. The calculated relay settings are given in Table 6.3.

The coordination of overcurrent relays has been explained in [5], where the

relays considered are of electrotechnical type. The characteristic curves of these

Table 6.3 Relay settings for the circuit of Example 6.2.

R1 R2 R3 R4

CT ratio 1,000 : 5 1,000 : 5 500 : 5 500 : 5

CTS, A 4 4 5 5

TDS 0.65 0.35 0.5 0.2
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relays are similar to those shown in Figure 6.6. However, an arbitrary choice of

TDS is not feasible with these types of relays. Even though the flexibility of the

choice is possible with microprocessor-based relays, the design principles are

the same with both these types of relays. For example, consider any bus-k. For

the primary protection of the relay connected to this bus, it must guarantee pro-

tection from the minimum current seen for any downstream fault, that is, faults at

buses (k+ 1), (k+ 2), etc. However, the relay connected to bus-(k− 1), which pro-

vides secondary protection to the relay connected to bus-k, must provide a discrim-

ination time (chosen as 0.3 s in the example) for the maximum possible current

seen by the relay at bus-k. This simple principle has been used in Example 6.2.

6.5 Zones of Protection

The philosophy of protective zones is to assign responsibility to all the protective

devices in a power system. The protective zones overlap with each other. All the

circuit breakers are located in overlapping regions such that for a fault anywhere

in the zone, all the circuit breakers open to isolate the fault. Consider the system

shown in Figure 6.16. It has nine breakers and nine zones. It can be seen that all

the zones are overlapping. Also, no part of the system is left unprotected.

For example, if a fault occurs at point P1, which is only in zone-3, the circuit

breakers B3 and B4 will open to isolate the fault. However, if a fault occurs at point

P2, then it falls under the overlapping zones 7 and 8. Thus the circuit breakers B8,

B9, and B10 must open. Therefore, there is no possibility of any of the sources sup-

plying the fault current. Again, if there is a fault at point P3, both B5 and B6 must

B4B2

1

B1

Zone-2

2 3

4

Zone-1

Zone-3

Zone-4

Zone-5

Zone-6

Zone-7

Zone-8

Zone-9

B3 B8

B7

B6

B5

B9 B10 B11P1 P2

P3

Figure 6.16 Typical zones of protection of a four-bus power system.
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open. This is irrespective of the fact that bus-4 may not have a source or active load

and there is no possibility of the fault current being fed through bus-4.

Let us now consider the system shown in Figure 6.17. We have seen in

Section 6.3.2 that it is rather difficult to coordinate an overcurrent relay to protect

such a system. Distance relays will now be used to protect this system. To discuss

this, let us denote the bus voltages as Vi, where i is the bus number. A current will

be denoted by Iik when it flows from the ith to the kth bus. Consider now the relay

that opens the breaker B12. The impedance is then given by Z = V1/I12. During

normal operation, the current is small, and the relay will be blocked as has been

discussed with respect to Figures. 6.10 and 6.11. However, for a fault at point P1,

the current I12will become large, while the voltageV1will become small and hence

the relay will trip. Now consider a fault at point P3. The impedance Z appears

to the relay as negative from the relay to the fault. If the impedance is less than

the pickup value, the relay will send a trip signal to B12. Thus, the impedance relay

does not have a directional feature, and it can trip for a fault to the left or to

the right.

We shall now use amodified impedance relay ormho relay to protect the system.

The reach of a mho relay specifies how far down the line the mho relay protects a

fault. For example, a 70% reach means that the relay will detect any three-phase

P2

1

B13

2

3

4

Zone-1

Zone-3

Zone-2

B42

B32

B24

B21

B31

B23

B12 P1

P3

Figure 6.17 Protection of a loop system using distance protection.
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fault between the relay location and 70% of the line length. This is why such a relay

is also called a distance relay.

It is a common practice to use three mho relays per phase with increasing

reaches and longer time delays, as shown in Figure 6.18. Consider, for example,

Figure 6.18, where the three-zone protection scheme is also depicted for B12.

Zone-1 is set for a reach of 80% and for instantaneous operation in order to

provide primary protection for relay B12. Zone-2 relay is set for 120% reach

and obviously, this extends beyond bus-2. The typical time delay is set for

0.2 or 0.3 s. Zone-2 relay provides backup protection for faults in line 1-2 as well

as remote backup for line 2-3 or 2-4 in zone-2.

Zone-3 relay reach is set for 100% of line 1-2, plus 120% of either line 2-3 or

line 2-4, whichever is longer. The time delay for this relay can be set as high

as 1 s. The mho relay characteristics for the different zones are shown in

Figure 6.18. For a fault in line 2-3 at point P2, it is desirable that relay B23 trips.

The impedance seen by B12 is almost the same for a fault near bus-2 either in

line 1-2 or line 2-3. We have set an 80% reach for the relay B12. Therefore, for a

fault at P2, B23 should trip instantaneously. If it fails to trip, then B12 will trip

after a time delay. In this way, both primary and backup protection can be pro-

vided using mho relays.

Example 6.3 The line data for the system of Figure 6.17 are given in Table 6.4.

Let us assume that the CT and PT ratios of B12 are 1,500 : 5 and 3,000 : 1, respec-

tively. The impedance seen by B12 is

Z =
V 1 L−N

I12

X

R

|Zr1|

|Zr2|

|Zr3|

Figure 6.18 Mho relay
characteristics for the three zones.
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Using the CT and PT ratios mentioned above we have

Z =

V 1 L−N

3,000

1

I12
1,500

5

=
Z

10

Now zone-1 of the B12 relay is set for 80% reach, that is, 80% of line 1-2

(secondary) impedance. Therefore,

Zr1 = 0 80 ×
8 + j50

10
= 0 64 + j4 = 4 05 80 9 Ω

The setting for zone-2 for the B12 relay, with a reach of 120%, is

Zr2 = 1 2 ×
8 + j50

10
= 0 96 + j6 = 6 08 80 9 Ω

It can be seen from Table 6.4 that line 2-4 have a larger impedance than line 2-3.

Therefore, we set B12 for zone-3 as 100% of line 1-2 and 120% of line 2-4, such that

Zr3 = 1 ×
8 + j50

10
+ 1 2 ×

8 + j50

10
= 1 55 + j8 96 = 9 07 80 9 Ω

Suppose now the voltage at bus-1 is 345 kV and the maximum current for an

emergency loading condition. 1,500 A. Then

Z =
Z

10
=

1

10
×

345 × 103 3

1,500 − 18 19
= 13 28 18 19 Ω

Because this impedance exceeds the zone-3 trip setting, the impedance during

the emergency loading condition is outside the trip settings of any of the zones.

Therefore, none of the relays will trip. Moreover, the impedance during a normal

loading condition will be even less and hence it will be further away from the trip

regions.

Table 6.4 Data for the system of Figure 6.17.

Line Positive-sequence impedance (Ω)

1-2 8 + j50

2-3 8 + j50

2-4 5.3 + j33

1-3 4.3 + j27
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6.6 Protection in the Presence of Distributed
Renewable Generators

Consider the radial system of Figure 6.15. When a fault occurs in the network, the

over-current relays respond to isolate the portion of the network resulting in power

interruption to the customers downstream from the fault location. For example, a

fault occurs in the line segment joining buses 3 and 4 is cleared by the opening of

the breaker B3. This means that the power supplied to buses 4 and 5 will be lost till

the fault is cleared. However, when distributed renewable generators (DRGs or

DGs) are connected to different buses, they must be allowed to supply power to

the unfaulted portion of the network such that the smallest portion of the network

is isolated.

The impact of DGs on overcurrent relays has been discussed in [6]. Consider, for

example, the two systems that have a DG connected to distribution feeders, as

shown in Figure 6.19. In the system shown in Figure 6.19 (a), without the DG,

the fault current will flow from the upstream network, that is, If = Is. However,

with the DG, the fault current now will be If = Is+ Idg. This will cause a reduction

in the source current Is that has been used for setting the relay for breaker B1, and,

as a result, it might not operate to isolate the fault. Now consider the system of

Figure 6.19 (b) in which the fault occurs in the feeder where the DG is not con-

nected. However, the DG will supply part of the fault current in response to the

fault in the upstream direction, as shown in the figure. This might trip breaker

B2 and/or interfere with the operation of B1.

The DG in Figure 6.19 has been assumed to supply enough fault current to upset

the relay settings. Indeed, the presence of biodiesel-based synchronous generators

placed downstream from the substation can alter or affect the relay settings. How-

ever, converter-interfaced renewable generators will have their current limits

based on the converter ratings. In general, converters cannot provide fault currents

that are much higher than their rated currents, unlike synchronous generators.

A voltage source converter (VSC) can work as a voltage source or a current source.

DG

B1

(a)

Idg

IfIs

DG

Idg

IfB1

B2

(b)

Figure 6.19 DG connected distribution network: (a) single feeder and (b) double feeders.

6.6 Protection in the Presence of Distributed Renewable Generators 249



In the voltage control mode, the VSC produces a set of balanced voltage at the sys-

tem frequency while supplying real and reactive power to the grid. The VSC will

experience an increase in the output current flow when a fault occurs. There are

the following two options for the VSC.

•
Option-A: The VSC can switch off. However, this may have an impact on the

loads that it is supplying, and they may have to be curtailed as well.

•
Option-B: The VSC switches from voltage control to current control mode where

it supplies a finite amount of balanced current to the grid. However, this may

cause a delay in overcurrent relays to respond. This problem can be avoided

by choosing bigger converter sizes than are required for the power level that

the renewable generator is supplying. This will increase the installation cost

and may result in an increase in converter losses.

6.6.1 Protection Using Directional Overcurrent Relays

An example of protection of a distribution system containing DGs has been pre-

sented in [7]. Consider the system shown in Figure 6.20. It contains four buses

and three DGswith loads connected to each bus (L-1 to L-4). There are three break-

ers protecting the buses (B1 to B3), and another three at the outputs of each DG

(BD1 to BD3), which are used for isolating the DGs from the grid. Each DG can

also have its local load (LL). It has been assumed that the DGs operate in voltage

control mode during normal operations but switch over to current control mode

once a fault is detected. A communication link coordinates the relays. The link

checks for the status of the DGs, that is, if they are online or offline. Accordingly,

the protection in the reverse direction will be coordinated. The advantage of this

scheme is that breakers B1 to B3 can be reclosers.

LLLLLL

L-1
B1

DG-1

Communication Link

1 2 43

DG-2 DG-3

L-2 L-3 L-4

B2 B3

BD1 BD2 BD3

Figure 6.20 Directional overcurrent scheme in DG connected distribution network.
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Of the three overcurrent relays R1 to R3 (for B1 to B3, respectively), R2 and R3

are directional. In the forward direction, all three relays are coordinated using the

same principle as outlined in Example 6.2. However, in the reverse direction,

relays R2 and R3 have definite time characteristics. This implies that these two

relays will trip after a fixed predetermined time period once the current exceeds

a threshold, irrespective of the peak magnitude of the current above the threshold.

Therefore, to coordinate the directional relays, the current ratings of the DGsmust

be considered.

It has been assumed that the DGs nominally operate in voltage control mode but

switch over to current control mode once the rated current is exceeded. Let the

current ratings of the DGs be as follows:

DG-1 : 25 A, DG-2 : 35 A, and DG-3 : 20 A

The maximumwithstanding currents of the DGs are assumed to be 1.5 times the

rated current. Based on these, the calculated relay setting in the reverse direction

for relays R2 and R3 are listed in Table 6.5, where DG status 0 indicates that it is

disconnected, while 1 indicates that it is connected. As the table shows, the relay

R3 sees reverse currents from DGs 2 and 3, while the relay R2 faces reverse cur-

rents from all three DGs. Moreover, the DG protection systems BD1 to BD3 should

also have a predetermined time setting such that they do not supply the maximum

withstanding current for a long duration. However, the duration should be more

than what is required for trip breakers B2 and B3.

Assume that a fault has occurred between buses 1 and 2. It is expected that B1

will isolate the fault from the substation side. However, all three DGs can also clear

the fault by tripping B2. This will depend on how many DGs are in operation at

Table 6.5 Overcurrent relay setting in the reverse direction.

DG status
DG1–
DG2–DG3

R2 setting R3 setting

Maximum load
current (A)

Pickup
current (A)

Maximum load
current (A)

Pickup
current (A)

000 0 Blocked 0 Blocked

001 20 30 20 30

010 35 52.5 35 52.5

011 65 97.5 65 97.5

100 25 49.2 0 Blocked

101 45 67.5 20 30

110 60 90 35 52.5

111 80 120 65 97.5
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that time. For example, if all DGs are in operation, then a total of 120 A current will

flow towards the fault as the DGs will supply the maximum current available to

them. If, on the other hand, only DG1 and DG2 are operational, then the maxi-

mum current available will be 90 A. Therefore, the current threshold for the

reverse direction of R2 can be dynamically set using a microprocessor. It is inter-

esting to note that if B1 does not reclose due to a permanent fault, the DGs can

supply loads L-2 to L-4, as well as their local loads if they have sufficient capacity.

If any of the DGs exceed their capacity, the respective breaker BD will open, and

the DG will supply only its local load.

6.6.2 Inverse Time Admittance (ITA) Relay

Inverse time admittance (ITA) relay [8–10] does not need communication chan-

nels but relies on the calculation of normalized admittance. Consider the radial

feeder shown in Figure 6.21 (a), where the relay is placed at node R, while the total

admittance of the feeder is Yf. Point K is an arbitrary point on the feeder. The

admittance between R and M is Ym. Then the normalized admittance is given by

Y r =
Ym

Y f

6 19

The impedance of the fault pointM vis-à-vis the total length of the line is given

by |Zm| < |Zf |. Therefore, for a fault at pointM, the normalized admittance Yrmust

be greater than 1.
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Figure 6.21 (a) A radial distribution feeder and (b) its ITA relay characteristic.

252 6 Power System Protection



Consider, for example, a 3,000 m long feeder with an impedance of (0.65 +

j4.817) × 10−4 Ω per m. The normalized admittance is shown in Figure 6.21 (b).

The normalized admittance decreases with distance. The change in the normal-

ized admittance along a feeder is used for inverse time-tripping characteristics

of the ITA relays. This is given by

tp =
A

Y ρ
r − 1

+ k 6 20

where A, ρ, and k are constants. The relay characteristics for A = 0.0047, ρ = 0.08,

and two different values of k are shown in Figure 6.22.

The connection of an ITA relay at a bus is shown in Figure 6.23 (a), while its

relay tripping process is depicted in Figure 6.23 (b). The relay needs both measure-

ments of bus voltage and current injected into the feeder. The fundamental com-

ponents of these two quantities are then extracted. These are then used for

admittance calculation. This admittance is then used for the calculation of normal-

ized admittance calculation. Based on the relay reach setting, the trip signal is gen-

erated in the event of a fault. Because the relay is based on the fundamental

component of current, it can determine whether the fault is in the forward or

in the reverse direction, that is, the relay has directional capacity. The operation

of the relay is dependent on the calculation of the fundamental components, even

in the presence of harmonics, DC offset, and unbalance. A fast Fourier transform

(FFT) can be used for fundamental calculation. There are other suitable FFT-based

methods that can also be employed for this process.
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Figure 6.22 ITA relay characteristics for two different values of k.
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An ITA relay can be used for zonal protection as well. For example, consider

the system of Figure 6.20. To set the protection setting for CB2, the relay R2 will

cover 120% of the line 1-2 and 200% of the line. The protection scheme for the

two zones is then calculated as follows [10]:

Zone− 1 Y f =
1

1 2 × Z12

tp =
0 0037

Y 0 08
r − 1

+ 0 05

Zone− 2 Y f =
1

2 × Z12

tp =
0 0037

Y 0 1
r − 1

+ 0 15

Note that the values of A, ρ, and k are chosen to maintain the discrimination

between the zonal operations. A detailed description of the ITA relay and its

operation including hardware results are presented in [10].

6.7 IEC 61850

International Electrotechnical Commission (IEC) 61850 is a standard for Commu-

nication Networks and Systems in Substations and a substation automation proto-

col. This has been increasingly deployed in power systems. This protocol is a prime

CBCT
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IR
ITA

Relay
VR

(b)

Fundamental 
Extraction

Admittance
Calculation

Relay
Logic

Relay Reach
Setting

Trip
Signal

IR,VR VR δV

IR δI

Figure 6.23 ITA relay (a) connection diagram and (b) relay decision-making process.
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example of interoperability as different intelligent electronic devices (IEDs) from

different vendors can be seamlessly integrated together for substation automation.

This reduces the dependence on a single vendor. This standard uses a common

data model such that integration, maintenance, and expansion of protection sys-

tems become much more simplified.

IEC 61850 consists of three levels, as shown in Figure 6.24. These are as follows:

•
Process Level: This is the lowest level in which measurements are collected from

CTs, PTs, other sensors, and circuit breakers (CBs), and trip signals are issued

to CBs.

•
Bay Level: This level contains IEDs that are used for protection and control.

•
Station Level: This level provides a data gateway to operators through human–

machine interface (HMI) that can be used for network management.

There are several advantages of IEC 61850. Some of these are listed below.

•
Interoperability: It uses a standard protocol that allows protection and control

devices from different manufacturers to communicate with each other. This

removes the dependency on a single manufacturer.

•
Standardization: A common data model is used where unique naming conven-

tions make the maintenance and expansion of the protection system simple.

Gateway

Process Bus

CT
Sensor

CBVT

Relay Controller

Bay-1

Relay Controller

Bay-n

Station Bus

IEDs

Process
Level

Bay
Level

Station
Level

Figure 6.24 IEC 61850 architecture.
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•
High-speed Communication: IEC 61850 uses ethernet for communication for

data exchange between different devices.

•
Flexibility and Scalability: IEC 61850 allows easy reconfiguration of protection

schemes and allows the addition of more protective devices as the power system

expands.

•
System Integration: Each IED used in IEC 61850 integrates the functions of pro-

tection, control, and monitoring, thereby reducing the cost and complexity of

having separate systems for each function.

•
Event Logging: IEC 61850 records each event and disturbance for post-event

analysis and to improve the performance of protective devices over time.

The fast and reliable communication and data exchange in IEC 61850 is done

through the communication protocol called Generic Object-Oriented Substation

Event, which is simply known as GOOSE. Real-time GOOSE messages about trips

and alarms are broadcasted over the ethernet network with low latency such that

several IEDs receive the signals simultaneously. Moreover, these messages are

event-driven, that is, the messages are sent only when an event occurs. This

reduces network traffic congestion. GOOSEmessages also have built-in redundan-

cies, that is, they are sent several times, albeit with reduced frequency. Impor-

tantly, GOOSE facilitates interlocking functions between different devices

enhancing safety. It can prevent conflicting actions such as preventing the closing

of a circuit breaker unless it is safe to do so.

IEC 61850 simplifies the protection system. Consider, for example, the differen-

tial protection of a transformer. For three-phase transformer protection, several

CTs will be required to cover both the primary and secondary sides. Needless to

say that this will be a complex and time-consuming process. The measurements

from CTs in an IEC 61850 environment are digitized. These are then communi-

cated over the ethernet through GOOSE messages to IEDs. Once a fault occurs,

a GOOSE message is delivered to IEDs instantaneously. This will allow the pro-

tection relays to detect a fault and send necessary trip commands to relays quickly.

The use of IEC 61850 not only makes the operation faster but also reduces the

physical wiring requirements. Therefore, the installation and maintenance of

relays can become much simpler. A survey of substation automation using IEC

61850 is presented in [11], while the performance evaluation of the IEC 61850

communication system has been modeled and evaluated in [12].

6.8 Concluding Remarks

Power system protection is an important area for power utility companies. The

relays and the associated circuit breakers not only protect expensive power appa-

ratus from damage but also protect personnel from electrocution. Protective
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devices evolve with the introduction of different types of power equipment. In

Example 6.2, an overcurrent protection coordination has been discussed assum-

ing power flows from upstream to downstream. However, due to the inclusion of

renewable sources such as solar photovoltaic (PV), the radial nature of the

power flow is disrupted. Practicing engineers and researchers are working on

a solution to this problem. Moreover, most of the relays these days are digital,

which have much better functionality and faster response time. These, com-

bined with solid-state circuit breakers, will change the protection strategies

in the near future. This chapter introduces the subject and gives an overall pic-

ture of the available protective devices. The main aim of this chapter is to give

the readers a flavor of the topic.
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Problems

P6.1 The conductor of one phase of a three-phase transmission line operating

at 400 kV, 500MW, 0.95 power factor lagging has a CT and a PT connected

to it. The PT is connected between the line and ground. The CT ratio is

1,000 : 5 and the PT ratio is 5,000 : 1. Determine the CT secondary current

and PT secondary voltage.

P6.2 The input current to an overcurrent relay is 10 A. Using the overcurrent

relay characteristics of (6.6) and using the extreme inverse curve of

Table 6.1, determine the relay operating time for the following current

tap setting (CTS) and time dial setting (CTS):

(a) CTS = 1.0 and TDS = ½;

(b) CTS = 2.0 and TDS = 1.5;

(c) CTS = 2.0 and TDS = 7;

(d) CTS = 3.0 and TDS = 7, and

(e) CTS = 12.0 and TDS = 1.

P6.3 A single-phase 5 MVA, 20/8.66 kV transformer is protected by a differential

relay with taps. Available relay tap settings are 5 : 5, 5 : 5.5, 5 : 6.6, 5 : 7.3,

5 : 8, 5 : 9, and 5 : 10. Select CT ratios and relay tap settings. Also determine

the percentage mismatch for the selected tap settings.

P6.4 An 11 kV radial system is shown in Figure P6.4. The system has the follow-

ing impedance parameters:

Line 1-2: Positive-sequences: j0.8Ω, zero-sequence: j2.5Ω

Line 2-3: Positive-sequences: j2.4Ω, zero-sequence: j7.5Ω

Transformers: Positive-sequences: j2 Ω, zero-sequence: j3.5Ω

Under emergency conditions, the system may operate with only one

transformer. The system has to be protected for a 1LG fault. The CT

ratio chosen for R2 (associated with Breaker B2) is 250 : 5 and its TDS is

0.5 s. Find the fastest operating time for this relay using the (a) moderate

inverse curve, (b) very inverse curve and (c) extreme inverse curve of

Table 6.1.
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P6.5 Consider the single-phase capacitive voltage transformer (CVT) shown in

Figure P6.5. The open circuit voltage requirement of the CVT is 100 V,

while the line voltage connected across terminal A is 100 kV. Find the

values of C1 and C2 such that there is no phase displacement between

the line voltage and the output of the CVT. The leakage inductance of

the transformer is 1 mH and the supply frequency is 50 Hz.

P6.6 Three-zone mho relays are used for the protection of the power system

shown in Figure P6.6. The positive-sequence impedances are given in

Table P6.6. The rated voltage at bus-1 is 500 kV and the CT and PT ratios

are 1,500 : 5 and 4,500 : 1, respectively. In a three-zone scheme for B3, zone-

1 protects 80% of line 1-2, zone-2 protects 120% of line 1-2 and zone-3 pro-

tects 100% of line 1-2 and 120% of line 2-3.

(a) Determine the settings of Zr1, Zr2, and Zr3, the blocking impedances for

the three zones.

(b) Determine in which zone the relay will trip for a bolted three-phase at

bus-3.

1 2 3

B2B1

11 kV

Figure P6.4 Radial system of Problem 6.4.

1 mH

C2

C1

VB

A

100:1

Figure P6.5 CVT configuration of Problem 6.5.
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P6.7 Consider the system shown in Figure P6.7. Directional overcurrent relays

are used for breakers B12, B21, B23, B32, B34, and B43. Only overcurrent

relays are used for breakers B1 and B4.

(a) Which breakers will not operate for a fault at P1? Which breakers

should be coordinated?

(b) Repeat part (a) for a fault at P2.

(c) Repeat part (a) for a fault at P3.

(d) Explain how the system is protected against bus faults.

P6.8 Draw the zones of protection for the power system shown in Figure P6.8,

assuming that each relay is protected in two zones. Which circuit breakers

will open for a fault at (a) P1, (b) P2, and (c) P3?

B2

1

B1

2 3

B3 B4 B5 B6 B7 B8

Figure P6.6 Three-zone protection scheme of Problem 6.6.

1

B1

2 3

B12 B21 B23 B32 B34

4

B4B43

P1 P2 P3

Figure P6.7 Protection system of Problem 6.7.

Table P6.6 Positive-sequence impedances of
Figure P6.6.

Line Positive-sequence impedance (Ω)

1-2 4.5 + j45

2-3 9 + j90
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P6.9 Three-zone mho relays are used for the protection of the power system

shown in Figure P6.9. Positive-sequence impedances are listed in

Table P6.9. The rated voltage at bus-1 is 500 kV and the CT and PT ratios

are 1,500 : 5 and 4,500 : 1, respectively. In a three-zone scheme for B3,

zone-1 protects 80% of line 1-2, zone-2 protects 120% of line 1-2, and

zone-3 protects 100% of line 1-2 and 120% of line 2-3.

P3

1

B13

2

3

4

B42a

B32

B5

B21a

B31

B23

B12a P1

P2

B21bB12b

5

B35

B24a

B42bB24b
B4B1

B53

Figure P6.8 Zonal protection system of Problem 6.8.

B4B2

1

B1

2 3

4

B3 B8

B7

B6

B5

B9 B10 B11

Figure P6.9 Protection system of Problem 6.9.
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(a) Determine the settings of Zr1, Zr2, and Zr3.

(b) Find themaximum current through line 1-2 during an emergency load-

ing condition of 1,400 A at 0.9 power factor lagging. Will any of the

relays trip during this condition?

Table P6.9 Positive-sequence impedances of
Figure P6.9.

Line Positive-sequence impedance (Ω)

1-2 6 + j60

2-3 5 + j50
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7

Power System Stability and Control

The first electric power system was a DC system built by Edison in 1882. The

subsequent power systems that were constructed in the late 19th century were

all DC systems. However, despite the initial popularity of DC systems, by the turn

of the 20th century, AC systems started to outnumber them. The AC systems were

thought to be superior as AC machines were cheaper than their DC counterparts

and more importantly AC voltages were easily transformable from one level to the

other using transformers. The early stability problems of AC systems were experi-

enced in 1920 when insufficient damping caused spontaneous oscillations or hunt-

ing. These problems were solved using generator damper winding and the use of

turbine-type prime movers [1]. Damper windings are short-circuited copper bars

that are placed on the rotor like a squirrel cage induction motor. When the rotor

oscillates against the rotating magnetic field, eddy currents are induced in the

damper bars. Following Lenz’s law, the eddy currents oppose the magnetic field

that produced them, thereby providing damping. Usually, this is called a damping

torque.

Moreover, improvement was also made to the prime movers that drove the

generators, where early steam engines were replaced by turbines. These turbines

could handle fluctuations in power more efficiently. Following this, hydraulic or

mechanical governors were introduced to control the turbine speed. The governors

adjust the flow of steam on the turbines based on the changes in generator speed.

Additionally, the fast valving technique was also employed in large turboalterna-

tors. Through fast valving, the steam flow in the turbine is fully or partially closed

rapidly to reduce the steam flow, thereby reducing the mechanical power output.

Despite all these improvements, a power system is prone to stability problems,

some of which will be discussed in this chapter. Additionally, some countermea-

sures to these stability problems will also be discussed in the chapter.

A system is stable when it returns to a steady state after being subjected to an

external disturbance. For a linear dynamical system to be stable, all the poles or
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eigenvalues must have negative real parts or must be at the origin in the Laplace

domain (s-plane). However, a power system is a large nonlinear system and there

are various aspects of stability that have been studied extensively.

In a traditional power system, the active power is generated by synchronous

generators that operate in synchronism with the rest of the system. Two systems

are said to be synchronized when both have the same frequency, voltage, and

phase sequence. A synchronous generator losing synchronism with the power sys-

tem to which it is connected will cause large oscillations in the power flow thereby

causing damage to its mechanical components and can also induce oscillations in

the power system. From this perspective, power system stability is defined as the

ability of a generator to return to a steady state without losing synchronism.

Usually, power system stability is categorized into the following types:

•
Steady State Stability: These studies are restricted to small and gradual changes

in the operating conditions of a power system. Here, the bus voltages are

restricted close to their nominal values. Furthermore, it is ensured that the phase

angle difference between the two buses is not too large. These studies are per-

formed to check for the overloading of the power equipment and transmission

lines. These checks are usually done using power flow studies.

•
Transient Stability: This involves the study of the power system following a

major disturbance. Following the disturbance, a synchronous alternator output

voltage angle changes due to the sudden acceleration of the rotor shaft. The

objective of the transient stability study is to ascertain whether the load angle

returns to a steady value following the clearance of the disturbance.

•
Dynamic Stability: In this, the ability of a power system tomaintain stability under

continuous small disturbances is investigated. This is also known as small-signal

stability. These small disturbances occur due to random fluctuations in loads and

generation levels. Inan interconnectedpower system, these randomvariations can

lead to catastrophic failure as this may force the rotor angle to increase steadily.

In this chapter, we shall start our discussion with transient stability. The machine

rotor is represented by the so-called swing equation, which dictates how the

machine will accelerate or decelerate depending on the input and output power bal-

ance. The swing equation is used to determine the transient stability limits based on

the calculation of the critical clearing angle, which is the angle up to which the

machine can swing without losing its stability. Furthermore, the critical clearing

time is computed from the critical clearing angle based on machine inertia.

The transient stability analysis of multimachine systems is presented next. The

classical method involves the determination of the pre-fault system operating con-

ditions based on load flow studies and then the use of a swing equation to deter-

mine the stability condition. In the final section of this chapter, dynamic stability is

discussed, specifically the analysis of the effects of an automatic voltage regulator
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(AVR) on the system stability and how the stability can be enhanced using power

system stabilizers (PSS).

7.1 Transient Stability

The response of a synchronous generator to a fault in the system is investigated in

transient stability studies. Large turboalternators are tied to a chain of shafts form-

ing a large rotating mass. As a result, these generators are not able to rapidly

change their output power in response to a fault. On the other hand, the rotating

mass stores rotational kinetic energy, which can be released temporarily to meet a

change in the load demand.

Modern power transmission systems are predominantly inductive. Therefore, a

fault is akin to creating a short circuit through an inductor, where only reactive

power flows without any real power. Therefore, depending on the transmission

system structure, the real power flowing out of a generator is either zero or largely

reduced during a three-phase bolted fault. If the fault lasts more than a few cycles,

the machine might lose synchronism. during the time the fault persists, it is

assumed that the mechanical power input to the generator remains constant

because it cannot change instantaneously. Therefore, there will be a mismatch

between the input power and the output power. This will cause the machine to

accelerate. Synchronous generators, as the name suggests, operate at the rated fre-

quency when tied to a power system. If the machine acceleration is allowed to per-

sist, it will deviate from the synchronous frequency and will eventually be

disconnected from the power system, losing synchronism. The aim of transient sta-

bility studies is to determine when a machine will lose synchronization.

7.1.1 Power–Angle Curve

Modern transmission lines have negligible resistance compared to the line reac-

tance. Thus, the line resistance can be neglected. Such systems are called lossless

because there are no I2R losses in the line. A lossless system is shown in Figure 7.1.
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Figure 7.1 A lossless SMIB system.
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In this, two voltage sources are connected through an external reactance X. Such a

system is often called a single-machine, infinite-bus (SMIB) system. Here, VS is the

sending-end internal emf of the machine (synchronous generator) and VR is the

infinite bus voltage. Reactance X includes the reactance of the transmission line

and the synchronous reactance or the transient reactance of the generator.

The generator and the infinite bus voltages are given respectively by

VS = V 1 δ1 and VR = V 2 δ2

The current flowing through the line is denoted by IS. The active and reactive

power of the sending and the receiving ends are denoted by PS, QS, PR, and QR,

as shown in Figure 7.1. The current flowing through the line is given by

IS =
V 1 δ1 −V 2 δ2

jX
7 1

The complex power flowing from the source is then

PS + jQS = VS × I∗S = V1 δ1 ×
V 1 − δ1 −V2 − δ2

− jX
=

V 2
1 −V 1V 2 δ1 − δ2

− jX

7 2

Expanding (7.2), we get

PS + jQS =
1

− jX
× V 2

1 −V 1V 2 cos δ1 − δ2 − jV 1V 2 sin δ1 − δ2

Separating the real and imaginary components of the above equation, the real

and reactive power dispatched by the source are

PS =
V 1V 2 sin δ1 − δ2

X
7 3

QS =
V 2

1 −V 1V 2 cos δ1 − δ2

X
7 4

The complex power received by the infinite bus is

PR + jQR = VR × I∗S = V 2 δ2 ×
V 1 − δ1 −V 2 − δ2

− jX
=

V 1V2 δ2 − δ1 −V 2
2

− jX

7 5

Equation (7.5) is expanded as

PR + jQR =
1

− jX
V 1V 2cos δ1 − δ2 − jV 1V 2 sin δ1 − δ2 −V 2

2

Then the real and reactive power delivered at the receiving end are

PR =
V 1V 2 sin δ1 − δ2

X
7 6
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QR =
V 1V 2 cos δ1 − δ2 −V 2

2

X
7 7

Comparing (7.3) with (7.6), it can be seen that PS = PR, which is not surprising

since the line is lossless. We define the electric power output generator as

Pe = PS = PR.

Equation (7.1) is expanded as

IS =
1

X
− jV 1 cos δ1 + jV 2 cos δ2 + V 1 sin δ1 −V 2 sin δ2

Therefore

IS
2 =

1

X2 −V1 cos δ1 + V 2 cos δ2
2 + V 1sin δ1 −V 2 sin δ2

2

The solution to the equation is

IS
2 =

1

X2
V 2

1 + V 2
2 − 2V 1V 2 cos δ1 − δ2

Therefore, the reactive drop in the line is given by

QL = IS
2X =

1

X
V 2

1 + V 2
2 − 2V 1V 2 cos δ1 − δ2 7 8

This can also be computed from the relation QL = QS−QR using (7.4) and (7.7).

Note from (7.3) and (7.6) that the power transfer depends on the relative angle

difference (δ1− δ2). If δ1> δ2, power flows from the sending to the receiving end.

On the other hand, if δ1< δ2, the power flow direction will be reversed, that is,

from the receiving end to the sending end. Because the power flow depends on

the angle difference and not on the actual values of the angles, usually the infinite

bus voltage angle is chosen as 0 , and the angle difference (δ1− δ2) is chosen as δ,

which is called the load angle.

Example 7.1 Consider the system of Figure 7.1, where VR = 1∠ 0 per unit,

X = 0.25 per unit, and VS = 1.1 per unit. Then, the power transfer is given by

PS = PR = Pe =
1 × 1 1

0 25
sin δ = 4 4 sin δ

From the above expression, we find that the maximum power (Pmax) that can be

transferred through the line is 4.4 per unit, and it occurs when δ = 90 , that is,

Pmax =
V 1V 2

X
sin 90 = 4 4

The power–angle curve is shown in Figure 7.2, where the angle δ varies from 0

to 180 . The horizontal lines show the constant power transfer. At Pmax, the
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straight line for a power transfer of 4.4 per unit is a tangent to the power–angle

curve, parallel to the x-axis. Again, when δ= 20 , the power output that is obtained

from (7.3) is

Pe = 4 4 sin 20 = 1 5049 pu

Similarly, when δ= 30 , Pe= 2.2 per unit. Therefore, the interactions of the con-

stant power lines with load-angles define the load angles. However, note that each

line intersects the curve at two points. For example, when Pe= 2.2 per unit, the line

intersects the curve at 30 and 180 − 30 = 150 . These angles are usually referred

to as δ0 and δmax, respectively. As will be evident later in this section, we shall

choose the operating angle of δ = 30 .

The main lessons that are learned from the power–angle relationships are sum-

marized below.

Pmax =
V 1V 2

X
7 9

δ0 = sin−1
P0

Pmax

7 10

δmax = 180 − δ0 7 11

7.1.2 Swing Equation

Consider a three-phase synchronous alternator that is driven by a prime mover. In

a rotational system, the equation of motion relates to the torque and angular accel-

eration by T= Jα, where, T is the applied torque, J is themoment of inertia, and α is
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Figure 7.2 The power–angle curve of the system of Example 7.1.
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the angular acceleration. The net torque in a synchronous generator is the differ-

ence between the applied mechanical torque and the output electrical torque plus

losses in the energy conversion process. Neglecting losses, the equation of motion

of the generator rotor is given by

J
d2θ

dt2
= Tm −Te = Ta 7 12

where J is the total moment of inertia of the rotor mass in kgm2; Tm is the mechan-

ical power supplied by the primemover in N-m; Te is the electrical torque output of

the alternator in N-m; Ta is the accelerating torque in N-m, and θ is the angular

position of the rotor in radians.

It is evident from (7.12) that the accelerating torque is the difference between the

mechanical input torque and the electrical output torque. During the steady state,

the electrical torque is equal to the mechanical torque and the accelerating torque

is zero. At that time, the alternator rotor moves at synchronous speed ωs rad/s.

The angle θ is measured with respect to a stationary reference frame and it con-

tinuously increases with time. However, the rotor speed that is relative to the syn-

chronous speed is of interest to us as it provides the measure of the rotor angular

position with respect to a reference axis that rotates at synchronous speed. There-

fore, the angle θ is defined as

θ = ωsmt + δm 7 13

where ωms is the synchronous speed in mechanical rad/s, while δm is the displace-

ment of the rotor from the reference axis in mechanical radians. Taking the first

and second derivatives of (7.13), we get

dθ

dt
= ωsm +

dδm

dt
7 14

d2θ

dt2
=

d2δm

dt2
7 15

Equation (7.15) is substituted in (7.12) to obtain

J
d2δm

dt2
= Tm −Te = Ta 7 16

Themultiplication of both sides of (7.16) by rotor mechanical speedωm results in

Jωm
d2δm

dt2
= Pm − Pe = Pa W 7 17

An inertial constant H is defined as

H =
KE in mega Joules

Generator MVA rating Srated
7 18
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where KE is the stored kinetic energy in the rotor shaft at synchronous speed,

which is given by

KE =
1

2
Jω2

sm 7 19

Comparing (7.19) with (7.18), we get

Jω2
sm = 2H × Srated 7 20

Note that a synchronous machine operates very close to the synchronous speed,

and therefore, we can assume ωsm = ωm. Then, the substitution of (7.20) in (7.17)

results in

2H

ωm

d2δm

dt2
=

Pm − Pe

Srated
=

Pa

Srated
7 21

Note that both δm and ωm are expressed in mechanical radians. Therefore, both

of them can be replaced by electrical radians. Furthermore, power inWatts divided

by the machines MVA rating is the power in per unit. Hence, (7.21) is rewritten as

2H

ωs

d2δ

dt2
= Pm −Pe = Pa per unit 7 22

Equation (7.14) can be written in terms of electrical radians as

dθ

dt
= ωs +

dδ

dt
7 23

The angular speed of the rotor is defined as

ωr =
dθ

dt
7 24

Comparing (7.23) with (7.24), the following equation is obtained

ωr −ωs =
dδ

dt
7 25

We can therefore conclude that the rotor angular speed is equal to the synchro-

nous speed only when dδ/dt is equal to zero. We can therefore term dδ/dt as the

error in speed.

Example 7.2 Consider a 4-pole, 50 Hz turboalternator rated 500MVA and 20 kV

with the inertia constant (H) of 5 MJ/MVA. We want to find out (a) the kinetic

energy stored in the rotor shaft, and (b) the angular acceleration in rpm/s when

the electrical power output is 450MW for an input of 740 000 hp. (1 hp. = 746

W roughly). Neglect the rotational losses.
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a) The kinetic energy is equal to H times the machine rating in MVA = 6 ×

500 = 3000MJ.

b) The mechanical input power is

Pm = 740,000 hp = 740 × 746 × 103 = 552 04MW

The accelerating power then is

Pa = Pm − Pe = 552 04− 450MW =
102 04

500
= 0 2041 pu

From (7.22), we have

2H

ωs

d2δ

dt2
= 0 2041

d2δ

dt2
= 0 2041 ×

ωs

2H
= 0 2041 ×

100π

10
= 5 343 elec rad s2

This is then converted in electrical degree/s2 using

d2δ

dt2
= 5 343 ×

180

π
= 306 12 elec deg s2

In a 4-pole machine, the mechanical system rotates by 180 when the electrical

system rotates by 360 , that is,

d2δ

dt2
=

306 12

2
= 153 06 mech deg s2

Now, one revolution rotor shaft translates into a mechanical rotation of 360 .

Therefore,

d2δ

dt2
=

153 06

360
rev s2 = 0 4252 rps s = 60 × 0 4252 = 25 51 rpm s

The angular acceleration in rpm/s as H changes from 2 to 10MJ/MVA is shown

in Figure 7.3. It can be seen that as H increases, the rotor acceleration gets slower.

This result is intuitive, as larger the machine is, the slower it moves. This concept

will be illustrated while discussing the critical clearing time of Section 7.1.4.

7.1.3 Critical Clearing Angle

Consider the situation in which the synchronous machine is operating in a steady

state delivering a power equal to Pmwhen a fault occurs in the system. The opening

of the circuit breakers in the faulted section subsequently clears the fault. The cir-

cuit breakers take a few cycles to open and the subsequent post-fault transients last
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for another few cycles. The input power, on the other hand, is supplied by a prime

mover that is usually driven by a steam turbine. The time constant of the turbine

mass system is of the order of a few seconds, while the electrical system time con-

stant is in milliseconds. Therefore, for all practical purposes, mechanical power

remains constant during the electrical transients. The transient stability study

therefore concentrates on the ability of the power system to recover from the fault

and deliver the constant power Pm with a possible new load angle δ.

Consider the power–angle curve of an SMIB system shown in Figure 7.4. In this,

the generator is steady state delivering a power of Pm at an angle of δ0, when a fault

occurs such that the real power transfer becomes zero. Because Pm remains con-

stant, the accelerating power Pa becomes equal to Pm. The difference in the power

gives rise to the rate of change of stored kinetic energy in the rotor masses. Thus,

the rotor will accelerate under the constant influence of nonzero accelerating

power, and hence, the load angle will increase. Now suppose the fault is cleared

at an angle δc. The power will then revert to the normal operating curve. At that

point, the electrical power will be more than the mechanical power and the accel-

erating power will be negative. This will cause the machine to decelerate. How-

ever, due to the inertia of the rotor masses, the load angle will keep on

increasing. The increase in this angle may eventually stop and the rotor may start

decelerating, otherwise, the system will lose synchronism.

Note that for an arbitrary variable u, we have

d

dt
u2 = 2u

du

dt
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Figure 7.3 Change in the angular acceleration with the changes in inertia.
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Then substituting u = dδ/dt, we get

d

dt

dδ

dt

2

= 2
dδ

dt

d2δ

dt2
7 26

Multiplying both sides of (7.22) by dδ/dt, the following equation is obtained:

2H

ωs

dδ

dt

d2δ

dt2
= Pm − Pe

dδ

dt
7 27

Using (7.26), (7.27) is modified as

H

ωs

d

dt

dδ

dt

2

= Pm − Pe
dδ

dt

Multiplying both sides of the above equation by dt and then integrating between

two arbitrary angles δ0 and δc, the following expression is obtained:

H

ωs

dδ

dt

2 δc

δ0

=
δc

δ0

Pm − Pe dδ 7 28

The left-hand side of the above equation is the departure of the machine from

the synchronous speed as per (7.25). Defining dδ/dt = Δω, (7.28) is rewritten as

H

ωs

Δω2
c −Δω2

0 =
δc

δ0

Pm − Pe dδ 7 29

Pe (pu)

δ (deg)

Pm

0
0 90 180

δ0 δc δmax

A1

A2

A1

A2

Figure 7.4 The power–angle curve of an SMIB system.
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Now suppose the generator is at rest at δ0, such that dδ/dt = 0. Once a fault

occurs, the machine starts accelerating. Once the fault is cleared, the machine

keeps on accelerating before it reaches its peak at δc, at which point we again have

dδ/dt = 0. Thus, the area under accelerating is given from (7.29) as

A1 =
δc

δ0

Pm −Pe dδ 7 30

In a similar way, the area under deceleration is defined as

A2 =
δmax

δc

Pe − Pm dδ 7 31

The accelerating and decelerating areas are indicated in Figure 7.4.

Now consider the case when the line is reclosed at an arbitrary angle δc such that

the area of acceleration is larger than the area of deceleration, that is, A1>A2. The

generator load angle will then cross the point δmax, beyond which the electrical

power will be less than the mechanical power forcing the accelerating power to

be positive. The generator will therefore start accelerating before it slows down

completely and will eventually become unstable. If, on the other hand, A1<A2,

that is, the decelerating area is larger than the accelerating area, the machine will

decelerate completely before accelerating again. The rotor inertia will force the

subsequent acceleration and deceleration areas to be smaller than the first ones

and the machine will eventually attain the steady state. If the two areas are equal,

that is, A1 = A2, then the accelerating area is equal to the decelerating area, and

this defines the boundary of the stability limit. The clearing angle δc in this case is

called the critical clearing angle and is denoted by δcr. We then get the following

equation from Figure 7.4 by substituting δc = δcr.

δcr

δ0

Pm −Pe dδ =
δmax

δcr

Pe − Pm dδ 7 32

The critical clearing angle is derived from the above equation. Because the crit-

ical clearing angle depends on the equality of the areas, this is called the equal area

criterion.

Example 7.3 A generator is connected to an infinite bus through a lossless trans-

mission line with a reactance of 0.3 per unit (see Figure 7.5). The synchronous

reactance of the generator is 0.2 per unit and the voltage magnitude of the infinite

bus is 1.0 per unit with its angle being 0 . The generator delivers 0.9 per unit of

power to the constant voltage bus when the angle δt of the terminal voltage is

15 . The generator is operating in the steady state when a fault occurs causing

the real power transfer to be zero. The fault is cleared by circuit breakers, thereby
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restoring the power supply. We have to find the critical clearing angle δcr, that is,

the maximum angle the generator can swing to before losing synchronism.

Let us denote the magnitude of the terminal voltage as Vt. Because its angle is

15 , the power flow through the line is given from (7.3) by

Pe = 0 9 =
V t × 1

0 3
sin 15

The solution to the above equation gives Vt= 1.0432 per unit. Therefore, the cur-

rent flowing through the line is

I =
1 0432 15 − 1

j0 3
= 0 9− j0 0255 per unit

The internal emf of the generator then is

E = V t 15 + j0 2I = 1 0128 + j0 45 = 1 1082 23 96 per unit

Therefore, δ0 = 23.96 = 0.4142 rad and the maximum power transferred is

Pmax =
1 1082 × 1

0 5
= 2 2164 per unit

It is important to note that, even though we define the angles in degrees for easy

reference, the computation is always performed in terms of radians, where 1 rad =

180/π = 57.2958 . Now to determine the critical clearing angle δcr, the accelerating

and decelerating areas need to be calculated. To compute the accelerating area, it is

to be noted that Pe in (7.30) is zero. Therefore, this area is

A1 =
δcr

0 4182

0 9 dδ = 0 9 δcr − 0 4182 = 0 9δcr − 0 3764

To determine the decelerating area, the maximum angle that the rotor is allowed

to swing is given by

δmax = 180 − 23 96 = 156 04 = 2 7234 rad

Then from (7.31) we have

A2 =
2 7234

δcr

2 2164 sin δ− 0 9 dδ = −2 2164 cos δ− 0 9δ 2 7234
δcr

j0.3

Vt ∠δtE′ ∠δ

j0.2

1∠0°

Figure 7.5 SMIB system of Problem 7.3.
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The solution of the above equation is

A2 = 2 2164 cos δcr + 0 9δcr − 0 4257

Equating the two areas, that is, A1 = A2, we have

0 9δcr − 0 3764 = 2 2164 cos δcr + 0 9δcr − 0 4257

δcr = cos− 1 0 4257− 0 3764

2 2164
= 1 5486 rad = 88 73

7.1.4 Critical Clearing Time

A frequently asked question is “what does the critical clearing angle mean?”

Because we are interested in finding out the maximum time that any circuit

breaker may be allowed before opening, we should be more concerned about

the critical clearing time rather than the critical clearing angle. Furthermore,

notice that the clearing angle is independent of the generalized inertia constant

H. Hence, we can comment that the critical clearing angle in this case is true

for any generator that has a d-axis transient reactance of 0.20 per unit and a

transmission line reactance of 0.3 per unit while transmitting 0.9 per unit

of power.

During the fault, the electrical power is Pe = 0. Substituting this in (7.22), the

following equation is obtained:

d2δ

dt2
=

ωs

2H
Pm 7 33

Because the machine starts accelerating only when the fault occurs, that is, the

initial acceleration being zero, the integration of the above equationwith respect to

t gives

dδ

dt
=

t

0

ωs

2H
Pmdt =

ωs

2H
Pmt 7 34

Again, the integration of (7.34) with respect to t will lead to

δ =
t

0

ωs

2H
Pmt dt =

ωs

4H
Pmt

2 + δ0 7 35

Replacing δ by δcr and t by tcr in (7.35), the critical clearing time is given by

tcr =
4H

ωsPm

δcr − δ0 7 36
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Example 7.4 Consider the system of Example 7.3, where the system frequency is

chosen as 50 Hz, such that ωs = 100π rad/s. Let us choose H as 4MJ/MVA. From

Example 7.3, the following quantities are obtained:

Pm = 0 9 per unit, δ0 = 0 4182 rad and δcr = 1 5486 rad

Therefore, the critical clearing time is computed from (7.36) as

tcr =
16

90π
1 5486− 0 4182 = 0 2529 s

Table 7.1 lists the values of the critical clearing angle asH changes. It can be seen

that the critical clearing angle increases as H increases. This is in accordance with

that shown in Figure 7.3.

To illustrate the response of the load angle δ, the swing equation is simulated in

MATLAB. The swing equation of (7.22) is expressed as [2]

dΔωr

dt
=

1

2H
Pm − Pe

dδ

dt
= ωs × Δωr

7 37

where Δωr is the deviation for the rotor speed from the synchronous speed ωs. It is

to be noted that the swing equation of (7.37) does not contain any damping.

Usually a damping term, that is proportional to the machine speed Δωr, is added

with the accelerating power. Without any damping, the roots of (7.22) on the

complex s-plane will be at

δ = ± j
ωsPa

2H

Table 7.1 The effect of inertia on critical clearing
angle of Example 7.4.

H (MJ/MVA) tcr (s)

2 0.1788

4 0.2529

6 0.3098

8 0.3577

10 0.3959
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Therefore, the load angle will exhibit a sustained oscillation even when the sys-

tem remains stable with the fault being cleared within the critical clearing time.

Figure 7.6 depicts the response of the load angle δ for three different values of

clearing time tcl. It is assumed that the fault occurs at 0.5 s when the system is oper-

ating in a steady state delivering 0.9 per unit of power. The load angle during this

time is constant at 24.96 . When the clearing time is chosen as 0.2 s, the system

remains stable, albeit with sustained oscillations, as shown in Figure 7.6 (a).

The critically stable response is shown in Figure 7.6 (b). However, the system

becomes unstable when the clearing time is 0.2531 s with a clearing angle of

88.77 and the load angle increases asymptotically, as shown in Figure 7.6 (c). This

is called the loss of synchronism. It is to be noted that such an increase in the load

angle is not permissible, and the protection device will isolate the generator from

the system.

Equation (7.35) is derived assuming that Pe= 0. However, this may not always be

true. The following example highlights this.

Example 7.5 Consider the system shown in Figure 7.7 in which a generator is

connected to an infinite bus through a double circuit transmission. All quantities

in this figure are defined in per unit. The infinite bus voltage is 1∠ 0 per unit. The

generator delivers 1.0 per unit of power to the infinite bus with the voltage of bus-1

being 1.05 per unit. While the generator is operating in a steady state, a three-phase
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Figure 7.6 System response as a function of clearing time: (a) stable, (b) critically
stable, and (c) unstable.
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bolted short circuit occurs at the midpoint of line-2, as shown in Figure 7.7. The

fault is cleared by opening the circuit breakers B1 and B2.

Before the fault, the equivalent impedance between bus-1 and the infinite bus is

X eq = 0 1 +
0 2 × 0 2

0 4
= 0 2 per unit

Then the power from bus-1 to the infinite bus is given by

Pe = 1 =
1 05 × 1

X eq

sin δ1 δ1 = sin−1
0 2

1 05
= 10 9806

where δ1 is the angle of bus-1 voltage. Therefore, the voltage of bus-1 is V1 = 1.05∠

10.98 per unit. Now, the current through the equivalent impedance is

I =
1 05 10 98 − 1

j0 2
= 1 0118 − 8 75 per unit

The reactance between the machines internal voltage and the bus-1 voltage is

j0.3 per unit. The machines internal voltage is

E δ0 = V 1 + j0 3I = 1 1874 24 904 per unit

Therefore, the machines internal voltage is E = 1.1874 per unit and its angle (δ0)

is 24.904 or 0.4347 rad. As the next step, we shall compute the maximum power

that can be transferred (a) before the fault, (b) after the fault is cleared, and (c)

during the fault, which is not zero for the circuit of Figure 7.7.

Pre-fault: The reactance between the machine voltage and the infinite bus is

j(0.3 + Xeq) = j0.5 per unit. Therefore, the maximum power is given by

Pm1 =
1 1874

0 5
= 2 3747 per unit

Post-fault: After the fault is cleared by opening the circuit breakers B1 and B2, the

power transfer through line-2 is zero, and therefore, the line joining bus-4 and bus-3

j0.2

j0.1 j0.1

j0.1

j0.3 1∠0°

E′∠δ
1

∞-bus
B1

|V1| = 1.05

2 3

B2

Line-1

Line-2

Figure 7.7 An SMIB system connected through a double circuit line.
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is also zero. Then, the impedance between the generator and the infinite bus is

j(0.3 + 0.1 + 0.2) = j0.6 per unit. The post-fault power transfer equation is given by

Pm3 =
1 1874

0 6
= 1 9789 per unit

Furthermore, the maximum allowable angle to which the generator rotor can

swing is

δmax = π− sin− 1 1

2 2688
= 2 6118 rad

During Fault: The power transfer during fault is not zero for the circuit of

Figure 7.7. The equivalent circuit during fault is shown in Figure 7.8 (a). Once

Bus-4 is short circuited, the impedances of the three lines form a Δ-connection,

as shown in the figure. These are then converted into an equivalent Y-connection.

With respect to the circuit of Figure 7.8 (a), let us define the following:

Xab = j0 2,Xbc = j0 1 and Xca = j0 1

The Δ-Y transform of these quantities are

Xa =
Xab × Xca

Xab + Xbc + Xca

= j
0 2 × 0 1

0 5
= j0 05

Xb =
Xab × Xbc

Xab + Xbc + Xca

= j
0 2 × 0 1

0 5
= j0 05

Xc =
Xbc × Xca

Xab + Xbc + Xca

= j
0 1 × 0 1

0 5
= j0 025

The equivalent circuit is shown in Figure 7.8 (b).

1 ∠ 0°

1 ∠ 0°

j0.2

j0.1

j0.4

j0.1
1.1318 ∠ δ

1.1318 ∠ δ

j0.05j0.4 j0.05

j0.025

3

3

2

2

(a)

(b)
A

A′

Xab

XbcXca

Xa Xb

Xc

Figure 7.8 Equivalent circuit during fault: (a)Δ formation and (b) afterΔ-Y transformation.
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The Thevenin impedance to the right of line joining points A and A of

Figure 7.8 (b) is

X th = j0 4 + Xa +
Xb × X c

Xb + Xc

= j0 4667 per unit

Furthermore, the open circuit Thevenin voltage is

V th = 1 0 ×
Xc

Xb + X c

= 0 3333 0 per unit

Therefore, the maximum power during fault is

Pm2 =
1 1874 × 0 3333

0 4667
= 0 8481 per unit

The power–angle curves are shown in Figure 7.9.

From Figure 7.9, the accelerating area is given by

A1 =

δcr

δ0

1−Pm2 sin δ dδ

Expanding the above equation, we get

A1 = δcr − 0 4347 + 0 8481 cos δcr − 0 8481 cos 0 4347

= δcr + 0 8481 cos δcr − 1 2039

A1

A2

A1

A2

δ0 δmaxδcr
δ (deg)

Pe

(pu)

2.5

2

1.5

1

0.5

0
0 20 40 60 80 100 120 140 160 180

Pm1 sin δ

Pm3 sin δ

Pm2 sin δ

Figure 7.9 The power–angle curve of the system of Example 7.5.
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Again, the decelerating area is

A2 =

δmax

δcr

Pm3sin δ− 1 dδ

Expanding the above equation, we get

A2 = − 1 9789 cos 2 6118 + 1 9789 cos δcr − 2 6118 + δcr

= δcr + 1 9789 cos δcr − 0 9042

For finding the critical clearing angle, the two areas are equated to give

δcr + 0 8481 cos δcr − 1 2039 = δcr + 1 9789 cos δcr − 0 9042

δcr = cos− 1 − 0 2997

1 1308
= 1 8391 rad = 105 37

In the above example, we have calculated δ0 and δcr. Then, (7.22) can be written

during the fault as

2H

ωs

d2δ

dt2
= Pm −Pm2 sin δ

This equation needs to be integrated twice within the intervals of δ0 and δcr, which

is rather difficult. To solve this problem, a step-by-step integration procedure

using Euler’s method is employed to determine the clearing time in [3–6]. Instead,

a simple MATLAB-based method is used to determine the clearing time here.

Equation (7.37) is written in a vector–matrix form as

d

dt
x = Ax + B Pm −Pe 7 38

where

Pe = Pm2 sin δ, x =
Δωs

δ
, A =

0 0

ωs 0
and B =

1

2H
0

Choosing an integration interval of Δt, (7.38) can be discretized as [7]

x k + 1 = Fx k + GPm −GPe k 7 39

where

F = eAΔT andG =
ΔT

0

eAtdt B

Note that the discretization process of (7.39) assumes that the forcing function

remains constant between the instants k and k+ 1. The term Pm is constant.
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However, Pe varies with sin δ. If Δt is chosen small, then the variation of Pe
between k and k+ 1 will be small. Let us now demonstrate this with the help

of the following example.

Example 7.6 This is a continuation of Example 7.5, where we have Pm3= 0.8083

per unit and δ0 = 0.3802 rad. Let us choose H = 2 MJ/MVA and a frequency of

50 Hz, that is, ωs = 100π rad/s. Choosing Δt = 10−6 s, the matrices F and G are

computed as

F =
1 0

0 0003 1
andG =

0 25 × 10− 6

0

The initial state vector is x = [δ0 0]T. The MATLAB program is given below.

del = del0;

while (del < = dcr)

x = f∗x + g∗(1-Pm2∗sin[del]);

t = t + td;

indx = indx+1;

del = x(2);

end

The answers are del and t

The clearing time with different values ofH is listed in Table 7.2. The response of

the system for five values of H is shown in Figure 7.10, where the clearing times

given in Table 7.2 are chosen as the fault clearing times. From this figure, it is evi-

dent that the system is on the verge of instability for all the cases. Moreover, as the

system inertia increases, the frequency of oscillation decreases.

Table 7.2 The effect of inertia on the critical clearing angle of Example 7.6.

H (MJ/MVA) tcr (s) Clearing time (s)

2 0.2745 105.3339

4 0.3882 105.3530

6 0.4754 105.3456

8 0.5490 105.3601

10 0.6138 105.3609
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7.1.5 Simplified Calculation of Critical Clearing Angle

There is a simplified formula that can be used to calculate the critical clearing

angle, as has been given in [4, 5]. Let us define the following:

Before fault Pe = Pmax sin δ

During fault Pe = r1Pmax sin δ

Post-fault Pe = r2Pmax sin δ

From (7.30), the accelerating area is given by

A1 =
δcc

δ0

Pm − r1Pmax sin δ dδ = Pm δ + r1Pmax cos δ
δcr
δ0

= Pm δcr − δ0 + r1Pmax cos δcr − cos δ0

7 40

Similarly, the deceleration is given from (7.31) as

A2 =
δmax

δcr

r2Pmaxsin δ− Pm dδ = − r2Pmax cos δ−Pm δ
δmax

δcr

= r2Pmax cos δcr − cos δmax + Pm δcr − δmax

7 41

Equating the two areas, we have

Pm δcr − δ0 + r1Pmax cos δcr − cos δ0

= r2Pmax cos δcr − cos δmax + Pm δcr − δmax
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Figure 7.10 System response for five values of H for Example 7.6.
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The above equation is rearranged as

Pmax r2 − r1 cos δcr = Pm δmax − δ0 + r2Pmax cos δmax − r1Pmax cos δ0

7 42

The critical clearing angle is then given by

δcr = cos− 1
Pm Pmax

δmax − δ0 + r2 cos δmax − r1 cos δ0

r2 − r1
7 43

Example 7.7 In this example, we shall verify the answers obtained in Examples

7.3 and 7.4.

a) From Example 7.3, we have the following:

Before fault Pe = Pmax sin δ = 2 2164 sin δ

During fault Pe = r1Pmax sin δ = 0

Post-fault Pe = r2Pmax sin δ = 2 2164 sin δ

Therefore,

r1 = 0 and r2 = 1

Furthermore, Pm = 0.9 per unit, δ0 = 0.4182 rad, and δmax = 2.7234 rad. Substi-

tuting these values in (7.43), we have

δcr = cos− 1
0 9 2 2164 2 7234− 0 4182 + cos 2 7234 = 1 5486 rad = 88 73

b) From Example 7.5, we have the following:

Before fault Pe = Pmax sin δ = 2 3747 sin δ

During fault Pe = r1Pmax sin δ = 0 8481 sin δ

Post-fault Pe = r2Pmax sin δ = 1 9789 sin δ

Pm = 1 per unit, δ0 = 0 3802 rad and δmax = 2 684 rad

Therefore,

r1 =
0 8481

2 3747
= 0 3571 and r2 =

1 9789

2 3747
= 0 8333

Substituting these values in (7.43), we have

δcr = cos− 1
− 0 2651 = 1 8391 rad = 105 37
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7.2 Multimachine System Stability

A helpful mechanical analog of multimachine stability has been given by Elgerd

[8]. Consider Figure 7.11, which depicts several weights that are suspended by

elastic strings. The weights represent generators, with the electric transmission

lines being represented by the strings. Note that in a transmission system, each

transmission line is loaded below its static stability limit. Similarly, when the

mechanical system is in a static steady state, each string is loaded below its break

point. Let us suppose that the strings are at their stretching points when one of the

strings is suddenly cut. This will result in transient oscillations in the coupled

strings and all the weights will wobble. In the best possible case, the coupled sys-

temmay settle down to a new steady state. On the other hand, in the worst possible

scenario, the disturbance may lead to the breaking of one more additional string,

resulting in a chain reaction in whichmore strings may break forcing the system to

collapse. In a similar way, in an interconnected electric power network, the trip-

ping of a transmission line may cause a catastrophic failure in which many gen-

erators are lost forcing a blackout in a large area.

Modern power systems are interconnected and operate close to their transient

and steady-state stability limits. In large interconnected systems, it is common

to find a natural response of a group of closely coupled machines oscillating

against other groups of machines. These oscillations have a frequency range of

0.1 Hz–0.8 Hz. The lowest-frequency mode involves all generators of the system

[2]. This oscillation groups the system into two parts with generators in one part

oscillating against the other part. The higher-frequency modes are usually loca-

lized with small groups oscillating against each other. Unfortunately, the inter-

area oscillation can be initiated by a small disturbance in any part of the system.

These small frequency oscillations fall under the category of dynamic stability and

Figure 7.11 Mechanical analog of an interconnected electric power network.
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are analyzed in the small signal linear domain through the linearization of the

entire interconnected systems model.

Inter-area oscillations manifest wherever the power system is heavily intercon-

nected. The oscillations, unless damped, can lead to grid failure and total system

collapse. Low-frequency oscillations in the range of 0.04 Hz–0.06 Hz were

observed in the Pacific Northwest region as early as 1950 [9]. Improper speed gov-

ernor control of hydro units created these oscillations. The Northern and Southern

regions ofWSCC (Western Systems Coordinating Council) were interconnected by

a 230 kV line in 1964. Immediately the system experienced a 0.1 Hz oscillation

resulting in over 100 instances of opening of the tie line in the first nine months

of operation. Some system damping was provided through the modification of the

hydro turbine governors.

A 500 kV Pacific intertie and another ±400 HVDC (High voltage DC) system

were commissioned in 1968. This raised the frequency of oscillation from 0.1

Hz to 0.33 Hz and these oscillations could no longer be controlled through gover-

nor action alone. In late the 1980s, a new intertie joined the WSCC system in

Alberta and British Columbia in Canada. As a result of this interconnection,

the two different oscillation frequencies manifested – one at 0.29 Hz and the other

at 0.45 Hz.

Ontario Hydro is one of the largest utilities in North America. Due to the vast

and sparsely populated topology of Canada, the operating span of Ontario Hydro is

over 1000 km from East to West and from North to South. The Ontario Hydro sys-

tem is connected to the neighboring Canadian provinces and the Northwestern

region of the United States. In 1959, Ontario Hydro was connected to Michigan

in the South and Quebec Hydro in the East. As a result of this connection, a

0.25 Hz oscillation was observed and as a result of this, it was decided to remove

the tie with Quebec and retain the tie to Michigan [9]. The Western portion of

Ontario was connected to neighboring Manitoba in 1956 and then Manitoba

was connected to its neighbor Saskatchewan in 1960. This resulted in oscillation

in the frequency range 0.35 Hz–0.45 Hz often tripping the tie. As a result of this,

Ontario Hydro decided to commission PSS for all their generating units since the

early 1960s. It has also sponsored extensive research in this area.

Through research, it was established that the action of AVRs caused these oscil-

lations. An AVR regulates the generator terminal voltage and also helps in the

enhancement of transient stability by reducing the peak of the first swing follow-

ing any disturbance. However, its high gain contributed to the negative damping of

the system [10]. The knowledge of this relation resulted in the commissioning of

PSS. It was observed that these oscillations were the results of the periodic inter-

change of kinetic energy between the generator rotors. A PSS provides negative

feedback in response to the changes in rotor kinetic energy when it is connected

to the excitation system thereby providing damping to these small oscillations. The

PSS has been the subject of extensive research. Its characteristics, tuning, and
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choice of feedback signal have thoroughly been discussed in a three-part paper

[11]. The team of Dr. P. Kundur, then with Ontario Hydro, and his coworkers have

done extensive research on PSS tuning and its characteristics. Through their vast

experience and extensive research, they reported the enhancement of inter-area

and local modes through PSS in [12]. Because a power system is piece-wise linear,

its system characteristics change with an operating point. Therefore, an adaptive

controller that can tune with the changes in the system has been developed and

reported in [13, 14]. It was shown that the adaptive PSS is effective in damping

large as well as small disturbances.

The power flow between generators was seen in Section 7.1 to be dependent on

the angle between those generators. The stable operating point of the power sys-

tem is where the generated power at each station is matched by the electrical

power sent out from that station. When there is a mismatch between electrical

power output and the generatedmechanical shaft power, the generator accelerates

or decelerates at a rate determined by the powermismatch and themachine inertia

as given in (7.22).

7.2.1 Classical Method

The classical method of transient multimachine stability studies assumes that each

individual generator oscillates at a frequency between 0.5 and 2 Hz. This is then

superimposed on the nominal frequency of 50 or 60 Hz. Thus, the transmission

system frequency is not perturbed from the nominal frequency by a large amount,

and the frequency-dependent system reactances do not change. There are a few

further assumptions required. These are:

•
The mechanical power input to each generator remains constant.

•
As in the swing equation of (7.22), the damping is neglected.

•
Each machine is represented by its constant internal voltage and constant tran-

sient reactance.

•
All loads are Y-connected, and their values do not change during the transients.

Consider the power system that is used in load flow studies, as shown in

Figure 7.12 (a). Bus-1 is assumed to be the slack bus, which is considered the

infinite bus. The PV buses are numbered M1 to Mn and PQ buses are numbered

L1 to Lk. As mentioned in Chapter 3, the generators are not included in the load

flow procedure and the loads are represented by their real and reactive power

drawn. The first step in the classical multimachine stability analysis is to per-

form load flow with the system data given. The next step is to convert the

PQ loads by their equivalent impedances and include the generators, as shown

in Figure 7.12 (b).
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7.2.2 Pre-fault Bus Admittance Matrix

Let us consider bus-M1 first. Load flow results for this bus are as follows:

VM1
= VM1

δM1
and PM1

+ jQM1
= VM1

I∗M1

Therefore,

IM1
=

PM1
+ jQM1

VM1

∗

7 44

Given the generator transient reactance, the generator transient internal voltage

is computed as

EM1
= VM1

+ jXM1
IM1

7 45

The internal voltage of all the other PV buses can also be computed similarly.

The loads are converted into constant RL loads, from the load flow data as well.

The admittance for bus-L1 is given by

YL1 =
PL1 − jQL1

VL1
2 7 46

Converting the remaining load real and reactive power in admittances, the Ybus

matrix is modified to represent the pre-fault system.

Example 7.8 Consider the power system shown in Figure 7.13, where the infi-

nite bus is assumed to be the slack bus. There are two generators connected to

buses 2 and 3 and two loads connected to buses 4 and 5. The base voltage is chosen

Power
System

M1

Mn

1

L1

L2

Lk

(a)

Power
System

1

(b)

E′M1

E′Mn

X′M1

X′Mn

ZL1

ZL2

ZLk

Figure 7.12 (a) Original power network and (b) its augmented version.
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as 20 kV in the circuit of generator G2. The base MV is chosen as 100. The imped-

ance data are listed in Table 7.3. The generator parameters are selected as follows:

Generator G2: X2 = 0 075 pu andH = 10MJ MVA

Generator G3: X3 = 0 1 pu andH = 8MJ MVA

The bus admittance matrix is given by

Ybus =

3 96− j39 6 0 0 − 1 98 + j19 8 − 1 98 + j19 8

0 − j40 0 j40 0

0 0 − j66 67 0 j66 67

− 1 98 + j19 8 j40 0 14 8− j123 9 − 12 82 + j64 1

− 1 98 + j19 8 0 j66 67 − 12 82 + j64 1 14 8− j150 57

The load flow results are shown in Table 7.4.

We shall now augment the system, as shown in Figure 7.12 (b) using (7.44) to

(7.46). Each of the buses is considered separately.

1
2

3

4

G2

G3

∞-Bus
5

Figure 7.13 Five-bus power system of Example 7.8.

Table 7.3 Impedance data for the system of Figure 7.13.

Bus to bus Resistance (pu) Reactance (pu)

1-4 0.005 0.05

1-5 0.005 0.05

2-3 0 0.025

3-5 0 0.015

4-5 0.003 0.015
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Bus-1: Slack bus.

E1 = 1 0

Bus-2: From (7.44),

I2 =
2 5 + j1 2845

1 05 6 695

∗

= 2 5073− j0 9663

From (7.45),

E2 = V 2 + jX2I2 = 1 05 6 695 + j0 075I2 = 1 113 + j0 31 = 1 1556 15 588

Bus-3:

I3 =
1 2 + j0 2633

1 02 4 084

∗

= 1 1919− j0 1737

E3 = V 3 + jX3I3 = 1 03 4 084 + j0 1I2 = 1 035 + j0 192 = 1 0524 10 504

Bus-4: Using (7.46),

Y 4 =
P4 − jQ4

V 4
2 =

0 9− j0 5

1 02122
= 0 8630− j0 4795

Bus-5:

Y 5 =
P5 − jQ5

V 5
2 =

0 45− j0 25

1 01632
= 0 4357− j0 2420

The augmented pre-fault Ybus matrix is then formed. These are given by

Y b22 =
1

j0 025 + j0 075
= − j10

Y b24 = Y b42 = −Y b22

Table 7.4 Load flow results for Example 7.8.

Bus number Voltage

Generation Load

P Q P Q

1 1.0∠0 −2.3352 −0.4511 0 0

2 1.05∠6.695 2.5 1.2835 0 0

3 1.02∠4.084 1.2 0.2633 0 0

4 1.0212∠3.354 0 0 −0.9 −0.5

5 1.0163∠3.089 0 0 −0.45 −0.25
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Y b33 =
1

j0 025 + j0 1
= − j8 696

Y b35 = Y b53 = −Y b33

TheYbusmatrix is formed using the following two steps. First, modify thematrix

using the parameters obtained above. This will produce the following matrix:

Ybus =

3 96− j39 6 0 0 − 1 98 + j19 8 − 1 98 + j19 8

0 − j10 0 j10 0

0 0 − j8 698 0 j8 698

− 1 98 + j19 8 j10 0 14 8− j123 9 − 12 82 + j64 1

− 1 98 + j19 8 0 j8 698 − 12 82 + j64 1 14 8− j150 57

Because of these changes, in the second and third rows of the Ybus matrix, the

diagonal elements of the last two rows will also change. Moreover, the admittances

Y4 and Y5 also need to be added with the diagonal elements. Therefore, these ele-

ments are obtained as follows:

Y b44 =
5

i = 1
Y b4i −Y b44 + Y 4 = 15 664− j95 384

Y b55 =
5

i = 1
Y b5i −Y b55 + Y 5 = 15 236− j92 842

The pre-fault Ybus matrix is then

Y
pre− fault
bus

=

3 96− j39 6 0 0 − 1 98 + j19 8 − 1 98 + j19 8

0 − j10 0 j10 0

0 0 − j8 698 0 j8 698

− 1 98 + j19 8 j10 0 15 664− j95 384 − 12 82 + j64 1

− 1 98 + j19 8 0 j8 698 − 12 82 + j64 1 15 236− j92 842

7.2.3 Reduction of Bus Admittance Matrix

Sometimes it is desirable to reduce the network by eliminating the nodes in which

the current does not enter or leave. The bus admittance is then written in the form

IA

0
=

K L

LT M

VA

Vx

7 47

In the above equation, IA is a vector containing the currents that are injected,

and the Ybusmatrix is portioned with the matricesK, L, andM. Note that the Ybus

matrix contains both L and LT due to its symmetric nature.
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We get the following two sets of equations from (7.47)

IA = KVA + LVx 7 48

0 = LTVA + MVx Vx = −M− 1LTVA 7 49

Substituting (7.49) in (7.48), we get

IA = K−LM− 1LT VA 7 50

From (7.50), the reduced bus admittance matrix is obtained as

Yreduced
bus = K−LM− 1LT 7 51

7.2.4 Bus Admittance Matrices During Fault and Post-Fault

The Ybus reduction is now used to calculate the bus admittance matrices during

faults and post-fault.

Example 7.9 This is a continuation of Example 7.8. Equation (7.51) will be used

to obtain the two bus admittance matrices. For this, the fault is assumed to have

occurred on line 4-5, immediately adjacent to bus-4. Because the fault has occurred

on bus-4, the 4th row, and the 4th column of the admittance of the admittance

matrix are removed. Furthermore, because current is injected at bus-5, this bus

can be removed from the computation using (7.51). We then have

K =

3 96− j39 6 0 0

0 − j10 0

0 0 − j8 698

,L =

− 1 98 + j19 8

0

j8 698

and

M = 15 236− j92 842

The bus admittance matrix during fault will then contain buses 1–3, where the

impedance matrix is computed using (7.51) as

Y
df
bus =

3 806− j35 397 0 0 116 + j1 836

0 − j10 0

0 116 + j1 836 0 0 13− j7 903

The fault is removed by the opening of the two breakers at the two ends of line 4-

5. This modifies the diagonal elements of the bus admittance matrix as

Y b44 = Y b44 −Y b45 and Y b55 = Y b55 −Y b54
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The resulting bus admittance matrix is then

Ybus =

3 96− j39 6 0 0 − 1 98 + j19 8 − 1 98 + j19 8

0 − j10 0 j10 0

0 0 − j8 698 0 j8 698

− 1 98 + j19 8 j10 0 2 843− j30 281 0

− 1 98 + j19 8 0 j8 698 0 2 416− j28 74

The last two rows and columns are eliminated using (7.51) to produce the

following post-fault bus admittance matrix.

Y
pf
bus =

1 004− j13 015 − 0 04 + j6 543 − 0 095 + j5 999

− 0 04 + j6 543 0 307− j6 727 0

− 0 095 + j5 999 0 0 22− j6 083

7.2.5 Multimachine Swing Equation

For a multimachine system, the swing equation for machine-i is given by

2H i

ωs

d2δi

dt2
= Pmi −Pei 7 52

In (7.52), Pmi is the mechanical power input to machine-i, and its electrical

power output is given by

Pei = Ei

2
Gii +

n

k = 1, k i

Ei Ek Y bik cos δik − θik 7 53

where δik = δi− δk. The elements of the Ybus matrix will depend on the state of

operation. For example, for the faulted operation, elements of Ydf
bus will be chosen

and the elements of Y
pf
bus will be chosen for the post-fault operation.

Example 7.10 This is the continuation of Examples 7.8 and 7.9. We shall con-

sider the faulted system first.

During fault: Since bus-4 is short circuited, we have

Pe2 = 0

Noting from Table 7.4 that Pm2 = 2.5 per unit, the swing equation for G2 is then

d2δ2

dt2
=

ωs

2 × 10
2 5− 0 = 0 125ωs

294 7 Power System Stability and Control



Using (7.53) and Ydf
bus computed in Example 7.9, the electric power supplied by

G3 is

Pe3 = E3

2
G
df
33 + E1 E3 Y

df
b13 cos δ31 − θ

df
31

= 1 0524 2 × 0 13 + 1 × 1 0524 × 1 8393 × cos δ3 − 86 39

= 0 1442 + 1 9357 cos δ3 − 86 39

It is to be noted that Y
df
b12 = 0 and therefore this term does not appear in the

above equation. Note from Table 7.4 that Pm3 = 1.2 per unit. The swing equation

is then given from (7.52) as

d2δ3

dt2
=

ωs

16
1 2− 0 1442 + 1 9357 cos δ3 − 86 39

Post-fault: For this case, line 4-5 has been removed and therefore Yb23= 0. Then,

for bus-2 we have

Pe2 = E2

2
G
pf
22 + E1 E2 Y

pf
b21 cos δ2 − θ

pf
21

= 1 1556 2 × 0 3074 + 1 × 1 1556 × 6 5432 δ3 − 90 35

= 0 4104 + 7 561 cos δ3 − 90 91

The swing equation is then

d2δ2

dt2
=

ωs

20
2 5− 0 4104 + 7 561 cos δ2 − 90 35

Similarly, for bus-3, the power equation is given by

Pe3 = E3

2
G
pf
33 + E1 E3 Y

pf
b13 cos δ31 − θ

pf
13

= 1 0524 2 × 0 2196 + 1 × 1 0524 × 6 × cos δ3 − 90 901

= 0 2432 + 6 3146 cos δ3 − 90 901

The swing equation is then

d2δ3

dt2
=

ωs

16
1 2− 0 2432 + 6 3146 cos δ3 − 90 901

The system is now simulated using (7.37), where ω = 100π (50 Hz). The angle

response of the two generators is shown in Figure 7.14, when the clearing time

is 3 cycles (0.06 s). It can be seen that both generators are stable. However, when

the clearing time is 0.26 s, generatorG2 becomes unstable, as shown in Figure 7.15.

However, generator G2 remains stable. Several methods for solving the multima-

chine problem are given in [15].
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7.2.6 Oscillations in a Two-Area System

Consider the simple power system shown in Figure 7.16 in which two areas are

represented by two machines that are connected through a tie-line. Let us assume

that starting with the initial angles δ1 and δ2 with respect to some reference at

δ
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Figure 7.15 Response of generator angles when the clearing time is 0.26 s.
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Figure 7.14 Response of generator angles when the clearing time is 0.06 s.
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nominal frequency, Machine-1 accelerates while Machine-2 decelerates from this

nominal frequency. We then have

2H1

ωs

δ1 = Pm1 −Pe1

2H2

ωs

δ2 = Pm2 −Pe2

7 54

where the subscripts 1 and 2 refer to machines 1 and 2, respectively. Let us assume

that the transmission line is lossless. Then, in the simple case where the power

from Machine-1 flows to Machine-2, we get

Pe1 = −Pe2 =
V 1V 2

X
sin δ1 − δ2 =

V 1V 2

X
sin δ12 7 55

where δ12 = δ1− δ2.

Now because the system is lossless, (7.55) will also imply that Pm1= − Pm2. This

means that in the steady state, the power generated at Machine-1 is absorbed by

Machine-2. Combining (7.54) with (7.55), the following equation is obtained:

2H1

ωs

δ1 −
2H2

ωs

δ2 = 2Pm1 −Pe1 + Pe2 = 2Pm1 −
2V1V 2

X
sin δ12 7 56

Let us now assume the following:

H1 = H2 = H,V1 = V 2 = 1 0 per unit and Pm1 = 0

Then (7.56) is rewritten as

δ12 = −

ωs

HX
sin δ12 = −ω2 sin δ12 7 57

where the oscillation frequency ω is given by

ω = ωs HX 7 58

Thus, the weighted difference of angles approximate a simple harmonic motion

for small changes in δ12 and the frequency will decrease for an increase in inertiaH

Machine-1 Machine-2

Pe1 Pe2

V1 ∠δ1 V2 ∠δ2

Figure 7.16 A simple two-area power system.

7.2 Multimachine System Stability 297



or impedance X. Another aspect can be seen by adding the two equations in (7.54),

which gives

2H1

ωs

δ1 +
2H2

ωs

δ2 = Pm1 + Pm2 = 0

H1δ1 + H2δ2 = 0

7 59

This implies that the overall acceleration of the machine group will depend on

the overall balance between the power generated and consumed. Usually, there

are governors on the generators to reduce generated power if the system frequency

increases.

7.3 Excitation Control

The power transfer equation in an SMIB system is given in (7.3) and (7.6) as

Pe =
V1V 2

X
sin δ

It can be seen from this equation that Pe will drop if V1 drops. To prevent this

drop, a very fast-acting voltage regulator is required to hold the generator voltage

to a reasonable level. In the transient stability problem studied in Section 7.1, it has

been mentioned that the transient can last only for a short interval. During this

time, a turbine-governor system cannot take necessary action due to its slow speed

of response. Similarly, for a sudden increase in load, the slow response of the tur-

bine-governor system will prevent it from supplying the load demand immedi-

ately. During this time, the stored kinetic energy in the rotor shaft is released

first, followed by rotating energy till the governor action takes place.

The dynamic stability problem differs from the transient stability where the sta-

bility of a machine under small changes or low oscillation frequency is studied.

Assume that several machines that are connected together through transmission

lines are supplying a group of loads. At any given instant, one of the loads changes.

The machines that are closest to the load will see large changes compared to the

machines that are further from the load. As we have discussed in the previous par-

agraph, the governor’s action will be inadequate to cater to the load change imme-

diately. Then the machines that are closer to the load will contribute to the

increase in the load. As a result, each machine will oscillate at its own natural fre-

quency and thus, these machines will “ring” at different frequencies till the damp-

ing actions suppress the oscillations.

All the modern turboalternators are equipped with an AVR that regulates the

output voltage through the control of the excitation system of the machine. During
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the first swing following a transient, the AVR rapidly alters the excitation input

towards its ceiling to hold the output voltage constant. Therefore, AVRs usually

have very high gains. This actionmay have deleterious effects on the system damp-

ing. This will be discussed next.

7.3.1 Linearized Swing Equation

The small signal linearized model of an SMIB system is discussed in [2, 10, 16]. The

linearized generator swing equation is written as

Δωr =
1

2Hs + KD

ΔTm −ΔTe 7 60

Δδ =
ωs

s
Δωr 7 61

Where Δ indicates a small variation from the steady-state value and KD is the

damping constant, which has been neglected in (7.22). This quantity is multiplied

by the machine speed ω to add damping to the swing equation. Equations (7.60)

and (7.61) are represented by the block diagram of Figure 7.17 (a). Let us now

–+

–

–+

–

1

2Hs

ωs

KD

KD

K1

s

1

2Hs

(a)

(b)

Δδ

Δδ

Δωr

Δωr
ΔTm

ΔTD

ΔTe

ΔTs

ΔTm

ωs

s

Figure 7.17 Linearized swing equation of an SMIB system: (a) swing equation and (b) with
constant flux.
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define a constant K1 as the change in electrical torque for a change in rotor angle

for a constant flux linkage in the d-axis, which is defined for constant excitation

voltage ΔEfd = 0. The constant is then written as

K1 =
ΔTe

Δδ
ΔEfd = 0

Then Figure 7.17 (a) is modified to Figure 7.17 (b).

Comparing Figure 7.17 (a) with Figure 7.17 (b), we can write the following

expression:

ΔTe = ΔTS + ΔTD = K1Δδ + KDΔωr 7 62

Two terms added to Figure 7.17 (b) are:

•
Synchronizing torque (TS), which is proportional to the changes in the

machine angle.

•
Damping torque (TD), which is proportional to the changes in the machine speed.

From Figure 7.17 (b), we can write

Δδ s

ΔTm s
=

G s

1 + G s H s

where

G s =
ωs

s

1

2Hs

1 +
KD

2Hs

=
ωs

s

1

2Hs + KD

=
ωs

2Hs2 + KDs

H s = K1

Then the closed-loop transfer function is given as

Δδ s

ΔTm s
=

ωs

2Hs2 + KDs + K1ωs

=
ωs 2H

s2 + KD 2H s + K1ωs 2H
7 63

From (7.63), the natural frequency of oscillation is given as

ωn = K1ωs 2H

The natural frequency is inversely proportional to the under the root of the iner-

tia constant, which is expected. The damping ratio is computed from

2ξωn =
KD

2H
ξ =

KD

4H K1ωs 2H
=

KD

2 2HK1ωs
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The damping ratio is directly proportional to the damping constant KD, and it

decreases as the inertia constant increases. It can therefore be surmised that the

system’s stability can be endangered by the lack of either the synchronizing torque

or the damping torque.

Example 7.11 Consider an SMIB system with the following parameters:

K1 = 0 8,H = 4 andω = 100π rad s

From Figure 7.17 (b), we get the following equations:

Δδ = ωsΔωr

Δωr =
1

2H
ΔTm −K1Δδ−KDΔω

Choosing ΔPm = 0.005 per unit, the system response when KD = 0 is shown in

Figure 7.18. Because the damping torque is zero when KD= 0, the system oscillates

at the undamped natural frequency given by

ωn = K1ωs 2H = 5 605 rad s f n = 0 8921 Hz

This implies that the oscillation period is 1.121 s. Obviously, the damping torque

is zero.

The characteristic equation of the closed-loop system is given from (7.63) as

2Hs2 + KDs + K1ωs = 0

Rearranging this, we have the following equation:

1 +
KDs

2Hs2 + K1ωs

= 0

The root locus plot of the system is shown in Figure 7.19. It is obvious that all the

roots are stable. Note that the undamped natural frequency (ωn) depends on the

system frequency, the constant K1, and the inertia constant H and is independent

of KD. However, damping ratio and damped natural frequency are dependent on

KD. The damped natural frequency is given by ωd = ωn 1− ξ2.

For K1 = 0.8, the undamped natural frequency, the damped natural frequency,

and the damped ratio are listed in Table 7.5. It can be seen that system damping

increases with the increase in KD.
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7.3.2 Excitation System

The block diagram of the SMIB system with constant excitation voltage (i.e.,

Δefd = 0) is shown in Figure 7.20. In this figure,

ψ fd is the d-axis flux linkage,

K3 and T3 respectively are the gain and time constant of the field circuit, and

K4 is the demagnetizing effect of the rotor angle on the field excitation.

From Figure 7.20, the electrical torque equation is given by

ΔTe s = K1 −
K2K3K4

1 + T3s
Δδ s 7 64
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Figure 7.19 Root locus plot of the system of closed-loop system.

Table 7.5 Variation in system damping with H and KD.

KD

H = 4 (MJ/MVA) H = 8 (MJ/MVA)

ωn (rad/s) ξ ωd (rad/s) ωn (rad/s) ξ ωd (rad/s)

0 5.605 0 5.605 3.9633 0 3.9633

2 5.605 0.0223 5.6036 3.9633 0.0158 3.9628

4 5.605 0.446 5.5994 3.9633 0.0315 3.9614

6 5.605 0.0669 5.5924 3.9633 0.0473 3.9589

8 5.605 0.0892 5.5826 3.9633 0.0631 3.9554

10 5.605 0.1115 5.57 3.9633 0.0788 3.951
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The torque equation has two components – one purely due to the swing equation

through K1, and the other due to the field circuit, that is, due to Δψ fd. We can

express the latter as follows:

ΔTe s
Δψ fd

= −

K2K3K4

1 + T3s
Δδ s 7 65

Replacing s in (7.65) by jω, the following equation is obtained:

ΔTe jω
Δψ fd

= −

K2K3K4

1 + jT3ω
Δδ jω 7 66

At very low frequencies, the above torque equation is written as

ΔTe jω
Δψ fd

= −K2K3K4Δδ jω

From (7.64), the above equation implies that

ΔTe jω = K1 −K2K3K4 Δδ jω

SinceK2,K3, andK4 are positive, this torque component produces a negative syn-

chronizing torque due to armature reaction. The synchronizing torque will

become negative when K1< K2K3K4. Therefore, the limiting value for the synchro-

nizing torque is

K1 = −K2K3K4 7 67

At higher frequencies, the torque component of (7.66) is given by

ΔTe s
Δψ fd

= −

K2K3K4

jT3ω
Δδ s = j

K2K3K4

T3ω
Δδ s 7 68

This implies that, at higher frequencies, the torque component due to Δψ fd is

phase quadrature, leading Δδ by 90 . This implies that this component is in phase

with Δωr and, therefore, is the positive damping torque.

Field circuit

– +–+ +

+

1
2Hs+KD1+sT3

K3 K2

K4

K1

ΔTm

ΔTe Δωr
Δδ

s
ωs

Δψfd
ΔEfd = 0

Figure 7.20 Block diagram SMIB system with constant excitation voltage.
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Example 7.12 Consider a system with the following parameters:

K1 = 0 8,KD = 2 5,K2 = 0 89,K3 = 0 35,K4 = 1 5 and T3 = 2 35

Then, the steady-state synchronizing torque component is given by

KS = K1 −K2K3K4 = 0 8− 0 4672 = 0 3328

From (7.65), we have

ΔTe Δψ fd
= −

K2K3K4

1−T2
3s

2
Δδ +

K2K3K4T3

1−T2
3s

2
sΔδ

= −

K2K3K4

1−T2
3s

2
Δδ +

K2K3K4T3

1−T2
3s

2
ωsΔωr

The synchronizing and the damping torque are then given from the above equa-

tion as

Synchronizing torque: ΔTS Δψ fd
= −

K2K3K4

1−T2
3s

2

Damping torque: ΔTD Δψ fd
=

K2K3K4T3

1−T2
3s

2
ωs

The variations in these torques as the frequency changes from 1 rad/s to 10 rad/s

are shown in Figure 7.21. For a frequency of 1 Hz, that is, 6.2832 rad/s, the two

torques are given by

ΔTS Δψ fd
= − 0 0021 pu andΔTD Δψ fd

= 1 575 pu

0
(a)

(b)
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–0.04

–0.06

60

40
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TD (pu)
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ω (rad)

Figure 7.21 Variations in (a) synchronizing and (b) damping torques with frequency.
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These points are also shown in Figure 7.21. The total synchronization coefficient

is however equal to

ΔTS Δψ fd
= 0 8− 0 0021 = 0 7979 pu

7.3.3 Automatic Voltage Regulator (AVR)

The excitation system with a static exciter of gain KA is shown in Figure 7.22. The

machine terminal voltage is measured through a transducer. The output of the

transducer is compared with the reference voltage Vref. We define two more con-

stants as given below:

K5 =
Δefd

Δδ
Δψ fd = 0

and K6 =
Δefd

Δψ fd
Δδ = 0

Then, the machine terminal voltage is written as

ΔEt = K5Δδ + K6Δψ fd 7 69

The SMIB system of Figure 7.20 is then modified using (7.69) and Figure 7.22 as

shown in Figure 7.23.

From Figure 7.23, we can write

ΔTe = K1Δδ + K2Δψ fd 7 70

This implies that there are two torque components – one due to Δδ, and the

other due to Δψ fd. Again, note that ΔVref = 0 in Figure 7.23 we have

Δψ fd =
K3

1 + sT3
−

KA

1 + sTR

K5Δδ + K6Δψ fd −K4Δδ 7 71

Rearranging (7.70), the following expression is obtained:

Δψ fd = −

KAK3K5 + K3K4 1 + sTR

KAK3K6 + 1 + sT3 1 + sTR

Δδ 7 72

– +

Vref

KAEt Efd

Exciter Limiter
Voltage

transducer

1

1 + sTR

Figure 7.22 Excitation system with automatic voltage regulator.

306 7 Power System Stability and Control



Again, from Figure 7.23, it can be seen that the change in Te due to a change in

ψ fd is given by

ΔTe Δψ fd
= K2Δψ fd 7 73

Using (7.72), (7.73) is modified as follows:

ΔTe Δψ fd
= −K2

KAK3K5 + K3K4 1 + sTR

KAK3K6 + 1 + sT3 1 + sTR

Δδ 7 74

Equation (7.74) is expanded as follows:

ΔTe Δψ fd
= −K2

K3K4TRs + KAK3K5 + K3K4

T3TRs2 + T3 + TR s + KAK3K6
Δδ 7 75

Replacing s by jω in the above equation, we have

ΔTe Δψ fd
= −K2

jK3K4TRω + KAK3K5 + K3K4

−T3TRω2 + j T3 + TR ω + KAK3K6
Δδ =

a11 + ja12

b
Δδ

7 76

where

a11 =−K2 KAK3K5 +K3K4 KAK3K6−T3TRω
2 +K3K4TR T3 +TR ω2

a12 =−K2 K3K4TRω KAK3K6−T3TRω
2
− T3 +TR ω KAK3K5 +K3K4

b= KAK3K6−T3TRω
2 2

+ T3 +TR
2
ω2

The synchronizing and damping components of torque are then

ΔTS = ΔTe Δδ + ΔTe Δψ fd
= K1Δδ +

a11

b
Δδ 7 77

ΔTD =
a12

b
jΔδ 7 78

– ++

+

–

–+ ++

s
1

2Hs + KD1 + sT3

1 + sTR

K3

K4

K2

K6

KA

K5

K1

1

ΔEfd +

ΔVref

Δψfd ΔTe Δωr
Δδ

ΔTm

ωs

Figure 7.23 SMIB system with AVR and exciter.
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Now from (7.61), the following expression can be written:

sΔδ = ωsΔωr jωΔδ = ωsΔωr jΔδ =
ωs

ω
Δωr

Therefore, the damping torque equation of (7.78) is rewritten as

ΔTD =
a12

b

ωs

ω
Δωr 7 79

The sign of the constant K5 depends on the operating conditions and the external

network impedance [2]. When it is negative, it can affect the system stability

depending on the exciter gain KA. The following example illustrates this.

Example 7.13 Consider the same system parameters as given in Example 7.12.

Additionally, we choose the following parameters:

K5 = − 0 2,K6 = 0 35 and TR = 0 025

Generally, the small signal frequency range of 0.5–2.5 Hz is of interest. For this

example, we choose ω = 9.45 rad/s (i.e., 1.512 Hz).

The gain KA is varied from 0 to 100. The synchronizing and damping torque are

shown in Figure 7.24. Figure 7.24 (a) shows the component of synchronizing tor-

que that is due to a11/b. It is negative below KA= 50. After that, the demagnetizing
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Figure 7.24 Variations in synchronizing and damping torques with exciter gain.
(a) component of synchronizing torque (a11/b) in math mode, (b) synchrnizing torque and

(c) damping torque.

308 7 Power System Stability and Control



effect due to the armature reaction is compensated by the AVR, as shown in

Figure 7.24 (b). However, the damping torque becomes negative when KA = 8,

as shown in Figure 7.24 (c). When KA = 100, the synchronizing torque is 0.8685

per unit, while the damping torque is –7.825 per unit.

7.3.4 Power System Stabilizer (PSS)

The best way of providing additional damping is to use an auxiliary stabilizing sig-

nal. Figure 7.25 shows the partial block diagram of the system where GPSS is the

transfer function of the PSS. The main aim of the PSS is to extend the stability lim-

its by modulating the generator excitation to provide damping in the frequency

range of 0.25–2.5 Hz.

From Figure 7.25, the following expression is written:

Δψ fd =
KAK3

1 + sT3
ΔvPSS −

K6

1 + sTR

Δψ fd 7 80

Equation (7.79) is rearranged as

Δψ fd

ΔvPSS
=

KAK3 1 + sTR

T3TRs2 + T3 + TR s + KAK3K6 + 1
7 81

Δωr

K6

ΔVref

ΔVpss

KA

Gpss

+
+

–

1

1 + sT3

1 + sTR

K3
K2

Δψfd
ΔTpss

Figure 7.25 Block diagram showing the effect of PSS on ψ fd.
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Example 7.14 The parameters of Example 7.13 are also considered for this

example. For KA = 100, the transfer function of (7.80) is obtained as

Δψ fd

ΔvPSS
=

0 755s + 35

0 0588s2 + 2 375s + 13 25

At frequency s = jω = j9.5 rad/s, the above expression is converted to

Δψ fd

ΔvPSS
=

35 + j8 269

8 + j22 44
= 1 509 − 57 08

From Figure 7.25, we write the following expression for the torque produced due

to PSS:

ΔTPSS

ΔvPSS
=

ΔTPSS

GPSSΔωr

= K2

Δψ fd

ΔvPSS
= 1 3433 − 57 08

ΔTPSS

Δωr

= GPSS 1 3433 − 57 08

Now, the damping torque is in phase with the rotor speed. The PSS transfer func-

tion should be so chosen that it provides a phase lead of 57.08 at 9.5 rad/s. Assum-

ing that the PSS is able to provide the exact amount of phase lead, the damping

torque is computed using the result of Example 7.13 as

KD = − 7 825 + 1 3433 GPSS ω = j9 5

Therefore, the PSS gain at 9.5 rad/s should be

GPSS ω = j9 5 ≥
7 825

1 3433
= 5 8253

Usually, the PSS gain must be large enough to provide sufficient damping tor-

que. However, it is to be noted that the PSS can reduce the synchronizing torque

component [2].

The basic block diagram of a PSS is shown in Figure 7.26. It contains a washout

block, the PSS gain, and phase compensator blocks. The purpose of the washout

1 + sT1

1 + sT21 + sTw

sTw
Kpss

Δωr ΔvPSS

Washout PSS gain Phase
compensator

Figure 7.26 Block diagram of a typical PSS.
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block is to remove any DC offset such that the output of the PSS is not biased. The

PSS gain is chosen such that the required amount of damping torque is obtained.

The phase compensator block adds the amount of phase lead needed to cancel out

the phase bias at the operating frequency. From the discussions presented in this

section, the most natural choice for the PSS input is speed deviation. However,

there are other signals that also have been considered, namely, the frequency input

and power input. A detailed analysis regarding the choice of PSS input is presented

in [11].

Example 7.14 shows how a PSS can be tuned for a particular frequency. How-

ever, the PSS must cover the entire frequency range of 0.2–2.5 Hz. Therefore, care-

ful consideration must be given to the PSS tuning [11]. The main problem is that a

stabilizer with excess damping often detracts from the effect of AVR. Therefore, its

control efforts should be limited during the period immediately following a large

transient. However, the PSS must damp out the subsequent oscillations irrespec-

tive of the operating conditions or the frequency of oscillation. An adaptive PSS

can perform these tasks seamlessly. The typical block diagram of an adaptive

PSS system is shown in Figure 7.27. It contains a system identification block that

estimates the system transfer function parameters θ based on the system output y

and the system input u. The control system then computes the control action u

based on a suitable control action [13, 14]. Some typical adaptive controllers are

discussed in [7].

Generating unit

y

Limiter

Washout

System 
identification

Controller

VrefKA

KPSS

u

u

+

+

+

–

Δωr

θ

Figure 7.27 Schematic diagram of adaptive PSS.
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7.4 Concluding Remarks

The main aim of power system stability is to evaluate the ability of the system to

recover following a large transient. Two different kinds of stability have been dis-

cussed in this chapter. The transient stability problem determines the critical clear-

ing angle beyond which the system becomes unstable. Both single-machine,

infinite bus and multimachine system stability have been discussed. The instant

of time at which the critical clearing angle occurs usually cannot be computed

in most cases. Usually, a step-by-step integration method is employed for the cal-

culation of the critical clearing time. Instead, a simpleMATLAB-basedmethod has

been presented that can be used for the calculation of this time.

The dynamic stability of a power system deals with the system oscillations in a

very low-frequency range. This can become very acute in large, interconnected

power systems. In Section 7.3, the impact of AVR gain on the system stability

has been discussed. It has been shown that an AVR with a high gain can have det-

rimental effects on the system damping torque. To enhance the damping torque,

PSS are used. Note that in Section 7.3, the system analysis is presented using the K

constants. These constants are derived based on the d-q axis model of generators,

which has not been discussed in this book. See [2, 10] for more information.

However, these constants are defined as follows:

K1 is the change in the electrical torque for a change in the rotor angle with

constant flux.

K2 is the change in the electrical torque for a change in flux linkage with a

constant angle.

K3 is an impedance factor.

K4 defines the impedance ratio between subtransient and transient reactances.

K5 is the change in the terminal voltage for a change in rotor angle for

constant flux.

K6 is the change in the terminal voltage for a change in flux for rotor angle.

Of these constants, only K5 can become negative due to the demagnetizing effect

due to the armature reaction.

Power system control is a very wide area of study. In the next two chapters, we

shall study how power flow through a transmission line can be increased, while

maintaining the system stability at the same time.
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Problems

P7.1 Consider a 2-pole, 50 Hz turboalternator rated 500 MVA and 20 KV with

the inertia constant (H) of 10MJ/MVA. Neglecting the rotational losses,

find the angular acceleration in rpm/s when the electrical power output

is 400MW for an input of 700 000 hp.
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P7.2 The generator in Problem P7.1 is synchronized with a large power system.

Starting from Pa = 0, the generator accelerates for 10 cycles. Find the speed

in rpm at the end of this period.

P7.3 A 100 MVA, 50 Hz synchronous generator has an internal emf of 1.2 per

unit. It is connected to an infinite bus of voltage 1.0 per unit through a loss-

less transmission line. The combined reactance of the generator and the

line is 0.3 per unit. The generator is transmitting 1.0 per unit of power to

the infinite bus at unity power factor when a three-phase short circuit

occurs to force the power transfer to zero. Subsequently, circuit breakers

operate to isolate the fault such that the reactance between the generator

and the infinite bus becomes 0.4 per unit.

(a) Calculate the critical clearing angle.

(b) If the generator inertia constant is 2.5 MJ/MVA, calculate the critical

clearing time.

P7.4 Consider the power system shown in Figure P7.4. Rating of the different

components are as follows:

Generator: 25 kV, 200 MV, Y-connected, X = 0.15 pu

Transformer (T-1): 25 Y/400 Y kV, 200 MVA, X = 0.05 pu

Transformer (T-2): 100 Y/400 Y kV, 200 MVA, X = 0.05 pu

Convert all the quantities to a common per unit base in terms of 100 kVA

and 200 MVA in the circuit of the infinite bus. The generator is delivering

200MW and 40 MVAr to the infinite bus when the circuit breaker B-1

opens inadvertently. Assuming the infinite bus voltage angle to be the ref-

erence, find the maximum angle to which the rotor will swing to.

P7.5 A 50-Hz generator is supplying 60% of its maximum power (Pmax) to an infi-

nite bus through a reactive network. A fault occurs which increases the

reactance of the network between the generator and the infinite bus to

T-1
B-1 B-2

T-2

j240 Ω

j240 Ω

25 kV

400 kV 400 kV 100 kV

Generator

∞-Bus

Figure P7.4 SMIB system of Problem P7.4.
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400%. When the fault is cleared, the maximum power that can be delivered

is 80% of the pre-faulted maximum power level. Determine the critical

clearing angle.

P7.6 A 50 Hz synchronous generator is connected to an infinite bus through a

double circuit transmission line, as shown in Figure P7.6, where all quan-

tities are given is a common per unit base. The infinite bus voltage is

assumed to be 1∠0 per unit. The generator is transmitting 1.0 per unit

of power when a bolted three-phase fault occurs at point P indicated in

the figure. The fault is cleared by the opening of breakers B-1 and B-2.

Determine the critical clearing time for the opening of the breakers when

the inertia constant H = 10MJ/MVA.

P7.7 A 50 Hz synchronous generator is connected to an infinite bus through a

double circuit transmission line, as shown in Figure P7.7, where all quan-

tities are given is a common per unit base. The inertia constant (H) is 2.0

MJ/MVA. With the system operating in the steady state delivering 1.0 per

unit of power to the infinite bus, a bolted three-phase occurs at point P

shown in the figure. If the fault is cleared by the opening of the breakers

B-1 and B-2 after 8 cycles, state, with justification, whether the system will

remain stable or not.

P7.8 Consider the double-circuit SMIB system shown in Figure P7.8. The system

is operating in the steady state delivering 1.5 per unit of power to the

B-1 B-2

j0.5

j0.4Generator
j0.05 j0.05

|E′| = 1.2

X′| = j0.2

P

∞-Bus

Figure P7.6 A generator connected to infinite bus through double circuit line of

Problem P7.6.

j0.2

j0.4

j0.05

j0.4

|E′| = 1.2

P

B-1 B-2
Generator

∞-Bus

Figure P7.7 SMIB system of Problem P7.7.
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infinite bus when a bolted symmetrical fault occurs at the point shown in

the figure.

(a) Will the system remain stable if the fault is not removed?

(b) Suppose the fault is cleared at angle of 60 , will the system remain

stable?

P7.9 Consider a 50 Hz SMIB system that transfers 1.0 per unit of power to the

infinite bus. The maximum power during three events is given by

Pmax = 2 4 pu

Pmax fault = 0 857 pu

Pmax post fault = 2 0 pu

Find the critical clearing angle and hence find when H in MJ/MVA is (a) 2,

(b)4, (c)6, (d)8, and(e)10,using theMATLABprogramgiveninExample7.6.

P7.10 Consider the SMIB system shown in Figure P7.10, which has a braking

resistor connected to the machine terminal. The machine is delivering a

complex power 1 + j0.4 per unit to the infinite bus when the circuit breaker

CB1 opens inadvertently. Assume that the behavior of the braking resistor

is ideal, that is, switch S is closed as soon as B1 opens. Then find the value of

the critical clearing angle if the value of resistor R is 2.3 per unit.

j0.2

j0.4

j0.2 j0.2

1.2 δ

1 0°
4

B1

Figure P7.8 SMIB system of Problem P7.8.

j0.2

j0.4
E′ 1 0°

B1 B2

S

R

Figure P7.10 SMIB system with a braking resistor of Problem P7.8.
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P7.11 A lossless 50 Hz SMIB system has the following parameters:

Generator internal voltage: 1.1 per unit

Infinite bus voltage: 1.0 per unit

Line reactance: 0.8 per unit

Inertia constant (H): 4.5 MJ/MVA

Power transmitted: 1.0 per unit

Determine the damping ratio and the undamped natural frequency of

oscillation.
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8

Reactive Power Compensation

The interconnected western power systems of the United States include the

provinces of Alberta and British Columbia in Canada. It covers an area that is more

than half the land area of the United States and provides power to 59 million peo-

ple. The operation and the planning of this western interconnection that includes

some 88 member systems are coordinated by the Western Systems Coordinating

Council (WSCC). In July and August 1996, two large-scale power outages occurred

in this system. July 2 outage was reported in [1, 2].

On August 10, it was very hot and humid with temperature soaring to 40 C.

Recent excellent rainfall made hydroelectric generation readily available. Further-

more, the combined effect of rain and hot weather also caused the trees to grow

faster. Three 500 kV lines went out of service as they sagged and came in contact

with trees. Even though these lines were lightly loaded at that time, their capac-

itance provided a much-needed reactive power support in the high-power transfer

corridor between Canada and California [2].

The serious trouble started when a 500 kV line connecting Seattle and Portland

carrying a load of over 1,300MW sagged into a tree and went out of service. This

resulted in a loss of voltage support, particularly in North-Central Oregon, at the

head of the intertie to Canada. Initially, generation at the McNary hydroelectric

plant sought to offset this problem by increasing voltage support. But within 5min-

utes, all generating units at the McNary Dam shut down, shedding nearly 700MW

in 70 seconds. Growing oscillations then caused the tripping of the AC intertie

causing severe generation loss.

The outages of 1996 were due to a lack of reactive power in the system. Reactive

power is consumed or absorbed in an inductive circuit, while it is produced or gen-

erated in a capacitive circuit. The consumption of reactive power depresses trans-

mission voltage. Conversely, the injection of reactive power tends to support

voltage of a transmission line. As a transmission line is predominantly reactive,
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if the voltages at its two ends are held constant, its production of reactive power is

nearly constant, while its consumption of reactive power is inversely proportional

to loading. Thus, generators must absorb reactive power during light load and gen-

erate it during heavy load. This reactive balance is however lost during a severe

transient.

The term voltage stability defines the ability of the power system to return to

nominal voltages of all buses following a disturbance in the system. In addition,

the system will also be able to maintain the nominal voltage at buses in a steady

state. Conversely, voltage instability occurs when the voltages at different buses

drop continuously following a disturbance or load change. We start our discus-

sions of this chapter with an introduction to voltage stability. This will be followed

by discussions on reactive power compensation, where both ideal shunt and series

compensation will be discussed.

8.1 Voltage Stability

Consider the radial system that is feeding a constant impedance load as shown in

Figure 8.1. The line current is given by

IS =
VS

RS + RR + j XS + XR

8 1

The receiving-end voltage and power are given by

VR = RR + jXR IR =
VS RR + jXR

RS + RR + j XS + XR

=
VS

1 +
RS + jXS

RR + jXR

8 2

PR = Re VRI
∗

S = Re
VRV

∗

S

RS + RR − j XS + XR

=
VS

2RR

RS + RR
2 + XS + XR

2

8 3

VS

RS  +  jXS VR

RR + jXR

IS

+

Figure 8.1 Schematic diagram of a radial system feeding a constant impedance load.
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Let us define the following:

RS + jXS = ZS θS = ZS cos θS + j sin θS 8 4

RR + jXR = ZR θR = ZR cos θR + j sin θR 8 5

The ratio of the impedances is given by

ZS θS

ZR θR
= Zratio θS − θR 8 6

The receiving-end voltage of (8.2) is then rewritten as follows:

VR =
VS

1 + Zratio θS − θR
8 7

Using (8.4) and (8.5), the following expression is obtained:

RS+RR
2+ XS+XR

2= ZR cosθR+ ZS cosθS
2+ ZR sinθR+ ZS sinθS

2

= ZR
2+ ZS

2+ ZR ZS cos θS−θR

Then, the receiving-end power of (8.3) is modified as follows:

PR =
VS

2 ZR cos θR

ZR
2 + ZS

2 + 2 ZR ZS cos θS − θR
8 8

To determine the maximum power that can be transmitted to a constant power

factor load, the derivative of (8.8) is taken with respect to |ZR| and the resultant is

equated to zero. This gives

2 ZR +2 ZS cos θS−θR ZR − ZR
2+ ZS

2+2 ZR ZS cos θS−θR =0

2 ZR
2+2 ZS ZR cos θS−θR − ZR

2+ ZS
2+2 ZR ZS cos θS−θR =0

ZR = ZS

Thus, the maximum power that can be transferred to a constant power factor

load when the magnitdue of the load impedance is equal to the magnitude of

the source impedance. The maximum power supplied to a constant power factor

load is then written from (8.8) as

PRmax =
VS

2 cos θR

2 ZS 1 + cos θS − θR
8 9

Defining PRmax as the base power, the per unit power is obtained by combining

(8.8) and (8.9) as

PR

PRmax

=
2 ZR ZS 1 + cos θS − θR

ZR
2 + ZS

2 + 2 ZR ZS cos θS − θR
8 10
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Dividing the numerator and the denominator of the right-hand side of (8.10) by

|ZR|
2, the following equation is obtained:

PR

PRmax

=
2 Zratio 1 + cos θS − θR

1 + Zratio
2 + 2 Zratio cos θS − θR

8 11

Example 8.1 Let us now consider a transmission line that has a line resistance

that is 10% of the line reactance. This implies that θS = tan−1(10). Also, the line is

feeding an inductive load with a power factor of 0.9 such that θR = cos−1(0.9). Per

unit receiving-end power and the magnitude of the receiving-end voltage in per

unit are plotted in Figure 8.2. Note that since |ZS| is fixed for a given transmission

system, an increase in Zratio implies a decrease in |ZR|. Usually, a reduction in the

load impedance is associated with an increase in power supplied to the load. Thus,

as the load demand increases, PR increases to a maximum of PRmax. This occurs

when Zratio = 1, that is, |ZS| = |ZR|. After this point, PR decreases monotonically

with the load demand. Also evident from this figure is that the receiving-end volt-

age drops monotonically due to the absence of a voltage regulator at this terminal.

The point at which the power is maximum is called the critical operating point. If

the load demand increases beyond this point, the ability of the system to meet the

demand reduces rapidly. Thus, a decrease in the load impedance will decrease

both power and voltage. They will settle points that are much below satisfactory

operating points.

1

0.5

0
0 1

Zratio

2

|VR|

PR/PRmax

3

Figure 8.2 Variations in per unit receiving-end voltage and power with load demand.
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Another important aspect is the power versus voltage curve. This is shown in

Figure 8.3 for a range of values of load power factor. The load power is normalized

with respect to themaximumpower at unity power factor load, that is,Pmax=PRmax

for θR = 0. From the curves shown in Figure 8.3, the following can be concluded:

•
For lagging power factor loads, the maximum power is less than Pmax.

•
For leading power factor loads, the maximum power is more than Pmax.

•
For unity factor loads, the maximum power is equal to Pmax.

The locus of the critical operating point as the load power factor changes is

shown by a dotted line in this figure. The maximum power that can be delivered

to the load is a strong function of the load power factor. The more the load power

factor is leading, the greater the power that can be transferred.

From Figure 8.3, it is evident that for a particular load power factor angle, there

are two operating points of |VR| for a particular value of PR. One of these points is

above the critical line, which must be chosen for satisfactory operation. The point

below the critical line should not be chosen as the voltage can rapidly decrease

following a change in output power leading to a voltage collapse.

In the end, we can conclude that the maximum power that can be transferred

can be raised by raising the source voltage or bringing the power factor close to

unity for an inductive load. Since raising the source voltage is not always a viable

alternative, the load power factor must be corrected. This can be achieved by sup-

plying reactive power to compensate for the demands of reactive power of

the load.

Critical line

Lagging pf Leading pf

Unity pf

|V
R
|

PR/PRmax

0

0.5

1

0 1

Figure 8.3 Power versus voltage curve of a radial power system feeding a static load.
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Example 8.2 Consider again, the system of Figure 8.1. The system parameters

are given in per unit as

VS = 1 0,ZS = 0 05 + j0 3 and ZR = 1 + j1

Then

IS =
VS

ZS + ZR

= 0 376− j0 4655 = 0 5984 − 51 07

VR = ZRIS = VS −ZSIS = 0 8415− j0 0895 = 0 8463 − 6 07

The voltage drop is 0.1537 per unit. The phasor diagram is shown in Figure 8.4

(a), where IR and IQ, respectively, are the real and reactive components of the

source current, that is,

IR = 0 376 and IQ = − j0 4655

The power loss in the line is |IS|
2RS = 0.0179 per unit. The complex power sup-

plied to the receiving-end is

PR + jQR = VRI
∗

S = 0 3581 + j0 3581 per unit

Let us now introduce a capacitor with a reactance of −jXC in parallel with ZR.

The equivalent receiving-end impedance is then

Zeq =
− jXCZR

− jXC + ZR

=
− jXC × 1 + j1

− jXC + 1 + j1
=

− jXC + XC 1 + jXC − j1

1 + 1−XC
2

=
X2

C + j X2
C − 2XC

1 + 1−XC
2

Now if we place the capacitor to make Zeq purely resistive, then equating the

imaginary component of the above equation to zero, we have

X2
C − 2XC = 0 XC = 2

Then

Zeq =
− jXCZR

− jXC + ZR

=
− j2 1 + j1

− j2 + 1 + j1
=

2− j2

1− j1
= 2

Therefore, the sending-end current and the receiving-end voltage are

IS =
VS

ZS + Zeq

= 0 4776− j0 0699 = 0 4827 − 8 33

VR = ZRIS = 0 9552− j0 1398 = 0 9653 − 8 33
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The power loss in the line is 0.0116 per unit and the power supplied to the load is

equal to

PR + jQR = VRI
∗

S = 0 4659 + j0 per unit

Therefore, the power supplied by the load has also increased since the load volt-

age has increased. Furthermore, comparing the current IS before and after the

capacitor connection, we can conclude that the reactive power supplied by the

source has reduced since the capacitor supplies the reactive power requirement

of the load. Hence, the capacitor-connected system is called a (reactive power)

compensated system. The phasor diagram of the capacitor-compensated system

is shown in Figure 8.4 (b).

8.2 Ideal Reactive Compensation

The two major problems that modern power systems are facing are voltage and

angle stability. There are various approaches to overcome the problem of stability

arising due to small signal oscillations in an interconnected power system. Asmen-

tioned in Chapter 7, installing power system stabilizers with generator excitation

control system provides damping to these oscillations. However, with the advance-

ment in power electronic technology, various reactive power control equipment

are increasingly being used in power transmission systems.

Power networks are mostly reactive. A synchronous generator usually generates

active power that is specified by the mechanical power input. The reactive power

supplied by the generator is dictated by the network and load requirements.

A generator usually does not have any control over it. However, the lack of reactive

power can cause voltage collapse in a system. It is therefore important to supply/

absorb excess reactive power to/from the network. Shunt and series compensation

are approaches that can be used to provide reactive power support.

VS

VR

IS

IR

IQ

(a)

VS

VRIS

(b)

Figure 8.4 Phasor diagram of the system of Example 8.2 for (a) uncompensated system and
(b) compensated system.
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A device that is connected in parallel with a transmission line is called a shunt

compensator, while a device that is connected in series with the transmission line is

called a series compensator. Usually, the maximum benefit can be obtained from a

shunt compensator if it is always connected at the midpoint of the transmission

system. On the other hand, a series compensator can be connected at any point

in the line. We shall demonstrate that such connections in an single-machine,

infinite-bus (SMIB) system improve the following:

•
voltage profile

•
power-angle characteristics

•
stability margin

•
damping of power oscillations

In this chapter, we shall discuss the ideal behavior of these compensating

devices to broadly discuss the advantages of shunt and series compensation.

8.3 Ideal Shunt Compensation

An ideal shunt compensator is an ideal current source. We call this an ideal shunt

compensator because we assume that it only supplies reactive power and no real

power to the system. This assumption is not valid for practical systems. However,

for an introduction, the assumption is more than adequate. We shall investigate

the behavior of the compensator when connected in the middle of a transmission

line, as shown in Figure 8.5. In Example 8.3, it will be demonstrated that this will

cause the least voltage drop. In Figure 8.5, the shunt compensator, represented by

an ideal current source. We shall demonstrate that such a configuration improves

the four aspects that are mentioned above.

jX /2VS+ jX /2 +VR

VM

IRIS

IQ

Figure 8.5 Schematic diagram of an ideal midpoint shunt compensation.
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8.3.1 Improving Voltage Profile

For the analysis presented in this section, we define the following voltages:

VS = V δ,VR = V 0 and VM = VM δM

From Figure 8.4, the following equations for the sending- and receiving-end

currents are written:

IS =
V δ− VM δM

jX 2
8 12

IR =
VM δM −V

jX 2
8 13

Using Kirchoff’s current law at the midpoint, we get

IS + IQ = IR 8 14

Substituting (8.12) and (8.13) in (8.14), the following expression for the current

injected by the shunt compensator is obtained:

IQ =
VM δM −V

jX 2
−

V δ− VM δM

jX 2
= − j

2

X
2 VM δM −V −V δ

8 15

The complex power injected by the shunt compensator is then

PQ + jQQ = VM δM × I∗Q = j
2

X
VM δM 2 VM −δM −V −V − δ

= j
2

X
2 VM

2
−V VM δM −V VM δM − δ

8 16

Expanding the right-hand side of (8.16), the injected real and reactive power are

written as

PQ = 2
V VM

X
sin δM + sin δM − δ

QQ =
2

X
2 VM

2
−V VM cos δM + cos δM − δ

8 17

It is desired that the shunt compensator provides pure reactive compensation,

that is, it does not inject any active power. Therefore, from (8.17), we have

PQ = V VM sin δM + sin δM − δ = 0

sin δM + sin δM − δ = 0
8 18
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To solve (8.18), the following identity will be used:

sin x + sin y = 2 sin
x + y

2
cos

x− y

2

Then, (8.18) is rewritten as

sin δM + sin δM − δ = 2 sin
2δM − δ

2
cos

δ

2
= 0

Since δ/2 cannot be equal to zero, the solution of (8.18) is

sin δM −
δ

2
= 0 δM −

δ

2
= nπ, n = 0, 1, 2,…

Since δMmust be less than δ for a power flow from the sending-end, for the solu-

tion of the above equation, n is chosen as 0 to produce

δM =
δ

2
8 19

Let the midpoint voltage be chosen to be the same as the sending- and receiving-

end voltages, that is, |VM| = V. Then, the injected current in (8.15) is

IQ = − j
2V

X
2 δ 2 − 1− 1 δ

= − j
2V

X
2− 1 −δ 2 − 1 δ 2 δ 2

8 20

Now

2− 1 −δ 2 − 1 δ 2 = 2− cos δ 2 + j sin δ 2 − cos δ 2 − j sin δ 2

= 2 1− cos δ 2

Therefore, the injected current is

IQ = − j
4V

X
1− cos δ 2 δ 2 8 21

The injected current is in phase quadrature with the midpoint voltage, indicat-

ing the real power injection to be zero. The reactive power injected by the ideal

current source is computed from (8.17) as

QQ =
2V 2

X
2− 2 cos δ 2 =

4V 2

X
1− cos δ 2 8 22
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Example 8.3 Consider the shunt compensated system shown in Figure 8.6. In

this, two voltage sources are joined together by a transmission line with reactance

of X = X1+ X2. In this, an ideal shunt compensator is placed at an arbitrary loca-

tion Q, that is, X1 is not necessarily equal to X2. The following data are given in per

unit basis:

Sending-end voltage: VS = 1∠ 30

Receiving-end voltage: VR = 1∠ 0

Bus-Q voltage: VQ = 1∠ δQ

Ideal shunt compensator: IQ = |IQ|∠ (δQ− 90 )

Total line reactance: X = X1+ X2 = 0.4

The real and reactive power flowing at the different parts of the network are

shown in Figure 8.6 as well.

Note that the line is lossless, and the ideal shunt compensator injects a current

that is quadrature with the bus-Q voltage. Therefore, the active power dispatched

from the sending-end will be received at the receiving-end. However, depending

on the X1 : X2 ratio, the voltage profile, angle δQ and the active power flow over the

line will vary.

Since this is a lossless line, the power transferred to bus-Q from Bus-1 will be the

same as power transferred from bus-Q to Bus-2. Therefore, we have

1

X1
sin 30 −δQ =

1

X2
sinδQ

X2

X1
sin30 cosδQ− cos30 sinδQ = sinδQ

X2

X1
cos30 + 1 sinδQ =

X2

2X1
cosδQ

2X1

X2
+2cos30 sinδQ = cosδQ

jX1

IQ

VS = 1∠30° VR = 1∠0°
1∠δQ

jX2

Q

IS

IRPS, QS PR, QR

PQ, QQ ∠ (δQ – 90°)

Figure 8.6 A transmission line is compensated by an ideal shunt compensator.
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Let us define

β =
2X1

X2
+ 2 cos 30

Then

δQ = tan−1
1

β

The currents flowing through the circuit are then given by

IS =
1 30 − 1 δQ

jX1
, IR =

1 δQ −V

jX2
and IQ = IR − IS

The real and reactive power flowing through the circuit are computed accord-

ingly. The compensator is placed at three locations along the line length: (a) one-

third, (b) midpoint, and (c) four-fifth. The results obtained are listed in Table 8.1.

The voltage profiles along the line when there is no compensator and for the three

cases are shown in Figure 8.7. It can be seen that the minimum voltage drop occurs

when the compensator is placed at the midpoint. Without any compensation, the

maximum voltage drop of 0.966 per unit occurs at the midpoint of the circuit. This

is lower than the three compensated cases discussed here. This shows that the

shunt compensator improves the voltage profile.

Table 8.1 System quantities for different compensator placement locations.

Line length 25% 50% 80%

Line reactance X1 = 0.1, X2 = 0.3 X1 = 0.2, X2 = 0.2 X1 = 0.3, X2 = 0.1

Angle δQ 22.63 15 5.87

Current |IQ| 0.3393 (pu) 0.3407 (pu) 0.3386 (pu)

Sending-end real
power PS

1.2826 (pu) 1.2941 (pu) 1.2777 (pu)

Sending-end reactive
power QS

0.0826 (pu) 0.1704 (pu) 0.2731 (pu)

Receiving-end real
power PR

1.2826 (pu) 1.2941 (pu) 1.2777 (pu)

Receiving-end reactive
power QR

–0.2567 (pu) –0.1704 (pu) –0.0655 (pu)

Reactive power
injected QQ

0.3393 0.3407 0.3386

Minimum voltage
magnitude

0.9806 (pu) 0.9914 (pu) 0.9779 (pu)
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In (8.20), we have assumed that the injected current IQ lags the midpoint voltage

VM by 90 . However, we can modify this such that the injected current such that it

leads the midpoint voltage by 90 . Then modifying (8.20), we have

IQ = j
2V

X
2 δ 2 − 1− 1 δ = j

4V

X
1− cos δ 2 δ 2 8 23

The reactive power injected by the current source is then

QQ = −

4V2

X
1− cos δ 2 8 24

The voltage–current characteristic of the compensator is shown in Figure 8.8.

This ideal behavior, however, is not feasible in practical systems where we get a

slight drop in the voltage characteristic. This will be discussed in Chapter 9.
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Figure 8.7 Voltage profile along the line for different locations of compensator placement.

LaggingLeading

VM

IQ

V

Figure 8.8 Voltage–current
relationship of an ideal shunt
compensator.
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8.3.2 Improving Power-Angle Characteristics

Referring to Figure 8.5, the complex power supplied by source is

PS + jQS = VSI
∗

S = V δ
V − δ−V − δ 2

− jX 2
=

V 2
−V δ 2

− jX 2

=
2V 2 sin δ 2

X
+ j

2V2 1− cos δ 2

X

8 25

On the other hand, the complex power delivered to the receiving-end is

PR + jQR = VRI
∗

R = V
V − δ 2 −V

− jX 2

=
2V 2 sin δ 2

X
+ j

2V 2 cos δ 2 − 1

X

8 26

Therefore, the real power transmitted over the line is

Pe = PS = PR =
2V 2

X
sin δ 2 8 27

From (8.22), (8.25), and (8.26), we find the reactive power consumed by the

line is

Qe = QS + QQ −QR =
8V 2

X
1− cos δ 2 8 28

Example 8.4 Consider the midpoint shunt compensated line with VS= 1 ∠ δ per

unit, VR = 1∠ 0 per unit, VM = 1 ∠ (δ/2) per unit, and X = 1.0 per unit.

From the data, it can be seen that Pmax = 1.0 per unit, and this is chosen as the

base power. Figure 8.9 shows the active and reactive power variations with the

load angle. Since the line is lossless, the maximum power of 2.0 per unit occurs

at δ = 90 as per (8.27). This is shown in Figure 8.9 (a). The reactive power at

the various parts of the circuit is shown in Figure 8.9 (b). At δ = 90 , the shunt

compensator injects 0.5359 per unit of reactive power. On the other hand, if the

real power transmitted is increased to 2 per unit, the shunt compensator must

inject 4 per unit of reactive power. In practice, however, the amount of reactive

power that can be injected will be restricted by the device rating.

Let us now relax the condition that the midpoint voltage is regulated to 1.0 per

unit. This results in some very interesting plots as shown in Figure 8.10. In this

figure, the x-axis shows the reactive power available from the shunt device, while

the y-axis shows the maximum power that can be transferred over the line without
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2

1.8

1.6

1.4

1.2

1

0.8
0 0.5 1 1.5

|VM| = 0.90

|VM| = 0.95

|VM| = 1.0

2

Reactive power inject by shunt compensator (pu)

2.5 3 3.5 4

L
in

e
 r

e
a
l 
p
o
w

e
r 

fl
o
w

 (
p
u
)

Figure 8.10 Power transfer versus shunt reactive injection under different midpoint
voltage constraints.
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violating the voltage constraint. There are three different P–Q relationships given

for three midpoint voltage constraints. For a reactive power injection of 0.5 per

unit, the power transfer can be increased from about 0.97 per unit to 1.17 per unit

by lowering the midpoint voltage to 0.9 per unit. For a reactive power injection

greater than 2.0 per unit, the best power transfer capability is obtained for |VM| = 1.0

per unit. Thus, there will be no benefit in reducing the voltage constraint when the

shunt device can inject a large amount of reactive power.

8.3.3 Improving Stability Margin

This is a consequence of the improvement in the power-angle characteristics and is

one of the major benefits of using midpoint shunt compensation. As mentioned

before, the stability margin of the system pertains to the regions of acceleration

and deceleration in the power-angle curve. We shall use this concept to delineate

the advantage of midpoint shunt compensation.

Consider the power-angle curves shown in Figure 8.11. The curve of Figure 8.11

(a) is for an uncompensated system, while that of Figure 8.11 (b) for the compen-

sated system. Both these curves are drawn assuming that the base power is

Pmax = V2/X = 1.0 per unit. Let us assume that the uncompensated system is oper-

ating on steady state delivering an electrical power equal to Pmwith a load angle of

δ0when a three-phase fault occurs that forces the real power to zero. To obtain the

critical clearing angle δcr for the uncompensated system, we equate the accelerat-

ing area A1 with the decelerating area A2, where

A1 =

δcr

δ0

Pmdt = Pm δcr − δ0

A2 =

δmax

δcr

sin δ−Pm dt = cos δcr − cos δmax − Pm δmax − δcr

δmax = π− δ

Equating the two areas, the critical clearing angle is obtained as

δcr = cos− 1 Pm δmax − δ0 + cos δmax 8 29

Let us now consider that the midpoint shunt compensated system is working

with the same mechanical power input Pm. The operating angle in this case is

δ1 and the maximum power that can be transferred in this case is 2 per unit.

Let the fault be cleared at the same clearing angle δcr as given by (8.29). Then

equating areas A3 and A4 in Figure 8.11 (b) we get δ2, where
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A3 =

δcr

δ1

Pm dt = Pm δcr − δ1

A4 =

δ2

δcr

2sin δ 2 − Pm dt = 4 cos δcr 2 − cos δ2 2 − Pm δ2 − δcr

8 30
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Figure 8.11 Power-angle curve showing clearing angles: (a) for uncompensated system
and (b) for compensated system.
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Equating the two areas given in (8.30), we have

δcr = 2 cos− 1 cos δ2 2 +
δ2Pm − δ1Pm

4
8 31

Example 8.5 Let an uncompensated SMIB power system operates in a steady

state with a mechanical power input Pm equal to 0.5 per unit. Then

δ0= 30 = 0.5236 rad and δmax= 150 = 2.618 rad. Consequently, the critical clear-

ing angle is calculated from (8.29) as δcr = 79.56 = 1.3886 rad.

Let us now put an ideal shunt compensator at the midpoint. The pre-fault

steady-state operating angle of the compensated system can be obtained by solving

2 sin(δ/2) = 0.5, which produces δ1 = 28.96 = 0.5054 rad. Let us assume that we

use the same critical clearing angle as obtained above for clearing a fault in the

compensated system as well. The accelerating area is then given by

A3 = 0.4416. Equating this with area A4 we get a nonlinear equation of the form

0 4416 = 3 0740− 4 cos δ2 2 − 0 5δ2 + 0 6943

Solving the above equation, we get δ2= 105.34 = 1.856 rad. Needless to say that

the stability margin has increased significantly in the compensated system.

Example 8.6 Consider an SMIB system with Pmax = V2/X = 1.0 per unit,

ωs= 100π rad/s, andH= 2MJ/MVA. It has been assumed that when a fault occurs,

the power transfer becomes zero till the fault is cleared. Thereafter, the nominal

power transfer resumes. Therefore, r1 = 0 and r2 = 1 in (7.43) of Chapter 7. For an

uncompensated system, the critical clearing angle (δcr) is computed from (7.43)

and the critical clearing time (tcr) is computed from (7.36). The variation of tcrwith

Pm is shown in Figure 8.12 (a). If the fault is cleared in 5 cycles, that is, 0.1 s, the

maximum power that can be transferred without losing synchronism is 0.745

per unit.

Let us now assume that the system is compensated by a midpoint shunt com-

pensator. Then the maximum power that can be transferred is 2.0 per unit in this

case. Then the initial angle is computed from

δ1 = sin− 1 Pm

2

Furthermore, from (8.27), we can surmise that the maximum power happens

when δ = 180 and the power transfer becomes zero at δ = 0 and δ = 360 .

Therefore, the maximum angle the machine is allowed to swing without losing

synchronism is

δmax = 2π− δ1
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The critical clearing angle is computed from (8.31) by replacing δ2 by δmax and

critical clearing time is computed from (7.36). The maximum power that can be

transmitted without losing synchronism for a fault clearing time of 0.1 s is 1.49,

which is twice that of the uncompensated case, as shown in Figure 8.12 (b).

Therefore, in general, it can be concluded that the line can be safely loaded to

its thermal limit using the shunt compensator.

8.3.4 Power Swing Damping

The swing equation for a synchronousmachine is given in (7.22). For any variation

in the electrical quantities, the mechanical power input remains constant. Assum-

ing that the magnitude of the midpoint voltage of the system is controlled by a

shunt compensating device, the accelerating power in (7.22) becomes a function

of two independent variables, magnitude of the midpoint voltage (|VM|) and load

angle (δ). Again, since the mechanical power is constant, its perturbation with the

independent variables is zero. We then get the following small perturbation

expression of the swing equation:

2H

ωs

d2Δδ

dt2
+

∂Pe

∂ VM

Δ VM +
∂Pe

∂δ
Δδ = 0 8 32

where Δ indicates a perturbation around the nominal values.
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Figure 8.12 Critical clearing time: (a) for uncompensated system and (b) for compensated

system.
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If the midpoint voltage is regulated at a constant magnitude,Δ|VM| will be equal

to zero. Hence, (8.32) will reduce to

2H

ωs

d2Δδ

dt2
+

∂Pe

∂δ
Δδ = 0 8 33

The second-order differential equation given in (8.33) can be written in the

Laplace domain by neglecting the initial conditions as

2H

ωs

s2 +
∂Pe

∂δ
Δδ s = 0 8 34

The roots of the above equation are located on the imaginary axis of the s-plane

at locations ±jωm, where

ωm =
ωs ∂Pe ∂δ

2H

This implies that the load angle will have a sustained oscillation at a constant

frequency of ωm. Obviously, this solution is not acceptable. Thus, in order to pro-

vide damping, the midpoint voltage must be varied in sympathy with the rate of

change in Δδ. We can then write

Δ VM = KM
dΔδ

dt
8 35

where KM is a proportional gain. Substituting (8.35) in (8.32), we get

2H

ω

d2Δδ

dt2
+

∂Pe

∂ VM

KM
dΔδ

dt
+

∂Pe

∂δ
Δδ = 0 8 36

For any KM> 0, the introduction of the control action of (8.35) ensures that the

roots of the second-order equation will have negative real parts. Therefore,

through the feedback, damping to power swings can be provided by placing the

poles of the above equation to provide the necessary damping ratio and undamped

natural frequency of oscillations.

8.3.5 Shunt Compensator Representation

In Figure 8.5, the shunt compensator is realized using an ideal current source.

However, a current source can be represented by a voltage source and an inductor.

This is shown in Figure 8.13, where the shunt compensator is realized by the

voltage source VF that is connected to the midpoint bus through a pure inductor

XF, also known as an interface inductor. The voltage source VF is driven such that it

is always in phase with the midpoint voltage VM. In this configuration, the shunt

compensator can both supply and absorb reactive power. Since the current IQ is
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then purely inductive, its direction is dependent on the relative magnitudes of the

two voltages:

•
If |VM| > |VF|, that is, the magnitude of the midpoint voltage is higher than the

voltage source, inductive current will flow from the ac system to the voltage

source. This implies that the voltage source is absorbing var in this

configuration.

•
On the other hand, if |VM| < |VF|, the voltage source will generate var as its mag-

nitude is higher than that of the midpoint voltage.

Example 8.7 Consider the system of Example 8.3 with X = X1 = X2 = 0.2

per unit and Xf = 0.1 per unit. We must regulate the midpoint voltage as VM =

1 ∠ 15 per unit. Then from Figure 8.13, we can write

IS =
1 30 − 1 15

j0 2
= 1 2059 + j0 4995 per unit

IR =
1 15 − 1 0

j0 2
= 1 2941 + j0 1704 per unit

Then

IQ = IR − IS = 0 0882 + j0 3291 per unit

Let us assume that VF = |VF|∠ 15 per unit. Then from Figure 8.13, we have

VF 15 − 1 15 = j0 1IQ = 0 0329 + j0 0088

We can then calculate |VF| from

VF =
0 0329

cos 15
+ 1 =

0 0088

sin 15
+ 1 = 1 0341 per unit

VVS

jX/2

VR

++ +

VM

VF

+

jXF IQ

jX/2

IS IR
Figure 8.13 Shunt compensator
realization using an ideal voltage source.
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Alternatively, we can separate the real and imaginary component of

VF 15 − 1 15 = 0 0329 + j0 0088,we have

VF − 1 cos 15 = 0 0329

VF − 1 sin 15 = 0 0088

Squaring and adding the two equations, we have the following quadratic

equation:

VF
2
− 2 VF + 0 9988 = 0

The roots of this equation are |VF| = 1.0341 and 0.9659. It can be verified that

both the solutions are valid, depending on the direction of the current IQ.

8.4 Ideal Series Compensation

Let us assume that the series compensator is represented by an ideal voltage

source. This is shown in Figure 8.14. Let us further assume that the series compen-

sator is an ideal voltage source, that is, it only supplies reactive power and no real

power to the system. This assumption, although not valid for practical systems, is

more than adequate for an introduction. It is to be noted that, unlike the shunt

compensator, the location of the series compensator is not crucial, and it can be

placed anywhere along the transmission line.

8.4.1 Impact of Series Compensator on Voltage Profile

In the single-line diagram of a series compensated power system shown in

Figure 8.14, the receiving-end current is equal to the sending-end current, that

is, IS = IR. The series voltage VQ is injected in such a way that the magnitude of

+VQ

VS VR

+
+

jX
IS IR

Ideal series 
compensator

Figure 8.14 Single-line diagram of
an ideal series compensated line.
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the injected voltage is proportional to that of the line current. Furthermore, the

phase of the voltage of VQ is forced to be in quadrature with the line current.

We then have

VQ = λISe
j90∘ 8 37

where λ is a proportionality constant. The ratio λ/X is called the compensation level

and is often expressed in percentage. This compensation level is usually measured

with respect to the transmission line reactance. For example, the compensation

level as 50% when λ = X/2.

Applying KVL in the circuit of Figure 8.14, we get

VS −VQ −VR = jXIS VS −VR = jλIS + jXIS

Assuming VS = V∠ δ and VR = V∠ 0 , we get the following expression for the

line current:

IS =
V δ−V

j X λ
8 38

When we choose VQ = λISe
−j90 , the line current equation becomes

IS =
V δ−V

j X − λ
8 39

Thus, we see that λ is subtracted from X. This choice of the sign corresponds to

the voltage source acting as a pure capacitor. Hence, we call this the capacitive

mode of operation. In contrast, if we choose VQ = λISe
+j90 , λ is added to X, and this

mode is referred to as the inductive mode of operation. We shall consider the impli-

cation of the series voltage injection on the transmission line voltage through the

following example.

Example 8.8 Consider a lossless transmission line that has a line reactance

of 0.5 per unit. The sending-end and receiving-end voltages are given by

VS = 1 δ = 1 30 and VR = 1 0

Let us choose a capacitive mode of operation of the series compensator with a

30% compensation level. This implies that λ = 0.15. The line current is then given

from (8.39) as IS = 1.479 ∠ 15 per unit and the injected voltage calculated from

(8.37) is VQ = 0.2218 ∠ − 75 per unit. The phasor diagrams of the sending-

and receiving-end voltages, line current, and injected voltage are shown in

Figure 8.15 (a), where VR is chosen as the reference axis. Let us define the voltage

on the left of the series compensator as VQL and the voltage on the right of the

series compensator as VQR. We shall now consider a few different cases.
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Case-1: Let us assume that the compensator is placed in the middle of the line.

Then, we have the following:

VQL = VS − j
X

2
IS = 0 9723 8 45 pu

VQR = VR + j
X

2
IS = 0 9723 21 55 pu

The difference between these two voltages is the injected voltage. This is shown

in Figure 8.15 (b), where the angle θ = 8.45 . The worst-case voltage along the line

will then be at the two points on either side of the series compensator where the

voltage phasors are aligned with the line current phasor. These two points are

equidistant from the series compensator. However, their particular locations will

be dependent on the system parameters.

Case-2: Let the compensator be placed at the end of the transmission line, just

before the infinite bus. We then have the following:

VQL = VR + VQ = VS − jXIS = 1 079 − 11 46 pu

VQR = VR = 1 0 0 pu

VS

IS

VS
VR

VQ

(a)

VR

VQ

(b)

VQLVQR

jXIS/2 jXIS/2

VR

VQ

(c)

VQL

jXIS VS VRVQ

(d)

VQLVQR
VS

Reference axis

δ

δ

θθ

θ θ

Figure 8.15 Phasor diagrams for (a) nominal case, (b) compensator in the middle, (c) end of

the transmission line, and (d) 70% compensation.
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This is shown in Figure 8.15 (c). The maximum voltage rise in the line is then to

the immediate left of the compensator, that is, at VQL. The maximum voltage drop,

however, still occurs at the point where the voltage phasor is aligned with the line

current phasor.

Case-3: When the compensator is placed immediately after the sending-end

source, we have the following:

VQL = VS = 1 0 30 pu

VQR = VR −VQ = VR + jXIS = 1 079 41 46 pu

The maximum voltage rise will be immediately to the right of the compensator.

Case-4: In this case, the level of compensation is increased from 30% to 70% (i.e.,

λ is changed from 0.15 to 0.35). However, the level of steady-state power transfer

remains unchanged. The relation between power transfer and compensation level

will be discussed in the next subsection. It will be suffice to say that increasing the

compensation level, while retaining the power transfer level, can be accomplished

by lowering the value of the angle δ of the sending-end voltage to 12.37 . Let us

further assume that the series compensator is placed in the middle of the transmis-

sion line. We then have the following:

IS =
1 12 37− 1

j 0 5− 0 35
= 1 436 6 19 pu

VQ = − jλIS = 0 003 − 83 81 pu

Then

VQL = VS − j
X

2
IS = 1 026 − 8 01 pu

VQR = VR + j
X

2
IS = 1 026 20 38 pu

This is shown in Figure 8.15 (d), where θ = 8.01 . It is obvious that the voltage

along the line rises to a maximum level at either side of the series compensator.

8.4.2 Improving Power-Angle Characteristics

The sending-end complex power is given by

PS + jQS = VSI
∗

S = V δ
V − δ−V

− j X λ
=

V 2
−V 2 δ

− j X λ

=
V 2 sin δ

X λ
+ j

V 2 1− cos δ

X λ

8 40
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Similarly, the receiving-end complex power is given by

PR + jQR = VRI
∗

S = V
V − δ−V

− j X λ

=
V 2 sin δ

X λ
+ j

V 2 cos δ− 1

X λ

8 41

Therefore, the power transmitted over the line is

PS = PR = Pe =
V 2

X λ
sin δ 8 42

The power-angle characteristics of a series compensated power system are given

in Figure 8.16. In this figure, the base power is chosen as V2/X. Three curves are

shown. These are:

•
For λ = 0. This is the uncompensated characteristic.

•
For λ = +0.5. This is for capacitive compensation.

•
For λ = −0.5. This is for inductive compensation.

The curves which have maximum power greater than the base power pertain to

capacitive mode of operation. On the other hand, all curves the inductive mode of

operation will have maximum values less than 1. These two regions are also

included in Figure 8.16.
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Figure 8.16 Power-angle characteristics for different modes of operation.
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Let us now have a look at the reactive power. Since the capacitive mode of oper-

ation enhances the power transfer over a line, we shall restrict our attention to this

mode only. From (8.37) and (8.39), the complex power transfer by the

compensator is

PQ + jQQ = VQI
∗

S = − jλ
V δ−V

j X − λ
×

V − δ −V

− j X − λ

= − jλ
V 2 2− 1 δ− 1 − δ

X − λ
2

8 43

Now

1 δ + 1 − δ = cos δ + j sin δ + cos δ− j sin δ = 2 cos δ

Therefore, from (8.43), we have PQ = 0, as expected and

QQ = −

2λV 2

X − λ
2 1− cos δ 8 44

Consider the system of Figure 8.14, where V = 1 per unit, X = 0.5 per unit, and

δ = 30 . In Figure 8.17, the reactive power injected by the series compensator is

plotted against the maximum power transfer as the compensation level changes

from 10% to 60%. As the compensation level increases, the maximum power trans-

fer also increases. However, at the same time, the reactive injection requirement

from the series compensator also increases.
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Figure 8.17 Reactive power injection by a series compensator versus maximum power
transfer as the level of compensation changes.
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8.4.3 Improving Stability Margin

As a direct consequence of the improved power-angle characteristics, the stability

margin of the system improves. It can be seen from Figure 8.16 that the 50% series

compensated system can transfer 50% more real power than an uncompensated

system. Furthermore, an increase in the height in the power-angle curve means

that a larger amount of decelerating area is available for a compensated system

compared to an uncompensated system.

Example 8.9 In Example 8.5, we have seen that when Pm = 0.5 per unit, the

uncompensated system has δ0 = 30 = 0.5236 rad, δmax = 150 = 2.618 rad, and

the critical clearing angle is δcr = 79.56 = 1.3886 rad. Consider a 50% series com-

pensated system where for δ0 = 30 , the mechanical power input is Pm = 0.75 per

unit, while Pmax = 1.5 per unit. Then, the critical clearing angle, computed using

(7.43) is δcr = 79.56 , that is, the same as before. This means that 1.5 times power

can be supplied through the line when the series compensator is employed. On the

other hand, if Pm is chosen as 0.5 for a 50% series compensated system, then

δ0 = sin−1
0 5

1 5
= 19 47 = 0 34 rad

δcr = 97 = 1 6933 rad

This implies that a much larger decelerating area is available, and hence the crit-

ical clearing angle can be delayed compared to the uncompensated system. This

means that the stability margin has improved significantly.

8.4.4 Power Flow Control and Power Swing Damping

One of the major advantages of series compensation is that through its use real

power flow over transmission corridors can be effectively controlled. Consider,

for example, the SMIB system shown in Figure 8.18 in which the generator and

infinite bus are connected through a double circuit transmission line, labeled

Line-1 and Line-2. Of the two transmission lines, Line-2 is compensated by a series

compensator. The compensator then can be utilized to regulate power flow over

the entire system. For example, consider the following scenario:

•
The system is operating in the steady state delivering a power of Pm0 at a load

angle of δ0.

•
Lines 1 and 2 are then sending power Pe1 and Pe2 respectively, such that Pm0 =

Pe1+ Pe2.

•
The mechanical power input suddenly goes up to Pm1, such that Pm1 =

Pm0+ΔPm.
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There are two ways of controlling the power flow in this situation:

•
Regulating Control: Sending the increased power ΔPm through Line-1. This

means that:

– the series compensator maintains the power flow over Line-2 at Pe2, and

– since the power will increase in Line-1, Pe1 and the load angle will also

increase in sympathy with the increase in power.

•
Tracking Control: Sending the increased power ΔPm through Line-2. This

means that:

– the power through Line-1 will remain unchanged, and hence the load angle

will also remain unchanged at δ0,

– the increased amount power ΔPm will flow through Line-2, which will adjust

the compensation level.

Let us illustrate these two aspects with the help of the following numerical

example.

Example 8.10 Consider the system of Figure 8.18 with the following parameters:

System Frequency = 50 Hz

VS = 1∠ 30 per unit

VR = 1∠ 0 per unit

X = 0.5 per unit

Nominal State: The power flow through Line-1 is then given by:

Pe1 =
sin 30

0 5
= 1 0 per unit

VS

Line-1

VR

+ +

jX

jX

Line-2

+ VQ

IS IR

Pe2

Pe1
Figure 8.18 Double circuit
line for power flow control
by a series compensator.
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Let us assume that the series compensator operates at 30% compensation level,

that is, λ = 0.15. Note that the load angle must remain constant irrespective of the

power flow through the two lines. Then, the power flow through Line-2 is

Pe2 =
sin 30

0 5− 0 15
= 1 429 per unit

Therefore,

Pm0 = Pe1 + Pe2 = 2 429 per unit

Control Action: The objective of the series compensator control for both schemes

is to control the power through Line-2, where the reference power is denoted by

Pref. To accomplish this, a proportional-plus-integral (PI) controller is placed in the

feedback loop of Pe2. In addition, to improve damping a term that is proportional to

the deviation of machine speed is introduced in the feedback loop. The control law

is then given by

CL = KP Pref −Pe2 + K I Pref − Pe2 dt + CP
dΔδ

dt

where CL = λ/X is the compensation level. For the simulation studies performed,

the following controller parameters are chosen:

KP = 0 1,K I = 1 0, and CP = 75

Regulating Control: With the system operating in the nominal state, the mechan-

ical power is increased by 10%, that is,ΔPm= 0.2429 per unit. Since the series com-

pensator maintains the power flow through Line-2 at 1.429 per unit, the power

flow through Line-1 is increased to 1.2429 per unit. Then

Pe1 =
sin δ

0 5
= 1 2429 δ = sin−1 0 5 × 1 2429 = 38 42

To maintain the power flow constant through Line-2, the compensation level

must change. This is given by

Pe2 =
sin 38 42

0 5− λ
= 1 429 λ = 0 5−

sin 38 42

1 429
= 0 065 per unit

The compensation level will then change to (0.0065 0.5) × 100 = 13%.

The system is simulated and the response with regulating control is shown in

Figure 8.19. The figure shows that Pe1, Pe2, δ and percentage compensation settles

at their calculated values.

Tracking Control: With the system operating in the nominal state, the mechan-

ical power is increased by 25%, that is,ΔPm= 0.607 per unit. Since the entire power

must flow through Line-2, Pe1 will remain constant at 1.0 per unit and δ will
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remain constant at 30 , power flow through Line-2, Pe2 will change to 1.429 +

0.607 = 2.036 per unit. Therefore,

Pe2 =
sin 30

0 5− λ
= 2 036 λ = 0 5−

sin 30

2 036
= 0 2544 per unit

The compensation level will then change to (0.2544 0.5) × 100 = 50.09%. The

system response with tracking control is shown in Figure 8.20. They match the

calculations presented above.

8.4.5 An Alternate Method of Series Compensation

A very interesting approach of generating series voltage is reported in [3]. In this,

the voltage that is to be injected is independent of the line current, such that

VQ = λ
IS

IS
e− j90∘ 8 45
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Figure 8.19 The system response with regulating control. (a) Real power flow, (b) load
angle and (c) percentage compensation.

8.4 Ideal Series Compensation 349



Consider for example that IS = |IS|∠ ϕ. Then IS/|IS| = 1∠ ϕ, that is, it is a unit

vector with an angle that is the same that of the current vector IS. Thus, (8.45)

becomes

VQ = λe ϕ− j90∘

Let us define

XQ =
VQ

IS
=

λ

IS
e− j90∘ = − j

λ

IS
8 46

The total line reactance in Figure 8.14 is then

Xeq = X −XQ = X −
λ

IS
8 47

Kirchoff’s voltage law of Figure 8.14 gives us the following relationship:

VS −VR = jXIS + VQ

VS −VR = jXIS − jλ
IS

IS
= j X −

λ

IS
IS

8 48
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Figure 8.20 The system response with tracking control. (a) Real power flow, (b) load
angle and (c) percentage compensation.
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Defining

VS = V δ and VR = V 0

we have

VS −VR = V cos δ + j sin δ− 1

= V cos2δ− 2 cos δ + 1 + sin2δ = V 2− 2 cos δ 8 49

Now

2− 2 cos δ = 2− 1− 2 sin2 δ 2 = 4 sin2 δ 2

Equation (8.49) is then modified as follows:

VS −VR = 2V sin δ 2 8 50

Substituting (8.50) in (8.48), the following equation is obtained:

VS −VR = 2V sin δ 2 = X −
λ

IS
IS = X IS − λ

IS =
2V sin δ 2 + λ

X

8 51

Combining (8.51) with (8.47), the following equation for the total reactance of

the line is obtained:

X eq = X −
λ

IS
= X −

λX

2V sin δ 2 + λ
= X

2V sin δ 2

2V sin δ 2 + λ
8 52

Then

1

X eq

=
1

X
1 +

λ

2V sin δ 2

The power transfer equation is then given by

Pe =
V 2

Xeq

sin δ =
V 2

X
sin δ +

λV

2X

sin δ

sin δ
2

=
V 2

X
sin δ +

λV

X
cos δ

2

8 53

Example 8.11 Let us consider the system of Figure 8.14 with V = 1 per unit and

X = 0.5 per unit. This means the load angle δ0 = 30 when there is no series

compensation. The power-angle curves for three different values of λ are shown

in Figure 8.21. Assume that the mechanical power in Pm = 1.0 per unit. Then,

as evident from Figure 8.21, the choice of λ = 0.75 is not feasible. On the other

hand, for λ = 0.5, 1.0 per unit power can be transferred even when the load angle

δ0 = 0 . This is a unique property of this formulation. The required amount of

power can be transferred for a load angle of δ = 15 when λ = 0.25.
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8.5 Concluding Remarks

The term flexible ac transmission systems (FACTS) was proposed by N. G. Hingor-

ani in 1993 [4]. This pertains to the use of power electronics technology to over-

come the difficulties of mechanically controlling electrical power systems. This

chapter presents the basic concepts of shunt and series compensation of power sys-

tems using ideal current and voltage sources. It has been shown that the lack of

reactive power can cause voltage stability problems in a power system. However,

shunt or series compensators can provide much more than alleviating voltage

problems – they can enhance power flow, increase stability limits, and damp

power system oscillations.

Detailed descriptions of FACTS technology are presented in [3]. In the next

chapter, we shall present some of the important components of this technology,

which are much more than shunt and series compensation.

References

1 C. Alsberg, “WSCC unfold causes of the July 2 disturbance,” IEEE Power Engineering

Review, Vol. 16, No. 9, pp. 5–6, 1996.

2 C. W. Taylor, “Improving grid behavior,” IEEE Spectrum, Vol. 36, No. 6, 1999.

3 N. G. Hingorani and L. Gyugyi, Understanding FACTS: Concepts and Technology of

Flexible AC Transmission Systems, Wiley-IEEE Press, New Jersey, 2000.

4 N. G. Hingorani, “Flexible AC transmission,” IEEE Spectrum, Vol. 30, No. 4,

pp. 40–45, 1993.

δ (deg)

0.5

1.5P
e
 (

p
u
)

2.5

3.5

2

3

1

0
0 20 40 60 80 100 120 140 160 180

λ = 0.25

λ = 0.75

Pm

λ = 0.5

Figure 8.21 Power-angle curves for different values of λ for alternate formulation.

352 8 Reactive Power Compensation



Problems

P8.1 Consider the radial system shown in Figure 8.1, where

|ZS|∠ θ = RS+ jXS, |ZR|∠ ϕ = RR+ jXR

The system parameters are

VS = 1∠ 0 , XS = 0.5, RS = 0.025, ϕ = cos−1(0.95)

Vary Zratio from 0.01 to 3 with steps of 0.01 for the fixed values of θ and ϕ.

Then plot the curves PR/PRmax versus Zratio and |VR| versus Zratio.

P8.2 In Example 8.2, the receiving-end power is calculated as 0.4659 per unit,

while the power calculated using |IS|
2RR= 0.233 per unit. What is the cause

of this discrepancy?

P8.3 Consider the SMIB system shown in Figure P8.3, which is compensated by a

midpoint shunt compensator.The systemparameters, defined inperunit, are:

X = 0.25, Xc = 0.1, VS = 1∠ 30 , VR = 1 ∠ 0

Determine the compensator voltage (VC) such that the midpoint voltage

VM = 1∠ 15 .

P8.4 Consider the system shown in Figure P8.4, in which a generator is con-

nected with an infinite bus through a double circuit transmission line.

One of the two lines is compensated by a variable series compensator with

a capacitive reactance of XC. The generator voltage is VS = |V|∠ δ and the

infinite bus voltage is V∞= |V|∠ 0 . Find the value of XC such that the max-

imum power that can be transferred by the compensated system is 1.4 times

that of the uncompensated system.

VS+ jX +VRjX

jXC

VM

VC

+

Figure P8.3 Midpoint shunt compensated SMIB system of Problem P8.2.
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P8.5 The system shown in Figure P8.5 is that of an SMIB system that is compen-

sated by a shunt compensator, which is placed in the middle of the transmis-

sion line. Given R = 0.005 per unit, X = 0.25 per unit, RC = 0.002 per unit,

and XC = 0.1 per unit, find the voltage VC such that the midpoint voltage

VM = 1∠ 15 per unit. Given VS = ∠ 30 per unit and VR = 1∠ 0 per unit.

P8.6 In the circuit of Figure P8.5, assume that the STATCOM is supplied by a dc

capacitor, that is, the STATCOM cannot supply or absorb any real power.

Will the voltage VC calculated in Problem 8.5 be able to sustain the oper-

ation of the STATCOM?

Now choose the midpoint voltage as VM = 1∠ δM. Then vary δM in small

steps till an acceptable result is obtained.

What is the angle obtained (b) and what is complex power at the STAT-

COM terminal?

P8.7 Consider the lossless power system shown in Figure P8.7, which is compen-

sated by a series compensator. The voltage injected by the series compen-

sator is given by

VQ = λISe
− j90∘

Find the value of λ, QS and QR if PS = PR = 1.5 per unit. Also, find the

reactive drop across the line.

VS+ +VR
j0.3

–jXC

j0.3

Figure P8.4 Series compensated transmission line of Problem P8.3.

VS

R
jX

VR

+ +

VM

VC

+

R
jX

RC

jXC

Figure P8.5 Shunt compensated transmission line of Problem P8.4.
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P8.8 Consider an ideal shunt and series compensator. Suppose they are con-

nected to two SMIB systems with the following characteristics:

VS = VR = 1 0 per unit and X = 0 5 per unit

The series compensation level is 20% in the capacitive mode. Suppose

the per unit power transfer level in both the systems is the same, that is,

Pm =
2V 2

X
sin δ 2 =

V 2

X − λ
sin δ

then find δ and Pm.

P8.9 Suppose the series compensator is working with the same δ and Pm
obtained from Problem 8.8, when a fault occurs that forces the real power

transfer to zero. Then, comment if the system can operate reliably under

this condition.

P8.10 Consider the double-circuit transmission line shown in Figure P8.10. In

this, Line-2 contains an ideal shunt compensator, as shown. Given that

V2/X= 1.0 per unit and δ= 30 , find the total power transfer over the line.

VS VR

+
+

j0.5 +VQ
IS IR

PS + j QS PR + j QR

Figure P8.7 Series compensated transmission line of Problem P8.6.

jXVS = V∠δ VR = V∠0°

V∠δ/2

jX
P1

P2
jX/2jX/2

Figure P8.10 Double-circuit, shunt compensated transmission line of
Problem P8.10.
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9

Flexible AC Transmission Systems (FACTS)

The flexible AC transmission systems (FACTS) technology pertains to the

application of power electronics in power transmission systems. In Chapter 8,

the shunt or series compensation of a transmission system using ideal compensa-

tors has been discussed. In this chapter, both the physical structures of shunt and

series compensators, along with several FACTS devices, will be discussed. The

main purpose of these devices is to enhance power flow over transmission lines

while improving system stability. Two different types of FACTS controllers are

available. These are:

•
Thyristor-based: These devices employ thyristor technology. Some of these

devices are:

– Static Var Compensator (SVC)

– Thyristor-Controlled Series Compensator (TCSC)

– Thyristor-Controlled Voltage Regulator (TCVR)

– Thyristor-Controlled Phase Angle Regulator (TCPAR)

– Thyristor-Controlled Braking Resistor (TCBR)

•
Voltage source converter (VSC)-based: These devices employ synchronous volt-

age source (SVS) based on VSC technology. These include:

– Static Compensator (STATCOM)

– Static Synchronous Series Compensator (SSSC or S3C)

– Unified Power Flow Compensator (UPFC)

A thyristor is a type of controlled rectifier, also known as a silicon-controlled

rectifier (SCR). Unlike an uncontrolled diode rectifier, which begins conducting

immediately when the voltage in the forward direction becomes positive and stops

when the current reverses polarity, a thyristor allows for delayed conduction.

Instead of conducting as soon as the voltage turns positive, the thyristor’s
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conduction can be delayed by a specific angle. However, like a diode, the thyristor

stops conducting (commutates) when the current reverses polarity. VSC-based

devices usually use insulated gate bipolar transistors (IGBTs), which can be turned

on or off through external commands. Using this principle, these devices can be

used to construct an SVS, which can generate a voltage that is synchronized in

phase and frequency with a reference system. Usually, these are supplied by a

DC capacitor, and the output AC voltage is synchronized with the grid. However,

for high-power use, both thyristor-based and IGBT-based power converters need

several stages, as will be discussed in this chapter as well.

9.1 Static Var Compensator (SVC)

An SVC is the first-generation shunt compensator. It has been around since the

1960s. In the beginning, it was used for load compensation such as to provide

var support to large industrial loads, and for flicker mitigation. However, with

the advancement of semiconductor technology, the SVC started appearing in

transmission systems in the 1970s. Today a large number of SVCs are connected

to many transmission systems all over the world. An SVC is constructed using thy-

ristor technology and therefore does not have a gate turn-off capability. There are

two basic submodules of SVCs, which are discussed below.

9.1.1 Thyristor-Switched Capacitor (TSC)

In a thyristor-switched capacitor (TSC), a capacitor is connected in series with two

opposite-poled thyristors, as shown in Figure 9.1 (a). An alternating current flows

through the capacitor when the opposite-poled thyristors are gated. The current

through the device can be stopped by blocking the thyristors. A TSC always comes

in a pack, as shown in Figure 9.1 (b), which contains a total number of n TSCmod-

els. The effective reactance of the pack can be changed by switching a TSC on or

off. Assuming that all the TSCs are identical, with each having a capacitance value

C, the equivalent reactance of the TSC is given by

− jXTSC = − j
1

kωC
, k = 1,…,n 9 1

One of the main issues while using a TSC is switching transients. Since a TSC

blocks current through it when the thyristors are blocked and allows it to pass

when the thyristors are gated, it is obvious that severe switching transients will

occur if a TSC is switched off while the current through it is not zero. Therefore,

the devicemust be switched on at a particular instant of the voltage cycle. Consider

Figure 9.1 (a), where the TSC is supplied by a voltage source vS. The capacitor
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voltage across and current through the capacitor are denoted by vC and iC, respec-

tively. Then the capacitor current is given by iC = C(dvC/dt). Thus, the capacitor

current is zero when dvC/dt= 0, that is, when the capacitor voltage reaches its peak

or trough. Thus, for transient-free switching, it must be ensured that the capacitor

voltage is in either its positive peak or negative peak for either turn on or turn off.

The transient-free switching is shown in Figure 9.2, in which the instant of switch-

ing on and off is also indicated.

TSC

(a) (b)

1 2 n

CC C C

v
S

i
C

v
C

Figure 9.1 Schematic diagram of (a) single TSC module and (b) multiple TSC connections.
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Switch on
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–1,500

vC

vS

iC

Figure 9.2 Transient-free switching of a TSC.
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9.1.2 Thyristor-Controlled Reactor (TCR)

In a thyristor-controlled reactor (TCR), a reactor is connected in series with two

opposite-poled thyristors. One of these thyristors conducts in each half cycle of

supply frequency. The schematic diagram of a TCR connected to an AC voltage

source is shown in Figure 9.3. The gating signal to each thyristor is delayed by

an angle α (often called the firing angle) from the zero crossing of the supply volt-

age. The period during which the thyristors are on is called the conduction period

and is denoted by σ.

Figure 9.4 shows the typical voltage–current waveforms of a TCR in the steady

state. The firing angle must be in the range of 90 ≤ α≤ 180 . When α = 90 , the

current conduction is continuous, as shown in Figure 9.5 (a). On the other hand,

TCR

i
L

+ –v
S

L

Figure 9.3 Schematic diagram of a TCR.

0

0 0.005 0.01

Time (s)

0.015 0.02

vS

iL

α σ

Figure 9.4 Steady-state voltage–current waveforms of a TCR.
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when α= 180 , the current will be zero, as shown in Figure 9.5 (b). In this case, the

voltage across each thyristor will become negative as soon as the thyristor is turned

on, which will force the thyristor to commutate. Therefore, no current will flow.

Let the supply voltage be given by

vS = Vm sinωt

From Figure 9.4, it can be seen that the current iL is conducting between α and

α+ σ. Therefore, the current is given by

iL =
1

L

t

α
ω

Vm sin ωτ dτ for α ≤ ωt < α + σ 9 2

The solution of (9.2) is given as follows:

iL =
Vm

XL

cos α− cosωt for α ≤ ωt < α + σ 9 3

where XL = ωL. From (9.3) and Figure 9.4, it is obvious that the current iL is

discontinuous and will therefore contain harmonics. Furthermore, from Figs. 9.4

and (9.3), it is also clear that the shape of the current iL will vary with the firing

0 0

0 0.005 0.01

Time (s)

0.015 0.02 0 0.005 0.01

Time (s)

0.015 0.02

vS vS

iL

iL

(a) (b)α = 90° α = 180°

Figure 9.5 Steady-state voltage–current waveforms of a TCR for (a) α = 90 and
(b) α = 180 .
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angle α. Therefore, it is of interest to find the fundamental component of iL as the

firing angle α changes, so that we can define the fundamental susceptance of the

TCR in terms of the firing angle α.

The fundamental current is computed when the system has reached its steady

state. The current in (9.3) does not contain any DC. Thus, its fundamental

component can be expressed as

iLf = a1 cosωt + b1 sinωt 9 4

Since the current iL is half-cycle symmetric, the Fourier coefficients of (9.4) are

given as follows:

a1 =
4

T

t + T

t

iL cos ωτ dτ and b1 =
4

T

t + T

t

iL sin ωτ dτ 9 5

Let us assume that the conduction period of the thyristors is symmetric about the

zero crossing of the source voltage in the steady state. Then, from Figure 9.4, we

can write.

2α + σ = 2π α = π−
σ

2
9 6

Integrating iL from (9.3) between 0 and 2π, we can find the constants of (9.5) as

a1=
2ωVm

πXL

α+σ
ω

α
ω

cosα− cosωt cosωt dt=
2ωVm

πXL

cosαsinωt

ω
−

t

2
−

sin 2ωt

4ω

2π−α
ω

α
ω

=
2Vm

πXL

−

sin 2α

2
−π+α

b1 =
2ωVm

πXL

2π− α
ω

α
ω

cos α− cosωt sinωt dt = 0

Using (9.6), a1 is rewritten as

a1 =
Vm

πXL

sin σ− σ 9 7

Substituting (9.7) into (9.4), the fundamental current (iLf) is obtained as

iLf =
Vm

πXL

sin σ− σ cosωt =
Vm

πXL

σ− sin σ sin ωt− 90 9 8
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It can be seen that the fundamental current lags the impressed voltage by 90 .

The fundamental frequency susceptance of the TCR is then

BL σ =
ILf

VS

=
σ− sin σ

πXL

9 9

This susceptance is a function of σ. The variation in the susceptance as a func-

tion of σ is shown in Figure 9.6 whenXL is chosen as 0.1 per unit. It can be seen that

the susceptance is zero for σ = 0 , that is, α = 180 . This means that the system

impedance will become infinite, and this will block any current flow, as evident

from Figure 9.5 (b). On the other hand, the conductance is equal to 10 (i.e., recip-

rocal of the chosen value of XL) for σ = 180 , that is, α = 90 . Hence, the current is

continuous for this value of firing angle, as evident from Figure 9.5 (a).

The current shown in Figure 9.4 will only contain odd harmonics. The magni-

tudes of the harmonic currents are given by [1]

ILn =
4Vm

πXL

sin n + 1 α

2 n + 1
+

sin n− 1 α

2 n− 1
− cos α

sin nα

n
for n = 3, 5,…

Let us define magnitude ratios as

Magnitude Ratio =
ILn

ILf
for n = 3, 5,…

These are plotted for four different values of the firing angle, as shown in

Figure 9.7. It is obvious from this figure that as the firing angle increases, the
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Figure 9.6 The variation in the fundamental frequency susceptance with σ.
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harmonic components increase. This is obvious since the peak of the current wave-

form and the conduction period decrease as the firing angle increases.

9.1.3 Composition of SVC

An SVC contains a TCR and a bank of TSCs with some associated tuned filters, as

shown in Figure 9.8. The tuned filters usually target lower-order harmonics, for

example, third, fifth, and seventh. An SVC is usually connected at a medium volt-

age (MV), and hence it is connected to the high voltage (HV) bus through a trans-

former. Also, there are protection and measuring transformers (CTs and PTs) and

controllers, which are not shown in the figure. Because an SVC contains a TCR, it

can only be represented by its fundamental reactance. This is discussed below.

The fundamental impedance of an SVC is a parallel combination of the funda-

mental component of the TCR and the effective reactance of the TSC bank. Let the

fundamental frequency impedance of the TCR be given by

XTCR =
1

BL σ

Then, the fundamental frequency impedance of an SVC is the parallel combina-

tion of TCR reactance jXTCR and TCS reactance −jXTCS, that is,

XSVC =
XTCRXTSC

j XTCR −XTSC

9 10

1 2 n

C C C

TCR

L

TSC Tuned filters

MV bus

HV bus

Transformer

Figure 9.8 Schematic diagram of an SVC.
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The susceptance of the SVC then is

BSVC =
1

XSVC

= j
1

XTSC

−

1

XTCR

= j BTSC −BL σ 9 11

Example 9.1 Consider an SVC with the following parameters:

TCR XL = 0 25 per unit

TSC XC = 10 per unit and n = 5

The firing angle α is chosen as 120 . We will find the fundamental frequency

equivalent reactance of the SVC when all five possible combinations of the TSC

are chosen.

From (9.6), we have

σ = 360 − 2α = 120 = 2 094 rad

Then

BL σ =
σ− sin σ

πXL

= 1 564 per unit

Therefore,

XTCR =
1

BL σ
= j0 6394 per unit

The equivalent reactances of the SVC as the number of TSC modules vary are

listed in Table 9.1.

9.1.4 SVC Characteristics

The characteristics of the different SVC components are shown in Figure 9.9.

Figure 9.9 (a) shows the connection of a variable inductor (TCR) with a voltage

bus. Note that |V| = ωL|I|, which is an equation of a straight line with a slope

of KS = ωL. Thus, the current can vary between the maximum and the minimum

Table 9.1 Equivalent reactance of the SVC of Example 9.1.

TSC modules 1 2 3 4 5

XTSC (pu) −j10 −j5 −j3.33 −j2.5 −j2

XSVC (pu) j0.683 j0.733 j0.791 j0.859 j0.94
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with a slope KS. Figure 9.9 (b) shows the capacitor connection, while Figure 9.9 (c)

shows the characteristics when both the variable inductor and capacitor are

connected. It can be seen that the overall voltage–current characteristic is not a

horizontal line.

Consider the power network shown in Figure 9.10 (a), where a voltage

source supplies a reactive load through a lossless line. The receiving end voltage

is given by

V = VS − jXSIS 9 12

The ideal voltage–current relationship is shown in Figure 9.10 (b). This means

that the voltage is held constant at V0 irrespective of the leading or lagging current

drawn. However, the practical voltage–current relationship of the network in the

presence of an SVC is shown in Figure 9.10 (c).

The voltage V is defined by the slope of the reactance XSL as

V = V 0 − jXSLIS 9 13

Curve-0 of Figure 9.10 (c), which passes through the point V = V0, IS = 0 defines

the nominal range without any SVC. Now suppose the supply voltage increases

such that V increases to V1 without any SVC. This is represented by Curve-A. This

curve intersects the SVC curve at point A and the operating point moves to VA

with SVC, where the SVC absorbs inductive current. On the other hand, when

the supply voltage drops, the voltage V decreases to V2 without any SVC

(Curve-B). The SVC then supplies capacitive current to hold the voltage to VB.

IL

Max L

V

L

V

IL

Min L

Slope KS

(a)

IC

V

C

V

IC

(b)

ISVC

V

L

V

Slope KS

(c)

C

Capacitive Inductive
ISVC

Figure 9.9 SVC characteristics for different connections: with (a) TCR, (b) capacitor and
(c) parallel connection of TCR and capacitor.
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9.2 Static Compensator (STATCOM)

The schematic diagram of a STATCOM-compensated power system is shown in

Figure 9.11. This is similar to the ideal shunt compensator model presented in

Figure 8.11. In this figure, the STATCOM contains a three-phase VSC and a DC

capacitor (Cdc). The VSC is connected to the HV bus through a transformer.

The reactance XT represents the leakage reactance of the transformer.

Let the midpoint and the VSC output voltages be VM = |VM|∠ δM and VC = |VC|

∠ δC respectively. Then the current IQ is given by

IQ =
VM δM − VC δC

jXC

9 14

If δM> δC, real power will flow from themidpoint to the VSC. On the other hand,

if δM< δC, the power flow direction will reverse. None of these two situations are

desirable, as they will either charge or discharge the capacitor Cdc. However, if

δM = δC, (9.14) can be written as

IQ =
VM δM − VC δM

jXC

=
VM − VC

XC

δM − 90 9 15

VS V
XS

IS

(a)

IS

V

V0

Leading Lagging

(b)

(c)

Capacitive Inductive
IS

V

V0

V2

V1

VA

VB

0

A

B

A′

B′

Figure 9.10 (a) A transmission network, (b) ideal characteristic, and (c) with SVC.
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Therefore, a pure reactive current will flow through the transformer. Now if

|VM| > |VC|, reactive current will flow from the AC system to the STATCOM,

and this flow will reverse if |VM| < |VC|. Thus, just by controlling the magnitude

of the VSC output voltage, reactive power can be absorbed or generated.

However, if the angles are kept equal, that is, δM = δC, the DC capacitor needs to

supply the converter and transformer losses. Thiswill cause it to discharge. To avoid

this, the angle δM should lead δC by a small amount. This can be achieved through a

proportional plus integral (PI) controller thatwill regulate the capacitor voltage to a

set reference value by drawing the exact amount of power required. Hence, the

STATCOM will have two control loops – one for DC capacitor voltage control

and theother forVSCoutput voltage control tovary the reactivepower requirement.

The main component of a STATCOM is a high-power voltage source converter

that is capable of supporting reactive power in an HV transmission system. Two

different classes of VSC structures have been discussed for this application:

(i) using gate turn-off thyristors (GTOs) and (ii) using IGBTs using multilevel con-

figurations. These are briefly discussed in Section 9.3.

9.3 High-Power Converters

A multistep inverter is constructed using many six-step inverters and a magnetic

circuit to provide phase shifts between the inverters. This principle of construction

has been around for quite some time [2]. However, with the advent of the GTOs,

the inverter circuits are becoming more complicated. It is therefore important to

VS

jX/2

VR

+ +
VM

jXT

IQ

jX/2

VC

Three-phase
VSC 

Vdc

Cdc

+

STATCOM

Figure 9.11 Schematic
diagram of an SMIB system
with an STATCOM connected

at the midpoint.
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outline the principle of construction of these converters. It is to be noted that a

voltage source converter can both rectify AC voltage to DC or invert DC voltage

into AC. Because an STATCOM functions as an inverter, we may use the term

“inverter” interchangeably with a converter.

9.3.1 Six-Step Converter

The basic configuration of a six-step inverter is shown in Figure 9.12. It contains six

GTOs, each of which is connected in antiparallel with a diode to maintain conti-

nuity of current. A 6n-step inverter is built using n 6-step inverters. For example,

two such converters are used to construct a 12-step inverter, and four inverters are

required to construct a 24-step inverter. We shall discuss the working principle of a

six-step inverter first. The inverter of Figure 9.12 produces a set of three quasi-

square voltage waveforms of a given frequency by connecting the DC voltage

sequentially to the three output terminals via appropriate inverter switches

(GTOs). The switches are denoted by S1 to S6 and are fired in the same sequence.

Theoutputvoltagewaveforms,wheneachswitch is conducting for aperiodof180 ,

are shown in Figure 9.13. The Fourier series of the output voltage waveforms are

given by

f A t =
n = 1, 3, 5,…

4Vdc

nπ
sin nωt

f B t =
n = 1, 3, 5,…

4Vdc

nπ
sin nωt− 2nπ 3

f C t =
n = 1, 3, 5,…

4Vdc

nπ
sin nωt + 2nπ 3

9 16

N

Vdc

+
Vdc

+

A B C

S1 S3 S5

S4 S6 S2

Figure 9.12 Basic configuration of a six-step inverter.
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where ω is the fundamental frequency in rad/s. From the above three equations, it

is obvious that there are no even harmonics on the AC side. It can also be seen that

for a particular value of n, the three functions are either in phase or appear in the

sequence A-B-C or in the sequence A-C-B. Let us denote them as zero sequence,

positive sequence, and negative sequence, respectively. It is to be noted that these

sequences are not the symmetrical component sequences used for the representa-

tion of unbalanced circuits.

The sequences for the various values of n are given in Table 9.2. From this table,

it is evident that the triplen harmonics (3, 9, 15, …) are zero sequence and thus can

circulate in theΔ-connected primary windings of the transformer connected to the

inverter and therefore do not appear in the transformer secondary. Alternatively, if

the transformer primary is connected in an ungrounded star, the zero-sequence

components are forced to zero.

The output (AC) side voltage harmonics that appear at the converter output are

6q± 1 where q = 1, 2, 3, … . These include both positive and negative sequences.

The DC side current harmonics generated are given by 6q [3]. Therefore, we can

state that the AC side harmonics are complementary to the DC side harmonics.

VAN

Vdc

Vdc

VBN

180°

180°

180°180°

120°

60°

Vdc

VCN

0

0

0

Figure 9.13 Six-step inverter
output voltage waveforms.
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9.3.2 Twelve-Step Converter

Lower-order voltage harmonics are a menace to a power system. Because the

power system is mostly inductive, the currents due to higher-order voltage harmo-

nics get attenuated as the harmonic number increases since the effective imped-

ance increases with it. However, since the increase in the impedance seen by the

circuit at lower-order harmonic frequencies is not large, the lower-order harmonic

voltages produce significant harmonic current. It is therefore desirable to elimi-

nate the lower-order harmonics. Let us now consider two 6-step inverters that

are connected together as shown in Figure 9.14. In this diagram, only the DC side

is shown. It can be seen that both these inverters are being supplied by the same

DC source, which has a potential of V = 2Vdc.

Let us consider the sixth harmonic component on the DC side of the first

inverter. It can be eliminated if another sixth harmonic component that is shifted

by 180 on its frequency is added to it. Their sumwill then add up to zero. To effect

a phase shift of 180 from the second inverter, firing instants of all the switches of

the second inverter must lag the corresponding switches of the first inverter by 30

on the fundamental frequency such that the sixth harmonic component of the sec-

ond inverter lags that of the first inverter by 180 . Furthermore, such a phase shift

A1

2Vdc

Inverter-1

B1 C1 A2

Inverter-1

B2 C2

+

Figure 9.14 DC side connection
diagram of two 6-step inverters.

Table 9.2 Harmonic sequences.

Sequences Harmonic number n

Zero sequence 3 9 15 21 …

Positive sequence 1 7 13 19 …

Negative sequence 5 11 17 23 …
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will cancel all the odd multiples of the sixth harmonic components. For example,

the 18th harmonic component of the second inverter will lag that of the first

inverter by 540 , making them in phase opposition. Thus, only the even multiples

of the sixth harmonic will remain on the DC side.

Let us now investigate what happens on the AC side if all the firing angles of the

switches of the second inverter are delayed by 30 on the fundamental frequency

from the corresponding switches of the first inverter. The respective phase-A out-

put voltage waveforms of the two inverters are shown in Figure 9.15, where the

fundamental voltage of one of the inverters (second inverter) lags that of the other

(first inverter) by θ. The Fourier expressions of the phase-A voltage waveforms of

these two inverters are then given by

f A1 t =
4Vdc

π
sin ωt +

n = 5, 7,…

4Vdc

nπ
sin nωt

f A2 t =
4Vdc

π
sin ωt− θ +

n = 5, 7,…

4Vdc

nπ
sin nωt− nθ

9 17

where θ is equal to 30 .

From (9.17), it is obvious that the fifth and seventh harmonic components of the

second inverter are phase shifted by−150 and−210 , respectively, with respect to

that of the first inverter. To eliminate these two harmonic components, the fifth

harmonic component needs to be further phase shifted by −30 and the seventh

VA1N

0

θ

0

VA2N

Figure 9.15 Output voltage
waveforms of phase-shifted
inverters.
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harmonic component needs a phase shift of +30 . This means that the negative

sequence is phase shifted by −30 , while the positive sequence is by +30 .

We can connect any three single-phase transformers in wye-Δ to provide ±30

phase shift between their primary and secondary windings. In that case, if the pos-

itive sequence is phase shifted by +30 , the negative sequence gets phase shifted by

−30 , and vice versa. To explain this, consider the wye-Δ-connected transformer

that is shown in Figure 9.16. The uppercase letters denote the primary side, while

the secondary side is denoted by lowercase letters. Also adding a suffix 1 to the

winding names differentiates the terminal names and the windings. The voltage

vector diagram for the positive sequence components is shown in Figure 9.17. It

is evident from this figure that the induced secondary voltages (e.g., Va1a1 ) lead

the primary line-to-neutral voltage by 30 . This phase shift remains the same

for all positive sequence harmonic components (e.g., 7th, 13th, etc.). For the neg-

ative sequence harmonics (e.g., 5th, 11th, etc.), the phases B and C exchange posi-

tions, and the phase becomes −30 .

A

C

B

A1 

A1′

C1 

Primary

B1 

B1′

Secondary

a

c

b

a1

b1 

c1′ a1′

b1′

c1

C1′

Figure 9.16 Schematic diagram of phase-shifted wye-Δ transformer.

VA1A1′

VB1B1′

VC1C1′ VA1N

VB1N

VC1N

Va1a1′

Vb1b1′

Vc1c1′

Figure 9.17 Positive-

sequenced phasor diagram.
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The transformer connection for the addition of the output waveforms of two

inverters is shown in Figure 9.18. The two primary side transformers are denoted

by 1 and 2 with uppercase letters A, B, and C. Their corresponding secondary sides

are denoted by lowercase letters a, b, and c. The primary sides of Transformers 1

and 2 are connected to the outputs of Inverters 1 and 2, respectively. The inverter

output voltages A2, B2, and C2 are arranged to lag output voltages of A1, B1, and

C1 by 30 through phase shift in their gating signals. On the secondary side, Trans-

former 1 has an open star connection, while Transformer 2 is connected in Δ. The

turns ratio of Transformer 1 is 1:1, and that of Transformer 2 is 1 3.

The secondary windings a2a2 , b2b2 , and c2c2 of Transformer 2 are connected

in Δ. Thus, there is no phase shift introduced by this transformer. The secondary

windings of Transformer 1 are connected in a fashion that the terminals a1, b1,

and c1 form an open star. From Figure 9.18, we get

Vab = Va1a1 + Va2a2 −V c1c1 9 18

If we consider only the fundamental components of the inverter–transformer

output, then the vector diagram corresponding to (9.18) is shown in Figure 9.19

(a). This shows that Vab is in phase with the primary reference voltage VA1N, which

is the fundamental output of Inverter 1. The other voltages can be written by sym-

metry from Figure 9.18 as

V bc = V b1b1 + V b2b2 −Va1a1

V ca = V c1c1 + V c2c2 −V b1b1

9 19

A1

C1

B1

A1

A1′

C1 

B1 

B1′

a

c

b

a1′ a1 

b1 

b1′

c1

C1′

A2

C2

B2

A2

A2′
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B2′
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a2′
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Figure 9.18 Schematic diagram of three single-phase transformers to provide a phase
shift of + 30 to the positive sequence.

9.3 High-Power Converters 375



A vector diagram corresponding to the fifth harmonic is shown in Figure 9.19

(b). The phase angles of the three terms in the equation for Vab are such that they

cancel out completely. A similar diagram can also be drawn for the seventh har-

monic, and it can be shown that this component also becomes equal to zero.

A time domain construction corresponding to the expression Vab is shown in

Figure 9.20 (a). The levels produced are 1, 1 + 3, and 2 + 3 times the DC

bus voltage of the inverter supplying the primary, which is 1 3 per unit for this

figure. The circuit discussed above is a 12-step inverter. The harmonic spectrum of

the output line-to-line voltage is shown in Figure 9.20 (b). The DC side voltage Vdc

is chosen to be 1.0 per unit to obtain the output voltage. It is evident from

Figure 9.20 (b) that the 11th and 13th are the most dominant AC side harmonic

components.

Vc1c1 = 1
Va1a1 = 1

V

30° Vab = 2 3
VaN

(a)
Va1a1

Va2a2

c1c1

(b)

Sum is zero

Vc1c1

Va2a2 = 3

Figure 9.19 Phasor diagram of (a) fundamental and (b) fifth harmonic.

Output waveform of
12-step inverter

(a) Harmonic spectrum of
12-step inverter

2.5

2

1.5

1

0.5

0

–0.5

–1

–1.5

–2

0 0.005 0.01

Time (s)

0.015 0.02 0 500

Frequency (Hz)

–2.5

2.5

2

1.5

1

0.5

0

(b)

M
a
g
n
it
u
d
e
 (

p
u
)

L
–
L

 v
o
lt
a
g
e
 (

p
u
)

1,000 1,500 2,000 2,500

Figure 9.20 (a) Output voltage waveform of a 12-step inverter and (b) its harmonic
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9.3.3 6q-Step Converter

It is seen that by providing a phase shift of 30 between two inverter–transformer

combinations, it is possible to generate a 12-step waveform with a spectrum that

contains 11th and higher-order harmonics only. Now, combining two such inver-

ters, we shall be able to get a 24-step inverter. In this case, however, the phase dif-

ference between the successive inverter–transformers must be 15 . In a similar

way, we can construct a 6q-step inverter by providing a phase shift of 360 /6q

between the successive inverter–transformers.

The construction of amultistep inverter requires a number of single-phase trans-

formers that can be connected to provide any feasible degree of phase shift. The

development of a 48-step inverter using 18 single-phase three-winding transfor-

mers and 6 single-phase two-winding transformers is reported in [4, 5], where a

phase shift of 7.5 is provided between the successive inverters. The output voltage

waveform of this converter and its harmonic spectrum are shown in Figure 9.21. It

can be seen that the highest harmonic components are the 47th and 49th. The

modeling of this converter for series compensation is discussed later in the chapter.

9.3.4 Multilevel Converters

Multilevel converters use a series connection of semiconductor IGBT switches to

synthesize different voltage levels, which are either a low-frequency staircase or a
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Figure 9.21 (a) Output voltage waveform of a 48-step inverter and (b) its harmonic
spectrum.
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high-frequency modulated voltage waveform using sinusoidal pulse width modu-

lation (SPWM) or space vector pulse width modulation (SVPWM). By increasing

the number of switches, these converters can be configured on different levels, for

example, three-level, five-level, and seven-level. As the number of levels increases,

the converter output voltage can be closer to sinusoidal voltage waveforms, in the

same fashion as the multistep converters. Moreover, multilevel converters can be

configured in a way such that the switching losses are minimized. The main draw-

backs of these converters are the requirement for a high number of switches and

passive components. However, these converters do not need the complex trans-

former connections that are required for multistep converters.

There are three main types of multilevel converter topologies. These are:

•
Diode-clamped

•
Flying capacitor

•
Cascaded converter

The schematic diagrams of these three converters are shown in Figure 9.22. In a

diode-clamped configuration, the DC link is split into several voltage levels using

capacitors. The clamping diodes connect the common terminals between two adja-

cent capacitors and the switches of each leg. In a flying capacitor converter, the

capacitors are charged to different voltage levels. Different output voltage levels

can be achieved by connecting the capacitors in parallel with the DC link voltage
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Figure 9.22 One phase of (a) diode-clamped, (b) flying capacitor, and (c) cascaded
converter.
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based on the switching states of the semiconductor switches. In a cascaded mul-

tilevel converter, several full bridge (H-bridge) converters are connected in series

to increase the voltage level. The modular multilevel converter (MMC) topology

has gained attention for its application in HVDC transmission. In this, several sub-

modules are connected in series. The submodules can be either half bridge or full

bridge.

The output voltages of multilevel converters can be synthesized using SPWM or

SVPWM. This, together with output LC or LCL filters, makes the output voltage

nearly sinusoidal. Thus, the advantage of multilevel converters is that they can be

considered as pure voltage sources for system studies. Brief operating principles of

multilevel converters and the PWM waveform synthesis are discussed in [6].

9.4 Subsynchronous Oscillations

From the power transfer equation given in (7.6), it is obvious that for a given

machine angle δ and terminal voltages, the steady-state power transfer over a

transmission line can be enhanced if the line reactance X can be decreased.

Unfortunately, however, X is dependent on the transmission line characteristics

and cannot be altered. This has prompted some utilities to insert a series capacitor

in the transmission line such that the power transfer relation can now bewritten as

PR =
V 1V 2

X −XC

sin δ, δ = δ1 − δ2 9 20

where XC is the reactance of the series capacitor that gets subtracted from the

transmission line reactance. The ratio XC/X defines the percentage of compensa-

tion that is limited to less than 70%.

In 1970 and 1971, two accidents occurred in Southern California Edison Com-

pany’s generating station at Mojave in Nevada. There were two shafts, one com-

mon to the turbine and generator, and the other shared by the generator and

exciter. The latter shaft broke. In 1972, the same thing happened at Arizona Public

Service’s Four Corners station at the junction of Arizona, New Mexico, Colorado,

and Utah. It was noticed that all these plants were connected to transmission lines

that have been compensated by fixed series capacitors. Further research revealed

that the series capacitor altered the natural frequency of the electrical circuit. This

altered natural frequency triggered torsional oscillations when it coincided with

one of the modes of the mechanical system. Usually, the oscillation frequency

is less than the synchronous frequency, and hence this condition is termed as

the subsynchronous resonance (SSR).

The accidents of the early 1970s have slowed down the installation of series

capacitors in transmission systems. They have also triggered a lot of research in
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this area. A large body of literature is availa-

ble for those who want to probe this subject

further. Various committees constituted by

the Institute of Electrical and Electronic

Engineers (IEEE) have proposed terms and

definitions of SSR [7]. Two benchmark mod-

els for computer simulation of SSR have been

prepared by IEEE [8, 9]. Two books that are

dedicated to SSR studies only have also been

prepared by renowned experts [10, 11]. In this section, themain features of SSR are

discussed.

9.4.1 Subsynchronous and Supersynchronous Frequencies

Consider a series-compensated SMIB system, as shown in Figure 9.23. The system

voltages are:

vS = V sin ωst + δ and vR = V sin ωst

The line impedance is written in the Laplace domain as

Z s =
1

sC
+ sL =

s2LC + 1

sC
=

s2 + ω2
n

s L
9 21

where ωn = 1 LC is the natural frequency of oscillation of the electrical

network.

From Figure 9.23, the line current is given by

IS s =
VS s −VR s

Z s
= IS1 s + IS2 s 9 22

where IS1(s) is the component of current due to VS(s) and IS2(s) is due to VR(s). Now

VS s = L Vsin ωst + δ = V
s sin δ + ωs cos δ

s2 + ω2
s

9 23

Using (9.22) and combining (9.21) and (9.23), we get

IS1 s =
sV

L

s sin δ + ωs cos δ

s2 + ω2
s s2 + ω2

n

9 24

Taking the inverse Laplace transform, the current in the time domain is

iS1 t =
V

L ω2
s −ω2

n

cos ωst + δ −ωs cos δ cos ωnt + ωn sin δ cos ωnt

9 25

It is to be noted that iS1 contains two frequencies,ωs andωn. A similar expression

can also be obtained for iS2.

IS

–
VS

L

–
VR

C

VC+ –
+ +

Figure 9.23 A series-compensated
SMIB system.
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The concept of two complementary frequencies, as discussed in [12], will now be

used. Assuming (9.25) is for phase-A of the circuit, the current iS1 for the other two

phases can also be obtained. Then, the three currents will be resolved into a

pseudo-stationary 0-d-q axis using Park’s transformation, given by

i0

id

iq

=
2

3

1 2 1 2 1 2

cos θ cos θ− 120 cos θ + 120

sin θ sin θ− 120 sin θ + 120

ia

ib

ic

9 26

where θ = ωst+ δ. For a balanced system, i0 will be zero. However, the d- and q-

axis components will not be dependent only on ωs. For example,

cos ωnt cos ωst+δ =
1

2
cos ωs+ωn t+δ + cos ωs−ωn t+δ 9 27

This implies that d- and q-axis currents will have several terms like that given in

(9.27). They will have the following two frequencies:

•
Supersynchronous frequency of ωsup = ωs+ωn

•
Subsynchronous frequency of ωsub = ωs−ωn

The subsynchronous frequency is more damaging as it can be close to the modes

associated with the mechanical shaft system.

9.4.2 Shaft Torsional Modes

The swing equation of the generator shaft of (7.22) is derived assuming that the

rotor shaft is a solid mass. This, however, is not the case since a generator rotor

contains mechanical shaft sections that are coupled together. A typical generator

shaft system is shown in Figure 9.24. It contains a high-pressure (HP) turbine, an

intermediate-pressure (IP) turbine, and a low-pressure (LP) turbine. In practice,

there may be more than one LP stage. In Figure 9.24, THP, TIP, and TLP are the

per unit mechanical torques developed in the respective turbines, Te is the per unit

generator electrical torque, and K is the stiffness of the shaft section in per unit

torque per electrical radian. The numbers associated with the shaft sections are

used for identifying the angles and speeds of these masses. Note that in

Figure 9.24, the generator, LP turbine, IP turbine, and HP turbine are numbers

1, 2, 3, and 4, respectively. These numbers are used to represent the inertia

THP TIP
TLP

Te

K34 K23 K12

GEN
1

LP
2

IP
3

HP
4

Figure 9.24 Schematic diagram of a typical turbine-generator system.

9.4 Subsynchronous Oscillations 381



constant, angular frequency, and the angle in the solutions of state equations, as

discussed below.

A second-order differential equation governs the behavior of each shaft section.

For example, the equations of motion of the generator rotor are given by [13]

2H1
d Δω1

dt
= K12 δ2 − δ1 −Te −D1 Δω1

d δ1

dt
= Δω1 ωs

9 28

In (9.28), the input torque is supplied by the LP turbine, that is, Tm = K12(δ2
− δ1). For the LP turbine, the input torque is the sum of the torque supplied to

the turbine TLP and the torque that is supplied by the IP turbine, that is, K23(δ3
− δ2). The output torque is supplied to the generator K12(δ2− δ1). Then the equa-

tion of motion for the LP turbine is

2H2
d Δω2

dt
= TLP + K23 δ3 − δ2 −K12 δ2 − δ1 −D2 Δω2

d δ2

dt
= Δω2 ωs

9 29

Similar equations can also be written for the other sections. Defining state and

input vectors, respectively, as

x = Δω1 Δω2 Δω3 Δω4 δ1 δ2 δ3 δ4
T

u = Pe PLP PIP PHP
T

The equation of motion of the shaft system can be written as

x = Ax + Bu 9 30

where

A=

−

D1

2H1
0 0 0 −

K12

2H1

K12

2H1
0 0

0 −

D2

2H2
0 0

K12

2H2
−

K12+K23

2H2

K23

2H2
0

0 0 −

D3

2H3
0 0

K23

2H3
−

K23+K34

2H3

K34

2H3

0 0 0 −

D4

2H4
0 0

K34

2H4
−

K34

2H4

ωs 0 0 0 0 0 0 0

0 ωs 0 0 0 0 0 0

0 0 ωs 0 0 0 0 0

0 0 0 ωs 0 0 0 0
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B =

−

1

2H1
0 0 0

0 −

1

2H2
0 0

0 0 −

1

2H3
0

0 0 0 −

1

2H4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

Example 9.2 Consider a mechanical shaft system with system parameters given

in Table 9.3. The damping is taken as 0.1 for each mass. There are three complex

conjugate eigenvalues of the system. These are the three different modes of

rotor mass. These modes are listed in Table 9.4 along with their eigenvalues

Table 9.4 Shaft modes and their participation.

Mode
no.

Frequency
(Hz) Eigenvalue Main participation

1 39.93 −0.16 ± j250 Mass 4 (HP) swings against Mass-3 (IP) with the
participation of the other two masses being
negligible.

2 27.37 −0.07 ± j172 Masses 1 and 4 (GEN & HP) swinging against
Mass-2 (LP)

3 18.94 −0.16 ± j119 Masses 3 and 4 (IP & HP) swinging against Mass 1
(GEN)

Table 9.3 Shaft mechanical system data for Example 9.2.

Mass
no.

Rotor
mass

Power
sharing (pu)

H
(MJ/MVA)

Shaft
section

Stiffness
(pu/rad)

1 GEN − 0.8 GEN-LP 70.0

2 LP 0.25 0.9 LP-IP 35

3 IP 0.3 0.2 IP-HP 20

4 HP 0.45 0.1

9.4 Subsynchronous Oscillations 383



and participation of rotor mass in these modes. The participation factor is com-

puted through left and right eigenvectors, as has been discussed in [14]. Note that

there is a Mode-0, which describes the oscillation of the entire rotor mass against

the power system. Usually, it is this mode that is considered in system stability

studies through the swing equation. All the different rotor masses participate

equally in this mode.

9.4.3 Subsynchronous Frequency Analysis

Consider a shaft oscillation at frequency ω. The angle of the shaft at the generation

is given by

θ = ωst + α cos ωt 9 31

Assuming that the magnitude of the rotor flux is constant, the coupling of the

flux to a stator coil is given by

ϕ = A cos ωst + α cos ω t 9 32

The above expression however will neglect the induction generator effects dis-

cussed in [13]. The flux equation of (9.32) can be closely approximated as [15]

ϕ = A cos ωst −
Aα

2
cos ωs + ω t − cos ωs −ω t 9 33

The flux equation of (9.33) includes frequency terms of ωs, ωs+ω, and ωs−ω.

Substituting A = n/ωs, where n is the number of turns in the coil, the voltage gen-

erated by the phase coil becomes

v= n
dϕ

dt
= sin ωst +

α

2ωs

ωs +ω sin ωs +ω t − ωs−ω sin ωs−ω t

9 34

There are several currents that flow, but the dominant term affecting the power

modulation is given by the low-frequency term. Note that the phase of the low-

frequency term is fixed with respect to the nominal frequency. Assuming that

the electrical circuit is resonant, the low-frequency current is dominant for SSR

and is given by

ilow = −

α

2ωs

ωs −ω sin ωs −ω t

Z ω
9 35

where the line impedance at frequencies other than the nominal frequency is

expressed as a function of the shaft frequency as

Z ω = R + jL ωs −ω −

j

C ωs −ω
9 36
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It is to be noted that in the above expression, we have introduced a line drop

rather than considering a lossless line as shown in Figure 9.23. Equation (9.36)

can be expressed as

Z ω = R + j
ωs −ω

2
−ω2

n

ωs −ω L
= R + j

ωs + ωn −ω ωs −ωn−ω

ωs −ω L

9 37

where ωn is the undamped natural frequency of the compensated electrical net-

work. This result indicates that the electrical impedance will become very low

for shaft frequencies atωs−ω. For frequencies below this, the impedance is induc-

tive, and above this it becomes capacitive.

We are interested in power flow at the frequencyω. This can arise for a voltage at

ωs and a current at ωs−ω or other combinations. Note that the low-frequency res-

onant current is dominant here. The power equation is given by

P ω = vilow ≈ − sin ωst
α

2ωs

ωs −ω sin ωs −ω t− Z ω

Z ω
9 38

The above equation can be simplified as

P ω ≈ −
α ωs −ω

4ωs Z ω
cos ω t− Z ω − cos 2ωs −ω t− Z ω

9 39

Considering only the terms at frequency ω, and noting the shaft angle satisfies

δ = α sin(ωt), we finally get

P ω = −

α ωs −ω Z ω

4ωs Z ω
δ 9 40

Example 9.3 Consider the same system as given in Example 9.2. We examine

the case of an electrical resonance frequency of 30 Hz. The coefficient of δ in

(9.40) is plotted in magnitude and phase in Figure 9.25. The magnitude peaks

exactly at 20 Hz (= 50–30 Hz), and the phase varies from −90 to −270 (i.e.,

+90 ). Damping of themechanical oscillations in (9.29) is providedwhen electrical

power is aligned with dδ/dt. The damping contribution is thus the imaginary part

of the coefficient of δ in (9.40). Figure 9.26 shows the damping contribution. Thus,

for an electrical frequency of 30 Hz, there is a strong negative damping coefficient

at the shaft oscillation frequency of 18.94 Hz (see Table 9.4).

The above example shows that when the electrical circuit is resonant at a fre-

quency ωn, for example, 30 Hz, and the system frequency is 50 Hz, then for a shaft

frequency around 20 Hz (i.e., ωn = ωs−ω) both electrical and mechanical systems
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will show a strong response. When the resistive portion of the line impedance is

low, Zwill change phase from−90 to +90 as the frequency changes through res-

onance. Therefore, for low shaft frequencies, the power will be alignedwith−dδ/dt

and will provide negative damping. However, since the impedance is high, there
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Figure 9.25 Bode plot of electrical power contribution of Example 9.3.
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Figure 9.26 Damping contribution from the electrical side of Example 9.3.
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will be little influence. As the frequency increases, the magnitude P will increase

and the phase will shift to alignwith dδ/dt; thus, in the set of frequencies just below

the equivalent electrical resonance, the term will be large and provide negative

damping to shaft oscillations. If the natural shaft damping is low and the electrical

resonance is high Q = R C L, the presence of the electrical resonance can pro-

vide a net negative damping. Shaft oscillations can grow, and this will cause shaft

damage.

The key conditions are that the mechanical resonance frequency translates to an

electrical frequency closely below electrical resonance. Therefore, mechanical res-

onance at 19 Hz, which maps to 31 Hz electrical, would be dangerous if the elec-

trical circuit was resonant just below 31 Hz.

Example 9.4 Let us again consider the same system as Example 9.2. Electrical

resonance conditions were chosen to match each of the mechanical resonances in

turn. The electrical damping coefficients are shown in Table 9.5. The damping

ratios are found from the eigenvalues of the different modes of the mechanical sys-

tem. The electrical damping coefficients are found in graphs of damping contribu-

tion as in Figure 9.26.

These damping results are confirmed from time domain simulations. These

simulations include the mechanical system of (9.28), the RLC electrical network

to obtain iS, and the linking equations of

vS = − 2 1 +
δ1

ωs

sin ωst + δ1 , vR = − 2 sin ωst and pe = vSiS

Note that in the simulation studies, the instantaneous power pe is used rather

than the average power Pe. The RLC parameters chosen are

XL = ωL = 0 5,R = 0 025XL and C = 1 ω2
nL

with ωn being chosen according to Table 9.5.

Figure 9.27 shows the time domain simulation results for three different electri-

cal resonant frequencies. With an electrical resonance at 9.5 Hz, the system

Table 9.5 Damping coefficient associated with each mode.

Mechanical
frequency (Hz)

Mechanical
damping ratio

Electrical resonant
frequency (Hz)

Electrical damping
coefficient

39.93 0.00064 9.5 –2

27.37 0.0004 22 –4.5

18.94 0.0013 30 –6
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exhibits a sustained oscillation indicating that the negative electrical damping is

insufficient to fully overcome the shaft mechanical damping. This is shown in

Figure 9.27 (a). The system responses for resonant frequencies of 22Hz and 30Hz

are shown in Figure 9.27 (b) and (c), respectively. The growing oscillations at

19 Hz between angles δ3 and δ2 of Figure 9.27 (c) are larger than those at 28 Hz

between δ2 and δ1 of Figure 9.27 (b). Therefore, the largest potential for shaft

damage is for the resonant frequency of 30 Hz.

9.4.4 Countermeasures to SSR

A variety of countermeasures to the SSR problem have been reported in the liter-

ature [16]. In an ideal situation, it will be desirable to isolate the electrical system

from the mechanical system such that the network resonance frequency does not

influence the shaft modes. This, however, is not possible, and alternate means of

SSR suppression have been attempted.

Among the power electronic solutions to the problem, the NGH damper needs to

be mentioned [17]. In this scheme, a linear resistor is connected in series with a

pair of back-to-back thyristors. The resistor–thyristor combination is connected

in parallel with a series capacitor, as shown in Figure 9.28. The thyristors are

Time (s)

4

2

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

–2

10

–10

0

50

0

–50

(a)

(b)

(c)
Angle difference δ3–δ2 (deg) for resonant frequency of 30 Hz

Angle difference δ2–δ1 (deg) for resonant frequency of 22 Hz

Angle difference δ3–δ4 (deg) for resonant frequency of 9.5 Hz

Figure 9.27 System response to resonant frequencies of (a) 9.5 Hz, (b) 22 Hz, and (c) 30 Hz.
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normally blocked such that the series

capacitor can enhance the power flow

through the electrical network. How-

ever, whenever the presence of SSR is

detected from the measurement of

capacitor voltage, the thyristors are

switched on to provide a path for the

capacitor to discharge.

The main objective is to have a series

compensation such that the comple-

mentary of the network resonance frequency is not near any shaft torsional mode.

To achieve this, a variable series compensator that can modulate the fundamental

frequency series reactance is desirable. Another approach is to modulate the series

voltage to appear resistive at subsynchronous frequency and thus damp SSR. The

controlled series compensation is discussed next.

9.5 Thyristor-Controlled Series Compensator (TCSC)

A TCSC is basically a thyristor-controlled reactor that is connected in parallel with

a fixed capacitor. The schematic diagram of a TCSC is shown in Figure 9.29, where

L is the TCR inductor. The TCSC is supplied by a sinusoidal current source iL. The

current through the TCR and voltage across the fixed capacitor C are denoted by iP
and vC, respectively.

The steady-state capacitor voltage and TCR inductor current waveforms are

shown in Figure 9.30. With respect to this figure, the following time instants

are defined:

•
Instant t0: This is the positive going

zero crossing of the capacitor volt-

age. The inductor current is at its

negative peak of – IP0 at this

instant. The firing angle α is meas-

ured from this instant.

•
Instant t1: The inductor current

becomes zero at this instant.

•
Instant t2: This is the instant of the

firing of the thyristor after a delay

of α from t0, such that

α = t2 − t1 ω

TCSC

+ –

L

C

vC

iP

iL

Figure 9.29 Equivalent circuit of a TCSC
driven by a current source.

NGH damper

Figure 9.28 Series capacitor-
compensated transmission line with NGH

damper.
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•
Instant t3: This is the negative going zero crossing of the capacitor voltage, where

the inductor current is at its positive peak of IP0.

It is evident from Figure 9.30 that the capacitor voltage has the following two

segments:

•
vC= (1/C) iLdtwhen none of the thyristors is conducting, for example, between

t1 and t2. The capacitor voltage is driven by the current source.

•
vC = (1/C) (iL− iP)dt when one of the thyristors is conducting, for example,

between t0 and t1 or t2 and t3.

To obtain an expression for the capacitor voltage, the above two piecewise linear

equationsmust be combined. Let the injected current through the source be given by

iL = Im sin ωt + φ 9 41

The piecewise models will be defined in terms of the state equations of the

system, with iL as the forcing function. To do that, let us make the following

assumptions:

•
The parallel inductor current is symmetric around the zero crossing of the

capacitor voltage, that is, t1− t0 = t3− t2. Under this assumption, we have t1
− t0 = t3− t2 = (π − α)/ω.

•
The phase difference between the actual and fundamental capacitor voltage is

zero. Thus, the angle φ is taken equal to 90 . This implies that iL = Im cos(ωt).

9.5.1 When One of the Thyristors Is On

The state vector of the system is defined as

x = vC iP
T

vC

α
iP

–IP0

IP0

t0 t1 t2 t3

Figure 9.30 Voltage and current waveforms of a TCSC.
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The state space equation when the thyristors are on is given by

x =
0 − 1 C

1 L 0
x +

1 C

0
iL = Ax + BiL 9 42

Let us choose the initial time as t0 and the final time as t1. The state vectors for

these instants are (see Figure 9.30)

x t0 = 0 − IP0
T and x t1 = vC t1 0 T 9 43

Choosing the time instant t0 as 0, the solution of the state equation of (9.42) is

given by

x t1 = Φ t1 x t0 +
t1

0

Φ t1 − τ BiL τ dτ 9 44

where Φ(t) is the state transition matrix (STM) defined by

Φ t = eAt = L− 1 sI−A 9 45

Now

sI −A =
s 1 C

− 1 L s
sI −A = s2 +

1

LC
= s2 + ω2

n

where ωn = 1 LC is the natural frequency of the LC pair. Then,

Φ t1 = L− 1 1

s2 + ω2
n

s − 1 C

1 L s
=

cos ωnt1 −

sin ωnt1

Cωn

sin ωnt1

Lωn

cos ωnt1

9 46

Therefore,

t1

0

Φ t− τ BiL τ dτ

=
t1

0

cos ωn t1 − τ

C

sin ωn t1 − τ

LCωn

iL τ dτ = Im

t1

0

cos ωn t1 − τ

C

sin ωn t1 − τ

LCωn

cos ωτ dτ

9 47
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9.5.2 When Both Thyristors Are Off

During this time, the current through the inductor is off, and we have a first-order

differential equation for the capacitor voltage as

vC =
1

C
Im sin ωt + 90 =

Im

C
cosωt 9 48

For an arbitrary initial time ti, the solution to the equation for a final time tf is

written as

vC tf = vC ti +
Im

C

tf

ti

cosωt dt

= vC ti +
Im

ωC
cosωtf − cosωti

9 49

9.5.3 Estimating the Fundamental Impedance of a TCSC

Using the derivations presented in Sections 9.5.1 and 9.5.2, the fundamental char-

acteristics of the TCSC will now be derived for a given value of α. The step-by-step

approach for the determination of the fundamental impedance is discussed below.

Step-1: (Estimation of IP0): Using (9.41), (9.43), (9.44), (9.46), and (9.47), the fol-

lowing solution of the state space equation during the switch-on state is obtained:

vC t1

0
=

sin ωnt

Cωn

− cos ωnt

IP0 + Im

t1

0

cos ωn t1 − τ

C
ωn sin ωn t1 − τ

cos ωτ dτ

9 50

Now, the term under the integral of the second row is expanded as

sin ωn t1 − τ cos ωτ =
1

2
sin ωn t1 − τ −ωτ + sin ωn t1 − τ + ωτ

=
1

2
sin ωnt1 − ωn + ω τ + sin ωnt1 − ωn −ω τ

Thus,

1

2

t1

0

sin ωnt1 − ωn + ω τ + sin ωnt1 − ωn −ω τ dτ

=
1

2

cos ωnt1 − ωn + ω τ

ωn + ω
−

cos ωnt1 − ωn −ω τ

ωn −ω

t1

0

=
1

2

cos ωt1 − cos ωnt1

ωn + ω
−

cos ωt1 − cos ωnt1

ωn −ω

=
ωn cos ωnt1 −ωn cos ωt1

ω2
n −ω2
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Therefore, the second row of (9.50) is expanded as

0 = − IP0 cos ωnt1 + Imω
2
n

cos ωnt1 − cos ωt1

ω2
n −ω2

9 51

Rearranging the above equation IP0 is obtained as

IP0 =
Imω

2
n

ω2
n−ω2

cos ωnt1 − cos ωt1

cos ωnt1
9 52

Now, because t1 = (π − α)/ω, (9.52) is written as

IP0 =
Imω

2
n

ω2
n−ω2

cos β − cos π− α

cos β
, β =

ωn

ω
π− α 9 53

Step-2: (Obtaining the capacitor voltage between t0 and t3): Once IP0 is known,

the capacitor voltage can be completely characterized.

•
Between t0 and t1: Use (9.43) and (9.44) to determine vC(t1).

•
Between t1 and t2: Using vC(t1) calculated above, use (9.49) to determine vC(t2).

•
Between t2 and t: Choosing x = vC t2 0 T , use (9.44) to determine vC(t3).

The different segments of capacitor voltages are computed using a suitable dif-

ferential equation solver, for example, “ode45” ofMATLAB. In the steady state, the

capacitor voltage has a mirror image symmetry.

Step-3: (Fundamental frequency model of TCSC): Once the capacitor voltage is

completely characterized for a particular value of α, its fundamental component

magnitude and phase are computed using Fourier analysis. Let the obtained fun-

damental component be given by

vCf = VCm sin ωt + θ

Then the fundamental frequency impedance of the TCSC for a particular value

of α is given by

ZTCSC α =
VCm

Im
θ− 90 = RTCSC α + jXTCSC α 9 54

Example 9.5 Consider a TCSC with the following parameters:

C = 79 5 μF and L = 50mH

The magnitude of the forcing current (Im) is chosen as 1 A. Figure 9.31 depicts

the variation in the fundamental reactance as α changes from 90 to 180 . In the

region 90 < α< 120 , the reactance has positive values, indicating that in this

region, the TCSC inserts a series inductance. That is why this region is termed

the inductive region. On the other hand, the reactance is negative in the region

126 < α< 180 , indicating that this is the capacitive region. The region 120

< α< 126 is the forbidden region. In this region, the resonance between the
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capacitor and the variable inductor occurs. The TCSC is prevented from operating

in this region.

Table 9.6 lists the values of IP0, VCm, and ZTCSC = RTCSC+ jZTCSC as α changes

from 125 to 175 , that is, in the capacitivemode. All the quantities become large as

the system moves toward resonance. It is also interesting to note that the TCSC

impedance is not a pure reactance, a resistance gets added due to the switching

action. Figure 9.32 (a) and (c) depicts the waveforms obtained using the procedure
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Figure 9.31 Variations in the fundamental reactance with α.

Table 9.6 Solutions of the system parameters for different values of α.

α (deg) IP0 (A) VCm (V) XTCSC (Ω) RTCSC (Ω)

125 23.05 698.46 –698.26 16.68

130 4.34 155.20 –155.17 3.29

135 2.09 90.88 –90.86 1.67

140 1.22 66.83 –66.82 1.04

145 0.76 54.89 –54.88 0.71

150 0.48 48.22 –48.22 0.51

155 0.30 44.34 –44.34 0.38

160 0.18 42.09 –42.09 0.31

165 0.09 40.86 –40.86 0.27

170 0.04 40.27 –40.27 0.26

175 0.01 40.06 –40.07 0.27
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given in Section 9.5.3 and the extracted fundamental capacitor voltage for two dif-

ferent values of α. It is interesting to note that as α gets closer to 180 , the estimated

voltage matches the fundamental voltage. This is obvious since the peak of the

inductor current reduces as α is close to 180 (Figure 9.32 b and d).

In the derivation above, it has been assumed that the inductor coil L is ideal, that

is, it has no associated resistance (infinite quality factor). In practice, however, the

quality factor is finite, and the estimation of the fundamental characteristics is

more involved. This is discussed in [18], where both simulation and experimental

verifications are presented. Modeling the actual behavior of a TCSC is complicated

and is very challenging. In [19], the TCSC reactance, for a capacitive reactance of

XC and inductive reactance of XP, is given as

ZTCSC = XC −Ψ1 XC −Ψ2 + Ψ4Ψ5 9 55

where

β = π− α,Ψ1 =
2β + sin 2β

π
,Ψ2 =

XCXP

XC −XP

,Ψ3 =
XC

XP

,

Ψ4 = Ψ3 tan βΨ3 − tan β andΨ5 =
4Ψ2

2 cos
2 β

πXP

Because the model given in (9.55) is nonlinear, it is estimated and linearized for

control design as reported in [20]. An accurate discrete-time model of TCSC is

derived in [21], which combines the piecewise linear models, as discussed in this

section. The linear models are then combined, and the overall linear model of the

system is derived by taking a partial derivative of the system with respect to the

state vector and the firing angle α.

9.6 Static Synchronous Series Compensator (SSSC)

An ideal series compensator is shown in Figure 8.12. An SSSC is a series compen-

sating device, which constitutes a voltage source converter and a connecting trans-

former, as shown in Figure 9.33 (a). The leakage inductance of the connecting

transformer is denoted by LT. The DC side of the VSC is supplied by the DC storage

capacitor Cdc. The converter losses are represented by the DC resistance Rdc. The

SSSC injects the voltage VQ in series with the line. The equivalent circuit of the

SSSC is shown in Figure 9.33 (b), where the resistance RT represents the trans-

former losses, and iL is the series current flowing in the circuit. The SSSC model

is derived in [4, 5] and is discussed below.
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The DC side current is referred to the high-tension side of the transformer as

− idcVdc = iLavQa + iLbvQb + iLcvQc 9 56

For a multistep inverter, the fundamental component of the instantaneous volt-

age of phase-A is given by [4, 5]

vQa = KdcVdc sin ωt + φf 9 57

where Kdc is a constant and φf is the phase displacement of the fundamental volt-

age from a reference bus voltage. A similar expression can also be written for the

other two phases by phase displacing them by 120 . Combining (9.56) and (9.57),

the following expression for the DC current is obtained.

idc = −Kdc μaiLa + μbiLb + μciLc 9 58

where

μa = sin ωt + φf ,μa = sin ωt + φf −120 and μc = sin ωt + φf + 120

9 59

From the DC side of Figure 9.33 (a), the DC voltage is given by the differential

equation

dVdc

dt
= −

1

Cdc

idc −
1

RdcCdc

Vdc 9 60

+VQ

LT

VC

Three-phase 
VSC

Vdc

Cdc

+

SSSC
vQ + LT RT

vt

iL

(a)

(b)Rdcidc

Figure 9.33 (a) SSSC connection in series with a transmission line and (b) its equivalent

circuit.
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Using (9.59), the injected voltages can be written as

vQa = KdcVdcμa, vQc = KdcVdcμb and vQc = KdcVdcμc 9 61

Let us now define the following state and input vectors:

x = iLa iLb iLc Vdc
T and u = vta vtb vtc

T

Then, the following state space equation is formed from Figure 9.33 and equa-

tions (9.58), (9.60), and (9.61)

x =

−

RT

LT
0 0

Kdcμa

LT

0 −

RT

LT
0

Kdcμb

LT

0 0 −

RT

LT

Kdcμc

LT

−

Kdcμa

Cdc

−

Kdcμa

Cdc

−

Kdcμa

Cdc

−

1

RdcCdc

x +

1

LT

0 0

0
1

LT

0

0 0
1

LT
0 0 0

u

9 62

The d-q transformation of the above equation is then computed as discussed in

[4, 5]. This is given by

d

dt

iLd

iLq

Vdc

=

−

ωRT

XT

−ω −ρ1 sinφf

ω −

ωRT

XT

−ρ1 cosφf

ρ2 sinφf ρ2 cosφf −

ωXdc

Rdc

iLd

iLq

Vdc

+

ω

XT

0

0
ω

XT

0 0

vtd

vtq

9 63

where

XT = ωLT , Xdc =
1

ωCdc

, ρ1 =
3ω

XT

and ρ2 = 3ωXdc

The DC voltage dynamics is presented by the last row of (9.63) as

dVdc

dt
= ρ2 sin φf id + ρ2 cos φf iq −

ωXdc

Rdc

Vdc 9 64

The main aim of the converter control is to regulate the DC voltage around a

prespecified value by controlling the angle φf. This means that the phase shift

φf is so adjusted that the required amount of power flows toward the DC bus to

replenish the converter losses to hold the DC capacitor voltage constant. Now, note

that (9.63) is nonlinear. For control design (9.63), it is linearized as
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dΔVdc

dt
= γ1Δid + γ2Δiq − γ3ΔVdc + γ4Δφf 9 65

whereΔ and the subscript 0 denote the perturbed variables and the nominal steady

state variables, respectively, and

γ1 = ρ2 sin φf 0 , γ2 = ρ2 cos φf 0 ,

γ3 =
ωXdc

Rdc

, γ4 = ρ2 cos φf 0 id0 − sin φf 0 iq0

A proportional PI controller is then designed for the DC voltage control as

Δφf = KP ΔV ∗

dc −ΔVdc + K I ΔV∗

dc −ΔVdc dt 9 66

where ΔV ∗

dc is the perturbation from the prespecified DC voltage. In (9.65), the

terms Δid and Δiq can be taken as external disturbances. Therefore, neglecting

these two terms (9.65) can be written in the Laplace domain as

ΔVdc s =
γ4

s + γ3
Δφf s 9 67

Again, the Laplace transform of (9.66) is

Δφf s =
KPs + K I

s
ΔV ∗

dc s −ΔVdc s 9 68

The closed-loop transfer function of the system is then derived by combining

(9.67) and (9.68) as

ΔVdc s

ΔV∗

dc s
=

γ4 KPs + K I

s2 + γ3 + γ4KP s + γ4K I

9 69

The characteristic equation of the system is then

s2 + γ3 + γ4KP s + γ4K I = 0 9 70

The closed-loop system will be stable provided that γ4> 0 when

γ3 + γ4KP > 0

Reference [4] shows the control application for the damping of SSR on the IEEE

first benchmark model. An addition of a series capacitor along with the SSSC fur-

ther improves the SSR damping as reported in [22].
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9.7 Other FACTS Devices

There are several other FACTS devices. In this section, these are discussed briefly.

9.7.1 Unified Power Flow Controller (UPFC)

A UPFC is a versatile device that contains a shunt compensator and a series com-

pensator that are joined together through a DC bus. Figure 9.34 shows the sche-

matic diagram of a UPFC, where the shunt compensating VSC and the series

compensating VSC have a common storage capacitor on their DC sides. Both

the VSCs are connected to the transmission line through two separate transfor-

mers. In this configuration, the series VSC performs the main task of injecting

a voltage in series with the line. The shunt VSC supplies or absorbs the real power

that is demanded by the series VSC to inject voltage of a specified magnitude and

phase angle. Simultaneously, the shunt VSC can also supply or absorb reactive

power as may be necessary to provide shunt reactive compensation. Therefore,

the UPFC can be considered a flexible series compensator that is not restricted

by real power absorption or supply to hold the DC capacitor voltage constant.

However, a UPFC can perform different

tasks, as discussed below.

The equivalent circuit of a UPFC-

connected transmission line is shown in

Figure 9.35 (a). Here, VU is the injected volt-

age, while VP is the voltage at the PCC bus.

The phasor diagram of the system is shown

in Figure 9.35 (b), where the angle between

VS and VU is denoted by ρ and that between

VP and VR is denoted by φ.

Series VSC

Transmission line

Shunt VSC

Figure 9.34 Schematic diagram of
a UPSC.

VS VR

+ +
VP P, Q

I
jXVU +

VS

VR

VU
ρ

φδ

VP

(a)

(b)

Figure 9.35 (a) Equivalent
circuit of a UPSC-connected SMIB

system and (b) its phasor diagram.
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AUPFCcanperform four different functions [23], which are shown in Figure 9.36.

With respect to Figure 9.35 (a), we denote VS = V∠ 0 and VU = |VU| ∠ ρ. Then,

these four different functions are discussed below.

1) Voltage Regulation: This can either increase or decrease the PCC voltage VP

magnitude vis-à-vis that of VS by choosing ρ = 0 . The voltage regulation

function is shown in Figure 9.36 (a), where VU = ΔV∠ 0 .

2) Series Compensation: This is shown in Figure 9.36 (b). Let the line current be

given by I = |I|∠ − ϕ. The UPQC injects a series voltage in phase quadrature

with the current, that is, ρ = ϕ+ 90 and we denote |VU| = Vα. Then, the capac-

itive and inductive modes of operation are given, respectively, as V1 = V+ Vα

and V2 = V− Vα.

3) Phase Shifting: By changing the phase angle ρ of the injected voltage, the angle

between the sending-end and the receiving-end voltages can be changed. At the

same time, the magnitude of VU can be changed to increase or decrease the

desired power flow, as shown in Figure 9.36 (c). Denoting |VU| = Vβ, we get

V1 = V+ Vβ and V2 = V− Vβ.

4) Simultaneous Control: This is combined control where the UPFC can simulta-

neously perform voltage regulation, series compensation, and phase shifting, as

shown in Figure 9.36 (d). No other device can perform these multiple functions

individually [23].

With respect to Figure 9.35 (a), let us define the following:

VS = V δ,VR = V 0 and VU = VU δ + ρ

Then

VP = VS + VU = V cos δ + j sin δ + VU cos δ + ρ + j sin δ + ρ

9 71

(a) (b)

V

I

V1

V2

V

(c)

V1 V2

V + Vu

Vu

V

(d)

+ΔV
ΔV

+Vα Vα–Vα

Vβ

Vβ

–ΔV
V

Figure 9.36 Different operating modes of UPFC: (a) voltage regulation, (b) series
compensation, (c) phase shifting, and (d) simultaneous control.
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The line current is

I =
VP −V

jX
=

VU cos δ + ρ + j sin δ + ρ + V cos δ + j sin δ −V

jX

The complex power at the receiving end then is

P− jQ = V∗I = V
V cos δ + j sin δ + VU cos δ + ρ + j sin δ + ρ −V

jX

9 72

Separating the real and imaginary components, the real and reactive power are

given by

P =
1

X
V2sin δ + VU V sin δ + ρ 9 73

Q =
1

X
V 2cos δ + VU V cos δ + ρ −V 2 9 74

From (7.6) and (7.7) of Chapter 7, the receiving real and reactive power, which

are dependent only on the load angle, are written as

PR δ =
V 2 sin δ

X
andQR δ =

V 2 cos δ−V 2

X

Then, (9.73) and (9.74) can be rewritten as follows:

P = PR δ +
VU V sin δ + ρ

X
9 75

Q = QR δ +
VU V cos δ + ρ

X
9 76

Because the phase shift ρ can be varied between 0 and 2π, the controllable ranges

for the real and reactive power are [23]

PR δ −
VUmax V

X
≤ PR δ ≤ PR δ +

VUmax V

X
9 77

QR δ −
VUmax V

X
≤ QR δ ≤ QR δ +

VUmax V

X
9 78

where |VUmax| is the maximum voltage range of the UPQC. These equations indi-

cate that a UPQC can provide a controllable bidirectional power flow that is inde-

pendent of the load angle δ. The different operating modes of UPQC and their

advantages are discussed in [23].
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9.7.2 Thyristor-Controlled Braking Resistor (TCBR)

Each phase of a TCBR comprises a high-power resistor that is connected in series

with an antiparallel thyristor pair, as shown in Figure 9.37 (a). Here the TCBRwith

resistance R is connected to the generator (G) terminals. Because power transmis-

sion lines are mostly inductive, a line fault can drastically reduce the real power

transfer, causing the generator to accelerate. If the TCBR is switched on at an

appropriate time, real power will dissipate through the resistor, thereby reducing

the machine acceleration and enhancing the transient stability.

An alternative simpler TCBR topology was proposed in [24] using a diode rec-

tifier bridge having block/deblock (B/DB) capability, as shown in Figure 9.37 (b).

Nominally, the diode bridge remains blocked during normal power transfer. How-

ever, once the fault is detected, the diodes are deblocked, and the power is dissi-

pated in the resistor to arrest machine acceleration.

A natural choice for braking resistor (BR) control is the accelerating power.

However, as discussed in Chapter 7, the mechanical power input almost remains

constant during large transients. Machine acceleration primarily depends on the

output electrical power. Therefore, the output power signal can be used as the BR

trigger signal. A simplistic approach for the breaker trigger signal is to compare the

output power Pe with a critical threshold Pcr and switch on the BR as follows:

“If Pe < Pcr , turn the BR on, else switch off BR ” 9 79

The threshold value is so chosen that spurious triggering due to load change

is avoided.

TCBR

Transmission
line 

G

R

Transmission
line 

G

(a) (b)

R

B/DB

Diode rectifier

Figure 9.37 Schematic diagram of braking resistor connection: (a) using thyristors and
(b) using diode bridge.
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Following any large transient, the output power will go through high-frequency

oscillations. Thesemay cause a chattering effect if the logic of (9.79) is used, that is,

with a dip in power, the BR will close, and when the power swings to the opposite

direction, the BR will open. The high-frequency oscillations are eliminated using a

lowpass filter to obtain filtered output Pfilt and use it in a logic similar to that given

in (9.79). This, however, will not solve the chattering problem since the low-

frequency power oscillations will persist. During any transient, the rate of change

of Pfilt will be high immediately following the fault. Once the oscillations subside,

the rate of change will reduce. Therefore, the triggering logic must incorporate

both these signals, as given below.

“If Pe < Pcr , and dPfilt dt > dPcr dt, turn the BR on, else switch off BR ”

9 80

The value of dPcr/dt is chosen such that it is less than dPfilt/dt during small oscil-

lations. The BR triggering logic is shown in Figure 9.38.

9.7.3 Thyristor-Controlled Voltage Regulator (TCVR)

Themaximum power that can be transmitted over a line is given by V1V2/X. There-

fore, this can be enhanced if the voltage at the sending end can be boosted, which is

the purpose of a TCVR. The schematic diagram of a TCVR is shown in Figure 9.39

(a). This contains three-phase or three single-phase tap-changing transformers.

The primary side of the transformer is connected in a shunt with the transmission

line. The secondary side is connected in series with the line to inject voltage in

series. By controlling the transformer taps, the output voltage can be varied, as per

Va1 = Va + ΔVa

V b1 = V b + ΔV b

V c1 = V c + ΔV c

9 81

The resulting phasor diagram is shown in Figure 9.39 (b).

Y = 1
Pe

Lowpass 
filter (LPF) Pfilt

d/dt
dPfilt/dt

+

Pcr

+

dPcr /dt

< 0

< 0

Y = 1

BR ON

Figure 9.38 BR triggering logic.
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Ideally, it would be desirable to have a continuously variable secondary tap set-

ting. This, however, is not feasible. Discrete tap settings are possible using thyristor

switches, as shown in Figure 9.40. In this figure, either of the four switches can be

connected at a time. The injected voltage will decrease as the switch number goes

up, that is, SW1 will have maximum injected voltage while SW4 will inject the

minimum voltage.

Va Va1

Vb1

Vc1

Vc1

Va

ΔVc

Va1

Vb

ΔVa

ΔVb
Vb1

VcVb

Vc

(a) (b)

Figure 9.39 (a) Schematic diagram of a TCVR and (b) its phasor diagram.

Primary

Secondary

SW
1

SW
2

SW
3

SW
4

Figure 9.40 Thyristor-

based transformer tap
changer.
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9.7.4 Thyristor-Controlled Phase Angle Regulator (TCPAR)

We know that the power flow depends on the relative angle difference between the

sending- and receiving-end voltages. Therefore, the maximum power transfer can

be enhanced if the angle can be advanced. The maximum power flow can also be

reduced by reducing the angle difference. TCPAR also uses thyristor-based tap-

changing transformers. The schematic diagram of the TCPAR connection is

shown in Figure 9.41 (a). Here, the TCPAR injects voltages in quadrature with

the sending-end voltages, as shown in Figure 9.41 (b). The resulting power transfer

equation is given by

Pe = Pmax sin δ ± σ 9 82

The power transfer using TCPAR is shown in Figure 9.42.

9.8 Concluding Remarks

Different FACTS devices have been discussed in this chapter. Some of these

devices are used for enhancing power flow over a line directly, such as TCVR

and TCPAR, or indirectly, such as TCBR. However, other devices that provide

shunt and series compensation, as well as joint series and shunt compensation,

can not only enhance power transfer but also provide power oscillation damping.

Some of these aspects have also been discussed in this chapter.

Subsynchronous oscillations in series capacitor-compensated systems can occur.

However, series compensation using TCSC or SSSC does not suffer from this prob-

lem. They can switch over from capacitive to inductive mode at the onset of SSR

ΔVc

Vb1

ΔVa

ΔVb
Vb

Va1

Vc1

Va

Vc
(a)

(b)

Va

Vb

Vc

Va1

Vb1

Vc1

σ

σ

σ

Figure 9.41 (a) Schematic diagram of TCPAR connection and (b) its phasor diagram.
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oscillations. Moreover, these devices can also change the percentage compensation

in order to avoid or suppress SSR oscillations. A STATCOM can also be used in a

series capacitor-compensated system in order to dampen SSR oscillations. In [25],

it has been shown that by placing a STATCOM at the electrical center of a series

capacitor-compensated IEEE first benchmark model, SSR oscillations can be

damped through the STATCOM control.
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Problems

P9.1 The fixed resistance of a TCR is 0.3 per unit. Determine the firing angle α in

degree such that the fundamental frequency of the TCR reactance is

40 per unit.

P9.2 Consider a TCR that is supplied by the voltage v = 100 sin(100πt). The TCR

reactance is 10 mH. Then determine the magnitude of the odd harmonic

currents up to 11th order with respect to the fundamental current when

the firing angle α = 100 .

P9.3 Consider the system shown in Figure P9.3, where an SVC is placed at the

middle of a transmission line with VS = 1 ∠ 20 per unit. The SVC has the

following parameters:

TCR: XL = 0.66 per unit

TSC: XC = 1 per unit with the identical number of five modules, that

is, n = 5.

TCR

n-Module

TSC

VS = 1∠δ VR = 1∠0°VM

XL

XCXC

j0.2j0.2

Figure P9.3 SVC circuit with five TSC modules of Problem 9.3.
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The firing angle α of the TCR is chosen as 80 . Determine the number

of TSC modules that must be chosen such that the midpoint voltage is

VM = 1∠ 10 per unit.

P9.4 Consider again the circuit of Figure P9.3. The system parameters are as

follows:

Source voltage (VS): 1 ∠ 30 per unit

TSC reactance (XC): 0.5 per unit with four number of units.

TCR reactance (XC): 0.1188 per unit

TCR firing angle (α): 94.06

Midpoint voltage (VM): 1∠ φ per unit

If all four TCR units are used, determine the angle (φ) of the midpoint

voltage.

P9.5 Consider the series-compensated transmission system shown in

Figure P9.5. Determine the frequencies of network currents that will appear

at the generator terminals when the fundamental frequency is 50 Hz.

P9.6 Consider a 4-mass turbine rotor model with the following parameters:

K12 = 38 75,K23 = 32 5 and K34 = 28 475

The power supplied by the generator is 0.95 per unit. The LP and IP tur-

bines share 30% power each, while the HP turbine shares 40% power. If the

machine angle is 25 , determine the angles of the LP, IP, and HP turbines

when the system is in a steady state.

P9.7 Consider the UPFC-compensated power system shown in Figure 9.7, where

the shunt compensator only supplies power Ppq to the series compensator.

The system has the following parameters in per unit: VS= 1∠ 22 , VR= 1 ∠

0 , and X = 0.5. The nominal power transfer without the UPFC is denoted

as P0. Determine the voltageVPQwhen it is working as a voltage regulator to

raise the power transfer to 1.2P0. What will be the value of Ppq?

0.2 pu0.5 pu

Figure P9.5 Series-compensated transmission line of Problem 9.5.
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P9.8 Consider an SMIB system that has VS = 1 ∠ 30 per unit, VR = 1∠ 0 per

unit, and X = 0.5 per unit, while it transfers a maximum power of Pmax.

A TCPAR is connected at the sending end which adds voltage

VTCPAR = ΔV∠ σ per unit with the sending end voltage (see Figure 9.42).

Then find the magnitude and angle of VTCPAR when the power transfer

equation is increased by 10% as per (9.82).

P9.9 Consider again the TCPAR-connected system of Problem 9.8. The voltage

injected by the TCPAR is in quadrature with the source voltage, that is,

VTCPAR = ΔV∠ (δ+ 90 ). Then, find the power transfer relationship and

plot the power angle curves for ΔV = ±1, ±0.5, ±0.25.

X

VS VR
Ppq

Vpq+

P

Figure P9.7 UPQC-compensated transmission line of Problem 9.7.

Problems 411





10

High-Voltage DC (HVDC) Transmission Systems

By the dawn of the twentieth century, “the war of the currents” was over, and AC

had won. This does not necessarily mean that DC was totally forgotten. DC has

bounced back in the form of high-voltage transmission and low-voltage microgrid.

High-voltage DC (HVDC) transmission made a modest beginning in 1954 when a

100 kV, 20MWDC link was established between the Swedish mainland and the

island of Gotland on the Baltic Sea using 98 km long submarine DC cables. For

converter stations, bulky mercury arc valves were used. Around 1957, thyristors

started appearing in the market. The successful use of thyristors for the control

of industrial drives encouraged its adoption in HVDC converters. The Gotland

project (called Gotland 1) was upgraded to include thyristor valves to enhance

the transmission capacity to 30MW. This was the first time the thyristors were

used for HVDC transmission.

Traditionally, HVDC systems were used for point-to-point power transmission.

They were usually used for transmitting power between two AC systems through

rectification and inversion. Usually, 12-step converters (see Section 9.3.2) are used

for such point-to-point transmission. These converters use thyristors without gate

turn-off capacity. They are called line commutated converters (LCCs) as they

depend on the AC supply voltage crossing zero. They do not need an external circuit

to turn the thyristors off. However, with the advancement of insulated gate bipolar

transistor (IGBT) technology, high-power, voltage source converters (VSCs) can

now be constructed. Typically, multilevel converters (see Section 9.3.4) and mod-

ularmultilevel converters (MMCs) are used for this purpose. TheVSC-basedHVDC

systems, which are referred to as VSC-HVDC, are slowly replacing LCC-HVDC

systems in many places.

A multiterminal HVDC (MTDC) system can have more than two terminals.

Such a system can be placed in large geographical areas and is a particularly
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attractive solution for offshore wind farms. AnMTDC system uses VSC technology

that can change the direction of power flow easily. With the increased penetration

of intermittent wind power technology, a rapid development in the MTDC system

is expected to take place in the near future. In this chapter, all three technologies

(i.e., LCC-HVDC, VSC-HVDC, and MTDC) will be discussed.

10.1 Attributes of DC Systems

An HVDC system will require converter stations – for a point-to-point system, a

converter at each end. This is not a requirement for an AC transmission system.

On the other hand, DC lines require fewer conductors than AC lines, and DC line

supporting towers are smaller than those of the AC systems. Even if the initial cost

of HVDC systems is higher than an HVAC system, the overall cost of DC systems

becomes less than AC systems as the length of the lines increases. A typical cost

comparison between the two systems is shown in Figure 10.1. Usually, the break-

even point is between 600 and 800 km.

10.1.1 Advantages and Disadvantages of HVDC Systems

There are several advantages of DC systems over AC systems. Some of these are

listed below.

•
In an AC circuit, current density is at maximum near the surface of the

conductor. This is called the skin effect. This effect reduces the cross section of

Cost

Distance

DC terminal cost

AC terminal cost

Total AC cost

Total DC cost

Breakeven
distance

Figure 10.1 Cost of HVDC system versus cost of HVAC system.
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the conductor, thereby increasing the resistance and power loss. This is absent in

DC circuits.

•
HVDC systems require less copper than AC systems.

•
DC systems do not have reactive power problems.

•
AC systems have more capacitive loss, especially when the conductors are close

to the ground, for example, for submarine power transfer. The breakeven dis-

tance for subsea cables is about 50 km, after which the DC is more efficient.

NorNed link currently is the longest underwater HVDC system, spanning

580 km, with a capacity of 700MW. It connects the Netherlands with Denmark.

•
An HVDC system can asynchronously connect two AC systems, that is, a 50 Hz

system can be connected to a 60 Hz system through an HVDC line or back-to-

back configuration. Itaipu Dam is located on the border of Brazil and Paraguay.

It has a generation capacity of 14 GW, which supplies power to both Brazil (at 60

Hz) and Paraguay (at 50 Hz). Since the load demand in Paraguay is much less

than the power transmitted from the Dam, the power is exported to the Brazilian

side through two 800 km, 600 kV HVDC lines.

•
DC systems have an inherent short time overload capacity that can be used for

power system oscillations. Two systems connected by AC lines can become

unstable. Linking the AC systems through a DC link will overcome this

problem.

In an AC circuit, the circuit breakers (CBs) can open at the zero crossings of the

currents that occur naturally twice in a cycle. However, this is not feasible for DC

systems since the current does not have zero crossings. The lack of DC circuit

breakers (DCCBs) is regarded as a limitation to HVDC systems. In general, for

LCC systems, a rectifier and an inverter connect the DC line at the two ends.

The rectifier converter is forced into full inversion mode when a fault is detected

on the DC line. Since the line is forced to have two inverters at the two ends, the

current will become zero. There are several other DC system protection systems in

addition to the AC system protection that are summarized in [1]. A review of

DCCBs is given in [2].

10.1.2 Types of HVDC Systems

Figure 10.2 shows a monopolar HVDC system. These are the simplest and least

expensive HVDC systems, which are used for moderate power transfer [3]. This

system uses only two converters – one at each end. It can have either a ground

(or sea) return path or a metallic return path. In congested areas or areas with high

earth resistivity, the metallic return path is used. The ground connections are used

for reference potential [3]. When a fault occurs, the entire transmission system

must be shut down. This topology is not used in practice; it is used in the devel-

opment stages to test converter capacity.
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Bipolar systems use 12-pulse converters as shown in Figure 10.3. This has two

conductors – one positive and one negative. Each of the terminals has a set of two

identical converters. The neutral point at the junctions between the converters is

solidly grounded. In the 12-pulse mode, both the poles operate with equal current,

and hence the ground current is expected to be zero. When a fault occurs in one of

the converters, these links can operate as a monopolar link using the ground as the

return path. The bipolar HVDC systems are the most popular for point-to-point

systems.

A homopolar HVDC system has two conductors of the same polarity (usually

negative). It always operates with earth or metallic return. Since the poles operate

in parallel, it has lower insulation cost. However, this is not a very popular concept.

Replacing the transmission line is by a short cable, the back-to-back connection

is formed, as shown in Figure 10.4 (a). These can be used to connect two AC

networks that operate at different frequencies. It can also be used for isolating

two AC systems such that oscillations in one system do not propagate onto the

other. The schematic diagram of an MTDC system is shown in Figure 10.4 (b).

As the name signifies, it will have three or more converter stations connected

I

(a) (b)
I I

Figure 10.2 Monopolar HVDC system: (a) ground return and (b) metallic return.

I

I

Figure 10.3 Bipolar HVDC system.
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through transmission lines. These converters can be connected in either series or

in parallel. Some of the converters will act like rectifiers, while others will act like

inverters. However, there can be several configurations of MTDC systems, as dis-

cussed in Section 10.4.

10.2 LCC-HVDC Systems

Consider the six-step converter discussed in Section 9.3.1 and depicted in

Figure 9.12. This is redrawn in Figure 10.5. The converter is supplied by a

three-phase voltage source and is connected to a load on the DC side. The thyris-

tors, which are denoted by T, are numbered in the sequence in which they are

turned on. The thyristors of each leg are complementary, that is, when one is

(a) (b)

Figure 10.4 (a) Back-to-back and (b) multiterminal HVDC system.

va

n

L
O
A
D

vb

vc

vd

1 3 5

24 6

Lt

Lt

Lt

Lf

Figure 10.5 A six-step converter supplying a DC load.
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on the other is off (e.g., when T1 is on, T4 is off, and vice versa). Let us assume that

the voltages are given by

va = 2VM sin ωt V

vb = 2VM sin ωt− 120 V

vc = 2VM sin ωt + 120 V

10 1

where ω is chosen as 100π rad/s (50 Hz) and VM is the magnitude of the line-

to-neutral (RMS) voltage that is chosen as 1,000 V. The line-to-line voltages are

then given by

vab = 2VLL sin ωt + 30 V

vbc = 2VLL sin ωt− 90 V

vc = 2VLL sin ωt + 150 V

10 2

where VLL is the RMS line-to-line voltage that is given by 3VM .

10.2.1 System Characteristics with Zero Ignition Angle

In this section, it has been assumed that the thyristor bridge works like a diode

bridge. This implies that a pair of thyristors is switched on as soon as the voltage

across them becomes positive. We further assume that the line inductance Lf is

zero. Each thyristor conducts for a period of 60 in a 360 cycle. The thyristor

switching sequence and the output DC voltage are then listed in Table 10.1.

The line-to-line voltage waveforms and the DC voltage are shown in Figure 10.6.

Table 10.1 Thyristor switching sequence of a six-step converter
without ignition delay.

Period Thyristors conducting DC voltage (vd)

0 to 30 and T6 vcb

30 to 90 T1 and T6 vab

90 to 150 T1 and T2 vac

150 to 210 T3 and T2 vbc

210 to 270 T3 and T4 vba

270 to 330 T5 and T4 vca

330 to 360 T5 and T6 vcb
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Note from Figure 10.6 that the DC voltage varies periodically every 60 . The

average DC voltage is then computed by averaging this voltage over any 60 period,

that is, one-third of half a cycle. Consider the period between 30 and 90 . The

average voltage when the system is not loaded is given by

Vd0 =
3

π

90

30

vddθ =
3

π

90

30

vabdθ 10 3

Using (10.2), (10.3) is written as

Vd0 =
3 2VLL

π

90

30

sin θ + 30 dθ

=
3 2

π
VLL − cos 120 + cos 60 =

3 2

π
VLL = 1 35VLL

10 4

For the DC voltage waveform shown in Figure 10.6, Vd0 is 2,338.3 V.

10.2.2 System Characteristics with Nonzero Ignition Angle

For the uncontrolled operation of Section 10.2.3, the DC output voltage will

remain fixed and will only depend on the line-to-line voltage, as given in (10.4).

This is the maximum voltage that the bridge can produce. To have control over

the DC voltage output, the firing is shifted by an angle α, which is called the delay

angle or the firing angle. The maximum value of the firing angle is limited to 180 .

2,500

2,000

1,500

1,000

500

0

V
o
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a
g
e
 (

V
)

–500

–1,000

–1,500

–2,000

–2,500
0 30 90 150

Angle (deg)

210 270 330 360

vab vbc vca vba vcb vac vd

Figure 10.6 Line-to-line input voltages and the output DC voltages of a six-step converter
without ignition delay.
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For 0 ≤ α< 90 , the converter produces positive DC voltage, while it produces

negative DC voltage during 90 ≤ α< 180 . The firing sequence is given in

Table 10.2. Notice that the top thyristors are fired in sequences 1, 3, and 5 with

a delay of 120 . Similarly, the bottom thyristors are also fired in sequences 2, 4,

and 6 with a delay of 120 . The voltage waveforms given by (10.2) and for

α = 30 are shown in Figure 10.7.

The average DC voltage is then given by

Vd =
3

π

90 + α

30 + α

vabdθ = 1 35VLL

90 + α

30 + α

sin θ + 30 dθ

= Vd0 − cos 120 + α + cos 60 + α = Vd0 cos α

10 5
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Figure 10.7 Line-to-line input voltages and the output DC voltages of a six-step converter

without ignition delay.

Table 10.2 Thyristor switching sequence of a six-step converter with ignition delay.

Period Thyristor fired Thyristor conducting DC voltage (vd)

30 + α to 90 + α T1 T6 vab

90 + α to 150 + α T2 T1 vac

150 + α to 210 + α T3 T2 vbc

210 + α to 270 + α T4 T3 vba

270 + α to 330 + α T5 T4 vca

330 + α to 30 + α T6 T5 vcb
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The average voltage of Figure 10.7 is 2,025 for α = 30 . The fundamental fre-

quency line current is given by the relation [4]

ILf =
6

π
Id = 0 78Id 10 6

10.2.3 Overlap Angle

So far, we have assumed that the inductance Lt in Figure 10.5 is zero. Also, in the

steady state Lf = 0. This means that the line current commutates as soon as the

voltage across the thyristor reverses polarity. However, an HVDC converter is con-

nected through a converter transformer with its leakage inductance being present

in the path of the current flow. Since the current through an inductor cannot

change instantaneously, the current cannot commutate as soon as the voltage

across a thyristor reverses polarity.

Given any delay angle α, the current commutates with a finite angle μ, which is

called the overlap angle. Consider the case where T5 and T6 are conducting, and T1

is switched on after a delay angle α. It is expected that T5will commutate following

the overlap period. This is shown in Figure 10.8. The resulting waveforms are

shown in Figure 10.9, where δ is called the extinction angle and is equal to

δ = α + μ 10 7

During the overlap period, there will be a voltage drop, given by

vL = Lt
dia

dt
10 8

Therefore, the reduction in the average DC voltage is

VR =
α + μ

α

vLdθ 10 9

va

n

vb

vc

vd

Lt

Lt

Lt

ia

ic

id = Id

T1

T5

T6

Figure 10.8 Equivalent circuit when T5 is commutating.
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The reduction in the average output DC voltage due to the overlap angle is

given as [4]

Vd = Vd0 cos α−ΔVd 10 10

where

ΔVd =
Vd0

2
cos α− cos δ = RtId 10 11

In (10.11), the resistance Rt is defined in terms of the commutation reactance

Xt as

Rt =
3

π
X t =

3

π
ωLt

10.2.4 Inverter Operation

From (10.5), we note that Vd = Vd0 cos α when there is no overlap. Therefore, Vd

becomes negative for α> 90 . However, the angle reduces from 90 with overlap

[4]. The timing information for rectifier and inverter operations is shown in

Figure 10.10. From this figure, we define the following for the inverter:

Ignition angle: β = π − α

Extinction angle: γ = π − δ

Overlap angle: μ = β − γ

va vb
vc

ωt

δ
μα

vd

V
o
lta

g
e

Figure 10.9 Voltage waveforms showing the commutation process during rectification.
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The DC side voltage is then defined as

Vd = Vd0 cos β + RtId 10 12

10.2.5 Active Power

Substituting (10.11) into (10.10), we have

Vd = Vd0 cos α−
Vd0

2
cos α− cos δ =

Vd0

2
cos α + cos δ 10 13

Assuming that the converter is lossless, the power on both sides is equal. The DC

side power is

Pdc = VdId =
Vd0

2
cos α + cos δ Id 10 14

Using (10.4), (10.14) is rewritten as follows:

Pdc = VdId =
3 2

π
VLL

cos α + cos δ

2
Id 10 15

Let the angle between the fundamental frequency line-to-neutral voltage and

line current be ϕ. Then, the power on the AC side is

Pac = 3VLLILf cosϕ 10 16

Using (10.6), (10.16) is rewritten as follows:

Pac =
3 2

π
VLLId cosϕ 10 17

Rectification Inversion

μ γ

ωt

β

μ

δ

δ

α

α

π

Figure 10.10 Rectification and inversion timing information.
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Equating (10.15) with (10.17), we have

cos α + cos δ

2
= cosϕ 10 18

Note that the power factor relationship is an approximate one since it is assumed

that the overlap angle is zero. However, the error is minimal, and the DC voltage

then can be written from (10.13) as

Vd = Vd0 cosϕ 10 19

Note that, for the inverter side, the power factor angle is given by

cos β + cos γ

2
= cosϕ 10 20

Example 10.1 A 400 kV, 50 Hz, transmission line is connected to an HVDC sys-

tem. The delay angle α = 30 and the commutation angle μ = 20 . We shall deter-

mine the DC output voltage. From (10.4), the no-load DC voltage is given by

Vd0 = 1 35VLL = 540 kV

From (10.7), the extinction angle is calculated as

δ = α + μ = 30 + 20 = 50

The reduction in voltage is then computed from (10.11) as

ΔVd =
Vd0

2
cos α− cos δ

= 270 cos 30 − cos 50 = 270 × 0 2232 = 60 27 kV

The DC output voltage is then

Vd = Vd0 cos α−ΔVd = 407 38 kV

Example 10.2 In Example 10.1, the current delivered by the rectifier is 2,000 A.

We shall calculate the commutation reactance (Xt), power factor, and the real and

reactive power at the AC side.

From (10.11), we have

Rt =
ΔVd

Id
= 30 14Ω

Then,

X t =
πRt

3
= 31 56Ω
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The power flowing in the system is

Pac = Pdc = VdId = 814 76MW

Now, the power factor is given from (10.19) by

cosϕ =
Vd

Vd0
=

407 38

540
= 0 754

Therefore, the phase angle is given by

ϕ = cos− 1 0 754 = 41 03

Then the reactive power at the AC side is

Qac = Pac tanϕ = 708 92MVAr

10.2.6 Twelve-Pulse Converter

The 12-pulse or 12-step converter has been discussed in Section 9.3.2. The calcula-

tions for different quantities given in Sections 10.2.3–10.2.5 are almost the same for

this converter, except that the transformer turns ratio and the number of bridges

must be considered. For example, the open load DC voltage is given by [4]

Vd0 = 1 35 × 2 × T × VLL 10 21

where T is the transformer turns ratio.

One of the most common abnormal operations is commutation failure, which

typically occurs during inverter operation. This can occur when the DC current

is very high or when the AC voltage is low. This phenomenon occurs when one

(or more than one) thyristor valve fails to complete commutation before the com-

mutating voltage reverses. Then this valve continues to conduct without transfer-

ring its current to the valve that comes next in the firing sequence. This will cause

unnecessary stress on the converter values and will cause interruptions in the

power transmission. There are several other issues with the LCC-HVDC system

such as power flow control and converter control. These are discussed in [4, 5].

10.3 VSC-HVDC Systems

In this system, the rectifiers and inverters are replaced by VSCs. Some of the mul-

tilevel converter structures are discussed in Section 9.3.4. These, along with

MMCs, can achieve voltage levels of ±650 kV while transmitting 3,000 MW of

power over a 2,000 km distance [6]. In 1997, ABB (now Hitachi Energy) demon-

strated the world’s first VSC-HVDC project in a place called Hällsjön in Sweden.
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ABB called it HVDC Light before the term VSC-HVDC evolved. Such systems are

relatively easy and quicker to install. They are used for connecting offshore wind

farms to onshore power grids through subsea cables or for underground power

transmission. Because these systems use VSCs, they can provide rapid control

of both active and reactive power. Furthermore, changing the direction of the

power flow can easily be reversed by changing the direction of the current flow.

10.3.1 Control of a Voltage Source Converter (VSC)

Consider the three-phase VSC shown in Figure 10.11. There are several modula-

tion techniques, including sinusoidal pulse width modulation (SPWM). In SPWM,

the switching pulses are generated by comparing a sinusoidal modulating wave-

form with a triangular waveform, called the carrier waveform. The switches S1
to S6 are turned on or off at the intersecting points of these two waveforms [7].

The RMS value of the fundamental line-to-neutral voltage is given by

VLN = ma
Vdc

2 2
, ma < 1 10 22
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Figure 10.11 Control scheme of a VSC connected to an AC grid.
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where ma is called the modulation index or ratio and is given by the ratio of the

peakmodulating voltage to the peak of the carrier waveform. It is desirable to keep

the modulation index between 0 and 1. In general, SPWMworks at a fixed switch-

ing frequency, and therefore, is a preferred option for high-power converters.

Space vector modulation is another modulation and averaging technique that

takes into consideration the eight switching states of the three-phase VSC. This,

however, is a complex procedure, and we shall restrict our attention to SPWM.

It is to be noted that most HVDC converters use either multilevel orMMCs. SPWM

formultilevel converters is presented in [7]. However, we shall stick to the simplest

converter structure shown in Figure 10.11.

The SPWM is essentially an open-loop controller. The fundamental voltage, in

the under-modulated range, follows the modulating waveform. However, the

converter produces a square wave output voltage, which obviously will introduce

harmonics in the AC system. To eliminate the harmonics, a passive filter is con-

nected to the output of the converter. The filter can be L, LC, or LCL type, where

the leakage inductance of a transformer can be one of the inductors. In

Figure 10.11, an LC-type filter is used with the assumption that the leakage

inductance of the transformer is subsumed in the line inductance. The purpose

of the converter is to produce a balanced set of voltages at grid frequency accord-

ing to some specified values.

The control structure of Figure 10.11 includes four finely tuned proportion-

plus-integral (PI) controllers. First, the reference d- and q-axis voltages (v∗cd, v
∗

cq)

are obtained. The d- and q-axis voltages and currents are obtained through dq

transformation using a phase-locked loop (PLL) to extract the angle δ. The PI con-

trollers are then used to obtain the control signals ud and uq. These are then used to

generate the firing signals in the ABC frame. The PI controllers are tuned such that

the modulation index is kept in the under-modulated range. There are, however,

superior control algorithms that can be found in [7].

A typical response of the converter is shown in Figure 10.12. The DC side voltage

is chosen as 800 kV, and the grid voltage is 400 kV (L-L). The converter output

voltages are phase advanced from the grid voltages by 20 . The line-to-neutral

converter output voltages and the power supplied to the grid are shown in

Figure 10.12, where a cold start has been assumed.

10.3.2 VSC-HVDC Configuration

A typical VSC-HVDC system is shown in Figure 10.13, which connects two term-

inals, denoted by the subscripts 1 and 2. In this, VG is the grid side voltage and VC is

the converter side voltage (e.g., voltage across the filter capacitor vc shown in

Figure 10.11). It has been assumed that the grid side and the converter side vol-

tages are connected through the impedance X, which can be the leakage reactance
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of the connecting transformer. The DC voltages are denoted byVdc1 andVdc2, while

the DC line resistance is denoted by Rd. It is obvious that when Vdc1> Vdc2, the

current Id will flow from Converter-1 (or Treminal-1) to Converter-2, while the

current will flow in the reverse direction when Vdc1< Vdc2.

It is to be noted that if the DC transmission line is missing and there is a single

capacitor on the DC side such that Vdc1 = Vdc2 = Vdc, then it will be called a back-

to-back connection. The power flow can then be controlled in either direction

as explained in [8]. For HVDC transmission, assuming the power flows from

Converter-1 to Converter-2, the DC line current Id is given by

Id =
Vdc1 −Vdc2

Rd

10 23

Then, the power supplied and received by the converters is given by

Pdc1 = Vdc1Id and Pdc2 = Pdc1 −RdI
2
d 10 24
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Figure 10.12 VSC control system response: (a) output voltage and (b) power delivered.

Vdc2Vdc1

RdId
VC1 VC2VG1

VG2X1
X2

AC 
grid

AC
grid

Converter-1 Converter-2

I1

Figure 10.13 Two-terminal VSC-HVDC system.
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It is, therefore, obvious that the DC power flow can be controlled by controlling

the voltages Vdc1 and Vdc2.

Because the operating principles of both the VSCs are the same, we shall neglect

subscripts 1 and 2 henceforth. With respect to Figure 10.13, let us define the

following:

VG = VG δG,VC = VC δC and δG − δC = δ

Then from (7.3) and (7.4), we have

P =
VG VC

X
sin δ 10 25

Q =
VG

2
− VG VC cos δ

X
10 26

Let us assume that δ is small, such that cosδ = 1. Then, (10.26) is rewritten as

Q =
VG

2
− VG VC

X
=

VG

X
VG − VC 10 27

Therefore, if |VG| > |VC|, the reactive power flows into the converter from the AC

side. On the other hand, if |VG| < |VC|, the reactive will flow out of the converter to

the AC side. Moreover, when |VG| = |VC|, no reactive power exchange takes place

between the converter and the AC system. Therefore, the reactive power can be

controlled by adjusting the magnitude of the converter voltage VC vis-à-vis that

of the AC side voltage VG. Also note that the reactive power exchange does not

depend on the direction of the DC power flow. Furthermore, as can be seen from

(10.22), the DC output voltage can be controlled through the modulation index,

and the DC output voltage can be maintained to a desired specified value irrespec-

tive of the change in |VC|. The DC power flow will also be independent of the reac-

tive power control. The power and reactive power capability diagram is given in

[9]. It depends on three factors – maximum current, maximum DC voltage, and

maximum power limit.

10.3.3 Direct Control of VSC-HVDC Systems

This is the simplest form of control, where the real power and AC voltage are con-

trolled in the sending (rectifier) end, while the DC and AC voltages are controlled

in the receiving (inverter) end [10]. The schematic diagram of direct control is

shown in Figure 10.14. For a VSC, the DC and AC side voltages are related by that

given in (10.22) using a simple SPWM scheme. If the DC side voltage is not suffi-

cient, then the AC side voltage will see a tracking failure, resulting in a distorted

voltage waveform of a reduced magnitude. Now consider (10.25). Given the mag-

nitude of VG1, the power flow can be controlled by the voltage magnitude |VC1| and
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the angle δ1. Therefore, the sending end in this scheme is controlled by two PI

controllers – one to determine the angle δ1, and the other to determine the mod-

ulation indexma1. These are then used in an SPWM scheme to generate the firing

sequences. This is shown in Figure 10.14 (a), where the power flow is controlled to

obtain δ1, while the modulation index is obtained from the control of the voltage

magnitude.

At the receiving end, the power flow will depend on |VC2| and the angle δ2. Fur-

thermore, the DC power flow will depend on the potential difference between Vdc1

andVdc2. Therefore, adjusting Vdc2 vis-à-visVdc1, the required flowwill flow out the

receiving end terminal. Therefore, the DC voltage control will generate the angle

δ2, and the AC voltage control will generate the modulation index ma2. This is

shown in Figure 10.14 (b).

Even though this is a simple scheme, there are strong interactions between the

real and reactive power, as evident from (10.25) and (10.26). Therefore, it will not

be possible to control these two quantities independently. Moreover, it will require

a communication channel to control the power flow, which depends on the differ-

ence between the voltages Vdc1 and Vdc2.

10.3.4 Vector Control of VSC-HVDC Systems

In the vector control scheme, the active and reactive power are decoupled, and the

angle δ is not dependent on themodulation index [9]. The vector control technique

has several control layers, such as:

•
Inner Current Controller

•
AC Voltage Controller

•
DC Voltage Controller

•
Real and Reactive Power Controller

The operations of these controllers are synchronized through a PLL.

ma1

Firing
pulses
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+

–
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+

–
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+

–
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Figure 10.14 VSC-HVDC direct control: (a) rectifier side and (b) inverter side.
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Phase-Locked Loop (PLL): The basic aim of a PLL is to make a signal track

another signal. The block diagram of a PLL is shown in Figure 10.15. Let a set

of voltages be given by

va

vb

vc

= Vm

sin θ

sin θ− 120

sin θ + 120

Then, they are converted into αβ frame using the following transform:

vα

vβ
=

2

3

1 −

1

2
−

1

2

0
3

2
−

3

2

va

vb

vc

10 28

These are then converted in the dq domain using the following transform:

vd

vq
=

cos θ sin θ

− sin θ cos θ

vα

vβ
10 29

where θ is the estimated value of θ. To achieve this, the d-axis voltage is forced to

0 through a PI controller to obtain the estimate of the speed. This is then passed

through a voltage-controlled oscillator (VCO) to obtain θ [7]. The VSC controllers

are designed based on d- and q-axis components derived based on the PLL output.

Mathematical Model: Consider the VSC-HVDC system of Figure 10.13. With

respect to the figure, we can write

vGk − vCk = Rik + L
dik

dt
, k = a, b, c 10 30

where the lowercase letters indicate the instantaneous quantities, L=X/ω, and R is

the resistance associated with the inductor L. The dq transformation of (10.30)

results in the following equations:

did

dt
= ωiq +

1

L
vGd − vCd −

R

L
id

diq

dt
= −ωid +

1

L
vGq − vCq −

R

L
iq

10 31

va abcvb
vc
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PI 
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Figure 10.15 A typical phase-locked loop.
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The VSC input AC voltage and the DC voltage are related through the modula-

tion index, similar to that given in (10.22) as [11]

VC = ma
Vdc

2
sin ωt + δ 10 32

where δ is the angle between VG and VC. Eq. (10.32) is resolved in the d- and q-axis

domain as [7]

vCd = ma

Vdc

2
cos δ and vCq = ma

Vdc

2
sin δ 10 33

The duty ratio and the phase angle are given from (10.33) as given below.

ma =
2 v2Cd + v2Cq

Vdc

10 34

δ = tan−1
vCq

vCd
10 35

Decoupling of Real and Reactive Power: By placing the d-axis in phase with the a-

axis using the PLL, we can have

vGd = VG and vGq = 0 10 36

The real and reactive power is then given as follows:

P =
3

2
vGdid =

3

2
VG id

Q = −

3

2
vGdiq = −

3

2
VG iq

10 37

Given the reference active power P∗ and reactive power Q∗, the reference cur-

rents are then given by

i∗d =
2P∗

3 VG

i∗q = −

2Q∗

3 VG

10 38

It can be seen from (10.38) that the d-axis current reference can be calculated

from the active power reference, while the q-axis current reference can be cal-

culated from the reactive power reference. This forms the outer current control-

ler, as shown in Figure 10.16 (a), where the errors between the reference and

measured quantities are passed through PI controllers to generate d- and q-axis

current references.
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The inner current controllers are also PI controllers, as shown in Figure 10.16

(b). Eq. (10.31) is rewritten to compute the reference for the converter output

voltage as [12]

v∗cd = − L
did

dt
+ Rid + ωLiq + vGd

v∗cq = − L
diq

dt
+ Riq −ωLid + vGq

10 39

Two PI controllers (PI-3 and PI-4) are used to obtain the d- and q-axis currents

and their derivatives as given below.

L
did

dt
+ Rid = KP3 i∗d − id + K I3 i∗d − id dt

L
diq

dt
+ Riq = KP4 i∗q − iq + K I4 i∗q − iq dt

10 40

Once the d- and q-axis voltage references are obtained, (10.34) and (10.35) are

used to compute the modulation indexma and phase angle δ. These are then used

to generate switching pulses, as shown in Figure 10.16 (c). In this scheme, VSC-1

SPWM Firing 
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Figure 10.16 Block diagrams of VSC-HVDC control system: (a) outer current controller,

(b) inner current controller, and (c) firing pulse generation.
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controls the active and reactive power, while VSC-2 controls the DC voltage and

reactive power [10, 11]. It is, however, to be noted that there are several other

possible control strategies for inverter control. Refer to [7] for various converter

control techniques.

10.4 Multiterminal HVDC Systems

MTDC can be of both LCC- or VSC-type systems, even though the latter is gain-

ing prominence these days. A collaborative project between Hydro Québec and

the National Grid in the United States set up the first MTDC in the world. The

converters for this project were LCC types. This started in 1986 as a two-terminal

bipolar HVDC link between Des Catons in Québec and Comerford in New

Hampshire (see Figure 10.17). Each of these converter stations is rated

690 MW at ±450 kV, carrying power over a distance of 275 km. This is called

Phase I of the project.

Phase II of the project was commissioned in 1990 when the HVDC line was

extended 1,100 km north from Des Cantons to a 2,250MW converter station at

Radisson in the James Bay area of Québec, which is very rich in hydroelectric

power. The line from Comerford was extended 214 km south to a 1,800MW

converter station at Sandy Point (near Boston). In 1992, a 2,138 MW converter

station at Nicolet (near Montreal) was added, making it a five-terminal HVDC

system. From north to south, the converter stations were at Radisson, Nicolet,

Des Catons, Comerford, and Sandy Point. However, the stations at Des Cantons

and Comerford were disconnected subsequently.

The Northeast Agra project in India is the first ultrahigh voltage DC (UHVDC)

installation in the world with ratings of ±800 kV and 6,000 MW [13, 14]. The sche-

matic diagram of the project is shown in Figure 10.18, where the converter and

rectifier stations use LCC. The main aim of the project is to transmit mostly hydro-

electric power generated in the northeastern part of India to Agra, which is close to

the major load center in New Delhi and surrounding areas. The first pooling point

is at Biswanath Chariali in the state of Assam, and the second pooling point is at

Alipurduar in West Bengal, which is about 432 km from Biswanath Chariali. Each

of the rectifiers that are placed at both these sites can add 3,000MW to the HVDC

line. The power is then transmitted over a distance of 1,296 km to Agra, where

there are two inverter stations, as shown in Figure 10.17.

Multiterminal VSC-HVDC systems were installed in Nan’ao island (in 2013) and

Zhoushan archipelago in China. This archipelago contains nearly 2,000 islands.

A five-terminal HVDC system was established here, where the converters were

placed in the islands of Yangshan, Sijiao, Qushan, Daishan, and Dinghai with

the ratings of 100MW, 100MW, 100MW, 300MW, and 400MW, respectively.
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Figure 10.17 Schematic diagram of
Hydro Quebec-New England
multiterminal project.

Biswanath 
Chariali

Alipurduar Agra

400 kV 400 kV 400 kVBipole-1 Bipole-2

Bipole-1 Bipole-2

P-1

P-2

P-3

P-4 P-2

P-1 P-3

P-4

3 GW 3 GW 3 GW 3 GW± 800 kV

432 km 1,296 km

Figure 10.18 Schematic diagram of the northeast Agra UHVDC scheme.
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The schematic diagram of the Zhoushan project is shown in Figure 10.19. The

MTDC system is connected to both Ningbo and Shanghai power grids at either

110 kV or 220 kV. The voltage rating of the HVDC line is ±200 kV [15].

10.4.1 Multiterminal System Configurations

The MTDC system can be monopolar or bipolar. Again, the monopolar systems

can be symmetric or asymmetric. In general, an HVDC line will have two conver-

ters at two ends, or several converters in the case of an MTDC. These are called

monopolar grids. A symmetric monopolar grid is particularly suitable for VSC-

HVDC transmission [9], in which the DC sides of the converters are connected

through high-voltage conductors. In this configuration, either the DC side is

not grounded or the DC capacitors have a grounded middle, as shown in

Figure 10.20 (a). An asymmetric monopolar grid can either have a metallic return

or a ground return, as shown in Figure 10.20 (b and c), respectively. In metallic

return, a dedicated low-voltage conductor is used for the ground path, which is

grounded at one terminal only. On the other hand, the return path is the ground

path through the earth as each converter is grounded. The monopolar grounded

return is most cost-effective for systems that use cable conductors, as the ground

return results in cost savings. However, environmental concerns may make the

large current flow of the earth unacceptable in many parts of the world.

Ningbo
AC grid

Dinghai 
Island
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Island

Qushan
Island

Sijiao
Island

Yangshan
Island

To Shanghai  grid
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300 MW
100 MW
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HVDC Line

Figure 10.19 Zhoushan five-terminal HVDC scheme.
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Monopolar grids can suffer from the lack of redundancies. For example, if

there is a fault in a converter terminal, the power flow through the converter will

be zero. Bipolar configurations provide redundancy by using two converters at

each terminal, as shown in Figure 10.20(d). In this, each converter is connected

to a common earth wire. The other end of the converter can be connected to the

positive pole or the negative pole. If any of the converters goes out of service,

the power transmission can continue between the positive pole and ground or

through the negative pole and ground. However, the power flow can be reduced

in such a situation.

10.4.2 MTDC Control

There are two methods that have been proposed for MTDC control – the voltage

margin (VM) method and the voltage droop (VD) method. These are discussed

briefly below.

(a)

(b) (c)

(d)

Figure 10.20 Multiterminal configurations: (a) symmetric monopolar, (b) asymmetric

monopolar with metallic return, (c) asymmetric monopolar with ground return, and
(d) bipolar with metallic return.
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Voltage Margin (VM) Method: Let us first consider a two-terminal DC link, as

shown in Figure 10.21. Here, it has been assumed that Terminal-A controls the DC

voltage through a PI controller. The function of the controller is to hold the DC

voltage around its specified value V ∗

dc by adjusting PA within its lower and upper

limits [16]. The Vdc - P characteristic at Terminal-A is shown in Figure 10.22 (a). If

PA

Vdc

PB

+

–

Vdc

Vdccontrol Terminal-A Terminal-B +

–

Vdc

Vdc control

ΔVdc

V*
dc

–

Master controller

Pmax

Pmin

V*
dc

Pmax

Pmin

Figure 10.21 Schematic diagram of voltage margin control of two-terminal HVDC system.
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Figure 10.22 (a) Vdc-P characteristic at Terminal-A and (b) operating point in voltage
margin method.
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Vdc is lower than V∗

dc, the PI controller increases PA until it becomes equal to PB. On

the other hand, if Vdc is higher than V ∗

dc , the controller decreases PA to make it

equal to PB. When PA = PB, Vdc is held constant at V ∗

dc. Similarly, when PB exceeds

the upper limit, Vdcwill decrease, and when PB falls below the lower limit, Vdcwill

increase.

The problem with the scheme shown in Figure 10.22 (a) is that the DC volt-

age controllers can interfere with each other. To avoid this, a voltage margin

ΔVdc is introduced, which is the difference between the DC reference voltage

at the two terminals. At Terminal-B, ΔVdc is subtracted from V ∗

dc , as shown

in Figure 10.21. The voltage margin characteristic is shown in Figure 10.22 (b),

where VPR-A and VPR-B are Vdc-P characteristics at Terminal-A and Terminal-B,

respectively. The operating point is located at the intersection of these two character-

istics. In this method, Terminal-A controls the DC voltage, and Terminal-B controls

the power flow.

For a multiterminal system, a two-stage DC voltage control has been proposed

in [16]. The same principle as discussed above, that is, one terminal controls the

DC voltage, while the other terminals control the power flow, is applied here as

well. The schematic diagram of the control scheme is shown in Figure 10.23 (a),

which contains three controllers. In the voltage-determining terminal, the

upper and lower limits are given by Pmax and Pmin, respectively. For the power

flow terminals, the lower power limit is adjusted by Vdc Control-H, which has

a lower limit Pmin. The upper power limit for this block is set by the P con-

trol block.

Figure 10.23 (b) shows typicalVdc-P characteristics of a three-terminal system, in

which the DC system voltage is determined by Terminal-C [16]. Terminal-B

operated in rectifier mode with rated power. Terminal-A operates as an inverter.

Terminal-C acts like a slack bus in AC power systems, where it supplies the rest of

the power requirement and system losses.

Voltage Droop (VD) Method: In the VM method, only one terminal is used for

DC voltage regulation at a time. This can put a lot of stress on the terminal. More-

over, when the transition from one voltage-regulating terminal to another

occurs, the voltage change is abrupt, resulting in added stress in the system

[17]. In the VD method, more than one terminal participates in DC voltage con-

trol simultaneously. The DC voltage can be determined by either DC voltage ver-

sus power droop or DC voltage versus current droop [7]. Assuming that the DC

voltages of all the buses are equal, the V-P droop characteristics for a two-

terminal system are shown in Figure 10.24 (a). This is, however, not a valid

assumption in reality. There may be voltage drops due to the line flows that

the droop controller must consider.

An interesting example of a four-terminal system is given in [17], in which two

offshore wind farms are connected to an offshore platform load for oil or gas and
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an onshore power grid. The schematic diagram of the droop-sharing scheme is

shown in Figure 10.24 (b). In this, the following are defined:

•
Windfarm-1: Maximum power = P∗

W1, maximum voltage = V∗

W1.

•
Windfarm-2: Maximum power = P∗

W2, maximum voltage = V∗

W2.

•
Grid: Maximum power supply capability = Pmax

G , maximum power absorbing

capability = Pmin
G .

Suppose the load demand from the oil and gas platform is PL. The wind farms

supply PW1 and PW2 amount of power. The rest of the power generated by the wind-

farms PG is fed to the grid. The droop control of a DCmicrogrid has been discussed

in [7]. The same principle can also be applied here.
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Figure 10.23 (a) Two-stage voltage control system and (b) Vdc-P characteristics of a
three-terminal system.
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10.5 DC Protection Systems

Alternating current CBs take advantage of the periodic zero-crossing of the current

waveforms for breaking any faulted circuit. If the breaker opens at the current

zero-crossing, the resulting arc may not be significant during the interruption

and can be extinguished effectively. However, the current is continuous in a

DC circuit. Therefore, breaking the circuit during faults will result in persistent

arcs that may be difficult to extinguish. Careful consideration must be given to

the design of DCCBs.

The basic scheme of the DCCB is shown in Figure 10.25. It contains three paths –

nominal path, commutation path, and energy absorption path [2]. The nominal

path has the switch S1. The current through this path is In. The commutating path

has a switch S2 that is connected in series with an inductor Lc and capacitorCc. The

Vdc

P
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(b)

PL
P

Vdc Vdc

V*
W1 V*

W2

V*
dc

Vdc Vdc

PPP
PW2PW1

PG

P max
inv1

P min
G

P max
W1

P max
W2

P max
G

P max
rec1

Figure 10.24 (a) V-P droop lines for a two-terminal system and (b) droop control of a

four-terminal system.
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current through this path is Ic. The energy absorption path contains a zinc oxide

varistor, which is used to protect the circuit against voltage surges. During normal

operation, the varistor has a very high resistance, and negligible current IZ flows

through it. When a voltage surge occurs, the resistance of the varistor decreases

rapidly, allowing it to conduct large currents. The excess energy is then shunted

away from the protected circuit, clamping the voltage to a safer level.

The operation of this circuit has been illustrated in [2]. The commutation path

has a series-connected inductor and capacitor. Therefore, when the switch S2 is

closed, the current Ic oscillates at the resonant frequency, given by 1 LcCc

rad/s. When the amplitude of this oscillating current is higher than the DC current

Ic, a zero-crossing will occur in the nominal path. The current can be interrupted

by the opening of the switch S1. However, the current Ic will continue to flow,

thereby charging the capacitor. When the capacitor voltage crosses a certain

threshold, the energy absorption will become active, where the varistor will clamp

the voltage and its resistance will decrease, allowing the current to flow in this

path. The current flow will then discharge the capacitor. When this current

becomes zero, the current Id will become zero.

10.6 Concluding Remarks

High-voltage DC transmission is becoming an essential component of power grids

all over the world, especially due to the interconnections of offshore wind farms in

massive supergrids. In this chapter, two different types of HVDC transmission

technologies are discussed. For standard point-to-point transmission, the LCC

type is still very suitable. Moreover, multiterminal systems using this technology

are also operating in several places. An excellent reference for this technology is

the book by Padiyar [5].

Id

Nominal path

Commutation path

Energy absorption path

ZnO

In

Ic

IZ

S1

S2
Lc Cc

Figure 10.25 Basic configuration of a DCCB.
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VSC-based HVDC has been gaining popularity currently due to the integration

of offshore wind farms. Usually, they use MMCs, which have high-voltage and

high-current capabilities. The control of such converters is more involved. In this

chapter, only the control philosophy has been discussed, and actual converter con-

trol will depend on the type of converter and the output filters chosen.

MTDC systems are evolving these days. The modeling, analysis, and control of

such systems is reported in [18]. One of the critical aspects of a multiterminal DC

system is the load flow of AC–DC combined systems. This topic is covered in detail

in [9, 19]. Finally, the HVDC CBs and protection systems are very crucial for the

successful development of multiterminal systems. An excellent review of this

aspect can be found in [20].
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Problems

P10.1 A 220 kV, 50 Hz transmission line is connected to a line-commutated

converter.

(a) Neglecting the overlap, find the firing angle α when the output DC

voltage is 260 kV.

(b) If the converter transfers 260MW of power, find the fundamental

frequency line current.

P10.2 The converter of Problem 10.1 is connected through a rectifier trans-

former. Find the firing angle α when the output DC voltage is 250 kV,

and the converter supplies 1 kA of current. The commutating reactance

(Xt) is given as 6 Ω.

P10.3 A 400 kV, 50 Hz transmission line is connected to an HVDC system. The

rectifier side delay angle α = 20 and the commutation angle μ = 10 . The

line is supplying 500 A of current to the rectifier. Neglecting the converter
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losses, determine the power supplied to the rectifier and the output

voltage of the rectifier.

P10.4 Consider an LCC inverter with the following parameters:

DC voltage (Vd0) = 500 kV

Extinction angle (γ) = 20

Overlap angle (μi) = 12

Calculate the voltage drop ΔV and the DC voltage on the inverter side.

P10.5 Consider the two-terminal VSC-HVDC system shown in Figure 10.13.

With respect to this figure, the following parameters are chosen:

Vdc1 = 800 kV

Vdc1 = 780 kV

VC1 = VC2 = 400 kV L−L

Line resistance (Rd) = 10 Ω

Find

(a) The power supplied from the sending end and the power received

from the receiving end.

(b) Assuming SPWM is applied in the open loop to both the converters,

find the modulation indices ma1 and ma2.

P10.6 In Problem 10.5, let us assume that the line-to-neutral grid voltages are

given by

VG1 = VG1 =
220

3
0

The line-to-neutral converter side voltages are given by

VC1 =
400

3
δ1, VC2 =

400

3
δ2

The grid side and the converter side are connected through two 220/400

kV transformers with a 10% leakage inductance for a 2,000MVA base

(these are the inductances X1 and X2). Then, find δ1 and δ2.

P10.7 In Problem 10.6, find the per unit the reactive power flow from the

converters to the grid for a base of 400 kV and 2,000 MVA.
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11

Renewable Energy

According to the Intergovernmental Panel on Climate Change (IPCC) report of

2022 [1], “human-induced climate change, including more frequent and intense

extreme events, has caused widespread adverse impacts and related losses and

damages to nature and people, beyond natural climate variability.” It is stated that

the rise in temperature has caused disruptions to human, animal, and plant lives

and the environmental damage is irreversible unless immediate actions are taken.

Earth’s temperature has risen by about 0.08 C per decade since 1880, that is,

about 1 C since then. However, the rate of warming since 1981 is about 0.18 C

per decade. The IPCC report states that by 2040, a temperature rise of 1.5 C

may be disastrous. About 3.8 billion people are vulnerable to climate change

and so is the ecosystem. Therefore, the consensus is emerging among almost all

the nations in the world to limit global warming to below 1.5 C. The IPCC report

is very extensive – it covers almost all climate change-related facts.

The gases that trap heat in the atmosphere are called greenhouse gases. The

main component (about 80%) of greenhouse gases is carbon dioxide (CO2). The

main cause of CO2 emission is the burning of fossil fuels, for example, coal, petro-

leum products, and natural gas. Both power generation and transportation sectors,

together with the industrial sectors, are responsible for emitting nearly 75% CO2

into the atmosphere. At the same time, large-scale deforestation hinders the bio-

logical carbon cycle, in which CO2 is absorbed by plants. Methane (CH4) and

nitrous oxide (N2O) produce about 18% of greenhouse gases. During the produc-

tion and transport of coal, natural gas, and oil, methane is emitted. In addition,

livestock, and the decay of organic waste in landfills also contribute to methane

emission. Nitrous oxide is also produced through the combustion of fossil fuels

and other industrial activities.

Several climate change mitigation pathways have been mentioned in [1].

Because the power sector is one of the largest emitters, the use of renewable energy

has been themain focus of development in the last two decades. This has picked up
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momentum and it is expected that several renewable technologies will mature in

the next decade or two such that they can be used efficiently. The goal is to have a

100% green power grid by 2050, where renewable generation and storge will not

only provide the baseload but also the intermediate and peak loads.

In this chapter, the different renewable energy generation technologies will be

discussed first. Specifically, hydropower, solar, and wind, along with hydrogen and

other new technologies will be covered briefly. This will be followed by a discus-

sion of the power electronic interface that can be used in some of the renewable

energy generators and the issues that are faced in the integration of renewable

energy in power transmission and distribution systems.

11.1 Waterpower

Water is an inorganic compound that ismade up of hydrogen and oxygen and can be

found in solid, liquid, and gaseous states. It is the most essential component of life

forms on the planet earth, be it humans, animals, and plants. Water covers about

71% of the earth’s surface – mostly in the oceans and seas. Water moves continu-

ously through a water cycle, in which the liquid form of water evaporates into water

vapor. It then condenses to form clouds and then precipitates back to earth in the

form of rain and snow. Due to its abundance and cycle, water is an obvious choice

for renewable energy. There are various forms of waterpower such as hydropower,

tidal power, and wave power. In this section, these are discussed briefly.

11.1.1 Hydropower

This is the most common form of hydropower or hydroelectricity, which accounts

for about 17% of electricity generation in the world. In fact, it is the third largest

form of power generation after coal and natural gas [2]. The largest hydroelectric

power generating facility in the world is the Three Gorges Dam on the Yangtze

River in Yichang, Hubei, China. It has a generating capacity of 22.5 GW. Itaipu

Dam on the Parana River on the border between Brazil and Paraguay produces

14 GW of power. These two dams produce over 100 TWh of electricity every year.

Conventional hydropower is the production of electrical energy through the

gravitational force of falling water. When water falls from a height, its potential

energy is converted into kinetic energy (KE) by placing turbines in the path of

water flow. The different components of hydropower are as follows:

•
An upstream reservoir for collecting water.

•
A dam controls the flow of water and prevents the water stored in the reservoir

from flowing downstream in an uncontrolled manner.
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•
Penstocks for controlling the flow of water. These are sluices or sliding gates that

are placed in the path of the water flow through an enclosed path.

•
Water turbines and generators for producing electricity.

A typical hydropower-generating facility is shown in Figure 11.1.

The amount of power that can be produced from hydropower is given by the

following equation.

P = ηρQghWatts 11 1

where η is the efficiency of the turbine, ρ is the density of water in kg/m3, Q is the

flow in m3/s, g is the acceleration due to gravity in m/s2, and h is the height of

falling water, that is, between the inlet and outlet, which is also often termed as

water head.

Example 11.1 Consider a hydropower-generating plant with 5 turbine-genera-

tors, each having the following parameters:

η=90 , ρ=998 kg m3, Q=100 m3 s, g=9 8 m s2, and h=150 m

Then the output power from each generator is

P =
0 9 × 998 × 100 × 9 8 × 150

106
= 132MW

Therefore, the total output power of the plant is 132 × 5 = 660MW.

Reservoir Dam

Penstock

Generator

Turbine

River

Intake

Figure 11.1 A typical hydroelectricity generation facility.
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11.1.2 Types of Hydropower Turbines

Hydropower turbines are chosen based on factors such as water head and volume

of water flowing. Based on these factors, there are mainly two types of hydropower

turbines – reaction turbine and impulse turbine [3].

Reaction Turbine: Usually, these turbines use propellors and make use of the

combined forces of pressure andmoving water. Consider it to be a turbine with

propeller blades. In this, the housing on which the blades are mounted is called

the runner. Now, if the runner is placed directly in the water stream, then the

water flows over the blades causing rotation. In reaction turbines, water

does not strike individual blades. In principle, it is the reverse of the screws

(propellers) in a ship, where they are mechanically rotated for forward move-

ment. In propeller turbines, the propellers are placed in pipes to maintain con-

stant pressure. There are different types of reaction turbines, for example, bulb

turbines, Straflo turbines, and Kaplan turbines. The different reaction turbines

are discussed in [3]. The reaction turbines are generally used at sites with lower

water heads, but higher flow of water, like the run of the river hydropower.

A typical Kaplan turbine is shown in Figure 11.2. The usual efficiency of

Kaplan turbines is up to 90% because it can regulate both water flow and

the angle of the blades.

Impulse Turbine: An impulse turbine generally uses the velocity of thewater tomove

the runner at atmospheric pressure. The water stream hits each bucket on the

runner. There is no suction on the downside of the turbine. The water flows

out the bottomof the turbine housing after hitting the runner. There are two types

of impulsive turbines – the Pelton wheel and the crossflow turbine. In a Pelton

wheel (see Figure 11.3), one or more water jets discharge water on the buckets.

It is generally suitable for high-head,

low-flow applications. Crossflow tur-

bines allow water to flow through

the blades twice (see [3] for details).

They can be used for large water flow,

but at lower heights than the Pel-

ton wheel.

11.1.3 Pumped Hydro
Storage (PHS)

Pumped hydro is basically a hydro-

power storage system. In this, there

are two reservoirs – one at a higher ele-

vation and the other at a lower

Turbine

Water flow

Figure 11.2 A typical Kaplan turbine.
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elevation. It has two stages – discharge and recharge. During the peak hours, when

the demand for electricity is high, the water released from the higher reservoir is

discharged to the lower reservoir. The water passes through a turbine to generate

electricity in the same manner as hydroelectricity generation. On the other hand,

when the demand for electricity is low and/or generation from renewable sources

is high, the water is pumped back to the higher reservoir from the lower reservoir

in the recharge phase. Usually, the same equipment is used for generation and

pumping. During recharge, the synchronous generator works as a motor and

the turbine works as a pump. However, this will require a change in the rotational

direction of the rotation between the discharging and charging modes. In cases

where the water head is high, there may be a requirement for a separate turbine

and pump.

A ternary pumped hydro storage (TPHS) unit is an advanced pumped storage

system that consists of a separate turbine and a pump on a single shaft [4]. An elec-

tric machine (synchronous) is placed on the shaft that can operate as either a gen-

erator or a motor. The advantage of a TPHS is that it can simultaneously operate in

both discharge and recharge modes. A typical TPHS is shown in Figure 11.4. It

consists of a turbine (T), a pump (P), and a clutch. The function of the clutch is

to disconnect the pump during turbine operation.

Both the turbine and pump are equipped with guide vanes, which are fixed

grooves on the turbines to direct water flow. By closing the guide vanes, the surface

area around the device is reduced, thereby increasing efficiency.When the TPHS is

operating in the turbine (discharge) mode, the clutch is disengaged, and the guide

vanes of the pump are closed. During the pumping mode, the clutch is engaged,

and the turbine guide vanes are closed. In the ternary mode, the guide vanes for

both the turbine and the pump are open, and the clutch is engaged. In this mode,

both the turbine and pump function simultaneously, allowing the system to reg-

ulate the power level while performing a net pumping action. This is usually called

a hydraulic short circuit.

Figure 11.3 Impulse turbines –
Pelton wheel.
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An example of a ternary operation is given in [4]. This is explained below.

•
The turbine and the pump are mounted on the same shaft, and therefore, while

the pump is operational, the generator will also be operational in ternary mode.

•
Now, consider the case when the flow through the pump causes an electrical

energy of 150MW to be delivered to the pump.

•
The guide vanes of the turbine are so adjusted that the water flowing through the

turbine results in a generation of 100MW by the generator.

•
Therefore, the power consumption from the grid is only 50MW.

•
However, the flow to the upper reservoir is controlled.

11.1.4 Tidal Energy

The two celestial bodies in the neighborhood of our planet (sun and moon) have

maximum effect on our ocean and seawater through their gravitational attrac-

tions. Because the water moves continuously, the earth cannot hold it firmly

against the gravitational pull of these two celestial objects. That is why tides reg-

ularly occur twice in a period of about 25 hours. During the high tide, the sea level

rises, while it falls during the low tides. These movements of water alter the poten-

tial energy, which can be harnessed to produce electricity.

Two consecutive high tides occur 12 hours and 25minutes apart. Again, the

switchover from high tide to low tide takes about 6 hours and 12.5 minutes. There-

fore, in a period of 24 hours and 50minutes, there are two high and two low tides.

The height of the tides depends on the position of the moon vis-à-vis that of the

sun. The motion of the moon when it orbits around the earth is shown in

TUpper reservoir

Lower reservoir
P

Clutch

Generator

Valve

Figure 11.4 Schematic diagram of a typical ternary pumped hydro storage system.
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Figure 11.5. Moon completes one rotation around the earth in about 28 days (lunar

month). When the moon is between the sun and the earth, it is called the new

(dark) moon, while when the earth is between the sun and the moon, it is called

the full moon. The spring tides occur during these two days, when the sun, earth

and, moon are almost in a line, which occurs twice every lunar month. During

these days, the gravitational pull of the sun is added to the gravitational pull of

the moon. Therefore, the high tides are higher during the spring tides. Also, the

low tides are lower during the spring tides. Neap tides occur seven days after

the spring tides when the sun and the moon are almost at right angles to each

other. During this time, the gravitational attractions of the sun and the moon

are partially canceled. The high tides are lower, and low tides are higher during

these days. The height of the tides varies between the spring and neap tides

depending on the relative positions of the sun and the moon with respect to the

earth. It is important to note that the tides are much more predictable than wind

or solar energy. However, harnessing this energy is a challenge.

Tidal power is generated by converting the potential energy of rising and falling

tides to kinetic energy, which is then converted into electricity through turbine-

generators. To capture tidal energy, a dam is created to enclose a part of the

sea. This dam is called a barrage, which also houses turbines. During high tides,

water enters the enclosed reservoir and passes through turbines to produce electric

energy. The process continues till the water inside the reservoir is almost as high as

the seawater outside the dam. At low tides, the process is reversed. The water

inside the reservoir exits into the sea through the turbines to produce electricity.

Sun

Earth

Moon

Earth’s orbit 
around the sun

Moon’s orbit 
around the earth

New moon

Spring tide
Full moon

Neap tide

Spring tide

Neap tide

Figure 11.5 Motion of the moon during its orbit around the earth (not to the scale).
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However, there is a time gap of roughly two hours between the two processes. The

water level must be at a minimum level; otherwise, the energy dissipated through

the turbines cannot be compensated. The largest tidal power plant is the Sihwa

Lake Tidal Power Station, which is located in Gyeonggi Province, South Korea.

It was installed in 2011 with a maximum capacity of 254MW.

Several aspects of tidal power need mentioning. Some of these are men-

tioned below.

•
The power generation of flowing water is variable depending on the state of the

water level in the reservoir. Furthermore, there is a dead time between the high

and low tides. Therefore, tidal power output is not constant and can only be used

to supplement power generation.

•
Tides are predictable. Depending on the positions of the moon and the sun, the

amount of water flow can be estimated accurately. Therefore, the amount of

power that can be generated can also be estimated accurately.

•
The amount of power generated will depend on the height of the tidal waves.

From economic considerations, the tides need an altitude of 3 m from the base

level. Therefore, the regions that have huge tidal waves are suitable for

tidal power.

Tidal energy harvesting is still not a mature technology. Based on economic con-

siderations, the amount of power produced does not justify power generation

through this technology yet. The turbines and the penstocks are to be hardened

for use in highly corrosive seawater. Moreover, there are concerns about disrup-

tions of marine life and land ownership. However, this is a predictable, unlimited

source of energy that will be too beneficial to be ignored. Therefore, there is a con-

certed effort to improve this technology so that it can be made economically viable

and environmentally justifiable.

11.1.5 Wave Energy

Surfing is a water sport that has a massive following. A surfer uses a surfboard to

move toward the shore on moving waves of water. The waves are caused by wind

blowing on the ocean’s surface. Waves can travel in different directions and at dif-

ferent speeds depending on the wind direction and speed. The potential energy of

the waves can be captured to generate electricity.

There are several advantages of wave energy that have been listed in [5]. Some of

these are:

•
Waves have higher energy density (2–3 kW/m2) than wind or solar.

•
Wave can travel long distances without much energy dissipation.

•
Wave is more predictable.
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•
Because about 40% of the world’s population live within 100 km of the coast,

wave energy need not be transmitted over long distances.

However, there are some disadvantages that have been listed in [5], for example:

•
The frequency of oscillations is very low (of the order of 0.1 Hz). Therefore, an

energy conversion stage will be required.

•
Both the amplitude and period of the waves vary. Therefore, the output power

level will vary.

•
The directions of the wave vary. Therefore, the power-capturing device will have

to align itself to get the maximum energy output.

•
Finally, the obvious problem seawater corrosion problem will exist, which will

require careful design of the components.

There are several methods for capturing wave energy for electricity generation

[6]. Some of these are given below.

•
Point Absorber: It consists of a floating structure that uses the vertical motion of

waves to generate electricity. These devices typically consist of a floating buoy

attached to the seabed. As the buoy moves up and down with the waves, it drives

a mechanical system or hydraulic pump that converts the motion into energy.

The electricity is generated when the potential energy of the waves is converted

to kinetic energy, which is then used in generators. The construction is not sim-

ple as there are several factors that need to be considered, as discussed in [5, 6].

•
Oscillating Water Column (OWC): This is only suitable for coastal regions, specif-

ically those with rocky cliffs that have natural caves where thewaves are relatively

higher. These have the advantages of easier installation and maintenance. More-

over, the dispatching of the captured power need not be evacuated through subsea

cables. A typical OWC is shown in Figure 11.6. As shown in the figure, this will

require a partially submerged rocky cliff or concrete structure. Incident waves will

Waves

Compressed
air

Turbine
generator

Figure 11.6 Oscillating water column wave energy conversion systems.
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compress air inside the structure. The air will flow out of the structure through a

wind turbine. When the water recedes, the air will come inside through the tur-

bine. To capture energy both during air compression and decompression, a Wells

turbine is used. This is a low-pressure turbine that rotates in the same direction

independent of the direction of air flow. Because a Wells turbine rotates in the

same direction for both these actions, the generator connected to the turbine need

not change direction. The OWC is basically a wind-based power generation that

uses moving waves.

There are several other possible wave energy conversion systems, such as

attenuators, oscillating wave surge converters, and submerged pressure differen-

tial. The different types of generators used, including linear generators and subsea

electricity transmission are discussed in [5].

11.2 Solar Power

A galaxy is a gigantic collection of stars and their planets, dust, gas, and backholes

that are held together by gravity. It is estimated that there are about 2 trillion

galaxies in the universe, with each of them having about 100 billion stars. How-

ever, it is to be remembered that these are estimates and our knowledge about

the universe is still limited. James Webb Space Telescope (JWST), which is placed

at Lagrange point L2 at about 1.5 million kilometers from the earth, is going to

enhance our knowledge about the history of the universe and search for other solar

systems that are capable of sustaining life.

Our star, the sun, is one of the stars in the Milky Way galaxy. The sun is unique

in the sense that it is the only star in our solar system. Many other solar systems

have two or more stars. The sun orbits the core of the Milky Way galaxy once in

250million years. It is a medium-sized star with a diameter of 1,392,700 km. How-

ever, it contains about 99.86% of the total mass of our entire solar system. In fact, it

is 330,000 more massive than our earth. The gravity of the sun holds the solar sys-

tem together. The length of our solar system is about 1.58 light years. A light year is

themeasure of the length of light traveling in a year (1 light year = 9.461 × 1012 km).

Because our planet is about 150 million kilometers away from the sun, the sunlight

reaches the earth in a little over 8minutes.

The sun is a giant ball of hot gas. The different layers of the sun are as follows:

•
Core: It is the innermost zone where the temperature is about 15 million degrees

Celsius.

•
Radiative: This zone surrounds the core and covers about 70% of the way to the

surface of the sun.
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•
Convective: This zone is above the radiative zone and transports energy through

the convection of hot plasma.

•
Photosphere: This is the visible surface of the sun from which most of the sun’s

light and heat are emitted. The temperature here is 5,500 C.

The other two layers are the chromosphere and corona. Of these, corona extends

to millions of kilometers and is extremely hot (1–2 million C).

In the core of the sun, thermonuclear reactions take place in which hydrogen

atoms, due to tremendous heat and pressure, fuse together to form helium atoms.

The reaction is called proton-proton (p-p) chain reaction. Two protons collide to

form deuterium releasing a positron and a neutrino. The deuterium nucleus fuses

with another proton forming helium-3 nucleus and releasing gamma rays. When

two helium-3 nuclei collide, they form a helium-4 nucleus. Through this p-p chain

reaction, four hydrogen nuclei are turned into one helium nucleus. This process

releases a tremendous amount of energy that is transferred through the solar

system.

In this process, energy is released to keep the sun hot. The energy then radiates

from the core of the sun and moves across the solar system. It is interesting to note

that 99% of the energy is produced in the sun’s core. The rest of the sun is heated by

energy transferred outward from the core. It is estimated that our sun will run out

of its fuel in another 5 billion years. It will then expand into a red giant incinerating

everything in its vicinity including our planet. Following this, it will shade its outer

layers and will turn into a white dwarf with a very dense core. It is reassuring to

think that our sun will not turn into a black hole as it is not large enough.

11.2.1 Solar Tracking

Earth’s orbit around the sun is shown in Figure 11.7. The orbit is slightly elliptical

where the distance between the sun and the earth varies between 147 million kilo-

meters and 152 million kilometers. The earth spins around an axis that is tilted

about 23.45 along its polar axis. Earth makes one revolution around the sun in

365.25 days and rotates 360.99 in a period of 24 hours. To account for the slight

imbalance in revolution and rotation, one day is added to the month of February

every 4 years (this is not quite accurate though as there are other rules regarding

the leap years). The tilt angle is very important for the seasons that we experience

both in the northern and southern hemispheres. The labeling in Figure 11.7 is

given from the northern hemisphere perspective, where summer and winter sol-

stices occur on June 21 and December 21, respectively (again this is not quite accu-

rate). Equinoxes are the days when the sun crosses earth’s equator. These roughly

occur on April 21 and September 21.
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The earth’s orbit plays an important role in the calculation of solar irradiance at

a particular time on a clear day. It is well known that the sun rises in the east and

sets in the west. Furthermore, it reaches its highest point sometime in the middle

of the day. But the position of the sun vis-à-vis that of a particular location on the

earth is not constant due to the tilt angle of the earth’s spin. Therefore, careful cal-

culations are to be made to predict where in the sky the sun will be on a particular

day of the year at a particular time. This is important for the orientation of the solar

photovoltaic (PV) panel positioning. A particularly good source for solar resources

and their calculations is the Book by Masters ([7], Chapter 7).

We may have seen rooftop-mounted PV panels that are placed on slanted roofs

facing either east or west direction. It is even common to see panels separated and

placed both east facing and west facing. Ideally, the PV panels are placed so that

they remain perpendicular to the sun’s rays. This also ensures that less sunlight is

reflected, thereby capturing the maximum possible energy from the sunlight.

Obviously, this is not possible with roof-mounted PV panels. However, for large

solar installations, tracking of the sun’s rays is performed by either single-axis

or dual-axis trackers.

The schematic diagram of a single-axis tracker is shown in Figure 11.8 (a). It

moves on from east to west on the north-south axis. A dual-axis tracker can move

from north to south and from east to west, as shown in Figure 11.8 (b). These track-

ers can follow the sun vertically and horizontally, and therefore, can get the max-

imum possible irradiance. Obviously, both tracking systems will need electric

motors to change their angles. Furthermore, they will need sensors and intelligent

Sun

Vernal
equinox

Winter
solstice

147 Mkm

23.45°

Summer
solstice

Autumnal
equinox

152 Mkm

Figure 11.7 Earth’s orbit around the sun.
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algorithms to track the sun irrespective of the seasons and changes in the height of

the sun with respect to the earth. The algorithms can be based on solar resource

calculations, as given in [7]. Moreover, machine learning-based methods can also

be used to improve the accuracy of the tracking systems.

11.2.2 Solar Photovoltaic (PV) Systems

Solar PVs, in their basic form, are called cells. A PV cell is a p-n junction semicon-

ductor device that captures energy from photons and converts them to electricity.

The most common PV cells are constructed from silicon. There are two types of

crystalline PV cells available – monocrystalline and polycrystalline. As the name

suggests, a monocrystalline has a uniform lattice that allows easy electron flow,

whereas a polycrystalline cell has multiple crystalline structures that can impede

the flow of electrons. The monocrystalline cells are more efficient than the poly-

crystalline cells, but they are more expensive than the polycrystalline cells. For the

PV characteristics refer to [7].

The equivalent circuit of a diode is shown in Figure 11.9 (a), Vd is the voltage

impressed across the diode and Id is the current flowing through the diode, which

is given by the following equation:

Id = I0 e
qVdkT

− 1 A 11 2

where I0 is the reverse saturation current in A, which is of the order of 10−12A/cm2;

q is the electron charge, which is equal to 1.602 × 10−19 Coulomb; k is Boltzmann’s

constant, which is equal to 1.380649 × 10−23 Joules per Kelvin; and T is the tem-

perature in Kelvin (0 C = 273.15 K).

Sun

North

EastWest

South

N-S

E-W

(a) (b)

Figure 11.8 (a) Single-axis tracker and (b) dual-axis tracker.
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The voltage–current characteristics of a diode are shown in Figure 11.9 (b).

The equivalent circuit of a PV cell is shown in Figure 11.9 (c) [7]. In this, ISC is

the short circuit current of the PV cell and IL is the output load current of the PV.

From KCL, we have

IL = ISC − I0

Substituting (11.2) in the above equation, we have

IL = ISC − I0 e
qVdkT

− 1 11 3

To determine the open circuit voltage of the PV cell, we assume that the output

current IL is zero. Then, the following equation is written from (11.3) tak-

ing VOC = Vd.

e
qVOC kT =

ISC

I0
+ 1

qVOC

kT
= ln

ISC

I0
+ 1

Therefore, the open circuit voltage is

VOC =
kT

q
ln

ISC

I0
+ 1 11 4

In (11.3) and (11.4), the short circuit current ISC depends on the solar insolation

and therefore can vary throughout the day.

Example 11.2 Consider a PV system with the following parameters:

Cell size: 50 cm2

Reverse saturation current (I0): 1 × 10−12 A/cm

(a) Id

Vd

I0

Id

Vd

(b)

Id
L

O

A

D

(c)

ISC

IL

Figure 11.9 (a) A diode circuit, (b) voltage–current characteristics of a diode, and
(c) equivalent circuit of a PV cell.

460 11 Renewable Energy



Short circuit current (ISC): 50 mA/cm

Temperature: 20 C

We define the following:

β =
q

kT
=

1 602 × 10− 19

1 380649 × 10− 23 × 293 15
= 39 5812 per V

Then

VOC =
1

β
ln

50 × 10− 3

1 × 10− 12 + 1 = 0 6224 V

Now, for 50 cm2 PV cell, we have the following:

I0 = 1 × 10− 12 × 50 = 5 × 10− 11 A

ISC = 5 × 10− 3 × 50 = 2 5 A

The PV output current IL as the output voltage Vd varies from 0 to VOC is shown

in Figure 11.10. The output power is given by

PL = VdIL = VdISC −VdI0 e
qVdkT

− 1 W 11 5

The relationship between the output power and Vd is also shown in Figure 11.10.

IL(A)

PL(W)

V = 0.543715 V

2

2.5

1.5

1
Pmax = 1.2989 W

0.5

0
0 0.1 0.2 0.3 0.5 0.6 VOC

PV output voltage (V)

0.4

Figure 11.10 PV voltage–current and voltage–power characteristics.
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Taking derivatives of both sides of (11.5) with respect to Vd, and equating it to

zero, the maximum power is obtained as

∂PL

∂Vd

= ISC + I0 − I0 eβVd + βVde
βVd = 0

eβVd + βVde
βVd =

ISC

I0
+ 1

11 6

Solving the above nonlinear equation, we get the following:

The maximum power (Pmax) = 1.2989W.

The maximum power occurs when Vd = 0.543715 V.

These are indicated by the straight line in Figure 11.10.

Usually, an individual PV cell output voltage is about 0.5 V. To boost this voltage,

several cells are connected in series. For example, to have an output voltage of

12 V, 36 cells must be connected in series in a module. Again, assume that four

such modules are connected in series. The output voltage is then 48 V. Moreover,

to increase current, several modules must be connected in parallel as well. Assume

that four solar modules are connected in series to produce and output voltage of

48 V. The output current of the combined module for a particular insolation is say

4 A. Therefore, the output power is 192W. Now assume that five such combined

modules are connected in parallel as well to form a solar array. Then, the output

current of the array is 20 A, and the output power is 20 × 48 (= 192 × 5) = 960W.

Therefore, a solar array will have modules connected in series to increase voltage

and in parallel to increase current such that the overall output power is increased.

Figure 11.11 shows a cell, a module, and an array (see [7] for more details).

11.2.3 Maximum Power Point Tracking (MPPT)

Consider the system of Example 11.2. The voltage–current curves for different

values of ISC (insolation) are shown in Figure 11.12. The maximum power points

(MPPs) for different curves are indicated in the figure. It is obvious that they do not

follow a linear relationship. However, it is desirable to obtain the maximum pos-

sible output power for any insolation. This is achieved through a maximum power

point tracking (MPPT) system. It is to be noted that MPPT is not dependent on the

single or dual axis tracking system, which is used for aligning the solar arrays in

such a way that they are perpendicular to the sun’s rays at any given time. These

are achieved by servo motors, whereas the MPPT is achieved through power con-

verter control based on some logic.

There are several MPPT algorithms that have been proposed (see [8–10]). The

most popular method is the perturb and observe (P&O) method. This method is

simple to implement. However, it is not very accurate. Equation (11.6) indicates

that the derivative of power with respect to the voltage is zero at maximum power.
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In the P&Omethod, as the name suggests, the operating voltage is perturbed. If the

output power increases, then the voltage is further perturbed in the same direction.

On the other hand, if the output power decreases, the direction of voltage pertur-

bation is reversed. This process continues till the MPP is reached. One of the draw-

backs of this method is the chattering around the maximum power due to the

perturbations.
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Figure 11.12 Maximum power line for different insolation.
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Figure 11.11 Solar PV (a) cell, (b) module, and (c) array.
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Let us denote the following:

Output power at MPP: PLMP

Voltage at MPP: VdMP

Then, at MPP, we have

∂PL

∂Vd
PL = PLMP

Vd = VdMP

= 0 11 7

Let us consider an arbitrary point on the I–V curve. The mathematical expres-

sion based on which the P&O decides the next perturbation is

∂PPO = ∂PL ∂Vd 11 8

The P&O method then decides the direction of the next perturbation based on

the sign of ∂PP0. The discrete form of (11.8) is written as [11]

∇PPO k =
PL k −PL k− 1

Vd k −Vd k− 1
=

ΔPL k

ΔVd k
11 9

where k is the sampling instant and ∇PPO is the discrete-time equivalent of ∂PP0.

Table 11.1 shows the relationship between the voltage perturbation and the

change in power [8]. As shown in the table, if the signs of the voltage perturbation

and the direction of the change in power are the same, the next perturbation will

be positive. However, if their signs are opposite, the next perturbation needs to be

negative. The accuracy of the algorithm depends on the frequency of perturbation.

If a slower frequency is used, then the accuracy can be affected if there is a rapid

irradiance change that occurs between two successive perturbations [11].

Consider for example a PV system with an initial voltage of 30 V and power of

200W. We increase the voltage by 1 V such that the voltage is 31 V, and the power

is measured as 210W. Since∇PPO> 0 andΔPL> 0, we increase the voltage to 32 V.

The output power is now 215W. Since both power and voltage differences have

increased, we increase the voltage again to 33 V. The new power is 212W. This

Table 11.1 P&O correction directions.

Present perturbation Change in power Next perturbation

∇PPO(k) > 0 ΔPL(k) > 0 Vd(k+ 1) = Vd(k) +ΔVd(k)

∇PPO(k) > 0 ΔPL(k) < 0 Vd(k+ 1) = Vd(k)−ΔVd(k)

∇PPO(k) < 0 ΔPL(k) > 0 Vd(k+ 1) = Vd(k)−ΔVd(k)

∇PPO(k) < 0 ΔPL(k) < 0 Vd(k+ 1) = Vd(k) +ΔVd(k)
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means that the power has decreased, and we have passed the MPP. We then

decrease the voltage to 32 V where the power output is 215W, which is the MPP.

Usually, the MPPT is implemented through a DC–DC converter. To increase the

PV output voltage to a reasonable level, a boost converter is used, the schematic

diagram of which is shown in Figure 11.13 (a). For the PV output voltage of Vd, the

boost converter output voltage of V0 is given by the following equation.

V 0

Vd

=
1

1− d
11 10

where 0 < d< 1 is the duty ratio of the converter [12]. In the P&Omethod, the duty

ratio at kth instant is decided based on the sign of the difference between PL(k) and

PL(k− 1), given by [13]

d k = d k− 1 + d k− 1 − d k− 2 × sgn PL k −PL k− 1 11 11

where sgn is the signum function, defined as

sgn x =

+ 1 if x > 0

0 if x = 0

− 1 if x < 0

11 12

The signum function block is used in Figure 11.13 (b).
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Figure 11.13 (a) DC–DC boost converter and (b) its MPPT implementation.
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11.2.4 Concentrated Solar Power (CSP)

Similar to solar PVs, CSPs also use solar irradiance to generate electricity. How-

ever, unlike solar PVs that convert solar energy to electricity directly, CSP con-

verts solar energy to heat, which is then used to generate electricity using a

turbine-generator system. There are different CSP structures [14]. The most pre-

dominant among them is the central receiver system, as shown in Figure 11.14.

This contains arrays of sun-tracking solar reflectors. These reflectors, which are

usually called heliostats, are flat and slightly concave mirrors. The heliostats

reflect the sunlight to concentrate on the solar tower. The heat in the solar tower

is absorbed by a heat-transferring fluid (HTF). The heat in the fluid is then used

to generate steam, which is then used to generate electricity using a steam tur-

bine. The advantage of CSP is that its power is dispatchable, that is, it can be con-

trolled and used as and when required. For it to be successful, the choice of HTF

is very crucial. Molten salt is one of the most commonly used HTFs. It is a com-

bination of 60% sodium nitrate (NANO3) and 40% potassium nitrate (KNO3).

This is a stable mixture and can be used in the temperature range of

260–621 C. However, it crystallizes at 238 C and solidifies at 221 C [14]. There

are several other HTFs that are been investigated these days, such as oils, alcohol,

liquid metals, and metal hydride.

Solar tower

Heliostats

Figure 11.14 The schematic diagram of a central receiving CSP system.
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11.3 Wind Power

About 71% of our planet is covered in water, be it in oceans, rivers, or lakes. The

rest of the planet is covered in landmass. It is the interaction between the water

and land that creates winds. This has the following two phases:

•
Daytime Heating of Land: Land heats up faster than water during the day

because land has a lower heat capacity than water. This is why the air above land

warms upmore quickly, causing it to rise. As the warm air rises over land, cooler

air from the sea (which heats more slowly) moves in to replace it, creating wind.

This is known as a sea breeze during the day.

•
Nighttime Wind Reversal: At night, the reverse happens. The land cools down

faster than water, and the warmer air over the sea rises while cooler air from

the land moves toward the sea. This forms a land breeze. It is to be noted that

water retains heat longer because of its higher heat capacity. Thus, the air over

water remains warmer for longer periods during the night.

Because the circulation of wind happens due to the differential in heating caused

by the sun, wind power is an indirect form of solar power.

Trade winds flow from east to west consistently in regions around the equator.

Usually, they are found between 30 north and 30 south. In the northern hemi-

sphere, Trade winds blow from the northeast, while it blows from the southeast in

the southern hemisphere. Near the equator, the warm air rises due to intense solar

heating. As this warm air rises, it cools and moves away from the equator at high

altitudes. This air descends at around 30 latitudes in both hemispheres, creating

high-pressure zones. The descending air then flows back toward the equator at the

surface, creating Trade winds. Due to their consistent nature, Trade winds are

good sources of wind power. They are less variable and, therefore, have predictable

power output. However, they are restricted between 30 north and 30 south. Usu-

ally, the Caribbean, parts of Africa, northern Australia, and Pacific islands expe-

rience strong trade winds. Unfortunately, these regions are prone to tropical

storms and cyclones (or hurricanes), which can damage wind turbines. Moreover,

most of these locations are usually remotely located without proper infrastructure

to capture and evacuate the generated wind power.

The first use of wind power was reported in 1891 when the Danish physicist and

engineer Poul la Cour erected a windmill in a place called Askov in Denmark. The

windmill could produce constant power to drive a generator. He used the power to

produce hydrogen through the electrolysis of water. This process is called the pro-

duction of green hydrogen (see the next section). The hydrogenwas stored in a 12m3
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tank. A high school in Askov was illuminated by a mixture of hydrogen and oxygen

between 1895 and 1902without a single day of failure. Due to his pioneeringwork in

wind power,Wind Europe established the Poul la Cour Prize in 1992 for outstanding

contributions to the wind energy industry.

11.3.1 Wind Turbine Types

There are two types of wind turbines – vertical axis and horizontal axis. In a ver-

tical axis wind turbine (VAWT), the rotor is arranged vertically. It has the advan-

tage in sites in which the wind direction changes frequently since such a turbine

does not have to face the wind to be effective. A VAWT can be placed on the

ground or on top of buildings and will not need high towers. Therefore, generators

and gearboxes can be placed on the ground so that they can be easily accessible for

maintenance and repairs. Moreover, VAWT is aesthetically pleasing (check any

images of VAWT). However, these turbines have some critical disadvantages;

the most prominent of which are the poor efficiency. Thus, most commercial wind

turbines are of horizontal axis type.

The blades in a horizontal-axis wind turbine (HAWT) rotate along the horizon-

tal axis and are placed on a tower. Figure 11.15 shows the schematic diagram of

HAWT wind converter systems. A HAWT is mounted on a tower. Small turbines

can be placed almost anywhere like water pumping stations. They can generate up

to 100 kW of power. Medium-sized wind turbines can sit on towers that are 80 m in

height. Their blades can be as long as 40 m while generating up to 1.8 MW of

power. Larger wind turbines can generate anywhere from 4.8 MW to 9.5 MW of

power with blade lengths of 160 m that aremounted on 240 m towers. EachHAWT

Blades

Tower

Nacelle
Wind

(a)

Wind

(b)

Figure 11.15 The schematic diagram HAWT placement: (a) upwind and (b) downwind.
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contains blades (usually either two or three) that are connected to nacelles. The

nacelle of the turbine houses the gearbox, the generator, the step-up transformer,

and the power converter (if required). It can be very heavy.

As shown in Figure 11.15, a HAWT can face the wind (upwind) or face away

from the wind. In a downwind configuration, the wind itself can control the

yaw (i.e., left-right motion) such that it can orient itself without external control

of the flow of wind direction [7]. However, the tower is placed between the wind

direction and the blades, and therefore, can have “shadowing” effect when a blade

swings behind the tower. This will flex the blades and lead to blade failures. The

upwind turbines face the wind and can operate smoothly while generating more

power. However, these turbines will need yaw control.Most modernwind turbines

are the upwind type.

Wind speed on the sea is higher than that on the land. Moreover, they flow

smoothly as there is no interference of nature-made or human-made obstacles

in their path. Therefore, offshore wind farms are gaining importance these days.

In a wind farm, a large number of wind turbines are placed strategically, while

their combined power is dispatched in the same fashion as that of a power plant.

The main difference between an offshore wind turbine and an onshore wind tur-

bine is how they are structurally supported. The tower supporting onshore wind

turbines is placed solidly on the ground. However, offshore wind turbines can be

placed on fixed structures or floating structures. Generally, the maximum seabed

depth where a fixed structure can be placed is 60 m. The limiting factor for such

installations is the size of the turbine blades. They are limited to within 40 mwhile

generating only up to 1.8 MW of power.

There are three types of floating structures, where wind turbines sit on a plat-

form. Mooring lines that are deeply embedded on the sea floor through anchors

prevent the platforms from drifting away. There are three floating structures

(see Figure 11.16). These are:

•
Spar Buoy: It is a hollow cylindrical structure that holds the turbine tower. It

floats vertically in deep water, but heavy weights are placed at the bottom to

lower the center of gravity (see Figure 11.16 (a)).

•
Submersible Platform: It has large floating hulls with a tower at the center. Mul-

tiple wind turbines can be placed on such hulls.

•
Tension Leg Platform: As the name suggests, this platform is held in place with

high-tension moor lines (see Figure 11.16 (b)). These are usually smaller plat-

forms and are susceptible to damage in case of large waves like tsunamis.

The advantage of floating platforms is that they can support large wind turbines

with a power rating of 10 MW, which is not possible with fixed structure platforms.
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11.3.2 Wind Power Calculations

The KE of a mass m moving at a velocity v is given by

KE =
1

2
mv2 11 13

If the mass can produce power, it will then be given by

Power =
KE

Time
=

1

2

m

Time
v2 11 14

Now suppose, a massm of cross-sectional through a cross-sectional area A, with

a velocity of v, then the flow rate is given by

Flow rate through areaA =
m

Time
= ρAv 11 15

where ρ is the air density at kg/m3. Combining (11.14) and (11.15), we have power

contained in the wind as

PW =
1

2
ρAv3 11 16

Now, the unit on the right-hand side of (11.16) is

kg

m3
× m2 ×

m3

s3
=

kgm2

s3
= W

Therefore, the wind power is

PW =
1

2
ρAv3 W 11 17

(b)(a) Figure 11.16 Offshore wind

platforms: (a) spar buoy and (b)
tension leg.
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From (11.17), the following can be observed:

•
The power output is proportional to the velocity of the wind cubed, that is, for

the same area and air density, a 10 m/s wind speed will produce 1,000 times

more power than a wind speed of 1 m/s and 37 times more power than a wind

speed of 3 m/s.

•
Wind power is proportional to the swept area of the turbine rotor, that is, the

longer the length of the turbine, the more the power is generated. The area of

a circle is given by πr2, where r is the radius of the circle. Therefore, doubling

the blade size will increase power output by four times.

•
Wind power is proportional to air density, which is related to temperature. The

warm air is less dense than cooler air because the gasmolecules inwarm air have

a greater velocity and are farther apart than in cooler air. Therefore, wind power

production can be variable between day and night and between onshore and off-

shore wind turbines.

When wind flows through turbine blades, only a fraction of the power is

extracted by the turbine. If the turbine extracted all the KE contained in the wind,

the air would stop completely behind the turbine. This will prevent any further

wind flow through the turbine. Therefore, the downward velocity of the wind can-

not be zero, but it will be less than the upward velocity. The efficiency of a wind

rotor depends on two factors – blade pitch angle and tip speed ratio (TSR). The

pitch angle is the angle between the rotor blades and the direction of the oncoming

wind. It is usually regulated externally by twisting the blades to align them toward

the wind. The TSR is the ratio between the speed of the tip of the wind turbine

blade to that of the wind, that is,

TSR =
Rotor tip speed

Wind speed

Denoting the TSR as λ, it is given by

λ =
vtip

v
11 18

where vtip=ωr,ω being the rotational speed in rad/s, and r is the radius of the rotor

blades inm and v is the wind speed inm/s. The rotor efficiencyCP depends on both

TSR (λ) and the rotor pitch angle (β) and is denoted by CP(β, λ). The power output

of the wind turbine is then given by

Pout = CP β, λ × PW 11 19

The maximum efficiency of the rotor blade of the wind turbine is derived to be

59.259% as derived by the German physicist Albert Betz. This is called Betz’s limit.
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11.3.3 Pitch Angle Control

The wind turbine operation is divided into four regions, as shown in Figure 11.17

for a typical 5 MWwind power system [15]. If the wind speed is less than the “cut-

in” speed, the generator is switched off or remains off in Region-1. Region-2 is

above the cut-in speed, where the generator starts producing power. However,

the speed is not sufficient to generate the maximum amount of power. The gen-

erator attains the rated speed and produces the rated power in Region-3. The tur-

bine shuts down above the “cut-out” speed caused by high winds to prevent

damage to the turbine blades (Region-4). Beyond the cut-out speed, the turbine

blades are stall regulated, where the turbine blades are placed in such a fashion

that they generate less aerodynamic force at high wind speed, thereby stalling such

that the turbine power output becomes zero.

In the operating regions, the speed and power of the turbine are controlled by

the generator load torque and the pitch angles of the turbine blades. A scheme for

pitch angle control is shown in Figure 11.18. The error between the measured
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Figure 11.18 Gain scheduling pitch angle controller.
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Figure 11.17 Wind turbine operating regions.
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power generated Pgen and the rated power Pref is passed through a proportional-

plus-integral (PI) controller to produce the reference pitch angle βref. A limiter

is placed at the output of the PI controller to limit the variations in the reference

angle. The reference angle is compared with the actual pitch angle β and the error

is corrected through the pitch angle servo motor. There is a drawback in this

scheme because the wind speed cannot be measured precisely. The control

parameters cannot be chosen as a function of the wind speed. Therefore, a gain

scheduling controller is implemented, which produces the proportional gain KP

and the integral gain KI based on the knowledge of the pitch angle [16]. The gain

schedular compensates for the nonlinear aerodynamic characteristics of the wind

turbine. A set of PI gains is computed a priori linearizing the system around several

operating values of the pitch angle β. These gains are then chosen depending on

the values of the pitch angle (see [16] for details).

11.3.4 Types of Wind Power Collectors

IEEE PES (Power and Energy Society) Wind Plant Collector System Design

Working Group classifies wind turbines into five different types [17]. These are:

•
Type-1: Fixed speed.

•
Type-2: Limited variable speed.

•
Type-3: Variable speed with partial power electronic conversion.

•
Type-4: Variable speed with full-power electronic conversion.

•
Type-5: Variable speed drive train connected to torque–speed converter coupled

with a synchronous generator.

Of these, the first three types of wind turbines use induction generators. Type-4

turbines usually use permanent magnet synchronous generators (PMSGs).

Induction motors are cheaper and are rugged in nature. The rotor of the motor

usually rotates at a speed slightly less than the synchronous speed. The difference

in speed is called the slip s, defined by

s =
ωs −ωr

ωs

=
ns −nr

ns
11 20

where ωs and ωr, respectively, are the synchronous speed and the rotor speed

radians per second and ns and nr are the respective speed in rpm.

The IEEE-recommended equivalent circuit of an induction machine is shown in

Figure 11.19 (a) [18]. Here, subscript 1 defines the stator side quantities, while sub-

script 2 defines rotor side quantities, when referred to the stator side, and Xm is the

magnetizing reactance. The Thevenin equivalent circuit is shown in Figure 11.19

(b). Because R1 is smaller than (X1+ Xm), the Thevenin voltage and reactances are

given by [18]
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V th
Xm

X1 + Xm

V 1 11 21

Rth
Xm

X1 + Xm

2

R1 11 22

X th X1 11 23

From the Thevenin equivalent circuit of Figure 11.19 (b), the torque is given

by [19]

T =
3

ωs

×
V 2

th R2 s

Rth + R2 s
2
+ X th + X2

2 11 24

The typical torque–speed characteristics of an induction machine are shown in

Figure 11.20, where the per unit speed is defined by the ratio nr : ns. The machine

operates in the motoring mode when 0 < s< 1. However, when the slip (s) is neg-

ative, the machine operates as a generator. When an induction machine is con-

nected to a wind turbine, the machine will start its operation as an induction

motor till it reaches synchronous speed. When the wind turbine forces the

machine to operate at a speed higher than the synchronous speed, it starts working

as an induction generator. As has been explained in [19], in the induction

X1

Xm

+

–

R1

V1

Air gap

(a)

Xth

+

–

Rth

Vth
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X′2

X′2 I′2

R′2  s

R′2  s

Figure 11.19 (a) IEEE-recommended equivalent circuit of induction machine and (b) its
Thevenin equivalent.
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generator mode, the machine draws a current that lags the voltage by more than

90 . This means that the machine will require reactive power to produce real

power. An induction generator can draw reactive current when it is connected

to a power grid. Additionally, capacitor banks can also be connected in parallel.

Type-1: This is shown in Figure 11.21. The wind turbine is connected to a squir-

rel cage induction generator (SCIG) through a gearbox. The machine is equipped

with a soft starter such that it does not draw a large current during starting. Fur-

thermore, a set of capacitors is connected in shunt at the machine terminals.

A combination of them can be selected in the same fashion as a TSC depending

on the reactive power requirements.

0

T
o
rq

u
e

0 0.2 0.4 0.6

Motoring mode

Generating mode

0.8

Speed (pu)

1 1.2 1.4

s < 0s = 0s = 1

Figure 11.20 Typical torque–speed characteristics of an induction machine.
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Figure 11.21 Type-1 wind turbine system.
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Type-2: This is shown in Figure 11.22. This is similar to Type-1 wind turbine sys-

tem, except that a wound rotor induction generator (WRIG) is used here.

A variable resistor is inserted on the rotor circuit that can control the rotor current

rapidly to keep the power output constant during wind fluctuations [17]. The

speed of the machine can be controlled to some extent such that the TSR can

be changed to capture maximum power.

Type-1 and Type-2 wind turbine systems have no speed control or limited speed

control capabilities. However, modern advanced wind turbine systems can adjust

the speed. By controlling the generator speed, pitch control time constants become

longer, thereby pitch complexity is reduced [20]. It is to be noted that the pitch

angle is fixed at lower wind speeds, while the pitch control mechanism limits

themaximum output power at higher wind speeds. The other advantages of adjust-

able speed wind turbines are that they reduce mechanical stresses on the turbine

and improve system efficiency [20]. Type-3 and Type-4 wind turbine systems are

adjustable speed types.

Type-3: This type of wind turbine uses a doubly fed induction generator (DFIG).

The schematic diagram of a DFIG-based wind collector system is shown in

Figure 11.23. This contains a WRIG with its stator windings directly connected

to the grid through a transformer. The rotor circuit is connected to the grid through

a back-to-back power converter system, which contains two voltage source conver-

ters (VSCs) that are joined together through a DC capacitor. One of them is called

the rotor side converter, while the other is called the grid side converter. The con-

verters control the magnitude of the rotor voltage and its phase angle to control

both active and reactive powers. The rotor side converter compensates for the dif-

ference between the mechanical and electrical frequency by injecting a variable

frequency rotor current. A small amount of power is injected into the rotor

circuit – the closer the speed of the generator to the synchronous speed, the smaller

Gear
box

WRIG

Soft
starter

Capacitor
bank

Grid

Figure 11.22 Type-2 wind turbine system.
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the power to be injected. Thus, the back-to-back converter size is about 30% of the

generator size [17]. This is an advantage of the DFIG system. The stator side and

the grid side converters are connected through a three-winding transformer,

where one primary winding is connected to the stator, while the other is connected

to the rotor. The turns ratio of the rotor side winding is chosen such that the con-

verters can operate at lower DC voltage.

The power flowing through the stator, rotor, and grid is indicated in

Figure 11.23. Neglecting all losses, we can write the following expression from this

diagram.

Pgrid = Pstator + Protor 11 25

The power through the rotor circuit, which is also known as slip power, is

expressed as the slip multiplied by the stator power, that is, [16]

Protor = − sPstator 11 26

This means that the power to the grid can be written by substituting (11.26) in

(11.25) as

Pgrid = 1− s Pstator 11 27

When the slip is positive s> 0, the machine is operating at sub-synchronous fre-

quency, and the rotor power is negative, that is, Protor< 0. On the other hand, Protor
is positive when the machine is operating in the super-synchronous mode (s< 0).

However, the grid power is positive in either case.

The main advantage of Type-3 system is that it can control the real and reactive

power separately while maintaining synchronism with the power grid. One such

control approach is outlined in [16].

Type-4: This type employs a full-rated back-to-back converter, as shown in

Figure 11.24. Usually, PMSGs are connected to the wind turbines. It is known

Gear
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Back-to-back 
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Pstator

Protor
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Figure 11.23 Type-3 wind turbine system (DFIG).
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that the frequency of the output voltage depends on the speed of rotation 120f/p

rpm, where f is the frequency in Hz and p is the number of poles. For example,

when a two-pole machine rotates at 3,000 rpm, the output frequency will be 50Hz.

If the turbine is allowed to operate at its optimum aerodynamic speed, then

the frequency will be variable depending on the speed. However, the wind side

converter will convert this variable frequency AC voltage into DC, which will

then be converted into fundamental frequency (50 or 60 Hz) AC voltage by the

grid side converter. This will eliminate the use of the bulky gearbox, and hence

this type of collection is most suitable for offshore wind power systems. The main

drawbacks of this type are the cost and losses involved with the full-rated

converters. However, these are less bulky and have full control of the real and

reactive power.

Type-5 employs a torque–speed converter with a synchronous generator. This

type is not very popular and is not discussed here. See [17] for its functionality.

11.4 Hydrogen

We start this section with a quote from Jules Vern, the French visionary and

author of Twenty Thousand Leagues Under the Seas (1870), Around the World in

Eighty Days (1872), and other masterpieces. In Mysterious Island (1884), Vern

wrote the following:

“I believe that water will one day be employed as a fuel, that hydrogen and

oxygen which constitute it, used singly or together, will furnish an inexhaust-

ible source of heat and light.”

That vision will come to fruition in the near future when the real breakthrough

in green hydrogen production is achieved.

Even though hydrogen can be used as fuel and has been known for a long time,

there was hesitancy in using it due to the Hindenburg air disaster of 1937 (see

Figure 11.25). Hindenburg was a big airship built by Zeppelin Company for

PMSG

Back-to-back 
converters

Grid

Figure 11.24 Type-4 wind turbine system.
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transatlantic air travel. The airship was 245m long and had four 1,100 horsepower

diesel engines – hydrogen was not used as fuel. It has a maximum speed of 135 km

per hour. It was used for luxury travel at that time. Ideally, it should have been

filled with helium. Even though hydrogen is lighter than helium, helium is a

preferred medium for air balloons as it is lighter than air and is not flammable.

However, due to the export restriction imposed by the USA on Germany during

that period, it was filled with hydrogen. Hindenburg took off from Frankfurt, Ger-

many onMay 3, 1937, with 36 passengers and 61 crewmen. It approached its land-

ing site of Lakehurst, New Jersey on May 6, 1937. However, during the landing

process, hydrogen leaked and caught fire in which 35 people lost their lives but

the rest survived. The cause of ignition is still unknown, but there are several

hypotheses. More information about the disaster can be found on various websites,

such as [21].

Despite the flammable nature of hydrogen, it has now been considered as one of

the plausible sources of renewable energy – first for automotive purposes and then

for power generation. There are several attributes of hydrogen as a fuel. Some of

these are:

•
When burned, hydrogen produces a small amount of nitrogen oxides (NOx) at

high combustion temperatures that are high enough for nitrogen and oxygen in

the air to combine.

•
When used in a fuel cell, the only byproduct is water.

Figure 11.25 The Hindenburg
disaster.
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•
Because it has very low density, it can readily escape from confined environ-

ments and is less likely to concentrate like petrol fumes, notwithstanding the

Hindenburg experience.

•
Hydrogen, however, is not a natural energy source. It is high-quality energy car-

rier that is not naturally available.

Currently, Hydrogen is mainly used for industrial purposes, such as refining

petroleum, metal treatment, fertilizer production, and food processing. However,

there is immense potential for the use of hydrogen for power generation and the

automotive industry. These will be discussed briefly in this section.

11.4.1 Hydrogen Production

As mentioned before, hydrogen is not the primary source of energy – it does not

exist in its own form. Therefore, hydrogen must be sourced from other sources.

The hydrogen production type is usually color coded. Some of these are:

•
Shades of Brown or Black: In these, hydrogen is produced from coal (brown or

black) that converts carbon-rich materials into hydrogen and carbon dioxide:

the latter is released into the atmosphere.

•
Grey: Hydrogen is extracted from natural gas through steam reforming. How-

ever, the resulting CO2 gas is released into the atmosphere.

•
Blue: This process is the same as grey hydrogen, except that the greenhouse gases

are captured using carbon capture and storage technologies.

•
Green: In this, renewable energy sources such as solar or wind are used to elec-

trolyze water to produce hydrogen and oxygen. Needless to say, this is the most

environmentally friendly desired option.

Natural gas is essentially a fossil fuel, the largest component of which is methane

CH4. A process called steammethane reforming (SMR), which is also known as the

Bosch process is used to convert methane into hydrogen and carbon dioxide. This

process currently accounts for 48% of all hydrogen production. The chemical reac-

tion for this process is as follows:

1) At high temperatures (700–1,100 C), water vapor (steam) is mixed with natu-

ral gas. Then the following reactions take place:

2) CH4+H2O CO+ 3H2

3) CO+H2O CO2+H2

4) Carbon dioxide is released into the atmosphere.

The process is shown in Figure 11.26.

The blue hydrogen is produced using the methane pyrolysis process, in which

methane is passed through a molten metal catalyst at a high temperature
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(1,650 C) in the absence of oxygen. The resulting product is solid carbon and

hydrogen, as per

CH4 C+ 2H2

The solid carbon can be used for various processes or simply for landfill. The

methane pyrolysis process is shown in Figure 11.27.

Green hydrogen is the most promising technology from a climate change point

of view. In this, renewable energy sources such as wind and solar are used to elec-

trolyze water to produce hydrogen. There are different types of electrolysis tech-

nologies that are currently available [22]. Of these, proton exchange membrane

(PEM) electrolysis is the most promising one. It consists of a solid polymer elec-

trolyte that can operate at high current density. It has an efficiency of over 80%.

The schematic diagram of a PEM electrolysis process is shown in Figure 11.28.

The governing chemical reactions are as follows:

Anode: H2O 2H++½ O2+ 2e−

Cathode: 2H++ 2e− H2

Total reaction: H2O H2+½ O2

SMRMethane

Water

Heat

Grey 
hydrogen

Figure 11.26 Grey hydrogen production through the SMR process.

Methane
pyrolysisMethane

Heat

Solid
carbon 

Hydrogen

Figure 11.27 Blue hydrogen production through methane pyrolysis process.
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11.4.2 Hydrogen Storage and Transmission

Large-scale storage of hydrogen is mostly geographically dependent. A salt cavern

is a large underground cavity that has been created by deposits of dried-up seas.

Salt caverns are usually found deep below the earth’s surface. Since the 1970s, they

have been used as long-time storage of various chemicals, such as natural gas, pro-

pane, butane, and ethane [23]. These caverns exist in nature and have an efficiency

retention of about 98%. Hydrogen can be stored in such caverns under high

pressure enabling a high discharge rate. Therefore, they are suitable for power gen-

eration. Moreover, these caverns offer a low risk of contamination of hydrogen as

opposed to natural gas or oil reservoirs. However, the walls of the caverns must be

75% of the cavern diameter.

Depleted oil or gas reservoirs can also be used for hydrogen storage. Even though

these are larger in size than salt caverns, they can contaminate hydrogen with oil or

gas residues,whichwill have to be removed before hydrogen can beused in fuel cells.

For automotive or small applications, hydrogen in compressed or liquefied

forms can be stored in storage tanks. These have a high discharge rate of around

99% efficiency. However, hydrogen has only about 15% energy density compared

to petrol. Therefore, the tank storage capacity must be about seven times that of

gasoline fuel pumps for vehicular applications.

Hydrogen transport over long distances can be very expensive due to its low

energy density. At the same time, large-scale green hydrogen production will usu-

ally take place in remote areas where large solar farms can be placed or where

there are large wind farms. There are a few such areas that have been identified

in Australia. In some countries, natural gas pipelines are already existing, which

can be used, or new infrastructure can be developed. As has been pointed out in

[23], pipelines are a suitable option for a distance of less than 1,500 km. For
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Figure 11.28 Green hydrogen production through PEM electrolysis.
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transporting hydrogen over this distance, it must be (a) liquified, (b) converted into

ammonia, or (c) converted into liquid organic hydrogen carriers (LOHC).

The main problem with the liquification of hydrogen is that it has to be cooled at

−253 C, which will require a large amount of energy. Converted hydrogen into

ammonia and reconverting it back to pure hydrogen will probably use 15–30% of

the energy contained in hydrogen. Nevertheless, ammonia can be liquified at

−33 C and can contain 1.7 timesmorehydrogen than liquified hydrogen.Moreover,

ammonia can also be directly used for fertilizers and other industrial applications.

One of the promising methods of hydrogen storage and transportation is to use

LOHC. This process involves a hydrogeneration process through which hydrogen

molecules are bound together with LOHC, thereby storing hydrogen in liquid form.

The hydrogen then can be extracted from this liquid through the dehydrogenation

process where the hydrogen is released, and the liquid becomes dehydrogenated.

This is a mode of hydrogen transport that has already been established in Japan.

11.4.3 Utilization of Hydrogen

Hydrogen can be used as storage or bulk power generation and, at the same time,

can also be used in automotive industries. In the Netherlands, a 440MW combined

cycle gas turbine (CCGT) plant has been converted into hydrogen from natural gas

[23]. Fuel cells offer flexible power generation and storage options for smaller gen-

eration capacity (up to 2MW), currently.

A fuel cell can generate electricity from hydrogen through a chemical reaction.

Hydrogen is fed to the anode of a fuel cell, where a chemical reaction strips the

electrons from the hydrogen atoms. The ionized hydrogen atoms now carry pos-

itive electrical charges. The current can

then flow if the output of a fuel cell is con-

nected to a load in a direction that is oppo-

site to the negatively charged electrons.

Oxygen from the air is fed to the fuel cell

at the cathode. There, it combines with

the electrons returning from the electrical

circuit and hydrogen ions that have traveled

through the electrolyte from the anode. The

electrolyte in a fuel cell only allows appro-

priate ions to pass between the anode and

the cathode. It prevents electrons from trav-

eling through them so as not to disrupt

chemical reactions. A typical fuel cell is

shown in Figure 11.29. There are several

types of fuel cells [7]. Of these, the PEM fuel

Anode Cathode
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Figure 11.29 A typical fuel cell.
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cell has an efficiency of 40–50% and an operating temperature of 80 C. Solid oxide

fuel cell has a higher efficiency (60%) but must operate at about 1,000 C. The

advantage of this type of fuel cell is that the waste heat can also be used for power

generation.

One of the main attractions of fuel cells is their usage in the automotive industry.

However, except for Toyota, no other major manufacturer has started building fuel

cell cars yet. Toyota Mirai has been sold since 2014. One of the main advantages of

fuel cell cars is that their tanks can be filled quickly like any petrol (gasoline) car.

However, that will require a large hydrogen refueling infrastructure, which is not

present right now. Moreover, fuel cell cars operate very efficiently and effectively

at steady speeds on flat roads. They cannot provide enough acceleration to merge

on fast-moving highways. Toyota has added high-voltage, low-capacity batteries

(like their hybrid electric vehicles) to supplement power during acceleration for

a relatively short period of time. Hopefully, it is expected that these shortcomings

will be overcome as fuel cell cars become popular in the future when other major

manufacturers enter the market.

Wärtsilä is a Finnish multinational corporation known for its innovative

approaches to marine and energy systems. Wärtsilä 31 is a medium-sized,

four-stroke engine that holds the Guinness World Record for the most efficient

diesel engine with 165 g fuel consumption per kW-h of energy production. In

2024, Wärtsilä announced the development of Wärtsilä 31SG-H2 and Wärtsilä

31H2 engines [24]. Wärtsilä 31SG-H2 is a hydrogen-ready engine that can run

on natural gas with a 25% hydrogen blend. With a larger volume of hydrogen

intake, it can run in 100% carbon-free mode. Wärtsilä 31H2 runs purely on

hydrogen. These engines are rated between 4.5 MW and 10 MW. However, with

bigger engine capacity, such engines have the potential to solve the baseload

problem.

11.5 Nuclear Fusion

Nuclear fusion is the process by which two light atomic nuclei combine to form a

single heavier nucleus, releasing massive amounts of energy. Our sun and other

stars fuse lighter hydrogen atoms to form heavier helium atoms. When hydrogen

is heated to millions of degrees Celsius, it forms into plasma in which the nega-

tively charged electrons are separated from the positively charged atomic nuclei.

Usually, positively charged nuclei repel each other. However, under the massive

gravitational force of the sun, and due to the high temperatures, the ions move

faster and eventually, come closer to each other. The nuclei then fuse releasing

huge amounts of energy [25].
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Nuclear fusion can be called the Holy Grail of energy production. Once a tech-

nical breakthrough is achieved, the electric power problem of the entire world will

be solved. There are several technical barriers that must be overcome before

nuclear fusion can be energy positive, that is, produce more energy than given

as an input. The massive gravitational force of the sun makes fusion possible,

which is not possible on the earth. However, nuclear fusion is an attractive prop-

osition – it produces four times more energy per kilogram than nuclear fission and

nearly four million times more energy than fossil fuels such as coal or gas [25].

Moreover, there is no possibility of catastrophic accidents to occur. If the reactor

is damaged, heat generation will rapidly cease, and the production of plasma will

stop. There is also no possibility of a divergent chain reaction like a fission reactor.

It will also not have the trouble of sorting or storing nuclear waste as well.

The most pursued fusion process currently is called deuterium–tritium (D–T)

fusion This is the fusion of the two isotopes of hydrogen – deuterium and tritium

[25]. The atoms of each of these contain extra neutrons. Deuterium can be

extracted from seawater, through an inexpensive process. Tritium is not naturally

available on the Earth but can be found in the upper atmosphere. It can be pro-

duced artificially when lithium reacts with fusion-generated neutrons. Usually, it

is a byproduct of the operation of nuclear reactors where ceramic pebbles contain-

ing lithium are present. The fusion process is shown in Figure 11.30.

The fusion reaction temperature required is more than 100 million degrees

Celsius, which is hotter than the sun. This temperature will make deuterium

and tritium fuse if the pressure and magnetic forces are maintained [25].

Currently, the largest experimental facility is constructed by International Ther-

monuclear Experimental Reactor (ITER) in Southern France. This is a multina-

tional project with the goal of producing 10 times more thermal output power

than the input. This project uses the so-called tokamak reactor. In this, the plasma

is confined in a donut shape (torus) using magnetic fields. Magnetic fields are used

because the separated ions and electrons follow the magnetic field lines. Also, the
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Figure 11.30 Typical nuclear
fusion process.
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strong magnetic attraction prevents the particles from coming in contact with the

reactor walls, thereby dissipating heat. A stellarator reactor also works on the prin-

ciple of plasma confinement requires less injected power than a tokamak. The

fusion research has gained much traction currently. There are several experimen-

tal facilities that have been constructed around the world. Several other technol-

ogies are being considered currently such as lasers and X-rays. For a review of

these technologies and projects refer to [26].

11.6 Renewable Energy in Power Transmission Systems

Renewable energy generated from hydropower plants and geothermal power

plants have been integrated into power transmission systems for a long time. They

act more like thermal or nuclear power plants due to the large inertia of the asso-

ciated generators. Their energy can be termed as dispatchable (generated on

demand), even though there may be seasonal variations due to rainfall in hydro

plants. Moreover, pumped hydro storage (PHS) systems have been operational

for a long time and their operational characteristics are well-known. Among

the newer technologies, wave energy, tidal energy, or hydrogen are still in the

experimental stages and impacts on transmission systems cannot be evaluated.

Furthermore, nuclear fusion, which can be the ultimate goal, is still decades away

from coming to fruition.

Wind turbines and farms and PV-based solar farms are the most mature renew-

able energy technologies that are prevalent currently. However, the sun does not

always shine, and the wind does not always blow. Furthermore, most of these sys-

tems are connected to power grids through power converters. Usually, power con-

verters cannot supply the required inertia, as opposed to synchronous generators.

As the penetration level of renewable energy sources increases in a power grid, the

overall inertia of the grid reduces. Low inertia can lead to grid instability resulting

from grid faults and other disturbances. A system with low inertia responds more

rapidly to changes in generation or load, which can lead to several challenges:

•
Frequency Instability: Inertia helps to regulate the frequency of the power sys-

tem. When there is low inertia, the system is less able to maintain a stable fre-

quency, and even small disturbances can cause significant frequency deviations.

This can lead to under-frequency or over-frequency events, which can trigger

protective relays to issue trip commands to circuit breakers and can potentially

result in widespread outages.

•
Voltage Fluctuations: Rapid changes in generation or load can lead to voltage

fluctuations, affecting the quality and reliability of power delivery to consumers.

486 11 Renewable Energy



•
Grid Resilience: Systems with higher inertia can better withstand and recover

from disturbances such as faults or generator trips. Low inertia systems may

struggle to absorb and mitigate the impact of such events, increasing the risk

of cascading failures and widespread blackouts.

To address the challenges associated with low inertia, various measures need to

be implemented such as:

•
deployment of energy storage units such as batteries or flywheels,

•
deployment of synchronous condensers,

•
implementation of advanced monitoring and control technologies, and

•
the addition of flexible generation resources that can ramp up or down to com-

pensate for the variability of renewable generation.

It is imperative that the low inertia problem can be addressed effectively such

that grid stability is maintained as the renewable energy penetration increases.

A synchronous condenser is a synchronous motor that runs without a load. When

it is overexcited, it supports the voltage level by injecting reactive power. It can

absorb reactive power to reduce the voltage when it operates in an underexcited

mode. Moreover, a synchronous condenser, with its rotating mass, can also con-

tribute to system inertia during transients.

There are several measures that have been considered lately to have the stable

operation of a grid with less inertia [27], for which there will be short-term solu-

tions and long-term solutions. The short-term solutions include volt/var support

through droop control, active power control through frequency regulation, ancil-

lary services, and fault ride through. The long-term solutions will depend on the

converter control and configurations. In general, there are two types of converters

that are used for utility applications – grid following and grid forming [28]. A grid-

following (or grid-tied) converter injects current into the power grid, thereby con-

trolling the real and reactive power supply. They are synchronized through a

phase-locked loop (PLL). A grid-forming converter (GFC), on the other hand, acts

like a controllable voltage source. This is discussed below.

11.6.1 Grid Forming Converter (GFC)

AGFC has the capability of controlling the voltage and frequency of the grid, more

or less in the samemanner as a synchronous generator. Some of the key features of

GFCs are:

•
Voltage and Frequency Regulation: GFCs can regulate both the voltage magni-

tude and frequency, even in the absence of external grid support.
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•
Inertia Emulation: A GFC can emulate the inertia of a traditional synchronous

generator. This is called a virtual synchronous generator (VSG), which is dis-

cussed in the next section.

•
Islanding Capability: GFCs can supply power to local loads even when discon-

nected from the main grid. This feature is essential for microgrid applications

and enhancing grid resilience.

•
Fast Response Time: GFCs have fast response time, which allows them to quickly

adapt to changes in grid conditions and support dynamic grid operations.

GFCs are often used in renewable energy integration. The schematic diagram of

a GFC is shown in Figure 11.31. In this figure, the asterisk denotes the reference

quantities, which are power, reactive power, voltage, and frequency. The real and

reactive powers are calculated from the measurements of voltage and current.

They are then passed through power–frequency (P–f ) and reactive power–voltage

magnitude (Q–V) droop to calculate the desired voltage magnitude and frequency.

These are then used in PWM to control the converter switches. The P–f droop con-

trol has been discussed in Section 4.4. A similar approach can also be applied for

Q–V droop. A review of GFCs can be found from [29].

11.6.2 Virtual Synchronous Generator (VSG)

A VSG is a concept that emulates the behavior of a traditional synchronous

generator through a GFC. Through this, a GFC can control both the voltage

AC grid

DC bus FilterRenewable 
energy 
source

V

Q

f

P

Droop control

P

Q

P* Q* V * f *

PWM

fV

Figure 11.31 Renewable energy connection through grid forming converter.
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magnitude and frequency of the grid, providing stability like traditional genera-

tors. The VSG emulates the inertia of a synchronous generator, whereby it operates

in the samemanner as a synchronous generator. However, a VSG typically has fast

response times, allowing it to quickly adjust its output in response to changes in

grid conditions. This rapid response helps maintain grid stability and ensures reli-

able power delivery.

The schematic diagram of a VSG is shown in Figure 11.32. Apart from active

power–frequency and reactive power–voltage droop equations, it has a governor

model and a swing equation [30]. The governor model generates the mechanical

power that will be used in the swing equation. The governor equations are given by

Pm =
G

1 + sT
P∗

−DΔω

Δω = ω−ω∗

11 28

where D is the droop gain, and P∗ is the reference power. The term Δω = ω−ω
∗ is

obtained from the droop equation, where ω
∗ is the reference frequency in rad/s

and ω is the output of the droop equation.

The swing equation, given in (7.37), is modified to include a damping term KD.

This is expressed as

dδ

dt
= ω∗ × Δωsw 11 29

dΔωsw

dt
=

1

2H
Pm −Pe −

KD

2H
Δωsw 11 30

+

–

Q

Q

*

PWM
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ω

P

P

Pm

P*

P

V

Q

1+sT

G

Voltage
reference

Q-V droop

P-ω droop

Swing
equation

D
δ Δωsw

Figure 11.32 Schematic diagram of a virtual synchronous generator.
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ωCONV = ω + ωsw 11 31

whereωCONV is the desired frequency of the converter output voltages. The voltage

reference is obtained from the Q–V droop equation and the instantaneous refer-

ence voltages of the converter are then computed as

va = V sin ωCONV t + δ

vb = V sin ωCONV t + δ− 120

vc = V sin ωCONV t + δ + 120

11 32

These are then tracked through a feedback control mechanism using pulse

width modulation (PWM).

A typical P-f droop equation is given by

ω = ω∗ + n P∗

− P 11 33

Usually, the power measurement will contain ripples, which are removed

by passing the signal through a lowpass filter (LPH) with a transfer function of

1/1 + sτ. The droop equation of (11.33) can then be modified in the Laplace

domain as follows:

ω = ω∗ + n P∗

−

1

1 + sτ
P 11 34

The rearrangement of (11.34) results in the following equation:

P =
1 + sτ

n
ω∗

−ω + 1 + sτ P∗

=
1 + sτ

n
ω∗

−

1 + sτ

n
ω + P∗ + sτP∗

11 35

Note that s = d/dt, and because ω∗ and P∗ are constant values, their derivatives

will be zero, that is, sω∗ = 0 and sP∗ = 0. Equation (11.35) is then written as

P =
1

n
ω∗

−

1

n
ω− τ

dω

dt
+ P∗

Rearranging the above equation, the following equation is obtained.

τ

n

dω

dt
= P∗

− P−
1

n
ω−ω∗ 11 36

Since dω/dt = d2δ/dt2, (11.36) is modified as

τ

n

d2δ

dt2
= P∗

− P−
1

n
Δω 11 37

Equation (11.37) is equivalent to the swing equation [31].
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11.6.3 Fault Ride Through (FRT)

Fault ride through (FRT) is the capability of electrical equipment, particularly

power converters, and grid-connected devices, to remain operational and stable

during transient faults or disturbances in the power grid. These disturbances could

be caused by short circuits, voltage sags, or other irregularities in the grid. When a

fault occurs in the power grid, there is a sudden change in voltage and/or current

levels. Previous inverter-interfaced renewable generators could disconnect from

the power system under such conditions. However, with the increased penetration

of wind and solar farms, this is not possible as the disconnections during a fault

may cause the grid to be unstable, resulting in widespread blackouts. Therefore,

the modern grid codes that the renewable generators stay connected to ride

through grid disturbances.

Equipment with FRT capability can detect these changes and respond appropri-

ately to ride through the fault without shutting down or causing further disrup-

tions to the system. This capability is crucial for maintaining the stability and

reliability of the electrical grid, as it helps prevent cascading failures and mini-

mizes downtime. For example, according to National Grid in the United Kingdom,

grid code CC.6.3.15 defines the FRT as follows [32]:

•
The generating plants will remain stably connected to the power system for a

fault (balanced or unbalanced) up to 140ms.

•
The generating plants will remain stably connected to the power system for bal-

anced voltage dips of more than 140 ms.

FRT is often a requirement for grid-connected renewable energy systems, such

as wind turbines and solar inverters, to ensure that they can continue to operate

seamlessly even in the presence of grid disturbances. A widespread gird distur-

bance and blackout occurred in South Australia (SA) on September 28, 2016.

Prior to the event, electricity demand in SA was 1,826 MW, of which 883 MW

was generated by wind, 330 MW was generated through gas turbines, and

613 MW was imported from Victoria through two interconnectors [33]. The

extreme weather conditions resulted in five faults in 87 seconds, after 4 PM.

These faults resulted in six voltage disturbances and 456 MW of wind power

being lost. Also, there was a transient reduction of 42 MW of wind power. These

events required that 900 MW be supplied from Victoria through the Heywood

interconnector. This is beyond the capacity of the interconnector, and it tripped.

There was no immediate load shedding, and, consequently, due to the mismatch

between the generation and load, the frequency collapsed resulting in a system-

wide blackout. As per the Australian Energy Market Operator (AEMO), the soft-

ware settings prevented frequent ride through [33]. A group of wind turbines that

could not handle repeated dropouts were disconnected.
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A typical low-voltage ride through curve for wind generators is shown in

Figure 11.33. In this, the fault occurs at t0, where the power drops 0.2 per unit.

The fault is cleared at t1 and the power ramps up to 0.9 per unit till time t2. There

are three areas [34]:

•
Area-1: The wind turbinemust remain connected to the power systemmaintain-

ing normal operation.

•
Area-2: The wind turbine must remain connected to the grid. During this time,

the wind turbine must supply the required reactive power to provide maximum

voltage support.

•
Area-3: The wind turbine may disconnect from the grid.

Type 1 and Type 2 wind turbines cannot supply sufficient reactive power that

will be required for the turbines to provide maximum voltage support. To avoid

this problem, STATCOM can be employed. Different jurisdictions have different

grid standards for FRT. In [35], some of these low voltage ride-through (LVRT)

curves are given, along with discussions on how to develop FRT criteria.

11.7 Renewable Energy in Power Distribution Systems

The are several rooftop PVs that are getting connected to power distribution sys-

tems. Usually, these are connected to one of the three phases of a three-phase sys-

tem. They cause several problems in the power distribution systems such as

1.0

Time

V (pu)
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0.9

0.2

0
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Area-3

Area-2
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Area-3

t1 t2
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Figure 11.33 A typical low-voltage ride through curve.
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voltage rise, increased line losses, voltage unbalance, and unbalanced reverse

power flow. Some of these aspects are discussed in this section.

11.7.1 Voltage Rise and Line Loss

Consider the single-phase distribution system that has a rooftop PV connection at

the load bus, as shown in Figure 11.34. The feeder impedance is given by R+ jX.

The load is assumed to be constant PQ type drawing real power PL and reactive

power QL. The PV is injecting real power PPV and reactive power QPV. The total

real and reactive power entering or leaving the load bus is then

P = PL − PPV and Q = QL −QPV

Let the sending and the receiving end voltages be denoted as

VS = V1 0 and VR = V 2 − δ

Then the current flowing through the feeder is

I =
V 1 0 − V 2 − δ

R + jX
11 38

The complex power at the load bus is then given by

P + jQ = V 2 − δ × I∗ = V 2 − δ
V 2 0 − V 2 δ

R− jX

=
V1 V 2 − δ− V2

2

R− jX

11 39

Separating the real and imaginary components, we have the following two

equations:

PR + QX = V 1 V 2 cos δ− V2
2 11 40

QR−PX = − V1 V 2 sin δ 11 41

PV

PL
R

X

QLPPV
QPV

I

VS
VR

P, Q

Figure 11.34 A single-phase
distribution system with a PV
connection.
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Knowing P, Q, R, X, and V1, the quantities V2 and δ can be determined by

Newton–Raphson method, where the Jacobean matrix is given below.

J =
V 1 cos δ − V 1 V 2 sin δ

V1 sin δ V 1 V 2 cos δ

Example 11.3 For the system of Figure 11.34, the following parameters are

chosen:

VS =
415

3
= 239 6 V,R = 0 2 Ω,X = 0 1 Ω

The constant PQ load is assumed as 800W, with a lagging power factor of 0.95,

that is,

PL = 800W,QL = tan cos− 1 0 95 = 262 95 Var

A few specific cases are considered. They are discussed below.

Case-1 (No PV Injection): In this case, P= PL andQ=QL. The results are as follows:

VL = 238 82 − 0 027 V

I = 3 526 − 18 22 A

The line loss (|I|2R) is equal to 2.487W.

Case-2 (Low PV Injection at Unity Power Factor): Let us assume that the PV is

injecting 800W of power at unity power factor, such that P = 0 and Q = QL.

This implies that the entire load demand is supplied by the PV, while the source

only supplies the reactive power requirement of the load. The results are as

follows:

VL = 239 49 − 0 053 V

I = 1 098 − 89 95 A

The line loss is equal to 0.24W. Since the feeder current is almost reactive, the line

loss is very small.

Case-3 (High PV Injection at Unity Power Factor): Let us assume that the PV is

injecting 4 kW of power at unity power factor, such that P = − 3200 W and

Q = QL. This implies that 3,200W power is being feedback to the source. The

results are as follows:

VL = 242 13 0 36 V

I = 13 26 − 174 93 A
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The line loss is equal to 35.17W. Since the current has increased, the line loss has

also increased significantly. Also, the load voltage leads the source voltage as the

power is feedback toward the source.

Case-4 (High PV Injection at Non-unity Power Factor): Let us assume that the PV is

injecting 4 kW of power at unity power factor and supplying the total reactive

power of the load, such that P= − 3200W andQ= 0. The results are as follows:

VL = 242 24 − 0 32 V

I = 13 21 − 179 68 A

The line loss is equal to 34.9W. There is no significant improvement in the sys-

tem performance vis-à-vis that of Case-3.

With the PPV remaining constant at 4 kW, the reactive power QPV injected by the

PV varied from −4 kVar to +4 kVar. The line loss and the load bus voltage are

shown in Figure 11.35. It can be seen that the line loss is higher as the reactive

power absorption increases, even though it reduces the load bus voltage. The line

loss is minimal when the reactive power is about 10% of the real power. Increased

line loss not only causes wastage of power generation but also can cause heating in

the distribution feeder.

100

(a) Line loss (W)

(b) Load bus voltage (V)
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Figure 11.35 Line loss and load bus voltage with the variation in reactive power.
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Example 11.4 Consider the distribution system shown in Figure 11.36. The sys-

tem parameters are as follows:

VS = 230 V,Zf = 0 02 + j0 01Ω,ZS = 5Zf

Note that the distribution feeders are mostly resistive and hence the resistance

has been chosen to be twice the reactance. The loads are assumed to be PQ type, as

indicated in Figure 11.36, where the subscripts indicate the bus number. There are

two load conditions – light and heavy load. These are listed in Table 11.2. The loads

are assumed to have a power factor of 0.90. In this example, we shall consider that

the PVs inject power at the unity power factor, where the PV ratings are listed in

Table 11.2.

The PVs are connected one at a time. First, the PV at bus-5 is connected, then

the PV at bus-4 is connected, followed by the PV at bus-3 and bus-2. We shall

consider the heavy load case first, where the PVs are connected one at a time.

The results are listed in Table 11.3. Similarly, the results for light load are listed

in Table 11.4.

VS

ZS

1

Zf Zf Zf

2 3 4 5

P1, Q1

P2, Q2 P3, Q3 P4, Q4 P5, Q5

PPV5, QPV5PPV4, QPV4PPV2, QPV5

Figure 11.36 A five-bus radial system with PV injection.

Table 11.2 Loads and PV injection for the system of Figure 11.33.

Conditions Bus-2 (kW) Bus-3 (kW) Bus-4 (kW) Bus-5 (kW)

Light load 1 1.2 1.5 2

Heavy load 4 4.2 5 5.5

PV injection 2 3 3 5
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The results are displayed graphically in Figures 11.37–11.39, where the case

numbers are denoted as follows:

•
Case-1: No PV is connected.

•
Case-2: PV connected to bus-5.

•
Case-3: PVs connected to buses 5 and 4.

•
Case-4: PVs connected to buses 5, 4, and 3.

•
Case-5: PVs connected to buses 5, 4, 3, and 2.

The magnitudes of voltages at bus-4 are shown in Figure 11.37. The trends dur-

ing both the heavy and light load cases are similar – as the PV injection increases,

the voltage magnitude increases. However, the magnitude remains lower than the

nominal voltage of 230 V during the heavy load. On the other hand, the magnitude

rises above the nominal level as the PV injection increases.

The power flowing out from bus-1 (i.e., from the source) is shown in

Figure 11.38. When there is no PV, bus-1 supplies the entire power. When

one PV has been placed in bus-5, the power dispatched from bus-1 reduces by

Table 11.3 Impact of PV connection during heavy load.

PV connection |V2| (V) |V3| (V) |V4| (V) |V5| (V)
Source power
P1 (kW) Line loss (W)

No PV 219.39 217.61 216.41 215.77 19.80 1104

PV-5 221.73 220.52 219.79 219.62 14.34 641.14

PV-5,4 223.14 222.21 221.76 221.59 11.15 452.96

PV-5,4,3 224.52 223.86 223.42 233.25 8.02 323.97

PV-5,4,3,2 225.42 224.76 224.32 224.16 5.97 268.29

Table 11.4 Impact of PV connection during light load.

PV connection |V2| (V) |V3| (V) |V4| (V) |V5| (V)
Source power
P1 (kW) Line loss (W)

No PV 226.87 226.35 225.97 225.75 5.79 96.99

PV-5 229.09 229.01 229.07 229.29 0.72 23.26

PV-5,4 230.38 230.57 230.88 231.10 −2.26 42.68

PV-5,4,3 231.66 232.11 232.42 232.64 −5.21 94.96

PV-5,4,3,2 232.51 232.96 233.27 233.48 −7.16 140.67
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about 5 kW, which is equal to the amount of PV injection. Subsequently, as more

PVs are added, the amount of power flowing from bus-1 decreases. During the

light load condition, the power flow reverses when more than one PV is con-

nected to the system.
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Figure 11.38 Power supplied by the source during (a) heavy load and (b) light load.
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Figure 11.37 Voltage magnitudes of bus-4 during (a) heavy load and (b) light load.
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The line loss is shown in Figure 11.39. Generally, it decreases as more PVs are

connected during heavy load conditions since the voltage difference is reduced. It

increases during light load conditions. However, the amount of line loss is signif-

icantly higher during the heavy load condition than during the light load

condition.

The above example shows that PV power injection at the unity power factor

causes the bus voltages to rise, especially during light load conditions. The voltage

rise is inversely proportional to the bus length from the substation, that is, the

further away the bus is from the substation, the more the voltage rise is. Also,

the voltage rise increases as the number of PV connected to the feeder increases.

Remember that this is a small feeder and therefore the voltage rise may not be that

significant. However, when there are 40 or so nodes connected to the feeder, the

voltage rise may cause the PV inverters to trip. The example below shows the effect

of non-unity power factor injection of PVs on the voltage rise and line loss.

Example 11.5 The voltage rise is a problem during the light load conditions.

Therefore, we shall only consider this condition for this example. Let us assume

that a converter injects I amount of current into a system at a unity power factor

with a voltage magnitude of V. Then the power injected is P = VI. Let us assume

1200
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Figure 11.39 Line loss during (a) heavy load and (b) light load.
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that the voltage magnitude remains constant. We now assume that the converter

absorbs (not injects) Q amount of power. Then the current will be

I =
P2 + Q2

V

This implies that the converter current must be rated 11.8% higher if 50% reac-

tive power (with respect to 100% real power) needs to be absorbed. Also, if the con-

verter absorbs 100% reactive power, the converter rating must increase by 41.4%.

Both these levels of reactive power absorptions are used in this study. The results

are tabulated in Tables 11.5 and 11.6. It can be seen that with reactive power

absorption, the voltage rise problem is arrested – the more the absorption, the less

the voltage rise is. However, this occurs at the expense of the line loss, that is, the

line loss increases with reactive power absorption.

11.7.2 Reverse Power Flow and Voltage Unbalance

As can be seen from Figure 11.38 (b) when there are several PVs in a distribution

feeder and the load is not sufficient to absorb the power generated, reverse power

flow can occur. Now consider the case of a three-phase distribution system. Since

the installation of rooftop PVs is strictly dependent on the customer’s willingness

Table 11.5 Results of different conditions for 50% reactive absorption.

PV connection |V2| (V) |V3| (V) |V4| (V) |V5| (V) Line loss (W)

PV-5 228.52 228.33 228.28 228.39 78.74

PV-5,4 229.48 229.49 229.63 229.74 144.07

PV-5,4,3 230.42 230.63 230.77 230.84 246.43

PV-5,4,3,2 231.05 231.26 231.40 231.51 324.75

Table 11.6 Results of different conditions for 100% reactive absorption.

PV connection |V2| (V) |V3| (V) |V4| (V) |V5| (V) Line loss (W)

PV-5 227.94 227.64 227.47 227.47 173.89

PV-5,4 228.54 228.37 228.33 228.33 338.79

PV-5,4,3 229.12 229.08 229.05 229.05 558.01

PV-5,4,3,2 229.51 229.47 229.44 229.44 715.48

500 11 Renewable Energy



and financial situation, there might be unequal numbers of PVs in different

phases. Moreover, the rooftop PVs are usually connected to the distribution grids

through single-phase inverters. The problems with this arrangement are:

•
One of the phases sees reverse power flow, that is, power flowing from down-

stream toward upstream substation. The other two phasesmay draw power from

the upstream network.

•
Two of the phases are feeding back power toward the upstream network, while

the third phase is drawing power from the upstream network.

•
All three phases are feeding back power to the upstream network, but not in

equal quantities.

These unequal forward or reverse power flows through the phases will cause a

severe unbalance in the upstream network, which will, in turn, be connected to a

transmission system. It is desirable that a transmission system works in a balanced

fashion. However, if several distribution substations feedback power in an unbal-

anced fashion, then the transmission system voltages will be affected. One way to

alleviate the problem is to use a distributed static compensator (DSTATCOM). The

following example illustrates the idea.

Example 11.6 Consider the 4-bus distribution system shown in Figure 11.40.

In this, the feeder is the backbone 11 kV system fromwhich different low voltage

feeders emanate. The low-voltage loads and feeders are aggregated. It is assumed

that all the distributed energy resources (DERs) are connected only to one of the

phases (phase-a). This is intentionally chosen to consider the worst-case scenario.

A DSTATCOM is connected at the point of common coupling (PCC). It will be

is

|Vt|∠δ
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PCC

DSTATCOM
LOAD-1
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LOAD-4

PV-1

PV-4

1

4

Figure 11.40 A 4-bus distribution system containing loads, PVs, and a DSTATCOM.
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shown that the DSTATCOM can circulate power through its DC bus, thereby bal-

ancing the power to/from the upstream network.

A DSTATCOM is a VSC that is connected in a shunt with a distribution system

through passive filters. It can perform various functions, such as harmonic filter-

ing, power factor correction, load balancing, and voltage regulation. Usually, the

DC side of the DSTATCOM is supplied by a DC storage capacitor. However, in this

example, we assume that the DC side is connected to a battery energy storage sys-

tem (BESS). The advantages of using a BESS are that the BESS can (a) store energy

when the renewable generation is high and the load is light, and (b) supply energy

when the load is high, and the renewable generation is low or is not available. It

has been assumed that the DSTATCOM operates in the voltage control mode

where it regulates the PCC voltage to a prespecified fixed value in a balanced fash-

ion. It has been assumed that the source voltage is balanced. Then, once the PCC

voltage gets balanced, the source current will also get balanced, irrespective of the

direction of power flow.

When the DSTATCOM operates in the voltage control mode, a prespecified volt-

age magnitude of |Vt| is chosen. The VSC control determines the voltage angle δ

that is required for the amount of power flow in and out of the BESS. The VSC

switching control generates a balanced voltage with magnitude |Vt| and phase

angle δ. DSTATCOM structure and control are discussed in detail in [36, 37].

The system parameters are given in Table 11.7. With the PVs injecting power in

the steady state, the DSTACOM is connected at 0.1 seconds. It is desired that the

Table 11.7 System parameters of the 4-bus system of Figure 11.36.

System quantities Values

Bus-1

Load impedance Phase-a: 400 + j131.48Ω
Phase-b: 640 + j210.36Ω
Phase-c: 2400 + j788.85Ω

PV 300 kW

Bus-2

Load impedance Phase-a: 300 + j98.605Ω
Phase-b: 560 + j184.06Ω
Phase-c: 2200 + j723.11Ω

PV 250 kW

Bus-3

Load impedance Phase-a: 200 + j65.737Ω
Phase-b: 480 + j157.77Ω
Phase-c: 2000 + j657.37Ω

PV 400 kW

Bus-4

Load impedance Phase-a: 100 + j38.868Ω
Phase-b: 400 + j131.47Ω
Phase-c: 1800 + j591.63Ω

PV 350 kW
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DSTATCOM supplies 100 kW power once it is connected and the DSTATCOM

desired voltage is 11 kV (i.e., 6.35 kV line-neutral). The results are shown in

Figs. 11.41 and 11.42. The power flowing from/to the upstream network for the

three phases is shown in Figure 11.41 (a). Before the DSTATCOM connection,

phase-a feeds back about 530 kW of power to the network, while phases b and

c draw 252.5 and 67.4 kW from the network, respectively. Once the system settles

down after the DSTATCOM connection, all three phases send about 25.5 kW of

power to the network in a nearly balanced fashion. The power supplied by the

DSTATCOM is shown in Figure 11.41 (b). It is 100 kW, as desired.

Figure 11.42 depicts the various attributes of the PCC voltage, where rms mag-

nitudes of the three-phase voltages are shown in Figure 11.39 (a). They are 6.34 kV.

5.92 kV and 6.25 kV, respectively, for the three phases before the DSTATCOM con-

nection. After the DSTATCOM is connected, they become nearly equal to 6.35 kV,

as desired. The phase angles of the PCC voltages are shown in Figure 11.39 (b).

They are displaced by 120 from each other once the system reaches a steady state.

The voltage unbalance of a circuit is defined in terms of the ratio of the negative

sequence to the positive sequence magnitude, given by [36]

VUF =
Va2

Va1
× 100
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Figure 11.41 (a) Power flowing from the source and (b) power flowing out of the

DSTATCOM.
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The phasor positive voltage and the negative-sequence components are com-

puted from their instantaneous measurement [36]. The voltage unbalance factor

(VUF) that is computed thereafter is shown in Figure 11.39. The VU before the

DSTATCOM connection is 9.35%. However, it becomes 0.07% once the system

reaches the steady state.

11.8 Concluding Remarks

Three different renewable electric power generation technologies have matured so

far. These are hydropower, wind power, and solar PV-based power generation.

Other than these, there are several geothermal power plants around the world that

trap energy from the earth’s mantle. However, these are location dependent, and

their penetration level is low. Nevertheless, there are many technologies and pos-

sibilities to diversify electric power supply systems. This chapter provided a

glimpse of different technologies that are being considered these days. It is to
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Figure 11.42 Attributes of the PCC voltage (a) rms magnitudes, (b) phase angles, and
(c) voltage unbalance factor.
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be remembered that some of these technologies are in the experimental stages.

A significant amount of investment is required before they can become commer-

cially viable.

It is interesting to note that when these technologies mature or with the present

state of the art, some of them can provide baseload, and some of them will be non-

dispatchable. For example, hydro (even though it can be seasonal) and geothermal

can supply the baseload. On the other hand, solar PV, wind, tidal, and wave energy

are intermittent. A fully developed CSP can supply power day or night using ther-

mal storage if it is situated in a proper location. Hydrogen can be used for both

power generation and automotive applications, even though it is not a primary

source of energy. Finally, and obviously, with mature nuclear fusion technology,

most of the other technologies will become obsolete.

There are several problems that are been faced currently as the interconnection

of renewable generators increases in both transmission and distribution systems.

Some of these aspects are discussed in this chapter. One of the problems in power

transmission systems is the lack of inertia from renewable generators, which has

been discussed in Section 11.6. However, there are other problems that occur due

to the intermittency of wind and solar generation. To address this problem, energy

storage systems need to be deployed in strategic locations. The most common stor-

age of pumped hydro has a slow response time andmay not address the problem of

the rapid ramping rate of renewable generators. There are other storage systems

that are been developed these days like compressed air storage systems that are not

fast enough to address this issue either. Therefore, very large-scale battery storage

systems have been deployed or planned these days. Most of them use lithium-ion

technology and are situated in the United States, where California leads the

deployment. Moss Landing in California battery storage system has a capacity

of 750MW, with 3,000MWh energy storage capacity. Australia is also heavily

involved in large-scale battery deployment. Victorian Big Battery near Geelong

has a capacity of 300MW, 450MWh.

Some of the problems facing distribution systems are discussed in Section 11.7.

The integration of renewable energy is very prevalent in low-voltage power net-

works. Moreover, microgrids are also getting set up that join the distribution net-

works. Therefore, a more holistic approach is needed to address how to plan and

utilize the small-scale and distributed renewable generators. Also, almost all these

distributed generators are connected to the power grid through power electronic

converters. In general, these converters generate harmonics in the frequency range

of 150 Hz–2 kHz. However, wide band gap devices that are getting cheaper can

have switching frequencies in the range of 100 kHz. Therefore, the frequency

range of interest has been changed to 2–150 kHz [37]. A new filtering methodology

and protection philosophy must be created for addressing the harmonic problems.
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Problems

P11.1 The density of water changes with thermal expansion or contraction. For a

given temperature, the density of water is given by the following empirical

formula.

ρ T = ρ0 × 1− β T −T0

where ρ(T) is the water temperature at T C; ρ0 is the reference density of

water, which can be approximated as 1,000 kg/m3 at 4 C; T0 is the refer-

ence temperature of 4 C; and β is the thermal expansion of water, which

is approximately equal to 2.14 × 10−4/ C.

Then find the output power of a 95% efficient water turbine when at the

water falls from a height of 90 m at a temperature of 50 C, where the pen-

stock flow is 80 m3/s.

P11.2 Suppose a hydropower plant has 10 generators with 95% efficiency, each

with a water height of 90 m. These are operating at temperature of 50 C.

Then regulate the penstock flow of water such that these generators

together produce a power output of 600MW.

P11.3 Consider the equivalent circuit of a solar cell shown in Figure 11.9 (c).

Determine the percentage efficiency of the cell if it produces 0.40W at

Vd = 0.5 V. Given I0 = 10−9 A and ISC = 1 A at 25 C.

P11.4 Suppose a PV panel is supplying a 20Ω load. The PV output voltage Vd is

36 V and its current IL is 5.5 A at the maximum power point. Find the duty

ratio of the boost converter to deliver this power to the load.
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P11.5 Air density (ρ) at a height (h) can be calculated using the following

equation.

ρ = ρ0e
− h H kg m3

where ρ0 is the air density at the sea level, which is 1.225 kg/m3; H is the

scale height equal to 8,400 m.

Then calculate the wind power output when a wind turbine with a

diameter of 20 m is placed (a) at sea level, (b) at a height of 500 m and

(c) at a height of 1 km at a wind speed of 12 m/s.

P11.6 A 50mwind turbine has a TSR of 5 at wind speed of 15 m/s. Find (a) rotor

tip speed in m/s and (b) rotor speed in rpm.

P11.7 If the wind turbine of Problem 11.6 is placed at sea level, what is the max-

imum power can it produce at a wind speed of 15 m/s?

P11.8 A wind farm consists of 30 wind turbines, each with a diameter of 50 m.

The wind farm, which is placed at the ground level, is connected to a

power grid through a transmission line to an infinite bus. The power unit

impedance of the transmission line is 0.2 on a base MVA of 20 and a base

voltage of 66 kV. The wind farm voltage is boosted to 60 kV and its per unit

voltage is denoted by VW∠ 0 . The infinite bus voltage is given by

V∞ = 1 ∠ − δ. If the efficiency of all the wind turbines is 37.942%, then

find the angle δ when each turbine operates at a wind speed of 15 m/s.
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12

Fundamentals of Smart Grid

As mentioned in Chapter 1, the aim of the smart grid is to apply innovative

information and communication technologies to improve the reliability of power

systems. The conceptual diagram of a smart grid is shown in Figure 12.1. The

different components of a smart grid are listed below:

•
A smart grid will have generation that can be traditional as well as renewable.

•
Since most renewable generations are dependent on weather, a smart grid will

need weather forecasting algorithms.

•
The transmission systems can be AC or DC. AC systems will be equipped with

energy management systems, including phasor measurement units (PMUs) and

FACTS controllers.

•
The DC system can be two-terminal or multiterminal.

•
Most cyberattacks can occur during power transmission. To prevent these

attacks, cybersecurity is an important aspect of the smart grid as well.

•
Power distribution systems can have traditional distribution systems and micro-

grids (MGs).

•
Demand response (DR), substation automation, smart load shedding, and self-

healing are techniques implemented at this level.

•
Digital communication systems are the backbone of the smart grid opera-

tion, and different communication technologies can be integrated with the

smart grid.

There are four building blocks of a smart grid [1]. These are defined as follows:

•
Sensor System: CT, PT, phasor measurement unit (PMU), smart meter, etc.

•
ICT Infrastructure: Advanced metering infrastructure (AMI), home area

network (HAN), smart grid communications, cybersecurity, etc.
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•
Control Algorithms: Wide-area monitoring and control, distribution system load

management and reconfiguration, MG, DR, optimal power flow, fault detection

and recovery, interarea oscillation damping, self-healing process, etc.

•
Actuators: HVDC, FACTS, distributed generation, battery energy storage system

(BESS), breakers and reclosers, etc.

Of these, basic sensor systems have already been discussed in Chapter 6. Fur-

thermore, the actuators have been discussed in Chapters 8–10. More advanced

sensors will be discussed in this chapter. We shall also discuss some of the control

algorithms and (information and communication technology (ICT) infrastructure

in this chapter.

Smart grid is an evolving area where uniform standards are required to ensure

interoperability, reliability, and security of operations. Some of the key aspects of

smart grid standards are:

•
Interoperability: This is a very critical issue that ensures that different devices

from different vendors can communicate and work together seamlessly.

•
Security: To protect the grid and data from cyberattacks.

•
Reliability and Scalability: This is tomaintain the stability of supply, while allow-

ing the integration of new technologies and grid expansion.

There are several organizations that are working on different smart grid stan-

dards, such as the International Electrotechnical Commission (IEC), the Institute

DR
IEC 61850

Smart grid

Generation

AC

DC

FACTS

Transmission

Distribution

Weather 
forecast

Markets

PMU

Cybersecurity

Communication
systems

Figure 12.1 Conceptual diagram of smart grid.
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of Electrical and Electronics Engineers (IEEE), and the National Institute of Stan-

dards and Technology (NIST). Some of the smart grid standards are listed below:

•
IEEE 1547 for interconnecting distributed resources with electric power

systems.

•
NIST Framework and Roadmap for Smart Grid Interoperability Standards.

•
Distributed Network Protocol (DNP3), which is a set of communication proto-

cols for process automation.

•
Open Automated Demand Response (OpenADR) for automating DR.

•
IEC 61968/61970 for integration of energy management system applications.

12.1 Sensor Systems

Basic sensors such as CT and PT are discussed in Chapter 6. In this section, we

shall discuss advanced sensor systems that are used both for power transmission

system monitoring and control and for distribution system load management.

12.1.1 Computation of Phasors from Instantaneous Measurements

If the measurements of the phasors are available, then the power and reactive

power flowing through the line can be determined. Real power determines angle

stability, while reactive power determines voltage stability. Moreover, such mea-

surements are required for both power flow studies and state estimation.

Let a balanced set of three-phase voltages be given by

va t = 1,000 × 2 sin ωt− 30 V

vb t = 1,000 × 2 sin ωt− 150 V

vc t = 1,000 × 2 sin ωt + 90 V

12 1

where ω= 100π rad/s. Obviously, the negative- and zero-sequence voltages will be

zero, and the positive-sequence voltage will be Va = 1, 000∠ 0 V. The main aim

is to find the sequence components from the measurements of the instantaneous

voltages (or currents).

Instantaneous voltages are sampled. A sampling frequency of 600 Hz, which is

12 times the fundamental frequency of 50 Hz, is sufficient to capture the signal

properties [2, 3]. This implies that the waveforms need to be sampled 12 times

per cycle. Let us consider phase-a voltage. Let the instantaneous sampledmeasure-

ments be denoted by va(k), k = 0, 1, …. Let us define:

xa k = va k e j90 12 2
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Note that, for cosine waveforms, themultiplication by e j90 will not be necessary.

Then, the Fourier coefficient for the fundamental can be obtained using half-cycle

averaging to produce the phasor voltage of phase-a, as follows [2, 3]:

Va k =
1

3

5

k = 0

xa k e−jkπ 6 12 3

Similarly, the phasor voltages of the other two phases are obtained as follows:

xb k = vb k e j90 , V b k =
1

3

5

k = 0

xb k e−jkπ 6

xc k = vc k e j90 , V c k =
1

3

5

k = 0

xc k e−jkπ 6

12 4

The phasor components can be computed recursively from (12.2) to (12.4) [2, 3].

However, noting from (12.3) and (12.4) that only six samples are required for fun-

damental computation, a moving average filter (MAF) can be used for continu-

ously extracting the phasor components. The MAF is explained in Table 12.1.

In this, at any given time, only six samples are retained for the averaging process,

with the most recent sample numbered as the sixth sample. Once a new measure-

ment is available, the last measurement is discarded. The measurements of sam-

ples 1–5 are shifted left. The current measurement is then placed at the sixth

sample. In this way, only the six most recent samples are kept in the buffer.

Example 12.1 Consider the waveforms given in (12.1)

At the beginning, the MAF buffer is filled for the first half cycle (0.01 seconds).

Then, (12.2) to (12.4) are used to estimate the phasor components. The results are

shown in Figure 12.2. It can be seen that the estimates are accurate.

Table 12.1 Moving average filter characteristics.

Instant

Samples

1 2 3 4 5 6

k x(k− 5) x(k− 4) x(k− 3) x(k− 2) x(k− 1) x(k)

k+ 1 x(k− 4) x(k− 3) x(k− 2) x(k− 1) x(k) x(k+ 1)

k+ 2 x(k− 3) x(k− 2) x(k− 1) x(k) x(k+ 1) x(k+ 2)
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Example 12.2 Consider now a set of unbalanced three-phase voltages, given by

va = 1, 000 × 2 sin ωt− 30 V

vb = 900 × 2 sin ωt− 140 V

vc = 1, 000 × 2 sin ωt + 80 V

12 5

From (5.29) of Chapter 5, the phasor sequence components are computed as

follows:

Va0

Va1

Va2

=
1

3

1 1 1

1 a a2

1 a2 a

1, 000 − 30

900 − 140

1, 200 80

=

132 86 15

1022 8 − 31

139 53 − 177

V

Once the phasor components of the voltages are obtained, they are then used in

(5.27) to obtain the phasor sequence components at every sampling instant as

given below:

Va0 k

Va1 k

Va2 k

=
1

3

1 1 1

1 a a2

1 a2 a

Va k

V b k

V c k

12 6
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Figure 12.2 Estimation of phasor components from measured data for a balanced system.
(a) Voltage magnitudes and (b) angles.
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The traces of the sequence components as the time evolves are shown in

Figure 12.3.

In the phasor estimation process, the frequency is assumed to be constant at the

fundamental frequency of 50 Hz. However, the prevailing frequency may not be

50 Hz. The positive sequence vector rotates in the complex plane at a frequency

that is the difference between the fundamental frequency and the prevailing fre-

quency [4]. Let the positive sequence component be given by

Va1 k = Va1 e
jφ 12 7

Then, the prevailing power system frequency (ωp) can be computed from [4]

ωp = ω +
dφ

dt
12 8

Figure 12.4 shows the estimated frequency using (12.8) when the prevailing fre-

quency is 51 Hz. In the frequency estimation process, the data buffer is filled with

samples for the first half cycle and, therefore, the estimate is zero. However, once

the buffer is filled, the estimation process converges quickly.

The computation of instantaneous symmetrical components from the instanta-

neous measurements and extracting the phasor sequence components from them

using MAF are developed in [5]. It has been shown that half-cycle averaging can

eliminate odd harmonics. However, for the elimination of both even and odd har-

monics, the averaging period of the full cycle needs to be used.
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Figure 12.3 Sequence component (a) voltages and (b) their angles.
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12.1.2 Phasor Measurement Unit (PMU)

The schematic diagram of a typical PMU is shown in Figure 12.5. It contains an

anti-aliasing filter, analog-to-digital converter (ADC), and a microprocessor that

computes the phasors. It is expected that several PMUs will be located in a power

network at different locations. All these need to be synchronized together. For

example, in a power system containing two PMUs, PMU-1 starts its AD conversion

at time t1, while PMU-2 starts its AD conversion at time t2. The dataset then will

not be helpful as the power system voltage or current can change within millise-

conds. Therefore, to have meaningful data, both PMUs must start their AD con-

version at time t1. Moreover, several PMUs can be located in a large geographical

area. Therefore, all the PMUs must be synchronized with a global clock. The com-

puted phasor data are time stamped, that is, the instant of sampling is included

60
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Figure 12.4 Estimated frequency from positive-sequence component.
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Figure 12.5 Schematic

diagram of a PMU.
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with voltage and current phasor measurements. The time tag can include year, day

of the month, hour, minute, and second. The time can be local time or universal

time coordinate (UTC).

To coordinate the PMUs through a global clock, a constellation of satellites is used,

for example, the (Navigation Systemwith Timing andRanging (NAVSTAR) satellite

system. This is commonly known as the global positioning system (GPS) and is oper-

ated by the United States Space Force. This constellation has more than 24 satellites

that perform two orbits per day from an altitude of approximately 20,000 km above

the earth. The constellation ensures that at least four satellites are visible from any

point on the earth’s surface at any point in time. It has worldwide coverage with a

high degree of accuracy. There are other such satellite constellations around the

world. Figure 12.6 shows how the PMUs are coordinated.

PMU is a critical component in modernizing the electrical grid and ensuring its

reliable and efficient operation. It has several critical applications. Some of these

overlapping applications are listed below:

•
Wide-Area Monitoring and Control: PMUs provide high-resolution, time-

synchronized measurements of electrical quantities, allowing operators to mon-

itor the grid in real time. Moreover, PMUs can improve the accuracy of state esti-

mation by providing more accurate data.

PMUPMU
PMU

PMU

PMUPMU

GPS 
satellite

LPC

SPC

Figure 12.6 Multilayered GPS-synchronized PMU network.
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•
Enhancing System Protection: PMUs supply accurate data that can be used for

fault detection and localization. By providing a wide-area view of the power sys-

tem, PMUs help in quickly identifying the location of a fault, even in complex

grid topologies. Furthermore, PMU data can be used for dynamically adjusting

the relay settings based on real-time grid conditions, paving the way for adaptive

protection schemes.

•
Grid Stability and Reliability: PMUs can alleviate dynamic stability problems of

power systems by monitoring power system oscillations and identifying poten-

tial instability issues. Furthermore, PMUs can also improve voltage stability by

monitoring bus voltages to prevent voltage collapse.

•
Operational Efficiency: PMUs can improve operational efficiency by managing

congestion and implementing an effective load-shedding strategy to maintain

grid stability. Furthermore, PMUs can help in synchronizing renewable energy

sources with the power grid by supplying them with frequency and phase

information.

Some of these aspects are discussed in [6], which discusses various advantages of

PMU applications. In [6], a multilayered PMU network is discussed. The structure

of the network is shown in Figure 12.6. The bottom layer consists of the PMUs,

which are synchronized through the global clock signal that is sent via GPS satel-

lite. The next layer consists of several local protection centers (LPCs). Each LPC

coordinates with a number of PMUs. The top layer is for the data concentrator

and coordinator called the system protection center (SPC). This layer is responsible

for overall coordination and is interfaced with the LPCs and some of the PMUs

directly (see Figure 12.6). The SPC can also act as a data concentrator and can

be used in data centers for supervision, state estimation, and scenario analysis. Dif-

ferent aspects of PMUs are covered in [7]. This book covers wide-ranging topics

related to power system load estimation and wide-area control.

12.1.3 Smart Meter

Before the advent of microprocessor technology, power consumed by individual

customers was measured by electromechanical energy meters. At the heart of such

a type of meter is a thin induction disk that rotates at a speed that is proportional to

energy consumption. Usually, there are two coils: a current coil that is connected

in series with the load and a voltage coil that is connected in parallel with the load.

The interacting magnetic field of these two coils induces an eddy current on the

disk, producing torque. Then, the disk rotates at a speed that is proportional to the

product of the current and voltage, that is, power. Such energy meters were robust

and inexpensive. Traditional electromechanical energy meters had several dials

(usually between four and six). Some of the dials rotated in a clockwise direction,
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and some in a counterclockwise direction. The reading of these meters requires

expert knowledge, and the readings are prone to errors. Obviously, these meters

are inadequate for the modern power system under the smart grid paradigm.

Digital energy meterswere the next stage of energymeter development. The heart

of a digital meter is a microprocessor that computes the energy used and displays it

digitally. Voltage and current sensors are embedded in these meters. The measure-

ments from these sensors are converted into digital data through ADCs. A digital

meter data can be remotely monitored. Obviously, a communication medium will

be required for remote meter reading. There are several advantages of digital

meters. Some of these are listed below:

•
Digitalmeters provide high-precision energy consumption data for precise billing.

•
They offer real-time data on energy usage, allowing consumers and utility com-

panies to monitor consumption patterns and make informed decisions.

•
They can monitor power quality issues such as voltage sag/swell, harmonics,

transients, and interruptions.

•
They are tampering resistant, which can help in avoiding electricity-related fraud.

Smart meters are digital meters that are equipped with two-way communication

systems, that is, they can send information from customers to utility and from util-

ity to customers. Smart meters include all the functionalities of digital meters

while including advanced features such as two-way communication, real-time

data transmission, remote control, and support for dynamic pricing and DR. They

are integral to modern smart grids and energy management systems.

The smart meters are used in AMI, which is not a single entity. It is a collection

of smart meters that can transmit energy usage at regular intervals to utilities

through either wired or wireless communication mediums. The data are then

stored and analyzed for billing, load forecasting, and DR. Therefore, an AMI sys-

tem must include smart meters, HANs, communication technologies, and data

centers with software infrastructure. AMI is the main link between the grid and

the consumer loads, distributed generation, and storage. Basically, AMI connects

consumers with their distributed energy resources (DERs) and loads to distribu-

tion systemmanagement and its ancillary functions [8]. The design of an AMI sys-

tem has been discussed in [9].

12.2 Demand Response

With the continued prosperity around the world, businesses and industries con-

sume more electricity, and households can afford more electrical appliances

and devices. Furthermore, with the growth in population, the demand for electric-

ity keeps growing. Electricity demand growth has slowed in many developed
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countries due to the use of energy-efficient devices and the shift toward less

energy-intensive industries. The load demand growth in these countries is limited

to below 2% per year. On the other hand, the growth in energy demand in devel-

oping countries has been high, between 5% and 10% per year. This is due to rapid

urbanization, industrialization, and a rise in the standard of living. Moreover,

some of these countries manufacture goods that have been exported to various

parts of the world. Therefore, the choice is between setting up more power gener-

ation and transmission infrastructure or setting up mechanisms for demand cur-

tailment or shifting to take advantage of renewable energy generation peaks.

DR is a paradigm that uses a set of strategies and programs designed to adjust the

power demand rather than adjusting the supply. The customers participate in a DR

program with utility companies, where their electricity use can have a set plan

which is somewhat similar to a plan for cellular service. Such plans can be either

price-based or incentive-based.

The price-based DR program can be of the following types:

•
Time of Use Pricing: Different rates are set for different times of the day to

encourage consumers to shift their usage to off-peak times. For example, power

distributor Synergy in Western Australia has four different tariff structures for

energy usage. These, ranging from maximum to minimum prices, are Peak (3–9

PM), Off Peak (6–9 AM and 9–11 PM), Overnight (11 PM to 6AM), and Super Off

Peak (9 AM to 3 PM). The Super Off Peak tariff takes advantage of rooftop solar

PV generation during this time and is about 16% of Peak tariff. The peak tariff is

imposed when the energy consumption is high, and the grid is under maximum

stress.

•
Real-Time Pricing: This tariff can vary continuously based on real-time cost of

generation. This requires dynamic adjustment of load control.

The incentive-based programs are implemented with contracts between the uti-

lities and their customers. The different incentive-based programs are as follows:

•
Direct Load Control: In this scheme, the utilities can control some specific appli-

ances, such as air conditioners. Even though such schemes have been trialed in

different places, they are not preferred by customers.

•
Interruptible Programs: In this, the large consumers agree to reduce their

demand upon request in exchange for lower rates.

•
Demand Bidding: Large consumers or load aggregators can offer bids to reduce

their demands at specific times. They are compensated if their bids are accepted.

Basically, DR is about controlling the consumer loads. The load management

categories are shown in Figure 12.7.

Not all household loads can, however, participate in a DR program. For exam-

ple, cooking appliances such as electric stoves, ovens, microwave ovens, or air
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fryers cannot be a part of a DR regime because they have the maximum priority for

domestic customers. The loads that can participate in DR program have the follow-

ing characteristics [10]:

•
Controlling those loads can result in minor inconvenience to the customers, for

example, air conditioners and nonessential lighting.

•
Controlling those loads will go mostly unnoticed by the customers, for example,

electric vehicle (EV) charging and swimming pool pumps.

Some of the good candidates for DR program are as follows [10]:

•
Dishwasher.

•
Washer and dryer.

•
Electric hot water system.

•
Some aspects of refrigerator operation such as defrost cycle.

•
Battery charging for consumer electronics and EVs.

For example, dishwasher, washer, dryer, and defrost cycle of a refrigerator can

be switched on when the price of electricity is lower, that is, during the off-peak

hours when demand for electricity is less. Moreover, they can also be cycled and do

not have to run continuously, provided that they finish the task before a specified

Direct load 
control

Load 
management

Indirect load 
control

Voltage
based

Frequency 
based

Dynamic 
tariff

Real-time 
tariff

Time of use 
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Critical 
peak tariff

Figure 12.7 Load management categories.
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time. Battery chargers can be scheduled such that the charge is finished by the

required time. An electric hot water system can store warmwater for a long period

of time. Therefore, water can be heated when the demand for electricity is low.

An interesting perspective on load demand management has been given in [10].

In general, in a traditional power system operation, the “generation follows the

load,” that is, generation scheduled to cater for the peaks, which are usually

known a priori. Under the DR paradigm, utilities are able to curtail some of the

loads tomaintain the generation-consumption balance without adding excess gen-

eration capacity. However, with the increased penetration of intermittent renew-

able energy sources, the best strategy is to use the “load following generation”

approach. This is termed demand dispatch in [10], in which loads can be switched

on or off depending on generation availability.

However, demand dispatch does not target each individual load, but a sum total

of aggregated loads. The aggregator can be several service areas in a large power

distribution system. The increase/decrease in generation can be detected based on

the system frequency. Suppose a distribution system has a total of N aggregated

loads. At a given time, the loads are defined as follows:

PLi = PLEi + PLCi, i = 1,…,N 12 9

where PLE is the essential load and PLC is the controllable load that can be used for

demand dispatch. The total load demand at that time is then defined by

PL = N
i = 1PLi.

Assume that the system frequency is fsHz when the load supplied is PL. Due to a

sudden drop in generation, the frequency will drop. Therefore, to recover the fre-

quency, some amount of load needs to be curtailed. Let the total amount of load

reduction to recover the frequency be ΔPL. Since the essential loads cannot be

switched off, the controllable loads must be reduced, that is, ΔPL = ΔPLC. The

quantity ΔPLC can be estimated from the frequency error using the following

proportional-plus-integral (PI) controller:

ΔPLC = KP f s − fm + K I f s − fm dt 12 10

where fm is the measured frequency. Then the controllable loads can be reduced

proportionally as per the following equation:

ΔPLCi = ΔPLC ×
PLCi

N
k = 1PLCk

, i = 1,…,N 12 11

The new set points for the controllable loads are then given by

Pnew
LCi = PLCi −ΔPLCi, i = 1,…,N 12 12
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Note that during sudden increase in generation, the quantity ΔPLC obtained

from (12.10) will be negative, and hence, (12.10) will indicate an increase in load.

It is, however, to be noted that the frequency in a power system can fluctuate all

the time. Therefore, the use of (12.10) to (12.12) can lead to unnecessary load fluc-

tuations. To avoid this, a deadband in frequency can be used before invoking the PI

controller. A demand dispatch example for smart EV charging is also discussed in

[10], where the vehicle charger has been switched on and off by the aggregator.

Even though smart charging is slower than continuous charging, it provides grid

services by curtailing power during peaks.

12.2.1 Controlling Household Appliances

For successful implementation of DR, individual customers must participate in

reducing loads during peak hours and increasing consumption when there is an

increase in generation. Conversely, the utilities must also consider consumer

preferences about their appliances. An example of user preferences for high-

power-consuming controllable loads is given in [11], where the highest priority

is given to the hot water system, followed by air conditioning such that tempera-

tures in either of them are maintained within certain limits. The priority for

clothes dryers comes next, followed by EV charging. These can be specified

based on time, for example, EV gets charged by say 8 AM in the morning for

the daily commute. It is assumed that each home has a home energy manage-

ment (HEM) system that switches the appliances on or off depending on these

priorities. The thematic diagram of a smart home with a HEM system is shown

in Figure 12.8.

EV

HEM system

Aircon

DryerHot water
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Other 
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Figure 12.8 Smart home with HEM system.
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Some of the domestic controllable appliances can consume more power than

others. Some of them can have a mixed power consumption. For example, a

clothes dryer has two cycles: low-power-consuming tumbling cycle and high-

power-consuming heating cycle. In [11], it has been mentioned that the maximum

power-consuming appliances are EVs, electric hot water systems, dryers, and air

conditioner (aircon). In Figure 12.8, it has been shown that these devices are con-

trolled by the HEM through bidirectional information flow. The energy consump-

tion by other appliances, such as fridge, dishwasher, stove/oven, and washing

machine, is monitored and not controlled. The HEM is in turn connected to a

smart meter.

The operations of the four high-power-consuming loads are discussed in [11].

The water heater temperaturemust bementioned between amaximum and amin-

imum limit. Since this has the highest priority, the water heater must be turned on

once it falls below the minimum limit. Let the maximum and minimum levels of

water heater temperatures be denoted by Tmax and Tmin, respectively. For a water

temperature of TWH, the switching status of the water heater at time n is given by

S n =

0 TWH > Tmax

1 TWH < Tmin

S n− 1 Tmin < Tmin < Tmax

12 13

Similarly, the aircon system temperature will be maintained within a prespeci-

fied band according to the comfort level of the householders. In general, if the

room temperature goes above the comfort range, the aircon unit is switched on,

provided that the energy consumption of the house does not go above the maxi-

mum limit.

The dryer operation can be cycled. For example, when energy consumption is

nearing its peak, only the tumbler is allowed to operate. The heating coil can

be switched on when some other appliances are switched off. However, the heat-

ing cycle must be maintained for a certain period of time to prevent heat loss from

one cycle to the next. It is to be noted that a dryer need not operate every day even

in colder climates, as it is unlikely that clothes will be washed every day as well.

Similarly, an EV need not be charged every day as well. It is a common miscon-

ception that the EV is plugged in as soon as the householder returns home. Most

auto manufacturers recommend maintaining the EV state of charge (SoC)

between 30% and 80% to prolong the battery life. Thus, the EV can be charged

when the electricity price is low, and the charging process can be monitored by

the HEM.

The loads, in general, are defined by their energy consumption rather than their

electrical model [12]. This, however, is not a problem because their dynamics will

not have a major impact on the DR algorithms. There are several DR algorithms
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that have been proposed in the literature. However, there is no standard procedure

that can be universally adopted. In [11], an intelligent HEM is proposed.

A multiobjective decision-making-based DR has been proposed in [13] based on

low-bandwidth two-way communication. In this method, a coordinating control-

ler is placed at each 11 kV/440 V distribution transformer. If this controller detects

the occurrence of an overload, it sends signals to the loads that can be delayed or

adjusted. Once this action has taken place, the home smart meter communicates

this to the coordinating controller. If the overloading condition is mitigated, no

further action needs to be taken. However, the overload still persists, another

set of loads must be adjusted, and this is relayed to the smart meters. However,

the user priority and satisfaction factors are taken into consideration during the

load adjustment. A comprehensive study of demand dispatch with different types

of smart loads and PVs is presented in [14].

12.3 Cybersecurity

A power system must be guarded from cyber-physical attacks, which means both

cyberattacks and physically destroying power infrastructure. While physical

attacks can cause disruptions in power delivery in a localized region, cyberattacks

can cause widespread disruptions in power system operations. The smart grid is

heavily reliant on information and communication technology to manage electric-

ity flow efficiently, integrate renewable energy sources, and enable real-time mon-

itoring and control. However, this increased connectivity also opens up new

avenues for cyber threats. In this regard, cybersecurity becomes an important

aspect of the smart grid to protect digital communication networks and power flow

control programs from attacks. Cyberattacks are typically aimed at accessing,

changing, or destroying sensitive information, extorting money from users, or

interrupting normal business processes. The following operation risks are emer-

ging due to the widespread use of ICT [15]:

•
Taking Down a Server: An attacker can access the SCADA server through the

network path to take it down through either denial of service or by deleting sys-

tem files. Through the SCADA server, the attacker can access other servers.

•
Gaining Control Over the System: This is the most serious security threat in

which an attacker can plant a Trojan or gain a backdoor entry into the network.

Through this, the control actions can bemanipulated, or false alarms can be gen-

erated, causing a widespread power supply disruption.

There are other forms of risks such as corporate or customer data being stolen

and billing information being tampered with.
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Some of the key aspects of cybersecurity in smart grids include:

•
System Vulnerability Management: Identifying and addressing vulnerabilities in

smart grid components, such as smart meters, sensors, and communication

networks.

•
Data Integrity and Confidentiality: Ensuring that the data transmitted and stored

within the smart grid is accurate and secure from unauthorized access or

tampering.

•
Network Security: Protecting the communication networks that connect various

components of the smart grid from cyberattacks. This includes the use of firewalls,

intrusion detection/prevention systems, and secure communication protocols.

•
Access Control: Implementing strict access control measures to ensure that only

authorized personnel can access critical components of the smart grid.

•
Incidence Response: Developing and implementing robust incident response

plans to quickly detect, respond to, and recover from cyberattacks.

•
Advanced Threat Detection: Utilizing advanced technologies such as machine

learning and artificial intelligence to detect and respond to emerging threats

in real time.

The integration of robust cybersecurity measures in smart grids is of paramount

importance in order to protect against potential threats that could disrupt power

supply and financial systems related to power systems.

12.3.1 False Data Injection Attacks

False data injection is one of the most prominent forms of cyberattack. This can

compromise the data integrity in the SCADA system affecting the state estimation

process. A false data injection attack has been discussed in [16]. From (3.92) and

(3.95), the L2 norm of the measurement residuals is given by

e = z−Hx 12 14

If max(e) < ρ, the bad data is assumed to be present where ρ is small threshold

value. Let us assume that all the state variables are mutually independent. Then, if

the sensor errors follow a normal distribution, e in (12.14) follows a chi-squared

distribution with the stipulated degree of freedom.

Let us now assume that malicious data has been injected into the measurement

vector as follows:

zα = z + α 12 15

where α is a vector of malicious data injected into the measurements. Then from

(3.95), the erroneous estimated state vector is given by

xbad = HTWH
− 1

HTWza = x + HTWH
− 1

HTWα 12 16
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The L2 norm of the estimator residuals is then given by

za −Hxbad = z + α−Hx−H HTWH
− 1

HTWα

= z−Hx + α−H HTWH
− 1

HTWα

12 17

Now consider that the attackers also have access to the matrixH and choose the

attack vector α =Hc for any arbitrary vector c. Equation (12.17) can then be writ-

ten as follows:

za−Hxbad = z−Hx + Hc−H HTWH
−1
HTWΗc = z−Hx

12 18

This implies that the attackers can inject false data in such a way that the bad data

detection can be bypassed. This way arbitrary errors can be imposed on the state

estimation, which can have a severe impact on the stable operation of the system.

From the attackers’ point of view, there are two possible attack scenarios: (a) a

random false data injection attack that can result in wrong state estimates and (b) a

targeted false data injection attack in which the attackers target some of the state

variables to inject an error into their estimates [16]. The first approach is easier to

launch but may be detected easily as well. The second attack, however, can cause

more damage to the system. For a state estimation process, there are several mea-

surements made through sensors. For example, let us assume that there are m

number of sensors used for the state estimation. To have a perfect attack as given

by α = Hc, the attackers must know the matrix H and have access to all the m

number of sensors. Therefore, the ability of the attackers is constrained under

the following two scenarios [16]:

•
Scenario 1 – Limited Access to the Meters: Assuming that some of the sensors are

protected and beyond reach, the attackers can only target a limited number of

sensors for false data injection.

•
Scenario 2 – Limited Resources Available to Compromise Sensors: This means that

the attackers do not have the resources to compromise all the sensors and, there-

fore, can only target a finite number of meters.

Both these attack models are derived and discussed in detail in [16]. The counter-

measures for the detection of false data injection attacks have been presented in [17].

The security of cyber-physical power systems is a crucial element ofmodern grids.

Todevelop robust cyberattackcountermeasures a concerted effortwill be requiredby

multidisciplinary teams, including electrical power and communication engineers,

computer scientists, and mathematicians. There are several facets of cyberattacks

and their prevention strategies. A review of cyberattack modeling, detection meth-

ods, and cybersecuritymeasures is presented in [18]. This is an excellent resource for

those who are interested in this area.
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12.4 Electric Vehicle (EV)

EVs are one of the components of the smart grid of the future, not only for reducing

greenhouse gas emissions but also as a source of energy storage that can be utilized

as and when required. Currently, most EVs charge from the grid in a mode called

grid-to-vehicle (G2V). However, with the improvement in battery technology, it is

expected that they can be used as mobile storage by supplying power in vehicle-to-

grid (V2G) mode. In this section, several aspects of EVs are discussed.

Since 2020, EVs have been gaining traction from customers, government policy-

makers, and auto manufacturers. As of 2024, there are over 80 manufacturers

worldwide that are producing EVs. These include both established automotive

giants and newer companies dedicated solely to EVs such as Tesla, BYD, and

Cupra Born. Even high-end automotive manufacturers such as Rolls Royce,

Lamborghini, Maserati, Jaguar, Porsche, Mercedes Benz, BMW, and Audi have

entered the EV market. There are several benefits of EVs. Some of these are:

•
Pollution: Themost obvious one is reduced emissions because EVs do not produce

any tailpipe emissions, thereby reducing environmental pollution. Particularly,

the widespread use of EVs can improve the air quality in large cities, reduce smog,

and reduce respiratory health problems such as asthma and bronchitis.

•
Efficiency: Electricmotors aremoreefficient than internal combustion(IC)engines.

Therefore, EVs have higher energy conversion rates than petrol/diesel-powered

vehicles.

•
Running Costs: Since the cost of electricity is lower than fossil fuel, EVs have

lower running costs. Furthermore, EV batteries can be charged during regener-

ative braking, which can increase the driving range of EVs. EVs have fewermov-

ing parts, and therefore, lowermaintenance costs and will not require regular oil

or filter changes.

•
Driving Performance: Electric motors can provide instant torque. Therefore, EVs

can accelerate rapidly. Moreover, EVs reduce noise pollution as they are much

quieter than IC engine-based vehicles.

12.4.1 Types of Electric Vehicles

Any vehicle that uses batteries is called an EV. There are three types of EVs as

listed below:

•
Hybrid Electric Vehicle (HEV), which runs on petrol (gasoline) but uses an elec-

tric motor to improve fuel efficiency.

•
Plug-inHybrid Vehicle (PHEV), which can have its battery charged from electric

sockets; however, it runs like an HEV. This combination offers increased driving

range while reducing fuel consumption.

•
Battery Electric Vehicle (BEV or EV), which is exclusively powered by batteries.
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HEVs combine an IC engine with an electric motor. The electric motor can pro-

vide propulsion independently or in conjunction with the IC engine. Toyota intro-

duced Prius around the turn of this millennium as the first mass-produced HEV.

There are manyHEVs on the road these days, produced by different manufacturers.

The main advantage of HEV is that electric propulsion is more efficient than IC

engines.Moreover, the IC engines can operate at higher efficiency due to the electric

propulsion backup. In general, there are three types of HEVs. These are:

•
Series HEV: In this, the electric motor is the primary source of propulsion. The

motor is driven by a battery. The IC engine acts mainly as a generator to charge

the battery.

•
Parallel HEV: In this, both the IC engine and the electric motor can drive the

wheels directly, either independently or simultaneously. The IC engine drives

a generator to produce electricity to charge the battery. This can occur when

the IC engine produces more power than is required for propulsion, such as

on highways or going downhill.

•
Series-Parallel HEV: This can operate in either series or parallel. At low speeds or

in stop-and-start traffic, the vehicle can run on electric mode alone, where the

battery drives the car. It can also operate in a series hybrid mode, where the IC

engine does not directly drive the vehicle but supplies power to the battery

through the generator. At higher speeds or when rapid acceleration is required,

both IC engine and electric motor drive the wheel simultaneously. The com-

bined power of both IC engine and electric motor improves performance. Toyota

hybrids use this technology.

The schematic diagrams of these three types of HEVs are shown in Figure 12.9.

PHEVs have larger batteries than HEVs. The batteries can be charged externally

through power sockets. Once fully charged, the typical battery range of PHEVs is

between 30 km and 80 km. Thus, commuters can go to their workplace and go

back home without using any fossil fuel. This type of vehicle can also cure “range

anxiety” as they can switch from electric to IC engine mode for long drives. PHEVs

also come in series, parallel, and series-parallel configurations. The schematic dia-

gram of a series PHEV is shown in Figure 12.10.

A PHEV can operate in either charge depletion or charge sustaining mode. In

charge depletion mode, the electric motor is the main source of power. This, how-

ever, will cause depletion of the charge of the battery. Once the battery SoC reaches

theminimum level, the vehicle automatically switches over to the charge-sustaining

mode. In this mode, the vehicle is driven by the IC engine. However, the IC engine

may also charge the battery in favorable conditions, the same as that in an HEV.

A BEV is driven by pure electric traction. It needs a high-power battery pack and

its associated battery management system (BMS). A basic diagram of BEV, con-

taining the main components, is shown in Figure 12.11. However, there are other
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components, such as a small battery for ancillary purposes and a control unit,

which are not shown in the figure.

Even though BEVs have some advantages over IC engine-driven vehicles, their

uptakes and universal acceptance are not guaranteed.One of the reasons is the char-

ging infrastructure, especially in a sparsely populated country such as Australia.
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Figure 12.9 HEV configurations: (a) series, (b) parallel, and (c) series-parallel.
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This can lead to range anxiety. Unlike IC engines that can be filled at gas pumps,

EVs must be charged at charging stations. HEVs do not suffer from range anxiety,

but they do produce greenhouse gases. The other obvious reason is the higher pur-

chase cost of EVs vis-à-vis that of conventional fossil fuel vehicles. Moreover, BEVs

can also have detrimental impacts on electric utility companies. Increased penetra-

tion of BEVs can lead to higher peak demand unless customers participate in DR

programs. Higher peaks can stress power grids, which may need infrastructure

upgrades. Furthermore, BEVs can cause power quality problems such as voltage

imbalance and harmonic injection that need to be addressed by the utilities.

12.4.2 EV Charging

There are different levels of charging for PHEVs or BEVs. These vehicles can be

charged at home or at charging stations. Even though the charging voltage and
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Figure 12.10 Schematic diagram of series PHEV.
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current ratings can vary depending on the power supply, there are three levels of

charging. These are:

•
Level 1 Charging: Usually, these are standard household outlets of (215/230 V or

120 V). The charging process is slow and charges at a typical rate of 1.2 kW per

hour. Such a charging process is suitable for PHEVs. However, it can take up to

30 hours to charge a BEV.

•
Level 2 Charging: This is also a home charging method using 400/430 V (L-L).

There are two possible options, both of which will require the installation of

a wall box. The wall box can be connected to a single phase, where the BEV

can charge at the rate of about 7.2 kW per hour. If the wall box is connected

to three phases, the charging rate can be as high as 22 kW per hour. However,

utility permission, special connection, and energy meter will be required for a

three-phase connection.

•
Level 3 Charging: This is only available at public charging stations. This usually

uses DC voltage and is commonly known as DC fast charging or DC ultrafast

charging. Most BEVs can be charged up to 80% of their SoC level within

20–30 minutes. There is no standard for voltage levels – they can be anywhere

between 200 V and 1,000 V and the charging rate is between 50 kW and 150 kW

per hour.

One of the most attractive charging features is wireless charging. If the vehicle is

parked in a charging spot, it will not require cables if wireless charging is available.

Moreover, it will be very desirable if the vehicle gets charged while it is driven on

the road. This, however, will need infrastructure and further research before it can

come to fruition. The wireless charging mechanisms are discussed below.

12.4.3 Wireless Charging

Wireless power transfer (WPT) was invented by Nicola Tesla in the late 19th cen-

tury. This is known as the famous Tesla Coil, which produces high-voltage and

low-current in an AC circuit. The schematic diagram of the Tesla coil is shown

in Figure 12.12. It contains a resonant transformer, a capacitor C1, a spark gap

(SG), and a torus to suppress premature arc breakdown. The primary and second-

ary coils of the resonant transformer are L1 and L2, respectively. The primary coil

has a few turns, while the secondary coil has multiple turns. The primary and sec-

ondary coils are tuned to resonate at the same frequency. The current from the

supply transformer charges the capacitor. When the capacitor reaches its break-

down voltage, it discharges through SG. This will cause a spark, reducing the

resistance. The current will then flow to the primary winding. This will induce

a current in the secondary coil. Since the primary and secondary windings are

tuned at the same frequency, the secondary voltage will be amplified significantly.
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Tesla imaginedWPT using his coil, which has not been realized so far. However, it

forms the basis of WPT for EV charging.

The schematic diagram of inductive WPT is shown in Figure 12.13. It contains

coils that are embedded in cars and parking spots or roadways. Obviously, the air

gap must be chosen such that electromagnetic induction is possible. Ferrite cores

are used for flux guidance and shielding. The switching frequency is kept within

100 kHz to maintain losses low in ferrite cores. These will require very high power

for operation.

In capacitiveWPT, the inductor is replaced by capacitors at the two ends with an

insulating material between them. The electric field created between the plates

causes energy transfer from one end to the other. Capacitive WPT is used for

low-power applications such as touch screens or proximity sensors. They have a

short range and are not yet suitable for EV charging. Inductive WPT is a much

more mature technology than capacitive WPT and has been used for charging

smartphones and other portable devices. Inductive WPT can transfer a large

amount of power over short or moderate distances. It is currently the preferred

technology for EV charging. A review of inductive charging can be found in [19].

Dynamic WPT is a more desirable feature that can transfer power wirelessly to a

moving vehicle. The first dynamic WPT system was developed by the Korea
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Figure 12.13 Inductive wireless power transfer.
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Figure 12.12 The Tesla coil.
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Advanced Institute of Science and Technology (KAIST) in South Korea in the year

2013. The developed technology is named the online electric vehicle (OLEV),

which was tested on buses. The OLEV system was first implemented in a public

transportation setting in the city of Gumi, South Korea for a 48 km route. The sche-

matic diagram of dynamic WPT is shown in Figure 12.14. However, dynamic WPT

is still in the experimental stage.

There are certain advantages of dynamic WPT. Vehicles can be charged while in

motion, reducing the need for long charging stops and increasing operational effi-

ciency. It effectively extends the range of operation of BEVs, thereby eliminating

the range anxiety of the drivers. Since the vehicles can be charged when they are

driven, smaller batteries will be needed, bringing the purchase cost of EVs down.

Moreover, continuous charging can optimize energy use. The vehicles are charged

only when needed, reducing the energy lost in idle battery storage.

There are also major drawbacks of dynamic WPT. It will require very high infra-

structure costs because the coils, power lines, and transmitters must be embedded

in the roadways. This will also incur highmaintenance costs. DynamicWPT is also

less efficient than wired chargingmethods as energy losses can occur during power

transfer, especially when the vehicles travel at high speeds. There are also align-

ment issues between the charging and receiving coils. Unless they are perfectly

aligned, which itself is a tough ask, there will be energy losses, reducing efficiency

further. Moreover, road safety and electromagnetic interference are critical issues

that need to be addressed. DynamicWPT technology with several applications and

several projects are discussed in [20].

Transmitting coil

Power line

Receiving coil

Figure 12.14 Dynamic wireless charging.
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12.5 Smart Grid Communications

Obviously, the smart grid cannot function without effective and efficient commu-

nication systems. Communication networks are essential for the effective opera-

tion, monitoring, and management of the grid, allowing utilities to optimize

energy production, distribution, and consumption. The smart grid communication

architecture can have three layers. These are [21]:

•
Application Layer: The functions of this layer are to perform DR, outage man-

agement, AMI, fraud detection, etc.

•
Power Layer: The purpose of this layer is to ensure that generation, transmission,

and distribution function cohesively together. This is a two-way communication

system between the utilities and customers, including power management and

control.

•
Communication Layer: This is the heart of the communication system that pro-

vides the interconnections between all the systems and devices.

Smart grid communication is either wired or wireless. Depending on the scope of

applications, there are several communication technologies available. Some of

them are discussed below.

12.5.1 Smart Grid Communication Mediums

Smart grid communicationmediums can either be wired or wireless. Amongwired

technologies, the medium of communication can either be copper- or fiber optic-

based with technologies such as power line communication (PLC) and digital sub-

scriber line (xDSL). Examples of last-mile wireless communication mediums

include ZigBee, cellular communications, and Wi-Fi. Depending on the scope

of applications, there are several communication technology mediums available.

Some of them are discussed below:

PLC: It uses the power lines to transfer data from sender to receiver. In this tech-

nique, communication signals are injected into the power lines by modulating

the data onto a carrier frequency, thereby allowing data to flow through the line

with the current. It is interesting to note that the modulated signal travels

through the lines, transformers, and circuit breakers. At the receiving end,

the signal is demodulated to extract the data. This has the advantage that no

additional wiring is required.

PLCs usually operate at lower frequencies, between 3 kHz and 500 kHz. They

have low data rates, however, have longer range as they are carried through power

lines. They are suitable for smart meters, remote meter readings, SCADA systems,

home automation, etc. However, the signal can attenuate while transmitted over
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long distances and its quality can degrade due to the interference with power line

noises. Moreover, because the power lines are shared, cybersecurity becomes a

critical issue for this type of communication. They can be prone to unauthorized

access or data theft.

Since PLC is a cost-effective solution, there are efforts to improve its performance

standard. To alleviate signal attenuation and noise interference, PLC is combined

with wireless systems. Furthermore, different modulation schemes are under con-

sideration to improve transmission reliability and data transmission rate.

xDSL: Another form of wired communication medium is xDSL, which provides

high-speed internet connections over traditional telephone lines, where both

voice and data can be transmitted. Usually, copper lines are used in DSL but

advanced DSL technologies such as very high-speed DSL (VSDL) and G.fast

(fast access to subscriber terminals that delivers ultra-fast internet over copper

lines) complement fiber optic networks by using the copper medium for only

last-mile connectivity.

There are several advantages of using DSL. They already exist to support legacy

telephone infrastructure and, therefore, will not need large-scale infrastructure

investments. Usually, the DSL connections are encrypted, which is helpful to

counter cyberattacks. Furthermore, DSLs have built-in redundancies, that is, if

a communication path fails there are other available paths. Therefore, DSLs are

good candidates for applications in DR, SCADA, dynamic load management,

and self-healing operations.

However, there are a few disadvantages of DSLs as well. They might have band-

width limitations – this can be a constraint for some advanced smart grid func-

tions. The data rate (speed) can degrade over distance. Thus, the nodes that are

further away from the central exchange to manage multiple DSL connections (also

known as xDSL access multiplexer or DSLAM) can experience severe degradation.

In addition, large telecommunication providers such as AT&T are phasing out this

technology [22]. In this regard, fiber optic broadband ethernet connection is a

much better option.

Fiber Optic Communication: Fiber optic communication networks represent

another promising broadband medium with significant potential for serving

as a communication backbone in smart grids. In this regard, fiber to the x or

fiber in the loop (FTTx) serves as a last-mile communication medium that

can carry more data and over larger distances than xDSL services. FFTx is com-

monly coupled with passive optical network (PON) based technology. PON pro-

vides data delivery using a point-to-multipoint design without the use of active

electronic components in the distribution network. This results in simplified

architecture and energy-efficient designs. Among PON technologies, Ethernet
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Passive Optical Network (EPON) and Gigabit Passive Optical Network (GPON)

are widely used. EPON adheres to Ethernet standards, making it cost-effective

and versatile, while GPON offers higher data rates and more efficient band-

width utilization, making it ideal for applications requiring robust performance

and scalability. Together, these technologies play a critical role in enabling

smart grid communication.

Overall, fiber optic communications provide high-speed, long-distance, and relia-

ble communication networks. Given that fiber optical cables are made of glass or

plastic, they serve as excellent insulators and can operate reliability in high-voltage

environments. Moreover, fiber optic networks are suitable for high-density areas

and are also future-proof technology. However, deploying fiber optic networks can

be prohibitively expensive, particularly in low-density or remote areas where the

cost of installation and maintenance is significantly higher. In such cases, wireless

communication mediums present a viable alternative, offering greater flexibility

and cost-effectiveness for these challenging environments.

ZigBee: It is an IEEE 802.15.4 standard-based wireless communication protocol

designed for HANs in smart grids. It is inexpensive, reliable, and has lower

power usage but a low data rate. Since ZigBee devices use very low power, they

can be powered by batteries that can last for a long time. ZigBee has a data rate

of up to 250 kbps and a range between 10m and 100 m. Several ZigBee devices

can also be meshed to form a network with lower power consumption. In a

ZigBee mesh, a device can be connected to several other devices (typically

ZigBee device has 16 channels). In this way, the coverage through ZigBee

can be extended.Moreover, this also enables themesh to self-heal – for instance,

a router shifts connection to an alternate path in the mesh when the original

path fails. ZigBee also has advanced security features such as encryption and

authentication to prevent data breaches.

ZigBee can also be used in home automation to control smart devices lights and

thermostats. It can facilitate communication between smart meters and appliances

through energy management systems. Therefore, ZigBee is suitable for DR, energy

monitoring, and energy usage management. However, ZigBee operates in a 2.4

GHz band. In this frequency range, it can face interference from other wireless

devices such as Wi-Fi or Bluetooth. Furthermore, the low data rate makes ZigBee

unsuitable for high-speed applications.

Cellular Communication: This is advantageous for the smart grid due to its ubiq-

uitous usage – the technology exists all over the world. Technologies such as 3G,

4G, or 5G provide reliable wide-area communication between the various com-

ponents of the smart grid. This technology can be used for real-time monitoring

and control of the energy delivery system. Cellular networks have the potential
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to provide the backbone of several smart grid applications, such as AMI, distri-

bution automation, DR, renewable energy integration, and monitoring the

health of assets such as transformers and transmission and distribution lines.

Cellular networks have several advantages for smart grid applications, such as:

•
Wide Coverage: Such networks are already available in urban, semi-urban, and

rural areas. In general, cellular coverage is about 95%, which can be very useful

for several smart grid applications.

•
Reliability: Usually, the cellular networks are fairly reliable and are backed up

with cybersecurity measures such as encryption and authentication. However,

Rogers Telecom had a service outage in July 2022 that impacted 12million users.

Similarly, Optus Telecom had a security problem in September 2022 that

affected about 10 million users. The latter catastrophe happened due to a code

error that had not been noticed for several years.

•
Scalability: The number of cell phone users is continuously growing. Cellular

companies can scale up their systems to cater to increased data traffic.

•
Cost-effectiveness: Cellular networks already exist. Therefore, utility companies

do not need to set up the infrastructure required.

There are, however, some of the disadvantages of cellular networks. 3G and 4G

networks have low latency. Furthermore, smart grid requires mission-critical

applications that require ultra-reliable low latency. These include the prevention

of cyber-physical attacks on smart grids. Such requirements also cannot be sup-

ported even by 5G networks [23]. Other challenges include coverage gaps, espe-

cially in the rural areas. Moreover, cellular networks can become congested in

densely populated urban areas or during natural disasters, such as floods, earth-

quakes, or bushfires. This makes them unsuitable for mission-critical applications.

However, it is expected that with the advancement in 6G networks, these require-

ments can be fulfilled, thereby making cellular networks viable for smart grids.

Wi-Fi: Another viable communication medium is the use of Wi-Fi, which is par-

ticularly effective for short-to-medium range devices. It operates on unlicensed

frequency bands of 2.4 GHz and 5 GHz and offers several advantages, including

simple and cost-effective deployments. This practicality makes it suitable for

monitoring and energy management applications.

However, Wi-Fi also has several limitations, including a limited range. Moreo-

ver, depending upon the environmental factors, Wi-Fi can be susceptible to envi-

ronmental challenges such as physical obstruction and the use of other household

wireless transmitting devices such as microwaves or Bluetooth devices. Further, a

large number of connected devices can congest the network and degrade its
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performance. Additionally, Wi-Fi is prone to security challenges and requires

robust encryption to prevent unauthorized access.

Despite this, due to its practicality and versatility, Wi-Fi remains a viable

medium of connectivity for smart grid applications.

12.5.2 Communication Requirements

Smart grid communication requirements depend on factors such as speed, data rate,

and reliability. Some of the applications will require low latency and high data rates,

while some other functions can be performed satisfactorily with low data rates.

Latency is defined as the time delay in transmitting data from the source to the des-

tination. Data rate is the amount of data that can be transmitted per second and is

given in bits per second (bps). Even with a high data rate, latency can be signifi-

cantly high due to congestion in the transmission path. Some of the smart grid appli-

cations will require low latency, and high data transmission rate at the same time.

Real-timemonitoring of a large power system,PMUs,RTUs, and IEDswill beused

in EMS and SCADA systems. Secured data transmission withminimum latency will

be required for this purpose. Traditionally, SCADA systems data are transmitted

using PLCs, which have a low data rate. However, when PMUs are used, the latency

must be low. Fiber optic or cellular technologies are best suited for this purpose.

The HEM system is shown in Figure 12.8. HEM coordinates the household appli-

ances and exchanges data with smart meters. These require low data rate transmis-

sion over short distances. Thus, technologies such as ZigBee or DSL with Wi-Fi can

be used for HEM applications. DR, on the other hand, coordinates between supply

and demand. There are several aspects of a DR program. The communication tech-

nology will depend on the specific DR target application. However, low-speed com-

munication and low latency will be sufficient for most applications.

The application-specific communication requirements are discussed in [21].

Different smart grid communication technologies and their standards are dis-

cussed in [24].

12.6 Smart Grid Standards

Smart grid is an evolving field. One of the most important aspects of the smart grid

is that there must be uniform standards irrespective of the geographical locations.

Several organizations, such as IEEE, IEC, the American National Standards Insti-

tute (ANSI), and the International Organization of Standardization (ISO), are

working on the formulation of different standards and protocols. Some of these

standards are as follows:

•
IEC 61850: For substation automation (discussed in Chapter 6).

•
IEEE 1547 is the IEEE Standard for Interconnection and Interoperability of DERs

with Associated Electric Power Interfaces: It provides requirements for operations
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of DERs such as operation, testing, maintenance, and safety, as well as abnormal

conditions, power quality, and islanding issues. This standard is specifically tar-

geted toward solar PVs, wind turbines, BESSs, MGs, etc.

•
NISTIR 7628 is the NIST Guidelines for Smart Grid Cybersecurity: It is a three-

volume report that presents the development of effective cybersecurity strategies

for smart grids. Volume 1 provides an overview of the objectives of cybersecurity

and architectural framework. Volume 2 focuses on privacy issues such as con-

sumer data protection. Volume 3 presents technical guidance and data analysis.

•
NIST Framework and Roadmap of Smart Grid Interoperability Standards,

Release 4.0: The purpose of this standard is to provide a comprehensive strategy

for interoperability of various resources in a smart grid in a secured fashion.

•
IEC 61970-301 is Called Common Information Model Base: This is for the opera-

tions of all major objects for electric utilities. It aims at laying the foundation of a

common language that can seamlessly be integrated into applications, irrespec-

tive of how data has been generated. It can enable different utility applications in

SCADA and EMS such that they can communicate using a standard model.

•
IEEE 2030 is a Standard for Smart Grid Interoperability: This standard focuses on

the integration of energy technology and information technology for the oper-

ation of electric power systems, end-user applications, and loads. The purpose of

this standard is to provide a guideline for a smart grid interoperability reference

model for power systems using ICT.

•
IEEE 1901 is the Standard for Broadband over Power Line Networks: Medium

Access Control and Physical Layer Specifications. This is set for high-speed com-

munication over power lines. This is for the advancement of PLC such that high-

speed data can be transmitted over existing electrical wiring for a variety of

applications, such as Internet of Things (IoT), HAN and DR, and smart grid

communications.

•
The purpose of OpenADR standard is to facilitate DR through automated com-

munications between the utilities and customers to manage electricity con-

sumption in response to grid conditions, market prices, and overloading issues.

•
MultiSpeak is a standardized data exchange framework that is designed for the

power sector. This standard is developed by the National Rural Electric Coop-

erative Association (NRECA) for small and medium-sized organizations.

Through this standard, the different entities can communicate using different

software applications.

There are other smart grid standards that are not widely used as comprehensive

as the ones presented above. They cater to some of the niche areas of smart grid

applications. Some of these standards are listed below:

•
IEEE C37.118: Synchrophasor data communication protocol for real-time mon-

itoring and analysis of power systems.

•
ANSI C12.22: Protocol for AMI.
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•
IEC 62325: Standards for deregulated energy market communications.

•
IEEE 2030.5 (SEP 2.0): Smart energy profile protocol for integrating DERs and

DR systems into the grid.

•
IEC 61850-7-420: Extensions of IEC 61850 for modeling DERs such as solar PV,

wind turbines, and storage systems.

•
IEC 62116: Standard for testing the anti-islanding functionality of grid-

connected inverters.

12.7 Smart Distribution Grids

Smart grid is an all-encompassing purpose for all facets of the power delivery sys-

tem. It covers power generation, including renewables. Power transmission sys-

tems will include FACTS devices, power flow control, cybersecure state

estimation, and PMU. In this chapter so far, we have discussed distribution sys-

tem applications such as DR. However, many renewable energy sources are being

integrated into distribution systems. Therefore, there are a couple of issues that

need to be addressed for the successful application of smart grid. One of them is

the power quality problem that occurs due to the use of power converters and

uneven single-phase PV injection. Ironically, the power quality can be improved

by power converters as well (see [25, 26]). The other issue relates to the network

structure and behavior is when many renewable energy sources get connected to

the system. Since these sources are distributed throughout the network, they are

usually referred to as distributed generators (DGs). Along with DGs, energy stor-

age devices are increasingly being used in distribution systems. Together DGs

and energy storages are termed as DERs. There are a couple of smart distribution

grid strategies that will be discussed in this section.

12.7.1 Virtual Power Plant (VPP)

In essence, a virtual power plant is an algorithm for controlling and integrating

decentralized DERs that can be spread over a large area such that they work

together like a single power plant. The main aim of a VPP is to optimize the bal-

ance of supply and demand by optimizing energy production through diverse

energy sources such as rooftop PV, battery storage systems, and EVs. Therefore,

a VPP can be viewed as an energy management system for distributed DERs.

A review of energy management through VPP is given in [27], which defines the

following properties of VPP:

•
It is a cloud-based platform that aggregates DERs and loads.

•
It uses a bidirectional communication system.

•
It monitors the system in real time.
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•
It can trade energy among the customers and prosumers (this term is a blend of

producer and customers, such as owners of rooftop PVs), as well as with utility.

•
Its aim is to establish a decentralized power plant through efficient energy

management through aggregation of DERs.

The main idea behind a VPP is that through the aggregation of several sources, a

VPP can quickly respond to the demand and supply that can vary due to the pres-

ence of intermittent renewable generation. Thereby, a VPP can defer infrastructure

upgrades and can also provide an effective spinning reserve. This is achieved by

several software applications, with inputs from sensors that supply data from each

connected resource and their status and load consumptions. VPPs will also have

to participate in power markets such that their operations are cost-effective and

profitable. A review of the market opportunities of VPP is presented in [28].

While VPP offers numerous advantages, it has several drawbacks. It had to coor-

dinate with numerous DERs and loads in an interconnected network using a com-

plex bidirectional communication system. Therefore, it can be prone to a single

point of failure. The entire operation can be disrupted if one link goes down, as

the VPP will not be able to balance demand and supply under this condition. Fur-

thermore, VPPs may not be supported in energy markets, which will limit their rev-

enue stream and adoption. Moreover, VPPs can be prone to cyberattacks because

they involve several nodes and ICT infrastructure. Breaching a single node, an

attacker can disrupt the operation of the entire system, taking down the power

supply. Several customers and prosumers must participate to set up a single VPP.

Usually, customers are very conservative to trial out a hitherto untried technology

such as VPP. Therefore, VPP installers must overcome this barrier. Finally, setting

up a VPP requires suitable coordination software, protection of each node from

cyberattacks, and regular maintenance of physical and digital assets. The cost thus

can be enormous and may not be beneficial for the installers and customers.

There have been some VPP trials and deployments recently. Some of these are as

follows.

•
Sunrun VPP in California: In 2023, this VPP aggregated more than 16,200 cus-

tomers coordinating over 32MW during peak hours to support the California

electricity grid.

•
Tesla VPP in South Australia: This VPP aims to cater to 50,000 customers using

7,000 Tesla Powerwall batteries with an installed capacity of 35MW.

•
AGL VPP in South Australia: In this trial, solar PVs and battery storage systems

are connected to supply 1,000 domestic and business customers in Adelaide,

South Australia supporting 5MW of power. The project is partly funded by

Australian Renewable Energy Agency (ARENA).

•
Kansai Electric Power Company (KEPCO) in Osaka, Japan: KEPCO trial is to

optimally use residential PVs and batteries in HEMS that will be connected

to the Shizen Connect VPP platform.
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Several other VPP trials are being considered. However, the outcomes of these

trials will be known in the future.

12.7.2 Microgrid (MG)

MG, as the name suggests, is a small power system that mimics a large power sys-

tem. It will have its own generators (mostly renewable) and loads. Figure 12.15

shows the schematic diagram of anMG that is connected to a substation. The junc-

tion between the utility substation andMG is called the point of common coupling

(PCC) and it is controlled by a switch. When the switch is closed, the MG operates

in the grid-connected mode, while it operates in islanded or autonomous mode

when the switch is open. AnMG can have PVs, wind turbines, hydrogen fuel cells,

microturbines (MTs), diesel generators (DGens) (let us assume using biodiesel),

and battery storage units. For a utility, an MG is a controllable load that can

change its power demand depending on the prevailing conditions.

AnMG can have different types of generators, some of which can be inertial, and

some others can be non-inertial connected through converters. Again, some of the

DERs can be dispatchable where generation can be increased or decreased on

demand such as DGens, MTs, fuel cells, and batteries. On the other hand, solar

and wind generators usually work in maximum power point tracking mode and

only generate power depending on the prevailing weather conditions. An MG

must meet its load demand in the islandedmode of operation. Thus, DR and smart

load-shedding strategies must be included in the MG operation. Therefore, MG

installations require meticulous planning and organization.
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Figure 12.15 Schematic diagram of a utility-connected microgrid.

544 12 Fundamentals of Smart Grid



Interestingly, MGs are planned and installed for different purposes depending

on the requirements of customers or installers. Some of the different types of

MG installations are given below:

•
Community MGs: They are installed to serve communities that are near the

fringe of grids without having a reliable utility power supply.

•
Commercial MGs: These serve large businesses, factories, and maybe hospitals

so that power supply continuity is maintained for critical operations. For exam-

ple, remote mines in Australia need their captive power supply as the grid con-

nection is not reliable in some places.

•
Utility MGs: These are installed by utility companies to enhance grid reliability

and manage peak demand.

•
Campus MGs: Mostly installed at university campuses to support research and

development and to improve sustainability.

•
Military MGs: The purpose of these is to protect command and control centers in

the face of external threats. These will require the highest possible cybersecurity

and can go off the grid in case of an eventuality.

•
Remote Area or Island MGs: Many remote areas and small islands do not have

any utility connections. Most of them rely on DGens for electricity supply, which

is expensive to transport and damaging to the environment. Thus, theseMGs are

powered by renewable sources with possible diesel backup.

12.7.3 Microgrid Control

MG control is a complex process. Usually, it is divided into three layers: primary,

secondary, and tertiary. The primary control is responsible for the control of the

DERs in an MG and hence requires a fast response time. Usually, the so-called

droop control, as has been discussed in Chapter 4, is employed as the primary con-

troller. The main aim of droop control is to distribute power among the DERs in

proportion to their ratings. There are several approaches to this. For high inductive,

low resistance lines, P–f and Q–V droop lines are used, as shown in Figure 12.16 (a).

However, distribution lines are highly resistive, therefore Q–f and P–V droop con-

trol regimes are preferred. This is shown in Figure 12.16 (b). However, resistive lines

can be forced to behave as inductive by introducing a fictitious virtual inductance, as

discussed in [29]. The droop gain selection is discussed in detail in [26].

The secondary control, which basically is the energy management system, is

slower than the primary controller. It coordinates the primary controllers by send-

ing commands to them to compensate for voltage and frequency deviations. Addi-

tionally, the secondary level controller can consider load and weather forecasting

data to determine the best operating points of the DERs. The secondary controller

does not interfere with the function of the primary controller, only improves its
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performance. Therefore, the data transfer rate is slow, and hence low bandwidth

communication is sufficient for this level.

The tertiary level sits behind the secondary level and is mainly involved with

grid operation. This level overseas the interactions between MGs, as well as

between the MGs and the utility. It specifically deals with the MGs that are con-

nected to utility systems so that the overall reliability and efficiency of the power

grid are improved. Because this level is related to grid operations, it really is not an

MG controller [30]. The graphical representation of the three-level control struc-

ture is shown in Figure 12.17.

There are several other topics on MGs, such as DC MGs [31] and networked

MGs [32]. Some of these topics are covered in [26]. A white paper for MG for dis-

aster management has been presented in [33]. Consider the distribution network

shown in Figure 12.18, where ISS denotes an interconnecting static switch. In gen-

eral, MGs are controlled by their primary controllers. Suppose a disaster has
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Figure 12.16 Microgrid droop control: (a) P–f and Q–V and (b) Q–f and P–V.
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Figure 12.17 Three-level microgrid control.
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Figure 12.18 A distribution system affected by a disaster.
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occurred affecting a certain area that is shown in the figure. Then a sequence of

functions will be required for disaster mitigation. These are listed below:

•
Those MGs that are not affected by the disaster can open the ISS to isolate from

the grid.

•
Subsequently, the tertiary controller first determines the area that is affected by

the disaster.

•
With the knowledge of the network topology, the tertiary controller determines

which of the MGs can be reconnected to support a major number of loads.

A graph-theoretic model or suitable machine-learning methods can be employed

for this stage.

•
The interconnecting switches of the chosen MGs can then be closed to restore

power in different segments.

In this way, MGs can be used for self-healing the distribution network following

a major outage. Note that even a single MG can be used to black start a power sys-

tem following an outage, where larger generators can get synchronized to the

power system using the reference set by the MG.

12.8 Concluding Remarks

Smart grid is an evolving area of research and development. It not only involves

finding better utilization of power resources but also includes several other areas

such as communication, cybersecurity, optimization, machine learning, and AI

tools, including IoT. In this chapter, some of the basic concepts are outlined. How-

ever, there are large volumes of journal and conference articles published covering

each of these areas. There are also a few books that discuss smart grids. Seventeen

different aspects of the smart grid are covered in [34], with a large of references at

the end of each chapter. A general overview of smart grid in the presence of com-

munication systems is presented in [35]. The book by Kehani [36] presents the dif-

ferent technical aspects of renewable energy integration in smart grid, including

power converters and their control.
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